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Preface 

The Best of Times, the Worst of Times  

—Charles Dickens, A Tale of Two Cities 

Over the past two decades, technology breakthroughs in manufacturing and comput-
ing have paved the way for the Fourth Industrial Revolution. Personalized products 
such as 3D-printed medical implants are more accessible to the public. The fast beats 
of Artificial Intelligence (AI), Machine Learning, and the digital transformation of 
manufacturing can be felt in our daily life. The transition from the century-old mass 
production paradigm to the personalized manufacturing paradigm has increasingly 
become a reality for value differentiation. It might be one of the best times for smart 
manufacturing research. 

Product quality control remains essential for both the economy of scale in mass 
production and the economy of scope in personalized manufacturing. Statistics has 
provided a scientific basis to infer the quality of the whole product population 
in mass production where the cost of learning from product samples diminishes 
with the scale. In personalized manufacturing, quality control faces the fundamental 
question of how to ensure quality of every product variety with one or a few units; 
more specifically, how to infer the quality of the whole product variety population 
based on a sample or a subset of product varieties? Does that mean that we have to 
break away from the existing statistical quality control framework? 

This book aims to present domain-informed machine/statistical learning as a 
viable strategy to address the quality control challenge in personalized manufactur-
ing. By integrating domain knowledge, machine learning models can remain robust 
in the presence of imperfect or limited data, providing interpretable prediction and 
generalizable insights. However, machine learning for manufacturing is often moti-
vated by real-world specific problems with many engineering details. Substantial 
training or experience is usually needed to define and formulate domain-meaningful 
learning problems for individual cases, collect the right data economically, identify 
contextualized information representation, devise interpretable models, generalize 
the insights, and deploy validated models for applications. The buildup of experi-
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ence through learning isolated cases and connecting dots could take a long period 
of time. 

Using additive manufacturing and nanomanufacturing as exemplary domains, 
this book walks through the development of methodology from simple cases 
to general forms for contextualized information representation, domain-informed 
dimension reduction, fabrication-aware machine learning and transfer learning, and 
process-informed optimal compensation. Through case studies, the book illustrates 
how manufacturing domain knowledge in non-analytical forms is integrated into 
various aspects of machine learning for smart manufacturing quality. 

The book is aimed at manufacturing and quality engineering researchers and 
engineers, AI and machine learning professionals with interest in smart manufactur-
ing and digital twins, and graduate students specialized in advanced manufacturing, 
quality engineering, or machine learning for engineering applications. It is suited for 
a second-year graduate-level course on Machine Learning for Smart Manufacturing, 
requiring prerequisites in multivariate statistics or graduate-level machine learning 
knowledge. The knowledge requirements for the manufacturing domain are mini-
mal. Additional learning and teaching materials, including data, codes, slides, and 
other resources, can be found at http://huanglab.usc.edu/book. 

The author sincerely thanks his mentor, Prof. Jianjun Shi, for his wise sugges-
tions, unfailing support, and continuous encouragement. The author is also thankful 
to all his coauthors Hui Wang, Xi Zhang, Lijuan Xu, Li Wang, Yuanqin Duanmu, 
Yuanxiang Wang, Cesar Ruiz, Nathan Decker, Weizhi Lin, Shekhar Bhansali, 
Tirthankar Dasgupta, Yong Chen, Chongwu Zhou, Arman Sabbaghi, Malancha 
Gupta, Noah Malmstadt, Raquel de S.B. Ferreira, and Nabil Anwer, whose work 
contributed to the book content. Lastly, the author extends deep gratitude to 
the US National Science Foundation for its decade-long support of research in 
nanomanufacturing and additive manufacturing, as well as to the US Office of 
Naval Research for its support of cyber-enabled additive manufacturing research 
from 2011 to 2014. 

Lastly, there are numerous open research challenges in domain-informed 
machine learning for smart manufacturing. This book represents author’s initial 
exploration of the development of quality control theories and methods for 
personalized manufacturing. 

Los Angeles, CA, USA Qiang Huang 
October 2024 
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Chapter 1 

Introduction to Smart Manufacturing 
and Its Quality Control 

1.1 Concept and Goal of Smart Manufacturing 

Smart manufacturing refers to the next-generation manufacturing featured by “fully-

integrated, collaborative manufacturing systems that respond in real time to meet 

changing demands and conditions in the factory, in the supply network, and in 

customer needs” (NIST, National Institute of Standards and Technology). It is “the 

scaled integration of networked data with plantwide optimization; physical and 

sustainable production; and resilient, demand-driven supply chains” [54]. 

The concepts of smart manufacturing and Industry 4.0 originated in the mid-

2000s from Smart Plant in the United States and Smart Factory in Germany [11, 15]. 

The notation of Industry 4.0 has been expanded to be a synonym of the Fourth 

Industry Revolution. These concepts were driven by the digital transformation in 

manufacturing and increased availability of data at all levels of factories, supply 

chains, and ecosystems. The technologies that have expedited the digital trans-

formation include advanced simulation and computer-aided engineering, sensors, 

Internet of Things (IoT), cloud and edge computing, cyber-physical systems, 

artificial intelligence (AI), machine learning (ML), autonomous robotics, additive 

manufacturing (AM), high-speed communication, digital twins, human-machine 

interactions, etc. 

By integrating the aforementioned technologies to collect data and digitize 

processes, smart manufacturing seeks to effectively utilize data to visualize real-

time operation states, develop insights into operation behaviors, predict or replicate 

operation outcomes, and determine the best human or machine actions [54]. In 

a smart manufacturing system, technical and business processes, physical and 

cyber systems, smart products, and production systems are fully integrated and 

connected. Operation events will be predicted or detected and, if necessary, trigger 

proactive and collaborative actions in the factories and supply chains. Relieved from 

manual and repetitive tasks, upskilled workforce will focus on more complex and 

creative tasks to gain and build new manufacturing knowledge through intelligent 
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human-machine interfaces. Ultimately, manufacturers can better adapt to changes 

in demand, reduce cost, and improve productivity, agility, quality, resilience, and 

sustainability. 

1.2 Role of Data, Machine Learning, and Human in Smart 

Manufacturing 

Visualization of operation states, prediction and analysis of operation behaviors, and 

optimal decision-making for actionable items rely critically on right data collection, 

contextualized representation, and domain-meaningful analytics. Scaled integration 

and utilization of data from factory operations to supply chains is therefore a key 

characteristics of smart manufacturing [54]. 

The utilization of data generally follows the DIKW (Data-Information-

Knowledge-Wisdom) pyramid or hierarchy [2, 50, 67]. In the DIKW pyramid model 

(Fig. 1.6), data are unorganized and unprocessed facts of observations without 

interpretation. Information is processed, organized, or contextualized data with a 

meaningful form, description, or representation. Information answers to questions 

of what, who, when, where, or how many [2]. Knowledge answers why and know-to 

questions and transform information into insights, instructions, and actionable items 

to improve efficiency. Involving human judgment, wisdom is the ability to increase 

effectiveness. Ackoff argued that intelligent machines can generate information and 

knowledge, but not wisdom, which is the pursuit of ideas and values unique to 

human [2]. In future manufacturing, human can play a central role because greater 

synergies and interactions can be achieved through the integration of judgment-

focused humans and prediction-focused intelligent machines [29]. 

1.3 Challenge of Machine Learning for Smart 

Manufacturing 

Machine learning has been increasingly deployed in smart manufacturing to 

transform data into information and knowledge. The ML models, however, 

inevitably have uncertainties, which include aleatoric and epistemic uncertainties 

[28]. Aleatoric or statistical uncertainty refers to randomness, natural or inherent 

variation in a system that is irreducible. Epistemic uncertainty arises from the 

lack of knowledge or data, which can be reduced through better understanding or 

information. 

A major challenge of ML for smart manufacturing is therefore how to reduce 

epistemic uncertainty because a lack of knowledge and right data can co-exist. The 

lack of knowledge may arise from:
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• In-complete first-principle knowledge: Understanding of advanced manufactur-

ing processes such as AM and nanomanufacturing requires multiphysics and 

multiscale simulation. Simulating the production of life-size products can be 

computational prohibitive and time-consuming. The incomplete first-principle 

understanding of production processes can cause uncertainty in surrogate model 

specification.

• Insufficient causal understanding on what data to collect: The causality between 

sensing data and manufacturing outcomes fundamentally determines the quality 

of data and ML models. The collected data may not be relevant to the fit of the 

purpose. Critical process variables may be missed in data collection and become 

unknown lurking variables in the causal inference.

• Limited sensing capability: Not all process variables can be measured due 

to sensing constraints. Being potentially critical to ML models, unmeasurable 

process variables also constitute lurking variables whose data is unavailable for 

causality analysis. 

Other than the cost constraints on producing sufficient data for ML model 

training, the lack of right data can be attributed to a number of reasons:

• High dimensionality of target space: Thanks to the trend of mass customization 

and personalization, a smart manufacturing system can produce a large variety of 

products. The target space for prediction and control is high dimensional.

• Heterogeneity: Products of different varieties can be manufactured under differ-

ent machine settings. Even under the same machine setting, covariates such as 

build location and orientation can introduce another layer of heterogeneity when 

fabricating the same product variety.

• Low volume: In smart manufacturing, production volume for each product variety 

can be significantly reduced, even down to single units. Data are not available for 

new product variety without trial production.

• Missing process data: The lack of causal understandings or sensing capability 

can result in missing critical process data. 

Consequently, ML for smart manufacturing has to overcome the challenge of 

the lack of knowledge and data because the cost of generating sufficient data for 

common ML methods can be prohibitive. 

1.4 Domain of Interest: Quality Control (QC) for Smart 

Personalized Manufacturing 

While the concept of smart manufacturing is applicable to various manufacturing 

paradigms such as mass production or mass customization, the domain of interest of 

this book is to explore the quality control (QC) theory and methods for personalized 

manufacturing.
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Modern manufacturing began around 1850 as craft manufacturing of cars for 

individual customers and later evolved into mass production owing to Henry Ford’s 

invention of assembly lines in 1913. Mass production achieves economy of scale 

through dedicated production systems with limited product variety. In response 

to market segmentation and consumers’ changing demand, mass customization 

emerged in the late 1980s to offer consumers a larger numbers of product options. 

Its economy of scope is achieved through reconfigurable production systems [ 8, 66]. 

Personalized manufacturing was introduced around 2000 as consumers became 

increasingly involved in the product design and realization for value differentiation 

[23, 39]. On-demand production systems and AM technologies further expedite the 

trend of cost-effective scaled production of a large variety of personalized products. 

It has been predicted that personalized manufacturing represents a paradigm shift 

for future manufacturing [23, 24, 38]. 

Product QC plays a vital role for cost-effective manufacturing. Its scheme is 

dictated by the manufacturing paradigm. As the dominant manufacturing paradigm 

in the past century, mass production has achieved the cost-effective fabrication of a 

large quantity of given product designs. Initially the basic question for QC was how 

to ensure the quality of every unit of the same design. Walter A. Shewhart in the 

1924 addressed the fundamental challenge by introducing statistical science into 

QC [55]. A probability distribution perfectly describes the quality characteristics 

of all units. Statistical science ensures that a random sample of units is sufficient to 

infer the quality of the whole product population. Statistical QC is therefore an ideal 

fit for mass production where the cost of learning from product samples diminishes 

with the large production scale. 

On the verge of a Fourth Industrial Revolution, rapid advances in computing 

and digital manufacturing technologies have increasingly transformed personalized 

manufacturing paradigm into a reality. Through AM, a large variety of products with 

complex geometries can be produced in extremely low volumes. The basic question 

that QC faces in personalized manufacturing is how to ensure the quality of every 

product variety or 3D design with one or a few units. Since one-off products often 

constitute complex heterogeneous data, statistical QC cannot be directly applied 

because units are from different populations. The fundamental QC challenge has 

shifted from large product quantity in mass production to large product variety in 

PM or one-off production. This challenge raises pivotal QC questions: How to infer 

the quality of the whole product variety population based on a sample or a subset 

of product varieties? 

Although mass production also faces the product variety issue, a manufacturer 

typically manage a much smaller set of product varieties. Even without chang-

ing materials and machine conditions, the product variety space in personalized 

manufacturing has an infinite dimension. The complexity of making large product 

varieties in low volumes grows exponentially in comparison to managing a limited 

variety in large quantities. For one-off production, QC requires “doing it right the 

first time” not only for tested designs but also for a great number of untried new 

designs. Unlike mass production, it is simply not cost-effective in personalized 

manufacturing to improve quality through multiple iterations of making the same
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Table 1.1 Comparison of quality control in mass production and personalized manufacturing 

(PM) 

Categories Mass production PM 

Quantity per product Q Large Q or Q ≈ ∞. Small Q or Q = 1. 

Product variety V Small V V = ∞. 

Variety-to-quantity (V/Q.) ratio V/Q = 0. V/Q = ∞. 

Data quantity Sufficient data Small or no data 

QC objective Variation reduction To be defined 

Analytical basis Statistics To be developed 

product. An analogy to the curse of dimensionality in data science, the “curse of 

variety” demands new QC theories and methods. 

Table 1.1 shows a comparison of quality control scenarios for mass production 

and for personalized manufacturing. Denote Q the quantity or volume of each 

product, and V the variety of product designs to be manufactured. If we introduce a 

product “variety-to-quantity” ratio or V/Q. ratio as 

.
V

Q
=

{

0, mass product;

∞, personalized manufacturing,
(1.1) 

then V/Q. approaches to 0 in mass production but to infinity in personalized 

manufacturing. 

This huge contrast in V/Q. ratios has profound impact on methodology devel-

opment for QC. In mass production, the definition for quality naturally focuses on 

the variation among the large quantity of products. The objective of QC therefore 

aims at variation reduction [56]. Thanks to sufficient sample data, statistics-

based QC methods such as statistical process control, acceptance sampling, and 

design of experiments have been established for quality improvement. Mean and 

variance estimated from sample data are frequently utilized to characterize quality 

characteristics. 

On the contrary, the near-infinity V/Q. ratio in personalized manufacturing 

implies data heterogeneity and lack of sufficient sample for each product variety. 

Without enough sample data to build credible statistical distributions for quality 

characterization, the long-established concept of quality for mass production cannot 

be directly adopted. The aggregated data from large product variety can be highly 

heterogeneous due to variations in product designs, materials, processes, and 

process conditions. The independent and identically distributed assumption critical 

for Statistical QC can hardly be satisfied. Furthermore, the bigger challenge of data 

availability arises for new product variety that have not been made before. 

The V/Q. ratio can be utilized as a quantitative index to classify different man-

ufacturing paradigms. Figure 1.1 shows different manufacturing paradigms on the 

product variety-versus-quantity (V-Q) diagram . Koren (2021) presented the trend 

of manufacturing in a product volume-versus-variety plot without a quantitative 

index like V/Q. ratio [38]. As can be seen in Fig. 1.1, craft manufacturing and mass
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Fig. 1.1 Manufacturing paradigms on product variety-quantity (V-Q) diagram 

production can be placed at the two ends of the V-Q diagram. Modern manufacturing 

including mass customization slightly increases V/Q. ratio from zero. However, 

there is a still a large gap between craft manufacturing and mass customization on 

the V-Q diagram, where a larger number of product variety can be produced cost-

effectively in smaller volumes. Featured by large V/Q. ratios, smart manufacturing 

including personalized manufacturing will fill the gap in the era of the Fourth 

Industrial Revolution. 

1.5 Product Geometric QC for Smart Additive 

Manufacturing (AM) 

1.5.1 Brief Introduction of AM 

Additive manufacturing (AM), or three-dimensional (3D) printing, refers to a new 

class of smart manufacturing technologies associated with the direct fabrication 

of physical products from computer-aided design (CAD) models. AM holds the 

promise of direct digital manufacturing [5, 7, 18, 22, 43] and is widely recognized 

as a disruptive technology, having the potential to fundamentally change the nature 

of future manufacturing [16]. In contrast to traditional material removal processes, 

AM builds products by adding material layer by layer without part-specific tooling 

and fixturing. Figure 1.2 illustrates the general procedure, where a 3D model of
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Fig. 1.2 A 3D printing 

procedure 

Fig. 1.3 Mask projection 

SLA (From [69]) 

the product is first built by CAD tools [ 69]. A specialized program slices the CAD 

model into cross sections and generates STL format files, which are sent to the AM 

machine to physically build each layer in a sequence. 

Stereolithography (SLA) is the first commercialized technique for 3D printing 

patented in 1988 [30]. As illustrated in Fig. 1.3 [69], the SLA machine has liquid 

resin stored in a tank configured with a platform that can move vertically. During 

the printing process, the surface of the resin is exposed to light, which triggers 

the resin solidification. Control of light exposure area and intensity is through a 

digital micromirror device that receives commands from STL files for each layer. 

The platform in the tank moves down with the predefined thickness for printing the 

next layer when the previous layer is solidified. 

Laser powder bed fusion (LPBF) is another widely known AM process with 

the ability to produce 3D lightweight metal parts with complex shapes and desired 

mechanical properties (Fig. 1.4). It uses laser to locally melt fine metal powder along 

pre-defined scanning paths layer by layer [ 19]. High-value-added products such 

as topologically optimized lightweight fuel nozzles and personalized orthopedic 

implants can be made for various industries (Fig. 1.4). 

For large-size customized metal parts used in aerospace, aeronautics, and 

petroleum industries, wire and arc additive manufacturing (WAAM) makes use 

of traditional arc welding technology and robotic arms to deposit materials at 

much higher rates in larger build areas [34, 48] (Fig. 1.5). Unlike traditional 

manufacturing techniques for fabricating large-size metal parts, WAAM eliminates 

multiple energy-intensive manufacturing steps [40, 44, 46, 49]. It therefore can 

significantly simplify supply chains, shorten lead times, and reduce material waste 

and environmental impact.
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Fig. 1.4 Laser powder bed fusion (LPBF), GE fuel nozzle, and EOS hip implant 

Fig. 1.5 Wire and arc additive manufacturing (WAAM) and a printed rocket propeller [21] 

Despite its demonstrated capabilities and greater potentials, AM processes of 

various techniques often need iterative trials to optimize materials properties, 

minimize geometric deviations and distortion, improve dimensional accuracy, and 

reduce printing failures and defects, particularly for untried new product designs. 

In SLA processes, for example, material solidification is generally involved during 

layer formation, and this phase change from liquid to solid inevitably leads to 

shape shrinkage, a major root cause of geometric inaccuracy [64]. Quality issues 

in LPBF processes include dimensional and form errors, surface defects, porosity, 

residual stresses, cracks, and microstructural inhomogeneities and impurities [36]. 

In WAAM processes, layers are repeatedly subjected to a re-heating and cooling 

processes, and the generated heat stresses due to the multiple fusion, solidification, 

and phase change cycles are extremely nonlinear and transient. This results in 

significant residual stresses as well as large shape deviations and high surface 

roughness [31]. Effective quality control methodologies and tools are in need to 

materialize the potentials of cost-effective personalized manufacturing.
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1.5.2 Problem Description for Product Geometric QC in Smart 

AM 

Geometric and dimensional quality has long been essential to ensure product 

functionality and proper mechanical assemblies in complex engineering systems 

[57, 63]. As AM or 3D printing technologies advance rapidly with broader applica-

tions in aerospace, automotive, medical industries, and beyond, intelligent QC has 

become increasingly critical for cost-effective precision printing [9, 26, 27]. 

Yet AM poses unique challenges to QC [9]. Although it enables direct fabrication 

of products with complex geometries in a single production phase without tooling 

and fixturing, each phase actually consists of thousands of correlated steps forming 

and accumulating materials layer by layer. During printing, a multitude of factors 

such as materials, processing techniques, settings, and inter-layer interactions may 

cause printing defects. Physical modeling and simulation of complete layer-wise 

fabrication is still computationally prohibitive for timely prediction and QC opera-

tions [5, 37]. Multiple iterations or trial builds drive up printing costs significantly. 

Quality verification of AM-built products is highly nontrivial as well. Established 

primarily for multistage subtractive manufacturing, standard quality verification 

methods often depend on features fabricated in the previous stages as datum 

references to verify the quality of those made later (e.g., distance or parallelism of 

plane feature relative to a datum). Since AM builds complex geometries in a layer-

wise fashion, representation and verification of complex freeform surfaces demand 

AM-specific specification standards and tolerancing methods. This has been widely 

recognized by various international organizations and engineering communities as 

one of the top priorities to reduce the risk and cost of adopting rapid-growing AM 

technologies [3, 41, 47]. 

Unlike scale-driven manufacturing where operation expertise can be built up 

around a limited number of product families, AM aims at a versatile capability of 

making theoretically infinite variety of products. Learning from similar cases or 

past experience finds difficulty of defining similarity, particularly for low-volume 

AM with frequent design changes and heterogeneous AM processes. Current QC 

operations are heavily dependent on human expertise and intervention. 

Lately, machine learning for AM (ML4AM) has emerged as a viable strategy 

to enhance 3D printing performance [12, 25–27, 35, 42, 51–53, 61, 65]. General-

purpose machine learning and analysis of 3D shapes have been extensively studied 

in computer vision for shape analysis. It focuses on shape classification, matching, 

deformation (e.g., facial expression change), and correspondence [45, 62, 68]. 

But purely geometric analysis without consider engineering mechanisms of shape 

generation limits the scope of applying general-purpose ML techniques to man-

ufacturing. For example, deviation patterns of 3D printed products not only vary 

with shapes but also object sizes owing to thousands of correlated steps of layer 

formation and accumulation [26, 27, 32]. Meanwhile, establishing fabrication-aware 

representation and learning of manifold-valued shape data have been open issues 

[4]. More progress of ML4AM has been made for specific tasks such as empirical
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and statistical modeling of AM processes [6, 59, 60, 70], sensing and inspection 

[17, 35, 53, 58], statistical shape analysis [10, 13, 14], and monitoring and detection 

[20]. 

Despite these advancements in ML4AM, the large amount of data required for 

model training and the lack of model interpretability and scalability are serious 

barriers for applying black-box learning methods to manufacturing. Product shape 

complexity, process complexity, and data heterogeneity in AM further complicate 

the QC efforts in AM. To achieve intelligent QC for precision 3D printing, four 

categories of ML4AM problems are defined, which are to be discussed in this book. 

Note that the problem definition below is far from being comprehensive. 

Let input u to a 3D printing process be the designed shape of a 3D object. The 

set of design shapes is denoted as U . The output y represents the geometric quality 

or shape deviation of the actual printed product from its intended design u. The set  

of shape deviations of u ∈ U . is denoted as YU ..

• Offline learning problem (OLP): The offline learning objective is to establish 

functional mapping f : U → YU ., that is, to generate a model f (u). to predict 

yu . by learning from a small set of training data DS = {(u, yu)|(ui, yui
), i =

1, 2, .., n}.. 

A product u to be predicted belongs to either source data DS . or a validation 

set DV ., i.e., u ∈ DS ∪ DV . and DS ∩ DV = ∅..

• Offline control problem (OCP): The offline control objective is to solve the 

inverse problem by finding input adjustment δu . for design u ∈ DS ∪ DV . so that 

the modified design input u + δ(u). is expected to minimize the quality deviation 

yu+δ(u) . in reference to the intended design u.

• Product qualification problem (PQP): The objective of product qualification is 

to define, measure, characterize, evaluate, and verify the quality of built products 

[1, 3, 41, 47, 71], specifically, the exact geometric deviation yu . of the built 

product from its intended design u. The qualification involves the pre-processing 

of the measurement/scanning data, automatic registration, and quantification of 

geometric deviations.

• Generalization problem (GP): The generalization objective is to discover 

the structures of f (u). (or g(u, x, t).) and δ(u). (or {δu(t), δx(t)}.) and physical 

underpinnings so that solving learning and control problems for new product 

designs under new AM processes can be guided by principles. Transfer learning 

between source domain and target domain can also be achieved, where the 

domains can involve both product and process domains. 

Other important categories of ML4AM problems that are not covered in this book 

include:

• Real-time learning problem (RLP): The real-time learning objective is to 

establish functional mapping g : U × X × t → YU (t)., that is, to generate a 

model g(u, x, t). to predict product quality yu(t). based on sensing data x(t). at 

time t . Real-time prediction is essential for process monitoring, change detection 

[9], and other digital twin applications.
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• Real-time control problem (RCP): The real-time control objective is to find 

real-time input adjustment {δu(t), δx(t)}. for design u so that the modified input

{u(t + 1) = u(t) + δu(t), x(t + 1) = x(t) + δx(t)}. is expected to minimize the 

final quality deviation yu(∞). in reference to the intended design u.

• Machine qualification problem (MQP): The objective of machine qualification 

is to quantify the capability of a machine to realize the design u. MQP problem 

involves the machine capability definition quantification, test artifact design 

for machine capability qualification, test build analysis for machine capability 

evaluation, machine selection, etc.

• Model verification, validation, and uncertainty quantification (VVUQ) 

problem: The objective of VVUQ is to quantify the fidelity and reliability 

of computational models. 

The descriptions of the aforementioned problems are relatively generic. As 

discussed previously, QC for AM faces issues of shape complexity, process 

complexity, data heterogeneity, and small data. These challenges impose domain-

specific constraints for ML4AM. For example, a subset of problems can be defined 

for OLP, OCP, and GP in smart AM:

• Input and output representation (OLP.1): A proper representation of (u, yu). 

should enable small-sample learning. Training data DS . contains n printed 

products (e.g., n <. 10) in different shapes and sizes. In general, the 3D shape u 
of AM-built products has infinite variety, and the shape space is manifold without 

natural linear structure. The output yu . is deviation of a product shape, not shape 

itself. The patterns of yu . depends not only on geometries of u but also on AM

processes.

• Model f (u). generation and few-shot learning (OLP.2): Model f (u). is 

expected to predict product quality of infinite variety by learning from small data 

DS .. This “1-to-∞.” or few-shot learning problem prefers f (u). being constructed 

with a limited number of building blocks, primitives, or basis functions for 

robustness and flexibility. Model interpretability is another key consideration to 

ensure better understanding of physical systems.

• Optimal design compensation and optimality definition (OCP.1): Optimal 

criteria of minimizing shape deformation have to be defined with consideration 

of design specifications in AM. Optimal design compensation is to derive δ∗
u . such 

that yu+δ∗
u
. is minimized in reference to nominal design u for a given criterion.

• Transfer function and system identification through transfer learning 

(GP.1): Deriving transfer function from f (u). will provide compact description 

of AM processes and facilitate the understanding of physical process insights. 

Note that obtaining transfer functions independently for individual products will 

only result in a projected view of transfer functions in subspaces.

• Principled design, learning, and improved quality control (GP.2): Combining 

transfer functions with block diagrams gives a powerful algebraic method to 

design, learn, and interpret AM processes.

• Model adaptation and transfer learning with lurking variables (GP.3): 

Model f (u). and DS . are associated with a specific process condition (materials,
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process settings, printing methods, and machines). Let us denote the model f (u). 

for the original source process with data DS . as f S(u).. If the process condition is 

changed, model suitable for the new target process, denoted as f T (u)., has to be 

established with new data set DT .. Obtaining f T (u). through transfer learning is 

to generate a new model from learning f S(u). and the combined data DS ∪ DT .. 

The model transfer/adaption may involve the change of model primitives or basis 

functions or model parameter changes for the same set of basis functions. Note 

that the actual differences between the source and target processes are unknown 

due to lurking or hidden process variables.

• Design of source set DS . and target set DT . (PQP.1): Optimal design of source 

training set DS . is to minimize sample size nS . to obtain f S(u). with acceptable 

level of fidelity. Optimal design of target set DT . for transfer learning is to 

minimize nT . subject to nT ≪ nS . and to obtain f T (u). from DS ∪ DT . with 

acceptable level of fidelity.

• Part-to-part (P2P) change detection and compensation: Given  DS . and a 

model f (u). for an AM process, process changes shall be quickly detected either 

during or after printing a new or (n+1)th. product. If process change is detected, 

decision has to be made to either compensate changes or adjust process settings 

(including stopping). 

1.6 Domain-Informed Machine Learning for Smart 

Manufacturing 

Despite the ever-increasing sensing capability and amount of data collected in smart 

manufacturing, transforming data into interpretable information and knowledge 

faces challenges discussed in Sect. 1.3. Purely data-driven models not only require 

sufficient and potentially costly manufacturing data but also lack robustness for 

prediction and interpretability for manufacturing insights. Simulation based on the 

first principles can be prohibitively time-consuming and expensive for real-time 

manufacturing operations. Since seamless incorporation of data into simulation 

algorithms is challenging [33], integrating domain knowledge such as physical laws 

into statistical or machine learning approaches has long been a viable alternative 

when data is inadequate. 

Domain-informed machine learning can be broadly defined as the problem-

solving process that subject matter knowledge or physical understandings are lever-

aged to define and formulate machine learning problem, collect data through design, 

pre-process data for information representation, develop and train interpretable 

machine learning models, verify and validate models, and deploy the trained models 

with consideration of domain constraints and scalability requirements for real-

world applications. By integrating subject matter knowledge, the domain-informed 

machine learning models can remain robust in the presence of imperfect or small 

data and provide interpretable prediction and generalizable insights.
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One critical form of domain-informed machine learning is physics-informed 

machine learning, where the domain knowledge is presented in terms of partial 

differential equations, theoretical constraints, and boundary conditions. Various 

physics-informed neural networks have successfully solve both forward and inverse 

problems such as predicting material properties and discovering functional materi-

als. Summarized in [33], physical knowledge can be embedded into learning models 

by introducing three types of biases:

• Observational bias: Observational data that reflect the underlying physical 

principles are intentionally collected or selected to cover the input domain. Often 

a large volume of data is needed to capture and reinforce the biases in data.

• Inductive bias: The learning model structure or architecture can be designed to 

incorporate prior assumptions so that the induction process implicitly satisfies 

the underlying physical laws.

• Learning bias: Rather than imposing hard structure constraints, soft constraints 

such as loss functions can be designed with great flexibility to choose models 

that approximately satisfy physical laws or constraints. 

In manufacturing systems, domain knowledge can take analytical form like 

physical laws and mathematical models and, more often, non-analytical form like 

fabrication knowledge. Other than observational bias, inductive bias, and learning 

bias, domain knowledge can be integrated into machine learning through:

• Learning objective definition and problem formulation: The objective of machine 

learning problem and its formulation should be dictated by the problem domains 

such as manufacturing, not by specific machine learning techniques. Certainly, 

there may exist equivalence between different formulations [33].

• Information representation: Subject matter knowledge can assist in identifying 

the right form to represent data through feature representation, extraction, and 

dimension reduction.

• Data collection: Experiments can be designed to integrate domain knowledge, 

constraints, and information representation to collect data more economically 

and enhance observational bias more effectively.

• Verification, validation, and deployment: Verification, validation, and deploy-

ment of learning models need to consider domain constraints and scalability 

requirements for real-world applications. 

1.7 Outline of the Book 

This book intends to illustrate with examples how manufacturing domain knowledge 

in non-analytical forms is integrated into various aspects of machine learning 

for smart manufacturing quality. In the DIKW pyramid (Fig. 1.6), knowledge 

can inform the transformation from data to information and from information
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Fig. 1.6 Domain-informed machine learning for smart manufacturing quality 

to knowledge, particularly in a small data environment with heterogeneity and 

unobservable or lurking variables. 

The outline of the book is as follows:

• This chapter introduces the background and concept of smart manufacturing, 

challenges, and problems in domain-informed ML for smart manufacturing. 

Based on the author’s published work, the rest of the fifteen chapters are divided 

into six parts.

• Part I introduces the fabrication-aware ML for additive manufacturing of 2D 

products, which covers domain-informed shape quality representation, dimen-

sion reduction, and small-sample learning and prediction of 2D geometric 

quality. It starts with simple geometries and generalizes the methodologies to 

2D freeform geometries.

• Part II introduces the fabrication-aware ML for additive manufacturing of 

3D products, which generalizes domain-informed shape quality representation, 

dimension reduction, and small-sample learning and prediction methods to 3D 

freeform geometries.

• Part III introduces process-informed optimal compensation strategies and algo-

rithms for additive manufacturing. Applications in metal additive manufacturing 

and process monitoring are demonstrated.

• Part IV introduces domain-informed transfer learning and automated model 

generation for smart manufacturing. A small-sample transfer learning based 

on engineering effect equivalence is introduced to overcome the lack of data 

due to lurking variables. Principled design of Bayesian neural networks is 

also introduced to generate prediction models in additive manufacturing of 2D 

products.

• Part V introduces domain-informed machine/statistical learning for scale-up 

nanomanufacturing of nanostructures. It covers the domain-informed statistical
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learning methods to understand the growth kinetics of nanoparticles, nanowires, 

and graphene.

• Part VI introduces domain-informed nanostructure characterization and defect 

detection with and without complete metrology data. 
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Part I 

Fabrication-Aware Machine Learning for 
Additive Manufacturing: Two-Dimensional 

Shape Quality Representation, Learning, 
and Prediction



Chapter 2 

Representation of Two-Dimensional (2D) 
Geometric Shape Quality 

2.1 Point Cloud Data for AM Quality Control 

Product geometric quality is critical to product functionality and proper fit [31]. 
In AM, the post-production measurement of product accuracy is often conducted 
through 3D scanning using structured light scanning or laser scanning [38, 76]. A 
cloud of points will be generated by the 3D scanner to digitally replicate the scanned 
object or manufactured part. Embedded in the Euclidean space, each point has its set 
of Cartesian coordinates measuring a point on the exterior surface or boundary of 
an object. Depending on the sensing and scanning techniques, each point may also 
contain RGB color data or intensity information. Point clouds have been widely used 
in many engineering and medical disciplines such as computer-aided design, reverse 
engineering, metrology and quality inspection, architecture modeling, geographic 
information systems, augmented reality, and medical imaging. 

Point cloud data is a typical form of manifold data, where points on the exterior 
profile or surface of a product form a topological space that locally resembles 
the Euclidean space. Point cloud data analysis is a large field of study involving 
processing and interpreting point cloud data to extract meaningful information and 
knowledge about the shape, structure, and properties of objects or environments 
represented by the point cloud. The analysis includes point cloud registration, 
surface reconstruction, segmentation and localization, object detection, classifica-
tion, feature extraction, and qualification [34, 76, 79, 92]. Figure 2.1 illustrates an 
example of a raw point cloud generated by laser-scanning a printed test plate with 
multiple parts. As can be seen, the raw point clouds need pre-processing such as 
cleaning and registration before assessing the printing quality. 
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Fig. 2.1 Raw point cloud scanned from a test plate, a segment of the test plate, and its design 

2.2 Basics of Feature Engineering: From Data to Information 

In machine learning, models can be constructed either from raw data or feature, 
which is information extracted from that data. Feature by definition means a 
distinctive attribute, property, or characteristic of a data object. Although “fea-
ture,” “variable,” “attribute,” “characteristic,” and “parameter” are often used as 
synonyms, feature tends to be of broad scope and widely used in the context of 
machine learning. A feature can be an individual measurable characteristics in the 
raw data (e.g., weight or strength), a category encoder of an attribute (e.g., “0” 
for passing inspection and “1” for fail), a numerical transformation of an original 
variable (like scaling or logarithm), a linear or nonlinear combination of a set of 
original variables (e.g., through principal component analysis), or a constructed 
parameter through domain knowledge (e.g., a dimensionless Reynolds number in 
fluid dynamics). 

Feature engineering is the art and science of transforming raw data into domain-
meaningful representations that facilitate analysis, modeling, and decision-making. 
It is a crucial step in preparing data for machine learning tasks [8, 24, 25]. 
The engineered features can improve model performance by focusing on relevant 
patterns in raw data. Better data representation schemes can be identified for analysis 
and interpretation. Dimensionality reduction can be achieved to reduce complexity 
and computational costs. Feature engineering also allows domain knowledge to be 
integrated into the modeling process by selecting and constructing relevant features 
that align with the learning task. Problematic raw data can be pre-processed to 
handle missing values, outliers, and other imperfections before modeling. 

In the past three decades, feature engineering in machine learning has been 
quickly expanded from feature selection [15, 57, 63] into a much broader area
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including feature extraction, feature transformation, feature construction, and fea-
ture engineering for various types of data and applications [25]. In the context of 
smart manufacturing, feature engineering becomes instrumental in various aspects 
of data-driven operations. By converting raw data into structured features, manu-
facturers can gain a deeper understanding of their processes, identify inefficiencies, 
predict equipment failures, optimize production, and ultimately enhance product 
quality. Not intended to be comprehensive, this section briefly reviews some useful 
feature engineering approaches for manufacturing applications. 

2.2.1 Feature Selection 

Feature selection involves identifying the most relevant subset of features from the 
original feature set so that the feature space is optimally reduced according to a 
certain criterion [15, 25]. Feature selection can date back to the variable selection for 
multiple regression [27, 44]. It regained attention in the 1990s when the number of 
variables or features grow significantly larger in data mining applications [15, 57]. 
In the era of big data, novel feature selection methods tend to be tailored for the 
specific nature and structures of data [62]. 

Feature selection methods can be classified as supervised, semi-supervised, and 
unsupervised methods, depending on whether the target variable or response is 
utilized in the selection process [25, 59, 88]. Depending on whether a machining 
learning model/algorithm is considered, feature selection methods have been cate-
gorized as wrapper, filter, and embedded strategies [59, 62], 

• Wrapper: Wrapper method searches features by evaluating the predictive perfor-
mance of a predefined learning algorithm/model. The search procedure involves 
subset generation, subset evaluation, and stopping decision. A candidate feature 
subset will be generated in each iteration and compared to the current best choice 
according to a specified evaluation criterion. The best feature subset will be 
updated until the stopping criterion is satisfied. 

The subsets can be generated by randomly selecting a fixed number of 
features, sequentially adding features, or iteratively selecting and removing 
features. For example, forward selection starts with an empty feature set and 
incrementally adds the feature that results in the best performance improvement 
at each step. Backward elimination begins with the full feature set and iteratively 
removes the least important feature in terms of performance. Recursive feature 
elimination starts with all features and iteratively removes the least important 
one, based on a ranking criterion, until the desired number of features is reached. 
Genetic algorithms search for the best subset of features by iteratively evolving 
a population of feature subsets. 

For each generated subset of features, the predefined machine learning model 
is trained on the corresponding training data and then evaluated on a validation or 
testing dataset. The evaluation metric could be prediction accuracy, mean squared 
error, or any other relevant metrics depending on the nature of the problem.
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Wrapper methods capture feature interactions and their effects on the specific 
model being used. However, when the feature space is large, searching an optimal 
feature subset can be intractable [57] and computationally expensive. They may 
suffer from overfitting if the dataset is small or the model is complex. 

Therefore, different search strategies such as sequential search [36], hill-
climbing search, best-first search [6, 57], and branch-and-bound search [74] are  
proposed to yield a local optimum learning performance. 

• Filter: Independent of specific machine learning models, filter method selects 
relevant features based on their characteristics. It first ranks features and then 
selects a subset of the top-ranked features for use in building machine learning 
models. Filter methods are generally faster and less computationally intensive 
compared to wrapper methods, making them suitable for large datasets. 

Filter method can rank features one by one or multiple features at the 
same time. Individual feature/variable evaluation or ranking has the benefits of 
simplicity and computational efficiency. But it is unable to capture the feature 
interactions and avoid redundancy caused by high correlations among certain 
features. Additionally, their success heavily depends on the choice of the ranking 
measure and the predefined threshold. The selected features may not be optimal 
for the target learning algorithms or models. When evaluating multiple features 
simultaneously, both the relevance and redundancy of a feature subgroup will be 
assessed. The search of the optimal feature subgroup can be NP-hard. Heuristic 
search is therefore often adopted to provide a sub-optimal solution [111]. 

Feature ranking metrics include correlation [36] and mutual information 
[30, 36, 101] between a feature (or a feature subgroup) and the target/response 
variable. Another ranking metric is the discriminative ability of a feature or a 
feature subgroup that efficiently separate training samples into distinct classes 
or clusters [56, 94, 108]. In unsupervised feature selection, ranking criteria can 
be the ability of selected features to preserve original data manifold structure 
[17, 39, 112] or to recover the original data [28, 69]. 

• Embedded method: Embedded method incorporates feature selection directly 
into the model learning process. This integration allows feature selection inter-
acting with the learning model and avoiding iterative feature evaluation. 

Embedded methods penalize or reward features based on their impact on 
model performance. For example, LASSO (least absolute shrinkage and selection 
operator) regression adds a L1 . regularization term to the penalty function [96]. 
This effectively performs feature selection as it shrinks less important features 
to zero. Decision tree-based algorithms like random forest compute feature 
importance scores during their training process. Features that contribute the most 
to reducing impurity are considered more important. Similar to random forest, 
gradient boosting algorithms also compute feature importance scores based on 
how features contribute to reducing the prediction error. As a combination of 
L1 . (LASSO) and L2 . (Ridge) regularization, elastic net balances between feature 
selection and feature grouping. 

Embedded methods offer several advantages, including the ability to handle 
complex interactions between features and the model, as well as efficient feature
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selection within the training process itself. They also mitigate the risk of 
overfitting to noisy or irrelevant features by prioritizing those that contribute the 
most to the model’s predictive performance. 

However, embedded methods are limited to the characteristics and capabilities 
of the chosen model. Therefore, selecting an appropriate model architecture and 
hyperparameters is crucial to achieving effective feature selection. 

2.2.2 Feature Extraction 

Rather than selecting features out of the existing variables or attributes, feature 
extraction aims to extract a completely new set of features. It involves converting 
existing features into new representations through functional mappings. In literature, 
the extracted feature space can also be referred to as lower-dimensional space 
through dimensionality reduction [99], embedded space through embedding [41, 
78], encoded space through encoding [33], subspace through subspace learning [65, 
103], submanifold through manifold learning [29], or representation space through 
representation learning [8, 32]. Common feature extraction methods include: 

• Principal component analysis (PCA): PCA extracts new features or major 
principal components through linear combinations of original features [45]. New 
features represent the directions of largest variations in the data. 

• Multidimensional scaling: Multidimensional scaling (MDS) finds a lower-
dimensional representation of data while preserving the pairwise metric distance 
or similarity of data samples [21]. The similarity measure can be the Euclidean 
distance or other distance metrics. For example, isometric feature mapping 
(Isomap) preserves geodesic distance between two data samples [95]. 

• Kernel principal component analysis: PCA is limited to finding a linear subspace 
to extract features [85]. Kernel PCA uses kernel method to map data in a higher-
dimensional space and then conduct dimensionality reduction. Furthermore, 
PCA, MDS, Isomap, locally linear embedding [78], Laplacian Eigenmap [7], 
and maximum variance unfolding [104] can all be viewed as kernel PCA with 
different kernels [37, 90]. Notably, locally linear embedding and Laplacian 
Eigenmap [7] find low-dimensional representation of the dataset that preserves 
local neighborhood information. Adjacency or similarity among data is captured 
by deterministic weights. 

• Stochastic neighbor embedding: Stochastic neighbor embedding [41] preserves 
the distribution property of original data samples when extracting features in the 
lower-dimension space. The distribution of extracted features will have minimal 
Kullback-Leibler divergence from the original data distribution. 

• Autoencoders and artificial neural networks (ANNs): An encoding function in 
ANNs transforms input data and learns an efficient representation (encoding) of 
the data, typically for dimensionality reduction and data compression [42].
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2.3 Representation of Product Shape Quality 

Representation of product geometric quality is related to both product representation 
itself and engineering context. Product representation describes the characteristic 
attributes of topological, geometrical, and context-dependent engineering infor-
mation about the part [86]. As one aspect of product quality, geometric quality 
measures the discrepancy between the actual product geometry uA . and its design 
counterpart uD .. The geometric deviation of an manufactured product from its 
nominal design can be modeled by a set of discrepancy functions [13]: 

.yu = d(R(PuD), R(PuA)) (2.1) 

where Pu . are designated regions of interest or physical portions of the product u 
that are of quality significance. The quality characteristics of regions Pu . are defined 
or extracted through characterization function R(·).. The discrepancy function d(·). 

measures the deviation of the quality characteristics from their target values. 
A designated region Pu . with context-dependent semantic meaning is commonly 

referred to as geometric feature in engineering design [87]. The frequently encoun-
tered geometric features such as cylinder, hole, and protrusion constitute a feature 
library for solid modelling and 3D object representation [91]. Characterization 
function R(·). usually extracts dimensional or form characteristics of geometric 
features [84, 87], for example, diameter or cylindricity. The quality of geometric 
features is assessed by comparing the discrepancy d(R(PuD), R(PuA)). to the geo-
metric dimensioning and tolerancing (GD&T) requirements, as illustrated in Fig. 2.2 
(top row). The feature-based representation and extraction approaches lack the 
descriptive capability for complex freeform geometries such as the dental models 
in Fig. 2.2 or customized medical implants [9]. An infinite number of geometric 
features or feature groups are required to capture shape complexity. 

To accommodate complex geometries, surface patches have been utilized for 
region Pu . selection and representation [84, 110]. Patches are typically identified in 
design stage on a case-by-case basis. Rather than using simple dimensional or form 
characteristics for geometric features, characteristics function R(·). has to model 
patch profile quality. Surface patches can take non-parametric functional forms such 
as non-uniform rational B-splines (NURBS)[110] and kernels [109], parametric 
functions [100], or predefined patch templates with specific geometries [35]. The 
patch quality can be assessed by checking whether R(Pu). falls within the specified 
envelope [67]. Despite its flexibility of representing 3D objects, it can be tedious 
and labor-intensive to specify and qualify surface patches for products with frequent 
design changes, for example, in one-off 3D printing. 

Essentially, the representation of product geometric quality is determined by the 
selection of regions of interest Pu . and characterization of the deviation patterns in 
the selected regions (i.e., R(Pu).). The representation scheme should consider the 
challenges of lack of knowledge and right data discussed in Sect. 1.3, specifically, 
the high dimensionality of product variety space, the heterogeneity caused by
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Fig. 2.2 Representation of product geometric quality using (1) dimensional characteristics for a 
simple geometric feature (top row) and (2) a heat map for a complex shape (bottom row): color 
values denoting the point-to-point distances between the design and the actual product 

process covariates, small data due to low production volumes, and effects of lurking 
process variables. Representation of product geometric quality dictates quality 
control activities. A shape-dependent representation would likely lead to a shape-
dependent accuracy control approach. Under a smart personalized manufacturing 
environment, a generic selection of regions of interest Pu . and characterization of 
the deviation patterns R(Pu). of freeform geometries is desirable for quality control 
in AM. It will facilitate modeling and learning from limited sample data and, equally 
important, inferences on the prediction and compensation of untested shapes. 

For the simplicity of illustration, Sect. 2.4 first discusses the representation 
of geometric quality of individual two-dimensional (2D) objects. Section 2.5 
introduces the representation scheme for freeform 2D objects for the purpose of 
small-data machine learning of product quality. The representation of 3D geometric 
quality will be introduced in Chap. 4. 

2.4 Representation of Shape Quality for Individual 2D 

Objects in AM 

In AM, each layer to be printed can be approximated as a 2D object. In addition, the 
geometric deviation of a 3D object can be decomposed into in-plane (x − y . plane) 
and out-of-plane (z direction) shape deviations, respectively. Therefore, a general 
formulation of geometric quality for 2D objects and the in-plane shape deviation is 
introduced first.
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Suppose the boundary deviations of individual 2D geometries are of interest, 
that is, Pu = u.. A set of points on the boundary of the built 2D object uA . is scanned 
and measured. Characterization of R(PuA

). can be conducted either in the Cartesian 
coordinate system using coordinates (x, y). or in the polar coordinate system (PCS) 
using (r, θ).. The PCS representation is preferred as it greatly facilitates modeling 
and design for quality control in AM [50]. 

Assume that the center of the product is well-defined. The boundary of a 2D 
shape can be represented by a function r0(θ). denoting the nominal radius at angle 
θ .. For example, the function r0(θ) = r0 . for all θ . defines a circle, and r0(θ) =

2(1 − sin θ cos θ). and r0(θ) = 2
(

1 − sin(0.5θ)
)

. for 0 ≤ θ ≤ 2π . define the shapes 
in the left and right panels of Fig. 2.3, respectively. The actual radius at angle θ . is a 
function of θ . and r0(θ). and is expressed as r(θ, r0(θ)). (i.e., R(PuA

).). The difference 
between the actual and nominal radius at an angle θ . is essentially what defines the 
geometric deviation at θ .. Therefore, the discrepancy function d(R(PuD), R(PuA)). of 
an AM-built 2D product can be conveniently represented as 

.yu = d(R(PuD), R(PuA)) = �r(θ, r0(θ)) = r(θ, r0(θ)) − r0(θ). (2.2) 

Like other manufacturing processes, the center of the product normally coincides 
with the origin of the part coordinate system defined by CAD software. For the 
convenience of building and measuring parts, we can also choose the center to be 
the origin of the machine or inspection coordinate system. 

The representation of geometric quality in the Cartesian coordinate system has 
been previously studied in the literature [97, 98]. It faces a practical issue of 
correctly identifying shape deviation. As shown in Fig. 2.4, for a given nominal 
point A(x, y)., its final position A′

. is hard to be identified after the build. A practical 
solution is to fix the x or y coordinate and study the deviation of the other coordinate
(�x . or �y . in Fig. 2.4). Another method is to study deviation components along x 
and y directions separately [97, 98]. But the apparent correlation among deviation 
components cannot be captured, potentially leading to prediction error. 
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Fig. 2.3 Shapes generated by different functional forms r0(θ). [50]
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Fig. 2.4 Representation of 
geometric quality under 
different coordinate systems 
[50] 

Fig. 2.5 Transform shape deviations to deviation profiles in the PCS [46] 

In contrast, the definition of radius deviation in Eq. (2.2) naturally captures the 
deviation along radial direction and is convenient for visualizing deviation patterns. 
As illustrated in Fig. 2.5, once the shape deformation �r(θ, r0(θ)). are presented 
in the PCS as deviation profiles, modeling and analysis of geometric part errors 
are greatly alleviated from the original geometric complexity. The essence of this 
representation is to transform in-plane geometric errors into a functional profile 
defined on the interval [0, 2π ].. This representation decouples the geometric shape 
complexity from the deformation modeling, and a generic formulation of shape 
deformation can thus be achieved. 

For product shapes like those in Fig. 2.5, we could locate the origin of the PCS 
in such a way that for any given angle θ ., there is only one unique point with radius 
r(θ). on the product boundary. The origin usually coincides with build center and 
measurement origin. The transformed shape deformation in the PCS will be a single 

continuous profile. 
For more complex shapes, however, there could exist more than one point on 

the product boundary for a given angle θ . (Fig. 2.6a). We then have to establish
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Fig. 2.6 Multiple profiles and PCSs [46] 

Fig. 2.7 Deviation profiles of disks [50] and polygon plates [48] 

multiple PCSs in which each profile is uniquely defined. A special case shown 
in Fig. 2.6b is a product with outer and inner boundaries defined in two PCSs, 
and the transformation of shape deformation will yield multiple deviation profiles. 
For complicated concave shapes, segmentation may be needed to generate multiple 
deviation profiles as well. We should point out that the analysis herein will still 
apply, except for the complication arising from the inference between deviation 
profiles [80]. 

Figure 2.7 shows the deviation profiles of 2D plates printed in a mask image 
projection stereolithography process, which include four flat disks with different 
sizes [50], three square plates, and two pentagon plates of different sizes [48]. 
Clearly, representation of yu . in the PCS identifies systematic shape deviation 
patterns. 

2.5 Fabrication-Aware Representation of Shape Quality for 

2D Freeform Objects in AM 

Since AM is capable of manufacturing a large variety of products in extremely 
low volumes, representation of product quality faces the challenge of describing
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heterogeneous (manifold) data for the high-dimensional product variety space. The 
product variety refers to the wide range of 3D geometries or shapes, and product 
quality therefore concerns the deviation of complex geometries from their intended 
3D designs. The measurement/training data is point-cloud data scanned from built 
products of finite varieties. 

Although mass production also faces product variety issue, a manufacturer 
typically manage a much smaller set of product varieties through group technology, 
that is, grouping a finite amount of product features (e.g., holes) and their process 
techniques (e.g., drilling). Product quality is measured by a few characteristics 
associated with features (e.g., diameter and cylindricity). 

Grouping complex freeform geometries in AM, however, is ineffective because 
it will eventually end up with a huge feature space. In CAD and computer graphics 
[2, 3, 10, 14, 19, 64, 89, 105], mesh and shape primitives (e.g., circular sector, line 
segment, and patch) are utilized as building blocks to reduce the dimension of the 
product variety space. However, geometric objects and their characteristics (e.g., 
diameter or length) cannot fully predict quality. As we discovered in AM [48, 50], 
the deviation pattern of the same geometric object varies not only with shape but also 
with its size due to the fabrication mechanism and materials shrinkage behaviors 
(Fig. 2.8). 

Therefore, the geometry-centric dimension reduction strategy has limited appli-
cability in AM because the deviation pattern of a product cannot solely be predicted 
by its geometry even when the materials and process condition are fixed. There 
has been a growing emphasis on fabrication-aware representation, verification, and 
learning methods for complex freeform products [1, 5, 11, 61, 72, 113]. But there is a 
lack of domain-informed dimension reduction and learning methodology to support 
the optimal selection a subset of product varieties for quality inference. As a result, 
numerous test artifacts or benchmarks have been developed to evaluate and compare 
the performance of AM processes [22, 51, 58, 60, 68, 73, 77]. 

Fig. 2.8 Given the same materials and printing condition, (a) the deviation of a circular sector 
varies with the size and location of a printed disk. The smallest disk expands, while larger 
disks shrink. (b) Disks printed vertically through layer stack-up have more complicated deviation 
patterns
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Domain-informed dimension reduction and machine learning in AM relies on 
fabrication-aware input and output representation (OLP.1 problem laid out in 
Sect. 1.5). Representation of design input u involves mathematical description of 
3D shapes. Depending on applications, various methods have been developed to 
describe 3D objects, for example, parametric surfaces, solids, or constructive solid 
geometry representations [2, 3, 10, 14, 89], finite element meshes [43, 55, 71, 75] 
for multi-physics analysis and slices in STL format and landmarks [4, 18, 26, 54], 
point clouds [12, 49, 50, 70, 83, 93, 102, 106, 107], or meshes [12, 93] for shape 
registration, inspection, and distortion control. 

Representation of shape quality yu . involves the description and measure of the 
deviations between a build product and its nominal design. Generally there are two 
strategies to represent output quality yu .: 

• Extracting characteristic features or descriptors from a shape and measuring 
their deviations: The common features or descriptors include geometric and 
dimensional measures related to angular or distance metrics (e.g., parallelism, 
Euclidean, Hausdorff, or geodesic distances) [5]; differential measures such as 
curvatures and surface roughness [84]; and integral descriptors such as areas and 
volumes (e.g., volume shrinkage factor [40]. 

• Describing surface deviations/deformation for complex freeform shapes: A finite 
number of descriptors is mathematically inadequate to represent complex shapes 
obtained by topological optimization in AM. Complete description of local 
surface deviations everywhere along product boundaries not only provides a 
comprehensive representation solution but also enables full control access to any 
region on a product surface [46, 49, 50]. Note that this strategy also facilitates 
comprehensive feature extraction and evaluation afterward. 

Though each representation method is powerful in its own right, little work 
has concurrently considered the proper representation of design input u and 
quality output yu . for the purpose of small-sample learning, prediction, and control 
[47]. Some limited attempts have been made toward this direction [20, 23, 48– 
50, 52, 53, 66, 81, 82, 102]. Using input u, materials, and process information, 
finite element representation and modeling in theory is able to predict quality 
yu . with small sample data for parameter tuning and model validation. But it is 
computationally costly [16, 55] and has been difficult to generalize the knowledge to 
new part geometries without extensive rounds of new simulations or new test builds. 

Huang [47] proposed the fabrication-aware dimension reduction and finite 
manufacturing primitive (FMP) method to address the large variety challenge in 
AM. The premise of dimension reduction is that a freeform product built in AM 
can be viewed as an assembly of a finite set of basic manufacturing objects called 
finite manufacturing primitives (FMPs). The product quality can be represented by 
a finite set of functions, where each function represents the quality model of one 
type of FMPs. By operating in a low-dimensional space spanned by FMPs, the FMP 
method will enable learning from a small sample of 3D product varieties to infer 
and control the quality of new 3D product varieties. The small-sample machine
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learning of product-variety problem will be transformed into large-sample learning 
of manufacturing-primitive problem. 

The justification of using FMPs can be validated by the following three principles 
in AM: 

P.1 Dimension reduction principle: Through a thinking or real printing exper-
iment illustrated by Fig. 2.9, the quality of segment A will not be affected 
by the design choice among segments B1 ., B2 ., or  B3 . when they are far apart 
enough. Quality analysis of the infinite variety of manufactured products can 
be reduced to the analysis of a basic set of manufacturing objects called finite 
manufacturing primitives (FMPs). 

P.2 Discretization principle: To print a 3D object, the design input to an AM 
machine is discretized into a finite number of layers, and each layer is 
discretized through piecewise approximation. The discretization and piecewise 
approximation principle is self-evident in AM (Fig. 2.10), and it applies to the 
FMPs or the segmentation of a built product. 

P.3 Nonlinear addition principle: The layer stack-up to form 3D objects or FMPs 
is nonlinear due to complex process physics and materials phase changes. 

Principle P.1 implies that the computation and analysis can be conducted in the 
low-dimensional space of manufacturing primitives. Principles P.2 and P.3 suggest 
that modeling of manufacturing primitives should consider the discretized design 
input and nonlinear addition in manufacturing (i.e., segmenting each 2D layer into 
2D FMPs and nonlinearly stacking up 2D FMPs into 3D FMPs). 

Fig. 2.9 Segments far apart 
are not correlated in AM 

Fig. 2.10 Discretized input 
in AM: (a) discretized layers 
through slicing 3D shapes 
along z direction; (b) 
piecewise linear 
approximation of layer 
boundaries in the x − y . build 
plane [47]
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Fabrication-Aware Input Representation Based on Constructive Shape Primi-

tives 

To enable engineering-informed small-sample learning, an input representation 
method based on the shape primitive concept and a fabrication-aware formulation 
were developed in [47]. Essentially, the small-sample learning of printed products 
is transformed into a large-sample learning of printed shape primitives. 

Geometric (shape) primitives have been developed in computer graphics and 
CAD systems to construct 3D-shape objects [10]. Geometric primitives are simple 
shapes such as sphere, cube, cylinder, or surface patches. In 2D computer graphics, 
primitives include segments of straight lines, circles, and more complicated curves. 
The true input u to the AM processes, however, is not the smooth shape defined 
analytically, for example, a dome in dashed line illustrated in F ig. 2.10a but  
discretized or sliced layers (Fig. 2.10a) and piecewise linear approximation of layer 
boundaries (Fig. 2.10b). Accuracy of the approximation is not only determined 
by computational modeling but also by materials and processes. For example, 
resolution along the build direction (z) is determined by the layer thickness in 
Fig. 2.10a, while the resolution in the build plane (x − y . plane in Fig. 2.10b) or 
the minimum feature size is limited by materials properties and technologies such 
as the laser spot size or the pixel size of a digital light projector. 

The input representation therefore entails the representation of individual lay-

ers and layer stack-up. Borrowing geometric primitive concepts from computer 
graphics, we propose to use line segments, circular sectors, and corners as primitive 
shapes to construct individual layer boundaries or 2D shapes (Fig. 2.11). Notice 
that the three 2D shape primitives have curvatures of zero, constant, and infinity, 
respectively. Comparing to line segments on the grids in Fig. 2.10b, the choice of 
primitives will reduce computational load of approximation and assist to interpret 
the deviation patterns. We therefore state the following accepted truth as the basis 
for the subsequent derivation: 

Definition 2.1 (Primitive Manufacturing Input) A 3D object built in AM is 
based on primitives manufacturing inputs, that is, sliced layers to be stacked up 
and individual layers with boundaries composed by 2D-shape primitives. 

Essentially, the design input to AM machines is the sliced and discretized model 
(e.g., in STL format defined by unit normal and vertices), as opposed to smooth 

Fig. 2.11 2D geometric shape primitives for layer boundary approximation [47]
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CAD models. Also note that even though the sliced layers can be geometrically 
stacked up in design input, the final print outcome is nonlinear due to physical 
layer interactions and accumulation. Considering layer stack-up in input/output 
representation is therefore critical to capture underlying physical mechanisms. 

To conveniently represent shape deformation [46, 50], we represent layers or 2D 
shapes in the polar coordinate system (PCS). The layer boundary is represented 
as piecewise segments through a circular approximation with selective cornering 
strategy developed in [66]: 

.u(θ) =

I
∑

i=0

1θ∈[θi ,θi+1) ri(θ) (2.3) 

where in the interval [θi, θi+1)., ri(θ). is either a line segment, circular sector, or a 
corner segment. Each segment consists of a set of points describing the primitive. 

In essence, the definitions of primitive manufacturing input and shape primitives 
intend to establish a fabrication-aware formulation that enables understanding of the 
deviations of shape primitives. As such, deviation prediction of a freeform shape 
product can be achieved by predicting the deviation of the shape constructed by 
shape primitives. A freeform 2D shape can be constructed by the three basic types 
of 2D-shape primitives. 

Output Representation Based on Transformation of Point-Cloud Data 

The fabrication-aware output representation adopts the expression in Eq. 2.2, that is, 
yu = �r(θ, r0(θ)) = r(θ, r0(θ)) − r0(θ)., for individual layers or 2D shapes. 

Difference between u and Nominal Design Note that the output yu . is the 
difference between the actual printed product r(·). and its intended design r0(·)., 
not the input u to the fabrication process. The fabrication input u is only a close 
approximation of design r0(·). in the digital manufacturing. This is true for the 3D 
cases as well. 
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Chapter 3 

Small-Sample Learning and Prediction 
of 2D Geometric Shape Quality 

Learning and prediction of geometric quality in AM aims to learn and predict 
geometric shape deviations of both built and untried product shapes based on a 
small set of training products. To effectively control shape deviations of new and 
untried product shapes in AM, we classify the modeling approaches as predicting 
modeling and prescriptive modeling. While traditional predictive modeling usual 
makes prediction within its experimental domains, e.g., a class or family of products, 
prescriptive modeling is able to make prediction of quality of new and untried 
categories of shapes beyond the experimental scope. This chapter will first introduce 
predictive modeling approach to predict geometric quality for products with simply 
2D geometries. The modeling approach is further extended and generalized for 
prescriptive small-sample modeling and prediction for 2D freeform products. 

3.1 Predictive Shape Quality Modeling for 2D Base 

Geometry 

The “simplest” 2D object is a disk with a circular shape. Yet the circular shape is a 
base geometry connected with polygons. In 3D printing, a circular disk is the result 
of polygon approximation. In this section, experiments of printing disks with various 
radii were conducted. The shape deviation data of circular disks were measured for 
building the prediction model [11]. 

3.1.1 Experiment of Printing Circular Disks and Training 

Data Collection 

The specific 3D printing technique used to build the products is called stereolithog-
raphy (SLA) process. Note that the modeling and analysis approach is applicable to 
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other AM processes as well. In the experiment, a 3D model, e.g., a design model 
of circular disk, was first built by a CAD software. Next, a specialized program 
sliced the CAD model into several cross sections (STL format files) according to 
the predesignated thickness of each layer, so that the 3D printing machine could 
construct each layer sequentially. Each layer’s construction is analogous to printing 
of an image with a particular thickness, explaining this technique’s name. After all 
layers are printed, the final product will have the shape close to the original CAD 
model. 

Patented in 1988, stereolithography (SLA) is the first commercialized technique 
for 3D printing [14], followed by the development of selective laser sintering (SLS), 
fused deposition modeling (FDM), and laminated object manufacturing (LOM). A 
variant of the SLA process, Mask-Image-Projection-based SLA (MIP-SLA) was 
used for methodology demonstration. As seen in Fig. 3.1, the MIP-SLA machine 
has liquid resin stored in a tank configured with a platform that can move vertically 
precisely. During the printing process, the surface of the resin is exposed to light, 
which triggers the resin solidification. Control of light exposure area and intensity 
is through a digital micro-mirror device that receives commands from STL files for 
each layer. The platform in the tank moves down with the predefined thickness for 
printing the next layer when the previous layer is solidified. 

Specification of the SLA experiments done in a commercial MIP-SLA platform, 
the ULTRA® machine from EnvisionTEC, is given in Table 3.1. 

Once the printing process was completed, the boundary of the final product 
was measured by the optical Micro-Vu vertex measuring center (a laser scanner 
can accomplish the same measurement), and the measurement data was converted 
to polar coordinates for deviation modeling. Four circular disks with radii r0 =
0.5′′, 1′′, 2′′

., and 3′′
. are manufactured and measured. 

The plot of the deviation profiles of the four disks is illustrated in Fig. 3.2. For  
each deviation profile between 0 and 2π ., one reading per 0.01 radian was sampled. It 

Fig. 3.1 Mask projection stereolithography (SLA) [39]
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Table 3.1 The specific 
parameters of the MP-SLA 
process 

Height of the product 0.5′′
. (inches) 

Thickness of each layer 0.004′′
. (inches) 

Resolution of the mask 1920 ∗ 1200. 

Dimension of each pixel 0.005′′
. (inches) 

Illuminating time of each layer 9s 

Waiting time between layers 15s 

Type of the resin SI500 
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Fig. 3.2 Deviation profiles of four disks with r0 = 0.5′′, 1′′, 2′′, 3′′
. [11] 

can be observed that the smallest disk expanded with its boundary deviation profile 
largely above the zero line, while the other three disk shrank with their deviation 
profiles mainly below the zero line. 

3.1.2 Statistical Modeling of Deviation Profiles of Circular 

Disks 

Once the measurement of boundary deviations is transformed into deviation profiles, 
predictive modeling will establish the functional dependence of y = �r(θ, r0(θ)). 

at θ . and the design input r0(θ, z).. To ensure stable causal relation, we assume that 
the AM process is more or less under control and the process is repeatable (i.e., the 
Stable Unit-Treatment Value Assumption under the Rubin causal framework [13]).
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To capture local geometric deviations, the deviation profile �r(θ, r0(θ)). of a 
circular is decomposed into three components: 

.�r(θ, r0(θ)) = f1(r0(θ)) + f2(θ, r0(θ)) + ǫθ . (3.1) 

The three components of the above equation are defined and interpreted as follows: 

1. Function f1(r0(θ)). represents average deviation or trend independent of location 
variable θ .. Geometrically, the area or volume of a shape is obtained by inte-
grating r0(θ). over the space of θ ., eliminating the location-dependent variable θ .. 
Physically, it describes the uniform shrinkage/expansion of an AM-built product. 
The overall or average deformation can be related to the volumetric change of the 
product. 

2. Function f2(θ, r0(θ)). is the location-dependent deviation in addition to the 
trend. Following the same reasoning as above, this location-dependent term is 
geometrically and physically related to r0(θ).. 

3. Term ǫθ . represents un-modeled terms such as surface waviness and roughness. 
It often manifests itself as high-frequency components adding on to the main 
harmonic trend. 

We can also interpret f1(·). as a lower-order term and f2(·, ·). as a higher-order 
component of the deformation function. 

For a circular disk shape, r0(θ) = r0 . for all θ .. f1(·). is a function of r0 . only, and 
f2(·, ·). is a function of both r0 . and θ .. Due to shape simplicity, the deviation profile 
of a circular shape can be expressed by a few Fourier basis terms, and Eq. (3.1) is  
reduced to the following form: 

.�r(θ, r0(θ)) = f1(r0) +
∑

k

{ak cos(kθ) + bk sin(kθ)} + ǫθ (3.2) 

where f1(r0(θ)) = f1(r0). and {ak}., {bk}. are coefficients of a Fourier series 
expansion of f2(·, ·).. Note that {ak}. and {bk}. are functions of r0 .. k is often small, 
e.g., k = 2.. 

3.1.3 Model Building and Bayesian Estimation of Model 

Parameters 

Based on model (3.2), an observation of Fig. 3.2 (or a model selection process) leads 
to the choice of the following functional form to model disk boundary deviation as 
a special case of Eq. (3.2): 

.�r(θ, r0(θ)) = cr0 + ar0 cos(2θ) + ǫθ (3.3) 

for each disk of nominal radius r0 .. Here, ǫθ ∼ N(0, σ 2). independently and 
represents high-frequency components adding on the main harmonic trend.
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When we fit this model, we use the finite subset of angles θ1, . . . , θn . for each disk 
as described above, which may make our assumption regarding the independence 
of error terms more tenable if correlations among neighboring angles die out very 
quickly as a function of their separation (in radians). 

In consideration of the location-independent model describing shape deviation 
caused by temperature and phase changes, the volumetric deviation should be 
proportional to the entire volume of the product based on the knowledge of heat 
transfer literature. Assuming that the height of the cylinder, h, in the  z direction 
remains unchanged, the expected volumetric deviation i s

. h
{

(r0 + �r)2 − r2
0

}

∝ hr2
0 .

The radial deviation �r . is considerably less than the nominal radius r0 ., leading to 
the approximation �r ∝ r0 .. Thus, we model 

. cr0 = αra
0

where the parameter a should be approximately 1. Similarly, we model

. ar0 = βrb
0

to describe the location-dependent geometric deviations, with b also approximately 
1 as well. To summarize, the first parametric-shape deviation model we consider 
fitting for a disk product is

.�r(θ, r0) = αra
0 + βrb

0 cos(2θ) + ǫθ , (3.4) 

with α, β, a, b. and σ ., all independent of r0 .. 
As we possess prior engineering knowledge regarding parameters a and b, we  

implement a Bayesian procedure to draw inferences on all parameters α, β, a, b. 

and σ .. In particular, we assume 

. a ∼ N(1, 22), b ∼ N(1, 12),

and we place flat priors on α, β ., and log(σ )., with all parameters independent a 
priori. We calculate the posterior distribution of the parameters by Markov Chain 
Monte Carlo (MCMC) and summarize the marginal posteriors by taking the mean, 
median, standard deviation, and 2.5%. and 97.5%. quantiles of the posterior draws. 

The MCMC strategy used here is Hamiltonian Monte Carlo (HMC): the loga-
rithm of the posterior is differentiable, and so an MCMC strategy such as HMC 
that uses the gradient of the log posterior can be expected to perform better than a 
generic Metropolis-Hastings or Gibbs algorithm, in terms of yielding high-quality 
draws with minimal tuning of the algorithm [19]. The mass matrix was chosen as 
the negative of the Hessian of the log posterior at the posterior mode, the leapfrog
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Table 3.2 Summary of posterior estimation 

Mean SD 2.5%. Median 97.5%. ESS 

α . −0.0047 4.063 × 10−5
. −0.0048 −0.0047 −0.0047 7713.878 

β . 0.0059 6.847 × 10−5
. 0.0058 0.0059 0.0060 8810.248 

a 1.566 0.0084 1.5498 1.566 1.5819 7882.552 

b 1.099 0.0120 1.0755 1.099 1.1232 8981.86 

σ . 0.0019 2.503 × 10−5
. 0.00185 0.0019 0.00195 8513.814 
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Fig. 3.3 Posterior predictive distribution for r0 = 0.5′′, 1′′, 2′′, 3′′
. (inches) [11] 

step size was 0.3., and the number of leapfrog steps was 50. We obtained 1000 
draws from the posterior distribution of these parameters after a burn-in of 500 
draws. Convergence was gauged by analysis of ACF and trace plots of the posterior 
draws, and the effective sample size (ESS) and Gelman-Rubin statistics [6] for these 
parameters were calculated by using ten independent chains of draws, each having 
1000 draws after a burn-in of 500. Summary statistics in Table 3.2 below suggest 
that we have effectively sampled from the joint posterior of the parameters. 

A simple comparison of the posterior predictive distribution of deviation profiles 
to the observed data (Fig. 3.3) demonstrates the fit for this model except for the 
smallest disk. In this figure, bold solid lines denote posterior means, and dashed 
lines denote the 2.5%. and 97.5%. posterior quantiles of the boundary deviation at 
each angle, with colors distinguishing disks with different radii. We see that this fit 
captures shape deviations for disks with r0 = 1′′, 2′′

. and 3′′
. fairly well, but does not 

provide a good fit for the disk with r0 = 0.5′′
.. The observed data for this particular
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Fig. 3.4 Posterior predictive distribution for r0 = 1′′, 2′′, 3′′
. [11] 

Table 3.3 Summary of posterior estimation, excluding 0.5′′
. radius cylinder 

Mean SD 2.5%. Median 97.5%. ESS 

α . −0.0056 2.792 × 10−5
. −0.0057 −0.0056 −0.00556 10002.67 

β . 0.0058 4.306 × 10−5
. 0.00575 0.00584 0.00592 8908.08 

a 1.400 0.00496 1.390 1.400 1.4098 8537.357 

b 1.114 0.00767 1.100 1.1139 1.1301 8674.559 

σ . 0.00101 1.574 × 10−5
. 0.000977 0.00101 0.00104 8997.69 

disk is consistently located too far away from the posterior mean, in consideration 
of its posterior quantiles. It is largely attributed to the fact that the majority of the 
data demonstrates a shrinkage pattern, as opposed to the expansion pattern shown 
in the disk with r0 = 0.5′′

.. 
In fact, if we fit the model in (3.4) for all disks except the 0.5′′

. disk, we obtain 
a better fit for the remaining disks, as seen in Fig. 3.4. The posterior distribution 
of the parameters for this fit is summarized in Table 3.3. Note that the posterior 
mean and median of σ . are now much smaller than before and that the posterior 
standard deviations of all parameters decrease. Furthermore, the observed data 
better correspond to the posterior quantiles in Fig. 3.4 as opposed to Fig. 3.3. These 
considerations suggest that the model does not capture the data for the 0.5′′

. radius 
disk, so including this disk in the fitting procedure only served to increase the 
variance of model parameters. However, the posterior mean of a is 1.4, which 
doesn’t correspond with our previous analytical considerations. A possible reason 
for this discrepancy, and an improvement of this model, is discussed in Sect. 3.1.4.
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For now, we propose model (3.4) as the conjectured deviation model when no 
compensation is applied to a disk product, with the understanding that this model 
will be verified by more comprehensive physical experiments. 

3.1.4 Modeling of Overexposure Phenomenon in AM Using 

Effect Equivalence Concept 

A common phenomenon in AM processes involving light or laser is over- or under-

exposure, where each region exposed to light or laser is bigger or smaller than 
its intended area due to imperfect light control over working space. Hereafter this 
phenomenon is referred to as overexposure because under-exposure is treated as the 
negative amount of overexposure. The overexposure can be viewed as a lurking 

variable, which will be discussed separately in a latter chapter. 
One characteristic feature of overexposure is that expansion or shrinkage pattern 

of a small object is opposite to those of larger ones. As shown in Fig. 3.2, the  
0.5′′

. disk expands, while disks with r0 = 1.0′′, 2.0′′, and 3.0′′
. shrink in sizes 

in general. These opposite deviation patterns of small and big objects, or more 
precisely, patterns with transition from expansion to shrinkage, create issues for 
modeling, prediction, and control, as partially illustrated in Fig. 3.3 when predicting 
accuracy for disks with radius smaller than 1.0′′

.. 
Huang and co-authors [11] presented an efficient way to handle overexposure 

phenomenon, which applied the concept of effect equivalence. Wang and Huang 
[32–34] initially developed effect equivalence concept and methods intended to 
understand and explore the engineering phenomenon that different error sources 
generate identical error patterns. Following this concept, overexposure can be 
equivalently “reproduced” by design input error, that is, the CAD design model 
“instructs” light bulb or laser to expose a region larger or smaller than the target 
area. By transforming light exposure error into equivalent amount design error, we 
essentially create a “virtual” AM process with no light exposure errors. We could 
therefore only focus on the modeling of shape deviation without directly dealing 
with process errors such as overexposure, which greatly reduces the modeling 
complexity. 

For the SLA experiments shown in Fig. 3.2, the amount of light overexposure for 
each pixel is hypothesized to be fixed along the product boundary (This assumption 
can be relaxed by imposing location dependence). This assumption implies that the 
same amount of overexposure will have larger impact on small objects, while the 
material shrinkage of larger objects will diminish the effect of expansion due to 
light overexposure. This explains the phenomena that small disks and large disks 
can have opposite shrinkage patterns. 

A constant effect of overexposure for all disks is equivalent to a default design 
error x0 . applied to the original CAD model. The predictive deviation model given 
by Eq. (3.4) is modified as [11]:
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. �r(θ, r0 + x0) = r(θ, r0 + x0) − r0 ≈ x0 + α(r0 + x0)
a

+ β(r0 + x0)
b cos(2θ) + ǫθ (3.5) 

This revised model (3.5) was fitted to data for disks with r0 = 0.5′′, 1′′, 2′′
. and 

3′′
., where the earlier model becomes a special case with x0 = 0.. We maintain the 

same prior specification for α, β, a, b., and under the assumptions that x0 > 0. and 
that x0 . is substantially smaller than any of the radii above. A weakly informative 
prior for x0 . of log(x0) ∼ N(0, 1). a priori is adopted. The same HMC strategy for 
parameter estimation is implemented to acquire draws from the posterior distribu-
tion of the parameters, which are summarized in Table 3.4, and the posterior predic-
tive model for disks is presented in Fig. 3.5. We see that this new model provides a 

Table 3.4 Summary of posterior estimation when modeling overexposure 

Mean SD 2.5%. Median 97.5%. 

α . −0.0134 1.596 × 10−4
. −0.0137 −0.0134 −0.0131 

β . 0.0057 3.097 × 10−5
. 0.00565 0.00571 0.0058 

a 0.8606 0.00733 0.8465 0.8606 0.8752 

b 1.1331 0.00546 1.123 1.1332 1.1442 

x0 . 0.00879 0.00015 0.008489 0.00879 0.00907 

σ . 0.000869 1.182 × 10−5
. 0.000848 0.000869 0.000892 
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Fig. 3.5 Model considering overexposure: posterior predictive model for disks with r0 =
0.5′′, 1′′, 2′′, 3′′

. (inches) [11]
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substantially better fit for all observed data as compared to our original model (3.4), 
suggesting that we may have captured the conjectured overexposure phenomenon. 

Table 3.4 also indicates that the posterior mean of parameter a decreased from 1.4. 

to 0.86., closer to the theoretical value of 1. The remaining difference is suspected to 
be associated with the deformation of thickness in the z direction, which is ignored 
in our analysis for simplicity. The estimated value of x0 . is slightly less than twice 
the pixel size (0.005′′

.). This result corresponds with Zhou and Chen’s previous work 
on pixel calibration [38] for the MIP-SLA process. All these considerations suggest 
that the new model that explicitly includes an overexposure effect provides a better 
physical interpretation and efficient means to model this engineering phenomenon 
using effect equivalence concept. 

3.2 Predictive Shape Quality Modeling for Both Circular and 

Polygon Shapes 

Although model (3.1) is quite generic and model (3.2) seems easily extendable 
beyond circular shape, polygon shapes bring complications to these models. First, 
straight edges and sharp corners of a polygon will require a large number of Fourier 
basis terms in Eq. (3.2) for better approximation. This will compromise the model 
robustness and flexibility for AM with frequent changes of product geometries. 
Second, when the number of polygon sides increase, the polygon model should 
asymptotically approach to the circular disk model defined in Eq. (3.5). Considering 
the limited number of test shapes, the connection among different shapes should 
be explored to facilitate prescriptive modeling and prediction. Therefore, model 
robustness, flexibility, and extendability for various shapes are of main modeling 
considerations for small-sample modeling in AM [9]. 

3.2.1 Experiment of Printing Polygon Plates and Training 

Data Collection 

Polygon is another common type of 2D geometries with non-smooth boundaries. 
To build a model capable of predicting boundary deviations for both circular and 
polygon plates, experiments were conducted using the same SLA machine as for 
printing circular disk experiments. Specification of the SLA process is shown 
in Table 3.5, where the product height and layer thickness differ from circular 
disk experiments (Table 3.1). Another major experimental condition difference is 
that the SLA machine went through maintenance and repair after initial cylinder 
experimentation, which changed the product deviation patterns of the SLA machine. 

The experimental factors considered for printing polygon plates include the 
number of sides and the size of a polygon in the x − y . plane. When the number 
of sides increases, the corner angles of the polygon shape vary. The polygon size



3.2 Predictive Shape Quality Modeling for Both Circular and Polygon Shapes 51

Table 3.5 The specific 
parameters in MP-SLA 
process 

Height of the product 0.25′′
. 

Thickness of each layer 0.00197′′
. 

Resolution of the mask 1920 ∗ 1200. 

Dimension of each pixel 0.005′′
. 

Illuminating time of each layer 7s 

Average waiting time between layers 15s 

Type of the resin SI500 

r 

(a) Regular polygon with with size

6
0
° 

1
3
2
° 

108° 

r 

8
4
° 

1
5
6
° 

(b) Irregular polygon with size

Fig. 3.6 Size of a polygon plate: circumcircle radius r [9] 

Table 3.6 Experimental design of printing polygons 

Cross-section geometry Circumcircle radius Process condition 

Square r = 1′′/
√

2.; 2′′/
√

2.; 3′′/
√

2. Before machine repair 

Square 2′′/
√

2. After machine repair 

Regular pentagon r = 1′′
.; 3′′

. After repair, settings changed 

Regular dodecagon r = 3′′
. After repair, settings changed 

Circle r = 1′′
.; 2′′

. After repair, settings changed 

is defined as the radius of its in-plane (x − y . plane) circumcircle (see examples in 
Fig. 3.6). The purpose of using a circumcircle is to connect the polygon experiments 
with circular disk experiments done before. 

Three polygons with in-plane shapes of square, regular pentagon, and dodecagon 
were investigated. As shown in Table 3.6, four squares with side lengths of 1′′

., 
2′′

. (before and after repair), and 3′′
. (or circumcircle radii of 1′′/

√
2., 2′′/

√
2., and 

3′′/
√

2.), two regular pentagons with circumcircle radii 1 ′′ . and 3 ′′ ., and one regular 
dodecagon (polygon with 12 sides) with circumcircle radius of 3 ′′ .were designed and 
fabricated by using the MIP-SLA machine. The purpose of fabricating a dodecagon 
was to check how well a model can be generalized to different polygons and how 
well a polygon model can be approximated by a circular shape when the number 
of polygon sides is large. Since the MIP-SLA machine settings were changed 
after repair, new experiments of printing circular disks were also included for 
experimentation in this study with r = 1′′

. and 2′′
..
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Fig. 3.7 Boundary deviation profiles (solid lines) of disks with r0 = 1′′, 2′′
. and square plates 

with side length = 1′′, 2′′, 3′′
. (inches) [9] 

To facilitate the identification of the orientation of test parts during or after the 
building process, a non-symmetric cross with line thickness of 0.02 ′′ . was added 
on the top of them (see Fig. 3.6b). All test parts had a height of 0.25 ′′ .. The 3D 
CAD models were exported to STL format files, which were then sent to the SLA 
machine. 

After the fabrication process, all test parts are measured using a Micro-Vu 
precision machine. In order to reduce human errors, the same measuring procedure 
is followed for each test part. For simplicity of measurement, we choose the center 
of the cross to be the origin of the measurement coordinate system in the Micro-Vu 
machine. The boundary profile is fitted using the splines in the metrology software 
associated with the Micro-Vu machine. The obtained measurement data are then 
converted to polar coordinates for deviation modeling and analysis. It must be noted 
that the part orientation is kept the same during the building and measurement 
processes. Figures 3.7, 3.8, and 3.9 show the measured boundary deviation profiles 
(solid lines) for three kinds of polygons and circular disks presented in the PCS. 

By comparing the deviation profiles of circular disks and square plates before 
and after the machine repair (Fig. 3.2 vs. Fig. 3.7), it is clear that the repaired MIP-
SLA machine tends to overcompensate the product shrinkage and lead to positive 
shape deviation; and the shape deviation patterns clearly differ before and after 
the machine repair. More importantly, the product deviation patterns vary with 
geometries. The fundamental question is whether a unified model can capture and 
predict the deviation patterns of circular disks and polygon plates. In the following 
section, we intend to identify basic deviation patterns consistent across different 
shapes and provide an integrated model for prediction and compensation.
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Fig. 3.8 Observed deviation profiles for pentagons [9] 

0
.0

0
6

 
0

.0
0

8
 

0
.0

1
0

 
0

.0
1

2
 

0
.0

1
4

 
0

.0
1

6
 

0
.0

1
8

 

θ 

S
h

a
p

e
 D

e
v
ia

ti
o

n
 (

u
n

it
:i
n

c
h

) 

0 π 4 π 2  3π 4 π 5π 4  3π 2  7π 4 2π

Fig. 3.9 Observed deviation profile for a dodecagon [9] 

3.2.2 A Unified Predictive Model for Both Circular and 

Polygon Shapes Under a Cookie-Cutter Modeling 

Framework 

Following the same notation in model (3.1), we denote �(θ, r0(θ)). as the in-plane 
shape deviation of 3D printed product presented in the polar coordinate system. 
Approximation of �(θ, r0(θ)). using Fourier series, though works well for circular 
disks, clearly encounters the difficulty of model fitting for polygon shapes, i.e., too 
many high-order Fourier basis terms have to be included in order to capture the sharp 
transition at the polygon vertices. It will compromise model robustness, flexibility, 
and extendability for various shapes.
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In order to connect the circular shape to polygon shapes under a unified model, 
the so-called cookie-cutter modeling strategy is proposed. This modeling approach 
treats a polygon as being carved out from its circumcircle as shown in Fig. 3.6. This  
strategy implies that an integrated deviation model for both circular and polygon 
shapes contains at least two major basis functions: (1) basis model g1 . for circular 
shapes and (ii) g2 . for a cookie-cutter function. This concept extends our previous 
model in Eq. (3.1) into  

.�(θ, r0(θ)) = g1(θ, r0(θ)) + g2(θ, r0(θ)) + g3(θ, r0(θ)) + ǫθ . (3.6) 

Note that this extended model (3.6) serves for accuracy prediction of both 
circular and polygon shapes. If circular basis g1(θ, r0(θ)). and cookie-cutter basis 
g2(θ, r0(θ)). cannot fully capture the patterns in the deviation profiles, we could 
introduce additional g3(θ, r0(θ)). term if necessary. For example, individual sides of 
a polygon may have a higher-order deviation pattern after trimming by the cookie-
cutter function. We could have another term cos[n(θ−φ0)]. or sin[n(θ−φ0)]., which 
also has the consistent limiting property when the number of polygon size n goes to 
infinity .

The circular basis model g1 . can take the form of model (3.2) or model (3.5) 
for SLA process with overexposure effect. The cookie-cutter model g2 . is first 
proposed in [9] with two alternatives functional forms: (i) square wave model and 
(ii) sawtooth wave model. 

Square Wave Cookie-Cutter Function A square wave is a non-sinusoidal peri-
odic waveform in which the amplitude alternates at a steady frequency between 
fixed minimum and maximum values. One of its functional form is sign[cos(θ)]. 
with sign[·]. being a sign function. Since the number of polygon sides n should 
change the period of the square wave function, the cookie-cutter function to trim a 
polygon from a circle is proposed as

.g2(θ, r0(θ)) = β2 rα
0 sign[cos(n(θ − φ0)/2)] (3.7) 

where φ0 . is a phase variable to shift the cutting position in the PCS. It is determined 
by the smallest angular distance from the vertex of a polygon to the axis of the 
PCS. For instance, φ0 . is π/4. for a square shape and (1/2 − 2/5)π . for a pentagon 
with a polar axis being horizontal in Fig. 3.6. Here coefficients β2 . and α . are to be 
estimated. 

