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Preface

Power electronics is an application-oriented emerging area and finding applications

in every day of our life in providing electric energy to sustain the usages of our

modern electronic devices and equipment. The electric motors and auxiliary power

of electric vehicles, solar energy, and other renewable energy sources require

power electronics. With the increasing emphasis on renewable energy and energy

savings in home, transportation, and industrial applications, power electronics

education is becoming essential for supporting manpower needs for sustaining

technological growth and development. Although power electronics is essential for

powering modern devices, machines, and industrial equipment,

Power electronics is normally offered in universities and colleges as a techni-

cal elective. It is an application-oriented and interdisciplinary course that requires a

background in mathematics, electrical circuits, control systems, analog and digital

electronics, microprocessors, electric power, and electrical machines. Power elec-

tronics deals with power processing from AC to DC, DC to AC, DC to DC, and AC

to AC. Therefore, it requires a clear understanding of the performance parameters

of the AC sources and loads, DC sources and loads, and the parameters of power

electronic switching devices.

Power electronics use power semiconductor devices as switching elements for

transferring energy from the source to the load and vice versa. Due to the switching

actions of the power electronic devices, the voltages and currents of the power

electronic circuits are pulsing DC or DC waveforms.

The understanding of the operation of a power electronics circuit requires a

clear knowledge of the transient behavior of current and voltage waveforms for

each circuit element at every instant of time. These features make power electronics

a difficult course for students to understand and for professors to teach. However,

Power electronics is playing a key role in power processing and control.

This book is based on the author’s experience in teaching power electronics for

many years and integrating design content and LTspice on power electronics. The

book is intended for undergraduate students of engineering and engineering tech-

nology programs. It could be used by working engineers with some background in

electric circuits and differential equations. The book considers power electronics

consisting of piece-wise circuits. The book focuses on the LTspice circuit simula-

tion and the performance analysis of the power electron circuits.

The LTspice software, which is available free to students and professionals, is

ideal for classroom use and for assignments requiring computer-aided simulation

and analysis. Without any additional resources and lecture time, LTspice can also



be integrated into power electronics. The objective of this book is to integrate the

LTspice simulator with a power electronics course at the junior level or senior level

with a minimum amount of time and effort. This book assumes no prior knowledge

about the LTspice simulator.

The simulation requires (a) a clear knowledge and understanding of the char-

acteristics of the switching services, (b) the gating signal requirements of the

devices to turn on and off of the devices to ensure the devices are fully turned on or

off, (c) the generation of the gating signals to produce the desired waveforms of

output voltages and currents, and (d) the insolation of the low-level gating signals

from the high voltage and current circuits.

The performance analysis requires (a) the determination of the modes of

operation during a complete switching cycle or period, (b) the circuit models during

the modes of operation, (c) developing mathematical models describing the voltage

and current relations, (d) solving explicit equations of the circuit parameters, the

boundary conditions and the switching time of the devices, the switching fre-

quency, and the output frequency, and (d) determining the performance parameters

of the converter, the input side parameters, and the output side parameters.

This book can be divided into eight parts: (1) DC and AC Fundamentals –

Chapter 1; (2) Switched RLC Circuits – Chapter 2; (3) Diode Rectifiers – Chapters

3; (4) DC–DC converters – Chapter 4; (5) AC–DC converters – Chapters 5; (6)

Resonant Pulse Inverters – Chapters 6; (7) Controlled Rectifiers – Chapter 7; and

(8) AC voltage controllers – Chapter 8.

The book is designed for intended audiences of professionals such as design

and applications engineers and seniors including postgraduate students not for

lower-level students. The supplemental material in the manuscript includes

LTspice simulation circuit files and Mathcad files to solve problems as illustrated

in the example problems in the book.

The key features of his book are as follows:

l The book considers power electronics consisting of piece-wise circuits.

l Integrates (a) the free-version LTspice for drawing schematics and simulating

to generate waveforms of the output voltage and currents, (b) mathematical

derivations of the circuits, and (c) Mathcad software tool for computation of

the mathematical derivations to determine the performance parameters.

l Develops a clear understanding of the converter switching operation and the

voltage and current waveforms to determine the converter performance

parameters.

l Identifies and evaluates the performance parameters of the converters in three

parts: (a) Output side parameters, (b) converter parameters, and (c) input side

parameters.

l Circuit model of the converters.

l Design guidelines for L-filter and LC-filter.

l Illustrates the effects of filters on the output waveforms and performances.

xvi Simulation and analysis of circuits for power electronics



l Illustrates the performance parameter and LTspice simulation results through

numerical examples.

l LTspice can be downloaded from

https://www.analog.com/en/resources/design-tools-and-calculators/ltspice-simu-

lator.html

https://ltspice-iv.software.informer.com/

Any comments and suggestions regarding this book are welcome and should

be sent to the author at the following address:

Dr. Muhammad H. Rashid

Professor of Electrical Engineering

Florida Polytechnic University

4700 Research Way, Lakeland, FL 33805

E-mail: mrashid@floridapoly.edu

Preface xvii
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Chapter 1

Fundamentals of DC and AC sources

1.1 Introduction

Power electronics uses one or more semiconductor switches to connect the input

source to a load and controls the power flow from the source to the load and vice

versa. The input to power electronic circuits can be either a direct current (DC)

source or an alternative current (AC) source. The switches should be capable of

allowing current flow in either direction when these are tuned on and should be able

to withstand voltages when they are turned off. Power electronics uses energy

storage elements such as inductors to limit the range to the change of current flow,

capacitors to the range to the change of voltages, and transformers to adjust the

voltage levels to desired levels. As a result of the switching action of the power

semiconductor devices, the power electronics circuits become nonlinear, and the

simulating of power electronics requires simulating switched circuits consisting of

resistances (Rs), capacitors (Cs), and inductors (Ls).

1.2 DC source

A DC source voltage source is, by definition, a direct current source, and its

magnitude is expected to remain a fixed or a constant value. That is, the current

flows in one direction from the source to the load. For example, VB is a battery

voltage, and the instantaneous voltage vs(t) can be expressed as

vs tð Þ ¼ VB for t � 0 (1.1)

A DC voltage source has a constant contact value over the time interval. Its

peak, average, and root-mean-square (rms) values remain constant at a peak value

of Vm, as shown in Figure 1.1

vsðtÞ ¼¼ Vm (1.2)

We can find the rms value of a DC waveform as given by

Vs ¼
1

T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðT

0

v2s ðtÞdt
s

¼ 1

T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðT

0

V 2
mdt

s

¼ Vm

T

ffiffiffiffiffiffiffiffiffiffi

ðT

0

dt

s

¼ Vm (1.3)

which is the same as the peak or the DC value.



1.3 AC source

In an AC, as the name stands, the current flows from the source to the load and vice

versa. That is, the polarity of the current changes from positive to negative and vice

versa. The voltage of the AC voltage source varies in general sinusoidally. If the

voltage has the peak value of Vm and varies at a frequency f Hertz per second, the

instantaneous voltage vs(t) can be expressed as

vs tð Þ ¼ Vm sin 2pftð Þ (1.4)

where f is the supply frequency, Hz.

The frequency can also be expressed as an angular or rotational frequency of w

as given by

w ¼ 2pf rad=sð Þ (1.5)

As “AC” stands for alternative current, the current in an AC circuit flows from

a positive to a negative direction and vice versa, as shown in Figure 1.2 with a

certain period, T. The frequency corresponding to a period T is given by

f ¼ 1

T
;Hz (1.6)

An AC current is caused due to an AC voltage, as shown in Figure 1.3. The AC

voltage source that causes a current flow through the load, and its value depends on

the type of load. The utility supply voltage that is normally sinusoidal voltage of a

peak value at a frequency can be expressed as

vsðtÞ ¼ Vm sin ðwtÞ ¼ Vm sin ð2pftÞ (1.7)

where Vm is the peak value and w = 2pf is the angular frequency in rad/s.

Figure 1.1 Typical plot of a DC voltage
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1.3.1 AC source with resistive load

For a source voltage of vsðtÞ ¼ Vm sin ðwtÞ to a resistive load of R, as shown in

Figure 1.4, the load current isðtÞ is given by

isðtÞ ¼
vsðtÞ
R

¼ Vm

R
sin ðwtÞ (1.8)

which can be written in a generalized current as

isðtÞ ¼
Vm

R
sin ðwtÞ ¼ Im sin ðwtÞ (1.9)

where Im ¼ Vm=R is the peak value of the sine-wave current.

1.3.2 AC load power with resistive load

The instantaneous power P(t) dissipated in the load resistance is

poðtÞ ¼ is
2ðtÞR ¼ I2msin

2ðwtÞR (1.10)

Figure 1.2 Typical alternative current (AC)

Figure 1.3 Typical AC voltage
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We can find the average power over an internal of 2p rad as given by

Po ¼
1

2p

ð2p

0

is
2ðtÞR¼ RI2m

2p

ð2p

0

sin2ðwtÞdðwtÞ ¼ RI2m
2p

wt

2
� sin ð2wtÞ

4

�

�

�

�

�

�

�

�

2p

0

(1.11)

which can be simplified to

Po ¼
RI2m
2p

wt

2
� sin ð2wtÞ

4

�

�

�

�

�

�

�

�

2p

0

¼ RI2m
2p

2p

2
� 0

�

�

�

�

�

�

�

�

¼ RI2m
2

(1.12)

which can be rewritten as a more generalized form of

Po ¼ I2oR (1.13)

where Io the rms of the current is defined by

Io ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2p

ð2p

0

I2msin
2ðwtÞdðwtÞ

s

¼ Im
ffiffiffi

2
p (1.14)

This is an important relationship to remember that the rms value of a sinusoidal

voltage or a current is that the peak voltage Vm or the peak current Im divided by a

factor of
ffiffiffi

2
p

or multiplying a factor of 1=
ffiffiffi

2
p

¼ 0:707
Similarly, we can find the instantaneous power p(t) supplied by the source as

PsðtÞ ¼ vsðtÞ isðtÞ ¼ Vm sin ðwtÞIm sin ðwtÞ ¼ VmImsin
2ðwtÞ (1.15)

which gives the peak power as

Pmax ¼ VmIm (1.16)

The average power delivered by the source over an interval of 2p rad is given by

Ps¼
1

2p

ð2p

0

VmsinðwtÞImsinðwtÞdðwtÞ

¼VmIm

2p

ð2p

0

sin2ðwtÞdðwtÞ¼VmIm

2p

wt

2
�sinð2wtÞ

4

�

�

�

�

�

�

�

�

2p

0

¼VmIm

2p
�p¼VmIm

2

(1.17)

Figure 1.4 An AC source supplying a resistive load, R
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which can be rewritten as a more generalized form of

Ps ¼
Vm
ffiffiffi

2
p � Im

ffiffiffi

2
p ¼ VsIs (1.18)

where Vs and Is are the rms of the source voltage and current, respectively.

A typical plot of the instantaneous source power for the instantaneous voltage

in Figure 1.2 and the current in Figure 1.3 is shown in Figure 1.5. Note that the

power frequency is double the supply frequency.

The input power factor, PF, is defined as the ratio of power dissipated into the

load to the power supplied by the input source as given by

PF ¼ Po

Ps

(1.19)

1.4 Input power

The calculation of the input power will depend on the type of source. If vs tð Þ is the
input source voltage and is tð Þ is the corresponding input current drawn from the

source, the average input power can be found from

Pin ¼
1

T

ðT

0

vsðtÞisðtÞdt (1.20)

For a DC source, vs tð Þ has a contact value, vs tð Þ ¼ VS . Thus, (1.20) becomes

Pin ¼ VS

1

T

ðT

0

isðtÞdt ¼ VSIS (1.21)

where IS ¼ 1
T

Ð T

0
isðtÞdt is the average source or supply current.

Figure 1.5 Typical instantaneous source power
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For an AC source, let us assume that the input is a sinusoidal voltage with a

peak value Vm at a frequency of w rad/s and the corresponding input current, is tð Þ is
also a sinusoidal voltage with a peak value of Im with a phase delay of f due to

energy storage elements. Thus, we can write the instantaneous input voltage and the

input current as

vs tð Þ ¼ Vmsin wtð Þ (1.22)

is tð Þ ¼ Imsin wt � fð Þ (1.23)

Therefore, the average power is given by

Pin ¼
1

T

ðT

0

vsðtÞisðtÞdt ¼
1

T

ðT

0

VmIm sin ðwtÞsin ðwt � fÞdt (1.24)

Using trigonometric relation

sin ðAÞsin ðBÞ ¼ 1

2
cos ðA� BÞ � cos ðAþ BÞ½ � (1.25)

Pin¼
1

T

ðT

0

vsðtÞisðtÞdt¼
1

T

ðT

0

VmIm
cosðwt�wtþfÞ� cosðwtþwt�fÞ

2
dt

¼ VmIm

2
� 1

T

ðT

0

cosðfÞ� cosð2wt�fÞ½ �dt

¼ VmIm

2
cosðfÞ� 1

T

ðT

0

cosð2wt�fÞ½ �dt
� �

¼ VmIm

2
cosðfÞ¼VrmsIrms cosðfÞ (1.26)

where Vrms ¼ Vm
ffiffi

2
p ; Irms ¼ Im

ffiffi

2
p , and cos ðfÞ is called the power factor, PF.

1.5 Output power

There is no power dissipation in capacitors and inductors. Power is dissipated only

in resistors. For an instantaneous output current of io tð Þ, the average power dis-

sipated in a resistor R is given by

Po ¼
1

T

ðT

0

i2oðtÞRdt ¼ R
1

T

ðT

0

i2oðtÞdt

¼ I2oR

(1.27)

where I0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

T

ðT

0

i2oðtÞdt

s

is the rms value of the load or output current:

(1.28)
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1.6 Complex domain analysis of RLC load

With a sinusoidal AC source, the circuit analysis in the time domain involved the

operation of sinusoidal functions. Analysis in the time domain is not the most

convenient method. The analysis is normally done in the complex domain. A

sinusoidal voltage v of rms value Vs can be represented in the time domain as

vðtÞ ¼ Vm sin ðwtÞ ¼
ffiffiffi

2
p

Vs sin ðwtÞ, and the corresponding representation in the

complex domain is V ¼ Vsff0o. The impedance for resistance R is

ZR ¼ R (1.29)

The impedance for inductance L is

ZL ¼ jwL (1.30)

The impedance for capacitance C is

ZC ¼ 1

jwC
¼ � j

wC
(1.31)

For an RLC series circuit, the total load impedance ZT is

ZT ¼ Rþ jwL� j

wC
¼ Zffq (1.32)

where Z is the magnitude of the load impedance and q is the impedance angle as

given by

q ¼ tan�1 R

wL� 1=wC
(1.33)

The current through the circuit can be found from

Io ¼
Vs

ZT
¼ Vs

Z
ff � q (1.34)

Power dissipated in the resistance R is

Po ¼ I2oR ¼ Vs

Z

� �2

R (1.35)

The input power factor is

PFi ¼ cos ð�qÞ lagging (1.36)

The input power is drawn from the source

Pi ¼ Po ¼ VsIoPFi (1.37)
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1.7 Electrical and electronics symbols

The voltage or the current in electrical and electronic circuits is normally repre-

sented by a symbol with a subscript. The symbol and the subscript can be either

uppercase or lowercase, according to the conventions shown in Table 1.1. For

example, consider the circuit in Figure 1.6(a), whose input consists of a DC voltage

VB ¼ 80 V (note both the symbol and the subscript are upper case) and an AC

voltage vs ¼ 70� sin ð2p� 60tÞ (note both the symbol and the subscript are lower

case). The instantaneous voltage vS ¼ VB þ vs ¼ 80þ 70� sin ð2p� 60tÞ (note

the symbol is upper case and the subscript is lower case) as shown in Figure 1.6(b)

has a DC component with an AC voltage superimposed on it. The resultant rms

value of a DC source superimposed with an AC source can be found from

Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
B þ V 2

s

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

802 þ 70
ffiffiffi

2
p
� �2

¼
s

94:074 V

Note: The factor
ffiffiffi

2
p

converts the peak value to a rms value. We cannot add

rms values but can add the square of the rms values.

Table 1.1 Definition of symbols and subscripts

Definition Quantity Subscript Example

DC value of the signal Uppercase Uppercase VD

AC value of the signal Lowercase Lowercase vd
Total instantaneous value of the signal Lowercase Uppercase vD
Complex variable, phasor, or rms value of the signal Uppercase Lowercase Vd

(a) (b)

Figure 1.6 Circuit with DC and AC voltages: _(a) circuit schematic and (b)

waveforms of DC, AC, and AC–DC voltages
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1.8 Summary

There are two types of input sources: DC and AC. A DC source voltage source is,

by definition, a direct current source, and its magnitude is expected to remain a

fixed or a constant value. An alternating current (AC), as the name stands, the

current flows from the source to the load and vice versa. That is, the polarity of the

current changes from positive to negative and vice versa. The AC voltage source

varies in general sinusoidally. There is no power dissipation in capacitors and

inductors. Power is dissipated only in resistors. The power dissipated in a resistance

may vary with time, but the power is measured as the average power over a period.

The power dissipation is calculated from the rms current or the rms voltage of the

resistor for both DC and AC sources. For a DC source, the rms quantity is the same

value as the average or the DC quality.

Problems

1. The DC voltage of a battery is VB = 110 V. Determine its Vrms.

2. A voltage source is sinusoidal, vs = 170 sin(wt). Determine its average value

(a) Vavg and (b) its rms value, Vrms.

3. A voltage source has a DC component and an AC component, vS = 170 +

15 sin(wt). Determine (a) its average value Vavg and (b) its rms value, Vs(rms)

4. Determine the average value Vavg of the half-sinewave as shown in

Figure P1.4 for Vm = 100 V.

5. Determine the rms value Vrms of the half-sinewave as shown in Figure P1.4

for Vm = 100 V.

6. Determine the magnitude and phase angle after converting from rectangular

to polar coordinates
l Impedance, Z ¼ 3þ j4 Admittance, Y ¼ 1

Z
¼

l Impedance, Z ¼ 3� j4 Admittance, Y ¼ 1
Z
¼

l Impedance, Z ¼ �3� j4 Admittance, Y ¼ 1
Z
¼

Figure P1.4 Half-sinewave
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7. For a supply frequency of f = 60 Hz, determine the inductive and capacitive

reactance

l L ¼ 10:61 mH XL ¼¼
l C ¼ 331:6 mF XC ¼¼

8. Determine the magnitude and phase angle of an impedance with a resistance

R ¼ 3W in series with an inductance L ¼ 10:61 mH and a capacitance

C ¼ 331:6 mF. Assume a supply frequency of f = 60 Hz

Z ¼ Rþ XL þ XC ¼¼ Admittance, Y ¼ 1
Z
¼

9. Determine the magnitude and phase angle of an impedance with a resistance

R ¼ 3W in series with an inductance L ¼ 10:61 mH and a capacitance

C ¼ 331:6 mF. Assume a supply frequency of f = 0 Hz

Z ¼ Rþ XL þ XC ¼¼ Admittance, Y ¼ 1
Z
¼

10. The instantaneous source voltage and the current are given by

vsðwtÞ ¼
ffiffiffi

2
p

� 120 cos ðwt þ fvÞ

isðwtÞ ¼
ffiffiffi

2
p

� 10 cos ðwt þ fiÞ
l Find the expression of the instantaneous power p(t) and simplify.

pðwtÞ ¼ vsðwtÞisðwtÞ ¼
l Find the average power Pavg

Pavg ¼
1

2p

ð2p

0

vsðwtÞisðwtÞdðwtÞ ¼

l For w ¼ 377 rad=s, fv ¼ 300 and fi ¼ 600, find the average power Pavg

11. The line-to-line voltages of a three-phase balanced supply is VL ¼ 208 V.

Express the line-to-line voltages as phasor quantities for a positive sequence

of abc.

l

Vab ¼ 208ff0o reference voltage Vbc ¼ Vca ¼
Va ¼ Vb ¼ Vc ¼

l

Vab ¼ Vbc ¼ 208ff0o Vca ¼
Va ¼ Vb ¼ Vc ¼

l

Vab ¼ Vbc ¼ Vca ¼ 208ff0o
Va ¼ Vb ¼ Vc ¼
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12. The line-to-line voltages of a three-phase balanced supply is VL ¼ 208 V.

Express the line-line voltages as phasor quantities for a negative sequence of

acb.

l

Vab ¼ 208ff0o reference voltage Vbc ¼ Vca ¼
Va ¼ Vb ¼ Vc ¼

l

Vab ¼ Vbc ¼ 208ff0o Vca ¼
Va ¼ Vb ¼ Vc ¼

l

Vab ¼ Vbc ¼ Vca ¼ 208ff0o
Va ¼ Vb ¼ Vc ¼

Fundamentals of DC and AC sources 11
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Chapter 2

Switched RLC circuits

2.1 Introduction

Power electronics uses energy storage elements such as inductors to limit the range

to the change of current flow, capacitors to the range to the change of voltages, and

transformers to adjust the voltage levels to desired levels. As a result of the

switching action of the power semiconductor devices, the power electronics circuits

become nonlinear, and the simulating power electronics requires simulating swit-

ched circuits consisting of resistances (R’s), capacitors (C’s), and inductors (L’s).

2.2 Electrical circuit elements

In addition to power semiconductor devices, power electronic circuits consist of

three types of circuit elements – resistor R, capacitor C, and inductor L. The elec-

trical quantities are voltage v (in volts, V), current i (in amperes, A), and charge q

(in coulombs, C). These elements are related to the voltage across the element v(t)

and current through the element i(t) as a function of time t as follows [1].

Voltage across a resistor R

vðtÞ ¼ RiðtÞ; iðtÞ ¼ vðtÞ
R

(2.1)

Voltage across a capacitor C

vðtÞ ¼ 1

C

ðt

0

iðtÞ dt; iðtÞ ¼ C
dvðtÞ
dt

(2.2)

Voltage across an inductor L

vðtÞ ¼ L
diðtÞ
dt

; iðtÞ ¼ 1

L

ðt

0

vðtÞdt (2.3)

The current i is caused due to the flow of electric charge q, and it is the charge

velocity that causes the current due to charge q as given by

iðtÞ ¼ dqðtÞ
dt

qðtÞ ¼
ðt

0

iðtÞdt (2.4)



If the flux j vary with the time t, the voltage v(t) is related to the flux as given

by

vðtÞ ¼ dfðtÞ
dt

; fðtÞ ¼
ðt

0

vðtÞdt (2.5)

Dividing the time-dependent voltage v(t) in (2.5) by the time-dependent cur-

rent in (2.4) gives the time-dependent resistance known as the memristor M as

given by [2]

MðqÞ ¼ vðtÞ
iðtÞ ¼

dfðtÞ
dqðtÞ (2.6)

Memresistance M is the rate of change of flux with the charge. The memristor

is a circuit element in which the magnetic flux j is a function of the accumulated

charge.M is a nonlinear resistance. If the relation between the flux j and the charge

q is linear, then memristor M becomes the same as resistance R.

An inductor is an energy-storage element that tries to maintain the current flow

constant and opposes any change by inducing a voltage of appropriate polarity,

whereas a capacitor is also an energy-storage element that tries to maintain the

voltage level constant for any changes in current flow. A resistor limits the current

flow and consumes or dissipates power. Power electronic circuit in general consists

of a semiconductor switching element connecting the source to the load. The load

falls in general in one of the following types:

l RC circuit: Resistance R is connected in series with a capacitor, C, to limit the

charging or discharging of a capacitor.
l RL circuit: Resistance R is connected in series with an inductor L to maintain

the current continuously.
l LC circuit: Inductor L is connected in series with a capacitor, C, to create a

resonant circuit.
l RLC circuit: Resistance R is connected in series with an inductor L and a

capacitor, C, to create an underdamped circuit to obtain an output voltage or

current of desired magnitude and shape.

2.3 Electrical circuit elements

2.3.1 RC circuit

Resistance R is connected in series with a capacitor C to limit the charging or

discharging of a capacitor, as shown in Figure 2.1(a). The charging current i(t) can

be described as [3]

VS ¼ Riþ 1

C

ð

idt þ Vcðt ¼ 0Þ (2.7)
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Assuming an initial capacitor voltage, Vcðt ¼ 0Þ ¼ 0, we can solve for the

charging current as given by

iðtÞ ¼ VS

R
e�t=ðRCÞ (2.8)

where t ¼ RC is the time constant of the circuit.

The voltage across the capacitor is given by

vCðtÞ ¼
1

C

ð

iðtÞdt ¼ 1

C

ð

VS

R
e�tRCdt ¼ VSð1� e�t=RCÞ (2.9)

As t ! 1, iðtÞ ! 0 and vCðtÞ ! VS .

The rate of rise of the voltage at t = 0 is given by

dvC

dt
t¼0 ¼

VS

RC

�

�

�

�

(2.10)

The energy stored in the capacitor is given by

WC ¼ 1

2
CV 2

s (2.11)

The same amount of energy dissipated in the resistance R is given by

WR ¼ WC ¼ 1

2
CV 2

s (2.12)

The plots of the step input voltage, the capacitor voltage vc(t), and the charging

current i(t) are shown in Figure 2.1(b).

Once the capacitor is charged to the supply voltage VS , ideally, it maintains its

charge and the voltage. For any circuit action, therefore, we can consider that the

(a) (b)

Figure 2.1 RC-circuit charging: (a) RC circuit and (b) switch current and

capacitor voltage
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capacitor has an initial value of Vcðt ¼ 0Þ ¼ VS and can discharge through a

resistance R. Applying (2.7) gives

0 ¼ Riþ 1

C

ð

idt þ Vcðt ¼ 0Þ (2.13)

Assuming an initial capacitor voltage, Vcðt ¼ 0Þ ¼ VS , we can solve for the

discharging current as given by

iðtÞ ¼ �VS

R
e�t=ðRCÞ (2.14)

Note: A negative sign of the current signifies that the current is flowing off the

capacitor.

The voltage across the capacitor is the same as the voltage drops across R. That

is,

vCðtÞ ¼ R
VS

R
e�t=ðRCÞ ¼ VSe

�t=ðRCÞ (2.15)

As t ! 1, iðtÞ ! 0 and vCðtÞ ! 0.

Note: Vcðt ¼ 0Þ ¼ VS is the initial value of the capacitor.

Figure 2.2(a) shows the discharging of a capacitor with an initial voltage of

100 V. The DC source is set to 0 V. The plots of the input voltage, the capacitor

voltage vc(t), and the discharging current i(t) are shown in Figure 2.2(b). As

expected, the capacitor voltage, and the current fall exponentially with a time

constant of t ¼ RC.

(a) (b)

Figure 2.2 RC-circuit discharging: (a) RC circuit and (b) discharging capacitor

current and voltage
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2.3.2 RL circuit

Inductor L is connected in series with a resistance R to limit the rate-of-rise of the

current, as shown in Figure 2.3(a). The charging current i(t) can be described as [3]

VS ¼ Riþ L
di

dt
(2.16)

which we can solve for the current i(t) as given by

iðtÞ ¼ VS

R
ð1� e�ðR=LÞtÞ (2.17)

where the time constant is t ¼ L=R. The rate of rise of the voltage at t = 0 is given

by

di

dt
t¼0 ¼

VS

R
� R

L
¼ VS

L

�

�

�

�

(2.18)

As t ! 1, iðtÞ ! VS

R
and the energy stored in the inductor is given by

WL ¼ 1

2
L

VS

R

� �2

(2.19)

This energy would remain stored forever, ideally. The same amount of energy

stored in the inductor L is dissipated in the resistance R as given by

WR ¼ WL ¼ 1

2
L

VS

R

� �2

(2.20)

The voltage across the inductor vLðtÞ is given by

vLðtÞ ¼ L
di

dt
¼ VSe

�ðR=LÞt (2.21)

(a) (b)

Figure 2.3 (a) RL circuit and (b) inductor current and voltage
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The plots of the inductor voltage vL(t) and the current i(t) are shown in

Figure 2.3(b).

Once the inductor current reaches the steady-state value IL ¼ VS

R
, ideally there

is no change in current, and there is no voltage across the inductor. The supply

voltage appears across the resistance R. Energy is stored in the inductor L. If we

want to break the circuit, the inductor will oppose any changes and induce an

opposite voltage. An anti-parallel diode is generally connected across an RL load,

as shown in Figure 2.4(a). If the supply source is disconnected, the inductor induces

an opposing voltage causing the diode to turn on, and the inductor current continues

to conduct. This diode is commonly known as the freewheeling diode. We can

consider that the inductor has an initial value of IL ¼ VS

R
. Applying (2.16) gives

0 ¼ Riþ L
di

dt
(2.22)

which we can solve the current i(t) for an initial current of IL as given by

iðtÞ ¼ ILe
�ðR=LÞt (2.23)

The voltage across the inductor as

vðtÞ ¼ RiðtÞ ¼ RILe
�ðR=LÞt (2.24)

As t ! 1, iðtÞ ! 0, vðtÞ ! 0 and the energy stored in the inductor is dis-

sipated across R if the inductor current is allowed to fall close to zero. Figure 2.4(a)

shows the freewheeling of the inductor current with an initial current of 10 A. The

DC source is a pulse of 100 to 0 V. The plots of the input voltage, the inductor

voltage v(t), and the inductor current i(t) are shown in Figure 2.4(b). As expected,

the inductor voltage and the current falls exponentially with a time constant of

t ¼ L=R.

(a) (b)

Figure 2.4 RL-circuit with a freewheeling diode: (a) RL-circuit with a diode and

(b) inductor voltage and current
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2.3.3 LC circuit

An inductor L is connected in series with a capacitor C to limit the charging or

discharging of a capacitor, as shown in Figure 2.5(a). The charging current i(t) can

be described as given by [3]

VS ¼ L
di

dt
þ 1

C

ð

idt þ Vcðt ¼ 0Þ (2.25)

Assuming an initial capacitor voltage, Vcðt ¼ 0Þ ¼ 0, we can solve for the

charging current as given by

iðtÞ ¼ VS

ffiffiffiffi

C

L

r

sin ðwotÞ (2.26)

where wo ¼
ffiffiffiffiffiffiffi

LC
p

is the resonant frequency in rad/s.

As wot ! p
2
, i(t) reaches its peak current as given by

Ip ¼ VS

ffiffiffiffi

C

L

r

(2.27)

The voltage across the capacitor is given by

vCðtÞ ¼
1

C

ð

iðtÞdt ¼ 1

C

ð

VS

ffiffiffiffi

C

L

r

sin ðwotÞdt ¼ VSð1� cos ðwotÞÞ (2.28)

As wot ! p, vCðtÞ reaches its the peak voltage as given by

iðtÞ ! 0 and VCðpeakÞ ¼ VSð1� cos ðpÞÞ ¼ 2VS (2.29)

The plots of the capacitor voltage vc(t) and the charging current i(t) are shown in

Figure 2.5(b). If we add a diode to the LC circuit in the forward direction of the

current, as shown in Figure 2.6(a), the diode will stop any current flow in the reverse

direction, and the current flow will stop atwot ¼ p. The capacitor will be charged 2VS ,

and the peak current through the circuit is Ip ¼ VS

ffiffiffiffiffiffiffiffiffi

C=L
p

, as shown in Figure 2.6(b).

(a) (b)

Figure 2.5 (a) LC circuit and (b) capacitor current and voltage
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2.3.4 RLC circuit

Inductor L is connected in series with a resistance R and a capacitor C to limit the

rate of the rise of the current, as shown in Figure 2.7(a). The charging current i(t)

can be described as [3]

L
di

dt
þ Riþ 1

C

ðt

t0

idt þ vcðt ¼ 0Þ ¼ VS (2.30)

At t = 0+, the current i(t = 0) = 0, and the voltage across the capacitor is zero.

The source voltage Vs appears across the inductor L. Thus, the initial conditions at

t = 0+, L di
dt
ðt ¼ 0Þ ¼ Vs

di
dt
ðt ¼ 0Þ ¼ Vs

L
, iðt ¼ 0Þ ¼ 0, and vcðt ¼ 0Þ ¼ 0

Differentiating both sides of (2.30) and dividing by L, we obtain the char-

acteristic equation as

d2i

dt2
þ R

L

di

dt
þ i

LC
¼ 0 (2.31)

(a) (b)

Figure 2.6 LC-circuit with a series diode: (a) LC circuit with a diode and

(b) capacitor current and voltage [4,5]

(a) (b)

Figure 2.7 RLC circuit: (a) schematic and (b) output voltage for R = 10, 100, 283

[6,7]
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The characteristic equation in Laplace’s domain of s

s2 þ R

L
sþ i

LC
¼ 0 (2.32)

We can find the roots of the characteristic equation as

s1;2 ¼ � R

2L
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R

2L

� �2

� 1

LC

s

¼ �a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 � w2
o

p

(2.33)

where the damping factor is

a ¼ R

2L
(2.34)

and the resonant frequency is

wo ¼
1
ffiffiffiffiffiffiffi

LC
p (2.35)

Depending on the value of a and wo, there are three possible cases for the

solutions of (2.33).

Case 1 a = wo and s1 = s2. The circuit is critically damped. The solution has

the form

iðtÞ ¼ A1 þ A2tð Þes1t (2.36)

For VS ¼ 100 V; L ¼ 2 mH C ¼ 0:1 mF; R ¼ 283:843W

a ¼ R=L ¼ 7:071� 104 rad=s; wo ¼ 1=
ffiffiffiffiffiffiffi

LC
p

¼ 7:071� 104 rad=s

For the initial condition at t = 0, i(t) = 0, and A1 ¼ 0.

Using the derivative of the current in (2.36), we obtain

diðtÞ
dt

¼ A2t s1e
s1t þ es1tA2 ¼ A2 at t ¼ 0 (2.37)

At t ¼ 0 for an RLC; we get
di

dt
¼ VS

L
¼ A2 (2.38)

Substituting A1 and A2 in (2.36), we obtain

iðtÞ ¼ A2te
s1t ¼ Vs

L
te�at

¼ 100

2� 10�3
t e�7:071�104 t

(2.39)
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Case 2 a>wo. The roots are real, and the circuit is over-damped. The solution has

the form

iðtÞ ¼ A1e
s1t þ A2e

s2t (2.40)

For the initial condition at t = 0, i(t) = 0, A1 þ A2 ¼ 0, or A2 ¼ �A1.

Using the derivative of the current in (2.40), we obtain

diðtÞ
dt

¼ d

dt
ðA1e

s1t þ A2e
s2tÞ ¼ A1 s1e

s1t þ A2 s2e
s2t ¼ A1 s1 þ A2 s2

¼ A1 ðs1 � s2Þ (2.41)

At t ¼ 0 for an RLC,

di

dt
¼ VS

L
¼ A1 ðs1 � s2Þ or A1 ¼

VS

Lðs1 � s2Þ
(2.42)

Substituting A1 and A2 in (2.40), we obtain

iðtÞ ¼ VS

Lðs1 � s2Þ
ðes1t � es2tÞ ¼ VS

Lðs1 � s2Þ
ðes1t � es2tÞ (2.43)

Case 3 a<wo. The roots are complex, and the circuit is under-damped. The roots

are

s1;2 ¼ �a� jwr (2.44)

The solution has the form of damped or decaying sinusoidal as given by

iðtÞ ¼ e�at A1 cos wrt þ A2 sin wrtð Þ (2.45)

where wr is the ringing frequency or damped resonant frequency given by

wr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2
o � a2

q

(2.46)

For VS ¼ 220 V; L ¼ 2 mH; C ¼ 0:05 mF; R ¼ 160 W.

a ¼ R=L ¼ 40;000 rad=s; wo ¼ 1=
ffiffiffiffiffiffiffi

LC
p

¼ 105 rad=s

Since a<wo, the circuit is under-damped. At t = 0 and A1 ¼ 0, the current i(t)

in (2.45) becomes

iðtÞ ¼ e�atA2 sin wrt (2.47)

Using the derivative of the current in (2.47), we obtain

di

dt
¼ wr cos wrt A2e

�at � a sin wrt A2e
�at (2.48)
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which for t = 0 becomes

di

dt
t¼0 ¼ wrA2 ¼

VS

L

�

�

�

�

(2.49)

We obtain A2 as

A2 ¼
VS

wr L
¼ 1:2A

Using (2.47), we obtain the current i(t)

iðtÞ ¼ 1:2 sin 91; 652tð Þe�40;000t

Figure 2.8(b) shows the effects of the resistance on the transient response of an

RLC circuit. An underdamped circuit exhibits an overshot. Depending on the

damping, the capacitor voltage overshoots the input voltage, and the current flows

from the capacitor to the input source, causing the oscillation to continue. Adding a

diode to the circuit shown in Figure 2.7(a) is shown in Figure 2.8(a) and stops the

reverse current flow. The diode stops conducting when the current falls to zero, and

the capacitor charges and retains its charge. As expected, a lower value of resis-

tance reduces the damping, the diode conduction is reduced, and the capacitor

reaches its final value in a shorter time. A series diode is often connected to an RLC

series to charge the capacitor and transfer energy from the source to a capacitor.

2.4 Summary

Inductors and capacitors are energy storage elements. The energy stored in an

inductor depends on the current flowing through it, and the energy stored in a capa-

citor depends on the voltage across it. An RL, RC, or RLC circuit can be switched

through a power semiconductor switching device to a DC source to transfer energy

from a DC source and store it in an inductor or a capacitor. The amount of stored

(a) (b)

Figure 2.8 RLC circuit with a series diode: (a) schematic and (b) output voltage

for R = 10, 100, and 283
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energy can be controlled by the switching device and the values of the circuit ele-

ments. The current flowing through an RLC circuit depends on the damping factor of

the circuit.

Problems

1. An RC circuit as shown in Figure 2.1(a) has a step input of VS = 100 V, R = 5

W, and C = 0.1 mF. Determine (a) the time constant t, (b) the peak current

through the switch, (c) the steady-state voltage across the capacitor Vc, and

(d) the energy stored in the capacitor. Assume zero initial capacitor voltage of

the capacitor.

2. An RC circuit as shown in Figure 2.1(a) has a step input of VS = 98 V, R = 4

W, and C = 20 mF. Determine (a) the time constant t, (b) the peak current

through the switch, (c) the steady-state voltage across the capacitor Vc, and

(d) the energy stored in the capacitor. Assume zero initial capacitor voltage of

the capacitor.

3. An RC circuit as shown in Figure 2.2(a) has an initial capacitor voltage of

VS = 100 V, R = 5 W, and C = 0.1 mF. Determine (a) the time constant t, (b)

the peak current through the switch, (c) the steady-state voltage across the

capacitor Vc, and (d) the energy dissipated in the resistor R.

4. An RC circuit as shown in Figure 2.2(a) has an initial capacitor voltage of

VS = 98 V, R = 2 W, and C = 20 mF. Determine (a) the time constant t, (b) the

peak current through the switch, (c) the steady-state voltage across the

capacitor Vc, and (d) the energy dissipated in the resistor R.

5. An RL circuit as shown in Figure 2.3(a) has a step input of VS = 98 V, R = 4

W, and L = 4 mH. Determine (a) the time constant t, (b) the steady-state

current through the circuit, (c) the steady-state voltage across the inductor VL,

and (d) the energy stored in the inductor. Assume zero initial inductor current.

6. An RL circuit as shown in Figure 2.3(a) has a step input of VS = 100 V, R = 5

W, and L = 4 mH. Determine (a) the time constant t, (b) the steady-state

current through the circuit, (c) the steady-state voltage across the inductor VL,

and (d) the energy stored in the inductor. Assume zero initial inductor current.

7. The inductor of the RL circuit as shown in Figure 2.4(a) has an initial current

of 10 A. The effective step input of VS = 0 V due to the freewheeling action,

R = 4 W, and L = 4 mH. Determine (a) the time constant t, (b) the steady-state

current through the circuit, (c) the steady-state voltage across the inductor VL,

and (d) the energy stored in the inductor.

8. The inductor of the RL circuit as shown in Figure 2.4(a) has an initial current

of 10 A. The effective step-input of VS = 0 V due to the freewheeling action,

R = 5 W, and L = 5 mH. Determine (a) the time constant t, (b) the steady-state

current through the circuit, (c) the steady-state voltage across the inductor VL,

and (d) the energy stored in the inductor.

9. The parameters of the LC circuit as shown in Figure 2.6(a) are: step input of

VS = 98 V, L = 80 mH, and C = 20 mF. Determine (a) the peak current through
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the diode, Ip, (b) the conduction of the diode, tc, and (c) the energy stored in

the capacitor C.

10. The parameters of the LC circuit as shown in Figure 2.6(a) are: step input of

VS = 110 V, L = 80 mH, and C = 20 mF. Determine (a) the peak current through

the diode, Ip, (b) the conduction of the diode, tc, and (c) the energy stored in

the capacitor C.

11. The parameters of the LC circuit as shown in Figure 2.6(a) are: step input of

VS = 98 V, L = 40 mH, and C = 10 mF. Determine (a) the peak current through

the diode, Ip, (b) the conduction of the diode, tc, and (c) the energy stored in

the capacitor C.

12. The parameters of the LC circuit as shown in Figure 2.6(a) are: step input of

VS = 110 V, L = 40 mH, and C = 10 mF. Determine (a) the peak current through

the diode, Ip, (b) the conduction of the diode, tc, and (c) the energy stored in

the capacitor C.

13. The parameters of the diode LC circuit as shown in Figure 2.6(a) are step

input of VS = 100 V, and C = 10 mF. The peak current through the inductor is

Ip ¼ 100A. Assuming an ideal switch and an ideal diode, determine, once the

switch is closed, (a) the value of the inductor L in mH, (b) the energy stored in

the capacitor C, Wc, and (c) the conduction of the diode, tc (ms).

14. The parameters of the switched RLC diode circuit as shown in Figure 2.8(a)

are: DC step voltage Vs = 98 V, inductance L = 4 mH, capacitance C = 0.1 mF,

and resistance R = 8 W. Assume that the capacitor and the inductor have no

initial values. Determine (a) the expression for the diode current, (b) the peak

diode current Ip, and (c) the conduction time of diode tc.

15. The parameters of the switched RLC diode circuit as shown in Figure 2.8(a)

are: DC step-voltage Vs = 100 V, inductance L = 4 mH, capacitance C = 0.1

mF, and resistance R = 4 W. Assume that the capacitor and the inductor have

no initial values. Determine (a) the expression for the diode current, (b) the

peak diode current Ip, and (c) the conduction time of diode tc.

16. The parameters of the switched RLC diode circuit as shown in Figure 2.8(a)

are: DC step voltage Vs = 100 V, inductance L = 4 mH, capacitance C = 0.1

mF, and resistance R = 8 W. Assume that the capacitor and the inductor have

no initial values. Determine (a) the expression for the diode current, (b) the

peak diode current Ip, and (c) the conduction time of diode tc.

17. The parameters of the switched RLC diode circuit as shown in Figure 2.8(a)

are: DC step voltage Vs = 100 V, inductance L = 4 mH, capacitance C = 0.1

mF, and resistance R = 100W. Assume that the capacitor and the inductor have

no initial values. Determine (a) the expression for the diode current, (b) the

peak diode current Ip, and (c) the conduction time of diode tc.

18. The parameters of the switched RLC diode circuit as shown in Figure 2.8(a)

are: DC step voltage Vs = 100 V, inductance L = 4 mH, capacitance C = 0.1

mF, and resistance R = 50 W. Assume that the capacitor and the inductor have

no initial values. Determine (a) the expression for the diode current, (b) the

peak diode current Ip, and (c) the conduction time of diode tc.
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Chapter 3

Diode rectifiers

3.1 Introduction

A rectifier converts an alternating current (AC) voltage to a direct current (DC)

voltage. It uses one or more diodes to make a unidirectional current flow during the

positive half-cycle of the input voltage and also during the negative half-cycle of

the input voltage. Thus, the voltage and the current on the input side are of AC

types, and the voltage and the current on the output side are of DC types.

3.2 Diodes

A diode is a semiconductor device and has two terminals: anode and cathode. If the

anode voltage is held positive with respect to the cathode terminal, the diode

conducts and offers a small forward resistance. The diode is then said to be forward

biased, and it behaves as a short circuit. If the anode voltage is kept negative with

respect to the cathode terminal, the diode offers a high resistance. The diode is then

said to be reverse biased, and it behaves as an open circuit. The characteristic of a

practical diode that distinguishes it from an ideal one is that the practical diode

experiences a finite voltage drop when it conducts. This drop is typically in the

range of 0.5�0.7 V. If the input voltage to a diode circuit is high enough, this small

drop can be ignored for most applications.

The voltage drop across the diode is a function of the current flowing through

it. The diode current can be related to the diode voltage by the Shockley equation as

given by

iD ¼ ISðe�vD=VT � 1Þ (3.1)

where

VT ¼ kTK

q
(3.2)

VT = thermal voltage;

IS = leakage (or reverse saturation) current, typically in the range of 10�6 A to

10�15 A;

iD = diode current, A;



vD = diode voltage with the anode positive with respect to the cathode, V;

h = empirical constant is known as an emission constant or the ideality factor

whose value varies from 1 to 2;

q = electron charge = ¼ 1:6022� 10�19 coulomb (C);

Tk ¼ absolute temperature in kelvins = 273þ TCelsius; and

k = Boltzmann’s constant = ¼ 1:3806� 10�23 J per kelvin.

At a junction temperature of 25 �C, (3.2) gives the value of VT as

VT ¼ kTK

q
¼ ð1:3806� 10�23Þð273þ 25Þ

1:6022� 10�19
¼ TK

11605:1
� 25:6mV

An LTspice schematic of a diode test circuit is shown in Figure 3.1(a), and the

voltage versus current characteristic for a diode of IS ¼ 2:54� 10�9 A and

h ¼ 1:48 is shown in Figure 3.1(b).

Note: The input voltage to diode rectifiers in power electronic circuits is sig-

nificantly higher than the input voltage of low-signal diode rectifiers in electronic

circuits. The voltage ratings of the diodes are also selected accordingly. For the

analysis of diode rectifiers for high-power applications, we will assume ideal

diodes, that is, voltage drop across the diode is negligible, vD ¼ 0.

3.3 Single-phase half-wave rectifier

A half-wave rectifier uses only one diode as shown in the LTspice schematic

(Figure 3.2(a)) for a resistive load with an AC input voltage is given by

vsðtÞ ¼ Vm sin ðwtÞ ¼ Vm sin ð2pftÞ (3.3)

where Vm = peak value of the AC input voltage, V;

f = supply frequency, Hz; and

w ¼ 2pf = supply frequency, rad/s.

(a) (b)

Figure 3.1 Diode V�I characteristics: (a) diode test circuit and (b) V�I

characteristics [2,3]
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During the positive half-cycle in the input voltage, D1 conducts, and the input

voltage appears across the load. During the negative half-cycle in the input voltage,

D1 is reverse-biased, and the diode behaves as an open circuit. The voltage across

the load is zero. The output voltage can be described as given by

voðtÞ ¼ Vm sin ðwtÞ for wt � p

¼ 0 for wt > p
(3.4)

The plots of the input and output voltages are shown in Figure 3.2(b). The

single-phase half-wave rectifiers are normally used up to 100 W power level.

The performance parameters of diode rectifiers can be divided into three types:

l Output-side parameters,
l Rectifier parameters, and
l Input-side parameters.

Let us consider an input voltage of Vs ¼ 120 (root-mean-square – rms),

Vm ¼ Vs ¼ 120�
ffiffiffi

2
p

¼ 169:7 V, and R ¼ 10 W.

Note that unless specified, an AC voltage is generally quoted in rms values.

3.3.1 Output-side parameters

The average output voltage is

VoðavÞ ¼ Vdc ¼
1

2p

ðp

0

Vm sin qdq ¼ Vm

p

¼ 169:7

p
¼ 54:02 V

(3.5)

(a) (b)

Figure 3.2 Half-wave diode rectifier: (a) circuit and (b) input and output

voltages
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The average output current is

IoðavÞ ¼ Idc ¼
VoðavÞ
R

¼ 54:02

10
¼ 5:402 A

The DC output power is

Pdc ¼ VdcIdc

¼ 54:02� 5:402 ¼ 291:81W

The rms output voltage is

VoðrmsÞ ¼ Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2p

ðp

0

V 2
msin

2qdq ¼
s

Vm

2

¼ 169:7

2
¼ 84:853 V

(3.6)

The rms output current is

IoðrmsÞ ¼ Irms ¼
Vm

2R

¼ IoðrmsÞ
R

¼ 84:853

10
¼ 8:4853 A

The AC output power is

Pac ¼ VrmsIrms

¼ 84:853� 8:4853 ¼ 720 W

The output AC power

Pout ¼ I2rmsR

¼ 8:48532 � 10 ¼ 720 W

Note: For a resistive load, Pout ¼ Pac and I2rmsR is the average or the

real power.

The rms ripple content of the output voltage

Vac ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
rms � V 2

dc

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

84:8532 � 54:022
p

¼ 65:437 V

(3.7)

Note: We can add or subtract mean-square values, V 2
rms ¼ V 2

ac þ V 2
dc, but not

the rms values.
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The rectification efficiency or ratio

h ¼ Pdc

Pac

¼ 291:81

720
¼ 40:53%

Note: It is a figure of merit and measures the quality of the conversion

from AC to DC.

The ripple form factor of the output voltage

RFov ¼
Vac

Vdc

¼ 84:853

54:02
¼ 121:136%

The form factor of the output voltage

FFov ¼
Vrms

Vdc

¼ 84:853

54:02
¼ 157:08%

3.3.2 Rectifier parameters

The peak diode current

IpðdiodeÞ ¼
Vm

R

¼ 169:7

10
¼ 16:97 A

The average diode current is the same as the average value of the load current

IDðavÞ ¼ IoðavÞ

¼ 5:402 A

The rms diode current is the same as the rms value of the load current

IDðrmsÞ ¼ Irms

¼ 8:4853 A
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3.3.3 Input-side parameters

The rms input current is

Is ¼ Irms

¼ 8:4853 A

The input power

Pin ¼ Pout

¼ 720 W

Input power factor

PFi ¼
Pin

VsIs

¼ 720

120� 8:4853
¼ 0:707 ðlaggingÞ

The transformer utilization factor

TUF ¼ Pdc

VsIs

¼ 291:81

120� 8:4853
¼ 0:287

Note: The inverse of TUF is a measure of the transformer volt-amp rating to

deliver the desired DC output power.

3.3.4 Output LC-filter

An LC-filter as shown in Figure 3.3 is often connected to the output side to limit the

ripple contents of the load resistor, R. The capacitor C provides a low impedance

path for the ripple currents to flow through it and the inductor L provides a high

impedance for the ripple currents. The fundamental frequency fo of output voltage

ripples is the same as the supply frequency f = 1/T, where T = 1/f is the period of

the input supply voltage. We should note that although the inductor L offers a high

impedance to the ripple currents, and the capacitor C offers a low impedance path

Figure 3.3 LC-filter
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for the ripple currents, the average voltage at the output of the rectifier and the

voltage across the load resistance R remains the same.

For a desired value of the ripple factor (RF) of the output voltage

RFv ¼ 5% ¼ 0:05, we can find the ripple voltage as

DV ¼ RFv Vdc

¼ 0:05� 54:02 ¼ 3:241 V

Similarly, for a desired value of the RF of the output current RFi ¼ 6% ¼ 0:06,
we can find the ripple current as

DI ¼ RFi Idc

¼ 0:06� 5:402 ¼ 0:27A

We can find the inductor L from the ripple voltage DV and the ripple current

DI as

L
DI

DT
¼ DV

which gives the inductor value L as

L ¼ DV � DT

DI
¼ DV

DI
� T

2

¼ 3:241

0:27
� 16:67� 10�3

2
¼ 100 mH

(3.8)

Note: The ripple content varies from a minimum value to a maximum value

around the average value over a period of T. Thus, DT ¼ T=2 for a half-wave rectifier.
We can find the capacitor C from the ripple voltage DV and the ripple current

DI as

C
DV

DT
¼ DI

which gives the capacitor value C as

C ¼ DI � DT

DV
¼ DI

DV
� T

2

¼ 0:27

3:241
� 16:67� 10�3

2
¼ 694:4 mF

(3.9)

Figure 3.4(a) shows the LTspice schematic of the single-phase half-wave

rectifier with an LC-filter of C = 694 mF and L = 100 mH. The LTspice plots of the

inductor current and the current through the load resistor R are shown in Figure 3.4(b).

We can notice that the inductor current is discontinuous, but the load current is con-

tinuous with a ripple. Increasing the filter inductor value should make the inductor

current continuous. The values of L and C can be adjusted to get the desired ripple

content of the load current.
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Fourier analysis: The LTspice command (.four 60 Hz 29 2 I(R)) for Fourier

Analysis gives

Total harmonic distortion (THD): 43.782373% (43.783700%) for C = 694 pF

and L = 100 nH

THD: 10.528147% (11.433739%) for C = 694 mF and L = 100 mH

which indicates a significant reduction of the THD with an output filter. LTspice

gives the Fourier components as follows:

Fourier components of I(r)

DC component: 2.99417

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 6.000e+01 1.323e+00 1.000e+00 �140.40 0.00
2 1.200e+02 1.325e�01 1.002e�01 23.48 163.88
3 1.800e+02 3.955e�02 2.990e�02 65.07 205.47
4 2.400e+02 7.063e�03 5.340e�03 105.30 245.69
5 3.000e+02 5.249e�03 3.969e�03 �43.98 96.42
6 3.600e+02 7.906e�03 5.978e�03 �9.49 130.90
7 4.200e+02 6.086e�03 4.601e�03 17.73 158.12
8 4.800e+02 3.505e�03 2.651e�03 22.47 162.87
9 5.400e+02 2.537e�03 1.918e�03 �10.48 129.92
10 6.000e+02 3.225e�03 2.439e�03 �4.01 136.39
11 6.600e+02 3.561e�03 2.693e�03 1.77 142.16
12 7.200e+02 2.270e�03 1.717e�03 9.18 149.57
13 7.800e+02 2.080e�03 1.573e�03 8.07 148.47
14 8.400e+02 2.337e�03 1.767e�03 �8.84 131.55
15 9.000e+02 2.047e�03 1.548e�03 0.92 141.32
16 9.600e+02 2.028e�03 1.533e�03 4.98 145.37

(Continues)

(a) (b)

Figure 3.4 Inductor and load currents: (a) schematic with LC-filter and

(b) currents for C ¼ 694 mF; L ¼ 100 mH [4,5]
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(Continued)

Fourier components of I(r)

DC component: 2.99417

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

17 1.020e+03 1.591e�03 1.203e�03 4.66 145.05
18 1.080e+03 1.677e�03 1.268e�03 �2.42 137.97
19 1.140e+03 1.632e�03 1.234e�03 �0.94 139.46
20 1.200e+03 1.560e�03 1.179e�03 3.07 143.46
21 1.260e+03 1.430e�03 1.081e�03 3.67 144.06
22 1.320e+03 1.331e�03 1.006e�03 �0.85 139.55
23 1.380e+03 1.308e�03 9.894e�04 �2.15 138.25
24 1.440e+03 1.290e�03 9.752e�04 2.71 143.10
25 1.500e+03 1.226e�03 9.273e�04 0.57 140.96
26 1.560e+03 1.092e�03 8.258e�04 3.10 143.50
27 1.620e+03 1.132e�03 8.559e�04 �1.19 139.20
28 1.680e+03 1.092e�03 8.259e�04 0.40 140.80
29 1.740e+03 1.073e�03 8.114e�04 2.01 142.41

THD: 10.528147% (11.433739%)

L-Filter: Only the inductor L is connected in series with the load resistance R,

and it limits the amount of ripple current DI of the inductor around the average

inductor current. This inductor ripple current also reduces the ripple voltage of the

load resistance R. We can apply (3.8) to determine the inductor value to limit the

amount of ripple contents.

C-Filter: Only the capacitor C is connected across the load resistance, and it

offers a low impedance to the ripple contents. Most of the ripple currents flow

through the capacitor C, rather than the load resistance R. The capacitor C acts as a

bypass circuit for the ripple contents. As a result, the current through the load

resistance R should contain less ripple currents. We can apply (3.9) to determine the

capacitor value to limit the amount of ripple contents through the load resistance.

The impedance of the capacitor forms a parallel circuit with the load resistance

R. Thus, selecting the capacitance impedance much smaller than R should make the

result parallel impedance tending to R. That is,

R � 1

2pfC
(3.10)

where f is the frequency of the lowest order harmonic, supply frequency for a

single-phase half-wave rectifier.
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A ratio of 10:1 generally satisfies the condition of (3.10) and gives the relation

as given by

R ¼ 10

2pfC
(3.11)

which gives the value of capacitance C as

C ¼ 10

2pfR
(3.12)

The designer needs to consider the cost–benefit in selecting the value of C. For

example, a higher value of capacitance C would increase the cost versus the

reduction in the ripple content. A ratio of 5:1 rather than 10:1 may be a compromise

in many applications.

3.3.5 THD versus RF

The THD, which is a measure of closeness in shape between a waveform and its

average (DC) component, is defined as

THD ¼ Vac

Vdc

¼ 1

Vdc

X

1

n¼1

V 2
on (3.13)

where Von is the rms value of the nth harmonic component of the output voltage.

Ripple factor: The ripple factor of a rectifier is a measure of the ripple content

in a waveform as defined by

RF ¼ Vac

Vdc

(3.14)

where Vac is the rms value of the ripple content and Vdc is the average value of the

output waveform.

Harmonic factor (HF) is a measure of the distortion of a waveform and is also

known as total harmonic distortion (THD). Ripple Factor (RF) is also called the

harmonic factor (HF), which is a measure of the rms value of the harmonic content

in a waveform.

3.3.6 Circuit model

R = 10 W, C = 694 mF and L = 100 mH, f = 60 Hz

wo ¼ 2pfo ¼ 2p� 60 ¼ 377 rad=s
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The Fourier components of the output voltage are given by [1]

Vdc ¼ ao ¼
1

2p

ðp

o

Vm sin ðwtÞdðwtÞ ¼ Vm

p
(3.15)

aðnÞ ¼ 1

2p

ðp

o

Vm sin ðwtÞsin ðnwtÞdðwtÞ ¼ �2Vm

ðn� 1Þðnþ 1Þ for n ¼ 2; 4; . . .

¼ 0 for n ¼ 3; 5; . . .

(3.16)

bðnÞ ¼ 1

2p

ðp

o

Vm sin ðwtÞcos ðnwtÞdðwtÞ ¼ 0 for n ¼ 2; 3; 4; . . . (3.17)

bð1Þ ¼ 1

2p

ðp

o

Vm sin ðwtÞcos ðwtÞdðwtÞ ¼ Vm

2
for n ¼ 1 (3.18)

Therefore, the Fourier series of the output voltage is given by

voðtÞ ¼ Vdc þ bð1Þsin ðwtÞ þ
X

1

n¼2;4...

bðnÞsin ðnwtÞ

¼ Vm

p
þ Vm

2
sin ðwtÞ þ

X

1

n¼2;4...

2Vm

npðn� 1Þðnþ 1Þ sin ðnwtÞ
(3.19)

The nth harmonic impedance of the load with the LC-filter as shown in

Figure 3.3 is given by

ZðnÞ ¼ jnwoLþ
Rk 1

jnwoC

1þ jnwoRC
¼ Rþ jnwoL� ðnwoÞRLC

1þ jnwoRC
(3.20)

Dividing the voltage expression in (3.19) by Z(n) in (3.20) gives the Fourier

components of the load currents as [1]

ioðtÞ ¼
Vm

pR
þ Vm

2� Zð1Þ sin ðwtÞ þ
X

1

n¼2;4...

