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PrefaceWith this book, we aim to provide a new, modern approach to statisticswithout neglecting its many methodological and mathematicalfoundations. We choose an information-theoretic perspective and, atnumerous points, attempt to draw parallels to methods from machinelearning. In this sense, we hope that the book will not only be foundhelpful by aspiring statisticians but also by readers who see themselvesmore in the �ields of computer science and machine learning.A common thread throughout the book is uncertainty and how todeal with it. We present statistics as the scienti�ic discipline thatprovides concepts for handling uncertainty. This naturally includes thequanti�ication of uncertainty, but more generally also an understandingof what uncertainty is and the fact that we are exposed to uncertaintyin our everyday lives.Statistics is traditionally viewed as the science of data analysis.From our perspective, this view is too narrow, especially whenconsidering the tremendous developments in machine learning inrecent years. Data are also processed there, leading to complex modelsand generative AI. Statistics cannot and should not compete here. Somemethods in machine learning are often superior to statisticalprocedures. However, on the one hand, these machine learningmethods usually require massive datasets, and on the other hand, themodels are often more like black boxes. The latter in particular makes itdif�icult to understand how and where uncertainty exists. This is wherestatistics comes into play.The book therefore follows less of a “how to do data analysis” styleand instead focuses on conveying concepts. What characterizesstatistics? How is uncertainty quanti�ied in the frequentist sense? Howdoes this differ from Bayesian approaches? What role do simulationsplay, and why is the likelihood approach so central? These are some ofthe topics of the book, which, as mentioned, are presented conceptually.



Our aim is to present the versatility of statistical ideas, concepts,and questions in a form that is easy to understand and digest. This doesnot mean that we are super�icial, quite the contrary. Mathematicalderivations are part of the material, but they are not the main focus. Wehope that our intention will be recognized by the readers.Finally, we would like to thank a few people. First of all, EugenGorich and Vanessa Kleisch, who took care of text and code. We are alsograteful to Jan Anders and Sergio Buttazzo for many suggestions andtheir continuous help getting the book better in shape. We also thankthe many students of the course who found one typo or another inworking versions of the book. And, in a way, we would also like to thankour statistical teachers, who ignited the �ire of statistics in us.
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1.	 IntroductionGöran Kauermann1  , Giacomo De Nicola2, Cornelius Fritz3 andDavid Rügamer4Department of Statistics, LMU Munich, Munich, GermanyHarvard T.H. Chan School of Public Health, Harvard University,Boston, MA, USASchool for Computer Science and Statistics, Trinity College Dublin,Dublin, IrelandMunich Uncertainty Quanti�ication AI Lab, LMU Munich, Munich,Germany 
1.1	 Statistics	 and	 UncertaintyPredicting any future event, whether it is tomorrow’s weather, thesafety assessment of a technical system, or the outcome of rolling a die,is invariably subject to uncertainty. We cannot generally predict theoutcome, at least not with absolute certainty. This does, however, notapply to all scenarios. There are indeed physical laws that state that if“A” is done then “B” happens. Imagine a stone that you are holding inyour hand. If you let this stone go, it falls to the ground due to the forceof gravity. Natural laws, therefore, apply to deterministic systems. Buteven the example with the stone can be altered in such a way thatmaking a prediction becomes dif�icult. Assume that you hold a lightfeather in your hand and let it fall. In vacuum conditions, the featherfalls like the stone to the ground. However, in non-laboratoryconditions, there might also be wind, which could affect the feathersuch that it does not fall but even �lies away. Hence, the trajectory of the
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feather will be affected by a combination of multiple laws that are onlyunderstood up to some precision. This implies that even if physical lawsdetermine the world, additional factors beyond our control in�luencethe setting in many situations where we are faced with uncertainty. Inthis context, uncertainty indicates that the relationships are toocomplex to be understood or even described with mathematical orphysical models.In the era of massive data and tremendous numerical power, a novelway of understanding the world has emerged: understanding the worldthrough data. This approach has seen considerable success in recentyears, ranging from computer vision, natural language processing, andgenerative arti�icial intelligence, utilizing tools like machine learningand deep learning. With massive databases and computational power,one might be tempted to declare that uncertainty diminishes due toincreasing data volume. Hence, one might be inclined to put the topic ofuncertainty in the background in times of massive data and complexmachine learning algorithms. This is, however, a fallacy given thatquantifying uncertainty remains as relevant as ever. In the foreseeablefuture, we will not be able to understand all complex structures in theworld, leaving us with uncertainty.Uncertainty, on the one hand, and ignorance or lack of knowledge,on the other hand, are closely tied together. This point demonstratesthat uncertainty has an individual component. Experts know more thanlaypeople. Hence, the question arises of how to quantify knowledge or,conversely, how to quantify missing knowledge. While answering thisquestion is certainly more in the realm of philosophy, we aim to getmore concrete in this book by relating the question of missingknowledge to data. Put differently, we aim to quantify the knowledge—or, equivalently, the reduction of uncertainty—that results from data.Thus, the main objective is not to assume that data can explain theworld if we just had enough of it. To the contrary, we should accept thatdata is inherently insuf�icient and cannot explain but provideinformation on the world, even if the amount of data is small.



This book focuses on the quanti�ication of uncertainty, and we claimthat uncertainty and its quanti�ication lie within the realm of statisticsand statistical reasoning. In fact, we combine coping with uncertaintyand statistics in this book. Relying on probability theory and itscalculus, we will demonstrate that this is a practical approach. We willintroduce the classical concepts of statistics, namely, maximumlikelihood as well as Bayesian reasoning, but unlike classical statisticstextbooks, we continuously link the ideas to machine learning concepts.Our focus will always be on coping with uncertainty through the richtoolbox that one and a half centuries of statistical developments offer.We bring this introduction to an end by providing a formalde�inition of statistics. It was Sir David Cox, certainly one of the mostin�luential personalities in statistics, who de�ined statistics as “thediscipline concerned with the study of variability, with the study ofuncertainty and with the study of decision-making in the face ofuncertainty.” (see Lindsay et al., 2004). Cox continues: “Whereas theseare issues that are crucial throughout the sciences and engineering,statistics is inherently an interdisciplinary science.” We believestatistics cannot be described more succinctly. Regarding thementioned interdisciplinarity, in this book, we want to emphasize linksto the �ield of machine learning.
Companion	 Materials  Datasets required for selected exercises andadditional materials are available on the companion webpage: https:// coping-with-uncertainty. github. io/ .
1.2	 Notation	 and	 Technical	 Requirements
1.2.1	 Random	 VariablesBefore we get into the material, we need to clarify our notation in thisbook. Uncertainty is closely related to probability theory; therefore, weexpect some basic knowledge in this �ield. In Appendices A and B, welist the main requirements, such as frequently used distribution modelsand central results from the �ield of probability. Inexperienced readers
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are advised to familiarize themselves with this material �irst. Weemphasize that this book aims to remain on a technical low level, butstill, one or another, notation or result is essential. Thus, we detail inthis chapter the core results, allowing the reader to get familiar withthe notation.We de�ine with F(⋅) the distribution	 function or cumulative
distribution	 function	 (cdf) of a random variable Y  , which is assumedto take values in the real numbers R,
for y ∈ R. We will call this function “distribution function” throughoutthe book. Generally, we abide by the convention to write randomvariables in capital letters, while lowercase letters are outcomes of therandom variable. A continuous random variable can take any value, andthe stochastic behavior of a continuous random variable is described byits density	 function or probability	 density	 function	 (pdf). We usethe terminology “density function” in this book. The density function 
f(⋅) is a nonnegative function, such that
The density results from ∂F(y) / ∂y = f(y). If the random variable Y is discrete-valued, then F(⋅) is a step function. It can be burdensome toalways distinguish between discrete-valued and continuous randomvariables, so we use a general notation throughout this book. We makethis clear by the example of the mean value of a random variable. If Y   iscontinuous, we have
If Y   is discrete-valued with outcomes 
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where P(Y = k) = F(a

k

) − F(a
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). To avoid such a distinction, wewrite the expectation in a general form using the integral notation
We typically abbreviate the expectation with the parameter 

μ = E(Y ) and the variance with the parameter 
σ

2

= E({Y − E(Y )}

2

) and work with standard distributions such asthe normal distribution, χ2 distribution, binomial distribution, orPoisson distribution, to name but a few. We give details on thesedistributions in Appendix B.
1.2.2	 Asymptotic	 ResultsNumerous central derivations are based on a few asymptoticstatements from probability theory, which we want to list here. Theseare the central limit theorem, the law of large numbers, and theGlivenko-Cantelli theorem, which we list below. As the name suggests,the most central result is the central limit theorem. It states that thedistribution of the sum of any independent and identically distributedrandom variables, which is a setup typically called i.i.d. setting that wede�ine in detail later, converges to a normal distribution.
Theorem	 (Central	 Limit	 Theorem)  LetY
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According to the Glivenko-Cantelli theorem, this distribution convergeswith increasing n to the true distribution function.
Theorem	 (Glivenko-Cantelli	 Theorem)  LetY

1

,Y

2

,Y

3

,…be
independent	 and	 identically	 distributed	 random	 variables	 drawn	 from
the	 (possibly	 unknown)	 distribution	 functionF(⋅).Then, (1.1)The �inal asymptotic statement highlighted here is the law of largenumbers, which states that the arithmetic mean of random variablesconverges to the true mean value.
Theorem	 (Law	 of	 Large	 Numbers)  LetY
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distribution	 function	 with	 meanμ.	 Then,	 for	 any	 small	 but	 positive	 valueδ,
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Proposition	 1.1	 (Weak	 Law	 of	 Large	 Numbers)  LetX
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,… ,X
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be
independent	 and	 identically	 distributed	 random	 variables	 with
E(X

i

) = μandVar(X
i
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2

< ∞fori = 1,… ,n.	 Then,

In	 other	 words,	 the	 sample	 mean	 converges	 in	 probability	 to	 the
expected	 valueμ.Note that we here only stated the weak law of large numbers, while astrong law of large numbers also exists, which is, however, less centralto the arguments in this book. We will use these three statementsthroughout the book on various occasions. Readers unfamiliar withthese asymptotic results are encouraged to consult Dekking et al.(2006) to gain a better understanding of them.

lim

n→∞

F

n

(y) = F(y) for all y ∈ R.
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P(|Y − μ| > δ) = 0
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2.	 UncertaintyGöran Kauermann1  , Giacomo De Nicola2, Cornelius Fritz3 andDavid Rügamer4Department of Statistics, LMU Munich, Munich, GermanyHarvard T.H. Chan School of Public Health, Harvard University,Boston, MA, USASchool for Computer Science and Statistics, Trinity College Dublin,Dublin, IrelandMunich Uncertainty Quanti�ication AI Lab, LMU Munich, Munich,Germany 
This chapter introduces the idea of taking a statistical view on data. Wewill start with de�ining different sources of uncertainty, which we labelas aleatoric and epistemic	 uncertainty. A disentanglement of the two isnot always possible nor advisable, but the consideration of uncertaintyis. We will introduce what we call the “data-generating process,” whichis and remains unknown to us. In any data analysis, our primary goal isto approximate this unknown data-generating process using suitable“statistical models.” We will refer to the classical statistical paradigm,building on drawing a sample from a population to infer somethingabout a quantity of interest.
2.1	 What	 is	 UncertaintyBefore we can cope with uncertainty, we need to de�ine it, which is noeasy endeavor. To motivate, let’s start with a simple thought experimentshowing that uncertainty can be modeled mathematically with
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probability distributions. Probability is typically expressed with somekind of random experiment. Imagine a dice cup with a (fair) die. If weshake the dice cup and then place it on the table, the probability thatthe die will fall with the number 6 upward should be 1/6. The throw ofthe die is called a random experiment, since the outcome is random. Inthis case, a probability model (such as a binomial, multinomial, orgeometric distribution introduced in Appendix B) is used to calculatethe probability of certain events, for example, one can calculate howlikely it is to roll a double, i.e., two identical numbers in two subsequentrolls of the die or, equivalently, two equal numbers with two dice in thedice cup. In fact, what sounds well understood and simple today hasbeen a major part of probability theory, originating with the letterexchange by Fermat and Pascal (see Devlin, 2010).Recall the simple experiment of rolling a die in the dice cup, butmodify it as follows: we shake the dice cup and put it on the tablewithout lifting it. The thrown die is therefore invisible to us under thecup. Again, we ask ourselves what the probability is that the die showsthe number 6. This is now no longer a random experiment because thedie has been thrown and it either shows a 6 or not. But yet, as long asthe cup is not lifted, our state of knowledge has not changed. In otherwords, both before the die is rolled (i.e., before the random experiment)and after the die is rolled with the cup covered (i.e., after the randomexperiment), our knowledge about the outcome is the same. Thissuggests quantifying the probability that the die under the cup—invisible to us—has the number 6 upward is 1/6, although this is notthe probability of a random experiment. This thought experimentreveals two important aspects: First, uncertainty can often berepresented in the form of probabilities. Second, a concrete randomexperiment is not always necessary to quantify uncertainty. We willutilize probability theory to quantify uncertainty even when no formalrandom experiment is carried out. Generally, we will make use ofprobability models, which will allow us to quantify knowledge and,conversely, the remaining uncertainty. It can even be argued, asSpiegelhalter (2024) suggests, that using probability to express our



ignorance and uncertainty always represents an “individual”probability rather than a universal one. In any case, probability theoryallows for the quanti�ication of uncertainty.The idea of representing uncertainty through probabilitydistributions is also re�lected in Bayesian statistics, which will betreated in Sect. 3. 5 and Chap. 9. But, for now, we do not conceptuallydistinguish between the Bayesian and what is later called thefrequentist’s point of view.We may also look at the die experiment from a different angle andquestion whether rolling a die is, in fact, a random experiment at all. Ifwe shake the dice cup, this is a physical process. If we repeat shakingthe cup at the same angle, velocity, acceleration, etc., the result wouldbe the same, assuming the outcome is determined solely by the physicalinput parameters. This means that if we knew the physical relationsand had access to all physical quantities, we could determine the sidethe die lands on. Suppose we could equip the dice cup with hundreds ofsensors that record its motion. Additionally, we could install videocameras to record the person shaking the cup. We would then ask theperson to repeat shaking the dice cup thousands of times whilerecording the sensor signals and taking the videos. By protocoling theresults (as well as the initial position of the dice before shaking the dicecup), we could train a machine learning model with the data. This nowbecomes a classical supervised learning framework, with sensor dataand video sequences as input and the number of points on the die asoutcome. Potentially, we would be able to reduce randomness anduncertainty and would be able to predict the side the die lands on withreduced (or even no) error. This is, however, a very complex setup. Butwe could build a robot that randomly shakes the dice cup and train amachine learner on the hundred thousand collected dice throws. Bydoing so, we replace the random experiment with a prediction problemof the number of points on the die based on all collected data. In thiscase, the random experiment of rolling a die is no longer random butbecomes deterministic, which raises an even more philosophicalquestion: Is there randomness at all, or is everything (pre)determined?



Such a view leads us to determinism, which, however, does not directlyaddress the question of quantifying uncertainty. Put differently,whether the world is deterministic or stochastic, our knowledge ofwhat is happening in the world or in the near future is limited, andignorance remains inevitable. That, in turn, means we face uncertainty,which should be quanti�ied. With respect to the dice cup, it means thatunless we can record and process all physical quantities relevant to theside the dice falls on, we are in the circumstance of ignorance, which wewill quantify with the help of probability theory.We can motivate the idea of uncertainty also from a different angleby looking at data. In�inite data do not generate in�inite information butsometimes the opposite. Consider the example where we take an imageof a horse with a very modern camera that can capture images atarbitrary resolutions. We could look at a coarse version of the image,which is low resolution, and see the horse. We could zoom in and seeevery single hair of the horse, but the more we zoom in, the more welose the possibility of detecting the horse, since we focus too much onsmall things. Therefore, we prefer an image resolution that allows foruncertainties while still conveying the information we want to see.Quantifying uncertainty is, in practice, much more complicated, andsimply giving numbers that express uncertainty does not make themhelpful or valid. We have all experienced situations where the weatherforecast predicted rain with 100% probability, but in fact no rain fell.While a dry day rather than a rainy one is tolerable for most people,this shows that even rainfall probabilities are approximate and not adeterministic forecast. In Fig. 2.1, we show a different exampledemonstrating that the quanti�ication of uncertainties can be verywrong. The idea traces back to Goodfellow et al. (2015) anddemonstrates the so-called adversarial effects or attacks. In machinelearning with complex models, properly quantifying uncertainties canbe quite complicated. Still, based on the architecture of a neural net,one can re-express the weights of the last layer as probabilities. In thejargon of machine learning, this is denoted as softmax, which is theninterpreted as a multinomial distribution or, putting it differently,



which is used to express certainty (or vice versa uncertainty). Thisphenomenon is illustrated in Fig. 2.1 where animal pictures areclassi�ied with respect to the animal shown in the picture. A cat isdetected, not with a high probability but with a certainty of about 57%.If now “adversarial noise” is superimposed on the image, that is, noiseon the image so that classi�ication of the image goes toward a differentanimal without visually changing the picture, we obtain the right-handside picture. The latter is the sum of the �irst two pictures, which theemployed algorithm classi�ies as a tarantula with a probability of about 
99%. This is an illustration of a pitfall in complex neural networks. Weinclude the example here to motivate the point that “valid”uncertainties are dif�icult to calculate and quantifying and coping withuncertainty are one of the principal challenges in real data-drivenreasoning, such as machine learning. We also refer to Hüllermeier andWaegeman (2021) for a general discussion of uncertainty in machinelearning. Many of the ideas proposed there are based on conceptsderived from this book.

Fig.	 2.1  Example for adversarial effects. Adding some “adversarial” noise to the data can lead towrong predictions
2.2	 Sources	 of	 UncertaintyAs shown above, uncertainties are multifaceted. In machine learning,uncertainties are typically classi�ied as aleatoric and epistemicuncertainty. A clear distinction between the two is dif�icult, but we



want to spend some effort on disentangling them. The terms “aleatory”and “epistemology” were already used in 1975 to describe differenthistorical perspectives on the concept of probability. These terms thendeveloped into the nowadays standard terms “aleatoric” and“epistemic.” Following Hacking (1975), the aleatoric view considersprobability as the stable frequency of an event, while the epistemicnotion of probability relates to the degree of belief. In more recentyears, the terms are used to describe uncertainty in modeling (Hora,1996; Kiureghian & Ditlevsen, 2009), with the generally establishedunderstanding that the total uncertainty decomposes into aleatoric andepistemic uncertainty not necessarily in a mathematical additive way.Aleatoric uncertaintyis thereby de�ined as uncertainty arising from theinherent randomness of an event. In contrast, epistemic uncertaintyexpresses uncertainty due to a lack of knowledge, which in principlecan be reduced by increasing the amount of data or by conducting anexcessive number of experiments. We again refer to Hüllermeier andWaegeman (2021) or Gruber et al. (2026) for a deeper discussion.Conceptually, the decomposition into aleatoric and epistemicuncertainty is still not unique, and we therefore propose to disentanglethe two types of uncertainties as follows: Assume we have some inputvariable x and some output variable y. This can be a classical regressionsetup, where, in statistics, x are called covariates or independentvariables, while y is the response variable or dependent variable.Nevertheless, this is the classical setup in supervised machine learning,where a neural network is trained to predict y from input data x. Theinput data itself can be complex and/or unstructured, such as images ortext. Aleatoric uncertainty is then uncertainty originating from astochastic/nondeterministic relationship between the input variables xand the output y. This can be written by a probability model for y,conditional on x, that is (2.1)where G(⋅ ∣ x) is an arbitrary distribution function which dependson x. The dependence of (2.1) on x can be of any type, and we do notimpose any constraints or restrictions at this point. We will later call
Y ∼ G(⋅ ∣ x)



(2.1) the data-generating process. As long as the conditionaldistribution (2.1) is not degenerated, we cannot predict y from xwithout error. Nondegeneracy means in this context that thedistribution is not concentrated at a single value y
0

. Assuming that thevariance exists, aleatoric uncertainty refers to a strictly positivevariance Var(Y ∣ x). The probability model in Eq. (2.1) serves as ade�inition for aleatoric uncertainty.With this de�inition of aleatoric uncertainty, we can then also de�ineepistemic uncertainty as all remaining uncertainty that is not aleatoric.In practice, this is uncertainty due to the fact that we typically do notknow G(⋅ ∣ x) in (2.1) and replace or rather approximate it with somenumerical model, be it a regression model or a neural network.Epistemic uncertainty also refers to the phenomenon that we have onlya limited amount of data. Putting it differently, if an in�inite amount ofdata were available, our prediction models could get arbitrarilycomplex to approximate any function G(⋅ ∣ x) up to negligible errorand uncertainty due to �inite data vanishes, meaning that epistemicuncertainty decreases to zero. But aleatoric uncertainty remains sincethere is always a probabilistic connection between x and y.It is important to note that the situation is even more complex dueto what is known as estimation uncertainty. This refers to the fact thatany model we train or estimate using data will inherently carryuncertainty because of the �inite nature of the data. While we willdiscuss this topic in greater detail later in the book, we refer readers toLi and Meng (2021) for a broader discussion of this more philosophicalissue. As of the time of writing, understanding and quanti�ication ofuncertainty, as well as its integration into modern machine learningtools, remain an active area of research with signi�icant advancements,as reviewed by Gawlikowski et al. (2023).Let’s demonstrate the two sources of uncertainty in the dice cupexample from above. If no additional variables are gathered, it is notpossible to further reduce the uncertainty concerning the rolling of adie, and all uncertainty is of aleatoric nature. If, however, all relevantphysical quantities are measured (assuming they would be



measurable), the process of rolling a die becomes deterministic, and noaleatoric uncertainty is present. A clear distinction between aleatoricand epistemic uncertainty depends, therefore, on the available data. Ifthe dice cup is not equipped with hundreds of sensors, aleatoricuncertainty remains. This also means that aleatoric uncertainty isdetermined by the state of general knowledge and technicaldevelopments available, for instance, while rain probabilities someyears ago were quite unreliable, they are much more accurate todaywith increased knowledge of meteorology, extended numerical powerfor simulation models, and, just recently, with the use of machinelearning (see, for example, Bochenek & Ustrnul, 2022). For the dice cup,this holds as well. If we are at some future point in time able to recordall movements of the dice cup, then the set of input variables x will beexcessive, and aleatoric uncertainty will be small, if not zero. Meaningthat with suf�icient data, we can predict the outcome. But, for now, dicecups are simple nontechnical objects, and shaking them is anondeterministic event, so we are faced with aleatoric uncertainty, andcollecting data with a standard dice cup will not reduce uncertainty,meaning that epistemic uncertainty can be ignored at this point.Finally, the terms aleatoric and epistemic uncertainty are not yetfamiliar in the statistical literature, even though they translate quiteeasily into statistical jargon. Aleatoric uncertainty arises due to sometrue underlying data-generating process, being the nature thatdetermines y from x with additional randomness superimposed. If ydeterministically follows from x and we can observe all x, then there isno uncertainty, which is, however, not the case in most real-lifeapplications. Aleatoric uncertainty is irreducible and follows theprobability model (2.1). Epistemic uncertainty, on the other hand,translates to model uncertainty and model misspeci�ication, as well asestimation uncertainty using the statistical jargon, all of which arecovered in Chap. 3.In some machine learning applications, aleatoric uncertainty is ofsecondary interest. Consider, for instance, classifying images of carsand airplanes into one of the two categories. It is reasonable to assume



that this can be done unambiguously, at least by humans, except forblurred images. Hence, given an image x, there is no or at least only anignorable amount of uncertainty, whether the object shown in theimage is a car or an airplane. However, such clear discrimination doesnot apply to all image classi�ication tasks, for instance, the analysis andinterpretation of medical images are more likely to involve uncertainty.Consider an X-ray or ultrasound image shown to different physicians.Different experts might reach different conclusions about what is seen.In such cases, statistical concepts help us cope with uncertainty.
2.3	 Classical	 Statistical	 ParadigmTraditional inferential statistics aims to make a statement about apopulation based on data typically drawn from a sample; see Fig. 2.2 fora sketch of this setup. We have a population of individuals for which wewant information about a quantity. For simplicity, age is the quantity ofinterest. We are interested in the average age of the population and,therefore, draw a sample. We obtain this sample by randomly selectingindividuals from the population, typically without replacement, so thateach individual is drawn only once. Based on the information from thesample, we calculate the quantity of interest, here the average age ofthe sampled individuals. The average age in the sample is not equal tothe average age in the population, unless the population is completelyhomogeneous or unless we have included each individual in thesample. The latter case is also called a census, which can be regarded asa special case of a random sample. Typically, however, uncertainty fromthe sampling process on the average age of the population is inevitable.Therefore, we need to assess uncertainty next. Note, however, that thesample also yields information on the average age and theheterogeneity of sizes in the population, as measured by the variance ofthe recorded ages in the sample. Based on these two quantities, we cancalculate a so-called con�idence interval, which we will cover in Sect. 3. 4. For now, consider the con�idence interval as the range of valueswithin which the true but unknown average age of the population lies



with a given degree of certainty, based on repeatedly resampling thedata. Aleatoric uncertainty in this example arises from heterogeneity inthe population’s age distribution. However, because we draw withoutreplacement, we can, in fact, reduce the remaining uncertainty to zeroby including all individuals in the sample. For the last point, a centralrequirement is that the population is �inite.

