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Preface

This book is written primarily as a text for a one-semester Data Science and
Analytics course: Foundations of Data Science. We hope the book will also
introduce this area to people who are not students but have some mathematical
knowledge and a willingness to learn more. The reader is assumed proficient in
handling numbers in various formats, including fractions, decimals, percentages,
and surds. They should also have a knowledge of introductory algebra, such as
manipulating simple algebraic expressions, solving simple equations, and graphing
elementary functions, along with a basic understanding of geometry including
angles, trigonometry, and Pythagoras’ theorem. This book introduces the reader to
the fundamental mathematical and statistical expertise required to understand the
principles of many algorithms used in Data Science.

As with all mathematical textbooks, the worked examples are very important,
and the exercises for you, the reader, are even more important. You cannot really
understand mathematics without seeing and doing examples yourself. By doing
examples, you have to keep looking back to find relevant equations, pieces of text,
or worked examples that will allow you to complete the example. This is the way
you learn mathematics.

A note on numerical answers in this book. You may not get exactly the same
answer as we have. We have often used Python to do our calculations and it will
probably be working with more decimal places than you might be using, so do
not worry if your answers are slightly different. As a rule of thumb to get a result
correct to two decimal places you need to work with at least three decimal places.
Brief solutions to all exercises are given at the end of the book. Fuller solutions can
be found by following this link: sn.pub/5mSzwx.

Chapter 1 presents the general procedures of Data Science, summarises three
case studies used throughout the book, and introduces data types.

Chapter 2 provides the knowledge of basic set theory and functions to set up the
foundation for later chapters.

Chapter 3 covers the linear algebra knowledge (vectors and matrices) used in the
subsequent chapters.


https://www.sn.pub/5m5zwx
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Chapter 4 focuses on two widely used algorithms in Data Science, Principal
Component Analysis (PCA) and Singular Value Decomposition, and shows how
these two algorithms work.

Chapters 5 and 6 introduce the basic knowledge of calculus (differentiation and
integration) and the main optimisation ideas for finding the minimum value of an
objective function.

Chapters 7, 8, and 9 reveal principles behind three methods: Principal Com-
ponent Analysis, Simple Linear Regression, and training simple artificial Neural
Networks using knowledge built up in the proceeding chapters.

Chapters 10, 11, and 12 introduce basic knowledge of probability and statistics.
These topics underpin lots of scientific disciplines that deal with vast amounts of
data, by considering the probability distributions associated with the data and our
confidence in our analysis. In particular, it builds the foundations to extend the
material on the linear regression algorithm of Chap. 8.

Chapter 13 revisits the linear regression model of Chap. 8 under a probability and
statistical framework. Specifically, the chapter presents the method of Maximum
Likelihood Estimation.

Chapter 14 discusses some important issues surrounding data analysis which
motivates the introduction of two final algorithms that can improve model gener-
alisation, namely Ridge Regression and early stopping.

The overall structure of the book can be divided as follows:

Part 1 Introduction: Chapter 1

Part 2 Mathematical Knowledge (I): Chapters 2—6

Part 3 Algorithms (I): Chapters 7-9

Part 4 Mathematical Knowledge (II): Chapters 10—12

Part 5 Algorithms (II): Chapter 13

Part 6 Conclusion: Chapter 14

By the end of this textbook, you have met many mathematical concepts and
techniques in linear algebra, calculus, probability and statistics. Also, several Data
Science algorithms, with and without enhancements, have been introduced and
illustrated. These include Principal Component Analysis, Singular Value Decom-
position, Linear Regression in two and more dimensions, Simple Neural Networks,
Maximum Likelihood Estimation, Logistic Regression, and Ridge Regression.

For any comments and questions, please send an email to mathsfds2025 @ gmail.
com.

Hertfordshire, UK Yi Sun
January 2025 Rod Adams


http://mathsfds2025@gmail.com
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Chapter 1 ®
Introduction Check for

The total amount of data created, captured, copied, and
consumed globally is forecast to increase rapidly, reaching 149
zettabytes in 2024. Over the next 5 years up to 2028, global data
creation is projected to grow to more than 394 zettabytes.

Statista Research Department [1]

What is a Zettabyte? A zettabyte is a value of 10 to the power of 21, or if we
write it down to show all digits of it, we have 1,000,000,000,000,000,000,000
bytes. According to the figure reported by the Department of Economic and Social
Affairs, United Nations, the global population was projected to reach 8 billion,
8,000,000,000, on 15 November 2022. Imagine if everyone, including newborn
babies, takes an equal number of bytes, then this would mean each of us can have
125 billion bytes, that is, 125GB (1 GB = 10° bytes). If the file size for 1 hour of
4K video is roughly 20 GB, each of us will have a 6.25-hour video to watch.

We live in the age of data. We access data every day: messages we send
via our mobile phones, news we hear on the radio, movies we see on TV, and
account statements we receive from the bank. These are all data—a collection of
information.

Data Science is an interdisciplinary field that uses principles and methods from
mathematics, statistics, computer science, and domain knowledge to tackle data.
It involves data engineering, which builds up the pipeline to collect and use the
data; data analytics, which analyses data to answer questions and draw conclusions;
machine learning, which gives computers the ability to learn from data without
explicit instructions; and more. Therefore, Data Science is usually used as a broad
term that includes collecting and pre-processing the data, understanding the data by
extracting useful information, and creating algorithms and predictive models.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 1
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2 1 Introduction

1.1 The Procedures of Data Science

Quite often, people working in a problem domain raise questions and ask for help
from data scientists. Solutions to questions are not necessarily apparent to data
scientists due to a lack of domain knowledge and the complexity of real-world
applications. Data scientists must communicate with clients efficiently to understand
the essence of the problem and the challenges they face. A good data scientist
can quickly grasp what their clients want by listening to them, learning from the
background information, and explaining ideas to their clients using a layperson’s
terms.

Once the two parties agree on the problems they are going to work on, further
discussions about the data that can be used to solve the problem are needed,
including the volume of the available data and the features (also called attributes
of the data) that can characterise the data. Rather than saving data in a CSV file
or a relational database, more and more data are stored in cloud data warehouses.
Data scientists need to know how to export raw data from data sources, such as web
pages, emails, and SQL servers.

After obtaining the raw data, data scientists need to do data exploration in order
to understand the relationships among the data better. They may convert the data to a
table format where each row represents an observation and each column represents
a feature. They then often need to consider whether all those features are significant
or related to the task they will be dealing with. They may apply feature selection or
feature extraction methods to the data. There are many algorithms to deal with this
task involving mathematics knowledge. For example, in Chap. 4, we will introduce
the principal component analysis method that can be used for data visualisation. The
same method can be employed to perform feature extraction too. When doing data
exploration, the data scientist also needs to know at least some basic statistics to
understand, for example, what boxplots and histogram plots tell about the data.

Once the data is thoroughly investigated, data scientists are ready to apply
existing computational algorithms to the data and/or to create a new algorithm to
tackle the problem. This is the stage of modelling. It aims to produce a trained
model with the existing data that can either reveal the natural structure in the
dataset or make the most accurate predictions for any unseen data. The data scientist
also needs to consider what the most suitable performance metrics to use are. The
knowledge of optimisation, differentiation, probability, and statistics is very helpful
in understanding the principles behind algorithms at this stage.

A further application of some domain knowledge may be used to improve per-
formance. Finally, data scientists need to visualise results using suitable statistical
figures and graphs.

We have just gone through the procedures of general Data Science [2], including
the following key steps:

* Identifying the questions we want to answer.
e Collecting the data.
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» Exploring the data to understand the natural structure and relationship among the
data.

* Modelling the data.

* Presenting and explaining the results.

It is essential to understand that the whole procedure works like a spinning wheel
rather than flowing in a linearly top-down mode. For example, when modelling the
data, if the data scientist realises that more features are needed, they can go back to
the second step to collect more data attributes. Alternatively, they may remove some
features and redo the modelling.

1.2 Supervised Learning and Unsupervised Learning

This book focuses on the fundamental knowledge of mathematics, probability, and
statistics, which are needed for exploring data, modelling data, and presenting
results. To start with, we introduce two main techniques for analysing data:
supervised learning and unsupervised learning.

1.2.1 Supervised Learning

In supervised learning, we have a training set of data and a test set of data. The
training set will be used to train a predictive model. The test set will determine how
well the trained model performs on this new unseen data. The training procedure is
also called learning. The type of data used here contains a set of input values and
a set of output (or target) values. Supervised learning aims to infer a function that
maps the relation between the input values and the output values in the training set.
The computer can then use this function to estimate the test data’s output when given
unseen test data, which has its own input values. Depending on the output value
types, there are two categories for supervised learning. These are classification and
regression. If the target value is discrete or categorical, we say it is a classification
problem; if the target value is continuous, we say it is regression.

Classification aims to find decision boundaries to distinguish patterns from
different classes given in the input data. The computer then uses these decision
boundaries to predict the class label for new unseen data by seeing which side of the
decision boundary the data lies in. On the other hand, regression aims to estimate a
curve, a line, or a function learned from training examples so that when given unseen
data, the computer can substitute the feature values into the function to estimate the
target value.
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Fig. 1.1 An example of [[O CasA + CiassB X TestData]
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Example 1.1 Figure 1.1 shows an example of supervised learning. The left
panel shows the training set, including five data points. There are two classes:
Class A, represented by circles, and Class B, represented by plus signs. The
learning process is to find a decision boundary between these two classes. In
this case, a straight line can be drawn between the two classes of data that
will act as a decision boundary. A neural network may be the technique to
use to find the best line or decision boundary. Neural networks are covered
in Chap. 9. In the right panel, the computer is given a new unseen test point
denoted as a cross sign in black. It should be able to estimate the test data’s
class label using the decision boundary learned from the training set. This is a
classification problem.

Example 1.2 Assume we have a heart disease training dataset. It includes
500 patient records with 14 patient attributes and 1 target value. This target
value refers to the presence of heart disease in the patient. It is a binary value:
0 means no presence; 1 means there is presence. The 14 attributes may include
age, gender, smoker or non-smoker, the measured serum cholesterol, and so
on. Thus, we have 500 rows, each representing a patient, and 14 columns,
each being a feature, plus a column indicating the corresponding target value.
The aim is to find the relation between those 14 attributes and the target from
500 patient records so that when a new patient record with those 14 features
is given, the computer can predict whether the patient has heart disease by
applying the estimated function. In this example, the target values are discrete,
a binary value, so this is a classification problem.
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Example 1.3 Suppose an estate agent wants to predict house prices for
Hertfordshire. He has 3000 house sale records with 9 features: the income
of the householder of the house, the interest rates, the age of the house, the
number of bedrooms in the house, the type of house, the population of the
local area, the price that the house sold at last time, the postcode of the place,
and the garage type. A model is trained to find a relation between these nine
features and house prices. This is a regression problem, since house prices are
continuous.

The aim is to use the trained model to predict the price for any house not
included in those 3000 houses.

1.2.2 Unsupervised Learning

Unsupervised learning is different. Rather than finding a decision boundary or a
regression function, it is used to find any natural structure inherent in the dataset.
This natural structure may include clusters (data that group together) and outliers
among the data (ones that differ considerably from the bulk of the data). It works by
using data attribute information without considering data label information or target
values, whether or not such information exists.

Example 1.4 Suppose we have 15 data points with two different attributes,
as shown in Table 1.1. It is not easy to see if there are any natural clusters
among the data, or, if there are any, how many clusters exist, even though this
is a small dataset with only two dimensions.

However, the question can be answered easily if we can visualise the
data as shown in Fig. 1.2. Data visualisation is a common application of
unsupervised learning. It helps us to understand the underlying distribution
of the data. In this example, we know there are four clusters in the data.
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Table 1.1 A small dataset 1.1 |2
including 15 data points with 1 |
2 attributes
10 1
105 |2
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1 1
9 10
1 9
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10 |95
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Exercise

1.1 Incorporation of certain chemicals into a drug delivery vehicle may lead
to the enhancement of drug release and a more rapid clinical response. Such
chemicals have been labelled as drug delivery enhancers. Their enhanced
ability is measured as an enhancement ratio. You need to develop learning
algorithms to address each of the following two problems.

1. You have some chemical compounds. You want to predict the enhancement
ratio value for each of these chemicals.

(continued)
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2. You have some chemical compounds. You want to decide for each
chemical if it is a potential drug delivery enhancer.
Should you treat these as classification or as regression problems?

a. Treat both as classification problems.

b. Treat both as regression problems.

c. Treat Problem 1 as a classification problem and Problem 2 as a
regression problem.

d. Treat Problem 1 as a regression problem and Problem 2 as a classifica-
tion problem.

Next, we will introduce three case studies. Each of them applies an algorithm,
which will be developed in detail and illustrated using worked examples in
Chaps. 7, 8, and 9, respectively. These case studies illustrate some typical problems.
The mathematics is introduced so you can see how the mathematics naturally arises
when you are characterising and solving the problems. You are not expected to
understand all the mathematics yet, but it allows you to see why we need a book
like this to deal with Data Science.

1.3 Case Studies

1.3.1 Case Study 1: Potential Enhancement Ratio Prediction
Using Linear Regression

Suppose a pharmaceutical researcher wants to study the relationship between the
molecular weight and the enhancement ratio of chemicals to identify compounds
with potential as transdermal enhancers based on the value of the enhancement
ratio.!

The researcher has the molecular weight (MW) and enhancement ratio value
for three chemicals, as shown in the first three rows in Table 1.2. He wants
to apply a computational method to the three chemicals to find the relationship
between those two attributes. He then wants to use the learned relationship to
estimate the enhancement ratio value of the fourth chemical in Table 1.2. This is a
supervised learning problem. We call M W the input to the computational model and

! Transdermal enhancers are chemicals incorporated into drug delivery vehicles leading to
enhancement of drug release through the uppermost layer of the skin, the stratum corneum, thus
resulting in a more rapid clinical response. To find potential transdermal enhancers, researchers
need to measure the enhancer ratio of each tested chemical by doing experiments in the lab, which
are time-consuming and expensive [3].
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Table 1.2 A small dataset of
compounds with molecular

Chemicals index | MW | Enhancement ratio

weight values shown against 1 295 |10

their corresponding 2 305 |30

enhancement ratio values 3 300 |20
4 301 |?

the enhancement ratio the target. The first three chemicals are training examples,
including the input and the target. The fourth chemical is test data, for which the
researcher knows the input and wants to estimate its target value. The researcher
considers estimating a linear line that fits the training examples best. As we know
from secondary maths, a linear function passing through the origin is given by

y = ax, (1.1)

where x is the input, a is the slope of the line, and y is the output. Readers who
have forgotten it may view Sect.2.3.2.1 of Chap.2. In this case study, the line
needs to be estimated using the first three compounds in Table 1.2, with MW as
the input x and enhancement ratio as the output y. Other physio-chemical features
may be used together with M W to estimate the enhancement ratio (in practice, there
would usually be several more features). That is, the researcher may have more than
one physio-chemical feature as the input. Therefore, we rewrite Eq. (1.1) in a more
general way as follows:

y = aX. (1.2)

A careful reader will notice that we have used the bold font in Eq. (1.2). That is
because we use bold capital letters to denote a matrix and bold little case letters
to denote a vector. The basic knowledge of vectors and matrices is introduced in
Chap. 3.

Now the question is how to find a, the gradient or slope, in Eq. (1.2). One way to
do it is to use the least-squares regression method, which is a simple but widely used
technique in Data Science. The least-squares regression method aims to estimate
a by minimising differences between the estimates of training examples and their
actual target values. It is an optimisation problem.

For now, all you need to know is that

a=X"X)"'XTy. (1.3)

Equation (1.3) shows a is calculated via the matrix and vector multiplication
involving the inverse (denoted as —1y and transformation (denoted as T) of a matrix.
The explanation of how we get Eq. (1.3) is presented in Chap. 8.

To apply Eq. (1.3), the researcher needs to collect the data into the matrix X and
vector y. Usually, data scientists normalise or re-scale feature values first. This is
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important when there are many features with different ranges, especially those with
a large magnitude.
From Table 1.2, we have

295 10
raw_X = | 305 (andy = |30,
300 20

where the first three molecular weight values in Table 1.2 have been assigned to
the input raw_X, and their corresponding enhancement ratio values are assigned to
the output y. Both raw_X and y are called column vectors. If there had been more
features than just the molecular weight, raw_X would have had more columns, one
for each feature. It would then have been a proper matrix. The mean value of raw_X
is 300. Let us subtract the mean value from raw_X and add a new column with 1's.
We obtain the following:

X is now a matrix with three-row vectors and two-column vectors in it. The reason
we add 1’s into X and the idea behind the least-squares regression algorithm will be
introduced in Chap. 8.

Once the line is fitted to the data, that is, vector a in Eq.(1.2) is estimated,
the pharmaceutical researcher can substitute the known MW value of the fourth
chemical compound to Eq. (1.2) to obtain its estimated y value for the enhancement
ratio. To assess the model performance, he can compare the estimated value with the
lab-measured value for this chemical. If he does this, the fourth chemical compound
is called test data.

As a practitioner, the pharmaceutical researcher only needs to collect X and y,
substitute them to Eq. (1.3) to estimate a first, and then to obtain the estimation of
enhancement ratio by substituting a and the value of a new input into Eq. (1.2).
The knowledge he needs will be taught in Chaps. 2 and 3. If he is lucky, the data
scientist may have pre-calculated a for him using data that he has supplied to the
data scientist. However, as data scientists, we do not stop there. We go further. We
want to know how a is obtained and how the least-squares technique works, since
these will help us understand how to adjust a model when necessary. To do that,
knowledge of calculus, shown in Chaps. 5 and 6, is needed.

In addition, rather than obtaining a single estimated enhancement ratio value
for a chemical compound, can we determine a range, with a certain confidence
level, for the estimate? We may answer this question using probabilistic models.
For instance, we can apply the maximum likelihood method covered in Chap. 13
to estimate model parameters and model predictions of a simple linear regression
model and derive confidence intervals using statistical principles like standard error
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calculation. It is built up on the knowledge of probability and statistics, which is
introduced in Chaps. 10, 11, and 12.

In this case study, a can be obtained by applying Eq. (1.3) for the three chemicals
shown in Table 1.2. If the researcher can collect more chemicals or three different
chemicals, he may get different a values. Which estimated a is the most suitable one
to use? We will discuss the related issues and model selection in Chap. 14.

Remark 1.1 The maximum likelihood method mentioned in Case Study 1 deals
with a regression problem. It can also be applied to classification problems. For
a classification task, it can provide the probability that a pattern belongs to each
class. The class with the highest probability would be the estimated class for that
pattern. ¢

1.3.2 Case Study 2: Data Visualisation Using Principal
Component Analysis

Usually, before training a computational model on a dataset, we want to investigate
the underlying distribution of the data, the relationships among data attributes, and
the correlation between each data attribute and the data targets. This investigation
is called data exploration. One of the data exploration methods is data visualisation.
For example, a scatter plot of an attribute against another attribute may be used to
observe relationships among data points and to detect whether there are clusters in
the data.

Let us use the Iris dataset. The dataset contains 3 classes of 50 data items each,
where each class refers to a type of Iris plant [4], namely, Setosa, Versicolour, and
Virginica, respectively. The dataset includes four features: sepal length, sepal width,
petal length, and petal width in centimetres. Figure 1.3 shows scatter plots of one
feature against another. Plots along the main diagonal are histogram plots of the data
in the corresponding feature, since otherwise, they would just be a comparison of a
feature with itself. Each scatter plot shows the correlation between the two features
involved. It also displays clustering information: the class Setosa (represented by
circles) is separated from the other two classes in all scatter plots, and there is
some overlap between classes Versicolour (represented by squares) and Virginica
(represented by triangles).

Are there any visualisation methods that consider all features in one single plot
panel? The answer is yes, and the classical principal component analysis (PCA)
is one of these methods. It is a widely used method for data visualisation and
data dimensionality reduction. PCA is an unsupervised learning method. Figure 1.4
shows a PCA plot of the Iris data in the coordinate system constructed by the
first two principal components. It is also a scatter plot, and it presents similar
clustering information. Looking at the figure, readers who do not know the principal
component analysis method may ask the following questions:
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Fig. 1.3 Scatter plots of the Iris dataset, with circles representing the class Setosa, squares
representing the class Versicolour, and triangles representing the class Virginica

Fig. 1.4 A PCA visualisation
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components capture about
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* What are those principal components (PCs)?

e What is the relationship between those PCs and the original four features in the
dataset?

* Why is it necessary to report the variance percentage value (shown in the figure
caption)?

* How is the variance percentage value calculated?

* How is the position of each data item in the coordinate plane determined?

It is not easy to see what the PCA has done with this dataset. Now let us see another,
simpler, example, which we refer to as a toy dataset. It is a much smaller dataset X,
including just five data points and just two features, and is shown in the following
matrix:

15
22
X=133
44
51

The average value of each column vector is the same, 3. We remove the average
value of each column. That is, we subtract the mean value from each element in the
matrix, and we get the following matrix:

-2 2
-1 -1
newX=| 0 0
1 1
2 =2

The left panel of Fig.1.5 shows the five data points in the x — y Cartesian
coordinate system after removing the average value. The first column of newX is
the vector x; which is plotted on the horizontal (or x-axis), and the second column
is x5 and is plotted on the vertical (or y-axis). The right panel of the figure shows
projections of those data points in the PCA coordinate system, with the first principal
component (PC1) plotted horizontally and the second principal component (PC2)
plotted vertically. The PCA projection plot seems to result from the axes in the
original Cartesian coordinate system having been rotated, so that the largest distance
among the data is displayed along the horizontal axis.

For now, all readers need to know are:

1. The PCA has been performed on the data using the features only, excluding the
target value. The class label information (or the target value) shown in the Iris
dataset is used only for colouring classes in the plot.

2. The projection, that is, the position of each data along each PC axis, is determined
by a linear combination of the original features. As will be shown later in Chap. 7,
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Fig. 1.5 The example of the toy dataset. The left panel shows the scatter plot of the data in the
original x — y Cartesian coordinate system; the right panel shows the scatter plot of the data
projected onto the PCA space, where PC1 denotes the first principal component axis, and PC2
denotes the second principal component axis

for the Iris dataset, this linear combination is:

projection = ¢; x sepal.length 4 c2 x sepal.width + c3 x petal.length

+ c4 x petal.width,

where c1, ¢, ¢3, and ¢4 are coefficients that need to be determined when doing the
PCA analysis. The four attribute (or feature) values are normalised values, that is,
each attribute has had its mean value subtracted and usually has been divided by its
standard deviation (this is not necessary for this toy dataset since the two standard
deviations are the same).

Remark 1.2 Normalisation is an important pre-processing step when analysing
data to make all attributes have the same magnitude. This is useful when doing
a distance-based calculation, since it avoids those attributes with large magnitudes
dominating the distance. Normalisation may change the range of the data, but it does
not change the data’s structure and trend. An example can be seen in Fig. 1.6, where
the original data with two attributes is shown in the left panel, and the normalised
data having a zero mean and unit variance for each attribute is shown in the right

panel. ¢

Chapter 4 describes how PCA is carried out after introducing the relevant linear
algebra knowledge in Chaps.3 and 4. Readers should be able to fully understand
the idea behind PCA used in Chap. 7 after learning further knowledge regarding the
relevant aspects of calculus in Chaps. 5 and 6.
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Fig. 1.6 A comparison of the data structure without data normalisation (left panel) and with data
normalisation (right panel)

Fig. 1.7 An illustration of a
simple two-layer
feed-forward neural network

Node:
summed input.
Applies
activation

Xn function

1.3.3 Case Study 3: A Simple Two-Layer Neural Network

Inspired by the biological information processing mechanism of the brain, the neural
network (NN) with artificial neurons was first proposed in the 1940s. Since then,
many different types of NN have been developed. Especially after 2010, with the
growth of computing power, the increased requirements of processing a massive
amount of data, and the need to achieve better solutions to optimisation problems,
the deep neural network (DNN) has rapidly developed to deal with different types
of data such as time series data, text, and images. Even with the development of
DNN, the basic building blocks of DNN are still similar to the traditional NN; they
all have activation functions and layers.

There are many different sorts of neural networks, each doing a different job
and having different complexity and depth. However, the basic element of a neural
network is the neuron, or unit, which has n inputs, and usually, each input has a
weight w associated with it. This is illustrated in Fig. 1.7. The input of this neuron,
or unit, is then the weighted sum of the input values and the weights. From the
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figure, we see that this weighted sum is:

Xiw1 +xowy + - -+ xwy, =Zx,-w,- =X -W.

1

This uses the scalar product of vectors that will be introduced in Chap. 3. Figure 1.7
could be a node that collects the inputs, so the x; are the input values, or any other
unit, where the x; are the outputs from previous units.

A neural network is usually arranged in layers, going from the input layer, which
takes in the input values, to the output layer, which gives the output(s). Any units
in layers in between are called hidden units. A network with inputs, a hidden layer,
and an output layer is referred to as a two-layer neural network. The input layer is
not usually counted as a layer, since it just contains the inputs and does not have
adjustable weights. The input values are said to be fed-forward to give the output
values of the network.

Having taken a weighted sum of its inputs, each neural unit performs some
activation function on its input to transform the input to create an output value.
Sample activation functions are the threshold, a linear function, a logistic sigmoid
function, and a hyperbolic tangent. The same happens at each layer until output
values(s) are produced. The output values are then compared to some target values,
and the difference is called the error.

In this book, we are going to concentrate on networks where the weights are
trained by gradient descent using some form of propagation of the error back
through the network. Hence, we are only interested in the last three of the above
activation functions, since they are differentiable, and hence, we can use gradient
descent learning to train the network. Figure 1.8 illustrates the different sorts of
activation functions introduced here. The concept of differentiable and gradient will
be introduced in Chaps. 5 and 6.

The case study in this section illustrates artificial neural networks using a simple
example of a two-layer neural network (NN) with only two hidden units in its middle
layer. Of course, such simple neural networks have many limitations on what they
can represent. However, we use this example to illustrate an activation function in

/
0 % J .0 %

() (b) (©)

Fig. 1.8 Activation functions: (a) linear, (b) logistic sigmoid, (¢) hyperbolic tangent
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Fig. 1.9 An illustration of a feed-forward simple two-layer neural network

operation and how information is propagated through the layers and how the error
is fed back to update the weights.

Figure 1.9 shows the architecture of a two-layer neural network used in this
example, where we consider that each input (training) example x has only two
attributes, or features, x; and x;. Squares in Fig. 1.9 represent two input features,
forming the neural network’s input layer. Suppose each input example has two
targets, denoted as #; and f,. y; and y, are the outputs or predictions of the neural
network for the given x, and they form the output layer of the neural network. The
two-layer in the name means there are two layers of adaptive weights. The nodes
in between two weight layers are called hidden units. Each input in the input layer
is connected to hidden units via weights of the first layer. Each hidden unit is a
linear combination of the input attributes. Usually, an activation function, which is
most often a non-linear function and can transform the total input, is applied to each
hidden unit to simulate the complexity of the brain.

We follow the notations used in [5] for weights. That is, we denote each weight
j.li) , where (/) denotes the /th layer, j the jth hidden unit in the corresponding
layer, and i the ith node of the immediate layer to the left. For example, wéll) denotes
the weight going from the first input feature x; to hidden unit 2 in the first layer. The
training of this neural network aims to adjust weight values to reduce the error, that
is, the difference between the targets and the predictions or outputs. We show how
to use and train this simple neural network in Chap. 9.

as w

Remark 1.3 The simple two-layer neural network shown in Case Study 3 can
be used in a supervised learning task. It can be used for both regression and
classification problems. ¢

We have focused on approaches that can be applied to understand the data and
make predictions for unseen data. As we can see, these approaches need mathemat-
ical and statistical knowledge almost everywhere. In the following chapters, we will
equip our readers with the essential skills for data analysis.

However, before we start, let us have a look at data types. You may have noticed
that data are in a format as shown in Tables 1.1 or 1.2. However, how do we deal
with data in free forms, such as audio signals, email, and survey comments with
some numerical scores? In the final section of this chapter, we will briefly discuss
data types.
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1.4 Types of Data

Looking into the types of data is one of the most important steps you need to take to
perform Data Science. It will help you to understand the data and choose the correct
class of algorithms that can be used to analyse the data.

1.4.1 Organised (Structured) and Unorganised (Unstructured)
Data

When given a dataset, the first question you need to ask yourself is whether it is
structured data or unstructured data. Structured data is usually organised using a
table method; unstructured data exists as a free entity and does not follow any
standard format. Most data analysis algorithms are built with structured data in
mind.

Let us have a look at an organised/structured data example. Table 1.3 shows 15
sample rows of the Iris dataset mentioned in Case Study 2 in Sect. 1.3.2 of this
chapter. As you can see, the data is sorted into a row and column structure. Each
row represents a single observation; each column represents either a feature or class
information. This data set has four attributes or features. They are all continuous

Table 1.3 Examples of data items from the Iris dataset, illustrating feature values and correspond-
ing class labels

sepal.length sepal.width petal.length petal.width Variety
5.1 3.5 1.4 0.2 Setosa

4.9 3 1.4 0.2 Setosa

4.7 3.2 1.3 0.2 Setosa
4.6 3.1 1.5 0.2 Setosa

5 3.6 1.4 0.2 Setosa

7 3.2 4.7 1.4 Versicolor
6.4 32 4.5 1.5 Versicolor
6.9 3.1 49 1.5 Versicolor
5.5 2.3 4 1.3 Versicolor
6.5 2.8 4.6 1.5 Versicolor
6.7 3 52 2.3 Virginica
6.3 2.5 5 1.9 Virginica
6.5 3 52 2 Virginica
6.2 34 54 2.3 Virginica

5.9 3 5.1 1.8 Virginica
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values. The last column, with a head denoted as variety, gives the class label
information for each plant, indicating which category the plant belongs to.

Examples of unstructured data include genetic sequences and molecular structure
graphs. These are unstructured data, since we cannot form features of the sequence
using a row-column format without taking a further look. Feedback left for a product
review on Amazon and messages on Twitter are also unstructured free text. Images
are another type of unstructured data. To read the information saved in an image, we
need to open the file with an image viewer.

Exercise
1.2 Is the following data structured or unstructured?

(1) Speech signals,

(2) Emails,

(3) Medical X-ray,

(4) Student ID numbers.

Remark 1.4 Most real-world data are unstructured data. To apply most data
analysis algorithms, we must first convert unstructured data to structured data using
pre-processing techniques.

For example, consider speech signals. People may decompose each signal into a
set of signals with different frequencies, and then values related to the amplitude of
frequencies can be used as signal features. How to decompose the signal is not our
focus here. However, it is essential to know that converting data from unstructured
to structured is a crucial step in data analysis.

As another example, let us consider text data. We have many options to transform
the free text into a structured format. We could apply new features that describe the
data. For instance, we can define a set of words or phrases first and then count the
particular words or the specific phrases appearing in each file. This way, we can use
the features defined here to convert them into structured data. Of course, we may
also have a topic as a class label for each text file. Then, we can put all of them into
one big table: each row representing one text, such as a tweet, columns showing
the counts of specific words or phrases, and one column indicating the class label
information. ¢

1.4.2 Quantitative and Qualitative

Another classification of data is quantitative and qualitative. Quantitative data can
be described using numbers, including discrete and continuous data. Discrete data
has limited values, while continuous data can take on any value between two values.
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For example, the number of PC labs in a university is discrete, since it is a whole
integer value. In contrast, the average number of hours a student sleeps daily is a
continuous value, such as 5 or 7.5 hours, or any value in between.

Qualitative data is also called categorical data and is non-numerical in nature.
However, qualitative data may appear as a number, though they cannot be used
meaningfully in the computation. For example, Level 4, Level 5, Level 6, and
Level 7 denote modules running for the first year, the second year, the third year of
undergraduate courses, and the postgraduate course, respectively. It does not make
sense if you do an addition between a Level 6 module and a Level 7 module.

Remark 1.5 To tell if a number is quantitative or qualitative, ask yourself whether
it still makes sense after adding them together. ¢

Exercise
1.3 Is the following data qualitative or quantitative?

(1) Book title,

(2) Welcome to Year 1,

(3) Maximum daily temperature,
(4) Car registration number.

1.4.3 The Four Levels of Measurement

A more detailed classification of data types is the four levels of measurement. These
include the nominal level, the ordinal level, the interval level, and the ratio level.
This detailed classification allows us to recognise what mathematical operations
can be applied for each level.

1.4.3.1 The Nominal Level

At the nominal level, the data is described by name or category, for example, hair
colour, gender, and house types, such as terrace houses, semi-detached houses, and
bungalows. At this level, possible mathematical operations to the data include set
membership and equality. For example, suppose a colour set has three colours:
green, yellow, and red. If a student’s hair colour is black, then the colour black is
not a member of that colour set. We will introduce the knowledge of sets in Chap. 2.
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1.4.3.2 The Ordinal Level

The ordinal level gives us a rank order. For example, the customer rating of a product
or a book and the award someone receives after completing a maths competition.
Possible mathematical operations that can be applied at this level are ordering and
comparison, whilst we cannot do addition and other computations.

Exercise

1.4 A group of students is asked the following questions. Is the answer
collected from each of the following nominal or ordinal?

(1) Are you an international student?

(2) What is your gender: male, female, prefer not to say, other?

(3) How many countries have you visited?

(4) What is your preferred contact method: email or telephone?

(5) What is your usual lunchtime: 11 am.—12p.m., 12p.m.—1 p.m., 1 p.m.—
2 p.m., or later than 2 p.m.?

1.4.3.3 The Interval Level

Data measured at the interval level is like the ordinal level, placing numerical values
in order. Unlike the ordinal level, however, the interval level has a known and equal
distance between each value. For instance, consider the Celsius temperature. The
difference between 10 and 30 degrees is a measurable 20 degrees, as is the difference
between 40 and 60 degrees. However, the interval level data does not have a natural
zero. For example, if we consider the Celsius temperature at zero degrees, then
Celsius zero does not mean the absence of temperature.

More complicated mathematical operations are allowed at the interval level.
Compared with the ordinal level, we can do addition and subtraction at this level
besides ordering and comparison.

1.4.3.4 The Ratio Level

The ratio level allows us to multiply and divide too. Data has a clear definition of
zero at this level. For example, students’ marks for assessments in numerical values
are at the ratio level. We can have zero marks in the final score, and it makes sense
to say 90 out of 100 marks is twice as much as 45.

Remark 1.6 Let us consider two continuous number lines: one for the interval level
and the other for the ratio level. Data indicate positions along each line. There is no
actual zero position along the interval level line. In other words, the zero position
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is arbitrary along the line. For example, zero degrees Celsius and zero degrees
Fahrenheit are different temperatures. Zero degrees Celsius is the freezing point
of water, while zero degrees Fahrenheit is colder than that, and the freezing point of
water in the Fahrenheit scale is 32 degrees Fahrenheit. On the contrary, zero grams
and zero pounds mean the same thing along the ratio level line. There are no values
less than zero on the ratio level line. ¢

Example 1.5 Calculating the increase or decrease in percentage terms is not
useful at the interval level. Suppose the temperature increases from 10 degrees

Celsius to 15 degrees Celsius. The increase in percentage terms is % =

50%. If we convert the temperatures to Fahrenheit, we have (10 x g) + 32 =

50 and (15 x %) + 32 = 59, respectively. The increase in percentage terms
is % = 18%. It does not make sense to say 15 degrees Celsius is 50%

warmer than 10 degrees Celsius, while we get only 18% warmer in Fahrenheit.

Example 1.6 Calculating the increase or decrease in percentage terms is
valid at the ratio level. Suppose weight increases from 10 grams to 15 grams.
The increase in percentage terms is 151_010 = 50%. If we convert the unit to
pounds, we have 10 x 0.0022 = 0.022 pounds and 15 x 0.0022 = 0.033
pounds, respectively. The increase in percentage terms is % = 50%.
It does make sense to say 15 grams is 50% heavier than 10 grams, since we

also get 50% heavier in pounds.

Remark 1.7 Quantitative data includes the interval level and ratio level, while
qualitative data includes the nominal level and the ordinal level. ¢

Understanding the data type and its measurement level will help us to select
models or statistical procedures to analyse the data. For example, for continuous
or ordinal data with a large number of categories, say the number of categories
greater than 4, we may use regression models, including ordinary linear regression
and neural networks and the Gaussian normal distribution to analyse the data. For
nominal or ordinal data (usually with a small number of categories, say 2, 3, or
4), we can use the Chi-square statistical test to examine whether the observed
values follow the assumed theoretical distribution, or we can use logistic regression
to make predictions on unseen data. Chapter 8 explains how linear regression
works; Chap. 9 introduces the principle behind the traditional neural networks. Data
following a univariate Gaussian distribution and multivariate Gaussian distributions
are described separately in Chaps. 10 and 11. The primary statistical analysis
techniques and the Chi-square test are presented in Chap. 12. More linear regression
and the logistic regression model will be explained in Chap. 13.
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Chapter 2 ®
Sets and Functions Check o

Basic set theory and functions are the foundation of later chapters. Although we
assume that readers are familiar with the rudiments of basic set theory and basic
notions of functions, let us refresh our memory and define notations in this chapter.
We focus on functions with one variable in this chapter.

2.1 Sets

In this section, we will introduce set membership, how to find the cardinality of a
set, and how to represent sets using a Venn diagram. In addition, we will discuss
four basic normal set operations: set union, set intersection, set subtraction, and set
complement. Moreover, we will show how to write sets in comprehension and define
what a binary relation is.

2.1.1 Sets and Subsets

Definition 2.1 (Sets) A set is a collection of objects. The objects are known as the
elements of the set or its members.

For small sets, we can define a set by writing out the names of all the elements of
the set, separating them by commas, and enclosing the whole list in curly brackets.
For example: {apple, pear, orange, melon}. An empty set with no elements can be
represented by {} or @. Sets have the following two properties:

» Sets are not ordered. For example, {a, b, c} is a representation of the same set as
{c,a, b}.
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» There are no repeats. For example, {a, b, c, b} is a representation of the same set
as {a, b, c}.

Two sets are equal if they have the same members. The equal sign, =, can be
used when two sets are equal. For example, {1, 2} = {2, 1}. The not equal sign, #,
can be used when two sets are not equal.

Definition 2.2 (Cardinality) The Cardinality of a finite set is the number of
elements in the set.

It is denoted using the symbol #, or with a vertical bar on each side of the name of
the set. For example:

. #1,2,3) =3.
« [{3,3,7,2,1}] =4.

2.1.1.1 Infinite Sets

Sets can be infinite as well as finite. For example, three infinite sets that we will use
are:

¢ N: the set of natural numbers. In this book, it includes 0, that is, it includes all
non-negative numbers, {0, 1,2, ...}.

e Z: the set of integers, {...,—3,—-2,—-1,0,1,2,...}.

* RR: the set of real numbers, that is, any decimal number.

2.1.1.2 Intervals

A set that contains all the real numbers between two given numbers is called an
interval. For instance, all the real numbers between 2 and 3, including both numbers,
are a closed interval and denoted: [2, 3]. If we do not include both the endpoints,
then it is an open interval and denoted: (2, 3) or ]2, 3[. Of course, we can include
one endpoint and not the other, giving mixed intervals, that is, [2, 3) and (2, 3].

2.1.1.3 Set Membership
The symbol € denotes is a member of a set. For example,
apple € {apple, pear, orange, melon}
is a true statement, since apple is a member of the given set, while strawberry €
{apple, pear, orange, melon} is a false statement, since strawberry is not a

member of the given set. ¢ denotes is not a member of a set. So strawberry ¢
{apple, pear, orange, melon} is a true statement.
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Example 2.1

If the real number x € [2,3]then2 < x < 3.
If the real number x € (2,3) then2 < x < 3.
If the real number x € (2, 3] then2 < x < 3.
If the real number x € [2, 3) then2 < x < 3.

Definition 2.3 (Subsets) The set A is a subset of the set B if and only if either the
set A is empty or every element of A is also an element of B. A C B means A is a
subset of B.

Definition 2.4 (Proper Subset) The set A is a proper subset of the set B if and
only if A is a subset of B but not equal to B. A C B means A is a proper subset
of B.

Note that both C and C can be used with a line through them to denote their
opposite. For example, {1, 2, 3,4} ¢ {1, 2, 4}.

Exercises
2.1 What is the value (True or False) of each of the following statements?

(1) {4,8,—1}=1{4,8,4, —1, —1}.
@) {x,y,z. 2} ={z, y, x}.

3 {} ={0}.

@) #{x,y,z,z} =4

O) {} c{l1,2,4}.

6) [1,2]=1[1,2).

@) (1,2) cC[1,?2].

2.2 Write down the value of each of the following.

(1) #{a,b,c,d,e, f}.
(2) #{}.
(3) #{{}}-

Definition 2.5 (Power Sets) The power set of a set S is the set containing all
possible subsets of S. The cardinality of the power set of a set S is 2%5.
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Example 2.2 Given A = {3, 4, 5} with a cardinality of 3, the power set of A
is

{{}. (3}, {4}, {5}, {3, 4}, 3. 5}, {4. 5}, {3. 4, 5}},

and its cardinality is 23 = 8.

Exercise
2.3 Do the following:

(1) Write down the power set of {—1, 1}. What is its cardinality?
(2) Write down the power set of {0, 1, 2, 3}. What is its cardinality?
(3) What is the cardinality of the power set of {a, b, ¢, d, e, f, g, h}?

2.1.2 Venn Diagrams

Venn diagrams are a way of describing sets and how they are related to one another
in pictures. Each set is represented as a circle within a universe and contains values
written inside the circle’s boundary. The overlapping part of the two circles shows
elements shared by both sets.

Example 2.3 Suppose universe = {11, 12,13, 14, 15, 16, 17, 18, 19, 20},
Set A = {13, 14, 16, 17, 19}, and Set B = {12, 13, 15, 16}. Figure 2.1 shows
the relationship between Set A and Set B.

Another example is the classification of numbers using sets considered in
Sect.2.1.1.1. In Fig. 2.2, Z and N are represented as circles within the universe R.

2.1.3 Basic Set Operations

Definition 2.6 (Set Union) Two sets may be joined together to form a new set
containing all of the elements in one or the other or both of them. This operation is
known as set union and is denoted using the symbol U.
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Universe
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Fig. 2.1 An example of a Venn diagram used to visualise the relationships and intersections
among two data sets

-201, V3, ..
—1000,  —501,-2,..
01,2345, .

Fig. 2.2 A Venn diagram showing the relationships among Z (integers), N (natural numbers), and
R (real numbers)

Example 2.4 The union of two sets A and B in Fig.2.1 is A U B =
{12, 13, 14, 15, 16, 17, 19}, whose elements are highlighted using under-
scores in Fig.2.3.

Definition 2.7 (Set Intersection) Two sets may be joined together to form a new
set containing only the elements in both of them. This operation is known as set
intersection and is denoted using the symbol N.

Example 2.5 The intersection of two sets A and B in Fig.2.1is AN B =
{13, 16}, whose elements are highlighted using underscores in Fig. 2.4.
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Fig. 2.3 A Venn diagram illustrating the union of sets AU B, representing all elements that belong
to A, B, or both, highlighted using underscores

Universe

18

Fig. 2.4 A Venn diagram illustrating the intersection of sets A N B, representing comments
elements that belong to both A and B, highlighted using underscores

Definition 2.8 (Set Subtraction or Difference) Two sets may be joined together
to form a new set containing only the elements in the first but not the second. This
operation is known as set subtraction and is denoted using the symbol \.

Example 2.6 The set formed by subtracting set B from set A in Fig.2.1 is
A\B = {14, 17, 19}, whose elements are highlighted using underscores in
Fig.2.5.
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Fig. 2.5 A Venn diagram illustrating the set difference A\ B, representing elements that belong to

A, but not to B, highlighted with underscores

Definition 2.9 (Set Complement) The complement of a set A is the set of all
elements in the universe but not in A. A denotes the set formed from the complement

of set A.

Example 2.7 The complement of set A
{11, 12, 15, 18, 20}, whose elements are highlighted using underscores

in Fig. 2.6.

in Fig.2.1

Universe

7 12
oAz
f 13
I \ | 15
19 |
20 | 16 |
14 A
S5 e
s Set B

Fig. 2.6 A Venn diagram illustrating the complement of set A, A, representing elements that do

not belong to the set A, highlighted with underscores
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Universe

Fig. 2.7 The Venn diagram referenced in Exercise 2.4, representing the sets and their relationships

Exercise
2.4 Given a Venn diagram shown in Fig. 2.7, find the following:

(1) AUB.
(2) CNB.
(3) AUB.
4) A\(BNC).
(5) AUBUC.
6) ANBNC.
(7) (AUB)\C.
8) (AUB)\C.

2.1.4 Sets Written in Comprehension

So far, we have written sets in extension. That is to list all of the values in the set
separated by commas within a pair of curly brackets. There is another way to write
sets. That is to give a typical element and a condition for its inclusion in the set. It
is called sets written in comprehension.
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Example 2.8 Suppose we have S = {x € N|x < 5}, where the curly brackets
tell us that this is a set. Inside the brackets, there are two sections. The left of
the vertical bar gives us the signature of the values in the set. A signature tells
us which universe the value named by x is drawn from. In this example, it
is drawn from the universe of values N. The right of the vertical bar states
the condition that each member of the set must satisfy. If we write this set in
extension, we have S = {0, 1, 2, 3, 4}. The vertical bar | (sometimes written
as a colon:) is usually read as such that. So, set S can be described as the set
of all numbers x in N such that x < 5.

The condition in a set comprehension expression is a truth-valued expression. All
values that make this expression true are members of the set. All values that make
the expression false are not members of the set (they are in its complement).

2.1.4.1 Using Logic

We can define more complex conditions using operations from logic:

* AND is represented by the symbol A.
* OR s represented by the symbol V.
e NOT is represented by the symbol —.

Example 2.9 Let Z = {x € Njx > 10 A x < 16}. If we write set Z in
extension, we have Z = {11, 12, 13, 14, 15}.

Exercise
2.5 Write each of the following sets in an extension.

(1) A={y e N|=(y > 10)}.

) B={xeN|x < 12) A (x > 6)}.
(B) C={zeN|z <8 AE<5)
4) D={yeN|(y <8 V(y<5}
() E={x eNl=(x > 12) A (x > 3)}.
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2.2 Binary Relations

Definition 2.10 (Cartesian Product Sets) Given two sets A and B, the set that
contains all ordered pairs (x, y) such that x belongs to A and y belongs to B is
called the Cartesian Product. It is denoted as A x B, which can be expressed as
follows:

Ax B={(x,y)lx e Any € B}.

A and B may be subsets of different universes. If either A or B is an empty set, then
AxB=AxW=0.1f A# B andboth A and B are not the empty set, then A x B
is not equivalent to B x A because the inside of each pair is ordered.

Example 2.10 If A = {a, b} and B = {0, 1, 2}, then
A x B ={(a,0), (a, 1), (a,?2), (b,0), (1), (b,2)};

B x A={(0,a),0,b), (1,a), (1,b), (2,a), (2, b)}.

Remark 2.1 Although the inside of each pair in a Cartesian product set is ordered,
it should be remembered that the actual set, like all sets, is not ordered.
Soif A = {a, b} and B = {1}, then:

Ax B={(@,1), b, D}y={b,1), @ D} #{1,a),1,b)} =B x A.

Exercise

2.6 Find the value (True or False) of each of the following:
(1) (2,8) € {8, 1),(2,10),(,10), (8, 2)}.

(2) 3,7 €{,3),3,7),(7,3), (1, D}

(3) {(1,4),(0,2), (10,9} = {4, 1), (2,0), (9, 10)}.

@ {(1,4),(0,2), (10,9} = {(10,9), (0, 2), (1, 4)}.

2.7 Write each of the following Cartesian products as a single set in
extension:

(1) {2,3,5} x {0, 1}.
(2) {0, 1} x @.
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We can form the Cartesian product of any number n € N of sets and whose
elements will be n-tuples. For example, we can use it to model customer accounts
in the following way:

AxBxC=1{(a,b,c)lae Anbe BAceC(C},

where A represents customer account numbers, B customer names, and C customer
addresses.

2.2.1 Binary Relations

Definition 2.11 (Relation) Given two sets A and B, a relation from A to B is a
subset of the Cartesian Product A x B.

Any subset of the set A x B can be considered as a relation. That could be the
empty set, the entire set, A x B, or anything in between.

Definition 2.12 (Binary Relation) A binary relation relates values from one uni-
verse to the values of another. The from-universe is called the source; the to-universe
is called the target.

2.2.1.1 Kinds of Relation

Figure 2.8 shows four types of relation. In each panel, the left rectangle shows the
source universe, and the right shows the target universe. The oval in the source
includes input values of a relation, called the domain of the relation, while the oval
in the target includes output values of a relation, called the range of the relation.

Panel (a) shows a one-to-one relation, where each value in the domain has only
one corresponding value in the range.

Panel (b) presents a many-to-one relation, where two (can be more) values in the
domain have the same value in the range.

Panel (c) displays a one-to-many relation, where one value in the domain has two
(can be more) different values in the range.

Panel (d) represents a many-to-many relation, where a value in the domain may
have more than one output in the range, and a value in the range may have more
than one corresponding value in the domain.

Remark 2.2 Note that not all points are necessarily in the ovals in Fig. 2.8, since
a relation is any subset of the whole Cartesian product, source x target. Hence,
the domain is a subset of the source, and the range is a subset of the target. That is,
domain C source and range C target. Note the illustrated relations in Fig. 2.8
also do not include every possible pair from the domain to the range. Again, this is
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Source Target Source Target

(a) (b)

Source Target Source

Target

() (d)

Fig. 2.8 An illustration of four kinds of relations: (a) one-to-one, (b) many-to-one, (c) one-to-
many, and (d) many-to-many

because the relation is a subset of the whole Cartesian product, so the relation does
not have to contain all pairs. ¢

2.3 Functions

Many-to-one and one-to-one relations are very common in computing and have a
special status, and they are called functions.

Figure 2.9 presents examples of relations, some of which are functions and others
are not. The left column represents the input values (possible domain), while the
right column represents the possible output values.

Panels (a) and (b) are two functions, since all the elements in the domain have
just one corresponding image, or output, in the target universe and so construct the
range of actual values in the target. Values in the right column do not all have a value
in the domain with their image in the target universe.

Panel (c) illustrates a case of a relation that is not a function. Every element
in the possible domain should have an image in the range by applying the given
function. But 3 in green does not have a related value in the range. Panel (d) is
another example of a relation that is not a function, since 3 has two images in the
range, b and d, indicating a one-to-many relation.

So, in summary, a function has to have an image for every value in the domain,
and it has to have just one image. The set of images in the target universe is called
the range.
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Fig. 2.9 An illustration
depicting various relations,
distinguishing between those
that are functions and those
that are not

@\o®\o
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- ® —0

(c) (d)

Exercise

2.8 Given the domain as {0, 1, 2}, are the following relations also functions
(assume the target universe includes {0, 1,2, 3,4, 5,6, 7, 8}):

(1) {0, 1), (2,2), (1,3)}?

) {(0,2),(1,3)}?

3) {(0,7),(1,5),(2,6), (0,6)}?
@ {(1,4, 0,4, 2, 9}?

Definition 2.13 (Function) Let x represent the elements of the domain (denoted
as D), y represent the elements of the range (denoted as W), and f symbolise the
function, then we have y = f(x). It can be written as follows:

W={yly=rfx) AxeD}
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f(x) is also called the image of x with respect to the function f. The domain
variable x is called the independent variable, while the range variable y is called
the dependent variable.

Example 2.11 Given W = {y|y = x> A x € [—3, 3]}, we know that f(x) =
x3, the domainis —3 < x < 3, and the corresponding range is —27 < x < 27.

2.3.1 Graph of a Function

The plot of pairs (x, f(x)) in a coordinate system is the graph of f(x).

Example 2.12 Figure 2.10 is a pictorial representation of the function {y|y =
x3Ax e[-3,3])

Fig. 2.10 An example of the 30
graph of a function
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2.3.2 Common Functions with One Variable

2.3.2.1 Linear Function

A linear function with one independent variable has the following form:
y=f(x)=ao+ax,

where qy is the intercept on the vertical axis in the graph (the constant term) and a;

is the slope of the line in the graph (the coefficient). If a; = 0, then y = ay, that is,

the line is horizontal. If ay = 0, the line will pass through the origin. If ag # 0 and
aj # 0, there are two cases with a; > 0 and a; < 0, respectively.

Example 2.13 Figure 2.11 shows two linear functions, y =5 —2x and y =
5 + 2x. Both functions have the same intercept, but one has a negative slope
(solid line), and the other has a positive slope (dashed line).

2.3.2.2 Polynomial Function

These are functions built out of non-negative integer powers of the independent
variable.

Fig. 2.11 Two linear 15
functions with the same

intercept: a dashed line with a

positive slope and a solid line

with a negative slope 10
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Fig. 2.12 Examples of two simple polynomial functions

Example 2.14 Figure 2.12 illustrates two simple polynomial functions. Panel
(a) shows f(x) = x2 and panel (b) depicts f(x) = x3, both defined for
x €[5, 5].

To have a more complicated polynomial function, we can start with the building
blocks, such as 1, x, xZ, x3, and so on, and we can multiply these basic functions
by numbers and then add a finite number of them together. For example, f(x) =

Tx? +4x3 - 2.

2.3.2.3 Exponential Function

The exponential function is defined as f(x) = a*, where the base a > O and a # 1.
The domain of the function is (—o0, 00); the range of the function is (0, 00). The
graph of the function always passes (0, 1) since a” = 1.

Example 2.15 Figure 2.13 shows two exponential functions with a domain
of [—5, 5]. Panel (a) displays f(x) = 2* with a base equal to 2, and panel (b)
presents f(x) =27% = (%)x with a base of %

There is a horizontal asymptote at y = 0. The curve does not touch the x-axis,
no matter what it looks like on the graph. In fact, the graph of f(x) = 2* is just the
reflection of f(x) = 27" in the y-axis. A common base is a = ¢ = 2.71828, using
the irrational number e, giving the function f(x) = e*.
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30
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Fig. 2.13 Examples of two simple exponential functions

Exponential functions are important in the Data Science field. When we intro-
duce probability distributions in Chap. 10, we will see that a Gaussian distribution
of a random variable is, in fact, a member of the exponential function family. In
addition, there are many applications using a type of function that is a combination

. . eX—e ¥ e“ e " .
of exponential functions, for example, ~—— and “=3—. These are special
functions: hyperbolic functions. Readers are referred to [6] to find more details.

2.3.2.4 Logarithmic Function

A logarithmic function is denoted as f(x) = log, x, where a is a constant and
a > 0,but a # 1. The domain of a logarithmic function is (0, co). The graph of a*
is symmetric to the graph of log, x about the line of y = x (see Fig.2.14). If the
base a = e = 2.71828, then we denote log, x = log, x as Inx.

The logarithmic function is also important in the Data Science field. We will
discuss a cost function or error function defined in a log probability format in
Chap. 13.

2.3.2.5 Trigonometric Functions

The variable x in these functions is generally expressed in radians (w radi-
ans = 180°). Figure 2.15 shows sinx and cosx, respectively, in the domain
[—8radians, 8radians]. The relations between sinx and cosx can be summarised

as:

sin x =cos(% —X), 2.1)
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Fig. 2.14 The graphs of e* 5
and Inx are symmetrical al |
about the line of y = x
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Fig. 2.15 Panel (a) shows the sinx function, while panel (b) shows the cosx function

cosx = sin(% —X), (2.2)

sin? x + cos?

x =1 (2.3)
Equations (2.1), (2.2), and (2.3) are trigonometric identities involving trigonometric
functions. There are quite a lot of them, but it is not necessary to remember all the
identities. However, it is important to know that these identities are useful when we
need to simplify trigonometric functions, and sometimes, they can be used to solve
certain types of integrals. We will introduce integrals in Chaps. 5 and 6.
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2.3.3 Properties of a Function

Definition 2.14 (Bounded Functions) If there is a constant M such that f(x) <
M for all x in an interval, then M is called an upper bound of the function. On the
other hand, if there is a constant M such that f(x) > M for all x in an interval,
then M is called a lower bound of the function. Usually, to indicate that a function
is bounded both above and below by M, we write | f(x)| < M, where M is a non-
negative real value and | f (x)| means the absolute value of f(x).

Example 2.16 f(x) = cosx is bounded in the interval (—oo, 0o) since for
all x € R, |cosx| < 1is valid. Here M = 1. Of course, M can be any value
not less than 1 in this example.

Example 2.17 Let us consider f(x) = % First, suppose x € (0,1). We
notice that however big a value M takes, we can always find a small value
approaching zero for x, so that )lc is greater than M. Therefore, the function is
unbounded, since there does not exist an M, so that |)lC| < M is valid in the
interval (0, 1). Next, suppose x € (1, 3). Then, the function is bounded. For
example, taking M = 1, then |%| < 1 is valid to all x in the interval (1, 3).

Example 2.18 Other bounded function examples are the sigmoid functions.
One common sigmoid function, defined by f(x) = H% = efﬁ, is
bounded inside the interval (0, 1) (see Fig.2.16, where the domain is defined

as [—7.8,7.8]).

Definition 2.15 (Monotonic Functions) Given a function f(x) in an interval, for
any two points x| and x> in the interval, if we have:

e x1 < xp and f(x1) < f(x2), then the function is monotonic increasing. If
f(x1) < f(x2), then the function is called strictly increasing.

e x; < xp and f(x;) > f(x2), then the function is monotonic decreasing. If
f(x1) > f(x2), then the function is called strictly decreasing.
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Fig. 2.16 A plot of the 1
sigmoid function
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Example 2.19 f(x) = x? is monotonic increasing in the interval of [0, 00)
and monotonic decreasing in (—oo, 0]. It is not monotonic in the domain of
(—00, 00) (see Fig.2.12a). However, f(x) = x> is monotonic increasing in
the domain of (—o00, 00) (see Fig.2.12b).

Definition 2.16 (Odd and Even Functions) A function f(x) is called odd if
f(=x) = —f(x) for all x in the domain. A function f(x) is called even if
f(=x) = f(x) for all x in the domain.

An odd function is symmetrical about the origin of the coordinate system. An
even function is symmetrical about the y-axis of the coordinate system. A function
does not have to be even or odd.

Example 2.20 f(x) = x> is an odd function, because f(—x) = (—x)° =
—x3 = — f(x), and itis symmetrical about the origin (see Fig. 2.12b). f(x) =
x2 is an even function, because f(—x) = (—x)? = x> = f(x), and it is

symmetrical about the y-axis (see Fig.2.12a).
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Exercise

2.9 Is each of the following functions even, odd, or neither even nor odd?
[Hint: some can be answered by looking at the figures given above.]

(1) x5 —2x3 + 3x.
2 x3—2x+1.
3) e*.

4) Inx.

(5) sinx.

(6) cosx.

: |
(7) Sigmoid: TFe—

(8) Hyperbolic Cosine:

ete"
5 -

e —e %

e "

(9) Hyperbolic Tangent:

Definition 2.17 (Period of a Function) Given a function f(x), if there exists [ #
0, so that f(x + /) = f(x) is valid for any x value in the domain, then the function
is a periodic function and / is called the period of the function.

Example 2.21 Functions sin x and cos x are periodic functions with a period
of 2r (see Fig. 2.15).

Here are two more trigonometric identities:
sin(x + 2w) = sinx , 2.4)

cos(x + 2m) = cos x. (2.5)

2.3.4 Inverse Functions

Definition 2.18 (Inverse Functions) Suppose y = f(x). If the relation between
the domain and range values is one-to-one, then a new function f —! can be created
by interchanging the domain and range of f. f~! is called the inverse function. It
can be denoted as x = f~!(y). However, it is usually convenient to rename the
domain variable as x and the range variable as y, giving the notation y = f~!(x).
The inverse function is symmetric about the line y = x with the original function.
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Example 2.22 Suppose y = x> with x € (—o0, 00) and y € [0, o0). There
is no inverse function here since, for instance, both 22 and (—2)2 are equal to
4, and therefore the function is not one to one. This means the inverse relation
is one to many and so not a function.

If we limit the domain to be x € [0, 00), the inverse function is y = /x.
On the other hand, if we limit the domain to be x € (—o0, 0], the inverse
function is y = —4/x.

Example 2.23 The logarithmic function f(x) = Inx is the inverse of the
exponential function f(x) = e* (see Fig.2.14).

Example 2.24 Inverse trigonometric functions.
By convention, we denote the inverse of sinx as arcsin(x), and the inverse
of cosx as arccos(x).

Trigonometric functions are periodic and so not one to one, hence to define
an inverse function we have to restrict the domain of the original function so
that it is one to one. This can be done by restricting the domain to [— %, +%]
for sinx and restricting the domain to [0, 7] for cosx. The domain of x in
these two inverse functions for real results is, therefore, [—1, 1].

2.3.4.1 How to Find the Inverse Function

We can apply the following procedure to find the inverse function:

* Step l—sety = f(x);
* Step 2—make x the subject;
s Step 3—replace y with x to obtain f~!(x).

Example 2.25 Suppose f(x) = 6x — 3, then this function is one to one and
so f~1(x) exists. Find f~!(x).

Solution

* Step 1—set y = f(x), thatis y = 6x — 3.

(continued)
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Example 2.25 (continued)
* Step 2—make x the subject, then we have x = y()ﬁ.

* Step 3—replace y with x to obtain f~!(x), then we have f~!(x) = ’%3.

Exercise
2.10 Find the inverse function for each of the following functions.

(1) f(x) =x>+10;

(2) f(x) =3sinx;

B fx)=4 —)IC— In(x + 1);
@ fx) =527

2.3.5 Composition of Functions

Definition 2.19 (Composite Functions) Let f and g be functions. f o g (read as
f composite g) is called a composite function, denoted as f o g = f(g(x)), where
the range values of g(x) are the domain values of f.

That is, to obtain the composition of functions f and g, f o g, we need to first
apply the function g to x and then apply function f to g(x). Similarly, to find the
composition of functions f and g, g o f, we need to first apply the function f to x
and then apply function g to f(x)

Example 2.26 Let f(x) = 5x + 2 and g(x) = x2. Find f o g.

Solution

fog=f(gx) = f(x*) =5x>+2.
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Exercise
2.11 Find g o f for the following given functions g and f.

(1) f(x) =5x+2and g(x) = x2.
(2) f(x) =2x and g(x) = sinx.
(3) f(x) =e* and g(x) = x2.

@) f(x)=e"and g(x) = Inx.
(5) f(x) =cosx and g(x) = x3.

Remark 2.3 The order in the composition of functions is important because, in
general, f o g(x) is not the same as g o f(x).

Remark 2.4 Two functions cannot always be composited to obtain a new function.
For example, let f(x) = arcsinx and g(x) = 2 + x2. The composition of the
functions f and g, f o g(x), does not exist, because the range value for any x in
the domain (—o0, 00) of g(x) is a value equal or greater than 2, which cannot be an
input to f(x) = arcsinx (see Example 2.24 in Sect. 2.3.4 of this chapter). ¢

2.3.6 Functions of Two or More Variables

Functions may have more than one independent variable. The domain of a function
of two or more variables is a set of n-tuples, while the range is one-dimensional with
an interval of numbers.

Example 2.27 Let f(x,y) = x> + 2,/y with two independent variables x
and y, whose domain can be written as follows:

{(x,y)| — 00 <x <00Ay >0}

We conclude this chapter here. Readers interested in gaining a deeper funda-
mental understanding of sets and functions are encouraged to explore classical
textbooks, such as Chapter 2 of [7].
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Linear Algebra ke

In this chapter, we introduce vectors and matrices. We show how to do the basic
operations on them and why we need to use both vectors and matrices. In this book,
we only consider vectors and matrices that consist of finite real numbers, and not,
for instance, complex numbers.

3.1 Vectors

The input in most machine learning applications is an ordered list of numbers; for
instance, as indicated in Case Study 3 in Chap. 1, most neural networks consist of
one or more layers, and the initial input data goes to the set of first-layer units or
neurons. This input could be:

* an ordered list of features of the skin that may determine the ability of the skin
to absorb medical drugs (such as Nicotine).
« the list of pixel values from scanning a picture.

In all cases, this list of ordered values is a vector, and knowledge of how to
manipulate vectors is essential for a full understanding of the operation of machine
learning techniques.

Definition 3.1 (Vector) A vector is an ordered list of numbers and subscripts. Each
subscript denotes the position of the value in the list. Such a list of values, denoted
asx = (x1, xp, ---, Xgq), where d is the number of elements in the list, is called a
linear array or vector.
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Example 3.1 Five students’ Maths grades are listed as follows:
82, 90, 65, 78, 46. We can denote all the values in the list using only one
symbol, for instance, x with different subscripts, that is, x;, x, x3, x4, Xs.
Sometimes a vector is written vertically. For example,

2
1
5

Note that we use both a pair of square brackets and round brackets to denote
vectors and matrices in this book.

3.1.1 Vectors in Physics

Vectors can be represented by arrows having appropriate lengths and directions and
emanating from some given reference point. In Fig. 3.1, the reference point is (0, 0),
and the ending point is the vector w = (4, 3), whose magnitude is denoted as ||w||
and 0 is the angle from the positive horizontal axis to the vector measured in an
anticlockwise direction. In Fig. 3.1, the vector has two elements or components and
is referred to as a vector in Rz, where R is the field of real numbers. It is one of the
infinite number of possible vectors in R%. In general, a vector has d elements over
the field of real numbers in R?. The field of real numbers means we can do addition
and scalar multiplication of vectors as with all real numbers.

Fig. 3.1 An illustration of a Yo
specified vector (4, 3), where
|lw|| denotes the length of the 5 “,3)

vector, and the arrow
indicates its direction from
the origin

Iwl
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3.1.2 Vector Addition

Considering two vectors in R x = (x1, x2, -, Xxg) and W =
(w1, wa, -+, wy), their sum is given by
X+wW=(x1+wi, x2+w2, -, Xg+wg). (3.1

Example 3.2 Suppose we have two vectors: a = (2,4) and b = (5, 1).
According to Eq.(3.1),a+b = 2+ 5,4+ 1) = (7,5 anda — b =
2-5,4—-1)=(-3,3).

Figure 3.2 shows a and b in a plane. The reference point is (0, 0) for both
vectors. For a, the ending point is (2, 4). For b, the ending point (5, 1). If we
draw a parallelogram with a and b as its two sides, then a + b actually is the
longer diagonal line; a — b, in fact, can be considered as a + (—b), that is the
shorter diagonal line.

3.1.3 Scalar-Vector Multiplication

The scalar product of a vector with a real number £ is given by:

kx = (kx1, kxa, ---, kxg), (3.2)

Fig. 3.2 An example of vectors
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where k is any real number. When we multiply a vector with a scalar, we actually are
compressing or stretching the vector. For instance, if k is 2, then we are doubling the
length of the vector. We can also change the direction of the vector to the opposite
direction by multiplying by a negative real number.

Exercise

3.1 Compute the following:

2 3 2 3
M |1|+|6],and [1] =16
5 1 5 1

2 2

(2) 2x [1],and —2x |1

5 5

3.2 The Dot Product of Two Vectors

3.2.1 Dot Product: Algebra Definition

Definition 3.2 (Dot Product) Considering arbitrary vectors

w=(wy, wy, ---, wyg)and x = (x1, X2, *-+, Xq) ian,

the dot product (also referred to as an inner product) of w and x is denoted and
defined by

W-X=<W,X>=W| -X|+Wy X2+ -+ Wy -Xxq4. 3.3)

The use of w and x is not entirely a coincidence, since it is the type of calculation
that occurs in machine learning, such as in a neural network. If x is the input vector
to a neural network, then each element is multiplied by a corresponding weight from
a weight vector w, and then all are added together to get a net input. The dot product
exactly represents this operation.

Example 3.3 Suppose we have two vectors: a = (2,4) and b = (5, 1).
According to Eq. (3.3), wehavea-b=2 x5+4 x 1 = 14.
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Exercise

3.2 Compute the dot product for the following vectors:
(1) m=(—2,—1)andn = (1, 3).

2) u=(-2,—-1,3)and v = (1, 3, —2).

(3) s=(—2,2)and t = (3, 3).
4) a=(4,3,5 andb = (—4, —3,5).

3.2.2 Norm

Definition 3.3 (Norm) The norm or length of a vector w in R, denoted by
|lwl|, is defined to be the non-negative square root of w - w. That is, if w =
(w1, wa, -+, wg), then

||w||=«/W-w=\/w%+w§+~--+w§. (3.4)

Because a norm is the length of a vector, we can use it to measure the distance
between two points.

Example 3.4 Continue Example 3.2.
In Fig. 3.3, the distance between two points P and Q is measured as the norm

of a— b, whereais OP and bis O Q. That is

IOP] =V (@2 =52+ (4 —1)2=32.

The distance between O and M is measured as the norm of O_AZ That is

lOM|| = /(7= 0)2+ (5 —0)2 = /74.

Considering arbitrary vectors w = (w;, w2, ---, wyg) and X =
(x1, x2, --+, xq)in Rd, in general, the distance between these two vectors is
defined as follows:

d(w,x) = (w1 —x1)2 + (w2 — x2)2 + - + (wg — x2)2. (3.5)
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Fig. 3.3 An illustration of Y6
distances between two points

Exercise
3.3 Compute the distance between the following vectors:

(1) w=(1,10,3,2) andz = (5,4, —1, 0).
) a= (43,5 andb = (—4, -3, 5).

3.2.3 Vector Magnitude and Direction in R*

Suppose we have a vector u = (x1, y1) (see Fig.3.4). Its magnitude is its norm,
that is, |lu]| = Ju-u = ‘/xlz + ylz; its direction is given by 6 = tan’l()yc—i).
Each component of the vector can be obtained as follows: x; = [lul| cos(f) and
y1 = ||u| sin(@), respectively. Note that we define 6 so that 0 < 6 < 2.

Fig. 3.4 An illustration of a ¥
vector, with the point marking
the vector’s endpoint

(x'J;}’])

[l
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Example 3.5 Suppose we have a vector: a = (2, 4), then its magnitude is
lal = Va-a = v/22+42 = 2/5; and its direction is § = tan_l(%) =
1.1071 radians.

In reverse, the components can be found from the magnitude and direction
as x| = 2+/5¢o0s(1.1071) = 2 and y; = 2+/5sin(1.1071) = 4.

Exercise
3.4 Suppose we have two vectors: u = (2, —3) and v = (5, 4).

(1) Compute the direction of each vector.
(2) Compute the length of each vector.
(3) Compute the distance between u and v.

3.2.4 Dot Product: Geometric Definition

Definition 3.4 (Dot Product) Considering two vectors w and X, their dot product
can also be defined as follows:

W x = W] ]| cos 6. (3.6)

where 0 is the angle between w and x.

This definition of dot product can be proved to be equivalent to the previous one,
Definition 3.2. A detailed explanation can be viewed in [8].

Remark 3.1 Definition 3.4 can be used to measure the similarity between two
vectors in terms of the direction of the vectors.

* When cos@ = 0, that is, two vectors are at right angles to each other, referred
to as being orthogonal to each other, we have w - x = 0. Intuitively, it says two
vectors have zero similarity.

* When cos 6 = 1, that is, two vectors are pointing in the same direction, we have
w - X = ||lw|| ||x]|. This is the largest value one can get for w - x.