We plot the cookie-cutter functions for polygons with n = 4, 5, 6, 8, 12, and  
60 sides. Meanwhile, we scale the magnitudes of the deviation profiles observed 
for a square, pentagon, and dodecagon and superimpose the profiles on their 
corresponding cookie-cutter functions. As shown in Fig. 3.10, the cookie-cutter 
model in Eq.(3.7) perfectly capture the sharp transitions around the vertices of 
polygons in the deviation profiles. Furthermore, when n approaches to infinity and 
a polygon is supposed to become a circle, the cookie-cutter function approaches to 
white noise. The limiting property is preserved.
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Fig. 3.10 Square wave functions with square, pentagon, and dodecagon deviation profiles 

Sawtooth Wave Cookie-Cutter Function An alternative cookie-cutter model 
is sawtooth wave model. One observation from the pentagon and dodecagon 
deformation is the presence of some sort sawtooth-like wave form. We define the 
sawtooth function formally as: 

. saw.tooth(θ − φ0) = (θ − φ0) MOD (2π/n)

where we use MOD function in the usual sense to obtain remainders (as in x MOD 
y = remainder of (x/y .)). 

Figure 3.11 illustrates examples of sawtooth functions. Comparing the definition 
of square wave function, it is clear that sawtooth wave function will also capture 
the sharp transitions around the vertices of polygons in the deviation profiles. It 
preserves the limiting property when n approaches to infinity .

To control the direction of each sawtooth (flipping upside down), we introduce 
an indicator function: 

.I (θ − φ0) = {sign[sin(n(θ − φ0)/2)] + 1}/2 (3.8) 

The alternative cookie-cutter basis using sawtooth wave function is therefore 
given as 

. g2(θ, r0(θ)) = β2 rα
0 I (θ − φ0) saw.tooth(θ − φ0)

= β2 rα
0 {sign[sin(n(θ − φ0)/2)] + 1}/2 [(θ − φ0) MOD (2π/n)]

(3.9)
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Fig. 3.11 Sawtooth wave functions 

3.2.3 Parameter Estimation for the Unified Predictive 

Deviation Model 

This section illustrates the estimation of model (3.6) for SLA experimentation on 
both circular and polygon shapes. 

Due to the aforementioned SLA machine repair, cylindrical basis model 
g1(θ, r0(θ)). represented in Eq. (3.5) or  g1(θ, r0(θ)) = x0 + β0(r0 + x0)

a +
β1(r0 + x0)

b cos(2θ). has to be re-estimated using new data shown in Fig. 3.7. 
When extending this basis model to generic shape, there is a danger of over-

parameterization, that is, the total number of unknown parameters in g1 . and g2 . will 
be more than can be estimated from the limited data. For illustration purpose, we 
adopt the following model without considering overexposure term: 

.g1(θ, r0(θ)) = β0r
a
0 + β1r

b
0 cos(2θ). (3.10) 

Due to apparent pattern change presented in Fig. 3.7a, the circular basis model 
g1(θ, r0(θ)). after machine repair is expected to have different coefficients β0 . and 
β1 .. On the other hand, we tend to keep a and b as the same values in Table 3.2 
for two reasons. First, ra

0 . and rb
0 . in Eq. (3.10) represent the volumetric shrinkage 

varying with size r0 .. For the same material, the change after MIP-SLA machine 
repair might be small. Second, concern of over-parametrization limits the number 
of unknown parameters in the model. Therefore, the circular basis function used is 

.g1(θ, r0(θ)) = β0r
1.566
0 + β1r

1.099
0 cos(2θ). (3.11)
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To test the proposed modeling strategy and cookie-cutter function, we first fit a 
statistical model for individual product shapes observed in the experiment. Given a 
cookie-cutter function, e.g., square wave function, model (3.6) can be simplified by 
merging variables as 

. �(θ, r0(θ)) = β0 + β1cos(2θ) + β2sign[cos(n(θ − φ0)/2)] + β3cos(nθ) + ǫ

(3.12) 

We simply apply the least square estimation (LSE) to estimate the individual 
models for three types of polygons. The estimated model parameters of Eq. (3.12) 
for fabricated product are shown in Table 3.7. The fitted models are shown as dashed 
lines in Figs. 3.7, 3.8, and 3.9, respectively. As can be seen in Fig. 3.7, with only 
three base functions, model (3.12) captures the deviation pattern of circular and 
square shapes very well (before machine repair), comparing with many model terms 
for Fourier series. 

Table 3.7 Individual model estimation for polygons 

Polygon Parameter Estimate Std. error P-value Residual σǫ . 

1 ′′ . square β0 . 1.5149e-3 1.313e-4 ≈.0 0.003207 

β1 . 5.706e-4 3.571e-4 0.11 

β2 . 2.343e-3 2.173e-4 ≈.0 

β3 . 1.561e-3 1.733e-4 ≈.0 

2 ′′ . square β0 . −.5.470e-03 8.924e-05 ≈.0 0.002568 

β1 . −.8.053e-04 2.618e-04 0.00217 

β2 . 7.856e-03 1.678e-04 ≈.0 

β3 . 2.071e-03 1.211e-04 ≈.0 

3 ′′ . square β0 . −.9.763e-03 8.771e-05 ≈.0 0.002597 

β1 . −.2.776e-03 2.640e-04 ≈.0 

β2 . 1.266e-02 1.714e-04 ≈.0 

β3 . 2.797e-03 1.204e-04 ≈.0 

1 ′′ . pentagon β0 . 1.317e-03 2.160e-05 ≈.0 0.001812 

β1 . 8.255e-04 3.173e-05 ≈.0 

β2 . 8.739e-04 2.314e-05 ≈.0 

β3 . 1.178e-03 3.245e-05 ≈.0 

3 ′′ . pentagon β0 . 1.310e-02 2.062e-05 ≈.0 0.002768 

β1 . 3.584e-04 3.158e-05 ≈.0 

β2 . 2.546e-04 2.251e-05 ≈.0 

β3 . 2.012e-04 3.003e-05 ≈.0 

3 ′′ . dodecagon β0 . 1.391158e-02 1.496537e-05 ≈.0 0.002138664 

β1 . −.1.417587e-04 2.089859e-05 ≈.0 

β2 . 7.680937e-05 1.494737e-05 2.7925e-07 

β3 . 3.338678e-04 2.033879e-05 ≈.0
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Table 3.8 Integrated model estimation for polygons 

β0 . β1 . β2 . α . Residual σǫ . 

0.00297 5.30065e-05 1.2315e-09 1.36459 0.00283 

However, model (3.12) seems unable to explain pentagon and dodecagon well 
(Figs. 3.8 and 3.9). The potential reason can be attributed to process condition 
change, and pentagon and dodecagon products were fabricated after the repair of the 
MIP-SLA machine. The sawtooth pattern is more obvious after repair, which may 
cause the poor fitting for pentagon and dodecagon shapes based on model (3.12). 

The initial model fitting for individual polygon shapes suggest the use of 
sawtooth wave function as cookie-cutter basis model after the machine repair. In 
addition, we attempt to fit one integrated model (3.6) for all polygons fabricated after 
machine repair. We will use square shape with side lengths 2′′

., 1′′
., and 3′′

. pentagons 
to fit one model and validate the model using 3′′

. dodecagon data. Specifically, the 
model after the machine repair is 

. �(θ, r0(θ)) = g1(θ, r0(θ)) + g2(θ, r0(θ)) + ǫ

= β0r
1.566
0 + β1r

1.099
0 cos(2θ) + β2 rα

0 I (θ − φ0) saw.tooth(θ − φ0) + ǫ

(3.13) 

Here we start without high-order term g3(θ, r0(θ)).. 
To fit this nonlinear model, we use the Bayesian approach to find if parameter 

estimation will maximize the log-likelihood function. The optimization routine 
optim(). in R . was implemented. The estimated model parameters and residual 
standard deviation are given in Table 3.8. 

The observed data and model prediction for three polygons are illustrated in 
Fig. 3.12a. Figure 3.12b shows the prediction for dodecagon shape. Note that 
dodecagon data was not used in the model training date set. 

This section and the work in [9] demonstrated the feasibility of developing 
a shape quality model for heterogeneous 2D geometries. Though the model 
selection and estimation can be further improved for better prediction accuracy, the 
cooking-cutter modeling strategy enables small-sample learning of geometric shape 
deviations, which will be further generalized to 2D and 3D freeform geometries in 
latter sections. 

3.3 Prescriptive Shape Quality Learning and Prediction for 

2D Freeform Geometries 

In contrast to predictive modeling, prescriptive modeling aims to predict quality of 
new and untried products beyond the experimental scope of test shapes. As shown 
in Fig. 3.13, a prescriptive model is expected to predict geometric shape quality of



3.3 Prescriptive Shape Quality Learning and Prediction for 2D Freeform. . . 59

−
0

.0
0

2
 

0
.0

0
4

 
0

.0
1

0
 

Observed vs fitted model for polygon_4_2_data 

θ 

S
h

a
p

e
 D

e
v
ia

ti
o

n
 (

u
n

it
:i
n

c
h

)
 

0 π 4 π 2  3π 4 π 5π 4  3π 2  7π 4 2π 

−
0

.0
0

6
 
0

.0
0

0
 

0
.0

0
6

 

Observed vs fitted model for polygon_5_1_data 

θ 

S
h

a
p

e
 D

e
v
ia

ti
o

n
 (

u
n

it
:i
n

c
h

)
 

0 π 4 π 2  3π 4 π 5π 4  3π 2  7π 4 2π 

0
.0

0
5

 
0

.0
1

5
 

Observed vs fitted model for polygon_5_3_data 

θ 

S
h

a
p

e
 D

e
v
ia

ti
o

n
 (

u
n

it
:i
n

c
h

)
 

0 π 4 π 2  3π 4 π 5π 4  3π 2  7π 4 2π 

(a) Polygon deviation profiles and model predictions 

0  1  2  3  4  5  6  
0
.
0
0
6

0
.
0
0
8

0
.
0
1
0

0
.
0
1
2

0
.
0
1
4

0
.
0
1
6

0
.
0

1
8

Dodecagon Deviation and Model Prediction

θ

S
h

a
p

e
 
D

e
v
ia

t
io

n
 
(
u

n
it
:
in

c
h

)

(b) Model validation by predicting do-

decagon deviation profile

Fig. 3.12 Integrated model prediction and validation 

Fig. 3.13 From circles and polygons to 2D freeform geometries [7] 

freeform shapes based on limited trials of simple shapes such as circular disks and 
polygon plates. 

Research on solid freeform fabrication [2] have been focusing more on design, 
process planning, finite element modeling (FEM), materials, processes, and 
machines. For instance, the work in [3] proposes a feature-based design approach 
for modeling complex components with local composition control. To ensure 
geometric accuracy of freeform products, an algorithm is developed to calculate 
the correct amount of droplets along the boundary and the amount of proportional 
deflections. The work in [4] puts forward a closed-loop feedback control strategy 
to improve geometric quality by making real-time decision regarding droplet scale 
and locations of subsequent droplets. Yet these methods are more or less dependent 
on specific geometric shapes and processes.
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This section generalizes the cookie-cutter modeling approach discussed in 
Sect. 3.2 [9] to predict shape accuracy of 2D freeform products with a prescriptive 
learning strategy independent of geometric and process complexities. The shape 
deviation of arbitrary 2D freeform shapes can be predicted based on limited test 
shapes of circular and polygon shapes as shown in Fig. 3.13. 

3.3.1 Strategy of Prescriptive Modeling for Methodology 

Extension to 2D Freeform Shapes and Experimental 

Validation 

The first challenging issue for extending the cookie-cutter modeling approach to 2D 
freeform shapes is the functional characterization of shape deviations for arbitrary 
2D shapes. A close-form representation is essential for implementing the optimal 
compensation policy derived in [11]. Below we discuss the formulation of two 
possible strategies. 

3.3.1.1 Strategy A: Polygon Approximation with Local Compensation 

(PALC) 

One observation is that any in-plane 2D freeform shape can be approximated by 
a polygon (Fig. 3.14). Since we have predictive in-plane shape deviation models 
established for circular and polygon shapes [9, 11, 25, 31], one intuitive idea is 
therefore to approximate an arbitrary freeform shape by a polygon first and then 
improve the shape deviation model of that polygon through compensation and 
adjustment. This line of thinking results in the first strategy: polygon approximation 
with local compensation (PALC). 

Denote the in-plane error model for the fitted polygon as f (θ, r(θ)). defined in 
the polar coordinate system (PCS). (Different polygonal approximation approaches 
will be discussed shortly.) At angle θ ., the approximation error is denoted as x(θ)., 
which is the amount of compensation to be applied to improve prediction (refer to 
Part III for topic on optimal compensation [7, 11]). The predictive in-plane shape 

Fig. 3.14 Strategy of 
polygon approximation with 
local compensation (PALC) 
(solid line, freeform shape; 
dashed line, approximated 
polygon shape; shadow area, 
amount of compensation to 
approach the freeform from 
the polygon shape)
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deviation model for the freeform can thus be derived as f (θ, r(θ) + x(θ)).. In  
this way, shape quality modeling for polygons in Sect. 3.2 [9] can be extended to 
arbitrary 2D freeform shapes. 

3.3.1.2 Strategy B: Circular Approximation with Selective Cornering 

(CASC) 

An alternative strategy, which is not that intuitive, is based on the observation that 
any in-plane 2D freeform shape can be approximated by the addition of a series 
of circular sectors with different radii (Fig. 3.15). To accommodate the potential 
sharp transitions or corners between adjacent sectors, we properly select corners 
and impose a cookie-cutter function [9] to the circular base functions. This second 
strategy is called circular approximation with selective cornering (CASC). 

The first step of CASC strategy is to obtain a series of sectors with different ri(θi). 

at θi . in the PCS (Fig. 3.15). A natural approach to derive ri(θi). is to fit a polygon 
with a large number of sides to the 2D freeform shape. The deviation of each circular 
sector can be predicted by the circular base model in Sect. 3.1 [11] using a section 
of a circle. 

The second step of CASC is to properly select corners to catch the transition 
points along the boundary of the 2D freeform shape. The good approximation in step 
1 of CASC results in a large number of sectors. Yet the sharp transition points along 
the 2D freeform can be less than the number of circular sectors. We will present a 
method to design the cookie-cutter function to catch the transition points from the 
CAD design. Therefore, the two-step CASC strategy presents another strategy to 
predict the shape quality of a 2D freeform product. 

Polygon approximation to an in-plane freeform shape is clearly an important 
step in both strategies. The related research has been widely reported in image 
processing, computer vision, and pattern reorganization with methods classified 
into three groups: (1) split-based approaches [5, 37], (2) merge-based approaches 
[24, 35], and (3) dynamic-programming-based optimal approximation [22, 26]. Both 
the split- and merge-based approaches demonstrate good approximation of convex 
and concave freeform. Not a focus of this chapter, the merge-based approach is 
adopted for polygon approximation in this study. 

Fig. 3.15 Strategy of circular 
approximation with selective 
cornering (CASC) (solid arcs, 
actual radii of sectors; solid 
line segments, polygons 
sides)
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3.3.1.3 Strategy Evaluation and Selection Through Experimental 

Investigation 

To evaluate the two plausible strategies, experimental investigation was conducted 
for evaluation and selection. 

Our null hypothesis is that the intuitive PALC strategy works better than CASC. 
If this hypothesis is true, the main shape deviation pattern of a 2D freeform product 
should be captured by the deviation pattern of a polygon that approximates the 2D 
freeform shape (cf. Fig. 3.14). Otherwise, CASC strategy has to be considered. 

To test this hypothesis, one 2D freeform product and one polygon plate with its 
in-plane polygon shape approximating the in-plane freeform shape were built. As 
shown in Fig. 3.16, the freeform product takes arbitrary shape with “circumcircle” 
radius being 2 ′′ .. Here the radius of minimum circumcircle that contains a part 
shape is used to determine its size. Using the merge-based approach, a polygon 
was generated to approximate the freeform shape. Using the same polygon shape 
at a smaller size (circumcircle radius = 1 ′′ .), a polyhedron was built as well. All test 
parts have the same thickness of 0.25 ′′ .. 

It should be noted that size of the polygon is not a concern to us because our 
previous studies [9] show that the deformation pattern of a polygon does not vary 
with its size, although the magnitude differs. 

To facilitate the identification of the orientation of test parts during or after the 
building process, a non-symmetric sunk cross with line thickness of 0.02 ′′ . was 
designed on the top surface. The 3D CAD models were exported to STL format 
files and then sent to the Mask-Image-Projection-based SLA (MIP-SLA) machine. 
The MIP-SLA platform in this experiment was the ULTRA® machine from 
EnvisionTEC. Specification of the manufacturing process is shown in Table 3.9. 

All test parts were measured using a Micro-Vu precision machine. Same 
measurement procedure was followed for each test part to reduce errors. For 
convenience and consistency, the center of the cross was chosen as the origin of 
measurement coordinate system in the Micro-Vu machine. Boundary profile was 
fitted using splines in the metrology software associated with the machine. For the 

Fig. 3.16 Printed freeform shape and corresponding similar polyhedron
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Table 3.9 MP-SLA process 
settings 

Thickness of the product 0.25′′
. 

Thickness of each layer 0.00197′′
. 

Resolution of the mask 1920 × 1200. 

Dimension of each pixel 0.005′′
. 

Illuminating time of each layer 7s 

Average waiting time between layers 15s 

Type of the resin SI500 

Fig. 3.17 Deviation profiles of convex freeform and corresponding polygon approximated 

two printed parts shown in Fig. 3.16, their deviation profiles defined in the PCS are 
shown as blue solid lines in Fig. 3.17. 

Comparing these two deviation profiles, their basic deviation patterns show 
significant discrepancies in two aspects: (1) the trends of deviation profiles do not 
match; (2) the polygon deviation profile has more sharp transitions, and the positions 
of sharp changes are inconsistent with its freeform counterpart. 

The immediate conclusion from the experimental investigation suggests that our 
null hypothesis is not true, i.e., the intuitive PALC strategy may not work well. We 
believe major reasons causing the discrepancies can be as follows: 

• Comparing the two parts in Fig. 3.16, the amount of approximation errors vary 
with location θ .. This different level of approximation accuracy can alter the trend 
of deviation profile for the approximated polygon. 

• Although increasing the number of sides can improve the approximation, a more 
serious issue is that vertices in approximated polygon and its corresponding 2D 
freeform shape don’t match. It is unavoidable that a vertex can be identified 
by the merged-based method at a smooth segment of the 2D freeform shape. 
Additionally, chances exist that a line segment passing through a vertex of the 
freeform can be fitted for the polygon. 

Both these two reasons lead to vertex mismatch. Therefore, if we directly use the 
shape deviation model for polygons to represent the major shape deviation pattern of 
the freeform shape, large errors can be introduced. Compensation for sharp changes
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could be introduced at wrong locations, and real sharp transitions of the freeform 
shape may be missed. 

Based on experimental result and analysis, CASC is deemed to be a more suitable 
strategy for methodology extension. 

3.3.2 Prescriptive Modeling and Small-Sample Learning of 2D 

Freeform Shape Quality 

The experimental disapproval of PALC strategy raises critical issues for CASC 
strategy: 

i How to represent circular basic function appropriately to capture the correct trend 
pattern of 2D freeform shape deviation? 

ii How to detect actual vertices or sharp corners in 2D freeform shapes in order to 
add cookie-cutter function at right locations? 

3.3.2.1 Prescriptive Modeling of 2D Freeform Shape Deviation via CASC 

Strategy 

It is worthwhile to first review the predictive model developed in Sect. 3.2 [9] for  
in-plane polygon shapes. Denote f P (θ, r(θ)). as the deviation model of polygon 
deviation profiles defined in the PCS. According to Eq. (3.6), f P (θ, r(θ)). is 
formulated as 

. f P (θ, r(θ)) = g1(θ, r(θ)) + g2(θ, r(θ)) + g3(θ, r(θ))

where g1 . depicts the deviation model of circular shapes, g2 . is the cookie-cutter 
function trimming the circular base shapes, and g3 . is the remaining deviation along 
each side not captured by g1 . and g2 .. 

Since the PALC strategy of directly applying f P (θ, r(θ) + x(θ)). to freeform 
prediction has been invalidated by experiments and analysis, we need to modify the 
model f P (θ, r(θ)). so that it is consistent with strategy CASC. 

According to CASC (Fig. 3.15), a large number of sectors with different radii 
ri(θi). at θi . will be adopted to capture the curvature and trend of 2D freeform 
deviation profiles. This suggests that, rather than using a single and whole circular 
base, we need to modify g1(θ, r(θ)). as a combination of circular basis functions, 
with each of them only representing a portion or a circular sector, e.g., g1(θi, ri(θ)). 

for the ith sector falling between (θi−1, θi .). The circular basis function g1(θ, r(θ)). 

is generalized as: 

.g1(θ, r(θ)) = g1(θ, ri(θi)) (3.14) 

where θi−1 < θ < θi, 1 ≤ i ≤ n, θ0 = θn ..
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For example, the circular basis model g1(θ, r(θ)). has been established for MIP-
SLA process in [11]: 

.g1(θ, r(θ)) = x0 + α(r0 + x0)
a + β(r0 + x0)

b cos(2θ) (3.15) 

where cos(2θ). term represents the dominant deformation pattern and x0 . is a 
constant effect of overexposure for the MIP-SLA process, which is equivalent to 
a default compensation x0 . applied to original CAD model. 

When the MIP-SLA machine settings were changed after the experimentation in 
[11], experiments on circular disks were conducted again, and new deviation profiles 
clearly show the difference between the upper and lower half of the disks [9]. For 
the upper half (θ = 0 ∼ π .) of the product, the circular basis model g1(θ, r(θ)). is 
modified as: 

.g1(θ, r(θ)) = xu
0 + αu(r0 + xu

0 )a
u + βu(r0 + xu

0 )b
u

cos(2(θ + π/8)) (3.16) 

For the lower half (θ = π ∼ 2π .) of the product, the circular basis model is 
modified as: 

.g1(θ, r(θ)) = xl
0 + αl(r0 + xl

0)
al + β l(r0 + xl

0)
bl

(− sin(2θ)) (3.17) 

Note that superscripts u and l indicate parameters corresponding to upper and 
lower half of the product, respectiv ely.

To demonstrate the CASC strategy, the upper circular basis function in Eq. (3.16) 
is generalized for 2D freeform shapes as: 

. gF
1 (θ, r(θ)) = xu

0 + βu
0 (ri(θi) + xu

0 )a
u

+ βu
1 (ri(θi) + xu

0 )b
u

cos(2(θ + π/8))

f or θi−1 < θ < θi, 1 ≤ i ≤ nu, θ0 = θn (3.18) 

And the lower circular basis function in Eq. (3.17) is generalized for 2D freeform 
shapes as: 

. gF
1 (θ, r(θ)) = xl

0 + β l
0(ri(θi) + xl

0)
al

+ β l
1(ri(θi) + xl

0)
bl

(− sin(2θ))

f or θi−1 < θ < θi, nu + 1 ≤ i ≤ n, (3.19) 

where n is the number of sides of the approximated polygon and nu
. is the number 

of sides of the upper-half polygon ( θ . from 0 to π .). 
In order to obtain n, nu

. and θi . in Eqs. (3.18) and (3.19), the merge-based 
approach was adopted for polygon approximation. By linear scanning of a digital
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Fig. 3.18 Polygon approximation of 2D freeform shapes 

curve, merged-based approach uses two thresholds regarding distance and area to 
determine whether each scanned point is a vertex of the approximated polygon. n 
is the number of all the selected vertices. When thresholds are small enough, the 
freeform boundary can be precisely approximated by a polygon with large number 
of sides (see in F ig. 3.18). θi . can be obtained numerically as one outcome of the 
approximation procedure. In the approximation procedure, the boundary points are 
stored as digital coordinates. Therefore, the angle θi . in the PCS could be easily 
derived once the ith vertex is determined. For large n, the radius of each sector can 
be approximated by the distance from ith vertex to the origin of circumcircle, which 
is denoted as ri(θi). (as shown in Fig. 3.15). Figure 3.18 shows that both convex and 
concave freeform shapes can be well approximated. 

With the generalized circular basis model, the second issue to be addressed 
for CASC strategy is the proper determination of vertices or corners with sharp 
transitions along the boundary of a 2D freeform shape. The cookie-cutter model or 
g2(θ, r(θ)). in Eq. (3.5) was first developed in [9] to capture the sharp transitions of 
polygon shapes. 

.g2(θ, r(θ)) = β2(r0 + x0)
αcookie.cutter(θ − φ0) (3.20) 

One example of cookie-cutter functions is the square wave model: 

. sign[cos(n(θ − φ0)/2)]

where n is the number of sides of a polygon and φ0 . is a phase variable to shift the 
cutting position in the PCS. The sawtooth cookie-cutter model is another alternative: 

. saw.tooth(θ − φ0) = (θ − φ0) MOD (2π/n)

where x MOD y = remainder of (x/y .). 
These two cookie-cutter functions apply to regular polygons well where the 

transitions of the square wave or sawtooth wave can be easily identified. For a 2D 
freeform shape, however, we already point out that the vertices of the approximated 
polygons cannot correctly describe the transition points of the freeform shape 
boundary. In addition, the fitted polygons from merged-based approach can be
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irregular in general. We therefore have to develop a method to design the cookie-
cutter function to catch the transition points of the 2D freeform from its CAD design. 

Notice that when an interior angle γi . of the fitted polygon (Fig. 3.15) is close  
to π . or |γi − π | ≤ δcritical ., the corresponding ith vertex positioned at θi . is not 
likely to produce a sharp transition in the deformation profile at location θi .. Since 
each boundary point is stored as coordinates, the interior angle γi . could be derived 
accordingly. Here, δcritical . is a threshold value, e.g., δcritical . is less than (1/6)π . 

from the experimental studies in [9]. 
Based on this observation and proposed criterion, only vertices with sharp 

transitions in the fitted polygon will be selected for the cookie-cutter function to 
alternate the function amplitude. Let m be the number of selected vertices for the 
cookie-cutter function with m ≪ n. (the small circles in Fig. 3.18 show m vertices 
finally selected) and the angle of m vertices be ϑk ., k = 1, 2, . . . , m.. Both  m and ϑk . 

are obtained by the polygon approximation procedure. Note that the cookie-cutter 
will only be applied to sectors whose vertices have sharp transitions. It is generalized 
as: 

.g2(θ, r(θ)) =
{

g2(θ, ri(θi)), if θi = ϑk

0, o/w
(3.21) 

where θi−1 < θ < θi, 1 ≤ i ≤ n, θ0 = θn;ϑk, k = 1, 2, . . . , m,m ≪ n.. 
Then the square wave cookie-cutter function is extended for a 2D freeform shape 

as: 

. gF
2 (θ, r(θ)) =

⎧

⎪

⎨

⎪

⎩

β2(ri(θi) + x0)
αsign[cos(

(2 + (−1)i)πθ

2θi

)], if θi = ϑk

0, otherwise

(3.22) 

where the term (2 + (−1)i). is adopted to guarantee that sign(·). changes between 
− 1. and + 1. alternatively to build the cookie-cutter function. 

The sawtooth wave cookie-cutter model is also extended as: 

.gF
2 (θ, r(θ)) =

{

β2(ri(θi) + x0)
αsaw.tooth(θ), if θi = ϑk

0, otherwise
(3.23) 

where saw.tooth(θ) = π(θ − θi−1) MOD (θi − θi−1)

2(θi − θi−1)
.. 

We still adopt the sawtooth cookie-cutter function proposed in [9]. Note that not 
all freeform shapes have sharp transitions required for cookie-cutter functions. For 
example, the freeform in Fig. 3.18b doesn’t contain sharp transition points, and the 
cookie-cutter function is not needed in prediction.
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With the generalized circular basis model and extended cookie-cutter model, 
the prescriptive learning model f F (θ, r(θ)). for 2D freeform shape deviation is 
extended from the polygon model f P (θ, r(θ)). as 

.f F (θ, r(θ)) = gF
1 (θ, r(θ)) + gF

2 (θ, r(θ)) (3.24) 

3.3.2.2 Prescriptive Model Estimation Based on Small-Sample Trial 

Geometries 

Model (3.24) is deemed to be prescriptive if its model parameters can be estimated 
based on a small sample of trial shapes and it can be applied to predict the 
deformation of a freeform shape given the product CAD design. This section 
illustrates model parameter estimation based on six test parts: three circular disks 
and three polygon plates in various sizes. 

Three circular disks are fabricated with circumcircle radii 0.5 ′′ ., 1.5  ′′ ., and 3 ′′ ., 
respectively. Figure 3.19a shows their deviation profiles. The maximum likelihood 
estimation (MLE) of circular basis model is given in Table. 3.10, while the predicted 
disk deviation profiles are shown as smooth lines in Fig. 3.19a. Note that we assume 
error term ǫ ∼ N(0, σ 2)., and the initial parameter values for the numerical MLE 
estimation are chosen as αu = αl = 0.01., au = al = 0.5., βu = β l = 0.001., 
bu = bl = 0.5., and xu

0 = xl
0 = −0.01., which are based on our previous analysis in 

[11]. 
Three regular polygons, that is, a 2 ′′ . by 2 ′′ . cube, a pentagon with circumcircle 

radius 1 ′′ ., and a pentagon with circumcircle radius 3 ′′ ., are fabricated to establish the 
in-plane polygon model. Figure 3.19b shows the in-plane shape deviation profiles 
of these polygons. 

Since the polygons are regarded as being trimmed from circular disks, the 
circular model basis in polygon model should be consistent with the circular disk 
model. Therefore, we plug the six fitted parameters xu

0 ., xl
0 ., au

., al
., bu

., and bl
. in the 

circular disk model to the polygon model directly. The MLE parameter estimation 
of the remaining parameters is shown in Table 3.11, and the smooth black lines 
in Fig. 3.19b show the predicted shape deformation profiles of three polygons. 
The initial parameter values for numerical iteration are set as: βu

0 = β l
0 = 0.01., 

βu
1 = β l

1 = 0.01., βu
2 = β l

2 = 0.001., αu = αl = 1. [9]. 

3.3.3 Prescriptive Model Validation Through Experimentation 

The model (3.24) is obtained by learning from a limited number of tested shapes 
(circular disks, squares, and pentagons) in Sect. 3.3.2.2. The model is deemed to be 
prescriptive if it can predict new and untried products. To validate the prescriptive 
power of model (3.24) for arbitrary 2D shapes, we build one convex and one concave 
freeform shape with circumcircle radius 2 ′′., which are shown in Figs. 3.16a, b,
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Fig. 3.19 Deviation and prediction profiles of training geometries 

respectively. We will compare the prediction of model (3.24) to the measured shape 
deviation of two 2D freeform shapes. 

To obtain model prediction of the 2D freeform shapes, we first plug the estimated 
parameters for the polygon model in Sect. 3.3.2.2 into the generalized circular 
basis model (3.18) and (3.19) and the extended cookie-cutter model (3.23). Then, 
following CASC strategy, the polygon approximation is applied to the 2D freeform 
CAD models to obtain n, m, θi ., ri ., γi ., and ϑk . (Fig. 3.18), i = 1, . . . , n, k =
1, . . . , m.. They are plugged into the extended 2D freeform model to predict the 
deviations for each sector. The combined prediction forms the predicted deviation 
profile of the 2D freeform shape. In the merge-based approach, the distance 
threshold is 3 pixel, and the area threshold is 10 pixel. The threshold for catching 
transition points is δcritical = π/6., which is not a strict constraint. For the convex 
2D freeform shape (Fig. 3.16a), the approximated number of sides n = 104., and
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Table 3.10 Estimated 
parameters for circular base 
model 

Model of the upper half disk 

Parameter Estimated value Standard deviation 

αu
. 0.0076 9.593 × 10−5

. 

au
. 0.7878 0.0069 

βu
. 0.0015 1.670 × 10−5

. 

bu
. −0.1043 0.0125 

xu 
0 . −0.0056 9.398 × 10−5

. 

Model of the lower half disk 

Parameter Estimated value Standard deviation 

αl
. 0.0312 8.060 × 10−4

. 

al
. 0.2198 0.0054 

β l
. 0.0018 1.804 × 10−5

. 

bl
. 0.7110 0.0096 

xl 
0 . −0.0264 7.931 × 10−4

. 

Table 3.11 Estimated 
parameters for polygon model 

Model of the upper half polygon 

Parameter Estimated value Standard deviation 

βu 
0 . 0.0058 1.313 × 10− 5

. 

βu 
1 . 0.0011 2.117 × 10− 5

. 

βu 
2 . 0.0027 2.870 × 10− 5

. 

αu
. 0.8778 0.0094 

Model of the lower half polygon 

Parameter Estimated value Standard deviation 

β l 
0 . 0.0291 2.141 × 10−5

. 

β l 
1 . 0.0012 1.004 × 10−5

. 

β l 
2 . 0.0009 2.712 × 10−5

. 

αl
. 1.4067 0.0250 

the number of vertices selected in cookie-cutter function m = 11. (Fig. 3.18a, which 
demonstrates that all the true vertices are founded without mistake. The concave 2D 
freeform shape (Fig. 3.20a) has parameters n = 88. and m = 0. (Fig. 3.18b). The 
smooth shape has no transition point selected. 

The observed deviation profiles of the two freeform parts are shown as the solid 
blue lines in Figs. 3.17a and 3.20b, respectively. The predicted deviation profiles 
for two 2D freeform shapes using model (3.24) are represented as red dashed 
lines in each figure. Considering the limited data used for model fitting and errors 
involved in freeform shape measurement (e.g., curve registration and boundary 
approximation in measurement), the prescriptive prediction of model (3.24) is  
remarkably close to the measurement. The encouraging result suggests: 

• The small-sample learning and prediction methodology of predicting 2D shape 
quality of AM-built product is generic, which can be directly extended from 
circular and polygon shape to 2D freeform shapes.
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Fig. 3.20 Deviation and prediction profiles for 2D concave freeform shape 

• The prescriptive modeling methodology has the capability of predicting new and 
untried products by learning from a limited number of tested shapes. 

• The foundation of this methodology is dimension reduction of 2D shape space, 
that is, representing a 2D freeform shape with shape primitives such as circular 
sectors and corners. 

As a result, the deviation profile of any 2D arbitrary freeform can be derived 
directly from CAD design, though the prediction model can be further improved. 
This provides a great opportunity to implement the optimal compensation policy 
established in [11] to improve the geometric accuracy of AM-built products. 

It should be mentioned that parameters in Table 3.11 are estimated from 
experimentation with regular polygons, while most of the approximated polygons 
are irregular. Our model prediction accuracy can be improved if irregular polygon 
data are available for model learning. This indirectly demonstrates the robustness of 
model (3.24). 

Built upon predictive model for circular and polygon shapes, this section presents 
a circular approximation with selective cornering (CASC) strategy to extend the 
polygon quality prediction model to arbitrary 2D freeform shapes. This strategy 
essentially approximates a 2D freeform with a series of circular sectors with 
different radii first and then further improve the approximation by imposing a 
generalized cookie-cutter function. The series of circular sectors are modeled as 
generalized circular basis functions. 

The prescriptive model is estimated/calibrated based on a limited number of trials 
shapes including disk, square plates, and pentagon plates. Experimental observa-
tions of both convex and concave 2D freeform shapes match the model prediction 
well. It demonstrates the prescriptive capability of predicting new and untried 
products by learning from a limited number of tested shapes. As a result, the 2D 
shape quality of any arbitrary 2D freeform can be derived directly from CAD design.
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3.4 2D Finite Manufacturing Primitive Extraction and 

Learning for AM Quality 

To reduce the complexity of AM operations, the finite manufacturing primitive 
(FMP) or printing primitive concept has been introduced in Sect. 2.5 to represent 
AM products in a low-dimensional space. This section introduces a 2D FMP 
extraction approach through a changepoint detection formulation. Using 2D shapes 
as an illustration, each layer geometry in AM will be represented by 2D FMPs 
including curve segments and corners, capturing smooth and non-smooth deviation 
patterns, respectively. 

The developed changepoint detection algorithm automatically extracts 2D FMPs 
from any 2D freeform shape. Models of predicting 2D FMP quality are developed 
with consideration of covariates such as size, curvature, and location, which has not 
been addressed in [18]. 

3.4.1 Automatic Extraction of 2D Finite Manufacturing 

Primitive (FMP) via Changepoint Detection Formulation 

Geometric features have been widely adopted to simplify shape representation 
across various fields, including engineering product design [23], reverse engineering 
[28], and object recognition [36]. They are typically defined as partial regions of the 
shape with primitive geometries or semantic meanings [23]. Complex shapes can 
be represented as combinations of a few types of pre-specified primitive geometric 
features, thereby enhancing the efficiency of design and manufacturing. 

Extraction of geometric features from freeform shapes is typically based on 
geometric descriptors. For instance, geometric features of 2D freeform shapes, such 
as line segments and corner points [1, 30], are detected by identifying points with 
abnormal tangential angle changes. The 2D freeform shapes are then segmented at 
these points to form the features [20, 21, 27]. The decision variables, such as the 
threshold to determine the corner points, need to be specified for each design to 
avoid redundant small features. 

However, in additive manufacturing (AM) of intricate products with complicated 
geometries, feature-based representation faces tremendous challenges because infi-
nite features are needed to represent complex new designs [8, 29]. This significantly 
increases the difficulty of AM operations such as design representation, process 
planning, and quality control. For example, shape accuracy control for a new product 
design poses a unique challenge in AM. The feature-based representation should 
facilitate machine learning and inference of the new product quality based on the 
geometric features observed in sample prints [8]. However, a new topologically 
optimized design in AM more likely contains unknown features that make feature-
based models ineffective. Furthermore, identical geometric features can exhibit 
different deviation patterns in AM due to covariates such as location and size
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[12]. Luan and Huang (2017) [18] attempted to predict printing deviations of 2D 
freeform shapes using geometric primitives. The 2D layer geometry and its quality 
were represented and predicted with small circular or polygonal sectors extracted 
from disk and polygon shapes. Though the method in [18] was groundbreaking, the 
prediction model overlooked many covariates such as curvature and location. The 
prediction accuracy needs to be improved for complicated geometries too. 

To address this limitation, a novel representation framework based on FMPs has 
been proposed for layer-wise 2D boundaries and 3D surfaces of AM products. [8]. 
For 2D products, three types of printing primitives were defined: circular sectors 
with constant curvature, line segments with zero curvature, and corners covering 
infinite curvature points. Unlike corner points, corner primitives were defined as 
regions on layer geometries to capture discontinuous deviation patterns. However, 
this work did not provide guidance on primitive extraction or modeling of their 
printing quality. 

This section develops an automated printing primitive extraction and learning 
framework to reduce the complexity of AM operations, particularly to predict 
deviations of printed 2D freeform geometries in AM. To represent and predict the 
printing deviation of a freeform 2D geometry, we define I = 2. types of generalized 
2D primitives: curve segments and corners, to capture smooth and non-smooth 
deviation patterns, respectively. In comparison to the primitives defined in [8], we 
allow smooth curvature variations for curve segments, as these variations typically 
do not affect the overall trend of the deviation patterns. Line segments are special 
cases of smooth curve segments with constant zero curvature. We define corners as 
small regions that compactly capture sharp changes in printed geometries. 

Representing the boundary of a 2D layer geometry in the polar coordinate system 
(PCS) as (r, θ). [8, 12, 18], the contour r(θ). can be formulated as: 

. r(θ) =
I

∑

i=1

ri(θ)1θ∈
i
,

where ri(θ). is the ith-type primitive and 
i . denotes its definition domain of θ .. 
In PCS, the deviation of a 2D shape is typically defined as the difference in radius 

between the actual print, r , and the design, r0 ., along each angle θ .. This is expressed 
as �r(θ) = r(θ)−r0(θ)., where θ ∈ [0, 2π). [12]. Using 2D primitives, the deviation 
on shape r(θ). is formulated as: 

. �r(θ) =
I

∑

i=1

�(θ)1θ∈
i
.

Since different types of primitives capture distinct deviation patterns, we propose 
constructing the deviation learning model for each type of primitive separately. A 
unique functional form is developed to represent the deviation profile of the ith-
type primitive as fi

(

θ,β i

)

., where β i . contains the covariates of each primitive. The
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deviation of the printed 2D part can be described as: 

.�r(θ) =
I

∑

i=1

fi

(

θ,β i

)

1θ∈
i + ǫ (3.25) 

Since the primitives are defined based on the smoothness of deviation patterns 
within a local region, we propose to extract them by detecting segment-wise 
deviation shifts. The boundary smoothness is intrinsically linked to the homogeneity 
of curvature values within a segment. Consequently, by identifying changes in 
curvature, we can effectively separate discontinuous and continuous segments in the 
deviation profile. The curvature distribution along the 2D shape can be represented 
as a curvature profile κ(θ)., denoting the curvature values at each angle θ .. 

Representing κ(θ). in PCS may encounter multiple points corresponding to the 
same angle θ . for freeform shapes, an issue that was not addressed in [18]. To 
overcome this issue, we first parameterize the contour by using unit arc length. 
Suppose s is the distance along the curve from some fixed starting point, i.e., the arc 
length. At “time” t , the length of the point traveled is s(t) =

∫ t

0

√

x(u)2 + y(u)2du.. 
The distance from a point at s to the origin is denoted as r(s).. Automatic extraction 
of 2D primitives is formulated as follows: 

. min
τ1:J

J
∑

j=1

[

C(κ(τj−1+1):τj
)
]

+ λP(J ), (3.26) 

where τ1:J = (τ1, τ2, . . . , τJ ). are the J changepoints along s(t)., C. measures the 
homogeneity of curvatures within a segment, and λP(J ). denotes a penalty against 
overfitting. 

The curvature κ . at s in Eq. (3.26) is defined as κ = dφ
ds

=
∥

∥φ′(s)
∥

∥., where φ(t) =
r′(t)

‖r′(t)‖ . is the unit tangent vector. It measures how much the curve deviates from 
a straight line at each point. For a 2D freeform shape approximated by n discrete 
points, the curvature of each point is estimated by approximating a second-order 
polynomial around it and is denoted as κ1:n = (κ1, κ2, . . . , κn).. 

The cost function C. measures the curvature homogeneity within a segment 
κ(τj−1+1):τj

= (κ(τj−1+1), κ(τj−1+2), . . . , κτj
).. A low value of C(κ(τj−1+1):τj

). indi-
cates that the segment does not contain any changepoints [15]. Given that there are 
drastic changes in curvature values between adjacent primitives, we detect changes 
in the mean curvature on a segment-wise basis: 

.κ̄(τj−1+1):τj
= 1

τj − τj−1

τj
∑

r=τj−1+1

κr . (3.27)
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Thus, the cost function C. in Eq. (3.26) can be defined as: 

.C(κ(τj−1+1):τj
) =

τj
∑

r=τj−1+1

[

κr − κ̄(τj−1+1):τj

]2
(3.28) 

To automatically identify the optimal number of segments, we penalize the 
number of segments by setting P(J ) = J . to avoid generating small segments. 
The penalty λ. controls the sensitivity to the changes of κ .. We employ a greedy 
search method to find the smallest λ. value that ensures adjacent segments have 
curvature values of differing signs, satisfying the condition sign(κ̄(τj−1+1):τj

) ·
sign(κ̄(τj +1):τj+1

) ≤ 0,∀j .. The objective function, Eq. (3.26), can be written as: 

. min
τ1:J

J
∑

j=1

τj
∑

r=τj−1+1

[

κr − κ̄(τj−1+1):τj

]2
+ λJ. (3.29) 

The detected changepoints include both inflection points between convex and 
concave curve segments and endpoints of corner regions. Different types of 2D 
primitives can be extracted simultaneously by segmenting at these points. 

3.4.2 Prescriptive Modeling and Learning 2D FMP Quality 

To predict deviations of 2D freeform shapes using heterogeneous printing samples, 
a cookie-cutter learning framework has been established in [10, 16] and was 
mathematically proved in [8]. However, the existing learning framework does 
not distinguish the global coordinate system of a part and the local coordinate 
systems of printing primitives. The consequence is that primitives of the same 
shape could end up with different “design radii” because of their printing locations, 
i.e., the confounding of location and size effects. Additionally, the framework 
has not yet incorporated the geometric curvature, an aspect that greatly impacts 
shape deviations and could enhance prediction accuracy. Furthermore, the existing 
non-smooth cookie-cutter functions may not adequately capture the heterogeneity 
among smooth curve segments. 

To overcome these issues, this section provides a generalized approach to model 
shape primitives. Suppose that a smooth curve primitive (the segment with blue 
boundary in Fig. 3.21) is printed in the global polar coordinate system with center 
O. The local polar coordinate system (LPCS) of the primitive is centered at Oj ., 
representing location of the printed primitive. To separate the location and size 
effects, the deviation profiles of primitives are represented and modeled in the 
LPCS, where a smooth curve primitive is viewed as being carved out from the 
covering circular sector through a cookie-cutter function. The model for smooth
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Fig. 3.21 A smooth curve primitive (in blue) under the global and local coordinate systems 

curve primitives is therefore formulated as: 

.

f
(

θ, r0(θ), κ(θ), rj , xj , yj

)

=

f1
(

θ, rj , xj , yj

)

Circular basis function

+ f2
(

θ, r0(θ), κ(θ), rj
)

Cookie-cutter function

(3.30) 

where f1 .captures the deviation pattern of circular sectors and cookie-cutter function 
f2 . describes the deviations incurred by removing materials. Model for corner 
primitives can follow the same idea, but it is not discussed in this book. 

Explanations of the covariate effects are as follows: 

• Location (xj , yj ). is the Cartesian coordinates of the LPCS origin. We model the 
location effect via the effect equivalence framework as in [17]. Specifically, the 
deviations induced at different locations are captured through a compensation 
term that modifies the design radius. 

• Size r0(θ). denotes the length from LPCS center Oj . to the boundary point defined 
by its angle θ .. With more material deposited along the θ . direction, a larger scale 
of deviation is supposed to be observed, which coincides with the observations in 
[10, 12]. When r0 → ∞., the deviation should be bounded. Also, the deviation is 
expected to be around zero when r0 → 0.. Note that based on the nominal design 
(θ, r0(θ)). and segmentation results, each primitive can be covered by a circular 
sector with radius rj . for j = 1, . . . , J .. 

• Curvature κ(θ). calculated in Sect. 3.4.1 represents how much the segment bends 
from a straight line around θ . locally. Due to the uneven heat dissipation, more 
complicated deviation patterns are expected for larger κ .. On the other hand, when 
κ = 0., a straight line segment is fabricated.
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Since the deviation patterns of circular sectors are mostly continuous and smooth, 
a natural choice to model them is the Fourier basis expansion as in [12]. The 
formulation is written as: 

.f1
(

θ, rj
)

= x0 +
K

∑

k=0

bk,0
(

rj + x0
)bk,1 ϕk(θ), (3.31) 

where ϕk(θ), k = 0, . . . , K . are Fourier bases, parameter x0 . is a compensation term 
capturing the equivalent effects such as location, and coefficients bk,0(rj + x0)

b
k,1 . 

capture the size effect [12]. 
For example, we could set K = 2. and rewrite Eq. (3.31) as 

.

f1
(

θ, rj , xj , yj

)

= x0(xj , yj ) + b0,0
(

rj + x0(xj , yj )
)b0,1

+ b1,0
(

rj + x0(xj , yj )
)b1,1 cos

(

n1,1θ + ψ1,1
)

+ b2,0
(

rj + x0(xj , yj )
)b2,1 cos

(

n1,2θ + ψ1,2
)

.

(3.32) 

A second-order polynomial is adopted to capture the equivalent effect of location 
[17]: 

.

x0
(

cx, cy

)

= p0,0 + p1,0cx + p0,1cy

+ p2,0c
2
x + p1,1cxcy + p0,2c

2
y .

(3.33) 

The cookie-cutter function in Eq. (3.30) captures the differences between the 
deviations of circular sectors and smooth curve segments. It is formulated as 
follows: 

.

f2
(

θ, r0(θ), κ(θ), rj
)

=f2,1
(

θ, r0(θ), rj
)

+ f2,2
(

θ, κ(θ), rj
)

,
(3.34) 

where f2,1 . captures the low-order deviation patterns caused by material extraction 
on a larger scale and f2,2 . captures the high-order deviation patterns within local, 
smaller regions. 

Since the differences between circular sectors and smooth curve segments are 
smooth, we model f2,1 . and f2,2 . using smooth Fourier bases. The amount of material 
removed from a covering circular sector at angle θ . is characterized as (rj − r0(θ)).. 
This is utilized as a covariate in f2,1 . to capture the low-order deviation patterns of 
f2 .: 

.f2,1
(

θ, r0(θ), rj
)

= a0
(

rj − r0(θ)
)a1 cos

(

n2,1θ + ψ2,1
)

. (3.35) 

For the high-order deviations, we denote the curvature difference (κ(θ) − 1/rj ). 

between the smooth curve segment and the circular sector of radius rj .. The curvature
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difference is modeled as a covariate in f2,2 .: 

.

f2,2
(

θ, κ(θ), rj
)

=
[

e0 − e1exp
(

−e2
(

κ(θ) − 1/rj
)

+e3)] cos
(

n2,2θ + ψ2,2
)

.
(3.36) 

We set e0 = e1exp(e3). so that the curvature effect is zero for circular segments. This 
form of f2,2 . ensures a larger curvature effect at points with larger curvatures. 

To learning the prescriptive model, parameters of the circular basis and the rest 
covariate effects are estimated separately with the corresponding training data split. 
Circular sectors are chosen as the basis due to their constant curvature and that 
they require no material removal. We first assume a constant compensation term x0 . 

in Eq. (3.32) and estimate parameters in the following formulation via maximum 
likelihood estimation (MLE) with circular shape deviations: 

.

f̃1(θ, rj ) = x0 + b0,0(rj + x0)
b0,1

+ b1,0(rj + x0)
b1,1 cos

(

n1,1θ + ψ1,1
)

+ b2,0(rj + x0)
b2,1 cos

(

n1,2θ + ψ1,2
)

(3.37) 

After obtaining b̂0,0 ., b̂0,1 .,b̂1,0 .,b̂1,1 .,b̂2,0 ., b̂2,1 ., n̂1,1 ., n̂1,2 ., ψ̂1,1 ., and ψ̂1,2 . from Step 
1, the remaining coefficients in Eq. (3.33), Eq. (3.35), and Eq. (3.36) are fitted 
simultaneously via MLE with the rest of the smooth curve deviations. 

3.4.3 Validating 2D FMP Extraction and Prediction 

We demonstrate FMP extraction from 2D freeform shapes and build FMP models 
for prediction under the global coordinate system for practical consideration. 

Six shapes were employed, including disks with radii of 0.5. inches, 1.5. inches, 
and 3 inches, a 2-inch by 2-inch square, a dodecagon with a radius of 3 inches, 
as well as two freeform shapes resembling a cloud and a trilobe, as illustrated in 
Fig. 3.24a. These parts were printed using a SLA process. 

In total, 19 primitives were extracted from these shapes and divided into two 
groups, where nine primitives form the training set and the remaining ten compose 
the validation set. Specifically, all the primitives of the dodecagon were assigned 
to the validation set to examine the ability to predict deviations of a new design 
shape. At least two circular disks are required in the training set to facilitate learning 
f1 . in Eq. (3.30), especially for estimating the size effect. We illustrated the FMP 
model using convex smooth curve segments, including line segments. The models 
for corner primitives and concave segments are left for future work.
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Fig. 3.22 Left column: extracted 2D primitives on a freeform cloud shape and a trilobe shape. 
Right column: detected changepoints on the curvature profiles 

3.4.3.1 Extracting Primitives from 2D Freeform Shapes 

The 2D primitives are extracted by segmenting the freeform shapes according to 
Eq. (3.26). The curvature profiles of the two freeform shapes and detected change-
points are shown in the right column of Fig. 3.22. The freeform cloud shape has been 
divided into 22 sections, which consist of 11 smooth curve segments and 11 corners. 
The freeform trilobe shape has been divided into six smooth curve segments. 

The Oj . of each smooth curve segment was determined by finding its circumcen-
ter. The detected LPCS centers of the freeform cloud shape and the trilobe shape 
are shown in the left column of Fig. 3.22. The deviation profiles of the smooth 
curve segments in the LPCS are shown in the right column in Fig. 3.23. Compared 
to the deviation profiles defined in the global coordinate system, as shown in the 
left column of Fig. 3.23, deviation profiles in LPCS have wider angle ranges to 
sufficiently capture the primitive deviation patterns. 

The polygonal shapes are segmented into line segments and corners. The devi-
ation profiles of the line segments are represented in the global coordinate system, 
because an infinite number of circumcenters can be identified for line segments. 
The deviation profiles for all primitives, divided into training and validation sets, 
are shown in Fig. 3.24b–c.
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Fig. 3.23 Left column: deviation profiles of the freeform shapes in the global coordinate system. 
Right columns: deviation profiles of the primitives in the local coordinate system 

Fig. 3.24 (a) Printed parts. (b) Deviation profiles of primitives in the training set and (c) in the  
validation set 

3.4.3.2 Modeling and Predicting the Deviations of 2D FMPs 

To implement the learning framework in Eq. (3.25), the first step is to estimate 
Eq. (3.37). Its coefficients were estimated using the selected disks with 0.5.-inch and 
3-inch radii in the training dataset. Considering only the size effect, the estimated 
model is 

.

f1(θ, rj ) =0.0079 + 0.0086(rj + 0.0079)0.8307

− 0.0157(rj + 0.0079)0.1154 cos(0.1188θ − 0.0546)

+ 0.0010(rj + 0.0079)0.6941 cos(2.4753θ − 0.5081).

(3.38) 

The fitted deviation profiles of the disks are shown in Fig. 3.25. The mean absolute 
error (MAE) is 0.731 × 10−3

., and the root mean square error (RMSE) is 0.955 ×
10−3

..
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Fig. 3.25 Measured shape deviation against predicted deviation of the circular disks in the training 
set 

Next, we estimated the coefficients of covariate effect x0(x, y).of f1 . in Eq. (3.32). 
The fitted location effect term x0(x, y). is 

.

x0(x, y) = 0.0099 + 0.0012x − 0.0022y

+ 0.0012x2 + 0.0009xy + 0.0137y2.
(3.39) 

The coefficients of the cookie-cutter function f2 . were estimated using MLE. The 
fitted first term in f2 . in Eq. (3.34) is 

.f2,1(θ, r0(θ), rj ) = −0.0022(rj − r0(θ))0.0108 cos(1.2390θ + 0.1432) (3.40) 

and the second term in f2 . is 

.

f2,2(θ, rj , κ(θ)) =
[

0.0087 − 0.3835 exp
(

−0.2491(κ(θ) − 1/rj )

−3.7878)] cos(2.0305θ + 0.2107),
(3.41) 

Using the fitted model, the predicted deviations of the primitives in the training 
dataset are shown in Fig. 3.26. It is observed that the proposed model effectively 
captures the overall trends of the deviation patterns on the primitives. This demon-
strates the capability of the proposed cookie-cutter function to accurately model 
the differences between circular sectors and smooth curve segments. The MAE is 
1.708 × 10−3

., and the RMSE is 2.194 × 10−3
. for the training dataset. 

The trained model was applied to the validation dataset, and the prediction results 
are presented in Fig. 3.27. The MAE is 1.888×10−3

., and the RMSE is 2.932×10−3
., 

demonstrating a similar prediction accuracy as in the training dataset. Specifically, 
as shown in Fig. 3.27, the model can predict the deviations of line segments of the 
new shape, a 3-inch dodecagon. This demonstrates the effectiveness of the trained 
cookie-cutter function f2 . in capturing the differences between the circular sector
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Fig. 3.26 Measured shape deviation against predicted deviation of the smooth curve segments in 
the training set 

Fig. 3.27 Measured shape deviation against predicted deviation of the smooth curve segments in 
the validation set 

and line segments. More importantly, since the entire 3-inch dodecagon was not 
seen in the training dataset, this result demonstrates the ability of the constructed 
framework to predict the deviations of a new design with small samples. 

The prediction accuracy is relatively lower for the 6th primitive of the trilobe 
and the 7th primitive of the cloud shape. These primitives correspond to segments 
exhibiting curvature changes, as shown in Fig. 3.22. However, within the training 
set, noticeable curvature changes are present only in the 2nd and 4th primitives 
of the trilobe. Their curvature profiles exhibit more complex patterns than those 
observed in the cloud primitives. Consequently, the fitted f2,2 . might be overfitting 
to the complex curvature patterns. This accuracy could be improved by collecting 
additional data that includes a wider variety of curvature patterns. 

Future work is needed to model the corner primitive and use the two types of 
2D FMPs to predict the quality of 2D freeform shapes under the global coordinate 
system.
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Part II 

Fabrication-Aware Machine Learning for 
Additive Manufacturing: 

Three-Dimensional Shape Quality 
Learning and Prediction



Chapter 4 

Representation of Three-Dimensional 
(3D) Geometric Quality 

The final product geometries in AM are often deformed or distorted. The deviations 
of three-dimensional (3D) shapes from their intended designs can be represented 
as 2D surfaces in a R3

. space, which constitutes a complicated set of data for 
representing, learning, and predicting geometric quality. Patterns of deviation 
surfaces vary with shape geometries, sizes/volumes, materials, and AM processes. 

It is pointed out in Chap. 2 that the representation of product geometric quality is 
determined by the selection of regions of interest on a product and characterization 
of the deviation patterns in selected regions. The representation scheme needs to 
consider the challenges of lack of knowledge and right data in AM. This chapter 
introduces the representation of 3D geometric quality in AM, which is a consistent 
extension of the representation scheme for 2D geometric quality introduced in 
Chap. 2. 

4.1 Representation of Geometric Quality for Individual 3D 

Objects 

We adopt the spherical coordinate system (SCS) (r, θ, ϕ). to depict 3D shape devi-
ations, including both the in-plane and out-of-plane (z direction) shape deviations 
[3]. Under a unified formulation, it facilitates the representation of the out-of-plane 
error in the same way as the in-plane error. 

Denote r(θ, ϕ, r0(θ, ϕ)). as the shape boundary of an AM-built product, with 
r0(θ, ϕ). being the nominal shape. The geometric shape quality or output yu . is 
the difference between the actual printed product r(θ, ϕ, r0(θ, ϕ)). and its intended 
design r0(θ, φ).: 

.yu = d(R(PuD), R(PuA)) = �r(θ, φ) = r(θ, ϕ, r0(θ, ϕ)) − r0(θ, φ) (4.1) 
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Fig. 4.1 In-plane shape deviation representation 

To illustrate the representation scheme, we define the in-plane error and out-of-
plane error in the SCS using the simple cylindrical shape, though it is applicable to 
3D freeform shapes. As shown in Fig. 4.1, for an arbitrary point P0(r0, θ0, ϕ0). at a 
given height ϕ = ϕ0 . or z = r0(θ, ϕ) cos(ϕ0)., the horizontal cross-sectional view of 
the product passing P0 . is given as (r0(θ, ϕ) sin(ϕ0), θ |ϕ0)., whose shape deviation 
�r(θ, r0(θ)|ϕ0). represents the in-plane geometric error. Its model formulation has 
been developed in Sect. 2.4 [5, 7]. 

Denote the in-plane deviation model �r(θ, r0(θ, ϕ)|ϕ). as h(r, θ |ϕ).. Let us define 
the expectation of the in-plane shape deviation h(r, θ |ϕ). over all ϕ .: 

.

∫
ϕ

h(r, θ |ϕ)dϕ (4.2) 

Model (4.2) represents the average in-plane deviation over all layers. Models 
developed for circular disks, polygon plates, and 2D freeform plates in Chap. 3 
can be viewed as the average in-plane deviation when out-of-plane deviation is not 
considered. 

The out-of-plane error, which is the error in the vertical direction, can be 
represented in the vertical cross section containing P0 . (Fig. 4.2). Any point P0 . on 
the boundary of the vertical cross section is given as (r, ϕ|θ0).. 

Denote the out-of-plane deviation model �r(ϕ, r0(θ, ϕ)|θ). as v(r, ϕ|θ).. Let us 
define the expectation of the out-of-plane shape deviation v(r, ϕ|θ). over all θ . in the 
vertical cross section as: 

.

∫
θ

v(r, ϕ|θ)dθ (4.3) 

which can be interpreted as the average out-of-plane shape deviation in a similar 
fashion.
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Fig. 4.2 Out-of-plane shape deviation representation 

Fig. 4.3 The scan point cloud data of a dome and representation of the dome deviation under the 
SCS [6] 

Mathematically, modeling of v(r, ϕ|θ). is essentially equivalent to modeling of 
h(r, ϕ|θ).. This suggests that the mathematical formulation developed in Chap. 3 for 
the in-plane errors can be borrowed under this new formulation in the SCS. In this 
way, 3D geometric errors can be described in a unified framework. 

However, it should be noted that v(r, ϕ|θ). and h(r, θ |ϕ). may differ even if 
the horizontal and vertical cross-sectional views share the same shape. Different 
from the in-plane shape deviation whose representation is along the horizontal 
direction, the out-of-plane shape deviation is defined along the vertical direction, 
which is influenced by extra factors such as layer interactions and gravity, resulting 
in different deviation patterns [8]. 

Figure 4.3 shows a dome shape built by a SLA machine, its point cloud data 
generated by a laser scanner, and its shape deviation yu = d(R(PuD), R(PuA)).
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(Eq. 2.1) under the SCS, which is a 2D deviation surface. The shape deviation 
pattern is clearly visible after the transformation, which facilitates the modeling. 

4.2 Fabrication-Aware Representation of Geometric Quality 

for 3D Freeform Objects 

It has been pointed out in Sect. 2.5 that domain-informed dimension reduction is 
needed to address the challenge of representing heterogeneous (manifold) data 
for the high-dimensional product variety space. A fabrication-aware input and 
output representation scheme was introduced for 2D freeform objects. Finite 
manufacturing primitive (FMP) method was introduced to represent the input and 
output for 2D geometries. 2.5 [4]. This section introduces the representation scheme 
for 3D geometries based on FMPs. 

Fabrication-Aware Input Representation for 3D Freeform Objects 

The definition of primitive manufacturing input (2.1) states that a 3D object is a 
stack-up of individual layers with boundaries composed by 2D shape primitives. 
The 2D design input is represented by Eq. (2.3) as u(θ) =

∑I
i=0 1θ∈[θi ,θi+1) ri(θ).. 

The 3D design input u is represented as a stack-up of 2D design input as

.u(θ, φ) =

J∑
j=0

I∑
i=0

1θ∈[θi ,θi+1)1{φ: r(θ,φ) cos φ=zj } ri(θ, φ) sin φ (4.4) 

where 3D shapes are represented in the SCS [3] and a layer indexed by j with height
zj .. 

Purely from the geometric point of view, it is more convenient to adopt plane 
surface patches, spherical patches, and surface edges as 3D shape primitives to 
represent and construct 3D shapes. However, it is still an open issue to segment 
a 3D shape into 3D shape primitives for AM [13]. In particular, prediction of 
the shape deviation in AM relies on description of how products are fabricated. 
Since 3D shape primitives are constituents of a 3D shape, they are the results of 
primitive manufacturing inputs. We hence define 3D shape primitives for AM with 
the schematic plot shown in Fig. 4.4. 

Fig. 4.4 3D geometric shape primitives for layer boundary approximation
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In essence the definitions of primitive manufacturing input and 3D shape prim-
itive intend to establish a fabrication-aware formulation that enables understanding 
of the deviations of 3D shape primitives. As such, deviation prediction of a 3D 
freeform shape product can be achieved by predicting the deviation of the shape 
constructed by 3D shape primitives. A freeform 3D shape can be constructed as: 

.u(θ, φ) =

J∑
j=0

I∑
i=0

1{θ∈[θi ,θi+1), φ∈[φj ,φj+1)} rij (θ, φ) (4.5) 

where rij (θ, φ). is either a plane surface patch, spherical patch, or a surface edges. 

Definition 4.1 (3D Shape Primitive) The 3D shape primitives such as plane 
surface patches, spherical patches, and surface edge, are the result of layer stack-
up with layer boundaries composed by 2D shape primitives. 

Output Representation Based on Transformation of Point-Cloud Data 

The fabrication-aware output representation adopts the expression in Eq. (4.1), that 
is, yu = �r(θ, φ) = r(θ, ϕ, r0(θ, ϕ)) − r0(θ, φ)., for 3D shapes. The output yu . 

is the difference between the actual printed product r(·). and its intended design 
r0(·)., not the input u to the fabrication process. The fabrication input u is only a 
close approximation of design r0(·). in the digital manufacturing. Figure 4.5 shows 
an example of representing the shape deviation (2D deviation surface) of a 3D thin 
wall in half disk shape. The products were printed in a stereolithography process 
(SLA) [13]. 

The proposed input-output representation approaches reveal the following infor-
mation: 

• Comparing to the scanned data in point cloud format, the output representation in 
the SCS and PCS uncovers shape deviation patterns for both 2D and 3D shapes. 

Fig. 4.5 Shape deviation surface of a thin wall in half-disk shape [13]
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• Shape deviation patterns vary with shapes and sizes (pls refer to additional 
example in [9, 10]). Learning deviation patterns based on shapes alone is not 
sufficient and effective for small-sample learning. 

• The shape primitives can be utilized to learn and construct the shape deviation 
patterns of many different shapes with small training data. 

• The shape deviation pattern of a 3D shape is not a simple linear summation 
or extension of the deviation patterns of its constructive layers. For example, 
the pattern of the dome in Fig. 4.3 is not composed by simply stacking up the 
patterns of disks along the z direction. But the deviation profile of a 3D shape 
at a given height φ . (i.e., a horizontal section) partially resembles the one of its 
2D counterpart. It is particularly remarkable to see in Fig. 4.5 that the horizontal 
section of the thin walls in half-disk shapes has a rectangular shape. At a given 
φ . (Fig. 4.5), the shape deviation resembles the ones for square plates to a large 
degree (Fig. 2.7). 

• The connection between 2D and 3D shape deviation patterns implies that shape 
deviation models for 2D shapes should be special cases of those for 3D shapes. 
The 2D shape deviation models can be viewed as a projection of its 3D 
counterpart onto a subspace. The physical underpinning of projection relation 
is the nonlinear stack-up of 2D layers into 3D shapes. 

For complicated geometries, shape segmentation may be necessary to accurately 
represent shape deviations with deviation primitives. Shape segmentation has long 
been applied in 3D object recognition [1, 2], reverse engineering [12], and freeform 
surface metrology [11]. It involves the process of dividing the original point set 
into subsets corresponding to natural surfaces. Segmentation for the purpose of 
deformation identification and modeling is worthy of further investigation. Little 
research has been reported. 
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Chapter 5 

Small-Sample Learning and Prediction 
of 3D Geometric Quality 

Three-dimensional (3D) shape accuracy is a critical performance measure for 
products built via AM. With advances in computing and increased accessibility 
of AM product data, machine learning for AM (ML4AM) has become a viable 
strategy for enhancing AM. Proper description of the 3D shape formation through 
the layer-by-layer fabrication process is critical to incorporate process domain 
knowledge into ML4AM. The physics-based modeling and simulation approaches 
present voxel-level description of an object formation from points to lines, lines 
to surfaces, and surfaces to 3D shapes. However, this computationally intensive 
modeling framework does not provide a clear structure for machine learning of AM 
data. Chapter 5 introduces domain-informed small-sample learning and prediction 
of shape accuracy of 3D objects. 

5.1 Shape Quality Modeling for 3D Basis Geometry 

With increased accessibility of AM data, predicting AM built accuracy, or product 
shape accuracy in particular, has become a focal issue in ML4AM [9, 15, 34, 36, 42, 
50, 52, 67, 68, 70, 83, 98]. Empirical and statistical methods have been applied to the 
investigation and modeling of AM processes [5, 31, 45, 97]. Factors such as layer 
thickness and flow rate are varied to discover optimal settings for quality control. 
Data-driven surrogate models are established to reduce computational costs. More 
recently, machine learning approaches are applied to 3D scanned data for geometric 
accuracy quantification and classification [42, 70] and distortion control based on 
deep learning [23]. 

A series of work [10, 32, 34, 36, 39, 50, 66, 68, 85] establish a prescriptive 
approach to model, predict, and compensate 2D shape deviations based on geo-
metric measurement of AM-built products. In these studies, models are learned 
from a limited number of tested shapes, and optimal compensation plans for new 
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and untried products are derived and validated. However, there has been a lack 
of progress on learning 3D shape data for improving 3D printing accuracy [35]. 
Describing the 3D shape formation through the layer-by-layer fabrication process 
has been a daunting task. Physics-based modeling and simulation approaches 
present voxel-level description of the 3D object formation from points to lines, 
lines to surfaces, and surfaces to 3D shapes [4, 43]. However, this computationally 
intensive modeling framework does not provide a clear structure or framework 
for machine learning of AM simulation or measurement data. The predominant 
strategy is to obtain physical understandings of critical process variables, such as 
temperature field and melt pool geometry, as proxies of product quality through 
their correlation with product geometries [21, 44, 56, 57]. 

Since the understanding of 3D shape formation in AM is the foundation for 
the subsequent accuracy control activities such as compensation, it is imperative 
to establish a data-analytical framework that not only provides an insightful 
description of 3D shape formation in AM but also enables machine learning of 
simulation or measurement data. 

It is worthy to note the recent ML advances in deep representation learning that 
aim to synthesize and reconstruct realistic and novel 3D shapes [1, 8, 90] (and 
reference therein). Various shape representation methods such as meshes, skeletons, 
pre-training shape templates, voxel grids, multi-view images, point clouds, or 
surface patches have been developed to generate digital 3D objects with less 
issues of low-resolution outputs, overly smoothed or discontinuous surfaces, and 
topological irregularities [8]. By contrast, digital 3D models in this study are given 
from engineering design. Our objective is to learn and predict how the physical 

3D shapes are generated and built in AM processes and, more importantly, how the 
physical 3D objects are different from their digital counterparts. As can be found out 
in this study, complication and variations in physical AM processes will generate 
different shape deviation patterns even for the same shapes. This has been outside 
the scope of consideration for the general ML community. 

For the purpose of predicting, learning, and compensating 3D shape deviations 
based on data, this section introduces the shape deviation generator (SDG), a 
convolution formulation of the 3D shape deviation generation process. 

5.1.1 A Convolution Formulation of Layer-by-Layer Shape 

Deviation Generation 

This section will first introduce the rationale of deriving a convolution formulation 
to describe the 3D shape deviation generation process. This formulation leads to 
the definition of a set of subproblems suitable for statistical or machine learning 
methods. Applicable to a wide variety of AM processes, the 3D SDG formulation is 
illustrated with examples from SLA processes. 

The Layer-by-Layer Fabrication Process and Mathematical Integration Since 
a typical AM process builds 3D objects layer by layer (Fig. 5.1), a mathematical
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Fig. 5.1 The layer-by-layer fabrication process and math integral 

Fig. 5.2 System inputs, stack-up function, and convolution formulation 

formulation of the shape generation in AM can naturally consider the integration 

along the direction of layer stack-up. Equivalently, the layer-by-layer fabrication 
process can be viewed as a physical realization of a mathematical integration over 

a closed interval. Then the key question is what is the proper form of the integrand? 

Individual Layers and Layer Stack-up Function In the layer-by-layer shape 
formation process, individual layers can be viewed as inputs f (k)′s . to a system with 
stack-up or interaction function g(k)′s ., k = 1, 2, . . . , N . layers. The layer stack-
up or interaction function g(k). not only processes the input layer at the current 
layer k but also modifies previous layers due to the heat exchange and thermal 
stress between layers. Therefore, there is a “time shift” involved in the stack-up 
function and an “accumulation” of interactions leading to the final shape formation, 
as illustrated in F ig. 5.2. A natural integral formulation that reflects the concepts of 
stack-up function, time shift, and accumulation effects is the convolution integral. 

Convolution Integral for SDG in AM We therefore propose the following 
convolution formulation for the AM SDG: 

.y(x) = (f ∗ g)(x) + ǫ (5.1) 

where y(x). represents the shape deviation (1D curves or 2D surfaces for 2D or 3D 
shapes, respectively), x. are parameters that describe the shape deviation, and ǫ . is 
the model error term that may contain spatial correlations. 

Boundary Conditions of SDG Two boundary conditions are required to satisfy 
engineering constraints and limit the scope of parameter optimization and selec-
tion.
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B1. If x = r(θ, ϕ) → 0., y(x) → 0.. 
If the size of a built part tends to zero, the shape deviation approaches zero as 
well. The system defined in Eq. (5.1) is therefore a linear causal system. 

B2. If x = r(θ, ϕ) → ∞., y(x). is bounded. 
Even if the size of the built part tends to infinity or becomes very large, the 
shape deviation of the part has to be bounded because of physical constraints 
on the materials and process. 

Relation with State Space Representation of AM Another intuitive formulation 
of the AM process is the state space equation with the time index k being the layer 
inde x:

. x(k) = Ax(k − 1) + Bu(k)

y(k) = Cx(k) + Du(k)

where x(k). represents the state vector of the kth layer and y(k). is the system 
response. 

The solution to the state space equation through the Laplace transformation is 
Y(s) = [D + C(sI − A)−1B]U(s).. By defining the stack-up function G(s) =

D + C(sI − A)−1B. and conducting the inverse Laplace transformation of Y(s) =

G(s)U(s)., we also end up with a convolution formulation consistent with Eq. (5.1): 

. y(k) = (g ∗ u)(k)

Compared to the state space model, the convolution model (5.1) has less 
unknown terms to be identified and learned. The compromise, however, is that the 
convolution model (5.1) does not enable the dynamic system representation and 
real-time feedback control. 

Note that under this convolution formulation, f (x). and g(x). represent the fea-
tures of 3D shape deviation and the characteristics of the layer-by-layer fabrication 
process. This provides opportunities for developing change detection and correction 
procedures. 

To realize the SDG formulation in model (5.1), we will discuss (1) description of 
shape deviation y(x)., (2) identification and learning of f (x)., and (3) identification 
and learning of stack-up function g(x).. 

5.1.1.1 Description of Shape Deviation y(x). 

The system response y represents the 3D shape (boundary) deviation of an AM-
built object. The measurement data of a 3D object is usually in the form of point 
cloud data defined in the Cartesian coordinate system (CCS). Shape description 
or representation has been extensively investigated in the field of computer vision. 
It is the first stage of shape analysis such as shape matching, shape deformation,
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shape correspondence, and shape registration for 3D objects [37, 54, 55, 84]. 
Depending on applications, shape representation generally looks for effective and 
perceptually important shape features such as point sets, curves, surfaces, level sets, 
or deformable templates [75, 95]. For accuracy control of AM-built products, the 
contour-based feature representations such as continuous and discrete approaches 
are more relevant. A feature vector derived from the integral boundary, e.g., 
Fourier descriptors [93], is typically applied among continuous approaches. Discrete 
approaches tend to break the shape boundary into segments for approximation 
[60]. Representing a shape as diffeomorphism of the unit circle to itself through 
conformal mapping has been a popular method for shape classification [72]. 
Invariant to translation and scaling, this representation approach allows one to move 
back and forth computationally between shapes and their diffeomorphisms. Popular 
3D shape representations include medial and skeletal representation, deformable 
templates, and geometric descriptors [71]. 

In AM literature, the shape deviation representation methods can be generally 
classified in two categories: global summary and feature extraction of shape 
deviation and detailed characterization of whole shape deviations. The first category 
includes volumetric shrinkage to capture overall size distortion [62, 88] and dimen-
sional and form errors [5, 28, 91] to characterize feature distortion of specific shapes. 
To enable detailed description of shape deviations for arbitrary shapes in AM, the 
second category provides three main methods: point-wise deviation representation 
[42, 80–82, 92], transformation of point cloud [32, 39], and mesh-based deviation 
representation [17, 94]. 

Since the shape representation in AM should facilitate the development of a 
generic model for quality prediction of arbitrary shapes, one key consideration 
of describing the system response or the shape deviation y(x). is to decouple the 
geometric shape complexity from the modeling of y(x).. We transform the 2D shape 
deviations under the CCS into deviation profiles in the polar coordinate system 
(PCS) [36] and 3D shape deviations under the CCS into deviation surfaces in the 
spherical coordinate system (SCS) [32, 39]. This representation approach is closely 
related to those in computer vision, e.g., spherical harmonic description [41, 71]. 
The main difference here is that we focus on shape deviations, as opposed to shape 
itself because specific shapes are known by design. 

For 2D shape deviations, the system response y(x). is defined by Eq. (2.2): 

. y(x) = r(θ, r0(θ)) − r0(θ)

where r(θ, r0(θ)). and r0(θ). are the measured shape and design shape represented 
in the PCS, respectively. Here x =

(

r0(θ), θ
)

.. Examples of deviation profiles for 
various 2D shapes can be found in Fig. 2.7. 

For 3D shapes, point cloud data under the CCS is transformed into the observed 
radial distance r(θ, ϕ, r0(θ, ϕ)). for a point with polar angle θ . and azimuth angle ϕ .. 
The system response y is defined by Eq. (4.1): 

.y(x) = r(θ, ϕ, r0(θ, ϕ)) − r0(θ, φ)
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to measure the difference between measurement r(θ, ϕ, r0(θ, ϕ)). and the nominal 
design radial distance r0(θ, ϕ)., Here x =

(

r0(θ, ϕ), θ, ϕ
)

.. 
Figure 4.3 shows a dome shape built by a SLA machine, its point cloud data 

generated by a laser scanner, and its shape deviation y under the SCS. The shape 
deviation pattern is clearly visible after the transformation, which facilitates the 
modeling.

5.1.1.2 Identification of f (x). 

To identify the proper form of individual layer inputs f (x)., we first consider a 
simplest case of building a single-layer horizontal disk as shown in Fig. 5.3. If we  
further assume that the stack-up function g(x). only varies along the z direction, i.e.,
g(x) = g(z). or g(ϕ)., then g(ϕ). only has definition at z ≈ 0. or ϕ ≈ 0. because of the 
layer thickness along the z direction. 

One general form of this type of functions is Dirac’s delta function or δ(x).. 
Under the SDG formulation in Eq. (5.1) and the property of convolving with a delta 
function, we have 

.(f ∗ δ)(x) = f (x) (5.2) 

Together with Eq. (5.1), Eq. (5.2) implies that individual layer input f (x). essen-
tially represents the deviation of the 2D horizontal plate (in x−y . plane) with a shape 
defined by the input design. Note that f (x). is not affected by inter-layer interactions. 
This also suggests an experimental design strategy for establishing the SDG defined 
in Eq. (5.1), i.e., horizontal plates with selected 2D shapes should be built first to 
understand f (x).. 

One example of f (r0(θ), θ). for cylindrical disks built by a SLA process is 

. f
(

r0(θ), θ
)

= c1(r0) + c2(r0) cos(2θ)

where coefficients c1(r0). and c2(r0). can be obtained through estimation based on 
data shown in Fig. 2.7 (left panel for circular disks with various sizes) [36]. 

Learning f (r0(θ), θ). for 2D freeform shapes from a small set of training shapes 
has been introduced in Chap. 3 [34, 36, 50, 66, 68, 85]. Note that different statistical 
and machine learning methods can be introduced to obtain f (x). in general. 

Fig. 5.3 Identification of f (x).: horizontal 2D disk
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5.1.1.3 Identification of Stack-Up Function g(x). 

The layer buildup along the z direction incurs the inter-layer interaction problem 
in AM. Complete inter-layer bonding implies full density and continuous interface 
between successively fabricated layers, while poor bonding may cause delamination 
and defects like balling or beading across a layer [13]. Li and Gu [46] find that 
the heat accumulation effect and the remelting phenomenon due to laser energy 
penetration will lead to the increase of the temperature and size of melt pools when 
the laser beam moves from bottom to top layers. Denlinger [20] decomposes the 
overall distortion along the z direction to individual layers through in situ distortion 
measurement and experimentally investigates the relationship between the inter-
layer dwell time and accumulation of distortions for different materials.

The stack-up function g(x). in the convolution formulation (5.1) intends to 
provide a data-analytical description of the effect of inter-layer interactions and error 
accumulation on build accuracy. 

For simplicity of methodology illustration and development, we first consider a 
simple case of building half disks along the z direction (Fig. 5.4), where the g(x). 

ends up as a univariate function assigning weights for individual layer inputs. Then 
we will extend to a 3D case of building domes with various sizes to model the 
multivariate stack-up function g(x).. 

5.1.2 Convolution Modeling and Learning for Vertically 

Printed Half Disks 

Since the half disk can be approximated as a 2D shape, Eq. (5.1) can be simply 
written as y(ϕ) = (f ∗g)(ϕ)+ǫ .. Here we introduce the size of the disk, i.e., nominal 
radius r0 ., as an additional covariate because the size is directly proportional to the 

Fig. 5.4 Half disks built vertically and identification of g(x).
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number of layers. The SDG model is rewritten as: 

.

y(r0, ϕ) = α(r0)(f ∗ g)(r0, ϕ) + β(r0) + ǫ

= α(r0)

∫ ϕ

0
f (r0, τ )g(r0, ϕ − τ) dτ + β(r0) + ǫ

(5.3) 

where α(r0). and β(r0). are scaling and location parameters depending on r0 .. 
Function f (r0, ϕ). has been identified to be the deviation function of the same 

shape built horizontally (Eq. 5.2). Study has to be done first to obtain f (r0, ϕ).. 
Given f (r0, ϕ).and measurement data y(r0, ϕ)., identifying g(x). is a classical decon-
volution problem [7]. Signal processing, statistical model estimation, and machine 
learning (including neural networks) can be applied to address the deconvolution 
problem in this context. Here we present a model-informed estimation approach. 

5.1.2.1 Normalizing f (x). and g(x). for Convolution Integral in SDG 

First, by following the results in in Sect. 3.1 [36] for SLA processes, we can take 
f (r0, ϕ) = c1(r0) + c2(r0) cos(2ϕ).. Since coefficients c1(r0). and c2(r0). relating 
to size r0 . can be absorbed by α(r0). and β(r0). in Eq. (5.3), it is equivalent for 
us to take f (r0, ϕ) = cos(2ϕ)., i.e., the “normalized” functional basis. Since the 
normalization idea applies to g(x). as well, a natural choice of basis function for 
g(x)., given f (r0, ϕ) = cos(2ϕ)., is a Fourier base: 

.g(r0, ϕ) = sin
[

n(r0)ϕ + ψ(r0)
]

(5.4) 

where ψ(r0). is a phase variable and n(r0). is a real number. Note that both ψ . and n 
are potentially related to the size covariate r0 .. 

The SDG model (5.3) can thus be rewritten as 

.y(r0, ϕ) = α(r0)

∫ ϕ

0
cos(2τ) sin

[

n(r0)(ϕ − τ) + ψ(r0)
]

dτ + β(r0) + ǫ (5.5) 

Let us define h(r0, ϕ) =
∫ ϕ

0 cos(2τ) sin
[

n(r0)(ϕ − τ) + ψ(r0)
]

dτ .. The SDG 
model (5.3) can be conveniently expressed as 

.y(r0, ϕ) = α(r0)h(r0, ϕ) + β(r0) + ǫ (5.6) 

It is interesting to compare this SDG model (5.6) for disks built vertically with 
the one for horizontal disks: c1(r0)+c2(r0) cos(2θ). established in [36]. By Eq. (5.2), 
the model for horizontal disk is a special case of model (5.6) with g(x) = δ(x). in 
the convolution integral of h(r0, ϕ)..
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After performing integration, h(r0, ϕ). becomes 

.

h(r0, ϕ) =

∫ ϕ

0
cos(2τ) sin

[

n(r0)(ϕ − τ) + ψ(r0)
]

dτ

=
−n(r0)

n(r0)2 − 4
cos

[

n(r0)ϕ + ψ(r0)
]

+
1

2n(r0) + 4
cos

[

2ϕ − ψ(r0)
]

+
1

2n(r0) − 4
cos

[

2ϕ + ψ(r0)
]

(5.7) 

5.1.2.2 Experimentation and Data Collection 

A commercial mask-image-projection-based stereolithography apparatus is used 
to build four half cylindrical disks vertically. This SLA process uses a digital 
micromirror device to project a set of mask images onto the resin surface to cure 
layers. After solidification of each layer, the building platform moves down at a 
predefined amount for the next layer. Process parameters and the design of four 
parts are shown in Table 5.1. 

Figure 5.5 shows the four half disks and their deviation profiles under the 
PCS. Comparing with the repeatable deviation patterns of horizontally built disks 
illustrated in Fig. 2.7 (left panel for circular disks with various sizes), the effect of 
the layer buildup and inter-layer interactions along the z direction is clearly visible 
in the sense that deviation patterns are not consistent when the disk size i ncreases.

5.1.2.3 SDG Model Estimation and Domain-Informed Sequential Model 

Refinement 

Initial estimation of model (5.5) is accomplished through maximum likelihood 
estimation (MLE). Four separate models of (5.5) are obtained for half disks built 
vertically with r0 = 0.5′, 0.8′′, 1.5′′

., and 2.0 ′′ . shown in Fig. 5.5. The results of 
estimated parameters are presented in Table 5.2, and predicted shape deviations are 

Table 5.1 Specifications of 
SLA process and design 
parameters 

Resolution of the mask 1920 ×.1200 

Dimension of each pixel 0.005 ′′ . 

Thickness of each layer 0.00197 ′′ . 

Illuminating time of each layer 10–15s 

Average waiting time between layers 15s 

Type of the resin Perfactory SI 500 

Radii of half cylinders 0.5 ′′ ., 0.8  ′′ ., 1.5  ′′ ., 2.0  ′′ .
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Fig. 5.5 Four half disks and corresponding shape deviation profiles in the PCS 

Table 5.2 Initial model 
estimation through MLE 

r0 . α(r0). n(r0). ψ(r0). β(r0). σ . 

0.5′′
. 0.0220 0.4493 −0.0928 0.0002 0.0007 

0.8′′
. 0.0069 0.9158 −0.7619 0.0013 0.0008 

1.5′′
. 0.0056 1.1916 −2.0898 0.0054 0.0008 

2.0′′
. 0.0055 1.9238 −3.2883 0.0087 0.0008 

shown in Fig. 5.6 as dashed lines. We can find that the predicted deviation profiles 
fit the data (solid lines) well, and modeling error σ . is small and consistent. 

This initial model estimation in Table 5.2 also suggests that α(r0), β(r0), n(r0). 

and ψ(r0). potentially vary with covariate r0 .. To build one consistent model for all 
disks and discover process insights, we will first focus on n(r0). and ψ(r0)., which 
are inside the convolution integral h(r0, ϕ)., and conduct model estimation through 
a sequential model refinement procedure informed by physical knowledge. 

The following two conjectures are proposed for n(r0). and ψ(r0).. 

