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Previous Foreword

The series Texts of Mathematical Methods plays a crucial role in serving the
field of Mathematics, particularly in its intersection with the natural sciences,
targeting postgraduate education and research. Each volume within this series aims
to succinctly articulate the core principles of a specific area of interest, catering
to the training needs of specialists. These volumes take the form of monographs,
delving into a single topic or a connected set of significant investigations conducted
by a particular individual.

In essence, Texts of Mathematical Methods series is designed to address
specialized subjects or offer “unconventional” perspectives on classic topics. They
constitute a bridge between passive study and creative comprehension, facilitating
a deeper understanding of mathematical theories. It is important to note that
these expositions do not constitute exhaustive surveys or concise treatments of
recent research findings. Instead, they serve as instructional tools, with authors
striving to illuminate the distinctive characteristics of the theory. These texts act
as supplementary resources for courses, seminars, or individual studies, presenting
definitions, logical interrelationships between topics, and stating main results and
corollaries. While some proofs may be omitted, the authors provide indications of
the proof’s nature, often accompanied by a simplified outline when technical details
are replaced by bibliographic references.

To summarize, Texts of Mathematical Methods serve as a reservoir of material
presented in a semi-formal style, serving as a precursor to formal texts or mono-
graphs. They hold immediate relevance, whether due to their treatment of practical
applications or the fact that the mathematical topics are actively employed or closely
tied to applications.

Through a commitment to fast and cost-effective publication, Texts of Mathemat-
ical Methods make contemporary and relevant material accessible to practitioners
of Mathematics, mathematicians with an interest in applications, and graduate
students.

vii



viii Previous Foreword

Editorial Board
Alvercio Moreira Gomes, Gustavo Alberto Perla Menzala, Luiz Adauto Medeiros,
Manuel A. Milla Miranda

This manuscript presents the topics of the lectures given by Prof. Enrique Zuazua
on “Exact Controllability and System Stabilization”, from July 15 to September 15,
1989, at the Instituto de Matematica of the UFRIJ.

We believe that, due to the precise and didactic form with which they were
written, they will represent a substantial aid to researchers and doctoral students
interested in this area of Partial Differential Equations.

We would like to thank Professor Zuazua for accepting our invitation to join the
Department of Mathematical Methods as a Visiting Professor and for having made
the arduous commitment to write these notes.

We also thank Ms. Miriam Carqueja for the excellent typing work.

Rio de Janeiro, Brazil Carlos Frederico Vasconcellos
December 12, 1990



Foreword

Enrique Zuazua has written his thesis in applied mathematics under my direction
and defended it in the Jacques-Louis Lions Laboratory (LJLL) of Paris in 1988.
A very important part of his scientific activity has been, from the very beginning,
devoted to the behavior of waves in a bounded domain: oscillations, stability,
stabilization and control. After the results on damped systems obtained in the first
part of his thesis, he was lucky enough to get involved quite early in the application
of the HUM method for exact controllability, just devised around 1986 by Jacques-
Louis Lions who had in mind some applications to the stabilization of large spatial
structures. To stabilize these structures, some thermal effects have to be taken into
account, and the real equations become in fact coupled systems of hyperbolic and
parabolic equations. Because parabolic problems are not reversible in time, the
controllability of semilinear heat equations has become a field of research in itself,
based on quite different methods. However, the central challenge lies in controlling
and stabilizing systems governed by second-order evolution equations in time,
which is the focus of this monograph.

Exact controllability of hyperbolic systems can be, whenever possible, obtained
by essentially three different methods: propagation arguments related to Holmgren’s
uniqueness theorem, harmonic analysis in connection with Ingham’s lemma and
its extensions, and the multiplier method. These three methods can be classified
in the following way: the propagation method is the most general one, giving
almost optimal results whenever applicable, but does not usually provide any clue
for numerical treatment, since it does not seem to be robust, except in one space-
dimension where the propagation can be understood by means of Riemann’s integral
formulas. The harmonic method provides very strong results when applicable, but
basically precludes any perturbation; in particular semilinear perturbations will
never work in more than one dimension, and only in very special situations (non-
linear oscillations and exponential stabilization). The multiplier method requires
geometrical conditions which substantially restrict its applicability, but in contrast
with the two other techniques it is, in any dimension, a basically robust method
from the point of view of operators, which allows at the same time semilinear
perturbations and numerical approximation.

ix



X Foreword

The first four chapters of the monograph are devoted to controllability results
relying on the multiplier method and the HUM method of J.-L. Lions. The last two
chapters are devoted to stabilization by a dissipative mechanism localized either
inside the domain or at the boundary. In both cases, general stabilization results
are proven for large classes of damping terms, and the rate of decay of the energy
is specified when it is linear, or behaves like a power of the velocity for small
velocities in the region where it is effective. Those decay estimates can be viewed as
a generalization of Enrique Zuazua’s results on energy decay obtained in his thesis,
but the proofs require new tools which had to be devised in connection with the
techniques of control theory.

This monograph, completed by a substantial list of references, will be quite
useful to those researchers who need to have at hand a synthetic overview of
both basic and more recent results in the field of control and stabilization of wave
equations in bounded domains.

CNRS, French National Centre for Scientific Alain Haraux
Research

INSMI, Institut National des Sciences

Mathématiques et de leurs Interactions

May, 2021



Previous Preface

In these notes, we delve into the methods developed for the study of exact control-
lability and stabilization of evolution equations, gathering significant contributions
from various authors.

To maintain conciseness, our focus centers on the wave equation with Dirichlet-
type boundary conditions. However, it is worth noting that the techniques and results
presented herein are versatile, readily adaptable and generalizable to a spectrum of
models, including the Schrodinger equation, various plate models, the system of
linear elasticity, and Maxwell’s equations.

The book unfolds across six chapters, each serving a distinct purpose. The
introductory first chapter sets the stage by presenting and formulating problems
related to exact controllability and stabilization. Following this, the second and
third chapters explore exact boundary and internal controllability of the linear wave
equation, respectively, employing the HUM method (Hilbert Uniqueness Method)
introduced by J.-L. Lions in his book [68]. The fourth chapter presents an exact
controllability result for the semilinear wave equation with internal control. Moving
forward, the fifth chapter offers estimates of the rate of decay of the energy of
solutions for wave equations featuring nonlinear dissipation. The concluding sixth
chapter focuses on addressing the intricate problem of boundary stabilization for the
semilinear wave equation.

Each chapter includes a dedicated section on literature, offering a comprehensive
review of relevant works, and concludes with the presentation of intriguing open
problems for further exploration.

My heartfelt gratitude goes to the Institute of Mathematics of the Federal
University of Rio de Janeiro (UFRJ), and particularly to C. F. Vasconcellos, whose
support not only made my journey to Rio de Janeiro possible but also facilitated the
creation of this book.

Madrid, Spain Enrique Zuazua
December 1990
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Preface

These Notes originated from a course I delivered at the Institute of Mathematics of
the Universidade Federal do Rio de Janeiro, Brazil (UFRIJ), in July-September 1989.
I had the honor of visiting this institution upon the invitation and hospitality of Prof.
Carlos Frederico Vasconcellos, affectionately known as Fred to his colleagues and
friends. The dynamic and friendly team led by Prof. Luiz Adauto Medeiros warmly
welcomed me.

These Notes were initially published in 1989 in Spanish under the title “Contro-
labilidad Exacta y Estabilizacion de la Ecuacion de Ondas” in the Lecture Notes
Series of the Institute. Spanish and Portuguese are sister languages and we believed
that mathematicians at the Institute and in Brazil, as well as Portuguese speakers
more broadly, could read and use them without language barriers.

I am indebted to Fred, who, with this invitation in 1989, opened up numerous
opportunities for me early in my career. This experience allowed me to learn about
Brazil and become fascinated by the country, its culture, nature, and people. I can
never thank him enough. My gratitude extends to the entire Brazilian mathematical
community, which has offered and continues to offer abundant opportunities for
foreign mathematicians and has witnessed remarkable qualitative and quantitative
growth over the last three decades.

Francesca Bonadei, whom with I had the pleasure and honor to cooperate in a
number of publishing and editorial efforts in the Mathematical Sciences during the
last 12 years, recently invited me to translate these Notes into English for publication
by Springer Nature in the UNITEXT book series, whose editorial board led by Alfio
Quarteroni was kind enough to support the publication.

Despite the significant evolution of the topic over the last three decades, I believe
that the text, with its synthetic presentation of fundamental tools in the field, remains
valuable for researchers in the area, especially for younger generations. It is written
from the perspective of the young mathematician I was when I authored the Notes,
needing to learn many things in the process and, therefore, taking care to develop
details often left to the reader or not readily available elsewhere.

These Notes were written one year after completing my PhD at the Université
Pierre et Marie Curie in Paris and drafting the lectures of Professor Jacques-Louis
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Xiv Preface

Lions at College de France in the academic year 1986—1987, later published as a
book in 1988. Parts of these Notes offer a concise presentation of content developed
in more detail in that book, supplemented by work on the decay of dissipative
wave equations carried out during my PhD under the supervision of Professor
Alain Haraux in Paris. I cannot conclude without extending my warmest thanks
to Alain Haraux and Jacques-Louis Lions, whose significant, generous, and positive
influence has greatly impacted my career and life.

Erlangen, Germany Enrique Zuazua
September 2023
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Chapter 1 ®)
Presentation and Formulation Crechie
of Controllability and Stabilization

Problems

Abstract In this chapter we introduce the problems of controllability and stabi-
lization for the wave equation. With the aim of being pedagogic, and to avoid
unnecessary technical difficulties at this stage, both problems are analyzed in the
simplified case where the control (in open-loop or in feedback form) acts on the
whole domain.

1.1 The Exact Controllability Problem

Let ©2 be an open and bounded domain of R”, n > 1, with boundary I' = 92 of
class C2.
We consider the wave equation with the Dirichlet-type boundary conditions,

y' = Ay =h(x,1) in 0=Qx(0,T)
y=0 in =T x(0,T) (1.1)
y(x,0) = y0(x), y'(x,0) = y'(x) in Q.

Here and in the sequel we use the notation ' = 9 - /9t for the partial derivative
with respect to time.

Under adequate regularity and compatibility conditions for the initial data
{y°(x), y'(x)} and the source term 4 (x, t), the system (1.1) admits a unique solution
y = y(x, 1) in the energy space C([0, T1; Hy (Q)) N C'([0, TT; L*(R)). See for
example H. Brezis [7], A. Haraux [33] and J.-L. Lions [68].

The energy of the system (1.1) is represented by

1 2
E(t) = E/[|Vy(x,z)|2+|y/(x,r)| ]dx. (1.2)
Q
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 1
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2 1 Presentation and Formulation of Controllability and Stabilization Problems

In the homogeneous case where & = 0, multiplying the equation by y’ and
integrating by parts in 2 we get

dE
— () =0
dt()

which implies that the energy is conserved along the trajectory of solutions of (1.1).

The following is an immediate consequence of this energy conservation law:
any non-trivial solution of the unforced wave equation (2 = 0) does not reach the
equilibrium state {0, 0} at any time (except when the initial data is trivial: {y°, y!} =
{0,0}).

The problem of exact controllability consists precisely of bringing the trajectories
to equilibrium in a uniform time, independently of the initial data, through the action
of a suitable external force or control (which, in the case under consideration is
represented by the third member % of the equation).

More precisely, the problem of exact controllability can be formulated as follows:
Analyze the existence of a time 7 > 0 such that for each pair of initial data {y°, y!}
there is a control 4 = h(x, t) such that the solution y = y(x, t) of (1.1) satisfies

y(T) =y'(T) =0. (1.3)

This problem is slightly ambiguous since we have not specified neither the time-
horizon [0, T'] available to control the system, nor the sets or functional spaces of
initial data and controls. Obviously, in general, the possibility of obtaining an exact
controllability result will depend on how large the time 7 is, and how the space of
the initial data and controls are chosen.

In the previous formulation of the problem we have not imposed any restrictions
on the support of the control ., which makes its solution trivial, to some extent.
Indeed, let T > 0 and {yo, yl} € HO1 () x L*() be arbitrary. Let us consider two
functions a = a(r), b = b(t) € C%([0, T]) such that

a0)=1,d'(0) =0; a(T) =ad'(T) =0; b(0) =0,b'(0) =1; b(T) =b'(T) =0.
Then, the function y(x, t) = a(t)y°(x) + b(t)y' (x) satisfies
y(©0) =%y =y"s y(T)=y(T)=0.

Therefore, the control 1 = y” — Ay = a”(t)y? +b" (1) y' —a(t)Ay® — b(1) Ay!
answers the question.

We have shown the following result: “Given an arbitrary T > 0, for each initial
data pair {y°, y'} € HJ(Q) x L*(Q) there is a control h € C([0, T1; H=*())
such that the solution of (1.1) satisfies (1.3)”.

In fact, thanks to the linearity and time reversibility of the wave equation,
the following more general result holds: Given an arbitrary 7 > 0, for each
00 31,20 2"} € HI(Q) x L2(Q), there is a control h € C2([0, T1; H(2))



1.1 The Exact Controllability Problem 3

such that the solution of (1.1) satisfies
¥ (1) =20y(T)=z". (14)

Indeed, let z = z(x,t) € C([0, T1; H} () N C'([0, T1; L*()) solve the
following system

7/ —Az=0 in 0
z=0 on pX (1.5)
(1) =2"2(T)=2" in Q
and let us define the new state
E=y—-z (1.6)
Then, y satisfies (1.1) if and only if £ satisfies the following system
& —AE=h in Q
§=0 in T (1.7)
£0)=y"—2(0),£'0) =y -Z(0) in Q
and (1.4) holds if and only if
E(T) =& (T) =0. (1.8)

According to the previous result, as (" — z(0), y! = Z(0)} € HO1 (Q) x L2(),
there is a control & € C([0, T1; H2()) such that the solution of (1.7) satisfies
(1.8), which implies that the solution of (1.1) satisfies (1.4).

Therefore, showing that every initial state can be driven into equilibrium is
equivalent to showing that every initial state can be driven into every final state.

It is important to bear in mind that in the proof of this equivalence we have used
the linearity and time-reversibility of the system in a crucial way.

We have seen that the problem of exact controllability with the internal control
distributed through the whole domain €2 can be treated in a straightforward manner,
and that controllability is achieved in an arbitrarily short time 7 > 0.

However, the systems in which the control acts in a subdomain or on the
boundary of the domain 2 where waves propagate are much more delicate and they
require important further developments, which will be presented along this book. As
we shall see, the methods we shall develop will allow us to show that the regularity
of the control above can be significantly improved and that the controllability of
finite energy solutions can be achieved with controls in L2(Q x (0, T)).



4 1 Presentation and Formulation of Controllability and Stabilization Problems
1.1.1 Localized Internal Control

Let  C 2 be an open and nonempty subdomain of 2. Let us denote by ¥, the
characteristic function of w, and consider the wave equation

Y= Ay =hxe in Q
y=0 on X (1.9)
y(0) =)y =y in Q.

The exact controllability problem is formulated in an analogous way: “Find a
time T > 0 such that for each pair of initial data {y°, y'} there is a control /& such
that the solution of (1.9) satisfies (1.3)”.

In this case, the control / acts only on the subdomain w. It is therefore a problem
of exact controllability in which the control is internal and localized.

Due to the finite speed of propagation of waves (= 1 in our model), in this setting,
exact controllability requires the time 7 to be sufficiently large (so that the action
of the control on w propagates to the whole €2). Furthermore, the smaller w is, the
longer the controllability time 7" will be.

1.1.2 Boundary Control

Let I'o C I' be a nonempty open subset of I' and consider the following wave
equation with non-homogeneous boundary conditions:

v/ —Ay=0 in Q
Yo=1T 0, T
y= v on Xy 0ox(0,T) (1.10)
0 on X=X\

y(0) =y y(0)=y' in Q.

The problem of exact boundary controllability is formulated as follows: “Find
T > 0 such that for each pair of initial data {y°, y'} there is a control v so that the
solution of (1.10) satisfies (1.3)”.

Again, due to the finite speed of propagation, we can only expect to achieve exact
boundary controllability if T is large enough.

As we will see in the next two chapters, both the problem of localized internal
control and that of boundary control are complex. We will solve them using the
Hilbert Uniqueness Method (HUM) introduced by J.-L. Lions in [66, 68, 70]. This
method, in addition to being very flexible, has the advantage of systematically
providing the optimal control, that is, the control minimizing a certain norm
(normally the L?-one, localized in the support of the controls).
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Similar questions arise for semilinear wave equations. In Chap. 4, we will present
a method that combines the HUM method and a fixed point argument allowing us
to solve the controllability problem when the nonlinearity is globally Lipschitz.

1.2 The Stabilization Problem

As we have seen in the previous section, the energy of the solutions of the
uncontrolled wave equation (in the absence of control with 2z = 0) is conserved.
The stabilization problem consists of forcing the uniform exponential decay of the
energy as t — oo through the action of a feedback control /. The control is in
feedback or closed-loop form when its value at each time can be determined by the
solution of the system itself at the same time instant. Its goal is to induce dissipative
effects and enhance the decay of solutions towards the null equilibrium as ¢ — +o0.

More precisely, we look for a function F' : 2 X R x R — R such that the energy
of the solution of

y'—Ay=F(x,y,y) in Q x (0, 00)
y=0 on I x (0, c0) (1.11)
y©0) =)0 y'(0)=y" inQ

decays exponentially and uniformly as ¢ — 400, i.e. there exist constants C > 1
and y > 0 with

E(t) < CE0)e " vt >0 (1.12)

holds for every solution of (1.11).

In order to motivate the type of feedback functions F producing dissipative
effects, observe that, formally, the energy dissipation law is as follows (all of this
will be rigorously studied in each example):

dE(t) / ",
= | F(x,y, dx.
7 Q (x,y,y)ydx
Therefore, a first candidate is F(x, y, y’) = —a(x)y’, a = a(x) being a non-

negative function. This leads to the following system

y' — Ay +a(x)y) =0 in Q x (0, 00)
y=0 on I" x (0, 0c0) (1.13)
yO) =y’ y' O =y" i Q

In the simplest case where
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dag,a; > 0:ap < a(x) <ap Vx € Q (1.14)
i.e. when the damping term is bounded and effective everywhere in the domain €2,

the proof of the exponential decay is very simple. We present here a sketch.
Given ¢ > 0, we define the following e —perturbation of the energy

E.(t) = E(®t) +8/ yy'dx. (1.15)
Q

First, we observe that there exists g9 > 0 such that, if ¢ < g¢, with gy small enough,
then

1
EEg(t) < E(t) <2E.(t) vVt >0 (1.16)
for any solution (simply take g9 = 4/A1/2 where X is the first eigenvalue of —A in
H} ().
Then,
dE, dE d ,
t)=—/(t — d
7 () dt()+8dt ([ny X>
72 d /
=—/ a(x)|y'|“dx +e— </ yydx).
Q dt \Jg
Moreover
d / 712 /"
— yydx )= | |y|"dx+ | yy'dx
dt \Jg Q Q
=/ Iy/lde+f y(Ay — a(x)y")dx
Q Q
= [ 1Pax— [ 19yPar~ [ awyyax.
Q Q Q
Therefore,
dE

0 =/ (e—a(x))|y’|2dx—e/ |Vy|2dx—8/ a(x)yy'dx. (1.17)
dt Q Q Q
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On the other hand, one can estimate the last term in (1.17) as follows

/ ’ Al 2 aj 12
ax)yy'dx| <ay | |ylly'ldx <ai| z=— [ Iyl"dx+ — [ IY'|"dx
Q Q 2a1 Jo 201 Ja

- X - X,
=2 )" o Jo

(1.18)

and therefore

dE; a12 /2 e 5
7 (1) < /gz (8 (1 + 2_M> —a(x)) [y'|“dx — E/Q|Vy| dx. (1.19)

Choosing ¢ < g1 = (agA1)/ (211 + a12), (1.19) reduces to

e <-2L /Q v Pdx — %/QIVylzdx < —eE() = ~SE()
Hence
Eo(t) < E;(0)e™ 2! Vi >0 (1.20)
and by (1.16),
E(t) <4E(0)e 2! Vi > 0. (1.21)

We have shown that: “If a = a(x) verifies (1.14), there are constants C > 1 and
y > 0 such that every solution of (1.13) satisfies (1.12).

The assumption that a(x) > ag > 0 everywhere in 2 corresponds to the case
where the dissipation is effective in the entire domain 2. The situation is much
more delicate when the dissipation is effective only in a subset w of Q2 or when it is
injected through the boundary conditions.

1.2.1 Localized Internal Dissipation

Let w C Q2 be a nonempty open subset and suppose that a € L°° () satisfies
ax)>0 VxeQ; alkx)=>apg>0 Vxew. (1.22)
This case corresponds to the dissipation only effective in w.

The stabilization problem is formulated in an analogous way: Are there constants
C > l and y > 0 such that the solutions of (1.13) satisfy (1.12)?
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As we shall see, when w is a measurable set with positive measure, all solutions
tend to zero as time tends to infinity. But, the exponential convergence requires
suitable and substantial geometric conditions on the set w where the damping is
effective. Determining the conditions under which such an exponential decay holds,
and developing the analytical methods to prove it, is a challenging problem that we
shall address later on.

Similar questions arise for semilinear wave equations of the form

y' = Ay + f(y) +ax)y =0.

We can even consider equations with nonlinear dissipative terms of the type
y'—= Ay +ax)g(y)=0.

However, when the damping enters nonlinearly in the system, the uniform
exponential decay of the energy cannot be expected, in general. The rate of decay
depends typically on the nature of the nonlinearity and, in particular, on its behavior
when the velocity is small, i. e. y’ ~ 0, which determines the effective strength of
the damping term.

1.2.2 Boundary Dissipation

Let I'g C I" be a nonempty open subset of the boundary, and I'y := I \ I'g be its
complement. Let us consider the free wave equation with homogeneous Dirichlet-
type boundary condition on I'y:

Y '—Ay=0 in Q x (0,00)
y=0 on I'1 x (0, 00).

(1.23)

Note that in (1.23) we do not impose so far any boundary condition on I'g. The
stabilization problem consists, precisely, of defining dissipative boundary conditions
on I'yg x (0, 00), so that the uniform exponential decay of the energy is achieved,
that is, (1.12) for some constants C > 1 and y > 0.

To design suitable dissipative laws, formally, we compute the time-derivative
of the energy along the solutions of (1.23) and impose the necessary boundary
conditions on I'g to guarantee its dissipativity.

We have
dE ay ,
— () = —vy'do,
dl() /F ydo

v

0
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and, therefore, the most natural boundary conditions are of the type

z—i = —a(x)y’ over Tgx(0,00) (1.24)
witha = a(x) > 0 on I'y.

Having chosen a closed-loop system of the form (1.23)—(1.24), the problem is to
obtain conditions on the partition {I"g, I'1} and the function a = a(x) so that (1.12)
holds.

Of course, these questions can also be posed in a more general framework of
semilinear wave equations.

1.2.3 Plan

As we will see in the following chapters, both the problem of exact controllability,
thanks to the application of the HUM method, and the problem of stabilization, are
solved by obtaining adequate a priori estimates on solutions, allowing to estimate the
total energy of the solutions by the energy localized in the region (inside the domain
or on its boundary), where the action of the control or dissipative mechanism is
injected. These estimates will be referred to as “observability inequalities”. This
terminology is justified by the fact that observing the energy localized in a subset of
the domain or of its boundary suffices to get estimates of the energy everywhere in
the domain where waves propagate. To obtain these estimates multiplier techniques
will be used, in combination with unique continuation principles.

Chapters 2, 3, and 4 are devoted to controllability problems, considering first the
boundary controllability of the wave equation, then the case where the control acts
on the interior of the domain where waves propagate (on an neighbourhood of its
boundary, more precisely), and, finally, the semilinear wave equation. In Chap.5
we will study the problem of stabilization, considering the case of the nonlinear
dissipation distributed over the entire domain €2, while Chap. 6 is devoted to the
case of boundary dissipation. We will not address the problem of localized internal
dissipation, for which we refer to A. Haraux [35] and E. Zuazua [94, 97] and the
complementary bibliography at the end of these Notes.



Chapter 2 ®)
Boundary Controllability of the Linear Qe
Wave Equation

Abstract In this chapter we prove the exact boundary controllability for the wave
equation, considering first the constant coefficients case, and then a more general
class of space-dependent variable coefficients. The proof is based on the HUM
method, that transforms the problem into an observability one, and the multiplier
method, which allows to derive the equivalent observability inequalities.

2.1 Description of the HUM Method

Let 2 be a bounded domain of R”, n > 1, with boundary I" of class C%. LetT >0
and I'g C I" be a nonempty open subset of T".
Consider the following wave equation with inhomogeneous boundary conditions:

y'—Ay=0 in Q=Qx(0,7T)
v on Xg=1I9gx(0,7T)

y= 0=70 2.1)
0 on Xy =(\To) x(,T)

y(0) =y y(0)=y' in Q.

We analyze exact controllability of this system for the set of initial data in
L%(Q) x H~1(Q), with controls in L>(Xy). The goal is then to tackle the following
issue: Find T > O such that for each pair of initial data {y°, y'} € L*(Q) x
H~Y(Q), there is a control v € L?(Xy) such that the solution of (2.1) satisfies

y(T)=y'(T)=0. (2.2)

Remark 2.1 Due to the finite speed of propagation of waves (which is unit for
(2.1)), to achieve exact controllability, it is necessary for T to be large enough, that
is, T > Tp, with Tp > 0 depending on 2 and T'y.

