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Preface

Rogue waves, also known as freak waves, monster waves, killer waves, extreme
waves, and abnormal waves, are unusually large and suddenly appearing surface
waves in the sea (Dysthe et al. 2008; Kharif et al. 2009). Since they appear and
disappear without warning, they can be dangerous to ships, even to large ones.
The famous Japanese print, The Great Wave Of Kanagawa, by Katsushika Hokusai
(see cover of this book) can be viewed as an artistic rendering of a rogue wave.
In the old days, sailors often talked about rogue waves that they saw in the sea,
but such stories were often dismissed as myths or folklore. The first verified
measurement of a rogue wave was on January 1, 1995, on the Draupner platform
in the North Sea, where a 25.6 m wave was observed—much larger than the
background wave field. Subsequently, rogue wave events have been observed in
water tanks, thus allowing their physical mechanisms to be better understood. While
there could be multiple mechanisms for the appearance of rogue waves, one of them
is modulation instability, also called Benjamin-Feir instability, where a uniform
nonlinear wavetrain (Stokes wavetrain) is unstable. When this Stokes wavetrain
breaks up, it could generate rogue waves if the instability perturbation is seeded
properly.

The study of rogue waves has spread from oceanography to other branches of
physics such as nonlinear optics, plasma and Bose-Einstein condensates (BEC)
because the mathematical model for one-dimensional surface waves in the ocean—
the nonlinear Schrédinger (NLS) equation, also governs wave phenomena in those
other systems. The NLS equation admits explicit rational solutions that exhibit
rogue-wave-like behaviors, which is the underlying mathematical reason for the
appearance of rogue water waves in laboratory experiments and possibly in the
ocean as well. Since the NLS equation also governs those other physical systems,
optical rogue waves, plasma rogue waves, and BEC rogue waves would be expected.
Indeed, such rogue waves have been observed in laboratories of optics, plasma, and
BEC, thus widening rogue occurrences in the natural world.

It should be recognized that there are also other physical settings where wave
behaviors are governed not by the NLS equation but by other model equations
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such as the Manakov system and the three-wave resonant interaction system. Such
model equations turn out to admit rogue wave solutions as well, due to modulation
instability of a uniform background wave. Then, rogue events can be expected in
even more diverse physical systems.

Rogue waves can be studied both experimentally and theoretically. In the
theoretical approach, one can derive and analyze rogue wave solutions in physically
relevant mathematical models in order to gain insight into properties of rogue
events. What makes this theoretical treatment possible is that, many physically
relevant mathematical models, such as the NLS equation, the Manakov system,
the three-wave resonant interaction system, and the long-wave-short-wave resonant
interaction system, are all integrable, meaning that they can be solved analytically.
Due to their integrability, we are able to derive explicit rogue wave solutions in
those systems, which provide us with detailed quantitative information on rogue
wave dynamics. In addition, due to the explicitness of these rogue wave solutions,
we are able to perform various asymptotic analysis on these solutions, which
results in asymptotic predictions of very fascinating rogue wave patterns. These
rogue patterns turn out to be closely related to root structures of certain special
polynomials, such as the Yablonskii-Vorob’ev polynomial hierarchy, the Okamoto
polynomial hierarchies, and Adler-Moser polynomials. This beautiful connection
between rogue patterns and special polynomials is a testament of the rich structure
of rogue waves in integrable systems.

This book summarizes the current state of knowledge on rogue waves in
physically important integrable systems. The first chapter derives many of these
integrable systems in physical settings such as water waves, optics, and plasma.
This chapter provides physical motivations for our mathematical studies in later
chapters. The second chapter derives rogue wave solutions in a wide array of
integrable systems, including those obtained in Chap. 1 and much beyond. In
the literature, rogue waves in many of those integrable systems were originally
derived by generalized Darboux transformation. We will derive these rogue waves
almost exclusively by the bilinear method, since rogue wave expressions by the
bilinear method are much more explicit than those by Darboux transformation. The
third chapter analyzes patterns of rogue waves in certain asymptotic limits such as
large internal parameters. Connections between rogue patterns and root structures
of special polynomials will be revealed, and universality of these rogue patterns
in integrable systems will be established. The fourth chapter describes laboratory
experiments on rogue waves in physical settings such as optical fibers, water tanks,
plasma, and BEC. The last chapter covers topics that are closely related to rogue
waves of the earlier chapters, such as rogue waves arising from a nonuniform
background, robustness of rogue waves, partial-rogue waves, and lump patterns in
the Kadomtsev-Petviashvili I equation.

This book is intended as a monograph on the theoretical treatments of rogue
waves. Its intended readership is researchers and graduate students in diverse
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mathematical and physical fields, where rogue waves are an interest of study. Most
derivations are self-contained, and the reader should be able to follow them without
much help from other sources.

We would like to thank our families for strong support during the writing of this
book.

Ningbo, China Bo Yang
Burlington, VT, USA Jianke Yang
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Chapter 1 ®
Physical Derivation of Integrable ke
Nonlinear Wave Equations

In this beginning chapter, we derive many integrable systems as governing equations
for diverse physical processes. Examples include the nonlinear Schrodinger equa-
tion for wave packet propagation in deep water, optical fibers, and unmagnetized
plasma, the derivative nonlinear Schrodinger equation for nonlinear Alfvén waves
in magnetized plasma, Manakov equations for light transmission in randomly-
birefringent optical fibers, the long-wave-short-wave interaction model in water
of finite depth, the three-wave resonant interaction system in water waves and
optics, and Davey-Stewartson equations for two-dimensional wave packets in water
of finite depth. Our method of derivation is the multi-scale perturbation method,
the only exception being the optical-fiber case. These physical backgrounds of
the underlying integrable systems will not only motivate our mathematical studies
of rogue waves in these integrable systems in Chaps.2 and 3, but also link our
mathematical rogue solutions to physical experiments which we will also describe
in Chap. 4.
We start with the nonlinear Schrodinger equation.

1.1 Nonlinear Schrodinger Equation

The nonlinear Schrédinger (NLS) equation

1
it + St + lul?u =0 (1.1)

is one of the most important equations that arise in a wide variety of physical
processes. In general, this equation governs the evolution of a weakly nonlinear
and dispersive wave packet that depends on a single spatial dimension. It was first
derived by Benney and Newell (1967) in a general setting. Zakharov (1968) and
Hasimoto and Ono (1972) derived this equation for water wave packets on a free
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surface. Shimizu and Ichikawa (1972) derived this equation for ion wave packets
in an unmagnetized plasma. Hasegawa and Tappert (1973) showed that this same
equation governs light pulse propagation in an optical fiber. The integrability of this
equation was revealed by Zakharov and Shabat (1971).

In this section, we derive this NLS equation in water waves, optical fibers, and
plasma.

1.1.1 In Deep Water

We consider the irrotational two-dimensional motion of an inviscid, incompressible,
and homogeneous deep water with a free surface, subject to a constant gravitational
force g. We take the x axis in the horizontal direction, and z axis in the vertical
direction, with z = 0 set at the unperturbed free surface. Since the motion is
irrotational, the velocity field u has a potential ¢ (x, z, t), where u = V¢. The free
surface is at z = ¢ (x, t). Surface tension will be assumed small and ignored. Waves
under gravity and no surface tension are called gravity waves.

The governing equations for these two-dimensional deep-water gravity waves are
(Benney and Roskes 1969; Davey and Stewartson 1974)

Gz + Pz =0, —00<z=4, (1.2)

b+ Oxle =¢;, z2=2¢, (1.3)
1

¢,+gz+§<¢,%+¢§>=0, z=¢. (1.4)

The Laplace equation (1.2) is due to the incompressibility of the fluid, Eq. (1.3) is
the kinematic condition on the surface, and Eq. (1.4) is the dynamic condition on
the surface. In addition, we impose the bottom condition

¢ >0, z—> —o0, (1.5)

i.e., the water has zero vertical velocity at the infinite bottom.
Derivation of the NLS Equation

We study a progressive wavetrain of wavenumber k and frequency w travelling in
the positive x direction (both k& and w are assumed positive). In the linear theory,
valid when the wave amplitude is infinitesimal, this wave can be written as

o, =01e®0 pece, @x,z,0) = gre® O L (1.6)

where {11 and ¢ are infinitesimal complex constants, and ‘c.c.’ represents complex
conjugates. This ¢ function can be rewritten as
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¢(x,t) = 2|¢11]| cos (kx — wt + arg($11)) . (L.7)

Thus, the wave amplitude of the free surface is 2|¢11].

The potential function in (1.6) satisfies the Laplace equation (1.2) automatically.
Substituting ¢ and ¢ in (1.6) into the two surface boundary conditions (1.3)—(1.4)
and ignoring nonlinear terms, we get

—iw —k tin| _ {0
[ g —iw} |:¢11] B [0} (19

Nontrivial solutions for this linear homogeneous system are possible only when the
determinant of the coefficient matrix is zero, which yields the dispersion relation

w = \/gk. (1.9)

Now, we consider this progressive wavetrain whose amplitude parameters {1
and ¢ are small but not infinitesimal, while the wavenumber k is treated as an
O(1) quantity (the latter can be achieved by choosing an appropriate length unit
corresponding to the characteristic wavelength of the problem). Physically, this
situation is where the surface wave’s amplitude is small compared to the wavelength,
i.e., the slope of the surface wave is small. We also allow these amplitudes ¢11 and
¢11 to slowly vary in space and time. In this case, we use the multiscale perturbation
theory to derive the temporal and spatial evolutions of these amplitude functions.
In Benney and Roskes (1969) and Davey and Stewartson (1974), such derivations
were given for water of finite depth. In deep water, a significant difference is that the
amplitude function ¢ of the potential depends not only on the slow x variable, but
also on the slow z variable. As a consequence, our derivation below is noticeably
different from those in Benney and Roskes (1969) and Davey and Stewartson (1974)
(and in Sect. 1.4 for a higher-dimensional generalization).

We write solutions to Egs. (1.2)—(1.4) as perturbation series

{=¢€ (;“01 + e + C.c.) + €2 (é“oz + 126 + e + C.c.) +
+e (§03 + ¢3¢ + ¢o3eM + 33 + c.c.) +--, (1.10)
¢ =c¢ (qbo] + et 4 c.c.) + €2 <¢>02 + 126K ope? VT 4 c.c.) +
+eé (¢>o3 + ¢136 TR 4 o3BT 4 pazedftIhe 4 c.c.) +---, (11D
where 6 = kx — wt,
Cnj = 8nj(6,T),  @nj = Pnj(§,Z, 1), (1.12)

E=e(x —cgt), Z=¢ez, T=¢ek, (1.13)
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cg = o' (k) = w/(2k) is the group velocity, ‘c.c.” represents complex conjugates
of only the e"? or "9tk terms. and oj, ¢oj are real functions. Here, € is a
small positive parameter measuring the slope of the wavy surface. Notice the slow-z
dependence of ¢,; here, which is absent in water of finite depth (Benney and Roskes
1969; Davey and Stewartson 1974).

We first substitute the expansion (1.11) for ¢ into the Laplace equation (1.2) and
equate coefficients of €/ ¢4k to zero. The results are:

36l do1.66 + Po1.zz = 0; (1.14)
2010tk . b1,z = —id11.¢; (1.15)
€3ei9+kz . b12.7 = _i¢12,$~ (1.16)

At other orders of €/ e"01%z we get additional relations, but they are not needed
for our purpose.

Next, we consider the surface boundary conditions (1.3)—(1.4). Expanding the ¢
function in these boundary conditions around the mean surface level z = 0, these
boundary conditions up to O (%) become

1
& 4 Ce(r + hr20) =¢z+¢uc+5¢mc2, =0, (1.17)

1 1
G+ Gzl + S0l + 80+ S (07 + 8D+ (Datee + 9:9:2) =0, 2=0.
(1.18)

Then, we substitute the above (¢, ¢) expansions (1.10)—(1.11) into these new
boundary conditions and equate coefficients of €/¢"? to zero. At order €¢?, the
second boundary condition (1.18) gives

G016, 7) =0. (1.19)
Utilizing this result, the first boundary condition (1.17) at order €2e® gives
¢o1,z=0, Z=0. (1.20)

This condition, together with the Laplace equation (1.14) for ¢g; and boundary
condition (1.5) at deep bottom, yields

b01§, Z, T) = ¢o1(7), (1.21)

i.e., the function ¢y is independent of £ and Z. This result is important, as it shows
that the horizontal velocity ¢, from the expansion (1.11) has no O (€2¢%) mean flow.
In water of finite depth, however, this 0(e2e0) mean flow would exist, as was shown
in Benney and Roskes (1969) and Davey and Stewartson (1974) (see also Sect. 1.4
later).
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At O (ee'?), the two surface boundary conditions (1.17)—(1.18) give two relations
on ¢11 and ¢ at Z = 0, which are the same as those in Eq. (1.8). Thus, those
relations yield the dispersion relation (1.9), as well as the relation

¢ = (iw/g) d11lz=o0- (1.22)

At O(€%eY), the second boundary condition (1.18) leads to

S02(6,7) =0. (1.23)

At O(€%€'%), the two boundary conditions give the following two equations

[—iw —ki|[§12}:|:¢11,z+cgé“llf} Z=0 (1.24)
g —io][¢n CePllg 7 . '

Here, the ¢, terms come from our choice of the moving coordinate § = e(x —
cgt). This is a linear inhomogeneous system. Since its coefficient matrix has a zero
determinant due to the dispersion relation (1.9), this system is solvable only if it
satisfies a compatibility condition, which is

ce@i1e = (lw/g)(@11,z +cgl116), Z =0. (1.25)

Inserting relations (1.15) and (1.22) into this condition and utilizing the dispersion
relation (1.9), we find that this condition is satisfied automatically. This fact simply
indicates that the wavepacket indeed travels at the group velocity cg, i.e., our choice
of the moving coordinate £ is appropriate.

At O (€2e%?), the two boundary conditions (1.17)—(1.18) give the following two
equations

[—Zia) —Zk}[é“zz]:[zk%ll;“} Z=0 (1.26)
g —2iw || ¢n kw1111 ] . -

The determinant of its coefficient matrix is nonzero, thus this system has a unique
solution, which is

tn = —(K/9)¢7)1z=0.  ¢22lz=0=0. (1.27)
Here, the formula (1.22) for {11 has been utilized.

Lastly, we look at 0 (€3¢l?). At this order, the two boundary conditions give the
following two equations

|:—ia) —ki||:§13i|:[Fl] Z=0 (1.28)
g —iw ?13 £ ’ ’ |
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where F1 and F; are certain functions. Utilizing Egs. (1.22), (1.27), as well as the
dispersion relation (1.9), 1 and F» can be reduced to

5.
Fi =¢12,7 +cgl12e — C11,0 — Elkzwlfn *¢11, (1.29)
_ B 35 2
F =cgproe — d11,c 2k gleul . (1.30)

Due to the zero determinant of its coefficient matrix, the linear inhomogeneous sys-
tem (1.28) has a solvability condition F> = (iw/ k) F. Utilizing the relation (1.16) to
replace the ¢12,z term in F71, and utilizing the relation (1.22) as well as the dispersion
relation (1.9), this solvability condition becomes

611, — (i/40) (—iop12 + gt12)s — k%0l Pen = 0. (1.31)
Here, the ¢, term is evaluated at Z = 0. Finally, we use the second equation

in (1.24) to replace the middle term in the above equation and apply the rela-
tion (1.22) again. Then we get

041 _132;’11
9t 8k2 9E2

—2%w|¢111*c11 = 0. (1.32)

This is a NLS equation in temporal-evolution form, and it governs the evolution of
the wave envelope ¢1; on the free surface. In this equation, —w/(8k2) in front of
{11,¢¢ 1s called the dispersion coefficient, and —2kw in front of |¢11]%¢1; is called
the nonlinear coefficient.

To put Eq. (1.32) into a physically more recognizable form, we denote €11 =
u /2. Then, from Egs. (1.10) and (1.19) we see that the water surface elevation ¢ (x, t)
is related to u(x, t) as

C(x,t) = Rel{u(x, t)explikx — wt)]} (1.33)
to the leading order of wave steepness €. A more accurate relation between ¢ (x, )

and u(x,t), up to the second order of wave steepness €, can be obtained from
Egs. (1.10), (1.19), (1.22), (1.23) and (1.27) as

. 1 .
¢(x,t) = Re {u(x, nelkx=en 4 zku2(x, z)e2l<"x—w’>} . (1.34)

Here, the €2¢12¢/** =) term in the ¢ expansion (1.10) can be lumped into the
€116 ®* =" term and is thus dropped.

The temporal-evolution equation for u(x, t) in physical units can be obtained
from Eq. (1.32) as

_——— — — —k2a)|u|2u =0, (1.35)
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where ¥ = x — ¢4, ¢g = w/2k, and = +/gk. Introducing nondimensional
variables

—a’kwt )2, (1.36)

N
<
~
Q
=
Il
N
Q
»
=
S
Il

where a is a representative wave-amplitude parameter, the above equation is then
reduced to the standard NLS equation

Bu

92
P 1?

oz Tl =0, (1.37)

1
29
which is Eq. (1.1) in tilde notations.

Universal Formula for the Dispersion Coefficient

It is important to notice that, in the above NLS equation (1.32) for ¢, the dispersion
coefficient —w/(8k?) is equal to w”(k)/2, where w(k) is the dispersion relation
given in Eq. (1.9). Thus, this NLS equation can be rewritten as

. 1 17" 2 2 _
11,0 + 7@ (k) ¢11,66 — 2k w 81117411 = 0. (1.38)

The fact of this dispersion coefficient being equal to w”(k)/2 is definitely not an
accident. Rather, it is a necessity so that the linear evolution of the free surface
function ¢17 in Eq. (1.38) matches the linear dispersion relation (1.9). To show this,
let us write the linear dispersion relation as @ = &(k), where k and & are the
wavenumber and frequency of a general linear monochromatic wavetrain (these
hatted quantities are introduced to distinguish them from the wavenumber k and
frequency w of the present wavetrain). Here, the exact functional form (1.9) of the
dispersion relation, i.e., w(l%) = (glz)l/ 2 is not needed. Then, when £ is near the
wavenumber & of the present wavetrain, i.e., k = k + k, where |k| < 1, we have

~ ~ 1 ~
& =atk) —wk) =o' (k+ Ea)”(k)kz +oee (1.39)
The linear partial differential equation for the free surface

c(x,t) =t (x, e ® ) 4cc. (1.40)

which features the above dispersion relation (1.39) for the wavetrain ¢y ~ eitkx=an

(up to O(k?)) is
1
(i0:)¢11 = (w’(k)(—iax) + Ew”(k)(_iax)2> ¢11- (1.41)

In terms of the coordinates § = €(x — cgt) and n = €2t that we have introduced
earlier in Eq. (1.13), this equation then becomes
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. 1
i1,c + Ea)”(k)é“n,ss =0, (1.42)

which matches the linear part of the ¢ equation (1.38). Since this derivation did
not use the specific form of the dispersion relation (1.9), the dispersion coefficient of
the NLS equation (1.32) being w” (k) /2 is then valid for any physical system where
the NLS equation is derived. This certainly includes optical fibers and plasma which
we will treat in subsequent subsections. Using similar considerations, one can also
write down the linear parts of other nonlinear wave equations derived in physical
systems from the linear dispersion relation.

NLS Equation in Spatial Evolution Form

The NLS equation (1.32) for &1; is written as a temporal evolution equation. In
water-tank experiments, a wave-maker (paddle) generates a time-dependent wave
at a fixed spatial location (say x = 0), and we need to predict how this wave will
evolve and deform as it propagates down the water tank. In such a case, it is more
convenient to write the NLS equation as a spatial evolution equation. To do so, we
define new slow variables

T=e<t—1>, X = é2x. (1.43)

Ce

It can be seen that these new slow variables are related to the previous slow variables
Eand 7 as X = cet +€§ and T = —&/c,. Then for §,7 = O(1), X is
asymptotically equal to cgr. Thus the derivatives to  and & in Eq.(1.32) can
be converted to derivatives to X and T, and we get the NLS equation in spatial-
evolution form

1 9% 3. 9
S 2o — 0. 1.44
19X g o12 [S1117¢n (1.44)

This spatial-evolution form of the NLS equation for ¢1; can also be derived directly
from the previous multiscale perturbation analysis if we write ¢,; as a function of
(X, T) as defined in Eq. (1.43) rather than as a function of (£, t) as in Eq. (1.12).
Solutions ¢11 out of the two forms (1.32) and (1.44) of the NLS equation are often

asymptotically equivalent in the physical (x, ¢) plane (Chabchoub and Grimshaw
2016)

For the u variable defined through €¢11 = u/2 as before, the above NLS
equation (1.44) in explicit physical units becomes

— = — —Pufu=0, (1.45)

where f = t — x/cg, cg = w/2k, and w = +/gk. The water surface elevation
¢ (x, 1) is related to the variable u(x, ¢) as (1.33) to the first order of wave steepness
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and as (1.34) to the second order of wave steepness. Introducing nondimensional

variables
i=uja, I=-ka’x, i=,/gk3a%/217, (1.46)

where a is a representative wave-amplitude parameter, the above equation is reduced
to the standard NLS equation

on 19%4
1— +

a7 taam TIFE=0 (147

which is Eq. (1.1) in tilde notations.
Stokes Wave

A special space-independent solution to the NLS equation (1.32) in temporal
evolution form is

1 .
meé, ) = ane*%"‘z"’”g’, (1.48)

where aq is a positive constant. Then, the free-surface elevation ¢ (x, t) from the
expansion (1.10) is

155 2
Z(x,t) = acos |:kx ) (1 + Ek a >ti| 4+ O(a”), (1.49)

where a = eay is small [here the fact of {p; = O from Eq. (1.19) has been used].
This solution describes a nonlinear progressive wavetrain of wavenumber k and
amplitude a, whose frequency is amplitude-dependent. The phase velocity of this
nonlinear wavetrain is

o 1,5
cp_z<1+§ka>. (1.50)

This solution was first derived by Stokes (1847).

The counterpart of the Stokes wave in the NLS equation (1.44) in spatial
evolution form is the time-independent solution

1 )
X, T) = ane*"é"%". (1.51)

In this case, the free-surface elevation ¢ (x, ¢) from the expansion (1.10) is
t(x,1) = acos [k (1 —k2a2>x—wt] + 0@, (1.52)

where a = €ag is small.
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Benjamin-Feir Instability

The value of the above NLS equations (1.32) and (1.44) for gravity wavepackets
goes far beyond the rederivation of the Stokes wavetrain. Another success of these
equations is that they can be used to show that this (uniform) Stokes wavetrain is
unstable—an instability which was predicted theoretically by Benjamin and Feir
(1967) and is often called Benjamin-Feir instability in the literature. Benjamin-Feir
instability is equivalent to the modulation instability of monochromatic nonlinear
waves in other physical fields such as optics and plasma. In a water tank, this
instability means that, the uniform Stokes wave (1.52) generated at the wavemaker
(x = 0), under weak perturbations, will eventually break up as it propagates down
the tank.

To show this instability, we only need to show the time-independent wave
envelope solution (1.51) is unstable in the NLS equation (1.32) in spatial evolution
form. For this purpose, we perturb this solution by normal modes as

1 . N .
é‘ll(Xv T) — (an +aeAX+1.QT +ﬁ*€A XIQT) ef1k3a5X’ (153)

where €§2 is the frequency of the perturbation in the sideband of the wave’s domi-
nant frequency w, A is the spatial exponent of this perturbation, and (o, 8) are small
complex constants. Stokes waves will be linearly unstable if there exist sideband
frequencies €£2 of perturbations, such that their corresponding spatial exponents
A have positive real parts giving rise to exponentially growing perturbations upon
propagation down the tank. We insert the perturbed solution (1.53) into the NLS
equation (1.44). Dropping nonlinear terms of o and 8 since they are smaller, and
performing simple algebra, we find that («, 8) satisfy the following system of linear
homogeneous equations

2 -1 _ 732, - 3.2
2°g /3(;!0 +iA . k 202 ' ol _ 0 ‘ (1.54)
—k’ag 2°g7 —klag—iA ]| B 0

For this system to admit nontrivial solutions, the determinant of its coefficient matrix
must be zero, which leads to the expression for the spatial exponent A as

02 02
A= <2k3a3 - —> ) (1.55)
g g

For sideband frequencies §2 where the right side of the above equation is positive,
ie., |£2| < ﬁkaoa), A would have a positive part, which makes the uniform Stokes
wavetrain (1.52) linearly unstable. In more explicit physical terms, this means for
infinitesimal disturbances with frequencies w (1 & §) to the Stokes wavetrain (1.52),
if 0 < 8§ < +/2ka, where k and a are the wavenumber and amplitude of
the wavetrain, then such disturbances would grow exponentially, leading to the
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wavetrain’s destruction. This sideband instability is what Benjamin and Feir (1967)
showed using a different method.

The Stokes wavetrains also exist in water of finite depth. In this case, these
uniform wavetrains are unstable only if kA > 1.363, where 4 is the mean depth
of water (Benjamin 1967; Whitham 1967). More will be said on this in Sect. 1.4.

The Benjamin-Feir instability of the Stokes wavetrain has been observed in water
tanks. In a water tank, an oscillating paddle can make a uniform Stokes wave (1.52).
Its instability predicts that this Stokes wave, under sideband-frequency perturbations
at the wave maker, will eventually disintegrate as it propagates down the tank.
Photographs illustrating this disintegration were shown in Benjamin (1967) and are
reproduced in Fig. 1.1. In this experiment, h = 25ft, and k = 27 /7.2 ~ 0.873/ft,
which gives kh ~ 21.8. Thus, instability of the Stokes wavetrain is expected to
occur. In fact, since kh >> 1 here, the deep-water theory presented in this section
applies. Fig. 1.1a shows the wavetrain close to the wavemaker at one end of the
basin. Here, the wavetrain is manifestly in a regular periodic condition, except for

Fig. 1.1 Photographs illustrating the instability and disintegration of Stokes wavetrains in deep
water: (a) view near to wavemaker; (b) view at 200 ft. farther from wavemaker. Fundamental
wavelength, 7.2 ft. Depth of water: 25 ft. Taken from Benjamin (1967)
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small-scale roughness which is inevitably present when waves are produced on this
scale and which is insignificant to the process under question. In contrast, Fig. 1.1b
shows the same wavetrain at a distance of 200 ft farther along the tank, and it can be
seen that drastic distortions have occurred.

It is important to recognize that disintegration of the Stokes wavetrain is not the
only scenario of evolution following the Benjamin-Feir instability. Depending on
initial perturbations, other evolution scenarios can also occur. One such example is
rogue water waves that arise from the Stokes wavetrain, develop into a localized
wave excitation with a much higher amplitude, and then recede back to the same
Stokes wavetrain. Such rogue waves will be the focus of this book, and their
observations in water tanks will be presented in Chap. 4.

The theory we presented in this section for two-dimensional gravity waves in
deep water can be readily generalized to three dimensions. In this case, we still
consider the motion of a progressive wavetrain along the horizontal x direction, but
allow its amplitudes to also slowly vary along the transverse y direction. In other
words, ¢ ~ ef11(&, n, 1) ®* =) now, where n = €y is the slow variable in y.
By slightly modifying the above perturbation calculations, we can show that the
envelope function ¢11(&, n, 7) is still governed by the NLS equation (1.32), except
that an additional linear term y ¢11,,,/2 is added to its left side, where y = w/ (2k?)
is the dispersion constant along the y direction.

1.1.2 In Optical Fibers

An optical fiber is a flexible, transparent cylinder of glass (silica) that comprises a
central core surrounded by a cladding whose refractive index is slightly lower than
the core index. The core diameter is typically on the order of 10 wm, the cladding
diameter typically on the order of 100 wm, and their refractive index difference
typically less than 0.5%. Light is kept in the core by the phenomenon of total
internal reflection which causes the fiber to act as a waveguide. Optical fibers are
used most often in fiber-optic communications, where they permit transmission over
longer distances and at higher data transfer rates than electrical cables. Fibers are
used instead of metal wires because the attenuation rates of fibers are much lower,
down to only 0.2dB/km (or about 5% power loss per kilometer) in the 1.55-um
wavelength region. In addition, fibers are immune to electromagnetic interference, a
problem metal wires suffer. The response of optical fibers to light becomes nonlinear
when the light intensity becomes high, and nonlinear effects are often important in
practical situations.

In this subsection, we derive the NLS equation for light transmission in an optical
fiber. The NLS equation for optical fibers was first written down by Hasegawa and
Tappert (1973), and derived more rigorously by Kodama and Hasegawa (1987). Our
treatment follows Agrawal (2001) with some modifications.

Like all electromagnetic phenomena, light transmission in an optical fiber
is governed by Maxwell’s equations. Since the optical fiber is charge-free and
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nonmagnetic, the Maxwell equations take the form

oB
VXE=——, (1.56)
ot
oD
VxH=—, (1.57)
at
V-D=0, (1.58)
V-B=0, (1.59)
and the corresponding medium equations are
D = ¢E + P, (1.60)

Here, E and H are the electric and magnetic field vectors, D and B are the electric
and magnetic displacement vectors, €y and po are the dielectric constant and
the medium’s permeability in vacuum respectively, and P is the induced electric
polarization.

By taking the curl of Eq. (1.56) and using Eqgs. (1.57), (1.60), and (1.61), one can
eliminate B and D in favor of E and P and obtain

1 3°E 3%P
V x (VxE):—C—zm—MOW, (1.62)
where ¢ = 1/,/o€p is the speed of light in vacuum.

To complete the description, a relation between the induced polarization P and
the electric field E is needed. A phenomenological relation between them can
be used far from medium resonances, which is the case for optical fibers in the
wavelength range 0.5-2 pm that is of interest for the study of nonlinear effects. Since
optical fibers are made of silica glass and display inversion symmetry, second-order
nonlinear effects vanish identically. Thus, this phenomenological relation up to the
third-order nonlinear effects is

P, t) =P, (r,t) + Py (x,1), (1.63)
where r is the spatial vector, Py (r, ) is the linear part of the relation with

o0
P (r,1) =€ / xV@, e -1 E(x,t)ar, (1.64)
—00

Py (r, t) is the nonlinear (cubic) part of the relation with
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o0
PNL(r,t)=eo/// xOwt—n,t—n,t—1n)
—00

E((r, t)E((r, n)E((r, t3)dt1dtrd 13, (1.65)

and x /) is a tensor with rank j + 1.
Equation (1.62) can be simplified under certain conditions. Using a vector
identity, its left side can be written as

V x (VxE)=V(V-E)— V°E. (1.66)

In many cases, such as weakly guided fibers where the refractive index variation
between the core and cladding is small, V - E can be shown to be small and can be
neglected (Agrawal 2001). Under this approximation, Eq. (1.62) reduces to

1 9°E 32P,, 3Py

2p —
VE—C—ZW‘FMO 972 + Ko EYV I (1.67)

where Eq. (1.63) has been utilized.

To solve Eq. (1.67), we will make a few more assumptions. First, the nonlinear
response is assumed to be instantaneous so that the time dependence of x in
Eq. (1.65) is given by the product of three delta functions of the form §(t — #). In
this case, Eq. (1.65) reduces to

Pyi(r, 1) = €0 x D () E(r, HE(r, HE(r, 1). (1.68)

The assumption of instantaneous nonlinear response amounts to neglecting the
contribution of molecular vibrations to x® (the Raman effect), which is approx-
imately valid for pulse widths > 1ps. Second, Py is assumed to be a small
perturbation to Py, which is justified because nonlinear changes in the refractive
index are less than 10~ in practice. Third, the optical field is assumed to maintain
its polarization along the fiber length so that a scalar approach is valid. This is
the case in polarization-maintaining fibers, or when birefringence of the fiber is
negligible. Fourth, the optical field is assumed to be quasi-monochromatic, i.e., the
pulse spectrum, centered at wyg, is assumed to have a spectral width Aw such that
Aw/wy < 1. Since wy ~ 1013571, the last assumption is valid for pulses as short
as 0.1ps.

Under quasi-monochromatic approximation (i.e., slowly varying envelope
approximation), it is useful to separate the rapidly varying part of the electric
field by writing it in the form

E(r, 1) = -2 [E(r, f)e—ieot 4 c.c.] , (1.69)

S
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where X is the polarization unit vector in the transverse plane that is orthogonal to the
propagation direction z, and E(r, ¢) is a slowly varying function of time (relative to
the optical period). The polarization components Py and Py can also be expressed
in a similar way by writing

1 .
PL(r.1) = 35 [PL(r, fye—ien’ | c.c.] , (1.70)

1 .
Pyo(r,t) = E)? [PNL(r, e w0t c.c.] . (1.71)

When Eq. (1.69) is substituted in Eq. (1.68), Py (r, t) is found to have a term
oscillating at wg and another term oscillating at the third-harmonic frequency 3wy.
The latter term requires phase matching and is generally negligible in optical fibers.
By making use of Eq. (1.71), Py (x, t) is given by

Pyp(r,t) = epenp (v, 1) E(T, 1), (1.72)

where the nonlinear contribution to the dielectric constant is
3 3) 2
ENL = ZXxxxx(l‘) [E(r,0)|". (1.73)

To solve Eq. (1.67) and obtain the wave equation for the slowly varying amplitude
E(r, 1), it is more convenient to work in the Fourier domain (with respect to time).
This is generally not possible as Eq. (1.67) is nonlinear in E (r, ¢) due to the intensity
dependence of ey, and E(r,t) is time-dependent. However, due to the slowly
varying envelope approximation and the perturbative nature of Py (r, ), we will
treat E(r,t), and hence eyr, as time-independent during the derivation of the
propagation equation. One way to understand this treatment is that, we can first
consider the monochromatic case where E(r, ¢) is time-independent. In this case,
there is only nonlinearity but no dispersion, and our treatment of €y being time-
independent would be valid. This treatment would yield the correct nonlinear parts
of the wave equation for E (r, r). To obtain the linear parts of the wave equation for
a quasi-monochromatic wave packet E(r, t), we can ignore €y altogether. These
two separate treatments of the nonlinear and linear parts of the wave equation can
be done together by treating €, as time-independent, which justifies our approach.
A more rigorous derivation of the wave equation for E(r,¢) using multiscale
perturbation methods can be found in Kodama and Hasegawa (1987) and Hasegawa
and Kodama (1995).

To work in the Fourier domain, we introduce the Fourier transform of an arbitrary
function f(r, t) as

fr,w) = / f(r, e dt. (1.74)
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Applying this transform to Eq. (1.67), we find that the Fourier transform E(r, w —
wy) satisfies the Helmholtz equation

V2E + e(r, 0)k*E = 0, (1.75)
where k = w/c,
er,w) =1+ 7V, ) +eyp (), (1.76)

and ¥V is the Fourier transform of x V. In deriving Eq. (1.75), the treatment of
ey being time-independent has been used. The dielectric constant € can be used
to define the refractive index n. Assuming € is real (i.e., neglecting absorption), we
define € = n?. Then for small €y, n can be approximated as

n(r, ) ~ no(r, ) + na(r, w)|E|?, (1.77)

where ng = [1 + )?,E)lc) (r, w)]/? is the linear refractive index, and

3
ny=—x (1.78)
8no

is the nonlinear index of refraction which is called the Kerr coefficient. Using
refractive indices, the dielectric constant € can be approximated as

€ ~ n + 2nona | E|. (1.79)

The Helmholtz equation (1.75) can be solved by the method of separation of
variables. We assume a solution of the form

E(, o — wy) = F(x, y)A(z, w — wp)e oz (1.80)

where F(x, y) is a real-valued modal function, A(z, w — wp) is a slowly varying
complex function of z, and By is the linear propagation constant for frequency
wo which will be determined shortly. Substituting this form into the Helmholtz
equation (1.75), this equation can be split into two equations for F(x,y) and
A(z, w — wp):

V2F 4 (ek* — B2F =0, (1.81)

0A _
21,305 + (B> - BHA=0, (1.82)

where Vi = 3)% + 8y2. In obtaining these equations, the second derivative 92A /92>

was neglected since A(z, w — wp) is assumed to be a slowly varying function
of z. Here, B is a propagation constant to be determined from the eigenvalue
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problem (1.81), subject to the boundary condition of F — 0 as (x,y) — oo.
This B contains both linear and nonlinear effects of the fiber. After S is obtained,
the z-evolution of A(z, @ — wg) would be derived from Eq. (1.82).

We will solve Eq. (1.81) by perturbation methods, treating the second term of
the dielectric constant € in Eq. (1.79) as a small perturbation. The corresponding
propagation constant 8 and modal function F(x, y) can be written as

B(w) = B(w) + AB, F(x,y) = F(x,y) + AF, (1.83)

where |AB| < |B], and |[AF| < |F].
At the leading order of Eq. (1.81), we get the eigenvalue equation

ViF + (k> — B*)F =0, (1.84)

with F(x,y) — 0 as (x,y) — oo. This is the standard equation for the linear
propagation constant S(w) and its corresponding linear modal profile F(x,y),
which can be solved numerically or analytically depending on the geometry and
material property of the fiber (Agrawal 2001).

At the next order, we get the governing equation for the small correction terms
AB and AF as

(vi + 2k — 52) AF = 2BABF — 2nonak?|E|2F, (1.85)

subject to the zero boundary condition for AF at large (x, y). By taking the inverse
Fourier transform of Eq. (1.80), we get

E(r, 1) = F(x, y)A(z, 1)efo?, (1.86)

where A is the inverse Fourier transform of A. Thus, |E|? in Eq.(1.85) can be
approximated as |F (x, y)|*|A|%.

The linear inhomogeneous Eq. (1.85) is solvable only if it satisfies the Fredholm
condition, which is that the right side of this equation is orthogonal to the linear
solution F(x, y). This Fredholm condition yields a formula for the correction term
APB as

R[5 nomal F(x, y)ltdxdy
Ap = =S - A%
,Bff,oo |F(x, y)|“dxdy

(1.87)

Due to the quasi-monochromatic approximation, parameters k (i.e., w/c), f(w),
no(w), na(w) and the modal function F (x, y; w) here are all evaluated at the central
frequency wy.

Now we solve Eq. (1.82). The assumption of A slowly varying in z requires 3% —
,33 in (1.82) to be relatively small. To achieve that, we choose By = B(wp), which
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is the linear propagation constant of the center frequency wy. We also expand S(w)
around the center frequency wg as

1 1
B(@) = fo+ pi(@ — wo) + S a0~ wo)? + G wo)d 4o, (1.88)
where
a"g
Bn = —— m=1,2,---). (1.89)
do™ w=wp

Here, 1 = 1/cg, ¢4 is the group velocity at frequency wg, and B is called the group-
velocity-dispersion parameter. The case of f> > 0 is called normal dispersion and
the case of B> < 0 1is called anomalous dispersion.

The cubic and higher-order terms in the above expansion are generally negligible
under the quasi-monochromatic approximation, where | —wg| < @y. In the special
case where 8> = 0 (in the vicinity of the zero-dispersion wavelength of the fiber), it
may be necessary to include the cubic term. In this subsection, we will not consider
that special case; thus we will neglect the cubic and higher terms in the above
expansion below.

Substituting the B (w) expression in Eq. (1.83) and the above (w) expansion into
Eq. (1.82), this equation for A(z, w — wp) becomes

DA 1 5 .
13_Z+ ﬂl(w—w0)+§/32(0)—w0) + AB|A=0. (1.90)

Inserting the AB formula in (1.87) into this equation and taking its inverse Fourier
transform, and recalling our treatment of E(r, t) (and hence A(z, t)) being time-
independent, we find the equation for A(z, t) as

24 +ip oA 15 A +y|APA=0 (1.91)
1— +if1— — = =0, .
oz P T 2P Y

where

@} [ [ nomal F(x, y)|*dxdy
2Bo [ [T |F(x, y)|2dxdy

(1.92)

In this formula, ng and n; are kept inside the integral since their values generally
depend on the transverse (x, y) coordinates due to different materials in the core and
cladding of the fiber. But in many cases such as weakly guided fibers, their values
vary very little in the transverse plane, in which case they can be taken out of the
integral above.

By recalling Eqgs. (1.69) and (1.86), we can write the electric field E(r, ¢) in a
more compact form
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1 4 _
Er.n) = 5§ [A(z, 1)elPoz=eon) | c.c.] Fix, ). (1.93)

So, A(z,t) is the slowly varying envelope of the electric field whose evolution is
governed by the NLS equation (1.91).

Finally, we introduce the moving coordinate T = ¢t — 1z, upon which the above
Eq. (1.91) becomes

0A 1
1_ _—
0z 2

32A )
'BZW-’_V'A' A=0, (1.94)

which is a NLS equation. In this equation, y > 0, but 8, can be positive or negative
depending on the type of fiber. Modulation instability and rogue waves will arise
when > < 0, i.e., in the anomalous-dispersion regime. In this case, introducing
nondimensional variables

12
u=~r,

A, E=yPyz, T=(P/pD'"r, (1.95)
where Py is a characteristic light power, then the dimensional NLS equation (1.94)
becomes the normalized one

g + %un + ulu =0, (1.96)
which is Eq. (1.1) in different notations.

Modulation instability in this NLS equation (1.96) can be seen by noticing that
it admits a special monochromatic constant-intensity solution u(§, 7)) = aoeiags,
where ap is a real constant. But this monochromatic solution is linearly unstable
under frequency modulations, following calculations which are very similar to those
for Benjamin-Feir instability in the previous subsection. Due to this modulation
instability, this monochromatic constant-intensity light under perturbations will
break up upon propagation down the fiber. For certain types of perturbations, this
light will break up into rogue waves.

1.1.3 In Unmagnetized Plasma

Plasma is called the fourth state of matter after solid, liquid, and gas. It is the most
abundant form of ordinary matter in the universe, being mostly associated with stars,
including the Sun. It can also be artificially generated by heating a neutral gas or
subjecting it to a strong electromagnetic field. A plasma is characterized by the
presence of a significant portion of charged unbounded particles in any combination
of ions or electrons, with the net charge roughly zero. These charged particles are
highly electrically conductive, and long-range electric and magnetic fields dominate
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their behaviours. Collective motion of particles is ubiquitous in plasma, resulting in
various waves and other types of collective phenomena.

Ion waves in a plasma with no magnetic field has been studied in the physics
literature. Shimizu and Ichikawa (1972) showed that the motion of low-amplitude
ion wave packets in an unmagnetized plasma comprising isothermal electrons and
cold positive ions is governed by a NLS equation. The dispersion coefficient in this
NLS equation is always negative for any wavenumber, but the nonlinear coefficient
is negative only at high wavenumbers (when the nonlinear coefficient is negative
as the dispersion coefficient, modulation instability and rogue waves could arise).
However, ion waves with high wavenumbers suffer strong Landau damping, which
makes it impossible to observe its modulation instability or rogue waves.

However, if negative ions are also introduced into the plasma, the situation is
very different. In this case, Saito et al. (1984) showed that ion wavepackets are still
governed by a NLS equation with a negative dispersion coefficient, but its nonlinear
coefficient can be negative for all wavenumbers if the negative-ion density is chosen
properly. In this setting, modulation instability of ion waves and ion rogue waves
can be observed (Bailung and Nakamura 1993; Bailung et al. 2011).

Below, we derive the NLS equation for a wave packet in an unmagnetized
plasma comprising electrons and cold positive and negative ions. In this derivation,
we use the fluid model, where the positive and negative ions are represented by
their densities ny, ng, and mean velocities uy, ug, with all fluctuations about the
mean velocities neglected. In this model, the dynamical equations for ions are
just continuity and momentum balance. Since ions are assumed cold (i.e., their
temperatures are much lower than the temperature of electrons), their pressures are
small or zero and thus the pressure gradient terms in the momentum equations are
dropped. The electron density is assumed to behave according to the Boltzmann
relation.

The continuity equations for the positive and negative ions are

0

—;’t“ 4V - (ngug) = 0, (1.97)
ong

W + V- (ngug) =0. (1.98)

Since there is no magnetic field and ions are cold, the momentum equations for the
ions are

0

My <5 +uy - V) u, = ¢E, (1.99)
0

mg (5 —i—u;rV) ug = —¢kE, (1.100)

where E is the electric field, m, the mass of the positive ion, mg the mass of the
negative ion, and e the charge of the electron (it is assumed that a positive ion has
electric charge e and a negative ion has electric charge —e). Due to the absence of
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the magnetic field, the Maxwell equations for the electric field, in the international
system of units, reduce to

VxE=0, (1.101)

V-E="(ng—ng —ne). (1.102)
€0

where 7, is the electron density, and €p the vacuum permittivity. The first of these
two equations indicates that the electric field is conservative, allowing it to be
represented as the gradient of a scalar electrostatic potential ¢ as

E=-V¢. (1.103)

Inserting this equation into (1.102), we get the Poisson equation for the electrostatic
potential ¢ as

e
V2 = %(ne +ng —ng). (1.104)

In terms of this electrostatic potential ¢, the Boltzmann relation is
ne = neo expled/kTe), (1.105)

where n.¢ is the central (unperturbed) electron density, « the Boltzmann constant,
and T, the absolute temperature of electrons (in Kelvin scale).

If the plasma motion is one-dimensional, the above governing equations would
be simplified. If we further normalize the densities ny, ng and n, by the unper-
turbed electron density n.p, the time ¢ by the ion plasma inverse frequency
a);l.l = (egmyqy /neoez)l/ 2 the distance x by the electron Debye length Ap =
(eok T/ ne0e)V/2, the electrostatic potential ¢ by «T,/e, then the one-dimensional
governing equations would reduce to (Saito et al. 1984)

on d
_8:[ + a_x(naua) =0, (1.106)
8 9 npug) =0 (1.107)
ar | ox PUEITT '
Oty Oy 1o}

Ua _ 99 1.108
ar " Tox ax (1.108)
dug dug 1 9¢

up _ 199 1.109
o T"Pox T Qox (1.109)
ne = e?, (1.110)
3%¢
Pl =ne+ng —ng, (1.111)

where Q = mg/m is the mass ratio of the two ions.
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Next, we derive the NLS equation for a wave packet in the above plasma by the
multiscale perturbation method, following Saito et al. (1984).
First, we expand solutions to the above equations as follows:

. 2 .
ne] [ 1o (j)(%‘ 2
AREINE
ne | |1 j T il (kx—or)
wl=1 o +Ze/l§m (’)(g ole . (1.112)
M’B 0 (J)(é: .[)

L] L0 _¢(”(s,r>_

where € is a small real parameter,
£=e(x — A1), T=¢eu, (1.113)

A is the velocity of the wavepacket to be determined, and all quantities satisfy the
reality condition such as nY )*l = n((lj ;, where the asterisk denotes the complex
conjugate. Y

Inserting the above expansions into Egs. (1.106)—(1.111), at O(1) we get the

charge neutrality condition
nqgo = 1 +ngo, (1.114)

where nq0 and ngg are the undisturbed positive-ion and negative-ion densities.
At O(€), we get a set of linear homogeneous equations

—ilon)) +ilkngoul) = 0, (1.115)

—ilwnly) +ilkngouly) =0, (1.116)

—ilonl) +ilkg" =0, (1.117)

—ilonly) — 0~ itk =0, (1.118)

nt) — ¢ =0, (1.119)

—12k2¢{” —nl) —ng) +ny) =0. (1.120)

Setting [ = 1 or —1, existence of nonzero solutions in this system requires the

determinant of its coefficient matrix to be zero, which yields the dispersion relation

K2 ngo
w? = T (nao + %) . (1.121)
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In addition, we get the following relations between its solutions
1 1 ngo [k 1
ni —nao( ) o). i = —%( ) o, (1.122)

k 1 [k
(1) (1 (1) (D (D (1)
Uy 1= (;) by, ugyy = Q (;) biis ne iy =¢5.  (1.123)

All components with |/| > 2 such as nfxl)ﬁ vanish because the determinant of the

coefficient matrix of the above homogeneous system (1.115)—(1.120) is nonzero.
At O(€?), the components of [ = +1 determine A to be

3 —1
=2 (nao n @> , (1.124)

which is simply the group velocity ¢, = w'(k), i.e., A = c,. This means that our
frame £ is moving at the group velocity, which is the same as in water waves and
optical waves before.

From the components of /[ = 2 in order €2, we obtain ngtz)z, n/(sz)z, ufxz)z, /(32)2

and ¢§2) as a function of the first order quantities with / = 1. Utilizing the
above relations (1.122)—(1.123) between first-order quantities, all these second-

order quantities are found to be proportional to (¢(1))2, with coefficients involving
k,, Q, ngo and ngo.

From the components of / = 0 in order €3, we obtain n(z) ;32)0, ug%, u%z) and
¢(()2), which are found to be proportional to |¢§1) |2
k, w, O, ngo and ngo.

Finally, the equations of / = 1 of order € give rise to the NLS equation

, with coefficients again involving

(D (1)
00, 9%,
e T M”‘ oV = (1.125)
where the dispersion coefficient p is
1, 30° ngo -2
= o' (k) = - = = , 1.126
p=50"(k) 2k4(nao+Q (1.126)

and the nonlinear coefficient g is

w3

2k4(k* + 3k2 + 3)

61 1
q= |:A1k16 + 124k + 7A1k12 + (152A] — §A2> k!0

477 3 15 1 6
+ TAI — Ayq ) k° + [ 2254, +7A3—7A4+§A5 k
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+ 245A +35A 14A +4A K
) 1 ) 3 4 3 5

75 9 1
+ (7A1 + 1543 — 11A4 + A5> K+ EAZ —3As+ EAS] . (1.127)

Here,
b*>  bc b? be b 1
A = —, Ay=—, A , Apg=—, As=—, 1.128
1=5-3 2=3 3=3 4=-3 5=~ ( )
and
ngo ngo ngo
aEnao—i—%, bznao—é, cznao—i—é. (1.129)

To connect the function qbfl) to more physical quantities, we first denote e¢}1) =

¥ /2. Then, Eq. (1.125) can be written as

9 92
i—¢+p W+%

o T vy =0, (1.130)

where ¥ = x — ¢, is the normalized distance in moving frame. Notice that n, =
142¢Re [ng?{e“kkw')] t0 O(e) from Eq. (1.112) and n)) = ¢ from Eq. (1.119).

e, 1 —
Thus, defining én, = n, — 1, which is the normalized deviation of the electron

density from its unperturbed value, we get
Sne = Re[yrel*¥—eN] (1.131)

to the leading order approximation. This §n, can be experimentally measured and
compared to the prediction based on the NLS equation (1.130) for .

The dispersion coefficient p in the NLS equation (1.130) is always negative, but
the sign of the nonlinear coefficient g /4 depends on the mass ratio Q, density ratio
N = ngo/nq0, and the wavenumber k. When g < 0, Eq. (1.130) can be normalized
to the standard NLS equation (1.1) and thus exhibit modulation instability and rogue
waves. If we consider the case where the positive ion is Art and the negative ion
is F~, then the mass ratio Q = mg/my ~ 0.476. In this case, when N = 0 (i.e.,
the negative ion is absent), g would be positive when k < 1.47 and negative when
k > 1.47. Although carrier waves with k > 1.47 support modulation instability and
rogue waves, their observation is difficult due to strong Landau damping associated
with high-wavenumber waves. But at the critical density when N = 0.102, i.e.,
ngo ~ 0.114, g would be negative for all nonzero wavenumbers k. This critical
negative-ion density would facilitate the observation of modulation instability and
rogue waves.
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1.2 Derivative Nonlinear Schrodinger Equation in
Magnetized Plasma

Derivative nonlinear Schrodinger equations have several different forms. One of
them is

N TSP
ig + 5 +i(101%0) =0. (1.132)

This equation was shown to govern wave packet propagation in a magnetized plasma
(Mio et al. 1976; Spangler and Sheerin 1982), and was shown to be integrable by
Kaup and Newell (1978). We derive this equation in a magnetized plasma below.

In a magnetized plasma where an external magnetic field is present, waves in the
plasma would behave differently. In such a plasma, Alfvén (1942) first suggested
the existence of linear electromagnetic-hydromagnetic waves, which were observed
later in lab experiments and space plasmas. These Alfvén waves have since found
applications in various parts of plasma physics, including the explanation of why
the temperature of the solar corona is hot (about 1 million Kelvins) compared to its
surface, which is only a few thousand Kelvins. For the discovery of these waves,
Alfvén received the 1970 Nobel Prize in Physics. Our theory below is a nonlinear
version of Alfvén’s wave theory.

We consider the motion of cold plasma comprising electrons and positive ions in
the presence of a magnetic field. We again use the fluid model, where the electrons
and ions are represented by their densities and mean velocities. Their governing
equations, often referred to as the magnetohydrodynamic (MHD) equations in the
literature, are (Kakutani et al. 1968)

on,
a7 + V.- (v, =0, (1.133)
on;
E—FV'(VZ,'VZ') =0, (1134)
d 1
m<—+ve~V>ve=—e <E+—vg><B), (1.135)
ot c
0 1
M<—+V,'-V>Vi=e(E+—V,'XB>, (1.136)
at c
V xB—(1/c)0E/dt = (4me/c)(niVi — neve), (1.137)
V xE+ (1/c)oB/dt =0, (1.138)
V-B=0, (1.139)

V.-E = 4ne(n; — n,). (1.140)
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Here, m is the electron’s mass, n. its density, v, its velocity field, M the ion’s
mass, n; its density, v; its velocity field, E the electric field, B the magnetic field,
e the elementary charge, and c the speed of light. The first two equations are
the continuity equations for electrons and ions. The next two equations are their
momentum equations, where the terms on the right hand sides are the Lorentz forces
(in Gaussian units), which are a combination of electric and magnetic force on a
point charge due to electromagnetic fields. The last four equations are the Maxwell
equations in Gaussian units. Since the plasma is cold, pressure gradient terms in
Egs. (1.135) and (1.136) are absent.

One may notice that in the above governing equations for a magnetized plasma,
we did not use the Boltzman relation (1.105). The reason is simply that the Boltzman
relation is not valid in a magnetized plasma. In fact, the electrostatic potential in this
relation does not even exist since the electric field is not conservative here.

We assume that the charge separation can be neglected, i.e., we assume n; =
ne = n, which results in charge neutrality. Under this assumption, one of the
two equations (1.133) and (1.134) becomes redundant, since it can be derived
from the other equation together with (1.137) and (1.140). We also assume that
the displacement current is negligible, i.e., the (1/c)dE/d¢ term in (1.137) can be
dropped. This assumption is valid when the Alfvén wave speed (see below) is much
less than ¢, which is generally the case. In addition, using Eq. (1.138), we can readily
show that Eq. (1.139) would be automatically satisfied if it is initially valid. Equation
(1.140) is used as a criterion for the validity of the neglect of the charge separation.
Then, we are left with the following five governing equations

on

E-FV'(”Vi):Oa (1.141)
0 1

m (—+V6~V> Vo = —e <E+—VEXB>, (1.142)
ot c
B 1

M<—+V,~~V>V,-:e(E+—V,-><B), (1.143)
at c

V xB = @dme/c)n(vi —V,), (1.144)

V xE+ (1/c)oB/dt = 0. (1.145)

We now eliminate v, and E from these equations. The expression for v, can
be obtained from Eq.(1.144), and the expression for E can be obtained from
Eq. (1.142). Substituting these v, and E expressions into the other three equations,
we get a complete system for 7, v; and B as (Kakutani et al. 1968)

on
E—I—V-(nvi) =0, (1.146)

9B dv;
o~ VX (i X B) + (Mc/e)V x — - =0, (1.147)
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% = 1/41)(M +m)"'n7'(V x B) x B

+ (me/dme)(M +m)~! [{(n—lv x B) - Vv;
(1.148)

d .
(171 B)i|
—{mc?/(4me)?}(M +m) " 'nH{(V x B) - V}(n "'V x B),
where d/dt = 9/0t + (v; - V).

When all quantities depend on x and 7 only, the above equations simplify. The
reduced equations are

on  d(nu)

—_ =0, 1.149

Jt + 0x ( )

du 1 o1 , 2

—+—————(B B3) =0, 1.150

dt+4nn(M+m)8x2( 2+ B3) (1.150)

d 1 0B d oB

av _ g2 oM @ (1223 (1151

dt  dan(M + m) ox 4me(M + m) dt ox

d 1 0B d oB

_w_—BIJZL_ -1922 . (1.152)

dt dan(M + m) 0x dre(M + m) dt 0x

dB; Bav+88u_Mc8dw (1.153)

. lox | Cax e ax dt’ '

dBs3 B ow +B ou _ Mc 0 dv (1.154)

dt Uox ox ~ e oxdr '
where d/dt = 9/0t + ud/dx, (u,v,w) are the (x,y,z) components of v;,

(B1, By, B3) are the (x,y,z) components of B, and By is a constant due to
Eq. (1.145).

We first consider small-amplitude (linear) ion waves propagating in a static and
uniform magnetic field, whose strength is By and whose direction is along the x-axis
(i.e., the wave is propagating in the direction of the magnetic field). The undisturbed
ion density is denoted as ng. Writing

n=no+n, u=i, v=>b, w=w, By=DBy, B3=Bs (1.155)

where the barred quantities are small, inserting them into the above governing equa-
tions and linearizing, we get the following equations for the linear perturbations,

LU (1.156)
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— =0, 1.157
o ( )
00 3By _,19°Bs
47Tl’l()(M +m)BO E - W = —W,, m, (1158)
0w 93B3 1 9%B,
7= 775 — 17 22
4rno(M + m) By 5 ar = Y 3 (1.159)
9B, 9v 32w
—1 2 1
I 1.160
0 Tor T ax  “ic gxar (1.160)
9By g 80 (1.161)
O ar  ax ic 9xor’ '

where w,, = eBg/mc and w;c = eBy/Mc are the electron gyrofrequency and ion
gyrofrequency, i.e., the angular frequencies of circular motions of an electron and
an ion in the plane perpendicular to the magnetic field.

If the frequency of these linear waves is small compared to w,. and w;., then the
terms on the right sides of the above equations (1.158)—(1.161) can be dropped. In
this case, it is easy to see that quantities (v, w, Bs, Bg) all satisfy the linear wave
equation of the form

32 , 32
— —Vi—|F=0, 1.162
(aﬂ A3x2> (1.162)

where F is any of (v, w, I§2, 1_33), and

B
|V — (1.163)
Jarng(M + m)

is the wave speed. These linear waves are the ones that Alfvén (1942) first suggested.
Now we develop a nonlinear theory for these Alfvén waves when their ampli-
tudes are small but finite. For this purpose, we first nondimensionalize the governing

equations (1.149)—(1.154). Introducing dimensionless quantities designated by the
upper hats through normalizations

n=noi, B=BB, vi=Va¥i, (x,y,2=L@E3$ 2, t=awy'i
(1.164)

where ng is the mean ion density, By the static magnetic field, V4 the velocity
of the linear Alfvén wave given above, L a characteristic length, wp = V4/L a
characteristic frequency, and dropping the hats, we obtain dimensionless governing
equations as

on  d(nu)
E—i_ ax

0, (1.165)
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dl/t 1 J 1 2 2

- — —(B5+ B%) =0, 1.166
dt +n 8x2( 2 + 3) ( )
dv 1, 0B 1 d _19B3

b B — — —_R 1= —, 1.167
a7 e ar \"" Tox ( )
d oB d 0B

w1 I3 gt S (1222 (1.168)
dt 0x dt 0x

dB, B av 4B ou ;9 dw (1.169)
dt Yax 2ox 0 ax dr’ '
dBs Jw ou _1 0 dv

dt ! ox + 38x Loox dt ( )

where d/dt = 0/dt + ud/dx, R, = wec/wo, and R; = wj./wy. Notice that
in this general theory, we do not assume the characteristic frequency wg of these
waves to be small compared to w,. and wj, i.e., we do not assume R, and R; to
be large. Thus, the terms on the right sides of Eqgs. (1.167)—(1.170) will be kept
in our treatment. A consequence of this is that, while linear Alfvén waves under
such assumptions are dispersion-less [i.e., their velocities are a constant V4 that is
independent of wave frequencies, see Eq. (1.162)], linear Alfvén waves without such
assumptions will be dispersive (i.e., the wave velocity will depend on frequency), as
we will quickly see below.

We confine our attention to the propagation of Alfvén waves along a static
magnetic field. Then, By = 1 due to the magnetic field scaling. In addition, we
assume that the ion density n fluctuates weakly around its mean value 1 (under the
above scaling of n).

The linear dispersion relation of the above system (1.165)—(1.170) will be helpful
in our development of the weakly nonlinear theory. Thus, we derive it first. For this
purpose, we take

n=1+ae®= " (u,v,w, By, B3) = (ii, 0, W, Ba, B3)e'®™ D (1.171)

where (1, i, U, W, Ez, E3) are infinitesimal constants. Inserting these expressions
into Egs. (1.165)—(1.170), we get n = u = 0. In the linear homogeneous system
for (v, w, Ez, §3), the requirement of its matrix’ determinant being zero yields the
following relation between wavenumber k and frequency w,

2
(1 n R;lR;IkZ) ot — k2 [2 n (R;2 + R;Z) k2] P+ =0, (1172

which can be used to determine the dispersion relation w = w(k). Clearly, this
dispersion relation will not be w being proportional to k, which indicates that the
present waves are dispersive. For long waves (with small |k|) propagating along the
positive x direction (i.e., ¢, = w/k > 0), this dispersion relation can be expanded
as
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wk) =k Fuk®+---, (1.173)

where u = (R - R;1)/2. In this dispersion relation, the upper and lower signs
denote, respectively, the left and right Alfvén waves.

Now, we consider the nonlinear evolution of small but finite-amplitude Alfvén
waves. If these waves are a wavepacket with a nonzero dominant wavenumber &,
then the evolution of this wavepacket will be governed by a NLS equation, as was
shown in a generic nonlinear system by Benney and Newell (1967). However, for
long Alfvén waves (|k| < 1), the situation will be very different. In this case, a
different multiscale calculation is needed, and the resulting governing equation will
be a derivative NLS equation rather than the NLS equation. We will show this below,
following Mio et al. (1976).

For long Alfvén waves, their group velocity is ¢, = «'(0) = 1 (under velocity
normalization introduced before). Thus, we expand solutions to Egs.(1.165)—
(1.170) as the following perturbation series

n=14en +€ens+---, (1.174)
u=  euy+euy+---, (1.175)
V=€ (v +€evy+--0), (1.176)
w=e(wy +ewy+--), (1.177)
By=¢? (By +eBun+--), (1.178)
By =€l (By +eByp+--), (1.179)

where € is a small positive parameter,

E=e(x—1), T=c¢k, (1.180)
and all variables n;, u;, v;, w;, By;, B3; are functions of £ and t. Notice that the
moving coordinate & is moving with the group velocity ’(0) = 1 of long waves.

To simplify the analysis, we assume that the plasma is in equilibrium state at

& — =00, so that all variables n;, u;, v;, w;, B»;, B3; approach zero there.
Now, we substitute the above perturbation expansions into Egs. (1.165)—(1.170).

At O(e?), we find from Egs. (1.167)~(1.168) that
vy = —By1, w; = —Bj3;. (1.181)

At O(€?), we find from Eqgs. (1.165)—(1.166) that

1
ny=u = 5(3221 + B3)). (1.182)
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At 0(6%), we find from Egs. (1.167)—(1.170) that

V2 + Bog =vir — R, B3 e, (1.183)
wae + Baog = wir + R, By, (1.184)
By +vae = Boir + (1Bo)s + R 'wi e, (1.185)
Bype +wag = B3+ (1 Ba)e — Ry v ge. (1.186)

These equations show that

vi.r — R;'B31 66 = Bo1 + (u1Bay)s + Ri_lwl,gs, (1.187)

wir + Re_leng = B3j,¢ + (u1B31)g — R-_1v1’§g. (1.188)

l

Substituting Eqgs. (1.181)—(1.182) into the above two equations, we then obtain two
equations for By and B3] as

By + % [(B§1 + B§1)le]g — B3 gz =0, (1.189)
BMJ4—3BB;—+B;H%J§+uBngS=o. (1.190)
Finally, we define a complex variable
¢ = (B2 +1B31) /2. (1.191)
Then the above two equations can be combined as
ide — e +1(16P9)_=0. (1.192)

If u <0,ie., R; > R,, then after variable rescalings of ¢ = ﬁé&, & = |,u|§, and
T = ||t /2, and dropping the hats, the above equation reduces to

R
ige + 505 +i(1019), =0, (1.193)

which is the derivative NLS equation (1.132) in different notations. If u >
0, Eq.(1.192) can also be reduced to (1.193) under slightly different variable
rescalings.

The above analysis was restricted to cold plasma, where the plasma pressure was
small or zero and thus ignored. The more general case of finite plasma pressure was
considered by Spangler and Sheerin (1982), where a derivative NLS equation of the
same form (1.192) but with a modified nonlinear coefficient was derived.
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For short-pulse propagation in a frequency-doubling crystal, the interplay of
quadratic and cubic nonlinearities could give rise to a slightly different derivative
NLS equation (Moses et al. 2007),

1
e + 2 bxe +il¢|*¢s = 0. (1.194)

This equation was shown to be integrable by Chen et al. (1979).

1.3 Manakov Equations in Randomly-Birefringent Optical
Fibers

The Manakov system is
@8, + 9)ur + €(lur]® + [uz|*)uy = 0, (1.195)
(i0; + 02)uz + €(ur|* + |ual*uz =0, '

where u1 and u, are complex variables, and ¢ = =£1. This system was shown to
be integrable by Manakov (1973). The Manakov system governs many physical
processes, such as light propagation in randomly birefringent optical fibers (Menyuk
1987; Evangelides et al. 1992; Agrawal 2001), the nonlinear interaction of two
incoherent light beams in crystals (Kang et al. 1996; Chen et al. 1979), and evolution
of two-component Bose-FEinstein condensates (Kevrekidis et al. 2008; Hoefer et
al. 2011). In this section, we derive the Manakov system in randomly-birefringent
optical fibers.

In the derivation of the NLS equation in optical fibers in Sect. 1.1.2, we assumed
that the polarization state of the incident light was preserved during its propagating
inside an optical fiber. That is the case only in polarization-maintaining fibers, or
in ideal fibers maintaining perfect cylindrical symmetry along its entire length.
In practical communication fibers, unintentional variations in the core shape and
anisotropic stresses along the fiber length give rise to two orthogonal polarizations
along which light propagates at slightly different speeds (i.e., propagation constants
along these two polarizations are slightly different). This phenomenon is called
modal birefringence. In addition, the degree of modal birefringence and the
orientation of the two polarization axes change randomly over a length scale ~ 10 m
unless special precautions are taken. In this section, we derive governing equations
in randomly birefringent fibers, following Menyuk (1987), Evangelides et al. (1992),
and Agrawal (2001).

Fixed-Polarization Case

First, we assume the two polarization axes do not change upon propagation. In this
case, the electric field can be written as



1.3 Manakov Equations in Randomly-Birefringent Optical Fibers 33

E(r,0) = = [RE:(t, 1) + FE,(r, ] e + c.c., (1.196)

N =

where X and y are the two orthogonal polarization unit vectors on the transverse
plane, and Ey, E, are complex amplitudes along the two polarizations with carrier
frequency wy.

The nonlinear part of the induced polarization Py, in Eq. (1.63) is obtained by
substituting Eq. (1.196) into Eq. (1.68), i.e., into

Pyi(r, 1) = €0 x P (r):E(r, HE(r, HE(r, 1). (1.197)

This induced polarization inside a dielectric medium (such as the present optical
fiber) by an electromagnetic field should not be confused with the state of
polarization of that field in Eq.(1.196). In general, the third-order susceptibility
x@ is a fourth-rank tensor with 81 elements. In an isotropic medium such as
silica glass, only three elements are independent of one another, and the third-order
susceptibility can be written in terms of them as (Boyd 2008)

3
Xim = X818k + xSk, 0ikdj1 + xS Si8 ke (1.198)

where §;; is the Kronecker delta function defined such that §;; = 1 when i = j and
zero otherwise. Using this result, Py in Eq. (1.197) can be written as

Pyo(r,t) == [$Pe(r, 1) + §Py(r, )] e +c.c., (1.199)

N =

where Py and Py are given by

RI)
=0 Z( O EEE: + xO B EET + 3O EE; E*) (1.200)

J
and i, j = x or y. From (1.198), we also obtain the relation

3 3 3 3
XPex = XDy + Xy + X0 (1.201)

where xg)x « 18 the element appearing in Eq. (1.73) of the scalar theory in Sect. 1.1.2
and used in Eq. (1.78) to define the Kerr coefficient n,.

The relative magnitudes of the three components in Eq. (1.198) depend on the
physical mechanisms that contribute to x . In the case of silica fibers, the dominant
contribution is of nonresonant electronic origin (Agrawal 2001; Boyd 2008), and
the three components have the same magnitude. In this case the polarization
components Py and Py in Eq. (1.200) take the form
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3ep 2 1

Pr == x 0 [(|Ex|2 + §|Ey|2) Ex + §E;‘E§] . (120
3eo 2 1

Py =" 1t [(lEyF + §|Ex|2) Ey + gE;‘Ei] . (1203)

The propagation equations governing evolution of the two polarization com-
ponents in Eq. (1.196) can be obtained following the method of Sect. 1.1.2. As in
Eq. (1.86), the electric fields E, and E can be factored as

Ej(r,1) = Fj(x,y)Aj(z, )P, (1.204)

where j = x,y, F ' is the spatial distribution of the fiber mode, fy; is the linear
propagation constant at frequency wo, and A (z, t) is the slowly varying amplitude
function, all along the j-polarization. Repeating the calculations of Sect. 1.1.2 for
each of the two polarization axes and utilizing Eqgs. (1.202)—(1.203), we find that A
and A, satisfy the following evolution equations

DA, g dA, 1}3 32A, e (a2 + 2|A ) a
1 1B1x—— — =Poax——5 =
9z 1x 9t ) 2x 312 Vx X 3 y X
J/ 5
—i-?xA;Aie AAboz — ), (1.205)
DAy, Ay 1 3%A, s 2,
r +1f31y7 —E,BZyW‘FVy |Ayl +§|Ax| Ay
Yy % 42 2iABoz _
+5AjALe 0z — (. (1.206)

Here, Bj(w) is the linear propagation constant at frequency w along the ;-
polarization, which is obtained from the eigenvalue problem

V3Fj+ ndk* = BPHF; =0, j=uxy, (1.207)

with ng; = [1 + X;})(r, a))]l/ 2 k= w/c, under the zero boundary condition of
Fi(x,y) — Oas (x,y) = 00,

Boj = Bj(wo), B1j = B(wo), Baj = B (wo), (1.208)

the prime represents differentiation, Ay = Box — Boy = 2m/Lp, Lp is the beat
length of the birefringent fiber,

) - of [ [0 nojn2j | Fj(x, y)l*dxdy
T Bo; [ IFj(x, y)Pdxdy

(1.209)
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and

3 3
nj = %X;X;x. (1.210)

In most cases of fiber optics, B2x A~ B2y and yx ~ yy. Thus, we will set

Bax = ,32y =pf = Yy =YV (1.211)

in Egs. (1.205)—(1.206).
If we further write

Ay = uge AP0I2 A = el AP03/2) (1.212)
and introduce the shifted time variable
t=1-Biz, (1.213)

where 31 = (B1x + B1y)/2, then Egs. (1.205)—(1.206) would become
duy w1 d%uy 5 2 5 Y oy
18—Z+bu1+15¥—§ﬂ2w+y(|u1| +§|M2| ui +§MTM2=O,
(1.214)

Oup COuy 1 d%up 2 2 YV %2
1——[7142—15—T—Eﬁ2m+)/ 172 +§|M1| M2+§M§M1:O,

(1.215)

where b = ABp/2, and § = (B1x — B1y)/2.
Random-Polarization Case

In real communication fibers, the two polarization axes and the degree of modal
birefringence change randomly over a length scale ~ 10 m due to random variations
in the core shape and anisotropic stresses along the fiber length. Next, we consider
the leading-order effect of this random birefringence on the evolution equations
(1.214)-(1.215).

We first rewrite these coupled equations into a single vector equation,

KA PR B U U] U=0 (1.216)
i— +o i8— | — =Br— soU — —ys303U =0, )
9z ! ot ) 2P g2 TSN T3V

where U = (u1, u2)7, i.e., the transpose of (u1, u»), o1, 02, 03 are Pauli matrices
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10 01 0 —i
= = = 1.217
ol <0_1>, 02 (10>, 03 (iO)’ ( )

50, S1, 52, 83 are Stokes parameters defined as

50 =U'U = [ui* + [u2*, 51 =UTo1U = |uy|* = |ua*, (1.218)
s =UonU = uiuy +ugus,  s3= UloyU = —i(ujur —uiu3), (1.219)

and UT is the conjugate transpose of U. These Stokes parameters satisfy two
identities,

s2 452 457 =52, (1.220)
101U + s00oU + s303U = sgU. (1.221)

Now, we consider how the polarization state varies in the course of propagation
in a fiber. The three-dimensional Stokes vector (si, sy, s3) is a vector whose
length equals s, and whose end lies on the Poincaré sphere. The phase velocity
birefringence, the b term in the propagation Eq. (1.216), only affects the phases of
u1 and u, on a length scale ~ 1 m (the beat length). This variation leaves so and
s1 invariant, and so rotates the Stokes vector rapidly around the s; axis. Changes
in the orientation of the birefringence axes occur randomly over a length scale ~
10 m. Such changes leave sy and s3 unchanged and thus rotate the Stokes vector
around the s3 axis. The combination of these two types of rotations allows the Stokes
vector to sample uniformly all directions on the Poincaré sphere on a length scale ~
1 km. Then, when we average Eq. (1.216) over random birefringence changes, this
average on the phase velocity birefringence b is zero. In addition, this average on
the group velocity term § is also zero, since § is as often negative as positive. Thus,
the two terms containing o7 in Eq.(1.216) average out to zero. The last term in
Eq. (1.216) requires the average of s303U. This average turns out to be soU/3 when
the identity (1.221) is utilized (Evangelides et al. 1992). A more rigorous derivation
of this average value can be found in Wai and Menyuk (1996). After this averaging,
Eq. (1.216) reduces to

aU 92U 8
i ,32 > + §ysoU =0. (1.222)

This equation, in scaler form, is

8u1 1 u1 8 5 2)
-— = — =0, 1.223
i52 =~ 5k g7 (P + el u (1.223)
uy 1 32142 8 ) )

2 i =0, 1.224
i52 = 3+ g (bl + ) s (1.224)
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and the corresponding electric field can be obtained from Eqgs. (1.196), (1.204)
and (1.212) as

1 _ _ R
E(r,1) = = [f Fe(x, Yui(z, ©) + § Fy(x, ua(z, 1)) P 4 cc.,

(1.225)

[\

where o = (Box + Boy) /2.
Equations (1.223)—(1.224) can be normalized. Introducing nondimensional vari-
ables

iy = Py Puy, i = Py a2 =8ydPoz/9. = (16y Po/9lpa)) e,

(1.226)
where Py is a representative total power of the solutions and d = —sgn(8,), these
normalized variables (with hats dropped) satisfy the system of equations

i oY +d<|u1| + |ua)| )ul =0, (1.227)
0z at

.ou 8%u

i=2 + 22 d (jua + ) uz = 0. (1.228)
9z at

This is the Manakov system (1.195) in different notations.

1.4 Davey-Stewartson Equations in Water of Finite Depth

The Davey-Stewartson (DS) equations are
[A; = Axx + UOA}'y +2(€|A| 20)A, } (1.229)
Oxx —000yy = €(|A)xx,

where A(x, y, t) is a complex function, Q(x, y, t) is a real function, op = %1, and
€ = =1. They are called DS-I when o9 = 1 and DS-II when o9 = —1. The €
value is the sign of nonlinearity (¢ = 1 for focusing and € = —1 for defocusing).
Integrability of these equations can be found in Ablowitz and Segur (1981).

Equations of Davey-Stewartson types were first derived by Benney and Roskes
(1969) and Davey and Stewartson (1974) for three-dimensional gravity waves in
water of finite depth. Such equations were generalized to include surface tension
by Djordjevic and Redekopp (1977) and Ablowitz and Segur (1981). Under certain
conditions on the wavenumber and surface tension, those equations can be reduced
to the above DS equations.
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1.4.1 Derivation of Benney-Roskes-Davey-Stewartson
Equations

In this subsection, we derive Benney-Roskes-Davey-Stewartson equations in three-
dimensional water waves of finite depth with surface tension. Water waves under
both gravity and surface tension are called capillary-gravity waves. Our derivation
follows Benney and Roskes (1969), Davey and Stewartson (1974), Djordjevic and
Redekopp (1977), and Ablowitz and Segur (1979), using the multiscale perturbation
method.

We consider the irrotational motion of a progressive capillary-gravity wave
moving on the free surface of an inviscid and incompressible liquid of constant
depth &. The undisturbed free surface is set as the z = 0 plane, and the bottom is
located at z = —h. The remaining Cartesian coordinates (x, y) are in the plane of
the undisturbed free surface, and we choose x to point in the direction of the wave
propagation. Since the fluid motion is irrotational, the velocity field u has a potential
¢(x,y,z,t), whereu = V.

The governing equations for these three-dimensional capillary-gravity waves are
(Djordjevic and Redekopp 1977)

¢xx+¢yy +¢zz=0, _h<ZS§, (]230)
¢, =0, z=-—h, (1.231)
&+ dxlx + ¢y§y =¢;, z2=¢, (1.232)

1
G+ 80+ 5 (@7 + 67 + D)

_ Té‘xx(l + g)%) + ny(l + é')?) - 2§xy§x§y
(+2+¢p) ’

z=¢,  (1.233)

where ¢(x, y,t) denotes the position of the undulating free surface, g is the
gravitational constant, and 7 is the ratio of the surface tension coefficient to the
fluid density.

We examine a progressive wavetrain of wavenumber k and frequency w travelling
in the x direction. In the linear theory, this wave can be written as

e,y 1) = e® 9D 4 ec (1.234)
h k h) .

d(x,y,z.1) = P coshR@@ + 1) igks—on) +c.c., (1.235)
coshkh

where {11 and ¢ are infinitesimal complex constants. The z dependence in this
¢(x,y,z,t) expression is derived from the Laplace equation (1.230) together with
the bottom condition (1.231). Inserting these expressions into the two surface
boundary conditions (1.232)—(1.233) and dropping nonlinear terms, the compati-
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bility condition between the two equations yields the dispersion relation
o = {(gk + Tk>) tanh kh}'/?, (1.236)
or
w = {gka(1 + T)}'/, (1.237)

where T = k2T /g, and o = tanh kh.

Now, we consider the evolution of this wavetrain whose amplitude is small and
slowly modulated in both space and time. We treat k = O(1); hence the slope of the
surface wave is small. In addition, we treat k& = O (1). Then, we use the multiscale
perturbation theory to derive the temporal and spatial evolutions of this wavetrain.

We write solutions to Eqs. (1.230)—(1.233) as perturbation series

t=ec (gm + e + c.c.) +é? (;oz + 2126 + 0™ + c.c.) n
+e? (503 + ¢3¢ + e3e™ + 33 + c.c.) + e (1.238)
¢ =c¢ <¢01 + e’ + C.c.) + €2 (¢02 + g€ + e + c.c.) +
+€3 (¢03 + ¢13¢" + Ppr3e? + ¢330 + c.c.) 4+, (1.239)
where 60 = kx — wt,

Cnj =6nj (5.1, 7),  &nj :¢nj(és 7,2, T), (1.240)

E=€e(x —cgt), nN=¢€y, 1= €t, (1.241)

cg = &' (k) is the group velocity, ‘c.c.” represents complex conjugates of only the
e"? terms, and oj» ¢o; are real functions. Here, € is a small positive parameter
measuring the slope of the wavy surface. Unlike the deep-water case considered in
Sect. 1.1.1, ¢,,; here does not depend on the slow z variable €z since the water is of
finite depth.

We also expand the ¢ function in surface boundary conditions (1.232)—(1.233)
around the unperturbed surface level z = 0. Up to O (€?), these boundary conditions
are

1
&+ Cx Py + Pxz) + Cy(qby + (/J’yzC) =¢; + ¢80+ §¢ZZZC2’ z=0,
(1.242)

1 1
G+ Gzl + 5Pz 80+ SG7 07+ 0D + L (Dez + Bybyz + $2iz)
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_ e £ + Gy (14 0D = 20ey8aty

- z=0. (1.243)
(1+¢3+¢)2

We first substitute the ¢ expansion (1.239) into the Laplace equation (1.230) and
the bottom condition (1.231). Equating coefficients of €/ ¢"? to zero and solving the
resulting equations for ¢, ;, we get

coshk(z + h)

¢01 =¢01(€7 n, T)’ ¢1] =A($7 n, T)—a (1244)
coshkh
b2 = $02(§, 1, 7), (1.245)
coshk(z+h) . (z+ h)sinhk(z + h)
= D(,n, - Ag, 1.246
12 &, 7) coshkh ! coshkh § ( )
cosh2k(z + h)
=FE,n 1) ———, 1.247
922 é.n, 1) cosh 2kh ( )
$03,. = —(z+h) (¢o1.e2 + o1.nn) » (1.248)
coshk(z+h) (z+h)sinhk(z+h) ,_.
=G, n, — 2ikDg + A,,) —
P13 =GE D= T Skcoshkh  GkDs+ Ap)
2
h
_ (z 4+ h)*coshk(z + h) (1.249)
2coshkh

Compared to Davey and Stewartson (1974) and Djordjevic and Redekopp (1977),
we have lumped all cosh k(z + /) terms in ¢;> together, which makes its expression
simpler. Then, we substitute these ¢,; solutions and the ¢ expansion (1.238) into the
two surface boundary conditions (1.242)—(1.243). Equating coefficients of /¢ to
zero we get

iw
=0, gln=—=A gl = cgdore — k(1 — o)A, (1.250)

iw Cp Cg 2T
gtin = -D + ~ | okh + £ — ] A, (1.251)
1+T 1+7 cp 14T
K or-3 5
- 9 =7 (1.252)
[{95) 2 52— TG —o?)
3ik2 1+ 03[l —02+ T3 — o2
F(s,n,r)zl—( oIl =0+ TG =09 o (1.253)

4w 62—-T@B =02

where ¢, = w/k is the phase velocity. Here, ¢12 is derived from the 0 (%)
terms of either of the two surface boundary conditions (1.242)—(1.243), and the
other surface boundary condition at O (e2¢!?) is satisfied automatically utilizing the
group velocity expression
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o+ kh(l —o?) T
= _ |, 1.254
Cg =Cp |: 2 + 17 ( )

which can be derived by differentiating the dispersion relation (1.236).

Notice that the second harmonic terms ¢y and ¢y are singular when T =
02/(3 — o'2), which for deep water (¢ = 1) yields T = 1/2, i.e., k = [g/QT)]"/2.
For water, T ~ 72 x 10~®m3/s?. Thus, the corresponding wavelength is about
2.4 cm. Wavenumbers satisfying this condition have the property that the phase
speeds of the first and second harmonic match, resulting in the phenomenon
known as ‘second-harmonic resonance’. The above analysis breaks down at this
wavenumber and a new scaling is required (McGoldrick 1970).

Assuming that the wavenumber k is not close to that for which T =o? /(B—a?),
we can continue the analysis. Equating the coefficient of €3¢® to zero in the first
surface boundary condition (1.242) and utilizing the ¢o3 ; formula in (1.248), we
get the equation

) 32 C¢ 4 2 2 2
(8h — cp)po1.t6 + ghoor,ym = —k“cp <_c,,(1 o)+ 7 T) (IAI >é :
(1.255)

This equation shows that the horizontal velocity field (¢, ¢,) from the expan-
sion (1.239) has an O (e2¢”) mean flow that is generated by the self-interaction of
the progressive wavetrain. In deep water, this mean flow is absent (see later text as
well as Sect. 1.1.1). Stokes (1847) first pointed out the existence of this mean flow.
But he said it existed in deep water, which is incorrect.

Equating the coefficients of €3¢l to zero in the two surface boundary condi-
tions (1.242)—(1.243) and utilizing the ¢3 solution in (1.249), we get two equations
for ¢13, whose compatibility condition gives the following equation for the time
evolution of A(&, n, 1),

iA +lw”(k)A FE A =k |1+ 21 —oD)A+T) | orcA +
T 2 55 2k nn 2Cp ’E

+

Kl (1=0HO—-0)+TB—02)(1—02)
— . +
4w 02— T3 -02)

. 30°T
1802 —2(1 — o221+ T) — 11 T} IAPA. (1.256)

These two equations (1.255) and (1.256) govern the evolution of a progressive
capillary-gravity wavetrain in water of finite depth, and we will call them Benney-
Roskes-Davey-Stewartson (BRDS) equations.

The case of ¢, = (gh)'/? is very special, since this is the case where the
¢o1 equation (1.255) changes from hyperbolic to elliptic. In this case, the group
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velocity of this progressive (short) wavetrain matches the phase velocity of the long
wave, and a long-wave/short-wave resonant interaction occurs. Under this condition,
the above analysis breaks down, and a different analysis and scaling are required.
Relevant equations describing this resonant interaction will be presented in Sect. 1.5.
In deep water, this resonance disappears.

In the absence of y-direction variation, we can solve for ¢g; ¢ from Eq. (1.255)
and then insert it into Eq. (1.256), resulting in a single equation for A (£, 1),

1
iA; + Ea)”(k)Agg =v|A*A, (1.257)

where v is a certain constant. A Stokes wavetrain corresponds to a special solution
A, 1) = aoe_i“(%‘” in this equation, where ag is a real constant. Performing a
linear stability analysis to this special solution similar to what we did in Sect. 1.1.1,
we find that this solution is linearly unstable if »” (k)v < 0. Without surface tension
(T = 0), (k) is always negative when ki > 0, but v is negative when kh < 1.363
and positive when kh > 1.363. Thus, the Stokes wavetrain is unstable when kh >
1.363—a result which was first reported by Benjamin (1967) and Whitham (1967).
In the deep-water limit (gh >> 1 and kh > 1), the ¢ equation (1.255) reduces
to a Laplace equation, whose solution is ¢o1,¢ = ¢o1,;, = 0. Thus, the 0(62) mean
flow of the horizontal velocity field disappears. In this case, Eq. (1.256) reduces to

k* 8+ T +27T2

= _|APA. (1.258)
4o (1 -2T)(1+T)

A+ Lo () Aee + S5 A
Tty 33 o

If we further take the limit of negligible surface tension (7 = 0) and restrict to the
two-dimensional case (independent of the transverse n direction), we get

, 1, 2k%
iAr + 50" () Ags — —|APA =0, (1.259)
w

In this 7 = 0 limit, we see from Eq. (1.250) that A = g¢11/(iw). Inserting this
expression into the above equation and utilizing the present dispersion relation w =
(gk)l/ 2 we then recover the evolution equation (1.32) that was derived earlier in
Sect. 1.1.1 for the two-dimensional motion of a gravity-wave train in deep water.

1.4.2 Reduction to Davey-Stewartson Equations

Next, we nondimentionalize the BRDS equations (1.255) and (1.256). Introducing
nondimensional variables

E=ke, fH=kn, t=owt, A={E /o)A, do = K /w)po1,  (1.260)
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dropping the hats, and setting Q = ¢o1,¢, Eqs. (1.255) and (1.256) become

iAr 4 MAge + Ay = xIAIPA + x1 QA, } (1.261)
(XQ%‘%‘ + Qrm = _ﬂ(|A|2)§:§’
where
k2 1 k
po Ko ® Gy, (1.262)
2w 2cp
1[(1=0)O—-0)+TB-0)(T-0?)
- _ _ +
4 02— T3 —o?)
- 302T
4802 =21 =01+ 1) - —= |, (1.263)
1+T
=1 €8 (1 _ o2 I
x1=1+=—=0-09)1+T) >0, (1.264)
2cp
h—c? e 2
o=t g ﬁ:_p(c_g(l—g2)+—~>>0. (1.265)
gh gh \cp 1+T

Now we determine under what conditions the above BRDS equations can be
reduced to the integrable Davey-Stewartson equations (1.229). Through variable
scalings

i | 2% - 20\ ? -
E=lal2§, T=—-7T, Q0= 0, A=—) A4, (1.266)
A Xtle] x1B

dropping the tildes, and recalling u, x1, 8 all positive, we find that under parameter
conditions of

A=—pa, 2xa=x18, (1.267)

the BRDS equations (1.261) would become
iAr = Agz + 00Ay + (147 —20)4, } (1268)
Qee — 000y = (AP)ee,

where op = sgn(A). These are the DS equations (1.229) with ¢ = 1 under different
notations.

In the shallow water limit of kA — 0, defining T = T/(kh)* = T/(gh?), we
find that
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9

1 . 1
Ao = (=143T)K*h%, pu—> =, x> ——— (1.269)
2( ) 2 4(1 — 3T)k2h?
3 7,272
L T e (1 -3T)k°h*, B — 3. (1.270)

Thus, conditions (1.267) are satisfied, and the BRQS equations (1.261) reduce to
the integrable DS equations (1.229) with o9 = sgn(T — %) ande = 1.
Interestingly, conditions (1.267) are also satisfied at finite (T, kh) values of

T ~0.001959, kh ~ 0.1670. (1.271)

In this case, the BRDS equations (1.261) also reduce to the integrable DS equa-
tions (1.229), with o9 = sgn(X) = —1 and € = 1. There are no other (T, kh) values
or regions where parameter conditions (1.267) are met.

1.5 Long-Wave-Short-Wave Interaction Model in Water of
Finite Depth

The Benney-Roskes-Davey-Stewartson equation (1.255) is singular when cé = gh,
where the group velocity ¢, of the progressive (short) wavetrain matches the phase
velocity (gh)!/? of the long wave. In this case, a stronger and faster interaction
between the short and long waves is expected. Indeed, this can be anticipated since
it is a limiting case of the three-wave resonant interaction (Benney 1977). The
governing equations for this interaction were derived by Djordjevic and Redekopp
(1977) for capillary-gravity waves in water of finite depth. Similar equations were
also derived by Grimshaw (1977) and Funakoshi and Oikawa (1983) for the
interaction between long and short internal waves. After scalings, these equations
can be written as

lAt—Axx+LA=O,} (1272)

L = —4(|A%),,

where L is a real function and A a complex one. For the interaction of a Langmuir
wave with an ion-sound wave in a plasma, Yajima and Oikawa (1976) derived a
system of model equations which can be reduced to the above equations through a
coordinate and gauge transformation (Funakoshi and Oikawa 1983). They further
showed that the system they derived is integrable.

In this section, we derive the above long-wave-short-wave interaction model
for capillary-gravity waves in water of finite depth by the multiscale perturbation
method, following Djordjevic and Redekopp (1977) with some corrections.

We consider the irrotational two-dimensional motion of a progressive capillary-
gravity wavetrain moving on the free surface of an inviscid and incompressible
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liquid of constant depth h. The governing equations for these capillary-gravity
waves are (1.230)—(1.233) with the y direction removed, i.e.,

Gxx + ¢z =0, —h<z=¢, (1.273)
¢, =0, z=-—h, (1.274)
G+ 0l =¢;,, z2=¢, (1.275)
1 2 2 é‘xx
¢t+g§+§(¢x+¢z)=T—3, z=2¢, (1.276)
(1+¢3):2

where ¢ (x, z, t) is the velocity potential, and ¢ (x, z, t) is the position of the free
surface. The linear dispersion relation is (1.237), i.e., w = {gko (1 + f)}l/z, where
T = kT /g and 0 = tanhkh. The group velocity of a short wavetrain with
wavenumber k is ¢, = @'(k). The phase velocity of a long wave (with |k| < 1)
isw/k ~ (gh)'/2. When

ce = (g2, (1.277)
which occurs on a certain curve in the (T, kh) plane (Djordjevic and Redekopp
1977; Ablowitz and Segur 1979), this short wave would interact strongly with the

long wave. We derive the model equation for this strong interaction below.
We write solutions to Egs. (1.273)—(1.276) as perturbation series

. 4 .
{=¢ <€01 + e + C.C~) +e3 (Coz + ¢12e? + C.c.) +
5 . . .
e (qo3 + 13 + c.c) + € (Sou + Crae? + Eaae® ) +

7 . . 8 . .
+€3 (;05 + c15€7 + 5?0 + c.c.) + €3 (§06 + 166" + 0r6e®? + c.c.) +

+

. (1.278)

2 . 4 .
¢ =€3¢Poo t+ € <¢01 +pr1e? + C-C-) +e3 (¢02 + p1oe? + C-C-) +
s ) . .
+e€3 (4503 + p13¢ + c.c.) Ty ((1504 + p1ae'? + pp4e® + c.c.) +

7 . . 8 . .
+e3 (¢os + p15e? + pose?? + C~C-) +e3 <¢06 + p1ee” + page?? + C-C~> +
s, (1.279)

where 6 = kx — wt,

Goj = Enj(E.T). nj = bnj (€. 2. 7). E=e3(x —cgr), T=e€31, (1.280)
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cg = (k) is the group velocity of the short wave, ‘c.c.” represents complex
conjugates of only the ¢’ terms, and ¢o j» ¢o; are real functions. In these
expansions, the short wave corresponds to the ¢! modes and their higher harmonics,
and the long wave corresponds to the (£, ¢o;) terms. These unconventional
perturbation expansions are needed in order to balance the short wave’s dispersion
and its nonlinear interaction with the long wave, and to allow the self-interaction of
the short wave to drive the long wave’s evolution. The small positive parameter €
is the order of the short-wave’s amplitude, or equivalently, the order of the slope of
the short wave’s surface. The mean velocity flow is approximately €2/3 ¢, which
is O(¢*3). This mean flow is much stronger than that of the non-resonant case
treated in Sect. 1.4, which was O(e?). The current slow time scale of O (e ~*/3) is
also much shorter than O (¢~2) of the non-resonant case, meaning that the present
long-wave-short-wave interaction is much faster.