Fig.	 2.2  Classical statistical paradigm. A sample is drawn from a population. The sample statisticsallow us to draw inference about a population parameter. The quantity t(y) is calculated from thesample and denoted as a statisticSampling and survey design are central areas of statistics, and werefer to Thompson (2010) for more details. Our discussions in thisbook do not focus on survey methods, which encompass methods totake more informative or less intrusive samples. In other words, we aimto deal with situations where data do not trace back to the classicalsurvey sample in Fig. 2.2. Still, we can utilize the main ideas derived butneed to extend these to in�inite populations or, more generally, togeneral data-generating processes such as (2.1), which will beappropriately de�ined in the subsequent chapter.



2.4	 Data-Generating	 ProcessWe now extend the �inite population setup to a general setting. For this,we assume that some random process generates the data. Forsimplicity, we ignore the input variables x and consider only Y  . Weassume Y   to be drawn from some unknown distribution given by (2.2)where G(⋅) is an unknown distribution function. From now on, we call(2.2) the data-generating	 process, i.e., a natural law. Ignoring theinput variables x for the moment, there are apparent similaritiesbetween (2.2) and the de�inition of aleatoric uncertainty in (2.1). Infact, aleatoric uncertainty is the irreducible uncertainty of Y  , which canbest be comprehended as a random distribution given in (2.2). Thissetup will be central throughout the book, and we want to highlightfrom the start that (2.2) has a very general structure. We assumeneither that G(⋅) is known nor that it can be learned with in�inite data,just that it exists.The statistical paradigm shown in Fig. 2.2 is extended as follows:�irst, we assume that the distribution G(⋅) is unknown. We are,however, able to obtain random draws from G(⋅) which yield theobserved data. Following the conventions of probability theory, wedenote the data with lowercase letters y = (y

1

,… y

n

) and assume thatthese are nindependent	 and	 identically	 distributed (in short i.i.d.)according to G(⋅), i.e., (2.3)We also call this that Y
i

 are independently “drawn” from G(⋅). Based onthe data (y
1

,… , y

n

), we intend to draw inferences about generalproperties of the unknown distribution G(⋅). These could be quantitieslike the mean or the variance, which are given by
but it can also be the entire distribution. From the Glivenko-Cantellitheorem (see Sect. 1. 2. 2), we know that in setting (2.3) the empirical

Y ∼ G(⋅),

Y
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∼ G(⋅) i.i.d. for i = 1,… ,n.

μ = ∫ yd G(y) or σ

2
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distribution function of y
i

 converges to the true distribution function 
G(⋅) for increasing sample size n. We also know that for any suf�icientlyregular function t(y) we obtain with the law of large numbers (seeagain Sect. 1. 2. 2) that
with increasing data size n, regardless of whether G(⋅) is known or not.Note that the data-generating process (2.2) is simpli�ied by omittingthe input variables x, even though our primary focus is on the moregeneral setup (2.1) with input variables included. It is, however,notationally simpler to omit the input variables x for now, which allowsus to introduce the main ideas of statistical inference. After that, we willextend setup (2.2) to the more general case (2.1), where variables x areincluded as well.
2.5	 Statistical	 ModelingNext, we introduce concepts to approximate G(⋅) through a parametricdistribution function F(⋅; θ), which is fully characterized by parametervector θ = (θ
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,… , θ

p

)

⊤, for instance, we may assume a continuousdistribution for G(⋅) that we approximate through a normaldistribution, with mean μ and variance σ2. In this case, the parametersare given by θ = (μ,σ

2

)

⊤. Generally, we de�ine a statistical	 model as aset of distribution functions, (2.4)where Θ is the set of admissible values for θ. We assume (or pretend)that the data are generated by an element of the set F  correspondingto θ
0

, i.e., F(⋅; θ
0

). Thus, the modeled data-generating process is (2.5)where θ
0

 can be seen as the “����” parameter (see Chap. 3 for a morein-depth discussion).In machine learning jargon, the choice of F  relates to choosing aloss function, as will be discussed in Sect. 13. 2. The probability model,
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in fact, determines the assumed aleatoric uncertainty. We will revisitthis point later, but it is important to emphasize now that the choice of 
F  is both critical and inherently hypothetical. Throughout the book, wewill develop tools to evaluate how well the statistical modelapproximates the unknown data-generating process G(⋅).
Example	 2.1  Assume we have data y = (y

1

,… , y

n

), each drawnfrom a normal distribution with mean μ and variance σ2. This results inthe following probability model,
where F(⋅;μ,σ2) is the distribution function of a normal distributionwith the following density:
Through the shape of the normal distribution, this model relates tosquare losses, as will become apparent in Chap. 3. Hence, machinelearning based on minimizing the squared loss is equivalent tochoosing the set F  to consist of normal distributions. ▹Having de�ined the class of hypothetical data-generating processes, wewant to choose the parameter θ in an optimal, principled way. Bear inmind that G(.) is (and may remain) unknown. The aim is to set theparameter θ data-driven to some value ˆθ with the help of the observeddata y. Thus, ˆθ can be perceived as a function of the data y

1

,… y

n

: (2.6)We call t : Rn

→ Θ a statistic which is a function of the data. Thestatistic in (2.6) is also called estimator, and we will discuss propertiesof estimators in the next chapter. The function t(⋅) is only in simplecases analytically available, and in fact in most cases ˆθ is the result of anestimation algorithm t(⋅), in machine learning typically called learning
algorithm. It is, therefore, more plausible to consider t(⋅) not as a
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function but as an algorithm applied to data y
1

,… y

n

 generating anestimator ˆθ.We want to note here the verbal distinctions between estimation,
estimator, and estimate. Estimation is the general term for generatinginformation from data to �it or calibrate a model. An estimator, asalready mentioned, is the computational rule or algorithm that isapplied to the data. The result of this algorithm is then a concreteoutcome, one or more speci�ic values, which we call the estimate. Asharp distinction between the estimator (the algorithm) and theestimate (the result) is not always helpful or feasible. However, as thebook progresses, it will quickly become clear what we are referring to.We also want to highlight that classical statistics textbooks starttheir development from a more restricted model by replacing the data-generating process (2.3) through (2.7)In other words, one assumes that the true data-generating processcomes from F . If the model (2.7) holds, we hope that ˆθ is close to θ

0

,the true parameter. Ideally, if the data size n increases, we want ˆθ → θ

0

.We will call this consistency, which is a reasonable requirement for dataanalytic procedures. The open question is, though, how to construct or�ind the algorithm t(⋅) such that consistency is guaranteed. We proposeto �ind ˆθ by optimizing some target function. In statistics, the likelihoodfunction, which is the density of the data according to (2.5) but viewedas a function of θ, not the data, is often used as a target function andthus is of central importance. We will introduce the likelihood functionand will discuss the properties of its maximum in depth in Chap. 4.However, the true data-generating process (2.3) and itsapproximation (2.7) may differ. If they coincide, we have G(⋅) ∈ F , andin this case, we can state G(⋅) as (2.8)As mentioned above, this setup underlies most classical statisticstextbooks. We remain more general here and emphasize that F  is just amodel class approximating reality. To see this, assume we want to
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analyze the height of male humans in a particular area. Assuming thatthe height of a person is normally distributed, we estimate the mean μand variance σ2 based on some recorded heights forming our data.Though it might be reasonable to assume that the heights of people arenormally distributed, the natural law behind the distribution of humansizes is unknown. Still, the normal distribution might serve as a goodproxy, since the hypothesis that height is normally distributed is areasonable starting point for the analysis. In this matter, we can refer tothe general quote: ”All models are wrong, but some are useful” (Box,1976). However, if (2.8) holds, we can derive mathematical propertiesfor the estimators. Importantly, some of these properties extend toscenarios where not (2.8) but the general setup (2.3) holds.In summary, we here envision statistical modeling as selecting anappropriate distributional model to account for aleatoric uncertainty,analogous to choosing an appropriate loss function in machinelearning. A key question is whether the chosen model is suitable, i.e.,whether the approximation (2.8) for (2.3) is justi�iable. While this is animportant consideration, it is not a primary focus of this book.
2.6	 Exercises
Exercise	 1  In image-based object classi�ication, the visualappearance of objects determines which class they are assigned to. Youare tasked with building a classi�ier that, given an image of a car, is ableto classify it into one of three categories (A, “small”; B, “medium”; C,“large.” What kind of data would be needed to train the model? Whichpotential sources of uncertainty are at play?
Exercise	 2  A scientist decides to feed a seagull every time it comes tohis apartment for a period of 100 days and counts how many times perday the seagull comes. The results are contained in the dataset
seagull.csv on the online supplementary material.(a) After loading the dataset in R, compute mean, variance, minimum,and maximum, and adequately plot the data. Among the  



distributions you know, which one do you think would �it wellhere and why?(b) Fit the distribution you picked at point (a) to the data. Overlay theplot of the �itted distribution to the plot of the raw data youproduced at point (a).  
(c) Do you think your model is a reasonable choice for thisapplication? Does it produce a good �it? How could you quantifyhow good your model is for the data at hand?  
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Transitioning from the concept of uncertainty to formal statistical principles,we now adopt an information-theoretic perspective that emphasizes ageneral data-generating process. A key tool in this approach is the Kullback-Leibler divergence, which naturally leads to the likelihood concept. Then, weexplore traditional statistical results for estimated parameters, such asconsistency, suf�iciency, and ef�iciency. With these foundations in place,uncertainty and con�idence intervals are formally de�ined. As such, thischapter gives an overview of classical statistical properties.
3.1	 Kullback-Leibler	 DivergenceIn Chap. 2, we de�ined the data-generating process, implying that the datahave been generated through (3.1)We assume that G(⋅) ∈ G , where G  refers to the set of all possibledistributions for Y  . Thus, the outcome Y

i

 is not deterministic and henceconsidered as random or, as we phrased it before, uncertain to us. Therefore,we model the distribution G via a statistical model
Y

i

∼ G(y), i.i.d. with i = 1,…n.
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This scenario is sketched in the upper-left plot of Fig. 3.1. The true data-generating process G(⋅) is visualized as a point in the set of all possible data-generating processes. We model this data-generating process using a set ofdistributions F , visualized as a subset that need not contain G(⋅). In aspecial case, it is possible that G(⋅) ∈ F , indicating that the data-generatingprocess is an element of F . The aim is to �ind the best approximation of thetrue but unknown data-generating process G(⋅) within the set F . Therefore,we search for the element in F  which has the smallest “distance” to G(⋅). Wecautiously used the phrase “distance” here, which correctly refers to ameasure for the discrepancy between two distributions. Hence, “distance” isnot meant as a rigorous metric in mathematical terms but as a discrepancymeasure.

F = {F(⋅; θ), θ ∈ Θ}.



Fig.	 3.1  Visualization of the true data-generating process and its approximation through statisticalmodels. The top-left plot shows the true data-generating process G(⋅) and a statistical model F . The top-right plot shows the optimal parameter value, θ
0

. The bottom left shows the estimator ˆθ, and thedifference from θ
0

 is sketched in the bottom right plotTo do so, we need to tackle several questions, which we cover step bystep:Step1: De�ine a distance that describes how far G(⋅) is away from adistribution F(⋅; θ) ∈ F .  Step2: Use this measure for two distributions to �ind a distribution 
F(⋅; θ) ∈ F  closest to G(⋅) via an optimization problem over θ ∈ Θ. Step3: Solve this problem involving an intractable expected value via anempirical approximation.  

We start with the �irst step: de�ining a measure that quanti�ies the“distance” between two distribution functions. A practical andmathematically useful measure is the Kullback-Leibler divergence.
De�inition	 3.1  The	 Kullback-Leibler	 divergence	 for	 two	 distribution
functionsG(⋅)andF(⋅)is	 de�ined	 as

whereg(y)andf(y)are	 the	 densities	 or	 probability	 functions	 of	 G	 and	 F,
respectively.

The	 term

is	 also	 called	 entropy.If y is discrete-valued, the integrals above are summations. In this case, ytakes a
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which is positive unless the distribution has a point mass of 1 at a singlepoint.We write KL(G(⋅),F(⋅)) when we explicitly want to underline in thenotation that G(⋅) and F(⋅) are, in fact, distribution functions. Both notationsare used interchangeably. Note also that if the distribution functions G(⋅)and F(⋅) have densities g(⋅) and f(⋅), respectively, it is also common to usethe densities as arguments and write the Kullback-Leibler divergence as 
KL(g(⋅), f(⋅)).The Kullback-Leibler divergence is always positive and takes the value 0if and only if G(⋅) ≡ F(⋅). For continuous variables, we can show this using 
− log (y) ≥ 1 − y with equality for y ≡ 1:

The Kullback-Leibler divergence is not a distance measure since it is notsymmetric, i.e.,
does not generally hold, nor does it ful�ill the triangle inequality. However,we can omit symmetry and use the true data-generating process as ananchor point for calculating the Kullback-Leibler divergence.With this measure, we can compare different distributions, as the upper-right plot in Fig. 3.2 illustrates. In the top plot, we show two exemplarydistributions, g(y) and f(y), that differ by some amount. The second plotshows the log ratio log (g(y) / f(y)) of the two distributions, and we seethat this log ratio takes large values for both small and large values of y. Thedensity g(y) for large and small values of y is, however, small, and byweighting the log ratio in the second plot with the corresponding density, we

∑

k

log (π

k

)π

k

,

KL(G,F) =∫ log

g(y)

f(y)

g(y)d y

= − ∫ log

f(y)

g(y)

g(y)d y

≥ ∫ (1 −

f(y)

g(y)

)g(y)d y

= ∫ g(y)d y− ∫ f(y)d y

= 1−1 = 0.

KL(G,F) = KL(F ,G)



obtain the third plot in Fig. 3.2. The discrepancies at the tails of y are nowdown-weighted, and the smaller discrepancies in the center part of thedistribution are becoming dominant. Integrating out the function, assketched in the bottom plot, provides the Kullback-Leibler divergence.



Fig.	 3.2  Visualization of Kullback-Leibler divergence. The top row shows two densities g(⋅) and f(⋅).The middle row gives the log ratio log (g(⋅) / f(⋅)), and the bottom row shows the ratio weighted with 



g(⋅). Integration of the bottom plot curve gives the Kullback-Leibler divergence KL(g(⋅), f(⋅))With this distance measure, we can calculate the distance between twodistributions. This implies that for each element F in F , we can calculate
To address the second step, we, however, need a distance measure betweenthe set F  and G(⋅). How can we de�ine a distance between a point, G(⋅), anda set, F ? We solve this problem with the minimum Kullback-Leiblerdivergence (3.2)If we assume that integration and differentiation are interchangeable(technically, this means that F  is a set of Fisher-regular distributions), wecan obtain the minimum through differentiation, that is, we set
The parameter θ

0

, which minimizes the distance, is now implicitly de�inedthrough the equation (3.3)In this setting, we understood θ
0

 as the “closest” parameter θ ∈ Θ to the truedata-generating process G(⋅), which is shown in the top-right plot of Fig. 3.1.In practice, the above integrals cannot be calculated, since the distribution 
G(⋅) is unknown. Consequently, it appears that as long as we do not knowthe true data-generating process, we are unable to choose the optimal model 
F(⋅; θ

0

) corresponding to the smallest distance to G(⋅). For every real-worlddata example, this will always be the case, so the proposed approach appearsto be a cul-de-sac. However, we have data y
1

,… , y

n

 which were generatedaccording to G(⋅). For any measurable function (statistic) t(Y ), this means
Based on the law of large numbers (see Sect. 1. 2. 2), we know that the meancan be estimated through the corresponding empirical version, that is,

KL(G(⋅),F(⋅; θ)) =∫ log

g(y)

f(y;θ)

d G(y).

KL(G(⋅),F) := min

F(⋅;θ)∈F

KL(G(⋅),F(⋅; θ)).

0 =

∂

∂θ

∫ log

g(y)

f(y;θ)

d G(y)

= − ∫

∂

∂θ

log f(y; θ)d G(y).

0 = ∫

∂logf(y;θ

0

)

∂θ

d G(y) = E(

∂logf(Y ;θ

0

)

∂θ

).

E(t(Y )) = ∫ t(y)d G(y).



This means that the Kullback-Leibler distance can be estimated through

The �irst component is still not estimable, since we do not know g(⋅) andhence cannot calculate 1
n

∑

n

i=1

log g(y

i

). This means we are unable toestimate the entropy of the data-generating process. But we are able toestimate the negative second component through
We want to maximize this term, which minimizes the Kullback-Leiblerdivergence. Omitting the 1 / n term, which does not depend on θ, in the sumabove becomes the log-likelihood	 function.
De�inition	 3.2  Thelog-likelihood	 functionis	 de�ined	 as

The	 parameters	 of	 the	 log-likelihood	 function	 are	 the	 parameters,	 although
it	 depends	 on	 the	 observationsy

1

,… , y

n

,	 which	 is	 suppressed	 in	 the	 notation.
Formally,	 however,	 we	 havel(θ) = l(θ; y

1

,… , y

n

).The log-likelihood function is of central importance in statistics, which wewill discuss in more depth in the next chapter.Note that θ
0

 is de�ined in (3.3) through
which we replace with the empirical version

1

n

∑

n

i=1

log f(y

i

; θ) → ∫ log f(y; θ)g(y)d y.

l(θ) =∑

n

i=1

log f(y

i

; θ).

0 = ∫

∂logf(y;θ

0

)

∂θ

d G(y)



(3.4)where ˆθ solves (3.4). The logarithm is a monotonically increasing function, so
ˆ

θ is maximizing not only the log likelihood but also the likelihood itself.Therefore, we call ˆθ the maximum likelihood estimator. At this point, it mightbe unclear where the phrase “maximum” comes from since we are“minimizing” the Kullback-Leibler divergence. We agree that this mightappear obscure, but bear in mind that we are maximizing the log-likelihoodfunction. We will develop a thorough theoretical framework for maximumlikelihood estimation in Chap. 4, but the motivation for why this is a usefulconcept is based on the minimum Kullback-Leibler approach. We visualizethis in Fig. 3.1 in the bottom left. Still, ˆθ is not necessarily equal to θ
0

 so thatthe distance between F(⋅; ˆθ) and G(⋅) is usually larger than the minimaldistance between F(⋅; θ
0

) and G(⋅) (see the bottom-right plot in Fig. 3.1).This is visualized through the half-circles around θ
0

. These circles aim tovisualize uncertainty, to which we will come back in the next chapter. We willshow explicitly how to quantify the distance between ˆθ and θ
0

. For now, wecan comprehend this increased distance as uncertainty due to the fact that ˆθis calculated from the data, which is the basis for approximating 
E(∂ log f(Y ; θ

0

) / (∂θ)) by its empirical pendant. We will show that withincreasing sample size we obtain that
or more precisely
but this requires some more technical derivations, which we postpone fornow.
3.2	 Squared	 Loss	 and	 LikelihoodThe likelihood approach allows us to minimize the Kullback-Leibler distancebetween the data-generating process G(⋅) and a statistical model 
F = {F(⋅; θ), θ ∈ Θ}. It leads to an estimation principle by �inding the rootof the log-likelihood function. Assuming that the log likelihood is well-behaved in that it is concave, we can achieve this by setting its �irst-order

0 =∑

n

i=1

∂logf(y

i

;

ˆ

θ)

∂θ

F(⋅;

ˆ

θ) → F(⋅; θ

0

)

ˆ

θ → θ

0

,



derivative to zero. We want to elaborate on this further and connect it to thefamiliar squared-loss function approach. We initiated this discussion alreadyin Example 2. 1, but we keep it simpler here. Assume we are interested in themean of data y
1

, y

2

,… , y

n

. A reasonable approach to �ind the mean is tominimize the squared losses between observations y
i

 and the mean μ. Thisleads to the squared-loss function approach (3.5)We obtain the same loss function by assuming a normal distribution, i.e., Fis the set of all normal distributions with mean μ and variance σ2, which, inturn, implies the following log-likelihood function: (3.6)If we are interested in μ only, i.e., omitting the variance σ2 for the moment,we observe that maximizing (3.6) with respect to μ is equivalent tominimizing (3.5):

Therefore, a squared loss is equivalent to assuming a normal distribution(with constant variance) for the data y
1

,… , y

n

.
3.3	 Properties	 of	 Estimators
3.3.1	 ConsistencyThis section is devoted to classical concepts of (mathematical) statistics. Inparticular, we will introduce concepts like consistency, biasedness, andsuf�iciency, which are properties of estimators in a statistical model 
F = {F(⋅; θ), θ ∈ Θ}. Let us start with consistency. Informally, an estimator
ˆ

θ is consistent if for increasing sample size the difference between ˆθ and thetarget parameter θ
0

 gets smaller in probability. Target parameter means,here, that it is either the true parameter if the data-generating process G(⋅)is within F , that is, G(⋅) can be written as G(⋅) = F(⋅; θ

0

), or if G(⋅) ≠ F ,the target parameter θ
0

 gives the closest distribution in F  based on theKullback-Leibler divergence, as described in Sect. 3.2.

min

μ∈R

∑

n
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(y

i

− μ)

2

.

l(μ,σ

2

) =∑
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i=1

(− log (σ) −

1

2

(y

i

−μ)

2

σ

2

),

max

μ∈R

l(μ,σ

2

)

=

max

μ∈R

∑

n

i=1

−

1

2

(y

i

−μ)

2

σ

2

=

max

μ∈R
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n

i=1

(y

i

− μ)

2

=

min

μ∈R

∑

n

i=1

(y

i

− μ)

2



We can formulate consistency utilizing the Kullback-Leibler idea. Withincreasing data size, we postulate (3.7)In principle, we need to be more precise here since ˆθ is based on a givendatabase, but we aim to develop a statement for an arbitrary sample drawnfrom the data-generating process. In other words, we should formulate (3.7)as a probability statement. We remain somewhat sloppy for the moment andget more precise later. Let us look, therefore, at (3.7) more closely. A simplecalculation leads to
Hence, the Kullback-Leibler divergences need to converge to the sameconstant as the number of data points n increases. Applying a second-orderTaylor series expansion around θ

0

, which is de�ined in (3.3), to the estimatedlog density yields
Assuming that differentiation and integration are exchangeable, we get

(3.8)
where the expectation is taken with respect to the data-generating process.We call the matrix I(θ

0

) the Fisher information, or Fisher matrix, whichplays an important role in maximum likelihood estimation, which is coveredin Chap. 4. As remarked above, (3.7) is a statement based on data, and hence 
ˆ

θ is a concrete value calculated through some algorithm. Hence, we candenote ˆθ as ˆθ = t(y

1

,… , y

n

). Based on the aleatoric uncertainty given in thedata-generating process (2. 3), the data are random, and hence the outcome

∫ log

f(y;

ˆ

θ)

f(y;θ

0

)

d G(y) =∫ log f(y;

ˆ

θ)d G(y) − ∫ log f(y; θ

0

)d G(y)

= KL(G(⋅),F(⋅; θ

0

)) −KL(G(⋅),F(⋅;

ˆ

θ)).

log f(y;

ˆ

θ) ≈ log f(y; θ

0

) +

∂logf(y;θ

0

)

∂θ

(

ˆ

θ− θ

0

)

+

1

2

(

ˆ

θ− θ

0

)

⊤

∂

2

logf(y;θ

0

)

∂θ∂θ

⊤

(

ˆ

θ− θ

0

).



of the algorithm is considered random. If we replace statement (3.7) bytaking expectation over all possible samples, we obtain
Note that the expectation is taken over the data Y

1

,… ,Y

n

, and formally theabove expectation equals
Utilizing the Taylor series approximation from above, this in turn simpli�iesto
where the expectation is taken over the data Y

1

,… ,Y

n

. To simplify further,we restrict the deviations, without loss of generality, to univariateparameters, thereby reducing the notation. This allows us to rewrite theabove to
(3.9)

where ∝ stands for proportionality, which allows us to omit components notdepending on ˆθ. The �irst term is the variance of the estimator, while thesecond is called bias. The bias thereby quanti�ies the systematic differencebetween the estimator’s expectation and the target parameter.Decomposition (3.9) refers to the bias-variance-trade-off, as we aim tominimize their sum, which is de�ined as mean squared error (MSE).
De�inition	 3.3  The	 mean	 squared	 error	 of	 an	 estimatorˆθis	 de�ined	 as



where

de�ines	 the	 bias.	 We	 call	 an	 estimator	 unbiased	 if

and	 asymptotically	 unbiased	 if

We sketch the idea of the MSE in Fig. 3.3 when shooting toward the bull’seye. We want both small variance and small bias. The abovementioned bias-variance trade-off is easily described with this �igure. The best marksman isthe one whose shots score the most points, which can be quanti�ied by thereciprocal of the squared distances from the bull’s-eye. Here, both dispersion(variance) and bias matter.