As we shall see, in the chosen functional framework, exact controllability can
only hold when Ty is a sufficiently large subset of I". O

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 11
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Remark 2.2 Recalling the results of Chap. 1, thanks to the linearity and time-
reversibility of the wave equation, the problem can be formulated in the following
equivalent way: Find T > 0 such that for every pair of initial and final data
(0, y11, {20, 21 € L3(Q) x H~N(Q), there is a control v € L*(Xq) such that
the solution of (2.1) satisfies

y(T) =% y(T) =7 (2.3)

This type of problem has been studied by numerous authors and the literature
is broad, going back to the celebrated survey article [83] by D. L. Russell, back in
1978, where the author made a compilation of the most relevant methods and results
available at that time. Although, back then, many important results were available, a
systematic method for treating these problems was lacking. J.-L. Lions [66] in 1986
proposed the so-called Hilbert Uniqueness Method (HUM) that allows to reduce the
problem of exact controllability to obtaining adequate a priori estimates. This led to
arapid and fruitful development of the field.

Throughout this chapter, we will closely follow Chapter I of the book by J.-L.
Lions [68], using the HUM method. All the results presented here, except those
corresponding to Sect. 2.7, in which variable coefficients are addressed, have been
taken from [68].

The adaptation of the HUM method to the exact controllability of (2.1) is as
follows: Given {¢0, ¢1} € D(Q) x D(2), we solve the system

¢ — Ap =0 in Q
¢=0 on X (2.4
$(0) =¢%¢'(0)=¢' in Q,

which admits a unique solution in the energy space. Out of the solution ¢ of (2.4)

we consider its normal derivative over the subset of the controlled boundary and
solve the backward and controlled wave equation

y'—Ay=0 in Q
T)=y(T) = in Q

yI)=y(T)=0 in 2.5)
y= a¢/dv on Xy
0 on Xj.

In (2.5), v = v(x) denotes the unit normal vector pointing outside €2 at point
x € " and 0 - /dv the outward normal derivative.

Problem (2.5), again, admits an unique weak solution whose regularity will be
discussed below.

We define the operator

A{g°, 8"} = [V (0), —y(0)}. (2.6)
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Multiplying the first Eq. (2.5) by 6 = 6(x, t), another solution 8 of (2.4) with
initial data {69, 6}, i. e.

0" — A6 =0 in Q
0=0 on X 2.7
0=0%06'0)=60" in Q,

and integrating by parts, formally for the time being, we get,

(A1g0, ¢, (6, 0")) = / 09 % 4x 2.8)

EO% av

where d ¥ = dI'dt represents the measure on the lateral surface ¥ of the cylinder Q.
In particular, when 6 = ¢, we have

2

LAy 2.9)

(A1, 6], (6%, 6') =/ d
v

o

Suppose that 7 and I'g are such that the following uniqueness or unique
continuation result holds:

If ¢ solving (2.4) satisfies d¢ /v = 0 over X, 2.10)
then ¢ = 0 and therefore {¢°, ¢!} = {0, 0}. '
In this case, the map
d¢ 3
0 41 2
; = — |7dX 2.11

defines a norm on D(R2) x D(L2). This allows introducing the following Hilbert
space:

F = the Hilbert space defined as the completion of
(2.12)
D(RQ) x D(2) with respect to the norm || - || F.

Thanks to (2.8), the operator A can be extended to a continuous linear operator from
F into its dual F’. On the other hand, from (2.11) we deduce that

A : F — F’is an isomorphism. (2.13)
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Therefore, given initial data {y°, y'} such that
L= e F (2.14)
the problem
A9 0"y =1y ") (2.15)

admits a unique solution {¢?, ¢'} € F.
But solving (2.15) is equivalent to the fact that y = y(x, ¢) solution of (2.5), with
¢ solution of (2.4) and {¢°, ¢!} solving (2.15), satisfies

y(0) = % y'(0) = y'. (2.16)

The control sought is therefore given in the following way v = d¢/ 8v|20

where ¢ = ¢(x, t) is the solution of (2.4) corresponding to the data (¢°, 9!y e F
satisfying (2.15).

Note that, by construction, v € LZ(EO). Therefore, we have shown the following
result: “If Q, To C I" and T > 0 are such that the uniqueness result (2.10) is
satisfied, for each pair of initial data {y°, y'} such that {y', —y°} € F’, there exists
a control v € L*(X¢) such that the solution y of (2.1) satisfies (2.2).”

Thanks to Holmgren’s Theorem (see Th.5.5.3, [40] or section 1.8 of [68]), it is
known that for every Lipschitz domain €2 and open and non-empty subset I'g of
I, there exists Ty = To(I'g, €2) such that the uniqueness result above holds true if
T > Tp.

This result we just presented is satisfactory since it applies to a broad class of
subsets "o of the boundary I". However, it is imprecise since it provides very little
information about the space F’ of controlled initial data. Therefore, the problem that
remains to be solved is the identification of the dual space F’ or, equivalently, of the
space F itself. But since F' is the completion of D(2) x D(L2) with respect to the
norm || - || r, the question is reduced to identifying this norm. In particular, proving
the exact controllability in the optimal space L?(Q2) x H~'(), is equivalent to
F' = HY(Q) x L%(Q) or, equivalently, to F' = HO1 () x L%(2), which, in turn,
is equivalent to the existence of constants ¢ > 0, C > 0 such that

clte”. )]

<[ 01], = c |’ 0|

HI(Q)xL2(R) HI(Q)xL2(Q) ’ 2.17)

(9’9"} € D) x D(Q).
In the next two sections, we prove that (2.17) is satisfied if 'y is a sufficiently

large subset of I' (in a sense that we specify later) and 7 > 0 is large enough
(depending on €2 and I'p).
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2.2 The Direct Inequality: Hidden Regularity

We begin by proving a fundamental identity for the solutions of

0" — A0 = f in 0
0=0 on X (2.18)
0(0) =6°6'0) =6 in Q.

Lemma 2.1 Let ¢ = g(x) be a vector field in (C'(Q))". For every solution of
(2.18) with the initial data {6°, 60", f} € D(Q) x D(Q) x D(Q), the following
identity holds
1 36 |? L
s aw|Z az= [ oq-ve| 43 [ @vaaer-iver)
2 b av Q 0 2 [0)

dgr 06 06
+ _——— = = fq-Vo.
o 0x; Oxx 0x; 0

Proof 1t is enough to multiply the Eq. (2.18) by ¢ - V6 and integrate by parts in Q.

(2.19)

Remark 2.3 We denote by - the Euclidean scalar product in R”. In (2.19) the
convention for the sum of repeated indices is used, and both the (x, ) variables
and the symbols dx and dt in the integration signs, over €2 and Q are omitted.

The following notation has also been used

n

a
div g = divergence of g = Z il
8xk
k=1
and, finally,
T
/ 0'qg-vVo| = / 0'(x, T)q(x) -VO(x, T)dx—/ 0'(x,0)q(x)-VO(x,0dx. O
Q 0 Q Q

From the identity (2.19) the following estimate is easily obtained.

Theorem 2.1 There is a constant ¢ > 0 such that

J

00 2

T +|e'];

2
LZ(Q) + ||f||L1(0,T;L2(Q))
(2.20)

2
A% < c(1+T) (Heo‘

Hy ()



16 2 Boundary Controllability of the Linear Wave Equation

forall T > 0 and all solutions of (2.18) with
{6°,0", £} € Hy(Q) x L*(R) x L' (0, T; L*()).
Proof Let h = h(x) € C'(Q)" be a vector field such that ~ = v on I'. It exists

since 2 is of class C2 (see J.-L. Lions [68], p. 28 for its construction).
Applying the identity (2.19) with ¢ = h, we have

3!
2J)s

with C = C(llg lly1.00(q))-
Moreover, classical regularity results for the wave equation ensure that

2

2
d¥ = C{HQ/HLOC((),T;Lz(Q)) + HQHiOO(O,T;HOl(Q))

00

ov

(2.21)
2 2 2
10" 200y +1VOIT20) + 11 112107120}

|| 9,0 ||L90(0,T;H(} @)xL2(Q) = ¢ [HQO‘

Hf o7 220n] - (2.22)

1
H} (@) ” ‘LZ(Q)

Combining (2.21) and (2.22) gives (2.20) for solutions of (2.18) with regular
data. The estimation is extended to solutions with {69, 8!, f} € HO1 () x L) x
L'(0, T; L?*(R)) by a simple density argument.

Remark 2.4 The multiplier # - VO was introduced by F. Rellich in the framework
of elliptic equations. The adaptation to the hyperbolic case and (2.20) are due to
J.-L. Lions [65]. The same method makes it possible to prove an analogous estimate
for equations with variable coefficients, that is, 8” — div(a(x)V0) = f witha =
a(x) € Wh°(Q) (c.f. [65]).

This type of estimates were extended to semilinear equations

0" — A0 +5(0) = f

by J.-L. Lions [67] and M. Milla-Miranda and L. A. Medeiros [79].

Remark 2.5 Inequality (2.20) provides a hidden regularity result. Indeed, the
solutions of (2.18) with {#°, 61, £} € H}(Q) x L*(Q) x L'(0, T; L?(Q)) belong
to the class 6 € C([0, T1; Hj (22)) N CL([0, T1; L*(£2)). But this does not suffice
to guarantee 96 /0v ’ 5 € L*(X), a fact that we have shown to hold using multiplier
arguments. We often refer to this added regularity property, as “hidden regularity”,
since it is due to the fine interaction of the wave equation satisfied inside the domain
and the boundary condition. This shows that finite energy solutions of the wave
equation with homogeneous Dirichlet boundary conditions constitute a very specific
subclass of functions in which such added regularity property is fulfilled. O
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2.3 The Inverse Inequality: Observability

Given an arbitrary point x° € R”, we define m(x) = x — x* and
R(x®) = Im] L@ (2.23)

the radius of the smallest ball centered at x° and containing 2. We then split the
boundary I' of €2 into two parts, as in Fig. 2.1,

Frx) ={xel:mkx) - v >0}
N(% ={x el :mx)-v(x) <0} =N\,
and, similarly, the lateral boundary X:

@) =TE% x 0, 7); =.x% =T.x% x (0, T) = =\=&).

Consider the homogeneous equation

" —Ap=0 in Q
$»=0 on X (2.24)
$(0) =¢%, ¢'(0) =¢' in Q.

The following result holds.

Theorem 2.2 Let T > 2R(x"). Then, for every solution of (2.24) with the initial
data {¢°, ¢p'} € HOl (Q) x L*(Q), the following observability inequality holds

2

9

Eo= %L[)V(f)o(x)r—l-‘tbl(x)‘z] dx < R&D i

~ 2(T —2R(x9)) (%)

(2.25)

Fig. 2.1 The geometric
. .0
configuration under I (-\ )
consideration: Rays
emanating from x¥ split the
boundary of the domain £2 on
those points where rays are
getting in, on one side, and
out, on the other x0
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Remark 2.6 Inequality (2.25) is often referred to as the “observability inequality”
since it guarantees that the total energy of solutions can be estimated (or observed)
out of the boundary trace of the normal derivative. These inequalities play also an
important role in the theory of inverse problems. (]

Proof First, applying (2.19) with f = 0,0 = ¢ and g(x) = m(x) = x — x0 it

follows
, r oy 12 n 1 00 2
fg“’m'w’o*E/Q’d” +(1‘5>fQ'V¢' — fLonn |38 az
2
<l/ (m-v) 8—¢ dx
2 = (x0) av
0 2
RO W s
2 Z(XO) 81)
(2.26)
On the other hand,
n 12 _E 2_1 2 2
3]0 (1=5) [ 1vor =3 [ doF + 9o
—1
+22 / (o' = 199%) @.27)
0

—1
=TE0+—n2 /(}¢’}2—|V¢|2)
0

since the energy E(t) = %fQ |¢/(x, t)|2 + |V (x, 1)|?)dx is conserved along the
trajectory, i.e. E(t) = Eg forallt € [0, T].

Next, multiply the equation by ¢ and integrate by parts to easily obtain the so-
called “equipartition of energy” identity

/ ¢'¢
Q

Now, combining (2.26), (2.27) and (2.28) leads to

T
: =/<}¢>’|2— VoI, (228)
o

R(x%) 3¢

2
> (2.29)
ov

T
X(z)(o +TE <

=(x0)

with

X (1) :/ ¢ (x,1) (m(x) Ve (x, 1)+ %qﬁ(x,t)) dx. (2.30)
Q
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It is therefore enough to prove that
IXO)ll L,y < R Eo. (2.31)

For simplicity, the explicit dependence of X on ¢ is omitted for the rest of the
proof. We have

2
, V86>0. (2.32)

n—1¢
2

|X|<§/|¢’|2+i/'m-v¢+
=2Jq 25 Jo

Furthermore,

J.

n—

2

m-Ve¢ + 1(]5

? 2 2 n—1\° 2
s/ m|? V| +(T> /|¢|
Q Q

+<n—1)/(m‘V¢>¢.
Q

(2.33)

Now since m(x) = x — x9

1 2 n 2
m'V¢¢=§ m~V(¢)=—§ ¢
Q Q Q
and, therefore,

e Y _
/ m-vg+ " ld)‘ 5R2(x°)/ |v¢|2+((” D7 _ntn 1))/¢2
Q 2 Q 4 2 Q

< R2(Y) /Q Vol2.
(2.34)

Finally, from (2.32) and (2.34)

) R2(x9)
X| < — 72 /V 2’
||_2/Q|¢|+ 55 Q|¢|

from which (2.31) is deduced by choosing § = R(x?).

Remark 2.7 L. F. Ho in [39] established for the first time an estimate of the type
(2.25), for T > T; with some T; > 2R (x?). Then, J.-L. Lions in [70] improved the
needed minimal time showing that, if 7 > 2R (x?), the inequality
0
Ey<C / —d)
= (x9) av

2
dx
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holds for a constant C > 0 independent of ¢. But in [70] the constant C was not
explicitly given since a “compactness-uniqueness” argument was used in the proof.
The estimate (2.25), as presented here, was proved by V. Komornik in [45]. (]

2.4 The Main Controllability Result

The main boundary controllability result for the linear wave equation reads as
follows:

Theorem 2.3 Let x° be any point of R" and T > 2R (x°). Then, for each initial
data {y°, y'} € L3(Q) x H~Y(), there is a control v € L*(Z(x%)) such that the
solution of

y' —Ay=0 in Q
» 0
y= v on X(xV) (2.35)
0 on T,(x%

y(0)=y0, Y0 =y' in Q

satisfies y(T) = y'(T) = 0.

Proof The conclusion follows as an immediate consequence of the application of
the HUM method developed in Sect. 2.1 and Theorems 2.1 and 2.2.

Indeed, by Theorem 2.1 with f = 0 and 6 = ¢, and by Theorem 2.2, it follows
that, if T > 2R(x"), (2.17) holds. This implies that F = Hj(Q) x L*(Q) and
therefore F = H~'(Q) x L%(Q).

Remark 2.8 As shown in the next section, the solution y = y(x,t) of (2.35)

in the conditions of Theorem 2.2 belongs to the class C([0, T]; L%()) N
CL([0, T1; H~1(RQ)). Therefore, the traces of y and y’ for t = T are well defined.

O
2.5 Weak Solutions of the Wave Equation
with Inhomogeneous Boundary Conditions
In this section the existence, uniqueness and regularity of the solutions of
y'—Ay=0 in Q
y=v on X (2.36)

y(0) ="y =yl in Q
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are studied. In particular, the following result is obtained:

Theorem 2.4 For each initial data {y°, y'} € L*(Q)x H™'(Q) and each boundary
condition v € L*(X) there is a unique solution of (2.36) in the class

y e C(0,T; LX) nclqo, T1; H (). (2.37)

In addition, the map {y°, y', v} — (v, Y’} is linear and continuous from
L2(Q) x H1(Q) x L*(Z) into C([0, T1; L*(R)) x C([0, T1; H~Y(RQ)), that is, for
each T > 0, there is a constant C(T) > 0 such that

1 YD oo, 7: 120 x H-1 () < C(T){||y0||L2(Q) + ! -1 + IvllL2(s))-
(2.38)

Proof In the case of homogeneous boundary conditions, i.e. v = 0, the result is
well known. Due to the linearity of the system, it is enough to consider the case for
which y0 = y! = 0, v # 0. The solutions of

y' —Ay=0 in Q
y=v in X (2.39)
YO =y(0) =0 in @

are defined by the method of transposition as follows. Let & = 0(x, t) be a solution
of the system

0" — A0 = f in 0
=0 on X (2.40)
OT)=60(T)=0 in Q

with f € L1(0, T; L*(Q)).
Multiplying (formally) Eq. (2.39) by 6 and integrating by parts, lead to

/ny:'/zv%dz. (2.41)

We adopt (2.41) as the formulation of the weak solution of (2.39). That is,
y = y(x,t) is a solution of (2.39) if and only if it satisfies (2.41) for all f €
L'(0, T; L?(R2)). The estimate (2.20) holds for the solutions of (2.40), due to the
reversibility of the wave equation with respect to the time variable. Thus,

= Clvlizsy Il f Lo, 7:22)- (2.42)
L2(%)

a0
‘/;vadx‘ =< vliz2x) ‘5
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Next, it follows from (2.42) that the map f — fz v%dﬁl is linear and

continuous in L'(0, T; L?(2)). Thus, the existence of a unique solution y €
L>®(0, T; L>(R)) satisfying (2.41) is deduced, for all f € L'(0, T; L?(R)). The
inequality (2.42) also provides the following estimate

Iyllzoco,7;2200) < Cllvlie (s (2.43)

To check the time-continuity of the solution t € [0, T] — y(r) € L*(R), first
we approximate v € L?(X) by a sequence {v,} C D((0, T); C*(I")) (the space of
C* and compactly supported functions (0, T) — C>(I")) such that

vy = v in L(X). (2.44)

Let {y,} be the solution of (2.39) associated with {v,}. As v, is regular, y, is
regular as well and, in particular, y, € C([0, T]; L?(2)). On the other hand, it
follows from (2.43) and (2.44) that y, — y € L*°(0, T; L?(2)), and therefore
y € C([0, T]; L*()).

Now we check that y’ € C([0, T]; H~Y(Q)). Given y € D(Q) (the space of C*®
and compactly supported functions in Q) it follows from (2.41), with f = g’, that

) 30
yg = va_v (2.45)
0 b))

where 0 = 6(x, t) is solution of the system

0" — N0 = g' in 0
0=0 in ¥ (2.46)
0(T)=0'(T)=0 in Q.

Next, suppose that for all 7 > 0, there exists C(T') > 0 such that

a0

ov

= C(T) ”g”Ll(O,T;H(} Q) (247)
LX(%)

for every solution of (2.46). Under these conditions, again by duality, it follows that
y e L=, T; H () (2.48)
and that the following estimate holds

1Yl Lo, 7: -1 < C Ivll2cx) - (2.49)
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Finally, by density,
y € C([0,T1; H (). (2.50)

It is therefore sufficient to prove estimate (2.47). This is the goal of the next
result.
Lemma 2.2 Forall T > 0, there is a constant C = C(T) > 0 such that

00
ov

= C(T) ||g||L1<O,T;H01(Q)) (251)
L2(%)

for every solution of (2.46).

Proof By density, (2.51) needs to be proved for all g € D(Q).
As in the proof of Theorem 2.1, apply the identity (2.19) with ¢ = h where
h € (C'())" satisfies h = v over I. Then,

1 [ ]36]? dh; 90 06 L
S I = (d1Vh)|V9| + " —g)Hh-Veo
2 Js|ov 0 Bxk axk Bx] 0
(2.52)
where we used the following identity
” 1 : 72 1 T
0"h-VO =~ | (divh)|o')? + Gh-VG‘ .
0 2Jo o 0
The proof of (2.51) is reduced to prove the following inequality
: / (div h)| VO +/ Oh; 36 56 <Clgl? (2.53)
—= iv .
2 Jo 0 Oxp dx dx;| - SILIOTH @)
and

Now, let us observe that & = ', where ¥ = ¥ (x, ) solves

V' =AYy =g in Q0
¥ =0 on X (2.55)
U(T) =¥ (T)=0 in Q.
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Classical regularity results for the wave equation guarantee
!
W, 2 + [V ||L°°(0,T;H01(£2)) = Cliglzio,7: 1l @) (2.56)
leading to

”9 ||L°°(0,T;H0| () = Cc “g”Ll(O,T;H& Q) - (257)

This suffices to show (2.53).
To show that (2.54) holds as well we observe that

/(9”—g’)h~V9=/(1ﬂ'”—g’)h~V1/f’
Q Qo

T

— _/ (w” _ g)h . Vw// +/ (,lp// _ g)h . V“p/ .
0 0 0
Since ¥ — g = Ay,

T
/(9”—g’)h.v9 =/ AYh - V' —/(w”—g)h~V1/f"- (2.58)
0 Q o Jo

It follows from (2.56) that

T

2
S C ”g”Ll(O,T;H(} () .

/Q AVh - VY

0

Therefore, it is now sufficient to estimate the last term of the identity (2.58):

1
[ =on-vur =3 [ v P+ [ divien”

0 2Jo 0
1 .
=5 [ @vmasy? + 1P + 280
0
+/ div(gh)(AY + g)
o

=5 [ @vmaap?+ 28090+ [ aviemay
2 /o 0

1
——/ (divh)|g|2+/ g div(gh).
2Jo 0
(2.59)
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However,

fgdiv(gh):f |g|2divh+ngg~h
0 0 0

- 2, 1 2y _ 1 ~ 2
=/ﬁmmm|+i/hV@)=—fmwmm,
0 2Jo 2Jo

and therefore,
1
/Q(W”—g)hvw” = —5/Q(divh)(IAw|2+2A1ﬁg)+[QdiV(gh)Aw. (2.60)

Finally, combining (2.56) and (2.60), it follows easily that

2

‘/Yw”—gm-vw”
0

which concludes the proof of the main result.
Several remarks are in order.

Remark 2.9 Theorem 2.4 is due to J.-L. Lions [68].

An in-depth presentation of the transposition method and many of its applications
to solve Partial Differential Equations under very weak regularity assumptions can
be found in J.-L. Lions and E. Magenes [71]. O

Remark 2.10 All of the shown results can be extended to the case where €2 is an
open and convex set, without additional assumptions on the regularity of I (cf. J.-L.
Lions [68], Ch. I). This is simply due to the regularity properties (H> namely) of the
solutions of the Laplace equation with homogeneous Dirichlet boundary conditions
in such a geometric setting. U

2.6 Some Geometric Considerations

1. The exact controllability of the wave equation in L2(2) x H~1(2) with controls
supported on subsets of the boundary of the form I'(x”) has been proved. It is
crucial to note that, in general, I' (x") constitutes a “large” subset of the boundary.

Indeed, in the case where Q2 is square, i.e. 2 = (0,1) x (0,1) C R2, for
instance, several cases for x° and I"(x?) are to be distinguished:

@ Ifx'eQ,rx%=r
(b) Ifx% e R\Q, I'(xY) ¢ ' = the union of two or three adjacent sides

Therefore, I (x?) contains at least half of the boundary T.
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By fixing the sides I'g on which the control acts and by choosing x°
appropriately, the time of exact controllability 2R(x?) can be minimized. If
'y = T, choosing x0 = (1/2,1/2) at the center leads to 2R(x?) = diameter
of @ = +/2. On the other hand, if 'y is the union of two consecutive sides,
choosing x° on the opposite vertex leads to 2R (x%) = 2+/2. If Iy is the union of
three sides, choosing x° as the midpoint of the fourth side leads to 2R (x®) = /5.

On the other hand, if @ = B(0,1) C R? is the unit disk, it is easy to

check that I'(x?) contains a half-circle for all x € R2. Additionally, ' (x%
approaches a half-circle if and only if [x?| — oo, that is, when the controllability
time diverges: 2R(x") — oo. In the case of controls supported in all T, the
controllability time is minimized by taking x° = (0, 0) at the center of the circle,
so that 2R (x?) = 2.
. C. Bardos, G. Lebeau and J. Rauch in [5] considerably improved these results
applying microlocal analysis techniques. Their results apply to domains C* and
Q and it is roughly the following: “The wave equation is exactly controllable
in Lz(Q) x H~YQ) with controls in L2(1"0 x (0, T)) if and only if every ray
propagating in Q2 and reflected in its boundary according to the laws of geometric
optics, intersects Iy at a non-diffractive point and at time t < T”.

This result guarantees essentially the equivalence between the controllability
in a sharp functional setting and the so-called Geometric Control Condition
(GCCQC), which is of a microlocal nature.

This result is optimal since it characterizes the sets I'g for which exact
controllability in L2(2) x H~'(£2) holds with controls in L>(T'g x (0, T)).

By means of this result, Theorem 2.3 is significantly improved, allowing

to prove the controllability for a more general class of supports I'g C I' of
the control and reducing the time needed according the multiplier method. For
example, in the case where 2 is a disk, exact controllability holds with controls
supported in any subset of I" containing a semicircle. But the time of control that
microlocal analysis techniques yield is in general smaller than the one obtained
by the method of multipliers. Microlocal tools allow also showing that waves
can be controlled acting on disjoint parts of the boundary that do not contain
any half-circle, a result that cannot be achieved by the multiplier technique, as
presented above.
. As mentioned in Sect. 2.1, Holmgren’s Theorem ensures that given I'g C " any
open non-empty subset, there exists Top = To(Ig, 2) such that for all T > Ty
the uniqueness result is verified (2.10). Applying the HUM method, we deduce
that if T > Ty, the wave equation is exactly controllable with controls in
L*(Ty x (0, T)) and for initial data {y°, y!} such that {y', —y°} € F’ where
F = F(['o, 2, T) is a Hilbert space that a priori depends on I'g, 2 and 7.