We also expand the ¢ function in surface boundary conditions (1.275)—(1.276)
around the unperturbed surface level z = 0. Up to O(e¥3), these boundary
conditions are

&+ & = ¢ + ¢228, z=0, (1.281)

1
b+ bzl + 8¢ + 5(¢§ +¢2) =Tt, z=0. (1.282)

We first substitute the ¢ expansion (1.279) into the Laplace equation (1.273) and
the bottom condition (1.274). Equating coefficients of €/ ¢"? to zero and solving the
resulting equations for ¢,;, we get

oo = ¢oo(€, 7),

hk h
b1 = do1 (6, 7). 11 = A, 1) SREC )

coshkh
coshk(z + h)
o2 = p2(€,7), Po=F¢E, 1)—7—,
coshkh
coshk(z+h) . (z4+ h)sinhk(z+ h)
¢z = 903§, 1), é13 ¢, 1) ~oshih i ~osh ik ,

doa,; = —(z+ h)doo,ee,
coshk(z+h) . (z+ h)sinhk(z+ h) £
—1

= H 5 )
P14 ¢ coshkh coshkh
coshk(z 4 h)
$05,; = — (2 +h)oree, P15 = G, T)W
B i(z + h)sinhk(z + h) D, (z + h)%coshk(z + h)
cosh kh 5 2 cosh kh 5

06,; = — (2 + Moz ec.
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Then, we substitute these ¢,; solutions and the ¢ expansion (1.278) into the
dynamic surface boundary condition (1.282). Equating coefficients of orders up to
€?¢? and €%e'’ to zero we get

iw
1+ 7

iw
to1=0, gin= I+—TA’ 802 = cgPo0,e, &Lz = F,

g¢ Cop g< i D + ‘r okh + % 2l) A
03 = CgP01,¢» 13 = = = - - — ,
§70LE 1+T 1+T o 1+7)°°

8804 = —Po0,c + cePore — k2(1 — o)A,

iw Cp Cg 2T
8614 = ~H + ~(okh+ = — —— | Fz,
1+T 1+T cp 14T

where ¢, = w/k is the phase velocity of the short wave. When these ¢y;
solutions and the above ¢,; expressions are inserted into the kinematic boundary
condition (1.281), we find that this condition up to O (2% and O (e2¢?) is satisfied
automatically due to the dispersion relation, the group-velocity formula (1.254), as
well as the resonance condition (1.277).

At O(e7/3¢1%), the two surface boundary conditions (1.281)—(1.282) give two
linear inhomogeneous equations for 15 and G. Due to the dispersion relation, these
two linear equations are compatible only if a certain condition is satisfied. Utilizing
the group-velocity formula (1.254), we find that the D¢ terms in this compatibility
condition cancel out, and the remaining condition becomes

1 5
iAr + Ew//(k)Agg =k [1 + Zc—g(l —oH( + T)] bo0.A. (1.283)
Cp

At O(€8/3¢Y), the kinematic boundary condition (1.281) gives another equation.
Substituting the above ¢,; and ¢,; expressions into this equation and utilizing the
resonance condition (1.277) to cancel its ¢y ¢¢ terms, this equation reduces to

1 2¢
=k |1—02+ ——2 _ | (AP)e. (1.284)
g =75 [ ce(1+T) 5

Notice that the coefficient in this equation differs from that in Djordjevic and
Redekopp (1977). Equations (1.283)—(1.284) are the model equations governing the
resonant interaction between a long wave and a short wave.

Finally, we denote L = ¢o,¢ and employ variable scalings of

||

Viep|

o - - 2
A, L=5-L §=sg@ph)s, T=——71, (1.285)
07

a)//

A=
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where o and B are the coefficients of the nonlinear terms on the right sides of
Eqgs. (1.283)—(1.284), respectively. Then dropping the tildes, the rescaled equations
become

lA-[—Agg’:—l—LA:O, } (1.286)

L = —4(|AP),

which are in the standard form (1.272) under different notations.

1.6 Three-Wave Resonant Interaction System

The three-wave resonant interaction system is

ouyr + (e -Vyup = iym?u?,
duz + (€2 - V) up = iyuju3, (1.287)
ouz + (e3-Vyuz = i)@uTu;,

where (11, u2, u3) are complex envelope functions of the three waves, V = (9y, dy)
is the gradient operator in the (x, y) plane, (cy, ¢z, ¢3) are vector velocities of
the three waves, and (y1, )2, y3) are real nonlinear coefficients. These nonlinear
coefficients can be normalized though. Indeed, employing variable scalings

i N i N

i
Uy = — u Uy = — u Uz = —

1, U2 2, U3 i3,
ViIraysl VAZYZ] AZYZ]
and dropping the hats, Eqgs. (1.287) reduce to

(1.288)

orur + (¢ -Vyup = eluﬁu;‘,
duz + (€2 - V) up = eoujusi, (1.289)
du3 + (€3 - V)uz = e3ujuj,

where €; = sgn(y;).
The three-wave interaction system (1.287) arises in a wide variety of physical
systems. Below, we derive them in water waves and optics.

1.6.1 In Water Waves

We consider the irrotational capillary-gravity wave motion of an inviscid, incom-
pressible, and homogeneous fluid in deep water, subject to a constant gravitational
force g. Since the motion is irrotational, the velocity field u has a potential
¢(x,y,2z,t), where u = V¢. The fluid has a free surface at z = ¢ (x, y, ¢), under
the effect of surface tension.
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The governing equations for these deep-water capillary-gravity waves are
(Djordjevic and Redekopp 1977; Ablowitz and Segur 1979)

V=0 —oco<z<, (1.290)
&+ dxlx +¢y§y =¢Z7 7=, (1.291)

Gox (L 20) 4 Cyy (1 +87) — 288y Ly
(A + 52 +¢)3?
7=, (1.292)

)

1
G 80+ IV =T

where T is the ratio of the surface tension coefficient to the fluid density. The
Laplace equation here is due to the incompressibility of the fluid, the second
equation is the kinematic condition on the surface, and the third equation is the
dynamic condition on the surface.

For small-amplitude waves (¢ < 1), the kinematic and dynamic conditions at
the free surface may be approximated by conditions at the mean level z = 0 through
Taylor expansion about this value. Assuming the surface slope is of the same order
as ¢, i.e., the wavenumbers are O(1), these surface conditions up to the first two
order terms become

G = ¢z = Gzl — Pala —9y8y, =0, (1.293)
¢ — T (Sxx + &yy) + 85 = —%Ivcbl2 —¢u¢, z=0. (1.294)

Linear capillary-gravity waves are of the form
cx, ) =ue® Lol ox,z,0) =Y ®T e, (1.295)

where x = (x, y) is the horizontal space vector, k = (k, ) is the wavenumber
vector, w is the wave frequency, and u is the wave amplitude on the water
surface. Substitution of these expressions into Egs. (1.290) and (1.293)—(1.294) and
omission of nonlinear terms give us ¥ (z) = —i(w/x)ue*?, as well as the dispersion
relation

w® = gk + T/c3, (1.296)

where k = |Kk| = vk? + [2.

Now, we consider the nonlinear interaction of three low-amplitude linear waves
with wave vectors (ki, K, k3) and frequencies (w1, wz, w3). For this interaction
to be the strongest, these wave vectors and frequencies must satisfy the resonance
conditions

ki+ky+k3s =0, w;+wr+w3=0. (1.297)
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McGoldrick (1965) showed that these conditions can be satisfied for capillary-
gravity waves. Indeed, if these three linear waves propagate in the same horizontal
direction, say, x direction, with wavenumbers (ky, k7, k3) respectively, then these
conditions will be met if k1 and k> are related by (Craik 1985)

1+ + L+7r+rHY2 T
A+r)+ A+ +T7r+7r7) =—k%, (1.298)
r(9 4 14r +9r2) 28
where r = kp/k;. For waves propagating in different horizontal directions,

techniques to find wave vectors k; and kj to satisfy the resonance conditions (1.297)
can be found in McGoldrick (1965) and Simmons (1969).

When these three low-amplitude linear waves interact nonlinearly under reso-
nance conditions (1.297), their amplitudes will be slowly modulated in time, space,
or both. To derive their evolution equations, we employ the multi-scale perturbation
technique, along the lines of Case and Chiu (1977) but with modifications.

We first consider the case when their amplitudes are slowly varying in time only.
Then, the interacting solutions can be written as a multi-scale perturbation series

(X, 1) =€+ €2+, pXz,1) =€hp +Epr+ -, (1.299)

where € is a small wave-amplitude parameter,

3
)=y uj()e® i) e, (1.300)
j=1
3 o _
o1(x,2,1) = Z —iK—{uj(r)eK-fze‘(kf'xf“’-/’) +c.c., (1.301)
j=t
ki = |Kj|, o;j = w(kj), and T = et is the slow time scale. Substituting

these expansions into Eqs. (1.293)—(1.294), the equations at O(e) are satisfied
automatically since the first terms of the expansions are slowly-modulated linear
modes. At 0(62), we get

St — ¢2: = —Cir + P12281 — P1xlix — P1y61y,  2=0, (1.302)

1
&2 — T (Loxx + Loyy) + 852 = —10 — §|V¢1|2 — 181, z2=0.
(1.303)

Inserting the ({1, ¢1) expressions (1.300)—(1.301) into the right sides of the above
equations and utilizing resonance conditions (1.297), we get

3
Ot — P, = Z Fjei(kf X=0j!) } ¢ c. + other harmonics, (1.304)
j=l1
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3
@2 — T (Loxx + L2yy) + 800 = Z G e ®i =i 1 ¢ c. + other harmonics,
j=1

(1.305)
where the ¢, function is evaluated at z = 0,

F: = . 1% * . . . .
o= —uje i [0k + 01k

+(w; P +w; ) Kkiag -k

1K1 j+2K 40 ) Rj+1 Jj+2 >

G, =iwikc \uip +ut |0t +@t, oo
J T Wk U jH1% 42 [P+ j+2 jH1Dj+2

. . 1=l k. k.

Wj+1W 42K 1K pKj+1 - Kjt2 ],

j =123, Ujz = Uj, Wj43 = 0, Kj13 = Kj, and kj+3 = kj. The (&2, ¢2)
solutions should not contain secular growth (terms growing linearly in time #). Thus,
they have the solution forms

3
OHx,t,7) = Z éjei(kf'x_‘”f’) + c.c. + other harmonics, (1.306)
j=1
3
br(x,1,7) = Z n;je®ix=@i) 4 ¢ c 4 other harmonics.  (1.307)
j=1

Inserting these solution forms into Egs. (1.304)—(1.305) and matching the harmon-

ics, we get
—lwj  —«; £ — Fj 1.308
<g+T/c/2. —iwj)<nj) (Gj ' (1309

The matrix in the above linear nonhomogeneous equation is singular, i.e., its
determinant is zero, due to the dispersion relation (1.296). Thus, the above linear
system is solvable only if it satisfies a solvability condition. Indeed, multiplying its
first equation by —iw; /«; and adding it to the second equation, the left side of the
resulting equation becomes zero. Thus, its right side G; — (iw;/«;)F; should be
zero too. This solvability condition gives us the following evolution equations for
the three waves’ amplitudes,

duj/dt =iyjuj i, j=1,23, (1.309)

where
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1
2 2
5 [wj+11<j+1 + ik + (kj/w)) (a)j+] t it wj+1wj+2)]

vi=5

+§ [(@js1/Kj41) + (@j12/Kj+2)
—(kj/0))(@j10)12/Kj 41642 | Kjt1 - K)o, (1.310)

Some sign differences between this y; formula and that in Case and Chiu (1977)
are due to our choices of the resonance conditions (1.297), where sums of the three
wavenumbers and wave frequencies are zero, while they were ko = k; + k3 and
w2 = w1 + w3 in Case and Chiu (1977).

Interestingly, Simmons (1969) has derived the above three-wave resonant inter-
action equations (1.309) and calculated their y; coefficients earlier by a different
method—the variational method, and his y; formulae are much simpler. After
converting to our notations, his y; formulae are

3
yj:ﬂ]j rE_lZ Wiwiy1 1+k Ki1 (1.311)
Ki Ki+1

for j = 1,2,3. It can be checked that, under resonance conditions (1.297), the
above two forms of y; formulae are indeed equivalent. Simmons’ formulae clearly
show that, the three y; coefficients cannot all have the same sign, because the three
w; frequencies cannot all have the same sign due to resonance conditions (1.297).

Now, we generalize the wave interaction equations (1.309) to cases where
amplitudes of the three waves are slowly modulated in both time and space, i.e.,
wave envelope functions u; in Eq. (1.300) depend on both slow time T = ef and
slow space X = ex. In this case, nonlinear parts of Eq. (1.309) remain the same, but
the linear parts are modified. The generalized equations are

deut + (¢1 - Vyuy = iyjudui,
drun + (2 - V)up = iyuiuj, (1.312)
ozu3z + (c3 - V)uz = ij@u’{‘uﬁ,

where V = [dx, dy], (X,Y) = e(x, y), and (cy, €2, €3) are group velocities of the
three waves, which are [dw/0dk, dw/dl] evaluated at the three wavenumber vectors
k; = (kj, ;) for j = 1,2, 3. These group-velocity terms can be derived by the
multi-scale perturbation method utilized above, taking into account the slow spatial
dependence of envelope functions u ;. But such derivations are generally not needed,
since these terms are linear and can be obtained directly from the dispersion relation.
Indeed, let us consider a linear plane wave whose wavenumber vector is perturbed
from k; to k| + €k, where € < 1, and k; is an O(1) vector. Then, in view ofAthe
dispersion relation, the corresponding frequency of this linear wave is w (k; + €ky),
which can be approximated as
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= w(ki)+eki-c.  (1.313)

N ~ 0w
ok +k)) ~ ok))+ek; —
ok K=k,

tely 22
€l —
k=k; al

Using these results, the corresponding linear plane wave is then

ALk x—0 (ki +ki] u (z, X) ellkix—okr (1314)

where the envelope function is u (7, X) = K- X—e1t) Thyg, orur + (c; - Vyuy; =
0. This equation is derived from linear wave propagation. When nonlinear inter-
actions are brought in, the u; equation in (1.312) then appears. The u; and u3
equations in (1.312) can be understood in a similar way.

The above three-wave interaction equations (1.312) are just Egs.(1.287) in
different notations.

It is easy to see that the three-wave interaction equations (1.312) admit two
independent conserved quantities,

2 2 2 2
/ / <|u1| uza| )dXdY / / <|U1| us| )dXdY‘
Y1 Y2 V3

(1.315)

These conserved quantities, combined with the fact that (y1, y», y3) cannot all have
the same sign, indicate that f f |uj |2dXdY is bounded for each wave, as one would
expect for capillary-gravity waves.

Experiments on three-wave resonant interactions in capillary-gravity waves can
be found in McGoldrick (1970), Phillips (1974), Banerjee and Korpel (1982), and
Henderson and Hammack (1987).

1.6.2 In Optics

In this subsection, we derive three-wave resonant interaction equations in optical
media exhibiting quadratic nonlinearities. One of the most striking nonlinear
optics experiments—a red beam turning blue after passing through a crystal (see
photograph in Yariv (1975) and Ablowitz and Segur (1981)), is a special case of this
interaction. Our derivation is based on Yariv (1975).

In a charge-free dielectric medium that is nonmagnetic and homogeneous, the
Maxwell equations take the form

B
VxE=——, (1.316)
at
D
VxH="—, (1.317)

ot
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V.D=0, (1.318)
V.B=0, (1.319)

and the corresponding medium equations are

D=¢E+P, (1.320)
B = uoH. (1.321)

Here, E and H are the electric and magnetic field vectors, D and B are the
electric and magnetic displacement vectors, €y and j( are the electric and magnetic
permeabilities of vacuum, and P is the electric polarization of the medium. The
polarization P is made up of a linear and a nonlinear term

P=coxVE+Py., (1.322)

where the tensor aspect of the linear susceptibility x () is ignored here. In general,
x D will depend on the wave frequency w. This can be accommodated by using the
linear part of the above equation after the time dependence e ! has been taken out.
The nonlinear part of the polarization Py, for a quadratically nonlinear material
such as a noncentrosymmetric crystal, is

Py, = x? : EE, (1.323)

where x? is a third-rank nonlinear susceptibility tensor. In most of the nonlinear
experiments, x ® is independent of frequency.

The Maxwell equations (1.316)—(1.317) and medium equations (1.320)—(1.321)
can be combined as

82
V X (V X E) = =055 (E+P1). (1.324)

where € = €y(1 + x V). The left side of the above equation can be rewritten as
V x (VxE)=V(V-E) — V’E, (1.325)

which is a vector identity. Since the nonlinear contribution Py to P in (1.322) is
generally much smaller than the linear contribution, the Maxwell equation (1.318),
combined with our scalar approximation of x| then leads to V - E ~ 0. Thus,
Eq. (1.324) reduces to

82
V2E = Moy 3 (€E+PyL). (1.326)
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We now consider the interaction of three waves with center frequencies w1, @,
and wj3 in this medium. First, we consider the one-dimensional case, where the three
waves are propagating in the same direction z, and d/9x = 9/dy = 0. In addition,
we assume that each wave has a single frequency w; (j = 1, 2, 3). Then, due to the
weak nonlinearity Py in the medium, the total electric field E can be approximated
as a sum of three linear modes with their amplitudes slowly varying in z, i.e.,

E(z,1) ® Ei(z, 1) + Ea(z, 1) + E3(2, 1), (1.327)

where
1 .
B0 =5 [Ej(z)e“kﬂ*wﬂ) +c.c.] e, j=123 (1.328)

k; is the wavevector of the j-th wave, e; is the unit constant vector representing its
direction, and E(z) is its scalar envelope function. The constant e; vectors imply
that all three waves are linearly polarized, which is the case for admitted linear
modes in the medium (see Yariv (1975), Sec.5.2). Since V - E ~ 0, the e; vectors
are orthogonal to the z axis, i.e., they lie on the transverse plane. The wavevector
k;j is related to the frequency w; through the dispersion relation k = k(w), which
can be obtained from the linear part of Eq. (1.326). In order for both ¢Ti(kjz—®;")
in (1.328) to be admissible linear modes, the dispersion relation should satisfy the
symmetry k(—w) = —k(w). If the tensor aspect of the linear susceptibility x 1 (w)
is ignored, then the dispersion relation is

k = w. /o€ = wy/ poeg(1 + x ). (1.329)

The strongest interaction of these three waves occurs when they form a resonant
triad, where

wi+wy+w3 =0, ki+ky+kz3=0. (1.330)

These are called phase-matching conditions in nonlinear optics. These conditions
will limit the degrees of freedom that are available in choosing the directions of
polarization e; in (1.328). Several techniques for choosing e; to satisfy these phase-
matching conditions are described in Sec. 16.5 of Yariv (1975).

When these resonance conditions are met, we derive evolution equations for the
scalar envelope functions E(z) of the three waves. To do so, we first substitute
Egs. (1.327)—(1.328) into Eq. (1.326). Since the variation of E;(z) with z is small,
we can neglect the d>E | /dz* term. Then, picking out the ¢'*i~®i") components,
we get

Lo 1 9ES 1, 32
—5 jE.,'—I—l jd_z e.,':—u()e(a)j)zijjej—i-/Loﬁ PNnL)j (1.331)
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where (Pyr); is the el*kjz=oi) component of vector Py projected to the e j
direction. Due to the dispersion relation mentioned above, the first terms on the two
sides of the above equation cancel out. Then, calculating (Py1); from Egs. (1.323)
and (1.327)—(1.328) and utilizing the resonance conditions (1.330), we get

aE iy E5E}, (1.332)
dz
dE>
=2 i EYEX, 1.333
PP Ak ( )
dE;3
883 L EYEX 1.334
2z BiEs ( )
where
_ Howi _ How) _ How3 (1.335)
Y1 2k1 123, Y2 = 2](2 213, Y3 = 2k3 312, .
and
diji = € - (x(z) : € ek) (1.336)

is the effective quadratic susceptibility coefficient for the electric field of frequency
wj+wy in the ; direction when electric fields of frequencies w; and wy, are launched
along directions e; and ey, respectively. The y; formulae (1.335) show that these
nonlinear coefficients cannot all have the same sign, because the three wavenumbers
kj cannot due to resonance conditions (1.330).

If the electric fields E; of the three waves are also slowly varying in time, i.e.,
their frequency spectrum contains not just the frequency w;, but also a narrow
sideband around it, then the nonlinear parts of the above interaction equations do
not change, but the linear parts do to account for the temporal modulation. The new
equations read

0E]

3_Z+k( )——1V1E2E3, (1337)

IE IE>

- Sk (a)z)— iy, E¥E, (1.338)
Z

IE

3_3 1K (o 3)— ivsETEL, (1.339)

where the prime in k’(w) denotes differentiation. These linear parts come about
so that the linear plane-wave solution ellF @pz=tlAw; of thege equations, when
combined with the carrier plane-wave ¢'*i2=®j") in Eq. (1.328), is consistent with
the linear plane-wave e!lk(@j+4@))z=(@;j+40)1] of the medium for small Aw; under
the expansion
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k(wj + Awj) = k(w)) + K () Awj +- - . (1.340)

Equations (1.337)—(1.339) are a special case of the more general three-wave
interaction equations (1.287) under different notations.

A special case of the three-wave interaction is the second harmonic generation,
where two of the three waves have the same frequencies, and the third frequency
is double those two (second harmonic), i.e., w; = wp and w3 = —2w;. In this
context, the first nonlinear optics experiment was performed by Franken et al.
(1961). In their experiment, an intense ruby laser beam at wavelength 0.6943 um
was launched through a quartz crystal. The radiation exiting the crystal was found
to contain the second harmonic at wavelength 0.3471 um. Since their experiment
did not meet the phase-matching condition of k3 = —2k1, the conversion efficiency
was low. Later experiments, using more efficient materials, higher intensity lasers,
and phase matching techniques, have greatly improved the conversion efficiency. A
beautiful photograph of this, showing a ruby light (red) turning near ultraviolet (blue
in photograph) after passing through an ADP (ammonium dihydrogen phosphate)
crystal, can be found in Yariv (1975) and Ablowitz and Segur (1981).

In addition to gravity-capillary water waves and optical waves, the three-wave
interaction equations (1.287) have also been derived for internal water waves
(Ablowitz and Segur 1981; Craik 1985), plasma (Davidson 1972; Kaup et al. 1979),
and others.

It is noted that in water waves, optics, and internal waves with no background
shear flows, (y1, 12, ¥3) in the three-wave interaction equations (1.287) cannot all
have the same sign. In such cases, all three waves will remain bounded due to
integrals of motion such as those in Eq. (1.315). However, in plasma and internal
waves with shear flows, (y1, ¥2, ¥3) can all have the same sign, giving rise to the
explosive case, where the three resonant waves extract energy from the background
to produce a singularity in a finite time (Sugaya et al. 1977; Cairns 1979; Craik and
Adam 1979).

In addition to the above six integrable systems which have been derived from
physical contexts in the above six sections, there are also many others, such as
the Boussinesq equation, the complex modified Korteweg-de Vries equation, the
massive-Thirring model, and the complex short pulse equation, which would arise
in other physical situations. A common feature of all these integrable systems is that
constant-amplitude background waves in them exhibit modulation instability (also
called Benjamin-Feir instability in water waves). Thus, these constant-amplitude
waves are unstable and will break up upon perturbations. For proper perturbations,
these constant-amplitude waves will develop into localized waves with significantly
higher amplitudes, but will eventually retreat back to those constant-amplitude
waves again miraculously. These waves that “come from nowhere and disappear
with no trace” (Akhmediev et al. 2009b) are the rogue wave solutions whose
behaviors resemble physical rogue wave events. In the next chapter, we will derive
these rogue wave solutions in a wide variety of integrable systems.



Chapter 2
Derivation of Rogue Waves in Integrable ke
Systems

In this chapter, we derive general rogue waves in a wide variety of integrable
systems, including those obtained in Chap. 1, but also many others, such as
the Boussinesq equation, the Ablowitz-Ladik equation, the complex modified
Korteweg-de Vries equation, the complex short pulse equation, the massive Thirring
model, the Sasa-Satsuma equation, and the parity-time-symmetric NLS equation.
We will use the bilinear method in all our derivations, since general rogue wave
expressions out of this method are simpler and more explicit than those out of
other methods. For the NLS equation, derivation of rogue waves by Darboux
transformation is also presented, so that the reader can compare the two methods
and their results. Dynamics of low-order rogue waves in these integrable systems
are also graphically illustrated.

The bilinear method for the study of integrable systems was developed by R.
Hirota and the Japanese school in 1970s—1980s (see Hirota 2004). Its application
to derive rogue wave solutions was first performed by Ohta and Yang (2012a) for
the nonlinear Schrodinger equation and then extended to many other integrable
equations.

In the bilinear derivation of rogue waves, some notations need to be introduced
first. One is Hirota’s bilinear differential operator D, which is defined by

P(Dx,Dy,Dy,...)F(x,y.1,...) - G(x,y,1,...)
=P (0 — 0y, 0y — y, & — 0pr, ....)
XF(x,y,t,.. )G, Y, ', . )=y y =y =t (2.1
where P is a polynomial of Dy, Dy, Dy, .... This D operator is the starting point of
the bilinear method.

Another is the Schur polynomial Sk (x), with x = (x1, x2, . ..), which are defined
by the generating function
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Z Sk (x)ek = exp (Z xkek) , 2.2)
k=0 k=1

or more explicitly,
X

S (x) = > rh%. (2.3)

i!

L2+ Amly=k \ j=1

For example we have
1, 3
So(x) =1, S1(x) =x1, SH(x) = 34 +x2, S3(x) = Pl +x1x2+x3.  (2.4)

In addition, we define Si(x) = 0 if k < 0. Schur polynomials Si (x) will be used in
the explicit expressions of rogue wave solutions.

2.1 Nonlinear Schrodinger Equation
The nonlinear Schrodinger (NLS) equation
. 1 2
1u,+§u“+|u| u=0 (2.5)

arises in numerous physical situations such as water waves, optics and plasma
(see Sect. 1.1). Constant-amplitude continuous-wave solutions to this equation are
modulation unstable to perturbations. Out of this instability, rogue waves may
arise. These waves are rational solutions which approach a constant-amplitude
continuous-wave background as x,t — =00, but rise to significantly higher
transient amplitudes with localized waveforms at intermediate times. Notice that
this NLS equation is Galilean invariant, i.e., if u(x, t) is its solution, so is u(x —
ct, 1)el —3ic’ , where c is an arbitrary velocity parameter. In addition, this equation
is also scaling invariant, i.e., if u(x, t) is its solution, so is cu (|a|x, |a|2t), where o
is an arbitrary complex constant. Using these two invariances, we can normalize the
boundary conditions of these rogue waves as

u(x,t) — e, x,t— Foo, (2.6)

without loss of generality.

Rogue waves in the NLS equation have been derived by many researchers
using different techniques (Peregrine 1983; Akhmediev et al. 2009a; Dubard et al.
2010; Kedziora et al. 2011; Guo et al. 2012; Ohta and Yang 2012a; Bilman and
Miller 2019). Such waves have also been observed in many experiments in water
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tanks, optical fibers, plasma, and Bose-Einstein condensates (Kibler et al. 2010;
Chabchoub et al. 2011; Bailung et al. 2011; Chabchoub et al. 2012a,b; Xu et al.
2019; Romero-Ros et al. 2024).

2.1.1 Derivation by the Bilinear Method

Rogue waves in the NLS equation have been derived before by Darboux transfor-
mation (Akhmediev et al. 2009a; Guo et al. 2012), the bilinear method (Ohta and
Yang 2012a), the inverse scattering transform method (Bilman and Miller 2019), and
others (Dubard et al. 2010). Of these solutions, the ones by the bilinear method in
Ohta and Yang (2012a) are the most explicit. Those bilinear solutions can be further
simplified by incorporating a new parameterization into the bilinear derivation
(Yang et al. 2020). These simpler expressions of bilinear rogue waves were reported
in Yang and Yang (2021a) and are given in the following theorem.

Theorem 2.1 The NLS equation (2.5) under boundary conditions (2.6) admits the
following nonsingular rational rogue wave solutions

uy(x,1) = Z—;ei’, Q2.7)

where the positive integer N represents the order of the rogue wave,

- (n)
=y (¢27—1,2.i—1) » (2.8)

the matrix elements in oy, are defined by
min(i, j)
o) = D g ST )+ 8) Sj(xT ) +vs), (2.9)
v=0

vectors xi(n) = (xli, 0, x3i, o,-- ) are defined by

. x + 2%k (ir)

xf: =x tit & n, Xopq1 = m + a2k+1, x27(+1 = ()C;;H_l)*, (2.10)

with k > 1 and the asterisk * representing complex conjugation, s =
0, 52,0, s4, - - -) are coefficients from the expansion

Sl 2 A
Zskk =In|Ztanh (= )], (2.11)
P A 2

and axk+1 (k=1,2,--- , N — 1) are free irreducible complex constants.
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Since the order N and internal complex parameters (a3, as, - - - , axy—1) are all
free, the above solutions contain a wide variety of rogue waves depending on the
values of these free parameters. Physically, these rogue waves arise from a uniform
background due to modulation instability (see boundary conditions (2.6)). But to
generate rogue waves, perturbations to the uniform background need to be seeded
properly according to the above exact solutions; otherwise what is created may not
be a rogue wave. This point is important for experimental realizations of rogue
waves (see Chap. 4).

‘We note by passing that another index choice in the above o, determinant,

— (n)
on =, det (4’%—2,2./—2) , 2.12)

would also give NLS rogue waves. But as we have shown in a different but similar
context (Yang et al. 2020), this other index choice would lead to solutions which are
equivalent to those from (2.8).

Next, we derive the NLS rogue wave solutions and prove Theorem 2.1. Since this
is our first bilinear derivation of rogue waves, we will provide all details so that the
reader can follow it. For later derivations of rogue waves in other integrable systems,
we will be more brief.

Proof of Theorem 2.1 Through the variable transformation

8 it
u==e", (2.13)
S

where f is a real variable and g a complex one, the NLS equation (2.5) can be
transformed into the following bilinear form

(DX +2) f- f=2Ig%
(D?+2iD;)g- f =0, @149

where D is Hirota’s bilinear differential operator defined in Eq. (2.1).
The basic idea of our proof is the following. First, we consider a (2+1)-
dimensional generalization of the above bilinear equations,

(DxDy +2)f - f =2¢gh,
(DX 42iDpg - f =0, } (2.15)

where h is another complex variable. This is in fact the bilinear form of the
Davey-Stewartson equations, which is a (2+1)-dimensional generalization of the
NLS equation. We construct a wide class of solutions for Eq. (2.15) in the form of
Gram determinants. Among these Gram determinant solutions, we extract algebraic
solutions satisfying the dimension reduction condition

(0x = 0y) f = C, (2.16)
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where C is a certain constant. Under this dimension reduction condition, such
algebraic solutions would satisfy the (1+1)-dimensional system

(DY +2)f - f =2gh, 217
(D2 +2iD)g - f = 0. :

Finally, we impose the complex conjugacy conditions

f=f h=g" (2.18)
Then, the bilinear system (2.17) reduces to the bilinear NLS equation (2.14); hence
Eq. (2.13) gives the general rogue wave solutions for the NLS equation (2.5).

Next, we follow the above outline to prove Theorem 2.1.
(a) Gram determinant solution for the (2+1)-dimensional system

We first derive the Gram determinant solution for the (2+1)-dimensional bilinear
equations (2.15).

Lemma 2.1 Let m J, gpl(") and 1//( " be functions of x1, xo and x_1 satisfying the

following dlﬁ‘erenttal and dlﬁ‘erence relations,

Oy, m l(nj) — ga(")lﬂ(”)

k —k (2.19)
g = g gy = -y k=1.2,-1),
and
1 1
8x2m,(n]) _ ¢1n+ )w{(ﬂ) _’_(p(n)w(n )
0 m") = —g" Dy, (2.20)
D (n) (n) (1)
lj =m; . w
Then the determinant
0, = det <mf”)) 2.21)
1<i,j<N »J
satisfies the bilinear equations
(D;1 Dy, — DTy Ty = —2Tyt1Tu—1, } (2.22)
(Dx1 = Dy,))tpy1 - T = 0.

Note that the two bilinear equations in (2.22) belong to an extension of the KP-
Toda hierarchy (KP stands for Kadomtsev-Petviashvili). Specifically, the first one is
the bilinear form of the two-dimensional Toda lattice, and the second one belongs
to the first modified KP hierarchy (Jimbo and Miwa 1983).
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Proof of Lemma 2.1 First of all, we note that utilizing the former part (2.19) of the
differential and difference relations, we can show that the x| derivatives of the latter
part (2.20) of these relations are automatically satisfied, i.e.,

1 -1
by [Bum") | = 00, [ w0 + w0

—1 1
as, ax_lmgj’j?] = by, [_%(” Iyt >], (2.23)
8)(1 ml(’n]-i_l)jl = 8x1 I:ml(,nj) + (pi(n)w]('n-‘rl)jl

automatically hold. For instance, for the first of those latter equations in (2.20), we
see from the former relations (2.19) that

i [ram®] = Dl = oy gy,
and
By, [(plgn+1)w;n) +(pi(n)w/('n—1)i|
_ goi(thz)wj(_n) _ (pi(n+1)1//](_n—1) n ¢§n+l)w;n—1) _ (pl_(n)wjgn—z)
_ (pl_(n+2)1/f§n) _ §0,~(n)¢j(~n_2)-

Thus, the first equation in (2.23) is valid. The other two equations in (2.23) can
be similarly verified. However, the validity of the x; derivative equations in (2.23)
does not guarantee the validity of the original equations in (2.20). This is why we
still need to list (2.20) as part of our conditions in addition to (2.19) in Lemma 2.1.
With that said, the fact of the x; derivative of the latter relations (2.20) being
valid [when (2.19) are valid] does suggest that, in practice, if choices of ml()"j),
(pi(") and 1//1(.") satisfy the former relations (2.19), then they often satisfy the latter
relations (2.20) automatically as well. This fact can be helpful when one looks for

appropriate m l("j) , (pl.(") and 1//](.") functions to meet all these differential and difference
relations.

We start with the differential formula of determinant,

N
Oy lfg?tSN(aij) = .Zl A;joxaij, (2.24)
i,j=

and the expansion formula of bordered determinant,

det<‘:'{' Z) = =3 Aijbic; +d det(ai), (2.25)
J l,]
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where A;; is the (i, j)-cofactor of the matrix (g;;). By using these determinant
formulae as well as the relations (2.19) and (2.20) repeatedly, we can verify that
the derivatives and shifts of the t function (2.21) are expressed by the bordered
determinants as follows,

nf) o
axlfnz ’{n) ,
_1/,], 0
+1
[ ]| e
axlfn = _w’(n) 0 + w(n;l) 0 )
J J
+1
9.7, — ml(fl]) (pl.(n ) _ mz(,nj) gpl.(n)
T = | ) (n=1) :
y™ 0 v o
N
x_1Tn = 1//(‘n+1) o |’
J
m(n) (p.(n_l) (p.(n)
i,j i i
@0, — DTy =y 0 =1,
(n)
wj 1 0
(n) (n)
o= M Y
n+1 = —Iﬁ(-n-H) 1 5
J
(n) (n—1)
. 1—""% /
n—1 — n s
yi o
+1
s <| 70
X1 ‘n+ _wj(n+1) 0 s
(n) (n) (n+1)
) m® D mi,(j) Y 9
axlfnJrl: _w(lh]Jr]) 10 + _wj 0 0 )
j _wj(nﬂ) 10
(n) (n) (n+1)
m® ‘/’(n+2) mi,(j) (2
8x21n+1= _w(l;yz]+]) 10 - _wj 0 0
] _wj(nﬂ) 1 0
From the Jacobi formula of determinants,
a; i b Ci
dl] e’]ﬁ ><|a~|— al-j Ci a,‘j bl . a,-j bi a,'j C;
1 - )
’ Dol kT dj e g b dy f

gj hk
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we immediately obtain the identities,
(axl ax,l - Do, x1, = axl Tp X ax,l Tn — (_Tn—l)(_tn+l)’

1 1
5(3)%1 — ) Tugl X Ty = O, Tut 1 X O, Tn — rn+15<a§] + 0,) T,

which are the bilinear equations (2.22). This completes the proof. O
Notice from the first equation in (2.19) that the matrix element ml("j) can be
written as
w_ [T, w
n n n
m; = / ®; 1//]. dxy. (2.26)

For this reason, the determinant (2.21) is often called the Gram determinant. Let us
define

f=w g=1u, h=r1, (2.27)
then these are the Gram determinant solutions to the (2+1)-dimensional system,

(Dx1 Dx,1 - 2)f : f = _Zghv } 228
(D2 — Dyg - f =0, (228)

which is nothing but the bilinear equations (2.15) by writing x; = x, xo = if/2 and
X_1=—Y.
(b) Dimensional reduction

Next we derive algebraic solutions satisfying both the (2+1)-dimensional bilinear
equations (2.15) and the dimension reduction condition (2.16), hence satisfying
the (1+1)-dimensional system (2.17). These solutions are obtained by choosing the
matrix elements appropriately in the Gram determinant solution in Lemma 2.1.

Lemma 2.2 We define matrix elements ml("j) by
1 1 "
m® = B pey gy, m = LFEDEHD (—£> £ (229
’ pP+q q

1 1
£ = Sx-rpx prxa+E(p), n= PR g*x2 +no(q), (2.30)

where A; and B are differential operators with respect to p and q as

1 ; 1 ;
A = f (pdy)', 8j= i (q9,)" . 2.31)
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and &y(p), no(q) are arbitrary functions of p, q, respectively. Then the determinant

= (n)
i lsg?tszv (mzl 1.2j- 1) (2.32)

satisfies the bilinear equations

(D,%l 2"‘ 2) Ty - Tn = 2Tn41Tn—1, (2.33)
(D3, — Dx,) Tat1 - T = 0.
Proof First let us introduce ¢ and v ™ as
o™ =(p+p'e, ¥y =@+ D(=g)"e", (2.34)

where £ and 7 are as given in Eq. (2.30). Then, it is easy to see that these functions,
together with m™ in Eq. (2.29), satisfy the differential and difference relations

By, m® = gy

2.35
I S PPTPY BCES

and

3x2m(n) = @t Dy ) 4 )y (=1
Op_ym = —pr=Dy (1t D), (2.36)
m®tD) = () 4 o)y, (it

Therefore, by defining
R = AB, A O —my 3

we see that these m ), gal(") and 1//('1) obey the differential and difference rela-
tions (2.19)—(2.20) smce operators ?(l and B; commute with differentials axk
Lemma 2.1 then tells us that for an arbltrary sequence of indices (iy, iz, -,

iNs j1s j2, -+, JN), the determinant

= ()
o= 1535}5]\/ (mlv l;/.) (238)

satisfies the (2+1)-dimensional bilinear equations (2.22).

Next we constrain the above determinant t,, so that it satisfies the dimension
reduction condition (2.16). From the Leibniz rule, we have the general operator
equation
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(o) f(p) = (;) [pap) £(p) | (po) ™ (2:39)
=0

for any function f(p). Since

I 1 1
(pop) (p+—-)=p+ ; (2.40)
p p
the above operator equation then gives
) 1 i . il 1 )
(Pap) (p+ )= (’) (p + & ) (pdp)' . (2.41)
p =\ p
Thus,
PN Y (-1 .
5“’“’*;)—5;(1)(”* )(a>
i 1 (=1 il | (—1!
:Zl!(i—l)!<p+ P )(Pap) ZZE(P-F » )ﬂiz,
=0 =0
(2.42)
and similarly
A (=1)!
Bj(q+—)=2—|<q+ )Bj,. (2.43)
q

By using these relations, we find that

_ 11
Oy + 0 )" = A Bj (D, + 05 )m™ = A B; (p Tt 5) m®

‘1 —1)! I —1)

= Z m (p + =1 >~7‘i—18jm(") + Z—‘ (q + (=1 )ﬂ,‘Bj_lm(n)
P Al p P I q
L1 D - LEDY

zzl' <p+ > > " l/+zl' o) (2.44)

Now let us take p = 1 and ¢ = 1. Then the above equation shows that ml("j)

p=1,g=1
satisfies the contiguity relation,
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i

L _w . 7
=2 2 2 2
l:even e;en

(O, + 0x_,) )"

p=q=1 ‘p:q:l )
(2.45)

By using this relation and the formula (2.24), the differential of the determinant

~ ~ (n)
= det (m™, ’ 2.46
n 1§i,j§N< 2i—1,2j—1 p=1,q=1> ( )

is calculated as

~ (
(0x; + 0x_ l)‘L’n = ZZAz](axl +0x_y) (m2r11—1 2]—1‘ —q—l)

i=1 j=1

2i-1 Zjizl
~ (n) 5 (1)
= ZZAU Z 7 Mai-1- 12/—1‘ p=q=1 2 Z n m2i_1’2-/_1_l‘p=f1=1
i=1 j=1 =0 =0
l:even L:even
2i—1 N
1 ~(n
=2y ﬂZAij Moi_1-1,2j 1‘p:q |
i=1 =0 " j=I
l:even
N 2j—1
~ (1)
2224 ZAu AR S
j=1 1=0 4
l:even

where A;; is the (i, j)-cofactor of the matrix (”357)—1,2/'—1 |p=1,g=1)- In the first term
on the right-hand side of the above equation, only the term with / = 0 survives and
the other terms vanish, since for [ = 2,4, -- -, the summation with respect to j is
a determinant with two identical rows. Similarly in the second term, only the term
with [ = 0 remains. Thus the right side of the above equation becomes

2ZZA1J ’7127) 1,2j—1‘ +ZZZA’J m21—1 2j-1|  =A4NT,.

i=1 j=1 p=q=1 j=li=1 p=q=1
(2.47)
Therefore 7, satisfies the dimension reduction condition
(0, + 0x_, )Ty = 4NT,. (2.48)

We note that the above derivation of Eq. (2.48) using cofactor expansions can also
be done using just determinant notations, which would look simpler. Since 7, is
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a special case of 1, in Eq.(2.38), it also satisfies the bilinear equations (2.22)
with t, replaced by 7,,. From (2.22) and (2.48), we see that 7, satisfies the (1+1)-
dimensional bilinear equations (2.33). Now we can take x_1 = 0; then m l(,"j) lp=1,qg=1

and 7, reduce to m}”.) and 7, in Lemma 2.2, and this 1, satisfies the bilinear

equations (2.33). This completes the proof of Lemma 2.2.

The above proof uses the technique of dimension reduction. This reduction is a
procedure to derive solutions of a lower dimensional system from those of a higher
dimensional one. By using the reduction condition (2.48), the derivative with respect
to a variable x_; is replaced by the derivative with respect to another variable x;.
Then in the solution, x_ is just a parameter to which we can substitute any value
(such as zero as we did above).

It is remarkable that the determinant expression of the solution (2.32) has a
quite unique structure: the indices of matrix elements, which label the degree of
polynomial, have the step of 2. This comes from the requirement of the dimension
reduction condition (2.48), i.e., since the contiguity relation (2.45) relates matrix
elements with indices shifted by even numbers, a determinant with indices of step 2
could satisfy that dimension reduction condition.

From Lemma 2.2, by writing x; = x and xo = ir/2, we find that f = 19, g = 19
and h = t_ satisfy the (1+1)-dimensional system (2.17).

To introduce explicit free parameters into these (f, g, #) solutions, we expand
free functions &y(p) and no(g) in Eq. (2.30) as power series of In p and Ing, i.e.,

Eo(p) =Y _ax(np), no(g) =) bi(lng), (2.49)
k=1 k=1

where ay and by are free complex constants. This introduction of free parameters
is different from the original one in Ohta and Yang (2012a), and this new way will
lead to simpler expressions of rogue waves.

(c) Complex conjugacy conditions and regularity

Now we consider the complex conjugate conditions (2.18). These conditions are
T0=71), T-1=T7]. (2.50)

Since x; = x is real and x, = it/2 is pure imaginary, the above condition is easily
satisfied by taking

by = aj. (2.51)
Indeed, under the condition (2.51) we have

M+ _ (n) _(=n)
(mi,j) =m;; =miics

(2.52)

ag<>bp,xp<>—x3
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and therefore

1': =T_,. (2.53)
As aresult, f = 79 and ¢ = 7y satisfy the bilinear equations (2.14) of the NLS
equation, and hence the function u = (g/f)e" is a solution to the NLS equation. In
this solution, g/f is a rational function.

We can further show that this u# solution is nonsingular, i.e., f = g is nonzero for

all (x, t). To prove it, we notice that tg is the determinant of a Hermitian matrix M =
mat m(Q)_ .1 ). For any non-zero column vector v = (v, va, - -, vy) T and
I<i,j<N 2i—1,2j—1

v' being its complex transpose, we have

N
¥ _ % (0) .
v' My = Z Uiy 1,2j—1YJ

ij=1
al (P+1D@+1
= Z vi*vj sﬂZilezjfl—eg—H]
i,j:1 )4 +q p:q:l

N X
= E v;"vj Hoi—1B2j-1 f (p+1(g+ l)eé+ndx
—00

i,j=1 p=q=1
r N
= / Z v;kvjﬂzi_lﬂzj_l(p + 1)(g + 1)€§+n|p:q:1 dx
0 j=1
X N 2
= / Vi Fai1(p + Def| | dx >0, (2.54)
=1

which proves that the Hermitian matrix M is positive definite. Therefore the
denominator f = det M > 0, so the solution u is nonsingular.

(d) Rogue wave solutions in differential operator form

Summarizing the above results, we obtain the following intermediate result on
rogue wave solutions in the NLS equation.

Lemma 2.3 The NLS equation (2.5) admits the following nonsingular rational
solutions in differential form,

vt = 2, (2.55)
70
where
— (n)
= 15?,?51\/ (mZi*Lijl) ’ (2.56)
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the matrix elements are defined by

1 1 "
mg”j) — 3(1.3]‘”10:)|p=1’q:17 m™ = w (_£> e§+", (2.57)
’ p+q q

1 o 1 o0
£ = px+ Epzit + I;ak(ln k. n=gx - Eq2it + I;a}f(lnq)k, (2.58)

operators A; and B are defined in Eq. (2.31), and a1, az, - - - , apn—1 are arbitrary
complex constants.

Compared to the choice of m®™ in Ohta and Yang (2012a), our choice of m®
in Eq. (2.57) contains an extra factor of (p + 1)(g + 1). This factor is optional for
the above differential form of rogue wave solutions, i.e., functions uy (x, ) with
or without this extra factor both give true rogue wave solutions. The benefit of this
extra factor is that it will facilitate our derivation of explicit rogue wave expressions
through Schur polynomials, which we will do next.

(e) Explicit rogue wave solutions through Schur polynomials

Finally we simplify the rogue wave solutions in Lemma 2.3 and derive the
solution formulae given in Theorem 2.1.
The generator G of the differential operator (pd,)' (gdq)” is

o o0 i i
Kt A . .
6=> > T 1 (P00 (g3) = explepdy +2qdy) = explicdnp + Ang).
i=0 j=0 I
(2.59)

Thus, for any function F(p, g), we have
GF(p.q) = F(e*p,e"q). (2.60)

This relation can also be seen by expanding its right hand side into Taylor series of
(«, A) around the point (0, 0). By applying this relation to m™ in Eq. (2.57), we get

(fp+lxﬁq+1)_§£w

n _
m =
G e“p+etq etq

1
X exp <(e’(p + et q)x + E(ez’(p2 - e”‘qz)it)

X eXp <Z ak[ln(e’(p)]k + Z a,’:[ln(e)‘q)]k> . (2.61)

k=1 k=1

Thus,
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_ (e + 1)(ek + 1)en(/<7)n)
T 2(ek )

1
X exp ((eK +eé —2x + E(ezk - e”)iz)

1

m® gm®

p:q:]

oo oo
X exp (Z arick + Za,f)»k)
k=1 k=1

= exp (n(fc — M)+ (¢ + " —2)x

- 1 — (e —1)(e*—1)
(e +1)(e*+1)

1
+5(62K _ eZA)ﬁ)

o0 o0
X exp (Z apic® + Za,’f)»k) .
k=1 k=1

2.62)

On the right-hand side of this equation, the exponent can be rewritten as

ok 5k 0 0
k—1- k—1- k %9 k
n(K—)\)+ZH(x+2 1t)+2ﬁ(x_2 1t)+ZakK +Zak)\
k=1 k=1 k=1 k=1
o o0
=Y gt + > 80k (2.63)
k=1 k=1
where
)?f:x+it+n+a], X =x—it —n+aj, (2.64)
=t 2D a2 = @D k=2 '

and the prefactor can be rewritten as
00 P A v 00 v
-1 -1 A 4 A
Z <W> = Z (K—) exp (v In (— tanh l tanh —))
= (e 4+ 1)(e*+ 1) = 4 KA 2 2
(2.65)

2 kea\’ >
= Z (T) exp (v Zsk(lck + Xk)> ,
v=0 k=1
where sy is defined in (2.11). Therefore we obtain

o0
G+ sk + Z(ﬁ; + vsk)x")

0
=1 k=1

=3 () o3

p=1l.g=1 v=0

m@ gm “
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Z(%) ZS(x + vs)k! Zs G~ + vs)AJ
v=0 j=0

=22 ) L SiET Hv)Si @ s T (2.66)

i=0 j=0v=0
and taking the coefficient of «i A/ of both sides, we find
y{l.ggjm(n)| 3 min(i, j) 1

=1,q=1
] = L S S ) = X )
p=lg=1 v=0

where = are defined in Eq. (2.64). Thus, m ) in Lemma 2.3 is calculated as

(”) (n)

" o™ (2.68)

i,]’

p=1l,g=1

and the 7, determinent in Lemma 2.3 is found to be

N
T, = <m(n) ) On, (2.69)
p=1,g=1
where
5, = (n)
=y (¢Zt 12/—1) : (2.70)

Substituting this relation into Eq.(2.55), and recalling that the NLS equation is
invariant if u is changed to —u, we see that function uy (x, t) = (61 /6o)eit satisfies
the NLS equation as well.

Now, we simplify &,, and show that it can be replaced by o, in Theorem 2.1.
Through a Shlft of the x and r axes, we normalize a; = 0 without loss of generality.
Then, )clﬂE = xl , where xljE are as defined in Theorem 2.1. In addition, we can show
that x x2k are dummy variables that do not affect the value of 6, and can thus be set
as zero, so that £ can be replaced by x* of Theorem 2.1, hence 6, becoming o,
of Theorem 2.1. To show this, we split the vectors fci(n) into x*(n) + w*, where
x*(n) is as defined in Theorem 2.1 (see Eq. (2.10)), and w* = (0, &5, 0, £, - - -).
Since fci(n) + vs = xi(n) + vs + wT, it is easy to show from the definition of
Schur polynomials (2.2) that

[k/2]

SKEF (M) +vs) = Y S (@) Sk (xF(n) + vs), 2.71)
j=0
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where ¥ = ()?éc, )Ef, -+ ). To proceed further, we repeatedly use the formula
aijj bl'
det(a;; + bic;) = det ). (2.72)
—c;

which allows us to rewrite the determinant 6;, in Eq. (2.70) into the following 3N x
3N determinant,

. P,
5, :’ Onxn  Pnxan ’ 2.73)
—Wnxn Dyxon
where O and T are the zero and unit matrices, ®; ; = 2-U~Dsy_; EHO)

+( —Dsl, and ¥ ; = 270Dy, ;[ (n) + (i — 1)s]. Then, utilizing the
relation (2.71), we can apply row and column manipulations to eliminate all terms
involving w¥ in this 3N x 3N determinant. The remaining 3N x 3N determinant
then becomes

Onxn DPnxon

’ (2.74)
where
@i = 20Dy [x* () + (j — Ds]. 2.75)
Wi =278 [x~ () + (i — Ds]. |

This new 3N x 3N determinant (2.74) is nothing but o, in Eq.(2.8) of Theo-
rem 2.1, whose matrix element ¢l.("j) is as given in Eq. (2.9), again by virtue of the

formula (2.72). Thus, we have proved that the function uy(x,?) = (o] /oo)ei’ in
Eq. (2.7) of Theorem 2.1 satisfies the NLS equation (2.5).

(f) Boundary conditions

Finally, we prove that the solution (2.7) satisfies the boundary conditions (2.6)
and is thus a rogue wave.

As we have shown above, o, in Eq.(2.8) can be written as the 3N x 3N
determinant (2.74), i.e.,

o, = Onxn DPnxon ’ (2.76)
—Wnxn Lavxon

where @; ; and ¥; ; are given in Eq. (2.75). Applying the Laplace expansion to this
determinant, we get
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1
oy = det — S _1—y, (xT(n Vs
n Z I<i,j<N |:2Uj 2i—1 v]( ( )+ J )i|
0<vi<pyy<--<Vy<2N-1

1
x o7 S2i—1—v; (X () + v,-s)] i)

det |: -
1<i,j<N | 2V
In order to show the boundary asymptotics (2.6), let us estimate the degree of
polynomials of the denominator oy and numerator o7 in (2.7). The degree of the
polynomial Si (x* + vs) in (x, ¢) is k and its leading term appears in the monomial
(xli)k/k!, i.e., the leading term is given by (x = ir)¥/k!. Therefore both of the
degrees of determinants inside the summation of the Laplace expansion (2.77) are

givenby 1 +3+--- 4+ (2N — 1) —v; — vy — -+ — vy. Then, the highest degree
term in (2.77) comes from the lowest possible v; choices of v; = j — 1, ie,
v=(0,1,---, N —1).For this choice, the highest degree term in o, is nonzero and

can be calculated explicitly as (Ohta and Yang 2012a)

OMl--- (N —1!'\?
(13(—21\!—1)) G+ AVIEDE, @78)

which is independent of n. Hence the ux (x, t) solution (2.7) satisfies the boundary
conditions (2.6).
By now, Theorem 2.1 is fully proved.

Illustration of Low-Order Rogue Waves
Now we graphically illustrate some low-order rogue waves in the NLS equation.

Taking N = 1 in Theorem 2.1, we get the first-order (fundamental) rogue wave
in the NLS equation as

(2.79)

ul(x,t)=<l 4(1 + 2ir) >eif.

1+ 4x2+ 472

This is the rogue wave first reported by Peregrine (1983) and is often called
the Peregrine wave in the literature. This Peregrine wave is displayed in Fig.2.1
(left column). This wave rises from the unit-amplitude background, reaches a
maximum amplitude of three times the background, and then retreats back to the
unit background again. In addition, its wave profile features a high hump in the
middle, flanked by two dips on the sides.

Taking N = 2 in Theorem 2.1, we get second-order rogue waves in the NLS
equation as

ur(x, 1; az) = (1 — @) e, (2.80)

where
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Jeay| II..'// - v 74 |aia| /_, f; fuea) l/ ) ) 10

B Vi, N, Vo, _io - V70,

Fig. 2.1 Graphs of NLS rogue waves. Left column: the fundamental rogue (Peregrine) wave in
Eq. (2.79); middle column: a second-order rogue wave with a3 = 0 (second-order super rogue
wave); right column: a second-order rogue wave with a3 = 100 (a rogue triplet). Upper row: 3D
plots; lower row: density plots

F> = 943961 + 432:* + 641° + 108x2 — 28812x2 + 192r*x% + 48x*
+1926%x% + 64x® + 48a3[—4ir® + 3x + 12t%x — 4x> + 3it (=3 + 4x?)]
+48a3[4ir® + 3x + 120%x — 4x> = 3it(=3 + 4xH)] + 576a3*,  (2.81)

and
G,= 12 [—3 — 30it + 72¢% + 16ir> + 80r* + 32ir° + 24x2
—48itx? + 96¢%x% + 64it3x2 + 16x* + 32irx*
+12(—i 4 2t + 2ix)%a3 — 12(G — 2t + 2ix)2a;‘] ) (2.82)

For two values of a3 = 0 and 100, these two second-order rogue waves are plotted
in the middle and right columns of Fig. 2.1, respectively. The solution with az = 0
reaches a peak amplitude of five times the background level, which is the highest
possible peak value that can be attained among all second-order rogue waves. In the
literature, this special N-th order rogue wave that reaches the highest possible peak
amplitude among all rogue waves of the N-th order is called a N-th order super
rogue wave. Thus, this solution with a3 = 0 in Fig.2.1 is a second-order super
rogue wave. The solution with a3 = 100 in Fig. 2.1 shows a rogue triplet, where this
second-order rogue wave splits into three approximate Peregrine waves appearing
at different locations in the space-time plane forming a triangle.
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2.1.2 Peak Amplitude of the N-th Order Super Rogue Wave

A super rogue wave has the highest possible peak amplitude among rogue waves of
the same order. In this subsection, we calculate this maximum peak amplitude of a
super rogue wave in the NLS equation, using bilinear expressions of rogue waves in
Theorem 2.1.

A super rogue wave of the NLS equation is obtained when all its internal
parameters a3, as, - - - are set as zero. In this case, we can easily see that

xEM ooy = —xT (), xFM)sr = XTI (2.83)

Using this symmetry, we get the spatial-temporal symmetry of a super rogue wave
as

un(—x,t) =un(x,t), un(x,—t) :u}k\,(x,t), (2.84)

i.e., a super rogue wave is symmetric in x and parity-time-symmetric in ¢. The super
rogue wave has a single large hump located at x = ¢ = 0, flanked by small
and oscillatorily decaying tails (see Fig.2.1). Due to the above spatial-temporal
symmetry, the peak amplitude of a super rogue wave is attained at the origin
(x,1) = (0, 0). Now, we calculate this peak amplitude.

First of all, we notice that when x = ¢t = n = 0, xi(n) = (0,0,...). Thus,
Sodd (xi(n) + vs) = Spaqa(vs) = 0. In this case, we can calculate o directly from
that 3N x 3N determinant (2.76) as

(=D¥

ST (2.85)

00lx=r=0 =

Whenx =t =0andn = 1, xi(n) = (£1,0,0,...). In this case, it can be
proved that @; ; and ¥; ; as defined in Eq. (2.75) satisfy the following relations

Dinj == (Pizj—1 + Pingj+1), ij=12,..., (2.86)

1

2
1 ..

Wi, j = ) ('1’21'71,]‘ + W2i+1,j), ihj=12,..., (2.87)

i.e., even columns of the @ matrix are averages of their two neighbor columns, and
even rows of the ¥ matrix are averages of their two neighbor rows. As a special
case of these two general relations, we have

1 1
Do = E‘Pi,zi—l, W= —5%2j-1j; (2.88)
since @,‘,2,‘_’_1 = l]’gj.;,_],j = 0. In addition, since (151'121' = 2-@-D apq llfzj,j =

2_(2j_1), we get
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Gioi1=2"% D gy =27 =12, (2.89)

Proofs for the two relations (2.86)—(2.87) are similar; so we will only do
so for (2.86). Using the definition (2.75) of the @ matrix, we can see that the
relation (2.86) is equivalent to the relation

1
Sai (87 + 2 = Ds) = Sai (67 + 2) = 2)8)+ St (67 +2js). (2.90)

where xt = (1,0,0,...),and i, j =1,2,....To prove this relation, we first recall
from the definition (2.2) of Schur polynomials and definition (2.11) of s; coefficients
that

o
Zsi (x+ +Qj— l)s) el = ee+(2j—1)(3262+As4e4+..4)
i=0

i 2j—1
— eé (eS252+S4e4+...>2] 1 _ eé (% tanh g) . (291)
€

Similar equations can be written down for the summation series involving
Si (x* +2js) and S; (x™ + (2j — 2)s). Properly combining these three equations,
we get the equation

o0

> [S,-H (x*+@2j—2s) + %Si,l (x* +2js) =S (xT +2j — l)s):| €

i=—1
€ /2 2j-2 € /2 2j 2 2j—1
(= tanh < + € (= tanh < — ¢f | — tanh <
€ \¢€ 2 4 \e 2 € 2

1 /2 e\ 72 N €
= — | —tanh = sech”—. (2.92)
€ \ € 2 2

Since the right side of this equation is an odd function of ¢, its even-power expansion
coefficients on the left side must be zero. This quickly results in the relation (2.90),
and hence (2.86).

Utilizing the relations (2.86)—(2.87) to eliminate even columns of the matrix @
and even rows of the matrix ¥ in the 3N x 3N determinant (2.76) through row
and column operations, and recalling the results in Eq. (2.89), we can reduce this
3N x 3N determinant to

(=DN

v AN, (2.93)

01lx=r=0 =

where
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21 0 ---0 O
1 -21---0 0
Ay = o 1 =2 . : (2.94)
T |
o 0 -.---1-21
0 0 1 -3

is a N x N determinant with N — 1 number of —2’s on the diagonal. Adding
the second row of Ay to its first row, and then adding the first row of the
resulting determinant to its second row, we find that Ay is equal to —Ax_1, plus a
determinant which can be found by simple row operations to be 2(—1)V, i.e.,

Ay = —Ay_1 +2(=DV. (2.95)

From this relation and the fact of A = —3, we readily find that Ay = (—=1)Y 2N +
1). Therefore,

2N +1
O1lx=r=0 = 227» (2.96)
and
un(0,0) = il = =DV 2N + 1)é'. (2.97)
00 x=t=0

So, the peak amplitude of the N-th order super rogue wave is 2N + 1.

We note that this peak amplitude of NLS super rogue waves has been previously
obtained by Wang et al. (2017) by using rogue wave expressions out of Darboux
transformation.

2.1.3 Derivation by Darboux Transformation

In the literature, rogue waves in integrable systems were often derived by Darboux
transformation. For instance, rogue waves in the NLS equation (2.5) were derived
by Darboux transformation in Akhmediev et al. (2009a) and Guo et al. (2012). To
compare rogue wave derivations and their expressions from the bilinear method and
Darboux transformation, we present derivation of NLS rogue waves by Darboux
transformation below.

Darboux transformation is a technique that allows one to obtain new solutions of
an integrable system from the old ones (Matveev and Salle 1991). The scheme we
will use for rogue wave derivations is based on the generalized Darboux transforma-
tion first proposed by Matveev and Salle (1991) and then further developed by Guo
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et al. (2012). But rogue solutions from that earlier work were not explicit. Here, we
will go beyond the earlier work in that we will also derive completely explicit NLS
rogue wave solutions through Schur polynomials, similar to what we have done for
rogue waves by the bilinear method.

Explicit expressions of NLS rogue waves from Darboux transformation are given
by the following theorem.

Theorem 2.2 The N-th order rogue waves of the NLS equation (2.5) from Darboux
transformation are given by the formula

it .Tl
uy(x,t) =e (1 + 21—) , (2.98)
70
where
L (—Lj-1y  f
o= det (m(’_1’1_1)>, 71 = det <(m Jicijen ) . (2.99)
1<i,j<N w 0
minfi—1,j—-1) ,_,
m =D = Z 7 <[52i—1—2v(X+)]* Saj—1-2v(Xh)
v=0
+[Seim 120X )] $2-120(X D)) (2.100)
Xt = (X§, X5,...), (2.101)
k 1 1\*=/
Xajr1 = V2| DG 01 + 82101t +aj)<k 2 j> <5>
j=0
k) (=D* 2.102)
AT (N2 2k + 1) | '
(=D*
X5E(0) =@+ 1) [k.zk , (2.103)
M:(M13M29"'3MN)’ nz(nlanZs"'an)v (2104)
wp=Sy_1(Y"), =810, YE=(¥7, v, (2.105)
+ + +
Vo1 = Xeqr Yo =0, (2.106)
dj0 is the Kronecker delta notation (i.e., 800 = 1 and zero otherwise), [j/2]
represents the integer part of j/2,
1D (q— 1
ay_ole-D-la—ntD oy (2.107)
n n! 0

and ag, ay, - - - , ay—1 are free complex constants.
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Notice that these rogue wave expressions from Darboux transformation are very
different from those presented in Theorem 2.1 by the bilinear method.

Proof We begin with the Lax pair of the NLS equation (Zakharov and Shabat 1971),

&, =U(Q0, )P, (2.108)
@, =V(Q, MNP, (2.109)
where
U(Q, 1) = —iro3 + 0, (2.110)
V(0,1) = —ir2as —l—)»Q—i—%iag (Qx - Qz), @.111)
0 u(x,t)

Ox,1) = ( ) o3 = diag(l, —1). (2.112)

—u*(x,t) O

The compatibility condition of this Lax pair is the zero-curvature equation
U= Vi +I[U,V]=0, (2.113)
which yields the NLS equation (2.5).
To construct the Darboux transformation, we also introduce the adjoint-spectral

problem for (2.108)—(2.109):

v, =-vU(Q,Ar), (2.114)
Y, =—-vV(Q,Ar). (2.115)

Due to the symmetry of the potential matrix Q in Eq.(2.112), it is easy to see
that matrices U and V admit the symmetries

UTe, 1, M) = —U(x,t,1), Vi, 6,A%)=—V(x,t,1), (2.116)

where t represents Hermitian, i.e., complex transpose. Using these U, V symmetries
and the Lax pair equations (2.108)—(2.109), we get

[qﬁ(x, t)]x - [cb"‘(x, r)] Ux, 1, M), 2.117)

and

[@T(x, r)]t - [q)*(x, z)] Vix, 1,25 (2.118)
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Thus, if @(x,t) is a wave function of the original Lax pair system (2.108)—
(2.109) at A, then @ (x, r) would be an adjoint wave function of the adjoint linear
system (2.114)—(2.115) at A*.

For the Lax pair (2.108)—(2.109), its Darboux transformation is (Guo et al. 2012)

Al — A &
- Lp, P = IH L
oo

(2.119)

where @1 is a (column vector) solution of the original Lax pair (2.108)—(2.109)
with spectral parameter A = A;. This Darboux transformation closely mimics
the dressing matrix in the Riemann-Hilbert formulation of the inverse scattering
transform for the NLS equation (Novikov et al. 1984; Yang 2010). Under this
transformation, if @ (x,t, A) satisfies the original Lax pair equations (2.108)—
(2.109), then the new function

P =T (2.120)

would satisfy the same equations, except that the potential matrix Q is transformed
to

Oy = Q +i(A] — 1) [o3, P1l, (2.121)

where [03, P1] = o03P; — Pjo3 is the commutator. In other words, a new NLS
solution

up) = u +2i(A7 — A1) (P12 (2.122)

is obtained from the old solution u#, where (P;)12 is the first row, second column
element of matrix Pj. This relation between the old and new NLS solutions is the
Bécklund transformation for the NLS equation.

The N-fold Darboux transformation is N iterations of the above elementary
Darboux transformation. These N iterations can be lumped together into a single N-
fold Darboux matrix, which would yield a concise algebraic expression for the new
solutions. There are two different versions of this N-fold Darboux transformation
for the NLS equation, one in Guo et al. (2012), and the other in Huang and
Ling (2016). The latter version closely resembles the N-fold dressing matrix in
the Riemann-Hilbert formulation of the inverse scattering transform for the NLS
equation (Novikov et al. 1984; Yang 2010), and this version is presented below.

Lemma 2.4 The N-fold Darboux transformation matrix for the NLS equation (2.5)
is

Ty=1-YM 'D7 YT, (2.123)
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where
Y=[&1, &2, ..., PN Laxn (2.124)
oo,
M= (mij) ey Mij= W (2.125)
D =diag (A — 2], A =23, ..., A= 1Y), (2.126)

M € Cy (ie., A in upper complex plane), and @) = D (x,t, L) solves the Lax
pair equations (2.108)—(2.109) at A = Ay. The Bdicklund transformation relating the
new NLS solution upy) to the old solution u is

MY,
Y1 O

Uy = 1 — 2i (mr‘ﬂ)l L =u+2 : (2.127)

where Y1 and Y, are the first and second rows of matrix Y, respectively.

This N-fold Darboux transformation has been reported by Huang and Ling
(2016), and the last expression in Eq.(2.127) can be found in Yang (2010). The
proof of this lemma can be given along the lines of Yang (2010) and Bian et al.
(2015).

To derive rogue waves, we need general eigenfunctions for the Lax pair
system (2.108)—(2.109). Choosing a plane wave solution u[g) = el as the seed
solution and introducing a diagonal matrix D = diag (ei’ 12, =it/ 2), we can derive
the general wave function for this linear system as

D(x,t) =D¢p(x,t), (2.128)
where
A —A
cie” + cre
1) = 2.129
o 1) (C3€A+C4€A) ( )

A=vV_R2 - 1(x + ), (2.130)
e = ¢ (ik V2= 1) . ca=c (i,\ VAN 1) . @.131)

and c1, ¢ are arbitrary complex constants. Here, A # 0, i.e., A # =i, in order
for (2.128) to be a general wavefunction of the linear system (2.108)—(2.109).

Rogue waves are rational solutions. To derive rogue waves from the above
wavefunctions, we need to choose spectral parameters A so that the exponent A
approaches zero under certain limits. These exponents would vanish when A = 1.
Thus, we will set A = ih and take the limit of 4 — 1.
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The wavefunction ¢ (x, 7) in (2.129) can be put in a more convenient form. With
a scaling to this wavefunction, one of its two free complex parameters ¢ and c; can
be removed. Its other free complex parameter can be absorbed into the exponent A.
Then, with A = ih, the wavefunction ¢ (x, t) in (2.129) can be written equivalently
as

1 sinh [A—}-%ln (h—i—«/ﬁ)]

¢(x,t;h) = , (2.132)
V=T \sinh [ -4+ 3n (h+ VA= 1)
A=+vh?—1(x +iht +0), (2.133)
where & = 6(h) is an arbitrary complex parameter. Here, the scaling constant

1/+/h — 1 in the wavefunction ¢ (x, ¢) is introduced so that this wavefunction does
not approach zero in the limit of & — 1 (i.e., A — 1i). This scaling of the
wavefunction clearly does not affect the solution.

In the N-fold Darboux transformation in Lemma 2.4, there are N spectral
parameters (A1, A2, - - - , An), and we want all of them to approach i. Corresponding
to these N spectral parameters, there would be N wavefunctions (¢1, ¢2, -+ , o)
with their own 6 parameters (61, 62, - - - , Oy). Since 6 (h) is an arbitrary complex
parameter, we can expand 6 (h ;) through parameters in /; as well. Thus, we set

oo
. k .
hj=ihj, hj=1l+e¢;, 0= ael, 1<j<N, (2.134)
k=0
where ag, aj, ... are free complex constants. It is important that these complex

constants gy are j-independent, i.e., independent of the spectral parameter A ;. This
fact is needed as we will quickly see below.
We also expand the wave function ¢ (x, t) in (2.132) at /2 ; and the adjoint wave

function ¢>j. (x,t) at h’j‘. as

¢, )= ¢ x,0e, Gl =) ¢ (x,0ENE, (2135)
k=0 k=0

and expand the matrix element m; ; in Lemma 2.4 as

K T 00 0

o/o, 8 b

R i) irJ (kD) ; snk 1

mij = = = 2ite _6? kg_o l_gom () €. (2.136)

Since expansion coefficients ay in (2.134) for 6; are j-independent, we can see that
expansions (2.135)—(2.136) for different j or (i, j) are really the same expansions,
except for the differences in €; and ej values. Thus, expansion coefficients
in (2.135)—(2.136) are simply
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18k¢(x,t;l+e)

* = 2.137
= dek 0 @137
and
K+ Foo g ¥ .
m(k,l):L d ® (x,t,l-.|-€ Yo(x, ;14 €) 213
k! | (9e*)koe! 24 € —e* 0

where 6 in Eq. (2.132) of the ¢ (x, t; h) function is given by the expansion 6 =
Yo aye. These expansion coefficients $© and m*!) are also j-independent or
(i, j)-independent (i.e., independent of spectral parameters A; and A;), which is
crucial.

Substituting expansions (2.135)—(2.136) into each matrix element in the Back-
liind transformation (2.127), performing determinant manipulations, and taking the
limits of €, 6;‘ — 0, we obtain rogue waves which are summarized in the following
lemma.

Lemma 2.5 General N-th order rogue waves in the NLS equation (2.5) are given
by the formula

uy (e, 1) = e (1 +2i:—(1)), (2.139)
where
0 = 15?,?th (m(i_l’j_l)) , 11 =det ( (m(i_l’j:))lfi,jfn ’Z)T> , (2.140)
mU=Li=D s eiven by Eq. (2.138),
= |:¢1(())’¢1(1)““’¢§n—1)]’ n= |:¢§0)’¢§1)"“’¢§n—1)]’ (2.141)

(]);k) and ¢§k> are the first and second elements of the vector function ¢* given
in Eq.(2.137), ¢(x,t; h) in (2.137)—(2.138) is given in Eq.(2.132) with 8 =
Z/?io akek, and (ag, ay, az, - - - , an—1) are free complex parameters.

The above solutions are NLS rogue waves in differential form by Darboux trans-
formation. They are the counterparts of bilinear NLS rogue waves in differential
form in Lemma 2.3. Just as in the bilinear case, we can derive explicit NLS rogue
waves from Darboux transformation by calculating matrix elements m %" and ¢®
in Egs. (2.137)—(2.138) through Schur polynomials. This derivation is very similar
to that in Yang and Yang (2020b) for rogue waves in the parity-time-symmetric NLS
equation by Darboux transformation. The idea is that, since the matrix elements in
the 7o and t; determinants of Eq. (2.140) are certain-order derivatives of some ¢-
related functions with respect to € and €* in view of Egs. (2.137)—(2.138), all we
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have to do is to convert those ¢-related functions into proper exponential forms,
whose exponents are power series of € and €*. Then, derivatives of those ¢-related
functions would just be Schur polynomials of vectors in those exponents. Following
such calculations, explicit NLS rogue waves from Darboux transformation as
presented in Theorem 2.2 can be obtained. This completes the proof of Theorem 2.2.

Of the free complex constants (ag, ag, - -+ ,ay—1) in Theorem 2.2, ap can be
normalized to zero by a shift in the (x, ) axes. So, the irreducible free complex
constants are (ag, -+ ,ay—1).

When we take N = 1, Theorem 2.2 (with ag = 0) gives the fundamental rogue
wave as

(2.142)

u](x,t)=<—1+ 4 + 2ir) )ei’.

1+ 4x2 + 442

This rogue wave differs from the Peregrine solution (2.79) by a sign. But the NLS
equation (2.5) is invariant under a sign change in u(x, t); thus this rogue wave is
equivalent to the Peregrine wave.

When we take higher values of N, we will get higher-order rogue waves. Details
are omitted.

Compared to explicit rogue wave expressions by the bilinear method in The-
orem 2.1, we can see that these expressions by Darboux transformation in Theo-
rem 2.2 are more complicated. Thus, their asymptotic analysis is expected to be
more involved too. For this reason, we will derive explicit rogue wave expressions
for all the other integrable systems by only the bilinear method in later sections.

2.2 Derivative Nonlinear Schrodinger Equations

The generalized derivative NLS (GDNLS) equations are (Kundu 1984; Clarkson
and Cosgrove 1987)

1
9+ dec + 1Y +iapd pc +ibd’df + b0 —a)lg'e =0, (2143)

where p, a, b are arbitrary real constants, and the superscript ‘*’ represents complex
conjugation. In fiber optics, these equations model the propagation of short light
pulses where, in addition to dispersion and Kerr (cubic) nonlinearity, self-steepening
and fifth-order nonlinearity are also accounted for, even though the Raman effect
and third-order dispersion are omitted (Hasegawa and Kodama 1995; Agrawal
2001). When p = 0 and a = 2b, these equations reduce to the DNLS equation
of Kaup-Newell type (Kaup and Newell 1978), which governs the propagation of
nonlinear Alfvén waves in magnetized plasmas (see Sect. 1.2). When p = b = 0,
these equations reduce to the DNLS equation of Chen-Lee-Liu type (Chen et
al. 1979), which models short-pulse propagation in a frequency-doubling crystal
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through the interplay of quadratic and cubic nonlinearities (Moses et al. 2007). Due
to these physical applications, rogue wave formation in these GDNLS equations is
a physically significant issue.

There have been a number of studies on rogue waves in these GDNLS equations.
For instance, for the Kaup-Newell equation (with p = 0 and a = 2b), special types
of rogue waves were derived by Darboux transformation in Xu et al. (2011) and
Guo et al. (2013). For the Chen-Lee-Liu equation, with p = b = 0 in (2.143), the
fundamental rogue wave was derived by the bilinear method in Chan et al. (2014),
and higher-order rogue waves were derived by Darboux transformation in Zhang et
al. (2017). For the Gerdjikov-Ivanov equation (Gerdjikov and Ivanov 1983), with
p = a = 0in (2.143), fundamental and higher-order rogue waves were derived by
Darboux transformation in Xu and He (2012) and Guo et al. (2014). For the GDNLS
equations (2.143), general rogue waves were derived by Darboux transformation in
Chen et al. (2019) and by the bilinear method in Yang et al. (2020).

In this section, we derive general rogue waves in the GDNLS equations (2.143)
with a # b by the bilinear method, following Yang et al. (2020) (treatment for the
case of a = b can be found in the appendix of Yang et al. (2020)).

First, through a gauge transformation (Kakei et al. 1995)

2
bE1) = |2 u(x,t)exp{i P yi P } (2.144)
a—>b a—>b

i(a—b)zt

where x = & — 2pt/(a — D), together with a time scaling, the GDNLS equa-
tions (2.143) with a # b reduce to

1 1
iu; + tax F iy luluy + ity — Dt} + E(V — D@y = Dul'u =0, (2.145)

where y = a/(a — b). We will work with these normalized GDNLS equa-
tions (2.145) in the remainder of this section. These equations become the Kaup-
Newell equation when y = 2, the Chen-Lee-Liu equation when y = 1, and the
Gerdjikov-Ivanov equation when y = 0.

Rogue waves in the GDNLS equations (2.145) approach a constant-amplitude
continuous wave background at large x and ¢. By simple variable scalings, this
constant amplitude can be normalized to be unity. Then, these rogue waves
approach the unit-amplitude continuous wave background e** =1 where « is a free
wavenumber, and w = [k2 + 2k — (y — 1)(y —2)]/2 is the frequency. In order for
rogue waves to arise, these backgrounds must be unstable to perturbations. Simple
modulation instability calculations show that these backgrounds are unstable when
k < 1 — y. Thus, rogue waves in the GDNLS equations (2.145) should approach
the following background as x, t — +oo0:

u(x, 1) — ei(l7yfa)xf%i[a2+2(y72)a+17y]t’ (2.146)
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where o > 0 is a wavenumber parameter. Unlike the NLS equation, the GDNLS
equations (2.145) do not admit Galilean invariance. Thus, « is an irreducible
parameter in its rogue waves.

General rogue waves to the GDNLS equations (2.145) are given in the following
theorem (Yang et al. 2020).

Theorem 2.3 The generalized derivative NLS equations (2.145) under boundary
conditions (2.146) admit rogue wave solutions

*yy—1
uy(x, 1) = ey ble 202ty SR 8N g 4y,

I

where the positive integer N represents the order of the rogue wave,

fn(x,t) =000, gn(x,t)=0-171, (2.148)
— (n,k)
o= det (654,,1). (2.149)

the matrix elements in o,  are defined by

min(i, j)
¢l~(,",~’k)= > = Sy k) + vs) Sjoy (x T (k) + vs), (2.150)

4v
v=0

vectors xi(n, k) = (xf, 0, x3i, o,--- ) are defined by

i =kt (e 5) (o 3) + Ve + Vel - 0+ iva, @.151)
x]_:—k—(n—i-%) (h*f—%—%)#—«/ax—f-\/a[(a—l)—i\/&]t, (2.152)
xt = (n—i—l)hz 1+—[fx+[f(a—l)+22’1a] ]+a2 1
2r+1 ) r+ Qr + 1! r+1,
(2.153)
— 1 * 2r: %
x2r+1=—(n+§)h2r+1+ 1)' H\/_x+[\/_(a—l)—2 1a] }+a2r+1’
(2.154)

r>15=1(0,52,0,s4,---) is as defined in Eq. (2.11), h, () are coefficients from
the expansion
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00 s A2 —-1/2
Y hp(@i =1n (%) , (2.155)
r=1 1+ ﬁ

and as, as, - - - , ayN—1 are free irreducible complex constants.

Proof We first introduce the variable transformation
—1
u = ei-r-ox—tile 2 -dari—y) U8 J’fy s (2.156)

where f and g are complex functions. Under this transformation, the GDNLS
equations (2.145) can be decomposed into the following system of four bilinear
equations:

(ZiDt + D2+ 2i(1 — oz)Dx> g f* =0, (2.157)
(ZiDt + D2+ 2li) ffr =0, (2.158)
(iDy—1) f- f*+1g>=0, (2.159)
DXf - f* —iDyg-g" + Qa+ (I f1> —1g/») =0, (2.160)

where D is Hirota’s bilinear differential operator. It is important to notice that
these bilinear equations are independent of the equation parameter y. This means
that rogue waves in the whole family of GDNLS equations (2.145), for different
values of y, are given by the same f and g solutions, and the y-dependence of the
rogue waves only appears through the bilinear transformation (2.156). This is a big
advantage of the bilinear method for solving the GDNLS equations (2.145).

Interestingly, under the same variable transformation (2.156), the GDNLS
equations (2.145) can also be decomposed into a different bilinear system, where
the first bilinear equation (2.157) is replaced by a new bilinear equation, while the
other three bilinear equations (2.158)—(2.160) remain the same (Yang et al. 2020).
Derivations of rogue waves from these two bilinear systems are different, and we
will use the above bilinear system (2.157)—(2.160) to derive rogue waves below
(derivation from the second bilinear system can be found in Yang et al. (2020)).

Our proof below follows the same idea as in Sect. 2.1.1 for the bilinear derivation
of rogue waves in the NLS equation. We first derive algebraic solutions to a higher-
dimensional bilinear system. Then we restrict those algebraic solutions so that
they satisfy dimension reduction conditions and complex conjugacy conditions.
Under those conditions, the restricted algebraic solutions would satisfy the lower-
dimensional bilinear system (2.158)—(2.160) of the GDNLS equations.
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(a) Gram determinant solutions for a higher-dimensional bilinear system

First, we need to derive algebraic solutions to a higher-dimensional bilinear
system, which can reduce to the original lower-dimensional bilinear system (2.157)—
(2.160) under certain reductions.

From Lemma 2 of Chen et al. (2018b), section 3.2 of Feng et al. (2017)
and additional calculations, we learn that if functions m("] k), (p(" ©) and w(n 0 of
variables (x_1, x1, x2) satisfy the following differential and difference relat10ns

ax1m(i1 k) (n k)w(n k)
k 1,k k 1,k
BXI(pl(” ) (pl(”+ ) 8)(1 w(” ) w(” )7
3x.¢3(n k) — Cw(n k) + (p(n Jk+1) a)m w(n k) I//j(_n,k) _ I)0j(_n,k—l)’ 2.161)
k k k k
8x2(pl(" ) — 82 (” ), le/f(" ) _ 82 w(" )
k k 1 k k41
3 lgol(" ) goi(" )’ . lw(ﬂ ) w(n )
and
axzm(n k) (n+1 k)w(n k) + (p(n k)l//(” 1 k)
ax2,ﬂ(n k) _ (pl(n k+l)wfl(n k) +o (n k)w(n k— l) + 2 (n k)w(n k)
8)5 m(n k) (p(n k )w(n k+1) (2.162)

(n+1 kg (n k) +o (n k)w(n+1 k)

l(n/k+l) (n k) o (n k)w(n k+1)

S §

where c is an arbitrary complex constant, then the determinant

Tox = det <m§”z">) (2.163)
1<i,j<N )

would satisfy the following bilinear equations in the extended KP hierarchy

(sz - D)%I - 2CDx1) Tn—1k+1 " Ta—1k = 0, (2.164)
(sz - D;%l) Tnk Tn—1k =0, (2.165)
(CDX—I - 1) Tnk * Tn—1k + Tn—1,k+1Tnk—1 = 0, (2.166)

(CD)q Dx_| - Dxl - 2C)":n,k “Tp—1,k + (Dx1 + 2C)Tn—1,k+l *Tnk—1 = 0.
(2.167)

We note that utilizing the former part (2.161) of the differential and difference
relations, we can show that the x| derivatives of the latter part (2.162) of these
relations are automatically satisfied. This situation is similar to that for the NLS
equation in Sect. 2.1.1.
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Now, we introduce functions m %) go("’k) and w("'k) as

. n k
ol — P <_£> <_p - ") 5t (2.168)
p+q q q+c
9P = (ip)p"(p — o), (2.169)
w(nyk) =(—=¢) " [—(qg + C)]—k e, (2.170)
where
1 2
£ = PR + px1 + px2 + o (p), (2.171)
1 2
n= X—1+gx1 —q"x2+n0(q), (2.172)
q+c

P, q are arbitrary variables, and &y(p), no(q) are arbitrary complex functions of p
and g respectively. It is easy to see that these functions satisfy the differential and
difference relations (2.161)—(2.162) with indices i and j ignored. Then, by defining

k k k
ml("] ) ﬂiBjm(n’k), (pi(n ) ﬂiﬁﬂ(n’k), 1//](n ) _ ij(n,k)’ (2.173)

where A; and B; are differential operators with respect to p and g respectively as
1 i 1 j
A==l -0d] . 8= i [(@+ 3] (2.174)

these functions would also satisfy the differential and difference relations (2.161)—
(2.162) since operators A; and B; commute with differentials 9y, . Consequently, for

an arbitrary sequence of indices (i1, i2, -+, in; j1, j2, - , JN), the determinant
Tor = det (mf"’]f)> (2.175)
1<v,u<N vsJu

satisfies the higher-dimensional bilinear system (2.164)—(2.167).

We note that without the factor of ip in Egs. (2.168)—(2.169), the above T,
function (2.175) would also satisfy the higher-dimensional bilinear system (2.164)—
(2.167). However, this ip factor in (2.168)—(2.169) is needed in order for the
resulting 7, x to satisfy the complex conjugation condition (2.198), which is coming
up in the later text. That complex conjugation condition is also necessary in order
for 7,k to satisfy the original bilinear equations (2.157)—(2.160) of the GDNLS
equations.

Next, we will reduce the higher-dimensional bilinear system (2.164)—(2.167)
to the original bilinear system (2.157)—(2.160), so that the higher-dimensional
solutions (2.175) become rogue wave solutions to the GDNLS equations (2.145).
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In this reduction, we will need to set
c = —ia, (2.176)

where c is the parameter in the higher-dimensional system (2.164)—(2.167), and o
is the wavenumber parameter in the original bilinear system (2.157)—(2.160).

(b) Dimensional reduction

Next, we reduce the higher-dimensional bilinear system (2.164)—(2.167) to a
lower-dimensional one. This reduction will restrict the indices in the determi-
nant (2.175), and select the (p, g) values in its matrix element ml(ff:

The dimension reduction condition we impose is

(8%, +icdx ) Tag = CTus, (2.177)

where C is some constant. Denoting p = p — ¢ and § = g + ¢, then A; and B; in
Eq. (2.174) can be rewritten as

A= (po;)", B; = = (q0;)" - (2.178)
In addition,

(92, +icds_, ) m{"Y = A:B; (9, +icd,_,) m™P

= A B, [13 +o g+ ITC] m0. (2.179)
p g

Using the Leibnitz rule as in Sect. 2.1.1, the above equation reduces to
L1 ic
; (n.,k) A (n.k)
(3x1 + 103x71) mi?j = Z m (p + (—1)”;) miliu,j
n=0

J .
1 N 11¢ (n,k)
+2 5 (q+(—1) 5) m{"Y,. (2.180)
1=0
Recalling ¢ = —i« from (2.176), we see that when p = pg and § = §o, where

Po=qo = Ve, (2.181)

then po —ic/po = go —ic/go = 0. Thus, the above equation would further simplify
to
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(axl + icaxfl) ml(njk)

p=ho, 4=do
i
_ (n k) (n k)
=2J/a Z m") 4+ Z TERN e : (2.182)
=0,
/feven l even ﬁA=lA107
4=4o
Now, we restrict the general determinant (2.175) to
(n,k)
T = det m . 2.183
R Py Y < H=127=1 5= py, ézéo) (2-183)

Then, using the contiguity relation (2.182) similar to what we did in Sect. 2.1.1, we
get

(0%, +1ic0x_,) Tuk = 4@ N Ty 1, (2.184)

which shows that the 7, function (2.183) satisfies the dimension reduction
condition (2.177).

When this dimension reduction equation is used to eliminate x_; from the
higher-dimensional bilinear system (2.164)—(2.167), and in view of the parameter
connection (2.176), we get

(sz - D; + 2ian1) Tn—1k+1 - Ta—1k =0, (2.185)
(sz - D;%l) Tnk - Tn—1k =0, (2.186)
(iDx; = 1) Tuk * Ta—1.k + Ta—1k+1Tnk—1 = O, (2.187)

(D, +iDy, 4+ 20)Tu - Ta—1k — (Dx; + 20)Tu1 k1 - Tak—1 = O.
(2.188)

In addition, using Eq. (2.187), we can replace the last bilinear equation (2.188) by

Dil Tnk * Tn—1,k — lilrn—l,k—H *Tnk—1
+Qo + DTk * Tu—1.k — Tn—1k+1 * Tnk—1) = 0. (2.189)
In these reduced bilinear equations, the x_; derivative disappears.
To further reduce the bilinear system (2.185)—(2.187) and (2.189) to the original
system (2.157)—(2.160), we set
X1 =x—1t, xp=it/2. (2.190)

Under this variable relation, we have
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Oy, = 0y, Oy, = —210; — 2i0y. (2.191)

Inserting these equations into the bilinear system (2.185)—(2.187) and (2.189), and
setting n = k = 0, we get

(2iDt + D2 +2i(1 — oz)Dx) ¢ f=0, (2.192)
(ZiDt + D2+ 2li) f-f=o0, (2.193)
(D, —1)f - f+gg =0, (2.194)
DIf - f—iDeg g+ Qu+ 1)(ff —g3) =0, (2.195)

where f, f, g and g are defined as

f=w0 f=110 g=711 E&=T10,-1. (2.196)

(c) Complex conjugacy conditions

Next, we need to impose complex conjugacy conditions f = f* and § = g*,
ie.,

T_10=Ty0» T0.-1=T"1], (2.197)

so that the bilinear system (2.192)—(2.195) would reduce to the original bilinear
system (2.157)—(2.160). These complex conjugacy conditions would be satisfied if

T = Ttk (2.198)

To satisfy this condition, we impose the parameter constraint &y = 7. In this case,
since x; = x — t is real, xp = it/2 and ¢ = —i« are pure imaginary, and go = pj,
we can easily show that

*
= mhh . (2.199)

N
[m(” ) = o
’ P=D0, 4=40

7 p=o, 4=f?0i|
Thus, the complex conjugacy condition (2.198) holds. In meeting Eq. (2.199), the
factor ip in Egs. (2.168)—(2.169) plays an important role.

(d) Rogue wave solutions in differential operator form

Finally, we need to introduce free parameters into rogue waves. As we did in
Sect.2.1.1 for the NLS equation, we will introduce free parameters through the
arbitrary constant &y in Eq. (2.171). Specifically, we choose &y as
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§o(p) = ZarlrI( ) Zar1f<p:/r_1“> (2.200)

where a, are free complex constants.

Putting all the above results together, setting x_; = 0, and writing the matrix
element in the 7 function (2.183) through p and g, rational solutions to the GDNLS
equations (2.145) in differential form are then given by the following theorem.

Lemma 2.6 The GDNLS equations (2.145) admit rational solutions

*\y—1
MN(.X, t) — ei(l—y—a)x—%i[a2+2(y—2)a+l—y]t (f‘lv)y—ygjv’ (2201)
Iy
where
NG 1) =700, gN(xX, 1) =711, (2.202)
— (n.k)
Tug = lfg?tSN(mzl 1a1) (2.203)
the matrix elements in t, i are defined by
59\ (69.)
. i! Jj! A
p=ho. §=do
A . ~ . n ANk
k) _ I(PA — li)l) (_[3 — .106> (—5) e@(x’t), (2.205)
pP+q q+1x q

. PSS S SN D P
O, 1)=(p+q)(x D+ P =3 —2ie(p+|ir

o0 A N
+y (a, In” (%) Farn” (%)) , (2.206)
r=1

Po=Ggo=+/o,« >0,and ay, as, - ,ayn—1 are free complex constants.