• Periodicity of stack-up function g(x). and length of interaction window: Param-
eter n(r0). determines the period of stack-up function g(x). defined in Eq. (5.4). 
On one hand, as the number of layers increases, the interaction of adjacent layers 
will be more complicated due to, for example, energy penetration and remelting. 
n(r0). therefore is expected to increase with the number of layers or r0 . because a 
long period or small n(r0). will assign similar weights to adjacent layers. On the 
other hand, inter-layer interactions only play within a window with certain length 
defined by a certain number of consecutive layers. For instance, the depth of 
energy penetration or remelting is limited by the thermal properties of materials 
and energy input. With this process understanding and the initial model fitting
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Fig. 5.6 Deviation profiles and model prediction for half disks built vertically: initial model fitting 

results in Table 5.2, n(r0). is hypothesized to be 

.n(r0) =
r0

r∗
, (5.8) 

with r0 . being the nominal radius of the disk and r∗
. being the theoretical length 

of the interaction window. Notice that introducing a proportional coefficient 
such as a r0/r

∗
. could cause over-parameterization problem in model estimation 

because a can be absorbed by r∗
.. The same consideration applies to the second 

conjecture. 
• Phase shift of stack-up function g(x). and change of layer areas: Other than the 

effect of the number of layers, the change of layer area between adjacent layers 
will also affect stack-up function g(x).. If all adjacent layers within an interaction 
window are identical, g(x). defined in Eq. (5.4) is expected to have ψ(r0) = 0. 

because only the number of layers varies. We hypothesize that ψ(r0). is related to 
the ratio of the area of the half disk to the area of the theoretical “window” shown 
in Fig. 5.7. Since the estimated values of ψ(r0). in Table 5.2 are all negative, we 
finalize the conjecture as 

.ψ(r0) = −
r2

0

r∗2
(5.9)
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Fig. 5.7 Area ratio between a half disk and the theoretical window 

With the above two conjectures, h(r0, ϕ). in Eq. (5.7) is updated as: 

.

h(r0, ϕ) =

∫ ϕ

0
cos(2τ) sin

[ r0

r∗
(ϕ − τ) −

r2
0

r∗2

]

dτ

= −
r0r

∗

r2
0 − 4r∗2

cos
[ r0

r∗
ϕ −

r2
0

r∗2

]

+
r∗

2r0 + 4r∗
cos

[

2ϕ +
r2

0

r∗2

]

+
r∗

2r0 − 4r∗
cos

[

2ϕ −
r2

0

r∗2

]

(5.10) 

With updated h(r0, ϕ). in Eq. (5.10), we pool data of four half disks together 
to estimate one single SDG model. The model estimation through MLE is shown 
in Table 5.3 and Fig. 5.8. All the coefficients are significant at the 0.0001 level. 
Note that r̂∗

. = 1.116 and the upper bound of r0 . for experimentation is 2.0 ′′ ., which 
avoid the issue of 2r0 − 4r∗ = 0. in Eq. (5.10) because model extrapolation itself is 
problematic. 

Next we aim to determine the functional forms of α(r0). and β(r0)., which are dic-
tated by both the model fitting results in Table 5.3 and the two boundary conditions 
listed at the beginning of this section for SDG: y(r0, ϕ) = α(r0)h(r0, ϕ)+β(r0)+ǫ .. 

When r0 → 0., the first term of h(r0, ϕ). in Eq. (5.10) tends to 0, while the second 
and the third term cancel each other. One constraint for α(r0). is that α(r0)r0 →

0. when r0 → 0.. The remaining term of the expected value of y(r0, ϕ). is β(r0).. 
Therefore, β(r0) → 0. when r0 → 0., because β(r0). determines the mean shape 
deviation. It must be close to 0 if a product with negligible size is built. So the
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Table 5.3 Sequential model 
refinement with conjectures 
on n(r0). and ψ(r0). 

Parameters Estimate Standard error 

r∗
. 1.11589962 0.00401990 

α0.5′′ . 0.01771531 0.00055778 

α0.8′′ . 0.00957536 0.00027614 

α1.5′′ . 0.00534351 0.00010980 

α2.0′′ . 0.00555896 0.00010031 

β0.5′′ . 0.00050797 0.00007831 

β0.8′′ . 0.00103725 0.00006886 

β1.5′′ . 0.00551954 0.00006387 

β2.0′′ . 0.00883869 0.00006383 

σǫ . 0.00103552 0.00002059 

Fig. 5.8 Sequential model refinement with conjectures on n(r0). and ψ(r0). 

boundary condition one will be satisfied for r0 → 0.. When r0 → ∞., the first three 
terms of h(r0, ϕ). in Eq. (5.10) all tend to 0. α(r0)/r0 → constant . when r0 → ∞.. 
The expected value of y(r0, ϕ). will tend to β(r0)., which has to be bounded. To 
summarize, the constraints for α(r0). and β(r0). are 

.

r0α(r0) → 0, β(r0) → 0; if r0 → 0

α(r0)

r0
→ constant, β(r0) → constant; if r0 → ∞

(5.11) 

To obtain proper forms of α(r0). and β(r0). satisfying constraints listed in 
Eq. (5.11), we still adopt the physics-informed sequential model refinement strategy. 
Since the model estimates of α(r0). in Table 5.3 show a strong and clear pattern
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Fig. 5.9 Estimates of α(r0). 

Table 5.4 Sequential model 
refinement with conjectures 
on n(r0)., ψ(r0)., and  α(r0). 

Parameters Estimate Standard error 

r∗
. 1.11636406 0.00460214 

a1 . −0.85252348 0.02892385 

a2 . 0.00880909 0.00012932 

β0.5′′
. 0.00042821 0.00007754 

β0.8′′
. 0.00053241 0.00006941 

β1.5′′
. 0.00515338 0.00006512 

β2.0′′
. 0.00870620 0.00006698 

σǫ . 0.00110081 0.00002261 

illustrated in Fig. 5.9, our conjecture starts with α(r0). as 

.α(r0) = a2r
a1
0 (5.12) 

Then the refined model (5.6) takes the form of y(r0, ϕ) = a2r
a1
0 h(r0, ϕ) +

β(r0) + ǫ . with h(r0, ϕ). defined in Eq. (5.10). The MLE estimation of the updated 
model is shown in Table 5.4 and Fig. 5.10. All the coefficients are significant at the 
0.001 level. Notice that a1 = −0.853.. The boundary constraints for α(r0). listed in 
Eq. (5.11) are satisfied as well. 

The model estimates of β(r0). in Table 5.4 are illustrated in Fig. 5.11. By  
observing the subtle pattern and considering the boundary conditions of β(r0). in 
Eq. (5.11), we propose a sigmoid function with a logistic function base S(x) =

1/(1 + e−x).. In addition, we introduce a shift, an intercept, and a scaling term, i.e., 
b3S(x + b1) + b2 .. By satisfying β(0) = 0. and grouping unknown coefficients, the 
final form of β(r0). is
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Fig. 5.10 Sequential model refinement with conjectures on n(r0)., ψ(r0)., and  α(r0). 
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Fig. 5.11 Estimates of β(r0). 

.β(r0) =
c2

c1 + e−r0
−

c2

c1 + 1
(5.13) 

By substituting Eq. (5.13) into Eq. (5.6), the finalized SDG model for half disks 
built vertically is 

.y(r0, ϕ) = a2r
a1
0 h(r0, ϕ) +

c2

c1 + e−r0
−

c2

c1 + 1
+ ǫ (5.14)
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Table 5.5 Sequential model 
refinement with conjectures 
on n(r0)., ψ(r0)., α(r0)., and  
β(r0). 

Parameters Estimate Standard error 

r∗
. 1.12310491 0.00528744 

a1 . −0.83753308 0.02648314 

a2 . 0.00852358 0.00012209 

c1 . −0.01077476 0.00385099 

c2 . 0.00130300 0.00004232 

σǫ . 0.00118232 0.00002412 
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Fig. 5.12 Sequential model refinement with conjectures on n(r0)., ψ(r0)., α(r0)., and  β(r0). 

The final model estimation through MLE is shown in Table 5.5 and Fig. 5.12. All  
the coefficients are significant at the 0.001 level. 

5.1.2.4 Process Insights Derived from SDG Model for Vertically Built 

Disks 

The proposed convolution formulation (5.1) not only provides a framework to learn 
models of predicting shape deviations, but it also facilitates the understanding of 
process insights. Using the model in Eq. (5.6) for vertically built half disks as an 
example, the essential deviation patterns are defined by the convolution integral 
h(r0, ϕ). in Eq. (5.7). We can further define and analyze the three terms in h(r0, ϕ).: 

.h1(r0, ϕ) = −
r0r

∗

r2
0 − 4r∗2

cos
[ r0

r∗
ϕ −

r2
0

r∗2

]

. (5.15)
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h2(r0,  ϕ)  =
r∗ 

2r0 + 4r∗ 
cos

[

2ϕ + 
r 20
r∗2

]

. (5.16) 

h3(r0,  ϕ)  =
r∗ 

2r0 − 4r∗ 
cos

[

2ϕ − 
r 20
r∗2

]

(5.17) 

Given r0 = 2.0., h1(r0, ϕ)., h2(r0, ϕ)., and h3(r0, ϕ).are superimposed in Fig. 5.13, 
clearly h2(r0, ϕ). has least influence among the three terms because of its smaller 
weights assigned to base function f (r0, ϕ). in the convolution. 

Figure 5.14 further shows h1(r0, ϕ)., h2(r0, ϕ)., and h3(r0, ϕ). by (i) varying r0 . 

and ϕ . (left panel) and (ii) varying r0 . and ϕ . with ψ(r0) = 0. (right panel). By 
observing Figs. 5.14 and 5.13, we postulate the following interpretation which can 
guide further investigations: 

• h1(r0,  ϕ  ). is deemed to be the main descriptor of inter-layer interaction effects. 
First, h1(r0, ϕ). change sharply with radius r0 ., e.g., much smaller weights for 
disks with r0 .=0.5 ′′ . and 0.8 ′′ . and larger weights for disk with r0 = 2.0′′

. (in blue). 
Second, the period of h1(r0, ϕ). varies with r0 . as well, slow for disks with less 
number of layers (similar weights for adjacent layers) and faster for disks with 
more layers. 

• h2(r0,  ϕ  ). is likely due to the gravity effect. First, it has least influence as indicated 
in Fig. 5.13. Second, its period does not change with r0 . or the number of layers. 
Further experimentation can be conducted to verify this hypothesis. 

• h3(r0,  ϕ  ). is deemed to be the effect of shape deviation for the same shape built 
horizontally. In another word, h3(r0, ϕ). is mainly determined by f (x).. First, it  
has the same period with f (x). and base function cos(2ϕ).. Second, as expected, 
the larger the shape deviations in the horizontal plane, the bigger the influence 
on the same shape built vertically. 
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Fig. 5.13 h1(2.0, ϕ)., h2(2.0, ϕ)., and h3(2.0, ϕ).
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Fig. 5.14 h1(r0, ϕ)., h2(r0, ϕ)., and h3(r0, ϕ).
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5.1.2.5 Model Improvement Through Gaussian Process Regression 

Though the error term in model (5.6) is assumed to be noise ǫ ∼ N(0, σ 2)., the  
shape deviations tend to be spatially correlated. Figure 5.15a confirms the spatial 
correlations by showing the model residuals of four vertically printed half disks. 
One way to improve the model fitting is to adopt Gaussian process regression (GPR) 
[64] to model the residual shape deviations: 

.ǫ = GP(0, k(·, ·)) + ǫ′ (5.18) 

where GP(0, k(·, ·)). is a Gaussian process with kernel function k(·, ·). and ǫ′ ∼

N(0, σ 2).. The kernel function adopted in this study is the squared exponential 
kernel: 

.k(x, x′) = τ 2
f exp

(

−
1

2τ 2
l

||x − x′||2
)

(5.19) 

with x being angle ϕ . in the modeling of vertically printed half disks. 
The GPR of model residuals using MATLAB function fitrgp. produces the 

result in Fig. 5.15a (the thick line). The length scale τl = 0.2335. suggests that 
the predicted values of the Gaussian process do not change slowly (i.e., not smooth) 
in the interval [0, π .]. The scaling factor or standard deviation τf = 0.0006. is small, 
which indicates that the predicted values of the Gaussian process will be close to its 
mean (zero). The residual standard deviation σǫ′ = 0.001., as expected, is smaller 
than the one in model (5.14). The prediction from the updated SDG model, i.e., 
α(r0)h(r0, ϕ)+β(r0)+GP(0, k(·, ·))., is given in Fig. 5.15b. Comparing to Fig. 5.12, 
the prediction of local shape deviation by the updated SDG model is improved. 

5.1.3 Convolution Modeling and Learning for Domes 

5.1.3.1 SDG Model for 3D Shapes 

The SDG model for general 3D shapes will take the following form: 

.

y
(

r0(θ, ϕ), θ, ϕ,
)

= (f ∗ g)
(

r0(θ, ϕ), θ, ϕ
)

+ ǫ

=

∫

τ2

∫

τ1

f
(

τ1, τ2
)

g
(

θ − τ1, ϕ − τ2
)

dτ1 dτ2

+ GP(0, k(·, ·)) + ǫ′

(5.20) 

where GP(0, k(·, ·)). is a 2D Gaussian process and ǫ′ ∼ N(0, σ 2
ǫ′)..
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(a) GPR of residual shape deviation 
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(b) Updated SDG model prediction with GPR 

Fig. 5.15 SDG model prediction with Gaussian process regression of residuals 

Since establishing the convolution model for freeform 3D shapes deserves 
dedicated efforts, this study illustrates the proposed framework using dome shapes 
with varying sizes (Fig. 5.16) and focuses on the extraction of stack-up function to 
understand inter-layer interactions. Enlightened by the SDG model (5.6) for half 
disks and Eq. (5.6), we propose the SDG model for dome shape as
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Fig. 5.16 Dome shape and four domes printed in a SLA process 

.

y(r0, θ, ϕ) =α(r0)h(r0, θ, ϕ) + β(r0) + ǫ

=α(r0)

∫

τ2

∫

τ1

f
(

τ1, τ2
)

g
(

θ − τ1, ϕ − τ2
)

dτ1 dτ2

+ β(r0) + GP(0, k(·, ·)) + ǫ′

(5.21) 

where f (θ, ϕ). and g(θ, ϕ). are both normalized basis functions. 
Note that the SDG model (5.21) for dome shapes contains the SDG model (5.6) 

for 2D half disks. Model (5.6) can be viewed as a special case of model (5.21) 
with θ = π/2. and θ = 3π/2.. The stack-up function g(θ, ϕ). can be viewed as 
g(θ, ϕ) = δθ=π/2g(ϕ)., and when it convolves with f (θ, ϕ). in the convolution 
integral h(r0, θ, ϕ)., the 3D model (5.21) degenerates into a 2D model (5.6). 

With the result in Eq. (5.2), f (θ, ϕ). in Eq. (5.21) represents the shape deviation of 
horizontal disks at ϕ ., without inter-layer interaction effects. The effect of ϕ . shows on 
the layer radius, i.e., r0 sin(ϕ).. Combining with the in-plane deviation basis function 
cos(2θ). used previously, f (θ, ϕ). in Eq. (5.21) is proposed to be 

.f (θ, ϕ) = cos(2θ) sin(ϕ) (5.22) 

where sin(ϕ). reflects the impact of radius change along the build direction. 

5.1.3.2 Stack-Up Function Identification Through Deconvolution and 

Model Selection via LASSO 

The deconvolution problem is to identify g(θ, ϕ). given f (θ, ϕ). and measurement 
data y(r0, θ, ϕ).. Following the rationale for 2D stack-up function defined in 
Eq. (5.4), g(r0, θ, ϕ). for dome shape can be expressed as a combination of 2D 
Fourier bases, i.e., 

.g(θ, ϕ) =

∞
∑

n=0

∞
∑

m=0

cn,m cos(nθ + ψn) cos(mϕ + ωm)
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where n(r0). and m(r0). determine the periods along θ . and ϕ ., respectively. ψn). and 
ωm). are phase variables. 

Furthermore, g(θ, ϕ). likely has a sparse representation with features selected 
from a large 2D Fourier bases. Among different regularization methods, LASSO 
[79] is adopted in this study because it not only reduces model variances but 
also makes the model more interpretable with sparse solutions [96]. Different 
regularization terms can be added depending on applications. For example, to track 
anomalies of network traffic volumes, Mardani et al. [53] decompose the traffic 
flow data into low-rank normal flow, sporadic abnormal flow, and noise by adopting 
a nuclear norm, L1-norm, and Frobenius norm, respectively. 

Let gj . denote the j th  Fourier base with coefficient cj . for f ∗gj .. For each dome, 
we conduct feature screening through the LASSO formulation: 

.min
C

1

N

N
∑

i=1

(yi −
∑

j

cjf ∗ gj (θi, ϕi))
2 + γ ||C||1 (5.23) 

where N represents the total number of sampled points on each dome.
Four domes with radii of 0.5′′, 0.8′′, 1.5′′

., and 1.8′′
. are built in a SLA process. 

The measurement data of dome shape deviation is presented in the SCS (Fig. 5.17). 
The 0.5′′, 0.8′′

. and 1.8′′
. domes are regarded as the training set, and the 1.5′′

. dome 
is left for model validation. Similar to the phenomenon shown in Fig. 5.5, the  
deviation patterns of four domes also vary with their sizes due to layer buildup and 
interactions. This poses a challenging issue for model learning because models can 
make poor prediction of shape accuracy even with a simple change of shape sizes. 

Fig. 5.17 Shape deviation measurement of four domes presented in the SCS
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Significant terms shared across different domes are selected, and the result-
ing set of features (Fourier bases) includes cos(n1θ + ψ1)., cos(n2ϕ + ψ2)., and 
cos(n1θ + ψ1) cos(n2ϕ + ψ2).. A further MLE estimation of stack-up function g 
for individual domes chooses the following form for g :

.g(θ, ϕ) = cos(n1ϕ)[1 + cos(n2θ + ψ)] (5.24) 

where n1 . and n2 . determine the periods along ϕ . and θ ., respectively, and ψ . is a phase 
variable. 

It is interesting to notice that the stack-up function is determined not only by 
the height of layers (defined by cos(n1ϕ).) but also by its interaction with shape 
deviation within that layer (defined by cos(n2θ + ψ).). 

With the stack-up function g identified in Eq. (5.24), the convolution integral 
h(r0, θ, ϕ). in Eq. (5.21) becomes 

.

h(θ, ϕ) =
cos(ϕ) − cos(n1ϕ)

2(n2
1 − 1)

·
[ 1

n2 + 2
sin(2θ − ψ)

−
1

n2 − 2
sin(2θ + ψ)

+
2n2

n2
2 − 4

sin(n2θ + ψ) + sin(2θ)
]

(5.25) 

5.1.3.3 SDG Model Estimation 

To obtain one unified SDG model for training shapes, we follow the same physics-
informed sequential model refinement process as we did for the vertically printed 
half disks (omitted). The data suggests that 

– α(r0) = a1 + a2 r0 . 

– β(r0) = b1 + b 2r0 . 

– n1(r0) = c1 + c 2r0 . 

– n2 . and ψ .: unknown constants 

With the training set (three domes), Table 5.6 gives the initial MLE estima-
tion of the SDG model without considering the Gaussian process, i.e., (a1 +

a2r0) h(r0, θ, ϕ) + (b1 + b2r0) + ǫ .. The measured shape deviations (response, 
black point cloud) and the SDG model predictions (blue and red point cloud) are 
superimposed together in Fig. 5.18. Due to the difficulty of pattern visualization in 
the 3D space, we plot the shape deviation by point index, which is sorted by ϕ . and 
θ .. So the first quarter from the left corresponds to the 0.5′′

. dome, the second quarter 
represents the shape deviation surface of the 0.8′′

.dome, and so on. Only three domes 
marked in blue are used to train the SDG model, and the red point cloud (the third 
quarter) is the validation set. Apart from the predicted triangular shape on the upper 
right corner of each dome, the trends are well captured by the model.
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Table 5.6 Initial MLE 
estimation without Gaussian 
process model term 

Parameters Estimate Standard error 

n2 . 0.3319 0.00155 

ψ . 3.3897 0.00162 

a1 . −0.1137 0.00237 

a2 . −0.1683 0.00210 

b1 . 0.0082 0.00008 

b2 . 0.0062 0.00007 

c1 . 0.0551 0.05747 

c2 . −0.0324 0.04382 

σ . 0.0046 0.00002 
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Fig. 5.18 Measured shape deviation (black dots) and the SDG model prediction (blue and red 
dots) 

To improve the model prediction, the GPR is conducted to capture the spatial 
correlation in the model residuals, i.e., ǫ = GP(0, k(·, ·)) + ǫ′

., which is more 
critical for 3D shapes. With the square exponential kernel function, the GPR of dome 
model residuals is conducted with optimized parameter estimates τf = 0.0097., 
τl = 0.9886., and σǫ′ = 0.0029.. The length scale τl = 0.9886. suggests 
that the predicted values of the Gaussian process vary moderately in the area [0, 
2π .] ×.[0,π/2.]. The scaling factor τf = 0.0097. is significantly larger than the 
residual standard deviation σǫ′ = 0.0029., which indicates spatial correlation and 
variation is significant for 3D shapes. 

Figure 5.19 shows the measured shape deviations and the updated SDG model 
predictions with GPR. The prediction covers most of the measurement point cloud. 
Figure 5.20 illustrates the predicted shape deviations versus the measurement data. 
In both figures, the validation outcomes of 1.5′′

. dome are as good as the training 
cases.
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Fig. 5.19 Measured shape 
deviation (black dots) and the 
updated SDG model 
prediction with GPR (blue 
and red dots) 
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Fig. 5.20 Final model 
prediction of shape deviations 
against the measured shape 
deviations 
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The root mean square errors (RMSE) of the training set and validation set are 
0.0036361 ′′ . and 0.0036379 ′′ ., respectively. And the mean absolute errors (MAE) 
for the two sets are 0.002636 ′′ . and 0.002637 ′′ . for the training and validation sets, 
respectively. 

5.1.3.4 Process Insights Derived from SDG Model for Domes 

We define and analyze the four terms in h(r0, θ, ϕ). as: 

.h0(r0, ϕ) =
cos(ϕ) − cos[n1(r0)ϕ]

2[n1(r0)2 − 1]
. (5.26) 

h1(θ) = 
1 

n2 + 2 
sin(2θ − ψ) − 

1 

n2 − 2 
sin(2θ + ψ). (5.27) 

h2(θ) = 
2n2 

n2 
2 − 4 

sin(n2θ + ψ). (5.28) 

h3(θ) = sin(2θ) (5.29)
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Fig. 5.21 h1(θ)., h2(θ)., and  
h3(θ). 

Fig. 5.22 

h0(r0, ϕ), r0 ∈ [0.5, 1.8]. 

Then 

. h(r0, θ, ϕ) = h0(r0, ϕ)[h1(θ) + h2(θ) + h3(θ)]

Notice that the term h0(r0, ϕ). is decided by r0 . and ϕ ., while the other three terms 
only depend on θ .. To compare the magnitude of each term, we plot h1,2,3(θ). in 
Fig. 5.21. 

Three functions h1,2,3(θ). have the same interpretation as those in the half disk 
case, that is, they represent inter-layer interaction effect, the gravity effect, and the 
effect of input in-plane shape deviations, respectively. h3(θ). is not due to interaction 
effect because it is the result of convolving in-plane deviation pattern cos(2θ). in 
f (θ, ϕ). with the constant one in g(r0, θ, ϕ) = cos(n1(r0)ϕ)[1 + cos(n2θ + ψ)].. 
Note that we separate θ . and ϕ .. One difference from the half disk case is that all 
three effects will be influenced by the height of the layer defined by ϕ .. We plot  
h0(r0, ϕ). in Fig. 5.22. One interesting fact is that the function values are almost the 
same when we variate r0 . from 0.5′′

. to 1.8′′
. in h0(r0, ϕ).. 

Combine the term h0 . with h1,2,3 . respectively, we visualize the inter-layer 
interaction effect, gravity effect, and the input in-plane shape effect in Fig. 5.23. 
The interpretation is consistent with the case for half disks. 

As can be seen, the shape deviation generator (SDG) provides a data-analytical 
framework to learn geometric measurement data of AM-built products. Under a con-
volution framework, SDG enables a consistent description of 3D shape formation
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Fig. 5.23 h0h1(r0, θ, ϕ)., 
h0h2(r0, θ0, ϕ)., and  
h0h3(r0, θ0, ϕ).
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in layer-by-layer fabrication processes, from horizontally built disks, vertically built 
disks, to fully 3D domes. This is achieved through proper representation of shape 
deviation data, modeling of individual layer input, and stack-up function derived to 
capture inter-layer interactions. The domain-informed sequential model estimation 
and refinement strategy leads to efficient learning and better understanding of 
process insights. Effects due to inter-layer interactions, gravity, and deviation of 
individual layers are separated for guiding further experimentation and validation. 
Though the initial methodology demonstration applies to simple shapes such as 
disks and domes, the convolution framework allows input functions (f ) to take  
complicated geometries for each layer and to convolute with the stack-up function 
(g) to form complicated 3D shapes. 

5.2 Shape Quality Modeling for Both Smooth and 

Non-smooth 3D Geometries 

Section 5.1 has established a domain-informed convolution framework to learn 
shape deviation from a small set of training products built with the same materials 
and process. It incorporates the characteristics of the layer-wise shape forming 
process through a convolution formulation and the size factor for a category of 
smooth 3D shapes such as domes or cylinders. This section extends this fabrication-
aware learning framework to a larger class of products including both smooth and 
non-smooth surfaces (polyhedral shapes). 

The key idea of the methodology extension is to learn heterogeneous deviation 
surface data by establishing the association between the deviation profiles of smooth 
base shapes and those of non-smooth polyhedral shapes. The association, which 
is characterized by a novel 3D cookie-cutter function, views polyhedral shapes as 
being carved out from smooth base shapes. In essence, the AM process of building 
non-smooth shapes is mathematically decomposed into two steps: additively fab-
ricate smooth base shapes using a convolution framework, and then subtract extra 
materials using a cookie-cutter function. The proposed joint learning framework 
of shape deviation data reflects this decomposition by adopting a sequential model 
estimation procedure. The model learning procedure first establishes the convolution 
model to capture the effects of layer-wise fabrication and sizes and then estimates 
the 3D cookie-cutter function to realize geometric differences between smooth 
and non-smooth shapes. A new Gaussian process model is proposed to consider 
the spatial correlation among neighboring regions within a 3D shape and across 
different shapes. The case study demonstrates the feasibility and prospects of 
prescriptive learning of complex 3D shape deviations in AM and extension to 
broader engineering surface data. 

As a motivating example, four domes and three thin walls with half-cylindrical 
shapes were vertically printed through an AM process using the same material 
(Fig. 5.24). After collecting the point cloud data on the product surfaces and compar-
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Fig. 5.24 (a) Domes with 0.5, 0.8, 1.5, and 1.8 inches radii. (b) Thin walls with 0.8, 1.5, and 2.0 
inches radii 

Fig. 5.25 Shape deviation measurements of two dome and two thin walls presented in the SCS 
(darker-purple and lighter-yellow color for negative and positive deviation, respectively) 

ing with the designs, we present their shape deviations as functional surfaces [35] in  
the spherical coordinate system (SCS) as shown in Fig. 5.25. The deviation surfaces 
of the thin walls are quite different from those of the domes. Thin walls present sharp
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increments in the deviation around the corners/edges, while the deviation surfaces of 
domes are smooth everywhere. Furthermore, the shape deviation profiles and their 
patterns can vary with the size of the same target shape. 

To learn and predict surface deviations of 3D shapes, we face several fundamental 
challenges: 

• Heterogeneity. Deviation patterns are affected by multiple factors including 
geometries, sizes, materials, and process parameters. This often produces het-
erogeneous data even under the same process settings of an AM machine. As 
observed in Fig. 5.25, thin walls show distinct deviation patterns from domes. 
Different sizes/volumes would affect not only the magnitude of the deviation 
surface but also the locations of sharp transitions for the thin walls. Taking the 
deviation profile as the response, there are three types of covariates: (1) location 
covariates defined with respect to the printing and registration center [18, 34]; (2) 
process parameters such as the type of AM process, printing materials, printing 
temperature, etc. [24, 41, 67]; and (3) size and shape information specified by the 
designs of AM products [22, 34, 69]. 

• Limited samples. A key advantage of AM is the easy customization of the 
printed parts. This one-of-a-kind manufacturing approach limits the applicability 
of large-sample machine learning methods and classical statistical methods for 
modeling shape deviations. With a limited number of training samples and 
various covariates, it is challenging to establish a prescriptive model, estimate its 
parameters, and validate assumptions on model specifications and parameters, 
especially for non-parametric models such as random forest [18] and Dirichlet 
process [63]. 

• Spatial correlation within and among shapes. In AM, the layer-by-layer fabri-
cation process exacerbates the quality issues related to material phase change 
and heat penetration observed in traditional manufacturing [12, 27, 48], leading 
to stronger spatial correlation among neighboring regions of a product. Joint 
learning of different 3D shapes presents an additional challenge of defining 
spatial correlation among different geometries. 

In the literature, physics-based and data-driven approaches have been extensively 
reported to predict printing quality. A common strategy in physics-based modeling 
is the use of finite element analysis to simulate the printing process and reveal the 
relationship among process, geometric structure, and material properties [47, 76]. 
These models can achieve voxel-level accuracy for describing 3D products during 
the printing process but at a high computational cost. Extensive expert knowledge 
is required to develop such models, and they are typically restricted to a specific 
material, geometry, and AM process. In the data-driven AM research, regression 
models [81, 87], design of experiments techniques [73, 97], and machine learning 
strategies [58, 86] have been applied. However, most data-driven AM models suffer 
from lack of interpretability and overfitting issues. 

To learn heterogeneous data with limited sample sizes, efforts have been devoted 
to transfer learning across materials, manufacturing processes, and part designs. 
Sabbaghi and Huang [67] proposed the effect equivalence framework to calibrate the



5.2 Shape Quality Modeling for Both Smooth and Non-smooth 3D Geometries 127

effects of lurking variables in different AM processes through a base factor, which 
was adopted by Francis et al. [24] to accomplish the model transfer from Ti-6Al-4V 
to 316L stainless steel. Chen et al. [11] achieved knowledge transfer across different 
shapes by first decomposing the geometric error into shape-independent and shape-
specific components and then fixing the global shape-independent parameters and 
shape features. Ferreira et al. [22] employed a Bayesian extreme learning machine 
methodology to automatically predict the shape deviation profiles of 2D freeform 
shapes under different printing processes. However, the applicability of these 
transfer learning methods has not been demonstrated for 3D geometries. 

Engineering-informed machine learning approaches have been proposed to 
model and predict 2D shape deviation using a limited number of training samples. 
Huang et al. [36] developed a prescriptive statistical modeling approach to predict 
and compensate the 2D shape deviation of circular shapes considering the size 
effect and lurking variables such as overexposure. It serves as a base model to 
predict the deviation of circular shapes, regular polygons, and ultimately freeform 
shapes. A key challenge to model polygonal shapes is that the deviation pattern 
changes dramatically on the sharp corners due to high residual stresses and thermal 
gradients [59]. To link the circular shape deviations to those of regular polygons, 
Huang et al. [34] viewed polygons as being mathematically carved out from their 
circumcircles (base shapes) through cookie-cutter functions. To predict the shape 
deviation profiles of freeform shapes, Luan and Huang [51] approximated the 
freeform design with a series of piecewise circular sectors or polygonal segments. 

The modeling and control challenges faced in printing 2D shapes are exacerbated 
for 3D geometries, since deviation patterns can change from layer to layer due 
to complex inter-layer interactions, residual stresses, and heat dissipation profiles 
[38, 40]. To incorporate the layer-by-layer fabrication mechanism into modeling and 
learning, Huang et al. [35] proposed a convolution learning framework to describe 
the 3D deviation patterns as the result of the 2D shape deviation of each layer 
convolved with a layer interaction function that captures inter-layer interactions. 
Although this framework was validated with spherical shapes, it still requires 
fundamental work to predict the complex deviation patterns of both smooth and non-
smooth shapes in a consistent unified modeling framework. Due to the smoothing 
effect of convolution operations, this approach alone is inadequate to capture 
the sharp transitions in the shape deviation profiles of non-smooth polyhedral 
geometries such as in thin-wall shapes. The main reason to study these particular 
shapes is that 3D freeform shapes can be approximated as a combination of smooth 
and non-smooth patches [78]. Understanding these two basic categories of 3D 
shapes enables 3D freeform shape deviation prediction similar to the significant 
advances achieved for the 2D case [34, 36, 51]. 

To tackle these challenges, we mathematically decompose the fabrication of non-
smooth 3D shapes into two steps: (1) additively building the smooth base shapes and 
(2) subtractively craving out the non-smooth polyhedral shapes. An additive model 
is proposed to connect smooth and non-smooth 3D geometries through a new 3D 
cookie-cutter function with an engineering-informed sequentially model estimating 
strategy. Spatial correlation among regions within a product and across different
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product geometries is modeled by a Gaussian process (GP) with a novel distance 
metric integrating both geodesic and geometric information. 

5.2.1 Mathematical Decomposition of AM Through an 

Additive Model for 3D Shape Deviation Modeling 

This section proposes a mathematical decomposition of AM as a general additive 
model to learn and predict shape deviation surfaces of 3D geometries. Adopting 
smooth shapes as the model baseline, we propose a new class of cookie-cutter 
functions to link the shape deviation of 3D smooth and non-smooth convex shapes. 
Lastly, a GP is employed to capture the spatial correlation with a novel distance 
metric. 

To learn insights from the heterogeneous data (Fig. 5.25), domain knowledge 
must be incorporated. As shown in Fig. 5.26, the process of building a 3D shape can 
be mathematically decomposed into two steps: (1) additive step, which fabricates a 
smooth base shape that bounds the target geometry, and (2) subtractive step, which 
removes extra materials to form non-smooth edges and corners. Thus, the smooth 
and non-smooth 3D shapes are connected through an association or cookie-cutter 
function that captures the shape deviation caused by the subtractive step. 

Here, the shape smoothness is defined with respect to the smoothness of curves 
on the surface of the product design. If any curve along the shape surface is smooth, 
i.e., there exists a common tangent direction at any point on the surface, then the 
shape is smooth; otherwise, it is non-smooth. For example, the curved surfaces 
of spherical and cylindrical shapes are smooth, while the thin wall and cuboid 

Fig. 5.26 Mathematical decomposition of AM to additively build the smooth base shape (outer 
dome shape) and subtractively carve out non-smooth shapes with sharp corners such as (a) thin  
wall shape and (b) cuboid shape
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shapes in Fig. 5.26 are non-smooth since any curve crossing the edges would be 
non-smooth. In general, non-smooth shapes contain edges and corners, which are 
directly associated with sharp changes in their deviation surfaces. 

The proposed mathematical decomposition procedure leads to an additive model. 
Due to the flexibility and interpretability of additive models, they are extensively 
used in diverse applications such as ecology [89], healthcare [6, 29], machine 
learning [14], and geomorphology [26]. For shape deviation at the ith location of 
part j , a general additive model can be defined as 

.y(xi, sj ,pj ) = μ(xi, sj ,pj ) + η(xi, sj ,pj ) + ǫ, (5.30) 

where y is the shape deviation, x . are location covariates, pj . are the process param-
eters or part-independent covariates such as materials and process characteristics, 
sj . represents the geometric information or part-dependent covariates, μ. models the 
mean pattern of the shape deviation, η . is a zero-mean random field that captures the 
spatial correlation, and ǫ . is the measurement error. In the rest of this work, we drop 
pj . for notation simplicity since only one specific printing process is investigated in 
this work. 

For 2D shape deviations, Huang et al. [34] considered the regular polygons as 
being carved out from their circumscribed circles through the additive model 

.μ(xi, sj ) = f1(xi) + f2(xi, sj ) + f3(xi, sj ), (5.31) 

where f1 .describes the shape deviation of disks, f2 . is a 2D cookie-cutter function that 
links the deviation profiles of circular and polygonal shapes, and f3 . is a high-order 
term for the remaining pattern. 

To extend the model (5.31) to 3D cases, the mean pattern μ. for 3D shape 
deviation follows the same decomposition formulation in Eq. (5.31). The main 
difference is that f1 . now describes the deviation profile of the smooth 3D base shape, 
f2 . is a 3D cookie-cutter function that connects smooth and non-smooth geometries, 
and f3 . is a high-order term. For example, we can use f1 . to model the shape deviation 
of the smooth base shape (e.g., domes), f2 . to capture the differences between the 
smooth base and non-smooth geometries such as thin walls (Fig. 5.26), and f3 . to 
illustrate the high-order pattern. 

5.2.2 Convolution Framework as a Baseline for Smooth Shape 

Deviation Modeling 

A convolution learning framework proposed in Sect. 5.1 [35] can be used to identify 
the baseline function for shape deviation modeling of convex smooth shapes as 

.y(x) = (f ∗ g) (x) + η(x) + ǫ, (5.32)



130 5 Small-Sample Learning and Prediction of 3D Geometric Quality

where μ = f ∗ g ., f is the input function describing the 2D shape deviation in a 
horizontal layer, g is the interaction function that models complex layer -to-layer
interactions, η . is a zero-mean GP capturing spatial correlations in the deviation 
profile, and ǫ . is the measurement error following a zero-mean normal distribution. 
The variable x . is the spatial location of the points in SCS, i.e., x = (r, θ, ϕ)., where 
θ . is the polar angle and ϕ . is the azimuth angle. The printed shape of a product 
is treated as the functional response r(θ, ϕ)., and the nominal shape is denoted 
as r0(θ, ϕ).; then shape deviation is defined as y(x) = r(θ, ϕ) − r0(θ, ϕ)., where 
θ ∈ [0, 2π). and ϕ ∈ [0, π/2].. 

To specify μ., the first step is to identify the input function f . As the most  
common smooth geometries, spherical shapes (as shown in Fig. 5.24a) are chosen as 
the base geometries, where each horizontal layer is a circular disk. Shape deviation 
for a disk of radius r0 . can often be modeled with a few Fourier basis functions due 
to its geometric simplicity, for example, f (r0, θ) = c1(r0) + c2(r0) cos(2θ). in an 
SLA process studied by [36]. Using this formulation, Huang et al. [35] modeled the 
deviation of a dome shape as 

.μ (r0, θ, ϕ) = α0(r0) + α1(r0)(f ∗ g)(θ, ϕ). (5.33) 

The size factors c1(r0). and c2(r0). can be absorbed in α0(r0). and α1(r0). in 
Eq. (5.33). Since each layer of a dome shape has radius r0 sin ϕ ., the input function 
for the domes can be normalized, for example, as 

.f (θ, ϕ) = cos(2θ) sin ϕ. (5.34) 

For the layer interaction or stack-up function g(x)., lasso regression was adopted 
for model selection [30]: 

.min
c

1

N

N
∑

i=1

⎛

⎝yi −
∑

j

cj (f ∗ gj )(θi, ϕi)

⎞

⎠

2

+ γ ||c||1, (5.35) 

where N is the number of sampled points, gj (θ, ϕ). is a 2D Fourier basis, and cj . is 
the coefficient of the basis function gj .. Significant terms shared among all domes 
were selected resulting in the layer interaction function 

.g(θ, ϕ) = cos(n1ϕ)[1 + cos(n2θ + ψ)]. (5.36) 

5.2.3 Association Between Smooth and Non-smooth 

Geometries: 3D Cookie-Cutter Function 

The convolution operator alone is inadequate to capture the sharp transitions 
observed in the deviation profiles around the corners of non-smooth polyhedral 
shapes (Fig. 5.25). We propose to use a 3D cookie-cutter function to subtractively
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Fig. 5.27 (a) A rectangle cut from its circumcircle and corresponding (b) 2D square wave cookie-
cutter function and (c) 2D sawtooth wave cookie-cutter function 

carve out the deformation profile of a non-smooth shape from that of a smooth 
baseline shape. For example, a polygon is cut out from its minimum bounding 
circle for each horizontal layer as shown in Fig. 5.27a. Similar to [34] and [69], 
the minimum bounding circle is employed as the smooth base shape since the 
circumcircle, which passes through all vertices of the polygon, may not exist for 
an arbitrary polygon. 

To represent the proposed learning framework as an additive model, we define the 
basis functions: h1(x) = (f ∗ g)(x). describing smooth base shape deviation, h2(x). 

being the 3D cookie-cutter function linking the smooth and non-smooth geometries, 
and a high-order term h3(x). for the remaining pattern. Then, the learning framework 
can be written as 

.μ(x) = α0(x) +

3
∑

j=1

αj (x)hj (x) (5.37) 

where αj , j = 0, . . . , 3. represent size effects, h1 . can be learned from smooth 
products as in [35], and both h2 . and h3 . are fully determined by the geometries 
of AM-fabricated products. Note that because we use convex smooth shapes as 
the bases, we can infer the shape deviation of convex polyhedra, while the shape 
distortion of concave geometries (e.g., pentagram in 2D) needs to be studied using 
a concave smooth geometry as the baseline. 

For the 2D case, [34] applied two candidate 2D cookie-cutter functions h2 . as 
the association function to carve out regular polygons from their circumcircles: the 
square wave function 

.sq(θ) = sign{cos[n(θ − φ0)/2]}, (5.38) 

and the sawtooth wave function 

.sw(θ) = (θ − φ0)MOD(2π/n), (5.39)
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where n is the number of sides and φ0 . is a phase term to shift the cutting position. 
These functions allow sharp transitions on the deformation patterns near the corners. 

A generalization of the sawtooth wave function was established in [51] as  

.sw(θ) =
π(θ − ϑj−1)MOD(ϑj − ϑj−1)

2(ϑj − ϑj−1)
(5.40) 

for selected angles ϑj , j = 1, . . . , n.. Note that such function is only needed when 
the interior angle of a corner is less than π/6. according to their experimental studies. 

For the 3D case with more complex geometries, we apply the 2D cookie-cutter 
function in each horizontal layer defined by ϕ . in SCS by modifying the frequency 
of the square wave or sawtooth wave function such that the amplitudes alternate at 
the sharp corners defined by ϑj (ϕ), j = 1, . . . , n.. Thus, one candidate for h2 . is the 
3D square wave function 

.sq(θ, ϕ) =
1

2

{

sign

[

sin

(

(−1)j+1πθ

ϑj (ϕ)

)]

+ 1

}

, (5.41) 

and the other alternative is 3D sawtooth wave function 

.sw(θ, ϕ) =
θ − ϑj−1(ϕ)

ϑj (ϕ) − ϑj−1(ϕ)
, (5.42) 

for ϑj−1(ϕ) ≤ θ < ϑj (ϕ), j = 1, . . . , n + 1., where ϑj (ϕ), j = 1, . . . , n. are the 
polar angles of sharp transitions with ϑ0(ϕ) = 0. and ϑn+1(ϕ) = 2π .. 

The proposed 3D cookie-cutter functions can be regarded as the stack of 2D 
cookie-cutter functions over the ϕ . direction, where each layer could have sharp 
transitions at different angles according to the designed geometry. As the number 
of corners increases and the polyhedron approaches a sphere, the sharp corners 
effectively banish, and h2 . is approximately constant in both definitions. 

In the motivating example, a thin wall with a half-cylindrical shape has radius 
r0 . and thickness w (Fig. 5.28), where each horizontal layer is a rectangle with 
length 2r0 sin ϕ . and width w. To cut out a rectangle defined by the corner points 
(A1, A2, A3, A4). from its circumcircle as shown in Fig. 5.27a, we first find the 
angles of each corner as ϑ1, ϑ2, ϑ3 . and ϑ4 .; then the corresponding 2D square 
wave function is shown in Fig. 5.27b, and 2D sawtooth wave function is shown 
in Fig. 5.27c. Since the rectangle sizes in each horizontal layer defined by ϕ . are 
different, the sharp transitions for each layer happen at different polar angles, which 
are purely defined by the geometry of the product. The scatter plots of proposed 3D 
square wave and sawtooth wave cookie-cutter functions are shown in Fig. 5.29. 

While the same thin-wall parts are treated as 2D shapes in [35], they are regarded 
as 3D shapes in this work. Unlike the deviation profiles y(ϕ). for 2D cases, shape 
deviations of 3D non-smooth thin walls show deviation surfaces y(θ, ϕ). in SCS 
(Fig. 5.25). Furthermore, to predict the shape deviation of these thin walls on the 
front, back, and curved top surfaces, each thin wall is regarded as the stack of
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Fig. 5.28 A thin wall fabricated by stacking rectangles 

Fig. 5.29 (a) 3D square wave function and (b) 3D sawtooth wave function for the 0.8-inch thin 
wall 

rectangles of different sizes (Fig. 5.28), which requires the 3D cookie-cutter function 
in Eqs. (5.41) and (5.42). 

5.2.4 Spatial Correlation Modeling with a Novel Distance 

Metric for Heterogeneous Shape Data 

The random field η . in model (5.30) is intended to capture the spatial correlations 
among deformed regions. It is frequently assumed to be a zero-mean GP with a 
squared-exponential kernel [65]
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.k(xi, xj ) = exp

(

−
d(xi, xj )

2

δ

)

, (5.43) 

where d(xi, xj ). is the distance between xi . and xj .. 
The challenge, however, is to learn the spatial correlation not only among regions 

of the same product but also across heterogeneous shapes. 
For convenience, the spatial correlation between two sample points in the R3

. 

space is described in the Cartesian coordinate system, i.e., xi = (xi, yi, zi). rather 
than the SCS. Note that it is feasible to establish the GP in the SCS as well. The 
coordinates are scaled to the current coordinate over the maximum in each direction. 
Note that (0, 0, 0). corresponds to the center of the printing bed, and the maximum 
height was chosen as to eliminate the effect of different scales in the z direction. 

Due to the physics involved in generating and measuring the shape deviation, 
Sun et al. [77] and Castillo et al. [16] pointed out that geodesic distance, which is 
defined as the shortest distance between points on a 3D surface, is a better measure 
of the spatial correlation in the same additively manufactured part rather than the 
Euclidean distance. A thorough review of geodesic paths and distances on the 
surface of triangle meshes can be found in [3]. Due to the high computational cost of 
the geodesic distance, we employ the as-rigid-as-possible parameterization to first 
explore the surface into a 2D plane, and then the point-to-point geodesic distance 
can be approximated by the corresponding Euclidean distance [74]. However, one 
challenge is that there is no clear definition of geodesic distance among different 
parts since such path along the surface does not exist. 

For two points xi . and xj . lying on the surfaces of two shapes si . and sj ., 
respectively, we propose a new distance metric 

.

d(xi, xj ) =
1

2

[

de(xi, x
′
i) + dg(x

′
i, xj )

+ de(xj , x
′
j ) + dg(x

′
j , xi)

]

(5.44) 

where x′
i . is the projection of point xi . onto shape sj ., i.e., x′

i . and xi . have the same 
angles (θi, ϕi).; then xj . and x′

i . are points on the same part with a properly defined 
geodesic distance dg(x

′
i, xj ).. Similarly, x′

j . and xj . are on the line defined by the 
angles (θj , ϕj )., and de . is the standard Euclidean distance. 

For example, considering the side view of a thin wall and a dome shape as 
shown in Fig. 5.30, the proposed distance is the combination of four red paths, 
where the solid curves denote the geodesic distances dg . and the dashed ones are the 
Euclidean distances de .. By adding the projection distance de(x

′
j , xj ). and de(x

′
i, xi)., 

we complete a circuit from xi . to xj . and back, which ensures that d is a valid 
distance measure. Another advantage of Eq. (5.44) is that if two shapes si . and sj . 

are the same, the projection distances are zero, and then the proposed distance is the 
standard geodesic distance.
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Fig. 5.30 Proposed distance metric between xi .on shape si . (in blue) and xj .on shape sj . (in black) 

5.2.5 Sequential Model Estimation Procedure for the United 

Modeling Framework 

After specifying each component of the additive model, a sequential model fitting 
strategy is proposed to efficiently estimate the model parameters, mitigate overfit-
ting, and transfer the knowledge from smooth base shape to non-smooth polyhedral 
shapes. 

In general, the parameter estimation procedure follows a similar strategy to 
the boosted models [25] of fitting models sequentially based on the residuals of 
earlier models. As specified in [35], the convolution h1 . describes the shrinkage 
of smooth geometries during printing caused by material phase changes, inter-
layer interactions, and gravity effects. On the other hand, the deviation profiles of 
non-smooth shapes exhibit sharp transitions introduced by uneven thermal stresses 
around the corners [59]. By regarding the non-smooth shape as being cut from a set 
of smooth patches, we apply the 3D cookie-cutter function h2 . to capture the sharp 
transitions and h3 . to model the difference in deviation profiles between smooth 
and non-smooth geometries. Thus, the smooth shape deviation is modeled first to 
build the baseline model, while non-smooth parts are included later to assess the 
association and remaining pattern. 

As for η ., we use GP regression (GPR) on the parametric model residuals in the 
final step for the following reasons: (1) estimating GP parameters is computationally 
expensive; (2) the full training set is involved since spatial correlation affects all 
shapes; (3) due to the flexibility of GP, the main effect μ. could be confounded, 
which compromises the insights from the parametric model. 

To be more specific, after dividing the dataD = (y, x). into D0
. for smooth shapes 

and D1
. for non-smooth shapes, there are three steps to fit the model sequentially. 

First, we estimate the parameters in α0 ., α1 ., and h1 .of Eq. (5.37) using the data in D0
.. 

Since only smooth shapes are involved, the model is reduced to y = α0 + α1h1 + ǫ ..
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Algorithm 1: Process-informed sequential model fitting strategy 

Split dataD into D0 (smooth) and D1 (non-smooth) according to design geometry; 
Initialize the parameters γ for h1; 
Fit the parameters for the model y(x) = α0(x) + α1(x)h1(x) + ǫ, ∀(y, x) ∈ D0; 
Calculate residuals 
ỹ = y(x) −

(

α̂0(x) +  ̂α1(x)ĥ1(x)
)

,∀(y, x) ∈ D; 

Fit the parameters for the model ỹ = α2(x)h2(x) + α3(x)h3(x) + ǫ, ∀(y, x) ∈ D1; 
Calculate residuals
˜̃y =  ̃y −

(

α̂2(x)h2(x) +  ̂α3(x)h3(x)
)

, ∀(y, x) ∈ D; 
Calculate pairwise distance d(xi , xj ),∀x i , xj ∈ D 

Fit a GP for model ˜̃y ∼ N
(

0, k(d(x i , xj ))
)

Second, non-smooth shape deviations in D1
. are used to estimate the parameters in 

α2 . and α3 .with respect to the residuals ỹ = y−(α̂0+α̂1ĥ1).. Recall that h2 . and h3 . are 
determined by the geometry, and the model is ỹ = α2h2 + α3(x)h3 + ǫ . for the non-
smooth shape deviations. Lastly, to model the spatial correlation, GPR techniques 
are applied to model the residuals ˜̃y = ỹ − (α̂2h2 + α̂3h3). from all data with h2 =

0. and h3 = 0. for smooth parts, i.e., ˜̃y ∼ N(0, k(·, ·)).. By learning these three 
components sequentially, we can predict the shape deviation of untried products. 
The proposed parameter estimation strategy is summarized in Algorithm 1. 

Furthermore, if αk, k = 0, . . . , 3., have a parametric form, the model parameters 
can be estimated using the profile likelihood approach. Without loss of generality, 
assume that αk(x). is a basis expansion of the form αk(x) =

∑Jk

j=1 q
j
k (x)β

j
k .. Then, 

the model can be expressed as 

.y = H(γ )β + η + ǫ, (5.45) 

where 

. H(γ ) =
(

q1
0 (x), . . . , q

J0
0 (x), q1

1 (x)h1(γ ), . . . , q
J3
3 (x)h3

)

and 

. β =
(

β1
0 , . . . , β

J0
0 , β1

1 , . . . , β
J3
3

)

⊺
.

The maximum likelihood estimates (MLE) are obtained by solving 

.

min
γ

1

2σ 2
||y − H1(γ )β̂

′
||2 +

n

2
ln

(

σ 2
)

s.t. β̂
′
=

(

H
⊺

1 (γ )H1(γ )
)−1

H
⊺

1 (γ )y

(5.46)
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where y . is the shape deviation of observations included inD0
., n is the total number 

of points inD0
., H1 . is the matrix of the first J0+J1 .columns of H., and β ′ = (β0,β1).. 

For the parameters of α2 . and α3 ., the MLE is  

. β̂
′′

=
(

H
⊺

2 H2
)−1

H
⊺

2 (γ )ỹ

where ỹ . is as defined in Algorithm 1 for observations inD1
., H2 . is the matrix of the 

last J2 + J3 . columns of H., and β ′′ = (β2,β3).. 

5.2.6 Validation Through Shape Deviation Prediction for 

Domes and Thin Walls 

We revisit the motivating example at the beginning of this section to demonstrate 
the capability of the proposed learning framework for modeling and predicting the 
shape deviation patterns of a wide variety of geometries containing both smooth and 
non-smooth features in AM. Seven parts (Fig. 5.24) were printed through the mask 
image projection stereolithography (MIP-SLA) process. After the printing process, 
a ROMER absolute arm with RS4 laser scanner is used to collect the measurements 
as point clouds, which are then registered using the constrained iterative closest 
point algorithm [19]. The printing quality is evaluated by the shape deviation surface 
of each part [35] as illustrated in Fig. 5.25. We employ all domes and 0.8-inch-
and 2.0-inch thin walls as the training set and leave the 1.5-inch thin wall as the 
validation set. 

To implement the learning framework in Eq. (5.37), the first step is to identify the 
input function f . Note that, due to machine repair, the pattern of shape deviation of 
2D circular disks changed from what was presented in [36], i.e., the input function 
f (θ, ϕ). should have a different pattern, and we need to fit the spherical shape model 
for the new data. Luan and Huang [51] defined the new pattern as 

.f (θ) = cos
(

2θ +
π

3

)

1θ∈[0,π) − sin(2θ)1θ∈[π,2π). (5.47) 

Recall that the form of input function was changed to Eq. (5.34) by multiplying 
it by sin ϕ . because the radius of each layer is r0 sin ϕ . for the dome shape. Similarly, 
we have the input function f (θ, ϕ). for spherical shapes as 

.f (θ, ϕ) = f (θ) sin ϕ. (5.48) 

If the radius is r0 . and the thickness is w for the thin-wall shape, the circumcircle 
radius for each horizontal layer ϕ . is 

. max
θ

{r0(θ, ϕ)} =

√

r2
0 sin2 ϕ +

(w

2

)2
≈ r0 sin ϕ, (5.49)
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since w is much smaller than r0 . for the thin products. Then, we can compute the 
convolution explicitly and regard the thin walls as cut from the domes with the same 
radii, and the same input function f (θ, ϕ). as in Eq. (5.48) can be applied. For the 
layer interaction function g(θ, ϕ)., Eq. (5.36) is used since the printing mechanism 
is the same and only the shapes and sizes change. Thus, h1 . is fully specified. 

Next, we need to specify the sharp transition angles ϑj . and n used in the 3D 
cookie-cutter function h2 . in Eq. (5.41). As shown in Fig. 5.27, n = 4., and the angles 
are ϑ1 = arctan(w/(2r0 sin ϕ))., ϑ2 = π − ϑ1 ., ϑ3 = π + ϑ1 ., and ϑ4 = 2π − ϑ1 . 

according to the geometry of the thin walls. 
To capture the arch pattern of thin walls presented in the deviation profiles in 

Fig. 5.25, we choose h3 . as 

.

h3(θ, ϕ) =
{

sin
(n

4
θ
)

1θ∈[ϑ1,ϑ2)

+ sin
[n

4
(θ − π)

]

1θ∈[ϑ3,ϑ4)

}

sin ϕ,

(5.50) 

where n is the number of sides. For the thin walls, we have n = 4., and when 
n → ∞., this term becomes white noise. 

Due to the limited number of samples, we follow similar linear assumptions as in 
[35] to incorporate the size effect. Denoting x = (x, y, z, r0, θ, ϕ)., which contains 
the location information of Cartesian coordinates and spherical coordinates, the 
conjectures are: 

1. n1(x) = c1 + c 2r0 .. 
2. n2 . and ψ . are unknown constants. 
3. α0(x) = β0,1 + β0,2r0 .. 
4. α1(x) = β1,1 + β1,2r0 .. 

5. α2(x) = β2,1 + β2,2

[
√

r2 
0 sin2 ϕ + w2/4 − r0(θ, ϕ)

]

.. 

6. α3(x) = β3,1 + β3,2r0 .. 

Note that n1 ., n2 ., and ψ . are the parameters in the layer interaction function g 
as in Eq. (5.36), while αi, i = 0, . . . , 3., are the coefficients describing the size 
effect in Eq. (5.37). The first four conjectures are for the baseline model, and the 
last two would affect the 3D cookie-cutter function. For simplicity, we assume the 
layer-to-layer interactions change for different sizes mainly along the ϕ . direction 
and are related to the number of layers printed; thus n1 . deciding the period over ϕ . is 
assumed to be proportional to the size, while n2 . and ψ . control the period, and phase 
in θ .-direction is assumed to be constant. 

To achieve better model interpretability, a linear relationship to the size of 
the product is imposed on the coefficients of α0, α1 . and α3 .. As the coefficient 
of cookie-cutter term, α2 . is proportional to the cutting width, i.e., the difference 
between the circumcircle radius and polygonal shape at each angle, which is 
√

r2
0 sin2 ϕ + w2/4 − r0(θ, ϕ).. Under these assumptions, at least two samples of 

each shape are required to estimate the model parameters. Because a limited number
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Table 5.7 Parameter 
estimates and standard error 
(SE) for the deviation of 
dome shapes 

Parameters Estimate SE 

n2 . 0.6462 0.006591 

ψ . 4.0793 0.019610 

c1 . 0.0034 0.230790 

c2 . −0.0016 0.169782 

β0,1 . 0.0068 0.000210 

β0,2 . 0.0047 0.000166 

β1,1 . 0.0063 0.000601 

β1,2 . 0.0158 0.000476 

σ . 0.0065 0.000046 
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Fig. 5.31 Measured shape deviation (in gray) and model prediction (in blue) for domes 

of training samples are usually provided in AM, more complex relationships for α . 

require knowledge of the material and process interactions. 
The MLE procedure described in Sect. 5.2.5 is employed to fit the spherical shape 

deviation model through the mle2 function in R package bbmle with randomized 
initialization in the parameter space, and the results are given in Table 5.7 and 
Fig. 5.31. The mean absolute error (MAE) is 0.0048, and the root mean square 
error (RMSE) is 0.0065. We plot the shape deviation by point index due to the 
difficulty of comparing model fitting performance in 3D space. The four blocks 
from the left correspond to the 0.5-inch, 0.8-inch, 1.5-inch, and 1.8-inch domes, 
respectively. The predictions are close to the actual deviation measurements, except 
at the upper-right corner. Note that the results are different from [35] since the 
input function f (θ, ϕ). is changed to Eq. (5.48). The estimates of c1 . and c2 . are not 
statistically different from zero, and the layer interaction function can be simplified 
as g(θ, ϕ) = 1 + cos(n2θ + ψ).. 

Next, the thin walls with radii of 0.8 inch and 2.0 inches are used as the training 
set, and the 1.5-inch thin wall is left as the validation set. The estimated model 
parameters for α2 . and α3 . are shown in Table 5.8, and the measured deviations versus 
model predictions are presented in Fig. 5.32 for both square wave and sawtooth 
wave cookie-cutter functions. The model performance metrics are summarized in 
Table 5.9. From both figures and performance metrics, the square wave function 
is better than the sawtooth wave function for modeling the shape deviation of thin 
walls. Thus, we use the square wave function for the remainder of the chapter. Since
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Table 5.8 Parameter 
estimates and standard error 
(SE) for cookie-cutter and 
high-order terms 

Square wave Sawtooth wave 

Parameters Estimate SE Estimate SE 

β2,1 . −0.0387 0.00106 −0.0041 0.00123 

β2,2 . 0.0002 0.00004 −0.0003 0.00004 

β3,1 . 0.0124 0.00175 −0.0040 0.00184 

β3,2 . 0.0139 0.00074 0.0137 0.00093 
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Fig. 5.32 Measured shape deviation (in gray), training set prediction (in blue), and validation set 
prediction (in red) for thin walls applying (a and b) square wave and (c and d) sawtooth wave 
functions 

Table 5.9 Thin wall model 
performance applying 
different cookie-cutter 
functions 

Training Validation 

Cookie-cutter MAE RMSE MAE RMSE 

Square wave 0.0122 0.0160 0.0120 0.0158 

Sawtooth wave 0.0156 0.0200 0.0164 0.0205 

both β2,2 . and β3,2 . are positive, we can infer that the effects of the sharp transition 
and arch pattern on the deviation profile increase with the part’s size. However, 
there are some remaining spatial patterns to be captured, so the residuals are 
fitted through GPR with squared-exponential kernel in Eq. (5.43) using Euclidean 
distance between points through the gam function in R package mgcv.
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Fig. 5.33 Measured shape deviation (in gray), training set prediction (in blue), and validation set 
prediction (in red) after GPR with Euclidean distance 

Table 5.10 Model performance comparison 

Training Validation 

Model MAE RMSE MAE RMSE 

Parametric 0.0122 0.0160 0.0120 0.0158 

Parametric + Euclidean Distance 0.0050 0.0093 0.0107 0.0148 

Parametric + Proposed Distance 0.0060 0.0095 0.0087 0.0124 

The measurements and model predictions are presented in Fig. 5.33 and 
Table 5.10. For the dome parts, not only the upper-right corners in Fig. 5.31 have 
been offset by GP, but the expansion of the larger domes are correctly predicted. 
Predictions for thin walls are improved from the results in Fig. 5.32, and the perfor-
mance metrics (MAE and RMSE) are reduced for both training and validation sets. 

Since the GP combines the location information of all shapes together, and 
points on the smaller domes are closer to those on the thin walls, their deviation 
predictions are greatly affected by the deviation pattern of thin walls. Thus, the 
0.5-inch and 0.8-inch domes show a wider variation of the deviation prediction 
compared with the 1.5-inch and 1.8-inch domes. This suggests that the spatial 
correlation among different shapes is overestimated, and we can improve the spatial 
correlation modeling by modifying the distance metric in the squared-exponential 
kernel as specified in Sec. 5.2.4.
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Fig. 5.34 Measured shape deviation (in gray), training set prediction (in blue), and validation set 
prediction (in red) after GPR with the proposed distance 

After computing the proposed geodesic distance among all shapes and estimating 
the spatial correlation with the mKrig function in R package fields, the updated 
model prediction and performance are shown in Fig. 5.34 and Table 5.10. With the 
proposed distance metric considering both geographic and geometric information, 
the GP accurately captures the spatial correlation. Though the deviations of 
the first few points in domes are overestimated, predictions cover most of the 
actual deviation measurements in the training set. With slightly worse training set 
performance, the performance on the validation set improved around 20% using 
the proposed distance metric. The measured shape deviation, predicted deviation 
surface, and residuals of the final model with GPR using the proposed distance 
metric are presented in Fig. 5.35. 

This section establishes a unified learning framework for shape deviation 
modeling of smooth and non-smooth 3D geometries in AM. The AM process is 
mathematically decomposed into two stages to enable the learning of heterogeneous 
shape deviation data. In stage one, a smooth base shape is additively built, while 
in stage two, non-smooth shapes are subtractively carved out. A unified predictive 
shape accuracy model is developed to combine the baseline deviation of smooth 
shapes, sharp transitions caused by the subtractive step, and the remaining spatial 
correlation. The previously proposed convolution framework serves as the baseline 
model for smooth shapes. The proposed 3D cookie-cutter function effectively 
captures the unique shape deviation pattern of sharp corners of non-smooth convex 
shapes and enables joint learning of deviation patterns on smooth and non-smooth 
geometries. A novel distance measure is proposed to model the spatial correlation 
among heterogeneous shapes by combining the local geodesic distance between 
points in the same 3D object and the Euclidean distance between projected points 
across 3D objects. 

A case study shows that the unified model can successfully predict the shape 
deviation of convex smooth (domes) and non-smooth (thin walls) shapes. Since 3D 
freeform shapes can be approximated as a combination of smooth patches and sharp 
corners, the proposed learning framework builds a foundation to further extend
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Fig. 5.35 (a) Measured shape deviation, (b) predicted shape deviation, and (c) residuals for the 
1.5-inch thin wall (darker/lighter color for negative/positive deviation) 

this modeling approach to predict the quality of 3D freeform shapes. Furthermore, 
the strategy of connecting engineering surface data through decomposition of data 
generation processes can be adopted in other domains for engineering-informed 
learning of heterogeneous data. 

5.3 Shape Quality Modeling for 3D Freeform Geometries 

Through Domain-Informed Dimension Reduction 

It is worthwhile to restate the offline learning problem and few-shot learning sub-
problem defined in Sect. 1.5: 

• Offline learning problem (OLP): The offline learning objective is to establish 
functional mapping f : U → YU ., that is, to generate a model f (u). to predict
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yu . by learning from a small set of training data DS = {(u, yu)|(ui, yui
), i =

1, 2, ..., n}.. 
• Model f (u). generation and few-shot learning (OLP.2): Model f (u). is 

expected to predict product quality of infinite variety by learning from small data 
DS .. This “1-to-∞.” or few-shot learning problem prefers f (u). being constructed 
with a limited number of building blocks, primitives, or basis functions for 
robustness and flexibility. Model interpretability is another key consideration to 
ensure better understanding of physical systems. 

The fabrication-aware dimension reduction and finite manufacturing primitive 
(FMP) representation are introduced in Sects. 2.5 and 4.2 [33] to address the large 
product variety challenge in AM. The premise of dimension reduction is that a 
freeform product built in AM can be viewed as an assembly of a finite set of basic 
manufacturing objects called FMPs. The product quality can be represented by a 
finite set of functions, where each function represents the quality model of one type 
of FMPs. By operating in a low-dimensional space spanned by FMPs, the FMP 
method will enable learning from a small sample of 3D product varieties to infer 
and control the quality of new 3D product varieties. The small-sample machine 
learning of product-variety problem will be transformed into large-sample learning 
of manufacturing-primitive problem. 

This section addresses the OLP.2 problem and formalizes the FMP-based 
modeling approach. 

5.3.1 An Impulse Response Formulation for Model Generation 

The proposed input-output representation enables the modeling of model primitive, 
that is, to construct f (u). with a small set of basis functions that characterize 
deformation patterns of shape primitives. Small-sample few-shot learning therefore 
becomes feasible. 

Definition 5.1 (2D Model Primitive) A 2D model primitive is defined as a 
functional model that predicts the deviation of a 2D shape primitive, which is either 
a circular sector, a line segment, or a corner. 

Since a line segment can be viewed as a special case of a corner with one edge 
being zero, we only need two types of 2D model primitives for circular sectors and 
corners, denoted as function η1(·). and η2(·)., respectively. 

Definition 5.2 (3D Model Primitive) A 3D model primitive is defined as a 
functional model that predicts the deviation of a 3D shape primitive, which is either 
spherical patch or a surface edge with the plane surface patches being a special case 
of the surface edge. 

2D model primitives are connected with 3D model primitives through definition 
of 3D shape primitives. the strategy to establish 3D model primitives is to model
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primitive manufacturing inputs, that is, 2D shape primitives that form the boundaries 
of layers and layer stack-up. Therefore, 2D model primitives have to be established 
first. 

5.3.1.1 Impulse Response Modeling for 2D Model Primitives 

Our work in [34, 50] innovated the shape deviation primitive concept for data-driven 
modeling of 2D shape deviation. The input representation, particularly primitive 
inputs to the fabrication process shown in Fig. 2.10, inspires the impulse response 
modeling developed in this work. 

Theorem 5.1 (Impulse Response Characterization of 2D Model Primitives) 

The 2D model primitive η{1,2}(θ). for a 2D primitive shape u(θ).can be characterized 

by an impulse response function h{1,2}(θ). through a convolution formulation: 

.η{1,2}(θ) = (h{1,2} ∗ u)(θ) =

∫ θ

0
h{1,2}(θ − τ)u(τ)dτ (5.51) 

Proof As shown in Fig. 2.11, a 2D shape primitive is a piecewise constant input, 
which can be represented as a sum of 1D step signals represented in the PCS with θ . 

being equivalent to the time variable t . Once this critical connection is established, 
the proof follows an excellent control reference along Fig. 5.36 [in chapter 6] [2]. 

Let the input u(t). in Fig. 5.36 represent a primitive angular corner input with 
t = θ .. The model primitive η{1,2}(θ). represents the output or the deviation 
of the primitive shape. Let H{1,2}(θ). be the response to a unit step applied at 
θ = 0., and assume H{1,2}(0) = 0.. The responses to a series of step inputs are 
H{1,2}(θ − θ0)u(θ0)., H{1,2}(θ − θ1)(u(θ1) − u(θ0))., and so on. The output η{1,2}(θ). 

is the sum of individual responses [2]: 

Fig. 5.36 Response to (a) piecewise constant input as a summation of step inputs and (b) output 
as the sum of individual output [2], ©Princeton University Press
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. 

η{1,2}(θ) = H{1,2}(θ − θ0)u(θ0) + H{1,2}(θ − θ1)(u(θ1) − u(θ0)) + · · ·

= (H{1,2}(θ − θ0) − H{1,2}(θ − θ1))u(θ0)+

(H{1,2}(θ − θ1) − H{1,2}(θ − θ2))u(θ1) + · · ·

= lim
n→∞

n
∑

k=1

(H{1,2}(θ − θk−1) − H{1,2}(θ − θk))u(θk−1)+

H{1,2}(θ − θn)u(θn)

= lim
n→∞

n
∑

k=1

H{1,2}(θ − θk−1) − H{1,2}(θ − θk)

θk − θk−1
u(θk−1) ∗ (θk − θk−1)+

H{1,2}(θ − θn)u(θn)

=

∫ θ

0
H ′

{1,2}(θ − τ)u(τ)dτ

=

∫ θ

0
h{1,2}(θ − τ)u(τ)dτ

= (h{1,2} ∗ u)(θ)

where h{1,2}(θ) =
dH{1,2}(θ)

dθ
., the derivative of the step response, is commonly known 

as the impulse response function (IRF) in control theory. ⊓⊔

Based on the definition of 2D model primitives, we have IRFs h1(θ). and h2(θ). 

corresponding to η1(θ). and η2(θ). for circular sectors and corners, respectively. 

5.3.1.2 Impulse Response Modeling for 3D Model Primitives 

We first postulated a convolution formulation of 3D shape generation in AM without 
proof [35]. Based on the definition of 3D shape primitive and Theorem 5.1, this  
work provides a theoretical justification of the shape deviation generator model 
established in [35]. 

Theorem 5.2 (Impulse Response Characterization of 3D Model Primitives) 

The 3D model primitive for a 3D primitive shape u(θ, φ). can be characterized by a 

2D impulse response function g(θ, φ). through a 2D convolution formulation: 

. (η{1,2} ∗ ∗g{1,2})(θ, φ) =

∫ φ

0

∫ θ

0
g{1,2}(θ − τ1, φ − τ2)η{1,2}(τ1, τ2)dτ1dτ2

(5.52) 

Proof As shown in Figs. 4.4 and 2.10a, a 3D shape primitive can be viewed as an 
extension of 1D piecewise constant input to 2D case. In addition to the time variable
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τ1 = θ . in x − y . plan for 2D shape primitives, there is additional time variable z 
or equivalently τ2 = φ . along the z direction to stack up 2D shape primitives at 
time τ2 .. Since a 3D shape primitive is the result or output of stacking up 2D shape 
primitives, the true step input to a 3D primitive at time τ2 . is therefore η{1,2}(θ, τ2)., 
that is, deviation of a 2D shape primitive. (Here we remove the nominal input of 2D 
shape primitives for simplification of notation.) 

Let G{1,2}(θ, τ2). be the response to the 2D unit step applied at τ2 = 0., and 
assume G{1,2}(θ, 0) = 0.. The responses to a series of 2D step inputs are G{1,2}(θ −

θ0, φ −φ0)η{1,2}(θ0, φ0)., G{1,2}(θ − θ1, φ −φ1)(η{1,2}(θ1, φ1)−η{1,2}(θ0, φ0))., and 
so on. Following the same procedure, but working in the 2D time space τ1, τ2 ., we  
will have the output or the 3D model primitive as 

. 

∫ φ

0

∫ θ

0

∂G{1,2}

∂θ, φ
η{1,2}(τ1, τ2)dτ1dτ2

And let g{1,2}(θ, φ) =
∂G{1,2}

∂θ,φ
., the partial derivative of the 2D step response, or the 

2D IRF. Denoting this 2D convolution integral as (η{1,2} ∗ g{1,2})(θ, φ)., we have the  
proof for Theorem 5.2. ⊓⊔

Remark 5.1 As we pointed out in [35], if we only print a single layer of the 3D 
primitive shape, IRF g{1,2}(θ, φ). is degenerated to a Dirac’s delta function δ(θ, z ≈

0).. Then 

. (η{1,2} ∗ ∗δ)(θ, z ≈ 0) = η{1,2}(θ, z ≈ 0) = η{1,2}(θ)

which is the 2D model primitive in Eq. (5.51). Clearly, Theorem 5.2 is an extension 
of Theorem 5.1. 

5.3.2 Model Construction and Few-Shot Learning Based on 

Model Primitives 

Theorems 5.1 and 5.2 establish fabrication-aware, control-theoretic formulation 
of model building blocks that can be learned from a small training sample DS .. 
Furthermore, two theorems enable model construction to predict the quality of 
freeform shapes in theory. In this work, we use simple examples to show the 
feasibility and potentials of applying the two theorems. Certainly, significant 
efforts are needed to achieve ultimate “1-to-∞.” learning for complex 3D freeform 
shapes. 

(a) Few-shot learning to predict shape deviation of 2D freeform products: 
We have achieved data-driven few-shot learning to predict shape deviation of 
2D freeform products in [15, 34, 36, 50, 85]. By taking a fresh look under 
the control-theoretic formulation, we intend to discover not only the process 
dynamics but also principles for generalization.
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Corollary 5.1 (Shape Deviation Model for 2D Freeform Products) Based on 

Theorem 5.1, Eq. (5.51), and Eq. (2.3), the shape deviation of a freeform 2D product 

or layer can be derived as y(u(θ)) = f (u(θ)) + ǫ . with f (u(θ)).: 

. 

f (u(θ)) =

I
∑

i=0

1θ∈[θi ,θi+1) [1c(ri(θ))(h1 ∗ ri)(θ) + (1 − 1c(ri(θ)))(h2 ∗ ri)(θ)]

=

I
∑

i=0

[1c(ri(θ))η1(θ, ri(θ)) + (1 − 1c(ri(θ)))η2(θ, ri(θ))]

(5.53) 
where 1c(ri(θ)) = 1. if ri(θ). is a circular sector and zero otherwise. Notation 

η{1,2}(θ, ri(θ)). specifies the model primitive η{1,2}(θ). has shape primitive ri(θ). as 

input. The error term ǫ . can be noise or can impose a correlation structure to capture 

the interaction among neighboring shape primitives, depending on AM processes. 

However, modeling and computation can be complicated and inefficient when 
the number of shape primitives I is large. One improvement of model (5.53) is  
provided. 

Corollary 5.2 (Cookie-Cutter Modeling for 2D Freeform Shapes) The shape 

deviation model f (u(θ)). for 2D freeform products in Eq. (5.53) can be well 

approximated as 

.f (u(θ)) =

I
∑

i=0

η1(θ, r̃i(θ)) +

I
∑

i=0

η2(θ, ri(θ) − r̃i(θ)) (5.54) 

where r̃i(θ). is the smallest circular sector that covers a line segment or a corner 
(Fig. 5.37a). 

Fig. 5.37 Simplification of deformation model (5.53) for 2D freeform shapes
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Proof We can find a smallest circular sector r̃i(θ). to approximate each shape 
primitive ri(θ).. Apparently, ri(θ) − r̃i(θ) = 0. if ri(θ)). is a circular sector. Then 
Eq. (5.53) can be rewritten as: 

. f (u(θ)) =

I
∑

i=0

η1(θ, r̃i(θ)) + (1 − 1c(ri(θ)))

I
∑

i=0

[η2(θ, ri(θ)) − η1(θ, r̃i(θ))]

When ri(θ)) − r̃i(θ) 
= 0., as shown in Fig. 5.37b, the shape of ri(θ)) − r̃i(θ). 

can still be approximated by a corner or a line segment with a higher-order 
approximation error. Therefore, η2(θ, ri(θ)) − η1(θ, r̃i(θ)) ≈ η2(θ, ri(θ) − r̃i(θ)).. 
When ri(θ) − r̃i(θ) = 0., clearly η2(θ, ri(θ) − r̃i(θ)) = 0., so we can drop the 
indicator (1 − 1c(ri(θ))). and obtain Eq. (5.54). ⊓⊔

Remark 5.2 This revised model (5.54) essentially treats a 2D shape as being carved 
out from a circular disk or segments of circular disks using cookie-cutters. In 
[34] we empirically established the so-called “cookie-cutter” modeling framework. 
Corollary 5.2 provides a theoretical justification and opportunity to further enhance 
the model identification. 

Learning 2D model primitives can now be achieved by a small training sample 
consisting of disks and polygon shapes with different sizes. From our study of 
different AM processes [10, 34, 36, 49, 85]), η1(θ, r̃i(θ)). for circular sector can 
be well approximated by low-order Fourier bases: 

.η1(θ, r̃i(θ)) =

K
∑

k=0

αk(η1(θ, r̃i(θ)))cos(kθ + ϕk) (5.55) 

For example, four disks (Fig. 3.2) printed in a SLA process can be well modeled 
by η1(θ, r) = −0.0134(r + 0.0088)0.86 + 0.0057(r + 0.0088)1.13 cos(2θ). with r 
being the disk radius [36]. This data-driven model provides complete description of 
circular sectors at different location θ .. 

Candidate choice of η2(θ, ri(θ) − r̃i(θ)). is proposed in [34], for example, for 
three square plates (Fig. 3.7b), which can be a square wave function, 

. η2(θ, r̃(θ)) = β(r̃(θ)) sign[cos(n(θ − φ0)/2)]

or a sawtooth wave function 

. η2(θ, r̃(θ)) = β(r̃(θ)) {sign[sin(n(θ − φ0)/2)] + 1} ∗ [(θ − φ0) MOD (2π/n)]

where n represents the number of polygon sides, MOD function obtains remainders, 
and φ0 . is phase variable. 

Apparently if a segment of 2D shape boundary can be approximated by a circular 
sector or a corner of a n-side polygon (including a line segment), the corresponding
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model primitive can be utilized for prediction. This deviation primitive concept was 
first postulated in [50] through a unified data-driven model to predict deformation 
of 2D freeform shapes. Now model in Eq. (5.54) essentially provides a theoretical 
justification and model-driven formulation. 

(b) Few-shot learning to predict shape deviation of 3D freeform products: Few-
shot learning for 3D freeform shapes has been an open issue due to the lack of 
fabrication-aware modeling and learning theories [35]. Theorem 5.2 has shown 
that the deviation of a spherical patch on a 3D shape can be modeled as (η1 ∗

g1)(θ, φ). and the deviation of a surface edge (including the plane surface patch) 
can be modeled as (η2 ∗ g2)(θ, φ).. With a 3D shape defined in Eq. (4.5), the 
deformation of a freeform 3D shape is provided by the following corollary. 

Corollary 5.3 (Cookie-Cutter Modeling for 3D Freeform Shapes) 

. y(u(θ, φ)) =

J
∑

j=0

I
∑

i=0

1{θ∈[θi ,θi+1), φ∈[φj ,φj+1)}[1s(rij (θ, φ))(η1 ∗ ∗g1)(θ, φ, rij (θ, φ))+

(1 − 1s(rij (θ, φ)))(η2 ∗ ∗g2)(θ, φ, rij (θ, φ))] + ψ(θ, φ, rij (θ, φ)) + ǫ (5.56) 

where 1s(rij (θ, φ)) = 1. if rij (θ, φ). is a spherical patch and zero otherwise. 

ψ(θ, φ, rij (θ, φ)). models the spatial correlations among shape primitives, and ǫ . 

is the noise term. 

If we denote y(u(θ, φ)) = f (u(θ, φ))+ψ(θ, φ, rij (θ, φ))+ǫ .. Model f (u(θ, φ)). 

in (5.56) can be further improved through approximation as 

. f (u(θ, φ)) =

J
∑

j=0

I
∑

i=0

(η1 ∗ ∗g1)(θ, φ, r̃ij (θ, φ))+

J
∑

j=0

I
∑

i=0

(η2 ∗ ∗g2)(θ, φ, rij (θ, φ) − r̃ij (θ, φ)) (5.57) 

where r̃i(θ, φ). is the smallest spherical patch that covers a plane surface patch or a 

surface edge. 

The proof of this corollary is omitted because it is an extension from the 2D case 
presented in Corollary 5.1 and 5.2. 

In Sect. 5.1 [35] we studied the dome shapes (Fig. 5.17) and first proposed a 
convolution formulation of AM processes. The model takes the form of:
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. y(θ, φ, r) = α(r)

∫ π/2

0

∫ 2π

0
g1(θ − τ1, φ − τ2) ∗ η1(τ1, τ2)dτ1dτ2+

β(r) + ψ(θ, φ, r) + ǫ (5.58) 

where η1(θ, φ) = cos(2θ) sin(φ). and g1(θ, φ) = cos(n1φ)[1 + cos(n2θ + φ0)]. are 
found suitable for the studied SLA process (pls refer to [35] for a detailed modeling 
and model estimation). 

Apparently the model for dome shapes in Eq. (5.58) is a special case of the model 
in Eq. (5.57). It provides meaningful understanding of the deviation of spherical 
patches. Further modeling and few-shot learning based on the generalized model 
(5.57) will make the quality prediction of 3D freeform shapes feasible with small 
training data and cost-effective experimentation. 

Our initial data-driven few-shot learning [15, 34–36, 50, 85] is consistent with 
the theoretic framework established in this study. The control-theoretic framework 
enables the exciting and more powerful model-based machine learning, for example, 
impulse response estimation through kernel methods in system identification and 
machine learning [61]. 

5.3.3 Transfer Function and Block Diagram Representation of 

AM Systems 

Transfer functions and block diagrams have been powerful tools in control theory 
to design, learn, identify, and analyze system dynamics. Compared to data-driven 
models [15, 34–36, 50, 85], the control-theoretic framework established in the 
study allows the utilization of transfer functions to find new interpretation of AM 
processes. 

5.3.3.1 Transfer Function Characterization of AM Process Dynamics 

Laplace transform maps function f : R+ → R. to function F = L1[f ] : C→ C. of 
a complex variable s. Double Laplace transform of a 2D f is denoted as L2[f ].. By  
the property of Laplace transform of convolution, i.e., L[f ∗ g] = F(s)G(s)., the  
prediction model in Eq. (5.54) for 2D shapes and prediction model in Eq. (5.57) for  
3D shapes can be transformed as 

. F(s) = H1(s)R̃(s) + H2(s)[U(s) − R̃(s)]

F(s1, s2) = H1(s1, s2)G1(s1, s2)R̃(s1, s2)+

H2(s1, s2)G2(s1, s2)[U(s1, s2) − R̃(s1, s2)] (5.59) 

where Ŷ . represents the prediction without considering the error terms.
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Remark 5.3 Clearly, the input/output dynamics of the AM processes can be 
captured by transfer functions H1(s). and H2(s). for printing 2D shapes (plates) and 
by transfer functions H1(s1, s2)., H2(s1, s2)., G1(s1, s2)., and G2(s1, s2). for printing 
3D shapes. Identification of transfer functions for AM processes and systems is 
therefore a critical area that can enable principled design, control, and generalization 
of process knowledge. 

There are generally two strategies to identify transfer functions: data-driven 
system identification and model-based machine learning [61]. There is no reported 
research for AM quality control in this regard. 

Here we present an example of data-driven method to identify transfer functions 
when printing 2D shapes. For the SLA process that printed the four disks (Fig. 3.2) 
we obtained η1(θ, r) = −0.0134(r + 0.0088)0.86 + 0.0057(r + 0.0088)1.13 cos(2θ). 

[36]. By Laplace transform of Eq. (5.51), we have L1[η{1,2}] = H{1,2}(s)U(s).. As  
to the true input u(θ). to the SLA process of study, as we pointed out in [36], is not 
the nominal design r , but u(θ) = (r + 0.0088). due to overexposure effect. 

Since the input to printing disks is r , then H1(s). can be obtained as 

. H1(s) =
L1[η1(θ, r)]

L1[r + 0.0088]

= −
0.0134(r + 0.0088)0.86

r + 0.0088
+

0.0057(r + 0.0088)1.13

r + 0.0088

s2

s2 + 4

= −0.0134(r + 0.0088)−0.14 + 0.0057(r + 0.0088)0.13 s2

s2 + 4

Apparently, the radius/size of the disk has an impact on the process dynamics that 
causes the deformation of disk. The transfer function also indicates that the SLA 
process needs improvement on two aspects: tuning the process to be independent of 
size (dimensionless) and to be close to zero gain. 

Following the same procedure, we can also obtain H2(s). by Laplace transform 
of the square wave function or sawtooth function. For example, by expressing the 
square wave function in term of Heaviside’s function, the H2(s). for the SLA process 
of study is 

. H2(s) =
β(r̃)

s
tanh

π

n
s

and H2(s). is 

. H2(s) = β(r̃)
[ n

2πs2
−

1

se
2π
n

s − s

]

for the sawtooth wave function.
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Fig. 5.38 Block diagrams of AM processes. (a) Printing 2D shapes, (b) printing 3D shapes, (c) 
feedback control for printing 2D shapes, and (d) feedback control for printing 3D shapes 

5.3.3.2 Block Diagram Representation of AM Processes and Systems 

The transfer function expression of AM processes in (5.59) can be conveniently 
represented in block diagrams. Figure 5.38a, b shows the block diagrams for AM 
processes to print 2D and 3D shapes, respectively. With obtained transfer functions, 
system dynamics can be analyzed and simulated with, e.g., MATLAB Simulink. 

Another important application of the block diagram algebra for AM is represent, 
design, and analyze feedback control systems (Fig. 5.38c, d). Since most AM 
machines adopt standard settings for different materials and designs, a common 
feedback control strategy is to change the design if errors occur in the manufacturing 
[32, 36], as opposed to changing process settings. Following the block diagram 
algebra for feedback control, we first define the equivalent transfer functions for 
2D and 3D printing in Fig. 5.38a, b as: 

. G2D = [H1 − H2)]
R̃

U
+ H2

G3D = [H1G1 − H2G2]
R̃

U
+ H2G2 (5.60) 

Let δ(s). represent the feedback adjustment. From the block diagram algebra, we 
know δ(s) = −Y (s)B{1,2}(s).. Our work in [32] has shown that 

. δ∗(u) = −
f (θ, φ, r(θ, φ)

1 +
df (θ,φ,r(θ,φ)

dr(θ,φ)

= −
f (u)

1 + f ′(u)

where f (u). is given in either Eq. (5.54) or Eq. (5.57). (Examples of δ∗(u). can be 
found in [32].)
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Through Laplace transform, we will have δ∗(s). = L[δ∗(u)].. For system robust-
ness, we replace Y (s). with F(s).. Then the transfer function for feedback adjustment 
is 

.B{1,2}(s) = L
[ f (u)

1 + f ′(u)

]

/F (s) (5.61) 

With this design, the transfer function of the feedback control system will be 

.Gf b =
G{2D,3D}

1 + G{2D,3D}B{1,2}
(5.62) 

The predicted process response after feedback control will be L−1[Gf bu].. 
System robustness and stability can be analyzed through powerful tools in control 
theory (e.g., Nyquist’s criterion). 