In Theorem 2.3 we have shown that if [y = ['(xY) and T > 2R(x?), then
F = HO1 (2) x L2(Q). On the other hand, the microlocal tools and results in
[5] provide a characterization of the sets I'g and the values of T for which F' =
H(Q) x LX(Q).
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However, the characterization (or obtaining useful and manageable informa-
tion) of the space F' when these geometric conditions are not fulfilled, i. e. when
F is strictly contained in H(} (Q) x L*(R), is to a large extent an open problem.
A. Haraux [34] contributed in this direction when the support of the control is
a subset of 2. On the other hand, [3] provides a sharp description of the nature
of the space of controllable data in some particular geometries, like surfaces of
revolution. But the issue is still open for general geometries. (]

2.7 The Case of Variable Coefficients in One Space
Dimension

We consider the following variable coefficients wave equation

y' —div(@(x)Vy) =0 in Q

b
y=1" on %o (2.61)
0 on X\Xp

y(©0) =%, y'(0) = y!
with
a=a(x)eC'(Q) (2.62)
such that
dag > 0:a(x) >ag VYx € Q. (2.63)

The exact controllability of this equation is a problem that is not yet completely
well understood. The following partial results are available:

o If Qis C*® smooth and a € C*®(Q), the results in [5] allow characterizing the
subsets I'g of I" and the values of I" for which (2.61) is exactly controllable in
L?(©) x H~' (), with controls in LZ(T'y x (0, T)).

Note however that bicharacteristic rays are defined according to the symbol
of the variable coefficients wave operator. Therefore, the GCC depends on these
coefficients and, in some cases, there may even exist bicharactetistic rays that
remain permanently in the interior of €2, without never reaching the exterior
boundary 9€2. In these cases the boundary observability may not hold even if the
control acts everywhere on the boundary, and this independently of the length of
the time-horizon 7. We refer to the following comment for further details on this
matter.

* V. Komornik in [47] observed that the multiplier method used in the previous
sections applies, for T > 0 large enough, if a = a(x) verifies the following
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additional hypothesis

div a(x) - (x — x%)
35 >0: (1 —8a(x)— 5 >0 VxeQ. (2.64)

In [73] it was shown that (2.64) is sharp, since when a = Ldiva - (x — xq)
there may exist rays of geometric optics trapped inside €2, that never reach the
exterior boundary, making the controllability property impossible.

However, the general case, without structural conditions on the coefficients
a = a(x), cannot be treated by multiplier methods. The purpose of this section
is to prove the exact controllability in the 1 — d case, without any restriction on
the coefficient other than (2.62) and (2.63).

The 1 — d result we present here shows that, according to our intuition, the
characteristic rays cross the whole domain bouncing back and forth on the boundary.
This makes the concentration of waves in the interior impossible and ensures the
boundary controllability in a sufficiently large characteristic time. Note however
that, for this to hold, some regularity assumptions on the coefficient need to be
imposed, roughly a € BV.

Let therefore Q2 = (0, 1) C R and consider the system 1 — d

Y = (a@)y)x =0 in Q=(0,1)x(0,T)
y(0,1) = v(t) on (0,7)
y(1,t) =0 on (0,7)
y©) =y, y'(0)=y" in (0, 1).

(2.65)

The following result is obtained:

Theorem 2.5 Suppose a € BV ([0, 1]) is such that (2.63) holds. If T > 2/\/ag
for all initial data {yo, yl} € L2(0, 1) x H~1(0, 1), there exists a control v = v(t) €
L2(0, T) such that the solution of (2.65) satisfies (2.2).

Remark 2.11 The same result is obtained when the control acts at the tip x = 1,
that is, for boundary conditions of the form y(0,7) = 0; y(1,7) = v(t) for ¢t €
©, 7).

When the control acts simultaneously at both ends of the interval, that is,

0,0 =v@); y(I,1) =w@) Vre(0,T),

the exact controllability holds for T > 1/,/ag with controls v(¢), w(¢) € L(0,T).

Proof We present the proof when a € C'[0, 1] to avoid technical difficulties. The
fact that the same holds for a € BV (0, 1) was observed in [25] and can be derived
by density.
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The HUM method easily applies to Eq. (2.65). In this way the problem is reduced
to obtain the following estimate

2 2

[, +]e' <c fo " 60, 0 dr (2.66)

HL(R) L2(Q)

where ¢ solves

"—(@x)¢)x =0 in (0,1) x (0, 7)
90,0)=¢(1,1)=0 on te0,T) (2.67)
¢0)=¢°.¢'(0)=¢' in (0.D.

As we noted in Remark 2.11, the direct inequality is easily extended to systems
with variable coefficients in any dimension n > 1. It holds therefore also in the
present 1 — d setting. Thus, we focus on the observability inequality. Note however
that the techniques we shall use for proving observability can also be employed for

the hidden regularity, to get the direct inequality for BV coefficients.
To show the inverse inequality, we define the sidewise energy functional

1 T—ax
Fo =5 f (16 (e, D + a ()l (x, P 2.68)

where « = 1/,/ag. Note that

T
F0) = &20)/0 | 0, 1)|%dt. (2.69)

Now, proceed computing the derivative of F as follows:

dF

Fie) = d)(CX)
Teaxp ay (x) )
:/ |:¢(x,t)¢x(x,t)+ YN

(2.70)
+ a(xX)px(x, Dprx(x, t)] dt

_% Z [W(x, N1 + a(x)|¢x (x, t)|2] )

t=ax,T—ax
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Integration by parts on time leads to

T—ax
/ @ (x, t)qﬁ)/c (x, t)dt

X

T—ax

T—ax
= —/ @ (x, Dy (x, )dt + ¢’ (x, )y (x, 1)

X ax

and we deduce that

T—ax
Fl(x) = / [—6" (v, ) + a()ber (x. 1) + ar (D)o (. 0] e (x. D)

X
T—ax

1 T—ax
—5/ a4 (x) s (6, D2 dt + ¢/ (x, Db (5, 1)

ox
o

-3 Y [P +awiernp]

t=ax,T—ax

1 T—ax
f 1 () I (x, 1) dt

< —
=
2.71)
since
¢” - a(x)¢xx - ax¢x = d)// - (a(x)¢x)x =0
and
, 1 1, a
|6/ (x, e (x, 1) < T (5 |6/, )] + 70 I (x, r>|2)
=3 (190 + a0 1gex.nP?)
Yt € [0, T], Vx € (0, 1).
By (2.71)
T—ax
Fl(x) < Jadzon f () s (e, D2 dr < MEI2OD gy o 9
2610 ax aop

and therefore,

F(x) < e”axHLOC(O,l)X/aOF(O) < el\axHLOO(o,l)/ﬂoF(O)’ Vx € (0, 1). (2.73)
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Next, integrating (2.73) with respect to x € (0, 1) we obtain
1
/ F(x)dx < elali=on/a g (). (2.74)
0
Finally, as T > 2« = 2/./ag, observe that
1 T—« 1 ’
(T —20)E(0) = 5/ / [|¢/(x, D +ax) |¢x(x,t)|2] dxdt
o 0
1
< f F(x)dx < el®leon/ao g ).
0
This inequality, combined with the conservation of energy property,

1 1
E@) = 5/0 (/. O + a(x) 16, (x. 0P)dx = E(O)

yields
1 2ellaxllLoo,1y/a0
142 00,2
/0{|¢ WF +a@IWP | dx < = s F(O)
_a(())e\laxl\LOO<o,1>/ao T 5
= [P,

(2.75)

Several remarks are in order.
Remark 2.12

¢ Extending the proof above to BV functions requires a more careful analysis
of inequality (2.71). It suffices actually to apply Gronwall’s inequality to get a
similar estimate, replacing the norm |{ax || 0,1y by llaxllL1(,1)- This yields the
estimate for a € W1, that, by density, can be extended to any @ € BV (see
[25]).

e From (2.71) it follows that, when a(x) is increasing, F' is decreasing and the
constant C in (2.66) does not depend on ||a, ||z, 1)

* The monotonicity of the coefficient a = a(x) fails in the context of homogenisa-
tion with rapidly oscillatory coefficients, a topic treated in [9, 10]. For instance,
if a(x) € C'(R) N L>(R) is a non constant periodic function (therefore, non-
monotonic) that satisfies a(x) > ap > 0 for all x € R the observability constant
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C; of the estimate (2.66) corresponding to the equation
X
" s —
P (a (S)qsx)x 0 (2.76)

is of the order of C, ~ ¢/¢ as & — 0.

In [9, 10] sharp results were derived, showing that uniform observability
results hold in an optimal class of low-frequency solutions. This allows recov-
ering, in the limit as ¢ — 0, the observability inequality for the homogenised
constant coefficients wave equation.

O

2.8 Comments

1. Optimal minimal-norm controls. It follows from Theorem 2.3 that, if T >
2R (x"), for each {yO, yl} e L2(Q) x H~1(Q), the set of admissible controls of
(2.76), which is denoted by

Ugg = {v e LZ(E(XO)) : y is solution of (2.35) satisfiying (2.2)}
contains infinitely many controls.

Indeed, letbe & > O suchthat 7 —& > 2R(x?). Given w € L2(I'(x°) x (0, ¢)),
we solve the system

Yy ' —Ay=0 in Qx(0,¢)
0
y= w on I'(x") x (0,¢) 2.77)
0 on I,(x% x (0,¢)

y0) =y (0 =y" in Q.
It follows from Theorem 2.4 that
¥ =y(e) € L), y! = y'(e) e HH (). (2.78)

Since T —¢e > 2R(xY), Theorem 2.3 ensures the existence of u € L?(I'(x?) x
(e, T)), such that the solution of the system

y'—Ay=0 in Qx(T)
y= u on T'(xY x (¢, T) (2.79)
0 on [L,(x% x (e, T)

ye) =y y(@E =y in Q

satisfies (2.2).
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Therefore, the control

: 0
. Iw in T(x% x (0, &) 2.50)

u in T(xY x (e, T)

belongs to the set of admissible controls U,4, where w is an arbitrary element of
the infinite dimensional space L*(I'(x?) x (0, ¢)).

Having observed that U,4 contains infinitely many elements, the following
question arises naturally: Is there an optimal control v € U,y of minimal norm
so that

(2.81)

. 2
min |lu ?
Uy || ”Lz(E(XO))

”U“iZ(Z(xO)) = ue

The minimisation problem (2.81) admits a unique solution, which is actually
the control obtained in Theorem 2.3 that HUM yields. In fact, HUM consistently
provides optimal controls of minimal norm in the appropriate functional set-
ting in the various situations in which it is applied (c.f. J.-L. Lions [68], Chapter
VIII).

2. Other boundary conditions. In this chapter we considered only Dirichlet-
type boundary conditions. Both the HUM method and the multiplier techniques
can be adapted to the Neumann boundary conditions or the Dirichlet-Neumann
mixed ones (c.f. J.-L. Lions [68], Chapter III). However, for mixed boundary
conditions, the singularities that the solutions present at the boundary points
where the boundary condition type changes complicate the analysis considerably.
In particular, in that setting, some of the integration by parts formulas being used
in the application of multipliers are no longer true. P. Grisvard in [28, 30] proved
that, although the standard identities are not fulfilled, the needed inequalities for
the desired a priori estimates actually hold.

On the other hand, the techniques and results of C. Bardos et al. [5] showing
that the sharp Geometric Control Condition suffices for controllability can be
also adapted to the case of Neumann-type boundary conditions.

3. Less regular domains. Throughout this chapter the C? regularity of the domain
2 (or its convexity) is assumed. These hypotheses can be considerably weakened
(see P. Grisvard [29] and [30]).

4. More regular controls. The controllability property holds in L?(2) x H~1()
with L?-controls. However, the HUM method and multiplier techniques can
be adapted to work in other spaces. In particular, it can be shown that if
the initial data belongs to HO1 () x L%(Q) then the HUM control lies in
HO1 (0, T; L3(I"(x9)). This issue has been analysed in [21], where the ellipticity
of the HUM operator has been shown, in the sense that more regular data lead to
more regular controls.

Note however that the analysis in [21] requires the use of a weight function
modulating the controls in time, making the effects at extreme points t = 0, T
vanish. This is essential to prove the ellipticity of the HUM operator, since it
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allows to perform integration by parts on the time variable to gain regularity of
the controls, without the artefacts generated by the extreme values at =0, T'.
Likewise, the exact controllability property in the dual larger space H ™! (£2) x
(HX() N HO1 (R2)))’ can be proved by means of controls in the larger space
H~Y0, T; L>(I"(x%))) (cf. J.-L. Lions [68], Chapter I).
. Model perturbations.The problem of exact controllability under perturbations
such as domain variations, rapidly oscillating coefficients, etc. has been studied
by J.-L. Lions in [69]. This is a subject in which there are still plenty interesting
open problems. We discuss here some of them.
. Semilinear equations. The problem of the exact controllability of the semilinear
wave equation has been studied in E. Zuazua [88, 93, 96] and solved, in particular,
for globally Lipschitz perturbations. The problem is open when the nonlinear
term is superlinear at infinity (see E. Zuazua [92] for a particular case in 1 — d).
Note that, in any space dimension and for a broad class of nonlinearities,
combining local controllability and stabilization results, one can achieve con-
trollability in a time-horizon whose length depends on the size of the data to be
controlled. But whether the control time can be made independent of the data to
be controlled is an open problem (see [19]).
. Perforated domains. The problem of exact controllability for the linear wave
equation in perforated domains has been studied in D. Cioranescu et al. [16] and
[17].
. Plate and Schrodinger equations. The HUM method and multiplier techniques
can also be adapted to the study of the exact controllability of a vibrating plate
equation of the type

y'+A%y=0 in Qx(0,T) (2.82)

with various boundary conditions (cf. J.-L. Lions [68], Chapter IV, J. Lagnese
and J.-L. Lions [57] and the bibliographies therein).

The distinguished feature of this model is its intrinsic infinite propagation
speed, which, unlike the wave equation, allows exact controllability to hold in
an arbitrarily small time. Analogous results have been proved by E. Machtyngier
[72] for the Schrodinger equation. In G. Lebeau [63], it is shown, in a systematic
manner, using diadic Fourier decompositions, that the Geometric Control Condi-
tion on I'g C I suffices for the exact controllability of the plate equation (2.82)
and the Schrodinger equation, in the corresponding energy spaces, with controls
in L2y x (0, T)), for T > 0 arbitrarily small, as a consequence of the sharp
controllability properties of the wave equation.

Likewise, exact controllability holds for the elasticity system (cf. J.-L. Lions
[68], Chapter IV) and for Maxwell’s equations (cf. J. Lagnese [55] and O. Nalin

[81]).
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9. Numerical approximation. R. Glowinski et al. [27] developed an effective
numerical method for studying the exact controllability of the wave equation. We
also refer to the complementary bibliography at the end of the book for further
references on more recent developments at this respect.



Chapter 3 )
Internal Controllability of the Linear Qe
Wave Equation

Abstract In this chapter the results of the previous one are adapted for control
subdomains in the interior of the domain where waves propagate, focusing on the
particular case where the support of the control is placed near the boundary.

3.1 Description of the HUM Method

As mentioned in Chap. 1, the problem of exact internal controllability of the linear
wave equation can be formulated as follows.
Let @ be a nonempty open subset of 2 and consider the wave equation

Y'= Ay =hxo in Q
y=0 in X (3.1)
y©0) =y"y'0)=y' in Q,

where ., denotes the characteristic function of w.

We are interested in the controllability property in the energy space HO1 () x
L?(2) with controls in L?(w x (0, T)).

The problem consists of finding 7 > 0 such that for every pair of initial data
{yo, yl} € HOl (£2) x L*(), there exists a control & € L?(w x (0, T)) such that the
solution of (3.1) satisfies

y(T) =y'(T)=0. (3.2)

As in the context of boundary controllability problem, such result requires that
satisfies some geometric properties.
The HUM method can be adapted to this problem as follows.
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E. Zuazua, Exact Controllability and Stabilization of the Wave Equation,
La Matematica per il 342 162, https://doi.org/10.1007/978-3-031-58857-0_3


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-58857-0protect T1	extunderscore 3&domain=pdf
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3
https://doi.org/10.1007/978-3-031-58857-0_3

38 3 Internal Controllability of the Linear Wave Equation

Given the {¢°, ¢!} € D(Q) x D(RQ), consider the system

¢ —Ap=0 in Q
=0 in X
¢(0)=9¢°¢'(0)=¢' in Q

and, then, solve

V= Ay=—¢x, in Q
wW(T)=0,y(T)=0 in 9.

Then, define the operator by
Afg°, 9"} = (Y (0). —y(0)).

Multiplying in (3.4) by ¢ and integrating by parts, leads to

T
(A", 91, (6% 6')) = /0 / \b2dxd.

Suppose that the following uniqueness result holds
$=0in wx 0,7T)=¢"=¢' =0.

Then,

19,01, = (fOT/dexdr)z

defines a norm in D(2) x D(2), where

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

F = the Hilbert space completion D(2) x D(2) with respect to norm || - || r.

(3.9)

It follows from (3.6) that A uniquely extends to an isomorphism from F to F’.
Therefore, given {»°, y!} such that {y', —y°} € F’, there is a unique pair

{¢°, @'} € F such that

Al 0"} = (!, —yO).

(3.10)
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In particular, if we apply the control & = —¢ € L*(w x (0, T)) where ¢ is the
solution of (3.3) with the initial data satisfying (3.10), the solution of (3.4) satisfies
y(0) =" y'(0) = y'.

Holmgren’s Theorem ensures that given any non-empty open subset w of €2, there
exists Tp(w, 2) such that if T > Ty(w, €2) the uniqueness result (3.7) holds.

Therefore, we have shown that, if 7 > Tp(w, €2), the system (3.1) is controllable
in the space of the initial data such that {y!, —y°} € F’ with the controls /& €
L*(w x (0, T)).

The problem reduces to obtaining sufficient conditions on w and T so that F’ =
L*(Q) x H}(S) or, equivalently, F = L*(Q) x H~(Q).

It is therefore sufficient to prove the existence of constants ¢ > 0, C > 0 such
that

T
8’ " N2y m-1() = /0 /w |pPdxdr < ClH°, 6" Y720y -1 ()

V(g ¢!} € D(Q) x D(Q).
(3.11)

It is well known that ”¢||L°°(0,T;L2(Q)) < C || {¢)0, ¢1 } ”LZ(Q)XH’I Q) from which
the upper bound in (3.11) is deduced.
It remains to prove an inverse observability inequality of the form

T
16 "2 g1y = € /0 [ 16raxas, G.12)
w

which will be the subject of the next section. This will require to impose geometric
conditions on the observation subdomain w.

3.2 Inverse Inequality

Let x° € R”, and consider the partition of the boundary {T'(x9), ', (x9)} introduced
in the previous chapter.

Consider @ C €2 to be a neighborhood of m, so that, for an open set ® C R”
such that I'(xY) C ®, we have w = QN O, as in Fig. 3.1.
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Fig. 3.1 Geometric

configuration in which the r (x())
control acts on a

neighborhood w of rx%

In this geometric setting the following controllability result holds:

Theorem 3.1 Let Q be a bounded domain of R" with the boundary T of class C>.
Let x° € R" and o C Q be a neighborhood of T (x9).
If T > Tx% =2R(xO), there exists a constant C = C(T) > 0 such that

T
160122y + 161310 < € /0 / ¢ Pdxdt (3.13)
w

for any solution of (3.3) with data {qbo, ¢>1} € Lz(Q) x H-Y(Q).
Proof We proceed in several steps.

Step 1: Reduction to a Higher Order Inequality. Suppose that the following
estimate holds

T
18°1501 ) 19" 1720y = € /O /w ¢’ |dxd. (3.14)

It is aimed to show that (3.14) implies (3.13).
Given {¢Y, ¢!} € L2(Q2) x H~' () define

X € HJ(Q), AX=¢'inQ. (3.15)

Out of the solution ¢ of (3.3) with the initial data {¢°, ¢!}, define

t
¥(r) =f o (s)ds + X. (3.16)
0
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It can be easily seen that v' = ¢ and ¥ = ¥ (x, t) solves the following system

//_szo in Q
v =0 in X (3.17)
vO0) =X,y 0)=¢" in Q.

Next, apply the inequality (3.14) to i to obtain

T T
Hﬂ%mﬁWWﬁmDSCA(/WVﬂm=CA fwﬁum. (3.18)
@ w

On the other hand, (3.13) is obtained from (3.18), thanks to the classical
properties of the Dirichlet Laplacian, since

3C > 0: 19 ly-11@) < CllXllyy. Vo' e HH(Q). (3.19)

Now we are ready to prove (3.14) in several steps.

Step 2: Estimation of the Normal Derivative by a Local Term. By Theorem 2.2 of
Chap. 2, it is shown that if T > T (x9), there exists C = C(T) > 0 such that

=t ool sf]erse [ ]

Let & > 0 be such that ¢ < (T — T(xo))/Z. Then, from (3.2), the invariance of
the wave equation with respect to time-translations, and the conservation of energy,
it can be deduced that

2

8—¢ ax. (3.20)
av

T—¢ 3¢ 2
Ep < C/ / — (3.21)
e F(XO) ov
Next, consider a vector field ¢ = ¢ (x, 1) € (W°(Q))" such that
g(x,1) = v(x) V(x,1) e T(x°) x (¢, T —¢)
qgx,t)-v(x) >0 V(x,t) eI’ x (0, T) (3.22)
q(x,0)=¢q(x,T)=0 Vx € Q
qx,t)=0 V(x,t) € (Q\w) x (0, T).

The field ¢ can be chosen as g(x,t) = h(x)n(t) where n € C'([0, T]) and
h = h(x) € (W (Q))" satisfy

n0)=n(T)=0; nt)=1 Vie(,T—e¢), (3.23)
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and
h=v on TI'(x%
v>0 on T (3.24)
h=0 in Q\w.

(see J.-L. Lions [68], Chapter I, Section 3.1 for the construction of this vector field).
By the identity (2.19) of Lemma 2.1 in Chap. 2 we obtain,

1 T—¢ 2 1 T—¢
= dx 5—/ f(q'V)
2/5 /r(xo) 2 Je r
T
sc/ [(|¢/|2+|V¢|2>dxdt
0 1)

where C is a positive constant depending on [|g (x, £) [ y1.00(0)-

The estimate (3.25) is valid for all 7 > T'(x?). Therefore, if ¢ > 0 is such that
T —2¢ > T(x9), by the argument used previously and combining (3.21) and (3.25),
it can be deduced that

¢

v

PYSE
_¢ dx
v

(3.25)

T—¢
Eo < c/ / [|¢>/|2 + |v¢|2] dxdt. (3.26)

Step 3: The Local V¢-Term. Let & be a neighborhood of I'(x?) such that
QNaC o. (3.27)

Since (3.26) is valid for any neighborhood w of I"(x?), it also holds for @ and,
therefore

T—¢
Ep < c/ / [|¢/|2 + |v¢|2] dxdt. (3.28)

Let p = p(x,1) € WH°°(Q), p > 0 be such that

plx, 1) =1 Yx,t) ed x (&, —¢)
plx, 1) =0 Y(x,1) € (Q\w) x (0,T) 3.29)
p(x,0)=px,T)=0 Vx € Q

IVpl?/p € L™®(Q).

The function p can be chosen as

p(x, 1) = p*(x)n(r) (3.30)
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where n € C1([0, T]), and p € W1°(Q) satisfies

{p(x):l Vx € ® (3.31)

p(x)=0 Vx € Q\w.