(e) Explicit rogue wave solutions through Schur polynomials

Now, we derive explicit rogue wave expressions in Theorem 2.3 from the above
differential form in Lemma 2.6.
Introducing the generator G as
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oy ‘ ‘
6= E1p0] [a0a] (2.207)
and utilizing the formula (2.60), i.e.,

GF(p.§) = F (e°p., e§), (2.208)
we find that for the m™*® function in Lemma 2.6,
81212 4+ Jae™8/?)
p=ho. 4=d0 s + et

. )2 —/2 \"
) (Dot (1 + e
—iet? + Jae=H/?

gmm,k)‘

1
xexp{«/&(é +e7») (x—t—}—at)—}—za <ezg —62)‘)it

o
+> (g +ara) } . (2.209)
r=I1
Thus,
L_gmob 2 (i 4+ Jae 2\
m+ =
mH) p=po =i ¢ T itV

_i+ﬁ n
X —ie*2 + Jae /2

1
XeXp<§§+(k+%)(c—k)+\/E(ef+e*—2)

1

X (x —t+at)+ za (625 — 62}‘) it)
o0

X exp (Z(&,;’ + a;‘,\r)> . (2.210)
r=I1

Now, we need to expand the right side of the above equation into power series of ¢
and A. Writing

2 1 | € +1*+1)
&+ |- @he—n P{TH 4
@+ +1)
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B i (e{ _ 1)(€)L -1 UeX n e(§+k)/2(e{/2 +e—{/2)(ek/2 +e—)»/2)
- @+ D@ +1n) P 4

A

4

A

§—> exp [v In (i tanh £ tanh &) —1In (cosh £ cosh &> i &:|
Zh 2 2 2 2 2 2
§x

00 v 00 . . ¢ A
:Z(4> exp(rz:;(vsr—cr)(g‘ —l—)»)—z—z), (2.211)

v

(=)

v

2 (

v=0
=0

where s, are as defined in Eq.(2.11), and ¢, are Taylor coefficients of A" in the
expansion of In cosh(A/2), then using the 4, expansion in Eq. (2.155), we get

+ i (x7 +vsy) A’) , (2.212)
where xrjE (n, k) are defined as

X (k) = V(e =2t +2a1) + 2iat + (14 Dhi +k+ 5 =i+, (2213)
xy (n, k) = Vo(x — 2t + 2at) — 2iat — nh} —k — %(n + 1) —c +af, (2214)
X (n, k) = % [V(x — 2t +2at) + 2iet] + (n + Dhy — ¢ + ar, (2.215)
x " (n, k) = % [Vo(x — 2t 4 2at) — 2"iat] — nh} — ¢, +a;. (2.216)

We further define shifted parameters

ar=a; —c +1h] —l, ar=&r—cr+lhr (r =2). (2.217)
2 4 2
Notice that the a, parameters are linearly related to the a, parameters. Then, the
above x,i(n, k) reduce to those in Theorem 2.3, except that the above definitions
for x,i(n, k) apply for all r indices, including those where r is even. Taking the
coefficients of /A7 on both sides of Eq. (2.212), we get

min(i, j) 1
gnjk) — (k) % 1 x+ 0s - )
m; m b= fo.d=do go qv iy ( +v ) v ( +v ) i
2.218)
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(n,

where m; ]k) is the matrix element defined in Lemma 2.6. Finally, we define

Tn,k

Onk = - (2.219)
(501
P=P0.9=490

One can see that this o, ; satisfies the same bilinear equations as 7, x. Then the
matrix element in o,  is as given in Theorem 2.3, and the function in Eq. (2.147) is
a rational solution to the GDNLS equations (2.145).

By the same technique as in Sect.2.1.1, we can show that xzji are dummy
variables which can be set to zero without affecting the solution. In addition, by
a shift of the (x, ¢) axes, we can normalize a; = 0. Thus, irreducible parameters in
these solutions are as, as, - -+ , dyN—1.-

Regarding boundary conditions of these rational solutions, using the Schur
polynomial expressions in Theorem 2.3 and the same technique as in Sect.2.1.1,
we can show that when x or ¢ approaches infinity, fy(x,?) and gy (x, t) have the
same leading term, which is also real. Thus, the rational solution (2.147) satisfies the
boundary condition (2.146) and is thus a rogue wave. Theorem 2.3 is then proved.

A remark we would like to make is that, when a3 = as = --- = aoy_1 =
0, the rogue wave in Theorem 2.3 is parity-time-symmetric, i.e., uy (—x, —t) =
un(x,t). The significance of this property is that, this parity-time-symmetric rogue
wave happens to possess the maximum peak amplitude among rogue waves of that
order and is thus a super rogue wave. In addition, this maximum peak amplitude is
located at the center of this super rogue wave, i.e., at x = t = (. Thus, to derive the
maximum peak amplitude of a GDNLS super rogue wave, we only need to set all its
internal parameters a, as well as (x, t) to zero. Doing so, our explicit calculations
for N =1, 2,..., 6 show that (Yang et al. 2020)

O[N(N+l)/2 (2N + 1)aN(N+l)/2
[ fn(0,0)]4,—0 = PV (@ 3 DV lgn (0, 0)]4,—0 = PV (g £ DN
(2.220)
and thus the maximum peak amplitude is
1gn (0, 0)|a,=0
lun (0, 0)|g=0 = ———"— =2N +1, (2.221)
P T 0, 0)la=o

which is the same as that in the NLS equation (see Sect.2.1.2). Remarkably, this
maximum peak amplitude does not depend on the background wavenumber «,
although | fi| and |gy| in its numerator and denominator do. While these formulae
were obtained for N < 6, we believe they hold for N > 6 as well.

When setting N = 1 in Theorem 2.3, we get the fundamental GDNLS rogue
wave as

alx +at)? + (x — )% —i(x + 3at) — 3
a(x +an?+ (x =02 +i(x +ar) —2it + 1|

luy (x, ;)| = (2.222)
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Fig. 2.2 Fundamental GDNLS rogue wave |u;(x, t)| from Eq. (2.222) for « = 0.5, 1 and 2 (from
left to right), respectively. Upper row: 3D plots; lower row: density plots

For three different o values of 0.5, 1 and 2, these amplitude fields are plotted
in Fig.2.2. It is seen that « strongly affects the orientation and duration of the
rogue wave. Specifically, as the o value increases, the orientation angle (relative
to the positive x axis) also increases, but the duration of the rogue wave decreases.
However, the peak amplitudes of these rogue waves for different o values are all
equal to 3, which are attained at the center x = ¢t = 0. Physically, the longer
duration of rogue waves at smaller « values can be understood, because in this case,
the growth rates of modulation instability can be shown to be smaller, which causes
the rogue wave to take longer time to rise from the unit-amplitude background to
its peak amplitude of 3. The dependence of the orientation angle on « can also be
heuristically understood. It is known that the phase gradient of a pulse generally
causes the pulse to move at a velocity which is proportional to this phase gradient.
In the present case, the phase gradient of the rogue wave can be estimated from
Eq. (2.147) as the wavenumber 1 — y — «. Then, for a fixed equation parameter y,
larger « causes the velocity to be smaller or negative, leading to a larger orientation
angle. To put these results in perspective, we note that for the NLS equation, since
the constant-background wavenumber of its rogue waves can be normalized to
zero by a Galilean transformation, the background wavenumber only affects the
orientation, but not duration, of its rogue waves.

Second-order GDNLS rogue waves can be obtained by setting N = 2 in
Theorem 2.3. These rogue waves contain one irreducible complex free parameter
az, in addition to the background wavenumber parameter « and equation parameter
y (the last parameter does not affect the amplitude fields of rogue waves). When
we set o = 1, then the amplitude fields of rogue waves at three a3 values of 0, 1/3
and 30 are displayed in the three panels of Fig. 2.3 (from left to right), respectively.
The rogue wave at az = 0 is a super rogue wave that is parity-time-symmetric, and
it reaches peak amplitude 5 at the center x = ¢t = (. The rogue wave at a3 = 1/3
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5 0, 5 0y -8 0,

Fig. 2.3 Second-order GDNLS rogue waves |u(x, t)| with @ = 1 and three a3 values of 0, 1/3,
and 30 (from left to right), respectively

exhibits a complex profile with peak amplitude of about 3.3714. The one at az = 30
splits into three separate first-order rogue waves and is thus a rogue triplet. This
splitting phenomenon is similar to second-order rogue waves of the NLS equation
(see Fig. 2.1, third column).

2.3 Boussinesq Equation

In 1871, Boussinesq introduced an equation which governs the propagation of long
surface waves on water of constant depth (Boussinesq 1871, 1872; see also Ursell
1953). After variable normalizations, this equation can be written as (Clarkson and
Dowie 2017)

1
e + thyy — (U)yx — Fiteeer =0, (2.223)

This equation also arises in many other physical contexts, such as continuum
approximations of certain Fermi-Pasta-Ulam chains (Zabusky 1967; Zakharov
1973; Toda 1975), and ion sound waves in a plasma (Scott 1975; Infeld and
Rowlands 1990). Remarkably, this equation is integrable. Indeed, its multi-soliton
solutions and Lax pair were reported almost simultaneously by Hirota and Zakharov
in 1973, respectively (Hirota 1973; Zakharov 1973).

The zero solution in this normalized Boussinesq equation is unstable. As a
consequence, rogue waves may arise. Boundary conditions to these rogue waves
are then

u(x,t) > 0, x,t— zoo. (2.224)

Fundamental (first-order) rogue waves to the Boussinesq equation (2.223) were
derived in Tajiri and Murakami (1991) and Rao et al. (2017) by taking a long-wave
limit of the two-soliton solution. Higher-order rogue waves to this equation were
considered by Clarkson and Dowie (2017). Converting this equation into a bilinear
one, assuming certain polynomial forms for the bilinear solution, equating powers
of x, ¢ in the bilinear equation and solving the resulting algebraic equations for the
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polynomial coefficients, the authors obtained second- to fifth-order rogue waves
with two free real parameters at each order. General rogue waves to this equation
were derived by Yang and Yang (2020a) using the bilinear method. However, those
bilinear expressions of rogue waves are not in the simplest form. Below, we present
simpler expressions of Boussinesq rogue waves using a new parameterization
technique as described in Sect. 2.1.1 for the NLS equation.

Theorem 2.4 The Boussinesq equation (2.223) under boundary conditions (2.224)
admits the following general nonsingular rogue waves

uy(x, 1) =282Ino, (2.225)
where
o(x,1)= 153?21\1 (¢2i-1.2j-1) (2.226)
min(i, j) —1\Y
bi,j = Z (E) Si—y(xT +vs) Sj_y(x™ + vs), (2.227)

v=0

vectors xT = ()cli 0, x3i, 0,-- ) and s = (s1, $2, - - - ) are defined by

V3i
+ 2
Xorg1 = 2.3+ 2r + D) (x +2 rlt) +ay4+1, r=0,1,2,---, (2.228)
_ V3i o
e = 5 3 T (x=2%it) =iy, r=0,12,1, (2229)
o . .
2i/3 A A2
S 5 =1n [ 1;/_ tanh  tanh <€ + %)} , (2.230)
r=1
a; =0, and a3, as, - - - , ayn—1 are free irreducible complex constants.

Note The function f(A) on the right side of Eq.(2.230) satisfies the symmetry
f*(A) = f(—A), where A is considered real. Because of that, all s.,., values are
real, and all 5,44 values are purely imaginary. The first few s values are

2i 5 5i
= = s2 =TT 5 S3 = - .
33 108 2433

Proof First, we introduce the variable transformation

S1 (2.231)

u(x, 1) =282 Ino(x, 1), (2.232)
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where o (x, t) is a real variable. Under this transformation, the Boussinesq equa-
tion (2.223) is converted into the bilinear form

(Dﬁ —3p? - 3D,2) o-0=0. (2.233)

In order to derive solutions to this bilinear equation, we consider a higher-
dimensional bilinear equation

(D;jl — 4D, Dy, + 3D§2) o0 =0, (2.234)

which is the bilinear form of the KP equation. We first construct a wide class of
algebraic solutions for this higher-dimensional bilinear equation in the form of Gram
determinants. Then, we restrict these solutions so that they satisfy the dimensional
reduction condition

(0x; — 30x,) 0 = Co, (2.235)
where C is some constant (our choice of the coefficient 3 in front of 9y, is for con-

venience). Under this condition, the higher-dimensional bilinear equation (2.234)
would reduce to

(Dxl — 12Dx21 + 3DX22> o-0=0. (2.236)
Finally, we define
= —1 ) = ——1 it (2.237)
b X, X 1f, .
! 2 4

and impose the reality condition
o =o. (2.238)

Then, the bilinear equation (2.236) becomes the bilinear equation (2.233) of the
Boussinesq equation, and u = 283 In o becomes the rational rogue wave solution of
the Boussinesq equation. Next, we execute this strategy.

(a) Gram determinant solutions for a higher-dimensional bilinear system

First, it is well known that when functions m; j, ¢; and ¥; satisfy the following
differential equations

O i j = QiVj,

. (2.239)
O, 00 = O 0in B, W = (1" Ly n=1,23,
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then the 7 function

T= lsg?ts N (mi, ;) (2.240)

would satisfy the bilinear equation (2.234) of the KP equation, i.e.,
(D;t] — 4D, Dy, + 3D§2) .7 =0. (2.241)

Indeed, substituting the solutions (2.240) into KP’s bilinear equation (2.241), this
equation reduces to the Jacobi identity of determinants (Hirota 2004).
Now, we introduce functions

mij=ABim, @ =Ap, V=8V, (2.242)

where A; and B; are differential operators with respect to p and g respectively as

1 ; 1 j
A=+ [f1pdy] . B;= 7 [~2(@)34]" (2.243)

f1(p), f>(q) are arbitrary functions of p and ¢,

m = weé-ﬁ-n’ o=(p-— 1)65’ v = (g — De", (2.244)
p+q

£=pxi+pia+pixs+E0(p), n=qxi—q¢ 2 +q x3+nog), (2245

and &y(p), no(g) are arbitrary functions of p and ¢g. The factor of (p — 1)(g — 1)
in m above is introduced to simplify later calculations, similar to the factor of (p +
1)(g + 1) in the m®™ function (2.29) in the NLS case. It is easy to see that these
m; i, @; and v ; functions satisfy the differential equations (2.239), since m; ; = m,
@i = @ and ¥; = Y satisfy them, and operators A;, B; commute with differentials
Oy -

Next, we restrict the 7 solution (2.240) so that it satisfies the dimension reduction
condition (2.235) and the reality condition (2.238).

(b) Dimensional reduction by the W-p treatment

To facilitate the satisfaction of the dimensional reduction condition (2.235),
we will utilize the freedom of the fi(p) and f>(g) functions and choose them
judiciously. This is the so-called “W-p treatment we introduced in Yang and Yang
(2020a) for the Boussinesq equation and generalized in Yang and Yang (2021b) for
the three-wave resonant interaction system.

We start from the dimensional reduction condition (2.235), i.e.,

(0x; —30y,) T =Cr, (2.246)
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where C is a certain constant. In order to calculate the left side of the above equation,
we notice from the definitions (2.242) and (2.244) of m and m; ; that

(9xy — 30y, ) mij = A B [Q1(p) + Q2(q)]m, (2.247)

where

01(p)=p>=3p, 02q) =4 —3q. (2.248)
To proceed further, we utilize the general Leibnitz-type operator relation,

‘1
AQi(p) = 3 1 [ (119) @ip) | Av-s. (2.249)
=0 °

Note that on the right side of this relation, the operator ( f10 p)l only applies to
the function Q; (p), not to the operator Q; (p)A;_;. Another relation similar to the
above can also be written for 8;Q>(q). Using these relations, Eq. (2.247) becomes

L
(g — 30x,) mij =) i [(f18,)" Q1 (p)] mi—p,;

u=0""

j
+ Z% [(£22,)! @@ | mi . (2.250)

=0

In order to satisfy the dimensional reduction condition (2.235), we need to
select functions [ f1(p), f>(g)] as well as values of (p, ¢g), so that coefficients of
certain indices on the right side of the above relation vanish. Here, we will require
coefficients of all odd-indexed terms on the right side of the above relation to vanish.
In such a case, this relation would relate matrix elements with indices shifted by
even numbers. Then, by choosing indices of matrix elements with jumps of two
in the higher-dimensional t function (2.240), such a t function would satisfy the
dimensional reduction condition (2.235). This situation is similar to that in the NLS
case, see Sect. 2.1.1.

To make coefficients of all odd-indexed terms on the right side of the contiguity
relation (2.250) to vanish, we first select pg to be a root of the following algebraic
equation

Q,(po) =3p5 —3=0. (2.251)
There are two roots, pg = £1. We will choose pg = —1 without loss of generality.
Similarly, we choose go to be a root of Q,(go) = 0, which gives g0 = po = —1.

At these (po, qo) values, the © = [ = 1 terms on the right side of Eq. (2.250) will
vanish.
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To make higher odd terms on the right side of Eq. (2.250) to vanish, we impose
a further condition on fi(p) as

(f10,)° Qi(p) = Qi (p), (2.252)

and a similar one on f>(g). Note that these are differential equations, not operator
equations. The reason for this imposition is that under these conditions, as well
as the earlier conditions on pg and go, all odd-u and [/ terms on the right side of
Eq. (2.250), when evaluated at p = pgp and ¢ = gg, would vanish.

To solve this differential Eq. (2.252), we put f1(p) in the form

Wi(p)
Wip)

filp) = (2.253)

where W1 (p) is to be determined. The motivation behind this form of f}(p) is that,
under this form,

Wi(p)

fi(p)o, = W/—(m
1

p = Wi(P)ow,(p) = dnw,- (2.254)

Thus, the condition (2.252) becomes

82 4y, Q1(p) = Qi(p). (2.255)

Scaling ‘W (po) = 1, which does not affect the fi(p) function, the unique solution
to the above equation under the condition of Q/l (po) =0is

1
Qi(p) = 591(170) (W1 (p) + ) . (2.256)

Wi(p)

From this equation, we can solve for ‘W (p) and then get fi(p) from Eq. (2.253).
Explicitly, we get

Qi(p) +,/@(p) — Qi (po) V@i (p) — @ (po)

Wi(p) = . filp) = a0
1

Qi (po)
(2.257)

Note that the sign in front of the square root in ‘W (p) can also be minus, in which
case the above f1(p) would change sign; but that would lead to the same rogue
wave solutions and thus does not need to be considered. Interestingly, these explicit
‘W1(p) and f1(p) expressions actually will not be needed in our later derivation of
rogue expressions through Schur polynomials. A similar treatment can be applied
to the ¢ variable, and the formulae for ‘W>(g) and f>(g) are similar to those in
Eq. (2.257) for the p variable, except that the subscripts 1 change to 2, and (p, po)

change to (g, qo).
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Under the above choices of p, g values and f1(p) and f,(g) functions, the
relation (2.250) simplifies to

i

1
(axs - 33):1) mi,j|p:q:_1 =2 Z E mi—k,j|p:q:_1

k=0,
k:even

J
1
2 Z I mi’-’_l|p=q:—1 : (2.258)

1=0,
l:even

This relation is similar to that we obtained earlier for the NLS equation (see
Sect. 2.1.1). Due to this relation, if we choose indices (i1, i2, - - -, in; j1, J2, - s JN)
in the determinant (2.240) as

= lfg?tSN (mZ"_l’2j_1|P=f1=*1) ’ (2.259)

then the same calculation as in Sect.2.1.1 would show that this t function satisfies
the dimension reduction condition

(3r, — 30y,) T = 4NT. (2.260)

Substituting this condition into the higher-dimensional bilinear KP equation (2.234)
and utilizing Eq. (2.237), we see that this t function (2.259) would satisfy the
bilinear equation (2.233) of the Boussinesq equation. At this point, we can set
x3 = 0 in this t function since x3 has become a dummy variable now.

Next, we introduce free parameters in this r function by choosing

&(p) =Y a-[InWi(p), noq) =) _ by [InWa(g)l" (2.261)

r=1 r=1

in Eq. (2.245), where a, and b, are complex constants. In order to meet the reality
condition (2.238), i.e., 0* = o, these a, and b, constants need to be properly
constrained.

Now, we briefly summarize our results above. We have found that, the Boussi-
nesq equation (2.223) would admit rational solutions of differential form

uy(x, 1) =28%Int, (2.262)
where
T=det (ma-12j-1), (2.263)
1<i,j<N
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the matrix elements in 7 are defined by

1 1 .
mij = =[f1(p)Ip] —[f2(q)41 m ; (2.264)
il !
’ A p=q=-—1
== DD e, (2.265)
p+q
£ = lpx - lpzit - ia [In W, (p)]" (2.266)
2 4 o " ’ '
1 1 >
n=30x+ 74"+ Y b InWa@)Y', (2.267)

r=I1

f1(p), Wi(p) are functions given by Eqgs. (2.253) and (2.256), f2(q), W2(q) are
f1(p), Wi(p) with p changing to g and index 1 changing to 2, if complex constants
ay, b, are properly constrained so that the above t function is real.

(c) The reality condition

The parameter constraints between a, and b, to meet the reality condition are
difficult to derive from the above rogue wave expressions in differential form. In
addition, we will want to reduce the above differential form to an explicit algebraic
form anyway (as we have done before for the other integrable systems). Thus, we
will do this form conversion first, and then use the algebraic form to find constraints
between a, and b, so that t is real.

The basic idea of this derivation for the explicit solution form is the same as
that in Sect.2.1.1, except that we will work with variables ‘W{(p) and Ws(q)
instead of p and ¢. Introducing the generator G of the differential operators

(f1(P)3,)* (H(@)3,) as

oo o0 I{ [ . ,
=> > k—l— [A3,] [L@),] . (2.268)
k=0 1=0
and utilizing Eq. (2.254), we get
[c olNe ] I(k )\,l . ;
G=22> g [mw] [onw.] = exp (kdnaw, +2dnaw,) . (2:269)

k=0 [=0

Thus, for any function F (W1, “W>), we have

GF (Wi, Ws) = F(“W;, &*W>). (2.270)
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Next, we will apply this generator on the function m in Eq. (2.265). To utilize
Eq. (2.270), we need to express p and ¢ in this m as functions of ‘W and W,.
Eq. (2.256) tells us that

1
3
—3p=Wi1+ —. 2.271
p p 1+ W ( )
This equation can be solved and there are three roots. Due to our earlier scaling of
Wi(po) = 1,i.e., Wi(—1) = 1, the suitable root for p is

pW) =W+ cwi !, (2.272)
where ¢; = exp (2iz/3). Similarly, we have
g W) = ey WY + cwy ', (2.273)

Now, we apply Eq. (2.270) on m and get

_ [pE W) — 111g(e*Wr) — 1]

gm P WD) +q(@ W)
1 1
x exp (5 [P W) + g W] x = 2 | P W) — g2 W) it)
X exXp (Z ar [Ine“Wi(p)]" + Zbr [In e”Wz(q)]’) . (2.274)
r=1 r=1
Since ‘W, lp=—1= "W2|q=,1 =1, then
1 _Ip(e*) —1[g(e) — 1]

p Gmlp=g=—1 = —2[p(e*) + q(eM)]

1 1
x exp (5 [p(e") +q(e™) +2]x = 1 [Pe) = ?e)] ir)

o0 o
X exp (Z ark"+ Y b A’) . (2.275)
r=1 r=1

We need to expand the right side of this equation into double Taylor series in x and
A. To expand the fraction in front of the exponential term, we notice that for any
functions f(x) and g(1),

Lf () +8@g) + FO1 _ f(O) +£0) 1

-2 A -2 _ f)=f(0) g)—g(0)
L) + (W] ! F)+g0) g()+7(0)
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_ [0 +2(0) i [f(K) — f0) g@) —g(0) ]” (2.276)

2 Z[F0+:0) g0+ O

Thus, substituting

f) = p(e) =c1eP +cfe™B, g = q(e) = 1" + cfe ™,
2.277)

and noticing f(0) = g(0) = —1, we get

[p(e) = 1lg(h) — 1] _ i [f(/«) — f(0) g —5(0) ]

—2[p(e¥) + g ()] L) +0) () + £(0)

o0 v . .
A 2iv3 2
= 2 exp | vin iv3 tanh £ tanh l + il
12 K 6 6 3
v=0
23 A 2im
xexp (| vin tanh — tanh { — + —
A 6 6 3
> KA\ s
= ZO (—§> exp (v Z:sr (k" + A’)) , (2.278)
V=l r=

where s, are defined by (2.230) in Theorem 2.4. Regarding the first exponential term
in Eq. (2.275), when functions p(-) and ¢(-) from Eqs. (2.272)—(2.273) are inserted,
and after simple Taylor expansions, we find that this first exponential term reduces to

[x + (—2)r‘1it]

kel + (=1)ct
exp —_——
2.3

+2 );—:—CI +2(__31)rc‘ [x - (—2)"1it]> .

r=1

The second exponential term in Eq. (2.275) does not need further treatment.
Combining all these results, Eq. (2.275) reduces to

1 > kA e ad
- Gml,—g——1 = Z (_E) exp < ()c,+ + vsr) K"+ Z (xr_ + vs,) Ar> ,
v=0 r=I1 r=I1

(2.279)

where
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QA/3 | (_1)yre2in/3

f = [ ] e =1 280
2in/3 4 (_1)re—2in/3
=" Jgr.(y .),ye [x - (—2)”1it] +by,  r=1. (2281)

Taking the coefficients of «*A! on both sides of this equation and noticing

m|p=g=—1 = —2e~", we get
min(k,l) 1\"
mij=—2e" Z <_E> Si—v (xT +vs) Si—y (x7 +vs), (2.282)
v=0

where m; ; is as defined in Eq.(2.264). The exponential term —2e™ in this

m; ; eventually drops out after the T function (2.263) with this matrix element is
substituted into the variable transformation (2.262).

The 7 function (2.263) with the above explicit m; ; elements has a structure
that is identical to that of the 7 function (2.69) for the NLS equation. Using the
same techniques as those from Eqgs. (2.71) to (2.74), we can show that even-indexed
xzir elements of the x* vectors do not contribute to the determinant of the t
function (2.226) and thus can be set to zero. Then, the above x* vectors become
(xli, 0, x3i, o,-- ) as in Theorem 2.4. As a consequence, this t function contains
only odd-indexed parameters az, 1, bar+1—there are no even-indexed parameters
azr, bay.

Then, we have established that the Boussinesq equation (2.223) would admit
rational solutions

uy(x, 1) =282Ino, (2.283)
where
o(x,t)= 15g?t§N (P2i-1,2j-1) » (2.284)
minG. /), _y\v
bij= > (E) Si—y(x T 4 v8) Sy (x™ +vs), (2.285)
v=0
vectors x T are as given in Theorem 2.4, and the vector s = (s1, 52, - - - ) is as defined

by Eq. (2.230), if complex constants a,, b, are properly constrained so that the above
o function is real.

Now, we determine constraints between a, and b, so that ¢ is real. Notice that
all sqye, values are real, and all 5,44 values are purely imaginary (see the note right
below Theorem 2.4). Thus, if we constrain parameters az,+1 and b4 by

byry1 = —a5, 4, (2.286)
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then

[(x++vs)odd]* = —(x"+V8)odd, [(x++vs)even]* = (X" +V8)even; (2.287)

where the subscripts ‘odd’ and ‘even’ represent the odd-indexed and even-indexed
elements of the underlying vectors, respectively. Because of this,

[S;GT +v9)]" = (1! S;(x™ + vs). (2.288)
Thus, we get from Eq. (2.285) that
[0i;] = =D, (2.289)

which leads to 0* = o. Thus, the reality condition is met, and the resulting
function (2.283) then satisfies the Boussinesq equation (2.223).

Under the parameter constraint (2.286), the xT vectors above become the same
as those defined in Theorem 2.4. Thus, the function (2.225) of Theorem 2.4 is a
rational solution of the Boussinesq equation. This function contains free parameters
ay,as,--- ,axy—1. But a; can be removed by a shift of the (x,r) axes. Thus,
irreducible free complex parameters are az, - - - , doN—1.

Using the same techniques as those in Sect.2.1.1 for the NLS equation, we
can also show that these rational solutions (2.225) satisfy the boundary condi-
tions (2.224) and are thus rogue waves. In addition, o (x, t) > 0, and thus uy (x, )
is nonsingular. Theorem 2.4 is then proved.

Setting N = 1 in Theorem 2.4, we get the fundamental Boussinesq rogue wave

41 — x> +1%)
_n1q2 2 2 _
ul(x,t)_Zax 11'1<X +1 +1) —W (2.290)

This solution is plotted in the left panel of Fig. 2.4. It rises from the zero background
with a single main hump and reaches the peak amplitude 4 and then decays to the
zero background again.

Setting N = 2 in Theorem 2.4, we get the second-order Boussinesq rogue wave,
whose expression is

ur(x,1) = 28)% In[F>(x, )], (2.291)
where

Fo(x,t) = 1% + 3r*x% 4+ 362x% + x + 8*x + 1612x° + 8x° + 111% +
35x% + 62t2x% 4+ 1201%x + 88x> + 131¢% + 107x> + 48x + 73 +
144 (a3) («/3:3 — 3v31x% — 8v31x — 7/31 + 108%(413)) +
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Fig. 2.4 Boussinesq rogue waves uy (x, t). Left: the fundamental rogue wave. Middle: a second-
order rogue wave with a3 = 0. Right: another second-order rogue wave with a3 = —30

1443 (a3) (ﬁx3 — 3312 — 4312 + 4v3x% + 5v3x + 1088(a3)) .

(2.292)
For two parameter values of a3 = 0 and —30, this second-order rogue wave is
displayed in the right two panels of Fig. 2.4. The a3 = 0 solution exhibits two main
humps, while the a3 = —30 solution splits into a rogue triplet.
2.4 Complex Modified Korteweg-de Vries Equation
The complex modified Korteweg-de Vries (CMKdV) equation is
s + tixex + 6Juluy = 0. (2.293)

This equation governs transverse nonlinear waves in a one-dimensional lattice with
elastic bonds under longitudinal stress (Gorbacheva and Ostrovsky 1983). In fiber
optics, this equation can be gauge-transformed from the Hirota equation (Sasa
and Satsuma 1991), which is a modified nonlinear Schrodinger equation for short
pulse propagation that takes into account the third-order linear dispersion and self-
steepening effects (Hasegawa and Kodama 1995; Agrawal 2001). The CMKdV
equation belongs to the Ablowitz-Kaup-Newell-Segur (AKNS) integrable hierarchy
(Yang 2010).

Rogue waves up to the third order in the CMKdV equation (2.293) have been
derived by Darboux transformation in Zhaqilao (2013) and He et al. (2014). Rogue
waves up to the second order in the Hirota equation have also been derived by
Darboux transformation in Ankiewicz et al. (2010b). Here, we will derive general
rogue waves in the CMKdV equation by the bilinear method.

The CMKdV equation (2.293) is invariant under the scaling of u — Au,x —
x/|Aland t — t/ |A|3 for an arbitrary complex number A. Thus, we can normalize
the background amplitude to unity and write the background as

u(x,t) — @ x ¢ 400, (2.294)
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where o and w are the background’s wavenumber and frequency. Requiring this
background to satisfy Eq. (2.293), we find that @ = 6a — 3. We seek rogue waves
satisfying this boundary condition, i.e.,

u(x, 1) — @@=+l g (2.295)

Explicit expressions of general rogue waves in this CMKdV equation are given
by the following theorem.

Theorem 2.5 The complex modified KAV equation (2.293) under boundary condi-
tions (2.295) admits rogue wave solutions of the following form

f— ixii 2 il (x—61) 1], (2.296)

un(x,

where N is the order of the rogue wave,

fv =00, gn=o01, (2.297)
= (k)
o= lsg?tszv (le 1.2j— 1) (2.298)

the matrix elements in oy are defined by

min(i, j)

l(kl)_ Z 4751 V(x+(k)+vs)Sj v(x7 (k) + vs), (2.299)
v=0

vectors xi(k) = (xli, 0, xéc, o,-- ) are defined by

= —=3t)—pit+k, x; =(x-—3)—pt—k,
x2+r+1 = ﬁ(x —=31) — Bort1t + azr+1, x2r+1 (x2,+1) r>1,
(2.300)

the vector s = (0, 52, 0, 54, - - ) is defined by Eq. (2.11), B, are coefficients from the
expansion

(eK+ia) —(1+ia)’ = Zﬂ, , (2.301)

and a3, as, . .., ayN—1 are free irreducible complex constants.

Proof We first perform a bilinear variable transformation,
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, 1) _ 3
u(x, 1) = %el[a@ 6n+a’r] (2.302)

where f is a real function and g a complex one. Under this transformation, the
CMKdV equation (2.293) can be converted to a system of bilinear equations

(Df + 2) fef =2k (2.303)
(Di + D} + 3iaD? + (6~ 3¢*) D) g - f =0. (2.304)

These two equations can be reduced from the following bilinear equations in the KP
hierarchy

(DrD )‘L’k T = — 2T 1 Th—1, (2.305)
(D 2 D, + 2an1) Tat - Tk = 0, (2.306)
(1)3 +3Dy, Dy, — 4Dy, +3a(D2, + Dy,) + 6a2Dxl> Tl =0, (2.307)

(D, (D)%I — Dy, + 2an1) - 4Dxl> Ter1 T =0, (2.308)
under the dimensional reduction condition of
(8X, + 8,) 7 = C1y. (2.309)

where C is some constant. Indeed, under this dimension reduction, the KP-bilinear
equations (2.305) and (2.308) become

(D%l + 2) T - Tk = 2Tl Thots (2.310)
(D;l — Dy, Dy, +2aD?, + 4Dxl) Tst - T = 0. 2.311)

Then, (2.307)+ 3x (2.311) + (3a) x(2.3006) gives
[D?Cl + (3a)D;, + (3a* + 6) Dy, — Dy, — 3Dxl] Ter1 - T = 0. (2.312)

The original bilinear system (2.303)—(2.304) can be obtained from Egs. (2.310)
and (2.312) by setting

f=1w% g=1u, h=1_, (2.313)

x1=x—3t, x3=—t, a=Ia, (2.314)
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x3 = x_1 = 0, and imposing the conjugation condition
T =15 (2.315)

We first construct solutions to the higher-dimensional bilinear system (2.305)—

(2.308). Introducing functions m - gol(k) and w( ) of variables X1, X2, x3 and r

satisfying the following dlfferentlal and difference relations

3, m®) = p®y®.
vy 1 W= v

k k k+1 k k k—1
02,0 ——a¢f)4-¢} 0¥ = —ay® — y ¢,

X " X ' (2.316)
an() 8n g) xn,(p()_( 1)]1 18 w() (n_23)
pa k k+1
( ) ( 3r1/f( ) ‘ﬂj( + )’
k k1), (k k), (k—1 k), (k
- l(j) ( )I/fj(' ) +(pl§ )1/,( ) +2a<p,.( )1/,( )’
k (k+2)_, (k k¥1) , (k k+1) , (k—1
s l(])_(pl+)w()+3a(pl(+)w()+(p(+)wl( )+
1320y ®) 4 3ag Iy D Wy 62 2.317)
bm®) — wnwdm
iJ
(kl+1) (k) i (If) ‘ﬁ(kH)
where a is an arbitrary complex constant, then the 7 function
= det Qn?>.) (2.318)
1<u,v<N s Jv
for an arbitrary sequence of indices (i1, i2, - - ,iN; j1, j2, -, jn) would satisfy

the higher-dimensional bilinear equations (2.305)—(2.308). This result is a special
case of that reported in Feng et al. (2022b). Again, the former differential and
difference relations (2.316) imply the x; derivatives of the latter differential and
difference relations (2.317) are automatically valid, but not (2.317) themselves.

To get rational solutions, we define matrix elements in the t function (2.318) as

mi) = ABm®, o =A® .y =8y ", (2.319)
where
1 p—a k
m® — (__) es(p)+n(q), (2.320)
ptqg\ q+ta
oW =(p - )P, YO == +a)) D, (2.321)

1
§(p) = pxi+ phaa 4 pas + o Fo(p), (2.322)
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1
(@) = gx1 = ¢*x2 + ¢°x3 + ——r +10(9), (2323)
q+a
1 i 1 j
A = Al [((p—a)3d,], B;= i [(q +a)0,] . (2.324)
and &p(p), no(g) are arbitrary functions. It is easy to see that these m®) (p(k) nd

1,]°
w;k) functions satisfy the differential and difference relations (2.316) and (2.317),
and thus the corresponding t; function (2.318) satisfies the higher-dimensional
bilinear equations (2.305)—(2.308).

Next, we consider the dimension reduction condition (2.309). Denoting p =
p —aand § = g + a, then A; and B; can be rewritten as

A= —(po;)', B; = —(q9;)’ . (2.325)
and
11
(O, +8r)m§f‘} = A;Bj (3, +0,)m® = A:B; [p + 3 +q+ q71| m® . (2.326)

Using the Leibnitz rule as in Sect. 2.1.1, the above equation reduces to

*) =D*Y D"\
(O 0 ZE(” b ) ””+Zl'( q ) g

n=0
(2.327)

Then, when we take p = g = 1, the above equation gives the contiguity relation

(k) (k)
(0x, + 9r) m; e =2 E mi_y
l even [:even

(2.328)

Utilizing this relation and repeating the same algebra as in Sect. 2.1.1, we find that
when we restrict the general determinant (2.318) to

® o ) , (2.329)
p=q=1

Tx = det (m2i1,2jl

I<i,j<N
then

(3, + 9% = 4N 7. (2.330)
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Thus, the dimension reduction condition (2.309) is satisfied.

Now, we introduce free parameters in the determinant (2.329). As before, we
introduce them through &y(p) and no(q) of Egs. (2.322)—(2.323) as

oo o
&(p)=)Y a I p, molg) =) bW g, (2.331)
r=1

r=1

where a,, b, are complex constants.
Regarding the conjugation condition (2.315), it can be satisfied when we take
(x1, x3, a) as in Eq. (2.314) and constrain b, = a. Indeed, in this case, [ml(kj)]* =

k A A
51) when evaluated at p = ¢ = 1. Thus, t,:‘ = 7.

The above results can be summarized in the following lemma.

m

Lemma 2.7 The complex modified KdV equation (2.293) under boundary condi-
tions (2.295) admits rational rogue wave solutions of the following form

gn(x, 1) platr—60+a’r]

uy(x,t) = , (2.332)
In(x, 1)
where N is the order of the rogue wave,
fn =00, gn=o1, (2.333)
— (k)
or = det (mzi_l’zj_l ) , (2.334)
the matrix elements in oy are defined by
pd5) ()7
ml(k) — Mﬂm(k) i (2.335)
o] i! J! L
p=q=1
1 AN* eihrine
= L (_7> EB@) (2.336)
p+tyq q
o
E(P) = (p+ie)(x —31) — (p+ia)’t+ Y a,In" p, (2.337)
r=1
o
@) = @ —ie)x =30 — @ — i)’ + ) afin’ g, (2.338)

r=1

and ay, az, as, . .. are free complex constants.
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Lastly, we remove the differential operators in the matrix elements and derive
more explicit expressions of rogue waves through Schur polynomials. This deriva-
tion is similar to that for the generalized derivative NLS equations in Sect. 2.2, and
the resulting expressions are as given in Theorem 2.5, where parameters a, are
linearly related to a, in the above lemma. This derivation would be a bit simpler
if we introduce a factor of (p + 1)(¢ + 1) into Eq.(2.336), in which case this
derivation would closely resemble that for the NLS equation in Sect.2.1.1, and
parameters a, in Theorem 2.5 would be identical to &, in the above lemma. Using
the same techniques as in Sect. 2.1.1, we can also set xi = 0 in the resulting Schur
polynomial expressions. Furthermore, the parameter a; can be normalized to zero
through a shift of the (x, #) axes. Following these maneuvers, explicit rogue wave
expressions as presented in Theorem 2.5 for the CMKdV equation would be derived.
This completes the proof of Theorem 2.5.

The fundamental rogue wave can be obtained from the above theorem by setting
N =1, and we get

12t — 1 .
ur(x,t)y =1+ 5 m 120[ 5 - el[oz(x76t)+a3z]'
x24+9(a* +4)12+6(a?—2)tx + g

(2.339)

This rogue wave reaches peak amplitude of 3 at x = ¢ = 0. Its graph for @ = 1 is
plotted in the left column of Fig. 2.5.

Second-order rogue waves can be obtained from Theorem 2.5 by setting N = 2.
These rogue waves contain a free complex parameter az, as well as the background
wavenumber «. For ¢ = 1 and two a3 values of 0 and 30 + 301, the resulting two
second-order rogue waves are plotted in the middle and right columns of Fig. 2.5,

3 / 5 / 3 J
- - /
Jy - 1 ) il v, 1 el | - ) 2
P ; > 1le -
Y .r'.
-5 oy -5 0y -10 Or
0 0 0
X ; X ] X
57 5° 10 °=

uty | ) Jeez]

o 5 -5 [ 5 10 [ ]

Fig. 2.5 Rogue waves in the complex modified KdV equation (2.293) for « = 1. Left column: the
fundamental rogue wave |u|(x, ¢)| in Eq.(2.339). Middle and right columns: second-order rogue
waves |uz(x, t; a3)| with a3 = 0 and 30 + 30i, respectively. Upper row: 3D plots. Lower row:
density plots
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respectively. In the former case, this rogue wave reaches a peak amplitude of 5 at
(x,1) = (0, 0). In the latter case, it splits into three fundamental rogue waves as a
rogue triplet.

2.5 Complex Short Pulse Equation
The complex short pulse (CSP) equation

1
a1+ (|u|2ux> =0 (2.340)
X

was proposed by Feng (2015) as a model equation to describe ultra-short pulse
propagation in optical fibers. Here, u = u(x, t) is a complex-valued function. Since
this equation is invariant under the scaling of u — Au,x — |A|x and t — ¢t/|A]|
for an arbitrary complex number A, we can normalize the background amplitude to
unity and thus write the background as
u(x, 1) — €= x4 5 too, (2.341)
where « and w are the background’s wavenumber and frequency. Requiring this
background to satisfy Eq. (2.340), we find that o = «/2 — 1 /k.
Rogue waves in the CSP equation (2.340) have been derived by Feng et al.
(2022a) using the bilinear method. Here, we follow that paper but with some

modifications in the solution expressions.
General rogue waves in the CSP equation are given by the following theorem.

Theorem 2.6 The complex short pulse equation (2.340) under boundary condi-

tions (2.341) admits rogue wave solutions

en(y,2)

R S}

1
expli(y — ;Z)], (2.342)

where coordinates (x,t) are related to new coordinates (y, z) through the hodo-
graph transformation

1 1
x = ;y - EZ —2(In fn);, t=-z, (2.343)

N is the order of the rogue wave,

y=oo. gn=on, (2.344)
- (n)
o= lfg?th (m27—1’2j—1> ’ (2.345)
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fn > 0, the matrix elements in o, are given by

min(i, j) 1
ml(”]) = Z YT i—y(x T () + vs) Si—v(x™(n) + vs), (2.346)
v=0

vectors xi(n) = (xli 0, x3i, o,-- ) are defined by

1 1 a
x;(n) = EZ — (1:|:T)2y +n, (2.347)
X = Bz VY Fag. X, = (0 DY, (2.348)
Br = 1/Q2r!), vy are coefficients from the expansion
00
ﬁ - fia = ; i (2.349)

the parameter « is related to the background wavenumber k through k =
205/(012 — 1), the vector s = (0,52,0,584,---) is defined in Eq.(2.11), and
as,as,ay, ...,axN—1 are free irreducible complex parameters.

Proof Through a variable transformation

_ gy, 2)
f,2)

along with the hodograph transformation

u(x,t) expli(y — %z)], (2.350)

1 1
x=-y—-z=2(0nf), t=-z (2.351)
K 2

where f > 0 and g is a complex function, the CSP equation (2.340) can be
converted into the bilinear form

(DyDZ +iD, KlDy) g /=0 } (2.352)
@D2+1) f- f =g

To derive rogue wave solutions, we first consider a higher-dimensional general-
ization of the above bilinear equations,
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(DxyDx_y = 2) Tukd - Tukd = —2Tnt 1,0 Ta—1.k.0»
@Dy — 1) Ty 1 k0 Tkl = —Tnt1,k—1,0Tnk+1,0
(Dx, @Dy — 1) = 2a) Tug 1.k - Tkt = (Dx; — 2a) Tug 1 k=10 Tn k1,0
(Dx, 0Dg — 1) = 2b) Tug1 k1~ Tkt = (D — 2b) Tl ki =1 Tn k1415
(2.353)
where x1, x_1, r, s are four independent variables, and a, b are complex constants.

We will construct a large class of rational solutions to this system. Then, we restrict
those solutions so that they satisfy the dimensional reduction conditions

[0x, + 0x_, ] Tkt = CiTu s (2.354)
[azar - as] okt = Catukls (2.355)

and the index-reduction condition
Tn—1k+1,1+1 = C3Tn k1, (2.356)

where C1, Cp, C3 are certain constants. In this case, the first bilinear equation
in (2.353) under the condition (2.354) becomes

(D;%] + 2) Tnkl " Tkl = 2Tn 1k, I Tn—1,k,[- (2.357)

In addition, by letting b = 1/a, the fourth bilinear equation in (2.353) under
conditions (2.355)—(2.356) becomes

2 2
(Dxl (aD, —1) — ;) Tnt1,k,l - Tkl = — (Dxl + ;) Tnt 1,k—1,0Tn k41,1 -
(2.358)

Adding this equation to the third equation of (2.353) and utilizing the second
equation of (2.353), we get

1 1
(Dxl @Dy —1) —a— ;) Tkl * Tkl = (a + ;) @Dy — D)Tpuq1,k,0 - Tnk 1
(2.359)

which simplifies to
(aDa D = Dy = @+ DDy Tt Tkt =0. (2.360)

Now, we define
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f =100 &=7100 h=71-100 (2.361)
Then, Egs. (2.357) and (2.360) would become
(aDy, Dy — Dy, — (a*>+ 1)D,) g - f =0,
2.362
(D2 +2) f- f =2gh. ( )
Finally, we impose the complex conjugate condition
Tn*’o’o - t—n,0,0» (2363)
which yields f real and 4 = g*. In addition, we set
! i 20 (2.364)
X1 ==z, r=uay, a=ia, = ——, .
=5t Y w2 — 1

where « is a real constant determined by the background wavenumber «. Then,
the above bilinear equations (2.362) would become those of the CSP equation in
Eq. (2.352), and the corresponding solutions (2.350) would give rogue waves of the
CSP equation.

Next, we execute the above plan.

(a) Gram determinant solution for the higher-dimensional system
First, we present Gram determinant solutions for the higher-dimensional bilinear

system (2.353).

Lemma 2.8 Let m(n kl), (pl("k D and lﬂ(" KD pe functions of x1, x_1, r and s

satisfying the followmg differential and difference relations,

k,l k1
8X1m[’j (Yl ),(p(n )
ax1§0i(n];kl,l) gD(rl:llkll)’ a (‘;{(rlz kD) k111 11 k l)
3 (/)(n’ ) (ﬂ ) as (p(n ) (n )
(n k+1 n (n+1 k, l) (n k l) (n k l+1) g0(}1—i—1 k) bw(n,k,l)
i 1 ’
k1 1,k,1 k 1 1 k,l
ax”/f(” ) 1/[(" )’ )C 1I/f(n ) 1//("4' )’
k1 k41,1 k I k l+l
k 1, —1,k,l N Jk,[—1 —1,k,1 k1
(2.365)
Then the determinant
Tkt = det (ml{"?k’l)> (2.366)
=N\ B

would satisfy the higher-dimensional bilinear system (2.353).
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The proof of this lemma is along the lines of the proof of Lemma 2.1 in
Sect.2.1.1; see Feng et al. (2022a) for details (note that the last two equations
of (2.365) in Feng et al. (2022a) have typos in the signs in front of the a and b
coefficients which we have corrected here).

(b) Dimensional and index reductions

Next we derive algebraic solutions satisfying both the higher-dimensional bilin-
ear equations (2.353), the dimension reduction conditions (2.354)—(2.355), and
the index reduction condition (2.356), hence satisfying the (1+1)-dimensional
system (2.362). These solutions are obtained by choosing the matrix elements
appropriately in the Gram determinant solution in Lemma 2.8.

Lemma 2.9 We define matrix elements mf"j?k’l) by

{0 = A (2.367)
h p=q=1
where
1 ; 1 j
A= (pdp) . Bj == (g2)". (2.368)
k 1
ok — L <_£)n <_p - “) (__p — b) EP@ | (2.369)
p+a\ ¢ q+a q+b
1 1
E(p)=—x_1+px1+ r+ s + & (p), (2.370)
p p—a p—>b
@ = x4+ qx1+ ——r + +10@) 2.371)
= —X_ X r N s .
niq 7 1 T4gX] J+a q+b nolqg

b = 1/a, and &) (p), no(q) are arbitrary functions of p, q, respectively. Then the
determinant

_ (n,k,l)
is = det (5500 (2.372)

would satisfy the bilinear system

(aDx, Dy — Dy, — (@* + D)D) Tug1 k1 Tnkt =0, } 2.373)

2
(D3, 42) Tkt - Takd = 2Tnt 1 kI Tu Lkl

Proof It is easy to see that the m*D function in (2.369), together with its
corresponding ¢"%D and y %D functions, satisfy the differential and difference
system (2.365) without indices i and j. Then, since operators A; and 8; commute
with differentials 0y, dx_,, 9, and 9y, then A; B jm(”’k'l), with its corresponding

(pl.(”’k’l) and wj(.”’k’l) functions, satisfy the differential and difference system (2.365).
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Thus, from Lemma 2.8, we know that for an arbitrary sequence of indices

(i1, 62, ,IN; J1, J2, -+ » jn), the determinant
tois = det (mﬁ””.‘")) (2.374)
” l<v,u<N \ 'vJu

satisfies the higher-dimensional bilinear system (2.353).
Next, we consider dimension reduction conditions (2.354)—(2.355). Introducing
linear differential operators £ and £ as
L1 =3+, Lr=a%3 -0, (2.375)
then we have
legfljk’l) = A;B; Lim" D = A8, [Q11(p) + Qia (@)1 m™ED, (2.376)

and

Lom{) = A8 Lim "D = AB; 1@ (p) + Qua(@Im ™D, (2377)

where
1 1
Qup=p+—, Qug) =g+ —. (2.378)
p q
2 1 2 1
Q = - Qi) = -—, 2.379
21(p) P — h2(q) gta q1b ( )
and b = 1/a.

We select pg and gg values to be roots of the following algebraic equations
() =0, Q(g) =0. (2.380)
These equations have simple roots 1. Without loss of generality, we take
po=1, qo=1. (2.381)

Importantly, one can verify that these pp and go are simple roots of equations
@,,(p) = 0and @,,(q) = 0 as well, i.e.,

@, (po) =0, @,(q0) =0. (2.382)
This fact guarantees that both dimension reduction conditions (2.354) and (2.355)

will be satisfied simultaneously. A general proof for this using the Faa di Bruno
formula can be found in Feng et al. (2022a), and we will use that general proof to
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handle a similar situation in the massive Thirring model in Sect.2.12. Below, we
will provide a simpler but less general proof for the simultaneous satisfaction of
both dimension reduction conditions (2.354)—(2.355).

Regarding the first dimension reduction condition (2.354), using the Leibnitz
rule, we have the operator relation

| | —1)!
AQu(p) =) i [(Pap)lQu(P)] A=) i (P 4! p) )ﬂi—L
=0 " =0 "

(2.383)

This relation is the same as that we encountered in Sect. 2.1.1 for the NLS equation.
Using this relation and a similar one for 8;Q12(¢), and following similar steps as
in Sect.2.1.1, we get

i 1 i
1 -D 1 (-1
(n,k,l) (n k l) (n,k,D)
£l =30 (o CEYmirt0 -5 1 (a0 T it
1=0 =0
(2.384)

Evaluating this relation at p = g = 1, we arrive at the first contiguity relation

i j
) _ 1k 1k
L mi; p=q=1 2 Z i mi_y,j p=q=1 +2 Z N m; j—i p=qg=1"
=0 =0
l:even l:even
(2.385)

Regarding the second dimension reduction condition (2.355), using the Leibnitz
rule, we have the operator relation

i
1
A1 (p) = Z m [(Pap)lel(p)] Ai—i. (2.386)

=0

A similar relation can be written for 8;@2(g). Thus,

i 1 j 1
k1 k1 k1
Lzmz(,nj '= Z n [(Pap)lQ2l(P)] m?’il,,) + Z i [(qaq)lez(CI)] m,(,"j_,).
=0

=0
(2.387)

Notice that

(P3p)' Qa1 (p) = By , Qa1 (p) = 0:Qa1(e)| (2.388)

=Inp
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Then, defining

= (Pap)lQZI(p)‘p_l , (2.389)
we see that
o= 3Q(e) o~ (2.390)
But
a? 1 a(l —a?)
€) = —_ =
Q1 (ef) = c—a E—aT (P —ac ) (e —ac) (2.391)

is an even function of €. Thus, {; = 0 when the index / is odd. Similarly, defining
o = (qu‘?q)’sz(q)Lr1 , (2.392)

we can show that 6; = 0 when its index [ is odd as well. Then, evaluating Eq. (2.387)
at p = g = 1, we get the second contiguity relation

i J
] 0
Lo mE"?k’l) = 4 ml(’ilkl) + Z — ml(nlill)
J p=q=1 = I o p=g=1 l! )

[:even l:even

p=q=1"
(2.393)

Both contiguity relations (2.385) and (2.393) relate matrix elements with indices
shifted by even numbers. Then, if we restrict the general 7 solutions (2.366) as

(n,k1) ‘
. _ det ' . i 2.394
n,k,l 1<i, <N <m2l—1s21_1 p_q_l) ( )

then for the same reasons as explained in Sect. 2.1.1, we will find that
Litnk1 =4Nto k1, Lotk = o +600)N Tk, (2.395)
or equivalently,

L1k = [Q11(po) + Qi2(qo)1 N Ty k1, (2.396)
Loty i1 = [Q1(po) + Q22(qo)I N Ty i1 (2.397)

So both dimensional reduction conditions (2.354)—(2.355) are satisfied simultane-
ously.
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Next, we consider the index-reduction condition (2.356). We start with

mgf’Lj—l,k-Fl,[-Fl) — ﬂiBjm(n—l,k-‘r],l-‘rl) — ﬂlB] [ﬂl(p)ﬂz(q)] m(n,k,l)’
(2.398)

where

(p—a)(p—>b) —q

= = — 2.
Hi(p) » . Ha(g) TEIET) (2.399)

Applying the Leibnitz rule and following similar calculations as above, we have

(n—1,k+1,I+1) (n,k,0)
m; ; — ZZ r—,—,?‘(l rHos mi 2 A (2.400)
where H , and H;  are constants defined as
Hir = (pdp) HI(P)|,_y . Hos = (499 Ha(9)],_, - (2.401)

Since b = 1/a, using the same technique as that from Egs. (2.388)—(2.391), we can
show that H , and Hj ¢ are zero when their indices r and s are odd. Thus, we arrive
at the contiguity relation for index reduction

i 7
B 11
(1 LkHLID =33 ——Hi,Ha, m"™ f}”ﬂ (2.402)

L] p=g=1 r!s!

=g=1
r=0 s=0 b=a
r:even s:.even

Applying this contiguity relation, we can show that

(n—1,k+1,1+1) _ (kD)
<m2i—1,2j—1 et =L\ myZinj| _ v,
P=4=1/1<i,j<N P=4=1/1<i,j<N

(2.403)

where L and U are lower and upper triangular matrices with diagonal entries as Hj o
and H> o, respectively. Then, taking the determinant on both sides of this equation,
we get

(1—a)?

Trar (2.404)

N _
Tt k41,041 = K"ty k1, K =HioHr0 =

Thus, the index-reduction condition (2.356) is satisfied.
Since our t function (2.394), i.e., Eq.(2.372) in Lemma 2.9, now satisfies
the dimension-reduction conditions (2.354)—(2.355) and the index-reduction con-
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dition (2.356), they then satisfy the bilinear system (2.373). Thus, Lemma 2.9 is
proved.

Regarding free parameters, they are introduced through &p(p) and np(g) in
Egs. (2.370)-(2.371) as

o0 o0
&(p) =) a-I'p, molq) =) b In'g, (2.405)
r=1

r=1

where a, and l;r (r =1,2,...) are complex constants.

Finally, we impose the complex conjugate condition (2.363), i.e., 1:70’0 =
T_p,0,0- After the dimension reduction, we can set x_; = s = 0 in the &£(p) and
n(g) expressions (2.370)—(2.371). In this case, if we set a to be purely imaginary
and denote a = ia, where « is a real parameter, and constrain the parameters in
£0(p) and 1o(¢) above as b, = a*, then [mgfljfo’o)]* = m(.;"’o’o). Thus, the conjugate
condition (2.363) is satisfied. After assigning x| and r variables and parameter « as
in Eq. (2.364), the t function (2.372) then would give rational solutions to the CSP
equation (2.340) through transformations (2.350) and (2.351).

We can also show by the technique of Sect.2.1.1 that 7900 > 0. In addition,
these rational solutions are rogue waves satisfying the boundary conditions (2.341).

Summarizing the above results, we have the following lemma on rogue waves of
the CSP equation in differential operator form.

Lemma 2.10 The complex short pulse equation (2.340) under boundary condi-

tions (2.341) admits rogue wave solutions of the following form

gN(yv Z)

uN e 1) = NG, 2)

1
expli(y — ;Z)], (2.406)

where coordinates (x,t) are related to new coordinates (y, z) through the hodo-
graph transformation

1 1
X=oyoois 2(In fn),, t=-2z, (2.407)

N is the order of the rogue wave,

fN = 70, gN = 11, (2408)
= ()
W= det (m2’;—1,2j—1> : (2.409)

fn > 0, the matrix elements in T, are defined by

_ (1’317)’ (qaq)'l m®

) _
i i

(2.410)

p:q:l ’
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n
m™ — <;) <_£) e%'(P)-H?(tI)’ (2.411)
p+gq q
o o0
£(p) = —pz o A, (2412)
—ia =
l r
1) = 543+ oy F Z Ing, (2.413)
o is related to the background wavenumber k through k = 2a/(a* — 1), and
ai,ap, as, ..., axN—1 are free complex constants.

Next, we remove differential operators in the above lemma and derive more
explicit expressions of rogue waves through Schur polynomials. For the current
choice of the m™ function in Eq. (2.411), this derivation is similar to that for the
generalized derivative NLS equations in Sect. 2.2, and the resulting expressions are
as given in Theorem 2.6, where parameters a, are linearly related to @, in the
above lemma. This derivation would be a bit simpler if we introduce a factor of
(p+ (g + 1) into the m™ function in Eq. (2.411), in which case this derivation
would resemble that for the NLS equation in Sect.2.1.1, and parameters a, in
Theorem 2.6 would be identical to a, in the above lemma. In addition, using the
same techniques as in Sect.2.1.1, we can set x2ir = 0 in the resulting Schur
polynomial expressions. Skipping these calculations, we arrive at explicit rogue
wave expressions of the CSP equation in Schur polynomial form as presented in
Theorem 2.6. This completes the proof of Theorem 2.6.

The fundamental rogue wave can be derived from Theorem 2.6 by setting N = 1,
and we get

N 16ia2y — 4(1 + a2)?
D= I T —2a(l — adye + 227 + (1 1 a2
x exp[i(y — ;z)]. (2.414)

This fundamental rogue wave reaches a peak amplitude of 3 at x = ¢ = 0. When
a = 4, its graph is displayed in Fig. 2.6.

Second-order rogue waves can be obtained from Theorem 2.6 by setting N = 2.
These solutions have a free complex parameter a3. For @« = 4 and two choices of the
as values 0 and 50, the corresponding rogue solutions are displayed in Fig. 2.7. In the
former case, the rogue wave reaches a peak amplitude of approximately 4.287267.
In the latter case, it splits into a rogue triplet.
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Fig. 2.6 Graph of the fundamental rogue wave (2.414) with @« = 4 in the complex short pulse
equation (2.340). Left: 3D plot; right: density plot
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Fig. 2.7 Second-order rogue wave solutions in the complex short pulse equation (2.340) with
a = 4. Upper row: az = 0; lower row: a3 = 50. Left column: 3D plots; right column: density plots

2.6 Sasa-Satsuma Equation

The Sasa-Satsuma equation was proposed as a higher-order nonlinear Schodinger
equation for optical pulses that includes some additional physical effects such as
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third-order dispersion and self-steepening (Sasa and Satsuma 1991; Hasegawa and
Kodama 1995; Agrawal 2001). Through a variable transformation, this equation can
be written as

Uy = tyxy + 6lu|Puy 4 3u(lul®)y. (2.415)

Sasa and Satsuma (1991) showed that this equation is integrable.

Through a simple scaling, continuous-wave backgrounds of the Sasa-Satsuma
equation can be normalized to have unit amplitude. Hence they can be written as
u(x, t) = @~ where o and w are the wave number and frequency parameters.
Inserting this background wave into the Sasa-Satsuma equation (2.415), we find that
w = a’ — 6a. We seek rogue waves which approach this background at large time
and space, i.e.,

u(x,t) — ei[“(x+6t)7“3’], x,t = too. (2.416)

Rogue waves in the Sasa-Satsuma equation have been derived before by Chen
(2013), Mu and Qin (2016), Ling (2016), Mu et al. (2020), Feng et al. (2022b), and
Wu et al. (2022), by Darboux transformation or the bilinear method. We will use the
bilinear method, following Wu et al. (2022) but with modifications in the solution
expressions.

General rogue waves in the Sasa-Satsuma equation are given by the following
theorem.

Theorem 2.7 When |a| > 1/2 where the algebraic equation Q,(p) = 0 with

1 1
Qi (p) = -

+ —+p (2.417)
p—1o p+io

admits a pair of simple complex conjugate roots (po,1, po,2) With po2 = pg 1, the
Sasa-Satsuma equation (2.415) under boundary conditions (2.416) admits rogue
wave solutions

o .
un(x, 1) = ﬁel[ﬂx%’)—“}”, (2.418)

where N is the order of the rogue wave, oy is a2 x 2 block determinant

o111 S [1.2]
org =det| KT ), (2.419)
Ol %%k

(.J1 _ (, (kI.1.J)
Okl —(

m2i71,2j71)]si!jst (2.420)

the matrix elements in UIEIZ’J] are defined by
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min(i, j)

1 1%
*LIT) _ P1,1P1,J }
m:
h g) <PO,1 + PO,J) |:(P0,1 + po,s)?
< Si_, (fo(k, D+ usu) Sis (x;,(k, D+ vs,,,) . 420

+ + +
vectors xIJ(k, = (xu,], Xyt ) are defined by

X:I,J(k, D) =pri(x+6t)+ Bt + kb1 + 11 —brrg+ar;, (2422)
x;[,‘](kﬂ D)= pri(x+60)+ Brit —kkpg — 101 — by g +ary, (2.423)

Dr.1, Br.1, 0.1, Ar.1 and by 1. j are coefficients from the expansions

Py =Y prac”s [pr P = (po)’ Zﬂrm (2.424)

[ L) Z@ﬂc H[M}ix L (2.425)
r. p()’]—‘r—ia g r, ’ .

po,1 — i
o0
In [M} = b, (2.426)
Do,1 + po,J o

the function py (k) is defined by the equation
Q1 [p1 (k)] = Qi (po,1) cosh(x), (2.427)

the vector sy j = (s1,1,7,52.1,J, * - ) Iis defined by the expansion

1 _ o0
In |:— (po,l + pO’J) <p1 () = po1 )} = Zsr,I,JKr, (2.428)
K pLI p1(K) + po.y prt
arp = ar pandary (r =1,2,...,2N — 1) are free complex constants.

Proof Through a variable transformation,

u(x, 1) = ff(’; tt)) iler(x+6n—a’r], (2.429)

where f is real function and g a complex one, the Sasa-Satsuma equation (2.415)
can be converted into a set of bilinear equations
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(DI +4) [ f =42
(D, +2ia) g - g* = 2iafh, (2.430)
(D} — D, + 3iaD? — 3(a® — 4)D; + 6ia) g - f = Giagh,

where 4 is an auxiliary function.
To get rational solutions, we begin our reduction from the following higher-
dimensional bilinear equations in the extended KP hierarchy

P Dy —2) T - Tk = — 2Tk 1,1 Th—1,15 (2.431)
sDxy = 2) Tt - Thg = = 2Tk 111 Thod— 1 (2.432)

D;

1

— Dy, + 2aDX|> Tl - Tk =0, (2.433)

X1

D2 — Dy, + 2be1) Tttt - Tes = 0, (2.434)

Dy

1

+3Dy, Dy, — 4Dy, +3a(D2, + D) + 6a2Dxl) Tep1s - Tey = 0, (2.435)

X1

D, ( — Dy, + 2an1) - 4Dxl> Tt - Tey = 0, (2.437)

(D
(D
(D +3Dy, Dy, — 4Dy, +3b(D2, + D) + 6b2Dxl) Trs - Tes = 0, (2.436)
(Dv ( — Dy, + 2be1) — 4Dy ) Tt - Tt =0, (2.438)

D, ( 2 D, + 2an1) — 4Dy, +a— b)) Tl - Tes +
+4(a — b)Tp41,141Tk -1 =0, (2.439)

(D (D2 = Dy + 26Dy ) = 4Dy, + b — @) i - 7o +
+4(0b — ) Tpt1,04+1Tk-1,1 = 0, (2.440)

(Dx; +a = b) Thr1 - Thirt = (@ — D) Ty 1,141 Tk 1 (2.441)

We will construct a broad class of algebraic solutions to this bilinear system. Then,
we introduce the dimension reduction condition

(0r + 05 + 0x )Tk = Cpe g, (2.442)

where C is some constant. Under this condition, adding Eqgs. (2.431) and (2.432)
gives

(D3, + 9Tkt Tet = 2(Thp 1Tk 10 + Thd 41Tk~ 1)- (2.443)

In addition, performing
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3a x Eq.(2.433) 4 Eq. (2.435) + 3 x (Eq.(2.437) 4 Eq. (2.439)) (2.444)
would eliminate x, and yield the equation
(D3, = Duy +3aD2 + 3@ +2)Dy, +3@ = b)) e,
Tkl = 3(a@ — b)Th41,141 Tk 1-1- (2.445)
Similarly, performing
3b x Eq.(2.434) + Eq. (2.436) 4+ 3 x (Eq. (2.438) + Eq. (2.440)) (2.446)
would yield the equation
(D3, = Doy = 3aD2, +3(@® + 2Dy, = 3(@ = b)) T+
Tkt = —3(a = B) g 1,141 Th—1,1- (2.447)

Now we set b = —a and k = [ = 0. Then the bilinear equations (2.441), (2.443),
(2.445) and (2.447) become

(D, + 70,0 - 70,0 = 2(T1,0T1,0 + T0,1T0,1), (2.448)
(Dxl + 2a) 71,0 To,1 = 2aty 1, (2.449)
(D;. — Dy, +3aD}, +3(@® +2)Dy, + 6a> 1,0 - T0,0 = 6aT1,170,~1,
(2.450)
(Dil — Dy, — 3aD)%l + 3(612 +2)Dy, — 6(1) 70,1 * T0,0 = —6ati,17-1,0-
(2.451)
Then, if we set
xp=x+6f, x3=t, a=ia, f=710 g=T10 h=7111, (2452)
and impose the conjugation and index conditions
Tr=Thkr Tog = Th0» Thil =Tl —k (2.453)
for k,I = 0,1, the above bilinear system (2.448)—(2.451) would become the
bilinear system (2.430) of the Sasa-Satsuma equation, and algebraic solutions to the

higher-dimensional bilinear system (2.431)—(2.441) would give rational rogue wave
solutions of the Sasa-Satsuma equation through the bilinear transformation (2.429).
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Next, we execute the above plan.

First, we construct a broad class of algebraic solutions to the higher-dimensional
bilinear system (2.431)—(2.441). Introducing functions m(k.l), <p(k D and Ip(k D
depending on variables x1, x7, x3, r and s, satisfying differential and difference
relations

k.l k.l k.l
8)(|m(,] ) _ ( )w( )
k.l k.l k+1,1 k.l k141
am{pi(k; _a(p( )k—il_ (0( k)l_l b(p( ) kwl( )’k 1-1
axll/f]( ) _ W( ) W( ) W( ) w}( 1= )’
() n<m ! k) nl «h (2.454)
) = i) . g it = oyt = 2.3
I k— ll k k+1,1
r<ﬂ,< ) (p( ) o, 1/,( ) _ W( )
k,l k,l—1 k,l k,l+1
35(.0,( ) (,0( ) 3 W( ) w( )
k,l k+1,1 k,l k.l k—1,1 k,l k,l
8x2m(’]) (+ )w( )+ ( )W( )+2 ( )W( )
k.l k,I+1 k.l k.l k,I—1 k.l k.l
3xzm§,-) l( + )W( )+ ( )w( )+2b ( )1//( )
k.l k+2,1 k.l k+1,1 k.l k+1,1 k 1,1
8X3m§,j) ( + )1/’( )+3 ( + )1//( )+ !( + )I/IJ( )+
k.l k.l k+1,1 k—1,1 k,l k—2,1
VD gDy g 620
k.l k,1+2), (k1 kI+1), (Kl kI+1) (K11
dyym l(])_ l( +)W( )+3b ( +)W( ) ( +)W( )+
+3b2 (k l)wj(k ) +3b (k l+1)1/f](kl 1) +¢ (k l)l/f(kl 2)
3, m(k h_ (k 11)w(k+1 D 3rm,(k D (kl I)W/(k l+1)
ity _ (k b <1<’ Dok z+1> m®D 4 ok D I+
i i, ’ w , ml ; m; ) wj ,
(2.455)
where a and b are arbitrary complex constants, then the 7 function
w = det (mf" ”) (2.456)
1<i,j<N J

would satisfy the higher-dimensional bilinear system (2.431)—(2.441) (Ohta and
Yang 2012a; Yang and Yang 2021b; Wu et al. 2022).

To get algebraic solutions to this bilinear system, we define matrix elements in
the t function (2.456) as

m{S? = A, B;m D, (2.457)

where

k 1
m&D — 1 _pb—a P~ b S PHn@) (2.458)
p+q q+a qg+b
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1
&(p) = —5° +é(p), (2.459)
_ _ 2 3 1 1
ng) =qx1—q°x2+gq x3+—q+ar+q+bs+no(q). (2.460)
= LT (l,-),) S —[fZ(i).aq]]’ (2.461)

and f1 (p), f2(q), &o(p) and no(g) are arbitrary functions. It is easy to see that these
) functions and their <p( D and w(k D counterparts satisfy the differential and
dlfference relations (2.454), and thus the T function

w =  det (mf" ”) (2.462)
1<v,u<N voJu
for an arbitrary sequence of indices (i1, i2, - - ,iN; j1, j2, -+ , jn) would satisfy

the higher-dimensional bilinear system (2.431)—(2.441).
Next, we consider the dimensional reduction condition (2.442), following the
“W-p treatment (see Sect. 2.3). Introducing Ly = 9, + 95 + 9y, , it is easy to see that

Lom{5" = A, 8; Lom*D = A8, 1Qi(p) + Q) m ™D, (2.463)
where

A=t p Q= 1+1+ (2.464)

lp_p_a p+a pa 2q b q+b q .

We will select pg and gq values to be roots of the following algebraic equations
1(p) =0, (@) =0. (2.465)
From the text below Eq. (2.447) as well as from Eq. (2.452), we know that
a=—-b=ia. (2.466)

Thus, the function @ (p) above is the same as that in Eq. (2.417) of Theorem 2.7.
The algebraic equation Q) (p) = 0 can be written out as

pr 2 = D)p? 4+ a?(@® +2) =0, (2.467)

whose roots are

po = :I:\/(l —a?) £/1 —4a2. (2.468)
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When |a| < 1/2, this equation has two pairs of simple real roots. When || = 1/2,
it has one pair of double real roots. When || > 1/2, it has four simple complex
roots which form a quartet of (po, p§, —po, —pg)- The go roots of the Q,(q) = 0
equation are the same as these pg’s.

The types of Sasa-Satsuma solutions we will get depend on the structure of these
four roots. For simple (po, go) roots, following the “W-p treatment for dimension
reduction (see Eq.(2.257) in Sect.2.3), functions f1(p) and f>(q) in differential
operators A; and 8; would be chosen as

V@ () — @ (po) V@& @) — @(qo)
filp) = ; . g = - . (2.469)
1(p) @ (q)

In this case, we can restrict indices of the general determinant (2.456) to

(k.l) ‘
T = det ms. . . 2.470
kol lfi,ij( 212721 e, q—qo) ( )

Then, repeating the calculations of Sect. 2.3, we get
Lotk,r = [Qi1(po) + Q2(q0)] N 1. (2.471)

Thus, this ¢ ; function satisfies the dimension reduction condition (2.442).

However, this single block t function (2.470) would only yield a rational solitary
wave solution, not a rogue wave. To get rogue waves, roots of the algebraic
equation (2.467) should form a quartet of (po, p(*)‘, —po, — pa") which are distinct
from each other, which happens when || > 1/2. In that case, we need to use a pair
of its complex conjugate roots (po.1, po,2), where

P02 = Po.1» (2.472)
and a pair of ¢’s simple complex conjugate roots (go.1, go,2) Where
qo1 = poys, I=1,2. (2.473)

Then, we construct a 2 x 2 block determinant,

L1112
T =det< ’;’2{1] ’?2{2]>, (2.474)
Tl Tk

where

o7 = mati < j<n <m§’§£>1,2j_1 L 1<I1,J<2, (2475

‘p:[’().lv q—qo,J)
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m*D is given by Eq.(2.457) with [ f1(p), f2(q)] such as in (2.469) replaced by

12%)

[ff”(p) 137 (@)1 and (po. qo) replaced by (po,1. qo,), & is replaced by £o.1, 10
is replaced by no, s, and N is an arbitrary positive integer. In this case, calculations
similar to that in Sect. 2.3 show that

Loty = {Qi(po.1) + Q(q0.1) + Q1 (po.2) + Q(qo.2)} N1iy.  (2.476)

Thus, this 2 x 2 block determinant (2.474) also satisfies the dimension reduction
condition (2.442).
Next, we consider the conjugation and index conditions (2.453), i.e.,

T = Thoks r{{k =Tk0, Tkl = Tl —k- 2.477)
If we take

g=p, no(q) =ép) (2.478)
in mgl 1)1 2j-1 of Eq. (2.475) after the differential operation, then we can see that the
resultmg 7k, would satisfy the condition

Tkl = T—1,—k (2.479)

due to the (p, g) symmetry in mglc'f)l,zj—l when b = —a and (x», r, s) being set to
zero after dimensional reduction.

Regarding the remaining conjugation conditions in Eq.(2.477), they can be
satisfied when we impose the constraint

€02 = &) (2.480)

in Eq. (2.475). This constraint, together with pg 2 = p(*;’l in Eq. (2.472) and the fact
of b = —a being purely imaginary, guarantees that

= mbeLD (2.481)

(k,1,3—1,3—7T)
m i
’ P=p0.1, 4=P0,J

i P=Dp0,3-1, 4=P0 3—1]

for I, J = 1, 2. Thus,
‘L']zl = T4, (2.482)

which means that the remaining conjugation conditions in Eq. (2.477) are satisfied.
As aresult, the 2 x 2 block determinant (2.474), under Eq. (2.452) and the bilinear
transformation (2.429), would provide Sasa-Satsuma’s rational solutions which turn
out to be rogue waves.
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Free parameters in these rogue waves can be introduced by expanding the
arbitrary function &y 1(p) as

0.1(p) =Y ar " W (p), (2.483)

r=I1

where (Wﬁl)(p) is given from Eq. (2.257) as

Q)+ @) - @ po)

WP (p) , (2.484)
! Qi (po.1)
which is related to fl(l) (p) through the equation
W(l)
Py = — (1()p L (2.485)
W, (p)]
and aj 1,a2,1,... are free complex parameters. This way of introducing free

parameters in the ‘W-p treatment has been seen in Sect. 2.3.

Putting all the above results together, general rogue wave solutions for the Sasa-
Satsuma equation in differential form would be obtained, and these results are
summarized in the following lemma (Wu et al. 2022).

Lemma 2.11 When |a| > 1/2 where the algebraic equation Q/l (p) = 0in
Eq. (2.465) admits a pair of simple complex conjugate roots (po.1, po.2) with
P02 = P | the Sasa-Satsuma equation (2.415) admits rogue wave solutions

Mei[a(x+6t)—a3t]’ (2486)
70,0

uy(x,t) =

where N is the order of the rogue wave, T 1 is a 2 x 2 block determinant

L1 11.2]
Th :det( M ’b{ﬂ), (2.487)
Tkt Tkt
UJ1 _ o, k1 1T) ) 24
Tk, ( 2i-1.2j-1) 1 oy (2.488)
. o 1LJ]
matrix elements in T, ;*" are defined by
(10w, [ @a,]
&) m(k,l,[,])‘ . (2.489)

LJ i! J! P=p0,1.4=P0,J
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o @) - o \/am) @ (0.)

(p) 7 ) (2.490)

Ql(P) Qz(q)

. k . I

et _ 1 (_ P— 10‘) (_ P+ w‘) 1D @) (2.491)

p+q\ q+ia q—i ’
£/(p) = p(x +61) + p’t + &.1(p), (2.492)
f.1(p) =Y arni " W (p). Eoa(p) =Y af " WP (p), (2493

r=1 r=1
b Q) @) @ o)

Wi (p) = (2.494)

Qi(po,1) '

anday 1, a1, ...,a2N—1,1 are free complex constants.

More explicit Schur-polynomial expressions for these rogue waves can be further
derived by methods we have used earlier, and the corresponding results are as
presented in Theorem 2.7. This completes the proof of Theorem 2.7.

Note that for reasons similar to those in Theorem 2.1, @.yen,1 constants in
this theorem are dummy variables which do not contribute to the solutions.
True free complex parameters in rogue waves of this theorem are only
ai1,as1,4as.1,-..,axn—1,1- In addition, a; | can be normalized to zero through a
shift of the (x, #) axes. Thus, the irreducible free parameters in these rogue waves
are a3 1,ds 1, ..., d2N—1,1-

To get the fundamental rogue wave of the Sasa-Satsuma equation, we take N = 1
in Theorem 2.7. Then, graphs of this fundamental rogue wave for « = 2 and 1 are
plotted in Fig. 2.8. It is seen that the rogue wave with « = 2 has a single hump (with
peak amplitude of approximately 2.4495), while the one with @ = 1 has two humps
(with peak amplitude of approximately 2.5671 each).

Second-order rogue waves of the Sasa-Satsuma equation can be obtained by
taking N = 2 in Theorem 2.7. Four such waves, witho = 2 or 1 and az; = 0 or

Fig. 2.8 The fundamental Juy ) |uq]
rogue wave |u](x, t)| in the I i
Sasa-Satsuma equation

(2.415). Left: o = 2; right:

a=1

Lo - - 08
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Fig. 2.9 Second-order rogue Jua| [te2]
waves |u2(x, 1)| in the 2

Sasa-Satsuma equation
(2.415). Upper left: « =2
and a3,; = 0; upper right:

a = 1andaz; = 0; lower
left: « = 2 and

a3,1 = 30 — 30i; lower right:
a =1landaz; =30 — 30i

30—30i, are plotted in Fig. 2.9. It is seen that when a3,; = 0, the rogue waves exhibit
complicated profiles. But when a3 1 = 30 — 30i, they split into three fundamental
rogue waves.

2.7 Parity-Time-Symmetric Nonlinear Schrodinger Equation

The nonlocal NLS equation
iy (x, 1) = ux (x, 1) + 2u(x, Hu* (—x, 1) (2.495)

was introduced by Ablowitz and Musslimani (2013). The nonlinearity in this
equation is nonlocal and parity-time ($7) symmetric (Konotop et al. 2016). Thus,
it is called the P7-symmetric NLS equation. A potential physical application of
this equation has also been identified in the context of an unconventional system
of magnetics (Gadzhimuradov and Agalarov 2016). Since its introduction, this
nonlocal NLS equation has been heavily studied (Ablowitz and Musslimani 2016;
Wen et al. 2016; Huang and Ling 2016; Gerdjikov and Saxena 2017; Yang 2018;
Feng et al. 2018; Santini 2018; Yang and Yang 2019, 2020b). In particular, three
families of its rogue waves were derived by Darboux transformation in Yang and
Yang (2019), and its more general rogue waves were derived by the bilinear method
in Yang and Yang (2020b).
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In this section, we derive its rogue waves, using a bilinear method that is based on
Yang and Yang (2020b) but is significantly improved. The improvement comes from
a better paramaterization (as in Sect.2.1.1) that leads to much simpler expressions
of rogue wave solutions than those in Yang and Yang (2020b).

Through a variable scaling, we can normalize the continuous-wave background
to have unit amplitude. Thus, we consider rogue waves with the following boundary
conditions

u(x,t) = e 3, x,t — £o0. (2.496)

Our explicit expressions of general rogue wave solutions in the P7-symmetric

NLS equation (2.495) are summarized in the following theorem.

Theorem 2.8 The PT-symmetric nonlinear Schrodinger equation (2.495) under
boundary conditions (2.496) admits the following rogue wave solutions

T
Uy (x, 1) = 6_2”%, (2.497)
where
(n) p(n)
7 I
1,1 1,2
Tn (’n) (’n) y (2498)
Ly,

1"1(;!) are N; x M block matrices defined by

(n) _ (n)
= (m2k*i’ 21*1)15k51v,-, 1<i<Mm;’ (2.499)

N1, N2, My and M> are arbitrary non-negative integers with the constraint of N1 +
Ny = M| + My = N, the matrix elements in 1"1-(']1-) are defined by

mini. j)

miy = Y ST +vs) S; () vs). (2500)
v=0

vectors xi(n) = (xli(n), 0, xéc, 0,.. ) are defined by

x]+(n)=x—2it+n+a1, x; (n) = x +2it —n + by, (2.501)

x — 2%z x + 2%z

+ —
Xopy] = m T axu+1, Xy = m + bog+1, (k= 1),

(2.502)
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the vector s = (0, 52,0, 54, ...) is defined in Eq. (2.11), ari—1, bak—1 are complex
constants with

R(az-1) = R(bx-1) =0, (2.503)
R and J represent the real and imaginary parts of a complex number, and

{J(ak—1),1 <k <max(2N| — 1,2N, — 2)},
{I(bak—1), 1 <k <max(M; — 1,2M> — 2)}

are free real parameters.

Remark The degrees of polynomials o, (x, f) in both x and ¢ for rogue waves in
Theorem 2.8 are

1
deg(on) = 5 [ (V1 = N2+ (N1 = Np) + (M) = Mo)? + (M = M) .
(2.504)
Proof of Theorem 2.8 First, via the variable transformation
u=e25% (2.505)

7
the P7-symmetric NLS equation (2.495) is transformed into the bilinear form,
2 Cf — 03
(D} +2)f - f =288, } (2.506)
(Dy —iDyg - f =0,
where the overbar on a function g(x, ) is defined as

gx, 1) = g"(—x,1), (2.507)

and f is a complex function satisfying the condition

flx,0) = f(x,0). (2.508)

In order to derive algebraic solutions to the bilinear equations (2.506), we
consider a solution reduction from higher-dimensional bilinear equations in the KP-
hierarchy. We introduce a Gram determinant

_ (n)
W= det (m j) , (2.509)

(n)

where the matrix element m; j is a function of x_1, x1 and x, defined as
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1 1 n
m") = A;Bim ™|y =1, mme%(—g) ST (2.510)

1 1
£ = -t pxi prxa+E(p), n(g) = pa R g*x2 + no(q),

(2.511)
A; and B; are differential operators with respect to p and g as
1 i 1
A = q (pdp) ., B = ]' (994 ) (2.512)
&y (p), no(q) are arbitrary functions of p and g which can be expanded as
o0 o0
&o(p) =Y ar(np), nolg) =) bi(ng), (2.513)

and ag, by are arbitrary complex constants. Then we have known from Sect.2.1.1

that for arbitrary sequences of indices (i, i2, ..., iN; j1, j2, ..., jN), the determi-
nant
= det (m") (2.514)
1<v,u<N voJu

would satisfy the higher-dimensional bilinear equations

(DX1D = 2) T T = —2Tp 41 Tu—1 } (2.515)
( — Dy,) Tpy1 - = 0.
In addition, the matrix element m j with p = g = 1 satisfies the contiguity
relation (2.45), i.e.,
v 1w N
n _ - n n
(O + 9xy) i, J 1 p=g=1 =2 Z I miil‘j’pzqzl +2 Z l' ldil‘p:q:l
=0 =0
l:even l:even
(2.516)

Using this contiguity relation, we can show as in Sect. 2.1.1 that any one of the four
determinants

ay _ () ‘ @ _ () ‘
T,/ = det M. . , T, = det m ,
n 1<i,,/<N< 2i—1,2j—1 p=qg=1 n I<i,j<N 2i—1,2j-2 p=g=1

(2.517)
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3 _ () ‘ @ _ (n) ‘
7,7 = det ms. . , T, = det ms. . ,
n lfi,ij( 2i—2,2j-1 p=g=1 n 1<i,j<N 2i—2,2j-2 p=q=1

(2.518)
satisfies the dimension reduction condition
(0x, + 0x_,)Th =4NT1,. (2.519)

But more importantly, if we combine the matrix elements of these four determi-
nants into a 2 x 2-block determinant

(m(t?) . ) (m(r;) ‘ )
212V cienyi<jemy N 2702072 cian i<j<my

=220 hcicmpa<jsmy N\ HT2E 2 cicny <= | oy
(2.520)

where [Ny, N2, M1, M3] are arbitrary non-negative integers with N1 + No = M1 +
M, then this 7, would still satisfy the dimension reduction condition

(3x, + 3x_ )T = 4(N1 + N2) 7. (2.521)

This more general block determinant solution fulfilling the dimension reduction
condition allows us to derive a wider class of rogue waves in the P7-symmetric
NLS equation (2.495) than in the NLS equation (2.5).

Applying this dimension reduction condition (2.521) to the higher-dimensional
bilinear equations (2.515), we see that the block determinant (2.520) would satisfy
the (1 4+ 1)-dimensional bilinear equations

(D)%l + 2) Tn - Tn = 2Tu41Tn—1

(D2, = Dyy) Tat1 - T = 0. (2:522)
Then, if we set n = 0 in the above bilinear equations and take
f=o09, g=o01, g=o0_-1, X1=2x, Xx3=—it, (2.523)
x_1 = 0, and impose the nonlocal reduction condition
T, = Ty, (2.524)

these bilinear equations would reduce to the bilinear equations (2.506) of the P7-
symmetric NLS equation (2.495).

Before imposing the nonlocal reduction condition (2.524), we first remove the
differential operators in the expression (2.510) of the matrix element mﬁnj) and derive
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its explicit expressions. Following the same technique as in Sect. 2.1.1, we find that

E"j) in the block determinant (2.520) can be written as

m
mini. )

ml(j;? = > o Si—y(x () + vs) Sj—u(x ™ (n) + vs), (2.525)
v=0

where vectors x*(n) = (x]i(n), 0, xSi, o,.. ) are as given in Eqs. (2.501)—(2.502),
and the vector s = (s1, 52, - - - ) are coefficients from the expansion (2.11).

Finally, we impose the nonlocal reduction condition (2.524), which will constrain
the parameters axx—1 and by;_1 in Egs. (2.501)—(2.502). Given the above algebraic

™) if we impose the following constraints on these parameters,

expression of m; i

Rian_1) = Rbu_1) =0, k=1,2,..., (2.526)
then
XE(—n) = —xiFm), X5, = —x%_,, k> 1). (2.527)
Thus,
TE(=n) +vs=yT() +vs, (2.528)

where vectors y* are defined as

yE(n) = (=xi°(n), 0, —x5,0,...). (2.529)
Using the fact of s; = 53 = -+ - = 5904 = 0, we have
Sk (¥ (=n) + v s) = (=DFSexE(n) + vs). (2.530)

Then, we see that the block determinant 7, in Eq. (2.520) satisfies the condition
T_p = (—)NHg, (2.531)

Thus, by redefining (—1)N2+M2)/ 27, as a new 1, function, which still satisfies the
same bilinear equations (2.522), the nonlocal reduction condition (2.524) would be
satisfied. This new 7, leads to the same solution as the original t,, from Eq. (2.497).
Theorem 2.8 is then proved. O

The fundamental singular rogue wave can be obtained by setting N = 1 with
Ny = M, =1and N, = M| =0, and we get

ur(x, 1) = [1 + (2.532)

—2it
x =2it +a; '
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[ty

-5 0 5
X X

Fig. 2.10 Fundamental rogue waves (with N = 1) in the P7-symmetric NLS equation (2.495).
Left: the fundamental singular rogue wave (2.532) with a; = 0. Right: the fundamental non-
singular rogue wave (2.533) with xo = 0

Since a; is imaginary, it can be normalized to zero through a shift of the ¢ axis. The
graph of the resulting solution is plotted in Fig. 2.10 (left panel).

The fundamental nonsingular rogue wave can be obtained by setting N = 1 with
Ny = M; =1and N, = M, =0, and we get

4(4if — 1) ] .
=114 R 2.533
e [ A +ixg)?+162+1)° (2.533)
where
Pett 5(01);5(171)’ o = 5(111)-;3(171). (2.534)

This nonsingular rogue wave’s peak amplitude is xo-dependent, ranging between 1
and 3, with 3 reached when xop = 0. This rogue wave with xo = 0 is plotted in
Fig.2.10 (right panel).

When we take N = 2 in Theorem 2.8, we get second-order rogue waves.
Three of these these solutions are displayed in Fig.2.11. In this figure, all lumps
are nonsingular in the left panel, while some lumps are singular in the middle and
right panels. Notice that these rogue waves exhibit various geometric shapes such
as triangles, diamonds and so on.

2.8 Ablowitz-Ladik Equation

Almost all wave equations considered in this book are continuous wave equations.
But discrete wave equations are also important since they can model various
physical systems such as wave dynamics in optical lattices (Christodoulides and
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|1z : |13 175

- A5
210 0 10 ~10 0 10 -10 0 10
X X X

Fig. 2.11 Second order rogue waves in the $7-symmetric NLS equation (2.495) with
[Ny, No, M, Mp] = [2,0,2,0]. Left: @y = by = 0, a3 = 50i, b3 = —50i. Middle:
a) = b1 = 3i, a3z = b3 = 70i. Right: ap = b1 = Si, az = b3 = —40i

Joseph 1988). Then an interesting question is rogue wave behaviors in discrete wave
systems. In this section, we derive rogue waves in an integrable discrete model—
the Ablowitz-Ladik (AL) equation. This equation was proposed by Ablowitz and
Ladik (1976) as an integrable discretization of the continuous NLS equation. For the
focusing AL equation, non-traveling fundamental rogue waves and special second-
order rogue waves were presented by Ankiewicz et al. (2010a). For both focusing
and defocusing AL equations, general traveling arbitrary-order rogue waves were
derived by Ohta and Yang (2014) using the bilinear method. We follow Ohta and
Yang (2014) below, but with a new parameterization as in Sect.2.1.1 so that the
resulting rogue wave expressions are simpler.
The focusing AL equation is

d
i = (14 |t |?) g1 + 1), (2.535)

and the defocusing AL equation is

.d
i = (1= ln|*) Ung1 + tn—1). (2.536)

These equations admit constant-amplitude background wave solutions

PRI E——— (2.537)
1 —p2

where p, 6 are free real constants and w = 2cosf/(1 — p2). This background
wave solution satisfies the focusing AL equation (2.535) when |p| < 1 and the
defocusing AL equation (2.536) when |p| > 1. However, this background solution
is modulation unstable. As a consequence, rogue waves can arise from it. Thus,
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boundary conditions for these rogue waves are

_P i o, (2.538)

uy () = I —p2

General rogue waves in these AL equations (2.535)—(2.536) are given in the
following theorem.

Theorem 2.9 General N-th order rogue waves under boundary conditions (2.538)
in the Ablowitz-Ladik equations (2.535)—(2.536) are

M,[1N] (t) = 14 On,1,0 ei(@n—wt)’ (2.539)

V1 —=p20n00

where p and 0 are free real constants, ® = 2cos8/(1 — 02),
— (n,k,1)
Onkl = lsg?tg\, (mZi—l,Zj—l ) . (2.540)

the matrix elements in o, i1 are defined by

Ny min(i, j) 1—p v
mij = 2 (m> 75 S G (kD) 4 v8) S5 (7 (1, k. D) 4 vs),
(2.541)

vectors xi(n, k, 1) = (xft, 0, xgc, o,-- ) are defined by

<

X = gx + (1= P + Dgr1(o)x* + (1 + k) (p) + 18- (1/p) — kby1 + ay,
(2.542)
37 = L2 (1= o))+ Dgra (D)3 + (1 -+ Dgr(p) + ker (1/0) = 16,1 + a5

(2.543)

x =ite /(1 — p?), 8,1 denotes the Kronecker delta function which is equal to 1 if
r = 1 and 0 otherwise, g, are coefficients from the expansion

n L P¢ 200: (0)A" (2.544)
n = , .
1+, 8r(p
r=1
the vector s = (0, 52,0, s4, - --) is defined in Eq. (2.11), and (a1, a3, -+ ,aaN—1)

are free complex parameters, with 3(ay) = 0 through a time shift normalization.
These rogue waves satisfy the boundary conditions
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WM () - Lz GOn—en L foo (2.545)
1—p

uniformly for all n as long as cos 0 # 0. In addition, when |p| < 1, they satisfy the
focusing AL equation (2.535) and are nonsingular; and when |p| > 1, they satisfy
the defocusing AL equation (2.536) and may be singular.