Fig.	 3.3  Sketch of bias and variance when shooting at the bull’s eye

MSE(

ˆ

θ, θ

0

) = E((

ˆ

θ− θ

0

)

2

)

= V ar(

ˆ

θ) + bias

2

(

ˆ

θ, θ

0

),

bias(

ˆ

θ, θ

0

) = E(

ˆ

θ) − θ

0

bias(

ˆ

θ, θ

0

) = 0



With these requirements, we can now write down the original idea (3.7)more formally to de�ine consistency.
De�inition	 3.4  The	 estimatorˆθis	 MSE	 consistent	 forθ

0

(or	 simply	 consistent)
if,	 for	 increasing	 data	 size	 n	 with	 data	 drawn	 from	 the	 data-generating	 process(2.3),	 it	 holds

where	 n	 is	 the	 data	 size	 used	 to	 derive	 the	 estimateˆθ.Note that there are various alternative de�initions of consistency. The mostcommon type of consistency is weak consistency.
De�inition	 3.5  The	 estimatorˆθis	 weakly	 consistent	 forθ

0

if	 for	 everyδ > 0(3.10)
where	 n	 is	 the	 data	 size	 used	 to	 derive	 the	 estimateˆθand	 the	 stochasticity	 in

the	 probability	 stems	 from	 samplingY
1

,… ,Y

n

drawn	 from	 some	 data-
generating	 process.We can relate the de�initions (3.4) and (3.5) to one another using theChebyshev’s inequality (see Sect. A.7), which is one of the most importantinequalities surveyed in Appendix A. 7. This inequality states for any randomvariable Y   with mean μ and variance σ2 > 0 the following inequality holdsfor any k > 0:
Taking now ˆθ as random variable with mean θ and variance 
Var(

ˆ

θ) = E((

ˆ

θ− θ)

2

) if ˆθ = t(Y

1

,… ,Y

n

) and assuming suf�icientregularity conditions, Chebyshev’s inequality allows to obtain for arbitrary 
δ > 0

P(|X − μ| ≥ k σ) ≤

1

k

2

P(|

ˆ

θ− θ

0

| ≥ δ) = P((

ˆ

θ− θ

0

)

2

≥ δ

2

)

≤

E((

ˆ

θ−θ

0

)

2

)

δ

2

=

MSE(

ˆ

θ,θ

0

)

δ

2

.
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We see that in this case (3.10) is equivalent to MSE consistency, since if 
MSE(

ˆ

θ, θ

0

) → 0 for n →∞ we obtain (3.10).
3.3.2	 Suf�iciencyWe now de�ine suf�iciency, the concept of how to condense data so that norelevant information is lost. This compressed data should then encapsulateall the necessary information to estimate the parameter. To motivate theidea, suppose a binary variable Y

i

∼ Binom(1,π) is observed and we wantto estimate parameter π via its maximum likelihood estimate, the arithmeticmean Y =∑

n

i=1

Y

i

/ n. If we distill the data to the mean and the samplesize, we have successfully extracted all the essential information needed forcalculating the maximum likelihood estimate. To demonstrate this, look atthe following possible samples of (y
1

, y

2

, y

3

, y

4

) under n = 4:
y = (1, 0, 0, 0)

y = (0, 1, 0, 0)

y = (0, 0, 1, 0)

y = (0, 0, 0, 1)Since the arithmetic mean for all four samples is identical, they also yield thesame maximum likelihood estimate. Evidently, the concrete order of theobservations does not provide any relevant information about π, and theonly quantity that gives information on π is y = 1 / 4. We want to formalizethis via the concept of suf�iciency.If t(y
1

,… , y

n

) gives suf�icient information about parameter θ, all theinformation concerning θ is in t(y
1

,… , y

n

), and knowing t(y
1

,… , y

n

) isenough to estimate the parameter. The concept of suf�iciency allows us todelete our data entirely if we have calculated a suf�icient estimator. This canbe useful particularly in the era of big data and given the emergence of �ieldssuch as federated learning and learning under privacy constraints.Suf�iciency states that one only needs to calculate and store t(y
1

,… , y

n

) toget all information from our sample relevant to our parameter.
De�inition	 3.6  A	 statistict(Y

1

,… ,Y

n

)is	 calledsuf�icientforθif	 the
conditional	 distributionP(Y

1

= y

1

,… ,Y

n

= y

n

∣ t(Y

1

,… ,Y

n

) = t

0

; θ)

does	 not	 depend	 onθ.

¯

¯



This de�inition looks confusing at �irst glance, so an example might help toclarify.
Example	 3.1  Let Y

1

,… ,Y

n

 be Bernoulli variables with values 0 or 1 and 
P(Y

i

= 1) = π. Our statistic is the arithmetic mean 
t(⋅) = t(Y

1

,… ,Y

n

) =∑

n

i=1

Y

i

/ n. We next show that this statistic issuf�icient for π. The statistic takes values in the set {0, 1

n

,

2

n

,… ,

n

n

}, and wedenote the resulting value calculated from the data (y
1

,… , y

n

) with t
0

.Correspondingly, n
0

= nt

0

 is the sum of all of our variables. Then, using theBayes rule (see Appendix), we can calculate the probability of the sampleconditional on the suf�icient statistic as follows:

Apparently, this distribution does not depend on π.▹More generally, it is challenging to prove suf�iciency in the form de�inedabove. In such settings, the Fisher-Neyman factorization is a valuable tool toprove the suf�iciency of a statistic.
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Theorem	 (Fisher-Neyman	 Factorization)  A	 statistict(Y
1

,… ,Y

n

)is	 suf�icient
forθif	 and	 only	 if	 the	 density	 or	 probability	 function	 decomposes	 to (3.11)

whereh(⋅)is	 a	 function	 of	 the	 data	 independent	 ofθandg(⋅)is	 a	 function	 ofθ
that	 depends	 on	 the	 data	 only	 through	 the	 suf�icient	 statistict(y

1

,… , y

n

).The proof of this statement is given at the end of this section.
Example	 3.2  Let Y

1

,… ,Y

n

 be independent and identically distributedvariables from a Gamma distribution with the following density,
with shape α, rate β, and Γ function given by Γ(α) = ∫ ∞

0

t

α−1

exp (−t) d tthat is a continuous generalization of factorials. The goal is to show that thetwo-dimensional statistic t(y
1

,… , y

n

) = (∏

n

i=1

y

i

,∑

n

i=1

y

i

) is suf�icient for
(α,β). Since the distribution of Z =∏

n

i=1

Y

i

 with Y
i

 being i.i.d. Gammavariables has no closed form, it is dif�icult to calculate the conditionalprobability necessary for showing suf�iciency according to De�inition 3.6. Wecan, however, write down the joint distribution needed for the Fisher-Neyman factorization:

The claim follows from the factorization shown in the �inal line. ▹Note that suf�iciency itself is a relatively weak statement, as the originalsample (y
1

,… , y

n

) itself is already suf�icient. We therefore also requiresome concept of minimality de�ined as follows:

f(y

1

,… , y

n

; θ) = h(y

1

,… , y

n

)g(t(y

1

,… , y

n

); θ),

f(y;α,β) =

β

α

Γ(α)

y

α−1

exp (−β y) I(y > 0)



De�inition	 3.7  The	 statistict(y
1

,… , y

n

)is	 minimal	 suf�icient	 forθift(⋅)is
suf�icient	 and	 for	 any	 other	 suf�icient	 statistic˜t(y

1

,… , y

n

)there	 exists	 a
functionm(⋅)such	 thatt(y

1

,… , y

n

) = m(

˜

t(y

1

,… , y

n

)).The de�inition states that if there exists a minimal suf�icient statistic, then itcan be calculated directly from any other suf�icient statistic. Hence, we mayreduce the data y
1

,… , y

n

 to the value of the minimal suf�icient statistic, butwe may not reduce it further without losing information about theparameter θ.
Proof  Assuming that t(⋅) is suf�icient, then f(y

1

,… , y

n

∣ t(y) = t; θ) doesnot depend on θ. Because t(⋅) is calculated from y
1

,… , y

n

, with the basicde�inition of conditional probabilities, we get
where the �irst component does not depend on θ and the second componentis the distribution of t(⋅), which by construction depends only on 
t(y

1

,… , y

n

) and θ. Let us assume now that the density f(y
1

,… , y

n

) isfactorized as in (3.11). The marginal density for t(y
1

,… , y

n

) is

The conditional distribution can then be written as

which does not depend on θ because g(t; θ) cancels out. □
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0 otherwise,



3.3.3	 Ef�iciencyLastly, we discuss the concept of ef�iciency, which addresses the question ofwhich of the two possible estimators performs better. In this context,“better” refers to having a smaller mean squared error introduced in Sect.3.2.Imagine you have one estimator, denoted as ˆθ
1

= t

1

(Y

1

,… ,Y

n

), andanother one, denoted as ˆθ
2

= t

2

(Y

1

,… ,Y

n

), which provide an estimate for 
θ

0

. The comparison between the two boils down to evaluating theirperformance using mean squared error (MSE). If the MSE of ˆθ
1

 is less thanthe MSE of ˆθ
2

, then ˆθ
1

 is considered superior to ˆθ
2

. This concept is largelytheoretical, as calculating both MSEs is not feasible because they depend onthe unknown data-generating process G(⋅).
Example	 3.3  Assume we have i.i.d. normally distributed random variables 
Y

i

∼ N(μ,σ

2

). We want to estimate the mean via the statistic
for some weights w

i

 for i = 1,… ,n. For unbiasedness from De�inition 3.3,observe that ∑n

i=1

w

i

= 1 needs to hold for
Since bias(t(y)) = 0, the MSE depends only on the variance of the statistic.Therefore, we need to choose the weights so that the variance of t(Y ) isminimized, thereby �inding an estimator with minimal MSE. Note that
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Because ∑n
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d
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≥ 0 unless d
i

= 0, we see that the arithmetic mean,which results when we set the weights w
i

 equal to 1
n

, has the smallestvariance and hence the estimator is MSE-ef�icient. ▹
De�inition	 3.8  The	 statistict(y
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)isef�icientforθif	 it	 has	 the	 smallest
MSE	 among	 all	 possible	 statistics.We will show later that maximum likelihood estimation is (approximately)ef�icient. This means that estimators based on optimizing the likelihoodfunction are asymptotically unbiased and have the smallest variance.
3.4	 Estimation	 and	 UncertaintySo far, we have developed estimation strategies and highlighted theimportance of the Kullback-Leibler divergence. Estimation, or learning, canbe thought of as a process or algorithm that generates a value ˆθ for observeddata (y

1

,… , y

n

). While the estimation process itself is treated as analgorithm, producing the same output for the same input, the input itself israndom and drawn from Y
i

∼ G(⋅) as generally de�ined (2. 3). Thisintroduces randomness, meaning that the estimated value ˆθ has variabilitydue to the randomness of the data. If we used different datasets, we wouldtherefore get different estimates. This variability is known as the estimation
variance, and next, we introduce ways to quantify it.To tackle this challenge, we introduce con�idence	 intervals. Instead ofrelying on a single estimate ˆθ, we construct a range or interval within whichthe true parameter value is likely to lie. This interval is bounded to the left by
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), representing the lower andupper bounds of the interval. For simplicity, we here only cover the specialcase of an univariate parameter. The interval limits are functions of the dataand, as such, can be understood as the output of an algorithm applied to theobserved data. We need t
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 to obtain a sensical interval. These statistics can now be de�inedas follows:
De�inition	 3.9  The	 intervalCI = [t
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)]is	 called
acon�idence	 intervalforθwith	 con�idence	 level(1 − α)if (3.12)

The	 probabilityP(⋅)is	 allowed	 to	 depend	 on	 the	 parameterθ,	 and	 usually	 it
does,	 which	 is	 omitted	 in	 the	 notation	 for	 simplicity.	 The	 value(1 − α)is	 called
the	 con�idence	 level,	 andαis	 chosen	 to	 be	 a	 small	 value,	 e.g.,α = 0.01or
α = 0.05.We can equivalently state (3.12) as
to make the concept of an interval more visible. It is thereby important tobear in mind that t
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) are both random due tothe assumed data-generating process. In other words, the interval itself israndom.De�ining t
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) = ∞ always gives a 
(1 − α) con�idence interval, as P(−∞ ≤ θ ≤ ∞) = 1 for any θ ∈ R. Thisinterval is, however, useless; hence, we want to �ind an interval with minimallength still ful�illing the de�inition of a con�idence interval from (3.12). Inother words, we prefer “=” in (3.12) as opposed to “≥.”The construction of such a con�idence interval is straightforward if apivotal statistic exists.
De�inition	 3.10  A	 quantityg(t(Y
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Exact pivotal quantities are rare. However, approximate pivotal distributionsare quite common due to the central limit theorem. In fact, if the sample size
n is large, the estimator ˆθ = t(Y

1

,… ,Y

n

) in many cases followsapproximately a normal distribution, which is denoted by (3.13)In this context, the notation a∼ stands for “asymptotically distributed”, putdifferently, this distribution solely holds for suf�iciently large n. With (3.13),we can construct an approximate pivotal statistic through (3.14)Since N(0, 1) does not depend on θ, the statistic is pivotal. The pivotaldistribution can be used to construct a con�idence interval as follows. With(3.14), we have

where z
α

 is the α quantile of a N(0, 1) distribution for any α ∈ [0, 1].Because z
α

= −z

1−α

 holds with α ∈ [0, 1] for any symmetric distribution,such as the normal, we obtain the con�idence interval as
(3.15)

Under a con�idence level of 0.95, the corresponding value z
1−α/2

 is 1.96:(3.16)Figure 3.4 visualizes the construction of the above con�idence interval (3.15).In the top-left plot, we show the asymptotic normal distribution of theestimator ˆθ and its variance. Standardizing the estimator through
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provides the standard normal distribution as a pivotal distribution (top-rightplot). From this distribution, we can derive the con�idence interval (bottom-left plot), which is then transferred to the distribution of ˆθ (bottom-rightplot).

Fig.	 3.4  Visualization of constructing a pivotal distribution by standardizing estimate ˆθ (top-left plot)through (ˆθ− θ

0

)/

√

Var(

ˆ

θ) (top-right plot). This gives a standard normal distribution as pivotal fromwhich con�idence intervals can be calculated (bottom left) and then transformed back to the level of theestimate (bottom right)Note that, in many cases, the variance Var(ˆθ) may itself either depend onthe unknown parameter θ or depend on some other unknown parameters. Inthe �irst case, it is reasonable to replace θ with its estimate ˆθ, which is calleda plug-in estimate. If it depends on additional parameters, we need toestimate these. In particular, in situations with small data sizes, this can leadto different distributions.A historical problem in statistics is the construction of a con�idenceinterval for the mean of a normal distribution. We assume that data 
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 are normally distributed with (3.17)Y

i

∼ N(μ,σ
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) i.i.d.



The mean is estimated through Y , and we obtain for the estimate
A con�idence interval is then easily constructed through (3.18)In real-life applications, though, we do not know the variance σ2 and henceneed to estimate this. The estimate is again easy to derive through
The term n−1 makes the estimator unbiased, which we leave as an exerciseto show. Note that
is a pivotal statistic with a known distribution. But if we replace the variancewith its estimate S 2, the resulting distribution is no longer a normaldistribution: (3.19)The estimation of the variance leads to additional uncertainty.This phenomenon was identi�ied and quanti�ied by William Sealy Gosset(1876–1937). Gosset is now a legend in the �ield of statistics, not only for hisseminal scienti�ic contributions but also for the circumstances of hisdiscoveries. During his professional life, he was the head brewer at Guinness,the renowned Irish beer company, where he was hired to study dataoriginating from all parts of their brewing process (Boland, 1984). Facedwith often very small sample sizes where asymptotic expressions such as3.13 no longer hold, he solved the problem shown in (3.19). Since he was atthat time an employee at the Guinness brewery, he was unable to publish thisbecause of the possible risk of revealing a trade secret and had to share his�indings using the pseudonym Student (1908), see also Ziliak (2008).Gosset’s work led to the derivation of the distribution, which is today knownas the (Student’s) t-distribution and the correct distribution of the left-handside of (3.19), (3.20)where the index n−1 is the only parameter characterizing the distribution,called the degree of freedom. The proof is given in Appendix B. Note that
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(3.20) is again a pivotal statistic as it does neither depend on μ nor σ2. Onecan then construct con�idence intervals through (3.21)where t
(n−1),α

 is the α quantile of the t distribution with n−1 degrees offreedom with α ∈ [0, 1]. Since the estimated variance σ2 adds uncertainty toestimating μ, we have that t
(n−1),1−α/2

> z

1−α/2

 for 0 < α < 0.5 making thecon�idence interval (3.21) with estimated variance wider than the one withgiven variance (3.18).The proof of (3.20) is somewhat clumsy. Therefore, we want to provide agraphical motivation for why estimating the variance actually leads toincreased variation. Let us therefore look at Fig. 3.5. We show the standardnormal distribution in the top-left plot and zoom into the region of the 
z

1−α/2

 quantile for α = 0.05 in the top-right plot. If the variance σ2 isestimated by S 2

n

, we induce additional uncertainty. We visualize this in Fig.3.5 by a varying variance which takes a value (roughly) symmetrically to theleft and right of the true z
1−α/2

 quantile (see the left plot in the middle row).One can see that the areas to the left and right are unequal, with the left arealarger than the right, as evident in the distribution function calculated at thetwo symmetric points around the quantile (middle-right plot). Apparently,while there is symmetry on the horizontal axis, there is no symmetry on thevertical axis. If we instead postulate symmetry on the vertical axis, that is, forthe coverage probability (bottom left plot), this leads to asymmetricquantiles, taking larger values to the right. Hence, we need to increase the 
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1−α/2

 quantile to achieve 1 − α coverage probability. This motivates the useof a t distribution, as shown in the bottom-right plot. Note that for increasing
n we get the standard normal distribution as the limit.