* When cos@ = —1, that is, two vectors are opposed to each other, we have w-x =
— |Iw] |Ix||. This is the most negative value one can get for w - X.

¢



54

Fig. 3.5 An illustration of Vo4
two vectors in Example 3.6

3 Linear Algebra

(2,4)

lal

(5,1)

|
o Il —

6

Example 3.6 Calculate the dot product of the two vectors: a = (2,4) and
b = (5, 1) in Example 3.3 using Eq. (3.6).

Solution [a] = v/22 + 42 = v/20 and [b]| = v/32 + 12 = +/26.

Since the direction of a is 0 = tan—! (%) and the direction of b is 6y, =

tan_l(%), the angle between a and b is 8 = 0, — 6 =~ 0.9098 radians (see
Fig.3.5). The cos of 0.9098 radians is about 0.6139. Thus, we have

llall [Ib]l cos & = /20 x /26 x 0.6139 ~ 14.

This is the same answer as we got before in Example 3.3.

Exercise

3.5 Compute the dot product for the following vectors using both Egs. (3.3)
and (3.6), and check that they are the same.

(1) u=(2,2) and v = (3, 3).
2) u=(2,2) and w = (-2, 2).
B) u=(2,2)ands = (-2, —2).
4 u=(2,2)and t = (0, 5).
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3.2.5 Unit Vector

Definition 3.5 (Unit Vector ) For any non-zero vector u in R?, the vector it = ﬁ

is a unit vector in the same direction as u. The process of finding @ from u is called
normalising u.

Example 3.7 For a given vector u = (2,3, 1), its unit vector can be
calculated as follows:

u 2,3, 1) 2 3 1

- = (
lull V22332412 V14 V14 J14

u=

).

Exercise
3.6 Calculate the unit vector for each of the following vectors:

M w=(@2,1).

2) s=@3,1).

@) t=@G,1,-1).
@) v=(-1,2,4,1).

3.3 Matrices

Definition 3.6 (Matrix) A matrix is a rectangular arrangement of numbers made
up of rows and columns. A matrix with m rows and n columns is called an m x n
matrix. Each element in a matrix (M) is identified by two indices: the first one
indicates the specific row, and the second indicates the column.

A matrix is usually labeled with a (bold) capital letter. For example,

_ [Ml,l M, M1,3]
My My M3

M is a rectangular matrix, and M ; represents the element in the first row and the
second column of M. A matrix with the same number of rows and columns is called
a square matrix.
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Example 3.8 Five students’ Maths grades are listed as follows:
82, 90, 65, 78, 46.
Their corresponding English grades are listed as follows:
76, 78, 60, 50, 60.
The matrix looks like

82 76
90 78
M= (6560,
78 50
46 60

where each column corresponds to the specific subject marks and each row
represents one student’s marks for two subjects.

Example 3.9 In terms of neural networks, if there are multiple input units,
then each unit will have a weight vector w. So, we will need a compact method
to represent this collection of weights, and matrices represent just what is
needed. Also, as we shall see in Sect.9.2 of Chap. 9, the multiplication of a
vector and a matrix of these weights is just the operation we need to represent
the complete operation of finding the inputs to the first layer of the neural
network.

3.3.1 Matrix Addition

The sum of two matrices M and N, where M and N must be the same size, is the
matrix obtained by adding corresponding elements from M and N.
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3.3.2 Scalar Multiplication

The product of the matrix M by a scalar k written k - M or simply kM is the matrix
obtained by multiplying each element of M by k.
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Fig. 3.6 An illustration of B[ —
matrix multiplication:
C=AB
p [ _
L

3.3.3 Matrix Multiplication

The product of two matrices A and B is somewhat complicated. Each element of the
resultant matrix (C = AB) is the dot product of a row from the first matrix A and
a column from the second matrix B. The first index of the element of the resultant
matrix tells us which row we need to use from the first matrix A, and the second
index tells us which column we need to use from the second matrix B. Figure 3.6
shows an example of C = AB, where A has two rows and four columns and B has
four rows and three columns. cj 7 is the dot product of the first row of A and the
second column of B.

Example 3.12 Suppose we have two matrices

12
[?‘3‘(5)] and |73 |,
05

the following shows how we compute the matrix multiplication:

230 ;g C2x143x7+0x0 2x243x340x5
145 T l1x14+4x7+5%x0 1x24+4x3+5%x5

05
_[2313
" [2939]°
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Fig. 3.7 This is an example 0112 6

where the two matrices

cannot be multiplied 3 7 5 0
3 6

Remark 3.2 Note that to calculate the multiplication of two matrices, the number
of columns of the first matrix must equal the number of rows of the second matrix.
In Fig. 3.7, the first matrix has two columns, while the second matrix has three rows.
Since they are not equal, one cannot calculate the matrix multiplication of these two
matrices. ¢

Remark 3.3 If two matrices can be multiplied, the final resultant matrix has the
same number of rows as the first matrix and the same number of columns as the
second matrix. ¢

Matrices and vectors can also be multiplied together, providing they have
appropriate sizes. For instance, a matrix with two columns can be multiplied by a
two-component vector written vertically (which can be thought of as a matrix with
just one column).

Example 3.13 If you want to multiply the matrix [2 zi| by the vector |: 3 4] ,

|:87:||:3:|_|:8x3+7><(—4):|_|:—4:|
96||—4] [9x3+6x (4| |3 ]

we get:

Exercise
3.8 Compute the following:
1032 1070
1 .
M |:1 25:|+|:1669:|
32

2)3x]0 1
5-1

(continued)
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o [0
22
o [
25

3.3.3.1 Properties of Matrix Multiplication

Let A, B, and C are n x n matrices.

* Associative property of multiplication

(AB)C = A(BC).

Example 3.14 Suppose we have

2 2 0.6 21 7
A=1101 8 [(B=|50 3 [andC =
32 10 16 -2

We can compute the following:

2206121 7
AB=|10.1 8 50 3 | =
32 10 16-2

(AB)C = [ 10.5 49 —8.7| |4 -2 10

1465.6 188 | [3 2 —1
26 63 7 705 5

Then we compute the following:

21 7 32 -1
BC=|50 3 4-210 | =
16-2][705 5

2 2 06]|[5 55 43
ABC)=(10.1 8 36 11.510 | =
32 10 13 —11 49

That is, we have (AB)C = A(BC).

3 Linear Algebra

3.7

32 -1
4 -2 10
705 5

14.6 5.6 18.8
10.5 49 —8.7
26 63 7

197.8 27.4 1354
166.6 —81.35 436
379 —70.5 639

59 5.5 43
36 11.5 10
13 —11 49

197.8 27.4 1354
166.6 —81.35 436
379 —-70.5 639
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 Distributive properties

C(A +B) = CA + CB. (3.8)

(A+B)C=AC+BC. (3.9
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Example 3.16 Continue with matrices in Example 3.14 again. We have
calculated (A + B) in Example 3.15. So, we can compute

4376|132 —1 772 5.8 64
(A+B)C=(60.1 11 4-210|=1954173 50
4 8 8 705 5 100 —4 116

In addition, we can compute and get the following:

2 2 0.6 32 —1 18.2 0.3 21
AC=1]10.1 8 4-210|=1(59.45840],
32 10 705 5 87 7 67
21 7 32 —1 59 5.5 43
BC=|50 3 4-210|=1]3611.510],
16 -2[]1705 5 13 —11 49
and
772 5.8 64
AC+BC=|95417.3 50
100 —4 116

That is, we have (A + B)C = AC + BC.

3.3.4 Matrices as Linear Transformations

Now you know how to do matrix addition and matrix multiplication. But what is a
matrix? Why do you need to use matrices? There are several different very useful
properties of matrices. In this book, let us consider two of them. First, let us consider
matrices that model linear transformations. We will consider linear transformations
in just two dimensions.

Suppose you want to rotate the triangle with vertices u = [;], vV = B:| and

W= B] through 90° anticlockwise about the origin as shown in Fig. 3.8.
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Fig. 3.8 This is an example Yoy

of matrices used to represent

linear transformations /\ \ . u
34

o
i
i
|
|
|
I
]
I
i
|
I
4

As you can see in Fig. 3.8, |:§:| has transformed to |:_13} B:| to |:—23:| and

|:1i| to |:_1]:| It looks as if all three points follow the following rule:

1
|:x:| is transformed to |:—y i| .
y X

This can be expressed as a matrix equation:
x| _[0—=1||x
yioo byl

. 10—1 . . . -
where the matrix |:1 0 ] represents a 90° anticlockwise rotation about the origin.

If we wish to have a more general rotation with any degree (6) about the origin, we
can use the following matrix:

cos(f) — sin(0)
sin(0) cos(@) |’

Matrices can also represent other linear transformations, such as reflections.
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Fig. 3.9 Vector u is rotated
by 45° in the anticlockwise
direction around the origin

o

- N W A OO N o ©

Example 3.17 Suppose there is a vector u = I:lé) :| You wish to rotate u

through 45° in the anticlockwise direction around the origin. This is illustrated
in Fig. 3.9, where the original vector is along the horizontal axis, and the new

vector is located at u’ = [;1] after the rotation. The new position keeping

one decimal place is calculated as follows:

e |:cos(45°) —sin(45°)] [10} 5 [7.1]
~ | sin@5°) cos45°) [0 [7.1]

3.3.5 Representations of Simultaneous Equations

Let us look at the second useful property of matrices by considering the following
example. Suppose we have two TV producers (A and B) that send different
proportions of TVs they produce to three warehouses (1, 2, and 3), as shown in
Fig.3.10.

We can model this as a matrix shown as follows:

u_[050500
~[030304]
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Fig. 3.10 Two TV producers &
(A and B) that send different ; -
proportions of TVs they 50%
produce to three warehouses . ' 30%
(1,2, and 3)
50% @
30%
40%
2l
Fig. 3.11 The three W
warehouses then forward TVs 30%
in different proportions to ¢
four shops (W, X, Y, and Z) ",1.
50% 70% _
A 30% "X
50% e 40%
vial
30% 60%
® e
40% 50%
‘@
50%

where each row represents one of the two producers, each column represents one of
the three warehouses, and each element in the matrix is the proportion of the TVs
each producer sends to the specific warehouse.

The three warehouses then forward TVs in different proportions to four shops
(W, X, Y, and Z), as shown in Fig.3.11. Similarly, we can model this as a matrix
as well:

0.30.7 0.0 0.0
V=10.0040.60.0
0.00.00.50.5

Notice that the number of columns in the first matrix, U, is equal to the number of
rows in the second one, V, so that they can be multiplied together. This allows us to
calculate the proportions of the TVs that would be sent to the shops in the simplified
situation where the two producers send TVs directly to the shops. The following
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shows the product of these two matrices:

— [0.5 0.5 o.o} 8'3 8'1 8'(6) 8‘8 B [0.15 0.55 0.30 0.00]
030304] | 000 s 0.09 0.33 0.38 0.20

3.3.6 Multiplying a Matrix by Itself

Definition 3.7 (Square Matrix) A square matrix is a matrix with the same number
of rows as columns.

An n x n square matrix is called a square matrix of order n. For example,
15]. .
A= 24 is a square matrix of order 2,

and

1012
B = | 8 35 |isasquare matrix of order 3.
6 01

3.3.6.1 Multiplying a Matrix by Itself

Only square matrices can be multiplied by themselves, since the number of columns
of the first matrix must equal the number of rows of the second matrix. Let A be a

15
i .Weh
square matrix |:2 4:| We have
s 15 [15] _[1i2s
A _AA_[24 24| [1026]°

151715715 61 155
A’ = AAA = =
[2 4} [2 4} [2 4} [62 154} ’



3.3 Matrices 67
3.3.7 Diagonal and Trace
Suppose we have

aiy -+ dip

Aanl -+ Qpn

Definition 3.8 (Diagonal) The diagonal of a matrix consists of the elements with
the same subscripts, that is, a1, a2, -+, ann-

Definition 3.9 (Trace) The trace of a square matrix A, denoted as 7r(A), is the sum
of the diagonal elements, that is, t7(A) = aj; +ax» + -+ + aup-
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3.3.8 Diagonal Matrices

Definition 3.10 (Diagonal Matrix) A diagonal matrix is a matrix in which the
entries outside the main diagonal are all zeros.

Let us have a look at the following two examples.

1000 100
A=10300| andB={030
0090 009

A is called a rectangular diagonal matrix, where the number of rows is not equal to
the number of columns. B is called a symmetric diagonal matrix, which is a square
matrix.

3.3.9 Determinants

Definition 3.11 (Determinant) Each n-square matrix A = [a;;], where i =
1, ---,nand j = 1, ---,n,is assigned a special scalar called the determinant
of A, denoted by det(A) or |A| or

aiy - din

dnl *** App
Note that an n x n array of scalars enclosed by straight lines called a determinant
of order n, is not a matrix but denotes the determinant of A. A general way to

calculate the determinant of order n can be learned from [8]. This book covers how
to compute determinants of order 1, 2, and 3 only.

3.3.9.1 Determinants of Order 1, 2, and 3

¢ Determinant of order 1
The determinant of order 1 is defined as follows:

la11] = a1z.

That is, the determinant of a 1 x 1 matrix is that number itself.
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* Determinant of order 2
The determinant of order 2 is defined as the product of elements along the main
diagonal minus the product of elements along the reverse diagonal. That is

apy a2
azy az

=ajjaz — apal. (3.10)

¢ Determinant of order 3

aii a2 a3
Considering a 3 x 3 matrix A = | ap| apy ay3 |, its determinant is defined as

asl azp ass
follows:

ar apz a3
det(A) = |A| = a2 a2 az3

asy azy asj
= a11a22a33 + a12a23a31 + a13az1a32 — a13a2a3|

— ar1a3azz — apaz|ass. (3.11)
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Fig. 3.12 An illustration of
the calculation of the
determinant of order 3

A11 -2

az2

Looking at Eq. (3.11), we can see six terms on the right-hand side of the equation.
Each of these terms is a product of three elements. It may be easier to see which
three elements from Fig.3.12. Here, we copy the matrix first and add the first
two columns after the third column. Then, we draw the main diagonal line for
every three columns, and similarly, we can draw the reverse diagonal line. The
first three terms in the equation are the products along the main diagonals, and
the last three are the products along the reverse diagonals. We add up the first
three products and subtract the last three products.

3 —110
Example 3.21 Suppose X = | 4 2 0.5 . Compute the determinant of X.
25-2 6

Solution

det(A) =3 x2x6+(—1) x05x254+10%x4x(—2)—10x2 x 2.5
—3x05x(=2)—(—1)x4x6
= —068.25.

Exercise
3.11 Compute the determinant of the following matrices.

3105

() W= |—4 2 10
3026
110

@ X=|523
—4100.1
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3.3.9.2 What Is the Determinant for?
As you will see soon, the determinant can help us find the inverse of a matrix. In

addition, it can tell us information about the matrix that is useful in solving systems
of linear equations.

3.3.10 Identity and Inverse Matrices
3.3.10.1 Identity Matrices

Definition 3.12 (Identity Matrix) Square matrices with all zeroes except 1s on the
main diagonal are identity matrices.

For example,

1000
100

10 0100

I: ,I: N dI: 5

2 [01} 3 8(1)? MM = 10010

0001

where we use I to denote each identity matrix and a value as the subscript denotes
the size of the matrix.

Multiplying a matrix A by an identity matrix I equals the original matrix A. That
is,

ATl =1A = A.

3.3.10.2 Inverse Matrices

Given a matrix A, can we find an inverse matrix A~! such that AAl=ATA=TI?
Sometimes we can, but only square matrices can have inverses, and not all square
matrices do. Finding inverses is complicated, so we shall only consider inverses for
2 x 2 matrices in this book.

. . ab . . ..
Given a2 x 2 matrix M = |: di|, the determinant of this matrix is calculated as
Cc

follows:

det(M) = ad — be.
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If the determinant is not zero, then the inverse exists, and it can be calculated by
swapping the elements on the main diagonal, changing the signs of the elements on
the reverse diagonal, and then dividing by the determinant, as shown:

ML [d=b]__ 1L [d-b
“detM) |—c a | ad—bc|—c a |’

Example 3.22 If A = B i], then its determinant is 4 — 10 = —6. So the

1[4 -5
ATl = — :
—6 [—2 1]

You can now confirm that AA~! = A~1A = L.

inverse matrix is

Exercise

3.12 Compute the inverse for the following matrices when it exists.

(4 -3
(1) A= - 6].

(21
) B=_1051|.

(13 1
3) C= __42]

10
(4) Iz[OJ.

3.3.11 Matrix Transposition

In some circumstances, you need to flip a matrix around its main diagonal, that is,
to exchange rows for columns.

Definition 3.13 (Matrix Transposition) The transpose of a matrix A, written as
AT, is formed by swapping the rows and columns.

If Aism x n, then AT is n x m.
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Remark 3.4 If AT = A, then A must be square, and it is called a symmetric
matrix. I is a symmetric matrix. ¢

3.3.11.1 Properties

Let A, B, and C are matrices . It can be shown that:

(1) ANHT =A

2) A+B)7T =AT +BT.

(3) (AB)T = BTAT.

4) (ABC)T = CTBTAT.

(5) If A is a square matrix, then det(A) = det(AT).
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Example 3.24 We will illustrate the second and third of properties shown in
Sect.3.3.11.1 using 2 by 2 matrices.

Suppose A = |:a bi|, and B = [e f].

cd gh

[a +eb+ f

Th A+B =
I & c+gd+h

at+ec+g

b+ fd+h]|

Also. AT BTzac eg:a—}-ec—i-g.
ot o [bd tlrn| T b+ fd+n

Thus, we observe that (A + B)? = AT + BT.

ae + bg af + bh T ae+bg ce+dg
Next, AB = d (AB)' = .
o [ce+dg cf—i—dh}’an AB)" =\ of 4+ bh of +dh

bg ce+dg

Al ,BTAT= e g ac=ae+g ’

50 |:fh bd| ™ |af +bh cf +dh
Thus, we observe that (AB)T = BTAT.

], and its transpose is (A + B)! =

In the case of vectors, the transpose of a vector just turns a column (vertical)
vector into a row (horizontal) vector and a row vector into a column one.

1

Example 3.25 Ifa= |2 |, thena’ = (1,2, 3).
3

In this case, the dot producta-a =a’a = 14.

Remark 3.5 In practice, the standard vector is assumed to be a column vector. So
technically, a row vector is always the transpose of a vector, that is al, where ais a
column vector. ¢

Example 3.26 Suppose A is a matrix of size m x n, B and C are matrices of
n x n. Prove A(B + C)AT = ABA” + ACA”.

Solution Applying Egs. (3.8) and (3.9), we have

AB+ COAT = (AB + AC)AT
=ABAT + ACAT.
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Example 3.27 Suppose the inverse of A exists. Prove
AHT =@hH™ (3.12)

We need to show that (A~1)7 acts like the inverse of AT. We will make
use of the third property of transposition, namely, (AB)” = BT AT . First:

ATAHT = @A AT =1T =1L
Then:
A HIAT = AA H =TT =1

So multiplying AT on either side by (A~1)7

proves that (A~ = (A7)~

gives the identity matrix I. This

3.3.12 Case Study 1 (Continued)

1-5 10
In Sect. 1.3.1 of Chap. 1, wehave X = [1 5 | andy = | 30 |, and we need to
10 20

compute the coefficients of the least-squares regression method using the following
equation:

a=X"X)"'XTy.

To compute a, we need to obtain the transpose of X and the inverse of X7 X first
and then substitute them to the equation as shown as follows:

* Swap rows and columns of X to obtain the transpose of X:

111
X’ = .
[—550}

+ Compute the matrix multiplication of X7 X:

1-5
xXTX — 111 15 | = 30 .
-550 1o 050
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+ Compute the inverse of X7 X:
Since the determinant of X7 X is 150, the inverse of X7 X exists and equals:

x'x)"! = i[

500
T 150 ’

03

¢ Substitute (XTX)_I, X7, and y into the equation of a, and obtain the following:

a_L_500][1 11] ;8

1500 3][-550]|

_ 17150 5050} ;8
150 [—1515 0 ]| 5

_ 1 730007 _ 20
1501300 | | 2]

Hence, we get the vector a with intercept 20 and gradient 2.

3.3.13 Orthogonal Matrix

Orthogonal has been mentioned when we introduce the concept of the dot product
in Sect.3.2.4, where it states that two vectors are orthogonal to each other when
their dot product equals zero.

Definition 3.14 (Orthonormal Vectors) Suppose we have m—vectors Xq, X2, - - - ,
Xm. These vectors are orthonormal if

» each vector has unit norm, thatis ||xi|| =1, i=1, 2, ---, m.
* they are mutually orthogonal, thatis x; - x; = 0,if i # j,i,j =1, 2, ---, m.

Example 3.28 Given the following three vectors,

0 —1
x1=10]|, Xp=—
1

the norm of each of these vectors is equal to 1, and they are mutually
orthogonal to each other. That is, their dot products are all equal to zero. A

(continued)
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Example 3.28 (continued)
matrix, denoted as A, including these three columns, is an orthogonal matrix
as shown as follows:

o G5l
oSl

0
A=1|0
1

Note that since xj - x; = 1 fori =1, 2, 3and x; -xj = Ofori # j,i,j =
1, 2, 3then ATA = AAT = I, as you can check for yourself.

Exercise

T 2 _ 1 T _ |__L _2 T
314 Let m; = [75, 0, ﬁ], m, = [ 75 0, ﬁ], and my
[O, 1, O] . Are these three vectors orthogonal to each other?

Definition 3.15 (Orthogonal Matrix) A square matrix A with orthonormal
columns is called orthogonal. This is equivalent to the following definition:

ATA = AAT =1,

where I is the identity matrix.

Remark 3.6 Since AA~! = Iif A—! exists (see Sect.3.3.10.2), and AAT = I (see
Definition 3.15), we obtain AT = A~!, when A is a square matrix. ¢

Remark 3.7 Orthogonal vectors (matrix) are useful to build up a new coordinate
system. ¢

Exercise

3.15 For the following matrices,

(continued)
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compute:

(1) Q.
2 QL.

(3) Is Q an orthogonal matrix?

3.4 Linear Combination

3.4.1 Vector Spaces

To motivate this section, let us just start by considering vectors in R”. Without going
into all the details, it is fairly obvious that:

For any two vectors X, w € R then their sum x+w is also € R? [called Closure].
There is a “zero vector” 0 = (0, O)T e R? that, when added to any vector, does
not change it [called Identity].

For any vector, there is a vector called its inverse, that is: for v € R2 then —v is
€ R? so that v + (—v) = 0.

The operation of vector addition is associative and communative; that is, it does not
matter what order you add them to; you always get the same result.

Also, in terms of scalar multiplication:

Multiplying any vector v € R* by a scalar gives a result which is also € R?
[Closure again].

Multiplying any vector by the scalar 1 leaves it unchanged [Identity again].
Multiplying a vector by one scalar then another gives the same result as
multiplying the scalars together first, that is, k(jx) = (kj)x [Associative again].
Distributivity: k(x + w) = kx + kw and (k + j)x = kx + jX.

A bit more thought says that the same applies to R> and in fact to any R".
To generalise these ideas, we can define a Vector Space:

Definition 3.16 (Vector Spaces) Let V be a non-empty set with two operations:

vector addition: this assigns to any x,w € V asum x +w € V. So, vector
addition is closed. Vector addition is also associative and communicative and has
an identity and inverse.

scalar multiplication: this assigns to any x € V, a product kx € V, where
k is a scalar. So, scalar multiplication is closed. Scalar multiplication is also
Associative and Distributive and has an Identity.

Lots of structures are vector spaces. For example, R2, R*, R", matrix space, poly-

nomials and function space, and many more are all vector spaces. The advantage of
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defining an abstract vector space is that once you have proved something for vector
spaces in general, then it applies to all the particular vector spaces.

Definition 3.17 (Subspaces) Suppose W is a subset of a vector space V. Then W
is a subspace of V if the following two conditions hold:

the zero vector belongs to W.
forx, we W

1. thesumx+we W.
2. the multiple kx € W, where £ is a scalar.

Example 3.29 Consider the vector space R>. Let W consist of all vectors
whose elements are equal in R3, such as (4, 4, 4). That is W is the line through
the origin O and the point (1, 1, 1). Clearly O = (0, 0, 0) belongs to W, since
all entries in O are equal. Further, suppose we have two arbitrary vectors in
W,x = [a,a,a] andy = [b, b, b]. Then, for any real value scalar, k, we have
Xx+y=[a+b,a+b,a+b] € Wand kx = (ka, ka, ka) € W. Thus, W is a
subspace of R>.

Example 3.30 Suppose S = { |:x11| e R%|x; > 0}. Is S a subspace of R2?
X2

Let us check the conditions.

0
* S contains the zero vector ol

c
d

a c a—+c
bl+La]-0 )
Since a > 0 and ¢ > 0, we have a + ¢ > 0. Therefore, the sum of u + v
is a vector of S.

* However, when multiplying any vector, u, in S, by — 1, the direction of
the resultant vector, v = —u, is opposite to u. The vector v is not in the
area covered by S anymore. In Fig.3.13, the vector (2, 1) is an element
of S, since x; = 2 > 0. After multiplying by — 1, the resultant vector,

(=2, —1), is not an element of S since the value of x; = —2 < 0. So S is
not a subspace of R

e Suppose u = |: :| andv = |: :| are two vectors in S. We have
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Fig. 3.13 An example of a vector space (with the shaded region representing x; > 0) that is not a
subspace of R2, as explained in Example 3.30

3.4.2 Linear Combinations and Span

Definition 3.18 (Linear Combination) v is a linear combination of a set of vectors
ug, uz, - -+ , uq if there is a solution to the vector equation

vV =x1uj + xu + - - - + xqu4, (3.13)

where x1, x2, - - - , x4 are unknown scalars.
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Fig. 3.14 An illustration of a
linear combination of two
vectors, as explained in
Example 3.31 i (4,5)
]
i
4 i
I
i
341.5u, i
I
v
1’4‘\“2 i - 2y
1
uy
(0,0) 1 2 3 4

Example 3.31 See Fig.3.14. We can express v = I:::| in R? as a linear

combination of the vectors u; = I:ﬂ and up [(2)] with x; = 2 and xp, = 1.5,
that is,

v =2u; + 1.5u;.

v is the longer diagonal of the parallelogram constructed by 2u; and 1.5u,.

3.4.2.1 Solving Simultaneous Equations to Find Linear Coefficients

Suppose we want to express v/ = (4, —2,2) in R® as a linear combination of the
vectors u]T =(1,2,1), u2T =(2,1,2),and u3T = (—1, 1, 1). We seek scalars x1, x7,
and x3, such that v = xju; + xpup + x3u3, that is,

4 1 2 —1
2| =x1|2|+x2|1|+x3| 1
2 1 2 1
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Since there are three unknown variables, we need to solve three equations:

X1 +2x —x3=4
2x1 +xp +x3=-2
X1 +2x+x3=2

We can solve simultaneous equations by elimination and substitution. The solution
isx; = _TS Xy = % and x3 = —1, so we can express Vv as follows:

v=_—u + —uy —u3.
3 1 32 3

34.2.2 Span

The next question is: if given a set of vectors, how big is the space of the set of all
linear combinations of the vectors? This is called the span of the set of vectors.

Example 3.32 Describe the space formed by the span(u), where u = [1]

Solution Any linear combination of I}:I is xju which is: |:x1
X1
R. Therefore, span(u) scales up or scales down along one line, where the two

elements in the vector are equal to each other. So the span is a line.

:|, where x| €

Example 3.33 Describe the space formed by the span(u, v), where u = I}:I,

=2
dv= .
wiv=[ ]

Solution Any linear combination of I}:I and |:

2] 1S x1u + xov which is:

X1 . + xo 2 _ 25 , where x1, x € R. Therefore, span(u, v)
1 -2 X1 — 2x2

scales up or scales down along one line, where both elements in the vector are
equal to x; — 2x,. Again, the span is a line.
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Example 3.34 Describe the space formed by the span< I} , [(2)] )

Solution Any linear combination of I}:I and [g:| 1S: X1 1:| + xo |:(2)1| =

= R2, that is,

[x1 _T_l 2x2i|, where x;, xo € R. Therefore, span( |:£| , |:g

any vector including two elements with arbitrary real numbers. So the span is
the whole of R?.

Definition 3.19 (Spanning Sets) Let V be a vector space. Vectors uy, up, - - - , uq
are said to form a spanning set of V if every v € V is a linear combination of
the vectors uy, uy, - - - , uq. That is, the spanning set of uy, up, - - - , ugq is the whole
of V.

In Example 3.34, u = |:£| and v = [gj| € R2 form a spanning set for R2. Of

course, there are many vectors in R? that would form a spanning set for R>. The

simplest example might be the two vectors: u = |:(1)i| andv = |:(1)i|

3.5 Linear Dependence and Independence

3.5.1 Linear Dependence and Independence

Intuitively, vectors are linearly dependent if one of them “depends” on the others;
that is, it is a linear combination of the others. Vectors are linearly independent
if none of them depends on the others; that is, there cannot exist any linear
combination of some of the vectors that add up to another one.

Definition 3.20 (Linear Dependence and Independence) Consider the vector
equation

xup +xoup + - - - + xqug =0, (3.14)
where u;, up and u,; are vectors with n elements, and xp, xp, - - - , x4 are scalars. The
vectors uy, up, - - - , Uy are called linearly independent if x; = 0, x; = 0, ---,
xqg = 0 is the only solution to Eq.(3.14) The vectors uj, uy, - -- , uy are linearly

dependent if not all x1, x», - - - , xg are zeros.
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Remark 3.8 When uy, uy, - - - , uy are linearly independent,
e x1 =0, xp =0, ---,xg = 0is the only solution to Eq. (3.14). On the other
hand, when uy, u, - - - , uy are linearly dependent, x; =0, x, =0, --- , x4 =0

is not the only solution.

e Any of these vectors cannot be expressed as a linear combination of other
elements. That is to say, for example, one cannot rewrite Eq.(3.14) as u; =
——uz — = —ud since x; = 0. On the other hand, if all the x; are not
zero then Eq (3. 14) can be rearranged to express one of the vectors in terms of a
linear combination of the others, so that they are linearly dependent. For example,
suppose x, # 0, then we can write that u, = _%“1 — ;C—;ll3 R — );—‘;’ud, that
is, up is a linear combination of the others.

* Two vectors u and w are linearly dependent if and only if one is a multiple of the
other. For example, suppose we have u = (1, —3) and w = (3, —9). u and w are
linearly dependent since w = 3u. ¢

Example 3.35 Let us consider a 3-dimensional Cartesian coordinate system

1
with X, Y, and Z axes. We have three vectors: the first one is | O |, the second
0
0 0
one | 1 [, and the third one | O |. They are the unit vector along X, Y, and Z
0 1

axis lines. Now the question is: Can we find a solution for a, b, and c, so that
the following linear system is valid?

1 0 0 0
a|l0f+b|1]|+c|O0[=]0
0 0 1 0
The only solution to the above simultaneous equations isa = b = ¢ = 0.
1 0 0

Therefore, | 0|, |1 | and [ O | are linearly independent.
0 0 1
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1 1 4
Example 3.36 Suppose we have three vectors: [ 1,3 | and [9 |, and
0 2 5
consider the following:
1 1 4 0
all|+b|3[+c|9[=]0],
0 2 5 0

which can be written as follows:

a+b+4c=0
a+3b+9% =0
2b+5¢=0

If we subtract the first equation from the second equation, we obtain 2b +
5¢ = 0, which is identical to the third one. The solution to these simultaneous
equations must satisfy 2b + 5¢ = 0. That is, there are many solutions. For
example,a =3, b=5, c=—2o0ra = —6, b = —10, ¢ = 4. In fact, when
a = b = ¢ = 0, the linear system is also valid. However, this is not the only

1 1 4
solution. Therefore, | 1 |, [ 3 | and [ 9 | are linearly dependent.
0 2 5

Exercise

3.17 Determine whether or not the following vectors are linearly depen-
dent:

[2 4
(1) _O:| and [1]

1 2 —1
@) (0], [1],and | 1
2 0 -2

[2 5
3) _3:| and [7.5].

85
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Fig. 3.15 An example of two
vectors linearly independent
of each other but not
perpendicular, as shown in 2
Example 3.37

(2,2)

(3,-1)

Remark 3.9 Orthogonal vectors are a special case of linear independence.
But being linearly independent does not mean the vectors are orthogonal to each
other. ¢

Example 3.37 Vectors |:§i| and [ 3 1i| are not perpendicular, since the dot

product of them is 4 and not equal to zero. That they are not perpendicular
can also be seen in Fig. 3.15. However, the only solution to the following:

a[)+=[2]-]

which can be written as simultaneous equations as follows:

2x1+3x =0
2x1—x2 =0

is x1 = 0 and xp = 0. Therefore, vectors |:§i| and |:31] are linearly

independent of each other.
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3.5.2 Basis of a Vector Space

We now revisit spanning sets for vector spaces. We saw at the end of Sect. 3.4.2.2
of this chapter an example of two vectors that represented a spanning set for R2. We
now define the basis for a vector space.

Definition 3.21 (Basis) A set S of vectors uj, us, --- ,uy is a basis of a vector
space V if it has the following two properties:

* S islinearly independent;
* Sspans V.

This definition says that a basis is a spanning set, and any element in this set
cannot be expressed as a linear combination of other elements. In other words, they
are linearly independent. Intuitively, the basis is the smallest set of vectors that will
generate the whole vector space.

In Rz, we need two non-parallel vectors. In R3, we need three vectors not in the

same plane. In fact, there is a standard basis for Rz, namely, the easiest: |:(1)] and

17 o 0
m Similarly in R?, the standard basisis |0 |, | 1 |,and |0
o] Lo 1

Remark 3.10 Case Study 2

In Sect. 1.3.2 of Chap. 1, we see that the PCA projection plot seems to result from
the axes in the original Cartesian coordinate system being rotated. In fact, principal
component analysis computes the orthonormal basis, each data projection being
a vector that lies in a vector space spanned by this basis. Each element of this
orthonormal basis can capture the most crucial information, the variance in the given
dataset. We will discuss this further in Chap. 4. ¢

3.6 Connection to Matrices

3.6.1 Determinants and Singular Matrices

A set of n vectors of length n is linearly independent if the matrix with these vectors
100
as columns has a non-zero determinant. For instance, the determinantof | 0 1 0 | is
001
1. As said in Sect. 3.3.10.2, such matrices have an inverse. (In this case, the inverse
is the same matrix.)
On the other hand, the set of n vectors of length n is linearly dependent if the
determinant is zero.
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We already know that vectors in the following matrix are linearly dependent:

114
139],
025

since it was shown in Example 3.36 of Sect. 3.5.1. And the determinant of it is:

114

det( 139 >:O‘
025

Definition 3.22 (Singular) A square matrix with linearly dependent columns is
known as singular.

Since such matrices have a zero determinant, they do not have inverses. So,
singular matrices do not have inverses.

Remark 3.11 So why is studying singularity and determinants important in Data
Science? This is because many algorithms used in Data Science assume that all
features of the data are linearly independent. ¢

3.6.2 Rank

Definition 3.23 (Rank) The maximal number of linearly independent columns of
a matrix is called its rank.

Example 3.38 The rank of the matrix, including three vectors shown in
Example 3.36 of Sect. 3.5.1, is in fact:

114
rank( 139 >=2.
025

This can be shown by taking any two columns u; and u; and solving the
equation x;u; + x;u; = 0. The only solution is always x; = x; = 0. So, any
two columns are linearly independent, and so the rank is 2.
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To find the rank of a general matrix, one can use Gaussian Elimination, which
is beyond the content covered in this book. Readers who want to learn more about
it can refer to [8]. Note that the rank denoted as » must be less than or equal to
the smallest of the two dimensions of the matrix, that is, » < min(m, n) for matrix
Mm xXn-




Chapter 4 )
Matrix Decomposition Chschie

Matrix decomposition is also called matrix factorisation. Unfortunately, many
matrix operations cannot be solved efficiently. However, in the same way, that
integers can be decomposed into prime factors to make calculations simpler, and
we can use matrix decomposition to reduce a matrix into parts that make it
easier to calculate more complex matrix operations. Such parts are, for instance,
diagonal matrices and triangular matrices (which only have values in the main
diagonal and either the top right half or bottom left half of the matrix). There
are many types of matrix decomposition, and in this chapter, you will learn two
different matrix decomposition methods: eigendecomposition and singular value
decomposition. In addition, you will learn an application of eigendecomposition—
principal component analysis.

4.1 Eigendecomposition

We first define eigenvectors and their corresponding eigenvalues of a square matrix
A.

Definition 4.1 (Eigendecomposition) Let A € R**" be a square matrix. Then A €
R is an eigenvalue of A and u (the non-zero column vector) is the corresponding
eigenvector of A if

Au = \u. 4.1)

Remark 4.1 Looking at Eq.(4.1), the left-hand side is a matrix multiplication
and represents a linear transformation of u; the right-hand side is just a scalar
multiplication. A scalar multiplication is just an elongation or shrinking of a vector
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along its own line. So after the linear transformation, the vector u is still along
the original line, either in the same or opposite direction (when A takes a negative
value); the length of the vector is changed if the absolute value of the scalar A does
not equal 1. ¢

The equation Au = Au has non-zero solutions for the vector u if and only if the
matrix A — AI has a zero determinant, that is, det(A — AI) = 0.
To see why it needs det(A — AI) = 0, let us rewrite Eq. (4.1) as follows:

Au=usc Au— 2 u=0Au—Alu=0< (A—-ADu=0. 4.2)

Looking at (A — AI)u = 0, then (A — AI) is just a matrix formed by subtracting two
matrices. Now suppose the matrix (A — AI) is invertible. This means det(A — AI) is
non-zero and (A — AI) ™! exists.

Then if we multiply (A — AI)~! on both sides of (A — AI)u = 0, we obtain
A=-2D!A-ADu=A-AD""0=>Tu=0=u=0.

This contradicts Definition 4.1, which says u is non-zero. Therefore, we cannot
assume (A — Al is invertible, which means det(A — AI) = 0.

Remark 4.2 det(A — Al) is called the characteristic polynomial of A. It is a
polynomial of degree n» in A and has n roots. det(A — AI) = O is called
the characteristic equation of A. Sometimes finding the roots of the charac-
teristic equation is just referred to as finding the roots of the characteristic
polynomial. ¢

4.1.1 Computing Eigenvalues and Eigenvectors

Suppose A is an n-square matrix. The following shows the procedure to compute
eigenvalues and eigenvectors:

» Step 1: Find the characteristic polynomial of A.

¢ Step 2: Find the roots of the characteristic equation of A to obtain the eigenvalues
of A.

* Step 3: Repeat the following two steps for each eigenvalue A:

1. Form the matrix M = A — AL
2. Find the solution of Mu = 0.

These non-zero vectors u are linearly independent eigenvectors of A. Each of them
has its corresponding eigenvalue A.
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Remark 4.3 In many applications of eigendecomposition, eigenvectors are unit
vectors, which means that their length or magnitude is equal to 1. ¢

Fig. 4.1 An illustration of
calculating the determinant of
A — ALin Example 4.2
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Exercises

4.1 Compute the eigenvalues and eigenvectors for the following matrices.

31
(l)A=_35].
21
(2)B=_45].
[—4 -3
(3)(::_2 3].
1 -3
(4)D=_2 6}.
[—12 2
GE=]|222
| —36—6

4.2 Can you find eigenvalues and eigenvectors for the matrix F = [ 02 (2):| ?

4.1.2 Diagonalisation

Finally, we can decompose a matrix A into simpler parts. If n x n matrix A has n
eigenvectors uj, uz, - - - , Uy with associated eigenvalues A1, Az, - - - , A,,, then A can
be written in a diagonalised form

A=UDU"!, (4.3)

where U = [uy, uz, - -- , uy], and D are a diagonal matrix with Ay, Ao, --- , A, as
the main diagonal elements.

If A can be expressed this way, it is said to be diagonalisable. Since it is not
always possible to find eigenvectors and eigenvalues for a matrix, then not all
matrices are diagonalisable.

Remark 4.4 Since each uj is a column vector, then U = [uy, up, - - - , up] is just
a normal matrix with each of its columns equal to one of the uj in turn. It is just
another way of describing a matrix. ¢

To prove that A can be diagonalised in the way described in Eq. (4.3), first we
multiply U from right on both sides of Eq. (4.3) and then multiply U~! from left on
both sides, we have

D =U"'AU. (4.4)
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Now we have to show that U"'AU is the diagonal matrix with A1, A2, - -+, A, on
the main diagonal.

Proof First note that U~y is the ith column of U~!U. That is U~ !y is the ith
column of the identity matrix I with a size of n x n since U~!U = I. Also remember

that U = [uy, up, - - - , uy] and that from the definition of eigenvectors that Au; =
Auj. Then:

U AU =U""Afug, uz, -+, uy]
= U_I[Aulv AuZa IR Aun]

= Uil [)"luls A’Z“Z? R )\nun]

= [U ug, U g, -, 2, U ag] 4.5)
A 0...0
0Xx...0
00 ...

O

Example 4.3 Let us revisit Example 4.1. After performing the eigendecom-

position, one possible solution for U = [ug,uz] is U = |:‘[ ‘/> i| The

3 -1 /S f
determinant of U equals to J_Slo and U™! = ﬁ [T @ . Substituting
VO L5 s

U~!, A, and U into Eq. (4.4), we have

2 L
D= f «F 42| AT |50
7 =L 3.1+ = 0-2]
V5 f V5 V10
where the two elements along the main diagonal are the eigenvalues of A.

Remark 4.5 If the n x n matrix A is symmetric, then it is diagonalisable. Moreover,
its eigenvectors corresponding to different eigenvalues are orthogonal to each other,
which is a special case of linear independence. Hence, U in Eq. (4.3) is an orthogonal
matrix. ¢
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Exercise
4.3 Diagonalisation. Find a matrix U, so that D = U~ AU is diagonal.

31

M A=[35

] (The first matrix in Exercise 4.1).

2 A= B 2] Since A is symmetric, check whether U is orthogonal.

4.2 Principal Component Analysis

Principal Component Analysis (PCA) is widely used in many Data Science appli-
cations. It extracts important information from the data. This important information
relates to the total variation contained in the data. One can use PCA to compress the
size of the dataset by keeping only the information relating to the most variance in
the data. One can also use PCA to visualise the structure of the data.

4.2.1 Mathematics Behind PCA

First, we need to define some concepts from Statistics. In each case, we will give
the definitions in their general form but give an example in terms of a small number
that might be easier to visualise.

Suppose X is a data matrix including n data observations with d dimensions
(or variables, features, or attributes). Each element of X is denoted as x; j, where
i=1,...,nand j = 1,...,d. For example, we could have 6 data points with 3
features (dimensions), for instance, height, width, and depth.

* Define the sample mean for each dimension

I
xj=;;x,-,j. (4.6)

In our example

1 6
)Ej = EZXU‘
i=1

So x1 would be the mean height.
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* Define the sample standard deviation for each dimension

_ 2
s(xj) = \/Zl—‘(x” ) 4.7)

n—1

The sample standard deviation can be considered as an average distance from the
centre of the data within a specific dimension.
In our example,

Ry
s(xy) = \/le(éxl_ll ) )

is the average distance in the data to the mean height.
The squared standard deviation is called variance:

var(x;) = (s(x;))%. 4.8)

e The degree to which a pair of variables is linearly related is referred to as the
correlation between the two variables. Here we define the sample covariance,
which measures the correlation between two dimensions (the 4th dimension and
kth dimension) in the data.

Yor (i — Xn) (Xi g — Xk)
n—1 '

cov(xy, xi) = 4.9)

The sign of a covariance value can tell us whether two features are positively
correlated or negatively correlated.

In our example, the correlation between the 2nd (width) and 3rd (depth) over
all six data points is:

6 _ _
Yo (i — X2)(xi3 — X3)

cov(xz, x3) = -1

* A particular correlation coefficient is the Pearson correlation coefficient: r

p o Covtm ) (4.10)
Jvar(xp)var(xy)
Pearson correlation coefficient has a value between — 1 and 1. It usually

evaluates the linear relationship between two continuous variables. If we want
to check the strength of the correlation between two features, then we need to
consider the absolute value of the Pearson correlation coefficient.
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e The covariance matrix is a d x d square matrix, X given by:

cov(xy, x1) cov(xy, x2) -+ cov(x1, Xg)
cov(xz, x1) cov(xz, x2) - -+ cov(xz, Xq)

cov(xg, x1) cov(xq, x2) -+ - cov(xg, Xg)
For example, for our data, the covariance matrix is a 3 x 3 matrix:

cov(xy, x1) cov(xy, x2) cov(xy, x3)
Y = | cov(xp, x1) cov(xz, x3) cov(xy, x3)
cov(xs, x1) cov(xq, x2) cov(xz, x3)

The covariance matrix is symmetrical, where cov(xy, xx) = cov(xk, xp).
Each element of the main diagonal is the variance of a specific dimension.

For our data, for example, cov(x1, x2) = cov(xa, x1) since the correlation
between height and width is the same as the correlation between width and
height.

Also, on the main diagonal, the first number is

6 T < 6 .
cov(xy, x1) = Doim1(xi 6_x11)(xi,1 —X1) _ Zi=1(6x,~,11— xl)z.

This is the variance var(x) of the heights.
* The covariance matrix is symmetric, so we can do eigendecomposition on the
covariance matrix, since there exist u; eigenvectors of X such that

Ell,' = )\illl'.

Recall that if the matrix is symmetric, then eigenvectors corresponding to
different eigenvalues must be orthogonal to each other.

4.2.2 The Definition of PCA

The d principal components of data X (n x d) are the d eigenvectors uj, up, ..., Uy
corresponding to the d ordered eigenvalues A1 > Ay > ... > A4 of the covariance
of X, X.

Remember that there are d dimensions (or features) of each data item. Suppose
there are just three dimensions, like height, width, and depth. These can be plotted
in a three-dimensional space using height as the x-axis, width as the y-axis, and
depth as the z-axis. What we are doing with PCA is replacing these three mutually
perpendicular axes with three different mutually perpendicular ones. The first of
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Fig. 4.2 An illustration of
projecting the data onto u

direction of u;,

1
]
[l |
I
1
1

0 -

A direction of u;

these new axes, uy, will be the direction of the most variance in the data, the second
axis, up, will have the next most variance and so on.

So the first principal component of the data X is the vector uj, such that the
projection of the data onto uj, that is, Xuj, has the largest variance, subject to
the normalising constraint ulTul = 1. This normalising constraint means that the
principal component is a unit eigenvector, and its variance can be measured by the
corresponding eigenvalue.

The second principal component is always orthogonal to the first component,
and the third principal component is orthogonal to both the first two, etc. Up to d
principal components can be found by this method. Projections of the data on each
principal component are obtained as linear combinations of the original variables,
that is, Xu;.

Remark 4.6 When calculating Xuj, each data vector x; in the matrix X forms a
dot product with u;. Also ulTul = 1, that is the vector u; is a unit vector of length
1. So using the second definition of dot product, the geometric definition, we get
Xj-u; = ||Xj|| cos 8, where 6 is the angle between them. Looking at Fig. 4.2, which as

a two-dimensional representation only has u; and u,, we see that cos6 = OA/OB

— —
and so OA = OBcos6 = |xi|| cos@. This can be seen as laying the length of x;
onto the vector uy, and this is what is meant by projecting the data onto uj. ¢

4.2.3 PCA in Practice

The following procedure shows how to perform PCA in a real-world setting:

1. Pre-process the given dataset with n data points and d attributes: For example,
normalise the data, so that they have zero means and unit standard deviations.
We use X to denote the normalised data matrix with a size of n by d.

2. Calculate the covariance matrix. The size of the covariance matrix is d by d.
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3. Compute the eigenvectors u; and eigenvalues A; of the covariance matrix. The

size of the eigenvector matrix is d by d, where each column vector is an
eigenvector. The number of eigenvalues is d.

. Select k principal components, where k& < d. If we are trying to illustrate the

data then we usually just pick k = 2, since it is easy to plot and visualise.
Usually these are the first two principle components, since we want to visualise
the greatest variance. If we are trying to compress the data, we may use any value
k < d and again pick the first kK components so as to retain the most variation.

. Derive the new dataset. That is, project the normalised data onto the selected

k principal components. This step involves a very basic operation: matrix
multiplication.

projected_data = normalised_data x selected_principal_components.
For example, the projections along the first principal component are given by:
projected_data = X, xqu4x1 = upxX 1 +upXx+---+uqgxXq,

where u11, u21, ... and ug4 are elements of u; and x 1,X 2, ..., and X 4 denote
the individual attributes of the data, that is the column vectors of the data in the
matrix X. It can be further written as follows:

X11 X12 X1d
projected_data =uyy | | +uz | ¢ |4 Fua

Xnl Xn2 Xnd

As can be seen, the projection of each data point on the first principal component
is a weighted sum of all attributes or features, where the weights are elements in
the corresponding eigenvector. In general, projections of data points on a specific
principal component are a linear combination of all attributes or features of the
dataset.

Since PCA is a method to extract the total variation information of the data, it is
important to report how much selected principal components have captured this
information. We have:

Total variation in the original data is 7 (X).

Total variation of principal components is »_ A;.

When performing a PCA, the variation information of ¥ is kept in A's, so we
have

D ki =tr(T).
Ai

S is the amount of information contained in the ith principal component.
J




104 4 Matrix Decomposition

M is proportion information in first k principal components;

* We can use PCA to do feature extraction. That is to select the first k& principal
components. When doing feature extraction, we want %ﬁ“") large but
J

also want k small.

4.2.4 Case Study 2: Continued (1)

15
22
Consider a small dataset X = | 33
44
51
This data has five data points, each with dimension 2, so n is 5 and d is 2.

* Pre-process the given dataset. In this example, we remove the mean value from

each dimension. Since X; = HZJ@—HH =3and x, = szﬂ = 3, the
-2 2
—-1-1
datasets having zero means are shown as follows: newX = 0 0
1 1
2 -2

Here the variance of both columns is the same (and is 2.5). In this case, since
the variance is the same, there is no need to normalise by dividing by the standard
deviation. This would not be the case with realistic examples. More will be said
about this in Chap. 7, Sect. 7.4.3.

¢ Calculate the covariance matrix using Egs. (4.7), (4.8), and (4.9). We have:

var(newx)) = (s(newx;))>

_ (\/(—2)2+(—1)2+0+12+22)2
N 5-1

=25,

var(newxz) = (s(newxy))?

B (\/(2)2 F(=D24+0+12+ (—z)2>2

5—-1
=25,
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and

cov(newxi, newxy) = cov(newxy, newxy)

Y (i — 0)(xi2 — 0)

5—-1
_ (2)x2Q)+ (D) x (=) +0x0+1x14+2x (—2)
- 4
=-—1.5.
. .. 25 —1.5 . .
The covariance matrix is X = 15 25 | Since the data is two-

dimensional, the size of the covariance matrix is 2 by 2.
e Compute the eigenvectors and eigenvalues of the covariance matrix. We obtain
the following:

4T .1 =1
- A —4’11] _[\{E ‘/li]

— 1yl —7L L
- =1Ly _[ﬁﬁ]'
The sum of eigenvalues 4 4 1 = 5 equals the sum of elements along the
covariance matrix 2.5 4 2.5 = 5. Readers are encouraged to check the results
by following the steps shown in Sect. 4.1.1 of this chapter.

» Select principal components. We shall use both the first principal component and

the second principal component to visualise the data in this example. The first

principal component is ulT = [\/LE :—é] having the largest eigenvalue of 4. The

Al 4

T, S T = 80% of the total variation in

first principal component captures
the dataset.
* Derive the new dataset using XU, where U is the matrix formed with columns
equal to the two eigenvectors u; and u;.
Doing this for each data point, in turn, we can see where each point is moved
to in the PCA space. So taking the first data point [—2, 2] on the first principal

component, we have

1

projected_data_pcl = [-2, 2] x V2= —2x L +2 x ! 4
g - ’ 1 ﬁ

R

V2

To project the data point [—2, 2] on the second principal component, we have

. 7 1 1
projected_data_pc2 = [-2,2] x [ Y7 | = -2 x —=+2 x — =0.
V2

V2 V2
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Therefore, the projection of data point [—2, 2] in the PCA space is [—%, 0].
Projections of the other four data points can be calculated in the same way. The
final PCA plot is shown in Fig. 1.5 of Chap. 1. This PCA plot has captured all
variation information in the original dataset.

This example is unrealistic, since it only has two dimensions. It was picked, so
that all the stages could be calculated by hand and the working can be explained. In
the next section, we illustrate a realistic data set.

4.2.5 A Principal Component Analysis on the Sparrow Dataset

In this example, we demonstrate PCA on a female sparrows dataset. The data
includes 49 sparrows with five body measurements which are total length, alar
extent, length of beak and head, length of humerus and length of keel of sternum.
After a severe storm, about half of the 49 birds died. The researcher wanted to know
whether they could find any support for Charles Darwin’s theory of natural selection
[9].

First, we normalise the data, so that each feature has a zero mean and a unit
standard deviation. We then obtain the covariance matrix of the normalised data,
equivalent to the correlation-coefficient matrix, which is shown as follows:

1.0000 0.7350 0.6618 0.6453 0.6051
0.7350 1.0000 0.6737 0.7685 0.5290
Y =]0.6618 0.6737 1.0000 0.7632 0.5263
0.6453 0.7685 0.7632 1.0000 0.6066
0.6051 0.5290 0.5263 0.6066 1.0000

As can be seen, r(X) = 5.0000. After doing the eigendecomposition, we have the
following eigenvalues:

« A1 =3.6160, Ay = 0.5315, A3 = 0.3864, 14 = 0.3016, A5 = 0.1645,
e YA = 5.0000,

and eigenvectors are shown in Table 4.1.

Table 4.1 Eigenvectors and
eigenvalues of the covariance
matrix of the sparrow dataset

uj u u3 uy us
0.4518 |—0.0507 |—0.6905 | 0.4204 | 0.3739
0.4617 | 0.2996 |—0.3405 |—0.5479 |—0.5301
0.4505 | 0.3246 | 0.4545 0.6063 |—0.3428
0.4707 | 0.1847 0.4109 |—0.3883 | 0.6517
0.3977 |—0.8765 0.1785 |—0.0689 |—0.1924
A 1 3.6160 | 0.5315 0.3864 | 0.3016 | 0.1645
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Fig. 4.3 A PCA visualisation 2 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
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Figure 4.3 shows the first principal component plotted against the second
principal component. The difference along the first principal component (denoted
as PC1) axis between the rightmost point and the leftmost point is about 8, and the
difference along the second principal component (denoted as P C?2) axis between the
highest point and the lowest point is greater than 4 but much less than the 8 along
the PC1 axis. In fact, from Table 4.1, it can be seen that the variance along PC1
is 3.616, and the variance along PC?2 is 0.5315. The first two principal components
have captured (3.6160 + 0.5315)/5.0 = 82.95% of the total variation among the
data.

PCA is often used to help visualise the most important aspects of multiple
dimensional data, since multiple dimensional data is not visualisable in itself. It can
often show relationships that are not obvious in the original data. For the sparrow
dataset, we can see that the two classes cannot be linearly separated in the PCA
space. However, it does illustrate that there are some outliers in the non-survival
class.

Projections (denoted as proj_pcl) along PC1 are calculated using the following
equation:

proj_pcl = Xuj

0.4518
0.4617

= [X1, X2, X3, X4, Xs] | 0.4505 4.11)
0.4707
0.3977

= 0.4518x; + 0.4617x; 4 0.4504x3 4 0.4707x4 + 0.3977xs.

where X1, X3, - - - , X5 are the five columns of X.
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Projections (denoted as proj_pc2) along PC?2 are calculated using the following
equation:

proj_pc2 = Xup

—0.0507
0.2996
= [X1, X2, X3, X4, X5] | 0.3246 (4.12)
0.1847
—0.8765

= —0.0507x1 + 0.2.996x, + 0.3246x3 + 0.1847x4 — 0.8765%s5.

where X1, Xp, - - - , X5 are the five columns of X.

Researchers can trace back to the original data based on the PCA projection plot
to look into more details. For instance, the lowest point in Fig. 4.3 clearly looks like
an outlier. So we can look at proj_pcl being positive with a value just above zero
and proj_pc2 being negative and less than — 2.5. In fact, this specific sparrow
has a total length of 162 millimeters (mm), an alar extent of 239 mm, a length of
beak and head of 30.3 mm, a length of humers of 18.0 mm, and a length of keel of
stermum of 23.1 mm. After removing the mean and converting each feature to the
unit standard deviation, we have x; ~ 1.11, xp ~ —0.46, x3 ~ —1.47, x4 ~ —0.84,
and x5 ~ 2.32. It tells us that this sparrow’s total length and length of keel of
stermum are greater than their corresponding mean feature values, while the other
three features are less than the corresponding mean feature values. Researchers may
further work out why this sparrow is an outlier by comparing its body structural
information with other sparrows’ body structural information.

Exercise

4.4 Do a principal component analysis on the following small dataset Y
3 3
0 0
involving five data points: Y = | —3 —3
-1 1
1 -1

(1) Compute the mean value of each variable.

(2) Compute the standard deviation of each variable.

(3) Compute the covariance between two variables.

(4) Write down the covariance matrix.

(5) Find the eigenvalues and eigenvectors of the covariance matrix.

(6) Find the percentage of variance captured by each principal component.
(7) Compute the projection for the first data point [3, 3] in the PCA space.
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4.3 Singular Value Decomposition

Singular value decomposition (SVD) is one of the most known and widely used
matrix decomposition methods. SVD can be used as a method for dealing with large,
high-dimensional data and finding important dimensions in the data.

Definition 4.2 (Singular Value Decomposition) Let M be the real n x d matrix
that we want to decompose. The SVD theorem states:

M xq = Unxnsnxdvgxa', 4.13)

where

¢ U is a column-orthonormal matrix; the columns of the U matrix are called the
left-singular vectors of M;
e Sis

— an x d diagnonal matrix;

— the diagonal values in the S matrix are known as the singular values of the
original matrix M;

— the singular values are stored in descending order along the main diagonal in
S;

— the number of non-zero values in S is equal to the rank of matrix M.

¢ Vs a column-orthonormal matrix; the columns of V are called the right-singular
vectors of M.

The SVD described in Eq. (4.13) is called a full SVD. Some of the non-zero singular
values may be significant, while others may be very small and not significant.
The singular value decomposition can also be done as follows:

Myixa = UpnsekSixk Viseas 4.14)

where k < min(n, d). This is often called compact SVD, or economy SVD.

If kK = r, where r is the rank of M, then M,, ;s = Unkakka,ZX 4> otherwise,
if k < r,then Mg ~ UnkakaVZXd which is useful in data compression as we
will see later (Sect. 4.3.6 of this chapter).

Note that the SVD of a matrix is not a unique solution.

4.3.1 Intuitive Interpretations

LetM = |:g _02:|, and Apgr denotes a triangle constructed with 0_1)7 = [;], (7q> =

[i}, and oF = |}:| (see the red triangle in Fig. 4.4a).
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Fig. 4.4 An illustration of how SVD works. (a) The original triangle, Apgr, is shown in red,
and its transformed version, after the linear transformation defined by matrix M, is shown in blue.
(b) The triangle is shown in black after the linear transformation defined by matrix V7. (¢) The
triangle is shown in green after the linear transformation defined by matrix SVT. (d) The triangle
is shown in blue after the linear transformation defined by matrix USV7 . This is the same as the
transformation defined by M shown in (a)

After doing SVD on M (Sect. 4.3.3 of this chapter shows a possible method to

1 1 11
perform SVD), we have U = 1\/5 “{7 S = [(2) g:|, and VI = \? \/51
V2 2 V2 2

As mentioned in Sect.3.3.4 of Chap.3, a vector can be linearly transformed
through matrix multiplication. Figure 4.4a shows the triangle A pgr in red and the
triangle (in blue) after the linear transformation given by matrix M, which is the
result of M multiplying each edge of Apgr. As can be seen, the triangle has been
rotated and made bigger. Panel (b) displays, in black, the resultant triangle after
rotating the triangle A pgr via a linear transformation given by matrix V7, that is,
VT multiplies each edge of Apgr. As can be seen, the size of the triangle remains
the same. The black triangle is then stretched after another linear transformation
given by S; that is, S multiplies each edge of the black triangle, as shown in panel
(c) in green. This time there is no rotation involved. In panel (d), a further rotation
has happened, and the final triangle is shown in blue, which is the result after U
is multiplied by the green triangle. The size of the blue triangle is the same as
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the green one. The blue triangles in panels (a) and (d) are the same. This shows
that the linear transformation represented by multiplying by M can be decomposed
into three simpler, linear transformations represented by multiplying by matrix V7,
matrix S, and matrix U in that order.

4.3.2 Properties of the SVD

If M = USV7, where the size of S is n x d, then

1

. UTU = L This can be obtained by Definition 4.2, since U7 has rows which are

orthonormal and U has columns which are the same orthonormal vectors and
matrix multiplication multiplies rows from the first matrix by columns of the
second.

. VI'V = 1. This can be obtained by Definition 4.2 for the same reason.
.MT = VSTU”. This can be obtained by applying the fourth property of

Sect.3.3.11.1 of Chap. 3.

. US(;,i) = MV, i), where (:, i) is the ith column of each matrix. This can be

obtained by multiplying the right-hand side of both sides of Eq. (4.13) by V and
considering each column separately.

4.3.3 Find a Singular Value Decomposition of a Matrix

Let M be a matrix. One can find a singular value decomposition on M by following
the procedure shown as follows:

1.

Compute A = M" M.

2. Find the eigenvalues and eigenvectors of A:

a. sort the eigenvalues in descending order;
b. the square roots of the eigenvalues are the singular values;
c. the corresponding unit eigenvectors are the right-singular vectors V of M.

. Find the left-singular vectors U one column at a time by using the property US(:

, 1) =MV(,i0).

Alternatively, one can do the singular value decomposition on M starting with

the calculation of A = MM . In this way, the unit eigenvectors obtained from the
eigendecomposition are the left-singular vectors of M. To find the right-singular
vectors V, one can use U'M = SV, which can be obtained by multiplying the
left-hand side of both sides of Eq. (4.13) of this chapter by U”. We can then find V7
one row at a time.
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4.3.4 Case Study 2: Continued (2)

Find a singular value decomposition of

-2 2
-1 -1
newX=| 0 0
1 1
2 =2

Note that newX is a 5 x 2 matrix, son = 5 and d = 2. We are actually going to find
the compact or economy version of SVD, using Eq. (4.14) of this chapter, where
k = d = 2, where 2 is the rank of newX.

Solution (Note we have the particular matrix newX instead of M as used in the
theory):

1. Compute newX’ newX.

10 —6
A= XT X = .
new new. |:—6 10i|

2. Do the eigendecomposition on A by following the procedure introduced in
Sect.4.1.1 of this chapter, and we obtain Ay = 16, A, = 4, and two possible

/2

a. Sort the eigenvalues in descending order.

b. The square roots of the eigenvalues are the singular values. In this case, they

are 5] = v/16 =4 and s» = Vi = 2, and they are elements along the main
diagonal of the singular-value matrix:

1 1
corresponding eigenvectors are v| = |: f/§:| and vp = |:\1f2:|, respectively.
72

c. The corresponding unit eigenvectors are the right-singular vectors of M. Then
V is the matrix with these two eigenvectors as columns, that is
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3. Find the left-singular vectors U by using the property US(:, i) = newXV(:,i);
that is, we find U one column at a time:

1
-2 2 V)
—1—-1|r__o 0
uy=—newXvi=-|0 0 |: fﬁ:| = 0o |,
! 11 72 0
1
2 -2 —2
) O1
-1 -1 1 -
1 1 - V2
u; = —newxXvy = 2 0 0 |:‘/1§:| = 0
52 11 |Lv2 1
V2
2 =2 0
Thus
1
a0
0 -
U=[u,wm]=| 0 0
o L
. V2
-2 0

1
-2 2 V2 01
newX=|,0 0|=| 0 0 [gguff] .
11 0o L V2 V2
/2
2 =2 -L 9

Remark 4.7 If, instead of finding the compact or economy SVD, we had found the
full SVD, then S would be a 5 x 2 matrix:

40
02
S=100]{,
00
00
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and U would be a 5 x 5 matrix. But since the last three rows of S are all zeros, the last
three columns of U are irrelevant. Hence, finding the compact or economy SVD with
k=d =r =2, where r = 2 is the rank of newX, finds all the relevant information
of the full SVD, since we can only get 2 non-zero singular values anyway. ¢

Exercise

4.5 Find a singular value decomposition for k = d = r = 2 of

3 3
0 0
Y=|-3-3
—11
1 -1

4.3.5 An Example of the Interpretation of SVD on a Small
Dataset

Results of SVD can provide insights to explain concepts included in a dataset.
Suppose four children have ranked five books written by Louis Sachar and Philip
Pullman, respectively. The ranking is shown in Table 4.2, where the maximum score
is 5:

We have the ranking matrix shown as follows:

55400
44300
M= 00055]|’

00033

Table 4.2 The rankings of five books reviewed by four children

Louis Sacha Philip Pullman
Holes Small steps Fuzzy mud Serpentine Northern lights
Mary 5 5 4 0 0
Jack 4 4 3 0 0
Tim 0 0 0 5 5
Ann 0 0 0 3 3
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where each row shows rankings for all five books by one child and each column
shows rankings for one specific book reviewed by all four children. We perform an
SVD using Eq. (4.14) of this chapter and set k = 2 (note that the rank of M is 3).
Keeping two decimal places for each value, we have

0.79 0
062 0 |[103 07062062048 0 0
0 0.86 [0 8.2][ 0 0 0 071071
0 0.51

M~ USV’ = } NN E)

In this example, the concepts are two authors. The U matrix connects children
to the author they like, where the first column corresponds to Louis Sachar and
the second column corresponds to Philip Pullman. For example, Jack likes Louis
Sachar’s books and has not ranked Philip Pullman’s books. Scores corresponding to
Jack in the U matrix are in the second row with values of 0.62 and 0, respectively.
Scores corresponding to Mary are 0.79 and 0, respectively, shown in the first row
of U. Mary has not ranked Philip Pullman’s books either. The score from Mary to
Louis Sachar is higher than the one from Jack to Louis Sachar, because Mary has
given a higher rank to each of those three books written by Louis Sachar than Jack
has.

The matrix S tells us the strength of concepts in the dataset. 10.3 is the strength
of Louis Sachar, while 8.2 is the strength of Philip Pullman. The information about
Louis Sachar is stronger, because there is more information in the dataset about
books written by Louis Sachar.

Finally, the V matrix connects books to authors. The first three books in the
first row are written by Louis Sachar, and the last two books in the second row
are written by Philip Pullman. Interestingly, one cannot compare values in the V
across two authors. For example, it does not make sense to compare 0.62 to 0.71.
However, one may compare values within each specific author. For instance, 0.62
is bigger than 0.48, and it suggests that both Holes and Small Steps have a better
ranking than Fuzzy Mud overall for Louis Sachar in this small review dataset.

Now let us swap the first two rows of M and keep values in N as shown as
follows:

44300
55400
00055
00033
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After performing an SVD on N, we have

—0.62 0
-0.79 0 103 0 7[-0.62 —0.62 —0.48 0 0
N~ USV! = .
0 086 [0 8.2][ 0 0 0 0.710.71}

0 051

Comparing with the SVD output in the mathematical expression (4.15), one can
see that S is the same, and the absolute values of the two V7 matrices are equal.
However, the first two rows of the U matrix have been swapped, and the signs of
values in these two rows have been changed.

Furthermore, let us swap the first column and the last column of M and keep
values in Z as shown as follows:

05405
04304
50050
30030

After performing an SVD on Z, we have

079 0
062 0 |[103 0 0 0620438 0 0.2
0 —0.86 [0 8.2] [—0.71 0 0 —071 0 ]
0 —0.51

Z ~USV! =

Comparing with the SVD output in the mathematical expression (4.15), one can see
that S is the same, and the absolute values of the two U matrices are equal. But the
two VT matrices are different. The absolute values seem the same; however, the first
column and the last column have been swapped, and the signs of some values have
been changed.

Remark 4.8 U is a matrix that holds important information about rows of a given
data matrix; V7 is a matrix that holds important information about columns of the
given data matrix. ¢

4.3.5.1 One More Property of SVD

IfM,xq = UanSndegxd, then s; = ||Myv;||, where s; is the ith value along the
main diagonal of S, and v; is the ith column of V.



4.3 Singular Value Decomposition 117

For example, if we calculate Mv;, where v; as shown in the mathematical
expression (4.15, we have

55400 82; 8.12
My, = 44300 048 | = 6.4

00055 0

00033 0 0

The norm of Mv is +/8.12% + 6.42 &~ 10.3, which is approximately equal to the first
element of S in the mathematical expression (4.15). The approximation is caused
by the fact that we have kept only two decimal places in (4.15). As mentioned
previously, s is the strength of the first author in the data matrix. Mv; shows each
child’s overall rating to the first author. It is an average of all five books weighted
by the first row in V7. Therefore, ||[Mv; || may be considered as a score over all four
children, weighted by the first row of V7, which connects books to Louis Sachar.

4.3.6 An Example of Image Compression Using SVD

Let us do image compression using SVD on a cat image' as shown in Fig. 4.5. The
size of the image n x d is 668 x 640. That is, the image has n = 668 row and d = 640
column pixels. An image can be treated as a matrix of pixels with corresponding
colour values and can be decomposed using SVD with a smaller number of singular
values that retain only the essential information that comprises the image which
results in a smaller image file size.

Figure 4.6 shows the sorted singular values after performing a full SVD on the
cat image. As can be seen, singular values decrease dramatically from the first one
to the 50th and converge to about 0 after the 100th singular value.

We can compress the image by using a smaller number (k) of singular values on
the right-hand side of Eq. (4.14) in this chapter to reconstruct the image. Figure 4.7
shows three compressed images with the number of singular values equal to 50, 20,
and 5, respectively.

The quality of a compressed image can be measured using the following equation
(assuming the size of the original image isn x d.):

2 2
Ky + e + Ky
—t ’; x 100%, (4.16)

sl + . + Sd
that is, the sum of the squares of the retained singular values divides by the sum

of the squares of all of the singular values. In this example, the image quality is

! This image was sourced from Pexels: https://www.pexels.com/search/cats/.


https://www.pexels.com/search/cats/
https://www.pexels.com/search/cats/
https://www.pexels.com/search/cats/
https://www.pexels.com/search/cats/
https://www.pexels.com/search/cats/
https://www.pexels.com/search/cats/
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Fig. 4.5 The
black-and-white version of
the original colour image of a
cat

Fig. 4.6 A plot of singular 250
values sorted in descending
order
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Index of each singular value

99.37%, 98.73%, and 95.57% for k = 50, 20, and 5, respectively, calculated from
Python programming. The compressed image with k = 5 is not good, as can be seen
in Fig. 4.7, although a percentage value of 95.57 seems a lot.