Now, multiplying Eq. (3.3) by p¢ and integrating by parts, the following identity
holds immediately

/vamz:fgmdﬁ—/gmb

Considering (3.29) and (3.32) leads to

T
0

+/ P/¢>/¢—/ Vp-Voo.  (3.32)
0 0

T
/ pIVPdxdt < / f [|¢’|2+|¢|2]dxdz+‘ / (Vp-V¢>¢>|. (333)
¢ 0 1) ¢

On the other hand,

1 2 1 |VI7|2 2
Vp-Vo)p| <= | pIVol"+ = | ——1oI~. (3.34)
0 2Jo 2Jo p

From (3.33) and (3.34), using (3.29), it follows that

T—e T
[ [rvor=c [ [[or+ier]. (3.39)
e 9] 0 Jo

Finally, combine (3.28) and (3.35) to get
T
Eo < cf / |9’ |2dxdt + C/ |p|%dxdt. (3.36)
0 Jo (@)

Step 4: The Lower Order L*-Term. To prove (3.14) (and therefore the theorem), it
suffices to show the existence of C = C(T) > 0 such that

T
/ |p|>dxdt < C / / |¢|Pdxdt (3.37)
0 0 w

holds for every solution of (3.3).
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We proceed arguing by contradiction, using the compactness-uniqueness argu-
ment. If (3.37) is not satisfied, there exists a sequence of solutions {¢,} of (3.3)
corresponding to the initial data {¢2, qb,‘z} C HO1 () x L2(2) such that

/ |pn|?dxdt =1 Vn e N, (3.38)
0

T
/ / ¢! [2dxdt — 0,n — o0. (3.39)
0 w

From (3.36), (3.38) and (3.39) it follows that {¢2, ¢>,ll} is bounded in H(}(Q) X
Lz(Q), and therefore,

{¢n} isboundedin H'(Q). (3.40)

From (3.40) and the compactness of the embedding H '(Q) ¢ L*(Q) we have
that

{¢n} 1isrelatively compact in L*(0). (3.41)

By extracting a suitable subsequence (which we continue to denote by {¢,} to
simplify the notation), the following is deduced

¢n — ¢ weaklyin H'(Q), (3.42)
¢n — ¢ strongly in L2(Q), (3.43)

where the limit ¢ = ¢(x, t) is a solution of (3.3). On the other hand, by (3.38),
(3.39), (3.42) and (3.43), ¢ satisfies

¢ =0 in wx(0,T7), (3.44)
lPllr20) =1 (3.45)
Notice that the function ¥ = ¢’ is also a solution of (3.3), and it satisfies
Yv=0 in wx(@0,T). (3.46)
As T > T(xo) > diameter of €2, it follows from Holmgren’s Uniqueness

Theorem that ¥ = 0 in Q. This means that ¢ = ¢ (x) is a stationary solution of
(3.3). Hence, this implies that ¢ = 0, which contradicts (3.45). m|
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3.3 The Main Result

The following result has been proved:

Theorem 3.2 Let Q be a bounded domain of R" with the boundary T of class C*.
Let x° € R" and w C Q be a neighborhood of T (x0).

Suppose that T > T (x°) = 2R (x").

Then, for each initial data {y°, y'} € HOl () x L%(), there is a control h €
L%(w x (0, T)) such that the solution y(x,t) of (3.1) satisfies (3.2).

Proof 1t is an immediate consequence of the adaptation of the HUM method
developed in Sect. 3.1 and of the observability estimate (3.13), which implies that
the constructed Hilbert space F coincides with L>(2) x H~'(Q), by virtue of the
equivalence of norms. O

3.4 Variable Coefficients in 1 — d Domains

Consider the following 1 — d wave equation with space-dependent variable coeffi-
cient

y' = @x)yo)x = hxe in Qx(0,7T)
y(0,1) = y(1,1) =0 for t € (0,7) (3.47)
y(x,0) = y0(x), y'(x,0) = y'(x) for x e Q

with @ = (0, 1) and w = (1, ) C Q.

Combining the techniques of the previous section together with the ones of
Sect. 2.7, the following result is obtained.

Theorem 3.3 Suppose the coefficient a € BV (0, 1) and it satisfies
a(x) >agp > 0, Vx € (0, 1). (3.48)

Then, if T > 2R with R = R(l;,lb) = max (ll/ﬁ, (1 —lz)/\/a_o),for
each initial data pair {yO, yl} € HO1 0, 1) x L%(0, 1) there exists a control h €
L2((I1, 1») x (0, T)) such that the solution y = y(x, t) of (3.47) satisfies (3.2).

Proof By the HUM method the problem is reduced to obtaining the observability
estimate

T I
16°17 2y + 16171y < € /O /l |2 dxdt (3.49)
1
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for all solutions ¢ of the homogeneous system

" —(@(x)px)x =0 in (0,1) x (0, T)
$0,)=¢1,1)=0 on (0,7) (3.50)
¢(x,0) = ¢(x), ¢'(x,0) = ¢! (x) in (0, 1).

Proceeding as in Step 1 of the proof of Theorem 3.1, it is observed that (3.49) is
a consequence of

T I
160 gy + 19" gy <€ [ [ 16/ Paxar. (351)
1

Now, (3.51) is proved in several steps.

Step 1: A First Observability Inequality. The method of proof of the observability
estimate (2.75) of Chap. 2 allows to show that, for any £ € [0, 1], if

2

T> 7=k (3.52)
£ T+ r

[ [0+ awio s < ¢ [ 16608 +a@ o, 0] .
RV 0

(3.53)
Analogously, if

2
T> =18, (3.54)

we have

£ pT-2 T
[ [ [P+ aonePlarar < ¢ [ [16€ 0P + a@ionc. 0P ar.
0 Jo% 0

(3.55)

Furthermore, the constant C in both estimates (3.53) and (3.55) depends
continuously on & and T'.
Since T > 2R, there exists ¢ > 0 such that

2
T>—max(l; +¢&,1+¢e—1D). (3.56)
/a0

From (3.56), it is deduced that (3.53) and (3.55) hold for all & € (I1,[; + &)
and & € (I, — ¢, [), respectively. Integrating the inequalities (3.53) and (3.55) with
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respectto & € (I1,/1+¢) and & € (Ia—¢, [»)), respectively, the following inequalities
are immediate

Iy
/ f (167 + (i) dida

(3.57)
li+e
/ (107 + aColg. | dxdr,
and
| prot "o
| o T [errawisplax<c [* [ [197 +awio. ] axdr.
b J 72 0 Jh—e
(3.58)

Now utilizing (3.57) and (3.58), we have

1
1 =28 [ [16' 0P +aioeo ] d

T—-R pl T rh
=f /[|¢’|2+a(x)|¢x|2]dxdrsc/ / (167 + a0l | dxdi
R 0 0 Ji

(3.59)
or, equivalently,
T rh
189010, + 18" 120y = € /O fl (167 + aG)l.]dxdr. 3.60)
Step 2: An Improved Observability Inequality. The estimate (3.60) is valid for all

(l1,1p) (0, 1)aslongas T > 2R(l1, ).

Taking ¢ > 0 small enough so that T — 2¢e > 2R(l1 — ¢, [ — ¢), we have

T—e ph—e¢ ) 5
16031 0.1y 1911720,y < € / / [19/12 +a(0)|g.? | dxdr.  361)
l1+e

The argument of Step 3 of the proof of Theorem 3.1 easily allows to prove that

T—e plh—¢ T rh
/ / a()|¢sPdxdt < C / / ¢/ Pdxdi + Clgl2s . (3.62)
I 0 I L“(Q)

+e
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Now, combining (3.61) and (3.62) leads to

T b
|@%gﬂn+ww;mnscﬂ [|¢ﬁum+cwﬁﬂ@. (3.63)
1

Therefore, it is simply enough to prove the inequality

T 1)
1612 scf f|wﬁum. (3.64)
ro =) |

Step 3. Compactness-Uniqueness. To prove (3.64) we proceed by a contradiction
argument, as in the proof of Step 4 of Theorem 3.1, using the compactness-
uniqueness principle.

If (3.64) does not hold, there exists a solution ¢ = ¢ (x, ) of (3.50) such that

||¢||L2(Q) =1, (3.65)
¢'(x,1) =0, V(x,1)€(l1,h)x(O,T). (3.66)
Therefore, 1 = ¢’ is a solution of (3.50) satisfying that

¥ € C([0, T1; L*(0, 1)) (3.67)

and

Y =0 in (I1,5) x (0, 7). (3.68)

It follows from (3.68) that ¥+ = 0 in (I}, [3) x (0, T). This, together with
(3.67) and (3.63), allows to conclude that ¥ (0) € HOl 0, 1), ¥'(0) € L%, 1),
and therefore

¥ € C([0, T1; H (0, 1)) n ([0, T1; L*(0, 1)). (3.69)

As 1 belongs to the class of finite energy solutions in (3.69) (a fact that was not
previously known because ¥ = ¢’ and, therefore, in principle, it is one derivative

less regular than ¢), the estimates (3.53) and (3.55) apply to v, and, it follows from
(3.68) that

Y(x,t) =0, V(x,t) €(0,1) x (R, T —R),

with R = R(l1, [») as in the statement of Theorem 3.3, and, by the conservation of
energy, ¥ = 0.
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Therefore, ¢ = ¢ (x) is a stationary solution of (3.50) satisfying
—(@(¥)¢)x =0 in (0,1), ¢ € Hy(0,1).

But then, necessarily, ¢ = 0, contradicting (3.65). O

3.5 Comments

1. Wave equations with variable coefficients. As seen in Theorems 3.1 and 3.2,
boundary controllability implies controllability with controls with support on a
neighborhood of the boundary.

This type of argument can be easily extended to equations with variable
coefficients of the type

v’ —div(a(x)Vy) =hx, in Q
y=0 in X (3.70)
y(0) =%, y'(0) = y! in Q

with a € W°() such that
a(x) >ap >0 VxeQ. 3.71)

Assume that the coefficient a = a(x) is such that, for some open subset ' C I'
of the boundary and Ty > 0, the following estimate holds

g |?
199+ 16"y =€ [ |52 372
P2

av

forall T > Ty, with £g = I'g x (0, T'), for any solution of

¢" —div(a(x)V¢) =0 in Q
$»=0 in ¥ (3.73)
$0)=¢°,¢'(0)=¢' in Q.

Recall that such a boundary observability inequality requires some structural

conditions on the coefficient a = a(x), assuring that all rays of geometric optics
reach the boundary I' and, more specifically, I'.
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The following result holds:

Theorem 3.4 Let Q2 be a bounded domain of R" with boundary T of class C?.
Let the coefficient a = a(x), 'o C " and Ty > 0 be such that for all T > Ty the
estimate (3.72) is satisfied.

Suppose that w is a neighborhood of Ty in Q. Then, if T > Ty, for every initial
data {y°, y'} € HO1 () x LE(Q), there is a control h € L*(w x (0, T)) such that
the solution y = y(x, t) of (3.70) satisfies (3.2).

Proof We present a short sketch.

The HUM method reduces the proof of this theorem to obtaining the estimate
(3.13) for the solutions of (3.73). As in Step 1 of the proof of Theorem 3.1, it
is observed that proving (3.14) is enough. The arguments used for Steps 2 and
3 of the proof of Theorem 3.1 allow us to obtain (3.36) easily. Therefore, the
problem reduces again to proving (3.37). The argument of Step 4 of the proof of
Theorem 3.1 does not literally apply in this case since the Holmgren’s Theorem
is only valid for equations with analytic coefficients.

However, there are two alternative proofs of (3.37) that do apply in the present
case:

(a) The method introduced by V. Komornik [46], based on the use of non-
harmonic Fourier series. This method applies systematically to evolution
equations of the type ¢” + A¢ = 0 where A is a self-adjoint elliptic operator
of order > 2, and it allows to absorb the lower order terms in estimates of
the type (3.36).

(b) The arguments of C. Bardos, G. Lebeau and J. Rauch [5] reduce (3.37) to a
unique continuation property for the solutions of an elliptic problem of the

type
—divi@a(x)Vp) + 1 =0 in Q (3.74)

where A € C and ¢ = ¢(x) a complex valued function.

Then, the question is reduced to proving that every solution ¢ € H?()
of (3.74) satisfying ¢ = 0 in w, necessarily vanishes everywhere, which
is an immediate consequence of the unique continuation results for elliptic
equations obtained through Carleman inequalities (see [41]). This is actually
a by now classical result on the unique continuation for the eigenfunctions of
elliptic equations, that can be achieved and broadly extended using Carleman
inequalities.

2. Geometric considerations. Theorem 3.3 shows that the wave equation in 1 — d
is exactly controllable in H& () x L2(2) with controls in L%(w x (0, T)) for
any non-empty open subset w of 2.

This is a genuinely 1 — d result that does not generalize to dimensions n > 1.



3.5 Comments 51

We refer to A. Haraux [34] and J. Lagnese [51] for the analysis of the internal
controllability of the constant coefficient wave equation, using Fourier series,
when € is a square and a disk of R? respectively.

For instance, the spectral analysis in [51] shows that if @ = B(0,1) C R”
and w = B(0,r) with r < 1, the wave equation is not exactly controllable in
HO1 (£2) x L2($2) with controls LZ(w x (0, T)) for any 7 > 0. This is due to the
whispering gallery phenomenon, i. e. the existence of periodic rays of geometric
optics endlessly trapped in the region r < |x| < 1, without never reaching the
control region w. In [51] it is shown that the class of controllable initial data with
L?*-controls is smaller than the energy space HO1 (2) x L*(2) but contains, for
example, all the data with a finite number of non-zero Fourier coefficients.

The results in [34] show that, when w C €2, (and, therefore, the GCC is not
fulfilled), to control the initial data in H(} () x LE(Q), it is necessary to use
controls in a class of analytic functionals supported in @ x (0, T').

However, as we have seen in Sect. 3.1, thanks to the HUM method and
Holmgren’s Uniqueness Theorem, for all non-empty open subset @ C 2 there
exists an initial time Ty = Tp(w, ) > 0 such that if T > Ty the exact
controllability of (3.1) with controls in L%*(w x (0,7)) in a space of initial
data such as {yl, —yO} € F’ holds. The characterization of the space F’, or,
equivalently, F, when F # L*(Q) x H~'(), is an open problem to a large
extent. We refer to [62, 82] and [3] for some further developments in this context.

As mentioned in Sects. 2.6 and 2.7, estimate (3.72) is satisfied for solutions
of (3.73), if Q is C* smooth, a € C*>(Q) and the pair {I'g, T} is such that
the GCC is satisfied, i. e., every ray of geometric optics intersects I'g at a non-
diffractive point in a time shorter than T (cf. [5]). Note however that for (3.72)
to hold, the coefficient a(x) has to fulfill some geometric conditions ensuring
that all rays of geometric optics reach the exterior boundary in a uniform time.
In case some of these rays would be trapped inside €2, without never reaching its
exterior boundary, the boundary observability inequality (3.72) would not hold
and Theorem 3.4 above would be useless. Such pathological examples have been
built and discussed in [73]. Note that for variable coefficient wave equations rays
are not straight lines anymore and, in practice, it might be hard to check whether
all of them reach w in a uniform time.

3. Minimal norm controls. The argument of Sect. 2.7 allows to prove that, if exact
controllability in HO1 (Q2) x L%(Q) with controls in L%(w x (0, T)) holds, for
each {yo, yl} € HOl (£2) x L2(R) the set of admissible controls, defined as U,y =
{h € L*(w x (0,T)) : y solution of (3.70) satisfies (3.2)}, contains infinitely
many elements.

The control 4 provided by the HUM method is the only optimal control of
minimal norm satisfying

2 - mi 2
AN o 0,7y = et 1817220 0,7y
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4. Optimal control time. Theorem 3.2 shows that if w is a neighborhood of r'(x%
and T > T(xo), then the wave equation is exactly controllable in HO1 (2) x LZ(Q)
with controls in LZ(w x (0, T)).

This result is not optimal with respect to the controllability time. Indeed,
thanks to [5], we know that the controllability time decreases as the size of w
increases. Estimates on the time of control improve when employing cutting-off
arguments and working in the domain Q\w, the complementary set of w in 2.

Note that if @ = €2, exact controllability holds in an arbitrarily small time (cf.
J.-L. Lions [68], Section VII 2.2., where the existence of controls & € L%(Q)
is proved). Working on the domain Q\w allows to prove that the controllability
time tends to zero when w increasingly converges to the whole 2 (see [44]).

5. Singular limit towards boundary control. Consider a sequence of open sets of
the form w, = {x € Q : d(x, %) < ¢}, where d(x, %) represents the
distance from x in R” to the set I'(x?). This is an e-"width" neighborhood of
rx%.

Given T > T (x9), controls h, € L%(w, x (0, T)) can be constructed so that
the system (3.1) converges to the wave equation with Dirichlet boundary control
(see [22, 23]).

6. Other models. The method of proof of Theorem 3.1 can be employed in a widder
context and, in particular, for wave equations with other boundary conditions or
even for plate models (see [89]).

For instance, for the system

Y+ A%y = hy, in Q
y=23y/dv=20 in X (3.75)
y(0) =y y (0 =y' in Q,

the following holds: “Let Q2 be a bounded domain of R" with boundary of class
C3 and w be a neighborhood of a subset of boundary of type T'(x0). Then, for all
T > 0and {yo, yl} € H02(SZ) X LZ(Q) there exists a control h € Lz(a) x (0, T))
such that the solution of (3.75) satisfies (3.2).”

This is the analog of the previous result on the wave equation, but, this time,
it is valid in an arbitrarily small time.

In [72] the techniques in this chapter have been adapted to study the internal
controllability of the Schrodinger equation.

7. Fourier series and plate models. Note however that this method only applies
when the support of the control w is a neighborhood of a suitable subset of the
boundary. Substantial further work is needed to consider other control subsets w.
For instance, in [42] it is shown, by Fourier series methods, that if Q2 is a square
of R?, the plate equation above can be exactly controlled in HOZ(Q) X LZ(Q)
by controls in Lz(w x (0, T)), w being strictly contained in the subset of €2,
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i.e. w C 2. This result differs in an essential way with the previously mentioned
ones regarding the wave equation. Indeed, in this case the controllability property
holds even if the support of the controls, w, does not need to fulfill the geometric
control condition. This shows that the GCC is a sufficient but not necessary
condition for the control of the plate equation.



Chapter 4 ®)
Internal Controllability of the Semilinear e
Wave Equation

Abstract In this chapter the exact controllability of the semilinear wave equation,
for globally Lipschitz nonlinearities, and with controls acting in the interior is
studied. The problem is solved by means of linearization and fixed point techniques.

4.1 Description of the HUM Method

Let Q2 be a bounded domain of R"?, n > 1, with boundary I' of class ClletwC
be a neighborhood of the whole boundary I' = 9.
Consider the semilinear wave equation

Y' = Ay+ f(y) =hxo in Q
y=0 in X 4.1)

y(0) =30y =y" in Q

where f is a locally Lipschitz function.

The exact controllability problem of (4.1) is formulated as follows: Find T > 0
such that for every pair of initial and final data {y°, y'}, {z°, z'} € HO1 () x L2(),
there exists a control h € L*(w x (0, T)) such that the solution y=y(x,t)of (4.1)
satisfies

y(T) =2 y/(T) =" (4.2)

Remark 4.1 Unlike in the linear context, in this case, the problem is not reduced to
considering the particular case z° = z! = 0. We have to prove that any initial data
can be driven to any final data. Recall that for the linear wave equation the problem
was reduced to consider the null target because of the time-reversibility and linearity
of the system. The semilinear wave equation is time-reversible. But, obviously, the
needed linearity of the model fails. We need therefore to consider arbitrary initial
and final data. ]
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We will assume that f satisfies the following growth condition at infinity
/() <CA+1s|’) VseR (4.3)
with
pn—2) <2, (4.4)

so that (4.1) admits an unique local finite energy solution, continuous with respect
to time, with values in HO1 (2) and of class C! with values in L2(2).

On the other hand, we assume that T > Ty where Ty > 0 is the exact
controllability time of the linear equation with f = 0. Therefore, we are looking
for a result ensuring that, when the linear equation is exactly controllable, the same
occurs for the semilinear equation with nonlinearities f satisfying the conditions
above and in a class to be determined.

By Theorem 3.1 of Chap. 3, it is known that if T > Tj with

Ty = diameter of €2, 4.5)

the following estimates hold (they are actually equivalent)

T
16°172 ) + 161319, = € fo / ¢ *dxdt, (4.6)
w

and

T
0),2 12 "2
16912y + 19" 22 gy < € /O /w ¢/ Pdxd, “.7)
for the solutions of the homogeneous linear equation

¢ —Ap=0 in Q
¢=0 in ¥ (4.8)
$0) =¢°, ¢'(0)=¢' in Q.

As shown in Theorem 3.2 of Chap. 3, from (4.6), it follows that the linear wave
equation (with f = 01in (4.1)), is exactly controllable in Hé () x L%() with the
controls in L%(w x (0, T)).

We aim to study the exact controllability of (4.1) in this functional setting of
finite energy solutions, under the hypothesis that the estimates (4.6) and/or (4.7) are
satisfied.

The exact controllability problem for nonlinear equations has been addressed by
several authors. L. Markus [74] introduced an Implicit Function Theorem method
for the study of the controllability of systems of ordinary differential equations.
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Later, this method was adapted and extended to the study of the controllability of
nonlinear wave equations (cf. W. C. Chewning [15], H. O. Fattorini [24] and D. L.
Russell [83]). This method provides local controllability results, i.e. the initial data
in a neighborhood of {0, 0} in H} () x L*(R) can be driven to {0, 0}(if (0) = 0) in
time T, T being, essentially, the controllability time of the underlying linear model.
It is important to note that these results are of local nature and that this method
does not provide global exact controllability results in the sense formulated above.
But the method has an advantage of being applicable to a wide class of models and
nonlinearities.

Here, with the aim of achieving global results, we follow a different path,
developing and employing fixed point arguments, that yield global exact control-
lability results for a suitable class of nonlinearities. A first fixed point method was
introduced in [88] and it provided exact controllability for nonlinearities f behaving
in an asymptotically linear manner, i. e.

f e L*(R), 4.9)
and
E!l }im & (4.10)
Sl—oo 8

Subsequently, a second fixed point scheme was introduced in [96] by means of
which the controllability in the class of globally Lipschitz nonlinearities was proved,
without the assumption (4.10). The drawback of this second method is that the
constructed controls belong to the class H~¢(0, T; L?>(w)) with ¢ > 0, while the
optimal regularity for the controls of the finite energy solutions of the linear model
is L2. This limitation, as we shall describe below, was overcame in [26] combining
this fixed point argument and Carleman inequalities. This permits also to cover a
slightly larger class of nonlinearities, allowing for a mild logarithmic superlinear
growth at infinity.

In the next four sections, the second fixed point method is developed. In Sect. 4.6,
for the sake of completeness, we prove the local controllability of (4.3) when f
is superlinear at infinity. In the last section, dedicated to other related comments,
we briefly describe the fist fixed point method applicable in the case where f is
asymptotically linear.

4.2 Description of the Fixed Point Method

Suppose that f € C!(R) is globally Lipschitz and define the function g by

g(s):{ms)—f(on/s if  s#0 @i

£(0) if  s=0.
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Given any £ € L%(Q), we consider the linearized system

V' —Ay+gE)y=hxo— f(0) in Q
y=20 on X “4.12)

y(0) =y, y'(0) = y! in Q.

Since f’ € L®°(R), the potential g(§) € L*°(Q) is uniformly bounded by the
Lipschitz constant of f:

gy < I1f Loy, V& € L*(Q). (4.13)

We fix the initial and final finite-energy data, (°, y'} and {2, z!} € H& () x
L%(Q) respectively.

Suppose that the system (4.12) is exactly controllable in time 7" > Tp. Then, for
any £ € L?(Q), define the HUM control

h=hx, t:6) e L2w x (0, T)) (4.14)

driving the solution of (4.12) from (9, y11 to {z°, z'}. In this way, define the
nonlinear map

NE)=y; N:LYQ) — L*(0), (4.15)

y = y(x, t; £) being the controlled solution of (4.12).

The problem of the exact controllability of (4.1) is reduced to obtaining a fixed
point of the operator N. Indeed, if N(§) = & = y, then the solution y = y(x, ) of
(4.12) satisfies (4.1) and also (4.2), by construction.

To prove the existence of a fixed point of NV, we will apply Schauder’s fixed point
theorem. Let us remind its statement: Let X be a Banach space and N : X — X
be a continuous and compact operator. Suppose that there exists a convex, closed,
bounded and nonempty set C C X, such that

N(C) C C. (4.16)
Then, N has at least one fixed point in C, i.e.
dx € C: Nx = x. “4.17)
Remark 4.2 The hypothesis (4.16) is trivially satisfied if

R = sup ||[Nx||x < oo. (4.18)
xeX
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Indeed, in that case it is enough to choose C = Bg, a closed ball with center zero
and radius R in X. (Il

It is expected that, for the problem under consideration, (4.18) will be satisfied
with X = L2%(Q). Indeed, (4.13) ensures that the potential g(&) is uniformly
bounded in L°°(Q). Therefore, if the control 4 continuously depends on the
potential (in a sense that is specified later), the corresponding family of controls
will be uniformly bounded. Finally, for the fixed initial data in (4.12) and uniformly
bounded potentials and controls, solutions will also be uniformly bounded in the
energy space

C ([0, TT; H (2)) N C'([0, T1; L*(2)) (4.19)

and, in particular, in H 1(Q). Then (4.18) holds immediately (and therefore (4.16))
but also the compactness of Ain L?(Q), due to the compactness of the embedding
H'(Q) C L*(Q).

However, as we shall see in Sect. 4.4, significant technical difficulties arise in
obtaining the uniform controllability result. Using a variant of the HUM method,
working in a different functional framework, it is possible to build controls
uniformly bounded in H~4(0, T; L?(w)) with ¢ > 0 arbitrarily small. This allows
to conclude the exact controllability of (4.1) with controls in H~4(0, T; L*(w)).

To achieve this goal, we proceed in several steps. First, in Sect.4.3 we study
the exact controllability of (4.12). Then, the uniform boundedness of the control is
proved in Sect.4.4. Finally, the nonlinear system (4.1) is studied, concluding the
proof.

Remark 4.3 As mentioned above, this result does not provide controls in the sharp
class L%(w x (0, T)), but only in H~%(0, T; L?(w)). The fact that the control can
be chosen in L?(w x (0, T)) can be established using the techniques in [26], which,
actually, allow to treat more general nonlinearities, whose growth at infinity is
weaker than |s| logl/ 2 |s|. The proof in [26] uses a fixed point argument, similar
as in the proof below, but combined with sharp observability estimates obtained
by means of Carleman inequalities. In this way Theorem 3.4 is improved in three
ways.

 The controls can be taken to be in L2(0; T; L?(w)).