2Vm

npðn� 1Þðnþ 1ÞZðnÞ sin ðnwtÞ

(3.21)

which gives the peak magnitude of the fundamental harmonic current for n = 1 as

Imð1Þ ¼
Vm

2� Zð1Þ for n ¼ 1 (3.22)

which gives the peak magnitude of the nth harmonic currents

ImðnÞ ¼
2Vm

npðn� 1Þðnþ 1ÞZðnÞ for n ¼ 2; 4; . . . (3.23)
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which for n = 1, n = 2, n = 4, and n = 6 gives the peak values of the harmonic

currents as

Imð1Þ ¼
169:7

2� Zð1Þ ¼ 2:467ff � 87:878�

Imð2Þ ¼
2� 169:7

3� p� Zð2Þ ¼ 0:49ff � 89:726�

Imð4Þ ¼
2� 169:7

15� p� Zð4Þ ¼ 0:048ff � 89:965�

Imð6Þ ¼
2� 169:7

35� p� Zð4Þ ¼ 0:015ff � 89:965�

Dividing the peak values by
ffiffiffi

2
p

gives the rms values for n = 1, n = 2, n = 4, and

n = 6 as

I1 ¼
Imð1Þ
ffiffiffi

2
p ¼ 169:7

ffiffiffi

2
p

� 2� Zð1Þ
¼ 1:745ff � 87:878�

I2 ¼
Imð2Þ
ffiffiffi

2
p ¼ 2� 169:7

ffiffiffi

2
p

� 3� p� Zð2Þ
¼ 0:346ff � 9:726�

I4 ¼
Imð4Þ
ffiffiffi

2
p ¼ 2� 169:7

ffiffiffi

2
p

� 15� p� Zð4Þ
¼ 0:034ff � 89:965�

I6 ¼
Imð6Þ
ffiffiffi

2
p ¼ 2� 169:7

ffiffiffi

2
p

� 35� p� Zð4Þ
¼ 0:015ff � 89:965�

The total rms value of the load ripple current can be determined by adding the

square of the individual rms values and then taking the square root. That is,

Iripple ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

6

n¼1;2;4;6

ð I1j j2 þ I2j j2 þ I4j j2 þ I6j j2Þ

v

u

u

t

¼ 1:779 A

(3.24)

The average output current IoðavÞ of a half-wave rectifier is

IoðavÞ ¼ Idc ¼
ao

R
¼ Vm

pR

¼ 169:7

p� 10
¼ 5:402 A

The rms load current can be found from

Irms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I2dc þ I2ripple

q

¼ 5:687 A
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Thus, the ripple factor of the load current can be found from

RFi ¼
Iripple

Idc

¼ 1:779

5:402
¼ 32:935%

3.4 Single-phase full-wave rectifiers

We can connect two single-phase half-wave rectifiers to make a single-phase full-

wave rectifier as shown.

In the LTspice schematic, Figure 3.5(a) for a resistive load and an AC input

voltage as given by

vsðtÞ ¼ Vm sin ðwtÞ ¼ Vm sin ð2pftÞ (3.25)

where Vm is the peak value of the AC input voltage, V; f is the supply frequency,

Hz; and w ¼ 2pf is the supply frequency, rad/s.

During the positive half-cycle in the input voltage, diode D1 conducts, and the

positive half-cycle of the input voltage appears across the load. During the negative

half-cycle in the input voltage, diode D2 conducts, and the negative half-cycle of

the input voltage appears across the load. The output voltage can be described as

voðtÞ ¼ Vm sin ðwtÞ for 0 < wt � p

¼ Vm sin ðwtÞ for p < wt � 2p

¼ Vm sin ðwtÞj j
(3.26)

The turn ratio of the primary voltage to the secondary voltage of the input

transformer can be found the primary and secondary inductances as given by

(a) (b)

Figure 3.5 Single-phase full-wave diode rectifier: (a) circuit and (b) input and

output voltages
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TR ¼ Nprimary

Nsecondary

¼
ffiffiffiffiffi

L1

L2

r

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4� 10�3

1� 10�3

s

¼ 2

(3.27)

The plots of the secondary input voltage and the output voltage are shown in

Figure 3.4(b) for a transformer of turn ratio of 2:1. There are two pulses on the

output voltage. That is, the frequency of the output pulses is twice the supply

frequency, fo ¼ 2f .

The single-phase full-wave rectifiers are normally used up to 1 kW power

level. The performance parameters of a full-wave rectifier are the same as those of

a full-wave bridge rectifier in Section 3.5.

3.5 Single-phase bridge rectifiers

A full-wave bridge rectifier uses four diodes as shown in the LTspice schematic,

Figure 3.6(a) with a resistive load for an AC input voltage as

vsðtÞ ¼ Vm sin ðwtÞ ¼ Vm sin ð2pftÞ (3.28)

where Vm is the peak value of the AC input voltage, V; f is the supply frequency,

Hz; and w ¼ 2pf is the supply frequency, rad/s.

During the positive half-cycle in the input voltage, diodes D1 and D2 conduct, and

the positive half-cycle of the input voltage appears across the load. During the negative

half-cycle in the input voltage, D3 and D4 conduct, and the negative half-cycle of the

input voltage appears across the load. The output voltage can be described as

voðtÞ ¼ Vm sin ðwtÞ for 0 < wt � p

¼ Vm sin ðwtÞ for p < wt � 2p

¼ Vm sin ðwtÞj j
(3.29)

(a) (b)

Figure 3.6 Single-phase bridge-diode rectifier: (a) circuit and (b) input and

output voltages
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The plots of the input and output voltages are shown in Figure 3.6(b). As

expected, there are two pulses per cycle of the input voltage. That is, fo ¼ 2f :
Note: The diodes are numbered in the order of conducting.

The performance parameters of diode rectifiers can be divided into three types:

l Output-side parameters,
l Rectifier parameters, and
l Input-side parameters.

Let us consider an input voltage of Vs ¼ 120 rms and Vm ¼ Vs ¼ 120 �
ffiffiffi

2
p

¼
169:7 V.

3.5.1 Output-side parameters

The average output voltage is

VoðavÞ ¼ Vdc ¼
1

2p

ðp

0

Vm sin qdq ¼ 2Vm

p

¼ 2� 169:7

p
¼ 108:038 V

(3.30)

Note: The rms value of the output voltage is the same as the rms value of the

input voltage. Because the rms value of the positive half-cycle is the rms of the

negative half-cycle.

The average output current is

IoðavÞ ¼ Idc ¼
VoðavÞ
R

¼ 108:038

10
¼ 10:804 A

The DC output power is

Pdc ¼ VdcIdc

¼ 108:038� 10:804 ¼ 1:167 kW

.

The rms output voltage is

VoðrmsÞ ¼ Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

2p

ðp

0

V 2
msin

2qdq ¼
s

Vm
ffiffiffi

2
p

¼ 169:7
ffiffiffi

2
p ¼ 120 V

(3.31)
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The rms output current is

IoðrmsÞ ¼ Irms ¼
Vm
ffiffiffi

2
p

R

¼ IoðrmsÞ
R

¼ 120

10
¼ 12:0 A

The AC output power is

Pac ¼ VrmsIrms

¼ 120� 12 ¼ 1:44 kW

The output AC power

Pout ¼ I2rmsR

¼ 122 � 10 ¼ 1:44 kW

The rms ripple content of the output voltage

Vac ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
rms � V 2

dc

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1202 � 108:0382
p

¼ 52:228 V

(3.32)

The rectification efficiency or ratio

h ¼ Pdc

Pac

¼ 1:167 k

1:44 k
¼ 81:057%

The ripple factor of the output voltage

RFov ¼
Vac

Vdc

¼ 52:228

108:038
¼ 48:343%

The form factor of the output voltage

FFov ¼
Vrms

Vdc

¼ 120

108:038
¼ 111:072%

3.5.2 Rectifier parameters

The peak diode current

IpðdiodeÞ ¼
2Vm

R

¼ 2� 169:7

10
¼ 33:941 A
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Since the average load current is shared by two diodes, the average diode

current is

IDðavÞ ¼
IoðavÞ
2

¼ 10:804

2
¼ 5:402 A

Since the rms load current is shared by two diodes, the rms diode current is

IDðrmsÞ ¼
Irms
ffiffiffi

2
p

¼ 12
ffiffiffi

2
p ¼ 8:4853 A

3.5.3 Input-side parameters

The rms input current drawn by two diodes is

Is ¼ Irms

¼
ffiffiffi

2
p

� 8:4853 ¼ 12 A

The input power

Pin ¼ Pout

¼ 1:44 kW

Input power factor

PFi ¼
Pin

VsIs

¼ 1440

120� 12
¼ 1:0 ðlaggingÞ

The transformer utilization factor

TUF ¼ Pdc

VsIs

¼ 1167

120� 120
¼ 0:811

3.5.4 Output LC-filter

An LC-filter as shown in Figure 3.3 is often connected to the output side to limit the

ripple contents of the load resistor, R. The capacitor C provides a low impedance

path for the ripple currents to flow through it, and the inductor L provides a high
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impedance for the ripple currents. The fundamental frequency fo of output voltage

ripples is twice the supply frequency f. That is, fo ¼ 2f .

For a desired value of the ripple factor of the output voltage RFv ¼ 6% ¼ 0:06,
we can find the ripple voltage as

DV ¼ RFv Vdc

¼ 0:06� 108:038 ¼ 6:482 V

Similarly, for a desired value of the ripple factor of the output current

RFi ¼ 6% ¼ 0:06, we can find the ripple current as

DI ¼ RFi Idc

¼ 0:06� 10:804 ¼ 0:648 A

We can find the inductor L from the ripple voltage DV and the ripple current DI as

L
DI

DT
¼ DV

which gives the inductor value L as

L ¼ DV � DT

DI
¼ DV

DI
� T

4

¼ 6:482

0:648
� 16:67� 10�3

4
¼ 41:667 mH

(3.33)

Note: The ripple content varies from a minimum value to a maximum value

around the average value over a period of T/2. Thus, DT ¼ T=4 for a full-wave

rectifier.

We can find the capacitorC from the ripple voltage DV and the ripple current DI as

C
DV

DT
¼ DI

which gives the capacitor value C as

L ¼ DI � DT

DV
¼ DI

DV
� T

4

¼ 0:648

6:482
� 16:67� 10�3

4
¼ 416:667 mF

(3.34)

Figure 3.7(a) shows the LTspice schematic for the single-phase bridge rectifier

with an LC-filter of C = 694 mF and L = 100 mH. The LTspice lots of the inductor

current and the current through the load resistor R are shown in Figure 3.7(b). We can

notice that both the inductor current and the load current are continuous with a ripple.

Increasing the filter inductor value should reduce the ripple contents. The values of L

and C can be adjusted to get the desired ripple content of the load current.

Fourier analysis: The LTspice command (.four 60 Hz 29 2 I(R)) for Fourier

Analysis gives
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THD: 22.650358% (22.651220%) for C = 417 pF and L = 42 nH

THD: 6.483097% (14.613308%) for C = 417 mF and L = 42 mH

which indicates a significant reduction of the THD with an output filter. LTspice

gives the Fourier components as follows:

Fourier components of I(r)

DC component: 10.5331

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 1.200e+02 7.640e�01 1.000e+00 112.73 0.00
2 2.400e+02 4.265e�02 5.583e�02 126.87 14.14
3 3.600e+02 1.545e�02 2.022e�02 156.77 44.04
4 4.800e+02 1.024e�02 1.341e�02 171.94 59.20
5 6.000e+02 7.714e�03 1.010e�02 175.86 63.12
6 7.200e+02 6.693e�03 8.760e�03 176.11 63.38
7 8.400e+02 5.783e�03 7.570e�03 �179.62 �292.36
8 9.600e+02 4.846e�03 6.343e�03 �178.20 �290.93
9 1.080e+03 4.308e�03 5.639e�03 179.48 66.74
10 1.200e+03 3.920e�03 5.130e�03 �179.69 �292.42
11 1.320e+03 3.654e�03 4.782e�03 179.82 67.09
12 1.440e+03 3.300e�03 4.319e�03 �178.61 �291.34
13 1.560e+03 2.997e�03 3.923e�03 �178.81 �291.54
14 1.680e+03 2.781e�03 3.640e�03 �179.71 �292.45
15 1.800e+03 2.686e�03 3.516e�03 178.31 65.57
16 1.920e+03 2.486e�03 3.253e�03 �177.67 �290.40
17 2.040e+03 2.248e�03 2.942e�03 �179.08 �291.82
18 2.160e+03 2.206e�03 2.888e�03 178.93 66.20
19 2.280e+03 2.052e�03 2.686e�03 �179.79 �292.52
20 2.400e+03 1.978e�03 2.588e�03 179.93 67.19
21 2.520e+03 1.893e�03 2.478e�03 �179.53 �292.27

(Continues)

(a) (b)

Figure 3.7 Inductor and load currents: (a) schematic with LC-filter and (b)

currents for C ¼ 417 mF L ¼ 42 mH [6].
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(Continued)

Fourier components of I(r)

DC component: 10.5331

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

22 2.640e+03 1.786e�03 2.337e�03 �179.33 �292.06
23 2.760e+03 1.718e�03 2.248e�03 179.67 66.94
24 2.880e+03 1.640e�03 2.147e�03 �179.58 �292.31
25 3.000e+03 1.586e�03 2.075e�03 �179.81 �292.54
26 3.120e+03 1.514e�03 1.982e�03 �178.96 �291.69
27 3.240e+03 1.437e�03 1.881e�03 �179.75 �292.48
28 3.360e+03 1.376e�03 1.801e�03 179.20 66.46
29 3.480e+03 1.370e�03 1.793e�03 179.90 67.17

THD: 6.483097% (14.613308%)

L-Filter: Only the inductor L is connected in series with the load resistance R,

and it limits the amount of ripple current DI of the inductor around the average

inductor current. This inductor ripple current also reduces the ripple voltage of the

load resistance R. We can apply (3.33) to determine the inductor value to limit the

amount of ripple contents.

C-Filter: Only the capacitor C is connected across the load resistance, and it

offers a low impedance to the ripple contents. Most of the ripple currents flow through

the capacitor C, rather than the load resistance R. The capacitor C acts as a bypass

circuit for the ripple contents. As a result, the current through the load resistance R

should contain less ripple currents. We can apply (3.34) to determine the capacitor

value to limit the amount of ripple contents through the load resistance.

The impedance of the capacitor forms a parallel circuit with the load resistance

R. Thus, selecting the capacitance impedance much smaller than R should make the

result parallel impedance tending to R. That is,

R � 1

2p� 2fC
(3.35)

where f is the frequency of the lowest order harmonic, supply frequency for a

single-phase half-wave rectifier. A ratio of 10:1 generally satisfies the condition of

(3.35) and gives the relation as given by

R ¼ 10

2p� 2� fC
(3.36)

which gives the value of capacitance C as

C ¼ 10

2p� 2fR
(3.37)
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The designer needs to consider the cost�benefit in selecting the value of C.

For example, a higher value of capacitance C would increase the cost versus the

reduction in the ripple content. A ratio of 5:1 rather than 10:1 may be a compromise

in many applications.

3.5.5 Circuit model

R = 10 W, C = 417 mF and L = 42 mH, f = 60 Hz

wo ¼ 2pfo ¼ 2p� 60 ¼ 377 rad=s

The Fourier components of the output voltage are given by [1]

Vdc ¼ ao ¼
2

2p

ðp

o

Vm sin ðwtÞdðwtÞ ¼ 2Vm

p
(3.38)

aðnÞ ¼ 2

2p

ðp

o

Vm sin ðwtÞsin ðnwtÞdðwtÞ ¼ �4Vm

ðn� 1Þðnþ 1Þ for n ¼ 2; 4; . . .

¼ 0 for n ¼ 3; 5; . . .

(3.39)

bðnÞ ¼ 2

2p

ðp

o

Vm sin ðwtÞcos ðnwtÞdðwtÞ ¼ 0 (3.40)

Therefore, the Fourier series of the output voltage is given by

voðtÞ ¼ Vdc þ
X

1

n¼2;4...

bðnÞsin ðnwtÞ

¼ 2Vm

p
þ
X

1

n¼2;4...

4Vm

npðn� 1Þðnþ 1Þ sin ðnwt � qnÞ
(3.41)

The nth harmonic impedance of the load with the LC-filter is given by

ZðnÞ ¼ jnwoLþ
Rk 1

jnwoC

1þ jnwoRC
¼ Rþ jnwoL� ðnwoÞRLC

1þ jnwoRC
(3.42)

Dividing the voltage expression in (3.41) by Z(n) in (3.42) gives the Fourier

components of the load currents as [1]

ioðtÞ ¼
2Vm

pR
þ sin ðwtÞ þ

X

1

n¼2;4...

4Vm

npðn� 1Þðnþ 1ÞZðnÞ sin ðnwt � qnÞ (3.43)

where qn is the impedance angle of the nth harmonic component, rad, which gives

the peak magnitude of the nth harmonic currents

ImðnÞ ¼
4Vm

npðn� 1Þðnþ 1ÞZðnÞ for n ¼ 2; 4; . . . (3.44)
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which for n = 2, n = 4, and n = 6 gives

Imð2Þ ¼
4� 169:7

3� p� Zð2Þ ¼ 2:524ff � 88:153�

Imð4Þ ¼
4� 169:7

15� p� Zð4Þ ¼ 0:235ff � 89:769�

Imð6Þ ¼
4� 169:7

35� p� Zð6Þ ¼ 0:066ff � 89:932�

Dividing the peak value by
ffiffiffi

2
p

gives the rms values for n = 2, n = 4, and n = 6

gives

I2 ¼
Imð2Þ
ffiffiffi

2
p ¼ 4� 169:7

ffiffiffi

2
p

� 3� p� Zð2Þ
¼ 1:784ff � 88:153�

I4 ¼
Imð4Þ
ffiffiffi

2
p ¼ 4� 169:7

ffiffiffi

2
p

� 15� p� Zð4Þ
¼ 0:166ff � 89:769�

I6 ¼
Imð6Þ
ffiffiffi

2
p ¼ 4� 169:7

ffiffiffi

2
p

� 35� p� Zð6Þ
¼ 0:047ff � 89:932�

The total rms value of the load ripple current can be determined by adding the

square of the individual rms values up to sixth harmonics and then taking the square root

Iripple ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

6

n¼1;2;4;6

ð I2j j2 þ I4j j2 þ I6j j2Þ

v

u

u

t

¼ 1:793 A

(3.45)

The average output current IoðavÞ of a full-wave rectifier is

Idc ¼ IoðavÞ ¼
ao

R
¼ 2Vm

pR

¼ 2� 169:7

p� 10
¼ 10:804 A

(3.46)

The rms load current can be found from

Irms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I2dc þ I2ripple

q

¼ 10:952 A

(3.47)

The ripple factor of the load current can be found from

RFi ¼
Iripple

Idc

¼ 1:793

10:804
¼ 16:594%

(3.48)
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3.6 Three-phase bridge rectifiers

A three-phase bridge rectifier is commonly used in high-power applications, and

it is shown in the LTspice schematic, Figure 3.8(a). An LC-filter with values of

C = 140 pF and L = 14 nH is connected to the load circuit to make the load gen-

eralized. Although the input supply voltages can be connected to either Wye or

Delta, the input voltages in Figure 3.8(a) are shown in Wye connected. The phase

voltages can be expressed as given by [1]

vanðtÞ ¼ Vm sin ðwtÞ ¼ Vm sin ð2pftÞ
vbnðtÞ ¼ Vm sin ðwt � 2p=3Þ ¼ Vm sin ð2pft � 2p=3Þ
vcnðtÞ ¼ Vm sin ðwt � 4p=3Þ ¼ Vm sin ð2pft � 4p=3Þ

(3.49)

where Vm = peak value of the AC input phase voltage, V; f = supply frequency,

Hz; and w ¼ 2pf = supply frequency, rad/s.

Since the line-to-line voltages is
ffiffiffi

3
p

times the phase voltage of a three-phase

Wye-connected source with a phase shift of +p=6, we can express the line-to-line

voltages as given by

vabðtÞ ¼
ffiffiffi

3
p

Vm sin ðwt þ p=6Þ ¼
ffiffiffi

3
p

Vm sin ð2pft þ p=6Þ
vbcðtÞ ¼

ffiffiffi

3
p

Vm sin ðwt � 2p=3þ p=6Þ ¼
ffiffiffi

3
p

Vm sin ð2pft � p=2Þ
vcaðtÞ ¼

ffiffiffi

3
p

Vm sin ðwt � 4p=3þ p=6Þ ¼
ffiffiffi

3
p

Vm sin ð2pft � 7p=6Þ
(3.50)

The rectifier can operate with or without a transformer. There are six-pulse

ripples on the output voltage. The diodes are numbered in order of conduction

sequences and each one conducts 120�. The conduction sequence for diodes is

D1–D2, D2–D3, D3–D4, D4–D5, D5–D6, D6–D1, and the sequence repeats. The pair

of diodes that are connected between that pair of supply lines having the highest

amount of instantaneous line-to-line voltage will conduct.

(a) (b)

Figure 3.8 Three-phase bridge-diode rectifier: (a) circuit and (b) input and

output voltages [2,7]
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The waveforms of the line-to-line voltages and the current through load

resistor R are shown in Figure 3.8(b). There are six ripple pulses on the output

voltage. The frequency of the out-ripple pulses is six times the supply frequency, f.

The waveform of the output voltage is identical to the ripple of the load current for

a resistive load.

The average output voltage contributed by one pair of diodes can be deter-

mined by integrating sine-function from p=6 to p=2 or integrating cosine-function

from � p=6 to þp=6. Using a cosine function gives the average output voltage as

given by

VoðavgÞ ¼ Vdc ¼
2

2p=6

ðp=6

0

ffiffiffi

3
p

Vm cos qdq ¼
ffiffiffi

3
p

Vm

6

p
sin

p

6
¼ 3

ffiffiffi

3
p

p
Vm

¼ 1:654Vm

(3.51)

Using a cosine function gives the rms output voltage as given by

VoðrmsÞ ¼ Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

2p=6

ðp=6

0

3V 2
mcos

2qdq

s

¼
ffiffiffi

3
p

Vm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6

2p

p

6
þ 1

2
sin

2p

6

� �

s

¼ Vm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

2
þ 9

ffiffiffi

3
p

4p

� �

s

¼ 1:6554Vm

(3.52)

where Vm is the peak phase voltage is, not the peak line-to-line voltage.

The performance parameters of diode rectifiers can be divided into three types:

l Output-side parameters,
l Rectifier parameters, and
l Input-side parameters.

Let us consider an input phase voltage of Vs ¼ 120 rms and

Vm ¼ Vs ¼ 120�
ffiffiffi

2
p

¼ 169:7 V.

3.6.1 Output-side parameters

From (3.51), the average output voltage is

VoðavÞ ¼ Vdc ¼
3

ffiffiffi

3
p

p
Vm

¼ 3
ffiffiffi

3
p

� 169:7

p
¼ 280:691 V
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The average output current is

IoðavÞ ¼ Idc ¼
VoðavÞ
R

¼ 280:691

10
¼ 28:069 A

The DC output power is

Pdc ¼ VdcIdc

¼ 280:691� 28:069 ¼ 7:879 kW

From (3.52), the rms output voltage is

VoðrmsÞ ¼ Vrms ¼¼ Vm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

2
þ 9

ffiffiffi

3
p

4p

� �

s

¼ 169:7�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

2
þ 9

ffiffiffi

3
p

4p

� �

s

¼ 280:938 V

The rms output current is

IoðrmsÞ ¼ Irms ¼
VoðrmsÞ
R

¼ 280:938

10
¼ 28:094 A

The AC output power is

Pac ¼ VrmsIrms

¼ 280:938� 28:094 ¼ 7:893 kW

The output power

Pout ¼ I2rmsR

¼ 28:0942 � 10 ¼ 7:893 kW

The rms ripple content of the output voltage

Vac ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
rms � V 2

dc

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

280:9382 � 280:6912
p

¼ 11:78 V

The rectification efficiency or ratio

h ¼ Pdc

Pac

¼ 7:879 k

7:893 k
¼ 99:824%
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The ripple factor of output voltage

RF ¼ Vac

Vdc

¼ 11:78

280:691
¼ 4:197%

The form factor of the output voltage

FFov ¼
Vrms

Vdc

¼ 280:938

280:691
¼ 100:1%

3.6.2 Rectifier parameters

The peak diode current due to the peak-line to line voltage

IpðdiodeÞ ¼
ffiffiffi

3
p

Vm

R

¼
ffiffiffi

3
p

� 169:7

10
¼ 29:394 A

The load current is shared by three diodes, the average diode current

IDðavÞ ¼
IoðavÞ
3

¼ 28:069

3
¼ 9:356 A

(3.53)

The rms load current is shared by three diodes, the rms diode current

IDðrmsÞ ¼
Irms
ffiffiffi

3
p

¼ 28:094
ffiffiffi

3
p ¼ 16:22 A

(3.54)

3.6.3 Input-side parameters

The rms input phase current is continued by two diodes

Is ¼ Irms ¼
ffiffiffi

2
p

IDðrmsÞ

¼
ffiffiffi

2

3

r

� 16:22 ¼ 22:938 A
(3.55)

The input power

Pin ¼ Pout

¼ 7:893 kW
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Input power factor for three phases,

PFi ¼
Pin

3VsIs

¼ 7:893 kW

3� 120� 22:938
¼ 0:956 ðlaggingÞ

(3.56)

The transformer utilization factor,

TUF ¼ Pdc

3VsIs

¼ 7:879 kW

3� 120� 22:938
¼ 0:954

(3.57)

Fourier analysis: The LTspice command (.four 360 Hz 29 2 I(R)) for Fourier

Analysis for C = 140 pF and L = 14 nH gives

Fourier components of I(r)

DC component: 27.7019

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

1 3.600e+02 1.592e+00 1.000e+00 89.91 0.00
2 7.200e+02 3.874e�01 2.432e�01 �89.87 �179.78
3 1.080e+03 1.726e�01 1.084e�01 89.95 0.04
4 1.440e+03 9.656e�02 6.064e�02 �90.59 �180.50
5 1.800e+03 6.060e�02 3.806e�02 90.40 0.49
6 2.160e+03 4.226e�02 2.654e�02 �89.86 �179.77
7 2.520e+03 3.070e�02 1.928e�02 88.52 �1.39
8 2.880e+03 2.331e�02 1.464e�02 �89.56 �179.47
9 3.240e+03 1.845e�02 1.159e�02 89.97 0.06
10 3.600e+03 1.461e�02 9.173e�03 �90.33 �180.24
11 3.960e+03 1.221e�02 7.667e�03 89.02 �0.89
12 4.320e+03 9.854e�03 6.188e�03 �91.91 �181.82
13 4.680e+03 8.217e�03 5.160e�03 89.80 �0.12
14 5.040e+03 7.496e�03 4.707e�03 �89.56 �179.47
15 5.400e+03 6.307e�03 3.960e�03 87.28 �2.64
16 5.760e+03 5.192e�03 3.260e�03 �91.81 �181.72
17 6.120e+03 4.725e�03 2.967e�03 86.67 �3.24
18 6.480e+03 4.161e�03 2.613e�03 �91.68 �181.59
19 6.840e+03 3.771e�03 2.368e�03 88.99 �0.92
20 7.200e+03 3.302e�03 2.073e�03 �93.43 �183.34
21 7.560e+03 2.897e�03 1.819e�03 84.79 �5.12
22 7.920e+03 2.642e�03 1.659e�03 �94.42 �184.33
23 8.280e+03 2.414e�03 1.516e�03 84.91 �5.00
24 8.640e+03 2.155e�03 1.354e�03 �91.22 �181.13
25 9.000e+03 1.986e�03 1.247e�03 85.55 �4.36

(Continues)
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(Continued)

Fourier components of I(r)

DC component: 27.7019

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

26 9.360e+03 1.792e�03 1.125e�03 �98.82 �188.73
27 9.720e+03 1.686e�03 1.059e�03 80.93 �8.98
28 1.008e+04 1.449e�03 9.100e�04 �92.32 �182.23
29 1.044e+04 1.344e�03 8.442e�04 86.79 �3.12

THD: 27.885835% (27.887313%)

Note: The output harmonic frequency is 6� 60 ¼ 360 Hz.

3.6.4 Output LC-filter

An LC-filter as shown in Figure 3.3 is often connected to the output side to limit the

ripple contents of the load resistor, R. The capacitor C provides a low impedance

path for the ripple currents to flow through it, and the inductor L provides a high

impedance for the ripple currents. The fundamental frequency fo of output voltage

ripples is six times the supply frequency f. That is, fo ¼ 6f

For a desired value of the ripple factor of the output voltage RFv ¼ 6% ¼ 0:06,
we can find the ripple voltage as

DV ¼ RFv Vdc

¼ 0:06� 280:691 ¼ 16:482 V

Similarly, for a desired value of the ripple factor of the output current

RFi ¼ 6% ¼ 0:06, we can find the ripple current as

DI ¼ RFi Idc

¼ 0:06� 28:069 ¼ 1:684 A

We can find the inductor L from the ripple voltage DV and the ripple current

DI as

L
DI

DT
¼ DV

which gives the inductor value L for six pulses as

L ¼ DV � DT

DI
¼ DV

DI
� T

2� 6

¼ 16:482

1:684
� 16:67� 10�3

2� 6
¼ 13:889 mH

(3.58)
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Note: The ripple content varies from a minimum value to a maximum

value around the average value over a period of T/6. Thus, DT ¼ T=12 for a

full-wave rectifier.

We can find the capacitor C from the ripple voltage DV and the ripple current

DI as

C
DV

DT
¼ DI

which gives the capacitor value C as

C ¼ DI � DT

DV
¼ DI

DV
� T

2� 6

¼ 1:684

16:482
� 16:67� 10�3

2� 6
¼ 138:889 mF

(3.59)

Let us choose L ¼ 14 mH and C ¼ 140 mF.

Fourier analysis: The LTspice command (.four 360 Hz 29 2 I(R)) for Fourier

Analysis gives

THD: 27.885835% (27.887313%) for C = 140 pF and L = 14 nH

THD: 5.971740% (6.008168%) for C = 140 mF and L = 14 mH

which indicates a significant reduction of the THD with an output filter. LTspice

gives the Fourier components as follows:

Fourier components of I(r)

DC component: 27.7054

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 3.600e+02 1.672e�01 1.000e+00 �70.63 0.00+
2 7.200e+02 9.763e�03 5.841e�02 99.74 170.37
3 1.080e+03 1.948e�03 1.165e�02 �86.54 �15.90
4 1.440e+03 5.946e�04 3.557e�03 98.14 168.77
5 1.800e+03 3.242e�04 1.939e�03 �92.40 �21.76
6 2.160e+03 1.388e�04 8.301e�04 87.78 158.41
7 2.520e+03 1.166e�04 6.972e�04 �89.14 �18.50
8 2.880e+03 9.891e�05 5.917e�04 81.18 151.81
9 3.240e+03 5.161e�05 3.088e�04 �114.14 �43.50
10 3.600e+03 7.892e�05 4.721e�04 100.26 170.89
11 3.960e+03 6.660e�05 3.984e�04 �136.09 �65.46
12 4.320e+03 4.015e�05 2.402e�04 124.33 194.96
13 4.680e+03 7.329e�05 4.384e�04 �117.94 �47.31
14 5.040e+03 8.936e�06 5.346e�05 54.31 124.95
15 5.400e+03 5.101e�05 3.051e�04 �90.79 �20.15
16 5.760e+03 3.288e�05 1.967e�04 40.12 110.75
17 6.120e+03 1.525e�05 9.121e�05 �74.19 �3.56

(Continues)
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(Continued)

Fourier components of I(r)

DC component: 27.7054

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

18 6.480e+03 3.793e�05 2.269e�04 77.93 148.57
19 6.840e+03 1.816e�05 1.086e�04 �176.58 �105.94
20 7.200e+03 2.715e�05 1.624e�04 127.60 198.23
21 7.560e+03 3.132e�05 1.874e�04 �146.85 �76.21
22 7.920e+03 1.398e�05 8.363e�05 �158.93 �88.30
23 8.280e+03 2.760e�05 1.651e�04 �103.76 �33.13
24 8.640e+03 1.037e�05 6.201e�05 �50.50 20.14
25 9.000e+03 1.519e�05 9.086e�05 �46.82 23.81
26 9.360e+03 1.214e�05 7.262e�05 40.08 110.71
27 9.720e+03 7.588e�06 4.539e�05 59.18 129.81
28 1.008e+04 1.399e�05 8.368e�05 115.81 186.45
29 1.044e+04 1.025e�05 6.129e�05 157.96 228.59

THD: 5.971740% (6.008168%)

Note: The output harmonic frequency is 6� 60 ¼ 360 Hz.

L-Filter: Only the inductor L is connected in series with the load resistance R,

and it limits the amount of ripple current DI of the inductor around the average

inductor current. This inductor ripple current also reduces the ripple voltage of the

load resistance R. We can apply (3.58) to determine the inductor value to limit the

amount of ripple contents.

C-Filter: Only the capacitor C is connected across the load resistance, and it

offers a low impedance to the ripple contents. Most of the ripple currents flow

through the capacitor C, rather than the load resistance R. The capacitor C acts as a

bypass circuit for the ripple contents. As a result, the current through the load

resistance R should contain less ripple currents. We can apply (3.59) to determine the

capacitor value to limit the amount of ripple contents through the load resistance.

The impedance of the capacitor forms a parallel circuit with the load resistance

R. Thus, selecting the capacitance impedance much smaller than R should make the

result parallel impedance tending to R. That is,

R � 1

2p� 6fC
(3.60)

where f is the frequency of the lowest order harmonic, supply frequency for a

single-phase half-wave rectifier. A ratio of 10:1 generally satisfies the condition of

(3.35) and gives the relation as given by

R ¼ 10

2p� 6� fC
(3.61)
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which gives the value of capacitance C as

C ¼ 10

2p� 6fR
(3.62)

The designer needs to consider the cost-benefit in selecting the value of C. For

example, a higher value of capacitance C would increase the cost versus the

reduction in the ripple content. A ratio of 5:1 rather than 10:1 may be a compromise

in many applications.

3.6.5 Circuit model

R = 10 W, C = 140 mF and L = 14 mH, f = 60 Hz

wo ¼ 2pfo ¼ 2p� 6� 60 ¼ 2262 rad=s

As shown in Figure 3.8(b), the output waveforms have six pulses per cycle of

the input supply frequency. The frequency of the output is six times the funda-

mental component (6f). To find the constants of the Fourier series of the output

voltage, we integrate a cosine function of the line-line voltage from �p/6 to p/6,

and the constants are given by [1]

bðnÞ ¼ 1

p=6

ðp=6

�p=6

ffiffiffi

3
p

Vm cos ðwtÞsin ðnwtÞdðwtÞ ¼ 0 (3.63)

aðnÞ ¼ 1

p=6

ðp=6

�p=6

ffiffiffi

3
p

Vm cos ðwtÞcos ðnwtÞdðwtÞ

¼ 6�
ffiffiffi

3
p

Vm

p

sin ðn� 1Þp=6
n� 1

þ sin ðnþ 1Þp=6
nþ 1

� �

for n ¼ 0; 2; 4; . . .

¼ 6�
ffiffiffi

3
p

Vm

p

ðnþ 1Þsin ðn� 1Þp=6þ ðn� 1Þsin ðnþ 1Þp=6
n2 � 1

� �

¼ 0 for n ¼ 3; 5; . . .

(3.64)

Using the following trigonometrical relations:

sin ðAþ BÞ ¼ sin A cos Bþ cos A sin B

and

sin ðA� BÞ ¼ sin A cos B� cos A sin B

Equation (3.46) can be simplified to

aðnÞ ¼ 2� 6�
ffiffiffi

3
p

Vm

pðn2 � 1Þ n sin
np

6

� �

cos
p

6

� �

� cos
np

6

� �

sin
p

6

� �h i

(3.64)
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Since the term sin ðnp=6Þ ¼ 0, (3.64) can be simplified to

aðnÞ ¼ � 2� 6�
ffiffiffi

3
p

Vm

pðn2 � 1Þ cos
np

6

� �

sin
p

6

� �

(3.66)

The DC component is found by letting n = 0 and is given by

Vdc ¼
að0Þ
2

¼ 6�
ffiffiffi

3
p

Vm

p
sin

p

6

� �

(3.67)

Therefore, the Fourier series of the output voltage is given by

voðtÞ¼
6�

ffiffiffi

3
p

Vm

p
sin

p

6

� �

þ
X

1

n¼6;12...

�2�6�
ffiffiffi

3
p

Vm

pðn2�1Þ cos
np

6

� �

sin
p

6

� �

cosðnwtÞ

¼6�
ffiffiffi

3
p

Vm

p
sin

p

6

� �

1�
X

1

n¼6;12...

� 2

ðn2�1Þcos
np

6

� �

cosðnwtÞ
" #

(3.68)

which can be expressed as given by

voðtÞ¼
6�

ffiffiffi

3
p

Vm

p
sin

p

6

� �

þ
X

1

n¼6;12...

�2�6�
ffiffiffi

3
p

Vm

pðn2�1Þ cos
np

6

� �

sin
p

6

� �

cosðnwtÞ

¼6�
ffiffiffi

3
p

Vm

p
sin

p

6

� �

1�
X

1

n¼6;12...

� 2

ðn2�1Þcos
np

6

� �

cosðnwtÞ
" #

¼0:9549�
ffiffiffi

3
p

Vmð1þ
2

35
cosð6wtÞ� 2

143
cosð12wtÞþ 2

323
cosð18wtÞ� ::::

(3.69)

The nth harmonic impedance of the load with the LC-filter is given by

ZðnÞ ¼ jnwoLþ
Rk 1

jnwoC

1þ jnwoRC
¼ Rþ jnwoL� ðnwoÞRLC

1þ jnwoRC
(3.70)

Dividing the voltage expression in (3.69) by Z(n) in (3.70) gives the Fourier

components of the load currents as [1]

ioðtÞ ¼
6�

ffiffiffi

3
p

Vm

p
sin

p

6

� � 1

R
�

X

1

n¼6;12...

� 2

ðn2 � 1ÞZðnÞ cos
np

6

� �

cos ðnwtÞ
" #

(3.71)

which gives the peak magnitude of the nth harmonic currents

ImðnÞ ¼
6�

ffiffiffi

3
p

Vm

p
sin

p

6

� �

� 2

ðn2 � 1ÞZðnÞ cos
np

6

� �

for n ¼ 6; 12; 18; . . .

(3.72)
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which for n = 6, n = 12, and n = 8 gives

Imð6Þ ¼
6�

ffiffiffi

3
p

Vm

p
sin

p

6

� �

� 2

ðn2 � 1ÞZð6Þ cos
6p

6

� �

¼ 0:562ff � 88:153�

Imð12Þ ¼
6�

ffiffiffi

3
p

Vm

p
sin

p

6

� �

� 2

ðn2 � 1ÞZð12Þ cos
12p

6

� �

¼ 0:064ff90:231�

Imð18Þ ¼
6�

ffiffiffi

3
p

Vm

p
sin

p

6

� �

� 2

ðn2 � 1ÞZð18Þ cos
18p

6

� �

¼ 0:019ff � 89:932�

Dividing the peak value by
ffiffiffi

2
p

gives the rms values for n = 6, n = 12, and n = 18

gives

I6 ¼
Imð6Þ

ffiffiffi

2
p ¼ 0:562ff � 88:153�

ffiffiffi

2
p ¼ 0:397ff � 88:153�

I12 ¼
Imð12Þ

ffiffiffi

2
p ¼ 0:064ff90:231�

ffiffiffi

2
p ¼ 0:045ff90:231�

I18 ¼
Imð18Þ

ffiffiffi

2
p ¼ 0:019ff � 89:932�

ffiffiffi

2
p ¼ 0:013ff � 89:932�

The total rms value of the load ripple current can be determined by adding the

square of the individual rms values and then taking the square root

Iripple ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

6

n¼6;12;...

ð I6j j2 þ I12j j2 þ I18j j2Þ

v

u

u

t

¼ 0:4 A

(3.73)

The average output current IoðavÞ of a three-phase rectifier is

Idc ¼ IoðavÞ ¼
Vdc

R
¼ 6�

ffiffiffi

3
p

Vm

pR
sin

p

6

� �

¼ 6�
ffiffiffi

3
p

� 169:7

p� 10
sin

p

6

� �

¼ 28:069 A

(3.74)

The rms load current can be found from

Irms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I2dc þ I2ripple

q

¼ 28:072 A

(3.75)
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The ripple factor of the load current can be found from

RFi ¼
Iripple

Idc

¼ 0:4

28:072
¼ 1:426%

(3.76)

3.7 Summary

A diode rectifier converts a fixed AC voltage to a variable DC voltage and uses

diodes as switching devices. It uses one or more diodes to make a unidirectional

current flow during the positive half-cycle of the AC input voltage and a uni-

directional current flow during the negative half-cycle of the AC input voltage.

Thus, the voltage and the current on the input side are of AC types and the voltage

and current on the output side are of DC types. Ideally, one or more diodes conduct

during the positive half-cycle of the input voltage, and one or more diodes conduct

during the negative half-cycle of the input voltage. The average output voltage

depends on the peak value of the input AC voltage and thus gives a fixed output

voltage. Since the peak voltages of a three-phase supply are higher than a single-

phase AC source, a three-phase rectifier gives a higher average output voltage than

that of a single-phase rectifier. L, C, and LC filters are often connected to a resistive

load to limit the ripple contents of the output voltage and current. For a resistive

load, the load current can be discontinuous and falls to zero. For an inductive load,

the load current becomes continuous, and the conducting pair of diodes continues

to conduct until the next pair of diodes is turned on.

Problems

1. The single-phase half-wave rectifier as shown in Figure 3.2(a) has a purely

resistive load of R = 5 W, a supply frequency of f = 60 Hz, and the peak

voltage input voltage of Vm = 170 V. Determine (a) the average value of the

output voltage, VoðavÞ, (b) the rms value of the output voltage, Vo(rms), (c) the

DC output power is Pdc, (d) the output AC power, Pout, and (e) input power

factor PFi. Assume ideal diode switch.

2. The single-phase half-wave rectifier as shown in Figure 3.2(a) has a purely

resistive load of R = 5 W, a supply frequency of f = 60 Hz, and the peak

voltage input voltage Vm = 170 V. Calculate the performance parameters – (a)

Output-side parameters, (b) controller parameters, and (c) input-side para-

meters. Assume ideal thyristor switches. Assume ideal diode switch.

3. The single-phase half-wave rectifier as shown in Figure 3.4(a) has a purely

resistive load of R = 5 W, a supply frequency of f = 60 Hz, and the peak

voltage input voltage Vm = 170 V. Determine the values of the filter inductor

L and capacitor C to limit the ripple factor of the output voltage
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RFv ¼ 6% ¼ 0:06 and the ripple factor of the output current

RFi ¼ 5% ¼ 0:05. Assume ideal diode switch.

4. The single-phase half-wave rectifier as shown in Figure P3.4 is connected to

the input supply through a transformer of turn ratio n = 10:1. The load resis-

tive is R = 5 W, a supply frequency of f = 60 Hz, and the peak voltage input

voltage Vm = 170 V at the primary side of the transformer. Determine (a) the

average value of the output voltage, VoðavÞ, (b) the rms value of the output

voltage, Vo(rms), (c) the DC output power is Pdc, (d) the output AC power, Pout,

and (e) input power factor PFi Assume ideal diode switch.

5. The single-phase half-wave rectifier as shown in Figure P3.4 is connected to

the input supply through a transformer of turn ratio n= 10:1. The load resis-

tive is R= 5 W, a supply frequency of f = 60 Hz, and the peak voltage input

voltage Vm= 170 V at the primary side of the transformer. Calculate the

performance parameters – (a) Output-side parameters, (b) controller para-

meters, and (c) input-side parameters. Assume ideal thyristor switches.

Assume ideal diode switch,

6. The single-phase half-wave rectifier as shown in Figure P3.4 is connected to

the input supply through a transformer of turn ratio n= 10:1. The load resis-

tive is R = 5 W, a supply frequency of f = 60 Hz, and the peak voltage input

voltage Vm = 170 at the primary side of the transformer. Determine the values

of the filter inductor L and capacitor C to limit the ripple factor of the output

voltage RFv ¼ 6% ¼ 0:06 and the ripple factor of the output current

RFi ¼ 5% ¼ 0:05. Assume ideal diode switch.

7. The single-phase full-wave rectifier as shown in Figure 3.4(a) is connected to

the input supply through a transformer of turn ratio n = 10:1. The load resistive

is R = 5 W, a supply frequency of f = 60 Hz, and the peak voltage input voltage

Vm = 170 V. Determine (a) the average value of the output voltage, VoðavÞ,
(b) the rms value of the output voltage, Vo(rms), (c) the DC output power is Pdc,

(d) he output AC power, Pout, and (e) input power factor PFi

8. The single-phase full-wave rectifier as shown in Figure 3.4(a) is connected

to the input supply through a transformer of turn ratio n = 10:1. The load

+

+

–

–

υp

+

–

υoR

υD

is D1

υs = Vm sin ωt

+

–

Figure P3.4 Single-phase half-wave rectifier
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resistive is R = 5 W, a supply frequency of f = 60 Hz, and the peak voltage

input voltage Vm = 170 V. Calculate the performance parameters – (a) Output-

side parameters, (b) controller parameters, and (c) input-side parameters.

Assume ideal thyristor switches. Assume ideal diode switch,

9. The single-phase full-wave rectifier as shown in Figure 3.4(a) is connected to

the input supply through a transformer of turn ratio n = 10:1. The load resis-

tive is R = 5 W, a supply frequency of f = 60 Hz, and the peak voltage input

voltage Vm = 170 V. Determine the values of the filter inductor L and capa-

citor C to limit the ripple factor of the output voltage RFv ¼ 6% ¼ 0:06 and

the ripple factor of the output current RFi ¼ 5% ¼ 0:05.
10. The single-phase bridge rectifier as shown in Figure 3.5(a) has a purely

resistive load of R = 5 W, a supply frequency of f = 60 Hz, and the peak

voltage input voltage Vm = 170 V. Determine (a) the average value of the

output voltage, VoðavÞ, (b) the rms value of the output voltage, Vo(rms), (c) the

DC output power is Pdc, (d) he output AC power, Pout, and (e) input power

factor PFi

11. The single-phase bridge rectifier as shown in Figure 3.5(a) has a purely

resistive load of R = 5 W, a supply frequency of f = 60 Hz, and the peak

voltage input voltage Vm = 170 V. Calculate the performance parameters: (a)

output-side parameters, (b) controller parameters, and (c) input-side para-

meters. Assume ideal thyristor switches. Assume ideal diode switch.

12. The single-phase bridge rectifier as shown in Figure 3.5(a) has a purely

resistive load of R = 5 W, a supply frequency of f = 60 Hz, and the peak

voltage input voltage Vm = 170 V. Determine the values of the filter inductor

L and capacitor C to limit the ripple factor of the output voltage

RFv ¼ 6% ¼ 0:06 and the ripple factor of the output current RFi ¼
5% ¼ 0:05.

13. The three-phase bridge rectifier as shown in Figure 3.8(a) is connected to a

three-phase Wye-connected input voltage source. The load resistive is R = 5

W, a supply frequency of f = 60 Hz, and the peak voltage input phase voltage

Vm = 170 V. Determine (a) the average value of the output voltage, VoðavÞ, (b)
the rms value of the output voltage, Vo(rms), (c) the DC output power is Pdc,

(d) he output AC power, Pout and (e) input power factor PFi.

14. The three-phase bridge rectifier as shown in Figure 3.8(a) is connected to a

three-phase wye-connected input voltage source. The load resistive is R = 5

W, a supply frequency of f = 60 Hz, and the peak voltage input phase voltage

of Vm = 170 V. Calculate the performance parameters – (a) Output-side

parameters, (b) controller parameters, and (c) input-side parameters. Assume

ideal thyristor switches. Assume ideal diode switches.

15. The three-phase bridge rectifier as shown in Figure 3.8(a) is connected to a

three-phase Wye-connected input voltage source. The load resistive is R = 5

W, a supply frequency of f = 60 Hz, and the peak voltage input phase voltage

Vm = 170 V. Determine the values of the filter inductor L and capacitor C to

limit the ripple factor of the output voltage RFv ¼ 6% ¼ 0:06 and the ripple

factor of the output current RFi ¼ 5% ¼ 0:05.
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Chapter 4

DC–DC converters

4.1 Introduction

A DC-to-DC converter converts a direct current (DC) input voltage to a direct

current (DC) output voltage. The output voltage can be higher than or lower than

the input voltage. It normally uses one transistor acting as a switch and one or

more diodes to transfer energy from the source to the load. The amount of energy

transfer depends on the switching on-time of the transistor commonly known as

the duty cycle of the transistor switch. The converter is normally operated under

closed-loop control to vary the duty cycle to give the desired output voltage.

Thus, the voltage and the current on the input side and the output side are of

DC types.

4.2 Transistor switches

A DC-to-DC converter uses a power semiconductor device as a switch to turn on and

off the DC supply to the load. The switching action can be implemented by a

bipolar junction transistor (BJT), a metal–oxide-semiconductor field-effect-transistor

(MOSFET), or an insulated-gate bipolar-transistor (IGBT). A DC–DC converter with

only one switch is often known as a DC chopper.

4.2.1 BJT switch

A BJT is a semiconductor device and has three terminals: base, collector, and emitter.

There are two types of transistors: NPN and PNP. An NPN transistor has a p-type

semiconductor layer between two n-type layers, whereas a PNP transistor has an

n-type layer between two p-type layers. NPN BJTs work from a positive supply

voltage, whereas PNP BJTs work from a negative supply voltage. NPN BJTs are

generally used for power electronic applications. If a base–current is caused to flow

through the base–emitter junction, it causes a current flow through the collector

terminal. The base–emitter junction follows the diode characteristics, and the col-

lector current iC is related to the base–emitter voltage vBE by the Shockley equation as

given by

iC ¼ IS e
�vBE
VT � 1

� �

(4.1)



where

VT ¼ kTK

q
(4.2)

VT = thermal voltage, V;

iC = collector current, A;

vBE = base–emitter voltage with the base terminal positive with respect to the

emitter, V;

IS = leakage (or reverse saturation) current, typically in the range to 10�6 A to

10�15 A;

h = empirical constant known as emission constant, or the ideality factor whose

value varies from 1 to 2;

q = electron charge = 1:6022� 10�19 C;

Tk ¼ absolute temperature in kelvins = 273þ TCelsius; and

k = Boltzmann’s constant = 1:3806� 10�23 J/K.

At a junction temperature of 25 �C, we can obtain the value of VT as

VT ¼ kTK

q
¼ ð1:3806� 10�23Þð273þ 25Þ

1:6022� 10�19
¼ TK

11; 605:1
� 25:7 mV (4.3)

The collector current iC is also normally related to the corresponding base

current iB by a factor known as the forward current gain bF as given by

bF ¼ iC

iB
(4.4)

The emitter current iE is the sum of the base current iB and collector current iC
as given by

iE ¼ iC þ iB

iE ¼ iC þ iB ¼ ðbF iB þ iBÞ ¼ ð1þ bFÞiB

iE ¼ iC þ iB ¼ iC þ iC

bF
¼ 1þ bF

bF

� �

iC

(4.5)

The ratio of the collector current to the emitter is also as the current ratio as

given by

aF ¼ iC

iE
¼ bF

1þ bF
(4.6)

The LTspice schematic for plotting the output characteristics of a BJT is

shown in Figure 4.1(a) for BJT parameters of IS ¼ 2:37� 10�8; bF ¼ 73 A, and

h ¼ 1:26. A BJT is a current dependent device, and its collector current depends on

the base current. As the base–current is increased, the collector current is also

increased. As the collector–emitter voltage increases, the collector current increa-

ses until the collector current reaches the saturation region and remains practically
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constant. For operating the BJT as a switching device, its base current must be high

enough to keep the collector–emitter low for a specific load line as shown in

Figure 4.1(b) for a load resistance of 1 W, the collector emitter voltage,

VCE ¼ 2:43 V, and the voltage across the load resistance, VL ¼ 45:56V.
Note: For the analysis of DC–DC converters for power electronics, we will

assume that the transistors are operated as switches and ideal BJTs, that is, the

voltage drop across the BJTs is zero, vCE ¼ 0.

4.2.2 MOSFET switch

The LTspice schematic for plotting the output characteristics of a MOSFET is shown

in Figure 4.2(a). A MOSFET is a voltage-dependent device, and its drain current

depends on the gate–source voltage. As the gate–source voltage is increased, the drain

current is also increased. As the drain–source voltage increases, the drain current

increases until the drain current reaches the saturation region and remains practically

constant. For operating the MOSFET as a switching device, its gate–source voltage

must be high enough to keep the drain–source voltage low for a specific load line as

(a) (b)

Figure 4.1 LTspice schematic BJT characteristics: (a) BJT biasing and (b) BJT

output characteristics

(a) (b)

Figure 4.2 LTspice schematic MOSFET characteristics: (a) MOSFET biasing

and (b) MOSFET output characteristics
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shown in Figure 4.2(b) for a load resistance of 1 W, the drain–source voltage,

VDS ¼ 16:207 V, and the voltage across the load resistance, VL ¼ 31:79 V.

4.2.3 IGBT switch

The LTspice schematic for plotting the output characteristics of an IGBT is shown

in Figure 4.3(a). An IGBT is a voltage-dependent device, and its collector current

depends on the gate–emitter voltage. From the input side, it has the characteristics

of a MOSFET; while looking from the output side, it has the characteristics of a

BJT. As the gate–emitter voltage is increased, the collector current increases until

the collector current reaches the saturation region and remains practically constant.

For operating the IGBT as a switching device, its gate–emitter voltage must be high

enough to keep the collector–emitter low for a specific load line as shown in

Figure 4.3(b) for a load resistance of 1 W, the collector–emitter source voltage,

VCE ¼ 8:247 V, and the voltage across the load resistance, VL ¼ 39:75 V.*

As shown in Figure 4.3(a), the location of the IGBT model for FGW50XS65.

Lib is included by the .lib command.

4.3 DC–DC converters

The input voltage to a DC–DC converter is DC type, and the output of the converter

is also DC. The output voltage can be stepped up or down. The output voltage is

normally a pulsing DC with a ripple content. The input source voltage to the con-

verter is normally DC and the input current drawn from the DC input source is

generally pulsing DC type. A DC–DC converter in general uses a transistor as a

switching element, a diode to control the direction of current to the load, an

inductor as an energy storage element to main the ripple content within a specified

limit ripple content, and a capacitor to maintain the load voltage within a specified

(a) (b)

Figure 4.3 Characteristics of Fuji Electric IGBT FGW50XS6*: (a) IGBT test

circuit and (b) V–I output characteristics [5,6]

*Discrete IGBT P-Spice Models, https://www.fujielectric.com/products/semiconductor/model/igbt/

technical/design_tool.html [1–6].

68 Simulation and analysis of circuits for power electronics

https://www.fujielectric.com/products/semiconductor/model/igbt/technical/design_tool.html
https://www.fujielectric.com/products/semiconductor/model/igbt/technical/design_tool.html


ripple content. Figure 4.4(a) shows that the load is connected to the DC source

through a switch. When the switch is turned on, the input DC voltage is connected

to the load, the output voltage is vo ¼ VS , and when the switched is turned off, the

output voltage is zero. vo ¼ 0 as shown in Figure 4.4(b). The average output vol-

tage can be found from the switch on-time t1 and off-time t2 as given by

Vdc ¼
t1

t1 þ t2
VS ¼

t1

T
VS ¼ t1fVS ¼ kVS (4.7)

where k is the ratio of the on-time to the switching period T. commonly known as

the duty-cycle

f = 1/T is the switching frequency, Hz.

Therefore, by varying the duty cycle k from 0 to 1, we can vary the average

output voltage Vdc in (4.7) from 0 to VS . The output voltage as shown in Figure 4.4(b)

is a pulsed wave. Inductors and capacitors are generally connected to limit the var-

iations of the load voltage and the current. Since the action of the switch makes the

output voltage chopped DC voltage, the switch is often known as a chopper.

A DC–DC converter generally consists of a power switching device, an

inductor, a capacitor, and a diode. Depending on the layout of these elements, the

DC–DC converters can be classified into six types as follows:

1. Chopper with an inductive load,

2. Buck converter (step-down),

3. Boost converter (step-up),

4. Buck–Boost converter (step up and step-down),

5. Single-ended primary inductance converter (SEPIC) – Buck–Boost converter,

6. Cúk converter (Buck–Boost converter).

Note: The performances of the Ćuk converter are like those of the SEPIC

converter, not included.

(a) (b)

Figure 4.4 Simple switched DC–DC converter
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4.4 Chopper with an inductive load

The LTspice schematic of a MOSFET chopper with an inductive load is shown in

Figure 4.5(a). The plots of the gating signals, the output voltage, and the load

current are shown in Figure 4.5(b). The waveforms of the gating pulses and

the output voltage are identical, except the gating pulses are pulsed waveforms of

0–5 V and the output waveforms are also of pulsed waveforms of 0–98 V.

However, the load current is continuous due to the load inductance. The gating

pulses are connected between the gate and the source terminals of the MOSFET

through a voltage-controlled voltage-source to isolate the gating circuit from the

power circuit. A high resistance of RG = 1 MW is also connected between the gate

and the source terminals of the MOSFET to provide a finite impedance between the

gate and source terminals of the MOSFET.

The performance parameters of the DC–DC converters can be divided into

three types:

l Output-side parameters,
l Converter parameters, and
l Input-side parameters.

Let us consider an input voltage of VS ¼ 98 V, E = 0 V, L ¼ 450 mH, and

R ¼ 4 W. The chopper is operating at a switching frequency of fs ¼ 10 kHz, a

switching period of T ¼ 1=f ¼ 100 ms, and a duty cycle of k = 60%. Thus, the on-

time of the switch is t1 ¼ kT ¼ 0:6� 100 ms ¼ 60 ms, and the off-time of the

switch is t2 ¼ 1� kð ÞT ¼ ð1� 0:6Þ � 100 ms ¼ 40 ms.

Depending on whether the switch is turned on or off, there are two modes of

operation. During mode 1, the switch is turned on; and during mode 2, the switch is

turned off [7,8].

(a) (b)

Figure 4.5 A MOSFET chopper with an inductive load: (a) schematic and (b)

converter waveforms
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Mode 1: When the switch is turned on, the DC supply voltage VS is connected

to the load, and the load current i1 can be described by

VS ¼ L
di1

dt
þ Ri1 þ E (4.8)

which for the initial current i1ðt ¼ 0Þ ¼ I1 gives the load current as given by

i1ðtÞ ¼ I1e
�tR=L þ VS � E

R
1� e�tR=L

� �

(4.9)

Note: The voltage source of E in (4.8) is included in series with R and L to

derive generalized expressions of the converter performance parameters. E can be

an external battery to be charged or the back emf of a DC motor.