CI = [y− t

(n−1),1−α/2

S

n

√n

, y+ t

(n−1),1−α/2

S

n

√n

],

¯̄



Fig.	 3.5  Standard normal distribution with 95% quantile (top left) and zoom-in version (top right). Ifthe variance is estimated unbiasedly, the quantile takes realized values roughly symmetric to the left andthe right of the 1 − α quantile of the normal distribution (middle left). This leads to asymmetric coverageprobabilities (middle right). Postulating symmetry in the coverage probabilities (bottom left) inducesasymmetric quantiles, with larger values occurring to the right. This motivates the role of the tdistribution leading to larger quantiles (bottom right)Before we close this section, we will discuss the interpretation ofcon�idence intervals. Assume that we have calculated a con�idence interval



with values [t
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)]. One might now assume that thecon�idence interval can be interpreted as the probability that the trueunknown parameter is within the con�idence interval: (3.22)To make a concrete example, assume that we have collected normallydistributed data y
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 with y = 3.2 and S 2

n

= 4.2 with n = 20. Based onthe derivations from above, we obtain the 0.95 con�idence interval throughthe 1 − α / 2 quantile of the t distribution with 19 degrees of freedom,which equals 2.093, so that the (rounded) con�idence interval results to
To interpret this, we might formulate (3.22) to P(μ ∈ [2.24, 4.16]) = ?.Formally, this is not a question based on a probability model, since the data 
y

1

,… , y

n

 are given and there is no random experiment. Put differently, theunknown parameter is either in the interval or not, and the probabilitystatement (3.22) is not about a random process. The formal statement istherefore that we have a con�idence level of (1 − α) 100 percent that theparameter is in the interval. Hence, the term “probability” is to be replacedby “con�idence.”
De�inition	 3.11	 (Con�idence	 Principle)  If	 we	 repeat	 the	 calculation	 with
new	 data	 of	 the	 same	 size	 multiple	 times,	 then	 inα× 100%of	 the	 cases	 the
parameter	 wouldnotbe	 within	 the	 interval,	 and	 consequently,	 in
(1 − α) × 100%of	 the	 cases,	 it	 would	 be.Though this is formally a correct description, it might seem unusual since itdoes not state anything about the concrete sample. Therefore, let us look atthis from the perspective of uncertainty and remember the example fromSect. 2. 1 with the dice cup not lifted. The situation here is very similar; thedata are given, and we can quantify our uncertainty about the parameter θ.To do so, we may utilize probabilities. In this case, we could formulate ourknowledge as follows: We believe the true parameter lies in the con�idenceinterval with a probability of (1 − α) × 100 percent, bearing in mind that“probability” here does not refer to a proper random experiment but to aquanti�ication of our knowledge. This is what is meant by “con�idence,” thatwe have (1 − α) × 100 percent con�idence.
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3.5	 Likelihood	 and	 BayesNow that we have covered properties of estimators, let us return to thelikelihood function. The original work by Fisher (1912) introduced theconcept of likelihood and catalyzed the adoption of likelihood-basedapproaches using Bayesian principles (see also Aldrich, 1997 or Edwards,1997). However, the term “Bayesian statistics” had not yet been coined inthat era. In fact, it took nearly 50 more years for this terminology to emerge,which was formerly known as “inverse probability,” as motivated by Fienberg(2006). In essence, inverse probability involves a reversal of the typicalreasoning process. Given a parameter θ, we construct a probability model 
F(⋅; θ) for the variable Y  . Conversely, the shift in perspective involvesderiving the probability model for θ given that we have observed y. These aretwo different perspectives on uncertainty. In the �irst case, the data aretreated as random, while the distribution’s parameter is treated as �ixed.Data are used to obtain information about this unknown parameter, leadingto estimation. This approach is generally referred to as frequentist	 inference.In the inverse perspective, knowledge (or lack thereof) about the parameteris modeled as probability distributions. The data are used to update theknowledge about the parameter. This approach is known as Bayesian
inference. Both approaches coexist in the �ield of statistics and are, at least inprinciple, conceptually different. However, we will see that both approaches,at least for large samples, lead to the same result.Here, we consider the Bayesian perspective in more details. We arguedbefore that probability can be used to express uncertainty, but it can alsoexpress knowledge. We proceed with the presumption that prior informationconcerning the parameter θ is available. The goal is then to effectivelyincorporate this into our analysis. This prior information expresses ourpreliminary beliefs regarding the parameter θ, and we quantify it through aprobability distribution, called prior	 distribution, denoted as p(θ). Thestructure of this distribution may encompass additional parameters, whichwe ignore for the moment. Under the i.i.d. setup with data y = (y

1

,… , y

n

),we can update the prior distribution to another distribution, called the
posterior	 distribution. We want to answer what information we gainedfrom the data about our parameter θ. We achieve this by “inverting” the



distributions. Assuming a continuous random variable Y  , this posteriordistribution is de�ined as follows,
(3.23)

where the �irst component in the numerator is the likelihood, that is, exp (⋅)of the log-likelihood, p(θ) is the density of the prior, and f(y) is thenormalization constant
The latter is usually numerically intractable, which will be considered inChap. 9 again. Since (3.23) de�ines an entire distribution, one can beinterested in numerous quantities to characterize it, for instance, its mode.
De�inition	 3.12  Theposterior	 modeis	 de�ined	 through
The posterior mode only depends on the numerator in (3.23) and raises anoptimization problem similar to what we covered on maximum likelihoodestimation. In fact, choosing p(θ) to be a constant, implying a so-called �latprior, the posterior mode matches the maximum likelihood estimator, that is,(3.24)If the maximum likelihood estimator is, however, different than the mode ofthe prior, this is not the case.Instead of calculating a single value for the parameter, like the posteriormode, we can derive intervals comparable to con�idence intervals de�inedabove. These can be constructed using a similar interpretation, but throughBayesian reasoning. In this case, though, con�idence intervals are formallyintroduced as credibility	 intervals in the literature. In Bayesian statistics, weconsider the parameter θ to be random so that we can explicitly look at theposterior distribution.
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De�inition	 3.13  Acredibility	 intervalfor	 parameterθis	 de�ined	 as	 follows.
Our	 knowledge	 about	 the	 parameterθis	 given	 by	 the	 posterior	 distribution
p(θ ∣ y
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).	 The	 credibility	 interval[t
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(y)]is	 implicitly	 de�ined	 as
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() such that
(3.25)

that is, we cut off a probability mass of α / 2 in the left and right tails of theposterior probability. We visualize such a construction in the top plot of Fig.3.6. While the construction is simple, the credibility interval is not optimal. Ifwe look at the left-hand side of the interval in Fig. 3.6, we see that the densityat the boundary is higher than the density at the right-hand side of theinterval. Hence, we include values with lower density in the interval andexclude values with higher density. More formally, it occurs that for 
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This drawback can be avoided by using a highest	 posterior	 density (HDI)credibility interval or, in short, the highest density interval. The constructionprinciple is shown in Fig. 3.6. We lower the horizontal line until the intervalobtained through cut points with the density has the postulated credibility 
(1 − α). Mathematically, this is written down as
where c is chosen such that
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That is, we choose an interval where values are greater than a thresholddensity c, such that the region integrates to 1 − α.

Fig.	 3.6  Credibility interval, where we cut off to the left and the highest-density credibility interval forbinomial data with n = 5 and y = 0 (left) and n = 5 and y = 2 (right)



Besides deriving the posterior mode or credibility intervals, one can alsolook directly at the posterior distribution (3.23) itself. This is numericallyburdensome due to the component f(y), which is typically numericallyintractable. We will extensively explore how to circumvent this issue in Chap.9.
3.6	 Exercises
Exercise	 1  For independently identically distributed random variables Y

iwith mean value μ and variance σ2, show that
is unbiased. Hint: Rewrite the summands to (Y

i

− μ) − (Y − μ).
Exercise	 2(a) Give the de�inition of the Kullback-Leibler divergence, and show why 

KL(g(⋅), f(⋅)) ≠ KL(f(⋅), g(⋅)), except when f(⋅) = g(⋅).  (b) Under real-world conditions, the true data-generating process G(⋅) israrely known. Assume we have a sample x = (2, 2, 3, 2, 3, 0, 2, 1, 4, 3)

⊤, but we don’t know the underlying data-generating process, so wemake the assumption X
i

∼ Bin(4, 0.5). Calculate the Kullback-Leiblerdivergence between the empirical distribution of the sample, g(⋅), andthe assumed distribution, f(⋅).
 

Exercise	 3  Let X = (X
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⊤ be an i.i.d. sample. The X
i

 arePoisson distributed with unknown parameter λ > 0 for i = 1,… ,n:(a) Show that the statistic t(X) = n
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.  
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 is suf�icient for λ by usingNeyman factorization.  
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well?  (d) Are the statistics t and X unbiased for λ? Are they consistent for λ?  
Exercise	 4  A company ships tea in wooden crates, each containing 10 teapackages. The weight of the individual tea packages is normally distributedwith μ = 6 kg and σ = 0.06 kg. The weight of the empty wooden crate isnormally distributed with μ = 5 kg and σ = 0.05 kg.(a) Under assuming independence of the individual delivery components,specify an interval symmetrical to the expected value in which thegross weight of the ready-to-dispatch wooden crate lies in 95% of thecases.

 
(b) A customer of the above tea company checks whether the tea packagesreally comply with the speci�ied target value of 6 kg. For this purpose,he takes a sample of n = 16 tea packages from a delivery. Thearithmetic mean was found to be 5.95 kg. Calculate a 95% con�idenceinterval for the average weight of the individual tea packages in thedelivery, and interpret the result.
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4.	 Maximum	 Likelihood	 EstimationGöran Kauermann1  , Giacomo De Nicola2, Cornelius Fritz3 and David Rügamer4Department of Statistics, LMU Munich, Munich, GermanyHarvard T.H. Chan School of Public Health, Harvard University, Boston, MA,USASchool for Computer Science and Statistics, Trinity College Dublin, Dublin,IrelandMunich Uncertainty Quanti�ication AI Lab, LMU Munich, Munich, Germany 
Building on the introduction likelihood estimation in Chap. 3, we here present keymathematical results related to maximum likelihood estimation. Under a data-generating process that characterizes the stochastic variation of some outcome ofinterest via a distributional assumption and some parameters θ, we next want to�ind an estimate of θ for given observations y

1

,… , y

n

. There are multiple ways toachieve this goal, for instance, maximum likelihood estimation, the method ofmoments estimator, or general M estimation. Given these options, let’s �irst statedesirable properties of estimators: One would prefer an estimator that is correct inexpectation, has known uncertainty, follows a known distribution so thatcon�idence intervals can be derived, and is as robust as possible. In this context,robustness means that the estimator should vary as little as possible underrepeated observations of the data.In this chapter, we focus on maximum likelihood estimation and show in Sects.4.1 to 4.3 that it enjoys three fundamental properties that relate to the desideratamentioned above and underscore the widespread use of maximum likelihoodestimators in applied statistics: First, we show that the error between themaximum likelihood estimator and the true data-generating parameter convergesto zero as the number of observations increases. Second, we derive that underrepeated sampling the distribution of the maximum likelihood estimator convergesto a Gaussian distribution. The Fisher information gives the variance of theestimator. Third, we introduce the Cramér-Rao bound as the minimal achievablevariance of an unbiased estimator and demonstrate that maximum likelihood
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estimators attain it. In summary, we show that the maximum likelihood estimatoris consistent, asymptotically normal, and optimal under unbiased estimators.In Sect. 4.4, we examine the likelihood ratio and its distribution, a conceptrevisited in Chap. 5 that helps specify formal hypothesis tests. The likelihoodfunction is derived from a distributional assumption, but what happens if thisassumption does not hold? In such settings, the speci�ied distributional model doesnot include the true, unknown data-generating process. As discussed in Chap. 3,the Kullback-Leibler divergence provides a framework for deriving more generalresults, showing that maximum likelihood estimation remains a robust approacheven when models are misspeci�ied. We highlight this characteristic further in Sect.4.6. We conclude with Sect. 4.8 by emphasizing the likelihood principle, assertingthat all information about the parameter is contained in the data, a principle thatholds even when data are only partially observed.
4.1	 Properties	 of	 the	 LikelihoodGoing beyond the material covered in Sect. 3. 1, we here derive useful properties ofthe maximum likelihood estimator. Like above, we thereby assume the data-generating process (3. 1), that is, (4.1)We aim to approximate this data-generating process with the parametric model
We assume that some basic mathematical operations are valid on F  and requirethat the statistical model F  is Fisher regular as formally de�ined in Appendix B.3.Fisher regularity implies, among other things, that integration with respect to therandom variable and differentiation with respect to the parameter areexchangeable.We have derived in Sect. 3. 1 that the closest distribution in F  to the true data-generating process can be obtained through minimizing the Kullback-Leiblerdivergence. Thereby, we de�ine the “true” parameter θ

0

 implicitly through (4.2)Note that ∂logf(y;θ0)
∂θ

 is short for ∂logf(y;θ)
∂θ

|

θ=θ

0

. We will rewrite this as a property ofthe log likelihood function, which we de�ine as
Sometimes, we write l(θ; y) to stress that the likelihood depends on the data.Treating the data as random implies that the likelihood function itself can be

Y

i

∼ G(y), i.i.d. with i = 1,…n.

F = {F(⋅; θ), θ ∈ Θ}.

E(

∂logf(y;θ

0

)

∂θ

)

= ∫

∂logf(y;θ

0

)

∂θ

d G(y) = 0.

l(θ)

=∑

n

i=1

log f(y

i

θ).
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considered random. In this case, we have l(θ) =∑n

i=1

log f(Y

i

; θ), where theobserved data y
i

 are replaced by the respective random variables Y
i

 for 
i = 1,… ,m. We do not differentiate between the two versions in notation, but,conceptually, these are different. With this in mind, we can reformulate (4.2) to(4.3)We term the �irst-order derivative of the likelihood function the score	 function,and (4.3) says that the expected value of the score function is zero for the “true”parameter θ

0

.The implicit de�inition for θ
0

 stems from the general data-generating process,wherein the expectation in Eq. (4.3) is determined by using the distribution G(⋅). Ifwe consider the scenario where G(⋅) belongs to F , i.e., assume that the actualprocess generating the data is one among the set of distributions F , interestingsimpli�ications arise. In this case, there exists a unique parameter θ
0

 such that 
G(⋅) ≡ F(⋅; θ

0

). As before, the parameter θ
0

 denotes the true parameter. Identity(4.3) has a different justi�ication in this case, which we want to motivate next. Notethat for all parameters θ ∈ Θ we have that F(⋅; θ) is a proper distribution, whichmeans that the density integrates out to one: (4.4)This holds for all elements in F , that is, for all θ ∈ Θ. Differentiating both sides ofEq. (4.4) with respect to θ and making use of the fact that integration anddifferentiation are exchangeable gives

where s(θ; y) = ∂

∂θ

log f(y; θ) is the score function and the result 
∂log(f(x))

∂x

=

∂f(x)

∂x

1

f(x)

 is used for the equality in the second line. This shows thatthe score function has mean zero for the true parameter, i.e., (4.5)where we dropped the index 0 at θ to simplify notation. Note that the expectationis now calculated with respect to density f(⋅; θ), that is, the parameter in thedensity and the parameter in the score are the same. The statement in Eq. (4.5) iscalled the �irst	 Bartlett	 identity. The interpretation of (4.5) is that although the

E(

∂l(θ

0

)

∂θ

) = 0.

1 = ∫ f(y; θ)d y

E(s(θ;Y )) = 0,



position of the maximum of the likelihood function may vary, on average, there is apeak in the likelihood function at the true parameter, since the expected slope iszero.Let us further differentiate both sides of Eq. (4.5) with respect to θ. Allowingthereby that θ is a multivariate (column)vector, we obtain by incorporating thetranspose operator

which is equivalent to
(4.6)

where the second row holds due to E(s(θ;Y )) = 0 and the third row is called the
second	 Bartlett	 identity. Note that this is a matrix-valued component if θ isvector-valued. As before, we point out that the expectation is taken over therandom variables Y

i

∼ f(⋅; θ) for i = 1,… ,n so that the parameter in the densityand the parameter in the arguments of the expectation and variance in (4.6) arethe same. We de�ine the expectation on the right-hand side of Eq. (4.6) as theFisher information matrix, which is sometimes also called Fisher matrix or Fisherinformation.As its name suggests, the maximum likelihood estimate maximizes the (log)likelihood function. Because the score function has a nonnegative variance, itfollows from (4.6) that the second-order derivative is, in expectation, negative.This, in turn, guarantees that maximizing the log likelihood with respect to thecoef�icient is a well-de�ined optimization problem, since the likelihood function isconcave and hence has a unique maximum. This property holds in expectation only.For a concrete sample, we might encounter local maxima. The Fisher informationplays a fundamental role, as it indicates whether the maximization problem is well-de�ined.

E(s(θ;Y )(s(θ;Y ))

⊤

)

= E(−

∂

2

∂θ∂θ

⊤

log f(Y ; θ))

E(s(θ;Y )(s(θ;Y ))

⊤

)− E(s(θ;Y ))

2

= E(−

∂

2

∂θ∂θ

⊤

log f(Y ; θ))

Var(s(θ;Y ))

= E(−

∂

2

∂θ∂θ

⊤

log f(Y ; θ)),



The term “information” can thereby be understood literally, and we can showthat the Fisher information grows in the same order as the sample size. We want todemonstrate this with a simple example. Assume that data y
i

 are normallydistributed, and assume for simplicity that the variance is known and equal to one.In Fig. 4.1, we plot the resulting likelihood for three samples, one with sample size 
n = 5 (black outer line), one with sample size n = 50 (blue middle line), and onewith sample size n = 500 (purple inner line). We see that the maximum gets moreexposed as the sample size grows. Mathematically, we can describe this with thecurvature at the peak. The curvature is thereby the second-order derivative, whichin turn is (in expectation) the Fisher information. The larger the database, thelarger the information. We combine all the above in the following de�initions.

Fig.	 4.1  Log-likelihood function for μ for normally distributed data with sample sizes n = 5 (black outer line), 
n = 50 (blue middle line), and n = 500 (purple inner line)
De�inition	 4.1  The	 �irst	 derivative	 of	 the	 log-likelihood	 function	 is	 called	 thescore
function (4.7)

Differentiating	 the	 score	 function	 and	 taking	 negative	 expectation	 yield
theFisher	 information	 (matrix)

If	 the	 data-generating	 process	 is	 within	 the	 model	 class,	 we	 obtain

s(θ; y

1

,… , y

n

) =

∂l(θ;y

1

,…,y

n

)

∂θ

.

I(θ) = −E(

∂s(θ;Y

1

,…,Y

n

)

∂θ

⊤

) = −E(

∂

2

l(θ;Y

1

,…,Y

n

)

∂θ∂θ

⊤

).



(4.8)
With these prerequisites, we can give a formal de�inition of the maximumlikelihood estimator.
De�inition	 4.2  For	 a	 random	 sampley

1

,… y

n

,	 themaximum
likelihoodestimator	 is	 de�ined	 by

which,	 for	 Fisher	 regular	 distributions,	 occurs	 when

For distributions that are not Fisher regular, the maximum likelihood estimator isnot necessarily estimable through differentiation. The following example showssuch a case.
Example	 4.1  Assume that Y

i

 are i.i.d. uniformly distributed between 0 and θ,that is, Y
i

∼ Uniform[0; θ] with the following density,
and likelihood function
The log likelihood apparently results from
We see that the likelihood function is not continuous and in fact takes the form asshown in Fig. 4.2. The maximum is achieved at the value y

max

= max(y

1

,… , y

n

).

V ar(s(θ;Y )) = I(θ).

ˆ

θ =argmax l(θ) =argmax l(θ; y

1

,… , y

n

),

s(

ˆ

θ) = s(

ˆ

θ; y

1

,… , y

n

) = 0.

f(y

i

; θ) = { ,

1

θ

for 0 ≤ y

i

≤ θ

0 otherwise

l(θ) = { .

(

1

θ

)

n

for θ ≥ max(y

1

,… , y

n

)

0 otherwise.

l(θ) = { .

n log (

1

θ

) for θ ≥ max(y

1

,… , y

n

)

−∞ otherwise.



Fig.	 4.2  Likelihood function for a uniform distribution on [0, θ]We can further investigate a potential bias in the estimator, that is, we aim tocalculate E(Y
max

), where Y
max

 is the random variable corresponding to y
max

. Notethat
holds since every random variable Y

1

,… ,Y

n

 has to be smaller than some y for thecorresponding maximum to be smaller than y. Hence, the density of the randomvariable Y
max

=max {Y

1

,… ,Y

n

} for any i.i.d. random variables Y
1

,… ,Y

n

 is
For Y

i

∼ Uniform(0; θ

0

) with θ
0

 as the true parameter, the density turns out tobe
Calculating the expected value leads to
We see that the estimator is biased downward and we have E(Y

max

) < θ

0

. ▹
4.2	 Consistency	 and	 Asymptotic	 Normality

P(Y

max

≤ y) = P((Y

1

≤ y) ∧ (Y

2

≤ y) ∧…∧ (Y

n

≤ y)) = (F(y))

n

f

Y

max

(y) =

∂(F(y))

n

∂y

= n F

n−1

(y)f(y).

f

Y

max

(y) = .

⎧

⎨

⎩

n(

y

θ

0

)

n−1

1

θ

0

for y ≤ θ

0

0 otherwise

E(Y

max

) =∫

θ

0

0

y n

y

n−1

θ

n

0

d y =∫

θ

0

0

n

y

n

θ

n

0

d y =

n

n+1

y

n+1

θ

n

0

|

θ

0

0

=

n

n+1

θ

0

.



The likelihood function itself is random, as it is a function of realizations of astochastic data-generating process. To illustrate, consider a simple example.
Example	 4.2  Assuming Y

i

∼ B(1,π) i.i.d., i = 1,… ,n with unknownparameter π = P(Y

i

= 1), we set to π
0

= 0.3 in simulations. In this setup, it isstraightforward to derive that the maximum likelihood estimator for a sample 
y

1

,… , y

n

 is given by π̂ = y = 1/ n∑

n

i=1

 (see Example 4.4). We vary thenumber of observations n between 5 and 150, repeat the sampling and estimationunder a particular con�iguration 1000 times, and then plot the absolute error ofthe estimators π̂ in Fig. 4.3. As the number of observations n grows, the absoluteerror vanishes. ▹

Fig.	 4.3  Boxplots showing the absolute error of maximum likelihood estimators for a binomial distribution with 
π

0

= 0.3 for n = 5,… , 150 under 1000 repetitionsThis �inding suggests that this maximum likelihood estimator is weakly consistent(see De�inition 3. 5),
since the absolute error gets arbitrarily small for large n. This phenomenon is notparticular to Example 4.2 but holds generally for maximum likelihood estimators.

¯



Theorem	 4.1  The	 maximum	 estimatorˆθis	 weakly	 consistent	 forθ
0

if	 the	 data	 size
used	 for	 the	 estimate	 goes	 to∞.
We sketch a proof of Theorem 4.1 at the end of this section.
Example	 4.3  Continuing Example 4.2, we show a sample of possibly observedlog-likelihood functions in Fig. 4.4 for n = 10 (left-hand side) and n = 100 (right-hand side). For n = 10, there are 11 possible log-likelihood functions according tothe possible outcome of Y =∑

10

i=1

Y

i

∈ {0, 1,… , 10}. The width of the functionsplotted in Fig. 4.4 is proportional to their occurrence probability. The same holdsfor n = 100 on the right-hand side, but now there are 101 possible log-likelihoodfunctions. The top plots show the possible maxima of the log-likelihood functionsand the probability of each. The true value π
0

= 0.3 is indicated as a vertical line.Apparently, the log-likelihood function randomly varies under resampling the data,supporting that it is a random variable. The maximum value of the log-likelihoodfunction also occurs in the vicinity of the true parameter π
0

. Finally, withincreasing sample size, the maximum likelihood estimator appears to follow anormal distribution. This observation can, in fact, be formally proved, and weconclude with the following result. ▹

Fig.	 4.4  Log-likelihood functions for a binomial distribution (π
0

= 0.3). The top row represents n = 10, and thebottom row represents n = 100. Lines are weighted by their probability. Note the concentration of the maximumlikelihood estimates π̂ around the true parameter as n increases, illustrating weak consistency



Theorem	 4.2  Assume	 a	 Fisher	 regular	 distribution	 with	 parameterθ
0

from	 which
ani.i.d.sampleY

1

,… ,Y

n

is	 drawn.	 The	 maximum	 likelihood	 estimator	 is
asymptotically	 normally	 distributed	 with (4.9)A formal proof of this statement is lengthy; we, therefore, only sketch the mainideas at the end of this section. Before doing so, we emphasize that (4.9) is thecentral result in maximum likelihood theory and thus of fundamental importancefor inferring properties of ˆθ under resampling. Knowing the behavior of theestimator ˆθ, let us derive con�idence intervals for the maximum likelihoodestimator for a reasonably large sample size n, since a pivotal distribution isdirectly available from (4.9). This holds since the Fisher matrix I(θ) can usually becalculated quite easily or at least be approximated through simulations. We will getback to the latter point in Chap. 8.Apparently, the Fisher matrix depends on the true parameter, which isunknown in practice. However, this dif�iculty can be overcome by substituting theparameter with its estimator, yielding I(ˆθ). Provided that the estimate ˆθconcentrates around θ

0

 for large n (see Theorem 4.1), this dif�iculty can beovercome by substituting the parameter with its estimator, yielding I(ˆθ). Theinverse I−1(ˆθ) is then taken as an estimate for the variance matrix of themaximum likelihood estimator, that is, ˆV ar(ˆθ) = I

−1

(

ˆ

θ). Writing ˆθ = (

ˆ

θ

k

) and 
θ

0

= (θ

0,k

) and denoting the kth diagonal entry of any matrix X ∈ R

K×K  with 
K > k by X

k,k

, this in turn means that for the k-th component of ˆθ, we obtain(4.10)The following example demonstrates the above results.
Example	 4.4  Assume that Y ∼ B(n,π). The log likelihood results to
and the derivative leads to the score function (4.11)Taking expectation, we see
Setting the score (4.11) to zero provides the maximum likelihood estimate π̂ = y

n

.Taking the second-order derivative gives

ˆ

θ

a

∼ N(θ

0

, I

−1

(θ

0

)).