* The support of the control w can be a neighborhood of a subset of the boundary
of the form I"(x?).

* The growth condition on the nonlinearity f can be relaxed so that f is not needed
to be globally Lipschitz, but simply asymptotically smaller than |s|log'/? |s| as
|s| — oc.

The proof we present here leads to a slightly weaker result since it employs a
purely perturbative analysis, without using ad-hoc Carleman inequalities for the
wave equation with potential terms.
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4.3 Internal Controllability of the Wave Equation
with a Potential

System (4.12) is of the following form

Y = Ay+V(x,t)y =hxe— f(0) in QO
y=0 in T (4.20)

y(0) = y%,y'(0) =y in Q
where V = V(x,1)(= g(&(x,1))) € L*°(Q) is uniformly bounded, according to

(4.13).
For a fixed final data {°, z!} € H(} (Q) x L*(), we solve the system

' —Az+V(x,t)z=—f(0) in Q
z=0 in 4.21)
2(T) =22 7/(T) =7 in Q,

withz € C([0, T]; H(} ()N cl(o, T1: LZ(Q)) and introduce the new variable
p=y-—z 4.22)

where the function p satisfies the following system

pl—=Ap+V(x,t)p=hxe in Q
p=0 in X (4.23)
p0) =" —2(0), p'(0) = y! —=Z/(0) in Q.

Proving the exact controllability of (4.20) in HO1 () x L%(2) with controls in
L%(w x (0, T)) is equivalent to showing that every solution of (4.23) can be driven
to the equilibrium in time 7.

Our interest is therefore focused on the study of the following system

Y/ —Ay+V(x,0)y=hx, in Q
y=0 in X (4.24)
y(0) = y°,y'(0) = y! in Q.

The following result is immediate.
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Theorem 4.1 Let Q be a bounded domain of R" with the boundary T of class C>.
Let w C Q be a neighborhood of T. Suppose that V =V (x,t) € L*®(Q) and

T > Ty = diameter of Q2.

Then, for each initial data {yo, yl} € HO1 () x LX(Q), there exists a control
h € L*(w x (0, T)) such that the solution of (4.24) satisfies

y(T) = y(T) =0. (4.25)

Moreover, there exists a positive constant C = C(||V|lL=(g)) such that the
following estimate holds for all {y°, y'}:

1Al 2x 0.7y < I »') I )220 (4.26)

Proof We apply the HUM method, as in the previous chapter. First solve the
equation

" —ANp+V(x,)¢p =0 in Q
=0 in ¥ (4.27)
$0)=¢",¢'(0)=¢! in Q

and then solve

Y = Ay+V(x,0)y=—¢x» in Q
y=0 in X (4.28)
W(T) =y (T) =0 in Q.

Next, define the mapping
Afp°, 0" = 1y (0), —y(O)}. (4.29)

Now, the problem reduces down to proving that the map A : L*() x H~'(Q) —
L3(Q) x HOl (£2) is an isomorphism.

It is straightforward to check that A is a continuous linear operator from L?(2) x
H™1(Q) to L*(Q) x H} (Q).

To prove the invertibility, observe that

T
(A1 oY), (6% 61)) = /O / 612 dxdt. 430)

w
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Therefore, it is sufficient to prove the estimate

T
16°172 ) + 16131, =€ fo / |61 dxd, (4.31)
w

which is the main object of the following result. O

Proposition 4.1 Suppose that all hypotheses of Theorem 4.1 are satisfied. Then,
there exists a constant C = C(||V||Lo(g)) > 0 such that (4.31) holds for every
solution of (4.27).

Proof We know that (4.31) holds true if V = 0. Therefore, we proceed by a
perturbation argument. Choose ¢

d=060+n (4.32)

such that 6 and n, respectively, satisfy

0" — A6 =0 in 0
0=0 in © (4.33)
0(0) =¢%0'0)=¢' in Q,

and

" —Ap=-V¢ in Q
n=20 in X (4.34)
n0)=n0)=0 in Q.

As T > Ty = diameter of 2,

T T
16°172 . + 16" 131 ) sC/ /|9|2dxdrsc/ /[|¢|2+|77I2] dxd.
0 w 0 w
(4.35)

Therefore, it is enough to prove the estimate

T
IInIIiz(Q) < C/o /wlqblzdxdt. (4.36)
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Now, we go by the method of contradiction. If (4.36) does not hold, there exists a
sequence of solutions {¢,} of (4.27) corresponding to the initial data {¢2 , q’),‘z} such
that

T
/ / g |2 dxdt — 0 (4.37)
0 1)

while the associated sequence {1, } of solutions of (4.34) satisfies

Il 20y = 1. (4.38)

Now, combining (4.35), (4.37) and (4.38), it can be deduced that {¢2 , d),i} is
bounded in L2(2) x H (), and therefore, {¢,,} is bounded in L%(Q).

Since the classical estimates for the wave equation (4.34) ensure that {5,} is
bounded in H'(Q), we obtain that {,} is relatively compact in L(Q).

Next, extracting a suitable subsequence and passing to the limit we obtain ¢, —
¢ weakly in LZ(Q), where ¢ = ¢ (x, t) is a solution of (4.27) such that

¢$=0inwx (0,T). (4.39)

On the other hand, , — 75 in LZ(Q) strongly, where n = n(x, t) is a solution of
(4.34) with

Inllz2) =1 (4.40)

By the unique continuation result of [26] the only solution of (4.27) satisfying
(4.39) is the trivial one. But if ¢ = 0, by the uniqueness of the solutions of (4.34), it
follows that = 0 and this contradicts (4.40).

This way, the proofs of Proposition 4.1 and Theorem 4.1 are complete. O

In the study of the exact controllability of the semilinear wave equation a
different functional framework is needed. The following result holds for this

purpose.
Theorem 4.2 Suppose that the hypotheses of Theorem 4.1 are satisfied. Let ¢ €
0, 1/2).
Then, for each initial data {yo, yl} € H(; “8(Q) x H™¢(Q), there exists a control
h e H4(0, T; L*(w)) such that the solution y = y(x, t) of (4.24) satisfies (4.25).
Moreover, the following estimate holds

0 1
”h”H—S((),T;Lz(a))) =< C”{y s Y }”HOI_S(Q)XH’S(Q) (441)

with C = C(||VllL=(0), €)-
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Proof Consider

VI—Ay+Vx,)y=—I:¢x, in Q
y=0 in X (4.42)
V(T =y (T)=0 in Q

where I, : H®(0,T;L*(w)) — H™¢(0,T;L*(w)) is the canonical duality

isomorphism and define the operator Ae{9?, 91} = [y (0), —y(0)}.
The proof now boils down to show that

Ag: HE(Q) x H'T9(Q) > H8(Q) x Holfs(Q) is an isomorphism.
Indeed, A; is a linear continuous operator. On the other hand, we have

(Aefe® 0", (0% ") = 1015 0.1 1200 (4.43)
It is therefore enough to prove the following estimate

M8, @ e o1y = CNONe 0 72120 (4.44)

which is the theme of the following result. O

Proposition 4.2 Under the conditions of Theorem 4.1 the estimate (4.44) holds for
alle € (0, 1], # 1/2.

Proof The proof splits into two steps. The case V = 0 is considered in the first
case. The second one handles the general situation.

Step 1. The Case of V = 0. As seen in Sect.4.1, as T > diameter of €2, (4.6) and
(4.7) hold and therefore (4.44) holds as well for ¢ = 0, 1. The general case (4.44)
with ¢ € (0, 1) is derived by interpolation.

Step 2. The General Case V € L°°(Q). Decompose the solution of (4.27) as in
(4.32) and apply the estimate (4.44), with V = 0, to obtain

0 142 2 2
1% O W upserr-1secy = € (100300 7120 + 1030 12| 449)
However, given that V is uniformly bounded in L°°(Q), it holds

191l e 0. 7:22(w)) < Clinllwreo,r:22(2)) < CIIV@lL2(0) = Cll@liL2(g)-
(4.46)

Now by (4.45) and (4.46),

”{¢0’ ¢1}”%{£(Q)XH—1+S(Q) S C I:”qb”%_ls(()’T;LZ(w)) + ”‘b”iZ(Q):I . (447)
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We need to show that

lPll200) = Clloll e 0,712 () (4.48)

The rest of the proof goes by the contradiction argument. If (4.48) is not fulfilled,
there exists a sequence {¢} of solutions of (4.27) such that

Dl e 0,7; 12 () = O (4.49)
and
Pell 20y = 1. (4.50)
From (4.47), (4.49) and (4.50) it follows that
{02, ¢} is bounded in H®(R) x H™'7¢(Q). (4.51)

By (4.51) and by means of classical estimates for the wave equation (4.27), we
obtain that

{¢x} is bounded in H®(Q) 4.52)
and therefore, as ¢ > 0,
{1} is relatively compact in LZ(Q). 4.53)
Now, extracting subsequences, we have
dr — ¢ weakly in H°(Q); ¢x — ¢ strongly in L>(Q)
where ¢ = ¢ (x, t) is a solution of (4.27) and
¢ =0inw x (0,T) (4.54)
lollz20) =1 (4.55)
The unique continuation result in [26] ensures that the only solution of (4.27)

satisfying (4.54) is ¢ = 0, which contradicts (4.55).
The proof of Proposition 4.2 is completed as well as that of Theorem 4.2. O

Remark 4.4 Note that the estimate (4.44) has not been shown for ¢ = 0 due to the
lack of compactness. i
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4.4 Uniform Controllability

We start by proving that estimate (4.44) holds uniformly provided the potentials are
uniformly bounded in L*°(Q).

Proposition 4.3 Suppose that the hypotheses of Theorem 4.1 are satisfied and ¢ €
(0, 11, &€ # 1/2. Then, for each M > 0 there is a constant C = C.(M) such that the
inequality (4.44) holds for every solution of (4.27) with potential V € L*°(Q) such
that ||V||L00(Q) <M.

Proof We proceed as in the proof of Proposition 4.2. The estimate (4.47) is uniform
with respect to potentials V such that ||V ~g) < M. Therefore it is enough to
prove the existence of C = C,(M) such that

IPll220) = Cll@N e 0,7:12(w)) (4.56)

for each solution of (4.27) with potential V such that || V| pog) < M.

We argue by contradiction. If (4.56) is not fulfilled, there is a sequence of
potentials {V,,}, uniformly bounded in L*°(Q), and a sequence {¢,} of solutions
of the corresponding problems (4.27) satisfying (4.49) and (4.50).

From the uniformity of the estimate (4.47) with respect to {V},}, (4.49) and (4.50)
it follows that {¢2, (]5,11} is bounded in HE(2) x HE~1(Q) and therefore we have
(4.52).

Extracting sub-sequences, V, — V weakly* in L*°(Q), ¢, — ¢ weakly in
HE(Q), and ¢, — ¢ strongly in L2(Q).

Passing to the limit in the equation verified by V,, and ¢, it follows that ¢ =
¢ (x,t) is a solution (4.27) for the limit potential V and that it satisfies (4.54) and
(4.55).

Thanks to the unique continuation principle in [26] we reach again a contradic-
tion. This concludes the proof of Proposition 4.3. O

As an immediate consequence of the uniformity of the estimate (4.44) the
following uniform exact controllability result is obtained.

Theorem 4.3 Suppose that the hypotheses of Theorem 4.1 are satisfied. Let ¢ €
0, 1/2).

Then, for all M > O there is a constant C = C.(M) such that the control
h e H4(0, T; L*(w)) constructed in Theorem 4.2 satisfies

0 1
”h”H*S(O,T;L2(a))) = C”{y Y }”HOFS(Q)XH’E(Q) (457)

for all potentials V e L*°(Q) such that ||V || =) < M.

Proof 1t is an immediate consequence of the construction of the control carried out
in the proof of Theorem 4.2 and of the uniform estimate of Proposition 4.3. O
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4.5 The Main Result

The following exact controllability result for the semilinear equation (4.1) holds:

Theorem 4.4 Let Q be a bounded domain of R" with boundary T of class C?.

Let x° € R" and w be a neighborhood of T'(x0) in Q and T > 2||x — XOHLOO(Q).

Suppose that f is globally Lipschitz and ¢ € (0, 1/2).

Then, for each pair of initial and final data {y°, y'}, {z°, 2!} € Hé_E(SZ) X
H™¢(Q) there is a control h € H™4(0, T'; L?(w)) such that the solution y = y(x, t)
of (4.1) satisfies (4.2).

Remark 4.5 Theorem 4.4 shows, in particular, that, if {yo, yl}, {zo, zl} € HO1 (Q)x
L%(Q), there is a control h, € H™¢(0, T; L*(w)) with & > 0 arbitrarily small.
However, the existence of a control in L(w x (0, 7)) is not established. [l

Proof Suppose first that f € C'(R) is globally Lipschitz.

We fix initial and final data {y°, y'}, {z°, z!} € Hol_e(Q) x H™¢(2). We define
a nonlinear operator N : L2(Q) — LZ(Q) such that for each & € L2(Q), NE =y
where y = y(x, t) is the solution of

V' =Ay+gE)y=hxe— f(0) in Q
y=0 in X (4.58)

¥(0) =%, y'(0) =y’ in Q
which satisfies (4.2) with g asin (4.11) and h € H™¢(0, T; Lz(a))) is the control

obtained by the HUM method as above.
As mentioned in Sect. 4.3, the control 4 is the one taking the solution of

p'—Ap+g@p=nhxe in Q
p=0 in ¥ (4.59)
p(0) =y —2(0), p'(0) =y! = Z(0) in

to equilibrium at time 7', where z = z(x, t) is the solution of

" —Az+gE)z=—-f0) in Q
z=0 in (4.60)
2T =20,2/(T)=7! in Q

andy =p+z.
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As [lg@) L) < I f lLom) forall & € L2(Q), classical estimates of the wave
equation ensure that

1{z(0), Z/(O)}”H&*S(Q)XH—S(Q) = C{”{ZO’ Z1}||HO1*€(Q)><H—S(Q) + £ (O}

(4.61)
On the other hand, thanks to the uniform estimate (4.57) we deduce that
1Al -2 0.7 22y < CI° = 2000, ¥ = 2 O} 1= @y 1 (- (4.62)
Combining (4.61) and (4.62) it follows that
hllg-o.1:2) <C V& € L(Q) (4.63)
and therefore
1yl L0712y + 1Y L0712y < C V& € L2(Q), (4.64)

with a constant C > 0 independent of £.

In this way we see that the image of N is contained in a bounded set of
L>®0, T; H'75(2)) N W20, T; H4(2)). On the other hand, from the conti-
nuity of g, it follows that N : L%(Q) — L2(Q) is continuous. As the inclusion
of L®(0, T; H'=¢(Q)) N W->°(0, T; H~¢(R)) in L?(Q) is compact we conclude
that N : L2(Q) — L%(Q) is continuous and compact and also

sup  [INE)lp2(g) < 00
£eL(0)

Applying Schauder’s Theorem (see Remark 4.2 above) it follows that A admits
a fixed point & = y satisfying (4.1) and (4.2). The control & we are looking for is
therefore the one corresponding to the fixed point &.

In the general case in which f is globally Lipschitz but not of class C!, we
proceed by an approximation argument.

We introduce a regularizing sequence { f,,} C C L(R) such that

fa— fin L°(R) (4.65)

and
I fulleo@® < I f L@ VneN. (4.66)
Equation (4.1) is exactly controllable for each nonlinearity f,. Furthermore,

the estimates (for fixed initial and final data) depend on the nonlinearity f
solely through its value at O and its Lipschitz constant. From (4.63) and (4.64)
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it follows that the sequence of controls %, and the sequence y, of solutions
obtained will be uniformly bounded in their respective spaces H¢(0, T; L?(w))
and L*°(0, T; HOI_S(Q)) NWLeo, T; H4(Q)).

Passing to the limit, we obtain a control # and a solution y of (4.1) satisfying
4.2).

This concludes the proof of Theorem 4.4. O

4.6 Local Controllability in the Superlinear Case

Suppose that f € Wllo’fo (R) is such that
f(@©0) =0, (4.67)
and
IC>0,p>1:1f ()< C|s|p7] Vs € R with(n —2)p < n. (4.68)

The following local controllability result holds:

Theorem 4.5 Let Q be a bounded domain of R" with boundary T of class C*. Let
x0 e R", w C Q be a neighborhood of T'(x°) and T > 2||x — )COHLOC(Q). Suppose
that f satisfies (4.67) and (4.68).

Then, there is § > 0 such that if the initial data {y°, y'} € H(} () x LX)
verifies

||{y0, yl}”H(} (QxLAQ) < ) (4.69)

there exists a control h € L*(w x (0, T)) such that the solution y=y(x,t)of (4.1)
satisfies

y(T) =y(T) = 0. (4.70)

Proof We use a nonlinear version of the HUM method. First we solve the problem
(4.8) with data {¢°, ¢} € L2(Q) x H~!() and then

Y= Ay+ f(y) =—¢xo in Q
y=0 in X (4.71)
W(T) =y (T) =0 in Q.
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Thanks to the growth condition (4.68), (4.71) admits a unique local finite energy
solution, i.e. for every initial data pair (#°, 0"} € L*(Q) x H'(Q) there exists
7 = 7(||{¢°, ¢1}||Lz(9)xH71(9)) > 0 such that (4.71) admits a unique solution in

y € C(IT —t, T]; HY(Q) N CY(T — 7, T]; L*(Q)). (4.72)
As we shall see later, there is @ > 0 such that if
{¢°. @'} 2 @yxr-1(0) < @ (4.73)
then T > T and, therefore, y is globally defined in [0, T']:
y € C([0, T1; Hy () N C'([0, T1; L*(2)). (4.74)
We define the nonlinear operator
1By CLY(Q) x H1(Q) —» L*(Q) x HH(RQ) (4.75)
through
wie®, o'} = ('), —y(0)}, (4.76)
By, being the ball of radius o and center {0, 0} in L%(2) x H~'(Q).

The proof of Theorem 4.5 boils down to proving that (4.69) holds, if and only if
the equation

w{e% o't = ', =% (4.77)

admits a solution {¢°, ¢!} € B,.
To solve (4.77) we decompose the u operator as follows

u=A+0 (4.78)
where
A{g%, 8"} = {56(0), —y0(0)}, (4.79)
and

08", '} = (n'(0), —1(0)} (4.80)
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where yp = yo(x, t) and n = n(x, t) are solutions of

Yo —Ayo = —¢x» in Q
yo=0 in X
yo(T) =y, (T) =0 in Q

and

" —Anp=—f(y) in Q
n=20 in X
n(T)y=n(T)=0 in Q,

respectively. Obviously y = yg + 7.
From Theorem 3.1 of Chap. 3 we know that

A LA(Q) x H'(Q) — L*(R) x Hj () is an isomorphism.

Equation (4.77) can be rewritten as
Mg’ ¢l + 000 0"y = v )
or equivalently

(0% 0"t = A7y, -0 — A7 ¢!}

71

4.81)

(4.82)

(4.83)

(4.84)

Therefore, the problem is reduced to proving the existence of a fixed point of the

operator

K:L*(Q) x HY(Q) - L2(Q) x H1(Q);
Kig?. 0"} = A7y =) — ATTOg" ¢').

(4.85)

For this purpose we apply Schauder’s fixed point Theorem. Let us check that K

verifies the required hypotheses.

Step 1. Compactness of K. 1t is enough to prove that
©: By C L*(Q2) x H () — L*(Q) x H} ()

is a continuous and compact operator.

(4.86)
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Multiplying Eq. (4.71) by y" and integrating in 2 we obtain

dE(t)
f ¢ (x, )y (x, t)dx — / FO, D)y (x, Hdx
with
1
E@ =5 [ [ 0P + 1950, 0P ax
One has
E(T)=0
and
(x, 1)y (x, )dx| < 3/ |y/(x,r>|2dx+1/ ¢ (x, )|2dx
2 Jo 2 Jo
<ED+CI% ¢ N2y m1()
and

‘/Qf(y(x,t))y/(x,t)dx SE(t)+C/Q|f(y(x,t))I2dX-

Combining (4.87), (4.90) and (4.91) it follows

dE(t)
dt

<2E®) + CIHD°, "2y -1(y + CIF D720
From (4.67)—(4.68) it follows that
| £ ()] < Cls|? Vs € R
and therefore, as p(n — 2) < n,
If D@ = CIVIZ20 g, = CIlG g, < CLEMIP,

Consequently we obtain the differential inequality

dE(1t)
dt

= C(EO+EOI? + 16" 6 gy 1)

(4.87)

(4.88)

(4.89)

(4.90)

4.91)

4.92)

(4.93)

(4.94)

(4.95)
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leading to
0 172 N\, C(T=1) ,C [TIE(s)IP/?"\ds
E(t) < CIHO®, Y720y pr-1 (g (T — DT . (496)

From (4.96) it can be concluded that if @ > 0 is small enough and {¢°, ¢'} € By,
then E(-) € L°°(0, T') and we have the estimate

E®) =< CIH° oW o1 V1 €O.T) (4.97)
for some constant C = C(«) > 0. From (4.97) it follows that if {¢°, ¢'} € By,
y(t) is uniformly bounded in L*°(0, T'; H(} () (4.98)
and, as p(n —2) < n,
S (y(2)) is uniformly bounded in L°°(0, T'; H®(2)) (4.99)
for some ¢ > 0 that only depends on p (cf. J. Simon [84]).
Combining (4.98) and classical regularity results for the wave equation it follows
that
n is uniformly bounded in L>°(0, T; H'**(Q)NWH>(0, T; H*(Q)).  (4.100)
In particular ®(By,) is a bounded set of H®(2) x H'*¢(Q) and therefore © (By)

is relatively compact in L?(Q) x Hj ().
The compactness of K is therefore proved.

Step 2. K(Bg) C Bg. Let us see now that there exists 8 € (0, a] such that
1", " M 2 yer-1 ) < B V9", ¢'} € Bg. 4.101)
One has
194¢°, ¢ Ml 2@y x -1y < CIF Wi, r2@) < CYIP 0.7 220

p
S C”y”Loc(O’T;lﬁp(Q))

and, as 2p < 2n/(n — 2), it follows that

14
104¢°, #" Y 2@yt (@) < CIE® I fe 0.1

which, combined with (4.97), provides the estimate

19(6°. 6"} 2@y xri- 1) < Col{8°. 672 111 (- (4.102)
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Let
v = 1AM g2l . 2@ x - @) (4.103)
From (4.102)—(4.103) it follows

1516°%, ¢}l 2 x -1 (@)

< 7 (16 ¥ Mgt @200 + Colld® 0 Ml v -
(4.104)

This shows that (4.101) is satisfied if y || {y°, y'}|| Hl@x 2@ TV CoBP < B which

holds if
1
, 1 \7T
B < min | &, <—> =0 (4.105)
7Co

as long as

B —yCoB?
—

10 3 M g ey w22 < (4.106)

Applying Schauder’s Theorem it follows that K admits a fixed point in Bg if the
initial data {y°, y'} satisfies (4.106) and this for each g > 0 fulfilling (4.105).
Therefore the theorem is proved with § = (o — yCoo?)/y. O

4.7 Further Comments

1. Asymptotically linear nonlinearities. Under the hypotheses (4.9) and (4.10) on
the nonlinearity f, the following result can be shown:

Theorem 4.6 Let 2 be a bounded domain of R" with boundary T of class C.
Let x° € R" and w be a neighborhood of T'(x%) in Q and T > 2||x — XOHLOO(Q).
Suppose that f satisfies (4.9) and (4.10).
Then, for each pair of initial and final data {y°, y'}, {z°, z'} € HO1 () x
L2(Q) there is a control h € L*(w x (0, T)) such that the solution of (4.1)
verifies (4.2).

Proof We present a sketch. One proceeds in two steps.

Step 1. Linear f. We start by considering the linear case f(s) = as witha € R.
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We solve the equation

¢ —Ap+ap=0 in Q
=0 in (4.107)
$(0) = ¢°, ¢/ (0) = ¢!

and then

y'—Ay+ay=—¢x, in Q
yo=0 in X (4.108)

y(T) =y'(T) =0.
We define the operator
Ao(9?. 0"} = (¥ (0), —y(0)} (4.109)

which satisfies
T
(Aald®.0'), (8%, 0')) = /O / ¢ 2dxdr. 4.110)

The exact controllability of (4.1) in Hj (Q) x L?(2) with controls in L*(w x
(0, T')) is a consequence of the observability inequality

T
6, 720y w1 () gca/o f|¢|2dxdt. @.111)
w

Proposition 4.1 provides an estimate when w is a neighborhood of the entire
boundary I'. However, in this particular case where the potential is constant, we
have (4.111) if w is a neighborhood of I (x0).

Indeed, proceeding in the same way as in the proof of Proposition 4.1, it
follows

T
02 12 2 2
with n = n(x, t) the solution of

" —An=—-ap in Q
n=0 in ¥ (4.113)
n0)=7n'0)=0 in Q.
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We need to show again (4.36) and we do it by contradiction. If (4.36) is not
satisfied, a solution ¢ of (4.107) is obtained such that

¢=0 in wx(0,7T) 4.114)
and so that the associated solution 7 satisfies

171l 20y = 1. 4.115)

Now, Holmgren’s Uniqueness Theorem (which is applicable since the coeffi-
cients of (4.107) are analytic, constant actually) ensures that the only solution of
(4.107) verifying (4.114) is ¢ = 0, which contradicts (4.115).