Proof Through the variable transformation

. P__8n in—on (2.546)

Z\/l—pzfn

where w = 2cos /(1 — p?), the AL equations
. d 2
irtn = (14 €lun]?) Wnp1 + 1) (2.547)

with € = sgn(1 — p?) can be transformed to the bilinear equations

[id = p)Ds + ¢+ ¢ gn - fu = cgu—t far1 + ¢ gnrt fu-1,
2 7 . (2.548)
forifnar—A=p) fufu=0p 8n8p>»
where ¢ = e . Thus, when |p| < 1, the underlying AL equation (2.547) is
focusing; and when |p| > 1, it is defocusing.
The bilinear equations (2.548) can be reduced from the following higher-
dimensional bilinear equations of the KP hierarchy,

Dy + 1) Tk—1,0 - Tkl = Tnt1,k—1,0Tn—1,k 0>
(Dy = 1) Ty k41 * Takd = —Tne1kd+1Tnt 1 kil
2 2
Tna k=10 Tn—1kd+1 — (1 = 0D T k=1, Tk, J41 = P Tnk—1,141 T,k -

(2.549)
We will construct a wide class of algebraic solutions to this higher-dimensional
system. Then we constrain these solutions so that they admit the index-reduction
condition

Tnk+1,0+1 = CTyk 1, (2.550)

where C is a certain real positive constant. In this case, 7, r; would satisfy the
following bilinear equations
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(Dx + 1) Tukd * Tnk+1,0 = Tut 1k I Ta—1,k+1,05

(Dx + 1) Ty ki1 Tkl = Tnt Lk J+1Tn—1,k.1

(Dy = 1) Tuki41 * Takd = —Tne1 k41 Tnt 1 kil (2.551)
(Dy = 1) Tukd * Tnk10 = —Tne1.kl Tnt LA+ 1,05

Tut 1kt Tamt ket — (1= 0Tkt Takt = P2C 7 k10 Tk i1

We now substitute x = ict/(1 — p?) and y = —ic*t/(1 — p?), where ¢ = e~ 7.
Then the time derivative becomes i(1 — p2)d, = —cdy + c*dy, and we obtain from
the above bilinear equations that

[i1 = p?)D; + ¢ +c*]

Takt1,0 * Tnkd = CTne 1 k1,0 Tnr 1kl + € Tna 1 ke LI Tn— 1,k 0>
[—i(l —p»)D; +c+ c*]

To k41 * Tngkd = CTnp Lk 01 Tn—1,k,0 + C Tn 1 k141 Tng 1k L
Tut 1l Tn-tkd — (1= 0D Tukt Tkt = P2C 7 k10 Tnkei1-

Then, we further impose the complex conjugacy condition

Tnlk = Ty g1 (2.552)

and define
fo =100, & =C 71, 10. (2.553)

In this case, f; isreal, and C —1/2 Ty,0,1 = &, and the above bilinear equations yield
AL’s bilinear equations (2.548), and the corresponding t solutions would satisfy the
AL equations.

Now, we follow the above plan. First, we construct a wide class of solutions to
the higher-dimensional bilinear system (2.549), which are given in the following
lemma.

Lemma 2.12 Let m(" k. l), (p(" kD g w(" KD pe functions of continuous indepen-

dent variables x, y sansfymg the followmg differential and difference relations,

9, m(r;]kl) (n kl)wJ(n LD, 3ym,(n kD) (pt(n—l,k,l)w;n,k,l)’
m(n+ kD _ (1 2) (n kD) +(p(n kl)lp(n )
l(n LD (p o2)m (n kD (n Lk, I)w(n )
l(n JlD) —a- 2)m(fz kD (n kl)w/(n 1kl+1)
9, D (p(n+1 kD). 3, i(n,k ) — (- 2) (n 1k.D)
(pl(nk 1.0) (p(nkl) (n 1.k.l) (p(nk1+1) (1 ) (nk[) (p(n+1kl)

Oy + 1)w(nkl) 1}ﬁ(n 1k+1, l)’ (0, — 1)w(11kl) 1p(n-‘:—lkl D
k41,1 k1 1k,
wj(,” D _ (g = 2)1//(11 ) ]//j(n+ )

’

Jk,[—1 k1 n—1,k,l
(2.554)

’
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Then the determinant

Ty = det (m,?":k’”) (2.555)
1<i,j<N )

satisfies the bilinear system (2.549).

The proof of this lemma is along the same lines as the proof of Lemma 2.1, and
the details can be found in Ohta and Yang (2014).

A wide class of algebraic solutions to the bilinear system (2.549) can be obtained
(n,k,l)

when we define matrix elements m;’ f by
l(f’j;k’l) = j{iBjm(”’k*[)’ (2.556)
where
k !
1 _ 2 _ 1 — 2 —_
k) _ 5 (pg)" ( £ q) ( F-r ) £, 2557)
pg—1+p 1—-1/p 1-1/q
1—p? 1-p?
£=px— y+éo(p), n=- x +qy +no(q), (2.558)

A; and B; are differential operators with respect to p and g as

1 i 1 ;
Aj = [(p—1D3,]", 8= i [(a — D3], (2.559)

and &y(p), no(q) are arbitrary functions of p and q. It is easy to see that the above
m kD and

gD = p" (1= 1/p)TH = p? = p)lef, (2.560)
l)h(n,k,l) — qn(l _ ;02 _ q)k(l _ l/q)—len (2.561)

satisfy the differential and difference relations (2.554) without i and j indices. Then,
since the differential operators A; and B; commute with d, and 9y, the above

mlg’n]?k’l) and
(n) IR (1)) (n) — B0
0"k, 1) = A"k, 1), ¥V kD) =Bk, 1) (2.562)

would satisfy the differential and difference relations (2.554). Lemma 2.12 then
shows that, for any sequences of indices (I, I», - -- , Iy) and (J1, J2, - - - , Jy), the
determinant
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s = det (mf0) (2.563)
BT i jen U

would satisfy the bilinear equations (2.549).
In order for the above 7, function to satisfy the index-reduction condi-
tion (2.550), we restrict its matrix elements further as

(n,k,1) ‘
o aet (D . 2.564
n,k,l I<i,j<N < 2i—1,2j—1 p=q=1+,0) ( :

Following the calculation in Ohta and Yang (2014), this determinant satisfies the
index-reduction condition (2.550) with C = (1 + p)*V, i.e.,
_ 4N
Tnk+1,04+1 = (L 4+ )" Tkt (2.565)

By reparameterizing p = 14 pP and g = 1 4 pQ, the 1, determinant
in (2.564) can be rewritten as

T = det (mg;fi{; i )P_Q_l> , (2.566)
where
m"*D = A B m kD, (2.567)
kD (=D p! (1+ ppyr+
P+0+p(+PQ)
x (1+p0)"* <p;Q>k <pZP>IeE<P)+"(Q>, (2.568)

1 —p? 1 —p?
é(P)+n(Q)=<1+pP >X+(1+pQ— )y

1490 1+pP
+ & (P) +n0(Q), (2.569)
and
1 ; 1 j
A = a (Pdp)', Bj= i (Qag)’ . (2.570)

As in Sect.2.1.1, we introduce free parameters in the 7, x; solution by expanding
free functions &y(P) and no(Q) as
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§o(P)=) a:ln" P, no(Q) =) bIn"Q, @2.571)

where a,, b, are complex constants. Then, if we impose the parameter conditions
of by = a, we can readily see that the t, ;; function would satisfy the complex
conjugacy condition (2.552). Hence, the f;,, g, functions in Eq. (2.553) would give
AL’s rogue wave solutions through the variable transformation (2.546).

Summarizing the above results, we have the following result on AL’s rogue waves
in differential operator form.

Lemma 2.13 General N-th order rogue waves in differential form in the AL
equations (2.535)—(2.536) are

Wl (1) = L2 82 jiton—on) (2.572)

VJ1=0p fn

where p and 6 are free real constants, w = 2cos6/(1 — p2),

i =100, & =Tw1.0/(0+p)*, (2.573)
(n k I)
= o (0.

the matrix elements in t, are defined by

i J
kD _ (Poap)' (Qdp) m(n,k,l)‘

= 2.575
by i! Jj! P=0=1" ( )
m kD s defined by
K+l ,—1
mhD = D™ (14 pP)y"H
P+0+p(1+PQ)
k I
P
< (14 poy+ (LE2) (P22 o, (2.576)
P 0
—o?
(~)=(1+,0P > <+pQ— )y
+pP

+Zar In" P+ Z (2.577)

anda, (r =1,2,...,2N — 1) are free complex constants.
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Lastly, we remove the differential operators in the above lemma and derive more
explicit expressions of rogue waves through Schur polynomials. This calculation is
similar to that in Sect.2.1.1 (see Ohta and Yang (2014) for details). The explicit
expressions out of this calculation are as shown in Theorem 2.9, where parameters
a, are linearly related to a, of the above lemma as a, = a, — g,(1). This completes
the proof of Theorem 2.9.

The fundamental rogue wave expression can be derived from Theorem 2.9 by
setting N = 1 and we get

. 2ip*wt + (1 —a¥) —1
u,[f](t) _ P ei@n—on | | 4 ip ot + (1 + p)(all ap) ’ (2.578)
- p? p*(1+ p)?IRI? + (1 = p?)
where
1 6_19 ei@ a¥
R=—|:n+i( - )r]+—1. (2.579)
I+p l+p 1-p P

Since the AL equation is invariant under a time shift, we can normalize J(a;) = 0
through such a time shift (as stated in Theorem 2.9). In this case, by defining a new
parameter ng = —(1 + p)R(ay)/p, the above fundamental rogue waves can be
rewritten as

”;[11](1) _ p RICZEED)
1 —p2

1+ 2ip*or — 1 (2.580)
X , )
p? (n + ot tan — ng)* + pte? + 3(1 — p?)

where p, 0 and ng are free real parameters. One can see from Eq.(2.580) that 6
can be viewed as a velocity parameter of this rogue wave, with the velocity being
—wtanb, i.e., 2sinf/(p> — 1). Thus rogue waves with sin@ = 0 can be called
non-traveling, and those with other 8 values called traveling.

When |p| < 1, these fundamental rogue waves satisfy the focusing AL
equation (2.535). Two such solutions, one non-traveling and the other traveling,
are displayed in Fig. 2.12. Compared to NLS’s fundamental rogue waves (Peregrine
solutions), the present rogue waves can reach much higher peak amplitudes (relative
to the background amplitude).

When |p| > 1, these fundamental rogue waves satisfy the defocusing AL
equation (2.536). Two such solutions, both non-traveling, are displayed in Fig. 2.13.
The left solution reaches peak amplitudes at two lattice sites, because we chose
no = 1/2. The right solution is unbounded and blows up to infinity in finite time.
This solution blowup occurs in the defocusing AL equation, but not in the focusing
one.

Second-order rogue waves in the AL equations can be obtained by taking N = 2
in Theorem 2.9. Such solutions in the focusing case, for p = 1/2,0 = 0,a; = 0
and four different a3 values of 0, 1/20, 10i and 10, are shown in Fig. 2.14. It is seen
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Fig. 2.12 Fundamental rogue waves uLl](t) from Eq.(2.580) in the focusing Ablowitz-Ladik
equation (2.535) with p = 0.8 and ngp = 0. (a) A non-traveling rogue wave where 6 = 0; (b)
a traveling rogue wave where 0 = —1.2

Fig. 2.13 Fundamental rogue waves uE,”(t) from Eq. (2.580) in the defocusing Ablowitz-Ladik
equation (2.536) with p = 2 and 6§ = 0. Left: no = 1/2; right: no =0

26, (b)

8]

20

f 107 -20

Fig. 2.14 Second-order rogue waves uE,z](t) in the focusing Ablowitz-Ladik equation (2.535) for
p=1/2,06 =0anda; = 0. (a) a3 = 0; (b) az = 1/20; (¢) a3 = 10i; (d) a3 = 10
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that when a3 is small, the solution concentrates near the origin. When a3 is large, it
splits into three fundamental rogue waves with different peak amplitudes.

2.9 Manakov System

The Manakov system is
0, + 09)u1 + (€1l > + ealuzuy =0, } (2.581)
({9, + 0Duz + (e1]u1* + e2|uz|*uz = 0, '

where € = 1 and ey = =*1. These equations govern many physical processes
such as the transmission of light in a randomly birefringent optical fiber (see
Sect. 1.3), the interaction of two incoherent light beams in crystals (Kang et al. 1996;
Chen et al. 1997), and the evolution of two-component Bose-Einstein condensates
(Kevrekidis et al. 2008; Hoefer et al. 2011). Integrability of this system for €; = €;
was reported by Manakov (1973). Integrability of this system for general €; and e
values was reported in Wang et al. (2010).
This Manakov system admits plane wave solutions

uro(x, 1) = pre“FO oy o(x, 1) = ppe Tt (2.582)
where (k1, k2) and (w1, w2) are the wavenumbers and frequencies of the two
components, and (p1, p2) are their amplitudes which will be set real using phase
invariance of the system. Parameters of these plane waves satisfy the following
relations,

w1 =€1pt +ep7 — ki, wr=e€pt +ep; — k3. (2.583)
Then, boundary conditions for rogue waves in the Manakov system are
uj(x,t) > ujolx,t), x,t— Foo, j=12. (2.584)

Rogue waves in the Manakov system have been derived by Baronio et al. (2012,
2014), Ling et al. (2014), Chen and Mihalache (2015), and Zhao et al. (2016a)
by Darboux transformation, and by Yang and Yang (2021c, 2023a) by the bilinear
method. Here, we will derive these rogue waves by the bilinear method, following
Yang and Yang (2021c, 2023a).

From a mathematical point of view, there are several types of Manakov rogue
waves whose expressions have different determinant structures. In the bilinear
framework, these rogue types are determined by non-imaginary roots and their
multiplicities of the following algebraic equation

Q,(p) =0, (2.585)
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where

2 2
€107 €20,

Qi(p) = PRTE——

+2p. (2.586)

The reason for this will be seen later. Thus, we will discuss roots of Eq. (2.585) first.
The algebraic equation (2.585) can be rewritten as

2p —ik)*(p — ik2)* — €107 (p — ik2)* — €2p3 (p — ik1)* =0, (2.587)

which is a quartic equation for p. Thus, it has four roots (counting multiplicity).
These roots are dependent on the parameters in the Manakov system (2.581) and in
the boundary conditions (2.584). Notice that if p is a root, so is —p*. Thus, non-
imaginary roots appear as pairs of (p, —p*). Writing p = ip, Eq. (2.587) becomes
a quartic equation for p with real coefficients, whose root structure depends only on
the sign of its discriminant

3
A = Re1e2p1p; (ki — ka)* {[2 (ki — k2)* + e1pi + ezpi]

—27 [2 (k1 — ka)? elezpl%og]} . (2.588)

Below, we delineate this root structure for the three cases of (¢1, €) values

(e1,62) = (1,1), (focusing case) (2.589)
(e1,€2) = (—1,—1), (defocusing case) (2.590)
(e1,€) = (1, —1). (focusing-defocusing case) (2.591)

1. In the focusing case (2.589), using the inequality of (a+b+c)> > 27abc for any
non-negative real values of a, b and ¢, with the equal sign realized if and only if
a = b = ¢, itis easy to see that A > 0, and A = 0 if and only if

p1=p2=~2lki —kal, ki # k. (2.592)

When A = 0, i.e., under the above parameter conditions (2.592), Eq. (2.587)
admits a pair of double roots:

where
. V3 i
po = T(kl —kp) + E(kl + kp). (2.594)

When A > 0, i.e., the parameter conditions (2.592) are not met, there cannot
be any repeated root. In addition, Eq. (2.587) cannot admit any purely-imaginary
root, because such a root would make all terms on the left side of Eq. (2.587) to
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have the same sign, whose sum cannot be zero. Thus, the root structure in this
case is

(po.1, P0.2> —Pg.1» —Po.2)» (2.595)

where po.1 # po.2, i.e., there are two pairs of non-imaginary simple roots here.

We see that in the focusing case, there are always non-imaginary roots in
Eq. (2.585), and such roots can be simple or have multiplicity two. This will
imply that rogue waves exist in all parameter regimes in the focusing case. In
addition, multiple types of rogue waves exist depending on the multiplicity of
those non-imaginary roots.

2. In the defocusing case (2.590) and focusing-defocusing case (2.591), Eq. (2.587)
always admits at least two simple imaginary roots. The reason can be seen by
dividing that equation with (p — ik1)?(p — ikp)? and setting p = ip, which
results in a real equation for p with two rational terms and one constant term.
By examining the signs of these terms at p = oo and near the singularities
at p = kj and kp, and utilizing the intermediate value theorem, we can readily
see that this real p equation has at least two simple real roots, and thus the p
equation (2.587) admits at least two simple imaginary roots. The nature of the
other two roots of p can be obtained by putting p = ip into Eq. (2.587), which
results in a real quartic equation for p. Combining the classical results on the root
structure of a real quartic equation with the current information of p admitting at
least two simple real roots, we see that the nature of the other two roots of p (and
hence p) depends only on the sign of the discriminant A in Eq. (2.588). Putting
these results together, root structures of the p equation (2.587) in the defocusing
and focusing-defocusing cases are summarized as follows.

A > 0: fourimaginary simple roots;
A < 0: apair of non-imaginary simple roots (pg, —p;) and two imaginary
simple roots;

A =0: oneimaginary double root and two imaginary simple roots.

Since only non-imaginary roots could generate rogue waves, we see that in
the defocusing and focusing-defocusing cases, the condition of A < 0 must
be met. Importantly, this condition can indeed be met in both the defocusing
and focusing-defocusing cases, albeit in certain parameter regimes only. This
means that we can have rogue waves in these two cases under certain parameter
conditions. Since these non-imaginary roots are simple, these rogue waves are of
a single type. The existence of these rogue waves, especially in the defocusing
case, is surprising, since the scalar case of the defocusing NLS equation does not
admit rogue waves.

Next, we present three types of Manakov rogue waves according to non-
imaginary roots and their multiplicities in the algebraic equation (2.585).
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2.9.1 Rogue Waves for a Simple Non-Imaginary Root

Theorem 2.10 [f the algebraic equation (2.585) admits a non-imaginary simple
root po, then the Manakov system (2.581) under boundary conditions (2.584) would
admit nonsingular rogue wave solutions

81,N 1(k1x+w1l)’ 82N 1(k2x+wzt)’ (2.596)

upn(x, 1) = pr—— up N(x,1) = pp——

where N is an arbitrary positive integer which represents the order of the rogue
wave,

fnN =000, &,N =010 &N =001, (2.597)
_ (n,k)
Opnk = lfg?t<N <¢21 1’2/'_1) s (2598)

the matrix elements in o, i are defined by

min(i, j) 2 v
(n,k) |p1] :| S + _ %
LR — _— i—v(xXT(n, k) +vs)S;i_,(x"(n, k) 4+ vs™),
o= X [(po 57| SR £ ) S ) + )

(2.599)

vectors xE(n, k) = (xli, 0, x3i, 0, - --) are defined by

r
.x;i_(n, k) = prx + (Z Pipr—i> (lt) +nb, + krr +ay, (2.600)
i=0

.
x; (n,k) = plx — (Z p;kpfl-) (ir) — n0F — kA +a, (2.601)

i=0

s = (51,52, ), (Pr, Or, Ar, S¢) are coefficients from the expansions

N p () — iky

p(x)—gprx, ln[ o T } ZGK (2.602)
p (k) —iko

In [ TS } Z,\rx (2.603)

1 po+pf§>(p(lc)—po>} o~ .
In| = =Y s, 2.604
n[K( P p (k) + p§ Z” ( )

r=1
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the function p (k) is defined by the equation
Qi [p (k)] = Qi (po) cosh(x), (2.605)

a; =0, and a3, as, - - - , ayn—1 are free irreducible complex constants.

The proof of this theorem will be presented in Sect. 2.9.4.

As we have explained earlier, this type of rogue waves exists in the focusing case
when A > 0 and in the defocusing and focusing-defocusing cases when A < 0.

The simplest rogue wave of this type can be obtained by setting N = 1 in the
above theorem and is given by

up1(x, ) = iy (x, e EITAD oy 1 (x, 1) = dp(x, e ®XFD T (2,606)
where
D) = o [p1x 4+ 2popi (ir) + 611 [ pix — 2p§ pt (i) — 6F] + 2o 2.607)
’ |p1x + 2pop1 (O)I* + ¢o ’
x+2 i) + A *x =2pipT () — A+
i) :pz[Pl popi (i) + M1 [ p} . 2popl( ) — A%] Co’ 2.608)
|p1x + 2pop1 (iH)1° + &o
P /B N | (2.609)
Do — k1 po — ik’ (Po+ p)?* '

This rogue wave is ratios of second-degree polynomials in x and ¢, which are
the lowest polynomial degrees possible for rogue waves in the Manakov system.
Thus, we will call it the fundamental rogue wave of the Manakov system. Note
that p; actually cancels out in the above formulae; we retain p; here so that the
reader can easily see how these formulae are obtained from Theorem 2.10. In
Fig. 2.15, we plot this fundamental rogue wave in the focusing, focusing-defocusing
and defocusing cases under system parameters which are listed in that figure’s
captions. Interestingly, in the focusing and focusing-defocusing cases, these vector
rogue waves are bright in the u; component but dark in the u> component. In the
defocusing case, both components are dark rogue waves. These dark rogue waves
strongly contrast the bright Peregrine rogue waves of the NLS equation.

Second-order rogue waves of this type can be obtained by setting N = 2 in the
above theorem. In these solutions, f2, g1.2 and g2 are degree-6 polynomials in
both x and 7. For the same parameter values as in Fig.2.15, with the additional
parameter value of a3 = 50 in the focusing case, a3 = 30i in the focusing-
defocusing case, and a3 = 10i in the defocusing case, the corresponding rogue
waves are plotted in Fig. 2.16. In all three cases, the second-order rogue wave splits
into three fundamental rogue waves.
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Fig. 2.15 Density plots of the fundamental rogue wave |u1 1 (x, 7)| and |uz 1(x, 1)| in Eq. (2.606)
in the Manakov equations with boundary parameters p; = p» = 1 and k; = —kp = 1/2. Upper
row: focusing case (€] = €3 = 1), with pg &~ 0.6360 + 0.3931i. Middle row: focusing-defocusing
case (€] = 1, e = —1), with pg & 0.7276+0.6053i. Lower row: defocusing case (] = €3 = —1),
with po = [2v/3 — 3]1'/2/2

2.9.2 Rogue Waves for Two Simple Non-Imaginary Roots

Theorem 2.11 If the algebraic equation (2.585) admits two non-imaginary simple
roots po.1 and po.2 with po2 # — pE’)"l, which occurs only in the focusing Manakov
system (with €| = €y = 1) when parameter conditions (2.592) are not met, then
this focusing Manakov system (2.581) under boundary conditions (2.584) admits
nonsingular (N1, N2)-th order rogue wave solutions
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Fig. 2.16 Density plots of the second-order rogue wave |ug2(x,?)| and |uz2(x,t)| in Theo-
rem 2.10 in the Manakov equations. Parameter values are the same as in Fig.2.15, with the
additional parameter value as a3 = 50 in the focusing case (upper row), a3 = 30i in the focusing-
defocusing case (middle row), and a3 = 10i in the defocusing case (lower row)

81,N1, N ckixtorn) 82,N1, N plkax+wan)

ul,N],Nz(xat) = pP1 u2,N1,N2(xat) = P2

Ni,.Ny Ni.Ny
(2.610)
where N1, N> are arbitrary positive integers,
SNi.N, = 00,0, &1N;,N, = 01,0, &2,N;,N, = 00,15 (2.611)

On k IS a 2 x 2 block determinant



2.9 Manakov System 165

gLl 51121
on.k = det 'fi "ol (2.612)
nk O-n,k

[1 J] (¢(n K, 1LT) (2.613)

2i 1,2]’71)151.51\]“15].51\]] ’

the matrix elements in on[ll’cj] are defined by

min(i, j) v
SR _ Z 1 PLIPT.;
b — \por+p5;) | (por+p >

v=0

xSicy (%7, 01K +vs1.0) im0 (x5, 00K +vs7 ).
(2.614)

+ + +
vectors xI’J(n, k) = (xl,l,l’ X3 g ) are defined by

,
xj:,J(n, k) = prix + (Z pi,lpr—i,l) (i) + no. 1 + k)\r,l - br,],] +arg,
i=0

(2.615)

r
i=0

(2.616)

51,y = (su,], $2.0.05"" ~), D1, Or1, A1, br 1,7 and s, 1 5 are coefficients from the
expansions

- pr(0) —iki] o
prk) =Y prik’, In [—} =Y k", (2.617)
- po.1 — ik o

ik o (k) + pg -
ln[pz(fc) .12]22/\”,& 1H[M = bk, (2618)
r=1

po,1 — ika po.1 + po g =1

1 (por+py ;)\ [ prc)— poi d
In [; < ) - = Zs,,,,,;c’, (2.619)

P11 pr (&) +pgy —l
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pi1(k) is defined by the equation
Q1 [pr (k)] = Q1(po,1) cosh(k), (2.620)

and (a1, ..., a2nN,-1,1), (@12, ..., axn,—1,2) are free complex constants.

The proof of this theorem will be presented in Sect. 2.9.4.

The simplest rogue waves of this type can be obtained by setting Ny = N> = 1 in
the above theorem. These rogue waves contain two free internal complex parameters
ai,1 and aj 2. Through a shift of the (x, t) axes, we normalize a;,; = 0. Then,
this rogue wave for two different values of a1 > = 0 and 2 is plotted in Fig.2.17
under system and boundary parameters which are listed in the figure’s captions. The
rogue wave at a2 = 2 (lower row) comprises two separate simpler rogue waves,
which turn out to be fundamental rogue waves (2.606) for the two individual pg, 1
and po values. Thus, rogue waves in Theorem 2.11 can be viewed as a nonlinear
superposition of rogue waves of Theorem 2.10 with two different py values. The
rogue wave at aj 2 = O (upper row) in Fig.2.17 can be regarded as the merging of
the two fundamental rogue waves in the lower row. It has a new composite structure.

feey 1.1 2,111

0

Fig. 2.17 Density plots of the (1, 1)-th order rogue wave |u 1,1(x,1)| and |uz 1 1(x, )| in
Theorem 2.11 in the focusing Manakov equations with parameter values of ) = e = 1,
Pl = pp = 1, k1 = —k2 = 1/2, Po,1 ~ 0.6360 + 0.3931i and Po,2 ~ 0.6360 — 0.3931i.
Upper row: aj > = 0. Lower row: aj» =2
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2.9.3 Rogue Waves for a Double Non-Imaginary Root

Rogue waves given above for a simple root and two simple roots in the @ (p) = 0
equation feature t functions that involve Schur polynomials with index jumps of 2.
If that root is a double root (which only arises in the focusing case), the Manakov
system would admit rogue waves whose 7 functions involve Schur polynomials with
index jumps of 3. These latter rogue waves are given below.

Theorem 2.12 [f the algebraic equation (2.585) admits a non-imaginary double
root po, which occurs only in the focusing Manakov system (with € = €3 = 1)
under parameter conditions (2.592), i.e.,

p1=p2=~2lki —kal|, ki #ka, (2.621)

then this focusing Manakov system (2.581) under boundary conditions (2.584)
would admit nonsingular (N1, N»)-th order rogue wave solutions

81,N;,N.
UL Ny N, (X, 1) = py S22 pikieten) (2.622)
le N>
82,N{,N> i
U Ny N, (X, 1) = py S22 pilkaextent) (2.623)
Ni.N

where N1 and N, are arbitrary non-negative integers,

SNiN, = 00,0,  &1,N;,N, =01,0, &2,N;,N, = 00,1, (2.624)

On.k is given by the following 2 x 2 block determinant

a“ 11 0.2
ok =det [ 1 Tk ), (2.625)
Gn k n,k

[1 J1_ (¢(n N ) (2.626)

3 ”3/"J>1sisN1,1sjij’

the matrix elements in orEII’(” are defined by

.k, 1,7) " Ip1l? '
S = —_— xT(n, k) +vs)S;j_, (x5 (n, k) + vs*
d)ls] ;) |:(p0+p )2] l V( [( ) ) Jj— v( J( ) )

(2.627)

vectors x';'(n,k) = (xrl,xgl, - ) and x ; (n, k) = (xl_J,xz_J, . ) are defined
by
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,
xi‘l(n, k) = prx + (Z plprl) @it) + nb, + kr, +ay g, ifr mod3 # 0,
=0

(2.628)

.
X, (n. k) = pfx — (Z p,*p;*,) (it) —nbf —kxk+ak,. ifr mod3 #0,

=0
(2.629)
x:'I(n,k) = x;J(n,k) =0, ifrmod3 =0,
(2.630)
s = (51,52, ), (Pr, Or, Ay, Sy ) are coefficients from the expansions
o0
p (k) —ik;
k) = k", ln[ 0,k” (2.631)
p ; Pr o — iky Z
p (k) — lkz}
In Arkc” (2.632)
[ po — iky Z
1 + pg — -
n [_ <po Po) (p(ic) pz)} = o, (2.633)
K p1 p (k) + pg =
the function p (k) is defined by the equation
3
Qi [p (k)] = @ [eK +2¢7/? cos <§K>} , (2.634)
and
(ar,1,a2,1,a4,1,051, ...,a3N,—1,1), (a12,022,042,052,...,03N,—2,2)

are free complex constants.

The proof of this theorem will be presented in Sect. 2.9.4.

Rogue waves in the above theorem contain a wide variety of solutions. For
simplicity, we only illustrate solutions with either Ny = 0 or N = 0, so that the
2 x 2-block determinant in the 7 function (2.625) degenerates to a single block. In
this case, we introduce the terminology:

e Q-type N-th order rogue waves: rogue waves when N = N (> 0) and N> = 0;
* R-type N-th order rogue waves: rogue waves when N; = 0 and N, = N (> 0).
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The reason for the word choices of ‘Q-type’ and ‘R-type’ here is that patterns
of the underlying rogue waves at large internal parameters will be related to
Okamoto hierarchy polynomials Q) L] (z) and RZ[\',"] (z) respectively, as we will show
in Sect. 3.3 of the next chapter.

For Q-type N-th order rogue waves, o, y becomes

(Q) (n.k)

- (¢3, 1~3f—1)15i,,~5N’ (2.635)
and for R-type N-th order rogue waves, oy, i is

B _ (4 k)

A 3].72)151,’]“, (2.636)
where ¢i("j’k) is given by Eq.(2.627) but with indices I and J removed.
Internal parameters are (ap,az,a4,as,---,azy—1) for Q-type waves, and
(a1,a3,a4,as, - ,a3y—2) for R-type waves. We normalize a; = 0 by a shift
of the (x, ) axes. Then, internal complex parameters in these rogue waves are
(a2, a4, as, -+, azn—1) for Q-type, and (az, a4, as, - - - , a3y —2) for R-type.

The first (lowest) order Q-type and R-type rogue waves are those with N = 1.
The first-order R-type rogue wave is

i(kix+wt)

up1(x, 1) =y (x, e u.1(x, 1) = fa(x, r)elkexten), (2.637)

where

x+2 it) + 6 *x = 2pEp¥ () —6F| +
i) = oo [p1 popi (it) + 611 p} . 2popl( ) —05] b 2.638)
Ip1x + 2pop1 ()|~ + o

[p1x + 2popi (it) + M1 [pix — 2pgpi (i) — A+ ¢o

Ur(x, 1) = p2 - . (2.639)
|p1x +2pop1 (DI* + &o
PO L WY [l - (2.640)
po — ik’ po —iky’ (po + py)?

This rogue wave is the fundamental Manakov rogue wave given in Eq. (2.606),
except that the background parameters here are under the constraints of (2.621).
If we choose background wavenumbers as k; = —kj, which is always possi-
ble through a Galilean transformation, then pg would be real in this case (see
Eq. (2.593)). As a result, we can see that this rogue wave admits the symmetry of
ir(x,t) = uy(—x,1),i.e., ir(x, t) would be a mirror image of i (x, t) around the
t-axis in the (x, t) plane. To illustrate, let we take k| = —ky = 1/ «/ﬁ which yields
po = 1/2. Then, the explicit expression of this first-order R-type rogue wave is
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2 x2 412 —iBt —3x) =2 1o
um(x,t)=\/;x 12— = V3 =2 o Vtsi) o (2.641)

x2+12+1
2 X242 —iBt4+3x) =2 (o1
Uz 1 (x, 1) = \/; T 1272 451/4) (0 647

This solution is plotted in the left column of Fig. 2.18. It is seen that both the |u| and
|ua| components of this solution have a single elongated hump of equal amplitude,
and orientations of these two humps are opposite of each other with respect to the
vertical 7-axis.

The first-order Q-type Manakov rogue wave can also be obtained from Theo-
rem 2.12. This solution is a ratio of polynomials of degree four in x and ¢, and it
contains an irreducible free complex parameter a;. When we choose k| = —ky =
1/+/12 and py = 1/2, this solution with a» = 0 is

M ekixten) s (x 1) = p §20x, 1) pikax+awt)

, . (2.643)
fx, 0 fx, 0

up(x, 1) = pp

where p1 = +/2/3, w1 = w2 = 5/4, and

1) =4+ 1% 4+ 8x% +4x® + x4 212 (10+6x+x2>,
g1(x, 1) = —2 — 6i/3 — 6> + 1* — 4iv/3x + (—1 n 3i¢§) X2
+(4+2iV3) 2 4
+61 | ~i+3v3 + (=31 + V3) x - ix?
+2[5 4913 +2(64+iv3) x +2¢2),
g2(x, 1) = =2 + 6i/3 — 6i> + 1* + 4iv/3x
+(—1-3iv3) x4 (4 = 2iV3) o 4
6t [i+3V3+ (3i+V3) x +ir?]
+2[5 - 0iv3+2(6 - iv3) x +2¢2).
This solution is plotted in the middle column of Fig. 2.18. It is seen that the profile
of this solution is more complicated. If a; # 0, the expression for this first-order
Q-type solution will be more lengthy and will not be produced here. When we take
a» = 5 + 5i, this solution is plotted in the right column of Fig.2.18. We can see

that this solution splits approximately into two fundamental Manakov rogue waves.
This splitting always occurs when the internal parameter |a;| is large.
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R-type Q-type,a; =0 Q-type,az = 5+5i

X X

Fig. 2.18 First-order Q-type and R-type rogue waves with kj = —k, = 1/4/12 in the focusing
Manakov system. Left column: R-type in Egs. (2.641)—(2.642). Middle column: Q-type with ay =
0 in Eq. (2.643). Right column: Q-type with ap = 5 + 5i. In all panels, —15 < x,t < 15

|ea1 |

|ueo]

X

2.9.4 Derivation of Rogue Wave Expressions

Next, we derive Manakov bilinear rogue waves presented in the above three
theorems.
Under the transformation

ul(x, t) = P1 %ei(klx'i‘w]t),

h .
ua(x, 1) = p27e1<"2x+w2’), (2.644)
where f is a real function and (g, #) complex ones, the Manakov system (2.581)
can be converted into the following bilinear equations,

(D} +e1p} +e2p3) f - f = e1pigg” + e2p3hh*,
(iD; + D} +2ikiDy) g f =0, (2.645)
(iD; 4+ D% +2ikyDy)h - f =0.

This bilinear system can be reduced from the following higher-dimensional bilinear
system in the 2-component KP hierarchy (Ohta et al. 2011)
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(%DxDr - 1)Tn,k Tk = —Tn+l,k Tn—1,k;»

2 A —
(IDX Dy + Zan)Tn—H,k Tn,k 0, (2.646)
(3DxDs — DTy * Tk = —Tnk+1 Tnk—1,

(D3 = Dy +2bD) Ty kr1 - Ta g =0,

where n, k are integers, 7, « is a function of four independent variables (x, y, r, 5),
and

a =iky, b =ik;. (2.647)

The solution 7,4 to these higher-dimensional bilinear equations was given by
a certain Gram determinant in Ohta et al. (2011), but that Gram solution was
appropriate only for the derivation of dark solitons. For the derivation of rogue
waves here, the solution 7, x should be chosen as

= det (¢l.<””.<>), (2.648)
’ I<v,u<N \ i
where (i1, i2,--- ,iy) and (ji, j2,-- , jn) are arbitrary sequences of indices, the
matrix element ¢l.(f1j’k) is defined as
¢ = ABjp" ) (2.649)
n k
g — ! (_P - “) (J’ - b) S+ (2.650)
p+q\ q+a q+b
) 1
§=px+py+ r+ s +&o(p), (2.651)
p—a p—2>b
2y + F s ) (2.652)
=qgx — K , .
n=49q qy J+a q+b nolq
1 i 1 j
A== [Awd,] . 8;= il [L@d]" (2.653)

P, q are arbitrary complex constants, and &y(p), no(q), f1(p), f2(q) are arbitrary
functions of p and ¢ respectively. The reason these functions also satisfy the
higher-dimensional bilinear system (2.646) is that these functions satisfy the same
differential and difference relations in Ohta et al. (2011).

It is easy to see that the higher-dimensional bilinear system (2.646) is reduced to
the original system (2.645) if we set

f =10 g=1,0 h=1,1 y=if, (2.654)
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impose the dimension reduction condition
Lotk = C 1, (2.655)
where
Lo =20, + €1079, + €230, (2.656)
and C is some constant, and impose the conjugation condition
Ton—k = Ty - (2.657)
These two reductions proceed as follows.

To meet the dimensional reduction (2.655), we follow the “W-p treatment (see
sections 2.3 and 2.6). We first see that

Lop" P = 7,8, 1Q1 (p) + Q@)1 6", (2.658)
where
€ 2 € 2
Qp) =P 202 1ap, (2.659)

which is the same as the earlier expression (2.586) in view of Eq.(2.647), and
@Q>(q) is the above Q;(p) function with p switching to ¢ and (a, b) switching to
(—a, —b). To meet the dimensional reduction condition (2.655), we start with the
general Leibnitz-type operator relation,

‘1
AQi(p) = Y = | (18,) @p) | A, (2.660)
=0 "

which we have seen before in Eq. (2.249). Another relation similar to the above can
also be written for $;Q(g). Using these relations, Eq. (2.658) gives

" | . L1 .
LopP =" 1 L(19,)" )] Ot [(£0,)! @@ 8.
pn=0"" =0 "
(2.661)

In order to satisfy the dimensional reduction condition (2.655), we need to select
functions [ f1(p), f>(g)] as well as values of (p, g) so that coefficients of certain
indices on the right side of the above equation vanish (see Sect.2.1.1). For that
purpose, we will select py and go values to be roots of the following algebraic
equations
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Qi(po) =0, @ (qo0) =0. (2.662)

At these (po, qo) values, the 4 = [ = 1 terms on the right side of Eq. (2.661) will
vanish. Notice that the Q’l (po) = 0 equation above is the same as (2.585), whose
root structure has been delineated earlier in this section. Roots of the Q’z (go) =0
equation are related to those of Q’l( po) =0as gy = pé. Since the ¢("’k) function
in (2.650) has a factor of 1/(p + ¢), in order for qﬁl.()"j’k) in (2.649) to be nonsingular
when evaluated at (p, ¢) = (po, qo), the po value cannot be purely imaginary.

To select fi(p) and f>(g) functions optimally, we need to impose further
conditions, and these conditions will depend on the multiplicity of the root pg in
the Q| (p) = 0 equation.

(a) A Simple Root Case

If po is a simple nonimaginary root of the Q/] (p) = 0 equation, the condition on
Jf1(p) we impose will be

(£19,)° Qi(p) = Qi (p). (2.663)

The reason for this imposition is that under this condition, as well as the earlier
condition (2.662), all odd-u terms on the right side of Eq. (2.661), when evaluated
at p = po, would vanish. Indeed, under this condition and Q/l (po) = 0, as well as
similar ones for the ¢ variable, we find from Eq. (2.661) that

1 p0
! T p=po. g=q0

k
Lo ¢

P=Ppo, 4=490

=Qi(po) )
=0

nieven

J
1k
+ Qo) Y 3 9 e (2.664)
=0 '
l:even
Then, when we restrict indices of the general determinant (2.648) to

(n.k) ’
T, r = det ; . , 2.665
mk 1<i,j<N <¢2’1’2’] P=po. q=qo> ( )

and use the above contiguity relation (2.664) as was done in Sect. 2.1.1, we get
Lotuk = [Q1(po) + Q2(q0)] N T k- (2.666)

Thus, the 7, x function (2.665) satisfies the dimensional reduction condition (2.655).

The differential equation (2.663) is the same as Eq.(2.252) in Sect.2.3. So
the fi(p) solution is as given in Eq.(2.257). In addition, by writing fi(p) =
Wi (p)/W,(p), the corresponding W (p) function is given in Eq. (2.257) as well.
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A similar treatment can be applied to the g variable, and the results for f»(g) and
W (q) are the same as in Eq. (2.257), except that the subscript 1 changes to 2, and
(p. po) change to (q. qo).

The complex conjugacy condition (2.657) can be met when we choose &y (p) and
no(q) as

&(p) =) a- I Wi(p), nolq) =) an" Wa(g), (2.667)

r=1 r=1

where a, are free complex constants. The reason is that due to go = p; and (a, b)
being purely imaginary, we can show that in this case

%

—n,—k &

v I =<¢>§,’§~ )‘ - ) : (2.668)
P=P0, 4=90 P=p0, 4=q0

thus 7, _x = r;lk’ - The resulting 7, ; function (2.665) then gives rogue waves of
the Manakov system through Egs. (2.644) and (2.654).

Lastly, we remove the differential operators in the matrix elements of Eq. (2.665)
and derive more explicit expressions of rogue waves through Schur polynomials.
This derivation is along the lines for the generalized derivative NLS equations in
Sect. 2.2 and is very similar to that for the three-wave interaction system in Yang
and Yang (2021b). Following such steps, we then obtain the rogue wave expressions
given in Theorem 2.10 for the Manakov system, except that the definitions for
x;t (n, k) are as given in Egs. (2.600)—(2.601) for all r indices, including those where
r mod2 = 0. Parameters a, in Theorem 2.10 can be found to be linearly related to
a, in Eq. (2.667). We note that this derivation would be a bit simpler if we introduce
an extra factor of (p + po)(g + qo) into ¢"%) of Eq. (2.650), similar to what we did
in Eq. (2.29) for the NLS equation. In this latter case, parameters a, in Theorem 2.10
would be identical to those d, in Eq. (2.667).

Using the same techniques as in Sect.2.1.1, we can further set xécr = 0 in
the resulting Schur polynomial expressions. In addition, the parameter a; can be
normalized to zero through a shift of the (x, #) axes. This completes the proof of
Theorem 2.10.

(b) Two-Simple-Root Case

If the Q) (p) = 0 equation admits two distinct non-imaginary simple roots po |
and po with po> # —p( . then we can construct a more general 2 x 2 block
determinant

L 2]
Tok = det( ey ’b’jz]> , (2.669)
Tn,k n,k

where
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_L_[I,J] (n,k)

wk = Mall<i<N; 1<j<N, (¢2i1,2jl o 1=1J=2,

’P=P0,114=tm,1>
(2.670)

" is given by Eq.(2.649) with [f1(p), f2(¢)] replaced by [£{" (p), £ (9)],
the function fl(l)(p) is provided by Eq.(2.257) with pg replaced by pg s, the
function fz(J)(q) is the same as (2.257) but with the subscript 1 changing to 2 and
(P, po) changing to (g, qo.7), with

q0.7 = Pg.» (2.671)

&o is replaced by &y s, no is replaced by no s, and N, N are arbitrary positive
integers. It is easy to see that this 2 x 2 block determinant (2.669) also satisfies the
higher-dimensional bilinear system (2.646).

In the present case, the contiguity relation (2.664) becomes

i
) (AN
Lo o = Qi(po,1) — ¢, +
" p=por, 4=q0.1 X:;) w! TR p=po 1. g=qo.s
:even

(2.672)

P=Ppo,1, 49=490,J

j
1 k
+ Qo) Y 5 0
[=0,
I:even

Utilizing this contiguity relation similar to what we did in Sect. 2.1.1, we get

Lotk = {[Qi1(po.1) + Q(q0,1)] N1 + [Qi1(po,2) + Q2(q0.2) | N2} Tk
(2.673)

Thus, the 2 x 2 block determinant (2.669) also satisfies the dimensional reduction
condition (2.655).
The complex conjugacy condition (2.657) can be met when we choose £ ;(p)

and ng y(q) as

o0 o0
Eo1(p) =Y arns i W (p), mos(@) = af, " W @), 1.J=1.2,
r=I1 r=I1

(2.674)

where (Wil)(p) is as defined in Eq. (2.257) with pg replaced by po ;, ’W;J)(q) is
defined similar to Eq. (2.257) except that the subscript 1 changes to 2 and (p, po)
change to (¢, qo,s),and a, 1, a,2 (r = 1,2, ...) are free complex constants. Indeed,
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since qo.1 = pa" ; and (a, b) purely imaginary, we can show that

*

—n,—k .k

¢ Y = <¢>§'ﬁ~ ) ) : (2.675)
P=po,1. 9=90,J P=Po,J, 9=90,1

so that
*
= (3") (2.676)

and hence 7, _x = ‘L':! - The resulting 7, 4 function (2.669) then gives rogue waves
of the Manakov system through Eqgs. (2.644) and (2.654).

Lastly, we remove differential operators in matrix elements of Eq. (2.669) and
derive more explicit expressions of rogue waves through Schur polynomials. This
derivation is very similar to that for the three-wave interaction system in Yang and
Yang (2021b). Following such steps, we then obtain the rogue wave expressions
given in Theorem 2.11 for the Manakov system, where parameters a,,; and a, > in
that theorem are identical to a, | and a,. 7 in Eq. (2.674). This completes the proof of
Theorem 2.11.

(¢) A Double-Root Case

If the algebraic equation Q[(p) = 0 admits a non-imaginary double root po,
ie., Q(po) = Q{(po) = 0, the dimension reduction condition (2.655) would be
satisfied if we choose f1(p) to satisfy the differential equation

(A1(p3,) Q(p) =Qi(p), (2.677)

choose f>(q) to satisfy a similar equation except to change the index above from 1
to 2 and change p to ¢, and choose the 7, ; determinant as

1'[1 1] 1,[1,2]
Tok =det [ 15 1y ), (2.678)
tn,k Tn,k
where
1,J k
tr[t,k : = mat|<i<N;,1<j<N, (’"éy;—;,sj—f‘ o _ _ )
P=po. 4=40, §0=50.1. M0="70,J

1<1,J<2, (2.679)

q0 = pg»€0.1(p), no,s (q) are arbitrary functions of p and g respectively, and Ny, N>
are arbitrary non-negative integers. The reason is that, in this case,

(F1(P)) QP = (Fi(PD)° Q) <p>\p:p0 =0. (2.680)

P=po
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Thus, combined with the condition (2.677) and similar ones for @Q;(¢), Eq. (2.661)
reduces to

i
k) L i
Lom™ = Qi1(po) —m;_, . +
LJ P=Ppo, 4=90 /\;} ,bL‘ LR P=P0, 4=40
n=0(mod3)
(2.681)
U R
+ @ (q0) = m"" .

g 1 p=po, g=qo

/=0(mod3)

Using this contiguity relation, we can show as in Sect.2.1.1 that the 2 x 2 block
determinant (2.678) satisfies the dimensional reduction condition (2.655).

The differential equation (2.677) for @ (p) is linear and homogeneous. Writing
f1(p) = Wi(p)/W)(p), this equation becomes

34y, Q1 (P) = Qi (p). (2.682)

Scaling ‘W1 (po) = 1, the unique solution to this equation under the condition of pg
being a double root of Q| (p) = 0is

_ Q1 (po)

2 V3
Qi1 (p) 3 (Wl(p) + W cos |:7 anI(p):|> . (2.683)

From this equation, one can solve for ‘Wi (p) from Q;(p) and then obtain fi(p). A
similar equation can be derived for W>(q) by replacing p by ¢ and the subscript 1
by 2 in Eq. (2.683). But it turns out the explicit solving for ‘W; 2(p) and f12(p) is
not necessary for our goal of obtaining explicit expressions for matrix elements in
Eq. (2.678).

Regarding the conjugation condition (2.657), it can be satisfied when we choose

o o
E.0(p) =Y a1 Wi(p), mos(@) =)y a‘ ;" Wi, I=1.2,
r=1 r=1

(2.684)
where 4, ; are free complex constants. Indeed, in this case, we can show that
*
= () (2.685)

and hence 7, _x = ‘C; - The resulting 7, ; function (2.678) then gives rogue waves
of the Manakov system through Egs. (2.644) and (2.654).
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Next, we remove the differential operators in the matrix elements of (2.678) and
derive more explicit expressions of rogue waves through Schur polynomials. This
derivation is very similar to that for the three-wave interaction system in Yang and
Yang (2021b). Following such steps, we then obtain the rogue wave expressions
given in Theorem 2.12 for the Manakov system, except that the definitions for
x:I(n,k) and x,_,(n, k) are as given in Egs. (2.628)~(2.629) for all r indices,
including those where r mod3 = 0. And those x: ;(n, k) and x; 7 (n, k) with
rmod3 = 0 can be removed from the solution, for reasons similar to those
in Sect.2.1.1 where we removed xécr terms in the NLS case. In this calculation,
parameters a1 and a,» in Theorem 2.12 are linearly related to @, and d,; in
Eq. (2.684). If we had introduced an extra factor of (p + po)(g + qo) into $"F of
Eq. (2.650), similar to what we did in Eq. (2.29) for the NLS equation, this derivation
would have been a bit simpler, and parameters a,1 and a,» in Theorem 2.12
would be identical to those a,,; and 4, in Eq.(2.684). This completes the proof
of Theorem 2.12.

2.10 Three-Wave Resonant Interaction System in
(1+1)-Dimensions

The (1+1)-dimensional three-wave resonant interaction system is

(0 + c10x) uy = €qusu3,
(0 + c20x) up = EzuTu?, (2.686)
(0 + c30x) uz = e3ujuj,

where (c1, ¢2, ¢3) are group velocities of the three waves, (€1, €3, €3) are real-valued
nonlinear coefficients, and the asterisk ‘*’ represents complex conjugation. This
system arises in many physical contexts such as water waves, optics and others (see
Sect. 1.6). To remove ambiguity, we order the three group velocities as ¢; > ¢3 >
c3, and make c3 = 0 by choosing a coordinate system that moves with velocity
c3. The nonlinear coefficients €, can be normalized to =1 by variable scalings (see
Sect. 1.6). In addition, we can fix €; = 1 without loss of generality.

This interaction system (with ¢3 = 0) is invariant under the gauge transformation

uy(x, 1) = uy(x, 1) ekx—kan

usr(x, 1) = us(x, t) eil—ker/e)xtkerr] (2.687)
uz(x, 1) = uz(x, r) e k—ker/e)x

where k is an arbitrary real constant. In addition, it is invariant under the phase
transformation

up(x, 1) = up(x, ) %, k=1,2,3, (2.688)
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where 63 = —(01+6,), and 61, 6, are arbitrary real constants. These two invariances
can help us reduce free parameters in the system.

There are three types of three-wave interaction models, which are termed the
soliton exchange case, the explosive case, and the stimulated backscatter case in
Kaup et al. (1979). These three cases correspond to the following signs of the
nonlinear coefficients,

(€1,€2,€3) = (1,—1,1), (soliton-exchange case) (2.689)
(€1,€,€3) = (1,1, 1), (explosive case) (2.690)
(€1,€3,€3) = (1,—1, —1), (stimulated backscatter case) (2.691)

(€1,€,€3) = (1,1, —1). (stimulated backscatter case) (2.692)

Note that the (1, —1, —1) case can be converted to the (1, 1, —1) case by flipping
the sign of x, reordering the (11, 12, u3) equations in decreasing order of their group
velocities, and renormalizing the nonlinear coefficients; thus these two cases belong
to the same stimulated backscatter case. Below, we will treat all these cases by
allowing (€1, €3, €3) to be arbitrary real parameters.
The above three-wave interaction system (2.686) admits plane wave solutions
uro(x, 1) = preikixten,

U2,0(x, 1) = ppe'tartent), (2.693)
uzo(x, 1) = ip3e—i[(k1+k2)x+(w1+w2)t]’

where (k1, k2) and (w1, wp) are the wavenumbers and frequencies of the first two
waves, and (p1, p2, p3) are the complex amplitudes of the three waves. Parameters
of these plane waves satisfy the following relations,

p1 (w1 + c1ky) = —€105 03,
02 (w2 + c2k2) = —€2p1 P53, (2.694)
p3 (w1 + w2) = €307 05

Below, we assume p1, p2 and p3 all non-zero. In view of the phase invari-
ance (2.688), we can normalize p; and p> to be real positive. Then the above
relations show that p3 is real as well. In addition, the gauge invariance (2.687)
allows us to impose a restriction on the four parameters (ki, k2, w1, w2), such
as fixing one of them as zero, or equating ki = kp, or equating w; = w,
without any loss of generality. Under such a restriction, wavenumber and fre-
quency parameters (kq, k2, w1, wp) would be fully determined from the three real
background-amplitude parameters (p1, o2, 03) through equations (2.694).

Rogue waves in the three-wave interaction system (2.686) are rational solutions
which approach plane-wave solutions (2.693) as x,t — =£oo. From the above
discussions on plane-wave solutions, we can set the boundary conditions for these
rogue waves as



2.10 Three-Wave Resonant Interaction System in (1+1)-Dimensions 181

ui(x, 1) — prel®ixtern x,t — 00,
ur(x, 1) — ppeltkextmn) x,t — Foo, (2.695)
usz(x, 1) — ip3e—i[(k1+k2)x+(w1+w2)t]’ x,t — Fo0,

where (p1, 02, p3) are free real amplitudes, p; > 0,02 > 0, and the other
parameters (ki, kp, w1, wp) are determined by these real amplitudes through equa-
tions (2.694) and an extra restriction on them from the gauge invariance (2.687).

Special types of rogue waves in the three-wave system have been derived by
Darboux transformation in Baronio et al. (2013), Degasperis and Lombardo (2013),
Chen et al. (2015), Wang et al. (2015), and Zhang et al. (2018). General rogue waves
in this system were derived by the bilinear method in Yang and Yang (2021b). We
will follow Yang and Yang (2021b) below.

In the bilinear framework, rogue-wave expressions will depend on the root
structure of the following algebraic equation

Qi (p) =0, (2.696)
where
(5] 1 HC1 1
Qi(p) = <y1—> - = ( r ) - —p, (2.697)
v(ca—c1)) p y3(ca—c1)/) p—i
and
y=a 2By, =P = P2 (2.698)
o1 02 03

This Q; (p) function and the associated algebraic equation (2.696) will appear in the
dimension reduction of our bilinear derivation of rogue waves.
The algebraic equation (2.696) can be rewritten as

ys(cr — ) pi(p — 1) = yrca(p — ) + a1 p? =0, (2.699)

which is a quartic equation for p. Thus, it has four roots (counting multiplicity).
Notice that if p is a root, so is —p*. Thus, non-imaginary roots appear as pairs of
(p, —p™). This quartic equation is similar to Eq.(2.587) of the Manakov system.
Using similar techniques, we can obtain the following results on the root structure
of this quartic equation for the four cases of (€1, €3, €3) values in Eqs.(2.689)—
(2.692).

1. In the soliton-exchange case (2.689), (€1, €2, €3) = (1, —1, 1). In this case, if

Ccl 1 —C2
;= —p, p3== o1, (2.700)
Cc (&9)

then the roots of Eq. (2.696) are
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(Po» po, —Dg» —Dg) (2.701)

where
po= (3412, (2.702)

which are a pair of non-imaginary double roots. For other (p1, o2, p3) values not
satisfying the conditions (2.700), the root structure of Eq. (2.696) is

(Po.1> P0.2s —Po.1> —P0.2)s (2.703)

where all roots are nonimaginary and simple with po.1 # po,2.
2. In the explosive and stimulated backscatter cases with (€1, €2, €3) values given
in Egs.(2.690)—(2.692), root structures of Eq. (2.696) are
A > 0: fourimaginary simple roots;
A < 0: apair of non-imaginary simple roots (pg, —p;) and two imaginary
simple roots;

A =0: oneimaginary double root and two imaginary simple roots,

where

A = —16cic2 (c1 — €2) V11273 {[VICZ +y3(c1 — 2) — a1 P

+27c1c2 (€1 — ¢2) y1yays)- (2.704)

We can see that these root structure results bear strong similarities to those in
the Manakov case. This explains why rogue wave structures in the three-wave
system will be very similar to those in the Manakov system.

Now, we present our general rogue-wave solutions in the three-wave interaction
system (2.686) according to the root structure of the algebraic equation (2.696).

2.10.1 General Rogue Waves and Their Derivations

Three types of rogue waves in the three-wave system, corresponding to a simple
root, two simple roots and a double root of the algebraic equation (2.696), are
presented in the following three theorems.

Theorem 2.13 [f the algebraic equation (2.696) admits a non-imaginary simple
root po, then the three-wave interaction system (2.686) under boundary condi-
tions (2.695) would admit nonsingular N -th order rogue-wave solutions
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y y(x 1) = py SN pitkstorn, (2.705)
N

oy (x, 1) = pp B2 pithaxtont) (2.706)
I

sy (x, t)_lmg N p=illki+ho)x+ (@1 )1 (2.707)

where N is an arbitrary positive integer,

fN =000, &.N=010, &,N=00-1, &N=0_11, (2.708)
_ (n,k)
o = _det (mSR ). (2.709)

the matrix elements in o, i are defined by

min(i, j) 2 v
(n.k) |p1l } + _ .
mhY = — | Sioy(xT(n, k) +vs)Si—y(x (n, k) + vsT),
" ;) [(170 +pp2] T ’”

(2.710)
vectors xi(n, k) = (xft, 0, xét, o,-- ) are defined by

X (n, k) = (o — Br)x + (c1Br — c20) t +nbp +kAr +ar,  (2.711)
x (n k) = (af — Bf)x + (a1 — coof) t — ) — kAf +af, (2.712)

o, Br, 0 and X, are coefficients from the expansions

Y1
ark’, (2.713)
11— (P(K) Po) Z '
» 1 1 ) N,
- — - ) =) Bk, (2.714)
C1—cz<p(/<)—1 po—i ; ’
) K)—i <
= a, WS (2.715)
po—i
r=1 r=1

the vector s = (s1, 82, - - - ) is defined by the expansion

1 P0+P8><p(/<)—po>} —
InlZ - i 2.716
n[K( P p )+ p; ZSK ( )

r=1

the function p (k) is defined by the equation
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Q1 [p (k)] = Qi(po) cosh(k), 2.717)

with Q(p) given in Eq. (2.697), p1 = (dp/dk)|c=0, a1 =0, and a3, as, . .., axn_1
are free irreducible complex constants.

Theorem 2.14 [f the algebraic equation (2.696) admits two distinct non-imaginary
simple roots po.1 and po with por # —pa"l, which is only possible in the
soliton-exchange case (2.689) with background amplitudes not satisfying con-
ditions (2.700), then the three-wave interaction system (2.686) under boundary
conditions (2.695) would admit nonsingular (N1, N2)-th order rogue-wave solu-
tions

&81,N,Ny i
U1, Ny N, (6, 1) = py St ikt (2.718)
N1,Na
82,N1,Ny i
s, Ny N (X, 1) = pp T2 gt tent), (2.719)
Ni,Ny
Uz, Ny N, (X, 1) = ip3Me—i[(k1+k2)1+(w|+wz)t]’ (2.720)

Ni,Ny

where N1, N> are arbitrary positive integers,

INI.N2 = 00,0, &81,N;,N, =01,0, &2,N{,N» =00,—1, &3,N;,N, = O—1,1,

(2.721)
On.k is a2 x 2 block determinant
(1,11 _[1,2]
o o

Ok = det< (R} rf’zlfz]>, (2.722)

Gn,k n,k

[1,J1 _ (n,k,1,J) )

Ok —( 2-12j=1) iy, 1<j<N, (2.723)

the matrix elements in G,EI,’(J] are defined by

min(i, j) % v
.k, 0,0y _ 1 PLIPY
Mij =2 ( )[

= \por+py,) | (pos+ P§.)?

X S (X7, 010+ 81,0 ) Sjmu (x5, 000 + 085 ,) . 2724)

+ + +
vectors xIJ(n,k) = (xl,I’J,xzﬁl’J,--~) and s;; = (S]’[“],Sz’]“],"') are
defined by
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x;t_lJ(na k) = (ar,l - ﬁr,l)x + (cl,Br,I - C2ar,1)t

+n0.1 + ki1 —br1 g +arg, (2.725)
X k) = (af; = B ) x + (a1l — el )1
—n6 — kA, — b +ay, (2.726)

ar1, Br.1, 0r.1, Ar.1 and s, 1.y are coefficients from the expansions (2.713)—(2.716)
with po replaced by po 1, p\ replaced by pi,;, pj replaced by pa‘, 7> p(c) replaced
by pr(k) which is defined by Eq.(2.717) with po replaced by po. 1, p1,1 =
(dp1/dk)|c=0, br1.7 is the coefficient from the expansion

pr (k) + pg >
| ———20 | =Y bk, (2.727)
pPo.1 + Do g

r=1

and ay1,ar2 (r =1,2,...) are free complex constants.

Theorem 2.15 If the algebraic equation (2.696) admits a non-imaginary dou-
ble root po, which is only possible in the soliton-exchange case (2.689) with
background amplitudes satisfying conditions (2.700), then the three-wave interac-
tion system (2.686) under boundary conditions (2.695) would admit nonsingular
(N1, No)-th order rogue-wave solutions u; y; n,(x,1) (1 < i < 3), where Ny and
N are arbitrary non-negative integers, and u; ny; n,(x,t) are of the same forms
as (2.718)—(2.721), except that their oy is given by the following 2 x 2 block
determinant

oLl S 11.2]
onk =det | 1 ). (2.728)
O'n,k Un,k

where

G[I,J] _ ( (n,k, 1,J)

nk = \"M3i-1,3j-J (2.729)

)151'51\/1, 1<j<N;’

the matrix elements in o' are defined b
n,k y

.k, 1,J) L) m? 7
mk by — | ST, k) +vs) Si—y (x5 (n, k) + vs®),
" ; [(poerS)z] T e

(2.730)
vectors xﬁt(n, k) = (xfl, xéfl, .- ) (I =1, 2) are given by

xj:[(n, k) = (ar — Br) x + (c1Br — 20t t
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+n6, + ki, + a1, ifr mod3 #0, (2.731)
Xy (n k) = (af = BY)x + (c1ff — o)t

—nbF — ki +a;, ifr mod3 #0, (2.732)
x:[(n, k) = x;l(n, k) =0, ifr mod3 =0, (2.733)

o, Br, 6, and A, are defined in Egs. (2.713)—(2.715), s = (s1, S2, - - - ) is defined in
Eq. (2.716), the function p (k) which appears in Egs. (2.713)—(2.716) is defined by
the equation

Qi [p (k)] = Qi (po) |:e’( +2¢7*/? cos (?x)] , (2.734)

3

Q1 (p) is given by Eq. (2.697), or equivalently

1 1
Qi(p) =— (; + + p) (2.735)

p—i
in view of the parameter restrictions (2.700), p1 = (dp/dk)|c=o, and a1, a2
(r=1,2,...) are free complex constants.

Proof First, we introduce a variable transformation

ui(x,t) = pl%ei(klx-l-wlt)’

us(x, 1) = pz%ei(’””wm, (2.736)

uy(x. 1) =i p3g73€—i[(k|+k2)X+(w1 +o)i]

where f is a real function, and gi, g2, g3 are complex functions. Using this
transformation and parameter relations (2.694), the three-wave system (2.686) is
converted into the following three bilinear equations

(Di + 1Dy —iy1) g1 - f = —iy18583,
(Dt + 2Dy —iy2) g2 - f = —iv287 83> (2.737)
(Dr —iy3) g3+ f = —iy3818&>-

Next, we introduce a coordinate transformation

C1 2 1 1
X=—r+—s, t=—r-+ —s, (2.738)
Y1 V2 Y1 Y2

or equivalently,
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1 2
r= v (x—c2t), s= Y
) ¢ —cl

(x —ci1). (2.739)

Under this coordinate transformation, the bilinear equations (2.737) reduce to

(iDr+1Dg1- f=g58;3,

(iDs+ 1) g - f = giés, (2.740)
Yic2 . Y2€1 .
|: 1D, — 1Dv+1:| g3f=gikg>2k
v3(c2 —c1) y3(c2 —c1)

Bilinear equations (2.740) can be reduced from the following lowest-order
bilinear equations in the extended KP hierarchy

[(b—a)Dr + 1] Tni1k * Tnk = Tnkt1 Tnt 1,k—1,5
[(b—a)Ds + 1Ty k=1 " Tnk = Tn—1,kTn+1k—1> (2.741)
[Dxl +(a— b)] Tn—1k+1 " Tnk = (@ — D) Ty—1,k Tn k+1,

where we set a = 0 and b = i. To reduce (2.741) to (2.740), we impose the
dimension reduction condition

Lotk = Ctyp, (2.742)

where

0= vicz _ y2ci1 _
ysca—c1) plea—cr)

Oy (2.743)

and C is some constant. We also impose the complex conjugation condition
Top—k = Ty g (2.744)
Under these two conditions, when we set

f=10 8 =710, & =7T0-1, 83 =T-11, (2.745)

then the bilinear system (2.741) with n = k = 0 would reduce to the original
bilinear system (2.740).

A wide class of solutions to the higher-dimensional bilinear system (2.741) can
be obtained from the following lemma.

Lemma 2.14 [f functions mf"j?k), gol.("’k) and 1//](."’k) of variables (x1, r, s) satisfy the

following differential and difference relations,
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3, m(n k) (n k)w(n k)
1

8x1§9(n k) gDl(n+l k) ax”/j(n k) I//(n 1 k)

argp[(n k) §0(n k— 1) 3, w(n k) w(n k+1)

k 1,k k 1,k

8“'01(” ) — (pl(n ) 8 w(” ) _ w](l’l'i‘ )

1,k k k41 1 k k Jk—1
P (a = g™ w,(” YT = @ = by Y,
(2.746)
where a and b are arbitrary complex constants, then the T function
ta= det (mf"*) (2.747)
1<i,j<N J

would satisfy the higher-dimensional bilinear system (2.741).

This lemma can be proved using results in Yang et al. (2020) and some additional
similar calculations.

Now, we construct a wide class of algebraic solutions to the bilinear sys-
tem (2.741) from the above lemma. To do so, we introduce functions mk <p(”’k)
and ¢ "0 as

k
k) — 1 (_P - a) <_P - b)n s, (2.748)
p+gq q+a qg+b
o0 = (p+ D(p —a)(p—b)'e, (2.749)
YO =g+ DI=(g + )1 [~(g +b)]7" e, (2.750)
where
1 1
§= r+ s+ (p — b)x1 +éo(p), (2.751)
p—a p—>b
1
= r+ s+ (g +Dbx + ; 2752
= rd T th (g +b)x1 +no(q) ( )

and p, g are arbitrary complex constants, and &y(p), 1no(q) are arbitrary functions
of p and g respectively. It is easy to see that these functions satisfy the differential
and difference relations (2.746) with indices i and j ignored. Then, by defining
functions

m(n.,k) — ﬂijm(n’k), (pi(l’l,k) — ﬂi(p(n,k)’ 1//](.11,]() — ij(n,k)’ (2753)

129}

where A; and B; are differential operators with respect to p and g respectively as

1 i 1 .
A== [A0,] B; = i [A@d,] (2.754)



2.10 Three-Wave Resonant Interaction System in (1+1)-Dimensions 189

and f1(p), f>(q) are arbitrary functions, these functions would also satisfy the dif-
ferential and difference relations (2.746) since operators A; and 8; commute with

differentials. Consequently, for an arbitrary sequence of indices (i1, iz, - - - , iy) and
(j1s j2, -+, jN), the determinant
ok = det (ml("*@) (2.755)
I<v,u<N voJu

satisfies the higher-dimensional bilinear system (2.741).

Next, we need to restrict the above solutions so that they satisfy the dimen-
sion reduction condition (2.742). To do so, we follow the “W-p treatment (see
Sects. 2.3, 2.6 and 2.9). We first see that

Lom!}" = AB; Lom ™0 = A8} [Qi(p) + Qo)) m", (2.756)
where Q (p) is as defined in Eq. (2.697), and @»(q) is Q; (p) with p changing to ¢
and i to —i. To meet the dimensional reduction condition (2.742), we start with the
relation,

o _ o | b ] :
Lo m;yjk) = Z m [(fl 81))“ Q (P)] m,(_’:i)’j + Z l_‘ [(fZaq)l QZ(Q)] m,gyj:]i)l,
n=0"" =0
(2.757)

which is the same as Eq. (2.661) for the Manakov case in the previous section. In
order to satisfy the dimensional reduction condition (2.742), we select functions
[f1(p), f2(q)] as well as values of (p, g) so that coefficients of certain indices on
the right side of the above equation vanish (see Sect.2.1.1). For that purpose, we
will select pg and gg values to be roots of the following algebraic equations

Q (po) =0, Q(q0) =0. (2.758)

At these (po, qo) values, the © = [ = 1 terms on the right side of Eq. (2.757) will
vanish. Notice that the Q’l (po) = 0 equation above is the same as (2.696), whose
root structure has been delineated earlier in this section. Roots of the Q’z (go) =0
equation are related to those of Q] (po) = 0 as g = pg- Since the m™® function

in (2.748) has a factor of 1/(p + ¢), in order for ml(njk) in (2.753) to be nonsingular
when evaluated at (p, ¢) = (po, qo), the po value cannot be purely imaginary.

To select f1(p) and f>(q) functions, we need to impose further conditions, and
these conditions will depend on the multiplicity of the root po in the @ (p) = 0
equation. The present situation is very similar to the Manakov case of the previous
section; so our discussions will be brief (the reader can see Yang and Yang (2021b)

for details).
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A Simple Root Case

If po is a simple nonimaginary root to the Q}(p) = 0 equation, the condition on
f1(p) we impose will be

(£10,)° Qi(p) = Qi (p). (2.759)

This differential equation is the same as Eq.(2.252) in Sect.2.3. So the fi(p)
solution is as given in Eq. (2.257). In addition, by writing f1(p) = Wi (p)/W)(p),
the corresponding ‘Wi (p) function is given in Eq.(2.257) as well. A similar
treatment can be applied to the g variable. In this case, when we restrict indices
of the general determinant (2.755) to

(n,k)

= det [ m* .7’ , 2760
" 1§i,,i§N< H=L27=1 o py, g=qo ( )

we will get

Lotk = [Q1(po) + Q2(q0)] N Ty k.
(2.761)

Thus, the 7, x function (2.760) satisfies the dimensional reduction condition (2.742).

The complex conjugacy condition (2.744) can be met when we choose &y(p) and
no(q) as

Eo(p) =) _a " Wi(p), nolg) =) aln" Wi(g), (2.762)

r=1 r=1

where a, are free complex constants. The resulting 7, ; function (2.760) then gives
rogue waves of the three-wave system through Eqs. (2.736) and (2.745).

Lastly, we remove differential operators in matrix elements of Eq.(2.760) and
derive more explicit expressions of rogue waves through Schur polynomials, using
techniques we have demonstrated in earlier sections (see Yang and Yang (2021b)
for details). Following such steps, we then obtain the rogue wave expressions given
in Theorem 2.13 for the three-wave system, where parameters a, are linearly related
to a, in Eq. (2.762). In addition, the parameter a; can be normalized to zero through
a shift of the (x, t) axes.

Two-Simple-Root Case

If the @ (p) = 0 equation admits two distinct non-imaginary simple roots po,
and po with po> # —pg . then we can construct a more general 2 x 2 block
determinant
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‘c[]’l] 1[1,2]
Tk = det rf’zlfl] lh]fz] , (2.763)
tn,k Tn,k
where
trE{];J] = mat<j<N;,1<j<Ny (mgilf{,zj—l‘ B B > , 1 <1, J <2,
P=Dp0,1.9=490,J
(2.764)
m,?fl/:") is given by Egs.(2.748)~(2.753) with [fi(p), f>(q)] replaced by

LA (p), £ (@), the function £ (p) is provided by Eq. (2.257) with py replaced
by po. 1, the function f2<J) (g) is the same as (2.257) but with the subscript 1 changing
to 2 and (p, po) changing to (q, qo,s), with

q0.7 = Pg.> (2.765)

&o is replaced by &y s, no is replaced by no s, and N, N are arbitrary positive
integers. This 2 x 2 block determinant (2.763) also satisfies the higher-dimensional
bilinear system (2.741).

In the present case, Eq. (2.761) becomes

Lotnk = {[Qi1(po,1) + Q2(q0,1) | N1 + [Qi(po.2) + Q2(q0.2) | N2} Tk
(2.766)

Thus, the 2 x 2 block determinant (2.763) also satisfies the dimensional reduction
condition (2.742).

The complex conjugacy condition (2.744) can be met when we choose &y 7 (p)
and 19, y(q) as

o o
E.0(p) =Y a0 W), mos@) =Y at, W g, 1.J=12
r=I1 r=1

(2.767)

where (M/Y)(p) is as defined in Eq. (2.257) with pg replaced by po ;, ’W;J)(q) is
defined similar to Eq. (2.257) except that the subscript 1 changes to 2 and (p, po)
change to (¢, qo,s), and a,1,a,2(r = 1,2,...) are free complex constants. The
resulting 7, x function (2.763) then gives rogue waves of the three-wave system
through Eqgs. (2.736) and (2.745).

Lastly, we remove differential operators in matrix elements of Eq. (2.763) and
derive more explicit expressions of rogue waves through Schur polynomials, using
techniques we have demonstrated in earlier sections (see Yang and Yang (2021b)
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for details). Following such steps, we then obtain the rogue wave expressions given
in Theorem 2.14 for the three-wave system.

A Double Root Case

If the algebraic equation Q|(p) = 0 admits a non-imaginary double root po, the
dimension reduction condition (2.742) would be satisfied if we choose fi(p) to
satisfy the differential equation

(A(p3,) Qi(p) =Qi(p), (2.768)

choose f>(g) to satisfy a similar equation except to change the index above from 1
to 2 and change p to ¢, and choose the 7, ; determinant as

L (1.2]

_ n.k n.k

Tnk = det [2’1] [2,2] ) (2769)
Tk Tnk
where
[7,J1 _ ) . (n,k)
Tok = Mali<i<n; 1<j<N, <m3i—l, 3,/—1‘ o _ _ )
P=Pp0, 4=40, 0=50.1, N0="0,J

1<1,J<2, (2.770)

qo = pa“, &0.1(p), no, s (q) are arbitrary functions of p and g respectively, and N1, Na
are arbitrary non-negative integers. The differential equation (2.768) is the same as
Eq. (2.677) of the Manakov case, and its solution for Q; (p) is as given in Eq. (2.683)
there.

Regarding the conjugation condition (2.657), it can be satisfied when we choose

o0 o0
E.0(p) =Y ar " Wi(p), mos(@) =) a‘ ;" Wi, I=12,
r=1 r=1

(2.771)

where 4, ; are free complex constants.

Lastly, we remove differential operators in matrix elements of Eq. (2.770) using
techniques we have demonstrated in earlier sections. Doing so gives explicit
rogue wave expressions given in Theorem 2.15 for the three-wave system, where
parameters a, | and a, are linearly related to d, and a,» above (see Yang and
Yang (2021b) for details).
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2.10.2 Dynamics of Various Types of Rogue Waves

(a) Rogue Waves for a Simple Root

We first consider rogue waves in Theorem 2.13, which are associated with a non-
imaginary simple root in Eq. (2.696). To get the simplest rogue wave in this solution
family, we take N = 1 in that theorem. Then, we readily find that

i (e, 0] = | 8B i =1,2,3, 2.772)
fi
where
fi =11 — B x + (c1f1 — caa))t|* + G,
81,1 = [(a1 = B1) x + (c1B1 — 1)t + 01]
X [(oe]" — ,BT)x + (18] — caa)t — 9{‘] + o,
g2,1 = [(a1 — B1) x + (c1B1 — c2a1)t — Aq]
x [(af = BY) x + (18] — c2a])t +A7] + o,
83,1 = [(a1 — B1) x + (c181 — 1)t — 01 + A1]
X [(off — ,Bi")x + (c1B8] — c2a)t + 65 — AT] + Zo,
and
D1€1P203 DP1€201P3
ol = _2—7 1= — N 5
phlct —c2)p1 (po —1)*(c1 — c2)p2
p1 D1 Ip1l?
oh=—— M=—, H=—""73.
po—i Po (po + p§)?

This rogue wave is ratios of second-degree polynomials in x and ¢, which are the
lowest polynomial degrees possible for rogue waves in the three-wave system. Thus,
we will call it the fundamental rogue wave of the three-wave system. Notice that p;
cancels out in these u; | solutions, and thus its formula is not needed here.

To get second-order rogue waves, we take N = 2 in Theorem 2.13. These
second-order rogue waves have a single free complex parameter az. In these
solutions, f> and g; » are degree-6 polynomials in both x and ¢.

To illustrate the dynamics of these rogue waves, we first consider the soliton-
exchange case (2.689), i.e., € = —ep = €3 = 1. For the background and velocity
values of

c1=1,c=05 pr=1, =2, p3=1, (2.773)
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Fig. 2.19 Rogue waves in Theorem 2.13 corresponding to a non-imaginary simple root in the
three-wave interaction system in the soliton-exchange case with background and velocity values
in Eq. (2.773). Top row: the fundamental rogue wave (2.772); middle row: the second-order rogue
wave with a3 = 0; bottom row: the second-order rogue wave with a3 = 10 4 10i

the roots of Eq.(2.696) are (po.1, po,2, —pg’l, —paz), where po1 =~ 0.521005 +
0.8535531, and pg 2 & 0.9892194-0.146447i1. Choosing po = po,1, the fundamental
rogue wave (2.772) is displayed in Fig.2.19 (top row). We see that the intensity
variation of each component in this rogue wave is along a slanted angle in the (x, )
plane. In addition, while the first and third components peak at the originx =t = 0,
the second component bottoms there. Because of this, we can say the first and third
components of this rogue wave are bright, but the second component is dark. If we
choose pp = po,2, the intensity pattern of the resulting rogue wave would also be
slanted, but extremely slender, like a needle, in all three components. In addition,
the first and third components are now dark, while the second component bright, in
this latter case.
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The second-order rogue waves involve pj and the free parameter az. For the
chosen value of pg = po,1, we find that p; ~ £(0.550798 —0.2893231), and choose
the plus sign. Then, at two a3 values of 0 and 10 + 10i, the corresponding rogue
waves are displayed in Fig.2.19 (middle and bottom rows respectively). The rogue
wave at a3 = 0 exhibits new patterns and higher peak amplitudes. The rogue wave
at az = 104-10i splits into three separate fundamental rogue waves—a phenomenon
common in integrable systems.

Next, we illustrate dynamics of rogue waves in the same Theorem 2.13 for a
simple root, but for non-soliton-exchange cases. For brevity, we only consider the
stimulated backscatter case with e, = —ep = —e3 = 1. For the background and
velocity values of

cr=35 =2, pr=p=p3=2, (2.774)

Eq. (2.696) admits a non-imaginary simple root pg ~ 0.391016 + 0.338012i. The
corresponding fundamental rogue wave (2.772) is plotted in Fig. 2.20 (upper row).
In this rogue wave, the first component is dark, the second a saddle, and the third
bright.

In second-order rogue waves, if we choose a3 = 0, the resulting rogue solution
is displayed in Fig.2.20 (middle row). This rogue wave develops strong dips in its
first and second components and a strong peak in its third component at the wave
center. If we choose az = 5 + 5i, the resulting solution, shown in the bottom row of
Fig. 2.20, splits into three separate fundamental rogue waves as a rogue triplet.

(b) Rogue Waves for Two Non-Imaginary Simple Roots

Rogue waves in Theorem 2.14 are associated with two non-imaginary simple roots
po.1 and po 2 in Eq. (2.696), with pp 2 # — pE)"’l. These solutions only appear in the
soliton-exchange case of €; = —e; = €3 = 1 when the background amplitudes do
not satisfy conditions (2.700). The simplest rogue waves in this family correspond
to Ny = N = 1, which contain two free complex parameters a1 and a; . To
illustrate these rogue waves, we choose background and velocity values as

ci=1, =05, p1 = pr = p3 = 2. (2.775)
The roots of Eq. (2.696) for this set of values are (po,1, po.2, —pa], —pa2), where
po.1 ~ 0.529086 + 0.257066i, po2 =~ 1.52909 + 0.742934i. (2.776)

Regarding free complex parameters a1 and aj 2, one of them can be normalized to
zero by a shift of x and ¢, and the other is irreducible. We will normalize a; 1 = 0.
Then, at two a; » values of 0 and (2—1) pj 2, the resulting rogue waves are displayed
in Fig.2.21 (the latter choice of a; > as a multiple of pj 7 is because in this case,
the parameter pp» would cancel out in the solution’s expression). The rogue wave
at a2 = (2 — 1)p12 (lower row) comprises two separate simpler rogue waves,
which turn out to be fundamental rogue waves (2.772) of Theorem 2.13 for the
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Fig. 2.20 Rogue waves in Theorem 2.13 corresponding to a non-imaginary simple root in the
three-wave interaction system in the stimulated backscatter case with background and velocity
values in Eq. (2.774). Upper row: the fundamental rogue wave (2.772); middle row: the second-
order rogue wave with a3 = 0; bottom row: the second-order rogue wave with az = 5 4 5i

two individual po values in Eq.(2.776). Thus, rogue waves in Theorem 2.14 for
two simple roots can be viewed as a nonlinear superposition of rogue waves of
Theorem 2.13 for the two simple roots. The rogue wave at aj > = 0 (upper row) is
formed by merging the two fundamental rogue waves of the lower row. It has a new
composite structure and higher peak amplitude.

(c) Rogue Waves for a Double Root

Rogue waves in Theorem 2.15 for a nonimaginary double root only arise in the
soliton-exchange case of €, = —e; = €3 = 1 when the background amplitudes
satisfy conditions (2.700), i.e.,
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Fig. 2.21 Density plots of the (1, 1)-th order rogue waves in Theorem 2.14 corresponding to two
non-imaginary simple roots in the three-wave interaction system in the soliton-exchange case with
background and velocity values in Eq. (2.775). Upper row: a; > = 0; lower row, aj » = (2—1i)p12

Ccl 1 —C2
pr=l—p1, p3==% o1- 2.777)
2 2

In this case, Eq. (2.696) admits a pair of non-imaginary double roots py = (++/3 +
i)/2. We will choose py = (/3 + i)/2. Regarding pj, which is any one of the
three cubic roots of (3x/§ + 1)/12, we pick the one in the first quadrant, which is
p1 =~ 0.759614 + 0.0482053i. We also normalize a;,; = O through a shift in the
(x, 1) axes.

Rogue waves in Theorem 2.15 are given through a 2 x 2 block determinant. As
in the Manakov case, we will consider only Q-type (N; = N, N> = 0) and R-type
(N1 = 0 and N, = N) rogue waves for simplicity.

The first (lowest) order R-type rogue wave can be obtained from Theorem 2.15
by setting Ny = 0 and N> = 1. This rogue wave is

gil
Si

where f1(x,t) and g;1(x,t) are given in equations below (2.772) under the
parameter constraints of Eq.(2.777). Thus, this first-order R-type rogue wave is
the fundamental rogue wave (2.772) under parameter constraints (2.777). For the
background and velocity choices of ¢c; = 1, c; = 0.5, and p; = 1, this rogue wave

, 1 =<i=<3, (2.778)

luio,1(x, )] = ‘pi
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Fig. 2.22 R-type rogue waves in the three-wave interaction system in the soliton-exchange case,
with background and velocity values of ¢c; = 1, c2 = 0.5, p; = 1 under conditions (2.777). Upper
row: the first-order rogue wave; middle row: the second-order rogue wave with az > = a42=0;
lower row: the second-order rogue wave with ay » = 0 and a4 » = 501

is plotted in Fig. 2.22 (top row). In this rogue wave, all three components are bright
at the wave center x =t = 0.

Second-order rogue waves of R-type can be obtained from Theorem 2.15 by
setting Ny = 0 and N, = 2. These rogue waves are ratios of degree-eight
polynomials in x and ¢, and they contain three free complex parameters, aj 2, a2 2
and a4 . We normalize a; » = 0 by a shift in the (x, #) axes. Then, for two choices
of (a2,2, as2) = (0, 0) and (0, 50i), the corresponding solutions are displayed in the
middle and bottom rows of Fig.2.22, respectively. The solution in the middle row
has higher amplitudes, and its three components form a three-needle structure. The
solution in the bottom row splits into four fundamental rogue waves.

The first-order Q-type rogue wave in the three-wave system can be obtained from
Theorem 2.15 by setting Ny = 1 and N> = 0. As in the Manakov case, this solution
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is a ratio of polynomials of degree four in x and ¢, and it contains two free complex
parameter a;,1 and ap 1. By a shift of the (x, #) axes, we normalize a;,; = 0. For
parameter values of c; = 1, co = 0.5 and p; = 1, this solution with a1 = 10+ 101
has been plotted in Yang and Yang (2021b). It was seen that this solution splits into
two fundamental rogue waves, similar to the Manakov case. When a1 = 0, these
two fundamental rogue waves merge together and form a composite structure.

2.11 Long-Wave-Short-Wave Resonant Interaction System

The long-wave-short-wave (LWSW) resonant interaction system is
iSt—Sxx+SL=O,}

(2.779)
Ly = —4(ISP)s.

This system governs the resonant interaction between long and short waves in
many physical systems, such as capillary-gravity waves (Djordjevic and Redekopp
1977), internal waves (Grimshaw 1977; Funakoshi and Oikawa 1983), plasma
waves (Yajima and Oikawa 1976), and optical waves (Kivshar 1992; Chowdhury
and Tataronis 2008), see Sect. 1.5. Here, S is the complex envelope function of
a short wave, and L is the real long-wave function. This system was shown to
be integrable by Yajima and Oikawa (1976) and is sometimes called the Yajima-
Oikawa system in the literature.

This LWSW system admits a constant-amplitude continuous-wave solution in
the S component and zero solution in the L component. Through a simple variable
scaling, we can normalize the amplitude of the S component to unity. Then, this
solution can be written as S(x, f) = /@) and L(x, ) = 0, where « is a real
wavenumber parameter. This background solution is modulation unstable, and rogue
waves can arise from it. Thus, we set the boundary conditions of rogue waves as

S(x, 1) = @D Ly 50, x, 1 — +oo. (2.780)

Fundamental rogue waves in the LWSW system (2.779) were derived by Chow
et al. (2013) using the Hirota method, and by Chen et al. (2014a) and Chen
(2014) using Darboux transformation. General rogue waves in the LWSW system
were derived by Chen et al. (2018a) using the bilinear method. Rogue wave
expressions in Chen et al. (2018a) were complicated though due to their choices
of differential operators and parameterizations in the bilinear procedure. Simpler
rogue expressions were obtained by He et al. (2023) using the ‘W-p treatment
for dimensional reduction (see Sect.2.3) as well as the new parameterization (see
Sect. 2.1.1). Below, we derive general rogue waves in the LWSW system, following
Chen et al. (2018a) and He et al. (2023).

General rogue waves in this LWSW system are given in the following theorem.
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Theorem 2.16 The long-wave-short-wave interaction system (2.779) under bound-
ary conditions (2.780) admits N -th order rogue wave solutions

2

- a
Sy = ENgilaxte) p o 0 %y f (2.781)
N dx?
where N is an arbitrary positive integer,
fn =00, gn=o01, (2.782)
— (n)
on =, det (8 (2.783)

the matrix elements in oy, are defined by

min(i, j) |p1|2 v
(n) + - *
m. . = — ) Si_,(xT(n)+vs)Si—,(x" (n)+vs™), 2.784
" ;:o: ((po+p3)2) o (T () +v8) Sjm (™ () +vs%),  (2.784)

vectors xE(n) = (xli, 0, xgc, 0,-- ) are defined by

xF(n) = pyx — ait +nb, + a,, (2.785)
x, (n) = pix + kit —n6f +a, (2.786)

Pr, & and 6, are coefficients from the expansions

p(K):Zp,Kr, Pz(K)—P(Z):Za’Kr’ In |:p[§:)—loz j| Zek
—0 r=I1
(2.787)

the vector s = (s1, $2, - - - ) is defined by the expansion

1 P0+PS)(p(K)—po):| A
1 — = r s 2788
n[K( p1 p )+ pg ;” @789

the function p (k) is defined by the equation

Q1 [p (k)] = Q1(po) cosh(k), (2.789)

with Qi (p) given by

2
Qi(p) = p*+ e (2.790)
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po is a nonimaginary root of the equation Q(p) = 0, a = 0, and
(a3, as, ..., axn—1) are free irreducible complex constants.

Proof To derive rogue waves in the LWSW system, we first introduce variable
transformations

) 92
§= 8ilarte) p 5% 4 g 2.791)
f x?

where f is a real-valued function, and g a complex-valued function. Under this

transformation, the LWSW system (2.779) is converted into the following bilinear
equations,

2 . 1 . =
(D? +2iaD, —iD,) g - f 0,} (2.792)

(DyDy +4) f- f =4gg".

This bilinear system can be reduced from the following higher-dimensional bilinear
equations of the KP hierarchy,

(D2 +2aDy, = D) Tay1 - 7 =0, } (2.793)

(D)q Dy, — 2) Ty Tn = —2Tp41Tn—1,

which is very similar to the higher-dimensional bilinear system (2.22) of the NLS
equation, except for the extra 2aD,, term. When we impose the dimensional
reduction condition

(85 + 20y ) T = C1y, (2.794)

where C is some constant, then this system (2.793) would reduce to the (1+1)-
dimensional bilinear system

(D2, +2aDy, — Dy,) Tyy1 - 7o =0, } (2.795)
(iDx, Dy, —4) T - Ty = —4Tyq1 Tu—1.
Then, by setting
X]=x, Xxp=-—it, a=Iia, (2.796)
f=1%, g=1, h=r1_1, (2.797)

and imposing the complex conjugate condition

T = T_p, (2.798)
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the bilinear system (2.795) would reduce to the bilinear system (2.792) of the
LWSW equations.

First, we construct solutions to the higher-dimensional bilinear system (2.793).
We have the following lemma.
Lemma 2.15 Let ml("]), (pi(n) and w;n) be functions of x1, xo and x_1 satisfying the
Jfollowing differential and difference relations,

A, m(n) (n) 1p(n)
1 1
o = (axl D6, VI =~y +ap .

(2.799)
e =020, any = -0y,
1 +1
8 0™ =™V g lwm) W ),
and
dym") = [axlga‘”)]w(”) " [0, v,
axflmﬁ,”]? = —p"~ ”xpj”*‘) (2.800)
(n+1) (n) (n) (n+1)
m; i =m; / w
Then the determinant
0, = det <mf”)) (2.801)
I<i,jsN \ B/

satisfies the bilinear system (2.793).

This lemma is similar to Lemma 2.1, and its proof can be found in Chen et al.
(2018a). As in Lemma 2.1, if the former part (2.799) of these differential and
difference relations hold, then we can show that the x; derivatives of the latter
part (2.800) of these relations are automatically satisfied.

Based on this lemma, a wide class of algebraic solutions to the higher-
dimensional bilinear system (2.793) is

n=_det (m"), (2.802)
1<v,u<N vsJu
where
m") = A;B;m™, (2.803)

1 _ n
m® — e (_;’TZ) EP+1@), (2.804)
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E(p) = px1+ pPx2 + o ), (2.805)
n(q) = gx1 — q*x2 + r+10(q), (2.806)
q+a
A = [fl(i?—')ap]l B = [ﬁ(iﬂ (2.807)
f1(p), f2(q), Eo(p), no(q) are arbitrary functions, and (i1, iz, - -+, in; j1, j2, -,

Jn) are arbitrary sequences of indices.
Next, we adopt the “W-p treatment to meet the dimensional reduction condi-
tion (2.794) . Introducing the linear differential operator £y as

Lo =9y, +2idy_,, (2.808)
then we have
Lom{") = AB; Lom™ = ;B [Qi(p) + Qg)Im™, (2.809)
where
Qi(p) = p* + plea Q(p) = —¢*+ qiia. (2.810)

Note that this @ (p) is the same as that in Theorem 2.16.
To meet the dimensional reduction condition (2.794), we will select pg and gq
values to be roots of the following algebraic equations

1(p) =0, @(q)=0. (2.811)
Recalling a = ia from Eq. (2.796), the equation Q| (p) = 0 can be rewritten as
p(p —ia)’ =1i. 2.812)

When « > —3/+/4, this equation has one imaginary simple root and a pair of
nonimaginary simple complex roots. When o < —3/+/4, this equation has three
imaginary simple roots. When o = —3/+/4, this equation has one imaginary simple
root and another imaginary double root. Only nonimaginary roots can lead to rogue
waves. Thus, rogue waves can only be obtained when « > —3/+/4. In this case, the
pair of complex roots are

iﬁ([@ — 4a?) N K? + 8Ka + 4a? .
= 1,
12K 12K

20 (2.813)
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where K = (8¢ + 108 4+ 1241203 + 81)!/3. Since these complex roots are
simple, there can only be one type of rogue waves corresponding to a simple
nonimaginary root (which is the counterpart of Theorem 2.10 for the Manakov
system and Theorem 2.13 for the three-wave system). The t,, function for this type
of rogue waves is

Q) ‘
7, = det ms. . , 2.814
" lsi,j§N< i P q=P§> ( )

where pg is a nonimaginary root of Eq. (2.812), and f1(p), f2(q), §o(p), no(q) are

as given in Eqgs. (2.257) and (2.667). Lastly, we remove the differential operators in

the matrix elements by techniques described in earlier sections, and the final explicit

solutions are as given in Theorem 2.16. This completes the proof of Theorem 2.16.
Taking N = 1 in Theorem 2.16, we get the fundamental rogue wave

. 92
S] — %el((lx—}—o{zt)’ Ll — _zﬁ In fls (2815)
where
. |p1l?
fl :|p1x—2p0[)]lt|2+_ ’
(po + pY)?

. : |p1l? pi

g1 = (p1x — 2popiit + 61) (pix+2pg piit — 67) +W’ o= T
Notice that p; cancels out in the S| and L; solutions; thus its expression is
not needed. Graphs of this rogue wave with « = 1 and —1 are plotted in the
upper and lower rows of Fig.2.23, respectively. Here, the plus sign is taken in the
formula (2.813) for po. It is seen that the « value significantly affects the shapes and
orientations of this fundamental rogue wave.

Second-order rogue waves can be obtained from Theorem 2.16 by setting N = 2.
For « = 1 and two values of a3 = 0 and 30, the corresponding rogue waves are
plotted in the upper and lower rows of Fig.2.24, respectively (here the plus sign
is taken in the formula (2.813) for pg as well). In the former case, the rogue wave
exhibits an x-shape in its two components. In the latter case, the rogue wave splits
into three fundamental rogue waves.