The compression ratio of an image can be calculated using the following
equation:

nxd

S (4.17)
kx(m+1+d)
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Original k=50

k=120 k=56

Fig. 4.7 The original image of a cat and its reconstructions using different numbers of singular
values

The top line is the size of the original matrix = n x d. The bottom line is the sum of
three small matrices after SVD, namely, n x k + k x k 4+ k x d. However, since the
singular values are kept in the main diagonal of S, one can just save the top k values
along the main diagonal rather than the whole k& x k matrix. Hence the bottom line
isnxk+kxl+kxd=kxn+14+d).

Remark 4.9 When performing an image compression task, one needs to consider
both the image quality and the compression ratio. That is to have a compression ratio
as large as possible while keeping the compressed image as good as the original
one. ¢

Example 4.4 Compute the compression ratio of the cat image for k = 50
(the second image in the first row of Fig. 4.7).

. : o 668x640
Solution Compression ratio = S0X (6681 11640 > 6.53.
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Exercise

4.6 Compute the compression ratio in Example 4.4 with k£ = 20.

4.4 The Relationship Between PCA and SVD

If M = USV, then columns of V are principal directions (or axes). Singular values
are related to the eigenvalues of the covariance matrix via the following equation,
where 7 is the number of data points:

Ao=sP/(n—1), (4.18)

Now let us compare results obtained in Sects.4.2.4 and 4.3.4 of this chapter.
As can be seen, the two columns of V in the SVD calculation are equal to the two
eigenvectors in the PCA calculation. If we substitute s; = 4 and s, = 2 to Eq. (4.18),
we have 54721 =4 and 52721 = 1, respectively, which are eigenvalues of PCA in Case
Study 2 (Sect. 4.2.4).

Exercise

4.7 Exercises 4.4 and 4.5 work on the same data matrix using PCA and
SVD, respectively. Apply Eq. (4.18) to results obtained from Exercise 4.5,
and compare these eigenvalues with what you have obtained in Exercise 4.4.
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Calculus Pt

This chapter introduces calculus. Calculus deals with the way in which quantities
grow or change in relationship with each other. This chapter includes finding the
derivative of a function, finding an integral, and some applications of derivatives,
such as finding the local minimum and maximum of a function. Many readers will
have covered this material before; this chapter will, therefore, represent a reminder
for such readers. Doing the many exercises will help with that revision. For others,
the many examples and exercises will aid in the learning process.

5.1 Limits of Functions

The principles behind both differentiation and integration in calculus are based on
the concept of limits. So, before introducing the derivative of a function, we need to
have an understanding of limits.

The limiting value of something is the value you get as you approach it ever and
ever closer. To find the limiting value of a function of x at a point xg, if such exists,
you need to look at the value of the function as you approach ever closer to the point.
If the limiting value of the function A exists, then we need to show that the function
gets closer to A as x approaches xg. This is formalised in the following definition.

Definition 5.1 (Limits) Let f(x) be a function defined at all values of x with the
possible exception of x = x¢. If for any positive number € (however small), there
exists a positive number § so that whenever 0 < |x — xgo| < §, the function f(x)
satisfies | f(x) — A| < €. We say A is the limit of f(x) as x approaches xg (x — xq)
and denote it as

lim f(x)=A.
X—>X0
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Fig. 5.1 An example of a 6
function, f(x) = ’;2:24, that s

is undefined at x = 2

(indicated by the hollow
circle) but well-behaved 3
nearby fx),

Table 5.1 Asx — 1, we
have f(x) =2x — 2.

X 0 109 099 [0.999 |0.9999
f(x) |0 |1.8 [1.98 |1.998 | 1.9998

Why do we need the concept of limits? Some functions are not defined at a point
but are well-behaved nearby. For example, see Fig. 5.1, where function f(x) = ’;2__24
is undefined at x = 2, since this value makes the bottom line zero, and so f(x) is
undefined. However, as can be seen, as x — 2, we have f(x) = 4. This means

when x is near 2 but not equal to it, the values of f(x) are near 4. That is,

lim f(x) = 4.

How near can it be? The answer is that it can be as near as we want it to be. For
example, if f(x) = 2x, thenas x — 1, we have f(x) — 2, as shown in Table 5.1.

5.1.1 Left- and Right-Hand Limits

Let us consider f(x) = Ii :g'. The function is undefined at x = 3 (see Fig.5.2).

Suppose we imagine that x is moving. Then, it can approach 3 either from the right
or from the left. We indicate these by writing x — 3% and x — 37, respectively. In
this example, as x — 37, we have f(x) = —1. On the other hand, as x — 37, we
have f(x) = 1. We can write these as

lim f(x)=—1, and lim f(x) = 1.
x—3t

x—3~

We say that

lim f(x) = Ay, if f(x) > Arasx — xg,

X*))CO
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fx), |
-14 ’)
_2
-1 0 1 2 3 4 5 6 7
X
Fig. 5.2 An illustration of the limits of the function f(x) = % as x — 3, approaching from

the right (dotted circle) and from the left (solid circle)

and

meu)zALﬁfu%»Aymxaxﬁ

x—)xo
If Ay = A, = A, then

lim f(x) = lim f(x) =4,

x—>x0 )C—)XO

that is, it does not matter which side x approaches xy from, then the limit of the
function exists and we say that

lim f(x) =A.
X—>X0
This can be seen in the example above, f(x) = );2__24 , where the value f(x) =4

is obtained if you approach 2 from either side.

5.1.2 Theorems on Limits

Suppose g(x) and i (x) are two functions. If

lim g(x) = Aand lim h(x) = B,
X— X0 X—>X0
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lim (g(x) £ h(x)) = A+ B = lim g(x) £ lim h(x).
X—X( X—>X0 X—>X0

lim (g(x)h(x)) = AB = lim g(x) lim h(x).
X— X0 X—> X0 X—> X0

im @=é=w, if B # 0.
x=x0 h(x) B limy_y, h(x)

Sometimes it happens that as x — xg, the limit of either g(x) or /& (x), or both
does not exist. Finding the limits of such functions is beyond the scope of this book.
Readers may want to view details from [6].

(continued)
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It can be seen that one can substitute the value of xq into a rational function to
find the limit of the function. However, if a rational function’s denominator equals
zero or approaches oo after substituting, it needs to be treated differently. Let us
consider the following two examples.
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(continued)
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(€)]
. x—2
lim s
x=>2 4/x +2
4)
, 8x3 —1
lim —
E. 6x° —5x +1
(5)

453 —2x2 + x
im-—————
x—0  3x24+2x

5.1.3 Continuity

Let f(x) be defined for all values of x, near x = xo as well as x = x¢o. The
function f(x) is called continuous at x = xp, if lim,_, x, f(x) = f(xo). Consider
the following:

3
fao =171

and lim f(x) = 1.
O, X = l x—1

f(x) is not continuous at x = 1 since f(1) =0and lim,_,1 f(x) =1# f(1).

5.2 Derivatives

We can apply the concept of limit in many applications.

For example, the position of an object with uniform motion (constant velocity)
along the x-axis at time ¢ is x = f(¢). Its velocity is the ratio of the distance it
travels to the time it takes, which is the same at all points. However, if the motion is
not uniform, its velocity is different at different time intervals. For any time interval,
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f(x)

ORI\~

X1 X X

Fig. 5.3 An illustration of the slope of a secant line, represented by the dashed line

denoting the starting time point as 7y, when the object is at point xg, the velocity can
be found by calculating the following:

x =% _ [0 = ft)

t—1 t—1

5.1

which is the average velocity within the time interval. If 1 — 7y and the limit of
Eq. (5.1) exists, then

i J (@) — f()
m ——

=i t—1

is the velocity of the object at the instant in time ¢ = fg.
Let us consider another example. The slope of the line joining two points on a
curve, called a secant line, as shown in Fig. 5.3, can be calculated as follows:

change in f(x)  f(x2) — f(x1)

slope = - =
change in x X2 — X1

(5.2)

If x; — x» and the limit of Eq. (5.2) exists, then

T fx2) — f(x1)
m —

) X2 — X1

is the slope of the line just touching the curve, called the tangent, at the point

(x2, f(x2)).
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In the above two examples, we tried to calculate the limit of the rate of change
of a function: the change of the dependent variable related to the change of the
independent variable, which can be written in general as follows:

li f(xo+ Ax) — f(x0)
im ,

5.3
Ax—0 Ax ( )

where Ax and f(xo+ Ax) — f(xo) are the increase of the independent variable and
the dependent variable of the function y = f(x), respectively. This limit is called
the derivative of the function f(x) at xg.

Definition 5.2 (Derivative and Differential) The ratio defined in Eq.(5.3) is
called the derivative of the function y = f(x) atits domain value x¢. If the derivative
can be formed at each point of a subdomain of f, then f is said to be differentiable
at a general point x on that subdomain, and a new function f’ has been constructed,

denoted as f’(x), %, or d‘zxx). That is,

dy _df&) . fOr+AY) - f()
dx  dx = Ax—0 Ax '

[l =

It is also convenient to define the differential, particularly in applications where
a linear approximation to a function is required. The differential, dy, or principal
part of the change in a function with respect to changes in the independent variable,
is defined as:

dy = f'(x)dx,

which is the differential of y or f(x).

Remark 5.1 Note that in general dy # Ay, where Ay = f(x + Ax) — f(x). %
is not actually a fraction at all. It is the limit of the fraction i—;‘; as Ax — 0. ¢

Example 5.6 Let f(x) = 6x + 5, and use the derivative definition to find
f/(x) at any point x.

Solution
f(x+ Ax) =6(x + Ax) +5=6x + 6Ax + 5

f(x+ Ax) — f(x) = 6Ax

6A
m —x=6.

(continued)



130 5 Calculus

Fig. 5.4 An illustration of ¥
f(x) = |x|. Dotted lines are

three examples of possible

tangents passing through

x=0




5.2 Derivatives 131

Exercise

5.2 From the definition of the derivative, find whether f’(x) exists at x = 0.
If it exists, calculate f/(x = 0). Also, calculate f'(x) at a general point x.

(1) fx)=x2
2 f(x)=x?+x.

5.2.1 Derivatives of Some Elementary Functions

This is not a Mathematics textbook, so we just list the derivatives of some of
the most common functions. In the following, we assume each function is a
differentiable function of x or 0, where 6 is measured in radians. ¢ and a denote
constants.

d
—c=0 5.4
T (5.4)
d
—ax® = cax"! (5.5)
dx
d
0 sinf = cos 6 5.6)
d
— cosf = —siné 5.7)
do
d
Eeax = ae™* (5.8)
d 1
—Inx = — 5.9
dx e X (5:9)

Readers may read [6] to find derivatives for more trigonometrical and hyperbolic
functions.

5.2.2 Rules for Differentiation

Again, we just list these rules. If f(x), g(x), and h(x) are differentiable functions,
then the following differentiation rules are valid.
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Addition Rule

d ey 4 d,
7y 8 +h(x) =~ (x) + “h(x).
d d d

7 8 = h(x)) = ——g(x) = ——h(x).

d d
—C —
e g(x) Cdxg(X),

where C is any constant.
Product Rule

—(g)h(x) =g(x)—hx)+h(x)—gx
Quotient Rule

d g(x)  h()Fe@) —g)fth(x)
dx h(x) (h(x))?

If y = g(x),and x = g~!(y), then % and Z—; are related by

dy 1
==
dx d—;

That is, the derivative of an inverse function is the reciprocal of the derivative of
the function.

Chain Rule
In calculus, the chain rule is a formula for computing the derivative of the
composition of two or more functions. For two functions: If y = f(u) and
u = g(x), then

dy dydu

dx — dudx’

This generalises to three or more functions, for instance: If y = f(z),z =
g(w) and w = h(x), then
dy dydzdw
dx  dzdwdx’



5.2 Derivatives 133

(continued)
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Example 5.13 (continued)

Note that in line one of the above, we have applied (1) the derivative of a
constant is zero; and (2) Eq. (5.8). Figure 5.5 shows a sigmoid function and its
derivative in the domain of [—10, 10]. The function itself is bounded between
0 and 1, and its derivative is symmetrical about the vertical axis of x = 0.
Values of the derivative are convergent to 0 as x approaches either co or — co.

Example 5.14 Let y = Inx and x = ¢”. Find % and ‘Zl—;.

Solution Using Egs. (5.9) and (5.8), we have: % = % and ‘Zl—; = e =

x. Since the functions y = Inx and x = e” are inverse functions (see
Example 2.23 in Sect. 2.3.4 of Chap. 2), we have shown that

dy 1
= =_.
dx ﬁ

—1

Example 5.15 Let y =sin~" x,and y € [-7, F]. Find Z—)yc.

Solution We can apply the rule of calculating the derivative for an inverse

o o o o o d_x _ i o _ .
function in this case. Since x = sin y and dy = dy Siny =cosy, we have:

dy 111
dx cosy /1—(siny)? ~1—x2

Fig. 5.5 An illustration of a
sigmoid function (solid line) 09+
and its derivative (dash-dotted
line)
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Example 5.16 Let f(x) = In(cos x). Find 2.

Solution Let y = Inz and z = cosx. Applying the chain rule, we have
dy 1 dz

i e —sin x, and
dy dydz 1 (= sinx) sin x ¢
— = —— = - X (—sinx) = — = —tlanx.
dx dzdx z COS X

Example 5.17 Find the derivative of f(x) = max(0, x).

Solution If x < 0, the function value is 0. The derivative of any constant
value is 0. If x > 0, the function value is the value of x. The derivative of x
is 1. Figure 5.6 shows the function (the left panel) and its derivative (the right
panel) in the domain of [—5, 5]. This function is widely used as an activation
function in neural networks, and its name is the Rectified Linear Unit, or
ReLU for short. Technically, the derivative is undefined when the input is 0. In
practice, if we assume that the derivative is zero here, there are no problems.
Many real-world applications using neural networks have empirically proved
that models with ReLLU as the activation function are easier to train and can
have a better performance.

y = max(0,x)
B NI I RN - SN SR A NS |

Derivative of max(0,x)
a s O =2 O =N WO

Fig. 5.6 An illustration of a ReLU function (on the left) and its derivative (on the right)
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5.2.3 The Second Derivative

In general, the derivative y” or f/(x) of a function y = f(x) in an interval is still
a function of x. For example, see the derivative in Figs. 5.5 and 5.6, respectively. If
f'(x) is also differentiable in the interval, we call the derivative of y' = f’(x) the

2
second-order derivative of y = f(x), denoted as y”, f”(x), or ZT{. That is,

d*>y d dy

"IN o _2 27

yi=0)or dx?  dxdx
d"y
dx™*

Similarly, the nth derivative of f(x) if it exists, is denoted as y™, £ (x), or
This book considers the first and the second derivative of a function only.
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Example 5.19 Find the second derivative of the following function:
y = sin(wx).
Solution

V' = wcos(wx), y" = (wcos(wx)) = —o° sin(wx) = —w?y.

Exercise

5.4 Find the second derivative of the following functions.

) y= x3lnx.
2) y=ae ™, express the answer in terms of y.
3) y=ae " + be**, express the answer in terms of y.

5.3 Finding Local Maxima and Minima Using Derivatives

There is a close relationship between the function monotony and the sign of its
derivative. Suppose function y = f(x) is continuous in the interval of [a, b] and is
differentiable in (a, b). Recall that the derivative of a function at a specific point can
be considered as the slope of the tangent line of the function passing through that
point. If f/(x) > 0 for all x € (a, b), then y = f(x) monotonically increases in the
interval of [a, b] (Fig. 5.7a). On the other hand, if f/(x) < 0 for all x € (a, b), then
y = f(x) monotonically decreases in the interval of [a, b] (Fig. 5.7b).

We can use the relationship between the function monotony and the sign of its
derivative to find extreme points, the local maxima and minima, of a function. Look-
ing at Fig. 5.8, we see function f(x) has four local minima, f(x1), f(x4), f(x6),
and f(xg), respectively, and three local maxima, f(x2), f(x5), and f(x7), respec-
tively, in the interval of [a, b]. Among them, the local maximum value f(x7) is
smaller than the local minimum value f (x¢). In fact, f(x1) is the overall minimum,
and f(x7) is the overall maximum of the function in the interval of [a, b]. We can
also see that all tangents at either local minima or local maxima are horizontal.
However, when a tangent is horizontal, the corresponding function value is not
necessarily a local minimum or a local maximum, such as the point (x3, f(x3)).
(x3, f(x3)) is called a point of inflection. Any point (x, f(x)) at which f'(x) =0
is called a critical point.



5.3 Finding Local Maxima and Minima Using Derivatives 139

N Y1

(a) (b)
Fig. 5.7 Anillustration of the relationship between the sign of the derivative and the monotonicity
of a function, where the solid line represents the function and the dashed line represents the tangent

line

Y

axy QX2 X3 X X5 Xg X7 Xg b X

Fig. 5.8 An illustration of local maxima and minima of a function

Now let us have a look at Fig. 5.9. The top panel shows a diagram of a function,
the middle shows the first derivative of the function, and the bottom shows the
second derivative. We can see that the local minimum point of the function has a
zero first derivative and a positive second derivative; the local maximum point of
the function has a zero first derivative and a negative second derivative.

The general idea to find local maxima and minima of a function y = f(x) using
derivatives is:

* Step 1: to find critical values x using the condition f”(x) = 0.
* Step 2: to determine the exact nature of the function at a critical point (x, f(x)),
f”(x) needs to be calculated.
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Fig. 5.9 An illustration of VA4
the relationship between local _
maxima or minima and their X = f(x)
corresponding first and
second derivatives
0 X
dy
dx
”~
RN
f /1IN .
N
/ \
d?y
_}2/ ~
dx 5
\ .
0 N, , A
r
N 00
N

— If f”(x) > 0, the critical point is a local minimum point.
— If f”(x) < 0, the critical point is a local maximum point.
— If f”(x) = 0, it needs further investigation.

Example 5.20 Find the local minima and maxima of function f(x) = (x2 —
e — 1.

Solution
* Find critical values using the condition f’(x) = 0.

— First, find f/(x) by applying the chain rule (see Sect.5.2.2 of this
chapter). Setu = (x2 — 1), then we have:

df(x) _ df(u)du

= =3u®2x = 6)c(x2 — 1)2.
dx du dx

(continued)
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Example 5.20 (continued)
— Set6x(x% —1)2 =0, we have: x; = —1, xo = 0, and x3 = 1.

Substitute these values to the function, we obtain three critical points:
(—1,—-1), (0, =2), and (1, —1).

 Calculate f”(x), thatis, calculate the derivative of (6x (x2 — 1)2). Consider
g(x) = 6x and h(x) = (x> — 1)2, and apply the product rule to
% (g(x)h(x)) and the chain rule to 4 (x), then we have:

() =6(x* = 1% +6x-2(x>—1) 2x
=30x* —36x2+6
=6(5x> — (x> —1).

* Substitute x; = —1,x = 0,and x3 = 1 into f”(x) = 6(5x% — 1)(x% — 1),
separately.

— Since f”(0) = 6 > 0, f(x) has the minimum value at x = 0, which is
f(0) = -2.

— Since f”(—1) = 0 and f”(1) = 0, each critical point needs further
investigation. When taking a close value from the left side of — 1, for
example, — 1.01, we have f’(—1.01) < 0; taking a close value from
the right side of — 1, for example, — 0.9, we have f/(—0.9) < 0. Since
there is no sign change to f’(x), then we conclude there is no maximum
or minimum at x = —1. Similarly, there is no maximum or minimum at
x = 1. Both points are, in fact, points of inflection with zero gradients.

Remark 5.2 A point of inflection is a point where the gradient line at a point is
above the curve on one side and below the curve on the other side of the point. Or
where the curve changes from being concave downward to being concave upward
or vice versa. At these points f”(x) = 0. If f’(x) = 0 as well, then we have
a point of inflection with a zero gradient like point (x3, f(x3)) on Fig.5.8. Other
points of inflection are like the point where f”(x) = 0 but f’(x) # 0 on Fig.5.9.
This is where the middle vertical dash-dotted line goes down from the middle of the
upward-sloping part of the graph in the top part of the figure to the bottom part of
the figure, where it shows that f”(x) = 0 (in fact the gradient itself, f/(x) has a
maximum at that point as seen in the middle part of the Fig. 5.9). ¢
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Exercise
5.5 Find any local maximums and minimums of the following functions.

(1) f(x) = x> —3x% —24x + 3.

Q) fx) =4x3—3x2+1.

(3) f(x) =24x —2x3.

@) fx)=4x2-1.

(5) f(x) =x*—4x3 —2x2 + 12x + 4.

(6) forx € [0,27]: f(x) = e*(cosx + sinx).
7 fx) =xe "

8) f(x) =x2%e".

5.4 Integrals

Earlier, we introduced how to find the derivative of a differentiable function. In this
section, we will discuss the inverse operation of finding derivatives. That is, given
a function f(x), and we will see how we can find a differentiable function F(x) so
that the derivative of F(x) equals f(x). First, we consider the area under a curve by
summing up (integrating) small areas. This again will draw on the concept of limits.

Consider the area of the region A shown in Fig. 5.10. That is the area under f(x)
bounded in the interval of [a, b]. Suppose we divide the interval into n sub-intervals
by inserting arbitrarily n — 1 points x1, x2, ..., X,—1, and the length of each
subinterval is:

Axi=a—x1,Axo=xp — X1, ..., Axp =b — x,_1.

Fig. 5.10 An illustration of vt
the definite integral of f(x)
over the interval [a, b],
represented as the shaded
area under the curve

f(x)
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Randomly choose a point in each subinterval & (x;—; < & < x;), where i =
1,...,n,x9 = a and x,, = b, and take the product of the function value at & and
the length of its corresponding subinterval Ax;. This product represents the area
of a rectangle of height f(&;) and width Ax; and will be an approximation to the
area under the curve in that subinterval Ax;. Then, the sum of these products can be
written as:

§=) fE)Dx. (5.10)

i=1

Definition 5.3 (Definite Integrals) Let the number of subintervals n increase so
that the lengths Ax; — 0. Denote & = max{Axi, Axa, - - -, Ax,}. If the sum of
Eq. (5.10) approaches a limit that does not depend on how we divide the interval,
then we denote this limit by the following:

b n
/a FGdx = gg; &) Axi. 5.11)

This is called the definite integral of f(x) between a and b. Finding the summation
is known as integration. f(x) is called the integrand; a and b are the limits of
integration or the endpoints of integration; dx tells us x is the variable of integration.

Geometrically, the integral that is the limit of the sum (Eq. 5.10) represents the
total area of all rectangles (defined by subintervals) under a bounded function. For
example, f04 xdx = 8. This can be viewed in Fig.5.11. The line represents the
function of f(x) = x. The area in the interval of [0, 4] under the line of f(x) = x
is a triangle, whose area is computed as % x4 x4 =8.

5.4.1 First Fundamental Theorem of Calculus
For f continuous on [a, b], define a function F by the following:
X
F(x) = / f@)dt for x in [a, b], (5.12)
a

then F is differentiable on (a, b) and F’(x) = f(x). That is, differentiating F gives
us back the original function f(x). We call F(x) an antiderivative of f (x).
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f(x)

Fig. 5.11 An illustration of the definite integral under a line of f(x) = x in the interval of [0, 4]

Example 5.21 Suppose f(x) = x7. It means F'(x) = %F(x) = f(x) =
x7. Can you think of some functions whose derivatives are x°?

Consider %c = 0 and %ax" = cax"! (Eqs.5.4 and 5.5). Some possible
functions can be F(x) = %6, Fx) = %6 + 100, and F(x) = %6 + 34.5. In
fact, any function of x of the form F(x) = %6 + C for some constant C is an
antiderivative of f(x) = x°.

Remark 5.3 Not all functions f(x) have antiderivatives F'(x) in terms of ele-
mentary functions (polynomials, exponentials, logarithms, trigonometric functions,
etc.), but the definite integral, understood as the limit of a summation, can still
exist. ¢

5.4.2 Indefinite Integrals

The family of all antiderivatives of f (x), denoted as f f(x)dx, are called indefinite
integrals.

Remark 5.4 A definite integral, written as fab f(x), is a number. An indefinite
integral, written as f f(x)dx, is a family of functions. It is a family of functions,
because the constant C can take any value. ¢
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5.4.3 Second Fundamental Theorem of Calculus

If f is continuous on [a, b] and F is any of the family of antiderivative of f with
respect to x, then

b
/ f(x)dx = F(b) — F(a). (5.13)

Remark 5.5 Care should be taken when finding an area using the equation

b
/ f(x)dx = F(b) — F(a). (5.14)

When f(x) is below the axis for all of the interval [a, b], then F(b) — F(a) is
negative, so if the function f(x) is both above and below the axis in the interval
[a, b], then F(b) — F(a) is the difference between the upper area and the lower
area. This could be zero if the areas are identical. ¢

5.4.4 Integrals of Some Elementary Functions

We use a, ¢, and C to denote constants in the following set of formulas. These can
all be checked by differentiating the right-hand side to get back to the left-hand side.

/adx:ax—i—C, (5.15)
. achrl
ax‘dx = ] + C, (c #-1), (5.16)
a
/—dx:aln|x|+C, (5.17)
x
ax
/ce“xdx - 4c (5.18)
a

X
/ca"dx - L (5.19)
Ina
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/a cosxdx =asinx + C, (5.20)

fa sinxdx = —acosx + C. (5.21)

Readers may find integral formula for more elementary functions in [6].
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5.4.5 Two Properties of Integrals

If f(x) and g(x) are integrable in [a, b], then

b b b
f (f(x)+gx)dx = / fx)dx +/ glx)dx, (5.22)

b b
/ cf (x)dx = c/ f(x)dx, cis aconstant. (5.23)

Similarly, for indefinite integrals, the following two properties are valid:

/(f(X)+g(x))dx =/f(x)dx +/g(X)dx, (5.24)

/cf(x)dx = cf f(x)dx, cisaconstant. (5.25)

(continued)
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Example 5.25 (continued)
Solution

(10e)* 10 ¥
10°¢"dx = | (10e)* = c=—2¢2 .c.
/ € ax /( 9 = "¢ T hmior1 T

Exercise

5.7 Calculate the following integrals.
(1) [(4sinx + e")dx,

@) ;20 + cosb)do,

37

3) [ 5 —dx

5.5 Further Integration Techniques

In many real-world applications, we need to integrate more complex functions. The
methods shown in the previous two sections are not enough. We will introduce two
more new techniques in this subsection. More examples can be found in [6].

5.5.1 Integration by Substitution

This method transforms an integral over one variable x to an integral over a different
variable u by making a substitution. That is:

X2 us
/ fx)dx :/ g(u)du.

The idea behind this integration method is that by making a substitution, you
produce a new integral that is simpler to evaluate. This can often be achieved
by substituting for the “most difficult part” of the integral, or recognising that
the integrand is of the form that you would get having differentiated a composite
function using the chain rule.

The following shows the procedure when applying the substitution method to an
integral [* f(x)dx:

» Step 1: Think of a substitution u = h(x) that will make the integral simpler.
» Step 2: Differentiate the substitution u = h(x), and write dx in terms of du.
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Step 3: For a definite integral, we must also determine the new limits of integra-
tion.
Step 4: Make the following substitutions into the original integral:

— Replace x with the equation from Step 1.
— Replace dx with the equation from Step 2.
— Replace limits x| and x, with the new limits from Step 3.

Step 5: Do the new integral in terms of u.
Step 6: Write the answer in terms of x.

Example 5.26 Perform the following integral:

/ (2x 4 5)%dx.

Solution This integral could be done by expanding out the bracket, but it will
give a more convenient solution if we replace the “difficult bit” in the bracket.
Sosetu =2x + 5.

Differentiate the equation ¥ = 2x + 5, and obtain % = 2 or equivalently
dx = 4%

=%

Substituting dx = dT“ and u = 2x + 5 into the original integral gives

du u® u (2x + 5)°
2 5)%dx = 4—:/—(1 =—+4+C=——"—+C.
/(x—i— ) dx /u > 5 du 2(5)+ 10 +

Example 5.27 Perform the following integral:
/x3\/x4 + 3 dx.

Solution The key to this substitution is recognising that this is the sort of
result that you could get by using the chain rule of differentiation. The

“difficult bit” in the bracket, when differentiated, gives the other part of the

4
integrand (apart from a constant). That is, % = 4x3. So set u = x* 4 3.

(continued)
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5.5.2 Integration by Parts

The formula of integration by parts can be derived from the product rule for
differentiation (see Sect.5.2.2 of this chapter). Suppose u and v are functions of
x and differentiable:

d ) dv n du
— W) =u— +v—.
dx dx dx

Integrating the above equation with respect to x, we get:

d d
uv:/u—vdx+/v—udx.
dx dx

Rearranging this gives us the integration by parts formula:

d d
/u—vdx =uv — / v—udx. (5.26)
dx dx

The key to this method of integration is to treat the integral as a product. One
part of the product is represented by ‘di—; on the left-hand side of Eq. (5.26) and is
integrated to give v on the right-hand side. This part needs to be something that you
can, therefore, integrate. The other part of the integral is represented by u and is
differentiated, giving % on the right-hand side. In this way, only part of the original
integral is integrated, and hopefully, the new integral is made simpler.

Example 5.30 Perform the following integral:

/ x sinxdx.

Solution The integrand is a product, both of which can be integrated sepa-
rately. But if u is taken as x, then the new integrand will contain the differential
of x, which is just 1, and so will be simpler. Hence consider # = x and
j—z = sinx. Then we have Z—Z = 1 and v = — cos x. Applying the integration

by parts formula (Eq. 5.26) gives:

/x sinxdx = x(—cosx) — /(— cosx)ldx

= —XxCcosx + f cosxdx

= —xcosx +sinx + C.
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Chapter 6 ®
Advanced Calculus Creck o

This chapter takes the study of calculus forward into more advanced topics involving
multiple variable functions. In general, most functions that are found in the machine
learning field are ones with many variables rather than just one. Quite often, we
are trying to maximise some value or minimise some error function, so the ability
to differentiate such functions and find their maxima and minima will be essential.
This leads us to the methods of partial differentiation that enable us to find gradients
in different planes as described in Sect. 6.1. We also briefly look at multiple integrals
that will be needed when we look at probability distributions of multiple continuous
random variables in Chap. 11.

6.1 Partial Derivatives

6.1.1 The First Partial Derivatives

In functions with two or more variables, the partial derivative is the derivative with
respect to one of those variables, keeping all other variables constant. For example,
consider a function f (x, y) with two variables (such as f(x,y) = x2+ 2xy + ){3).
Partial derivatives of f(x, y) with respect to x and y are denoted by % and g—};,
respectively.

Let Ax = dx and Ay = dy be increments given to x and y of f(x,y),
respectively. Af is then the subsequent incremental change of the function f. By
Eq. (5.3) (in Sect. 5.2 of Chap. 5), if the corresponding limits exist, we have

f _ oy XA~ fxy)
dx  Ax—0 Ax ’
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and
o _ iy SOy +AY) - flxy)
dy  Ay—0 Ay
When evaluating these partial derivatives at a particular point (xg, yo), they can
be denoted as a T lx=x, and 31 x=x, respectively.

y=)0 y=0
Again, we can define the differential as we did for ordinary differentiation. The

following expression

a = La +—fd 6.1)

is called the total differential of f, or the principal part of the change in the function
f with respect to changes in the independent variables.

Remark 6.1 Note that in general, df # Af.If Ax = dx and Ay = dy are small,
then df is a close approximation of Af. ¢

Thought of visually or graphically, a function of two variables is a surface in three
dimensions. Assume z = f(x, y). Then, a§ keeps y constant, and so is a gradient
(see Sect. 6.1.4 of this chapter) on the curve where the surface meets a plane parallel
to the x — z plane. Similarly, g—}; keeps x constant, and so is a gradient on the curve
where the surface meets a plane parallel to the y — z plane. The same considerations

apply to more variables, but the graph is no longer possible to visualise.

Example 6.1 Suppose f(x, y) = x2 + 2xy + y>. Find the partial derivatives
at the point of (2, 1).

Solution Consider y as a constant:

d
—f =2x + 2y.
0x

Consider x as a constant,
0
—f =2x + 3y2.
dy

Substitute the point of (2, 1) into the two partial derivative results, then we
have

— =2x2+4+2x1=6,

(continued)
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Example 6.1 (continued)
and

9
—fx=2=2x2+3x12=7.
ay y=1

Example 6.2 A cylinder is being made that is 30 cm radius and 60 cm high.
The tolerances in construction are that the radius is + 0.05% and the height
is £ 0.01%. Find the approximate maximum error in volume to the nearest
integer and hence find the percentage error that this represents.

Solution Radius error: & 0.05% of 30 cm is =+ 0.015 cm.
Height error: =£ 0.01% of 60 cm is =% 0.006 cm.
Set the cylinder’s radius, height, and volume as r, #, and V. We have

V = xr’h.

Let Ar, Ah, and AV denote increments of r, 4, and V. Applying Eq. (6.1), it
gives us the following:

av vV
AV ~dV = a—dr + Edh = 27rhAr + wrAh.
r

To get an estimate of the maximum error, both Ar and Ak should be positive
(or negative).
Substitute r = 30, & = 60, Ar = 0.015, and Ah = 0.006, and then we
have
AV =~ 27 x 30 x 60 x 0.015 + 7 x 30> x 0.006 = 187(cm?).
The actual volume should be:
V =nr’h = x 30> x 60 = 169, 646(cm>).

So the error represents

187 =169, 646 x 100% = 0.11%.
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Exercises
6.1 Find the following partial derivatives:

(1) At the point (3, —1) for the function f(x, y) = x3y + 5x2y2 4 2xy3
(2) At the point (1, 1) for the function f(x, y) = x2siny — 3xcos y
(3) At the point (0, 2) for the function f(x, y) = y3e** + y?e* + ye**

6.2 A triangle is being stamped out of a sheet of metal. Its height is 5 cm, and
its base is 10 cm. The tolerances in this process are that the height is £ 0.2%
and the base is = 0.1%. Find the approximate maximum error in the area to
three decimal places and hence the percentage error that this represents.

6.1.2 The Second Partial Derivatives

The second partial derivatives are the partial derivatives of the first derivative
function. For example let us consider a function f(x, y) with two varlables If 1ts
first derivatives g and T are continuous and the partial derivatives of a_ and

all exist, then the second derivatives of f(x, y) can be denoted as follows:

2

. ?)—f—the partial derivative Of - with respect to x
2

. 38)7 d’; —the partial derivative of - with respect to y
2

. g)—f—the partial derivative of —f with respect to y

2
. 68 B —the partial derivative of w1th respect to x
X

Remark 6.2 For most well-behaved functions (ones where the two second partial
2}( _ aZf ‘
dydx — 0xdy”

derivatives involved are continuous), we have

Example 6.3 Find the second partial derivatives of the function f(x,y) =
x3 4 6xy + 3y3.

Solution Consider y as a constant: % 3x2 + 6y.
X

Consider x as a constant, f = 6x +9y?
o o _
Consider y as a constant in 37: == = 6x.
3 of . 0if
Consider y as a constant in 3y oxly = 6.
3 of . 0P f
Consider x as a constant in 37: o = 6.
2
Consider x as a constant in % % = 18y
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Exercise

6.3 Find the first and second partial derivatives of the following functions:
(D) flx,y) =3x*y +6x3y* — 4x?y? + xy*.

(2) f(x,y) =x%siny + 6x3cosy.

B) fx,y) =@,

@ fx,y) = ()§3 + y)in(y? + x3).

(5) flx,y) =22

6.1.3 Differentiation of Composite Functions with Two
Variables

Let us consider function z = f (u, v) with two variables 1 and v, where both u and v
are functions with one variable ¢, that is u = ¢(¢) and v = 1 (¢). If both # and v are
differentiable functions of ¢, the function z is continuous, and the partial derivatives
exist with respect to # and v, and then the differentiation of the composite function
can be computed as follows:

dz _ 0z du dz dv

= = . 2
dt ou dt ov dt 6.2

t is often time and expresses the dependence of each of u and v on the passing
of time. Note that we can find % as full differentiation since, in reality, z can be
expressed as a function of 7.

= af _ _ o1 d
Example 6.4 Suppose z = sinu cos v, where u = e’ and v = In¢. Find T

Solution

dz  0zdu o dz dv
dt  dudt dvdt
" sin u(— sin v)
= cosucosv(e') + a—
sin(e’) sin(Inz)

= cos(e’) cos(Int)(e’) — p

The same result would be found if you substituted ¢ for u and v first, but the
differentiation is more complicated.
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Similarly, consider both u and v as functions of two variables, s and ¢. If the
partial derivatives of functions u = ¢(s, ) and v = ¥ (s, t) exist with respect to
s and ¢, and function z = f(u, v) is continuous, and the partial derivatives exist
with respect to u and v, then the differentiation of the composite function can be
computed as follows:

0z 0z du dz dv

o P (6'3)
as ou ds dv 0s

9z 0z du 0z dv

— . 6.4)
ot du ot  Jv 0t

Example 6.5 Suppose z = e“ cos v, where u = st and v = s + ¢. Find g—§
and %
Solution
bz _peiu  dedv
ds Jduds  dv s
=eé“cosv-r—e“sinv
= e’ (tcos(s + 1) — sin(s + 1)).

This is the same result that you would get if you first substituted s and ¢ for u

and v into the formula for z and then found the partial derivative g—i. Usually,

though, having lots of simple functions to differentiate is easier than having a
complicated composite function:

0z dz du 9z dv
ot ou ot dv ot
=eé“cosv-s —e*sinv
= ¢'"(s cos(s + 1) — sin(s + 1)).

Again, the same result would be found by substituting s and ¢ for # and v as
before.
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Exercise
6.4 Differentiation of composite functions:

(1) z=¢€"Inv, where u = sint and v = cos¢. Find Z—f.
(2) z= (1 + u?)sinv, where u = s% + ¢2 and v = s¢2. Find g—§ and %

6.1.4 Gradient

Armed with the definitions of partial derivatives in coordinate directions, we can
define a vector representing the total gradient in the full space concerned.

Suppose a function f is differentiable in a region. The gradient of the function,
denoted by grad f, is a vector function where each element is a partial derivative
with respect to one of the variables. For example, the gradient of f(x, y, z) can be
written as the following vector:

8 P’ 3 a ) ) 8 ’ ’
(erad )T = f(x,y z)’ f(x,y z)’ Sy
ax ay 0z
Since the gradient is a vector, it can provide information on the magnitude and
direction of the vector. Suppose the gradient of a function f(x, y) is given by the
vector

af (x,y) af(x, y)} (6.5)

T _
(grad f) —[ ox 3y

then the magnitude is calculated as follows:

af e, M\ | (f G, )
Igradf|=\/( Py o ().

It W # 0, then the tangent of the angle 6 from the x —axis to the gradient is
given by

tanf =
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Fig. 6.1 A geometric description of the gradient vector for the function f(x, y) = 4x2 + y? used
in Example 6.6

Example 6.6 Suppose f(x,y) = 4x> + y2. Figure 6.1a shows function
values as heights above a grid in the x — y plane. Applying Eq. (6.5) for
f(x, ), we have (gradf)” = [8x, 2y]. Figure 6.1b shows the contour lines
of the function for constant levels (heights, function values) over the interval
[—5, 5] for x and y, respectively. For example, the innermost oval line
contains all the pairs of points (x, y) that have the same function value of
1. The gradient at a general point is given by [8x, 2y]. Each gradient vector
is perpendicular to the corresponding tangent line. Three particular gradient
vectors are plotted at the points (%, 0), (0, 1), and (1, 1), respectively. The
first two are shown as solid-line arrows perpendicular to the tangents of
f(x,y) =1, and the third as a dashed-line arrow perpendicular to the tangent
of f(x,y) =5.

Remark 6.3 The gradient vector points in the direction of the maximum rate of
increase of the function. Or it points in the opposite direction of the maximum rate
of decrease of the function. Readers interested in this may want to learn more about
directional derivatives and the gradient in Section 2.E of [11]. ¢
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Exercise

6.5 Find the gradient vectors at the points indicated for:

(1) f(x,y) =x*y¥atpoints (1,1), (2, 1), (1,2)
(2) f(x,y) =x%siny + y?cosx, at points (0, 1), (1,0),(%, %), (%, %)

6.1.5 Jacobian Matrix

If f(x, y) and g(x, y) are differentiable in a region, the Jacobian matrix of f and g
with respect to x and y can be defined by

af Af
dx dy
J=|:3§ 3:‘2:|

ax Dy

Similarly, if f(x, y,z), g(x, y,z), and h(x, y, z) are differentiable in a region,
the Jacobian matrix of f, g, and & with respect to x, y, and z can be defined by

Extensions are easily made. That is, each row of the Jacobian matrix includes partial
derivatives of a specific function with respect to all variables. A Jacobian matrix can
be either a rectangular matrix or a square matrix. Essentially, the Jacobian matrix
collects all the information about first derivatives together in one place and is useful
for translating between coordinate systems (see Sect. 6.3.1 of this chapter) and tells
us about the local behaviour of a function in terms of its gradient.

Example 6.7 If fi(x, y) = e*cosy and f>(x, y) = e” siny, determine the
Jacobian matrix.

(continued)
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Example 6.7 (continued)

Solution Note that the question can also be written in vector form by
collecting the component functions together as define function F : R — R?
given by F(x, y) = (f1(x, y), f2(x, y)).

afi 9 .
7= 3—]23% _ e*cosy —e*siny .
% 3 e*siny e*cosy

Note that the determinant of J is e2* cos? y + €2* sin® y = e**.

Example 6.8 Determine the Jacobian matrix of the function F : R? — R?
given by F(x,y,z) = (4xy + 3xz3, 3xyz?).

Solution Set fi(x, y, z) = 4xy + 3xz> and f>(x, y, z) = 3xyz*:

f 3fi 2
, |:A af aizl:| _ |:4y+3z3 4x 9xz2:|.

%
% ai; aizz 3yz2  3xz? 6xyz

Exercise
6.6 Determine the Jacobian matrix for the following:

(1) fi(x,y)=x%sinyand fo(x,y) = y>sinx.
(2) F:R? > R? given by F(r,0) = (rcosf, r sinf).
3) F:RP > R3 given by F(r, 0, ¢) = (rsinf cos ¢, r sinf sin @, r cos ).

6.1.6 Hessian Matrix

A Hessian matrix of a function is a square matrix of the second partial derivatives
of the function. It collects together all the information about the second derivatives
and tells us about the curvature of a function at a point. For a two-variable function
f(x,y), its Hessian matrix is defined by the following:

Hoi(x,y) Hon(x,y)

Hi(xy) HoGy)] | oF 24
Wf(.x,y):[ 11X,y 12 xvy} ng 3)(3)‘
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Extensions are easily made to a function with more than two variables. Each row
of a Hessian matrix includes partial derivatives of the first derivative with respect
to a specific variable. For example, the Hessian matrix of a three-variable function
f(x,y,z)is defined by the following:

2f 0*f 9f
Hii(x,y,z) Hio(x, y,2) Hiz(x,y,2) oy2 dxdy 9xz
3% 9%f 9%f
Hf(x,y.2) = | Ha(x,y,2) Hn(x,y,2) Ha(x,y,2) | = ;,),5; s =% |
Hii(x,y,z) Ha(x,y,z) H3(x,y,2) Pf 9f %f

where the first column includes partial derivatives of the first derivative % the
second column comprises partial derivatives of g—{,, and the third column includes

partial derivatives of ‘3—]:

Example 6.9 Find the Hessian matrix of the function f(x, y) = x2y+2xy>.

Solution

9
Hyi(x, y) Hia(x, y) %2 %9 2y 2x+6y?
7-{ ()C, ):[ = ¥ Y = .
Y Hay(x,y) Hn(x,y) Lt 2x +6y*  12xy

Exercises

6.7 Find the Hessian matrix of the following functions:

() f(x,y) = e y>+e'x%
Q) f(x,y,2) =x3y?z —2xyZ3.

6.8 Which of the following statements about the Jacobian matrix and the
Hessian matrix is correct?

(1) The Hessian matrix is always non-square, while the Jacobian matrix is
always square.

(2) The Jacobian matrix describes the rate of change of each output variable
with respect to the input variables. In contrast, the Hessian matrix helps
to understand the curvature of the function at a specific point.

(3) The Hessian matrix is always a diagonal matrix for any multivariable
function.

(4) The Jacobian matrix is the matrix of second-order partial derivatives of a
function.
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6.2 Applications of Partial Derivatives

We now come to discuss issues regarding the maxima and minima of multiple
variable functions, as indicated earlier.

6.2.1 Local Maxima and Minima

Section 5.3 of Chap.5 shows how to find the critical points for a function of one
variable. This section describes how to find maxima and minima for a function with
two variables, f(x, y). As before, these are local maxima and minima.

Necessary condition—suppose f (x, ¥) has a relative extreme value at the point
(x0, ¥0) and the partial derivatives of f(x, y) at (xq, yo) exist. Thus, we have

) 0
f =0, and f

e _— 2
dx 1y=yg 9

x=xo
Y=Y0

Sufficient condition—suppose the first partial derivatives and the second partial

o . of B of B
derivatives of f(x, y) at (xo, yo) exist, and 33|, _, =0, 3t|,_, =0.
N 5 Y=o, y=0
_of — 9y _of
Set A =37y B= B9y xexy and € = 57 |x=x0°
=0 Y=Y0 =0

Then, the Hessian matrix Hf (x, y) is Hf (x, y) = |:2 gi| '
Then,

 The function has a local maximum value at (xo, yo) if AC — BZ > 0 (ie.,
det(Hf(x,y)) >0)and A < 0.

 The function has a local minimum value at (xo, yo) if AC — B> > 0 (ie.,
det(Hf(x,y)) >0)and A > 0.

« The function does not have an extreme value at (xq, yo) if AC — B2 < 0 (i.e.,
det(Hf (x, y)) < 0);

¢ More investigation is needed if AC — B?2 =0 (ie., det(Hf (x,y)) = 0).

Remark 6.4 If AC—B? > 0and A < 0, then necessarily C < 0, and if AC—B? >
0 and A > 0, then necessarily C > 0. So the above conditions for local maximums
and minimums could have been written equivalently using C < 0 for a maximum
and C > 0 for a minimum. ¢
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The general procedure of finding local maxima and minima of a function of
two variables f(x, y) is

e Step 1: Find critical values (x, y) by solving simultaneous equations:

e y) o WGy

0.
dax dy

» Step 2: Write the mathematical expression of A, B, and C for the given function.

» Step 3: Evaluate A, B, and C using each pair of critical values.

* Step 4: Check the sign of AC — B? and decide whether the function has a rela-
tive extreme at the corresponding pair of critical values in terms of sufficient
conditions.

Example 6.10 Find the critical points of the following function:
fx,y) =x3 = y3 + 3x2 +3y2 — Ox.

State whether the critical points are local maxima or minima.
Solution

» Step 1: Find critical values by solving simultaneous equations obtained
from the first partial derivatives:

x; =-3
YaW — 352 4 6x —9=0 (x+3)x—1)=0 =1
dx — — - 2 =
0f (x.y) 2 = =
oy = —3y* +6y=0 y»y=2)=0 y1=0
» =2
Therefore, the function has four critical points at (—3, 0), (=3, 2), (1, 0),
and (1, 2).
e Step 2: Write the mathematical expression of A, B, and C for the given
function:
9% f (x, 3 f (x,
a=IE@N e pSEN
dx2 dxdy
3% f (x,
oAACIE )
9y?2

(continued)
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Example 6.10 (continued)

Step 3: Evaluate A, B, and C using each pair of critical values:

— Atpoint (—3,0), A=—12, B=0, and C = 6.
At point (—3,2), A= —12, B =0, and C = —6.
At point (1,0), A=12, B=0, and C = 6.

— Atpoint (1,2), A=12, B=0, and C = —6.

Step 4: Check the sign of AC — B?, and decide whether the function has
a relative extreme at the corresponding pair of critical values in terms of
sufficient conditions:

At point (=3, 0), AC — B2 = (—12) x 6 — 0 < 0.
Therefore, the function does not have an extreme value at (—3, 0).
At point (—3,2), AC — B2 = (—12) x (—=6) —0 > 0, and A < 0.
Therefore, f(x, y) has a local maximum value of 31 at (-3, 2).
— Atpoint (1,0), AC—B>=12x6—0>0,and A > 0.
Therefore, f(x, y) has a local minimum value of — 5 at (1, 0).
At point (1,2), AC — B2 =12 x (—6) — 0 < 0.
Therefore, the function does not have an extreme value at (1, 2).

Example 6.11 Find the critical points of the following function:

f(x,y)=2x2+3y2+3xy+3x+y.

State whether the critical points are local maxima or minima.

Solution

e Step 1: Find critical values by solving simultaneous equations obtained

from the first partial derivatives:

o) — 4x 43y 4+3=0,

Y& — 6y +3x+1=0.

Multiply the first equation by 2 and subtracting the second gives

5x +5 = 0, that is, x = —1. Substituting back in either equation gives
1
Y= 5o

So the function has only one critical point at (—1, %).
Step 2: Write the mathematical expression of A, B, and C for the given
function:

A

2 2 2
_P@Y _, p PRy o @y

x2 T 9xdy dy?2

(continued)
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Example 6.11 (continued)

» Step 3: Evaluate A, B, and C for the critical value.
Nothing to do here.

* Step 4: Check the sign of AC — B2, and decide whether the function has a
relative extreme at the critical value in terms of sufficient conditions.
Atpoint (—1, 1), AC — B> =15 >0, and A > 0.

Therefore, f(x, y) has a local minimum value of _T4 at (—1, %).

Exercise

6.9 Find the critical points of the following functions and state whether the
critical points are local maxima or minima:

1) fx,y) =2x3 +2y3 —3x2 +3y2 — 12x — 12y.
Q) fx,y)=6—x3—4xy —2y* —x.

B fa,N=x>4+y>*+(x+y+1D2%

@) f(x,y) =2x3 42y +3y? —9x% — 36y + 4.

6.2.2 Method of Lagrange Multipliers for Maxima and Minima

So far, we have discussed how to find the local maxima and minima of a
function with one or two variables. The only condition we have considered is
that these functions are defined within their domain. However, in many real-world
applications, it is possible to meet problems with other constraints, such as all the
solutions have to be on a plane or line. Converting a constraint problem to a non-
constrained problem is not always easy.

In this section, we introduce the method of Lagrange multipliers for local
maxima and minima created to deal with such constraint problems. This method was
proposed by Joseph-Louis Lagrange, an Italian mathematician and astronomer, later
naturalised French. Lagrange found that the relative extreme of a function under a
constraint is obtained when the gradient of the original function is parallel to the
gradient of the constraint condition function.

Suppose we wanted to find the local maxima and minima of a function z =
f(x,y) where x and y need to satisfy the constraint g(x, y) = 0. The Lagrange
multiplier method operates using the following steps:

e First, it constructs a new function, that is,

F(x,y)= f(x,y) +2g(x, y),
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where A is a constant. This function F(x, y)! is called the Lagrangian.

e Then, it calculates the first partial derivative of the function F (x, y) with respect
to x and y and sets them to zero. Together with the constraint, these form a set of
simultaneous equations given by

3f(x ) +)\6g(r Y — 0,

3f(x ») 6g(x y _
oy + A== =0,

g(x,y)=0.

The solutions of (x, y) from these simultaneous equations are the points at which
the function may have a relative extreme.

This method can be extended to functions with more than two variables and with
more than one constraint condition.

Example 6.12 Minimise the function f(x,y) = 4x> 4+ y2, subject to the
constraint g(x,y) =x +y —2=0.

Figure 6.2 shows the function and the constraint condition function. As
it shows, the plane of the constraint condition function intersects the function
not at the bottom of the surface. Therefore, the minimum value of the function
is not at the bottom of the surface anymore; rather, it is at the lowest point
where the plane intersects the surface.

Solution

* First, construct a new function, that is,
F(x,y) = f(x,y) +2g(x,y) =4x> + y> + A(x + y — 2).
e Then, calculate the first partial derivative of the function F(x,y) with

respect to x and y and set them both to zero. Together with the constraint,
these form a set of simultaneous equations given by

8Cy) 1 0850 —gx 41 =0 x=04
af(”) +A3g()‘ D —2y41=0, =1y=16
(x,y)—x+y—2=0. A= -=32.

Substitute x = 0.4 and y = 1.6 into the function, and then we have f(x =
0.4,y = 1.6) = 4x0.42+1.6> = 3.2. The relative extreme of the function

(continued)

! Or sometimes written as F(x, y) = f(x,y) — Ag(x, y). The sign in front of A is arbitrary. What
matters is that we need to be consistent throughout the derivation for a specific task.
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Example 6.12 (continued)
is 3.2 obtained at the point (0.4, 1.6) subject to the constraint g(x,y) =
x+y—2.

* From Fig. 6.2, this is clearly a minimum, and Fig. 6.3 shows this as well.
Figure 6.3 shows the contour lines of the function. The second innermost
contour line tells us that all the points along this ellipse give a function
value of 3.2. The dash-dotted line is the constraint condition. As can be
seen, the dash-dotted line is a tangent of the contour line with a function
value of 3.2, and it touches this contour line at the point (x = 0.4,y =
1.6). The arrow shows the gradient direction at this point. It points in the
opposite direction of the maximum rate of decrease of the function and is
perpendicular to the tangent.

The gradient of f, gradf = [8x, 2y], at the point (x = 0.4,y = 1.6)
can be calculated as gradf = [8 x 0.4,2 x 1.6] = [3.2, 3.2].

Fig. 6.2 The visualisation of the graph of the function f(x,y) = 4x? + y? together with the
constraint g(x, y) = x + y — 2 = 0, examined in Example 6.12
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Fig. 6.3 Example 6.12: the
contour lines and the gradient
at the extreme for the

function f(x, y) = 4x2 + y2,

and the constraint
g, y)=x+y—-2=0

6 Advanced Calculus

Example 6.13 Maximise the function f(x, y) = xYy, subject to the constraint
gx,y)=2x+y—1=0.

Solution

¢ First, construct a new function, that is,

F(x,y) =

S, y)+2ag(x,y) =xy +A2x +y —1).

e Then, calculate the first partial derivative of the function F'(x, y) with
respect to x and y and set them both to zero. Together with the constraint,
these form a set of simultaneous equations given by

Bf(x,y) + )\38()5,)1) =y+21=0
Bf(xy)_i_)\f)g(x)’) x+A=0 =
gkx,y)=2x+y—-1=0.

l— A l—

> = =
|
EST

Substitute x = zlt and y = % into the function, and then we have f(x =
}t, y = %) = % = (.125. The relative extreme of the function is % obtained
at the point (%, %) subject to the constraint g(x, y) =2x +y — 1.

(continued)
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Example 6.13 (continued)

* To check if it is a local maximum, try points just either side of (0.25, 0.5)
ontheline2x +y—-1=0
£(0.249, 0.502) = 0.124998 < 0.125 = % and

£(0.251, 0.498) = 0.124998 < 0.125 = %, so it is a local maximum.

Remark 6.5 To see whether the function has an extreme at the critical values and
which sort of extreme it is, we often need to make a judgment in terms of the nature
of the problem we are solving. ¢

Exercise
6.10 Applying the Lagrange multiplier method to the following functions:

(1) Minimise the function f(x,y) = x2 + y2 + 1 subject to the constraint
gx,y)=x—y+1=0.

(2) Minimise the function f(x,y) = x> + y3 subject to the constraint
gx,y)y=x+y—1=0.

6.2.3 Gradient Descent Algorithm

This section introduces how to find a minimum value of a function by using the
gradient descent algorithm. Earlier, we have seen in Fig.5.7 in Chap.5 that if a
function monotonically decreases, then the sign of its first derivative is negative;
otherwise, it is positive.

The general idea of a gradient descent algorithm is to update the values of
variables of a function iteratively to minimise the function. This is used extensively
in neural networks. Figure 6.4 displays two functions: one on the left in black has a
minimum value at x = xg, and the other one on the right in brown has a maximum
value at x = x1. Let us have a look at the one with a minimum value first. When its
x value is on the left-hand side of x(, x needs to move along the positive direction of
the x-axis to reach xo. The moving direction is opposite to the sign of its derivative,
which is negative. When its x value is on the right-hand side of x¢, x needs to move
along the negative direction of the x-axis to reach xp. Again, the moving direction
is opposite to the sign of its derivative, which is positive. Therefore, the gradient
descent algorithm works as follows:

e Step 1: Initialise a value for x, denoted as x4 calculate the function value using

xold’
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y=fx)

d 54

W dx :

Fig. 6.4 An illustration of the relationship between the signs of gradients and the extreme values

¢ Step 2: Update x value by moving x along the x-axis with the direction opposite
to the corresponding derivative sign. That is,

d
X" = x4 _ e f(x) (6.6)
dx

=yold’

where € is the learning rate, a positive scalar determining the size of the step x
moves, and the derivative of the function is evaluated using xold,

e Step 3: Calculate the function value using x"“".

* Step 4: Assign x4 = x"ew,

* Step 5: Repeat Steps 2 —4 until the function reaches its minimum or the iterations
satisfy some pre-set criterion.

This can be easily extended to functions with more than one variable. For
example, for a function with two variables f(x, y), one can update variable values
as follows:

new old_eaf(xvy)

8 k)
¥ —x old _ . f(x,y)

oid, and y"" = old - 6.7
T e T

y=y y=y
Similarly, the gradient ascent algorithm updates the values of variables and the
function by moving x in the direction matching the sign of the corresponding
derivative (see the function on the right in Fig. 6.4). For a function with two variables
f(x,y), one can update variable values as follows:

af (x, . of (x,
x'ew — xold + EM o olds and yncw — yold + EM e (6.8)

0x y=yold dy y—yold
Remark 6.6 When applying a gradient-based algorithm, the initial value of a
variable should be chosen carefully. In addition, the step size € should be small to
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avoid going past the local minimum or the maximum. However, very small values
will take longer to calculate. ¢

Example 6.14 Let f(x1,x3) = 4x12 + x22. Perform one iteration of the
gradient descent algorithm. The initial values are xi’ld = 3, and xé’ld = 2
Set the learning rate to e = 0.001.

Solution

o Substitute xlold = 3, and xé’ld =2to f(x1,x2) = 4x12 + x22, and we have
4 x 3% + 2% = 40.
e Compute partial derivatives of the function:
af af

— = 8x1, — = 2x».
0x1 M 0x2 2

e Update values for x; and x;: substitute initial values to Eq. (6.7), and we
have

af
Bxl

new __ _old
xl —xl — €

od =3 —0.001 x (8 x 3) =2.976,

X1 =x{

X=X

)
x;ew — x2old _ é_f
3)@

old = 2 —0.001 x (2 x 2) = 1.996.

Xp=x5

X=X

Substitute x; = 2.976, and x, = 1.996 into f (x1, x2) = 4x? + x3, which
gives 4 x 2.976% +1.996 = 39.41. Note that this is smaller than the initial
value of 40, so we are moving (slowly) toward the minimum. (If we had set
the learning rate, €, to 0.01, we would get x; = 2.76 and x, = 1.96, giving
f(x1,x) = f(2.76,1.96) = 34.31, which is a faster descent—though it
runs the risk of jumping right past the minimum.)

* Assign xfld = 2.976 and xgld = 1.996, to complete the first iteration.

Remark 6.7 The gradient descent algorithm is really a process that requires a
computer that is programmed specifically to do this task. Indeed, work in neural
networks invariably does access a computer to do all the hard iterative calculations.
So, we will not attempt further iterations and examples in this book. Hopefully, the
basic idea of the iterative method is clear. ¢
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Exercise
6.11 Which of the following statements is correct?

(1) The gradient descent algorithm follows the direction of the gradient to
maximise a function, whereas the gradient ascent algorithm follows the
gradient to minimise a function.

(2) Gradient descent and gradient ascent algorithms are used for uncon-
strained optimisation, while Lagrange multipliers are used for constrained
optimisation problems.

(3) Gradient descent is used to maximise functions, while Lagrange multipli-
ers are used to minimise functions.

(4) Lagrange multipliers iteratively adjust the variables to minimise or
maximise the objective function.

6.3 Double Integrals

In this book, we consider double integrals as an example of multiple definite
integrals.

A definite integral of a function of one variable gives the area “under” the curve
between two x value limits of integration, which define the “bottom” boundary of
the area. In the same way, a double definite integral of a function of two variables
gives the volume “under” the surface, where the limits of integration define the
area, or region, on the x — y plane that gives the “bottom” boundary of the volume.
Intuitively integrating by one variable gives the area, and integrating these “areas”
in the other direction gives the volume.

The easiest cases are where the bounding region in the x — y plane is a rectangle.
We start with a really easy one.

Example 6.15 Find

1 2
f / 6dxdy.
x=0Jy=0

Solution The boundary of the region is the rectangle fromx = Otox = 1
and from y = 0 to y = 2. The “top” of the volume is the surface f(x, y) = 6.

(continued)
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Example 6.15 (continued)
Integrating over y first and then x,

1 2 1 2
/ / 6dxdy =/ (/ 6dy)dx
x=0Jy=0 x=0 y=0
1 2 1 1
=/ |:6y:| dx =f 12dx = |:12xi|
x=0 y—() x=0

In fact, f(x,y) = 6 is a horizontal plane at height 6. So, the volume is a
cuboid with base 1 by 2 and height 6. This has volume 12, so the integration
has “worked”.

Not surprisingly, you get the same result if you integrate in the other order:

2 1 2 1
/ / 6dxdy :/ (/ 6dx>dy
y=0 Jx=0 y=0 x=0
2 1 2 2
:/ [6x] dy =/ 6dx = [6y]
y=0 x=0 y=0

It is generally true for rectangular regions that you can integrate in either order
since it is the same volume, and it does not matter which “areas” are summed in
the second integration. However, it is sometimes easier to define and integrate the
region in the x — y plane in one direction first rather than the other, especially when
we have non-rectangular regions.

However, we will do another, more complicated, rectangular region example
first. For these examples when integrating over one variable, we treat the other
independent variable as a constant.

= 12.
x=0

= 12.

y=0

Example 6.16 Find

2 2
/ / x + ydxdy.
x=1Jy=0

Solution The boundary of the region is another rectangle from x = 1 to
x = 2 and from y = 0 to y = 2. The “top” face of the volume is now the

(continued)
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Example 6.16 (continued)
surface f(x,y) = x + y:

2 2 2 2
/ / x + ydxdy =/ (/ x+ydy>dx .
x=1Jy=0 x=1 y=0

Since we are integrating over y first, we treat x as a constant. So we continue:

2 2
y
Xy + —:|
/x:l [ 2

Again, you can check if you get the same result if you integrate over x and y
in the other order.

2
=3

x=1

2 2
dx=/ 2x+2dx=|:x2+2x]
y:O x=1

Exercise

6.12 Calculate the following integrals that also have rectangular regions:

(D) [y [)gxydxdy.
@ fi__y [, 222 + 3y + ldxdy.

) fx2=0 fyio x cos ydxdy.

More generally, regions over which the integration takes place are not rectangles.
Sometimes, one or more of the boundaries is a curve or a sloping line. Then, one
of the limits is expressed in terms of a variable since it is bounded by a curve or
sloping line. So, we need to look at the limits (or endpoints) of integration. If there
is an integration variable in the limits of integration, we must perform the integral
with the variable limit first. As before, when integrating over one variable, we treat
the other independent variable as a constant.

For our first example, we will integrate over the region that is a triangle bounded
by the x-axis, the line x = 1, and the line y = x (see Fig. 6.5). If we integrate over
y first, then the “areas” are between the x-axis, that is, y = 0 and the line y = x.
So, the top y limit is x. We then integrate over x fromx = 0 to x = 1.



6.3 Double Integrals 179

Fig. 6.5 This figure shows y
the region (shaded) used in

Example 6.17, over which the

double integration is

performed to form the base of
the volume

linex =1

/

Example 6.17 Perform the following integral:

1 X
/ / 1+ x% + y*dxdy.
x=0Jy=0

Solution The volume defined is that of a triangular-based shape bounded at
the “top” by the surface f(x,y) = 1 + x2 + y>. We must integrate over y
first since the upper limit of the integral over y is a variable limit (x). When
integrating over y, we treat the independent variable x as a constant:

1 X 1 X
/ / 1+ x% + y’dxdy = / (/ 1+x%+ yzdy>dx
x=0Jy=0 x=0 y=0

1 y3 X
=/ I:y+x2y+—i| dx
x=0 3 1ly—o
1 3 1 3 2 47yl
3 X 4x X< x 1 1 5
/x=0x+x+3 X /x=0x+ 3 X [2+3:|x=0 2+3 6

Integrating over this particular region can be thought of another way. We could
integrate over x first. This gives “areas” from the line y = x to the line x = 1.
So, the x limits are y and 1. We then integrate y from y = 0 to y = 1. This
gives the integral:

1 1
/ / 1+ x% + y*dxdy.
y=0Jx=y

Now, you have to integrate over x first. We set this as an exercise (see below).
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It should be noted again that sometimes, it is easier to define the region in the
x —y plane in one direction first rather than the other when we have non-rectangular
regions, so the order of integration cannot be reversed easily by changing the limits.

Example 6.18 Perform the following integral:

2 2x
/ / xydxdy.
x=1Jy=0

Solution This is an integration over the region bounded by the x-axis, the
lines x = 1 and x = 2, and the line y = 2x. It is a trapezium. The “top”
boundary of the volume is the surface f(x,y) = xy.

We must integrate over y first since the upper limit of the integral over
y is a variable limit (x). When integrating over y, we treat the independent
variable x as a constant:

2 2x 2 2x 2 xyz 2x
/ / xydxdy =/ </ xydy)dx =/ [—] dx
x=1Jy=0 x=1 y=0 x=1 2 y=0
2 2 4712
1 15
= f [2x? —0ldx = f 2x3dx = [x—] =-_*-1H=—=.
x=1 x=1 2 x=1 2 2

Now, consider a boundary for our integration region to be a semicircle above the
x-axis, centred at the origin of radius 1. This circle has equation x> + y*> = 1. We
can form limits of an integral as y goes from y = 0 to y = +/1 — x2, and then x
goes from — 1 to 1. This gives us the next example, where the “top” boundary of
the volume is the surface: f(x, y) = x2y.

Example 6.19 Perform the following integral:

1 V1—x2
/ f xzydxdy.
x=—1Jy=0

Solution

./1 / 1—x
x=—1Jy=0

(continued)
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Example 6.19 (continued)

1 201 __ 42 1 2 _ 4 3 5
:/ x—(l * )d_x:/ X * d_x: [‘x__x_il
x=—1 2 x=—1 2 6 10

Exercise

6.13 Calculate the following integrals:

1
(D) [ [ymp xydxdy.
@ fyl=0 x1=y 1+ x? + y*dxdy.
) fx2=1 fyzi() 2x%y + 3xy’dxdy.
@ [l [l 3xydxdy.

6.3.1 Integration of Double Integrals Using Polar Coordinates

Some double integrals can be expressed in a simpler form if we can transform the
area from rectangular Cartesian coordinates (x, y) to polar coordinates (r, 8). As
we saw in Example 6.19 above, the limits for integration in some examples can
be really complicated when expressed in Cartesian coordinates (e.g., y = +/1 — x2)
and potentially lead to some difficult integrals. However, the region in Example 6.19,
which is a half-disc centred on the origin of unit radius, can be easily expressed in
polar coordinates. It is

0<r<1land 0<6 <m.
So, the limits of integration would be simple.

To convert to polar coordinates, we need the following relationships between
Cartesian and polar coordinates:

X =rcoso,

y =rsinf.
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We also need to replace the dxdy. In brief, dxdy essentially represents a small
area in the plane, denoted as dA. The Jacobian matrix J describes the change
in coordinates from (x, y) to (7, 0), that is, dA = dxdy = |J|drd6, where the
determinant of the Jacobian matrix represents the scaling factor by which areas are
scaled during the transformation.
The Jacobian matrix for this transformation is
ax dx :
=g )= e
ar 30 * *
The determinant of this Jacobian matrix is r. Therefore, the area element in
polar coordinates is rdrd8, which accounts for the fact that the segments of a circle

increase in size as you move further from the centre.
So, the transformation formula is shown as follows:

// fx,y)dxdy = // f(rcos@,rsin@)rdrdb. (6.9)
D D

Let us redo Example 6.19 from the previous section by converting to polar
coordinates in Example 6.20.

Example 6.20 Converting Example 6.19 to polar coordinates,

1 N 1—x2 T 1
/ / xzydxdy becomes / (r cos 9)2(r sin@)rdrd6.
x=—1Jy=0 0 0

=0 Jr=

Solution

T 1 b4 1
/ (r cos 9)2(r sin@)rdrdf = / </ r* cos? 60 sin@dr)d@
6=0Jr=0 6=0 \ Jr=0

-[L5]

b1e

1
cos? 6 sin 6dO = 3 / cos? 6 sin 0d0

r=0 6=0
_1|:—cos39:|” 2
517 3 e 15

When integrating with respect to 6, we have used integration by substitution
with u = cos 0, so that du = — sin 8d6. We have obtained the same answer
as before for this example.
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Now, to do an example that is impossible without converting to polar coordinates.
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Chapter 7 ®
Algorithms 1: Principal Component e
Analysis

This chapter and the next two chapters, (8 and 9), represent the culmination of a
lot of mathematics theory, specifically linear algebra and calculus. The material has
been divided into three chapters to indicate the separate nature of each topic since
each chapter revisits and completes one of the case studies introduced in Chap. 1.

Hence, these three chapters aim to show how we can apply the knowledge
introduced in previous chapters to formulate three widely used algorithms in the
Data Science field: principal component analysis, simple linear regression, and
simple two-layer neural networks trained by gradient descent.

This chapter deals with principal component analysis. In Chap.4, we have
described the basic idea of principal component analysis (PCA). This chapter will
further help us understand the relationship between eigenvalues produced in the
PCA analysis and variances among the data projected in the PCA space.

7.1 Revisit Principal Component Analysis

In Sect. 4.2 of Chap. 4, you learned how to find the principal components for a set of
data points. The aim was to find the directions with the most variance in the data. If
all you want to do is to find principal components for data, then the work in Chap. 4
is all you need, and this new section in this chapter is unnecessary for you. However,
this is a book giving the maths behind the algorithms, so we will now explain why
defining principal components as eigenvectors of the covariance matrix of data X,
called X, gives the directions of most variance. To do this, we need to find the
maximum value of the variance with various constraints, such as the direction being
a unit vector. Finding maximum values with a constraint means we will appeal to
the Lagrange multipliers method for maxima and minima as given in Sect. 6.2.2
of Chap. 6. Before going through the details, we need further knowledge regarding
vectors, matrices, and their differentiation, as given in the next subsection.
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7.2 Preliminary Knowledge

Apart from the basic maths knowledge introduced in Sect.3.3.11.1 of Chap.3
and Sect.4.2.1 of Chap.4, we need a bit more to deal with the reasons that
using eigenvectors and eigenvalues for principal component analysis does what we
require. After giving each result, we will illustrate that they are true with one or
more examples.

Suppose X isan x d matrix and uis ad x 1 vector.

e The variance of Xu is given by
var(Xu) = u’ covX)u. (7.1)
If we denote the matrix cov(X) as X, then we have

var(Xu) = u’ Tu. (7.2)

This result looks at the variance of a matrix multiplied by a vector. This is important
since it is about projecting the data onto a vector—see Sect. 4.2.2 of Chap. 4.