Step 2. Asymptotically Linear Case. Let f be such that the following limit exists

f(s)

Ol=1im|s|ﬁoo p .

Set an arbitrary final state (0, z11 e HO1 () x L%($2). We solve first (4.107) and
then

V' = Ay+ f(y) = —¢xo in Q
y=0 in ¥ (4.116)
y(T)=2%y(T) =7 in Q.

We define the nonlinear operator w : L2(Q) x HYQ) » L3(Q) x Hé ()
such that u{¢?, ¢!} = {y'(0), —y(0)}. The problem is reduced to proving that
the equation

e o't = ', =% (4.117)

admits a solution {¢°, ¢!} € L?(Q) x H~1(Q) for each {y*, y'} € H}(Q) x
L2(Q).

We decompose the solution of (4.116) in the following way y = yo + z + 1
with yp, z and 1 being respectively the solutions of

Yy — Ayo+ayo = —¢x, in Q
yo =0 in ¥ (4.118)
yo(T) = y,(T) =0 in Q
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7= Az4az=0 in Q
z=0 in X (4.119)
(M) =727(T)=z" in Q

' —An4+an=—f(y)+ay in Q
n=20 in ¥ (4.120)
n(T)=n'(T)=0 in Q.

The operator w can be rewritten as follows
(¢, '} = Aul(e”. '} + ('(0). —2(0)} + ©f¢", 9"} (4.121)
with
0{g%, ¢'} = {n'(0), —n(0)}. (4.122)

From Step 1 it follows that Ay : L*(Q) x H™1(Q) — L*(Q) x Hj(Q) isan
isomorphism.
Equation (4.117) can then be rewritten in the following way

(9%, ") = A Y = 2(0),2(0) — y(0)} — A, 'O{¢°, 9"} = K", $'}.
(4.123)

Thanks to (4.9), the operator K : L>(2) x H~'(Q) — L*(Q) x H~'(Q) is
compact.

On the other hand, using (4.10) it is proved that for all & > 0 there exists
C.(M) > 0 such that

1046°, &'}l 12y -1) < €l{0%, ¢l 12y w1 () + Ce- (4.124)

From (4.124) it follows that for data {y°, y'}, (z°, z'} € H}(Q) x L*(%),
there exists R > 0 such that |K{¢°, ¢}l 12y x-1(q) < R forall {¢°,¢'} €
Bg.

The proof of the theorem is concluded applying Schauder’s Theorem. O

2. The critical exponent. The exponent p = n/(n —2) is excluded in Theorem 4.5
because of the lack of compactness. However, using Banach’s Fixed Point
Theorem, it is possible to prove local controllability in this case as well. (]
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3. Equations with variable coefficients. The methods developed in this chapter
can also be applied to semilinear wave equations with variable coefficients.

y' —=divi@x)Vy) + f(y) =hx, in Q
y=0 in ¥ (4.125)

y©0) =",y 0 =y' in Q
where a € W1 (Q) satisfies
a(x) >ap >0 VxeQ. (4.126)

We refer to [26] for an in-depth discussion.
Theorem 4.4 can be generalized to this case if the following conditions are
satisfied:

(a) Estimate

¢

2
dXx 4.127)
dv

T
16012, + 6112 sc/ /
H () L2(Q) o Jr

holds for the solutions of

¢" —div(a(x)Vep) =0 in
=0 in X (4.128)
$(0)=¢% ¢/(0)=¢' in Q.

Q

(b) The following unique continuation result holds:
¢ —divia(x)Ve) + V(x,t)¢ =0 in Q
¢=0 in X
¢=0 in wx(0,T)
¢ eH'(Q), VeL™0Q)

—>¢=0

The techniques in [26] combined with the fixed point arguments presented
here ensure (a) and (b) to hold under further geometric restrictions on the coeffi-
cients. These added restrictions are to be expected. They ensure the applicability
of Carleman inequalities, and, in particular, that all rays of geometric optics reach
the control subdomain in a uniform time.

4. Dimension n = 1. In the 1 — d case, using the fixed point arguments of this
section, together with the observability inequalities derived from sidewise energy
estimates, exact controllability can be proved for variable coefficients of bounded
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variation and nonlinearities growing asymptotically slower than |s|log® |s| as
|s| — oo (see [93]).

5. An open problem. The main open problem in the context of the semilinear wave
equation is obtaining results of global controllability with superlinear nonlineari-
ties at infinity. This is however a delicate issue. Indeed, if the nonlinearity leads to
blow-up phenomena, typically, blow-up will occur arbitrarily fast and, therefore,
due to the finite speed of propagation, controls will not be able to avoid the blow-
up, and, consequently, exact controllability will not hold. The results in [26, 98]
ensure that exact controllability is achieved for a class of nonlinearities that grow
slightly faster than linear, by a logarithmic factor, which prevents blow-up.

However, nothing prevents, in principle, the cubic wave equation as in

V' = Ay + 5 = e

from being controllable. The existing results combine stabilisation and local
controllability for small data showing that all initial data may be controlled to
the null state, but in a sufficiently large time, depending on the size of the initial
data and which diverges as they grow ([19]). Determining whether the exact
controllability of this cubic wave equation can be achieved in a time-horizon
independent of the initial datum is an open problem.



Chapter 5
Wave Equation with a Nonlinear Internal <z
Dissipation

Abstract In this chapter we study the decay rate of the solutions of the wave equa-
tion in the presence of nonlinear damping terms distributed and acting everywhere
in the interior of the domain. We introduce and use LaSalle's invariance principle
and build suitable Lyapunov functionals, as perturbations of the energy, allowing to
get explicit decay rates as a function of the dissipative nonlinearity.

5.1 Problem Formulation

In this chapter we study the decay rate of solutions of the wave equation with
nonlinear dissipation.
Let 2 be a bounded domain of R, n > 1, and g : R — R a function such that

g € C(R); g(0) =0; gisnon-decreasing; g(s)s >0 if s #O0. 5.1

Consider the dissipative wave equation:

Y= Ay+g(y)=0 in Q x (0, 00)
y=0 on 92 x (0, 00) (5.2)
y(0) =% € Hj(Q): y'(0) = y' € L*(Q) in Q.

As we shall see in the next section, problem (5.2) admits a single solution in an
appropriate weak sense.
The energy of the system is

1
B0 =3 [ 1y 0P + 195 0P ax. 53
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Multiplying Eq. (5.2) by y’ and integrating by parts, we obtain

dEy(t)

y —/ g (Y(x, 1)y (x,)dx < 0. (5.4)
t Q

Remark 5.1 These calculations are formal, but will be rigorously justified later. []
From (5.4) it follows that the trajectories {y(z), y’(¢)} are bounded in the energy
space HJ () x L*(Q), that is,

y € L=(0, 00; H} (2)) N Wh>(0, 00; L?(R2)). (5.5)

Also, the energy decreases over time.

On the other hand, it is observed that the only solution of (5.2) in equilibrium is
the trivial one, y = 0, since g(s)s = 0 only when s = 0.

Therefore, the following two questions arise:

1. Determine sufficient conditions on g so that E,(t) — 0 when ¢t — +o0 for
every finite energy solution;

2. Can a uniform decay rate for the energy be obtained as a function of the
properties of nonlinearity g?

In Sect. 1.2 we answered to these questions in the case where g is a linear
function, obtaining the uniform exponential decay. In this chapter we consider a
more general class of nonlinearities g.

In Sect. 5.2 we state a result due to A. Haraux [33] on the existence, uniqueness
and regularity of the solutions of (5.2). In Sect. 5.3 we apply LaSalle’s Invariance
Principle to give an affirmative answer to the first question in a wide class of
nonlinearities. In Sect. 5.4 we address the second one, developing a technique based
on the construction of suitable Lyapunov functions, allowing to obtain estimates of
the order of uniform decay of the energy, under suitable conditions on the behavior
of the nonlinearity g at the origin and at infinity. In the last section we mention some
possible extensions of the results of this chapter as well as some open problems.

5.2 The Initial Value Problem

The following result is a consequence of Th. 11.2.3.4, Prop. 11.2.3.6, Th. 1I.1.1.1,
Prop. I1.1.2.2 in [33] (see also [36]).

Theorem 5.1 (/33]) Let Q be a bounded domain of R, n > 1, with boundary 02
of class C%. Let g : R — R be a function satisfying (5.1). The following holds:

(i) Existence. For each pair of initial data {y°, y'} € HO1 () x L2(Q) there is a
unique solution of the above system in the following sense:

y € C([0, 00); Hy () N C ([0, 00); L*(2)) (5.6)
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y(0) =y°,y'(0) = y! (5.7)
8(y) € L, (0, 00); L' () N Hj,2 (2 x (0, 00))) (5.8)
Y —Ay+g0)=0 in  H,NQ x (0,00)) (5.9)
satisfying
CdE,(t)

Ey(1) € W10, 00);

—/ g(¥)y'dx, a.e. t € (0, 00).
dt Q

(5.10)

(ii) Stability. For any pair of finite energy solutions y and 3 the following
contraction property holds:

E, (1) < Ey 5(0) Vi=>0. .11

(iii) Regularity. If the initial data are more regular, namely, {y°, y'} € [H*(Q) N
H(} (2)] x HO1 (Q), and g(y") € L3(Q), then the solution belongs to the class

y € W20, 00; L2(S2)) N W°(0, 003 HL () N L™ (0, 00; H2(2)).
(5.12)

Remark 5.2 Several remarks are in order:

* From now, when referring to a solution of (5.2), it will be understood that it is
the only one satisfying (5.6)—(5.10).

e In (5.8), by g(y/) € Hz;: (2 x (0,00)) we mean that forall 0 < ] < fp <
00, g(y) € H-H(Q x (11, ).

* The uniform in time estimates in (5.12) can be obtained by means of a higher
order energy estimate. Roughly, multiplying the equation satisfied by y by —Ay’
and integrating by parts, we get

dE} (1)
dr

- / g0 (x. 0)IVyPdx (5.13)
Q
where E ;‘ is the higher order energy

1
Ef@) = 5/Q[|Vy/(x,t)|2+ |Ay(x,t)|2] dx. (5.14)

This is so since, by integration by parts,

—/Qg(y'(x,t))Ay’(x,t)dx=/Qg’(y’(x,t))lvy’(x,t)lzdx.
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Of course, the monotonicity of g plays a key role when assuring the dissipativity
of this higher order energy. (]

5.3 LaSalle’s Invariance Principle and its Consequences

The following result responds to question (1) raised in Sect. 5.1.

Theorem 5.2 Suppose that the hypotheses of Theorem 5.1 are satisfied and that, in
addition, (5.1) is fulfilled.
Then, for every finite energy solution y = y(x,t) of (5.1) with initial data
00y} € H}(Q) x L2(Q) we have
E,(t) — 0,t — +oo. (5.15)

Proof We proceed in two steps.

Step 1. Regular Solutions. Suppose that the initial data are such that
%, y') € [H*(Q) N Hy ()] x Hy (Q); g(v") € L*(). (5.16)

From Theorem 5.1, {y(#), y'(t)};>0 is bounded in [H2(Q) N H} ()] x HJ (Q)
and therefore {y(t), y'(t)}i>0 is relatively compact in Hj () x L*().
It is enough to prove that the only accumulation point of the trajectory as ¢t — oo
in H} () x L*(Q) is {0, 0}.
Let t, — 400 be such that
(). ¥ (t)} — (2% 2"} in Hy () x LA(Q). (5.17)
Let z,, = z,(x, t) be the function
n(x, 1) = y(x, 1 +1). (5.18)
Given T > 0, {z,} is bounded in W>>°(0, T; L*()) N W(0, T; H} (Q)),
and therefore, extracting a subsequence that we continue to denote by {z, }, it follows
that
2w =z in C([0, T]; Hy(2)) N C'([0, T]; L*()) (5.19)

with z = z(x, t), which, thanks to (5.17), satisfies

20 =270 =z". (5.20)
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On the other hand

T T
_ "V dxdt = — "(x, t "(x, ty d
/0 /Qg(zn)zn xdt fo ng(y (s tn + )y (x, tn + 1)dt 5.21)
= Ey(tn +7T) - Ey(tn)-

Since Ey(-) is decreasing and non-negative, the limit lim; oo Ey(f) = £ > 0
exists, and therefore, from (5.21), it follows that

T
lim / / g2z, dxdt = 0. (5.22)

Since g is non-decreasing and satisfies (5.1) we have

T T
f / lg(z))|dxdt < / / g(z))z,dxdt
0 Ja 0 Jon(z, =1}

T
+ / / g2 \dxdt.
0 Jaen{lz <1}

Combining (5.22) and (5.23) it follows that g(z,,) — 0 in LY x (0, T)).
As z, = zp(x, 1) solves z) — Az, + g(z),) =0in Q x (0, T), it follows that

(5.23)

7"—Az=0 in Qx(0,T) (5.24)
and, moreover, g(z') = 0in Q x (0, T), which, by (5.1), implies
Z=0 in Qx (7). (5.25)

Combining (5.24) and (5.25) we see that 7 = z(x) € HO1 (2) and also that Az =0
in 2, which implies z = 0, and therefore L=z=0.

This concludes the proof of the Theorem in the case where the initial data are
regular.

Step 2. General Case. Given {y°, y'} € HOI(Q) x L%(), by density, we may
construct a sequence of data {y,?, y,{} e [H3*(Q) N HO1 ()] x H& (€2) such that
g(y)) € L*(Q) and

y) — yin H}(Q), 5} — y'in L?(Q). (5.26)
From (5.11) we get

Ey(t) < Ey_y,®)+Ey, () <Ey_y,(0)+ Ey,(1). 5.27)
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Given ¢ > 0 we set n € N such that
£
E,_, (0) < > (5.28)

which is possible thanks to (5.26). Next, for fixed n, as shown in the previous step,
we see that there is 7o > 0 such that

Ey () < % Vi > fo. (5.29)

Combining (5.27)—(5.29) it follows that Ey () — 0 when t — +00.
This concludes the proof of the theorem. O

5.4 Decay Rates

In the following theorem we prove some upper bounds for the decay rate of the
energy as a function of the coercivity of g at the origin and its growth at infinity.

Theorem 5.3 Suppose that the conditions of Theorem 5.1 are satisfied and that,
furthermore:

(a) There exist p > 1, c > 0 such that
g(s)s > c|s|Pt, Vs e[—1,1] (5.30)
g(s)s >cls]>, VseR:|s|>1; (5.31)
(b) There exist A > 0,C > 0, q > 1 such that
g = Clsl*, Vs el[-1,1] (5.32)

lg(s)| < Cls|?, VseR:|s|>1with(n—2)q < (n+2). (5.33)

IA

Then,

(i) If A = p = 1, there are constants M > 1,y > 0 independent of the initial
data such that

E(t) < ME©)e ¥ Vt>0 (5.34)

for every solution of (5.2);
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(ii) If A <1, there is a constant M depending on E(0) such that

Vvt > 0; (5.35)

—2),
ptl1=2% ] (p+1-28)

Ey(r) <4 [Mt + (B, ()~ "7

(iii) If . > 1 and p > 1, there is a constant M > 0 depending on E\(0) such that

=2
Ey(r) <4 [Mt + (Ey(0) T ] ®=D

vVt > 0. (5.36)

Remark 5.3 Conditions (5.30) and (5.31) ensure the coercivity of g at the origin
and at infinity. On the other hand, (5.32) and (5.33) control and limit its growth.

It is important to note that the decay rate depends only on p and A, that is, on the
behavior of g at the origin.

The case A = p = 1 contains the linear one and leads to the exponential decay.
In the other cases a polynomial decay order is obtained. (]

Remark 5.4 Note that in dimension n = 2, thanks in the embedding of H(} () in
all L?(€2) spaces, with 1 < p < o0, it is sufficient that (5.33) is satisfied for some
qg > 1.

In dimension n = 1 the hypothesis (5.33) can be avoided. Indeed, thanks to the
continuity of the embedding HO1 () C L*°(R2), it suffices g to be continuous. [

Remark 5.5 We are going to use a method based on the construction of a perturbed
energy or Lyapunov functional, equivalent to the energy Ey(-), and for which
differential inequalities leading to the decay rates stated in the theorem can be
obtained.

The estimates (5.34) and (5.36) were proved in [90] by generalizing previous
results in [38]. In the proof of (5.35) we were inspired by the work of J. Lagnese
and G. Leugering [56] for the construction of the appropriate perturbed energy. [

Proof We consider regular initial data {y°, y'} € [H*(Q) N H} ()] x H} (),
g(y") € L?*(Q). The estimates will be extended to the general case by a simple
density argument. We distinguish the cases A > 1 and A < 1.

Case 1. L. > 1 We define the function
=D
o) = [Ey(@)] & / y(x, 1)y (x, t)dx. (5.37)
Q

In what follows the energy will be denoted by E(¢) instead of Ey (), as we work
with an arbitrary but fixed solution y.
It holds

d¢ _p—l =3 ’ pt "2 "
Cwr=" T B [ syareiEens [ [P ]ax

(5.38)
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As |fQ yy/dx| < CE(t) and E(¢t) < E(0) for all t > 0, given that p > 1, it
follows that

p - 1 p=3 / / p-t / !/

- [EMO] T E(0) | yydx < —C[EM®] 2 E(t) = —-CiE(D).
Q

On the other hand, using Eq. (5.2) we see that

fg [|y/|2 + yy”] dx = /Q [|y’|2 —Vy)E - yg(y’)] dx.

From (5.38) we deduce

¥ = =CEW+EONT [ [P =195F —ye0)]dr. 639

On the other hand,
‘/Qg(y/)ydx = )(g(y/),ymflﬂg <18 a-1@ 19 @) (5.40)
At this level we need the following Lemma. O

Lemma 5.1 There are constants Co, C3 > 0, independent of the solution, such that

9
q+1
lg@)ll 1) < Ca [ fg g(v)vdx] FCllvllagy, Yo EHHR).  (5.41)

Proof First, we observe that, as (n — 2)g < n + 2, then L4tV/9(Q) ¢ H(Q)
with continuous embedding.
From (5.33) it follows that

g < Clslg()19 Vs eR:ls| > 1. (5.42)
From (5.32) and (5.42) we deduce, using Holder’s inequality, that

+1
1@ 1) = Cle®llpaviaggy < Cllvll e + Cla@vl4G"

(5.43)

This leads to (5.41). O



5.4 Decay Rates 89

From (5.40) and (5.41) we obtain

‘ / g(Y)ydx
Q

_9
o 4 Caly o+ Co | [ g0yax | i
=5 y HOI(Q) 41y L2(Q) 2 Qg y)y y H(}(Q)

q
(g+1)
= Gl 2 Iyl g @) + C2 [/Q g(y’)y’dX} Y2 )

(5.44)

Combining (5.39) and (5.44) it follows
¢'(t1) <—C1E'(t) + (C4 + DIE®)|'T IIy (t)IILz(Q) [E(t)] E IIy(t)IIH Q)

B @
+CIEN] T [/Q g(y/)y’dX] YOl )
(5.45)

Applying Young’s inequality with exponents (¢ + 1) /g and g + 1 to the last term
of this inequality we obtain

¢'(t) <—C1E'(t) + (Cs + DIE()|'T IIy(t)IILz(Q)

~ JEOVT 101, g + Cs /Q g(")y'dx

< (C1 + CE' (1) + CUEDIT 1y ()220 — [E(t) T IO g

(5.46)
where we used the energy dissipation identity
E'(t) =— /Q g (x, D)y (x, 1)dx.
We define the perturbed energy
Ec(t) = (1+e(Ci+ C5)E@) + e (). (5.47)
Note that there exists &g > 0 such that
1 Pl Pl ptl
E[Es(t)] T S[EMIT =2[E(0N] T Vi=0,Ve <. (5.48)

When p > 1, gy continuously depends on E(0). However, when p = 1, g9 can
be chosen independently of E(0).
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We then distinguish the cases p =1, p > 1.

Case l.a. A > 1, p = 1. Itholds that

&
E[(t) < E'() + eCally 122 — Zny(t)n;&(m. (5.49)

E'(t)=— /Q g()y'dx < —Colly' 022,

taking ¢ < C¢/2C4 = €1 we have that

Ce e
/ ’ 2 2
E (1) < —Tlly Ol — ley(l)llH(}(Q)
and, if ¢ < 2C¢ = &7, we obtain
, £ &

E (1) < _EE(t) < _ZEs(t)~ (5.50)
From (5.50) we deduce that if ¢ < min(gg, €1, &2) we have

E.(t) < E-(0)e™% ¥t >0.
This leads to

E(1) <4E(0)e"%" Vi > 0. (5.51)

Case 1.b. A > 1, p > 1. In this case we have

& r=1
E(1) < —/ g(y)y'dx — = (E®) = lly®l>,
@ 4 o (5.52)

p=1
+eC4(ED) T 1Y Ol72q)-

On the other hand, from (5.30) and (5.31) it follows that there exists Cg > O,
depending on the solution, such that

/Q g()y'dx = Colly 0173, . (5.53)
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Indeed
/ g(y)y'dx > c/ Iy [P+ dx + c/ ly'|Pdx
Q {ly'|<1} {ly'|=1}
ptl
>

p+l
C 7z C 7
> P [f |y/|2dx] + |:/ |yl|2dxi|
1/ L=y RE©O)]T Luyi=n

from which (5.53) follows with C¢ = C[max{||, 2E(O)}]’71, where |Q]
denotes the Lebesgue measure of €2 in R”.
Combining (5.52) and (5.53) it follows that

1 r-1
E{(D) < =Colly DI} 3, + eCa [EO1T 1Y D1I72q

- ZEEOT YO g

p+l 1 p=l
—Colly O}y = STEOI +2(Ca+ DIEOIT Y Ol g
(5.54)

However

LEOVT 1Y oy < 15 1Y 105G, + T [E@0]F (5.55)

for all & > 0. Combining (5.54) and (5.55) with & > 0 small enough so that

p+1

1
r=1(Cs4+ ~
7 (4+4)

mH

we get

, € Pl 4C4 +1 N
E (1) < ~1 [E®)] 7T — |:C6 —¢ (W 1Y Oll72 )

and finally, choosing,

it follows

EL(1) < —Z [En]7 < —g ()] . (5.56)
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Integrating the inequality (5.56) we obtain

2

E.(1) < [Mr + [Eg<0>]—”2‘]

16
) (5.57)
2 | elp—1 _p1 TPt
= 20¥ |:2(3p+5)/(1’+1)t +IEO] 2
from which (5.36) follows.
Case 2. . < 1. We define the function
(p+1-21) ,
@) =[E®] = y(x, D)y (x, t)dx. (5.58)
Q

From (5.30) and (5.32) it follows that p > X and therefore p + 1 — 2A > 0.
We have

1 - 2)\. p+1-—4r
(1) = HT En)] "7 [ / yy’dx] E'(r)
Q

FEO] T / [|y’|2 + yy”] dx (5.59)
Q

pH1-22
73

<—CcE'(0)+[E®)] =

[ [ = 193 + 505
Q

On the other hand

/ g(Y)ydx
[y'[=1

A
<c f Y yldx < / [sGy 7T yldx
[y'1<1 [y'1<1

e (p+1-2)

N/ p+1 _(p+D) (p+1)

<c g(y)y'dx |y| P H=P dx
Q Q

but,as (p+1)/(p+1—24) < 2, we get

A
+D
‘/ g(y/)ydx < C||Y||H01(Q) |:/ g(y’)y/dxi|
ly'I=<1 Q

< [E()]? [ / g(y/)y’dx]w . (5.60)
Q
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Likewise, arguing like in the proof of Lemma 5.1, we obtain

‘/ g(ydx| <
[y'1>1

Combining (5.59)—(5.61) we get

c [ fQ g(yﬁy/dx} Ol (5.61)

¢'(1) <—c1E' () +[ED]

T~ LEG n* H )

+alE®] > [/Qg(y)ydx]

/ /! (qul)
L) Qg(y )y dx .

Applying Young’s inequality with exponents g + 1 and (g + 1)/q in the last term of
the previous inequality, we obtain

+ e [EM)]°

(1) < —(c1 +e)E'(1) +1

@)
/ / (!’)LT])
H o T [En) 7 [/Q gy dX}

— 1+ eE'() — [E0]'F + [E(t)

p+1—x "oy (pTl)
+ o lE0)F [/Q 2(y)y dx} .

Applying Young’s inequality with exponents (p +1)/(p+1—A) and (p 4+ 1)/A in
the last term, we deduce

- —[E(t)

(Q)

P'(t) <—(c1+e3+c)E(1) — 5 [E(t)]

2
()’
Applying again Young’s inequality in the last term with (p + 1)/(p + 1 — 2A)
and (p + 1)/2A we obtain
: / ! sl N
¢ (t) =- (Cl +c3+ C4)E (t) - Z [E(t)] 7+ CS”)’ (t)”LZ(Q) (562)
Finally we observe that

+1

p+l
—EW0) = f g0y dx = clly' O F3 ) = erlly Ol 3 g (5.63)
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Combining (5.62) and (5.63) we deduce
/ / 1 il
¢ (1) < —cgE°(1) — 1 [E@®)] > (5.64)

withcg =c1 + 3 +ca+¢cs/c7.
We define perturbed energy

Ec(t) = (1 + ecg)E(t) + e (1). (5.65)

We have, by (5.64),
/ / € pil € ptl
E.(t) < E(t)— y [E(D)]2* < ~7 [E@®)] 2. (5.66)
Also, if ¢ > 0 we have
1 Pl p¥l Pl
3 [E:(D] % <[E@)] 7 <2[E:()] 7 . (5.67)

Combining (5.66) and (5.67) gives (5.35) as in case 1.b.