By establishing a fabrication-aware, impulse response formulation and modeling 
framework, this work attempts to bridge exciting research at the intersection of 
machine learning, control theory, and 3D printing. Though data-driven machine 
learning models have achieved notable progress in AM, this established theoretical 
foundation enables model-driven machine learning, which provides not only guided 
model formulation but also new perspectives and insights into process dynamics. 
The well-established control theory can thus be readily applied to AM and advance 
the intelligent quality control in AM. 

This control-theoretic framework is built upon the primitives AM inputs, that is, 
sliced layers to be stacked up and individual layers with boundaries composed by 2D 
shape primitives. Two theorems are developed to characterize AM processes using 
impulse response functions. AM process models in convolution formulation are then 
derived based on the theorems. Transfer function theory and block diagram algebra 
are then applied to AM process representation, design, and analysis. Examples 
from SLA processes are given to demonstrate the proposed the control-theoretic 
framework, including design and analysis of feedback control of AM processes. 

There are many other critical categories of ML4AM problems. These open 
problems include, but are not limited to, verification problem (VP) that aims 
to define, measure, characterize, evaluate, and verify the quality of 3D printed 
products; detection and diagnosis problem (DDP) with goals to detect process 
changes and identify root causes in AM; model adaptation and transfer learning 
(DTL) problem that aims to quickly generate new models for new AM processes or 
process conditions; and optimal design for system identification (ODSI) that aims 
to design an optimal set of training dataset that maximizes system identification, 
etc. Further research is imperative to advance the control-theoretic foundation and 
computational research for intelligent AM. 
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Part III 

Process-Informed Optimal Compensation 
for Additive Manufacturing Quality 

Control



Chapter 6 

Foundation of Offline Optimal 
Compensation of 3D Shape Deviation 

6.1 Inverse Problem: Minimize Shape Deviation Through 

Compensation 

While predicting shape deviation belongs to the forward problem, minimizing 
shape deviation of AM-built products is a challenging inverse problem due to 
geometric complexity, product varieties, material phase changing and shrinkage, 
interlayer bonding, and limited sample data. Various methods and strategies have 
been developed to improve geometric quality of AM processes. We summarize the 
related work in Table 6.1 with a sample literature given for each category. 

Given measurement data regarding the shape deviation of an AM-built product, 
one viable and efficient approach for accuracy control is through compensation of 
the product design to offset the geometric shape deviation. As shown in Fig. 6.1, 
once the deviation between the actual and nominal boundaries or profiles of a 
product is known through either measurement or model prediction, the adjustment 
of the CAD model can be applied in such a way that the new actual profile will 
match the original nominal profile as much as possible. The key issue is therefore 
to solve the inverse problem and determine the optimal amount of compensation 
based on measured or predicted shape deviation or deviation for both 2D and 3D 
geometries. 

The prevalent method of determining compensation in practice is shrinkage 
compensation factor approach, which takes its root in the material shrinkage study 
in casting and injection molding processes. This approach applies a shrinkage 
compensation factor uniformly to the entire product or different factors to the CAD 
model for each section of a product [6]. This method implicitly assumes the shape 
deviation is uniform in the section where the compensation factor is applied. Since 
products built via AM often have complex shapes, this assumption does not hold 
for general cases. The strategy of applying section-wise compensation may have 
detrimental effects on the overall shape due to “carryover effects” or interference 
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Table 6.1 Geometric quality 
control methods in additive 
manufacturing 

Method and strategy Sample literature 

1. Simulation study based on the 
first principles 

[15, 18, 21] 

2. Offline optimization of process 
settings through 
experimentation 

[20, 28, 32] 

3. Machine calibration through 
building test parts 

[14, 23, 24, 28, 
29, 32] 

4. Part geometry calibration 
through extensive trial build 

[6] 

5. Adjustment of product design 
and process planning 

[3, 10, 11, 14, 16, 
17, 23, 24, 30, 31] 

6. Feedback control and online 
monitoring 

[4, 5, 7, 8, 12, 19, 
22] 

Fig. 6.1 Adjust CAD model Compensation Strategy 

Nominal profile 

Actual profile 

Adjusted CAD input 

between adjacent sections [17]. Compensation factor approach is thus far from being 
optimal for AM. 

Huang and co-authors [11] establish an optimal compensation policy for in-
plane (x − y . plane) shape deviation. The optimal amount of compensation for 
reducing deviations at each point on the product boundary is derived for high-
precision AM. This strategy apparently differs from the previous approaches where 
shrinkage compensation factors are applied, at best, to a limited number of sections 
of a product. Experimental validation shows the compensation method is able to 
improve accuracy by an order of magnitude for circular disks [11], by at least 75% 
for polygons [10] and by at least 50% for 2D freeform shapes [13]. However, the 
study in [11] does not analyze the property of the proposed optimal compensation 
policy. More importantly, no optimal policy or the optimal amount of compensation 
is provided to compensate 3D shape deviation.
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This chapter provides an analytical foundation to achieve optimal compensation 
for high-precision AM [9]. We first present the optimal compensation policy or 
the optimal amount of compensation for 2D shape deviation. By analyzing its 
optimality property, we propose the minimum area deviation (MAD) criterion 
to offset 2D shape deviation. This result is then generalized by establishing the 
minimum volume deviation (MVD) criterion and by deriving the optimal amount 
of compensation for 3D shape deviation. Furthermore, MAD and MVD criteria 
provide convenient quality measure or quality index for AM-built products that 
facilitate online monitoring and feedback control of shape geometric accuracy. 

6.2 Optimal Compensation of 2D Geometric Shape Deviation 

In real applications, a thin product or a section of a product with small thickness can 
be approximated with a 2D shape where only in-plane geometric error is of major 
concern. Therefore, it is meaningful for us to start with the discussion of optimal 
compensation for 2D shape deviation. 

Let �r(θ, r0(θ)) = f (θ, r0(θ))+ε ., with f (θ, r0(θ)). being the model predicting 
shape deviation with error ε .. Modeling of f (θ, r0(θ)). can be achieved either 
through finite element modeling simulation or through data-driven approaches. In 
this chapter, f (θ, r0(θ)). is assumed to be known. 

6.2.1 Optimal Compensation to Minimize 2D Shape Deviation 

We aim to reduce deviation of manufactured products by direct compensation to 
the CAD model. Specifically, we revise the CAD model according to prediction of 
deviation, obtained through an understanding of the effect of compensation to the 
boundary of the CAD model. Under the polar coordinates system, a compensation 
of x(θ). units at location θ . can be represented as an extension of the product’s radius 
by x(θ). units in that specific direction θ .. Clearly, we want an optimal compensation 
function that results in elimination of systematic shrinkage at all angles. To obtain 
such a function, we need to extend model (3.1) to accommodate the effect of 
compensation. 

We first generalize the notation in (2.2). Let r(θ, r0(θ), x(θ)). denote the actual 
radius at angle θ . when compensation x(θ). is applied at that location. Since the 
amount of compensation is relatively small in comparison to the nominal radius 
r0(θ). (e.g., 1%. to 2%.), we can reasonably assume dynamics of the manufacturing 
and deviation process remains the same under compensation as compared to the 
entire process without compensation. Therefore, the predictive model f (·, ·). is still 
valid, given the new design input r0(θ) + x(θ).. Hence, we have 

.r(θ, r0(θ), x(θ)) − (r0(θ) + x(θ)) = f (θ, r0(θ) + x(θ))
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Note that f (θ, r0(θ)). without compensation is a special case of f (θ, r0(θ) +

x(θ)). with f (θ, r0(θ) + 0) + 0., and �r(θ, r0(θ)). is �r(θ, r0(θ), 0).. 
Since the reference or nominal shape remains to be r0(θ)., the shape deviation at 

an angle θ . is 

. �r(θ, r0(θ), x(θ)) = r(θ, r0(θ), x(θ)) − r0(θ)

= f (θ, r0(θ) + x(θ)) + x(θ). (6.1) 

The optimal amount of compensation x∗(θ). will minimize �r(θ, r0(θ), x(θ)). or 
�r(θ, r0(θ), x(θ)) = 0. for any θ .. To find the solution of x∗(θ)., the Taylor series 
expansion of f (θ, r0(θ) + x(θ)). at r0(θ). is applied in [11]. We have from (6.1) that 

.�r(θ, r0(θ), x(θ)) ≈ f (θ, r0(θ)) + f ′(θ, r0(θ))x(θ) + x(θ). (6.2) 

where f ′(θ, r0(θ)). is the derivative with respect to r0(θ).. 
By equating �r(θ, r0(θ), x(θ)). to zero, the optimal compensation function x∗(θ). 

can be obtained as 

.x∗(θ) = −
f (θ, r0(θ))

1 + f ′(θ, r0(θ))
(6.3) 

Remark 6.1 The result in (6.3) shows that the optimal compensation is not simply 
to apply the negative value of the observed or predicted shape deviation, i.e., 
x∗(θ) = −f (θ, r0(θ)) = −�r(θ, r0(θ))., which is essentially the shrinkage 
compensation factor approach widely used in practice. The compensation factor 
approach can only be optimal when f ′(θ, r0(θ)) = 0., i.e., deviation is uniform 
everywhere. 

In consideration of accuracy control for AM, we view AM as one-of-a-kind 
manufacturing with frequent change of designs. Under this problem setting, accu-
racy control for products never being built before will be frequently encountered. 
Therefore, we only take the first-order Taylor series expansion for robustness 
consideration. 

6.2.2 Minimum Area Deviation (MAD) Criterion and 

Optimality 

This subsection aims to understand the optimality of the optimal compensation 
policy given in (6.3). First, we introduce the following optimality criterion. 

Definition 6.1 (Minimum Area Deviation (MAD) Criterion) For a 2D shape 
deviating from its intended design model, the minimum area deviation (MAD) 
criterion is satisfied if the total absolute area change of the deformed shape is the 
smallest.
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The optimal amount of compensation given in (6.3) intends to minimize the 
deviation of every point along the boundary of a product. Intuitively, we can expect 
the optimal compensation will result in the minimum area change of the nominal 
shape. Below we give a theorem and its proof. 

Theorem 6.1 (Minimum-Area-Deviation Compensation) The optimal compen-

sation policy in (6.3) satisfies MAD criterion. 

Proof As shown in Fig. 6.2a, the area deviation at location θ . due to �r(θ, r0(θ)). is 

. �S(r(θ, r0(θ)), θ) ≈ [r0(θ)�θ ]�r(θ, r0(θ)) ≈ r0(θ)f (θ, r0(θ))dθ

The total area deviation before compensation is therefore 

. �S =

∫ 2π

0
r0(θ)|f (θ, r0(θ))|dθ

Absolute value |f (θ, r0(θ))|. is applied because shape deviation can be positive or 
negative at different locations. 

After applying compensation x(θ). as shown in Fig. 6.2b, the total area deviation 
becomes 

.�S(x(θ)) =

∫ 2π

0
r0(θ)

∣

∣

∣
f (θ, r0(θ) + x(θ)) + x(θ)

∣

∣

∣
dθ (6.4) 

Note that x(θ). in Fig. 6.2b is an unknown quantity to be determined. Its optimal 
value can be positive or negative, depending on the shape deviation at location θ .. 
�S . before compensation is just a special case with x(θ) = 0. or �S(x(θ) = 0).. 

Fig. 6.2 Shape area deviation before and after compensation
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The optimal compensation x∗(θ). will minimize the area deviation from the 
nominal shape, i.e., 

.

min
x(θ)

�S(x(θ))

for all 0 ≤ θ ≤ 2π.

(6.5) 

And the solution clearly has to satisfy 

. f (θ, r0(θ) + x(θ)) + x(θ) = 0

The Taylor series expansion of f (θ, r0(θ)+x(θ)). at r0(θ). will yield the same result 
in (6.3) and complete the proof. 

Theorem 6.1 is not just a reinterpretation of the previously developed compen-
sation policy (6.3). It has two important implications by providing (1) a convenient 
measure of in-plane error and (2) a stepping stone to extend the 2D compensation 
policy to 3D case. 

We first discuss the quality measure and defer the 3D extension to the next 
section. 

Definition 6.2 (Equivalent Amount of Compensation) Suppose an error source, 
either from design or manufacturing, causes a product deviating from its intended 
shape r0(θ). to r(θ, r0(θ)). by �r(θ, r0(θ)).. The same amount of deviation 
�r(θ, r0(θ)). can be reproduced if we apply the correct amount of compensation 
x(θ). under normal condition (i.e., condition without assignable causes). Here, x(θ). 

is defined as the equivalent amount of compensation to the error source. 

This definition is based on the concept of error equivalence we developed for 
traditional manufacturing [25–27]. Two error sources are equivalent if they can 
generate the same error pattern. Once we establish the equivalence between two 
error sources, we can use one error source to compensate the other. 

For AM processes, we represent the overexposure error in the stereolithogra-
phy process [11] by the equivalent amount of compensation. This concept will 
greatly simplify the predictive modeling and take the best use of available model 
f (θ, r0(θ)).. Given an error source and its equivalent amount of compensation 
x(θ)., the product shape deviation can be predicted by f (θ, r0(θ) + x(θ)) + x(θ).. 
Additionally, this concept can be utilized for error source management through 
deviation compensation. 

Lemma 6.1 (In-Plane Quality Measure) �S(x(θ)). is a quality measure or qual-

ity index of an in-plane shape deviation. 

Proof Based on the definition of equivalent amount of compensation, the product 
shape deviation or the quality of two units can be represented as f (θ, r0(θ) +

x1(θ)) + x1(θ). and f (θ, r0(θ) + x2(θ)) + x2(θ).. From Theorem 1 and its proof, 
the shape deviation of two units will end up with area deviations �S(x1(θ)).
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and �S(x2(θ)).. x1(θ). is more optimal than x2(θ). if �S(x1(θ)) ≤ �S(x2(θ)).. 
Therefore, �S(x(θ)). is a quantitative measure of shape quality; the smaller, the 
better. 

Note that the quality measure based on (6.3) requires to compare the deviation of 
every point along the boundary of a product, which ends up with a deviation profile. 
�S(x(θ)). is a much more convenient quality measure with theoretical support from 
Theorem 6.1. 

Remark 6.2 (MinMax Quality Criterion) Another candidate quality measure is 
the maximum shape deviation of AM-built products, which is equivalent to the 
Hausdorff distance between the profile of AM-built product and the profile of 
nominal design shape. As an example of the deviation profiles of circular disk shapes 
shown in Fig. 3.2, the maximum deviation for the small disk with r0 = 0.5′′

. is the 
peak value (expansion), while the maximum deviation for the rest of disks is at the 
valleys (shrinkage). 

The optimal compensation policy aiming to minimize the maximum shape devi-
ation has to follow the MinMax criterion. Note that MinMax compensation policy 
is not simply to compensate the maximum shape deviation at one location because 
neighboring locations could become new peaks or valleys after compensation. 

The optimal amount of compensation given in (6.3) is clearly not a MinMax 
policy because equal weights are assigned to minimize all deviations on the 
deviation profile. New optimal compensation policy in addition to (6.3) has to be 
developed if MiniMax quality criterion is adopted. MAD criterion will minimize 
the overall or total shape deviation, not necessarily the maximum shape deviation. 

6.2.3 Experimental Validation of Optimal Compensation 

Algorithm for 2D Cases 

6.2.3.1 Optimal Compensation of Printed Circular Disks 

Section 3.1 introduced the deviation modeling of circular disk shape and experi-
mentation with SLA process [11]. Four circular disk parts with different sizes were 
built, and their in-plane shape deviation profiles are shown in Fig. 3.2. This section 
demonstrates the optimal compensation policy with and without consideration of 
the overexposure effect. 

Given the deviation model (3.4) without considering the overexposure effect, 
f (θ, r0(θ)). for disks with different sizes has the form: 

. f (θ, r0(θ)) = α̂r0
â + β̂r0

b̂ cos(2θ)

where α̂, β̂, â . and b̂ . denote the Bayes estimators of model parameters α, β, a . and 
b, respectively (Table 3.3). The hat sign ̂ . will be omitted hereafter for simplicity of 
presentation without losing clarity.
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Substituting this f (θ, r0). into the general compensation model (6.1), we have the 
predicted deviation as 

.f (θ, r0, x(θ)) = x(θ) + α(r0 + x(θ))a + β(r0 + x(θ))b cos(2θ), (6.6) 

Further approximation by the first and the second terms of the Taylor expansion 
at point r0 . yields 

.f (θ, r0, x(θ)) ≈ αra
0 +βrb

0 cos(2θ)+(1+aαra−1
0 +bβrb−1

0 cos(2θ))x(θ). (6.7) 

Equation (6.7) technically serves as a description of the predicted deviation of 
disks at θ . when compensation x(θ). applied to the boundary of the CAD model. 

By setting f (θ, r0, x(θ)). to zero, we have the closed-form expression for the 
optimal compensation of disks with different sizes r0 .: 

.x∗(θ) = −
αra

0 + βrb
0 cos(2θ)

1 + aαra−1
0 + bβrb−1

0 cos(2θ)
(6.8) 

To validate the effectiveness of the optimal compensation strategy in Eq. 6.3, 
a disk with nominal radius 1.0′′

. is built with adjustment of CAD design based 
on Eq. (6.8), that is, 1.0′′ + x∗(θ).. Command law curve in the CAD software 
UG is employed to construct the compensated CAD model according to (6.8). 
All manufacturing and measuring specifications remain the same as in the case 
of uncompensated disks. Parameters α ., β ., a, and b are set as the mean values in 
Table 3.3. 

The result for this disk is shown in Fig. 6.3. The shape deviation of the 
uncompensated disk is represented by the black line, and deviation of the com-
pensated disk is the red line. The nominal value 0 is plotted as the dashed line. 
Obviously, absolute deviation has significantly decreased under compensation. The 
sinusoidal pattern of the original deviation has also been eliminated. We compute 
the average and standard deviation of deviation for both products. As can be seen 
in Table 6.2, the average and standard deviation of deviation have decreased to 10%. 

of the original. This demonstrates that the compensation method has effectively 
increased the accuracy of the product. However, we notice that the deviation under 
compensation is still above the desired value of 0, which indicates an overall bias 
of the compensation method. The source and solution to this bias is attributed to 
overexposure, which is discussed in Sect. 3.1.4. 

The error source of light overexposure causes expansion of the illuminated 
shape due to the spread of light beams on the boundary of the product. Based 
on the definition of equivalent amount of compensation, the constant effect of 
overexposure for all disks is equivalent to a default compensation x0 .applied to every 
angle in the original CAD model. According to Eq. (6.1), the predicted shrinkage 
model f (θ, r0(θ) + x(θ)) + x(θ). becomes 

.f (θ, r0(θ) + x(θ)) + x(θ) = α(r0 + x0)
a + β(r0 + x0)

b cos(2θ) + x0 (6.9)
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Fig. 6.3 Compensated 1.0′′
. disk: without exposure term 

Table 6.2 Deviation 
statistics for 1.0′′

. disk, before 
and after compensation (in 
inches) 

Mean SD 

Before compensation –5 × 10−3
. 4 × 10−3

. 

After compensation 9 × 10−4
. 4 × 10−4

. 

The optimal compensation level under this new model is then derived as 

.x∗(θ) = −
αra

0 + βrb
0 cos(2θ)

1 + aαra−1
0 + bβrb−1

0 cos(2θ)
− x0 (6.10) 

This derivation acknowledges the fact that the amount of compensation x0 . will 
always be automatically added afterward. 

Alternatively, or more rigorously, we could view the nominal process input as 
r0 + x0 . and perform the Taylor expansion at r0 + x0 . instead of r0 .. In this case, the 
compensation strategy will be 

.x∗(θ) = −
x0 + α(r0 + x0)

a + β(r0 + x0)
bcos(2θ)

1 + aα(r0 + x0)a−1 + bβ(r0 + x0)b−1cos(2θ)
(6.11)
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Fig. 6.4 Compensated 1.0′′
. disk: with exposure term 

A comparison of the compensations in (6.10) and (6.11) shows effectively no 
difference (details omitted). Consequently, we adopt the compensation strategy 
given by (6.11). 

To validate the improved model with the overexposure effect, 1′′
. and 2.5′′

. disks 
are built with CAD design adjusted based on the optimal compensation plan in Eq. 
(6.11). The measured deviation results are shown in Figs. 6.4 and 6.5, respectively. 
In Fig. 6.4, a comparison of the uncompensated disk, compensated disk ignoring 
overexposure, and compensated disk considering overexposure is demonstrated. 
Although both compensation methods decrease deviation substantially, the product 
compensated according to overexposure apparently has uniformly smaller deviation: 
its deviation curve effectively shifted down closer to the nominal value 0, resolving 
the compensation bias problem discussed earlier. 

Figure 6.5 shows the compensation effect for a disk with size r0 = 2.5′′
. and its 

comparison with uncompensated disks with size r0 = 2′′, 3′′
.. Obviously, deviation 

has been dramatically decreased, and the significant sinusoidal pattern has been 
eliminated. Note that the 2.5′′

. disk has not been constructed before, and so this 
experiment demonstrates great predictability of our compensation model. 

The three shaded areas in Fig. 6.5 also illustrate the quality measure �S(x(θ)). 

proposed in this chapter. Since r0(θ). is a constant for a disk, �S(x(θ)). in (6.4) 
becomes
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. �S(x(θ)) = r0

∫ 2π

0

∣

∣

∣
f (θ, r0(θ) + x(θ)) + x(θ)

∣

∣

∣
dθ

with
∫ 2π

0

∣

∣

∣
f (θ, r0(θ) + x(θ)) + x(θ)

∣

∣

∣
dθ . corresponding to three shaded areas, 

respectively. 
The quality measure for the disk of size r0 = 2′′

., for instance, �S(r0 =

2′′, x(θ) = 0). is simply the mesh area multiplied by size r0 = 2′′
., a convenient 

index to assess product quality. 

6.2.3.2 Prescriptive Compensation of Printed 2D Freeform Shapes 

One direct way to take advantage of the prescriptive model (3.24) is to improve 
printing accuracy by compensating the CAD design model of an arbitrary freeform 
shape even before fabricating the product. Work in [23, 24] first put forward the 
machine parametric error model to evaluate the part dimensional accuracy and 
model the parametric error functions. The negative values of predicted errors will be 
added to CAD design directly to compensate the product deviation. References [1, 2]



174 6 Foundation of Offline Optimal Compensation of 3D Shape Deviation

further extend this error compensation method through employing conical sockets 
for probe measurement. The compensation strategy, however, is not optimal. 

We first establish the optimal compensation policy for 2D shapes in [11] and 3D 
shapes in [9]. Based on the result in [11], the optimal amount of compensation x∗(θ). 

for 2D freeform shape is: 

.x∗(θ) = −
gF

1 (θ, r(θ)) + gF
2 (θ, r(θ))

1 + gF ′

1 (θ, r(θ)) + gF ′

2 (θ, r(θ))
(6.12) 

Therefore, with the freeform model and its input information, the optimal com-
pensation for each approximated sector is calculated and then combined together to 
achieve the whole compensation plan. 

Two new experiments are conducted to fabricate two freeform products by 
modifying original freeform CAD designs based on model (6.12). Figure 6.6 
compares the deviation profiles of two freeform products before (blue lines) 
and after (red lines) compensation is implemented. We also generate Fig. 6.7 by 
removing the sharp spikes in Fig. 6.6. 

Fig. 6.6 Freeform shape deviation profiles: before (blue lines) and after (red lines) compensation 

Fig. 6.7 Trend of freeform shape deviation profiles: before and after compensation
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Table 6.3 Compensation 
performance 

Convex freeform shape 

Deviation Before After Reduction 

Average 0.0053 ′′ . 0.0029 ′′ . 45%. 

Absolute average 0.0055 ′′ . 0.0033 ′′ . 40%. 

Concave freeform shape 

Deviation Before After Reduction 

Average 0.0038 ′′ . 0.0015 ′′ . 61%. 

Absolute average 0.0061 ′′ . 0.0031 ′′ . 49%. 

It is clear from these two figures that the whole deviation profiles after compen-
sation are more centering around zero line. Table 6.3 summarizes the compensation 
performance. The average deviation is reduced nearly 60 %., and the absolute average 
deviation is reduced nearly 50 %.. Therefore, on average, the deviation reduction is 
remarkable, considering the limited data used to predict the complicated freeform 
shapes. 

6.3 Optimal Compensation of 3D Geometric Shape Deviation 

To derive an optimal compensation policy for 3D shape deviation, we first briefly 
summarize the formulation of spatial shape deviation presented in Sect. 4.1. We  
adopt the spherical coordinate system (SCS) (r, θ, ϕ). to depict both the in-plane and 
out-of-plane (z direction) deviation. Denote r(θ, ϕ, r0(θ, ϕ))., the boundary shape 
of an AM-built product with r0(θ, ϕ). being the nominal shape. At a given height 
ϕ = ϕ0 . or z = r0(θ, ϕ) cos(ϕ0)., �r(θ, r0(θ)|ϕ0) = h(r, θ |ϕ). represents the in-
plane geometric deviation of the horizontal cross-sectional view of the product. 
For the vertical cross-section of the product, denote the out-of-plane deviation 
�r(ϕ, r0(θ, ϕ)|θ). as v(r, ϕ|θ).. 

6.3.1 Minimum Volume Deviation (MVD) Criterion and 

Optimality 

Let us define the spatial deviation �r(θ, ϕ, r0(θ, ϕ)). as 

.�r(θ, ϕ, r0(θ, ϕ)) = r(θ, ϕ, r0(θ, ϕ)) − r0(θ, ϕ) (6.13) 

Let f (θ, ϕ, r0(θ, ϕ)). be the given model predicting �r(·)., i.e., �r(θ, ϕ,

r0(θ, ϕ)) = f (θ, ϕ, r0(θ, ϕ)) + ε .. Denote r(θ, ϕ, r0(θ, ϕ), x(θ, ϕ)). the actual 
radius at (θ, ϕ). when compensation x(θ, ϕ). is applied at that location. By extending 
Theorem 6.1’s MAD criterion to minimum volume deviation (MVD) criterion, we 
have the following result.
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Theorem 6.2 (Minimum Volume Deviation) The optimal compensation policy 

or the optimal amount of compensation x∗(θ, ϕ). for spatial shape deviation 

reduction is 

.x∗(θ, ϕ) = −
f (θ, ϕ, r0(θ, ϕ))

1 + f ′(θ, ϕ, r0(θ, ϕ))
, (6.14) 

which minimizes the volume deviation from its nominal shape, that is, it follows the 

minimum volume deviation (MVD) criterion. 

Proof As shown in Fig. 6.8, the volume deviation at location (θ, ϕ). due to 
�r(θ, ϕ, r0(θ, ϕ)). is 

. �V (r, θ, ϕ) ≈
(

r0(θ, ϕ)sin(ϕ)dϕ
)(

r0(θ, ϕ)dθ
)

�r(θ, ϕ, r0(θ, ϕ))

≈ r2
0 (θ, ϕ) sin(ϕ) f (θ, ϕ, r0(θ, ϕ)) dθdϕ

The total volume deviation before compensation is therefore 

. �V =

∫∫

r2
0 (θ, ϕ)

∣

∣

∣
sin(ϕ) f (θ, ϕ, r0(θ, ϕ))

∣

∣

∣
dθdϕ

Again, we consider absolute volume change by taking |sin(ϕ)f (θ, ϕ, r0(θ, ϕ))|. in 
the integral. 

After applying compensation x(θ, ϕ)., the shape deviation at (θ, ϕ). is 

. �r(θ, ϕ, r0(θ, ϕ), x(θ, ϕ)) = r(θ, ϕ, r0(θ, ϕ), x(θ, ϕ)) − r0(θ, ϕ)

= f
(

θ, ϕ, r0(θ, ϕ) + x(θ, ϕ)
)

+ x(θ, ϕ)

Then the total volume deviation becomes 

. �V (x(θ, ϕ)) =
∫∫

r2
0 (θ, ϕ)

∣

∣

∣
sin(ϕ)

[

f
(

θ, ϕ, r0(θ, ϕ) + x(θ, ϕ)
)

+ x(θ, ϕ)
]
∣

∣

∣
dθdϕ (6.15) 

Fig. 6.8 Volume deviation at 
location (θ, ϕ).
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Note that �V . before compensation is a special case with x(θ, ϕ) = 0. or 
�V (x(θ, ϕ)) = 0.. 

The optimal compensation x∗(θ, ϕ). will minimize the volume deviation from the 
nominal shape, i.e., 

.

min
x(θ,ϕ)

�V (x(θ, ϕ))

s.t. θmin ≤ θ ≤ θmax; and ϕmin ≤ ϕ ≤ ϕmax

(6.16) 

A solution to minimize the volume deviation is 

. f
(

θ, ϕ, r0(θ, ϕ) + x(θ, ϕ)
)

+ x(θ, ϕ) = 0

The Taylor series expansion of f
(

θ, ϕ, r0(θ, ϕ)+x(θ, ϕ)
)

. at r0(θ, ϕ). will yield the 

result in (6.14) and complete the proof. 

Remark 6.3 The result (6.14) based on the MVD criterion essentially requires to 
minimize the deviation of every point on the boundary of the product, which is a 
strong condition. This is a direct extension from (6.3) for the compensation of the 
in-plane error. 

Lemma 6.2 (3D Shape Quality Measure) �V (x(θ, ϕ)). is a quality measure of 

3D shape deviation. 

By extending the equivalent amount of compensation to the 3D case, the proof 

can be obtained by following Theorem 6.2. 

6.3.2 Optimal Policy for Online Compensation of 3D Deviation 

Although Theorem 6.2 nicely extends the optimal compensation to the 3D case, 
it relies on the model f (θ, ϕ, r0(θ, ϕ)). to predict spatial deviation. Clearly, it 
is generally more challenging to establish f (θ, ϕ, r0(θ, ϕ)). than the in-plane 
error model. Additionally, it is also demanding for the AM machine to apply 
compensation three-dimensionally because a product is built layer by layer. To 
overcome this issue, we derive the following Lemma. 

Lemma 6.3 (A Weaker Condition) The optimal compensation policy x∗(θ, ϕ). 

.x∗(θ, ϕ)sin(ϕ) = −
f (θ, ϕ, r0(θ, ϕ))sin(ϕ)

1 + f ′(θ, ϕ, r0(θ, ϕ))
(6.17) 

is a weaker condition to minimize the volume deviation. 

Proof Other than the stronger condition of f
(

θ, ϕ, r0(θ, ϕ)+x(θ, ϕ)
)

+x(θ, ϕ) =

0. to minimize �V (x(θ, ϕ)) = 0. in Eq. (6.15), a weaker condition below will also
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minimize the volume deviation �V (x(θ, ϕ)).: 

. sin(ϕ)
[

f
(

θ, ϕ, r0(θ, ϕ) + x(θ, ϕ)
)

+ x(θ, ϕ)
]

= 0

The Taylor series expansion of f
(

θ, ϕ, r0(θ, ϕ) + x(θ, ϕ)
)

. at r0(θ, ϕ)., and 

keeping the term sin(ϕ). will give (6.17). 

Remark 6.4 The result (6.17) actually has powerful implications. Note that 
x∗(θ, ϕ)sin(ϕ). means the in-plane compensation by projecting x∗(θ, ϕ). to the x−y . 

plane at height ϕ .. Following the notation in Fig. 4.1, let us denote x∗(θ, ϕ)sin(ϕ). 

as x∗(θ |ϕ)., i.e., the optimal compensation for layer at height ϕ .. 
Similarly, f (θ, ϕ, r0(θ, ϕ))sin(ϕ). means the in-plane deviation by project-

ing spatial deviation to the x − y . plane at height ϕ ., which is h(r, θ |ϕ). or 
�r(θ, r0(θ, ϕ)|ϕ). in Fig. 4.1. f (θ, ϕ, r0(θ, ϕ)). can be expressed as h(r, θ |ϕ)/

sin(ϕ).. Then (6.17) can be rewritten as: 

.x∗(θ |ϕ) = −
h(r, θ |ϕ)

1 + h′(r, θ |ϕ)/sin(ϕ)
(6.18) 

This suggests that the optimal spatial compensation can be transformed to the in-
plane compensation and can be implemented layer by layer. This is more consistent 
with the mechanism of AM itself and still satisfies the MVD criterion. It thus 
provides a theoretical base for online condition monitoring and online feedback 
control of 3D geometric shape deviation. 

Remark 6.5 It is interesting to compare the transformed optimal in-plane com-
pensation (6.18) for spatial shape deviation with the optimal 2D shape deviation 
compensation in (6.3). Note that the result in Eq. (6.18) is expected to reduce both 
in-plane and out-of-plane errors, while Eq. (6.3) only considers in-plane errors. The 
two results will agree only when ϕ = π/2.. This can be illustrated by a vertical cross-
section of a pyramid example in Fig. 6.9. When ϕ = π/2., the AM process just builds 

Fig. 6.9 Compensation at 
ϕ = 0, π/2.
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the first layer of the product, and this thin layer of product can be approximated 
as a 2D slab, with out-of-plane errors being ignored. Therefore, the spatial optimal 
compensation literally degenerates to 2D case. This also proves that (6.3) is a special 
case of (6.18). 

It is also worthwhile to investigate the compensation at location ϕ = 0.. Since 
sin(ϕ = 0) = 0., then x∗(θ |ϕ = 0) = 0. at the tip, i.e., there is no need for 
compensation if the built pyramid has a tip. If there is a missing tip, then ϕ > 0., and 
the optimal compensation x∗(θ |ϕ) �= 0.. 

This chapter introduces the theoretical foundation of 2D and 3D shape deviation 
compensation for AM. We theorize the optimal compensation result for 2D shape 
deviation by proposing the minimum area deviation (MAD) criterion. By extending 
the MAD criterion to the minimum volume deviation (MVD) criterion, we derive the 
optimal amount of compensation for 3D shape deviation in a consistent framework. 
Furthermore, MAD and MVD criteria provide convenient quality measures for 
AM-built products that facilitate online monitoring and feedback control of shape 
geometric accuracy. The established analytical foundation fills the gap for the 
quality improvement in AM. 

Acknowledgments The work in this chapter was partially supported by the US Office of Naval 
Research with grant no. N000141110671 and the US National Science Foundation Cyber-Physical 
Systems Program under grant no. CMMI-1544917. 
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Chapter 7 

Applications of Process-Informed 
Optimal Compensation 

This chapter introduces applications of the optimal compensation method and 
algorithm to reduce the shape deviation in metal AM process and to statistically 
monitor the part-to-part changes in AM. 

7.1 Optimal Compensation of Product Shape Deviation in 

Metal Wire and Arc AM 

Wire and arc additive manufacturing (WAAM) has become an economically viable 
way for fast fabrication of large near-net metal products using high-value materials 
in the aerospace and petroleum industries. However, a wide adoption of WAAM 
technologies has been limited by low shape accuracy, high surface roughness, 
and poor reproducibility. Since WAAM part quality is affected by a multitude of 
factors related to part geometries, materials, and process parameters, experimental 
characterization or physics-based simulation for WAAM process optimization can 
be cost prohibitive, particularly for new part designs. This section introduces 
optimal compensation approach to reduce shape deviation in WAAM through 
domain-informed statistical learning. 

7.1.1 Wire and Arc AM and Product Geometric Shape Quality 

In recent years, metal additive manufacturing (AM) technologies have attracted 
significant interest to meet the growing demand for rapid product prototyping 
and development and for fabricating geometrically complex parts. Metal AM 
technologies can be classified into powder feeding systems, wire feeding systems, 
and powder bed systems [11]. Compared to powder-based processes, wire-feed AM 
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typically has a larger built area and a higher deposition rate but lower geometric 
precision [19]. The wire and arc additive manufacturing (WAAM) process makes 
use of traditional arc welding technology to deposit material layer by layer. Plasma 
arc welding (PAW), gas metal arc welding (GMAW), and gas tungsten arc welding 
(GTAW) have been applied to create weld pools and melt the wire feedstock [7]. The 
feedstock materials include carbon steel, aluminum alloy, nickel alloy, and titanium 
alloy [3]. Thanks to GMAW’s high energy input, high deposition rate, and low-cost 
equipment [32], metal AM based on GMAW offers substantial benefits over powder 
bed and powder feed systems for near-net shape production of large-size parts used 
in the aerospace and petroleum industries [23]. 

However, WAAM technologies suffer from large shape deviation and high 
surface roughness. In GMAW, for example, the filler material is melted with 
an electrical arc between the wire electrode and the top layer surface. During 
fabrication, layers are repeatedly subjected to re-heating and cooling processes and 
the generated heat stresses due to the multiple fusion, solidification, and phase 
change cycles are extremely nonlinear and transient. This results in significant 
residual stresses as well as shape deviation, which are some of the primary deterrents 
for widespread adoption of WAAM technologies [18, 33]. 

To achieve the desired final part geometry and metallurgical properties [18], 
process characterization of new materials and new geometrical features are regularly 
carried out to optimize deposition pattern, heat input, and deposition speed, among 
other variables. This process involves experimentation depositing a single-track, 
single-layer, multilayer, and certain geometrical features such as crossing, cylinder 
geometry, or bulk material to identify a desirable deposition process window. 

To reduce the number of physical experiments used for process characterization, 
numerical studies have been devoted to physics-based pattern generation [8], 
thermal and stress distribution modelling [9, 47], and microstructure and mechan-
ical property evaluation of WAAM fabricated parts [20, 29, 46]. Among others, 
Mughal et al. [32] examined residual stress deformation of GMAW using finite 
element modelling and concluded that thermal cycling was the principal source of 
deformation. Zhao et al. [53] developed a thermal model and demonstrated that the 
deposition orientation can affect the heat diffusion and the distribution of residuals 
stresses. In situ process monitoring has also been developed to control the width 
and height of each layer during the WAAM fabrication process [10, 40]. However, 
physics-based simulation and prediction of WAAM part deformation not only 
involves a large number of process variables (e.g., energy input, temperature regime, 
and material properties) but also the non-smooth surfaces between overlapping bead 
layers [18], complicated layer interactions, and high residual stresses. Therefore, 
simulation of large-size parts is computationally prohibitive. Furthermore, the 
deposited multi-layer geometries are often inconsistent with the design even when 
the theoretical relationship between printed layer geometry and process parameters 
is well understood for simple and small geometries [48]. 

This chapter introduces a domain-informed statistical learning approach to 
predict the shape deviation of as-printed WAAM parts. From the prediction model, 
we derive an optimal design compensation plan to modify the CAD design to obtain
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the desired geometry upon manufacturing. This strategy is based on the prescriptive 
modeling approach and effect equivalence principle that have been established for 
other AM processes [25]. It starts with extracting the geometric deviation patterns 
from point-cloud data through fabrication-aware machine learning [17] and then 
minimizing shape deviations through the optimal compensation algorithms [12]. For 
predicting 3D shape deviation, Huang et al. [15] proposed a convolution framework 
that learns inter-layer interactions and the final stack-up of layers. However, directly 
implementing this strategy to WAAM processes faces a unique challenge, that 
is, parts having large shape deformation and high surface roughness at the same 
time while geometric compensation cannot reduce the roughness patterns. As an 
example, Fig. 7.1 illustrates the shape deviation profile of a WAAM-built cylindrical 
wall. The deviation patterns on the flattened outer wall are highly volatile. As a 
comparison, shape deviations in a stereolithography (SLA) process and a WAAM 
process are illustrated in Fig. 7.2. Clearly, the total shape deviation of the SLA 

Fig. 7.1 Shape deviation 
(mm) surface of a 60 mm 
radius stainless-steel 316L 
cylindrical wall manufactured 
using the GMAW process 

Fig. 7.2 Shape deviation for 2D cylinders printed using an SLA machine before (SLA A) [14] 
and after repair (SLA B) [36] and the center of layers 3, 7, and 11 of the 40 and 60 mm radius 
cylindrical walls (WAAM)
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printed parts is dominated by uneven material shrinkage with relatively small 
surface roughness [14]. In contrast, the WAAM manufactured part exhibits changing 
deviation patterns with large surface roughness varying at different spatial locations 
such as arc ignitions (e.g., near 1.75π .). Accurate separation of local surface 
roughness from global shape deformation is therefore nontrivial. This has also been 
demonstrated in a study of laser powder bed fusion (LPBF) processes where part 
size is significantly smaller [25]. 

Information extraction from 2D high-dimensional datasets with significant noise 
is a common problem in many applications such as medical imaging [54] and 
structural health monitoring [52]. Popular approaches for identifying relevant 
patterns include robust principal component analysis [4], wavelet decomposition 
[52], additive tensor decomposition [31], and smooth-sparse decomposition [50], 
among others [51]. These methods require the data to be sampled on a regular 
grid and decompose into smooth and sparse components. Although they can handle 
missing entries, geometric accuracy data is obtained as point-clouds sampled at 
random locations, and it contains global and local smooth patterns. For such 
datasets, Kriging methods and generalized additive models (GAMs) [41] offer more  
flexible alternatives, with the latter being more computationally efficient for large 
datasets. 

To reduce part deformation (not surface roughness), we propose to model part 
shape deviation using a GAM. These models use penalty terms to control the 
smoothness of each function and allow main trends significantly smoother than 
local patterns [44]. We mathematically decompose shape deviation into the main 
shape deformation trend and surface roughness as a function of local geometrical 
features in the cylindrical coordinate system. Using tensor-product basis functions, 
each term is modeled with a univariate basis selected using knowledge of the 
physical characteristics of WAAM built parts. Then, we use the predicted in-plane 
deformation pattern to introduce layer-wise optimal geometric compensation in the 
CAD design of new parts. 

7.1.1.1 Experiment of Manufacturing Cylindrical Walls Using WAAM 

Two sets of experiments were conducted to validate the proposed shape deviation 
learning and compensation approach. The first set keeps part design and WAAM 
settings unchanged to investigate the performance of a GMAW-based WAAM 
process. Without changing the process parameters, the second set of experiments 
only modifies the part design to validate the model prediction and derived optimal 
compensation plan. 

In traditional GMAW, small amounts of material are deposited by welding and 
are constrained by surrounding material, parent material, or base plates. In GMAW-
based WAAM, deposited material has more deformation freedom as it is constrained 
only by the previous layers with increasing freedom as deposition moves away 
from the base plate. After a certain height, the effect of gravity and material 
thermal properties become more important to the fabrication quality. Subsequent
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layer deposition partially remelts the previously deposited layers and acts as a post 
heat treatment. The thickness of heat-treated material will be highly dependent 
on the processing parameters. Larger deformation and poor material thermal and 
mechanical properties can be expected if the part is overheated. Surface finishing 
deteriorates when accumulated heat in the deposited material changes the bead or 
increases arc instability. 

Part geometries in WAAM can be decomposed into crossings, straight, and 
curved features, each affecting geometric accuracy in a unique way. The part 
design for experimentation is chosen to be cylindrical wall with different radii. 
The continuous and symmetrical shape of cylindrical walls offers a shape deviation 
pattern representative of common curved structures. However, a perfect cylindrical 
geometry is one of the most difficult WAAM features to manufacture, as a strategy 
should be used to avoid arc igniting and extinguishing defects that affect the 
cylindrical shape, straightness, surface roughness, and flatness of the top surface. 
The region of the layer adjacent to the arc ignition point has an excessive thickness 
in contrast to everywhere else in the layer due to the heat sink effect of the 
base metal in the first few layers [18] and excess material fed due to the high 
voltage and current (i.e., overshooting) required for arc ignition. In contrast, the 
layer is thinner at the arc extinguishing region due to the arc pressure on the 
molten pool. Hence, cylindrical features have routinely been chosen for WAAM 
process characterization. We investigate the geometrical deformation of cylindrical 
features by fabricating cylindrical walls of several radii using a GMAW system. The 
system is comprised of a Panasonic TM-1400WGIII-SAWP 5-axis welding robot, 
equipped with an additional 2-axis workpiece manipulator (type YA-1RJC62) with 
a maximum handling capacity of 300 kg, as shown in Fig. 7.3. 

Deposition was carried out on a S355 J2 steel base plate (300 ×. 400 ×. 30 mm) 
that was machined and cleaned using 99.9% industrial ethanol. The consumable 
solid wire electrode was stainless steel 316L with a diameter of 1.2 mm. The 
chemical compositions of the wire is given in Table 7.1. Deposition experiments 
were conducted using a Panasonic Super Active Wire Process (SAWP) welder with 

Fig. 7.3 GMAW cell used to 
fabricate the samples



186 7 Applications of Process-Informed Optimal Compensation

Table 7.1 Nominal 
composition of the stainless 
steel (SS) welding wire 

Alloy Chemical composition (wt%) 

C Cr Ni Mn Si Mo Fe 

SS 316L 0.01 18.5 12.2 1.8 0.8 2.5 Re. 

Fig. 7.4 CAD models (left) and manufactured samples (right) 

Table 7.2 Main process parameters used to manufacture the cylindrical walls with 45 mm 
nominal height 

Cylindrical wall 

1 2 3 4 5 6 7 

Radius (mm) 60 40 25 15 10 25 25 

Thickness (mm) 6 6 6 6 6 10 18 

Average current (A) 140 140 140 140 130 105 142 

Average voltage (V) 15.4 15.4 15.4 15.4 15.4 14.1 15.8 

Deposition speed (m/min) 0.75 0.75 0.75 0.75 1.00 0.25 0.17 

Wire feed speed (m/min) 4.20 4.20 4.20 4.20 3.80 2.50 4.20 

shielding gas Inomaxx® plus (35% helium and 2% carbon dioxide in argon) at a gas 
flow rate of 22 liters per minute. The contact tip was positioned at 15±0.5. mm from 
the workpiece. Figure 7.4 shows the samples manufactured, and Table 7.2 shows 
the radius, thickness, and main process parameters for the deposition of various 
cylindrical walls. Figure 7.5 shows an example of the current and voltage waveforms 
used by the power supply with current/voltage adjusted to match the average 
presented on Table 7.2. The acceleration/deceleration of the robot movement was 
chosen to minimize the effect of kinematic ramping on the arc ignition/extinguishing 
locations. To minimize arc instability, the maximum current was set to 1.2–1.5 times 
the nominal current. The specimens were placed with clamps during welding and 
subsequent cooling process. 

Post-fabrication geometrical measurements are collected as point clouds using 
structured light scanning equipment to assess the geometric accuracy of the 
manufactured parts. The structured light 3D scanning technique is user-friendly and 
cost-effective. We confirmed the accuracy of our structured light scanner by using 
a metal calibration block and observed the accuracy of approximately 50 to 100
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Fig. 7.5 Nominal waveform for current and voltage 

Fig. 7.6 Surface deviation of the 6-mm-thick cylindrical walls 

µ.m, which is sufficient for WAAM fabricated parts. To improve data quality, the 
measured parts were fitted with reference points, and a thin layer of anti-reflection 
cover powder (FabConstruct L500 Matteringspray) was applied to the parts. The 
point-clouds were processed using the GOM software to align the axis of the 
Cartesian coordinates with the printing direction based on the reference points. 

The 6-mm-thick cylindrical walls were selected for analysis, and the shape 
deviation from their designs is shown in Fig. 7.6. Samples 1 to 5 have a fabricated 
height of 45.90, 45.66, 45.07, 44.94. and 44.09. mm, respectively. Positive deviation 
(red) indicates that the mesh surface is higher than the nominal file, whereas negative 
deviation (blue) indicates that the mesh surface is lower. Deviation ranges from -1 to 
3 mm with the 10 mm radius part not meeting print specifications. The instability of 
the WAAM process (spatter) causes the abundance of extra material on the surface 
of the parts. The most significant deformation and the largest amount of error are 
found at the start and end welds.
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7.1.2 A Generalized Additive Model for Shape Deviation 

Modeling and Compensation in WAAM 

To improve shape accuracy by compensating the CAD design, we develop a 
generalized additive model (GAM) to decompose shape deviation profiles into low-
order global deformation and high-order surface roughness patterns. 

The first step is to convert point-cloud data to an appropriate functional rep-
resentation. Similar to [17], we transform the point-cloud data to a functional 
representation of the 2D shape deviation at any given height (in-plane shape 
deformation). Since all layers have the same radius, we chose the cylindrical 
coordinates system (CCS) for functional representation. Each point is described by 
a height z, angle θ ∈ [0, 2π ]., and a radius r(z, θ).. Shape deviation is defined as 
y(θ, z) = r(θ, z) − r0(θ, z). where r0 . is the nominal (designed) radius and r is the 
measured radius. Figure 7.1 shows the deviation of the cylindrical wall with 60 mm 
radius in the CCS. 

The shape deviation of WAAM-built parts is modeled as a GAM [42], which 
links the sum of functions f of the covariates to the expected value of the observed 
data through a link function. For shape deviation data, the covariates are θ ., z, and 
target radius r0 .. We consider the identity link function (i.e., Gaussian distribution of 
the data). The functions of the covariates capture a global shape deformation pattern 
f1 . due to geometric approximation and material-related distortion and local surface 
roughness f2 . induced by process instability. For part k, these effects are represented 
using basis expansions as follows: 

.

yk(θ, z, r0) =
κ1

∑

i=1

ψi(θ, z, r0)βi deformation f1

+ α(r0)

κ2
∑

j=1

φj (θ, z)γjk roughness f2

+ ǫ measurement error

ǫ ∼N (0, σ 2)

(7.1) 

where r0(z, θ). is reduced to r0 . for cylindrical walls. ψ . and φ . are basis expansion 
functions with κ1 . and κ2 . dimensions, respectively. β . and γ k . are the vectors of 
coefficients for the basis expansions. Lastly, σ 2

. is the variance of the measurement 
error. 

The model in matrix notation is 

.yk = �kβ + 
kγ k + ǫ, (7.2) 

where yk . is the vector of observed deviations in part k and �k . and 
k . are matrices, 
with each row i being the basis expansion ψ . and α(r0)φ . evaluated at point i
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of part k, respectively. These basis expansions are constructed as tensor-products 
of univariate basis. Parameters are estimated by maximizing the penalized log-
likelihood function of the form [42]: 

.

Lp

(

β, γ 1, . . . γ K

)

=L
(

β, γ 1, . . . γ K

)

−
∑

ϑ∈�1

λ1,ϑβT S1
ϑβ

−
∑

ϑ∈�2

λ2,ϑ

K
∑

k=1

γ T
k S2

k,ϑγ k

(7.3) 

where K is the number of parts in the dataset, L(·). is the log-likelihood function, 
λ. are smoothing parameters, and �1 = {θ, z, r0}., �2 = {θ, z}., and S1

ϑ . and 
S2

k,ϑ . for k = 1, . . . K . are tensor-product penalty matrices, constructed as in [45]. 
Restricted maximum likelihood method (REML) is used for parameter estimation 
and generalized cross-validation for smoothing parameters optimization [43]. 

As in the study [17], the purpose of modeling the shape deviation is to reduce 
it by using geometric compensation (GC), which is the process of introducing 
adjustment δ(θ, z, r0). to the original design and print r∗ = r0 + δ . in order to 
achieve the desired shape. In [17], GC is done on boundary points of a design. 
However, deposition of only a few thick layers in WAAM requires compensation 
to be done layer-wise to reduce in-plane shape deviation of each layer. Moreover, 
compensation only corrects the deviation due to the shape deformation pattern 
f1(z, (θ, z, r0) = ψ(θ, z, r0)

T β ., while surface roughness can only be reduced 
through process optimization and control. Following the strategy in [12], the optimal 
compensation plan for WAAM fabricated parts can be shown to be 

.δ(θ, z, r0) = − f1(θ, z, r0)

1 + f ′
1(θ, z, r0)

(7.4) 

where f ′
1(θ, z, r0). is the partial derivative of f1 . with respect to r0 .. We use the mid-

point of each layer to determine z. 

7.1.2.1 Engineering-Informed Tensor-Product Basis for Cylindrical Walls 

Two popular approaches for constructing multivariate basis functions are the use 
of isotropic basis (i.e., rotation invariant) and the use of tensor products of lower-
dimensional basis [42]. Since the patterns of the shape deformation on (θ, z, r0). are 
quite different, isotropic basis are ill-suited for our purposes. We model the vector 
of multivariate basis as a tensor product of univariate basis functions 

.ψ(z, θ, r0) = vec
(

ψz(z) ⊗ ψθ (θ) ⊗ ψ r0(r0)
)

, (7.5) 

where vec(·). is the vectorization of a tensor, ⊗. is the Kronecker product, and ψ ·
. 

are the respective univariate basis functions. The same general procedure applies to
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φ . with the appropriate univariate basis and keeping only the basis that model the 
interactions between z and θ .. 

The choice of univariate basis has a profound effect on the number of samples 
required for model training and meaningful interpretability of the results. In 
particular, they need to reflect the physical characteristics of the WAAM process 
for each covariate: (1) deviation is the same at θ = 0. and 2π ., (2) thick layers induce 
a cyclical pattern on z with each layer being a cycle, and (3) the part size (r0 .) has 
a non-linear effect on the amount of surface roughness and deformation. Based on 
these observations, three types of basis functions are chosen in this work [42]: 

1. Cubic basis: these are cubic b-splines with equally spaced knots in the range of 
the covariate. We use these functions to model the effects of z on the roughness 
pattern.

2. Cyclic cubic basis: these functions have the same value and derivative at the start 
and end points of its range, which makes them ideal for modeling the effect of θ . 

on both the shape deformation and roughness patterns. 
3. Thin-plate regression splines (TPRS): these functions are low-rank approxima-

tions of thin-plate basis that are capable of optimally modelling any function. We 
use these functions to model the effects of z and r0 . on the deformation pattern. 

Figure 7.7 shows the first five cubic, four cyclic cubic, and three TPRS basis 
functions. Note that cubic and cyclic cubic basis are similar around their maximum 
but have a different behavior on the tails. Figure 7.8 shows the tensor product basis 
with 5 cyclic cubic basis for r0 ., 3 TPRS for z, and 3 TPRS for r0 .. The top plot shows 
the result by fixing r0 = 35. mm and θ = π ., and the bottom plot shows the result by 
fixing r0 = 35. mm and z = 20.. Note that the tensor product produces 36 basis (35 
after enforcing identifiability constraints), but only a few basis are observed in both 
plots due to multiple functions having the same pattern in these ranges. Figure 7.9 
presents the surface plots of the three tensor-product basis for multiple radii with a 
similar pattern in z and θ . shifting on its range for each basis. The high-order tensor-
product interaction terms that model roughness have a similar behavior with a faster 
reduction on the basis value. Note that the magnitude of γj . can be interpreted as 
the presence of a local deformation due to roughness at the locations around the 
maximum of φj .. 

To assess the effect of roughness over the predicted deformation profile, we 
construct three increasingly complex models using these basis functions. (1) Fixed 
effects (FE) serves as a baseline model that considers only the deformation functions 
ψ .. It is constructed using 5 cyclic cubic basis for θ ., 3 TPRS for z, and 3 TPRS for 
r0 .. Note that at most. a univariate quadratic relationship between z or r0 . and the 
deviation profile can be modeled since only a few cylinders of different sizes were 
manufactured. The resulting basis functions are illustrated in Figs. 7.8 and 7.9. (2)  
Scaled roughness (SR) is an extension of FE where the roughness is modeled using 
a high-order tensor-product basis scaled by α(r0) = r0 .. The basis functions φ . are 
constructed 16 cyclic cubic basis for θ . and 32 cubic basis for z such that it absorbs 
the cyclical vertical patterns associated with thick layers in WAAM. Row i of 
. is 
r0φ . evaluated at point i. (3) Gaussian process (GP) is also an extension of FE where
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Fig. 7.7 Low-order univariate basis expansions used in this study 

Fig. 7.8 Basis functions values at r0 = 35.mm of a tensor product basis with 5 cyclic cubic basis 
for θ ., 3 TPRS for  z, and 3 TPRS for r0 .. Top: fixed θ = π .. Bottom: fixed z = 20.
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Fig. 7.9 Reparameterized low-order tensor-product basis for different r0 . 

the roughness is approximated using GP basis [22] for each cylinder, α(r0) = 1., 
and row i of 
. is φ . evaluated at point i. 

Gaussian processes are a popular choice for non-parametric modeling of smooth 
functions [35]. For regression, they assume that outputs y. are jointly normally 
distributed with covariance constructed using a function of the distance between the 
features x. of the observations. For computational tractability, GP basis are low-rank 
basis functions built from the approximated covariance between observations. The 
procedure consists of selecting a subset of representative observations (knots) and 
computing the covariance matrix � = �1�2 ., where �1 . is the covariance between 
the points in the sample and the knots and �2 . is the covariance between knots. φ . is 
constructed as a tensor-product of univariate GP smooths using 16 knots with radial 
[42] covariance function for θ . and 32 knots with Matérn covariance function with 
shape ν = 2.5. for z. In each dimension a, φa

. is the rows of �a
.. 

7.1.3 Methodology Validation in WAAM 

The shape deviation modeling can provide valuable insights for pre- and post-
processing optimization. For the geometrical feature studied here, the models were 
trained using the point-cloud data of the cylindrical walls with 60 mm, 40 mm, 
and 15 mm radius (Fig. 7.4). The 25 mm cylindrical wall was used as validation
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data, and the compensation plans were created for a new 50 mm cylindrical wall. 
The 10 mm cylinder was excluded from this study because it does not meet the 
printing quality requirements, the process parameters were different, and most of 
the deviation patterns are caused by surface roughness. Due to the initial layers 
melting with the printing base and the excess material on the last layer deposited, 
only layers 3 to 18 are considered for prediction and compensation. The number 
of data points in each point-cloud was uniformly down-sampled to 3600 points to 
avoid overfitting the models to the patterns observed in the larger cylindrical walls. 
In addition, the height z is adjusted to z = 0. at the bottom of layer 3 for all datasets. 
The deviation profiles used for training the proposed model are shown on Fig. 7.10. 
All models were fitted using the mgcv package in R [42]. 

We examine the performance of the three shape deviation models to predict 
the deformation of the parts in the training dataset and to predict the deformation 
(without roughness) of the 25 mm cylindrical wall. Figure 7.11 presents the 
prediction of the three models for layers at the bottom (3), middle (11), and top (18) 
of the cylindrical walls in the training dataset. The highest deviations are visible 
as peaks at each welding joint. The FE model captures most of the deformation 
pattern layer-wise. The SR and GP models have a similar performance for the larger 
cylindrical walls. However, the GP model has a considerably better predictive fit 
for the smaller cylindrical wall. This suggests that a linear relationship between the 
roughness pattern and r0 . might be inadequate when r0 . is too small. 

Fig. 7.10 Deviations profiles (mm) of the cylindrical walls for model training
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Fig. 7.11 Predicted shape deviation of three layers in all cylindrical walls in the training dataset 

Fig. 7.12 Predicted shape deformation for three layers of the r0 = 25. mm cylinder 

Figure 7.12 presents the predicted shape deformation (without roughness pattern) 
for the cylindrical wall of r0 = 25. mm. For this cylinder, the height z was 
unavailable, and prediction of the shape deformation is based on the mid-point 
height of each layer assuming that all layers have the nominal 2.5 mm height. 
This approximation increases the prediction error. FE and SR seem to perform 
better than GP because the roughness pattern is too strong in the latter, which 
reduces its predictive performance for new cylinders. The overall identifiability of 
the GAM model is measured by the concurvity between functional terms, which is 
a generalization of co-linearity for additive models [34]. Concurvity measures the 
proportion of a functional term that can be explained by other functional terms in the 
model [42]. For the SR model, the observed concurvity of the deformation pattern is 
0.02 and 0.20 for the roughness pattern. On the other hand, the observed concurvity 
of the GP model is over 0.8 for almost all terms, which is expected since it has a 
functional term for the roughness in each cylinder.
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7.1.3.1 Geometric Compensation for Shape Deviation Reduction in 

WAAM 

Geometric compensation is defined as modifications to the printing path that lead to 
a controlled deformation of the fabricated part and improved accuracy with respect 
to the target geometry. Similar to [28], overall deviation per unit of area is measured 
as the absolute change in the external area of the thin walled shapes per unit of area, 
calculated as follows: 

.η = �S

S
(7.6) 

where S = 2πr0z
∗
. is the nominal area for a cylinder with maximum height z∗

.; �S . 

is the absolute area change approximated as 

. �S =
∫ z∗

0

∫ 2π

0
|y(θ, z)|dθdz ≈

n
∑

i=1

n
∑

j=1

|ȳi,j |w,

with the range of θ . and z segmented into n × n. cells of area w; and ȳi,j . is the mean 
deviation of points in cell i, j .. 

To illustrate the expected impact of compensation, Fig. 7.13 shows the predicted 
shape deviation for the 40 mm cylindrical wall after optimal compensation under 
the SR model, which is calculated as 

. ŷ(θ, z, r0, δ) = f1(θ, z, r0 + δ) + y(θ, z, r0) − f1(θ, z, r0)

for each data point. The compensated shape deviation is expected to be centered 
around zero with over 1 mm of extra material in the arc ignition locations. In the 
best case, the mean absolute deviation could diminish from 0.96. per mm 2 . to 0.22. 

per mm 2 ., which implies a 76%. reduction. 
Experimental compensation is done for a new cylindrical wall with r0 = 50. mm. 

As discussed above, the main deformation patterns can be predicted for cylindrical 
walls of reasonable radius. Figure 7.14 shows the predicted deformation and the 
optimal in-plane compensation plan at any height. GP and SR have a similar 
deviation profile and compensation. Since FE does not consider surface roughness, 
the FE predictions and compensation plan have a more complicated pattern than 
the other two models. The SR model was used to compensate the design of a new 
r0 = 50. mm cylindrical wall. The layer-wise in-plane compensation plan is shown 
in Fig. 7.15. Note that compensation starts relatively small, then increases at the 
middle layers, and lessens again at the top layers. 

For the new 50 mm cylindrical wall, the shape deviation pattern is greatly reduced 
after compensation, as shown in Fig. 7.16. The absolute deviation per mm 2 . is 1.51. 

and 0.80. for the uncompensated and compensated parts, respectively. This translates 
to a 47.3%. reduction in overall shape deviation. Figure 7.17 presents the shape



196 7 Applications of Process-Informed Optimal Compensation

Fig. 7.13 Predicted deformation (green line), shape deviation (blue dots), and predicted shape 
deviation after compensation (orange dots) at the center of layers 3, 9, and 18 for the 40 mm 
cylinder under the SR model 

deviation patterns and their respective smooth deformations at the center of layers 3, 
9, and 18 of the parts. The overall patterns show a similar behavior to those predicted 
in Fig. 7.13. The smooth trends illustrate the effect of the local roughness and the 
accumulation of material at the arc ignition locations over the shape deviation. 
However, the parts present an overall shrinkage not predicted by our model. 

Although the proposed prescriptive methodology significantly reduces the over-
all shape deviation, the dimensional quality of WAAM manufactured components 
is affected by a number of factors, including environmental conditions, material 
fluctuations, and changing thermo-mechanical boundary conditions. The deposition 
parameters utilized in this study caused some significant geometric irregularities. In 
particular, unforeseen material and environmental changes, such as air flow altering 
the printing interpass temperature, might have modified the deformation pattern 
in the second experiment. Consequently, the bumps at the arc ignition locations 
are more visible in Fig. 7.16 than in Fig. 7.1. Measurement and point cloud data
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Fig. 7.14 Predicted shape deformation and compensation plan for the r0 = 50. mm cylindrical 
wall 

Fig. 7.15 Layer-wise compensation plan for the 50 mm cylindrical wall under the SR model 

registration may also have introduced errors. Lastly, the framework in this study 
could benefit practitioners in the following aspects: 

1. Product designers can analyze the predicted deformation patterns of new parts in 
the initial design stages. Apart from the design freedom provided by WAAM, this 
ensures that deposition paths that improve geometric accuracy can be achieved 
early in the design process.
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Fig. 7.16 Shape deviation profiles of uncompensated and compensated 50 mm cylindrical walls 

2. The usage of this framework by operations engineers minimizes the need for 
them to deeply understand the complexities of the process, facilitating decision-
making, improving part accuracy, and helping automate the WAAM process. 

In this section, prescriptive modeling and compensation are introduced to reduce 
shape deviation in WAAM fabricated products. Shape deviation is more complex 
in WAAM than other AM processes due to process instability and highly nonlinear 
stress profiles caused by the high-temperature processes. We model shape deviation 
as a GAM that decomposes deviation into global deformation and local roughness 
patterns. Tensor-basis expansions of local geometric features in the cylindrical 
coordinates system are used to predict shape deviation. Each univariate basis is 
chosen based on engineering considerations of each geometric feature to obtain 
meaningful and interpretable results with a few samples. To study the effect of 
roughness on the deformation prediction, we construct three models with increasing 
complexity. The FE model considers global deformation, the SR model considers 
global deformation and local roughness scaled by the part size, and the GP model 
considers global deformation with Gaussian process basis for the roughness of each 
individual part. 

Experimental validation on cylindrical walls demonstrates the predictive and 
prescriptive capabilities of the proposed framework. We manufactured four equally 
tall cylindrical walls with radii 15, 25, 40, and 60 mm using a GMAW system. 
By considering roughness, the SR and GP models have better deviation prediction 
performance than the FE model while retaining a complex enough deformation 
pattern for effective compensation. The optimal geometric compensation of a new 
50 mm cylindrical wall results in a 47.3%. reduction of absolute deviation per mm 2 .. 

The proposed shape deviation methodology can be applied to a broad category 
of WAAM as well as AM processes to manufacture smooth geometries. Using
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Fig. 7.17 Shape deviation and smoothed shape deformation (using five cyclic cubic basis) at the 
center of layers 3, 9, and 18 for uncompensated and compensated parts 

the equivalence effects principle, model transfer between materials and WAAM 
processes can be achieved by adding a new term to capture the differences among 
their shape deviation profiles [36]. Further research is needed to predict the 
shape deformation patterns of straight structures and crossings between segments 
withing layers. Such extensions can be achieved by defining an efficient functional 
representation and univariate basis functions for straight segments and adding extra 
terms to capture the deviation induced by crossings. Moreover, the effect of relevant 
process parameters for specific WAAM processes can be incorporated by developing 
physics-informed basis function as well as adding additive terms for a global 
process-independent mean deviation pattern and a process or geometry related term. 
Furthermore, the methodology may potentially be extended to integrate real-time in 
situ data to further improve shape accuracy.
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7.2 A Statistical Process Control Scheme for Part-to-Part 

Monitoring in AM 

Monitoring of AM processes faces major challenge due to the nature of one-
of-a-kind manufacturing. In contrast to mass production, AM processes fabricate 
products with high shape complexity at extremely low volume, which leads to 
disparate training data with small sample size from one product shape to another. 
Furthermore, constant change of product designs demands the capability of mon-
itoring the process of building new products not being tried before. Traditional 
Statistical Process Control (SPC) [30] therefore can hardly be applied directly. 
A popular solution is to monitor AM process parameters indicative of process 
conditions. However, process conditions have to be benchmarked by product quality 
as well. This section puts forth a prescriptive SPC scheme to monitor shape 
deviation from part to part with different shapes. Only a limited number of test 
shapes are required to establish control limits. The strategy is extension of our 
previous work on the prescriptive modeling and compensation of shape deviation 
to the field of SPC. Experimental investigation using SLA process validates the 
proposed deviation monitoring approach. 

Various strategies have been developed to improve the product accuracy. Among 
them, online monitoring and feedback control have become a critical area for 
AM part accuracy enhancement. Most of the efforts focus on monitoring AM 
process variables such as temperature field and melt pool size as proxy of product 
quality. To detect abnormality, the prediction of physics-based simulation model is 
compared with in situ sensing data of process variables [1, 2]. However, high-fidelity 
physical models are costly to build [24]. Furthermore, majority of these studies are 
benchmarked by products with relatively simple geometries [38]. 

Geometric accuracy control in AM involves monitoring of product shapes. Work 
in [5] models roundness and deviation profiles of cylinders fabricated through 
traditional subtractive manufacturing. A spatial autoregressive regression model 
is used to monitor cylinder shape quality. Work in [6] further extends to surface 
deviation monitoring using Gaussian process models. But the shape modeling 
and monitoring approach in [5, 6] does not present a clear path to handle shape 
complexity and limited data faced in AM [14, 16, 21, 27]. 

Existing process monitoring approaches developed for AM can be viewed as 
predictive process monitoring in the sense that training samples from the same 
population are collected to monitor future production of the similar products. AM 
process monitoring based on physical models intends to predict quality of arbitrary 
shapes. As mentioned previously, current successful examples are more limited 
to products with simple geometries. For one-of-a-kind additive manufacturing, we 
believe that a new category of prescriptive process monitoring methods are required 
to monitor quality of new and untried categories of product shapes.
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7.2.1 Prescriptive Monitoring of Shape Deviation from Part to 

Part 

For simplicity of representation, examples of 2D product shapes are used. In real 
applications, a thin product or a section of a product with small thickness can be 
approximated with a 2D shape where only in-plane geometric error is of major 
concern. 

Training Data The training data can be illustrated by Fig. 7.18, where three circles 
with various sizes and two polygons are required to be built and measured. 

Assumption The training products are fabricated under the same process settings 
with the same materials. The process is relatively repeatable and deemed as normal 
condition. Note that normal condition does not require zero shape deviation. 

Objective of Process Monitoring When a new and different shape is built, the 
monitoring scheme is expected to decide whether the process is in control or out 
of control. 

Challenge Clearly, the challenge of developing a SPC scheme resides in data 
disparity, limited sample size, and complicated data structure. In addition, decision 
on new products requires the identification of inherent connection among the data. 

Under the general modeling framework of control charts, the critical step is to 
identify the statistic for monitoring. In AM, training data illustrated in Fig. 7.18 
needs a proper transformation in order to derive the control chart model. To illustrate 
the rationale of the proposed statistics, we will first discuss an ideal AM process 
without systematic shape deviation patterns. We will then derive the monitoring 
statistic for realistic AM processes often containing systematic deviation patterns 
varying from shape to shape. 

Suppose an ideal AM process builds a circle and square shape shown in Fig. 7.19. 
With the presence of only natural process variation, the built products in solid 
curves should be contained within narrow envelops. Quantities such as roundness 
or cylindricity are not considered here because these measures tend to be shape-
dependent, which limits the ability of quantifying a different shape. 

One intuitive measure of shape deviation across different shapes is the percentage 
of shrinkage/expansion η ., which can be defined as 

.η = |�S|Actual

SNominal

(7.7) 

Fig. 7.18 Training data
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Fig. 7.19 Statistic for AM 
process monitoring 

where SNominal . represents the nominal in-plane surface area of the product and 
|�S|Actual . is the measured, absolute change of surface area from the design. 
Extension to 3D case naturally follows, which is not discussed here. 

Under stable process condition and the same materials, we could expect that 
products with various shape would have similar percentages of shrinkage. In 
practice, AM industry often uses it as a benchmark value for different materials. 
The training data in Fig. 7.18 can be transformed into |�S|/S ., and individual control 
charts such as EWMA can be applied for process monitoring. 

In practice, however, current AM machines often demonstrate systematic, shape-
dependent deviation patterns, even key process variables are within control. In 
another word, AM machines under normal conditions will have systematic deviation 
patterns. Directly monitoring |�S|/S . could end up with large false alarm rate. 
Statistics |�S|/S . in Eq. (7.7) has to be modified for realistic AM processes. 

The modified monitoring statistic has two variations. In the first case, we remove 
the expected or predicted amount of surface deviation |�S|Predicted . from the 
measured |�S|Actual .. 

.η =
∣

∣|�S|Actual − |�S|Predicted

∣

∣

SNominal

(7.8) 

The logic justification of this proposal is that the process is deemed in control 
if the actual amount of deviation is close to the expected one. Since the expected 
deviation pattern is removed from the measurement, the AM process is equivalent 
to an ideal process, and the false alarm rate can be reduced. 

The first proposal in Eq. (7.8) is passive control strategy in that sense that actual 
deviation cannot be reduced. To remedy this problem, we propose the second 
variation of monitoring statistic: 

.η =
∣

∣|�S|Actual − |�S|Compensated

∣

∣

SNominal

(7.9) 

where |�S|Compensated . represents the predicted, absolute surface deviation after 
deviation compensation. If the shape deviation of a new product can be predicted 
and compensated beforehand, the percentage of shrinkage/expansion will be as
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small as the ideal AM process under normal condition. The false alarm rate of 
individual control charts can also be reduced. 

The critical element of both proposals, however, is the prescriptive model for 
predicting the shape deviation of a new product based on training data illustrated in 
Fig. 7.18. We adopt the prescriptive shape deviation modeling framework developed 
in [14–16, 27, 39, 49]. To accomplish the prediction goal, we in [16] transform the 
shape from the Cartesian coordinates system to profiles in the polar coordinates 
system (PCS). This decouples the geometric shape complexity and makes the 
proposed prescriptive model free of shape complexity. In-plane shape deviation 
and optimal compensation plan is established therein. Huang et al. [14] extends the 
approach from cylindrical shape to polyhedrons by treating an in-plane polygon 
as being cut from its circumcircle. Luan and Huang [26] further extends the 
prescriptive modeling and compensation approach from cylinder, polyhedron to 
arbitrary freeform shapes through a circular approximation with selective cornering 
strategy. 

Denote �r(θ, r0(θ)). as the in-plane deviation profile of a product shape in the 
PCS: �r(θ, r0(θ)) = r(θ, r0(θ)) − r0(θ)., where r0(θ). is the nominal design shape 
in PCS. 

The prescriptive shape deviation model for freeform shape is formulated as: 

. 

�r(θ, r0(θ)) = f (θ, r0(θ)) + ǫ(θ)

= g1(θ, r0(θ)) + g2(θ, r0(θ)) + ǫ(θ)

where g1 . depicts the generalized cylindrical basis function, g2 . is the cookie-cutter 
function, and ǫ(θ). represents the unmodeled term. With limited number of test 
shapes, dramatic in-plane accuracy improvement has been achieved through com-
pensation for cylindrical shape (90%), polyhedrons, and freeform shapes ( >.50%) 
[14, 16, 21, 26, 37]. 

With the prescriptive model, |�S|Predicted . in Eq. (7.8), according to [12], can be 
derived as 

.|�S|Predicted =
∫ 2π

0
r0(θ)|f (θ, r0(θ))|dθ (7.10) 

|�S|Compensated . in Eq. (7.9), according to [12], can be derived as 

.|�S|Compensated =
∫ 2π

0
r0(θ)

∣

∣

∣
f (θ, r0(θ) + x(θ)) + x(θ)

∣

∣

∣
dθ (7.11) 

where x(θ). denotes the amount of compensation applied to CAD design to reduce 
shape deviation. 

The absolute shape area deviation with and without compensation can be 
illustrated by Fig. 6.2.
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Under the minimum area deviation criteria, the optimal amount of compensation 
is [12, 16] 

. x∗(θ) = − f (θ, r0(θ))

1 + f ′(θ, r0(θ))

|�S|Compensated . in Eq. (7.9) can be simplified as 

.|�S|Compensated =
∫ 2π

0
r0(θ)|ǫ(θ)|dθ (7.12) 

Clearly, |�S|Compensated . in ideal case approaches to zero. 
Lastly, SNominal . can be simply computed as 

. SNominal =
∫ 2π

0
r(θ)dθ

7.2.2 Control Chart to Monitor Shape Deviation from Part to 

Part 

With individual measurement of AM-built products and the objective to detect small 
process shift, we adopt EWMA control chart to monitor the proposed statistic of 
percentage of shrinkage η . defined in Eq. (7.8) or Eq. (7.9). 

For a sequence of AM-built products and their ηi . numbered in a chronicle order, 
the EWMA statistics is 

. zi = ληi + (1 − λ)zi−1, z0 = 0;

with the corresponding control limits: 

. 

UCL = μη + Lση

√

λ

2 − λ
[1 − (1 − λ)2i]

CL = μη

LCL = μη − Lση

√

λ

2 − λ
[1 − (1 − λ)2i]

where μη . and ση . are mean and standard deviation of ηi . observed from training data, 
0 < λ < 1. is a constant, and L is the width of the control limits.
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7.2.2.1 Process capability index Cp . for AM processes 

The proposed monitoring statistic η . enables the adoption of the widely accepted 
process capability index Cp . AM processes. Due to the nature of η ., i.e., the 
percentage of shrinkage/expansion, it is meaningful to only specify a USL (upper 
specification limit), e.g., 2%. The Cp . for AM processes can be defined as 

.Cp = USL − μη

3ση

(7.13) 

where μη . and ση . represents the mean and standard deviation of statistic η .. 

7.2.2.2 Estimation of µη . and ση . 

For training data with n products, e.g., n = 5., μη . can be estimated as the average of 
ηi ., i = 1, 2, . . . , n.. ση . can be estimated through moving ranges MRi = |ηi −ηi−1|., 
and ση . is 

.ση = MR

d2
(7.14) 

where MR . denotes the average of moving ranges and d2 . takes the value of 1.128 
since we obtain the range using two consecutive observations. 

7.2.3 Monitoring Stereolithography Process: Methodology 

Demonstration 

This section demonstrates the proposed prescriptive SPC scheme to monitor an 
actual SLA process. 

7.2.3.1 Establish Prescriptive Model 

In our previous work [13, 14, 16], three circular disks and three polygons are 
fabricated in a MIP-SLA machine to validate the prescriptive model for cylinder and 
polyhedron shapes. Design of training sample products are summarized in Table 7.3, 
and Fig. 7.20 shows their deviation profiles. All test parts have the same height of 
0.25 in. To facilitate the identification of the orientation of test parts during or after 
the building process, a non-symmetric cross with line thickness of 0.02 in is built 
on the top surface. 

The specification of prescriptive deviation model f (θ, r0(θ)). is detailed in [26]. 
As an example, the fitted circular basis model g1(θ, r(θ)). is divided into two parts.



206 7 Applications of Process-Informed Optimal Compensation

Table 7.3 Design of training 
sample products 

Cross-sectional shape Circumcircle radius 

Circle r = 0.5′′
.; 1.5′′

.; 3′′
. 

Square r = 2′′/
√

2. 

Regular pentagon r = 1′′
.; 3′′

. 

Fig. 7.20 Deviation and prediction profiles of simple trial shapes [26] 

For the upper half (θ = 0 ∼ π .) of the product, g1(θ, r(θ)). is: 

.xu
0 + αu(r0 + xu

0 )a
u + βu(r0 + xu

0 )b
u

cos(2(θ + π/8))
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For the lower half (θ = π ∼ 2π .) of the product, g1(θ, r(θ)). is: 

. xl
0 + αl(r0 + xl

0)
al + β l(r0 + xl

0)
bl

(− sin(2θ))

Note that superscripts u and l indicate parameters corresponding to upper and 
lower half of the product, respectiv ely.

The cookie-cutter model or g2(θ, r(θ)). is first developed in [14] to capture the 
sharp transitions of polygon shapes. 

. g2(θ, r(θ)) = β2(r0 + x0)
αcookie.cutter(θ − φ0)

One example of cookie-cutter functions is the square wave model: 

. sign[cos(n(θ − φ0)/2)]

where n is the number of sides of a polygon and φ0 . is a phase variable to shift the 
cutting position in the PCS. The sawtooth cookie-cutter model is another alternative, 
which is adopted in our analysis: 

. saw.tooth(θ − φ0) = (θ − φ0) MOD (2π/n)

where x MOD y = remainder of (x/y .). 

7.2.3.2 Monitoring Statistic η . and Phase I Control Charting 

Since all the six training parts in Table 7.3 are fabricated without compensation, 
Eq. (7.8) is adopted to derive the monitoring statistic η . (as shown in Table 7.4) 

The Normal Q-Q plot of the sample data ηi . is analyzed and shown in Fig. 7.21. 
It indicates that the normality assumption reasonably holds. 

The estimated mean and standard deviation are μη = 3.3563 × 10−4
. and ση =

2.4337 × 10−4
.. 

For the EWMA control chart with λ = 0.1. and L = 2.7., the average run 
length (ARL) has ARL0 ≈ 500. and ARL1 ≈ 10.3. for detecting 1σ . mean shift. 

Table 7.4 Monitoring statistic ηi . of training data 

Cross-sectional shape |�S|Actual . |�S|Predicted . η. (×10−4). 

0.5 ′′ . circle 0.00396 0.00318 2.5057 

1.5 ′′ . circle 0.05988 0.05839 1.5814 

3 ′′ . circle 0.24503 0.24175 1.7407 

2′′/
√

2. square 0.04391 0.03830 7.9578 

1 ′′ . pentagon 0.01092 0.01355 4.8185 

3 ′′ . pentagon 0.21370 0.21120 1.5328
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Fig. 7.21 Normal Q-Q plot 
of sample data ηi . 
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Table 7.5 EWMA control limits 

No. Cross-sectional shape UCL (×10−4). CL (×10−4). LCL (×10−4). 

1 0.5 ′′ . circle 4.0132 3.3562 2.6991 

2 1.5 ′′ . circle 4.2402 3.3562 2.4721 

3 3 ′′ . circle 4.3880 3.3562 2.3243 

4 2′′/
√

2. square 4.4938 3.3562 2.2185 

5 1 ′′ . pentagon 4.5727 3.3562 2.1396 

6 3 ′′ . pentagon 4.6331 3.3562 2.0792 

The corresponding phase I EWMA control chart limits are shown in Table 7.5 and 
Fig. 7.22. 

If the upper specification limit (USL) for the percentage of shrinkage/expansion 
is 1%., the process capability index following Eq. (7.13) is Cp = 13.23716.. 

As a comparison, if compensation is applied and quality measure in Eq. (7.7) 
is adopted, the mean and standard deviation of η . without compensation are μη =
6.9905×10−3

. and ση = 5.9972×10−3
.. Then the process capability index following 

Eq. (7.13) is Cp = 0.1672709.. 
The comparison of two Cp . indicates that the optimal compensation plan owns 

the potential to greatly improve the ability of a process to meet the specification. 

7.2.3.3 Phase II Control Charting and Validation 

In order to test the detection ability of SPC scheme for AM processes, four parts 
printed under different conditions are employed to simulate the occurrence of 
process shift. 

The first part is a 3 ′′ . dodecagon with compensation. Since this is an untried 
new shape, the compensation is derived directly from the prescriptive model for
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Fig. 7.22 phase I EWMA 
control chart 
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Table 7.6 Monitoring statistic ηi . of validation data 

Cross-sectional shape |�S|Actual . |�S|Predicted . η. (×10−3). 

3 ′′ . dodecagon with compensation 0.07282 0 3.9575 

1 ′′ . pentagon with compensation 0.01267 0 2.3245 

1′′/
√

2. square inner 0.02729 0.00351 6.7521 

2′′/
√

2. square before repair 0.05461 0.03812 2.3446 

polyhedron validated in [14]. Although our compensation has reduced on average 
75%. deviation [14], there are still some deviations, and patterns remain, indicating 
that our model could be further improved with this new dataset. 

The second part is a 1 ′′ . pentagon with compensation. But the compensation is 
wrongly added, i.e., the compensation plan is not optimal. 

The third part is a 1 by 1  ′′ . square, but this square is the inner boundary of a 
square cavity. Since the material deviation mechanism is definitely different for 
inner boundary, its deviation pattern is also different. 

The last part is a 2 by 2 ′′ . square printed in a different process condition. As 
we mentioned in [14], the MIP-SLA machine settings were changed after the 
experiments in [16]. Therefore, the part produced before machine repair has a 
different shape of deviation profile. 

The monitoring statistic η . of these four parts are shown in Table 7.6. 
Adding those four data obtained under “abnormal” printing processes, the 

EWMA control chart is shown in Fig. 7.23. The EWMA chart control correctly 
detects the changes. 

This section presents a SPC scheme to monitor part-to-part changes in AM. Pro-
cess capability index is also established to quantify the capability of AM processes.
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Fig. 7.23 phase II EWMA 
control chart 
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The proposed statistic for monitoring product shape deviation is consistent with 
industrial practice, i.e., the percentage of shrinkage/expansion. The requirement for 
training data is minimal, and prescriptive model is adopted to predict the deviation 
of new and untried product shapes. This monitoring statistic incorporates the 
predicted deviation, which enables the monitoring of new product in one-of-a-kind 
manufacturing environments. Real AM process experiments show the promise of 
applying the proposed SPC scheme. It should be noted that the proposed monitoring 
statistic only reflects the overall deviation of a product, and there might be other 
alternatives to catch local deviation conditions. More future work is necessary to 
establish comprehensive SPC methods for AM. 
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Part IV 

Domain-Informed Transfer Learning and 
Automated Model Generation for Smart 

Manufacturing



Chapter 8 

Transfer Learning Via Effect 
Equivalence in AM Systems 

Recent advances in the industrial Internet of Things and Cyber–Physical Systems 

have resulted in greater connections and accessibility of smart manufacturing. A 

particularly exciting consequence is the development of a new paradigm of smart 

AM systems that seamlessly integrate computing, manufacturing, and services [3, 

9, 27]. Each individual AM or 3D printing machine in such a system enables direct 

manufacturing of complex shapes from CAD models with reduced labor and costs 

compared to traditional manufacturing methods [4, 10]. The impacts of such systems 

are not yet fully realized in practice because their constituent processes may yield 

inconsistent product quality. Furthermore, Individual processes and machines face 

varying degrees of insufficient data and physical knowledge. A specified process 

model through machine learning often has a limited scope of application across 

the vast spectrum of processes in a manufacturing system that are characterized by 

different settings of process variables, including lurking variables. Knowledge or 

model transfer among AM processes is therefore essential to smart AM systems. 

This chapter introduces a domain-informed transfer learning approach that 

enables prediction model transfer across processes in an AM system with small 

training data. Model transfer is achieved through inference on the equivalent effects 

of lurking variables in terms of an observed factor whose effect has been modeled 

under a previously learned process. The methodology is demonstrated in shape 

deviation model transfer in AM processes. 

8.1 Challenges of Model Transfer in AM Systems 

The common limitation of machine learning models is that the learned models 

are limited in their scope of application to the particular processes for which they 

were specified, in the sense that they typically fail to describe and hence control 

other processes under different settings. Comprehensive control of an AM system 

based on these methods is then impractical due to the high operating costs incurred 
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by collecting a large amount of data and constructing new models for distinct 

processes in the system. In addition, the number of test cases that could possibly 

be manufactured for a particular process is typically in the single digits because 

of its nature and capability of one-of-a-kind manufacturing [22]. More importantly, 

modeling deviations separately for every process fails to yield deeper insights on 

the entire AM system. Therefore, a significant challenge for comprehensive shape 

deviation control in an AM system is whether the deviation model for one process 

can be transferred to model deviations under a different process based on a small 

number of experimental runs. The more general category of engineering problems is 

transferring a quality model established for a process A to another process B, where 

B has substantially fewer trials to avoid wasteful and repetitive model building (i.e., 

the product design set DB . for B is a small subset of the corresponding product 

design set DA . for A, with a potentially smaller dimension as well). 

This challenge is illustrated by consideration of in-plane deviation profiles under 

two distinct stereolithography processes A and B in the AM system of Fig. 8.1. 