At the end of this mode at t ¼ kT , we get the load current in (4.9) as given by

i1ðt ¼ t1 ¼ kTÞ ¼ I2 ¼ I1e
�kTR=L þ VS � E

R
1� e�kTR=L

� �

(4.10)

Mode 2: When the switch s turned off, the DC supply voltage VS is dis-

connected from the load, and the load current tends to fall. As a result, the inductor

L induces a voltage in the opposite direction and turns on diode Dm, known as the

free-wheeling diode. Thus, the load current i2 during this mode can be described by

0 ¼ L
di2

dt
þ Ri2 þ E (4.11)

which for the initial current i2ðt ¼ 0Þ ¼ I2 gives the load current as

i2ðtÞ ¼ I2e
�tR=L � E

R
1� e�tR=L

� �

(4.12)

At the end of this mode at t = (1 – k)T, we get the load current in (4.12) as

given by

i2ðt ¼ t2 ¼ ð1� kÞTÞ ¼ I3 (4.13)

Under steady-state conditions, I3 ¼ I1, and (4.10) and (4.13) gives

I1 ¼ I3 ¼ I2e
�ð1�kTÞR=L � E

R
1� e�ð1�kTÞR=L

� �

(4.14)

I2 ¼ I1e
�kTR=L þ VS � E

R
1� e�kTR=L

� �

(4.15)

Solving for the steady-state values of I1 and I2 from (4.14) and (4.15), we

obtain

I1 ¼
VS

R

ekz � 1

ez � 1

� �

� E

R
(4.16)

I2 ¼
VS

R

e�kz � 1

e�z � 1

� �

� E

R
(4.17)
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where z ¼ TR
L
¼ R

fL
is the ratio of the switching period (T) to the load time constant

t ¼ L=R.
From (4.16) and (4.17), we can find the peak to peal ripple current as

DI ¼ I2 � I1 ¼
VS

R

e�kz � 1

e�z � 1

� �

� VS

R

ekz � 1

ez � 1

� �

¼ VS

R

1� e�kz þ e�z � e�ð1�kÞz

1� e�z

� �

(4.18)

which gives the condition for maximum ripple as

dðDIÞ
dk

¼ 0 (4.19)

which gives e�kz � e�ð1�kÞz ¼ 0 or �k ¼ �ð1� kÞ, or k ¼ 0:5. Thus, the max-

imum peak to peak ripple current at k = 0.5 is

DImax ¼¼ VS

R
tanh

R

4fL

� �

(4.20)

For a small value of q, tanh qð Þ ’ q. For 4fL � R, the maximum ripple current

in (4.20) can be approximated to

DImax ¼¼ VS

R
� R

4fL
¼ VS

4fL
(4.21)

4.4.1 Output-side parameters

The parameter, z ¼ R
fL
¼ 4

10�103�450�10�6 ¼ 0:889

(a) The average output voltage

Vdc ¼
1

T

ðkT

0

VSdt ¼ kVs

¼ 0:6� 98 ¼ 58:8 V

(b) The rms output voltage

Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

T

ðkT

0

V 2
S dt

s

¼
ffiffiffi

k
p

Vs

¼
ffiffiffiffiffiffiffi

0:6
p

� 98 ¼ 75:91 V

(c) From (4.16), the steady-state minimum load current

I1 ¼
VS

R

ekz � 1

ez � 1

� �

� E

R
¼ 98

4
� e0:6�0:889 � 1

e0:889 � 1

� �

� 0

4
¼ 12:051 A
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(d) From (4.17), the steady-state maximum load current

I2 ¼
VS

R

e�kz � 1

e�z � 1

� �

� E

R
¼ 98

4
� e�0:6�0:889 � 1

e�0:889 � 1

� �

� 0

4

¼ 17:197 A 17:03 Að Þ
(e) The peak-to-peak load ripple current DIpeak ¼ I2 � I1 ¼ 17:197�

12:051 ¼ 5:146 A

(f) The maximum possible ripple current at k = 0.5, DImax ¼ VS

4fl
¼

98
4�10�103�450�10�6 ¼ 5:444 A

(g) Assuming triangular form, the average load current Iav ¼ I2þI1
2

¼
17:197þ12:051

2
¼ 14:624 A

Alternately, Ia ¼ I1 þ I2�I1
2

¼ 12:051þ 17:197�12:051
2

¼ 14:624
(h) Assuming triangular form, the rms load current

Irms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I1
2 þ I1

2 þ I1I2 þ I2
2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

12:0512 þ 12:051� 17:197þ 17:1972

3

r

¼ 14:7 A

Alternately,

Irms¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I1
2þ I2�I1ð Þ2

3
þI1 I2�I1ð Þ

s

¼12:0512þ 17:197�12:051ð Þ2
3

þ12:051� 17:197�12:051ð Þ¼14:7A

(i) Power delivered to the load Pout ¼ Irms
2R ¼ 14:72 � 4 ¼ 864:305 W

4.4.2 Converter parameters

(a) The peak transistor current, Ip ¼ I2 ¼ 17:197 A

(b) The average transistor current Iav ¼ kIa ¼ 0:6� 14:624 ¼ 8:775 A

(c) The rms transistor current Ir ¼
ffiffiffi

k
p

Irms ¼
ffiffiffiffiffiffiffi

0:6
p

� 14:7 ¼ 11:386 A

(d) The peak transistor voltage Vpeak ¼ VS ¼ 98 V

4.4.3 Input-side parameters

(a) The average input current is

Is ¼ Iav
¼ 8:775 A

(b) The rms input current is

Ii ¼ Irms
¼ 14:7 A
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(c) The input power

Pin ¼ Pout

¼ 864:305 W

(d) The ripple content of the input current

Iripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ir
2 � Is

2
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

11:3862 � 8:7752
p

¼ 7:256 A

(e) The ripple factor of the input current

RFi ¼
Iripple

Is

¼ 7:256

8:775
� 100 ¼ 82:696%

4.4.4 Output L-filter

The inductor L in the load shown in Figure 4.5(a) as the filter to limit the ripple

current of the load resistor, R. The inductor L provides a high impedance for the

ripple currents. The fundamental frequency fo of output voltage ripples is the same

as the switching frequency f.

For a desired value of the ripple factor of the output voltage RFv ¼ 6% ¼ 0:06,
we can find the ripple voltage as

DV ¼ RFv Vdc

¼ 0:05� 58:8 ¼ 3:528 V

Similarly, for a desired value of the ripple factor of the output current

RFi ¼ 6% ¼ 0:06, we can find the ripple current as

DI ¼ RFi Ia
¼ 0:06� 14:624 ¼ 0:877 A

We can find the inductor L from the ripple voltage DV and the ripple current DI as

L
DI

DT
¼ DV

which gives the inductor value L as

L ¼ DV � kT

DI
¼ DV

DI
� kT

¼ 3:528

0:877
� 0:6� 100� 10�6 ¼ 241:243 mH

Note: The inductor current rises from a minimum value to a maximum value

during the on-time of the chopper switch kT and DT ¼ kT .
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4.5 Buck converter

The LTspice schematic of a MOSFET Buck converter is shown In Figure 4.6(a).

The plots of the gating signals, the output voltage and the load current are shown in

Figure 4.6(b). The performance parameters of the DC–DC converters can be divi-

ded into three types.

l Output-side parameters,
l Converter parameters, and
l Input-side parameters.

Let us consider an input voltage of VS ¼ 98 V, E = 0 V, L ¼ 450 mH, C ¼ 4:7 mF,
and R ¼ 4 W. The chopper is operating at a switching frequency of fs ¼ 10 kHz, a

switching period of T ¼ 1=f ¼ 100 ms, and a duty cycle of k = 60%. Thus, the on-

time of the switch is t1 ¼ kT ¼ 0:6� 100 ms ¼ 60 ms and the off-time of the switch

is t2 ¼ 1� kð ÞT ¼ ð1� 0:6Þ � 100 ms ¼ 40 ms.

Depending on whether the switch is turned on to off, there are two modes of

operation. During mode 1 the switch is turned on and during mode 2 the switch is

turned off.

Mode 1: When the switch is turned on, the DC supply voltage VS is connected

to the load and the inductor current rises exponentially from I1 at t ¼ 0 and reaches

to I2 at the end of this mode at t1 ¼ kT under-steady state conditions. Assuming

that Va is the average load current across the capacitor C, the voltage across the

inductor L is given by

VS � Va ¼ L
I2 � I1

t1
¼ L

DI

t1
(4.8)

which gives

t1 ¼ L
DI

VS � Va

(4.9)

(a) (b)

Figure 4.6 A MOSFET Buck converter: (a) schematic and (b) converter

waveforms [8]
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Mode 2: When the switch is turned off, the DC supply voltage VS is dis-

connected and free-wheeling diode Dm is turned on due to the current in the inductor.

The inductor current falls from I2 to I1 at the end of this mode at t2 ¼ ð1� kÞT under

the steady-state condition. The voltage across the inductor L is given by

�Va ¼ L
I1 � I2

t2
¼ �L

DI

t2
(4.9)

which gives

t2 ¼ L
DI

Va

(4.10)

The switching period T is related to t1 and t2 by

T ¼ 1

f
¼ t1 þ t2 ¼ L

DI

VS � Va

þ L
DI

Va

¼ VSLDI

Va VS � Vað Þ

which gives the peak-to-peak ripple current of the inductor as

DI ¼ Va VS � Vað Þ
fLVS

(4.11)

The average voltage across the load as shown in Figure 4.6(b) is given by

Va ¼ kVS (4.12)

Substituting Va ¼ kVS into (4.11), we obtain

DI ¼ kVS 1� kð ÞVS

fLVS

¼ kVS 1� kð Þ
fL

(4.13)

Thus, the ripple current DI depends on the duty cycle, k, the inductance L, and

the switching frequency, f. As the inductor current varies from I1 to I2, the current

through the filter capacitor varies from I1 � Iað Þ to I2 � Iað Þ. The current flows

through the capacitor for a time interval of T/2. Thus, the average capacitor current

is approximately

Ic ¼
DI

4
(4.14)

Thus, the peak-to-peak ripple voltage of the capacitor is given by

DVc ¼
1

C

ðT=2

0

Icdt ¼
1

C

ðT=2

0

DI

4
dt ¼ DIT

8C
¼ DI

8fC
(4.15)

Substituting DI from (4.13) gives

DVc ¼
1

8fC
� kVS 1� kð Þ

fL
¼ kVS 1� kð Þ

8LCf 2
(4.16)
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Condition for continuous inductor current and capacitor voltage:

Assuming IL is the average inductor current, DI � 21L, (4.13) gives

kVS 1� kð Þ
fL

� 21L ¼ 21a ¼
2kVS

R
(4.17)

which gives the critical value of the inductor as

Lc ¼ L ¼ 1� kð ÞR
2f

(4.18)

Similarly, Vc is the average capacitor voltage, DVc � 2Va. Thus, (4.16) gives

kVS 1� kð Þ
8LCf 2

� 2Va ¼ 2kVS (4.19)

which gives the critical value of the capacitor as

Cc ¼ C ¼ 1� k

16Lf 2
(4.20)

4.5.1 Output-side parameters

(a) The average output voltage, Va ¼ kVs ¼ 0:6� 98 ¼ 58:8 V

(b) The average load current Ia ¼ Va

R
¼ 58:8

4
¼ 14:7 A

(c) The rms output voltage

Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

T

ðð1�kÞT

0

V 2
a dt

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� kÞ
p

Va

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� 0:6Þ
p

� 58:8 ¼ 75:91 V

(d) Equation (4.13) gives the peak-to-peak load ripple current

DI ¼ 0:6� 98� 1� 0:6ð Þ
10� 103 � 450� 10�6

¼ 2:613 A

(e) The steady-state minimum inductor current

I1 ¼ Ia �
DI

2
¼ 14:7� 2:613

2
¼ 13:393 A

(f) The steady-state maximum inductor current

I2 ¼ Ia þ
DI

2
¼ 14:7þ 2:613

2
¼ 16:007 A
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(g) The rms value of the triangular inductor current

Irms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I1
2 þ I1I2 þ I2

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

13:3932 þ 13:393� 16:007þ 16:0072

3

r

¼ 9:401 A

(h) Equation (4.16) gives the peak-to-peak capacitor voltage

DVc ¼
kVS 1� kð Þ
8LCf 2

¼ 0:6� 98� 1� 0:6ð Þ
8� 450� 103 � 4:7� 10�6 � 10� 103

� �2
¼ 3:63 V

(i) The steady-state minimum capacitor voltage

VC1 ¼ Va �
DVc

2
¼ 58:8� 3:63

2
¼ 56:985 V

(j) The steady-state maximum capacitor voltage

VC2 ¼ Va þ
DVc

2
¼ 58:8þ 3:63

2
¼ 60:615 V

(k) The rms value of the triangular capacitor voltage

Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Vc1
2 þ Vc1Vc2 þ Vc2

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

56:9852 þ 56:985� 60:615þ 60:6152

3

r

¼ 58:809 V

(l) Power delivered to the load

Pout ¼
Vrms

2

R
¼ 58:8092

4
¼ 14:72 � 4 ¼ 864:634 W

(m) DC power delivered to the load

Pdc ¼
Va

2

R
¼ 58:82

4
¼ 864:36 W

4.5.2 Converter parameters

(a) The peak transistor current Ip ¼ I2 ¼ 16:007 A

(b) The average transistor current Iav ¼ kIa ¼ 0:6� 14:7 ¼ 8:82 A

(c) For a duty cycle of k, the rms transistor current Ir ¼
ffiffiffi

k
p

Irms ¼
ffiffiffiffiffiffiffi

0:6
p

�
14:719 ¼ 11:402 A

(d) The peak transistor voltage Vpeak ¼ VS ¼ 98 V
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4.5.3 Input-side parameters

(f) The average input current is

Is ¼ Iav
¼ 8:82 A

(g) The rms input current is

Ii ¼ Ir
¼ 11:402 A

(h) The input power

Pin ¼ Pout

¼¼ 864:634 W

(i) The ripple content of the input current

Iripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ii
2 � Is

2
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

11:4022 � 8:822
p

¼ 7:225 A

(j) The ripple factor of the input current

RFi ¼
Iripple

Is

¼ 7:225

8:82
� 100 ¼ 81:918%

4.5.4 Condition for continuous inductor current and
capacitor voltage

Equation (4.18) gives the critical value of the inductor

Lc ¼
1� kð ÞR
2f

¼ 1� 0:6ð Þ � 4

2� 10� 103
¼ 40 mH

Equation (4.20) gives the critical value of the capacitor as

Cc ¼
1� k

16Lcf 2

¼ 1� 0:6

16� 40� 10�6 � 10� 103
� �2

¼ 1:563 mF

4.5.5 Output L-filter

The inductor L as shown in Figure 4.6(a) provides a high impedance for the ripple

currents and limits the ripple current of the load resistor, R. The capacitor
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C provides a low impedance path for the ripple currents and limits the ripple vol-

tage of the load resistor, R.

For a desired value of the ripple factor of the output voltage RFv ¼ 5% ¼ 0:05,
we can find the ripple voltage as

DV ¼ RFv Va

¼ 0:05� 58:8 ¼ 2:94 V

Similarly, for a desired value of the ripple factor of the output current

RFi ¼ 10% ¼ 0:1, we can find the ripple current as

DI ¼ RFi Ia
¼ 0:1� 14:7 ¼ 1:47 A

Using (4.13), we can find the inductor

L ¼ kVS 1� kð Þ
f DI

¼ 0:6� 98� 1� 0:6ð Þ
10� 103 � 1:47

¼ 800 mH

Using (4.16), we can find the inductor

C ¼ kVS 1� kð Þ
8Lf 2DVc

¼ 0:6� 98� 1� 0:6ð Þ
8� 800� 10�6 � 10� 103

� �2 � 2:94
¼ 3:125 mF

4.6 Boost converter

The LTspice schematic of a MOSFET Buck converter is shown in Figure 4.7(a).

The plots of the inductor current, the switch voltage, and the voltage across the

transistor are shown in Figure 4.7(b). The performance parameters of the DC–DC

converters can be divided into three types [7].

l Output-side parameters,
l Converter parameters, and
l Input-side parameters.

Let us consider an input voltage of VS ¼ 6 V, L ¼ 150 mH, C ¼ 47 mF, and

R ¼ 4 W. The transistor is operating at a switching frequency of fs ¼ 10 kHz, a

switching period of T ¼ 1=f ¼ 100 ms, and a duty cycle of k = 60%. Thus, the on-

time of the switch is t1 ¼ kT ¼ 0:6� 100 ms ¼ 60 ms and the off-time of the switch

is t2 ¼ 1� kð ÞT ¼ ð1� 0:6Þ � 100 ms ¼ 40 ms.

Depending on whether the switch is turned on or off, there are two modes of

operation. During mode 1, the switch is turned on, and during mode 2, the switch is

turned off.
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Mode 1: When the switch is turned on, the DC supply voltage VS is connected

across the inductor L and the inductor current rises from I1 to I2 at the end of this

mode at t1 ¼ kT under the steady-state condition. That is,

VS ¼ L
I2 � I1

t1
¼ L

DI

t1
(4.21)

which gives

t1 ¼ L
DI

VS

(4.22)

Mode 2: When the switch is turned off, diode Dm is turned on due to the

current in the inductor and charges the capacitor. The inductor current falls from

I2 to I1 at the end of this mode at t2 ¼ ð1� kÞT under the steady-state condition.

That is, the inductor voltage is given by

VS � Va ¼ L
I1 � I2

t2
¼ �L

DI

t2
(4.23)

which gives

t2 ¼ �L
DI

VS � Va

¼ L
DI

Va � VS

(4.24)

Equating DI from (4.22) to DI from (4.24), we obtain

DI ¼ t1VS

L
¼ ðVa � VSÞt2

L
(4.25)

Substituting t1 ¼ kT and t2 ¼ 1� kð ÞT , (4.25) can be simplified to give the

average output voltage as

Va ¼ VS

T

t2
¼ VS

1� k
(4.26)

(a) (b)

Figure 4.7 A MOSFET Boost converter: (a) schematic and (b) converter

waveforms [8]
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Assuming a lossless circuit, the input power from the source must equal to the

output power. That is,

VSIS ¼ VaIa ¼
VS

1� k
Ia

which gives the average input supply current as

IS ¼ Ia

1� k
(4.27)

Using (4.22) and (4.24), the switching period T is related to t1 and t2 by

T ¼ 1

f
¼ t1 þ t2 ¼ L

DI

VS

þ L
DI

Va � VS

¼ VaLDI

VS Va � VSð Þ (4.28)

which gives the peak-to-peak current of the inductor as

DI ¼ VS Va � VSð Þ
fLVa

(4.29)

which substituting Va from (4.26) gives

DI ¼ VS
VS

1�k
� VS

� �

fL VS

1�k

¼ VSk

fL
(4.30)

When the transistor is turned on, the capacitor supplies the load current Ia for

time t ¼ t1 and the average capacitor current is Ic ¼ Ia. Thus, the peak-to-peak

ripple of the capacitor is given by

DVc ¼
1

C

ðt1

0

Iadt ¼
Iat1

C
¼ Ia

C
� L

DI

VS

(4.31)

Substituting DI from (4.30) gives

DVc ¼
Ia

C
L
1

VS

� VSk

fL
¼ Iak

fC
(4.32)

Condition for continuous inductor current and capacitor voltage:

Assuming IL is the average inductor current, DI � 21L which gives

VSk

fL
� 21L ¼ 21s ¼ 2

Ia

1� k
¼ 2

Va

Rð1� kÞ

¼ 2
1

Rð1� kÞ
VS

ð1� kÞ ¼
2VS

Rð1� kÞ2
(4.33)

which gives the critical value of the inductor as

Lc ¼ L ¼ k 1� kð Þ2R
2f

(4.34)
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Similarly, Vc is the average capacitor voltage, DVc � 2Va which gives

Iak

fC
� 2Va ¼ kIaR (4.35)

which gives the critical value of the capacitor as

Cc ¼ C ¼ k

2fR
(4.36)

4.6.1 Output-side parameters

(a) From (4.26), the average output voltage,

Va ¼
Vs

1� k
¼ 6

1� 0:6
¼ 15 V

(b) The average load current

Ia ¼
Va

R
¼ 15

4
¼ 3:75 A

(c) Equation (4.30) gives the peak-to-peak load ripple current

DI ¼ VSk

fL

¼ 6� 0:6

10� 103 � 150� 10�6
¼ 2:4 A

(d) The steady-state minimum inductor current

I1 ¼ IS �
DI

2

¼ 9:375� 2:4

2
¼ 8:175 A

(e) The steady-state maximum inductor current

I2 ¼ IS þ
DI

2

¼ 9:375þ 2:4

2
¼ 10:575 A

(f) The rms value of the triangular inductor current

Irms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I1
2 þ I1I2 þ I2

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8:1752 þ 8:175� 10:575þ 10:5752

3

r

¼ 9:401 A
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(g) Equation (4.27) gives the average current dorm the supply

IS ¼ Ia

1� k

¼ 3:75

1� 0:6
¼ 9:375 A

(h) Equation (4.16) gives the peak-to-peak capacitor voltage

DVc ¼
Iak

fC
¼ 3:75� 0:6

10� 103 � 47� 10�6
¼ 4:787 V

(i) The steady-state minimum capacitor voltage

VC1 ¼ Va �
DVc

2
¼ 15� 4:787

2
¼ 12:606 V

(j) The steady-state maximum capacitor voltage

VC2 ¼ Va þ
DVc

2
¼ 15þ 4:787

2
¼ 17:394 V

(k) The rms value of the triangular capacitor voltage

Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Vc1
2 þ Vc1Vc2 þ Vc2

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

12:6062 þ 12:606� 17:394þ 17:3942

3

r

¼ 15:064 V

(l) Power delivered to the load

Pout ¼
Vrms

2

R
¼ 15:0642

4
¼ 56:727 W

(m) DC power delivered to the load

Pdc ¼
Va

2

R
¼ 152

4
¼ 56:25 W

4.6.2 Converter parameters

(a) The peak transistor current Ip ¼ I2 ¼ 10:575 A

(b) The average transistor current Iav ¼ kIS ¼ 0:6� 9:375 ¼ 5:625 A

(c) The rms transistor current Ir ¼
ffiffiffi

k
p

Irms ¼
ffiffiffiffiffiffiffi

0:6
p

� 9:401 ¼ 7:282 A

(d) The peak transistor voltage Vpeak ¼ VS

1�k
¼ 6

1�0:98 ¼ 300V for k ¼ 0:98

4.6.3 Input-side parameters

(a) The average input current is Is ¼ 9:375 A
(b) The rms input current is Ii ¼ Irms ¼ 9:401 A
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(c) The input power, Pin ¼ Pout ¼ 56:727 W

(d) The ripple content of the input current

Iripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ii
2 � Is

2
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9:4012 � 9:3752
p

¼ 0:693 A

(e) The ripple factor of the input current

RFi ¼
Iripple

Is

¼ 0:693

9:375
� 100 ¼ 7:39%

4.6.4 Condition for continuous inductor current and
capacitor voltage

Equation (4.34) gives the critical value of the inductor

Lc ¼
k 1� kð Þ2R

2f
¼ 0:6� 1� 0:6ð Þ2 � 4

2� 10� 103
¼ 19:2 mH

Equation (4.36) gives the critical value of the capacitor as

Cc ¼
k

2fR
¼ 0:6

2� 10� 103 � 4
¼ 7:5 mF

4.6.5 Output LC-filter

The inductor L as shown in Figure 4.7(a) provides a high impedance for the

inductor ripple current and limits the ripple current of the inductor L. The capacitor

C provides a low impedance path for the load ripple currents and limits the ripple

voltage of the load resistor, R.

For a desired value of the ripple factor of the output voltage RFv ¼ 5% ¼ 0:05,
we can find the ripple voltage as

DV ¼ RFv Va

¼ 0:05� 15 ¼ 0:75 V

Similarly, for a desired value of the ripple factor of the inductor current

RFi ¼ 10% ¼ 0:1, we can find the ripple current as

DI ¼ RFi IS
¼ 0:1� 9:375 ¼ 0:9375 A

Using (4.30), we can find the inductor

L ¼¼ VSk

f DI
¼ 6� 0:6

10� 103 � 0:9375
¼ 150 mH
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Using (4.32), we can find the capacitor

C ¼ Iak

f
¼ 3:75� 0:6

10� 103
¼ 300 mF

4.7 Buck–Boost converter

The LTspice schematic of a MOSFET Buck–Boost converter is shown In

Figure 4.8(a), the plots of the output of the switch a node 2, the inductor current I

(L) and the load voltage V(3) at node 3 are shown in Figure 4.8(b). Note that the

location of the diode and the inductor are interchanged if we compare the Buck

converter as shown in Figure 4.6(a). The performance parameters of the DC–DC

converters can be divided into three types.

l Output-side parameters,
l Converter parameters, and
l Input-side parameters.

Let us consider an input voltage of VS ¼ 6 V, L ¼ 150 mH, C ¼ 47 mF, and

R ¼ 4 W. The chopper is operating at a switching frequency of fs ¼ 20 kHz, a

switching period of T ¼ 1=f ¼ 50 ms and a duty cycle of k = 90%. Thus, the on-

time of the switch is t1 ¼ kT ¼ 0:9� 50 ms ¼ 50 ms and the off-time of the switch

is t2 ¼ 1� kð ÞT ¼ ð1� 0:9Þ � 50 ms ¼ 5 ms.

Depending on whether the switch is turned on or off, there are two modes of

operation. During mode 1, the switch is turned on and during mode 2 the switch is

turned off. The switch disconnected the load from the DC source.

Mode 1: When the switch is turned on, the DC supply voltage VS is connected

across the inductor L and the inductor current rises from I1 to I2 at the end of this

mode at t1 ¼ kT under the steady-state condition. Thus, the voltage across the

(a) (b)

Figure 4.8 A MOSFET Buck–Boost converter: (a) schematic and (b) converter

waveforms
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inductor voltage is

VS ¼ L
I2 � I1

t1
¼ L

DI

t1
(4.37)

which gives

t1 ¼ L
DI

VS

(4.38)

Mode 2: When the switch is turned off, diode Dm is turned on due to the

current in the inductor and charges the capacitor C in the opposite direction. The

inductor current falls from I2 to I1 at the end of this mode at t2 ¼ ð1� kÞT under

the steady-state condition. Thus, the voltage across the inductor voltage is

Va ¼ L
I1 � I2

t2
¼ �L

DI

t2
(4.39)

which gives

t2 ¼ �L
DI

Va

(4.40)

Equating DI from (4.38) to DI from (4.40), we obtain

DI ¼ t1VS

L
¼ �Vat2

L
(4.41)

Substituting t1 ¼ kT and t2 ¼ 1� kð ÞT , (4.41) can be simplified to give the

average output voltage as

Va ¼ �VS

t1

t2
¼ � VSk

1� k
(4.42)

Note: The polarity of the output voltage is negative.

Assuming a lossless circuit, the input power from the source must equal to the

output power. That is,

VSIS ¼ �VaIa ¼
VSk

1� k
Ia

which gives the average input supply current as

IS ¼ Iak

1� k
(4.43)

The switching period T is related to t1 and t2 by

T ¼ 1

f
¼ t1 þ t2 ¼ L

DI

VS

� L
DI

Va

¼ LDI Va � VSð Þ
VSVa

(4.44)
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which gives the peak-to-peak inductor current as

DI ¼ VSVa

fL Va � VSð Þ (4.45)

which substituting Va from (4.42) gives

DI ¼ VSk

fL
(4.46)

When the transistor is turned on, diode Dm isolates the input from the load and

the capacitor supplies the load current Ia for time t ¼ t1 and the average capacitor

current is�Ic ¼ Ia. Thus, the peak-to-peak ripple voltage of the capacitor is given by

DVc ¼
1

C

ðt1

0

Iadt ¼
Iat1

C
¼ Ia

C
� L

DI

VS

(4.47)

Substituting DI from (4.46) gives

DVc ¼
Ia

C
L
1

VS

� VSk

fL
¼ Iak

fC
(4.48)

Condition for continuous inductor current and capacitor voltage:

Assuming IL is the average inductor current, DI � 21L and using (4.43) and (4.46),

we obtain

DI ¼ VSk

fL
� 21L ¼ 21s ¼ 2

Iak

1� k
¼ 2kVS

ð1� kÞR (4.49)

which gives the critical value of the inductor as

Lc ¼ L ¼ 1� kð ÞR
2f

(4.50)

Similarly, Vc is the average capacitor voltage, DVc � 2Va and (4.48) gives.

Iak

fC
� 2Va ¼ kIaR (4.51)

which gives the critical value of the capacitor as

Cc ¼ C ¼ k

2fR
(4.52)

4.7.1 Output-side parameters

(a) Equation (4.42) gives the average output voltage

Va ¼ � VSk

1� k
¼ � 6� 0:9

1� 0:9
¼ �54 V
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(b) The average load current

Ia ¼
Va

R
¼ �45:107

4
¼ �13:5 A

(c) Equation (4.43) gives the average current drawn the supply

IS ¼ Iak

1� k
¼ 13:5� 0:9

1� 0:9
¼ 121:5 A

(d) Equation (4.46) gives the peak-to-peak load ripple current

DI ¼ VSk

fL
¼ 6� 0:9

20� 103 � 150� 10�6
¼ 1:8 A

(e) Since the switch conducts for a duty cycle of k, the steady-state average supply

current is related to the average inductor current IL by Is ¼ kIL which gives

IL ¼ IS

k
¼ 121:5

0:9
¼ 135 A

(f) The steady-state minimum inductor current is

I1 ¼ IL �
DI

2
¼ IS

k
� DI

2
¼ 121:5

0:9
� 1:8

2
¼ 134:1 A

(g) The steady-state maximum inductor current

I2 ¼ IL þ
DI

2
¼ IS

k
þ DI

2
¼ 121:5

0:6
þ 1:8

2
¼ 135:9 A

(h) The rms value of the triangular inductor current

Irms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I1
2 þ I1I2 þ I2

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

134:12 þ 134:1� 135:9þ 135:92

3

r

¼ 135:001 A

(i) Equation (4.48) gives the peak-to-peak capacitor voltage

DVc ¼
Iak

fC
¼ 13:5� 0:9

20� 103 � 47� 10�6
¼ 12:926 V

(j) The steady-state minimum capacitor voltage

VC1 ¼ Va �
DVc

2
¼ �54� 12:926

2
¼ �47:537 V

(k) The steady-state maximum capacitor voltage

VC2 ¼ Va þ
DVc

2
¼ �54þ 12:926

2
¼ �60:463 V
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(l) The rms value of the triangular capacitor voltage

Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Vc1
2 þ Vc1Vc2 þ Vc2

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

47:5372 þ 47:537� 60:463þ 60:4632

3

r

¼ 54:129 V

(m) Power delivered to the load

Pout ¼
Vrms

2

R
¼ 54:1292

4
¼ 732:481 W

(n) DC power delivered to the load

Pdc ¼
Va

2

R
¼ 542

4
¼ 729 W

4.7.2 Converter parameters

(a) The peak transistor current, Ip ¼ I2 ¼ 135:9 A
(b) The average transistor current Iav ¼ IS ¼ 121:5 A

(c) The rms transistor current Ir ¼
ffiffiffi

k
p

Irms ¼
ffiffiffiffiffiffiffi

0:9
p

� 135:001 ¼ 128:073 A

(d) The peak transistor voltage Vpeak ¼ �VS þ VC2 ¼ �6� 60:463 V ¼ �66:463 V

4.7.3 Input-side parameters

(a) The average input current is Is ¼ 121:5 A
(b) The rms input current is Ii ¼ Ir ¼

ffiffiffi

k
p

Irms ¼
ffiffiffiffiffiffiffi

0:9
p

� 135:001 ¼ 128:073 A

(c) The input power, Pin ¼ Pout ¼ 732:481 W

(d) The ripple content of the input current

Iripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ii
2 � Is

2
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

128:0732 � 121:52
p

¼ 40:503 A

(e) The ripple factor of the input current

RFi ¼
Iripple

Is

¼ 40:503

121:5
� 100 ¼ 33:336%

4.7.4 Condition for continuous inductor current and
capacitor voltage

Equation (4.50) gives the critical value of the inductor

Lc ¼
1� kð ÞR
2f

¼ 1� 0:9ð Þ � 4

2� 20� 103
¼ 10 mH
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Equation (4.52) gives the critical value of the capacitor as

Cc ¼
k

2fR
¼ 0:9

2� 20� 103 � 4
¼ 5:625 mF

4.7.5 Output LC-filter

The inductor L as shown in Figure 4.8(a) provides a high impedance for the

inductor ripple current and limits the ripple current of the inductor L. The capacitor

C provides a low impedance path for the load ripple currents and limits the ripple

voltage of the load resistor, R.

For a desired value of the ripple factor of the output voltage RFv ¼ 5% ¼ 0:05,
we can find the ripple voltage as

DVd ¼ RFv Va

¼ 0:05� 54 ¼ 2:7 V

Similarly, for a desired value of the ripple factor of the inductor current

RFi ¼ 6% ¼ 0:06, we can find the ripple current as

DId ¼ RFi IL
¼ 0:06� 135 ¼ 8:1 A

Using (4.46), we can find the inductor

L ¼ VSk

f DId
¼ 6� 0:9

20� 103 � 8:1
¼ 33:333 mH

Using (4.48), we can find the capacitor

C ¼ Iak

f DVd

¼ 13:5� 0:9

20� 103 � 2:7
¼ 225 mF

4.8 SEPIC converter

The Cúk converter is an inverting Buck–Boost characteristic and does not exhibit

pulsating input and output currents. However the output voltage of the Cúk converter

is inverted. An single-ended primary inductance converter (SEPIC) is a non-inverting

Cúk converter and gives positive output voltage. The LTspice schematic of a

MOSFET SEPIC converter is shown in Figure 4.9. The circuit is like the Boost con-

verter with the addition of a capacitor C1 and an inductor L2. The plots of the gating

signals, the output voltage and the load current are shown in Figure 4.10. The per-

formance parameters of the DC–DC converters can be divided into three types [7,8]

l Output-side parameters,
l Converter parameters, and
l Input-side parameters.
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Let us consider an input voltage of VS ¼ 12 V, L1 ¼ 130 mH, L2 ¼ 110 mH,

C1 ¼ 79 mF, C2 ¼ 89 mF, and R ¼ 10 W. The switch is operating at a switching

frequency of fs ¼ 20 kHz, a switching period of T ¼ 1=f ¼ 50 ms and a duty cycle

of k = 90%. Thus, the on-time of the switch is t1 ¼ kT ¼ 0:9� 50 ms ¼ 45 ms and

the off-time of the switch is t2 ¼ 1� kð ÞT ¼ ð1� 0:9Þ � 50 ms ¼ 10 ms.

When the DC supply voltage VS is turned on, the capacitor C1 changes toVC11

through inductor L1 and L2. Depending on whether the chopper switch is turned on

or off, there are two modes of operation. During mode 1 the switch is turned on and

during mode 2 the switch is turned off.

Mode 1: When the switch is turned on, the DC supply voltage VS is connected

across the inductor L1 and the inductor current rises from I11 to I12 at the end of this

mode at t1 ¼ kT under the steady-state condition. The capacitor C1 discharges

through the switch and the inductor L2. The energy stored in the capacitor C1 is

transferred to the inductor L2. The current through inductor L2 current rises from I21
toI22. The voltage across the capacitor C1 falls from V11 to V12. The voltage across

the capacitor C2 supplied the load current and falls from V21 to V22.

Mode 2: When the switch is turned off, the capacitor C1is connected to the DC

supply voltage VS through the inductor L1 and is recharged back to voltage, V11.

Figure 4.9 Schematic of a MOSFET SEPIC converter

Figure 4.10 Waveforms of a MOSFET SEPIC converter
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The current through inductor L1falls from I12 toI11. When the voltage at terminal

3 becomes higher than the output voltage at terminal 4, the diode D1 conducts

and the current through inductor L2 replenishes the voltage of the output capacitor

C2. The current through inductor L2 current falls from I22 to I21 and the voltage

across the capacitor C2 rises from V22 to V21.

The following equations describes the performances of the SEPIC converter

[1]. The average output voltage is given by

Va ¼
kVS

1� k
(4.53)

The average load current for a load resistance of R is given by

Ia ¼
kVS

R 1� kð Þ (4.54)

The average current supplied by the DC source is given by

IS ¼ Iak

1� k
(4.55)

The peak-to-peak ripple current of inductor L1 is given by

DI1 ¼ I12 � I11 ¼
kVS

fL1
(4.56)

Since the average current of the inductor L1 is the same as the average supply

current IS , the minimum value of the inductor L1 current is given by

I11 ¼ IS �
DI1

2
(4.57)

The maximum value of the inductor L1 current is given by

I12 ¼ IS þ
DI1

2
(4.58)

The peak-to-peak voltage of capacitor C1 is given by

DVC1 ¼ V11 � V12 ¼
ISð1� kÞ

fC1

(4.59)

The average voltage across capacitor C1 is given by

VC1 ¼
Va

k
(4.60)

The minimum value of the capacitor C1 voltage is given by

V11 ¼ VC1 �
DVC1

2
(4.61)
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The maximum value of the capacitor C1 voltage is given by

V12 ¼ VC1 þ
DVC1

2
(4.62)

The peak-to-peak ripple current of inductor L2 is given by

DI2 ¼ I21 � I22 ¼
kVS

fL2
(4.63)

Since the average current of the inductor L2 is the same as the average load

current Ia, the minimum value of the inductor L2 current is given by

I21 ¼ Ia �
DI2

2
(4.64)

The maximum value of the inductor L2 current is given by

I22 ¼ Ia þ
DI2

2
(4.65)

The peak-to-peak voltage of capacitor C2 is given by

DVC2 ¼ V21 � V22 ¼
DI2

8fC2

(4.66)

The minimum value of the capacitor C2 voltage is given by

V22 ¼ Va �
DVC2

2
(4.67)

The maximum value of the capacitor C2 voltage is given by

V21 ¼ Va þ
DVC2

2
(4.68)

Condition for continuous inductor current and capacitor voltage:

Assuming IL is the average inductor current, DI � 21L.

The critical value of the inductor L1 as

Lc1 ¼ L1 ¼
1� kð Þ2R
2kf

(4.69)

The critical value of the inductor L2 as

Lc2 ¼ L2 ¼
1� kð ÞR
2f

(4.70)

The critical value of the capacitor C1 as

Cc1 ¼ C1 ¼
k

2fR
(4.71)
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The critical value of the capacitor C2 as

Cc2 ¼ C2 ¼
1

8fR
(4.72)

4.8.1 Output-side parameters

(a) From (4.53), the average output voltage

Va ¼
kVs

1� k
¼ 0:9� 12

1� 0:9
¼ 108 V

(b) The average load current

Ia ¼
Va

R
¼ 108

10
¼ 10:8 A

(c) Equation (4.55) gives the average current from the supply

IS ¼ Iak

1� k
¼ 10:8� 0:9

1� 0:9
¼ 97:2 A

(d) Equation (4.56) gives the peak-to-peak load ripple current of inductor L1

DI1 ¼
VSk

fL1
¼ 12� 0:9

20� 103 � 130� 10�6
¼ 4:154 A

(e) The steady-state minimum inductor current

I11 ¼ IS �
DI1

2
¼ 97:2� 4:154

2
¼ 95:123 A

(f) The steady-state maximum inductor current

I12 ¼ IS þ
DI

2
¼ 97:2þ 4:154

2
¼ 99:277 A

(g) The rms value of the triangular inductor L1 current

Irms1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I11
2 þ I11I12 þ I12

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

95:1232 þ 95:123� 99:277þ 99:2772

3

r

¼ 97:207 A

(h) Equation (5.59) gives the peak-to-peak voltage of capacitor C1

DVC1 ¼
ISð1� kÞ

fC1

¼ 97:2� ð1� 0:9Þ
20� 103 � 47� 10�6

¼ 6:152 V
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(i) Equation (4.60) gives the average voltage across capacitor C1 as

VC1 ¼
Va

k
¼ 108

0:9
¼ 120

(j) The minimum value of the capacitor C1 voltage

V11 ¼ VC1 �
DVC1

2
¼ 120� 6:152

2
¼ 116:924 V

(k) The maximum value of the capacitor C1 voltage

V12 ¼ VC1 þ
DVC1

2
¼ 120þ 6:152

2
¼ 123:076 V

(l) The rms capacitor C2 triangular voltage

Vrms1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V11
2 þ V11V12 þ V12

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

116:9242 þ 116:924� 123:076þ 123:0762

3

r

¼ 120:013 V

(m) Equation (4.63) gives the peak-to-peak ripple current of inductor L2,

DI2 ¼
kVS

fL2
¼ 12� 0:9

20� 103 � 110� 10�6
¼ 4:909 A

(n) The minimum value of the inductor L2 current

I21 ¼ Ia �
DI2

2
¼ 10:8� 4:909

2
¼ 8:345 A

(o) The maximum value of the inductor L2 current

I22 ¼ Ia þ
DI2

2
¼ 10:8þ 4:909

2
¼ 13:255 A

(p) The rms value of the triangular inductor L2 current

Irms1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I21
2 þ I21I22 þ I22

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8:3452 þ 8:345� 13:255þ 13:2552

3

r

¼ 10:893 A

(q) Equation (4.66) gives the peak-to-peak capacitor voltage of capacitor C2

DVC2 ¼
DI2

8fC2

¼ 4:909

8� 20� 103 � 89� 10�6
¼ 0:345 V
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(r) The steady-state minimum capacitor voltage

V21 ¼ Va �
DVc2

2
¼ 108� 4:787

2
¼ 107:828 V

(s) The steady-state maximum capacitor voltage

VC2 ¼ Va þ
DVc2

2
¼ 108þ 4:787

2
¼ 108:172

(t) The rms value of the triangular capacitor voltage

Vrms2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V21
2 þ V21V22 þ V22

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

107:8282 þ 107:828� 108:172þ 108:1722

3

r

¼ 108 V

(u) Power delivered to the load

Pout ¼
Vrms2

2

R
¼ 1082

10
¼ 1:166kW

(v) DC power delivered to the load

Pdc ¼
Va

2

R
¼ 1082

10
¼ 1:166 kW

4.8.2 Converter parameters

(a) The peak transistor current,

Ip ¼ I12 ¼ 99:277 A

(b) The average transistor current

Iav ¼ IS ¼ 97:2A

(c) The rms transistor current

Ir ¼
Pout

VS

¼ 1166

12
¼ 97:2 A

(d) The peak transistor voltage

Vpeak ¼ VC1 ¼
Va

k
¼ 108

0:9
¼ 120 V for k ¼ 0:98

4.8.3 Input-side parameters

(a) The rms transistor current Ir ¼ 97:2 A
(b) The average input current is Is ¼ 97:2 A
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(c) The rms input current is Ii ¼ 97:2 A
(d) The input power Pin ¼ Pout ¼ 1166W

(e) The ripple content of the input current

Iripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ii
2 � Is

2
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

97:22 � 97:22
p

¼ 0:127 A

(f) The ripple factor of the input current

RFi ¼
Iripple

Is

¼ 0:127

97:2
� 100 ¼ 0:13%

4.8.4 Condition for continuous inductor current and
capacitor voltage

Equation (4.69) gives the critical value of the inductor

Lc1 ¼
1� kð Þ2R
2kf

¼ 1� 0:9ð Þ2 � 10

2� 0:9� 20� 103
¼ 2:778 mH

Equation (4.70) gives the critical value of the inductor

Lc2 ¼
1� kð ÞR
2f

¼ 1� 0:9ð Þ � 10

2� 20� 103
¼ 25 mH

Equation (4.71) gives the critical value of the capacitor C1 as

Cc1 ¼
k

2fR

¼ 0:9

2� 20� 103 � 10
¼ 2:25 mH

Equation (4.71) gives the critical value of the capacitor C2 as

Cc2 ¼
1

8fR

¼ 1

8� 20� 103 � 10
¼ 0:625 mH

4.8.5 Output LC-filter

The inductors L1 and L2 as shown in Figure 4.9 provide a high impedance for the

inductor ripple current and limit the ripple currents of the inductors L1and L2. The

capacitor C1 provides a low impedance path to charge and transfer energy to
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inductor L2. The capacitor C2 provides a low impedance path for the load ripple

currents and limits the ripple voltage of the load resistor, R.

For a desired value of the ripple factor of the capacitor C1 voltage

RFv1 ¼ 5% ¼ 0:05, we can find the ripple voltage as

DV1d ¼ RFv1 Vc1

¼ 0:05� 120 ¼ 6 V

For a desired value of the ripple factor of the capacitor C2 voltage

RFv2 ¼ 6% ¼ 0:06, we can find the ripple voltage as

DV2d ¼ RFv2 Va

¼ 0:06� 108 ¼ 6:48 V

Similarly, for a desired value of the ripple factor of the inductor L1 current

RFi1 ¼ 7% ¼ 0:07, we can find the ripple current as

DI1d ¼ RFi1IS
¼ 0:07� 97:2 ¼ 6:804 A

For a desired value of the ripple factor of the inductor L2 current

RFi2 ¼ 8% ¼ 0:08, we can find the ripple current as

DI2d ¼ RFi2Ia
¼ 0:08� 10:8 ¼ 0:864 A

Using (4.56), we can find the inductor

L1 ¼
VSk

f DI1d

¼ 12� 0:9

20� 103 � 6:804
¼ 79:365 mH

Using (4.63), we can find the inductor

L2 ¼
VSk

f DI2d

¼ 12� 0:9

20� 103 � 0:864
¼ 625 mH

Using (4.59), we can find the capacitor

C1 ¼
ISð1� kÞ
f DV1d

¼ 97:2� ð1� 0:9Þ
20� 103 � 6

¼ 9 mF

Using (5.59) gives the peak-to-peak voltage of capacitor C1

DVC1 ¼
ISð1� kÞ

fC1

¼ 97:2� ð1� 0:9Þ
20� 103 � 47� 10�6

¼ 6:152 V
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Using (4.66), we can find the capacitor

C2 ¼
DI2d

8f DV2d

¼ 0:864

8� 2� 10� 103 � 6:48
¼ 0:833 mF

4.9 PMW signal generator

The transistor switch of the converters is turned on and off through a pulse-width

modulation (PWM). The duty cycle k of the converter can be varied by varying the

width of the pulse. The variable width pulse is generated by comparing a DC

reference signal vr with a triangular carrier waveform vcr at the switching fre-

quency. This is shown in Figure 4.11(a) for a DC supply voltage of vs ¼ 5 V and a

switching frequency of f = 10 kHz and a period of T = 1/f = 100 ms.

(a)

(b)

Figure 4.11 PWM generator: (a) circuit for a PWM generator and (b) PWM

waveforms
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The op-amp operates as a high-gain comparator. If the carrier signal is greater

than the reference signal, the output becomes high otherwise the output is zero. For

a duty cycle of k = 0.4, the reference voltage is vr ¼ 5� k ¼ 5� 0:4 ¼ 2:0 V and

the carrier signal a triangular waveform of peak 5 V at a frequency of 10 kHz. The

plots of the reference signal, carrier signal, and the PWM output gating signal are

shown in Figure 4.11(b). For a hast transfer from a high to low and vice versa, the

op-amp should be selected with a very high gain.

4.10 Summary

The DC–DC converters normally uses one controlled switch, one or two inductors,

one or two capacitors, and one diode. Depending on the connection of these ele-

ments, the converter can be operated as a step down (known as Buck converter) or

step-up (known as a Boost converter or step down and step-up known as Buck–

Boost converter). Since the voltages and the currents are pulsating DC types,

determination of the performances of the converters requires a clear understanding

of the function of each element and the waveforms of their voltages and currents.

The requirements of specifications (a) of an inductor includes specifying the

average current, the rms current, the peak current, and peak-reverse voltage, (b) of a

capacitor includes specifying the rms current, the rms voltage, the peak current, and

peak-voltage, and (c) of a transistor or diode includes specifying the average cur-

rent, the rms current, the peak current, and peak-reverse voltage.

Problems

1. The DC–DC converter circuit as shown in Figure 4.4 with a simple switch

connected between the resistive load and the DC supply has Vs = 110 V, R = 5

W, and a duty cycle of k = 50%. Determine (a) the average output voltage Va,

(b) the output DC power Pdc, (c) the average input current Is and the input

resistance Ri seen by the voltage source Vs. Assume an ideal switch.

2. The DC–DC converter circuit as shown in Figure 4.4 with a simple switch

connected between the resistive load and the DC supply has Vs = 110 V, R = 5

W, and a duty cycle of k = 80%. Determine (a) the average output voltage Va,

(b) the output DC power Pdc, (c) the average input current Is and the input

resistance Ri seen by the voltage source Vs. Assume an ideal switch.

3. The DC–DC converter circuit as shown in Figure 4.5(a) has Vs = 98 V, E = 0,

L = 4.5 mH, R = 4 W, a duty cycle of k = 50%, and a switching frequency of

f = 20 kHz. Determine (a) the average output voltage Va, (b) the output DC

power Pdc, (c) the maximum load ripple current DImax, and (d) the average

input current Is. Assume ideal transistor switch.

4. The DC–DC converter circuit as shown in Figure 4.5(a) has Vs = 98 V, E = 0,

L = 4.5 mH, R = 4 W, a duty cycle of k = 50%, and a switching frequency of

f = 20 kHz. Calculate the performance parameters: (a) output-side parameters,
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(b) controller parameters, and (c) input-side parameters. Assume ideal tran-

sistor switch.

5. The DC–DC converter circuit as shown in Figure 4.5(a) has Vs = 98 V, E = 0,

R = 4 W, a duty cycle of k = 50%, and a switching frequency of f = 20 kHz.

Determine the value of the load inductor L to limit the ripple factor of the

output voltage RFv ¼ 6% ¼ 0:06 and the ripple factor of the output current

RFi ¼ 5% ¼ 0:05.
6. The DC–DC converter circuit as shown in Figure 4.5(a) has Vs = 98 V, E = 0,

L = 4.5 mH, R = 4 W, a duty cycle of k = 80%, and a switching frequency of

f = 20 kHz. Determine (a) the average output voltage Va, (b) the output DC

power Pdc, (c) the maximum load ripple current DImax, and (d) the average

input current Is. Assume ideal transistor switch.

7. The DC–DC converter circuit as shown in Figure 4.5(a) has Vs = 98 V, E = 0,

L = 4.5 mH, R = 4 W, a duty cycle of k = 80%, and a switching frequency of

f = 20 kHz. Calculate the performance parameters: (a) output-side parameters,

(b) controller parameters, and (c) input-side parameters. Assume ideal tran-

sistor switch.

8. The DC–DC converter circuit as shown in Figure 4.5(a) has Vs = 98 V, E = 0,

R = 4 W, a duty cycle of k = 80%, and a switching frequency of f = 20 kHz.

Determine the value of the load inductor L to limit the ripple factor of the

output voltage RFv ¼ 6% ¼ 0:06 and the ripple factor of the output current

RFi ¼ 5% ¼ 0:05.
9. The Buck regulator as shown in Figure 5.6(a) has Vs = 110 V, R = 5 W, a duty

cycle of k = 50%, and the switching frequency is 25 kHz, L = 220 mH, and

C = 20 mF. Determine (a) the average output voltage Va, (b) the output DC

power Pdc, (c) the average input current Is, and (d) the input resistance Ri seen

by the voltage source Vs.

10. The Buck regulator as shown in Figure 5.6(a) has Vs = 110 V, R = 5 W, a duty

cycle of k = 50%, and the switching frequency is 25 kHz, L = 220 mH, and

C = 20 mF. Calculate the performance parameters: (a) output-side parameters,

(b) controller parameters, and (c) input-side parameters. Assume ideal tran-

sistor switch.

11. The Buck regulator as shown in Figure 5.6(a) has Vs = 110 V, R = 5 W, a duty

cycle of k = 50%, and the switching frequency is 25 kHz. Determine the

values of the filter inductor L and capacitor C to limit the ripple factor of the

output voltage RFv ¼ 6% ¼ 0:06 and the ripple factor of the output current

RFi ¼ 5% ¼ 0:05.
12. The Boost regulator as shown in Figure 5.7(a) has Vs = 110 V, R = 5 W and a

duty cycle of k = 50%, and the switching frequency is 25 kHz, L = 120 mH,

and C = 220 mF. Determine (a) the average output voltage Va, (b) the output

DC power Pdc, (c) the average input current Is, and (d) the input resistance Ri

seen by the voltage source Vs.

13. The Boost regulator as shown in Figure 5.7(a) has Vs = 110 V, R = 5 W, a duty

cycle of k = 50%, and the switching frequency is 25 kHz, L = 120 mH,

and C = 220 mF. Calculate the performance parameters: (a) output-side
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parameters, (b) controller parameters, and (c) input-side parameters. Assume

ideal transistor switch.

14. The Boost regulator as shown in Figure 5.7(a) has Vs = 110 V, R = 5 W, a duty

cycle of k = 50% and a switching frequency of f = 20 kHz. Determine the

values of the filter inductor L and capacitor C to limit the ripple factor of the

output voltage RFv ¼ 6% ¼ 0:06 and the ripple factor of the output current

RFi ¼ 5% ¼ 0:05.
15. The Buck–Boost regulator as shown in Figure 5.8(a) has Vs = 110 V, R = 5 W

and a duty cycle of k = 50%, the switching frequency is 25 kHz, L = 120 mH,

and C = 220 mF. Determine (a) the average output voltage Va, (b) the output

DC power Pdc, (c) the average input current Is, and (d) the input resistance Ri

seen by the voltage source Vs.

16. The Buck–Boost regulator as shown in Figure 5.8(a) has Vs = 110 V, R = 5 W,

duty cycle of k = 50%, and a switching frequency is f = 25 kHz, L = 120 mH,

and C = 220 mF. Calculate the performance parameters: (a) output-side

parameters, (b) controller parameters, and (c) input-side parameters. Assume

ideal transistor switch.

17. The Buck–Boost regulator as shown in Figure 5.8(a) has Vs = 110 V, R = 5 W,

duty cycle of k = 50% and a switching frequency of f = 25 kHz. Determine the

values of the filter inductor L and capacitor C to limit the ripple factor of the

output voltage RFv ¼ 6% ¼ 0:06 and the ripple factor of the output current

RFi ¼ 5% ¼ 0:05.
18. The SEPIC regulator as shown in Figure 5.9 has Vs = 110 V, R = 5 W, and

duty cycle of k = 50%, and a switching frequency of f = 20 kHz, L1 = 130 mH,

L2 = 110 mH, C1 = 80 mF, C1 = 10 mF. Determine (a) the average output

voltage Va, (b) the output DC power Pdc, (c) the average input current Is, and

(d) the input resistance Ri seen by the voltage source Vs.

19. The SEPIC regulator as shown in Figure 5.9 has Vs = 110 V, R = 5 W, a duty

cycle of k = 50%, and a switching frequency of f = 20 kHz, L1 = 130 mH, L2 =

110 mH, C1 = 80 mF, C1 = 10 mF. Calculate the performance parameters: (a)

output-side parameters, (b) controller parameters, and (c) input-side para-

meters. Assume ideal transistor switch.

20. The SEPIC regulator as shown in Figure 5.9 has Vs = 110 V, R = 5 W, duty

cycle of k = 50% and a switching frequency of f = 20 kHz. Determine the

values of the filter inductors L1, L2, and capacitors C1, C2 to limit the ripple

factor of the output voltage RFv ¼ 6% ¼ 0:06 and the ripple factor of the

output current RFi ¼ 5% ¼ 0:05.
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Chapter 5

DC–AC converters

5.1 Introduction

A DC–AC converter is commonly known as an inverter. The input to an inverter is

DC, and the output is AC. The power semiconductor devices perform the switching

action, and the desired output is obtained by varying the turn-on and turn-off times

of the switches. They must have controllable turn-on and turn-off characteristics.

The commonly used devices are bipolar junction transistors (BJTs), metal-oxide

field-effect-transistors (MOSFETs), and insulated-gate bipolar transistors (IGBTs)

[1–6]. A pair of switches connect the DC input voltage to the load for a specified

time duration t1, and then another pair of switches connect the DC input voltage to

the load in the opposite direction for an equal time duration t2 ¼ t1. Each time

interval may be followed by an off time toff such that the total period T of the

output waveform is T ¼ t1 þ toff þ t2 þ toff ¼ 2ðt1 þ toff Þ and the frequency f of

the output waveform is f ¼ 1=T . We will use power MOSFETs as switches to

obtain the voltage and current waveforms of the following types of voltage-source

inverters:

l Single-phase voltage-source inverter,
l Single-phase pulse-width-modulated (PWM) voltage-source inverter,
l Single-phase sinusoidal PWM (SPWM) voltage-source inverter,
l Three-phase voltage-source inverter,
l Three-phase PWM voltage-source inverter, and
l Three-phase SPWM voltage-source inverter.

5.2 Single-phase voltage-source inverter

The input is a DC voltage VS source, and the output voltage is an AC voltage of

defined root-mean-square (rms) value Vo at a specified frequency f. The LTspice

schematic of a single-phase inverter is shown in Figure 5.1(a). When n-channel

MOSFETs (NMOS) transistorsM1 andM2 are turned on by applying gating signals

of 5 V for 50% of the period T = 1/f, while nMOSFET M3 and M3 remain turned

off, the DC input voltage VS appears across the output terminals a and b, and the

output voltage is vo ¼ VS . For a pair of switches, switching on one switch from the

top left arm and one switch from the bottom right arm gives a positive output



voltage. Whereas switching on one switch from the top right arm and one switch

from the bottom left arm gives a negative output voltage. When nMOSFET M3 and

M4 are turned on by applying gating signals of 5 V for 50% of the period T = 1/f,

while nMOSFET M1 and M2 remain turned off, the DC input voltage VS appears

across the output terminals in the opposite direction and the output voltage is

vo ¼ �VS . The gating signals for M1 and M2,M3 and M3, and the output voltage vo
are shown in Figure 5.1(b). The addition of a small inductor L = 100 nH and a small

capacitor C = 442 pF makes the circuit in a generalized form, and these elements

are often connected to serve as a filter.

The rms value of the output voltage is given by

Vo ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

T

ðT=2

0

v2odt

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

T

ðT=2

0

V 2
S dt

s

¼ VS (5.1)

(a)

(b)

Figure 5.1 Single-phase inverter: (a) schematic and (b) waveforms
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The output voltage vo can be expanded to express the instantaneous output

voltage in a Fourier series as [7]

voðtÞ ¼
X

1

n¼1;3...

4VS

np
sin ðnwtÞ (5.2)

where angular frequency w ¼ 2pf.

Equation (5.2) gives the fundamental component of the output voltage for n = 1 as

vo1ðtÞ ¼
4VS

p
sin ðwtÞ (5.3)

Dividing the peak value by
ffiffiffi

2
p

, Equation (5.3) gives the rms value of the

fundamental component as

Vo1 ¼
4VS
ffiffiffi

2
p

p
¼ 0:9VS (5.4)

The performance parameters of inverters can be divided into three types:

l Output-side parameters,
l Input-side parameters, and
l Inverter parameters.