In this way the proof is completed for regular initial data. Estimates (5.34) and
(5.36) extend to arbitrary initial data of finite energy { Wyl e H(} (Q) x L3(Q) by
density, since the constants of the estimates above continuously depend on E\ (0).

O

5.5 Comments

1. Non-monotonic nonlinearities. In the proof of Theorem 5.2, the fact that g is
non-decreasing is crucial since it allows us to ensure the pre-compactness of
the trajectories for regular initial data.

It is not known if the conclusion of Theorem 5.2 is true if g € C(R) satisfies

g(s)s >0 if s#0. (5.68)

but it is not necessarily non-decreasing. The reason for this is that, in the
absence of monotonicity of g, the higher order energy bound cannot be
achieved. Thus, we cannot guarantee the relative compactness of trajectories
in the energy space.

To handle this case, M. Slemrod [85] developed a “relaxed” version of the
invariance principle showing that when

lg(s)] < C|s| VseR:|s| > 1 (5.69)
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and (5.68) is satisfied, then every trajectory of (5.2) satisfies, in the weak
topology,

{y(), y'(£)} = {0, 0} weakly in H] () x L*(Q) as t — +o0. (5.70)

2. Localized damping. Theorem 5.2 can be broadly generalized in several
directions. In particular, we can consider wave equations of the form

y' — Ay +a(x)B()=0 in Q x (0, 00)
y=0 on 92 x (0, 00) (5.71)
y(0)=y" € Hj(Q); y'(0) =y' € LX(Q) in Q

with a = a(x) € L*°(2), a > 0, such that
a>ag>0inw C Q 5.72)

where w is a measurable subset with positive measure and § is a non-decreasing
but discontinuous function satisfying

B(s)s >0 Vs eRy. (5.73)

A. Haraux [32] showed that, under these conditions, the trajectories
{y(t), y'(t)} of (5.71) strongly converge to an equilibrium {z, 0} in H(} () x
L2(2), where z = z(x) is a solution of

—Aze—a)BO) in 2 zeHI(Q). (5.74)

The symbol € in (5.74) indicates that 8 can be a multivalued function.

Another consequence of the results of [32] is that, in order to have E, (1) —
0 for any finite energy solution of (5.2), it is sufficient that g € C(R) is non-
decreasing and satisfies O ¢ int{g~1(0)}.

Note that, under the hypothesis (5.1) of the theorem, (g~} = {0},
implying int{g~'(0)} = ¢.

3. Optimality of the decay rates. In Theorem 5.3 we have shown upper bounds
on the decay rates. These estimates are probably optimal but, to a large extent,
this is an open subject.

4. More general nonlinearities. As mentioned in Remark 5.3, the decay rate
obtained depends solely on the behavior of g at the origin. However, we need
the conditions (5.31) and (5.33) that limit the behavior of g at infinity as well.

It would be interesting to know if the estimates (5.34)—(5.36) are valid
without hypotheses (5.31) and (5.33), that is, assuming only (5.30) and (5.32).

We refer to [37] for recent results on relaxing the growth conditions on the
nonlinear damping g.
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The hypotheses (5.30) and (5.32) ensure that, near the origin, the graph of g
is contained in the region limited by two power-like functions.

The method of proof of Theorem 5.3 can be adopted to obtain decay rates
when g degenerates or grows faster than any function of the form |[s|"~'s
with r > 0, [6]. The proof is inspired in the same principles but it requires
to replace Holder’s inequality by Jensen’s one to deal with a broader class of
nonlinearities.

. Generalisation to an abstract setting. The results of this chapter generalize to

abstract equations of the type y”+Ay+g(y’) = 0 where A is an elliptic operator
of order greater than or equal than two (cf. [33, 38] and [90]). In particular,
analogous results are obtained for the wave equation with Neumann boundary
conditions

y' — Ay +g()=0 in 2 x (0, 00)
g_‘y) - on 39 x (0, 00) (5.75)

y©0) =)0 e H'(Q),Y'0) =y' € L*(Q) in Q
and for the vibrating plate equation

y” — Azy +g(y/) =0 in  x (0, 00)
y=2=0 on 3Q x (0, 00) (5.76)
y(0) =% € Hj(Q): y'(0) = y' € L*(Q) in Q.

Contractivity estimates. The methods in this chapter allow also to obtain
estimates for the decay rate of the distance between two different solutions of a
non-autonomous equation of the form (cf. [33, 38] and [90])

V' = Ay +g(y) =hix,1) in € x (0, 00)
y=0 on 92 x (0, 00) (5.77)
y0) =y e H (Q); y'(0) = y' e L}(Q) in Q.

. Semilinear perturbations. The same techniques allow obtaining estimates of

the decay rate of solutions for semilinear equations of the form

Y' = Ay+ f()+g()=0 in £ x (0, 00)
y=0 on 99 x (0, 00) (5.78)
y(0) =% y'(0) = y! in Q

where f € C!(R) is an increasing function satisfying certain growth conditions
at infinity and such that f(0) = 0 (cf. [33, 90]).
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8. Localized damping. The situation is considerably more complicated when we
consider wave equations with localized dissipation

Y'=Ay+ f(y)+ax)y’ =0 in Q x (0, 00)
y=0 on 92 x (0, 00) (5.79)
y(0) = y%y/(0) = y! in Q

with a € L (£2) such that
a(x) >ag >0 Vx e w (5.80)

where w is a nonempty open subset of 2.
In the linear case f = 0, it is shown that, if we have the estimate

T
02 12 72
o IIH().(Q) 19 72 = C/O /wltbl dxdt (5.81)
with T > 0 independent of the solution ¢ = ¢(x,t) of the conservative
equation
o' —Ap=0 in Q x (0, 00)
¢=0 on Q2 x (0, 00) (5.82)

#(0) =¢% ¢'(0) =¢! in Q,

then the solutions of (5.79), under hypothesis (5.80), decay exponentially in
Hj (Q) x L*(Q) (cf. [35]). We know, from Theorem 3.1 of Chap. 3, that (5.81)

holds if w is a neighborhood of a subset of the boundary of the form I"(x?). On
the other hand, from [5], we know that, if Q is of class C°, (5.81) holds if @
satisfies the geometric control condition.

In the particular case in which w is a neighborhood of the entire boundary T,
these results are extended to the semilinear problem under suitable conditions
on f (cf. [94]). In [97] analogous results are shown for unbounded domains 2
when w is the union of a neighborhood of infinity in R” and of a neighborhood
of 92 in Q.

J. Da Silva Ferreira in [18] obtained similar results for systems of semilinear
wave equations with localized dissipation.
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10.

11.

5 Wave Equation with a Nonlinear Internal Dissipation

Obtaining estimates of the decay rate of solutions of wave equations with
localized nonlinear dissipation of the type

Y = Ay 4 XYY =0 in Q x (0, 00)
y=0 on 92 x (0, 00) (5.83)
y(0) =%, y'(0) = y! in Q

with p > 1 and w a neighborhood of the boundary, requires significant further
developments (see [2, 60, 76] and [86]).

Thin support damping. Let w, be a neighborhood of width ¢ > 0 of 92 and
consider the wave equation with localized dissipation in w:

Y — Ay + cexw,y =0 in Q x (0, 00)
y=0 on 92 x (0, 0c0) (5.84)
y0) =y%y'© =y inQ

with ¢, > 0.

It would be interesting to study the possibility of choosing ¢, so that (5.84)
converges (in a precise sense) to a wave equation with dissipative boundary
conditions, preserving the exponential decay.

This question is related to Comment 5 of Sect. 3.5.

Models involving non-local terms. The techniques in this chapter also allow
to study nonlinear wave equations of the form

' = M([o|Vy(x, DIPdx)Ay + (—A)*y =0 in Q x (0, 00)
y=0 on 02 x (0, 00)

y(0) = y0; y/(0) = y! in Q
(5.85)

with @ > 0 and M € C(R) such that M(s) > mg > O forall s € R.

In L. A. Medeiros and M. Milla Miranda [78] it is shown that, when o > 0,
(5.85) has global, exponentially decaying solutions.
Other references. The literature on the problems we have discussed here and
on related topics is very broad. Interested readers are referred for instance to
[1, 43, 75] and [77] and the bibliographies therein. Among pionnering works
on this topic, those by M. Nakao [80], J. Lagnese [52, 53] and [54], and G.
Chen [11-13] and [14] are also worth mentioning.



Chapter 6 ®)
Boundary Stabilization of the Wave o
Equation

Abstract In this chapter we study the boundary stabilization of the wave equation.
We apply LaSalle’s Invariance Principle and show the decay of finite energy
solutions under general conditions on the partition of the boundary and on the
nonlinearity. We also prove explicit decay rates under suitable assumptions on the
damping term. In addition, we present a second proof of the exponential decay for
the linear dissipation, of interest when dealing with model perturbations.

6.1 Problem Formulation

In this chapter we study the rate of decay of the energy of solutions of wave
equations with dissipative boundary conditions.

Let  be a bounded domain of R” with boundary I of class C2. Let {T'g, I'1} be
a partition of the boundary I" such that

int(I';) # @, i=0,1 6.1)

i.e. I'; contains a nonempty open subset of I" fori =0, 1.
Let g € R — R be a function such that

g € C(R); g(0) = 0; g is nondecreasing (6.2)

and
o =a(x) € LT (To). (6.3)
© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024 99
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We consider the wave equation

y' —Ay=0 in Q x (0, 0)
dy
2= —a(x)g(y) on T x (0, 00) 64
y=0 on I'y x (0, 0c0)
yO0) =y e VYO =y'e Q) in Q
where
V={veH(Q):vr, =0} = H (Q). (6.5)

Remark 6.1 The condition (6.1) for i = 1 ensures that [|Vv||;2(q, defines a norm

in V, equivalent to the one induced by H' ().
On the other hand, if

g(s)s >0, Vs € R — {0}; (x) > 9 > 0, fora.e.x € I'y, (6.6)
with T'; an open and non-empty subset of I'g, we can ensure that the only

equilibrium or stationary solution of the system is y = 0. U
We define the energy of the system

1
E@ =3 [ [I9560R 41y 0P ©7)

Multiplying Eq. (6.4) by y’ and integrating by parts we obtain (this argument is,
by now, formal, but will be rigorously justified in the next section):

dE(t)
dt

=E@1= —/; a(x)g(y'(x, 1))y (x, )dr. (6.8)
0

From (6.2), (6.3) and (6.8) it follows that E(¢) is decreasing. Therefore, the
boundary conditions of (6.4) are dissipative.
Under hypothesis (6.6) it can also be expected that
E(t) >0 when t— o0 (6.9)
for any finite energy solution, or equivalently,

@),y ®)} = 0,0 in V x L) when t— +oo. (6.10)

In Sect. 6.3 we prove, using LaSalle’s Invariance Principle, that, indeed, (6.9) and
(6.10) are fulfilled under hypothesis (6.6).
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Once (6.9) and (6.10) is shown, the following question arises naturally: Under
suitable conditions on the partition {I"g, I'1} and the nonlinearity g, can the rate of
decay of the energy be estimated?

In particular, when the damping function g is linear, a uniform exponential decay
of the energy is expected. However, by a classical argument due to D. L. Russell
[83], we know that if the uniform exponential decay of the energy holds, with
dissipation supported on I'g, then the wave equation is exactly controllable in the
energy space with controls at I'g x (0, T) for T > 0 large enough. On the other
hand, as described in Chap. 2, for the wave equation to be exactly controllable in the
energy space with controls supported in I'g x (0, T'), I'p must be a sufficiently large
part of I" satisfying, roughly, the geometric control condition.

Thus, while (6.9) and (6.10) can be expected to hold for a broad class of partitions
{To, I'1}, obtaining decay rates will require important geometric conditions on the
partition {I"g, I'1}.

Inspired by the exact controllability results of the previous chapters, obtained
through multiplier techniques, the first case to consider is when

To=T&xH={xel:x-x% vx) >0 ©.11)
I =% =T\raY.
In Sect. 6.4 we combine multiplier techniques and the methods of Chap. 5 to get
decay rates for the partition (6.11). As we will see, the choice of the potential o (x)
will play a fundamental role. Indeed, we will choose

a(x) = (x —x°) - vx), (6.12)

which is a positive potential on I'(x?), vanishing at the interface points x € I'(x%) N
I, (x9).

At first glance, this choice of o seems to contradict the (erroneous) intuition
that the higher the «, the larger the decay rate should be. Indeed, note that if « =
constant — oo, the boundary conditions of (6.4) tend, in a singular limit, at least
formally, towards the boundary conditions

¢g0)=0 in TE% x(0,00; y=0 in T.x% x (0, c0).

In the particular case in which g(s)s > 0 for all s % 0 and y° € H& (£2), these
conditions coincide with the homogeneous Dirichlet ones. In the limit system,
therefore, the energy of the system is conserved and the dissipativity is lost.

This is a manifestation of the classical overdamping phenomenon. Our intuition,
according to which, the decay rate should increase when the damping term grows,
is correct for small amplitude dampings, but fails beyond a critical threshold of the
damping term.
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Therefore, it is not surprising that the degeneration of the damping potential at
the interface points I" (x?) N T, (x©), not being uniformly positive, might contribute
to ensure the decay.

Due to the Dirichlet-Neumann mixed type boundary conditions, the solutions
of (6.4) develop singularities at the interface x € T'g N T'; where the change of
boundary conditions occurs, even if the initial data are regular. For this reason, it
is necessary to be cautious in the application of multiplier techniques, since some
of the integrations by parts that are required cannot be justified. P. Grisvard in [28]
and [30] made a detailed study of these singularities and proved that some of the
identities that would be desirable in the application of multipliers are not true.
However, in [28, 30] it is shown that for the partition (6.11), certain inequalities
(and not identities!) are satisfied, which is sufficient to obtain precise bounds. P.
Grisvard’s study is limited to dimensions # < 3 and therefore our results will also
refer only to cases n = 1, 2, 3.

The constraint n < 3 is most likely purely technical, and the results in this chapter
are probably valid in any dimension. In fact, the arguments that we use (except for
the use of P. Grisvard’s inequalities) do not depend on the dimension. But, so far,
they are only fully justified if n < 3.

Of course, solutions do not develop singularities if there are no interface points,
ie. if:

&% Nr,x% =a. (6.13)

In this case the previous remarks on the difficulties generated by the singularities
at the interface do not apply, and the analysis can be carried out in any dimension
n > 1. However (6.13) imposes very restrictive conditions on the geometry of the
domain and is essentially satisfied if Q2 = 90\52_1 with Qg and €2 star-shaped
domains with respect to xY such that Q| C Q. O

It is convenient to make the following remark about condition (6.1) for the
partition (6.11). The condition int(I", (x%)) # ¥ must hold for the solution to decay.
It ensures, for instance, that Poincaré inequality, which plays a key role in the
estimates leading to the decay, holds. If [(x% = @ and ['(x% =T, the boundary
conditions of (6.4) are of the Neumann type

dy _ N
o =—a@g() in T x(0,00).
v
In this case, every constant function is a solution of the system and, although it is
of null energy, it does not converge to the null equilibrium. In this case V = H!(RQ)
and the semi-norm ||V - ||L2(Q) does not define a norm in H' ().
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In this setting, in order to eliminate these non-trivial stationary solutions and to
ensure the decay of any trajectory {y(¢), y'(¢)} in H'(Q) x L2(2) towards {0, 0}, it
is convenient to consider boundary conditions of the type

dy

o+ Bx)y = —a(x)g(y’) in T x (0, 0c0)

with g € L (I"), non trivial.

This chapter is organized as follows. In Sect.6.2 we study the initial value
problem (6.4). In Sect. 6.3 we apply LaSalle’s Invariance Principle and show the
decay (without estimates on the decay rate) of all finite-energy solutions under
very general conditions on the partition of the boundary and the nonlinearity g.
In Sect. 6.4 we obtain estimates of the energy decay rate for the partition (6.11).
In Sect. 6.5 we give a second proof of the exponential decay when the dissipation
is linear. We conclude this chapter with a section devoted to comment on some
extensions and open problems.

6.2 The Initial Value Problem

LetV = Hrll (2) (as in (6.5)) and let us define the operator A € L(V, V') by
(Av, w) = / Vu(x) - Vw(x)dx, Yv,we V. (6.14)
Q

In (6.14), (-, -) denotes the duality product between V' and V.
Suppose that g € C(R), in addition to (6.2), satisfies

AC > 0: |g(s)| < C + |s)), Vs € R. (6.15)

We define the following nonlinear operator B : V. — V':

(Bv, w) = / ax)gwx)wkx)dl’ Yv,w e V. (6.16)
T

From (6.15) it follows that v — g(v) is continuous from L*(I'9) — L2(I'p).
On the other hand, since « € L°(I'g) and the trace y : Hlll(Q) — LZ(FO) is
continuous, Bv defines a single element of V' for each v € V. Since « > 0 and g is
nondecreasing, the operator B is monotone since

(Bv—Bw, v—w) =/ a(x)(glv(x)) —gw(x))(v(x) —w(x))dl > 0Vv,w € V.

Lo
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‘We introduce the vector variable

| y®
u(t) = [y,(t)} 6.17)

(which, to simplify the notation, we will simply write as u(¢) = {y(¢), y'(t)} and
the matrix operator)

0—1
A= [A B} (6.18)
with domain
DA) = {{v,w) €V x V| Av + Bw € L*(Q)}. (6.19)

With these definitions, the system (6.4) can be written as

uW' () + Au(t) =0  for 1€ (0,00)
u@©) =%yl e V x L2(Q) (6.20)
u@) e VxL*Q) for te(0,00).

Let us prove that the operator (A, D(A)) is maximal monotone in V x L2(Q).
Given u; = {v1, w1}, up = {v2, wy} € D(A) one has

(Auy — Auo,uy — MZ)VXLZ(SZ)

= (fwz — w1, Avi — Avz + Bwi — Bwa}, {vi —v2, w1 — w2y 2
= / V(wy —wy) - V(v — v2)dx 4+ (Avy — Avy, wi — w»)
Q

+ (Bw; — Bwz, w1 — w2) = (Bw; — Bwz, wy —wz) >0

(6.21)
and therefore (A, D(A)) is monotone in V x L2().
In (6.21) (-, ')VxLZ(sz) denotes the scalar productin V' x L3(Q)
({vr, wi}, {v2, w2y 2@ = / Vv - Vudx +/ wiwadx, (6.22)
Q Q

for all {vy, wi}, {va, wa} € V x L2(RQ).
Let us see that R(I + A), the range of (I + A), is the full space V x L2(Q). To
do it, given { f, g} € V x L?(), we consider the equation

{v, w} +A{v, w} = {f, g}, (6.23)



6.2 The Initial Value Problem 105

that is
v—w=feV; w+Av+ Bw =g e LX). (6.24)
Writing v = f + w in the second equation we get
Aw+Bw+w=g—Af eV (6.25)

On the other hand, A is strictly coercive in V, since
(Av, v) =/ |Vv|?dx (6.26)
Q

and (Bw, w) > 0in V. Consequently (A + B + I)~!, which is well defined in
R(A 4+ B + I), maps bounded sets of V' in bounded sets of V. Since A + B is
monotone and continuous from V to V', it follows that R(A+ B + 1) = V'.

If w € V is the only solution to (6.25), then {w + f, w} € V x V is the only
solution of (6.23). On the other hand Bw + Av =g—w € LZ(Q) (withv =w+ f)
and therefore {v, w} € D(A).

Since A is maximal monotone, it generates a continuous semigroup of nonlinear
contractions in D(A). On the other hand, since g(0) = 0,

9
(veV:AveLlXQ), % — 0} x V C D(A). (6.27)
I'o

We deduce that D(A) is dense in V x L2(Q).

Applying the results of H. Brezis [8], Chapter III, we obtain (see also A. Haraux
[31], pp. 70-79) the following result on the existence, uniqueness and stability of
solutions.

Theorem 6.1 Suppose that (6.1)—(6.3) and (6.15) are satisfied. Then the following
results hold

(i) Strong solutions. If {y°, y'} € D(A), there exists a unique strong solution of
(6.4) in the class

1,00 . 2,00 S L2
{y € Wh(0, 00; V) N W20, 00; LA(R)) (6.28)

Ay(t) + By'(t) € L*(R), V>0
and the associated energy satisfies

dE()
dr

E'(t) = —/ a(x)g(y' (x, 1)y (x,Hdl’, V¥t > 0. (6.29)
Lo



106 6 Boundary Stabilization of the Wave Equation

(ii) Weak solutions. If {yo, yl} e V x LZ(Q), the system (6.4) admits a unique
weak finite energy solution such that

y € C([0, 00); V) N CL([0, 00); L?(Q)). (6.30)

(iii) Stability. Given two weak solutions y, y we have

1

3 (1960 = V500 + 1y - 0P s
Q
(6.31)

1
<5 [ [92n = V0P + ' - 51 oP ] dx,
Q

Remark 6.2 Existence, uniqueness and stability results can be proved when g is a
multivalued function with superlinear growth at infinity (cf. I. Lasiecka [58, 59]). OJ

6.3 Consequences of LaSalle’s Invariance Principle

We have the following result:
Theorem 6.2 Suppose that conditions (6.1)—(6.3), and (6.15) are satisfied. Suppose
furthermore that

a(x) > a9 >0 forae x €Ty non-empty open subset of Ty, (6.32)

g(s)s >0 VseR. (6.33)

Then, for all {y°, y'} € V x L*(Q) the corresponding weak solution of (6.4)
satisfies

E(t) >0 when t— oo. (6.34)
Remark 6.3 Conditions (6.32) and (6.33) ensure that the dissipation is effective in

I, whatever the value of y" # 0. O

Proof As we observed in the proof of Theorem 5.2 in Chap. 5, thanks to the stability
property (6.31) and the density of D(A) in V x L3(Q), itis enough to consider the
case of the initial data {y°, y'} € D(A).

Combining (6.28) and Eq. (6.4) we deduce that

{y(®),y ®)}>0 isrelatively compactin V x Lz(Q). (6.35)

Therefore, it is sufficient to prove that the only point of accumulation of the
trajectory in V' x L3() is {0, 0}.
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Let t, — oo be such that
D). Y (@)} = (202"} in V< LA (6.36)
We define the translated solutions
Zn(x, 1) =y(x, t +1,). (6.37)
Givenany T > 0
{zn} isbounded in W12°(0, T; V) N W>(0, T; L*(RQ)) (6.38)
and it is also a solution of (6.4) for ¢ € [0, T]. Using (6.4) and (6.28) we deduce that
{zn} is relatively compactin C([0, T1; V) N C' ([0, T1; L*()). (6.39)

Thus, extracting a subsequence (which we will continue to denote by {z,}) we
have

wm—>2z in C([0,T); V)NC'(0, T); L*(Q)) (6.40)
with
200)=2%.7(0) = 2. (6.41)
On the other hand, we have
7/ —Az=0 in x(,T7). (6.42)

From (6.29) we deduce that the energy E(f) associated with y = y(x,1) is
decreasing and, accordingly, the following limit exists

3 lim E(t) = ¢. (6.43)
11— 00

Now since

T T
f /a(X)g(z;(x,t))z;(x,t)dth=/ /a(X)g(y/)y’dl"dt
0o Jry Iy To (6.44)

= E(ty) — E(tn +T)

we deduce that

T
lim / / a(x)g(z,(x, 1)z, (x, )dldt = 0. (6.45)
0 I'o

n—oo
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From (6.45) it follows that
a(x)g@' (x, 1)) (x,t) =0 in Ty x(0,T)
and by (6.32) and (6.33) we deduce
Zx,1)=0 V(x,1) e T x (0, 7). (6.46)

But then, passing to the limit in the boundary condition satisfied by z,,, we also
get

9
8—Z —0 in Tyx(0,T). (6.47)
v

Therefore, the limit z = z(x, t) satisfies

7"—Az=0 in Qx(0,7T)

dz/0v =20 in Tox(0,T)

z=0 in Ty x(0,7T) (6.48)
=0 in Iyx(0,7)

20=2270) =z in Q.

Then the function = 7’ satisfies

"_ — :
{n An=0 in x(0,T) (6.49)

M=p=0 in Tyx(0,T).
But then, by Holmgren’s Theorem, we know that, if 7 > 0 is large enough

(larger than Ty = twice the maximal geodesic distance from I'; to all other points in
2), from (6.49) it follows (with 2e = T — Ty)

0 in x T T+8
= i — —&, —
7 2 2

and therefore

o i ex(L-eli
— n X - — &, — .
Z (X 1 3 )
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Then, z satisfies

~Az=0 in Qx(L-e
z=0 in Fl
9z/0v=0 in TIgx (% — &,

N

—I—s)

N

+ 8)
and we deduce that z = 0 in Q x (T/2 — &, T/2 + &) and therefore z = 0 in

Q x (0, T). In particular z° = z! = 0.
Theorem 6.2 has been proven. O

Remark 6.4 In G. Chen and H. K. Wang [87] and I. Lasiecka [58] more general
results are shown for multivalued functions g growing superlinearly at infinity. Here
we did not pursue to get the optimal growth conditions on g, since in the next section
we will require that g is sublinear at infinity to get explicit decay rates. U

6.4 Decay Rates

Let 2 be a bounded domain of R, n > 1, of class C2. Given a point xY € R” such
that

int(I, (x%)) # ¢ (6.50)
we define
ax) = (x —x% vx) 6.51)

where v(x) is the outward unit normal vector at x € €2, and consider the system

v/ —Ay=0 in € x (0, 00)

_ : 0
y=0 in T,(x") x (0, 00) 6.52)
dy/dv = —a(x)g(y) in I'(x% x (0, 00)

y0O) =y eV, y0) =y eL}(Q) in Q

withV ={ve H(Q) : U, x0) = 0}. The following holds.