Let X. denote the set of compensation plans, and DA . and DB . the respective design 

sets for the two processes. The component of a statistical deviation model that 

is important for deviation control, and hence constitutes our primary focus, is 

its expectation. We denote the expected deviation models for these processes by 

fA : X × DA → P. and fB : X × DB → P., where P. is the set of in-plane 

deviation profiles [ 11]. We consider engineering processes to be distinct if their 

designs, parameters, or any other factors are different. Needless to say, processes 

involving completely different AM machines are distinct. Even if the observed 

factors’ settings for A and B are identical, these processes and their respective 

expected deviation models can be distinguished by a wide spectrum of unobserved 

factors related to their product designs, materials, parameters, and conditions. Such 

lurking variables, whose settings are completely unobserved due to infeasibility 

of measurement or insufficient knowledge [2], are ubiquitous in AM systems, and 

complicate the task of model transfer. 

Figure 8.2a displays the in-plane deviation profiles for four disks of nominal 

radii 0.5′′, 1′′, 2′′
., and 3′′

. manufactured under process A. Each point on a disk is 

identified by its angle under the polar coordinate system [ 11]. This particular process 

was studied by [11], and a simple specification of fA . was formulated to enable the 

construction of compensation plans that reduce in-plane deviation by one order of 

Process A Process B 

Compensation 

xA 

Deviation 

yA 

fA fB 

Design 

dA DA 

DA ⊃ DB 

Lurking Variable Settings 

1. Original calibration 

2. Over-exposure 

Lurking Variable Settings 

1. New calibration 

2. Under-exposure 

∈ 

Compensation 

xB 

Design 

dB DB∈ 

Deviation 

yB

Fig. 8.1 Model transfer across processes in an AM system characterized by different settings of 

lurking variables
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Fig. 8.2 (a) Deviation profiles of four disks of nominal radii 0.5′′
., 1′′

., 2′′
., and  3′′

. manufactured 

under process A. (b) Deviation profiles of three disks of nominal radii 0.5′′
., 1.5′′

., and  3′′
. 

manufactured under process B, which has a new calibration setting 

magnitude. Figure 8.2b displays the different deviation profiles for three disks of 

nominal radii 0.5′′
., 1.5′′

., and 3′′
. manufactured under a new process B that operates 

with an unknown and distinct calibration setting. The lurking calibration factor 

clearly impacts deviation in a complicated manner and fA . fails to directly capture 

the deviation profiles under B. Resource constraints may prevent the specification of 

an appropriate model fB . based only on the data from B. It thus becomes of interest 

to extend the previously learned model fA . to B. In this way, we can leverage all of 

the data and knowledge across the AM system to acquire a better understanding of 

the change in the lurking calibration factor for process B. 

Current statistical and machine learning methodologies cannot resolve the chal-

lenge of deviation model transfer across processes in an AM system in the presence 

of lurking variables. We address this challenge by incorporating effect equivalence 

for a lurking variable in terms of an observed factor into the model specified under a 

previous process. Effect equivalence refers to the common engineering phenomenon 

in which two factors can generate the same outcomes. Reference [26] conceived of 

its first quantitative formulation in their study of a machining process. However, 

they did not consider its application for model transfer across different processes, 

operating with distinct lurking variables settings, in a system. We develop a new 

statistical framework and Bayesian method for such model transfer based on effect 

equivalence. 

Under our approach, model transfer proceeds by learning a function that 

benchmarks a lurking variable’s effect on the process mean in terms of a previously 

studied process and an observed factor’s effect on the mean under that process. For 

the previous AM system, this function is denoted by T : X × DB → X. and is 

specified so that fB(xB , dB) = fA(T (xB , dB), dB). for all (xB , dB) ∈ X × DB ..
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We refer to T as the total equivalent amount of the lurking calibration in terms of 

compensation and interpret it as returning a compensation plan T (xB , dB) ∈ X. 

for input (xB , dB) ∈ X × DB . such that the expected deviation profile of the 

product with input (xB , dB). manufactured under process B is equivalent to the 

expected deviation profile of the product with shape design dB . and compensation 

plan T (xB , dB). manufactured under process A. In this manner, T directly broadens 

the scope of the previously specified model fA . to the expectation of process B 
and facilitates one’s understanding of B’s changed lurking variable setting. Indeed, 

our analysis on the total equivalent amount of calibration in terms of compensation 

(summarized in Fig. 8.3a and described in more depth in Sect. 8.3) helps us to 

understand that the calibration change is essentially an attempted reproduction of 

the optimum compensation plan of [11], with discrepancies for the 1.5′′
. and 3′′

. 

disks that explain their complicated deviations. Also, a shape manufactured under 

process B can now be thought of as having been equivalently manufactured under 

A with a compensation plan defined by the inferred total equivalent amount. This 

enables us to transfer the model fA . for the mean of A to B (Fig. 8.3b). 

8.1.1 Previous Considerations of Model Transfer and Lurking 

Variables 

Various statistical methods exist to identify and account for lurking variables in 

simple models. A prime example for industrial processes is statistical process 
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Fig. 8.3 (a) The inferred total equivalent amounts of calibration in terms of compensation (solid 

lines) for disks under process B, compared to the corresponding optimum compensation plans 

(dotted lines) from [11]. (b) Posterior predictive means (solid lines) of shape deviations under 

process B obtained from the transferred deviation model
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control [23]. For agricultural settings, [28] discussed how the ANOVA for a group 

of agronomic experiments should be conducted to account for lurking variables such 

as soil differences and climate. Reference [13] presented several instances of lurking 

variables and methods to detect their existence in linear models. Reference [5] 

described graphical methods for linear models that can illuminate phenomena 

resulting from lurking variables. However, such methods are ineffective for the 

nonlinear and complex deviations in AM. Furthermore, the standard practice of 

conducting follow-up experiments to learn about lurking variables necessarily 

proceeds on a case-by-case basis, and hence will be expensive, as illustrated by 

the cryogenic flow meters example in [ 13]. 

A broad class of model transfer methods belongs to inductive transfer learning 

[16]. One such method is TrAdaBoost [6], which predicts the outcomes in a new 

setting by modifying the relative weights of instances across settings at each step of 

a boosting algorithm, so as to identify and utilize data from settings most similar to 

the new setting [17]. These methods enjoy desirable predictive and computational 

performance and are simple to implement. However, they require prohibitively large 

samples for AM. In contrast, our framework enables model transfer with limited 

samples. 

A topic related to model transfer is transportability or the extrapolation of 

experimental findings across domains that differ both in their distributions and 

in their inherent causal characteristics [1]. Reference [19] and [1] formalized 

transportability using causal diagrams and the do-calculus of [18]. A contribution 

of their work is the explication of conditions and transport formulae for causal 

inference from heterogeneous data. However, they focus on nonparametric inference 

and effectively assume that the relationships between factors and outcomes are 

sufficiently well-understood from a large amount of data such that estimation error 

in probability distributions is not of concern. In contrast, for AM processes, we 

must address the distinct task of transportability of parametric models across factor 

settings, and our formulation can handle the case of limited data. In addition, their 

work may be limited to linear structural equation models in practice, whereas 

our framework accommodates nonlinear models of interest in AM. Finally, we 

consider equivalence relations, not probabilistic dependencies, between observed 

and unobserved factors, so as to transfer models in a functional manner. 

Effect equivalence was inspired by the study of a machining process in which 

observed and unobserved factors could yield identical outcomes. Reference [26] 

considered the effects of fixture, machine tool, and datum errors on quality, where 

the latter two are lurking variables. They described the existence of effect equiva-

lence and specified the total equivalent amounts of the lurking variables in terms of 

fixture error. This approach enabled successful quality control [ 24, 25]. However, 

they did not consider model transfer across different processes, characterized by 

distinct settings of lurking variables.
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8.2 Statistical Effect Equivalence Framework for Transfer 

Learning 

For simplicity, we consider in-plane deviations for 3D printed shapes with negligible 

heights and adopt the functional in-plane deviation representation defined by [ 11]. 

Our focus on in-plane deviations is due to two facts. In real applications, a thin 

product or section of a product is approximated as a 2D shape, with identical top 

and bottom surface deviations. 

We measure the top boundaries of shapes manufactured by our AM processes 

using a single Micro-Vu Vertex system. The measurement coordinate system is 

aligned with the design coordinate system based on markers printed on the shapes to 

ensure consistency and reduce possible measurement errors or misalignment issues. 

The points i = 1, . . . , N . on the manufactured shapes are then identified by their 

angles θi . and observed radii robs(θi). under the polar coordinate system. 

A CAD model is encoded as a nominal radius function rnom : [0, 2π ] → R.. 

Deviation Yi . for point i on a product with CAD model rnom
. is defined as 

. Yi = robs(θi) − rnom(θi).

Figures 8.2a and b illustrate this functional deviation representation for several 

thousands of points on each of the seven disks. 

Studies are conducted to model deviation as a function of the continuous 

treatment factor compensation. This factor is formally defined for each point i as 

the addition or subtraction of material in the CAD model at that point. The previous 

notation in the case of compensation becomes

. Yi(x1) = robs(θi, x1) − rnom(θi),

where robs(θi, x1). denotes the observed radius for point i under compensation x1 ., 

and Yi(x1). is point i’s deviation. 

8.2.1 Notation and Assumptions 

We denote the K factors for an AM process by Fk . and their corresponding set of 

possible levels by Xk ., for k = 1, . . . , K .. We consider processes whose factors 

possess the following two properties. First is that each is either fully observed or 

unobserved. Second is that the level for any factor is not an outcome of another 

factor. The first property ensures that each factor is well-defined as either an 

observed factor or lurking variable, and the second eliminates factor linkages [2]. 

Factor F1 . will be reserved for compensation, with X1 = R.. 

The covariate vector for point i is denoted by zi .. An example of a covariate 

vector is zi = (θi, r
nom (θi))

T
.. As shall be seen in our studies, such covariates serve 

a useful role for deviation model transfer.
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We assume the Stable Unit-Treatment Value Assumption [12] is satisfied. Under 

this assumption, each point i has a well-defined deviation Yi(x1, . . . , xK ). for 

(x1, . . . , xK ) ∈
∏K

k=1Xk ., and interference does not exist. 

To simplify the notations for our definition of effect equivalence, we consider 

K = 2. in this section. We let p(y | zi, x1, x2, ψ)., p1(y | zi, x1, ψ1)., and p2(y |

zi, x2, ψ2). denote the probability density functions for Yi(x1, x2)., Yi(x1, c2)., and 

Yi(c1, x2)., respectively. The domains of p, p1 ., and p2 . are R., and ψ ., ψ1 ., and ψ2 . 

are parameter vectors with respective parameter spaces �,�1 ., and �2 . (examples of 

which are in Sect. 8.3). Here, c1 ∈ X1 . and c2 ∈ X2 . represent fixed settings of F1 . 

and F2 ., respectively. These density functions define statistical deviation models for 

different settings of F1 . and F2 . and will be used to specify likelihood functions for 

the parameters and total equivalent amounts in our Bayesian method. In terms of the 

notations in Sect. 8.1, fA . can be thought of as the expected deviation profile model 

derived from one of the statistical deviation models p1 ., and fB . as the expected 

deviation profile model derived from the other statistical model p2 .. 

8.2.1.1 Mean Effect Equivalence 

Definition 8.1 formalizes effect equivalence with respect to the mean of a deviation 

model. 

Definition 8.1 Factors F1 . and F2 . are equivalent with respect to the mean if, for any 

point i and c1 ∈ X1 ., c2 ∈ X2 ., functions Ti,1→2 : X1 × X2 → X2 . and Ti,2→1 :

X1 × X2 → X1 . exist such that for all (x1, x2) ∈ X1 × X2 .: 

. 

∫ ∞

−∞

yp(y | zi, x1, x2, ψ)dy =

∫ ∞

−∞

yp2(y | zi, Ti,1→2(x1, x2), ψ2)dy,

. 

∫ ∞

−∞

yp(y | zi, x1, x2, ψ)dy =

∫ ∞

−∞

yp1(y | zi, Ti,2→1(x1, x2), ψ1)dy.

Function Ti,k→k′ . is the total equivalent amount of Fk . in terms of Fk′ . with respect to 

the mean for point i. It maps each level combination of Fk . and Fk′ . to a level of Fk′ . 

that generates the equivalent expected outcome under a fixed setting ck . of Fk .. Our  

consideration of fixed settings corresponds to AM systems, in which deviations for 

a process are generated under fixed levels of the lurking variables. Equivalence of 

Fk . and Fk′ . is denoted by Fk
e

∼ Fk′ .. 

The total equivalent amount in Definition 8.1 enables the transfer of the 

expectation specified under one process to new processes. For example, if F1
e

∼ F2 . 

with respect to the mean, where F1 . is observed and F2 . is lurking, then the mean 

specification under the process in which F2 . is set at c2 . can be transferred to a 

process with a different setting of F2 . by incorporating Ti,2→1 . into p1 .. In practice, 

model transfer is facilitated by means of the equivalence of a lurking variable with 

an observed factor that permits convenient control. Such a factor is referred to as
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the base factor F1 ., and any Ti,k→1 . is shortened to Ti,k .. Compensation is a standard 

base factor for AM processes. As illustrated in our studies, domain knowledge of 

AM processes can yield equivalencies between their factors and compensation. 

8.2.2 Bayesian Inference and Modeling of Total Equivalent 

Effect 

We now address learning of the total equivalent amount of a lurking variable F2 . 

in terms of compensation F1 . with respect to the mean, which we also refer to as 

mean effect equivalence. As before, we simplify the exposition by considering two 

processes characterized by distinct levels c2 . and x2 . of F2 ., respectively. We assume 

that a statistical deviation model, with corresponding probability density function 

p1(y | zi, x1, ψ1)., is specified for the first, and that data are collected on the second, 

with its model yet to be specified. Let ψ1 = (μ1, σ1)
T
., where μ1 . consists of all 

parameters in the mean under p1 . and σ1 . consists of the remaining parameters in 

ψ1 .. A model for the second process is then p1(y | zi, Ti,2(x1, x2), μ1, σ2).. The  

Ti,2 . remain to be inferred and modeled to complete the model transfer or transfer 

learning. 

Let xobs
1 = (x1,1, . . . , xN,1)

T
.be the compensations for N points under the second 

process, and T2(x
obs
1 ) = (T1,2(x1,1, x2), . . . , TN,2(xN,1, x2))

T
. the corresponding 

vector of their realized total equivalent amounts of the lurking variable in terms 

of compensation. We infer T2(x
obs
1 ). using the Bayesian calculation of its posterior 

distribution. The likelihood function for μ1 ., σ2 ., and T2(x
obs
1 ). follows from p1 ., and 

is denoted by L(μ1, σ2, T2(x
obs
1 ) | z, yobs)., where yobs

. is the vector of outcomes 

and z. is the matrix of covariates for all the points. For a prior p(μ1, σ2, T2(x
obs
1 ))., 

the joint posterior is 

. p
(

μ1, σ2, T2

(

xobs
1

)

| z, yobs
)

∝ L
(

μ1, σ2, T2

(

xobs
1

)

| z, yobs
)

× p
(

μ1, σ2, T2

(

xobs
1

))

.

The marginal posterior of T2(x
obs
1 ). then follows by integration. It is important to 

incorporate data from the first process to improve the precision of our inferences. 

Letting D. denote the deviations, covariates, and compensations for the first process, 

the posterior p(T2(x
obs
1 ) | z, yobs, D). is similarly calculated as above. Our Bayesian 

approach thus enables us to leverage all of the data collected across distinct settings 

of a lurking variable in a straightforward manner to learn about its total equivalent 

amounts. 

In practice, prior information on μ1 . can be elicited independently of that 

on σ2 . and T2(x
obs
1 )., because they correspond to distinct processes. Our effect 

equivalence framework facilitates the elicitation of appropriate priors on T2(x
obs
1 ).
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that incorporate domain knowledge of AM processes with controlled subjectivity to 

enable reasonable inferences. Specifically, as compensation is readily interpretable, 

and experience can be acquired to understand its effect on deviation, an informative 

prior for T2(x
obs
1 ). can be specified and justified in a straightforward manner. This is 

demonstrated in Sect. 8.3. 

The posterior of T2(x
obs
1 ). can be computed by the blocked Gibbs sampler 

that draws from the conditional posteriors p(T2(x
obs
1 ) | z, yobs, μ1, σ2)., p(μ1 |

z, yobs, σ2, T2(x
obs
1 ))., and p(σ2 | z, yobs, T2(x

obs
1 ), μ1).. If the deviations are condi-

tionally independent given the covariates, total equivalent amounts, and parameters, 

and if the total equivalent amounts are independent a priori, then drawing from 

p(T2(x
obs
1 ) | z, yobs, μ1, σ2). in the Gibbs sampler reduces to independently drawing 

each entry in T2(x
obs
1 ). from their respective conditional posteriors. Potential 

computational complexities are thus reduced under this approach, with sampling 

of the vector of total equivalent amounts simplified into parallel sampling of one-

dimensional distributions for the individual entries. This reduction will hold more 

generally for moderately large N and low-dimensional model parameter vectors. 

For very large N or high-dimensional parameter vectors associated with more 

complex processes and products (e.g., the 52-dimensional parameter vector for 

the hierarchical nonlinear regression model of an irregular polygon in [22]), this 

approach may not be computationally efficient or feasible. 

Such a high-dimensional inferential task can be handled in practice via the 

construction of a discrepancy measure [14, 20] that uses Bayesian inferences on 

the parameters from the first process to approximate the full inference for the total 

equivalent amounts of the second. To illustrate, let p (μ1 | D). denote the posterior 

for μ1 . based only on data D. from the first process. Sampling from this distribution 

is less computationally complex compared to sampling from the full posterior of μ1 . 

because the former does not involve the unknown realized total equivalent amounts. 

Define e : X1 → X1 . as 

. e(x1 | z, μ1) =

∫ ∞

−∞

yp1(y | z, x1, μ1)dy.

For each point i in the second process, we construct the discrepancy m easure

.Ti = argmin
t∈X1

{

yobs
i − e (t | zi, μ̃1)

}2
(8.1) 

to infer their realized total equivalent amounts, where μ̃1 ∼ p(μ1 | D).. To  

understand this, note that the calculation of p(T2(x
obs
1 ) | z, yobs, D). by 

. 

∫

p
(

T2

(

xobs
1

)

| z, yobs, D, μ1

)

p
(

μ1 | z, yobs, D
)

dμ1

can be interpreted via sampling, with a posterior draw of T2(x
obs
1 ). obtained by 

first drawing μ̃1 ∼ p(μ1 | z, yobs, D)., and then drawing from p(T2(x
obs
1 ) |
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z, yobs, D, ˜ μ1).. The discrepancy measure instead draws μ̃1 ∼ p(μ1 | D)., which 

approximates p(μ1 | z, yobs, D)., and then solves for the unknown realized total 

equivalent amounts as in Eq. (8.1) given the drawn  ̃μ1 .. This is less computationally 

complex than sampling from the conditional posterior of T2(x
obs
1 ). given μ̃1 .. 

Inferences obtained from the discrepancy measure will be similar to those from 

the full Bayesian calculation when p1 . is a normal probability density function. We 

recommend this discrepancy measure for practical model transfer in the case of large 

N or high-dimensional model parameters.

After the marginal posterior distribution of T2(x
obs
1 ). is obtained, we examine it 

by means of exploratory data analytic and visualization methods to specify a model 

T2(zi, x1;β). for the total equivalent amounts of points under the second process as a 

function of their covariates and compensations, with β . denoting a parameter vector. 

Model transfer will then be complete upon incorporating T2(zi, x1;β). in p1 .. 

8.3 Real Case Studies of Shape Deviation Model Transfer in 

AM 

8.3.1 Transfer Learning Formulation to Estimate Lurking 

Variable Effect of Overexposure 

An important case of model transfer in stereolithography involves the lurking 

variable of overexposure or the unintended expansion of a shape due to the faulty 

spread of light beams on its boundary. This factor F2 ., with its levels consisting of 

positive real-valued functions on [0, 2π ]., was present in the study of [11] on the  

disks in Fig. 8.2a. Reference [11] hypothesized the following probability density 

function for the deviation of a point i on a disk of nominal radius rnom
i . under no 

overexposure: 

. p1(y | zi, x1, μ1, σ1) =

(

2πσ 2
1

)−1/2
exp

[

−
1

2σ 2
1

{

y − x1 − α0

(

rnom
i + x1

)a0

− α1

(

rnom
i + x1

)a1 cos(2θi)

}2]

,

(8.2) 

with zi = (θi, r
nom
i )T

., μ1 = (α0, α1, a0, a1)
T
., �1 = R4 × R>0 ., and independent 

outcomes. In terms of the notation in Sect. 8.1, this setting corresponds to a previous 

process A, and the expected deviation model fi,A : R × R>0 → R. for point i on a 

disk of nominal radius rnom
i . with compensation xi,1 . manufactured under it is derived 

from Eq. (8.2) as  

.fi,A

(

xi,1, r
nom
i

)

= xi,1 + α0

(

rnom
i + xi,1

)a0 + α1

(

rnom
i + xi,1

)a1 cos(2θi).
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Also, for N points on a disk of nominal radius rnom
. with compensation plan x1 =

(x1,1, . . . , xN,1)
T
., 

. fA

(

x1, r
nom

)

=
(

f1,A

(

x1,1, r
nom

)

, . . . , fN,A

(

xN,1, r
nom

))T
.

This model performed poorly for the data in Fig. 8.2a and in validation experiments. 

Reference [11] then identified overexposure as the lurking variable. They effectively 

provided a physical justification for F1
e

∼ F2 . that pre-specified Ti,2(x1, x2(·)) =

x1 + x2(θi). under overexposure x2(·) ∈ X2 .. The transferred deviation model 

for this process B then follows from the probability density function p1(y |

zi, Ti,2(x1, x2(·)), μ1, σ2)., with a distinct standard deviation σ2 .. The remaining task 

is to learn Ti,2 .. 

We proceed to infer and model the realized total equivalent amounts of overex-

posure in terms of compensation with respect to the mean. Following [21] and [11], 

we assume independent outcomes conditional on covariates and total equivalent 

amounts. Approximately a thousand equally spaced points were collected from each 

disk. 

The likelihood function for the realized total equivalent amounts is obtained from 

Eq. (8.2). The following prior is specified: 

. p
(

μ1, σ
2
2 , T2

(

xobs
1

))

∝

(

σ 2
2

)−4
exp

{

−
0.0016

σ 2
2

}

×

N
∏

i=1

I
{

0 ≤ Ti,2(0, x2(·)) ≤ 0.015
}

× exp

{

−50α2
0 − 50α2

1 −
(a0 − 1)2

8
−

(a1 − 1)2

2

}

.

This prior is based on previous literature and studies, as we describe further. 

First, consider the prior for the total equivalent amounts. We observed from the 

work of [30] and [29] that a product’s size should not impact the spread of light 

beams on its boundary, and that this impact in terms of the equivalent amount of 

compensation should be relatively small (in inches). These observations led to our 

bounds 0 ≤ Ti,2 (0, x2(·)) ≤ 0.015. for all points, with the upper bound not depend-

ing on the nominal radius of the disk on which a point resides. We consider the upper 

bound 0.015. a conservative prior estimate of the greatest possible total equivalent 

amount of overexposure in terms of compensation under our process. This value 

is also justified by noting that we are considering disks of nominal radii 0.5′′
. to 

3′′
., and that overexposure is at most a single-digit percentage of the 0.5′′

. disk’s 

radius. After this range of overexposure values was elicited, we then specified the 

corresponding uniform prior to reflect our uncertainty about which values within it 

are more likely than others. A different distribution (e.g., a truncated Normal) could 

also be specified given additional information on the likely overexposure values.
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Now consider the prior for (α0, α1, a0, a1, σ
2
2 )T

.. Our specified prior for these 

parameters was also informed by domain knowledge of our process. For example, 

the physical reasoning of [11] suggests that the priors of both a0 . and a1 . should 

be centered at 1, and we accordingly specified dispersed Normal priors for these 

parameters. Similarly, the priors for α0 . and α1 . are dispersed normal distributions 

centered at zero, and the prior for σ 2
2 . is an inverse-χ2

. with small degrees of freedom 

and scale that reflect our prior conception of the level of variation for disk deviations. 

It is important to recognize that data do not exist on a process with no 

overexposure in this case, and so our prior specification must necessarily be 

informative to prevent identifiability issues. In addition, as the deviation model in 

Eq. (8.2) is a nonlinear regression, specifying non-informative or improper prior 

distributions for the total equivalent amounts and model parameters, and verifying 

that the corresponding posteriors are proper, is difficult. It is simpler in practice 

to specify proper and informative priors that guarantee a proper posterior and are 

straightforward to interpret. 

Our blocked Gibbs sampler computes the posterior distribution proceeds via 

three steps. Let μ
(t)
1 ., σ

(t)
2 ., and T

(t)
2 (xobs

1 ). denote the draws in iteration t . First, a  

draw of σ
(t)
2 . from p(σ2 | z, yobs, T

(t−1)
2 (xobs

1 ), μ
(t−1)
1 ). follows as the square root of 

a scaled inverse-χ2
.. Second, a draw of μ

(t)
1 . from p(μ1 | z, yobs, T

(t−1)
2 (xobs

1 ), σ
(t)
2 ). 

is obtained using a Metropolis random walk. Finally, each entry in T
(t)
2 (xobs

1 ). is 

independently drawn from their respective posteriors conditional on μ
(t)
1 . and σ

(t)
2 . 

using a Metropolis random walk. This Gibbs sampler was implemented with 10,000 

draws obtained after a burn-in of 200,000. Convergence was verified by trace and 

autocorrelation plots, and the [8] statistic, of the evaluated log posterior. 

We examine the posterior of T2(x
obs
1 ). with a visualization in Fig. 8.4 of the 

points’ posterior means stratified according to their nominal radii. The high-

frequency oscillations for the 1′′
., 2′′

., and 3′′
. disks are an artifact of the lower 

resolution of the process for them. More importantly, we observe that the posterior 

means lie in a small range. This suggests that the total equivalent amount does not 

depend on θi . or rnom
i .. It also explains why the corresponding assumption in [11] 

provided a good fit. 

Thus, from this exploratory visualization of the posterior of T2(x
obs
1 )., we model 

the total equivalent amount as 

.T2(zi, x1;β0) = β0 + x1, (8.3) 

with the additive nature of this model pre-specified as before. Parameter β0 . 

corresponds to x0 . in the model of [11]. The corresponding transferred model is 

defined by the probability density function 

.p(y | zi, x1, μ2, σ2)

= (2πσ 2
2 )−1/2exp

[

−
1

2σ 2
2

{

y − β0 − x1 − α0

(

rnom
i + β0 + x1

)a0
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Fig. 8.4 Posterior expectations of the realized total equivalent amounts of overexposure in terms 

of compensation with respect to the mean 

− α1

(

rnom 
i + β0 + x1

)a1 cos(2θi)

}2]

, (8.4) 

with μ2 = (α0, α1, a0, a1, β0)
T ∈ R4 × R>0 .. Note that for points i = 1, . . . N ., 

. fi,B

(

xi,1, r
nom
i

)

= fi,A

(

β0 + xi,1, r
nom
i

)

= β0 + xi,1 + α0

(

rnom
i + β0 + xi,1

)a0

+ α1

(

rnom
i + β0 + xi,1

)a1 cos (2θi) ,

. fB

(

x1, r
nom

)

=
(

f1,B

(

x1,1, r
nom

)

, . . . , fN,B

(

xN,1, r
nom

))T
.

The validation experiments of [11] effectively illustrate the utility of this model 

for deviation control under overexposure. As Ti,2(x1, x2(·)) = x1 + x2(θi). was 

pre-specified and x1 . is known, we have explicitly inferred and derived the fixed, 

unknown overexposure.
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8.3.2 AM Machine Model Calibration Through Transfer 

Learning 

An important case of model transfer for general types of AM processes involves the 

lurking variable of calibration, i.e., unknown hardware settings, which is denoted by 

F3 .. In general F3
e

∼ F1 ., because a change to the process calibration, which yields a 

new process B, can be viewed as equivalent to a compensation plan under a previous 

calibration setting A. This effect equivalence for the processes A and B in Sect. 8.1 

can be justified by the physics of stereolithography. 

We formally infer and model the total equivalent amount of calibration in terms 

of compensation with respect to the mean. We incorporate the data and model 

for process A specified in Eq. (8.4), which operated with overexposure and the 

original calibration setting, for this inference, and transfer the model to process B. 

Approximately a thousand equally spaced points were collected from each of the 

disks under B. 

Our prior distribution for (μ2, σ
2
2 , σ 2

3 , T3(x
obs
1 ))T

. is 

. p
(

μ2, σ
2
2 , σ 2

3 , T3

(

xobs
1

))

∝ σ−2
2 σ−2

3 β−1
0

N
∏

i=1

I

{

−
rnom
i

10
≤ Ti,3(0, x3) ≤

rnom
i

10

}

× exp

{

−
(a0 − 1)2

8
−

(a1 − 1)2

2
−

(log β0)
2

2

}

.

We specify non-informative priors for α0, α1, σ
2
2 ., and σ 2

3 . because our incorporation 

of data from the previous process eliminates possible identifiability issues. Our 

priors for the Ti,3(0, x3). now depend on the nominal radius rnom
i . of the disk on 

which a point resides, because our prior knowledge of process calibration does not 

preclude this dependence. The lower and upper bounds are our prior estimates of 

their possible magnitudes. 

We calculate the posterior of T3(x
obs
1 ). based on all seven disks by blocked Gibbs 

sampling and summarize it in Fig. 8.5 with visualizations that stratify it according 

to the nominal radii and halves of the disks. We also calculate the expectations of 

the discrepancy measure defined in Eq. (8.1), where D. is the data on disks under 

overexposure, and 

. e(t | zi, μ2) = β0 + t + α0

(

rnom
i + β0 + t

)a0 + α1

(

rnom
i + β0 + t

)a1 cos(2θi).

The posterior p(μ2 | D). has been calculated from the previous process. The 

discrepancy measure Ti . for point i under the new process i s

.Ti = argmin
t∈X1

{

yobs
i − β̃0 − t − α̃0

(

rnom
i + β̃0 + t

)ã0
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Fig. 8.5 (a) Posterior expectations (solid) and 95%. central credible intervals (dashed) of the 

total equivalent amounts of calibration in terms of compensation with respect to the mean. The 

compensation plans from [11] are dotted lines. (b) Posterior expectations of the total equivalent 

amounts for the upper (gray) and lower (black) disk halves, where the angles on the lower halves 

are matched to those on the upper halves directly above them 
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Fig. 8.6 (a) Posterior means of the total equivalent amounts of calibration in terms of compensa-

tion. (b) Expectations of the discrepancy measure 

−  ̃α1

(

rnom 
i + β̃0 + t

)ã1 

cos(2θ i)
}2

.

Our visual comparison of the results obtained from the blocked Gibbs sampler 

and the discrepancy measure in Fig. 8.6 demonstrates that they yield identical
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inferences. In either case, they enable the specification of a total equivalent amount 

model, as described next. 

We observe in Fig. 8.5a that the posterior trends of the realized total equivalent 

amounts are similar to the optimum compensation plans of [11], but exhibit discrep-

ancies that explain the complicated deviations. For example, these discrepancies 

explain the apparent under-exposure of B compared to A. Figure 8.5b highlights 

the asymmetry in the realized total equivalent amounts between the lower and upper 

halves of the disks, which explains the asymmetrical profiles in Fig. 8.2b. 

We incorporate our observations from the exploratory visualizations of the 

posterior of the total equivalent amounts against angles, nominal radii, and disk 

halves to model the total equivalent amount of calibration as 

. T3(zi, x1;β) = T2(zi, x1;β0)

+ I (0 ≤ θ < π)

[

x0,U + β0,U

(

rnom
i + x0,U

)b0,U

+ β1,U

(

rnom
i + x0,U

)b1,U cos{2(θi − ψU )}

]

+ {1 − I (0 ≤ θ < π)}

[

x0,L + β0,L

(

rnom
i + x0,L

)b0,L

+ β1,L

(

rnom
i + x0,L

)b1,L cos{2(θi − ψL)}

]

,

where T2(zi, x1;β0). is defined in Eq. ( 8.3) and β . is a vector of length 12 

containing all parameters in the aforementioned equation. Flat priors are placed on 

β0,U , β1,U , β0,L, β1,L ., and the priors for the other parameters are 

. b0,U , b0,L ∼ N(1, 22), b1,U , b1,L ∼ N(1, 12),

. log

(

0.5 + x0,U

0.5 − x0,U

)

, log

(

0.5 + x0,L

0.5 − x0,L

)

∼ N(0, 12),

. log

(

ψU/π

1 − ψU/π

)

, log

(

ψL/π

1 − ψL/π

)

∼ N(0, (21/2)2).

We assume all parameters in β . are mutually independent a priori. 

The transferred deviation model was fit using Hamiltonian Monte Carlo [ 7], 

which is a Markov Chain Monte Carlo algorithm for sampling from a distribution 

based on Hamiltonian dynamics [15]. Figure 8.7 demonstrates that this transferred 

model provides a good fit for the new calibration setting. Thus, although the change 

in calibration introduced strikingly different and complicated deviation profiles, we 

are able to transfer the model from process A to B in a simple manner.
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Fig. 8.7 Posterior predictive means (solid) and 95%. central posterior predictive intervals (dashed) 

of shape deviations under process B obtained from the transferred deviation model

This section presents a novel framework for deviation model transfer across 

distinct AM processes characterized by different settings of lurking variables in an 

AM system. A key component of our framework is the total equivalent amount 

of a lurking variable in terms of a base factor with respect to the process mean. 

We described a Bayesian method for learning the total equivalent amount in 

terms of compensation for a new process. Inferences on total equivalent amounts 

facilitate one’s understanding of changes in the lurking variables. Once the total 

equivalent amount is modeled, it can be directly incorporated into a previously 

learned process’s deviation model to effectively transfer it to the new condition. Our 

two real studies illustrate deviation model transfer across the three stereolithography 

process conditions of no overexposure, constant overexposure, and the combination 

of constant overexposure and a new calibration setting. They also demonstrate that, 

if considerable resources have been expended in the specification of a model for 

one process, its features can then be transferred in a simple manner, with little 

further expenditure, to a new process. This addresses the fundamental challenge 

of deviation modeling in an AM system. 

Our general framework can have broader impacts in engineering and statistics. 

As our framework effectively extends engineering insights across processes, it can 

permit comprehensive modeling of distinct processes connected in a distributed 

manufacturing environment. In addition, the construction of a catalog of total
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equivalent amounts in terms of a base factor can enable insightful statistical 

conclusions to be made on a system’s lurking variables. For example, if it is 

thought that a system is operating under a new condition, then its inferred total 

equivalent amount can be compared to the catalog’s entries to obtain statistical 

assessments of the most likely change in its lurking variables. Our framework can 

also provide a new approach to address the statistical problem of external validity, or 

the generalizability of empirical findings to new settings, in the presence of lurking 

variables. 

A host of interesting tasks remain for future study. One is relaxing the assumption 

of fixed lurking variables, to address the case of dynamic lurking variables. Another 

is to develop automated model transfer algorithms that are applicable to a variety 

of systems, which can provide further impetus to the growing trend of automation 

in advanced manufacturing. In line with this is combining our effect equivalence 

framework with the adaptive Bayesian modeling approach in [22] to enable 

deviation model building across different shapes and AM processes. When factors 

can affect multiple model features, an important issue is how the total equivalent 

amounts with respect to the different features can be learned simultaneously. One 

important consideration is the effect of factors on the variability of deviation, 

in which the goal is to identify the levels that minimize it. This and similar 

considerations are part of our ongoing research on the theory of effect equivalence. 

Another issue is inference of the total equivalent amounts of multiple lurking 

variables across processes. For example, in uncontrolled, or observational, studies 

of AM systems, alignment issues or device precision could constitute additional 

lurking variables, and their effects would be entangled with those of other lurking 

variables. From a statistical viewpoint, it would not be possible to disentangle 

these effects without further information or data. Disentanglement of their effects 

could perhaps be accomplished by including data from a designed experiment that 

involved the alignments or device precision. These issues require new research on 

the design of experiments and observational studies for learning total equivalent 

amounts. 
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with grant # N000141110671 and US National Science Foundation Cyber-Physical 
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Chapter 9 

Automated Model Generation Via 
Principled Design of Neural Networks for 

AM Systems 

A significant challenge in quality control of an AM system is the model specification 
for different computer-aided design products manufactured by constituent AM 
processes. Current machine learning techniques can require substantial user inputs 
and efforts to implement in practice. 

This chapter presents an automated model generation method based on a 
class of Bayesian neural networks that enables automated deviation modeling of 
different shapes and AM processes. The fundamental innovation is the adaptive 
and principled design of new and connectable neural network structures, which 
is informed by domain knowledge, specifically, the small-sample learning and 
transfer learning models established in previous chapters. The power and broad 
scope of our method are demonstrated with several case studies on both in-plane and 
out-of-plane deviations for a wide variety of shapes manufactured under different 
stereolithography processes. 

9.1 Need of Automated Shape Deviation Modeling in a Smart 

AM System 

The rapid evolving domain of cyber–physical additive systems demands seamlessly 
integrate computational models and physical AM processes. In such a system, 
design inputs and manufacturing process conditions can differ both between and 
within AM machines across time. The comprehensive control of manufactured 
products’ geometric shape deviations, which inevitably occur due to material phase 
changes, complicated layer interactions, and process variations that are inherent in 
AM [38], then becomes a challenging issue for the operation of smart manufacturing 
in practice. 

One general class of geometric accuracy control strategies in AM is based 
on the use of statistical deviation models, i.e., statistical models in which the 
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dependent variable is defined based on shape deviations of additively manufactured 
products, and the independent variables are defined based on characteristics of 
the products’ CAD models, properties of the materials used in the AM process, 
and the observed settings of the AM process itself, among other factors. These 
models enable the derivation of compensation plans or modifications to CAD 
models that are predicted to reduce the deviations in manufactured products [15, 17]. 
Achieving comprehensive deviation control in an AM system with this strategy is 
complicated by four significant issues that result from the nature and capability 
of AM for one-of-a-kind manufacturing. First is the wide variety of shapes with 
varying geometric complexities that are of interest for manufacture. Second is the 
vast spectrum of AM processes or conditions that can yield fundamentally distinct 
deviations for products manufactured from the same CAD model. Third is the 
fact that only a small sample of test shapes, typically in the single digits, can 
possibly be manufactured for any AM process [30]. Finally, the effort that an AM 
system operator can devote to learn shape deviation models is typically limited. 
Comprehensive deviation control via compensation plans in an AM system thus 
requires a method that can leverage previously developed deviation models for 
different shapes and processes to automate deviation modeling for new shapes and 
processes using only a small sample of products. Automated modeling of shape 
deviations here refers to the ability of a methodology to specify a deviation model 
without requiring extensive efforts on the part of an AM operator to specify new 
functional forms for the statistical models or to incorporate specialized knowledge 
of particular AM processes into the statistical models. 

Figure 9.1 illustrates this requirement for an AM system with two processes 
A and B and two shapes 1 and 2. For shape s ∈ {1, 2}. manufactured under 
process p ∈ {A, B}., we let fs,p : X → Y. denote its deviation model that 

Fig. 9.1 An AM system with two processes A and B and two shapes 1 and 2 of interest for 
manufacture. The fundamental tasks in this system are to learn the deviation model f1,B . for shape 
1 under process B using knowledge of the deviation model f1,A . for this shape under process A, 
and to specify the deviation model f2,B . of a new shape 2 under process B using knowledge of all 
of the previous models for shapes that share similar features with shape 2, in an automated manner
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returns the expected deviations (with range Y. denoting the set of deviations for 
an entire manufactured product) under different compensation plans in domain 
X.. First, consider the case in which requests for shape 1 are assigned to both A 
and B. Suppose f1,A . has previously been specified but f1,B . has not. Given the 
system’s constraints and limited resources for fulfilling the requests, it then becomes 
important to reduce the effort in specifying f1,B . by automatically adapting f1,A . to 
B based on a small sample of products manufactured under it. Now consider the 
case in which a request for the new, more complicated shape 2 is assigned to B. 
Automated learning of the corresponding deviation model f2,B . can be performed 
more effectively by leveraging all of the previously specified models for the different 
shapes and processes that share similar geometric features with shape 2 under B and 
using a small sample of new shapes to learn deviation features unique to it. 

Current shape deviation modeling techniques cannot address all of the previously 
described features of AM systems. The methods in [35, 36] specify independent 
polynomial deviation models for each direction of a shape, and their applications 
are limited to particular shapes under a single process. Reference [40] uses a  
transformation-based method to model in-plane deviations. Specifically, this method 
maps the deviations’ sources to different transformations, e.g., scaling and rotation, 
of the nominal shape. However, it is unable to leverage previously developed 
models across processes. Reference [17] devised a distinct functional method that 
decouples geometric shape complexity from deviation modeling, but the focus was 
on individual shapes, with no consideration paid to specifying models for new 
shapes or processes in an automated manner. Methods of specifying models for just 
new sets of shapes based on the combination of the latter approach with the concept 
of modular deviation features were developed in [15, 22, 30]. Reference [2] devised  
a transfer learning framework for different shapes by separating shape deviation into 
two components, with one being independent of the shape and the other being shape-
dependent. To address the requirement of deviation modeling across processes, a 
statistical framework of effect equivalence for model transfer was formulated in 
[29], and utilized in [18, 28] to specify models across distinct shapes and processes. 
However, all of these methods can incur a great deal of effort to implement and 
do not readily enable automated modeling for an AM system, in that they require 
more manual specifications of functional forms for the deviation models and/or 
knowledge of the AM process. Also, existing automatic modeling techniques do 
not address the first two features of AM systems. For example, the approaches in 
[31, 32] to automate deviation modeling of a surrounding cuboid object based on 
B-splines and the free-form deformation concept is limited to specified shapes and 
processes. An additional example is the two-step procedure in [3] that uses Gaussian 
processes to automate in-plane deviation modeling with the introduction of process 
parameters, which is limited to a specified shape and requires knowledge and data 
for the AM process. An automated and efficient methodology for comprehensive 
shape deviation modeling in an AM system remains to be developed. 

This challenge in deviation modeling for AM systems is addressed in this 
chapter by developing a class of of Bayesian neural networks (NNs), specifically, 
Bayesian extreme learning machines (ELMs) [13]. This methodology utilizes point-
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Fig. 9.2 (a) An irregular polygon whose in-plane deviations are to be modeled based on the data 
and models for disks and a single regular pentagon. (b) The deviation model obtained from [15]. 
(c) The deviation model obtained from [30]. (d) The deviation model obtained from our method 

cloud measurement data collected from a small sample of test shapes and does 
not require detailed knowledge of AM processes. In comparison to the previously 
described techniques, it can dramatically facilitate automated modeling of both in-
plane and out-of-plane deviations for different shapes under distinct processes in 
an AM system. This advantage is illustrated by the case study of modeling in-plane 
deviations for the irregular polygon in Fig. 9.2a based on data and models for a small 
set of disks and a single regular pentagon manufactured using stereolithography (all 
of which are detailed in Sect. 9.4). Figures 9.2b,c, and d contain the deviation model 
fits (represented by red lines) obtained respectively from the methods in [15, 30], 
and our approach. By inspection of the alignment of the red lines with the shape 
deviations (represented by gray dots), and the root mean squared errors (RMSE) 
provided in the captions of Fig. 9.2 (which are formally defined in Sect. 9.4), we 
conclude that our method yields better predictive performance than that of [15] and 
comparable performance to that of [30]. Furthermore, in contrast to the other two 
approaches, our method was automated and required fewer user inputs and efforts 
for its computational implementation. For example, the method in [30] requires the 
user to specify a complete Bayesian hierarchical model for the irregular polygon, 
and the computation incurs great efforts.
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9.2 Preliminaries 

9.2.1 Functional Representation of Shape Deviations and 

Deviation Compensation 

Geometric measurements of an additively manufactured product are collected in the 
point-cloud format that uses Cartesian coordinates defined with respect to physical 
axes printed directly on the product. We transform point-cloud data by means of 
the functional representations of 2D and 3D shape deviations formulated in [17] 
and [14], respectively. We demonstrate the methodology on in-plane deviations of 
shapes with negligible heights and out-of-plane deviations of shapes with negligible 
widths. In both cases, each point on a product is identified by an angle θ .. The CAD  
model for a shape s is defined under the polar coordinate representation by a nominal 
radius function rnom

s : [0, 2π ] → R≥0 . with argument θ .. As in [30], we assume 
that each shape s has an associated collection of known parameters γs . that define 
rnom
s .. For example, γs . has one entry for a disk (namely, its nominal radius), and is a 

vector for other shapes. The observed radius for a point θ . on product s manufactured 
under process p is denoted by robs

s,p (θ)., and its deviation is defined as �s,p(θ) =

robs
s,p (θ) − rnom

s (θ).. An advantage of this representation is that it yields a consistent 
framework to specify statistical models for in-plane and out-of-plane deviations of 
different shapes and processes in an AM system. It is important to note that out-
of-plane deviations are generated under more complex physical phenomenon (e.g., 
interlayer bonding effects [18]) than in-plane deviations. 

Shape deviations are modeled to derive compensation plans that can enable 
geometric accuracy control. The compensation factor is defined for each θ . as the 
addition or subtraction of material in the original CAD model at that point (Fig. 9.3). 
We augment the aforementioned notations from robs

s,p (θ). to robs
s,p (θ, x). and �s,p(θ). 

to �s,p(θ, x) = robs
s,p (θ, x) − rnom

s (θ)., respectively, to account for θ . being given 
compensation x ∈ R.. Compensation also plays an important role for transferring 
deviation models across processes, which we describe next. 

Fig. 9.3 Illustration of a 
compensation plan (dashed 
black line) versus the original 
CAD model (solid grey line) 
for an additively 
manufactured product
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9.2.2 Statistical Effect Equivalence Framework for Model 

Transfer Across AM Processes 

Our methodology incorporates aspects of the statistical effect equivalence frame-
work in [29] to perform model transfer across processes in an AM system. The 
general effect equivalence concept corresponds to the engineering phenomenon in 
which the effect of a process condition change can be equivalently generated by 
changing a particular factor (e.g., compensation) under a fixed process condition 
and was inspired by the investigation in [37] on a machining process. To illustrate 
this framework, consider a shape s with nominal radius function rnom

s . manufactured 
under two processes A and B, with in-plane deviations of interest. Suppose that the 
deviation model under B has yet to be specified, and that the deviation model under 
A has been specified as 

.�s,A(θ, x) = δs,A(θ, x) + ǫs,A(θ), (9.1) 

where δs,A(θ, x). is the systematic (or expected) deviation at θ . with compensation 
x, and the ǫs,A(θ). are random variables representing high-frequency deviation 
components with expectation E{ǫs,A(θ)} = 0. for all θ . [17, 30]. We exclude model 
parameters in Eq. (9.1) to simplify the exposition. In terms of the notation from 
Sect. 9.1, δs,A(θ, x). also specifies fs,A . to model the expected in-plane deviation 
profile for the entire shape under process A. Then under effect equivalence, δs,A . is 
transferred to model deviations for process B via a hypothesized function Ts,B→A :

[0, 2π ] × R→ R. in the manner 

.�s,B(θ, x) = δs,A(θ, Ts,B→A(θ, x)) + ǫs,B(θ). (9.2) 

In Eq. (9.2), Ts,B→A . returns a compensation for each θ . such that, in expectation, 
the deviation of θ . with compensation x when the shape is manufactured under B is 
equivalent to the deviation o f θ . with compensation Ts,B→A(θ, x). when the shape is 
manufactured under A. Function Ts,B→A . is referred to as the total equivalent amount 
(TEA) of B in terms of compensation with respect to the mean of A for shape s. This  
general concept of the TEA connects new and old processes in AM systems. The 
task of model transfer across AM processes is thus reduced by effect equivalence 
to learning the unknown TEA for a new process from a small sample of shapes 
manufactured under it and the fitted model for a previous process. Once the TEA 
is learned, it can be entered into δs,A . as in Eq. (9.2) to perform the model transfer. 
Bayesian methods for this learning task were developed in [29], but they can require 
a great deal of effort to implement, and are not automated for applications in AM 
systems. We describe in Sect. 9.3 how we utilize the effect equivalence framework 
to design a new and simple NN architecture in our methodology that directly enables 
automated learning of TEAs, and hence model transfer, based on small samples of 
products.
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9.2.3 Modular Deviation Features for Model Transfer Across 

Different Shapes 

Our methodology also incorporates aspects of the “cookie-cutter” framework in [15] 
to perform model transfer across different shapes in an AM system based on their 
modular deviation features. The key idea of the framework is to capture the carving 
out of a new shape from an old shape. As the new shape is carved out, a new local 
deviation feature is introduced, with the old shape capturing a more global deviation 
feature. To illustrate this idea, consider two shapes 1 and 2 with nominal radius 
functions rnom

1 . and rnom
2 ., respectively, that are manufactured under a single process 

p and whose in-plane deviations are of interest. Suppose that the deviation model 
for shape 2 has yet to be specified, and that the deviation model for shape 1 has been 
specified as

.�1,p(θ, x) = δ1,p(θ, x) + ǫ1,p(θ), (9.3) 

where δ1,p(θ, x). and ǫ1,p(θ). are defined as in Eq. (9.1). Then a new, hypothesized 
deviation feature δ2,p(θ, x). is introduced under this framework to specify the model 
for shape 2 as 

.�2,p(θ, x) = δ1,p(θ, x) + δ2,p(θ, x) + ǫ2,p(θ). (9.4) 

Feature δ2,p . is referred to as a cookie-cutter basis function, or local deviation 
feature, for shape 2, and δ1,p . is the shared global deviation feature that connects 
the shapes [30]. Equation (9.4) can also be viewed as specifying the unified model 

.�s,p(θ, x) = δ1,p(θ, x) + I(s = 2)δ2,p(θ, x) + ǫs,p(θ) (9.5) 

for these shapes, where I(·). is the indicator function. Additional details for this 
framework are in [15, 30]. The task of model transfer across shapes under a single 
AM process is thus reduced by this framework to learning the unknown δ2,p(θ, x). 

in Eqs. (9.4) and (9.5) from a small sample of new shapes and the fitted model for 
shape 1. Reference [15] considered pre-specified classes of local deviation features 
that may not yield successful model transfer for complicated shapes in AM systems. 
Reference [30] developed an adaptive Bayesian method to learn local deviation 
features that are applicable to a wide range of shapes. However, the latter method 
is not automated and can incur significant effort to learn appropriate models. We 
describe in Sect. 9.3 how we incorporate the concept of modular deviation features 
in our methodology’s NN architecture to address the task of automated model 
transfer across shapes.
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9.2.4 Overview of Neural Networks and Extreme Learning 

Machines 

Our methodology utilizes a new class of single-hidden layer feedforward NNs that 
we developed to automate and facilitate model transfer across both processes and 
shapes in an AM system. We briefly review NNs and ELMs here and describe our 
new class of NNs in Sect. 9.3. To simplify this review, we let y = (y1, . . . , yN )T ∈

R
N

. denote the outcomes for N units of analysis, and zi ∈ RK
. the independent 

variables, or inputs, for unit i = 1, . . . , N .. In AM, the typical units of analysis are 
the points θi ., and yi = �s,p(θi, xi). for each point θi . on a shape s manufactured 
under process p with compensation xi .. The choice of inputs depends on the 
product. For example, a useful set for an uncompensated disk with nominal radius 
rnom

1 . and negligible height is zi = (θi, r
nom
1 )T

. [17]. Also, a useful set for an 
uncompensated polygon with nominal radius function rnom

2 . and negligible height 
is zi = (θi, r

nom
2 (θi), edge(θi))

T
., where edge(θi). denotes the edge containing θi . 

[30]. 
Neural networks enjoy the ability to learn complex relationships across a wide 

range of domains [4, 20]. Inspired by the brain, NNs involve a composition of 
“hidden neurons” that are structured via different layers and connections among 
themselves. Although NNs allow great structural freedom in general, in practice, it 
is not clear how a structure should be chosen for a particular dataset, and so it is 
typically specified in an ad-hoc manner. The simplest NN structure is the single-
hidden layer feedforward NN with additive hidden neurons and a single activation 
function g : R→ R., defined by 

.yi =

M∑

m=1

βm g
(
αm,0 + zT

i αm

)
+ ǫi, (9.6) 

where the error terms ǫi . are independent N(0, σ 2). random variables, and 
the unknown parameters are σ 2

., β = (β1, . . . , βM)T
., αm,0 . and αm =

(αm,1, . . . , αm,K )T
. for m = 1, . . . ,M .. An example of an activation function is the 

hyperbolic tangent g(x) = (ex − e−x)/(ex + e−x).. These NNs can be considered 
as universal approximators of nonlinear functions [7] and possess a wide scope of 
application due to their flexibility and generality. However, one of their limitations 
that prevents their immediate application for deviation modeling is that they can 
incur quite some effort to fit to deviations for complex geometries. For example, 
the traditional backpropagation algorithm for fitting NNs suffers from both slow 
convergence and the local minimum problem [8]. Other limitations involve non-
identifiability issues [26]. 

Extreme learning machines are a class of single-hidden layer feedforward NNs 
that were developed in [13] to address the limitations of standard NNs. An ELM 
does not attempt to infer all of the unknown parameters in Eq. (9.6). Instead, it first 
randomly sets the parameters in αm,0 . and αm ., and then estimates β . conditional on



9.3 Bayesian Neural Network for Automated Deviation Modeling in an AM. . . 245

Fig. 9.4 An example of the 
structure of a standard ELM 

this selection [13]. Thus, an ELM reduces the original NN to a linear regression 
that simplifies model fitting, maintains the universal approximator property [9– 
11], and resolves non-identifiability issues. Figure 9.4 illustrates ELMs, with 
hi,m = g(αm,0 + zT

i αm). denoting hidden neuron m for unit i. In practice, little 
consideration is paid to the proper tuning of the random parameters [12], and 
they are usually drawn independently from the uniform(−1, 1). distribution [23]. 
However, the distribution from which the random parameters are drawn impacts 
the ELM’s generalizability and external validity [34]. This impact is exacerbated 
when only small samples are available. Our methodology refines standard ELMs by 
making use of new techniques we developed to effectively address the requirements 
for automated deviation modeling in an AM system given small samples. 

9.3 Bayesian Neural Network for Automated Deviation 

Modeling in an AM System 

9.3.1 Outline of Principled Design of Bayesian Neural 

Network 

Our Bayesian ELM methodology for automated deviation modeling proceeds 
via four steps that are outlined further. Details for each step are provided in 
the following subsections. Figure 9.5 illustrates our new and connectable ELM 
structures that enable comprehensive deviation modeling in an AM system. 

1: Model Deviations of Baseline Shape and Process 

Establish a baseline Bayesian ELM deviation model, δs,p ., for shape s from one 
set of shapes S manufactured under a fixed process p. 

2: Transfer Baseline Deviation Model to a New Process 

Transfer δs,p . to a new process p′
. by learning a Bayesian ELM for the TEA 

Ts,p′→p . using the fitted baseline model and data from process p′
.. 

3: Transfer Baseline Deviation Model to a New Shape 

Transfer δs,p . to shapes s′
. from a new set of shapes S′

. manufactured under p by 
taking δs,p . as the global deviation feature and learning a Bayesian ELM for the 
new local deviation feature δs′,p . using the fitted baseline model and data from 
shapes in S′

. manufactured under p.
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Fig. 9.5 The connectable NN structures in our methodology, where δs,p . is the baseline deviation 
model for shape s under process p, Ts,p′→p . is the TEA of p′

. in terms of compensation under p for 
s, an  d δs′,p . is the local deviation feature for s′

. under p 

4: Transfer Baseline Model to a New Shape and Process Transfer δs,p . to shapes 
s′

. from set S′
. manufactured under p′

. by performing the previous two steps and 
combining their resulting Bayesian ELM models (Fig. 9.5). 

9.3.2 Model Deviations of Baseline Shape and Process 

The baseline Bayesian ELM model specified in the first step serves as a building 
block for subsequent deviation modeling. It is learned from a small number of 
products in set S manufactured under the fixed process p. To describe it, let NS,p . 

denote the total number of points on all of the products manufactured under p, 
MS,p . the chosen number of hidden neurons for the Bayesian ELM model, and g the 

activation function. For each point i ∈ {1, . . . , NS,p}., let z
(
θi, r

nom
i,S , xi

)
∈ RK

. 

denote its vector of inputs that is a function of θi ., the nominal radius function 
rnom
i,S . for the product on which i resides, and compensation xi ∈ R. applied to 

point i. If compensation was not applied, xi ≡ 0.. Finally, for drawn hidden 
neuron parameters α

(S,p)

m,k . (m = 1, . . . , MS,p, k = 0, . . . , K)., let  HS,p . be the 

NS,p × MS,p . matrix whose (i,m). entry is g

(
α

(S,p)

m,0 + z
(
θi, r

nom
i,S , xi

)T

α
(S,p)
m

)
. 

(i = 1, . . . , NS,p,m = 1, . . . ,MS,p).. Then the Bayesian ELM deviation model 
is 

.yS,p = xS,p + HS,pβS,p + ǫS,p, (9.7) 

where yS,p ∈ R
NS,p . is the vector of deviations, xS,p ∈ RNS,p . is the vector 

of compensations, βS,p ∈ RMS,p . is a vector of unknown parameters, and the
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error terms in ǫS,p . are independent and identically distributed N
(

0, σ 2
S,p

)
. random 

variables with σ 2
S,p . unknown. The addition of compensation in Eq. (9.7) is informed  

by the physical reasoning in [17]. Our prior probability density function for the 
parameters is 

.p
(
βS,p, σ 2

S,p | τ 2
S,p

)
∝ σ−2

S,pτ
−MS,p

S,p exp
(
−0.5τ−2

S,pβT

S,pβS,p

)
, (9.8) 

and our hyperprior probability density function for τ 2
S,p . is the relatively non-

informative Inverse-Gamma distribution p
(
τ 2
S,p

)
∝ τ−6

S,pexp
(
−0.01τ−2

S,p

)
.. The  

Gibbs algorithm [6] enables simple and rapid sampling from the posterior distribu-
tion of the parameters. Posterior predictions of deviations for S under p immediately 
follow from these draws and are also used to transfer the baseline model to ne w
processes.

Example 9.1 Consider in-plane deviations for uncompensated disks (shape set 
1) manufactured under a process A, with N1,A = 1000,M1,A = 3.. We set  

z
(
θi, r

nom
i,1 , xi

)
=

(
θi, r

nom
i,1

)T

., and H1,A . is a 1000 × 3. matrix with entry (i,m). 

equal to g
(
α

(1,A)
m,0 + α

(1,A)
m,1 θi + α

(1,A)
m,2 rnom

i,1

)
.. If compensations were applied, we set 

z
(
θi, r

nom
i,1 , xi

)
=

(
θi, r

nom
i,1 + xi

)T

. based on the reasoning in [17], and H1,A . is 

defined as before. 

In contrast to the standard ELM method in [23], we utilize a new mechanism 
to draw the α

(S,p)

m,k . that we developed to obtain better out-of-sample predic-

tive performance. Specifically, we draw α
(S,p)

m,k . from Uniform (−ak, ak). (m =

1, . . . ,MS,p, k = 1, . . . , K). with the ak > 0. values tuned in an automated 
manner to avoid saturation of the hidden neurons based on the ratios of the 
standard deviations of the inputs and knowledge of the non-saturation regions of the 
activation function. To illustrate, consider Example 9.1 and suppose the hyperbolic 
tangent is the activation function. The saturation region corresponds to the absolute 
output of this function being approximately 1 for inputs greater than 3 in absolute 
value. We set 

.bθ =

√√√√√ 1

NS,p − 1

NS,p∑

i=1

(
θi − θ̄

)2
,

br =

√√√√√ 1

NS,p − 1

NS,p∑

i=1

{
rnom
i,S (θi) − r̄

}2
,
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Fig. 9.6 In-plane deviations (gray dots) for four disks manufactured under process A, out-of-
sample predictions for a 1.5′′(3.81cm).-radius disk obtained using the Uniform(−1, 1). distribution 
for all α

(1,A)
m,k . (dashed red line), and out-of-sample predictions obtained using our tuned Uniform 

distributions (solid red line) 

a1 =
5bθ 

2 (bθ + br) max
{
θi : i = 1, . . . , NS,p

} ,

. a2 =
2 − a1max

{
θi : i = 1, . . . , NS,p

}

max
{
rnom
i,S (θi) : i = 1, . . . , NS,p

} .

with θ̄ . and r̄ . the average of the θi . and rnom
i,S (θi)., respectively. Figure 9.6 illustrates 

the improved out-of-sample predictions of our mechanism compared to the standard 
ELM for a 1.5′′(3.81cm). radius disk. In this case, the in-plane deviations of N1,A ≈

4000. points on four disks (which are analyzed in Sect. 9.4) were used to fit the 
model. The standard ELM yields poor predictions because its use of uniform(−1, 1). 

saturates its hidden neurons and prevents it from learning the deviation patterns as 
a function of the inputs. Additional discussions on the critical role of the random 
assignment of the α

(S,p)

m,k . for the predictive performance of ELM models are in 
Appendix A. 

An important consideration in this step is the choice of the set of shapes and 
process. Shapes and processes whose deviations are convenient to describe are 
preferable, as they generally require fewer test shapes to fit and can be more usefully 
applied in the remaining steps. For example, we observe in Sect. 9.4 that as few as 
four shapes are sufficient to specify a baseline Bayesian ELM deviation model with 
both good predictive performance and capability for model transfer. 

9.3.3 Transfer Baseline Model to New Processes 

We learn the Bayesian ELM for the Ts,p′→p . via a discrepancy measure [24, 27] 
that combines posterior predictions from the baseline model with data from process
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p′
. to extract information on the TEAs. Our measure is defined for each point i ∈

{1, . . . , NS,p′}. on the products under p′
. as 

.Ti,S,p′→p = argmin
t≥−rnom

i,S (θi )

{
yi − t − xi − hT

i β̃S,p

}2
, (9.9) 

where yi . is the deviation for point i, β̃S,p . is a random variable distributed according 
to the posterior of βS,p . from the previous step, and hi ∈ RMS,p . has entry m equal to

g

(
α

(S,p)

m,0 + z
(
θi, r

nom
i,S , xi + t

)T

α
(S,p)
m

)
.. We summarize the discrepancy measure 

distribution for each i by its expectation T̂i,S,p′→p ., and form the vector T̂S,p′→p ∈

R
NS,p′

. containing them. The Bayesian ELM for the TEAs is then specified as 

.̂TS,p′→p = HS,p′→pβS,p′→p + ǫS,p′→p, (9.10) 

where HS,p′→p . is the NS,p′ × MS,p′→p . matrix whose (i,m). entry is 

g

(
α

(S,p′)

m,0 + z
(
θi, r

nom
i,S , xi

)T

α
(S,p′)
m

)
. for random α

(S,p′)

m,k . (MS,p′→p . is the selected 

number of hidden neurons), βS,p′→p ∈ RMS,p′→p . is a vector of unknown param-
eters, and the error terms in ǫS,p′→p . are independent and identically distributed 

N
(

0, σ 2
S,p′→p

)
. random variables with σ 2

S,p′→p
. unknown. Our prior probability 

density function is 

. p
(
βS,p′→p, σ 2

S,p′→p | τ 2
S,p′→p

)
∝ σ−2

S,p′→p
τ

−MS,p′→p

S,p′→p

× exp
(
−0.5τ−2

S,p′→p
βT

S,p′→pβS,p′→p

)
, (9.11) 

and our hyperprior probability density function for τ 2
S,p′→p

. is p
(
τ 2
S,p′→p

)
∝

τ−6
S,p′→p

exp
(
−0.01τ−2

S,p′→p

)
.. The Gibbs algorithm can again be used to derive the 

posterior. 
As illustrated in Fig. 9.5, the Bayesian ELM TEA model is connected to 

the baseline Bayesian ELM deviation model in an immediate and simple 
manner. To formally describe this connection, let hi,S,p′→p . denote row i 

of HS,p′→p ., and β̂S,p′→p . contain the posterior modes of each entry in 
βS,p′→p .. Also, define HS,p′ . as the NS,p′ × MS,p . matrix whose (i,m). entry is 

g

(
α

(S,p)

m,0 + z
(
θi, r

nom
i,S , xi + hi,S,p′→pβ̂S,p′→p

)T

α
(S,p)
m

)
., where α

(S,p)

m,0 .and α
(S,p)
m . 

are from step one. Then the comprehensive Bayesian ELM deviation model that
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can be fitted to products from S manufactured under both p and p′
. is 

. yS,p = xS,p + HS,pβS,p + ǫS,p,

yS,p′ = xS,p′ + HS,p′→pβ̂S,p′→p + HS,p′βS,p + ǫS,p′ , (9.12) 

where the error terms in ǫS,p′ . are independent and identically distributed 

N
(

0, σ 2
S,p′

)
. random variables with σ 2

S,p′ . unknown, and independent of those in 

ǫS,p .. Note that we utilize posterior modes in Eq. (9.12) to facilitate deviation 
modeling under p′

. for general, nonlinear activation functions. This corresponds to 
concepts in [25] for practical machine learning. Our use of computationally tractable 
discrepancy measures and TEA parameter estimates distinguishes our method from 
that in [29], which used intensive Bayesian calculations for all unknowns. 

Example 9.2 Consider deviations for disks under a new process B. With N1,B =

100,M1,B→A = 2., H1,B→A . is 100 × 2., and has (i,m). entry 

g
(
α

(1,B)
m,0 + α

(1,B)
m,1 θi + α

(1,B)
m,2 rnom

i,1

)
.. Also,  H1,B . has (i,m). entry 

g
(
α

(1,A)
m,0 + α

(1,A)
m,1 θi,+α

(1,A)
m,2

(
rnom
i,1 + hi,1,B→Aβ̂1,B→A

))
.. 

9.3.4 Transfer Baseline Model to New Shapes 

The global deviation feature for shapes from a new set S′
. manufactured under 

process p is specified according to HS,pβS,p . as in Eq. (9.7), and a Bayesian 
ELM for their local deviation feature δs′,p . is then learned in a principled and 
automated manner by leveraging the global deviation feature model with data from 
the new shapes. To formally describe this, let NS′,p . denote the total number of 
points on products from S′

. manufactured under p, and MS′,p . the chosen number 
of hidden neurons for the Bayesian ELM of the local deviation feature. For each 

point i ∈ {1, . . . , NS′,p .} on these products, let w
(
θi, r

nom
i,S′ , xi

)
∈ RJ

. denote 

its vector of inputs that is a function of θi ., the nominal radius function rnom
i,S′ . for 

the specific product from S′
. on which i resides, and the applied compensation

xi ∈ R.. Also, let z
(
θi, r

nom
i,S , xi

)
∈ RK

. denote the vector of inputs for the 

corresponding shape from S whose deviation model captures the global deviation 
feature for i. We define the NS′,p × MS,p . matrix HS′,p,G . whose (i,m). entry 

is g

(
α

(S,p)

m,0 + z
(
θi, r

nom
i,S , xi

)T

α
(S,p)
m

)
., so that HS′,p,GβS,p . captures the global 

deviation feature of products from S′
.. To specify the local deviation feature, we 

draw α
(S′,p)

m,j . as independent uniform random variables ( m = 1, . . . ,MS′,p, j =

0, . . . , J .), and define the NS′,p × MS′,p . matrix HS′,p,L . whose (i,m). entry is 

g

(
α

(S′,p)

m,0 + w
(
θi, r

nom
i,S′ , xi

)T

α
(S′,p)
m

)
.. Then the Bayesian ELM deviation model
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for S′
. is specified as 

.yS′,p = xS′,p + HS′,p,GβS,p + HS′,p,LβS′,p + ǫS′,p, (9.13) 

where HS′,p,LβS′,p . captures the local deviation feature. As before, βS′,p ∈ RMS′,p . 

is a vector of unknown parameters, and the error terms in ǫS′,p . are independent and 

identically distributed N
(

0, σ 2
S′,p

)
. random variables with σ 2

S′,p
. unknown. Our prior 

probability density function for the parameters is 

.p
(
βS′,p, σ 2

S′,p | τ 2
S′,p

)
∝ σ−2

S′,p
τ

−MS′,p

S′,p
exp

(
−0.5τ 2

S′,pβT

S′,pβS′,p

)
, (9.14) 

and our hyperprior probability density function for τ 2
S′,p

. is p
(
τ 2
S′,p

)
∝. 

τ−6
S′,p

exp
(
−0.01τ 2

S′,p

)
.. We derive the posterior of the parameters and hence predic-

tions of deviations for shapes from S′
. under process p, via the Gibbs algorithm. 

By the same reasoning as before, the comprehensive Bayesian ELM deviation 
model involving Eqs. (9.7) and (9.13) can be fitted to products from both S and 
S′

. manufactured under p. 

Example 9.3 Consider uncompensated squares under A, which belong to the shape 
set 2 of polygons. Suppose N2,A = 500.. One useful set of inputs that can capture 

the local deviation feature is w
(
θi, r

nom
i,2

)
=

(
θi, r

nom
i,2 (θi), edge(θi)

)T

., where 

edge(θi) ∈ {1, 2, 3, 4}. indicates the edge containing i. Also, the global deviation 
feature for a square is captured by the disk with radius rnom

i,1 . equal to the square’s 

circumradius [15], and so z
(
θi, r

nom
i,1

)
. is accordingly defined for each i. 

In contrast to the work in [30], our Bayesian ELM method reduces the effort 
for learning local deviation features, from specifying and fitting an entire nonlinear 
model for it to the simpler task of selecting the number of hidden neurons. Also, 
our modular ELM components for the local deviation features are immediately 
connectable for specifying comprehensive models across sets of shapes. Ultimately, 
our use of Bayesian statistics in this and the previous steps of our methodology plays 
a key role in enabling automated deviation modeling across an AM system based 
on sequential updates of prior deviation models with data from different shapes and 
processes. 

9.4 Real Case Studies of Automated Model Generation in 

AM 

This section presents case studies of the developed Bayesian ELM method for auto-
mated deviation modeling of several sets of shapes (Fig. 9.7) and stereolithography
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Fig. 9.7 The sets of shapes considered in our case studies 

Fig. 9.8 EnvisionTec’s ULTRA machine, and the Micro-Vu Vertex system. Photo taken in Dr. Y. 
Chen’s lab at the University of Southern California 

conditions. The products were manufactured under different settings of an ULTRA 
machine (Fig. 9.8), which is a commercial mask image projection stereolithography 
[39] platform by EnvisionTec. The observed settings for two processes A and 
B considered throughout are in Table 9.1. All deviations were measured by a 
Micro-Vu Vertex system (Fig. 9.8). For consistency and comparisons with previous 
methodologies, the models were fitted for data in inches. To display the results, we 
converted the data to centimeters (cm) to facilitate understanding for global readers. 

The progression of the case studies is in Fig. 9.9. The first step automatically 
generates the baseline for disks manufactured under process A. The second step 
generates models for disks manufactured under process B, circular cavities in disks 
under process C, and out-of-plane deviations for vertical semi-disks under process 
D. The latter two sets of products were manufactured by the same machine, but 
their deviations are effectively generated under new processes C and D, respectively, 
due to the distinct physics involved in deviations of cavities and interlayer bonding 
effects for vertical products [28], [18]. The third step generates model for the second 
set of shapes, that is, polygons manufactured under process A. The models from the
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Table 9.1 Observed settings 
for the ULTRA processes 

Variable Process A Process B 

Product height 0.5′′
. 0.25′′

. 

Layer thickness 0.004′′
. 0.00197′′

. 

Mask resolution 1920 × 1200. 1920 × 1200. 

Pixel dimension 0.005′′
. 0.005′′

. 

Illuminating time/layer 9 s 7 s  

Waiting time/layer 15 s 15 s 

Resin type SI500 SI500 

Fig. 9.9 Overview of the case studies 

previous three steps are combined in the implementation of the fourth step for new 
polygons and 2D freeform products under process B. A discussion on the broader 
scope of the results of these case studies is given in the end. 

Comparisons between the results obtained from our methodology and those 
obtained from previous methodologies are provided in Table 9.2 to further demon-
strate the power and advantages of our approach. The results from Ref. [21] are  
not comparable to ours, as the authors of [21] propose a prescriptive approach to 
model in-plane deviations of free-form shapes. In addition, comparisons between 
the results obtained from our methodology and those obtained using an existing 
Bayesian ELM method in [33] are summarized in Table 9.3 in the appendix. The 

comparisons are based on RMSE, defined as
{∑n

i=1

(
yi − ŷi

)2
/n

}1/2
. where yi . 

and ŷi . are the observed and predicted deviations, respectively, for point i, and n is 
the size of the data. In all of these case studies, deviations from approximately 1000 
equally spaced points on each individual product were used to form training data 
sets for the models, and the activation function was the hyperbolic tangent.

Step 1: Baseline Model for In-Plane Disk Deviations 

The baseline Bayesian ELM model for in-plane deviations under process A was 
fitted using four uncompensated disks of nominal radii 0.5′′(1.27cm)., 1′′(2.54cm).,
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Table 9.2 Comparison of RMSE for predictions based on our methodology (under “Our 
Method”) and existing methods (under “Ref.”, with the corresponding article under “Ref. Paper”). 
The RMSEs for each shape, process, and method are given in inches and centimeters, which are 
separated by |. 

RMSE (in. |. cm) 

Shape Process Our method Ref. Ref. paper 

Disk A 0.0007|0.0019. 0.0009|0.0022. [17] 

B 0.0007|0.0017. 0.0008|0.0020. [29] 

C 0.0004|0.0011. 0.0006|0.0015. [28] 

D 0.0007|0.0017. 0.0011|0.0028. [19] 

Squares A 0.0016|0.0041. 0.0020|0.0050. [16] 

Pentagon B 0.0017|0.0042. 0.0029|0.0074. [16] 

0.0008|0.0019. [30] 

Dodecagon B 0.0007|0.0019. 0.0028|0.0071. [16] 

Hexagonal cavity C 0.0008|0.0021. 0.0007|0.0017. [28] 
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(b)

Fig. 9.10 (a) In-plane deviations (dots) for four disks under process A, and the posterior predictive 
means (solid lines) and 95%. central posterior predictive intervals (dashed lines) from our Bayesian 
ELM model. (b) Comparison of the posterior predictive means for a 2.5′′(6.35cm).-radius disk 
obtained from our approach (solid) with those obtained from [17] (dashed) 

2′′(5.08cm)., and 3′′(7.62cm)., respectively. We set M1,A = 40. and z
(
θi, r

nom
i,1

)
=

(
θi, r

nom
i,1

)T

.. The posterior predictions of deviations from our model are summarized 

in Fig. 9.10a. By inspection, our model provides a good fit to the deviations. 
Reference [17] previously specified a Bayesian nonlinear regression model for these 
deviations that was informed by their domain knowledge of the stereolithography 
process A. In contrast, our Bayesian ELM model was specified without any such 
knowledge and yields equivalent predictive performances (e.g., as illustrated in 
Fig. 9.10b for a 2.5′′(6.35cm).-radius disk), which serves to illustrate the effective 
reductions in user efforts and inputs afforded by our method. Another demonstration 
of the effectiveness of our method compared to an existing Bayesian ELM is in 
Appendix B. We conclude that the deviation model specified by our method will



9.4 Real Case Studies of Automated Model Generation in AM 255

●●●● 
●● 

● 
●● 
●● 

● 
● 

● 

● 

● 

● 

● 
● 
●
● 
●
●●● 
●●
●●●
●●●● 
●●●●●●●●●●●● 

● 
● 
● 

●●●
●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●
●●●●●●●●●●

●●●
●●●●●● 
●●● 
●●●●●●●
●●●
● 
●●●
●●●●●
●● 
●
●●●●
● 
●●●●
●●●●●●●●●●●● 

●●●●●
●
●●●●● 
●●● 
●●●● 
●●● 
●● 

●
●● 

● 

●●
●●● 
● 
● 
●●
●●●
●● 
●● 
● 
● 
●● 
● 
● 

●●●●●●●
● 
●
●●● 
●
●●
●●●
● 
● 
● 
●●● 
●●●●●●●● 
●●●
● 
●●●●● 
● 
●●●●
●● 
●●●
●●
●●●●●●● 
● 

● 
● 
● 
●●●●● 
●●● 
●●
●●● 
●● 

● 

●● 
● 
●● 
● 
●
● 

● 

●● 
● 
● 
● 

● 
●●●● 
● 
●●●●
●●● 

● 

● 
●● 
● 
● 

● 
● 
●● 
● 

● 
● 
● 
●● 
● 
●●●
●● 
● 
●● 

●●●
●
● 
●●
●●● 
●● 
●
●●● 
● 
● 
●● 

●● 

●●●●
● 

●● 

● 

●● 
●●●●●●● 
●●●●●
● 

● 

● 
●● 
●● 
● 
● 
●●● 
●
●●●●●●●●●●●● 

●●●
●●●●●●●●●● 

● 
●●
● 
●● 

● 

● 

●●●● 

●●●
●● 
● 

●●●
●● 

● 
● 

● 
●●
●
● 
●●
●●●● 
●●●●
●●
●
●●●
●● 
●
●●● 
● 
●●●●●●●● 

●●●●●
● 
● 
●
●●● 
●
●●●●
●●
●●●●●●
●●●●
●●●●●
● 
●
●●
●●●● 
●●●●
●
●
●●●● 
● 
●●●●
● 
● 
●●●●●●●●●●●●●●●●●

●●●●
●●●
●●●
●●
●
● 
●
●●
●● 
●
●●
●●
●●● 
● 
● 

● 
●●●●● 
● 
●
●●
●●
●●●
●●●
●● 
●
●●●●
● 
●●
●●● 
● 

●
●●●●● 
● 
●●
●●●●● 
●●
●●●●
●●
●●●●●●●●●

●●
●●
●●● 
●●●●●● 
●● 
●●●●● 
●●● ● 

●●●
●
●● 
● 
●● 

●● 
● 
●● 

● 
●● 
●●
●●
●●● 
●●●●●●
●● 
●●●● 
●●●● 
●●
●●●
●●●●●
●●● 
●●●
●●
●●●
●● 
● 

● 
●
●● 
●●●
●●● 
●
● 

●● 
●●
● 
●
●●
● 
●● 

● 
● 
●● 
● 
●●● 
●●● 
● 

● 

● 
● 

●●
●
●●●
● 

● 

●● 

●● 

● 
●● 

● 
●● 
● 
●
● 
● 
● 
● 
● 
● 
●●●●●
● 
● 
● 

● 
● 
●● 

● 
●●
●●●● 
●● 
● 
● 
●
●
●●● 
●●● 
●
●
●●●●
●●●●●●●
● 
● 

● 
●●
●●● 
● 
●●● 
● 
●● 
●● 

●● 

●● 

●●
●●
●●● 
●●●●● 
●
● 
● 
● 
●● 
●● 
●●●● 

●●
●● 
●
●●●● 
●●● ●● 

●● 

●●
●●●●● 
● 
●● 
● 
● 
●● 

● 
●● 
●●●
●
●●●
●●●
●●●●●●●●● 

●●
●
●●●● 
●
●●
●● 
● 
● 
● 
●● 
●● 
● 

● 
●
●●●●●
●●
●●●●● 
●●●●●●●
●●●● 
●● 
●●●●
●●
●● 
● 
● 
● 
● 
● 
●● 

●
● 
● 
● 
● 
● 

● 

● 

●● 

● 

●● 

●● 
● 
●●●● 
● 

● 
● 

● 
●● 

●●
●● 
●● 
●● 
●●●
● 
● 

● 
●● 

● 
●●●●
● 
● 
●●● 

● 
●● 
●● 
●●
● 
● 
● 

● 

● 

● 
● 

●
● 

● 
● 
● 

●
●● 

● 

●●
● 
● 
●●● 
●●●●● 
●● 
●●●●
●
● 
● 
●
● 

●
● 
●
●●●●●
● 
●●● 
● 
● 
● 
● 
●● 
●●
●
● 

● 

● 
● 

● 
● 

● 

● 
● 

● 

● 

● 

● 
● 
● 
● 
● 

●● 

● 
●
●
● 
●● 
● 

●●
●
●
● 
●●●● 

● 

● 
●● 

●●
● 
● 

● 

●
● 

●● 
● 
● 
● 
● 
● 
●●●● 

●● 
● 
● 
● 
● 

● 
●● 
●
●● 

● 

● 

● 

● 

●●● 
●● 
● 

● 
● 
●● 
●●
● 
●● 
● 

● 
● 

● 

● 

●●● 
●● 

●● 
● 

● 
● 
● 
●●
● 

● 
●●
●●●● 
● 
●●● 

● 

● 

●●●
● 

●● 
● 
● 
●●●
● 
● 

●
● 

● 

● 

● 
● 

● 
● 

● 

● 
● 

● 
●
● 

●● 

●
● 

●
● 

● 

● 

● 

●
● 
● 
●● 
● 
● 
●● 
● 

●
●● 
●● 
● 

●●
● 

● 
●● 
● 
●
● 
●●●
● 
● 
●
●●● 
● 
●●
● 

● 

●● 
● 
●● 
● 
● 
● 
● 
● 
● 
●●● 

● 

●●● 
●● 
●● 
● 

● 

● 
● 
● 
● 
● 

●
●
● 
●● 
●
● 
● 
● 
●
●● 
●
●
● 
● 
● 
● 

● 
● 
● 
● 

● 

● 
● 
● 

●
● 
● 

● 

● 

● 
● 
● 
●● 
● 
● 
●
●● 

● 

● 
● 

●
● 

● 

●
● 

● 
● 
● 
● 

● 

● 
● 
● 

● 
● 

●●● 

● 

●
● 

● 

●● 
● 
● 

● 
● 
● 

● 

●● 

●
● 

●●
● 

● 

● 

● 

●
●● 
● 
● 
● 
● 

● 

● 

●
●● 

● 

● 
●● 

● 
● 
●
● 

● 
● 

● 

● 

● 

● 
● 
● 

● 
● 

●●
● 

● 

● 

● 
● 

● 

● 

●● 

● 

● 

●● 
● 

● 
●● 
● 
●●
●● 
●
● 
● 

● 

● 
● 

● 

● 
● 
● 
● 
● 

●
● 
● 

● 
● 

●● 

● 
●●●
● 
● 
●● 

●● 

● 

●
● 
● 
●● 

● 
● 

●● 
● 

● 
● 
●●● 
● 

● 
● 
●●●● 

● 
● 

●
●● 

● 

● 
● 
● 

●●●
●
●● 
● 

●●● 
● 

●● 

● 

●● 

●●
●●● 
●● 
● 
● 
●●● 

● 

●● 
●●● 
●●● 
● 
●● 
● 
●● 

●● 
● 
● 
●● 

● 
●
●
●
●
●● 
●●●●●●● 
● 
●● 

● 
●●
●● 
● 
●● 

● 

●●●
●
● 
●
● 
●
●
●●●
● 
●●● 
● 
●●
● 
● 
●● 
● 
●●
●●●
●● 

● 
● 
●
●●●● 
● 
● 
●● 

● 

● 
●● 
●● 
●● 
● 

● 
● 
●
● 
●
●●● 
● 

● 

● 
● 

●●
● 
●
●● 
●
●●● 
● 
● 
● 
● 

● 

● 
● 
● 
●
●●● 

●●● 
● 

● 
●
● 

● 
●
● 
● 

● 
●● 
● 
●●
●●●●● 
●●●●
●● 
●
● 
● 
● 

● 

●
●
● 

● 

● 
● 
●● 
●● 
● 

●
●● 
● 
●
●●
●●●●● 
● 
● 

● 
●
● 
●●● 
● 

● 
● 
● 

● 

● 
● 
● 
● 
● 

● 
● 

● 

●
●
●
●●● 
●●
●
● 
● 
●●
●
● 
● 
● 
●
●
● 

● 
● 
●●●●●
●● 
● 

● 

●
●● 
● 

● 
● 
● 
● 

●● 
●●●●●●●● 
● 
● 
●● 
●
●● 
● 
● 
●●●
●
● 
● 
● 

● 
● 
●● 

● 
● 

●
● 

●● 

●● 

● 
● 
●●● 
●● 
● 
●●●
● 
●● 
●
●●●
● 
●● 
● 
●●
●
●●●● 
● 
● 

● 
●
● 

●● 
● 

●●
●●●●●
● 
●●●●●● 
● 
● 
● 
● 
●● 
● 

● 

●
●
● 
●●● 

● 
● 
● 
●● 

● 

● 

● 

● 
● 

● 
● 
● 

●●
● 
●●
●●
● 
●
● 

● 

●
● 
●● 
●●●●●●●
●● 
● 

● 
●● 

● 

● 
● 
●●
● 
●
● 
●●● 
●● 

● 

● 
●●●● 
● 
●
● 
● 
●●
● 
●
● 
● 

●●
●● 
● 
● 

● 

●●● 
● 

● 

● 

●●● 
●●
● 
● 
● 
● 
● 
●●
●● 
● 
●●● 
●●
● 
● 
●● 

● 
●● 

● 

● 

● 

● 
●●● 

● 

●
● 

●● 

● 
● 
● 
● 
●●●● 

● 

● 
●●● 
●●
● 

● 

● 

● 
● 

●
●● 

● 

● 

●
● 

●●
● 

● 
● 
● 
●●●● 

● 

● 
●
●
● 
● 
●● 
● 
●
● 
● 

● 
● 

●●● 
● 
● 

● 
● 

● 
● 

●
● 

● 

●
●● 

● 
● 

● 

● 
●● 
● 
●● 
● 
● 
● 
● 
● 

● 

● 
● 

● 

●
● 

● 

● 
● 
● 
● 
● 
●
● 
● 
● 
●
● 

● 
●
● 

● 

●● 

● 
●● 
● 

● 

● 
● 

● 
●●
●●●
● 
●●● 

● 
●● 

●● 

● 

●
●● 
● 

● 
● 
● 

● 

●● 
●
●
● 

●
●● 
●
● 

●
● 

● 

●
●
● 
●● 
● 

● 

● 

● 
● 
● 

● 
● 
● 
● 
● 
●

●

●

●

●

●
●

●
●

●

●

●●
●
●

●
●
●

●
●

●
●

●

●

●

●

●

●●
●●
●

●

●

●

●
●

●

●

●
●
●
●●
●

●

●
●
●
●

●

●●

●

●●●
●●

●●

●

●

●
●
●
●

●
●
●
●
●

●

●

●
●

●
●

●
●
●

●●●

●

●
●
●

●

●

●

●

●
●

●

●

●

●●

●
●●●
●
●
●●
●

●

●

●
●●

●●
●
●●

●
●
●●
●
●
●

●

●
●

●

●
●

●

●

●

●
●

●

●

●

●

●●
●
●
●

●●

●

●
●
●
●
●
●●
●

●

●●

●
●

●●

●●

●

●
●●
●
●
●
●
●

●
●
●

●

●

●●

●

●

●

●

●

●●
●●

●●
●●●

●
●●
●
●

●

●●

●●
●
●●●●

●
●

●

●●
●
●

●

●●

●

●
●
●●
●

●

●

●
●
●
●
●●

●

●
●●
●

●
●
●
●
●

●

●

●

●
●●

●

●
●
●●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●

●

●

●

●

●●

●
●

●
●

●
●

●●

●

●

●●

●

●

●●
●
●

●●
●

●

●

●

●

●

●

●

●●●

●

●

●

●
●
●
●●
●
●●

●
●
●
●

●
●

●

●

●
●

●
●
●

●
●
●
●●

●●●●
●
●●●●●
●●

●

●
●

●

●

●
●

●●●●
●

●
●
●
●●●●

●●

●

●●

●

●
●●
●
●
●
●

●

●

●

●

●●●●●●
●
●●
●●
●●
●

●
●
●
●
●

●
●●

●

●

●●●●
●
●

●
●
●●

●

●
●●

●
●
●
●

●

●
●●

●

●

●

●

●

●
●●

●
●
●
●
●
●
●
●
●

●
●

●
●●
●●
●●●
●●●●

●

●●
●
●
●
●

●

●●

●

●
●●

●

●
●●●
●
●●●●
●
●●●●
●

●
●●

●

●●●
●

●

●●
●
●●●●●
●
●

●
●●
●

●●●●●●

●

●

●
●
●

●

●

●
●

●
●●
●
●

●
●●
●●

●
●●
●
●

●

●

●

●

●
●

●
●
●
●

●

●

●●

●●●●●
●
●

●●

●

●
●●
●

●●

●

●

●
●
●●

●●

●●●
●

●●●●●
●
●
●

●
●●

●

●

●
●
●
●●

●

●

●●●

●●●●●
●
●
●
●●
●●●
●
●●

●

●

●●

●
●●●
●

●

●
●

●●

●●

●●

●

●

●
●
●

●
●●
●
●
●
●

●●

●
●

●
●
●●
●
●

●

●

●

●

●

●

●

●
●
●
●

●

●
●
●●●
●●
●●
●

●

●

●
●

●

●

●
●●

●

●

●

●

●

●

●
●●
●●
●

●
●●●
●
●●●

●

●●

●
●

●

●

●
●●●
●
●
●
●
●

●
●●
●
●●
●
●
●
●
●

●

●

●●●

●
●
●●●

●●

●●

●

●
●
●●●

●●
●

●●

●

●●●●

●●●
●

●●
●
●●

●
●

●●

●

●
●

●●
●

●●●●●

●
●
●
●

●

●●●●
●

●●●

●

●

●
●
●
●●
●
●
●●

●●●●

●

●
●

●●
●

●
●
●●●

●●●●

●

●●●●●
●
●
●●

●●
●●
●

●
●●●
●

●●
●

●●

●
●
●
●
●●●
●
●
●
●
●
●●
●

●
●●
●●

●
●

●
●
●

●
●
●●●

●
●

●
●

●●●●
●

●
●
●
●
●

●

●●
●

●

●●
●

●

●
●●
●
●

●

●●
●●

●

●●
●●
●

1.27 cm

3.81 cm

7.62 cm

0.00

0.02

0.04

0 π 2 π 3π 2 2π

θ

D
e
v
ia

ti
o

n
 (

c
m

)

●Mean prediction 95% central intervals Observed deviations

Fig. 9.11 In-plane deviations (dots) for three disks under process B, and the posterior predictive 
means (solid lines) and 95%. central posterior predictive intervals (dashed lines) obtained by the 
transfer of the baseline deviation model to B 

enable the same level of in-plane deviation control for disks under process A as 
that of the model in [17], which was an order of magnitude reduction in validation 
experiments. 