2.12 Massive Thirring Model

The massive Thirring (MT) model arose in the quantum field theory as a com-
pletely integrable nonlinear model (Taneda 1958; Mikhailov 1976; Kuznetsov and
Mikhailov 1977). In the light-cone coordinates, this model is



2.12 Massive Thirring Model 205

[Sil

_3. s
Z6 0 6 Z6 0 6
# &
[S1]
3.

0
—38 - |
-6 0 6 -6 1] (]
X X

Fig. 2.23 Density plots of the fundamental rogue waves |Sy(x, #)| and L (x, ¢) in the long-wave-
short-wave interaction system. Upper row: @ = 1; lower row: « = —1. Left column: |S(x, 1)|;

right column: Ly (x, t)
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Fig. 2.24 Density plots of second-order rogue waves in the long-wave-short-wave interaction
system for o = 1. Upper row: a3 = 0; lower row: a3 = 30
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2.816
ivt+u+ev|u|2:0, ( )

iuy + v+ eulv)r =0, }
where € = £1. Note that this model is invariant under the transformation of v —
—v,x - —x,t — —t and ¢ — —e. Thus, it would suffice to treat one of the
€ = %1 values only. In the laboratory coordinates (£, n) where £ = c(x — ¢) and
n = x + t, with ¢ being a velocity constant, the u, term above would become
uy + cug and v; become v, — cvg. The MT model in these laboratory coordinates
is a particular case of the coupled mode equations that describe nonlinear pulse
propagation in Bragg optical media (Winful and Cooperman 1982; Christodoulides
and Joseph 1989; Aceves and Wabnitz 1989; Eggleton et al. 1999).

Rogue waves in the MT model have been derived in Degasperis (2015),
Degasperis et al. (2015), Guo et al. (2017), and Ye et al. (2021) by Darboux
transformation, and in Chen et al. (2023) by the bilinear method. Here, we follow
Chen et al. (2023).

General rogue waves in the MT system (2.816) are given by the following
theorem.

Theorem 2.17 The massive Thirring model (2.816) admits nonsingular N-th order
rogue wave solutions

8N i(l+e 24211 hN i(1+e 2x42L1)
Uy = ,01—6( mpz)(m o - pz—e< ,01,02)(p1 n'),

it 7 fn
(2.817)

where p1, p2 are free real parameters which satisfy the conditions of —1 < p1p2 <
Ofore =10r0 < p1p2 < 1fore =—1,

fv=0000 &v=Cy'o110. hy=0-101. (2.818)

.\ N
—1 .
Co = [—p—ﬂ (pz )} . po=+/—ep1p2(l +€p1p2) +i(l + €p1p2),
Py \ Py T1
(2.819)

_ (n,k,l)
Onkl = 15?‘};1\, <m2i71,2j71 ) (2.820)

the matrix elements in o, i are defined by

minG,j) /v
m0 =3 (Z) Siv (" (. k, D+8) Sj v (x” (1. k, D+vs),  (2.821)
v=0

vectors xi(n, k, 1) = (xf, 0, x3i, 0,--- ) are defined by
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1
x (k1) = ayx + Bt + (n + 5)9, + kA +181 +ay, (2.822)
— * 1 * * *
x (n k1) =a,x + Bt —(n+ 5)9, —kAf =181 +af, (2.823)

o, Br, Or, and A, are coefficients from the expansions

- pip[ 1 1 —
o(e“ — 1] = ak’, —|0—m— = k",
( ) ; ' 02 [p+lp e"p+1p] ;ﬁr
(2.824)
P 00
&P tHie Ze nwzzmxr, (2.825)
p+ip o +1ep1p2

r=1

with p = 1+ €p1p2 and p = /—€p1p20, 8r1 s the Kronecker delta function which
is equal to 1 ifr = 1 and 0 otherwise, the vector s = (0, 52,0, 54, - - -) is defined in
Eq.(2.11), a1 =0, and and a3, as, axn—1 are free irreducible complex constants.

Proof Through variable transformations

i P24 P1
8 l(lJre,omz)(pl X+ t)’

h i1+epipo)(2x+2L1)
u=p—;e )
f

where f, g, h are complex functions and p1, p> real constants, the MT model (2.816)
is transformed into the following bilinear equations

(D, — Pyg. f = —Lppr, (2.827)
L1 P1

(iDy —€p3) f - [* = —epshh*, (2.828)

(D, — 2oyn . pr = Ll (2.829)
02 02

(D; —ep]) f* - f = —epigg™. (2.830)

These bilinear equations can be reduced from the following higher-dimensional
bilinear equations in the extended KP hierarchy,

(Day + @) Tukr1.0 * Tng 1kl = ATng 1 k4 10 Tnk l

(befl + 1) Tn k41 * Tnk = Tn—1k,I+1Tn+1.k.I» (2.831)
@Dy — 1) Ty 1.x,0 - Tnk,l = —Tnt1,k—1,1Tn k41,05
(bDg — 1) Tyt k0 Tnkd = — Ttk I—1Tnk,I+1-

Indeed, for these higher-dimensional equations, if we impose the dimensional
reduction conditions
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[axl —b(a — b)av] Tn,k,l = len,k,l» (2.832)

a—>b
|:3x1 + ( ) 3r} Tudkl = CoTnok 1 (2.833)

b
as well as the index-reduction condition
Tut1k+1,0-1 = CoTn k15 (2.834)

where Cy, C, are real constants and Cyp a complex constant with |Cp| = 1, then the
higher-dimensional system (2.831) would reduce to the (1+1)-dimensional system

(Dxy + @) Tkt - Tut 1kt = @ COTak 141 Tn k.15 (2.835)
(b eor 1) Tkt - Takd = C§ Ta ket 10 Tn s 1k (2.836)
Dy, + 1) Tnt 1kl Tk = Tt Lk—1,0Tn k+1,05 (2.837)

<me_1 - 1) Tn+1,k0 " Tnk,l = —Tn41,k,1-1Tn k,I1+1- (2.838)

Then, by setting

b
v=—2 e x =22 a=i, b=il+emp). (2.839)
iap; i
f=1,00 [ff=1-100 Cog&=1-110 (2.840)
h=1t_101, h" =10-1, Cig" =10-10 (2.841)

and imposing the complex conjugate condition
T;f,k,z = T—l—n,—k,—I> (2.842)

we get the original bilinear equations (2.827)—(2.830).

A wide class of algebraic solutions to the higher-dimensional bilinear sys-
tem (2.831) is (Chen et al. 2023)

tois = det (m?"*’."”), (2.843)
” l<v,u<N \ 'vJu

where

m* = A B m kD, (2.844)
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3,] 3]’
= L] g L@ (2.845)
1! J!
i " —a\* —b\!
mokD = L <_£) <_P ) (_1’_> PN (2.846)
p+a\ g q+a q+b
1 1
§(p) = PR A el ey &o(p), (2.847)
@) = ~x1 +qx+ ——r + + no(q) (2.848)
= —X_ X —r Ky s .
(@) = Jx-1Fgxd o= e s+l
fl(p)’ f2(4)7 éo(P)a 770(61) are arbitrary funCtiOnS, and (117 i27 R lN’ j17 j2’ R

jn) are arbitrary sequences of indices. The factor ip in Eq.(2.846) is needed in
order for the resulting ml("]?k’l) to satisfy the complex conjugacy condition (2.842)
(see later text).

Dimensional Reduction

First, we introduce linear differential operators

—b
Ly =0y —bla—b)dy, Lr=20  + aTa,, (2.849)

by which the dimensional reduction conditions (2.832) and (2.833) become
Litnit = Crtnrs, Lathks = CoTug,- (2.850)
It is straightforward to see that

‘Elmgzj,k,l) — ﬂiBj_/_:lm(n,k,l) — ﬂlB/ [Qll(l?) + Q12(C])] m(n,k,l)’

(2.851)
Lm0 = A8 Lm "D = 7,81 Q21 (p) + Qua(@)1m ™,
(2.852)
where
b(b—a b(b—a
Qi =p-b+22"D QL@ =g++ 207D (2853
p—>b +b
1 a—>b 1 a—>b
Qip=—F—", Quig=—+—. (2.854)
= T b —a) D=7 g +a)

Using the general Leibnitz-type operator relation (2.249), we get



210 2 Derivation of Rogue Waves in Integrable Systems

i
1
&mﬁm=§:mnﬁ%)aﬂw>f%?+§: [(f209)" Qea(@)] m "5,

n=0
(2.855)

where s = 1, 2.

Next, the specific functions [ f1(p), f2(¢)] and values of (p,q) need to be
determined to guarantee that coefficients of certain indices vanish in the above
summation. To this end, we solve the first two algebraic equations

11(p) =0, Q(q) =0, (2.856)
and get the following simple roots:
=+bb—a)+b, go=+b—a)—b. (2.857)

Using the a and b values in Eq. (2.839), these roots are

Po = v/ —€p1p2(1 + €p1p2) +i(1 + €p1p2),
) (2.858)
q0 = /—€ep1p2(1 4+ €p1p2) —i(1 + €p102).

Since rogue waves can be obtained only when (pg, go) are nonimaginary, the
condition for the existence of rogue wave solution is then —1 < pjp» < 0 for
€ =1,0r0 < pyp2 < 1 for e = —1. Under these conditions, gy = pg‘)‘.

It is important to note that py and g¢ are also simple roots of the equations

Q1 (p) =0, @,g) =0, (2.859)

respectively. The reason is that Q1 (p) and Q»2(q) are associated with Q;;(p) and
Q12(q) through the simple relations

aﬂ@ﬁ=%@mm—a+%r%an@ﬁ=%wa+a—%rP (2.860)

As a consequence, the terms with © = v = 1 on the right side of Eq. (2.855) vanish
at (po, qo) for both s = 1 and 2.

Following the steps in Sect. 2.3 and the simple root’s case in Sects. 2.9 and 2.10,
we need to solve the differential equations

(f10,)° Qi (p) = Qu(p), (f20,)° Qi2(@) = Q12 (q). (2.861)

From our previous formulae (2.257), the following functions can be derived,

p—>b _q+b

Wi(p) = \/ﬁ’ Wa(g) = \/ﬁ7

(2.862)
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and
Wi(p) Wa(p)
filp) = =p—>b, falg) = =q+b. (2.863)
Wi(p) 5(p)
From the conditions (2.856) and (2.861), we can find that
lel(jwjk,l) p=po. = Q11(P0) Z f" ,'il]) =0,
4=q0 q4=40
;,L even
A
+ Qi) ) — mi p=m.” (2.864)
=0

5
v.even

From this contiguity relation and similar calculations in Sects. 2.1.1 and 2.3, we then
find that if we restrict the general determinant (2.843) to

(n,k,l)
_ et ‘ 7 2.865
Tk, = <o ?<N <m21 1,2j—1 pzpo,qztm) ( :
then
Ltk = [Qu1(po) + Q12(q0) I Ntn k1 = 4y b(b — a)N Ty k1. (2:866)

Thus, the first dimensional reduction condition (2.832) is satisfied.

Now, we prove that the second dimensional reduction condition (2.833) simul-
taneously holds. The key is that pg and g in Eq. (2.857) are simple roots of both
Egs. (2.856) and (2.859) which arise in the two dimension reductions. When this
happens, both dimension reduction conditions would hold simultaneously. A similar
situation has appeared in the complex short pulse equation in Sect. 2.5, where we
proved this fact using a simpler but less general approach. Here, we will prove this
fact using a more general approach.

We notice from Eq. (2.860) that @1 (p) can be expressed as a function of Q11 (p).
Then, let us consider a general function of Q;1, F[Q11(p)] = F(Q11). By using the
Faa di Bruno formula and the relation f10, = di,,, we obtain

(f19,)' F@i1) = 84y, F@i1)
de(Qll) l_[]_ [(flap)]Qll]

_ Z de

1 1 (7 1\m;
my+2mo~+---+lmy=I (l‘) 1_[ 1ml (l ) !

, (2.867)
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where m = Zé:l m;. Furthermore, by using the conditions (2.856) and (2.861),
one finds that

(f10,) FIQi1(po)l =0, (Iis odd), (2.868)
EQ T [(fidian]™
dQ’” j=1
(f13,)' FlQi1(po)]l =
! 2m2+~~z+:lm1=l, an- ! H =1Mi (L
M=my=:= P=p0o
2 C1 (FIQ11(po)]), (Iiseven). (2.869)
The similar calculation for a general function F[Q12(¢)] = F(Q12) gives
(£205) FlQi2(qo)] =0, (s odd), (2.870)
aUEQo) T () Qi)™
dar, j=1 q
(235) FlQi2(qo)] = _
! 2m2+~-2+lm1:l, (I~ [Tizy mit(ilym
my=my=--=0 P=po
£ C21 (FIQ12(q0)]), (L is even). (2.871)

Applying the above formulae (2.868)—(2.871) to the specific functions F[Q11(p)] =
Q1 (p) and F[Q12(q)] = Q22(q), it follows that

i
LomkD _ Z C1,u[Q21(po)] D
Wi {p=po. = ! i~ |p=po.
_O —
/#even

_|_

i CZU[Q22(CIO)] (k1) (2.872)

i,j—v |p=po,"
v=0, q=40
vieven

On the right side of the above equation, the coefficients in the first term of two sum-
mations are C1,0[@21(po)] = Q21(po) and C2,0[Q22(q0)] = Q22(q0), respectively.
This contiguity relation for Lgm(n KD is similar to (2.864) for le("]k D From it,
we then find that for the 7, ¢ ; functlon defined in Eq. (2.865), ’

450 —a)
Loty k1 = [Q21(po) + Q22(q0) I NTp i = —%an,k,h (2.873)

and thus the second dimensional reduction condition (2.833) is also satisfied.
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Index Reduction

N(()wk y)ve consider the index reduction condition (2.834). From the definition of
n,k,

m; 0, we get
m{ LD g LD = 78 (Qs1 () Qa2 (g)] m D,
(2.874)
where
Qi(p) = % = 01 (p) — (a—2b), (2.875)
and
+b B
Q(q) = -1 [012(¢) + (@ —2b)] " (2.876)
q(q +a)
From these connections of [@Q31(p), Q32(g)]1to [Q11(p), O12(q)], we get
Qs (po) =0,  Qsy(q0) = 0. (2.877)

Furthermore, applying the above formulae (2.868)—(2.871) to the specific functions
FlQ11(p)] = Q31(p) and F[Q12(q)] = Q32(q) and utilizing general operator
relations (2.249), we arrive at

i
(L LI=1) _ Z C1,.[Q31(po)]

b P=P0.4=40 w!

,
nieven

3 Cul@u@l |

X . !
ol i=ju,j—v

V=0, P=P0,9=40

v.even

(2.878)
It is easy to see that the coefficients of the first term in the above summations are

C1,0l@31(po)] = @31(po) and C2,0[Q32(90)] = Q32(q0). Thus, Eq. (2.878) leads to
the following matrix relation

(n+1,k+1,1-1) _ (n,k,0)
<m2i—l,2j—l _ _ =L Moy 12j-1| _ U,
P=P0. 4=90/ 1<i,j<N P=P0. 490/ 1<i,j<N

(2.879)
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where L and U are lower and upper triangular matrices with diagonal entries
as 031(po) and Q32(qo), respectively. Taking determinant on both sides of this
equation, we get

N
o (Po—a
Tut 1 ht10-1 = Coturts  Co=[Q31(p0) Q32(q0)1" = [—p— (p—)]
q0 \q0 +a

(2.880)

Recalling go = pjj and a = i is imaginary, |Co| = 1. Thus, the index reduction
condition (2.834) is proved.

Complex Conjugacy Condition

We have known that g9 = p;. Then, by imposing the parameter constraint of

no = &; and noticing that the coordinate transformations x| = Z Bxand x_| =
—Wt are real, one can find that
*
R R IR
’ P=p0,9=4q0 ’ P=D0,9=490
which implies 7, = 7t_n—1,—k—i. Thus, the complex conjugation condi-
tion (2.842) is satisfied.
Finally, we introduce free parameters by expanding &y (p) as
= arIn" W a, In" 2.882
Eo=Y a 1(p) = Zr ( b(b_a)> (2.882)

r=1

where a, are arbitrary complex parameters.

Summarizing the above results, we have the following lemma on rogue waves of
the MT system in differential operator form.

Lemma 2.16 The massive Thirring model (2.816) admits N-th order rogue wave
solutions

o8 1(1+6p1p2)(%X+%t)

. P P
e oy = e (Rt ) o gy
N

N

uny =

where

SN =710,00 &v= CJILM,O, hy =1-1,0,1, (2.884)

S\ N
o ( po —1i .
Co = [—p—* (p* )} . po=/—ep1pa(1 + €p1p2) +i(1 + €pi1 p2),
po po —+1
(2.885)

_ (n,k,l)
rn,k,l_lfg?tSN(mzl i) (2.886)
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, (2.887)

kD _ [(p— b)ap]i [(¢ + b)aq]j m(n,k,l)‘
pP=po, 4=Dp§

i il j!

. N\ k 1
ok — (PN (_P T(_p=iy (_p=b ® (2.888)
p+q q qg+i qg+b ’

_n ibpr (1 pb
ATl >t+2“’“‘ (7o)

+ a*In” <—> , (2.889)
; g Vb(b —1)
b =1i(l1 + €p1p2), and a, (r = 1,2, ...) are free complex constants.

Lastly, we remove the differential operators in the above lemma, using the same
technique we have described in earlier sections (see Sect. 2.2 for instance). The final
explicit expressions of these rogue waves are then as given in Theorem 2.17, where
parameters a, in that theorem are linearly related to d, in the above lemma. This
completes the proof of Theorem 2.17.

Taking N = 1 in Theorem 2.17, we obtain the fundamental rogue wave solution
as

i d*(L) — d)) — do(L* + d*) + |da)?
uzmce {_ S(Ly —dy) —dy(L] 1)d2|2| ’ (2.890)
0 (Ll—dl)(LT-l—dr)“rTo

ido | 14 Q2d} — do)(L1 + d1) — (2dy — do) (L} — d}) — |2d; — dy|?

v = e y ,
(L +d)(L] —d}) + 7
(2.891)
where
4pp1d? 1 1 1
Ll=&x+ pplltv 1= <~ . d2=%’ = 7
P1 02 2(p +1ip) (6 +iep1 o) o
02 L1 ~
®o =p(ax+gt), p=~—€p1p2p, p=1+¢€p1p2,

—i
CO:_@(po )
po p0+1
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Fig. 2.25 Density plots of 78 2]
the fundamental and a
second-order rogue waves in
the massive Thirring model
(2.816) for

e=—1, py =1/2and

p2 = 1. Left column: the
fundamental rogue wave
(2.890). Right column: a
second-order rogue wave
with a3 = 50

Second-order rogue waves can be obtained from Theorem 2.17 by taking N = 2,
which contains a free complex parameter a3. Graphs for the fundamental and a
second-order rogue wave with a3 = 50 fore = —1, p; = 1/2 and po = 1 are
plotted in Fig.2.25. The fundamental rogue wave has a single elongated hump in
both the u# and v components, and the humps in the two components are oriented
in different directions. The second-order rogue wave splits into three fundamental
rogue waves.

2.13 Davey-Stewartson Equations

Evolution of a two-dimensional wave packet on water of finite depth is governed by
the Benney-Roskes-Davey-Stewartson equations; and in the shallow water limit, this
equation is integrable (see Sect. 1.4). This integrable equation is sometimes called
the Davey-Stewartson (DS) equations in the literature. The DS equations are

. _ _ 2 —
iA; = Agy — 0 Ayy + (c|A2 —20)A, } (2.892)

Oux +0Qyy = (AP xx,
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where A(x, y,t) is a complex function, and Q(x, y, t) is a real function. When
o = —1, they are called DSI, and when o = 1, they are called DSII. The parameter
€ = =1 is the sign of nonlinearity.

Fundamental rogue waves in the DSI system have been derived in Tajiri and
Arai (1999) by taking a limit to DSI’s homoclinic solutions. General rogue waves
in DSI and DSII equations have been derived in Ohta and Yang (2012b, 2013) by
the bilinear method. However, solution expressions in Ohta and Yang (2012b, 2013)
involve differential operators and are not explicit. In addition, parameterizations in
them are not optimal. In this section, we derive explicit and simpler expressions of
rogue wave solutions in DSI and DSII, following Ohta and Yang (2012b, 2013) but
with major improvements.

Under the variable transformation

A= \/5% O=c—Q2Inf)r, (2.893)

where f is a real variable and g a complex one, DS equations (2.892) are reduced
to the following bilinear forms

D?>—oD?—iD)g- f=0
( 35 o % iD)g - f ) , , (2.894)
(Dy +oDy) f - f=2e(f"—1Ig]).
With the invertible coordinate transform
1 / 1 /
x1 =5 +0'y), x_1 = 5¢(x —a'y),
2 1 f (2.895)
Xy = _iit’ X_p = Eit’

where ¢’ = /—0, the bilinear equations (2.894) can be split into the following
system

(D} + Dy, f -8 =0,
(D} =Dy ))f-g=0, (2.896)

Dy Dy, f- f=2(f*—gg").

This bilinear system belongs to the extended KP hierarchy,

(D% + D) % - kg1 = 0,
(D*, =Dyt - Tep1 =0, (2.897)
DiD_i i - % = 2(TF — Tk 1Th—1)-

General Gram solutions to these extended KP hierarchy equations can be found in
Ohta and Yang (2012b) and Yang and Yang (2022c). To derive rogue wave solutions
(which are rational solutions), we specialize those Gram solutions as
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n= det (mf), (2.898)
1<i,j<K +J
where
1 R
m(kj) _ ﬂiz.;j_(_ﬁ)kemm , (2.899)
rtq q p=pi.q=q;
Ay = (PO, Bj = ——(gy)" (2.900)
z—ni!Pp ’ ]_mj!qq ’ .
1 1 ) - [
= —x o+ —x_ +pxi+pxat Yy aln’| =, (2.901)
p p — pi
I 1 > — [a
n;j =——2x_2+—x_1+qX1 —q X2+Zbr,j1n — |, (2.902)
q q o qj
(n1,n2,...,ng), (my,my, ..., mg) are arbitrary nonnegative integers, and p;, g;,

ay,i, by, j are free complex constants. Rogue waves (2.893) would be given through
these t functions as

f=w g=1, g=11, (2.903)
if the above t; also satisfies the conjugation condition
k=T (2.904)

This conjugation condition can be met in different ways for DSI and DSII, which
will be treated separately below.

2.13.1 Davey-Stewartson-1 Equations

For DSI where 0 = —1, the coordinate transform (2.895) reduces to

: : (2.905)
Xy = _Eit’ X_p = zil‘,

X1 =3 +y), x_1 = Je(x —y), }
where (xj,x_1) are real and (xp,x_p) purely imaginary. In this case, for t,
in (2.898) to satisfy conjugacy conditions (2.904), we constrain the parameters as

K=N, mj=n;, qj=pj, brj=a; (2.906)

j.
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Then,

gr=n;, (nY) =mlP g =cs (2.907)
Thus, conjugation conditions (2.904) are met. The corresponding solutions (2.898)—
(2.903) then give DSI rational solutions in differential form.

More explicit expressions of these solutions can be derived by eliminating the
differential operators in Eq. (2.900) in favor of Schur polynomials. This is a step
which has been taken for every integrable equation covered in previous sections,
using a technique carefully explained in Sect.2.1.1. These more explicit solution
expressions are presented in the following theorem (the proof is skipped for brevity).

Theorem 2.18 The Davey-Stewartson I eqaution admits general rational solutions

Ax,y,t) = «/Eé, Q(x,y, 1) =1—2¢e(og f),, » (2.908)
where
_ _ _ (k)
f=un g=u. w= det (), (2.909)

N is a positive integer, the matrix elements ml(k]) of Tty are defined by

min(ni,nj) Lok v
(k) 1 Pzpj
i X,: (Pi+p’}> [(pﬂrp}’f)z

v=0

X Sn,,v[x (k) +vsij+ailS, ,v[x (k) + vs +a ], (2.910)

(n1,n2,...,nyN) are nonnegative integers, vectors xlTJEj (k) = (xﬁ. j,xzil. I )
are defined by
(=n" (—2 )r 1 2
X 0) = xS xea g+ pix ke =g 291D
'pi 'p;
(=D" (=2)" 1 2
”j()— e X1+ — RIEe X2+ Pl 1+—(171)X2—k5r1 Crijs
1
(2.912)
Lot ) L=y Li L, o)
= — s _1 = —€ — s = —=II, 2 = —II, .
X1 2xy X_1 2xy X2 21 X_p 21

pi are free complex constants, 8,1 is the Kronecker delta function, vectors s; ;j are
(81,i,j582,i,js "+ ) Cr,i,j and sy.; j are coefficients from the expansions
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pie + p; pitpi [ e —1 =
DY RAEZR S SETIPONE ') ey (S | SPops
p!+p1 K pie"—l—pj

r=1 r=1
(2.914)

vectors a; are
ai = (ai1,ai2,....ain), (2.915)

anda; j (1 <i < N,1 < j < n;) are free complex constants.

The fundamental rational solution is obtained from this theorem by taking N = 1
and n1 = 1. In this case, through a simple shift in two of the (x, y, ) axes to remove
the a1,1 and c1,1,1 constants, the corresponding rational solution A(x, y, t) can be
written as

Alx, v, 1) = V221 (2.916)
70
where
T = E+HE -k +A4], (2.917)
p1+py [ ]
E—axtbytor, A= PP (2.918)
(p1+p7)
and
pi—epy’ ptepy _pitpr’
2 2 i
If we separate the real and imaginary part of a, b and w as
a=aj+iay, b =>b1+1by, w = w1 + iwo, (2.920)
then
2i b 1)+ 1
A(x,y,t):ﬁ[l— 1(6!2)6-2% 2y + wat) + : }
(ar1x + b1y + w1t)* + (a2x + by + wpt) + A
(2.921)

This fundamental rational solution has three distinctly different dynamical
behaviors depending on the parameter value of p%.

o If p% is not real, then the solution is a localized soliton moving on a constant
background.
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Fig. 2.26 Density plots of the fundamental line-rogue wave |A(x, y, )| from Eq.(2.921) in the
DSI equation at different times for € = 1 and p; = 3/2

t=-5 t=—1
25 25-

=20 2 =20 2
0 =70 o 45 =70 o 45

X X X X

Fig. 2.27 Density plots of a rogue wave solution |A(x, y, #)| in the DSI equation that describes
the interaction of two line rogue waves. Parameter choices aree = 1, N =2,n1 =ny =1, p; =
1, p2 = 3/2, and ay =ayp = 0

o If p% < 0, then the solution is a line soliton moving on a constant background.

o If p% > 0, i.e., p is real, then the solution is a line rogue wave which “appears
from nowhere and disappears with no trace”.

This line rogue wave with ¢ = 1 and p; = 3/2 is plotted in Fig. 2.26.

If N > 1, rational solutions in Theorem 2.18 could describe the interaction
between line rogue waves if the p; values are real. Such an example is shown in
Fig.2.27. In the region of interaction, the solution exhibits a stem connecting two
well-separated curvy rogue fronts.

2.13.2 Davey-Stewartson-1I1 Equations

For DSII where o = 1, the coordinate transform (2.895) becomes

1 . 1 :
X1 = 5(x +1y), x_1 = 5e(x —1iy),

2 2 (2.922)
Xy = —%it, X_p = %it,
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where (x1, x_1) are complex and (xz, x_7) purely imaginary. This variable trans-
formation means that

x_1 =exi{, x_2=xj. (2.923)

To derive rogue waves in DSII, we need to constrain parameters in the tx
solution (2.898) blockwise, so that t; becomes a 2 x2 block determinant with certain
symmetry. Specifically, we constrain the parameters as

3

€

K =2N, nyyi=n; myyj=mj, PN+i = —5» 4N+j =
D
i

20

(2.924)

where N is a positive integer. The matrix element ml(k]) in Eq.(2.898) can be
rewritten as

PPN 1 i
mit) = AiBj (= , (2.925)
piT4j 4j p=pi,4=4;
where
~ 1 PN 1 .
A = n—i!(Piap,-)nU Bj = m_j!(CIjaqj)va (2.920)
1 1 = pi
& = —Zx_2+ —x_1 +pixi + pixa+ Zar,i In" |:—l:| , (2.927)
p; pi r=1 P
1 r N N L 2.928
nj=——Xa2+—x_1+qx1—qixa+ Y b jln : (2.928)
4q; 9j r=1 q
Then,
k
(] = 78—t P\ (2929)
b Ipitar \ 4 ' '
p=r}.9=4}

Using Egs. (2.923)~(2.924) and (2.926)—(2.928), we find that

ar* 1 * n; 1 nj 1 ni
A= P = 0 = O o
e,

_— — (— n,-A .
ni! In(pn+i) — ( 1) ﬂN-Hv (2930)
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n* 1 m; 1 1 mj
B] (q] q*) J = Ta]npl m]| ln(e/qN+j)
(= 1)”’ >
= = DBy, (2.931)
J

)

—k
. g fon € [ i H * *
[ (kj)] = (=" AN i BNy PN (— pNJ”) P
PN+i T gN+j

4dN+j P=PN+i
G=qN+j
(2.932)
where £* and n}‘ can be written as
% 1 1 2 - ros g [ PN+
E'=—S—x a4 —x 1+ pypixi+ pyar2+ Y (—Daf I (=),
PN+,~ PN+i =1 p
(2.933)
* 1 1 * r [ AN+j
0= —— Xy ——X_| +qNijXl — qN+,X2+Z( Dby " (=)
IN+j qN+j r=1 q
(2.934)
The above [ (kj)] can be further written as
m(k) * (_l)ni+mj(6 . . ﬁ @ . —1
ij| = PN+igN+j)AN+i BN+ i ]
DPN+i + gN+;
_ 2.935
o <_ PN-H) k s*+n,+ln(””+’)+1n("””) ( )
4N+j P=PN+i
9=qN+j
Then, by constraining internal parameters as
ay,N+i = 1-— al FE bl N+j = 1-— 1], (2.936)
arn+i = (=D"az;, by = (D'by;, r =2, (2.937)

we have
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&' +1In (pNT+> = X2 Xt PN4iXL + Dyt

Noi PN+i
o0 N+i
+ Y2 arNyi In” (pp“) =ENtis

*4+1n M):—#x L X1 — g% X
n;+ ( 7 e 72+qN+j -1t gN+jX1 — Gy X2

o0 4qN
+ Zr:I br,N+j In” ( qﬂ

>= NN+

Thus,

0 1* ) ) —k L.
(] = 0m s Eprianpm G vy 1507 < N. (2.938)

Similarly,
* — . .
[ | = O epignapmi 1 <0 = . (2:939)

Since the t; solution can be scaled by an arbitrary constant, we define a scaled tx
function as

N
u/ [ [V " epiar > w. (2.940)

i=1
This scaled 7 function can be written as
(k) (=" (k)
Mij a7 N+

L (R o D e ()
€p; N+i,j €piq; N+i,N+j I<i,j<N

T = (2.941)

Utilizing Eqs. (2.938)—(2.939) as well as the parameter constraints (2.924), this 7
can be rewritten as

m® k)
Tk _ Ei(_k))* ( l,J(_k))* s (2942)
i i 1<i,j<N

(k)

where ﬁl(k]) = (—1)'"fmin+j/q;‘f. We can see from this form of t; that

T =15. (2.943)

Thus, the conjugation condition (2.904) is met. The corresponding solu-
tions (2.898)—(2.903) then give DSII rational solutions (in differential form), which
are summarized in the following lemma.

Lemma 2.17 The Davey-Stewartson Il eqaution admits rational solutions
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Ax, y, 1) = \/5% 0, y, 1) =€ —2(nf),,. (2.944)
where

f=%n, g=r1, (2.945)

Tk, is the determinant of a 2 x 2 block matrix

( (k)) ( (k) )

i,j .. i,N+j .

l(kj)) _ © 1<i,j<N © 1<i,j<N , (2946)
( i+N’j>l§i,j§N ( i+N’j+N)l§i,j§N

N is a positive integer, the matrix elements in Ty are defined by

T = det (m
1<i,j<2N

n; m; k
m® = (Pdp)™ (g94)" 1 <_£> e®ii(x.y.1) (2.947)
DTt mp! | p+q\ g ’
P=Di, 4=4j
1 1 1 1 2 2
O jx,y, ) =5 -5 )x2t|(=-+=)xa+ @+ +(p° —q)x
p q P q
o
+Y aniIn’ [ﬁ] + by I [1] : (2.948)
r=1 pi Qj
_1( +iy) _ ! (x —iy) L = L (2.949)
x1_2x 1y), x_l—zex 1y), X2 = 21, x_z—zl, .

ni,mj (1 <i, j <2N) are nonnegative integers, p;,q;, ari, b, j (1 <i,j <2N)
are complex constants, and they satisfy the following parameter constraints,

€

€

NN+ =Ni MNyj=Mj, PN+i= —5, qN+j= —, (2.950)
Pi q;

ant+i =1—aj;, bintj=1-b];, (2.951)

arn+i = (=D"az;,  bynyj=(D'br;, =2 (2.952)

More explicit expressions of these solutions can be derived by eliminating the
differential operators in Eq. (2.947) in favor of Schur polynomials, using techniques
which have been explained in earlier sections (such as Sect.2.1.1). These more
explicit solution expressions are presented in the following theorem (the proof is
skipped for brevity).

Theorem 2.19 The Davey-Stewartson Il eqaution admits rational solutions

AQx,y,1) = \/5% O, y,)=e—2(nf),,, (2.953)
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where
=7, g=m1, (2.954)
Ty is the determinant of a 2 x 2 block matrix

T = det

(m( ) ) = <i 1<N N Y <',./'<_N (2_955)
l<i,j<2N

D=t et

i+N,j 1<i,j<N miin, J+N 1<i,j<N
N is a positive integer, the matrix elements in ty, are defined by
min(n;,m;)

1 . v
*) Z Piq; }
m. . =
I <pi+qj> |:(Pi+61j)2

v=0

X Sp—v X7 (k) 4 8 j1 S j—vlx 7, (k) + 0571, (2.956)

+ s +
vectors xl.,j(k) = (xl,l.’j, Xy ) are defined by

-1 =2y 1 2"
Xfi k) = ( , ) x_1+ ( )2 X—2+ —pix; + —P,-zxz + kb1 —crijt+ar,
e rlp; rip; r! r! ’
(2.957)
-1 =2y 1 2" _
X (k) = D X—1+ =2) X2+ —qix1 + = qix_o — k81 — Crij + by,
nisJ rg; rig? r! r!
1
(2.958)
I,
=-(x+1iy), x_1=—<€(x—1y), xp=—<it, x_p= Elt,
(2.959)
8,1 denotes Kronecker delta function, s;; = (S1ij,82ij, ") Sijj =

(S1,i,j, 82,i,j» ), coefficients cy; j, Cri j, Sri j and ;i j are obtained from the
expansions

[pie* +4q aie + 1] _ ¢
In| = ’] Criik” [4} =) ¢, k", (2.960)
L pi+aq, ; " 4i + pj ,; o

[ pi +4q;
1 2.961
e (pze“rq )] ZSWK (2901

In q"+”f( ¢ )] ZSHJI( (2.962)

K gie* +pj
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ni,mj (1 <i, j <2N) are nonnegative integers, p;, q;, ari, b, j (1 <i,j <2N)
are complex constants, and they satisfy the following parameter constraints,

€ €

NNy =Ni MNyj =Mj, PN+i = 5, 4GN+j = % (2.963)
Pi q;

aint+i =1—aj;, bintj=1-b],, (2.964)

arn+i = (=D"az;,  bynyj=(D'br;, =2 (2.965)

The simplest rational solution is obtained when N = 1,n; = 1 and m; = 0. In
this case,

&) (k)

W= (2.966)
m
2,1 22
where
*) ! (k) !
my = E+011+k), mi)= §+012+k),
= ) = )
k k k k
my) = (- epqz)[mﬁz)] . omy) = (= 6pq])[m§1)] ;
-1 -1 2 -2
—€ + € . +
E—ax+by+or, a=21"P PTG _PITPL
2 2 i
D1 P1
01 =ai1— , Brp=ai2— ;
Pt qi P1+q2
g = €/q{, and a1 = —a1 ;- This solution seems to have three free complex

parameters pi, g1 and aj 1, but q1 can be absorbed into a; | by a reparametrization.
Indeed, by defining

b ar, - pi IP1gf +el’  eqflp +ail
oAl -olalP - | pita €+ p1gy
then 7; can be reduced to
—e|pi)?

=[E+0)+k[E+O)* —kl+4, A= (2.967)

(P12 —€)?

up to a constant multiplication; thus this new t; yields the same solution, and it
contains only two free complex parameters p; and 6 now. If we separate the real
and imaginary part of a, b, w and 0 as
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t=—10 t=-1 t=0 t=10
20 20 20
| 0. O-
=20 =20 =20
=20 0 20 =20 0 20 =20 0 20 =20 0 20
x x 4

Fig. 2.28 Density plots of the fundamental line rogue wave |A(x, y, 7)| from Eq.(2.969) in the
Davey-Stewartson II equation for e = —1, p; = €7/6 and 6 = 0 at different times

a=aj+liay, b=>b1+1iby, w = w1 +iwy, 0 =61 +16;, (2.968)

then the explicit expressions for the fundamental rational solution are:

ACx, y,1) = ﬁ[l - 2"(“2x+b2yj;w2t+92) ha 1} (2.969)
Q(x,y, 1) =€ —(2In f)y,, (2.970)

where
f = (a1x + b1y + o1t +61) + (a2x + bay + wat + 62)> + A. (2.971)
This fundamental rational solution is nonsingular when € = —1. In this case, the

solution exhibits two distinctly different dynamics depending on the parameter value
of pi.

e If |p1] # 1, then the solution is a two-dimensional lump moving on a constant
background.

e If |p1| = 1, then this line wave is a line rogue wave which “appears from nowhere
and disappears with no trace”.

This line rogue wave with € = —1, p; = ¢/% and 6 = 0 is plotted in Fig. 2.28.
If N > 1, rational solutions in Theorem 2.19 could describe the interaction
between line rogue waves. Such an example is shown in Fig. 2.29.

2.14 Three-Wave Resonant Interaction System in
(2+1)-Dimensions

The (2+1)-dimensional three-wave resonant interaction system is (see Sect. 1.6)
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t=—5 t=—0.8 t=0 t=5
20 20 20 20
] . | == | n |
-20 =20 . -20 =20
-20 0 20 -20 0 20 -20 0 20 =20 0 20
X X x x

Fig. 2.29 Density plots of a rogue wave solution |A(x, y, ¢)| in the Davey-Stewartson II equation
that describes the interaction of two line rogue waves. Parameter choices are € = —1, N = 2,
n|y =np = 1,m1 =my =0, P1 =i,p2 = 1,q1 = 1/2, q2 =2,anda1,1 =dai;2 =0

(al‘ + Vl N V) ql(x7 )’7 t) - GIQ;(xa y’ t)‘];(x7 y: t)a
O +V2-V)qa(x,y, 1) = e2gy (x, y, 1)q3 (x, y, 1), (2.972)
0 +V3-V)g3(x,y, 1) = €3] (x, y,1)q5 (x, y, 1).

Here, V = (ax, By) is the gradient operator in the (x,y) space, and V; =
(Vk,l, Vk,g) are group-velocity vectors of the three waves. Adopting a coordinate
system that moves at the speed of the third wave, we make V3 = (0, 0) without
loss of generality. In addition, we assume that V| and V, are not parallel to each
other, i.e., V11 V22 — V12 V21 # 0. Parameters €; are nonlinear coefficients that can
be scaled to £1. In addition, one can fix €] = 1.
The above three-wave system admits plane-wave solutions

q1.0(x, y, 1) = preltrxrryten)
q2.0(x, y, 1) = ppeltortravton), (2.973)
g3.0(x, y, 1) = ipzelksrtiayrosn,

where wave vectors and frequencies satisfy the resonance relations
or+wy+w3 =0, A +A+A3=0, ki +ky+k3=0, (2.974)
and wave amplitudes (p1, p2, p3) satisfy the following conditions

p1 (@1 + Viiki + Vigh) = —e1 0305,
p2 (w2 + Va,1ka + Vaoha) = —€2p} o}, (2.975)
p3 (w1 + w2) = €307 p3.

These plane-wave solutions have constant amplitudes in the (x, y) space; so we will
also call them constant-background solutions.

Below, we assume that the three wave amplitudes |p1], | 02| and | p3| are nonzero.
Then, using phase invariance of the three-wave system, we can normalize p1, p and
p3 to be all real. Thus, in the later text, we assume (o1, p2, 03) real. In addition, we



230 2 Derivation of Rogue Waves in Integrable Systems

define three real constants

P203 P1P3 P1P2
VI=E€—, p=e—, Y3 =€—. (2.976)
o1 02 03

Rogue waves in the three-wave system (2.972) are solutions that approach the
above plane-wave solution when x, + — £o00. These rogue waves were first derived
by Yang and Yang (2022a) by the bilinear method, and those results are presented
below.

Rogue waves are rational solutions. The general rational solutions to the
(2+1)-dimensional three-wave system (2.972) in differential form are given in the
following lemma.

Lemma 2.18 The (2+1)-dimensional three-wave system (2.972) admits rational
solutions

CII(X y t) =p1= 81 t(k1x+)»1y+a)1t)
’ f

2
g x, . 1) —,Ozé} el axthaytent) (2.977)

3.0 = iy 2

where
=70 & =700 & =T0—1, & =T-11, (2.978)

ok = det (m§":k>), (2.979)
1<i,j<N »J

N is an arbitrary positive integer, the matrix elements in 1,  are defined by

n; nj k .
m{n_,k) — (pap) (qaq) ' 1 <_£> (_p - 1)n @i (x.y.0)
" n)! @) | p+qg\ ¢ qg+i

P=pi, 4=4;
(2.980)
1 1 1 1
O ix,y)=—+—-]au+ +— )22+ (p+49)z3
P 4 p—1 q+i
o o
+3 ap [ﬁ] +3 e [1} , (2.981)
r=1 pi r=1 ’ 9j
(n1,na, ..., nyN) are arbitrary nonnegative integers, (p1, p2, - .., PN) are free non-

imaginary complex constants, q; = pj.‘, variables (21, 22, z3) are related to (x, y, t)
as
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231
Vaox — Vary
U=V (2.982)
v VitV — Via Vo
Viiy — Viax
D=V (2.983)
v ViiVaz — Vi2 Vi
=y (V12—V22)x+(V21—V11)y+ (2.984)
: : ViiVaa — Via Vo ' '

anday; (r =1,2,...,n;;i =1,2,..., N) are free complex constants.

Proof Due to the boundary conditions (2.973), we first introduce the bilinear
transformation

g1(x, y. 1) = py Sk el iz thiyorn,

82
qa(x, y, 1) = py =l Raxthartent) (2.985)
g3(x. . 1) = ipy 2 v iartenn,
where f(x,y,t) is a real function, and gi(x, y,7) (k = 1,2,3) are complex

functions. Under this transformation, the three-wave system (2.972) is converted
into the following system of bilinear equations

(Di + Vi,1Dx + Vi Dy —iy1) g1 - f = —iv18383,
(Dy + Va,1Dy + Voo Dy —iya) g2 - f = —iyagigs,

(2.986)
(D —iy3) g3+ [ = —iy3878>-
Next, we introduce the coordinate transformation
Vi Va2
X Y 0 21
— 1,2 2,2
YIV=1 5 5 0 22 1> (2.987)
t 1 1 1 23
iV v

which is equivalent to Egs. (2.982)—(2.984) in Lemma 2.18. Under this coordinate
transformation, we have

8t +V1 -V = Vlaz.,
0 +Vy2-V =90,

(2.988)
at = )/3813~

Thus, the bilinear system (2.986) reduces to
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(iD;, +1) g1 - f = 8385
(iD;, + 1) g2+ f = gies. (2.989)
(iD; +1) g3 f =gigs

Below, we will first construct algebraic solutions to the more general bilinear
system

(iD:, +1) g1+ f = hahs,
(iD-, + 1) g2+ f = hihs, (2.990)
(iDz; +1) g3+ f = hiha,

where h1, hy and hj3 are also complex functions. Afterwards, we will impose the
reality conditon for f and complex conjugation conditions

hf =g, k=1,2,3. (2.991)

Then, the bilinear system (2.990) will become the bilinear system (2.989), and
the corresponding algebraic solutions will give rational solutions of the three-wave
system (2.972) through the above variable and coordinate transformations (2.985)
and (2.987).

The bilinear system (2.990) is a special case of the slightly more general bilinear
system (2.741) in Sect.2.10 with a = 0 and b = i. Gram solutions to the
system (2.741) have been given in Lemma 2.14. Based on that lemma, we see that
the T function

T = det (m?":")) , (2.992)
’ I<i,j<N \ BJ
where
n; nj k .
o _ (P3p)" (9,)" 1 (_B) (_P_1>neéi+nj
b )l ! p+a\ q q+i .
=Pi, 9=4j

2.993
1 . , ( )
& =—21+ 22+ (p—Dz+ Zar,i In" [—} , (2.994)

p p—1 — Di

1 1 > q
ni=-u+—z+@+i)z3+ by jIn" [—} , (2.995)

T g+ ,; " L

ni, n; are free nonnegative integers, and p;, q;, ar;, b, j are free complex constants,
would satisfy the following bilinear system
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+ 1] Tn+1,k * Tnk = Tnk+1Tn+1,k—1,
[iDQ + 1] Tnk—1 " Tnk = Tn—1,kTn+1,k—1, (2.996)
+ 1] Tae Lkt 1 - Tak = T 1k Tkt 1-

Thus, if we define
f =10 & =710 &=70,-1, & =T-1,1, (2.997)
and
hi=1-10, hx=701, h3=r11-1, (2.998)

the above bilinear system (2.996) would reduce to (2.990), and these 7 functions
would be solutions to that bilinear system (2.990).

In order to reduce that more general bilinear system (2.990) to the original one
in (2.989), we still need to impose the f-reality condition as well as the complex
conjugacy conditions of ; = g;. All these conditions would be satisfied if

Tk = [T-n k] (2.999)

To realize this condition, we set

*

gj=pi. b=a. (2.1000)

In this case, we can readily show that

m 0 = [mgflj?k)]*. (2.1001)
Thus, the condition (2.999) holds, and the 7 functions (2.997) then become
solutions to the original bilinear system (2.989). Inserting the above parameter
conditions (2.1000) into the matrix element expression (2.993), we then obtain the
rational solutions in Lemma 2.18 for the three-wave system (2.972).

More explicit expressions of these solutions can be derived by eliminating the
differential operators in Eq. (2.980) in favor of Schur polynomials, using techniques
that have been introduced in earlier sections of this chapter. These more explicit
solution expressions are presented in the following theorem, and its proof can be
found in Yang and Yang (2022a).

Theorem 2.20 The (2+1)-dimensional three-wave system (2.972) admits rational
solutions
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qi(x, y, 1) = ,Olgf1 el frxhyten),

82 l(k2x+)~2) +wat)

Bl =Py f ’ (2.1002)
q3(x,y, 1) = 1,03g 1(k3x+)»3y+w3z)’
f
where
f=10 g1=70 &=7%-1, &=T-11 (2.1003)
=, det (), (2.1004)
1<i,j<N 2J

N is an arbitrary positive integer, the matrix elements in t, i are defined by

min(n;,n ;) 1 P'P* v
Dt
ml(an) Z ( 4 *) [( .+J*)2:|
=0 pi Tt p; Di TP
X S,,l_,)[x (n, k) +vs; ] Sn._u[x;i(n, k) + vsj)i], (2.1005)
(n1,na, ..., nyN) are arbitrary nonnegative integers, (p1, p2, - .., PN) are free non-
imaginary complex constants, vectors xl.ij (n,k) = xi. I xéci e ) are defined
by
+ (_ ) 1
”/( k) = r'p Zl+,3rzz2+ pzZS +ngrl+k51r Cr,i,j+ar,ia
(2.1006)
k (_ )r 1 * * *
X, (k) = p? z1+ﬁ”zz+ p,zz ng,; —kéir —cp; ;+a;,
l
(2.1007)

81, is the Kronecker delta function, s; j = (s1,i,j,52,i,j»" "
Cr,i,j and sy ; j are obtained from the expansions

), coefficients By, gr.i,

1 1 > .
T .ZZﬂrzK
pi —1 1

pief —1

pie* +pj | &

pi + p; —l

anda,; (r=1,2,...,

ni;i=1,2,...,

1n<”le _1) Zg”,c (2.1008)

pi —1

. ¢  _ 00
1n[19z +p ( ¢ 1*” =S s
o \piet+p; =

(2.1009)

N) are free complex constants.
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The above rational solutions contain rogue waves that arise from and decay back
to the constant background (2.973), as well as algebraic localized (lump) solitons
moving on this constant background and a mixture between these two types of
solutions. To get rogue waves, we need to impose conditions on p;.

To derive these conditions, we consider the fundamental rational solution, where
we take N = 1 and n; = 1 in Theorem 2.20. In addition, we normalize a;,; —
c1.1,1 = 0 by a coordinate shift. Performing simple calculations, we can reduce the
7, function to

2
ti=m"P =gE+ A, A= 1] (2.1010)

~(p1+pDY
where
E=ax+by+ct+0n k), &=da*'x+b‘y+c*t—0%@n, k), (2.1011)

and a, b, c, 6 are complex coefficients given by

1 1 D1
a=—————|—nVo+——nVio+p1y3(Viz — sz)} ,
ViiVaa — V2V [ Pl (p1 —1)?
b ! [ Lov Pl Vi + piys(Var — V, )}
=———— | —VV2a— ——=nVu+pys(Var — Vi) |,
ViiVao = VioVar L p1 (p1 —1)?
n
c=yspi, O k) =k+—2L
p1—1

To derive the condition for rogue waves, we separate the real and imaginary parts
of the above complex variables as

p1=pi1,1+ip12, a =ay +iaz, b =by +1iby, ¢ = ¢y +ic2, 6 =601 +1i6;.

(2.1012)
Then, the 7,  solution (2.1010) can be rewritten as
Tk = &f + &5 — 2016 +2i0,5 — 0] — 05 + A, (2.1013)
where
El=aix +bry+cit, & =axyx+byy+ cat. (2.1014)

We can readily show that under the velocity assumption of ViV — V2 Vo # 0,
the three ratios of a;/az, b1/by and c1/c> cannot be all the same. Then, the above
fundamental rational solution has two distinctively different dynamical behaviours
depending on the ratio relations between a1 /as and by /b>.
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1. If % #* %, then along the [x(¢), y(¢)] trajectory where
aix + by = —cit, ax+byy=—oot, (2.1015)

the above 7,4 is a constant. The corresponding solution (g1, g2, ¢3) is an
algebraic localized lump soliton moving on the constant background (2.973).

2. If Z—; = Z—; + E—;, then the Z—; = Z—; equation yields the following parameter
condition

(pr2— DL +piy)?  pralpi + (pra—DF
Y1 V2

B P%l + P%z — P12
V3

0. (2.1016)

In this case, the corresponding solution (g1, g2, ¢3) approaches the constant
background (2.973) in the entire (x, y) plane when ¢t — =o0. In the intermediate
times, it rises to a higher amplitude. Since a;/a> = b1 /b», this solution depends
on (x, y) through the combination of ajx + b1y. Thus, this is a line rogue wave.

For non-fundamental rational solutions in Theorem 2.20, in order for them
to be rogue waves that arise from the constant background (2.973), we need to
require all parameters p; (1 < i < N) to satisfy the above condition (2.1016),
where pp,1 is replaced by p; 1 and pj > replaced by p; 2, with (p; 1, pi2) being
the real and imaginary parts of the complex parameter p;.

The condition (2.1016) can be further simplified. When (pj,1, p1,2) are
replaced by the more general (p; 1, pi2), the simplified condition can be
expressed as a quartic equation for p; | as

X0t + x1pE + x2 =0, (2.1017)
where the coefficients are
xo=(pio— Dy = piayy
x1=2(pi2—1) P2y = 2pia (pin— 1y — v L,

x2=pi2(pi2—1) [P?,z)/]_l — (pi2 — 1)3 )/2_1 - J/g_l] .

The fundamental rogue wave is given by Eq.(2.1010), with p; satisfying the
condition (2.1017). This fundamental rogue wave can be written more explicitly as

pS L i=1,2,3, (2.1018)

lgi(x, )| = 7
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where

|p1]?

1
f=(ax+b1y+can)?+ —@x +by+ feat)* + ———,
& (p1+ p})?

2if . U
g1 =f— ;“_1 (a1x + b1y + focat) + 2ibay(arx + bry + c1t) — 62 — 62,
0

2
g=f+ % (a1x + b1y + focat) — 1,

2i(0, — 1)
&s=f+ T (a1x + b1y + Zocat)
—2iby(arx + b1y + c1t) — () — 1)? — 03,

parameters (ai, by, c1, ¢2) are given by Eq. (2.1012), and

§0=a—1, é1=9%< Pl ) é2=5< Pl >
a pr—i p1—i

Here, R and J represent the real and imaginary parts of a complex number
respectively.

To demonstrate this fundamental rogue wave, we choose nonlinear coefficients,
background amplitudes and velocity values as

cl=—ag=a=1,p=mn=p3=1,Vi1=6, Vi2=5 V1=4, V,=3.
(2.1019)

In addition, we choose p; = 0.5 + 0.51, which satisfies the condition (2.1017). For
these choices of parameters, the corresponding rogue wave is displayed in Fig. 2.30.
It is seen that this is a line rogue wave with a single dominant peak.

To get multi-rogue waves, we set N > landny = np = --- = ny = 1
in the rational solutions of Theorem 2.20, and require all p; values to satisfy
condition (2.1017). To demonstrate, we choose N = 2 and the same nonlinear
coefficients, background amplitudes and velocity values as in (2.1019). In addition,
we choose

p1 = —0.539770966 + 0.3i, p» = 1.904662796 + 0.65i, aj.; = aj, = 0.
(2.1020)
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Fig. 2.30 A fundamental line rogue wave in the two-dimensional three-wave system (2.972) with
parameter choices (2.1019) and p = 0.5 + 0.5i. In all panels, —10 < x,y < 10

Notice that these (p1, p2) values satisfy conditions (2.1017), because we obtained
their real parts by solving the quartic equation (2.1017), with their imaginary parts
set as 0.3 and 0.65 respectively. The corresponding two-rogue wave solution is
displayed in Fig.2.31. We see that this rogue wave features two intersecting lines,
indicating that this solution describes the interaction between two fundamental line
rogue waves. Interestingly, at the intersection point between the two line rogue
waves, the |¢g2| component has higher amplitude, but the (|g1], |g3]) components
have lower amplitudes.
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Fig. 2.31 A two-rogue wave
solution in the
two-dimensional three-wave
system (2.972) with
parameter choices
(2.1019)—(2.1020). In these
panels, —100 < x < 0 and
—50 < y < 0in the first row,
—50 < x <50and

—25 <y <25 in the second
to fourth rows, and
0<x<100,0 <y <50in
the last row. These (x, y)
intervals in different rows are
different because the
intersection point of the two
line rogue waves is moving

t =10

¥

4.

92|
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Chapter 3 )
Rogue Wave Patterns et

In this chapter, we study rogue wave patterns. This is an important question, because
if such patterns are known, this information would allow for the prediction of later
rogue wave events from earlier wave forms, providing an opportunity for proactive
action in the face of damaging natural events. In the literature, graphs of low-order
rogue waves have been plotted for many integrable equations, and simple patterns
such as triangles (i.e., rogue triplets) have been reported (see Chap.2). But richer
patterns arising from higher-order rogue wave solutions have been challenging to
predict, partially because higher-order rogue wave solutions have more complicated
expressions and even their numerical plotting can be difficult. In this chapter, we
will develop analytical frameworks to predict rogue patterns for arbitrary orders.

Our basic observation is that, clear rogue patterns would appear when certain
internal parameters in the rogue wave solutions get large. The resulting patterns
manifest as triangles, pentagons, heptagons, rings, and other shapes, in the spatial-
temporal plane or just the spatial plane. Since these patterns arise under large
internal parameters, we will develop an asymptotic theory for their prediction. We
will show that these patterns can be asymptotically predicted by root structures of
certain special polynomials, such as the Yablonskii-Vorob’ev polynomial hierarchy,
Adler-Moser polynomials, and Okamoto polynomial hierarchies, in the (1+1)-
dimensional case, and by root curves of certain double-real-variable polynomials
in the (2+1)-dimensional case. In addition, these patterns are often universal in
the sense that they would arise in many different integrable systems. If all internal
parameters are zero but the order of the rogue wave is large, one often gets super
rogue waves of high order. Asymptotic profiles of super rogue waves at high order in
the nonlinear Schrodinger equation will also be presented at the end of this chapter.

We start with universal rogue patterns associated with root structures of the
Yablonskii-Vorob’ev polynomial hierarchy.
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3.1 Rogue Patterns Associated with the Yablonskii-Vorob’ev
Polynomial Hierarchy

In many integrable systems, patterns of rogue waves under a single large internal
parameter are predicted by root structures of the Yablonskii-Vorob’ev polynomial
hierarchy. This finding was first reported by Yang and Yang (2021a) for the
nonlinear Schrodinger equation and then extended to several other integrable
systems in Yang and Yang (2021c). Such rogue patterns are studied in this section.

3.1.1 The Yablonskii-Vorob’ev Polynomial Hierarchy and
Their Root Structures

Yablonskii-Vorob’ev polynomials arose in rational solutions of the second Painlevé
(Pyr) equation

w’ =2w + 7w +a, (3.1)
where « is an arbitrary constant. This Py equation admits rational solutions if and

only if ¢ = N is an integer (Umemura and Watanabe 1998). In this case, the rational
solution is unique and is expressed by Yablonskii (1959) and Vorob’ev (1965) as

vy 4 ON-1(2)
w(z; N) = i In —QN(Z) , N=>1, (3.2)
w(z;0) =0, w(z;—N)=—w(z; N), (3.3)

where polynomials Oy (z), now called the Yablonskii-Vorob’ev polynomials, are
constructed by the following recurrence relation

On+10n-1 =20} —4[ 0w 0} — (@3)?], (34

with Qp(z) = 1, Q1(z) = z, and the prime denoting the derivative. Later, a
determinant expression for these polynomials was found by Kajiwara and Ohta
(1996). Let pi(z) be the special Schur polynomial defined by

> i€ = exp <ze — ge3> : 3.5)
k=0

Then, Yablonskii-Vorob’ev polynomials Q y(z) are given by the N x N determinant
(Kajiwara and Ohta 1996)
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p1(2) po(z) -+ p2-n(2)

p3(2) p2(z) -+ pa—n(2)

On(@) =cn , (3.6)

PaN-1(2) pan—2(2) -+ pN(2)

where cy = I—[;-V:](2j — D!, and pr(z) = 0 if k < 0. This determinant is a
Wronskian since it is easy to see from Eq.(3.5) that pr(z) = p,/cH(z). These
polynomials are monic with integer coefficients (Clarkson and Mansfield 2003).
The first few Yablonskii-Vorob’ev polynomials are

01@) =z,

02(2) =2° + 4,

03(z) = 2% + 20z — 80,
04(2) = z(z° + 60z° + 11200).

To define the Yablonskii-Vorob’ev polynomial hierarchy, we let p,Em](z) be the
generalized Schur polynomial defined by

o ml ok 22

m m
E Py (2)€" =exp <ze ——¢€ ) , (3.7)
= 2m + 1

where m is a positive integer. Then, the Yablonskii-Vorob’ev hierarchy QR,"] (z) are
given by the N x N determinant (Clarkson and Mansfield 2003)

" M - i@

e pMe i@

02y = ey (3.8)

P @ P @) M)

where p][:"](z) =0ifk < 0. Whenm = 1, QE\I,] (z) are the original Yablonskii-
Vorob’ev polynomials Qn(z). When m > 1, Q%"](z) give higher members of this
polynomial hierarchy. All these QR,"] (z) polynomials were conjectured to be monic

polynomials with integer coefficients as well (Clarkson and Mansfield 2003). The
first few Q%] (z) polynomials are

o) =z,

o) =2,

0P(z) = 2(2° — 144),
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0% (z) = z'0 — 10087° — 48384.

These Q[Nm](z) polynomials, through relations similar to (3.2)—(3.3), provide the
unique rational solution for the Py hierarchy (Clarkson and Mansfield 2003; Balogh
et al. 2016). It is noted that the determinant (3.8) for QE(,"](z) is also a Wronskian,
because it is easy to see from Eq. (3.7) that

P @) = [P @) (3.9)

Root structures of the Yablonskii-Vorob’ev polynomial hierarchy have been
studied before (Fukutani et al. 2000; Taneda 2000; Clarkson and Mansfield 2003;
Buckingham and Miller 2014; Balogh et al. 2016). Regarding the zero root, its
multiplicities in Oy (z), Qg\z,] (z) and QES] (z) were presented in Taneda (2000) and
Clarkson and Mansfield (2003). Generalizing those results, we have the following

theorem (Yang and Yang 2021a).

Theorem 3.1 The Yablonskii-Vorob’ev hierarchy polynomial Q%ﬂ(z) has degree
N(N + 1)/2, and is of the form

Q[A’/n](z) — ZNO(N0+1)/2QI[\I;I](§), ¢ = Z2m+l’ (310)
[m]

where gy ' () is a polynomial with a nonzero constant term, and the integer Ny is
determined from (N, m) by the formula

N Z{Nmod(2m+1), fO=<NmodCm~+1)<m, 54

2m — [N mod 2m + 1)], if N mod 2m + 1) > m.

This theorem gives the multiplicity of the root zero in any QE(’,” (z) polynomial. It

also shows that the root structure of QE\'}” (z) is invariant under 2w /(2m + 1)-angle
rotation in the complex z plane. In the particular case of the original Yablonskii-
Vorob’ev polynomials Qy(z) where m = 1, the above theorem shows that 0 <
No < 1. This means that zero is either not a root or a simple root of Qn(z), in
agreement with previous results in Fukutani et al. (2000) and Taneda (2000).

Regarding nonzero roots, it was shown by Fukutani et al. (2000) that for the
original Yablonskii-Vorob’ev polynomials Qx(z), all nonzero roots are simple. For
the higher Yablonskii-Vorob’ev hierarchy polynomials Q%ﬂ(z), it was conjectured
by Clarkson and Mansfield (2003) that all nonzero roots are also simple. In view of
Theorem 3.1, this conjecture implies that the polynomial Q%"](z) has

N, = % [N(N + 1) — No(No + 1)] (3.12)

nonzero simple roots.
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Fig. 3.1 Plots of the roots of the Yablonskii-Vorob’ev polynomial hierarchy Q%"J(z) in the
complex z plane for2 < N < 5and 1 < m < N — 1. In all panels, the real and imaginary
axes of z are on the same [—7, 7] interval

Roots of many QE\',"](z) polynomials were plotted in Clarkson and Mansfield
(2003), and highly regular and symmetric patterns were observed. Due to the
importance of these root structures to our work, we reproduce those root plots in
Fig.3.1for2 < N <5and 1 <m < N — 1. It is seen that the exteriors of these
roots form triangles, pentagons, heptagons, and so on, depending on the value of
m. In addition, all nonzero roots are simple, while the zero root may have higher
multiplicity according to the above formula (3.10). Boundaries of these roots in
QE(,"] (z) in the large- N limit are analytically determined by Buckingham and Miller
(2014) and Balogh et al. (2016).

It turns out that these Yablonskii-Vorob’ev hierarchy polynomials and their root
structures play an important role in the prediction of rogue wave patterns in many
integrable systems. This will be elaborated in the rest of this section.
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3.1.2 Nonlinear Schrodinger Equation
The nonlinear Schrodinger (NLS) equation is

i + %u“ + |ul?u = 0. (3.13)
Rogue patterns in this equation have been studied by Kedziora et al. (2011), He et al.
(2013) and Kedziora et al. (2013) through Darboux transformation and numerical
simulations. It was observed by Kedziora et al. (2011) that if a N-th order rogue
wave exhibits a single-shell ring structure, then the center of the ring is a (N — 2)-
th order rogue wave. This observation was explained analytically by He et al.
(2013). Kedziora et al. (2013) observed that NLS rogue patterns could be classified
according to the order of the rogue waves and the parameter shifts applied to the
Akhmediev breathers in the rogue-wave limit. This latter observation allowed the
authors to extrapolate the shapes of rogue waves beyond order six, where numerical
plotting of rogue waves became difficult. Rogue patterns in the NLS equation
were analytically investigated by Yang and Yang (2021a) when one of the internal
parameters in the rogue wave solutions gets large. It was discovered that such
rogue patterns could be predicted by root structures of the Yablonskii-Vorob’ev
polynomial hierarchy. Those results in Yang and Yang (2021a) are described below.
General rogue waves in the NLS equation (3.13) satisfying the boundary
conditions of u(x,t) — el! as x,t — oo have been presented in Sect.2.1.1.
For the convenience of the reader, we reproduce those solutions first.

Lemma 3.1 General nonsingular rogue waves in the NLS equation (3.13) are

given by

uy(x,1) = Z—;ei’, (3.14)

where the positive integer N represents the order of the rogue wave,

= (n)
"= 1§g?t§N (¢2i—1,2/’—1) ' (3.15)
min(i, j)
¢i(,nj) = Z ] Si—v(xT (1) +vs) Sj_u(x~(n) + vs), (3.16)
v=0

vectors xi(n) = (xli, 0, xgc, o,-- ) are defined by

x4+ 2%an

xF=x+ir£n, X = k1! +ayit, Xy = @) G
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with k > 1 and the asterisk * representing complex conjugation, s =

(0, 52,0, s4, - - -) are coefficients from the expansion
o
2 A
sixf¥ =In| Ztanh (2 ) |, 3.18
Yt =ta Zunn (5] a1
k=1
and as, as, . .., ayN—1 are free irreducible complex constants.

Rogue wave solutions in this theorem contain N — 1 free internal complex
parameters as, as, - - - ,aay—1. In this section, we consider asymptotic patterns of
these rogue solutions when one of these internal parameters is large (in amplitude),
while the other parameters remain O (1).

Suppose |azn,+1] is large for a certain integer m, where 1 < m < N — 1,
and the other a3 parameters are O(1). Then, large-as;,+1 asymptotics of rogue
waves upy(x, ) in Lemma 3.1 were obtained by Yang and Yang (2021a) and are
summarized in the following two theorems.

Theorem 3.2 If nonzero roots of the Yablonskii-Vorob’ev hierarchy polynomial
Q[Nm](z) are all simple, then far away from the origin of the (x,t) plane, with
Vx2+t2=0 (|a2m+1|1/(2’”+1)), the N-th order rogue wave uy (x,t) would split
into N, fundamental (Peregrine) rogue waves, where N, is given in Eq.(3.12).
These Peregrine waves are ity (x — %o, t — fo) €, where

R 4(1 + 2it)
ul(x,t)zl—m, (3.19)
and their positions (o, to) are given by
fo + ity = 220, (3.20)
where
2 = [=@m + D2 agy 1]/, (3.21)

and zq is any one of the N, simple nonzero roots of QR,"](z). The error of this
Peregrine wave approximation is O (|ay,+1)~" ™ +V). Expressed mathematically,
when (x — %0)% + (t — 10)* = O(1), we have the following solution asymptotics

un(x,t;a3,as, -+ ,aany—1) = 1 (x — Ro, t — fp) e + O (|02m+1|_1/(2m+1)> :
(3.22)

When (x,t) is not in the neighborhood of any of these N, Peregrine waves, or
x2 + 12 is larger than O (|a2m+1|1/(2’”+1)), un(x,t) asymptotically approaches
the constant background e as |aom+1] — oo.
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Theorem 3.3 In the neighborhood of the origin, where x* + t* = O(1), un(x, 1)
is approximately a lower No-th order rogue wave uy,(x,t), where Ny is given
in Eq.(3.11), 0 < No < N — 2, and un,(x,t) is given by Eq.(3.14) with
its internal parameters a3z, as, - - - , axn,—1 being the first Ny — 1 values in the
parameter set (as, as, - - - , aaN—1) of the original rogue wave uy (x, t). The error of
this lower-order rogue wave approximation uy,(x,t) is O(|azm+1 I=h. Expressed
mathematically, when x2 412 = 0(),

~1
un(x,t;az,as, -+ ,aN—1) = uny(x,t; as, as,--- ,aany—1) + O <|a2m+1| ) .
(3.23)

If No = O, then there will not be such a lower-order rogue wave in the neighborhood
of the origin, and uy (x, t) asymptotically approaches the constant background e"
there as |azm+1| — o0.

These two theorems will be proved later in this section.

Remark 3.1 Theorem 3.2 predicts that when |az;,+1] is large, the N-th order rogue
wave (3.14) far away from the origin comprises N, Peregrine waves. The rogue
pattern formed by these Peregrine waves has the same geometric shape as the root
structure of the polynomial QR,"] (z), and thus this rogue pattern has 27 /(2m + 1)-
angle rotational symmetry. The only difference between the predicted rogue pattern
and the root structure of Q[le(z) is a dilation and rotation between them due to the
multiplication factor on the right side of Eq. (3.20). The angle of rotation is equal to
the angle of the complex number —ay,, 11 divided by 2m + 1, and the dilation factor
is equal to [(2m + 1)272" a4 1|11/ Cm+D,

Remark 3.2 In Eq. (3.21), we can pick any one of the (2m + 1)-th root of —(2m +
1)2_2’”a2m+1 as £2, because roots zg of the polynomial Q%"](z) in Eq. (3.20) have
27 /(2m + 1)-angle rotational symmetry, see the comment in the paragraph below
Theorem 3.1.

Comparison Between True Rogue Patterns and Analytical Predictions

Now, we compare true rogue patterns with our analytical predictions in the
above two theorems. For this purpose, we first show in Fig.3.2 true rogue wave
solutions (3.14) from the 2rd to 7th order, with large a3, as, a7, ag, aj; and a3
in the first to sixth columns respectively. The specific value of the large parameter
in each panel of this figure is listed in Table 3.1, and the other parameters in each
solution are chosen as zero.

It is seen from Fig. 3.2 that these rogue waves comprise a number of Peregrine
waves forming triangular patterns for large a3, pentagon patterns for large as,
heptagon patterns for large a7, nonagon patterns for large ag, hendecagon (eleven-
sided polygon) patterns for large aj;, and tridecagon (thirteen-sided polygon)
patterns for large aj3. In addition to these Peregrine waves away from the origin,
some of the rogue waves also contain a lower-order rogue wave at their centers.
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N=2

N=4

N=5

N=6

N=7

Fig. 3.2 True NLS rogue wave patterns |uy (x, t; a3, as, - - - ,
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apyn—1)| from solutions (3.14) when

N ranges from 2 to 7 and one of the solution parameters is large (the other parameters are set as
zero). The large parameter is labeled on top of each column, and its value for each panel is listed
in Table 3.1. The center of each panel is always the origin x = ¢t = 0, but the (x, t) intervals differ
slightly from panel to panel. For instance, in the bottom row, the left-most panel has —18.5 <
x,t < 18.5, and the right-most panel has —16 < x,t < 16

Table 3.1 Value of the large parameter for NLS rogue waves in Fig. 3.2

N as as az ag ary ags

2 —100i

3 —601 —1000i

4 —30i —300i —3000i

5 —20i —100i —2000i —12,000i

6 —20i —200i —2000i —20,000i —80,000i

7 —20i —200i —2000i —30,000i —100,000i —300,000i
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Table 3.2 Predicted
(Np, No) values for true NLS
rogue waves of Fig.3.2

m=1 m=2 m=3 m=4 \m=5 m=6
(3,0)

6,0) |5, 1)

9,1) [10,0) |(7,2)

(15,0) | (15,0) | (14,1) | (9,3)

(21,0) | (20,1) |(21,0) |(18,2) |(11,4)

27,1) [(25,2) |(28,0) |(27,1) |(22,3) |(13,5)

\IO\U]-PL»I\-Jz

For instance, for the 7-th order rogue waves in the bottom row of Fig. 3.2, the first
and fourth panels (with large a3z and a9 respectively) exhibit a Peregrine wave in
their centers; the second panel (with large as) exhibits a second-order rogue wave
in the center; the fifth panel (with large a;) exhibits a third-order rogue wave in
the center; and the last panel (with large a;3) exhibits a fifth-order rogue wave in
the center. For our choices of parameters in rogue waves of Fig. 3.2, these lower-
order rogue waves in the center are all super-rogue waves, i.e., rogue waves with the
highest peak amplitude of their orders.

Now, we compare these true rogue patterns in Fig.3.2 with our analytical

predictions. Our prediction |u§\f) (x, t)| from Theorems 3.2 and 3.3 can be assembled

into a simple formula,
NP
W 0| = uno 0|+ (jinw = 57,00 = 1), 624
j=1

where 1 (x, t) is the Peregrine wave given in (3.19), their positions (féj ), f(gj ))

given by (3.20) with zo being every one of the N, simple nonzero roots of
QE(,"](z), and u y,(x, t) is the lower-order rogue wave in Eq. (3.23) whose internal
parameters (a3, as, - - , axn,—1) are the first No — 1 values in the parameter set
(a3, as, --- ,apn—1) of the original rogue wave uy (x, t). For true rogue waves in
Fig. 3.2, all internal parameters except for a;,+1 were chosen as zero, and Ny < m.
Then, all internal parameters in the predicted lower-order rogue wave uy,(x, t) at
the origin are zero, which give super rogue waves (see Sect. 2.1.2).

Our predicted (Np, Ng) values for rogue waves of Fig.3.2 are displayed in
Table 3.2, where m = 1,2, --- , 6 correspond to large a3, as, - - - , aj3 respectively.
These (Np, No) values provide our predictions for the number of Peregrine waves
away from the origin (x, #) = (0, 0), as well as the order of the reduced rogue wave
in the neighborhood of the origin. Visual comparison between Table 3.2 and Fig. 3.2
shows complete agreement.

We further compare our predicted whole solutions (3.24) with the true solutions
of Fig.3.2 for the same sets of (a3, as,---) parameter values. These predicted
whole solutions (3.24) are displayed in Fig. 3.3, with identical (x, t) intervals as
in Fig. 3.2’s true solutions. It is seen that the predicted patterns are strikingly similar
to the true ones. In particular, since our predicted Peregrine locations (3.20) in
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Fig. 3.3 Analytical predictions (3.24) for true rogue waves in Fig. 3.2. The x and ¢ intervals here
are identical to those in Fig. 3.2

N=7

the (x,t) plane are given by all the non-zero roots of the Yablonskii-Vorob’ev
polynomials QE(,"] (z), multiplied by a fixed complex constant, predicted patterns
formed by these Peregrine waves then are simply the root structures of these
Yablonskii-Vorob’ev polynomials under certain rotation and dilation, as is evident
by comparing predicted rogue waves in Fig.3.3 to the Yablonskii-Vorob’ev root
structures in Fig. 3.1. These predicted Peregrine patterns clearly match the true ones
in Fig.3.2 very well. This visual agreement shows the deep connection between
NLS rogue patterns and root structures of the Yablonskii-Vorob’ev hierarchy, as our
Theorem 3.2 reveals.

Regarding our predictions uy, (x, t) for centers of the rogue waves uy (x, f) in
Fig.3.2, we have shown that they are all lower-order super-rogue waves, which
agree with centers of true solutions in Fig. 3.2.
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Fig. 3.4 Decay of errors in our prediction (3.20) for the Peregrine location as |a3| or |as| increases.
(a) A triangle pattern of 3rd-order rogue waves when |a3| is large and arg(a3) = —m /4. (b) Error
versus |az| for the Peregrine location marked by an arrow in (a). (¢) A pentagon pattern of 3rd-
order rogue waves when |as| is large with arg(as) = —m /4. (b) Error versus |as| for the Peregrine
location marked by an arrow in (c)

Next, we make quantitative comparisons between true rogue waves and our pre-
dictions for large asy,+1, and verify the error decay rate of O (|az;,+1 |’1/ @m+1)y for
the prediction of Peregrine-wave locations far away from the origin in Theorem 3.2,
and the error decay rate of O (|az;+1 |’1) for the prediction of the lower-order rogue
wave at the center in Theorem 3.3.

For the quantitative comparison on Peregrine-wave locations away from the
origin, we choose two patterns of 3rd-order rogue waves. One is a triangle pattern
from large a3, and we set arg(az) = —m/4; and the other is a pentagon pattern
from large as, and we set as to be real positive. In each pattern, we choose all other
parameters of the rogue wave solutions to be zero. These triangul and pentagon
patterns are shown schematically in Fig.3.4a and c respectively. In each of these
two patterns, we pick one of its Peregrine waves, which is marked by an arrow, and
quantitatively compare its true (xo, #p) location with our analytical prediction (3.20)
as |az| or |as| increases. Here, the true location of the Peregrine wave is defined as
the (xp, 7o) location where this Peregrine wave attains its maximum amplitude, and
the error of our asymptotic prediction (X, 7o) in Eq. (3.20) is defined as

error of Peregrine location = \/ (R0 — x0)2 + (fo — to)z. (3.25)

These errors of Peregrine locations versus |a3| or |as| are plotted as solid lines in
panels (b) and (d) of Fig. 3.4 for the triangular and pentagon patterns respectively.
For comparison, the decay rates of |a3|~!/3 and |as|~!/> are also displayed in these
panels as dashed lines. We see that these errors of Peregrine locations indeed decay
at the rate of |a2;,+1 |_1/ @m+1D) thys confirming the analytical error estimates (3.22)
in Theorem 3.2.

To quantitatively compare our prediction in Theorem 3.3 on the lower-order
rogue wave at the center with the true solution, we choose a fifth-order rogue wave
us(x, t) with large a9 and the other internal parameters set as zero. This |u5(x, ?)|
solution with ag = —5000i is displayed in Fig. 3.5a. The center region of this wave
marked by a dashed-line box in panel (a) is amplified and replotted in panel (b).
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Fig. 3.5 Decay of errors in our prediction ugp ! (x, t) for the center region of the rogue wave
us(x,t) with large ag. (a) A true 5-th order rogue wave |us(x,t)| with ag = —5000i and the
other parameters being zero; the (x, ) intervals here are —12 < x, ¢ < 12. (b) Zoomed-in plot of
the center region of the true solution marked by a dashed-line box in panel (a). (¢) Our prediction

|ugp] (x, t)] for the center region with the same (x, ¢) intervals as in (b). (d) Error decay of our
predicted solution at the (x, ¢) location of (0.5, 0.5) as ag increases in size with arg(ag) = —m/2

In the present case, N = 5 and m = 4. Since 5 = —4 mod 9, we get Ng = 3
from Eq. (3.11). Thus, according to Theorem 3.3, this u5(x, f) solution contains a

3rd-order rogue wave ug” ! (x, 1) in its center region, where all internal parameters

(a3, as) in this ugp] (x, 1) solution are zero. Such a ugp] (x, 1) solution is a third-order

super rogue wave. This predicted |u[3p ! (x, t)| solution is displayed in Fig. 3.5c, with
the same (x, ¢) internals as in the true center-region solution displayed in panel (b).
Visually, this predicted center solution in (c) is identical to the true center solution
in (b). Quantitatively, we have also obtained the errors in our predicted solution
u[3p ](x, t) at x =t = 0.5 of the center region as ag increases in magnitude with
arg(ag) = —m /2. Our error is defined as

error of center region prediction = |us5(x, t) — ugp] (x,1) 05’ (3.26)
x=t=

The dependence of this error on |ag| is plotted in Fig. 3.5d. Comparison of this error

decay with the |ag| ™! decay [shown as a dashed line in panel (d)] indicates that this

error is indeed of O(lag|™!), confirming the error prediction (3.23) in Theorem 3.3.

Proofs of Pattern Predictions

Below, we prove the analytical predictions on NLS rogue patterns in Theorems 3.2
and 3.3. Our proof is based on an asymptotic analysis of the rogue wave solu-
tion (3.14), or equivalently, the determinant o, in Eq. (3.15), in the large a1
limit.

Proof When a4 is large and the other parameters O(1) in the rogue wave
solution (3.14), at (x, t) where v/x2 + 12 = O (Jazu+1|"/?"*D), by denoting

—1/2 1
AR (3.27)
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and recalling the definition of Schur polynomials in Eq. (2.2), we have
Sk (n) +vs) = Sg (x]", vs2, x37, vsa, )
= )kak (xr)\, vS2k2, x;')\3, VS4A4, .- )

~A7kS [(x +i0)2,0,---,0,1,0,---]

=Sk (x+1i,0,---,0,a2041,0,--+). (3.28)

Thus,
SexeT(m) +vs) ~ Sk(v),  lazmrr] > 1, (329)

where
v=(x+i,0,---,0,a2n+1,0,---). (3.30)

From the definition of Schur polynomials, Sk (v) is given by

o0
E:&thzapkx+nk+am+mm+q. (3.31)
k=0

Thus, it is related to the polynomial p,[(m](z) in (3.7) as

Si(v) = 25pi(2), (3.32)
where 2 is as defined in Eq. (3.21), and

z=27'x +1in). (3.33)
Using these formulae, we find that

det Sy j(xt(m) +vs)] ~ ey VN2 00 (2 ag | > 1.

1<i,j<N
(3.34)
Similarly,
— — N(N+1)/2
et [Saj(xe () 4 v9)] ~ et (29) TV ORIE. Tazml > 1.
=i, ]=

(3.35)

To proceed further, we use determinant identities and the Laplace expansion to
rewrite o, in Eq. (3.15) as
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1
Op = E det | —Soi_1—v,(xT(n) +v;s
n lfi,ijI:zv-f 2i—1 v]( (n) + J )]
O<vi<yy<-<Vy<2N-1

1
X _Szi—l—l)j x"(n)+ Vjs)i| , (3.36)

det -
1<i,j<N |2V
see Eq. (2.77) in Sect. 2.1.1. Since the highest order term of as,,+1 in this o, comes
from the index choices of v; = j — 1, then
2

2 N(N+1) [m]
on ~ la|” |agm41| 2nH ’QN (2) lazm+1] > 1, (3.37)

where

o = 2—N(N—1)/ZC;/1_QN(N+1)/2. (3.38)

Since « is independent of n, the above equation shows that for large az,+1, o1/09 ~
1, i.e., the solution u(x, ) is on the unit-amplitude background e, except at or near
(x, ) locations (Zo, 7o) where

20 = 27 (Ro + o) (3.39)

is a root of the polynomial QR,"](z), when this highest order term (3.37) vanishes.
Such (%o, fo) locations are given by Eq. (3.20) in view of Eq. (3.33).

Next, we show that when (x,?) is in the neighborhood of each of the (%o, 7o)
locations given by Eq. (3.20), i.e., when (x — 2002+ (¢ —19)? = 0(1), the rogue
wave uy (x, t) in Eq. (3.14) approaches a Peregrine wave i (x — Xo, t — fo) ' for
large az,+1. The asymptotic analysis above indicates that when (x, t) is in the
neighborhood of ()20, fo), the highest power term |az;,;+1| %ﬂ) in o (x, t) vanishes.
Thus, in order to determine the asymptotics of uy (x, ) in that (x, t) region, we
need to derive the leading order term of as, 41 in Eq. (3.36) whose order is lower
than |az;,+1 |%:1” . For this purpose, we notice from Eq. (3.28) that when (x, #) is in
the neighborhood of ()?0, fo), we have a more refined asymptotics for S (x+(n)+vs)
as

St (n) +vs) = 2758, (xF4,0,--+,0,1,0,-) [1 n 0(,\2)]
= Sk (¢7.0, .0, agms1,0, ) [1 + 0(,\2)] . (3.40)
ie.
Sk )+ vs) = S [14 0 (ap T ) (341)

where
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V=(x+it+n,0,---,0,a2341,0,---). (3.42)

The polynomials Sk (V) are related to p,Em] (z) in (3.7) as
Sk = 25 pi @), (3.43)

where £2 is as given in Eq. (3.21), and Z = 2! (x + it + n).

Now, we derive the leading order term of ay,,+1 in the Laplace expansion (3.36).
This leading order term comes from two index choices, one being v =
©,1,---, N — 1), and the other beingv = (0, 1,--- , N —2, N).

With the first index choice, in view of Egs. (3.41) and (3.43), the determinant
involving x* (n) in Eq. (3.36) is

N(N
m 2/(2m+1
wasy OO 1+ 0 (a2167+)] (3.4

where « is given in Eq. (3.38). Expanding Q['" (2) around z = zg, where zg is given
in Eq. (3.39), and recalling Q[m](z()) = 0, we have

oY@ = 27 [ = ko) +it — i + ] [QN] @ [1+ 0 (271)].
(3.45)

Inserting this equation into (3.44), the determinant involving x*(n) in Eq. (3.36)
becomes

N(N+DH)=2

/
[ =) it — i) +n] Gapiy ™ [Q4] o [1+ 0 (a3, 07" )],
(3.46)
where & = a[—(Q2m + 1)272"]71/@m+D  Similarly, the determinant involving

x~ (n) in Eq. (3.36) becomes

[(c = f0) = i€ = i)=n] &" @}y 20 [0%1] @1+ 0 (aslFH0)].
(3.47)

Next, we consider the contribution in Eq. (3.36) from the second index choice of
v=(0,1,---, N —2, N). For this index choice, the determinant involving xt(n)
in Eq. (3.36) is

1 1
det [SZi_l(xﬂ,Eszi_z(x++s),~- 5=z S2i--plx T+ (N =2)s],

I<i<N

1

N —Soi—vnxT + NS)] . (3.48)
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Utilizing Eqgs. (3.41)—(3.43), this determinant is

2~ NWN=1/2=1 (N(N+D=2)/2 jat

1<i<N
[m] o ml sy o lml 2
Pai— 1(2) P 2(2) ) PZ,-_(N_l)(Z), p2i—(N+1)(Z)
x[140 (a z,jff’”“))] (3.49)

Recalling Eq. (3.9), we see that pg."l( N +1)(2) = pgl"l ~)/(2). Thus, the determinant

in the above expression is equal to ¢, [Q[m ] (2), so that the determinant (3.48)
becomes

1 N(N+1D)-2

2A aan;imlH) [Q[m ] @) [1 10 (az_n?i(me))] (3.50)

/
When (x, 1) is in the neighborhood of (%o, ), we expand [Q[Nm]] (z) around Z = 7
to reduce this expression further to

1’\ o m 0 —1/2 1
zaaz,ffil“’ [Q'm'] (20) [1 +0 (azmﬁl’”+ ))] (3.51)

Similarly, the determinant involving x~ (n) in Eq. (3.36) becomes

1 NN+D-2 _
S8 (@341) e [QN ] 23 [1 +0 (az,jff’” ”)] . (3.52)
Summarizing the above two contributions, we find that

N(N+1)—2

Un(xy t) = |&|2 |a2m+1| Q2m+1)

[0 o]

. . 1 _1em
x |:(x — o)+ (1 —fo)* — Q@n (¢ — fo) —n® + Z} [1+0 (a5 )]
(3.53)

Finally, we recall our assumption that nonzero roots of ng](z) are all simple.

/
Then, [QE(,"]] (zo) # 0. This indicates that the above leading-order asymptotics

for o, (x,t) never vanishes. Therefore, when |ay, 1| is large and (x,¢) in the
neighborhood of (%o, f), we get from (3.53) that



258 3 Rogue Wave Patterns

un(x, 1) = ﬁeiz — it <1 B 411 + 2i(t — fo)] _ ) L0 (a—l/(2m+l))
’ o0 1 +4(x — %) + 4(t — 1)? 2m+1 ’

(3.54)

which is a Peregrine wave it (x — Xo,f — 10) el and the error of this Peregrine
—1/2m+1)

prediction is O (azm T ) Theorem 3.2 is then proved.

Proof To analyze the large-as,+; behavior of the rogue wave uy(x,t) in the
neighborhood of the origin, where x4+ = 0O(1), we first rewrite the o,
determinant (3.15) into a 3N x 3N determinant (Ohta and Yang 2012a)

o — ’ Onxn Pnxan (3.55)

n — P} .
—Wnxn bvxon

where @; ; = 2_(-/_1)Szi_j [x"‘(n) +( — l)s], and ¥; ; = 2—(1’—1)52],_1,

[x_(n) + (i — 1)s]. Defining yjE to be the vector x* without the aym+1 term,
ie., let

xt=y"4+0,-,0,a0m41.0,--1), x =y +0,---,0,a3,,.,,0,-),

(3.56)
we find that the Schur polynomials of x* are related to those of y* as
[s]
St +vs)= Y S mini(yt +vs), (3.57)
i=0 ’
[ﬁ] (Cl* )i
ST v = Y S ameni(yT v, (.58)
i=0 :

where [a] represents the largest integer less than or equal to a. Using this relation,
we express matrix elements of @ and ¥ in Eq. (3.55) through Schur polynomials
Sk (yjE + vs) and powers of as,+1 and ai“mH.

We need to determine the highest power term of a,,, 11 in the determinant (3.55).
For that purpose, it may be tempting to retain only the highest power term of a1
and a3, in each element of this determinant. That does not work though because
it would result in multiple rows (and columns) which are proportional to each other,
making the reduced determinant zero. The correct way is to first judiciously remove
certain leading power terms of a4+ and ai‘m 41 from elements of the determinant
through row and column manipulations, so that the remaining determinant, after
retaining only the highest power term of a2, +1 and a3, ; in each element, would
be nonzero. These row and column manipulations are described below.
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Suppose N = Ng mod (2m + 1),1i.e., N = k(2m + 1) + Ny for some positive
integer k, with 0 < Ny < m. We perform the following series of row operations
to the matrix @ so that certain high-power terms of a4 in its lower rows are
eliminated. In the ﬁrst round, we use the 1st to m-th rows of @ to eliminate the
highest-power term a2m+1 from the [v(2m + 1) 4 1]-th up to the [v(2m + 1) + m]-th
rows for each 1 < v < k, so that the remaining terms in those rows have the highest

power a%r‘; +1] We also use the (m + 1)-th to (2m + 1)-th rows of @ to eliminate

the highest-power term aer;:L]l from the [v(2m + 1) + m + 1]-th to the [v(2m +
1) + 2m + 1]-th rows for each 1 < v < k — 1, with the remaining terms in those

rows having the highest power a%}’n +1- In each step, the highest power terms ag,‘; 41

or ag;ﬁl] of each row are eliminated simultaneously, because the coefficient vector

of those highest power terms in each row below the (2m + 1)-th is proportional to
the coefficient vector of the highest power terms in the corresponding upper row
between the 1st and (2m + 1)-th due to the relation (3.57).

In the second round, we use the 2m + 1 + 1)-th to 2m + 1 + m)-th rows of
the remaining matrix @ to eliminate the highest-power term ‘12;1—:11 from the [(v +
1)(2m + 1) + 1]-th up to the [(v + 1)(2m + 1) 4+ m]-th rows for each 1 <v<k-1,
so that the remaining terms in those rows have the highest power a2m 41- We also
use the 2m + 1 + m + 1)-th to 2m + 1 + 2m + 1)-th rows of @ to eliminate
the highest-power term a2”+2 from the [(v + 1)(2m + 1) + m + 1]-th up to the
[(v+ 1D)(@2m + 1) 4+ 2m + 1]-th rows for each 1 < v < k — 2, with the remaining
terms in those rows having the highest power a%l,’:rll. This process is repeated k
rounds.

At the end of this process, the i-th row of the remaining matrix @ has the highest
power a 5::711)/ (@m+1)] . Then, we keep only the highest power terms of az; 41 in
each row. Similar column operations are also performed on the matrix ¥. With

these manipulations, we find that o, is asymptotically reduced to

[r+o (k)]

(3.59)

|k2(2m+1)+k(2N0+1) Onxn  Pnxan

o, = an, 1
n = Flame —Wnxn Lavxon

where g is a (m, N)-dependent nonzero constant, matrices @ Nx2n and lI~/2NX ~ have
the structures

By = <L<N Noyx(N—No) O —No)x2Ng O —No)x (N - No)) (3.60)
My x (N=Ng) ¢N0x21v0 Onyx(N=Ny)

_ U —No)x(N=No) M(N—Ng)x Ny
UNxN = | O2ngx(N—No)  PaNgx Ny , (3.61)
O(N—No)x(N—Ng) O—Ng)xNo

Lij=S-j[y"+G-Ds]., U;=S;—[y +G-Ds], (3.62)
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-~

@ j=2""Dsy_; [y" )+ (j — 1+ wo)s], (3.63)
Ui ;=278 [y () + (i — 1+ vo)s]. (3.64)

vo = k(2m + 1), and M, M are matrices of elements S; (yT +vs) and Si(y~ +vs)
respectively. Since L and U are respectively lower triangular and upper triangular
matrices with unit elements on the diagonal in view that So = 1 and §; = 0 for
Jj <0, 0y in Eq. (3.59) then is

OngxNg  PNyx2N,

k2(2m41)+k(2No+1)
+1l
_IIIZNO xNo I2N0 x2Ng

on = B lam

[1+0(az00)]-

(3.65)
Finally, we notice that S; [y* + (v + vg)s] is related to S; (y* + vs) through

1j/2]
Si [+ v +v0)s] = Y $2i(008)Sj—2i (yE + vs), (3.66)
i=0

the reason being that the odd elements of the vector s are zero (see Lemma 3.1).
Using this relation, the determinant in (3.65) can be reduced to one where vy is set
to zero in the above ® and ¥ matrices given in Eq. (3.63). Such a determinant for
oy gives a No-th order rogue wave, whose internal parameters (a3, as, - - - , aany—1)
are the first N9 — 1 values in the original parameter set (a3, as, - - - , aay—1). Thus,
in the neighborhood of the origin ,

. T
un(x,t;as,as, - ,aaN—1) = —e
00
-1
= uNO(_x, t;asz,as, -, a2N0—l) [1 + 0 <a2m+1>] s (3.67)

which means that the original N-th order rogue wave uy (x, t) is approximated by a
lower Ny-th order rogue wave u y, (x, t), with the approximation error O (az_ni +1>.