(

ˆ

θ

k

−θ

0,k

)

√

ˆ

Var(

ˆ

θ)

k,k

a

∼ N(0, 1).

l(π) = y log (π) + (n− y) log (1 − π),

∂l(π)

∂π

=

y

π

−

n−y

1−π

= 0.

E(

∂l(π)

∂π

) =

nπ

π

−

n−nπ

1−π

=

(1−π)nπ−nπ+nπ

2

π(1−π)

= 0.



Calculating the expectation of the term above leads to the Fisher information

Hence, the maximum likelihood estimator π̂ =

y

n

 follows a normal distributionwith mean π
0

 and variance ˆπ(1 − ˆ

π)

n

. ▹
We now provide the proofs for the statements above: First, we sketch the proof ofTheorem 4.1.
Proof  We denote the entire sample (y

1

,… , y

n

) with the corresponding randomvariables (Y
1

,… ,Y

n

) by y and Y  , respectively. By de�inition, the maximumlikelihood estimator ˆθ is the argument maximizing the likelihood l(θ; y),
meaning that ˆθ also maximizes the likelihood scaled with 1 / n. Using the law oflarge numbers, it becomes evident that (4.12)Under regularity assumptions,1 the parameter maximizing the right-hand side of(4.12) then also converges in probability the parameter maximizing the left-handside. Finally, we need to show that the maximizer of the right-hand side is the trueparameter θ

0

. Noting l(θ; y
1

,… , y

n

) =log f(y

1

,… , y

n

; θ), we can write
for any θ ∈ Θ. Since the logarithm is a concave function, applying Jensen’sinequality yields

(4.13)

∂

2

l(π)

∂π∂π

= −

y

π

2

+

n−y

(1−π)

2

.

I(π) = E(−

∂

2

l(π)

∂π∂π

)

=

nπ

π

2

+

n−nπ

(1−π)

2

=

nπ(1−π)

2

+nπ

2

(1−π)

π

2

(1−π)

2

=

n(1−π)+nπ

π(1−π)

=

n

π(1−π)

.

ˆ

θ =arg max

θ∈Θ

l(θ; y) =arg max

θ∈Θ

1

n

l(θ; y),

1

n

l(θ; y) → E(l(θ;Y )).

E(log f(Y ; θ)) − E(log f(Y ; θ

0

)) = E(log (

f(Y ;θ)

f(Y ;θ

0

)

))

E(log (

f(Y ;θ)

f(Y ;θ

0

)

)) ≤log E(

f(Y ;θ)

f(Y ;θ

0

)

)

=log ∫

f(y;θ)

f(y;θ

0

)

f(y; θ

0

)d y

=log ∫ f(y; θ)d y =log (1) = 0,



where the �irst inequality uses that the true data-generating parameter of Y   is 
f(y; θ

0

) and the second equality follows since f(y; θ) is a density for all θ ∈ Θ,which integrates to 1 by the probability axioms of Kolmogorov. Finally, we canrearrange (4.13) for any θ ∈ Θ as follows,
showing that θ

0

 is the argument maximizing E(l(θ,Y )) over θ ∈ Θ. We have thusshown that  , proving the weak consistency of maximum likelihoodestimators. □Second, the proof of Theorem 4.2:
Proof  We now want to sketch the proof of the asymptotic normality of themaximum likelihood estimator. Note that the maximum likelihood estimator isde�ined through
Applying a zeroth-order Taylor series expansion around θ

0

 and writing the rest inthe Lagrange form lead to (4.14)where ˜θ lies on the line between ˆθ and θ
0

. Solving (4.14) for ˆθ− θ

0

 gives (4.15)Note that the score can be written as
where s

i

(θ

0

) are independent identically distributed random variables with meanvalue 0. The central limit theorem and (4.8) yield (4.16)Moreover, bear in mind that
meaning that the second-order derivative of the log likelihood grows with order n.This, in turn, means that its inverse decreases with order 1 / n. Looking at (4.15),we can conclude that with increasing sample size we obtain ˆθ → θ

0

 and therefore 
˜

θ → θ

0

. Consequently, for increasing n, formula (4.15) can be approximatedthrough

E(l(θ,Y )) ≤ E(l(θ

0

,Y )),

0 = s(

ˆ

θ).

0 = s(

ˆ

θ) = s(θ

0

) +

∂s(

˜

θ)

∂θ

⊤

(

ˆ

θ− θ

0

),

ˆ

θ− θ

0

= −[

∂s(

˜

θ)

∂θ

⊤

]

−1

s(θ

0

).

s(θ

0

)

a

∼ N(0, I(θ

0

)).

∂s(θ)

∂θ

⊤

=∑

n

i=1

∂s

i

(θ)

∂θ

⊤

,



(4.17)The matrix term itself can be written as
Note that U(θ

0

) decomposes to
where the U

i

(θ

0

) are independent matrix valued random variables so that U(θ
0

)has standard deviation of order √n, while I(θ
0

) grows with order n. This in turnallows to simplify (4.17) further by dropping U(θ
0

) so that we end up with (4.18)Utilizing (4.3) directly proves (4.9). □
4.3	 Cramér-Rao	 BoundThe concept of asymptotic normality enables the construction of con�idenceintervals. We will now establish that the maximum likelihood estimator is not onlyconsistent but also ef�icient, meaning that it holds the smallest possible varianceamong unbiased estimators (see De�inition 3. 3). To achieve this, we will examine acentral mathematical concept known as the Cramér-Rao bound. It refers to theindependent contributions derived by Cramér (1946) and Rao (1945). However, itis important to note that several other authors also reached the same conclusion,with one of the earliest references being Fréchet (1943).2 The result is as follows:
Theorem	 4.3  Letˆθ = t(Y

1

,… ,Y

n

)be	 an	 estimator	 ofθbased	 on	 the	 data
Y

1

,… ,Y

n

withY
i

∼ F(⋅; θ

0

), i.i.d.,	 whereF(⋅; θ)is	 a	 Fisher	 regular	 distribution.	 The
mean	 squared	 error	 ofˆθis	 always	 larger	 than	 the	 lowerCramér-Rao	 bound:

If	 the	 estimator	 is	 unbiased,	 we	 get (4.19)

ˆ
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0
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MSE(
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1
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A proof sketch is given at the end of this section. For simplicity of notation, weomitted any vector or matrix notation and assumed (without loss of generality,though) that θ is a scalar.The Cramér-Rao bound demonstrates why the inverse Fisher information playsa central role. In fact, for unbiased estimators or at least for asymptoticallyunbiased estimators like the maximum likelihood estimator, it proves that theinverse Fisher information is the smallest variance achievable. In other words, itshows that maximum likelihood estimation is ef�icient. One could literallyreformulate this to “the maximum likelihood approach makes the most ef�icientuse of the data.”
Proof  Here, we prove the validity of the Cramér-Rao bound. Note that forunbiased estimators we have
Differentiating both sides with respect to θ yields

where s(θ; y) = ∂logf(y;θ)

∂θ

. The score function has mean zero,
which implies
Invoking the Cauchy-Schwarz inequality (A. 8), we obtain
Note that

θ = E(

ˆ

θ) = ∫ t(y)f(y; θ)d y.

1 = ∫ t(y)

∂f(y;θ)

∂θ

d y

= ∫ t(y)

∂logf(y;θ)

∂θ

f(y; θ)d y

= ∫ t(y)s(y; θ)f(y; θ)d y

E(s(θ; y)) = ∫ s(θ; y)f(y; θ)d y = 0,

1 = ∫ t(y)s(θ; y)f(y; θ)d y = ∫ (t(y) − θ)(s(θ; y)−0)f(y; θd ya)d y

= Cov(t(Y ); s(θ;Y )).

1 = Cov(t(Y ); s(θ;Y )) ≤

√

Var

θ

(t(Y ))

√

Var

θ

(s(θ;Y )).
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using (4.6). According to De�inition 3. 3, we have Var
θ

(t(Y )) = MSE(t(Y ), θ) forunbiased estimators. So the following statement holds

which concludes the proof. For simplicity of notation, the �inal lines were writtendown only for univariate statistics and parameters, respectively. □
4.4	 Likelihood	 RatioAfter investigating the mathematical properties of the maximum likelihoodestimator ˆθ, let us look at the likelihood function itself, which is sketched in Fig. 4.5.The asymptotic statements derived above relate to the horizontal axis, i.e.,statements concerning ˆθ− θ

0

. However, statements about the likelihood function 
l(θ) refer to the vertical axis. For the latter, we de�ine the log-likelihood ratio.

Var
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(s(θ;Y ))
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2

f(y, θ)d y

= ∫ s

2

(θ; y)f(y; θ)d y

= ∫
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∂θ
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= I(θ),

1 ≤
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√

Var

θ
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≤
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1

I(θ)

≤ MSE(t(Y ), θ),



Fig.	 4.5  Sketch of log-likelihood function. Asymptotic properties of ˆθ refer to “horizontal” statements, whileproperties of l(ˆθ) look at the “vertical” perspective
De�inition	 4.3  Thelog-likelihood	 ratiois	 de�ined	 as (4.20)

withL(θ) =exp (l(θ))as	 likelihood	 function.The role of factor 2 above will become apparent in the subsequent property. Byde�inition, the log-likelihood ratio is always nonnegative since l(ˆθ) de�ines themaximum of the log-likelihood function. Considering the estimate ˆθ as a randomvariable turns the likelihood ratio into a random variable as well, for which we canderive its asymptotic distribution. In other words, besides the asymptoticdistribution on the horizontal axis, we can derive a related statement for thevertical axis.
Property	 (Likelihood-Ratio)  The	 likelihood	 ratio (4.20) for	 a	 Fisher	 regular
distribution	 converges	 for	 sample	 size	 n	 increasing	 to	 a	 Chi-squared	 distributionX 2

p

with	 p	 degrees	 of	 freedom,	 that	 is, (4.21)
where	 p	 is	 the	 dimension	 of	 the	 parameterθ. □We sketch the proof below. We emphasize that this statement will play a centralrole for statistical tests and will be reused in Chap. 5.

Proof  Proof of asymptotic distribution of the log-likelihood ratio. Applying Taylorseries expansion, we get
(4.22)
(4.23)Using rigorous asymptotic arguments, which we simplify here, one can show thatthe second-order derivative above can be approximated through its expectationcalculated at the parameter θ

0

, I(θ
0

). Therefore, Eq. (4.23) can be simpli�ied to(4.24)Using Eq. (4.18), we can approximate ˆθ− θ

0

 with I−1(θ
0

)s(θ

0

) which allows tosimplify (4.24) further to

lr(
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(4.25)Given (4.16), we can utilize (B. 5) to show (4.21). □
4.5	 Parameter	 TransformationOften, the parameter of a model is restricted, for instance, in a Binomial model, theparameter π is restricted such that 0 ≤ π ≤ 1. Maximization in the presence ofrestricted parameters can be numerically dif�icult, and it is therefore often helpfulto transform the parameter into an unrestricted space, estimate this transformedparameter, and, �inally, transform it back to its original scale.
Example	 4.5  For a binomial model, instead of maximizing with respect to 
π ∈ [0, 1], one can maximize with respect to
▹Generally, let θ be the parameter of a model and de�ine the log likelihood as l

θ

(θ),where we include the subscript to demonstrate the parameterization. Let γ = h(θ)be some invertible transformation, so that θ = h

−1

(γ). The log likelihood for γ isthen
Differentiation leads to
Setting γ̂ = h

ˆ

(θ) leads to
so that γ̂ = h(

ˆ

θ) results as maximum likelihood estimator of the transformedparameter. Hence, we obtain the maximum likelihood estimate of the transformedparameter just by transforming the maximum likelihood estimate of the originalparameter. Taking the second-order derivative (assuming for simplicity a scalar-valued parameter) yields
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Taking expectation leads to

since E( ∂lθ(θ)
∂θ

) = 0. In other words, the Fisher information for γ easily resultsfrom the Fisher information for θ. This in turn leads to
We can conclude that parameter transformations can be handled easily inmaximum likelihood estimation and the asymptotic results extend directly to thetransformed parameter.
4.6	 Misspeci�ied	 ModelsIn Chap. 3, we initially approached maximum likelihood estimation with theperspective that the data followed the general data-generating process (3. 1). Themotivation behind maximum likelihood estimation stemmed from seeking thedistribution within the statistical model F = {F(⋅; θ); θ ∈ Θ} that bestapproximates G(⋅). This alignment was measured using the Kullback-Leiblerdivergence as a nonsymmetric measure of distance.In the current chapter, we have so far focused on cases where G(⋅) ∈ F .However, we are now moving to broaden our scope. Let us explicitly assume that 
G(⋅) ∉ F . The distribution in F  which is closest to G(⋅) was implicitly de�inedthrough (4.26)so that the �irst Bartlett identity (4.5) remains valid, even though through differentreasoning as derived in Eq. (3. 3). However, the second Bartlett identity does not
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hold. Instead, we obtain the Fisher matrix through (4.27)while the variance of the score equals (4.28)In general, we have for G(⋅) ∉ F  that V (θ
0

) ≠ I(θ

0

). This makes statisticalinference slightly more complicated and Theorem 4.2 extends as follows.
Theorem	 4.4  Assume	 a	 modelFof	 Fisher	 regular	 distributions	 and	 ani.i.d.
sampleY

1

,… ,Y

n

drawn	 fromY
i

∼ G(⋅).	 The	 maximum	 likelihood	 estimator	 is
asymptotically	 normally	 distributed	 with (4.29)

whereθ
0

is	 the	 parameter	 that	 minimizes	 the	 Kullback-Leibler	 divergence
KL(G(⋅),F(⋅, θ))forθ ∈ Θ.	 The	 Fisher	 informationI(θ

0

)is	 derived	 through (4.27),
and	 the	 varianceV (θ

0

)equals (4.28).The proof of the statement is rather straightforward and given at the end of thissection.It should be noted that since G(⋅) is unknown, neither the Fisher matrix nor thevariance can be calculated analytically. However, empirical estimates are readilyavailable. To obtain these, one just replaces the integral by its arithmetic versionbased on the data. This leads to the estimates
which can then be inserted in (4.29) to obtain a pivotal distribution.The proposed estimates thereby have a long history since inference inmisspeci�ied models is of central importance in real-world data examples. Assketched in Chap. 3, the true data-generating process remains unknown in nearlyall cases. Hence, it is important to obtain inference on the parameter estimators ˆθeven if G(⋅) ∉ F . This was focused in particular in regression models in thepresence of heteroskedasticity, where Eicker (1967) and Huber (1967) proposedso-called robust variance estimates (see also White, 1980). Their estimates are thesame or similar to (4.29).
Proof  It remains to prove Theorem 4.4. Taking (4.26), we expand the scorearound θ

0

 which gives
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(4.30)
where J(θ) is the observed Fisher information de�ined through
The observed Fisher information can asymptotically be replaced by its expectedvalue given in (4.27) so that (4.30) can be written in short as (4.31)Re�lecting that the score is a sum of independent random variables provesnormality following from the central limit theorem, where the mean and thevariance directly follow from (4.26), (4.27), and (4.28). □
4.7	 Numerical	 Calculation	 of	 the	 EstimateIn today’s landscape, optimizing a function numerically is no longer a technicalhurdle due to the abundance of algorithms integrated into various softwarepackages. Consequently, we can keep this section brief. However, the properties wederived for the maximum likelihood estimator synergize nicely with a simplemethod called the Newton-Raphson procedure.To reiterate, let us outline the Newton-Raphson approach using Fig. 4.6. Ourgoal is to locate the root of the score function, illustrated in the top row. Byinitializing the parameter at a starting value θ

(1)

, we can approximate the scorefunction linearly. This linear approximation is depicted in the middle plot of Fig.4.6. Notably, for linear functions, the root can be found analytically, leading to theparameter update θ
(2)

. Continuing iteratively, as demonstrated in the bottom plotof the �igure, yields the update θ
(3)

 and so forth. This iterative process ultimatelyconverges to the maximum likelihood estimate ˆθ.
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Fig.	 4.6  Sketch of Newton-Raphson procedureWe apply the same idea to the calculation of the maximum likelihood estimate.The Newton-Raphson approach can here be simpli�ied by replacing the derivativeof the score function, which is the second-order derivative of the log-likelihood



function, by its expectation, that is, the (negative) Fisher matrix. This is calledFisher scoring.Note that in �irst-order approximation, we have
Rewriting this gives
The simple iteration scheme can now easily be derived from this formula. Startingwith some value θ

(0)

 and setting t = 0, we iterate as follows:1. Calculate θ
(t+1)

:= θ

(t)

+ I

−1

(θ

(t)

)s(θ

(t)

). 2. Repeat step 1 until ∥θ
(t+1)

− θ

(t)

∥ < d.  3. Set ˆθ = ˆ

θ

(t+1)

.  As with any Newton-Raphson procedure, the process may fail if the startingvalue θ
(0)

 is too far away from the target value ˆθ. In this case, it can help to workwith a reduced step size. Hence, one can add some 0 < δ < 1:
The step size can even be chosen adaptively based on the current step t, i.e., δ(t),which traces back to Robbins and Monro (1951).
4.8	 The	 Likelihood	 PrincipleUsing the likelihood has proven to be quite advantageous. This concept can betaken a step further by adhering to the likelihood principle. This principle operatesin two main steps: First, one picks a probability model. Second, one then derivesthe (log-)likelihood function which in fact contains all information about theparameters of the model.
De�inition	 4.4  The	 likelihood	 principle	 states	 that	 for	 inference	 about	 a
parameterθall	 relevant	 information	 is	 contained	 in	 the	 likelihood	 function	 for	 the
data	 at	 handTo illustrate the likelihood principle, let us consider a simple example. Imagine weare measuring air pollution, speci�ically, the concentration of airborne particlesdenoted as Y  . To measure Y  , we are using a device with a prede�ined and knownlevel of precision, represented by c. If the air pollution value Y   falls below this
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precision level, the device is not capable of providing an accurate measurement.Any values below this threshold c are essentially unrecordable due to the technicallimitations of the device. When such measurements occur, they are noted as c inthe data. This notation signi�ies that the actual value Y   is less than or equal to c.These instances are referred to as “censored” observations. We demonstrate theidea with a simple example. In Fig. 4.7, we show some simulated data. Themeasurements y are thereby generated through y
i

=exp (z

i

) with z
i

∼ N(−1, 1).Hence, the measurements follow a log-normal distribution with μ = −1 and 
σ

2

= 1. The horizontal line is the precision threshold, with the true values belowthis threshold shown in gray. Note that these values remain unobservable and theyare shifted to the threshold level, which in this case is c = 0.5.

Fig.	 4.7  Simulated data with a precision threshold. Values below this threshold are set to the threshold. The truesimulated values below the threshold are shown as gray pointsIn our scenario, we take a log-normal distribution for the measurements or,equivalently, a normal distribution for the logarithm of the measurements. Ourinterest lies in the parameters μ and σ2. Taking the recorded data and justcalculating the mean value of the logarithmic measurement would lead to theoptimization problem
In the data example shown in Fig. 4.7, we end up with the mean estimate 
μ̂ = −0.42, which is clearly biased. Hence, the resulting mean estimator is biased

∑

n

i=1

(log (y

i

) − μ)

2

→ min.



upward and hence takes too large values, which is obvious since observations withvalue y
i

= c are censored and just represent the precision level of themeasurement device and not the true air pollution.Instead of taking the mean of the observed data, the likelihood principle wouldlead to a more elaborate extraction of information. For observations with y
i

> c,we obtain from the density of a normal distribution. However, for observations 
y

i

= c, we know that the true air pollution value is below c, leading to thelikelihood contribution P(Y
i

≤ c). Putting this together gives the log likelihood(4.32)(4.33)where Φ(⋅) is the distribution function of a standard normal distribution and thelatter terms express the probabilities (4.34)
(4.35)
(4.36)Applying this to the data shown in Fig. 4.7, we get μ̂ = −1.04 and σ̂2

= 1.04, whichis very close to the simulation values.In summary, the likelihood stands as a foundational cornerstone in statistics,and it will be a recurring concept throughout the rest of this book. Its applicabilityextends directly to more complex models than those discussed here. With theassurance of ef�iciency, we can be certain that we are making optimal use of theavailable data.
4.9	 Exercises
Exercise	 1  Consider two samples from a Bernoulli distribution with parameter
p. The �irst one has 2 successes over 10 trials, and the second one has 20 successesover 100 trials.(a) Write down the likelihood function and compute it for both samples.  (b) Can you �ind the value of p which makes the likelihood function take themaximum value possible for those two samples? What about the general case  
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of a sample of n trials from any Bernoulli distribution with parameter p?(c) Draw the two likelihood functions and compare them. Which one of the twosamples, in your opinion, contains more information? And why?  
Exercise	 2  Consider the geometric probability distribution

This distribution, sometimes also called the inverse Bernoulli distribution,counts the number of independent Bernoulli trials that take place until a success isrealized.(a) Suppose that we draw an independent sample (X
1

….X

n

) from thisdistribution. Write the log-likelihood function of the sample.  (b) Find the maximum likelihood estimator (MLE) p̂ for p, and prove that it isindeed the MLE.  (c) By using the asymptotic properties of the MLE, derive the asymptoticdistribution of the ML estimator p̂.  
Exercise	 3  You are given an i.i.d. sample X = (X

1

,… ,X

n

) of continuousrandom variables X
i

 with the following density: (4.37)Further, E(X
i

) = 0 and Var(X
i

) = 3θ hold.(a) Determine the maximum likelihood estimator for θ. Note: You don’t have toshow that the MLE is indeed a maximum.  (b) The provided distribution ful�ils the criteria for Fisher regularity. Show thatthe expected Fisher information is I
X

(θ) =

1.5 n

θ

2

.  
(c) Determine the approximate distribution of the following statistic:  
(d) A standard approach to the construction of the (1 − α) con�idence intervalfor a parameter is the Wald interval. In case of the MLE, we make use of itsasymptotic variance so that the interval looks like this:  
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1
2

Calculate an approximate (1 − α) con�idence interval (α = 0.05) for θusing the following sample:
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5.	 Data-Driven	 DecisionsGöran Kauermann1  , Giacomo De Nicola2, Cornelius Fritz3 and David Rügamer4Department of Statistics, LMU Munich, Munich, GermanyHarvard T.H. Chan School of Public Health, Harvard University, Boston, MA, USASchool for Computer Science and Statistics, Trinity College Dublin, Dublin, IrelandMunich Uncertainty Quanti�ication AI Lab, LMU Munich, Munich, Germany 
Statistical inference is commonly understood as the process of decision-making based onstatistical tests. It is a central pillar of statistical reasoning and ultimately revolvesaround hypothesis tests and p-values. We will provide a gentle introduction to the topicthat follows the chronological development of the different ideas. We therefore beginwith the concept of a p-value before formally introducing hypothesis tests. Our main goalis not to present a full catalog of different test procedures but rather to motivate the(simple) core ideas of statistical tests. From there, different test strategies naturallyfollow. We also present the key mathematical results that underpin optimal tests.Furthermore, we show that hypothesis tests and con�idence intervals, as discussed inSect. 3. 4 , are closely related and can be viewed as two sides of the same coin.
5.1	 Statistical	 Evidence	 and	 the	 p-ValueWe begin by focusing on data-driven decision-making, starting with the assessment of aspeci�ic hypothesis. One should therefore bear in mind that we can rarely prove that ahypothesis holds; we can, however, collect evidence against it. When such evidencebecomes suf�iciently strong, it calls the hypothesis into question and may lead us toreject it. To illustrate this idea, consider the hypothesis that the Earth is �lat. One mightadhere to this belief until enough evidence is accumulated to contradict it, such assatellite imagery or measurements of the Earth’s curvature. In the context of statisticalinference and uncertainty quanti�ication, our goal is therefore to construct a measurethat captures the strength of evidence against a given hypothesis.We motivate the idea with a historical example. Pierre-Simon Laplace (1749–1827)was one of the most in�luential mathematicians of his time. He not only proved thecentral limit theorem but also made numerous lasting contributions to mathematics,many of which remain foundational today. He can also be regarded as an early pioneer ofstatistical thinking, having addressed precisely the question central to our discussion:How much evidence is required to reject a hypothesis? Laplace turned his attention to
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the gender ratio of newborns, a phenomenon already noted in his time due to theconsistently higher number of male births. This raised the question of whether theobserved imbalance was merely the result of chance or instead re�lected a natural lawgoverning human reproduction, implying a systematically higher probability of malebirths. At the time, such natural laws were often associated with religious interpretationsand viewed as manifestations of divine providence, a connection Laplace explicitlyrejected. Remarkably, Laplace collected data from various regions across Europe andfound strikingly consistent patterns. Even so, he refrained from asserting the existence ofa universal law until a suf�iciently large body of data—by the standards of the time—hadbeen assembled. Methods for formally quantifying evidence against a hypothesis werenot yet available, and numerical calculations were laborious. These limitations ledLaplace to develop a series of approximations to address the problem.To make this idea concrete, let us consider the question using contemporary data.Suppose we entertain the hypothesis that boys and girls are born in equal proportions.In 2021, however, 408,490 boys were born in Germany, compared to 387,027 girls. Howmuch evidence do these data provide against the hypothesis? Figure 5.1 illustrates thisquestion: the left panel shows the number of newborns by gender, while the right paneldisplays the proportion of male births over recent years. As Laplace did in his time, wemay ask whether the observed imbalance provides suf�icient evidence to reject thehypothesis of equal gender proportions. At the same time, we can formulate a relatedquestion: Is the gender ratio constant over time? The right-hand panel shows some year-to-year variation, with a noticeable peak in 2020. Is this peak merely the result ofrandom �luctuation, or does it indicate genuine temporal variation? Notably, 2020coincides with the onset of the COVID-19 pandemic. This raises the question of whetherthe pandemic may have in�luenced the gender ratio of newborns.