Example 7.1 Let X be a5 x 2 matrix of data and u a 2 x 1 vector given by

32 8
43 ) 11
X=1]21 andu:[1i|,szuis 5
22 6
42 10

We will show that var (Xu) is the same as u’ cov(X)u for this example.
Xu is a set of numbers and has a mean of 8 and a variance of 6.5. So
var(Xu) = 6.5.

Now for our data, the mean of the first column is 3, and the mean of the
second column is 2. Remember that the covariance of two sets of numbers has
been defined in Sect.4.2.1 of Chap. 4. For example, for our data,

Y (i — R (xin — )

5—-1
0+ Ix I+ (=) x (=) +0+0
- 4

cov(Xy,Xp) =

2
i

(continued)
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(continued)
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Now, suppose A is a d x d symmetric matrix, X is a d x 1 vector with xT =
(x1, x2, +++, xq),and « is a scalar.

¢ Let the scalar @ be defined by

o= xTAx,
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where A does not depend on X, and then in general, we have

Z—z =A+ADx. (7.3)

Since A is also symmetric, then AT = A so that

9
2% _oAx. (7.4)
0x

The product x” Ax is just a scalar value (i.e., not a vector or matrix), which is an

equation in xq, x3, -+, X4. S0, ‘3—‘,"( is the gradient of the function as a vector as in
Sect. 6.1.4 of Chap. 6. Hence,

Jo Jo  Ja aa 1’

— =grada = | —, —, -+, — | .

0x 3X1 3)(2 axd

Of course, we are only interested in symmetric matrices since cov(X) is always
symmetric. However, let us start with a non-symmetric example (see Example 7.3).

Example 7.3 Letd =2,x" = (x1, x2),and A = [Ccl Z] ‘

Then, a = x" Ax = [ax| + cxa bx| + dxz] [il] = ax} + cxixz + bxixy +
2

dx%.
So, « is a scalar function of x; and x,. Hence,

3_Ol _ 570[] _ 2ax) + cxp + bxy
X 387“2 cx) + bx; +2dxa |

Also,

2a b+c||x; 2ax1 + cx2 + bxy
A+AT)x = = .
(A+ADx [b tec 2d ] [xz] [cx1 +bxy + dej

So, g—i is the same as (A + AT)x and the result is as required.

Now, let us see a symmetric example (see Example 7.4).
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Now, suppose x and a are d x 1 vectors and 8 and y are scalars.

¢ Let the scalar 8 be defined by

B=x"x,
then we have:
)
—'8 = 2X. (7.5)
ox
¢ Let the scalar y be defined by
T T

then we have:

¥ _a (7.6)
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Example 7.5 Letd = 2. So, we have x! = (x1, x2) and a’ = (ay, a»).

Then, B = x"x =[x x2] [i;] = x7 +x3,

3 % 2x1
and s0 = = ﬁ = . = 2x.
| 0x2 | 2
Also y = XTa_ alx = xiay + xqaz,

Iz I

a
andso X = |1 [ = || = a.
an

Exercise

7.3 Whend = 3, x” = (x1,x2,x3) and a” = (a1, a», a3). If B = x" x and
y = x” a, show that % = 2x and %—g = a.

7.3 Problem Setting

Recall that in Sect.4.2.2 of Chap.4, we have claimed that if the first principal
component of the data X is the eigenvector u; of the covariance matrix of data
X, then the projection of the data onto u; is such that:

e Xu, has the largest variance,
* where this is subject to the normalising constraint ulTul =1.

We can re-express these using mathematical equations and prove that the direction
of the first principal component of the data is the direction with the largest
eigenvalue:

* First, the variance of Xu; can be written as var(Xuj), which is equal to ulT Yug
according to Egs. (7.1) and (7.2), where ¥ = cov(X) is a symmetric matrix.
Hence, ulT Yy is the objective function we wish to maximise.

*  We want to maximise the objective function subject to the constraint that ulTul =
1. Hence, this is an optimisation problem with constraints.

Applying the Lagrange multiplier method (see Sect. 6.2.2 of Chap. 6), the new
objective function is shown as follows:

Fi=ul Zu; — 2y @lu - 1), (7.7)
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where A; is a Lagrange multiplier. The task has been converted to maximising F)
with respect to both u; and Aj.

Similarly, we can set up an objective function for all other principal components.
For example, for the second principal component (u;), we need to maximise
var(Xup) = u2T Y uy subject to certain constraints. However, this time, we have not
only u2T u; = 1 but also u2T u; = 0, since we are looking for a coordinate system,
where axes are perpendicular to each other. Again, applying the Lagrange multiplier
method, the new objective function is shown as follows:

F=ulZu - n@iu —1) - pulu, (7.8)
where Ay and p are Lagrange multipliers.

We now have two objective functions, F| and F;, that we can maximise to get
the first and second largest variances.

7.4 The Formulation of Principal Component Analysis

Let us maximise each of the functions in turn.

7.4.1 The First Principal Component

To find the maximum of F7, we calculate the partial derivative g% from Eq. (7.7):

dF)
— =2%u; — 27 uy, (7.9)
ouj

where we have applied Eqgs. (7.4) and (7.5).
Setting the partial derivative (7.9) to zero gives us the following:

2Xu; — 2Au; = 0.
That is,
2u; = Aqug. (7.10)

As can be seen, Eq. (7.10) coincides with the definition of eigendecomposition
(see Definition 4.1 of Chap.4) since ¥ is a square matrix. This tells us that the
solution for the first principal component u, an eigenvector satisfying Eq. (7.10),
points to the direction of maximum variance. Hence, the direction of the first
principal component of the data is the direction with the largest variance, as claimed.
So how big is this variance?
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Since var (Xup) = ulTZul, if we substitute Xu; = Aju; to the variance of Xu;
and consider the constraint condition of ulTul = 1, we can obtain

var(Xup) = ulTEul = usz\lul = AlulTul =Aj.
This says that the variance of data projections along the first principal component
equals the eigenvalue A of the first principal component. Since the direction of the
first principal component u; captures the largest variation in the data projections,

which is proved to be A, we can say that the first principal component has the
largest variance among all principal components.

7.4.2 The Second Principal Component

We now consider the second principal component and calculate the partial derivative
% from Eq. (7.8). By applying Eqgs. (7.4), (7.5) and (7.6), we have

0F;
— =23u — 2Aup — puy. (7.11)
Juyp

Setting the partial derivative (7.11) to zero gives us the following:
23wy — 2hupy — puy = 0. (7.12)
Multiplying ulT from the left side on both sides of Eq. (7.12), we have
ulTZEuz — ulTZAzuz — ulT,oul =0.
If we take scalars, including Lagrange multipliers in front of vectors, we obtain
2ul Tuy — 22ulwy — pulu; =0. (7.13)
Since ul uy = 0 and ul'u; = 1, from the equation above, we have
o =2ul Tuy. (7.14)

We will now show that, in fact, p = 0. First, multiplying ug from the left side on
both sides of Eq. (7.10), it gives us the following:

uzTEul = uZT)qm = ,\]usz =0. (7.15)

However, from the matrix transpose rule (see Sect. 3.3.11.1 of Chap. 3), we have
(u2T su)’ = ulTEuz. Note that the covariance matrix ¥ is symmetrical, and the
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transpose of a symmetrical matrix is itself. Therefore, we also now have ulT Yu =0
since from Eq. (7.15) uZTZul = 0. Together with Eq. (7.14), we obtain p = 0.
Further, substituting p = 0 into Eq. (7.12), gives us

2¥w —20u =0 — Zuy = Au. (7.16)

Hence, we have shown that the solution for the second principal component uy,
given by Eq. (7.16), gives us the direction of the second most maximum variance.

Furthermore, since var(Xup) = u2T Yuy, if we substitute Xuy; = Aup to the
variance of Xuy and consider the constraint condition of u2T up = 1, we can obtain

var(Xup) = uzTEuz = uszzuz = AzuzTuz = A.

It says that the variance of data projections along the second principal component
equals the eigenvalue of the second principal component (see Eq. (7.16)).

7.4.3 Data Normalisation

Let us complete Examples 7.1 and 7.2 given earlier in Sect. 7.2 of this chapter. We
will find the principal components three times in Example 7.1 to illustrate some
important facts about the process.

Example 7.6 Example 7.1 continued—part 1
First, we take the data as given and found in Example 7.1. We have

32
43
X=1|21]{,
22
42
and the covariance matrix is

1742 14
E=cov(X)=Z|:22:|=|:% §i|,

where the total variance in the two features (columns) is 1.5, 1 for the first
column and % for the second column.

(continued)
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Example 7.6 (continued)

To find the direction of maximum variance, we have proved that it is
in the direction u; of the first eigenvector when using principal component
analysis on cov(X) and has the value given by the largest eigenvalue, namely,
the eigenvalue Aj. Similarly, the second most maximum variance is in the
direction uy of the second eigenvector and has the value given by the second
largest eigenvalue, A;, found using principal component analysis on cov(X).
So, we need to carry out a principal component analysis.

The characteristic polynomial of X is found via the following:

— 1
2-11:[1 lk 2 ]
7 3174
|2 —AIl=(1 )L)(1 A) L 1(4/&2 61+ 1)
- 2 4 4 ’
The eigenvalues are obtained by solving
492 —6r+1=0,

which gives A = %(3 + «/3) and Ay = %(3 — \/5) as the eigenvalues of X.
So, the largest eigenvalue is %(3 ++/5) = 1.31, capturing about 87.3% of the

total variation (which is 1.5), and the second largest is %(3 — «/3) = 0.19,
capturing about 12.7% of the total variation.
Find u; by using A1 = }‘(3 + ﬁ) in ¥ — Al and solving (X — ADu = 0:

272 all]= o]
That is, :

(I = Sup +2uy =0
2u; — (14 +/S)us =0.

The solution to the above simultaneous equations is u; = 1+ V5 and up = 2.
So, the direction of maximum variance is the first eigenvector u; =

[1 +2ﬁ], which has unit vector iy = [82;}, at approximately 32 degrees

to the x-axis.

(continued)
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Example 7.6 (continued)

A similar calculation for A, = ;11(3 — ﬁ) givesu; =1 — /5 and uy = 2.
So, the direction with the second largest variance is the second eigenvector
o — [1 — 5 —0.53]_
2 0.85
The original data with the two principal component directions u; and up are
shown in Fig. 7.1a, and the data as projected onto the two principal component
directions are shown in Fig. 7.1b.

, which has unit vector Uy = |:

Example 7.7 Example 7.1 continued—part 2

Next, we will take the dataset X and make it zero mean. That is, each column
has a zero mean. This is done by subtracting the mean of the column from
each item, giving

0 0
1 1
X=|-1-1
—10
1 0

Now, if we calculate the covariance matrix, we get

Y =cov(X) = % B §:|

This is the same covariance matrix as shown in Example 7.1, which is not
surprising since covariance is calculated by taking each item and subtracting
the mean.

Hence, the solution to this is identical to the previous calculation. It is
usual to subtract the mean because it gives smaller numbers and has axes at
the centre of the picture. It is conventional to do this and will be expected, so
it is always done.

The original data that has been made zero mean with the two principal
component directions u; and up are shown in Fig.7.2a, and the data as
projected onto the two principal component directions are shown in Fig. 7.2b.
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pPC2

* ®

0 g—xxul

2 -1 0 1 2 3 4 5 6
PC1

Fig. 7.1 The left panel illustrates the original data along with the two principal component
directions, u; and up; the right displays the data projected onto these two principal component
directions

u2
1
* ®
-~ [aV]
] Qo $*
® up
®
-1
-2
-2 -1 0 1 2
PC1

Fig. 7.2 The left panel illustrates the original, zero-mean, data along with the two principal
component directions, u; and uy; the right panel displays the data projected onto these two
principal component directions

Example 7.8 Example 7.1 continued—part 3
Now, we also normalise each column by dividing by the standard deviation
of each column. This means that the total variance of each column will be 1.

(continued)
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(continued)
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Example 7.8 (continued)

The solution to the above simultaneous equations is #; = u». Therefore,
any non-zero vector satisfying the condition u#; = u is a solution to the
eigenvector. For instance, 1 = 1 and up = 1. So, the direction of maximum
1 L
variance is the first eigenvector u; = |: ], which has unit vector i} = “? s
! N
which is at 45 degrees to the x-axis.
A similar calculation for A, gives u; = —u». Again, any non-zero vector
satisfying the condition ul = —u2 is a solution to the eigenvector. For
instance, ;1 = —1 and u» = 1. So, the direction with the second largest

. . . —1 . . A
variance is the second eigenvector u, = L which has unit vector i, =

These values and directions are different from the original ones and show
that normalisation does have an effect. In this case, it has increased the
importance of the second feature of X so that the first eigenvector is rotated
round to 45 degrees from the x-axis from 32 degrees as before. The original
data that has been made zero mean and normalised with the two principal
component directions u; and up are shown in Fig.7.3a, and the data as
projected onto the two principal component directions are shown in Fig. 7.3b.

AN ; 2 ™
VS
1 } 1
| ®
™ ‘ N *
S op---%-—-¥---%---4 Oo "
o
| ® up
| *
-1 | -1
|
® \
|
-2 L -2
-2 -1 0 1 2 -2 -1 0 1 2
T PCA1

Fig. 7.3 The left panel illustrates the original, zero-mean, normalised, data along with the two
principal component directions, u; and uy; the right panel displays the data projected onto these
two principal component directions
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Example 7.9 Example 7.2 continued
Again starting with the raw data, we have found that for our data,

[2347]
101
432
122
221

(222

the covariance matrix is

641
Y=covX)==-(464
146

Now, to find the eigenvalues and eigenvectors for this matrix involves solving
a cubic equation and solving three simultaneous equations. As in all realistic
exercises, this is done with the aid of suitable programs on a computer. So, for
the sake of completeness, this has been done and gives the three eigenvalues
in descending order:

A =2.44,0 = 1, A3 = 0.16.

And it gives the three unit eigenvectors corresponding to these eigenvalues as

0.52 —0.71 0.48
u = [ 0.67 |up = 0 u = | —0.74
0.52 0.71 0.48

So, uy is the direction of most variance, uy is the direction of the second most
variance, and uj is the direction of least variance.

If we were to plot the data projected onto the first and second principal
components, then we would capture 2.44 41 = 3.44 out of the total of 2.44 +
1+ 0.16 = 3.6 variance, that is, 95.6% of the total.

Now, we convert each column to have a zero mean and a unit variance.
After making each column zero mean, each column has a variance of g ==,

So, we divide each element by the standard deviation, which is /6 and the

\/ga

(continued)
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Example 7.9 (continued)
data becomes

[0 5 2457
V6 _ Ve
_N5 25 _ 5
NN/ N3
25 A5 0
X=| V6. 6 ,
—¥5 9 o0
v V5
5
0 0 —
| 0 0 0 |
and the covariance matrix is
21
3¢
T=covX)=|313
12
6 3

So again, solving using a computer, we get
A1 =2.03, 2, =0.83, 13 = 0.14.

And it gives the three unit eigenvectors corresponding to these eigenvalues as

0.52 —0.71 —0.48
u = |0.67 |w= 0 u = | 0.74
0.52 0.71 —0.48

Figure 7.4 shows the normalised data and the eigenvectors in the data space.
Figure 7.5 presents the directions of the principal components (eigenvectors)
in the PCA space. Both figures show u; in red, u, in green, and u3 in blue.
Notice that the three eigenvectors, the three principal components, are the
same as previously. This is because the original data was chosen so that each
column had the same variance. Therefore, dividing by the standard deviation
meant dividing all the values by the same amount. Not surprisingly, this had
no effect on the principal component directions. The eigenvalues, or variances,
are different but are all, in fact, the original ones divided by the variance
(which was g = 1.2). For real problems, having the same variance to start
with will not be the case! So, dividing by the standard deviation is important.

(continued)
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Example 7.9 (continued)

Again, if we were to plot the data projected onto the first and second
principal components, then we would capture 2.03 + 0.83 = 2.86 out of the
total of 2.03 + 0.83 + 0.14 = 3 variance, that is, 95.3% of the total.

Figure 7.6 shows projections of the normalised data in the PCA space, from
left to right, displaying PC1 against PC2, PC2 against PC3, and PC1 against
PC3, respectively. We can see that the largest range among projections along
each principal component axis decreases from PC1 to PC3.

Fig. 7.4 The normalised data

and the three eigenvector 29
directions (u; in red, up in
green, and u3 in blue) in the
data space

Fig. 7.5 The PCA space

represented by the

eigenvectors (u; in red, up in 15
green, and u3 in blue)

0.5
L

PC3
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0.5
[s2]
3o e
[
-0.5
-1 0 1 -2 0 2
PC1 PC2 PC1

Fig. 7.6 Projections of the normalised data in the PCA space: (from left to right) PC1 versus PC2,
PC2 versus PC3, and PC1 versus PC3

Remark 7.1 As mentioned in Example 7.8, one can find more than one non-zero
eigenvector for a corresponding eigenvalue. That is, there may be more than one
solution for the required unit vector or principal component as long as the condition

solved from the simultaneous equations is satisfied. For example, for a condition
1 1

u; = up, the principal component may be @) = *(2 ,ora; = *(2 . Both
v L

vectors lie on the same line but point in opposite directions. It does not affect
visualising the structure in the data when projecting the same data in these two
directions, though one visualisation plot may seem to be a flip of the other one. ¢

Remark 7.2 As mentioned in Example 7.7, it is expected that you should centre
the data by making each feature have a zero mean. It centres the picture and which
makes it easier to interpret. It is also expected that you should normalise the data
by making each feature (column) have a standard deviation, or variance, of 1,
as mentioned in Example 7.8. This is so that one feature does not dominate the
calculation just because it has much larger values. As we have demonstrated here
for really simple data, these two tasks are often not really needed, but do not get
mislead—for real data, they are important tasks to perform. ¢

Exercise

7.4 Find the principal components for the following data with and without
normalisation (having both zero means and unit standard deviations):

ey

34
42

22
44

(continued)
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@

o7
12
43
10

23

(3) If you are feeling brave, try this larger one. In fact, it is not too difficult
since four of the nine values in the covariance matrix are zero, and the
ones on the main diagonal are all the same. This makes getting the first
eigenvalue easy, and the other two are found by factorising a quadratic
equation. Hence, it is possible to do it by hand.

(2547
423
222
325
542

[232]

7.5 Case Study 2 from Chap. 1: Continued

We are now ready to answer those five questions asked in Sect. 1.3.2 of Chap. 1.

1. What are those principal components (PC) axes?
Principal component axes are the eigenvectors computed via eigendecomposition
on the data covariance matrix.

2. What is the relationship between those PCs and the original four features in the
dataset?
Recall in Sect.4.2.3 of Chap. 4 that we can obtain positions of data projections
along the first PC axis using the following equation:

projected_data = X, xqUgx1 = u11X,1 +u21X2 + -+ uq1X 4,

where x ; is the ith column of X, 4. A more general expression to each principal
component is

pc = Xuw; = uy;X1 +uzx2+---+ugixg, wherei =1,--- ,d.
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It shows that each PC is a linear combination of all d features, weighted by
the element in the corresponding eigenvector. Note that the number of elements
of each eigenvector (d) is determined by the number of features included in the
data covariance matrix, that is, the number of columns in X}, 4, which is also d.

3. Why is it necessary to report the variance percentage value?
Now, we know that the principle behind the PCA analysis is to find the direction
that can capture the most significant variance among the data projections in the
PCA space. When doing feature extraction using PCA, reporting how much
percentage of the total variance has been captured by each PC will help us to
decide on how many features to use. Note that each feature extracted via PCA is
a linear combination of all the original features. When visualising the data using
PCA, reporting how much percentage of the total variance has been captured,
especially by the first two PCs, will give us a sense of whether this linear data
visualisation method is a suitable way to visualise the data.

4. How is the variance percentage value calculated?
This has been shown in Sect.4.2.3 of Chap.4: the amount of information
contained in the ith principal component is calculated as Z_ However, it

should be clear now why the eigenvalue is used when calculating the variance
percentage.

5. How is the position of each data in the coordinate plane determined?
This is similar to point (2). In practice, first, we remove the mean value from
each feature in the dataset. Then, we substitute the corresponding data values
and eigenvector elements into the following equation to obtain the coordinate
value in the principal component space:

projected_data = ujxy + uzxz + -+ - + ugxg.



Chapter 8 ®
Algorithms 2: Linear Regression ke

This is the second of three chapters that aim to show how we can apply the
knowledge introduced in previous chapters to formulate three widely used algo-
rithms in the Data Science field. This chapter applies the least-squares technique
for formulating a simple linear algorithm. This algorithm aims to find a linear
relationship between variables that will enable us to estimate the new value of
one variable, called the dependent variable, given new values for one or more
independent variables.

8.1 Simple Linear Regression Algorithm

Linear regression is a technique that statisticians use to describe the relationship
between a dependent variable, also called a regressor, and one or more independent
variables, also called predictors. Figure 8.1 shows the first three chemicals (rep-
resented by crosses) displayed in Table 1.2 of Chap. 1. In this example, we want
to estimate enhancement ratios in terms of the molecular weights of chemicals.
The molecular weight is an independent variable, and the enhancement ratio is the
dependent variable. The linear regression algorithm aims to fit a linear line among
the data. However, many straight lines can be fit, for example, the three dashed lines
shown in Fig. 8.1. Which one shall we use? Since we want to use the linear line to
estimate values for the dependent variable, we need to find the one that can provide
the estimations as accurately as possible.

Let us start with a simple form with only one independent variable, illustrated in
Fig. 8.2. Since we are in two dimensions, then this is a simple straight line, and it
can be mathematically expressed as follows:

Ja(x) = ap + arx, (8.1
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Fig. 8.1 Three possible } .
linear regression lines 30} ,x ’
illustrating the relationship RAG
between molecular weights /7,7
and enhancement ratios. The 2 }',”
three cross markers represent & 20 4
the available chemical E
compounds £ y,
3] i
2 Y
@ g d
€ 10 K
— ] | »
295 300 305
Molecular Weight
Fig. 8.2 An illustration of a fa(x)
linear regression line intercept  slope

agtalx |

where ag is the intercept, a; is the slope of the line, and x is the variable for which
we have observations, the independent variable. It is similar to the one shown in
Sect.2.3.2.1 of Chap.2. However, here we use a subscript letter a to indicate that
a = {ao, a1} is the parameter set we need to estimate.

8.2 Least-Squares Estimation

How can we find suitable values for ag and a; in Eq.(8.1) from the given data?
Ideally, we want to select values for ap and ap, such as the line can pass through
all the given data points. However, it is impossible in most real-world applications
since data points do not exist on the same line. Therefore, all we can do is to choose
values for ag and a; such that the differences between estimations from the fitted line
f(x) and actual measurements are as small as possible. This is another optimisation
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problem. That is, we want to minimise the sum of differences over all the given data
with respect to ap and aj.

Now, the question is how we construct the objective function involving the
sum of differences. The differences will be expressed in terms of how far the
observation of the dependent variable is from what the straight line calculates for
that corresponding value of the independent variable. Suppose there are N data
points (x;, y;),i = 1,..., N, where x is the independent variable and y is the
dependent variable. For any data point (x;, y;), the actual value of the dependent
variable is y;, and the value given by the line, the estimated value of y;, is given by
ao—+a1x;. The possible objective functions will be in terms of sums of the differences
between these two values, that is, the sums of y; — (ag + a1x;) in some form. Three
possible objective functions are

1 N
Ql(ap, a) = - (i — (a0 + a1x)), (8.2)
i=1
1 N
02(ap, a1) = ; lyi — (@0 + a1xi)|, (8.3)
and
Q(ap. a1) = — Z(yl (a0 + a1x))>. (8.4)

The problem with Q1 is that the differences or errors are signed values, and positive
values can cancel with negative values when adding up all errors. The problem
with Q2 is that the absolute value function is not differentiable (recall Example 5.7
in Chap.5). Thus, it is not convenient for further analysis. The problem with Q
is that differences are not weighted equally. That is, large differences are given
more weight than smaller differences. There are problems with all the above three
objective functions. However, Q is not so bad compared with the other two as
differences cannot be cancelled and it is differentiable. Therefore, we minimise Q
with respect to ag and a; to find the line that best fits the data. This is called the
least-squares method. By convention, Q is divided by 2 as shown as follows:

1 N
Qag, a1) = 7o Y (i — (a0 + a1xi))*. (8.5)
i=1



210 8 Algorithms 2: Linear Regression

8.2.1 Deriving the Estimates Using the Least-Squares
Objective Function

Finding the estimates of the parameters of the regression models means we need
to minimise Eq. (8.5). We set the partial derivatives of Q with respect to agp and a;
equal to zero:

3 N
5 Z — (a0 + a1x;))(—x;) =0, (8.6)
ai

0
a—Q (vi — (a0 + arx))(—1) = 0. (8.7)
a

M-

i=1

Note that to calculate the above partial derivatives, we have applied the addition and
chain rules for differentiation shown in Sect.5.2.2 of Chap. 5. This does not look
very easy due to the use of the ) sign. However, it just means many terms like the
first term, (y; — (ao +a1x1))%. Each can be differentiated by using the chain rule for
the squared part, giving two parts u? and u = y; — (ap+ajx1). After differentiating,
all the parts would then be just summed up again. In fact, in the next part of the text,
remember that it is just lots of terms conveniently summed together.

To obtain their mathematical expressions, we can rewrite Eqgs. (8.6) and (8.7),
respectively, as follows:

Further, we can write the above two equations in a matrix equation as was implied
in Sect. 3.3.5 of Chap. 3:

|:ZZN_1 x} vazl x,} [al] — [va_lxi)’i] (8.8)
Z;V:1 Xi ZZN=1 1 | [ao ZlNzl yi | .

Now, to solve simultaneous equations of the form Aa = x, where A is a matrix,
and a and x are vectors, we need to multiply the left-hand side of both sides of the
equation by the inverse matrix to A, namely, A~!, giving a = A~ !x.
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So, to obtain estimates for ag and a1, we need to compute the inverse of

N N
|:Zi= X7 Y x,}
N N .

To do so, we need to determine whether its inverse exists. Let us denote this matrix
as A, and the mean of x as x, whichis x = ﬁ ZIN=1 X;.

To show that the inverse exists, we must show that the determinant of A is non-
zero. A standard way to do this is to show that the determinant is the square of
something or the sum of lots of squares where none, or not all, of the square terms
could be zero. This works because all the non-zero square terms are positive, so they
cannot cancel with any negative terms to give an overall total of zero. This is what
we will do in the following calculation.

Note that in this calculation, we use another mathematical trick: adding and
subtracting the same thing in an expression so that we can reorganise the expression
into a convenient form. We will do this in the fourth line of the following (Eq. 8.9)
by adding and subtracting x°.

The determinant of A is computed as follows:

N N N N
detA:inz-Zl—in~Zx,~

i= i=1 i=1 i=1

N (8.9)
_ a2l 2 5z2 . 2
=N ﬁle- —2x"+x
i=1
N L L
2 2 )
_N <_le S DILEED 3 )
i=l1 i=l1 i=l1
N
=NY (x— )%
i=1
We have applied ¥ = + 3" | x; and ¥> = L Ni2 = & 3"V | %% in the second last

line in Eq. (8.9).
Equation (8.9) shows that as long as all x; are not equal, which would make
x; = x for all i, the determinant of A will not be zero and the inverse of A exists.
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Let us do that again with N = 2 and expand so that we do not have the awkward
looking Y signs.

2 2
If N =2, then A = [xl Tt

di=1 :
X1+ Xy ) ]anx 5(x1 +x2)

detA = 2(x{ + x3) — (x1 + x2)?
=207 4 x3) — (2%)?
=2[(x] +x3) — 2(¥)°]
=2[(x] + x3) — 4(¥)> + 2(X)*]
= 2[(x] +x3) — 42%@1 +x2) + (@)% + @]
= 2[[x] — 201X + ()] + [x3 — 2x2% + (¥)°]]
=2[(x; — ¥)* + (x2 — ¥)°]

as required.

Since the inverse exists, we can calculate ag and a; from Eq. (8.8). That is, we
can multiply the inverse of the matrix from the left side on both sides of Eq. (8.8).

We have
[al] _ [Zllez Z 1%} [Z{% xiyz']
a0 Dz Xi Zz 11 Dz i
After calculating the inverse of A, we have the following:
N N N
[a1:| ; |: Ziﬁl I - Z]\:}i:lxii| [Zi?} xiyz'] ‘
a0 N Z (i — )2 DimiXi Dizi xl-2 D1 Vi

Therefore,

N
a; = %[Nzxm - % Z)’i], (8.10)

Y
Nl (ki —X) i=1 i=1 =l

and

ap = —[Z Zy, ixiéxiyl}. (8.11)
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Remark 8.1 Alternatively, a; and ag can be rewritten in a more concise way as
follows:

N ¢ — v PR v
a) = Z,':l(xz x)(yi )’)’ (8.12)

Y (i — )2

and
a :y—ali , (813)

where x and y are the mean value of x and y, respectively.

We have mainly ignored proofs in this book. However, readers are encouraged to
do the two proofs that the values of a; in Egs. (8.10) and (8.12) are the same and that
the values of ag in Egs. (8.11) and (8.13) are the same as an exercise by themselves.
The tricks that may be used in the proof include x = % > xi, Nx = ) x;, and
> % =) x;. You will find it easier to do the proof for just the N = 2 case. ¢

To illustrate how these formulae work and give you some examples to try, we now
do some examples and exercises for really small values of N. It should be noted that
for any realistic values of N, this would be calculated using a computer program, as
was the case for real principal component analysis problems in the previous chapter.
The values that satisfy the two simultaneous equations, (8.10) and (8.11), or (8.12)
and (8.13), are the least-squares estimates for a; and ag and are denoted as a; and
ay, respectively.

Example 8.1 Find the regression line when we have just two points, so N =
2, where the two points are (2, 2) and (4, 3).

Solution The average of the independent variable is x = 22ﬁ = 3, and the

average of the dependent variable is y = 2'5—3 =2.5.
Using Eq. (8.10), we get

1
a (2x(4+12)—6><5)=5.

20+ 1)

Using Eq. (8.11), we get

1
o= ———20x5—-6x (4+12)) = 1.
ao 2(1+1)( X X (44 12))

(continued)
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(continued)
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Fig. 8.3 The regression line
for Example 8.1 ¥
1
4| y= Zx +1
F4
0 T 3 4 x
Fig. 8.4 The regression line
for Example 8.2. ¥
4 /_ 1 +.£
y= -zx
3| e
1
g i 3 4 X
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Exercise
8.1 Find the regression line for the following:

(1) N = 2. Points (2, 3) and (3, 5).

(2) N = 3. Points (1, 3), (2,2), and (3, 4).
(3) N = 3. Points (1,4), (2,2), and (3, 1.5).
(4) N = 3. Points (1, 1), (3, 4), and (5, 4).

8.3 Linear Regression with Multiple Variables

So far, we have considered using just one independent variable to estimate the
dependent variable relationship. We now consider having d independent variables.
With one independent variable and one dependent variable, we are working in two
dimensions, and the linear regression line is just a straight line in two dimensions,
namely, f(x) = ap + a;x. With two independent variables, our regression “line” is
a plane in three dimensions, namely, f(x) = ag + a1x1 + axx>. This generalises for
d independent variables to

d
fa(x) =ao+a1x1 +axx2+ -+ agxg = Zajxj.
=0

Note that we define xg as 1 to give a convenient summation.
So, for each of the N points x; = (xi1,xj2, -, Xiq), this gives the linear
regression model as follows:

d
Sa(Xi) = ap + arxj1 +axxiz + -+ + agxig = Zasz'j' (8.14)
j=0
The objective function is then given by the following:
N d
0=> (- ajxj (8.15)
i=1 j=0

So, ford = 1, we have

N
Q= Z(yz' — (a0 + a1xi1))*,
i=1
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which is the same as previously, apart from the ﬁ factor, which is a constant, and
so does not affect things.
And for d = 2, we have

N
0= (i — (a0 + arxi1 + arxi)*.
i=1

This is just the sum of the squares of the differences between the real value y; and
the corresponding point on the plane, as expected.
If we write the data as a matrix X of size of N x (d + 1), where Xg is a column

1 agn
1 al

vector including N ones, Xxg = | . and a = | _ |, then Eq.(8.14) can be
Uy ad

rewritten as fu(X;) = Xa, and Eq. (8.15) can be rewritten as

0 = (y—Xa)’ (y — Xa).

Example 8.3 To illustrate the above, consider d = 1 and N = 2. This has
points (x11, y1) and (x21, y2). Then, X, a, and y are

[ 11] ' [ } ' [ 1} .
1 X21 ai y2
ap arxii

ap + aixa1
Hence, we have

So, Xa is [ i|, where each row is fa(X;).

y1 — (ap + arx11)
y y2 — (ap + aixz1)

and

(y-Xa)' = [y1 = (a0 + a1x11), y2 — (ao + arx21)].

respectively.

(continued)
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Example 8.3 (continued)
Therefore, (y — Xa)” (y — Xa) is

2
(1 — (a0 + a1x11))* + (2 — (ao + a1x21))* = Y _ (i — (a0 + a1xi1))*.

i=1

So, (y — Xa)T (y — Xa) = 37, (yi — (ap + a1xi1))* = Q as required.

To obtain a formula for a, we need to find the partial derivative of Q with respect
to a. That is,

30 Ay —Xa)' (y — Xa)

Jda Jda
_ " —a"X")(y — Xa)
- da
_o(y'y—a’X"y —y"Xa +a’ X" Xa)
= 7a (8.16)
o'y —2a"XTy 4+ a’ X" Xa)
- Jda
= —2XTy +2X"Xa
= —2X"(y — Xa).

From the third line to the fourth line in Eq. (8.16), we have used the property that
the transpose of a scalar is still the scalar itself, that is, the product of aTXTy
is a scalar (by checking the size of each factor (see Sect.3.3.3 of Chap.3), and
a’XTy = (a’XTy)" = y” Xa. Going from the fourth line to the fifth line, we have
differentiated using the two results, Egs. (7.6) and (7.4), from Chap. 7.

Setting the partial derivative to zero, that is, xT (y — Xa) = 0, we obtain

X"Xa = XTy.

If the inverse of X7 X exists, then multiplying the inverse from the left side of both
sides of the above equation gives

a=X"X)"'XTy. (8.17)

Equation (8.17) is called the normal equation. Applying the normal equation is the
method to solve for a analytically.
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Example 8.4 Let us illustrate the partial differentiation result by returning to
our Example 8.3. We have already shown that

0 = (y—Xa) (y — Xa) = (y1 — (ap + a1x11))> + (v2 — (ap + a1x21))?,

which is a scalar. We can use the formula for gradient shown in Sect. 6.1.4 of
Chap. 6. So,

- —2(y1 — (ao + a1x11))x11 — 2(y2 — (ao + aix21))x21

90 _[%}[ —2(y1 — (@0 +@1x11)) — 22 — (@o + @1x21)) ]
oda :

day

This has again used the chain rule to substitute for the squared bits in brackets.
If we now substitute X, a, and y into Eq. (8.16) for computing %, we can see
that

—2xT (y — Xa) = _2[ L1 ] |:Y1 —(ao +a1x11)i| .
x11 x21 | | y2 — (ap + aixz1)

Multiplying out the matrices, we get

[ —2(y1 — (ao + a1x11)) — 2(y2 — (ao + aix21)) }
—2(y1 — (ao + arx11)x11 — 2(y2 — (ap + arx21)x21 ]’

which is the result we got for % before as required.

Before we look at the real way to find these solutions using a gradient descent

algorithm and a computer program, let us look at a couple of simple examples that
can be done by hand to illustrate this result. We will start by re-doing Example 8.2.

Example 8.5 Example 8.2 revisited
Remember, this example had N = 3 and was for d = 1 since we just had one
independent variable. The points were (1, 2), (2, 4), and (3, 3).

We are going to use the new formula for finding a, namely,

a=X"xX)"'XTy.

(continued)
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Example 8.5 (continued)
11 2

Solution First, X = |12 | andy = | 4 |, and we wish to find a = [ao:l'
aj
13 3
111 I 36 14 —6
So, XX = = dX’x)-1=1 .
© [123} 1? [614}%( ) =526 3

2

111 9
Also XTy = = :
oAy [123}‘3t [19]

So.a= [Zﬂ =3 [i _36} [199} - B]

Hence, ap =2 and a; = % as before.

Example 8.6 We will now do a d = 2 example, which is an example with
two independent variables, x; and x, and one dependent variable y. We will
do one with N = 3. The points are listed in Table 8.1. Apply Eq. (8.17) to find
a.

112 1
Solution First, X = (121 | andy = 2 |, and we wish to find a =
122 —2
ap
ai
a
So,
111 112 355
X'X=1|122||121]|=]598],
212 122 589
and
17 =5 -5
X'x)y'=|-52 1
-5 1 2

(You can check that last part by showing that X" X(X”X)~! =)

(continued)
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Example 8.6 (continued)

(111 1 1]
AlsoXTy=[122]| 2 | =1
1212 | -2 | 0
ap | 17 =5 =57 [17] 12
So,a=|a1|=|-52 1 1|=1]-3
as | -5 1 2 | L0] —4
Hence, ag = 12, a1 = —3, and ap = —4.

Exercise

8.2 These are the same as the last two examples in Exercise 8.1. You should
now calculate the answer using the new method of this section and check you
get the same answer:

(1) d =1, N = 3. Points (1, 4), (2, 2), and (3, 1.5).
2) d =1, N = 3. Points (1, 1), (3,4), and (5, 4).

8.4 Numerical Computation: Case Study 1 from
Chap. 1—Continued

The normal equation provides a nice way to find the parameters of linear regression
models. Recall X" X is a (d + 1) x (d + 1) matrix. When d is large, computing the
inverse of X7 X can be very slow. If XTX is non-invertible, we cannot use the normal
equation. Alternatively, we can apply the gradient descent algorithm described in
Sect. 6.2.3 of Chap. 6 to obtain estimates.

Table 8.1 Three data points
with two independent

variables, x; and x;, and one
dependent variable, y 2 1 2
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Table 8.2 The original data and the scaled data

MW: raw_X Enhancement ratio: y scaledX = %{f_ggg]
295 10 0

305 30 1

300 20 0.5

Table 8.3 The initial values

ag

5

aj scaled X y Ypred = 40 + a1 x scaledX error = %(y - ypred)2
1 0 10 5 12.5

1 30 6 288

0.5 20 5.5 105.125

Total error: 405.625

In Sect. 1.3.1 of Chap. 1, we have

295 10
raw_X = [ 305 |andy = | 30
300 20
We will use this example, where d = 1 and N = 3, to show how the gradient

descent algorithm can be used to estimate ag and a; of the linear regression model.
We keep four decimal places when it is not divisible.

Step 1: Data normalisation/scaling. We scale raw_X using %, where

min and max denote the minimum and maximum values of raw_X. We keep
the values of the target variable y unchanged. Note that there are many different
normalisation methods. In this example, we simply rescale data between 0 and 1
(Table 8.2).

Step 2: To fit a line Ypred = @0 t+ a1 X scaledX, we initialise random values for

ao and a; and calculate the error given by %(y -y red)2 for each data point.
This error is the same as Q given in Eq.(8.15) when d = 1. For example, we
start with the random initial values of ag = 5 and a; = 1 (Table 8.3).

Step 3: Calculate the partial derivative with respect to a; and ag, respectively.
The error for each data point is given by

1 1
error = E(y — ypred)2 = E(y — (agp +a; % scaledX))2.

From Egs. (8.6) and (8.7), we have the following:

derror
3(11

= —(y — (ap + a1 x scaledX)) x scaledX = —(y — ypred) x scaledX,
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Table 8.4 Results of the
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aerror Jderror

ledX - 2
partial derivative with respect do | @1 |Seam Y[ Ypred | EITOT d4q da)
to a; and ag 5 /1 10 10 |5 12.5 =5 0
1 30 |16 288 —24 —24
0.5 20 |55 105.125 | —14.5 | =725
Total: 405.625 —43.5 | =31.25
Table 8.5 Results after the first iteration
ao aj scaled X y Ypred error 3%% ae&%
5.435 1.3125 0 10 5.435 10.4196 —4.565 0
1 30 6.7475 270.3394 —23.2525 —23.2525
0.5 20 6.0913 96.7267 —13.90838 —6.9544
Total: 377.486 —41.7263 —30.2069
and
derror

B0 = —(y — (ap + a1 x scaledX)) = —(y — ypred)'

Results are shown in the last two columns of Table 8.4.

Step 4: Set the learning rate, for example, ¢ = 0.01. Update the estimates by
applying Eq. (6.7) in Chap. 6 with the corresponding total partial derivatives as
follows:

a(’)’ew =5—-0.01 x (—43.5) =5.435,
and
a’f"w =1-0.01 x (=31.25) = 1.3125.

Step 5: Use the updated value for ap and a; for computing predictions. Then,
calculate new total errors and total partial derivatives.

We can see that the total error has decreased from 405.625 in Table 8.4 to
377.485 in Table 8.5 after the first iteration using the gradient descent algorithm.
As we know, the gradient descent algorithm is an iterative procedure. We have
shown the first iteration in this example. In practice, more iterations are needed
so that the total errors can be minimised and converge to a value as small as
possible.

Of course, this example is here to illustrate how the gradient descent algorithm
works. But because it is a really simple example withd = 1 and N = 3, we can

fin

d ag and a; directly using Eqs. (8.13) and (8.12) on scaledX and y to get ap = 10

and a; = 20. The gradient descent values can be seen to be heading in the right
direction!
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Remark 8.2 Data normalisation is an important step in data pre-processing. In
this example, we have scaled original molecular weights using the minimum and
maximum values among the available molecular weight values. We have not scaled
v, the target values. If we scale the target values, the estimated values from the
fitted regression line need to be transformed back to the original target value space.
For example, if the scaling is done simply by removing the mean value of targets,
then the mean value must be added to the estimated value to obtain the final
prediction. ¢

Exercise

8.3 Do the first iteration of the gradient descent algorithm for the following
example:

e d=1,N = 3. Points (1, 1), (3,4), and (5, 4). Start with estimates for ag
and aj using ap = 1 and a; = 1. Suppose the learning rate is 0.01.

Since the numbers are small, do not bother to scale the values of x (it makes
the calculation easier too). Note that it is the same example as the last exercise
in Exercise 8.2—so you know the real answer!

8.5 Some Useful Results

These are properties and formulae that apply once you have found the “regression
line” of best fit and indicate how good your results are.

8.5.1 Residuals

A residual is defined as e; = y; — y;, where y; is the estimate of the ith of the N
points. We have the following useful properties:

* The sum of the residuals is zero.
e The sum of observed target values equals the sum of the estimated values.

If the regression line is found by calculation, then these properties are correct. We
may not find the exact solution for iterative procedures, but one that is close enough
that these two properties are very close to being correct. They give an indication of
how close you have come to the exact solution.
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Example 8.7 Example 8.1 revisited.

Here, we just had two points and found the unique answer, giving a line that
goes through both points. So, the residuals are both zero, and the observed
target and the estimated values are the same. Thus, both properties are correct.

Example 8.8 Example 8.2 revisited.
Here, we had three points, (1, 2), (2, 4), and (3, 3), and found that ap = % and
a; =2.
The estimated points on the line y = 2 + %x are the following:
Forx =1,y = %;forx =2,y =3;and forx =3, y3 = %
The sum of the residuals is therefore (2 — 3) + (4 —3) + (3 — 1) = 0.
The sum of targets is 2+4+3 = 9, and the sum of estimates is %+3+% =9
as required.

8.5.2 The Coefficient of Determination

The coefficient of determination, denoted as RZ, is defined as follows:

ZZN()’i — §i)?
SNy — 5?2

where y; is the estimate of the ith of the N points and y is the mean value of the
dependent variable.

The closer the value of R? is to 1, the better the fit. We have ignored the
proof; however, the coefficient of determination can be interpreted as the square of
Pearson’s correlation coefficient (see Sect.4.2.1 in Chap. 4) between the observed
target values y; and the estimated values y;.

RP=1-

Example 8.9 Let us do Examples 8.1 and 8.2 again.
For Example 8.1: all of y; = 7, s0 R? = 1.
For Example 8.2: y = 3 and

o D@2+ (3?1
- M2+ M2+0 4
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Chapter 9 ®
Algorithms 3: Neural Networks ke

This is the third of three chapters that aim to show how we can apply the knowledge
introduced in previous chapters to formulate three widely used algorithms in
the Data Science field. This chapter considers neural networks. Neural networks
are a huge topic, and there are many textbooks dedicated to describing all the
different types and giving the details of how they work. There are unsupervised
and supervised neural networks dedicated to different tasks. We are only going to
consider one type of supervised neural network: the single-layered and multilayered
perceptrons trained using back-propagation of errors. Knowledge of this type of
network is a good entry point to lots of other networks. This chapter introduces the
basic idea of input data being passed through the network in a forward direction
and the error being propagated backwards through the network with the network
weights being updated using a gradient descent algorithm of the type described in
Sect. 6.2.3 of Chap. 6.

9.1 Training a Neural Network by Gradient Descent

We are leading up to describing the training of a two-layer neural network (NN)
using a gradient descent algorithm. This algorithm uses the gradient of the error
between the outputs of the neural network and the desired target values. It then
adjusts the weights in a neural network by considering the error relative to each
weight by looking backwards through the neural network in a method known
as back-propagation. This is Case Study 3 in Chap. 1. We will do this by first
illustrating the principles on a simple one-layer network.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2025 227
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9.2 A Simple One-Layer Neural Network

This section explains the training principle behind artificial neural networks using a
simple example of a one-layer neural network with just two inputs and two outputs.
It is a very limited network but will illustrate how the inputs are fed forwards and
the errors fed backwards.

Figure 9.1 shows the architecture of the one-layer neural network used in this
example, where we consider only one input (training) example x, which has two
attributes or features x1 and x». Squares in Fig. 9.1 represent the two input features,
forming the neural network’s input layer. Suppose each input example has two
targets, denoted as #; and #. y; and y, are the outputs or predictions of the neural
network for the given x. We follow the notations used in [5] for weights. That is, we
denote each weight as w j;, where j is the jth output unit and i is the ith node of the
input layer. For example, wy; denotes the weight going from the first input feature
X1 to output unit 2 in the output layer. The training of this neural network aims to
adjust weight values to reduce the error, that is, the difference between the targets
and predictions.

In general, the input values are fed to the output nodes as a weighted sum formed
as a dot product of the input vector x and the weight vector w, that is, x-w. Expressed
in full for our two-node example, we get

ap = wix] + wiexy,
and
az = wa1X1 + waxs.

The output node can transform this to give an output by using an activation function,
denoted as g, which for these two units can be written as follows:

y1 = ga),
and
y2 = g(az).
Fig. 9.1 A simple one-layer (1)
neural network X L] Wi1 N @ s
(1)
Wy
w.
21
X7 | ] y
L o \Z
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We are going to consider a linear activation function and then a logistic sigmoid
activation function for g.

Remark 9.1 We can represent the complete operation of finding the inputs to the
first layer of the simple neural network by using the multiplication operation of an
input vector and a matrix of weights.

T
w w w

Letw; = |: “i|,wz = |: 21],andW: [ IT:| . Then, we have
w2 w2 W5

HEMIE

9.2.1 Linear Activation Function

Figure 9.2 illustrates a linear activation function with y = g(x) = x. Note that this
activation function is differentiable and g'(x) = 1.

Applying this linear activation function to our simple one-layer neural network
example, we have y; = g(a1) = a1 and y, = g(a2) = a>. With targets ¢ and 1, we
get the error (E) as

2

1< 13 | 2 2
EZEZ(tj_yj)zzzZ(tj_aj)zz§Z<tj_<zwjixi>) . 9.1)
j=1 j=1 i=1

Jj=1
This error is associated with just one training example, the simplest training method

to explain. So, we are going to update the weights for each input training example.

Fig. 9.2 Linear activation
function
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More will be said about this in Sect. 9.5.2. Expanding the equation for E out, we

have
1 2 2
E = E((fl — (wrxy + w12x2)> + (tz — (w21x1 + w22x2)> )

We will update the weights by back-propagation of the error. The basic idea is to
apply the gradient descent algorithm (see Sect. 6.2.3 of Chap. 6). That is,

0E

—. 9.2
€ bw; 9.2)

wji < wjl- —

So, we need to differentiate Eq. (9.1). Looking at the formula for E, we can see
it contains two terms, so E = %(E 1 + E»). Each term needs the use of the
2

differentiation of composite functions. Looking at the first term, we have E| = u~,
where u = 1 — (w11x1 + wi2x2). Let us differentiate with respect to wq:

JdEq _ 0E| ou
811)11 - u 8w11

=2u(—x1) = —2(t1 — (w11 x1 +wi2x2))x1 = —2(f1 — y1)X1.

When we work out aaw%’ we get 0 since E; has no wq in it, and all other variables
are treated as constants when differentiating with respect to wq.
So, adding the two results together and dividing by two, we get

oE

— = —(t; — y)X].
I (t1 — yDx

Repeating this for the other weights, we get

0E
— = —(t1 — y1)x2,
dwin
oE
— = —(2 — y2)x1,
owy|
and
oE
— = —(f2 — y2)x2.
dw)
Or in general:
0E
=—@ —yj)xi. (9.3)

8w.,',-
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Armed with this result, we can then update the weights using Eq. (9.2) as the
following Example illustrates.

(continued)
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Example 9.1 (continued)
and

wa = 0.25 — (0.1)(0.5) = 0.2.

So after one iteration, the weights have changed. The new y; = 0.9 and
the new y, = 0.4. The new error is

E = %((0.5 —0.9)%+ (0—0.4)2%) =0.16.

Hence, the error was reduced after one iteration.

Remark 9.2 Of course, realistically, applying the gradient descent algorithm
requires many iterations to reduce the error to zero and would be done using
an appropriate computer program.

¢

Exercise

9.1 Here is one for you to try. You will probably need a calculator! Do one
iteration for this one-layer neural network with a linear activation function.
The initial input vector is x; = 1 and xp = 0; the target is #{ = 0.25 and
h =0.5.

Initially, w11 = w2 = 0.5, wy1 = woy = 0.25 and finally € = 0.1.

9.2.2 Logistic Sigmoid Activation Function

Figure 9.3 illustrates a logistic sigmoid activation function with y = g(x) = o (x) =
H%' Note that this activation function is differentiable.
Applying the sigmoid activation function to our simple one-layer neural network

example, we have y; = g(ay) and y, = g(az), where g(a;) =o(a;) = and

14¢~ %
Jj =1, 2. With targets | and ,, we get the error as

B0 (o)

94)

N =

2
1 1
E=2) j—y)?=5) (=8’ =
j=1
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Fig. 9.3 Logistic sigmoid
activation function

Again, we are updating the weights for each input training example. Expanding the
equation for E out, we have

| 2 2
E = §<<l1 —g(wyix; + w12x2)> + (l‘z — g(waixy + wzzxz)) )

We need to differentiate Eq. (9.4) to update the weights using Eq. (9.2). The only
difference between Eqgs. (9.4) and (9.1) is the addition of the function g(a;). So,
when we come to differentiate E after dealing with the square term using u, as
before, we need to find ddng = g'(a;) before we can get inside the composite
function g and differentiate the expression for a; in terms of weights and input
values.

Hence, if we consider £ = %(E 1 + E»), then in terms of composite functions,
we have E| = u?, where u = 1] — g(ay) and a; = wi1x] + wi2x3.

Now to differentiate with respect to wi,, we can use

0E] _ 0E; du dag
8w12 - ou 8a1 8w12’

du _ _dgla) __
where dar = oo =

not contain wiz. So,

—g'(ay). Again differentiating E; gives 0 since E; does

oE
Ton, =u(—g'(a1)x2 = — (11 —g(wiix1 +wi2x2))g (a1)x2 = —(t1 —y1) g (a1)xa.

In general, we get the following:

£ (—&'(a)))
=u(—gaj))x;
Bwj,- & J

= _(t] - g(wjlxl + wj2x2))g/(aj)xi (95)

=—@t; —yj)g' @j)x;.
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Luckily, we already have found the derivative of the sigmoid function from
Example 5.13 of Sect. 5.2.2 of Chap. 5, and we know that g’(x) = o (x)(1 — o (x)).
So, g'(a;j) = o(aj)(1 —o(aj)). In particular, we have

g'(a1) = o(a)(1 —a(a1)),
and

g(@) = o(a)(1 — o (a2)).
So finally,

oE

= —(11 — y1g'(an)x2 = —(11 — yp)o(a)(1 — o (a))x2,
owi2
and in general,

oE
au)j,'

=—(@tj —ypg&'ajxi=—@t; — yjo(aj)(l —o(a;)x;.

If we collect all the parts relating to j together and define
8j=(tj—ypo(aj)d—ola;)), 9.6)

then we can express the final result as

oE

8wjl-

= —(ijl'. (9.7)

Readers will see why it is useful to define §; in this way in Sect. 9.4.

Remark 9.3 After defining Eq. (9.5), we have put in the logistic sigmoid for g(x).

However, other functions can be used to give different algorithms. The hyperbolic
tangent activation function could be slotted in where now g(x) = iijr—ij In fact, if
we put in g(x) = x, that is, the linear activation function, then since g'(x) = 1, we
get all the same results as in the previous section on the linear activation function,

namely, Eq. (9.3).
¢
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(continued)
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9.3 A Simple Two-Layer Neural Network: Case Study 3 from
Chap. 1

We have now set the scene for dealing with Case Study 3 from Chap. 1, a simple
example of a two-layer neural network with two hidden units only in each layer. This
is a simple two-layer neural network but represents the classic back-propagation
model. The mathematics behind the two-layer neural network follows the same
pattern as the one-layer neural network. However, it is complicated by having two
layers and needing to back-propagate the error to the first-level weights to update
them.

Figure 9.4 shows the architecture of a two-layer neural network used in this
example, where we consider one input (training) example x, which has two attributes
or features x| and x; only. This figure is identical to Fig. 1.9 in Chap. 1. For the
reader’s convenience, it is repeated here. Notations in Fig. 9.4 are the same as those
in Fig. 9.1. The two layers mean there are two layers of adaptive weights. The nodes
in between two weight layers are called hidden units. We follow notations used
in [5] for weights, where now we have to distinguish between weights in the two
layers. That is, we denote each weight as wﬁ.li), where (/) denotes the /th layer, j the
Jjth hidden unit in the corresponding layer or the jth output, and i the ith node of
the immediate layer to the left. For example, wéll) denotes the weight going from

the first input feature, x1, to hidden unit 2 in the first layer; and wizz) denotes the
weight going from the second hidden unit to the output unit 1 in the second layer.

ZEI) denotes the output of the jth node in the hidden layer. The training of this neural
network again aims to adjust weight values to reduce the error, that is, the difference
between the targets and predictions.

9.3.1 The Feed-Forward Propagation

Each input in the input layer is connected to hidden units via weights of the first
layer. Each hidden unit is a linear combination of the input attributes that are

X1 Wit 0N Wi

X2 1)
G - ez )

Fig. 9.4 An illustration of the feed-forward of a simple two-layer neural network



238 9  Algorithms 3: Neural Networks

transformed by an activation function. The linear combinations of the two input
attributes can be written as follows:

1 1
and
1 1

The transformations by a non-linear activation function, denoted as g1, for these two
hidden units can be written as follows:

1 1
z§ ) = gl(af ),
and

I I
o = g1(@y").

As can be seen, z(l)
(1 )

is the output of a composite function, where the output of a

linear function, a; ’, is the input of a non-linear activation function g (-). Here, we
use g1 as the first activation function in case we want to use different activation
functions in the different layers.

Similarly, for nodes in the output layer, we have

(2) () (1) (2)_ (1)
| Tw

=wpz Wip 2y s
SO
2 2) (1 2) (1
=) = oz + w ),
and
(2) (2) (1) 2) )
=wyz twyn
)

2 2)_(1 2)_(1
2 = £20?) = 2wl + ).
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So, in general, the outputs can be written as

2)_(1
nn( Sos)

(Zw(Z) ( m)) ©.8)

2
1
—( S uita (L))
i=1

where k is the index of the nodes in the second, output, layer, j is the index of the
hidden unit of the first layer, and i is the index of the inputs.

In the feed-forward process, the input information is passed as a forward flow
through the network. Note that the activation function used in different layers for
different hidden units can be the same or different.

9.3.2 The Error Back-Propagation

The weights in any feed-forward network are updated by applying the back-
propagation algorithm. The basic idea is to apply the gradient descent algorithm
(see Sect. 6.2.3 of Chap. 6). In general, this is written as

0E
1 1
wh —wh — 68 o
Wnm

where E denotes the error, that is, the difference between the target values and the
neural network outputs, / is the index of the layer, and m and n represent the layers
to the left and right, respectively.

We update weights layer by layer in the direction from the output layer to the
input layer, which is opposite to the feed-forward propagation. So, in particular, we
use

@ @ IE

W —w —€ , 9.9)
kj kj 5 1(<2)
J
to update the weights from the hidden layer to the output layer. And we use
E
(1) (1)
Wy < w = R (9.10)

awﬁ

to update the weights from the input to the hidden layer.
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9.3.2.1 Updating Weights of the Second Layer

Considering Fig. 9.4, let us again suppose the error measure is given again by %((tl -
y1)% + (t — y2)?). We update the weights of the second layer, that is, for the weights
connecting the hidden nodes to the outputs first.

We compute the error as follows:

2

2 2
1 1
=§§m—mf=5§(m—@@%>
k=1 k=1

1 2 2 2
Iy (a- Z(nm
T2 (% ( w“’))’

k=1

(9.11)

where k in the first summation indicates the index of targets and j in the last
summation is the index of hidden units. Again, we will update the weights after
each input training example.

If you look at Eq. (9.11) and compare it to Eq. (9.4) used in Sect. 9.2.2, you will
see that they are virtually identical. The differences are the naming of indices in the
summations, having superscripts that represent the layer, having g, instead of g, and
having a z'" here instead of the x; previously. Then, when we compute the partial
derivative of E with respect to the second-layer weights using the chain rule, we get
a result virtually identical to Eq. (9.5) in Sect. 9.2.2. That is, we get

IE o
a@ — (i — ) ghla )z} 9.12)

kj

Note that the sum sign has disappeared in Eq. (9.12), as before, because we are
specifying particular values for k and j when calculating the partial derivative. In
this case, we treat other weights and other hidden layer units as constants when
differentiating with respect to w,g). For instance, if k = 1 and j = 2, we get

oE @~
=~ =gz

Wi

OX

The above equation contammg just z, * is because there is only one occurrence of

the particular weight, w12 ,in Eq. (9.11) and that is multiplied by zél). This result is
again similar to the result we obtained in Sect. 9.2.2.
We can now collect all the terms containing k together in Eq. (9.12) and define

8% = (i — ygh@™), (9.13)
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and then Eq. (9.12) can be rewritten as follows:

OE
~572\0. 9.14)

Jw (2) ]

Wy

Readers will see why it is useful to define 8,(5) in Sect. 9.4.

Suppose the output units have linear activation functions, that is, g2(a) = a, then

the derivative of these activation functions is 1. This gives us 8;{2)

IE 1
w® =t — )’k)ZE' )

= I — Yk and

@

Therefore, we can use Eq. (9.9) and update w, ) as follows:

2 1
wgl) <« w11 +e(t; — y1)z§ ),

Similarly, we have

2 1
wgz) A w12 +e( — yl)Zg )7

2
wél) <« w21 + et — yz)z

and

2 2 1
wéz) <« wéz) + e(t) — yz)z( ),

This completes the updating of the weights in the second layer.

9.3.2.2 Updating Weights of the First Layer

Now let us consider updating the weights of the first layer, that is, the weights

connecting the inputs to the hidden units. To do it, we rewrite Eq. (9.11) by first

replacing zﬁ ) with gl(a; ) ) and then replacing each a‘V with its summation of

products of first layer weights and the input values x; as follows:

E= ;Z(tk_gZ(Zw gl(a(l))>)2

(9.15)

_ %i (tk _g2<2w,§f)g1<2w“) )))2
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. . . o .
Updating weights of the first layer is to update w ji shown in Eq. (9.15). To compute

. o . 1) .
the partial derivative of E with respect to w i we apply the chain rule through

several composite functions until we get deep inside the functions to the actual
weight we are differentiating with respect to, for example, wéll). We obtain the
following:

2
IE 3 @@ s (D)
ji k=1

(9.16)

2
2). (2 1
=— 28,({ )w,((j)g’l(a; i
k=1

Here, we have used the value of 6,52) previously given in Eq. (9.13). Note that the
sum signs over j and i have disappeared since we are specifying particular values
for them when computing the partial derivatives, as before, and all other weights
are treated as constants. There is, however, still a sum of two terms as shown by

. . 1 L .
the summation over k. This is because each wj.i) appears twice in the error function

E. We can see this by looking at Fig. 9.4 and considering, for instance, wéll). This
weight contributes part of the value of zg). But zg) is propagated to both the two
output nodes and so contributes to both y; and y,, that is, to both y;’s. Hence, we

(1)

get w,,” appearing twice in the final value of E, once for each value of k.

If we collect all the parts of the expression for 33% in Eq. (9.16) that don’t
w;
contain i and define '

2

(1 1) (O)ING))

8]. =g’1(aj ) E Wy 5, 9.17)
k=1

as we did before when defining 8,({2), then Eq. (9.16) can be simply rewritten as
follows:

oE

— _sO,.
3D 8; xi. (9.18)
Ji
We compute Sil) and 8&1) as follows:
1 1 2) (2 2) o (2
8" = gl (@) wPs? + w8, 9.19)

1 1 2) (2 2) (2
8" = gl @y 3s® + w)s?), (9.20)
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respectively. Using Egs. (9.10) and (9.18), noting that we are subtracting the
negative differential, then we can update the first layer weights using

(eY)

(1 (D
Wi < wy +65j Xi. 9.21)

As an example, suppose the activation function g of hidden units is the sigmoid
activation function, and g, of output units is the linear function as before. We can
then derive the update method for will) by substituting

i@ =o@"a -o@"y),

2
5i)=ll_)71,

and
2
55 ‘=

into (Sil) giving the update for will) as follows:

1 1 1 1 1 1 2 2
wil —wV4esVx; =wl +eo @) 1-0 @)@ 61—y +w? (ta—y2))x1.

The other weights are dealt with similarly.

Example 9.3 Again, we will do one iteration of a very simple example.
Assume the initial input vector is x; = xp = 1 and that will) = wglz) = 0.5and
wéll) = wgz) = 0.25. Also assume wﬁ) = wizz) = 0.25, wézl) = wézz) = 0.5,
and the target is #{ = » = 0.5. As in the text, we will have g; as a sigmoid
function g1(x) = o(x) = H% and g as a linear function g>(x) = x. We
also use € = 0.1 again.

Feeding the input values forwards through the network, we have

1 1 1
a§ )= wil)xl + wgz)

x =1,
and
o = W, 4wy, = 0.5,

So,

PV =0@")=0731,

(continued)
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(continued)
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Example 9.3 (continued)
So that has updated all the weights using back-propagation of errors. We will
finally compute the new error. Now, we have
a'” =0.998 and a{" = 0.498.
So,
2V =o@"”) =0.731 and 2" = 0 (a}") = 0.622.

Continuing through to the next layer, we get

a\? =0.353 and @} = 0.660.

So,
yi =a® = 0353 and y» = a{” = 0.660.
This gives
1< 5
E= k;(tk — yi)? = 0.0236

Hence, after one iteration, y; is closer to #; and y; is closer to ,, and the error
E has reduced.

Remark 9.4 This sort of calculation would definitely be done using an appropriate
computer program. It is dreadfully boring to do by hand! It was only done here so
that you can check the use of the methods. It should also be noted that ¢ would
normally be a smaller number than used in all these examples.

¢

Exercise

9.3 Here is a two-layer neural network for you to try. This is easier than
Example 9.3 since both layers use a linear activation function. This means that

both g1 (x) = x and g>(x) = x. Also, we have g} (aj.l)) =1 and gé(a,&z)) =1.
However, you will still definitely need a calculator!

(continued)
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Do one iteration for this two-layer neural network with both layers having
a linear activation function:
The initial input vector is x; = 1 and xp = 0; the target is #; = 0.25 and
tn =0.5.
Initially, w!}) = w{) = 0.5 and wl) = wi) = 0.25. Also w'? = w2 =
0.25, i) = w) = 0.5 and finally € = 0.1.
This exercise, using linear activation functions, is partly relevant as you will
see when you meet the rectified linear activation function in Sect. 9.6.

9.4 The Delta Rule

We may consider § ,il) as a quantity measuring the error passing through each node in
different layers. Equation (9.17) says that the error of each node is a weighted linear
combination of errors from the layer on the immediate right. That is, 85.1) is a linear

sum of § ,Ez). This is the principle of the back-propagation algorithm. In general, we
have the Delta rule as follows:

(=) (=) ON0)
8 =g'@i ™) > w8, 9.22)
k

where g’ (aﬁlil)) is the derivative of the relevant activation function.
Figure 9.5 shows that the errors are propagated left from the output layer. That
is, the weighted errors of #; — yi are saved in § ,iz) using Eq. (9.13), which are further

propagated left to the hidden units and saved as 8;1) using Eq. (9.17). Therefore,
the training of the neural network is iterative. In each iteration, weights are updated
from right to left. Then, new errors are calculated using these updated weight values
as the input is propagated from left to right.

xlD W11

x
ZD w

Fig. 9.5 An illustration of the back-propagation algorithm of a simple two-layer neural network
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9.5 Implementation Details

9.5.1 Bias

Usually, an extra node with a value of 1 is considered in both the input layer and
the hidden layers. The weight connecting from this extra node is called the bias (or
threshold), which is denoted as wp. We have not considered the bias in these simple
examples.

To illustrate its use, consider the input to the first unit in a network with an n unit
input vector. This would now be

w10 + X1 Wil + X2W12 + -+ X Wi,
where wqg is the bias, instead of
xjwir +xowi2 + - -+ X Wiy
without bias. So, the output of an activation function would now be
gwio +x1wir +x2wi2 + -+ + XpWin),
instead of
gxiwi + 2wz + - - - + X, Wip)-

The net effect of the bias is to move the activation function sideways. As an
illustration, let x = xjwy; + xow2 + - - - + x, wi, and wig = 1 or wig = —1, and
also suppose g(x) is the logistic activation function. Figure 9.6 illustrates this in fwo
dimensions and present the three corresponding function curves with bias w1¢ equal
to —1,0and 1. It shows that involving a constant (1 or — 1 in the figure) allows us

to shift the function horizontally, left or right, along the x-axis. This means that with
a bias, the most variable part of the curve (i.e., the part with the most slope) can be

Fig. 9.6 An illustration of 1

shifting a sigmoid function

left or right along the x-axis 0.8 ]
0.6 1

=
04f 1
0.2 1
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25 9,6 Beh D0 BO MO OB N8 Ugh 2,8 X6 66 ©
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anywhere on the x-axis rather than always at x = 0. Also, with different biases on
each unit, this allows each unit to exploit different parts of the activation function
curve.

9.5.2 Stochastic Gradient Descent and Batch
9.5.2.1 Stochastic Gradient Descent

The stochastic gradient descent (SGD) calculates the error between the target and
the prediction for each training example and then updates the weights immediately.
This is the method we have illustrated in our discussion and all the examples. If
we have N training examples, usually the SGD method updates weights N times at
least.

9.5.2.2 Batch

Here, each weight is updated only once after calculating errors over all the training
examples. So, we need to sum all the errors before updating any of the weights. This
requires storing the sum of the errors as each training example is used, but it runs
more quickly.

9.6 Deep Neural Networks

We have only dealt with one- and two-layer networks, but deeper networks are
more useful, and recently, much deeper neural networks have become extremely
fashionable. Here, we briefly mention a couple of factors that have made such really
deep networks possible.

Improvements in computer technology, especially that of the graphics processing
unit (GPU), mean that potentially deeper neural networks could be used without
them taking forever to train, especially when they are used to analyse the vast
amounts of data that are standard now. Deeper networks increase the ability of the
network to learn more complicated relationships between inputs and outputs, so they
have become increasingly more desirable. The use of such networks is often called
deep learning.

Secondly, a purely linear activation function effectively can only deal with linear
relationships, so it is desirable to have a non-linear activation function. However,
the common non-linear functions of the logistic sigmoid or the hyperbolic tangent
saturate at larger input values. So, they do not discriminate well or train well in
these regions. They are most adaptive in the middle where the curve is sloping since
at either end, they are effectively flat, as can be seen at either end of the curves in
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Fig. 9.7 ReLU activation Y
function

y = max{0,z}

Fig. 9.6. So, these non-linear functions have negligible gradient once you get a little
way away from the centre, and this means they have a limited ability to discriminate
at these points. Together with the fact that in a multilayer network, these small errors
are back-propagated a long way means the network does not train well in lots of
circumstances. This problem is known as the vanishing gradient problem.

A different approach is needed, and recently the use of a relatively linear
function, or piecewise linear function, has been tried and found to be exceptionally
good at training and, as a bonus, is really quick to calculate. The main function used
is illustrated in Fig. 9.7. It is in two linear parts; for x < 0, it is zero; for x > 0,
it is the linear function y = x. It can be written as y = max{0, x}. This function
is non-linear since it acts differently with positive and negative values of x. Also,
using biases, as described in Sect. 9.5.1, means that different units can use different
parts of the activation function.

This relatively linear function, as shown in Fig. 9.7, is clearly not differentiable
at x = 0, but, conveniently, it is continuous.

So, if the gradient at the point x = 0 is defined to be zero, then this function has
a gradient at all points and has been found to work extremely well despite its native
non-differentiability. This function is called a rectified linear activation function,
and a unit with it as its activation function is called a rectified linear activation unit
(ReLU). This sort of unit has become increasingly prevalent recently.

There are lots of other techniques that aid such deep neural networks to work
effectively, especially in image processing, but these are outside the scope of this
book.



Chapter 10 ®
Probability ot

This chapter introduces the concept of probability, a way to deduce what is likely
to happen when an experiment is performed. Probability is a value between zero
and one. People also use other terms for probability: chance, percentage, likelihood,
odds, or proportion. Usually, there are four ways to calculate the probability of an
event, which are the following:

» The classical approach. This is a mathematical approach using counting rules. It
is used on random processes with certain assumptions.

» The relative frequency approach. This is based on collecting data and finding the
percentage of time that an event (£) occurred on that data.

* The subjective approach.

* The logical approach.

This book uses the first two approaches.

This chapter and the following two chapters develop enhancements to the basic
algorithms developed so far, especially that of Chap. 8 on simple linear regression.
Chapter 13 will complete this task by introducing the method of maximum
likelihood.

The techniques in these three chapters also deal with statistical analysis and
probabilistic measures of confidence associated with any scientific discipline that
involves vast amounts of noisy real data.
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10.1 Preliminary Knowledge: Combinatorial Analysis

10.1.1 Factorial Notation

10 Probability

The notation n!, read “n factorial”, denotes the product of the positive integers from

1 to n (without repetition), inclusive:

nl=nxm—-1)x.---x2x1.
Note that for completion, 1! and 0! are defined as
=1,
and
ol=1.
So,
nl=nxm-1.
10.1.2 Binomial Coefficients
The symbol (), read “en-see-are”, is defined by
(n) _ n!
r rlin —r)!’
where r and n are positive integers with » < n.
Since
n! :n(n—1)~-~(n—(r—l))(n—r)(n—(r+1))~-~3 -1
(n—n)! m=—rn—+1))---3-2-1
=n(—1)- @~ (= 1),
we have

n! _nmn—=1---(n—(r—1))
rlm—r)!  rr—1---3-2-1

(10.1)

(10.2)
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Table 10.1 Pascal’s Triangle n=0 1
n=1 1 1
n=2 1 2 1
n=3 1 3 3 1
n=4 1 4 6 4 1
n=5 1 5 10 10 5 1

The numbers (f) are called the binomial coefficients since they appear as the
coefficients in the expansion of (a + b)". That is,

(a+b)'= Z <’:)a"rb".

r=0

Remark 10.1 Expanding (a + b)%, we get la> + 2ab + 1b?, so the binomial
coefficients are 1, 2, and 1. These are equal to (g), (f), and @), respectively.