Step 2: Transfer of Baseline Disk Model to New Processes 

Three uncompensated disks of nominal radii 0.5′′(1.27cm), 1.5′′(3.81cm)., and 
3′′(7.62cm). manufactured under process B are considered in the first case study 
of the second step of our Bayesian ELM methodology. It is important to note that, 
besides the observed differences in product height, layer thickness, and illuminating 
time per layer, process B also differs from A in terms of new lurking variable settings 
that induce overcompensation [15]. The distinct and complicated nature of process 
B is clear upon inspection of these disks’ deviations in Fig. 9.11. Specifically, in 
contrast to A, in-plane disk deviations under B increase on average as a function 
of the nominal radius and are asymmetrical. Our methodology effectively learns 
these complex features in the transfer of the baseline model to B by means of its 
model for T1,B→A .. It also facilitates model transfer by involving only the single user 
input of M1,B→A . (which we set to 40) instead of the traditional specification of an 
entirely new model. The summary of our transferred model’s posterior predictions 
in Fig. 9.11 demonstrates our successful modeling of in-plane disk deviations under 
B. References [29] and [30] previously specified Bayesian nonlinear regression 
models for these products’ deviations. However, our Bayesian ELM model is 
preferable to theirs because it is fitted in a much simpler manner using the Gibbs 
algorithm compared to their computationally demanding Hamiltonian Monte Carlo 
[5] implementation, with no loss of predictive performance. Our comprehensive 
Bayesian ELM model for processes A and B is also preferable to fitting a standard 
NN or ELM model just on the data from B because our method yields smaller 
predictive uncertainties due to its incorporation of more data.
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Fig. 9.12 In-plane deviations (dots) for three circular cavities, and the posterior predictive means 
(solid lines) and 95%. central posterior predictive intervals (dashed lines) obtained by our transfer 
of the baseline deviation model 

The second step of our method can also accommodate new deviation pro-
cesses that arise in complex geometries. Three circular cavities of nominal radii 
0.5′′(1.27cm), 1′′(2.54cm)., and 1.5′′(3.81cm). contained in disks of nominal radii 
1′′(2.54cm), 2′′(5.08cm)., and 3′′(7.62cm)., respectively, are considered to demon-
strate this fact. Although the disks with circular cavities were manufactured under 
the same machine settings as process B, we consider the deviations for the cavities 
to have been generated under a different process C, as the physics for deviations 
of cavities differ from that for in-plane deviations on the outer boundary of a 
product. The posterior predictions obtained from our model for these products with 
M1,C→A = 40. (Fig. 9.12) indicate that our transferred model performs well in 
fitting this data. The broader consequence of this case is that our Bayesian ELM 
methodology can enable comprehensive and automated deviation modeling for 
both cavity and boundary components in geometrically complex products. These 
products were also modeled in [28], but our method is more advantageous because 
it greatly reduces the effort in learning the TEA and fitting the transferred model. 

The final case study here involves specifying out-of-plane deviation models 
for semi-vertical disks manufactured under the same machine settings as process 
B. This is an especially challenging task because interlayer bonding effects yield 
complicated vertical deviations [18]. As the physics for out-of-plane deviations 
differ greatly from that for in-plane deviations, we consider these products to 
have been manufactured under a new process D, even though the machine settings 
were the same as those for process B. Four vertical semi-disks of nominal radii 
0.5′′(1.27cm), 0.8′′(2.032cm), 1.5′′(3.81cm)., and 2′′

. (5.08cm). are considered to 
demonstrate how the second step effectively addresses this challenge. Figure 9.13 
summarizes the posterior predictions from our transferred model with M1,D→A =

40.. Reference [18] previously modeled out-of-plane deviations using nonlinear 
regression. Again, our approach is preferable to that in [18] because it automates the
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Fig. 9.13 Out-of-plane deviations (dots) for four vertical semi-disks, and the posterior predictive 
means (solid lines) and 95%. central posterior predictive intervals (dashed lines) obtained by our 
transfer of the baseline deviation model 
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Fig. 9.14 In-plane deviations (dots) for three squares, and the posterior predictive means (solid 
lines) and 95%. central posterior predictive intervals (dashed lines) obtained by our transfer of the 
disk deviation model to these polygons 

specification of a deviation model with good predictive performance and reduces the 
user’s efforts in leveraging both in-plane and out-of-plane deviation data to perform 
the model transfer. The advantages of our model compared to existing ELM models 
are established in Appendix B. 

Step 3: Transfer of Baseline Disk Model to a New Shape 

Three uncompensated squares of circumradius 1′′(2.54cm), 2′′(5.08cm)., and 
3′′(7.62cm). manufactured under A are considered in this case study of the transfer 
of the baseline deviation model to the new shape set 2 of polygons via the third 
step of our methodology. Additional, more complicated products from this set are
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in the next subsection. The straight edges and sharp corners in these polygons 
introduce complex local deviation features that can be difficult to model (Fig. 9.14). 
The third step effectively learns the complex local deviation features with the 
previously specified δ1,A . as the global deviation feature. We set M2,A = 50., 

w
(
θi, r

nom
i,2

)
=

(
θi, r

nom
i,2 (θi) , edge (θi)

)T

., and z
(
θi, r

nom
i,1

)
=

(
θi, r

nom
i,1

)T

. for 

each point i on a square, and fit the comprehensive Bayesian ELM model to the 
in-plane deviations of both disks and squares under A. The summary of our fit for 
squares in Fig. 9.14 indicates the success in our model transfer. A comparison of our 
model’s posterior predictions for these products with those obtained by the approach 
in [15] further highlights the high predictive performance that can result from the 
application of our methodology compared to other methods that pre-specify local 
deviation features. 

Step 4: Transfer of Baseline Model to New Shapes and Processes 

An uncompensated regular pentagon of circumradius 3′′(7.62cm)., regular 
dodecagon of circumradius 3′′(7.62cm)., and irregular polygon with smallest 
bounding circle of radius 1′′(2.54cm). (Fig. 9.2) manufactured under B are 
considered in this first case study of the fourth step of our method. The in-
plane deviations of these products were modeled in [15] and [30] by complicated 
nonlinear regression models that took quite some effort to specify and fit. In 
contrast, the simpler combination of our connectable ELM structures for T1,B→A . 

and the polygon local deviation feature, which we learned in the previous steps, 
enables us to specify and fit deviation models for these products in a more automated 
and effortless manner. The sole user input is the number of hidden neurons for the 
various ELM structures, which is clearly simpler than learning entirely new models 
as under current deviation modeling methods. Our models’ posterior predictions 
(Figs. 9.15a,b, and 9.2c) demonstrate their high predictive performance compared 
to the more complicated models in previous work. The RMSE for the fitted model 
of the pentagon in [30] is smaller than that of our model because the former did 
not consider points near the vertices of the shape, which exhibit more complicated 
trends than the other points, whereas our model does. 

A hexagonal cavity of circumradius 1.8′′(4.572cm). contained in a 3′′(7.62cm).-
radius disk is considered as another case to further demonstrate how the fourth step 
can accommodate polygons under a new process. The deviations for this product 
are generated under process C, and we immediately connect T1,C→A . with the local 
deviation feature for polygons to transfer the baseline model to this product. The 
fit of the transferred model is summarized in Fig. 9.15c. Reference [28] modeled 
this product’s deviations using Bayesian nonlinear regression, but our approach is 
preferable because it yields a model with comparable predictive performance, as 
seen in Table 9.2, that requires less effort to specify and fit. 

We conclude with two free-form shapes under B (corresponding to the free-
form products in Fig. 9.7). Note that free-form 2 (s = 7., Fig. 9.7f) requires 
the definition of two centers due to multiple correspondences on one polar
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((a)) Regular pentagon (process B) 
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Fig. 9.15 In-plane deviations (dots) for polygons under different processes, and the posterior 
predictive means (solid lines) and 95%. central posterior predictive intervals (dashed lines) 

angle (Fig. 9.17). We set w
(
θi, r

nom
i,6

)
=

(
θi, r

nom
i,6 (θi)

)T

., and w
(
θi, r

nom
i,7

)
=

(
θi, r

nom
i,7 (θi) , center (θi)

)T

. for each point i on this shape, where center (θi) ∈

{1, 2}. indicates the center used to obtain rnom
i,7 (θi).. The nominal radius functions for 

both free-form shapes are expressed in point cloud data formats. Our connectable
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Fig. 9.16 In-plane deviations (dots) for two free-form shapes under B, and the posterior predictive 
means (solid lines) and 95%. central posterior predictive intervals (dashed lines) 

ELM structures possess a sufficiently broad scope so as to account for the new, 
complicated deviation features that arise in the complex geometries of these 
products. Figure 9.16 summarizes the posterior predictions of the transferred models 
obtained from the fourth step. The ability of our method to automate modeling of 
these free-form shapes is a significant demonstration of its effectiveness for AM 
systems, especially as current deviation modeling methods cannot accommodate 
free-form shapes with the same ease as our method. 

Three broad results about general properties of our methodology can be drawn 
based on our wide-ranging case studies on solid and hollow products, regular and 
free-form shapes, and in-plane and out-of-plane deviations. First, in contrast to 
existing methods, our use of ELMs eliminates identifiability issues in fitting a 
baseline deviation model. Second, our structured approach to leveraging data and 
models across different processes and shapes eliminates identifiability issues in
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Fig. 9.17 The two centers 
used to define shape 
deviations for free-form 2. 
The correspondences between 
the centers and the points on 
the free-form shape are 
indicated by colors 
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learning TEAs and local deviation features. Third, our new random mechanism for 
ELMs effectively prevents saturation of hidden neurons. Thus, we can conclude that 
our Bayesian ELM methodology can yield deviation models with good predictive 
performance in an automated manner, involving negligible effort, for a wide variety 
of shapes and processes in AM systems. It is important to note that no specific 
domain knowledge for the stereolithography machine involved in these case studies 
was employed in our method. This fact further demonstrates the general scope of 
our method. 

The use of polar coordinates to define shape deviations can introduce limitations 
in our methodology. For example, there can be multiple distinct points that corre-
spond to one polar angle for concave shapes (such as in free-form 2 in Fig. 9.17). 
Following the work in [22], we address such issues in practice by defining multiple 
centers across different parts of a shape so that angles and points are in one-to-one 
correspondence. 

Additive manufacturing systems possess great potential to fundamentally trans-
form the manner in which people interact with manufacturing. Indeed, by reducing 
fabrication complexity and liberating product design for online users, AM systems 
can inaugurate an exciting new era of cybermanufacturing with capabilities that far 
exceed those of current manufacturing systems. However, comprehensive deviation 
modeling for geometric accuracy control of the vast variety of shapes manufactured 
under distinct processes in an AM system is a significant issue that must be 
addressed to realize their potential. We developed an automated Bayesian ELM 
deviation modeling methodology that can effectively address this challenge. Our 
method sequentially leverages different sets of data and models via four simple 
steps to automate deviation modeling of new shapes and AM processes. Statistical 
innovations in our method include principled and connectable NN structures that 
facilitate deviation modeling in these steps and a new random mechanism for the 
hidden neurons that yields improved predictive performances for the Bayesian 
ELM models. The use of the Bayesian paradigm in our method is important 
because it provides a straightforward framework for updating and transferring prior 
models and using all data collected from an AM system to improve predictions 
and reduce uncertainties. Our extensive case studies demonstrate the power and 
broad scope of our method to produce effective deviation models in a simple 
and efficient manner, without requiring specialized domain knowledge on specific



262 9 Automated Model Generation Via Principled Design of Neural Networks for. . .

processes. The significance of this is that our method can abstract from particular 
shapes and processes to underpin cross-cutting deviation modeling in AM systems. 
Accordingly, our modeling methodology can enable smarter geometric accuracy 
control in AM systems and thereby help to advance their future growth and adoption. 

Appendix A: Preventing Saturation of Hidden Neurons in 

Bayesian ELM Deviation Models 

Saturation of a hidden neuron refers to the activation function returning a relatively 
constant value for a range of inputs. An illustration for the hyperbolic tangent 
activation function is in Fig. 9.18. To illustrate saturation in the context of deviation 
modeling via ELMs, consider modeling in-plane deviations of uncompensated 
disks (shape set 1) manufactured under a fixed process p as in the case studies. 

Let the inputs for each point i be z
(
θi, r

nom
i,1

)
=

(
θi, r

nom
i,1

)T

., and set hi,m =

g
(
α

(1,p)

m,0 + α
(1,p)

m,1 θi + α
(1,p)

m,2 rnom
i,1

)
. as the neuron in entry (i,m). of H1,p . for random 

α
(1,p)

m,0 , α
(1,p)

m,1 , α
(1,p)

m,2 .. Suppose α
(1,p)

m,1 = 0.9, α
(1,p)

m,0 , α
(1,p)

m,2 ≥ 0., and θi = 2.. Then 

hi,m = g
(
α

(1,p)

m,0 + 1.8 + α
(1,p)

m,2 rnom
i,1

)
≥ 0.94. as rnom

i,1 ≥ 0.5.. Thus hi,m ≈ 1., and 

so is effectively an “activated neuron” irrespective of rnom
i,1 .. The broader, practical 

lesson to be drawn is that if many neurons are saturated, then the relationships 
between deviation and inputs will not be effectively learned. 

To illustrate how our new random assignment mechanism addresses the satu-
ration issue in a principled manner, consider again the previous setting. Suppose 
(−2.5, 2.5). is taken as the non-saturation region for the activation function. In our 
mechanism, we choose a1, a2 . such that 0 ≤ |a1θi + a2r

nom
i,1 | ≤ 2.5. across most 

of the θi . and rnom
i,1 .. Specifically, we allocate a proportion λ. of the range (0, 2.5). to 

input θ . that depends on the standard deviations bθ . and br ., with λ = bθ/(bθ + br)., 
and define a1 = 5λ/(2θmax)., a2 = (2 − a1θmax)/rmax ., where θmax . and rmax . are the 
largest angle and nominal radius, respectively. Note that although a1 . and a2 . involve 
the maximum values of the corresponding inputs, our mechanism is not equivalent to 
rescaling the respective inputs to lie in the range (−1, 1).. The  α(1,p)

m,0 . are still drawn 
from Uniform(−1, 1). independently. Also, this new mechanism does not force all 

tanh(x) 

−1 

0 

1 

−3 0 3

Fig. 9.18 Saturation region (shaded) for the hyperbolic tangent
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hidden neurons to be non-saturated. The general case involving more inputs follows 
in a similarly straightforward fashion by allocating different portions of (0, 2.5). to 
them. 

Standard tuning approaches to avoid saturation in ELMs (and thereby enhance 
their predictive performances) involve input normalization and/or rescaling, and the 
selection of different activation functions (e.g., the rectified linear unit). However, 
if no changes are made to the random mechanism, these methods typically fail to 
yield satisfactory models, and are particularly ineffective in the AM context. We 
accordingly developed this principled random mechanism for our Bayesian ELM 
methodology so as to reduce the likelihood of randomly selecting a large number of 
saturated hidden neurons. 

Appendix B: Bayesian ELM Model Comparisons 

Reference [33] proposed a Bayesian framework for ELMs, referred to as BELMs, 
in which the parameters are optimized iteratively using the ML-II method in [1]. 
The authors did not modify the usual random mechanism for the hidden neuron 
parameters. We compare the deviation models obtained from our methodology to 
those obtained from BELMs for the case studies in Sect. 9.4 that have at least 
four products. For each, one of the products is taken as the test data and the others 
are the training data. For example, in the case study of Section, the deviations for 
the 2′′(5.08cm).-radius disk were taken as the test data, and the other disks were 
used to fit the models. This was done because at least three shapes are needed 
to learn the relationships between the inputs and deviation. The methodologies 
are compared graphically and via root mean squared error (RMSE), defined as {∑n

i=1

(
yi − ŷi

)2
/n

}1/2
.where yi .and ŷi .are the observed and predicted deviations, 

respectively, for point i, and n is the size of the test data. In all of these comparisons, 
the inputs were not scaled to lie within (−1, 1)., as that yields worse results. 

First, consider in-plane disk deviations under stereolithography process A. 
Deviations from the 0.5′′(1.27cm), 1′′(2.54cm)., and 3′′(7.62cm).-radii disks formed 
the training data, and those from the 2′′(5.08cm).-radius disk were the test data. We 
set M1,A = 40. for both methods. We conclude from the comparisons in Fig. 9.19a 
and Table 9.3(a) that our method yields better out-of-sample predictions. 

Second, consider out-of-plane deviations of vertical semi-disks under 
stereolithography process B. Three vertical semi-disks of nominal radii 
0.5′′(1.27cm), 0.8′′(1.232cm)., and 3′′(7.62cm). formed the training data, and the 
1.5′′(3.675cm).-radius vertical semi-disk formed the test data. We set the number of 
hidden neurons for both methods to 40. Figure 9.19b and Table 9.3(b) summarizes 
the comparison of the predictions from these two methods and leads again to the 
conclusion that our method is better.
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Fig. 9.19 Posterior predictive mean trends obtained from our methodology (solid line), and those 
obtained from the standard BELM method (dashed lines). (a) In-plane deviations (dots) for the test 
disk under process A. (b) Out-of-plane deviations (dots) for the vertical semi-disk under B 

Table 9.3 Comparison of the posterior summaries for RMSE (specifically, mean and standard 
deviation) under our methodology and the standard BELM. (a) In-plane deviations of test disk 
under process A. (b) Out-of-plane deviations of test semi-disk under process B 

Model RMSE |. SD (in.) RMSE |. SD (cm) 

Our 0.066 | 0.003. 0.167 | 0.009. 

BELM 0.605 | 0.020. 1.53 | 0.048. 

(a) 

Model RMSE |. SD (in.) RMSE |. SD (cm) 

Our 0.041 | 0.002. 0.105 | 0.004. 

BELM 0.094 | 0.003. 0.238 | 0.007. 

(b) 
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Part V 

Domain-Informed Machine Learning for 
Nanomanufacturing of Nanostructures



Chapter 10 

Scale-Up Modeling for 
Nanomanufacturing 

Nanomanufacturing represents the future of US manufacturing. Nanostructured 
materials and processes have been estimated to increase their market impact to about 
$340 billion per year in the next 10 years [28]. In the past decade, tremendous efforts 
have been devoted to basic nanoscience discovery, novel process development, 
and concept proof of nano devices. Yet much less research activities have been 
undertaken in nanomanufacturing to duplicate the success of transforming quality 
and productivity performance of traditional manufacturing. High cost of processing 
has been a major barrier of transferring the fast-developing nanotechnology from 
laboratories to industry applications [1]. The process yield of current nano devices 
is typically 10% or less [21, 22]. Hence, there is an imperative need of process 
improvement methodologies for nanomanufacturing. 

10.1 Nanomanufacturing Scale-Up 

To keep up with the increasing societal and economical need of nanomanufacturing 
(NM), research on scale-up NM has been a important field of study, which 
entails scale-up process research and scale-up methodology research. The scale-
up methodology research includes establishing modeling, simulation, and control 
methodologies that enable and support economical production at commercial scale. 

Two categories of scale-up NM research are defined: 

C1. Scale-up process research: Identifying and developing NM processes and pro-
cessing techniques with the potential of economical production at commercial 
scale, and 

C2. Scale-up methodology research: Establishing modeling, simulation, and con-
trol methodologies that enable and support economical production at commer-
cial scale. 
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The first category focuses on the process-level issues, while the second devotes 
its attention to system-level methodological issues such as yield and quality 
improvement. We further classify the scale-up methodology research (C2) into four 
subcategories based on their research objectives, nature of the problems, measure-
ment of outcomes, and methodology domains (Table 10.1). For instance, we classify 
the objectives of this scale-up methodology as: (i) improving process repeatability 
(i.e., increasing quantity), (ii) scaling up size, (iii) increasing production through-

put, and (iv) reduce defects (i.e., increasing yield). Quantity, size, throughput, and 
yield consist of the four pillars of a scale-up methodology (Fig. 10.1), where cost is 
considered as the implied outcome from the four pillars. Although this classification 
and comparison in Table 10.1 may be arguable, particularly considering that fact that 
limited research has been done, our intention is to promote more thinking and efforts 
to establish the scale-up methodologies for nanomanufacturing. 

The scale-up methodology research spans areas of robust design, process moni-
toring and control, metrology, and reliability. Since NM process modeling provides 
the basis for process monitoring and control, guided inspection and sensing strategy, 
and more efficient experimental design strategy for robust synthesis of nanomateri-
als [19], we focus on domain-informed machine learning of nanostructure growth 
models for scalable NM. 

The existing literature on nanostructure growth process modeling generally 
falls into three categories: (i) physical modeling, (ii) statistical modeling, and 
(iii) physical–statistical modeling approaches. These three nanostructure modeling 
strategies have their own suitable domains of application. With sufficient physical 

Table 10.1 Subcategories of scale-up methodology and comparison 

Quantity Size Throughput Yield 

1 →.N S →. L S →. F L →. H 

Objective From one to many From small to 
large size or area 

From slow to fast 
processing rate 

From low to high 
quality 

Nature of 
problem 

Improve process 
repeatability 

Scale size up  Increase 
production rate 

Reduce defects 

Measure of 
outcome 

Large number of 
units with low 
variations 

Full-scale 
geometry at 
full-scale system 

Short production 
cycle 

Low fraction 
nonconforming, 
low defect rate 

Methods variation 
reduction 

Dimensional 
analysis 

Process design Process & quality 
control 

Fig. 10.1 Four pillars of 
scale-up methodology 
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knowledge, physical modeling is readily a choice even when experimental data are 
less accessible. When growth mechanisms are debatable, uncertainties in the first 
principles will invalidate the purely physical modeling approaches. 

On the other hand, statistical modeling faces issue of limited data in NM due 
to costly growth experiment and structure characterization. Moreover, the collected 
data tend to have large variations because of the poor in situ control of process 
variables such as growth temperature gradient. As a result, a large pool of candidate 
models can statistically fit the data. The data requirement for statistical modeling 
alone is rarely satisfied [35]. 

Physical–statistical modeling comes into play when physical knowledge or data 
alone are insufficient, but the combined information makes it feasible to improve 
the understanding of one growth mechanism or select among a few candidate 
mechanisms. When the uncertainties in physical knowledge and data continue to 
increase and growth mechanisms still require to be derived or investigated, new 
modeling strategies have to be developed to accommodate large uncertainties in two 
domains. Wang and Huang [35] made the first attempt to devise the cross-domain 
model building and validation (CDMV) approach. Both strategies fall into domain-
informed machine learning. 

10.2 Scale-Up Modeling for Manufacturing Nanoparticles 

Using Microfluidic T-Junction 

As a zero-dimensional nanostructures, nanoparticles have great potentials to revo-
lutionize the industry and improve our life in various fields such as energy, security, 
medicine, food, and environmental science. Droplet-based microfluidic reactors 
serve as an important tool to facilitate monodisperse nanoparticles with a high 
yield. Depending on process settings, droplet formation in a typical microfluidic 
T-junction is explained by different mechanisms, squeezing, dripping or squeezing-
to-dripping. Therefore, the manufacturing process can potentially operate under 
multiple physical domains due to uncertainties. Although mechanistic models have 
been developed for individual domains, a modeling approach for the scale-up manu-
facturing of droplet formation across multiple domains does not exist. Establishing 
an integrated and scalable droplet formation model, which is vital for scaling up 
microfluidic reactors for large-scale production, faces two critical challenges: high 
dimensionality of modeling space and ambiguity among boundaries of physical 
domains. This work establishes a novel and generic formulation for the scale-
up of multiple-domain manufacturing processes and provides a scalable modeling 
approach for the quality control of products, which enables and supports the scale-
up of manufacturing processes that can potentially operate under multiple physical 
domains due to uncertainties. 

Synthesis of solid particles, liquid droplets, and gas bubbles is critical for 
pharmaceutical and chemical engineering applications [8, 37, 41]. Droplet-based 
microfluidic devices manipulate immiscible fluids in channels of micrometer size
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[2, 5, 6, 11, 14, 24, 29, 31, 43]. The high surface-area-to-volume ratio within 
microchannels guarantees uniform temperature throughout the reaction volume, and 
convective mixing within droplets ensures rapid homogenization. These properties 
make droplet microfluidic reactors a viable technology for the scalable synthesis of 
high-quality metal nanoparticles. 

In order to produce particles on an industrial scale with low cost, microfluidic 
reactors need to be scaled up for high throughput and high yield with the foremost 
control over droplet size [6, 23, 25, 30]. Scale-up modeling, which refers to the 
process modeling approaches that enable and support economical production at 
commercial scale, is thus crucial for the quality control of nanoparticles[40]. Scale-
up modeling of the droplet formation in the microfluidic channels face several key 
challenges: 

• High dimensionality. Description of droplet formation in microfluidic channel 
involves a large number of physical parameters or quantities. Even by conduct-
ing dimensional analysis using scaling law [7, 14, 15], the number of obtained 
dimensionless numbers can be large, which gives rise to a high-dimensional 
problem. For instance, droplet size after scaling is proposed to be a function 
of more than five dimensionless numbers in squeezing-to-dripping domain with 
each being a combination of multiple physical parameters [15, 16]. This poses 
both experimental and modeling challenges to understand the response surface 
in a high-dimensional space. Currently, the droplet formation experiment in 
practice uses the one-factor-at-a-time approach, i.e., testing one dimensionless 
number at a time and fixing the rest [6, 7, 12, 14, 15, 34, 38, 42], which only 
guarantees the understanding in a projected low-dimensional space. 

• Multiple physical domains. The droplet formation in a microfluidic channel is 
multiple-domain [6, 12, 34, 38, 42], and a microfluidic T-junction can produce 
droplets in squeezing, dripping, or squeezing-to-dripping domain (Due to 
our focus on producing monodisperse droplets, jetting domain is not herein 
discussed). Since different domains are dominated by different mechanisms, 
model structures depicting droplet formation vary with physical domains, 
which significantly increases the complexity in experimentation and modeling. 
Current practice is to discover individual domains through experimentation and 
then establish individual models within each domain. For instance, the domains 
are classified based on the capillary number Ca: squeezing with Ca < 0.002., 
squeezing-to-dripping with 0.002 < Ca < 0.01., dripping with 0.01 < Ca <

0.3., and jetting domain with Ca > 0.3. [39]. In the squeezing domain, the 
droplet formation process is explained by the pressure drop across the droplet 
during formation; while in the dripping domain, the process is interpreted 
by the balance between shear force and interfacial force. However, there are 
inconsistencies and ambiguity in defining the boundaries of physical domains 
[7], which hinders the application of these models in full-scale manufacturing. 

This chapter introduces a unified scale-up model across multiple domains under 
uncertainties.
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10.3 Scalable Modeling Methodology for Multiple-domain 

Manufacturing Process 

In order to scale up manufacturing processes, we need to first address the so-
called scale-up issue: how to translate the understanding of a process from lab scale 
to commercial scale such that the optimal properties can be determined a priori 
for future operations. The science base of achieving the scalability of engineering 
models is the scaling law, which captures the scale-invariant characteristics of an 
engineering system [3, 44]. Dimensional analysis serves as an important tool to 
transform the parameter space to the so-called �.-space spanned of dimensionless 
numbers, which achieves dimension reduction and ensures the scalability of models. 
Note that although there is no unique selection of dimensionless numbers, the 
dimension of �.-space is uniquely determined by dimensional analysis. 

Droplet formation in microfluidic channels represents a class of “multiple-
domain” scale-up modeling problems, which involve different physical phenomena 
and mechanisms [20, 36]. Since the boundaries between different physical domains 
can sometimes be ambiguous, it is often not known a priori which physical domain 
the process belongs to. Our objective is to establish a unified scale-up model 
across multiple domains under uncertainties to facilitate full-scale production. Our 
methodology is illustrated in Fig. 10.2. We first conduct dimensional analysis to 
formulate the problem in the �.-space. Then, we identify the primary factor and 
secondary factor for further dimension reduction. 

Definition 10.1 The primary factor consists of dimensionless numbers that char-
acterize the physical domains of engineering systems; the rest of dimensionless 
numbers form the secondary factor. Each physical mechanism, which is likely to 
dominate a certain domain, is then characterized by a model structure that only 

depends on the primary factor, termed as a basis function. Basis functions are 
assumed to be linearly independent. 

Fig. 10.2 Methodology to construct the scale-up model for a multivariate physical system
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The rationale of this definition is based on the observation that physical domains 
of engineering systems are often be classified by one or only a very few dimension-
less numbers, which form the primary factor henceforth. For example, the Reynolds 
number is widely used to predict flow patterns in the case of a bounding surface. 
Laminar flow occurs at low Reynolds numbers where viscous forces dominate, and 
turbulent flow occurs at high Reynolds numbers where the flow is dominated by 
inertial forces [27]. In the case of microfluidic droplet formation, four domains are 
differentiated by the capillary number defined in Eq. (10.4). Since the multiple-
domain property of the process is fulled captured by the primary factor, the original 
scale-up modeling problem can be divided into several subproblems in lower-
dimensional subspaces. Each physical domain is dominated by one mechanism, and 
the secondary factor contributes to the weights of each mechanism. For instance, 
the effect of flow rate ratio on the dimensionless size of droplets appears to be linear 
across different domains [12, 14, 34, 38, 42], and can thus be treated as a weighting 
factor of domains. 

Based on this rationale, we are now in the position to formulate the high-
dimensional multiple-domain scale-up modeling problem. Let z denote the response 
of interest, and let x∗

., x◦
. denote the primary factor (PF) and the secondary factor 

(SF), respectively. In the high-dimensional �.-space, there exists the functional 
relation in Eq. (10.1), where ǫ . and θ . denote the random noise and model parameters, 
respectively. 

.z = �(x∗, x◦) + ǫ (10.1) 

Projecting the response surface �(x∗, x◦). onto the lower-dimensional space 
spanned by the primary factor x∗

., we obtain �(x∗|x◦)., i.e., the response condi-
tioning on given settings of the secondary factor x◦

.. Since the model structure 
of �(x∗|x◦). in each domain is dictated by x∗

. only, we adopt a set of linearly 

independent basis functions S = {fi(x
∗)}Ki=1 . to represent conditional response 

function �(x∗|x◦). in Eq. (10.2), where fi(x
∗)

. is the ith basis function used to 
characterize a model structure, and its coefficient βi . characterizes the effect of 
secondary factor, i.e., a scaling factor for modeling structure fi(x

∗)
.. Note that 

the definition of primary and secondary factor guarantees the existence of model 
decomposition in Eq. (10.2). 

.�(x∗|x◦) =

K
∑

i=1

βifi(x
∗) (10.2) 

where fi(x
∗)

. is the ith basis function used to characterize a model structure, and 
its coefficient βi . characterizes the effect of secondary factor, i.e., a scaling factor 
for modeling structure fi(x

∗)
.. In dripping domain with high capillary number, for 

instance, experimental studies show that droplet size is proportional to Ca−0.25
. [12, 

33], i.e., a candidate basis function in the dripping domain is fi(Ca) = Ca−0.25
.. It  

is important to note that the basis functions may vary across domains.
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Based on the conditional response model in Eq. (10.2), we deduce the full model 
in Eq. (10.3). Since the measured response is finite, there exists a reference frame 
such that the response is always non-negative, and Tonelli’s theorem holds. The 
exchange between sum and integration is thus valid. 

. �(x∗, x◦; θ) =

∫

x◦

�(x∗|x◦)dx◦ =

∫

x◦

K
∑

i=1

βi(x
◦)fi(x

∗)dx◦

=

K
∑

i=1

(∫

x◦

βi(x
◦)dx◦

)

fi(x
∗)

=

K
∑

i=1

gi(x
◦)fi(x

∗) (10.3) 

where gi(x
◦). can be interpreted as a weight function for fi(x

∗). given the settings 
of secondary factor x◦

., noting that gi(x
◦)′s . share the function form with different 

parameters. 

Remark The model formulation in (10.3) essentially suggests the statistical addi-
tive model framework [4, 10, 18] for the high-dimensional multiple-domain scale-up 
modeling problem. The formulation enables the application of modeling techniques 
in statistics for model building and estimation. 

Although experimental literature assists to identify candidate basis functions, 
there exist discrepancies due to incomplete physical understanding and variations 
in experimental conditions and facilities. Furthermore, disagreement and ambiguity 
in defining the boundaries of physical domains will increase complexity of model 
building as well. To accommodate these uncertainties, we will investigate the 
following framework. 

Assumption Let Sd . denote the subset of basis functions characterizing the model 
structure of �(x∗ | x◦). in the dth domain, d = 1, 2, . . . , D .. We assume Sd = S. for 
all d. 

Under this framework, the equality fi(x
∗) = 0. holds only for countable settings 

of x∗
.. So the basis functions of �(x∗ | x◦). do not degenerate in any continuous 

domain. Physically, the assumption means that all physical mechanisms, which are 
characterized by the complete set of basis functions, coexist in all physical domains 
with different weights. 

Remark Note that the setup of this framework is able to avoid the issue of 
defining the transition points or boundaries between different physical domains 
upfront. However, implicitly the model �(x∗, x◦). selects proper basis function(s) 
to characterize different physical domains by varying the weight gi(x

◦). for each 
basis function fi(x

∗).. The influence of a particular mechanism is described by some 
subset of {gi(x

◦)fi(x
∗), i = 1, . . . , K}.. It follows that both domains and domain 

transitions can be obtained from the model �(x∗, x◦; θ).: (i) A domain is identified to
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be dominated by a certain mechanism if this mechanism contributes to the majority 
of response in this domain; (ii) If none of the mechanisms contributes to the majority 
of response in certain domain, this domain is a transitional domain. 

10.4 Scale-up Modeling of Droplet Formation in a Coated 

Microfluidic T-Junction 

This section presents the detailed solution procedure for the high-dimensional scale-
up modeling problem formulated in Sect. 10.3. 

10.4.1 Dimensional Analysis and Dimension Reduction 

Before conducting dimensional analysis to obtain the transformed �.-space, we first 
introduce the droplet formation process in a microfluidic T-junction to identify 
relevant physical quantities in the parameter space. As shown in Fig. 10.3, the  
carrier oil (continuous phase) is injected via inlet 1, while the reagent streams are 
introduced via inlets 2 and 4. A stream injected via inlet 3 is used to prevent diffusive 
mixing between reagent streams before droplet formation. The immiscible fluid of 
droplets is called “dispersed phase.” 

Notations of physical quantities used in the rest of the paper are listed as follows. 

Notation Physical quantity 

wc(wd ). Width of channel into which continuous (dispersed) phase flows 

h Depth of channel 

μc .(μd ). Dynamic viscosity of continuous (dispersed) phase 

ρc .( ρd .) Density of continuous (dispersed) phase 

Qc .(Qd ). Volumetric flow rate of continuous (dispersed) phase 

σ . Interfacial tension 

Fig. 10.3 Structure of the 
two-phase microfluidic 
T-junction [23]



10.4 Scale-up Modeling of Droplet Formation in a Coated Microfluidic . . .. 277 

Table 10.2 Relevant list of 
physical quantities 

Quantity Dimension 

Geometry wc ., wd . L 

h L 

Material μc ., μd . ML−1T −1
. 

ρc ., ρd . ML−3
. 

Mechanics Qc ., Qd . L3T −1
. 

σ . MT −2
. 

The parameter space consists of parameters that characterize the geometric 
structure, properties of the materials, and mechanical control variables, which are 
listed in the relevance list (Table 10.2). Dimensional analysis is then conducted to 
generate dimensionless π . numbers in Eq. (10.4) that span the transformed �.-space 
[7, 14, 15]. 

. π0 = L̄ =
L

wc

, π1 = Ca =
μcQc

σwch
, π2 = λ =

μd

μc

,

π3 = Q =
Qd

Qc

, π4 = Ww =
wd

wc

, π5 = Wh =
h

wc

,

π6 = ρ =
ρd

ρc

, π7 = Re =
ρcQc

μcwc

. (10.4) 

Corresponding to the formulation in Sect. 10.3, we choose the response to be 
the dimensionless droplet length z = π0 = L̄. due to our interest in droplet size. 
The scale-up modeling problem in the transformed �.-space is then formulated 
by the π . numbers in the form π0 = �(π1, π2, π3, π4, π5, π6, π7)., i.e. L̄ =

�(Ca, λ,Q,Ww,Wh, Re, ρ)., with (x∗, x◦) = (Ca, λ,Q,Ww,Wh, Re, ρ).. 
To reduce dimensionality, the capillary number is selected as the primary factor, 

i.e., x∗ = Ca ., whereas the remaining dimensionless numbers are identified as 
secondary factor, which will be explained in Sect. 10.4.3. For typical microchannel 
flows, the Reynolds number Re is very small. Once the microfluidic T-junction 
design and fluidic materials are determined, the only remaining controllable dimen-
sionless number other than Ca is the flow rate ratio, the effect of which has been 
investigated in each domain. We also qualitatively investigate the effect of Wh . by 
comparing droplet formation in a microfluidic T-junction with Wh = 1. and Wh = 2.. 
Therefore, Q and Wh . form the two-dimensional secondary factor x◦ = (Q,Wh).. 
Despite the demonstration in the study of droplet formation in a coated microfluidic 
T-junction, the strategy to reduce the dimension of a high-dimensional scale-up 
problem by identifying low-dimensional structures can be applied to a generic high-
dimensional scale-up problem.
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10.4.2 Experimental Setup and Data Collection 

In order to systematically characterize droplet formation across multiple domains, 
we first select a reference geometry and keep the fluid pair fixed. We used two 
geometries that maintained a wd : wc . ratio of 1 : 4., with wc = 200or400 µm.. 
Microfluidic devices were coated with a low-surface-energy fluoropolymer coating 
using initiated chemical vapor deposition (iCVD) as described previously [23, 
25]. The continuous phase was a polychlorotrifluoroethene (PCTFE) oil (trade 
name/vendor: Halocarbon oil), with μc = 100 mPa · s., and the dispersed phase 
was de-ionized water. Dimensional parameters for the reference system are given 
in Table 10.3. The width ratio Ww . is set to be 0.25., while the depth–width ratio 
Wh = 1, 2.. Droplet length was measured as a function of capillary number Ca and 
flow rate ratio Q for the reference system by selecting five different flow rate ratios
Q = 0.05, 0.25, 0.5, 1, 2.. For each fixed flow rate ratio, the capillary number is 
varied from Ca = 0.00193. to 0.15432.. To keep the flow rate ratio fixed, both Qc . 

and Qd . must vary as Ca varies .
As reported in [25], for Ca < 0.05. with wc = 200 µm. or Ca < 0.01. with 

wc = 400 µm. respectively, droplet size increased with increasing flow rate ratio 
at each fixed capillary number explored in the experiment and decreased with 
increasing Ca at each fixed flow rate ratio (see F ig. 10.4). Unlike droplet formation 
in uncoated microfluidic channels, droplet formation in the coated device remained 
in the dripping regime above the threshold of Q = 0.05., and the droplet size 
appeared to either plateau or increase according to different flow rate ratios. 

10.4.3 Model Structures and Basis Functions 

Candidates of basis functions that characterize model structures for droplet for-
mation in uncoated microfluidic T-junction in each domain can be acquired from 
experimental literature. In squeezing domain (Ca �. 0.01 according to [7], Ca <

0.002. in [39]), the scaling law is given in the form L̄ = σ + ωQ. [17], where 

Table 10.3 Experimental 
settings of physical quantities 

Fluid System Viscosity [mPa · s]. 

Continuous phase Halocarbon oil 100 

Dispersed phase De-ionized water 1 

Device geometry Dimension [µm]. 

Channel width wc . 200–400. 

wd . 50–100. 

Channel depth h 400 

Flow rate control Dimension µL/h. 

Continuous phase Qc . 250–200,000. 

Dispersed phase Qd . 12.5–200,000.
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σ . and ω . are parameters determined by channel geometry. In dripping domain 
with high Ca where droplets are unconfined, the dimensionless droplet length 
is proportional to Ca−0.25

. approximately [12, 32]. In the squeezing-to-dripping 
domain, according to the correlations discussed in existing studies [6, 12, 34, 38, 42], 
the scale-up model regarding the capillary number with all the other dimensionless 
numbers fixed is either given in the general form L̄(Ca) ∝ Ca−α

. with 0 < α <

0.25. or by the dimensionless droplet volume V̄ (Ca). being linear combination of 
Ca−α1 . and Ca−α2 . based on approximation models. According to the assumption 
in Sect. 10.3, droplet formation in the squeezing-to-dripping domain exhibits 
intermediate phenomenon. This explains why L̄(Ca) ∝ Ca−α

. with 0 < α < 0.25. 

in squeezing-to-dripping domain. 
We therefore choose the basis functions f1(Ca) = 1, f2(Ca) = Ca−α

. 

to characterize the decrease of droplet size in squeezing and dripping domain 
respectively at relatively low capillary numbers, where α . is a positive parameter 
to be determined for coated devices. 

In addition to the decrease in droplet size as the capillary number increases at 
relatively low Ca, we observed either a plateau or an increase of droplet size at 
higher capillary numbers before jetting occurred. We attribute this to the difference 
between our system and most in the literature using PDMS channels. The water 
contact angle of PDMS channels is 112◦

. while the low surface energy coating 
applied to our system renders the channels more hydrophobic, resulting a water 
contact angle larger than 120◦

. [25]. Wall effects by coating become significant when 
the droplet length is larger than the channel geometry. Therefore, an additional basis 
function f3(Ca) = Caγ

. is proposed to characterize the increase in droplet size at 
higher capillary numbers with γ > 0.. The total number of basis functions is K = 3.. 

Besides the primary factor x∗ = Ca ., two secondary factor x = (Q,Wh). 

are considered to explore the form of gi(x). in Eq. (10.3). From observation and 
existing literature, it is known that (i) the droplet size is linear to flow rate ratio with 
remaining π . numbers fixed at high viscosity contrast [12, 14, 34, 38, 42]; (ii) droplet 
formation with regard to Ca does not depend on the geometry of microfluidic T-
junction in squeezing [17], squeezing-to-dripping [6] and in dripping domain [12], 
indicating the independence of α . and γ . in Wh .. The weight function gi(Q,Wh). is 
proposed to be 

.gi(Q,Wh) = βi,0(Wh) + βi,1(Wh)Q. (10.5) 

where the intercept and slope of the linear model βi,0 ., βi,1 . are functions of the other 
secondary factor Wh .. 

We analyze the effect of Wh . qualitatively by regarding it as a treatment factor due 
to the following reasons: (i) The effect of geometry has not been well investigated 
across domains, i.e., concrete forms of βi0 . and βi1 . are not available for some i; (ii) 
Wh . is a two-level factor in our experiments, which can be represented by j = Wh . 

with j = 1, 2.. Similar to [26], an equivalent expression of Eq. (10.5) can be given 
in Eq. (10.6), using a dummy variable T defined such that T = 0. for j = 1. and 
T = 1. for j = 2..
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.gi(T ,Q) = ηi + τiT + βiQ + wiT Q, i = 1, . . . , K. (10.6) 

Remark This is essentially an ANCOVA (Analysis of Covariance) model setup 
in statistical design of experiments, which is a generalized linear model blending 
ANOVA (Analysis of Variance) with regression. gi(T ,Q). is the response for a given 
value of covariate Q and a selection of treatment T , τi . refers to the difference in 
βi,0(Wh). due to the treatment effect, βi . is the regression coefficient for the covariate 
Q, and wi . is the contrast in βi,1(Wh). due to an interaction between the treatment 
factor T and the covariate Q .

Based on the assumption formulated in Sect. 10.3 and discussions earlier, the 
basis functions of �(Ca|Q). are obtained as S = {1, Ca−α, Caγ }.. According to 
Eq. (10.6), the unified scale-up model under the assumption is given in the form of 
Eq. (10.7), with K = 3. and T = 0, 1. denoting Wh = 1, 2. respectively. 

.�(Ca,Q, T ) =

K
∑

i=1

{ηi + τiT + βiQ + wiT Q}fi(Ca) (10.7) 

10.4.4 Model Estimation 

The nls() function in R language was applied for Nonlinear Least Squares (NLS) 
estimation [9, Appendix], using a form of Gauss–Newton iteration that employs 
numerically approximated derivatives. The full model in Eq. (10.7) is further 
reduced to the model in Eq. (10.8) by eliminating redundant terms to minimize 
the residual standard error, estimation given in Table 10.4. 

.�(Ca,Q, T ) = (η2 + τ2T )Ca−α + [η3 + β3Q + w3T Q]Caγ (10.8) 

Table 10.4 Reduced model 
estimation 

Parameter Estimate Std.error P-value 

α . 0.39953 0.04079 3.12e −.15 

γ . 0.24503 0.01758 <. 2e −.16 

η2 . 0.09094 0.02596 0.000764 

τ2 . 0.05991 0.01521 0.000177 

η3 . 0.83829 0.11187 8.94e −.11 

β3 . 1.70621 0.11252 <. 2e −.16 

w3 . 0.84682 0.08789 6.36e −.15
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10.5 Physical Insights and Domain Boundaries 

10.5.1 Physical Insights Through High-Dimensional Modeling 

Compared to one-factor-at-a-time approach, our generic methodology allows inves-
tigation into the overall model structure in the high-dimensional space, providing 
additional insights into the droplet formation process in coated microfluidic devices. 

1. Flexibility for full-scale production 

As observed from Fig. 10.4, the concise model in Eq. (10.8) captures well the 
influence of Ca, Q and Wh . simultaneously, providing an opportunity to optimize 
multiple parameters simultaneously for full-scale production. 

2. Interpretation of multiple physical domains 

Domains are identified by dominant physical mechanisms characterized by 
corresponding basis functions. As observed from Eq. (10.8), dripping mechanism 
characterized by f2(Ca). dominates the decrease in droplet size before f3(Ca). 

Fig. 10.4 Change in dimensionless droplet length L̄.with respect to the capillary number Ca, flow  
rate ratio Q (from 0.05 to 2), and depth–width ratio Wh .
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starts to dominate the increase in droplet size. The transition between domains 
depends on the secondary factor. 

3. Effect of coating 

Coating enables a wider range of producing stable droplets, allowing higher flow 
rate ratios and capillary numbers. Although physical domains can still be classi-
fied according to different dominant mechanisms characterized by corresponding 
basis functions of the capillary numbers, the range of each physical domain 
could be very different from that of droplet formation in uncoated microfluidic 
devices, e.g., squeezing mechanism characterized by f1(Ca). is not significant 
within our explored range, whereas in a coated T-junction, squeezing dominates 
droplet formation for Ca < 0.002. and is competitive with dripping mechanism 
for 0.002 < Ca < 0.01.. 

4. Effect of secondary factor 

Transitions between physical domains are not independent of secondary factor 
(Q, Wh . discussed in our case). This will be further explained in the discussion 
of identifying physical domains. 

10.5.2 Identification of Physical Domains and Boundaries 

The scale-up model in Eq. (10.8) not only provides some insights into the droplet 
formation process in a coated microfluidic T-junction but also demonstrates the 
possibilities of detecting physical domains dominated by different mechanisms 
without ambiguity in boundaries that are characterized by values of primary factor in 
literature. Physical domains in this scale-up droplet formation process are detected 
by identifying dominant mechanisms. 

1. Identification of relevant mechanisms 

As observed in model reduction from Eqs. (10.7) to (10.8), f1(Ca). is eliminated 
from the final model since it is not significant across investigated domains. This 
implies that squeezing mechanism characterized by f1(Ca). in our coated devices 
is not significant within the explored range, i.e., coating leads to a decrease in 
the lower bound of dripping domain with respect to the primary factor Ca as a 
benefit of low surface energy .

Remark As observed from Fig. 10.4, there exists a slight lack of fit under 
Wh = 2.. This can be attributed to the unconspicuous postponement of dripping 
domain compared to the case when Wh = 1.. In other words, when Wh = 2., 
droplet formation near the lower bound of explored Ca may actually fall in 
the squeezing-to-dripping domain, although the basis function f1(Ca). is still 
recognized as insignificant due to the narrow range of the squeezing-to-dripping 
domain even if there exists.
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2. Identification of dominant mechanisms 

Dripping mechanism characterized by f2(Ca). dominates the decrease of droplet 
size at low capillary numbers within our explored range, while droplet size 
starts to increase and then tends to reach a plateau as Ca increases to a certain 
level. The domain in which the size of stable droplets increases is identified as 
“dripping-to-jetting” domain due to the coexistence of partial characteristics: (i) 
stable droplets are produced in this domain with no observations of jets; (ii) 
droplet size tends to reach a plateau near the explored upper bound of Ca, 
consistent with the scale-up model in jetting domain [13], which merely depends 
on Ca. 

3. Identification of boundaries 

Noting that f2(Ca) = Caα).and f3(Ca) = Caγ
.are both monotonic with respect 

to Ca, a transition point between dripping and dripping-to-jetting domain can be 
defined as the solution to ∂�(Ca,Q, T )/∂Ca = 0. given in Eq. (10.9). 

.Ca1(Q, T ) =

[

α(η2 + τ2T )

γ [η3 + (β3 + w3T )Q]

]
1

α+γ

. (10.9) 

When Ca < Ca1(Q, T )., droplet size decreases, i.e., dripping mechanism 
depicted by Ca−α

. explains a larger portion of change in droplet size; when Ca >

Ca1(Q, T )., droplet size starts to increase, i.e., dripping-to-jetting mechanism 
depicted by Caβ

. contributes to a larger percentage of size change. 
As shown in Table 10.5 and Fig. 10.4 (dashed lines), the value of Ca1(Q, T ). is 
smaller at higher flow rate ratio Q, and the transition is postponed due to extra 
confinement with Wh = 2 (T = 1). compared to the case with Wh = 1 (T = 0).. 

4. Effect of secondary factor 

To further demonstrate the effect of secondary factor on boundaries 
between physical domains, we define Ca2(Q, T ). as the solution to 
∂2�(Ca,Q, T )/∂Ca2 = 0. given in Eq. (10.10) and Table 10.6, noting that 
Ca2(Q, T ) > Ca1(Q, T ).. 

.Ca2(Q, T ) =

[

α(1 + α)(η2 + τ2T )

γ (1 − γ )[η3 + (β3 + w3T )Q]

]
1

α+γ

. (10.10) 

In dripping domain with Ca < Ca1(Q, T ) < Ca2(Q, T )., ∂2�(Ca,Q, T )/

∂Ca2
. is positive with Ca2(Q, T ). decreasing in Q, which explains the sharper 

decrease at lower Q when Ca is close to the lower bound of explored range. In 
dripping-to-jetting domain with Ca > Ca1(Q, T )., the increase in droplet size 

Table 10.5 Ca1(Q, T ). Q 

0.05 0.25 0.5 1 2 

T = 0. 0.0055 0.012 0.023 0.036 0.059 

T = 1. 0.0071 0.017 0.036 0.062 0.12
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Table 10.6 Ca2(Q, T ). Q 

0.05 0.25 0.5 1 2 

T = 0. 0.014 0.032 0.060 0.094 0.15 

T = 1. 0.019 0.044 0.093 0.16 0.31 

with respect to Ca first accelerates in the range of Ca < Ca2(Q, T ). and then 
decelerates to reach a plateau at higher Ca > Ca2(Q, T ).. 

This chapter introduces a generic multiple-domain scale-up problem and a 
scalable modeling approach to predict manufacturing processes that can poten-
tially operate under multiple physical domains due to uncertainties. The approach 
addresses two critical challenges in scale-up modeling for multiple-domain man-
ufacturing processes: high dimensionality and multiple physical domains. The 
challenge of high dimensionality is addressed by identifying low-dimensional 
model structures through dimensional analysis and adoption of primary factor. The 
ambiguity in boundaries between physical domains is addressed by interpreting 
multiple-domain manufacturing processes as an outcome of coexisting mechanisms. 
Physical domains are identified by identifying dominant mechanisms. 

The formulation and approach have been applied and demonstrated to investigate 
the scale-up droplet formation process in the coated microfluidic T-junction. The 
unified scale-up model across multiple domains not only captures well the joint 
effect of capillary number, flow rate ratio, and depth width ratio but also leads to 
some physical insights into the process: (i) Droplet formation in the coated device 
can be explained by coexisting mechanisms with weights varying across domains. 
(ii) Variables besides the capillary number influence the transition from dripping to 
dripping-to-jetting domain, which is postponed at lower flow rate ratio and higher 
depth–width ratio. (iii) The low-surface-energy fluoropolymer coating has proved to 
highly extend the range of domain for producing stable droplets either in dripping 
or dripping-to-jetting domain. 
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Chapter 11 

Domain-Informed Bayesian Hierarchical 
Modeling of Nanowire Growth at 

Multiple Scales 

This chapter introduces domain-informed modeling of nanowire (NW) growth 
process at multiple scales of interest for prediction. The main idea is to integrate 
available data and physical knowledge through a Bayesian hierarchical framework 
with consideration of scale effects. At each scale, the NW growth model describes 
the time-space evolution of NWs across different sites on a substrate. The model 
consists of two major components: NW morphology and local variability. The 
morphology component represents the overall trend characterized by growth kinet-
ics. The area-specific variability is less understood in nanophysics due to complex 
interactions among neighboring NWs. The local variability is therefore modeled by 
an intrinsic Gaussian Markov random field (IGMRF) so as to separate itself from 
the growth kinetics in the morphology component. Case studies are provided to 
illustrate the NW growth process model at the coarse and fine scales, respectively. 

11.1 Prediction of Nanowire Growth 

Understanding the first principles of nanostructure synthesis is certainly critical 
to improve process yield. Yet the physical laws are not completely understood at 
nanoscale. Current growth kinetics models are generally deterministic [7, 12, 27, 
33], involving a large number of constants to be estimated to a high level of accuracy. 
These models provide understanding of growth behavior at coarse scale, lack of 
description of local variability across different sites on a substrate. Due to processing 
uncertainties, existing models are unable to predict realistic nanomanufacturing 
processes [20]. 

In traditional manufacturing, statistical quality control and engineering-driven 
statistical analysis of manufacturing process have achieved great success in yield 
and productivity improvement [21, 29, 34]. Yet the scale effects bring new chal-
lenges upon quality control in nanomanufacturing. First, manufacturing of quality-
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engineered nanostructures demands prediction, monitoring, and control of process 
variations at multiple scales, e.g., the overall NW growth rate vs. the growth rates 
at different sites of a substrate. Second, nanostructure growth kinetics discovered 
in nanophysics provides valuable insights for process improvement. However, 
deterministic kinetics models fail to address process uncertainties. Third, there is 
a lack of in situ observation of most properties at the nanoscale during processing. 
The offline SEM (scanning electron microscope) or TEM (transmission electron 
microscopy) inspection is time-consuming and costly. These challenges call for a 
systematic methodology to model and control nanomanufacturing processes. 

Efforts have been undertaken to develop robust design methods to synthesize 
desired nanostructures [6] and to study the reliability of nano electronics [1, 18, 19] 
(see review in [9, 16]). 

11.2 Nanowire Growth Process and Modeling Strategy 

Nanomaterials such as nanotubes or NWs are expected to have wide applications 
in nanoelectronics and optoelectronic devices [17]. Yet the process of synthesizing 
nanomaterials is complex. As shown in Fig. 11.1, metal catalyst such as gold is first 
deposited on {111} surface of a Si substrate. The substrate is then heated above 
eutectic temperature to form liquid Au-Si alloy. Through a chemical vapor depo-
sition (CVD) process, the liquid droplet becomes the preferred site for absorbing 
Si atoms from vapor, causing the liquid to be supersaturated with Si. The deposit 
particles travel to the liquid–solid interface and vertically grow layer-by-layer 
mediated by nucleation. The driving force for this the so-called vapor–liquid–solid 
(VLS) growth mechanism is the supersaturation of semiconductor atoms (Si) in the 
liquid alloy [33]. 

In addition, nanostructure growth normally involves multiple correlated pro-
cessing steps, e.g., catalyst deposition and VLS growth. Processing uncertainties 
during deposition could cause variations in the shape and diameter of metal catalyst 

Fig. 11.1 Vapor–liquid–solid 
mechanism of NW growth 
[33]
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Fig. 11.2 Growth variability 
within a silicon substrate 

from sites to sites, as illustrated by regions A and B in Fig. 11.2a. During VLS 
growth process, the NWs in region A might absorb more species from the vapor 
and therefore inhibit the growth in region B. This phenomenon could aggregate the 
growth variability on a substrate (see Fig. 11.2b). 

Effective control of such a complex NW growth process demands a process 
model integrated with nanophysics. The challenge is the knowledge disparity at 
different scales, i.e., limited understanding of growth kinetics at fine scales (greater 
uncertainties) vs. relatively established work at coarse scales (less uncertainties). 
The following three principles are essential when developing our modeling 
framework: 

• Openness: In light of the rapid advance in nanoscience, the modeling framework 
should be open enough to integrate the forthcoming knowledge at fine scales 
without dramatic changes in model structures. 

• Separation: The model components with different degrees of uncertainties 
should be separable so that during model estimation, the model structures with 
less confidence in physics will have no or little impact on those with better 
physical knowledge. 

• Structured simplicity: Due to limited measurement data, it is preferred to have 
a simple process model (containing less unknown parameters) with a physical 
structure embedded with growth knowledge. 

Specifically, the existing kinetics models depict the NW growth at coarse scale 
[7, 12, 27], and their model structure will be adopted to describe NW morphology. 
Based on the separation principle, the local variability component, where no physi-
cal models are available to describe growth variability across sites, is constructed to 
be invariant to morphology. This morphology-local decomposition is placed under 
a Bayesian hierarchical model. As shown in Fig. 11.3, at a fine scale, the quality 
features X(s, t). of NWs on a substrate consist of morphology ηk−1(s, t)., local 
variability φ(s)., and noise ε ., where t and s . denote time and the collection of sites on 
a substrate, respectively. Model parameters ξ . of X(s, t). are determined by process 
variables from growth kinetics. The classical Bayesian hierarchical modeling [25], 
illustrated at the right panel of Fig. 11.3, has long been applied to integrate 
available knowledge for model building (see engineering applications in [3, 11, 23]).
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Fig. 11.3 Physics-driven hierarchical modeling of growth process at micro/nano scale 

This strategy provides a nanomanufacturing process modeling methodology, which 
addresses the issue of knowledge disparity at different scales through morphology-
local decomposition under a Bayesian hierarchical modeling framework. 

11.3 Hierarchical Modeling of Nanowire Growth Process 

The nanostructure growth is a dynamic process, which is to be characterized by 
a space–time random field model. The random field model has the hierarchical 
structure defined in Fig. 11.3. 

11.3.1 Space–Time Random Field Representation of 

Nanostructures 

Let X . represent the quality features of NWs on a substrate. At a certain scale and 
time t , the observed feature at site si . of the substrate is denoted as X(si, t), si ∈

R
p, p ∈ {1, 2, 3}, i = 1, 2, . . . , n.. For simplicity of presentation, we hereafter 

only show the case with p = 1.. As an example, X(s1, t). could be 150 nanometer 
(nm) representing the average length of all NWs at site A of a substrate shown in 
Fig. 11.2b. All the features at sites s = (s1, s2, . . . , sn)

T
. are represented as X(s, t).: 

.X(s, t) = [X(s1, t), X(s2, t), . . . , X(si, t), . . . , X(sn, t)]
T (11.1) 

which is a space–time random field on lattice s .. A real example is shown in 
Fig. 11.4 [4] where NW lengths vary from site to site, and random field is a better 
characterization of nanostructures. Similar idea has been developed in stochastic 
modeling of microstructure [30]. But it should be noted that those works mainly
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Fig. 11.4 Vertically aligned 
NWs with a mean length of 
400 nm [4] 

Fig. 11.5 Morphology-local 
decomposition of NW length 
field 

focus on (offline) mathematical characterization of material structures. We go 
beyond that by linking the mathematical model with process physics to set the 
foundation for in situ process control. 

11.3.2 Morphology–Local Decomposition of Nanostructure 

Random Field 

We propose to decompose the nanostructure random field X(s, t). into morphology 
or profile ηk−1(s, t)., local variation φ(s)., and noise ε ., 

.X(s, t) = ηk−1(s, t) + φ(s) + ε (11.2) 

where ηk−1(s, t). could be a plane or a surface with relative complex profile 
evolving over the growth process. The subscript k − 1. represents the order of a 
polynomial, which will be introduced later in Eq. (11.3). φ(s). represents local 
fluctuation riding on the morphology. We suggest an intrinsic Gaussian Markov 
random field (IGMRF) model for φ(s).. Figure 11.5 illustrates the idea in a 2D graph 
for simplicity. 

The rationale of the morphology-local decomposition is as follows. Currently, 
there is better understanding of global behaviors of the growth kinetics. But limited
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physical knowledge is available for area-specific variability because of latent and 
unobserved factors. The decomposition therefore aims at engaging growth kinetics 
through ηk−1(s, t). and local variation modeling through φ(s).. 

Due to the lack of physical studies, we only consider the case that local variability 
at site si . is mainly determined by its interaction with neighbors and remains stable 
over time. At the initial stage of modeling work, this time-invariant assumption 
could simply the model structure with the hope that the dynamics will be captured 
by morphology ηk−1(s, t).. The model in Eq. (11.2), however, could be extended to 
consider φ(s, t).. 

Remark An alternative method of modeling the nanostructure is to use the kriging 
model in spatial statistics [5, 24]. X(si, t). would be expressed as X(si, t) =

µ(si, t) + Z(si)., where µ(si, t). is a mean function and Z(si). is weak stationary 
Gaussian field (see a kriging example in [10]). The kriging model also captures the 
trend and local variability, and actually, there is a connection between Gaussian ran-
dom field and Gaussian Markov random field [26]. We prefer a Markovian property 
for local variability component and a noise term ε . in Eq. (11.2) for three reasons: 

• First, we intend to separate the modeling error and noise (see a general 
discussion in [11]). The modeling error in Eq. (11.2) dominates in φ(s). due 
to the lack of understanding at fine scales. However, molecular dynamics 
simulation [22] often uses, e.g., the Lennard–Jones potential [13] to describe 
the interactions among NWs or nanotubes. The separation gives the opportunity 
to model the structure of φ(s). at nanoscale. 

• Second, GMRF has shown the flexibility to specifying the neighboring structure 
on a lattice and efficiency in computation [26]. Material properties such 
as anisotropy are easier to be modeled. It is a viable strategy to model the 
nanostructure growth process with effective integration of nanphysics. 

• Third, in the hierarchical model estimation through Markov chain Monte Carlo 
Simulation (MCMC), GMRF such as conditional autoregressive (CAR) model 
has shown better computational efficiency [2]. Our simulation studies also 
support the claim. 

11.3.2.1 Modeling of Nanowire Morphology 

The morphology is devised to have order k − 1. polynomial representation on s ., 

. ηk−1(s, t) =
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⎜

⎜
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where βk−1 = [β0(t), β1, · · · , βk−1]
T
. are coefficients with specific model struc-

tures. βk−1 . is in the middle layer of the hierarchical framework given in Fig. 11.3. 
The detailed structure of βk−1 . is derived as follows to connect with process variables 
θ .. 

The literature on growth kinetics did not report an integrated model relating the 
nanowire length with time and temperature [7, 12, 27]. We propose the intercept 
β0(t). to be: 

.β0(t) = α1 exp

[

−
Ea

kBT0
−

α2

t

]

, if β0(t) < Lf , or t < t0, . (11.4a) 

β0(t) = α3 exp

[

− 
Ea 

kBT0

]

t + b, if β0(t) ≥ Lf , or t ≥ t0. (11.4b) 

where t0 . is unknown transition point; Ea, kB , T0 ., and Lf . are activation energy 
(kJ/mol), Boltzmann constant (J/K), average temperature (K), and diffusion length, 
respectively. Definition of these quantities can be found in [7, 12, 27]. Conti-

nuity constraint is imposed at transition point t0 ., i.e., α1 exp

[

−
Ea

kBT0
−

α2

t0

]

=

α3 exp

[

−
Ea

kBT0

]

t0 + b.. 

The unknown coefficients α1, α2 ., and α3 . are adopted to combine a set of physical 
constants such as degree of supersaturation, atomic volume, diffusion coefficient, 
and adatom concentration. Combining multiple unknowns into one would require 
much less data in model estimation. The drawback is that the model has to be 
estimated again if any of those physical constants are subject to changes. Since 
our ultimate goal is to control and monitor growth conditions, data under the same 
process condition will be collected anyway, and the drawback is therefore not a 
concern. 

The structures of the rest coefficients in βk−1 . or [β1, · · · , βk−1]
T
. are determined 

by properties of the NW random field. Little work has reported the kinetics of NW 
morphology except for the overall trend or the intercept term β0(t).. By the definition 
of ηk−1(s, t). in Eq. (11.3), we could easily show that 

. η(si) − η(sj )

=

[

si − sj ,
1

2
(s2

i − s2
j ), · · · ,

1

(k − 1)!
(sk−1

i − sk−1
j )

]

(β1, . . . , βk−1)
T

(11.5) 

Equation (11.4) suggests that if the temperature has a space–time profile, i.e., 
being T (s, t). instead of a constant T0 ., the growth rate variability may lead to a 

complex morphology. By defining q
def
=

[

si −sj ,
1

2
(s2

i −s2
j ), · · · ,

1

(k − 1)!
(sk−1

i −
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sk−1 
j )

]T 

., the following model is postulated for the structure of [β1, . . . , βk−1]
T
.: 

.η(si) − η(sj ) = qT[β1, . . . , βk−1]
T = α4 exp

[

−
Ea

kBT (q, t)

]

(11.6) 

where T (q, t). represents the temperature gradient between two sites at time t . If  
the gradient does not vary with time, we could drop the time index in the model. 
Since temperature is probably one of the key growth variables, here we choose it to 
illustrate the modeling strategy. If other key process variables should be considered 
in Eq. (11.6), those variables may modify the constant α4 . by imposing a certain 
structure. To further consider the uncertainty of estimating α1 ∼ α4 . with limited 
data, we could introduce prior distributions for α1 ∼ α4 . and update them with new 
observation. 

11.3.2.2 Modeling of Nanowire Area-Specific Variability 

As defined in Eq. (11.2), the area-specific variability φ(s). represents local fluc-
tuation riding on the morphology. In addition, φ(s). is expected to capture the 
dependence/interaction among neighboring sites. Based on the remark made pre-
viously, we adopt an IGMRF model with rank deficiency k for local va riability 
φ(s) = [φ(s1), φ(s2), . . . , φ(si), . . . , φ(sk−1)]

T
.. It has density function [26] 

.f [φ(s)] = (2π)−
n−k

2 |Q|∗
1
2 exp

[

1

2
[φ(s) − µ∗]TQ[φ(s) − µ∗]

]

(11.7) 

where Q. is precision matrix with rank n − k . and | ◦ |∗ . denote the generalized 
determinant. Note that the rank deficiency k of precision matrix Q. corresponds to 
an order k − 1. polynomial in Eq. (11.3). For an IGMRF of first order (k = 1.), 
the conditional mean of φ(si). is simply a weighted average of its neighbors, 

not involving an overall mean, i.e.,E[φ(si)|φ(−si)] = −
1

Qii

∑

j :j∼i φ(sj ). [26]. 

Notation j : j ∼ i . denotes sites si .’s that are neighbors of si .. 
The unique property of IGMRF of order k is that it is invariant to an order k − 1. 

polynomial (see detail in [26]). That is another major reason of adopting IGMRF 
in this study. This property facilitates the separation of morphology from local 
variability, which gives the freedom to integrate physical laws into morphology 
modeling without compromising the flexibility of statistical modeling of area-
specific variability and dependence. 

Hence, the local variability φ(s). specified by Eq. (11.7) will mainly be deter-
mined by structure of precision matrix Q.. One key factor is the order of IGMRF 
or the rank deficiency of Q.. A low order k(≤ 5). is preferred in our model because 
of two reasons. First, large k would result in a high-order polynomial ηk−1 . with 
more fluctuation in morphology. That may cause the difficulty of distinguishing
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morphology and local variability. Second, it is hard to properly connect the higher-
order morphology with process variables because it demands a better understanding 
of growth kinetics at finer scales. With the similar level of goodness of fit, we tend 
to choose the model with lower order. Hence the morphology-local decomposition 
is a compromise between the limited process knowledge at fine scales and the desire 
to model and control local variability. 

It should be mentioned that the morphology-local decomposition model could 
take slightly different form from Eq. (11.2), for instance, 

.X(s, t) = µ(s, t) + ε. (11.8a) 

log[µ(s,  t)] =  log[ηk−1(s,  t)] +  φ(s) (11.8b) 

The logarithm transformation of mean µ(s, t)., not X(s, t)., is based on the obser-
vation that the growth kinetics models usually take exponential form (Eqs. 11.4 
and 11.6). Terms ηk−1(s, t). and φ(s). follow the same model structures defined 
in Eqs. (11.4)–(11.7). The transformation enables the morphology-local mode to 
accommodate a wide range of growth conditions and provides more flexibility in 
model fitting. 

11.3.2.3 Nanostructure Growth Model Estimation 

The nanostructure growth model, structured by Eqs. (11.2)–(11.7), integrates the 
growth kinetics with statistical modeling of uncertainties through the Bayesian 
hierarchical framework shown in Fig. 11.3. The model inputs for estimation and 
prediction are from two sources, i.e., (limited) process/product data and prior 
physical knowledge for hyper-parameters λ. (Fig. 11.3). The process/product data 
to be collected include, for instance, the growth temperature and its temporal– 
spatial distribution in the CVD process, carrying gas flow rate, nanowire length, 
and distribution on a substrate. 

At fine scales, a number of issues make the model estimation process challeng-
ing. The first is a “missing data” problem. Since the nanoscale in situ sensing tech-
nology is still under development [8], nanoscale measurement of process/product 
during processing is almost unavailable. Offline SEM or TEM inspection is 
extremely time-consuming and may only provide information on a few tiny areas 
on a substrate at the time of realtime decision. Therefore, in situ process/product 
information and offline product data at nanoscale are either missing or incomplete. 
Second, the number of unknown parameters is still relatively large even though we 
consolidated the unknown physical constants (Eq. 11.4). Third, there is normally 
no analytical solution for the hierarchical model set up by Eqs. (11.2)–(11.7). While 
Maximum likelihood estimation (MLE) is generally hard to be applied, Markov 
chain Monte Carlo simulation (MCMC) [15, 32] is frequently used to address the 
aforementioned issues in model estimation.



296 11 Domain-Informed Bayesian Hierarchical Modeling of Nanowire Growth at. . .

Taking the NW growth as an example, let NW length field X = (Xobs,Xmiss)., 
where Xobs . is the observed NW lengths at some sites and Xmiss . at the other sites 
is unobservable due to resource/time constraints. If two or more replicates are 
available, sites with missing measurement could vary from substrate to substrate. 
Given the in situ measurement of temperature T and prior distributions f0(θ). for 
process variables θ . such as α1 ∼ α3 . in Eq. (11.4), conditional distribution of θ .under 
available observation can be obtained. By drawing samples via MCMC method, 
we could estimate θ . and ξ . in the hierarchical model (Fig. 11.3). More details about 
MCMC can be found in [15]. In the case studies, we will implement Gibbs sampling 
using WinBUGS software [31] for model estimation. 

11.4 Case Studies 

The case studies will demonstrate the procedure of hierarchical modeling and 
estimation of the NW growth process under uncertainties. Figure 11.6 shows how 
the NW length varies with temperature and time [12]. The data therein were 
collected over time (t = 15s, 30s, 180s, 900s .) under six growth conditions 
(T = 365◦C, 380◦C, 400◦C,. 420◦C, 430◦C, 440◦C.). The first four conditions are 
used for model building. We did not consider the two high-temperature conditions 
because there were no observation at time 180s and 900s. The growth in [12] may  
not last that long for higher-temperature settings. 

In the first example, we will focus on modeling and Bayesian estimation of 
the NW growth process at the coarsest scale, i.e., the overall growth across entire 
substrate. Comparing to the existing NW kinetics models, we not only consider the 
uncertainties but also estimate the transition times under different process conditions 
with missing values. In the second example, we will simulate local variation based 
on the data in [12]. Since we have not identified the work that studies the growth 
variations over substrate due to temperature distribution, the second example only 
considers the first-order IGMRF model for describing the local variations. It should 

Fig. 11.6 Growth rate vs. 
time, temperature [12]
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Fig. 11.7 The hierarchical modeling procedure 

be noted from Fig. 11.6 that the amount of data is quite limited comparing to the 
numbers of model parameters to be estimated. Results suggest that the MCMC 
method works very well in this “missing value” scenario. 

The three-level hierarchical modeling procedure is summarized in Fig. 11.7, 
which will be detailed in the two cases. 

11.4.1 Dynamic Nanowire Length Model at a Coarse Scale 

At the coarsest scale, we treat a whole substrate as one site. NW length X(s, t) =

X(t). with s = 0.. The hierarchical model for this growth process can be set up as 
follows: 

. Level 1 : X(t) ∼ N(µ(t), σ 2
ε )

Level 2 : µ(t) = β0(t)

= It<t0

[

α1 exp

(

−
Ea

kBT
−

α2

t

)]

+ It≥t0

[

α3 exp

(

−
Ea

kBT

)

t + b

]

Level 3 : Non-inf ormative priors :

σε ∼ unif orm(0, 20), t0(T ) ∼ unif orm(1, 40)

α2(T ) ∼ unif orm(1, 20), α1, α3 ∼ unif orm(0, 1030)

where b = α1 exp

(

−
Ea

kBT0
−

α2

t0

)

− α3 exp

(

−
Ea

kBT0

)

t0 ., and IA(t) = 1, if t ∈

A.; and 0, otherwise. 
Since model parameters such as diffusion length Lf ., transition time t0 ., and 

α3 . defined in Eq. (11.4) vary with temperature T , four prior distributions will be
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assigned to each parameter under four temperature conditions. For simplicity of 
presentation, we denote the parameter as a function of temperature when assigning 
priors. The activation energy Ea is 230kJ/mol [12]. If needed, this parameter can 
easily be introduced as a prior distribution under the current framework. 

The computational issue for this model setup is that the MCMC procedure would 
often crash because of sampling from such as wide ranges, particularly the priors 
of α1 . and α3 .. Using a piece-wise nonlinear regression [28], we could have a rough 
estimate for α1 . and α3 ., which are at the order of 1019

. and 1017
., respectively. To 

avoid the problem of sampling large numbers, we re-parameterize µ(t). and yield 
the following model: 

. Level 1 : X(t) ∼ N(µ(t), σ 2
ε )

Level 2 : µ(t) = It<t0

[

a1 exp
(

−
α2

t

)]

+ It≥t0

[

a3t + a1 exp

(

−
α2

t0

)

− a3t0

]

Level 3 : σε ∼ unif orm(0, 20),

t0(T ) ∼ unif orm(1, 40), α2(T ) ∼ unif orm(1, 20)

a1 ∼ N(µa1 , σ
2
a1

), a3 ∼ N(µa3 , σ
2
a3

)

log(µa1) = log(α1) −
Ea

kBT
, log(µa3) = log(α3) −

Ea

kBT

log(α1) ∼ N(0, 0.001),

log(α3) ∼ N(0, 0.001), σa1 , σa3 ∼ unif orm(0, 10)

During WinBUGS simulation, we ran three Markov chains at the same time with 
initial values far apart from each other. The first 50,000 iterations constitute burn-in 
period, while another 50,000 iterations were used for computing posterior statistics. 
The computation time is at the order of a few minutes for 50,000 iterations using 
a 64-bit desktop workstation. Gelman–Rubin statistics provided by WinBUGS are 
around 1 and confirmed the convergency. 

The numerical results are summarized in Table 11.1, and the fitted model based 
on posterior means is shown in Fig. 11.8. The model seems to fit the data well. 
The 95% confidence interval for the parameters is generally wide due to the limited 
amount of data. The findings from the results are listed as follows. 

• As defined in Eq. (11.4), α1exp[− Ea

kBT0
]. change the ÒscaleÓ of the curve, while 

α2 . fine-tunes the cure shape. It makes sense because higher temperature may 
elevate the growth process, but the growth dynamics reflected by the shape of 
length curves is expected to be the same. As confirmed by the experimental 
data in Fig. 11.6, the analysis to some degree justified the proposed structure 
for β0(t).. The ÒshapeÓ parameter α2 . can be useful to fine-tune the growth 
curve. 

• The most sensitive parameter is α1 . or its intermediate parameter a1(T ).. It is  
correlated with α2 . by the nature of the model structure. When more data are
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Table 11.1 Bayesian Estimates via MCMC for Case One 

Parameter Mean Std. Dev. Median 95% C.I. 

α1 . 1.32E19 6.8E13 4.44E19 [0, 2.72E46] 

a1(365◦C). 0.59 7.76 0.33 [ −.15.17, 16.62] 

a1(380◦C). 1.63 7.85 1.08 [ −.14.19, 17.95] 

a1(400◦C). 9.20 11.47 7.93 [ −.10.9, 32.28] 

a1(420◦C). 16.49 15.59 17.53 [ −.9.10, 43.92] 

α2(365◦C). 15.76 8.31 15.88 [1.82, 29.29] 

α2(380◦C). 15.65 8.34 15.70 [1.77, 29.29] 

α2(400◦C). 10.89 8.72 8.09 [1.15, 28.73] 

α2(420◦C). 7.34 8.60 2.30 [1.03, 28.24] 

α3 . 2.83E17 7.29E13 2.74E17 [0, 3.27E44] 

a3(365◦C). 0.11 0.02 0.11 [0.07, 0.16] 

a3(380◦C). 0.15 0.02 0.15 [0.10, 0.19] 

a3(400◦C). 0.51 0.02 0.51 [0.47, 0.56] 

a3(420◦C). 1.25 0.03 1.25 [1.20, 1.30] 

σε . 19.81 0.19 19.86 [19.3, 19.99] 

t0(365◦C). 20.14 11.29 19.96 [1.89, 39.01] 

t0(380◦C). 19.52 11.24 18.99 [1.86, 38.86] 

t0(400◦C). 10.20 8.15 7.88 [1.25, 32.37] 

t0(420◦C). 4.79 3.19 4.07 [1.09, 12.56] 
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Fig. 11.8 Fitted model β̂0(t). in case one 

available, it will be helpful by introducing a correlation structure between α1 . 

and α2 .. 
• The parameter α3 . has a wide interval. But the slope of the linear phase or 

a3(T ). is more robust, as suggested by its intervals. The main reason is that 
the linear structure requires relatively less data comparing to the exponential 
phase. Therefore, from the data collection point of view, it demands more data 
during exponential growth period when high confidence for α1 . is needed.
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• It naturally brings up the issue of the exponential-linear transition point t0(T ).. 
The posterior estimates of t0(T ). are surprisingly well considering the fact that 
there were missing observation before the transition time under T = 400◦C. 

and 420◦C.. The estimation is in agreement with physics that transition time 
would decrease with temperature and the balancing point will be reached faster 
with higher energy. This agreement can be attributed to that we embedded the 
physical model structure initially. The embedded ‘prior’ knowledge to certain 
degree compensates the lack of data. 

11.4.2 Dynamic Nanowire Length Model at a Fine Scale 

Suppose at a finer scale, we are interested to investigate both the overall growth and 
the final growth variability across the substrate. For the simplicity of presentation, 
we study three equally divided grids aligned on on the substrate. When the mor-
phology is relatively uniform, we could use the first-order IGMRF to approximate 
the local variability, i.e., the conditional mean of φ(si). is simply a weighted average 
of its neighbors. X(s, t) = [X(1, t), X(2, t), X(3, t)]T

., where s = [1, 2, 3]T
.. 

Using the morphology-local model or X(s, t) = η0(s, t) + φ(s) + ε ., we have  
η0(s, t) = S0β0 = (1, 1, 1)Tβ0(t).. The density and precision matrix for φ(s). 

are [26] 

. f [φ(s)] ∝ κ(n−3)/2 exp

[

−
1

2
φ(s)TQφ(s)

]

, with Qij = κ

⎧

⎪

⎪

⎨

⎪

⎪

⎩

ni, if i = j ;

−1, if i ∼ j ;

0, o/w.

(11.9) 

where ni . represents the number of neighbors of site i, and i ∼ j . means i and j are 
neighbors. 

For each temperature setting, we simulated the three-grid IGMRF with κ =

1/50.. The simulated data will be added to the growth data at t = 900s . in [12]. 
The hierarchical model in case one is extended as follows: 

.Level 1 : X(t, s) ∼ N(µ(t, s), σ 2
ε )

Level 2 : µ(t, s) = It<t0

[

a1 exp
(

−
α2

t

)]

+It≥t0

[

a3t + a1 exp

(

−
α2

t0

)

− a3t0

]

+ It=900sφ(s)

Level 3 : φ(s) ∼ CAR(κ), κ−2
∼ unif orm(0, 20)

Other non-informative priors same as those in case one
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Table 11.2 Bayesian 
Estimates via MCMC for 
Case Two 

Parameter Mean Std. Dev. Median 95% C.I. 

α1 . 1.01E19 5.62E13 0.87E19 [0, 8.20E45] 

α2(365◦C). 15.75 8.32 15.86 [1.78, 29.31] 

α2(380◦C). 15.66 8.33 15.74 [1.79, 29.28] 

α2(400◦C). 10.63 8.65 7.65 [1.15, 28.64] 

α2(420◦C). 6.96 8.40 2.18 [1.03, 28.1] 

α3 . 2.52E17 4.69E13 2.09E17 [0, 2.20E44] 

κ−2
. 12.71 4.15 12.83 [4.76, 19.56] 

t0(365◦C). 20.21 11.29 20.09 [1.90, 38.99] 

t0(380◦C). 19.51 11.26 18.97 [1.85, 38.85] 

t0(400◦C). 10.57 8.36 8.25 [1.26, 33.32] 

t0(420◦C). 5.04 3.31 4.34 [1.10, 13.11] 

σε . 19.81 0.19 19.87 [19.31, 20.0] 

where CAR represents the conditional autoregressive representation of GMRF. 
WinBUGS defined function car.normal . for IGMRF, which was used in this MCMC 
simulation. 

The numerical results are given in Table 11.2. In general, the precision of 
parameter estimation is slightly better ( α1 ., α3 ., a3(T ). omitted) or similar (α2(T )., t0 ., 
σε ., a1(T ). omitted) in comparison with case one. The posterior means of the model 
parameters are very close to case one. The estimated κ̂−2

. is larger that the true value. 
It can be attributed to the small number of grids prescribed in the simulation. Larger 
grids would provide more data and confidence to assess the correlation among them. 

Clearly, the procedure is directly applicable to finer scales with measurement at 
each observation time, e.g., t = 15s, 30s, 180s, 900s ., if data are available. A more 
challenging issue is to correctly estimate the order of the local variability φ(s).. We  
have done initial work in [14]. Due to page limitation, details will not be discussed 
herein. 

The chapter introduces a domain-informed modeling methodology to enable 
the prediction of nanowire growth process at each scale. To take advantage of 
existing growth kinetics models, morphology-local decomposition of nanostructure 
field is conducted, in which the extended growth kinetics model is incorporated to 
reflect the morphology and local variability is represented by an intrinsic Gaussian 
Markov random field. The morphology model describes the general time–space 
evolution of the nanostructure growth specified by key process variables. To take 
into consideration the large uncertainty due to limited measurement and physical 
knowledge at fine scale, we put the morphology-local model under a Bayesian 
hierarchical framework. Two case studies are provided to demonstrate the modeling 
and estimation procedure at the coarse and fine scales. 
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Chapter 12 

Cross-Domain Model Building and 
Validation for Nanomanufacturing 

Processes 

Understanding the nanostructure growth faces issues of limited data, lack of 
physical knowledge, and large process uncertainties. These issues result in modeling 
difficulty because a large pool of candidate models almost fit the data equally 
well. Through the domain-informed machine learning strategy, we derive the 
process models from physical and statistical domains, respectively, and reinforce 
the understanding of growth processes by identifying the common model structure 
across two domains. This cross-domain model building strategy essentially validates 
models by domain knowledge rather than by (unavailable) data. It not only increases 
modeling confidence under large uncertainties, but also enables insightful physical 
understanding of the growth kinetics. We present this method by studying the 
weight growth kinetics of silica nanowire under two temperature conditions. The 
derived nanowire growth model is able to provide physical insights for prediction 
and control under uncertainties. 