Fig.	 5.1  Left-hand side: number of male (solid line) and female (dashed line) newborns. Right-hand side: proportion ofmales in the last yearsTo address these questions more formally, we begin by de�ining the hypothesis ofinterest.
De�inition	 5.1  We	 denote	 the	 hypothesis	 asH

0

and	 call	 it	 thenull	 hypothesis.



In statistical signi�icance testing, which we develop in the following sections, hypothesescan often be formulated as statements about model parameters. As an example, werevisit the gender distribution of newborns and model it using a Bernoulli distribution.Let Y
i

 denote the coded gender of the i-th newborn, where Y
i

= 1 represents a malechild and Y
i

= 0 a female child (for simplicity, we ignore nonbinary categories here). Thenumber of newborn male babies in a year then results through Y =∑

n

i=1

Y

i

, where nequals the number of newborns in the considered year. Assuming independence—atleast approximately—it follows that
This allows us to formulate the hypothesis as
Next, we need to construct evidence against the hypothesis. It is not dif�icult to see that 
π̂ = Y / n is the maximum likelihood estimate, and the further away π̂ is from 1/2, themore evidence there is against the hypothesis. While this intuition is straightforward, thereal challenge lies in quantifying this evidence. This can be done with the so-called p−value, a concept which traces back to the abovementioned analyses of Laplace but whichwas formally introduced by Pearson (1900) and heavily promoted by Fisher (see, forexample, Fisher, 1955).
De�inition	 5.2  The	 p-value	 expresses	 the	 probability	 of	 observing	 data	 that	 contradict
the	 hypothesis	 even	 more	 than	 the	 observed	 data,	 assuming	 the	 hypothesis	 to	 hold.This de�inition needs some motivation. If the hypothesis holds and males and femalesare born in equal proportions, then we could calculate the probability of observing evenmore male babies than the number observed in a particular year. To be concrete, in 2021,we observed y

obs

= 408.490 male babies out of n = 795.478 newborns. We denote theobserved data with the subscript obs. If we de�ine our H
0

 to be an equal gender shareand we assume that to be true, we obtain the p-value through
where conditioning on the hypothesis means that we assume
This formulation focuses speci�ically on deviations in the direction of excess male births.An exact calculation would be computationally demanding, but the central limit theoremprovides a powerful simpli�ication. Indeed, once Laplace derived the central limittheorem, he could have calculated the p-value for the gender example at that time. Notethat under H

0

 the variance of Y   is given by n ⋅ π(1 − π), which in our example reducesto n ⋅ 0.5 ⋅ 0.5. A straightforward calculation therefore yields

Y :=∑

n

i=1

Y

i

∼ B(n,π).

H

0

: π =

1

2

p-value := P(Y > y

obs

∣ H

0

),

Y ∼ B(795.478,π = 0.5).



where Φ(⋅) is the distribution function of the standard normal distribution. The p-valueis effectively zero. Hence, the probability of observing data that contradict the hypothesiseven more strongly than the observed data is negligibly small. Consequently, thenumbers that we observed carry strong evidence against the hypothesis. We cantherefore reject the hypothesis and, in this case, conclude that males are more frequentamong newborns than females.Fisher argued that the smaller the p-value, the stronger the evidence against the nullhypothesis H
0

, and he proposed the following thresholds:
Let us continue with the birth examples but now question whether there is evidencethat the gender proportion changes over time. To do so, we look at the right-hand side ofFig. 5.1. Let Y

t

 be observed male newborns in year t and Y
t

= Y

t

/ n

t

 the correspondingobserved proportion. The hypothesis is now that (5.1)where π is explicitly unspeci�ied—assumed to be unequal to 1/2—but constant overtime. There are multiple ways of checking this hypothesis, but to keep it simple, we lookat pairwise comparisons of the years. For 2 years t and t′, we look at the quantity (5.2)The larger the absolute difference, that is, the larger the absolute value of D
t,t′

, the moreevidence there is against the hypothesis that the gender proportion is time constant. Wecan again rely on asymptotic normality, and we assume the events in different years to beindependent. A p-value for the 2 years t and t′ can then be calculated as follows. Let 
d

t,t′,obs

 be the observed values, for instance, comparing years 2020 and 2021, we have 
y

21

= 0.5134825 and y
20

= 0.5139873 so that d
21,20,obs

= −0.0005048. Note that if H
0holds, then D

t,t′

 should have zero mean since π is the same in both years. This can beutilized and the p-value results through

p-value ≤ 0.1 ⇔ weak evidence against H

0

p-value ≤ 0.05 ⇔ increased evidence against H

0

p-value ≤ 0.01 ⇔ strong evidence against H

0

¯

H

0

: Y

t

∼ B(n

t

,π) for t = 2017,… , 2021,

D

t,t′

:= Y

t

− Y

t′

.

¯̄

¯̄



The variance can be estimated through the binomial distribution in the form
where the sum follows due to assumed independence between different years. In Fig.5.2, we show the resulting standardized values of d

t,t′,obs

 with an over-imposed standardnormal distribution for the ten pairwise comparisons of the years 2017 to 2021. Theresulting p-values are shown on the right-hand side. We see that the variation visible inFig. 5.1 can be explained by pure random �luctuation, and there is no evidence that theproportion of male newborns varies over the years. Putting it differently, the data give noevidence that 2020 was special, and the peak visible in Fig. 5.1 for that year is fullyexplainable through randomness.

Fig.	 5.2  Left-hand side: standard normal distribution and standardized values of d
t,t′,obs

. Right-hand side: resulting p-valuesThe p-value is calculated from data, and hence, considering the data to come fromsome data-generating process, one can consider the p-value itself as a random variable.This is an interesting perspective that we want to elaborate further. To do so, we look atan arti�icial setup, which allows us to demonstrate the relevant mathematical features.We consider a simple parametric test and assume that Y
i

∼ N(μ,σ

2

), i.i.d., where forsimplicity σ2 is known. Our hypothesis is expressed on the parameter μ
To quantify the evidence against the hypothesis, we make use of Y =∑

n

i=1

Y

i

/ n,where apparently large values speak against the hypothesis. Let y
obs

 be the observedarithmetic mean. The p-value then results through

ˆ

V ar(D
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Y

t
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t

)

n

t

+
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p-value = P(Y > y
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¯
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This number can be calculated explicitly. Note �irst that the above probability getsmaximal for μ = μ

0

. This allows us to calculate

Note that z
obs

 is based on the data, which can itself be treated as random. In this case, 
Z

obs

∼ N(0, 1) with z
obs

 as its concrete realization. Treating now Z
obs

 as random makesthe p-value random as well, and we may formulate the distribution

Hence, we �ind that under the hypothesis, the p-value has a uniform distribution. This isan important property and a requirement for the p-value to be unbiased. We summarizethis statement as follows.
Property  If	 the	 hypothesisH

0

holds,	 then	 the	 p-value	 follows	 a	 uniform	 distribution,	 that
is,

But what happens if the hypothesis does not hold? We can carry out analogouscalculations. Let μ be the true mean value and assume now that μ > μ

0

. In other words,the null hypothesis is false. In this case, Z
obs

≁ N(0, 1). But we can still calculate thedistribution of the p-value. Note that

P(p-value ≤ p) = P((1 − Φ(Z

obs

)) ≤ p)

= P(Φ(Z

obs

) > 1 − p)

= 1 − P(Φ(Z

obs

) ≤ 1 − p)

= 1 − P(Φ

−1

(Φ(Z

obs

)) ≤ Φ

−1

(1 − p))

= 1 − P(Z

obs

≤ Φ

−1

(1 − p))

= 1 − Φ(Φ

−1

(1 − p))

= 1 − (1 − p) = p.

p− value ∼ Uniform[0, 1].



The distribution of the p-value then results through the following, where the �irst stepsare like above,

where c = (μ− μ

0

) /

√

σ

2

/ n and z
1−p

 is the 1 − p quantile of the N(0, 1) distribution.We show the distribution of the p-value in Fig. 5.3 for different values of c. The larger c,the larger the probability that the p-value takes small values. This makes sense, since crepresents the distance in the mean values and hence mirrors how far the true model isaway from the hypothetical model. Indeed, this is what we intend to see: small p-valuesare more likely to occur when the null hypothesis is false.

Fig.	 5.3  Distribution of p-value for different setting of cLooking at the above derivations and properties of the p-value, we see that itsinterpretation needs suf�icient understanding of the concept, and it is not surprising thatnumerous misconceptions of the approach exist. Goodman (2008) lists 12 commonmisunderstandings, for example, “if the p-value is less than 0.05, there is only a 5%chance that the hypothesis is true.” This statement is incorrect, since the p-value doesnot assign a probability to the validity of the hypothesis. A similarly common error is “ifthe p-value exceeds 0.05, the hypothesis is con�irmed”. This is also incorrect. Ahypothesis can never be proven true; it can only fail to be rejected if there is insuf�icient

P(p-value ≤ p) = P((1 − Φ(Z

obs

)) ≤ p)

= P(Φ(Z

obs

) > 1 − p)

= 1 − P(Φ(Z

obs

) ≤ 1 − p)

= 1 − P(Φ

−1

(Φ(Z

obs

)) ≤ Φ

−1

(1 − p))

= 1 − P(Z

obs

≤ Φ

−1

(1 − p))

= 1 − Φ(z

1−p

− c),



evidence against it. Hence, it is important to keep the correct de�inition of the p-value inmind in order to interpret it properly. In general, the p-value is a concept to quantifyevidence against the hypothesis—nothing more but also nothing less.
Example	 5.1  We conclude our discussion on the p-value by looking at an earlyinstance where the concept of a p-value was put into practice. Let’s turn the clock back to1865 when Gregor Mendel (1822–1884) released experimental �indings aimed atproving the principle of inheritance, now recognized as Mendelian inheritance (Mendel,1865). Mendel, an Augustinian friar and amateur biologist, stands out as one of thepioneering �igures in genetics and the study of inheritance theory.His research revolved around peas, a choice that allowed him to uncover the rule ofdominance through the crossbreeding of peas with distinct colors and shapes. To bespeci�ic, he mated purebred yellow and round peas with purebred green and wrinkledpeas. Both the yellow color and round shape held dominance, manifesting in the traits ofthe �irst-generation offspring. This initial generation comprised hybrids, which Mendelcrossed once more. Based on his assumption of random gene inheritance, he predictedthat the second generation would exhibit color and shape in predetermined proportionson average. He then conducted experiments and compared the observed numbers to thenumbers that would result if his assumed inheritance laws applied. The originalnumbers of the experiment that he reported are given in Table 5.1
Table	 5.1  Mendel’s dataMendel argued that the observed numbers were close to the proportions predictedby his hypothesis, which he interpreted as support for his theory of inheritance. While ahypothesis cannot be proven true, we can quantify the evidence against it using a p-value. Later in the chapter, we derive this formally using the Chi-squared test. For themoment, we proceed via the log-likelihood function and compute the correspondinglikelihood ratio. We index the four possible outcomes by 1, 2, 3, and 4, and let 
Y

i

∈ {1, 2, 3, 4} denote the outcome of the i-th pea, with n = 556 observations in total.We assume that Y
i

 are i.i.d. with a multinomial distribution and cell probabilities 
π

0

= (9 / 16, 3 / 16, 3 / 16, 1 / 16) under the null hypothesis. We can take the log-likelihood function
with π

k

 as the k-th element of vector π and 1{Y
i

= k} as the indicator vector takingvalue 1 if Y
i

= k and 0 otherwise. It is not dif�icult to show that the maximum likelihoodestimate for π
k

 is
so that the log-likelihood ratio is calculated through 2{l(π̂) − l(π

0

)}. The larger thisvalue, the more evidence exists against the hypothesis. We have derived the asymptotic

l(π) =∑

n

i=1

∑

4

k=1

1{Y

i

= k} log (π

k

)

π̂

k

=

∑

n

i=1

1{Y

i

=k}

n

,



distribution of the likelihood ratio in Sect. 4. 4 leading to a Chi-squared distribution with
p degrees of freedom, where p is the dimension of the parameter. In this example, p = 3,since the sum of all π

k

 is equal to one; hence, knowing π
1

, π
2

, and π
3

 determines π
4

. Wecalculate the value of the log-likelihood ratio for Mendel’s data, which is 0.238, and withit, we obtain p-value
which is also shown in Fig. 5.4. The p-value is very large, indicating essentially noevidence against the hypothesis. It is worth noting that, at the time Mendel conductedhis experiments, there was little understanding of how much random variation could beexpected around theoretical proportions. Given the unusually close agreement betweentheory and data, it’s possible (and perhaps likely) that the reported experiment mayhave been one among several conducted, with results chosen for their strongconcordance with the theoretical prediction. ▹

Fig.	 5.4  Likelihood ratio of Mendel data with corresponding p-value
5.2	 Statistical	 Hypothesis	 TestsSo far, we have examined the validity of a hypothesis and quanti�ied the evidence againstit using the p-value. We now adopt a different perspective and consider the problemfrom a decision-theoretic standpoint. In this framework, we must decide either in favorof or against the hypothesis, which requires specifying a competing alternative.
De�inition	 5.3  The	 null	 hypothesis	 is	 denoted	 byH

0

and	 the	 alternative	 hypothesis	 byH
1

.
We	 assume	 that	 exactly	 one	 of	 these	 two	 conditions	 holds.A data-driven decision process requires choosing between two possibilities based on theobserved data: either we retain the null hypothesis (H

0

) or we select the alternative

p-value = P(X

2

p

> 0.238) = 0.971,



hypothesis (H
1

). We denote these decisions by “H
0

” and “H
1

”, respectively.As in any decision problem, errors are possible. If the null hypothesis is true but thedecision is “H
1

”, a mistake has occurred. Conversely, if the alternative hypothesis is truebut the decision is “H
0

”, an error has also been made. These outcomes can besummarized in a decision matrix, shown in Table 5.2. The two types of errors are knownas type I and type II errors or equivalently as α- and β-errors.
Table	 5.2  Error matrix in signi�icance testsIt is impossible to make both type I and type II error probabilities equal to zerosimultaneously. For example, if we attempt to eliminate the type I error by alwaysdeciding in favor of “H

0

”, we will inevitably incur a type II error whenever the alternativehypothesis holds. While this would be the correct decision if the hypothesis holds, wewill always run into the type II error if the alternative is valid. Completely avoiding anerror is therefore not the right approach, but limiting the probability that an error occursseems more useful. To do so, we need to understand that the test decision is based ondata, which itself can be considered as a random variable. Consequently, the decisionbased on data needs to be viewed as random as well. Therefore, we may applyprobability theory to quantify the probability that we make one or another error. This isthe idea of statistical hypothesis tests.
De�inition	 5.4  Astatistical	 hypothesis	 testassumes	 two	 statesH

0

andH
1

and	 two
possible	 decisions	 “H

0

”	 and	 “H
1

”.	 The	 decision	 rule	 is	 thereby	 constructed	 such	 that (5.3)
for	 a	 �ixed	 small	 value	 ofα.	 The	 termαiscalled	 signi�icance	 level.This de�inition is suf�icient to specify a statistical test; the remaining elements followconceptually. To make this explicit, we describe in general terms how a statisticalhypothesis test is constructed.1. Construct or select a test statistic t(Y

1

,… ,Y

n

) that discriminates between H
0

 and 
H

1

, for example, large values of t(Y
1

,… ,Y

n

) may provide evidence in favor of H
1

,while small values support H
0

. For de�initeness, we assume in what follows thatlarge values favor H
1

.
 

2. Determine the distribution of t(Y
1

,… ,Y

n

) under H
0

. This step is crucial, as itallows us to derive a decision rule. In the following, we assume that this distributionis known.  
3. De�ine the decision rule: reject the null hypothesis if t(Y

1

,… ,Y

n

) exceeds athreshold value c, that is,  
Choose the critical value c such that

P(“H

1

”|H

0

) ≤ α

“H

1

” if t(Y

1

,… ,Y

n

) > c.



4. Choose the critical value c such that
where α denotes the signi�icance level.  

5. Compute the observed value t
obs

= t(y

1

,… , y

n

) and compare it with c. If t
obs

≤ c,the decision is “H
0

”; otherwise, the decision is “H
1

”.  
The construction of a hypothesis test is similar to the derivation of a p-value fromabove. However, while the p-value gives a measurement for the evidence against thehypothesis, the result of a hypothesis test is binary in the sense that the outcome is “H

0

”or “H
1

”. Still, the two concepts can be linked as follows.
Property  Assuming	 a	 statistical	 hypothesis	 test	 with	 signi�icance	 levelα,	 then	 it	 holds(5.4)The proof of this statement is rather simple, which is why we give it here.
Proof  Assume we have a test statistic t() such that we decide in favor of H

1

 if 
t(y

obs

) > c, where y
obs

 are the observed data and the critical value c is determined suchthat
Because
it is directly clear that if t(y

obs

) > c then the p-value ≤ α and vice versa. □Property (5.4) gives a very simple and practical rule of thumb. Looking at the p-value, wecan easily come up with a test decision. However, the p-values provide more informationthan the test decision itself, since it also determines how much evidence there is againstthe hypothesis. This speaks in favor of using the p-value, but in practice, statisticalsigni�icance tests are dominant. Efron (2010) writes with respect to this issue “Fisher’sfamous α = 0.05 direction for ‘signi�icance’ has been overused, but has served a crucialpurpose nevertheless in bringing order to scienti�ic reporting.”
5.3	 Classical	 Statistical	 Parameter	 TestsMany tests have been developed in statistics for particular purposes, and we cannotprovide a complete list here. There are, however, some tests which are commonly used.These will be discussed in the following. We thereby consider the following setup. Weassume that the data are generated through a Fisher regular distribution (5.5)The decision problem equals

P(“H

1

” ∣ H

0

) = P(t(Y

1

,… ,Y

n

) > c ∣ H

0

) ≤ α,

p-value ≤ α ⇔ “H

1

”.

P(t(Y ) > c ∣ H

0

) ≤ α.

p-value = P(t(Y ) > t(y

obs

) ∣ H

0

),

Y

i

∼ f(y; θ) i.i.d..

H

0

: θ ∈ Θ

0

and H

1

: θ ∈ Θ

1

,



where Θ
0

 and Θ
1

 are a disjoint decomposition of the parameter space Θ, i.e., 
Θ = Θ

0

∪ Θ

1

 and Θ
0

∩ Θ

1

= ∅. We restrict the subsequent presentation to the casewhere Θ
0

= {θ

0

} and Θ
1

= Θ ∖ {θ

0

} or Θ
0

= {θ : θ ≤ θ

0

} and Θ
1

= Θ ∖ Θ

0

,respectively. We call the �irst a two-sided	 test, i.e., H
0

: θ = θ

0

 and H
1

: θ ≠ θ

0

, and thelatter a one-sided	 test, i.e., H
0

: θ ≤ θ

0

 and H
1

: θ > θ

0

.
5.3.1	 Gauß	 Test	 and	 t-TestWe begin with the most frequently used tests, the Gauß test and the t-test. Both tests arebased on the normal distribution and focus on the mean value.We consider normal random variables

,and we want to test a hypothesis on μ. Exemplarily, we consider the one-sidedhypothesis H
0

: μ ≤ μ

0

 versus H
1

: μ > μ

0

. We take Y  as the test statistic and use thedecision rule (5.6)where the critical value c needs to be determined such that (5.3) holds. It is notdif�icult to see that c = μ

0

+ z

1−α

σ / √n. This follows since

Hence, we get
Note that to calculate c we need to know the variance σ2 of the underlyingdistribution, which in most practical applications is unknown. In this case, we can rely onthe t-distribution. If we replace σ with its estimate
we get
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where t
n−1

 denotes the t-distribution with n−1 degrees of freedom. Hence, withcalculations analogous as above, we obtain the decision rule (5.6) with
where t

(n−1),1−α

 is the 1 − α quantile of the corresponding t distribution.In many applications, the goal is to compare the means of two different samples. Insuch scenarios, we consider two i.i.d. samples:
For the two variances σ2

1

 and σ2
2

, we can either assume that they are equal, i.e., 
σ

2

1

= σ

2

2

, which is called variance	 homogeneity, or we allow for different variances inthe two samples, which is called variance	 heterogeneity. We want to test thehypothesis H
0

: μ

1

= μ

2

 against H
1

: μ

1

≠ μ

2

. This is a two-sided hypothesis. For twoindependent i.i.d. samples, we make use of the decision rule
where the critical value c needs to be determined.Assume �irst that σ2

1

 and σ2
2

 are both known. Since Y
1

− Y

2

 follows a normaldistribution with mean μ
1

− μ

2

 and variance σ2
1

/ n

1

+ σ

2

2

/ n

2

, the critical value c canbe easily obtained with similar calculations as above, which leads to
Due to the two-sided test used here, the normal quantile changes to 1 − α / 2compared to 1 − α used above for the one-sided test.Note that in the presence of variance homogeneity, that is, assuming σ2

1

= σ

2

2

, theformula above simpli�ies to
with σ2 := σ

2

1

= σ

2

2

.If the variances are unknown, we need to estimate them. In this case, we limitourselves to the case of variance homogeneity, and we estimate the variance σ2 throughthe so-called pooled variance estimate
with
where y

1

 and y
2

 are the arithmetic means of the �irst and second sample,respectively. The t distribution allows us to calculate the threshold c leading to thedecision rule
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where t
(n

1

+n

2

−2),1−

α

2

 is the 1 − α / 2 quantile of the t distribution with n
1

+ n

2

−2degrees of freedom.
5.3.2	 Likelihood-Based	 TestsIn Chap. 4, we derived asymptotic properties of the maximum likelihood estimator,which we now turn into three testing principles. We illustrate the idea in Fig. 5.5, wherethe likelihood function attains its maximum at l(ˆθ). We consider the hypothesis 
H

0

: θ = θ

0

 against the alternative H
1

: θ ≠ θ

0

. There are three natural quantities thatcan be examined to assess the validity of the hypothesis: First, we may consider thedifference between θ
0

 and ˆθ. If this difference is large, it provides evidence against thehypothesis. This leads to the Wald	 test. Second, we may examine the vertical differencebetween the likelihood at its maximum, l(ˆθ), and the likelihood evaluated under H
0

,namely, l(θ
0

). Again, if this difference is large, it indicates evidence against thehypothesis. This gives rise to the likelihood-ratio	 test. Finally, we may evaluate theslope of the likelihood function at θ
0

, that is, the score function s(θ
0

) = ∂l(θ

0

) / ∂θ. Ifthis quantity is large in absolute value, it suggests evidence against the hypothesis. Thisde�ines the score	 test. We now discuss these three tests in turn.