Let us consider a DC input voltage of VS ¼ 100 V. The output frequency is

60 Hz with a load resistance of R = 10 W.

5.2.1 Output-side parameters

(a) Equation (5.1) gives the rms output voltage Vo ¼ VS ¼ 100 V

(b) The rms output current is

Io ¼
Vo

R

¼ 100

10
¼ 10 A

(c) The output power is

Pout ¼
V 2
o

R

¼ 1002

10
¼ 1 kW

(d) Equation (5.4) gives the rms fundamental output voltage Vo1 ¼ 0:9VS

¼ 0:9� 100 ¼ 90 V

(e) The rms fundamental output current is

Io1 ¼
Vo1

R
¼ 90

10
¼ 9 A
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(f) The fundamental output power is

Po1 ¼
V 2
o1

R
¼ 902

10
¼ 810 W

(g) The rms ripple content of the output voltage

Vripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
o � V 2

o1

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1002 � 902
p

¼ 43:589 V

(h) The total harmonic distortion (THD) of the output voltage

THD ¼ Vripple

Vo1

¼ 43:589

90
¼ 48:432%

5.2.2 Input-side parameters

(a) The input power

Pin ¼ Pout

¼ 1 kW

(b) The average input current is

IsðavÞ ¼
Pin

VS

¼ 1 kW

100

¼ 10 A

(c) The rms input current is

IsðrmsÞ ¼ Io

¼ 10 A

5.2.3 Inverter parameters

(a) The peak transistor current

Ipeak ¼
VS

R
¼ 100

10
¼ 10 A

(b) The rms transistor current is

ITðrmsÞ ¼
Io
ffiffiffi

2
p ¼ 10

ffiffiffi

2
p ¼ 7:071 A

(c) The average transistor current is

ITðavÞ ¼
IsðavÞ
2

¼ 10

2
¼ 5 A
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5.2.4 Output filter

An LC filter as shown in Figure 5.1(a) is often connected to the output side to limit

the ripple contents of the load resistor, R. The capacitor C provided a low impe-

dance path for the ripple currents to flow through it, and the inductor L provided a

high impedance for the ripple currents. The fundamental frequency of output vol-

tage ripples is the same as the output frequency f, and the lower order for n = 3 is 3f.

Equation (5.2) gives the rms value of the third harmonic component for n = 3 as

Vo3 ¼
4VS

ffiffiffi

2
p

� 3� p

¼ 4� 100
ffiffiffi

2
p

� 3� p
¼ 30:011 V

(5.5)

There are no explicit equations to find the values of L and C. We can find

approximate values and then adjust the values to obtain the desired values.

Neglecting the effect of capacitor C, the third harmonic voltage will appear across

the inductor L and the load resistance R. Assuming the drop across the inductor is

larger than that of the resistor R by a factor of 3 such that

nwL ¼ 3R

which gives

L ¼ 3R

nw

¼ 3� 10

3� 366
¼ 26:526 mH

(5.6)

Assuming that the impedance of the capacitor is smaller than the load resistor

by a factor of 3 such that most of the harmonic current flows through the capacitor.

That is

3

nwC
¼ R

which gives

C ¼ 3

nwR
¼ 3

3wR

¼ 3

3� 366� 10
¼ 265:258 mF

(5.7)

The LTspice lots of the output voltage and the current through the load resistor

R are shown in Figure 5.2(a) for filter values: C = 265 pF, L = 26.5 nH, and in

Figure 5.2(b) for filter values: C = 265 mF, L = 26.5 mH.

We can notice that the output voltage is a square wave, whereas the load

current is sinusoidal form. The values of L and C can be adjusted to get a waveform

closer to a pure sine wave.
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Fourier analysis: The LTspice command (.four 60 Hz 29 2 I(R)) for Fourier

Analysis gives

THD : 46:590607% ð48:340413%Þ for C ¼ 265 pF and L ¼ 26:5 nH

THD : 18:322202% ð24:747854%Þ for C ¼ 265 mF and L ¼ 26:5 mH

which indicates a significant reduction of the THD with an output filter. LTspice

gives the Fourier components as follows:

Fourier components of I(r)

DC component: �0.100793

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degree)

Normalized
phase (degree)

1 6.000e+01 1.294e+00 1.000e+00 142.81 0.00
2 1.200e+02 1.142e�01 8.824e�02 �134.01 �276.82
3 1.800e+02 1.653e�01 1.278e�01 109.22 �33.59
4 2.400e+02 5.950e�02 4.599e�02 �134.23 �277.04
5 3.000e+02 3.208e�02 2.480e�02 129.59 �13.22
6 3.600e+02 4.485e�02 3.467e�02 �120.69 �263.50
7 4.200e+02 1.840e�02 1.422e�02 137.93 �4.88
8 4.800e+02 3.899e�02 3.014e�02 �111.89 �254.70
9 5.400e+02 4.544e�02 3.512e�02 93.21 �49.60
10 6.000e+02 8.917e�03 6.893e�03 117.41 �25.40
11 6.600e+02 4.624e�02 3.574e�02 �100.65 �243.46
12 7.200e+02 1.902e�02 1.471e�02 �98.19 �241.00
13 7.800e+02 2.144e�02 1.657e�02 �88.73 �231.54
14 8.400e+02 1.515e�02 1.171e�02 �83.68 �226.49
15 9.000e+02 1.678e�02 1.297e�02 �71.92 �214.74
16 9.600e+02 1.309e�02 1.011e�02 �64.62 �207.43

(Continues)

(a) (b)

Figure 5.2 Output voltage and load current: (a) For filter values: C = 265 pF,

L = 26.5 nH and (b) for filter values: C = 265 mF, L = 26.5 mH
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(Continued)

Fourier components of I(r)

DC component: �0.100793

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degree)

Normalized

phase (degree)

17 1.020e+03 1.483e�02 1.147e�02 �56.38 �199.19
18 1.080e+03 1.278e�02 9.880e�03 �47.49 �190.31
19 1.140e+03 1.343e�02 1.038e�02 �42.53 �185.34
20 1.200e+03 1.276e�02 9.862e�03 �34.79 �177.60
21 1.260e+03 1.136e�02 8.780e�03 �30.36 �173.17
22 1.320e+03 1.096e�02 8.471e�03 �22.27 �165.08
23 1.380e+03 1.062e�02 8.210e�03 �17.22 �160.03
24 1.440e+03 9.984e�03 7.717e�03 �9.73 �152.54
25 1.500e+03 9.651e�03 7.460e�03 �4.37 �147.19
26 1.560e+03 9.176e�03 7.093e�03 6.89 �135.92
27 1.620e+03 8.731e�03 6.749e�03 8.22 �134.60
28 1.680e+03 9.772e�03 7.553e�03 21.02 �121.79
29 1.740e+03 7.349e�03 5.681e�03 21.35 �121.46

THD: 18.322202%(24.747854%)

5.2.5 Single-phase inverter circuit model

R = 10 W, C = 265 mF and L = 26.5 mH, f = 60 Hz

wo ¼ 2pfo ¼ 2p� 60 ¼ 377 rad=s

The nth harmonic impedance of the load with the LC filter is given by

ZðnÞ ¼ jnwoLþ
Rk 1

jnwoC

1þ jnwoRC
¼ Rþ jnwoL� ðnwoÞRLC

1þ jnwoRC
(5.8)

Dividing the voltage expression in Equation (5.2) by the impedance Z(n) gives

the Fourier components of the load currents as

ioðtÞ ¼
X

1

n¼1;3...

4VS

npZðnÞ sin ðnwtÞ (5.2a)

which gives the peak magnitude of the nth harmonic currents as

ImðnÞ ¼
4VS

npZðnÞ (5.9)

which for n = 1 and n = 3 gives

Imð1Þ ¼
4� 100

1� p� Zð1Þ ¼ 18:01ff � 44:916�

Imð3Þ ¼
4� 100

3� p� Zð3Þ ¼ 1:573ff �87:873�
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Dividing the peak value by
ffiffiffi

2
p

gives the rms values for n = 1 and n = 3 as

Irmsð1Þ ¼
Imð1Þ
ffiffiffi

2
p ¼ 18:01ff � 44:916�

ffiffiffi

2
p ¼ 12:739ff �44:916�

Irmsð3Þ ¼
Imð3Þ
ffiffiffi

2
p ¼ 1:573ff � 87:873�

ffiffiffi

2
p ¼ 1:112ff �87:873�

Applying (3.3) for a single-phase full-wave rectifier, the total rms value of the

load current can be determined by adding the square of the individual rms values

and then taking the square root

Io ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

30

n¼1;3

ðIrmsðnÞÞ2
v

u

u

t

¼ 9:273 A

(5.10)

The average output current IoðavÞ of a full-wave rectifier with a peak sinusoidal

input current Im is

IoðavÞ ¼
2Im

p
(5.11)

Since the output current of the inverter contains sinusoidal harmonic compo-

nents at different frequencies, we can add the corresponding DC components

contributing to the output current of the inverter. Applying (5.11) gives the average

input current due by n number of harmonic components, n = 30

IsðavÞ ¼
X

30

n¼1

2� ImðnÞj j
p

¼ 4:133 A

(5.12)

5.3 Single-phase PWM inverter

The output voltage of the inverter in Figure 5.1(a) has a positive voltage of VS for

half of the period and a negative voltage of �VS for another half of the period. The

rms output voltage has a fixed value at the switching frequency. For applications

requiring a variable rms output voltage, a PWM inverter produces multiple positive

pulses during the first half-cycle and the same number of negative pulses during the

other half-cycle. By varying the width of the output pulses, we can vary the out rms

value of the output voltage. The number of pulses per half-cycle determines the

frequency of the lower-order harmonic. Higher the frequency of the lower-order

harmonics, lower the values of the filter element, L and C. PWM gating signals are

generated by comparing an isosceles triangular wave with a pulse of 50% duty
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cycle at the invert output frequency. We can use op-amp to generate PWM wave-

forms, as shown in Figure 5.3(a). An isosceles triangular carrier wave vcr1 is

compared with a pulse reference wave vref with 50% on and 50% off. These signal

voltages are compared through an op-amp comparator to produce PWM waveforms

as shown in Figure 5.3(b) for the first 50% of the time. The {amp} is the amplitude

of the reference signal and is defined as a variable so that we can vary the duty

cycle of the pulses. For an output frequency of f = 60 Hz, the frequency of the

carrier waveform is 10f (ð2� 5� 60Þ = 600 Hz) for five pulses per half-cycle.

Figure 5.3(c) shows the waveforms during the second half of the reference wave.

The reference signal for the second half of the waveform is obtained by the pulse

waveform delayed by 8.33 ms and the pulse description is changed to the statement

as follows:

(a)

(b) (c)

Figure 5.3 PWM generator for five pulses per half-cycle: (a) LTspice schematic,

(b) PWM pulses for the first half-cycle, and (c) PWM pulses for the

second half-cycle
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PULSE(0 {amp} 8.33 ms 0.1 ns 0.1 ns 8.33 ms 16.67 ms)

The ratio of the reference signal Aref to the peak carrier signal Acr is defined as

the modulation index M

M ¼ Aref

Acr

As the reference signal is varied, keeping the carrier signal fixed, the mod-

ulation index M and the width of the pulse d are also varied. If d is the width of a

pulse, the rms value of the output voltage for p pulses per cycle is given by

Vo ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p

2p

ððp=pþdÞ=2

ðp=p�dÞ=2
V 2
S dq

s

¼ VS

ffiffiffiffiffi

pd

p

r

(5.13)

where p is the number of pulses per half-cycle, d is the pulse width in rad, and w is

the angular frequency of the output voltage rad/s.

The variation of the modulation index from 0 to 1 varies the pulse width d from

0 to T/2p (0 to p/p) and the rms output voltage from 0 to VS . The angle am and the

time tm of intersection between the reference signal and the carrier signal for the

mth pulse can be found from [7]

tm ¼ am

w
¼ ðm�MÞTs

2
for m ¼ 1; 3; . . .; 2p (5.14)

tm ¼ am

w
¼ ðm� 1þMÞ Ts

2
for m ¼ 2; 4; . . .; 2p (5.15)

where w = 2pf is the angular frequency of the output voltage, rad/s; fs ¼ 2pf is the

frequency of the carrier signal, Hz; and Ts ¼ 1
fs
is the period of the carrier signal, s.

From (5.14) and (5.15), we can calculate the duration of the mth pulse as

dm ¼ tmþ1 � tm for m ¼ 1; 2; 3; 4; . . .; 2p; s

dm ¼ dmw ¼ tmþ1 � tmð Þw for m ¼ 1; 2; 3; 4; . . .; 2p; rad
(5.16)

Due to the symmetry of the output voltage, An component of the Fourier series

will be zero, and we obtain the general form of the output voltage as [7]

voðtÞ ¼
X

1

n¼1;3;5;...

Bn sin ðnwtÞ (5.17)

If the positive pulse of the mth pair starts at wt ¼ am and ends wt ¼ am þ d,

the Fourier coefficient for a pair of pulses is

bn ¼
2VS

p

ðamþd

am

sin ðnwtÞdðwtÞ ¼ 4VS

np
sin

nd

2

� �

sin n am þ d

2

� �� �

(5.18)
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We can find the co-efficient Bn by adding the effects of all pulses as given by

Bn ¼
X

2p

m¼1

4VS

np
sin

nd

2

� �

sin n am þ d

2

� �� �

(5.19)

The performance parameters of inverters can be divided into three types.

l Output-side parameters,
l Input-side parameters, and
l Inverter parameters.

Let us consider a DC input voltage of VS ¼ 100 V. The output frequency is f = 60 Hz,

and a load resistance of R =10 W, M = 0.5, and p = 5.

The period of the output voltage, T ¼ 1=f ¼ 1=60 ¼ 16:667 ms.

The angular frequency of the output voltage, w ¼ 2pf ¼ 2� p�
60 ¼ 367 rad=s.

The switching frequency is fs ¼ 2pf ¼ 2� 5� 60 ¼ 6 kHz.

The switching period is Ts ¼ 1=fs ¼ 1=ð6� 103Þ ¼ 1:667 ms.

From (5.16) and (5.17), we can calculate these values of the angles a and

the pulse widths d as a1 ¼ 9�; a2 ¼ 45�; a3 ¼ 81�; a4 ¼ 117�; a5 ¼ 153�, and
d ¼ d1 ¼ d2 ¼ d3 ¼ d4 ¼ d5 ¼ 18�.

Substituting these values in (5.19), we obtain the peak value of the funda-

mental component for n = 1 as

B1 ¼¼
X

2p

m¼1

4VS

p
sin

d

2

� �

sin n am þ d

2

� �� �

¼
X

2p

m¼1

4VS

p
sin

18�

2

� �

sin n am þ 18�

2

� �� �

¼ 0:64456VS (5.20)

which after dividing by
ffiffiffi

2
p

gives the rms fundamental output voltage as

Vo1 ¼
B1
ffiffiffi

2
p ¼ 0:64456VS

ffiffiffi

2
p ¼ 0:45577VS (5.21)

5.3.1 Output-side parameters

(a) Equation (5.13) gives the rms output voltage is

Vo ¼ VS

ffiffiffiffiffi

pd

p

r

¼ 100

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5� 18�

180

r

¼ 70:711 V

(b) The rms output current is

Io ¼
Vo

R
¼ 70:711

10
¼ 7:071 A
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(c) The output power is

Pout ¼
V 2
o

R
¼ 70:7112

10
¼ 500 W

(d) Equation (5.21) gives the rms fundamental output voltage

Vo1 ¼ 0:45577VS ¼ 0:45577� 100 ¼ 45:577 V

(e) The rms fundamental output current is

Io1 ¼
Vo1

R
¼ 45:577

10
¼ 4:558 A

(f) The fundamental output power is

Po1 ¼
V 2
o1

R
¼ 45:5772

10
¼ 207:726 W

(g) The rms ripple content of the output voltage

Vripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
o � V 2

o1

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

70:7112 � 45:5772
p

¼ 54:062 V

(h) THD of the output voltage

THD ¼ Vripple

Vo1

¼ 54:062

45:577
¼ 118:618%

5.3.2 Input-side parameters

(a) The input power,

Pin ¼ Pout

¼ 500 W

(b) The average input current is

IsðavÞ ¼
Pin

VS

¼ 500 W

100

¼ 5 A

(c) The rms input current is

IsðrmsÞ ¼ Io

¼ 7:071 A
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5.3.3 Inverter parameters

(a) The peak transistor current,

Ipeak ¼
VS

R
¼ 100

10
¼ 10 A

(b) The rms transistor current is

ITðrmsÞ ¼
Io
ffiffiffi

2
p ¼ 7:071

ffiffiffi

2
p ¼ 5 A

(c) The average transistor current is

ITðavÞ ¼
IsðavÞ
2

¼ 5

2
¼ 2:5 A

5.3.4 Output filter

An LC filter as shown in Figure 5.1(a) is often connected to the output side to limit

the ripple contents of the load resistor, R. The capacitor C provided a low impe-

dance path for the ripple currents to flow through it, and the inductor L provided a

high impedance for the ripple currents. The fundamental frequency of output vol-

tage ripples is the same as the output frequency f and the lower order for 1 = 3 is 3f.

Equation (5.19) gives the rms value of the ninth harmonic component for n = 9 as

B3 ¼
X

2p

m¼1

4VS

3p
sin

3d

2

� �

sin 3 am þ d

2

� �� �

¼ 0:23817VS (5.22)

which after dividing by
ffiffiffi

2
p

gives the rms value of the third harmonic component

Vo3 ¼
B3
ffiffiffi

2
p ¼ 0:23817VS

ffiffiffi

2
p ¼ 0:23817� 100

ffiffiffi

2
p ¼ 16:841 V

There are no explicit equations to find the values of L and C. We can find

approximate values and then adjust the values to obtain the desired values.

Neglecting the effect of capacitor C, the third harmonic voltage will appear across

the inductor L and the load resistance R. Assuming the drop across the inductor is

larger than that of the resistor R by a factor of 3 such that.

nwL ¼ 3R

which gives

L ¼ 3R

nw

¼ 3� 10

3� 366
¼ 26:526 mH

(5.23)
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Assuming that the impedance of the capacitor is smaller than the load resistor

by a factor of 3 such that most of the harmonic current flows through the capacitor.

That is

3

nwC
¼ R

which gives

C ¼ 3

nwR
¼ 3

3wR

¼ 3

3� 366� 10
¼ 265:258 mF

(5.24)

The LTspice lots of the output voltage and the current through the load

resistor R are shown in Figure 5.4(a) for filter values: C = 265 pF, L = 26.5 nH,

and in Figure 5.4(b) for filter values: C = 265 mF, L = 26.5 mH. We can notice that

the output voltage is a square wave, whereas the load current is sinusoidal form.

The values of L and C can be adjusted to get a waveform closer to a pure

sine wave.

Fourier analysis: The LTspice command (.four 60 Hz 29 2 I(R)) for Fourier

Analysis gives

THD : 80:422993% ð118:694925%Þ for C ¼ 265 pF and L ¼ 26:5 nH

THD : 18:293770% ð24:744076%Þ for C ¼ 265 mF and L ¼ 26:5 mH

which indicates a significant reduction of the THD with an output filter. LTspice

gives the Fourier components as follows:

(a) (b)

Figure 5.4 Output voltage and load current: (a) for filter values: C = 265 pF,

L = 26.5 nH and (b) For filter values: C = 265 mF, L = 26.5 mH
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Fourier components of I(r)

DC component: �0.100793

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 6.000e+01 1.294e+00 1.000e+00 142.81 0.00
2 1.200e+02 1.142e�01 8.824e�02 �134.01 �276.82
3 1.800e+02 1.653e�01 1.278e�01 109.22 �33.59
4 2.400e+02 5.950e�02 4.599e�02 �134.23 �277.04
5 3.000e+02 3.208e�02 2.480e�02 129.59 �13.22
6 3.600e+02 4.485e�02 3.467e�02 �120.69 �263.50
7 4.200e+02 1.840e�02 1.422e�02 137.93 �4.88
8 4.800e+02 3.899e�02 3.014e�02 �111.89 �254.70
9 5.400e+02 4.544e�02 3.512e�02 93.21 �49.60
10 6.000e+02 8.917e�03 6.893e�03 117.41 �25.40
11 6.600e+02 4.624e�02 3.574e�02 �100.65 �243.46
12 7.200e+02 1.902e�02 1.471e�02 �98.19 �241.00
13 7.800e+02 2.144e�02 1.657e�02 �88.73 �231.54
14 8.400e+02 1.515e�02 1.171e�02 �83.68 �226.49
15 9.000e+02 1.678e�02 1.297e�02 �71.92 �214.74
16 9.600e+02 1.309e�02 1.011e�02 �64.62 �207.43
17 1.020e+03 1.483e�02 1.147e�02 �56.38 �199.19
18 1.080e+03 1.278e�02 9.880e�03 �47.49 �190.31
19 1.140e+03 1.343e�02 1.038e�02 �42.53 �185.34
20 1.200e+03 1.276e�02 9.862e�03 �34.79 �177.60
21 1.260e+03 1.136e�02 8.780e�03 �30.36 �173.17
22 1.320e+03 1.096e�02 8.471e�03 �22.27 �165.08
23 1.380e+03 1.062e�02 8.210e�03 �17.22 �160.03
24 1.440e+03 9.984e�03 7.717e�03 �9.73 �152.54
25 1.500e+03 9.651e�03 7.460e�03 �4.37 �147.19
26 1.560e+03 9.176e�03 7.093e�03 6.89 �135.92
27 1.620e+03 8.731e�03 6.749e�03 8.22 �134.60
28 1.680e+03 9.772e�03 7.553e�03 21.02 �121.79
29 1.740e+03 7.349e�03 5.681e�03 21.35 �121.46

THD: 18.322202%(24.747854%)

5.3.5 Single-phase PWM inverter circuit model

R = 10 W, C = 265 mF and L = 26.5 mH, f = 60 Hz

wo ¼ 2pfo ¼ 2p� 60 ¼ 377 rad=s

The nth harmonic impedance of the load with the LC filter is given by

ZðnÞ ¼ jnwoLþ
Rk 1

jnwoC

1þ jnwoRC
¼ Rþ jnwoL� ðnwoÞRLC

1þ jnwoRC
(5.25)
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Dividing the voltage expression in (5.19) by impedance Z(n) gives the Fourier

components of the load currents as

ioðtÞ ¼
X

2p

m¼1

4VS

npZðnÞ sin
nd

2

� �

sin n am þ d

2

� �� �

sin ðnwtÞ (5.26)

which gives the peak magnitude of the nth harmonic currents

ImðnÞ ¼
4VS

npZðnÞ sin
nd

2

� �

sin n am þ d

2

� �� �

(5.27)

which for n = 1 and n = 3 gives

Imð1Þ ¼ 9:12ff � 44:916�

Imð3Þ ¼ 0:883ff � 87:873�

Dividing by
ffiffiffi

2
p

gives the rms values for n = 1 and n = 3 as

Irmsð1Þ ¼
9:12ff � 44:916�

ffiffiffi

2
p ¼ 6:449ff � 44:916�

Irmsð3Þ ¼
0:883ff � 87:873�

ffiffiffi

2
p ¼ 0:624ff � 87:873�

Applying (3.3) for a single-phase full-wave rectifier, the total rms value of the

load current can be determined by adding the square of the individual rms values

and then taking the square root

Io ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

30

n¼1;3

ð IrmsðnÞj jÞ2
v

u

u

t

¼ 6:449 A

(5.28)

The average output current IoðavÞ of a full-wave rectifier with a peak sinusoidal

input current Im is

IoðavÞ ¼
2Im

p
(5.29)

Since the output current of the inverter contains sinusoidal harmonic compo-

nents at different frequencies, we can add the corresponding DC components

contributing to the output current of the inverter. Applying (5.29) gives the average

input current due by n number of harmonic components, n = 30.

IsðavÞ ¼
X

30

n¼1

2� ImðnÞj j
p

¼ 2:74 A

(5.30)
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5.4 Single-phase sinusoidal PWM (SPWM) inverter

A PWM inverter as shown in Figure 5.3(a) produces multiple positive pulses during

the first half-cycle and the same number of negative pulses during the other half-

cycle. PWM gating signals are generated by comparing an isosceles triangular

carrier wave with a pulse of 50% duty cycle with a DC pulse signal of 50% duty

cycle. The widths of the pulses are equal. In a SPWM inverter, the reference signal

is a sine wave, and the widths of the pulses follow the sine wave. That is, the widths

of the pulses in the middle close to 90� are the widest and become narrower toward

0� and 180�. As the amplitude of the reference sine wave varies, the widths of the

pulses follow the sinusoidal function. The amplitude {amp} of the reference signal

is defined as a variable so that we can vary the widths of the pulses. We can use op-

amp to generate SPWM waveforms, as shown in Figure 9.5(a). By varying the

width of the output pulses, we can vary the rms value of the output voltage. The

number of pulses per half-cycle determines the frequency of the lower-order har-

monic. Higher the frequency of the lower-order harmonics, lower the values of the

filter elements, L and C.

SPWM gating signals are generated by comparing an isosceles triangular wave

with a pulse of 50% duty cycle at the switching frequency. An isosceles triangular

carrier wave vcr1 is compared with a sinusoidal reference wave vref . These signal

voltages are compared through an op-amp comparator to produce SPWM waveforms

as shown in Figure 5.5(b) for the first 50% of the time. The {amp} is the amplitude of

the reference signal and is defined as a variable so that we can vary the duty cycle of

the pulses. For an output frequency of f = 60 Hz, the frequency of the carrier wave-

form is 10f (2� 5� 60 ¼ 600 Hz) for five pulses per half-cycle. Figure 5.5(c) shows

the waveforms during the second half of the reference wave. The reference signal for

the second half of the waveform is obtained by the pulse waveform delayed by 8.33ms

and the pulse description is changed to the statement as follows. The reference signal

for the second half of the waveform is obtained by the pulse waveform delayed by

8.33ms and the pulse description is changed to the statement as follows.

PULSE(0 {amp} 8.33 ms 0.1 ns 0.1 ns 8.33 ms 16.67 ms)

The ratio of the reference signal Aref to the peak carrier signal Acr is defined as

the modulation index M

M ¼ Aref

Acr

As the peak value of the reference sinewave signal is varied keeping the carrier

signal fixed, the modulation index M and the width of the mth pulse dm are also

varied. If dm is the width of a pulse, the rms value of the output voltage for p pulses

per cycle, the rms value of the output voltage is given by

Vo ¼ VS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

2p�1

m¼1

wdm

p

v

u

u

t (5.31)
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where p is the number of pulses per half-cycle,

d is the pulse width in rad, and

w is the angular frequency of the output voltage rad/s.

The mth time tm and the angle am of intersection of the reference signal and the

carrier signal can be determined from [7]

tm ¼ am

w
¼ tx þ m

Ts

2
for m ¼ 1; 2; 3; . . .; p (5.32)

where tx can be solved from

1� 2t

Ts
¼ M sin w tx þ

mTs

2
� Ts

2

� �� �

for m ¼ 1; 3; . . .; p (5.33)

(a)

(b) (c)

Figure 5.5 SPWM generator for 5-pulses per half-cycle: (a) LTspice schematic,

(b) SPWM pulses for the first half cycle, and (c) SPWM pulses for the

second half-cycle
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2t

Ts
¼ M sin w tx þ

mTs

2
� Ts

2

� �� �

for m ¼ 2; 4; . . .; p (5.34)

where w = 2pf is the angular frequency of the output voltage, rad/s; fs ¼ 2pf is the

frequency of the carrier signal, Hz; And Ts ¼ 1
fs
is the period of the carrier signal, s.

Note: The reference sine wave in (5.33) and (5.34) is delayed by Ts/2 to match

the intersection with a carrier signal. Otherwise, the generated pulses may not be

symmetrical.

By using the iterative method of solving non-linear equations (5.33) and (5.34)

in the Mathcad software tool, the duration of the mth pulse can be calculated as

dm ¼ tmþ1 � tm for m ¼ 1; 2; 3; 4; . . .; 2p; s

dm ¼ dmw ¼ tmþ1 � tmð Þw for m ¼ 1; 2; 3; 4; . . .; 2p; rad
(5.35)

Due to the symmetry of the output voltages, the An component of the Fourier

series will be zero, and we get the general form of the output voltage as

voðtÞ ¼
X

1

n¼1;3;5...

Bn sin ðnwtÞ (5.36)

If the positive pulse of the mth pair starts at wt ¼ am and ends at

wt ¼ am þ dm, the Fourier coefficient for a pair of pulses is [7]

bn ¼
2VS

p

ðamþdm

am

sin ðnwtÞdðwtÞ ¼ 4VS

np
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.37)

We can find the coefficient Bn by adding the effects of all pulses as given by

Bn ¼
X

2p�1

m¼1

4VS

np
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.38)

The performance parameters of inverters can be divided into three types.

l Output-side parameters,
l Input-side parameters, and
l Inverter parameters.

Let us consider a DC input voltage of VS ¼ 100 V. The output frequency is

f = 60 Hz with a load resistance of R =10 W, M = 0.5, and p = 5.

The period of the output voltage, T ¼ 1=f ¼ 1=60 ¼ 16:667 ms.

The angular frequency of the output voltage, w ¼ 2pf ¼ 2� p� 60 ¼
367 rad=s.

The switching frequency is fs ¼ 2pf ¼ 2� 5� 60 ¼ 6 kHz.

The switching period is Ts ¼ 1=fs ¼ 1=ð6� 103Þ ¼ 1:667 ms.

Using the Mathcad software tool and (5.32)–(5.35), we can calculate these

values of the angles an and the pulse widths dn as a1 ¼ 33:582�; a2 ¼ 65:378�;
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a3 ¼ 99:108�; a4 ¼ 136:058�; a5 ¼ 176:736� and d1 ¼ 5:682�; d2 ¼ 14:565�;
d3 ¼ 17:784�; d4 ¼ 14:565�; d5 ¼ 5:682�.

Substituting these values in (5.38), we obtain the peak value of the funda-

mental component for n = 1 as

B1 ¼¼
X

2p

m¼1

4VS

p
sin

dm

2

� �

sin n am þ dm

2

� �� �

¼ 0:47553VS (5.39)

The rms fundamental output voltage is

Vo1 ¼
B1
ffiffiffi

2
p ¼ 0:47553VS

ffiffiffi

2
p ¼ 0:33625VS (5.40)

5.4.1 Output-side parameters

(a) Equation (5.31) gives the rms output voltage is

Vo ¼ VS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

2p�1

m¼1

wdm

p

v

u

u

t ¼ 56:9 V

(b) The rms output current is

Io ¼
Vo

R
¼ 56:9

10
¼ 5:69 A

(c) The output power is

Pout ¼
V 2
o

R
¼ 56:92

10
¼ 323:758 W

(d) Equation (5.40) gives the rms fundamental output voltage

Vo1 ¼ 0:33625VS ¼ 0:33625� 100 ¼ 33:625 V

(e) The rms fundamental output current is

Io1 ¼
Vo1

R
¼ 33:625

10
¼ 3:3625 A

(f) The fundamental output power is

Po1 ¼
V 2
o1

R
¼ 33:6252

10
¼ 113:064 W

(g) The rms ripple content of the output voltage

Vripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
o � V 2

o1

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

56:92 � 33:6252
p

¼ 45:901 V
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(h) THD of the output voltage

THD ¼ Vripple

Vo1

¼ 45:901

33:625
¼ 136:51%

5.4.2 Input-side parameters

(a) The input power

Pin ¼ Pout

¼ 323:758 W

(b) The average input current is

IsðavÞ ¼
Pin

VS

¼ 323:758 W

100
¼ 3:238 A

(c) The rms input current is

IsðrmsÞ ¼ Io
¼ 5:69 A

5.4.3 Inverter parameters

(a) The peak transistor current, Ipeak ¼ VS

R
¼ 100

10
¼ 10 A

(b) The rms transistor current is ITðrmsÞ ¼ Io
ffiffi

2
p ¼ 5:69

ffiffi

2
p ¼ 4:023 A

(c) The average transistor current is ITðavÞ ¼ IsðavÞ
2

¼ 3:238
2

¼ 1:619 A

5.4.4 Output filter

An LC filter as shown in Figure 5.1(a) is often connected to the output side to limit

the ripple contents of the load resistor, R. The capacitor C provided a low impe-

dance path for the ripple currents to flow through it, and the inductor L provided a

high impedance for the ripple currents. The fundamental frequency of output vol-

tage ripples is the same as the output frequency f, and the lower order for n = 9 is 9f.

Equation (5.38) gives the rms value of the ninth harmonic component for n = 9 as

B9 ¼
X

2p�1

m¼1

4VS

9p
sin

9dm

2

� �

sin 9 am þ dm

2

� �� �

(5.41)

which gives the rms value of the ninth harmonic component

Vo9 ¼
B9
ffiffiffi

2
p ¼ 0:34323VS

ffiffiffi

2
p ¼ 0:34323� 100

ffiffiffi

2
p ¼ 24:267 V

There are no explicit equations to find the values of L and C. We can find

approximate values and then adjust the values to obtain the desired values.
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Neglecting the effect of capacitor C, this ninth harmonic voltage will appear across

the inductor L and the load resistance R. Assuming the drop across the inductor is

larger than that of the resistor R by a factor of 3 such that

nwL ¼ 3R

which gives

L ¼ 3R

nw

¼ 3� 10

9� 366
¼ 8:842 mH

(5.42)

Assuming that the impedance of the capacitor is smaller than the load resistor

by a factor of 3 such that most of the harmonic current flows through the capacitor.

That is

3

nwC
¼ R

which gives

C ¼ 3

nwR
¼ 3

9wR

¼ 3

9� 366� 10
¼ 88:4 mF

(5.43)

The LTspice lots of the output voltage and the current through the load resistor

R are shown in Figure 5.6(a) for filter values C = 88.4 pF, L = 8.8 nH, and in

Figure 5.6(b) for filter values C = 88.4 mF, L = 8.8 mH. We can notice that the

output voltage is a square wave, whereas the load current is sinusoidal form. The

values of L and C can be adjusted to get a waveform closer to a pure sine wave.

Fourier analysis: The LTspice command (.four 60 Hz 29 2 I(R)) for Fourier

Analysis gives

THD: 94.194074% (100.378612%) for C = 88.4 pF and L = 8.8 nH

(a) (b)

Figure 5.6 Output voltage and load current: (a) for filter values: C = 88.4 pF,

L = 8.8 nH and (b) for filter values: C = 88.4 mF, L = 8.8 mH
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THD: 24.631648% (23.609495%) for C = 88.4 mF and L = 8.8 mH

which indicates a significant reduction of the THD with an output filter.

LTspice gives the Fourier components as follows:

Fourier components of I(r)

DC component: �0.0127733

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 6.000e+01 3.688e+00 1.000e+00 159.85 0.00
2 1.200e+02 8.550e�02 2.318e�02 �53.15 �213.00
3 1.800e+02 9.451e�02 2.563e�02 �29.38 �189.23
4 2.400e+02 1.272e�01 3.447e�02 �83.81 �243.66
5 3.000e+02 1.447e�01 3.924e�02 �127.41 �287.26
6 3.600e+02 1.013e�01 2.747e�02 �116.11 �275.96
7 4.200e+02 1.901e�01 5.155e�02 121.02 �38.83
8 4.800e+02 5.922e�02 1.606e�02 �130.17 �290.02
9 5.400e+02 6.242e�01 1.693e�01 36.01 �123.84
10 6.000e+02 2.591e�02 7.024e�03 �130.02 �289.87
11 6.600e+02 5.401e�01 1.464e�01 �148.87 �308.72
12 7.200e+02 1.203e�02 3.262e�03 �67.36 �227.21
13 7.800e+02 1.268e�01 3.438e�02 �100.22 �260.07
14 8.400e+02 2.500e�02 6.778e�03 �38.84 �198.69
15 9.000e+02 7.359e�02 1.995e�02 �99.10 �258.95
16 9.600e+02 2.827e�02 7.666e�03 �41.83 �201.68
17 1.020e+03 6.355e�02 1.723e�02 �156.03 �315.88
18 1.080e+03 2.529e�02 6.858e�03 �45.01 �204.86
19 1.140e+03 4.582e�02 1.242e�02 35.53 �124.32
20 1.200e+03 1.855e�02 5.030e�03 �37.38 �197.23
21 1.260e+03 3.866e�02 1.048e�02 �93.48 �253.33
22 1.320e+03 1.509e�02 4.091e�03 �17.15 �177.00
23 1.380e+03 7.226e�02 1.959e�02 �12.84 �172.69
24 1.440e+03 1.478e�02 4.007e�03 �1.19 �161.04
25 1.500e+03 4.456e�02 1.208e�02 �7.00 �166.85
26 1.560e+03 1.392e�02 3.774e�03 11.45 �148.40
27 1.620e+03 1.204e�02 3.264e�03 3.19 �156.66
28 1.680e+03 1.189e�02 3.224e�03 23.76 �136.09
29 1.740e+03 1.414e�02 3.834e�03 70.61 �89.24

THD: 24.631648% (23.609495%)

5.4.5 Single-phase sinusoidal PWM inverter circuit model

R = 10 W, C = 88.4 mF, and L = 8.9 mH, f = 60 Hz

wo ¼ 2pfo ¼ 2p� 60 ¼ 377 rad=s
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The nth harmonic impedance of the load with the LC filter is given by

ZðnÞ ¼ jnwoLþ
Rk 1

jnwoC

1þ jnwoRC
¼ Rþ jnwoL� ðnwoÞRLC

1þ jnwoRC
(5.44)

Dividing the voltage expression in (5.38) by the load impedance Z(n) gives the

Fourier components of the load currents as

ioðtÞ ¼
X

2p

m¼1

4VS

npZðnÞ sin
nd

2

� �

sin n am þ d

2

� �� �

sin ðnwtÞ (5.45)

which gives the peak magnitude of the nth harmonic currents

ImðnÞ ¼
4VS

npZðnÞ sin
nd

2

� �

sin n am þ d

2

� �� �

(5.46)

which for n = 1, n = 9, and n = 11 gives

Imð1Þ ¼ 5:279ff �2:263�

Imð9Þ ¼ 1:261ff 92:107�

Imð11Þ ¼ 0:998ff �88:846�

Dividing by
ffiffiffi

2
p

gives the rms values for n = 1, n = 9, and n = 1 as

Irmsð1Þ ¼
5:279ff � 2:263�

ffiffiffi

2
p ¼ 3:733ff � 2:263�

Irmsð9Þ ¼
1:261ff92:107�

ffiffiffi

2
p ¼ 0:892ff 92:107�

Irmsð11Þ ¼
0:998ff � 88:846�

ffiffiffi

2
p ¼ 0:706ff � 88:846�

The total rms value of the load current can be determined by adding the square

of the individual rms values and then taking the square root

Io ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

30

n¼1;3

ð IrmsðnÞj jÞ2
v

u

u

t

¼ 4:085 A

(5.47)

Applying (3.3) for a single-phase full-eave rectifier, the average output current

IoðavÞ of a full-wave rectifier with a peak sinusoidal input current of Im is

IoðavÞ ¼
2Im

p
: (5.48)

Since the output current of the inverter contains sinusoidal harmonic compo-

nents at different frequencies, we can add the corresponding DC components
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contributing to the output current of the inverter. Applying (5.48) gives the average

input current due by n number of harmonic components, n = 30

IsðavÞ ¼
X

30

n¼1

2� ImðnÞj j
p

¼ 2:74 A

(5.49)

5.5 Three-phase voltage-source inverter

The LTspice schematic of a three-phase inverter is shown in Figure 5.7(a). The

addition of a small inductor L ¼ 15:9 nH and a small capacitor C ¼ 159 pF makes

(a)

(b)

Figure 5.7 Three-phase inverter: (a) schematic and (b) gating waveforms
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the circuit in a generalized form, and these elements are often connected to serve as a

filter. We have observed in Section 5.2 for a single-phase inverter consisting of two

pairs of four switches. For a pair of switches, switching on one switch from the top

left arm and one switch from the bottom right arm gives a positive output voltage vab
between terminals a and b, whereas switching on one switch from the top right arm

and one switch from the bottom left arm gives a negative output voltage. Adding one

more pair of switches to a single-phase inverter makes six pairs of switches and

allows three output voltages between terminals a and b, b and c, and c and a. That is

voltages, vab, vbc, and vca. There are three switches in the top row.

For the continuity of the current flow, each top switch needs to conduct

360�=6 ¼ 60�. Similarly, there are three switches on the bottom row. For the

continuity of the current flow, each bottom switch also needs to conduct

360�=6 ¼ 60�. To produce an output voltage between the output terminals, one

switch from the top and one switch from the bottom must be conducted. Since there

are six switches, there would be six switch pairs – 12, 23, 34, 45, 56, and 61 thereby

completing one cycle and then repeating the cycle. First gating pulse starts with

zero delay and then each pulse by delayed by 60�.
Six gating pulses of 5 V with a 50% duty cycle are shown in Figure 5.7(b) at

the desired period (T = 1/f) of the output voltage. As shown in Figure 5.7(a), the

switches are numbered according to the order in which the switches conduct – 135

top switches and 246 bottom switches. The line-to-line output voltages are shown

in Figure 5.8(a) with a positive voltage of þVS for 120� followed by zero for 60�,
then followed by a negative voltage of �VS for 120

� followed by zero for 60�, and
then followed by 60� completing the cycle and repeating. The line-to-line voltages

are shown in Figure 5.8(a). The line-to-neutral or the phase voltages are shown in

Figure 5.8(b), and the waveforms of the output phase voltages are of stair-case type [8].

The rms value of the line-to-line output voltage is given by

VL ¼ Vab ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

T

ð2p=3

0

v2odt

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

2p

ð2p=3

0

V 2
S dq

s

¼
ffiffiffi

2

3

r

VS ¼ 0:8165 VS

(5.50)

which, for a balanced three-phase source, gives the rms value of line-to-neutral

voltage as

Vp ¼
VL
ffiffiffi

3
p ¼ 1

ffiffiffi

3
p

ffiffiffi

2

3

r

VS ¼
ffiffiffi

2
p

VS

3
¼ 0:4714 VS (5.51)

The line-to-line output voltage vab can be expanded to express the instanta-

neous output voltage in a Fourier series as [7]

vabðtÞ ¼
X

1

n¼1;3...

4VS

np
sin

np

2

� �

sin
np

3

� �

sin n wt þ p

6

� �

(5.52)

where angular frequency w ¼ 2pf .
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Dividing the line-to-line output voltage vab(t) by
ffiffiffi

3
p

and phase shifting by p=6
gives the instantaneous phase voltage in a Fourier series as

vanðtÞ ¼
X

1

n¼1;3...

4VS

np
ffiffiffi

3
p sin

np

2

� �

sin
np

3

� �

sin nðwtÞ (5.53)

Equation (5.52) gives the peak value as the fundamental component of the line-

to-line voltage for n = 1 as

VabðpeakÞ ¼
4VS

p
sin

p

2

� �

sin
p

3

� �

¼ 4VS

p
sin

p

3

� �

¼ 1:103 VS (5.54)

Dividing the peak value by
ffiffiffi

2
p

, we get the rms fundamental value of the line-

to-line voltage as

VL1 ¼
VabðpeakÞ

ffiffiffi

2
p ¼ 1:103 VS

ffiffiffi

2
p ¼ 0:7797 VS (5.55)

(a)

(b)

Figure 5.8 Output voltages of three-phase inverter: (a) line-to-line voltages and

(b) phase voltages

DC–AC converters 131



which dividing by
ffiffiffi

3
p

, we get the rms fundamental component of the phase voltage

as

Vp1 ¼
VL1
ffiffiffi

3
p ¼ 0:7797 VS

ffiffiffi

3
p ¼ 0:45 VS (5.56)

The performance parameters of three-phase inverters can be divided into three

types

l Output-side parameters,
l Input-side parameters, and
l Inverter parameters.

Let us consider a DC input voltage of Vs = 100 V. The output frequency is

60 Hz with a per-phase Wye-connected load resistance of R = 10 W.

5.5.1 Output-side parameters

(a) Equation (5.50) gives the rms line voltage is

VL ¼
ffiffiffi

2

3

r

VS

¼
ffiffiffi

2

3

r

� 100 ¼ 81:65 V

(b) Equation (5.51) gives the rms phase voltage is

Vp ¼
ffiffiffi

2
p

3
VS

¼
ffiffiffi

2
p

3
� 100 ¼ 47:14 V

(c) Equation (5.55) gives the rms line fundamental current

VL1 ¼
1:103VS

ffiffiffi

2
p

¼ 1:103� 100
ffiffiffi

2
p ¼ 77:97 V

(d) Equation (5.56) gives the rms phase fundamental current

Vp1 ¼
1:103VS
ffiffiffi

2
p

�
ffiffiffi

3
p

¼ 1:103� 100
ffiffiffi

2
p

�
ffiffiffi

3
p ¼ 45:016 V
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(e) The rms output phase current is

Ip ¼
Vp

R

¼ 47:14

10
¼ 4:714 A

(f) The rms fundamental output phase current is

Ip1 ¼
Vp1

R

¼ 45:016

10
¼ 4:5016 A

(g) The output power for three phases is

Pout ¼ 3�
V 2
p

R

¼ 3� 47:142

10
¼ 666:667 W

(h) The fundamental output power for three-phase is

Pout1 ¼ 3�
V 2
p1

R

¼ 3� 45:0162

10
¼ 666:667 W

(i) The rms ripple content of the line voltage

VLðrippleÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
L � V 2

L1

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

81:652 � 77:972
p

¼ 24:236 V

(j) The rms ripple content of the phase voltage

VpðrippleÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
p � V 2

p1

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

47:142 � 45:0162
p

¼ 13:993 V

(k) The ripple factor of the line-to-line output voltage

RFL ¼ VLðrippleÞ
VL1

¼ 24:236

77:97
¼ 31:084%

(l) The ripple factor of the phase output voltage

RFp ¼
VpðrippleÞ
Vp1

¼ 13:993

45:016
¼ 31:084%
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5.5.2 Input-side parameters

(a) The input power,

Pin ¼ Pout

¼ 666:667 W

(b) The average input current is

IsðavÞ ¼
Pin

VS

¼ 666:667

100
¼ 6:667 A

(c) Since each phase current Ip is supplied with two switches, the rms current of

each switch is Ip=
ffiffiffi

2
p

. Thus, the rms input current drawn from the DC source

through three switches is

IsðrmsÞ ¼
ffiffiffi

3
p
ffiffiffi

2
p Ip

¼
ffiffiffi

3

2

r

� 4:714 ¼ 5:774 A

5.5.3 Inverter parameters

(a) Since the peak phase voltage is 2VS=3, the peak transistor current

Ipeak ¼
2VS

3R

¼ 2� 100

3� 10
¼ 6:667 A

(b) The rms transistor current is

ITðrmsÞ ¼
Ip
ffiffiffi

2
p

¼ 4:714
ffiffiffi

2
p ¼ 3:333 A

(c) The average transistor current is

ITðavÞ ¼
IsðavÞ
3

¼ 6:667

3
¼ 2:222 A

5.5.4 Output filter

An LC filter as shown in Figure 5.9 is often connected to the output side to limit the

ripple contents of the load resistor, R. The capacitor C provided a low impedance

134 Simulation and analysis of circuits for power electronics



path for the ripple currents to flow through it, and the inductor L provided a high

impedance for the ripple currents. The fundamental frequency of output voltage

ripples is the same as the output frequency f, and the lower order for n = 5 is 5f. Due

to the symmetry of the waveform, even harmonic components and the third har-

monic and the multiple of 3d harmonics are not present. Equation (5.52) gives the

rms value of the 5d harmonic component for n = 5 as

VL5 ¼
4VS

5p
ffiffiffi

2
p sin

5p

2

� �

sin
5p

3

� �

¼ 0:156VS (5.57)

There are no explicit equations to find the values of L and C. We can find

approximate values and then adjust the values to obtain the desired values.

Neglecting the effect of capacitor C, this fifth harmonic voltage will appear across

the inductor L and the load resistance R. Assuming the drop across the inductor is

larger than that of the resistor R by a factor of 3 such that

nwL ¼ 3R

which gives

L ¼ 3R

nw

¼ 3� 10

5� 366
¼ 16 mH

(5.58)

Assuming that the impedance of the capacitor is smaller than the load resistor by a

factor of 3 such that most of the harmonic current flows through the capacitor. That is

3

nwC
¼ R

which gives

C ¼ 3

nwR
¼ 3

5wR

¼ 3

5� 366� 10
¼ 160 mF

(5.59)

The LTspice plots of the output voltage and the current through the load

resistor R are shown in Figure 5.10(a) for filter values C = 160 pF, L = 16 nH

C ¼ 160 pF; L ¼ 16 nH, and in Figure 5.10(b) for filter values C = 160 mF,

L = 16 mH. We can notice that the output voltage is a square wave, whereas the

Figure 5.9 An LC filter
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load current is sinusoidal form. The values of L and C can be adjusted to get a

waveform closer to a pure sine wave.

Fourier analysis: The LTspice command (.four 60 Hz 29 2 I(R)) for Fourier

Analysis gives

THD : 29:892153%ð31:347041%Þ for Ca ¼ Cb ¼ Cc ¼ C ¼ 160 pF

and La ¼ Lb ¼ Lc ¼ L ¼ 16 nH

THD : 2:478307%ð2:478377%Þ for Ca ¼ Cb ¼ Cc ¼ C ¼ 160 mF

and La ¼ Lb ¼ Lc ¼ L ¼ 16 mH

which indicates a significant reduction of the THD with an output filter. LTspice

gives the Fourier components as follows:

Fourier components of I(ra)

DC component: 0.0272655

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 6.000e+01 6.998e+00 1.000e+00 �42.82 0.00
2 1.200e+02 2.447e�02 3.497e�03 128.58 171.40
3 1.800e+02 3.867e�02 5.526e�03 138.68 181.50
4 2.400e+02 3.811e�03 5.446e�04 �168.27 �125.45
5 3.000e+02 1.551e�01 2.217e�02 �158.78 �115.95
6 3.600e+02 4.952e�03 7.077e�04 �83.26 �40.44
7 4.200e+02 3.687e�02 5.269e�03 �170.31 �127.49
8 4.800e+02 1.077e�02 1.540e�03 �176.25 �133.43
9 5.400e+02 8.305e�03 1.187e�03 96.40 139.22
10 6.000e+02 6.520e�03 9.318e�04 �171.34 �128.52
11 6.600e+02 4.546e�03 6.497e�04 �119.00 �76.18
12 7.200e+02 2.697e�03 3.854e�04 3.82 46.64
13 7.800e+02 6.027e�03 8.613e�04 �71.85 �29.03
14 8.400e+02 3.682e�03 5.262e�04 39.34 82.16
15 9.000e+02 5.470e�04 7.817e�05 97.96 140.78
16 9.600e+02 1.834e�03 2.622e�04 20.32 63.14
17 1.020e+03 6.447e�03 9.213e�04 �138.49 �95.67
18 1.080e+03 8.434e�04 1.205e�04 �86.72 �43.90
19 1.140e+03 7.851e�04 1.122e�04 143.12 185.94
20 1.200e+03 9.054e�04 1.294e�04 �154.84 �112.01
21 1.260e+03 1.100e�03 1.572e�04 �168.99 �126.17
22 1.320e+03 1.629e�03 2.328e�04 117.05 159.88
23 1.380e+03 2.608e�03 3.726e�04 �100.85 �58.03
24 1.440e+03 1.270e�04 1.814e�05 134.59 177.41
25 1.500e+03 5.767e�04 8.241e�05 �112.05 �69.23
26 1.560e+03 1.364e�03 1.949e�04 29.27 72.09
27 1.620e+03 6.554e�04 9.367e�05 �68.08 �25.26
28 1.680e+03 2.280e�04 3.258e�05 6.52 49.34
29 1.740e+03 1.164e�03 1.663e�04 �146.88 �104.06

THD: 2.388146% (2.391763%)
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5.5.5 Three-phase inverter circuit model

R = 10 W, C = 160 mF and L = 16 mH, f = 60 Hz

wo ¼ 2pfo ¼ 2p� 60 ¼ 377 rad=s

The nth harmonic impedance of the load with the LC filter is given by

ZðnÞ ¼ jnwoLþ
Rk 1

jnwoC

1þ jnwoRC
¼ Rþ jnwoL� ðnwoÞRLC

1þ jnwoRC
(5.60)

Dividing the voltage expression in (5.53) by the impedance Z(n) gives the

Fourier components of the phase load currents as

iaðtÞ ¼
X

1

n¼1;3...

4VS

np
ffiffiffi

3
p

ZðnÞ
sin

np

2

� �

sin
np

3

� �

(5.61)

which gives the peak magnitude of the nth harmonic currents of the phase current

ImðnÞ ¼
4VS

np
ffiffiffi

3
p

ZðnÞ
sin

np

2

� �

sin
np

3

� �

(5.62)

which for n = 1, n = 5, and n = 7 gives

Imð1Þ ¼
4� 100

1� p�
ffiffiffi

3
p

� Zð1Þ
¼ 8:481ff � 12:378�

Imð5Þ ¼
4� 100

3� p�
ffiffiffi

3
p

� Zð5Þ
¼ 0:468ff92:088�

Imð7Þ ¼
4� 100

3� p�
ffiffiffi

3
p

� Zð7Þ
¼ 0:227ff90:761�

(a) (b)

Figure 5.10 Output line voltage and load current: (a) for filter values: C = 160

pF, L = 16 nH and (b) for filter values: C = 160 mF, L = 16 mH
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Dividing the peak value by
ffiffiffi

2
p

gives the rms values for n = 1, n = 5, and n = 7 as

Irmsð1Þ ¼
Imð1Þ
ffiffiffi

2
p ¼ 8:481ff � 12:378�

ffiffiffi

2
p ¼ 5:997ff � 12:378�

Irmsð5Þ ¼
Imð3Þ
ffiffiffi

2
p ¼ 0:468ff92:088�

ffiffiffi

2
p ¼ 0:331ff92:088�

Irmsð7Þ ¼
Imð3Þ
ffiffiffi

2
p ¼ 0:227ff90:761�

ffiffiffi

2
p ¼ 0:161ff90:761�

The total rms value of the phase load current can be determined by adding the

square of the individual rms values and then taking the square root

Io ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

30

n¼1;3

ðIrmsðnÞÞ2
v

u

u

t

¼ 6:009 A

(5.63)

Applying (3.3) for a single-phase full-eave rectifier, the average output current

IoðavÞ of a full-wave rectifier with a peak sinusoidal input current of Im is

IoðavÞ ¼
2Im

p
(5.64)

Since the output current of the inverter contains sinusoidal harmonic compo-

nents at different frequencies, we can add the corresponding DC components

contributing to the output current of the inverter. Applying (5.64) for three phases

gives the average input current due by n number of harmonic components, n = 30

IsðavÞ ¼
X

30

n¼1

3� 2� ImðnÞj j
p

¼ 4:247 A

(5.65)

5.6 Three-phase PWM inverter

The three-phase inverter in Figure 5.7(a) has a positive voltage of VS for 1/3 of the

period and a negative voltage of �VS for another 1/3 of the period. A three-phase

PWM inverter produces multiple positive pulses during 1/3 of the period, the same

number of negative pulses during another 1/3 of the period, and zero voltage for

another 1/3 of the period. By varying the width of the output pulses, we can vary

the rms value of the output voltage. The number of pulses per half-cycle determines

the frequency of the lower-order harmonic. Higher the frequency of the lower-order

harmonics, lower the values of the filter element, L and C. An isosceles triangular

carrier wave vcr1 at a switching frequency is compared with a pulse reference wave

vref of 50% on and 50% off at the output frequency. Although the comparator
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generates pulses during the complete period T of the output frequency, the positive

pulses of þVS appear on the output of the inverter for only an interval of T/3, and

the negative pulses of �VS appear on the output of the inverter for another interval

of T/3.

If pc is the number of gating pulses generated by the comparator during the

first half-cycle of the output voltage, the number of pulses po appearing on the

output of the inverter is

po ¼
120�

180�
� pr ¼

2

3
pr (5.66)

which gives

pr ¼
180�

120�
� po ¼

3

2
po (5.67)

For example, for po ¼ 4, pr ¼ 6 and for po ¼ 6, pr ¼ 9

For an output frequency of f = 60 H, and 9 pulses per half cycle, the frequency

of the carrier waveform is 9f (540 Hz). Figure 5.11(a) shows the generation of the

(c) (d)

(a) (b)

Figure 5.11 Waveforms of PWM inverters: (a) gating, reference, and carrier

signals; (b) reference signals delayed by 60 degrees; (c) six gating

signals; and (d) line-to-line output voltages [8]
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gating signals during the first half cycle of the reference wave. The reference sig-

nals for generating gating signals for other switches, as shown in Figure 5.11(b), are

obtained by the pulse waveforms delayed by 60� (2.778 ms), and the pulse

description is changed to the statement as follows:

PULSE (0 {amp} 2.778 ms 0.1 ns 0.1 ns 8.33 ms 16.67 ms)

Figure 5.11(c) shows the six gating signals, and Figure 5.11(d) shows the line-

to-line output voltages.

The ratio of the reference signal Aref to the peak carrier signal Acr is defined as

the modulation index M = Aref/Acr. As the reference signal is varied, keeping the

carrier signal fixed, the modulation index M and the width of the pulse d are also

varied. If d is the width of a pulse, the rms value of the output voltage for p pulses

per cycle and the rms value of the output voltage per phase is given by

Vo ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2po

2p

ðd

0

V 2
S dq

s

¼ VS

ffiffiffiffiffiffiffi

pod

p

r

(5.68)

where po is the number of pulses per half-cycle of the output voltage; d is the pulse

width in rad; and w is the angular frequency of the output voltage rad/s.

The variation of the modulation index M from 0 to 1 varies the pulse width d

from 0 to T/2p (0 to p/p) and the rms output voltage from 0 to VS . The angle am and

the time tm of intersection between the reference signal and the carrier signal for the

mth pulse can be found from [7]

tm ¼ am

w
¼ T

12
þ ðm�MÞTs

2
for m ¼ 1; 3; . . .; 2po (5.69)

tm ¼ am

w
¼ T

12
þ ðm� 1þMÞTs

2
for m ¼ 2; 4; . . .; 2po (5.70)

Note: Since the pulses for the output voltage are delayed by 30 from the zero,

T/12 is added to (5.69) and (5.70).

where w = 2pf is the angular frequency of the output voltage, rad/s; fs ¼ 2pf is

the frequency of the carrier signal, Hz; and Ts ¼ 1
fs
is the period of the carrier

signal, s.

From (5.69) and (5.70), we can calculate the duration of the mth pulse as

dm ¼ tmþ1 � tm for m ¼ 1; 2; 3; 4; . . .; 2po; s

dm ¼ dmw ¼ tmþ1 � tmð Þw for m ¼ 1; 2; 3; 4; . . .; 2po; rad
(5.71)

Due to the symmetry of the output voltage, the An component of the Fourier

series will be zero, and we get the general form of the output voltage as

voðtÞ ¼
X

1

n¼1;3;5...

Bn sin ðnwtÞ (5.72)
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If the positive pulse of the mth pair starts at wt ¼ am and ends wt ¼ am þ dm,

the Fourier coefficient for a pair of pulses is

bn ¼
2VS

p

ðamþdm

am

sin ðnwtÞdðwtÞ ¼ 4VS

np
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.73)

We can find the coefficient Bn by adding the effects of all pulses as given by

Bn ¼
X

2po

m¼1

4VS

np
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.74)

Dividing the line-to-line output voltage vab(t) by
ffiffiffi

3
p

and phase shifting by p=6
gives the instantaneous phase voltage in a Fourier series as

vanðtÞ ¼
X

1

n¼1;3...

4VS

np
ffiffiffi

3
p sin

ndm

2

� �

sin n am þ dm

2

� �� �

sin nðwtÞ (5.75)

The performance parameters of inverters can be divided into three types:

l Output-side parameters,
l Input-side parameters, and
l Inverter parameters.

Let us consider a DC input voltage of VS ¼ 100 V. The output frequency is

f = 60 Hz with a per-phase load resistance of R = 10 W, M = 0.5, po = 4, and pr = 6.

The period of the output voltage, T ¼ 1=f ¼ 1=60 ¼ 16:667 ms.

The angular frequency of the output voltage, w ¼ 2pf ¼ 2� p� 60 ¼
367 rad=s.

The switching frequency is fs ¼ 2prf ¼ 2� 6� 60 ¼ 720 Hz.