Similarly, when expanding (a + b)3, we get the binomial coefficients 1, 3, 3, and
1, being ((3)), G), (;), and (g) respectively.

This pattern of binomial coefficients can be extended, and we get a structure
known as Pascal’s triangle for the coefficients. This gives a quick way to calculate
the coefficients. All rows start with the number 1. We can add each consecutive pair
of elements of each row and write their sum in the gap between them, but on the line
below, to get the elements in the next row. See Table 10.1 for a diagram of Pascal’s
triangle.

¢

10.1.3 Permutation and Combination
10.1.3.1 Permutations of n Items Without Repetitions
There are n ways of picking the first item; then there are n — 1 ways of picking

the second item since we cannot have repetitions, and so on. Hence, there are n!
permutations of n objects.

Example 10.1 There are 3! = 3 -2 - 1 = 6 permutations of the three letters
s, t and u, namely, stu, sut, tsu, tus, ust, and uts.

In permutations, the order of the items matters. So, in Example 10.1 stu is
different from suf, and so on. Think of a password or key to unlock a phone,
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the order of the letters or digits is significant, and each permutation is a different
password or key.

10.1.3.2 Permutations of k Items Out of n Without Repetition

The number of permutations of n objects taken k at a time where the order matters
is denoted as P(n, k) and is computed as

P, k)= Y

—n(n—1)--(n— (k= 1)).

Example 10.2 There are five numbers, 3, 4, 5, 6, and 7. The number of two
digit numbers we can form by taking any two numbers from these five is

PG.D =55

=5x(5—1) =20,

which are 34, 35, 36, 37, 43, 45, 46, 47, 53, 54, 56, 57, 63, 64, 65, 67,73, 74,
75, and 76.

Again, the order matters, so 34 is different from 43. Again, for a password,
picking 8 out of 26 letters without repetition would give different passwords for each
order. These are permutations. In this case, there are % different passwords: a
large number.

10.1.3.3 Combinations of k Items Out of » Without Repetitions

The number of combinations of n objects taken k at a time is denoted as C(n, k)
and is computed as

n!

Here, the order does not count. Think of mixing colour lights—red and green give
yellow, as do green and red. Combinations are just collections of items, and there are
many more permutations than combinations since items in a different order would
be a new permutation but not a new combination. Hence, when the order does not
matter, or where the items are not picked in order, these are combinations. When
doing an exercise, the first question to ask is whether changing the order gives
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a different answer. If the answer is yes, you want permutations; if no, then it is
combinations.

Remark 10.2 Looking at Egs. (10.3) and (10.2), we can see that using binomial
coefficients is another notation for combinations. Thus,

n n!
Cln, k) = (k) = oo

Example 10.3 Continue Example 10.2. Compute the number of combina-
tions of two numbers if we take any two from those five numbers.

Solution The number of combinations is calculated as

5! _5><4!><3!_10
206=2) 2131

C5,2) =

When counting the combinations, the order does not matter. For example, 43
and 34 are the same combinations.

Example 10.4 Compute the number of combinations of the letters s, 7, u, and
v taken three at a time.

Solution The number of combinations is calculated as

| |
C4,3) = G _exa
3@ —3)! 3!

Four combinations are stu, stv, suv, and tuv. The following combinations
are equal: stu, sut, tsu, tus, ust, and uts, since they are the combinations of
three letters, s, ¢, u, and the order does not matter.

Exercises

10.1 (a) Given the letters in the word Wales, how many different five letter
strings of letters, without any repetitions, can you make? (b) Given the letters
in the word Scotland, how many different eight letter strings of letters, without
any repetitions, can you make?

(continued)
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10.2 Mary wants to take a photo with her four friends, and they all stand in
one row. If Mary must stand in the middle, how many different photos can
they take?

10.3 How many different passwords can you make by using four digits from
the ten digits on your mobile phone screen, where you are not allowed to
repeat any digits?

10.4 There are six numbers, 0, 3, 6, 7, 8, and 9. How many different five-digit
numbers can be made where 0 cannot be the first digit?

10.5 How many different fruit salads can you make using four different fruits
from the list: apple, orange, pear, banana, grapefruit, pineapple, and grapes?

10.6 There are 12 dots in a plane. No three dots are in the same line. How
many triangles can be made?

10.2 Probability

10.2.1 Axiomatic Probability Theory

The probability of some event E occurring is the likelihood of that event happening.
Initial illustrations usually consider flipping a coin (or coins) or rolling a die (or
several dice). This is because there are an easily calculated set of possible outcomes.
For a coin, there are just two possible faces, and for a die, we can only get one of six
faces (ignoring landing on an edge or corner or disappearing under the sideboard—
these are unstable or silly outcomes!). This makes it easy to calculate the likelihood
of a particular number being thrown on a die or a particular side of a coin coming
up. This can be codified into an axiomatic theory as follows.
Let (2, X, P) denote a probability space, where

e Qs the set of all possible outcomes, known as the sample space.

Example 10.5 A fair six-sided die is rolled. The number of dots on each side
is from one to six. We use 2 = {1, 2, 3, 4, 5, 6} to denote all possible numbers
of dots on the top of the side after a roll.
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* ¥ is a collection of subsets of €2, and each subset is called an event.

Example 10.6 An event (E) could show an odd number when the fair six-
sided die lands. That is, £ = {1, 3, 5}, and E C .

e P is aprobability measure defined as a real-valued function of the elements of X
satisfying the following axioms of probability:

— Axiom 1: 0 < P(A) < 1forall A € X.

— Axiom 2: P(2) = 1.

— Axiom 3: If two events A and B are mutually exclusive, that is, no elements
in common, then the probability of either A or B occurring is the probability
of A occurring plus the probability of B occurring:

P(AUB) = P(A) + P(B).
Note: set union is defined in Sect. 2.1.3 of Chap. 2

If E is an event, P(E) is the probability of the occurrence of the event, that is,

The number of elements in event E
P(E) = - . (10.4)
The size of the sample space

Note that the maximum probability of any event is one.

Example 10.7 Let us roll a fair six-sided die. The number of dots on each
side is from one to six. Let A be the event showing an even number when it
lands, B showing either three or five dots, and C showing a prime number.
Calculate the following probabilities:

« P(AUB).
« P(ANC).

Set union and set intersection are defined in Sect. 2.1.3 of Chap. 2.

Solution Since

©2={1,2,3,4,56},A={2,4,6}, B={3,5},and C = {2,3, 5},

(continued)



258 10 Probability

Example 10.7 (continued)

we have
AUB =1{2,3,4,5, 6},
and
ANC ={2}.
Therefore,
#AUB) 5
P(AUB) = — = —,
#Q (§)

and

P(ANC) = #(ANC) . 1

O #Q 6

Recall that # denotes the cardinality of a finite set (see Sect. 2.1.1 of Chap. 2).

Example 10.8 Suppose we roll two fair six-sided dice. What is the probabil-
ity of getting two even numbers? Now, roll three fair six-sided dice. What is
the probability of getting three even numbers?

Solution All possible outcomes are listed in Table 10.2, where elements in
the event of getting two even numbers are shown in red. The sample space
size is 36 since there are 36 possibilities, as shown in Table 10.2, and the
number of elements in the event of getting two even numbers is 9. Therefore,
P (getting two even numbers) = % = 0.25, or 25%.

It gets harder to count the events once we get to three dice. So let us look
at the method again for two dice and then extend it to three. With two dice,
there are six ways the first dice could fall and six for the second. So, there are
6 x 6 = 36 different possible dice rolls. Similarly, to get two even numbers,
there are just three possible dice rolls (one of {2, 4, 6}) for the first dice and
three for the second dice. So, there are 3 x 3 = 9 ways to get two even
numbers. So, as before, we get % = 0.25 as the probability.

For three dice, we can see that there are 6 X 6 x 6 = 216 possible dice
rolls. To get three even numbers again there are 3 x 3 x 3 = 27 ways to do
that. So, the probability is 216 = 8 = 0.125, or 12.5%.
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Table 10.2 Results of rolling 1 ) 3 4 5 6

two fair six-sided dice:

elements getting two even @D |1.2) [(1.3) |44 |15) |(1.6)

numbers are shown in red 2D (22 23 24 (25 |(2,6)
3,1 13,2 133 (34 |35 (3,6

“4,1) (42 [ 4,3) |44 |45 |46

6,1 1(5,2) 1(5,3) [(5.4) | (5,5 |(56)

6,1) (6,2) |(6,3) |(6,4) |(6,5) |(6,6)

[ AV, NI R RN R

Example 10.9 Suppose we roll a fair six-sided die twice. What is the
probability of getting two different numbers? And then, if you roll it again,
what is the probability of getting three different numbers?

Solution We are using the principle that we need to find the number of
elements in the event and divide by the total number of all the possibilities (see
Eq. (10.4)). When rolling twice, you can get 6 x 6 = 36 different outcomes
(as shown in Table 10.2).

To get two different numbers, the first number can be any digit, but the
second can be only one of five different numbers. So, there are 6 x 5 = 30
different possibilities. In Table 10.2, this is all the outcomes apart from those

on the main diagonal. Therefore, P (getting two different numbers) = % =

2, or 83.3%.

Now, doing the same for three rolls, we have 6 x 6 x 6 = 216 different rolls.
But getting three different numbers requires six choices for the first roll, five
for the second, and four for the third roll. This gives 6 x5 x4 = 120 elements
in this event. Therefore, P (getting three different numbers) = %6) = %, or
55.5%.

Note that getting three different numbers is, in fact, the number of
permutations of picking three out of six items without repetition. That is,
itis P(n,k) = ﬁ = % = 7% = 120. It is permutations rather than
combinations because you are rolling the dice in order—so a 1 followed by a
2 is different from a 2 followed by a 1.

Exercises

10.7 A coin is flipped three times in succession. What is the probability of
getting exactly two heads?

(continued)
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10.8 Suppose we roll a fair six-sided die four times. What is the probability
of getting four different numbers? (You might like to try rolling five times
with five different numbers and rolling six times with six different numbers)

10.9 Telephone numbers include six digits from 0, 1, 2, -- -, 8, and 9. What is
the probability that all six digits are different if we randomly select a telephone
number?

10.3 Discrete Random Variables

This section and the next define random variables. There are two types of random
variables: discrete, dealt with in this section, and continuous, dealt with in the next
section. A random variable is discrete if it can only take one of a countable set
of values, for example, an integer value, such as the number of aces in a standard
pack of cards or the number of people at a football match. A random variable is
continuous if it can take an infinite number of different values, for example, a real
number value. Most continuous random variables are measurements, for instance, a
person’s weight or height.

Any random variable is a map from the outcome space (£2) to the real numbers.
It is the result of some outcome of a random experiment.

For example, let us consider throwing two fair dice. The sample space €2 includes
all those pairs (w’s) of numbers listed in Table 10.2. Suppose we are interested in
the total value obtained. Then, we can write X ((1, 1)) = 2, X((2,3)) = 5, and so
on, for all ’s, where w € 2 and X is the random variable, mapping each w to the
sum of two dice values.

If X is a random variable and x, x1, and x, are fixed real numbers, we may have
the following events:

X=x), (X<x), X>x)or (x] < X <x2).
These events have probabilities that are denoted by
P(X=x), P(X<x), P(X>x)or P(x1 <X < x).
Definition 10.1 (Discrete Random Variables) A random variable X is called

discrete if it only takes values in the integers or (possibly) some other countable
set of real numbers.
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Example 10.10 The idea of so-called intelligence tests is to ask each individ-
ual to try to solve a certain number of questions. Each question can be solved
either correctly or incorrectly. Usually, the number of correct answers is used
as an empirical measure of individual intelligence. Such a number or score is
a discrete random variable.

The probability mass function, fx (xx), is defined as the probability that X takes
on a certain value xy:

Sx(xx) = P(X = xp). (10.5)

The cumulative distribution function, Fx(x), is defined as the probability that the
random variable, X, will take on a value that is lesser than or equal to a particular
value, x. This is defined as follows:

Fx(x)=P(X <x)= > fx(x). (10.6)

Xp<Xx

Fx(x) is a staircase function.

Example 10.11 Suppose we flip a fair coin three times. Let X be the number
of heads in three tosses of the coin. Find the probability mass function and
cumulative distribution function.

Solution The sample space is
Q={TTT,HTT,THT,TTH, HHT,HTH, THH, HHH}.

x may be any fixed real numbers, though X may take values of 0, 1, 2,
and 3 only. So, X is a discrete random variable. From €2, we can see that the
probability of getting 0 heads is % since it occurs once in the eight possible
outcomes. Similarly, by counting the elements in €2, we can see that the
probability of getting one head is %, of getting rwo heads is %, and of getting
three heads is %. So, the probability mass function is a histogram as illustrated
in Fig. 10.1.

(continued)
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Example 10.11 (continued)

Considering the cumulative distribution function as given in Eq. (10.6), we
can set up Table 10.3 to present the cumulative distribution, Fx (x), and we
can illustrate the cumulative distribution as shown in Fig. 10.2. Please note
that the x-axis and y-axis scales are not consistent across Figs. 10.1 and 10.2.
This was done to better illustrate specific features in each figure.

Table 10.3 is built up as follows. Fx(—1) = 0, since the number of
elements where the number of heads observed is less than 0 is zero. Fx(0) =
%, since there is only one way of getting zero heads out of the eight possible

flips. Fx(l) = % since there is one way of getting zero heads together with
three ways of getting one head out of the eight possible flips. The table
shows the rest of the values, and once we get to x being greater than 3, then
the number of elements with more than z/iree heads is zero, so Fx (4) remains
at 1.

Fig. 10.1 Probability mass fx(xp)
function of X, where X t
represents the number of
heads in three tosses of a fair
coin

ol w

| =

Table 10.3 The cumulative distribution function of X, where X represents the number of heads
in three tosses of a fair coin

X Event (X < x) Fx(x)
—1 1) 0

0 {TTT} %

1 {TTT, HTT, THT, TTH} %

2 {TTT, HTT, THT, TTH, HHT, HTH, THH} %

3 {TTT, HTT, THT, TTH, HHT, HTH, THH, HHH} 1

4 {TTT, HTT, THT, TTH, HHT, HTH, THH, HHH} 1
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Fx(x)

Fig. 10.2 The cumulative distribution function of X, where X represents the number of heads in
three tosses of a fair coin

Exercises

10.10 If you throw two fair dice, we can define a discrete random number
X as the total value obtained by the two dice. So, X takes values from
X((1,1)) =2 upto X((6,6)) = 12. With the help of Table 10.2, draw up a
table of the probabilities of getting a total value from 2 to 12 after throwing
two fair dice. Sketch the probability mass function and the cumulative
distribution function.

10.11 Suppose we flip a fair coin four times. Let X be the number of heads
in four tosses of the coin. Find the probability mass function and cumulative
distribution function.

10.4 Continuous Random Variables

Definition 10.2 (Continuous Random Variables) A random variable X is called
continuous if it takes values from a real-valued interval, either open or closed. That
is, it can take one of an infinite number of values.

Example 10.12 The average incandescent bulb light span is approximately
1000 hours. The light span of incandescent bulbs can be considered as a
continuous variable. This is because it has a lifespan that is not a whole
number of hours, minutes, or seconds—the bulb could go at any point in time.
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Similar to a discrete random variable, we can define a probability density
function and a cumulative distribution function for a continuous random variable.
However, the sum of the possible values of such functions is now calculated using
an integral since it is a continuous (or piecewise continuous) curve.

So, if X is a continuous random variable, then there is a real-valued function,
fx, called the probability density function of X, which is a curve, and it satisfies the
following:

* fx is piecewise continuous. That is, the function is continuous except at finitely
many points.

* fx(x) = 0. That is, it does not go below the horizontal axis.

. ffooo fx(x)dx = 1. That is, the total area under the curve is 1.

Figure 10.3 shows a possible probability density function for the lifespan of a
certain type of incandescent bulb produced from the same manufacturing plant.
The area under the curve ffooo fx (x)dx is the total probability of all lifespans and
equals 1.

The cumulative distribution function is again defined as the probability that the
random variable, X, will take on a value that is less than or equal to a particular
value, x. So, the cumulative distribution function (cdf), Fx(x), is a nondecreasing
and continuous function and is defined as

Fx(x) = P(X <x) = /X Fx()dt. (10.7)

Referring again to Fig. 10.3, Fx(a) is the cumulative probability of a lifespan less
than or equal to a. This is represented as the shaded region in Fig. 10.3.

f(x)

x: hours

Fig. 10.3 Probability density function representing the lifespan of a certain type of incandescent
bulb produced by a specific manufacturing plant
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Based on Eq. (10.7), we have the following:

e P(a <X <b)=Fx(b) — Fx(a).

Recall that the second fundamental theorem of calculus (see Sect. 5.4.3 of
Chap. 5) states that if f is continuous on [a, b], and F is any antiderivative of f
with respect to x, then fab fx(x)dx = Fx(b) — Fx(a). For example, this could
be the area under the curve illustrated in Fig. 10.3 between lifespan values of a
and b.

e P(X >a)=1- Fx(a).

Proof Since P(X > a) = 1 — P(X < a), from Eq. (10.7), we have P(X <
a) = Fx(a). Therefore, P(X > a) =1 — Fx(a). O

In Fig. 10.3, P(X > a) is the non-shaded region under the curve above the point
a on the horizontal axis.

Example 10.13 Suppose the probability density function f(x) of X is given
by the following:

cos(x) .

, if x| < %;

fay={ W thl=3
0, otherwise.

1. Find the value of W.
2. Find the cumulative distribution function Fy (x).
3. ¢ Find P(X < 0).

e Find P(X < %).

e Find P(X > %).

e Find P(X > %).
Solution

1. We use the fact that [ fx(x)dx = 1 to find W.
3 2

7o fx(x)dx = f_f% —CO;S")dx = —Si}(}‘)

Figure 10.4 illustrates the probability density function curve.
2. Applying Eq. (10.7),

Fx(x)=/ fx@)dt,

we have the following:

o Ifx < =%, Fx(x) = [*_ 0dx = 0.

(continued)
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Example 10.13 (continued)
« If -2 <x<Z Fx(x)=["
o Ifx>7, Fx(x) =1

cosz(x)dx — % + %Sin(x).

[SE}

3. ¢ P(X < 0): Using the result for Fy(x) given above with x = 0 gives
PX<0)=Fx(0)=1+0=1.

This makes sense since from the symmetry of the curve for the
probability density function, as shown in Fig. 10.4, the cumulative
probability up to x = 0 is exactly half the area under the curve.

* PX<§):P(X <% =Fx(}) =3+ 575 = 0.8536.
* PX>Z%)=1-P(X <%)=1-0.8536 = 0.1464.
* PX>%)=1-P(X <%)=1-1=0,as expected.

Remark 10.3 If X is a continuous random variable, then the probability of X
taking a specific value C is zero, thatis, P(X = C) = 0.

Proof Suppose Ax is a tiny increase of C. We have

C+Ax
P(C <x§C+Ax)=FX(C+Ax)—FX(C)=/ f(x)dx,
C

and

0<PX=C)<P(C<X=<CHAx).

0.6

051
0.4
1@ ool
02t

0.1

-2 -1.5 -1 -0.5 0 0.5 1 15 2
x

Fig. 10.4 The probability density function of X in Example 10.13
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Since Fx (x) is continuous from the right, when Ax approaches zero, we have

C+Ax

lim F(x)dx = 0.
Ax—0t J¢

That gives us the following:
0<PX=C)=<O.

Therefore, we have P(X = C) = 0. |

An event E = {X = C} may happen even though P(X = C) = 0. For example,
the lifespan of incandescent bulbs is approximately from 800 hours to 1200 hours.
The exact event E = {X = 900 hours} may occur, but P(X = 900 hours) = 0.
That is, the probability of getting an exact value from an infinity of possible answers
must be zero or else the sum of all the probabilities of all the exact values would
add up to infinity and not 1 as is required. So, the probability of getting exactly 900
hours is zero, though we might get 900 hours to the best of our ability to measure
the time.

¢

Exercises

10.12 The probability density function of the random variable X is

a@x —x%), 0<x <2,

0, otherwise.

f(X)={

Compute the following:

. The value of a

. The cumulative distribution function Fy (x).
.P(X <1

CP(X <))

. PX>D)

wn B~ W =

10.13 The probability density function of the random variable X is

8x7, 0<x<1,

0, otherwise.

f(X)={

(continued)
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Compute the following:

1. m sothat P(X > m) = P(X < m)
2. n so that P(X > n) = 0.05

10.5 Mean and Variance of Probability Distributions

If we know the probability distribution of a random variable, we will know and
be able to describe the properties of the random variable. However, obtaining an
accurate probability distribution in real-world applications is hard. Moreover, we
often only need to know some properties of a random variable but not all, such as the
centre value, the value the random variable is most likely to take, and the correlation
between two random variables. These properties can be parameters of probability
distributions. This section introduces the two most important parameters: mean (or
expected value) and variance.

10.5.1 Mean

Definition 10.3 (Mean) The mean (or expected value) of a random variable X,
denoted by px, or E(X), is defined by

Yok Xk fx(xp), X : discrete;

-k e (10.8)
J oo xfx(x)dx, X : continuous.

MXZE(X)Z{

The expected value should be regarded as the average (mean) value. If you compare
this with the definition of the sample mean given in Sect. 4.2.1 of Chap. 4, you can
see that this is a weighted mean, weighted by the probability, as will be illustrated
in Example 10.14. Note that we may also denote the expected value as uy = E[X]
in this book.

Example 10.14 Three products are selected randomly from nine products, of
which two are defective. The sample space consists of the distinct, equally
likely, samples of size 3. Let X be the random variable that counts the number
of defective items in a sample. The possible values of X are 0, 1, and 2. What
is the expected value of defective products in a sample of size 3?

(continued)
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Example 10.14 (continued)
Solution

* Letx; =0, 1,2 be the possible values of X.

* The number of ways of choosing x; defectives from two defectives and
choosing 3 — x; non-defectives from seven non-defectives is (le) and
(SZx,-)’ respectively. (Remember that (1) is a notation for the number of
combinations of n object taken r at a time.)

* The total number of possible outcomes (i.e., the number of combinations
of three products out of ) is (3) = 84.

* The probability of the value x; of X is

()G
()
» Applying Eq. (10.8) for the discrete variable, we have

E(X)=OX((2)§)S—§)+IX%+2X%

pi = , (xi =0,1,2).

1 % 35 2 x 21 1x7 2
=0><X1X2X§.

g4 X Tgg TEX g T

Note that the three values above 84 in the last line above add up to the total
of 84 combinations as expected. When each is divided by 84, these represent
the probabilities of getting the three different outcomes. This means we have
0 defective products occurring in 35 combinations, 1 defective product in 42
combinations, and 2 defective products in 7 combinations. So, we have a list
of numbers consisting of 35 0s, 42 1s, and 7 2s. Now, just think of these as
a list of 84 numbers. The usual mean of such a list is to add up the numbers,
that is, 35 x 0+ 42 x 1 4+ 7 x 2 = 56, and divide by the total numbers in the
list, that is, 84. This division gives %

This shows that this definition of mean corresponds with our previous
definition given in Sect. 4.2.1 of Chap. 4.

269
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Fig. 10.5 The probability fx(x)
density function shown in ' '
Example 10.15

W=
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Table 10.4 Probability distributions of the random variables X| and X,

X1 2 X,
P P

| —
Wi

ol— | —
ST )

10.5.1.1 Properties of Mean

To motivate the statement of these properties, we will do a simple example that
illustrates them.

Example 10.16 Table 10.4 shows the probability distributions of two inde-
pendent random variables X| and X, both of which only take the values 1
and 2. Compute the following:

. E(X1)

. E(X2)

. E(aX), where a is a constant
E(a + X1), where a is a constant
E(X| + X»2)

E(X1X2)

R

Solution
1. Applying Eq. (10.8) for the discrete variable, we have
EX1) =1 ! +2 2_9
= X = X — = —,
! 3 373

2. Applying Eq. (10.8) for the discrete variable, we have

E(Xp) =1 ! 2 L_3

= X = _-= -,

2 TR A
3. aX; takes the two values a and 2a with the probabilities as given in
Table 10.4. So again applying Eq. (10.8) for the discrete variable, we have

1 2 5
E@X|)=1lax -+2ax - =a- =aE(Xy).
4. a + X takes the two values a i land a —é 2 witt?i the probabilities as given
in Table 10.4. So again applying Eq. (10.8) for the discrete variable, we
have

1 2 5
E(a+X1)=(1+a)x§+(2+a)xg:g—l—a:E(Xl)—i—a.

(continued)
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Example 10.16 (continued)

5.

X1 + X, takes just the values that are the sum of the ones in X and X»,

namely, 2, 3, and 4. To get a 2, you must have a 1 in both X and X», so that

has probability % X % = %. To get a 4, both have to be 2, so the probability

is % X % = % To geta 3, we can have X; = 1 and X, = 2 with probability

1 x %=1 orhave X; = 2and X, = 1 with probability 3 x § = 1. So,
the total probability of a 3 is % 4 % = %
We now have our probability distribution (2 with probability %, 3 with

probability %, and 4 with probability %) and note that the probabilities add
up to 1 as required.
Finally, we apply Eq. (10.8) for the discrete variable:

E(Xi+X) =2x 2 43xtqaxsl
= X = X — X — = .
142 6 2 376

Note that this is the same as E(X;) + E(X>3).

. This is similar to the last one. Now, XX, can take values of 1, 2, and 4.

We get a probability distribution by the same method as before to get a
probability of 1 is £, a probability of 2 is 3, and a probability of 4 is 1.
So, we apply Eq. (10.8) for the discrete variable:

1 1 1 5
E(X1Xp) =1X 2+2x 5 +4x =2,

Note that this is the same as E (X ) E(X3).

¢ Intuitively, two random variables X and X, are independent if knowing the value of one
of them does not change the probabilities for the other one. We will define independent
random variables formally in Chap. 11.

We can now generalise these results and state the properties that apply to both
discrete and continuous random variables:

(1) E(a) = a, where a is a constant.

(2) E(aX) =aE(X), where a is a constant.

(3) E(a+ X) = E(X) + a, where a is a constant.

@ EQ_ X)) =7 EX),if E(X;), fori =1,---,n exists.

(5) E(XY)=EX)E(Y), where X and Y are two independent random variables.

Now that we have these properties, we can use them to do examples without going
through all the working used in Example 10.16.
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Table 10.5 Probability distributions of the random variables X3 and X4

X3 1 2 3 X4 2 3 4
; R T or
Remark 10.4 Note that E(X?) = E(XX) is not, in general, the same as

E(X)E(X) since X and X are not independent variables (indeed, they are the
same). For example, using X1 from Example 10.16, we see that the random variable
X f = X1 X can only take the values 1 and 4, since X is either 1 or 2, and it has the
same probability distribution as X ;. That is, X % takes the value 1 with probability %
and the value 4 with probability %

Hence, we have that E(X;) was 1 x % +2x % = %, as we saw in Example 10.16.
And therefore E(X?)is 1 x § +4x 2 =3.

3
So, in general, for a discrete random variable, we have

E(X?) =) xi fx(xx).
k
By analogy, for a continuous random variable, we have

E(X?) = /OO x2 fx (x)dx.

We will find that these last two results are important in Sect. 10.5.2. In fact, if X is
a continuous (or discrete) random variable with a probability density function (or
probability mass function) f(x), the expected value of any function g(X), denoted
as E(g(X)), can be computed. Readers can refer to the details provided in [10].

¢

Example 10.17 Tables 10.4 and 10.5 show the probability distributions of the
independent random variables X, X7, X3, and X4. Compute the following:

E(X1+ X2+ X3+ Xa).
EQR2X3+4)

E(X3X4).

E(X1X3).

E(X3).

Phgm R =

(continued)
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Table 10.6 The probability distribution of the random variable Z

1
zZ -1 0 5
P

QN — —
o= N

3 1
12 12

=

Exercises

10.14 Table 10.6 shows the probability distribution of the random variable
Z. Compute the following:

(1) E(2).
2) E(—Z +2).
(3) E(ZY).

10.15 Using Tables 10.4, 10.5, and 10.6 and assuming the variables are
independent, compute the following:

(1) E(Z+ X1 + X3).

(2) E(ZX4).

(3) E(BZ —)5).

4) E(X12).

b)) EXo+ Xa+ 2).

10.16 Take any two numbers from 1, 2, 3, and 4. What is the mean value of
the absolute difference between the two numbers?

10.17 The probability density function of the random variable X is

8x7, 0<x<1,
fx) = i
0, otherwise.

Compute the following:

(1) E(X).
(2) E(X?).

10.5.2 Variance

Definition 10.4 (Variance) The variance of a random variable X, denoted by 0)2(,
or Var(X), is defined by

Dok — wx)? fx(xx), X :discrete;

(10.9)
ffooo(x — ux)? fx(x)dx, X :continuous.

0)2( =Var(X) = :
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This definition is basically the same as that given in Sect. 4.2.1 of Chap. 4, but
weighted by the probabilities, as was the case for the mean given in the previous
section.

Comparing the definition of variance with the definition of mean, E(X), given in
Eqg. (10.8), we can see that an alternate definition is

oy = Var(X) = E(X — E(X))%). (10.10)
Using the properties of mean, we have the following:

Var(X) = E(X — E(X))?)
— E(X* - 2XE(X) + (E(X))?)
— E(X?) —2E(X)E(X) + (E(X))> (10.11)
= E(X?) — (E(X))>.

The variance measures the average difference of the actual values from the
average. For example, the average light span of 500 incandescent bulbs is 1000
hours. All these bulbs’ light spans may be between 950 and 1050 hours. It is also
possible that half of them have a light span of about 1400 hours, and the other half
of them have about 600 hours only. To assess the quality of these 500 incandescent
bulbs, we need to measure not only the mean value of the light span but also its
variance. If the variance value is small, the quality is stable.

Example 10.18 If X is again the discrete random variable with a probability
distribution given by Table 10.4, find Var(X1).

Solution E(X;) = % from before. Also, from before, X % just takes the values
1 and 4 with probability % and % respectively. So, E (X %) =1x %4—4 X % =5
Applying Eq. (10.11), we have

Var(X1) =3 (5>2—2
D=3—1|3 =9

Alternatively, we could go back to the definition, namely, Eq. (10.9) and
use that. In this case,
k=2x=1,x=2upx, =3, fx,(x1) = 1, and fx, (x2) = 3, giving

> - px))’ ()—(1—§)2 l+(2—§)2 22
T e =\1=3) x3 3) 379

(continued)
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10.5.2.1 Properties of Variance

Since Var(X) = E(X?)—(E(X))? (Eq. 10.11), the following properties of variance
are just consequences of the properties of the mean (see Sect. 10.5.1.1).

(1) Var(X) =0, if X takes a constant value.

(2) Var(aX +b) = a*Var(X), where a and b are constants.
(3) Var(X+Y)=Var(X)+ Var(Y),if X and Y are two independent variables.
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Exercise

10.18 Suppose the probability density function of X is given by

2, 0<x< l,
fx(x) = 2

0, others.

Compute the following:

(1) E(X?) and E(X%
(2) Var(2X?
(3) Var(2X?*+5)

10.6 Special Univariate Distributions

In this section, we will look at some important and famous single-variable probabil-
ity distributions, first discrete ones and then continuous ones.

10.6.1 Discrete Random Variables
10.6.1.1 Discrete Uniform Distribution

This distribution gives the same probability for each value of the random variable.
So if the random variable X takes integer values from a to b, inclusive, then the
probability mass function of the discrete uniform distribution is defined as follows:

1 a<x<b;

fx(x)=1" . (10.12)
0, otherwise;

where n = b —a + 1. For example, if a = 3 and b = 9, then there are n = 7 values,
each of %

Figure 10.6 illustrates an example of a discrete uniform distribution in the range
of [a, b].

When n = b — a + 1 is satisfied, the mean and variance of a discrete uniform
distribution are given as follows:

a+b
>

nx = E(X) =
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Fig. 10.6 An illustration of a fr(x)
discrete uniform distribution
1
- tr rr T oo
n A R T R A
1 1 1 ] 1 1 1
1 ] 1 ] 1 1 1
1 I 1 ] 1 1 1
1 ] 1 1 1 1 1
1 ] 1 1 1 1 1
1 ] ] 1 1 ] ]
1 ] I 1 1 1 I
1 ] ] 1 1 1 ]
1 ] ] 1 1 1 ]
] ] ] 1 ] 1 ]
0 a b X
and
2 n?—1
oy =Var(X) = 2

For our example where a = 3 and b = 9, we get uy = % = 6, the middle

number. Also, 0)2( = % = 4. You can check these results by using the original

definitions in pux = ), xx fx (xx) from Eq. (10.8), and 0)2( = —ux)? fx (xx)
from Eq. (10.9).

However, if n = b — a + 1 is not valid for a discrete uniform distribution,
the original definitions for computing the mean and variance should be used. For
example, four numbers, 3, 5, 7, 9, between a = 3 and b = 9. The mean value is still
equal to 354749 — 6, while 897 4 G674 -0 4 O=67 _ 5

Exercise

10.19 There are ten balls labelled from zero to nine, respectively, in a bag.
Randomly take a ball from the pack, write down the number on it, and then
put it back in the bag. After many runs, what is the approximate mean value
of those numbers?

10.6.1.2 Bernoulli Distribution

If X is arandom variable taking two values, x = 1 and x = 0 only, with a probability
of p and 1 — p, respectively, the probability mass function f of this distribution is
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defined as follows:

ifx=1
fxepy =17 , (10.13)
g=1—p ifx =0,

then X has a Bernoulli distribution.

The key here is that the random variable can only take one of two values. Some
event happens or does not happen. These are called Bernoulli trials and a set of
Bernoulli trials gives the distribution.

Equation (10.13) can also be expressed as follows:

fx(x; p) = p*(1 — p)'~*, where x = O or 1. (10.14)
The mean and variance of a Bernoulli distribution are given as follows:
px = E(X) = p,
and
0)2( = Var(X) = p(1 — p).

Again, you can check these results by using the original definitions from
Egs. (10.8) and (10.9) for the discrete random variable.

Example 10.21 Figure 10.7 shows a simulation result of generating 5000
random numbers from a Bernoulli distribution with a success probability of
P(X = 1) = 0.2. As can be seen from the figure, about 1000 numbers have a
value of 1, and about 4000 numbers have a value of 0. The only two outcomes
are a 1 with probability 0.2 and a O with probability 1 — 0.2 = 0.8.

10.6.1.3 Binomial Distribution

Let us consider the example of tossing coins again. Suppose we have n independent
coins with a probability p of heads-up. For fair coins, then p = %, but generally,
the probabilities could be p for heads-up and, therefore, 1 — p for tails. We flip
them all simultaneously and check the number of heads-up coins. Alternatively, we
can flip one coin n times and check the number of heads-ups in total. These two
scenarios are equivalent because we assume these coins are independent. Both can
be considered as n independent and identical Bernoulli trials or distributions (two
outcomes: heads with probability p and tails with probability 1 — p). The total
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Fig. 10.7 The simulation 20004
result of a Bernoulli
distribution 3500 1

Frequency

w
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S}
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number of heads-ups can be modelled from a binomial distribution. For instance, if
we tossed 100 fair coins, we might expect 50 to be heads-up. But we might want to
know the probability of getting exactly 50 heads-ups (this is actually ~ 0.080). Or
perhaps exactly 49 heads-ups ( =~ 0.078), 48 heads-ups ( & 0.074), and so on. This
sort of question is given by considering a binomial distribution, where we want to
know the probability of getting x events in 7 trials.

A random variable X is called a binomial random variable with parameters (n, p)
if its probability mass function is given as follows:

px(x)=PX =x) = (1-p)r. (10.15)

n!
Xn—ot?
Here, n is the number of independent trials, p is the probability of success on each
trial, and x is the number of successes in those trials.

Note that the factors #Lx), are ("), which are the binomial coefficients, which
is why this is called a binomial distribution. A random variable having a binomial
distribution can be denoted as X ~ B(n, p).

Using this formula, if we want to get the probability of getting exactly 50 heads
up out of 100 fair trials, we set n = 100, x = 50, and p = % So,

100! 1 ¢ 1
50) = P(X = 50) = —— (=)°°(=)*" ~ 0.080.
px(50) ( ) 50!50!(2) (2)

as we stated previously.
The mean and variance of a binomial distribution can be obtained as follows:

ux =EX)=EX1+---+Xn)=p+---+p=np,
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and
ox = Var(X) = Var(Xi+---+Xa) = p(L = p) +- -+ p(L = p) = np(1 = p),

where X1, ..., X, are the outcome of each of the n independent Bernoulli trials.

Example 10.22 We want to know the probability of having two heads-ups
when flipping a fair coin three times using the Bernoulli distribution and the
binomial distribution separately. Suppose p(heads-up) = % Let X be the
random variable of seeing heads-up.

1. Solution—using Bernoulli distribution three times
We know that the sample space is

Q={(TTT,HTT, THT,TTH, HHT, HTH,THH, HHH}

and there are three elements in the event that have two heads-ups, namely,
HHT,HTH,and THH:

1 1 1
P(X(HHT)) = = x — X —,
(X( ) 5 25 %5
P(X(HTH)) LAV
=— X=X -,
2 2 2
and
P(X(THH)) VR
= - X = X —.
2 2 2

Therefore, we have

P(X =2 heads-ups) = — + + 1+ L =3
=2 heads-ups) = = + = + - = —.
P =3 g8 8

oo

Note that there is one element in the sample space that has three heads-
ups, three with two heads-ups, three with one heads-up, and one with zero
heads-up. The numbers 1, 3, 3, and 1 are where the binomial coefficients
come from in the next solution.
2. Solution—using binomial distribution
Substituting n = 3 and x = 2 to Eq. (10.15), we have

3! 1\2 1\32 3
PX(2)=P(X=2)=m(5) (1_§> -3

(continued)
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Example 10.22 (continued)
where the binomial coefficient returns the number of combinations of two
heads-ups among three tosses and (%)2(1 — %)3_2 = % gives the probability
of one desired combination.

Example 10.23 If we flip 20 biased coins simultaneously, what is the
probability that we see 12 heads-ups? Note that the probability of heads-up
of each coin is 0.6.

Solution Applying Eq. (10.15), where n = 20, x = 12 and p = 0.6, we have

20!
PX=12)=—— 0621 -0.6>""2~0.1797.
12120 — 12)!

Exercise
10.20 A module’s passing rate is 85%. Find the probability that:

(1) Exactly seven students out of ten pass the module.
(2) Exactly eight students out of ten pass the module.
(3) Exactly nine students out of ten pass the module.
(4) Exactly ten students out of ten pass the module.

10.6.1.4 Poisson Distribution

The Poisson distribution is characterised by the number of events that happen within
some interval. A random variable X is called a Poisson random variable with
parameter A if its probability mass function is given as follows:

X

A
px(x) = P(X = x events in an interval) = e_)‘—‘, x=0,1,---, (10.16)
x!

where A > 0 is the average number of events per interval and e is Euler’s number
2.71828.. ..
The mean and variance of a Poisson distribution are given by

pux = E(X) =4,
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and
0}2( =Var(X) = A.

The Poisson distribution is actually a limiting case of the binomial distribution as
n — oo. Usually, with a large n and a small p, the Poisson distribution is a useful
and very good approximation to the binomial distribution. So, it is used when n is
large or unknown and p is small or unknown. If the mean value A = np is known,
often in the form of a known average number of events in some interval, then we
can use the Poisson distribution. A is the only parameter in the Poisson distribution,
whereas the binomial distribution has two parameters (n and p).

Example 10.24 Let us use a Poisson distribution to model the number of
patients a doctor can see in one hour. Suppose a doctor was able to see three
patients an hour on average. Find the probability that this doctor can see five
patients in the next hour.

Solution Applying Eq. (10.16), where A = 3 and x = 5, we have

5

3
P(X=5) = e—3§ = 0.1008.

Exercises

10.21 A doctor can see six patients an hour on average. Use a Poisson
distribution to find:

(1) The probability that the doctor can see five patients in the next hour.
(2) The probability that the doctor can see six patients in the next hour.
(3) The probability that the doctor can see seven patients in the next hour.
(4) The probability that the doctor can see eight patients in the next hour.

10.22 The number of calls a helpdesk receives per minute follows a Poisson
distribution with A = 4.

(1) What is the probability that the number of calls is exactly eight in one
minute?

(2) What is the probability that the number of calls is more than five per
minute?
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10.6.2 Continuous Random Variables
10.6.2.1 Continuous Uniform Distribution

The discrete uniform distribution can be easily extended to a continuous case. A
random variable X is called a continuous uniform variable in the range of [a, b] if
its probability density function is given by

1 .
fro) = Jpma A=X =D (10.17)
0 otherwise.

The value ﬁ makes sure that the total area under the curve is 1 so that the total
probability is 1.

To find the cumulative distribution, we need to find the area under the curve up
to some random point x. So, we compute the following:

z Y x—a

b—al| b—a’

a

L |
Fx(x) = / 5 dz =
a —d

Therefore, the cumulative distribution function Fx (x) is given by

N
=
A

Fx(x) =

=
|

2
A
5

(10.18)

—_
=
s

Figure 10.8 shows the sketch of the probability density function and the cumulative
distribution function for the continuous uniform distributions. The mean and

Fy(x)
1

b—a

Fig. 10.8 A sketch of the probability density function and the cumulative distribution function for
the continuous uniform distribution
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variance of a continuous uniform distribution are given as follows (see worked
Example 10.20):

a+b
ux = E(X) = ,
2
and
b — 2
o2 = Var(x) = L—9°,
12

Example 10.25 Buses arrive at five-minute intervals from 5 pm to 6 pm. A
student arrives at the bus stop at a random time X, which follows a uniform
distribution, between 5 pm and 5:20 pm. What is the probability that the
student waits less than two minutes for a bus?

Solution X is a random variable having a continuous uniform distribution,
where a = 0 and b = 20(minutes).

Set E as the event the student waits less than two minutes to get on a bus.
We have

E=83<X<5+{8<X<10}+{13<X <15} + {18 < X < 20}.

So,

5 dz N 5 4z 20 gz
PE) = [ + +f + [
5 20-0 ' Js 20-0" J;3 20-0" Jis 20—0

1
=—02+24+2+2
g2 t2h2e2)

=04.

Exercise

10.23 Buses arrive at nine-minute intervals from 5 pm to 6 pm. A student
arrives at the bus stop at a random time X, which follows a uniform
distribution, between 5:20 pm and 5:45 pm. What is the probability that the
student waits less than three minutes for a bus?
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10.6.2.2 Gaussian or Normal Distribution

A random variable X is distributed normally with mean p and variance o2 if its
probability density function is given by

_a-w?
. (10.19)

1
2y _ %
fxlp, o) = —ijze 2

The normal distribution is also called Gaussian distribution, denoted as X ~
N(u, ). Figure 10.9 shows four normal distributions, each with a different mean
value and standard deviation. As we can see, normal distributions have a bell shape
and are symmetrical in their mean values. The standard deviation controls the shape
of each distribution: the smaller the standard deviation, the narrower the bell curve
and the higher the probability density value at the mean point; on the other hand,
the larger the standard deviation, the wider the curve and the lower the probability

density value at the mean point.
It is convenient to define a “standard” normal distribution with zero mean and a

standard deviation of 1. As we will see later, this enables us to have just a single
table of values to look up information, rather than one for each mean and standard
deviation. All normal distributions can be standardised as shown below.

Definition 10.5 (Standard Normal Distribution) The random variable Z with
zero mean and unit standard deviation, that is, Z ~ N(O, 1), is called the standard

normal distribution. That is,

f(z0, 1) = le_ne—f. (10.20)
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Probability Density
Probability Density

() (b)

Fig. 10.10 The standard normal distribution: (a) 68% of values are within 1 standard deviation of
the mean; (b) 95% of values are within about 2 (or more accurately 1.96) standard deviations of
the mean

A general normal distribution X ~ N(u, 0?) can be standardised to a standard
normal distribution by computing the z-score for x as follows:

7= (10.21)

o

A standard normal distribution has the following properties:

e About two-thirds (68%) of the total observations lie within one standard devia-
tion on either side of the mean: one-third on one side and one-third on the other
(see Panel (a) of Fig. 10.10).

* 95% of the total observations are located within about two (or more accurately
1.96) standard deviations on either side of the mean (see Panel (b) of Fig. 10.10).

These properties are valid for all normal distributions.

Exercises

10.24 About what percentage of the observations in a normal distribution
will have values greater than one standard deviation above the mean?

10.25 The distribution of scores collected from a module in the past five
years, including 1000 students, is approximately normal. The mean score is
54, and the standard deviation is 4. If the passing score of the module is 50,
approximately how many students failed the module?

Again, to find the cumulative distribution, we need to find the area under the
curve up to some random point z. The cumulative distribution function of Z
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satisfying Eq. (10.20) is therefore

1 z _2 d
P =PZs=—= [ eFE
V2 J-o
This is the total cumulative probability of the random variable Z being less than z.
(It is quite common to use & as the integration variable in this work.)

By convention, the cumulative distribution function of Z is denoted by ®. So,
we have

_g2
P(z) = =4, (10.22)

1 z
— e
A/ 277.’ [oo
The cumulative distribution function of a random variable X, where X ~

N(u, 02) and where X can be converted to Z via Z = %, can be obtained as
follows:

Fx(x) =P(X < x)
=P(0cZ+pu=<x)

=P(Z§x_“>.
o

That is,

Fx(x) = cb(%) — d(2). (10.23)

) x;“) has the standard normal distribution. The term *=% is commonly

referred to as the z-score. Figure 10.11 shows the standard normal probability
density distribution and its corresponding cumulative distribution. The cumulative
distribution gives us the area under that probability density function for the interval
of negative infinity to a specific z-score. Obviously, if 4 = 0 and 0 = 1, then we
already have a standard normal distribution and the conversion is unnecessary.

The following lists some properties of ®:

e limy oo ®(x) =0and lim,_,o (x) = 1.
e 9(0) = %, since half the probability is to the left of the mean.
e O(—z) =1— d(g), since it is symmetric about the mean.

In addition, since P(a < X < b) = Fx(b) — Fx(a) (see Sect. 10.4 of this
chapter), we have

Plx; < X < x) = q><x2 _”> —_ d)(xl _“). (10.24)
o
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Fig. 10.11 The standard normal distribution. The left panel shows the probability density
distribution; the right panel presents its cumulative distribution

Note that the integration in Eq. (10.22) cannot be evaluated analytically in a
closed form. It requires numerical analysis approximation methods. However, since
the normal distribution is one of the most widely used distributions, people have
constructed a mathematical table for the standard normal distribution. !

Reading a Normal Distribution Table A normal distribution table is usually
composed of three parts:

* The heading of rows, which is the left column, contains the integer part and the
first decimal place of the z-score.

* The heading of columns contains the second decimal place of the z-score.

e The values within the table are the probabilities, which are the area under the
normal curve from the starting point to z. The starting point could be zero
for cumulative from the mean, negative infinity for full cumulative, or positive
infinity for complementary cumulative. (Different books have different tables
with different starting points.)

Example 10.26 Find the cumulative probability of z = 0.56. That is, find
®(0.56).

Solution We find the row starting with 0.5 and then across the column to 0.06
in a standard normal distribution table. It gives us a probability of 0.2123 for
a cumulative from the mean table (i.e., 0.2123 above halfway) or 0.7123 from
a full cumulative table.

! The example table we have used is at https://en.wikipedia.org/wiki/Standard_normal_table.
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https://en.wikipedia.org/wiki/Standard_normal_table
https://en.wikipedia.org/wiki/Standard_normal_table
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Example 10.27 Suppose X ~ N(3, 4%). Compute P(X < 10.84).
Solution Using Eq. (10.23),

10.84 — 3

Fyx(10.84) = cp( .

>=¢a%)

This gives z = 1.96. Looking this up in a full cumulative table, we get 0.9750.
In fact, the value 1.96 on either side of the mean represents the distance from
the mean that gives 95% of the total (see Fig. 10.10). Of the other 5% half is
on the left, so the cumulative probability up to 1.96 is 95% + 2.5% = 97.5%
or 0.9750, which is the value we obtained.

Exercises

10.26 Suppose X ~ A/(2,3%). Compute, using an appropriate table, the
following:

(1) P(X <8), P(X <0.5), and hence P(0.5 < X < 8)
2) P(-1 <X <5)
(3) The value of C so that P(X > C) = P(X < C)

10.27 The lifespan (in years) of refrigerators designed by manufacturer A
follows a normal distribution with a mean value p of 16 years. If P(12 <
X <20) = 0.8, what is the largest standard deviation value o ?

The normal distribution is extremely widely used in both real-world applications
and theoretical work in research. For example, the heights of adult men or adult
women may be approximately normally distributed. Residual errors from a regres-
sion model may have a normal distribution, and this normality is an assumption
when formulating the linear regression method within the probability framework
(see Chap. 13). There are many more examples of its use.



Chapter 11 ®
Further Probability ke

The previous chapter introduced probability, probability distributions for both
discrete and continuous random variables, and properties of probability distributions
like mean and variance. We then illustrated some common and important probability
distributions, like the binomial distribution, the Poisson distribution, and the normal
distribution. All of the introductory probability concerned material related to single
random variables.

In this chapter, we continue with some more advanced topics centering around
multiple random variables and conditional probability, starting with an important
theorem in probability called the central limit theorem.

11.1 The Law of Large Numbers and the Central Limit
Theorem

In practice, people have observed that when the number of experiments approaches
a large number, the probability of the occurrence of a specific event (E) will become
stable. For instance, the number of head-ups obtained when flipping a fair coin will
get nearer to half of the total as more flips are performed. In addition, people have
also found that many observed random variables are the sum of other independent
random variables, some of which may not be measurable. Research shows that when
the number of independent random variables approaches infinity, the distribution of
the random variable of the sum of these independent random variables approximates
the normal distribution.

This topic is usually associated with taking samples from a population and how
the mean of the sample relates to the mean of the population. This section introduces
the law of large numbers and the central limit theorem without giving any proof.
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11.1.1 The Law of Large Numbers

Intuitively, the law of large numbers is obvious! It basically says that if you wish to
know the value of a variable, like the average height of an adult, then you do not
just look at one person; you need to look at lots of people, and the more you look,
the better.

Formally, we have the following. Let X1, ..., X,, be a sequence of independent,
identically distributed random variables with E(X;) = u, i = 1, ..., n, and define
the sample mean as follows:

n

- 1
Xy == (X144 Xn).

i=1
Then, for any € > 0,

* The weak law of large numbers states that
lim P(|X, — u| <€) — L. (11.1)
n—od

It says that as n — o0, the probability of the difference between the sample mean
and the expected mean being less than any small value € approaches 1.
¢ The strong law of large numbers states that

P(lim X, =p) = 1. (11.2)

n—00

It says that as n — oo, we know almost for sure (P = 1) that the sequence X,
converges to the expected mean.

Remark 11.1 The weak law tells us how a sequence of probabilities converges. In
other words, for any small value € > 0, the probability of the difference between
the sample mean X, and the population mean . being less than € tends to 1. The
strong law states that X, approach p as n — oo with probability 1.

The differences between the weak law of large numbers and the strong law of
large numbers are subtle and not important for this book.

In practice, we can apply the principle of the law of large numbers to find the
approximated expected value of a distribution by repeating a procedure over and
over and then computing the average result, which will be close to the expected
value.

For instance, if X; is the attendance at a football match, then X; is a discrete
random number taking integer values from zero to the stadium size. If n is the
number of matches in a month, then we have a sample size of, say, four (one match
each week), and then the average attendance may be reasonably close to the real
average attendance. But if we take n as the number of matches in a year, we will have
a larger sample size, and the mean attendance will be closer to the real mean. ¢
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Example 11.1 Continue Example 10.23 from the previous chapter, Chap. 10.

We can do a simulation via a computer program to estimate the probability
of seeing 12 heads if we flip 20 coins simultaneously. Let E be the event
where we observe the number of heads-up, X = 12. We have used Python
programming to implement the simulation in this example. In one trial, 20
independent experiments can be run, each having a Bernoulli distribution with
the probability of coming-up heads of each coin being 0.6. The number of
heads-up can be obtained in these 20 experiments; this is noted. We repeat this
procedure with a large number of trials. Each time the trial of 20 experiments
is performed and the number of heads-up is noted. Figure 11.1 shows the
simulated result with 10,000 trials. That is, we have done the 20 experiments
10,000 times, each time noting the number of heads obtained. Specifically,
the number of our events, E, that is, 12 heads observed, in 10,000 repetitions,
is 1826. Therefore, the probability that we see 12 heads if we flip 20 coins
simultaneously is approximated as 0.1826 based on the law of large numbers.
It is larger than 0.1797, the theoretical value computed in the example shown
in Example 10.23. To make the estimation more accurate, we may increase
the number of trials in the simulation.

11.1.2 Central Limit Theorem

So far, we have that if we take a sample of size n from a population with an unknown
mean, then the mean of the sample is a reasonable estimate of the mean of the
population, and this estimate gets better as n gets larger. The central limit theorem
takes the analysis further and says that if we repeatedly find the mean of an n-
sized sample, we expect to get as many below the population (real) mean as there
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are above. In fact, the distribution of sample means approaches a normal distribution
around the population mean, irrespective of the sort of distribution we had in the first
place. This can be seen by looking at Fig. 11.1. As n gets larger, the distribution gets
closer to a normal distribution, and also, the standard deviation of the distribution
gets smaller. That is, the values get tighter around the population mean.

Formally, we have the following. Let X, ..., X,, be n independent random
variables, each of which has mean p and standard deviation o. Let ¥,, = (X +
.-+ X,,)/n be the average; thus, Y, has mean p and standard deviation o/ /0. If n
is large, then the cumulative distribution of Y is very nearly equal to the cumulative
distribution of the Gaussian with mean . and standard deviation o /+/n. That is,

Y —
lim 2 — 2~ N0, 1), (11.3)
n— 00 o‘/ n
or,
. Yn_:u
lim P <z) = a@). 11.4
(G =) = o 1

Example 11.2 In a doctor’s surgery over a long period, it is noted that the
average length of a patient’s appointment is 10 minutes with a standard
deviation of 5 minutes. So, patients are scheduled every 10 minutes for the
2% hours of each morning’s surgery time. Unfortunately, one morning there
is an emergency appointment, so there are 16 patients to see rather than the
normal 15. What is the chance that the doctor can finish on time?

Solution Each patient is assumed to be independent and drawn from the
distribution with a mean time of 10 minutes and a standard deviation of 5
minutes. This means the variance is 5> = 25. Let each of these 16 appointment
lengths be denoted X; for 1 <i < 16. For the total time taken, we have

Yie=X1+---+ Xi6.

The mean for Yi6 is 10 x 16 = 160, using property (4) of means (see
Sect. 10.5.1.1 of Chap. 10), and the variance of Yj¢ is 16 x 25 using property
(3) of variance (see Sect. 10.5.2.1 of Chap. 10), and so the standard deviation
for Yi6is 4 x 5 = 20.

From the central limit theorem, this means that the distribution of Yi¢ is
approximately a Gaussian with a mean of 160 and a standard deviation of
20.

(continued)
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Example 11.2 (continued)
We want P(y < 150) for the doctor to finish on time. So that we can

use the tables of values for a normal distribution, we have to standardise the
normal distribution using z-scores as in Eq. (10.21). This gives

— 160 _ 150 — 160
20 20

y 1
P(y < 150)=P< )=P(Z§—§),

which using the central limit theorem, Eq. (10.23), and the table (refer to the
information provided in the footnote of Sect. 10.6.2.2) gives us

1 1
P(z < —=)=®(—=) = 0.3085.
@=-2) (=3)
A special case of the central limit theorem is the De Moivre-Laplace theorem. Let

1, be a binomial random variable with parameters (n, p). Then, De Moivre-Laplace
theorem states:

P(afnnfb)%CD(b_—np)—CD(l), (11.5)
/np(l — p) /np(l — p)

where np and np(1 — p) are the mean and variance of a binomial distribution
(see Sect. 10.6.1.3 of Chap. 10). These values are needed to make the normal
distribution into a standard normal distribution so we can use a table of values.
See also Eq. (10.24) in Chap. 10, which is where the above equation comes from.

Example 11.3 There are 100 computers running independently in a PC lab.
The probability of the actual working time of each PC is 80% of the total lab
opening time each day. Compute the probability that there are between 70 and
86 computers working at any lab opening time.

Solution Suppose each computer has two statuses: working or not working.
Since computers work independently, we consider 100 computers as 100
Bernoulli trials. Repeated Bernoulli trials give us a binomial distribution—
see Sect. 10.6.1.3 of Chap. 10. Suppose the number of working computers is
N, ~ B(100, 0.8). Since the mean of this binomial distribution is np = 80
and the standard deviation of this binomial distribution is v/np(1 — p) = 4,

(continued)
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Example 11.3 (continued)
we can standardise the normal distribution using z-scores as in Eq. (10.21)
and have

P(70 < n, < 86) =P<

=p<—2.5 < '7”;80 < 1.5).

70—-80 7, —80 86— 80
< <
4 — 4 ~— 4

Applying Eq. (11.5), we have

—80
P( _25< — =< 1.5) = ©(1.5) — ®(—2.5) = 0.9270.

Exercises
11.1 For the doctor’s surgery introduced in Example 11.2:

(1) Confirm that if the expected number of 15 patients turn up for a morning
appointment, then the probability of the doctor finishing on time is 0.5.

(2) One of the doctors deals with only older patients, and it is found that
these require an appointment with an average length of 15 minutes and
a standard deviation of 10 minutes. Again, if an emergency patient turns
up one morning so that there are 11 instead of the 10 expected patients to
see, find the chance that the doctor can finish on time.

(3) Now assume that the older patients still take an average of 15 minutes, but
now the standard deviation is 5 minutes. Again, 11 instead of 10 patients
arrive, finding the chance that the doctor can finish on time.

11.2 Compute the probability of coming-up heads is greater than 60 times
when flipping a fair coin 100 times.

Remark 11.2 The law of large numbers (LLN) and the central limit theorem (CLT)
are used for different purposes. LLN addresses the convergence of sample means to
the population mean, while CLT concerns the convergence of sample means to a
normal distribution.

¢
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11.2 Multiple Random Variables

In many real-world applications, it is not enough to compute the mean and variance
of one random variable. Studying two or more random variables defined on the same
sample space is important. For example, consider tossing one fair coin five times
and repeat this experiment many times. We use X to denote the random variable of
observing the number of coming-up heads in the first two tosses, and Y denotes the
number of heads-up in the last three. Then, we can compute the joint probability
of (X, Y). That is, we are interested in the probability distribution of both random
variables, X and Y.

11.2.1 Joint Probability Distributions: Discrete Random
Variables

Let us start with two examples to bear in mind while reading this.

First: We could roll a fair six-sided die and define X = 1 if an even number
is thrown and X = 0 otherwise. We could also define ¥ = 1 if a square number
is thrown (i.e., a one or a four) and ¥ = 0 otherwise. Here, we can look at joint
probabilities such as the chance of throwing an even number and a square number,
thatis,both X =land Y = 1.

Second: Consider an ordinary pack of cards and turn over a card to look at it.
Define X = 1 ifitis ared card and X = 0 if it is a black card. Also, define Y = 1 if
it is a “high” card (defined to be an Ace, a King, a Queen, or a Jack) so that Y = 0
for all other cards (2, 3,4, 5, 6,7, 8,9, 10). Here, we can consider the probability of
it being black and a high card (X = 0 and Y = 1), for instance.

11.2.1.1 Joint Probability Mass Functions and Cumulative Distribution
Functions

Consider two discrete random variables, X and Y. The joint probability mass
function, pxy (x, y), can be given by

pxy (i, yj)) =PX =x;,Y =y)), (11.6)

where (x;, y;) denotes pairs of values X and Y can take. In the case of the die
roll, both X and Y can only take the values 0 and 1. So, pxy(x;, y;) is a table of
probabilities with the four combinations, which are

P(X=0,Y=0), PX=1,Y=0), P(X=0,Y=1), and P(X = 1,Y = 1).
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Properties of pxy (x;, y;)
1. Each joint probability is between 0 and 1:
0=<pxyr(xi,y) <L

2. The sum of all the joint probabilities adds up to 1:

ZZPXY()Q', yj)=1,

Xiyj

where the summation is taken over all possible pairs of (x;, y;).

The joint cumulative distribution function of X and Y, denoted by Fxy (x, y), is
again the sum of all the probabilities, in this case for x; up to x and for y; up to y.
The function is defined by

Fxy(, ) =P(X <x,Y <y) =Y > pxy(xi,y)). (1.7

Xi=X yj=y

11.2.1.2 Marginal Probability Distributions

Consider two discrete random variables X and Y. If

P(X=x;)=px(x) =) P(X=ux;,Y=y)), (11.8)
Yj

that is, the summation is taken over all possible values (x;, y;) with x; fixed. In this
case, Eq. (11.8) is called the marginal probability mass function of X. So, you could
find the sum of the probabilities for ¥ when X is fixed, for instance, at X = 0.
Similarly, the marginal probability mass function of Y is given by

PY=y)=pr)=) PX=x,Y=y). (11.9)

Xj
Remark 11.3 Note that X and Y are independent random variables, if
pxy(xi,y;) = px(xi)py (y;). (11.10)

¢

We can visualise the joint and marginal probability distributions through a table.
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Example 11.4 Flipping two fair coins. Let

X 0, The first coin tails-up,
1, The first coin heads-up,

and

Y — {O, The second coin tails-up,

1, The second coin heads-up.

Compute the probability distribution of (X, Y).

Solution Possible values of (X, Y) are (0,0), (0,1), (1,0) , and (1, 1).
Assume two flips are independent.

Applying Egs. (11.6) and (11.10), we can obtain pii, p12, p21, and pao.
For example,

1

i

1
pn=P(X=0Y=0=PX=0PY¥=0=;x

N =

Therefore, the joint probability mass distribution of (X, Y) is shown in
Table 11.1.

Table 11.2 shows the joint cumulative distribution function of (X, Y). The
value in each cell is obtained by summing over values of the joint probability
mass function (i.e., to apply Eq. (11.7)). For example, consider Fyy(X =
0,y =1):

1 1 1
Fxy(X=0,Y = 1)=P(X=0,Y=0)+P(X=0,Y=1):Z 1=7
The marginal probability distribution of (X, Y) is computed by applying
Eq. (11.8) or Eq. (11.9). For example, P(X = 0) = px(X =0) = (P(X =
0,Y=0)+P(X=0,Y =1)) = ; + § = 5. Table 11.3 shows the marginal
probability distribution of (X, Y).

Table 11.1 The joint

X=0 | X=1
probability mass function of 1 1
X and Y as given in Y=0 |3 1
Example 11.4 y=1 1 i
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Table 11.2 The joint
cumulative distribution

X

—n |1

function of X and Y as given Y=0 |3
in Example 11.4 %

Table 11.3 The marginal

last column of the table

- X=0 | X=1 | P(Y =y)
probability of X and Y (as 0 I I
given in Example 11.4) are Y=0 s 2
shown in the last row and the Y=1 % %
1
3 _

P(X = x;)

Example 11.5 Now, let us do the dice-throwing example where
X — 0, An odd number is thrown,
a 1, An even number is thrown,

and

¥ {0, A non-square number is thrown,

1, A square number is thrown.

Compute the joint probability distribution and the marginal probability distri-
bution for (X, Y).

Solution Possible values of (X, Y) are (0,0), (0,1), (1,0), and (1, 1).
Assume two throws are independent.

Applying Eqgs. (11.6) and (11.10), we can obtain pii, p12, p21, and pa».
For example,

1
p=PX=1Y=D)=PX=DP¥=1=;x

W | =
)}

Therefore, the joint probability mass distribution of (X, Y) is shown in
Table 11.4.

The marginal probability distribution of (X, Y) is computed by applying
Eq. (11.8). For example, P(X = 0) = px(X = 0 = P(X = 0,Y =
0)+P(X=0Y =1) =1+ =1 Table 11.4 also shows the marginal
probability distribution of (X, Y).
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Table 11.4 The joint probability mass function of X and Y (as given in Example 11.5) with the
marginal probability of X and Y shown in the last row and the last column of the table

X=0 X=1 PY =y)
- 1 1 2
¥=0 3 3 3
_ 1 1 1
Y=1 5 3 3
P(X =x;) 3 ! _
Table 11.5 An example of a X\Y Sunny | Cloudy | Rainy
joint probability mass - :
function of X (games) and Y Badminton | 0 0 9
(weather) as given in Swimming % é é
Example 11.6 Football % é 0
Table 11.6 An example of a X\Y Sunny | Cloudy |Rainy | P(X = x;)

joint probability mass

. 1 1

function of X (games) and Y Badminton | 0 0 9 9

(weather) as given in Swimming % é % g

Example 11.6 Football % % 0 %
P =y) |3 5 5

Example 11.6 Suppose we have two random variables. X denotes the game
Jack wants to play; Y denotes the weather condition. Table 11.5 shows the
joint probability mass distribution of (X, Y), where the total probability of
this table is equal to 1. The probability of Jack playing football when it is
sunny is P(X = football, Y = sunny) = % as shown in the table.

We need to apply Eq. (11.7) to obtain the cumulative distribution. However,
X and Y are two categorical variables, and we cannot simply say ¥ =
Sunny < Y = Rainy. Therefore, we can only set up the cumulative
distribution table if given more information.

Table 11.6 shows the marginal probability distribution. If we sum over a
row in Table 11.5, we are looking at all pairs (x;, y;), where Y can take on all
three values with the value of X fixed. For example, the probability of Jack
swimming is P(X = Swimming) = g aF é 4 % = g. Similarly, if we sum
over a column, we consider all possible values of X, and then we obtain the
marginal probability mass value of Y.
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Exercises

11.3 Given the pack of cards example described earlier, that is,

¥ — 0, The card is black,
1, The card is red,

and

Y — 0, The card is a “low” card,
1, The card is a “high” card,

find the joint probability distribution of (X, Y) and the marginal probability
distribution of (X, Y).

11.4 There are five balls, three red and two green, in a bag. Take two balls one
by one from the bag without putting them back. Define X and Y as follows:

X — [O, The first one is green,

1, The first one is red,

and

)0, The second one is green,
1, The second one is red.

Compute the joint probability distribution of (X, Y) and the marginal
probability of (X, Y).

11.5 There are ten balls, five red, three green, and two yellow, in a bag. Take
a ball from the bag and put it back, and then take a second ball. Define X and
Y as follows:

0, The first one is yellow,
X = 11, The first one is green,

2, The first one is red,

(continued)
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and

0, The second one is yellow,
Y =

—_

, The second one is green,

2, The second one is red.

Compute the joint probability distribution of (X, Y) and the marginal
probability of (X, Y).

11.2.2 Joint Probability Distributions: Continuous Random
Variables

This is similar to the previous section, except, since the random variables are
continuous, we need to integrate rather than add up probabilities. Also, since we
have two random variables, the probability density function is a surface “above”
the two variables plotted horizontally. To find probabilities, we need to use double
integration to find the volume “under” the surface as in Sect. 6.3 of Chap. 6.

11.2.2.1 Joint Probability Mass Functions and Cumulative Distribution
Functions

Consider two continuous random variables X and Y. The joint probability density
function, fxy(x,y), can be given by

92 Fxy (x, y)
fxy(x,y) = X050 (11.11)
dxady

where Fyy(x, y) is the cuamulative distribution function given by

X y
Fyy(x,y) = f / Frr(n. £)dnde. (11.12)

Properties of fxy(x, y)

1. fxy(x,y) = 0, probability is always positive.

2. [%, %0 fxy(x, y)dxdy = 1, the total probability is always 1.

3. fxy(x,y) is continuous for all values of (x, y), or except for a finite set.
4. P(X,Y € D) = [[}, f(x, y)dxdy.
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Example 11.7 Let us start with a really simple example: The joint probability
density function of (X, Y) is given by

1, O0<x<1,0<y<l1

Tx (0 7) {0, otherwise.
This is a uniform distribution. The two random variables, x and y, go from
0 to 1, and the probability density function is just a flat surface “above” at a
constant “height” of 1. (See the equivalent distribution with one variable given
in Sect. 10.6.2.1 and illustrated on the left in Fig. 10.8 in Chap. 10.). Here, it
would be illustrated by a cube of size 1. Show that

I [0, fxy(x, y)dxdy = 1.

Find:

1. The cumulative distribution function Fyy (x, y)
2.PO0<X<3, 0<Y<39)
3. PX+Y < 1)

Solution [ [ fxy(x,y)dxdy = [} [} ldxdy = [jx D=
1
1
fo ldy =y| =1
0
1. Applying Eq. (11.12), when 0 < x < land 0 < y < 1, we have
x y
f(;c ny ldndé& zfoyn d& =f0yxd§‘ =xn| =xy.
0 0

Hence, we have

xy, 0<x<1,0<y<1
FXY(xay):{y Y

0, otherwise .
2.P0<X<30=<yv<bh=

1 1

1 1 1 2 1 2

Jo Jo ldxdy = [§ x Ody =y 3dy =3y o
This answer makes sense if you think about it. With 0 < x < % and
O0<y< %, looking “down’ on the cube, we are taking just a quarter of the
horizontal area. So, since the probability density function is uniform, this

gives a quarter of the volume, that is, a quarter of the total probability.

3. P(X+Y < 1). This is more complicated since the limits of the integration
involve the line x 4+ y = 1. Looking back at the examples in Sect. 6.3 of

_1
=1

(continued)
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11.2.2.2 Marginal Probability Distributions

Consider two continuous random variables X and Y. The marginal probability
density function of X or Y is given by

fX(x)=/ Jxy(x, y)dy, (11.13)
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fr(») =/ Jxy (x, y)dx, (11.14)

respectively. This is like just adding up the values in a row or a column in the discrete
case.

(continued)
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where A is a constant. Find the following:

(1) The value of A.
(2) The cumulative distribution function Fxy (x, y).

(3) PO<X<Z, 0<Y<T)

(4) The marginal probability distribution of X.
(5) The marginal probability distribution of Y.

Remark 11.4 Note that X and Y are independent random variables, if
Fxy(x,y) = Fx(x)Fy(y),
or

Sxy(x,y) = fx(x) fr(y).

11.2.2.3 Covariance

Consider two jointly distributed continuous random variables X and Y. We can
define the covariance via the expected value as follows:

cov(X,Y) = E((X — EX))(Y — E(Y))). (11.15)

Remark 11.5 We can see that this definition fits the shape of the original sample
covariance definition, which was in Sect. 4.2.1 of Chap. 4, namely,

Yol i — Xn) (Xik — Xi)

n—1

cov(xp, xi) =

As can be seen, it basically multiplies each value of one variable, with its mean
subtracted, and with each value of the other variable, with its mean subtracted.
It then sums all of these together and divides the result by a constant. The final
summing is basically finding a mean again. Hence, the given definition is of the
correct form.