Fig.	 5.5  Sketch of Wald, score, and likelihood-ratio testNote that (under certain regularity conditions) the maximum likelihood estimator isasymptotically normally distributed, i.e.,
Hence, if n is large, any hypothesis about θ can be treated as a hypothesis about themean of a normal distribution. With the hypotheses H

0

: θ = θ

0

 and H
1

: θ ≠ θ

0

, weobtain, as derived above for the Gauss test, the following decision rule:
ˆ

θ

a

∼ N(θ, I

−1

(θ)).



where c is given by c = z

1−α/2

√

I

−1

(θ

0

). Tests of this form are known as Wald	 testsand were proposed in Wald (1943). The Wald test is by far the most frequently usedtesting principle in statistics. It requires that we estimate the parameter as well as itsvariance.Often, the variance is computed using the Fisher information evaluated not at thehypothetical value θ
0

 but at the estimated value ˆθ. In this case, the critical value is givenby c = z

1−α/2

√

I

−1

(

ˆ

θ). Since under H
0

 the estimator ˆθ converges to θ
0

, it is reasonableto use I(ˆθ) instead of I(θ
0

). Moreover, standard software packages report I(ˆθ), whichmakes this implementation convenient.In Sect. 4. 4, we derived the asymptotic distribution of the likelihood ratio. This resultcan now be used to construct a test. The likelihood ratio lr(ˆθ; θ) = 2{l(

ˆ

θ) − l(θ

0

)} isasymptotically Chi-squared distributed with p degrees of freedom, where p denotes thedimension of the parameter. Hence, large values of the likelihood ratio lr(ˆθ; θ) evaluatedat θ
0

 provide evidence against the hypothesis H
0

: θ = θ

0

. This yields the decision ruleof the likelihood-ratio	 test
The critical value c is obtained from the 1 − α quantile of the Chi-squareddistribution with p degrees of freedom. It will be shown in the next part of the chapterthat the likelihood-ratio test is the most powerful test. In other words, it achievesoptimal performance in terms of discriminating between the hypotheses. More detailsare given in Sect. 5.4.Finally, from (4. 16), we can formulate a test based on the score. Since the score hasmean value zero at the true parameter, we consider the hypothesis H

0

: E(s(θ

0

)) = 0.This leads to the decision rule
where c = z

1−α/2

√

I(θ

0

). We explicitly include the observations in the score toemphasize that the test decision is based on the data. The score	 test is similar to theWald test, but there is an important difference. For the Wald test, the maximumlikelihood estimate ˆθ must �irst be computed in order to assess H
0

. This is not requiredfor the score test. Here, it suf�ices to evaluate the score function at the hypotheticalparameter value θ
0

. The score test is therefore particularly useful when computing themaximum likelihood estimate is cumbersome or numerically demanding.
5.3.3	 Chi-Squared	 TestsWe now focus on a discrete random variable V ∈ {1,… ,K} with probabilities 
P(V = k) = π

k

, where ∑K

k=1

π

k

= 1. Assuming an i.i.d. sample V
1

,… ,V

n

, the jointdistribution is multinomial. Let

“H

1

” ⇔ |

ˆ

θ− θ

0

| > c,

“H

1

” ⇔ 2{l(

ˆ

θ) − l(θ

0

)} > c.

“H

1

” ⇔ |s(θ

0

; y

1

,… , y

n

)| > c



where 1{.} denotes the indicator function. We de�ine Y = (Y

1

,… ,Y

K

) as the vectorof counts in the K categories. Then Y   follows the multinomial distribution
A typical hypothesis speci�ies particular values of the probabilities, as in the Mendelexample above (see Example 5.1). Let π

0

 denote the hypothetical vector and consider thehypothesis H
0

: π = π

0

, where π = (π

1

,… ,π

K

) and π
0

= (π

01

,… ,π

0K

). This leads tothe so-called Chi-squared statistic (5.7)where e
k

= nπ

0k

 are the expected counts under H
0

. It can be shown that X 2 (undersuitable regularity conditions) is asymptotically Chi-squared distributed with K−1degrees of freedom. We sketch the proof at the end of this section. Tests based on thestatistic X 2 are known as Chi-squared tests.The statistic X 2 in (5.7) has an intuitive interpretation. We compare the expectedcounts e
k

, which would arise under H
0

, with the observed counts y
k

. The squareddifference ensures nonnegativity, and dividing by the expected count standardizes thecontribution of each cell. A small discrepancy matters more in cells with few expectedobservations than in cells with many expected observations. Thus, dividing by e
k

 can beinterpreted as a form of standardization.A central application of Chi-squared tests is the hypothesis of independence. Let 
Z

i

= (Z

i1

,Z

i2

) be a bivariate discrete random variable with Z
i1

∈ {1,… ,K

1

} and 
Z

i2

∈ {1,… ,K

2

}. We assume that
and test the hypothesis of independence, namely,
To do so, we apply the Chi-squared test to the observed contingency table:

TableHere, n
kl

 denotes the number of observations with Z
i1

= k and Z
i2

= l, that is,
We de�ine n

.l

=∑

k

n

kl

 as the column totals, n
k.

 as the row totals, and n
..

= n as thesample size.Under independence, the joint probabilities factor as π
kl

= π

k.

π

.l

. The maximumlikelihood estimates are
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so that the expected counts are
This leads to the Chi-squared statistic
The distribution of X 2 can again be approximated by a Chi-squared distribution, butdetermining the correct number of degrees of freedom requires some care. When thetest was introduced by Pearson (1904) and further developed by Fisher (1922), therewas considerable debate about this issue; see Baird (1983). According to Fisher’s result,the degrees of freedom are given by
df = Number of cells - number of constraints - number of estimated parameters.For the independence test, there are K

1

×K

2

 cells. There is one constraint, since allprobabilities must sum to one. We estimate K
1

−1 parameters 
ˆ

π

k.

 and K
2

−1 parameters
ˆ

π

.l

, giving a total of K
1

+K

2

−2 estimated parameters. Hence,
is the resulting number of degrees of freedom.

Proof  We sketch the proof that X 2 de�ined in (5.7) follows a Chi-squared distributionwith K−1 degrees of freedom. The hypothesis involves only the �irst K−1 parameters,since π
K

= 1 − π

1

−…− π

K−1

. We collect these parameters in the vector θ. A test canthen be constructed using the likelihood-based results above. In particular, we considerthe statistic
where
The log-likelihood ratio can be approximated using a Taylor expansion of thelogarithm:

Since π̂
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 and both π
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 and π̂
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 sum to one, the �irst term vanishes. Using 
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Replacing y
k

 by its expectation under H
0

 yields the Chi-squared statistic (5.7). Thus, 
X

2 is asymptotically equivalent to the likelihood ratio when π
0

 are the true probabilities,and therefore X 2 is asymptotically Chi-squared distributed with K−1 degrees offreedom. □
5.3.4	 Distribution-Free	 TestsA large class of tests are known as distribution-free tests, sometimes also referred to asnonparametric tests. The terminology is not entirely consistent and can be confusing,since nonparametric methods in statistics also include approaches to functionalestimation. We therefore use the term distribution-free tests to emphasize that nospeci�ic parametric model is assumed for the data. Instead, we rely on a general data-generating process (2. 3). The focus is now on hypotheses concerning the distribution 
G(⋅), for example, whether the median takes a particular value.We present the idea in a general two-sample setting, assuming

We test whether the two distributions coincide, that is,
This hypothesis is quite general. To simplify, we restrict attention to the question ofwhether the two distributions share the same median, assuming suitable regularityconditions.To construct a test statistic, we form the pooled sample z = (y

1

,… y

n

,x

1

,…x

m

)and order it such that
where each z

j

 originates from either the Y   or the X sample. Let rg(x
j

) denote therank of X
j

 in the pooled and ordered sample z, that is, rg(x
j

) = k if and only if z
k

= x

j

,assuming there are no ties (i.e., all observations are distinct). Figure 5.6 illustrates theidea. The test statistic is then de�ined as
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Fig.	 5.6  Sketch of Wilcoxon test statisticsLarge or small values of T provide evidence against the hypothesis that the median of
G

Y

(⋅) coincides with that of G
X

(⋅). Under H
0

, the distribution of T is known as theWilcoxon distribution, and the resulting procedure is called the Wilcoxon	 test,introduced in Wilcoxon (1945). The decision rule is
Here, w

α

 denotes the α-quantile of the Wilcoxon distribution. The test isimplemented in standard statistical software and can therefore be readily applied inpractice.
5.3.5	 Kolmogorov-Smirnov	 TestThe Kolmogorov-Smirnov test provides another example of a distribution-free test. Itallows for a direct assessment of whether two distributions coincide. In this context, weintroduce the test for situations in which the goal is to determine whether the data arisefrom a speci�ied model. Within the general framework (2. 3), we consider the hypothesis

For the moment, we assume that θ is known.The test is based on the difference between the empirical distribution function andthe hypothesized distribution. With F
n

(y) =

1

n

∑

n

i=1

1{Y

i

≤ y} denoting the empiricalcumulative distribution function, we examine whether the distance between F(y; θ) and 
F

n

(y) is small, taking the sample size n into account. To this end, we construct a teststatistic based on the difference between F(y; θ) and F
n

(y). Speci�ically, we consider thesupremum of the absolute difference (5.8)This quantity is known as the Kolmogorov-Smirnov distance. Figure 5.7 illustratesthe construction of D
n

 with an example. The empirical distribution function of a sampleis shown as F
n

(⋅), and the standard normal distribution serves as the hypothetical

“H

1

” ⇔ (T < w

α/2

) or (T > w

1−α/2

).

H

0

: G(⋅) = F(⋅; θ).

D

n

:=sup

y

|F

n

(y) − F(y; θ)|.



distribution F(⋅; θ). This is displayed in the top plot. The bottom plot shows thedifference F
n

(y) − F(y) for all values of y, which attains its maximum (in absolutevalue) at the locations indicated by the vertical line. This determines the value of D
n

.

Fig.	 5.7  Empirical distribution function and hypothetical distribution (top plot). The difference between these twodistributions (bottom plot) with the maximum absolute deviation indicated by a vertical lineThe next step is to determine the distribution of D
n

 under H
0

, that is, when F(y; θ)represents the true distribution. It can be shown that the distribution of D
n

 does notdepend on the speci�ic form of F(⋅; θ) but has a universal form. Consequently, D
n

 followsa pivotal distribution.
Property  The	 distribution	 ofD

n

given	 in (5.8) (asymptotically)	 follows	 a	 Kolmogorov-
Smirnov	 distribution.	 In	 particular,	 it	 is	 pivotal,	 meaning	 that	 it	 does	 not	 depend	 onF(⋅; θ).□The proof is given at the end of this section. The corresponding test decision is

where KS
1−α

 denotes the (1 − α)-quantile of the Kolmogorov-Smirnov distribution.The test described above assumes that the parameter θ is known, which is rarely thecase in practice. In most applications, θ must be estimated, and deriving the exactdistribution of the statistic with an estimated parameter,
“H

1

” ⇔ D

n

≥ KS

1−α

,



is considerably more involved. Exact results are available only for speci�icdistributions, such as the normal or exponential distribution. For an unspeci�ieddistribution, the Kolmogorov-Smirnov distribution holds only asymptotically for D
n

. Forfurther details, see Berger and Zhou (2014).
Proof  We now show that the distribution of D

n

 is pivotal. Let F −1

(y; θ) denote theinverse distribution function; more precisely, for x ∈ [0, 1],
Setting y = F

−1

(x; θ) yields F(F −1

(x; θ); θ) = x, and therefore (5.9)where
If F(y; θ) is the true distribution, then F(Y

i

; θ) follows a uniform distribution on 
[0, 1]. Indeed,

De�ining U
i

= F(Y

i

; θ), which is uniformly distributed on [0, 1], allows us to rewrite(5.9) as
This probability does not depend on the underlying distribution, and thus thedistribution of D

n

 is pivotal. □
5.4	 Power	 of	 a	 TestIn Fig. 5.3, we already illustrated how the p-value behaves when the hypothesis is false.We now elaborate on this further. So far, we have mainly examined the performance of atest under the hypothesis, that is, assuming that H

0

 holds. This perspective led to the p-value in De�inition 5.2 and to the hypothesis tests introduced in De�inition 5.4. Focusingonly on behavior under H
0

 is restrictive, which can be illustrated by the followingpathological test. Consider any hypothesis to be tested using data. Instead of looking atthe data at all, we base the test decision on a single uniformly distributed randomvariable U ∼ Uniform[0, 1]. We then reject the hypothesis if U ≤ α, that is, 
“H

1

” ⇔ U ≤ α. Apparently, we have P(“H
1

” ∣ H

0

) = P(“H

1

”) = P(U ≤ α) = α.Consequently, this decision rule de�ines a valid statistical hypothesis test according to(5.3). Needless to say, such a test is useless. Hence, condition (5.3) is not suf�icient toguarantee that a test is informative. In general, we also need to study the type II error. Inparticular, a test is useful if it fails to reject H
0

 under H
1

 only with small probability. To
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make this precise, we introduce a few technical de�initions. First, we de�ine the power ofa test.
De�inition	 5.5  The	 power	 of	 a	 statistical	 hypothesis	 test	 is	 de�ined	 asP(“H

1

”|H

1

).The power of a test is the probability of correctly rejecting the null hypothesis when thealternative is true. This is best understood through a simple example. Assume i.i.d.normally distributed data Y
i

∼ N(μ,σ

2

) with σ2 known, and consider the hypothesis 
H

0

: μ ≤ μ

0

. Using the results derived above, we obtain the decision rule:
The power of the test can then be computed for any μ > μ

0

 as

We can plot P(“H
1

” ∣ μ) as a function of μ. This is shown in Fig. 5.8 for μ
0

= 0. Weconsider values −1 ≤ μ ≤ 1 and two sample sizes, namely, n = 30 and n = 60. The topplot shows the full function. Note that for values μ ≤ μ

0

 the power is less than or equalto α, which follows from (5.3). The maximum over μ ≤ μ

0

 is attained at μ = μ

0

. Hence,the left-hand side of the plot is not informative for comparing performance underalternatives: for all μ ≤ μ

0

, we have P(“H
1

” ∣ μ) ≤ P(“H

1

” ∣ μ

0

) ≤ α. We visualizethis in the middle plot in Fig. 5.8 by suppressing the function values for μ ≤ μ

0

.
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Fig.	 5.8  Power of a test on H
0

: μ ≤ μ

0

 with μ
0

= 0. The top plot shows P(“H
1

” ∣ μ) for all values of μ. The middleplot shows P(“H
1

” ∣ H

1

) for μ > μ

0

, with the α level indicated for μ ≤ μ

0

. The bottom plot highlights the relevantpower P(“H
1

” ∣ μ = μ

0

+ δ), illustrating the effect of the sample sizeFor μ > μ

0

, the smallest achievable power is α (equivalently, the largest possibletype II error is 1 − α). This occurs when μ is only in�initesimally larger than μ
0

.However, if we consider an alternative bounded away from μ
0

, say, μ = μ

0

+ δ with 
δ > 0, then P(“H

1

” ∣ μ

0

+ δ) increases with increasing sample size. Equivalently, the



type II error probability P(“H
0

” ∣ H

1

) decreases. The bottom plot in Fig. 5.8 highlightsthis idea by focusing on a �ixed effect size, for example, δ = 0.25. The parameter δrepresents the relevant difference one wants to detect. Once δ is �ixed, one can determinethe sample size needed to control the type II error. This is particularly important inexperimental design, and the corresponding calculations are outlined below for thenormal example.In Fig. 5.9, we focus on the relevant quantities from Fig. 5.8 and show 
P(“H

1

” ∣ μ = μ

0

+ δ) for different sample sizes, namely, n = 60, n = 90, and n = 120.If we require the type II error to be at most β = 0.2, then the power must be at least 
1 − β at μ = μ

0

+ δ. For β = 0.2, this is illustrated in Fig. 5.9 by the blue shaded area inthe top-right corner. In this way, we can control both the type I error and the type IIerror, and we see that the required sample size lies between n = 90 and n = 120. In fact,we can compute the required sample size exactly by solving the following implicitequation with respect to n: (5.10)

Fig.	 5.9  Power of a test on H
0

: μ ≤ μ

0

 with μ
0

= 0. Different sample sizes yield different power (5.11)(5.12)In the concrete example, we obtain n
0

= 99 for β = 0.2.
5.5	 Neyman-Pearson	 LemmaThe next question we address is whether an optimal test exists. Referring to Fig. 5.8, weseek a test that satis�ies (5.3) while maximizing power, that is, maximizing 
P(“H

1

” ∣ μ = μ

0

+ δ) among all tests of the same level. This is formalized by thefollowing lemma.
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Property	 (Neyman-Pearson-Lemma)  LetH
0

: θ = θ

0

be	 tested	 againstH
1

: θ = θ

1

with	 a	 statistical	 hypothesis	 test	 using	 levelα.	 The	 most	 powerful	 test	 has	 the	 decision	 rule

where	 c	 is	 determined	 such	 thatP(“H
1

”|H

0

) ≤ α.	 This	 test	 is	 called	 theNeyman-
Pearson	 test. □The lemma was published by Neyman and Pearson (1933), and the result highlights oncemore the central role of the likelihood. Utilizing the distribution of the likelihood ratio asin (4. 21), we can quantify the threshold value c using a Chi-squared distribution. Theresult also motivates the likelihood-ratio test introduced in Sect. 5.3.2, as it is the mostpowerful test in the Neyman-Pearson sense. The proof of the lemma is straightforwardand is given below.
Proof  Let y be the data, which gives l(θ) =log f(y; θ) as the log-likelihood. The abovedecision rule can then be rewritten as

We de�ine with φ(y) the outcome of the Neyman-Pearson test with
Hence, if φ(y) = 1, we decide “H

1

”, and if φ(y) = 0, we conclude with decision “H
0

”.Now, we take an arbitrary statistical signi�icance test for which we similarly write thetest outcome as a function ψ(y) ∈ {0, 1}, where ψ(y) = 1 means we decide for “H
1

” and
ψ(y) = 0 for “H

0

”. Let us now assume that θ = θ

1

, i.e., H
1

 holds. We need to prove that
that is, if H

1

 holds, then the Neyman-Pearson test decides for H
1

 with a higherprobability than any other arbitrarily chosen test with the same signi�icance level. Notethat P(ψ(Y ) = 1; θ) = E

θ

(ψ(Y )) and the same holds for the Neyman-Pearson test 
φ(Y ), such that

We have to prove that this integral is greater than or equal to zero. The above integralcan be labelled over three regions as

For region R
1

, we have φ(y) ≡ 1 and f(y; θ
1
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) / k, such that
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For region R
2

, we have φ(y) ≡ 0 and −f(y; θ
1

) > −f(y; θ

0

) / k, such that

And �inally for y ∈ R

3

, we have f(y; θ
1

) = f(y; θ

0

) / k, such that
Collecting the right-hand sides of the three regions, we can conclude (5.13)As both tests have a signi�icance level of α, one obtains
such that the right-hand side in (5.13) is equal to zero and the proof is completed. □

5.6	 Testing	 and	 Con�idence	 IntervalsWe have now introduced two key concepts for statistical inference, namely, con�idenceintervals and statistical hypothesis tests. This raises the question of how the two ideasare related. In fact, we can show that they are not only related but that one can beconstructed from the other. In other words, given a con�idence interval, one can directlyconstruct a corresponding test, and vice versa.Let us motivate this relationship and reconsider the de�inition of a con�idenceinterval given in (3. 12) in De�inition 3. 9. The con�idence interval was de�ined as 
[t

l

(y), t

r

(y)] such that
where Y = (Y

1

,… ,Y

n

). Given this interval, we can de�ine a statistical hypothesistest for H
0

: θ = θ

0

 via the decision rule
Thus, parameter values outside the con�idence interval are rejected, while valuesinside the interval are not rejected. This construction yields a statistical hypothesis testwith signi�icance level α. To see this, de�ine the test decision function
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Then,

The above construction takes a con�idence interval and builds a hypothesis test fromit. We can also proceed in the other direction: starting from a hypothesis test, we canconstruct a con�idence interval based on the test. Assume we have a test de�ined by
The corresponding con�idence interval can then be de�ined as
Since P(“H

1

” ∣ H

0

) = P(φ

θ

(Y ) = 1 ∣ θ) ≤ α, we obtain
We thus see that con�idence intervals and statistical hypothesis tests are two sides ofthe same coin.