IfN =—-Np—1mod 2m+1) with 0 < Ng < m, Eq.(3.67) can also be derived
by similar analysis, and thus the same conclusion holds.

Lastly, we recall that 1 < m < N — 1. In addition, 0 < Ny < m in view
of Theorem 3.1. Furthermore, when m = N — 1, we find from Eq.(3.11) of
Theorem 3.1 that Ng = N — 2. As a consequence, 0 < Ngo < N — 2. Theorem 3.3
is then proved.

3.1.3 Derivative Nonlinear Schriodinger Equations

The generalized derivative NLS (GDNLS) equations are
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o . . 1
it + Suee iy uPue +iy = Dutul + 2 = Dy =Dlu*u =0, (3.68)

where y is a real constant (see Sect. 2.2). These equations contain the Kaup-Newell
equation, the Chen-Lee-Liu equation and the Gerdjikov-Ivanov equation as special
cases. Boundary conditions of rogue waves in these GDNLS equations are
u(x,t) — ei(lfyf‘)‘)xfé[0‘2”(7’72)”‘“71’]’, x,t — oo, (3.69)
where ¢ > 0 is a free background wave number parameter. Explicit expressions
of these rogue waves have been presented in Theorem 2.3 of Sect. 2.2 and will not
be repeated here. Importantly, those rogue waves are expressed by determinants of
Schur polynomials with index jumps of 2, just like the NLS case. In addition, those
rogue waves contain free internal complex parameters a3, as, - - - , aay—1 as well.
We will consider asymptotics of those rogue solutions when one of their internal
parameters is large (in amplitude), while the other parameters remain O (1).
Suppose |azy,+1| is large, where 1 < m < N — 1, and the other a3 1 parameters
are O(1). Then, large-ay,,+1 asymptotics of rogue waves in the GDNLS equations
were derived by Yang and Yang (2021b) and are summarized in the following
theorem.

Theorem 3.4 Forthe GDNLS rogue wave uy (x, t) in Theorem 2.3, when |a;,; 41| is
large and the other internal parameters O (1), then the following statements hold.

1. If nonzero roots of the Yablonskii-Vorob’ev hierarchy polynomial Q%"](z) are
all simple, then far away from the origin, with ~/x2 + 12 = O (lagms1 |/ D),
this uy (x, t) asymptotically would split into N, fundamental rogue waves, where
N is given in Eq.(3.12). These fundamental rogue waves are it (x — Xo,t —
o) A=y —ex—3[e? 20 =Dat1=v]t pore

. a(x +at)? + (x — )% —i(x + 3ar) — 3
iy (x, 1)] = , — 1, (3.70)
alx +an)? 4+ (x — )2 +i(x + ar) = 2it + 5
and their positions (Xo, o) are given by
. 1 a—1 A 1
o= —=R[2002] — ——T [202], 1o = —T[z082], (3.71)
Ja o o

1
2 = (— 231;"'1 a2m+1) e , 20 is any of the N, non-zero simple roots of Q[Nm] (2),
and (R, J) represent the real and imaginary parts of a complex number. The
error of this fundamental rogue wave approximation is O (|asm1|~V/@m+D).
Expressed mathematically, when |aym+1] > 1 and (x — X0)*> + (t —1p)* = O(1),
we have the following solution asymptotics
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uy(x,t;a3,as, -+ ,aaN—1)

= i) (x — Ro. 1 — fy) ey = =5[22y =Da+1—y]r

0 (Iazm+1 I‘”Q’"“)) : (3.72)

When (x, t) is not in the neighborhood of any of these N, fundamental waves,

r v/x2 +12 is larger than O (layn+1]"@™D), then uy (x,t) asymptotically

approaches the constant-amplitude background 'V~ —ev =3[ +2(y 21—yt

as |ayp+1| — oo.

2. In the neighborhood of the origin, where x> + 1> = O(1), uy(x, t) is approxi-
mately a lower No-th order rogue wave upy,(x, t), where Ny is determined from
(N,m) by Eq.(3.11), 0 < No < N — 2, and un,(x, t) is given in Theorem 2.3
with its internal parameters (a3, as, - - - , aan,—1) being the first No — 1 values in
the parameter set {az, as, - - - , aany—1} of the original rogue wave un(x,t). The
error of this lower-order rogue wave approximation uNO (x, 1) is O(|lazm+1 |’1 ).
Expressed mathematically, when |azn,+1| > 1 and X242 = o(l),

~1
un(x,t;as,as, -+ ,aoN—1) = uny(x, t;as, as, --- ,azny—1) + O <|a2m+1| )
(3.73)

If No = O, then there will not be such a lower-order rogue wave in the neigh-
borhood of the origin, and uy(x,t) asymptotically approaches the constant-

x— [ +2(y—2)a+1-y]r

amplitude background =7~ there as |az, 41| — 0.

The proof of this theorem is along the same lines as the proofs of Theorems 3.2—
3.3 for the NLS equation and will be omitted here (see Yang and Yang (2021b) for
details).

Comparison Between Predictions and True Solutions

According to Theorem 3.4, our predictions for GDNLS’ rogue patterns under a large
internal parameter ay,, 41 can be assembled into a single formula

luy (x, O] = |y (x, 1) +Z<‘u1(x—x(k) ;g'@)\ — 1), (3.74)

k_

where Ny is given from (N, m) by Eq. (3.11), un,(x, t) is the lower-order rogue
wave at the center whose internal parameters (a3, as, - --axn,—1) are inherited
directly from those of the original rogue wave uy (x, t), the function i (x, t) is

the fundamental rogue wave given in Eq. (3.70), with its position (x(gk), tok)) given

by Eq. (3.71) for every one of the nonzero simple roots z(k) of O 1(," ](z), and N, is
the number of such fundamental rogue waves whose Value is given by Eq. (3.12).
Then, when we choose « = 16/9 in the background (3.69), the above solution
approximation (3.74) for 2 < N < 5, with the large internal parameter a1
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Table 3.3 Value of the large

a a a a
parameter for GDNLS rogue 33 0i 2 d 2
waves in Fig. 3.6 with -0

o =16/9 —28i | —500i

—20i | —300i | —1500i
—15i | =250i | —1000i | —3000i

Ul-lkb)l\)z

Fig. 3.6 Predicted GDNLS rogue patterns |uy (x, )| for the orders 2 < N < 5 and the large
parameter a1 from m = 1 to N — 1 [the background wavenumber parameter in Eq. (3.69) is
chosen as @ = 16/9]. For each panel, the large parameter a,,+ in the rogue wave is displayed
in Table 3.3, with the other internal parameters set as zero. The center of each panel is always the
origin x = ¢t = 0, but the (x, ¢) intervals differ slightly from panel to panel. For instance, in the
bottom row, the left-most panel has —12 < x, ¢ < 12, and the right-most panel has —10 < x,¢ <
10

ranging fromm = 1 to N — I and its value taken as in Table 3.3, and with the other
internal parameters taken as zero, are displayed in Fig. 3.6. Notice that the predicted
patterns are stretched triangles in the first column (for large a3), stretched pentagons
in the second column (for large as), stretched heptagons in the third column (for
large a7), and so on.
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Large a2 Large as Large a7 Large as

Fig. 3.7 True GDNLS rogue patterns |uy (x, ¢)| for N = 5. The « value, internal parameters and
(x, t) intervals for these true solutions are identical to those in the theoretically predicted patterns
shown in the bottom row of Fig. 3.6

Now, we compare these predicted rogue patterns with true ones. For brevity, we
only show this comparison for N = 5. Under identical « and internal parameter
choices and identical (x, t) intervals as in the bottom row of Fig. 3.6, true rogue
patterns are displayed in Fig.3.7. It is seen that the true rogue patterns are almost
indistinguishable from the predictions in the bottom row of Fig. 3.6 on all aspects,
from the locations of individual fundamental rogue waves, to the overall shapes
formed by these fundamental waves, and to the fine details of the lower-order
rogue waves at the center. Similar agreements hold for the other panels of Fig. 3.6
as well. These apparent visual agreements testify to the power of our theoretical
predictions. The error estimates of O (|az,+1 |~1/@mt1)y away from the origin and
O(lazms1|™") in the neighborhood of the origin from Theorem 3.4 have been
confirmed numerically too.

3.1.4 Boussinesq Equation
The Boussinesq equation is

1
Upr + Uxx — (Mz)xx - guxxxx =0, (3.75)

where u is a real variable for water surface elevation. Its rogue waves under
boundary conditions of

ux,t) >0, x,t— *o0 (3.76)

have been given in Theorem 2.4 of Sect.2.3. These rogue waves contain free
complex parameters az, as, - -+ , daN—1.-

Suppose |azm,+1] is large, where 1 < m < N — 1, and the other parameters
are O(1). Then, large-as,,+1 asymptotics of these rogue waves in the Boussinesq
equation were derived by Yang and Yang (2021b) and are summarized in the
following theorem.
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Theorem 3.5 For the Boussinesq rogue wave uy(x,t) in Theorem 2.4, when
|a2m+11is large and the other a1 parameters O (1), then the following statements
hold.

1. If nonzero roots of the Yablonskii-Vorob’ev hierarchy polynomial Q%"](z) are all
simple, then far away from the origin, with v/x2 + 12 = O (lagms1 |/ D),
this uy (x, t) asymptotically splits into N, fundamental rogue waves, where N,
is given in Eq.(3.12). These fundamental rogue waves are ui(x — Xo,t — to),
where

(. 1) =29%1n (x2 +2 4 1) , 3.77)

and their positions (X, to) are given by

f0=%R [(-21@) ZOQ] Y Ag, =9 [(—21«/3) zo.Q] : (3.78)

1

2 = (—%agm_l)m, z0 is any of the N, non-zero simple roots of
QE\',n](Z), and Ag = —4(N — 1)/3. The error of this fundamental rogue

wave approximation is O (|azmy1|™"/ @™ +D). Expressed mathematically, when
laom+1] > 1 and (x — 20)% + (1 — 19)? = O(1), we have the following solution
asymptotics

un(x,t; a3, as, -+ ,aan—1) = uj(x — %o, t — fo) + O (Iazm+1|_1/(2m+l)> .
(3.79)

When (x, t) is not in the neighborhood of any of these N fundamental waves,
or ~/x2 + 1% is larger than O (|a2m+1 |1/(2’"+1)), then upy(x,t) asymptotically
approaches the zero background as |ay,+1| — o0.

2. In the neighborhood of the origin, where X242 = O(l), un(x, t) is approxi-
mately a lower No-th order rogue wave upy,(x, t), where Ny is determined from
(N,m) by Eq.(3.11), 0 < No < N — 2, and un,(x, t) is given in Theorem 2.4
with its new internal parameters (a1, as, -- - , aan,—1) related to the original
parameters of uy(x, t) as

ay—1 =axy—1+ (N —No)sz—1, r=12,---,Nop. (3.80)
The error of this lower-order rogue wave approximation upyy(x,t) is
0(|a2m+1|_1). Expressed mathematically, when |ay,+1| > 1 and x4+ =

Oo(1),

un(x,t;ar,as, as,--- ,aaN—1) = un,(x,t;a1,4a3,4s, - - -, dany—1)

o (|a2m+1|_1). 3.81)
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Note that while ay = 0 in the original rogue wave uy(x,t) (see Theorem 2.4
in Sect. 2.3), its counterpart 4y in the lower-order rogue wave uy,(x, t) will not
be zero. If Ny = 0, then there will not be such a lower-order rogue wave in
the neighborhood of the origin, and uy (x, t) asymptotically approaches the zero
background there as |azm+1| — 00.

The proof of this theorem is along similar lines as the proofs of Theorems 3.2-3.3
for the NLS equation and will be omitted (see Yang and Yang (2021b) for details).

Comparison Between Predictions and True Solutions

Next, we present comparisons between predictions and true solutions for the Boussi-
nesq equation. In this case, our prediction from Theorem 3.5 for the Boussinesq
rogue pattern under a large internal parameter a4+ can be assembled into the
formula

Np
un(x,1) zuNO(x,t)—i-Zul (x—iék),t—fék)>, (3.82)
k=1

where upy,(x,t) is the lower-order rogue wave at the center whose new internal
parameters (dp, as, - -+ , aan,—1) are given by Eq. (3.80), the function u (x, ) is the

fundamental Boussinesq rogue wave given in Eq. (3.77), with its position (iék), f(gk))

given by Eq. (3.78) for every one of the nonzero simple roots z(()k) of Q[Nm] (2),and N,
is the number of such fundamental rogue waves whose value is given by Eq. (3.12).
When the large internal parameter ay,,+1 is selected as in Table 3.4 for2 < N <5
and 1 < m < N — 1, with the other internal parameters set as zero, the predicted
rogue solutions (3.82) are illustrated in Fig. 3.8.

Now, we compare these predicted Boussinesq rogue patterns in Fig. 3.8 to the
true solutions. Again, for brevity, we only do the comparison for the fifth-order
rogue waves (N = 5). Under the same internal parameter choices and (x,?)
intervals as those in the bottom row of Fig. 3.8, the true Boussinesq rogue patterns
are displayed in Fig.3.9. It is seen that again, the true rogue patterns are visually
indistinguishable from our theoretical predictions on all aspects, from locations
of fundamental rogue waves away from the center, to fine details of lower-order
rogue waves at the center, and to the amounts of x-position shifts to the whole
structure. Order of accuracy of our predictions as stated in Theorem 3.5 has also
been confirmed numerically, with the details omitted.

Table 3.4 Value of the large

. N |aj3 as | ay ag
parameter for Boussinesq 5 0
rogue waves in Fig. 3.8 -
3 |—16 | 150
4 |—10 |50 |—100
5 |=5 |20 |—-80 |200
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Large a3

X b h X

Fig. 3.8 Predicted Boussinesq rogue patterns uy (x, t) for the orders 2 < N < 5 and the large
parameter ay;, 41 fromm = 1to N —1. For each panel, the large parameter as,,+1 in the rogue wave
is displayed in Table 3.4, with the other internal parameters set as zero. The center of each panel is
always the origin x = ¢ = 0, but the (x, ¢) intervals differ slightly from panel to panel. For instance,
in the bottom row, the first two panels have —32.25 < x, ¢ < 32.25 and —35.25 < x,t < 35.25
respectively

Large a: Large as Large a7 Large as

Fig. 3.9 True Boussinesq rogue patterns uy (x, t) for N = 5. The internal parameters and (x, )
intervals for these true solutions are identical to those in the theoretically predicted patterns shown
in the bottom row of Fig. 3.8
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3.1.5 Manakov System

The Manakov system is

. 2 2 2 —
(i3, + 02y + (e1lu | + e2lualPuy =0, } (3.83)

(i0; + 0P)uz + (e1lu1* + e2lua|P)uz = 0,
where €] = 1 and € = £1. Under the boundary conditions of
up(x, 1) = p@®X T s (e 1) — prel®FO) -yt s doo, (3.84)

where parameters p;, k;, w; satisfy algebraic relations (2.583), rogue waves cor-
responding to a simple root of a certain algebraic equation have been given in
Theorem 2.10 of Sect.2.9. For the convenience of the reader, we reproduce such
solutions here.

Lemma 3.2 If the algebraic equation F,(p) = 0, with

2 2
€107 €20,

Fi(p) = P

+2p (3.85)

and the prime denoting differentiation, admits a non-imaginary simple root py, then
the Manakov system (3.83) under boundary conditions (3.84) admits rogue wave
solutions

BLN itkix+wrt)

upy(x, 1) = plf—N B2.N glkaxted) (3.86)

up N(x,1) = pp——
N

where N is an arbitrary positive integer which represents the order of the rogue
wave,

N =000, &,N =010, &,N =001, (3.87)
_ (n,k)
o= det (654, 1). (3.88)

the matrix elements in o,  are defined by

min(i, j) |p |2 v
(n,k) 1 4 _ .
i = — | Sicv(xT(n, k) +vs)S;_v(x” (n, k) +vs™),
¢ go |:(po+p(’§)2i| o 0 (1K) 4 08) S (7 (0, K) + vs)

(3.89)
the vectors xi(n, k) = (xli, 0, xgt, 0, - - -) are defined by
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,
x5k = prx + (Z piprl-> it) +nb, +kir +a,.  (3.90)
i=0

,
x, (n, k) = pfx — (Z p?‘p;‘_i> (it) — nbF — kA +a, (3.91)

i=0
s = (51,52, ), pr, Or, A, and s, are coefficients from the expansions
o
p (k) — iky
(k) = K", ln|: 0,k” (3.92)
p ;) Pr Do — ik, Z
ik [eS) 1 + p* . 0
1H|:—p(K) _l 2] :Z)\nrlcr, ln|:— (po p()) <p(K) pg)i| :Zsrl('r»
po — ik - K P p (&) + py p—
(3.93)
the function p (k) is defined by the equation
F1[p ()] = F1(po) cosh(k), (3.94)

a1 =0, and a3, as, - - - , ayn—1 are free irreducible complex constants.

The t functions of these rogue waves have index jumps of 2 in their matrix
elements, and they contain free complex parameters asz, as, - - - , AaN—1.

Suppose |az,+1] is large, where 1 < m < N — 1, and the other parameters are
O(1). Then large-ay,,,+1 asymptotics of these Manakov rogue waves in Lemma 3.2
were derived by Yang and Yang (2021b) and are summarized in the following
theorem.

Theorem 3.6 For the Manakov rogue wave [uy ny(x,t), uz n(x,t)] in Lemma 3.2,
when |azy 1| is large and the other azjy1 parameters O(1), then the following
statements hold.

1. If nonzero roots of the Yablonskii-Vorob’ev hierarchy polynomial Q%"](z) are all
simple, then far away from the origin, with ~/x2 + 12 = O (|lagm41|"/Cm+D),
this [uy n(x, 1), uz n(x,1)] asymptotically would split into N, fundamental
rogue waves, where N, is given in Eq. (3.12). These fundamental rogue waves
are [fi11(x — Ro, t — fo) FX+@1D iy 1 (x — R, t — fo) ! ®2XFO2D] ywhere

[p1x +2popi (it) + 611 [ pix — 2p§ p} (it) — 6F] + ¢o
|p1x + 2pop1 GDI* + o ’

ii1(x, 1) = p1
(3.95)
[p1x +2popi (it) + M1 [pix — 2pg pi (i) — A¥] + ¢o
|p1x 4+ 2pop1 (i0)I* + Lo ’

i 1(x,1) =p2
(3.96)
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P1 P1 |p1]?
91 e — )"1 = . 5 CO = ) (397)
Po — iky po — iky (po + py)?
and their positions (Xo, o) are given by
. 1 2082 *:| N 1 72082
X0 = ‘R|:—P +A M, th= J|— |+2m, (3.98)
Rppo) " L o 2R(p0) " L p1
1
2= (—2312—;5102,"4'_1) e , 20 is any of the N, non-zero simple roots of Q[Nm] (2),
and
1 (N — 1)s; 1 (N — 1)s;
Ay =— ‘R|: p*], Aoy = — 5|: :|
R(po) Y 2R (po) P

(3.99)

The error of this fundamental rogue wave approximation is O (|az,41|~ "/ m+D).
Expressed mathematically, when |axpm+1] > 1 and (x — 202+ — tA())2 =0(1),
we have the following solution asymptotics

wjN(xX,t;a3,as, - ,aan—1) = lj.1(x — Xo, t — f) e'®s* T

+0 <|02m+1|_1/(2m+1)) : (3.100)

where j = 1,2. When (x,t) is not in the neighborhood of any of these
N, fundamental waves, or ~/x* + 12 is larger than O (lazm+1|"/ "), then
the solution [uy n(x,t),uz n(x,t)] asymptotically approaches the constant-
amplitude background [pie*1X+ @10 | p, pitax+e)] gg 145, 1| — 0.

2. In the neighborhood of the origin, where X242 = o), [urn(x,t),up N(x,1)]
is approximately a lower No-th order rogue wave [uy ny(X,1), Uz ny(X,1)],
where Ny is determined from (N,m) by Eq.(3.11), 0 < N9 < N — 2,
and [uy1, ny(x, 1), uz Ny (x, )] is given by Lemma 3.2 with its new internal
parameters (a1, as,--- ,aan,—1) related to the original parameters of
[ur,n(x, 1), uz N (x, 1)] as

ay—1 =ag—1+ (N — No)sor—1, r=12,---,No. (3.101)

The error of this lower-order rogue wave approximation is O(|azms1]™").
Expressed mathematically, when |azy, 41| > 1 and x> + 1> = 0(1),

ujN(x,t;ar,a3,as,--- ,aan—1) = uj Ny (x,1;41,a3,4s, -+, dany—1)

+o (|a2m+1|_1), (3.102)
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where j = 1,2. Note that ay = 0 in the original rogue wave [uj n(x,1),
ua N (x, 1)1, but its counterpart ay in the lower-order rogue wave [u n,(x, 1),
uz No(x, 1)1 will not be zero. If No = 0, then there will not be such a
lower-order rogue wave in the neighborhood of the origin, and the solution
[ N (x, ), uz N(x, t)] asymptotically approaches the constant-amplitude back-
ground [pre!®1X 1) - oy el k2X 40207 there as |any, 41| — o00.

The proof of this theorem is along similar lines as the proofs of Theorems 3.2—
3.3 for the NLS equation and will be omitted here (see Yang and Yang (2021b) for
details).

Comparison Between Predictions and True Solutions

Our prediction from Theorem 3.6 for Manakov rogue patterns can be assembled into
the formulae

NP
ujnCe, )| & |ujng e, O] + Z (‘ﬁj,l(x — )eék), t — fo(k))‘ B ,Oj) ., j=1,2,
k=1
(3.103)

where [u1,n,(x, 1), u2, N, (x, t)] is the lower-order rogue wave at the center whose
new internal parameters (a1, as, - - - , dany,—1) are given by Eq.(3.101), the func-
tions [i1,1(x, 1), 4z,1(x,1)] are the fundamental Manakov rogue wave given in

Egs. (3.95)(3.96), with their positions (£, 7)) given by Eq.(3.98) for every
one of the nonzero simple roots z(()k) of QB(,”](Z), and N, is the number of such

fundamental rogue waves whose value is given by Eq. (3.12). Since the Manakov
waves have two components, to show both components, we will make the prediction

and comparison for N = 5 only. With the system and background parameters
chosen as
1 1 1 -
ee=1 e=1, k =5 k2=—§, pr=1 p=1, P0=§V1+2l,
(3.104)
and with the large internal parameter as,,+ taken as
(a3, as, a7, ag) = (40, 400, 3000, 20,000) (3.105)

respectively, and with the other internal parameters set as zero, the predicted rogue
solutions (3.103) are plotted in Fig. 3.10.

Now, we compare these predicted fifth-order Manakov rogue patterns to the true
solutions. Under identical system and internal parameter choices and (x, ¢) intervals
as those in Fig. 3.10, the true Manakov rogue patterns are displayed in Fig. 3.11. It
is seen that the true rogue patterns closely mimic the predicted ones on all major
aspects such as the overall shapes, orientations, and center-rogue-wave profiles.
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Fig. 3.10 Predicted patterns of fifth-order rogue waves in the Manakov equations under system
parameters (3.104) (upper row: |u1 5|; lower row: |us 5|). The large internal parameter is as shown
in Eq. (3.105), i.e., a3 = 40 in the first column, a5 = 400 in the second column, a7 = 3000 in the
third column, ag = 20,000 in the fourth column, and the other internal parameters are set as zero

Some minor differences do exist, such as the three sides of the triangular true-rogue
patterns in the first column of Fig.3.11 are a little more curvy than the predicted
ones in the first column of Fig. 3.10. But those differences will diminish if the large
parameter a3 in those panels gets larger. Quantitatively, we have also verified the
order of accuracy of our analytical predictions as stated in Theorem 3.6, with details
omitted.

3.1.6 Three-Wave Resonant Interaction System

The general (1+1)-dimensional three-wave resonant interaction system is

(0 + c10x) uy = €quzus,
(0 + c20x) up = eauju3, (3.106)
(0r + ¢30x) uz = e3ujus,

where (c1, ¢z, ¢3) are group velocities of the three waves, and (€1, €3, €3) are real-
valued nonlinear coefficients which can be normalized to +1 with ¢ = 1. To
remove ambiguity, we also order the three group velocities as ¢; > ¢» > c¢3, and
make c¢3 = 0 by choosing a coordinate system that moves with velocity c3.

Under boundary conditions of
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Fig. 3.11 True fifth-order Manakov rogue patterns for system parameters, internal parameters and
(x, t) intervals the same as those in the theoretically predicted patterns shown in Fig. 3.10

ui(x, 1) — preikixtonn) x,t — 400,
usr(x, 1) — poeltkaxtmn) x,t —> Foo, (3.107)
uz(x, 1) — ipge ilithkdxt@itont x5 400,

where background parameters p;, kj, w; satisfy algebraic conditions (2.694) in
Sect. 2.10, rogue waves in the above three-wave system corresponding to a simple
root of a certain algebraic equation have been given in Theorem 2.13 of Sect. 2.10.
The 7 functions of those rogue waves have index jumps of 2 in their matrix elements,
and they contain free complex parameters a3, as, ..., daN—1-

Suppose |az,+1] is large, where 1 < m < N — 1, and the other parameters
are O(1). Then our results on the large-as,,+1 asymptotics of those rogue waves in
Theorem 2.13 are summarized in the following theorem.

Theorem 3.7 For the rogue wave [uy n(x,t),uz n(x,t), u3 n(x,1t)] of the three-
wave system in Theorem 2.13, when |ayn+1| is large and the other internal
parameters O(1), then the following statements hold.

1. If nonzero roots of the Yablonskii-Vorob’ev hierarchy polynomial Q%"](z) are all
simple, then far away from the origin, with ~/x2 +12 = O (|a2m+1 |1/(2m+1)),
this  [ui n(x,t),us N(x,t),u3 n(x,t)] asymptotically would split into
N, fundamental rogue waves, where N, is given in Egq.(3.12). These
fundamental rogue waves are [ii1 1(x — X0, t — fo) ekxtenn) o (x — Ko, t —
fo) e2X @D ha(x — Ro,t — fo) e kitkxH@irODN ohere  functions
[d1,1(x, 1), tp1(x, 1), 43,1(x,1)] are given in Eq.(2.772) of Sect.2.10, and
positions (X, to) of these fundamental rogue waves are given by
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9 [ 202—Aym :I 5 [zo.QfAM:I
~ c1pi—cray ~ ar—pi
Xo = —ﬁ’ = ﬁ—’ (3.108)
aj—pi capi—cra
J [Clﬂl—cwl] J [ a1—pi ]

1
2= (— 23’2',’,,'1 a2m+1> et , 20 is any of the N, non-zero simple roots of QE\",” (2),
and Ay = (N — 1)s1. The error of this fundamental rogue wave approximation
is O(lazm+1 |_1/(2m+1)). Expressed mathematically, when |azm+1| > 1 and (x —
%0)% + (t —f0)> = O(1), we have the following solution asymptotics

ujN(x, 15 a3, as, - aan—1) = ij1(x — Ro, t — fo) e'®* T

+00@WHFWM“», i=123. (3.109)

When (x,t) is not in the neighborhood of any of these N, funda-
mental waves, or ~x*>+1t% is larger than O (|a2m+1 |1/(2m+1)), then
[ N Cx,t), uz N(x,t), u3 n(x, t)] would asymptotically approach the constant-
amplitude background (3.107) as |azm+1| — oo.

2. In the neighborhood of the origin, where x* + t> = O(1), this N-th order rogue
wave [u1,n(x,1), uz n(x, 1), us n(x,t)] is approximately a lower No-th order
rogue wave [uy ny(x, 1), uz Ny(X, 1), u3 ny(x, t)], where Ny is determined from
(N,m)byEq.(3.11),0 < No < N—2, and [u1,ny(x, 1), u2, Ny(X, 1), u3 Ny (X, 1)]
is given by Theorem 2.13 with its new internal parameters (a1, as, - - - , dang—1)
related to the original parameters of [uy n(x,t), uz2, n(x,t), us y(x,t)] as

ay—1 =axy—1+ (N —No)sa—1, r=12,---,Np. (3.110)

The error of this lower-order rogue wave approximation is O(|azms1]™").
Expressed mathematically, when |ag,+1| > 1 and X242 = o),

ujn(x,t;ar,as,as, -+ ,aaN—1) = uj Ny (x,1; 41,043,045, -+ , A2Ny—1)

+00@mﬂ4» j=1,2,3. 3.111)

Note that a; = 0 in the original rogue wave [uy n(x,t), up y(x,t), u3 ny(x,1)],
but its counterpart @y in the lower-order rogue wave [u1 ny(x, 1), u2, Ny (X, 1),
u3, Ny (x, )] will not be zero. If No = 0, then there will not be such a lower-order
rogue wave in the neighborhood of the origin, and [ui y(x,t), uz n(x,1),
us n(x,t)] would asymptotically approach the constant-amplitude back-
ground (3.107) there as |ay,+1| — oo.



3.1 Rogue Patterns Associated with the Yablonskii-Vorob’ev Polynomial. .. 275

These results have not been reported before to the authors’ knowledge. The proof
of this theorem is along similar lines as the proofs of Theorems 3.2—3.3 for the NLS
equation and will be omitted here.

Comparison Between Predictions and True Solutions

Our prediction from Theorem 3.7 on rogue patterns in the three-wave system can be
assembled into the formulae

Ny
~ ~(k ~k .
|uj,N(x,t)| =~ |uj,No(x,t)| +Z()uj,1(x —x(() )st_t(g ))‘ —pj), j=1,2,3,
k=1
3.112)

where {u; n,(x,)(j = 1,2, 3)} is the lower-order rogue wave at the center whose
new internal parameters (@1, as, - - - , dan,—1) are given by Eq. (3.110), the functions
ﬁjJ(x, t)(j = 1,2,3) are the fundamental rogue wave given in Eq.(2.772) of
Sect. 2.10, with their positions ()E(()k), fék)) given by Eq. (3.108) for every one of the

nonzero simple roots z(()k) of Q[le(z), and N, is the number of such fundamental

rogue waves whose value is given by Eq. (3.12). For the fourth-order rogue waves
(N = 4), with the system and background parameters chosen as

(e1,€2,€3) = (1, =1L, 1), (c1,¢2) =(1,0.5),

. (3.113)
(p1, 02, 03) =(1,2,1), k1 =0, po~0.521005+ 0.853553i,

and with the large internal parameter a4+ taken as
(a3, as, a7) = (50, 500, 5000) (3.114)

respectively, and with the other internal parameters set as zero in each case, the
predicted rogue solutions (3.112) are plotted in Fig. 3.12.

Now, we compare these predicted fourth-order rogue patterns to the true solu-
tions. Under identical system and internal parameter choices and (x, 7) intervals as
those in Fig. 3.12, the true rogue patterns are displayed in Fig.3.13. It is seen that
the true rogue patterns closely mimic the predicted ones on all major aspects such
as the overall shapes, orientations, and center-rogue-wave profiles. Quantitatively,
we have also verified the order of accuracy of our analytical predictions as stated in
Theorem 3.7, with details omitted.

3.1.7 Long-Wave-Short-Wave Resonant Interaction System

The long-wave-short-wave (LWSW) resonant interaction system is (see Sect.2.11)

1St—S“+SL=O,} 3.115)

Ly = —4(ISP)s.
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Fig. 3.12 Predicted patterns of fourth-order rogue waves in the three-wave resonant interaction
system under system parameters (3.113). The large internal parameter is as shown in Eq. (3.114),
i.e., a3 = 50 in the first column, as = 500 in the second column, a7 = 5000 in the third column,
and the other internal parameters are set as zero in each case. The (x, t) intervals in the three
columns are —15 < x,t <15, —14 < x,t < 14,and —12 < x,t < 12, respectively

Under the boundary conditions of
S, t) — @D L 1) >0, x,t— oo, (3.116)

where « is a real background wavenumber parameter, rogue waves in this system
have been presented in Theorem 2.16 of Sect. 2.11. These rogue waves contain free
complex parameters a3, as, ..., axy—1. When one of these complex parameters is
large, rogue patterns in the LWSW system are given in the following theorem.

Theorem 3.8 For the rogue wave [Sy (x,t), Ly (x, t)] in the LWSW system (3.115)
in Theorem 2.16, when |azy+1] is large and the other internal parameters O (1),
then the following statements hold.

1. If nonzero roots of the Yablonskii-Vorob’ev hierarchy polynomial QE\',"] (z) are all
simple, then far away from the origin, with ~/x2 + 12 = O (lagms1 |/ D),
this [Sn(x, 1), Ly (x, t)] asymptotically would split into N, fundamental rogue
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Fig. 3.13 True fourth-order rogue patterns in the three-wave resonant interaction system for
system parameters, internal parameters and (x, ¢) intervals the same as those in the theoretically
predicted patterns shown in Fig. 3.12

waves, where N, is given in Eq.(3.12). These fundamental rogue waves are
[3‘1 (x — Ro, t — f) @D [ (x — 0,1 — fo)], where

2
(p1x — 2popiit + 61) (plx + 2piptit — 0F) + 2

~ *\2
$10x, 1) = —— (Pot)” - (3.117)
_ 1 P23
|p1x —2poprit]” + ot P02
Li(x, 1) = —28%1n [|p1x —2popiit)? + ﬂ] (3.118)
’ * (po+pp)?> 1"
61 = p1/(po — ia), and their positions (X, to) are given by
. 1 Zo.Q—A] R 1 [on—A]
X0 = R , ly=— J , (3.119)
R(D) [ @ R
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1
2 = (—2’2"2—,J;1a2m+1> e , 20 is any of the N, non-zero simple roots of QR,"] (2),
and A = (N — 1)s1. The error of this fundamental rogue wave approximation is
O (|azme1|~ @+ Expressed mathematically, when |azms1| > 1 and (x —
2002+ (t — ip)? = O(1), we have the following solution asymptotics

A . " 2
SN(xvt;a3aa55 T aaszl) = Sl('x _'xO’t—tO) el(ax+a )

+0 (|a2m+1|_1/(2m+1)>,
Ly(x,t;a3,as, - ,aay—1) = Li(x — %o,1 — o) + O (Iazm+1|7]/<2m+l)> .

When (x, t) is not in the neighborhood of any of these N fundamental waves,
or ~x*+1t2 is larger than O (|a2m+1|]/(2m+1)), then [Sy(x,t), Ly(x,t)]

asymptotically approaches the constant-amplitude background [ei("‘””‘zt ), 0] as
|azm+1] — o0.

2. In the neighborhood of the origin, where x> + t* = O(1), [Sn(x, 1), Ly(x, 1)]
is approximately a lower Ny-th order rogue wave [Sy,(x, 1), Ly, (x, )], where
Ny is determined from (N, m) by Eq. (3.11), 0 < No < N — 2, and new internal
parameters (a1, a3, - -+ , any—1) in this No-th order rogue wave are related to
the original internal parameters of [Sy(x, 1), Ly(x,1)] as

dy—1 =ag—1+ (N —No)sar—1, r=12,---,No. (3.120)

The error of this lower-order rogue wave approximation is O(|azms1]™").
Expressed mathematically, when |azy 41| > 1 and x> + 1> = 0(1),

SN(-xa t;ay, a3, as, .- ,QZN—l) = SN()(-xa L &17&37&57 e 7&21\/0—1)
-1
+0 (|d2m+1| )
Ly(x,t;a1,a3,as,--- ,aan—1) = Lny(x,t; 41,083,305, - -+, GaNy—1)

+0 (lazn1 ™).

Note that ai = 0 in the original rogue wave [Sy(x,t), Ly(x,t)], but its
counterpart 4y in the lower-order rogue wave [Sn,(x, 1), Ly,(x, )] will not
be zero. If Ny = 0, then there will not be such a lower-order rogue wave in
the neighborhood of the origin, and [Sy(x, 1), Ly (x, t)] asymptotically would
approach the constant-amplitude background [¢'©*+%° D) | 0] there as |azms1| —
00.

These results have not been reported before to the authors’ knowledge. The proof
of this theorem is along similar lines as the proofs of Theorems 3.2—3.3 for the NLS
equation and will be omitted here.
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Comparison Between Predictions and True Solutions

Our prediction for rogue patterns in Sy (x, ) from Theorem 3.8 can be assembled
into the formulae

NI’
v e Dl =~ [Swete 0]+ 3 (|81 = 2800 = #9)| - 1), (3.121)
k=1

where Sy, (x, t) is the lower-order rogue wave at the center whose new internal
parameters (ai, as, - -- , dan,—1) are given by Eq.(3.120), the function S;(x, t) is

the fundamental rogue wave given in Eq. (3.117), with their positions ()Eék), fék))

given by Eq.(3.119) for every one of the nonzero simple roots z(()k) of QE\',"](z),
and N, is the number of such fundamental rogue waves whose value is given by
Eq. (3.12). A similar prediction formula for Ly (x, ¢) can also be written down.

Now, we compare these predictions with true solutions for fourth-order rogue
waves (N = 4). For this purpose, we take o« = 1/2 and the plus sign in py from
Eq. (2.813) in Sect. 2.11. We also take the large as;,+1 parameter respectively as

az = =30, as=-500, a7;=-5000, (3.122)

with the other internal parameters set as zero in each case. True | S4(x, 7)| solutions
for these parameter choices are displayed in the upper row of Fig.3.14. The
predicted solutions from Eq. (3.121) are displayed in the lower row of Fig.3.14.
It is seen that the predicted rogue patterns closely match true rogue patterns on
all major aspects such as the overall shapes, orientations, and center-rogue-wave
profiles. Quantitatively, we have also verified the order of accuracy of our analytical
predictions as stated in Theorem 3.8, with details omitted.

3.1.8 Ablowitz-Ladik Equation

The Ablowitz-Ladik (AL) equation is

.d
i = (14 €ln ) (ng1 + Un—1), (3.123)
where ¢ = =1. Its general N-th order rogue waves uE,N ](t) under boundary
conditions
un(t) = LNt oo, (3.124)
IL—p

have been presented in Theorem 2.9 of Sect.2.8. Here, p, 8 are real background

parameters and @ = 2cos6/(1 — ,02). These rogue waves u,[qN](t) contain free
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Fig. 3.14 Comparison between true rogue solutions |S4(x, t)| (upper row) and their analytical
predictions (lower row) in the long-wave-short-wave interaction system (3.115) with « = 1/2,
po ~ 0.844701 + 0.848715i and parameters (a3, as,a7) from the left to right columns as
(=30, 0, 0), (0, —500, 0), and (0, 0, —5000), respectively. In all panels, —27 < x < 27, —11 <
r <11

internal real parameter R (a;) and complex parameters a3, ds, . . ., aoy—1 (note that
J(ay) has been normalized to zero through a time shift). The real parameter R (a;)
can be kept O(1) through a lattice shift (i.e., a shift of the lattice index n). Then,
when one of the complex internal parameters {a3, as, ..., axy—1} is large, rogue
patterns in the AL system are given by the following theorem.

Theorem 3.9 For the N-th order rogue wave uLN](t) in the AL equation (3.123)
with 3(ay) = 0, when |agn+1] is large (m > 1) and the other internal parameters
O(1), then the following statements hold.

1. If nonzero roots of the Yablonskii-Vorob’ev hierarchy polynomial QE\',"] () are all

simple, then far away from the origin, with /t* +n2 = O (lagm+11"/@"*D), the
N-th order rogue wave u,[,N] (1) splits into N, fundamental rogue waves, where
N, is given in Eq. (3.12). These fundamental rogue waves are elOn—ot )ﬁn_;,o (t—
fo), where

A P 2ipwt — 1
uy(t) = 1+ i s
V1—p? p* (n + ot tan0)* + pra?2 + 1 (1 — p?)
(3.125)
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and their temporal and spatial positions (fo, iig) are given by

P (1+ p)(1 — p?)
0= 202 cos 6

. 1+p[

I (209), (3.126)

o =

R (z062) — TS (z082) — ‘R(a1)1| , (3.127)

1

brEa )

2 = (—zg—jn_lagm_i_l) *

of QE\’,"](z). The error of this approximation is O(|ay,+1])~Y®"*tD). Expressed

mathematically, when (t — 1)> + (n — ng)> = O(1), we have the following
solution asymptotics

, and zq is any one of the N, simple nonzero roots

i(Gn—wt)ﬁ

N1, -
utNM (e a1, a3, as, - ,aon—1) = e n—no (& — 10)

+ 0 (Jazni[7H/@D). (3.128)
When (t, n) is not in the neighborhood of any of these N, fundamental rogue

waves, or v/t2 +n? is larger than O (laym+1]|"/ D), ulM (&) asymptotically
approaches the constant background

1'0 2e’(9"_“”) as |aymy1| — oo.
—p

2. In the neighborhood of the origin, where t* + n? = 0(), u,, (t) is approx-
imately a lower No-th order rogue wave u, 0](t) where Ny is determined
from (N,m) by Eq.(3.11), 0 < No < N — 2, and the internal parameters

ai, as,as, - ,AaNy—1 in uL ol (t) are the first Ny values in the parameter set

(ay,as3,as,--- ,axN—1) of the original rogue wave u,, ](t) The error of this

lower-order rogue wave approxzmatlon un 0](t) is O(laam+11~ ) Expressed
mathematically, when 2 4+n?= = 0(1),

ulM\t a1, a3, a5, aan—1) = u™ (11 a1, a3, a5, -+ azny-1)
+0 (|a2m+] I‘l) : (3.129)
If No = O, then there will not be such a lower-order rogue wave in the

neighborhood of the origin, and un (t) asymptotically approaches the constant
background =e 0= there as |asmy1| — 0.

l—p

Since the results in this theorem have not been reported before, and the AL

equation is very different from the other fully-continuous integrable equations
covered in earlier sections, we will give a proof of this theorem here.

Proof of Theorem 3.9 The proof of this theorem is along similar lines as proofs of
Theorems 3.2-3.3 for the NLS equation. Thus, our proof will be brief.

First, we prove the statement in the outer region. Suppose |az,,+1] is large, where
1 <m < N — 1, and the other parameters are O(1). It is easy to see that
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1
gi(p) = —— q(/p)=——. gap)=~——" (3.130)

1+p 1+p 2(1+ p)%’

Thus,

—if i0 1 k
w0 =L fnyir (S ) T PRy - &
14+p 1—p 1+4p o 0

- lip[n—noa—i—it(lejep—16_;6'0)—%], (3.131)
where no; = —(1 4+ p)R(ar)/p. Similarly,
~ 0 ' o0 o—i0 k
xl(n,k,O)z1+p|:n—noa—1t<1_p—1+p>+;i|. (3.132)

When |azuq1] > 1 and V12+n2 = O (|lagm11/®" D), we have the
asymptotics

S;(x*(n. k. 0) +vs) = S;(vh) (1 +o (a;,jff’”“))) , (3.133)
where
v =[x (,k,0),0,---,0,a241.,0, - ]. (3.134)
We can write S;(v") as
S;wh =2/ p" ), =270k 0), (3.135)

where £2 is as defined in Theorem 3.9. Thus,

S;(xt (n, k. 0) + vs) = 24 ™ (™) (1 +0 (a;,ji‘f’”“))) . (3.136)
Similarly,
S3( 1.k, 0) +vs) = 2% pf" @) (14 0 (a3l 711, (3.137)

where 77 = (.Q*)_lxl_(n, k, 0). Using these formulae, we find that

. (xt P —
et [S2i- 0T .k 0) + (G = Ds)

= ey VORI (14 0 (a5 T)). (3.138)
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and

det [Sai—j(x™(n, k. 0)+ (j = 1)9)]

I<i,j<

= cy' @ N2 ol () (1 +o (a;nfi(f’”“))) . (3.139)

Defining real parameters #o and ng, through the equation

P 6719 619
2= i - , 3.140
<0 1+p[n0b+10(1—p 1+p>] ( )

where z( is a root of QR,"] (), then

. efie ei@ k
[n—ﬁo+i(t—to)<1 — - 1+p) —;] (3.141)

al =Zo+.§271

0
I1+p
where Ay = no, + nop. Note that this 7ig and the above 7y can be found to be given
in Egs. (3.126)—(3.127). Similarly,

ei9 e*i@ k
n—ng—ilt —f — +—1.
1+ [ 0 0)<1—p 1+p> p]

(3.142)

7 =z5+ (27 )~

Inserting these equations into (3.138) and (3.139), expanding Q[Nm](zi) around zo
and z;; respectively, and recalling that zg is a root of Q[]C”(z), we get

1 det [Sai—j(xt(n,k,0)+ (j — Ds)]
<l ]<

!
_ 2—N(N—1)/2c;[19N(N+1)/2 [Q%ﬂ] (20)

p . eie e*iﬂ k
e oo (5 - ) 4]
l+p l—p 1+4p P

x (140 (a3} ). (3.143)

and

l<fl§:t [Sz,'_j(xf(n, k,0)+ (j — l)s)]

— 2~ NW-1/2 —IQ*N(N—H)/Z [Q ] @)
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0 €_i9 ei@ k
X n— g +i(t — i - + —
1+p[ o+ 0)(1—0 1+p> p]
x (140 (a5, 7)) (3.144)

Using these formulae and the Laplace expansion [see Eq. (2.77)]

1
_ . + )
Onk,0 = E 1<g?t<1v [ESzzlvj(x (n,k,O)—l-ij)}
O<vi<m<-<vy<2N—-1 = 77
1
x det | —S8y_1_y;(x (n,k,0)+v;s)|, (3.145)
1<i,j<N | 2Vi /

we find that the leading order contributions to 0y, x,0 come from two index choices,
one beingv = (0, 1,---, N — 1), and the other being v = (0, 1,--- , N — 2, N),
and their combined contributions are

2
0= 2 NV=D 2 QNWHD

(4] o

02 o A if o—if k
X———=1|n—no— i —1o) - - =
(I+p) l—p 14p P

i o0 k | p2
x |n—ig+i(t — & - + =1+

[ o+ 0)(1—p 1+p> p} 4p? }
X <1 + 0 (az;:i(?nﬂ))) .

!/
According to our assumption of zg being a simple root of QE(,"](z), [QE(,"]] (z0) #
0. Thus, the above leading order asymptotics of o, k0 does not vanish. Inserting

this asymptotics into the formula u,[fv](t) =(p/+/1— pz)ei(e”_‘”’)an,1,0/0,,,0,0 and
simplifying, we then get

On .k,

(3.146)

uM@®) = e, 1 — i) + O (Jaga | 7VED)(3.147)

where 1,,(¢) is as given in Eq. (3.125). This completes the proof in the outer region.
The proof for the inner region is almost identical to that for Theorem 3.3 of the
NLS equation. This completes the proof of Theorem 3.9. O

Comparison Between True Rogue Patterns and Analytical Predictions

From Theorem 3.9, we get predictions for rogue patterns in uE,N]

assembled into the formula

(1), which can be
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‘uElN](t)| ~

uflo)| + % (Ji, s =D =1).  Gaas)
k=1

whf;re 12,., (¢) is the fundamental AL rogue wave given in Eq. (3.125), their positions
(ﬁéj ), fé’ )) given by (3.126)~(3.127) with z¢ being every one of the N, simple

nonzero roots of QE(,”] (z), and u,[,NO](t) is the lower-order rogue wave at the center

with its internal parameters az, as, - - - , azn,—1 being the first Ny — 1 values in the
parameter set (a3, as, - - - , apy—1) of the original rogue wave uELN 1 ).

Now, we compare these predictions with true solutions for the fourth-order rogue
waves (N = 4). For this purpose, we take p = 0.5 and 8 = 0 in the boundary
conditions (3.124). We also take the large ay,,41 parameter respectively as

a3 =30, as=>500 (3.149)
with the other internal parameters set as zero in each case. True |u L‘ﬂ (1)| solutions for
these parameter choices are displayed in the upper row of Fig. 3.15. The predicted
solutions from Eq. (3.148) are displayed in the lower row of Fig. 3.15. It can be seen
that the predicted and true patterns match well. Differences between the predicted
and true solutions are also visible, but we have verified that such differences
would gradually disappear as the |ay,;,+1| value in these solutions gets larger, which
quantitatively confirms the correctness of Theorem 3.9.

30 30

Fig. 3.15 Comparison between true rogue solutions |u£[4] (#)| (upper row) and their analytical

predictions (lower row) in the Ablowitz-Ladik equation (3.123), for parameters (asz, as,a7) =
(30, 0, 0) in the left column and (0, 500, 0) in the right column. The other parameter values are
0=0.5,0=0,and R(a;) =0
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3.1.9 Universality of Rogue Patterns Associated with the
Yablonskii-Vorob’ev Polynomial Hierarchy

One can clearly see from theorems in the previous subsections that rogue patterns
under the large-parameter limit in these integrable systems have a lot in common.
In all cases, the center of the wave pattern is a lower-order rogue wave, and the
order of this center rogue wave depends only on the order of the original rogue
wave and the index of the large internal parameter. Away from the center, the rogue
pattern comprises fundamental rogue waves, whose number is equal to the number
of nonzero simple roots of the Yablonskii-Vorob’ev polynomial Q ] (z), and whose
(x, 1) or (n, t) locations are linearly dependent on the real and imaginary parts of
these nonzero simple roots. To put it mathematically, the location (X, 7o) of each
fundamental rogue wave inside the rogue structure is given by the real and imaginary
parts of each nonzero simple root zg of QR,"] (z) through a linear transformation

Xo R (z0) } [ Ay }
~ |=B + , (3.150)
[ ) } [ I (z0) Ay
where B is a constant matrix and (A, A,) a constant vector (for the Ablowitz-

Ladik equation, Xy in this transformation will be replaced by its counterpart 7ig). For
example, for the NLS equation, we can see from Eq. (3.20) of Theorem 3.2 that

b= [5(9) R(2) } [AJ = [0]’ (3.151)

where 2 = [—Q2m + 127" ay,41]1"/ @D For the GDNLS equations, we can
see from Eq. (3.71) of Theorem 3.4 that

B [%am) @) @) - “T_IM”} a]=[0)

132 IR(©) Ay 0
(3.152)
For the Boussinesq equation, Eq. (3.78) of Theorem 3.5 gives
_ 3(2) R(E) A | _| 4B
B_z‘@[—%(m fs(m] [Az} _[ 0 ] G159

where Ap is provided in Theorem 3.5. For the Manakov system, Eq.(3.98) of
Theorem 3.6 gives

1 3(

~ R(po)

o*
\/

<p09) [Al} = [AIM] (3.154)

19{( ) ’ Ay Axpm
P1

Ty
'“|K)
~—"

=
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where (A1, Azpy) are provided by Eq. (3.99). This linear transformation can be
similarly written down for the other three integrable systems covered in earlier
subsections, namely, the three-wave system, the long-wave-short-wave resonant
interaction system, and the Ablowitz-Ladik equation. For the massive Thirring
model not covered in this section, this linear transformation has been derived by
Chen et al. (2023) as well.

It is important to notice that the constant matrix B and the constant vector
(A1, Ay) are both independent of the root zg, which is why (3.150) is a linear trans-
formation from the z-plane to the (x, ) or (n, t) plane. This linear transformation
means that the whole rogue pattern formed by fundamental rogue waves in the (x, )
or (n, t) plane is just a linear transformation matrix B applied to the root structure of
the Yablonskii-Vorob’ev polynomial QE(,"] (z) in the complex z plane, plus a constant
position shift (A, Aj).

To get a visual impression of the linear transformation (3.150), we plot in
Fig.3.16 its effects on the root structures of ng](z) with 1 < m < 4 for the
NLS equation, the GDNLS equations, the Boussinesq equation, and the Manakov
system. The reader is reminded that these root structures of ng](z) have been
plotted in the bottom row of Fig.3.1. In the first row of Fig.3.16, images of the
transformation (3.150) on these root structures are displayed for the NLS equation
with the large internal parameter as,,+1 respectively as

(as, as, a7, ag) = (=201, —100i, —20001, —12,0001). (3.155)

These parameter values are the same as those in NLS’ predicted rogue patterns
shown in Fig.3.3 for N = 5. In the second row of Fig.3.16, images of this
transformation are displayed for the GDNLS equations with the background
wavenumber o« = 16/9 and the large internal parameter as,,+1 respectively as

(as, as, a7, ag) = (—151, —2501, —1000i, —30001). (3.156)

These parameter values are the same as those in GDNLS’ predicted rogue patterns
shown in Fig.3.6 for N = 5. The third row of Fig.3.16 are images of this trans-
formation for the Boussinesq equation with the large parameter a4 respectively
as

(a3, as, a7, ag) = (—5, 20, —80, 200). (3.157)

These parameter values are the same as those in Boussinesq’ predicted rogue
patterns shown in Fig.3.8 for N = 5. In the last row of Fig.3.16, images of
this transformation for the Manakov equations are illustrated under system and
background parameter choices in Eq. (3.104), with the large parameter as,,+ as in
Eq. (3.105) respectively. These parameter values are the same as those in Manakov’s
predicted rogue patterns shown in Fig. 3.10 (for N = 5).
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Fig. 3.16 The (x,t) plane images of the linear transformation (3.150) on the root structures of
ng](z) with 1 < m < 4, for the NLS equation, the GDNLS equations, the Boussinesq equation,
and the Manakov system, with the respective large internal parameter ay,,+; and other system
parameters provided by Egs. (3.155)—(3.157) and (3.104)—(3.105). First row: images for the NLS
equation, where —15 < x,t < 15. Second row: images for the GDNLS equations, where —13 <
x,t < 13. Third row: images for the Boussinesq equation, where —35 < x, ¢ < 35. Fourth row:

images for the Manakov system, where —28 < x,t < 28

By comparing these images to the original root structures at the bottom row of
Fig.3.1, we can see that in the NLS and Boussinesq cases, the images have the
same shapes of the root structures. In the GDNLS and Manakov cases, however, the
images are stretched versions of the root structures. The reasons for these different
shapes of images are due to the properties of the underlying transformation matrix B.

By comparing these images to the predicted and true rogue patterns shown in
Figs.3.2 and 3.3 and Figs. 3.6, 3.7, 3.8, 3.9, 3.10, and 3.11 under the same parameter
values and (x, t) intervals, we can see clearly that the predicted and true rogue
patterns are simply the flesh-out of the images of the linear transformation (3.150)
on the Yablonskii-Vorob’ev root structures, where the image of each nonzero root
is replaced by a fundamental rogue wave, and the image of the zero root is replaced
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by a lower-order rogue wave. This fact is true not only for the NLS, GDNLS,
Boussinesq and Manakov equations, but also for other integrable equations covered
in this section, namely, the three-wave system, the long-wave-short-wave resonant
interaction system, and the Ablowitz-Ladik equation. In addition, it has been shown
to be true for the massive Thirring model as well (Chen et al. 2023). Furthermore,
numerical evidence indicates that this fact should also hold for the Sasa-Satsuma
equation and the complex short pulse equation (Wu et al. 2022, Feng et al. 2022a).
A common feature of all these integrable systems is that their rogue waves can be
expressed by t functions whose matrix elements are Schur polynomials with index
jumps of two. In such cases, rogue patterns in shapes of the Yablonskii-Vorob’ev
hierarchy’s root structures under linear transformations would always appear, and
they constitute a class of universal rogue patterns in integrable systems.

3.2 Rogue Patterns Associated with Adler-Moser
Polynomials

The previous section showed that rogue patterns under a single large internal
parameter are predicted by root structures of the Yablonskii-Vorob’ev polynomial
hierarchy. When multiple internal parameters in rogue wave solutions are large, new
rogue patterns would appear, and their shapes could be predicted asymptotically by
root structures of Adler-Moser polynomials. We study these rogue patterns below,
following Yang and Yang (2024a).

3.2.1 Adler-Moser Polynomials and Their Root Structures

Adler-Moser polynomials were proposed by Adler and Moser (1978), who
expressed rational solutions of the Korteweg-de Vries equation in terms of those
polynomials. In a different context of point vortex dynamics, it was discovered
unexpectedly that the zeros of these polynomials also form stationary vortex
configurations when the vortices have the same strength but positive or negative
orientations, and the numbers of those positive and negative vortices are consecutive
triangular numbers (Aref 2007; Clarkson 2009).

Adler-Moser polynomials ®y(z) can be written as a determinant (Clarkson
2009)

01(x)  bo(@) - O2-nN(2)

63(z)  62(2) .- 04-nN(2)

On(z) =cpn , (3.158)

Orn—1(2) on—2(2) -+ On(2)
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where 6 (z) are Schur polynomials defined by

oo o0 ]
Y 0@k =exp [ze + ) wje, (3.159)
k=0 j=1

O(z) = 0iftk < 0, cy = ]_[j-vzl(Zj — D!, and (k1,k2,...,kNy—1) are
arbitrary complex constants. Note that our «; constant is slightly different from
that in Clarkson (2009) by a factor of —1/(2j + 1), and this different parameter
definition will be more convenient for our purpose. The determinant in (3.158) is
a Wronskian since we can see from Eq. (3.159) that 9,2 (z) = 6r—1(2), where the
prime denotes differentiation. In addition, these &y (z) polynomials are monic with
degree N(N + 1)/2, which can be seen by noticing that the highest z term of 6y (z)
is zK / k!, and the determinant in (3.158) with 6 (z) replaced by its highest z term
can be explicitly calculated as zV¥+1/2 (Ohta and Yang 2012a). Adler-Moser
polynomials reduce to the Yablonskii-Vorob’ev polynomial hierarchy when all «
constants are set as zero except for one of them (see Sect. 3.1.1). Thus, Adler-Moser
polynomials are generalizations of the Yablonskii-Vorob’ev polynomial hierarchy.
The first few Adler-Moser polynomials are

01(2) =z,
02(2) = 2° — 3Ky,
O3(z) = 28 — 15k12% + 45K27 — 45«7,
Os(2) = 210 — 45k17" + 315k22° — 1575k32°
+4725K1 K227 — 4T25k7 7 — 472513 + 4725k 1 k3.

Root structures of Adler-Moser polynomials are important to us, since we will
link them to rogue wave patterns in the later text. Due to the free complex parameters
{kj} in them, their root structures will be understandably very diverse—much more
diverse than root structures of Yablonskii-Vorob’ev hierarchy polynomials. Indeed,
when setting all {«;} as zero except for one of them, we get root structures of
Yablonskii-Vorob’ev hierarchy polynomials which are in the shape of triangles,
pentagons, heptagons, and so on. When we continuously change those {«;} values,
we will get root structures which smoothly deform from one type of Yablonskii-
Vorob’ev root structure to another, such as from a triangle to a pentagon. In this
process, uncountably infinite new root shapes will be generated. These roots are
generically simple roots. Indeed, if a root happens to be a multiple root, it will split
into simple roots when the complex parameters {«;} are slightly perturbed. For this
reason, we will focus on the case when all roots of @y (z) are simple in this article.
In this case, ®y (z) will have N(N + 1)/2 roots.

Of the uncountably infinite root structures of Adler-Moser polynomials, we illus-
trate only three of them for brevity. These three samples are for ®@5(z; 1, k2, k3, k4),
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Fig. 3.17 Three sample root structures of the Adler-Moser polynomial ®s(z) for parameter values
(k1, k2, k3, k4) given in Eq. (3.160). In all panels, —7 < Re(z), Im(z) <7

with three sets of (k1, k2, k3, k4) values as
a4,1,1,1), (51/3, —i, 5i/7, =51/9), (1,1, 1, 1). (3.160)

Their root structures are displayed in Fig.3.17a—c, respectively. In these panels,
every root is a simple root. The (a) panel shows a heart-shaped structure, (b) shows
a fan-shaped circular sector, and (c) shows a two-arc structure combined with a
triangle.

It turns out that root structures of Adler-Moser polynomials describe rogue
patterns in many integrable systems when multiple internal parameters in their rogue
waves are large. We present detailed results for two such integrable systems below.

3.2.2 Nonlinear Schrodinger Equation

For the NLS equation
o )
1u,+§uxx+|u| u =20, (3.161)

its rogue wave solutions uy (x, ) have been presented in Theorem 2.1 of Chap.2
(see also Lemma 3.1 of this chapter). These solutions contain N — 1 free internal
complex parameters a3, as, --- , ayy—1. If only one of those parameters is large,
then the resulting rogue pattern is predicted by root structures of Yablonskii-
Vorob’ev hierarchy polynomials, see the previous section. In this section, we
consider patterns of these rogue solutions when multiple of these internal parameters
are large.

Specifically, suppose parameters a3, as, --- ,aany—1 in uy(x,t) are of the fol-
lowing form

ajp1 =k AP 1< j<N-1, (3.162)
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where A >> 1 is a large positive constant, and (k1, k2, ..., ky—1) are O (1) complex
constants not being all zero. Suppose also that roots of the Adler-Moser polynomial
On(z) with parameters (x1, k2, ...,kny—1) are all simple. Then, our analytical
prediction on the pattern of this rogue wave solution uy(x, ) is given by the
following theorem.

Theorem 3.10 If all roots of Oy (z) with parameters (1, k2, ...,KN—1) are Sim-
ple, then the N-th order rogue wave un (x, t) of the NLS equation in Eq. (3.14) with
its internal large parameters as given by Eq. (3.162) would asymptotically split into
N (N +1)/2 fundamental (Peregrine) rogue waves of the form i (x — %o, t — fo) €',
where i1 (x, t) is given in Eq. (3.19), and positions (Xg, fo) of these Peregrine waves
are given by

fo+ifo =204, (3.163)

with zo being every one of the N (N + 1)/2 simple roots of @y (z). The error of this
Peregrine wave approximation is O(A™"). Expressed mathematically, when (x —
%0)? + (t — fg)*> = O(1), we have the following solution asymptotics

un(x,t; a3, as, - ,aaN—1) = i1 (x — X0, — o) e 4+ O (A_l) . (3.164)

When (x,t) is not in the neighborhood of any of these Peregrine waves, un(x,t)
would asymptotically approach the constant-amplitude background e as A —
+00.

This theorem indicates that the rogue pattern is asymptotically a simple dilation
of the root structure of the underlying Adler-Moser polynomial by a factor of A, with
each root predicting the location of a Peregrine wave in the (x, ¢) plane according
to Eq. (3.163). Thus, this theorem establishes a direct connection between rogue
patterns and root structures of Adler-Moser polynomials.

One may notice that in the present case of multiple large parameters, the rogue
pattern is a simple dilation of the root structure of an Adler-Moser polynomial
(by a factor of A), while in the case of a single large parameter as studied in
Sect. 3.1.2, the rogue pattern was a dilation and rotation of the root structure of
a Yablonskii-Vorob’ev hierarchy polynomial (see Theorem 3.2). The reason our
current rogue pattern does not involve rotation to the root structure is that, the Adler-
Moser polynomial contains free complex constants {«;}, which automatically put
its root structure in proper orientation to match the rogue pattern. Comparatively,
a Yablonskii-Vorob’ev hierarchy polynomial does not contain such free complex
constants, and thus the orientation of its root structure is fixed. In this case, in order
for its root structure to match the orientation of the rogue wave, a proper rotation is
needed.

Proof of Theorem 3.10 The main idea of our proof resembles that for Theorem 3.2
for a single large internal parameter case, and we will only sketch the main
differences below.
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To derive the large-parameter asymptotics of the rogue wave solution u y (x, ¢) in
Eqg. (3.14), we need asymptotic expressions for the determinant o, in Eq. (3.15). As
before, we first use determinant identities and the Laplace expansion to rewrite oy,
as

1
— Q.. + .
on = E lsg?tSN [2“1‘ $2i—1-v; (X" (n) + v,S)}
O<vi<pyy<-<Vy<2N-1
1
x det =21y, (x " (1) +v;8) |, (3.165)
1<i,j<N | 2V /

see Eqgs. (2.77) and (3.36).
When internal parameters (a3, as, - - - , apy—1) are of the form (3.162) with A >
1, and x, t = O(A) or smaller, we have

Se(xt () +vs) = S (x7, vso, xF, vsa, - )

= S (xf 0.114%,0,24%, - ) [1 + 0472
= S,(¥) [1 n O(A_z)] , (3.166)

where v = (x + it +n,0, 1A%, 0,k2A%,0, - - - ). From the definition (2.2) of Schur
polynomials, one can see that the polynomial S (V) is related to 0 (z) in (3.159) as

Sk(¥) = A*0 (%), (3.167)

where 2 = A~ (x + it + n).

The dominant contribution in the Laplace expansion (3.165) of ¢, comes from
two index choices, v = (0,1,--- ,N —1),andv = (0,1,--- , N — 2, N).

With the first index choice, in view of Egs.(3.41)—(3.43), the determinant
involving x* (n) inside the summation of (3.165) is asymptotically

N(N+1)

a AT @N(z)[1+0(fr2)], (3.168)

where @ = 27NWV=D/2¢01 et us define (%o, %) by Eq.(3.163), ie., zo =
A=Y (%o + i), where zp is a simple root of the Adler-Moser polynomial Oy (z).
Then, when (x, ¢) is in the O (1) neighborhood of (%o, 7)), we expand @y (%) around
Z = zo. Recalling Oy (zg) = 0, we get

ON () = A7 [(x = ko) +ilt — i) +n] Oz [T+ 0 (47)]. (B.169)

Inserting this equation into (3.168), the determinant involving x T (n) inside the
summation of (3.165) becomes
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NN+

[(x = &) it — i) +n] @ A" 2 O zo) [14+ 0 (a7) . (3.170)

Similarly, the determinant involving x ~ (n) inside this summation becomes

N(N

[ —50) =it — i) —n] @ AT T O [1+0 (471)]. (3.171)

Next, we consider the contribution from the second index choice of v =
(0, 1,---, N—2, N).For this index choice, the determinant involving x* (n) inside
the summation of (3.165) becomes

%a A= 0L0) [1 +0 (A*Z)] . (3.172)

When (x, t) is in the O (1) neighborhood of (X, 7o), the above term is asymptoti-
cally equal to

%a AM2 o (0 [1 o (A_1>] : (3.173)

Similarly, the determinant involving x~(n) inside the summation of (3.165)
becomes

NWN+D-2

%a AT ey [1+0(a7)]. (3.174)

Summarizing the above two dominant contributions in the Laplace expan-
sion (3.165), we find that

2 —
Un(.x,t) — a2 |@[/\[(Z0)i AN(N-‘rl) 2

< |:(x g0 4 (r—h) —2in (1 —h) —n + ﬂ

x [1 +o (A—l)]. (3.175)

Since the root zo has been assumed simple, @) (z0) # 0. Thus, the above leading-
order asymptotics for o, (x, t) does not vanish. Therefore, when A is large and (x, 1)
in the O(1) neighborhood of ()20, fo), we get from (3.175) that

. 4 411 4 2i(t — £
uy ety = ZLeit = ot (1_ [1+2i¢ — @) 2)+0(A1)’
0o 1 4+4(x — xp)* +4(t — to)

(3.176)
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which is a Peregrine wave uj(x — Xg, ¢ — 10) el and the error of this Peregrine
prediction is O (A_l). Theorem 3.10 is then proved. O

Numerical Confirmation

Now, we numerically verify Theorem 3.10 by comparing its predictions with
true rogue-wave solutions. This comparison will be done only for fifth-order
rogue waves u5(x, t) for brevity. Such fifth-order solutions have internal complex
parameters (a3, as, a7, ayg).

We will do this comparison on three examples. Internal parameter values in these
three examples are of the form (3.162) with A = 5, which is large as desired,
and their (k1, k2, k3, k4) values are given in Eq. (3.160). These «; values are used
since root structures of Adler-Moser polynomials ®s(z) for these values have been
displayed in Fig. 3.17. For these three sets of internal parameters, true rogue wave
solutions are plotted in the upper three panels of Fig. 3.18, respectively. It is seen
that each panel comprises 15 lumps (Peregrine waves) in the (x, 7) plane. In the first
panel, these 15 Peregrine waves form a heart-shaped structure, with another mini-
heart in its interior. In the second panel, these 15 Peregrine waves form a fan-shaped
structure. In the third panel, these 15 Peregrine waves form two vertically-oriented
arcs plus a smaller triangle on their right side.

Our analytical predictions |u gp ) (x, t)] for these rogue waves from Theorem 3.10
can be assembled into a simple formula,

15
WP o] =143 (finee - 5500 =5 < 1). (3177
j=1

where i1 (x, 1) is the Peregrine wave given in (3.19), and their positions ()2(()] ) , fé] ))
are given by (3.163) with zo being every one of the N(N 4 1)/2 = 15 simple
roots of the Adler-Moser polynomial ®s(z). These predicted solutions for the same
(a3, as, a7, ag) values as in the true solutions are plotted in the lower three panels
of Fig.3.18. When compared to the root structures of the Adler-Moser polynomial
®s(z) in Fig. 3.17, our predicted rogue patterns in these lower panels are obviously
a simple dilation of those root structures, by a factor of A = 5, with each root
replaced by a Peregrine wave, as Theorem 3.10 says.

When comparing the true rogue solutions in the upper row to their analytical
predictions in the lower row, we can clearly see that they agree with each other
very well. In fact, one can hardly notice the difference between them, which is an
indication that our prediction in Theorem 3.10 is highly accurate.

Quantitatively, we have also measured the error of our analytical predictions
versus the A value, similar to what we did in Fig. 3.4 for the NLS equation under
a single large internal parameter. That error analysis confirmed that the error does
decay in proportion to A~!, as Theorem 3.10 predicts. Thus, Theorem 3.10 is fully
confirmed numerically. Details of this quantitative comparison are omitted here for
brevity.
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Fig. 3.18 Comparison between true rogue waves |us(x,?)| (upper row) and their analytical
predictions (lower row) in the NLS equation under multiple large parameters (3.162) with A = 5.
From left to right columns: (k1, k2, k3, k4) = (i, 1,1, 1), (5i/3, —i, 51/7, =5i1/9), (1, 1,1, 1).Inall
panels, —30 < x,t <30

3.2.3 Derivative Nonlinear Schrodinger Equations

The normalized generalized derivative nonlinear Schrodinger (GDNLS) equations
are

1 1
it + St +iyluluy + iy — DuPu® + S =Dl - Dlul*u =0, (3.178)

where y is a real constant (see Sect. 2.2). These equations contain the Kaup-Newell
equation (y = 2), the Chen-Lee-Liu equation (y = 1) and the Gerdjikov-
Ivanov equation (y = 0) as special cases. Rogue waves in the GDNLS equations
have been presented in Theorem 2.3 of Sect.2.2. Those rogue waves contain free
internal complex parameters a3, as, - - - , aay—1. Suppose these parameters are of
the form (3.162), i.e.,

ajp =k AP 1< j<N-1, (3.179)
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where A >> 1 is a large positive constant, and (k1, k2, ..., ky—1) are O (1) complex
constants not being all zero. Then, we have the following theorem on the pattern of
these rogue waves.

Theorem 3.11 If all roots of ®Oy(z) with parameters (ki,k2,...,KN—1) are
simple, then the GDNLS rogue wave uy(x,t) with its large internal parameters
as given by Eq. (3.179) would asymptotically split into N(N + 1)/2 fundamental

rogue waves of the form ity (x — X, t — fo) ei(l_”_“)x_%[0‘2+2(7’_2)°‘+1_V]’, where
A a(x +at)? + (x —1)? —i(x + 3at) — 3
|1 (x, 1)| = : B (3.180)
a(x +ar)? 4+ (x =02 +i(x + ar) = 2it + ;
and their positions (o, to) are given by
. 1 a—1 o 1
X0 = —=R[z0A] — —— 3T [204], 1o = =T [z0A], (3.181)
Ja Y% a

with zo being any one of the N(N + 1)/2 simple roots of @y (z). The error of
this fundamental rogue wave approximation is O(A™"). Expressed mathematically,
when (x — )20)2 + (t — IA())2 = O(1), we have the following solution asymptotics

. . o (o2 2 _
un(x. t;as, as, - apn_1) = iy (x — R, t — fp) 077 —O¥ =3[P H20 Dt 1y ]r

ro (A—‘) . (3.182)

When (x,t) is not in the neighborhood of any of these fundamental waves, then
un (x, 1) would asymptotically approach the constant-amplitude background wave
o=y —ax—3[e?+20r=Datl-r] jo 4 40

The proof of this theorem is similar to that for Theorem 3.10 and will be omitted.
Numerical Confirmation

Next, we numerically verify Theorem 3.11 by comparing its predictions with
true rogue-wave solutions. This comparison will be done for fifth-order rogue
waves us(x,t). Such fifth-order solutions have internal complex parameters
(a3, as, a7, ag). Our analytical predictions |u§p ) (x, )| for these rogue waves from

Theorem 3.11 can be assembled into a simple formula,
15 _ )
W0~ 1+ Y (farer =387, )| 1), (3.183)
Jj=1

where u(x, 1) 1is the fundamental rogue wave given by Eq.(3.180), and their
positions ()25’ ), fé] )) are given by Eq.(3.181) with z being every one of the

N(N + 1)/2 = 15 simple roots of the Adler-Moser polynomial ®5(z).
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We will do this comparison on three different patterns. Internal parameter values
in these three examples are of the form (3.179) with A = 5, which is large as desired,
and their (k1, k2, k3, k4) values are given in Eq. (3.160). These «; values are used
since root structures of Adler-Moser polynomials ®5(z) for these values have been
displayed in Fig.3.17. Then, when we choose @ = 16/9 in the background wave,
true rogue wave solutions for these three sets of internal parameters are plotted in
the upper three panels of Fig. 3.19, respectively. It is seen that each panel comprises
15 lumps (fundamental rogue waves) in the (x,t) plane. In the first panel, these
15 fundamental rogue waves form a heart-shaped structure, with another mini-heart
in its interior. In the second panel, these 15 fundamental rogue waves form a fan-
shaped structure. In the third panel, these 15 fundamental rogue waves form two
vertically-oriented arcs plus a smaller triangle on their right side.

Predicted rogue solutions from Theorem 3.10 for the same (a3, as, a7, ag) values
as in the true solutions are plotted in the lower three panels of Fig.3.19. When
comparing these predictions to the true solutions, we can clearly see that they agree
with each other very well. In fact, one can hardly notice the difference between
them, which is an indication that our prediction in Theorem 3.11 is highly accurate.
When comparing these rogue patterns to root structures of Adler-Moser polynomials
®s(z) in Fig. 3.17, we see that these rogue patterns are stretched from Adler-Moser

X X &

Fig. 3.19 Comparison between true rogue solutions |us5(x,?)| (upper row) and their ana-
Iytical predictions (lower row) in the GDNLS equations under multiple large parameters
(3.179) with A = 5 and @« = 16/9. From left to right columns: (ki, k2, k3, k4) =
a4,1,1,1), (5i/3, —i, 51/7, —=5i/9), (1, 1, 1, 1). In the first column, —33 < x, t < 33. In the second
and third columns, —30 < x, ¢ < 30
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root structures, because the linear transformation from the root-z plane to the (x, )
plane in Eq. (3.181) involves stretching.

Quantitatively, we have also measured the error of our analytical predictions
versus the A value. That error analysis confirmed that the error does decay in
proportion to A~!, as Theorem 3.11 predicts. Thus, Theorem 3.11 is fully confirmed
numerically. Details of this quantitative comparison are omitted for brevity.

To conclude this section, we point out that these rogue patterns associated
with Adler-Moser polynomials are also universal and would arise in many other
integrable systems as well if their rogue waves can be expressed by t functions
whose matrix elements are Schur polynomials with index jumps of two, and
when multiple internal parameters in their rogue waves are large as in Eq. (3.162).
Examples include the Boussinesq equation, the Manakov system, the three-wave
interaction system, the long-wave-short-wave interaction system, the Ablowitz-
Ladik equation, the massive Thirring model, and others. Details are omitted.

3.3 Rogue Patterns Associated with Okamoto Polynomial
Hierarchies

Yablonskii-Vorob’ev polynomial hierarchies and Adler-Moser polynomials are
associated with rogue patterns in integrable systems whose rogue waves can be
expressed by t functions whose matrix elements are Schur polynomials with index
jumps of two. However, there exist other rogue waves in certain integrable systems
whose 7 functions do not feature Schur polynomials with index jumps of two.
For example, the Manakov system and three-wave interaction system admit rogue
waves whose t functions contain Schur polynomials with index jumps of three.
In such cases, rogue patterns would be associated with another type of special
polynomials—the Okamoto polynomial hierarchies (Yang and Yang 2023a). This
prospect will be examined in this section.

3.3.1 Okamoto Polynomials and Their Hierarchies

Okamoto polynomials first arose in Okamoto’s study of rational solutions to the
Painlevé IV equation (Okamoto 1986). He showed that a class of such rational solu-
tions can be expressed as the logarithmic derivative of certain special polynomials,
which are now called Okamoto polynomials. Later, determinant expressions of these
polynomials were discovered by Kajiwara and Ohta (1998). Let p;(z) be Schur
polynomials defined by

o
Y pj)el =exp (ze - 62) : (3.184)
Jj=0
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with p;j(z) = 0 for j < 0. Then, the monic Okamoto polynomials Qx(z) and
Ry (z) with N > 1 are defined as (Kajiwara and Ohta 1998; Clarkson 2003)

p2(2) p1(z) - p3-n(2)
ps(2) pa(@) -+ pe-nN(2)
On(z) =cn ) ) ) ) , (3.185)
P3N—1(2) pan—2() -+ pan(2)
and
p1(2) po(z) -+ p2-nN(2)
pa(2) p3(z) - ps—n(2)
Rn(z) =dy : . ) ) , (3.186)
P3N-2(2) p3n-3(2) -+ pan—1(2)
where
inven 25! BN — D)
cy =37 2NN TS OESTE (3.187)
and
inven 14! BN =)
dy =32 —0!1!“_(1\]_1)! . (3.188)

Note that these two determinants are both Wronskians, because p} n 1(2) = pj(@)
from the definition of p;(z) in Eq. (3.184), where the prime denotes differentiation.
The first three Oy (z) and Ry (z) polynomials are

0i(x) =2>+2,

02(2) = 20 + 10z* + 2022 + 40,

03(2) = 2'2 +282'0 + 260z% + 1120z° + 2800z* + 1120022 + 11200,

Ri(z2) =z,

Ra(z) = 2% + 422 — 4,

R3(z) = z(z® + 162° + 562* — 560).
Compared to the Okamoto polynomials introduced in Okamoto (1986), Kajiwara
and Ohta (1998) and Clarkson (2003), the polynomials above are related to them
through a simple scaling in z and (Q y, Ry).

Like the Yablonskii-Vorob’ev polynomials, these Okamoto polynomials can
also be generalized to hierarchies (Yang and Yang 2023a). Let p;m](z) be Schur
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polynomials defined by

o
Y pM@)el = exp (ze + €M), (3.189)
j=0

where m is a positive integer larger than one, and p (z) 0if j < 0. Then,

we define the monic Okamoto polynomial hierarchies RI[Q" (z) and Q[Nm](z) by the
Wronskians

P ) p{”’(z) p;“”N(z)
My pl ](z) i N(z)

oWl =en| : , (3.190)
PN (@) p; NER £’7J(z>
and
") po (z) pz N(z)
RM () = dy p‘[‘m.](Z) p3 © P N(Z) . (3.191)

[m]

Pin— 2(2) P%] 3(2) pzN 1(Z)

If m mod 3 = 0, then QE(,"](z) = ZNW+D and R,[(,"](z) = zN2 (Yang and Yang
2023a). But such m values turn out to be irrelevant to our rogue pattern problem.
Thus, we require m mod 3 # 0, ie, m = 2,4,5,7,8,10,---. When m = 2,
Q[Z] (z) and RE\%] (z) are the Okamoto polynomials Qx(z) and Ry (z). Whenm > 2,
Q[Nm](z) and RE\',"](z) give higher members of Okamoto hierarchies.

3.3.2 Root Structures of Okamoto Polynomial Hierarchies

Root structures of Okamoto-hierarchy polynomials will play a key role in our
analytical study of rogue wave patterns. For Okamoto polynomials Qx(z) and
Ry (z), their root structures have been investigated by Kametaka (1983), Fukutani
et al. (2000) and Clarkson (2003). It has been shown that for every positive integer
N, On(z) and Ry(z) have simple roots (Kametaka 1983; Fukutani et al. 2000).
In addition, graphs of root locations for many Q y(z) and Ry (z) polynomials have
been plotted, and double-triangle as well as rhombus-shaped root structures have
been observed (Clarkson 2003).

In this subsection, we examine root structures of Okamoto hierarchies QE(,"](z)

and Rk}” (z). Defining integer Ny as the remainder of N divided by m, i.e.,
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No = N mod m, (3.192)

and denoting [a] as the largest integer less than or equal to a real number a, then our
results are summarized by the following two theorems (Yang and Yang 2023a).

Theorem 3.12 The Okamoto hierarchy polynomial QE\T](z) is monic with degree
N(N + 1), and is of the form

ol(z) = Negi o), ¢ =", (3.193)

where ql[\;"](g') is a monic polynomial of ¢ with all-real coefficients and a nonzero
constant term. The non-negative integer N is the multiplicity of the zero root in

Q[Nm](z) and is given by the formula
Ng = Nig(Nig — Nag + 1) + N3, (3.194)

where N1g and Ny are non-negative integers. If m > 1 and m mod 3 = 1, these
(N1g, Nag) values are

(No, 0), when 0 < No < [%].
(Nig, N2g) = 1 ([5]. Mo = [5]) when [5]+1 < No <2[5],
(m—1— Ny, m—1— Np), whenZ[%]—l—lfNofm—l;
(3.195)
and if m mod 3 = 2, these (N1g, N2g) values are
(No, 0), when 0 < No < [%].
(Vig.Nag) = (Mo~ [2]~L[2]).  when [2]+1 = Ny <2[2].
(m—1—Ng, m—1— Np), whenZ[%]%—l <No<m-—1.
(3.196)

If Ng =0, then zero is not a root of Q%"](z).

Theorem 3.13 The Okamoto hierarchy polynomial Rx"](z) is monic with degree
N2, and is of the form

Ryl@ =0l @), ¢ =2, (3.197)
where rl[\r,"](g“ ) is a monic polynomial of ¢ with all-real coefficients and a nonzero
constant term. The non-negative integer N is the multiplicity of the zero root in

R%"](z) and is given by the formula

Ng = Nig(Nig — Nag + 1) + Nip. (3.198)
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where N1g and Nyg are non-negative integers. If m > 1 and m mod 3 = 1, these
(N1R, NaR) values are

(0, No), when 0 < Ng < [%] ,
Oun N = | (2] 10— 1 = [2]) . when [3] 1 < No <2(3].
(m —1— Ny, m — Np), whenZ[%] <No<m-—1;

(3.199)

and if m mod 3 = 2, these (N1gr, NaR) values are

(0, No), when 0 < No < [%].
(Vi M) = { (No— 1~ [#]. [B] + 1) when [2]+1 = No < 2[£],
(m —1— Ng, m — Np), whenZ[m]+1<N0<m—l
(3.200)

If Nr = 0, then zero is not a root of RI[\",” (2).

Proofs of these two theorems can be found in Yang and Yang (2023a).
The most significant piece of information in these two theorems is the formulae
for No and Ng, which give the multiplicities of the zero root in Qk,"] (z) and

RI[\',"] (z) polynomials. These root-multiplicity formulae are particularly important
for the analysis of rogue waves in the inner region under a large parameter (see
later text). Compared to the multiplicity formula of the zero root in the Yablonskii-
Vorob’ev polynomial hierarchy as given in Theorem 3.1, the present multiplicity
formulae for Okamoto hierarchies are more involved, but their connection to
the multiplicity formula of the Yablonskii-Vorob’ev hierarchy is still visible. For
Okamoto polynomials Qn(z) and Ry(z) (where m = 2), these multiplicity
formulae show that Ny = 0 for all N values, and Ng = 0if N is even and Ng =1
if N is odd. This means that for any N, zero is not a root of Q y(z). In addition, for
Ry (z), zero is not a root when N is even and is a simple root when N is odd.

Another piece of information from formulae (3.193) and (3.197) of these theo-
rems is that, root structures of both Q%](z) and RZ[\';”(z) polynomials are invariant
under 277 /m-angle rotation in the complex z plane. This rotational symmetry of the
root structures will have implications on shapes of rogue patterns away from the
origin under a large parameter, as we will see later.

The only major piece of information missing from the above two theorems
is multiplicities of nonzero roots in these QE\',"](z) and Rk,"](z) polynomials. For
Okamoto polynomials Qx(z) and Ry (z) (Where m = 2), it has been shown that all
their roots are simple (Kametaka 1983; Fukutani et al. 2000). For higher members
of these hierarchies, their zero root clearly can be non-simple in view of the above
Ng and N formulae. However, it is unclear whether their nonzero roots can also be
non-simple. Our numerical evidence suggests that their nonzero roots are all simple.
Assuming this is true, then from Theorems 3.12-3.13, numbers of nonzero roots in
Qk’,ﬂ(z) and RE\T](z) would be
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Fig. 3.20 Root structures of the QE(,”](z) polynomial hierarchy for2 < N <4andm = 2,4,5,7.
In all panels, —8 < Re(z), Im(z) < 8

Mg =N(N+1)—Ng, Mg=N*— Ng, (3.201)

respectively, where Ng and Ny are given in Eqgs. (3.194) and (3.198).

To get a visual impression of root structures in Okamoto polynomial hierarchies,
we plot in Figs.3.20 and 3.21 roots of the QE\',"](Z) and RE\',"](Z) hierarchies in
the complex z plane with 2 < N < 4 and m = 2,4,5,7. The first column
of Fig.3.20 (with m = 2), for roots of Okamoto polynomials Qx(z), exhibit
“double triangles” as reported in Clarkson (2003). We caution the reader that
sides of these double triangles are not exactly straight; thus our use of the term
“double triangles” is only in an approximate sense. The second column of this
figure, for roots of QE?,] (z) polynomials, exhibit a “square” shape with curved sides,
intricate interiors, and some very close roots. The third column, for roots of QES] (2),

exhibit a pentagon shape; while the fourth column, for roots of QEZ,] (z), exhibit a
heptagon shape. Compared to root shapes of the Yablonskii-Vorob’ev polynomial
hierarchy, the present double-triangle and square shapes are new. The pentagon and
heptagon shapes are not new, as they have appeared in the Yablonskii-Vorob’ev
hierarchy before (see Fig.3.1). However, compared to pentagons and heptagons
of Yablonskii-Vorob’ev-hierarchy roots, the current pentagons and heptagons of
Okamoto-hierarchy roots have different interiors.



3.3 Rogue Patterns Associated with Okamoto Polynomial Hierarchies 305

m=2 m=4
” °
] . e . ®
. L
m=5 m=7
. ° = %
[ ] & a . - = .
1] " e 0 . ° . e e . e i ‘%
e = e @ = e =
° ® - e
. ° . .
e P o @ e
a. e e @ p W . e o
1] RN * . . . ° « @ . . e =2
. . E
s L . = ° e e ®
-, L] . . & . .
® . ® ®
R;(Z} R;{ZJ Ré[z] Ré(z}

Fig. 3.21 Root structures of the R,[\;"] (z) polynomial hierarchy for2 < N <4andm = 2,4,5,7.
In all panels, —7 < Re(z),Im(z) <7

In Fig. 3.21 for the R%"](z) hierarchy, shapes of their roots are somewhat similar
to their counterparts for QE(,"] (z) in the previous figure, but plenty of differences also
exist between them. One difference is that, while the first column of Fig. 3.20 exhibit
two separate triangles, the first column of the current figure exhibit two triangles
that are joined together at the base to form a rhombus. Another difference is that,
interior roots in the second column of the current figure are more orderly than their
counterparts in Fig. 3.20. A third difference is that, even though shapes of roots in
the fourth columns of the two figures are quite similar to each other, zero roots in
corresponding panels actually have different multiplicities. For example, the zero
root has multiplicity 5 in the upper panel of the fourth column of Fig. 3.20, but has
multiplicity 2 in the corresponding panel of Fig. 3.21.

Geometric shapes of rogue waves in certain integrable systems are closely related
with root structures of Okamoto polynomial hierarchies. We consider two such
integrable systems below.

3.3.3 Manakov System

The Manakov system of focusing type is
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(10 + 91 + (her o o Py = 0, } (3202)
(19 + 99)uz + (lur|” + |uz|“)uz = 0.
Under the boundary conditions of
ui(x,t) — ,016%(]‘”“’1’), x,t — too, } (3.203)
ur(x, 1) — ppelkaxtmn x5 4o,
where
pr=p =2k —kl, ki #k, (3.204)
and
w1 = e€1p} +ep? — ki, wr=e€1pt +eps — k3, (3.205)

this Manakov system admits a class of rogue waves whose t functions are made
of Schur polynomials with index jumps of three, and such rogue waves have been
presented in Theorem 2.12 of Chap.2. For the convenience of the reader, those
results are reproduced in the following lemma.

Lemma 3.3 Under parameter conditions (3.204), the focusing Manakov sys-
tem (3.202) admits the following rogue wave solutions

81,N1,N, dkixtorn) 82,N1.Ny pikox+wan)

ui, N, N, (X, 1) = pi uz nNy,N, (X, 1) = pi

Ni,N» Ni,N»
(3.2006)
where N1 and N are arbitrary nonnegative integers,
SNi.Ny =000, 81NN, =010, 82.N;.N, = 00,1, (3.207)
Ok is a2 X 2 block determinant
0[1”0[1’2] [ J (n,k, 1,J)
ok = det nk ) = (#54557) . (3208
" Pk” o P5i°13i70 ) cianyzjen, 020

the matrix elements in orEI;C” are defined by

min(i, j) |p |2 v
(n,k,1,J) 1
i i = —_— xT(n, k) +vs)S;j_, (x5 (n, k) + vs*
¢ls/ g |:(P0+P3)2] Si—v( I( ) ) J— v( j( ) ),

(3.209)
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vectors x; (n k) = (xl I,x21,~~) and x ; (n, k) = (xi],x£1,~-~> are defined
by

r
x5y (n k) = prx + (Z PlPrl) (it) + nby + kA, + a1, ifr mod3 #0,
=0

(3.210)

.
x, (k) = prx — (Z pl*p;kl) (it) —nb; —ki; +a;;, ifr mod3 #0,

1=0
(3.211)
X (n k) =x_,(n, k) =0, ifrmod3 =0, (3.212)
s = (51,52, ), (Pr, Or, Ay, S¢) are coefficients from the expansions
o
p (k) — ik
(k) = k", In [ :| 0,k" (3.213)
P ; Dr o —ik) Z
p (k) — lkz}
In A" (3.214)
[ po — ika Z
1 + pg — —
In |:_ <p0 pO) (P(K) P2>i| ZZSrKr’ (3215)
K P p () + py -
the function p (k) is defined by the equation
3
Qi [p ()] = & ;”0) |:e'( 4272 cos (%_K)] , (3.216)
and (ai,1,az1,0a4,1,as5,1,-..,a3N;—1,1), (@12,022,042,052,...,a3N,-2,2) are
free complex constants.
Regarding coefficients s, in Eq.(3.215), we can show that s, = 0 when

r mod 3 # 0 (Yang and Yang 2023a). This fact will be useful in the determination
of rogue patterns in the inner regions below.

In the special cases where these block determinants degenerate to a single block,
i.e., when (N1, N2) = (N, 0) or (0, N), the resulting rogue waves are called Q-type
and R-type of N-th order respectively. For these special waves, o, x in Eq. (3.208)
becomes

(Q) (n,k) (R) (n,k)
- <¢3z 1’3j_1>1§i,j§N ’ = (¢ -2, 3j—2)1§i,j§N , 3.217)



308 3 Rogue Wave Patterns

where ¢l.(f1].’k) is given by Eq.(3.209) but with indices I and J removed. Inter-
nal free complex parameters are (ap, az, a4, as,--- ,azy—1) for Q-type waves,
and (aj, a2, as,as,--- ,azny—2) for R-type waves. We normalize a; = 0 by
a shift of the (x,r) axes. Then, internal parameters in these rogue waves are
(az,a4,as, - ,azy—1) for Q-type, and (az, aa, as, - - - , a3n—2) for R-type.

When one of these internal parameters is large, patterns of these rogue waves are
summarized in the following two theorems (Yang and Yang 2023a).

Theorem 3.14 For the Q-type rogue wave [u1 y.o0(x,t), uz2 no(x,t)] in the Man-
akov system (3.202), suppose |an| > 1 and all other internal parameters O(1).
In addition, suppose all nonzero roots of Q%ﬂ(z) are simple. Then, the following
statements for this rogue wave hold.

1. In the outer region on the (x,t) plane, where V/x2 + 12 = O(|am|"™), this
rogue wave asymptotically separates into M g isolated fundamental rogue waves,
where Mg is given in Eq.(3.201). These fundamental rogue waves are [ii1(x —
Ro, 1 — fo) e®RXFD o (x — R0, t — i) 022D where [0 (x, 1), G2 (x, )]
are given in Egs. (3.95)—(3.96), and their positions (%, fo) are given by

A 1 Py 1/m
%0 = Rp B [p_? (ZO“'" - AQ)] ’
A1 1 1/m
th = Ry J I:E (zoam — AQ)] ,

where R and J represent the real and imaginar]y parts of a complex number; 7
is each of the M nonzero simple roots of QE\Y," (z), and Ag is a zo-dependent
O(1) quantity whose formula will be given by Eq.(3.246) in later text. The
error of this fundamental rogue wave approximation is O (|a,,|~"/™). Expressed
mathematically, when |ay| > 1 and (x — 2002+ (t — fp)? = 0(1), we have the

following solution asymptotics

(3.218)

ul,N,O('x’ t) = ﬁl(x — )?0, t— fo) ei(k1x+wlt) + 0(|am|_1/m)a } (3.219)

us, N, 0(x, 1) = fia(x — %o, t — fp) € ®2¥+220 4+ O(|ay,|71/m).