¢
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Equation (11.15) can be further expanded using properties of the expected value
given in Sect. 10.5.1.1 of Chap. 10 as follows:

cov(X.Y) = E((X —E(X))(Y — E(Y)))

= E(XY—E(X)Y —XE(Y)+E(X)E(Y)> (11.16)

= E(XY) — E(X)E(Y) — E(X)E(Y) + E(X)E(Y)
— E(XY) — E(X)E(Y).

Hence, if cov(X,Y) = O, that is, if X and Y are uncorrelated, then we have
E(XY)=EX)E(Y).
We have the two following properties of uncorrelated variables:

e If X and Y are independent random variables, they are also uncorrelated. This
can be proved as follows:

E(XY) = / / xyfxy(x, y)dxdy

=//wﬁmﬁwmw

= /xfx(x)(fny(y)dy)dx (11.17)
= (/Xfx(X)dX>(/yfy(y)dy)

= E(X)E(Y).

* However, if X and Y are uncorrelated, they can still be dependent as the following
example illustrates.

Example 11.10 This relationship is usually illustrated by using variables that
have clearly got zero mean, so that cov(X, Y) is also zero. A common example
is the following:

Let X be uniformly distributed in the interval [—1, 1]. It clearly has a mean
value at the centre, that is, E(X) = 0. Now, define Y so that y = x2 in the
interval [—1, 1] and zero elsewhere. This also obviously has a mean value
at the centre, since it is evenly distributed either side of zero. So, E(Y) = 0.
Now, E(XY) = E(X?), which again has its mean value at the centre. So
E(XY) = 0. We now have cov(X,Y) = E(XY) — E(X)E(Y) = 0. So, X
and Y are uncorrelated.

(continued)
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Example 11.10 (continued)
However, from the way that ¥ was defined, it is clearly dependent on X.
So, X and Y are uncorrelated and also dependent.

We can now do an example of finding the covariance between two continuous
random variables. We will start with the easy example described in Example 11.7.

Example 11.11 Start with the example started in Example 11.7, namely, the
joint probability distribution function of random variables X and Y given by

1, O0<x<1,0<y<l1

0, otherwise.

fxyr (e, y) ={

Find the covariance of X and Y.

Solution To find the covariance, we will use Eq. (11.16). This requires
finding E(X) and E(Y), which means we need to know fy(x) and fy(y)
as is seen from the definition of mean given in Eq. (10.8) in Sect. 10.5 of
Chap. 10. But fx(x) and fy(y) are just the marginal probability distributions
of X and Y. To find fX(x)f we use Eq. (11.13):

fx@) = [¢° 1dy = y‘ =1.
0

To find fy(y), we use Eq. (11.14):
1

fry) = [~ ldx :x' =1.
0
We can now find E(X) and E(Y) using Eq. (10.8):

1

Oo ! x2 1
E(X) =/ xfx(x)dx =/ xdx = —| ==
—00 0 2 0
By a similar calculation, we find that
© 1 y2 1
E(Y)=/ yfy(y)dyzf ydy=7| =3
&3 0 0

Then, we find E(XY): E(XY) = ffooo ffooo xyfxy(x, y)dxdy =

1
2
fol fol xydxdy = fol yy

1
1 2
dy=fyydy="¢| =%
0 0

Finally, cov(X,Y) = E(XY) — E(X)E(Y) = § — 1 x

=0.

D=
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Example 11.12 We will continue with the example started in Example 11.9,
namely, the joint probability distribution function of random variables X and
Y given by

20" x>0, y>0

0, otherwise.

fXY(x’ Y) = {

Find the covariance of X and Y.

Solution To find the covariance, we will use Eq. (11.16). Again, this requires
finding £(X) and E(Y), which means we need to know fx(x) and fy(y) asis
seen from the definition of mean given in Eq. (10.8) in Sect. 10.5 of Chap. 10.
fx(x) and fy(y) are the marginal probability distributions of X and Y. In
fact, Example 11.9 already found fx(x). It was fx(x) = Qe 2%,

To find fy(y), we use Eq. (11.14):

fr() =2e7Y x [ e Pdx = —e Ve

0
We can now find E(X) and E(Y) using Eq. (10.8):

o
=e V.

E(X) = /‘00 xfx(x)dx = 2/00x672xdx
0

—00

This integral is calculated using integration by parts (Sect. 5.5.2 of Chap. 5)
with u = x and Z—li = ¢~ %, giving

00 oo ,—2x —2x
_2 / S x1dx=0+°

—2x
e
2x

By a similar calculation, we find that
o0 o0
E(Y) = / yfr )dy = / ye Ydy = 1.
—00 0

Finally, we find E(XY):

E(XY)=f / xyfxy(x, y)dxdy

o0 o0
= f / xy2e” @t dxdy
0 0

(o8] o0
— 2/ ye_y</ xe_zxdx)dy
0 0

(continued)
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11.2.3 Multinomial Distribution

A binomial distribution (see Sect. 10.6.1.3 of Chap. 10) is used to study the
probability distribution of multiple independent trials, each with two possible
outcomes. The multinomial distribution gives the probability of an event over
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multiple trials when we have more than two possible outcomes for each trial. So,
this is a generalisation of a binomial distribution.

Consider n repeated and independent trials. Suppose each trial has & possible
outcomes. Let X; be the discrete random variable taking values of x;, which
is the number of occurrences of outcome i, and i = 1,2, ---,k. Then, we
have xy,xp,---,x¢ € [0,1,---,n], such that x; + xp + --- + xx = n. Let
pi, P2, -+, pr €[0,1] and Zlep,- =1.

For example, in a bag containing three types of fruit (apples, oranges, and pears),
if you pick one out of the bag, there are just three outcomes (an apple, an orange,
or a pear). If a trial consists of taking one fruit out without looking, noting its type,
and replacing it, then the probabilities remain the same for each trial. Suppose you
do ten trials. Then, x; is the number of times an apple is picked, x> is the number of
times an orange is picked, and x3 is the number of times a pear is picked. Obviously,
each x; is a number between 1 and 10 (you could pick an apple each time, in which
case x1 is ten and x» and x3 are zeros). Whatever the types of fruit picked, the total
must add up to ten, that is, x; + x2 + x3 = 10. The probabilities of picking each
fruit, p1, p2, p3, depend on the numbers of each in the bag (this does not count any
differences in feel between the three fruits!).

The probability mass function for the multinomial distribution is given by

n! X

DX Xpo X (X1, X2, 0+, Xg) = PPy Pt (11.18)

Xl!xz! .. -xk!

This is just a generalisation of the equation for the binomial mass function given
in Eq. (10.15) of Chap. 10. In that equation, there were just two outcomes with
probability p and 1 — p, where the first outcome happened x times, so the other
happened n — x times. Now, we have k different occurrences happening x1, - - - , x
times, respectively, to replace the x and n — x.

The mean and variance of X; are given by

E(X;) =np;, (11.19)
and
Var(X;) = np;(1 — p;), (11.20)

respectively.
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Example 11.13 Suppose that a fair die is rolled eight times. Find the
probability that one, two, three, and four dots appear once each and five dots
and six dots twice each.

Solution Applying Eq. (11.18), we have

PX1=1,X20=1,X3=1,X4=1,X5=2,X6=2)

ot ) 0 GV 0)

~ 0.006.

Exercise

11.11 There are 100 marbles of the same size but four different colours
in a bag. The ratio of red, black, white, and yellow is 2:3:4:1. Jack takes
six marbles from the bag without looking, replacing the marble each time.
Compute the probability that he takes two red, one black, and three yellow.

11.2.4 Multivariate Normal Distribution

Let X1, ..., X4 be independent normally distributed with means w1, ..., ug and
variance 012, e, 03. Then, the joint density of X1, ..., Xy is
d d 2
1 1 1 (xi — i)
(g, .., xg) = (—) exp(—— — ), (11.21)
(2m)? 11 oi 2 Z o
where X is a d-dimensional random vector [ X1, ..., X4].

Let us look at this for d = 2:

fx(x x)_LLeX (_l(()ﬂ_M1)2>_l<(xz—u,2)2))
XA 2n) o102 P 2 ol 7 o2

1 | b )2 _(p—p)?
_ 20 202
= ¢ i X e 2
(2m) o102

o —up? Xy —11n)2
1 1 _ 0 12 /21) 1 1 _ 22 /22)
= | ——¢ % X| ——¢e¢ 2 .
V2 o1 V2m 02
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If you look back at Eq. (10.19) in Chap. 10, you can see that this is just two normal
distribution equations in two different dimensions multiplied together.
Since Eq. (11.21) is an equation in vectors, it can also be expressed as follows:

1 1
fx®) = ———expl—5x— W Z5 x - . (11.22)
(27)7| %2 2

where p is the mean vector and X is a diagonal matrix:

07 0...0
007...0
So=|. > .
00..07

Again you can check this by expanding out the d = 2 case, where

2
S0 = |:a1 02] ’
0 o5

and

2
ol = ! X |:02 0:|.
0 012022 0 012

In fact, Xo in Eq. (11.22) is a d-dimensional covariance matrix with no cross-
correlation between any of X1, ..., Xy. The multivariate normal distribution can
be denoted as X ~ N(u, Xo).

A more general formula for the joint density of a random vector X =

[X1, ..., Xq4] of size d, which is distributed according to a multivariate normal
distribution and does have a cross-correlation between the X1, ..., Xy, is given as
follows:
1 _
fx®) = ——repl-sx - w T x =), (11.23)
(2m)2|X|?

where u is the mean vector and X is a general covariance matrix. It can be denoted
as X ~ N(u, X).

Figure 11.2 shows two contour plots of bivariate normal distributions with
100 samples, each displayed as the plus signs. The left panel shows a bivariate

distribution as
2 10
M([a)o3])
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121 | | | | | 1 12
101 1 10
8r 8r
6 61
g 4 g 4
2r 2r
Or or
2 2F
4 4
4 2 0 2 4 6 8 4 2 0 2 4 6 8
x Eal

Fig. 11.2 Examples of bivariate normal distribution. In the left panel, the two normal random
variables are uncorrelated; in the right panel, the two normal random variables are positively
correlated

where the covariance between X and X5 is O, that is, X| and X, are uncorrelated.
The right panel shows a bivariate distribution as

M(EHLSST)

where the covariance between X and X3 is 1.5. As can be seen in the plot, it shows
that as values of X increase, values of X, also increase. That is, the two variables
are positively correlated.

Figure 11.3 shows another example of a two-dimensional multivariate normal

distribution:
0 0.49 0.4
M([o)-[53°])

The left panel presents the probability density distribution. The right displays its
corresponding cumulative distribution.

Variables with a multivariate normal distribution with a mean vector x and a
covariance matrix X have the following properties:

* Every single variable has a univariate normal distribution.

* Any subset of the variables also has a multivariate normal distribution.

* Any linear combination of the variables has a univariate normal distribution.

* Any conditional distribution for a subset of the variables dependent on known
values for another subset of variables is a multivariate distribution.

We will discuss conditional probability in the following section.
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0.2

=
&

Probability Density
o
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(=

Cumulative districution function value

Fig. 11.3 An example of a two-dimensional multivariate normal distribution. The left panel
presents the probability density distribution. The right displays its corresponding cumulative
distribution

11.3 Conditional Probability and Corresponding Rules

11.3.1 Conditional Probability

So far, we have discussed the probability of an event (E) occurring without any
conditions. Sometimes, a specific event may happen under certain conditions. Let
us consider the following example first.

Example 11.14 100 people showed up for a new test for bowel cancer. 30 of
them have bowel cancer. 40 people had a positive test result, of which 25 had
bowel cancer. Calculate the following:

* The probability of people having bowel cancer and testing positive.
* The likelihood of people having bowel cancer or being tested positive.

Solution Let us define event A, people have bowel cancer, and event B, the
test result of people was positive. Figure 11.4 shows the Venn diagram of this
example. In this figure, A has 35 people, B has 40 people, and 25 people are
in both A and B, denoted as A N B in the diagram. So, this means there are
ten people in A but notin A N B, and 15 people in B but notin A N B.

So, from the diagram, among the total 100 people, 25 people have bowel
cancer and tested positive, that is, A N B. Thus, the probability of people who

(continued)
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Example 11.14 (continued)
actually have bowel cancer and who tested positive is

25
P(ANB) = <05 = 25%.

To calculate the probability of people having bowel cancer or being tested
positive, we need to know the number of people in set A and B, thatis, P (AU
B). But if we add A and B together, we get the overlapping area of A N B
twice, so we need to subtract the overlapping area. We, therefore, have 35 +
40 — 25 = 50. (Alternatively, we add the number in A but not in A N B,
that is, A\(A N B) = 10, plus the number in B but not in A N B, that is,
B\(A N B) = 15, and the number in A N B = 25. This gives 50, as before).
Thus, the probability of people either having bowel cancer or being tested
positive is

50
P(AUB) = oo = 50%.

Alternatively, we have, as a formula (see Sect. 11.3.3),

P(AUB) = P(A) + P(B) — PANB) = - + 20 _ 2 _ 54
- T 100 100 100

11.3.1.1 Conditional Probability for Two Discrete Random Variables

Conditional probability is the probability of some event happening given that some
other event has already occurred. So, the probability is conditional on the other event
having occurred. The probability that X = x; given that ¥ = y; is usually written

as pxy (xi|y;) oras p(X = x;[Y = y;).

Fig. 11.4 The Venn diagram
of Example 11.14. A
represents having cancer, and
B represents testing positive

Sample space
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Definition 11.1 Suppose (X, Y) are two discrete random variables with joint
probability mass function pxy(x;, y;). The conditional probability mass function
of X given that Y = y; is defined as

pxy(xi Ny;)

,  where py(y;) > 0. (11.24)
py(yj)

pxy (xily;) =

Note that 0 < px |y (x;|y;) < land 3 pxjy(xily;) = 1.

This definition makes sense since, whereas normally we are dividing by the whole
population to get a probability, now we are restricted to just those events that occur
when Y = y;. So, we divide by just the relevant ones, that is, all the Y = y;’s.

Example 11.15 Continue Example 11.14. What percent of those who tested
positive have cancer?

Solution Here, we have the condition that we are only interested in those who
tested positive. That is, we want the number who have cancer given that they
have already tested positive. Let X = A denote people having bowel cancer,
and Y = B, the test result of people being positive. So, in Fig. 11.4, we are
interested in those people with cancer inside circle B, that is, p(A N B) as a
proportion of all of B.

Applying Eq. (11.24), we have

p(ANB) _ 25%

_ — 62.5%.
»(B) 40%

p(A|B) =

In Example 11.14, we were given all the numbers, but often we have to work
them out first, as in the next example.

Example 11.16 A bag contains six red balls and four green balls. A ball is
taken out but not put back, and then a second ball is taken out. Calculate the
probability of picking a red ball as the second ball, given that the first ball was
green.

Solution Let A be the probability that the second ball is red and B be the

probability that the first ball is green. We are interested in p(A|B). So, we

need the probability of the first ball being green, P(B), which is L

10 5

(continued)
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Example 11.16 (continued)

We now need P(A N B). This is the probability that it is both A and B. So,
we need the probability that the first ball is green and then the second is red,
which is 14—0 X g = %. Hence, using Eq. (11.24), we have

_ p(ANB) _

2
p A|B) = =

=3

u-n\)|;|4>

Note that this is not equal to the probability of getting a red ball second. Doing
this includes the case of getting a red first and then a red second, which is

% X g = % as well as the case of getting a green followed by a red, which is

14—5 from above. So, the probability of getting a red second is % + 14—5 = %

Remark 11.6 Note that
p(A|B) =1— p(A|B), (11.25)

where A is the complement of A.

This can be seen by considering the following illustration. If you are a man, then
the probability you have a beard could be %, so that the probability that you do not
have a beard is ;_1. If you define A as the probability of having a beard and B as the
probability of being a man, then p(A|B) is the probability that you have a beard

given that you are a man, and this is % So, p(A|B) is the probability of not having

a beard given that you are a man, whichis 1 — p(A|B) =1 — % = %.

¢

Exercises

11.12 The percentage of all adults in America who are women and will have
an episode of depression by the age of 65 is 16.667%. The percentage of
all adults in America who are men and will have an episode of depression
by the age of 65 is 10%. What is the probability that a given woman will
have an episode of depression by the age of 65 in America? What is the
probability that a given man will have an episode of depression by the age
of 65 in America? (You can assume that the probabilities of an adult being
male or female are both 50%.)

11.13 In a certain university, there are 1000 students, of which 540 are
female. Of the female students, 300 take humanities subjects, and the rest take

(continued)
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science subjects. Of the male students, 180 take humanities subjects, and the
rest take science subjects. For a given female student, what is the probability
that they do science? For a given science student, what is the probability of
them being female? For a given male student, what is the probability that they
do science?

11.14 Suppose we flip a fair coin three times. What is the probability of
coming up precisely two heads, given the first flip is a heads-up?

11.15 Ann has two children. You learn that she has a daughter, Sarah. What
is the probability that Sarah’s sibling is a brother? (You can assume that the
probabilities of a child being male or female are both 50%.)

11.3.1.2 Conditional Probability for Two Continuous Random Variables

This again follows the discrete variable case.

Definition 11.2 Suppose (X, Y) are two continuous random variables with joint
probability density function fxy (x, y). The conditional probability density function
of X given that Y = y is defined as

fxr(x,y)

W, where fy(y) > 0. (11.26)

Sxiy(xly) =

Note that fxjy(x]y) = 0and [ fxy(x|y)dx = 1.

Example 11.17 Suppose X and Y are two continuous random variables, and
their joint probability density function is given as follows:

2xy, 0<x<1,0<y<ﬁ
Sxy(x,y) = .

, otherwise.

Find the conditional probability density function fxy (x|y).

Solution To apply Eq. (11.26), we need to compute fy(y) first:
1
s = [ 2xydx =,

(continued)
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Example 11.17 (continued)
Substituting fy(y) = y and fxy(x, y) = 2xy into Eq. (11.26), we have

2x
Fxir (xly) = Ty = 2x

for0 <x <land0 <y < /2.

Exercises

11.16 Suppose X and Y are two continuous random variables and their joint
probability density function is given as follows:

1
ny(x,y)z{i’ O<y<x<2

0, otherwise.

Find the conditional probability density function fy|x (y|x).
11.17 Suppose X and Y are two continuous random variables and their joint
probability density function is given as follows:

g T
Asinxcosy, O<ux,y< 5

fxy(x,y) = {

0, otherwise.

(1) Find the value of A.
(2) Find the conditional probability density function fxy (x|y).
(3) Find the conditional probability density function fy|x (y|x).

11.3.2 Conditional Means and Conditional Variances

11.3.2.1 Conditional Means and Conditional Variances for Two Discrete
Random Variables

If X and Y are two discrete random variables with joint probability mass function
pxy (xi, yi), then the conditional mean of Y given X = x; is defined by

E(Y|x) =) yipyix (ilx), (11.27)

Yi
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and the conditional variance of Y given X = x; is defined by
2
Var(Y|x;) = Z (yz' - E(lei)) Py x (Yilxi). (11.28)
Yi

Note that these follow the same construction as those given in Eq. (10.8) for mean
and Eq. (10.9) for variance in Chap. 10, except that in these, we are summing over
y; rather than x; since the x;’s are given and so effectively constant.

11.3.2.2 Conditional Means and Conditional Variances for Two
Continuous Random Variables

If X and Y are two continuous random variables with joint probability density
function fxy (x, y), then the conditional mean of Y given X = x is defined by

E(Y|x) =/ yfrix (ylx)dy, (11.29)

and the conditional variance of Y given X = x is defined by

[e.e]

2
Var(Y|x) = / (v = EO0) frix(slody. (11.30)

—00

The variance can also be written as
Var(Y|x) = E(Y?|x) — [E(Y|x)]%. (11.31)

Again see Eq. (10.8) for mean and Eq. (10.9) for variance in Chap. 10.

Example 11.18 Suppose X and Y are two continuous variables. The joint
density function is given by

24x%y, 0<x<1,0<y<1
fxy(x,y) = Y ; Y=
, otherwise.

Find E(Y|x).

(continued)
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11.3.3 Mutual Exclusivity

Suppose A and B are two events. Then, they are mutually exclusive if they cannot
co-occur, thatis, AN B =@, and P(A N B) = 0. Then, we have

P(AUB)=P(A)+ P(B)— P(ANB) = P(A) + P(B).

For example, the event of a student who passes or fails the same module is
mutually exclusive.
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11.3.4 The Multiplication Rule

The multiplication rule is defined by
P(ANB) = P(A)P(B|A). (11.32)

We can obtain this rule by rearranging the definition of conditional probability. For
two events A and B, if they can occur at the same time, that is, the overlapping
area in a Venn diagram, then the probability of this is given by the product of the
probability of event A occurring and the probability of B occurring given that A
happens. The general multiplication rule is a handy way to find the probability that
two events, A and B, occur if we can easily calculate the conditional probability
P(B|A) and the probability of A.

11.3.5 Independence

Event B is considered independent of event A if P(B|A) = P(B). It says that
learning that event A happened provides us with no additional information about
event B. Using Eq. (11.32), this relationship is more usually written equivalently as

P(ANB)=P(A)P(B). (11.33)

This is a nice result because we can find the probability of two events occurring
without dealing with conditional probability calculations. The definition of inde-
pendence of two events can be extended to describe three or more events.

Example 11.19 Flipping a fair coin three times. Let 77, 7>, and 73 be the
events that the first, second, and third flips have tails-up. The probability that
we see three flips coming up tails is computed as P(T1NT>,NT3) = % X % X % =
%, assuming three flips are independent.

Similarly, if X and Y are two continuous independent random variables, then

fxiy (xly) = fx ().
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Exercises

11.19 Consider throwing two fair six-sided dice. Let A be the event that the
first die is odd, B the event that the second die is odd, and C the event that
the product of numbers on these two throws is odd. Determine whether these
events are pairwise independent, that is, if (i) A and B are independent, (ii) A
and C are independent, and (iii) B and C are independent.

11.20 A fair four-sided die has numbers 1, 2, 3, or 4 on its faces, respectively.
Let A be the event that the face with an even number landed, that is,
A = {2,4}. List all possible solutions for event B such that A and B are
independent. (Hint: start by listing all the real subsets of {1, 2, 3, 4}, including
the full set {1, 2, 3, 4}, as possible solutions for event B and check each in
turn.)

11.3.6 The Law of Total Probability

Suppose Bi, B>, ---, B, is a partition of the sample space S, such that any two
partitions are disjoint, that is, B; N B; = ¢, and the union of all the Bi’s is the entire
sample space, that is, U; B; = S. Then, for any event A, we have

P(A) = ZP(AmB,») = ZP(A|B,-)P(B,<). (11.34)

This rule is used to find the probability of an event A when we do not know
enough about A’s probability to calculate it directly. Instead, we take related events
B; and use them to calculate the probability for A.

Example 11.20 40% of people watched the film The Lord of the Rings.
Among them, 35% have read the book before seeing the movie. Out of 60%
of people who do not watch the movie, only 3% have read the book. What is
the probability a random person has not read the book?

Solution Consider event A being a random person who has not read the book,
B the person who watched the movie, and B not watched the movie. Since
B and B, together are mutually disjoint, and their union is all of the sample
space (all the people), then we can use the law of total probability. The known
probabilities are shown in Fig. 11.5.

(continued)
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Example 11.20 (continued)
Applying the law of total probability (Eq. (11.34)), we have

(1 —0.35) x 0.4 + (1 — 0.03) x 0.6 = 0.842.

Example 11.21 A phone-making company has five pipelines of production.
Each pipeline has a different rate of working and each has errors associated
with it: the first produces 10% of the phones with an error rate of 1%, the
second produces 15% of the phones with an error rate of 1.2%, the third
produces 20% of the phones with an error rate of 1.4%, the fourth produces
25% of the phones with an error rate of 1.6%, and the final one produces 30%
of the phones with an error rate of 2%. What is the probability that a random
phone is faulty?

Solution Let By, - - - , Bs be the working rate in the five pipelines and A the
probability of a phone being faulty. Since By, - - - , Bs together are mutually
disjoint and their union is all of the sample space (all of the production), then
we can use the law of total probability.

Consider the first pipeline. We need P(A|Bj), and this says, “Given that
we have the first pipeline, what is the probability of error?” and that is given
as 1% = 0.01. Also, we need P (B), which we also know as 10% = 0.1. So,
the first term in the sum to find P(A) is 0.01 x 0.1 = 0.001. We can work out
the other four terms similarly.

Hence, applying the law of total probability (Eq. (11.34)), we have P(A)
as

0.01x0.14-0.012x0.15+0.014 x0.20+0.016 x 0.254-0.02 % 0.30 = 0.0156,

which gives a probability for P(A) of 1.56%.

Fig. 11.5 Tree diagram = Read the
illustrating the partitions of Watched P book 35%
the sample space and their _~ the movie <:';__ .
associated probabilities in 7 40% Ty o
Example 11.20 - the book
pe 100% < 65%
S
™~
M . Read the
“» Did not " book 3%
watch the _~~
movie ™~ Did not read

60% " the book
97%
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Exercises

11.21 We have four bags containing red and black balls. The first contains
six red and four black balls; the second contains seven red and eight black
balls; the third contains six red and six black balls; and the fourth contains 16
red and four black balls. A bag is selected randomly, and then a ball within
it is selected at random. What is the probability that the ball is red? Compare
this to the chances of picking a red ball if all the balls were just in one bag.

11.22 There are five balls in a bag: two white and three red. Take the first ball
out of the bag without replacing it, and then take out the second one. What is
the probability that the second ball is white?

11.4 Bayes’ Theorem

Recall that the multiplication rule says the probability that events A and B both
occur is the probability that A occurs multiplied by the probability that B happened,
given that A already occurred. That is,

P(A,B)=P(ANB) = P(A)P(B|A).
Alternatively, we have

P(B,A)=P(BNA)= P(B)P(A|B).
Since

P(A, B) = P(B, A),
we have
P(A)P(B|A) = P(B)P(A|B).
Bayes’ theorem is given by

P(A)P(B|A
P(A|B) = %, (11.35)

where P(B) # 0.
P(B) in Eq. (11.35) may need to be computed by applying the law of total
probability, for example, P(B) = P(A)P(B|A) + P(A)P(B|A) and A is the
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complement of A. This gives an alternate form for Bayes’ theorem as

P(A)P(B|A)

P(AlB) = P(A)P(B|A) + P(A)P(B|A)

(11.36)

In even more generality, if we denote the data we have as D and the hypothesis
about the given data as H;, Bayes’ theorem can be further written in a more general
way as follows:

p _ P(H)P(DIH)
(H;|D) = T, (11.37)

where:

+ P(D)=Y, P(DNH) =Y P(H)P(D|H)

e P(H;) defines the prior probability, that is, the probability of the hypothesis
before the new data is observed

e P(D]H;) defines the likelihood, that is, the probability of the data under the given
hypothesis

e P(H;|D) is called the posterior, that is, the probability of the hypothesis after the
data is observed

Example 11.22 Mrs. Wright runs a small company providing domestic
cleaning services with two employees—Sarah and Ann. Each cleaner has
a very similar workload. From past performances, 85% of customers rank
Sarah’s work with five stars (the highest rating) and only 50% for Ann’s work.
A new review with five stars comes to Mrs. Wright without mentioning the
cleaner’s name. What is the probability that it is a review of Ann’s work?

Solution Let us use D to denote a review with five stars, H; to denote
the cleaning done by Ann and H, by Sarah. Since cleaners have a similar
workload, we have P(H;) = P(H;) = 0.5. To compute P(H;|D), we
apply Eq. (11.37) and the first bullet point below the equation to obtain the
following:

0.5x05 025
0.5%x0.54+0.85x 0.5  0.675

P(H|D) = ~ 37%.

Example 11.23 In the UK, men have a one in eight chance of having prostate
cancer at some point in their life. There is a simple first test that can be done
to determine if a man needs further testing; this is the PSA test. However, this

(continued)
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Example 11.23 (continued)

test is not very accurate. In fact, % of the results are false positives; that is, it
gives a positive result when the man does not have the condition. Also, there
isa % chance of a false negative, which gives a negative result when the man
has the condition. What are the chances that a man has the condition given
that he gets a positive test result?

Solution Let A be the probability that you have the condition and B be the
probability that you test positive. We require P (A|B), namely, the probability
you have the condition given that you test positive.

We know that P(A) = %; P(B|A) = %, namely, that the probability of
testing positive given that you do not have the condition; and P(B|A) = %,
namely, the probability that the test is negative given that you have the
condition.

To find P(A|B), we will use Bayes’ theorem in the form given in
Eq. (11.36) since we do not know P (B) directly, namely,

B P(A)P(B|A)
~ P(A)P(B|A) + P(A)P(B|A)’

P(A|B)

Now P(A) = %, and using Eq. (11.25), we have P(B|A) = g. Plugging these
into the equation, we get

%3
P(A|B) = ~ 0.14.
GxD+GExD
We can show this result using a diagram; see Fig. 11.6. Assuming we have
1120 men (the number is chosen so that it divides nicely), then in the first
split, we have 1120 x % = 140 men that have the condition and the rest,
1120 x 7 = 980, do not. In the top half, it splits again with 140 x & = 20 who
have the condition and test negative, and the rest, 140 — 20 = 120, testing

positive. Similarly, in the bottom half, 980 x ‘3—‘ = 735 test positive but do not

have the condition, and the rest, 980 x % = 245, test negative.
We want the number who test positive and have the condition compared to
the total that tests positive. Namely, % ~ 0.14.
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Fig. 11.6 Illustration of the . Test negative
data presented in - 20
Example 11.23 _Have condition="__
/_,,/ 3 140 T Test positive
55 120
1120<_
\\“\\ . Test positive
~_Donothave ~ __— 735
condition S
980 e

" Test negative
245

Exercises

11.23 In Example 11.23, change the numbers to the following. UK men have
a 1 in 12 chance of having prostate cancer at some point in their life. An
improved PSA test has a false positive rate of % and a false negative rate of

%. Again, calculate the chances that a man has the condition given that he
gets a positive test result.

11.24 A type of product sold in a local shop is produced by factories A, B,
and C. Among them, 5/10, 3/10, and 2/10 are from A, B, and C, respectively.
The defective rate of these products is 1/10, 1/15, and 1/20, respectively. One
of these products is drawn randomly from the shop. If it is non-defective, what
is the probability that it is produced by factory A?

11.25 Let A be the event that a positive test result shows up and B the event
that the person has breast cancer. Based on previous clinical records, we have
P(A|B) = 0.95 and P(A|B) = 0.98. A census is taking place, and we know
the probability of suffering from breast cancer among this population is 0.003.
Compute P(B|A).

11.26 You have four bags of multicoloured balls. Bag X has 50 balls, Bag Y
has 60 balls, Bag Z has 60 balls, and Bag W has 30 balls. The probability of
picking a red ball from bag X is 11—0, from bag Y is 2—10, from bag Z is %, and
from bag W is % A bag is picked with the probability given by the relative
number of balls in it and a ball is picked at random from this bag. If the ball
is not red, what is the probability of it coming from Bag Z?



Chapter 12 ®
Elements of Statistics Creck o

As we have seen in Chap. 10, probability deduces what is likely to happen when an
experiment is performed. The entire pool of subjects in an investigation is called a
population. It may be challenging to involve the whole population in the experiment.
Instead, random samples may be chosen so that every member of a population has an
equal chance of being selected as any other member. People use statistics obtained
from these samples to describe the entire population.

We introduce statistics in this chapter. First, we present descriptive statistics:
methods used to describe or summarise observations. Then we briefly bring in
elementary sampling theory. Especially, we introduce two more sampling distri-
butions: Student’s #-distribution and the Chi-square distribution. Finally, we focus
on inferential statistics, that is, to infer by what mechanism the observation, the
outcome of an experiment, has been generated.

Because probability and statistics are related, there is quite a lot of overlap
between this chapter and both the two previous chapters. Some topics, such as
average and standard deviation, have been introduced even earlier in the book. In this
chapter, we collect all the relevant results together even if they have been introduced
before, and we make back references where appropriate.

12.1 Descriptive Statistics

Statistics is the most basic and important concept and tool to estimate characteri-
sations of the probability distribution of a population. There are lots of statistics,
like mean, variance, and interquartile range, all of which will be introduced here.
Some of these have been introduced before, but here we bring them all together.
Formally, suppose xi, x2, ..., x, is a sample of a random variable X. Then the
function g(xy, x7, ..., x,) is called a statistic of the sample if there are no unknown
parameters in g.
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Example 12.1 Suppose X is a continuous random variable and X ~
N(i, 0%). Remember this means that X is a normal or Gaussian distribution
as defined in Sect. 10.6.2.2 of Chap. 10. If x is known but not o2, then

n .
S (x; — p)? is a statistic, but % is not.

So a statistic is a numerical quantity calculated from a set of observations,' and
statistics is the collection and analysis of such data.

12.1.1 Measures of Centre

The sample mean, median, and mode are three measures of central tendency.

12.1.1.1 The Arithmetic Mean

Sum up all the values and divide them by the number of data points.

Example 12.2 The set of five numbers 3, 5, 7, 8, and 10 has a mean of

345+7+8+10

6.6.
5

The general definition of expected value or mean can be viewed in Sect. 10.5.1
of Chap. 10.

12.1.1.2 Median

That is the number found at the dataset’s middle when the dataset is sorted into order.
When the number of data is even, we use the average of the two middle numbers as
the median.

1 Strictly speaking, a statistic is a function of random variables, while a numerical quantity is its
realisation based on a specific sample.
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Example 12.3

The set of numbers 3, 5, 7, 8, and 10 has a median of 7.
The set of numbers 3, 5, 6, 7, 8, and 10 has a median of % =6.5.

12.1.1.3 Mode

That is the value that occurs most often in the dataset.

Example 12.4

The set of numbers 2, 3, 3, 5, 7, 8, 8, 8, &, and 11 has a mode of 8.
The set of numbers 3, 5, 6, 7, 8, and 10 has no mode.

The set of numbers 1, 3, 3, 3, 5, 7, 8, 8, &, and 11 has two modes, 3
and 8, and is called bimodal.

The mode is most likely to be used when data concerns categories.

Example 12.5 Suppose we have a survey result of the sports students like the
most in Year 7 of a local school in the St Albans area, shown in Table 12.1.

Which form of average should we use for this type of data?
In this example, Football would be considered average, the modal average.

There would be no point in finding a mean number of students for each listed
sport or looking for a median value.

Remark 12.1 When we take many samples from the same population, their means
are likely to differ less than their medians or modes. That is, the mean is relatively
stable. The median is preferable if outliers (extremely high or low values) are
observed.

Table 12.1 A survey result
of the sport a student likes the

Sports that students like most | Number of students

most in Year 7 of a local Swin.lming 60
school in the St Albans area Tennis 30
Football 70

Basketball 40
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Fig. 12.1 An illustration of
the mean, mode, and median
for a symmetrical distribution Mdde

Mode
Median
: Mean

> il —

Left-skewed distribution Right-skewed distribution

Fig. 12.2 An illustration of the relationships between the mean, mode, and median for asymmet-
rical distributions

The mean, median, and mode are the same in a perfectly symmetrical distribution
(see Fig. 12.1). On the other hand, the effect of extreme values can distort the mean
and pull it far from the centre of the distribution. The left panel of Fig. 12.2 shows
a left-skewed (or negatively skewed) distribution. More values occur around the
distribution’s left tail, and its mean value is less than its median value, which is
less than the mode value. In contrast, the right panel presents a right-skewed (or
positively skewed) distribution, where more values occur around the distribution’s
right tail. Its mean value is greater than its median, which is greater than the mode
value.

¢
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Exercise
12.1 Find the mean, median, and mode of the following sets:

1, 5,8, 7, 6, 6, 6,and 11.

0, 0, 3, 5, 5,and 10.

1.5, 7.4, 3.7, 5.5, 5.5, 8.3, 2.1, and 6.8.
5.8, 6.2, 5.7, 6.1, 6.0, 5.6, 6.0, 5.9, and 5.8.
3,9, 10, 7, 4, 12, 10, 11, and 6.

P o=

12.1.2 Measures of Variation

Variation measures how spread out the data we collect is. It is a helpful way to
identify if our data has many outliers.

12.1.2.1 Standard Deviation and Variance

Usually, people use standard deviation and variance to measure the variation. We
have introduced them in Sect. 4.2.1 of Chap. 4. For the convenience of readers, we
show the corresponding equations again as follows.

Suppose X is a data matrix including n data observations with d dimensions
(variables, features, or attributes). Each element of X is denoted as x; ;, where i =
l,...,nand j =1,...,d. The sample standard deviation for each dimension x; is
defined as

s(xj) = \/Zl 10 _x])Z’

n—1

where x; is the sample mean of the jth dimension:

l n
)Ej = — Z x,-,j.
n
i=1
The squared sample standard deviation is called sample variance:

var(x;) = (s(xj))z.

Readers can view the general definition of variance in Sect. 10.5.2 of Chap. 10.
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Exercise
12.2 Find the standard deviation of the following:

(1 1,5,8,7, 6, 6, 6,and 11.

(2) 0, 0, 3, 5, 5,and 10.

(3) 1.5, 74, 3.7, 5.5, 5.5, 8.3, 2.1, and 6.8.
(Hint: You have already found the means for these three in the previous
exercise.)

(4) Find the standard deviation of each dimension for the following data:

5.8 3 10.77]
6.2 9 10.6
5710 10.8
6.1 7 10.9
D=|60 4 10.8
5612 10.9
6.0 10 10.1
5.91110.2
5.8 6 10.4]

Hint: You have already found the means for the first two columns in the
previous exercise.

Remark 12.2 The standard deviation, divided by n — 1, calculates the sample
standard deviation. Readers may see a different version from other resources as
follows:

Gy = m))?
U‘/' = n .

which computes the population standard deviation. There are two differences
compared with the sample standard deviation equation. First, the mean value
is the population mean, not the sample mean X ;. Second, the denominator under the
square root is n, not n — 1. Statisticians found that the sample mean after taking a
large number of samples is smaller than the population mean. To compensate for
this difference, a smaller denominator n — 1 is used when computing the sample
standard deviation so that s(x;) is as close to o as possible.

¢
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12.1.2.2 Covariance and Pearson Correlation Coefficient

In addition, we introduced the sample covariance measure and Pearson correlation
coefficient in Sect. 4.2.1 of Chap. 4, which is a quantitative measure that describes
the strength of association between two variables. Again for the convenience of
readers, we show the corresponding equations. The sample covariance is given by

Yo i — Xn) (X — Xk)
n—1

cov(xy, xi) =

’

and Pearson correlation coefficient r is given by

cov(xp, Xi)

Jvar (xp)var(xi) '

Exercise
12.3 Find the covariance and Pearson correlation coefficient between:

(1) Column 1 and column 2 of matrix D from Exercise 12.2 (4).

(2) Column 1 and column 3 of matrix D from Exercise 12.2 (4).

(3) Column 2 and column 3 of matrix D from Exercise 12.2 (4).

(4) Now for D from Exercise 12.2 (4) form a new matrix where all the
columns are put in order separately, from the lowest value at the top
to the highest value at the bottom of each column. Repeat the previous
calculations of covariance and Pearson correlation coefficient for columns
1 and 2, 1 and 3, and 2 and 3 for the new matrix.

12.1.2.3 Coefficient of Variation

Another useful way to measure the variation is to use the coefficient of variation, a
ratio of the sample standard deviation to the mean, as shown as follows:

coefficient of variation = (12.1)

=i| v

We cannot compare standard deviations with different measurement units. However,
since the coefficient of variation is independent of measurement units, we can use
it to compare variations in different datasets with varying units of measurement.
A drawback of the coefficient of variation is that it fails to be useful when x, the
sample mean value, is close to zero.
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Example 12.6 A fridge manufacturer has two fridge models, M and N. The
mean lifetimes of the two models are x); = 20 years and xy = 15 years,
and standard deviations are sy, = 3.5 years and sy = 3, respectively. Which
model has the greater relative dispersion?

Solution Applying Eq. (12.1) to models M and N, respectively, we have:

3.
coefficient of variation = 20 = 17.5% for model M
and
. .. 3
coefficient of variation = 5 = 20% for model N.

Therefore, model N has a greater relative dispersion.

Exercise

12.4 Two class students attended a maths competition. The mean score of
class A is x4 = 50 and its standard deviation is s4 = 10, and the mean score
of class B is xp = 60 and its standard deviation is s = 12. Which class has
the greater relative dispersion?

12.1.3 The Range and the Interquartile

Definition 12.1 (Range) The range equals the highest value minus the lowest value
in a given real-valued dataset.

Definition 12.2 (Interquartile Range) The interquartile range (IQR) equals the
upper quartile, denoted as O3, minus the lower quartile, denoted as Q1. The upper
quartile (Q3) is a number such that the integral of the probability density function
from — oo to this number (Q3) equals 0.75, and the lower quartile (Q1) is another
number such that the integral of the probability density function from — oo to
this number (Q1) equals 0.25. Figure 12.3 illustrates the positions of Q1, Q2 (the
median), and Q3 in a dataset, where values are sorted in ascending order.
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Values are sorted in ascending order
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Fig. 12.3 The positions of quantiles within the dataset
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12.1.3.1 Boxplot

A boxplot shows the quartiles of a dataset as a box, and its “whiskers” (lines
extending upwards and downwards from the box) show the extent of the rest of the
distribution, except for points that are determined to be “outliers” using a method
that is a function of the interquartile range.

Figure 12.4 illustrates a boxplot: Q1 and Q3 control the width of the box, which
equals the interquartile range (IQR); the solid line within the box, highlighted
with an overlaid dashed line, represents the median of the data; the bar on the top
indicates the maximum value; the bar at the bottom shows the minimum value; two
circle signs display the outliers. Outliers are data items outside 1.5 times the IQR
above the upper quartile and below the lower quartile, that is,

outlier values < Q1 —1.5x IQR or outlier values > Q3+1.5xIQR. (12.2)

Please note that there are different methods that can be used to compute quartiles.
We consider the median-based method only in this book.
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Exercise
12.5 Find the following manually:

(1) Mode
(2) Median
3) IQR
(4) Outliers

for both of the following two datasets:

* 90, 86, 87, 88, 50, 66, 95, 87, 72,78, 77, 87, 86, 62, 87, 110
» 55,72,52,45,58,55, 30,52, 38, 55, 42, 65, 53, 55, 80, 48

Note that Fig. 12.4 is generated from the first dataset.

12.2 Elementary Sampling Theory

12.2.1 Random Sampling with and Without Replacement

Random sampling is the process of collecting a representative sample from a
population. It means each member of the population has an equal chance of being
selected and is independent of other members selected in the sample.

Sampling where each member of the population is allowed to appear only once is
called random sampling without replacement. In contrast, if each member is allowed
to appear more than once, it is called random sampling with replacement.

Let us consider samples of the same size collected from the same population. We
can calculate the mean for each sample. The probability distribution of mean values
obtained from these samples is called a sampling distribution of means. Similarly,
we can get a sampling distribution of standard deviations or sampling distributions
of other statistics.

12.2.2 Sampling Distributions of Means

This topic is related to the material we introduced in Chap. 11 on the central limit
theorem. At that point, we talked about population means and the fact that the
distribution of sample means approximated a normal distribution. So here we are
talking about the sampling distribution of sample means, which again approximates
a normal distribution.

Let us denote the population mean and standard deviation by p and o, respec-
tively, and the sample mean and standard deviation by x and s, respectively.
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The key to this work is that: The sampling distribution of means is approximately
a normal distribution with mean pz and standard deviation oy for a large value of
the sample size n, n > 30, irrespective of the population distribution as long as
the population size is at least twice the sample size and the mean and the standard
deviation of the population distribution are finite.

Based on the central limit theorem (see Sect. 11.1.2 of Chap. 11), the mean
and standard deviation of a sampling distribution of means can be calculated as
follows:

e If all samples of size n are drawn from an infinite population or if sampling is
with replacement, then we have

and
o
So the sampling distribution of means, x, has Gaussian distribution:
N, (=)
o (200

* If all samples of size n are drawn from a finite population of size n, without
replacement (n, > n), then we have

Ui = [,
which is the same as Eq. (12.3). The formula for the standard deviation of all

sample means must be modified by including a finite population correction. That
is,

I’lp—}’l

o
- Jn n,—1

(12.5)

Ox

So the sampling distribution of means, x, has Gaussian distribution:

M (Ga=i))
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Example 12.7 Randomly take samples from A ~ (52, 6.3%). If the size of a
sample is 36, compute the probability of P(50.4 < x < 53.2).

Solution Consider all samples are drawn from the infinite population. Apply-
ing Eqgs. (12.3) and (12.4) we have uz = u = 52, o5 = %%. So that x has a

Gaussian distribution N(52, (%)2). Now use Eq. (10.24) to get

P(504<i<532) = G272 50432
A=<X 9y = P02t T
- 6.3/+/36 6.3//36

~ &(1.14) — d(—1.52) = 0.8729 — 0.0643 = 0.8086.

Here we have used the values from a standard normal distribution table.? to
look up ®(1.14) and ®(—1.52).

“The example table we have used is at https://en.wikipedia.org/wiki/Standard_normal
table.

Example 12.8 Suppose that the heights of 2000 female students at a uni-
versity are normally distributed with a mean of 165 centimetres (cm) and a
standard deviation of 8 cm. If 100 samples of 15 students each are collected,
what is the expected mean and standard deviation of the resulting sampling
distribution of means if the sampling was done without replacement?

Solution Applying Egs. (12.3) and (12.5), we have

i = 165 cm,
and
8 2000 — 15
= —. — ~2.06 .
%X = 5V 2000 — 1 e
Exercises

12.6 Randomly take a sample from N ~ (60, 10%). If the size of the sample
is 100, compute the probability of P(|u — x| < 0.3).

(continued)
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12.7 Marks in a certain exam at A level are distributed according to a normal
distribution with a mean of 57 and a standard deviation of 12. A random
sample of students of size 64 is taken, compute the probability that the sample
mean is within 1 of the population mean.

12.8 The mean weight and standard deviation of a set of four hundred marble
balls are 4.58 grams and 0.3 grams, respectively. A random sample of 50
marble balls is taken out one at a time, collected together, and weighed.
Compute the probability that this random sample of 50 has a total weight
of more than 230 grams.

12.2.3 Sampling Distributions of Proportions

We are now going to look at the sampling distribution of sample proportions. Here
we are looking at the proportion of heads-ups of a toss of a fair coin, the proportion
of defective items from a product line, or the proportion of people in a university
with a particular brand of phone. Here the event is a Bernoulli event: The coin is
heads-up or not, an item is defective or non-defective, and a person at a university
has that phone brand or not. So the distribution for multiple Bernoulli events is
binomial, and the formulae for mean and standard deviation are derived for that
distribution (see Sect. 10.6.1.3 of Chap. 10).

The key to this section is that, using the central limit theorem (see Sect. 11.1.2
of Chap. 11), the sampling distribution of sample proportions will follow a normal
distribution.

Suppose that a population is infinite and that the probability of an event occurring
is p and not occurring is 1 — p. The number (x) of the event occurring in a sample
with a size of n can be modelled using a binomial distribution, where the mean is
ux = np and the variance is 0}2( = np(1 — p) (from Sect. 10.6.1.3 of Chap. 10). So
the number x of defective items in a sample could be 6, for example. The proportion

of the event occurring x times in the sample is 7. So if the sample size is 100, then

. . . X 6
the proportion of defective items in the sample is ;: = 155-

Consider all possible samples of size n drawn from the same population and
denote the mean and standard deviation of the sampling distribution of proportions
by up and o), respectively; then we have

Up = P, (12.6)

op= ,/@. (12.7)

and
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which can be obtained by dividing the mean, np, and standard deviation,
/np(1 — p), of the binomial distribution by the sample size 7.

Again, for a large value of n, n > 30, the sampling distribution of sample
proportions follows closely to a normal distribution.

Note that Egs. (12.6) and (12.7) are also valid for sampling with replacement in
a finite population. For finite populations where sampling is without replacement,
we have

Mp =D,

_ [pd=p) [np—n
op =\ ‘/np_l, (12.8)

where n, is the size of the population and n,, > n.

and

Example 12.9 Find the probability that there will be % or more heads-ups
in 150 tosses of a fair coin.

Solution Consider the 150 tosses of the coin to be a sample from an infinite
population of all possible tosses of the coin.
Applying Eqgs. (12.6) and (12.7), we have

ity =0.5and o, = ,/ 2200~ 0.0408.

Using the normal approximation to the binomial, we convert % ~ (0.5333

to the standard z-score = 0'5333_“ L = 0'5532680'5 ~ (.82 (see Eq. (10.21) in

Chap. 10) so that we can use the standard normal distribution table.

We require P(z > 0.82), which is the probability given by the area under
the normal curve to the right of z-score = 0.82. The value in the table (refer
to the information provided in the footnote of Sect. 10.6.2.2) is 0.7939, so the
probability to the rightis 1 — 0.7939 = 0.2061.

Exercises

12.9 It has been found that 2% of the products produced by manufacturer A
are defective. What is the probability that a sample of 400 products from the
manufacturer 3% or less will be defective?

(continued)
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12.10 It is known that 25% of the student population have a particular brand
of phone. What is the probability that in a sample of 80 students:

(1) At least 24% of them have that brand of phone?
(2) No more than 30% of them have that brand of phone?

12.2.4 Standard Errors

The standard deviation of a statistic’s sampling distribution is often called its
standard error. For example, Eq. (12.4) is x’s (with replacement) standard error,
and Eq. (12.7) is the proportion’s (with replacement) standard error.

12.2.5 Degrees of Freedom

The value of degrees of freedom is the maximum number of independent values
used to calculate the estimate that are free to vary. Suppose we want to use a sample
of size n to compute one estimate. The quantity n — 1 is the number of degrees of
freedom of an estimate, since the last one is fixed by the constraint of producing the
answer.

Example 12.10 Consider selecting five students (n = 5) to attend a maths
competition. The average score of these five students in the most recent maths
test must be 60. Theoretically, four students can be chosen randomly, with the
fifth student having to have a specific maths score so that the final average is
60. Therefore, the degrees of freedomis 5 — 1 = 4.

The formula for calculating the number of degrees of freedom is different if we
have a different number of samples or if the number of estimates is more than one.
For example, if we have two samples whose sizes are n| and n,, we want to estimate
the mean. Then the degrees of freedom is n; + ny — 2. Another example can be
viewed in Sect. 12.3.3.2 of this chapter, where the degrees of freedom of a two-way
classification table is (the number of rows — 1) x (the number of columns — 1).
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12.2.6 Two Specific Sampling Distributions

We have introduced some essential distributions in Chap. 10. We continue by intro-
ducing two more important and useful distributions in the following subsections:
Student’s t-distribution and the Chi-square ( Xz) distribution, both widely used in
modelling sampling distributions.

12.2.6.1 Student’s t-Distribution

This is usually used when we have a small sample, n < 30, and also when the
underlying population’s standard deviation is unknown.

A random variable X is distributed normally with mean p and variance o2, that
is, X ~ N(u,o?). Suppose we take a sample (xq, ..., x,) of size n. Let X be
the sample mean and s> be the sample variance. From the central limit theorem,
the random variable Z = ; /7\/’% has a standard normal distribution. The random
variable T, which has the sample standard deviation (a known quantity) rather than
the population standard deviation, is defined as follows:

X— [

This random variable has a distribution known as Student’s #-distribution with n — 1
degrees of freedom. This distribution is similar to a normal distribution but has wider
tails. As n increases, or equivalently, the number of degrees of freedom increases,
this distribution approaches a normal distribution.

This is illustrated in Fig. 12.5, which shows ¢ distributions with different degrees
of freedom (v). As seen in the left panel, their density distributions all have a bell
shape similar to normal distributions and are symmetrical about the mean. Student’s
t-distribution is mainly used for a small sample of less than 30, which is more likely
to generate values far away from its mean (to have wider tails). As shown in the
right panel, the cumulative probability approaches the value one faster as the value
of degrees of freedom increases.

Similar to the normal distribution, people have constructed a mathematical table
for the ¢ statistic. The value in the table gives the number of standard deviations
from the mean you need to capture a certain proportion of the data. For instance,
we already know that we capture 95% of the data for a normal distribution if we
move 1.96 standard deviations on either side of the mean. (See the properties of
a standard normal distribution in Sect. 10.6.2.2 of Chap. 10.) There are different
versions of ¢-tables, but a common one is shown in the footnote.! It has values such
as ts0, 175, t.30 as headings for the columns. Suppose we want the column with 7,975

t (12.9)

! The example table we have used is at https://www.tdistributiontable.com/.


https://www.tdistributiontable.com/
https://www.tdistributiontable.com/
https://www.tdistributiontable.com/
https://www.tdistributiontable.com/

12.2  Elementary Sampling Theory 351

0.4

o
©
T

0351

g
©
T

o
w
T
o
3
T

Fed
o
a
o
o
T

Probability Density
o
n
o
N

o
o
Cumulative Probability
o
(4,

o
w
T

0.1r

o
N
T

0.1r

Fig. 12.5 Student’s z-distributions with varying degrees of freedom. The left panel shows the
density distributions and the right panel shows the cumulative probabilities

as the heading. This means that there are 2.5%(= 0.025) of the data to the right
of the distribution and, therefore, 5% (= 0.05) of the data not in the centre (see
second and third heading rows). If you look down the column, you will see that for
df = 10 (degrees of freedom = 10) row, the value is 2.228. This means that for
the ¢-distribution, you need to go 2.228 standard deviations on either side to capture
95% of the data. This is because there are more values in the tails (the tails are
wider), so you need to go further out from the mean. If you continue down the # 975
column, the values get closer to 1.96, and in fact, as you get to the oo value for df,
you finally get 1.96.

Example 12.11 For Student’s z-distribution with 8 degrees of freedom, find
the value of ¢ for which the probability on the right of 7 is 0.05.

Solution If the probability on the right is 0.05, then the probability to the left
of ris 1-0.05 = 0.95. Referring to the ¢ statistics table, proceeding downward
under the column noted with df (degrees of freedom) until reaching entry 8§,
and then proceeding right to the column headed 795, one can see the result is
1.860. That is the required value of 7.
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Exercise

12.11 For Student’s ¢-distribution with 15 degrees of freedom, find the value
of ¢ for which the probability on the right of 7 is (1) 0.05 and (2) 0.01.

12.2.6.2 The Chi-Square ( x?2) Distribution

Suppose x1, ..., x, are independent and are drawn from a normal distribution with
standard deviation o. The sample mean is x and the standard deviation is s. We
define the Chi-square ( XZ) statistic as follows:

n

L T\2
=y (12.10)

; o?
i=1

with n — 1 degrees of freedom. Each term of the summation is a squared z-score-like
value. Therefore, all x? values are equal to or greater than zero. From the definition
of standard deviation (Sect. 4.2.1 of Chap. 4), the Chi-square statistic can also be
written as

n

L 7)2 _ 2
ﬁzzm X" _ = Ds? (12.11)

4 o2 o2
i=1

It can be seen that the x statistic is a ratio measuring the deviation of the sample
from the population.

If we consider many samples of size n drawn from the same normal population
and compute x> for each of them, then a sampling distribution for x> can be
obtained and is called the Chi-squared distribution with n — 1 degrees of freedom.

Figure 12.6 shows Chi-square distributions with different degrees of freedom (v).
The left panel shows that Chi-square probability density functions are positively
skewed for the lower values of the degrees of freedom. When v = 1 and v = 2,
the curve starts high and then drops off. It shows a high probability that x2 is close
to zero. When v = 3, 4, or 5, the distribution has a much longer tail on the right
hand of the curve. As v further increases, the distribution looks more similar to a
normal distribution. The right panel shows that Chi-square cumulative distributions
approach one faster when the value of degrees of freedom decreases.

Intuitively, if v = 1, then n = 2 and we are taking just two observations from
a normal distribution. Recall that a normal distribution has a bell shape with a
high probability for data being observed around the centre of the bell shape (see
Fig. 10.9). Therefore, when taking only two observations, they are both likely to
be close to the centre. So (x; — %)% will be small, and hence X2 is small. This is
why the v = 1 curve is so skewed to low values. As v increases, you get more and
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Fig. 12.6 Chi-square distributions with varying degrees of freedom. The left panel shows the
density distributions, and the right panel shows the cumulative probabilities

more representative observations of the values from the original normal distribution,
so the distribution of values for x2 begins to look more and more like a normal
distribution, as is seen in Fig. 12.6.

The mean of a Chi-square distribution is its degrees of freedom, and the variance
is two times its degrees of freedom.

People have constructed a mathematical table for the Chi-square statistic.> Each
row of the x? table represents a particular value of the degrees of freedom and,
therefore, the sample size. For instance, if the sample size is eight, the number of
degrees of freedom is 7, so that is the row to use. The columns represent the area
you require under the relevant curve measured from the right, that is, the probability
of exceeding a value of x2, since the x> values are on the horizontal axis. So, for
instance, if you wanted the probability of exceeding a certain value to be only 0.05
(so only 5% of the values are above it), then you use the column headed .05. The
value in the table is the value of x2 that you must not exceed if you wish to have
95% of the area to the left and only 5% to the right. In the case of the v = 7 example,
the value in the table is 14.07. If you look at the v = 7 curve in Fig. 12.6, then it
looks reasonable that just 5% of the area under the curve is above (to the right of)
14.07 and that 95% is to the left of 14.07. If you continue to look along the 7 degrees
of freedom row going left, the values of x> get smaller (you are going to the left on
the graph). So the next value in the table is 12.02, and for this value of x2 there is

2 The example table we have used is at https://www.statisticshowto.com/tables/chi- squared- table-
right-tail/.
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10% of the area to the right, as it says at the top of the column. So the further you
go to the left, the lower the values of x 2 you get and therefore the larger percentage
of the area under the curve there is to the right of that point. Hence, the values in the
x? table are critical values of x2, effectively telling you how far to the right of the
area you are.

Example 12.12 For a Chi-square distribution with 4 degrees of freedom, find
the value of x? for which the probability on the right of x2 is 0.05.

Solution If the probability on the right is 0.05, then the probability to
the left of x2 is 1 — 0.05 = 0.95. Referring to the x? statistics table,
proceeding downward under the column noted with df (degrees of freedom)
until reaching entry 4, and then proceeding right to the column headed .05,
one can see the result is 9.48773 or 9.49. That is the required value of 2.

Exercise

12.12 For a Chi-square distribution with 12 degrees of freedom, find the
value of x2 for which the probability on the right of x?2 is (1) 0.05 and (2)
0.01.

12.3 Inference

People make inferences about entire populations based on certain samples of data.
There are two main types of inference: classical and Bayesian inferences. We focus
on classical inference in this book. Types of classical inference include:

* Point estimation computes a single number, an estimate of some parameter.

o Interval estimation provides a range of values in which the parameter is thought
to lie based on the observed data.

» Testing hypothesis is to test a hypothesis about whether a parameter value is to
be accepted or rejected based on the observed data.

12.3.1 Point Estimation

Point estimation uses sample data to calculate an unknown value for some parame-
ter. For example, estimate a population mean, variance, or other statistics.
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Example 12.13 Estimate the probability of heads-up for a coin. We have the
following observations from 10 tosses of the coin:

HT,T,T,T,HT HT, H,

where H denotes heads-up and 7 tails-up.

Solution Among 10 observations, four are heads-up. We use p to denote the
probability of having heads-ups. Let p denote the estimator of p. We have

1+1+14+1
10 -

p= 0.4.

To approach the actual probability, more experiments (tosses) need to be
done according to the law of large numbers (see Sect. 11.1.1 of Chap. 11).
p = 0.4 represents our best estimate so far.

Exercise

12.13 The lifespan of a type of bulb follows X ~ AN(u, o). Both i and o
are unknown. Randomly take five of this type of bulb and test their lifespan
(in hours):

1400, 1520, 1368, 1600, 1544.

Estimate i and 0.

More systematic methods of constructing estimators include the least-squares
technique and the maximum likelihood (ML) method. We have introduced the least-
squares technique in Sect. 8.2 of Chap. 8, which minimises the sum of the square of
the differences between the observations and their expected values. We will show
how ML works in Chap. 13.

12.3.2 Interval Estimation

A confidence interval is a range of values constructed using a sampling method
based on a point estimate. With this method, many intervals can be constructed
across repeated samples. The proportion of intervals constructed across many
samples containing the true parameter is called the confidence level. Therefore,
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a confidence interval is constructed using a method that will capture the true
parameter at the specified confidence level. Suppose the confidence level is at 68%.
If we repeat the sampling process 100 times from a population, we expect 68 of the
100 confidence intervals around the found sample parameter will contain the true
population parameter.

Calculating a confidence interval involves finding a point estimate and then
incorporating a margin of error to create a range:

Confidence interval = Point estimate + Margin of error. (12.12)

The margin of error is a value that represents the variability of the point estimate
and is based on our desired confidence level, the variance of the data, and how big
the sample is.

12.3.2.1 Confidence Intervals for Means

Let us consider estimating the population mean using sample means. As mentioned
in Sect. 12.2.2 of this chapter, the distribution of sample means for a large number
of samples approximates a normal distribution with a mean value around the
population mean (see Eq. (12.3)). For simplicity, we consider a standard normal
distribution, though it can be any normal distribution. Figure 12.7 shows the
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Fig. 12.7 An illustration of the relationship between the population mean and sample means. Four
horizontal lines show the distance of 1 §D on either side of the specific sample mean
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standard normal distribution of sample means with one standard deviation (SD)3
marked off on either side of the population mean (0). That is 68% of all sample-
means fall within this range. We have illustrated four sample means: s, 52, s3 and
s4. For each sample mean we have shown the range of the distance for 1 standard
deviation each side as a horizontal bar below the horizontal axis. For s; and s;, the
range sample mean £ 1 SD will include the real population mean, since both s
and s, are within the range of 1 standard deviation of the real mean, as shown in
Fig. 12.7. However, s3 and s4 lie outside one standard deviation of the population
mean, so their range sample mean &= 1 SD will not contain the population mean.

If a normal distribution is a good fit to the sampling distribution, then the margin
of error is usually estimated as

Margin of error = Z,. x SD, (12.13)

where Z. was 1 in the example in the previous discussion. So the margin of error is
a certain number of standard deviations.

Remark 12.3 Suppose we want a 68% confidence level, as we did above. We want
the probability, the area under the standard normal distribution curve between — Z,
and Z., to be 68%. We will check using a z-score table (the normal distribution
table), where the cumulative probability is the area under the standard normal curve
to the left of Z. We want approximately 16% above and 16% below the limits for an
interval containing 68%. From the table, the cumulative probability for — Z, < —1
is 15.87% (0.1587 in the table, being virtually as near to 0.16 as we can get). For
the upper bound, we want to get as near as possible to 16% + 68% = 84%, and the
cumulative probability for Z, < 1 is 84.13% (0.84134 in the table). So we obtain
Z. = 1 and the margin of error = 1 x SD as we illustrated.

To construct a 95% confidence interval for the true population mean, we use the
standard normal distribution. By checking the same z-score table, the probability
for — Z, < —1.96 is 2.5%, and the probability for Z, < 1.96 is 97.5%. Since
97.5% — 2.5% = 95%, we have Z, = 1.96 and the Margin of error = 1.96 x SD.

In the example shown in Fig. 12.7, the 95% confidence interval s3+1.96 SD will
include the population mean, which is not captured by the 68% confidence interval
s3 £ 1 SD. Thus, we can make a wide estimate with a high confidence level or a
more accurate estimate with a low confidence level. The 95% is probably the most
common value that is used.

¢

Consider the standard deviation of sample means as given by Eq. (12.4), we can
compute the confidence interval at a certain confidence level for the population mean
w when o2 is known (if the sampling is either from an infinite population or with

3 More precisely, it should be the standard error since we consider the sampling distribution of a
statistic (see Sect. 12.2.4).
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replacement from a finite population) using the following equation:

_ o _ o
|:x — Ze—e X+ Zo—— (12.14)

n v } ’
where n is the sample size, x is the sample mean, o is the population standard
deviation and % is the sample standard deviation. Note that as n gets larger, that
is, the sample size gets larger, then the quantity Zcin gets smaller. This makes the
bounds tighter to the population mean. So, if Z. is chosen as 1.96, giving a 95%
confidence interval, then a larger sample size gives a tighter 95% interval.

Another way to construct a confidence interval is by using the left and right
critical values. That is, we construct these intervals between the left critical value ¢,
and the right critical value cr based on the observed statistic, s,55s. Under repeated
sampling, approximately (1 — «) x 100% of such intervals will contain the true
population parameter (psrye):

CL = Sobs = CR, (12.15)

where both the left and right critical values can be obtained from the corresponding
probability distribution table. To get 95% confidence, (1 — o) must be 0.95, so
o = 0.05. This means we must have % = 0.025 above (to the right) and below (to
the left) of the interval.

Figure 12.8 illustrates that an interval from the left critical value to the right
critical value represents the confidence interval at (1 — o) x 100% confidence level.

We can obtain Eq. (12.14) by applying Eq. (12.15). If we consider the distribution
of sample means and use the property that the left critical value is the negative of
the right critical value Z. for the standard normal distribution, then by converting
an observed sample mean to its corresponding z-score, we have

symmetrical distribution asymmetrical distribution

confidence area
(1 —a)100%

confidence area

(1—a)100%

left eritical value right critical value lett critical value right critical value

Fig. 12.8 An illustration of confidence intervals. The left panel shows a confidence interval for a
symmetrical distribution, while the right panel shows one for an asymmetrical distribution
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where w; equals to the true population mean (see Sect. 12.2.2 of this chapter).
Rearranging these inequalities, we get

(o2
Vn

which is Eq. (12.14) for the bounds of the population mean.

If the sampling is without replacement from a population of finite size n,
the standard error can be calculated using Eq. (12.5). However, it is usually
approximated by Eq. (12.4) when n,, >> n.

X — XS)E-FZC

7.2 <
Sk

Example 12.14 A sample of size n = 225 produced the sample mean of
x = 16. Assuming the population standard deviation ¢ = 3, compute a 95%
confidence interval for the population mean g.

Solution We substitute n = 225, x = 16, and 0 = 3 in Eq. (12.14). Let us
go through the working to find the bounds, Z., again.

We require 95% to be in the middle on either side of the mean. This means
we need 2.5% to be at each end of the distribution or 0.025 of the total. Since
the normal distribution table gives the cumulative totals from the left, we need
to find the points with 2.5%, or 0.025 of the total on the left, and then 97.5%,
or 0.975 of the total, which is nearly through to the right end.

So we look up 0.025 probability in the body of the table and find that it
occurs when we look up a bound of — 1.96. Similarly, we look up 0.975 in
the table and get a bound of + 1.96. So, as before, the probability is between
Zo759% = 1.96 and Z; 59, = —1.96, and this will give us 95% confidence
limits. The interval is

3 3
16 —1.96 x —, 16 4+ 1.96 x —] = [15.608, 16.392].
[ /225 V225

The interval [15.608, 16.392] is the confidence interval at the 95% confidence
level for .

Remark 12.4 Of course, if the standard deviation of the population is not known,
then the standard deviation of the sample can be used. In this case, we use the
values in the 7-statistic table rather than the z-score table. For example, if we have
60 degrees of freedom (a sample size of 61) and want a 95% confidence interval,
then in Eq. (12.14), we replace o by the sample standard deviation, s, and Z. = 1.96
with ¢ = 2.00.

¢
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Remark 12.5 Note that when you construct a 95% confidence interval for a
population mean from a sample mean, it is not true to say that there is a 95%
probability that the true mean lies within this interval. This is because the true mean
is a fixed value, and it is either in or not in a confidence interval constructed for that
sample. The confidence level applies to the method used to construct the interval and
the sample from which it comes. Hence, the correct interpretation is that, if we were
to repeat the sampling process 100 times, then about 95 of the resulting constructed
intervals would contain the true mean [12].

¢

Exercise

12.14 Suppose that the heights of 2000 female students at a university
are normally distributed with a standard deviation of 8 cm. Compute a
95% confidence interval and a 99% confidence interval for estimating the
population mean (1) height of the university’s female students. The mean
height of a sample of 100 female students is 163cm.

12.3.2.2 Confidence Intervals for Proportions

We are now back to using the binomial distribution since we are considering
multiple examples of an event being true or not, that is, Bernoulli events. Consider
sampling from an infinite population or a finite population with replacement. We
can compute the confidence interval for the population proportion p at a certain
confidence level using the following equation:

[p—zc,/w,wrz“/w}, (12.16)
n n

is the standard deviation of the sampling distribution of proportions
(see Eq. 12.7) with p being the proportion from a sample and n the sample size.

For sampling from a finite population without replacement, the standard devi-
ation of the sampling distribution of proportions should be calculated using
Eq. (12.8).

where ,/ 21=P)
n
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Example 12.15 1000 randomly selected students were asked whether they
preferred going swimming or doing athletics. The results show that 696
students prefer going swimming, and 304 prefer doing athletics. Compute a
99% confidence interval for the population proportion p.

Solution Let p be the true fraction of preferring going swimming in the
population; p = % = 0.696 be the fraction in the sample. We substitute
n = 1000, p = 0.696 in Eq. (12.16). This time we want 99% confidence
intervals, so we want 0.5% at either end. We therefore look up 0.005 and
1 — 0.005 = 0.995 in the body of the table. This gives the bounds Z. as

— 2.58 and + 2.58. The interval is

10.696 x 0.304 /0.696 x 0.304
. —2. —,0. 2. —_—
|:O 696 58 x 1000 ,0.696 + 2.58 x 1000 ]

~ [0.658, 0.734].

Exercise

12.15 A sample poll of 200 voters chosen randomly from all voters in a
city showed that 59% of them favoured a particular candidate. Find the 95%
confidence interval and the 99% confidence interval for the proportion of the
voters in favour of this candidate.

12.3.2.3 Confidence Intervals for 2

By applying Eq. (12.15), we can define confidence limits for x2 by using a x?2
distribution table.

The yx? distribution table has values for x> with the column heading representing
the area, «, to the right of the value. So, you use the column headed 0.05 if you want
5% above (to the right of) the value and, therefore, 95% below (to the left of) it.
To get an interval of 95%, you need equal areas on either side. Hence, you use the
column for 0.025, giving 2.5% to the right, and the column for 0.975, giving 97.5%
to the right and 2.5% to the left. This gives 2.5% on either side of the interval (in
both tails of the distribution).
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Consider using a x? distribution table for the areas « to the right of the critical

. o o 2 2 . 2
value. Since o < 1, then 5= 1— 5- Thus, X% > Xj_«»since x values get larger as

you progress across the table to the right. Substituting Eq. (12.11) into Eq. (12.15),
we have

N 1)s?

<
X1— o2 =X

PIR N

s

~IR

where x2 and Xffg are critical values for which 5 of the area lies in each tail of
2 2

the x? distribution.

Therefore, we can estimate the confidence interval of the population standard
deviation o in terms of an observed sample standard deviation by rearranging the
above inequalities giving the following equation:

(n — 1)s? cg2 o - 1)s?