The switching period is Ts ¼ 1=fs ¼ 1=ð720Þ ¼ 1:389 ms.

(a) (b)

Figure 5.12 Output voltage and load current: (a) for filter values: C = 72.3 pF,

L = 7.2 nH and (b) for filter values: C = 72.3 mF, L = 7.2 mH
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From (5.69) to (5.71), we can calculate these values of the angles a and the

pulse widths d as a1 ¼ 37:5�; a2 ¼ 67:5�; a3 ¼ 97:5�; a4 ¼ 127:5�, and

d ¼ d1 ¼ d2 ¼ d3 ¼ d4 ¼ 15�.
Substituting these values in (5.74), we get the peak value of the fundamental

component for n = 1 as

B1 ¼
X

2po

m¼1

4VS

p
sin

dm

2

� �

sin n am þ dm

2

� �� �

¼
X

2�4

m¼1

4VS

p
sin

15�

2

� �

sin n am þ 15�

2

� �� �

¼ 0:55609VS (5.76)

Dividing by
ffiffiffi

2
p

gives the rms fundamental output voltage as

Vo1 ¼
B1
ffiffiffi

2
p ¼ 0:55609VS

ffiffiffi

2
p ¼ 0:39321VS (5.77)

5.6.1 Output-side parameters

(a) Equation (5.68) gives the rms output voltage

Vo ¼ VS

ffiffiffiffiffi

pd

p

r

¼ 100

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5� 15�

180

r

¼ 57:735 V

(b) The rms output current is

Io ¼
Vo

R
¼ 57:735

10
¼ 5:7735 A

(c) The output power is

Pout ¼
V 2
o

R
¼ 57:7352

10
¼ 333:333 W

(d) Equation (5.77) gives the rms fundamental output voltage

Vo1 ¼ 0:39321VS ¼ 0:39321� 100 ¼ 39:321 V:

(e) The rms fundamental output current is

Io1 ¼
Vo1

R
¼ 45:577

10
¼ 4:558 A

(f) The fundamental output power is

Po1 ¼
V 2
o1

R
¼ 39:3212

10
¼ 154:616 W
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(g) The rms ripple content of the output voltage

Vripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
o � V 2

o1

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

57:7352 � 39:3212
p

¼ 42:275 V

(h) THD of the output voltage

THD ¼ Vripple

Vo1

¼ 42:275

39:321
¼ 107:512%

5.6.2 Input-side parameters

(d) The input power

Pin ¼ Pout

¼ 333:333 W

(e) The average input current is

IsðavÞ ¼
Pin

VS

¼ 333:333 W

100

¼ 3:33333 A

(f) The rms input current is

IsðrmsÞ ¼ Io

¼ 5:7735 A

5.6.3 Inverter parameters

(a) The peak transistor current,

Ipeak ¼
VS

R
¼ 100

10
¼ 10 A

(b) The rms transistor current is

ITðrmsÞ ¼
Io
ffiffiffi

3
p ¼ 7:071

ffiffiffi

3
p ¼ 3:333 A

(c) The average transistor current is

ITðavÞ ¼
IsðavÞ
3

¼ 3:33333

3
¼ 1:111 A

5.6.4 Output filter

An LC filter as shown in Figure 5.9 is often connected to the output side to limit the

ripple contents of the load resistor, R. The capacitor C provided a low impedance
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path for the ripple currents to flow through it, and the inductor L provided a high

impedance for the ripple currents. The fundamental frequency of output voltage

ripples is the same as the output frequency f, and the lower order for 1 = 3 is 3f.

Equation (5.74) gives the rms value of the 11th harmonic component for n = 11 as

B11 ¼
X

2po

m¼1

4VS

11� p
sin

3dm

2

� �

sin 3 am þ dm

2

� �� �

¼ 0:38399VS (5.78)

which gives the rms value of the 11th harmonic component

Vo11 ¼
B11
ffiffiffi

2
p ¼ 0:38399VS

ffiffiffi

2
p ¼ 0:38399� 100

ffiffiffi

2
p ¼ 27:152 V

There are no explicit equations to find the values of L and C. We can find

approximate values and then adjust the values to obtain the desired values.

Neglecting the effect of capacitor C, the 11th harmonic voltage will appear across

the inductor L and the load resistance R. Assuming the drop across the inductor is

larger than that of the resistor R by a factor of 3 such that

nwL ¼ 3R

which gives

L ¼ 3R

nw

¼ 3� 10

11� 366
¼ 7:2 mH

(5.79)

Assuming that the impedance of the capacitor is smaller than the load resistor

by a factor of 3 such that most of the harmonic current flows through the capacitor.

That is

3

nwC
¼ R

which gives

C ¼ 3

nwR
¼ 3

3wR

¼ 3

11� 366� 10
¼ 72:3 mF

(5.80)

The LTspice lots of the output voltage and the current through the load

resistor R are shown in Figure 5.12(a) for filter values C = 72.3 pF, L = 7.2 nH,

and in Figure 5.12(b) for filter values C = 72.3 mF, L = 7.2 mH. We can notice

that the output voltage is a square wave, whereas the load current is sinusoidal

form. The values of L and C can be adjusted to get a waveform closer to a pure

sine wave.
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Fourier analysis: The LTspice command (.four 60 Hz 29 2 I(R)) for Fourier

Analysis gives

THD: 98.160903% (105.899331%) for C = 72.3 pF and L = 7.2 nH

THD: 35.965743% (34.509790%) for C = 72.3 mF and L = 7.2 mH

which indicates a significant reduction of the THD with an output filter. LTspice

gives the Fourier components as follows:

Fourier components of I(ra)

DC component: 0.0101671

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

1 6.000e+01 1.861e+00 1.000e+00 �6.63 0.00
2 1.200e+02 2.059e�02 1.106e�02 97.26 103.89
3 1.800e+02 2.037e�02 1.095e�02 101.05 107.67
4 2.400e+02 2.037e�02 1.095e�02 104.86 111.48
5 3.000e+02 3.905e�01 2.099e�01 �40.24 �33.61
6 3.600e+02 2.010e�02 1.080e�02 112.66 119.29
7 4.200e+02 2.584e�01 1.389e�01 �60.87 �54.24
8 4.800e+02 1.929e�02 1.037e�02 120.55 127.18
9 5.400e+02 1.929e�02 1.037e�02 124.36 130.99
10 6.000e+02 1.923e�02 1.033e�02 128.44 135.06
11 6.600e+02 3.579e�01 1.923e�01 �61.83 �55.21
12 7.200e+02 1.777e�02 9.550e�03 136.99 143.61
13 7.800e+02 2.970e�01 1.596e�01 127.65 134.27
14 8.400e+02 1.792e�02 9.632e�03 144.25 150.87
15 9.000e+02 1.747e�02 9.391e�03 148.35 154.97
16 9.600e+02 1.707e�02 9.175e�03 152.34 158.96
17 1.020e+03 5.327e�02 2.863e�02 123.06 129.69
18 1.080e+03 1.631e�02 8.768e�03 160.24 166.87
19 1.140e+03 3.114e�02 1.674e�02 129.88 136.51
20 1.200e+03 1.546e�02 8.307e�03 167.84 174.46
21 1.260e+03 1.500e�02 8.060e�03 172.05 178.68
22 1.320e+03 1.449e�02 7.787e�03 176.25 182.88
23 1.380e+03 3.139e�02 1.687e�02 114.23 120.86
24 1.440e+03 1.345e�02 7.231e�03 �176.33 �169.70
25 1.500e+03 3.959e�02 2.128e�02 �135.27 �128.64
26 1.560e+03 1.254e�02 6.740e�03 �167.66 �161.04
27 1.620e+03 1.198e�02 6.438e�03 �163.46 �156.84
28 1.680e+03 1.147e�02 6.163e�03 �159.12 �152.50
29 1.740e+03 1.778e�02 9.554e�03 �165.54 �158.92

THD: 35.965743%(34.509790%)

5.6.5 Three-phase PWM inverter circuit model

R = 10 W, C = 72.3 mF and L = 7.2 mH, f = 60 Hz

wo ¼ 2pfo ¼ 2p� 60 ¼ 377 rad=s
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The nth harmonic impedance of the load with the LC-filter is given by

ZðnÞ ¼ jnwoLþ
Rk 1

jnwoC

1þ jnwoRC
¼ Rþ jnwoL� ðnwoÞRLC

1þ jnwoRC
(5.81)

Dividing the voltage expression in (5.75) by the impedance Z(n) gives the

Fourier components of the phase load currents as

iaðtÞ ¼
X

1

n¼1;3...

4VS

np
ffiffiffi

3
p

ZðnÞ
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.82)

which gives the peak magnitude of the nth harmonic currents of the phase current

ImðnÞ ¼
X

1

n¼1;3...

4VS

np
ffiffiffi

3
p

ZðnÞ
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.83)

which for n = 1, n = 5, n = 7, n = 11, and n = 13 gives

Imð1Þ ¼ 4:277ff � 12:378�

Imð5Þ ¼ 0:295ff92:088�
Imð7Þ ¼ 0:187ff90:761�
Imð11Þ ¼ 0:342ff � 89:804�

Imð13Þ ¼ 0:243ff90:119�

Dividing the peak value by
ffiffiffi

2
p

gives the rms values for n = 1, n = 5, n = 7, n = 11,

and n = 13 as

Irmsð1Þ ¼
Imð1Þ

ffiffiffi

2
p ¼ 4:277ff � 12:378�

ffiffiffi

2
p ¼ 3:024ff � 12:378�

Irmsð5Þ ¼
Imð5Þ

ffiffiffi

2
p ¼ 0:295ff92:088�

ffiffiffi

2
p ¼ 0:209ff92:088�

Irmsð7Þ ¼
Imð7Þ

ffiffiffi

2
p ¼ 0:187ff90:761�

ffiffiffi

2
p ¼ 0:132ff90:761�

Irmsð11Þ ¼
Imð11Þ

ffiffiffi

2
p ¼ 0:342ff � 89:804�

ffiffiffi

2
p ¼ 0:242ff � 89:804�

Irmsð13Þ ¼
Imð13Þ

ffiffiffi

2
p ¼ 0:243ff90:119�

ffiffiffi

2
p ¼ 0:172ff90:119�

The total rms value of the phase load current can be determined by adding the

square of the individual rms values and then taking the square root

Io ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

30

n¼1;3

ðIrmsðnÞÞ2
v

u

u

t

¼ 3:049 A

(5.84)
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Applying (3.3) for a single-phase full-wave rectifier, the average output current

IoðavÞ of a full-wave rectifier with a peak sinusoidal input current of Im is

IoðavÞ ¼
2Im

p
(5.85)

Since the output current of the inverter contains sinusoidal harmonic compo-

nents at different frequencies, we can add the corresponding DC components

contributing to the output current of the inverter. Applying (5.85) for three phases

gives the average input current due by n number of harmonic components, n = 30

IsðavÞ ¼
X

30

n¼1

3� 2� ImðnÞj j
p

¼ 3:217 A

(5.86)

5.7 Three-phase sinusoidal PWM inverter

The three-phase inverter in Figure 5.7(a) has a positive voltage of VS for 1/3 of the

period and a negative voltage VS of �VS for another 1/3 of the period. A PWM

three-inverter produces multiple positive pulses during 1/3 of the period, the same

number of negative pulses during another 1/3 of the period, and zero voltage for

another 1/3 of the period. By varying the width of the output pulses, we can vary

the rms value of the output voltage. The number of pulses per half-cycle determines

the frequency of the lower-order harmonic. Higher the frequency of the lower-order

harmonics, lower the values of the filter elements, L and C. An isosceles triangular

carrier wave vcr1 at a switching frequency is compared with a pulse reference sine

wave vref of 4 V peak at the output frequency. Although the comparator generates

pulses during the complete period T of the output frequency, the positive pulses of

þVS appear on the output of the inverter for only an interval of T/3 and the negative

pulses of �VS appear on the output of the inverter for another interval of T/3.

If pc is the number of gating pulses generated by the comparator during the

first half-cycle of the output voltage, the number of pulses po appearing on the

output of the inverter is

po ¼
120�

180�
� pr ¼

2

3
pr (5.87)

which gives

pr ¼
180�

120�
� po ¼

3

2
po (5.88)

For examples, for po ¼ 4, pr ¼ 6 and for po ¼ 6, pr ¼ 9.

For an output frequency of f = 60 Hz, and nine pulses per half cycle, the

frequency of the carrier waveform is 9f (540 Hz). Figure 5.13(a) shows the gen-

eration of the gating signals during the first half cycle of the reference wave. The
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reference sinewave signals for generating gating signals for other switches as

shown in Figure 5.13(b) are obtained by the pulse waveforms delayed by 60�

(2.778 ms) and the pulse description is changed to the statement as follows.

PULSE(0 {amp} 2.778 ms 0.1 ns 0.1 ns 8.33 ms 16.67 ms)

Figure 5.13(c) shows the six gating signals, and Figure 5.13(d) shows the line-

to-line output voltages.

The ratio of the reference signal Aref to the peak carrier signal Acr is defined as

the modulation index M, M = Aref/Acr. As the reference signal is varied keeping the

carrier signal fixed, the modulation index M and the width of the kth pulse d are

also varied. If dk is the width of the kth pulse, the rms value of the output voltage

for p pulses per cycle, the rms value of the output voltage per phase is given by

Vo ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2po

2p

ðdk

0

V 2
S dq

s

¼ VS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

2p�1

m¼1

wdm

p

v

u

u

t (5.89)

where po is the number of pulses per half-cycle of the output voltage, dm is the pulse

width of the mth pulse in rad, and w is the angular frequency of the output

voltage rad/s.

(a) (b)

(c) (d)

Figure 5.13 Waveforms of SPWM inverters: (a) gating, reference, and carrier

signals, (b) reference signals delayed by 60�, (c) six gating signals,

and (d) line-to-line output voltages
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The variation of the modulation index M from 0 to 1 varies the pulse width d

from 0 to T/2p (0 to p/p) and the rms output voltage from 0 to VS . The mth time tm
and the angle am of the intersection of the reference signal and the carrier signal

can be determined from [7]

tm ¼ am

w
¼ tx þ m

Ts

2
þ T

12
for m ¼ 1; 2; 3; . . .; p (5.90)

where tx can be solved from

1� 2t

Ts
¼ M sin ðw tx þ

mTs

2
� Ts

2

� �

for m ¼ 1; 3; . . .; p (5.91)

2t

Ts
¼ M sin ðw tx þ

mTs

2
� Ts

2

� �

for m ¼ 2; 4; . . .; p (5.92)

where w = 2pf is the angular frequency of the output voltage, rad/s; fs ¼ 2pf is the

frequency of the carrier signal, Hz; and Ts = 1/fs is the period of the carrier signal, s.

Notes:

The reference sine wave in (5.91) and (5.92) is delayed by Ts/2 to match the

intersection with carrier signal. Otherwise, the generated pulses may not be

symmetrical.

Since the pulses for the output voltage is delayed by 30 from the zero, T/12 is

added to (5.90).

By using the iterative method of solving non-linear equations (5.90), (5.91),

and (5.92) in the Mathcad software tool, the duration of the mth pulse can be

calculated as

dm ¼ tmþ1 � tm for m ¼ 1; 2; 3; 4; . . .; 2p; s

dm ¼ dmw ¼ tmþ1 � tmð Þw for m ¼ 1; 2; 3; 4; . . .; 2p; rad
(5.93)

Due to the symmetry of the output voltage, the An component of the Fourier

series will be zero and we get the general form of the output voltage as

voðtÞ ¼
X

1

n¼1;3;5;...

Bn sin ðnwtÞ (5.94)

If the positive pulse of the mth pair starts at wt ¼ am and ends wt ¼ am þ dm,

the Fourier co-efficient for a pair of pulses is

bn ¼
2VS

p

ðamþdm

am

sin ðnwtÞdðwtÞ ¼ 4VS

np
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.95)

We can find the co-efficient Bn by adding the effects of all pulses as given by

Bn ¼
X

2p�1

m¼1

4VS

np
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.96)
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The performance parameters of inverters can be divided into three types.

l Output-side parameters,
l Input-side parameters, and
l Inverter parameters.

Let us consider a DC input voltage of VS ¼ 100 V. The output frequency is f = 60 Hz

and a load resistance of R = 10 W, M = 0.5, po = 4, and pr = 6.

The period of the output voltage, T ¼ 1=f ¼ 1=60 ¼ 16:667 ms.

The angular frequency of the output voltage, w ¼ 2pf ¼ 2� p� 60 ¼
367 rad=s.

The switching frequency is fs ¼ 2prf ¼ 2� 6� 60 ¼ 720Hz.

The switching period is Ts ¼ 1=fs ¼ 1=ð720Þ ¼ 1:389 ms.

From (5.90) to (5.93), we can calculate these values of the angles a and the

pulse widths d as a1 ¼ 58:277�; a2 ¼ 85:163�; a3 ¼ 113:044�; a4 ¼ 142:565�

and d1 ¼ 3:943�; d2 ¼ 10:65�; d3 ¼ 14:391�; d4 ¼ 14:391�.
Substituting these values in (5.96), we get the peak value of the fundamental

component for n = 1 as

B1 ¼
X

2po

m¼1

4VS

p
sin

dm

2

� �

sin n am þ dm

2

� �� �

¼ 0:37428VS

(5.97)

which dividing by
ffiffiffi

2
p

gives the rms fundamental output voltage as

Vo1 ¼
B1
ffiffiffi

2
p

¼ 0:37428VS
ffiffiffi

2
p ¼ 0:26466VS

(5.98)

5.7.1 Output-side parameters

(a) Equation (5.89) gives the rms output voltage is

Vo ¼ VS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

2p�1

m¼1

wdm

p

v

u

u

t

¼ 49:089 V

(b) The rms output current is

Io ¼
Vo

R
¼ 49:089

10
¼ 4:9089 A

(c) The output power is

Pout ¼
V 2
o

R
¼ 49:0892

10
¼ 240:971 W
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(d) Equation (5.98) gives the rms fundamental output voltage

Vo1 ¼ 0:26466VS ¼ 0:26466� 100 ¼ 26:466 V

(e) The rms fundamental output current is

Io1 ¼
Vo1

R
¼ 26:466

10
¼ 2:6466 A

(f) The fundamental output power is

Po1 ¼
V 2
o1

R
¼ 26:4662

10
¼ 70:044 W

(g) The rms ripple content of the output voltage

Vripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
o � V 2

o1

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

49:0892 � 26:4662
p

¼ 41:343 V

(h) The THD of the output voltage

THD ¼ Vripple

Vo1

¼ 41:343

26:466
¼ 156:214%

5.7.2 Input-side parameters

(a) The input power

Pin ¼ Pout

¼ 240:971 W

(b) The average input current is

IsðavÞ ¼
Pin

VS

¼ 240:971 W

100

¼ 2:40971 A

(c) The rms input current is

IsðrmsÞ ¼ Io

¼ 4:9089 A

5.7.3 Inverter parameters

(a) The peak transistor current

Ipeak ¼
VS

R
¼ 100

10
¼ 10 A
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(b) The rms transistor current is

ITðrmsÞ ¼
Io
ffiffiffi

3
p ¼ 4:9089

ffiffiffi

3
p ¼ 2:834 A

(c) The average transistor current is

ITðavÞ ¼
IsðavÞ
3

¼ 2:40971

3
¼ 0:803 A

5.7.4 Output filter

An LC-filter as shown in Figure 5.1(a) is often connected to the output side to limit

the ripple contents of the load resistor, R. The capacitor C provided a low impe-

dance path for the ripple currents to flow through it and the inductor L provides a

high impedance for the ripple currents. The fundamental frequency of output vol-

tage ripples is the same as the output frequency f and the lower order for 1 = 11 is

11f. Equation (5.96) gives the rms value of the 11th harmonic component for n = 11

as

B11 ¼
X

2po

m¼1

4VS

11� p
sin

11dm

2

� �

sin 11 am þ dm

2

� �� �

¼ 0:28753VS

(5.99)

which gives the rms value of the 11th harmonic component

Vo11 ¼
B11
ffiffiffi

2
p ¼ 0:28753VS

ffiffiffi

2
p

¼ 0:28753� 100
ffiffiffi

2
p ¼ 20:332 V

There are no explicit equations to find the values of L and C. We can find

approximate values and then adjust the values to obtain the desired values.

Neglecting the effect of capacitor C, the 11th harmonic voltage will appear across

the inductor L and the load resistance R. Assuming the drop across the inductor is

larger than that of the resistor R by a factor of 3 such that.

nwL ¼ 3R

which gives

L ¼ 3R

nw

¼ 3� 10

11� 366
¼ 7:2 mH

(5.100)
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Assuming that the impedance of the capacitor is smaller than the load resistor

by a factor of 3 such that most of the harmonic current flows through the capacitor.

That is

3

nwC
¼ R

which gives

C ¼ 3

nwR
¼ 3

3wR

¼ 3

11� 366� 10
¼ 72:3 mF

(5.101)

The LTspice lots of the output voltage and the current through the load resistor

R are shown in Figure 5.14(a) for filter values of C = 72.3 pF, L = 7.2 nH, and

in Figure 5.14(b) for filter values of C = 72.3 mF, L = 7.2 mH. We can notice

that the output voltage is a square wave, whereas the load current is sinusoidal

form. The values of L and C can be adjusted to get a wave form closer to a pure

sine wave.

For filter values: C = 72.3 pF, L = 7.2 nH(b). For filter values: C = 72.3 mF,

L = 7.2 mH

Fourier analysis: The LTspice command (.four 60 Hz 29 2 I(R)) for Fourier

Analysis gives

THD: 98.887769% (108.045099%) for C = 72.3 pF and L = 7.2 nH

THD: 26.158940% (23.860521%) for C = 72.3 mF and L = 7.2 mH

which indicates a significant reduction of the THD with an output filter. LTspice

gives the Fourier components as follows:

(a) (b)

Figure 5.14 Output voltage and load current
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Fourier components of I(ra)

DC component: 0.00405413

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 6.000e+01 1.735e+00 1.000e+00 �10.76 0.00
2 1.200e+02 7.497e�03 4.320e�03 88.14 98.90
3 1.800e+02 7.438e�03 4.286e�03 99.82 110.57
4 2.400e+02 6.304e�03 3.633e�03 92.79 103.55
5 3.000e+02 1.132e�01 6.526e�02 163.38 174.13
6 3.600e+02 5.374e�03 3.097e�03 118.81 129.57
7 4.200e+02 5.080e�02 2.928e�02 �134.45 �123.70
8 4.800e+02 5.855e�03 3.374e�03 129.42 140.17
9 5.400e+02 4.908e�03 2.829e�03 130.07 140.83
10 6.000e+02 6.098e�03 3.514e�03 134.23 144.98
11 6.600e+02 3.393e�01 1.955e�01 115.61 126.37
12 7.200e+02 7.049e�03 4.062e�03 133.39 144.15
13 7.800e+02 2.697e�01 1.554e�01 �60.05 �49.30
14 8.400e+02 5.795e�03 3.340e�03 140.58 151.33
15 9.000e+02 6.707e�03 3.865e�03 142.37 153.13
16 9.600e+02 5.803e�03 3.344e�03 152.33 163.08
17 1.020e+03 8.654e�03 4.987e�03 114.11 124.87
18 1.080e+03 5.429e�03 3.128e�03 156.97 167.72
19 1.140e+03 2.911e�02 1.678e�02 153.28 164.04
20 1.200e+03 4.623e�03 2.664e�03 163.92 174.68
21 1.260e+03 4.285e�03 2.469e�03 �178.55 �167.79
22 1.320e+03 4.102e�03 2.364e�03 172.71 183.47
23 1.380e+03 2.267e�02 1.307e�02 69.93 80.68
24 1.440e+03 3.978e�03 2.293e�03 �169.61 �158.86
25 1.500e+03 2.756e�02 1.588e�02 �126.34 �115.58
26 1.560e+03 4.691e�03 2.703e�03 �160.30 �149.54
27 1.620e+03 4.040e�03 2.328e�03 �168.82 �158.06
28 1.680e+03 4.473e�03 2.578e�03 �160.02 �149.27
29 1.740e+03 4.213e�03 2.428e�03 26.29 37.05

THD: 26.158940% (23.860521%)

5.7.5 Three-phase sinusoidal PWM inverter circuit model

R = 10 W, C = 72.3 mF, and L = 7.2 mH, f = 60 Hz

wo ¼ 2pfo ¼ 2p� 60 ¼ 377 rad=s

The nth harmonic impedance of the load with the LC-filter is given by

ZðnÞ ¼ jnwoLþ
Rk 1

jnwoC

1þ jnwoRC
¼ Rþ jnwoL� ðnwoÞRLC

1þ jnwoRC
(5.102)
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Dividing the voltage expression in (5.96) by the impedance Z(n) and by
ffiffiffi

3
p

for

converting to phase current gives the Fourier components of the phase load currents as

iaðtÞ ¼
X

1

n¼1;3...

4VS

np
ffiffiffi

3
p

ZðnÞ
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.103)

which gives the peak magnitude of the nth harmonic currents of the phase current

ImðnÞ ¼
X

1

n¼1;3...

4VS

np
ffiffiffi

3
p

ZðnÞ
sin

ndm

2

� �

sin n am þ dm

2

� �� �

(5.104)

which for n = 1, n = 5, n = 7, n = 11, and n = 13 gives

Imð1Þ ¼ 2:879ff � 12:378�

Imð5Þ ¼ 0:038ff87:912�

Imð7Þ ¼ 0:038ff90:761�

Imð11Þ ¼ 0:256ff90:196�

Imð13Þ ¼ 0:198ff � 89:881�

Dividing the peak value by
ffiffiffi

2
p

gives the rms values for n = 1, n = 5, n = 7,

n = 11, and n = 13 as

Irmsð1Þ ¼
Imð1Þ

ffiffiffi

2
p ¼ 2:879ff � 12:378�

ffiffiffi

2
p ¼ 2:035ff � 12:378�

Irmsð5Þ ¼
Imð5Þ

ffiffiffi

2
p ¼ 0:038ff87:912�

ffiffiffi

2
p ¼ 0:027ff87:912�

Irmsð7Þ ¼
Imð7Þ

ffiffiffi

2
p ¼ 0:038ff90:761�

ffiffiffi

2
p ¼ 0:027ff90:761�

Irmsð11Þ ¼
Imð11Þ

ffiffiffi

2
p ¼ 0:256ff90:196�

ffiffiffi

2
p ¼ 0:181ff90:196�

Irmsð13Þ ¼
Imð13Þ

ffiffiffi

2
p ¼ 0:198ff � 89:881�

ffiffiffi

2
p ¼ 0:14ff � 89:881�

Applying (3.3) for a single-phase full-wave rectifier, the total rms value of the

phase load current can be determined by adding the square of the individual rms

values and then taking the square root

Io ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

30

n¼1;3

ðIrmsðnÞÞ2
v

u

u

t

¼ 2:377 A

(5.105)
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The average output current IoðavÞ of a full-wave rectifier with a peak sinusoidal

input current of Im is

IoðavÞ ¼
2Im

p
(5.106)

Since the output current of the inverter contains sinusoidal harmonic compo-

nents at different frequencies, we can add the corresponding DC components

contributing to the output current of the inverter. Applying (5.106) for three phases

gives the average input current due by n number of harmonic components, n = 30

IsðavÞ ¼
X

30

n¼1

3� 2� ImðnÞj j
p

¼ 3:349 A

(5.107)

5.8 Summary

The DC–AC converters normally use controlled switches. A single-phase

inverter consists of four switches forming a bridge. One top switch from left

arm of the bridge and one bottom switch from the other arm are turned on to

connect Dc source producing a positive voltage of VS for the first half the period.

One bottom switch from left arm of the bridge and one top switch from the other

arm are turned on to connect the DC source producing a negative voltage VS of

�VS for another half the period. The rms output voltage has a fixed value at the

switching frequency. A PWM inverter produces multiple positive pulses during

the first half-cycle and the same number of negative pulses during the other half

cycle. By varying the width of the output pulses, we can vary the out rms value

of the output voltage. The number of pulses per half-cycle determines the fre-

quency of the lower-order harmonic.

The PWM gating signals are generated by comparing a triangular carrier signal

with a pulse signal of 50% duty cycle at the output frequency. The number of PWM

gate pulses depend on the frequency of the triangular carrier frequency. The SPWM

gating signals are generated by comparing a triangular carrier signal with a sine wave

at the output frequency of the inverter output voltage. A three-phase inverter has three

switches in the top row and three switches in the bottom row. To produce an output

voltage between the output terminals, one switch from the top and one switch from the

bottom must be conducted. Since there are six switches for a three-phase inverter,

there would be six switch pairs – 12, 23, 34, 45, 56, and 61 thereby completing one

cycle and then then repeating the cycle. First gating pulse starts with zero delay and

then each pulse by delayed by 60�. The higher the number of pulses, the higher the

frequency of the ripple components thereby reducing the sizes of filter requirements.

However, to minimize the switching losses of the switching devices, the number of

pulses are normally limited to 10.
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Chapter 6

Resonant pulse inverters

6.1 Introduction

The input to a resonant-pulse inverter is a fixed direct current (DC) voltage or a DC

current source, and the output is a voltage or a current of resonant pulse. Power

semiconductor devices perform the switching action, and the desired output is

obtained by varying their turn-on and turn-off times. The commonly used devices

are bipolar transistors (BJTs), metal–oxide–semiconductor field-effect transistor

(MOSFETs), or insulated gate bipolar transistors (IGBTs). Thus, the voltage and

the current on the input side are of DC types, and the voltage and current on the

output side are of alternating current (AC) types. We will use power MOSFETs, for

example, as switches to obtain the voltage and the current waveforms of the

inverters of the following types:

half-bridge resonant pulse inverter,

half-bridge bidirectional resonant pulse inverter,

full-bridge bidirectional resonant pulse inverter,

parallel resonant pulse inverter, and

class-e resonant pulse inverter.

6.2 Resonant circuits

We have observed in Chapter 2 that when a DC voltage is switched on an LC

circuit, a sine-wave current through the circuit oscillates at a resonant frequency

wo ¼ 1=
ffiffiffiffiffiffiffi

LC
p

rad/s. The current i(t) is given by

iðtÞ ¼ VS

ffiffiffiffi

C

L

r

sin ðwntÞ (6.1)

where VS is the DC input voltage; C is the capacitance, F; and L is the

inductance.

A resonant inverter forms an RLC circuit with the addition of a small resis-

tance R as a load resistance to an LC circuit. The value of R is such that it forms an

under-damped RLC circuit so that the load current is closer to a sine-wave of

Equation (3.39) as derived in Chapter 2 as follows:



iðtÞ ¼ VS

L
e�at sin wnt (6.2)

where a ¼ R
2L

is the damping factor; wn ¼ 1
ffiffiffiffiffi

LC
p is the undamped resonant frequency,

rad/s.

One or more switches of resonant inverters are turned on during the first cycle

of the output waveform to initiate resonant oscillations in an underdamped RLC

circuit. The switches are kept turned-on and maintained the on-state condition to

complete the oscillations, producing a positive load current. One or more switches

are turned-on to allow the resonant current to flow in the opposite direction.

Figure 6.1 shows the gating pulses. The output waveform depends on the circuit

parameters and the input source. The on-time and switching frequency of power

devices must match the resonant frequency of the circuit.

6.3 Half-bridge resonant pulse inverter

The LTspice schematic of a half-bridge resonant pulse inverter is shown in

Figure 6.2(a). The plots of the gating pulses, the output voltage, and the load cur-

rent are shown in Figure 6.2(b). The performance parameters of the resonant

inverter can be divided into three types [1]:

l Inverter parameters,
l Output-side parameters, and
l Input-side parameters.

Let us consider a DC input voltage of VS ¼ 100 V, L ¼ L1 ¼ L2 ¼ 50 mH,

C1 ¼ C2 ¼ 4 mF, and R ¼ 10 W. The inverter is operating at an output frequency of

fo ¼ 7 kHz, a switching period of To ¼ 1=fo ¼ 143 ms, and a duty cycle of

k = 50%. Thus, the on-time of the switch is t1 ¼ kT ¼ 0:5� 143 ms ¼ 71 ms, and

the off-time of the switch is t2 ¼ 1� kð ÞT ¼ ð1� 0:5Þ � 143 ms ¼ 71 ms.

Allowing a dead time of td ¼ 6 ms, the delay time of the gating switch M2 is

tdelay ¼ t2 � td ¼ 71 ms� 6 ms ¼ 65 ms.

Figure 6.1 Gating pulses for resonant pulse inverters
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The LTspice gating pulse: PULSE (0 5V 0 0.1 ns 0.1 ns 65 ms 143 ms)

Depending on whether the switch is turned on or off, there are two modes of

operation. During mode 1, the switch M1 is turned on, and during mode 2, the

switch M1 is turned off.

Mode 1: When the switch M1 is turned on, the DC supply voltage VS is connected

to the load consisting of R, L, and C. Capacitor C1 forms a parallel circuit with

capacitor C2 through the DC supply source VS and the effective capacitor

C ¼ C1 þ C2. The resonant current i(t) of an RLC circuit during mode 1 can be

described by

L
di1

dt
þ Ri1 þ

1

C

ð

i1 dt þ vC1ðt ¼ 0Þ ¼ VS (6.3)

Solving for i1ðtÞ with an initial capacitor initial voltage vCðt ¼ 0Þ ¼ VC gives

the resonant current of an RLC circuit as [1]

i1ðtÞ ¼ A1e
�tR=2L sin wrt

¼ VS þ Vc

wrL
e�at sin wrt

(6.4)

where wr is the damped resonant frequency

wr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

LC
� R2

4L2

s

(6.5)

And the damping factor r

a ¼ R

2L
(6.6)

(a) (b)

Figure 6.2 Half-bridge resonant-pulse inverter: (a) schematic and (b) waveforms
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The circuit must be underdamped such that,

R2

4L2
� 1

LC
or R � 4L

C
(6.7)

Let us define a parameter x, called damping ratio, as the ratio of actual

damping,

x ¼ damping factor

natural resonant frequency
¼ a

wn

or a ¼ xwn (6.8)

The peak of the current i1ðtÞ in (6.4) occurs when

di1

dt
¼ 0 ¼ wr e

�atm sin wrtm � a e�atm sin wrtm (6.9)

which gives the time tm when the peak occurs as

tm ¼ 1

wr

tan�1 wr

a
(6.10)

The instantaneous capacitor voltage during mode 1 can be found from

vC1ðtÞ ¼
1

C

ðt

0

i1ðtÞdt � Vc

¼ �VS þ Vc

wr

e�atða sin wrt þ wr cos wrtÞ þ VS

(6.11)

When Vc is the initial capacitor voltage at the beginning of mode 1.

At the end of mode 2 at t ¼ t1m, the resonant current falls to zero

i1ðt ¼ t1mÞ ¼ 0 (6.12)

And the capacitor voltage becomes

vC1ðt ¼ t1mÞ ¼ Vc1

¼ ðVS þ VcÞ e�ap=wr þ VS
(6.13)

Mode 2: When the switch M1 is turned off, the DC supply voltage VS is dis-

connected and the switch M2 is turned on. The capacitor with its initial voltage at

the end of mode 1 forces the current flow, and the capacitor voltage is reversed. The

resonant current i2ðtÞ during mode 2 can be described by

L
di2

dt
þ Ri2 þ

1

C

ð

i2 dt þ vC2ðt ¼ 0Þ ¼ 0 (6.14)

Solving for i2ðtÞ with an initial capacitor initial voltage vC2ðt ¼ 0Þ ¼ �Vc1

gives the resonant current of an RLC circuit as [1]

i2ðtÞ ¼
Vc1

wrL
e�at sin wrt (6.15)
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which gives the instantaneous capacitor voltage during mode 2 as

vC2ðtÞ ¼
1

C

ðt

0

i2ðtÞdt � Vc1 ¼
�Vc1

wr

e�atða sin wrt þ wr cos wrtÞ þ VS

(6.16)

At the end of mode 2 at t ¼ t2m, the resonant current falls to zero

i2ðt ¼ t2mÞ ¼ 0 (6.17)

And the capacitor voltage becomes

vC2ðt ¼ t2mÞ ¼ Vc2

¼ Vc e�ap=wr
(6.18)

The cycle then repeats and vC2ðt ¼ t2mÞ ¼ vCðt ¼ 0Þ.
Equating (6.18)–(6.13) and solving for Vc and Vc1, we obtain

Vc ¼ Vs

1þ e�z

ez � e�z
¼ Vs

ez þ 1

e2z � 1
¼ Vs

ez � 1
(6.19)

Vc1 ¼ Vs

1þ ez

ez � e�z
¼ Vs

ezð1þ ezÞ
e2z � 1

¼ Vs ez

ez � 1
(6.20)

where

z ¼ ap

w
(6.21)

Vs þ Vc ¼ Vc1 (6.22)

With a higher switching frequency, there may not be enough time for the

resonant oscillation to complete the cycle and the peak current is lower. The

resonant current may also be discontinuous. The load current i1ðtÞ for mode 1 must

be zero before switch M1 must be turned off, and M2 is turned on. The dead zone td
is the time between the completion of the resonant cycle after the switch M1 is

turned off and the turning on the switch M2. td must be greater than the turn-off

time of the switching device.

p

wo

� p

wr

¼ td > toff toff ¼ turn�off time of the device
� �

(6.23)

Note: Turn-off time of the device is normally specified in the device datasheet.

Let us consider the following circuit parameters:

R ¼ 2; L ¼ 50 mH; C ¼ 8 mF; fo ¼ 7 kHz; Vs ¼ 100V; wo ¼ 2pfo

¼ 43;982 rad=s
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Equation (6.5) gives

wr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

LC
� R2

4L2

r

¼ 4:5830 rad=s

fr ¼
wr

2� p
¼ 7:293 kHz Tr ¼

1

fr
¼ 142:857 ms

Equation (6.6) gives

a ¼ R

2L
¼ 20;000

Equation (6.8) gives

x ¼ a

wn

¼ 0:436

6.3.1 Timing of gating signals

The operation of the resonant inverter involves three frequencies: the frequency of

the switching devices, fs, the resonant frequency of the RLC circuit, fr, and the

output frequency of the inverter, fo. Thus, there are three corresponding periods:

switching period, Ts ¼ 1=fs, the period of the resonant circuit, Tr ¼ 1=fr, and the

period of the output waveform, To ¼ 1=fo. Switching on M1 starts the resonant

oscillation and M1 must remain turned on until the positive resonant current

through R falls to zero. There should be a small dead time after M1 is turned off,

until M2 is turned on to initial the reverse resonant through R. M1 conducts only

during the first period of the output, and M2 conducts only during the second part of

the output period. To obtain the desired output, the switching devices must be gated

with appropriate gating pulses of duration. The gate pulses must ensure that the

device is turned fully off = turn-off time of the device turned on and off at the

desired time as follows [2]:

Resonant period, Tr ¼ 1=fr ¼ 143 ms

Period of output waveform, To ¼ 1=fo ¼ 143 ms

The online of M1, t1 ¼ Tr

2

¼ 70 ms

The online of M2, t2 ¼ Tr

2

¼ 70 ms

delayed by To
2
¼ 71 ms

The LTspice descriptions of the gating pulses for M1 and M2 are

PULSE (0 5V 0 0.1 ns 0.1 ns 70 ms 143 ms)

PULSE (0 5V 71 ms 0.1 ns 0.1 ns 65 ms 143 ms)
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6.3.2 Converter parameters

(a) Equation (6.10) gives the time when the load current peaks,

tm ¼ 1
wr
tan�1 wr

a
¼ 25:3 ms

(b) Equation (6.4) gives the peak transistor current at t ¼ tm,

Ip ¼ VSþVc

wrL
e�at sin wrtm ¼ 32:321 A

(c) The average transistor current

Iav ¼
1

To

ðTr
2

0

VS þ Vc

wrL
e�at sin wrt dt

 !

¼ 9:41 A

(d) The rms transistor current

Irms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

To

ð

Tr
2

0

VS þ Vc

wrL
e�a�tsinðwrtÞ

� �2

dt

v

u

u

u

u

t
¼ 15:338 A

(e) Equation (6.20) gives the peak switch voltage Vpeak ¼ Vc1 ¼ Vs e
z

ez�1
¼ 134:017 V

(f) Equation (6.23) gives the dead time between the gating of the switches

td ¼ p
wo

� p
wr

¼ 6 ms

6.3.3 Output-side parameters

(a) The rms output voltage, Vrms ¼ VS ¼ 100 V

(b) The rms load current is contributed by two transistors, Io ¼
ffiffiffi

2
p

� Irms ¼
ffiffiffi

2
p

� 15:338 ¼ 21:691 A

(c) Equation (6.19) gives the minimum value of the capacitor voltage

Vmin ¼ Vc ¼ Vs

ez�1
¼ 34:017 V

(d) Equation (6.20) gives the maximum value of the capacitor voltage

Vmax ¼ Vc1 ¼ Vse
z

ez�1
¼ 134:017 V

(e) Assuming triangular waveform, the rms value of the capacitor voltage

Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Vc
2 þ VcVc1 þ Vc1

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

34:0172 þ 34:017� 134:017þ 134:0172

3

r

¼ 76:936 V

(f) Power delivered to the load Pout ¼ Io
2R ¼ 21:6912 � 2 ¼ 940:992 W

Resonant pulse inverters 165



6.3.4 Input-side parameters

(a) The average input current is

Is ¼ Iav
¼ 8:82 A

(b) The rms input current is

Ii ¼ Ir
¼ 11:402 A

(c) The input power,

Pin ¼ Pout

¼ 940:992 W

(d) The average input current is

Is ¼
Pin

VS

¼ 940:992

100

¼ 9:41 A

(e) The rms input current is

Ii ¼ Irms
¼ 15:338 A

(f) The ripple content of the input current

Iripple ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ii
2 � Is

2
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

15:3382 � 9:412
p

¼ 12:112 A

(g) The ripple factor of the input current

RFi ¼
Iripple

Is

¼ 12:112

9:41
� 100 ¼ 128:716%

6.3.5 Resonant pulse inverter circuit model

The inductor L (= L1 = L2) as shown in Figure 6.2(a) provides a high impedance for

the ripple currents and limits the ripple current of the load resistor, R. Capacitor C

provides a low impedance path for the ripple currents and limits the ripple voltage

of the load resistor, R. The nth harmonic impedance for the RLC-load is given by

ZðnÞ ¼ Rþ jnwoLþ 1

jnwoC
¼ Rþ j nwoL� 1

nwoC

� �

(6.24)
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At the resonant frequency

nwoL ¼ 1

nwoC
(6.25)

which gives the nth harmonic resonant frequency

won ¼
1

n
ffiffiffiffiffiffiffi

LC
p (6.26)

The DC supply is connected to the load only when M1 is turned on during the

first half-cycle of the output frequency. The an component of the Fourier series is

given by

an ¼
1

p

ð

p

2

�
p

2

Vscos nðqÞdq

¼ 1

p� nwo

sin nðqÞ
�

�

�

�

�

p

2

�
p

2

¼ 1

p� n
ðsin n

p

2

� 	

þ sin n
p

2

� 	

¼ 2Vs

p� n
sin

np

2

� 	

(6.27)

Thus, we can express the instantaneous output voltage in a Fourier series as

voðtÞ ¼
X

1

n¼1

2Vs

p� n
sin

np

2

� 	

sin ðnwotÞ (6.28)

where angular output frequency wo ¼ 2pfo.

Dividing the voltage expression in (5.28) by the load impedance Z(n) in (6.24)

gives the Fourier components of the load currents as

ioðtÞ ¼ voðtÞ ¼
X

1

n¼1

2� Vs

p� n� ZðnÞj j sin
np

2

� 	

sin ðnwot � qnÞ (6.29)

where qn is the impedance angle of the nth harmonic component, rad.

Equation (6.29) gives the peak magnitude of the nth harmonic currents

ImðnÞ ¼
2� Vs

p� n� ZðnÞj j sin
np

2

� 	

(6.30)

which for n = 1, n = 3, and n = 5 gives

Imð1Þ ¼
2� 100

1� p� Zð1Þ ¼ 30:304ff17:821�

Imð3Þ ¼
2� 100

3� p� Zð3Þ ¼ 3:541ff109:493�

Imð5Þ ¼
2� 100

1� p� Zð5Þ ¼ 1:199ff � 79:142�

Resonant pulse inverters 167



Dividing the peak values by
ffiffiffi

2
p

gives the rms values for n = 1, n = 3, and n = 5 as

Irmsð1Þ ¼
Imð1Þ
ffiffiffi

2
p ¼ 30:304ff17:821�

ffiffiffi

2
p ¼ 21:428ff17:821�

Irmsð3Þ ¼
Imð3Þ
ffiffiffi

2
p ¼ 3:541ff109:493�

ffiffiffi

2
p ¼ 2:504ff109:493�

Irmsð5Þ ¼
Imð5Þ
ffiffiffi

2
p ¼ 1:199ff � 79:142�

ffiffiffi

2
p ¼ 0:848ff � 79:142�

The total rms value of the load current can be determined by adding the square

of the individual rms values and then taking the square root

Io ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

30

n¼1

ðIrmsðnÞÞ2
s

¼ 21:598 A

(6.31)

Equation (6.30) related the average output current IoðavÞ of a full-wave rectifier
with a peak sinusoidal input current of Im as

IoðavÞ ¼
2Im

p
(6.32)

Since the output current of the inverter contains sinusoidal harmonic compo-

nents at different frequencies, we can add the corresponding DC components

contributing to the output current of the inverter. Applying (6.32) gives the average

input current due by n number of harmonic components, n = 30.

IsðavÞ ¼
X

30

n¼1

2� ImðnÞj j
p

¼ 4:851 A

(6.33)

6.3.6 Resonant pulse inverter voltage gain

wo ¼ 2pfo ¼ 2p� 7000 ¼ 377 rad=s

The load resistance R forms a series circuit with L and C. Using the voltage

dividing rule, we can find the output voltage across R in the frequency domain as

GðjwÞ ¼ Vo

VS

ðjwÞ ¼ R

1þ jwL� j

wC

¼ 1

1þ jw L
R
� j

wCR

(6.34)

Defining wo ¼ 1
ffiffiffiffiffi

LC
p as the resonant frequency and Qs ¼ woL

R
as the quality

factor give the gain as

GðjwÞ ¼ Vo

VS

ðjwÞ ¼ R

1þ jQs
w
wo

� wo

w

� 	 (6.35)
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Defining u ¼ w
wo

as the normalized frequency, we obtain

GðjwÞ ¼ Vo

VS

ðjwÞ ¼ R

1þ jQs u� 1
u

� � (6.36)

which gives the gain magnitude as

M ¼ R

1þ jQs u� 1
u

� �

�

�

�

�

�

�

�

�

�

�

¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ Q2
s u� 1

u

� �2
q (6.37)

For R = 2 W, C = 8 mF and L = 50 mm fo = 7 kHz

wr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
LC

� R2

4L2

q

¼ 45;830 rad=s, wo ¼ 2pfo ¼ 43;982 rad=s, Qs ¼ wrL
R

¼ 1:146
u ¼ wo

wr
¼ 0:96

Equation (5.37) gives the gain magnitude M ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þQ2
s u�1

uð Þ2
q ¼ 0:996

Note: By varying the normalized frequency, u, that is, varying the switching fre-

quency, we can vary the voltage gain M of the inverter.

6.4 Half-bridge bidirectional resonant pulse inverter

A half-bridge resonant pulse inverter with the bidirectional switching is shown in

Figure 6.3(a). The addition of the antiparallel diodes with the switching devices allows

the resonant oscillation through M1 during the positive current through R and then

continues the oscillation during the negative current through R. The current through

the load R flows during the complete resonant cycle and is a better representation of

the resonant waveform. This circuit arrangement can be operated to yield the output

waveforms of Figure 6.3(b) if we use the same gating pulses. These gating signals do

not allow time for the oscillation to continue. The gate pulses must ensure that the

device is turned on and off at the desired time as follows:

Resonant period, Tr ¼ 1=fr ¼ 143 ms

Period of the output waveform, To � Tr ¼ 143 ¼ 143 ms

The online of M1,

t1 ¼ Tr

2
¼ 71 ms

The online of M2, t2 ¼ Tr

2
¼ 71 ms

delayed by To
2
¼ 71 ms

The LTspice descriptions of the gating pulses for M1 and M2 are:

PULSE (0 5V 0 0.1 ns 0.1 ns 70 ms 143 ms)

PULSE (0 5V 71 ms 0.1 ns 0.1 ns 65 ms 143 ms)
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For bidirectional operation, switch M1 and diode D1 are conducted during the

first resonant cycle. Switching on M1 starts the resonant oscillation, and M1 must

remain turned on until the positive resonant current through R falls to zero. M1 is

conducted only during the first half of the resonant period. Due to the antiparallel

diode D1, the resonant oscillation continues and the reverse resonant flows through

R during the second half of the resonant period. D1 is conducted only during the

second half of the resonant period. Switch M2 and diode D2 are conducted during

the second half of the resonant cycle. Thus, the waveform of the output current

would have two positive resonant pulses and two negative resonant pulses, and the

output period should be twice the resonant period. For the bidirectional operation,

the gate pulses must ensure that the device is turned on and off at the desired time

as follows:

Resonant period, Tr ¼ 1=fr ¼ 143 ms

(a)

(b)

Figure 6.3 A half-bridge bidirectional resonant pulse inverter for To � Tr:

(a) schematic and (b) inverter waveforms [1]
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Period of the output waveform, To � 2� Tr ¼ 2� 143 ¼ 286 ms

The online of M1, t1 ¼ Tr

2
¼ 71 ms

The online of M2, t2 ¼ Tr

2

¼ 71 ms

delayed by To
2
¼ 143 ms

The LTspice descriptions of the gating pulses for M1 and M2 are:

PULSE (0 5V 0 0.1 ns 0.1 ns 71 ms 286 ms)

PULSE (0 5V 143 ms 0.1 ns 0.1 ns 710 ms 286 ms)

Depending on whether the switch is turned on or off, there are two modes of

operation. During mode 1, the switch is turned on, and during mode 2, the switch is

turned off [1–4]. Figure 6.4 shows the schematic and the waveforms of the half-

bridge bidirectional resonant pulse inverter for To � 2Tr.

(a)

(b)

Figure 6.4 A half-bridge bidirectional resonant pulse inverter for To � 2Tr:

(a) schematic and (b) inverter waveforms
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Mode 1: When the switch M1 is turned on, the DC supply voltage VS is connected

to the load consisting of R, L, and C. Capacitor C1 forms a parallel circuit with

capacitor C2 through the DC supply source VS and the effective capacitor

C ¼ C1 þ C2. We can use the equation in section 6.3 for Mode 1 [1].

vC1ðt ¼ t1mÞ ¼ Vc1

¼ ðVS þ VcÞ e�ap=wr þ VS
(6.38)

Mode 2: When the switch M1 is turned off, the DC supply voltage VS is dis-

connected, and the antiparallel diode D1 is turned on. The capacitor with its initial

voltage at the end of mode 1 forces current, and the capacitor voltage is reversed.

The resonant current i2ðtÞ during mode 2 can be described by [1]

L
di2

dt
þ Ri2 þ

1

C

ð

i2 dt þ vC2ðt ¼ 0Þ ¼ �VS (6.39)

Solving for i2ðtÞ with an initial capacitor initial voltage vC2ðt ¼ 0Þ ¼ �Vc1

gives the resonant current of an RLC circuit as

i2ðtÞ ¼
Vc1 � VS

wrL
e�at sin wrt (6.40)

which gives the instantaneous capacitor voltage during mode 2 as

vC2ðtÞ ¼
1

C

ðt

0

i2ðtÞdt � Vc1 ¼
VS � Vc1

wr

e�atða sin wrt þ wr cos wrtÞ þ VS

(6.41)

At the end of mode 2 at t ¼ t2m, the resonant current falls to zero

i2ðt ¼ t2mÞ ¼ 0 (6.42)

The capacitor voltage becomes

vC2ðt ¼ t2mÞ ¼ Vc2 ¼ ðVS � Vc1Þ e�ap=wr (6.43)

Solving (6.38) and (6.43) gives

Vc ¼
Vse

�2z

1þ e�2z
(6.44)

Vc1 ¼ Vs

ð1þ e�z þ e�2zÞ
1þ e�2z

(6.45)

The circuit parameters are R ¼ 2; L ¼ 50 mH; C ¼ 8 mF; fo ¼ 3:5 kHz;
Vs ¼ 100 V; wo ¼ 2pfo ¼ 21;990 rad=s.
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Equation (6.5) gives

wr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

LC
� R2

4L2

r

¼ 4:5830 rad=s

fr ¼
wr

2� p
¼ 7:293 kHz Tr ¼

1

fr
¼ 142:857 ms

Equation (6.6) gives

a ¼ R

2L
¼ 20;000

Equation (6.8) gives

x ¼ a

wn

¼ 0:436

z ¼ ap

w
¼ 1:371

Vc ¼
Vse

�2z

1þ e�2z
¼ 6:053 V

Vc1 ¼ Vs

ð1þ e�z þ e�2zÞ
1þ e�2z

¼ 123:846 V

6.4.1 Converter parameters

(a) Equation (6.10) gives the time when the load current peaks,

tm ¼ 1

wr

tan�1 wr

a
¼ 25:3 ms

(b) Equation (6.4) gives the peak transistor current at t ¼ tm,

Ip ¼
VS þ Vc

wrL
e�at sin wrtm ¼ 32:321 A

(c) The average transistor current

Iav ¼
1

To

ðTr
2

0

Vc1

wrL
� e�a:t sin wr:tð Þ dt

 !

¼ 3:723 A

(d) The rms transistor current

Irms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

To

ð

Tr
2

0

VS þ Vc

wrL
e�a�tsinðwr � tÞ

� �2

dt

v

u

u

u

u

t
¼ 8:582 A
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(e) The average diode current

Id ¼ 1

To

ðTr
2

0

Vc1 � Vs

wrL
� e�a:t sin wr:tð Þ dt

 !

¼ 0:915 A

(f) The rms diode current

Ir ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

To

ð

Tr
2

0

Vc1 � VS

wrL
e�a�tsinðwr � tÞ

� �2

dt

v

u

u

u

u

t
¼ 1:93A

(g) Equation (6.45) gives the peak switch voltage

Vpeak ¼ Vc1 ¼
Vs � ð1þ e�z þ e�2zÞ

1þ e�2z
¼ 123:846 V

(h) Equation (6.23) gives the dead-time between the gating of the switches

td ¼ p

wo

� p

2wr

¼ 11:494 ms

6.4.2 Output-side parameters

(a) The rms output voltage, Vrms ¼ VS ¼ 100 V

(b) The rms load current is contributed by two transistors and two diodes,

Io ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� ðI2rms þ I2r Þ
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2� ð8:5822 þ 1:932Þ
q

¼ 12:44 A

(c) Equation (6.44) gives the minimum value of the capacitor voltage

Vmin ¼ Vc ¼
Vse

�2z

1þ e�2z
¼ 6:053 V

(d) Equation (6.45) gives the maximum value of the capacitor voltage

Vmax ¼ Vc1 ¼ Vs

ð1þ e�z þ e�2zÞ
1þ e�2z

¼ 123:846 V

(e) Assuming a triangular waveform, the rms value of the capacitor voltage

Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Vc
2 þ VcVc1 þ Vc1

2

3

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6:0532 þ 6:053� 123:846þ 123:8462

3

r

¼ 63:49 V

(f) Power delivered to the load Pout ¼ Io
2R ¼ 12:442 � 2 ¼ 309:528 W
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6.4.3 Input-side parameters

(a) The input power,

Pin ¼ Pout

¼ 309:528 W

(b) The average input current is

Is ¼
Pin

VS

¼ 309:528

100

¼ 3:095 A

6.5 Full-bridge bidirectional resonant pulse inverter

A full-bridge resonant pulse inverter with the bidirectional switching is shown in

Figure 6.5. Four transistors with four antiparallel diodes form a full bridge and

allow the current flow. The antiparallel diodes allow the current through the load R

to flow during the complete resonant cycles. Transistors M1 and M2 with the diodes

allow current through the load R to flow for one complete resonant cycle.

Transistors M3 and M4 with the diodes allow the current through the load R to flow

for another complete resonant cycle. Thus, the load current consists of two positive

resultant pulses and two negative resultant pulses during one cycle of the output

waveform.

The gate pulses must ensure that the device is turned on and off at the desired

time as follows:

Resonant period, Tr ¼ 1=fr ¼ 143 ms

Period of output waveform, To ¼ 286 ms

Figure 6.5 A full-bridge bidirectional resonant pulse inverter for To ¼ Tr
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The online of M1, t1 ¼ Tr

2

¼ 71 ms

The online of M2, t2 ¼ Tr

2
¼ 71 ms

delayed by To
2
¼ 143 ms.

The LTspice descriptions of the gating pulses for M1 and M3 are

PULSE (0 5V 0 0.1 ns 0.1 ns 71 us 286 ms)

PULSE (0 5V 143 ms 0.1 ns 0.1 ns 71 ms 286 ms)

For bidirectional operation, M1, M2, D1, and D2 conduct during the first-half of the

resonant cycle. M3, M4, D3, and D4 conduct during the second-half of the resonant

cycle. Once the resonant circuit is designed, the resonant frequency is fixed by the

values of the RLC components. The output frequencyfo or the period To can be varied

to vary the output current and the output power. However, the delay of gate pulses for

M3 and M4 should adjusted tdelay ¼ To
2
as shown in Figure 6.6.

(c)

(a)

(d)

(b)

Figure 6.6 Output voltage and current for full-bridge bidirectional resonant pulse

inverter: (a) gating pulse for To ¼ 2Tr; (b) output for

To ¼ 2Tr; To ¼ 286 ms; tdelay ¼ 143 ms; (c) output for

To > 2Tr; To ¼ 350 ms; tdelay ¼ 175 ms; and (d) output for

To < 2Tr; To ¼ 200 ms; tdelay ¼ 100 ms
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During the first resonant cycle, there are two modes of operation: During mode

1, switches M1 and M2 are turned on, and the DC supply voltage VS is connected to

the load consisting of R, L, and C. During mode 2, diodes D1 and D2 are turned on,

and the resonant oscillation continues through diodes and feeding back the current

to the DC supply voltage VS . We can use the equations for the half-bridge bidir-

ectional resonant pulse inverter in Section 6.4. During the second resonant cycle,

there are two identical modes of operation: During mode 3, switches M3 and M4 are

turned on, the DC supply voltage VS is connected to the load consisting of R, L, and

C. During mode 4, diodes D3 and D4 are turned on, and the resonant oscillation

continues through diodes and feeding back the current to the DC supply voltage VS .