12.1 Modeling Nanomanufacturing Processes Under Large 

Uncertainties 

Nanostructures with a length scale from 1 to 100 nm have attracted much research 
interests in recent decades due to their superior electrical, mechanical, optical, and 
biological properties [3, 13, 33, 35]. To achieve the full potential of nanotechnology, 
nanomanufacturing has to reach to the level of economical production at commercial 
scale. Despite our rapid growing knowledge in nanoscience and nanotechnology, 
credible prediction of nanomanufacturing processes has been a challenging task, 
which hinders the subsequent control activities for quality and yield improvement. 

Prediction and control of nanomanufacturing processes often demand the under-
standing of nanostructure formation and growth. Such understanding has been 
traditionally achieved through theoretical or physical modeling based on the 
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first principles and validation from experimental observations. Nanomanufactur-
ing, however, faces large uncertainties, not only from nanoscience regarding the 
understanding of nanostructure growth mechanisms but also from variations and 
noise in measurement data. The limitation of purely physical modeling approach 
becomes evident because competing mechanisms can exist for the same growth 
process. Taking nanowire growth as an example, we review three categories 
of modeling strategies: (a) physical modeling, (b) statistical modeling, and (c) 
physical–statistical modeling. 

In physical modeling of nanowire growth, two major growth mechanisms have 
been extensively studied: diffusion and absorption. The diffusion mechanism studies 
the concentration gradient of growth materials that drives the growth. The growth 
models are presented in the form of diffusion equations with appropriate bound-
ary conditions. Applications can be found in VLS (vapor–liquid–solid) growth 
modeling of nanowire [8, 26] as well as selective area metal–organic vapor phase 
epitaxy (SA-MOVPE) growth processes [4, 23]. The absorption-based growth 
models assume that the growth is driven by materials absorbed and incorporated 
by the nanowire [14]. There are also works indicating that absorption and diffusion 
mechanisms coexist in the process [7, 30], which will be hard to confirm under large 
measurement uncertainties. 

In empirical modeling of nanowire growth, statistics is playing an ever-increasing 
role in experiment design, process modeling, and nanostructure characterization 
due to large variabilities observed. Xu et al. [37] designed sequential experiments 
for ZnO nanowire growth using pick-the-winner rule as well as one-pair-at-a-
time effect analysis. Dasgupta et al. [5] identified robust process parameters for 
given morphologies using design of experiment and GLM. Wang et al. [34] 
proposed methods based on sequential sampling and imputation to characterize 
length, diameters, orientations, and densities of ZnO nanowires. Xu and Huang [36] 
modeled and estimated interactions (i.e., spatial correlations) among neighboring 
nanostructures to provide a benchmark metric of nanostructure variability and 
quality. 

In physical–statistical modeling of nanowire growth, Huang [16] developed 
a physics-driven hierarchical modeling approach to integrate available data and 
growth kinetics with consideration of scale effects. At each scale, the nanowire 
growth model describes the time–space evolution of general morphology and local 
variability riding on the trend. Huang et al. [17] proposed an exponential–linear 
model structure based on diffusion-based growth mechanism to describe the weight 
growth kinetics of silica nanowire growth. Dasgupta et al. [6] developed a model 
connecting density of nanowires with thickness of polymer films where different 
thicknesses correspond to two physical mechanisms: pore-dominated and diffusion-
dominated growth. 

These three nanostructure modeling strategies have their own suitable domains of 
application. As illustrated in Fig. 12.1, with sufficient physical knowledge, physical 
modeling is readily a choice even when experimental data are less accessible. 
When growth mechanisms are debatable, uncertainties in the first principles will 
invalidate the purely physical modeling approaches. In the case of MOVPE growth
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Fig. 12.1 Modeling strategies comparison 

of GaAs nanowires, multiple physical models have been proposed based on different 
mechanism such as diffusion-induced growth [23] and absorption-induced growth 
[18]. But no conclusive evidences assist to determine either of these mechanisms. 

On the other hand, statistical modeling faces issue of limited data in nanomanu-
facturing due to costly growth experiment and structure characterization. Moreover, 
the collected data tend to have large variations because of the poor in situ control 
of process variables such as growth temperature gradient. As a result, a large pool 
of candidate models can statistically fit the data. The data requirement for purely 
statistical modeling is rarely satisfied. 

Physical–statistical modeling comes into play when physical knowledge or data 
alone are insufficient, but the combined information makes it feasible to improve 
the understanding of one growth mechanism [16] or select among a few candidate 
mechanisms [6]. When the uncertainties in physical knowledge and data continue 
to increase and growth mechanisms still require to be derived or investigated, a 
new modeling scheme, or the cross-domain model building and validation (CDMV) 
approach, shall be developed. The CDMV derives models from both physical 
and statistical domains and cross-validates the model from two domains against 
one another (Fig. 12.2), which is challenging as it requires understanding in both 
domains. 

To illustrate the CDMV approach, we will investigate the selective growth of 
silica nanowires on silicon substrate with Pd thin film as catalyst [28, 29]. The 
weight change of the substrate is a macroscopic measure of nanowire growth and 
is measured at different times under two temperature settings, namely 1100°Cand 
1050°C. It can serve as a good index in bio-sensing where the overall number 
of nanowires, instead of the uniformity of nano structures, directly influences 
the performance. Since there is no theoretical investigation of weight kinetics for 
nanowire growth, large uncertainties in both physical and statistical domains justify 
the development of CDMV approach.
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Fig. 12.2 Cross-domain model building and validation (CDMV) 

12.2 Related Physical and Statistical Models and 

Uncertainties 

12.2.1 Candidate Physical Models 

There is great uncertainty regarding the understanding of growth mechanisms in 
silica nanowire growth. According to [29], the mechanism of nanowire growth was 
VLS growth with silicide phase acting as catalyst. The mechanism was experimen-
tally validated by the selection of metal film thickness, growth temperature, and 
gas flow. However, [28] claimed evidences of oxide-assisted growth. At present, the 
existences and relative importances of those two different growth mechanisms are 
still open for discussion. 

In general, existing modeling work for nanowire growth aims to understand 
length growth based on VLS mechanism. Since it was first introduced by Wagner 
and Ellis [32], both adsorption-induced VLS models [12] and diffusion-induced 
VLS models [26] have been developed. Ruth and Hirth [26] proposed a NW growth 
rate model: 

. 
dL

dt
=

2�L(N∞ − N0)

τR
, if NW length L ≤ Lf

dL

dt
=

2�Lf (J − N0
τ

)

R
, if L > Lf (12.1) 

where D is diffusion coefficient, τ . is mean life-time of the adatom on the NW 
sidewall, �. is atomic volume of Si, J is impingement flux, R is NW radius, N0 . 

is adatom concentration at the liquid alloy, and N∞ . is adatom concentration at the 
base substrate. Lf =

√
2Dτ . is diffusion length. Dubrovskii et al. [8] developed a 

more complicated model to unify the two types of VLS models in molecular beam
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epitaxy: 

. 
dL

dt
=V0

[

(1 +
R1

R cosh(λ)
)(� + 1)

− (1 +
R2

R
tanh(λ))(ζ + 1)

−
1

V∗

dR

dt

]

− (1 − ǫ)V

where R1 . and R2 . describing diffusion-induced contribution, R is the droplet radius,
ζ . denotes supersaturation in nucleation, �. denotes supersaturation of gaseous 
phase, V is deposition rate, λ. is the ratio of whisker length L to the adatom diffusion 
length on the side surface, V∗ . is a kinetic parameter relates to liquid- and solid-
phase volume ratio while ǫ . is the relative difference between the deposition rate and 
growth rate of the substrate surface. 

As we discussed earlier, the growth can also be attributed to oxide-assisted 
growth mechanism. But there is no quantitative understanding due to the difficulty 
of measuring the curly and bundled nanowires grown under this mechanism. 

The complicated model formulation for VLS growth, coupled with the lack of 
quantitative models for oxide-assisted growth, makes the findings through pure 
physical modeling approaches inconclusive. 

12.2.2 Candidate Statistical Models 

Growth process modeling has been under statistical investigation as well [2, 27]. 
Examples include growth of population [24], novel technology adaptation [9], 
energy demand [1] as well as growth of tumors [21]. The plethora of statistical 
models in this area can be categorized into two major approaches: polynomial fitting 
with on consideration of subject knowledge, and sigmoid function fitting based on 
assumptions of growth processes [27]. We only consider the second approach in this 
chapter as polynomial fitting does not provide any physical insight. 

The sigmoid growth models, however, have difficulties in model selection. To 
illustrate this point, we’ll use two popular sigmoid growth models, namely, logistic 
and Gompertz growth model to fit our data and show the difficulty in choosing the 
appropriate model. Note that the nanowire weight change data in our study has S-
shape as well. 

The logistic growth model assumes that the growth rate is proportional to 
the current size and remaining growth potential, and the growth is driven by 
autocatalytic reaction [2]. Logistic growth has a increasing growth rate at first and 
declining growth rate with saturation afterward. It provides a simple interpretation 
when the growth rate increases with a growing population but is limited by available 
resources. The parametrization we used here is due to Fletcher [10]:
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.W(t) =
W ∗

1 + W ∗−W(0)
W(0)

exp(−4rM t
W ∗ )

(12.2) 

in which W ∗
. is maximum growth weight, W(0). is initial weight, and rM . is the 

maximum growth rate. We should note that for logistic growth, a nonzero initial 
weight is required to start growth as the growth rate is proportional to the existing 
growth. In our case, we assume that the initial weight represents initial nucleation. 

The Gompertz growth model has been applied to tumor [20] and population 
growth [19] studies with the assumption that the relative growth rate decreases with 
logarithm of growth size. It has relatively slow growth at the beginning: 

.W(t) = W ∗exp(−exp(−k(t − ti))) (12.3) 

where W ∗
. is maximum growth weight, k is a rate constant, and ti . is inflection point. 

We fit those two models using nls() function in R with the silica nanowire data 
(Fig. 12.3). The residual sum of squares of both models under two conditions are 
summarized in Table 12.1. As we can see, it is difficult to identify which model 
is superior simply from the fitting results. Note that the two models have different 
assumptions regarding the growth mechanisms. Uncertainties in nanomanufacturing 
data make it difficulty to select among candidate models for purely statistical 
models. 

The analysis of existing physical and statistical modeling approaches shows the 
need of a new modeling approach to handle uncertainties in both physical and 
statistical domains for nanomanufacturing. 
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Fig. 12.3 Logistic and Gompertz model under different temperatures: solid line for logistic model 
and dotted line for Gompertz model 

Table 12.1 Residual sum of 
squares of logistic and 
Gompertz model 

Temperatures Logistic Gompertz 

1050 0.3326 0.3079 

1100 6.1487 4.6114
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12.3 Cross-Domain Model Building and Validation 

Approach to Understand Nanomanufacturing Processes 

Cross-domain model building and validation are a strategy of Integrated Nanoman-
ufacturing and Nanoinformatics [15]. We derive the process models from physical 
and statistical domains, respectively, and reinforce the understanding of growth 
processes by identifying the common model structure across two domains. This 
cross-domain model building strategy essentially validates models by domain 
knowledge rather than by (unavailable) data. 

We demonstrate the approach using the silica nanowire growth process studied in 
[17]. Based on the existing physical understandings, the nanowire growth is largely 
attributed to material absorption into nanowire surface. As shown in Fig. 12.4, there 
are two sources contributing to the nanowire growth: the direct impingement of 
silicon vapor to the Si-Pd droplet at the top of the nanowire and source supply from 
nanowire side surface. We will analyze the weight change of a single nanowire and 
then extends the model to the whole substrate through uniformity assumption. Thus, 
the behavior of a typical nanowire’s growth in the middle of the substrate is assumed 
to represent the overall weight growth on the substrate. This assumption, although 
restrictive and idealized, still captures the main behaviors of the growth process as 
we will show later. 

We will first derive the growth models for top impingement and side growth 
separately based on the available physical understanding. 

12.3.1 Growth Attributed to Direct Top Impingement 

Because of direct impingement, the vapor Si particles are absorbed by the droplet 
formed of Pd catalyst and Si, then nucleate and contribute to the nanowire growth 
[25, 32]. While the nanowire grows, the Pd catalyst in the droplet, however, 
gradually diffuses into the silica nanowire. As a result, the growth is fast at first 

Fig. 12.4 Schematic of 
growth from two sources
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when the catalyst is abundant and will slow down as the Pd catalyst is consumed. 
When the Pd is exhausted, the growth stops. We postulate the rate of weight change 
as 

.
dW

dt
∝ (W ∗ − W) (12.4) 

W is the growth weight, t is the growth time, and W ∗
. is the maximum possible 

weight. 
The proposed model bases on assumptions that the growth rate is proportional to 

the catalyst amount left. Furthermore, W ∗
. is a constant determined by the amount 

of Pd catalyst and should not depend on growth time t nor weight W . We also  
assume that the Pd catalyst consumption is proportional to the weight growth. 
The formulation results in desirable growth behavior observed in experiments: 
large growth rate at first and steady decreasing growth rate with final stop. More 
importantly, with current data, it would be impossible to fit more advanced physical 
models as described in [25] due to multiple unknown physical coefficients and 
constants. The simple formulation has the advantages of both estimability and easy 
intepretability. 

Equation (12.4) perfectly matches the confined exponential growth model in 
statistical literature [2]: 

.
dW

dt
= a(W ∗ − W) (12.5) 

where a is a rate coef ficient.

Remark Model structures from both physical and statistical domains agree with 
each and enhance our belief and understanding of nanowire growth driven by 
top impingement of materials. On the other hand, we gain better insight of the 
underlying mechanism for statistical confined exponential model in the context of 
nanomanufacturing. 

12.3.2 Growth Attributed to Side Absorption 

The nanowire growth attributed to the absorption from side surface is harder to 
characterize as there are more factors involved, namely, nanowire side area and 
space/resource competition among different nanowires. The relationship between 
nanowire side area and growth rate depends on the geometric shape of the nanowire 
and we consider two growth scenarios: (1) constant diameter nanowire and (2) 
constant height nanowires. 

When nanowires do not taper and keep a constant diameter during the growth 
process, all Si absorbed on the side face diffuses to the top and contributes to 
the length growth. With assumed constant concentration of Si vapor around the
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nanowires, the growth is proportional to the size of absorbing area, thus we can 
deduce: 

.
dW

dt
∝ S = 2πrh (12.6) 

.W = ρπr2h (12.7) 

In (12.6) and (12.7), S is the side surface area of nanowire, r is the radius of 
nanowire, h is the height, and ρ . is the density. As r is constant in this case,

.
dW

dt
∝

2W

ρr
∝ W (12.8) 

On the other extreme, the nanowires do not grow in height but grow laterally over 
the whole nanowire uniformly. Based on (12.6) and (12.7), we hold h as a constant:

.
dW

dt
∝ S = 2πrh =

2
√

Wπhρ

ρ
∝

√
W (12.9) 

The derivation is based on the assumption that only r changes in this case and other 
parameters can be treated as constants over time.

The real growth is somewhat between the two scenarios, and we generalize the 
model as: 

.
dW

dt
∝ Wα, 0.5 ≤ α ≤ 1 (12.10) 

The growth from side surface, however, is also limited by the space for the 
nanowires and we assume that the space/resource competition can be modeled as 
growth rate is proportional to remaining space/resource: 

.
dW

dt
∝ Wα(W ′ − W) (12.11) 

Equation (12.11) can describe the initial growth rate increase with growth side 
surface area as well as the limiting behavior when the competition of space/resource 
for growth among nanowires makes further growth impossible. W ′

. is used to denote 
the maximum weight possible due to the space/resource limitation. 

Remark The uncertainty regarding the side growth is clear in the physical domain. 
But the logistic growth model in statistical domain is quite close to Eq. (12.11) with 
α = 1.. The similarity in the model structures from two domains greatly assists us to 
choose the S-shape logistic growth model over the Gompertz growth model.
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12.3.3 Cross-Domain Modeling of Nanowire Growth 

Due to the complexity of nanowire growth under various conditions, the true growth 
model can be (i) dominated by either top impingement or side absorption or (ii) 
driven by both growth mechanisms with varying percentage of contributions. We 
therefore propose a general model for overall nanowire weight growth, which 
combines Eqs. (12.11) and (12.5): 

.
dW

dt
= a∗(W ∗ − W) + aWα(W ′ − W) (12.12) 

In this model, coefficients a∗
. and a can be viewed as weights for top impinge-

ment and side absorption mechanisms, respectively. The weights can be determined 
through statistical model selection procedure for specific growth conditions. The 
corresponding growth mechanisms can thus be uncovered within this modeling 
framewo rk.

The model (12.12), even with α = 1., however, poses challenges for parameter 
estimation as there are four unknown parameters in a quadratic polynomial of W 
on the right hand side of the differential equation. As the quadratic expression can 
be uniquely determined by three parameters, one of the four unknown parameters 
becomes inestimable. Furthermore, our physical knowledge of W ∗

. and W ′
. is very 

limited. 
The model structure given in (12.12) reminds us the combined model of confined 

exponential and logistic model discussed in statistical literature [2]: 

.
dW

dt
= a∗(W ∗ − W) + aW(1 −

W

W ∗ ). (12.13) 

= −
aW 2 

W ∗ 
+ (a − a∗)W + a∗W ∗ (12.14) 

This formulation requires the consolidation of two parameters W ′
. with W ∗

. 

in (12.12) into the same parameter W ∗
.. What it means is that for the same growth 

process, the limiting weight, contributed either from top impingement or from side 
absorption, should be the same. We take this assumption, and it turns out that 
numerical result of estimation seems to support it. 

To obtain a closed formed solution for the differential equation is possible. Let 
k(t) = exp((a + a∗)(t + C))., then: 

.W =
W ∗(−a∗ + ak(t))

a(1 + k(t))
(12.15) 

C is the constant associated with initial value W0 .. 

.W0 =
W ∗(a exp[(a + a∗)C] − a∗)

a(1 + exp[(a + a∗)C])
(12.16)
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Or we can write: 

.C =
1

a + a∗ ln

(

a∗W ∗ + aW0

aW ∗ − aW0

)

(12.17) 

The growth rate function would be: 

.
dW

dt
=

W ∗(a + a∗)2k(t)

a[1 + k(t)]2 (12.18) 

Based on the growth rate function, the inflection point would be: 

.ti = −C,Wi =
(a − a∗)W ∗

2a
(12.19) 

Considering the error of weight measurement, we assume there is a random error 
term ǫ ., which follows a normal distribution N(0, σ 2). with σ 2

. unknown. 

12.3.4 Uncover Growth Kinetics for Silica Nanowire Growth 

In this section, we will apply the cross-domain modeling result to silica nanowire 
growth and analyze the growth kinetics under two growth temperatures: 1100°C and 
1050°C. 

Nanowire Model Estimation for Two Growth Conditions Detailed descriptions 
of the process conditions and data for 1100°C (57 data points observed) can be 
found in our previous work [17]. To estimate the parameters θ = (a∗, a,W ∗, C). 

in (12.15), the nonlinear regression is performed by using PORT library [11] 
implemented in nls() function in R language. As the algorithm does not guarantee 
convergence to a global minimum due to the fact that W(t). is not convex, we start 
from five widely separated sets of initial values shown in Table 12.2. 

Five different sets of initial values give same estimation for θ = (a∗, a,W ∗, C). 

for 1100°C: 

. θ1100 = (0.0024 ± 0.0005, 0.068 ± 0.004,

10.24 ± 0.08,−57.04 ± 0.73)

Table 12.2 Initial parameter 
values for 1100°C 

Run Number a∗
. a W ∗

. C 

1 0.2 0.01 8 −.80 

2 0.1 0.005 6 −.60 

3 0.05 0.002 4 −.40 

4 0.02 0.001 2 −.20 

5 0.01 0.0005 1 −.10
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As one may notice from Fig. 12.5, the result of curve fitting is good considering the 
inherent variability in the data. 

The model estimation under 1050°C, however, faces tremendous challenge. 
Although we have 31 data points, all those data are collected before growth 
saturation due to safety concerns. Since we have only partial information, there 
are huge uncertainties in the data regarding the maximum growth weight and 
the inflection point (Fig. 12.6, please notice that we don’t have any data after 
310 min). 

In order to achieve best understanding with incomplete information, we propose 
to use a Bayesian estimation scheme to characterize the uncertainty involved. 
The idea is that each parameter has its own distribution, and we can update the 
prior knowledge of those parameters by observation. The prior distributions for 
parameters are assumed to be normal distributions as follows: 

Fig. 12.5 Estimation under 
1100°C 
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. a∗ ∼ N(0.068, 0.3162), a ∼ N(0.002, 0.1412),

W ∗ ∼ N(6.5, 22), C ∼ N(−150, 3162),

σ ∼ U(0.05, 1)

For rate parameter a∗
. and a, as we don’t have much knowledge about how they 

would change with temperature, the prior distribution is centered at estimated value 
under 1100°C with large variability. For inflection point C, we noticed that if we 
use a logistic model for growth under 1050°C, the estimation is C ≈ −150. and we 
use it as the center of our prior distribution, and we acknowledged the fact that the 
information is limited by using a large variance. The maximum weight W ∗

.’s prior 
distribution is based on possible maximum and minimum values from the data for 
two temperature settings. The random noise is assumed to have a standard variation 
from 0.05 to 1 as observed under two temperature settings. 

With the prior distributions, we use Markov chain Monte Carlo simulation [22] 
with WinBUGS [31] to draw posterior samples. Three widely separated chains are 
used, and first half of 100,000 runs is discarded as burn-in. The estimation result is 
shown in Table 12.3. One of the interesting result is that − C . is much larger than 
300, and we didn’t have any data points after growth saturation. 

We checked the histograms and trace plots(omitted here), and all of them 
affirmed that convergence had been achieved. 

Uncover Growth Kinetics With models established, we set to discover physical 
insights for the two growth conditions. First, we aim to connect two models by 
recognizing that model parameters are temperature-dependent. For instance, as 
rate coefficient, a∗

. and a’s dependence on temperature should follow Arrhenius 
equation: 

.a∗ ∝ exp(−
Ea∗

kT
). (12.20) 

a ∝ exp(−
Ea 

kT
) (12.21) 

Ea∗ . and Ea . are corresponding growth processes’ activation energy, k is the 
Boltzmann constant, and T is temperature.

Table 12.3 Bayesian 
Estimation for 1050°C 

Parameter Mean S.D 2.5% 97.5% 

a∗
. 3.43E −.4 1.25E −.4 1.01E −.4 5.75E −.4 

a 3.18E −.3 1.67E −.3 8.13E −.4 6.82E −.3 

W ∗
. 6.15 0.73 4.74 7.58 

C −.586.5 89.31 −.743.5 −.356.9 

σ . 0.099 0.013 0.077 0.13
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The other two parameters W ∗
. and C are also related to temperature. The depen-

dence, however, is more complicated, and we have no corresponding quantitative 
models. Taking W ∗

. as an example, as a parameter associated with space/resource 
and catalyst limitation, it is depended on temperature as the Si evaporation process 
and Pd diffusion process are temperature-dependent. Another factor is that with 
different temperatures, the number of initial Pd-Si droplets formulated may be 
different. Due to our limited knowledge of those factors, W ∗

. and C’s temperature 
dependence will be left for future investigation. 

From Table 12.4, it can be observed that a∗
. decreases slower than a when 

temperature is lowered from 1100°C to 1050°C. As a∗
. is associated with catalyzed 

growth from the top and a is associated with growth from side, it can be assumed 
that the activation energy Ea∗ . is smaller than Ea ., which is consistent with our 
observation. More specifically, we can calculate from the Arrhenius equation that 
the ratio Ea∗

Ea
= 0.635.. 

If we compare the estimation of logistic growth model (Table 12.5, using  
parametrization in (12.2)) with our model, and computed corresponding rate param-
eter a, we would notice that while logistic growth model is a good approximation 
of our model under 1100°C, the rate and maximum growth parameters under 
1050°C are dramatically different from our model. This can be explained as side 
growth dominated the process under 1100°C. With lower temperature, however, 
top impingement becomes more important due to smaller activation energy. In this 
new circumstance, logistic growth model based on side growth alone is no longer 
adequate, and our cross-domain model should be used. 

Establishing quantitative nanomanufacturing process models faces challenges of 
large uncertainties in process physics and experimental observations. Current three 
modeling strategies, i.e., physical, statistical, and physical–statistical modeling, 
while being successful in their specific domains of application, may not be sufficient 
to address those challenges In order to utilize all available information and achieve 
greater confidence in process modeling, this chapter introduces a cross-domain 
modeling and validation approach to achieve domain-informed machine learning 
in nanomanufacturing. 

We demonstrate this new modeling strategy for silica nanowire growth process 
where both physical growth mechanisms and measurement data contain large 

Table 12.4 Estimation Comparison under 1100 and 1050°C 

a∗
. a W ∗

. C 

1100 0.0024 0.068 10.24 −57.04 

1050 3.43E −.4 3.18E −.3 6.15 −586.5 

Rate Ratio(1100/1050) 6.997 21.38 − − 

Table 12.5 Logistic Growth 
Estimation under 1100°C and 
1050°C 

W(0). W ∗
. rM . a 

1100 0.0940 10.15 0.204 0.0788 

1050 0.07403 1.185 0.00398 0.0132
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uncertainties. By deriving physical models and cross-validating with growth models 
in statistical domains, we are able to establish a generic formulation of growth 
models suitable for statistical selection of growth mechanisms under various con-
ditions. Using both nonlinear regression and Bayesian approach, models under two 
growth conditions are characterized satisfactorily. More importantly, we are able to 
uncover the dominant physical growth mechanisms for each growth condition. The 
developed approach provides a powerful alternative for nanomanufacturing process 
analysis and characterization. 

Acknowledgments The work in this chapter was supported by US National Science Foundation 
under grant CMMI-1002580. 
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Chapter 13 

Physical–Statistical Modeling 

of Graphene Growth Processes 

As a zero-band semiconductor, graphene is an attractive material for a wide variety 
of applications such as optoelectronics. Among various techniques developed for 
graphene synthesis, chemical vapor deposition (CVD) on copper foils shows high 
potential for producing few-layer and large-area graphene. Since fabrication of 
high-quality graphene sheets requires the understanding of growth mechanisms, and 
methods of characterization and control of grain size of graphene flakes, analytical 
modeling of graphene growth process is therefore essential to controlled fabrication. 
The graphene growth process starts with randomly nucleated islands that gradually 
develop into complex shapes, grow in size, and eventually connect together to cover 
the copper foil. To model this complex process, this chapter introduces a physical– 
statistical approach under the assumption of self-similarity during graphene growth. 
The growth kinetics is uncovered by separating island shapes from area growth rate. 

13.1 Learning Graphene Growth Kinetics 

The unique zero-band electronic structure of graphene [6] leads to exciting room-
temperature properties such as the quantum Hall effect [21] and high electron 
mobility [4]. With its extraodinary properties, graphene shows high potential in 
many applications, such as optoelectronics, chemical and biosensing [12, 23, 24]. 

Since obtaining graphene through micromechanical cleavage [20] is not 
amenable to commercial applications, various synthesis techniques have been 
developed, e.g., thermal decomposition of SiC by the surface segregation of C 
dissolved in metal substrates [18, 25, 29] and by decomposition of hydrocarbons 
on metals [17, 19]. Among them, chemical vapor deposition (CVD) on Ni and 
Cu has attracted most of the attention. While graphene growth on Ni seems to be 
limited by small grain size, presence of multilayers at the grain boundaries, and the 
high solubility of carbon [14], growth on Cu foils has shown great promise for a 
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large area, monolayer graphene. The low solubility of carbon on Cu is believed to 
self-limit graphene to monolayer. 

As the fabrication of high-quality graphene sheets for great applications requires 
the understanding of growth mechanism, and methods of characterization and 
control of grain size of graphene flakes, analytical modeling of graphene growth 
process is essential to controlled fabrication [13]. Currently, the graphene growth 
is explained by two main mechanisms: absorption and diffusion. For the diffusion 
model, it has been proposed that CVD growth of graphene on Ni is due to a C 
segregation or precipitation process and that a fast cooling rate in conjunction with 
thin films is needed to suppress the formation of multiple graphene layers [29]. On 
the contrary, the graphene growth on Cu has been shown to be driven by surface 
absorption [14]. Yet existing works have been mainly focusing on identifying 
optimal recipes such as flow rate, pressure and temperature to obtain large-scale 
monolayer graphene on the metal surface. Little research has been reported on 
growth kinetics modeling that is able to explain the growth rate for graphene with 
complex shapes. 

Although graphene growth modeling is fairly limited, methods have been 
developed for nanowire growth modeling [8, 9]. This line of research aims to 
describe process kinetics under uncertainties for prediction and control. Comparing 
the 1D structure of nanowire, graphene growth over 2D copper foils imposes greater 
challenge, where both the growth velocity of the covered area and the shape of the 
graphene islands have to be modeled. 

To address this modeling challenge, this chapter introduces an analytical 
framework for the graphene growth processes, where we separate the area 
growth/coverage velocity and the geometric shapes of graphene islands. Though 
we use four-lobed islands as an example, the modeling approach can be applied to 
other island shapes such as square, hexagon, even flowers in literature [26, 28, 30]. 

13.2 A Physical–Statistical Framework for Graphene 

Growth Process Modeling 

We develop in this section a fairly generic framework to analyze the graphene 
growth process. We aim to describe the foil coverage by various shapes of graphene 
islands over time and to uncover the kinetics model driving the graphene growth. 

Though widely applicable, the methodology is illustrated with the process of 
graphene growth on Cu foil. According to [16, 27], four-lobed symmetric islands 
nucleate heterogeneously at bunches of Cu steps, pinning sites, and other surface 
imperfections. Initially compact in shape, the graphene islands become increasingly 
ramified over time and develop a lobed structure. The long axes of the four graphene 
lobes are oriented approximately the same from island to island and are usually close 
to Cu (001) in-plane directions. Despite their ramified shape, the graphene islands 
eventually combine to form a complete polycrystalline film. However, the spaces
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Fig. 13.1 Schematic of graphene growth 

Fig. 13.2 SEM images of 
graphene islands on copper 
foil [16] 

between islands fill slowly after island impingement occurs. Figure 13.1 illustrates 
the schematics of the graphene growth process to be modeled, and Fig. 13.2 shows 
SEM snap-shot images of graphene islands under different growth conditions by 
varying temperature from (a) to (b), varying methane flow rate from (b) to (c), 
varying methane partial pressure from (c) to (d) [16]. 

Note that there is another line of research on morphological stability in crystal 
growth area [5], where the physical principles are derived to explain crystal mor-
phologies. For instance, Ivantsov model [10] or Hunt model [1] aims at establishing 
the dendritic growth models based on the first principles, e.g., on the diffusion-
controlled transport around a parabolic solid–liquid interface. On the contrary, our 
objective is to describe the process from the perspective of controlled fabrication. 
As can be seen from Fig. 13.2, the islands have variability in their shapes caused by
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process uncertainties, which are normally not captured by deterministic dendritic 
growth models. 

To model the growth of graphene islands, we start by describing the growth 
velocity vi(θ, t). of the ith island at angle θ . and time t . By characterizing the 
statistical behavior of all graphene islands, we will uncover the underlying kinetics 
model f (t). that drives the growth process. Following this strategy, the model for the 
angular dependent growth velocity vi(θ, t). is proposed to be 

.vi(θ, t) = f (t)gi(θ) (13.1) 

under the assumption that graphene islands with similar geometric shape gi(θ). are 
driven by the same growth kinetics f (t).. The growth kinetics f (t). for a given 
process condition represents the underlying driving force that pushes islands with 
shape gi(θ). growing in size over time (Fig. 13.1). gi(θ). is normalized to have unit 
area, and it can take any shape of graphene islands. The dimension of f (t). is 
Length × T ime−1

., and g(θ). is dimensionless. 

Remark Model (13.1) has two different, but equivalent interpretations. First, on 
average, graphene islands under the same process condition increase their sizes at 
the same rate  f (t).. Within an island, the growth speed varies from angle to angle, 
and the difference is carved out by its shape function gi(θ).. Second, we can view 
that each island starts with shape gi(θ)., and it is scaled up in size at the rate of f (t).. 
This is essentially the self-similarity assumption for graphene growth. In either case, 
uncovering kinetics f (t). is crucial to understand the growth process. 

Remark Although it is reasonable to suspect that island shape g(θ). might change 
with time as well, we argue that model (13.1) is a good approximation. First, the 
shapes of graphene islands are similar, and it is reasonable to separate the growth 
kinetics f (t). from shape component in Eq. (13.1). Second, the graphene growth 
involves the island formation and island growth, while the former (nucleation) is 
much faster than the later (growth). Model (13.1) is mainly used to approximate the 
growth process, where the island shape is more stable. For a system with fast-low 
dynamics, ignoring the fast dynamics (nucleation) will only miss the characteriza-
tion of the very short initial period. It will generally not distort the description of the 
slow dynamics (growth). Third, model (13.1) could also accommodate time-varying 
property by further relaxing the strict assumption of g(θ). to gi(θ) = g(θ) + ζi .. 

Among the limited graphene process modeling literature, the angular dependent 
growth velocity was proposed in [27] to explain fourfold shape, where the growth 
velocity v of one fold of the graphene island has the form o f v(θ) = (1 + s) + (s −
1)cos(2θ)., with θ . being the angle of the edge normal relative to the slow-growth 
direction, and s being the ratio of the velocities in the slow and the fast directions, 
respectively. No clear definition of process kinetics model was provided therein. 

Since the total area of covered foil and shape of graphene islands are measurable, 
we will relate vi(θ, t). to the total area in order to derive f (t).. We consider two 
cases, where in the first case, the total number of the graphene islands remains
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constant after nucleation, and in the second case, the number of the graphene islands 
increases with the time. 

13.2.1 Constant Number of Graphene Islands After Nucleation 

Denote by S(t). and varea(t). the total covered area on Cu foil and its area growth 
velocity, respectively. Now we can build the relations between varea(t). and f (t). 

given constant N islands on the copper foil at time t .

. varea(t) =
dS(t)

dt
=

N
∑

i=1

dSi(t)

dt

where Si(t). denotes the area of the ith graphene island at time t . A  s Si(t) =
∫ 2π

0
r2
i (θ,t)

2 dθ ., d
dt

ri(θ, t)2 = 2ri(θ, t) d
dt

ri(θ, t). and ri(θ, t) =
∫ t

0 vi(θ, s)ds ., we get 

. varea(t) =
N

∑

i=1

d

dt

∫ 2π

0

r2
i (θ, t)

2
dθ

=
N

∑

i=1

∫ 2π

0
vi(θ, t)

(∫ t

0
vi(θ, s)ds

)

dθ

=
N

∑

i=1

[∫ 2π

0
gi(θ)2dθ

]

f (t)

∫ t

0
f (s)ds (13.2) 

where ri(θ, t). is the distance from the origin to the boundary of the ith island at 
angle θ .. 

Furthermore, we assume that the shapes of graphene islands follow the same 
probability distribution with mean g(θ)., which acknowledges the fact that there are 
shape variations among islands gi(θ).. As the number of islands N is often quite 
large, according to the law of large numbers, we have :

.

∑N
i=1

[

∫ 2π

0 gi(θ)2dθ
]

N
→ E

[∫ 2π

0
gi(θ)2dθ

]

(13.3) 

as N tends to ∞.. Taking (13.3) into consideration, we can rewrite (13.2) as:  

.NE

[∫ 2π

0
gi(θ)2dθ

]

f (t)

∫ t

0
f (s)ds → varea(t) a.s. (13.4)
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Now we let C = E
[

∫ 2π

0 gi(θ)2dθ
]

., then 

.varea(t) = NCf (t)

∫ t

0
f (s)ds (13.5) 

Notice that the area of the shape g(θ). equals to
∫ 2π

0
1
2g(θ)2dθ .. So  C2 . is the 

average area of the shape gi(θ).. As  gi(θ). is used to model the shape regardless of 
its orientation and size, we can let C = 2. for simplicity. It means the mean area of 
gi(θ). is normalized to be unit area. If we further define F(t) =

∫ t

0 f (s)ds ., we will 
get a differential equation: 

.F(t)dF (t) =
varea(t)

2N
dt (13.6) 

Then the solution F(t)2 = 1
N

S(t)., where S(t) =
∫ t

0 varea(s)ds .. We have  

.F(t) =
√

S(t)

N
(13.7) 

By taking derivative of model (13.7) , we can get the kinetics model f (t). 

.f (t) =
varea(t)

2
√

NS(t)
(13.8) 

For a given geometric shape gi(θ)., the growth velocity of the ith island at angle 
θ . and time t can thus be derived from model (13.1), 

.vi(θ, t) =
varea(t)

2
√

NS(t)
gi(θ) (13.9) 

Remark on F(t). Model (13.7) and F(t)2 = 1
N

S(t). indicate that if the total covered 
area S(t). is divided into N grids, each grid has area of F(t)2

.. In another word, we 
can transform a graphene island with any shape g(θ). to an equivalent square shape 
with side length F(t). as seen in Fig. 13.3. F(t). now has a clear meaning, i.e., the 
length of the side of the transformed square. 

Remark on f (t). Based on the understanding of F(t). in Fig. 13.3, the kinetics 
model f (t). derived in (13.8) can be conveniently interpreted as the velocity of side 
growth of the equivalent square shape. This theoretical understanding enables us to 
investigate and compare the growth kinetics of graphene islands with various shapes 
via the equivalent transformation.
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Fig. 13.3 The illustration of equivalent square 

13.2.2 Varying Number of Graphene Islands over Time 

To consider the case that the number of graphene islands increases over time, we 
denote by N(t). the number of islands on the Cu foil at time t . Since the number of 
nucleated islands N(t). at time t is random, we can take expectation of model (13.5) 
from both sides: 

.E[varea(t)] = E[N(t)]Cf (t)F (t) (13.10) 

Similarly, if we take C = 2., we can get 

.F(t)dF (t) =
E[varea(t)]
2E[N(t)]

dt (13.11) 

Let S′(t) =
∫ t

s=0
E[varea(s)]
E[N(s)] ds ., then 

.F(t) =
√

S′(t) (13.12) 

Taking derivative, we have the kinetics model with varying N(t). as 

.f (t) =
E[varea(t)]

2E[N(t)]
√

S′(t)
(13.13) 

Remark For varying N(t)., the computation of expectation is more involved. 
Fortunately, as argued in [27], the number of islands doesn’t increase very much 
along the growing process. Case I provides a reasonable description for most cases.
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Further study will be necessary for cases where the total number of island change 
with time. 

13.3 Kinetics of Graphene Growth on Copper Foil 

The analytical framework developed in Sect. 13.2 is applicable to graphene growth 
with various shapes. In this section, we use four-lope graphene islands as an example 
to uncover the kinetics of graphene growth on Cu foil. 

Model (13.8) or (13.13) suggests that we can derive f (t). if analytical model 
of S(t). or varea(t). is obtained. Since S(t). is relatively easier to be derived in 
comparison to f (t)., graphene area growth velocity varea(t). will first be derived 
and a parametric model will be developed to describe the island shapes gi(θ).. From  
model (13.1), we get the complete model to describe the growth velocity of each 
island at a specific angle and time. 

13.3.1 Graphene Area Growth Velocity Modeling 

In this subsection, we focus on deriving the analytical model for area growth 
velocity on Cu foil, i.e., the analytical expression of varea(t). or S(t). equivalently. 

To derive this model, we first need to understand the graphene growth mecha-
nism. In the experiment of graphene growth on Cu [15], the carbon isotope labeling 
in conjunction with Raman spectroscopic mapping was used to track carbon during 
the growth process. Figure 13.4 presents schematically the possible distributions 
of 12C. and 13C. in graphene films based on absorption when 12CH4 . or 13CH4 . 

are introduced sequentially. As the graphene grown with the sequential dosing of 
12CH4 . and 13CH4 . grows by surface adsorption, the isotope distribution in the local 
graphene regions will reflect the dosing sequence employed. So from the physical 
aspect, the main mechanism for graphene growth on Cu is due to absorption. 
Furthermore, we can see clearly when the Cu foil is covered by the 12CH4 . or 13CH4 ., 
it cannot absorb any more because of the low solubility of C on Cu foil. 

Fig. 13.4 The illustration of 
surface absorption [15]
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Given the absorption mechanism of graphene growth on Cu foil, the area 
coverage rate varea(t). should be proportional to the uncovered area on foil as the C 
cannot be absorbed to the covered area anymore. We therefore postulate the rate of 
area coverage as 

.varea(t) =
dS(t)

dt
∝ S∗ − S(t) (13.14) 

where S∗
. is the maximum area to be covered on a given Cu foil. For some parameter 

a > 0. as the rate coefficient, we have 

.
dS(t)

dt
= a(S∗ − S(t)) (13.15) 

Solving this ordinary differential equation, we obtain the percentage of coverage 
S(t)/S∗

. and the graphene area growth velocity model varea(t). as 

.
S(t)

S∗ = 1 − e−at (13.16) 

.varea(t) = aS∗e−at (13.17) 

The model suggests that Cu foil is covered relatively fast initially and will 
gradually slow down as the remaining uncovered area decreases. 

Remark Model (13.16) is actually the so-called confined exponential growth 
model in the statistical literature [2], where the model has been widely used to 
describe growth phenomena such as technology transfer [22], diffusion theories, 
and models in geography [7], social science [11], and agriculture [3]. Generally 
speaking, when the growth rate is proportional to the remaining resources and 
there is no competition for resources, the confined exponential model would nicely 
describe the growth processes. This understanding is consistent with the description 
of absorption mechanism in [15], which reinforces our modeling confidence. 

Deriving Kinetics Model for Graphene Growth on Cu foil Once we have 
varea(t). from (13.17), we finally can derive the growth kinetics model f (t). based 
on model (13.8) or (13.13). Specifically, from (13.8), we derive the kinetics model 
as 

.f (t) =
aS∗e−at

√

2N(S∗ − S∗e−at )
(13.18) 

= a

√

S∗ 

2N 

cosh(at) − sinh(at)
√

(1 − cosh(at) + sinh(at))
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And F(t). or the length of each side of the equivalent square shape island is 

.F(t) =
√

S∗

N
(1 − e−at ) (13.19) 

=
√

S∗ 

N 
(1 − cosh(at) + sinh( at))

Case Studies We further validate our model using two experiments in [16]. Data 
in Figs. 13.5 and 13.6 show the percentage of graphene coverage on Cu foils under 
two different process conditions, i.e., the ratio of covered area S(t). over the actual 
total Cu area ACu . at time t . In Fig. 13.5 the Cu surface was exposed to methane 
at a pressure of 285 mTorr, and the surface was fully covered with graphene after 
about 1.5 min. In Fig. 13.6, the methane pressure was 160 mTorr, and the Cu surface 
coverage reached only 90 

Fig. 13.5 Growth at pressure 
285 mTorr 
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Fig. 13.6 Growth at pressure 
160 mTorr 
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Although the exact total copper area ACu .was not provided in [16], we can simply 
modify model (13.16) as  

.
S(t)

ACu
=

S∗

ACu
(1 − e−at ) (13.20) 

To fit the parameters S∗/ACu . and a in this model, we use nonlinear regression 
method implemented by nls() in R software. The following tables show the 
estimated parameters and their standard errors. The curves in Figs. 13.5 and 13.6 
represent the least square fitting of the modified confined exponential model. 

Remark The theoretical limit of covered area S∗
. can be larger, equal to, or smaller 

than the total area of Cu foil ACu .. As can been seen from Table 13.1, the theoretical 
limit S∗

. in the experiment of Fig. 13.5 is close to Cu foil area  ACu . with S∗/ACu =
1.007424., while in the experiment of Fig. 13.6, the process can only reach the limit 
of S∗/ACu = 0.94348.. To design a new graphene growth process, S∗

. should be far 
greater than ACu . if 100% coverage of Cu foils in a short time period is required. 

We derive the kinetics model for the experiment of Fig. 13.5 given that there are 
N1 . islands 

.f (t) =
1.5062

√
ACu/N1e

−2.122291t

√
1 − e−2.122291t

(13.21) 

F(t)  = 1.0037
√

ACu/N1

√

1 − e−2 .122291t

For the experiment of Fig. 13.6 with N2 . islands, we have 

.f (t) =
0.6724

√
ACu/N2e

−1.01570t

√

(1 − e−1.01570t )
(13.22) 

F(t)  = 0.9713
√

ACu/N2

√

1 − e−1 .01570t

Note that N/ACu . is defined in [16] as the domain density, i.e., the average number 
of graphene islands per unit area. 

Remark If the domain densities are both 10 (µm2)−1
. in the two experiments, we 

can get the kinetic from the fitted results illustrated in Fig. 13.7, it can be seen that at 

Table 13.1 Estimation of parameters in the confined exponential model for two cases 

Estimation results Estimate Std. error t value Pr(> |t |). 
Fully coverage S∗/ACu . 1.007424 0.009513 105.90 4.78 ∗ 10−11

. 

a 2.122291 0.113784 18.65 1.53 ∗ 10−6
. 

Partial coverage S∗/ACu . 0.94348 0.01085 86.96 1.56 ∗ 10−10
. 

a 1.01570 0.03975 25.55 2.37 ∗ 10−7
.
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Fig. 13.7 Growth kinetics of two experiments 

a higher gas pressure (285 mTorr), graphene grew much faster at the beginning and 
slowed down more quickly after most of the area was covered. It is also noted that 
the asymptotic side length F(t). of the equivalent square shape island is almost the 
same for both experiments (0.3174 vs. 0.3072), which suggests that the final size or 
area of an individual graphene island cannot be substantially increased by varying 

gas pressures (3.3%. increase by area from 160 mTorr to 285 mTorr). But the rate 
of reaching the theoretical limit will be higher by increasing the gas pressure for 
graphene growth under the experimental conditions in [16]. 

13.3.2 Graphene Island Shape Modeling 

To establish the angular dependent growth velocity vi(θ, t). model in (13.1), the 
final step is to model the shape of graphene islands or gi(θ).. The following model 
is proposed 

.gi(θ) = g(θ) + ζi and ζi ∼ N(0, σ 2). (13.23) 

Note that we could also accommodate the time-varying shape by assuming gi(θ) =
g(θ) + ζi(t). and conduct statistical testing on the time-varying property if data are 
available. 

Specifically, for four-lope shape islands, we measured 20 islands and present the 
data (light blue) in the polar coordinate system (Fig. 13.8). 

It can be seen that each island can be divided into eight segments and each 
segment can be approximated by an exponential function. We therefore propose 
a parametric shape model for g(θ). as
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Fig. 13.8 Fitting result of parametric graphene island shape model 

Table 13.2 Estimation of parameters in the parametric shape model 

c1 . c2 . c3 . c4 . c5 . c6 . c7 . c8 . 

Estimation 0.3394 1.6491 0.0602 8.9700 0.0099 62.8768 0.0018 342.5271 

Std. error 0.0231 0.1213 0.0042 0.7620 0.0007 5.4614 0.0002 26.1146 

k1 . k2 . k3 . k4 . k5 . k6 . k7 . k8 . 

Estimation 0.9855 −1.0955 0.9543 −0.8558 1.0538 −0.9875 1.0899 −1.1234 

Std. error 0.0826 0.1024 0.0716 0.0924 0.0912 0.0646 0.1018 0.0928 

. g(θ) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

c1e
k1θ (0 ≤ θ <

logc1−logc2
k2−k1

) (13.24a)

cie
kiθ ( logci−1−logci

ki−ki−1
≤ θ <

logci−logci+1
ki+1−ki

, 2 ≤ i ≤ 7) (13.24b)

c8e
k8θ ( logc7−logc8

k8−k7
≤ θ < 2π ) (13.24c) 

where ci, ki, 1 ≤ i ≤ 8. are the parameters to be estimated. Recalling the discussion 
in Sect. 13.2, we need to normalize g(θ). such that C =

∫ 2π

0 g(θ)2dθ = 2.. 
The parameters of the model are estimated by maximizing the log-likelihood 

function as follows: 

.L(θ; σ 2) = −
1

2σ 2

20
∑

i=1

n
∑

j=1

(gi(θj ) − g(θj ))
2 − 10nlog(σ 2) (13.25) 

Using f  mincon  function in MATLAB, we obtain model parameters listed i n
Table 13.2. The standard errors of each estimate are derived form the corresponding 
diagonal elements of the inverse of the Fisher information matrix. The fitted model 
is shown in Fig. 13.8 (diamond marked curve). We can see that the proposed model 
catches the key characterization of graphene island shape.
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Fig. 13.9 Graphene growth rate vi(θ, t). 

Connecting the growth rate models with the shape analysis, we can have an 
overall view of the graphene growth process on the copper foil. From (13.1), (13.18) 
and (13.23), we get the mean angular dependent velocity 

. v(θ, t) = a

√

S∗

2N

ae−at

√

(1 − e−at )
g(θ)

= a

√

S∗

2N

cosh(at) − sinh(at)
√

(1 − cosh(at) + sinh(at))
g(θ) (13.26) 

and Fig. 13.9 illustrates v(θ, t). for the two cases in Figs. 13.5 and 13.6. The model 
is certainly helpful to conduct simulation study of graphene growth with any shape. 

13.4 Discussion on Model Applications 

The developed graphene growth model can be applied in many ways other than 
process simulation. Figure 13.7 already demonstrated the comparison study of 
process parameters, i.e., gas pressure and their impact on growth kinetics and 
the size of graphene islands. Our analysis suggests that the final size or area of 
an individual graphene island cannot be substantially increased by varying gas 
pressures. But the rate of reaching the theoretical limit will be higher by increasing 
the gas pressure for graphene growth under the experimental conditions in [16]. In 
this section, we further discuss some process insights derived from the graphene 
process model, where the derived information can help the control and optimization 
of graphene fabrication. 

The first scenario is related to process design and selection. Suppose the 
specification for growth process is to achieve 90% coverage at t = 1. min, and we
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need to select a capable process. Based on model S(t)/ACu = S∗/ACu(1 − e−at )., 
we can derive S(t)/ACu = S∗/ACu(1 − e−2.3026t ). from the process specification. 
From model (13.18), we can derive the required process with kinetics model as 

f (t) = 1.6282
√

ACu/Ne−2.3026t

√
1−e−2.3026t

. and a domain density of N/ACu .. 

The second scenario is to explore the process requirement for reducing the 
domain density. Since high domain density will increase the in-plane electric 
resistance due to grain boundaries, growing single crystalline graphene sheet is 
desirable for electronic applications. With the derived growth kinetics model, we 
could investigate the change of the process kinetic f (t). with varying domain 
densities N/ACu . (Fig. 13.10). If we establish the knowledge base of connecting 
between f (t). with physical processes, the study will assist to select capable 
processes meeting the requirement for domain densities. 

This chapter introduces a physical–statistical learning framework to describe the 
graphene growth processes. The graphene islands on the same substrate are assumed 
to increase their sizes at the same rate. Within each island, the growth speed varies 
from angle to angle, and the difference is carved out by its shape function. By 
separating the growth kinetics from geometric shapes, we transform a graphene 
island with any shape to an equivalent square shape. The derived kinetics model 
can be conveniently interpreted as the velocity of side growth of the equivalent 
square shape. This theoretical understanding enables us to investigate and compare 
the growth kinetics of graphene islands with various shapes. 

Through discussions, we demonstrated the applications of the developed ana-
lytical framework, for instance, the selection of Cu foil area, the investigation of 
the limiting coverage area and its connection with growth parameters, and process 
design. Although we demonstrate the methodology for graphene on the copper foil, 
the framework is generic and applicable to other graphene processes as well. Our 

Fig. 13.10 Process kinetics 
with varying domain densities 
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future study will directly relate the derived kinetics model with process parameters, 
which assists to provide more insights on the control of graphene manufacturing 
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Chapter 14 

Stochastic Modeling of Graphene Growth 
Kinetics 

Graphene is an emerging nanomaterial for a wide variety of novel applications. Con-
trolled synthesis of high-quality graphene sheets requires analytical understanding 
of graphene growth kinetics. The graphene growth via chemical vapor deposition 
starts with randomly nucleated islands that gradually develop into complex shapes, 
grow in size, and eventually connect together to form a graphene sheet. Models 
proposed for this stochastic process do not, in general, permit assessment of 
uncertainty. This chapter introduces a stochastic modeling framework for the growth 
process and Bayesian inferential models. The modeling approach accounts for the 
data collection mechanism and allows for uncertainty analyses, for learning about 
the kinetics from experimental data. Furthermore, we link the growth kinetics with 
controllable experimental factors, thus providing a framework for statistical design 
and analysis of future experiments. 

14.1 Uncertainties in Graphene Growth Process Modeling 

Graphene is a flat monolayer of carbon atoms tightly packed into a two-dimensional 
(2D) honeycomb lattice and is a basic building block for graphitic materials of all 
other dimensionalities [5]. In the realm of materials science and condensed matter 
physics, graphene represents an exciting new class of materials that continually 
offers new inroads into low-dimensional physics [5] and a broad spectrum of 
applications including optoelectronics, chemical, and biosensing [9, 18, 19]. The 
unique room-temperature properties of graphene, such as the quantum hall effect 
[17] and high electron mobility [3], make its high yield production particularly 
desirable. 

Although several methods currently exist for synthesizing graphene, recent inter-
est has been focused on synthesizing graphene through the chemical decomposition 
of hydrocarbons on metals due to relatively low production costs. Specifically, 
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chemical vapor deposition of hydrocarbons on copper has proved particularly 
promising in producing high-quality large-area monolayer graphene [10] and is thus 
our focus. 

The synthesis of large-area high-quality monolayer graphene requires some 
understanding of its growth mechanism and the impact of underlying process factors 
(e.g., temperature and pressure), since faster growth kinetics will lead to larger-area 
graphene. The mechanisms underlying graphene growth and their relationship to 
the process conditions have recently received much interest [2, 4, 8, 20, 23], albeit 
through deterministic models. Chapter 13 [22] introduced a physical–statistical 
modeling approach to deterministically model the growth kinetics of the graphene 
flakes, using the well-studied confined exponential model. The model, henceforth 
referred to as the WH-model [22], neither permits quantification of uncertainty 
associated with the growth kinetics nor relates the kinetics to the process conditions. 
This chapter introduces a stochastic growth model, which shares some mathematical 
properties with the WH-model, links it to the growth kinetics, and then proposes 
inferential models for learning about the kinetics from experimental data. Further-
more, we propose links between controllable experimental factors and the kinetics 
and consequently provide a framework for the statistical design and analysis of 
future experiments. 

14.1.1 Brief Overview of Graphene Growth and the WH-Model 

Reference [7] clearly explain the processes involved in the formation of graphene on 
copper. A typical experimental run consists of passing methane over a copper foil 
(or tray), at some predetermined value for the process conditions (for example, [7] 
investigated the growth of graphene on a copper surface from 720 ◦C. to 1050 ◦C.). 

As stated by [7] and shown in Fig. 14.1, the breakdown of methane on the 
copper surface increases the concentration (Ccu .) of the active carbon atoms (or 
adatoms), until it reaches a critical supersaturation level (Cnuc ≥ 3.82×1015 cm−2

.), 
where formation of stable graphene nuclei (islands) takes place (Fig. 14.1 stage (i)). 
This formation is also referred to as nucleation. Reference [7] note that impurities, 
surface roughness, grain boundary grooves, and stepped terraces on the copper foil 
often play important roles in graphene nucleation. In particular, they demonstrate 
that sites exhibiting those properties are energetically favorable sites for nucleation 
and that nucleation occurs almost exclusively in those regions. 

As the nucleation and growth of the graphene islands deplete the adsorbed carbon 
atoms surrounding them, the Ccu . is quickly reduced to a level where the nucleation 
rate is negligible. The growth of the nuclei continues until the supersaturated 
amount of surface carbon atoms above the equilibrium level Ceq . is consumed 
and an equilibrium between graphene, surface carbon, and methane is reached 
(Fig. 14.1 stage (ii)). This equilibrium is dependent on the twin balancing acts of 
adsorption/chemisorption and desorption, as well as attachment and detachment of 
carbon atoms to each other. Depending on the available carbon, graphene nuclei
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Fig. 14.1 Overall illustration of the nucleation and growth mechanism of graphene on copper [7]. 
Graphene growth proceeds from stage (i) to stage (ii), at which point it continues to either stage 
(iii) or stage (iv) 

either coalesce to form eventually a saturated continuous film (Fig. 14.1 stage (iii)) 
or stop growing to reach a final incomplete coverage (Fig. 14.1 stage (iv)), where 
Asat . denotes the proportion of saturation on the copper surface. 

The WH-model [22] in Chap. 13 seeks to uncover the kinetics driving the growth 
of graphene during its production process. Two fundamental assumptions of the 
model are: (a) single growth mechanism: individual graphene islands under the 
same process conditions are driven by the same kinetics, and (b) self-similarity: the 
growth kinetics and island shapes have separable effects on the area growth velocity 
of each graphene island. Based on the aforementioned assumptions, the following 
multiplicative model was proposed for the angular dependent area growth velocity, 
vi(θ, t)., of the  ith graphene island at angle θ . and time t : 

.vi(θ, t) = gi(θ)q(t) , (14.1) 

where gi(θ). describes the shape of the ith graphene island, and q(t). is the 
deterministic kinetics driving the growth at time t . It is important to note at this point 
that we describe the shape, gi(θ)., in polar coordinates as is natural when dealing 
with 2D closed profiles. Another way to interpret the model is to imagine that each 
island starts with shape gi(θ). and is scaled up by the kinetic function [22]. 

In general, it is very difficult to observe or measure vi(θ, t)., and thus, this model 
is instead linked to the more measurable (and thus more easily modeled) total
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area covered on the copper foil/tray at time t , S(t).. In Fig. 14.1 for instance, S(t). 

represents the sum total of the shaded areas within each circle in stages (i)–(iv). 
Denoting the constant number of graphene islands on the tray at any time t by N , 
[22] derived the following model for the growth kinetics: 

.q(t) =
d

dt
S(t)

2
√

NS(t)
, (14.2) 

based on the assumption that gi(θ). follows the model: 

.gi(θ) = g(θ) + ǫi, where ǫi ∼ N(0, σ 2
ǫ ). (14.3) 

The aforementioned model appears to have several limitations. First, it does 
not allow for modeling and evaluation of uncertainty, because (14.2) contradicts 
the assumption that q(t). is deterministic. This is due to the fact that all the 
gi(θ)., and consequently S(t)., are random. Second, the assumption of N remaining 
constant over time is clearly unrealistic and overly restrictive, especially for the 
first few instants of time. Third, the model does not account for the time-varying 
random behavior (attachment/detachment) of carbon atoms along the profile of 
each graphene island. Fourth, it does not suggest a way to link different process 
conditions to the growth kinetics. Finally, it does not allow us to understand what 
type of experimental data are needed to estimate the model parameters and how to 
analyze such data with the objective of estimating model parameters and making 
predictions from the fitted m odel.

Some of the models proposed in this chapter retain the fundamental struc-
ture (14.1) of the WH-model, but make several generalizations. First, the component 
shape gi(θ). is assumed to be random, but restricted to have area, Anuc .. As [21] note, 
a simple estimate for the critical size of surviving carbon cluster is about 140–320 
atoms. Combining this with the lower bound for Cnuc . (described earlier) gives the 
estimate Anuc ≈ 6.02 × 10−14 cm2

.. We note here that Anuc = 1. was proposed 
by [22], and this is appropriate only if the goal is to compare the kinetics for 
different copper trays. In our proposed model, the kinetics are reformulated in terms 
of E(S(t)). (where E(X). stands for expectation of a random variable X), through 
acknowledgment of the effect of random carbon atom attachment and detachment 
along the profile of each island. Another major change is the use of the random 
process N(t). instead of a constant (N ) number of graphene islands to make the 
model much more realistic. Next, we consider the possibility of having multiple 
trays of graphene islands, each tray representing a single experimental run at a 
specific value of the process conditions. Such a representation facilitates the task 
of linking the growth kinetics with the process conditions. Finally, we present a 
parametric approach for estimating q(t)., along with a procedure for quantifying the 
uncertainty in the estimation as well. In particular, we focus on Bayesian methods as 
they provide a natural framework for specifying the interdependence of the various 
components of the parametric model.
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14.2 A Generalized Stochastic Graphene Growth Kinetics 

Model 

Let N(t). denote the random number of islands on the tray at time t . Denoting by 
vi(θ, t)., the angular velocity of the ith island at time t and angle θ ., and ṽi(θ, t). its 
expectation over the random microscale attachment/detachment of carbon atoms, 
we can generalize (14.1) to  

.ṽi(θ, t) = E [vi(θ, t)] = gi(θ)q(t), {i = 1, . . . , N(t)} , (14.4) 

where gi(θ). denotes the fixed area random shape of island i and q(t). denotes the 
kinetics driving the growth time t . Our objective is to estimate q(t). as a function of 
time t and to eventually compare q(t). for multiple process conditions, since each 
kinetics curve reflects the effects of the process conditions on the growth rate. 

Let t0i ≥ 0. denote the random time the nucleation process begins for the ith 
island, and let t∗0i . (where t∗0i > t0i .) denote the random time of nucleation for that 
island. Note that t∗0i − t0i ≈ 0. due to the relatively small value of Anuc ., and for 
mathematical simplicity, we will assume t∗0i − t0i . to be infinitesimally small. 

Now, let Si(t0i, t). denote the area covered by the ith island by time t , and let 
S̃i(t0i, t). denote the equivalent area covered when the random microscale behavior 
of the carbon atoms is averaged out. Two hypothetical curves Si(t0i, t)., one with 
t0i = 0., i.e., instant nucleation (broken-line curve) and the other with an arbitrary 
t0i > 0. (solid-line curve), are shown in Fig. 14.2. 

We mention at this point (and show in chapter Appendix A1) that Si(t0i, t). only 
depends on the random shape, gi(θ)., through its non-random area, Anuc .. Therefore, 
any randomness in Si(t0i, t). is completely determined by the distribution of the 
nucleation times, t0i ., as well as the random attachment/detachment of carbon atoms 

Fig. 14.2 Hypothesized 
growth curves for a single 
island under assumptions of 
instant (Si(0, t).), and random 
delayed (Si(t0i , t).) 
nucleation.
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to the edges of each island. Consequently, any randomness in S̃i(t0i, t). is completely 
explained by the distribution of the nucleation times, t0i .. 

The total area S.(t). covered by the graphene islands on the tray by time t can be 
expressed a s

. S.(t) =
N(t)
∑

i=1

Si(t0i, t) =
N(∞)
∑

i=1

Si(t0i, t) · 1{t∗0i ≤ t} =
N(∞)
∑

i=1

Si(t0i, t) · 1{t0i < t},

(14.5) 

and equivalently, under the process where the random behavior of the carbon atoms 
is averaged out, the total area S̃.(t). covered by the graphene islands on the tray by 
time t can be expressed a s

. S̃.(t) =
N(t)
∑

i=1

S̃i(t0i, t) =
N(∞)
∑

i=1

S̃i(t0i, t) · 1{t∗0i ≤ t} =
N(∞)
∑

i=1

S̃i(t0i, t) · 1{t0i < t}.

(14.6) 

We will now make use of a simple example to show the effects of the nucleation 
times and random attachment/detachment of carbon atoms on a hypothesized tray. 

Example: Individual Island Growth 

Suppose, for a hypothetical growth process for graphene, we have that q(t) =
100e−t

.. Further suppose that we observe three different graphene islands, each 
with a distinct shape (gi : i = 1, 2, 3.) and nucleation time (t0i : i = 1, 2, 3.). 
We let g1, g2 . and g3 . represent specific circular, three-lobed, and four-lobed shapes, 
respectively, with Anuc . set to 10−5

. cm 2 .. Specifically, we first select coefficients 
βi,k . (i = 1, 2, 3; k = 0, 1, . . . , 8). for unnormalized shapes h1, h2 . and h3 . in polar 
coordinates such that 

. log(hi(θ)) = βi,0 +
4

∑

m=1

βi,2m−1 cos(mθ) + βi,2m sin(mθ) ,

and then we normalize appropriately by defining g1, g2 . and g3 . through 

. gi(θ) =
√

Anuc · hi(θ)
√

1
2

2π
∫

0
h2

i (θ)dθ

.

For the circlular shape, g1 ., we set β1,0 = 1., and set β1,k = 0. for all k 
= 0., so  
that g1(θ). is constant, as expected of circles. For the three-lobed shape, g2 ., we set  
β2,k = 1. for k ∈ {0, 5, 6}., and set β2,k = 0. otherwise. Finally, for the four-lobed 
shape, g3 ., we set β3,k = 1. for k ∈ {0, 7, 8}., and set β3,k = 0. otherwise.
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Next, we set nucleation times, t01 = 0. mins, t02 = 0. mins and t03 = 1. min, 
and select observation times t = 0, 0.2, 1,. or 4.5. mins. In order to represent 
the effect of random carbon attachment and detachment from the profile edges, 
we add some noise to (14.4). Specifically, we set vi(θ, t) = ṽi(θ, t) · ei(θ, t)., 
where ei(θ, t). is a log-normal random variable with parameters μ = −0.005. and 
σ = 0.1., i.e., ei(θ, t) ∼ LN(−0.005, 0.12).. Note that E(ei(θ, t)) = 1. always. 
Figure 14.3a shows the underlying growth process on the tray, when the random 
carbon attachment is averaged out, while Fig. 14.3b shows the corresponding growth 
process as observed. 

From Fig. 14.3a, we can see that average growth along any direction is 
proportional to the initial shape at nucleation, and that the total area covered on 
the tray is highly dependent on the nucleation time for each graphene island. 
Taking the circular island as an example under this average growth process, the 
radius and area at time t = t01 . are given by 0 cm and 0 cm 2 ., respectively. At 
time t = t∗01 = t01 + ǫ . (for some ǫ > 0., an infinitesimally small number by 
assumption), the radius and area are

√
Anuc/π . cm and Anuc . cm 2 ., respectively. More 

generally, at some general time t mins (where t > t∗01 .), the radius and area become 
√

Anuc/π · 100(1 − e−t ). and Anuc ·
[

100(1 − e−t )
]2

. respectively. Note that the 
assumption of infinitesimally small t∗0i − t0i . implies that the interval (t0i, t∗0i). will 
contain a general observation time t with zero probability and allows us to use the 
same distribution for t0i . and t∗0i .. Furthermore, according to (14.6), the total area 
covered on the tray, by all three graphene islands in our example, at time t = 4.5. 

mins is therefore S̃.(4.5) = S̃1(0, 4.5) + S̃2(0, 4.5) + S̃3(1, 4.5)., where S̃1(0, 4.5)., 
S̃2(0, 4.5)., and S̃3(1, 4.5). are the areas of the three shapes observed in the bottom 
right panel of Fig. 14.3a. 

Figure 14.3b shows the lack of smoothness along the profile of each island, 
resulting from the random behavior of carbon atoms along the edge of each island. 
Since we will henceforth be concerned only with aggregated measures, such as the 
total area covered on each tray, such detailed modeling of the observed carbon atom 
behavior along the edge of each island will be unnecessary, and we will only need 
to model the noisy behavior at the aggregated level. 

We now state a result (proof in chapter Appendix A1), which provides us with a 
closed-form expression for the kinetics, q(t).. 

1 Assuming the multiplicative model (14.4), the kinetics q(t). driving the growth 
on a specific tray has the following form: 

.q(t) = 1√
Anuc

[

ξ ′(t) − ̟ ′(t)

2
√

ξ(t) − ̟(t)
+ ϕ′(t)

]

, (14.7) 

for ξ(t) > ̟(t). at all times (t > 0.), where 

.ξ(t) = E
(

S̃i(t0i, t)|t0i ≤ t
)

,
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Fig. 14.3 (a) The growth of three graphene islands averaged over random carbon attachment. 
(b) The actual growth of three graphene islands. The rough profiles show the effect of random 
attachment of carbon atoms
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ϕ(t) = E

(
√

S̃i(0,  t0i)|t0i ≤ t

)

, and

̟(t)  = V  ar

(
√

S̃i(0,  t  0i)|t0i ≤ t

)

.

Remarks 

(1) Note that the area forfeited at any time t by an island with nucleation time t0i . is 
given by the difference Si(0, t) − Si(t0i, t).. Thus, the quantity S̃i(0, t0i). under 
the square-root sign in the expressions for ϕ(t). and ̟(t). can be interpreted as 
the forfeited area of the ith island at its nucleation time t0i ., when the random 
behavior of the edge carbon atoms is averaged out. This is because Si(t0i, t0i) =
0. by definition. 

(2) The expectations in the expressions for q(t). and ϕ(t). and the variance in the 
expression for ̟(t). are with respect to the distribution of the nucleation times, 
which we determine in Sect. 14.2. 

(3) Under instant nucleation, S̃i(0, t). is the area covered by the ith island, when 
the random carbon atom behavior at the edge of the island is averaged out. 
In a departure from our example, S̃i(0, t). need not be implicitly defined 
through ṽi(θ, t). and the distribution of carbon atom attachment/detachment; 
we can derive analytical expressions for S̃i(0, t). by first assuming suitable 
models for E(Si(0, t)). and the nucleation time distribution f (t0i)., and then 
setting S̃i(0, t) = E(Si(0, t)).. Note that in general, we use S̃i(t0i, t) =
E(Si(t0i, t)|t0i)., so that we can rewrite ξ(t). from the aforementioned theorem 
as 

. ξ(t) = E
(

S̃i(t0i, t)|t0i ≤ t
)

= E (Si(t0i, t)|t0i ≤ t) .

(4) From Theorem 1 and the previous three remarks, it follows that in order to 
estimate q(t)., we need first to decide on suitable models for E(Si(0, t))., f (t0i). 

(the nucleation time distribution), and E(Si(t0i, t)). (the expected graphene 
area for ith island at time at t , with random nucleation time, t0i ∼ f (t0i).). 
These models are derived in Sects. 14.1–14.2. While developing these models, 
we make use of the models already proposed by [22] whenever appropriate. 
Multiple model modifications that make uncertainty analyses possible and that 
reflect more realistic conditions have additionally been proposed. 

A Model for E(Si(0, t)). 

Let S0
. (t). denote the graphene area on the tray under the assumption of zero 

nucleation times for all islands on the tray (t0i = 0 for all i .). From (14.5), we can
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write by substituting t0i = 0. 

. S0
. (t) =

N(∞)
∑

i=1

Si(0, t) .

Applying the law of iterated expectations, we have that 

. E(S0
. (t)) = E(N(∞)) · E(Si(0, t)) ,

or 

.S̃i(0, t) = E(Si(0, t)) = E(S0
. (t))

E(N(∞)
. (14.8) 

In developing a model for E(S0
. (t))., we revisit the model proposed by [22], who 

noted that the area growth over the copper tray at time t (which we denote by S0(t).) 
is well described by a confined exponential growth model, which is essentially the 
following first-order differential equation (ODE): 

. 
d

dt
{S0(t)} = α(S∗ − S0(t)) .

Solving the ODE under the assumption of deterministic S0(t). then leads to the 
following expression for the area 

.S0(t) = S∗(1 − e−αt ) . (14.9) 

Here, α > 0. is the parameter governing the expansion/growth on the tray, and S∗
. is 

the area of the copper tray (the maximum achievable area). 
By assuming a constant number of islands, [22] implicitly assume zero nucle-

ation times for all the islands. It is thus natural to develop a model for E(Si(0, t)). 

from this confined exponential model. Furthermore, note that the limiting (at infinite 
time) area according to (14.9) is  S∗

., which indicates complete coverage of the 
tray. We relax this assumption and make an adjustment for incomplete coverage. 
Denoting the graphene area on the tray under the assumption of zero nucleation 
times for all islands on the tray as S0

. (t)., now consider the following model for the 
expected area 

.E(S0
. (t)) = E(S0

. (∞)) · (1 − e−αt ) , (14.10) 

where α > 0. is the parameter governing the expansion/growth on the tray, and 
E(S0

. (∞)). is the expected limiting area on that tray. By making the assumption that
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higher-valued growth parameters lead to more tray coverage, we further propose the 
following 

.E(S0
. (∞)) = (1 − e−αω)S∗ , (14.11) 

where ω > 0. is a parameter that governs the relationship between α . and coverage. 
Consequently, from (14.10) and (14.11), 

.E(S0
. (t)) = S∗(1 − e−αω)(1 − e−αt ) . (14.12) 

Substituting the expression for E(S0
. (t)). from (14.12) into (14.8), the final model 

for E(Si(0, t)). is thus given by 

.S̃i(0, t) = E(Si(0, t)) = (1 − e−αω)S∗

E(N(∞))
(1 − e−αt ) . (14.13) 

In the next section, we develop a distribution for the nucleation times, f (t0i). and 
subsequently obtain E(N(∞)).. 

A Model for f (t0i)., the Nucleation Time Distribution 

One model for f (t0i). stems from recognizing N(t) =
∞
∑

i=1
1{t0i≤t} . as a constrained 

birth process. By proposing the Poisson process N(t) ∼ PP(λj (t)). (where λ(t). is 
the underlying non-homogeneous intensity function for the tray), we have that: 

.f (t0i) = λ(t0i)
∞
∫

0
λ(s)ds

. (14.14) 

Any choice of the intensity function will need to take the following consideration 
into account. The appearance of a new graphene island depends on the proportion 
of area left untouched on the tray at time t . The less the available area, the lower the 
number of islands that can appear. We thus propose the following intensity function 

. λ(t) = βS∗
(

E(S0
. (∞)) − E(S0

. (t))

E(S0
. (∞))

)

,

where β . is some positively valued parameter, S∗
. is the limiting area on the tray 

according to (14.9), and E(S0
. (t)). is given by (14.10). After substitution of our 

model for E(S0
. (t)). from (14.10), we have that 

.λ(t) = βS∗e−αt .
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We can now obtain the nucleation time distribution as 

.f (t0i) = αe−αt0i which implies t0i ∼ Expo(α) , (14.15) 

where Expo(a). denotes the exponential distribution with parameter a. 
Subsequently, we also obtain that 

.E(N(t)) = βS∗

α
(1 − e−αt ) and E(N(∞)) = βS∗

α
. (14.16) 

This inverse relation between the average number of islands at infinite time and the 
growth parameter matches the intuition that faster growth leaves less room for new 
islands to form, thus resulting in a lower number of islands at infinite time. 

A Model for E(Si(t0i, t)). 

Based on the models derived in the last two sections, we can now develop a model 
for the expected graphene area for a single graphene island, with random nucleation 
time, t0i ∼ Expo(α).. In order to achieve this, we first propose the following 
link between the expected graphene area on a tray assumed to have instantaneous 
nucleation (E(S0

. (t)).), and the expected graphene area on a tray where such an 
assumption is absent (E(S.(t)).) 

.E(S.(t)) = E(S0
. (t)) · Pr(t0i ≤ t) . (14.17) 

This formulation implies that on average, the area on a tray with random nucleation 
is determined by the area on the same tray under zero nucleation times, down-
weighted by the proportion of islands, which have nucleated. This allows us to 
recover E(S0

. (t)). under the specific case of zero nucleation times, since Pr(t0i ≤
t) = 1. for all t in that case. Substituting the expression for E(S0

. (t)). from (14.12) 
into (14.17), and noting that Pr(t0i ≤ t) = 1 − e−αt

., it follows that 

.E(S.(t)) = S∗(1 − e−αω)(1 − e−αt )2 . (14.18) 

By defining Si(t0i, t) = 0., whenever t0i > t ., and applying the law of iterated 
expectations on (14.5), we obtain 

. E(S.(t)) = E(N(∞)) · E(Si(t0i, t)) .

Substituting (14.16) and (14.18) into the aforementioned expression, the final model 
for E(Si(t0i, t)). is given by 

.E(Si(t0i, t)) = α(1 − e−αω)

β
(1 − e−αt )2 . (14.19)



14.2 A Generalized Stochastic Graphene Growth Kinetics Model 351

Expressions for ξ(t)., ϕ(t). and ̟(t). 

Based on the models developed in Sects. 14.1–14.2, we can now derive expressions 
for ξ(t)., ϕ(t). and ̟(t).. By the law of total expectation, we know that 

. E(Si(t0i, t)) = E(Si(t0i, t)|t0i ≤ t)·Pr(t0i ≤ t)+E(Si(t0i, t)|t0i > t)·Pr(t0i > t) .

Since we defined Si(t0i, t) = 0., whenever t0i > t ., we have that E(Si(t0i, t)|t0i >

t) = 0., and thus, 

. ξ(t) = E(Si(t0i, t)|t0i ≤ t) = E(Si(t0i, t))

P r(t0i ≤ t)
= α(1 − e−αω)

β
(1 − e−αt ) .

(14.20) 

The last step follows from (14.19) and the fact that Pr(t0i ≤ t) = 1−e−αt
.. In order 

to obtain expressions for ϕ(t). and ̟(t)., we first recall from (14.13), after plugging 
in the model for E(N(∞))., that 

. S̃i(0, t) = E(Si(0, t)) = α(1 − e−αω)

β
(1 − e−αt ) .

Now, 

. E(

√

S̃i(0, t0i)|t0i ≤ t) =
√

α(1 − e−αω)

β

t
∫

0

√

(1 − e−αt0i )
f (t0i)

P r(t0i < t)
dt0i

=
√

α(1 − e−αω)

β

t
∫

0

√

(1 − e−αt0i )
αe−αt0i

(1 − e−αt )
dt0i

=
√

α(1 − e−αω)

β
· 2

3

√

(1 − e−αt ) after some manipulation,

and 

.E(S̃i(0, t0i)|t0i ≤ t) = α(1 − e−αω)

β

t
∫

0

(1 − e−αt0i )
f (t0i)

P r(t0i < t)
dt0i

= α(1 − e−αω)

β

t
∫

0

(1 − e−αt0i )
αe−αt0i

(1 − e−αt )
dt0i
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= 
α(1 − e−αω ) 

β
· 1 

2 
(1 − e−αt ) after some manipulation .

We can now write 

.ϕ(t) = 2

3

√

α(1 − e−αω)

β

√

(1 − e−αt ) , (14.21) 

and 

.̟(t) = 1

2

α(1 − e−αω)

β
(1 − e−αt )−ϕ2(t) = α(1 − e−αω)

18β
(1 − e−αt ) . (14.22) 

Modified Expression for the Kinetics 

We are now in a position to obtain a closed-form expression of equation (14.7) for  
the kinetics q(t). governing the graphene growth on the tray under the models for the 
shape, expected area, and distribution of nucleation times developed in Sects. 14.1– 
14.2. Based on the expressions in (14.7), (14.20), (14.21) and (14.22), we obtain the 
following form for q(t).: 

.q(t) =

(

1
3 +

√

17
72

)

√

α3(1 − e−αω)e−αt

√

Anucβ
(

1 − e−αt
)

. (14.23) 

The role each term plays in the kinetics can now be clearly seen. As Anuc . 

becomes smaller, one should expect the kinetics driving the growth process to a fixed 
maximum area to increase. An increase in β . should naturally lead to a decrease in 
the kinetics driving the growth of each graphene island when all else is fixed. This 
is due to a decrease in the available space in which each island has to grow, as a 
result of higher expected number of islands. An increase in ω ., which signifies a 
higher overall limiting area, should natually lead to an increase in the kinetics as 
well. Increasing α . will generally lead to an increase in the kinetics, especially in the 
early stages of growth. 

A Simple Example We now illustrate the effect of α . on the proposed kinetics 
model with a simple example. Assume we have three unique process conditions 
corresponding to α1 = 0.5, α2 = 1. and α3 = 1.5.. Suppose S∗ = 1. cm 2 ., 
Anuc = 6.02 × 10−14

. cm 2 ., ω = 4. and β = 50.. The plots of the intensity functions 
and kinetics versus time are shown for the three different values of αj . (Fig. 14.4). 

In Fig. 14.4a, the intensity starts at β . and rapidly declines with time for each 
value of α .. Observe that higher values of α . decay much faster, leading to a lower
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Fig. 14.4 Intensity and Kinetic plots based on a simple example 

final nucleation density overall. In Fig. 14.4b, note that higher values of α . lead to 
higher growth kinetics especially in the beginning, when the copper trays are yet to 
be covered. 

14.3 Observational Level Model for Experimental Data 

In the previous sections, we determined an expression for the kinetics driving 
graphene growth under several parametric model assumptions. The next goal is 
to learn about those parameters from experimental data, and thus, we will need 
to propose a final observational level model for carrying out inference on the 
parameters. If we can observe S.(t). at different time points t = t1, . . . , tnT

., then 
the inference on the parameters is somewhat straightforward, and in Sect. 14.5, 
we propose a method to estimate the kinetics under this scenario. However, in 
many situations, the data collection mechanism prohibits observation of the whole 
tray, and there is therefore a need to account for the extra noise generated at the 
observational level. In order to motivate the observational model, we first briefly 
describe the experimental data. 

Multi-resolution Data 

Graphene grown on copper substrate was monitored at a single process condition 
combination (temperature = 1050◦C., methane concentration = 60 ppm). At four 
time points during the growth, 5–8 non-overlapping images are taken at random
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Fig. 14.5 A sample of the multi-resolution data 

locations on the copper tray. The resolutions of the images differ, thus ensuring that 
the sizes of the images, at some baseline magnification, are different. Figure 14.5 
shows a sample of the data, where each time point is represented. 

Measuring the area of graphene in each image requires the use of image 
processing software, and we made use of ImageJ’s Fiji software [15, 16] in the  
processing, and Fig. 14.6 shows the sample from Fig. 14.5 after processing. 

A Noisy Observation Model 

From the description of the data and Fig. 14.5, it is evident that due to the merging 
of islands, measurement of N(t). will be difficult, if not impossible, particularly 
at later stages of the growth. Thus, the parameter β . will not be estimable from 
the data. What that means is that we will know the kinetics, q(t). only up to  
some proportionality constant. Since our eventual goal is to compare the kinetics 
under different process conditions, we do not lose anything if we make ratio-based 
comparisons. 

In order to develop a model that incorporates information from multiple resolu-
tions, consider the hypothetical state of a given tray, along with 5 images at different 
resolutions depicted in Fig. 14.7.
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Fig. 14.6 A sample of the processed multi-resolution data 

Fig. 14.7 A hypothetical copper tray at some time t . The gray rectangles represent sampled 
portions (images) of the tray, and the black objects represent graphene islands. Smaller rectangles 
correspond to higher resolutions/magnifications.
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Let us denote the measured graphene area covered in lth image on the tray at 
time t by ul,t ., and the area of that lth image by Ul,t .. In Fig. 14.7, the area of a 
gray rectangle is Ul,t ., and the sum total of the black area within that rectangle is 
ul,t .. Also denote the total area of all images on the tray at time t as Uobs

t ., and the 
corresponding non-observed area as Umis

t .. Further denote the total area covered by 
graphene in all images on the tray at time t as Sobs

. (t)., the unknown graphene area 
in the unobserved portion as Smis

. (t)., and the number of images on the tray at time 
t as mt .. Recall that S.(t). is the total area covered by graphene on the tray at time t , 
and S∗

. is the area of the copper tray. Then, 

. Uobs
t =

mt
∑

l=1

Ul,t , Umis
t = S∗ − Uobs

t ,

Sobs
. (t) =

mt
∑

l=1

ul,t , and Smis
. (t) = S.(t) − Sobs

. (t) .

Note that {u1,t , u2,t , . . . , umt ,t , S
mis
. (t)}., which we now denote by ut ., defines a 

random partition of S.(t)., with Smis
. (t). always missing/unobserved. On the other 

hand, {U1,t , U2,t , . . . , Umt ,t , U
mis
t }., which we denote by U t ., defines a known 

partition of S∗
.. 

We can now build a model for the observations by making the following 
considerations: 

(i) Each ul,t/Ul,t . should be an unbiased estimator of E(S.(t))/S
∗
., based on the 

random location of the images on the tray. 
(ii) As Ul,t → ∞., the variance of ul,t/Ul,t . should approach 0. On the other hand, 

as Ult → 0., ult/Ult . should increasingly exhibit bi-modality at 0 and 1, due to 
the clustering behavior of the graphene islands. 

(iii) The variance of ul,t/Ul,t . should approach zero when E(S.(t)) → S∗
. and when 

E(S.(t)) → 0.. These are the boundary conditions of the growth process. 
(iv) Due to the clustering behavior of graphene islands, the correlation between 

any ul,t/Ul,t . and uk,t/Uk,t . should be positive and decay with the distance 
between the images. This distance can be defined in terms of the minimum 
distance between boundary points of the two images. In the absence of spatial 
information, this final consideration can be ignored based on a simplifying 
assumption of zero correlation, at the risk of underestimating the uncertainty 
in the model. 

Based on considerations (i)–(iii), we propose the following: 

.
ul,t

Ul,t

∼ Beta

(

νUl,t

E(S.(t))

S∗ , νUl,t

(

1 − E(S.(t))

S∗

))

, (14.24) 

where ν . is an unknown parameter, which scales the influence of each Ul,t . on the 
variance, so that any rescaling of all Ul,t .’s will have no effect, since 1/ν . will be
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rescaled as well. Relatively high values of ν ., for fixed Ul,t ., result in ul,t . very 
close to its expected value for all {l, t}. and are appropriate for situations where 
clustering behavior is not expected. Relatively low values, on the other hand, 
represent situations where clustering is the norm, as in the case of graphene growth. 
The parameter ν . thus provides some useful information about clustering behavior 
exhibited in the data. 

By plugging in the model for E(S.(t)). from (14.10), (14.11), (14.15) and (14.17), 
we can now write the full hierarchical data generating model for the observed area 
as 

.

ul,t

Ul,t

∼ Beta
(

νUl,t (1 − e−αω)(1 − e−αt )2,

νUl,t

(

1 − (1 − e−αω)(1 − e−αt )2
) )

,

(ν, ω, α) ∼ �(ν, ω, α) ,

(14.25) 

where �(·). represents some specified distribution. 

14.4 Model Estimation and Results 

Bayesian Estimation 

We denote the data by D. and the parameters by φ ., noting that D ≡ ({ul,t }, {Ul,t }). 
and φ ≡ (ν, ω, {α}).. Our goal is to draw posterior samples for q(t). through posterior 
samples from �(φ|D).. After obtaining posterior samples for q(t). through posterior 
samples from �(φ|D)., we can estimate q(t). by its posterior mean q̂(t). and obtain 
the posterior intervals as a measure of the uncertainty of estimation (see [6] for more  
on Bayesian inference). 

We first assume a flat hyper-prior distribution for the log-transformed parameters 
so that the posterior estimates correspond with the maximum likelihood estimates. 
i.e., 

. �(log(ν), log(ω), log(α)) ∝ 1 .

Table 14.1 shows the posterior estimates for the parameters, and Fig. 14.8 shows the 
fitted model and kinetics (where for the sake of plotting the shape, we have assumed 

Table 14.1 Posterior 
statistics for the kinetics 
parameters 

Parameters Estimates Lower Upper 

ν . 94.61 50.56 165.15 

ω. 8.82 5.87 12.90 

α . 0.16 0.13 0.21
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Fig. 14.8 Intensity and kinetic plots based on the Graphene data 

β = 1.). The posterior samples are obtained using the MCMCpack package [11] in  
R, and the diagnostic plots are shown in chapter Appendix A2. 