5 (12.17)
X% Xi_a

Example 12.16 A sample of size n = 30 produced the sample standard
deviation s = 12.5. Compute a 90% confidence interval for the population
standard deviation o.

Solution First, we need to find the critical values. The value of the degrees of
freedom is given by 30 — 1 = 29. A 90% level of confidence leaves 10% of
the total area in the tails of the X2 distribution, with 5% in each tail. We have
used a x? distribution table showing the area to the right of the critical value:

X805 ~ 42.557
and

XG5 ~ 17.708.
Substitute values to Eq. (12.17), we have

(30 —1) x 12.52 ,  (30—1) x 12.52
<00 < ———,
42.557 - - 17.708

106.47 < 0% < 255.89.

Therefore, the confidence interval for the population standard deviation
at the 90% confidence level is approximately [+/106.47, +/255.89] ~
[10.32, 16.00].
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Exercise

12.16 A sample of size n = 25 produced the sample standard deviation s =
6.4. Compute a 90% confidence interval and a 95% confidence interval for
the population standard deviation o.

12.3.2.4 Summary of Confidence Intervals

* Confidence intervals for means: involve calculating the confidence limits for the
population mean i given the sample mean x. The sample size 7 is needed and
should be > 30. You also need the standard deviation o for the population. The
values are looked up in a standard normal distribution table, or z-score table, for
whatever confidence level you require; this gives you the values of Z. to use. The
limits are calculated using Eq. (12.14).

* Confidence intervals for proportions: involve calculating the confidence limits
for the population proportion p given the sample proportion p. The sample
size n is needed and should be > 30 again. The values are again looked up in a
standard normal distribution table, or z-score table, for whatever confidence level
you require; this gives you the values of Z. to use. The limits are calculated using
Eq. (12.16).

* Confidence interval for x2: involves finding the confidence limits for the
population standard deviation o given the sample standard deviation s. The
sample size n is needed. This value gives you the degrees of freedom to look up
in a x2 table which gives you the values of X% and Xlz_% to use. The limits are

calculated using Eq. (12.17).

Exercises

12.17 A random sample of size n = 5000 of people that are 55 years old
and above in the UK found that 82% had a smartphone. Compute a 95%
confidence interval for the proportion of the whole population of the UK that
are 55 years old and above and that own a smartphone.

12.18 A random sample of size 20 of screw lengths that are supposed to be
Scm long had a standard deviation of 0.07cm. Find a 90% confidence interval
for the actual standard deviation.

12.19 A random sample of 2000 7-year-old boys in the UK had a mean
weight of 22.9kg. Assuming that the population standard deviation is 3.2kg,
compute a 99% confidence interval for the population mean.
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12.3.3 Testing Hypothesis

This is an important section and is, in a sense, what we have been leading up to.
Hypothesis testing is used in lots of areas in science, social science, and business. A
hypothesis test is a statistical test used to ascertain whether we can assume a specific
condition is valid for the entire population, given a data sample. A hypothesis test
generally looks at two opposing hypotheses about a population: the null and the
alternative hypotheses.

* A null hypothesis is a statement being tested and is the default correct answer.
* An alternative hypothesis is a statement that is opposite to the null hypothesis.

Based on the sample data from a population, a hypothesis test determines whether
or not to reject the null hypothesis.

If we reject a hypothesis when it should be accepted, the error is called type I
error. On the other hand, if we accept a hypothesis when it should be rejected, the
error is called type II error. The only way to reduce both types of error is to increase
the sample size, which may or may not be possible.

Suppose that the sampling distribution of a statistic with a specific hypothesis is a
normal distribution with mean w; and standard deviation o;. The distribution of the
standardised variable is the standardised normal distribution. If the null hypothesis
is true, there is a 95% probability that the z-score of the observed sample statistic
will lie within [—1.96, 1.96]. If we observe a sample statistic whose z-score lies
outside the [—1.96, 1.96] range, we conclude that such an event could only happen
with a probability of only 0.05 or 5% if the null hypothesis were true. Therefore, we
would be inclined to reject the null hypothesis.

In hypothesis testing, the test’s significance level is the maximum probability
with which we would be willing to risk a type I error. This significance level
is a predefined threshold chosen by the user, such as 0.05. For example, at a
significance level of 0.05 in a two-tailed test, the chance of getting a result outside
the [—1.96, 1.96] range is only 5% or less. Suppose the probability computed based
on the observed test statistic is less than the significance level. In that case, it is
reasonable to reject the null hypothesis since the result is unlikely to have happened
by chance under the null hypothesis.

This range, & 1.96, is almost 2 standard deviations on either side of the mean in
a standard normal distribution and is commonly used for hypothesis tests at the 5%
significance level in social sciences or with subject areas where only small sample
sizes are available. This can be referred to as a 2o result. In particle physics, a 5o
result is usually needed. For example, to reject the null hypothesis that the Higgs
boson did not exist and that the results found were just chance, a one-sided 5o
result was needed. This corresponds to approximately a 0.00003% chance that the
observed data could happen by chance, with a significance level of 0.0000003 for a
one-sided test.

Remark 12.6 Distributions like the normal distribution and f-distribution are
symmetrical and have two tails. If actions following the result from a statistical test
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are the same regardless of which tail is considered, then we can use two-tailed or
two-sided tests. We usually consider half of the significance level for each side when
given a significance level for such tests. One-tailed or one-sided tests may be used
when we may be interested in only extreme values to one side of the distribution, or
actions following the result from a statistical test are different if different tails are
considered. That is, the choice of a two-sided or one-sided test is determined by the
actual problem. Researchers should decide whether they want to use a one-tailed or
two-tailed test before collecting the data. If in doubt it is usual to do a two-tailed
test.

¢

The following shows the general procedure for conducting a hypothesis test:

* Specify the hypotheses:
Hoy: represents the null hypothesis. H: represents the alternative hypothesis.

e Determine (1) which test to use, one-tailed or two-tailed with the significance
level, and (2) the sample size for the test sample.

* Collect the data.

* Decide whether to reject or fail to reject the null hypothesis.

— Compute the sample statistic. This step varies based on the test used, for
example, 7-statistic or 2 statistic.
— Check the corresponding distribution table:

If the probability of the computed statistic occurring is less than the
significance level, then we reject the null hypothesis;

If the probability of the computed statistic occurring is greater than the
significance level, we fail to reject the null hypothesis.

In this chapter we consider two types of test: the #-test and the Chi-squared test.
They are each illustrated by considering two kinds of test.
The #-test is used to:

* Investigate the likely mean of a normally distributed population from a single
small sample

* Investigate whether two small samples come from the same underlying normally
distributed population

The Chi-squared test is used to:

¢ To compare an observed distribution from an expected, or desired, distribution
(one-way classification)

e To compare two distributions to test for any significant differences (two-way
classification)
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12.3.3.1 The ¢-Tests

The r—tests are used for small samples, usually less than 30. We assume that
observations are independent, the population distribution should be normal, and the
population size should be at least ten times larger than the sample size.

* Means
To test the null hypothesis that a normal population has the mean g, that is,
Hy : wn = po, while Hy : u # po, we use the ¢ statistic, that is, to apply
Eq. (12.9) to check if the observed sample mean is significantly different from
the population mean.

Example 12.17 A machine has produced mugs with a bottom thickness of
4 millimetres (mm). To determine whether the machine is in proper working
order, a sample of 15 mugs is chosen, for which the mean thickness is 4.2 mm
and the standard deviation is 0.2 mm. Test the hypothesis that the machine is
in proper working order using a significance level of 0.05.

Solution
— Step 1: Write the hypotheses as follows:

Hp : p =4 mm and the machine is properly working.
Hj : p # 4 mm and the machine is not properly working.

— Step 2: Which test should be used: a two-tailed or one-tailed test?
Since the thickness can be greater or less than the mean value and both are
treated as not working properly, we do a two-tailed test. The sample size is
n = 15 and the significance level is set to 0.05 in the question.

— Step 3: The sample information includes the sample mean x = 4.2 and the
sample standard deviation s = 0.2.

— Step 4: Compute the ¢-statistic using Eq. (12.9) as follows:

424
0.2/4/15

We want a significance of 0.05 on a two-tailed test, so we need to look
in the t-table column with its third row saying 0.05 (the top row says
t975). Two critical values for which 2.5% of the area lies in each tail of
the ¢ distribution with 15 — 1 = 14 degrees of freedom are found in the
column specified as —2.145 and 2.145 (the value in the table being 2.145).
Since 3.87 is not covered in [—2.145, 2.145], indicating the probability of
observing a z-statistic value like this is less than 5%, we reject Hp at the
0.05 significance level.
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Exercises

12.20 The lifespan of a type of product should be at least 1000 hours.
Randomly take 16 products from this type and test their lifespans. The average
lifespan of this sample is 920 hours. It is known that the lifespan of this type of
product follows a normal distribution with a standard deviation of 100 hours.
Test the hypothesis that this product type is non-defective using a significance
level of 0.05.

12.21 A packet of washing powder is labelled as having 235 grams in it. In
order to adhere to EU packaging regulations, it must not be too far lower than
this. We do not care if it is higher. We randomly take 5 samples and note
the actual weights; they are 237, 230, 232, 234, and 232 grams. Determine
whether this test shows that the washing powder is likely to conform to the
regulations with a 0.05 significance level. [Hint: Use a one-tailed #-test.]

12.22 A certain brand of phone is advertised as having a 23-hour video play
back capability. 12 phones are taken at random and tested to give the following
times: 20, 22, 23, 23, 28, 23, 20, 22, 22, 20, 20, and 21. Use a two-tailed z-test
to determine if it satisfies this claim with a 0.1 significance level.

» Difference between means of two samples
Suppose that two random samples of sizes nj and np are drawn from normal
populations whose standard deviations are equal, that is, 01 = o0». The sample
means are x| and X, and the sample standard deviations are s; and s7,
respectively. To test the null hypothesis that the samples come from the same
population, that is, Hy : @1 = u2 and o1 = o3, we use the ¢ score given by

f= 72 (12.18)
1,1

ny na

where

_ \/(m — s+ (2= s} 12.19)

N ny+ny—2

The distribution of 7 is Student’s distribution with n1 +n, —2 degrees of freedom.
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Example 12.18 The history GCSE scores of 16 students from Year 11
of a secondary school have a mean of 65 and a standard deviation of 7,
while the history GCSE scores of 15 students from Year 11 of another
secondary school have a mean of 60 and a standard deviation of 13. Is there a
significant difference between the history GCSE scores of the two groups at a
significance level of 0.05?

Solution

Remark 12.7 Let us change the scenario a bit. One of the two schools has adopted
a new practice in teaching history and performs better in the GCSE exam than the
other. We are interested only in differences where the ‘new practice’ students’ mean

Step 1: Denote two schools’ mean scores of history GCSE scores as (1
and pp, separately. Write the hypotheses as follows:

Hy @ w1 = wo,
Hy: oy # uo.

Step 2: Which test should be used: a two-tailed or one-tailed test? Since
one school’s mean score can be higher or lower than the other school’s
mean value and both indicate that the two schools’ mean scores differ, we
do a two-tailed test. The significance level is set to 0.05, and the sample
means are x| = 65 and x, = 60 in the question.

Step 3: Under the null hypothesis Hy, applying Eq. (12.19), we have

16 — 1)72 —1)132
o A1z
16+15-2

Step 4: Compute the ¢-statistic by applying Eq. (12.18):

We want a significance of 0.05 on a two-tailed test, so we need to look in
the t-table column with its third row saying 0.05 (the top row says #975).
So, two critical values for which 2.5% of the area lies in each tail of the ¢
distribution with 16 + 15 — 2 = 29 degrees of freedom are — 2.045 and
2.045. Since 1.35 is covered in [—2.045, 2.045], indicating the probability
of observing a ¢-statistic value like this is at least 95%, we do not reject Hy
at the 0.05 significance level.

score is greater than the ‘normal’ teaching students’ mean score.
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In this case we use a one-tailed test. Instead of taking the 2.5% differences in
each tail, we take the whole 5% from one tail, the tail on the side where the ‘new
practice’ samples would outperform the ‘normal’ samples. In this case, it happens
to be the right-hand tail. Now we want a significance of 0.05 on a one-tailed test, so
we need to look in the t-table column with its second row saying 0.05 (the top row
says t.95).

¢

Exercise

12.23 The weight of 10 students from Year 1 of a primary school has a mean
of 18.5kg and a standard deviation of 2kg, while the weight of 20 students
from Year 1 of another primary school has a mean of 17.5kg and a standard
deviation of 3.5kg. Is there a significant difference between the weight of the
two groups at a significance level of 0.01?

12.24 The length of 8 newborn baby boys in one area of the UK has a mean
of 55cm and a standard deviation of 5cm, while the length of 12 newborn baby
boys in another area of the UK has a mean of 50cm and a standard deviation
of 4cm. Is there a significant difference between the lengths of the two sets of
babies at a significance level of 0.05?

12.25 The weight of 10 newborn baby girls in one area of the UK has a mean
of 3.5kg and a standard deviation of 0.5kg, while the weight of 15 newborn
baby girls in another area of the UK has a mean of 3.2kg and a standard
deviation of 0.3kg. Is there a significant difference between the weight of the
two sets of babies at a significance level of 0.01?

12.3.3.2 Chi-Square Tests

The Chi-square test can be used to determine how well a theoretical distribution, for
example, the normal and binomial distributions, fits an empirical distribution which
is obtained from the sample data. The key is to estimate the expected frequency.

Since the Chi-squared test is a ‘goodness of fit’ test, people usually use it as
a one-tailed test. Using it as a two-sided test means we are also concerned about
whether the fit may be far too good, which usually is not a problem in real-world
applications.

* One-way classification tables
The Chi-square test can test whether the observed frequencies differ significantly
from the expected frequencies. To do a Chi-square test, we may set up a table
like Table 12.2. It is called a one-way classification table, in which the observed
frequencies occupy a single row and n columns. The number of degrees of
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Table 12.2 Observed and

. . Event E, \Ey |-+ |E,
theoretical frequencies

Observed frequency |01 (02 | -+ |0y

Expected frequency |e; |ex | -+ |ey

freedom is n — 1 for a one-way classification table. Based on the theoretical
work showing the relationships among the normal, binomial, and Chi-square
distributions [13], rather than using Eq. (12.11), people compute the x? statistic
as follows:

. (12.20)

poloze)? (@-e)? o (n—e)? i (0i —ei)’
4

€] €2 n i1 €j

where o; are the n observed frequencies and e; are the n expected frequencies.

Remark 12.8 As a rule of thumb, to use the Chi-square test, the expected number
of counts in each cell should be at least 5.

¢

Example 12.19 We have a die with 10 faces. Suppose there is an equally
likely chance that the die can land on any face. The die has the following
numbers on its faces: 0, 1,2, 3,4, 5, 6,7, 8,9, respectively. We throw the die
400 times. Let X be the number shown on the landed face. Table 12.3 shows X
values and the respective frequencies. Use the Chi-square test at a significance
level of 0.05 to test the hypothesis that the die is fair.

Solution

— Specify the hypotheses:

Hp: The die is fair. H;: The die is not fair.

— We consider a one-tailed test since it evaluates the right-hand tail area,
indicating a significant disagreement between two distributions. The sam-
ple size is 400 and the significance level is set to 0.05 in the question.

— The observed data is shown in Table 12.3.

— Decide whether to reject or fail to reject the null hypothesis.

Compute the x2 statistic. First, we need to calculate the expected
frequencies. Under Hy that the die is fair, we expect the frequency value

to be % = 40 for each face value. Therefore, we can set up Table 12.4.

(continued)
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Example 12.19 (continued)

From Table 12.4, we can compute x 2 using Eq. (12.20) as follows:

2 _ (37-40)% | (46—40)> | (41—40)> | (40—40)> | (40—40)> | (36—40)>
X'="%3% t~x *t-a t-a ta *+TTa *t

(39-40)2 | (37-40)2 |, (38—40)2 |, (46—40)2 __
0t @ to @ toa =28
Check the critical value from the corresponding distribution table based

on the significance level and the degrees of freedom.

The degree of freedom of this one-way classification is 10 — 1 = 9.
Therefore, Xg.os = 16.919 obtained from a x?2 table showing the area
to the right of the critical value. So for the value of x> = 16.919 the
area to the right is 5%. For any larger value of x2, the area is less than
5% because we are further to the right hand end of the curve. For any
smaller value, the area is larger than 5%, and we are further left on the
curve.

Compare the computed statistic to the critical value.

Our value of x? is 2.8, and this is less than 16.919 and so further
left. This indicates that the area to the right of our observed statistic
value (2.8) is greater than 5%. Remember, we are testing how close our
observed frequencies are from the expected frequencies, that is, we are
testing if the die appears to be fair. A larger value of x 2 indicates that the
observed values are further from the expected values and, in this case,
the value of x> = 2.8 does not go past the significance level of 0.05.
We therefore conclude that the result is not significant at the 0.05 level.
Thus, we do not reject Hy at the significance level of 5%, and we either
conclude that the die is fair or pending further tests.

Only if we had got a much higher value for x 2, one above 16.919, would
we feel able to reject the null hypothesis. In this case, the chance of
getting such a result from a fair dice would have been less than 5%, and
so we could conclude that the die was unfair.

Table 12.3 The distribution of X used in Example 12.19

X 0 1 2 3 4 5 6 7 8 9
Frequency 37 46 41 40 40 36 39 37 38 46

Table 12.4 The observer and expected distribution of X used in Example 12.19

X 0 1 2 3 4 5 6 7 8 9
Observed frequency 37 46 41 40 40 36 39 37 38 46
Expected frequency 40 40 40 40 40 40 40 40 40 40
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Table 12.5 The theoretical distribution of Z in Exercise 12.26

Zi 1 2 3 4 5 6
) 11 9 7 5 3 1
pi 36 36 36 36 36 36
T;ll%le t1§6(?) t"}ll“he distribution 2 1 2 3 14 |5 |6
of Zo rows in
Exercise 12.26 Observed frequency |90 | 145 |35 |50 |15 |25
Expected frequency
Table 12.7 The actual distribution of chocolates X in Exercise 12.27
Xi 1 2 3 4 5 6 7 8
Observed frequency 24 34 25 35 36 26 36 24

Exercises

12.26 A pair of fair dice is thrown. Let Z be the smaller value of the two
numbers. The distribution of Z consists of its values with their respective
probabilities. This has been worked out for you and is given in Table 12.5.
Table 12.6 shows the observed frequencies of Z of 360 throws. Fill in their
expected frequencies.
Calculate the Chi-square ( xz) value. Does the observed distribution differ
significantly from the expected distribution, using a significance level of 0.05?

12.27 A box of chocolates of a certain make has 8 types of chocolates:
hazelnuts, caramel, orange, fudge, almond, raspberry, coffee, and truffle.
These are labelled types 1,2, ---,8, respectively. Each box contains 24
chocolates, and 10 boxes were selected, and the types counted to get a
distribution X as shown in Table 12.7.

It is expected that each type of chocolate has an equal chance of appearing
in a box. Calculate the Chi-square ( Xz) value. Does the observed distribution
differ significantly from the expected distribution, using a significance level
of 0.05?

12.28 A certain university has percentage targets for its overall degree
classification and a percentage distribution Z of actual results from a recent
year. Both the expected frequency and the observed frequency, Z, are shown
in Table 12.8.

Calculate the Chi-square ( x2) value. Does the observed distribution differ
significantly from the expected distribution, using a significance level of 0.05?
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Table 12.8 The distribution 1st 21) 2”) 3 Pass | Fail

Zi
of observed and expected : P
grades at a university in Observed frequency |20 |25 |29 |14 |11 1

Exercise 12.28 Expected frequency |15 |20 (25 |20 |15 5

* Two-way classification tables

A two-way classification table, also called a contingency table, concerns two
variables. The observed frequencies occupy m rows (that is, m specified values
for one variable) and n columns (that is, n specified values for another variable).
As mentioned in Sect. 12.2.5 of this chapter, the number of degrees of freedom
of a two-way classification table is (m — 1) x (n — 1).

The Chi-square test can test the association between the two variables in a two-
way table. The null hypothesis Hp assumes no association between the two
variables in the rows and columns, while the alternative hypothesis H; states
that some association exists.

Example 12.20 Two groups, A and B, consist of 150 people, each with type
2 diabetes. The two groups are treated identically, except that group A must do
supervised aerobic activities for two hours each week. After half a year, it is
found that in groups A and B, 120 and 100 people, respectively, put diabetes
into remission. Use the Chi-square test at a significance level of 0.05 to test
the hypothesis that the supervised aerobic activities help diabetes remission.

Solution

— Specify the hypotheses:
Hyp: There is no difference between the results of the two groups of
people—that is, doing the supervised aerobic activities has no effect.
In other words that the diabetes remission is independent of, or has no
association with, doing the supervised aerobic activities.
Hj: Represents alternative hypothesis.

— We consider a one-tailed test. The sample size is 150 4+ 150 = 300, and the
significance level is set to 0.05 in the question.

— We set up Table 12.9 using the data in the question.

— Decide whether to reject or fail to reject the null hypothesis.

Compute the statistic. First, we need to calculate the expected frequen-
cies. Under Hj that doing the supervised aerobic activities has no effect,

we expect w = 110 people in each of the groups to put them into

diabetes remission and 30;250 = 40 in each group not to put them into
remission. We can set up Table 12.10.
We can compute 2 using Eq. (12.20) as follows:

2 (120—11002 , (100—110)2 |, (30—40)2 , (50—40)%>
X'="0 t 1m0 t a0 T a0 =682

(continued)
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Example 12.20 (continued)
Check the critical value from the corresponding distribution table based
on the significance level and the degrees of freedom.
The degrees of freedom of this two-way classificationis (2 — 1) x (2 —
1) = 1. Therefore, Xg.os = 3.84 obtained from a y? table showing the
area to the right of the critical value.
Comparing our computed statistics to the critical value.
Since x2 = 6.82 > 3.84, showing that our value is further to the right
and indicating the area to the right of our observed statistic value (6.82)
is less than 5%. We therefore conclude that the result is significant at
the 0.05 level, that is, our value of X2 is too big. Thus, we reject Hp;
that is, there is a difference between the two groups of people, and
we can conclude that doing supervised aerobic activities helps diabetes
remission.

Exercises

12.29 Two universities have percentage distributions of actual results from a
recent year. Both results are shown in Table 12.11.

The null hypothesis Hy is that there is no difference between the two
universities in exam performance. A student chosen randomly has the same
probability of obtaining any grade from either university. Use the Chi-square
test at a significance level of 0.05 to test this hypothesis.

12.30 Two factories are making the same product and both produce a certain
number of defective items. The percentage of good and defective items is
given in Table 12.12.

The null hypothesis Hy is that there is no difference between the two
factories. Use the Chi-square test at a significance level of 0.05 to test this
hypothesis.

Table 12.9 The observed
frequencies used in

Remission | No remission | Total

Example 12.20 testing Group A | 120 30 150
diabetes and aerobic exercise Group B | 100 50 150
Total 220 80 300

Table 12.10 The expected Remission | No remission | Total

frequencies used in

Example 12.20 testing Group A | 110 40 150

diabetes and aerobic exercise GroupB | 110 40 150
Total 220 80 300



12.3 Inference 375

Table 12.11 The dlStleuthn 1st 21) 211) 3 Pass | Fail
of grades in two universities

in Exercise 12.29 University 1 |20 |25 |29 |14 |11 5

University 2 |12 |25 |27 |20 |14 6

Table 12.12 The distribution
of defective products in two
factories in Exercise 12.30

Good | Defective
Factory 1 |95 5
Factory 2 | 87 13

Table 12.13 The observed Remission | No remission | Total

; ;
requencies Group A | 120 40 160
Group B | 120 40 160

Total | 240 80 320

Table 12.14 The observed Remission | No remission | Total

§ .
requencies Group A | 24 8 32
Group B | 120 40 160

Total 144 48 192

In the examples and exercises in this section so far, both row totals were the same.
But what happens if the row totals are different?

First, consider a slightly silly and unrealistic example with data similar to that
in Example 12.20, as shown in Table 12.13. Here the data in groups A and B are
identical! Hence, doing supervised aerobic activities obviously has no effect, and so
we know we will not reject the hypothesis Hy (Hy was that doing the supervised
aerobic activities has no effect). In fact, if we tried to calculate the X2 statistic, we
would immediately find that the expected values are all the same as the actual values.
This is because the expected values are found in each case by dividing the column
sum in the observed frequencies table by two. All the terms in the x2 calculation
would be zero. The value from the x? table would be the same as in Example 12.20,
so our 2 value of 0 is less than the 3.84 value in the 2 table, and we get the correct
conclusion that we do not reject the hypothesis Hy.

Now suppose each of the values in Group A were 5 times smaller since Group A
was a small group. This is shown in Table 12.14.
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Table 12.15 The observed
frequencies in Example 12.21

Distinction | Pass | Fail | Total

F 10 60 10 80
M 5 29 6 40
Total |15 89 16 | 120

The proportions of people in group A are the same as in Group B, so again, we
do not reject the hypothesis Hy, that doing the supervised aerobic activities has no
effect. But if we blindly, and incorrectly, tried to calculate the x? statistic using
the method used before involving column totals, that is, the expected values are
w =72 and % = 24, respectively, we would get a very large number for the

X2 statistic. In fact, we would get

(24 — 72)? N (120 — 72)2 N (8 — 24)? N (40 —24)2

1.3.
72 72 24 24 913

This is obviously totally wrong, and the problem is we have not considered the
different row sums.

The correct method to use to find the expected values for each cell is to use the
formula:

expected value = ((row total) * (column total))/(grand total). (12.21)
So, for instance, Group A remission cell would be 321X91244 = 24, which is the same

as the observed value. Check the other cells all give the same expected value as the
observed value. Now we would again get all zeros in the x2 calculation, and all
would be well.

Remark 12.9 In fact, Eq. (12.21) reduces to the previous method if the row totals

. : rowtotal __ 1

are equal. That is because each row total is half the grand total, so srand total = 2
and hence expected value = <m0l 4q phefore,

¢

We will now do a proper example.

Example 12.21 The results for an MSc exam for 80 female students and
40 male students are shown in Table 12.15. Use the Chi-square test at a
significance level of 0.05 to test the hypothesis that the there is no difference
between the females and males in their performance.

(continued)
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Example 12.21 (continued)
Solution

— Specify the hypotheses:
Hy: There is no difference between the females and males in their
performance.
Hj: Represents alternative hypothesis.

— We consider a one-tailed test. The sample size is 80 + 40 = 120, and the
significance level is set to 0.05 in the question.

— Decide whether to reject or fail to reject the null hypothesis.

Compute the statistic. First, we need to calculate the expected frequen-
cies. Here, since the row sums are different, we use Eq. (12.21). These
are shown in Table 12.16. For instance, in the cell for females that pass,

we have that the expected value = 8%’2‘39 = 59.33.

We can compute 2 using Eq. (12.20) as follows:
= 2 _5)2 — 2 — 2 _ 2
x2 = (101(}0) 4+ 6 55) 4 (60-59.33)2 | (29-29.67)2 | (10-1067)>

5 59.33 29.67 10.67
O30 ~0.149.

Check the critical value from the corresponding distribution table based
on the significance level and the degrees of freedom.

The degrees of freedom of this two-way classificationis (2 — 1) x (3 —
1) = 2. Therefore, X(%.OS = 5.99 obtained from a x? table showing the
area to the right of the critical value.

Comparing our computed statistics to the critical value.

Since x?> = 0.149 < 5.99, indicating the area to the right of the
observed statistic value (0.149) is greater than 5%, we conclude that
the result is not significant at the 0.05 level. Thus, we do not reject Hy
at the 5% level.

Table 12.16 The expected
frequencies in Example 12.21

Distinction | Pass | Fail Total

F 10 59.33 110.67 | 80
M 5 29.67 |5.33 40
Total | 15 89 16 120

Table 12.17 The observed
frequencies in Exercise 12.31

Distinction | Pass | Fail | Total
F 9 64 7 80
M 6 26 8 40
Total |15 90 15 120
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Table 12..18. ObserYed A B |c Ip
frequencies in Exercise 12.32 -
Girls (20 |50 |60 |15

Boys |25 |60 |50 |15

Exercises

12.31 Do the same calculation as in Example 12.21 but with the new values
given in Table 12.17. That is, use the Chi-square test at a significance level of
0.05 to test the hypothesis that there is no difference between the females and
males in their performance.

12.32 Conduct a standard Chi-squared test using a significance level of 0.05.
Maths exam grades are compared between 150 boys and 145 girls in the
same year group in a secondary school (see Table 12.18). The null hypothesis
Hyj is that there is no difference between girls and boys in the maths exam
performance. A girl and boy chosen randomly have the same probability of
obtaining any grade. Use the Chi-square test at a significance level of 0.05 to
test this hypothesis.

Remark 12.10 The Chi-square test relies on the Chi-square distribution, which is
a continuous probability distribution. However, data in contingency tables consist
of discrete counts. This mismatch can cause inconsistencies between the observed
(discrete) test statistic and the theoretical (continuous) Chi-square distribution.

To address this, a continuity correction is sometimes applied to adjust the test
statistic and better approximate the continuous distribution, especially when the
degrees of freedom are equal to one or when sample sizes are small, such as when
the expected frequencies in some cells are less than 5.

For example, Yates’ continuity correction can be applied when the number of
degrees of freedom is one. Yates’ correction adjusts the test statistic as follows:

n 2
2 (loi — ei| —0.5)
X~ (correct) ; o .

Please note that in this book, we use the original Chi-square test formula without
applying Yates’ continuity correction, even when the degrees of freedom equals 1.

¢



Chapter 13 )
Algorithms 4: Maximum Likelihood Chschie
Estimation and Its Application to

Regression

In this chapter, we first introduce the maximum likelihood estimation method.
Then we show how it can be applied in enhancing the linear regression algorithm
introduced in Chap. 8. Moreover, since the algorithm is now configured in a
proper probability and statistical framework, we can set up confidence intervals for
estimators using the methods presented in Chap. 12. Finally, we use the maximum
likelihood estimation technique to introduce logistic regression, which is actually a
classification algorithm.

13.1 Maximum Likelihood Estimation

Before we start to introduce the maximum likelihood estimation method, let us have
a look at Example 13.1 first.

Example 13.1 Suppose data are generated independently from an identical
Gaussian distribution, but we do not know which Gaussian distribution it
was. That is, we do not know the parameters p and o for the Gaussian
distribution. Suppose that two of the data points are x; = 0 and x, = 1.
Different Gaussian distributions will give a different probability (density) for
these two points being generated. That is, each Gaussian distribution will give
a different likelihood for these two points being generated. We can illustrate
this by considering two particular Gaussian distributions. So we want to know
the probability of obtaining x; = 0 and x, = 1 from the distribution, that
is, to compute p(x; = 0,x2 = 1|u, o). Let us consider the two Gaussian
distributions:

(continued)
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Example 13.1 (continued)
1. X ~ N(2,2%).
2. X ~ N(1, 1%).

Figure 13.1 shows these two Gaussian distributions using solid and dash-
dotted lines, respectively, and presents the point x = 0 with a cross and x = 1
with a square.

We can apply Eq. (10.19) from Chap. 10 to compute the probability
(density).

If X ~ N(2,2%), we have

px=0lu=2,0 =2)= ﬁe_(g;iéz ~ (.12,
and
1 _(-2?
px=1lu=2,0=2)= \/ﬁe 222 &2 ().18.

It gives p(x; =0,x0 = 1|u =2,0 =2) =0.12 x 0.18 = 0.0216.
If X ~ N(1, 1), we have

1 _(0=1)?2
px=0lu=1,0=1)= ——e¢ 212 x (.24,
V2 x 12
1 _(1—1)22
px=1lu=1,0 =1) = ———=e 2x1* = 0.40.
V2 x 12

It gives p(x; =0, xo = lju=1,0 = 1) = 0.24 x 0.40 = 0.096.
Intersections of the horizontal dashed lines in Fig. 13.1 indicate the corre-
sponding p(x|u, o) values of a specified Gaussian distribution for each data
observation.

Therefore, the likelihood that we observe data x; = 0 and x, = 1 generated
from the Gaussian distribution with a mean value of 1 and a standard deviation
of 1 is higher than observing them from the Gaussian distribution with a mean
of 2 and a standard deviation of 2.

The above example shows that the likelihood of generating 0 and 1 can differ with
different Gaussian distributions. The maximum likelihood (ML) method finds the
estimate that gives the observed data the highest likelihood, the highest probability
(density) that an event has occurred. That is, it finds the values of the parameters
u and o that maximise the probability (density). As was shown in Chap. 5,
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finding maximums involves differentiation and, in particular, since there are usually
multiple parameters, it involves partial differentiation as discussed in Chap. 6.

Definition 13.1 (Maximum Likelihood Estimation) Suppose X is a random vari-
able with a probability density function f(x; 60y, --- ,6), where 0y, - - -
unknown parameters. Let xp, - - -

observations is given by

, O are k
, Xy be observations of X. The joint probability of

N
L@, -, 60 =] fCxis 61, 60

i=1

This function is called the likelihood function and is a function of unknown

parameters (61, - - - , 6x) [14]. We wish to maximise it. So if there exists 91, , Gk
where the followmg equation holds:
L@, .6)= max (L@, 00} (13.1)
(61, ,6r)€O
then 91, cee ék are the maximum likelihood estimation of 6;, where j =1 k.

The notation used in f(x; 0y, - - - , 6%) just reminds you that the values used after
the semicolon are parameters of the particular probability density function being
considered. So, for example, in the Gaussian distribution used in Example 13.1, the
probability density function would be written as f(x; u, o). In Example 13.1 we
just took the product of two values of x, namely, x; = 0 and x; = 1. So

2
L(n,0) =[] f@xi; 1, 0).

i=1
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Example 13.2 Suppose X is a random variable X ~ N(u, o2). Show that
= % ZlN x; and (6)% = % ZlN (x; — )? using the maximum likelihood
estimate method.

Solution Since X ~ N(u, 02), its probability density function (Eq. 10.19) is
given by

_ a—w?
e 202

flsp, o) = >
TTO

The likelihood function over n observations is

N
L(p,0) =[] fxis 1, 0)

i=1

N
Ly I i)

1
T VamodN

It is more convenient to maximise the logarithm of the likelihood function,
that is, max, ... g)e0{ln L(f1, - - -, 6r)}. When taking logarithms of both
sides, things that are multiplied become added, and In(e$™)) = g(x) for any
g(x). Hence, we get the following:

1

1 < 5
lIlL(l'Lv o) =In <W—GM) - ﬁ;(xi - /’L)

N
1
— —Nln(o) — N In(/27) — 73 Z(x,' — 2.
i=1

To find /i and (6)? so that In L(/i, &) is maximised, we can do the partial
derivatives with respect to each parameter and then set them to zero:

31n L, N
Ml = LN i —w)=0
31n L. N
Ll +%Zi:1(xi - mw?=0.

Rearranging these, the solution is

(continued)
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Example 13.2 (continued)
{ﬂ =+ 3>V x,

() = 3 it (i — W
We can now apply the result from Example 13.2 to Example 13.1.

Example 13.3 We now want to maximise the parameters of a Gaussian
distribution (Gaussian probability density function) to get the most likely
Gaussian distribution that contains just the two points x; = 0 and x; = 1,
as in Example 13.1. From Example 13.2 we have

{ﬁ=#zivxi,

)2 =+ 3N i — w2

Sofor N =2, x; = 0and x; = 1, this gives £ = 0.5 and (6)* = 0.25 and so
the standard deviation, &, is 0.5.

To show that this gives a higher probability than the previous Gaussian
distributions used in Example 13.1, we will do the same calculations as we
did in Example 13.1:

p(x =0lp = 05,0 =0.5) = \/ﬁe—(g;ﬁjif ~ (.48,
and
1 _(1=05)
p(x=1ju=0.50=0.5) = We 2x0.52 2 (.48.

This gives p(x; =0, x2 = 1| = 0.5, 0 = 0.5) = 0.48 x 0.48 = 0.23 which
is higher than both the values in Example 13.1.

Intuitively, looking at Fig. 13.2, for the values we get for [t and & (the dotted
curve), then a value for the mean of halfway between the two points x; = 0
and x = 1 and a standard deviation of 0.5 seems right for the best fitting
Gaussian.
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Fig. 13.2 Tllustration for 08f

Example 13.3 — = 2,0 = 2

07t —==p=1l0=1
n=20.5,0=0.5

Exercise

13.1 Suppose X is a random variable, and its probability density function is

re M x>0
fx) =
0, x <0,
where A > 0. If x,..., x, are observations of X, find the maximum

likelihood estimate of A.
Now suppose we have just two points in our distribution, namely, x; = 1 and
X2 = 2.

(1) Suppose A =1, find p(x; = 1,x0 =2|A = 1).

(2) Suppose A =2, find p(x1 =1, x =2|A = 2).

(3) Now calculate the value you would get for A when you have the two points
x1 = 1 and xp = 2 using the maximum likelihood estimate of A = Apeg;
you found in the first part of this Exercise. Using this value of A calculate
plx1 =1,x = 2|A = Apegt).

13.2 Revisiting Linear Regression

13.2.1 Linear Regression with Maximum Likelihood
Estimation

Suppose Y is the dependent variable, and X is the independent variable. We use
y and x to denote the sample values of these two variables separately. We want to
understand the relationship between these two variables from the given data and to
be able to predict y when a new sample value x is observed.
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Given a sample value x from X, there could be a set of different values found for
v, and those values of y would form some sort of distribution. We can model this
conditional distribution of y given the sample value of X. This distribution has some
unknown parameters. For example, if we use a normal distribution (see Eq. 10.19 in
Chap. 10) to model the given data, we need to estimate the mean p and the standard
deviation o from the data.

When introducing the least-squares method in Chap. 8, the regression line of y
on x is written as

fa(x) = ag + aix,

where x is the observed input value, and f,(x) gives the estimated value of y. This
equation is referred to as noise-free and gives a fixed value for y. However, we can
include a noise or error element and can write the linear regression model as follows:

y=ag+ayx +e, (13.2)

where € is an unobserved error term. This model has two parts: the deterministic
part, ag + a1 x, and the stochastic part, €. There are three assumptions made for this
model:

1. For each observed x value, there is a normal distribution of Y from which the
sample value y is drawn at random.

2. The mean p of the normal distribution of ¥ to the corresponding x value lies on
the straight line ag + aj x.

3. The standard deviation o of each normal distribution of Y is a constant as x
varies. That is, the noise is assumed to be the same at all points.

Figure 13.3 shows the normal distribution of Y about the regression line ag +ajx
for three selected values of x.

Based on these assumptions, we have the probability density distribution of y
given by

f ) 1 (,v—(ﬂo*'z“m)Z 133
lx;a0,a1,0°) = —=e , (13.3)
V2mo?

with the expected y value lying along the solid line shown in Fig. 13.3, that is,
E(y) = ap+ajx, and the variance of y is o2. So the deterministic part of y is given
by its mean lying on the line y = ag + a;x, and the stochastic part is the normally
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y

Fig. 13.3 A schematic diagram illustrating the three assumptions of the linear regression model

distributed error €. In fact, we can see that given Eq. (13.2), Eq. (13.3) can be written
as

€

2
e2<72

1
V2mo? ’

which says the unobserved error, €, has a Gaussian distribution with a zero mean
and standard deviation of o.

felo) =

13.4)

Example 13.4 Consider a simple linear regression model given by y = 2 +
1.5x + €, where € ~ N(u = 0,02 = 9). What is the mean of y given that
x = 2, that is, what is E(y|x = 2)?

Solution Substituting x = 2 into y = 2 + 1.5x + €, we have y = 2 +
1.5x2+€ =5+¢€and E(ylx = 2) = E(5 + €). Applying the third
property (3) in Sect. 10.5.1.1 of Chap. 10, that is, E(a + X) = E(X) +
a , where a is a constant, we obtain E(y|x = 2) = 5 + E(e) = 5, since €
has zero mean.

This, of course, is the value of y found by substituting x = 2 into y = 2 +
1.5x, using the second assumption above that says the mean value lies on the
straight line ap + a1 x, namely, the deterministic part of the model.
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Exercise
13.2 Consider a simple linear regression model given by y = —4 + 3x + €,
where € ~ N(u =0, 02 = 0.01).

(1) Whatis E(y|x = 1)?
(2) What is the standard deviation (std) of y given that x = 1, that is, what is
std(y|lx = 1)?

Suppose there are N data points (x;,y;) fori = 1,---, N. If the ylfs are
independently normal distributed, that is, y; ~ N(ag+aix;, o2), then the likelihood
function is again formed by a product of probabilities:

N
L(ag, a1,a) = [ | pQilxis a0, a1, )

i=1
= 2
(i —(ag+aj x;))
a7 (13.5)
i=1 V2no?
= ;6720% >N i—(aotarxi))?
(V2ma2)N

Equation (13.5) is the likelihood function for data that can be plotted in two
dimensions, one independent variable X and one dependent variable Y. This can
be extended by considering multiple independent variables. Here we consider d
independent variables. This analysis closely follows the exposition given in Sect. 8.3
of Chap. 8. The main difference between this and Chap. 8 is that Chap. 8 does
not have any error or noise terms, and so has no reference to € or to o2, In
fact, the result we now obtain for the coefficients of the line of best fit, or, since
we are now in multiple dimensions, the coefficients of hyperplane of best fit,
a = (ag,dai,...,aq)", will be the same as we got in Chap. 8 since it is the
deterministic part of the model.

Let the data be a matrix of the size of N x (d + 1), X, where the first column is a
column vector including N ones. Let x; be the ith data item of a row vector including
d + 1 elements, a be a d + 1 column vector including d coefficients ay, ..., aq plus
ap, and y and € be column vectors including y; and €;,i = 1, ..., N, respectively.
Then we have

y=Xa+e. (13.6)
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The assumptions are € ~ N(O, 02), and the error terms are uncorrelated. That is,
Elei€;1X]=0. (13.7)

Therefore, the likelihood function is

N
[[rGilxia.o?

i=1

L(a,o?)

e 202

N o o (13.8)

| V2mo?

1

= (27‘[02)’N/zefzgiz(y*Xa)T(yfx:a).
The logarithm of L(a, 0%), denoted as L(a, o2), is
N N 1
L(a, 0’2) = -5 In(27) — > 1n(02) _ m(y B Xa)T(y ~ Xa), 139)

In order to find the maximum-likelihood estimations, we need to find the first-
order derivative of £ with respect to a and o2 as follows:

3 1 1
LX) (y—Xa) = X (y - Xa), (13.10)
da 202 o2
and
AL N 1
= =-—+—(@y—Xa (y—Xa). (13.11)
do o o

The detailed derivative of %;(y—xa) can be viewed in Eq. (8.16) in Chap. 8.

We set the derivatives of Egs. (13.10) and (13.11) to zero to obtain a and o2, and
the solution is the estimator

a=X"x)"'XTy,
the same as Eq. (8.17) in Chap. 8, and

22 _ 6 —Xa) (v - Xa)
_ N .
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Remember that a is a d 4 1 length vector since it contains ag. So, we can obtain an
unbiased estimator for 62, by dividing (y — Xa)” (y — Xa) by N — (d + 1) instead
of N, that is,

o -Xa)'(y-Xa)
o =

N—@diD (13.12)

We have yet to introduce the concept of unbiased estimator. Readers may refer to
[15].

We use the notation @ and 52 to denote they are estimators to distinguish them
from the true parameters a and o 2.

Example 13.5 Suppose there are a set of data as shown in Table 13.1, where
x; are the values of an independent variable X, and y; are the corresponding
values of the dependent variable Y. Note that here d 4+ 1 = 2 since there is just
one independent variable. This is picked to make the calculation easier. Also
we only have three data points, so N = 3. Realistic examples would have both
d and N larger.

Fit a linear regression model for the data using the maximum likelihood
estimate method and round results to two decimal places.

1
Solution Lety = | 1.8 | and X be the inputs including x; and one column of
4.2
. T 111
1s corresponding to ag. We have X* = 124l
Since
11
111 37
ox-[ 1] -B:)
124 14 721
then
_ 1.5 —0.5
T I~y
X'X) |:—0.5 0.214] ’

Substituting (X" X)~!, X7, and y into Eq. (8.17), we have
1

5o 1.5 —05][111 el —0.27 _ [-0.2] _[ao
~|1-050214|[124 4é 1.086 1.09 | |ai |’

(continued)
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Example 13.5 (continued)
Furthermore, substituting y, X, a, N = 3, and d = 1 into Eq. (13.12), we have

1 11 7,1 11

. 1 < [—O.ZD ( [—0.2])

2

52 = 18|12 18(—12 ~ 0.05.
G-2\|,, | |L1:086 4o L4 | L1086

Therefore, the fitted linear regression is
y=—-0241.09x + ¢,

where € ~ N(u = 0,52 = 0.05).
The fitted linear regression line is shown in Fig. 13.4.
Suppose now there is new data at x = 3. Estimate its expected y value using

the above fitted linear regression model, that is, to compute E(y|x = 3, u =
0,52 = 0.05).

Solution E(J|x =3; 4 = 0,02 =0.05) = —0.2 4+ 1.086 x 3 & 3.06.

Table 13.1 The data for

x| v

Example 13.5 : {l
2 |18
4 142

Fig. 13.4 Visualisation of i v
the fitted linear regression
line in Example 13.5
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To illustrate this a bit further, we will do another example using the same X
values as in Example 13.5 and Table 13.1 but two different sets of ¥ values. This is
just to save having to redo the calculation of X’ X!

Example 13.6 The new values for the first set of data are shown in the
left two columns of Table 13.2. Since the x; values are the same as in
Example 13.5, we get the same matrix for X and the same matrix for
(XTX)_l, namely,
XTX)~! ~ |: 1.5 —0.5]‘
—0.50.214

However, y now isy =

W W =

To find a we again use Eq. (8.17):
1

a5 —osqruea]| | T 1 ] ] !
~ [-050214[[124]|] 0.566  [0.57]"

Finally, we again use Eq. (13.12) to find 6

1 11 T, [1 11
&2—1(3—12[1])(3—12[1])~114
3-2) 3 L4 0.566 3 L4 0.566

Therefore, the fitted linear regression is

y=1+057x +¢€,

where € ~ N(u = 0,62 = 1.14).
This fitted linear regression line is shown in Fig. 13.5. We can see by
comparing Figs. 13.4 and 13.5 that the line is closer to the points in
Fig. 13.4 and hence we need a smaller value for 52 in Example 13.5 than
in Example 13.6.
Finally, we will use the two right-hand columns in Table 13.2. Again X is the
1
same, butnow y = | 2
4

(continued)
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Example 13.6 (continued)

Using the same method we geta = |:(1):| . However, when we come to find 62,

we need to calculate (y — Xa) which is as follows:

1 11 0
(12]-12|[]]) =10
4 14 0
Hence, 62 = 0.
This is because these values of X and Y actually lie on a straight line.
Finally, we will do an example with more data points.

Table 13.2 The data for

X X;

Example 13.6 i Yi (X | Vi
1 |1

2 (3 |2 |2

4 |13 |4 |4

Fig. 13.5 Visualisation of I e ey B i el
the fitted linear regression i
line in Example 13.6
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Example 13.7 Suppose there are a set of data as shown in Table 13.3, where
x; are the values of an independent variable X, and y; are the corresponding
values of the dependent variable Y. Again this data can be plotted in two
dimensions since it has just one independent variable, so d + 1 = 2, but now
we have five data points, thatis N = 5.

Fit a linear regression model for the data using the maximum likelihood
estimate method and round results to two decimal places.

Solution
2.4
2
11111
Lety = | 1. dXxXT = .
= 116 an [12345}
0.4
So
5 15
X'X = ,
[15 55}
and
XTx)~! = 1.1 —-0.3
—03 0.1 |’

Substituting (X”X)~!, X7, and y into Eq. (8.17), we have

A [298
RN

Furthermore, substituting y, X, a, N = 5, and d = 1 into Eq. (13.12), we have

1
52 ~ x 0.028 ~ 0.0093 ~ 0.01.
5-2

Therefore, the fitted linear regression is
y =298 —-0.5x + ¢,

where € ~ N(u = 0,62 = 0.01).

Suppose now there is new data at x = 3.5. Estimate its expected y value using
the above fitted linear regression model, that is, to compute E(y|x = 3.5, u =
0,62 =0.01).

Solution

EGlx =351 =0,0%2=0.01) =2.98 — 0.5 x 3.5 = 1.23.
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Exercise

13.3 Given the two sets of data as shown in Table 13.4, where x; are the
values of an independent variable X and y; are the corresponding values of
the dependent variable Y, fit a linear regression model for each dataset using
the maximum likelihood estimate method and round results to two decimal
places.

13.4 Given the data as shown in Table 13.5, where x; are the values of an
independent variable X and y; are the corresponding values of the dependent
variable Y, fit a linear regression model for each set of data using the
maximum likelihood estimate method and round results to two decimal
places, except 62, which should be given to 3 decimal places.

13.2.2 Sampling Distribution of the Linear Regression
Estimators

We now know how to estimate values for a, the mean value or the hyperplane (line
in 2-dimensional space) of best fit, and &2, the variance, and to get an estimated
value for a new data point. The question now is: How accurate are those estimates?

Table 13.3 The data for

Example 13.7 Tl ?4
2 |2
3 |16
4 |1
5 |04
1 /7 |1 |7
3 /4 |3 |5
4 |1 |4
Table 13.5 The data for x| yi
Exercise 13.4
1 106
2 |1
3 116
4 |2
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That is the topic of this section—finding confidence limits for these estimates with
a specified level of confidence.

Values of estimators a and 62 obtained from Egs. (8.17) and (13.12), respectively,
may change when the observations of y and X change. Just like sampling distri-
butions of means or sampling distributions of proportions (covered in Sects. 12.2.2
and 12.2.3 of Chap. 12), the & and 52 of linear regression models have their sampling
distributions, which approximate a normal distribution.

To get to the equations for the sampling distributions of @ and &2 and derive
confidence limits, we need some fairly detailed preliminary mathematical results.
These mathematical results are separated out and collected in the next subsec-
tion. They are needed to justify the equations on the sampling distributions that
will be covered in the subsections afterwards, namely, Sects. 13.2.2.2, 13.2.2.3,
and 13.2.2.4. All of this is leading up to the key results on confidence limits of
the sampling distributions, namely, Eqgs. (13.19), (13.20), and (13.24).

13.2.2.1 Preliminary Knowledge

» Expectation and Variance of Random Vectors
If X1, X», ..., X; are random variables, then the vector x = (X1, X», ..., XI)T
is a vector of random variables.

Definition 13.2 The expected value of a vector of random variables is defined
as the vector of the expected values of the component parts. That is,

T
E[x] = (E[Xl], E[Xz],...,E[X,]) .

The variance-covariance matrix of x is
Var[x] = E[(x — ElXD(x— E[x])T]
Var(X1) cov(Xy, X2) ... cov(Xy, X;)

cov(Xy, X1) Var(Xy) ...cov(X2, X;) (13.13)

cov(X;, X1) cov(X;, Xp) ... Var(X;)

We know some properties of mean and variance in Sects. 10.5.1.1 and 10.5.2.1
of Chap. 10 for random variables. Here are a couple of vector generalisations of
these properties.
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Suppose A is a s x ¢ matrix of constants, b is a s x 1 vector of constants, and
xisat x 1 vector of random variables.

E[Ax +b] = AE[x] + b, (13.14)
Var(Ax +b) = AVar(x)AT. (13.15)

The first of these two properties is illustrated in Example 13.8 since the expected
value of a vector of random variables was easily defined above. It also looks like
the properties of mean given in Sect. 10.5.1.1 of Chap. 10 and so an example
is easy to understand. The second is more complicated since the variance of a
vector of random variables is a matrix involving variances on the main diagonal
and covariances in the other places, as shown in Eq. (13.13) above. So, we give
proof of it instead of giving an example so that you can apply it with trust. If you
are happy to accept the result, you can skip the proof. First, we give an example
on the first property, which is the one involving the mean.

12
Example 13.8 Suppose A is the matrix of constants: A = |34 |; bis a
56
vector of constants, b = (1,2, 3)7; and x is a vector of random variables,
x = (X1, X2)T.
Now
12 x 1 X1+2X,+1
Ax+b= |34 [xl] + 2| =|3x, +4Xx, +2
56] 72 3 5X; +6X, +3
So

[ E[X1 +2X, + 1]
E[Ax+Db] = | E[3X] +4X2 + 2]
L E[5X1 + 6X2 + 3]

[ E[X1]+2E[X2] + 1
= | 3E[X ] +4E[X2]+2
| SE[X 1]+ 6E[X2] + 3

AE[X] + b,

as required. The second line uses the first three properties of mean from
Sect. 10.5.1.1 of Chap. 10.
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Now we prepare for the proof of the second property by developing a useful
variation on the definition of Var[x].

Example 13.9 Prove the following useful variation on the definition of
Var[x].

Var[x] = E[xx" | — E[x](E[x])". (13.16)

Solution Before we start, let us recall the second property in Sect. 3.3.11.1
of Chap. 3: (A + B)T = AT + B”. Therefore, we have (x — E[x])] =
x” — (E[x])T. Recall the second property in Sect. 10.5.1.1 of Chap. 10:
E@X) = aE(X), where a is a constant. Thus, we have E[E[x]x]] =
E[x]E[xT] since each element of E[x] is a constant. In addition, by the
definition (13.2) above, of the expected random vector of random variables,
we have E[xT] = (E[x])T.

Proof Applying Eq. (13.13), we have
Varlx] = E[(x ~EXD(x— E[x])T]
= E[x— ExD & — (B |
= E[xxT - ElxIx” —x(E[x)T + E[X](E[X])T]

= E[xx" ] — EX]E[x"] — EIx)(E[x])" + E[xI(E[x])”
= E[xx' ] — E[x](E[x])T.

Now we can give the proof of the second property as promised:

Proof Var(Ax+b) =AVar(x)AT.
Applying Egs. (13.16), (13.14), and the third property in Sect. 3.3.11.1 of
Chap. 3, that is, (AB)” = BT AT, we have

Var(Ax +b) = E[(Ax +b)(Ax + b)T] — E[AX + b](E[AX + b])”
= E[Axx' AT + bx" AT + Axb” +bb’]
— (AE[X] + D)(AE[x] + b)T
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= AE[xxT JAT + bEDAT + AEx)b” + bb”

— AEXI(EXDTAT —b(E[xDTAT — AE(x)bT — bbT
= AE[xx JAT — AE[x](E[x])TAT
=AVar(x)AT.

O

The last step of the above has used the result shown in Example 3.26 in Chap. 3.
* Suppose C and D are two matrices with a size of m x n and n x m, respectively;
then
tr(CD) = tr(DC),

as illustrated in Example 13.10.

2—-13 41
Example 13.10 Let U = ,andV=102].
051
21
41

2—-13 14 3
UV=[ } 02 =[ ]
051 21 2 11

41 81 13
VU= |02 [3‘51:15]= 010 2
21 43 7

tr(UV) = tr(VU) = 25.

* A square matrix M is defined to be idempotent if and only if M? = M.

Example 13.11 Suppose M is idempotent. We use I to denote an identity
matrix whose size is the same as M.

I-MIA-M)=P-MI-IM+M>=1-2M+M=1-M.

Therefore, I — M is also idempotent.
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Every idempotent matrix, except the identity matrix, is singular. Its rank is equal
to its trace.

Example 13.12 Let the har matrix, H = X(X”X)~!'X”, where X is a N x
(d + 1) matrix with N > d + 1. H is therefore an N x N matrix. Since

H? = XX'X)'X'xx"x)~'x”
= X[X" X)X X1 X)X
= XIX'x)"1x”
=XX'x)"'x”
=H,

H is therefore idempotent, and the rank of it equals

tr(H) = tr XXTX)~!1XT)
=rrXTXX'X)™h
= 1r(L@+1)x(d+1))
=d+1.

Inside the trace calculation, between the first and second line, we reversed two
matrices to put X’ at the front as we illustrated in Example 13.10.

* The simplified version of Cochran’s theorem
Let Y ~ N(0, 521) and H is an idempotent matrix of rank d + 1. Then YTHY
is a Chi-square distribution, that is, YYHY ~ o7 ,; and Y/ (I — H)Y is also
a Chi-square distribution, that is, Y/ I — H)Y ~ 023 _ (d+1)"

That completes the set of preliminary results we need.

13.2.2.2 Sampling Distribution of Estimators a

What form of distribution should we consider for a? Recall the central limit theorem
(see Sect. 11.1.2 of Chap. 11), which states that samples of sums or means of a
random variable tend to be normally distributed in large samples. Consider a as a
weighted mean value of y. We can use the normal distribution for a.
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Consider the data generated from Eq. (13.6):
y=Xa+e.

Based on the three assumptions of the ordinary linear regression model presented
in Sect. 13.2.1, we have E[y] = Xa and Var(y) = 021y, where Iy isa N x N
identity matrix. This last result is because the matrix of Var(e€) is just a diagonal
matrix of variances of the components of € (all equal to o) with the other values
in the matrix equal to zero since the error terms are uncorrelated and therefore all
covariance terms are zero.

Now using Eq. (8.17) for a, namely,

a=X"x)"'XTy,
the expected value of a is
E[a] = E[(X"X)"'X"y]
=X'X)"'X"Xa since E[y] = Xa (13.17)
= a,
and the variance of a is
Var@) = Var(XTX)"'XTy)
= X"X) " 'X"Var(y) (X 'X)7'XHT
(13.18)
= X'X) I XTo2IX(XTX) !
=2 XTX)"L.

The third line of the last result relies on three results from previous work: namely,
that (ATYT = A, (AB)T = BTAT, and (A~1)T = (AT)~!. That is,
(X' I XNHT = x( X" H! = x( X' =xx'x) L

Therefore, the distribution of a is N(a, o2(X7X)1).

One of the properties of the multivariate normal distribution is that every single
variable has a univariate normal distribution (see Sect. 11.2.4 of Chap. 11). If we let
a; be the ith element of a, then

- 2
a; ~ N(a;, 0°m;;),

where a; is the ith element of a and m;; is the ith diagonal element of M =
XT'x)~ L.
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If we replace the actual standard deviation with the estimated standard deviation,
then the distribution is Student’s 7-distribution (see Sect. 12.2.6.1 of Chap. 12). The
confidence interval can be constructed by applying Eq. (12.13) on the confidence
intervals of means that is found in Sect. 12.3.2.1 of Chap. 12. We need to change Z,
to the critical value from a r-distribution table, so that margin of error = . x SD.
Since the standard deviation is the square root of the variance, we get the following
confidence limits for «o;:

gll' :Elc\/(}zmii, (13.19)

where 7. is the critical value with degrees of freedom of N — (d + 1) if there are
N observations and d + 1 elements in a (there are d independent variables) and the
required confidence level is c.

In this subsection and the following two subsections, we will continue with
Example 13.5 to quickly illustrate finding the appropriate confidence limits. At the
end of all three subsections we will do a full example involving all three subsections.
You need to bear in mind that these examples are really simple ones in the sense that
there is only a small amount of data. Hence, all the confidence limits come out very
wide. Realistic examples have much larger amounts of data, but would be done
using an appropriate computer program.

Example 13.13 Continue with Example 13.5—Part 1: constructing the 95%
confidence interval for a. Since this is a two-tailed test, we need 7y 975 in the
t-table.

We substitute a = [_0'2

1 09:|, 62 = 0.05, the elements of main diagonal of

(XTX)_1 = [ 012’? 4j|, and #9975 = 12.71 with degrees of freedom of N —

(d + 1) = 1 into Eq. (13.19) and obtain

—-0.2 1.5 —-0.2 3.48
[1.09} = 1271 % \/0'05 * ([o.sz = [1.09} + [1.31} '
Therefore, the confidence interval for the intercept, ap, is [—-0.2 —
3.48, —0.2 + 3.48] = [—3.68, 3.28] and similarly the confidence interval
for the gradient, aj, is [—0.22, 2.40].
As indicated before, these values give a very wide confidence interval since
we only had three data points. With lots more data points, we would be much

further down the appropriate t-table column and would get a much smaller ¢,
value.
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13.2.2.3 Sampling Distribution of Variance 62

The residual vector is given by

e=y-—y
= Iy - XXX 'X")y
= Iy - XX'X)'X")(Xa + ¢)
= Iy - XX'X)"'X")Xa + Iy — XX'X)" X e
=0+ Iy — XXTX)"1XT)e
= (In — H)e,

where H is the hat matrix introduced in Example 13.12. Note that we substituted
¥ = Xa = X(XTX)~ !XTy, using the equation for 4, into the second equation line.
Also, the first term of the fourth equation line is equal to

IyXa — X(X'X)"'X"Xa
=IyXa— XX'X)"'(X"X)a

= Xa — XId+1a
= Xa — Xa
=0.

As shown in Sect. 13.2.2.1, if H is idempotent, then Iy — H is also idempotent.
Also since HY = (X(X”X)~'X")T = H, therefore H is symmetric. This means
that Iy — H is also symmetric, that is, Iy — H)T = (Iy — H).

So the sum of the squares of the residuals is

ele=e"' Iy —H) Iy — H)e
=el (Iy — H)%e
=€’ (Iy — H)e,
where we have used the idempotent property, that is, if matrix Iy —H is idempotent,

(Iy —H)? = (Iy — H).
Since 62 x e’ e (see Eq. (13.12)), we have

52 x e’ (Iy — H)e,
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and by applying Cochran’s theorem, we have

~2 2.2

0 X O XN—(d+1)-

Recall that we constructed the confidence interval for the population standard
deviation in Sect. 12.3.2.3 of Chap. 12 by applying Eq. (12.17). The confidence
interval for o> can be constructed in the same way with degrees of freedom of

N — (d + 1) in this case, that is,

(N—d+1)5> 5, (N-(@d+1)35*

<o?< (13.20)
Xi Xi_s

Example 13.14 Continue with Example 13.5, part 2: constructing the 95%
confidence interval for o2

By applying Eq. (13.20), where Xg.ozs = 5.024 and X(%.975 = 0.001 with
degrees of freedom of 1 (we have used a x2 distribution table showing the
area to the right of critical value), then we have

|:(3 —2)x0.05 (3-2)x0.05

= [0.01, .
5.024 ' 0.001 ] (001, 50]

Again we have very large confidence limits.

13.2.2.4 Prediction

Finally, assume that we use the fitted model to make a prediction yj,., for a new
data point X;,.,,. We have

ElYnew] = E[Xpewa + €] = Xpena, (13.21)
and
Var (Xnewd) = Xnew Var @) (Xnew)” . (13.22)
Substituting Eq. (13.18) into Eq. (13.22), we have
Var Xnewd) = 0 Xpew (X X) ™ (Xpew) " . (13.23)
If we replace the true standard deviation with the estimated standard deviation,
then the distribution is Student’s s-distribution. Hence, we can again use Eq. (12.13)

on the confidence intervals of means that is found in Sect. 12.3.2.1 of Chap. 12.
Again, we change Z. to the critical value from a r-distribution table as we did
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in Sect. 13.2.2.2 of this chapter; then the margin of error = 7. x SD. Hence, the
confidence interval can be easily constructed as follows:

Xnewd & 13/ 6 X e XTX) ™ (Xpew) T - (13.24)

Example 13.15 Continue with Example 13.5, part 3: We use the fitted model
to make a mean prediction Yy, for x,.,, = 3. As before, we have that

Vnew = a0 + a1 X Xpew = —0.2 +1.086 x 3 = 3.06.
Or, in vector form, using Eq. (13.21), we have

—0.2

1.086i| = 3.06.

Ynew = Xnewd = [1 3] |:

By applying Eq. (13.24) with X, = [1, 3], the 95% confidence interval
of Yjew 1s computed as follows:

1.5 —0.5 1
3.06 + 12.71\/0.05 x [1,3] x |:_0'5 0'214] X [3]

~ 3.06 £ 1.85
=[1.21, 4.91].

We will now do a full example.

Example 13.16 Continue with Example 13.7. Here N = 5 and d = 1, so
the degrees of freedom is N — (d + 1) = 3. First, let us construct the 95%

confidence interval for a.
2.98

Wi bstitute a =
e substitute a [_0'5

i|, 62 = 0.0093, the elements of main diagonal

1
f(XTX)"! =
of (X" X) [0.1
Eq. (13.19) and obtain

2.98 1.1 2.98 0.32
|:_0.5:| +3.182 x \/0.0093 X ([01:|> = |:_0.5:| + [0.0971| .

(continued)

:|, and 79 975 = 3.182 with degrees of freedom of 3 into
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Example 13.16 (continued)
Therefore, the confidence interval for the intercept, ag, is [2.66, 3.30] and
similarly the confidence interval for the gradient, ay, is [—0.60, —0.40].

These confidence limits are tighter than in the previous example since we
now have five data points.

Second, we construct 95% confidence interval for o-2.

By applying the Eq. (13.20), where X(%.ozs = 9.348 and X(%.975 = 0.216
with degrees of freedom of 3 (we have again used a x? distribution table
showing the area to the right of critical value), we have

(5—2) x 0.0093 (5 —2) x 0.0093
9.348 ’ 0216

] = [0.003, 0.13].

Finally, use the fitted model to make a mean prediction y,ey for X, =
3.5. That is, by applying Eq. (13.21), we have

Vnew = A0 + a1 X Xpew = 2.98 — 0.5 x 3.5 = 1.23.

By applying Eq. (13.24) with X, = [1, 3.5], the 95% confidence interval
of Yjew 1S computed as follows:

1.1 —03 1
1.23 £ 3.182\/0.0093 x [1,3.5] |:_0'3 0.1 i| X [3'5:|

=1.23+0.15
=[1.08, 1.38].

Table 13.6 The data for

. Xi Vi
Exercise 13.5
—-05 |25
1 0.5
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Exercise

13.5 Suppose a set of data is shown in Table 13.6, where x; is the value of an
independent variable X, and y; is the corresponding value of the dependent
variable Y. Fit a linear regression model for the data and construct 95%
confidence intervals for a and o2. Round results to two decimal places.

A new data point is given at x = 1.5, find the expected y value, and
construct 95% confidence limits for this value.

13.6 Continuation of Exercise 13.4. The data is given in Table 13.5, where x;
is the value of an independent variable X, and y; is the corresponding value of
the dependent variable Y. Construct 95% confidence intervals for the values
of a and o2 that you have already found in Exercise 13.4.

A new data point is given at x = 2.5, find the expected y value, and
construct 95% confidence limits for this value.

13.3 The Logistic Regression Algorithm

As mentioned in Chap. 1, there are two categories of supervised learning: regression
and classification. In this section, we briefly show how to formulate a two-class
classification algorithm, logistic regression, also called logit regression, using the
maximum likelihood technique. This is a classification method despite its name.
A classification problem could actually be a classification into multiple classes (a
picture is a flower, a dog, a human, or a tank) or a two-class problem (with these
symptoms, you have or have not got a particular medical condition). The most
common type is two classes, so we only consider that here.

Recall a sigmoid function defined as o (z) = H% is bounded between 0 and 1
(see Fig. 5.5 in Chap. 5). Since it only has values between 0 and 1, it is a suitable
function for converting a real number into a probability. So, logistic regression uses a
sigmoid function to estimate the probability of P(y; = c|x;), thatis, the probability
that an instance i belongs to a specific class c¢; given its features x;. Here, each of
the i = N data points X; is a vector of d features.

Let z denote a linear combination of features, z = x;a, where a includes
coefficients. That is, z = agx;o + a1xi1 + - - - + aqx;q, where x;¢ is 1. For instance,
with only one feature, we have z = ag + ajx;1. Also, let Y be a discrete random
variable that only takes two values, c; = 1 and ¢c; = 0, giving a two-class
classification. We have

, where z = x;a.
(13.25)

P(yi = 1]x;) = . POi=0Ixi))=1-

14e ¢ 14e ¢
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Remark 13.1 We are finding the estimated value for Y (which is either 0 and 1
using a threshold on the sigmoid function) from some linear combination of the
features. For example, with only one feature, we have for the probability in the

y;i = 1 case as

1
1 + e—(aotaixin)

Note that in the general sigmoid function

1
1 4+ e—(@ao+arx)’

the a; gives the steepness of the curve. Figure 13.6 shows that the curve with a; = 2
(black) is steeper than the one with a; = 1 (red), and the curve with a; = 2 (black)
is symmetrical with the one with a; = —2 (blue) about the line of x = 0.

For a given value of ay, ag is related to where the sigmoid gets to the half-height
value (0.5), that is, when e~ (“0+4%) — 1 or when ag + ajx = 0. So the sigmoid
reaches half height when x = — Z—‘l’ For example, as illustrated in Fig. 13.7, when a;
is fixed as 1 and y = 0.5 is indicated using the green dashed line, we can see how
the curve changes as ag varies from — 1 (red), O (black), and 1 (blue). Thus, varying
the value of q is related to how far the curve moves to the left or right.

Hence, adjusting the coefficients in a varies where and how the sigmoid comes.
The same sort of thing is true in the multiple features case, but it is not possible to

draw.
¢
We can rewrite Eq. (13.25) using Eq. (10.14) from Chap. 10 as follows:
P(yi|x;) = o(x;a)7 (1 —U(Xia))]fy". (13.26)
Fig. 13.6 An illustration L e e L O T O A O =
showing how varying a; in ool \ ,/'
the si%moid function sk oy :‘ IFImi /'
Tre@rFag) affects the e
7t 1
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0.6 Nl w ze)
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Fig. 13.7 An illustration of 1
the effect of varying ag in the

. . . 081
sigmoid function

1+e’(“1-"+"()) :
varying ay is related to how 06
far the curve moves to the left

or right o4r
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T

If we treat y;’s as independent, then the likelihood function is

N
L=][]oxa) (1 -oxa)' .

i=1
It is more convenient to minimise the negative logarithm of the likelihood:

N

L=- Z (yi Ino(x;a) + (1 —y;) In(1 — U(Xia))>- (13.27)

1
Unlike simple linear regression, there is no closed form (that is, no explicit
formula) to calculate a. However, we can find a suitable estimated, a, where
a = [do,...,aq]", using an optimisation method. Let us apply the gradient
descent algorithm. To do so, we need to compute the partial derivatives gT’ where
i=0,....d. ’
Let us take each of the summation terms in £ in turn. So let

SL= —()’i Ino(x;a) + (1 — yi) In(1 — U(Xia))>‘

Because the derivative of a sum is the sum of derivatives (see Addition Rule in
Sect. 5.2.2 of Chap. 5), the partial derivative ‘—E is simply the sum of the 3S£ , that
is, the sum of the following for each data 1tem (x,, y;) foreach i from 1 - N :

0SL d K]
=—| —yilno(x;a) + — (1 — y;) In(1 — o (x;2))
aaj Baj aaj
= — Ji Ji o(x,a) derivative of a log function
o(xia) 1 —o(x;a)

(i 1= (1 — o (a5 -
= (a(xia) 1_O(Xia)>a(x,a)(l o(x;a))x;;  chain rule

_ < yi — o (x;a)
~ \oxa)(l —o(xa))

= (o (x;a2) — yi)Xij.