The direction of the load current and the polarity of the capacitor voltage for the

second resonant cycle are opposite that of the first resonant cycle. The LTspice

gives the Fourier components of the load current I(R) at the fundamental frequency

of 3.5 kHz as follows:

Fourier components of I(R)

DC component: 2.11006

Harmonic Frequency Fourier Normalized Phase Normalized

number (Hz) component component (degrees) phase (degrees)

1 3.500e+03 8.266e+00 1.000e+00 �114.18 0.00
2 7.000e+03 4.875e+00 5.897e�01 25.69 139.87
3 1.050e+04 6.070e+00 7.344e�01 134.01 248.19
4 1.400e+04 2.098e+00 2.538e�01 �23.50 90.68
5 1.750e+04 1.412e+00 1.708e�01 78.31 192.49
6 2.100e+04 1.453e+00 1.757e�01 �53.40 60.78
7 2.450e+04 7.121e�02 8.615e�03 85.67 199.85
8 2.800e+04 9.425e�01 1.140e�01 �92.51 21.67
9 3.150e+04 4.476e�01 5.415e�02 168.71 282.89
10 3.500e+04 4.707e�01 5.694e�02 �139.80 �25.61
11 3.850e+04 5.618e�01 6.797e�02 129.14 243.32
12 4.200e+04 1.431e�01 1.731e�02 131.35 245.53
13 4.550e+04 4.565e�01 5.523e�02 83.42 197.60
14 4.900e+04 2.294e�01 2.775e�02 5.84 120.02
15 5.250e+04 2.669e�01 3.229e�02 28.74 142.92
16 5.600e+04 3.225e�01 3.902e�02 �50.84 63.34
17 5.950e+04 1.356e�01 1.641e�02 �62.48 51.70
18 6.300e+04 3.006e�01 3.636e�02 �101.43 12.75
19 6.650e+04 1.774e�01 2.146e�02 �164.17 �49.99
20 7.000e+04 2.054e�01 2.485e�02 �158.24 �44.06
21 7.350e+04 2.241e�01 2.712e�02 132.86 247.04
22 7.700e+04 1.175e�01 1.421e�02 118.33 232.51
23 8.050e+04 2.116e�01 2.560e�02 77.30 191.48
24 8.400e+04 1.338e�01 1.619e�02 19.11 133.29
25 8.750e+04 1.591e�01 1.924e�02 16.03 130.21
26 9.100e+04 1.744e�01 2.109e�02 �46.82 67.36

(Continues)
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(Continued)

Fourier components of I(R)

DC component: 2.11006

Harmonic Frequency Fourier Normalized Phase Normalized

number (Hz) component component (degrees) phase (degrees)

27 9.450e+04 1.088e�01 1.316e�02 �64.52 49.66
28 9.800e+04 1.722e�01 2.083e�02 �103.51 10.67
29 1.015e+05 1.133e�01 1.371e�02 �154.72 �40.54

Total harmonic distortion: 102.382196% (180.037609%)

6.6 Parallel resonant pulse inverter

In a series resonant circuit, the load resistance R forms a series circuit with L and C.

The current through the series resonant circuit depends on the impedance. In a

parallel resonant circuit, the load resistance R is in parallel with both L and C. A

parallel circuit is a dual of the series resonant circuit. The parallel resonant circuit is

supplied with a current source so that the circuit offers a high impedance to the

switching circuit [1]. The transfer function between the output voltage Vo and the

input current source IS is given by [3]

Vo

IS
ðjwÞ ¼ ZððjwÞ ¼ RkjwLk 1

jwC
¼ R

1

1þ jR=ðwLÞ þ jwCR
(6.46)

The undamped resonant frequency

wo ¼
ffiffiffiffiffiffiffi

1

LC

r

(6.47)

The damped resonant frequency

wr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

LC
� 1

4R2C2

r

(6.48)

The quality factor Qp of the parallel resonant circuit is

Qp ¼ woCR ¼ R

woL
¼ R

ffiffiffiffi

C

L

r

¼ 2x (6.49)

where x is the damping factor and x ¼ R
2

ffiffiffi

C
L

q

. Substituting L, C, and R in terms of

Qp and wo in (6.46), we obtain

Vo

IS
ðjwÞ ¼ ZðjwÞ ¼ R

1

1þ jQpðw=wo � wo=wÞ
¼ 1

1þ jQpðu� 1=uÞ (6.50)
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where u ¼ w=wo is the frequency ratio.

The magnitude of ZðjwÞ in (6.50) can be found from

ZðjwÞj j ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ Q2
p u� 1

u

� �2
q (6.51)

which is identical to the voltage gain GðjwÞ in (6.37).

For R = 1 kW, C = 0.4 mF, Ls = 4 mH, and L = 0.5 mH, f = 30 kHz

wr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
LC

� 1
4R2C2

q

¼ 5� 1011 rad=s

w ¼ 2pf ¼ 1:885� 105 rad=s; T ¼ 1
30k

¼ 34 ms ton ¼ 17 ms

Duty cycle, k ¼ ton
T
¼ 17

34
¼ 0:5 Qp ¼ R

ffiffiffi

C
L

q

¼ 282:843 u ¼ w
wo

¼ 3:77� 10�7.

Thus, the magnitude of ZðjwÞ in (6.50) is

ZðjwÞj j ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ Q2
p u� 1

u

� �2
q

¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 282:8432 � 3:77� 10�7 � 1
3:77 � 10�7

� 	2
r ¼ 1:333� 10�6

The parallel resonant inverter is shown in Figure 6.7. The voltage and current

waveforms are shown in Figure 6.8. The inductor Ls serves as a current source and

maintains a current approximately constant at IS ¼ 994 mA. The transistors M1 and

M2 are switched on and off at a period of 34 ms with a 50% duty cycle. The gating

signals and the voltages across the transistors are shown in Figure 6.8(a). As the

transistors M1 and M2 are switched on, a square wave of constant current IS appears

Figure 6.7 Parallel resonant circuit [2,4]
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across the primary winding inductances, L1 = L2 = 0.5 mH. The secondary winding

inductance, L3 = 3.5 mH. The induced voltages of the primary 1, the primary 2, and

the secondary sides are shown in Figure 6.8(c). The corresponding load current

through R, inductor L, and capacitor C are shown in Figure 6.8(d).

The turns ratio of the secondary side to the primary 1 can be found from the

inductor values as given by

a ¼
ffiffiffiffiffi

L3

L1

r

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3:5� 10�3

0:5� 10�3

s

¼ 2:646

(6.52)

(c)

(a)

(d)

(b)

Figure 6.8 Voltage and current waveforms for parallel resonant inverter:

(a) gate pulses and voltages for M1 and M2, (b) current through

inductors Ls, L1 and L2, (c) primary and secondary voltages, and

(d) secondary currents through Vx, L, and C
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The load impedance ZL is given by

ZL ¼ jwLk 1

jwC
þ R ¼

jwL� 1

jwC

jwLþ 1

jwC

þ R

¼ 1000� j15:435

(6.53)

Equating volt-amps in the primary side to volt-amps on the secondary side, we

obtain

V1I1 þ V2I2 ¼ V3I3 (6.54)

Which for two identical primary sides V1I1 ¼ V2I2 becomes 2V1I1 ¼ V3I3

Since V2 ¼ aV1 and I1 ¼
V3

V1

I3

2
¼ aI3

2
(6.55)

which gives the equivalent load impedance referred to primary impedance as

Z1 ¼
V1

I1
¼ V3=a

aI3=2
¼ 2

a2
V3

I3
¼ 2

a2
ZL

¼ 2

2:6462
� 103ff � 0:884� ¼ 285:748ff � 0:884�

(6.56)

Since the constant current IS ¼ 0:994 A is switched to the two primary sides

alternately by switching transistors M1 and M2 at an output frequency of f = 30 kHz

at a 50% duty cycle, the input to the primary side is a square wave of þIS and �IS .

The Fourier analysis of the input square wave current IS gives the peak value of the

fundamental component as

I1m ¼ 4IS

2p
(6.57)

Therefore, the peak value of the primary side voltage is

V1m ¼ I1mZ1

¼ 0:633� 285:748ff � 0:884� ¼ 180:822ff � 0:884�
(6.58)

Therefore, the peak value of the secondary voltage is

V3m ¼ aV1m

¼ 2:646� 180:822ff � 0:884� ¼ 478:409ff � 0:884�
(6.59)

6.6.1 Input-side parameters

(a) The peak value of the input current, IS ¼ 0:994 mA;

(b) The rms value of the primary input current, I1 ¼ IS ¼ 0:994 mA;
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(c) Equation (6.57) gives the peak value of the primary side current

I1m ¼ 4IS

2p

¼ 4� 0:994� 10�3

2p
¼ 0:633 A;

(d) Equation (6.58) gives the peak value of the primary side voltage

V1m ¼ I1mZ1 ¼ 180:822 V;

(e) The rms value of the primary input voltage V1 ¼ V1m
ffiffi

2
p ¼ 180:822

ffiffi

2
p ¼ 127:86 V.

6.6.2 Converter parameters

(a) The peak transistor current, Ip ¼ 994 mA;

(b) The average transistor current Iav ¼ kIS ¼ 0:5� 994 mA ¼ 0:0:497 mA;

(c) The rms transistor current Irms ¼
ffiffiffi

k
p

IS ¼
ffiffiffiffiffiffiffi

0:5
p

� 994 mA ¼ 0:703 mA;

(d) Equation (6.58) gives the peak switch voltage Vpeak ¼ V1m ¼ 180:822 V.

6.6.3 Output-side parameters

(a) The rms output voltage, Vrms ¼ VS ¼ 100 V;

(b) Equation (6.59) gives the peak value of the secondary voltage is

V3m ¼ aV1m ¼ 478:409 V;

(c) The rms value of the secondary voltage is V3 ¼ V3m
ffiffi

2
p ¼ 478:409

ffiffi

2
p ¼ 338:286 V;

(d) Dividing V3m by impedance ZL in (6.53) gives the peak load current

I3m ¼ V3m

ZL
¼ 478:409

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

10002þ15:4352
p ¼ 0:478 A;

(e) The rms value of the secondary load current, I3 ¼ I3m
ffiffi

2
p ¼ 0:478

ffiffi

2
p ¼ 0:338 A;

(f) The output load power Pout ¼ I23R ¼ 0:3382 � 1000 ¼ 114:41 W.

The LTspice command (.four 30 kHz 29 1 I(R)) for Fourier analysis gives the

Fourier components of the load current I(R) at the fundamental frequency of

25 kHz as follows:

Fourier components of I(R)

DC component: 0.0042385

Harmonic Frequency Fourier Normalized Phase Normalized

number (Hz) component component (degrees) phase (degrees)

1 3.000e+04 4.290e�01 1.000e+00 144.35 0.00
2 6.000e+04 1.180e�02 2.751e�02 �31.67 �176.02
3 9.000e+04 4.612e�02 1.075e�01 �58.44 �202.79

(Continues)
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(Continued)

Fourier components of I(R)

DC component: 0.0042385

Harmonic Frequency Fourier Normalized Phase Normalized

number (Hz) component component (degrees) phase (degrees)

4 1.200e+05 1.203e�03 2.803e�03 75.93 �68.42
5 1.500e+05 1.831e�02 4.268e�02 �162.92 �307.27
6 1.800e+05 3.698e�03 8.619e�03 28.92 �115.43
7 2.100e+05 8.272e�03 1.928e�02 109.89 �34.46
8 2.400e+05 2.888e�03 6.732e�03 �20.93 �165.28
9 2.700e+05 3.330e�03 7.761e�03 �5.20 �149.55
10 3.000e+05 7.705e�04 1.796e�03 �69.73 �214.08
11 3.300e+05 3.570e�03 8.320e�03 �121.29 �265.64
12 3.600e+05 1.085e�03 2.528e�03 58.59 �85.76
13 3.900e+05 3.119e�03 7.269e�03 165.08 20.73
14 4.200e+05 1.765e�03 4.113e�03 9.75 �134.60
15 4.500e+05 1.446e�03 3.370e�03 90.69 �53.66
16 4.800e+05 1.213e�03 2.827e�03 �39.98 �184.33
17 5.100e+05 8.530e�04 1.988e�03 �70.32 �214.67
18 5.400e+05 4.034e�05 9.403e�05 �129.01 �273.36
19 5.700e+05 1.545e�03 3.601e�03 �153.52 �297.87
20 6.000e+05 9.363e�04 2.182e�03 43.85 �100.51
21 6.300e+05 1.232e�03 2.873e�03 149.77 5.42
22 6.600e+05 1.153e�03 2.687e�03 �5.83 �150.18
23 6.900e+05 3.388e�04 7.896e�04 87.69 �56.66
24 7.200e+05 6.230e�04 1.452e�03 �56.87 �201.22
25 7.500e+05 5.807e�04 1.353e�03 �119.47 �263.82
26 7.800e+05 2.283e�04 5.321e�04 85.32 �59.03
27 8.100e+05 8.833e�04 2.059e�03 �173.40 �317.75
28 8.400e+05 8.022e�04 1.870e�03 29.43 �114.93
29 8.700e+05 5.818e�04 1.356e�03 145.87 1.52

Total harmonic distortion: 12.211564%(12.226294%)

6.7 Class E-resonant pulse inverter

The schematic of a class E-resonant inverter is shown in Figure 6.9(a) [3]. The

current and voltage waveforms are shown in Figure 6.9(b) and (c). When the DC

supply voltage Vs is turned on, a resonant oscillation starts through Le and Ce. The

resonance current isðtÞ flows through the DC source as given by [1,3,5]

isðtÞ ¼ Vs

ffiffiffiffiffi

Ce

Le

r

sin ðwetÞ (6.60)

where the resonant frequency we ¼ 1=
ffiffiffiffiffiffiffiffiffiffi

LeCe

p
.
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And the voltage across capacitor Ce can be described approximately as

vceðtÞ ¼ Vsð1� cos ðwetÞÞ (6.61)

The switch M1 is turned on when the voltage across the capacitor becomes low

and the current through inductor Le rises. The gating pulse for M1 can be adjusted to

match with the capacitor voltage as shown in the pulse description. The voltage

across the switch M1 varies and serves as an input to the load consisting of the

resonant RLC circuit. The location of the switch M1 makes the circuit operate as

Boost converter with a duly cycle k given by

k ¼ ton

Ts
(6.62)

where ton is the on-time of the switch and Ts is the period of the output waveform.

For a Boost converter, the average input voltage to the RLC load circuit is given by

Vi ¼
VS

1� k
(6.63)

(c)

(a)

(b)

Figure 6.9 Class E-resonant inverter: (a) schematic, (b) gate pulses, input

current, and voltage, and (c) load voltage, current, and power
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Thus, the voltage gain of the RLC circuit is frequency domain is given

GðjwÞ ¼ Vo

Vi

¼ R

Rþ jwsL� j
wsC

(6.64)

which gives peak value of the output voltage as given by

Vm ¼ Vi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ wsL
R
� 1

wsC

� 	2
r (6.65)

Let us consider following circuit parameters:

DC supply voltage VS ¼ 100 V, Load resistance R ¼ 10 W

Output frequency fs ¼ 25 kHz ws ¼ 2� p� fs ¼ 1:571� 105 rad=s
On-time of the switch, ton ¼ 10 ms

The following guidelines are recommended for determining the optimum

values of the inductors and capacitors.

Select series Quality factor Qs for load RLC, Qs ¼ 7

Le ¼
0:4001R

ws

¼ 0:4001� 10

1:571� 105
¼ 25:471 mH

(6.66)

Ce ¼
2:165

Rws

¼ 2:165

10� 1:571� 105
¼ 1:378 mF

(6.67)

we ¼
ffiffiffiffiffiffiffiffiffiffi

1

LeCe

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

25:471� 10�6 � 1:378� 10�6

r

¼ 1:688� 105 rad=s

(6.68)

fe ¼ 1

2p

ffiffiffiffiffiffiffiffiffiffi

1

LeCe

r

¼ 1:688� 105

2p
¼ 26:86 kHz

(6.69)

Te ¼
1

fe

¼ 1

26:86 kHz
¼ 37:228 ms

(6.70)

L ¼ QsR

ws

¼ 7� 10

1:571� 105
¼ 445:634 mH

(6.71)

wsL� 1

wsC
¼ 0:3533R
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which gives

C ¼ 1

QsR� 0:3533Rð Þws

¼ 1

7� 10� 0:3533� 10ð Þ � 1:571� 105
¼ 95:78 nF

(6.72)

Alternately,

C ¼ 1

ws wsL� 0:3533Rð Þ
¼ 1

1:571� 105 � 1:571� 105 � 445:634� 10�6 � 0:3533� 10
� � ¼ 95:78 nF

Using the values of L and C, we obtain

ws ¼
ffiffiffiffiffiffiffi

1

LC

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

445:634� 10�6 � 95:78� 10�9

r

¼ 1:531� 105 rad=s

(6.73)

fs ¼ 1

2p

ffiffiffiffiffiffiffi

1

LC

r

¼ 1:531� 105

2p
¼ 24:36 kHz

(6.74)

Ts ¼
1

fs

¼ 1

24:36 kHz
¼ 41:049 ms

(6.75)

Equation (6.62) gives the duty cycle as

k ¼ ton

Ts

¼ 10 ms

40 ms
¼ 0:25

(6.76)

6.7.1 Output-side parameters

(a) Equation (6.63) gives the average input voltage to RLC load

Vi ¼
VS

1� k
¼ 100

1� 0:25

¼ 133:333 V
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(b) Equation (6.65) gives the peak output voltage

Vm ¼ Vi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðwsL=R� 1=ðwsCÞÞ2
q

¼ 125:718 V

(c) The peak load current as

Im ¼ Vm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Rþ jwL� j

wC

r ¼ Vm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ wsL� 1

wsC

� �2
s

¼ 11:854 A

(d) The rms load current is Io ¼ Im
ffiffi

2
p ¼ 8:382 A

(e) Power delivered to the load Pout ¼ Io
2R ¼ 8:3822 � 10 ¼ 702:556 W

6.7.2 Input-side parameters

(a) The input power

Pin ¼ Pout

¼ 702:556 W

(b) The average input current is

Is ¼
Pin

VS

¼ 702:556

100

¼ 7:026 A

6.7.3 Converter parameters

(a) Equation (6.60) gives the peak transistor current

Ip ¼ VS

ffiffiffiffiffi

Ce

Le

r

¼ 23:262 A

(b) The average transistor current

Iav ¼ kIs

¼ 0:25� 7:026 ¼ 1:756 A

(c) The rms transistor current

Irms ¼
ffiffiffi

k
p

Is

¼
ffiffiffiffiffiffiffiffiffi

0:25
p

� 7:026 ¼ 3:513 A
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(d) Considering a safety factor of 2, the peak transistor voltage,

Vpeak ¼ 2Vs

¼ 2� 100 ¼ 200 V

The LTspice command (.four 25kHz 29 1 I(R)) for Fourier analysis gives the

Fourier components of the load current I(R) at the fundamental frequency of

25 kHz as follows:

Fourier components of I(R)

DC component: �0.0398198

Harmonic Frequency Fourier Normalized Phase Normalized

Number (Hz) Component Component (degrees) Phase (degrees)

1 2.500e+04 1.264e+01 1.000e+00 �31.46 0.00
2 5.000e+04 3.480e�01 2.753e�02 166.75 198.21
3 7.500e+04 3.532e�02 2.794e�03 �169.97 �138.51
4 1.000e+05 8.444e�03 6.680e�04 77.15 108.61
5 1.250e+05 5.968e�03 4.721e�04 111.34 142.80
6 1.500e+05 1.384e�03 1.095e�04 22.80 54.26
7 1.750e+05 5.443e�03 4.306e�04 11.64 43.10
8 2.000e+05 4.250e�03 3.362e�04 21.82 53.28
9 2.250e+05 3.701e�03 2.928e�04 13.86 45.33
10 2.500e+05 3.450e�03 2.730e�04 5.47 36.93
11 2.750e+05 3.403e�03 2.692e�04 8.93 40.39
12 3.000e+05 3.914e�03 3.097e�04 7.19 38.65
13 3.250e+05 3.053e�03 2.416e�04 4.74 36.20
14 3.500e+05 2.615e�03 2.068e�04 8.81 40.27
15 3.750e+05 3.130e�03 2.476e�04 4.06 35.52
16 4.000e+05 2.772e�03 2.193e�04 3.32 34.78
17 4.250e+05 2.632e�03 2.083e�04 3.78 35.24
18 4.500e+05 2.524e�03 1.996e�04 4.25 35.71
19 4.750e+05 2.089e�03 1.653e�04 4.70 36.16
20 5.000e+05 2.607e�03 2.063e�04 �1.79 29.67
21 5.250e+05 2.305e�03 1.823e�04 1.07 32.53
22 5.500e+05 1.672e�03 1.323e�04 5.60 37.06
23 5.750e+05 2.138e�03 1.691e�04 �2.36 29.11
24 6.000e+05 2.019e�03 1.597e�04 �0.16 31.30
25 6.250e+05 1.633e�03 1.292e�04 3.07 34.54
26 6.500e+05 1.756e�03 1.389e�04 �3.22 28.24
27 6.750e+05 1.646e�03 1.302e�04 7.21 38.68
28 7.000e+05 1.580e�03 1.250e�04 3.72 35.19
29 7.250e+05 1.690e�03 1.337e�04 �6.87 24.59

THD: 2.770770% (2.771684%)

Note: A low THD of 2.8% indicates the quality of the output current.
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6.8 Summary

Switching a DC voltage source to a resonant LC circuit causes a resonant oscilla-

tion of a sinusoidal current at a resonant frequency. The resonant frequency and the

peak resonant current depend on the values of L and C. A small load resistance R is

added to the resonant circuit for desired power dissipation. The addition of the

resistance changes the resonant current to follow an exponentially decaying

damped sinusoidal current and the resonant frequency is reduced to a damped

resonant frequency. The switching the DC voltage source to an RLC circuit is done

through two switching devices such as power transistors. The resonant oscillation

continues for 180o and the transistors are turned off, when the resonant current falls

to zero. One transistor switch causes a positive resonant pulse of current through

the load resistance and another transistor causes a negative resonant pulse of cur-

rent through the load resistance. There must be a dead�zone time between the

turn�off time of one switch and the turn�on time of the other transistor switch. A

transistor with an antiparallel diode will operate as a bidirectional switch, allowing

the current flow in both directions. A resonant pulse inverter can operate as a fived

out or a variable output voltage. We can vary the output voltage or the current in the

half-bridge and the full-bridge inverters. The input to a parallel resonant inverter is

a constant current source which is normally switched to a transformer with two

primary windings and one secondary winding. The constant current source is nor-

mally varied normally varied by varying the DC input voltage to the converter

through an inductor.

Problems

1. The half-bridge resonant pulse inverter is shown in Figure 6.2(a). The circuit

parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50 mH, R = 2 W, and Vs =

110 V. Determine (a) the peak supply current Ips, and (b) the resonant fre-

quency fr (kHz) and (c) the capacitor voltage range Vc.

2. The half-bridge resonant pulse inverter is shown in Figure 6.2(a). The circuit

parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50 mH, R = 2 W, and Vs =

110 V. Calculate the performance parameters: (a) output-side parameters, (b)

controller parameters, and (c) input-side parameters. Assume ideal transistor

switches.

3. The half-bridge resonant pulse inverter is shown in Figure 6.2(a). The circuit

parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50 mH, R = 2W, and Vs = 98 V.

Determine (a) the peak supply current Ips, (b) the resonant frequency fr (kHz), and

(c) the capacitor voltage range Vc.

4. The half-bridge resonant pulse inverter is shown in Figure 6.2(a). The circuit

parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50 mH, R = 2W, and Vs = 98 V.

Calculate the performance parameters: (a) Output-side parameters, (b) controller

parameters, and (c) input-side parameters. Assume ideal transistor switches.
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5. The half-bridge resonant pulse inverter is shown in Figure 6.2(a). The circuit

parameters are: C1 = C2 = C = 4 mF, L1 = L2 = L = 50 mH, R = 1.2 W, and Vs =

110 V. Determine (a) the peak supply current Ips, (b) the resonant frequency fr
(kHz), and (c) the capacitor voltage range Vc.

6. The half-bridge resonant pulse inverter is shown in Figure 6.2(a). The circuit

parameters are: C1 = C2 = C = 4 mF, L1 = L2 = L = 50 mH, R = 1.2 W, and Vs =

110 V. Calculate the performance parameters: (a) output-side parameters, (b)

controller parameters, and (c) input-side parameters. Assume ideal transistor

switches.

7. The half-bridge resonant pulse inverter is shown in Figure 6.2(a). The circuit

parameters are: C1 = C2 = C = 4 mF, L1 = L2 = L = 50 mH, R = 1.2 W, and Vs =

98 V. Determine (a) the peak supply current Ips, (b) the resonant frequency fr
(kHz), and (c) the capacitor voltage range Vc.

8. The half-bridge resonant pulse inverter is shown in Figure 6.2(a). The circuit

parameters are: C1 = C2 = C = 4 mF, L1 = L2 = L = 50 mH, R = 1.2 W, and Vs =

98 V. Calculate the performance parameters: (a) output-side parameters, (b)

controller parameters, and (c) input-side parameters. Assume ideal transistor

switches.

9. The half-bridge bidirectional resonant pulse inverter is shown in Figure 6.3

(a). The circuit parameters are: C1 = C2 = C = 4 mF, L1 = L2 = L = 50 mH, R =

1.2 W, and Vs = 110 V. Determine (a) the peak supply current Ips, (b) the

resonant frequency fr (kHz), and (c) the capacitor voltage range Vc.

10. The half-bridge resonant pulse inverter is shown in Figure 6.3(a). The circuit

parameters are: C1 = C2 = C = 4 mF, L1 = L2 = L = 50 mH, R = 1.2 W, and Vs =

110 V. Calculate the performance parameters: (a) output-side parameters, (b)

controller parameters, and (c) input-side parameters. Assume ideal transistor

switches.

11. The half-bridge bidirectional resonant pulse inverter is shown in Figure 6.3

(a). The circuit parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50 mH, R = 2

W, and Vs = 110 V. Determine (a) the peak supply current Ips, (b) the resonant

frequency fr (kHz), and (c) the capacitor voltage range Vc.

12. The half-bridge resonant pulse inverter is shown in Figure 6.3(a). The circuit

parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50 mH, R = 2 W, and Vs =

110 V. Calculate the performance parameters: (a) output-side parameters, (b)

controller parameters, and (c) input-side parameters. Assume ideal transistor

switches.

13. The half-bridge bidirectional resonant pulse inverter is shown in Figure 6.3

(a). The circuit parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50 mH, R = 2

W, and Vs = 98 V. Determine (a) the peak supply current Ips, (b) the resonant

frequency fr (kHz), and (c) the capacitor voltage range Vc.

14. The half-bridge resonant pulse inverter is shown in Figure 6.3(a). The circuit

parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50 mH, R = 2W, and Vs = 98 V.

Calculate the performance parameters: (a) output-side parameters, (b) controller

parameters, and (c) input-side parameters. Assume ideal transistor switches.
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15. The full-bridge bidirectional resonant pulse inverter is shown in Figure 6.5(a).

for To ¼ Tr. The circuit parameters are: C1 = C2 = C = 4 mF, L1 = L2 = L = 50

mH, R = 1.2 W, and Vs = 110 V. Determine (a) the peak supply current Ips, (b)

the resonant frequency fr (kHz), and (c) the capacitor voltage range Vc.

16. The full-bridge bidirectional resonant pulse inverter is shown in Figure 6.5(a).

for To ¼ Tr. The circuit parameters are: C1 = C2 = C = 4 mF, L1 = L2 = L = 50

mH, R = 1.2 W, and Vs = 110 V. Calculate the performance parameters: (a)

output-side parameters, (b) controller parameters, and (c) input-side para-

meters. Assume ideal transistor switches.

17. The full-bridge bidirectional resonant pulse inverter is shown in Figure 6.5(a).

for To ¼ Tr. The circuit parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50

mH, R = 2 W, and Vs = 110 V. Determine (a) the peak supply current Ips, (b)

the resonant frequency fr (kHz), and (c) the capacitor voltage range Vc.

18. The full-bridge bidirectional resonant pulse inverter is shown in Figure 6.5(a).

for To ¼ Tr. The circuit parameters are: C1 = C2 = C = 3 mF, L1 = L2 = L = 50

mH, R = 2 W, and Vs = 110 V. Calculate the performance parameters: (a)

output-side parameters, (b) controller parameters, and (c) input-side para-

meters. Assume ideal transistor switches.

19. The parallel resonant inverter is shown in Figure 6.7. The circuit parameters

are: For R = 1 kW, Ls = 0.5 mH, C = 0.3 mF, L= L1 = L2 = 0.4 mH, f = 25 kHz,

Vs = 98 V. Determine (a) the peak supply current Ips, (b) the resonant fre-

quency fr (kHz), and (c) the capacitor voltage range Vc.

20. The parallel resonant inverter is shown in Figure 6.7. The circuit parameters

are: For R = 1 kW, Ls = 0.5 mH, C = 0.3 mF, L= L1 = L2 = 0.4 mH, f = 25 kHz,

Vs = 98 V. Calculate the performance parameters: (a) output-side parameters,

(b) controller parameters, and (c) input-side parameters. Assume ideal tran-

sistor switches.

21. The parallel resonant inverter is shown in Figure 6.7. The circuit parameters

are: For R = 1 kW, Ls = 0.5 mH, C = 0.3 mF, L= L1 = L2 = 0.4 mH, f = 25 kHz,

Vs = 110 V. Determine (a) the peak supply current Ips, (b) the resonant fre-

quency fr (kHz), and (c) the capacitor voltage range Vc.

22. The parallel resonant inverter is shown in Figure 6.7. The circuit parameters

are: For R = 1 kW, Ls = 0.5 mH, C = 0.3 mF, L= L1 = L2 = 0.4 mH, f = 25 kHz,

Vs = 110 V. Calculate the performance parameters: (a) output-side para-

meters, (b) controller parameters, and (c) input-side parameters. Assume ideal

transistor switches.

23. The class E inverter as shown in Figure 6.9(a) operates at resonance and has

Vs = 48 V and R = 8 W. The switching frequency is fs = 25 kHz. Assume a

quality factor Q = 7. Calculate (a) the optimum values on inductor L, (b) the

optimum value of capacitor C, (c) the optimum values on inductor Le, (d) the

optimum value of capacitor Ce, (e) the damping factor d, and ( f) the peak

output voltage Vo for Vi = 12 V. Assume a quality factor Q = 7 and an ideal

transistor switch.

24. The class E inverter as shown in Figure 6.9(a) operates at resonance and has

Vs = 48 V and R = 8 W.
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(a) Calculate (a) the optimum values on inductor L, (b) the optimum value of

capacitor C, (c) the optimum values on inductor Le, and (d) the optimum

value of capacitor Ce.

(b) Calculate the performance parameters: (a) output-side parameters,

(b) controller parameters, and (c) input-side parameters. Assume ideal

transistor switches.

25. The class E inverter as shown in Figure 6.9(a) operates at resonance and has

Vs = 48 V and R = 4 W.

(e) Calculate (a) the optimum values on inductor L, (b) the optimum value of

capacitor C, (c) the optimum values on inductor Le, and (d) the optimum

value of capacitor Ce.

(ii) Calculate the performance parameters: (a) output-side parameters,

(b) controller parameters, and (c) input-side parameters. Assume ideal

transistor switches.
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Chapter 7

Controlled rectifiers

7.1 Introduction

A rectifier converts an alternating current (AC) voltage to a direct current (DC) voltage

and the average output voltage is fixed. However, a controlled rectifier also converts a

fixed AC voltage to a variable DC voltage and uses thyristors commonly as switching

devices. However, other bidirectional transistors can also be used. The average output

voltage can be varied from zero to a maximum value of a diode rectifier. However, the

input power factor depends on the output voltage. It uses one or more thyristors to

make a unidirectional current flow from the positive terminal to the negative terminal

of the output voltage. Thus, the voltage and the current on the input side are of AC

types and the voltage and the current on the output side are of DC types.

7.2 Characteristics of silicon-controlled rectifiers

A silicon-controlled rectifier (SCR) is commonly known as a thyristor and it has

three terminals: anode, cathode, and gate. A thyristor can be turned on by applying

a pulse of short duration. Once the thyristor is on, the gate pulse has no effect, and it

remains on until its current is reduced to zero. It is a latching device. The most

common characteristics of a thyristor are [1–8]

l The device is normally off, and it can withstand both positive and negative

voltages between the anode and cathode terminals.
l It can be turned on by applying a small triggering pulse of about 5–10 voltage

and 100 ms width between the gate and the cathode terminal.
l When the device is turned on and the anode current reaches a certain magni-

tude known as the Latching current in the order of milli-amps, it latches in. The

gate-pulse has no effect and it can be removed. An SCR is a latching device.
l When the anode current of a conducting device falls below a certain magnitude

known as the Holding current in the order of milli-amps, it unlatches. It stops

current flow and turns off completely.
l For complete recovery from the on-state to a fully off-state of its ability of

withstanding voltages, there must be a minimum time allowed known as the

reverse recovery time toff before the device is turned on again so that the device

can fully recover and operate normally regaining its ability of withstanding

voltages. Otherwise, the device will not be turned off and it remains on.



l Once the device is turned on, the gate-pulse has no control over the current

flow. For an AC supply, the anode current falls to zero due to the natural

behavior of the supply voltage and the device is turned off naturally. For a DC

source, there must be a commutation circuit to force a negative current flow to

reduce anode current below the holding current and turn-off the device.

Figure 7.1(a) shows the schematic of a thyristor test circuit for a resistive load

of R ¼ 10 W. The thyristor is gated with a pulse on 6 V and a width of 100 ms. For

a 60 Hz supply, the pulse is delayed by 60� from the zero crossing of the supply

voltage. The gate signal vg is applied between the gate and the cathode of the

thyristor through a voltage-controlled voltage source E1 providing an isolation

between the power circuit and the low-level signal-generating circuit. For a fre-

quency of 60 Hz, the period T = 1/f =1/60 = 16.67 ms. The pulse is delayed by

a = 60� from the zero crossing of the supply voltage and the corresponding time

delay is tdelay ¼ 60�

360� � 16:67� 10�3 ¼ 2:7778 ms.

The LTspice statement for the gate pulse is: PULSE (0 5 V 2777.8 ms 0.1 ns 0.1

ns 100 ms 16.667 ms).

As shown in Figure 7.1(b), the thyristor starts conducting when the gate pulse

starts, and the input voltage is the same as the output voltage. The thyristor stops

conducting when the input voltage falls to zero due to the natural behavior of the

sinusoidal input voltage. In practice, there will be a small drop of about 0.5–0.7 V

due to the thyristor device. The thyristor conducts from 60� to 180� for a resistive
load. For an RL load, the thyristor will continue to conduct until the anode current

of the thyristor falls below the holding current. An inductor L is added to the test

circuit in Figure 7.1(a) as shown in Figure 7.2(a). The inductor value is defined as a

variable “LVAL” for L = 0, 6 mH, 16 mH, and 160 mH. The load currents for these

inductor values are shown in Figure 7.2(b). As the value of the inductor increases, it

takes a longer time for the load current to fall to zero. The angle when the current

falls to zero is known as the extinction angle. The analysis of a controlled rectifiers

depends on the type of load: (a) resistive load, and (b) RL load.

(a) (b)

Figure 7.1 Thyristor test circuit for a resistive load: (a) schematic and

(b) waveforms
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(a) (b)

Figure 7.2 Thyristor test circuit for an RL load: (a) schematic and (b) waveforms

Table 7.1 SPICE subcircuit model for 2N5171 [9]

* ============= SPICE Model =================

.SUBCKT 2N5171 10 30 20

* 10–A, 30–G, 20—K

.MODEL DGAT D (IS=1.0e�12 N=1 RS=0.001)

.MODEL DMOD D (IS=1.0e�12 N=0.001)

.MODEL DON D (IS=1.000e�012 N=1.000e+000 RS=3.534e�002 BV=7.200e+002)

.MODEL DBREAK D (IS=1.000e�012 N=9.404e+002 BV=7.200e+002)

V1 10 14 DC 0

DON1 14 222 DON

VV 222 22 DC 0

E1 22 20 poly(2) 10 20 3 20 0 0 0 0 1

DBRK1 14 27 DBREAK

DBRK2 20 27 DBREAK

RLEAK 14 20 6.000e+007

CRISE 14 20 1.000e�009

FC1 3 20 poly(2) VGD V1 �4.000e�002 1 8.000e�001

CON 3 20 4.000e�008 IC=1.5

DS1 3 31 DMOD

DS2 20 3 DMOD

VW 31 20 DC 1

DGATE 30 7 DGAT

VGD 7 20 DC 8.677e�001
.ENDS
*============= Model template =================
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The LTspice statement for variable inductor is: .step param LVAL LIST

0 16 m 160 m.

The SPICE model of the Motorola SCR 2N5171 is listed in Table 7.1, and the

location of the library file is included with the SPICE command: .lib “C:\SCR

Models\2N5171.txt” [9]

7.3 Single-phase controlled rectifier with resistive load

A single-phase full-wave-controlled rectifier uses four thyristors instead of diodes

as shown in Figure 7.3 for a resistive load of R. The addition of a small inductor

L ¼ 100 nH and a small capacitor C ¼ 440 pF makes the circuit in a generalized

form and these elements are often connected to serve as a filter. The AC input

voltage is given by [10]

vsðtÞ ¼ Vm sin ðwtÞ ¼ Vm sin ð2pftÞ (7.1)

where Vm = peak value of the AC input voltage, V; f = supply frequency, Hz;

w ¼ 2pf = supply frequency, rad/s.

The peak supply voltage Vm = 169.7 V. Let us consider a delay angle of a = 60�,

Time delay t1 ¼ 60
360

� 1000
60 Hz

� 1000 ¼ 2777:8 ms

Time delay t2 ¼ 240
360

� 1000
60 Hz

� 1000 ¼ 11;111:1 ms

During the positive half-cycle of the input voltage, thyristors T1 and T2 are

triggered at a delay angle of a = 60�. The input voltage appears across the load

from wt ¼ 60� to 180�. During the negative half-cycle in the input voltage, thyr-

istors T3 and T4 are triggered at a delay angle of a = 180�+ 60�= 240� and the input

voltage appears across the load from wt ¼ 240� to 360�. The plots of the gating

Figure 7.3 Schematic of single-phase controlled rectifier
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pulses of 6 V, and width 100 ms are shown in Figure 7.4(a). The output voltage can

be described as

voðtÞ ¼ Vm sin ðwtÞ for a < wt � p

¼ Vm sin ðwtÞ for ðpþ aÞ < wt � 2p
(7.2)

The plots of the input and output voltages are shown in Figure 7.4(b). While

the thyristor is fully turned on and conducting, the output voltage is almost identical

to the input voltage for a resistive load. Load, that is, vo ¼ vi.

The gating pulses for T1 and T2 delayed by a are identical. Similarly, the gating

pulses for T3 and T4 delayed by (p+a) are identical. As expected, the load current

becomes zero when the input voltage falls to zero.

Since the thyristor conducts from wt = a to p, the average output voltage can

be found from

Vdc ¼
1

2p

ðp

a

Vm sin ðxÞdxþ
ð2p

pþa

Vm sin ðxÞdx
� �

¼ 2

2p

ðp

a

Vm sin ðxÞdx ¼ Vm

p
ð1þ cos aÞ

(7.3)

The rms output voltage can be found from

Vo ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

2p

ðp

a

ðVm sin ðxÞÞ2dx
s

¼ Vm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin ð2aÞ
4p

þ 1

2
� a

2p

r

(7.4)

The performance parameters of controlled rectifiers can be divided into

three types.

l Output-side parameters,
l Rectifier parameters, and
l Input-side parameters.

(a) (b)

Figure 7.4 Single-phase controlled rectifier: (a) thyristor gating pulses and

(b) output voltage and load current
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Let us consider an input voltage of Vs ¼ 120 rms, Vm ¼ Vs ¼ 120�
ffiffiffi

2
p

¼
169:7 V, R ¼ 10 W and delay angle of a = 60�. Converting to radian, a ¼ 60�

180
� p ¼

1:047 rad

7.3.1 Output-side parameters

(a) Equation (7.3) gives the average output voltage is

VoðavÞ ¼ Vdc ¼
Vm

p
ð1þ cos aÞ

¼ 169:7

p
� ð1þ cos ð1:047ÞÞ ¼ 81:028 V

(b) The average output load current is

IoðavÞ ¼
VoðavÞ
R

¼ 81:028

10
¼ 8:103 A

(c) The DC output power is

Pdc ¼ VdcIdc
¼ 81:028� 8:103 ¼ 656:561 W

(d) Equation (7.4) gives the rms output voltage is

VoðrmsÞ ¼ Vrms ¼ Vm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin ð2aÞ
4p

þ 1

2
� a

2p

r

¼ 169:7�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin ð2� 1:047Þ
4� p

þ 1

2
� 1:047

2� p

r

¼ 107:633 V

(e) The rms output current is

IoðrmsÞ ¼ Irms ¼
VoðrmsÞ
R

¼ 107:633

10
¼ 10:763 A

(f) The AC output power is

Pac ¼ VoðrmsÞIoðrmsÞ

¼ 107:633� 10:763 ¼ 1:158 kW

(g) The output AC power

Pout ¼ I2rmsR

¼ 10:7632 � 10 ¼ 1:158 kW

(h) The rms ripple content of the output voltage

Vac ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
oðrmsÞ � V 2

dc

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

107:6332 � 81:0282
p

¼ 70:846 V
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(i) The rectification efficiency or ratio

h ¼ Pdc

Po

¼ 656:561

1158
¼ 56:674%

(j) The ripple factor

RF ¼ Vac

Vdc

¼ 70:846

81:028
¼ 87:434%

(k) The form factor of the output voltage

FFov ¼
Vrms

Vdc

¼ 107:633

81:028
¼ 132:833%

7.3.2 Controlled rectifier parameters

(a) The peak thyristor current

ITðpeakÞ ¼
Vm

R

¼ 169:7

10
¼ 16:971 A

(b) The load current is shared by two devices, the average thyristor current is

ITðavÞ ¼
IoðavÞ
2

¼ 8:103

2
¼ 4:051 A

(c) The load current is shared by two devices, the rms thyristor current is

ITðrmsÞ ¼
Irms
ffiffiffi

2
p

¼ 10:763
ffiffiffi

2
p ¼ 7:611 A

(d) With a safely margin of two times, the peak voltage rating of thyristors is

Vpeak ¼ 2Vm

¼ 2� 169:7 ¼ 339:411 V
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7.3.3 Input-side parameters

The rms input current is

Is ¼ Irms
¼ 10:763 A

Assuming an ideal converter of no-power loss, the input power

Pin ¼ Pout

¼ 1:158 kW

Input power factor

PFi ¼
Pin

VsIs

¼ 1158

120� 10:763
¼ 0:897 ðlaggingÞ

The transformer utilization factor

TUF ¼ Pdc

VsIs

¼ 656:561

120� 10:763
� 100 ¼ 50:8%

The LTspice command (.four 120 Hz 29 1 I(R)) for Fourier analysis gives the

Fourier components of the load current I(R) at the fundamental frequency of

120 Hz as follows:

Fourier components of I(R)

DC component: 7.93869

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 1.200e+02 9.228e+00 1.000e+00 23.60 0.00
2 2.400e+02 1.828e+00 1.981e�01 45.41 21.81
3 3.600e+02 1.667e+00 1.806e�01 53.38 29.78
4 4.800e+02 1.311e+00 1.421e�01 93.25 69.65
5 6.000e+02 8.311e�01 9.007e�02 114.65 91.05
6 7.200e+02 7.922e�01 8.585e�02 130.90 107.31
7 8.400e+02 7.041e�01 7.631e�02 162.33 138.73
8 9.600e+02 5.380e�01 5.831e�02 �175.59 �199.19
9 1.080e+03 5.229e�01 5.667e�02 �157.31 �180.90
10 1.200e+03 4.806e�01 5.209e�02 �128.10 �151.70
11 1.320e+03 3.970e�01 4.303e�02 �106.39 �129.98
12 1.440e+03 3.903e�01 4.229e�02 �86.47 �110.06

(Continues)
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(Continued)

Fourier components of I(R)

DC component: 7.93869

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

13 1.560e+03 3.637e�01 3.942e�02 �58.76 �82.35
14 1.680e+03 3.148e�01 3.411e�02 �37.00 �60.60
15 1.800e+03 3.104e�01 3.363e�02 �16.19 �39.79
16 1.920e+03 2.928e�01 3.174e�02 10.61 �12.98
17 2.040e+03 2.601e�01 2.818e�02 32.42 8.82
18 2.160e+03 2.577e�01 2.792e�02 53.75 30.15
19 2.280e+03 2.445e�01 2.649e�02 80.02 56.43
20 2.400e+03 2.214e�01 2.400e�02 101.80 78.21
21 2.520e+03 2.199e�01 2.383e�02 123.56 99.97
22 2.640e+03 2.094e�01 2.269e�02 149.40 125.81
23 2.760e+03 1.925e�01 2.086e�02 171.25 147.65
24 2.880e+03 1.915e�01 2.076e�02 �166.72 �190.31
25 3.000e+03 1.829e�01 1.983e�02 �141.17 �164.77
26 3.120e+03 1.701e�01 1.843e�02 �119.34 �142.93
27 3.240e+03 1.694e�01 1.836e�02 �97.04 �120.63
28 3.360e+03 1.622e�01 1.758e�02 �71.76 �95.35
29 3.480e+03 1.521e�01 1.648e�02 �49.91 �73.51

THD: 37.100038%(37.882164%)

7.4 Single-phase controlled rectifier with RL load

A single-phase full-wave-controlled rectifier uses four thyristors as shown in

Figure 7.5 to an RL load. During the positive half-cycle, thyristors T1 and T2 are

turned on at a delay angle of wt ¼ a and the load is connected to the input supply

through T1 and T2. Due to the inductive load, thyristors T1 and T2 continue to

conduct beyond wt ¼ p even though the input voltage is already negative. During

the negative half-cycle of the input voltage, thyristors T3 and T4 are turned on.

Turning on of thyristors T3 and T4 applies the supply voltage across thyristors T1
and T2 as reverse blocking voltage. T1 and T2 are turned off due to line or natural

commutation and the load current is transferred from T1 and T2 to T3 and T4. Thus,

with an inductive load, the load current will be delayed and will not fall to zero

when the supply voltage falls to zero. Thus, T1 and T2 conduct during the first half

of the period, and T3 and T4 conduct during the second half of the period. If the time

constant of the RL load is greater than the period of the output voltage, the load

current will continuous and will not fall to zero [10].

The peak supply voltage Vm = 169.7 V, and a delay angle of a = 60�,

Time delay t1 ¼ 60
360

� 1000
60 Hz

� 1000 ¼ 2777:8 ms

Time delay t2 ¼ 240
360

� 1000
60 Hz

� 1000 ¼ 11;111:1 ms
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During the positive half-cycle of the input voltage, thyristors T1 and T2 are

triggered at a delay angle of a = 60�. The input voltage appears across the load

from wt ¼ 60� to 180� þ 60�. During the negative half-cycle in the input voltage,

thyristors T3 and T4 are triggered at a delay angle of a =180�+ 60� = 240� and the

input voltage appears across the load from wt ¼ 240� to 360� þ 60�. The output

voltage can be described as

voðtÞ ¼ Vm sin ðwtÞ for a < wt � ðpþ aÞ
¼ Vm sin ðwtÞ for ðpþ aÞ < wt � ð2pþ aÞ (7.5)

Depending on the value of a, the average output voltage could be either

positive or negative. The average output voltage can be found from

Vdc ¼
2

2p

ðpþa

a

Vm sin ðxÞdx ¼ 2Vm

p
cos a (7.6)

which gives the average load current as

Idc ¼
Vdc

R
¼ 2Vm

pR
cos a (7.7)

The rms output voltage can be found from

Vo ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

2p

ðpþa

a

ðVm sin ðxÞÞ2dx
s

¼ Vm
ffiffiffi

2
p (7.8)

Let us consider an input voltage of Vs ¼ 120 rms, Vm ¼ Vs ¼ 120 �
ffiffiffi

2
p

¼ 169:7 V, R ¼ 10 W, E = 0, and delay angle of a = 60�. Converting to radian,

a ¼ 60�

180
� p ¼ 1:047 rad.

Figure 7.5 Schematic of single-phase controlled rectifier with an RL load [11]
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The plots of the input and output voltages and the load current are shown in

Figure 7.6(b). As expected, increasing the value of inductor reduces the ripple

content and makes the load current continuous. By making the load highly induc-

tive, the load current will have practically negligible ripple contents.

7.4.1 Load inductor

The frequency fo of the output voltage is twice the supply frequency f. There are

two ripples on the output current: one positive ripple and one negative ripple

around the average value. We can find the inductor value to maintain continuous

load current. That is,

L

R
� To ¼

1

2� f
(7.9)

which give the value of L as

L � R

2� 2� f
¼ 10

2� 2� 60
¼ 41:67 mH

For a desired value of the ripple factor of the output voltage RFv ¼ 6% ¼ 0:06,
we can find the ripple voltage as

DV ¼ RFv Vdc

¼ 0:06� 54:02 ¼ 3:241 V:

Similarly, for a desired value of the ripple factor of the output current

RFi ¼ 5% ¼ 0:05, we can find the ripple current as

DI ¼ RFi Idc
¼ 0:05� 5:402 ¼ 0:27 A

(a) (b)

Figure 7.6 Single-phase controlled rectifier with an RL load: (a) output voltage

and load current and (b) effects of load inductances
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We can find the inductor L from the ripple voltage DV and the ripple current

DI as

L
DI

DT
¼ DV

which gives the inductor value L as

L � DV � DT

DI
¼ DV

DI
� T

2� 2

¼ 3:241

0:27
� 16:67� 10�3

4
¼ 50mH

(7.10)

Using the values from (7.9) and (7.10), the average of two values

L ¼ 41:67þ 50
2

¼ 45:83 mH. Let us L ¼ 45 mH. Figure 7.6(b) shows the effects of

load inductances on the load current.

7.4.2 Circuit model

The operation of the converter can be divided into two identical modes: mode 1

when T1 and T2 conduct, and mode 2 when T3 and T4 conduct. The output currents

during these modes are similar and we need to consider only one mode to find the

output current iL [9–11].

Mode 1 is valid for a � wt � ðpþ aÞ. If vs ¼ Vm sin ðwtÞ is the input voltage,
the load current iL during mode 1 can be found from [9–11]

L
diL

dt
þ RiL þ E ¼ Vm sin wt for iL � 0 (7.11)

where E is a battery voltage connected in series to the load side.

The solution of (7.11) is of the form

iL ¼ Vs

Z
sin wt � qð Þ þ A1e

�ðR=LÞt � E

R
for iL � 0 (7.12)

where the load impedance, Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ ðwLÞ2
q

, and the load angle

q ¼ tan�1ðwL=RÞ.
Constant A1, which can be determined from the initial condition: at wt = a,

iL ¼ IL0

A1 ¼ IL0 þ
E

R
� Vm

Z
sin ða� qÞ

� �

eðR=LÞða=wÞ (7.13)

Substitution of A1 in (7.12) gives iL as

iL ¼ Vs

Z
sin wt � qð Þ � E

R
þ IL0 þ

E

R
� Vm

Z
sin ða� qÞ

� �

eðR=LÞða=w�tÞ (7.14)
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At the end of mode 1 in the steady-state condition iLðwt ¼ pþ aÞ ¼ IL1 ¼ IL0.

Applying this condition to (7.14) and solving for IL0, we get

IL1¼ IL0¼
Vs

Z

�sinða�qÞ� sinða�qÞe�ðR=LÞðp=wÞ

1�e�ðR=LÞðp=wÞ

� �

�E

R
for IL0�0 (7.15)

The critical value of a at which IL0 becomes zero can be solved for known

values of q, R, L, E, and Vs by an iterative method. That is,

0 ¼ Vs

Z

� sin ðac � qÞð1þ e�ðR=LÞðp=wÞÞ
1� e�ðR=LÞðp=wÞ

� �

� E

R
(7.16)

which, for E = 0, gives sin ðac � qÞ ¼ 0. That is

ac ¼ q

¼ tan�1 wL

R

� �

¼ tan�1 2� p� 60� 85� 10�3

10

� �

¼ 72:67�
(7.17)

Using Mathcad software, the rms current of a thyristor can be found from

IR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

p

ðpþa

a

i2LdðwtÞ
s

¼ 4:17 A

(7.18)

Using Mathcad software, the rms load current can be found from

IR ¼
ffiffiffi

2
p

IR

¼
ffiffiffi

2
p

� 4:17 ¼ 5:89 A
(7.19)

Using Mathcad software, the average current of a thyristor can be found from

IA ¼ 1

p

ðpþa

a

iLdðwtÞ

¼ 3:85 A

(7.20)

7.4.3 Converter parameters

The performance parameters of controlled rectifiers can be divided into three types.

l Output-side parameters,
l Rectifier parameters, and
l Input-side parameters.

7.4.3.1 Output-side parameters

(a) Equation (7.6) gives the average output voltage is

VoðavÞ ¼ Vdc ¼
2Vm

p
cos a

¼ 2� 169:7

p
� cos ð1:047Þ ¼ 54:02 V
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(b) The average output current is

IoðavÞ ¼
VoðavÞ
R

¼ 54:02

10
¼ 5:402 A

(c) The DC output power is

Pdc ¼ VdcIdc
¼ 54:02� 5:402 ¼ 291:81 W

(d) Equation (7.8) gives the rms output voltage is

VoðrmsÞ ¼ Vrms ¼
Vm
ffiffiffi

2
p ¼ 120 V

(e) Equation (7.19) gives the rms output current is

IoðrmsÞ ¼
ffiffiffi

2
p

IR

¼
ffiffiffi

2
p

� 4:17 ¼ 5:89 A

(f) The output AC power

Pout ¼ I2
oðrmsÞR

¼ 5:892 � 10 ¼ 347:49 W

(g) The rms ripple content of the output voltage

Vac ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
oðrmsÞ � V 2

dc

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1202 � 54:022
p

¼ 107:15 V

(h) The rectification efficiency or ratio

h ¼ Pdc

Po

¼ 291:81

347:49
¼ 83:97%

(i) The ripple factor

RF ¼ Vac

Vdc

¼ 107:15

54:02
¼ 198:36%

(j) The form factor of the output voltage

FFov ¼
Vrms

Vdc

¼ 120

54:02
¼ 222:14%
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7.4.3.2 Controlled rectifier parameters

(a) The peak thyristor current

ITðpeakÞ ¼
Vm

R

¼ 169:7

10
¼ 16:971 A

(b) The load current is shared by two devices, the average thyristor current is

ITðavÞ ¼
IoðavÞ
2

¼ 5:402

2
¼ 2:7 A

(c) The load current is shared by two devices, the rms thyristor current is

ITðrmsÞ ¼
Irms
ffiffiffi

2
p

¼ 5:89
ffiffiffi

2
p ¼ 4:17 A

(d) With a safely margin of two times, the peak voltage rating of thyristors is

Vpeak ¼ 2Vm

¼ 2� 169:7 ¼ 339:411 V

7.4.3.3 Input-side parameters

(a) The rms input current is

Is ¼ Irms
¼ 5:89 A

(b) Assuming ideal no-loss converter, the input power

Pin ¼ Pout

¼ 347:49 W

(c) The input power factor

PFi ¼
Pin

VsIs

¼ 347:49

120� 5:89
¼ 0:49 ðlaggingÞ

(d) The transformer utilization factor

TUF ¼ Pdc

VsIs

¼ 291:81

120� 5:89
� 100 ¼ 41:25%
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7.4.3.4 Load ripple current

For a single-phase full-wave-controlled rectifier, the lowest order harmonic fre-

quency is wo ¼ 2w and the impedance of the RL load at the dominant frequency is

ZL ¼ Rþ j2wL.

The approximate value of the ripple current due to the dominant harmonic at

wo ¼ 2w is given by

Iripple ¼
Vac

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ ð2wLÞ2
q

¼ 107:15

35:37
¼ 3:03 A

7.4.4 LTspice Fourier analysis

The LTspice command (.four 120 Hz 29 1 I(R)) for Fourier analysis gives the

Fourier components of the load current I(R) at the fundamental frequency of

120 Hz as follows:

Fourier components of I(R)

DC component: 5.16489

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 1.200e+02 2.012e+00 1.000e+00 �73.32 0.00
2 2.400e+02 3.904e�01 1.940e�01 �46.40 26.93
3 3.600e+02 1.681e�01 8.352e�02 �22.68 50.65
4 4.800e+02 9.466e�02 4.704e�02 2.99 76.32
5 6.000e+02 5.843e�02 2.904e�02 27.21 100.54
6 7.200e+02 4.067e�02 2.021e�02 48.50 121.82
7 8.400e+02 3.024e�02 1.503e�02 75.52 148.84
8 9.600e+02 2.217e�02 1.102e�02 97.92 171.24
9 1.080e+03 1.834e�02 9.116e�03 117.89 191.22
10 1.200e+03 1.545e�02 7.677e�03 147.46 220.78
11 1.320e+03 1.189e�02 5.907e�03 169.09 242.42
12 1.440e+03 1.042e�02 5.177e�03 �171.07 �97.75
13 1.560e+03 9.178e�03 4.561e�03 �143.31 �69.98
14 1.680e+03 7.164e�03 3.560e�03 �118.72 �45.39
15 1.800e+03 6.613e�03 3.287e�03 �101.68 �28.36
16 1.920e+03 6.128e�03 3.045e�03 �71.65 1.68
17 2.040e+03 4.594e�03 2.283e�03 �47.94 25.38
18 2.160e+03 4.704e�03 2.338e�03 �31.02 42.31
19 2.280e+03 4.330e�03 2.152e�03 1.37 74.69
20 2.400e+03 3.409e�03 1.694e�03 21.59 94.92
21 2.520e+03 3.457e�03 1.718e�03 39.65 112.97
22 2.640e+03 3.228e�03 1.604e�03 69.74 143.06

(Continues)
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(Continued)

Fourier components of I(R)

DC component: 5.16489

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

23 2.760e+03 2.520e�03 1.252e�03 93.26 166.59
24 2.880e+03 2.579e�03 1.282e�03 109.40 182.73
25 3.000e+03 2.632e�03 1.308e�03 142.69 216.01�

26 3.120e+03 1.891e�03 9.399e�04 164.18 237.50
27 3.240e+03 2.114e�03 1.051e�03 177.88 251.21
28 3.360e+03 2.042e�03 1.015e�03 �143.33 �70.00
29 3.480e+03 1.512e�03 7.516e�04 �125.56 �52.24

THD: 22.071220% (22.083575%)

Note: THD is reduced from 37.10 % to 22.07% due to the load inductor.

7.4.5 LC-filter

Capacitor C provides a low impedance path for the ripple currents to flow through

it rather than the load resistance R and lowers the Total Harmonic Distortion

(THD). The frequency fo of the output voltage is two times the supply frequency f.

There are two ripples on the output current: one positive ripple and one negative

ripple around the average value. We can find the capacitor value to maintain con-

tinuous load voltage. That is,

RC � To ¼
1

2� 2� f
(7.21)

which give the value of C as

C � 1

2� 2fR
¼ 1

2� 2� 60� 10
¼ 416:67 mF

Using the voltage and current ripples in (7.10), we can find the capacitor C

from the ripple voltage DV and the ripple current DI as

C
DV

DT
¼ DI (7.22)

which gives the capacitor value C as

C ¼ DI � DT

DV
¼ DI

DV
� T

2� 2

¼ 0:27

3:241
� 16:67� 10�3

2� 2
¼ 347:22 mF

(7.23)
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Using the values from (7.21) and (7.23), let us take the average of two values

C ¼ 416:67þ 347:22
2

¼ 381:94 mH. Let us select C ¼ 380 mH.

Figure 7.7 shows the full-wave-controlled rectifier with an LC filter.