2. If zero is a root of the Okamoto-hierarchy polynomial Q%ﬂ(z), then in the
neighborhood of the origin (the inner region), where x* + t* = 0O(l),
this rogue wave is approximately a lower (NlQ, NZQ)-th order rogue wave
["‘l,MQ,NzQ (x,1), M2,N,Q,N2Q(X, t)] as given in Lemma 3.3, where (NlQ, NQQ)
are provided in Theorem 3.12. Internal parameters (ay.1,4a2.1, - - ., &3N1Q_1, 1)
and (412, a2, ..., &3N2Q_2, 2) in this lower-order rogue wave are the same as
those in the original rogue wave, i.e.,

aji=ajr=aj;, j=12,4,5:--. (3.220)
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The error of this lower-order rogue wave approximation is O (|ap,| ™). Expressed
mathematically, when |ay| > 1 and x* + t* = 0(1),

UIN,0(X, 15a2,a4,a5, ) = UL Ny g .Nyp (X, 15Aj.1, 452, ] = 1,2,4,5,...)

+0(lam ),
Uz N0(X, 15 a2, a4, s, -+ +) = U2 Ny g Ny (X, 15451, a2, ] =1,2,4,5,...)
+0(lam| ).

(3.221)

If zero is not a root of QE(,”](z), then in the inner region, this rogue
wave approaches the uniform background [pie'®1¥+@10) | pikaX+@0] yypep
|am| > 1.

Theorem 3.15 For the R-type rogue wave [u1,0n(x,t), u2,0n(x,t)] in the Man-
akov system (3.202), suppose |an| > 1 and all other internal parameters O(1).
In addition, suppose all nonzero roots of R%"](z) are simple. Then, the following
asymptotics for this rogue wave holds.

1. In the outer region, where /x2 +12 = O(|la,|"/™), this rogue wave asymp-
totically separates into Mg isolated fundamental rogue waves, where Mg is
given in Eq.(3.201). These fundamental rogue waves are [ij(x — Xo,t —
fo) el KX)o (x — o, t —fo) KX where [ (x, 1), 2 (x, t)] are given
in Egs. (3.95)—(3.96), and their positions (%o, fo) are given by

N | 123 1/m
X0 = WPO)% I:E (Zoam — AR):I s

P | 1 1/m
o = WS [E (Zoam - AR)] )

where zq is each of the Mg nonzero simple roots of R%"](z), and AR is a zp-
dependent O(1) quantity given by Eq.(3.264) in later text. The error of this
fundamental rogue wave approximation is O(|ay|~"/™). Expressed mathemat-
ically, when |ay,| > 1 and (x — %)% + (t — 19)> = O(1), we have the following
solution asymptotics

(3.222)

uro.n(x, 1) = i1 (x — Ro, t — fp) XX+ L O (|a,|~1/™), } (3.223)

uz0,n (x, 1) = fia(x — Xo, t — fp) e®2*F20) 1 O(|a, |~1/™).

2. If zero is a root of the Okamoto-hierarchy polynomial Rk}”(z), then in the
inner region, where x> + t* = O(l), this rogue wave is approximately a
lower (N1gr, Nag)-th order rogue wave [u1 Nz Nyp (X, 1), U2 Nig.Nog (X, )] as
given in Lemma 3.3, where (N1, Nagr) are provided in Theorem 3.13. Internal
parameters (411,021, - - -, &3]\/”?_1’ 1) and (12,422, - .-, &3N2R—2, ) in this
lower-order rogue wave are the same as those in the original rogue wave, i.e.,

aji=ajr=aj;, j=12,4,5: . (3.224)
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The error of this lower-order rogue wave approximation is O (|ap| ™). Expressed
mathematically, when |ay| > 1 and x* + t* = 0(1),

ul,O,N(-xa t; ap, a4, as, - ) = ul,le,NZR(-x9t;&j,l»&j,Zvj = 17 27 4» 57 . )

+0(Jam|™h,
ur o N(x,t;az, a4,as, ) = Uz Njp.N2g (X, 134j,1,452, 7 =1,2,4,5,...)
+0 (lam|™1).

(3.225)

If zero is not a root of Rk}”(z), then in the inner region, this rogue
wave approaches the uniform background [p)e!®1XT@10 o eitkax+@n ] ypep
lam| > 1.

Proofs of these two theorems will be provide later in this section.

Theorems 3.14 and 3.15 show that, when the internal parameter |a,,| is large,
then in the outer region, patterns of Q- and R-type Manakov rogue waves comprise
isolated fundamental rogue waves, which are the same with each other, except
for their locations that are determined by root structures of Q[Nm](z) and R%"](Z)
polynomials through formula (3.218) and (3.222). To the leading order of these
positions, i.e., to O(|a,|'/™), rogue patterns formed by these fundamental rogue
waves are linear transformations of the underlying root structures. However, the
next-order corrections of size O(1) to these leading-order terms, induced by Ag
and Ag in Eqgs.(3.218) and (3.222), depend on the root zp in a nonlinear way
(see Egs. (3.246) and (3.264) in later text). These next-order nonlinear corrections
will introduce deformations to rogue patterns and make them look different from
linear transformations of root structures, as we will see graphically below. This
behavior contrasts rogue patterns reported in Sect.3.1 for some other types of
rogue waves, where those patterns are just linear transformations of root structures
of the Yablonskii-Vorob’ev polynomial hierarchy, even after next-order position
corrections are included. We do note, though, that these nonlinear deformations of
rogue patterns in the present case are subdominant compared to the leading-order
term, and will become less significant as |a,,| gets larger. In other words, as |a,|
increases, rogue patterns for Q- and R-type Manakov rogue waves will look more
and more like the linear transformation of root structures of QE(,"](z) and RE\',"](z).

Theorems 3.14 and 3.15 also show that, when the internal parameter |a,,| is large,
then in the inner region, the original rogue wave reduces to a lower-order rogue
wave, or to the uniform background, depending on whether zero is a root of QE\T] (2)

or RE\',"](Z). If zero is a root, then its multiplicity will determine the order of this
reduced rogue wave.

In these theorems, which internal parameter a,, is taken to be large has profound
consequences on the prediction of rogue patterns. Once the index m of the large
parameter a,, is fixed, that choice would determine not only the size of the outer
region and the convergence rates of predictions, but also the polynomial QE(,"](z) or
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R%"](z) whose roots predict the locations of isolated fundamental rogue waves in
the outer region.

It may be interesting to notice from these theorems that in the outer region, both
the Q-type and R-type rogue waves, under a large internal parameter, split into a
number of the lowest-order R-type rogue waves (the fundamental rogue waves) only,
never to the lowest-order Q-type rogue waves. There are two ways to understand
this. An intuitive way is that, the lowest-order R-type rogue wave (with Ny = 0
and N, = 1) is the fundamental rogue wave with degree-two polynomials. The
lowest-order Q-type rogue wave (with Ny = 1 and N, = 0), however, is a ratio of
degree-four polynomials. This latter solution should be viewed as a composition of
two fundamental rogue waves, and it would split up into two separate fundamental
rogue waves when its internal parameter a, is large (see Fig.2.18 in the previous
chapter). A mathematical way to understand this is that, as long as the nonzero roots
in QE(,"](z) and Rl[\r,"](z) are simple, then under a large internal parameter, both the
Q-type and R-type rogue waves in the outer region would reduce to ratios of degree-
two polynomials (see later text), which can only be the fundamental Manakov rogue
waves, not the lowest-order Q-type rogue waves of degree-four polynomials.

Comparison Between Predictions and True Solutions

Now, we compare predictions from Theorems 3.14-3.15 with true solutions. For
this purpose, we choose background wavenumbers k; = —ky = 1/ V/12. Then
background amplitudes are obtained from conditions (3.204) as p; = p2 = /2/3,
and background wave frequencies can be obtained from equations (3.205).

Q-Type

First, we consider Q-type Manakov rogue waves. Specifically, we take N = 2; thus
these are second-order waves with three internal parameters (a», a4, as). We set
one of these parameters large and the other parameters zero. Then, when that large
parameter is chosen as one of

ar =30i, a4 =400, as=3000i, (3.226)

the three predicted rogue waves from Theorem 3.14 are displayed in the three
columns of Fig.3.22, respectively. The top row of this figure shows the predicted
(X0, fp) locations by formulae (3.218) applied to all roots of Q[zm ](z). In these
formulae, pg = 1/2, (p1, p2) = (12_1/3, 144_1/3), and Ag is calculated from
Eq. (3.246). Note that these (X, fo) predictions contain not only the dominant
O (lam|'/™) contribution, but also the subdominant O (1) contribution.

According to Theorem 3.14, at each of the (Xo, fo) locations obtained from
formulae (3.218) for nonzero roots of Q[zm] (2), a fundamental Manakov rogue wave
is predicted. The amplitude fields of these predicted fundamental rogue waves in
the outer region are plotted in the middle and bottom rows of Fig. 3.22, for |u1| and
|uz|, respectively.
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Fig. 3.22 Predicted patterns of Q-type second-order Manakov rogue waves from Theorem 3.14.
Each column is for a rogue wave with a single large parameter a,,, whose value is indicated on top,
and all other internal parameters are set as zero. Top row: predicted (Xg, 7o) locations by formulae
(3.218) applied to all roots of Qg’"](z). Middle row: predicted |u;(x, t)|. Bottom row: predicted

lua(x, t)|. These (|uyl, |u2|) predictions are assembled as |u]((p)(x,t)| = |ur,Nyg. Ny (X, D] +

Z;/LQI (lﬁk(x - )?(()j), t— féj))\ - pk>, where k = 1,2, ug nyp.N, (%, 1) are the predicted inner
solutions on the right sides of Egs. (3.221), My is given in Eq.(3.201), [i1(x, 1), fi2(x, t)] are

given in Egs. (3.95)—(3.96), and [X((,j ), féj )] are the predicted locations (3.218) of outer fundamental
rogue waves in the top row (with zog # 0). In all panels, —40 < x,r < 40

Theorem 3.14 also predicts that, if zero is a root of ng](z), as is the case for
m = 4 and 5, then in the inner region, i.e., the region near the (X, fo) location
from formulae (3.218) with zg = 0, a lower (N1¢, N2¢g)-th order rogue wave would
appear. These (N1g, N2g) values are calculated from Theorem 3.12 as

(N1g, N2g) =(0,0), (1,1), (0, 1), (3.227)

for the three solutions in Fig. 3.22, respectively. The first set (0, 0) indicates that
. 2] 5 . . .
zero is not a root of Q57 (z), hence no lower-order rogue wave in the inner region.
The third set (0, 1) indicates that the lower-order rogue wave in the inner region is
a fundamental rogue wave, while the second set (1, 1) indicates that the rogue wave
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Fig. 3.23 True Q-type second-order Manakov rogue waves for the same parameters and (x, )
intervals as in Fig. 3.22

in the inner region is a non-fundamental rogue wave. Internal parameters in these
predicted lower (N}, N2¢)-th order rogue waves are all zero, due to our choices of
internal parameters in the original rogue waves. Plotting these (N1, N2g)-th order
rogue waves, we get the center-region predictions for rogue waves in the middle and
bottom rows of Fig. 3.22.

Looking at these predicted rogue solutions in Fig. 3.22, we see that the large-a;
solution exhibits a skewed double-triangle, reminiscent of the double-triangle root
structure of Q£2] (z) in Fig. 3.20. The large-a4 solution exhibits a square, reminiscent

of the square-shaped root structure of Q[24] (z) in Fig.3.20. The large-as solution

exhibits a pentagon, reminiscent of the pentagon-shaped root structure of Q[25] (z) in
Fig. 3.20. This pentagon-shaped rogue pattern has been seen in the NLS and other
equations before (see Sect. 3.1), but the double-triangle and square patterns are new.

Now, we compare these predictions to true solutions. The corresponding true
solutions are plotted directly from Lemma 3.3 and displayed in Fig. 3.23. Compar-
ing these true solution graphs with the predicted ones in Fig. 3.22, they clearly match
each other very well.

To quantitatively compare our prediction with the true solution and verify
Theorem 3.14’s error decay rates with the large parameter a,,, we choose a4 to
be the large parameter, corresponding to the second-column solution in Figs. 3.22
and 3.23. For simplicity, we choose all a4 to be real. As before, the other two internal
parameters (a2, as) in the rogue wave will be set as zero. We will vary this a4 value,
from 400 to 400,000, and for each value, we measure the errors of our prediction in
the outer and inner regions and then plot these errors versus a4. In the outer region,
this error is defined as the distance in the (x, 7) plane between the predicted and true
positions of the fundamental rogue wave marked by the lower arrow in panel (a) of
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Fig. 3.24 Decay of errors in our predictions of Theorem 3.14 for the outer and inner regions of
the Q-type second-order Manakov rogue wave with various large real values of a4, while the other
internal parameters are set as zero. (a) |u;(x, t)| of the true rogue wave with a4 = 400. (b) Decay
of error versus a4 for the outer fundamental rogue wave marked by the lower arrow in panel (a),
together with the |a4|~!'/* decay for comparison. (c) Decay of error versus a4 at x = ¢ = 0 of the
inner region marked by the upper arrow in panel (a), together with the |a4|~! decay for comparison

Fig.3.24. In the inner region, marked by the upper arrow in panel (a), the error is
defined as the magnitude of the difference between the predicted and true solution
values at the origin x = ¢t = 0. These error curves are plotted in panels (b) and (c),
for the outer and inner regions, respectively. For comparison, decay rates of |a4|~1/4
and |ag|™! are also plotted in the corresponding panels. These error curves clearly
show that, the error decay rate is |a4| —1/4 in the outer region and |ay| —1 in the inner
region, which fully agree with our theoretical predictions in Theorem 3.14.

R-Type

Next, we compare R-type rogue waves. Here, we set N = 3. Thus, these are
third-order waves with internal parameters (az, a4, as, a7). We choose one of these
parameters large and the other parameters zero. Then, when that large parameter is
chosen as one of

ap =30i, a4 =300, as=1000i, a7 = 3000, (3.228)

the four predicted rogue waves from Theorem 3.15 are displayed in the four columns
of Fig.3.25, respectively. The top row of this figure shows the predicted (%o, 7o)
locations by formulae (3.222) applied to all roots of Rgm](z). At each of the

(X0, fp) locations resulting from nonzero roots of R[3m](z), Theorem 3.15 predicts
a fundamental Manakov rogue wave, whose amplitude fields |u1| and |us| are
plotted in the middle and bottom rows of Fig.3.25, respectively. Our prediction
for the center regions in these rows is based on Eq. (3.225) of Theorem 3.15. In this
prediction, the (N1r, Nog) values for these four rogue solutions are obtained from
Theorem 3.13 as

(Nle NZR) = (07 1)9 (Os 1)7 (17 2)7 (19 0)1 (3229)

respectively. These values show that the center region of the first two rogue solutions
hosts a fundamental rogue wave, while that region in the last two rogue solutions
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Fig. 3.25 Predicted R-type third-order Manakov rogue waves from Theorem 3.15. Each column
is for a rogue wave with a single large parameter a,,, whose value is indicated on top, and all
other internal parameters are set as zero. Top row: predicted (%9, 7g) locations by formulae (3.222)
applied to all roots of Rgml(z). Middle row: predicted |u; (x, t)|. Bottom row: predicted |u2(x, 1)].
The (x, t) intervals in the four columns are —46 < x,t <46, —41 < x,t <41, -35 < x,t <35,
and —28 < x,t < 28, respectively

hosts a non-fundamental rogue wave. Internal parameters in these predicted lower
(N1Rr, Nag)-th order rogue waves of the center region are all zero, due to our choices
of internal parameters in the original rogue waves. Plotting these (N1gr, Nag)-th
order rogue waves from Lemma 3.3, we get the center-region predictions for rogue
waves in the middle and bottom rows of Fig. 3.25.

These predicted rogue solutions in Fig. 3.25 exhibit various patterns, such as a
skewed and deformed rhombus (first column), a deformed square (second column),
a deformed pentagon (third column), and a heptagon (last column). Of these
patterns, thombus-shaped and square-shaped ones are new.

Now, we compare these predictions to true solutions. The corresponding true
solutions are plotted directly from Lemma 3.3 and displayed in Fig.3.26. These
true solutions clearly match the predicted ones in Fig. 3.25 very well.

In addition to this visual agreement, we have also performed error analysis for
predictions of these R-type waves, similar to what we have done for Q-type waves
in Fig.3.24. This error analysis confirmed the error decay rates we predicted in
Theorem 3.15 for the outer and inner regions. Details are omitted for brevity.
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Fig. 3.26 True R-type third-order Manakov rogue waves for the same parameters and (x,t)
intervals as in Fig. 3.25

Effect of Parameter Size on Rogue Shapes

From the above comparisons, we have established that Manakov rogue patterns
can be accurately predicted by root structures of Okamoto-hierarchy polynomials
through mappings (3.218) and (3.222). The reader may have noticed that, rogue
shapes in the above figures are often twisted and less orderly, even though their
corresponding root structures of Okamoto-hierarchy polynomials are very orderly.
For example, in the R-type third-order rogue wave of Figs. 3.25-3.26 with large a4,
the upper-left and lower-left sides of rogue patterns are strongly bent in, resulting
in an irregular square, but the corresponding root structure of Rgﬂ (z) in Fig.3.21 is
like a regular square.

The reason for this irregularity in rogue patterns is apparently due to the next-
order correction term in mappings (3.218) and (3.222) from the root structure of
Okamoto-hierarchy polynomials to rogue peak positions in the (x, #) plane. While
the leading term of O(|a,,|'/™) in those formulae is a linear mapping, the next-
order correction term of O (1) is a nonlinear mapping in view of formulae (3.246)
and (3.264). This nonlinear part of the mappings causes deformations in rogue
shapes and makes them irregular even if the underlying root structures are. But
this next-order correction term is subdominant, and its relative effect should get
weaker when |a,,| gets larger. In other words, if we increase |a,,|, this irregularity
in rogue shape should diminish. To confirm this prediction, we take that R-type
third-order rogue wave of Figs. 3.25-3.26 with large a4, and vary its a4 value, with
other internal parameters still set as zero. For three a4 values of 30, 300 and 3000,
predicted rogue locations (£, fo) from formulae (3.222) of Theorem 3.15 are plotted
in the upper row of Fig.3.27, and true solutions (only the |u1| part) are plotted in
the lower row. We see that when a4 = 30, both the predicted and true solutions
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Fig. 3.27 Effect of parameter size a4 on R-type third-order Manakov rogue shapes (all other
internal parameters are set as zero). Upper row: predicted (%9, 7o) locations by formulae (3.222)

applied to all roots of R;‘” (z). Lower row: true |uj(x, t)|. The (x, t) intervals in the three columns
are —41 < x,t <41, —41 <x,t <4l,and —70 < x,t < 70, respectively

are highly irregular, almost random-like. But as a4 increases to 300, this irregularity
is significantly reduced and is visible only at the upper-left and lower-left sides of
the figure. When a4 further increases to 3000, this irregularity is almost completely
gone, and the rogue shape closely resembles the root structure of R£4] (z) as shown
in Fig. 3.21.

Proofs of Theorems 3.14-3.15

Now we prove the Q-type and R-type Manakov rogue patterns presented in

Theorems 3.14-3.15. Our proof is based on an asymptotic analysis of rogue wave

solutions, or equivalently, the determinant Jn(%R) in Eq. (3.217), in the large |a,,|

limit.

(1) Proof of Theorem 3.14 for the outer region

First, we use determinant identities and the Laplace expansion to rewrite o,f%) in

Eq.(3.217) as

© _ o N '
Ok = > et [00) 8511, 1 0) + vy
O<vi<yy<-<Vy<3N-1 :

x det [(h))" S3i—1—v, (x ™ (n, k) +v;sM)],  (3.230)
1<i,j<N ’

similar to what we did in Eq. (2.77). Here, ho = p1/(po +p3). We need to derive the
asymptotics of this aé%) when |a,,| is large and the other parameters O(1). In this
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parameter regime, when (x, ¢) is in the outer region of v/x2 + t2 = O(|a,,| 1/my we
have

Sj(x+(n7k) + Vs) = Sj(.xi‘r,x;—, vs35'x2_7~x;—7 vse, - - - ax;n'_ + VSm, -+ .) ~ S](V)7
(3.231)

where
v=(pix +2popiit, 0,---,0,am,0,---). (3.232)

Here, the fact of s, = 0 for » mod 3 # 0 has been used (Yang and Yang 2023a).
Next, we see from the definition of Schur polynomials that

0
D Sj(el = e ptaropintetan, (3.233)
j=0

Introducing the scaled variable € = € a,L/ ™ we can write the right side of the above

. 2 om
equation as e€<T¢" | where

z=ay"" (p1x + 2popiit). (3.234)

This e¢*¢" term is the same as the right side of Eq. (3.189), except for a notational
change of € to €. Using that Eq. (3.189) with € changed to € and combining the
result with the above Eq. (3.233), we get

Y siwmel =3 piMel. (3.235)
o~ =

Then, recalling € = ¢ a,h/ ™ we arrive at the relation

;) =ai" pi" (). (3.236)

To proceed further, we notice that the highest order term of a,, in Eq. (3.230) for
(Q) comes from the index choice of v; = j — 1. For this index choice, using the

formulae (3.231) and (3.236), as well as the definition of Q' L] (z) in Eq. (3.190), we
find that

(et [Ssimim, G () )] = | det S5 (27 (k) + (= Ds)]
~ cytam VDM ol . (3.237)

Similarly,
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et [Ssim1, 71, ) vs0)] ~ ey (az)NNHDIm glml oy - (3.238)
Thus,

6D ~ |af? gy PYN D/ (QE\’,"](z) 27 (3.239)

where & = (ho)YW=D/2¢ 1 Since this leading-order asymptotics of O’,E,Qk) is

independent of n and k, it implies that, for |a,,| > 1, we would have ¢1,0/00,0 ~ 1
and o9 1/000 ~ 1, i.e., the solution [u; y0(x,?), uz n0(x,t)] would be on the
uniform background [plei(k1x+w1’), plei(k2x+“’2’)], except when z is near a root zg of
the polynomial QE(,"](z), where this leading-order asymptotics in (3.239) vanishes.
In terms of x and ¢, this means that the solution [u1 n 0(x, t), u2 x 0(x, t)] would be
on the uniform background, except when (x, ¢) is in an O(1) neighborhood of the
location (%o, 7), where

_1 ~ . ~
20 = ap "™ (p1%0 + 2ipopiio). (3.240)

Such (JZO, fo) locations are the leading-order terms of (%o, o) in Egs. (3.218) of
Theorem 3.14. Due to the requirement of v/x2 + 12 = O(|a,|'/™), zo should not
be zero here.

Next, we show that when (x,7) is in an O(1) neighborhood of each of the
()Zo, fo) locations given by Eq. (3.240), the Q-type Manakov rogue wave approaches
a fundamental Manakov rogue wave that is located within O(1) distance from
()Zo, fo). In order to derive this more refined asymptotics, we need to calculate terms
in Eq. (3.230) whose order is lower than |a,, |*Y®™*+D/™ gince that highest order
term (3.239) vanishes at (%o, 7).

First, we denote

& (. 1) = pax + @popa + p(in), (3.241)
which are the dominant terms of x;’ (x,t) from Lemma 3.3 with the index ‘I’

removed when (x, ) is in the outer region. Then, for (x, 7) in the O (1) neighborhood
of ()Eo, fo), we have a more refined asymptotics for S; (xt(n, k) + vs) as

Sj(x+(n, k) +vs) = Sj(x;r,x;, Vs3, xi,x;, VSGy et X A VS, )
=[$;®) + £ (Fo, 10)Sj—2(V)] [1 + o<|am|‘2/'”)] , o laml> 1, (3.242)
where

V= (.0, ,0,an,0,-)
= (p1x + 2popiit + 16y + kA1, 0, -+ 0,0, 0, ). (3.243)
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Here, the normalization of a; = 0 in x1+ has been used, and the second equation
in (3.242) is obtained by using the definition of Schur polynomials and splitting the
xt(n, k) + vs vector into ¥ and the rest. Polynomials S I (V) are related to pgm] (2) in
Eq. (3.189) as

S;® =ay"pi" ), (3.244)

where 7 = a,zl/m(plx + 2popiit + nby + kiy).

Now, we derive leading order terms of a,, in the Laplace expansion (3.230) when
(x, t) is in the O (1) neighborhood of ()Eo, fo). These leading order terms come from
two index choices, the first being v = (0, 1,--- , N — 1), and the second being
v=(0,1,---,N—2,N).

With the first index choice, applying the more refined asymptotics (3.242) to the
Laplace expansion (3.230), the determinant involving x*(n, k) in Eq. (3.230) can
be found as (Yang and Yang 2023a)

(xa,[,lN(N+l)_l]/m [pl(x — X0) + 2pop1i(t — ty) + nby + kry + AQ]

/
x [ W] o) [1+ 0han ™™, (3.245)
where
A — )’5;(%0, f()) Zy:l det]SiSN [Pgr,nll(ZO)’ ) p:[;;nl]_z(zo), e, p:[;;nlN(ZO)iI
= m T .
i (%] o)
(3.246)

Here, the determinant inside the summation is the determinant of QE(,"](Z()), ie.,
deti<j, j<n [pglnl j (ZO)], except that the sub-indices of its j-th column are reduced
by two. Using the (%o, fy) expressions as obtained from Eq. (3.240), we have

25 (%o, fo) P2, ip? I (z0€""/p1)
— T e— 0 .
an™ pr 2R(po)  elvm

, (3.247)

where ¢, = arg (a,ln/ m). This Ag is an O(1) quantity. Absorbing it into (X, o)

in Eq. (3.245), we find that the contribution to the first determinant in the Laplace
expansion (3.230) under the index choice of v = (0, 1,--- , N — 1) is

/
aayy VO [P1(x — X0) 4+ 2pop1i(t — fo) + nby + kii] [QR}H] (z0)

x [14 0an =]
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where (Xg, 7o) are given in Egs.(3.218) of Theorem 3.14. Similarly, the second
determinant involving x~ (n, k) in Eq.(3.230) under the index choice of v =
©,1,---, N —1)is found to be

/
ot (@) NVAD=N/m e R0y 0% p¥ie — i) — nF — kY] [QEQ”]] () x
x [1 + 0(|am|—1/’”)].

Under the second index choice of v = (0,1, ---, N — 2, N) in the Laplace
expansion (3.230), the leading-order contribution to the first determinant involving
x+(n, k) can be calculated from the asymptotics (3.231) and the relation (3.236) as

/
h()(x a}[ﬂN(N"'l)—l]/m [Q[[(]’H]] (ZO) [1 _|_ 0(|am|—l/l’H)] i
Similarly, the second determinant involving x ™ (n, k) in Eq. (3.230) contributes

/
hga*(a;)[N(N+l)*l]/m I:QE(]"]:I (Zg) [1 + O(|am|71/m):| .

Summarizing the above contributions to the Laplace expansion (3.230) of arf‘%),

we find that

2

0,9 = laf’ '

nk —

N(N+1)—1]/m

[04] o)

x ([p1(x = X0) + 2ipop1(t — fo) + n6) + ki1]
X [pi (x = £0) = 2ipfpi(t = o) — 6} — ka1 + Ihol?)

x [1 + 0(|am|*‘/m)]. (3.248)

/
Under our assumption of all nonzero roots of Q%"](z) being simple, [Q[Nm]] (zo) #

0. Thus, the above leading-order asymptotics for a,ka) (x, t) does not vanish. It is

easy to see that this expression of a}i% gives a fundamental rogue wave [i](x —

Ro, t — fo) e F1XFO) o (x — %o, t — fp) el k2¥+®2D7] a5 given in Theorem 3.14, and
the error of this fundamental rogue wave prediction is O (|a, |=1/™). This completes
the proof of Theorem 3.14 for the outer region.

(2) Proof of Theorem 3.14 for the inner region

To analyze the large-a,, behavior of Q-type Manakov rogue waves in the inner
region, where x2 412 = O(1), we first rewrite the aé%)
4N x 4N determinant

determinant (3.217) into a
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ol =| et |
where
P1 /=1 " )
Pij = <P0+PE§> Ssi—j [xt(n k) + (j — Ds], (3.250)
w~~:Ll_ls~~[— k) + (i — Ds*
ij (po-i—pfj) 3j—i [X (k) + (@G —Ds ] (3.251)

Defining yi to be the vector x* without the a,, term, i.e., let

xt=y"+©,---,0,a,,0,---), x =y +(0,---,0,a%,0,---),
(3.252)

it is easy to see from the definition of Schur polynomials that the Schur polynomials
of x* are related to those of y* as

. 1
St 4 vs) = Y dug (vt vs),
(3.253)

. * N\
Si(x™ +vs*) = Zl[jz/om] %Sj_lm(y* + vs™).

The notation of [a] here represents the largest integer less than or equal to a. Using
these relations, we express matrix elements of @ and ¥ in Eq. (3.249) through Schur
polynomials S;(y™ + vs), S;(y~ + vs*), and powers of a,, and a;;.

Next, we perform row operations to the @ matrix in order to remove certain
power terms of a,,. For this purpose, we notice that when m = 3 + 1 (j > 1),
coefficients of the highest a,, power terms in @’s first column are proportional to

321 §5a a§3j—17*§17‘§47"' 9§3j—27‘§09 331 1§3ja (3254)

and repeating, where S‘j = Sj(y+ + vs). When m = 3j + 2 (j > 0), these
coefficients of the highest a,, power terms in @’s first column are proportional to

S5, S5, - ,334/—1, S0, 83, -+ ,33/', 81,84, ,§3j+1, (3.255)

and repeating. In the second and higher columns of @, elements are of the same form
as those in the first column, except that the index j of every S ; in them decreases
by one with each higher column, and S j = 0for j < 0. Using the first m rows,
we perform row operations to remove the highest powers of a,, from the second m
rows, leaving the second-highest power terms of a,, with coefficients proportional
to S j+m» Where S j is the highest a,,-power coefficient of each element just being
removed. Then, we use the first m rows and the resulting second m rows to eliminate
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the highest and second-highest power terms of a,, from the third m rows, leaving
the third-highest power terms of a,, with coefficients proportional to S i+2m in them.
This process is continued to all later rows of @. Similar column operations are also
applied to the matrix ¥ in Eq. (3.249).

After these row and column operations, we then keep only the highest remaining
power of a,, in each matrix element of @ and the highest remaining power of a;, in
each matrix element of ¥. Using these manipulations and the sequence structures
in Egs. (3.254) and (3.255), we find that o, % in (3.249) is asymptotically reduced
to

O(N1Q+N2Q)X(N1Q+N2Q) ¢(N1Q+N2Q)xN

[1+ 00anl™)].
(3.256)

69 = Blan ¥

WNX(N|Q+N2Q) IN><N

where E is an (m, N)-dependent nonzero constant, K is an (m, N)-dependent
Egsitive integer, (Nig, N2g) are nonnegative integers given in Theorem 3.12,
N = max(3Nig,3N2g — 1),

AU
-~ ®N1Q><ﬁ R _ _ )
. ) = (wﬁxMQ “’ﬁxNZQ) . (3.257)
NZQXIV
&) = (ho) U85 [y" (. k) + (= 1+ v0)s] (3.258)
([/\(1) (h ) (i— 1)53] J[ _(”’k)+(i—1+v0)s*], (3259)

and v9 = N — Nig — Nag. Since the constant factor B\|am |I? in (3.256) does not
affect the solution and can be dropped, the remaining determinant in (3.256) can be
rewritten as

0 0.[1 1] O’“ 2] |
0, = det et [2 2] [1 + O(lam|™ )] , (3.260)
Gn,k n k

[1 J1 _ (¢(n K, 1,T)

: , 3.261
31, 3/_1)15:'5N1Q, 1<j<N;o ( )

where the matrix elements in o,[lll’(” are defined by

min(i, j) Ip |2 v
(n.Je,1,J) 1 +
" = [—} Si—y (y"(n, k) + vos + vs

b Z(:) (po+p2] 77" ( )

X Sj—y (y_(n, k) + vos™ + vs*) ) (3.262)
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The largest index j of S; involved in the above reduced solution is max(3Njgp —
1,3N>p —2). Itis easy to see from Theorem 3.12 that max(3Nig — 1, 3N2p —2) <
m. Thus, the above solutlon only depends on §; polynomials with j < m, and
hence only depends on y (n k) with j < m. From the definition (3.252), we
see that Y; (n,k) = x; (n,k) when j < m. This means that in Eq.(3.262),
y*(n, k) can be replaced by x*(n, k). Finally, we lump each constant vos j into a;
of x;f(n, k), and similarly lump each vos;? into a;? of x; (n, k). When j mod 3 = 0,
x/j.[(n, k) = 0 per Lemma 3.3 and does not contain a;. In such a case, we just
lump vps; into xj.' (n, k) and vos;‘ into xj_ (n, k), which eventually can be eliminated
from the solution for the same reason as in Lemma 3.3. After these treatments, the
above determinant in (3.260) becomes a (N 10: NZQ) th order Manakov rogue wave
[u1 Nig, NZQ(X ), us, Nig.N2g (x, t)] as given in Lemma 3.3, whose internal parame-

ters (a1, a1, aa1, s\, - - ., 43Ny p—1,1) and (d12, @22, 4.2, A5 2, - . ., A3N,5—2,2)
are related to those in the 0r1g1na1 rogue wave as

aji=ajp=aj+ws;, j=1245. -, (3.263)

which is the same as the relation (3.220) in Theorem 3.14 since s; = 0 for
j mod 3 # 0. The error of this lower-order rogue wave approximation is O (|a,,|~")
in view of Eq.(3.260). This completes the proof of Theorem 3.14 for the inner
region.

(3) Proof of Theorem 3.15

The proof of Theorem 3.15 for R-type Manakov rogue waves is very similar to that
for Theorem 3.14. For that reason, we will only list the differences here.

In the outer region, due to the different matrix indices in Eq.(3.217) for R-
type rogue waves, the corresponding polynomials whose roots give leading-order
locations of fundamental rogue waves are naturally R-type Okamoto hierarchy
polynomials RI[\';’] (z). The remaining difference is the calculation of the next-order
position shift, i.e., the formula for Ag in Egs. (3.222). Repeating earlier calculations
for the different R-type matrix indices, we can easily find that

Ao (22, ip} I (z0¢'*"/p1)
¥ 2R(po)  evm

N
Zj:l detj<j<n I:pgr;qll_l(ZO)y R Pg?lj_l_z(Zo), Tt pngN_l(ZO)]
7 .
(R o)

X

(3.264)

Here, the determinant inside the summation of the above formula is the determinant
of R[Nm] (z0), ie., deti<; j<n [pg'l’ﬂj_l (z())], except that sub-indices of its j-th
column are reduced by two.
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In the inner region, where x2 412 = O(1), we also rewrite the 0,51? determi-
nant (3.217) into a 4N x 4N determinant, and then use relations (3.253’) to rewrite
every matrix element of @ and ¥ into powers of a,, and a;), respectively. For R-type
rogue waves, when m = 3j + 1 (j > 1), coefficients of the highest a,, power terms
in @’s first column are proportional to

St,8a, - 8352, 80, 83, -+, 83/, 82, 85, -+, S3;-1, (3.265)
and repeating, and when m = 3j 4+ 2 (j > 0), these coefficients are proportional to
St Say - 83541, 82, 85, -+, 83521, S0, S35, -+ 4 S35, (3.266)

and repeating. Using these sequence structures and performing the same row and
column operations as described earlier to remove certain high powers of a,, in the @
and ¥ matrices, we find that arfi) can be asymptotically reduced to (3.256)—(3.259),
except that (N1, N2g) are replaced by (Nir, Nag) as given in Theorem 3.13, and
(B, K) are different constants. The rest of the proof is the same as before, and

Theorem 3.15 is then proved.

3.3.4 Three-Wave Resonant Interaction System

The (1+1)-dimensional three-wave resonant interaction system of soliton-exchange
case is

(0r + c10x) uy = uzu3,
(0 + c20x) up = —uju3, (3.267)
(0r + ¢30x) uz = ujus,

where (c1, ¢2, ¢3) are group velocities of the three waves. In this soliton-exchange
case, under the boundary conditions

ui(x,t) — prelxtern) x,t — Fo0,

us(x, t) — ppelkaxtmn) x,t — o0, (3.268)
uz(x, 1) — ipze ilitk)xt(@ite)tl x5 400,

and parameter constraints

Ccl 1 —C
p2=—p1, p3==% P15 (3.269)
1) I

the above three-wave system admits a class of rogue waves whose t functions are
2 x 2 block determinants of Schur polynomials with index jumps of 3, similar to the
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focusing Manakov case. These rogue waves have been presented in Theorem 2.15
of Chap.2. When those 2 x 2 block determinants degenerate to single blocks, we
also get Q-type and R-type rogue waves. Patterns of these rogue waves under a large
internal parameter are summarized in the following two theorems (Yang and Yang
2023a).

Theorem 3.16 For the Q-type rogue wave [u1 n.o(x,t), uz2 nyo(x, 1), u3 no(x,1)]
in the three-wave resonant interaction system (3.267), suppose |a,| > 1 and all
other internal parameters O(1). In addition, suppose all nonzero roots of QE(,"](z)
are simple. Then, the following statements for this rogue wave hold.

1. In the outer region, where /x?>+12 = O(Iam|1/m), this rogue wave
asymptotically separates into Mg isolated fundamental rogue waves,
where Mg is given in Eq.(3.201). These fundamental rogue waves are
[A1(x — Xo,t — fo) elkixtort) lr(x — Xo,t — fo) eitkaxtwat) u3(x — Xo,t —
fo) e~ ilkitk)xt @it yhere functions it j(x,t) are given in Eq.(2.772) of
Sect. 2.10, and their positions (X, ty) are given by

I/m 2 I/m 2
W0am_—4Ag 0am_—4Ag
J |: c1B1—caq i| R J |: a1—pi i|
S et B R S | (3.270)
5 [ a1 —pi ]

cfi—cen |’
c1Br—cray 5[ a1—p1 ]

Xo =

where zq is each of the M g nonzero simple roots of Q[Nm](z), (a1, B1) are given

in the expansions of Theorem 2.15, and AQ is a zo-dependent O (1) quantity. The
error of this fundamental rogue wave approximation is O (|a,,|~"/™). Expressed
mathematically, when |ay| > 1 and (x — 2002+ (t — fp)? = 0(1), we have the
following solution asymptotics

u,N0(x, 1) = il (x — Ko, t — fp) e E¥FAD 1 O(|a,, | 71/m),

U, N0(x, 1) = il (x — X, t — fp) ! ®2¥F2D - O(|a,, | ~1/m),

uz . N.0(x, 1) = ii3(x — R, t — fp) e" K1tk @i+e)] 1 g (|q,,|~1/m).
(3.271)

2. If zero is a root of the Okamoto-hierarchy polynomial QE(',q](z), then in
the inner region, where x* + t* = O(l), this rogue wave is approx-
imately a lower (NIQ, NzQ)-th order rogue wave [11,N19. Ny (X, 1),
M2,N1Q,N2Q(X,l), u3,N1Q,N2Q(X7 t)], where (NlQ, NQQ) are provided in Theo-
rem 3.12. Internal parameters in this lower-order rogue wave, (ay.1,4a2.1, .- .,
&3N1Q_1, Dand(ain,a22, ..., &3N2Q_2, 2), are the same as those in the original
rogue wave, i.e.,

aji=ajr=aj;, j=12,4,5:--. (3.272)

The error of this lower-order rogue wave approximation is O (|ay,| ™). Expressed
mathematically, when |a,,| > 1 and x2+2=0Q0),
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Uk, N.0(X, 1 a2, 04,05, -+ ) = Uk Ny Ny (X, 15Aj1, 42, ] =1,2,4,5,..)

+ O(lam|™), (3.273)

where k = 1, 2, 3. If zero is not a root of QE\’,"] (2), then in the inner region, this

rogue wave approaches the uniform background [pje*1x+@10) | p, pitkaxtant)

ip3e—i[(k1+k2)x+(w1+w2)t]] when lam| > 1.

Theorem 3.17 For the R-type rogue wave [u1 o n(x, 1), u2.0,n(x,1), u3,0n(x,1)]
in the three-wave resonant interaction system (3.267), suppose |a,| > 1 and all
other internal parameters O(1). In addition, suppose all nonzero roots of R%"](z)
are simple. Then, the following statements for this rogue wave hold.

1. In the outer region, where Vx2+1t>2 = O(lan|'™), this rogue wave
asymptotically separates into Mp isolated fundamental rogue waves,
where Mpg is given in Eq.(3.201). These fundamental rogue waves are
[d1(x — Xo,t — fo) eikixtoit) fr(x — %o, t — 1p) eitkaxtwat) u3(x — Xo, 1 —
fo) e~ ilkitk)x @it yhere functions it j(x,t) are given in Eq.(2.772) of
Sect. 2.10, and their positions (Xg, fy) are given by

1/m Y I/m »
20am  —AR 20am —AR
. 3 |: c1pr—crag :| . I |: a1—pi ]
Xo = T e h 1 tg = o — (3.274)
a1 —p1 c1p1—c2ug
J |:61/31*L'20!1] J [ a1—pi :|
where 7z is each of the Mg nonzero simple roots of Rk,'l](z), (a1, B1) are given
in the expansions of Theorem 2.15, and Agisa zo-dependent O (1) quantity. The
error of this fundamental rogue wave approximation is O (|a,,|~"/™). Expressed

mathematically, when |ay| > 1 and (x — )?0)2 + (t — tAo)2 = O(1), we have the
following solution asymptotics

uron(x, 1) = iy (x — Ro, t — fo) ¥+ + O (|a,|71/m),

Uz, 0N (x, 1) = lia(x — Ro, t — fp) 02¥+2D 1+ O(|ay,|~Vm),

uzoN(x, 1) = ii3(x — Ro, t — fp) e LE1HRI+@IFO)] 4 O (|q,,|=1/m).
(3.275)

2. If zero is a root of the Okamoto-hierarchy polynomial RK,"J(z), then in the
inner region, where x> + t*> = O(1), this rogue wave is approximately
a lower (Nig, Nagr)-th order rogue wave [u1 Ny Nog (X, 1), U2, Nig,Nog (X, 1),
U3, Nig,Nag (X, 1)1, where (N1g, Na2g) are provided in Theorem 3.13. Internal
parameters (a1,1, 02,1, - - -, 3N,z—1,1) and (412,422, ..., A3Nyz—2,2) in this
lower-order rogue wave are the same as those in the original rogue wave, i.e.,

aji=ajr=aj, j=12,4,5--. (3.276)
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The error of this lower-order rogue wave approximation is O (|ap| ™). Expressed
mathematically, when |ay| > 1 and x* + t* = 0(1),

uron(x, 15 a2, a4,as, ) = Up Ng Nag (X, 154j,1,450, 7 =1,2,4,5,...)

+ O0(lam|™, (3.277)

where k = 1,2, 3. If zero is not a root of Rk}”(z), then in the inner region, this
rogue wave approaches the uniform background [pje*1X+@10) | p, pitkaxtant)
ipzeilkitk)xt@i+o)t) ywhep |a,,| > 1.

Proofs of these theorems are very similar to those for the Manakov system and are
omitted here (see Yang and Yang (2023a) for details).

These theorems indicate that, similar to the Manakov case, patterns of Q- and
R-type rogue waves in the three wave system are also linear transformations of root
structures of QE\’]"] (z) and RE\',"] (z) polynomials to the leading order, but are nonlinear
transformations of those root structures when the next-order position corrections are
included.

Comparison Between Predictions and True Solutions

Now, we compare predictions from Theorems 3.16-3.17 to true solutions. For this
purpose, we choose velocity values as (c1, ¢z, c¢3) = (1,9/20,0), and the first
wave’s background amplitude p; = 1. Then, the other two waves’ background
amplitudes can be derived from Eq. (3.269) as p; = 25 /3 and p3 = V11 /3 (we
have taken the plus signs).

Q-Type

We first compare Q-type rogue waves of the three-wave system and set N = 2.
Regarding their three internal parameters (az, a4, as), we choose one of them large
and the other two zero. Then, when that large parameter is taken as one of

ar =40i, a4 =300, a5 =3000i, (3.278)

the three predicted rogue waves from Theorem 3.16 are displayed in the three
columns of Fig. 3.28, respectively. The first row of this figure shows the predicted
(%o, o) locations from formulae (3.270) applied to all roots of Qg"](z). At each of

the (%o, fo) locations resulting from nonzero roots of Q[zm](z), a fundamental rogue
wave of the three-wave system is predicted. Our prediction for the center regions is
based on Eq. (3.273) of Theorem 3.16. In this prediction, the (N1 g, N2¢) values for
these three rogue waves are the same as those given in Eq. (3.227) earlier. Internal
parameters in these predicted lower (N1g, N2g)-th order rogue waves in the center
region are all zero due to our choices of internal parameters in the original rogue
waves. These predictions for (|ui|, |uz|, [u3|) in the outer and inner regions are



3.3 Rogue Patterns Associated with Okamoto Polynomial Hierarchies 329

a2=40i a4=300 as=3000i
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Fig. 3.28 Predicted Q-type second-order rogue waves from Theorem 3.16 in the three-wave
system. Each column shows a predicted rogue wave with a single large parameter a,, whose
value is indicated on top, and all other internal parameters are set as zero. First row: predicted

(%o, fo) locations from formulae (3.270) applied to all roots of ngj(z). Second row: predicted
|uq(x, t)|. Third row: predicted |u2 (x, t)|. Last row: predicted |u3(x, t)|. The (x, ¢) intervals in the
three columns are —19 < x, ¢ < 19, —23 < x,t < 23, and —25 < x,t < 25, respectively

assembled together similar to that explained in the caption of Fig. 3.22 and plotted
in the second to fourth rows of Fig. 3.28, respectively.

It is easy to see that these predicted rogue patterns in Fig. 3.28, although being
produced from the root structures of Q[zm](z) polynomials in Fig. 3.20, look totally
different from those root structures. The reason is the nonlinear mapping of the next-
order correction term in formulae (3.270), which induces strong deformations to the
linearly mapped result from the leading-order term in (3.270). These deformations,
under our current velocity choices of (cy, ¢2, c3), are much stronger than in the

previous Manakov case, at comparable a,, values. However, as we have explained
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az=40i a4=300 as=3000i
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Fig. 3.29 True Q-type second-order rogue waves of the three-wave system for the same parame-
ters and (x, t) intervals as in Fig. 3.28

in the previous subsection, if we increase the |a,| values, these deformations
will become weaker, and rogue patterns will approach linearly transformed root
structures of Okamoto-hierarchy polynomials and will thus be more recognizable

To compare these predictions to true solutions, we plot in Fig. 3.29 the corre-
sponding true solutions. It is easy to see that the agreement is excellent, confirming
the validity of Theorem 3.16. This agreement also indicates that, predictions from
our Theorem 3.16 are highly accurate, even when rogue patterns are strongly
deformed from Okamoto-hierarchy root structures.

R-Type

Next, we consider R-type rogue waves, and set N = 3. Regarding their internal
parameters (az, a4, as, a7), we choose one of them large, and the others zero. Then,
when that large parameter a,, is taken as one of

a, =301, a4 =200, as=0600i, a7;=>5000, (3.279)

predicted rogue waves from Theorem 3.17 are displayed in the first two rows of
Fig.3.30. The first row of this figure shows the predicted (%, 7)) locations by
formulae (3.274) applied to all roots of Rgm] (z). The second row shows the predicted
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Fig. 3.30 Comparison between predicted and true R-type third-order rogue waves of the three-
wave system. Each column is for a rogue wave with a single large parameter a,,, whose value
is indicated on top, and all other internal parameters are set as zero. Top row: predicted (%o, 7o)

locations by formulae (3.274) applied to all roots of Rg’"](z). Middle row: predicted |uj(x, 1)|.
Third row: true |uj(x, t)|. The (x, t) intervals in the four columns are —21 < x,t < 21, =23 <
x,t <27, =24 <x,t <24,and —23 < x,t < 23, respectively

amplitude fields |u]| (the other two fields |u;| and |u3| are not shown for brevity).
These amplitude fields in the outer region are predicted by the fundamental rogue
waves in Theorem 3.17, and these fields in the inner region are predicted by the
lower (N1r, Nagr)-th order rogue waves with all-zero internal parameters, and their
(N1R, Nag) values are as given in Eq. (3.229).

As in the earlier Q-case, predicted rogue patterns in Fig.3.30 also look very
different from the underlying root structures of Rgm] (z) polynomials in Fig. 3.21.

In the bottom row of this same figure, the corresponding true solutions |u1]
are plotted. Again, perfect agreement is seen between our predictions and the true
solutions, confirming the predictive power of our Theorem 3.17.
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3.4 Rogue Curves Associated with Double-Real-Variable
Polynomials in the Davey-Stewartson I Equation

The Davey-Stewartson I equation admits a class of rogue wave solutions whose
wave crests form closed or open curves in the spatial plane, which we call rogue
curves. These rogue curves come in various striking shapes, such as rings, double
rings, and many others. They emerge from a uniform background (possibly with a
few lumps on it), reach high amplitude in such striking shapes, and then disappear
into the same background again. These rogue curves would arise when an internal
parameter in bilinear expressions of the rogue waves is real and large, and they can
be predicted by root curves of certain types of double-real-variable polynomials.
These results were first reported in Yang and Yang (2024b) and will be described
below.

3.4.1 Rogue Curves in the Davey-Stewartson I Equation

The Davey-Stewartson-I (DSI) equation is
. _ 2

i, = v Ay + (€lAP — 2004, } (3.250)
Oxx — Qyy = €(|A] ) xx,

where ¢ = =1 is the sign of nonlinearity. Explicit rogue wave solutions in this
equation have been presented in Theorem 2.18 of Chap.2. Those rogue waves
contain various types of solutions, such as multi-rogue waves and higher-order
rogue waves, depending on whether the spectral parameters in them are the same
or different. In addition, those solutions contain many free internal parameters.
In this section, we consider the higher-order rogue waves where all the spectral
parameters are the same, and their internal parameters are under certain restrictions.
Expressions of such higher-order rogue waves are simpler and are given in the
following lemma.

Lemma 3.4 The Davey-Stewartson I eqaution (3.280) admits higher-order rogue
wave solutions

g
Ap(x,y, 1) = «/5? Oalx,y, 1) =1—2e(log f),, (3.281)
where A = (n1,na, ..., ny) is an order-index vector, N is the length of A, each n;

is a nonnegative integer, n1 < np < --- < Iy,

k
f=w g=u w= det (m‘]) , (3.282)
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the matrix elements ml(k]) of Ty are given by
min(n,-,nj)
k _
mi = Y g Sl R+ vs1S, e (K) + vs], (3.283)

v=0

vectors xi(k) = (xli, xéc, . ) are defined as

P 0 (2 1 >,
x, (k) = X1+ X2+ —=px1+ —px2+ké 1 +a, (3.284)
rlp rip? r! r!
-1 -2)" 1 2r
x, (k) = =D X_1+ (=2) X2+ —px1 + —pzx_z —kd,1+a), (3.285)
r'p rip? r! r!
1( +y) ! ( ) 1'1‘ 1'1‘ (3.286)
x1=—=(x , x_1=—€(x—7y), xp=-—=Iit, Xx_p= —Iit, .
1=3 y 1=3 y 2 5 2= 5
p is a real constant, §,,1 is the Kronecker delta function which is equal to 1 when
r = 1 and 0 otherwise, s = (0, 52, 0, s4, - - - ) are coefficients from the expansion
Sl 2 A
D si¥ =In| Ztanh =) |, (3.287)
A 2
k=1
and ay,az, ..., a,, are free complex constants.

Derivation of this lemma from Theorem 2.18 is simple and can be found in Yang
and Yang (2024b).

Notice that the free internal complex parameter a; can be absorbed into (x, t) or
(v, t) through a coordinate shift. In addition, under the variable transformation of
Q0 — Q+¢€|A%, x <> y,and € — —e¢, the DSI equation (3.280) is invariant. Thus,
we will set

e=1, a =0, (3.288)

in this section without loss of generality. In addition, we denote a =
(07 az, ..., al‘lN)'

To demonstrate rogue curves in DSI, we show two examples. In the first example,
we choose

p=1, A=(,4), a=/(0,0,0,5000). (3.289)

The corresponding solution |A| from Lemma 3.4 at four time values of t =
—3,—1,0 and 3 is shown in Fig.3.31. It is seen that a rogue wave in the shape
of two separate open curves symmetric with respect to the x-axis arises from the
uniform background in the (x, y) plane. This rogue curve reaches peak amplitude
of 3+/2 at t = 0, and then retreats to the same uniform background again. The
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X X X X

Fig. 3.31 A rogue curve (|A|) in the DSI equation (3.280) at four time values of t = —3, —1,0
and 3 for parameter choices in Eq. (3.289). In all panels, —500 < x < 500, and —30 < y < 30

t=—4 #=-2 t=0 (=4
x x X X
Fig. 3.32 A rogue ring (|A|) in the DSI equation (3.280) at four time values of t = —4, —2, 0 and
4 for parameter choices in Eq. (3.290). In all panels, —500 < x < 500, and —10 <y < 40

shape of this rogue curve is not parabolas but more complex, and its appearance is
mysterious.
An even more interesting example comes when we choose

p=1, A=(@2,3), a=/0,0,2000), (3.290)

and the corresponding solution |A| from Lemma 3.4 at four time values of t =
—4,—2,0 and 4 is shown in Fig.3.32. It is seen that at large times (t = +4), the
solution contains two lumps on the uniform background. But at the intermediate
time of t = —2, a rogue wave whose crests form a closed curve in the (x, y) plane
starts to appear between the two lumps (we call this rogue closed curve a rogue
ring). This rogue ring reaches peak amplitude of 3+/2 at t = 0, after which it starts
to disappear and becomes invisible when t = 4. The appearance of this rogue ring
is more mysterious.

How can we understand these rogue curves? In particular, how can we analyti-
cally predict the shapes and locations of these rogue curves? This will be done in
the next subsections.
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3.4.2 A Class of Double-Real-Variable Polynomials and Their
Root Curves

It turns out that the rogue curves such as those in Figs. 3.31 and 3.32 can be predicted
through a certain class of double-real-variable polynomials and their root curves.
Such polynomials and their root curves are described below.

We introduce a class of special polynomials in two real variables (z1, z2), which
can be written as a determinant

Sz, 22) SE:T]_I(Z],ZZ) SE:?]_N+1(ZI7ZZ)
SM(z1,20) 8™ (21, z2) - S L (21, 22)
ny 1, ZZ }12—1 le Z2 nz—N-‘rl Zlv ZZ

P (21, 22) = . (3291
Siml(zy, ) S (2rizo) - S L 1l 22)
where S,Em] (z1, z2) are Schur polynomials in two variables defined by
o
ZS,[cm](zl, )€k = exp (226 + 7162 + 6”‘) , m >3, (3.292)
k=0
A = (ny,ny,...,ny) is an order-index vector, and S,[cm](zl, z2) = 0if k < 0. This
determinant is a Wronskian (in z3) since we can see from Eq. (3.292) that
I om [m]
—S; (21, 22) = 5,2 (21, 22)- (3.293)

022
A few such polynomials are given below by choosing specific m and A values,

m=4,4=01.49: PV ) = (d+4ud -4 - 8) /3, (3.294)
m=34=023: Pl ) = (d+ 12 - 1205) /12, (3.295)
m=4,A=@2.4: PG n) =2 (z‘z‘ 4712 + 128 — 24) /24, (3.296)
m=5A=@5: P2 = o (S 16258 + 12034

+7207% — 48023 — 2880z112> . (3.297)
By setting

P21, 22) = 0 (3.298)
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Fig. 3.33 Root curves zo = R4 _n(z1) of the double-real-variable polynomial #';"'(z1, z2) in the
(z1, z2) plane for parameter choices in Eqgs. (3.294)—(3.297), from left to right, respectively

[m]
A

for real values of (z1, z2), we get root curves of this equation in the (z1, z2) plane.
Let us denote these root curve solutions as

22 = Ram(z21)- (3.299)

For the above four examples of P[/'\"](zl, 72), their root curves are displayed in
Fig.3.33. As one can see, these root curves may be an open curve, as in the first
example, or a closed curve, as in the second and fourth examples, or a mixture of
open and closed curves, as in the third example. For closed curves, they can be a
single loop as in the second example, or a connected double loop as in the fourth
example. Other varieties of these curves are also possible for other examples of
SD[X’](Q, 22), such as disconnected double loops and so on.
On a root curve, there may exist some special points where

873[/’\"](21, 22)

0. (3.300)
022

Such special points will be important to us, and we will call them exceptional points
of the root curve. These exceptional points satisfy both Eqgs. (3.298) and (3.300). To
easily see where these exceptional points are located on a root curve, it is helpful to
consider the dynamical system

dz
d—f =P (21, 22), (3.301)

where 75 is treated as a real function of time 7, and z; is treated as a real parameter.
For this dynamical system, the root curve (3.299) gives its bifurcation diagram,
while Eq. (3.300) is the bifurcation condition on this diagram. From this point of
view, it is then clear that the exceptional points of the root curve are the bifurcation
points of this root curve (when this root curve is viewed as a bifurcation diagram).
This realization then makes it very easy to identify exceptional points of the root
curve. For example, on the root curve in the second panel of Fig.3.33, the left
and right edge points of the curve are exceptional points because saddle-node
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bifurcations occur there. The root curve in the third panel of Fig.3.33 has four
exceptional points. Two of them are in the lower and upper half planes where saddle-
node bifurcations occur, while the other two are on the z; axis where pitchfork
bifurcations occur. The root curve in the fourth panel of Fig.3.33 also has four
exceptional points; three of them are where saddle-node bifurcations occur, while
the fourth one is at the intersection between the upper and lower loops where a
transcritical bifurcation occurs. The first panel of Fig. 3.33 does not have exceptional
points since no bifurcation occurs here.

One may notice that the first two root curves in Fig. 3.33 resemble the shapes of
rogue curves in Figs. 3.31 and 3.32. Indeed, the root curve of P[/’l"](m, Z») turns out
to be closely related to rogue curves in DSI, as we will show in the next subsection.

3.4.3 Analytical Prediction of Rogue Curves Through Root
Curves

In this subsection, we analytically predict the shapes of rogue waves in DSI. For this
purpose, we make the following restrictions on parameters in DSI’s rogue waves in
Lemma 3.4.

1. Wesetp =1.
2. For a certain m > 3, a,, is real, a,, >> 1 when m is even and |a,,| > 1 when m
is odd, and the other a; values in a are O (1) and complex.

The other cases of p # 1 and large negative a,, when m is even will be briefly
discussed at the end of this subsection.

One may notice that the parameter choices (3.289)—(3.290) for Figs.3.31 and
3.32 meet these restrictions. In both cases, p = 1. In addition, in (3.289), a4 = 5000
is large positive. In (3.290), az = 2000 is large.

Under the above parameter restrictions, we will show that rogue curves in DSI
would appear, and their shapes in the (x, y) plane would be predicted by the root
curves of SD[X[](Z 1, z2). To present these results, we first introduce some definitions.

Let us define a curve y = y.(x) in the (x, y) plane, which we call the critical
curve, as

x=2za2", ye(x) = 2ay", (3.302)

where (z1, z2) is every point on the root curve of P[X'](zl, z2). Alternatively, the
critical curve can be defined by the equation

p[/;nl( x yc(x)>:O’ (3.303)

2 o1
Zam/m am/m

or
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x
Ye(x) = a,ln/mRA,m (W) ) (3.304)
2ay,,

using the notation in Eq. (3.299). This critical curve may also contain exceptional
points where

0 [m] X Ye
Zp ERLI Y (3.305)
Iye A <2a,3/’” ap™

Such points are also bifurcation points of the critical curve when this curve is
viewed as a bifurcation diagram, because a dynamical system point of view similar

to Eq. (3.301) also applies here. It is easy to see that an exceptional point (x(©), yée))

of the critical curve is related to an exceptional point (zge), zée)) of the root curve as

x©@ =2a2" 0 3O =)/ (3.306)

Thus, the two exceptional points are simply related by a stretching along the
horizontal and vertical axes.
Under these definitions, we have the following theorem.

Theorem 3.18 Let A 4 (x, y, t) be a DSI’s rogue wave with order-index vector A =
(n1,ny,...,nyN) in Eq.(3.281) of Lemma 3.4. Under the parameter restrictions
mentioned above and when time t = O(1), we have the following asymptotic result
on the solution A o(x, y, t) in the (x, y) plane for large |ay|.

1. If (x, y) is not in the O (1) neighborhood of the critical curve y = y.(x), then the
solution A 4(x, y, t) approaches the constant background ~/2 as |ay| — +00.

2. If (x, y) is in the O(1) neighborhood of the critical curve y = y.(x), but not in
the O (1) neighborhood of its exceptional points, then the solution A (x,y,t)
at large |ay| would asymptotically form a rogue curve Ag(x,y,t), whose
expression is

AR(x,y,0) =~2| 1+ dr — 1 . (3.307)
[y — Ye()P* +412 + 1

The error of this rogue curve approximation is O(a,, 1/ ™). Expressed mathe-
matically, when (x, y.(x)) is not an exceptional point of the critical curve and
[y(x) — ye(x)| = O(1), we have the following solution asymptotics

Ap(,y.0) = Ar(x, .0 + O (lanl ™). (3.308)

The proof of this theorem can be found in Yang and Yang (2024b).
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Notice that Ar(x, y, t) in Eq. (3.307) is the same as the Peregrine rogue wave of
the nonlinear Schrodinger equation (along the y direction), except for a y-directional
shift. The peak location of |[Ag(x, y, #)| at each y value is at y = y.(x). All these
peak locations from different x values fall precisely on the critical curve y = y.(x).
Thus, we can say the critical curve y = y.(x) predicts the spatial location of the
rogue curve. The full rogue curve surrounding that critical curve is predicted by
the function Ag(x, y, t). The root curves of P[X'] (z1, z2) involved in Eq. (3.302) for
those predictions are precisely the ones shown in the left two panels of Fig.3.33.
In cases where the root curve is closed so that z; of the root curve is only on a
limited interval (see the second panel of Fig. 3.33 for an example), this Ar(x, y, t)
prediction would be only for a limited x interval as well in view of Eq.(3.302).
Outside that x interval, our prediction of A 4 (x, y, t) would be the background value
V2 as long as (x, y) is not in the O (1) neighborhood of the critical curve y = y.(x),
according to the first statement of Theorem 3.18.

The only (x, y) places where Theorem 3.18 does not make a solution prediction
are O (1) neighborhoods of the exceptional points on the critical curve y = y.(x). In
such special neighborhoods, a more elaborate analysis is needed in order to predict
the solution behavior there.

Next, we compare analytical predictions of rogue curves in Theorem 3.18 to true
solutions. Since parameter choices (3.289)—(3.290) for Figs. 3.31 and 3.32 meet the
assumptions of Theorem 3.18, we will compare Theorem 3.18’s predictions on them
to the true solutions in Figs. 3.31 and 3.32.

For the first parameter choices (3.289),m =4, a, = 5000, A = (1,4).In
this case, the corresponding root curve of P[/"”] (z1, z2) has been plotted in the first
panel of Fig.3.33. Using that root curve, we can obtain the predicted rogue curve
ARg(x,y,t) from Egs. (3.302) and (3.307). At four time values of t = —3, —1, 0 and
3, corresponding to the time values chosen in Fig. 3.31, this Ag(x, y, t) prediction
is plotted in Fig. 3.34. Comparing this figure to Fig.3.31, we see that they closely
match each other.

=-3 t=—1 t=0 =3

X X X X

Fig. 3.34 Analytical predictions of the rogue curve in the DSI equation (3.280) for the parameter
choices of (3.289) at four time values of r = —3, —1, 0 and 3. The (x, y) intervals here are the
same as those in Fig. 3.31 for easy comparison
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Fig. 3.35 Analytical predictions of the rogue ring in the DSI equation (3.280) for the parameter
choices of (3.290) at four time values of t = —4, —2, 0 and 4. The (x, y) intervals here are the
same as those in Fig. 3.32 for easy comparison

For the second parameter choices (3.290), m = 3, a, = 2000, A = (2,3).
In this case, the corresponding root curve of P[X'](z 1, 22) has been plotted in the
second panel of Fig.3.33. Using that root curve, we obtain the predicted rogue
curve Ar(x,y,t) from Egs. (3.302) and (3.307). This Ar(x, y, t) prediction only

holds for the x interval of <2zl,La,2,,/m, ZZl,Ra,Z,,/m), where (21,1, z1,r) 1s the z1

interval of the underlying root curve in the second panel of Fig. 3.33. For this root
curve, z1 g = —2z1.1 = 3?/3/2 ~ 1.0400. Thus, the x interval of this Ag(x, y, )
prediction is |x| < 6000%/3 2 330.19. Outside this x interval, we will use the
uniform background V2 prediction for A 4 (x, y, t) according to the first statement
of Theorem 3.18. At four time values of t = —4, —2, 0 and 4, corresponding to the
time values chosen in Fig.3.32, this Ag(x, y, t) prediction is plotted in Fig. 3.35.
Note that in this example, the critical curve y = y.(x) contains two exceptional
points, which correspond to the left and right edge points of the rogue ring seen in
the second and third panels of Fig. 3.35. According to Theorem 3.18, our predicted
solutions in all four panels of Fig.3.35 are not expected to be valid in the O(1)
neighborhoods of those edge points.

Comparing our predicted solution in Fig. 3.35 to the true one in Fig. 3.32, we see
that the predicted rogue ring closely matches the true one in its shape and location.

The predicted solution in Fig. 3.35 and the true one in Fig. 3.32 also have notable
differences though, and those differences are mostly at or near the left and right
edges of the rogue ring. At those edges, the true solution shows a lump there, which
is very narrow and hardly visible at # = 0 but becomes wider and more visible as |¢|
increases. The predicted solution, however, does not exhibit such lumps. The reason
for this difference is clearly due to the fact that those edge points are exceptional
points of the critical curve, where our predicted solution does not hold according to
Theorem 3.18. So, there are no contradictions between the analytical theory and the
true solution here.

The results of Theorem 3.18 are for the case of p = 1 in rogue waves of
Lemma 3.4. If p # 1, rogue curves can also be predicted, and such rogue curves
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would be a linear transformation of those for p = 1 in the (x, y) plane (see Yang
and Yang (2024b) for details).

The results of Theorem 3.18 also exclude the case of large negative a,, when m is
even. In that case, rogue curves can also arise, but they will be predicted analytically
through root curves of slightly modified double-real-variable polynomials, where

the matrix elements S,Em] (z1, z2) in Eq. (3.291) are replaced by S,Em] (z1, 22), which
are defined slightly differently as

o

alm]
ZSkm (z1, zz)ek = exp (zze + zlez — e”‘) , m>3. (3.309)
k=0

See Yang and Yang (2024b) for details.

3.5 Super Rogue Wave of High Order in the Nonlinear
Schrodinger Equation

In previous sections, the rogue patterns occur when certain internal parameters in
the rogue wave solutions were large. In (1+1)-dimensional systems, such as the
NLS equation and many others, those rogue waves under large internal parameters
would often split into a number of fundamental rogue waves, plus possibly a lower-
order rogue wave at the center. Because of such splitting, rogue waves with large
internal parameters are generally not the super rogue waves, i.e., rogue waves with
the highest peak amplitude among all rogue waves of a certain order.

Super rogue waves are important, because they would cause the greatest damage
should they occur in nature. For this reason, profiles of super rogue waves are of
great interest. At low order, such profiles can be numerically plotted. At high order,
it is possible to analytically determine such profiles by asymptotic methods. So far,
this large-order asymptotic profile of the super rogue wave has been derived for the
NLS equation by Bilman et al. (2020), and their results are described below.

The NLS equation (3.13), under a gauge transformation of u(x, ) = ey(x, 1),
can be rewritten as

1
W+ S Ve + (yI* = Dy =0. (3.310)

Super rogue waves in this equation were derived by Guo et al. (2012) using Darboux
transformation, and their expressions are as follows. Let quantities Fj(x, ) and
G (x, t) be defined by generating functions

sin [<x + mm]

o] 1
(1 —id) = =Z(%i) Fi(x,H)(h — 1), (3.311)
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o
cos [(x + AV + ] => ( ) Gi(x, ) (h — ). (3.312)
=0
Define a k x k matrix K® (x,1t) by

p—1g—1

k¥, f>—ZZ<“+U) g1 (6 ) Py 1 (6,1)
n=0v=0
+Gymvmt (6.0 G 1 (6,1)) (3313)

where 1 < p, g <k, and a k x k rank-one perturbation H® (x, 1) by

HY (x.1) = =2 (Fpoi(x, 1) + Gpoi (x. ) (Fy1 (x, )
—Gyo1(x, "), 1=<p,q=<k. (3.314)

Then, the super rogue wave of order k in Eq. (3.310) is

det (KO (x, 1) + H® (x, 1))

1) = (=DF 3.315
Vr(x, 1) = (=1) aet (KOG, 1) ( )

It can be shown that (Bilman et al. 2020)
Yi(0,0) = (=D 2k + D). (3.316)

Thus, the peak amplitude of the k-th order super rogue wave is 2k + 1. This result is
consistent with Eq. (2.97) that was obtained for super rogue waves from the bilinear
method.

Using the determinant formula (3.315), the first four super rogue waves are
plotted in Fig. 3.36. One can see that the amplitude of the super rogue wave of order
k increases with k, and the extreme amplitude is achieved at a central peak located at
the origin. In addition, the solution near the origin changes more and more rapidly
in x and ¢ as k increases. Furthermore, the solution becomes more complex as k
increases, with the formation of more and more subordinate peaks in amplitude.

The above determinant solution (3.315) allows a representation via a Riemann-
Hilbert Problem. In this latter formulation, the asymptotic description of the solution
¥ (x, t) at high order k can be obtained in the near-field limit, i.e., for (x, #) in a small
neighborhood of the origin that is shrinking in size as k — oo. This asymptotic
near-field profile is given in the following theorem (Bilman et al. 2020).

Theorem 3.19 Let Y (x,t) be the super rogue wave (3.315) of the NLS equa-
tion (3.310). Then, if k = 2n,

n I X, n T =T X, T)+ 0™, n > oo, (3.317)
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P

Fig. 3.36 The NLS super rogue waves |y (x,?)| for k = 1,2, 3,4. Taken from Bilman et al.
(2020)

while if k =2n — 1,
Yoo I X T =0 (X, T+ 0(n”Y), n— . (3.318)

The functions W*(X, T), called super rogue waves of infinite order, are global
solutions of the NLS equation

1
W+ Sy + WP =0, (3.319)
and they are given by
wEX,T)=2i lim APliz(A; X, T), (3.320)
A—00

where P]iz(A; X, T) is the first row, second column of a 2 x 2 matrix function
PE(A; X, T) that is analytic in the complex A plane for |A| # 1. Across the unit
circle |A| = 1, PY(A; X, T) are connected by the jump condition

Pi(A’ X, T) — P:E(A, X, T)efi(AX+A2T)03 QeZFZiA71673 Q*lei(AX+A2T)O’3’

Al =1, (3.321)
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Fig. 3.37 Graphs of Re(¥ (X, T)) (blue) and Im(¥ (X, T)) (maize), from left to right for 7 =
0,0.2,0.4, 0.6, 0.8. Taken from Bilman et al. (2020)

where

1 (11 10
Q:E<1 1), 63:(0_1). (3.322)

At infinity of the complex A plane, the normalization condition of P¥(A; X, T) is
PEA; X, T)—> 1, A— oo, (3.323)

where I is the identity matrix.

The functions ¥ (X, T) and ¥~ (X, T) are related as
(X, T)=-¥"(X,T). (3.324)

In addition, they satisfy the following symmetry relations,
UE—X, T)=v* X, T), v X, -T)=v*X,T)". (3.325)
Furthermore, ¥*(0,0) = =+4. Graphs of ¥ (X, T) at various T values are
displayed in Fig.3.37. These super rogue waves of infinite order ¥+ (X, T)

give the asymptotic predictions of super rogue waves at high order through the
scalings (3.317)—(3.318).



Chapter 4 m
Experiments on Rogue Waves ke

Rogue waves predicted by the nonlinear Schrodinger equation and the Manakov
equations have been observed in various physical systems such as optical fibers,
water waves, plasma, and Bose-Einstein condensates. In this chapter, we describe
these observations.

4.1 Observation of NLS Rogue Waves in Optical Fibers

Evolution of light transmission in optical fibers in the anomalous-dispersion regime
is described by the normalized NLS equation (1.96), i.e.,

1
g + SurT + lul?u = 0, (4.1)

where u is the complex envelope of the light’s electric field normalized by PO1 / 2,
£ is the propagation distance z normalized by (yPy)~!, and T = t — Bz is
the retarded time normalized by (|82]/y Po)'/ 2 Here, P, is a characteristic light
power, B, !is the carrier wave’s group velocity, §; is the group-velocity-dispersion
parameter which is negative in the anomalous-dispersion regime, and y is the
nonlinear coefficient.

The Peregrine rogue wave in Eq. (4.1) is

4.2)

wE, T) = [1 1 + 215) ]eif.

1 +4T2 4482

This wave in physical units can be obtained from the above variable normalizations.
It was first observed in optical fibers as a limit of the Akhmediev breather by
Kibler et al. (2010). Akhmediev breathers are a family of T -periodic and &-localized
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waves in the NLS equation (4.1) and were first reported by Akhmediev and Korneev
(1986). Their expressions are

(1 — 4a) cosh(bE) + ib sinh(b€) + ~/2a cos(2T)
V2a cos(2T) — cosh(b§)

uE, T) = [ } &€, (4.3)

where b = [8a(l — 2a)]'/?, 2 = [4(1 —2a)]"?, and 0 < a < 1/2 is a free
parameter. When |&| >> 1, this breather’s tail behaves as

u(€, T) ~ [4a — 1 — ibsgn(§) + @ cos(2T)] ¥, (4.4)

where « is a §-related small parameter. At§ = 0, this wave reaches a peak amplitude
of 1+ 2+/2a. Importantly, when a — 1/2, this Akhmediev breather approaches the
Peregrine wave (4.2).

The experimental setup by Kibler et al. (2010) is shown in Fig. 4.1 (left panel).
The initial signals (pump and seed) were generated from two telecommunications-
grade external-cavity lasers, with the pump laser at wavenumber A, = 1554.53 nm
and the seed laser at a nearby wavenumber A;. The fiber used was 900 m of highly
nonlinear fiber with g = —8.85 x 10728s?m~! and y = 0.01W !m~! at Ap.
The fiber was dispersion-flattened to have low third-order dispersion. Fibre loss was
1dB/km. A phase modulator was used to broaden the narrow intrinsic external-
cavity-laser linewidths so as to suppress Brillouin scattering in the fiber at the power
levels used in our experiments. Both the pump and the seed were then amplified
to the power levels used in the experiments by means of an erbium-doped fiber
amplifier. The injection set-up was all-polarization maintaining to maximize the
modulation-instability process occurring in the optical fiber. A low-noise amplifier
was used so as to clearly favour the induced wave dynamics over spontaneous
broadband modulation instability.

In the experiment, an input field A(z = zo, 7) = ~/Po[l + Umoq eXpiwmoa)]
was injected into the fiber. The input power was Py, and a4, ®mod Were the
modulation strength and frequency. By comparing this input field with the tail (4.4)
of the Akhmediev breather, we see that the frequency w;,,4 here is related to the
modulation parameter a of Eq. (4.4) by a = [1 — a)ﬁwd/(4y Py/1B21)]1/2. To observe
the Peregrine rogue wave, a should be made as close to 1/2 as possible. It is
acknowledged that this experimental input is not the ideal one for the Peregrine
rogue wave (it is not even ideal for the Akhmediev breather, see Eq. (4.4)). Thus,
deviations between experiments and the true Peregrine wave should be expected,
especially at longer distances (these deviations were later studied in Hammani et al.
(2011) and Erkintalo et al. (2011)).

When the input field was taken as Py = 0.30W, wpoq = 241 GHz = 1.514 x
10'%rad/s, and aoq = 0.225, the measured temporal intensity profile of the
maximally compressed pulse (at nondimensional propagation distance & = 2.5)
is displayed as the blue line with markers in Fig. 4.1 (right panel). The peak power
of the retrieved profile was calculated from the measured output power with no free
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Fig. 4.1 Observation of Peregrine rogue wave in an optical fiber. Left panel: experimental
setup. ECL: external-cavity laser; EDFA: erbium-doped fiber amplifier; HNLF: highly nonlinear
fiber; OSA: optical spectrum analyser; FROG: frequency-resolved optical gating. Right panel:
experimental results showing the measured temporal intensity profile of the maximally compressed
pulse (blue line with circles), and comparison with the NLS simulation result (red) and the ideal
Peregrine wave (grey). Taken from Kibler et al. (2010)

parameters. At these Py and wy,0q values, a =~ 0.42, which is close to the Peregrine
wave condition. Indeed, the observed peak intensity of the maximally compressed
pulse is seen from this figure as close to 9 times that of the input field (i.e., the
observed peak amplitude is close to 3 times that of the input field), which matches
the Peregrine wave. The observed intensity profile of the maximally compressed
pulse was also compared to the maximal-intensity profile of the Peregrine wave (4.2)
(grey line), and they match as well. These measurements confirm the expected
temporal features of the Peregrine wave—a temporally localized peak (400 fs
duration) surrounded by a non-zero background. The FROG measurements also
confirm the different signs of the peak and background amplitudes through the
measured relative w phase difference.

Due to the imperfect initial excitation in the above experiment, after the first stage
of growth the return to the initial stage is only partial and the nonlinear structure
tends to split into several higher-order structures (Hammani et al. 2011; Erkintalo et
al. 2011), which contrasts the Peregrine dynamics. To better observe the Peregrine
wave, a more advanced experiment was performed by Xu et al. (2019). Their
experimental setup is shown in Fig. 4.2. A frequency comb centered at wavenumber
Ap = 1550nm with a 20-GHz line spacing is first generated by the nonlinear
evolution of a sinusoidal beating in a fiber. In order to have input conditions as close
as possible to the ideal Peregrine wave, the discrete spectral components are then
spectrally shaped in amplitude as well as in phase using a liquid crystal on a silicon
based programmable filter (Waveshaper device). This method is able to synthesize
as an initial condition a close-to-ideal Peregrine wave at any propagation length.
Note that a phase modulator is also inserted in the initial comb source, in order to
prevent the deleterious effects of Brillouin backscattering. Next, the resulting shaped
wave is amplified by a high-power erbium doped fiber amplifier up to average



348 4 Experiments on Rogue Waves

_______________ optical sampling
-------------------------- ‘: oscllioscope

Fig. 4.2 A more advanced experimental setup for observation of the Peregrine rogue wave in a
standard single-mode optical fiber. PM: phase modulator; IM: intensity modulator; EDFA: erbium-
doped fiber amplifier. Taken from Xu et al. (2019)

powers of 28.5dBm (i.e., 0.708 W). The propagation takes place in a combination
of segments of variable lengths made of the most standard fiber that is currently
available, i.e., the single-mode fiber SMF-28, where 8, = —2.1 x 1072082m =1 and
y = 0.0011WIm~1 at & p- Given the high value of 8, the impact of third-order
dispersion is negligible in the spectral bandwidth under study. After propagation
into the fiber, the output field is recorded in the temporal domain taking advantage
of an optical sampling oscilloscope that allows a temporal resolution of the order
of picoseconds. The output spectral properties are also recorded using an optical
spectrum analyzer with a spectral resolution of 2.5 GHz.

In the experiment of Xu et al. (2019), longitudinal evolution of temporal and
spectral intensity profiles of the synthesized initial waveform was investigated in
detail. The input profile programmed on the spectral waveshaper corresponded to
the Peregrine-like structure (4.2) at a normalized distance of £ = y Pyz = —1.2
and is shown as the red curve in Fig. 4.3b. A total of 22 longitudinal measurements
were carried out, involving fiber lengths up to 3 km, corresponding to a normalized
length from & = —1.2 to 1.2. Spatiotemporal intensity measurements are shown in
Fig.4.3al. These experimental measurements nicely reproduce the spatiotemporal
localization of the ideal Peregrine wave (Fig. 4.3a2) and are in excellent agreement
with the analytical Peregrine evolution. The point of maximum temporal com-
pression occurs after 1.5 km of nonlinear propagation. It is worth mentioning that
contrary to previous experimental realizations in Kibler et al. (2010), Hammani et
al. (2011), and Erkintalo et al. (2011), which were based on approximate sinusoidal
inputs, the input here is much closer to the initial ideal Peregrine wave. As a result,
the recorded longitudinal evolution in Fig.4.3al is rather symmetric and does not
show any sign of pulse splitting.

Details of the temporal phase and intensity profiles at the point of maximum
temporal compression are provided in Fig. 4.3b and c. The temporal profile retrieved
at a distance z = 1.5km exhibits the typical signatures of the Peregrine wave.
Compared to the initial localized perturbation (red line) obtained after accurate
phase and amplitude sculpturing of the frequency comb, the wave has been
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Fig. 4.3 A more advanced observation of Peregrine rogue wave in a standard single mode
fiber. (al) Measured longitudinal evolution of temporal intensity profiles. (a2) Analytical inten-
sity evolution of an ideal Peregrine wave (4.2) using dimensional units of experiments. (b)
Experimental intensity and phase profiles (solid and dash-dotted lines, respectively) obtained for
the generated Peregrine-like wave. Black colors: experimental results retrieved at the point of
maximum compression. Red colors: the initial synthesized waveform input. (¢) Real part of the
amplitude profile at the point of maximum compression. Black circles: experimental results; blue
lines: analytical shape of the corresponding Peregrine wave. Taken from Xu et al. (2019)

significantly compressed down to a full width at half maximum of 3 ps. The ratio
between the background and the central peak is up to 8, which is close to 9
of the Peregrine wave. The sharp phase shift between the central part and the
continuous background has also increased up to a value that becomes close to
7. Therefore, the reconstructed field passes twice through the zero value and is
in convincing agreement with the typical Peregrine profile corresponding to the
parameters involved in the experiment.

4.2 Observation of NLS Rogue Waves in Water Tanks

Evolution of one-dimensional gravity-wave packets in deep water with a free surface
is described by the NLS equation, see Sect.1.1.1. This NLS equation has two
forms, the temporal-evolution form (1.32) and the spatial-evolution form (1.44).
For experiments in a water tank where the temporal movement of the wave-
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maker at one end of the tank is prescribed, the spatial-evolution form (1.44) is
more natural. However, to observe special solutions of the NLS equation such as
rogue waves, explicit dimensional expressions of such solutions in the physical
(x, t) space are available from either form of the NLS equation. In addition, those
explicit dimensional expressions out of the two forms of the NLS equation are often
asymptotically equivalent (Chabchoub and Grimshaw 2016). In such a case, it does
not matter which NLS form is used, as long as the motion of the wave-maker at
its spatial location is prescribed according to the explicit (x, #) expression of that
special solution.

In most papers of water wave experiments on rogue waves, the temporal-
evolution form of the NLS equation was used. In nondimensional variables, this
NLS equation is (1.37), i.e.,

20 L0 e o 4.5)
1— + —-— =0, .
af " 20z2 MY
where

i=u/a, ¥=+2ak*(x —cgt), =—-a’k’wt/2, (4.6)

cg = 0/2k, w = \/gk, and a is a representative wave-amplitude parameter which
we will set as the amplitude of the background wave in rogue wave experiments.
The variable u(x, t) is related to the water surface elevation ¢ (x, t) as (1.33), i.e.,

¢(x,t) = Re{u(x, t)expli(kx — wt)]}, 4.7
to the first order of wave steepness, and as (1.34), i.e.,

. 1 .
Z(x,1) =Re {u(x, el k=D 4 Ekuz(x, t)ezl(kx_‘”t)} , (4.8)

to the second order of wave steepness.

4.2.1 Peregrine Rogue Wave

The Peregrine (fundamental) rogue wave in the NLS equation (4.5) on a uniform
background is (2.79), which can be written equivalently as

) a(1+2i0) \ .
(X, 0 =|-14+———"5]¢" 4.9
u(. 1) ( +1+4i2+412>e (49)

Converting to physical units through Eq. (4.6), this Peregrine wave is
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Fig. 4.4 Schematic illustration of the water tank for rogue wave observation. Taken from Xu et al.
(2020)

4(1 —ia*k*wt)
1+ 8a2k*(x — cgt)? + a*k*w?t?

u(x,t) =a <—1 + ) emiRot)2, (4.10)

The experiment to observe this Peregrine rogue wave was performed by Chab-
choub et al. (2011). The water tank used in this experiment was 15m long, 1.6 m
wide, and 1.5 m deep, and the tank was filled with water with mean height of 1 m.
A schematic illustration of the water tank setup is shown in Fig.4.4. A single-flap
paddle activated by a hydraulic cylinder is located at one end of the tank. To avoid
wave reflections from the opposite end of the tank, there is a wave-absorbing beach
there. The surface elevation of water at a given point is measured by a capacitance
wave gauge with a sensitivity of 1.06 V/cm and a sampling frequency of 500 Hz.

In the experiment, the dimensional far-field amplitude of the background was
selected to be @ = 0.01m. The wavelength A of the carrier was set to 0.54 m,
corresponding to a wave number k = 27r/A ~ 11.63/m and frequency w = /gk ~
10.7/s. These values have been chosen in order to ensure that the wavelength is large
enough to ignore effects of surface tension but still small enough to have sufficient
tank length to develop the wave evolution described by Eq. (4.10). The wavelength
also has to be small enough for the whole arrangement to be sufficiently close to the
deep water limit.

The position where the rogue wave develops its maximum amplitude depends
on the initial conditions at the wave maker. In order to demonstrate the evolution
of a nearly periodic Stokes wave towards the most extreme wave state, the position
of the maximum was chosen 9m along the tank. Water surface-height data was
collected at ten positions, with equal separations of 1 m, along the direction of wave
propagation.

Under these experimental conditions, the nondimensional Peregrine wave (4.9) is
displayed in the left panel of Fig. 4.5, and the theoretical leading-order water surface
elevation Re{u(x, r)exp[i(kx — wt)]} associated with the dimensional Peregrine
wave (4.10) versus time at spatial locations of x = —9, —8, - - -, O m are displayed
in the right panel of Fig.4.5.
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Fig. 4.5 Left: the nondimensional Peregrine solution |ii(¥,7)| in Eq.(4.9). Right: theoretical
leading-order water surface elevation Re{u(x, t)exp[i(kx — wt)]} associated with the dimensional
Peregrine wave (4.10) versus time at spatial locations of x = —9, —8, - - -, 0 m under experimental
conditions of Chabchoub et al. (2011)

Experimentally, prescribing the initial condition at the wave maker to resemble
the one in Fig.4.5 (right panel) with x = —9m, the measurement results of
water surface elevations down the tank are displayed in the left panel of Fig.4.6.
This figure shows that the wave is essentially sinusoidal when close to the flap.
This can be seen from the wave profile measured at 10 cm next to the mean flap
position. The flap motion produces a periodic wave with about 1cm amplitude,
with a brief increase of modulation above that level to about 1.4 cm in the middle
of the packet. Measurements at further distances from the wave maker show the
process of amplitude growth of this perturbation which remains strongly localized
and moves along with group velocity, confirming the existence of rogue waves “that
appear from nowhere”. These experimental results agree well with the theoretical
predictions as shown in Fig. 4.5.

The theoretical prediction from the Peregrine solution suggests that the carrier
wave surface elevation should be amplified by a factor of 3. The measurements
came very close to this value. The right panel of Fig. 4.6 represents a surface-height
measurement at a position close to the presumed maximum envelope amplitude.
While the carrier wave has an amplitude of about one centimeter, the surface height
of the “maximum wave” almost exactly reaches a value of three centimeters. By
comparing the measured time series (solid line) with the curve predicted by the
Peregrine solution (dashed line), good agreement can be seen.
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Fig. 4.6 Observation of the Peregrine rogue wave in a water tank. Left: temporal evolution of the
water surface height at various distances from the wave maker. Right: comparison of measured
surface height at the position of maximum rogue wave amplitude (solid line) with the theoretical
Peregrine solution (dashed line) at maximum wave amplitude. Taken from Chabchoub et al. (2011)

4.2.2 Higher-Order Rogue Waves

Second-order NLS rogue waves have also been observed in water tanks. Analyt-
ical expressions of these 2nd-order waves have been displayed in Eq.(2.80) of
Sect. 2.1.1. Their equivalent expressions for Eq. (4.5) are (Ankiewicz et al. 2011)

4.11)

QG.T) = <1 n Go(x, 1) +iKy(x, t)) ei;,

Dy (%, 1)
where

’

Gy =12 [3 — 1654 — 245247 + 1) — 4BF — 8074 — 1272 + 4yt]

Ky = 24 [5(15 — 1654 4 2472 — 48%) — 8(4F% + D

; 1
—161° +y (2?2 —2x% - 5)} ,

Dy = 6450 + 4854 (472 + 1) + 12523 — 47%)2 + 647° + 432F* + 39672 + 9 +

+8 [ﬁ FAF(122 — 472 + 3)] Ty [y F4T(1272 — 4P — 9)] ,

and B,y are arbitrary real constants. These solutions in physical units can be
obtained through Eq. (4.6). Since these waves contain free parameters, they can
exhibit various shapes depending on the choices of parameter values. For two
choices of (8, y) = (0,0) and (50, —50), the corresponding solutions are shown
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Fig. 4.7 Second-order NLS rogue waves (4.11) in Eq.(4.5) with (8,y) = (0,0) in (a) and
(B, y) = (50, =50) in (b)

in Fig.4.7. The solution with (8,y) = (0,0) is the super rogue wave which
has the highest amplitude 5 among this family of solutions, and the one with
(B, v) = (50, =50) gives a rogue triplet, where three Peregrine waves appear at
different space-time locations.

These second-order NLS rogue waves have also been observed in water tanks.
Observation of the super rogue wave was performed by Chabchoub et al. (2012a).
The water tank and its setup here are the same as those in the Peregrine experiment
of Chabchoub et al. (2011) described in the earlier text (see Fig.4.4). As before,
the analytical solution (4.11) is written in dimensional form and shifted in space
in order to observe the formation of the rogue wave at a desired location in the
wave tank. This furnishes the solution at the wave maker and consequently the
signal that drives the paddle. However, a significant difference from the previous
Peregrine experiment is that, since the present super rogue wave is steeper than the
Peregrine wave, in order to get a good agreement between theory and experiment,
the theoretical surface elevation ¢ (x, t) used to drive the wave maker needs to be
calculated from the solution u(x, t) of the NLS equation (4.5) to the second order
in steepness through Eq. (4.8).

The experiment of the super rogue wave was conducted for a carrier amplitude
of a = 0.001 m. The carrier wavenumber was k = 30/m, corresponding to a
frequency of w = +/gk ~ 17.2/s. Close to the wave maker, at a distance of
1 m, the regular background wave was locally perturbed in the middle of the wave
train. The limited length of the wave tank, however, was not long enough to directly
observe the full evolution of the super rogue wave from a very small amplitude to its
maximum in a single run. As the growth of the amplitude was algebraic rather than
exponential, even the use of longer wave tanks remained problematic. To overcome
this difficulty, the experiment was split into several stages. Namely, starting the
wave generation repetitively with different boundary conditions given from theory,
the wave profile at the other end of the tank was measured. Each time, the final
profile was checked and found to follow the theoretical prediction. Deviations
between theoretical and experimental profiles were minimal and mainly manifested
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Fig. 4.8 Observation of the second-order super NLS rogue wave in a water tank by the split-
propagation technique. The left panel shows experimental profiles at the end of each split
propagation, while the right panel shows theoretical ones. The time axis of each wave profile
is shifted by the amount of x/cg, so that the shifted time follows the wave center. Taken from
Chabchoub et al. (2012a)

in their left-right asymmetry. This process was repeated 7 times, thus multiplying
the propagation length of 9 meters 8 times. This way, the propagation distance of
72 m was reached, which corresponded to the point of maximum amplitude. The
left panel in Fig. 4.8 shows the profiles measured at the end of each propagation
segment. The right panel of this figure shows the corresponding theoretical curves.
The comparison between the measured wave profiles and the theoretical curves
shows very good agreement and justifies the experimental approach.