Theorem 6.3 Suppose the space dimension n < 3, that (6.50) holds, and g € C(R)
is a non-decreasing function satisfying

A >0,C>0:|g(s) <Cls|*, Vs e [-1,1] (6.53)

AC >0:|g(s)| <Cls|, Vs eR:|s| > 1 (6.54)
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Ap > 0,c > 0:g(s)s > c|s|P!, Vs e [—1, 1] (6.55)
Je>0:g(s)s >cls]>, Vs e R : |s| > 1. (6.56)

Then,

(i) If » = p = 1, there are constants M > 1,y > 0, independent of the initial
data, such that

E(t) < MEQ)e ™' Vt>0 (6.57)

for all solutions of (6.52).
(ii) If . < 1, there is a constant M depending on E(0) such that

]—ZA/(p+l—2A)

E(0) =4[ M1+ ()~ 7+1-2/2 Vi>0.  (658)

(iii) If . > 1 and p > 1, there is a constant M > 0 depending on E (0) such that

—2/(p—1)
] Vi > 0. (6.59)

E@) =4[ M+ (E©)~w~r2

Remark 6.5 The decay rates are analogous to those obtained in Theorem 5.3 of
Chap. 5. Note that conditions (6.54) and (6.56) at infinity impose restrictions on
the growth of g from below and above. However, the order of decay of the energy
depends solely on the properties of g at the origin. (I

Remark 6.6 The restriction n < 3 on the dimension is due, as mentioned in
Sect. 6.1, to the singularities that the solutions of (6.52) develop at the interface
points x € I'(x% N I',(x0). The result is probably true for any space dimension
n>1.

Of course, in the particular case where I'(x%) N ", (x%) = @, the solutions do
not present singularities and the previous result holds without any restriction on the
dimension n > 1. O

Remark 6.7 This result was proved in [95] for A > 1. The method of proof when
A < 1is inspired by the energy perturbation arguments in [56]. U

Proof Thanks to the stability property (6.31) and to the fact that all the constants in
the following estimates depend continuously on the energy E(0), it is enough for us
to consider initial data {y°, y!'} € D(A).

We consider the function

o) = 2/ y (x, )m(x) - Vy(x, t)dx + (n — l)f Y (x, )y(x, H)dx (6.60)
Q Q

with m(x) = x — x°.
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Note that
o) < C1E() (6.61)

with C; = 2R + (n — 1) where R = [|x — x°|| () and i > 0 is the smallest
constant such that

lvllL2@) < 1lIVVllL2q) YveV. (6.62)
From now on, to simplify the notation, we will omit the variables x and ¢ in the

integration signs.
We compute the derivative of p and obtain

dp(t
dp@ _ o (1) = 2/ y'm - Vydx —i—Z/ y'm-Vy'dx
dt Q Q
+(n— 1)/ Iy |?dx + (n — 1)/ y"ydx
@ @ (6.63)
_ 2/ Aym - Vydx + 2/ m- V(Y P)dx
Q Q
+(n— 1)] Iy'|?dx + (n — 1)/ Ayydx.
Q Q
We have
/ m V(Y Pdx = —nf v Pdx +/<m v)ly[2dr
Q Q r
(6.64)
- —n/ |y’|2dx+/ (m - )y PdT
Q I'(x%)
and
2 dy
Ayydx = — [ |Vy|"dx + | —ydT
Q Q r ov
(6.65)

- f IVy|2dx — f a(x)g(y")ydr.
Q '(x9)

We now need the following technical result, derived from those in [28] and [30].
O

Lemma 6.1 For every y € V such that Ay € L*(Q) and dy/dv = (m - v)v with
v € L2(T'(x%)) the following inequality is satisfied

2/ Aym - Vydx < (n—Z)/ |Vy|2dx+R2/ (m - v)|v|?dT. (6.66)
Q Q I'(x%)
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Proof 1n [29, 30] it was proved that the following inequality holds when v = 0:

2/ Aym - Vydx < (n—Z)f IVy|*dx
Q Q

9 2
+/ m-v) | 2| ar —/ (m - v) |V y2dT
F*(XO) ov F(XO)
(6.67)
when n < 3, where V,; denotes the tangential gradient.
Now since m - v > 0 on F(xo) andm -v <OQOor F*(xo), we get
2/ Aym -Vydx < (n —2)/ |Vy|?dx. (6.68)
Q Q

Next, in V. Komornik and E. Zuazua [48] it was proved that, if v € H 172(r (x9),
the following holds

0
2/ Aym - Vydx < (n —2)/ |Vy|2dx +2/ —ym -VydTI’
Q Q rdv
(6.69)
—/(m~v)|Vy|2dF.
r

On the other hand,

ay 2
21 —m-Vydl' — | (m-v)|Vy|“dI'
r dv r

0
=2/ - vydr —/ (m - U)|V)’|2dr+/ (m - v)|Vy|*dT
reo) 0 @ (X9

(x0) oV

(XO) ov

< R2/ L |
ruoy (m-v) |dv

<2 —m - Vydl' — (m -v)|Vy|<dI'
r '(x9)

2

r = R2/ (m - v)|v|*dT.
rx0%
(6.70)

Combining (6.69) and (6.70) we get (6.66).

Finally, by density, inequality (6.66) is extended to the case where v &
L*(I'(x9)). O
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Combining (6.63), (6.64), (6.65) and (6.66) we get

P =260+ [ o) [R1g0)P = 0= Dg0)y + 1y P ar.

'(x0)
(6.71)
At this level we distinguish the cases A > 1 and A < 1.
Case 1. L > 1. Let 8 > 0 be the largest constant such that
B (m - v)|v)?dl’ < / [Vvl’dx VYveV. (6.72)
I'(x0) Q
We have
, (n— 1) "2
(n—1) (m-v)g(y)ydl'| < E(@) + (m-v)|g(y)|7dT
(%) 28 (%)
and therefore, by (6.53) and (6.54),
(n—1) / (m-v)g(y)ydl'| < E(t) + C/ (m - v)|y'|?dT. (6.73)
(x9) (9
Combining (6.71) and (6.73) we get
p(t) < —E() +C f (m - )y 6.74)
I'(x%)
Let
o(1) =[EMIP V2 p(0). (6.75)
‘We have

—1 p=3 p=
(1) = ”T [EO]T p(E' (1) + [ED]'T p'(t)
. - (6.76)
< —GE@) - [E0]" + CLED]T /

I'ix

(m - v)|y'[?dT
0y

with C> = (p — C(E(0))P=1/2)2,
Given ¢ > 0 we define the functional

Ec(t) = (14+eC)E@) +[EMP™V2 p(r). (6.77)
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Since E(t) < E(0), taking ¢ < go(Ep) we have

1 »+D 1

3 [Ec(r)] 2 [E(t)] <2 [Eg(t)]
From (6.29) and (6.76) we obtain

EL(t) < — f (m - )g(y')y'dT
I'(x9)
(6.78)
B 4 eCLE )" f (m - vy T
I(x0)
From (6.56) it follows that, if ¢ < &1 (E(0)),

CIEM]"Z" / (m - v)ly'PdT < / (m - v)g(y')y/dT.
L @xON{ly'|>1} raON{ly’|=1}

(6.79)
On the other hand, if p > 1,
(020} 72
CIEM®] (m-v)|y'|°dl’
rON{ly’|<1}
il (6.80)
1 +1) "o -
—[E(t)] T4 (m - v)|y'|°dl
2 raOn(y|<1)
but, by (6.55),
prl
[ / - v>|y/|2dr}
TNy’ <1} (6.81)
< C/ (m - v)|y'|PHdr < C/ (m-v)g(y")y'dT.
rxOn{ly’|<1} r'(x%)
Combining (6.78)—(6.81) with ¢ > 0, possibly smaller, it follows that
& (p+D (H—l)
E) < —5[EO1T < — [Eg( )" (6.82)
which implies (6.59).
When p = 1, from (6.78) the following holds:
E\(t) < —¢E(1) < —%Eg(t) (6.83)

which implies (6.57).
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Case 2. L < 1. We define

(p+1-220)

o) = [EO)"F " p). (6.84)
We have
+1-=21 (p+1—42) (p+1-21)
¢ (1) = pT [EO) 5 p()E' () + [E@)] "5 0 (1)
< —CE'(t) = 2[E(t)]'PTD/2*
(p+1-21)
FEOF [ ) [R1g00P = = D)y + 1y P]ar
r'(x%)
(6.85)
‘We observe that, thanks to (6.53) and (6.55):
/ (m - v)g(y)ydT'| < C / (m - )y *lyldT
raOn{ly’'|<1} raOn{ly’|<1}
<c / (m - v)(g(y)y)PT |y|dT
rOn{ly’|<1}
prl—a (6.86)

(p+1D)

ﬁ p+1
<C [/ (m - V)g(y’)y’dF} [/ (m - v)lyl“”"“df}
'(x%) I'(x9)

A
1 (p+1)
<Cl|E®)]|? |:/ (m‘V)g(y/)yldF]
I(x0)

since (p+1)/(p+1—-21) <2.
On the other hand, we have

/ (m - V)g(y/)ydl")
rON{y|=1)

L 1/2
<c ( f (m- v)|y|2dr> : ( / (m- v)|g<y/)|2dr) 6.87)
I'(x9) CaON{ly’|=1}

1
: 2
<C[E®)]? (/ (m - V)g(y/)y/dr>
r(x%

(n—=1)
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and, furthermore,
f (m - g(y)2dT < C f (m - v)g(y)y'dT
r'x0) CxON{ly’|=1}

2M
+ C/ (m - v)[g(y)y 1T+ dl’
TNy I<1}

e
<—-CE'@Wt)+C [/ (m - v)g(y/)y/dr‘] v )
r'(x%

(6.88)
Finally
/ (m - v)|y'|*dl’ < C / (m - v)g(y)y'dT
r'(x0) (9
2
e / (m - v)[g(y)y 17 dT
rON{ly’|=1}
—CE'(t) if p<1
< _2
—CE'®)+C [fyuo,0m - g yar |7 it p=1.
(6.89)

Combining (6.85)—(6.89) we get

(p+
2n

#'(1) = —CE'(0) = 2[E0]"5" + [E@0)] 5 H/r( N v)g(y/)y’dr}w

1

+ [ / . v)g(y’)y’dr] i }
'(x0)

(p+1-22) N g %
L E@F / (m - v)g(y)y'dT
I'(x9)

(p+1-23) (p%l)
(+ [E(D)] == I:/F( 0)(m . v)g(y/)y’dl"] if p> 1) .

(6.90)

Applying Young’s inequality in (6.90) we have

(p+1)
)

¢'(1) < —C3E' (1) — [E(D)] 2 (6.91)

with C3 > 0 continuously depending on E(0).
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Given ¢ > 0 we define the functional
Ec(t) = (1 +eC3)E(t) +e¢(t). (6.92)
As E(t) < E(0), taking ¢ < g9(E(0)) we have

1 (p+D (p+D (p+1)
E[Eg(t)] 2o S [EM] 7 <2[E()] 2> . (6.93)

On the other hand, from (6.29) and (6.91), it follows

(p+1)

Egnsﬁm—ewaﬁ%”s—gwmnn (6.94)

from where we may conclude (6.58). |

6.5 Second Proof of the Exponential Decay

In this section we are going to present a second proof of the exponential decay
of the energy of the solutions of (6.52) with linear boundary conditions. It has
the advantage of being applicable in situations where we do not know how to
build energy functionals allowing, as in the previous section, to obtain decay rates.
Its biggest drawback is that it mainly applies with linear boundary conditions (or
growing linearly both at the origin and at infinity).

Let us consider the system

y'—=Ay=0 in © x (0, 00)
dy .
ﬁ +by =—[(x —x) - v)]Y in T(x% x (0, 00) 6.95)
y=0 in T, (x%) x (0, 00)
y0) =y eV,y(0)=y' € L¥Q) in Q.
We assume that
b>—p (6.96)
where
Vol?d
B= B0 = inf J2 1V 6.97)

veV fr(xo) |U|2dF ’

When int(I', (x°)) # @ we have B > 0 and therefore the case b = 0 is included
in (6.96). It would correspond to (6.52) with g(s) = s.
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When int(T", (x%)) = ¢, B = 0 and therefore (6.96) corresponds to b > 0.
The energy associated with this system is

1 b
Ep(t) = 5[9[|vy(x,t)|2+ Iy/(x,t)lz] dx+§/r( O)Iy(x,t)lzdF (6.98)

and thanks to (6.96), we can ensure that [E;]'/? defines a norm in V x L?(S),
equivalent to the one induced by H L) x L2().

On the other hand,
dEp(t
b0 _ Ej(t) = —/ [(x —x%. v(x)] Iy (x, 1)|2dT. (6.99)
df I‘(XO)

Therefore, the equilibrium points, i.e. the non dissipative solutions, satisfy

y —Ay=0 in © x (0, 00)
W iby=y=0 in I'x" x (0,00) (6.100)
y=0 in T, (x%) x (0, 00).

But, applying Holmgren’s Theorem, it follows that y’ = 0, i.e. y = y(x). But
then:

—Ay=0 in Q
dy/dv+by =0 in I'(x?) (6.101)
y=0 in T,(x%).

Multiplying in (6.101) by y and integrating by parts we obtain
f IVy(x)|*dx +bf ly(x)|?dT = 0
Q ' (x0)

which, combined with (6.96), implies y = 0.

These remarks suggest the exponential decay of the energy Ej(#) when ¢t — oo,
or, what is the same, the exponential convergence of all trajectories {y(z), y'(¢)} to
the only point of equilibrium {0, 0} in H'(2) x L?(Q) when t — +o0.

We have the following theorem (see [91]).

Theorem 6.4 Let Q be a bounded domain of R" with a boundary of class C* and
n<3. Letx° e R" and b > —B(x°).
Then, there exist constants C > 1 and y > 0 such that

Ep(t) < CEp(0)e "', ¥Vt >0 (6.102)

for every solution of (6.95), where Ep(t) is the energy defined in (6.98).
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Remark 6.8 Again, if I'(x% N I, (x%) = ¢, the theorem is valid without any
restriction on the dimension n > 1. U

Remark 6.9 The results of existence, uniqueness, regularity and stability of solu-
tions in Sects. 6.2 and 6.3 extend to system (6.95). U

Proof Note that it is enough to prove the existence of a time 7 > 0 and a constant
Co > 0 such that

T
Eb(T)fcof/ (m - v)|y'|>dTdt (6.103)
0 '(x%)

for every solution of (6.95). In (6.103), m = m(x) = x — x9.

Indeed, combining (6.103) with (6.99), which implies

T
Ep(T) = Ep(0) —/ / (m - v)|y'|?dTdt, (6.104)
0 Jred
we get
E(T)<( < )E(O) (6.105)
b “\1+4+Cy bR '

Combining (6.105) with the decreasing character of the energy and the semi-
group property, it follows that

Co 7!
Ep(t) < (1 n Co) Ep(0) (6.106)

from where we get (6.102) with

(6.107)

1+ C 1 1+C
c_1+Co, ! |:+0]'

) = = 1
Co I4 og Co

By density, it is enough to consider solutions with regular initial data {y°, y'} €
V x V such that —Ay? € L?(Q), satisfying the compatibility condition

3)’0 0 - 0
a——i—by =—(m-v)y in T'(x").
v

In this case the solution y = y(x, t) of (6.95) satisfies

y € C1([0,00); V), Ay € C([0, 00); L*()).
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We multiply Eq.(6.95) by (x — x%) - Vy and integrate by parts in Q x (0, T)
(where T > 0 will be fixed later). Applying similar arguments as in Lemma 6.1,
which is possible since n < 3, we obtain (hereinafter, to simplify the notation, we

write E (¢) instead of E,(2)):

! ! (n—1 (T 2 2
/ y'm-Vydx +f E()dt + / / [Iy’l —|Vy| ]dxdz
Q o Jo 2 0o Ja
b (" 2 1 T 2
<= |y|“dldt + - (m - v)|y'|~dldt
2Jo Jrao 2Jo Jrao
T ray 1 (7 5
+ —m - Vydldt — = (m - v)|Vy|“dTdt
0 r ov 2 0 r
b r 2 1 r 12
=5 [y|“dTdt + = (m - v)|y'|~dTdt
2Jo Jrao 2Jo Jrao
1 T 2 1 T
+—/ / (m - v) dth+—/ / (m-v)
2Jo Jr.ao 2Jo Jrwo
T T
—b/ / ym~VaydI‘dt—/ / (m-v)y'm-V,ydTdt
0 Jrx% 0 Jrud
1 T
— -/ / (m - v)Vy|y|?dTdt
2 Jo Jruoy

T T
< C/ / |)’|2dth+Cf / (m - v)|y'[2dTdt
0 Jruo 0 Jruo

for C > 0 depending only on m and b, since m - v < 0 in ', (x?).
We have used the identity

2

3 9
24 DN arar
Jv Jdv

(6.108)

m
/ ym - Vyydl = / — - Vo(lyl»)dr =0
&% ruo) 2

and ||y/v]|? < 2b%|y|>+2(m-v)?|y'|? in T'(x°). We have also used the inequality

R%*(m - v)

5 Y'I* in (%)

1
(m - v)|y'm - Voy| < 5 (m- V)| Veyl® +

with R = ”m”LOC(Q).
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On the other hand, multiplying Eq. (6.95) by y and integrating by parts, we obtain

T T T
/ /[|y’|2—|Vy|2]dxdt=/ y'ydx +b/ / ly|2dTdt
o Ja Q 0 0 Jruo

r (6.109)
+ / / (m -v)yy'dl'dt.
0 I'(x%)
Combining (6.108) and (6.109) we deduce
-1 T T
/ y’[m Vy+ u}dx +/ E()di
2 2 0 0
T T
= C/ / ly|2dTdt + C/ / (m - v)|y'|>dTdt.
0 JrEY) 0 Jruo

(6.110)

Now observe that there exists C; > 0 (which depends only on €2), such that
-1
/ y’[’"'VH u )y}"x
Q 2

T

< CiE(t)

and therefore

‘/ y/[m-Vy+(n_l)y]dx
Q 2

T
52C1E(T)+01// (m - v)|y'|>dTdt.
0 Jrx%

= C1(E(0) + E(T))

0 6.111)

From (6.110), (6.111) and the fact that TE(T) < fOT E (t)dt we obtain

T T
(T—2C1)E(T)§C// |y|2dth+C// (m - v)|y'|?dTdz.
0 JruY 0 Jr0)
(6.112)

Therefore, it is enough to prove that, if T > 2Cy, there is a constant C > 0 such
that

T T
/ / ly|?dTdr < C/ / (m - v)|y'|?dTdt. (6.113)
0 JTuY) 0 Jrud
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We argue by contradiction. If (6.113) does not hold, there is a sequence {y,} of
solutions of (6.95) such that

foT Jreo) lynl?dTdt =1 VneN
(6.114)

foT fl"(xo)(m -v)|y!12dTdt — 0.

Combining (6.114) with (6.112) and taking into account that 7 > 2C we obtain
that

{yn} isboundedin C([0,T]; V)N clqo, T; LZ(Q))
and therefore
{vnlrx©.1)} is relatively compact in L*(T x (0, T)).

Extracting a subsequence and passing to the limit, we obtain a solution y =
y(x, t) of (6.95), thanks to (6.114), satisfying:

Yy =0 in Tx%x(,7) (6.115)

T
/ / ly|?dTdr = 1. (6.116)
0 I'(x%)

But, as we observed at the beginning of this section, by Holmgren’s Theorem, if
T > 0is large enough, the only solution of (6.95) satisfying (6.115) is y = 0, which
contradicts (6.116). This concludes the proof of Theorem 6.4. O

Remark 6.10 The same result is obtained if in (6.95) we replace the constant b by
a function b = b(x) € C'(I'(x")) such that b > by > 0 in an open and non-empty
subset of ' (x?).

Theorem 6.4 can be extended to systems of type (6.95) with boundary conditions

ay

4 by = [(x —xY. v(x)] ¢(y) in ') x (0, 00) (6.117)

with g € C(R) increasing and satisfying
clsl < lg)I =Cls| VseR
We do not know if these arguments can be extended to the setting of Theorem 6.3.

In [95] Theorem 6.3 is extended to boundary conditions of the type (6.117), but
with b(x) = k[(x — x9) - v(x)] where k > O is a sufficiently small constant.
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6.6 Comments

1. Variable coefficients. The results of Sect. 6.3, based on LaSalle’s Invariance
Principle and energy methods, can be easily generalized to wave equations with
variable coefficients.

However, the adaptation of the results of Sects. 6.4 and 6.5 to the variable
coefficients case is much more delicate since in their proof we have used
multiplier techniques. In fact, the extension of Theorem 6.3 to equations with
variable coefficients (but without imposing the technical restrictions mentioned
in the previous chapters that are due to the multiplier technique itself) is an open
problem.

Theorem 6.4 can be easily extended to wave equations with variable BV
coefficients in one space dimension n = 1.

On the other hand, the microlocal analysis techniques of [5] allow obtaining
stabilization results like Theorem 6.4 for equations with variable coefficients
and for partitions of the boundary {T"g, I'1} satisfying suitable geometric control
conditions, more general than {I"(x?), T, (x?)}. The case where Ty N T'| # @, i.e.
when the boundary conditions change type, needs further developments from a
microlocal perspective.

2. Semilinear wave equations. Theorem 6.3 can be extended to semilinear wave
equations y” — Ay + f(y) = 0 with dissipative boundary conditions (cf. [91]).

3. Other models. The techniques that we have developed in this chapter also allow
obtaining stabilization results for the system of elasticity (cf. J. Lagnese [50])
and for the Schrodinger equation (cf. E. Machtyngier [72]).

4. Stabilisation in weaker energy norms. The problem of stabilization of the
wave equation arises also in other functional settings and with other boundary
conditions.

Let G = (—A)~': H71(Q) — H] () and consider the system

y'—Ay=0 in Q x (0, 00)

= / in T
y =09(Gy")/dv in Ty x (0, 00) 6.118)
y=0 in T'; x (0, 00)

y©0) =y e L}(Q).y0)=y' e HT'(Q) in Q
where {["g, I'1} is a partition of the boundary T".
In I. Lasiecka and R. Triggiani [61] it is shown that (6.118) admits a single

solution in the class

y € C([0, 00); L*(£2)) N C1 ([0, 00); H~1()). (6.119)
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The energy associated with the system is
1 2 1 l 2
E() = E/QIy(x,t)I dx + S Ol g-1q) (6.120)

with ||u||%{ = (Gu, u), where (-, -) denotes the duality product between

(%)
Hy () and H~!(Q). It fulfils

dE(1)
dr

— | IY/?dr  Vi>0 (6.121)
To

which allows to prove, applying LaSalle’s Invariance Principle, that
E(t)— 0 when t— o0 (6.122)
for every solution of (6.118), as long as
int(Ig) # @. (6.123)

In [61], under suitable geometric conditions on the domain €2, it is proved that
if [p = I'(x%) and 'y = I',(x?), the uniform exponential decay of the energy
holds, i.e.

E(t) <CE0)e™" Vvt >0. (6.124)

The results of [61] apply essentially to the case where @ = Q\Q; with
Q) C Qo and such as I'(x%) = 9Q, I, (x") = Q.

In [4] using Microlocal Analysis techniques, it was proved that if Q is
regular (without any geometric condition on €2) and I'g geometrically controls
the domain €, then (6.124) holds as long as Ty N T'| = . The case where
Ty NT| # @ is more delicate due to the possible presence of singularities at the
interface points where boundary conditions change type.

In [4] stabilization results were also proved for other types of dissipative
boundary conditions. For example, for absorbent or transparent boundary con-
ditions (cf. B. Engquist and L. Halpern [20]).

5. Slow decay. We refer to [64] for the analysis of the slow logarithmic decay of
the smooth solutions of the linearly damped wave equation, when the damping
is localized in an arbitrarily small subset of the boundary. Note that, in order to
avoid difficulties with the possible singularities on the interface points where the



6.6 Comments 125

boundary conditions change, in [64] authors consider boundary conditions of the
form

dy ’

3y +a(x)y"=0 on I x (0,00)
witha € C*°(I"), and, a > 0, vanishing on a subset of the boundary.

6. Backstepping. The methods developed in this paper do not directly apply to
unstable wave-like equations. They are rather designed to force the decay of solu-
tions of conservative models by means of added damping terms. Backstepping
techniques allow to design non-local mechanisms that can effectively stabilize
unstable systems. The literature on this topic is very broad. See for instance [49].
Note however that the design of backstepping feedback operators requires the
introduction of suitable kernels, whose existence is often guaranteed only for
particular geometries on the domains in which waves propagate.
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Abstract The topics addressed in these Notes have significantly evolved since they
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references that complement the synthetic presentation of these Notes.
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vol. 39, p. 351. Wiley, Chichester (1994)
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7.2 Survey Articles
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approximations. Discrete Contin. Dynam. Syst. 8(2), 469-517 (2002)
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