7.4.6 Circuit model

R = 10 W, C = 380 mF, and L ¼ 45 mH (from Section 7.4.1), f = 60 Hz

wo ¼ 2pfo ¼ 2p� 2� 60 ¼ 753:98 rad=s

The nth harmonic impedance of the load with the LC-filter is given by

ZðnÞ ¼ jnwLþ
Rk 1

jnwC

1þ jnwRC
¼ Rþ jnwL� ðnwÞRLC

1þ jnwRC
(7.24)

For a single-phase full-wave-controlled rectifier, n = 2 and (7.24) gives

Zð2Þj j ¼ 23:97.
The approximate value of the ripple current through the RLC load due to the

dominant harmonic atwo ¼ 2w is given by

Iripple ¼
Vac

ZðnÞj j

¼ 107:15

23:97
¼ 3:95 A

The Fourier components of the output voltage are given by [1]

Vdc ¼ ao ¼
2

2p

ðpþa

a

Vm sin ðwtÞdðwtÞ ¼ 2Vm

p
cos ðaÞ (7.25)

Figure 7.7 Schematic of single-phase controlled rectifier with an LC filter
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aðnÞ ¼ 2

2p

ðpþa

a

Vm sin ðwtÞsin ðnwtÞdðwtÞ
¼ 0 for n ¼ 3; 5; . . .

for n ¼ 2; 4; . . . (7.26)

bðnÞ ¼ 2

2p

ðpþa

a

Vm sin ðwtÞcos ðnwtÞdðwtÞ
¼ 0 for n ¼ 3; 5; . . .

for n ¼ 2; 4; . . . (7.27)

Therefore, the Fourier series of the output voltage is given by

voðtÞ ¼ Vdc þ
X

1

n¼2;4...

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2ðnÞ þ b2ðnÞ
p

sin ðnwtÞ (7.28)

Diving the voltage expression in (7.28) by Z(n) in (7.24) gives the Fourier

components of the load currents as [1]

ioðtÞ ¼
2Vm

pR
cos ðaÞ þ

X

1

n¼2;4...

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2ðnÞ þ b2ðnÞ
p

ZðnÞ sin ðnwt � qnÞ (7.29)

where qn ¼ tan�1 an
bn

� �

is the impedance angle of the nth harmonic component, rad.

Equation (7.29) gives the peak magnitude of the nth harmonic currents

ImðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2ðnÞ þ b2ðnÞ
p

ZðnÞ for n ¼ 2; 4; . . . (7.30)

Using Mathcad software, (7.30) gives the peak load current through RLC load

for n = 2, n = 4, n = 6, n = 8, 10, and n = 12 as

Imð2Þ ¼ 0:76 Imð4Þ ¼ 0:07 Imð6Þ ¼ 0:08
Imð8Þ ¼ 0:02 Imð10Þ ¼ 0:01 Imð12Þ ¼ 0:02

Equation (5.30) gives the peak values of the nth harmonic currents through the

RLC load. Since the load resistance R forms a parallel circuit with the filter capa-

citance C. The peak load current through R can be found from the current division

rule as

ImRðnÞ ¼ ImðnÞ �
Xc

Rþ Xc

	

	

	

	

	

	

	

	

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2ðnÞ þ b2ðnÞ
p

ZðnÞj j
Xc

Rþ Xc

	

	

	

	

	

	

	

	

(7.31)

where Xc ¼ 1
jnwoC

is the impedance of the filter capacitor C, and ImRðnÞ is the peak
value of the nth harmonic current through the load resistor R.

Using Mathcad software, (7.31) gives the peak load current through load R for

n = 2, n = 4, n = 6, n = 8, n = 10, and n = 12 as

ImRð2Þ ¼ 0:25 ImRð4Þ ¼ 0:01 ImRð6Þ ¼ 0

ImRð8Þ ¼ 0 ImRð10Þ ¼ 0 ImRð12Þ ¼ 0
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Dividing the peak values by
ffiffiffi

2
p

gives the rms values for n = 2, n = 4, n = 6,

n = 8, n = 10, and n = 12 as

Irmsð2Þ ¼
ImRð2Þ

ffiffiffi

2
p ¼ 0:18 Irmsð4Þ ¼

ImRð4Þ
ffiffiffi

2
p ¼ 0 Irmsð6Þ ¼

ImRð6Þ
ffiffiffi

2
p ¼ 0

Irmsð8Þ ¼
ImRð8Þ

ffiffiffi

2
p ¼ 0 Irmsð10Þ ¼

ImRð10Þ
ffiffiffi

2
p ¼ 0 Irmsð12Þ ¼

ImRð12Þ
ffiffiffi

2
p ¼ 0

The total rms value of the ripple current can be determined by adding the

square of the individual rms ripple current and then taking the square root as

given by

Iripple ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

30

n¼2;4

IrmsðnÞj j2
v

u

u

t

¼ 0:19 A

(7.32)

The total rms value of the load current can be determined by adding the square

of the average (DC) current and the rms ripple current as

Io ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I2dc þ I2ripple

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5:4022 þ 0:192
p

¼ 5:41 A

(7.33)

The plots of the input and output voltages and the load current are shown in

Figure 7.8(a). Figure 7.8(b) shows the effects of filter capacitances on the load

voltage. As expected, increasing the value of capacitance reduces the ripple on the

output voltage.

(a) (b)

Figure 7.8 Single-phase controlled rectifier with an LC filter: (a) output voltage

and load current, (b) effects on capacitance om load current
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7.4.7 LTspice Fourier analysis

The LTspice command (.four 120Hz 29 1 I(R)) for Fourier analysis gives the

Fourier components of the load current I(R) at the fundamental frequency of

120 Hz as follows:

Fourier components of I(R)

DC component: 5.19982

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized
Phase (degrees)

1 1.200e+02 7.660e�01 1.000e+00 64.94 0.00
2 2.400e+02 7.741e�02 1.011e�01 �53.98 �118.93
3 3.600e+02 1.728e�02 2.256e�02 178.01 113.06
4 4.800e+02 1.049e�02 1.369e�02 49.19 �15.76
5 6.000e+02 5.884e�03 7.682e�03 �44.77 �109.71
6 7.200e+02 4.525e�04 5.907e�04 �171.17 �236.12
7 8.400e+02 3.113e�03 4.064e�03 26.91 �38.04
8 9.600e+02 2.157e�03 2.816e�03 �17.62 �82.57
9 1.080e+03 4.202e�04 5.485e�04 29.39 �35.55
10 1.200e+03 1.418e�03 1.851e�03 21.44 �43.51
11 1.320e+03 1.220e�03 1.592e�03 �20.07 �85.02
12 1.440e+03 6.045e�04 7.891e�04 �6.00 �70.94
13 1.560e+03 1.180e�03 1.541e�03 5.41 �59.53
14 1.680e+03 8.676e�04 1.133e�03 �4.27 �69.21
15 1.800e+03 5.898e�04 7.699e�04 �4.51 �69.45
16 1.920e+03 8.209e�04 1.072e�03 8.66 �56.29
17 2.040e+03 6.490e�04 8.472e�04 �2.34 �67.29
18 2.160e+03 5.174e�04 6.755e�04 �4.60 �69.55
19 2.280e+03 6.667e�04 8.704e�04 3.63 �61.31
20 2.400e+03 6.290e�04 8.211e�04 �4.13 �69.07
21 2.520e+03 5.215e�04 6.808e�04 1.23 �63.72
22 2.640e+03 5.505e�04 7.186e�04 7.80 �57.15
23 2.760e+03 5.244e�04 6.846e�04 �0.63 �65.58
24 2.880e+03 4.194e�04 5.475e�04 2.21 �62.74
25 3.000e+03 4.576e�04 5.973e�04 3.98 �60.96
26 3.120e+03 4.728e�04 6.172e�04 �3.25 �68.19
27 3.240e+03 3.750e�04 4.895e�04 �0.55 �65.50
28 3.360e+03 4.428e�04 5.780e�04 3.14 �61.80
29 3.480e+03 4.188e�04 5.467e�04 �1.24 �66.19

THD: 10.492823%(10.952328%)

Note: THD is reduced from 22.07% to 10.49 % due to the addition of a capacitor filter across R.

7.5 Three-phase controlled rectifier with resistive load

A three-phase full-wave-controlled rectifier uses six thyristors instead of six diodes

as shown in Figure 7.9 to a resistive load of R. The addition of a small inductor
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L = 6.5 nH and a small capacitor C = 50 pF makes the circuit in a generalized form

and these elements are often connected to serve as a filter. If the AC line-to-neutral

voltages are defined as [10,11]

van ¼ Vm sin ðwtÞ
vbn ¼ Vm sin wt � 2p

3

� �

vcn ¼ Vm sin wt � 4p

3

� �

¼ Vm sin wt þ 2p

3

� �

(7.35)

the corresponding line-to-line voltages are

vab ¼ van � vbn ¼
ffiffiffi

3
p

Vm sin wt þ p

6

� �

vbc ¼ vbn � vcn ¼
ffiffiffi

3
p

Vm sin wt � p

2

� �

vca ¼ vcn � van ¼
ffiffiffi

3
p

Vm sin wt � 3p

2

� �

¼ Vm sin wt þ p

2

� �

(7.35)

where Vm = peak value of the AC phase input voltage, V; f = supply frequency, Hz;

w ¼ 2pf = supply frequency, rad/s.

The peak phase supply voltage Vm = 169.7 V. Let us consider a delay angle of

a = 30�,

Time delay t1; t2 ¼ 30
360

� 1000
60 Hz

� 1000 ¼ 1:389 ms

Time delay t3; t4 ¼ 150
360

� 1000
60 Hz

� 1000 ¼ 11:111 ms

Time delay t5; t6 ¼ 270
360

� 1000
60 Hz

� 1000 ¼ 16:667 ms

Each thyristor is turned on for an interval of p/3. The frequency of the output

ripple voltage is 6f. At wt ¼ p=6þ a, thyristor T6 is already conducting and

Figure 7.9 Three-phase controlled rectifier for a ¼ 30�
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thyristor T1 is turned on. During interval ðp=6þ aÞ � wt � ðp=2þ aÞ, thyristors
T1 and T6 conduct and the line-to-line voltage vabð¼ van � vbnÞ AC appears across

the load. At wt ¼ ðp=2þ aÞ, thyristor T2 is turned on and thyristor T6 is reverse

biased immediately. T6 is turned off due to natural commutation. During interval

ðp=2þ aÞ � wt � ð5p=2þ aÞ, thyristors T1 and T2 conduct and the line-to-line

voltage vacð¼ van � vcnÞ appears across the load. The thyristors are numbered, as

shown in Figure 7.9 according to the conduction sequence, and the firing sequence

is 12, 23, 34, 45, 56, and 61. The line-line voltages appear across the output for an

internal of p=3 from ðp=6þ aÞ to ðp=2þ aÞ. The average output voltage over an

interval of p=3 can be found from

Vdc ¼
3

p

ðp=2þa

p=6þa

vabðwtÞdðwtÞ ¼
3

p

ðp=2þa

p=6þa

ffiffiffi

3
p

Vm sin ðwt þ p

6
ÞdðwtÞ

¼ 3
ffiffiffi

3
p

Vm

p
cos a for 0 � a � p

3

(7.36)

The rms value of the output voltage is found from

Vrms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

p

ðp=2þa

p=6þa

vabðwtÞð Þ2dðwtÞ
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

p

ðp=2þa

p=6þa

ð
ffiffiffi

3
p

Vm sin ðwt þ p

6
ÞÞ2dx

s

¼
ffiffiffi

3
p

Vm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2
þ 3

ffiffiffi

3
p

4p
cos 2a

r

for 0 � a � p

3

(7.37)

For a > p=3, the instantaneous output voltage has a negative part. Because the
current through thyristors cannot be negative, the load current is always positive.

Thus, with a resistive load, the instantaneous load voltage cannot be negative, and

the full converter behaves as a semi converter, not a full-wave converter. The plots

of the gating pulses of 6 V, with a width 100 ms are shown in Figure 7.10(a). The

(a) (b)

Figure 7.10 Three-phase controlled rectifier for a ¼ 30�: (a) thyristor gating
pulses and (b) input and output voltages and load current
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output voltage and the load current are shown in Figure 7.10(b) for a ¼ 30�. As
expected the output voltage and the current have less ripple and the frequency of

the output ripples are six times the supply frequency of 60 Hz.

The plots of the gating pulses of 6 V and width 100 ms are shown in Figure 7.11

(a) for a ¼ 120�. The gating pulses for T1 and T2 delayed by a are identical. The

gating pulses for T3 and T4 delayed by (2p/3+a) are identical. Similarly, the gating

pulses for T5 and T6 delayed by (4p/3+a) are identical. The delay angle is a > p=3.
The output voltage and the load current as shown Figure 7.11(b) are discontinuous

for a ¼ 120�. As expected, the load current becomes to zero when the input voltage

falls to zero.

The performance parameters of controlled rectifiers can be divided into three

types:

l Output-side parameters,
l Rectifier parameters, and
l Input-side parameters.

Let us consider an input phase voltage of Vs ¼ 120 rms, Vm ¼
ffiffiffi

2
p

Vs ¼ 120�
ffiffiffi

2
p

¼ 169:7 V, R ¼ 10 W and delay angle of a = 30�. Converting to

radian, a ¼ 30�

180
� p ¼ 0:524 rad

7.5.1 Output-side parameters

(a) Equation (7.36) gives the average output voltage is

VoðavÞ ¼ Vdc ¼
3

ffiffiffi

3
p

Vm

p
cos a

¼ 3�
ffiffiffi

3
p

� 169:7

p
� ð1þ cos ð0:524ÞÞ ¼ 243:085 V

(a) (b)

Figure 7.11 Three-phase controlled rectifier for a ¼ 120�: (a) thyristor gating
pulses and (c) input and output voltages and load current
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(b) The average output current is

IoðavÞ ¼
VoðavÞ
R

¼ 243:085

10
¼ 24:3085 A

(c) The DC output power is

Pdc ¼ VdcIdc

¼ 243:085� 24:3085 ¼ 5:909 kW

(d) Equation (7.37) gives the rms output voltage is

VoðrmsÞ ¼ Vrms ¼
ffiffiffi

3
p

Vm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2
þ 3

ffiffiffi

3
p

4p
cos 2a

r

¼
ffiffiffi

3
p

� 169:7�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2
þ 3

ffiffiffi

3
p

4p
cos ð2� 0:524Þ

r

¼ 247:109 V

(e) The rms output current is

IoðrmsÞ ¼ Irms ¼
VoðrmsÞ
R

¼ 247:109

10
¼ 24:7109 A

(f) The AC output power is

Pac ¼ VoðrmsÞIoðrmsÞ

¼ 247:109� 24:7109 ¼ 6:106 kW

(g) The output power

Pout ¼ I2rmsR

¼ 24:71092 � 10 ¼ 6:106 kW

Note: For a resistive load, Pac ¼ Pout.

(h) The rms ripple content of the output voltage

Vac ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
oðrmsÞ � V 2

dc

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

247:1092 � 243:0852
p

¼ 44:413 V

(i) The rectification efficiency or ratio

h ¼ Pdc

Po

¼ 5:909

6:106
¼ 96:77%
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(j) The ripple factor of the output voltage

RFov ¼
Vac

Vdc

¼ 44:413

243:085
¼ 18:271%

(k) The form factor of the output voltage

FFov ¼
Vrms

Vdc

¼ 247:109

243:085
¼ 101:655%

7.5.2 Controlled rectifier parameters

(a) The line–line voltage gives the peak thyristor current

ITðpeakÞ ¼
ffiffiffi

3
p

Vm

R

¼
ffiffiffiffiffiffiffi

3�
p

169:7

10
¼ 29:394 A

(b) The load current is shared by three devices, the average thyristor current

ITðavÞ ¼
IoðavÞ
3

¼ 24:3085

3
¼ 8:103 A

(c) Rms load current is shared by three devices, the rms thyristor current

ITðrmsÞ ¼ Irms

ffiffiffi

1

3

r

¼ 24:711�
ffiffiffi

1

3

r

¼ 14:267 A

(d) With a safely margin of two times, the peak thyristor voltage rating is

Vpeak ¼ 2
ffiffiffi

3
p

Vm

¼ 2�
ffiffiffi

3
p

� 169:7 ¼ 587:878 V

7.5.3 Input-side parameters

(a) The rms input current is

Is ¼ Irms

ffiffiffi

4

6

r

¼ 24:711�
ffiffiffi

4

6

r

¼ 20:176 A
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(b) The input power

Pin ¼ Pout

¼ 6:106 kW

(c) Input power factor

PFi ¼
Pin

3VsIs

¼ 6:106 kW

3� 120� 20:176
¼ 0:841 ðlaggingÞ

(d) The transformer utilization factor

TUF ¼ Pdc

3VsIs

¼ 5:909 kW

3� 120� 20:176
� 100 ¼ 81:4%

7.5.4 LTspice Fourier analysis

The LTspice command (.four 360 Hz 29 1 I(R)) for Fourier analysis gives

the Fourier components of the load current I(R) at the fundamental frequency of

360 Hz as follows:

Fourier components of I(vx)

DC component: 27.7581

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 3.600e+02 1.596e+00 1.000e+00 89.99 0.00
2 7.200e+02 3.917e�01 2.454e�01 �90.11 �180.10
3 1.080e+03 1.744e�01 1.093e�01 89.65 �0.34
4 1.440e+03 9.750e�02 6.109e�02 �90.28 �180.27
5 1.800e+03 6.200e�02 3.884e�02 89.87 �0.12
6 2.160e+03 4.312e�02 2.702e�02 �89.98 �179.97
7 2.520e+03 3.160e�02 1.980e�02 90.81 0.82
8 2.880e+03 2.431e�02 1.523e�02 �88.63 �178.62
9 3.240e+03 1.945e�02 1.219e�02 91.87 1.88
10 3.600e+03 1.594e�02 9.984e�03 �88.01 �178.00
11 3.960e+03 1.335e�02 8.362e�03 91.23 1.24
12 4.320e+03 1.128e�02 7.068e�03 �89.66 �179.64
13 4.680e+03 9.557e�03 5.987e�03 89.23 �0.76
14 5.040e+03 8.168e�03 5.117e�03 �91.77 �181.76
15 5.400e+03 6.988e�03 4.378e�03 87.89 �2.10
16 5.760e+03 6.060e�03 3.797e�03 �92.28 �182.27
17 6.120e+03 5.330e�03 3.339e�03 87.99 �2.00

(Continues)
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(Continued)

Fourier components of I(vx)

DC component: 27.7581

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

18 6.480e+03 4.757e�03 2.980e�03 �91.47 �181.46
19 6.840e+03 4.317e�03 2.705e�03 88.52 �1.47
20 7.200e+03 3.948e�03 2.473e�03 �91.29 �181.28
21 7.560e+03 3.627e�03 2.272e�03 88.28 �1.71
22 7.920e+03 3.326e�03 2.084e�03 �92.04 �182.03
23 8.280e+03 3.055e�03 1.914e�03 88.03 �1.96
24 8.640e+03 2.807e�03 1.759e�03 �91.75 �181.74
25 9.000e+03 2.610e�03 1.635e�03 89.23 �0.76
26 9.360e+03 2.450e�03 1.535e�03 �89.92 �179.91
27 9.720e+03 2.323e�03 1.455e�03 90.81 0.82
28 1.008e+04 2.221e�03 1.391e�03 �88.98 �178.97
29 1.044e+04 2.114e�03 1.325e�03 90.68 0.69

THD: 28.155555% (28.160452%)

7.6 Three-phase controlled rectifier with RL load

A three-phase full-wave-controlled rectifier uses six thyristors is shown Figure 7.12

with an RL load. If the time constant of the RL load is greater than the period of the

output voltage, the load current will continuous and will not fall to zero. The line-

line voltages appear across the output for an internal of p=3 from ðp=6þ aÞ to

ðp=2þ aÞ. Depending on the value of a, the average output voltage could be either
positive or negative.

Figure 7.12 Three-phase controlled rectifier with RL load for a ¼ 60�
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The average output voltage can be found from

Vdc ¼
3

p

ðp=2þa

p=6þa

vabðwtÞdðwtÞ ¼
3

p

ðp=2þa

p=6þa

ffiffiffi

3
p

Vm sin ðwt þ p

6
ÞdðwtÞ

¼ 3
ffiffiffi

3
p

Vm

p
cos a for 0 � a � p

(7.38)

which gives the average load current as

Idc ¼
Vdc

R
¼ 3

ffiffiffi

3
p

Vm

pR
cos a (7.39)

The rms value of the output voltage is found from

Vo ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

p

ðp=2þa

p=6þa

vabðwtÞð Þ2dðwtÞ
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

p

ðp=2þa

p=6þa

ð
ffiffiffi

3
p

Vm sin ðwt þ p

6
ÞÞ2dx

s

¼
ffiffiffi

3
p

Vm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2
þ 3

ffiffiffi

3
p

4p
cos 2a

r

for 0 � a � p

(7.40)

which gives the rms load current as

Io ¼
Vo

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ ð6wLÞ2
q ¼

ffiffiffi

3
p

Vm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ ð6wLÞ2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2
þ 3

ffiffiffi

3
p

4p
cos 2a

s

(7.41)

where L is the load inductance.

Let us consider an input phase voltage of Vs ¼ 120 rms,

Vm ¼ Vs ¼ 120�
ffiffiffi

2
p

¼ 169:7 V, R ¼ 10 W, E = 0, and delay angle of a = 60�.
Converting to radian, a ¼ 60�

180
� p ¼ 1:047 rad.

The plots of the input and output voltages and the load currents are shown in

Figure 7.13(a). As expected, the ripples on the load current decreases with the

values of load inductance L as shown in Figure 7.13(b).

7.6.1 Load inductor

Frequency fo of the output voltage is six times the supply frequency f. There are two

ripples on the output current: one positive ripple and one negative around the

average value. We can find the inductor value to maintain continuous load current

from the following relation given by

L

R
� To

2
¼ 1

2� 6� f
(7.42)

which gives the value of L as

L � R

2� 6� f
¼ 10

2� 6� 60
¼ 13:89 mH
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For a desired value of the ripple factor of the output voltage RFv ¼ 6% ¼ 0:06,
we can find the ripple voltage as

DV ¼ RFv Vdc

¼ 0:06� 140:35 ¼ 8:42 V

Similarly, for a desired value of the ripple factor of the output current

RFi ¼ 5% ¼ 0:05, we can find the ripple current as

DI ¼ RFi Idc
¼ 0:05� 14:03 ¼ 0:7 A

We can find the inductor L from the ripple voltage DV and the ripple current

DI as

L
DI

DT
¼ DV

which gives the inductor value L as

L � DV � DT

DI
¼ DV

DI
� T

2� 6

¼ 8:42

0:7
� 16:67� 10�3

12
¼ 16:67 mH

(7.43)

Using the values from (7.42) and (7.43), the average of two values is

L ¼ 13:89þ 16:67
2

¼ 15:33 mH. Let us select L ¼ 15 mH. Figure 7.13(b) shows the

effects of load inductances on the load current.

7.6.2 Circuit model

The operation of the converter can be divided into two identical modes: mode 1

when T1 and T2 conduct, and mode 2 when T3 and T4 conduct. The output currents

(a) (b)

Figure 7.13 Out voltage and currents for a ¼ 60�: (a) output voltage and load

current and (b) effects of load inductances
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during these modes are similar and we need to consider only one mode to find the

output current iL.

Mode 1 is valid for p
6
þ a


 �

� wt � p
2
þ a


 �

. If line-to-line voltage appears

across the load, we obtain the instantaneous output voltage as

vab ¼
ffiffiffiffi

2
p

Vab sin wt þ p

6

� �

for
p

6
þ a

� �

� wt � p

2
þ a

� �

¼
ffiffiffiffi

2
p

Vab sin wt
0

for
p

3
þ a

� �

� wt
0 � 2p

3
þ a

� � (7.44)

where wt
0 ¼ wt þ p=6 and Vab is the line-to-line (rms) input voltage. Choosing vab

as the time reference voltage and vab ¼
ffiffiffi

2
p

Vab sin wt
0
as the instantaneous input

voltage, the instantaneous load current can be found from

L
diL

dt
þ RiL þ E ¼

ffiffiffi

2
p

Vab sin wt
0

for
p

3
þ a

� �

� wt
0 � 2p

3
þ a

� �

(7.45)

where E is a battery voltage connected in series to the load side. Applying (7.14),

the load current iL during mode 1 can be found from

iL ¼
ffiffiffi

2
p

Vab

Z
sin wt

0 � q
� �

� E

R

þ IL1 þ
E

R
�

ffiffiffi

2
p

Vab

Z
sin

p

3
þ a� q

� �

� �

e�ðR=LÞðp=3þaÞ=w�t
0 Þ for iL � 0

(7.46)

where Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ ðwLÞ2
q

and q ¼ tan�1ðwL=RÞ.
At the end of mode 1 under a steady-state condition

iLðwt
0 ¼ 2p=3þ aÞ ¼ iLðwt

0 ¼ p=3þ aÞ ¼ IL1. Applying this condition to (7.35)

gives the value of IL1 as

IL1 ¼ IL0

¼
ffiffiffi

2
p

Vab

Z

sin 2p
3
þ a� q


 �

� sin p
3
þ a� q


 �

e�ðR=LÞðp=3wÞ

1� e�ðR=LÞðp=wÞ � E

R
for IL1 � 0

(7.47)

The critical value of a at which IL0 becomes zero can be solved for known

values of q, R, L, E, and Vab by an iterative method. That is,

0 ¼
ffiffiffi

2
p

Vab

Z

sin 2p
3
þ a� q


 �

� sin p
3
þ a� q


 �

e�ðR=LÞðp=3wÞ

1� e�ðR=LÞðp=wÞ � E

R
(7.48)
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which for E = 0 and the iterative Mathcad software function of Gues statement

gives

ac ¼ 1:27 rad; 72:67�

Using Mathcad software, the rms current of a thyristor can be found from

IR ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

p

ð

2p

3
þ a

p

3
þ a

i2LdðwtÞ

v

u

u

u

t

¼ 8:17 A

(7.49)

Using Mathcad software, the rms load current can be found from

IR ¼
ffiffiffi

3
p

IR
¼

ffiffiffi

3
p

� 8:17 ¼ 14:14 A
(7.50)

Using Mathcad software, the average current of a thyristor can be found from

IA ¼ 1

p

ð

2p

3
þ a

p

3
þ a

iLdðwtÞ

¼ 4:68 A

(7.51)

7.6.3 Converter parameters

The performance parameters of controlled rectifiers can be divided into three types:

l Output-side parameters,
l Rectifier parameters, and
l Input-side parameters.

7.6.3.1 Output-side parameters

(a) Equation (7.38) gives the average output voltage is

VoðavÞ ¼ Vdc ¼
3

ffiffiffi

3
p

Vm

p
cos a

¼ 3�
ffiffiffi

3
p

� 169:7

p
� cos ð1:05Þ ¼ 140:35 V

(b) The average output current is

IoðavÞ ¼
VoðavÞ
R

¼ 140:35

10
¼ 14:03 A
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(c) The DC output power is

Pdc ¼ VdcIdc
¼ 140:35� 14:03 ¼ 1:97 kW

(d) Equation (7.40) gives the rms output voltage is

VoðrmsÞ ¼ Vrms ¼
ffiffiffi

3
p

Vm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2
þ 3

ffiffiffi

3
p

4p
cos 2a

r

¼
ffiffiffi

3
p

� 169:7�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2
þ 3

ffiffiffi

3
p

4p
cos ð2� 1:05Þ

r

¼ 159:18 V

(e) The rms output current is

IoðrmsÞ ¼
VoðrmsÞ
R

¼ 159:18

10
¼ 15:92 A

(f) The output AC power

Pout ¼ I2
oðrmsÞR

¼ 15:922 � 10 ¼ 2:53 kW

(g) The rms ripple content of the output voltage

Vac ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
oðrmsÞ � V 2

dc

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

159:182 � 140:352
p

¼ 75:1 V

(h) The rectification efficiency or ratio

h ¼ Pdc

Po

¼ 1:97 kW

2:53 kW
¼ 77:74%

(i) The ripple factor of the output voltage

RFov ¼
Vac

Vdc

¼ 75:1

140:35
¼ 53:51%

(j) The form factor of the output voltage

FFov ¼
Vrms

Vdc

¼ 120

54:02
¼ 222:14%
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7.6.3.2 Controlled rectifier parameters

(a) The peak thyristor current

ITðpeakÞ ¼
ffiffiffi

3
p

Vm

R

¼
ffiffiffi

3
p

� 169:7

10
¼ 29:391 A

(b) The load current is shared by three devices, and the average thyristor current is

ITðavÞ ¼
IoðavÞ
3

¼ 14:03

3
¼ 4:68 A

(c) The rms load current is shared three devices, and the rms thyristor current is

ITðrmsÞ ¼
Irms
ffiffiffi

3
p

¼ 15:92
ffiffiffi

3
p ¼ 9:19 A

(d) With a safe margin of two times, the peak voltage rating of thyristors is

Vpeak ¼ 2
ffiffiffi

3
p

Vm

¼ 2�
ffiffiffi

3
p

� 169:7 ¼ 587:88 V

7.6.3.3 Input-side parameters

The rms input current is

Is ¼
Irms
ffiffiffi

3
p

¼ 9:19 A

The input power

Pin ¼ Pout

¼ 2:53 kW

Note: For an ideal converter with no-power loses, Pin ¼ Pout.

The input power factor

PFi ¼
Pin

3VsIs

¼ 2:53 kW

3� 120� 9:19
¼ 0:77 ðlaggingÞ
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The transformer utilization factor

TUF ¼ Pdc

3VsIs

¼ 1:97 kW

3� 120� 9:19
� 100 ¼ 59:54%

7.6.3.4 Load Ripple Current

For a three-phase full-wave-controlled rectifier, the lowest order harmonic fre-

quency is wo ¼ 6w and the impedance of the RL load at the dominant frequency is

ZL ¼ Rþ j6wL.

The approximate value of the ripple current due to the dominant harmonic at

wo ¼ 6w is given by

Iripple ¼
Vac

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ ð6wLÞ2
q

¼ 75:1

35:37
¼ 2:12 A

7.6.4 LTspice Fourier analysis

The LTspice command (.four 120 Hz 29 1 I(R)) for Fourier analysis gives the

Fourier components of the load current I(R) at the fundamental frequency of

360 Hz as follows:

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 3.600e+02 4.542e�01 1.000e+00 �26.66 0.00
2 7.200e+02 5.661e�02 1.246e�01 102.43 129.09
3 1.080e+03 1.724e�02 3.796e�02 �125.02 �98.36
4 1.440e+03 7.689e�03 1.693e�02 2.62 29.28
5 1.800e+03 2.999e�03 6.603e�03 159.11 185.77
6 2.160e+03 2.446e�03 5.385e�03 �45.20 �18.54
7 2.520e+03 1.911e�03 4.207e�03 55.06 81.73
8 2.880e+03 1.035e�03 2.277e�03 �177.18 �150.51
9 3.240e+03 6.253e�04 1.377e�03 �35.27 �8.61
10 3.600e+03 4.044e�04 8.903e�04 75.83 102.49
11 3.960e+03 3.498e�04 7.701e�04 �91.24 �64.58
12 4.320e+03 3.330e�04 7.330e�04 26.54 53.21
13 4.680e+03 1.694e�04 3.729e�04 122.60 149.27
14 5.040e+03 1.861e�04 4.098e�04 �53.04 �26.37
15 5.400e+03 1.114e�04 2.453e�04 61.01 87.67
16 5.760e+03 9.680e�05 2.131e�04 �139.44 �112.77
17 6.120e+03 1.847e�04 4.065e�04 �7.61 19.05
18 6.480e+03 4.833e�05 1.064e�04 116.14 142.80

(Continues)
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(Continued)

Harmonic

number

Frequency

(Hz)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

19 6.840e+03 5.605e�05 1.234e�04 �69.00 �42.34
20 7.200e+03 5.455e�05 1.201e�04 50.89 77.56
21 7.560e+03 3.971e�05 8.743e�05 �97.25 �70.59
22 7.920e+03 6.800e�05 1.497e�04 �47.52 �20.85
23 8.280e+03 6.316e�05 1.390e�04 78.29 104.95
24 8.640e+03 6.722e�05 1.480e�04 �118.37 �91.71
25 9.000e+03 9.101e�05 2.003e�04 �8.65 18.01
26 9.360e+03 6.768e�05 1.490e�04 147.82 174.48
27 9.720e+03 5.548e�05 1.221e�04 �79.05 �52.39
28 1.008e+04 3.877e�05 8.535e�05 3.24 29.91
29 1.044e+04 1.313e�05 2.890e�05 152.69 179.35

THD: 13.175524% (13.176868%)

Note: THD is reduced from 28.160452% to 13.17% due to the load inductor.

7.6.5 LC-filter

The capacitor C provides a low impedance path for the ripple currents to flow

through it and lowers the THD. Since frequency fo of the output voltage is six times

the supply frequency f, we can find the capacitor value to maintain continuous load

voltage. That is,

RC � To ¼
1

2� 6f
(7.52)

which gives the value of C as

C � 1

2� 6fR
¼ 1

2� 6� 60� 10
¼ 138:89 mF

Using the voltage and current ripples in (7.22), we can find the capacitor C

from the ripple voltage DV and the ripple current DI as

C
DV

DT
¼ DI

which gives the capacitor value C as

C ¼ DI � DT

DV
¼ DI

DV
� T

2� 6

¼ 0:7

8:42
� 16:67� 10�3

2� 6
¼ 115:74 mF

(7.53)

Using the values from (7.21) and (7.23), the average of two values

C ¼ 138:89þ 115:74
2

¼ 127:31 mH.
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Let us select C ¼ 130 mF and L ¼ 15 mH. Figure 7.14 shows the three-phase

controlled rectifier with an LC filter. The nth harmonic impedance of the load with

the LC-filter is given by

ZðnÞ ¼ jnwLþ
Rk 1

jnwC

1þ jnwRC
¼ Rþ jnwL� ðnwÞRLC

1þ jnwRC
(7.54)

For a three-phase full-wave-controlled rectifier, n = 6 and (7.54) gives

Zð6Þj j ¼ 23:97.
The approximate value of the ripple current through the RLC load due to the

dominant harmonic at wo ¼ 6w is given by

Iripple ¼
Vac

ZðnÞj j

¼ 75:1

30:9
¼ 2:43 A

The Fourier components of the output voltage are given by [1]

Vdc ¼ ao ¼
3

ffiffiffi

3
p

2p

ð2p=3þa

p=3þa

sin ðwtÞdðwtÞ ¼ 3
ffiffiffi

3
p

Vm

pR
cos a (7.54)

aðnÞ ¼ 3
ffiffiffi

3
p

2p

ð2p=3þa

p=3þa

Vm sin ðwtÞsin ðnwtÞdðwtÞ

¼ 0 for n ¼ 3; 5; . . .

for n ¼ 6; 12; 18; . . .

(7.55)

Figure 7.14 Schematic of single-phase controlled rectifier with an LC filter
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bðnÞ ¼¼ 3
ffiffiffi

3
p

2p

ð2p=3þa

p=3þa

Vm sin ðwtÞcos ðnwtÞdðwtÞ
¼ 0 for n ¼ 3; 5; . . .

for n ¼ 6; 12; 18; . . .

(7.56)

Therefore, the Fourier series of the output voltage is given by

voðtÞ ¼ Vdc þ
X

1

n¼2;4;...

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2ðnÞ þ b2ðnÞ
p

sin ðnwtÞ (7.57)

Dividing the voltage expression in (7.57) by Z(n) in (7.54) gives the Fourier

components of the load currents as [1]

ioðtÞ ¼
2Vm

pR
cos ðaÞ þ

X

1

n¼2;4;...

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2ðnÞ þ b2ðnÞ
p

ZðnÞ sin ðnwt � qnÞ (7.58)

where qn ¼ tan�1 an
bn

� �

is the impedance angle of the nth harmonic component, rad.

Equation (7.58) gives the peak magnitude of the nth harmonic currents

ImðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2ðnÞ þ b2ðnÞ
p

ZðnÞ for n ¼ 2; 4; . . . (7.59)

Using Mathcad software, (7.30) gives the peak load current through RLC load

for n = 2, n = 4, n = 6, n = 8, 10, and n = 12 as

Imð2Þ ¼ 0:76 Imð4Þ ¼ 0:07 Imð6Þ ¼ 0:08
Imð8Þ ¼ 0:02 Imð10Þ ¼ 0:01 Imð12Þ ¼ 0:02

Equation (7.30) gives the peak values of the nth harmonic currents through the

RLC load. Since the load resistance R forms a parallel circuit with the filter capa-

citance C. The peak load current through R can be found from the current division

rule as

ImRðnÞ ¼ ImðnÞ �
Xc

Rþ Xc

	

	

	

	

	

	

	

	

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2ðnÞ þ b2ðnÞ
p

ZðnÞj j
Xc

Rþ Xc

	

	

	

	

	

	

	

	

(7.60)

where Xc ¼ 1
jnwoC

is the impedance of the filter capacitor C, and ImRðnÞ is the peak
value of the nth harmonic current through the load resistor R.

Using Mathcad software, (7.31) gives the peak load current through load R for

n = 2, n = 4, n = 6, n = 8, n = 10, and n = 12 as

ImRð2Þ ¼ 0:25 ImRð4Þ ¼ 0:01 ImRð6Þ ¼ 0

ImRð8Þ ¼ 0 ImRð10Þ ¼ 0 ImRð12Þ ¼ 0
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Dividing the peak values by
ffiffiffi

2
p

gives the rms values for n = 2, n = 4, n = 6,

n = 8, n = 10, and n = 12 as

Irmsð2Þ ¼
ImRð2Þ

ffiffiffi

2
p ¼ 0:18 Irmsð4Þ ¼

ImRð4Þ
ffiffiffi

2
p ¼ 0 Irmsð6Þ ¼

ImRð6Þ
ffiffiffi

2
p ¼ 0

Irmsð8Þ ¼
ImRð8Þ

ffiffiffi

2
p ¼ 0 Irmsð10Þ ¼

ImRð10Þ
ffiffiffi

2
p ¼ 0 Irmsð12Þ ¼

ImRð12Þ
ffiffiffi

2
p ¼ 0

The total rms value of the ripple current can be determined by adding the

square of the individual rms ripple current and then taking the square root as

given by

Iripple ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X

30

n¼2;4

IrmsðnÞj j2
v

u

u

t

¼ 0:19 A

(7.61)

The total rms value of the load current can be determined by adding the square

of the average (DC) current and the rms ripple current as

Io ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

I2dc þ I2ripple

q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5:4022 þ 0:192
p

¼ 5:41 A

(7.62)

A three-phase full-wave-controlled rectifier uses six thyristors is shown

Figure 7.14 with an RLC load. The plots of the input and output voltages and the

load current are shown in Figure 7.15(a). Figure 7.15(b) shows the effects of filter

capacitances on the load voltage.

(a) (b)

Figure 7.15 Single-phase controlled rectifier with an LC filter: (a) output voltage

and load current and (b) effects of capacitance on load current
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7.6.6 LTspice Fourier analysis

The LTspice command (.four 360 Hz 29 1 I(R)) for Fourier analysis gives

the Fourier components of the load current I(R) at the fundamental frequency of

360 Hz as follows:

Fourier components of I(vx)

DC component: 27.7586

Harmonic
number

Frequency
(Hz)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 3.600e+02 5.194e�01 1.000e+00 �41.12 0.00
2 7.200e+02 5.939e�02 1.143e�01 93.96 135.07
3 1.080e+03 1.743e�02 3.356e�02 �129.64 �88.52
4 1.440e+03 7.274e�03 1.400e�02 8.10 49.22
5 1.800e+03 3.790e�03 7.297e�03 143.48 184.59
6 2.160e+03 2.172e�03 4.183e�03 �78.67 �37.56
7 2.520e+03 1.374e�03 2.645e�03 59.11 100.23
8 2.880e+03 8.914e�04 1.716e�03 �167.75 �126.63
9 3.240e+03 6.662e�04 1.283e�03 �24.67 16.45
10 3.600e+03 4.742e�04 9.129e�04 107.68 148.80
11 3.960e+03 3.337e�04 6.424e�04 �113.19 �72.07
12 4.320e+03 2.936e�04 5.653e�04 28.81 69.93
13 4.680e+03 1.804e�04 3.473e�04 159.37 200.49
14 5.040e+03 1.760e�04 3.389e�04 �64.90 �23.79
15 5.400e+03 1.534e�04 2.952e�04 69.04 110.15
16 5.760e+03 8.531e�05 1.642e�04 �155.10 �113.99
17 6.120e+03 9.233e�05 1.778e�04 �19.11 22.00
18 6.480e+03 8.380e�05 1.613e�04 131.17 172.28
19 6.840e+03 5.194e�05 9.999e�05 �95.75 �54.63
20 7.200e+03 5.180e�05 9.973e�05 43.07 84.18
21 7.560e+03 5.340e�05 1.028e�04 �170.85 �129.74
22 7.920e+03 2.655e�05 5.112e�05 �30.92 10.19
23 8.280e+03 6.360e�05 1.224e�04 98.02 139.13
24 8.640e+03 5.391e�05 1.038e�04 �153.34 �112.22
25 9.000e+03 1.863e�05 3.586e�05 �19.41 21.70
26 9.360e+03 5.609e�05 1.080e�04 135.59 176.70
27 9.720e+03 2.462e�05 4.739e�05 �93.89 �52.78
28 1.008e+04 1.828e�05 3.520e�05 68.86 109.98
29 1.044e+04 3.538e�05 6.811e�05 168.32 209.44

THD: 12.032953%(12.033203%)

Note: THD is reduced from 13.17% to 12.03 % due to the addition of a capacitor filter across R.

7.7 Summary

A controlled rectifier converts a fixed AC voltage to a variable DC voltage and

commonly uses thyristors as switching devices. It uses one or more thyristors to
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make a unidirectional current flow from the positive terminal to the negative

terminal of the output voltage. Thus, the voltage and the current on the input side

are of AC types and the voltage and current on the output side are of DC types. The

average output voltage can be varied from zero to the maximum value of a diode

rectifier by varying the delay angle. However, the input power factor depends on

the output voltage. L and LC filters are often connected to a resistive load to limit

the ripple contents of the output voltage and current. For a resistive load, the load

current can be discontinuous depending on a higher value of the delay angle. For a

highly inductive load, the load current becomes continuous, and the conducting pair

of thyristors continues to conduct until the next pair of thyristors is turned on. The

output voltage of a three-phase controlled rectifiers is much higher than that of a

single-phase controlled rectifier. A thyristor can be turned on by applying a pulse

for a short duration. Once the thyristor is on, the gate pulse has no effect, and it

remains on until its current is falls to zero. It is a latching device. The thyristors

of the controlled rectifiers are turned off due to the natural behavior of the AC

sinusoidal input voltage.

Problems

1. The single-phase full-wave converter as shown in Figure 7.3 has a resistive

load of 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle

is wt = a = p/6. Calculate the performance parameters. (a) the average output

current Idc, (b) the rms output current Irms, (c) the average thyristor current IA,
(d) the rms thyristor current IR, (e) the rectification efficiency, (f) the TUF,

and (g) the input PF. Assume ideal thyristor switches.

2. The single-phase full converter as shown in Figure 7.3 has a resistive load

of 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/6. Calculate the performance parameters. (a) Output-side para-

meters, (b) controller parameters, and (c) input-side parameters. Assume ideal

thyristor switches.

3. The single-phase full converter as shown in Figure 7.3 has a resistive load of 5

W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is wt =

a = p/3. Calculate the performance parameters. (a) the average output current

Idc, (b) the rms output current Irms, (c) the average thyristor current IA, (d) the

rms thyristor current IR, (e) the rectification efficiency, (f) the TUF, and (g) the

input PF. Assume ideal thyristor switches.

4. The single-phase full converter as shown in Figure 7.3 has a resistive load

of 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/3. Calculate the performance parameters. (b) Output-side para-

meters, (c) controller parameters, and (d) input-side parameters. Assume ideal

thyristor switches.

5. The single-phase full converter as shown in Figure 7.3 has a resistive load

of 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/2. Calculate the performance parameters. (a) the average output
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current Idc, (b) the rms output current Irms, (c) the average thyristor current IA,
(d) the rms thyristor current IR, (e) the rectification efficiency, (f) the TUF,

and (g) the input PF. Assume ideal thyristor switches.

6. The single-phase full converter as shown in Figure 7.3 has a resistive load of

5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is wt =

a = p/2. Calculate the performance parameters. (b) Output-side parameters,

(c) controller parameters, and (d) input-side parameters. Assume ideal thyr-

istor switches.

7. The single-phase full converter as shown in Figure 7.5 has an RL load

of R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/6. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, (b) the average output

current Idc, (c) the rms output current Irms, (d) the average thyristor current IA,
(e) the rms thyristor current IR, (f) the rectification efficiency, (g) the TUF,

and (h) the input PF. Assume ideal thyristor switches.

8. The single-phase full converter as shown in Figure 7.5 has an RL load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/6. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, (b) output-side para-

meters, (c) controller parameters, and (d) input-side parameters. Assume ideal

thyristor switches.

9. The single-phase full converter as shown in Figure 7.5 has an RL load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/3. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, (b) the average output

current Idc, (c) the rms output current Irms, (d) the average thyristor current IA,
(e) the rms thyristor current IR, (f) the rectification efficiency, (g) the TUF,

and (h) the input PF. Assume ideal thyristor switches.

10. The single-phase full converter as shown in Figure 7.5 has an RL load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/3. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, (b) output-side para-

meters, (c) controller parameters, and (d) input-side parameters. Assume ideal

thyristor switches.

11. The single-phase full converter as shown in Figure 7.5 has an RL load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/3. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, (b) the average output

current Idc, (c) the rms output current Irms, (d) the average thyristor current IA,
(e) the rms thyristor current IR, (f) the rectification efficiency, (g) the TUF,

and (h) the input PF. Assume ideal thyristor switches.

12. The single-phase full converter as shown in Figure 7.5 has an RL load

of R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/3. Calculate the performance parameters. (a) the value of inductance

L for a 6% ripple of the average load current, (b) output-side parameters,
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(c) controller parameters, and (d) input-side parameters. Assume ideal thyristor

switches.

13. The single-phase full converter as shown in Figure 7.5 has an RL load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/2. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, (b) the average output

current Idc, (c) the rms output current Irms, (d) the average thyristor current IA,
(e) the rms thyristor current IR, (f) the rectification efficiency, (g) the TUF,

and (h) the input PF. Assume ideal thyristor switches.

14. The single-phase full converter as shown in Figure 7.5 has an RL load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/2. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, (b) output-side para-

meters, (c) controller parameters, and (d) input-side parameters. Assume ideal

thyristor switches.

15. The single-phase full converter as shown in Figure 7.7 has an RLC-load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/6. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, and the value of capaci-

tance C for a 5% ripple of the average output voltage, (b) the average output

current Idc, (c) the rms output current Irms, (d) the average thyristor current IA,
(e) the rms thyristor current IR, (f) the rectification efficiency, (g) the TUF,

and (h) the input PF. Assume ideal thyristor switches.

16. The single-phase full converter as shown in Figure 7.7 has an RCL-load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/6. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, and the value of capaci-

tance C for a 5% ripple of the average output voltage, (b) output-side

parameters, (c) controller parameters, and (d) input-side parameters. Assume

ideal thyristor switches.

17. The single-phase full converter as shown in Figure 7.7 has an RLC-load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/3. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, and the value of capaci-

tance C for a 5% ripple of the average output voltage, (b) the average output

current Idc, (c) the rms output current Irms, (d) the average thyristor current IA,
(e) the rms thyristor current IR, (f) the rectification efficiency, (g) the TUF,

and (h) the input PF. Assume ideal thyristor switches.

18. The single-phase full converter as shown in Figure 7.7 has an RCL-load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/3. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, and the value of capaci-

tance C for a 5% ripple of the average output voltage, (b) output-side

parameters, (c) controller parameters, and (d) input-side parameters. Assume

ideal thyristor switches.
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19. The single-phase full converter as shown in Figure 7.7 has an RLC-load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/2. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, and the value of capaci-

tance C for a 5% ripple of the average output voltage, (b) the average output

current Idc, (c) the rms output current Irms, (d) the average thyristor current IA,

(e) the rms thyristor current IR, (f) the rectification efficiency, (g) the TUF,

and (h) the input PF. Assume ideal thyristor switches.

20. The single-phase full converter as shown in Figure 7.7 has an RCL-load of

R = 5 W. The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is

wt = a = p/2. Calculate the performance parameters. (a) the value of induc-

tance L for a 6% ripple of the average load current, and the value of capaci-

tance C for a 5% ripple of the average output voltage, (b) output-side

parameters, (c) controller parameters, and (d) input-side parameters. Assume

ideal thyristor switches.

21. The three-phase full-wave converter as shown in Figure 7.9 has a resistive

load of 5 W. The input phase voltage is Vs = 120 V at (rms) 60 Hz. The delay

angle is wt = a = p/6. Calculate the performance parameters. (a) the average

output current Idc, (b) the rms output current Irms, (c) the average thyristor

current IA, (d) the rms thyristor current IR, (e) the rectification efficiency,

(f) the TUF, and (g) the input PF. Assume ideal thyristor switches.

22. The three-phase full converter as shown in Figure 7.9 has a resistive load of 5W.

The input voltage is Vs = 120 V at (rms) 60 Hz. The delay angle is wt = a = p/6.

Calculate the performance parameters. (a) Output-side parameters, (b) controller

parameters, and (c) input-side parameters. Assume ideal thyristor switches.

23. The three-phase full converter as shown in Figure 7.12 has an RL load of

R = 5 W. The input phase voltage is Vs = 120 V at (rms) 60 Hz. The delay

angle is wt = a = p/3. Calculate the performance parameters. (a) the value of

inductance L for a 6% ripple of the average load current, (b) the average

output current Idc, (c) the rms output current Irms, (d) the average thyristor

current IA, (e) the rms thyristor current IR, (f) the rectification efficiency,

(g) the TUF, and (h) the input PF. Assume ideal thyristor switches.

24. The three-phase full converter as shown in Figure 7.12 has an RL load of

R = 5 W. The input phase voltage is Vs = 120 V at (rms) 60 Hz. The delay

angle is wt = a = p/3. Calculate the performance parameters. (a) the value of

inductance L for a 6% ripple of the average load current, (b) output-side

parameters, (c) controller parameters, and (d) input-side parameters. Assume

ideal thyristor switches.

25. The three-phase full converter as shown in Figure 7.14 has an RLC-load of

R = 5 W. The input phase voltage is Vs = 120 V at (rms) 60 Hz. The delay

angle is wt = a = p/3. Calculate the performance parameters. (a) the value of

inductance L for a 6% ripple of the average load current, and the value of

capacitance C for a 5% ripple of the average output voltage, (b) the average

output current Idc, (c) the rms output current Irms, (d) the average thyristor
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current IA, (e) the rms thyristor current IR, (f) the rectification efficiency,

(g) the TUF, and (h) the input PF. Assume ideal thyristor switches.

26. The three-phase full converter as shown in Figure 7.14 has an RLC-load of

R = 5 W. The input phase voltage is Vs = 120 V at (rms) 60 Hz. The delay

angle is wt = a = p/3. Calculate the performance parameters. (a) the value of

inductance L for a 6% ripple of the average load current, and the value of

capacitance C for a 5% ripple of the average output voltage, (b) output-side

parameters, (c) controller parameters, and (d) input-side parameters. Assume

ideal thyristor switches.
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Chapter 8

AC voltage controllers

8.1 Introduction

An AC voltage controller converts an alternating current (AC) voltage to a variable

AC voltage. The input voltage and the output current of AC voltage controllers pass

through the value zero in every cycle. A thyristor can be turned on by applying a

pulse of short duration, and it is turned off by natural commutation due to the

natural behavior of the input voltage and the current. An AC voltage controller uses

anti-parallel thyristor – one thyristor allows current flow in one direction and the

other thyristor allows current flow in the other direction [1,2].

8.2 Single-phase AC voltage controller with
resistive load

A single-phase full-wave AC voltage controller uses two thyristors as shown in

Figure 8.1 [3,4] to a resistive load of R. Vx is added to measure the load current,

I(Vx) in LTspice. One thyristor allows current flow in one direction and the other

thyristor allows current flow in the other direction. As a result, it also creates an

alternating current on the output side. The addition of a small inductor L = 100

nH makes the circuit in a generalized form and an inductor is often connected to

serve as a filter. Rs and Cs form a snubber circuit to suppress transient voltages

across the thyristors. The voltage-controlled voltage sources E1 and E2 are con-

nected to isolate the gating signals from the power circuit. The AC input voltage

is given by

vsðtÞ ¼ Vm sin ðwtÞ ¼ Vm sin ð2pftÞ (8.1)

where Vm= peak value of the AC input voltage, V; f = supply frequency, Hz;

w ¼ 2pf = supply frequency, rad/s.

For an AC supply of Vs = 120 V (rms), the peak supply voltage is

Vm ¼
ffiffiffi

2
p

Vs ¼
ffiffiffi

2
p

� 120 ¼ 169:7 V:



Let us consider a delay angle of a = 60�,
Time delay for triggering thyristor T1, t1 ¼ 60

360
� 1000

60 Hz
� 1000 ¼ 2777:8 ms

Time delay for triggering thyristor T2 with an extra delay of p,

t2 ¼ ð180þ60Þ
360

� 1000
60 Hz

� 1000 ¼ 11111:1 ms

During the positive half-cycle of the input voltage, thyristor T1 is triggered at a

delay angle of a = 60�. The input voltage appears across the load from wt ¼ 60� to
180�. During the negative half-cycle of the input voltage, thyristors T2 is triggered

at a delay angle of a = 180� + 60� = 240� and the input voltage appears across the

load from wt ¼ 240� to 360�. The output voltage can be described as

voðtÞ ¼ Vm sin ðwtÞ for a < wt � p

¼ Vm sin ðwtÞ for ðpþ aÞ < wt � 2p
(8.2)

8.3 Thyristor gating pulses output voltage and
load current

The plots of the gating pulses of 6 V and width of 100 ms are shown in Figure 8.2

(a). The gating pulse for T1 is delayed by a and the gating pulse for T2 is delayed by

(p + a). As expected, the load current becomes zero when the input voltage falls to

zero. Thyristor conducts from wt = a to p, and from (p + a) to (2p). The plots of

the input and output voltages are shown in Figure 8.2(b). The rms output voltage

Figure 8.1 Schematic of single-phase AC voltage controller
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can be found from [1]

Vo ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

2p

ðp

a

ð
ffiffiffi

2
p

Vs sin ðxÞÞ2dx
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

V 2
s

p

ðp

a

ð1� cos ð2xÞÞdx
s

¼ Vs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

p
ðp� aþ sin ð2aÞ

2

r

(8.3)

The rms current through the load can be found from

Io ¼
Vo

R
¼ Vs

R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

p
ðp� aþ sin ð2aÞ

2

r

(8.4)

The average current through the thyristor can be found from

IA ¼ 1

2pR

ðp

a

ffiffiffi

2
p

Vs sin ðxÞdx ¼
ffiffiffi

2
p

Vs

2pR
ð1þ cos ðaÞÞ (8.5)

The performance parameters of an AC voltage controller can be divided into

three types.

l Output-side parameters,
l Controller parameters, and
l Input-side parameters.

Let us consider an input voltage of Vs ¼ 120 V (rms), Vm ¼
ffiffiffi

2
p

Vs ¼ 120�
ffiffiffi

2
p

¼
169:7 V, R ¼ 10 W and delay angle of a = 60�. Converting to radian, a ¼ 60�

180
�

p ¼ 1:047 rad.

8.3.1 Output-side parameters

(a) Equation (8.3) gives the rms output voltage as

(a) (b)

Figure 8.2 Waveforms of single-phase voltage controller: (a) Thyristor Gating

pulses and (b) Output voltage and load current
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Vo ¼ Vrms ¼ Vs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

p
p� aþ sin ð2aÞ

2

� �

s

¼ 120�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

p
p� 1:047þ sin ð2� 1:047Þ

2

� �

s

¼ 107:633 V

(b) The rms output current is

IoðrmsÞ ¼
VoðrmsÞ
R

¼ 107:633

10
¼ 10:763 A

(c) The AC output power is

Pac ¼ VoðrmsÞIoðrmsÞ

¼ 107:633� 10:763 ¼ 1:158 kW

(d) The output power is

Pout ¼ I2rmsR

¼ 10:7632 � 10 ¼ 1:158 kW

Note: For a resistive load, Pac ¼ Pout.

8.3.2 Controlled rectifier parameters

(a) The peak thyristor current is

ITðpeakÞ ¼
Vm

R

¼ 169:7

10
¼ 16:971 A

(b) Equation (8.5) gives the average thyristor current is

IA ¼
ffiffiffi

2
p

Vs

2pR
ð1þ cos ðaÞÞ

¼
ffiffiffi

2
p

� 120

2� p� 10
ð1þ cos ð1:047ÞÞ ¼ 4:051

(c) The load current is shared by two devices, the rms thyristor current is

ITðrmsÞ ¼
Irms
ffiffiffi

2
p

¼ 10:763
ffiffiffi

2
p ¼ 7:611 A
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(d) With a safely margin of two times, the peak voltage rating of thyristors is

Vpeak ¼ 2Vm

¼ 2� 169:7 ¼ 339:411 V

8.3.3 Input-side parameters

The rms input current is

Is ¼ Irms
¼ 10:763 A

For an ideal no-power loss converter, the input power is

Pin ¼ Pout

¼ 1:158 kW

The input power factor is

PFi ¼
Pin

VsIs

¼ 1158

120� 10:763
¼ 0:897 ðlaggingÞ

8.3.4 LTspice Fourier analysis

The LTspice command (.four 600 Hz 29 1 I(R)) for Fourier Analysis gives the Fourier

components of the load current I(R) at the fundamental frequency of 60 Hz as follows:

Fourier components of I(vx)

DC component: 0.00989838

Harmonic Frequency Fourier Normalized Phase Normalized

number (Hz) component component (degrees) phase (degrees)

1 6.000e+01 1.414e+01 1.000e+00 �16.71 0.00�

2 1.200e+02 2.119e�02 1.498e�03 99.94 116.65�

3 1.800e+02 4.081e+00 2.886e�01 149.21 165.93
4 2.400e+02 2.025e�02 1.432e�03 112.13 128.85
5 3.000e+02 2.366e+00 1.673e�01 60.72 77.44
6 3.600e+02 1.791e�02 1.267e�03 120.57 137.28
7 4.200e+02 1.152e+00 8.143e�02 �61.22 �44.50
8 4.800e+02 1.927e�02 1.363e�03 119.96 136.68
9 5.400e+02 1.093e+00 7.729e�02 168.02 184.73
10 6.000e+02 2.261e�02 1.599e�03 135.57 152.28
11 6.600e+02 9.407e�01 6.653e�02 60.84 77.56
12 7.200e+02 2.079e�02 1.471e�03 156.38 173.10
13 7.800e+02 6.522e�01 4.612e�02 �62.11 �45.40
14 8.400e+02 1.690e�02 1.195e�03 163.95 180.66
15 9.000e+02 6.555e�01 4.635e�02 172.40 189.12
16 9.600e+02 1.722e�02 1.218e�03 165.77 182.48

(Continues)
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(Continued)

Fourier components of I(vx)

DC component: 0.00989838

Harmonic Frequency Fourier Normalized Phase Normalized

number (Hz) component component (degrees) phase (degrees)

17 1.020e+03 5.776e�01 4.084e�02 60.73 77.45
18 1.080e+03 1.722e�02 1.218e�03 177.55 194.26
19 1.140e+03 4.606e�01 3.257e�02 �63.32 �46.60
20 1.200e+03 1.737e�02 1.228e�03 �174.38 �157.66
21 1.260e+03 4.686e�01 3.314e�02 174.75 191.47
22 1.320e+03 1.685e�02 1.192e�03 �162.26 �145.55
23 1.380e+03 4.123e�01 2.915e�02 60.11 76.83
24 1.440e+03 1.612e�02 1.140e�03 �149.92 �133.21
25 1.500e+03 3.617e�01 2.558e�02 �64.24 �47.52
26 1.560e+03 1.514e�02 1.071e�03 �142.14 �125.42
27 1.620e+03 3.606e�01 2.550e�02 176.52 193.24
28 1.680e+03 1.463e�02 1.035e�03 �129.78 �113.06
29 1.740e+03 3.200e�01 2.263e�02 58.75 75.46

Total harmonic distortion: 37.298336% (36.494201%)

8.4 Single-phase AC voltage controller with RL load

A single-phase full-wave AC voltage controller uses two thyristors as shown in

Figure 8.3 [1,2] with an RL load. One thyristor allows current flow in one direction

Figure 8.3 Schematic of single-phase controller with an RL load

244 Simulation and analysis of circuits for power electronics



and the other thyristor allows current flow in the other direction. During the posi-

tive half-cycle, thyristor T1 is turned on at a delay angle of wt ¼ a and the load is

connected to the input supply through T1. Due to the inductive load, thyristor T1
continues to conduct beyond wt ¼ p even though the input voltage is already

negative and thyristor T1 continues to conduct until the load current becomes zero

at an angle wt ¼ b known extinction angle.