)o(xia)(l — o (X;a))x;;

(13.28)
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Note that for the third equation line above, we have used Example 5.13 from
Sect. 5.2.2 in Chap. 5 to differentiate the sigmoid function and have applied the
following:

d
Xja = Zasz‘j = aoXj0 +aixj1 + -+ +adxid,
Jj=0
and so
ox;a
i b
Baj g
Therefore, we have
N
oL
gj = Z;(G(Xia) — Yi)Xij-
=

To update a; over all data items, we apply Eq. (6.7) from Chap. 6 and have

N
a;;ew _ a;gld _ E(Z(U(Xia) _ )’i)xij)v (13.29)

i=1

where € is the learning rate.

Example 13.17 Suppose we have a set of data items [—1.5, —1, 0, 0.3], so
we only have one feature. We apply the sigmoid function where z; = 2+4x;
to the data, that is, ap = 2 and a; = 4. Figure 13.8 shows the inputs against
their sigmoid function values. Since the sigmoid function values of — 1.5
and — 1 are less than the threshold 0.5, we set the class labels for these two
data items to O (circle signs) and for the other two data items to 1 (square
signs). Therefore, the corresponding estimated class labels are [0, O, 1, 1].

More usually, of course, we already have the class for the data items and
are using this technique as a supervision technique to determine the model
(finding the values of ag and a;). Having found the model, we can use it to
determine the class for a new, unknown data item. So now assume that we
do not know ag and a1, and we want to fit a logistic regression model for the
data using the gradient descent algorithm with one iteration and a learning
rate of 0.1. We already know that the first two data items are in the class
labelled 0, and the others are in the class labelled 1. So the class labels are
[0,0, 1, 1].

(continued)
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Example 13.17 (continued)
Solution Let us set initial values for ag and a; as 0.5 and 0.4, respectively.
Substituting each data value to z; = 0.5 + 0.4x;, we have
71 =0.5+0.4 x (—1.5) = —0.1,
22=054+04x (—-1) =0.1,
723=05+04x0=0.5,
74 =0.54+0.4 x 0.3 =0.62.

Substituting z; to Eq. (13.25), we have

1
POy =1|x1) = T o0 ~ 0.475,

POy = 1|x) = T 0.525,

1470

1
P(y3 = 1|X3) = W ~ 0622,

1

Considering the threshold is 0.5, then the estimated class label y; is
0, 1, 1, 1, respectively. So this setting gives a misclassification to the second
data item. Note that the place where the sigmoid gets to the halfway value is
— Z—‘l’ = —% = —1.25 which is to the left of the second point (see Fig. 13.8).
So not surprisingly it does not classify this one correctly. This sort of analysis
would be impossible visually with multiple points and many dimensions.

We apply Eq. (13.29) to update the a;. When updating ag, we use x;o = 1
and have

al®” = 0.5—0.1 x ((0.475 — 0)
+ (0.525 — 0) + (0.622 — 1) + (0.650 — 1))1 ~ 0.473.

at®” =0.4—0.1 x ((0.475 — 0) x (—1.5) + (0.525 — 0)
x (=1) 4+ (0.622 — 1)0 4 (0.650 — 1) x 0.3) ~ 0.534.

(continued)



13.3 The Logistic Regression Algorithm 411

Example 13.17 (continued)
With the initial a values, the second data item was misclassified. After the first
iteration,

71 = 0.473 4 0.534 x (—1.5) = —0.328,
22 = 0.473 4 0.534 x (—1) = —0.061,
723 = 0.473 4 0.534 x 0 = 0.473,

724 = 0.473 4 0.534 x 0.3 = 0.633.

Substituting z; to Eq. (13.25), we have

1
P(yy =1lx1) = W ~ 0.419 ~ 0.42,
1 a3 s
P(y2 =1|x2) = m ~ (0.485 ~ 0.49,

P(ys = 1|x3) = ~ 0.616 ~ 0.62,

1 + 0473

1

So using the threshold of 0.5, all 4 data points are now classified correctly.

Again looking at where the sigmoid gets to the halfway value, that is, — Z—? =

the 0.5 probability, so perhaps more iterations are needed to make it a better
predictor of new points. Getting a result in one iteration is not realistic. In this
example, data are classified correctly with one iteration partly due to having
an unrealistically high value for the learning rate (and choosing good values
for the example).
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Example 13.18 Suppose we have a new set of data items [—1, 0, 1, 4], so
we only have one feature again. Suppose the class labels are [0, 0, 1, 1]. Fit
a logistic regression model for the data using the gradient descent algorithm
with two iterations and a learning rate of 0.05.

Solution Let us set initial values for ag and a; as — 0.3 and 0.1, respectively.
Substituting each data value into z; = —0.3 + 0.1x; gives

z1=—03+0.1x (1) =-04,
and similarly,
zp = —0.3, z3 = —0.2, and z4 = 0.1.

Substituting each z; into Eq. (13.25), we have
1 s
P(yl = 1|x1) = m ~ 0401,

and similarly,
P(y1 = 1|x2) = 0.426, P(y; = 1|x3) ~ 0.450, and P(y; = 1|x4) ~ 0.525.
Using the threshold of 0.5, then the estimated class label y; is 0, 0, 0, 1.
So this setting gives a misclassification to the third data item.
To update the a; we apply Eq. (13.29) . When updating ag, we again use

x;0 = 1 and have

al®’ = —0.3 — 0.05 x ((0.401 — 0) + (0.426 — 0) + (0.450 — 1))

(continued)
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Exercise

13.7 Continue Example 13.17. Do the second iteration of the gradient
descent algorithm and see if it gets all the points correctly classified more
definitely, that is, it might make a better predictor.

13.8 Suppose we have a new set of data items [—1, 0, 1, 3] and suppose the
class labels are [0, 0, 1, 1]. Fit a logistic regression model for the data using
the gradient descent algorithm with one iteration and a learning rate of 0.05,
starting with values of @p and a; as — 0.3 and 0.2, respectively.



Chapter 14 ®
Data Modelling in Practice ke

In previous chapters, we have introduced some fundamental mathematical and
statistical knowledge needed to understand algorithms and create new approaches.
This chapter will deal with some of the important issues surrounding data analysis.
The fields of machine learning and data science have developed rapidly recently
with many new versions of algorithms being presented and evaluated, each suited
for different tasks. There are too many to describe here and specialised literature is
needed to introduce you to the ones in any area that you wish to study.

However, there are some really fundamental issues that need mentioning in
this book, such as data pre-processing, model selection, model evaluation, and
understanding the bias-variance trade-off in model design. In this chapter, all of
these will be discussed and we will use these issues to motivate the detailed
discussion of two particular algorithms that can improve model generalisation,
namely, ridge regression and early stopping.

14.1 Data Pre-Processing

Chapter 1 mentions that data scientists need to explore data to understand the
relationships among the data better after obtaining some new raw data. To do that,
one should spend some time learning some essential knowledge in the problem
domain, for example, understanding the meaning of each feature or attribute and
how they relate to the target of the problem going to be solved.

14.1.1 Questions to Ask When Pre-Processing the Data

As mentioned before, we need to check whether the data is organised. If it is
unorganised, we need to convert it into a table-like structure. Then we need
to understand what each row and column represents and whether each attribute
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is

quantitative or qualitative. Apart from these, some common issues must be

considered when exploring the data.

Is the dataset balanced or imbalanced?

This question is vital to a classification problem, though it has also been drawn to
attention when dealing with the regression problem in recent years [16]. Let us
consider a two-class application. If the ratio of the sizes of the two classes is much
lower than 1, that is, the number of patterns in one class is much higher than in the
other, then the trained model will tend to predict any unseen data belonging to the
majority class. Therefore, it is helpful to balance the training dataset. Methods for
balancing can be categorised into two groups: undersampling the majority class
and oversampling the minority class. Readers interested in this topic may start by
reading [17] and [18].

Are there any inconsistent! data points?

We briefly discuss two types of inconsistency. First, by inconsistent, we mean
data items that have the same feature values but different target values or class
labels. For example, we have a dataset of customer profiles, and we want to
use the data to train a model to predict whether a customer would like to buy a
newly published book about cooking. Consider two attributes we use: the amount
of money each customer spent and the number of books the customer bought
in the last six months. With only two attributes available, there may be many
inconsistent data items. That is, customers who spent the same amount of money
and bought the same number of books in the last six months may or may not buy
the newly published book as shown in Customer 1 and Customer 3 in Table 14.1.
To cope with this problem, we can add more features to the dataset. For example,
the gender and age of each customer and the types of book each customer prefers
to buy as shown in Table 14.2. In this way, we can alleviate many inconsistent
data items.

The second type of inconsistency refers to data that violate general observations
in the training set. Consider two attributes of a dataset: a book title and its
author. The data displayed in Table 14.3 would be a data inconsistency. When

Table 14.1 An example of data inconsistency

ID The amount spent (£) The number of books Preference on the new book
1 3100 1 Yes
2 4060 2 Yes
3 3100 1 No

! This book focuses on addressing data quality issues such as label inconsistency caused by
duplicates or measurement errors. In contrast, modelling input-dependent noise variance (het-
eroscedasticity), where noise levels vary systematically with the inputs, requires probabilistic
approaches such as heteroscedastic Gaussian Processes or quantile-based regression. These
methods explicitly account for structured noise and are beyond the scope of this book.
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Table 14.2 Adding more features for dealing with inconsistent data

The amount The number Types of Preference on the
ID | Gender | Age | spent (£) of books purchased book new book
1 |Female |35 | 3100 1 Cooking Yes
Female |56 | 4060 2 Fiction Yes
3 | Male 41 | 3100 1 Finance No
Table 14.3 Another example Book Title Author

of data inconsistenc
Y Harry Potter and the Philosopher’s Stone | Chris Columbus

the book is Harry Potter and the Philosopher’s Stone, we expect the author to
be J. K. Rowling. Chris Columbus is the director of the film Harry Potter and
the Philosopher’s Stone. So there is something wrong here. To deal with this
inconsistency, we need to check data accuracy by identifying and removing the
causes of errors. We can compare data from different sources to identify and
resolve any discrepancies.

* Are there any missing data?
It is common to see missing values in the collected dataset. It may be caused by
errors during collection or by the fact that data are not available. For example,
some people are likely to want to avoid answering specific questions in a survey.
Data may be missing completely at random. That is, missing values can be
observed in all features, and all data items have the same probability of having
missing values. Data may be missing randomly for a specific feature or a
set of features, or not all data items have the same chance of being missing.
Alternatively, missing data may not be at random. That is, the probability of
being missing is entirely different for different values of the same feature.
It is crucial to identify missing values and determine why they are generated.
When we have enough data representing the underlying distribution, removing
observations involving missing values from the dataset is the easiest way to deal
with missing values. Many methods have been proposed to deal with missing
values—for example, replacing with the mean value of the corresponding
attribute. However, replacing missing values may introduce bias. Therefore, extra
care should be taken to check whether it still makes sense with the new filled-in
values. Readers may find more details in [19].

* Are there repeated data?
By repeated data, we mean those duplications among observations. How to deal
with replicated data depends on the algorithm being used and the size of the
dataset. It is generally a good idea to remove duplicated data items. Alternatively,
we may consider whether it is necessary to add more features, as discussed in
dealing with inconsistent data.
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Example 14.1 illustrates whether involving repeated data may affect results. Here
we consider applying the principal component analysis technique on a small
dataset with repeated data items. This material was covered in Sect. 4.2.3 of
Chap. 4.

(continued)
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Table 14.4 The results of
eigendecomposition on
cov_newX1 and cov_newX2

The covariance matrix | Eigenvalues | Eigenvectors
cov_newX1 [19.58, 3.25] 0.74 —0.67

0.67 0.74
cov_newX2 [20.07, 2.34]

0.75 —0.66
0.66 0.75
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Exercise

14.1 If you fancy reminding yourself about performing PCA, or if you want
to try a suitable program on a computer, try the following exercise. Given the
two datasets in transpose form as follows:

r 1001
X1 _[2011]

and

Xf:_10010000
T |20111111})°

The second dataset has the same values as the first except that the data point
[0, 1] is duplicated five times. Apply principal component analysis to both
datasets, having first removed the mean values from the datasets. Show that
the eigenvalues and eigenvectors are different.

Solving the above issues is also called data cleaning. After addressing these
issues, data scientists need to focus on understanding the statistics of each predictor
and the relations among predictors. The aim is to find more information about the
data than was available when we initially saw it. This helps us to identify suitable
models to apply, whether to adapt appropriate approaches or to create a new method
to solve the problem.

Applying descriptive statistics is helpful at this stage. In addition, employing
unsupervised learning methods, for example, principal component analysis, can
help to visualise the data and extract features. The difference between extracted and
selected features is that extracted features differ from the original data attributes.
For example, features extracted from the principal component analysis are linear
combinations of original features. However, selected features are a subset of the
features in the original feature set. In the following subsection, we will follow [20]
to present a simple approach to carrying out feature selection.

14.1.2 A Simple Feature Selection Method

Suppose we have a structured dataset. The procedure used to select features
considers the correlation between attributes as follows:
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Table 14.5 The correlation f1 2 3 f4 5 f6

coefficient matrix of the

dataset with six features fl |1 0.80 0.61 |0.91 0.20 | —0.45
f2 1 0.80 1 0.75 |0.37 0.85 | —0.30
f3 10.61 0.75 1 0.18 0.39 1 0.52
f4 1091 0.37 0.18 |1 0.21 | —0.15

f5 10.20 0.85 0.39 |0.21 1 0.52
f6 | —-0.45 | -030 |0.52 | -0.15 052 |1

1. Calculate the correlation matrix of the features.

2. Determine the two features A and B, associated with the largest absolute pairwise
correlation.

3. Determine the average of the absolute correlations between A and the other
features and the average between B and the other features.

4. Remove the feature whose average correlation is the biggest.

5. Repeat Steps 2—4 until no absolute correlations are above the threshold.

Example 14.2 Consider a structured dataset with six features: from f1 to
f6. Table 14.5 shows its correlation coefficients matrix. Select five features
from the original six features using the method introduced above.

Solution

1.

Determine the two features associated with the largest absolute pairwise
correlation:

As seen in Table 14.5, features f1 and f4 have the largest correlation:
0.91.

. Determine the average absolute correlation between f1 and the other

features and the average between f4 and the other features.
W = 0.515 is the average of the absolute correlations
between f 1 and the other four features.

W‘M = 0.2275 is the average of the absolute correlations
between f4 and the other four features.

Remove the feature whose average correlation is the biggest.

We remove f1 since its average correlation is bigger than f4’s.
Therefore, the five selected features are 2, f3, f4, f5, and f6.
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Exercise

14.2 Continue Example 14.2 and further remove one feature using the
method introduced in Sect. 14.1.2 of this chapter.

Remark 14.1 Why do we remove highly correlated features?

A set of highly correlated features usually provides little or no additional
information but increases the model complexity. The model complexity usually
refers to the number of features, the number of terms included in a given predictive
model, and whether the model is linear or non-linear.

¢

14.2 Model Selection

14.2.1 Data Splitting

When training a model using a supervised learning algorithm, we usually separate
the whole dataset into a training, validation, and test set.

The training set provides examples for the model to learn the mapping from
inputs to the corresponding targets. The validation set helps search for the most
suitable hyperparameters (user pre-set parameters). The test set determines how well
the trained model performs on data it has never seen before, which is crucial: The
model must never see the test data in the training phase.

The goal of model training is not to learn an exact representation of the training
data itself but rather to build a statistical model of the process that generates the
data. That is, to find the model having the best performance on new data, this is
known as the model’s generalisation ability.

14.2.2 Model Evaluation

Performance metrics are usually calculated for the validation and test sets when
assessing how well a model fits data.

14.2.2.1 Regression Models

Let us use n to denote the number of data items in the validation or test set,
whichever we are evaluating at the time, y; denotes the estimated value for data



14.2 Model Selection 423

item i, y; is the actual target value for data value 7, and y is the mean of all target
values in the validation or test set.

e The mean squared and root mean squared errors.
The mean squared error (MSE) is defined as follows:

ne~ N2
MSE = 2 =¥ (14.1)
n

The root mean squared error (RMSE) is given by

nes _ 4,.)2
RMSE = ,/Z"(y’—y’). (14.2)
n

The lower the MSE or RMSE, the better a model fits a dataset. In practice, we use
the RMSE more often since it is measured in the same units as the target value of
the dependent variable.

¢ Methods used for linear regression models

1. The coefficient of determination
The coefficient of determination was defined in Sect. 8.5.2 of Chap. 8, and is
denoted as R?. Itis a value between 0 and 1. It is defined based on assumptions
underlying the linear regression algorithm. Readers are referred to [15] for
more details about the linear regression method. Here, we simply repeat its
definition:
n 52
R2=1- Z'n(y’—ﬁ)z (14.3)
2 0=y

If all estimated values are equal to their target values, then the numerator
in Eq. (14.3) is zero and R? equals one, indicating the model fits the data
perfectly. If the ratio of the numerator and denominator is one, then R? equals
zero, suggesting the model cannot fit the data, and all estimated values are
equal to the mean of the actual target values.

2. Scatter plots of residual against predictions
It is common to plot residuals against features to look for extra regression
structures. Residuals were defined in Sect. 8.5.1 of Chap. 8 as ¢; = y; — y;, or
in vector form as e = y — y, where y is the expected or estimated value.
Recall (using Eq. (8.17) in Chap. 8) the expected prediction from a linear
regression model is given by

Xa = XX"X)"'xTy.
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Fig. 14.1 Scatter plots of residuals versus a feature

The residual is calculated as follows:

e=y— XX'X)"'XTy.

Therefore, we have

XTe=XTy - XTXX"X)"'XTy = 0. (14.4)
Equation (14.4) shows that if we calculate the dot product of residuals and
any feature in the data matrix X, the result must always be equal to zero.
So the residuals and the features are always independent. In Sect. 11.2.2.3 of
Chap. 11, we show if two random variables are independent, they are also
uncorrelated. Thus, we expect to observe a scatter plot similar to Panel (a)
in Fig. 14.1, where the residuals and feature values are uncorrelated. We do
not expect a straight line, a positive relationship as shown in Panel (b), or
a negative relationship between the residuals and feature values. If we see a

quadratic curve, such as in Panel (c), it suggests we need a quadratic term in
the regression.

14.2.2.2 Classification Models

First, let us define the confusion matrix shown in Table 14.6.

Table 14.6 A confusion matrix: where TN is the number of true-negative samples, FP false-
positive samples, FN false-negative samples, and TP true-positive samples

Predicted negative

Predicted positive
Actual negative TN

FP

Actual positive FN TP
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The classification accuracy rate is given by

TN+TP
TN+FP+FN+TP

accuracy rate = (14.5)

For a problem domain with an imbalanced dataset, that is, a dataset where one
class is much bigger than the other, the classification accuracy rate is not sufficient
as a standard performance measure. This is because you can get good accuracy by
always predicting the majority class. So, if you use accuracy as your sole training
criterion of success you, are likely to get a model that just predicts the majority class.
Several common performance metrics, such as recall, precision, and F-score, which
are calculated to fairly quantify the performance of the classification algorithm on
the minority class, can be defined as follows:

TP
Recall = ———, (14.6)
(TP + FN)
.. TP
Precision = —, (14.7)
(TP + FP)
2 - Recall - Precisi
F-score = cea re?c?smn’ (14.8)
Recall+Precision
FP
FP rate = , (14.9)
FP+TN
TN

True-negative rate =

. (14.10)
TN+FP

Recall, also called sensitivity, measures the true-positive rate, that is, the number
of actual positives you get right. Precision, also called positive predictive value,
measures the accuracy rate of predicted positive values, that is, the number of
predicted positives you have got right. Usually, a trade-off between precision and
recall is integrated into the metrics, such as the F-score. The false-positive rate, or
FP rate, is the number of actual negatives that you get wrong. A high F-score and
low FP rate are generally seen as the preferred criterion of success. The true-negative
rate is also called specificity, which is equal to 1 — FP rate.
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Table 14.7 The confusion
matrix of the balanced dataset
used in Example 14.3

Predicted negative | Predicted positive
Actual negative | 496 4
Actual positive 0 500

Example 14.3 Consider a perfectly balanced dataset with 1000 data points,
500 in each class. Table 14.7 shows the confusion matrix. Compute accuracy
rate, recall, precision, F-score, FP rate, and true-negative rate.

Solution We have TP = 500, TN = 496, FP = 4, and FN = 0 from
Table 14.7.

996
accuracy rate = —— = 0.996.
1000

Recall = @ =1,
500

Precision = @ ~ (0.992,

2x1 .992
F-score = Logg ~ (0.996,
14 0.992

4
FP rate = — = 0.008.
500

496

= 0.992.
496 + 4

True-negative rate =

Exercises

14.3 Let us consider a dataset with a highly imbalanced class distribution
with 1000 data points in total, but with only 10 data points in the positive
class and the rest in the negative class. Table 14.8 shows a confusion matrix
that could have been produced by training the algorithm on accuracy alone—
it has predicted most of the data as being negative since that was the majority
class. Compute accuracy rate, recall, precision, F-score, FP rate, and true-
negative rate.

(continued)
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Now suppose it was trained on the F-score, and the possible results are
shown in Table 14.9. Compute accuracy rate, recall, precision, F-score, FP
rate, and true-negative rate for this confusion matrix.

14.4 Consider a reasonably balanced dataset, with 1000 data points in total.
Table 14.10 shows the confusion matrix. Compute accuracy rate, recall,
precision, F-score, FP rate, and true-negative rate.

14.5 Letus consider a dataset with a reasonably imbalanced class distribution
with 1000 data points in total but with only 100 data points in the positive class
and the rest in the negative class. Table 14.11 shows the confusion matrix. The
algorithm has predicted most of the data as being negative since that was the
majority class. Compute accuracy rate, recall, precision, F-score, FP rate, and
true-negative rate. A perfect predictor for this dataset would get the results
shown in Table 14.12. Compute accuracy rate, recall, precision, F-score, FP
rate, and true-negative rate for this confusion matrix.

Table 14.8 The confusion
matrix of the imbalanced
dataset trained on accuracy in
Exercise 14.3

Table 14.9 The confusion
matrix of the imbalanced
dataset trained on F-score in
Exercise 14.3

Table 14.10 The confusion
matrix of the dataset in
Exercise 14.4

Table 14.11 The confusion
matrix of the imbalanced
dataset in Exercise 14.5

Table 14.12 The perfect
confusion matrix of the
imbalanced dataset in
Exercise 14.5

Actual negative
Actual Positive

Actual negative
Actual positive

Actual negative
Actual positive

Actual negative
Actual positive

Actual negative
Actual positive

Predicted negative
982
8

Predicted negative
982
0

Predicted negative
475
10

Predicted negative
855
80

Predicted negative
900
0

Predicted positive
8
2

Predicted positive
8
10

Predicted positive
15
500

Predicted positive
45
20

Predicted positive
0
100
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14.2.3 Understanding Bias-Variance Trade-Off

Definition 14.1 (Bias) Bias means that an estimator is calculated in a way that is
systematically different from the quantity that it is supposed to estimate.

Let f(x) be a point estimator and f (x) the ground truth. The bias of the estimator
is defined as follows:

B(f(x) = E{f(®)} — f(x). (14.11)

It says the bias measures how far the average estimate of a model is from the ground
truth. A positive bias means that the model value is overestimated, and a negative
bias means that the model value is underestimated. The bias may be caused by
making wrong assumptions when choosing a model.

Example 14.4 Recall that the distribution of estimated a for a linear regres-
sion approximates the normal distribution given by N(a, o2(XTX)~1) (see
Sect. 13.2.2.2 in Chap. 13). That is, E[a] = X'X)"!X"Xa = a (see
Eq. 13.17). Applying Eq. (14.11), we have B(a) = E[a] — a = 0. That
is, under the assumptions mentioned in Sect. 13.2.1 of Chap. 13, estimates of
the ordinary linear regression coefficients are unbiased. This is an important
result for ordinary linear regression.

For example, if the true underlying relationship between the independent
variable and the dependent variable is f(x) = ag + a;x, then E[ag] = ap and
Elai] = a; if we estimate a from the ordinary linear regression method.

Definition 14.2 (Variance) Variance is d~ue to the model’s excessive sensitivity to
small variations in the training data. Let f(x) be a point estimator (see Sect. 12.3.1
of Chap. 12). The variance of the estimator is defined as follows:

~ ~ ~ 2
var(f(x)} = E((f(X) — E{f () ) (14.12)

The variance measures the variability of a model estimate when changing the
training examples.

Remark 14.2 If the model does not change much between samples, the model
would be considered a low-variance model. On the other hand, if the model changes
drastically between samples, then that model would be considered a high-variance
model.

¢
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Fig. 14.2 Scatter plot of the °
data from Example 14.5, with °e
the solid line showing the 201
estimated linear regression ®
line °
151 °

104

Example 14.5 Figure 14.2 shows 66 data points with two variables. Values
of the independent variable X are in the interval of [50, 460], and values of
the dependent variable Y are in the interval of [0, 24]. We have used simple
linear regression to estimate the relationship between these two variables. The
estimated line is shown as a solid line.

We divide the whole data set randomly into two samples, including 33
data points for each. Then simple linear regression is applied for each sample.
Figure 14.3 shows the results. Data in sample 1 are denoted as plus signs, and
data in sample 2 are denoted as square signs. The estimated line from sample
1 is shown as the solid line, while the line from sample 2 is depicted as the
dash-dotted line. As observed, the estimated model remains largely consistent
between the two samples. So, the model is considered a low-variance model.

Now, suppose we had employed a polynomial model with a degree of 5
for each of the two samples. The estimated curves for each sample are shown
in Fig. 14.4 as solid and dash-dotted curves. As can be seen, this estimated
model changes between samples, especially with x values less than 100 and
between 300 and 400. So, this model is considered a high-variance model.

The generalisation error, measured on the test set, can be shown to be composed
of the sum of the bias squared, the variance, and the irreducible error. We cannot
do anything about the irreducible error, or noise, but it is important that the full
generalisation error includes both the bias squared and the variance. We will show
that the generalisation error, or mean squared error, is composed of these three
factors by breaking it down, or decomposing it, as shown in the following example.
This process is quite complicated and can be skipped if needed.
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Fig. 14.3 The solid line is
fitted to sample 1, while the
dash-dotted line is fitted to
sample 2, using the data in
Example 14.5

Fig. 14.4 The solid curve is
fitted to sample 1 and the
dash-dotted curve to sample
2, using data from

Example 14.5. Both models
are fitted with a polynomial
of degree 5

20 A

1514

104

35 A

30

25 A

201

1514

101
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—— Fitted line for sample 1 +
+ Sample 1

—-- Fitted line for sample 2
m  Sample2 ™

+m
||

—— Fitted curve for sample 1
+ Sample 1

—-=- Fitted curve for sample 2
m Sample 2

Example 14.6 Let us decompose the mean squared error in the ordinary
linear regression model.

First, recall the equation for variance, namely, Eq. (10.11) of Chap. 10,
showed the following equality:

E((X = E(X))’) = E(X?) — (E(X))*.
If we add (E(X))? to both sides of the above equation, it gives us
E(X?) = E(X = EQO)) + (EC))*. (14.13)
Now suppose X and Y are two variables, and the underlying function is

y = f(x) 4 €, where € ~ N(0, 02). So o2 is the variance of the error term e,
which has a Gaussian distribution (see Sect. 13.2.1 of Chap. 13).

(continued)
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Example 14.6 (continued)

Now consider the third term on the right-hand side of the last equal sign of
Eq. (14.14). Again we can rewrite it using Eq. (14.13) with X = f(x;¢y). We
obtain

E((f(xnew>)2) = E((f(xnew> - E(f(xnew)))z) - (E(f(xnew))z.
(14.16)

Now we can substitute Equations (14.15) and (14.16) for the first and last
terms of the last equal sign of Eq. (14.14) to get a new version of Eq. (14.14):

E((ynew - f(xnew>)2> - E((ynew - f(xnew))z) + (o))

= 2f e B hnew)) + E((f(xnew)

— E(f(xnew)))2) + <E<f(xnew)>)2
= E((ynew - f(xnew))2> + E(f(xnew)
2

= E(Fue)) ) + (£ Grew) = E(F ) )
(14.17)

The last line of Eq. (14.17) includes three terms. From left to right:

2
e The first term is the noise E((ynew — f(xnew)) ) = E(e?). Now from

Eq. (10.11) of Chap. 10 we have E(e?) = Var(e) + E(€)> = o using

Sect. 13.2.1 of Chap. 13 as noted above. So the first term is the noise, o2.

- - 2
e The second term E( fnew) — E ( f (xnew)> ) is the variance (see

Eq. 14.12).
e The third term is the bias squared (see Eq. 14.11).

Hence, we have seen in the above example (Example 14.6) that when we assess
a trained model on a test set, the error over the test set, also called the generalisation
error, can be decomposed into three parts. To minimise the generalisation error, we
want to reduce both the bias squared and the variance, since we cannot change the
irreducible error (the noise in Example 14.6). However, as illustrated in Fig. 14.5,
bias squared decreases and variance increases as the model complexity increases.
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Fig. 14.5 Illustration of the
bias-variance trade-off

Muodel
CITor

d ! Variance

Error
-

i Bias?

Model complexity

It indicates a trade-off between the bias squared and variance. Where the bias and
variance are both relatively small, we get the minimum generalisation error. More
details about error decomposition can be read in [21].

In practice, we usually start with several models widely used in many different
real-world applications. These models are not interpretable due to their complexity,
but they may produce better results with high probability. Then we can look into
simpler models that are interpretable. The aim is to consider using a model that is as
simple as possible but provides a similar performance to that of the complex models.

14.2.4 Underfitting and Overfitting

Underfitting occurs when models make little to no attempt to fit the data. Models
that are high bias and low variance are prone to underfitting. A badly underfitted
model is really unable to do the job of either fitting the training data or providing
a useful estimation tool in the case of the test data, or any unseen data. It is really
not a useful model at all. We need to do something about it such as adding more
features and/or using a more complicated model to overcome this underfitting.

Overfitting is the result of the model trying too hard to exactly fit into the
training set, resulting in a lower bias but a much higher variance. Since the model
fits the training set so well it often does not perform well on the test data or on
any new unseen data, that is, its generalisation ability can be poor. To overcome
this overfitting, we may use fewer features and/or use more training data. Another
approach is to use a regularisation technique to stop the model from being only
suitable for the data it has been trained on.

Regularisation is, therefore, a technique to prevent overfitting or to help opti-
misation. Usually, it is done by adding additional terms in the objective, or cost,
function.

In the next two sections, we will introduce two widely used regularisation
methods: ridge regularisation and early stopping.
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14.3 Ridge Regression

14.3.1 The Closed-Form Solution

In Chap. 8, we have shown that the coefficients of a linear regression model with
multiple variables can be computed using the normal equation (see Eq. (8.17) in
Sect. 8.3 of Chap. 8), that is,

a=X"X)"'XTy,

where X is the input matrix including a column vector of 1’s, and y is the dependent
variable. This result was found by minimising the sum of the squares of the errors
between the data and the linear approximation.

To control the model complexity, the ridge regression method proposed in [22]
involves adding a penalty term, also called regularisation term, to the least-squares
error function. It may, at first sight, seem strange to add another term to the
objective function since minimising the error function must produce the best linear
approximation to the data. However, that is what overfitting is all about. Using just
the sum of the squares of the errors means the training data is fully satisfied, but it
must be remembered that the real aim is to make the linear approximation best for
the test set or any unseen data. In the case of ridge regression, I Z‘f ajz is added
into the objective function shown in Eq. (8.15) in Chap. 8, where the regularisation
parameter is A and A € [0, 0o). That is,

N d d
_ 1
Ridge_Q =Y (yi— Y _ajxij)*+ EAE a;. (14.18)
=0 j=1

i=1

Remark 14.3 We can compare Eq. (14.18) with the previous least-squares error
formula given in Eq. (8.15) of Chap. 8. Looking at Eq. (14.18), if A = 0, we
have Ridge_Q = ZlNzl (vi — Z?:o a;x;j)?, which is the same as the calculation
of the least-squares error, namely, Eq. (8.15), exactly as we would have expected.
When A = o0, we consider two cases: (1) if any of the estimated a; # 0, we have

Ridge_Q = oo; (2) if all the a; = 0, we have Ridge_Q = va:l(y,-)z.

¢

To minimise Ridge_Q, both terms in Eq. (14.18) should be as small as possible.

When A > 0, minimising %A 27:1 ajz means forcing the a; to be as small as
possible. That is how the ridge regression method controls the model complexity.

Remark 14.4 The complexity of the ridge model is lower than the complexity of
its corresponding ordinary linear regression model.

¢
Note that j starts with 1 in Eq. (14.18). That means ridge regression does not
penalise the intercept.
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We can write Eq. (14.18) in its matrix form as follows:
Ridge_Q = (y — Xa)” (y — Xa) + rala,. (14.19)

The difference between a and a, is that a, does not include the intercept ag. To
remove the awkward-looking a, we can multiply the second term by I', where I’
is an identity matrix, with a size of (d 4+ 1) x (d + 1), except with a zero in the
top-left cell, corresponding to the ag term. Therefore, the objective function of the
ridge regression is given by

Ridge_Q = (y — Xa)” (y — Xa) + ra’I'a. (14.20)
Example 14.7 Suppose al = [aj,a] and a’ = [ag, a1, a]. Let I =
000
010 |.Compute a’a, and a’ T'a.
001

. a
Solution a,{a* = [ay, az] |: 1:| = a% + a%.
a

000 ap ao
all'a = lag,a1,a2] 1010 ar | =100,a1,a2] [ a; | = a% + a%.
001 a ap

Therefore, al a, = a’ T'a.

To obtain a formula for a, we need to find the partial derivative of Ridge_Q with
respect to a. The working of the derivative of the first term in Eq. (14.20) is the
same as the one shown in Eq. (8.16) in Chap. 8. The derivative of the second term is

M%_:‘I’a' To calculate it, we can apply Eq. (7.4) of Chap. 7 and obtain 2AI'a. Hence,
we can obtain the derivative of Ridge_Q:

dRidge_Q  d[(y —Xa)T (y — Xa) + ra’T'a]
oa oa

= —2X"(y — Xa) + 2T a. (14.21)

Therefore, by setting Eq. (14.21) equal to zero and rearranging the formula, exactly
like we did when we set Eq. (8.16) equal to zero in Chap. 8, we obtain the closed-
form solution of ridge regression as follows:

a=X"'X+)"'XTy.
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As we can see, XX + AI' replaces the X7 X in Eq. (8.17) to give the ridge
regression solution. To distinguish this from the solution a for the ordinary linear
regression, we denote the solution for the ridge regression as ag. That is,

ag = (XTX + I~ 'XTy. (14.22)

If A =0, Eq. (14.22) gives the same solution as we obtained from the least-squares
technique in Chap. 8.

14.3.2 Bias and Variance of Ridge Regression Coefficients
14.3.2.1 Bias
Substituting y = Xa + € to Eq. (14.22), we have

ag = XTX+AI)"'XT"Xa+e)
= XTX 4+ )7 'XTXa + XX + AI) "X e. (14.23)

Therefore, the expected estimator of ag is given by

Elag]l = X'X + ) 'X"Xa + XTX + 1) 'XTXE(e)
= XX + Al 'X"Xa, (14.24)

where we have used the assumption that E(e) = 0 (see Sect. 13.2.1 in Chap. 13).
Therefore, the ridge estimator is biased, since E[ar] # a. Substituting Eq. (14.24)
to Eq. (14.11), where we have ag as the point estimator of a, gives

Bag) = XX+ )" 'X"Xa—a
= X'X+ )7 'X"Xa — X"X)" ' (X"X)a
= ((XTX L)~ - (XTX)’]>XTXa. (14.25)

The middle line in Eq. (14.25) is obtained by multiplying a by (X’ X)~!(X”X)
which is a matrix and its inverse and so is just the identity matrix. We obtain
Elag] = a only if A = 0, which is indeed the linear regression without the ridge
regularisation term.

Equation (14.25) shows the ridge estimator is biased if A # 0. The lower the A
value, the lower the bias.
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14.3.2.2 Variance

Since X" X (X X)~! gives an identity matrix, we can multiply it to Eq. (14.22) and
obtain the following:

ag = (XTX 4+ A1) 'XTy
= XTX + ) IXTX(XTX)"1XTy.

Applying Eq. (8.17) to the second line of the above equation, we obtain
ap = (XTX + I~ 'XTXa. (14.26)
The variance of the estimated value of ag, ag, for the ridge regression is
Var(ag) = Var(X"X + A1) 71X Xa)
- xXTX + AI/)—IXTXVar(ﬁ)XTX<(XTX + AI’)_1>T
= XTX + AI’)—IXTXUZ(XTX)—IXTX((XTX + AI’)_I)T
= X"X + AI’)‘IXTX<(XTX + /\I/)—l)T, (14.27)

where we have used the second property in Sect. 13.2.2.1 of Chap. 13, namely,
Eq. (13.15), to simplify the variance, the fourth property in Sect. 3.3.11.1 of Chap. 3
to evaluate the transpose of multiple matrices and Var(a) = o2(XTX)~! (see
Eq. (13.18)) to replace Var(a), where o2 is the variance of the error term e.

Example 14.8 Consider an example with d = 1, which is just one indepen-
dent variable. Also let us have 5 points, so N = 5. Given the 5 points as
(1,2), (2,4) and (3, 3), (4,4) and (5, 5). Perform ridge regression and find
the estimated value of ag, that is, ag, for (a) A equal to zero (so we actually
get a and not ag, since this would be ordinary linear regression), (b) A = 1,
and (c) A = 10. For each value of A calculate the value of the bias and the
variance.

11
12
Solution Wehave X = | 13 | andy =
14
15

ao

"0 2w A

(a) For A = 0, we wish to find a = [
al

(continued)
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Example 14.8 (continued)
For variance, we use Eq. (14.27) with A = 10, giving
~ 0.425 —0.075
14 =o? :
ar(@g) = o [—0.075 0.025 ]

Notice that we get three different lines for the three different values of A.
These are shown in Fig. 14.6. If you look at the three values of bias we have
calculated, you will see that the absolute value increases as A increases. Also,
if you look at the three matrices of values for the variance, you will see that
the variance gets smaller as A increases. So, we have demonstrated that as A
increases, the bias gets larger and the variance gets smaller.

Remark 14.5 As already remarked, the aim of ridge regression is to find a better
result on the test set than an overfitted linear approximation that favours the training
data too much. This is where the validation set comes in. We could use different
values for A and then test each on the validation data. The value of A that gives the
best result on the validation data would be the one used for the final test on the real
test data.

Fig. 14.6 Regression lines
for Example 14.8 with A = 0
(solid line), A = 1 (dashed
line), and A = 10
(dash-dotted line)
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Exercise

14.6 Perform ridge regression on the d = 1, N = 4 example with the
four points as (1, 3), (2,3) and (3,2) and (4, 1). Find the value of ap or
a, as appropriate, the bias and the variance for (a) A = 0 and (b) A = 10,
respectively. For A = 10 assume that a = a to get a value for the bias.

14.4 Early Stopping

When training a neural network or linear regression model using the gradient
descent method, people usually need to pre-set the number of iterations before the
training. After the weights are updated at each iteration, the error on the training and
validation sets can be calculated. We can then produce learning curves by plotting
these errors against the number of training iterations, as shown in Fig. 14.7. As we
can see, as the number of iterations increases, the validation error decreases first
and then increases while the training error keeps falling to convergence. Since we
want the model to perform well on the validation set and then later on the test set,
the training should stop when the training error reaches a reasonably small value,
and the validation error reaches a minimum before going up. The number of training
iterations that gives the minimum error on the validation set is the optimal number of
iterations, presented as the dashed line shown in Fig. 14.7. Training that is stopped
at the optimal number of iterations is called early stopping, another technique to
prevent overfitting.

Fig. 14.7 Illustration of
learning curves

CITor

validation

optimal iteration

erations
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Algorithm 1 displays the pseudocode for implementing the early-stopping
method. First, we initialise a model and pre-set the number of training iterations and
the minimum validation error as a huge value. As the training continues, we check
whether the validation error is smaller than the previous one. If not, the training
stops.

Algorithm 1 Pseudocode for the Early Stopping Algorithm
Initialising a model
Pre-set a number of iterations: Items
best_iteration = None
best_model = None
minimum_validation_error = infinite
for <iteration in 1:Items> do
<model: update the weights>
<calculate the training error>
<calculate the validation error>
if validation error < minimum validation error then
minimum_validation_error = validation error
best_iteration = iteration
best_model = model
else
iteration = Items
end if
end for
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Problems of Chap. 1

1.1 d.
1.2

(1) Unstructured.
(2) Unstructured.
(3) Unstructured.
(4) Structured.

1.3

(1) Qualitative.
(2) Qualitative.
(3) Quantitative.
(4) Qualitative.

14

(1) Nominal.
(2) Nominal.
(3) Ordinal.
(4) Nominal.
(5) Ordinal.

1.5

(1) Ordinal
(2) Nominal.
(3) Interval.
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(4) Ratio.
(5) Interval.
(6) Ratio.

Problems of Chap. 2

2.1

(1) True.
(2) True.
(3) False.
(4) False.
(5) True.
(6) False.
(7) True.

2.2

(1) 6.
2) 0.
3) 1.

2.3

(1) {{}, {—1}, {1}, {—1, 1}}. Cardinality is 22 = 4.
@) {{}, {0}, {1}, {2}, {3}, {0, 1}, {0, 2}, {0, 3}, {1, 2}, {1, 3}, {2, 3},

{0,1,2}, {0, 1, 3}, {0, 2, 3}, {1, 2, 3}, {0, 1, 2, 3}}. Cardinality is 2* = 16.
(3) 28 = 256.

24

(1) AUB={b,c,e, f,g,h,i,k}.

2) CNB={g,h,i}.

3) AUB ={a,d, j,l,m}.

@) AN(BNC) ={b,c,e, f}.

) AUBUC ={b,c,e, f, g, h,i k1, m}.
6) ANBNC ={g, h}.

(7) (AUB)\C = {b,c, e, k}.

®) (AUB)\C ={a,d, f,g,h,i,j, 1, m}.

2.5

(1) A=1{0,1,2,3,4,5,6,7,8,9, 10}.
(2) B=1{6,7,8,9, 10, 11}

(3) C=1{0,1,2,3,4}.

4 D=10,1,2,3,4,5,6,7)

(5) E=1{4,5,6,7,8,9, 10, 11}
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2.6

(1) False.
(2) True.
(3) False.
4) True.

2.7

M {(2,0), (2, 1, 3,0),3,1),(5,0), (5, D}.
2) 9.

2.8

(1) True.
(2) False.
(3) False.
(4) True.

2.9

(1) Odd.

(2) Neither odd nor even.
(3) Neither odd nor even.
(4) Neither odd nor even.
(5) Odd.

(6) Even.

(7) Neither odd nor even.
(8) Even.

(9) Odd.

2.10

1 f~x) = Jx —10.
(2) f~'(x) = arcsin 3
B) flx)=e* = —1.
@) fNx) =logy 5.
2.11

(1) go f(x) =25x% +20x + 4.
(2) go f(x) =sin (2x).

(3) go f(x) =e*.

4) go f(x)=x.

(5) go f(x) =cos’x.
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Problems of Chap. 3

31

5 -1
() |7],and |:—5j| )
L6 4
4 —4
2) 2:|,and|:—2i|.
| 10 —10

3.2

(1) —-5.
2) —11.
3) 0.

“) 0.
3.3

(1) d(w,z) = 6v2,
(2) d(a,b) =

34

(1) The direction of u is 8 ~ —0.9828 radians (or & ~ 2.1588 radians) and the
direction of v is 6 ~ 0.6747 radians.

) lull = V13 and ||v| = V41.
(3) d(u,v) = /58.

3.5
() u-v=12.
2) u-w=0.
3) u-s=-8.
4 u-t=10.
3.6
A o201
(H W—(ﬁ 713)-
@ = G
3) tZ(f J_lT’J_lT)'
@ V=(F5 T T T
227 V227 V22
3.7
-4 12
(HU+V=]100.6].
1 —4
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-2 12
(2) 2U — 4V = {14 1.2}.
2 —14
7 -26
(3) —3U+2V= {—25 —1.8:|.
-3 17

3.8

[20 10 2
(1) :
(17 8 14

[9 6
@ [0 3.
3) 16:|.

:27 54i|

@) 14 43

3.9

(1) 8.
(2) 14.

3.10

(1) 30.
2) —3.
3) 0.

3.11

(1) 80.6.
(2) —42.3.

3.12

() Al =-% [_62 _34]

(2) The inverse matrix does not exist.

2 —1
-1 _ 1
o e
@ Ir'=L
3.13

1 4 7
HAT=]|2 5 0
10 —1 =3

447
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-1 0
@ B'=| 4 5
| —13 8
3) ¢’ =10, -2, 23, —1].
1
0
4) DT = .
@) -0.7
L 10
3.14
Yes, these three vectors are orthogonal to each other.
3.15
3
(1) a. Q" = {@ @}
Tlo ﬁ3
V1o V10
c. Qs an orthogonal matrix since Q7 = Q.
4 3
@ a2 Q"= {? ek
NENA
i _3

c. Qis not an orthogonal matrix since Q7 # Q~!. In fact, the columns of Q
are orthogonal but not of unit norm.

3.16

(1) Yes, S is a subspace of R3.
(2) Yes, S is a subspace of R3.
(3) Yes, S3 is a subspace of R2.

3.17

(1) Linearly independent.
(2) Linearly independent.
(3) Linearly dependent.

3.18

(1) det(A) =0.

(2) The columns are linearly dependent.
(3) No.

(4) The rank of A = 2.
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Problems of Chap. 4

4.1
Possible solutions are:

() A =6,A=2, ul = [\/;To’\/ifo] and ul =[%,—\/L§],
(2 M =62 =1u [\/Lﬁ,\/%] and ul _[%’_Lf]
B) M =221m=-3u [%,— l,andu! =[— %Oﬁ]
@ )»1:4,)»2=3,u1 =[—«/L§,«/§] andu2 =[- %,%]
= = = T 72 L =674 — L
o =1+ L 3
3 V74 147 V4

4.2

449

f] and

We have complex eigenvalues. (Complex eigenvalues of a matrix with non-zero

eigenvectors are beyond the scope of this book.)

4.3
(1) U= [ ]SO
s

]SO

g HIEERH

El*ﬁl*
SiLsl-

Sl
Sl

1]

SILSI-

('
I

3]

o
|
.
a5l
f=] (=]

S
5

2) U:|:

S5l
S5l

Gl

The columns of U are orthogonal, since uy - up = 0, and both are of unit length

so U is an orthogonal matrix.
44

(1) The mean of each variable is 0.
(2) The standard deviation of each variable is v/5.
(3) The covariance between two variables is 4.

4
54
45]"
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- = r L L r_rl =1
(5) )"1 _9’)"2 _ 13 u] - [ﬁv ﬁ]? andu2 - [ﬁv ﬁ]
(6) The first principal component captures 90% of the total variation, and the
second captures 10% of the total variation.

(7) [3v/2.0].

4.5
One possible solution is shown as follows:

3 3 7

00 0
Y=|-3-3|=|-%

-11 0
1 -1 0

0
0
0

[\
S
S
| I
]

Sl-

60
o2
G
7
4.6
16.30.

4.7

=L =%andh = &5 = 1.

Problems of Chap. 5

5.1

(1) 1.
2) 3.
3) 0.
“4) 6.
o) 3
5.2

(1) 0, 2x.
2) 1, 2x + 1.

5.3

(1 1.

(2) 6x°.
(3) 10e*.
) =.
(®)] )lcsinx—l—cosxlnx.

cosx+e* sinx
©) (cos x)?

7 loe(l()x+l).

W
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®)
€))
(10)

54

ey
(@)
3

5.5
ey

@
3)

“
&)

(6)

(N
®)

5.6

1) 4

@
3
“
&)

5.7

ey
@)
3
5.8

ey
@
3
“

8€2x

Se3x €08 5x + 3e3* sin 5x.
2x In (8x)
(x2> e?)

6xInx + S5x.
azy.
azy.

f(x) has the maximum value of 31 at x = —2 and the minimum value of — 77
atx = 4.
f(x) has the maximum value of 1 at x = 0 and the minimum value of % at

B[—

X =
f(x) has the maximum value of 32 at x = 2 and the minimum value of — 32
at x = —2.

f(x) has the minimum value of 3 at x = —%.

f(x) has the maximum value of 11 at x = 1 and the minimum value of — 5 at
x = —1 and x = 3, respectively.

S (x) has the maximum value of ™ 2~ 481atx = % and the minimum value
of —eT ~—111.32atx = Z.

f (x) has the maximum value of e latx =1.

f (x) has the maximum value of 4¢=2 2 0.54 at x = 2 and the minimum value
of Datx = 0.

& +C.
—2x*+C.
6In|x|+ C.
—3e "+ C.
—5cosx +C.

—4cosx +e* +C.
2
Ty + %

e—e +C

Q- X)2+C

Substituting u = 2 — x? gives —
Substituting u = x — 1 gives — xT + C.
Substituting u = 4x gives 4—1‘.

Substituting u = 1 + x> gives — +C.

_ 1
3(1+4x3)
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(5) Substituting u = 1 + x gives g.
e o . 3

(6) Substituting u = sinx gives 3. )

(7) Substituting u = 1 + x? gives ln“—;x‘ +C.

(8) Substituting u = x2 gives Le*’ + C.

5.9
(1) (x—=De* +C.
(2) —x2%cosx +2xsinx +2cosx + C.
3) & (nx—H+cC.
4) 2In2 — 1.
s4 sin4
(5) _ XC048 X +2511’116x +C
(6) x*In5x — 5 + C.
(7) X*Sll’l2XCOSX +C

Problems of Chap. 6

6.1
(1) U = 3x2y 4 10xy2 + 2y,
g—]; = x3 + 10x2y + 6xy?,

f
ax

af

dy

=1,

x=3
y=-1
= —45.

)r:31
y=—
2) % =2xsiny —3cosy,
af _ .2
3_y =X
af
x

cosy + 3xsiny,
=2,

X=
y=

[SEE

af

Tl ey =3

X:rlr
y=%

3) af =2y362x+3y263x +4ye4x,

ox
% — 3y262x +2ye3x +e4x’
of —
ax |x=0 — 36,
y=2
f _
3y };zg =17.

6.2
The maximum error in the area is 0.075 cm?2, and this represents 0.3% error.
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6.3

n

@ UL

3 L=

@ g%

5 U=

6.4

d
(1) %=
Q) &=

9z
ot

= 12x3y + 18x2y2 — 8xy? + y*,

2 "

g—f = 4y(9x% + 9xy — 2y?),

af =3x% + 12x3y — 12x2y? + 4xy?3,

gy; 12x(x2 = 2xy +2),
aﬂxf = 12x3 4 36x2y — 24xy? + 4y>
=2xsiny + 18x“ cos y,
g— =2siny + 36x cos y,
g_f; x%cosy — 6x3siny,
.
% = —x2(sin y + 6x cos y),
2
aaxe{y =2xcosy — 18x?sin y.
= 2xe(x2+y2)

‘; =22x% + 1)e® +y2)
g = 2ye(* )
ayz —2(2y2 4 De®* ),
% = dxye’ ),
—3x21n(x +y%) + 322,
< L =6xn(y3 +x¥)+ 1)+ =2 3+x3’
3f—3y In (x3 4+ y%) + 3y,

=6y(In(y’ +x%) +1) + g+x3,

82f _ 9x2y?
axdy — 3+y '
=2x — x2’
*f 6y
9x?2 2+ x3°
f _ 3

y — x°

Pf _

ayr 0,

Pf 3
axdy —  x2

= ¢80 In (cost) cost — Esint
= 4s(s> 4 1?) sin (st?) + 12((s> + 12)> +

+ 1) cos (st2),
= 25t ((s2 + %)% + 1) cos (st2) + 4t (s% + %) sin (s12).

453
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6.5

(1) The gradient vector at the point (1, 1) is [3, 3],
The gradient vector at the point (2, 1) is [12, 24],
The gradient vector at the point (1, 2) is [24, 12].
(2) The gradient vector at the point (0, 1) is [0, 2],
The gradient vector at the point (1, 0) is [0, 1],
The gradient vector at the point (5, 7) is [0.674, 0],
The gradient vector at the point (%, 7) is [0.675, 1.547].

6.6
1y J = [2xsiny x%cosy
~ |y} cosx 3y?sinx |’
[cos® —rsinf
2) J= .
@ | sin6 rcos@}

[sin® cos¢ r cos ¢ cosd —r sin¢p sinf
(3) J=|singsin® rsingcosd rsinbcose

cos 6 —rsin6 0
6.7
2 ,x y ) X
yoe' 4+ 2e¥ 2xe¥ + 2vye
1) H= .
M |:2)cey +2ye* x%e¥ 4 2¢*

6xy?7 6x2yz — 223 3x%y? — 6y7°
2 H=| 6x2yz —223 2x3z 2x3y — 6x72
3x%y? — 6yz% 2x3y — 6xz>  —12xyz
6.8
().
6.9

(1) The critical points are at (—1, —2), (—1,1), (2,-2), (2,1). The local
maximum value at ( — 1, — 2) is 27. The local minimum value at (2,1) is — 27.

(2) The critical points are at (%, — %), (1, —1). The local maximum value at (1,—1)
is 6.

(3) The critical point is at (—%, —%). The local minimum value at this point is %

(4) The critical points are at (0, —3), (0, 2), (3, —3), (3,2). The local maximum
value at (0, — 3) is 85. The local minimum value at (3,2) is — 67.

6.10
ey

N[—

> = =
Il
— =
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The relative extreme of the function is 1.5 obtained at (—%, %) subject to the
given constraint.

(@)

N[— N —

>
|
|
Al

The relative extreme of the function is 0.25 obtained at (%, %) subject to the
given constraint.

6.11
2).

6.12

(D1,
(2) 451,
3) 2.

6.13
M g

(1) 7(e* — 1) ~ 168.384,
(2) 10,
(3) m(1 —cosl)~ 1.44.

Problems of Chap. 7

7.4 Possible answers:

(1) With and without normalisation:

A =125, =0.75.

L —L
V2 V2
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(2) Without normalisation:

With normalisation:

(3) Without normalisation:

M =181 =1.6,A3=14.

L L

NG 0 NG

u; = 0 ,wm=|1|,u3=1] 0
_L 0 1

NG V2

With normalisation:

A =1.125, 1 =1, A3 = 0.875.

L L
V2 0 V2
u = 0 2= 11|, u3=| 0
L 0 €
V2 V2
Problems of Chap. 8

8.1

(1) ap=—1.0and a; = 2.0.
(2) ap=2.0anda; =0.5.
(3) ap=5.0and a; = —1.25.
(4) ap=0.75and a; = 0.75.
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8.3

After the first iteration, ag = 0.97 and a; = 0.89. The total error is 1.4428,
and the total partial derivatives are 3%”0(” = 1.92 and w = 6.88, keeping two
decimal places, respectively.

8.4

(1) The sum of the residuals is 0. The sum of the target values is 7.5. The sum of
the estimates is 7.5. R2 ~ 0.89.

(2) The sum of the residuals is 0. The sum of the target values is 9. The sum of the
estimates is 9. R% = 0.75.

Problems of Chap. 9

9.1
Initially: y; = 0.5, y» = 0.25 and E = 0.0625.
After the first iteration: wi; = 0.475, wiz = 0.5, wp; = 0.275, and wy; = 0.25.
Now: y; = 0.475, y, = 0.275 and E = 0.051.

9.2
Initially: y; = 0.622, y, = 0.562 and E = 0.0711.
After the first iteration: wi; = 0.491, wip = 0.5, wy; = 0.248, and wy; = 0.25.
Now: y; = 0.620, y, = 0.562 and E = 0.0703.

9.3
Initially: y; = 0.188, y» = 0.375 and E = 0.0097.
After the first iteration:
w!) =0.508, w!) = 0.50, wi) = 0.258, and wi) = 0.25.
w® =0.253, wy =0.252, w = 0.506, and w3 = 0.503.
Now: y; = 0.194 and y, = 0.387 and E = 0.0080.

Problems of Chap. 10

10.1

(a) The number of different “words” from Wales is 5! = 120.
(b) The number of different “words” from Scotland is 8! = 40320.

10.2 The number of different photos they can take is 4! = 24.

10.3
The number of passwords that can be made is 6' = 5040.
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104
The number of five digits that can be made is P(6,5) — P (5, 4) = 600.

10.5
The number of fruit salads that can be made is 4?—;, = 35.

10.6
The number of triangles that can be made is % = 220.
10.7
The probability of getting two heads is 0.375.
10.8
The probability of getting four different numbers is % or 0.2778.
The probability of getting five different numbers is M or 0.0926.
The probability of getting six different numbers is Mﬂ% or 0.0154.
10.9
The probability that all six digits are different is 12X2X8x7x6X3 or 0.1512.

10.10
See Table S.1.

10.11
See Table S.2.

10.12

a=13.

3,.2 x3

Fx(x) = 3(x"— %) for0 <x < 2.

Below x = 0 it is zero, above x = 2 itis 1.

PX<D=5PX<h=5PX>5=1-
10.13

m = /0.5 and n = /0.95.

SN
Rl

3
32

Table S.1 Answer to Exercise 10.10: the probability distribution of X, where X is the total value
after throwing two fair dice

x 112 13 14 15 6 [7 8 19 1011 |12 13
_ _ 1 2 3 4 5 6 5 4 3 2 1

fxCGu) =PX =x) |0 /5 /5% 13 |3 |3 |3 |36 |36 |36 3% |36 |0
_ 1 3 6 10 15 21 26 30 33 35

Fx() =2 < fx0) 10 |5 55 (35 %6 % % 3% 36 3% |3 ||

Table S.2 Answer to Exercise 10.11: the probability distribution of X, where X is the number of
heads when tossing four fair coins

X —1 0 1 2 3 4 5
fx () = P(X = x) 0 = & £ E3 =
Fx(x) =3y <o fx () 0 = e i i 1
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10.14

(1) E(2)=3%.
() E(-Z+2) =% =1.625,

3) E(zH) =173.

10.15

(1) E(Z+ X1 + X3) =3.875,
(2) E(ZX4) = 1.125,

3) E(RZ —5) = —3.875,

4) E(X,1Z) = 0.625,

(5) E(X2+ X4+ Z) = 4.875.
10.16

Let X be the random variable that represents the absolute difference between the
two numbers. E(X) = %

10.17

(1) EX)=§.

Q) E(X?=3.

10.18

() E(X) =5 E(XYH = g,
(2) Var(2x?) = L

45>
1
(3) Var2X*+5) = 4.

10.19
Mx = 4.5.
10.20
The probability that:

(1) exactly seven students out of 10 pass the module is about 0.13.
(2) exactly eight students out of 10 pass the module is about 0.28.
(3) exactly nine students out of 10 pass the module is about 0.35.
(4) exactly ten students out of 10 pass the module is about 0.20.

10.21

(1) The probability that the doctor will see five patients is about 0.16.
(2) The probability that the doctor will see six patients is about 0.16.
(3) The probability that the doctor will see seven patients is about 0.14.
(4) The probability that the doctor will see eight patients is about 0.10.

10.22

(1) The probability that the number of calls is exactly eight in one minute is about
0.0298.
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(2) The probability that the number of calls is more than five per minute is about
0.215.

10.23
The probability that the student waits less than three minutes is 0.36.

10.24
About 16%.

10.25
About 160 students.

10.26

(1) P(X <8)=0.9773, P(X < 0.5) = 0.3085,
and P(0.5 < X < 8) = 0.6688;

(2) P(~1 < X <5) =68.27%;

B3) C=p=2.

10.27
o =3.125.

Problems of Chap. 11

11.1

(2) 0.3264.
(3) 0.1841

11.2.
0.0228.

11.3
See Table S.3

114
See Table S.4.

11.5
See Table S.5.

Table S.3 The answer to
Exercise 11.3
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Table S.4 The answer to
Exercise 11.4

Table S.5 The answer to
Exercise 11.5

11.6

() A=,
2)

Fxy(x,y) :{

3) PO<X<2,0<Y<2)=
@) PX+Y <4) =3

11.7
fx(x) =e".
11.8

(1 A=1.

Y=0
Y=1
P(X = x;)

i
o

Y=0
Y=1
Y=2
P(X =x;)

w— E"“ LO"""" %‘N

i
=]

I s 5|

"‘" 8‘“’ 5‘\0 Lcn“" >
3 Il
—_

S

otherwise .

1

1l
—_

==

1l
[\

BI— | = B‘u 3‘_ ><

ﬁxzwﬁxyz, 0<x<4, 0<y<4

461
PY = y)
2
5
3
5
PY = yi)
1
5
3
10
1
2

2) Fxy(x,y) = %sinxsiny + %cosxcosy — 5 COSX — %cosy + % for0 < x <

T

7. 0 <y < 7; otherwise, Fxy(x,y) = 0.
3) PO<X <2, 0<Y<D=1-%

41
@) fx(x) = Lcosx + 4sinx.
(5) fr(y) =%cosy+ 1siny.

11.9

EX)=HEX)=LEX, )=1

=3
Cov(X,Y)=0.

11.10

=33

EX)=5LEY) =5 EX,Y) =1

Cov(X,Y) = —é,
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11.11

. 5 2 3 1 . 0 3
! 1
P = W(E) <W) (ﬁ) <ﬁ> = 0.00072.

11.12

The probability that a given woman will have an episode of depression by the
age of 65 in America is 33.34%.

The probability that a given man will have an episode of depression by the age
of 65 in America is 20%.

11.13
P(science|female) = 44.4%.
P(female|science) = 46.15%.
P(science|male) = 60.87%.

11.14
P(two heads-up | first comes heads up) = 50%.

11.15
P(son | daughter) = %

11.16

frxOl) =1 y<x<20<x<2.
11.17

A =1, fx)y(x|y) =sinx, fy;x(y|x) =cosy.
11.18

E(Y|x)=3; E(Y?|x) = 2.

Var(Y|x) = 83—0.
11.19

A and B are independent, A and C are not independent, and B and C are not
independent.

11.20

B={1,2,3,4}, B={1,2}, B={1,4}, B={2,3},and B = {3, 4}.
11.21

71

Pp=1k

If all balls in one bag, P = 3.
11.22

P=2Z
11.23

ST

2L~ 20.6%.
11.24

135 o
135 ~ 48.9%.
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11.25

285
25~ 12.51%.

11.26
29 o
Y ~31.52%.

Problems of Chap. 12

12.1
See Table S.6.

12.2

(1) 2.82
) 3.76
(3) 2.47
4) 0.19
(5) 3.16
©6) 0.3

12.3

(1) cov(xy, xp) = —0.125 and r(x1, x2) = —0.20.

(2) cov(xy,x3) = —0.01125 and r(x1, x3) = —0.19.

(3) cov(xy, x3) = —0.225 and r(x2, x3) = —0.24.

@) cov(xy,x3) = 0.6, cov(xy,x3) = 0.055, cov(xp,x3) = 0.9375, and
r(xy, x2) =0.98, r(xq, x3) = 0.95, r(x2, x3) = 0.99.

124
Class A and Class B have the same relative dispersion: 20%.

12.5
For the first dataset:

. Mode = 87.

. Median = 86.5.

. IQR = 13.

. 50 and 110 are outliers.

AW N =

Table S.6 Answers to

] Question number | Mean | Median | Mode
Exercise 12.1

€)) 6.25 6 6

2 2*63 4 Oand 5

3) 5.1 5.5 5.5

@ 5.9 5.9 5.8 and 6.0

5 8 9 10
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For the second dataset:

. Mode = 55.

. Median = 54.

. IQR = 10.

. 30, 72, and 80 are outliers.

12.6
23.58%.

12.7
49.72%.

12.8
30.85%.

12.9
92.36%.

12.10

(1) 58.32%.
(2) 85.08%.

12.11

(1) t = 1.753.
(2) t = 2.602.

12.12

(1) x2=21.03.
(2) x*=26.22.

12.13

AW N —

The estimated u is 1486.4; the estimated o is 98.53.

12.14
The 95% confidence interval is [161.432, 164.568].
The 99% confidence interval is [160.939, 165.061].

12.15
The 95% confidence interval is [0.522, 0.658].
The 99% confidence interval is [0.500, 0.680].

12.16
The 90% confidence interval of o is [5.196, 8.425].
The 95% confidence interval of o is [4.997, 8.903].

12.17
The 95% confidence interval is [0.809, 0.831].

Solutions
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12.18

The 90% confidence interval of o is [0.056, 0.096].
12.19

The 99% confidence interval is [22.7, 23.1].
12.20

t = —3.2; reject Hy at 0.05 significance level.
12.21

t = —1.69; do not reject Hy at 0.05 significance level.
12.22

t = —1.535; do not reject Hyp at 0.1 significance level.
12.23

t = 0.83; do not reject Hy at 0.01 significance level.
12.24

t = 2.48; reject Hy at 0.05 significance level.
12.25

t = 1.88; do not reject Hy at 0.01 significance level.
12.26

See Table S.7.
x* = 84.75; reject Hy at 0.05 significance level.

12.27

x% = 7.53; do not reject Hy at 0.05 significance level.
12.28

x% = 9.62; do not reject Hy at 0.05 significance level.
12.29

x* = 3.58; do not reject Hy at 0.05 significance level.
12.30

x* = 3.91; Reject Hy at 0.05 signif
12.31

x2 = 3.8; do not reject Hy at 0.05 significance level.
12.32

x2 = 2.29; do not reject Hy at 0.05 significance level.

Table S.7 The distribution 1 2 3 4 |5 6

Zi
f Z of 360 throws
of Zo rows Observed frequency | 90 | 145 |35 (50 |15 |25

Expected frequency | 110 | 90 |70 |50 |30 |10
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Problems of Chap. 13

13.1
The maximum likelihood estimate of A is A = —/"—.

D i Xi
(1) px =1A=1)~ 037, p(x =2|A = 1) ~ 0.14,
p(x=1,x =2|x =1) = 0.0518.
() p(x =1]A =2) ~0.27, p(x = 2| =2) ~ 0.037,
px=1,x=2|A=2)=0.01.
B A=2%px=1r=2% ~034, p(x =2/» = 3) ~ 0.18,
plx=1,x =2 =32) =0.0612.

13.2

1) EGlx =1) = —1.
2) std(y|x =1) =0.1.

13.3
For the first dataset (the left one in Table 13.4), the fitted linear regression is

y=9.14—1.93x +¢,

where € ~ N(u = 0,62 = 0.64).
For the second dataset (the right one in Table 13.4), the fitted linear regression is

5 =971 —2.14x + ¢,

where € ~ N(u = 0,62 = 4.57).
134
The fitted linear regression is

5 =0.1+0.48x +e,

where € ~ N(u = 0, 5% = 0.004).

13.5
The fitted linear regression is

vy =1.86 — 1.03x + ¢,

where € ~ N(u = 0,62 = 0.16).
The 95% confidence interval for ag is [—1.92, 5.64] and for a; is [—3.89, 1.83].
95% confidence interval for a2 is [0.032, 160].
YVnew 18 0.315. Its 95% confidence interval is [—3.18, 3.81].
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13.6
The 95% confidence interval for aq is [—0.23, 0.43] and for a; is [0.36, 0.60].
The 95% confidence interval for o2 is [0.001, 0.16].
Ynew 18 1.3. Its 95% confidence interval is [1.16, 1.44].

13.7
ay®” = 0.456 and a}*" = 0.657.

P(y1 = 1|x1) = 0.37,
P(y; = 1|x2) = 0.45,
P(y3 = l|x3) = 0.61,
P(ys = 1]x4) ~ 0.66.

13.8
ay” =0.293 and a}“” = 0.309.

P(y; = 1|x1) =~ 0.354,
P(y, = 1|x2) =~ 0.427,
P(y; = 1|x3) = 0.504,

P(ys = 1|xs) ~ 0.653.

Problems of Chap. 14

14.1:

For X1:

Eigenvalues are 0.873 and 0.127.

Eigenvectors are [0.526, 0.850] and [—0.850, 0.526].
For X2:

Eigenvalues are 0.397 and 0.103.

Eigenvectors are [0.615, 0.788] and [—0.788, 0.615].

14.2:
f2 and f5 have the largest correlation.
Average absolute correlation for f2 is 0.473
Average absolute correlation for f5 is 0.373
Therefore, remove f2.
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14.3:
For the first part:

984
Accuracy rate = —— = 0.984.
1000

Recall = 3 =0.2,
10

2
Precision = — = 0.2,

10
2x0.2 2
F-score = X—XO =0.2,
0.2+0.2
8
FP rate = — = 0.008.
990
T ti t 082 0.992
rue-negative rate = = 0.992.
g 982 + 8

For the second part:

Accuracy rate = 992 =0.992
Y= T000 = 7

10
Recall = — =1,
10

10
Precision = 8 ~ 0.556 ~ 0.56,

2x1x0.556
F-score = —— ~ 0.71,
1+ 0.556

8
FP rate = — = 0.008.
990

True-negative rate = = 0.992.

982 + 8

144 :

975
Accuracy rate = —— = 0.975.
1000

Solutions



Solutions

Recall = @ ~ (0.980 ~ 0.98,
510

Precision = @ ~ 0.971 ~ 0.97,
515

2x0.980 x 0.971

F-score = ~ (.98,
0.980 + 0.971

1
FP rate = —5 ~ (0.031.
490

T tive rate = +1> ~ 0.969
rue-negative rate = — ~ 0. .
& 490

14.5:
First part:

Accuracy rate = 875 = 0.875
Y= J000 ~ 00

20
Recall = — = 0.2,
100

Precisi 20 0.308 ~ 0.31
recision = — ~ 0. ~ (.31,
65

2x0.2x0308

F-score = ~ (.24,
0.2 4+ 0.308

FP rat 45 0.05
rate = — = 0.05.
900

855
True-negative rate = — = 0.95.

900
Second part:
1000
Accuracy rate = —— =

1000

100
Recall = — =1,

100

100

Precision = — =1,
100
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2><1><1_1
1+1

F-score =

’

0
FPrate= — =0
900

900

True-negative rate = — =1
900
14.6:
(@ A=0:
~ 4
a—=
0]
~ 0
B =
(@) [0}
~ 2| 15 =05
Var@ =o [—0.5 0.2 ]
(b) A =10:
30— 2.83
K= 1-023
~ 0 1.67
B =
@) [o —0.67]a
If a = a, then
~ —-1.2
B = .
(ag) [ 0.5 }

VarGig) =02[ 0.39 —0.055]

—0.055 0.022

Solutions
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Binomial distribution, 281
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C

Cardinality, 24

Cartesian Product, 32

Central limit theorem, 296

Chain rule, 132

Characteristic polynomial, 92
Chi-square (XZ) Distribution, 352
Chi-square test, 369
Classification, 3

Cochran’s theorem, 399
Coefficient of determination, 225, 423
Coefficient of variation, 341

Combination, 254

Composite function, 45

Conditional mean, 324

Conditional probability, 319, 320, 323
Conditional variance, 324
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Continuity, 127

Continuous random variables, 263
Continuous uniform distribution, 286
Covariance, 100, 310, 341

Covariance matrix, 101

Cumulative distribution function, 299, 305
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Data normalisation, 194, 224
Data pre-processing, 415

Data Science, 1
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Definite integral, 144

Degrees of freedom, 349

Delta rule, 247

Dependent variable, 36, 207
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