Sensitivity to Sampling Design 

Based on the estimated observation model, we are also interested in determining the 
sensitivity of the estimation procedure to the choice of sampling design. Specifically, 
we would like to know if and how the number of images, the similarity of resolutions 
across images, the number of time points chosen, and the percentage of missing 
data (unobserved tray portion) affect inference. This information will be used in 
designing optimum sampling plans for new experiments. 

In determining the effect of the aforementioned sampling factors, we turn 
to simulations. In the simulations, we assume the data generating model is the 
same model given in (14.24) and is estimated using the Bayesian methodology as 
described in Sect. 14.4. We also assume the following sampling design features: 

(a) The number of time points is nT ., and nT ∈ 4, 5, . . . , 40.. Note that we select 
equi-spaced time points on the log scale, so as to finely capture the initial 
moments of the growth process. 

(b) The fraction of missing data, Umis
t /S∗

., is  ρmis ., and ρmis ∈ [0.1, 0.99].. 
(c) The number of images throughout a single growth process is nP ., and nP ∈

4, 5, . . . , 20.. 
(d) The image sizes follow a Dirichlet distribution, i.e., 

.(U1,t , U2,t , . . . , UnP ,t ) ∼ Dirichlet (γ · 1nP
),
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where 1nP
. denotes a vector of 1s, of length nP .. Note that increasing γ . increases 

the similarity of resolutions (i.e., the balance of sizes across images at time t). 
We assume that log(γ ) ∈ [0.5, 2.5].. 

A full-factorial design for the four factors listed earlier is computationally 
expensive due to the curse of dimensionality. For instance, a full-factorial design 
for four factors at 10 levels each requires 104

. runs. In order to reduce the 
number of runs, while maintaining space filling properties for each factor, we make 
use of approximate Latin Hypercube Sampling (LHS) designs [12, 13], with the 
approximation due to integer rounding for the discrete factors. Specifically, we 
generate a 600-run LHS design for the four factors aforementioned, using the SLHD 

package [1] in R. The metric we use to determine sensitivity at each run is the 
posterior RMSE (root mean square error) defined as 

. RMSE =

√

√

√

√

1

nT M

nT
∑

k=1

M
∑

m=1

(

q̂m(tk) − q(tk)
)2

,

where M(= 5). denotes the number of replications at each factor combination. 
Since LHS designs generate irregularly spaced domain points, some smoothing is 
needed to interpolate unsampled domain points on a grid. In order to produce all 
two factor interactions, we apply a kriging interpolator on the calculated posterior 
RMSE for each two factor combination using the geoR package [14] in R, using the  
default Matérn covariance function. All the two factor interaction plots are shown 
in Fig. 14.9. 

Remarks 

(1) Figures 14.9a, b and c, which depict the two-factor joint effect of the number 
of time points (nT = 4, . . . , 40.) with the other factors, suggest that a higher 
number of time points will in general lead to better inference. 

(2) Figures 14.9a, d and e, which depict the two-factor joint effect of the fraction 
of missing data (ρmis ∈ [0.1, 0.99].) with the other factors, suggest that a lower 
fraction of missing data will also lead to better inference. In fact, judging from 
the plots, the fraction of missing data seems to be the most relevant factor in 
how good the inference procedure will be, and its effect changes depending on 
the values of the other factors. 

(3) Figures 14.9c, e and f show the two-factor joint effect of the number of images 
(nP ∈ 4, 5, . . . , 20.) with the other factors. The plots, especially Fig. 14.9e, 
suggest that a lower number of images generally leads to slightly improved 
inference, with the effect of the number of images being somewhat weak in 
comparison to the effect of the other factors. 

(4) Figures 14.9b, d and f show the two-factor joint effect of the resolution balance 
(log(γ ) ∈ [0.5, 2.5].) with the other factors. Figure 14.9b does not yield much 
information, but the other two plots (especially Fig. 14.9d) imply that inference 
improves with more balanced resolutions across the images.
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Fig. 14.9 All two factor interactions for (nT , ρmis , γ, nP .). Darker shades represent smaller 
RMSEs (i.e., lower estimation uncertainty) and are desirable 

Judging from the plots in Fig. 14.9, the fraction of missing data seems to be 
the most important factor, followed by the number of time points, the number of 
images, and the resolution balance across the images. Combining this with the four
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interpretations aforementioned, we thus recommend observing the whole tray at as 
many time points as possible. If observation of the entire tray is not feasible, then 
the observable region should be partitioned into as few images as possible, while 
those images should be at approximately the same resolution. 

14.5 Discussions 

This chapter presents a stochastic framework for understanding the kinetics driving 
graphene growth by proposing models for the observed shape, time-varying area of 
each individual island, as well as the nucleation time distribution, while ensuring 
that each component model reflects practical considerations and expectations. The 
resulting inference and sensitivity analyses show the stability of the model and 
suggest some new sampling designs for graphene growth experiments. 

It is worthwhile to point out that there are a lot of unsettled issues such as 
the coexistence of multiple growth mechanisms and multilayer growth, but we 
believe our work provides a starting point to address these issues. Specifically, 
the supersaturation assumption, considered debatable by some experts, has actually 
been relaxed in our work (Eqs. 14.10 and 14.11), in anticipation of the growth 
conditions affecting the final graphene coverage. Further, we have used the single 
growth mechanism only as a description of the average nucleation behavior −., 
the actual nucleation behavior at any site on the copper tray is assumed to be 
random (Eq. 14.4), thus ensuring a simple class of multiple growth mechanisms for 
each graphene island. More sophisticated classes of multiple growth mechanisms, 
based on more detailed information of the copper foil’s roughness, are certainly 
possible.The graphene process can simultaneously have multilayer growth. The 
proposed modeling framework handles the growth of the first layer (right on top 
of the copper foil) and describes how the first layer covers the foil over time. 
Since only the data of the first layer are collected for modeling, the secondary and 
tertiary layers do not affect the modeling of the first layer. Thus, one limitation of 
our final model is that it can only handle monolayer (two-dimensional) graphene 
growth. Expanding the model to describe multilayer (three-dimensional) growth is 
an important research direction that we plan to explore. 

We now propose a couple of model extensions/modifications for richer experi-
mental datasets. 

Observational Model for Entire Tray 

If instead of ul,t ., we observe S.(t). as per our recommendation in Sect. 14.4, then we 
can update the observational level model based on the following considerations:
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(i) S.(t). should be non-decreasing over time. 
(ii) The variance of S.(t). should approach zero when E(S.(t)) → S∗

. and when 
E(S.(t)) → 0.. These are the boundary conditions of the growth process. 

(iii) The models proposed in Sects. 14.1–14.2 remain valid. 

We can thus propose 

.

S.(t)

S∗ |S.(∞) ∼ S.(∞)

S∗ · DP
(

ν, (1 − e−αt )2
)

,

S.(∞)

S∗ ∼ Beta
(

ν(1 − e−αω), νe−αω
)

,

(14.26) 

where DP(ν,H(·)). denotes the Dirichlet process distribution with concentration 
parameter ν . and base function H(·).. This observational level model captures the 
random behavior of carbon atom attachment to the edges of graphene islands, as 
well as ensuring that temporal dependence is accounted for. It is thus recommended 
for inference when the whole tray is observed. 

Growth as a Function of Process Conditions 

We can expand the component models to include covariate information, representing 
the different process conditions (e.g., growth temperature, methane flow rate, and 
ambient pressure). We can do this by first considering graphene growth on multiple 
trays and introduce an extra index, j ∈ {1, . . . , J }., representing each tray. We then 
explicitly connect each tray specific α . with Xj ., the vector of covariates describing 
the process condition for tray j , i.e., we use αj = α(Xj )., some positively valued 
function of the covariates Xj . for tray j . We can then write qj (t). as q(t |Xj ). by 
simply replacing αj . with α(Xj )., thus explicitly showing the dependence of the 
kinetics on the process covariates Xj .. 

Since αj > 0., one natural way of modeling α(Xj ). is to use the log-linear model, 

. log(α(Xj )) =
K

∑

k=1

ak · bk(Xj )) .

where the basis functions bk(·). can be determined through some exploratory data 
analysis. 

It is our expectation that future experimental data will lead to improvements 
on the component models, especially the log-linear model for α(·).. Some future 
research directions include designing and evaluating experiments to obtain graphene 
data, along with process condition information.



14.5 Discussions 363

Appendix 

Appendix A0: Glossary of Notations 
gi(θ) → the random shape of island i on the copper tray. 
q(t) → the kinetics driving the growth on the tray. 

We denote Q(t) = 
t
∫

0 
q(s)ds and define Q(0) = 0. 

t0i → the nucleation time of island i on the tray. 
vi(θ, t) → the angular dependent growth velocity of island i. 
N(t) → the (random) number of islands on the tray at time t . 
Si(t0i,  t)  → the area covered by island i with nucleation time t0i , by time t . 
S.j (t) → the total area covered by the graphene islands on the tray 

by time t . 

Note that S.(t) = 
∞
∑

i=1 
Si(t) · 1{t0i ≤ t} =  

N(∞)
∑

i=1 
Si(t) 

·1{t0i ≤ t} =  
N(t)
∑

i=1 
Si(t) 

where 1{t0i ≤ t} is the usual indicator function and 

N(t)  = 
∞
∑

i=1 
1{t0i ≤ t}. 

S0 
. (t) → the total area covered by the graphene islands on the tray 

by time t , when t0i = 0 for every i. 
ri(θ, t0i,  t)  → the length/distance from the edge of the ith island with 

nucleation time t0i , to its center, at a specific angle θ and 
time t (for a circular island shape, this is simply the radius 
at time t). 
Also note that ri(θ, t0i,  t)  = 0 if  t0i >  t (as implied by [22]). 

ṽi(θ, t) → the angular dependent growth velocity of island i on the 
tray for the average growth process (i.e., averaging out 
the random behavior of carbon atom attachment/detachment). 
Recall that we assumed ṽi(θ, t) = gi(θ)q(t). 

r̃i(θ, t0i,  t)  → the length/distance from the edge of the ith island with 
nucleation time t0i , to its center, at a specific angle θ and 
time t , after averaging out the random carbon atom 
attachment/detachment. 

r̃i(θ, t0i,  t)  = 
t
∫

t0i 

ṽi(θ, s)ds. 

S̃i(t0i,  t)  → the average area covered by island i with nucleation time t0i , 
by time t i.e., averaging out the random behavior of carbon 
atom attachment/detachment. 
Note: S̃i(t0i,  t)  = E(Si(t0i,  t)|t0 i), and 

S̃i(t0i,  t)  = 1 
2 

2π
∫

0 
r̃2 
i (θ, t0i, t).
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Appendix A1: Proof of Theorem 1 

Given t0i ≤ t . for ith graphene island on the copper tray, we can write 

. 

d
dt

S̃i(t0i, t) = 1
2

d
dt

2π
∫

0
r̃2
i (θ, t0i, t)dθ

=
2π
∫

0
ṽi(θ, t)

(

t
∫

t0i

ṽi(θ, s)ds

)

dθ

=
(

2π
∫

0
g2

i (θ)dθ

)

q(t)
t
∫

t0i

q(s)ds

= 2Anuc · q(t)
t
∫

t0i

q(s)ds .

Now integrating both sides with respect to time t , we obtain 

. S̃i(t0i, t) + Const = 2Anuc

[

1

2
Q2(t) − Q(t0i)Q(t)

]

.

When t = t0ij ., we have S̃i(t0i, t) = 0. and thus 

. Const = −2Anuc

(

1

2
Q2(t0i)

)

,

so that S̃i(t0i, t) = Anuc [Q(t) − Q(t0i)]2
.. Since Q(0) = 0., we also get S̃i(0, t0i) =

AnucQ
2(t0i)., which implies that 

. Q(t0i) =

√

S̃i(0, t0i)

Anuc

.

The conditional mean for S̃i(t0i, t). is given as 

. E(S̃i(t0i, t)|t0i ≤ t)

= Anuc · E
(

[Q(t) − Q(t0i)]
2 |t0i ≤ t

)

= Anuc ·
[

(Q(t) − E(Q(t0i)|t0i ≤ t))2 + V ar(Qj (t0i)|t0i ≤ t)
]

.

Denoting 

.ξ(t) = E(S̃i(t0i, t)|t0i ≤ t) ,

ϕ(t) =
√

Anuc · E(Q(t0i)|t0i ≤ t) = E(

√

S̃i(0, t0i)|t0i ≤ t) , and
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̟(t)  = Anuc · V  ar(Q(t0i)|t0i ≤ t)  = V  ar(

√

S̃i(0 , t0i)|t0i ≤ t) ,

We can now write 

. Q(t) = 1√
Anuc

[

√

ξ(t) − ̟(t) + ϕ(t)
]

and

q(t) = 1√
Anuc

[

ξ ′(t) − ̟ ′(t)

2
√

ξ(t) − ̟(t)
+ ϕ′(t)

]

,

completing the proof. 

Appendix A2: Diagnostic Plots 

See Figs. 14.10 and 14.11. 

Fig. 14.10 10000 MCMC draws for each variable after discarding the burn-in. The plots indicate 
good mixing
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Fig. 14.11 The Geweke plots mostly appear to indicate that stationarity has been achieved 
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Part VI 

Domain-Informed Nanostructure 
Characterization and Defection Detection 

in Nanomanufacturing



Chapter 15 

Learning Interactions Among 
Nanostructures for Characterization 

and Defect Detection 

Since properties of nanomaterials are determined by their structures, characterizing 
nanostructure feature variability and diagnosing structure defects are of great 
importance for quality control in scale-up nanomanufacturing. It is known that 
nanostructure interactions such as competing for source materials during growth 
contribute strongly to nanostructure uniformity and defect formation. However, 
there is a lack of rigorous formulation to describe nanostructure interactions and 
their effects on nanostructure variability. This chapter introduces a method to relate 
local nanostructure variability (quality measure) to nanostructure interactions under 
the framework of Gaussian Markov random field. With the developed modeling and 
estimation approaches, we are able to extract nanostructure interactions for any local 
region with or without defects based on its feature measurement. The established 
connection between nanostructure variability and interactions not only provides a 
metric for assessing nanostructure quality but also enables a method to automatically 
detect defects and identify their patterns based on the underlying interaction 
patterns. Both simulation and real case studies are conducted to demonstrate the 
developed methods. The insights obtained from real case study agree with physical 
understanding. 

15.1 Nanostructure Interaction and Quality 

Low-dimensional nanostructures such as carbon nanotubes and semiconductor 
nanowires are critical building blocks for nanodevices and nanosystems that have 
promising applications in fields like medicine and energy production [16, 18, 31]. 
For instance, high-density aligned nanotubes were fabricated to build submicron 
nanotube transistors with superior properties [28] and CMOS integrated circuits 
[27]. The improved performance is mainly due to the unique structures of nano-
materials. Taking Si nanowire solar cells as an example, efficiencies of light 
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absorption and surface recombination can be greatly enhanced by the geometry 
and arrangement of nanowires [11]. On the other hand, nonuniformity and defects 
of nanostructures can cause performance degradation in nanodevices. For scale-
up nanomanufacturing, it is therefore critical to develop metrics and methods to 
quantify nanostructure spatial variability or nonuniformity and detect structure 
defects in each sample. 

The formation of nanostructures and defects is sensitive to the interactions among 
neighboring structures such as competing for source materials during growth. 
Figure 15.1 shows ZnO nanowires grown via VLS (vapor–liquid–solid) mechanism. 
Large nanowire bundles can inhibit the growth of neighboring nanowires by absorb-
ing majority of Zn vapor [23]. Hence, improved understanding of nanostructure 
interactions will facilitate the control of local morphology and diagnosis of structure 
defects. 

To control nanostructure synthesis variations and achieve scale-up nanoman-
ufacturing, research has been conducted on nanowire growth process modeling 
[8, 9, 14, 15], robust synthesis of nanostructures [24, 32], and nanoparticle dispersion 
quantification [6, 30]. The only work that quantifies the variability of continuous 
nanostructure features such as length is given by Huang [14]. Besides, only [14] 
and [6] have ever considered the interactions among nanostructures. Huang [14] 
attributed the local variability of nanowire length to the interacting effects among 
neighboring nanowires, and [6] associated the clustering of nanoparticles to their 
interacting forces. But the interaction analysis was not the focus for either of the 
papers. 

This chapter characterizes interactions among nanostructures for quality assess-
ment. For any local region of interest, we quantify the spatial variability of 
continuous quality features, e.g., length for nanostructures based on the extracted 
interaction patterns. With the established connection between nanostructure vari-
ability and nanostructure interactions, we can also detect the existence of defects 
within the region and identify detailed patterns for the defects. 

Fig. 15.1 Samples of ZnO nanowires with (trend of) bundles, grown by VLS
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15.2 Problem Formulation 

Our objective is to characterize nanostructure features in local regions of a substrate 
or “(nanostructure) local features” for short. Because of the important roles played 
by nanostructure interactions on local morphology, our characterization of local 
features will target on interaction patterns. Issues to be addressed include (1) mod-
eling and estimating nanostructure interactions based on feature measurement and 
(2) quantifying local feature variability and identifying defects through interaction 
estimation. 

We consider features in continuous scale like lengths of nanowires. With certain 
abstraction, nanostructures can be viewed to disperse in a real space with dimension 
1, 2, or 3 depending on applications. We take a discrete sampling approach 
to measure nanostructures. Following steps are taken to measure nanostructure 
features in each local region of interest. 

Step 1. We divide the local region regularly into non-overlapping sites (grids) as 
illustrated in Fig. 15.2. Denote the sites as s = {s1, s2, . . . , sn}. 

Step 2. Measure and summarize nanostructures in site si . as X(si).. Altogether, 
we obtain a random field 

.X(s) = {X(s1),X(s2), . . . , X(sn)}. (15.1) 

In detail, if a site has only normally grown nanostructures, we measure a randomly 
selected nanostructure or average all nanostructures in that site. Here, “normally 
grown” means the nanostructure is a single crystal and has no structural defects. If 
a site has defective structures, we measure the defective structures approximately 
by following the same procedure as that for normally grown nanostructures. And if 
there is no growth in the site, we take the feature measurement as zero for that site. 

Fig. 15.2 Illustration of nanostructure feature measurement in a local region of interest
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Fig. 15.3 Samples of candidate neighborhood structures: (a) first order (DS 1); (b) second order 
(SS 1); (c) DS 2; and (d) SS 2 (up diagonal filled grids are neighbors of the solid filled grid) 

The grid size here establishes our sampling resolution and determines the length 
scale of corresponding interaction analysis. The length scale of interest will be 
determined by the structure property studied by nanoscientists. Our approach can 
be applied to any given scale. 

Current techniques of measuring nanostructures are generally two-dimensional 
imaging such as SEM (Scanning Electron Microscopy) and TEM (Transmission 
Electron Microscopy). Therefore, it’s usually difficult to characterize defective 
structures due to their complex shapes. We suggest measuring these defects in the 
same way as measuring normally grown nanostructures. This approximation permits 
automatic measurement processing. At the same time, we can still identify defect 
patterns based on extracted interactions. This argument is validated in real case 
study of ZnO nanowire bundles. We provide a method to calculate nanowire lengths 
from SEM images in the chapter appendix. 

Based on the feature measurement X(s)., we model the feature field as a Gaussian 
Markov random field (GMRF) and estimate nanostructure interactions. More specif-
ically, we will understand the interactions by finding for each site si .: (1) its neigh-
bors, i.e., those sites that have interactions with si . and (2) the relation between site 
si . and its neighbors. Candidate neighborhood structures are illustrated in Fig. 15.3. 
They are of two forms: diamond schemes (DS) and square schemes (SS) of different 
orders. These two forms can cover most commonly observed interaction patterns. 

We first model local features as stationary GMRF by assuming all nanostructures 
are normally grown. We then develop normality tests to detect defects. If there is 
no defect, the estimated stationary GMRF characterizes features’ local variability. 
Otherwise, we relax the stationarity assumption and estimate interaction patterns 
for every site in the field individually. Defect patterns are then identified by 
“abnormally” strong interactions. Details are given in following sections. 

15.3 Modeling of Nanostructure Interactions for Local 

Feature Characterization 

We first decompose local nanostructure feature field X(s). into two parts: local trend 
or mean and local variability. Specifically, we take the following model
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.X(s) = Zγ + �(s). (15.2) 

Here Zγ . describes the local mean by a linear combination of explanatory variables 
Z that can be spatial location functions or concomitant data with each site [7]. 
�(s). captures the local variability by describing interactions among neighboring 
nanostructures. This decomposition is different from Huang [14] because Zγ . here 
extracts the local trend for the region of interest and is not characterized by growth 
kinetics. 

We adopt GMRF [1, 7] to model nanostructure interactions and associate the 
interactions with local feature variability. Specifically, for each site si ., we define its 
neighbors and specify the conditional distribution of �(si).: 

.�(si)|{φ(sj )}j �=i ∼ N

⎛

⎝

∑

sj ∼si

βijφ(sj ), σ
2(si)

⎞

⎠ (15.3) 

where sj ∼ si . means si . and sj . are neighbors of each other, σ 2(si). is the conditional 
variance and βij . is a spatial coefficient that is zero unless si ∼ sj .. We interpret 
interactions among nanostructures as their mutual contributions on each other’s 
local variability. Our modeling states, the conditional expectation of local feature 
variability in site si . is a “weighted” sum of the local variabilities in its neighbors. 
Intuitively, the larger the “weights” ( βij .), the stronger the interactions. 

GMRF has been extensively used in areas including spatial statistics [21], image 
analysis [2, 12] and disease mapping [4] etc. By varying the neighborhood structures 
and model parameters therein, GMRF is capable of modeling complex and diverse 
interaction structures. This property will certainly assist us to identify patterns of 
nanostructure interactions and develop a proper characterization of local features. 

Denote D = diag{σ 2(s1), . . . , σ
2(sn)}. and B = (βij ).. From Brook’s Lemma 

[5], when (I − B). is invertible and (I − B)−1D . is sysmetric and positive definite, 
X(s). follows a joint normal distribution as following: 

.X(s) ∼ N
(

Zγ , (I − B)−1D
)

(15.4) 

which establishes the spatial distribution of nanostructure features. In particular, the 
covariance matrix � = (I − B)−1D . or equivalently the precision matrix Q =

D−1(I −B). clearly captures the local feature variability. Besides, it is easy to show 
the pairwise conditional correlation for any two sites si . and sj . is [7]: 

.corr
(

X(si),X(sj )|{x(sk)}k �=i,j

)

=
βij

|βij |

√

βijβj i . (15.5) 

Quantitatively, the stronger the conditional correlations, the stronger the interactions 
among neighboring nanostructures.
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For a local region that has no defect (i.e., normal/uniform growth of nanos-
tructures), we may assume stationary interaction patterns for every site across the 
field. That is, σ 2(si) = σ 2

. and βij = βq . where q = si − sj .. The conditional 
characteristics are thus 

.�(si)|{φ(sj )}j �=i ∼ N

⎛

⎝

∑

sj ∼si

βqφ(sj ), σ
2

⎞

⎠ (15.6) 

for any site si .. Due to symmetry of the precision matrix, we have βij = βj i ∀i, j . 

and βq = β−q . for any q > 0.. Besides, corr
(

X(si),X(sj )|{x(sk)}k �=i,j

)

= βq .. βq . 

directly explains interactions between site si . and site sj .. 
We call the modeling in Eq. (15.6) with stationarity assumptions “stationary 

GMRF modeling.” Correspondingly, GMRF of general forms in Eq. (15.3) is called 
“nonstationary” or “varying coefficient GMRF.” Because nonstationary GMRF 
involves much more unknown parameters, for model parsimony we always try 
stationary GMRF modeling first. Only for local regions that have been detected 
to have defects, we then turn to nonstationary GMRF to identify the detailed defect 
patterns. 

15.4 Estimation of Nanostructure Interactions for Local 

Feature Characterization 

We model nanostructure interactions in terms of conditional correlations between 
sites. Under the framework of GMRF, nanostructure interactions and local features 
are described by model parameters η = {βij , σ

2(si), γ }i,j=1,...,n . in Eq. (15.4). Due 
to the computation of matrix determinant |I − B|., maximum likelihood estimation 
(MLE) approach is only feasible for stationary GMRF defined on regular fields. 
Therefore, we follow strategies in Fig. 15.4 to estimate nanostructure interactions. 
Particularly, we apply MLE to estimate stationary interactions in normal growth 
regions and local likelihood estimation (LLE) to estimate nonstationary interactions 
in regions with defects. Normality tests on transformed residuals detect defects 
initially based on stationary interaction estimation. 

Maximum Likelihood Estimation for Stationary Nanostructure 

Interactions 

If nanostructure interactions are modeled by stationary GMRF, the local features fol-
low a normal distribution N(Zγ , σ 2(I −B)−1).. Since we divide regions of interest 
regularly, I −B . is a block circulant matrix under periodic boundary conditions. We 
can thus efficiently calculate |I − B|. through Fast Fourier Transformation (FFT).
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Fig. 15.4 Overall strategies of modeling and estimating nanostructure interactions for local 
feature characterization and automatic defect detection through feature measurement 

Consequently, maximum likelihood estimation (MLE) is feasible and efficient in 
this case. 

We summarize the MLE approach as following by referring to relevant literatures 
[1, 3, 7, 13, 22, 29]. First, we can write the negative log likelihood as 

. 2L(η|x(s)) = −2 log f (x(s)|η)

=
1

σ 2 (x(s) − Zγ )T (I − B)(x(s) − Zγ )

+ n log σ 2 − log(|I − B|) + c (15.7) 

where η = {βq , σ 2, γ }q>0 . denotes the collection of unknown parameters, n is the 
total number of random variables (sites) in the field, and c is a known constant. Let
η̂ = {β̂q , σ̂ 2, γ̂ }. be the MLE of η .. Then setting ∂L/∂σ 2 = 0. we obtain: 

.σ̂ 2 = n−1(x(s) − Zγ )T (I − B)(x(s) − Zγ ). (15.8) 

Similarly setting ∂L/∂γ = 0. we can see γ̂ . is the generalized LSE for linear 
regression: x(s) = Zγ + ǫ . with ǫ ∼ MV N(0, (I − B)−1)., or equivalently, 

.γ̂ = (ZT (I − B)Z)−1ZT (I − B)x(s) (15.9) 

Therefore, β̂ = argminL(β|x(s)). with β = {βq}q>0 . and 

. L(β|x(s)) = log {(x(s) − Zγ̂ )T (I − B)(x(s) − Zγ̂ )}

− n−1log(|I − B|) (15.10)
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Based on β̂ ., we can obtain σ̂ 2
. and γ̂ . from Eqs. (15.8) and (15.9). In addition, if 

we denote τ 2
. as the unconditional variance for X(si), ∀i ., then τ̂ 2 = σ̂ 2(I − B̂)−1

11 . 

(Eq. 15.4). 
η̂ . is a consistent estimator of η . for stationary GMRF. Besides, η̂ . follows a joint 

normal distribution with mean η . and precision matrix J (η). (the fisher information 
matrix) asymptotically [7, 20]. Confidence intervals/elipsoid for η̂ . can be obtained 
accordingly. Models of different neighborhood structures can also be compared 
through asymptotic likelihood ratio tests (LRTs) [29]. GMRF with the winning 
neighborhood structure will be selected to describe the stationary interactions. 

Estimation of stationary nanostructure interactions can be viewed as an overall 
estimation of interactions for the local region. We use it as a benchmark to detect 
defects. For normal growth regions, it also specifies the spatial distribution of 
nanostructure features: N(Zγ̂ , σ̂ 2(I−B̂)−1).and determines the interaction patterns 
for each site. 

Normality Tests on Transformed Residuals to Detect Defects 

Since normally grown nanostructures have stationary interaction patterns across 
sites, deviation of our measurement data from the stationary interaction pattern indi-
cates potential defects. Therefore, we can formulate the defect detection problem as 
a problem of testing following hypotheses. 

H0 .: measured nanostructure feature field follows stationary GMRF; 
H1 .: measured nanostructure feature field follows nonstationary GMRF. 

We define the transformed residuals as 

.e = (I − B)1/2(X(s) − Zγ ). (15.11) 

Under the null hypothesis H0 ., we have X(s) ∼ N(Zγ , σ 2(I −B)−1).by referring to 
Eqs. (15.4) and (15.6). Therefore, the transformed residuals e ∼ N(0, σ 2I ).. Based 
on stationary GMRF estimation, we obtain MLEs of transformed residuals as 

.ê = (I − B̂)1/2(X(s) − Zγ̂ ). (15.12) 

Taking into account the consistency property of η̂ = {β̂q , σ̂ 2, γ̂ }q>0 ., MLEs of 
transformed residuals êi, i = 1, . . . , n. are also i.i.d normal random variables 
asymptotically. That is, 

.êi ∼ i.i.d. N(0, σ 2) for i = 1, . . . , n (15.13) 

asymptotically if stationary GMRF really captures the interaction patterns among 
measurement data. On the contrary, if there are some defects, due to the inaccurate 
interaction extraction for defective sites, transformed residuals of defective sites
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would be larger comparing to those of normal sites. Therefore, evaluating the devi-
ation of êi, i = 1, . . . , n. from i.i.d. normal distributions will help detecting defects. 

We perform normality tests on transformed residuals ê . to detect defects. Nor-
mality tests detect “outliers” among êi, i = 1, . . . , n.. Comparing to other tests, 
e.g., χ2

. test, which test on the equal variance assumption, normality tests are more 
powerful defect detection method when the percentage of defects is small. Both 
graphical methods including normality plots and formal tests including Anderson– 
Darling test, Cramer–von-Mises test and Lilliefors test, etc., can be used. Thode 
[26] has a good summary of normality test methods. In this chapter, we recommend 
half-normal plot for visual judgment because it has a clearest indication of outliers. 
Anderson–Darling test is chosen for formal detection because its calculation on 
departure of empirical distributions from normality puts more weights on tails [25], 
and thus, it is more sensitive to defects. 

If normality tests indicate the existence of defects in our measurement data, local 
likelihood estimation (LLE) technique is then used to estimate interactions across 
the field. Patterns of defects will be identified by patterns of interactions. 

Local Likelihood Estimation for Regions with Defects 

For regions detected to have defects, we use varying coefficient GMRF to model 
the nonstationary interactions among nanostructures. Since spatial parameters 
{βij }i=1,...,n,sj ∼si

. vary across sites, dimension of unknown parameters is larger than 
measurement data. Traditional estimation methods (e.g. MLE, pseudo-likelihood, 
coding method, etc. [1, 3, 7]), are not directly applicable here. 

We adopt local likelihood estimation (LLE) to estimate nanostructure interac-
tions. Parameters {βij }sj ∼si

. and σ 2(si). that define the interactions of any site si .with 
its neighbors are estimated based on those sites physically near si .. As illustrated in 
Fig. 15.5, given window size λ = 4. we use sites within the corresponding circles 
to estimate the interactions for colored target sites. Denote Rλ(si). (including si .) to  
be the collection of sites included for estimating si . under λ.. To estimate parameters 
{βij }sj ∼si

. and σ 2(si)., we assume stationary interaction patterns among Rλ(si).. In  
addition, we assign different weight Wλ

k (si). to each site sk ∈ Rλ(si).. The weight 

Fig. 15.5 Illustration of local 
likelihood estimation
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Wλ
k (si). measures how much we believe the interaction pattern of sk . is close to that 

of si .. 
For each site si ., pseudo likelihood is chosen to estimate its parameters because 

of the total computation complexity. In this way, {βij , σ
2(si)}sj ∼si

. is the weighted 
least squares estimator for linear regression 

.X(sk) = βi0 +
∑

sj ∼si

βijX(sk + sj − si) + ǫik (15.14) 

where sk ∈ Rλ(si). for any i = 1, . . . , n. under given λ.. Here  βi0 . is the intercept, and 
ǫik . is the kth error term. We select the smoothing parameter λ. (i.e., the window size) 
by cross validations [19]. Bias correction on raw estimation of {βij }i=1,...,n,sj ∼si

. 

from Eq. (15.14) is then performed by referring to Equation (15) in [17]. Interested 
readers please refer to [10, 17] and references therein for more details. 

15.5 Simulation Case Studies 

Simulation case studies are to illustrate and validate our proposed modeling and 
estimation procedures for extracting nanostructure interactions and characterizing 
nanostructure local features. 

Setups of Simulation Experiments 

We simulated 100 i.i.d. datasets defined on 50 × 100. regular lattice s =

{(s, t)}s=1,...,50,t=1,...,100 .. These datasets mimic (replicates of) feature measurement 
fields we may obtain from normal growth regions. Each dataset has structure 
X(s) = Zγ + �(s). as in Eq. (15.2). The local trend eX(s) = Zγ . is defined as: 

.eX(s, t) = γ0 + γ1 ∗ s + γ2 ∗ t. (15.15) 

The nanostructure interaction field �(s). follows stationary GMRF with second-
order neighborhood structure. That is, for each site si = (s, t) ∈ s ., we have  

. e�(s, t)|{φ(s′,t ′)}(s′,t ′) �=(s,t)

=β1{φ(s − 1, t − 1) + φ(s + 1, t + 1)}

+β2{φ(s − 1, t) + φ(s + 1, t)}

+β3{φ(s − 1, t + 1) + φ(s + 1, t − 1)}

+β4{φ(s, t − 1) + φ(s, t + 1)} (15.16)
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and Var(�(s, t)|{φ(s′, t ′)}(s′,t ′) �=(s,t) = σ 2
.. Values set for simulating the datasets 

are summarized in Table 15.1. We include both positive and negative values for β . 

to explore the most general patterns of nanostructure interactions. 

Interaction Extraction for Normal Growth Regions 

For each previously simulated dataset (referred as stationary datasets), we model 
it as stationary GMRF with local trend eX(s, t) = γ0 + γ1 ∗ s + γ2 ∗ t .. We then 
estimate parameters and interaction schemes for GMRF models by MLE. 

Different neighborhood structures are compared based on asymptotic likelihood 
ratio tests [29] at 95% confidence level. Among the 100 datasets, 95 datasets 
correctly select second-order scheme to describe the interaction structure while the 
other five datasets select diamond scheme (DS 2 in Fig. 15.3). 

As to parameter estimation, we summarize MLEs of γ ,β . and σ 2
. in Table 15.2 

based on those 95 datasets that select second order scheme. From the results we 
can see MLEs of parameters are quite stable among different datasets and are very 
close to their corresponding true values. We also plot MLEs of βi, i = 1, . . . , 4. 

together with their 95% confidence bounds in Fig. 15.6. Vibrations of confidence 
bounds are due to the randomness among different datasets (i.i.d. samples from 
the same distribution). From the figure we can see the 95% confidence intervals of 
βi, i = 1, . . . , 4. contain corresponding true values almost all times. 

Although we know there is no defect in our simulated data, we still do normality 
tests to detect defects as described in Section IV. Among the 100 simulated datasets, 
97 of them have an Anderson–Darling p value greater than 5%. That is at 95% 
confidence level only 3 out of 100 datasets are falsely detected to have defects. Our 
method for detecting defects works well for normal growth reg ions.

The simulation study of stationary datasets shows that our method can correctly 
extract interaction patterns for normal growth regions. The estimated stationary 

Table 15.1 Parameter values 
set in simulation studies 

γ0 . γ1 . γ2 . β1 . β2 . β3 . β4 . σ 2
. 

6.00 −.0.03 −.0.01 −.0.1 0.25 0.05 0.15 1 

Table 15.2 Summary of 
MLEs for γ ,β . and σ 2

. based 
on stationary datasets (95 
samples) 

True Val. Est. Mean Std. Dev. 5% Qt. 95% Qt. 

γ0 . 6.00 6.0020 0.0744 5.8740 6.1113 

γ1 . −0.03 −0.0299 0.0016 −0.0328 −0.0276 

γ2 . −0.01 −0.0101 0.0009 −0.0116 −0.0087 

β1 . −0.10 −0.1013 0.0131 −0.1246 −0.0825 

β2 . 0.25 0.2512 0.0102 0.2324 0.2660 

β3 . 0.05 0.0477 0.0101 0.0333 0.0626 

β4 . 0.15 0.1506 0.0140 0.1300 0.1756 

σ 2
. 1.00 0.9958 0.0219 0.9636 1.0355
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Fig. 15.6 MLEs and 95% confidence bounds of βi , i = 1, . . . , 4. 

GMRF accurately describes features’ spatial variability. We also have high confi-
dence that our suggested normality tests don’t falsely indicate defects. 

Interaction Extraction for Defects Detection 

For each stationary dataset, we set randomly 50–250. sites in it as zeros (i.e. 1%–5%. 

zero ratio). They mimic those no growth sites caused by underlying deformities of 
the substrate. By studying these nonstationary datasets, we hope our estimation of 
nanostructure interactions and proposed normality tests can detect them and identify 
their patterns. 

Following the strategies summarized in Fig. 15.4, we first model each nonstation-
ary dataset through stationary GMRF pretending that all nanostructures are normally 
grown. Then normality tests are performed to detect defects based on MLEs of the 
transformed residuals (I − B̂)1/2(x(s) − Zγ̂ ).. For the 100 nonstationary datasets, 
Anderson–Darling p values are all nearly zero ( < 10−32

.) indicating the existence 
of defects in all datasets. Our defect detection result here is 100% consistent with 
reality. 

We then randomly select one dataset to illustrate the identification of detailed 
defect patterns by nonstationary interaction estimation. We model the selected
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dataset by varying coefficient GMRF (Eq. 15.3) with second-order neighborhood 
structure based on its overall interaction estimation. We then estimate the inter-
actions by local likelihood technique under λ = 12. (Fig. 15.7). Level plots of 
estimated βi, i = 1, . . . , 4. are in Fig. 15.8. We also add locations of designed 
no growth sites to assist visual comparison. Here βi, ∀i . has the same meaning 
as that explained in simulation setups. Therefore, values of βi, ∀i . determine the 
intensity of interactions across the field. Directions of the interactions are indicated 
by corresponding red arrows beside the level plots. From the figure we can see 
that local peaks of nanostructure interactions are always related to those no growth 
sites. This observation is both consistent with the data: higher correlation between 
zeros and their neighboring values and the physics: defects have higher impact on 
neighboring sites due to competition of source materials, etc. 

To summarize the simulation studies presented earlier, our proposed strategies 
to characterize local features and detect defects by extracting nanostructure inter-
actions are feasible and effective. Although no growth may be an extreme form of 
“defects,” our results suggest that it is feasible in general cases to identify defects 
by extracting interaction patterns from feature measurement. The real case study of 
large bundle defects supports this claim in the following section. 

Fig. 15.7 λ. selection by 
cross validation [10] 
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Fig. 15.8 Level plots of local likelihood estimated β . together with simulated no growth sites



384 15 Learning Interactions Among Nanostructures for Characterization and Defect. . .

15.6 Real Case Study of ZnO Nanowire Data 

In this section, we are going to study interactions among nanowires through length 
measurement to automatically detect nanowire bundles (insets of Fig. 15.9). 

We measured a 27 um × 56.4 um. local region of a ZnO nanowire sample, which 
was grown through VLS at 950°C, 1 atm. with 100 sccm Ar. flow for 25 minutes. 
Two SEM images are taken for the same region with one from the top and the other 
by tilting the sample for 8◦

. (as shown in Fig. 15.9). By extracting tip locations of 
the same nanowire on the two images, we can calculate the length of the nanowire. 
Please refer to Appendix A for more details. 

We then divide the region regularly into 45×94.grids (sites) each of size 0.6 um×

0.6 um.. For each site, we measure a randomly selected nanowire if there is. If a site 
has no growth, we take the length measurement as zero. And if a site is occupied 
by a nanowire bundle, we measure the bundle approximately as measuring straight 
nanowires. Altogether, we obtain a 45 × 94. nanowire length field. 

Preliminary Data Analysis 

We first look at the data graphically. Figures 15.10 and 15.11 show level plot of 
the NW length field (with contour lines) and locations of nanowire bundles and no 
growth sites, respectively. From the figure we can see, (1) neglecting no growth 
sites, nanowire lengths generally decrease from top to bottom and from left to right; 

Fig. 15.9 SEM images of ZnO nanowire sample. Insets are enlarged images for the labeled area
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Fig. 15.11 Locations of NW 
bundles ( ⋄.) and no growth 
sites ( •.) 

0  20  40  60  80  

column 

ro
w

 

● 
● 

● 

● 

● 
● 

● 

● 
● 

● 
● 

● 
● 
● 
● 

● 
● 

● 
● 

● 
● 

● 

● 

● 

● 

● ● 

● 

● 

● 

● 

● 
● 

● 
● 
● 

● 

● 

● 

● 

● 
● 

● 
● 

● 

● 

● 

● 

● 

● 

● 

● 

● 
● 

● 

● 

● 

● 
● 

● 

● 

● 

● 

● 
● 

● 
● 

● 

● 

● 

● 

● 

● 

● 

● 

● 

● 

● 

● 
● 

● 

● 

● 
● 

● 

● 

● 

● 

● 

● 

● 

● 

● 

● 

● 

● 
● 
● 

● 
● 
● 

● 

● 

● 

● 
● 

● 

● 

● 

● 

● 
● 

● 

● 

● 

● 

● 
● 
● 

● 
● 

● 

● ● ● 

● 

● 

● ● ●

●

●

● ●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

4
0

3
0

2
0

1
0

0

0  10  20  30  40  

2
 4

 6
8

 

row index 

N
W

 l
e

n
g

th
s
 

0  20  40  60  80  

2
 4

 6
 8

 

col index 

N
W

 l
e

n
g

th
s
 

Fig. 15.12 NW lengths VS. row indexes and column indexes of the measured field 

and (2) nanowire bundles are normally surrounded by no growth sites indicating 
stronger impact of bundles on their neighboring sites. 

We further plot nanowire lengths with corresponding row and column indexes 
of the field in Fig. 15.12. Those no growth sites are neglected to give a clearer 
view of the trend. Lengths of nanowire bundles (approximate) are indicated by blue 
circles. Our findings are: (1) local trend of the lengths is generally linear with row 
and column indexes; and (2) nanowire bundles cannot be identified directly by their 
lengths.
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Therefore, we propose to detect bundles by extracting interaction patterns. 
Besides, we take the local trend as eX(s, t) = γ0+γ1∗s+γ2∗t . (same as Eq. (15.15)) 
with s = {(s, t)}s=1,2,...,45,t=1,2,...,94 . in stationary GMRF modeling at first step. 

Interaction Extraction for NW Bundle Detection 

We first model the length field as a stationary GMRF with its local trend as 
in Eq. (15.15) pretending we don’t know there are defects within the field. Our 
motivations are (1) to get an overall estimate of local trend and nanowire interactions 
and (2) to check whether our method can automatically detect defects without 
looking at the images. 

By stationary GMRF modeling, we select second-order scheme at 95% confi-
dence level. Table 15.3 shows MLEs and 95% confidence intervals of the parame-
ters. Based on the estimation, we do normality tests on ê = (I − B̂)1/2(x(s) − Zγ̂ ). 

to see whether there is defect in the field. Anderson–Darling test gives a zero p 
value. Half-normal plot o f ê . is also depicted in Fig. 15.13 to assist the detection. 
Both indexes strongly indicate the existence of defects. Our method indeed detects 
defects automatically without observing the images. 

Then we model the NW length field by second-order varying coefficient GMRF 
to identify detailed defect patterns. Model parameters are estimated by local 
likelihood estimation (LLE) technique. Cross-validation errors under different λ. 

values are shown in Fig. 15.14. So λ = 12. is chosen. We plot estimated βi, i =

1, . . . , 4. across the field on top of the top view SEM image in Fig. 15.15. As  
expected, local peaks of interactions always correspond to nanowires bundles. 

Table 15.3 MLEs and 95% C.I.s of stationary GMRF parameters for NW length field 

γ1 . γ2 . γ3 . σ 2
. 

6.5648 −.0.0295 −.0.0254 1.0865 

(6.424, 6.706) ( −.0.034, −.0.026) ( −.0.027, −.0.023) (1.039, 1.134) 

β1 . β2 . β3 . β4 . 

0.0605 0.0810 0.0585 0.1384 

(0.032, 0.089) (0.051, 0.111) (0.030, 0.087) (0.110, 0.167) 

Fig. 15.13 Half-normal plot 
for transformed residuals ê., 
real case study 
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Fig. 15.14 λ. selection by 
cross validation, real case 
study 

3
8

0
0

4
0

0
0

4
2

0
0

 

smoothing parameter lambda 

to
ta

l 
c
ro

s
s
 v

a
lid

a
ti
o

n
 e

rr
o

rs
 

9  12  15  18  21  2  4 27 30

Fig. 15.15 Level plots of local likelihood estimated β . together with top view SEM images 

Although length measurements of nanowire bundles are approximate, our extracted 
patterns of nanowire interactions still identify the patterns of defects satisfactorily. 

Nanowire bundles absorb more source materials during the growth process and 
occupy additional space due to their curved shapes (insets of Fig. 15.9). As a result, 
nanowire bundles inhibit the growth of neighboring sites and may even cause no 
growth areas around them (Fig. 15.11). Consequently, their estimated interactions 
from the length measurement data are stronger than other sites. That is why we may 
identify defects by “abnormally” strong interactions. 

By studying real collected nanowire length data, we can confirm that our method 
to model and estimate nanostructure interactions does automatically detect defects 
and identify defect patterns. Our studies of nanostructure interactions are consistent 
with known physical understanding. 

Remark 1 Our approach of modeling and estimating nanostructure interactions 
enables not only the characterization of nanostructure features but also the detection 
of defects based on “abnormal” interactions among nanostructures. 

Remark 2 Simulation study and real case study show the identification of no 
growth sites caused by underlying deformities on the substrate and neighboring 
defective structures (large bundles), respectively. Further research can be done to 
distinguish these two failure mechanisms.
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This chapter develops a learning technique to model and estimate interactions 
among neighboring nanostructures for any local region of interest to assist the 
characterization of local features and automatic diagnosis of structure defects. 

We interpret interactions among nanostructures as the mutual contributions on 
neighbors’ feature variability. Under the framework of Gaussian Markov random 
field, we incorporate nanostructure interactions into the modeling of local features 
and establish their connections with local feature variability by pairwise conditional 
correlations. Our strategies of interaction estimation consist of three sequential 
steps: estimating the stationary interactions by MLE (maximum likelihood esti-
mation) assuming no defects, defect detection by normality tests on transformed 
residuals based on stationary interaction estimation, and estimating the nonsta-
tionary interactions by LLE (local likelihood estimation) if the region has defects. 
Estimated interaction patterns identify defect patterns. 

Both simulation and real case studies of nanostructure interactions are consistent 
with existing physical knowledge. Our approach indeed quantifies local feature 
variability and diagnoses defects accurately and automatically. In addition, our 
established connection of nanostructure interactions and feature variability will 
advance both property analysis of nanostructures and physical investigation of 
structure formation. Further exploration of nanostructure interactions will assist to 
generate new understandstandings of process–structure–property relation. 

Appendix: Nanowire Length Measurement 

Denote (.)p . and (.)d . as location parameters on top view and tilted view images 
respectively where (.). could be Y or α .. Let  D be the distance between NW tip and 
the reference point. As illustrated in F ig. 15.16, we then have the following relations: 

.K =
√

D2 − X2 =
Yp

cos
(

αp

) =
Yd

cos(αd)
. (15.17) 

Fig. 15.16 Geometric model for measuring NW length
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Z = Yp sin
(

αp

)

/ cos
(

αp

)

. (15.18) 

αp = αd + δ (15.19) 

where δ . is the known tilting angle, which equals 8◦
. in our case. Yp . and Yd . are 

measurable. Since we tilt around axis x, X and thus K are the same for both images. 
Therefore, the height of NW tip to the reference point is

.Z =
Yp cos(δ) − Yd

sin(δ)
(15.20) 

Substituting Z as in Eq. (15.20), we obtain the NW length 

.L =
√

P 2 + Z2 =

√

P 2 +
(Yp cos(δ) − Yd)2

sin2(δ)
(15.21) 

where P is the projection length of NW on top view image, which is also 
measurable.
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Chapter 16 

Characterization of Nanostructure 
Interactions with Incomplete Feature 

Measurement 

Nanostructure interactions contribute strongly to structure uniformity and defect 
formation. Characterizing the interaction not only assists to understand the growth 
kinetics but also provides a metric to benchmark growth quality. Chapter 15 
presented interaction modeling and estimation methods for one local region, which 
assume complete feature measurement. In order to map interaction patterns across 
the whole substrate, direct application of the methods would require complete 
information of a specimen. This implies a formidable metrology task using cur-
rent inspection techniques such as scanning electron microscopy (SEM). In this 
chapter, we relax the metrology constraint and analyze nanostructure interac-
tions with incomplete feature measurement. Specifically, we optimize Expectation-
Maximization (EM) algorithm based on Markovian properties of interaction model-
ing and develop a tailored space filling design to select which sites to measure. 

16.1 Nanostructure Characterization and Measurement Cost 

Nanostructure interactions such as competition for source materials during growth 
process contribute strongly to structure uniformity and defect formation. Nonuni-
formity and defects of nanostructures can cause performance degradation in nan-
odevices. Therefore, characterizing the interaction not only assists to understand 
the growth kinetics but also provides a metric to benchmark growth quality. 
Chapter 15 introduced approaches of extracting interactions among neighboring 
nanostructures for single local region based on its feature measurement [25]. 
Estimated nanostructure interactions successfully quantify feature variation and 
enable the detection of structural defects within local regions. 

Mapping interaction patterns across the whole substrate would demand com-
plete information of all local regions based on our previous approach. However, 
characterization of nanostructure features is extremely labor-intensive and time-
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consuming. On the one hand, current inspection techniques such as Scanning 
Electron Microscopy (SEM) and Transmission Electron Microscopy (TEM) capture 
a very tiny area in one image. We may need to carefully calibrate and take over 
200 SEM images of neighboring areas to cover a 0.1 mm × 0.1 mm. local region. 
To characterize dense quantities of nano elements under manufacturing-relevant 
time spans, it is necessary to have revolutionary instead of evolutionary advances 
but for which“no known solutions” are available for 5–10 years down the road 
[15]. On the other hand, extracting feature information from these two dimensional 
SEM/TEM images is also complicated and computation intensive. For example, to 
measure lengths of individual nanowires, we need to match SEM images taken from 
different angles and find the same nanowire on each image among the nanowire 
forest [22, 25]. 

To map interaction patterns across the substrate with affordable measurement 
of nanostructure features, this chapter introduces both a sampling strategy that 
selects which sites to measure over the substrate and an analysis technique 
that estimates nanostructure interactions based on corresponding “incomplete” 
feature measurement. With the developed approaches, we will be able to quantify 
nanostructure feature variation and detect structural defects with greatly reduced 
metrology efforts. 

16.2 Strategy of Characterization with Measurement 

Reduction 

The difficulties of characterizing nanostructures include (i) taking and tediously 
calibrating SEM images for seemless connection and (ii) extracting and matching 
feature information from SEM images. Correspondingly, to reduce metrology 
efforts but maintain the desired interaction analysis resolution, we take following 
strategy to sample and measure nanostructures: (i) we selectively measure multiple 
separated tiny regions spreading on the substrate; and (ii) for each selected region, 
we divide it regularly into non-overlapping sites (grids) and only measure nanos-
tructures in selected sites. The aforementioned approach is illustrated in Fig. 16.1. 

To better explore the whole substrate, we use maximin distance Latin hypercube 

designs to sample measurement regions (i.e., those regions selected to measure). 
And for each selected region, we will develop a tailored space filling design to 
choose which sites to measure. By selectively measuring partial of the sites (e.g., 
white grids in Fig. 16.1b) we can not only lighten the burden of feature extraction 
but also maintain an appropriate interaction analysis resolution. We call those sites 
to be measured “measurement sites” and those not measured “non-measurement 
sites” for convenience. The resulting feature measurement is denoted as “partial” 
feature measurement or “incomplete” feature measurement interchangeably in this 
work.
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(a)  measurement regions across the substrate           (b) non-measurement sites in each region 

Fig. 16.1 Strategies of feature measurement (a) measurement regions (blue squares) across the 
substrate (b) non-measurement sites (patterned grids) in each measurement region 

Although we take a two-step procedure to sample nanostructures, our strategy is 
different from the sequential or nested designs in literature [8, 16–19, 21] for two  
reasons. First, regions and sites are all determined before the real measurement takes 
place. There is no sequential evaluation. Second, our dataset consists only feature 
measurement in the sites. There is no multiple levels of sampling or approximation. 

In addition, Latin hypercube-based space filling designs [13] are not applicable 
to select non-measurement sites for selected regions, because we have both pre-
established division of sites driven by desired resolution of interaction analysis and 
predetermined number of sites to measure due to metrology constraints. 

Besides sampling of regions and sites, other issues to address in this chapter are 
the modeling and estimation of nanostructure interactions with incomplete feature 
measurement. Details are discussed in following sections. 

16.3 Learning of Nanostructure Interactions with 

Incomplete Measurements 

Notation for measurement regions, sites, and nanostructure features is as follow-
ing. 

• R =  {r1, r2, . . . , rR}. represents the collection of R measurement regions 
sampled from the substrate. Standard space filling designs such as maximin 
distance Latin hypercube designs are applied to select the measurement re gions.

• rr = {s 
(r) 
1 , s 

(r) 
2 , . . . , s

(r)
n }. denotes the complete division of sites in region r . 

• mr . and or = rr\mr . are respectively measurement sites and non-measurement 
(omitted) sites in region r . We will develop a tailored space filling design in 
Sect. 16.4 to select which sites to measure (i.e. mr .) for each region. 

• X(s 
(r) 
i ). represents the nanostructure feature in site s

(r)
i ..
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Although here we assume that different measurement regions are of the same size 
(i.e. nr = n,∀r .), the modeling and estimation techniques developed in this chapter 
apply in general cases. In addition, the equal size assumption is not hard to satisfy 
in practice since we normally determine the region sizes before doing the real 
measurement. 

Extension of Stationary Nanostructure Interaction Modeling to 

the Whole Substrate 

In Chap. 15 [25], we have studied interaction modeling for single local region. 
Specifically, we adopted Gaussian Markov random field (GMRF) to describe the 
conditional dependence among physically close (i.e., neighboring) nanostructures. 
We started from stationary interaction modeling, which assumes homogeneous 
interaction patterns among nanostructures, and then turn to non-stationary interac-
tion modeling for detailed pattern recognition if defects are detected. 

We extend the stationary interaction modeling for single local region in [25] 
to the whole substrate by assembling interaction relations from multiple measured 
regions and analyzing nanostructure interactions with incomplete feature measure-
ment. We will also briefly mention the detection of defects in real case study but 
leave non-stationary interaction analysis to interested readers. The extension of 
stationary interaction analysis to non-stationary interaction analysis will be easy 
by using local likelihood methods [10, 25]. 

To separate different sources of uncertainties, we decompose the feature field 
X(rr). for each region r into local trend Z(rr)γ . and local variability �(rr). similarly 
as in [25]. That is: 

.X(rr) = Z(rr)γ + �(rr) (16.1) 

Here the local trend Z(rr)γ . is a linear combination of explanatory variables Z . that 
can be spatial location functions or concomitant data with each site [3]. Before 
we have further information, we assume that the local trend for each measurement 
region has the same functional form and shares the same set of regression parameters 
γ .. It implies that the global trend for the whole substrate is a smooth surface 
described by Zγ .. If measurement data object this assumption, it means we have a 
more complex trend profile due to large process variations among different regions. 
In this case, one possible extension of the trend modeling here is to take different 
regression parameters γ r . for different regions and connect γ r . with the process 
conditions such as temperature T . Interested readers may refer to Huang [7] for  
the connection. 

We model local variabilities �(rr). for regions r = 1, 2, . . . , R . as independent 

GMRF [1, 3] to capture interactions among neighboring nanostructures, since the 
measurement regions are purposely selected to be tiny and fairly separated. For each



16.3 Learning of Nanostructure Interactions with Incomplete Measurements 395

site s
(r)
i ., i = 1, 2, . . . , n. in region r = 1, 2, . . . , R ., we assume: 

.�(s
(r)
i )|{φ(s

(r)
j )}j �=i ∼ N

⎛

⎜

⎝

∑

s
(r)
j ∼s

(r)
i

βqφ(s
(r)
j ), σ 2

⎞

⎟

⎠
(16.2) 

Here s
(r)
j ∼ s

(r)
i . means s

(r)
j . and s

(r)
i . are neighbors of each other. {βq : q =

s
(r)
i − s

(r)
j }. are spatial coefficients that are zero unless s

(r)
j ∼ s

(r)
i .. In this model, 

we express interactions among neighboring sites as their “weighted” contributions 
to each others’ local variability. Intuitively, the larger the weights βq ., the stronger 

the interactions between s
(r)
i . and s

(r)
j .. Since our stationary interaction modeling 

assumes that the weight parameter βq . between any two sites only depends on their 
relative locations, it assumes homogeneous and nonisotropic interaction patterns 
across the substrate. When the local trend is correctly captured, violation of the 
stationary interaction assumption indicates the existence of defects within measured 
regions. 

Denote B = (βij )i,j=1,...,n . where βij = β
s
(r)
i −s

(r)
j

.. We can easily obtain 

the distribution of nanostructure features for each region r as X(rr) ∼

N
(

Z(rr)γ , σ 2(I − B)−1
)

. [2], where B . is block circulant under periodic boundary 
conditions. Denote Ar . to be the matrix that maps the incomplete collection of 
sites mr ⊂ rr . to the complete collection of sites rr ., i.e. mr = Arrr .. We get the 
distribution of measured feature field X(mr). as 

.X(mr) ∼ N
(

ArZ(rr)γ , σ 2Ar(I − B)−1AT
r

)

(16.3) 

for any region r = 1, 2, . . . , R .. Parameters η = {γ ,β, σ 2}. with β = {βq : q >

0, s
(r)
i + q ∼ s

(r)
i , ∀i, r}. specify the distribution of nanostructure features. 

EM Estimation of Nanostructure Interactions with Incomplete 

Feature Measurement 

Since nanostructure interactions are specified by parameters η = {γ ,β, σ 2}. 

in GMRF modeling, estimating nanostructure interactions is to estimate values 
of η . based on the R independent pieces of incomplete feature m easurement
x(m) = {x(mr)}r=1,2,...,R .. The major estimation difficulty comes from the 
“incompleteness.” The non-square mapping matrix Ar . in Eq. (16.3) makes MLE 
(Maximum Likelihood Estimation) [1, 3, 6, 23, 25] computationally infeasible based 
on measured feature field x(m).. 

We use EM (Expectation-Maximization) algorithm to estimate parameters η .. 
Those omitted sites (i.e., non-measurement sites) are treated as “missing at random”
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observations, though here we omit them purposely. Comparing to other techniques 
dealing with missing values such as imputation, interpolation, and Bayesian data 
analysis [12], EM algorithm takes advantages of the Markovian property in GMRF 
modeling of nanostructure interactions (Eq. 16.2) and the analytical property of 
likelihood function for complete feature field. 

EM algorithm is an iterative method for finding the maximum likelihood 
estimates of η .. Instead of maximizing log f

(

{x(mr)}
R
r=1

)

. directly (what MLE 
does), EM algorithm iteratively calculates (E-Step) and maximizes (M-Step) 

.Q(η|ηp) = E
{

log f
(

{X(rr)}
R
r=1|η

)

|{x(mr)}
R
r=1, η

p
}

(16.4) 

based on the current fit ηp
. of parameters η . at step p [4, 24]. In our case, because 

different regions are assumed independent, we may further simplify Q(η|ηp). into a 
sum of R similar pieces, one for each re gion:

.Q(η|ηp) =

R
∑

r=1

E
{

log f (X(rr)|η) |x(mr), η
p
}

. (16.5) 

Since the calculation is similar for each region r , we only demonstrate EM approach 
for one single measurement region. To keep notation simpler, we denote Z . for Z(rr). 

and omit any subscript r in the notation for following discussions.

Expectation Step of EM Estimation For complete feature field X(r). in a single 
regular region, we have its distribution as X(r)|η ∼ N

(

Zγ , σ 2(I − B)−1
)

.. Given  
partial feature measurement x(m)., we can thus evaluate the expectation of its 
conditional log likelihood function as following: 

. − 2Q(η|ηp) = −2 E
{

log f (X(r)|η) |x(m), ηp
}

= 1/σ 2econd{(X(r) − Zγ )T (I − B)(X(r) − Zγ )}

+ nlog (2πσ 2) − log (|I − B|) (16.6) 

where econd(.) = e{.|x(m), ηp}. denotes the conditional expectation. Let 
Varcond(.) = Var{.|x(m), ηp}. as the conditional variance. We can expand the 
conditional expectation in Eq. (16.6) as following.  

. econd

{

(X(r) − Zγ )T (I − B)(X(r) − Zγ )
}

= (econdX(r) − Zγ )T (I − B)(econdX(r) − Zγ )

+ Tr {(I − B)VarcondX(r)} (16.7)
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Therefore, to evaluate Q(η|ηp). for given η . and ηp
., keys are to compute the 

conditional expectation econd{X(si)}. for any non-measurement site si . (i.e. si ∈

o,∀i .) and the conditional covariance Covcond(X(si),X(sj )). between any two non-
measurement sites si . and sj . (i.e. ∀i, j s.t. si ∈ o and sj ∈ o.). 

We take advantages of the Markovian property in our interaction modeling 
(Eq. 16.2) to simplify the calculation. Specifically, we classify non-measurement 
sites o. into conditionally independent groups gl .. So that we have 

. f (X(o)|x(m), ηp) = �lf (X(gl)|x(m), ηp)

= �lf (X(gl)|x(n(gl)), η
p) (16.8) 

where n(gl). denotes the neighboring measurement sites for gl . i.e. n(gl) = {si :

si ∈ m, and ∃ sj ∈ gl s.t. si ∼ sj }.. Based on the Markovian property of GMRF 
modeling, X(gl). is conditionally independent to any site in the field other than n(gl). 

for given x(m).. Consequently, we may obtain the conditional expectations and 
covariances of non-measurement sites o. by evaluating the conditional distribution 
f (X(gl)|x(n(gl)), η

p). for each group gl . individually. 
The algorithm for classifying non-measurement sites o. is as the following. If 

a non-measurement site has all measured neighbors, e.g., site A in Fig. 16.2, we  
call it isolated non-measurement site. Given  x(m)., each “isolated non-measurement 
site” is conditionally independent from any other non-measurement sites. If a non-
measurement site also has non-measurement sites as neighbors, e.g., site B in 
Fig. 16.2, we call it  clustered non-measurement site. We further group “clustered 
non-measurement sites” into smallest clusters such that a site in one cluster is not 
the neighbor of any site in other clusters. For instance, in Fig. 16.2, sites B,C, and D 
form a cluster and sites E–J form another cluster under second order neighborhood 
structure (neighboring sites are the eight nearest sites, e.g., sites 1–8 for site A). It is 
easy to prove that clusters constructed this way are conditionally independent. Their 

1 2 3 

8 A 4 H 

7 6 5 G I 

F J 

B D E 

C 

isolated non-measurement sites clustered non-measurement sites 

Fig. 16.2 Schematic illustration of non-measurement site classification
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conditional distributions will only be dependent on their neighboring measurement 
sites, e.g., sites 1”–23” for the cluster of E–J in Fig. 16.2. 

For isolated non-measurement sites, their conditional distributions can be 
directly obtained from our interaction modeling (Eq. 16.2). That is Econd {X(si)} =

(μi)
p +

∑

β
p
sj −si

(x(sj ) − (μj )
p). and Varcond{X(si)} = (σ 2)p . with (μi)

p =

E(X(si)|η
p)., for each isolated non-measurement site si .. 

For each cluster of non-measurement sites ck ., we need to calculate its 
conditional distribution given neighboring sites n(ck).. That is calculating 
f (X(ck)|x(n(ck)), η

p). to extract econd{X(ck)}. and Varcond{X(ck)}.. Since 
Xk = (X(ck),X(n(ck))). is part of the whole field X(r)., which is a multivariate 
normal random vector, conditional distribution of X(ck). given x(n(ck)). can be 
routinely obtained. 

It is clear that EM estimation is mostly affected by those large clusters of non-
measurement sites. Therefore, to efficiently estimate nanostructure interactions, it 
is desirable to have non-measurement sites grouped into smaller clusters. This is 
exactly the motivation to develop tailored space filling design in Sect. 16.4. 

Maximization Step of EM Estimation Maximizing Q(η|ηp). based on its 
evaluation in Sect. 16.3 is a quite standard procedure. Denote ηp+1 =

{βp+1, (σ 2)p+1, γ p+1}. to be the EM estimates at step p + 1.. We obtain ηp+1
. 

by setting ∂Q(η|ηp)/∂η = 0.. 
We iteratively perform the Expectation and Maximization steps described earlier 

until EM estimates ηp
. converges with certain tolerance. The converged values η̃ . of 

ηp
. will be our final parameter estimation. 

16.4 Tailored Space Filling Design for Site Selection in Each 

Region 

This section aims to develop a sampling approach of choosing non-measurement 
sites or . in each measurement region r with given non-measurement ratio (number 
of non-measurement sites to total number of sites). Our objectives are to optimize 
both the accuracy and the efficiency of nanostructure interaction e stimation.

A problem with simple random sampling is that with moderately large non-
measurement ratios, it often produces clustering and poorly covered area. The 
associated consequences include: (1) nanostructures measured may not be represen-
tative over the whole region, as a result of which the sampling brings extra variations 
to interaction estimation; and (2) EM estimation of interactions is not computation-
efficient due to those large clusters of dependent non-measurement sites (Eq. 16.8). 
While classical space-filling designs including distance-based designs [9, 14] and 
uniform designs [5] may well solve problem (1), they have no control in cluster-
ing of dependent non-measurement sites. Figure 16.3 shows a sample maximin 
distance design with nine points on a 5 × 5. griding. All non-measurement sites
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(a) maximin space filling design         (b) diamond neighborhood structure 

Fig. 16.3 Sample maximin distance design that produces single conditionally dependent group of 
non-measurement sites under diamond neighborhood structure 

(patterned sites) are conditionally dependent under diamond neighborhood structure 
(Fig. 16.3b), which is usually evaluated for interaction estimation. Consequently, 
all non-measurement sites form a single cluster making EM algorithm inefficient 
(Eq. 16.8). 

To optimize EM estimation efficiency, we develop a tailored space filling design 
of non-measurement sites. Design criteria are as the following with descending 
priorities. 

C.1 size of the largest cluster of dependent non-measurement sites, smaller the 

better 

C.2 number of isolated non-measurement sites, larger the better 

C.3 number of conditionally independent groups, larger the better 

It is intuitive that with smaller clusters, more isolated non-measurement sites, 
and more conditionally independent groups, we have more “space filling” non-
measurement sites. 

We use simulated annealing [11, 14], which is an iterative optimization method 
to search the best space filling design with given non-measurement ratio. Four com-
ponents are contained in the algorithm, which are (1) generation of initial designs, 
(2) perturbation scheme, (3) updating criteria, and (4) termination conditions. 

Initial Design Generation 

When non-measurement ratio is low (e.g. < 15%.), we use simple random 

sampling to generate the initial design. When non-measurement ratio is high, we 
either inherit optimized designs of lower non-measurement ratios or use stratified 

sampling to select sites from conditionally independent strata. 
Perturbation Scheme 

At each step, we perturb the current design Dcurrent . by randomly replacing a non-
measurement site in the largest cluster with a measurement site. Denote the new 
design as Dtry ., the newly added non-measurement site as moveT oSite and the 
replaced design point as moveFromSite. Instead of summarizing the new design
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Dtry . from scratch, we re-classify only those non-measurement sites affected by 
the movement. The re-classification algorithm is in Algorithm 1. 

Updating Criteria 

For each perturbation, we will either keep Dcurrent . unchanged or update it with 
Dtry .. The probability of updating is 

.p(Dtry,Dcurrent) = min {1, exp(
g(Dtry) − g(Dcurrent)

T
)} (16.9) 

where g(D) = −a × largestClusterSize + b × numIsoSites + c × numClusters. 
with a > b > c. being positive constants. T is the temperature of annealing that 
decreases along iterations. It is clear a better design based on criteria C. 1–3 has 
larger chances to be accepted. Besides, we put most efforts to control the largest 
cluster size. 

Termination Conditions 

The optimization process stops when either of the following two is met: (i) the 
largest cluster size in Dcurrent . is smaller than a pre-defined value; or (ii) there is 
no design update in certain number of consequent iterations. 

Algorithm 1 Re-classification of non-measurement sites 
if moveToSite is an isolated non-measurement site then 

isoSites in Dtry = isoSites in Dcurrent + moveToSite 
The origCluster may decompose after the replacement 
classiSites = otherSitesInOrigCluster in Dcurrent 

else 

Find non-measurement neighbors of moveToSite 
nonMNeighs = non-measurement neighbors of 

moveToSite in Dtry 
if ALL nonMNeighs belong to origCluster in Dcurrent then 

classiSites = otherSitesInOrigCluster + moveToSite 
else if NONE of nonMNeighs belong to origCluster then 

nonNeigGroups = groups nonMNeighs belong to in 
Dcurrent 

moveToSite joins nonNeigGroups together 
aNewCluster = moveToSite + sitesInNonNeigGroups 
classiSites = otherSitesInOrigCluster 

else 

Some belong to origCluster, some don’t 
nonNeigGroups = groups nonMNeighs belong to in 

Dcurrent 
otherSites = sites in nonNeigGroups but not in 

origCluster 
classiSites = otherSitesInOrigCluster + moveToSite 

+ otherSites 
Classify classiSites 
Update Dtry accordingly 
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Non-measurement sites form large clusters more easily when non-measurement 
ratio increases. Therefore, more efforts are needed to obtain the space filling design 
with increasing non-measurement ratios. However, as a design can be used for any 
dataset with compatible dimensions, calculation time here is not a big concern. 

16.5 Simulation Case Studies 

In this section, we will demonstrate and validate by simulation case studies the 
effectiveness of our proposed approaches. 

Multiple Tiny Regions Versus One Large Region 

For the same amount of data collection, if we distribute it in multiple separated 
regions instead of a single large region, we can reduce SEM calibration since 
calibration is only needed for neighboring images. In this subsection, we will 
validate that the interaction estimation accuracy is maintained by this multiple 
region approach as well. 

We simulated 100 i.i.d. datasets of size 50 × 100. to mimic replicates of feature 
measurement from large continuous regions. At the same time, we simulated 100 
i.i.d. data collections each of which contains eight independent 25 × 25. datasets 
to represent replicates of feature measurement obtained in eight separated small 
regions. Structure of simulated datasets is depicted in Fig. 16.4. All datasets are 
GMRF with linear trend and second-order interaction patterns. Specifically for any 
site si = (s, t). where s and t are row and column indexes in the datasets, we assume

.e {X(s, t)} = γ0 + γ1 ∗ s + γ2 ∗ t . (16.10) 

e �(s, t)|{φ(s′,  t ′)}(s′,t ′) �=(s,t) 

= β1{φ(s − 1,  t  − 1) + φ(s + 1,  t  + 1)} 

+ β2{φ(s − 1,  t) + φ(s + 1,  t)} 

+ β3{φ(s − 1,  t  + 1) + φ(s + 1, t − 1)}

+ β4{φ(s, t − 1) + φ(s, t + 1)} (16.11) 

and Var �(s, t)|{φ(s′, t ′)}(s′,t ′) �=(s,t) = σ 2
.. Values set for simulating the datasets are 

summarized in Table 16.1 under the column True Val. 
Parameter estimation results for multiple region approach and single large region 

approach are summarized and compared in Table 16.1. Results show that both 
approaches give excellent quantification of feature variability. Sampling multiple 
regions indeed reduces SEM calibration and achieves as good interaction estimation 
accuracy.
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Fig. 16.4 Schematic illustration of simulated data structures 

Table 16.1 MLE estimation of nanostructure interactions based on simulated datasets 

Multiple Region Single Region 

True Val. Est. Mean 95% C.I. Est. Mean 95% C.I. 

γ0 . 6.00 6.010 [5.888, 6.158] 6.001 [5.838, 6.142] 

γ1 . −0.03 −0.031 [ −.0.037, −.0.026] −0.030 [ −.0.033, −.0.027] 

γ2 . −0.01 −0.010 [ −.0.018, −.0.003] −0.010 [ −.0.012, −.0.008] 

β1 . −0.10 −0.099 [ −.0.129, −.0.078] −0.101 [ −.0.127, −.0.080] 

β2 . 0.25 0.250 [0.223, 0.269] 0.251 [0.230, 0.270] 

β3 . 0.05 0.049 [0.027, 0.074] 0.048 [0.030, 0.069] 

β4 . 0.15 0.150 [0.125, 0.175] 0.150 [0.129, 0.182] 

σ 2
. 1.00 0.997 [0.956, 1.037] 0.996 [0.952, 1.038]
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EM Estimation of Nanostructure Interactions with Incomplete 

Measurement 

We use the 100 i.i.d 50 × 100. datasets simulated in Sect. 16.5 as baseline and 
study the EM estimation of interactions with different non-measurement ratios 
in this subsection. In particular, we simulate 10 extra data collections by adding 
3%–30%. missing values in the complete datasets. Non-measurement sites in these 
data collections are generated by simple random sampling approach. 

We summarize EM estimated means and 95% empirical confidence intervals for 
interaction parameters β1, . . . , β4 . in Fig. 16.5. Results for each non-measurement 
ratio are calculated based on 100 i.i.d datasets with corresponding amount of 
“missed” measurement. MLEs of β . for complete datasets are also depicted for 
comparison. It shows that we can reduce more than 30% nanostructure feature 
measurement but still achieve comparable quantification of nanostructure variations 
with our proposed strategies. 

Besides estimation accuracy, we also investigate the dependence of EM estima-
tion speed on non-measurement ratios. From Fig. 16.6, we can see both averages 
and standard deviations of estimation time increase monotonically with non-
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Fig. 16.5 EM estimation of interactions for simulated datasets under different non-measurement 
ratios. − −.: True Val.,  •.: Est. Mean, |.: 95% empirical C.I. based on 100 datasets
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Fig. 16.6 EM estimation 
time with non-measurement 
ratios (simple random 

sampling) 
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Fig. 16.7 EM estimation 
time with maximum cluster 
sizes (simple random 

sampling) 
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2

measurement ratios. This rapid increase roots in those large clusters of dependent 
non-measurement sites generated by simple random sampling. Figure 16.7 validates 
our claim by depicting EM estimation time with the largest cluster size under 
its highest evaluated interaction structure. Empirically, estimation time increases 
at least quadratically with maximum cluster sizes since we have to evaluate the 
covariance matrix for each cluster. 

With simple random sampling, there are even cases where all non-measurement 
sites are clustered together, e.g., the case with maximum cluster size 50 × 100 ×

30% = 1500.. Therefore, to enhance EM estimation efficiency so as to further reduce 
metrology efforts, the key is to develop a new sampling approach that controls the 
largest cluster size. This is exactly what we do in Sect. 16.4. We will examine the 
effectiveness of our tailored space filling design in Sect. 16.5.



16.6 Real Case Studies 405

Non−measurement Ratio % 

M
a

x
 C

lu
s
te

r
 S

iz
e

 

3 6 9 12 15 18 21 24 27 30 

0
 

2
0

0
5

0
0

8
0

0
 

1
1

0
0

 
1

4
0

0
 

● ● ● 
● 

● 
● 

●
● 

● 

● 

● ● ● 
● ● 

● 

● 
● 

● 

● 

● ● ●
● 

● 
● 

● 

● 

● 

● 

● ● ● 

● 

● 
● 

● 

● 

● 

● 

● 
● 

● 

● 

● 

● 

● 

● 

● 

● 

● ● 
● ● ● 

● 

● 

● 

● 

● 

●
● ● 

●
● 

● 

● 

● 

● 

● 

● ● ●
● 

● 

● 
● 

● 

● 

● 

● ● ● 
● ● 

● 

● 

● 

● 

● 

● ● ● ● 
● 

● 

● 

● 

● 

● 

● ●
●

● ● 
● 

● 

● 

● 

● 

● ● ● 
● 

● 

● 

● 

● 

● 

● 

● ● 
● ● 

● 

● 

● 

● 

● 

● 

● ●
● ● 

● 

● 
● 

● 

● 

● 

● ● ● 
● ● 

● 

● 

● 

● 

● 

● ● 

● ● ● 

● 

● 

● 
● 

● 

● ● ● ● 

● ● 

● 

● 

● 

● 

● ● ● 
● 

● 

● 

● 

● 

● 

● 

● ●
● ● ● 

● 

● 

● 

● 

● 

●
● 

● 

● 

● 

● 
● 

● 

● 

● 

● ● ●
● ● 

● 

● 

● 

● 

● 

● 
● 

● ●
● 

● 

● 

● 

● 

● 

● ● ●
●

● 
● 

● 

● 

● 

● 

● ● ● ● 
● ● 

● 
● 

● 

● 

● ● 
● ● 

● 
● 

● 

● 

● 

● 

● ● ● ● 
● 

● 

● 

● 

● 

● 

● ● ● 
● ● 

● 

● 

● 

● 

● 

● ● ● ● 
● 

● 

● 

● 

● 

● 

● ● ● 
● 

● 

● 

● 

● 

● 

● 

● ● 

● 
● ● 

● 

● 

● 

● 

● 

● ●
●

●
● 

● ● 

● 

● 

● 

● ● ●
● 

● 

● 

● 

● 

● 

● 

● ● ●
●

● 

● 
● 

● 

● 

● 

● ● ● ● 

● 
● 

● 

● 

● 

● 

● ● ● ● ● 

● 
● 

● 

● 

● 

● ● 
● ● 

● 
● 

● 

● 

● 

● 

● ● ● ● 
● 

● 

● 

● 

● 

● 

● ● ● ● 
● 

● 

● 

● 

● 

● 

● ● ● 
●

● ● 

● 

● 

● 

● 

● ● 
● ● 

● 
● 

● 

● 

● 

● 

● ● ● 
● ● 

● 

● 

● 

● 

● 

●
● ●

● 

● ● 

● 

● 

● 

● 

●
● 

● 

● 

● 

● 

● 

● 

● 

● 

● ● ● 

●
● 

● 
● 

● 

● 

● 

● ● ●
● ●

● 

● 

● 

● 

● 

● ● 
● ● 

● ● 

● 

● 

● 

● 

● ● ● 
● 

● 
● 

● 

● 

● 

● 

● ● 
● ● 

● ● 

● 

● 

● 

● 

● ● ●
● 

● 

● 
● 

● 

● 

● 

● ● ● 
● 

● ● 

● 

● 

● 

● 

●
● ●

●
● 

● 

● 

● 

● 

● 

● 
● ● 

● 

● 

● 

● 

● 

● 

● 

● ● ● ● 
● ● 

● 

● 

● 

● 

● ● ●
● 

● 
● 

● 

● 

● 

● 

● ● ●
● 

● 

● ● 

● 
● 

● 

● ● ● 
● 

● 

● 

● 
● 

● 

● 

● ● ●
● 

● 

● 

● 

● 

● 

● 

●
● ●

●
● 

● 

● 

● 

● 

● 

● ● ● ● 

● 
● 

● 
● 

● 

● 

● ● ● ● 
● 

● ● 

● 

● 

● 

● ● ● 
● ● 

● 

● 
● 

● 

● 

● ●
●

● 

● ● 

● 

● 

● 

● 

● ● ● ● ● 

● 
● 

● 

● 

● 

● ● ● 
● ● 

● 

● ● 

● 

● 

● ● ● ●
● 

● 

● 

● 

● 

● 

● ● ● ● 
●

● 

● ● 

● 

● 

● ● ● ● 

● 

● 

● 

● 

● 

● 

● ● ● 
● 

●
● 

● 

● 

● 

● 

● ●
● 

● 
● 

● 

● 
● 

● 

● 

● ● 
● ● 

● 
● 

● 

● 

● 

● 

● 
● 

● 

● 

● 

● 

● 

● 

● 

● 

● ● ● ● 
● 

● 

● 

● 

● 

● 

●
● ● ● 

● 
● 

● 

● 

● 

● 

●
● ● 

● 

● 

● 

● 

● 

● 

● 

● ● 
● ● 

● 
● 

● 

● 

● 

● 

● ● ● 
● ● 

● 

● 

● 

● 

● 

● ● ● ● 
● 

● 

● 

● 

● 

● 

● ● ● 
● 

● ● 

● ● 

● 

● 

● ● ● ●
● 

● 

● 

● 

● 

● 

● ● ● 
● 

● ● 

●
● 

● 

● 

● ● ●
● 

● 

● 

● 

● 

● 

● 

● ● 
● ● 

● ● 

● 

● 

● 

● 

● ●
● ● 

● 
● 

● 

● 

● 

● 

● ● ● ●
● 

● 
● 

● 

● 

● 

● ● ● ●
● 

● 

● 

● 

● 

● 

● ●
●

●
● 

● 
● 

● 

● 

● 

● ● ● 
● 

● 
● ● 

● 

● 

● 

● ●
●

● ● 

● 

● 
● 

● 

● 

●
● 

● ● 

● 

● 

● 

● 

● 

● 

● ●
● ●

● 
● 

● 
● 

● 

● 

● ●
●

● 
● 

● ● 

● 

● 

● 

● ● 
● 

●
● 

● 

● 

● 

● 

● 

● ●
● ● 

● 

● ● 

● 

● 

● 

● ● ●
● 

● 

● 

● 

● 

● 

● 

● ● ● ● 

● 

● 

● 

● 

● 

● 

● ● ● 
● ● 

● 

● 

● 

● 

● 

● ●
● 

● ● ● 

● 

● 

● 

● 

● ●
●

● ● 
● 

● 
● 

● 

● 

● ● ● 

● ●
● 

● 

● 

● 

● 

● ● ● ● 
●

● 

● 

● 

● 

● 
●

# non−measurement sites
simple random sampling
avg. simple random sampling
tailored space filling
avg. tailored space filling

((a)) max cluster sizes

Non−measurement Ratio %

A
v
g

. 
E

s
ti
m

a
ti
o

n
 T

im
e

 (
M

in
u

te
s
)

3 6 9 12 15 18 21 24 27 30
5

1
5

2
5

3
5

4
5

5
5

avg., tailored space filling design

avg., simple random sampling

((b)) avg. est. time

Non−measurement Ratio %

S
td

.D
e
v
 E

s
ti
m

a
ti
o

n
 T

im
e

 (
M

in
u

te
s
)

3 6 9 12 15 18 21 24 27 30

5
1

0
1

5
2

0
2

5

std., tailored space filling design

std., simple random sampling

((c)) std. est. time

Fig. 16.8 Comparison of tailored space filling sampling and simple random sampling of non-
measurement sites 

Tailored Space Filling Design to Select Non-measurement Sites 

in Each Region 

We simulate 10 data collections with 3% to 30% non-measurement sites similar 
to those in Sect. 16.5. The only difference is that non-measurement sites here are 
selected by our tailored space filling design developed in Sect. 16.4 instead of 
simple random sampling. With our new approach, we obtain the largest cluster sizes 
in Fig. 16.8a for each dataset under their highest evaluated interaction structures. 
Comparing to simple random sampling, our tailored space filling design success-
fully precludes large clusters. As a result, both averages and standard deviations of 
EM estimation time are greatly reduced (Figs. 16.8b and c). 

Summarizing simulation case studies, we conclude that our approaches of 
measuring nanostructures and analyzing nanostructure interactions indeed greatly 
reduce the metrology efforts and achieve excellent interaction estimation accuracy 
and efficiency. 

16.6 Real Case Studies 

In this section, we will study a 45 × 94. real collected ZnO nanowire length 
dataset that includes measurement for both normally grown nanowires and nanowire 
bundles (one type of structural defects). Interested readers may find more details in 
[25] about the dataset. Our primary interest is to investigate whether and how much 
incomplete length measurement affects interaction analysis and nanowire bundle 
detection. Similar to simulation studies, we generate 10 data collections of 3%–30% 
“missing observations” based on the original 45 × 94. length measurement data. 
Each data collection consists of 100 datasets with different space filling designs of
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Fig. 16.9 EM estimation of interactions for datasets generated from real nanowire length data. •.: 
Est. Mean, |.: 95% empirical C.I. based on 100 datasets. 

“missing observations.” The “missing observations” are used to mimic the sites we 
neglect during real measurement. 

We use optimized EM algorithm (Sect. 16.3) to estimate interactions among 
nanowires. Since most of the datasets identify second-order interaction structure 
(Eq. 16.11), we summarize estimation results for interaction parameters β1, . . . , β4 . 

in Fig. 16.9. It shows that mean estimation of interaction parameters doesn’t change 
much with different levels of incompleteness except for β3 . when non-measurement 
ratio exceeds 21%. However, empirical confidence intervals are generally wider 
with larger non-measurement ratios for all βi, i = 1, . . . , 4.. Comparing to 
simulated stationary datasets (Fig. 16.5), unstable confidence intervals here indicate 
larger variations among the 100 datasets with different missing observations, which 
qualitatively implies the existence of defects. 

To quantitatively detect defects, we do normality tests on transformed resid-
uals of measured length field similarly as complete data case [25]. Specifically, 
under the null hypothesis that there are no defects within the field, interaction 
patterns are stationary across the field and thus measured feature field X(mr) ∼

N(ArZ(rr)γ , σ 2Ar(I − B)AT
r ). (Eq. 16.3). The mapping matrix Ar . is known for 

each measurement region rr . and γ ., σ 2
. and B . are estimated as γ̃ , σ̃ 2, B̃ . by EM 

algorithm. Based on the consistency of EM estimates, we have asymptotically:
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. 

{

ẽr =
[

Ar(I − B̃)AT
r

]− 1
2 [

X(mr) − ArZ(rr)γ̃ )
]

}R

r=1

∼ i.i.d. N(0, σ 2) (16.12) 

Therefore, we may perform Anderson–Darling tests on transformed residuals 
{ẽr}r=1,2,...,R . to determine the existence of structural defects [20, 25]. With this 
strategy, all datasets here containing up to 30% missing observations are detected to 
have defects. The defect detection result is 100% correct. 

Real case studies in this section show that our new method of interaction analysis 
guarantees to reduce metrology efforts more than 30% and at the same time provides 
comparable interaction estimation accuracy and competitive defect detection preci-
sion. It thus provides a supporting tool for scale-up nanomanufacturing. 

In this chapter, we introduce both sampling strategies and analysis techniques to 
map nanostructure interactions across the whole substrate with minimum metrology 
efforts and best interaction estimation efficiency. 

To minimize metrology efforts, we sample multiple tiny regions over the 
substrate and develop tailored space filling designs to selectively measure partial 
of the sites in each measurement region. At the same time, to enhance interac-
tion estimation efficiency, we take advantages of the Markovian property of our 
interaction modeling and optimize the Expectation-Maximization algorithm by 
classifying non-measurement sites into conditionally independent groups. We focus 
on stationary interaction analysis in this chapter. Similar to interaction analysis 
with complete feature measurement, this stationary interaction estimation quantifies 
feature variation for normally grown nanostructures and provides initial defect 
detection for fields with defective structures. 

Both simulation and real case studies show that our methods achieve comparable 
interaction estimation efficiency with significantly reduced SEM measurement. 
Our approach of interaction analysis with incomplete feature measurement enables 
further investigations of nanostructure growth kinetics. It thus serves as a supporting 
tool for nanomanufacturing. 
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