During the negative half-cycle of the input voltage, thyristor T2 is turned on

and the input voltage appears across the load. Thus, with an inductive load, the load

current will be delayed and will not fall to zero when the supply voltage falls to

zero. If the time constant of the RL load is greater than the period of the output

voltage, the load current will continues and will not fall to zero.

The peak supply voltage Vm = 169.7 V, and a delay angle of a = 60� or

1.05 rad

Time delay for triggering thyristor T1,

t1 ¼
60

360
� 1000

60 Hz
� 1000 ¼ 2777:8 ms

Time delay for triggering thyristor T2,

t2 ¼
ð180þ 60Þ

360
� 1000

60 Hz
� 1000 ¼ 11111:1 ms

During the positive half-cycle of the input voltage, thyristor T1 is triggered at a

delay angle of a = 60�. The input voltage appears across the load from wt ¼ 60� to
(180� þ 60�). During the negative half-cycle of the input voltage, thyristor T2 is

triggered at a delay angle of a = 180� + 60� = 240� and the input voltage appears

across the load from wt ¼ 240� to 360� þ 60�. The output voltage can be described

as

voðtÞ ¼ Vm sin ðwtÞ for a < wt � ðpþ aÞ
¼ Vm sin ðwtÞ for ðpþ aÞ < wt � ð2pþ aÞ

(8.6)

The plots of the gating pulses of 6 V, and width 100 ms are shown in Figure 8.2

(a). The gating pulse for T1 is delayed by a and the gating pulse for T2 is delayed by

(p + a). As expected, the load current does not become zero when the input voltage

falls to zero. Thyristor T1 conducts from wt = a until the current extinguishes to

zero at wt ¼ b, and thyristor T2 conducts from (p + a) until the load current

extinguishes at wt ¼ pþ b. The plots of the input and output voltages are shown in

Figure 8.4(a). The rms output voltage can be found in [1]

Vo ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

2p

ðb

a

ð
ffiffiffi

2
p

Vs sin ðxÞÞ2dx
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4V 2
s

4p

ðb

a

ð1� cos ð2xÞÞdx
s

¼ Vs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

p
ðb� aþ sin ð2aÞ

2
� sin ð2bÞ

2

r

(8.7)

AC voltage controllers 245



8.4.1 Circuit model

With an inductive load, the AC sinusoidal voltage is connected through thyristor T1
to an RL load. The load current i1 during mode 1 when thyristor T1 conducts can be

found from [1]

L
di1

dt
þ Ri1 ¼

ffiffiffi

2
p

Vs sin ðwtÞ (8.8)

The solution of (8.8) is of the form

i1 ¼
ffiffiffi

2
p

Vs

Z
sin ðwt � qÞ þ A1e

�ðR=LÞt (8.9)

where the load impedance, Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2 þ ðwLÞ2
q

, and the load angle

q ¼ tan�1ðwL=RÞ.
The constant A1 in (8.9) can be found from the initial condition at wt ¼ a,

i1 ¼ 0. Applying the initial condition, (8.9) gives

A1 ¼ �
ffiffiffi

2
p

Vs

Z
sin ða� qÞeðR=LÞða=wÞ (8.10)

Substituting A1 from (8.10) to (8.9) gives the load current during mode 1 as

i1 ¼
ffiffiffi

2
p

Vs

Z
sin ðwt � qÞ � sin ða� qÞeðR=LÞða=w�tÞ
h i

(8.11)

which indicates that the load current and the load voltage can be sinusoidal if the

delay angle a is less than the load impedance angle q. If a is greater than q, the load

current would be discontinuous.

The angle b when the load current falls to zero and thyristor T1 is turned off

can be found from the condition i1ðwt ¼ bÞ ¼ 0 in (8.11) and is given by the

(a) (b)

Figure 8.4 Waveforms of single-phase controller with an RL load: (a) output

voltage and load current and (b) effects of load inductances
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relation

sin ðb� qÞ ¼ sin ða� qÞeðR=LÞða�bÞ=w (8.12)

The extinction angle b can be determined from transcendental equation (8.11)

by an iterative method of solution.

If a ¼ q, (8.12) gives

sin ðb� qÞ ¼ sin ðb� aÞ ¼ 0 (8.13)

And

b� a ¼ p (8.14)

The rms value of the load current can be determined from (8.11) as given by

IR ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2p

ðb

a

i21ðwtÞdðwtÞ

s

(8.15)

The average value of the thyristor current can be determined from (8.9) as

given by

IA ¼ 1

2p

ðb

a

i1ðwtÞdðwtÞ (8.16)

8.4.2 Load inductor

The frequency fo of the output voltage is the same as the supply frequency f. We

can find the inductor value to maintain continuous load current. That is,

L

R
� To ¼

1

f
(8.17)

which give the value of L as

L � R

f
¼ 10

60
¼ 166:67 mH

For a continuous load current,

tan�1 wL

R

� �

� a (8.18)

which gives the minimum value of inductor as

L � R tanðaÞ
w

� 10� tanð1:05Þ
376:99

¼ 45:94 mH

(8.19)
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If a is greater than q, the load current would be discontinuous. Let us choose

L = 50 mH.

Let us consider an input voltage of Vs ¼ 120 V (rms), Vm ¼
ffiffiffi

2
p

Vs ¼
120�

ffiffiffi

2
p

¼ 169:7 V, R ¼ 10 W, Vx = 0, and delay angle of a = 60�. Converting
to radian, a ¼ 60�

180
� p ¼ 1:047 rad.

The plots of the input and output voltages and the load current are shown in

Figure 8.4(a). The effects of load inductances are shown in Figure 8.4(b). As

expected, the load current becomes discontinuous for L = 10 mH and close to

sinusoidal for 30 mH.

Equation (8.14) gives the approximate value of the extinction angle

b ¼ pþ a

¼ pþ 1:047 ¼ 4:19 rad ð240�Þ (8.20)

Rewriting (8.12) gives

sin ðb� qÞ � sin ða� qÞeðR=LÞða�bÞ=w ¼ 0 (8.21)

which, for R = 10 W, L = 50 mH and a ¼ 1:047, gives by the Mathcad iterative

method of solution as

b ¼ 4:23rad ð242:43�Þ:

8.4.3 Converter parameters

The performance parameters of AC voltage controller can be divided into

three types.

l Output-side parameters,
l Controller parameters, and
l Input-side parameters.

8.4.3.1 Output-side parameters

(a) Equation (8.7) gives the rms output voltage is

VoðrmsÞ ¼ Vs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

p
ðb�aþ sinð2aÞ

2
� sinð2bÞ

2

r

¼ 120�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

p
ð4:23�1:047þ sinð2�1:047Þ

2
� sinð2�4:23Þ

2

r

¼ 121:24V

(b) Since the rms output current is contributed by two thyristors, (8.15) gives the

rms output current,

Io ¼ IoðrmsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

2p

ðb

a

i21ðwtÞdðwtÞ
s

¼ 5:74 A

(8.22)

248 Simulation and analysis of circuits for power electronics



(c) The output power

Pout ¼ I2oðrmsÞR

¼ 5:742 � 10 ¼ 329:63 W

8.4.3.2 Controller parameters

(a) The peak thyristor current

ITðpeakÞ ¼
Vm

R

¼ 169:7

10
¼ 16:971 A

(b) Equation (8.16) gives the average thyristor current is

IA ¼ 1

2p

ðb

a

i1ðwtÞdðwtÞ

¼ 2:6 A

(c) Equation (8.15) gives the rms thyristor current is

IR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

2p

ðb

a

i21ðwtÞdðwtÞ
s

¼ 4:17 A

(d) With a safely margin of two times, the peak voltage rating of thyristors is

Vpeak ¼ 2Vm

¼ 2� 169:7 ¼ 339:411 V

8.4.3.3 Input-side parameters

The rms input current is

Is ¼ Irms

¼ 5:74 A

The input power is

Pin ¼ Pout

¼ 329:63 W

Note: For an ideal no-loss converter, Pin ¼ Pout.

The input power factor,

PFi ¼
Pin

VsIs

¼ 329:63

120� 5:74
¼ 0:48 ðlaggingÞ
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The transformer utilization factor,

TUF ¼ Pdc

VsIs

¼ 291:81

120� 5:74
� 100 ¼ 41:25%

8.4.3.4 LTspice Fourier analysis

The LTspice command (.four 60 Hz 29 1 I(R)) for Fourier analysis gives the Fourier

components of the load current I(R) at the fundamental frequency of 60 Hz as follows:

N-Period=2

Fourier components of I(vx)

DC component: 0.142659

Harmonic
number

Frequency
(HZ)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 6.000e+01 1.312e+01 1.000e+00 �33.76 0.00
2 1.200e+02 2.837e�01 2.162e�02 86.17 119.92
3 1.800e+02 2.969e+00 2.262e�01 91.34 125.10
4 2.400e+02 2.623e�01 1.998e�02 82.71 116.46
5 3.000e+02 1.353e+00 1.031e�01 0.52 34.27
6 3.600e+02 2.295e�01 1.749e�02 80.10 113.85
7 4.200e+02 3.565e�01 2.717e�02 �118.21 �84.46
8 4.800e+02 1.896e�01 1.444e�02 79.05 112.81
9 5.400e+02 3.341e�01 2.546e�02 96.69 130.45
10 6.000e+02 1.474e�01 1.124e�02 80.78 114.54
11 6.600e+02 1.461e�01 1.113e�02 �2.20 31.56
12 7.200e+02 1.089e�01 8.300e�03 87.37 121.13
13 7.800e+02 1.807e�01 1.377e�02 �178.67 �144.91
14 8.400e+02 8.022e�02 6.113e�03 101.48 135.24
15 9.000e+02 2.156e�01 1.643e�02 111.26 145.02
16 9.600e+02 6.591e�02 5.022e�03 122.40 156.16
17 1.020e+03 5.297e�02 4.036e�03 60.73 94.49
18 1.080e+03 6.313e�02 4.811e�03 142.12 175.88
19 1.140e+03 9.974e�02 7.600e�03 169.69 203.44
20 1.200e+03 6.323e�02 4.818e�03 155.76 189.51
21 1.260e+03 9.589e�02 7.307e�03 115.55 149.31
22 1.320e+03 6.063e�02 4.620e�03 165.41 199.17
23 1.380e+03 1.731e�02 1.319e�03 �75.57 �41.81
24 1.440e+03 5.458e�02 4.159e�03 174.55 208.31
25 1.500e+03 8.329e�02 6.347e�03 �154.20 �120.44
26 1.560e+03 4.699e�02 3.581e�03 �173.81 �140.06
27 1.620e+03 4.688e�02 3.572e�03 168.65 202.41
28 1.680e+03 4.064e�02 3.097e�03 �158.00 �124.25
29 1.740e+03 4.527e�02 3.450e�03 �111.02 �77.27

Total harmonic distortion: 25.637749% (24.130706%)

Note: THD is reduced from 37.29% to 25.64 % due to the addition of an inductor L.
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8.5 Three-phase AC voltage controller with RL

A three-phase AC voltage controller uses six thyristors as shown in Figure 8.5 [1,2]

with a wye-connected resistive load. Two thyristors are connected in pairs in

opposite directions to form a single-phase voltage controller and allows current

flow in both the direction. One thyristor allows current flow in one direction and

the other thyristor allows current flow in the other direction. The firing sequence of

thyristors is T1, T2, T3, T4, T5, T6, T1. If the AC line-to-neutral input voltages of a

wye-connected source are defined as [5]

vAN ¼
ffiffiffi

2
p

Vs sin ðwtÞ

vBN ¼
ffiffiffi

2
p

Vs sin wt � 2p

3
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(8.23)

The corresponding line-to-line input voltages are

vAB ¼ vAN � vBN ¼
ffiffiffi

6
p
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� �
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vCA ¼ vCN � vAN ¼
ffiffiffi

6
p

Vs sin wt � 7p

6

� �

(8.24)

Figure 8.5 Schematic of three-phase AC voltage controller for a ¼ 60�
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where Vs= rms value of the AC phase input voltage, V; f = supply frequency, Hz;

w ¼ 2pf = supply frequency, rad/s.

At least one of the forward current conducting thyristors (T1,T3,T5) and one of

the reversing current conducting thyristors (T2,T4,T6) must conduct to produce an

output phase current. The number of conducting thyristors and the rms value of the

output voltage Vo depends on the delay angle a.

The range of delay angle is

0 � a � 150� (8.25)

For 0 � a � 60�: Once T1 is turned on, three thyristors conduct. A thyristor

turns off when its current attempts to reverse. The rms value of the output voltage is

determined from [1]

Vo ¼
1

2p

ð2p

0

v2andðwtÞ
� �1=2

¼
ffiffiffi

6
p

Vs

(

2

2p

"

ðp=3

a

sin2ðwtÞ
3

dðwtÞ þ
ðp=2þa

p=4

sin2ðwtÞ
4

dðwtÞ þ
ð2p=3

p=3þa

sin2ðwtÞ
3

dðwtÞ

þ
ðp=2þa

p=2

sin2ðwtÞ
4

dðwtÞ þ
ðp

2p=3þa

sin2ðwtÞ
3

dðwtÞ
#)1=2

¼
ffiffiffi

6
p

Vs

1

p
ðp
6
� a

4
þ sinð2aÞ

8

� �1=2

:
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For 60� � a � 90�: Only two thyristors conduct at any time. The rms value of

the output voltage is determined from [1]
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(8.27)

For 90� � a � 150�: Only two thyristors conduct at any time. However, there

are periods when no other thyristors conduct. The rms value of the output voltage is
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determined from [1]
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For an input phase voltage of Vs = 120 V. The peak supply voltage is

Vm ¼
ffiffiffi

2
p

Vs ¼
ffiffiffi

2
p

� 120 ¼ 169:7 V. Let us consider a delay angle of a = 60�,

Time delay t1 ¼ 60
360

� 1000
60 Hz

� 1000 ¼ 2:778 ms

Time delay t2 ¼ 120
360

� 1000
60 Hz

� 1000 ¼ 5:556 ms

Time delay t3 ¼ 180
360

� 1000
60 Hz

� 1000 ¼ 8:333 ms

Time delay t4 ¼ 240
360

� 1000
60 Hz

� 1000 ¼ 11:111 ms

Time delay t5 ¼ 300
360

� 1000
60 Hz

� 1000 ¼ 13:889 ms

Time delay t6 ¼ 360
360

� 1000
60 Hz

� 1000 ¼ 16:667 ms

The gating pulses for the thyristors are shown in Figure 8.6(a). The input phase

voltages, the line phase voltage, and phase current are shown in Figure 8.6(b) for

a ¼ 60�. The load current is distorted.

8.5.1 Controller parameters

The performance parameters of AC voltage controller can be divided into three types

l Output-side parameters,

(a) (b)

Figure 8.6 Waveforms of three-phase voltage controller for a ¼ 60�: (a) thyristor
gating pulses and (b) input and output voltages and load current

AC voltage controllers 253



l Controller parameters, and
l Input-side parameters.

Let us consider an input voltage of Vs ¼ 120 rms, Vm ¼
ffiffiffi

2
p

Vs ¼ 120�
ffiffiffi

2
p

¼ 169:7 V, R ¼ 10 W and delay angle of a = 60�. Converting to radian,

a ¼ 60�

180
� p ¼ 1:047 rad.

8.5.2 Output-side parameters

(a) Equation (8.27) gives the rms output voltage is

Vo ¼ VoðrmsÞ ¼
ffiffiffi
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¼ 100:957 V

(b) The rms output phase current is

IoðrmsÞ ¼
VoðrmsÞ
R

¼ 100:957

10
¼ 10:096 A

(c) The output power for three phases

Pout ¼ 3I2rmsR

¼ 3� 10:0962 � 10 ¼ 3:058 kW

8.5.3 Controller parameters

(a) The peak thyristor current

ITðpeakÞ ¼
Vm

R

¼ 169:7

10
¼ 16:971 A

(b) The load current is shared by two devices, the rms thyristor current is

ITðrmsÞ ¼
Irms
ffiffiffi

2
p

¼ 10:096
ffiffiffi

2
p ¼ 7:139 A

(c) With a safely margin of two times of the peak line-to-line voltage, the peak

voltage rating of thyristors is

Vpeak ¼ 2
ffiffiffi

3
p

Vm

¼ 2�
ffiffiffi

3
p

� 169:7 ¼ 588:313 V

254 Simulation and analysis of circuits for power electronics



8.5.4 Input-side parameters

The rms input line current is

Is ¼ IoðrmsÞ

¼ 10:096 A

Assuming an ideal no loss converter, the input power

Pin ¼ Pout

¼ 3:058 kW

The input power factor

PFi ¼
Pin

3VsIs

¼ 3058

3� 120� 10:096
¼ 0:841 ðlaggingÞ

8.5.4.1 LTspice Fourier analysis

The LTspice command (.four 600Hz 29 1 I(R)) for Fourier analysis gives the

Fourier components of the load current I(R) at the fundamental frequency of 60Hz

as follows:

Fourier components of I(vx)

DC component: 6.01951e�005

Harmonic
number

Frequency
(HZ)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 6.000e+01 1.333e+01 1.000e+00 �26.83 0.00
2 1.200e+02 1.262e�03 9.471e�05 76.77 103.60
3 1.800e+02 7.313e�04 5.488e�05 111.52 138.34
4 2.400e+02 1.994e�03 1.496e�04 78.69 105.52
5 3.000e+02 3.488e+00 2.618e�01 60.27 87.10
6 3.600e+02 7.850e�04 5.891e�05 120.04 146.87
7 4.200e+02 1.739e+00 1.305e�01 �60.13 �33.30
8 4.800e+02 1.298e�03 9.743e�05 101.81 128.63
9 5.400e+02 2.697e�04 2.024e�05 67.59 94.42
10 6.000e+02 1.639e�03 1.230e�04 85.08 111.91
11 6.600e+02 1.396e+00 1.048e�01 60.39 87.22
12 7.200e+02 6.625e�04 4.972e�05 147.25 174.08
13 7.800e+02 9.940e�01 7.459e�02 �60.02 �33.19
14 8.400e+02 8.314e�04 6.239e�05 95.44 122.26
15 9.000e+02 1.809e�03 1.358e�04 105.57 132.40
16 9.600e+02 1.532e�03 1.150e�04 62.05 88.88
17 1.020e+03 8.715e�01 6.540e�02 60.48 87.31
18 1.080e+03 1.205e�03 9.046e�05 92.44 119.27

(Continues)

AC voltage controllers 255



(Continued)

Fourier components of I(vx)

DC component: 6.01951e�005

Harmonic

number

Frequency

(HZ)

Fourier

component

Normalized

component

Phase

(degrees)

Normalized phase

(degrees)

19 1.140e+03 6.956e�01 5.220e�02 �59.89 �33.06
20 1.200e+03 1.310e�03 9.827e�05 130.31 157.14
21 1.260e+03 1.282e�03 9.618e�05 98.60 125.43
22 1.320e+03 1.378e�03 1.034e�04 58.66 85.49
23 1.380e+03 6.345e�01 4.761e�02 60.59 87.41
24 1.440e+03 9.598e�04 7.203e�05 106.42 133.25
25 1.500e+03 5.347e�01 4.012e�02 �59.80 �32.97
26 1.560e+03 8.758e�04 6.572e�05 116.63 143.45
27 1.620e+03 1.436e�03 1.078e�04 109.94 136.77
28 1.680e+03 1.704e�03 1.279e�04 58.69 85.51
29 1.740e+03 4.983e�01 3.739e�02 60.68 87.51

THD: 33.817473% (35.546486%)

8.6 Three-phase AC voltage controller with RL load

The load current as shown in Figure 8.6(b) is distorted and contains harmonic

contents. An inductor connected in series with the load resistance serves as a filter

and reduces the distortion. The schematic is shown in Figure 8.7. The indicator

value is shown as a variable “LVAL” in LTspice so that we can observe the effects

of the load inductor values on the load current.

8.6.1 Load inductor

The frequency fo of the output voltage is the same as the supply frequency f. We can

find the inductor value to maintain continuous load current. Equation (8.17) gives

L

R
� To ¼

1

f

which give the value of L as

L � R

f
¼ 10

60
¼ 166:67 mH

Equation (8.21) gives the condition for the extinction of the load current when

the thyristor is turned off as

sin ðb� qÞ ¼ sin ða� qÞeðR=LÞða�bÞ=w
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which, after substituting for impedance angle q ¼ tan�1ðwL=RÞ, gives

sin ðb� tan�1ðwL=RÞÞ ¼ sin ða� tan�1ðwL=RÞÞeðR=LÞða�bÞ=w (8.29)

For a three-phase controller, the maximum conduction angle of a thyristor is

ac ¼ 180� � 30� ¼ 150� allowing the time for the thyristor to turn-off, let us

choose ac ¼ 148�. Therefore, (8.18) gives the extinction angle as

b ¼ ac þ a

¼ 148� þ 60� ¼ 208� � 3:63 rad
(8.30)

Equation (8.29) can be written as

sin ðb� tan�1ðwL=RÞÞ � sin ða� tan�1ðwL=RÞÞeðR=LÞða�bÞ=w ¼ 0 (8.31)

which, for b ¼ 3:63, R ¼ 10 W, w ¼ 376:991, and b ¼ 3:63, gives by the Mathcad

iterative method of solution as L ¼ 14:251 mH. Let us select L = 14 mH.

The plots of the input phase voltages and output phase current are shown in

Figure 8.8(a) for L = 14 mH. The effects of load inductances are shown in

Figure 8.8(b) for L = 1 nH, 5 mH, 14 mH. As expected, the distortion of the load

current is reduced with the increasing values of inductances.

8.6.1.1 LTspice Fourier analysis

The LTspice command (.four 60 Hz 29 1 I(Ra)) for Fourier analysis gives the

Fourier components of the load current I(Ra) at the fundamental frequency of

60 Hz as follows:

Figure 8.7 Schematic three-phase controller with an RL load
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Fourier components of I(vx)

DC component: 0.0877144

Harmonic
number

Frequency
(HZ)

Fourier
component

Normalized
component

Phase
(degrees)

Normalized phase
(degrees)

1 6.000e+01 1.244e+01 1.000e+00 30.16 0.00
2 1.200e+02 6.747e�01 5.422e�02 �143.23 �173.39
3 1.800e+02 5.562e�01 4.470e�02 �96.72 �126.88
4 2.400e+02 4.054e�01 3.258e�02 �35.13 �65.28
5 3.000e+02 1.878e+00 1.509e�01 �25.27 �55.43
6 3.600e+02 3.038e�01 2.442e�02 104.74 74.58
7 4.200e+02 6.859e�01 5.512e�02 14.10 �16.05
8 4.800e+02 2.937e�01 2.360e�02 �119.06 �149.22
9 5.400e+02 2.985e�01 2.399e�02 �59.37 �89.53
10 6.000e+02 2.583e�01 2.076e�02 �7.88 �38.04
11 6.600e+02 3.308e�01 2.658e�02 68.94 38.78
12 7.200e+02 6.517e�02 5.237e�03 146.16 116.00
13 7.800e+02 6.118e�02 4.917e�03 �90.06 �120.22
14 8.400e+02 1.852e�01 1.489e�02 �50.90 �81.06
15 9.000e+02 1.730e�01 1.390e�02 �6.30 �36.46
16 9.600e+02 1.022e�01 8.215e�03 44.90 14.74
17 1.020e+03 1.637e�01 1.316e�02 108.00 77.85
18 1.080e+03 1.030e�01 8.280e�03 �98.18 �128.33
19 1.140e+03 2.979e�02 2.394e�03 �92.80 �122.96
20 1.200e+03 1.474e�01 1.185e�02 �3.47 �33.63
21 1.260e+03 1.047e�01 8.412e�03 46.52 16.36
22 1.320e+03 4.684e�02 3.764e�03 119.13 88.97
23 1.380e+03 1.061e�01 8.525e�03 �122.29 �152.45
24 1.440e+03 9.453e�02 7.597e�03 �47.33 �77.49
25 1.500e+03 9.321e�02 7.490e�03 �7.22 �37.38
26 1.560e+03 8.325e�02 6.690e�03 52.84 22.69
27 1.620e+03 4.017e�02 3.228e�03 120.84 90.68
28 1.680e+03 4.261e�02 3.424e�03 �108.03 �138.19
29 1.740e+03 9.345e�02 7.510e�03 �71.77 �101.93

THD: 18.974166% (0.000000%)

Note: THD is reduced from 33.817% to 18.972% due to the addition of an inductor L.

8.7 Summary

An AC voltage controller converts a fixed AC voltage to a variable AC voltage and

uses thyristors commonly as switching devices. It uses a pair of thyristors con-

nected in anti-parallel – one thyristor is turned on to allow current flow in one

direction and other thyristor is turned on to allow current flow in the reverse

direction. The output voltage is varied by varying the delay angle when the thyr-

istor is tuned on. Thus, the voltage and the current on the input side are of AC

types, and the voltage and the current on the output side are also of AC types. The
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rms output voltage can be varied from zero to the maximum value of the AC supply

voltage by varying the delay angle. However, the input power factor depends on the

delay angle and the output voltage. An inductor L is often connected in series with a

resistive load to limit the ripple contents of the output voltage and the current. For a

resistive load, the load current can be discontinuous depending on a higher value of

the delay angle. For an inductive load, the load current becomes continuous. The

output voltage of three-phase AC voltage controllers is much higher than that of a

single-phase AC voltage controller. A thyristor can be turned on by applying a

pulse for a short duration. Once the thyristor is on, the gate pulse has no effect, and

it remains on until its current is reduced to zero. It is a latching device. The thyr-

istors of the AC voltage controllers are turned off due to the natural behavior of the

AC sinusoidal input voltage. The input power factor of AC voltage controllers

depends on the delay angle and is low for higher delay angle.

Problems

1. The single-phase full-wave AC voltage controller in Figure 8.1 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/6. Calculate the

performance parameters: (a) the rms output voltage Vo, (b) the rms output

current Io, (c) the average current of thyristors, IA, (d) the rms current of

thyristors, IR, and (e) the input power factor, PF. Assume ideal thyristor

switches.

2. The single-phase full-wave AC voltage controller in Figure 8.1 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/6. Calculate the

performance parameters: (a) output-side parameters, (b) controller para-

meters, and (c) input-side parameters. Assume ideal thyristor switches.

(a) (b)

Figure 8.8 Single-phase controller with an RL load: (a) input voltages and load

currents for L = 14 mH and (b) effects of load inductances
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3. The single-phase full-wave AC voltage controller in Figure 8.1 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/3. Calculate the

performance parameters: (a) the rms output voltage Vo, (b) the rms output

current Io., (c) the average current of thyristors, IA, (d) the rms current of

thyristors, IR, and (e) the input power factor, PF. Assume ideal thyristor

switches.

4. The single-phase full-wave AC voltage controller in Figure 8.1 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/3. Calculate the

performance parameters: (a) output-side parameters, (b) controller para-

meters, and (c) input-side parameters. Assume ideal thyristor switches.

5. The single-phase full-wave AC voltage controller in Figure 8.1 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/2. Calculate the

performance parameters: (a) the rms output voltage Vo, (b) the rms output

current Io., (c) the average current of thyristors, IA, (d) the rms current of

thyristors, IR, and (e) the input power factor, PF. Assume ideal thyristor

switches.

6. The single-phase full-wave AC voltage controller in Figure 8.1 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/2. Calculate the

performance parameters: (a) output-side parameters, (b) controller para-

meters, and (c) input-side parameters. Assume ideal thyristor switches.

7. The single-phase full-wave AC voltage controller in Figure 8.3 has an RL

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/6. Calculate the

performance parameters: (a) the value of inductance L for the continuity of

the load current, (b) the rms output voltage Vo, (c) the rms output current Io,

(d) the average current of thyristors, IA, (e) the rms current of thyristors, IR,

and (f) the input power factor, PF. Assume ideal thyristor switches.

8. The single-phase full-wave AC voltage controller in Figure 8.3 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/6. Calculate the

performance parameters: (a) output-side parameters, (b) controller para-

meters, and (c) input-side parameters. Assume ideal thyristor switches.

9. The single-phase full-wave AC voltage controller in Figure 8.3 has an RL

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/3. Calculate the

performance parameters: (a) the value of inductance L for the continuity of

the load current, (b) the rms output voltage Vo, (c) the rms output current Io,

(d) the average current of thyristors, IA, (e) the rms current of thyristors, IR,

and (f) the input power factor, PF. Assume ideal thyristor switches.

10. The single-phase full-wave AC voltage controller in Figure 8.3 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay
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angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/3. Calculate the

performance parameters: (a) output-side parameters, (b) controller para-

meters, and (c) input-side parameters. Assume ideal thyristor switches.

11. The single-phase full-wave AC voltage controller in Figure 8.3 has an RL

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/2. Calculate the

performance parameters: (a) the value of inductance L for the continuity of

the load current, (b) the rms output voltage Vo, (c) the rms output current Io,

(d) the average current of thyristors, IA, (e) the rms current of thyristors, IR,

and (f) the input power factor, PF. Assume ideal thyristor switches.

12. The single-phase full-wave AC voltage controller in Figure 8.3 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/2. Calculate the

performance parameters: (a) output-side parameters, (b) controller para-

meters, and (c) input-side parameters. Assume ideal thyristor switches.

13. The three-phase AC voltage controller in Figure 8.5 has a wye-connected

resistive load of R = 5 W/phase. The input voltage is Vs = 120 V (rms), 60 Hz.

The delay angle of thyristor T1 is a1 = a = p/3. Calculate the performance

parameters: (a) the rms output voltage Vo, (b) the rms output current Io., (c)

the average current of thyristors, IA, (d) the rms current of thyristors, IR, and

(e) the input power factor, PF. Assume ideal thyristor switches.

14. The three-phase full-wave AC voltage controller in Figure 8.5 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/3. Calculate the

performance parameters: (a) output-side parameters, (b) controller para-

meters, and (c) input-side parameters. Assume ideal thyristor switches.

15. The three-phase AC voltage controller in Figure 8.5 has a wye-connected

resistive load of R = 5 W/phase. The input phase voltage is Vs = 120 V (rms),

60 Hz. The delay angle of thyristor T1 is a1 = a = p/2. Calculate the perfor-

mance parameters. Assume ideal thyristor switches. (a) the rms output voltage

Vo, (b) the rms output current Io., (c) the average current of thyristors, IA, (d)

the rms current of thyristors, IR € the input power factor, PF

16. The three-phase full-wave AC voltage controller in Figure 8.5 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay

angles of thyristors T1 and T2 are equal, a1 = a2 = a = p/2. Calculate the

performance parameters: (a) output-side parameters, (b) controller para-

meters, and (c) input-side parameters. Assume ideal thyristor switches.

17. The three-phase AC voltage controller in Figure 8.5 has a wye-connected

resistive load of R = 5 W/phase. The input voltage is Vs = 120 V (rms), 60 Hz.

The delay angle of thyristor T1 is a1 = a = 2p/3. Calculate the performance

parameters: (a) the rms output voltage Vo, (b) the rms output current Io., (c)

the average current of thyristors, IA, (d) the rms current of thyristors, IR, and

(e) the input power factor, PF. Assume ideal thyristor switches

18. The three-phase full-wave AC voltage controller in Figure 8.5 has a resistive

load of R = 5 W. The input voltage is Vs = 120 V (rms), 60 Hz. The delay
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angle of thyristors T1 is a1 = a = 2p/3. Calculate the performance parameters:

(a) output-side parameters, (b) controller parameters, and (c) input-side

parameters. Assume ideal thyristor switches.

19. The three-phase full-wave AC voltage controller in Figure 8.7 has a wye-

connected RL load of R = 5 W/phase. The input phase voltage is Vs = 120 V

(rms), 60 Hz. The delay angle of thyristor T1 is a1 = a = p/3. Calculate the

performance parameters: (a) the value of inductance L for the continuity of

the load current, (b) the rms output voltage Vo, (c) the rms output current Io.,

(d) the average current of thyristors, IA, (e) the rms current of thyristors, IR,

and (f) the input power factor, PF. Assume ideal thyristor switches.

20. The three-phase full-wave AC voltage controller in Figure 8.7 has a wye-

connected RL load of R = 5 W/phase. The input phase voltage is Vs = 120 V

(rms), 60 Hz. The delay angle of thyristor T1 is a1 = a = p/3. Calculate the

performance parameters: (a) the value of inductance L for the continuity of

the load current, (b) Output-side parameters, (c) controller parameters, and (d)

input-side parameters. Assume ideal thyristor switches.

21. The three-phase full-wave AC voltage controller in Figure 8.7 has a wye-

connected RL load of R = 5 W/phase. The input phase voltage is Vs = 120 V

(rms), 60 Hz. The delay angle of thyristor T1 is a1 = a = p/2. Calculate the

performance parameters: (a) the value of inductance L for the continuity of

the load current, (b) the rms output voltage Vo, (c) the rms output current Io,

(d) the average current of thyristors, IA, (e) the rms current of thyristors, IR,

and (f) the input power factor, PF. Assume ideal thyristor switches.

22. The three-phase full-wave AC voltage controller in Figure 8.7 has a wye-

connected RL load of R = 5 W/phase. The input phase voltage is Vs = 120 V

(rms), 60 Hz. The delay angle of thyristor T1 is a1 = a = p/2. Calculate the

performance parameters: (a) the value of inductance L for the continuity of

the load current, (b) Output-side parameters, (c) controller parameters, and (d)

input-side parameters. Assume ideal thyristor switches.

23. The three-phase full-wave AC voltage controller in Figure 8.7 has a wye-

connected RL load of R = 5 W/phase. The input phase voltage is Vs = 120 V

(rms), 60 Hz. The delay angle of thyristor T1 is a1 = a = 2p/3. Calculate the

performance parameters: (a) the value of inductance L for the continuity of

the load current, (b) the rms output voltage Vo, (c) the rms output current Io,

(d) the average current of thyristors, IA, (e) the rms current of thyristors, IR,

and (f) the input power factor, PF. Assume ideal thyristor switches.

24. The three-phase full-wave AC voltage controller in Figure 8.7 has a wye-

connected RL load of R = 5 W/phase. The input phase voltage is Vs = 120 V

(rms), 60 Hz. The delay angle of thyristor T1 is a1 = a = 2p/3. Calculate the

performance parameters: (a) the value of inductance L for the continuity of

the load current, (b) Output-side parameters, (c) controller parameters, and (d)

input-side parameters. Assume ideal thyristor switches.
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Chapter 9

Protecting semiconductor devices

9.1 Introduction

The power semiconductor devices are turned “on” and “off” to converter and

transfer energy from the source to the load. These devices are normally off. When

the supply voltage is switched on, the device is in the off-state and withstands the

supply voltage, ideally no current flows through the device. The rapid rate of the

rise of the voltage across the device from zero voltage to the full supply voltage

causes an internal current flow through the internal junction capacitance of the

device and this may cause device failure. Due to the switching action of the devi-

ces, there are instances when one device is turning off while another device is

turning on to maintain the continuity of the current flow. Ideally, when one device

is turned off, another device should turn on immediately. However, practical

devices have limitations and require finite time to fully turn on and turn off. As a

result, a situation may occur when the voltage source is short-circuited during the

turn-on and -off time intervals of the two devices. The rate of the rise of the current

must be limited, not to exceed the device di/dt specifications. Also, a finite amount

of power loss occurs across the semiconductor device due to the finite on-state

resistance of the semiconductor device. The heat generated due to the power loss

must dissipated to keep the junction temperature within the specified limits. These

devices must also be protected due to the rising current under faulty conditions with

the power electronic systems.

9.2 Types of protections

Figure 9.1(a) shows a DC–DC step-down converter with a voltage-controlled switch

S1 to connect the DC supply voltage to the converter. The switch is controlled by

a pulse voltage of 5 V, delayed by 100 ms. When the switch control voltage rises to

0.5 V, the transistor switch offers a resistance of 0.1 mW and the transistor switch is

on. When the switch control voltage falls to 0 V, the switch is turned off, The

LTspice statement of the model parameters of the control switch is [3]

:models mod SW Ron ¼ 0:1m Roff ¼ 1Meg Vt ¼ :0:5V Vh ¼ �0Vð Þ

Thus, the power semiconductor devices are subjected to changing voltages

across the devices and changing current flow through the devices. The rate of the



changes of the voltages and the current must be limited to certain values specified

by the manufacturers. The semiconductor devices must be protected from the fol-

lowing types of operating conditions

l dv/dt protection,
l di/dt protection,
l Thermal protection, and
l Fault protection.

9.2.1 dv/dt Protection

When the supply voltage switch is turned-off, the voltage at node 6 is zero. The

voltage at node 2 is also zero. As soon as the supply voltage switch is turned-on, the

voltage at node 6 reaches to the supply voltage of Vs = 98 V, ideally instanta-

neously. Until the gating signals of the transistor are turned on, the voltage at node

2 is still zero, Thus, at the instant of turning-on the switch S1, the voltage across the

transistor switch M1 changes from 0 to Vs (= 98 V) and the change of the voltage is

DV ¼ 98� 0 ¼ 98 V. Thus, the current flowing the internal junction capacitor Cj

of the transistor M1 due to DV is

Cj

dv

dt
¼ Ij (9.1)

which gives the circuit dv/dt during the turning on of the switch as

dv

dt
¼ Ij

Cj

(9.2)

To limit the dv/dt, an external capacitor known as snubber capacitor Cs is

normally connected across the switching device so that the circuit dv/dt does not

exceed the rated dv/dt of the device, typically 1000 V/ms.

When the gating signal is fully turned on, the transistor switch voltage falls

from VS to its saturation voltage VSat � 0 V and the switch current rises to the load

(a) (b)

Figure 9.1 DC–DC step-down converter with supply-side voltage-controlled

switch: (a) LTspice schematic and (b) gating and switch voltages
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current IL and continues to conduct. When the switch is turned-off at a time

t1 ¼ kT , the voltage across the switch switches from the on-state of VSat to the off-

state voltage of VS . Thus, the rate of the rise of the voltage during the transistor

switch turn-off is given by

dv

dt
¼ VS

tr
(9.3)

where tr is the rise time of the switch voltage.

The transistor is turned-on in the normal operation of on and off modes. During

turn-off, the capacitor Cs charges by the load current IL. The capacitor voltage

appears across the transistor switch and the dv/dt is

dv

dt
¼ IL

Cs

(9.4)

Equating (9.3) and (9.4) gives

VS

tf
¼ IL

Cs

(9.5)

which gives the required value of the Cs to limit the dv/dt of the transistor switch

Cs ¼
trIL

VS

(9.6)

For example, VS ¼ 100 V; IL ¼ 10 A; tr ¼ 1:6 V=ms; tf ¼ 3 V=ms

Cs ¼
tf IL

VS

¼ 1:6� 10�6 � 10

100
¼ 0:16 mF

Note: The total capacitance C ¼ Cj þ Cs ’ Cs. Cj is much smaller than Cs and can

often be neglected.

When the transistor is turned on in the next switching cycle and with the

snubber capacitor connected across the transistor switch, the capacitor discharges

through the transistor in addition to the load current IL. To limit the discharge

current, a resistance Rs known as the snubber resistance is connected in series the

capacitor. Therefore, the peak current through the transistor switch is

Isw ¼ IL þ
VS

Rs

(9.7)

When choosing the value of Rs, the discharge time, RsCs = ts should also be

considered. A discharge time of one-third the switching period Ts is usually ade-

quate. That is,

3RsCs ¼ Ts ¼
1

fs
(9.8)
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which gives the value of Rs as

Rs ¼
1

3Csfs
(9.9)

For fs ¼ 10 kHz and Cs ¼ 0:16 mF, (9.9) gives

Rs ¼
1

3Csfs

¼ 1

3� 1:6� 10�6 � 10� 103
¼ 208 W

Equation (9.7) gives the peak transistor current as

Isw ¼ IL þ
VS

Rs

¼ 10þ
100

208
¼ 10:48 A

In every switching cycle, the snubber capacitor charges and discharges, the

energy stored in the snubber capacitor is dissipated in the resistance Rs. Thus, we

can find the switching loss as given by

Ps ¼
1

2
CsV

2
S fs (9.10)

For Cs ¼ 1:6 mF; VS ¼ 100 V; fs ¼ 10 kHz, (9.10) gives the power loss as

Ps ¼
1
2
� 1:6� 10�6 � 1002 � 10� 103 ¼ 8 W (for Rs ¼ 208 W; 8 W)

As the voltage across the transistor M1 switches from high Vs to low 0 and the

voltage across the diode D1 switches from low 0 to high Vs. Both the transistor and

the diode must be protected from dv/dt with a snubber circuit as shown in

Figure 9.2.

9.2.2 di/dt Protection

In a highly inductive load, the freewheeling diode Dm as shown in Figure 9.1(a)

conducts when the transistor M1 is turned-off at t1 ¼ kT . At the instant of the time

(a) (b)

Figure 9.2 Snubber circuits: (a) for transistor and (b) for diode
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when the transistor M1 is turned-on at the beginning of the next cycle, t ¼ 0þ M1

starts conducting while Dm still conducting due to the reverse recovery time needed

for the diode to stop conducting. There exists a condition such that there is almost a

short circuit formed by the DC source VS , transistor M1, and the diode Dm causing a

reverse recovery current flow through the diode as shown in Figure 9.3.

To limit the rate of the rise and the magnitude of the reverse current, an

inductor known as the series snubber inductor LS is normally connected in series

with the transistor M1 such that

Ls
di

dt
¼ VS

which gives

di

dt
¼ VS

Ls
(9.11)

The inductor value should be such that the circuit di/dt in (9.11) does not

exceed the rated di/dt of the device, typically 1000 A/ms.

For example, for a circuit di
dt
¼ 50 A=ms and VS ¼ 100 V, (9.11) gives

Ls ¼
VS

di=dt

¼ 100

50� 106
¼ 2 mH

Note: In high power and current applications, the stray inductance of the wiring

cables may be adequate to protect the device from di/dt.

For a diode reverse recovery time trr, the reverse current flowing through the

diode is

IRR ¼
di

dt
trr (9.12)

For example, di
dt
¼ 50 A=ms and trr ¼ 2 ms, (9.12) gives the reverse recovery

current IRR reaches at IRR ¼
di

dt
trr ¼ 50� 2 ¼ 100 A the end of the reverse

recovery time, trr, the diode stops conducting. The reverse diode current IRR forces

Figure 9.3 Series snubber for limiting di/dt
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the current to flow through the RC-snubber circuit as shown in Figure 9.4(a) and

the snubber capacitor over changes above VS . The energy stored in the inductor

Ws ¼ 0:5LsI
2
RR is partly dissipated into Rs and partly overcharges the voltage of the

snubber capacitor Cs. The current can be described by

Ls
di

dt
þ Rsiþ

1

Cs

ðt

0

idt þ vcðt ¼ 0Þ

For initial conditions, iðt ¼ 0Þ ¼ IRR and vcðt ¼ 0Þ ¼ VS . Another diode may

be connected across Rs such that the diode bypasses the resistor Rs during changing

of capacitor Cs as shown in Figure 9.4(b), but it limits the discharging current

through the transistor when the transistor switch is turned on in the next cycle.

However, it would add additional costs.

9.2.3 Thermal protection

Due to the on-state and the switching losses in the transistor, heat is generated

within the power device. This heat must be transferred from the device to a cooling

medium to maintain the operating junction temperature within the specified limit.

Although this heat transfer can be accomplished by conduction, convection,

radiation, or natural or forced-air, convection cooling is commonly used in indus-

trial applications. The heat must flow from the device to the case and then to the

heat sink in the cooling medium. For an on-state voltage of Von across the switching

device while the switch is carrying an average on-state current of Ion, the average

power dissipation in the device is given by

Pon ¼ VonIon (9.13)

With Pon as the average power loss in the device, the electrical analog of a

device, that is mounted on a heat sink, is shown in Figure 9.5. The junction tem-

perature of a device TJ is given by

TJ ¼ PonðRJC þ RCS þ RSAÞ þ TA (9.14)

(a) (b)

Figure 9.4 Effects of reverse recovery current: (a) series and RC snubbers and

(b) series and RC snubbers with a diode
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where RJC = thermal resistance from junction to case, �C/W; RCS = thermal resis-

tance from case to sink, �C/W; RSA = thermal resistance from sink to ambient,
�C/W; and TA = ambient temperature, �C.

RJC and RCS are normally specified by the power device manufacturers. Once

the device power loss Pon is known, the required thermal resistance of the heat sink

can be calculated for a known ambient temperature TA. We can choose a heat sink

and its size that would meet the thermal resistance requirement.

For example, Von ¼ 0:7 V, Ion ¼ 100 A, TA ¼ 40�C, TJ ¼ 200�C, RJC ¼ 0:35
�C/W, and RCS ¼ 0:25 �C/W. Equation (9.13) gives the average power dissipation as

Pon ¼ VonIon

¼ 0:7� 100 ¼ 70 W

Equation (9.14) gives the required thermal resistance of the heat-sink as

RSA ¼
TJ � TA

Pon

� RJC � RCS

¼
200� 40

70
� 0:35� 0:25 ¼ 1:686�C=W

In addition to the average power dissipation in (9.13), the device is subjected to

switching voltages and currents. As a result, there is a switching power loss during

the turn-on and turn-off intervals of the devices.

Turn-on switching loss: During the turn-on time, the voltage across the

transistor switch changes from VS to on-state voltage Von and the switch current

changes from off-state of approximately zero to IL.

Assuming a rise time of tr as the transistor switch current and the fall time of

the switch voltage, and assuming the transistor current rises linearly and the tran-

sistor voltage falls linearly, we get the transistor current, and the voltage as given

by

isw�onðtÞ ¼
IL

tr
t (9.15)

Figure 9.5 Electrical analog of heat transfer
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vsw�onðtÞ ¼ VS �
VS

tr
t (9.16)

Thus, the instantaneous power loss is given by

Psw�onðtÞ ¼ isw�onðtÞ vsw�onðtÞ ¼
IL

tr
t VS �

VS

tr
t

� �

(9.17)

The peak power occurs when d
dt
ðPsw�onðtÞÞ ¼ 0 and the time trm for the peak

power is given by [1]

trm ¼ trVS

2ðVS � VonÞ
(9.18)

Substituting t ¼ trm in (9.17), the peak power during the rise time is given by

Prm ¼ V 2
S IL

4ðVS � VonÞ

¼ 1002 � 100

4� ð100� 0:7Þ
¼ 251:7 W

(9.19)

Turn-off switching loss: During the turn-off time, the voltage across the transistor

switch changes from on-state voltage Von to off-state voltage VS and the switch

current changes from on-state of IL to the off-state of approximately zero.

Assuming a fall time of tf as the switch current and the rise-time of the switch

voltage,

isw�off ðtÞ ¼ IL 1�
t

tf

� �

(9.20)

vsw�off ðtÞ ¼
VS

tf
t (9.21)

Thus, the instantaneous power loss is given by

Psw�off ðtÞ ¼ isw�off ðtÞvsw�off ðtÞ ¼ IL 1�
t

tf

� �

VS

tf
t (9.22)

The peak power occurs when Psw�onðtÞ
d
dt
ðPsw�onðtÞÞ ¼ 0 and the time trm for

the peak power is given by

tfm ¼
1

2
(9.23)

And substituting t ¼ tfm in (9.22), the peak power during the fall time is given by

Pfm ¼
VSIL

4

¼
100� 100

4
¼ 250 W

(9.24)
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Therefore, the total power dissipation is

PT ¼ Prm þ Pon þ Pfm

¼ 251:7þ 70þ 250 ¼ 571:2 W
(9.25)

We should note the losses during the turn-on and turn-off of the transistor

switching device is significantly higher than the loss due to the transistor switch on-

time. Thus, the switching device must be protected from the instantaneous junction

temperature due to the instantaneous power dissipation. Figure 9.6 shows the

LTspice instantaneous power across the switching transistor as shown in Figure 9.1

(a). Due to switching transients, the power loss is significantly higher during the

transistor switching from on to off state and vice versa.

9.2.4 Fault protection

The power converters may develop short circuits or faults, and the resultant fault

currents must be cleared quickly [1]. Fast-acting fuses are normally used to protect

the semiconductor devices. As the fault current increases, the fuse must open and

clear the fault current in a few milliseconds. Every semiconductor device must be

protected for fault conditions. The semiconductor devices may be protected by

carefully choosing the locations of the fuses. However, the fuse manufacturers

recommend placing a fuse in series with each device. The individual protection that

permits better coordination between a device and its fuse allows superior utilization

of the device capabilities and protects thee devices from short through faults

When the fault current rises as shown in Figure 9.7, the fuse temperature also

rises until t = tm, at which time the fuse melts and arcs are developed across the

fuse. Due to the arc, the impedance of the fuse is increased, thereby reducing the

current. However, an arc voltage is formed across the fuse. The generated heat

vaporizes the fuse element, resulting in an increased arc length and further reduc-

tion of the current. The cumulative effect is the extinction of the arc in a very short

time. When the arcing is complete in time ta, the fault is clear. The faster the fuse

clears, the higher is the arc voltage [2]. The clearing time tc is the sum of melting

Figure 9.6 Instantaneous transistor power loss
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time tm and arc time ta. tm is dependent on the load current, whereas ta is dependent

on the power factor or parameters of the fault circuit. The fault is normally cleared

before the fault current reaches its first peak, and the fault current, which might

have flown if there was no fuse, is called the prospective fault current. This is

shown in Figure 9.7. The current–time curves of devices and fuses may be used for

the coordination of a fuse for a device.

If R is the resistance of the fault circuit and i is the instantaneous fault current

between the instant of fault occurring and the instant of arc extinction, the energy

fed to the circuit can be expressed as

We ¼
ð

Ri2dt (9.26)

If the resistance R remains constant, the value of i2t is proportional to the

energy fed to the circuit. The i2t value is termed as the let through energy and is

responsible for melting the fuse. The fuse manufacturers specify the i2t character-

istic of the fuse. In selecting a fuse, it is necessary to estimate the fault current and

then to satisfy the following requirements:

l The fuse must carry continuously the device rated current.
l The i2t let-through value of the fuse before the fault current is cleared must be

less than the rated i2t of the device to be protected.
l The fuse must be able to withstand the voltage, after the arc extinction.
l The peak arc voltage must be less than the peak voltage rating of the device.

Figure 9.7 Fuse and fault currents [1]
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Note: As a general rule of thumb, a fast-acting fuse with a rms current rating equal

to or less than the average current rating of the semiconductor normally can provide

adequate protection under fault conditions.

Figure 9.8(a) shows the LTspice schematic of the DC–DC step-sown converter

as shown in Figure 9.1(a) with a short-circuit at the load terminal of the load R at

node 3. The short-circuit is simulated with a voltage-controlled switch. The i2t of

the fault current through the transistor switch and the fault current flowing through

the load inductor I(L) are shown in Figure 9.8(b). As expected, the i2t of the switch

current is increasing with time. The fuse must be selected to match the fault current

and clear the fault while the fault inductor current decays through the free-wheeling

diode. The load inductor L limits the i2t value.

Figure 9.9(a) shows the LTspice schematic of the DC–DC step-sown converter

as shown in Figure 9.1(a) with a short-circuit at the load-side of the transistor at

node 2. The short-circuit is simulated with a voltage-controlled switch. The i2t of

the fault current through the transistor switch and the fault current flowing through

the load inductor I(L) are shown in Figure 9.9(b). As expected, the i2t of the

(a) (b)

Figure 9.8 LTspice schematic of DC–DC converter with the load-side short-

circuit: (a) LTspice schematic with an load-side fault and (b) fault

currents

(a) (b)

Figure 9.9 LTspice schematic of DC–DC converter with the output short-circuit:

(a) LTspice schematic with an output-side fault and (b) fault currents
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transistor switch current increasing with time and the fuse must be selected to

match the fault current and clear the fault while the fault inductor current decays

through the free-wheeling diode. The i2t value is significantly higher because there

is no inductance to limit the current. In practical current with a limiting di/dt

inductor Ls, the i
2t value will be limited by the di/dt inductor.

9.3 Summary

The power semiconductor devices are turned on and off to converter and transfer

energy from the source to the load. These devices are normally off. The rapid rate

of rise of the voltage across the device from zero voltage to the full supply voltage

causes internal current flow through the internal junction of the device and may

cause device failure. Practical devices have limitations and require finite time to

fully turn on and turn off. As a result, a situation may occur when the source is

short-circuited during the device turn-on and -off time periods. The rate of rise of

the current must also be limited, not to exceed the device specifications. A finite

amount of power loss occurs across the semiconductor device due to the finite on-

state resistance of the semiconductor device and the heat generated due to the

power loss must the dissipated to keep the junction temperature within the specified

limits. These devices must also be protected due to the rising current under faulty

conditions of the power electronic systems. The semiconductor devices must be

protected from the following types of operating conditions: (1) dv/dt protection,

(2) di/dt protection, (3) thermal protection, and (4) fault protection.

Problems

1. The input voltage to a DC-to-DC converter in Figure 9.1(a) is VS ¼ 48 V and

the load current is IL ¼ 50 A. The rise time of the voltage is tr ¼ 4 V=ms and
the rise time of the voltage is tf ¼ 2 V=ms. Determine the snubber capacitance

Cs in Figure 9.2(a).

2. The input voltage to a DC-to-DC converter in Figure 9.1(a) is VS ¼ 120 V

and the load current is IL ¼ 20 A. The rise time of the voltage is tr ¼ 4 V=ms
and the rise time of the voltage is tf ¼ 2 V=ms. Determine the snubber capa-

citance Cs in Figure 9.2(a).

3. The input voltage to a DC-to-DC converter in Figure 9.1(a) is VS ¼ 24 V and

the load current is IL ¼ 40 A. The rise time of the voltage is tr ¼ 4 V=ms and
the rise time of the voltage is tf ¼ 2 V=ms. Determine the snubber capacitance

Cs in Figure 9.2(a).

4. The input voltage to a DC-to-DC converter in Figure 9.1(a) is VS ¼ 48 V and

the load current is IL ¼ 50 A. The snubber capacitance in Figure 9.2(a) is

Cs ¼ 0:1 mF. Determine the operating switching dv/dt of the switching device.

5. The input voltage to a DC-to-DC converter in Figure 9.1(a) is VS ¼ 100 V and

the load current is IL ¼ 20 A. The snubber capacitance in Figure 9.2(a) is

Cs ¼ 0:1 mF. Determine the operating switching dv/dt of the switching device.
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6. The input voltage to a DC-to-DC converter in Figure 9.1(a) is VS ¼ 100 V and

the load current is IL ¼ 40 A. The snubber capacitance in Figure 9.2(a) is

Cs ¼ 0:1 mF. Determine the operating switching dv/dt of the switching device.

7. The input voltage to a DC-to-DC converter in Figure 9.1(a) is VS ¼ 100 V

and the load current is IL ¼ 40 A. The snubber capacitance in Figure 9.2(a) is

Cs ¼ 0:1 mF and snubber resistance Rs ¼ 100 W. The switching frequency is

fs ¼ 10 kHz Determine the (a) peak current through the switch and (b) the

switching power loss Psw.

8. The input voltage to a DC-to-DC converter in Figure 9.1(a) is VS ¼ 48 V and

the load current is IL ¼ 100 A. The snubber capacitance in Figure 9.2(a) is

Cs ¼ 0:1 mF and snubber resistance Rs ¼ 100 W. The switching frequency is

fs ¼ 10 kHz Determine the (a) peak current through the switch and (b) the

switching power loss Psw.

9. The input voltage to a DC-to-DC converter in Figure 9.1(a) VS ¼ 100 V.

Determine the value of series snubber Ls in Figure 9.3 to limit the di/dt to
di
dt
¼ 100 A=ms.

10. The input voltage to a DC-to-DC converter in Figure 9.1(a) VS ¼ 48 V.

Determine the value of series snubber Ls in Figure 9.3 to limit the di/dt to
di
dt
¼ 500 A=ms.

11. The input voltage to a DC-to-DC converter in Figure 9.1(a) VS ¼ 100 V.

Determine the value of series snubber Ls in Figure 9.3 to limit the di/dt to
di
dt
¼ 500 A=ms.

12. The power dissipation of a switching devices that is a mounted on a heat sink is

Pon ¼ 500 W. The thermal resistances are RJC ¼ 0:35 �C/W, RCS ¼ 0:25 �C/W

and the junction temperature TJ ¼ 200 �C. Determine the thermal resistance RSA

for an ambient temperature of TA ¼ 25 �C.

13. The power dissipation of a switching devices that is a mounted on a heat sink is

Pon ¼ 500 W. The thermal resistances are RJC ¼ 0:35 �C/W, RCS ¼ 0:25 �C/W

and the junction temperature TJ ¼ 200 �C. Determine the thermal resistance RSA

for an ambient temperature of TA ¼ 40 �C.

14. The power dissipation of a switching devices that is a mounted on a heat sink is

Pon ¼ 600 W. The thermal resistances are RJC ¼ 0:35 �C/W, RCS ¼ 0:25 �C/W

and the junction temperature TJ ¼ 200 �C. Determine the thermal resistance RSA

for an ambient temperature of TA ¼ 25 �C.

15. The power dissipation of a switching devices that is a mounted on a heat

sink is Pon ¼ 600 W. The thermal resistances are RJC ¼ 0:35 �C/W,

RCS ¼ 0:25 �C/W and the junction temperature TJ ¼ 200 �C. Determine the

thermal resistance RSA for an ambient temperature of TA ¼ 40 �C.

16. When a transistor switch is fully turned on, it connects a DC voltage of

VS ¼ 100 V to a load inductor of Ls ¼ 4 mH. Determine (a) the di/dt of the

current, (b) the inductor current at t = 1 ms, and (c) i2t of the transistor current

at t = 1 ms.

17. When a transistor switch is fully turned on, it connects a DC voltage of

VS ¼ 48 V to a load inductor of Ls ¼ 4 mH. Determine (a) the di/dt of the
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current, (b) the inductor current at t = 1 ms, and (c) i2t of the transistor current

at t = 1 ms.

18. When a transistor switch is fully turned on, it connects a DC voltage of

VS ¼ 98 V to a load inductor of Ls ¼ 2 mH. Determine (a) the di/dt of the

current, (b) the inductor current at t = 1 ms, and (c) i2t of the transistor current

at t = 1 ms.
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