Observation of rogue triplets such as the one in Fig.4.7b was performed by
Chabchoub and Akhmediev (2013). The experimental facility is the same as that
used to observe the second-order super rogue wave in the earlier text. Here, the
theoretical surface elevation ¢ (x, t) is also calculated from the solution u(x, t) of the
NLS equation (4.5) to the second order in steepness by the formula (4.8). To observe
these triplets, the propagation distance needed is also significantly longer than the
actual length of the water tank—the same difficulty that was encountered in the
observation of super rogue waves. To overcome this difficulty, the experiment was
also done in sequences, but with minor technical differences from that in the super
rogue experiment. Here, the tank’s length was effectively increased by recording a
signal measured at a specific position from the paddle in the first part of the sequence
and regenerating the measured wave profile in the second part of the sequence.
Repeating this procedure with sufficiently high accuracy, the effective tank length
could be increased multiple times.
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Fig. 4.9 Water-tank observation of the NLS rogue wave triplet in Fig. 4.7b by the split-propagation
and profile-regeneration techniques. Upper blue curves show experimental profiles of surface
elevations at the end of each split propagation, while the lower red curves show the corresponding
theoretical predictions expected at the same positions. The time axis of each wave profile is shifted
by the amount of x/c,. Taken from Chabchoub and Akhmediev (2013)

The set of experiments was conducted for a carrier amplitude of ¢ = 0.005 m.
The carrier wavenumber was k = 16/m, corresponding to a frequency of w =
gk ~ 12.53/s. To observe the rogue triplet shown in Fig. 4.7b, the corresponding
physical solution u(x,t) was first obtained through Eq. (4.6), which yielded the
theoretical surface elevation ¢ (x, t) through Eq. (4.8). In the first experiment, the
theoretical surface elevation profile at xjnitiay = —30m was used to drive the
paddle of the wave maker. After 9m of propagation down the tank, the profile
was recorded, and this recorded profile was then used as the initial condition for
the second experiment. This process was repeated 5 times, resulting in 54 m of
effective propagation. The recorded profiles at the end of each propagation are
shown in Fig. 4.9 (blue curves). This evolution shows clearly the appearance of three
Peregrine waves at various positions in the space-time domain, which is the main
feature of a rogue triplet. The corresponding theoretical predictions of wave profiles
at the same positions are shown as red curves in the same figure. Good agreement
between the experiment and the theory can be seen.

NLS rogue waves of even higher orders, up to the fifth order, have also been
observed in water tanks; see Chabchoub et al. (2012b) for details.
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4.3 Observation of NLS Rogue Waves in Plasma

Propagation of low-amplitude ion-acoustic wave packets in a plasma comprising
electrons, cold positive ions and negative ions is governed by the NLS equa-
tion (1.130), i.e.,

oy Yy
o TP R

+ 2wy =o. (“.12)

where the envelop function i is related to the normalized deviation én, of the
electron density from its unperturbed value as

sn, = Re[yrel®¥—@] (4.13)
to the leading order approximation, ¢ is the time normalized by the ion plasma period

12 3 =x —cgt is the distance in moving frame normalized by
2)1/2

o = (eoma/nee?)
the electron Debye length Ap = (egk T, /ne0e , Mg 18 the positive ion mass, 7,0
is the unperturbed electron density, €g is the vacuum permittivity, « is Boltzmann
constant, T, is the absolute temperature of electrons, e is the charge of the electron,
cg = ' (k) is the group velocity, p = " (k)/2 is the dispersion coefficient, w (k) is
the dispersion relation given in Eq. (1.121), & is the normalized wavenumber of the
carrier wave, and ¢ is the nonlinear coefficient given in Eq. (1.127).

In the NLS equation (4.12), the dispersion coefficient p is always negative. When
the nonlinear coefficient ¢ is also negative, which is the case for all wavenumbers
k at a critical negative-ion density value, this NLS equation admits the Peregrine
rogue wave

(4.14)

¢(f»l)=2|q|*l/2 (_1+ 4 (1 — 2ir) >ei’,

1+ 282/|p| + 412

This solution, when substituted into Eq. (4.13), gives a predicted plasma Peregrine
rogue wave for the normalized electron density perturbation which can be measured.

This plasma Peregrine rogue wave was observed by Bailung et al. (2011). The
experiment was carried out in a multidipole double-plasma machine. The diameter
of the device was 30 cm and its total length was 120 cm. The device was separated
into a source and a target section with a floating grid. The grid consisted of a
stainless steel mesh 50 lines/inch with 83% transparency. The cathodes consisted
of 0.1 mm diameter tungsten filaments and were placed 6 cm from the surface of
the anode. Each section had five filaments with a length of 6 cm. The chamber
was evacuated down to 2.0 x 10~* Pa with an oil diffusion pump. Argon (Ar) and
sulfur hexafluoride (SFg) were introduced independently into the chamber under
continuous pumping. The pressure of Ar was 5.7 x 1072 Pa and the pressure
of SFg was varied from 0 to 1 x 1073 Pa. The discharge voltage was 70V and
the discharge currents of the two sections were 10-50 mA. Plasma parameters as
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measured with a Langmuir probe of 6 mm diameter were: the electron temperature
T, was approximately 1.1eV (i.e., 1.28 x 10*K) and the electron density n.o was
approximately 3.8 x 108 cm™3. The mass m,, of the positive Ar™ ion is 39.9 Dalton
(or 6.63 x 10720 kg), and the mass m g of the negative F~ ion is 19.0 Dalton. Wave
signals were detected with the axially movable Langmuir probe which was biased
positively with respect to the plasma potential (= 1.5V) to collect the electron
saturation current and was therefore sensitive to the perturbed electron density.

In the experiment, both Ar and SF¢ were introduced into the chamber so that
the density ratio between F~ and Art was 0.1, which is approximately the critical
density where the nonlinear coefficient ¢ is always negative for all wavenumbers
(see Sect. 1.1.3). Then, a slowly varying amplitude-modulated continuous sinusoidal
signal was applied to the source anode and ion-acoustic perturbations were excited.
Examples of observed signals at different distances from the separation grid for fixed
carrier amplitude (5.4 V peak to peak) are shown in Fig. 4.10. The carrier frequency
is 350kHz and modulation frequency is 31kHz. Close to the grid the observed
signals resemble the applied signal. With increasing distance the compression of
the wave packet sets in and the first Peregrine wave emerges at 10.5cm. The
perturbation grows in amplitude and reaches a maximum at 12.5 cm. The observed
maximum amplitude is 2.5 times the nearby carrier wave. At further distances
(= 14.5cm) the perturbation decays. The perturbation moves with group velocity
measured to be 2.1 x 10° cm/s. These observations are in reasonable agreement with
theoretical Peregrine wave predictions in plasma.
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Fig. 4.10 Observation of the Peregrine rogue wave in plasma. The figure shows observed signals
of normalized electron density perturbation at different probe positions from the separation grid.
The top trace is the applied signal with carrier and modulation frequencies 350 and 31kHz,
respectively. Peak to peak amplitude of the applied carrier wave (V,) is fixed at 5.4 V. Signals
observed at 10.5-14.5 cm are shown with different amplitude scale (0.10/div) for better resolution.
Taken from Bailung et al. (2011)
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4.4 Observation of NLS Rogue Waves in Bose-Einstein
Condensates

A Bose-Einstein condensate (BEC) is a dilute gas of weakly interacting boson
particles confined in an external potential and cooled to temperatures very close to
absolute zero. Under such conditions, a large fraction of the bosons collapse into the
lowest quantum state of the external potential, and all wave functions overlap each
other, at which point quantum effects become apparent on a macroscopic scale. This
state of matter was first predicted by S.N. Bose and A. Einstein in 1924-1925, and
then experimentally observed by E. Cornell, W. Ketterle and C. Wieman in 1995
[Anderson et al. (1995), Davis et al. (1995)]. For their work, Cornell, Ketterle and
Wieman jointly won the Nobel Prize in Physics in 2001.

In quantum mechanics, the motion of a boson in a potential well is described
by a wave function satisfying a linear Schodinger equation. But since many bosons
in a BEC are in the same lowest quantum state and their wave functions overlap,
the state of BEC can be described by a collective wave function v (X, t), where X is
the three-dimensional spatial coordinate, |v/|? is interpreted as the particle density,
and the total number of atoms is f | |2dx. In addition, due to interactions between
bosons which give rise to nonlinear effects, this collective wave function ¥ (x, )
satisfies a NLS equation with an external potential:

h2
iy, = [—Evz + VX + g|1/f|2:| v, (4.15)

where 7 is the Planck constant, m is the mass of the boson, V (x) is the external
potential, g = 4nh2as /m is the nonlinear coefficient, and ay is the scattering
length of two interacting bosons. This equation was first derived by Gross (1961)
and Pitaevskii (1961) and is now called the Gross-Pitaevskii equation. It provides a
good description of the collective behavior of a single-component BEC.

If the potential V (x) is slowly varying in X, then it may be approximated as a
constant and scaled to zero. In this case, the Gross-Pitaevskii equation (4.15), when
restricted to one spatial dimension x, becomes

h2
i+ Y = glylPy = 0. (4.16)
m

Since g > 0, this is a defocusing NLS equation, which does not admit modulation
instability or rogue waves.

In order to derive a focusing NLS model in BEC, an idea was proposed by Dutton
and Clark (2005), Bakkali-Hassani et al. (2021) and Romero-Ros et al. (2022).
This idea is based on a two-component Bose gas, where the minority component
immersed in a bath defined by the other component is well described by an effective
single-component NLS equation with focusing nonlinearity.
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We consider atoms of mass m in states |1) and |2) with repulsive interactions.
The intracomponent (g1, g22) and intercomponent (g12) interaction parameters are
thus all positive, where g;j = 4h’a;;/m, and a;; are the s-wave scattering lengths
for binary collisions between atoms in internal states |i) and |j). Such a mixture is
well described in the zero-temperature limit by two coupled nonlinear Schrédinger
equations. In the weak depletion regime, one can assume that the dynamics of the
dense bath of atoms in state |1) occurs on a short timescale compared to the minority
component dynamics. The bath is then always at equilibrium on the timescale of
the evolution of the minority component in state |2). In this case, based on some
approximations and numerical evidence, the collective wave function ¥, for the
minority component can be approximated by the following NLS equation ((Dutton
and Clark 2005; Bakkali-Hassani et al. 2021))

. 0y >
’ha—wt = [—%Vz + Verr(x) + geff|1ﬁ2|2:| V2, 4.17)

where V¢(x) is an effective potential, and gefr is an effective nonlinear coefficient
that is determined by g11, g12 and g27. This gefr value was quoted as

2
g
g =g+ — 2810, ghy =gn— gf, (4.18)

in Dutton and Clark (2005) and Bakkali-Hassani et al. (2021), respectively. In
physical situations, g11, g22 and gi2 are very close to each other within a few
percent. In such a case, these two different formulae for g.¢r give approximately the
same effective nonlinear coefficients. For example, for 87Rb atoms, if we take the [1)
state as |F, mp) = |1, 0) and the |2) state as |F, mfr) = |2, 0), then g;» = 0.98g1,
and g2 = 0.94g1; (Altin et al. 2011). In this case, the two gefr formulae in (4.18)
give —0.02g11 and —0.0204g1; respectively, which differ by only 2%.

The formulae in Eq.(4.18) show that the effective nonlinearity in the NLS
model (4.17) for the minority component can be negative, as is the case in the above
87Rb example. In this case, if the effective potential Vegr(x) is slowly varying in x,
then the effective NLS model (4.17) restricted to one dimension would reduce to

. h?
iy + o= = geftl ¥ * Y2 = 0, (4.19)

which is a focusing NLS equation that admits rogue waves.

Employing this approach, the formation of Peregrine rogue waves in a 8’Rb
BEC of approximately N = 9 x 10° atoms were experimentally demonstrated by
Romero-Ros et al. (2024). In the experiment, the atoms initially occupied the single
hyperfine state |F, mg) = |1, —1). The BEC was confined in a highly elongated,
cigar-shaped harmonic trap where a 100 : 1 aspect ratio ensures effectively one-
dimensional dynamics. An additional attractive optical potential was present in the
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Fig. 4.11 Observation of Peregrine rogue wave in a two-component $’Rb Bose-Einstein conden-
sate. Panels (a)—(d) are cross sections corresponding to panels (e)—(h) showing absorption images
after 10, 30, 50, and 80 ms of evolution, respectively. Taken from Romero-Ros et al. (2024)

central part of the BEC producing a small density hump in the center of the cloud.
This optical potential was radially uniform but has a Gaussian shape along the long
axis of the BEC. From this static initial condition, instability was induced by rapidly
transferring a small fraction (typically 15%) of the atoms to the |F, mfg) = |2, 0)
hyperfine state with a brief, 55 s microwave pulse, and transferring the remaining
atoms to the |F, mp) = |1, 0) state in a 102 us RF pulse. Both pulses were applied
uniformly across the whole BEC.

Dynamics of the |F,mfr) = |2,0) hyperfine state (minority component) was
the focus of study, for which an effective self-focusing NLS model (4.19) applies.
Experimental snapshots of its density distributions at four evolution times are
presented in Fig.4.11. The experimental images are taken after 9 ms of time-of-
flight to avoid image saturation of the high density peak. The initially prepared
Gaussian hump in the center of the BEC is seen to evolve into a narrow, high peak
after approximately 50 ms of evolution (Fig.4.11c and g). The peak is flanked by
two clear dips on either side. These dips are a characteristic feature of a Peregrine
wave and are related to the formation of a = phase jump of the wave function in
the peak region relative to the surrounding BEC, leading to destructive interference
at the position of the dips. Subsequently, the peak height decreases, leading to
the emergence of side peaks and excitations on either side as shown in Fig.4.11d
and h after 80 ms of evolution. We note that the observed timescales are highly
reproducible, indicating that the dynamics are not triggered by a random instability,
but rather are a consequence of the initial conditions prepared in the experiment.
Numerical simulations were also performed by Romero-Ros et al. (2024) using a
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system of two coupled three-dimensional Gross-Pitaevskii equations under exper-
imental conditions, and good agreement was obtained between simulation results
and experimental observations.

4.5 Observation of Manakov Dark Rogue Waves in Optical
Fibers

Light propagation in randomly birefringent optical fibers is governed by the
Manakov equations (1.227)—(1.228) in Sect. 1.3, i.e.,

,3141 82141

i+ S d (J P o+ o) g =0, 420
TR e Jur | + luz|?) uy (4.20)

1¥+m+d<|u2| + luy| >u2=0. 421)
Here, (u1, us) are slowly varying envelopes of the light’s electric field at center
frequency wq along two transverse orthogonal polarizations, normalized by POl /2
where Py is a representative total power of the solutions, § = dy Pyz is the
normalized distance, © = (29 Po/|B2])!/?>(t — Biz) is the normalized retarded

time, /§1 = (Bix + B1y)/2, (Bix, B1y) are inverse group velocities along the two
polarizations, B; is the group velocity dispersion, y = 8y /9 is the effective Kerr
nonlinear coefficient, and d = —sgn(8s).

We note that in the two experimental papers Frisquet et al. (2016) and Baronio et
al. (2018) to be quoted below, the Manakov system was written for envelopes (U, V)
of the light’s electric field at frequencies wy £ Aw/2 along the two polarizations.
Thus, our (u1, up) variables are related to their (U, V) by u; = Ue i40/Dt gnd
uy = VelA@/2/1 in physical units.

Rogue waves in the above Manakov system have been derived in Sect. 2.9. Dark
rogue waves (in both components) exist in the defocusing Manakov equations,
where d = —1 (the normal dispersion regime). Unlike most other bright rogue
waves (such as Peregrine waves in the focusing NLS equation), where the solution
reaches transient higher intensity from a uniform background, a dark rogue wave
is the opposite. It develops a transient hole of almost zero intensity from a uniform
background instead. Both fundamental and second-order dark rogue waves have
been observed in the above optical setting in the normal dispersion regime.

4.5.1 Fundamental Dark Rogue Wave

Assuming the background waves of the two components have equal amplitudes
p, analytical expressions of fundamental dark rogue waves in the Manakov sys-
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tem (4.20)—(4.21) can be obtained from Eq. (2.6006) after proper change of variable
notations and a little simplification as

ui (v, &) = i1 (z, £)eCE=A1 (2, 8) = dip(x, &)l R2ET020) (4.22)

where

[r + 2o (i€) + él] [T —2pg (i) — é;*] + %

ui(r, &) =p : = (4.23)

|7 +2po (i§)” + Co

A (2 +2p0 &) + 4] [r =205 G6) — 31] +

iin(1.6) = p — , (4.24)

1T 4+ 2po ()| + S0
6 ! A ! ¢ ! (4.25)

1 = . b 1 = . b 0 = 9 .
po + iw; po + iwy (po + py)?
and pg is a nonimaginary root of the algebraic equation
2 2

L P 2=0. (4.26)

- + - +2=
(p+iwn?  (p+iwm)?

This equation admits a pair of non-imaginary simple roots (po, —pg) only when
A < 0 (see Sect.2.9), i.e.,, when |w>» — w1| < 2p in the present situation. The
total power of this solution is |ui|?> + |u2|> = 2p>. Converting this solution
into physical units using the variable normalizations described above, then under
physical parameters of the total power of P = 1.9W, o = 18ps’km~!, y =
2.4W~'km™!, and a pump spacing of 100GHz (i.e., w; = —ws = 3.14 x 10!
rad/s in dimensional units), this solution is plotted in Fig.4.12. In nondimensional
units, this solution corresponds to (4.22) with p = 1/ /2 and w] = —wy ~ 0.44.
This fundamental dark rogue wave was observed in randomly birefringent optical
fibers by Frisquet et al. (2016). The experimental setup is shown in Fig.4.13. Two
pump waves with 100 GHz frequency spacing were superposed with a polarization
maintaining fiber optical coupler with a 50:50 coupling ratio. An intensity modulator
(EOM1) driven by a 35-GHz RF clock was used to generate sidebands on
either side of both pumps. An erbium-doped fiber amplifier (EDFA1) was used
to compensate the insertion loss introduced by the electro-optic modulator. The
sinusoidal perturbation on each pump with adjustable frequency and amplitude then
seeds the modulation-instability process. The perturbation frequency (35 GHz) was
chosen to be half of the value that leads to peak modulation-instability gain for 2.5
W total input power. This choice stems from the trade-off of imposing the slowest
modulation on the one side, while still having sufficient sideband gain to observe
the emergence of dark rogue waves within the 3 km fiber length. Such value of
fiber length was chosen to satisfy the requirement that fiber losses have virtually no
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Fig. 4.12 Spatio-temporal intensity fields of the optical fundamental dark rogue wave in the
Manakov system for P = 1.9W, By = 18ps’km™!, p = 2.4 W_llim_l, and a pump spacing
of 100 GHz. The horizontal axis (time) refers to the retarded time r — ) z. Taken from Frisquet et
al. (2016)
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Fig. 4.13 Schematic illustration of the experimental setup for observation of Manakov dark rogue
waves in randomly birefringent optical fibers. Red and green lines depict the two wavelength-
division-multiplexed and orthogonally polarized pumps. ECL: external-cavity diode laser; 50:50
& 90:10: fiber couplers; EOM: (intensity or phase) electro-optic modulator; EDFA: Erbium doped
fiber amplifier; PRBS: pseudo-random binary sequence generator; PC: polarization controller; PM:
power-meter; OSO: optical sampling oscilloscope; OSA: optical spectrum analyzer. Taken from
Frisquet et al. (2016)

impact on the propagation dynamics. The perturbation amplitude of the continuous-
wave field was set properly in order to observe the dark rogue wave at precisely
3km in the fiber with the available pump power. To suppress stimulated Brillouin
scattering (SBS) that may occur in the optical fiber, a phase modulator (EOM3) was
inserted into the setup in order to increase the spectral linewidth of the two pump
waves. The phase modulator was driven by a 67-MHz RF signal, thus enabling one
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to work at relatively high pump powers, still being far below the SBS threshold.
The two pump waves were spectrally separated by means of a programmable
optical filter (DEMUX). A pair of polarization controllers (PCs) were used to
obtain two pumps with orthogonal linear states of polarization. The pumps were
finally recombined after their independent amplification by high power erbium-
doped fiber amplifiers (EDFA3&4) and before injection into the optical fiber. The
optical fiber used in the experiment was a reverse-TrueWave fiber with the chromatic
dispersion of B, = 18ps>km~! (or D = —14 ps/nm/km), the effective nonlinear
coefficient 7 = 2.4 W~'km~! and the attenuation of 0.25 dB/km at wavelength
Ao = 1554.7nm. At the fiber output, a polarization beam splitter (PBS) selects the
output light propagating in the two orthogonal linear polarizations. The output light
was simultaneously analyzed both in the spectral and temporal domain by means of
an optical spectrum analyzer (OSA) and an optical sampling oscilloscope (OSO).
Spectral measurements were carried out with 0.02 nm resolution bandwidth. The
optical sampling oscilloscope had 0.8 ps resolution.

The experimental results are displayed in Fig. 4.14. Here, the input and output
intensities (after 3 km of optical fiber propagation) are shown from the experiments
with an input periodic intensity modulation, together with their corresponding
analytical dark rogue wave solutions. As can be seen, an overall excellent quan-
titative agreement (with no adjustable parameters) is obtained between theory and

5 ullaxis | . uznaxis
et
3
1 o
L
3
> 0 -
.g -20 0 20 -20 0 20
c 2 . . .
()
=)
c 4
=k 5
1 15
o
[ i

20 0 20 20 0 20
Time (ps)

Fig. 4.14 Experimental observation of fundamental Manakov dark rogue waves in randomly
birefringent optical fibers. Upper row: temporal intensity profiles in the u; and u, polarization
axes at the fiber input. Lower row: output intensities after 3 km of optical fiber. Red solid traces:
experimental measurements; black solid lines: analytical dark rogue wave solution. Physical

parameters are P = 2.5 W (total power), 8, = 18 ps? km™!, y =24 W 'km~!, and a pump
spacing of 100 GHz. Taken from Frisquet et al. (2016)
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experiments. Only slight discrepancies appear due to the non-ideal initial conditions
used in the experimental generation of dark rogue waves.

Cut-back measurements were also done by Frisquet et al. (2016) to verify the
kinematics of the dark rogue wave generation and disappearance at distances before
and after the rogue center point (3 km).

4.5.2 Second-Order Dark Rogue Waves

The defocusing Manakov system (4.20)-(4.21) (with d = —1) admits not only
fundamental dark rogue waves but also higher-order dark rogue waves. General
expressions of these higher-order dark rogue waves can be found in Sect.2.9.
For second-order dark rogue waves, their alternative expressions can be found
in Chen et al. (2014b). Assuming the background waves of the two polarization
components have equal amplitudes p, then these higher-order dark rogue waves
would exist under the same condition of |wy, — wi| < 2p of fundamental dark
rogue waves. In addition, they contain irreducible free parameters that affect their
shapes. For physical parameters of the total power of P = 2.5W, f = 18ps? km™!,
7 = 2.4W~'km™!, and a pump spacing of 100 GHz, a second-order dark rogue
solution was shown in Baronio et al. (2013) and is reproduced in Fig.4.15. This
solution exhibits a nonlinear superposition of three fundamental dark rogue waves
arising at different space-time locations and is a dark rogue triplet.

Such a dark rogue triplet was observed in randomly birefringent optical fibers
by Baronio et al. (2018). Their experimental setup is similar to Fig.4.13. Two
external-cavity diode lasers generated the pump waves at frequencies w; and wy,
which were fixed around the central frequency wg (with wy = 2mc/Ag and
Ao = 1554.7nm), and the frequency spacing was Aw = 2w Af, where Af =
100 GHz. The two pumps were superimposed with a polarization maintaining fiber
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Fig. 4.15 Spatial-temporal amplitude fields of a theoretical optical dark rogue triplet in the
Manakov system for P = 2.5W, B, = 18ps’km™!, $ = 2.4 W~'km™!, and a pump spacing
of 100 GHz. (a) |u1|; (b) |uz|. The horizontal axis t' =t — /§1z is the retarded time. Taken from
Baronio et al. (2018)
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optical coupler with a 50:50 coupling ratio. An electro-optic modulator, driven
by a 35-GHz RF clock, was used to induce the initial sinusoidal perturbations to
the pumps. A pair of polarization controllers were used to manage two pumps
with orthogonal linear states of polarization, amplified independently by erbium-
doped fiber amplifiers, and finally recombined and injected into the fiber. The total
input power was P = 2.5W. The optical fiber used in the experiment was a
reverse-TrueWave fiber with the chromatic dispersion of B = 18ps*>km~! (or
D = —14ps/nm/km), the effective nonlinear coefficient y = 2.4 W lkm~! and
the attenuation of 0.25dB/km at wavelength A g = 1554.7nm. Two fiber spans
were used in the experiments: a 3km-long span, and a 5km-long span. In these
experimental conditions, higher-order dispersion, material absorption and Raman
effects can be safely neglected.

In the experiments, the initial perturbations to the uniform background waves
were sinusoidal, unlike such perturbations in true dark rogue triplets. Thus, Baronio
et al. (2018) first investigated numerically the possibility to experimentally generate
the dark rogue triplet under realistic (non-ideal) experimental conditions at the input
of the optical fiber. To this end, the Manakov system (4.20)—(4.21) in physical units
were simulated, using physical parameters as quoted above. Corresponding to the
experiments, the initial conditions were taken as

(', z=0) = [,/P /2 — ecos(2n fmz’)] iAo/t (4.27)
ur(t', 2 = 0) = [\/ PJ2 — ecos(2n fmt/)] (lde/t (4.28)

where t' =t — ﬁlz is the retarded time, P = 2.5 W is the total power, Aw = 2w Af
is the frequency detuning between the two polarizations with Af = 100 GHz, € =
0.13 is the perturbation strength, and f,,, = 35 GHz is the modulation frequency of
the perturbation. These initial conditions differ from those quoted in Baronio et al.
(2018) by the exponential factors, the reason being notational differences in writing
the Manakov system as explained at the beginning of this section.

Simulation results of the Manakov system (4.20)—(4.21) under the above physical
parameters and initial conditions are shown in Fig.4.16. As can be seen, one
observes the generation of time-periodic notch structures, which are localized both
in time and in space. This figure shows that each individual dark structure within
the periodic wave train closely matches the shape of the dark rogue triplet that
was previously presented in Fig.4.15 (with a 3 km translation of the longitudinal
z coordinate). Thus, these dark rogue triplets are observable under experimental
conditions.

Observation results of these dark rogue triplets are presented in Fig.4.17,
where the measured temporal traces of wave amplitudes emerging from orthogonal
polarizations are displayed at the fiber input, after 3km, and after Skm. The
corresponding numerical simulation results from Fig. 4.16 are also shown for com-
parison. Quite remarkably, experimental observations are in excellent quantitative
agreement, with no adjustable parameters, with theoretical predictions.
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Fig. 4.16 Contour plots of the two orthogonal polarization waves (a) u; (¢, z) and (b) us(¢', z)
describing the numerical excitation of a dark rogue triplet under experimental conditions in the
Manakov system (4.20)—(4.21). Physical parameters used are P = 2.5W (total power), o =
18ps?km~!, 7 = 2.4 W~'km™!, and a pump spacing of 100 GHz. The initial modulated condition
is given in Egs. (4.27)—(4.28). The horizontal axis ' =t — ;§1z is the retarded time. Taken from
Baronio et al. (2018)
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Fig. 4.17 Observation of optical dark rogue triplets in randomly birefringent fibers. Shown are
temporal profiles of |u1| (left column) and |u2| (right column) at the input (upper row), after 3 km
of optical fiber (middle row), and after 5 km of optical fiber (bottom row). Green solid lines are
experimental measurements, and black dashed lines are numerical simulations from the Manakov
system (these numerical solutions refer to those in Fig. 4.16). Physical parameters are P = 2.5W
(total power), B2 = 18P52 km~!, $ = 24W~km™!, and a pump spacing of 100 GHz. The
horizontal axis ¢ = t — Bz is the retarded time. Taken from Baronio et al. (2018)



Chapter 5 ®
Related Topics ke

In this chapter, we cover several topics which are different from rogue waves in
previous chapters but yet are closely related to them. One topic is rogue waves on
a nonuniform-amplitude background, which contrasts such rogue waves in earlier
chapters which sit on a uniform-amplitude background. Another topic is robustness
of rogue waves under perturbations, which is a physically important question.
The third topic is partial-rogue waves, which “come from nowhere but leave with
a trace”, as opposed to rogue waves which “come from nowhere and disappear
with no trace”. The last topic is patterns of higher-order lumps in the Kadomtsev-
Petviashvili I equation. Although this last topic is very different from rogue patterns,
the phenomena and mathematical treatments of the two have a lot in common.

We start with rogue waves on a nonuniform-amplitude background, using the
nonlinear Schrédinger (NLS) equation as an example.

5.1 Rogue Waves on Nonuniform-Amplitude Background in
the NLS Equation

Rogue waves in the NLS equation as described in Sect. 2.1 arise from a background
that has uniform amplitude. It turns out that NLS rogue waves can also arise from
nonuniform-amplitude backgrounds. Such rogue waves are described in this section.

5.1.1 Solution Derivation by Darboux Transformation

Rogue waves on a nonuniform-amplitude background in the NLS equation have
been studied either analytically or numerically by Kedziora et al. (2014), Agafontsev
and Zakharov (2016), Wright (2016), Bertola and Tovbis (2016), Bertola and Tovbis
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(2017), Calini and Schober (2017), and Chen and Pelinovsky (2018). Below, we
analytically derive fundamental NLS rogue waves on a stationary spatially-periodic
background through Darboux transformation, following Chen and Pelinovsky
(2018).

The NLS equation

i + ey + 2MulPu =0 (5.1)

appears as a compatibility condition of the following Lax pair of linear equations on
®:

A
o =Up, U= (_u* _”X> (5.2)

and

2 2
202 + |ul® uy +2ru ) (53)

=Vep, V=i
pr=Ve <uj; — 2au* =222 — [u]?

The basic idea to derive fundamental rogue waves on a periodic-amplitude
background is to use onefold Darboux transformation

4Re(M1) P14y

ﬂ :u_’_fa
1p11% + 14117

54

where u is a x-periodic background solution of the NLS equation, ¢ = (p1, 1) is
a non-periodic solution of the linear system (5.2)—(5.3) for the periodic background
solution u, ‘Re’ represents the real part of a complex number, and A = A; is a
branch point of the band-gap spectrum in the linear spectral problem (5.2) associated
with the periodic background wave u. Note that at a branch point X, the linear
system (5.2)—(5.3) admits one periodic solution and one non-periodic solution.
The periodic solution, when inserted into the above Darboux transformation, only
leads to a trivial NLS solution . Only that non-periodic solution of the linear
system (5.2)—(5.3) leads to the desired rogue waves on a periodic background.

First, we look for standing x-periodic background solutions of the NLS equation
in the form

u(x, ) = Ux)e', (5.5)
where the periodic function U (x) is real and satisfies the equation
Uex +2U3 = cU, (5.6)

and c is a real constant. This equation can be integrated once to give
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U2+ U* = cU? +d, (5.7)

where d is another real constant. This latter equation admits two particular families
of periodic wave solutions expressed by the Jacobian elliptic functions dn and cn.
The positive-definite dn-periodic waves are

Ux)=dn(x;k), c=2—k* d=k>—1, ke (0,1), (5.8)
and the sign-indefinite cn-periodic waves are
U(x) =ken(x; k), c=2k>—1, d=k*(1 — k%), k € (0, 1). (5.9)

Below, we will derive rogue waves on these dn- and cn-periodic backgrounds. We
will focus on the dn-waves, and will only quote the results for the cn-waves for
brevity.

Using differential constraints on the periodic potential that are obtained from the
Lax pair (5.2)—(5.3), it can be found that the branch points of the band-gap spectrum
in the linear spectral problem (5.2) associated with the dn periodic wave are

Ay = 1(1:|:\/1—k2) (5.10)

T2

in the right-half plane, and two symmetric points —XA+ in the left half-plane. If we
take A; = A, then the periodic solution (p1, g1)7 of the linear system (5.2)—(5.3)
is of the form

pr(x, 1) = Pi(x)e Y, qi(x, 1) = Q1(x)e V2, (5.11)

where Pi(x) and Q1(x) are real and periodic functions. Substituting these expres-
sions into the linear system (5.2)—(5.3), we obtain the following relations

1
Pi(x) Q1 (x) = —K[U%x)wl —#], (5.12)
+
and
PH(xX) + 0} (x) = U(x), 2x4[PE(x) — Q3(0)] =U'(x). (5.13)

Next, we construct the nonperiodic solution (py, g; )T of the linear system (5.2)—
(5.3) at the periodic potential # and branch point A;. These nonperiodic solutions
can be set as

ﬁl = ’ él = (514)
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where 6 (x, t) is a new function. Substituting these expressions into (5.2), we get an
equation for d6/0x that can be simplified to

2 2 2 2
00 _pu i Iy it A
ax P10 P10y

For the dn-periodic wave U(x) = dn(x;k), substituting Egs.(5.12)—(5.13)
into (5.15) and solving for 6 (x, t), we get

(5.15)

X 2
0(x, 1) = [Uz(x)+\/1 —k2] —4x+f vte) ~dy +60(1) | .
0 (Uz(y)+ /1 —k2)
(5.16)

where 6y is a constant of integration in x that may depend on ¢. To determine
0o (t), we substitute expressions (5.14) into (5.3) and obtain an equation for 96 /9¢.
Utilizing relations (5.13), this 06/0t equation reduces to

06 )
i 8iRe(A) P (x) Q1 (x). (5.17)
Substituting the relation (5.12) into the above equation, we get 9(’) (t) = —2i. Thus,
0o (t) = —2it, (5.18)

where the constant of integration in ¢ is neglected due to translational invariance of
the NLS equation with respect to ¢.

Finally, we substitute the above nonperiodic solution (51, §1)” into the onefold
Darboux transformation (5.4) and obtain a new solution to the NLS equation as

N B FOO | i)
u(x,t) = |:dn(x, k) + —G(x, t)i| e , (5.19)

where
Flx, 1) = [1 —2iIm{6(x, 1)} — |6 (x, z)|2] [dn(x, k) + m] ,
Gx,1) = [|9(x, N+ 1] dn(x, k)
+2 (1= V1= &2) Re{o(x, n}sn(x, KyenCr, b),

O(x, 1) = — [dn(x, 02+ V1 - kZ] x

x dn(t, k)2 ,
21+\/1—k2/ dt +2 }
X[( "otz izttt
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Fig. 5.1 The fundamental rogue wave (5.19) on a dn-periodic background in the NLS equation
(5.1) for k = 0.5 (a) and £ = 0.999 (b). Taken from Chen and Pelinovsky (2018)

and sn(x, k) is another Jacobian elliptic function (elliptic sine). This solution is
nonperiodic in x but approaches a spatially translated dn wave when x, ¢ — Fo0.
Thus, it is a rogue wave on the dn-periodic background. One can show that the
maximum of |i(x, ¢)| occurs at (x, t) = (0, 0), where [iZ(0, 0)| =2 + +/1 — k2. As
the maximum of dn(x; k) is one, the magnification factor of the rogue dn-periodic
wave is 2+++/1 — k2. This solution for two values of k = 0.5 and 0.999 are displayed
in Fig. 5.1.

Using similar techniques, fundamental rogue waves on cn-periodic backgrounds
can also be derived, and their expressions are

. _ . F(x,1) i(2k2=1)1
u(x,t) = |:kcn(x, k) + a(x, f)i| e , (5.20)

where
Foet) =k (1 —2ilm{B(x, O} — |0 (x, t)|2)
x (cn(x; kydn(x: k) + iv/T — k2sn(x: k)) ,
Gx, 1) = <|9(x, N2+ 1) dn(x; k) 4 2Re{6 (x, 1)}k sn(x; k)en(x; k),

0(x, 1) = — [kzcn(x; 02 +iky/1 — k2] x

X k2 -k 2
x | 20k +iv1 - k2)/ cn(y: k) Sdy + 2it
0 (k2cn(y; k)2 +ikv1 — k2)

One can show that the maximum of this |i(x, ¢)| occurs at (x, t) = (0, 0), where
|i2(0, 0)| = 2k. As the maximum of cn(x; k) is one, the magnification factor of this
fundamental rogue cn-periodic wave is 2 uniformly for all k£ € (0, 1). This solution
for two values of k = 0.5 and 0.999 are displayed in Fig.5.2.
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(a) ; (h)

Fig. 5.2 The fundamental rogue wave (5.20) on a cn-periodic background in the NLS equation
(5.1) for k = 0.5 (a) and £ = 0.999 (b). Taken from Chen and Pelinovsky (2018)

Second-order rogue waves on dn- and cn-periodic backgrounds can also be
derived by employing twofold Darboux transformation; see Chen and Pelinovsky
(2018) for details.

5.1.2 Experimental Observation in Water tanks

Rogue waves that were observed in the water-tank experiments of Sect. 4.2 were all
arising from the uniform background (i.e., from waves with constant amplitudes).
The above rogue waves arising from nonuniform dn- and cn-backgrounds have
been observed in water tanks as well by Xu et al. (2020), and their experiments
are described below.

For these experiments, the spatial-evolution form of the NLS equation for water
surface elevations was used to make theoretical predictions. This NLS equation
is (1.44),i.e.,

il N 193
1— —-
0x 2 9t?

+ )i =0, (5.21)
where

i=uja, ¥=-kKa’x, f=(ghk’a®/2)!? 1t —x/cy), (5.22)
cg = w/2k, = \/gk, and a is a representative wave-amplitude parameter which
we will set as the peak amplitude of the background nonuniform wave. The water

surface elevation ¢(x, t) is related to the variable u(x, t) as (1.34) to the second
order of wave steepness, i.e.,

. 1 .
C(x,1) =Re {u(x, elkx—en 4 Ekuz(x, t)eZI(kx_“”)} . (5.23)
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By converting the notations of the NLS equation (5.1) to those in (5.21), we see
that Eq. (5.21) admits a nonuniform 7-periodic background solution

i, %) = dn(7, @) el1—9?/2% (5.24)
where « is a background parameter, and dn is a Jacobi elliptic function. Note that
this background solution’s peak amplitude |i],4y is unity due to our normaliza-
tion (5.22). From this nonuniform background, rogue waves can arise. The simplest
such rogue wave has been given in Eq. (5.19) of the previous subsection. Converting

to the present notations, this rogue wave is
i %) = [dn(f, @) + %} A1—a?/D% (5.25)
where
F(. %) = [1 —2iIm{o @, )} — |66, ;z)|2] [dn(i‘, @2 +v1— 012] ,
G(F, %) = [|e(f, P+ 1] dn(F, )
+2 (1 _ m) Re{6 (7, ¥)}sn(7, a)en(F, ),

0@, %) = — [dn(f, 02 +v1— a2] x

i >
x [2(1 +V1- aZ)/ do(z, @) dr + ii} .
0

[dn(t, @) + V1 — o2]?

For two parameter choices of « = 0.3 and 0.9, this rogue solution is plotted in
Fig.5.3a and b respectively. From this analytical solution as well as the variable
scalings (5.22), the physical solution u(x, ¢) in Eq. (5.21) would be obtained.

The experiments to observe these rogue waves were conducted in a 30 x 1 x Im?
water tank under deep-water conditions (Xu et al. 2020). The initial periodic wave
profiles were shaped with a piston wave generator located at one end of the tank. An
electric signal drove the piston to directly modulate the surface height in the time
domain according to the exact mathematical expression for the surface elevation.
A wave-absorbing beach is installed at the opposite end to avoid the influence of
reflected waves. Seven wave gauges were then placed at distinct distances from
the wave excitation to record the evolution of surface elevation in the longitudinal
direction of wave propagation. A key to successful experiments is to accurately
generate the surface elevation profile in the boundary condition, as described by the
theory. The theoretical surface elevation is calculated from the NLS wave envelope
u(x,t) of Eq.(5.21) to the second order in steepness by the formula (5.23).

In the experiments, the carrier amplitude was chosen as @ = 0.01 m. The carrier
frequency was chosen as w = 10.68 rad/s, which corresponds to a carrier wave
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Fig. 5.3 Theoretical space-time dynamics |ii(f, X)| of the rogue solution (5.25) on a periodic dn
background in the NLS equation (5.21). (a) « = 0.3; (b) « = 0.9. Taken from Xu et al. (2020)
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Fig. 5.4 Observation of rogue waves on dn-periodic backgrounds in a water tank. Left panels:
evolution of time series of surface elevation measurement with propagation distance. Right panels:
corresponding theory. (a), (b) Rogue dn-periodic wave (¢ = 0.8). (¢), (d) Rogue dn-periodic wave
(a0 = 0.99). The time axis of each wave profile is shifted by the amount of x/c. Taken from Xu et
al. (2020)

number £ = 11.63/m. The attenuation rate was estimated about 0.25% per meter (in

amplitude).
Figure 5.4 shows the results of experiments by shaping an initial localized
perturbation centered at t+ = 0 onto the dn-periodic waves for x = —2.6. The two

cases in panels (a) and (c) report the longitudinal evolution of perturbation for these
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periodic waves when o = 0.8 and 0.99 until reaching the maximal amplification
after 16.8 m. For both cases, theoretical predictions of surface elevations at the
same positions are shown in panels (b) and (d) respectively. It can be seen that
the measurements agree very well with theory.

Rogue waves arising from cn-periodic backgrounds in the NLS equation (5.21)
were also observed by Xu et al. (2020), and details are omitted.

5.1.3 Experimental Observation in Optical Fibers

Rogue waves on dn- and cn-periodic backgrounds of the NLS equation have also
been observed in optical fibers by Xu et al. (2020). In this case, the normalized NLS
equation is (1.96), i.e.,

1
g + Jurt + lulPu =0, (5.26)

where u is the complex envelope of the light’s electric field normalized by PO1 / 2, &

is the propagation distance z normalized by (y Pg)~!, T = ¢ — Bz is the retarded
time normalized by (|82]/y Po)'/?, Py is a characteristic light power, Bl is the
carrier wave’s group velocity, f> is the group-velocity-dispersion parameter which
is negative in the anomalous-dispersion regime, and y is the nonlinear coefficient.
Rogue waves on dn- and cn-periodic backgrounds of this NLS equation have been
presented in an earlier subsection (after change of notations).

The experimental setup by Xu et al. (2020) is given in Fig.5.5. It is based on
the propagation of arbitrarily shaped light waves in optical fibers, and is capable
of synthesizing nontrivial exact periodic wave profiles in the temporal domain. The
initial state is obtained through the optical pulse shaping with phase and amplitude
controls in the spectral domains. This specific processing of a home-made optical
frequency comb source (centered at wavenumber A, = 1550 nm) allows generation
of exact wave profiles with a specific period fixed by the frequency spacing of
the optical comb. Nonlinear propagation is then studied in different lengths of
the same standard single-mode fiber SMF-28 (with 8, = —2.1 x 1072s2m~!
and y = 0.0012W~!'m~! at A ») by an appropriate choice of the input average
power. The fiber loss is about 5% per kilometer (in power). At fiber output, the
power profiles are characterized in both time and frequency domains by means of
an ultrafast optical sampling oscilloscope (with subpicosecond resolution) and an
optical spectrum analyzer (with 2.5 GHz resolution).

To observe rogue waves on the dn-periodic background, the exact solution (5.19)
with k = 0.7 was used to shape the input periodic wave with the correct localized
perturbation. According to the maximal propagation distance that can be reached,
suitable initial conditions (at a normalized & value) were chosen to observe the
maximum amplification. Specifically, a 13-GHz frequency comb was used to shape
the exact solution (5.19) with § = —2.3 at fiber input. The frequency interval for
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Fig. 5.5 Experimental setup for observation of rogue waves on dn-periodic background in optical
fibers. Taken from Xu et al. (2020)
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Fig. 5.6 Experimental observation of a rogue wave on a dn-periodic background (k = 0.7) in
an optical fiber. Plotted are longitudinal evolution of the optical envelope |u(z, )| obtained from
experiment (a) and theory (b). Taken from Xu et al. (2020)

the dn-periodic wave was 78 GHz. Figure 5.6a presents spatiotemporal evolution
measured for the rogue wave on the dn-periodic wave. This figure clearly reveals
that the localized perturbation (centered at + = () grows as predicted by the
theory in Fig.5.6b. After 1.4km propagation, the optical rogue wave reaches a
maximum amplitude nearly 3 W!/2, which is close to the theoretical prediction
V' Py(2++/1 — k?) despite fiber losses (here Py = 1.38 W). Subsequently, the rogue
wave’s decay just before 2 km is also seen.

5.2 Robustness of Rogue Waves Under Perturbations

One important question we need to ask is, how robust are rogue waves under per-
turbations? Since rogue waves can only arise from linearly-unstable backgrounds,
the instability of those backgrounds will necessarily affect the evolution of rogue
waves and render them unstable. This instability of rogue waves has been further
examined by Cuevas-Maraver et al. (2017) from the point of view of spectral
stability. However, rogue waves have been observed in experiments of various
physical systems as we have shown in Chap. 4. Then, how can we understand the
observability of rogue waves given that they are supposed to be unstable?
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In this section, we will numerically simulate the evolution of rogue waves under
random-noise perturbations in order to determine how robust they are. For brevity,
we will only show this for several rogue waves in the NLS equation.

The NLS equation we will numerically simulate is

1
i, + Stter + lul?u = 0. (5.27)

The numerical scheme we will use is the pseudo-spectral method, together with the
fourth-order Runge-Kutta method to advance in time (Yang 2010). The x-interval is
taken as —50 < x < 50, which is discretized by 1024 grid points. The time-step is
taken as At = 0.002, which satisfies the numerical-stability condition.

The first rogue wave we will consider is the Peregrine wave, which is

4(1 4 2ir) -
D =(1-—-—= )" 5.28
up. 1) ( 1+4x2+4t2>e (>28)
We will take this Peregrine wave at #p = —3, and perturb it by random noise.
Specifically, the initial condition of our simulation is
u(x, 10) = up(x, fo) + € R(x), (5.29)

where R(x) is a random complex function of x with unit peak amplitude, and € is
the strength of this random-noise perturbation.

When € = 0.015, i.e., with 1.5% random-noise perturbation, the simulation
result for one typical realization of the random-noise function R(x) is displayed
in the left column of Fig.5.7. Panel (a) displays the undisturbed initial Peregrine
wave |up(x, )| at tp = —3. Panel (b) displays the disturbed initial Peregrine wave
lu(x, tp)| from Eq. (5.29), which is our initial condition. Notice that this perturbation
is clearly visible even though it is only 1.5%. Panel (c) displays the evolution
result for this perturbed state. We can see that instability eventually develops on
the background, which is not surprising since the uniform background is linearly
unstable. However, the instability on the background becomes noticeable only after
the Peregrine wave has run its dynamical course and is ready to disappear. For this
reason, the Peregrine wave is observable even though it is unstable.

What if the perturbation is stronger? To answer this question, we next choose
€ = 0.05, i.e., with 5% random-noise perturbation. The simulation result under
one typical realization of the random-noise function R(x) is displayed in the right
column of Fig.5.7. It is seen that even though the perturbation is now much
stronger, the qualitative feature of the simulation result remains the same. That is,
the Peregrine wave still runs its course before the background instability shows up.

Two other rogue waves we will consider are the two second-order rogue waves
as shown in Fig.4.7 of the previous chapter, one being a super rogue wave, and
the other being a rogue triplet. For these two rogue waves, we also take them at
to = —3, and perturb them by random noises similar to Eq. (5.29), with ¢ = 0.03,
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Fig. 5.7 Evolution of the 11[(a) 11[(a)
Peregrine wave under \/\/— | J_,_.
perturbations. The lul ul

perturbation is a random 2 0 0 10 20 20 0 0 10 20
noise imposed on the
Peregrine wave at t = —3,
see Eq. (5.29). Left column: uf | | lul
1.5% perturbation; right
column: 5% perturbation. Top
row: unperturbed Peregrine
waves at t = —3; middle row:
perturbed Peregrine waves;
bottom row: evolutions of
perturbed Peregrine waves in
the NLS equation

Fig. 5.8 Evolutions of two 12f(a) 14f(d)
2nd-order NLS rogue waves
under perturbations. The

perturbations are 3% random
noises imposed on these
rogue waves at t = —3. Left
column: the super rogue wave
case; right column: a rogue
triplet case. Top row:
unperturbed rogue waves at

t = —3; middle row:
perturbed rogue waves;
bottom row: evolutions of
perturbed rogue waves in the
NLS equation

i.e., with 3% random noise perturbations. Evolution results of these perturbed rogue
waves are displayed in the left and right columns of Fig. 5.8, respectively. As can
be seen, despite perturbations, these two rogue waves are also able to display their
key dynamical features before background instabilities kick in. In physical terms,
this means that in the presence of perturbations, rogue waves can still appear and
disappear in nature, consistent with experiments of the previous chapter.

It is noted that this type of robustness simulations for rogue waves have been
done before in many articles for a wide array of integrable systems, such as the
long-wave-short-wave interaction model (Chen et al. 2014a), the coupled Hirota
equations (Chan and Chow 2017), generalized derivative NLS equations (Chen et
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al. 2019), the NLS equation (Calini et al. 2019), a system of nonconventionally
coupled NLS equations (Sun et al. 2021), and others. Our conclusions above are
consistent with those earlier articles.

In situations where two spatial dimensions are involved, then the transverse
stability of one-dimensional rogue waves with respect to the second spatial dimen-
sion is also an issue to consider. For example, in deep water where there are
two spatial dimensions on the water surface, the (2+1)-dimensional NLS equation
is the appropriate mathematical model. In this case, while rogue waves in the
(1+1)-dimensional NLS equation (5.27) also satisfy this (2+1)-dimensional model,
whether they are stable or robust against transverse perturbations in this (2+1)-
dimensional model remains a question. For the Peregrine wave, its transverse
stability in the (2+1)-dimensional NLS equation was investigated by Ablowitz and
Cole (2021). It was found that the Peregrine wave suffers transverse instability, and
this instability coincides with that of the background plane wave. In optical fibers
and narrow water tanks where many of the rogue experiments have been performed,
the second spatial dimension either does not exist or can be ignored. In such cases,
transverse instability of rogue waves is irrelevant.

5.3 Partial-Rogue Waves in the Sasa-Satsuma Equation

Rogue waves is the focus of this book. These are “waves that come from nowhere
and leave without a trace” (Akhmediev et al. 2009b), i.e., they are localized
wave excitations that arise from the constant-amplitude background, reach higher
amplitude, and then retreat back to the same background, as time progresses.

However, there exists another type of waves that are different from but closely
related to rogue waves. These other waves “come from nowhere but leave with a
trace”. Specifically, these waves also arise from the constant-amplitude background
(thus “come from nowhere”), stay localized, and reach higher amplitude. After-
wards, instead of retreating back to the same constant background with no trace,
they evolve into localized waves on the constant background that persist at large
time, thus leaving a trace. Such peculiar waves were first reported by Ohta and Yang
(2013) for the Davey-Stewartson-II equation, where a two-dimensional localized
wave arose from the constant background and then split into two localized lumps at
large time (see Fig. 4 of that paper). Later, a similar but one-dimensional solution
was reported by Zhao et al. (2016b) for the Sasa-Satsuma equation. These peculiar
waves resemble rogue waves in the first half of evolution, but contrast them in the
second half of evolution. Due to these peculiar behaviors, we call them partial-rogue
waves.

Asymptotic prediction of such partial-rogue waves was made by Yang and Yang
(2023b) in the Sasa-Satsuma equation. It was shown that among a class of rational
solutions in this equation that can be expressed through determinants of Schur
polynomials with index jumps of three, partial-rogue waves arise if and only if these
rational solutions are of certain orders, where the associated generalized Okamoto
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polynomials have real but no purely-imaginary roots, or have purely-imaginary but
no real roots (we will call such purely-imaginary roots simply as imaginary roots for
brevity in later text). It was further shown that at large negative time, these partial-
rogue waves approach the constant-amplitude background, but at large positive time,
they split into several fundamental rational solitons, whose numbers are determined
by the number of real or imaginary roots in the underlying generalized Okamoto
polynomial. We present partial-rogue waves and their asymptotic predictions in the
Sasa-Satsuma equation below.

The Sasa-Satsuma equation was proposed as a higher-order nonlinear Schodinger
equation for optical pulses that includes some additional physical effects such as
third-order dispersion and self-steepening (Kodama and Hasegawa 1987; Sasa and
Satsuma 1991). Through a variable transformation, this equation can be written as

Uy = tyxy + 6lu|Puy 4 3u(lul®)y. (5.30)

Sasa and Satsuma (1991) showed that this equation is integrable.

5.3.1 A Class of Rational Solutions

Soliton solutions on the zero background in this equation were derived by Sasa and
Satsuma (1991). Later, rational solutions on a nonzero background, including rogue
waves, were also derived (Bandelow and Akhmediev 2012; Chen 2013; Zhao et al.
2014, 2016b; Ling 2016; Mu and Qin 2016; Mu et al. 2020; Feng et al. 2022b;
Wau et al. 2022). The solutions that are relevant to partial-rogue waves are a certain
class of rational solutions, whose t functions are determinants of Schur polynomials
with index jumps of three (which will be called determinants of 3-reduced Schur
polynomials). These solutions are different from Sasa-Satsuma rogue waves derived
by Feng et al. (2022b) and Wu et al. (2022), which are determinants of 2-reduced
Schur polynomials. These determinant solutions of 3-reduced Schur polynomials
in the bilinear framework correspond to the solutions with the scattering matrix
admitting a triple eigenvalue in the framework of Darboux transformation. Such
solutions from Darboux transformation have been studied by Zhao et al. (2016b) and
Ling (2016). However, their solutions are not general nor explicit for our purpose.
For this reason, we will first present general and explicit expressions for this class
of rational solutions through Schur polynomials.

These rational solutions are sitting on a nonzero constant-amplitude background.
Through variable scalings, we can normalize the background amplitude to be unity.
Then, this background can be written as

Upg (x, 1) = elleGeHon—a’r], (5.31)
where « is a wavenumber parameter. When o« = 1/2, the Sasa-Satsuma equa-
tion (5.30) admits general rational solutions whose 7 functions are determinants of
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3-reduced Schur polynomials, and such solutions are given by the following theorem
(Yang and Yang 2023Db).

Theorem 5.1 When o = 1/2, the Sasa-Satsuma equation (5.30) admits bounded
(N1, N2)-th order rational solutions

(x, 1) = SN2 il e, (5.32)
N1, N2

UN,,N,

where N1 and N; are arbitrary non-negative integers,

Iy =000, 8NN, =010, (5.33)
[1,1] [ 2]
o U
k,l kl

[1 J] (¢(klI,J) (5.35)

3 "31"])151'le,151'ij’

matrix elements in G/EII I are defined by

min(i, j) P2 v
¢i(,kj’l’1J): 3 (ﬁ) Siv(XF (k, 1)+ v8) Sj_y (x5 (k, 1) +vs),  (5.36)
v=0 0

+ + _+ .
vectors Xy (k, 1) = (17 Xyt -) are given by

X0, 1) = pr(x +60) + Brt + k6, +16F + a1, (5.37)
x, (k1) = pr(x +61) + frt — k6 =16, +ay.;, (5.38)

B, and 0, are coefficients from expansions

o
3 _ p (k) —

P’ ) —Zoﬂmr, In [ P } Ze k" (5.39)

r=
the function p (k) with expansion p (k) = Y .2, prk" and real expansion

coefficients p, is defined by the equation
3

Qi lp )] = Ql;”‘” |:e" +2¢7? cos (‘/T—Kﬂ , (5.40)

with
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1 1
Qi(p) = — + .
p—lx p+ix

+ p, (5.41)

po = :I:\/g/Z, the real vector s = (s1, 52, - - - ) is defined by the expansion

2po)(p(fc)—po)} — .
1 _ _— = r s 542
n[(ﬁlk p )+ po ;S ‘ 442

the asterisk ‘*’ represents complex conjugation, and

(@1, @3N -1,1), (@12, -+, a3N,—2,2) (5.43)

are free real constants.
The proof of this theorem can be found in Yang and Yang (2023b).

Note 1 When we choose pg = V3 /2, the first few coefficients of p,, By, 0,, and s,
are

121/6 12-1/6 1 s a4
pl - 2 5 p2 - 2 3 p3 - mv ( B )
9 9 35/6 1943
_21l/6 _ 2.2 =V 5.45
Pr=g - =g o B T (5.45)
o =12 ! 0y =0 (5.46)
1 = ) 2 = —27 3 =V, .
ﬁ—1 121/6(\/§—i>
0 5 =0 sio=_1 (5.47)
s1=0, s =0, s3= 10 .

If we choose pg = —+/3/2, then p, and 8, would switch sign, 6, change to 0}, and
s, remain the same.

Note 2 If we choose pg = —\/§/2 and keep all internal parameters (a1, ar2)
unchanged, then the resulting solution #(x, t) would be related to the solution
u(x, r) with pg = ~/3/2 as ii(x, 1) = u*(—x, —1).

Note 3 Internal parameters a3, 1 and az, 2 (n = 1, 2, - --) do not affect solutions
in Theorem 5.1, for reasons which can be found in Yang and Yang (2021b). Thus,
we will set them as zero in later text.

The simplest solution of this class—the fundamental rational soliton, is obtained
when we set N = 0 and N = 1 in Theorem 5.1. In this case, the solution has a
single real parameter a; 2, which can be normalized to zero through a shift of the x
axis. The resulting solution, for both py = +3 /2, 1s
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Fig. 5.9 Graph of the fundamental rational soliton (5.48) in the Sasa-Satsuma equation (5.30).
Left: 3D plot. Right: density plot. The horizontal axes are * = x + (33/4)t

wi(x, 1) = iy (x, 1)ell 3+ =g, (5.48)
where
3824318 -2
i, )= "7~ 5.49
a0 = =y (5.49)
and
f=x+ (33/4)¢ (5.50)

is amoving coordinate. The graph of this solution is plotted in Fig. 5.9. This solution
is a rational soliton moving on the constant-amplitude background (5.31) with
velocity —33/4. Its height, i.e., max(|u1]), is 2.

5.3.2 Generalized Okamoto Polynomials

We will show in later text that rational solutions in Theorem 5.1 contain partial-
rogue waves but are not all partial-rogue waves. The question of what solutions in
Theorem 5.1 are partial-rogue waves turns out to be closely related to root properties
of generalized Okamoto polynomials. So, we will introduce these polynomials and
examine their root structures next.

Original Okamoto polynomials arose in Okamoto’s study of rational solutions
to the Painlevé IV equation (Okamoto 1986). He showed that a class of such
rational solutions can be expressed as the logarithmic derivative of certain special
polynomials, which are now called Okamoto polynomials. These original polyno-
mials were later generalized, and the generalized Okamoto polynomials provide a
more complete set of rational solutions to the Painlevé IV equation. In addition,
determinant expressions for the original and generalized Okamoto polynomials
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were discovered (Kajiwara and Ohta 1998; Noumi and Yamada 1999; Clarkson
2003, 2006).
Let p;(z) be Schur polynomials defined by

> pi@el =exp (ze +€?). (5.51)
j=0

with p;(z) = 0 for j < 0. Then, generalized Okamoto polynomials O, n,(2),
with N1, N, being nonnegative integers, are defined as

QNl,Nz(Z) = Wl”on[sz Ps, s P3N1—1, P1, P4, -+, P3N2—2], (552)

or equivalently,

P2 P1 - P3-N|—N,
QN],NQ(Z) — P3N;—1 P3N;—2 *** P2N1—N, , (553)

P1 Po ctt P2—-N1—N,

P3N,—2 P3N,—3 *** P2N,—N;—1

since p;. n 1(z) = pj(z) from the definition of p;(z) in Eq.(5.51), where the prime
represents differentiation. The first few Oy, v, (z) polynomials are

1 2
Q10(z) = E(Z +2),

1 4 2
020() = g5z + 107 42027 + 40),
00,1(2) =z,

1,
Q1,1(Z)=§(—Z +2)
_ o 20
Q2,](Z)—EZ(Z — 20),

1
002(2) = §<z4 + 472 — 4),

1 4 2
012(z) = g(—z +4z°4+4),

1 6 4 2
022(2) = %(—z + 10z* — 2072 + 40).
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Note that our definition of generalized Okamoto polynomials is different from that
by Clarkson (2003, 2006). Denoting the O, ,(z) polynomial introduced in Clarkson

(2003, 2006) as Q[C] (z), then our polynomial Qy,, n,(z) is related to Q[C] (z) as

VAL 3, O S (V3z/2), N1z w,,
QN],Nz(Z) = (2)
YN, N2Q —Ny, Nj+1 (\/_Z/2) N1 < N»,

(5.54)
where y(l) and y(z) , are certain real constants.

Clarkson (2003) observed an interesting symmetry relation between Q (z)

and Qm, ,,(11) based on examples. Using that symmetry and the above polynomial
connection (5.54), we obtain symmetry relations for our polynomials Oy, n,(2) as

ONy M-y (D) = bre BT MM y (2), Ny = Na, (5.55)
ONno—N -1, N, (2) = bye™ 77N M On,, N, (2), Ni < Ny, (5.56)

where
dny, N, = Ni + N3 — NiNa+ N (5.57)

is the degree of the Q v, n,(z) polynomial, by = %1 is the sign of the ratio between
coefficients of the highest z-power terms in Qy, n,(z) and Oy, N,—nN,(z), While
by = £1 is the sign of the ratio between coefficients of the highest z-power terms in
On,, N, (z) and O N, N, -1, N, (2). In the special case of N = 0, the symmetry (5.55)
further reduces to

Ony N (2) = Ony 0(i2). (5.58)

Root properties of generalized Okamoto polynomials O, n,(z) are important
for our partial-rogue wave problem. It is easy to see from Eq. (5.51) that p;(—z) =
(=1’ pj(2). Thus, On, N, (—2) = (=1)Y O, N, (2), Where y is a certain integer.
As aresult, roots of Qy, n,(z) come in %z pairs. In addition, since the polynomial
O N, N, (2) has real coefficients, roots of O n,,n,(z) also come as complex-conjugate
pairs.

For our partial-rogue wave problem, it turns out from later text that we need
generalized Okamoto polynomials which have either real or imaginary roots, but not
both. In addition, zero cannot be a root. Multiplicity of these real or imaginary roots
also has important consequences. These root questions of generalized Okamoto
polynomials were answered by Roffelsen and Stokes (2024), who obtained the
following results.

Theorem 5.2 Every root of the generalized Okamoto polynomial Qn, n,(2) is
simple. In addition, treating zero as both a real root and an imaginary root, then
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the numbers of real and imaginary roots of Qn, n,(z) are

Ny, if N1 even and N1 < Np — 1,
N1+ 1, if Ny odd and Ny < Ny,
and
Ny — N1, if Np — Ny evenand N1 < Ny — 1,
pim(N1. Ny) = Ny, if Ny — Ny odd and N1 < Ny — 1, (5.60)

N1 — N, if NI — Ny even and Ny < Nj,
N1+ 1, if Ny — Nyoddand N» < Nj.

From this theorem, we can easily see that the only Oy, n,(z) polynomials which
have real but no imaginary roots are Qp, n,(z), where the number of real roots
is N1 when Nj is even and Ny 4+ 1 when N is odd; and the only Qn, n,(2)
polynomials which have imaginary but no real roots are Q y, 0(z), where the number
of imaginary roots is Ny when N is even and Ny + 1 when N is odd.

To verify these results, we plot in Fig. 5.10 roots of Qy, n,(z) in the complex
z plane for 0 < Nj, N2 < 3. We can see from this figure that the Qy, 0(z)
polynomials in the first column have only imaginary roots but no real roots. The
On,,N,(z) polynomials on the diagonal have only real roots but no imaginary
roots, which is not surprising given the connection between Oy, n, and Oy, o
polynomials in Eq.(5.58). For both polynomials, zero is not a root. All other
polynomials in Fig.5.10 have both real and imaginary roots, and are thus not
useful for the partial-rogue problem. These root structures in Fig. 5.10 are consistent
with Theorem 5.2 and the two symmetries of generalized Okamoto polynomials in
Eqgs. (5.55)-(5.56).

We have also checked that every root in Fig.5.10 is simple, consistent with
Theorem 5.2.

5.3.3 Large-Time Predictions of Partial-Rogue Waves

According to our definition, partial-rogue waves are localized waves that “come
from nowhere but leave with a trace”. Thus, we impose the following boundary
conditions

a(x+6t) —a3t]

u(x, ) — el t — —ooor x — +00, (5.61)

where « = 1/2. In addition, we require u(x, ) not to approach this constant-
amplitude background as t — +o0.
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Fig. 5.10 Roots of generalized Okamoto polynomials Qy, n,(z) in the complex z plane for 0 <
N1, N2 < 3.1Inall panels, —5 < Re(z),Im(z) <5

Only a small portion of rational solutions in Theorem 5.1 are partial-rogue waves.
This is not surprising, since the fundamental rational soliton in Fig.5.9 is not a
partial-rogue wave already. We will show that a rational solution in Theorem 5.1
is a partial-rogue wave only if the associated generalized Okamoto polynomial
has either imaginary or real roots, but not both. This result is summarized in the
following two theorems, for imaginary roots and real roots, respectively (Yang and
Yang 2023b).

Theorem 5.3 [f the generalized Okamoto polynomial Q n, n,(2) has imaginary but
no real roots, then the rational solution uy, n,(x,t) in Theorem 5.1 with py =
—/3/2 is a partial-rogue wave. In addition, when t > 1, this solution splits into n

1 1 )
[3&+60=511 \here n is the number

fundamental rational solitons i (x — x(()k) ,1)eé
of imaginary roots in Qn, N,(2), and 1 < k < n. The location x(gk) of the k-th

fundamental rational soliton is given by

3/4
W__ 3B w3, 2w
Xy ——4t—1zo 21/22‘ +121/6A ) (5.62)
where z(()k) is the k-th imaginary root of On, N, (2), and AP s q z(()k)-dependem‘

O(1) quantity. The error of this fundamental rational soliton approximation is
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O(|t|=1/%). Expressed mathematically, if t > 1, and x is in an O (1) neighborhood
of a certain x(()k), ie., |x — x(()k)| = O(1), then

Uy (6, 1) = iy (x — x0 1) BEHOO=511 L 01 71/2), (5.63)

When t — 400 and x is not in an O(1) neighborhood of any x(gk), or when t —
—o0 for all x, the solution approaches the constant-amplitude background (5.31),
ie.,

.
U, N, (6, 1) — 26D =], (5.64)

Theorem 5.4 If the generalized Okamoto polynomial Qn, n,(z) has real but
no imaginary roots, and each real root is nonzero, then the rational solution
UN,,N,(x, t) in Theorem 5.1 with py = V3/2 is a partial-rogue wave. In addition,
when t > 1, this solution splits into n fundamental rational solitons i (x —
x(()k), t)ei[%(x‘“”)_%’], where n is the number of real roots in Qn, n,(z), and 1 <

k < n. The location x(()k) of the k-th fundamental rational soliton is given by
3/4
33 (k) 39/ 12 2 (k)

k) _
o =Tt Rt T pw

(5.65)

where z(()k) is the k-th real root of On, N,(z), and AP s a z(()k)—dependent o)
quantity. The error of this fundamental rational soliton approximation is O (|t|~1/?).
Mathematical expressions of these results are the same as in Egs. (5.63)—(5.64) of
Theorem 5.3, except for the different formula (5.65) for the soliton’s location x(()k).

Proofs of these two theorems can be found in Yang and Yang (2023b).
These two theorems, together with Theorem 5.2 and Fig. 5.10 on root properties
of generalized Okamoto polynomials, immediately lead to the following corollary.

Corollary 5.1 Rational solutions uy, o(x,t) (N1 > 1) with py = —\/5/2, and
uny, N (x, 1) (N1 = 1) with py = V3/2, in the Sasa-Satsuma equation (5.30) are
partial-rogue waves. As t — —+00, these solutions split into several fundamental

rational solitons, whose number is equal to N1 when N1 is even and N1 + 1 when
N is odd.

The results in this corollary are not dependent on values of internal parameters
ar1,ar2 (r =1,2,---). This is not surprising, since when |¢| > 1, those internal
parameters in the solution will play a less significant role.
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5.3.4 Numerical Verification of Theoretical Predictions

The simplest partial-rogue wave in the uy, o(x, ) family is u1,0(x, t) with py =
-3 /2. This solution contains two free real parameters a1 and az,1. Through a
shift of the (x, t) axes, we can normalize

aj1=a; =0 (5.66)

without loss of generality. In fact, this zero normalization of a; | and az | can
be achieved for all partial-rogue waves uy, o(x,t) and uy, n,(x, ). Under this
parameter normalization, the u1 o(x, t) solution can be written out as

910D it rvn—il, (5.67)

uo(x,t) = =
00,0(X, 1)

where
00.0(R, 1) = 4 + 24312 + 2452 — 124353 + 95 + 5413 (2 - ﬁaz) . (5.68)
010, 1) = =2 + 6iv/3 + 2431% — 12if — (3 + 91«/5) 246 (31 - 2\/5) <
+o* — 271 [i +V342i (24 V3) i+ 2~/§£2] , (5.69)

and X = x + (33/4)t. The graph of this solution, in the (X, 7) plane, is plotted in
Fig.5.11a. As one can see, this is indeed a partial-rogue wave. As t — 400, it splits
into two fundamental rational solitons, consistent with Corollary 5.1.

The next two solutions in the u y, o(x, t) family are us o(x, t) and u3 o(x, t) with
po = —/3 /2. Under the parameter normalization (5.66), the u2 o(x, t) solution
contains additional free real parameters (a4,1, as,1), while the u3 o(x, ¢) solution
contains additional free real parameters (a4,1, as,1, a7,1, ag.1). When we choose

as1 =2, as1=-3 (5.70)

Fig. 5.11 Density plots of partial-rogue waves |u1,0(x, t)| (a), luz,0(x, t)| (b), and |u30(x, 1)| (¢),
with pg = -3 /2 in the Sasa-Satsuma equation (5.30). Parameter values in (b) and (c) are given
in Egs. (5.70) and (5.71) respectively. The horizontal axes are X = x + (33/4)¢
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inuy0(x,t) and
ag1 =2, as1=-3,a71=ag1=0 (5.71)

in u3,0(x, t), the corresponding true solutions are plotted from Theorem 5.1 and
displayed in Fig.5.11b and c respectively. Again, these are indeed partial-rogue
waves. When ¢t — o0, they split into two and four fundamental rational solitons
respectively, consistent with Corollary 5.1 as well.

The reader may notice that individual fundamental solitons at large time in
Fig.5.11 appear to have different heights, while Theorem 5.3 predicts these funda-
mental solitons should approach the same height. It turns out that this discrepancy is
due to the fact that the time shown in Fig. 5.11 is not large enough. We have checked
that as time increases further, all these humps indeed approach the same height 2,
which is the height of the fundamental rational soliton (5.48).

The simplest partial-rogue wave in the uy, n, (x, t) family is uq 1 (x, t) with pg =
V/3/2. Under parameter normalization (5.66), this u1,1(x, t) solution still contains
a free real parameter a; . However, we have found that this u 1 (x, ) solution can
be written as

9106 D) itk ro—r1 (5.72)

up(x, 1) = ——
00,0(X, 1)

where functions og ¢ and o1 o are as given in Egs. (5.68)—(5.69), and

22/3 25/3 94/3

T 2
r=1t— mal’z + mal,z. (5.73)

Thus, after a shift of the (X, ¢) axes, this u;,1(x, #) solution with free parameter a; »
is equivalent to the uj o(x, ¢) solution given in Eqgs. (5.67)—(5.69). This u1 1 (x, t)
solution, in the (X, 7) plane with a; » = 3, is plotted in Fig. 5.12a. This is certainly
a partial-rogue wave.

The next two solutions in the uy, n, (x, t) family are u>(x, ) and u33(x,t)
with py = +/3/2. Under parameter normalization (5.66), these solutions still contain
a number of free real parameters. When we choose

as1 =as1 =0, a1p=ayp =a4p =3 (5.74)

inup2(x,t) and
asg=asg=a71=a31=0, aip=mp=ar=asp=a72=3 (5.75)
in u33(x,t), the corresponding true solutions are plotted from Theorem 5.1 and
displayed in Fig.5.12b and c respectively. Again, these are indeed partial-rogue

waves. When ¢+ — 400, they split into two and four fundamental rational solitons
respectively, consistent with Corollary 5.1.
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Fig. 5.12 Density plots of partial-rogue waves |u1,1(x, t)| (a), [u2,2(x, t)| (b), and |u3 3(x, 1)| (¢),
with pg = «/§/2 in the Sasa-Satsuma equation (5.30). In (a), a; » = 3. Parameter values in (b)
and (c) are given in Egs. (5.74) and (5.75), respectively. The horizontal axes are X = x + (33/4)¢

5.4 Large-Time Patterns of Higher-Order Lumps in the
Kadomtsev-Petviashvili I Equation

In this section, we discuss large-time patterns of higher-order lumps in the
Kadomtsev-Petviashvili (KP) I equation. This topic seems quite different from
rogue waves. However, we will show that these higher-order lumps exhibit
interesting patterns which are also described asymptotically by root structures
of certain types of polynomials, analogous to rogue wave patterns. In addition,
analytical treatments for lump patterns and rogue patterns have a lot in common.

The KP equation arose in Kadomtsev and Petviashvili’s (1970) investigation
on the stability of a Korteweg-de Vries soliton with respect to long transverse
perturbations. This equation has two types, KP-I and KP-II, and our interest here
is KP-I. This KP-I equation is

(ur + O6utty + tyxy), — 3uyy = 0. (5.76)

It models two-dimensional evolution of weakly nonlinear shallow water waves
under large surface tension (Ablowitz and Segur 1979). It also arises in other
branches of physics, such as nonlinear optics (Pelinovsky et al. 1995) and Bose-
Einstein condensates (Barashenkov and Makhankov 1988; Tsuchiya et al. 2008).
The KP-I equation (5.76) is solvable by the inverse scattering transform (Novikov
et al. 1984; Ablowitz and Clarkson 1991). It admits stable fundamental lump
solutions that are bounded rational functions decaying in all spatial directions
(Petviashvili 1976; Manakov et al. 1977; Satsuma and Ablowitz 1979). It also
admits a broad class of rational solutions that describe the interactions of these
lumps. If individual lumps have distinct asymptotic velocities, then they would pass
through each other without change in velocities or phases (Manakov et al. 1977;
Satsuma and Ablowitz 1979). But if they have the same asymptotic velocities,
they would undergo novel anomalous scattering, where the lumps would separate
from each other in new spatial directions that are very different from their original
incoming directions (Gorshkov et al. 1993; Ablowitz and Villarroel 1997; Ablowitz
et al. 2000). In this section, we are concerned with this latter type of solutions, which



394 5 Related Topics

we call higher-order lumps. They are also called multi-pole lumps in the literature
(Ablowitz and Villarroel 1997; Ablowitz et al. 2000).

5.4.1 Higher-Order Lump Solutions

Analytical expressions of higher-order lumps have been derived by a wide variety of
methods before (Pelinovsky and Stepanyants 1993; Gorshkov et al. 1993; Ablowitz
and Villarroel 1997; Ablowitz et al. 2000; Dubard et al. 2010; Dubard and Matveev
2013; Clarkson and Dowie 2017). Most of those solutions were special solutions,
except for Ablowitz et al. (2000) where general higher-order lump solutions were
derived by Darboux transformation. Those general solutions were given through
determinants whose matrix elements involve differential operators with respect to
the spectral parameter. More explicit expressions of general higher-order lumps
were derived by Yang and Yang (2022b) using the bilinear method, and those
explicit expressions are given in the following theorem.

Theorem 5.5 General N-th order lumps of the KP-I equation (5.76) are

ua(x,y, 1) =29%1no, (5.77)
where
ox,y,1)= 1<§1et<N (mi.j) (5.78)
min(n;,n ;) | |2 v
L= p— + i 4+ % * *

mjj = g ((p n p*)2> Sni—v (X7 +vs+a;) S,y ((x Y+ vs ~|—aj) ,
(5.79)
N is an arbitrary positive integer, A = (n1,na,---ny) is a vector of arbitrary
positive integers, p is an arbitrary non-imaginary complex number, the asterisk ‘*’

represents complex conjugation, the vector x* = ( fr, x; y e ) is defined by
- ! 2 3k 4 5.80
e =Pt +pﬁly+p—( ), (5.80)

the vector s = (s1, 82, - - - ) is defined through the expansion

—1
ln(e p+p) Zs, , (5.81)
Kk pe<+4 p*

vectors a; are

a; = (i1, a2, . ain) . (5.82)
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anda; j (1 <i < N,1 < j < n;) are free complex constants.

The proof of this theorem can be found in Yang and Yang (2022b).

The fundamental lump can be obtained from Theorem 5.5 by taking N = 1 and
ni = 1. Through a shift of the (x, y) axes, we can normalize a;,; = 0. In addition,
we can take p = 1 without loss of generality (Yang and Yang 2022b). In this case,
the fundamental lump’s expression is

1
ui(x,y,t) = 28)% In ((x —120)% + 4y2 + Z) . (5.83)

This is a single lump with peak amplitude 16 that is moving at velocity 12.

5.4.2 Wronskian-Hermite Polynomials and Their Root
Structures

At large time, patterns of higher-order lumps turn out to be closely related
to root structures of Yablonskii-Vorob’ev polynomials and Wronskian-Hermite
polynomials. Yablonskii-Vorob’ev polynomials and their root structures have been
introduced in Sect. 3.1.1. Here, we introduce Wronskian-Hermite polynomials and
their root structures.

Let g (z) be polynomials defined by

Z qk(2)e* = exp (ze + 62) : (5.84)

k=0

These gk (z) polynomials are related to Hermite polynomials through simple variable

scalings. Then, for any positive integer N and index vector A = (ny,n2,...,ny),

where {n;} are positive and distinct integers in ascending order, i.e., n; < ny <
- < ny, the Wronskian-Hermite polynomial W4 (z) is defined as the Wronskian

Wa(z) = Wron [gn, (2), gny (2), - -+ guy (D] , (5.85)

or equivalently,

qn,(2) Gni—1(2) -+ qn—N+1(2)

Wa(z) = anz(z) anil () - . q'lzfl\{+1 )

, (5.86)
qu(Z) QnN—l(Z) CInN—N+l(Z)

since we can see q,i +1(@) = qk(z) from the definition (5.84). In the above
determinant, gx(z) = 0 when k < 0.
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Regarding root structures of Wronskian-Hermite polynomials W 4(z), we have
the following facts.

1. The degree of the polynomial W, (z) is

N

N(N —1)

p=Y o= (5.87)
i=1

This fact can be seen from the definition (5.86).

2. The multiplicity of the zero root in W,(z) is a triangular number and equal to
d(d + 1)/2, where

d= k()dd - keven’ (588)

and kyq4, keven are the numbers of odd and even elements in the index vector
(n1, na, ..., ny) respectively. This fact was mentioned in Felder et al. (2012) and
Garcia-Ferrero and Gémez-Ullate (2015) and proved in Bonneux et al. (2020). If
d(d+1)/2 =0,ie.,d =0or —1, then zero is not a root of W4 (z).

3. The polynomial W4 (z) can be factored as W4 (z) = z4@*TD/2 £(¢), where d is
given in Eq. (5.88), ¢ = z2, and f(¢) is a polynomial of ¢ with real coefficients
and a nonzero constant term (Bonneux et al. 2020).

4. If zg is a root of W4(z), so are —zo, z; and —z. This quartet root symmetry can
be seen from the above factorization of W (z) and the fact that the coefficients
of the polynomial W4 (z) are real. As a consequence of this quartet symmetry,
the root structure of W 4(z) is non-triangular. This contrasts Yablonskii—Vorob’ev
polynomials, which feature triangular root structures.

5. The polynomial W, (z) has only zero roots if and only if (ny,n2,...,ny) =
(1,3,5,--- ,2N — 1) (Yang and Yang 2022b).

On roots of Wronskian-Hermite polynomials, beside the above facts, it has also
been conjectured that all roots of every Wronskian-Hermite polynomial W, (z) are
simple, except possibly the zero root (Felder et al. 2012). If this conjecture holds,
then the number of nonzero roots in W4 (z) would be

dd+1
Ny =p — w7 (5.89)
2
where p is the degree of polynomial W4 (z) given in Eq. (5.87).
To illustrate root structures of Wronskian-Hermite polynomials, we choose two

index vectors
A =(2,3,4,5), A=(3,4,5,7,9). (5.90)

For Ay, d = 2 —2 = 0, and thus zero is not a root of Wy, (z) according to the
second fact in the earlier text. For Ay, d = 4 — 1 = 3, and thus zero is a root of
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Fig. 5.13 Root structures of Wronskian-Hermite polynomials W, (z) (left) and W4, (z) (right) in
the complex plane z, where index vectors A and Aj are given in Eq. (5.90)

multiplicity six in W4, (z). Indeed, the full expressions of these two polynomials are

2% —162° +120z* + 720
2880 ’
20 (2" — 12210 4 18028 + 6722° — 70562* — 18144022 — 1270080)
2743372800 ’

Wa,(2) =

WA2 (Z) = -

where we can clearly see zero is not a root of Wy, (z) and is a root of multiplicity
six in Wx, (z). Full root structures of these two polynomials are plotted in Fig. 5.13.
It is seen that for the first polynomial, its root structure is rectangular (it is not
an exact rectangle, but close). For the second polynomial, its root structure is quasi-
rectangular with a zero root in the center. All nonzero roots in these two polynomials
are simple.

5.4.3 Large-Time Patterns of Higher-Order Lumps

Now, we consider patterns of higher-order lumps at large times. In this study, we
will setn; < ny < --- < ny and p = 1 without loss of generality (Yang and Yang
2022b). In this case, the constant factor in Eq. (5.79) simplifies to 1/4".

It turns out that pattern analysis of lumps depends on whether vector elements
a;,j of internal parameters {a;} depend on the i index. Here, we only consider the
case where g; ; is independent of the i index. In this case, since the length of vector
a;isnj,andn; < ny < --- < ny, then, each a; fori < N is just a truncation of the
longest vector ay . Since every a; can be extended to the full @, and the extended
parts are dummy parameters which do not appear in the actual solution formulae,
by performing this a; extension, we can say all {a;} vectors are the same in this case
and thus denote a; = a. The first element a; of a can be further absorbed into (x, y)
through a coordinate shift of
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1
x+ R(ay) = x, y—i—iﬁ(al) -y, (5.91)

where R and J represent the real and imaginary parts of a complex number. Then,
our parameter choices will be

a;=a=0,ay,as,---). (5.92)

Under these parameters, our theorem on patterns of higher-order lumps at large
times is stated below (Yang and Yang 2022b).

Theorem 5.6 For |t| > 1, the following asymptotics on the higher-order lump
solution u A (x, y, t) holds.

1. If Wx(z) has nonzero roots that are all simple, then there will be an outer
region that is O (|t|1/2) away from the wave center of (x,y) = (12t,0), or
Vx—12024+y2 = 0 (|t|1/2). In this outer region, the higher-order lump
uA(x,y,t) asymptotically separates into Ny fundamental lumps u1(x —xg, y —
Yo, t), where Ny is givenin Eq. (5.89), u1(x, y, t) is given in Eq. (5.83), the lump
positions (xo, Yo) are given by

I (zo(—120)'72) RI))

, 5.93
5 2 (5.93)

x0 =R (zg(—th)l/z) —R(4), y=

z0 is each of the Nw nonzero simple roots of W4 (z), and A = A(A, z0) is an
O (1) complex constant given by

i ,qni_(N—l))Z:ZO}’ (5.94)
and

1 .

_ 5 R(z0) —I—:ﬁ(zo), whent < 0, (5.95)
R(20) + 513(20), when t > 0.

The absolute error of this fundamental-lump approximation is O(|t|~'/?).

Expressed mathematically, when (x, y) is in the neighborhood of each of these

outer fundamental lumps, i.e., (x — 12t —x0)> + (y — yo)? = O(1) with (xo, o)
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given in (5.93), we have the following solution asymptotics
wae, v, = =x0,y = 0,0+ 0 (1172), k> 1. (596)

2. If WA(z2) has a zero root, i.e., d # 0 and d # —1, where d is as defined in
Eq. (5.88), then there will be an inner region that is within 0(|t|1/3) of the wave
center (x,y) = (12¢,0), or /(x — 120)2 +y2 < O (|t|1/3). In this inner region
lies d(d + 1)/2 fundamental lumps ui(x — xo, y — Yo, t), where ui(x, y, t) is
given in Eq. (5.83), the lump positions (xg, yo) are given by

x0 = R(z0) (120)'2 = R(A), yo= @(12;)1/3 - %S(A), (5.97)

20 is each of the d(d + 1) /2 simple roots of the Yablonskii—Vorob’ev polynomial
Q,(z), with d defined as

A d when d > 0
d = ’ = 5.98
{|d|—1,whend§—1, ( )
and A = A(A, z0) is an O(1) complex constant whose expression can be

found in Yang and Yang (2022b). The absolute error of this fundamental-lump
approximation is O(|t|_1/3) when zg # 0 and O(t™") when zero is a root of
0 ;(z) and zg = 0. Expressed mathematically, when (x, y) is in the neighborhood
of each of these inner fundamental lumps, i.e., (x — 12t—x0)2+(y—yo)2 =0(1),
with (xg, yo) given in (5.97), we have the following solution asymptotics for
[t > 1,

ur(x —xo0, y — y0, 1) + 0 (1t|™'3), ifz0 # 0,

5.99
ur(x —xo, y—yo, )+ O (t71), ifzo=0. (5:99)

MA(X, yvt) = {

3. When (x, y) is not in the neighborhood of any of the above fundamental lumps
specified by Eqs. (5.93) and (5.97) in the (x, y) plane, including when (x, y) is
between the outer and inner regions, u 5 (x, y, t) asymptotically approaches zero
as |t| - oo.

Now, we explain what Theorem 5.6 says regarding solution patterns at large
times. The theorem indicates that, the whole wave field is generically split up into
two regions featuring different patterns.

1. The outer region is the region that is O(|¢|'/?) away from the wave center
(x,y) = (12t,0). This region would exist if W4(z) has nonzero roots, i.e.,
when A # (1,3,5,...,2N — 1). In this region, there are Ny well-separated
fundamental lumps. Relative to the moving frame of x-direction velocity 12,
positions (xg, yo) of these fundamental lumps, to the leading order of large time,
are just a linear transformation of W, (z)’s nonzero-root structure. When ¢ is
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large negative, these fundamental-lump positions to the leading order are

Y0 ) =12 1/2<10><%(Z0)) 5.100
(yo_> (121z]) 01 )\ sey ) ( )

where z( is any nonzero root of W4 (z). However, when ¢ is large positive, these
lump positions become

+
<x0+) = (121t]) /2 (? _1) (%(ZO)) (5.101)
Yo 3 0 S(ZO)

In the former case, the wave pattern formed by these fundamental lumps is
simply a stretching of the Wronskian-Hermite nonzero-root structure along both
horizontal and vertical directions. But in the latter case, on top of this stretching,
the horizontal and vertical directions are also swapped. In both cases, the
resulting wave patterns from transformations (5.100)—(5.101) are non-triangular
since the root structure of W4 (z) is non-triangular.

From the above two transformations, we see that fundamental lumps at large
negative time —¢ and large positive time 4 in the outer region are related as

+ —_
(x0+> = (? _2) <x0_>. (5.102)
Yo 3 0 Yo
Thus, when time goes from large negative to large positive, outer-region lump
patterns in the (x, y) plane have swapped horizontal and vertical directions.
In addition, stretching of different amounts has also occurred along the two
directions. For certain single-line patterns of fundamental lumps, a change from a
vertical line to a horizontal line in the (x, y) plane has been graphically reported
in Chen et al. (2016) and analytically explained in Chang (2018). Here, we
proved this fact for the general case.
In this outer region, fundamental lumps separate from each other in proportion
to |7]1/% at large time.

2. The inner region is the region that is within O (|¢] 173) of the wave center (x, y) =
(12¢, 0). This region would exist if W4 (z) has a zero root, whose multiplicity is
necessarily a triangular number of the form d(d + 1)/2 for an integer d defined
in Eq. (5.88) that is not 0 and —1. In this inner region, the solution u 4 (x, y, t)
at large time would comprise d(d + 1)/2 well-separated fundamental lumps.
Relative to the moving frame of x-direction velocity 12, positions (xg, yo) of
these fundamental lumps, to the leading order of large time, are just a linear
transformation of Q ;(z)’s root structure, i.e.,

X0\ _ o 1/3<1O)<%(Zo)) 5103
(yo) (120) 03 /)\ 3y )’ ( )
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where d is defined in Eq. (5.98), and 20 is each of the d(d + 1)/2 simple roots of
(0] d(z) The reader is reminded that d (d +1)/2 = d(d+1)/2. Thus, the pattern of
these d(d + 1)/2 fundamental lumps in the inner region at large time is a simple
stretching of Q ;(z)’s root structure, which is triangular if d > 1. In addition, as
time evolves from large negative to large positive, these triangular lump patterns
would reverse direction along the x-axis. Furthermore, fundamental lumps in this
inner region separate from each other in proportion to |¢|'/3 at large time.

The above results reveal that, the pattern of the solution u 4 (x, y, t) at large
time generically comprises an outer region featuring the non-triangular shape of
the stretched nonzero-root structure of the Wronskian-Hermite polynomial W4(z),
and an inner region featuring the triangular shape of the stretched root structure of
the Yablonskii—Vorob’ev polynomial Q ;(z). As time changes from large negative to
large positive, the outer pattern swaps horizontal and vertical directions with certain
stretching, while the inner pattern reverses the horizontal direction. These different
types of pattern transformations in the outer and inner regions of the same solution
are fascinating.

When A = (1,3,5,...,2N — 1), the outer pattern disappears. When d = 0 or
—1, the inner region disappears. In other situations, both regions would arise.

Ablowitz et al. (2000) reported that at large time, fundamental lumps in the
higher-order lump complex separate from each other in proportion to |¢|, where
% <gq < % Our results indicate that when a; = a, this g value can only be 1/3 or
1/2, nothing in between.

5.4.4 Comparison Between True Lump Patterns and Analytical
Predictions

Next, we compare our analytical predictions of lump patterns with true solutions.
As an example, we choose N = 5and A = (3,4,5,7,9). In this case, d = 3, and
thus zero is a root of multiplicity six in W4 (z), and the inner region is present. Since
A#(1,3,5,...,2N — 1), the outer region exists as well.

Root structure of the corresponding Wronskian-Hermite polynomial has been
displayed in Fig.5.13 (right panel). It is seen that this W, (z) admits 12 simple
nonzero roots which form a quasi-rectangular shape, plus the zero root of multiplic-
ity six at the center of the quasi-rectangle. Using formula (5.94), we find that for
these twelve nonzero roots zg of W (z) in the right panel of Fig. 5.13, from the left
to right,

A(A, z0) & —3.9717 £ 0.43151, —3.6158, —2.0475 £ 1.05441, —0.6449,
—0.6449, —2.0475 £ 1.0544i, —3.6158, —3.9717 £ 0.4315i

when ¢t > 0, and
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Fig. 5.14 Predicted solutions u 4 (x, y, t) with A = (3,4, 5,7,9) at time values of t = —10 (left)
and ¢t = 10 (right) in the KP-I equation

A(A, z0) &~ 0.1826 £ 0.43151, —0.6956, —0.1160 £ 1.0544i, 1.0043,
1.0043, —0.1160 £ 1.0544i, —0.6956, 0.1826 4 0.4315i

when ¢ < 0. Since these A values are different for different roots, outer lumps would
experience different amounts of O (1) position shifts according to formula (5.93).

The zero root of multiplicity six in W, (z) gives rise to an inner region of six
fundamental lumps, whose positions are predicted by the roots of Q3(z) from
Eq. (5.97). Here, we find from A’s formula in Yang and Yang (2022b) that

A=18/7,

which is independent of the root zg of Q3(z). Since this A value is the same for
all six roots of Q3(z), the six lumps in the inner region would experience the same
amount of O (1) position shift from formula (5.97).

Using the nonzero roots of W4 (z) and roots of Q3(z), together with the above
Aand A values, we can predict fundamental-lump locations from formulae (5.93)
and (5.97) of Theorem 5.6, for the outer and inner regions, respectively. From that,
we can draw the predicted solution in the (x, y) plane at any large time. When
t = =10, these predicted solutions are plotted in the left and right panels of
Fig. 5.14, respectively. The predicted patterns contain twelve fundamental lumps
which form a quasi-rectangular pattern in the outer region of the (x, y) plane, plus
six fundamental lumps which form a triangle in the inner region. At ¢+ = —10,
the outer lump pattern is roughly a stretching of W, (z)’s nonzero-root structure,
while the inner lump pattern is a stretching of Q3(z)’s root structure. At ¢ = 10,
however, the predicted outer lump pattern has swapped its (x, y) axes from the
t = —10 state [plus additional (x, y)-direction stretching], while the predicted inner
triangular lump pattern has reversed its direction along the x-axis.

To confirm these asymptotic predictions, we plot in Fig. 5.15 the corresponding
true solutions u 4(x, y, t) at six time values of t = —10, —2, —0.2,0, 2 and 10.
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Fig. 5.15 True solutions u 4 (x, y,t) with A = (3,4,5,7,9) anda = (0,0,0,0,0,0, 0,0, 0), at
various times whose values are shown inside the panels

In these true solutions, we have selected all-zero internal parameters of a =
(0,0,0,0,0,0,0,0,0). It is seen that at large times of + = %10, the true solutions
closely resemble our predictions in the previous figure. Specifically, the true
solutions at these large times also split into outer and inner regions, with outer
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patterns quasi-rectangular and inner patterns triangular; and as time changes from
t = —10 to t = 10, the outer pattern swaps its (x, y) orientations, while the inner
pattern reverses in x-direction. All these features of the true solution match exactly
our predictions in Fig. 5.14.

True solution graphs at intermediate time values in Fig.5.15 reveal how these
striking pattern transformations in outer and inner regions take place. It is seen that
all fundamental lumps in the inner and outer regions at large negative time first move
toward each other. Then they merge and coalesce at + ~ (0. Afterwards, all these
fundamental lumps re-emerge and move away from each other, but not returning
to their pre-merging state. Instead, the quasi-rectangular outer lumps have swapped
their x and y directions, and the triangular inner lumps have reversed the x-direction.
These pattern transformations are visually miraculous and mysterious. But due to
our Theorem 5.6, they can now be completely understood from a mathematical point
of view.

Error decay rates in the outer and inner regions as predicted in Theorem 5.6 have
also been numerically verified. See Yang and Yang (2022b) for details.
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