5.7	 Multiple	 TestingSo far, we have focused on univariate (or at least low-dimensional) parameters and asingle hypothesis. But what happens if we have a multivariate parameter θ = (θ

1

,… θ

p

)and multiple hypotheses of the form
with j ∈J ⊂ {1,… , p} and θ

0

= (θ

01

,… , θ

0p

)? Assume that |J| = m, that is, weaim to test m components of θ at the same time. Instead of conducting one joint test onall m components simultaneously, we test each of the m hypotheses separately. Let 
p

1

,… , p

m

 be the p-values for these m tests, leading to the m decision rules
For each individual test, we have a statistical hypothesis test in the sense that (5.14)But what can be said about the probability of at least one false rejection when alltests are considered together?Let us view the problem from a different angle. For a single test, we have an errormatrix as in Table 5.3. Combining all m tests leads to the aggregated error matrix shownin Table 5.3.
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Table	 5.3  Error matrix for multiple testingNote that the entries in the table are unknown since we do not know whichhypotheses are true and which are false. This motivates the use of capital letters. Thesame holds for the margins. The only number we know in advance is m, the total numberof tests, and once the tests are conducted, we also know r, the number of rejectedhypotheses. Apparently, if r = m or r = 0, that is, if all hypotheses are rejected or noneare rejected, then we learn more about the entries in the table. In general, however, theinterior of the table remains unknown.Multiple testing focuses on the column “H
1j

” and asks what can be said about S and
V  . To formalize this, we de�ine the family-wise error rate.
De�inition	 5.6  Thefamily-wise	 error	 rate(FWER)	 is	 de�ined	 as (5.15)

with	 V 	 as	 de�ined	 in	 Table5.3.We can interpret the FWER as the probability of falsely rejecting at least one of the mhypotheses when all hypotheses are true. It is important to relate the FWER to theindividual decision rules (5.14). In fact, we will show that α
FWER

≥ α, and even worse,if the tests are not perfectly dependent, we will have α
FWER

→ 1 as m increases. To seethis, note that (5.16)where “∨” denotes logical “or” and “∧” denotes logical “and.” If we assume independenceof the tests, the last line (5.16) simpli�ies to (5.17)using the fact that the p-value is uniformly distributed under the null. It is now easy tosee that as m increases, the FWER α
FWER

 converges to 1. In particular, we obtain 
α

FWER

> α, that is, if m independent tests are carried out at signi�icance level α, thenthe overall probability of at least one false rejection, α
FWER

, is larger than the per-testlevel α in (5.14).We may therefore require that the FWER α
FWER

 should not exceed a givensigni�icance level and ask how to adjust the individual signi�icance levels so that theoverall error remains controlled. It can be shown that α
FWER

 is largest when the testsare independent. Hence, in general, (5.18)It can further be shown that for small α we have (1 − α)

m

> (1 −mα). Therefore, if weset the signi�icance level for each individual test to α
adjust

= α /m, then the resultingFWER is less than or equal to α. This adjustment is called the Bonferroni adjustment andgoes back to Bonferroni (1936).
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.



Property	 (Bonferroni	 Adjustment)  The	 FWERα
FWER

is	 limited	 toαif	 we	 set	 the
signi�icance	 level	 of	 each	 individual	 test	 in (5.14) toα /m,	 where	 m	 is	 the	 number	 of	 tests.
The	 adjusted	 signi�icance	 level	 is	 de�ined	 byα

adjust

= α /m. □Though the Bonferroni adjustment is simple, it is not always recommended. In particular,if m is large, other procedures may be preferable. We refer to Efron (2010) for furtherdetails. An alternative is to consider the ratio V / r in the table above, known as the false
discovery	 rate. The idea is that instead of forcing V   to be positive only with smallprobability α, it may be more informative to allow occasional false rejections as long asthe proportion V / r remains small. Approaches along these lines were proposed byBenjamini and Hochberg (1995); see also Storey (2011).
5.8	 Universal	 InferenceThe tests and con�idence intervals discussed above rely on asymptotic (or exact)distributions. These are not always available, for instance, one may not be able to derivean asymptotic distribution in a given setting. For such situations, Wasserman et al.(2020) proposed a general framework, labeled universal inference. The procedure isdesigned for large samples and is based on splitting the data into two parts, which, forease of notation, we take to be of equal size. Let 2n denote the total sample size so thatthe data are Y

1

,… ,Y

n

,Y

n+1

,… ,Y

n+n

. We de�ine the �irst half as D
(0)

 and the secondhalf as D
(1)

. Let
denote the corresponding likelihood-based quantity computed from data D

(0)

.Accordingly, we de�ine
for the second part. The latter is maximized, leading to ˆθ

(1)

 as the maximum likelihoodestimator. With this notation, we can de�ine the universal con�idence interval.
De�inition	 5.7  The	 universal	 con�idence	 interval	 is	 de�ined	 as (5.19)

It	 can	 be	 shown	 that	 this	 con�idence	 interval	 has	 a	 coverage	 of	 at	 least1 − α,	 that	 is,(5.20)Bear in mind that the quantity L
(0)

(⋅) is computed from observations 1 to n, while theestimate ˆθ
(1)

 is derived from observations n+ 1 to 2n. Hence, ˆθ
(1)

 is independent of 
Y

1

,… ,Y

n

. This independence is a key property used in the proof. We sketch the proof atthe end of this section.
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Using the link between con�idence intervals and testing, we can extend the idea touniversal testing. We will not provide details here, but we emphasize that the approachextends naturally to more complex con�idence sets and more complex testing problems.Assume, for instance, that one has �itted a model ˆf
(1)

(y) (parametric or nonparametric)using the data D
(1)

. If we want to test whether an alternative model ˜f(y) is alsocompatible with the data, we can check whether ˜f(y) lies in the universal con�idence set.To be speci�ic, let F  be a set of densities. The universal con�idence interval is then (5.21)Putting it differently, a test of the hypothesis H
0

: f(⋅) =

˜

f(⋅) can be carried out bychecking
Let us illustrate universal inference with a simple example. Let Y

i

∼ N(μ, 1), and weaim to construct a con�idence interval for μ. As before, we split the data 
Y

1

,… ,Y

n

,Y

n+1

,… ,Y

2n

 and use Y
n+1

,… ,Y

2n

 to obtain the mean estimate
The likelihood-ratio statistic in (5.19) results to
The universal con�idence interval is then de�ined as
Simple calculation gives

with y
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. The universal con�idence interval takes the form
Let us compare this with the exact con�idence interval, which in this case can becalculated analytically. Note that
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Hence, the con�idence interval for y
(1)

 results to
With the exact distribution, we can calculate the coverage of the universal interval. Let 
Z

0

 and Z
1

 be independent N(0, 1) variables. Then, the coverage probability of theuniversal interval equals
We compare the coverage probabilities of the exact interval with its universalcounterpart in Fig. 5.10. We see that the coverage is substantially larger than thenominal coverage. Hence, the universal approach is not recommended when an exactdistribution is available. The general framework, however, allows universal inferenceeven in settings without known limiting distributions or in more complex testingconstellations, such as the general con�idence set over distributions in (5.21). The priceto pay is increased coverage.

Fig.	 5.10  Coverage probability of the universal con�idence interval (solid line) compared to the nominal coverage(dashed line)We can also visualize this loss of information differently. Without data splitting, wecan consider T
n

(μ) as a likelihood ratio by replacing μ̂
(1)

 by μ̂
(0)

= y

(0)

. In this case, thethreshold for a con�idence interval would follow from the asymptotics of the log-likelihood ratio, and we would obtain
In Fig. 5.11, we compare the two thresholds: one based on the asymptotic Chi-squared approach and one based on the universal approach. Speci�ically, we plot the logthreshold. The asymptotic threshold (dotted line) is clearly smaller than the universalthreshold. The shapes of the two curves are, however, comparable.
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Fig.	 5.11  Comparison of threshold based on the correct Chi-squared approximation (dashed line) and the universalthreshold (solid line)
Proof  To prove the validity of (5.20), we �irst de�ine with
the split likelihood-ratio statistics. We can then write
where the inequality results from the Markov inequality (see Sect. A. 7). Calculating theexpectation is easy since

which concludes the proof. □
5.9	 Sensitivity,	 Speci�icity,	 AccuracyBefore concluding this chapter, we relate the results to terminology commonly used inclassi�ication. This does not introduce new material but presents the same conceptsusing different wording. To do so, we return to Table 5.3. In classi�ication terminology, adecision “H

1

” is called “positive,” while a decision “H
0

” is called “negative,” for instance,consider a medical test: deciding “H
1

” corresponds to a positive test result (diseasedetected), while deciding “H
0

” corresponds to a negative test result. With this binarylanguage, we obtain:
S = true positives (TP)
U = true negatives (TN)
V  = false positive (FP)
T = false negative (FN)With these labels, one de�ines several measures that characterize test performance:

T

n

(θ) =

L

(0)

(

ˆ

θ

(1)

)

L

(0)

(θ)

P

θ

(θ ∉ CI

universal

)

= P

θ

(T

n

(θ) >

1

α

) ≤ αE

θ

(T

n

(θ)),

E

θ

(T

n

(θ))

= E(

L

(0)

(

ˆ

θ

(1)

)

L

(0)

(θ)

)

= ∫

∏

n

i=1

f(y

i

;

ˆ

θ

(1)

)

∏

n

i=1

f(y

i

;θ)

∏

n

i=1

f(y

i

; θ)d y

i

= ∫ ∏

n

i=1

f(y

i

;

ˆ

θ

(1)

)d y

i

= 1,

https://doi.org/10.1007/978-3-032-33658-3_0#Sec9


First, sensitivity denotes the proportion of correctly identi�ied positives or, phraseddifferently, the proportion of correct positive decisions. Common synonyms are recalland true	 positive	 rate	 (TPR). Hence,
where P = FN + TP  denotes the number of positives (denoted as M

1

 in Table 5.3).Roughly speaking, sensitivity corresponds to the power of a test, that is, P(“H
1

” ∣ H

1

).The speci�icity of a test is the proportion of correctly classi�ied negatives. Here, too,common synonyms are selectivity and true	 negative	 rate	 (TNR), so that
where N = TN + FP  denotes the number of negatives, which is M

0

 in Table 5.3. Notethat speci�icity can roughly be understood as P(“H
0

” ∣ H

0

).The prevalence is the proportion of positives, that is,
We already mentioned the false	 discovery	 rate	 (FDR), which we repeat here forcompleteness. It is de�ined as

which in turn de�ines precision, also called the positive	 predictive	 value	 (PPV), via
This is the proportion of correctly identi�ied positives among all positive decisions.In classi�ication, one often combines these measures into a single summary measure.The �irst is called accuracy and is de�ined as
This gives the proportion of correct decisions among all tests.A second commonly used measure is the F-score. The idea is to combine sensitivitywith precision. Speci�ically, the F-score is de�ined as

The interpretation of these quantities was developed throughout the chapter. Thepresent section is meant as a guide for relating different terms across �ields, both inde�inition and in terminology.
5.10	 Exercises
Exercise	 1  The best seller of Edumm cheese dairy is their 1000-g ball cheese. Theactual weight of the cheese varies during production and can be regarded as normallydistributed with known variance σ2 = 49[g

2

]. The cheesemaker suspects that, in reality,the average cheese weight is even greater than 1000 g, which would have a negativeeffect on production ef�iciency. The dairy wants to perform (based on a sample of size n)a statistical test at level α = 0.05 on the true mean weight of their ball cheese.
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.



(a) Formulate the hypotheses for this question. Which test would you use and why?  (b) Which test decision do you arrive at for a measured mean cheese weight of 1003 g?Perform the test for n = 10 and n = 30. Interpret the results. Also, calculate the p-values and rejection region of the tests.  
(c) The diagram below shows the density of the expected value of the cheese weightunder the null hypothesis at a sample size of n = 30. Fill in the values on the x-axis,and calculate and mark the rejection region of the null hypothesis. Also, mark theregion of the density where the p-value is “located.”

 

(d) Calculate a 90% con�idence interval for μ at n = 30, and also mark it in thediagram from (c).  
Exercise	 2  We consider an i.i.d. sample X

1

,… ,X

n

 from a normal distribution 
X

i

∼ N(μ,σ

2

) and want to construct a statistical test for the hypotheses H
0

: μ = μ

0versus H
1

: μ ≠ μ

0

 at α = 0.1.From a sample of n = 200, we got 
ˆ

μ

ML

=

1

n

∑

n

i=1

x

i

= 1.08. We know that 
σ = 0.5. Our hypothesis is H

0

: μ = 1 versus H
1

: μ ≠ 1. We will now look at threedifferent tests to come to a test decision.(a) State the likelihood and log-likelihood function for μ in a normal distribution. Whatis the idea of the likelihood-ratio test? Derive the likelihood ratio for μ = μ

0

 and ageneral decision rule for the test problem given in this exercise, where we want totest H
0

: μ = μ

0

 versus H
1

: μ ≠ μ

0

 with known variance. Then, calculate the teststatistic for the concrete values provided in this exercise, and come to a testdecision.
 

(b) Derive the score function s(μ;x
1

,… ,x

n

). We now want to use the score test totest the same problem. How does the score test work in general, and what is thedecision rule in this case? Calculate the test statistic and come to a decision.  



(c) State the idea of the Wald test, the general test statistic, and the decision rule forthis exercise, and calculate the test statistic for this case (Hint: Calculating theFisher information using the score function you already derived in (b) should resultin I(μ) = n

σ

2

). What is the test decision?What is an advantage of the score test from (b) over the Wald test?
 

(d) With the general decision rules you have constructed in (a)–(c), prove that theWald, score, and likelihood-ratio test are in fact equal (will always come to thesame test decision at the same level α) in case of a normally distributed randomvariable. (Hint: The (1 − α) quantile of the Chi-squared distribution with k = 1 isgiven by X 2

k,1−α

= z

2

1−

α

2

.)
 

Exercise	 3  We take a look at the fev data set. FEV (forced expiratory volume) is anindex of pulmonary function that measures the volume of air expelled after 1 second ofconstant effort. The data contains FEV on 654 children aged 6–22 who were part of theChildhood Respiratory Disease Study in 1980 in Boston (Tager et al., 1979).(a) In regression modeling, the normality assumption is often violated. Assume that wewant to model FEV with a simple model that assumes the outcome to be normallydistributed. Use the shapiro.test function in R to check for normality of thevariable FEV and interpret the resulting p-value.
 

(b) In many disciplines, the test for normality is a common practice, while in otherspeople have advocated against it. What might be reasons against testing fornormality? What might be the effects on later inference, i.e., other tests performedbased on the normality test result, keeping in mind the multiple testing problem?
 

(c) Generalize the general X 2 test to test if two variables in a contingency table areindependent, i.e., derive the X 2 test on independence on your own. Hint: Derivethe distribution of the number in each cell under the independence assumption,and then test if the data as a whole follows this distribution.
 

(d) Use the X 2 test in R with α = 0.05 to test if the smoker status has an impact on
FEV.  

Exercise	 4  Consider the WDI data set, which contains the CO
2

 emission up to 2011for several large countries along with other information. We want to test whether themean values of the CO
2

 emissions for each continent present signi�icant distancesamong each other.(a) Why is it necessary to adjust the p-values in the case of multiple testing? What



would otherwise happen if we increased the number of tests?  (b) Use the duality of con�idence intervals and tests to discuss the effect of the multipletesting problem on con�idence intervals. Use the Bonferroni method to de�ineadjusted con�idence intervals.  
(c) Test pairwise if the CO

2

 emissions per continent are different. Then, do the same,but adjust using the “Bonferroni,” “Holm’s,” and “false discovery rate” methods.
Hint: Have a look at the documentation of pairwise.t.test for the differentadjustment methods.
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The previous chapters introduced the general concepts of statistical inference,focusing on the case where we observe data y

1

,… , y

n

, but in a simpli�ied settingwithout any additional input variables. Now, we will shift our focus and assume thatwe observe an outcome variable Y   (which may be multivariate) that depends oninput variables x, which may be one- or higher-dimensional. In this context, Y   iscommonly referred to as the “outcome,” “target,” or “dependent variable,” since itsdistribution depends on x, which are called the “inputs,” “features,” “independentvariables,” or “covariates.” We observe pairs of values (y
i

,x

i

) and aim to model thedistribution of Y   given X. This type of analysis is generally referred to as regressionin statistics. In this chapter, we introduce the main ideas, acknowledging that themodel class has been extensively explored and that it goes far beyond what isdiscussed here. We limit ourselves to what we deem to be essential and refer toFahrmeir et al. (2013) for a more in-depth overview of the �ield.
6.1	 Simple	 Linear	 ModelThe term regression originates from the pioneering work of Sir Francis Galton.While investigating questions about heredity, Galton collected data on the heightsof parents and their adult children and noticed a strong relationship between thetwo. In particular, an approximate linear trend was found, with a slope of 2/3,meaning that children of very tall parents would tend to be taller than the averageperson while also being shorter than their parents on average. Galton describedthis tendency toward the population average as regression toward the mean and

https://doi.org/10.1007/978-3-032-33658-3_6


termed the linear trend line “regression line.” Nowadays, the term regressionanalysis is widely used to describe statistical methods for estimating relationshipsbetween a dependent variable and one or more independent variables. Thesimplest type of regression model is a linear model, which we introduce now.The simple linear model aims at quantifying how the mean of the responsevariable Y   depends on a single (independent) variable x. As implied by the name,the relationship is assumed to be linear and takes the following form: (6.1)where β
0

 is the intercept and β
1

 is the slope of the regression line. The term ϵ iscalled the error term or residual and consists of a random component with mean 0.The expected value of Y   is assumed to be a linear function of x, that is,
In other words, we assume (a) a linear relationship between x and Y   and (b) thatthe relationship is only disturbed by the mean-zero residual ϵ. These are the twofundamental assumptions of a linear regression model.An additional common assumption is that the residuals are independent andnormally distributed variables (6.2)Here, σ2 is sometimes called the residual variance or error variance, respectively.Then, we can show that conditional on x, (6.3)with
The property of constant variance σ2 is termed homoscedasticity, contrasting
heteroscedasticity, where the variance depends on x as well. We do not discuss thelatter here.Having de�ined the theoretical aspects of the regression model, the naturalquestion arises: How should we estimate its unknown parameters? In line with themethods introduced in Chaps. 3 and 4, we can solve this problem by maximizing thelikelihood function. Under normality and independence of the error terms ϵ

i

, thelog-likelihood function is given by (6.4)Differentiation with respect to the three parameters yields the following maximumlikelihood estimates: (6.5)and
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The estimates ˆβ
0

 and ˆβ
1

 are also known as “least squares estimates,” as they canalso be obtained through the method of least	 squares. The method, predatingmaximum likelihood and tracing back to Gauss (1777–1855), consists of �inding theparameters that minimize the sum of the squared deviations between predictedand observed values, ∑n

i=1

(y

i

− β

0

− β

1

x

i

)

2. The equivalence between the two isapparent from Eq. (6.4), which contains this exact quantity. Graphically, minimizingthe least squares criterion can be comprehended as drawing the regression line asclose to the observed points as possible, as done, for example, in Fig. 6.1.

Fig.	 6.1  Scatterplot of weight and height data, with regression lineCalculation of the estimates can also be carried out in matrix notation. To do so,let
(6.6)

It is important to note that while X is capitalized, it is still assumed to bedeterministic. We can then write the regression model (6.1) in the form (6.7)where β = (β
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⊤. The matrix X is often referred to asthe design matrix, and by default, it contains a column of 1s to include the intercept(which would otherwise be implicitly assumed to be 0). The matrix equivalent of(6.3) is then
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(6.8)where I
n

 is a diagonal matrix of dimension n. The log likelihood is then (6.9)Differentiation with respect to β and setting the derivative to 0 = (0, 0)

⊤ yield themaximum likelihood estimate (6.10)which is identical to the estimates in (6.5) but has a more convenient form. One caneasily show that ˆβ is unbiased by combining (6.10) with (6.8):
Moreover, as Var(ϵ) = σ

2

I

n

, it follows that
It is also easy to show that σ2(X⊤

X)

−1 is equal to the inverse Fisher informationmatrix, implying that the estimator variance is minimal. Furthermore, ˆβ is the bestlinear unbiased estimator (BLUE) for β, which is also known as the Gauss-Markovproperty. For more details, we refer to Ravishanker et al. (2021).
Example	 6.1  In a class of 30 statistics students, we have information on theirheight and weight and are interested in learning about the relationship between thetwo quantities. We consider weight as the response (or dependent) variable andheight as the single covariate (or independent variable) to estimate a simple linearregression model of the following form:
We obtain an estimated slope of β

height

= 0.89, indicating that taller students tendto weigh more. Within our sample, an increase of 1 cm in height is thereforeassociated with an increase of 0.89 kg in body mass on average. A graphicalrepresentation of the data and the corresponding regression line are given in Fig.6.1. ▹
6.2	 Multiple	 Linear	 RegressionUntil now, we considered the case in which a response variable Y   is assumed to(linearly) depend on a single covariate x. In the real world, however, things areoften much more complex: Variation in Y   is often explained by a multitude ofdifferent factors, which can also induce nonlinear dependencies that interact witheach other. As a natural next step, we extend single-variable regression covered inSect. 6.1 to multiple covariates, giving rise to the multiple	 linear	 regression	 model,(6.11)
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where x
i

= (x

i1

,x

i2

,… ,x

ip

) is a vector of p different covariates assumed toin�luence the response variable Y  . The variables β
1

,β

2

,… ,β

p

 are regressioncoef�icients weighting each covariate and ϵ
i

 is the random error term or residual,respectively. As in (6.2), all individual errors ϵ
i

 are assumed to follow a normaldistribution with mean 0 and variance σ2. This implies that the conditionalexpectation of Y
i

 is given by the structural	 component of the model
We can rewrite the model again in matrix form. De�ining the design matrix X by

allows to write the regression model as (6.7), with y and ϵ as de�ined in (6.6) and 
β = (β

0

,β

1

,… ,β

p

)

⊤. Accordingly, the maximum likelihood estimate is given by(6.10).
Example	 6.2  Considering again the 30 statistics students from Example 6.1, wenow have additional information on their gender and age in addition to their heightand weight. We are interested in learning how height, gender, and age relate to thestudents’ weight. In the multiple linear regression model, weight will be theresponse variable, and height, age, and gender are covariates,
where the variable “gender” takes value 1 if the student identi�ies as male and 0otherwise. Estimates of β

0

, β
1

, β
2

, and β
3

 were obtained via maximum likelihoodand are shown in the following table:
TableIn the table, the p-values are obtained by performing a Wald test (see Sect. 5. 3. 2for the null hypothesis that the corresponding coef�icient equals 0). A high p-valuethus means that there is not enough evidence to reject the null hypothesis, implyingthat we can’t statistically rule out that the true coef�icient is zero.Plugging the estimated coef�icients into the model equation yields

Each single coef�icients can be interpreted similarly as in the simple regressionmodel, with the additional caveat that the interpretation is valid in a setting whereall other coef�icients are �ixed. This setup is often called ceteris	 paribus, Latin for “allelse equal.” The coef�icient β
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 thus describes the “pure” association of the k-th
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covariate with the response, “washing out” the effect of the other variables. In ourspeci�ic case, interpretation can be carried out as follows:
ˆ

β

0

: The intercept can usually be interpreted as the expected value of the responsewhen all covariates (i.e., height, age, and gender) take a value of 0. In this case, itdoes not have a meaningful interpretation, as a height of 0 cm does not makesense from a substantive standpoint.
ˆ

β

1

: An increase of 1 cm in height is associated, ceteris	 paribus, with an averageincrease of 0.42 kg in weight.
ˆ

β

2

: Keeping height and gender �ixed, an age increase of one year is associatedwith an average reduction of 0.07 kg in weight. Note that the variance of thiscoef�icient is much higher than the absolute value of the coef�icient itself, evidentin a high p-value. This means that the data at hand does not provide us enoughevidence to say that age has any effect on the weight for people comparable tothose within our sample.
ˆ

β

3

: The average weight for a male student is about 13.69 kg higher than that of afemale student with the same height and age. ▹One may have noticed in Example 6.2 that the variable gender was not continuousor even numeric but rather a binary categorical indicator, taking only values 1 and0. This is not a problem, as the linear regression model does not make anyassumption about the nature of the covariates. In fact, the independent variablescan be transformed in many ways, therefore increasing the range of alternativedependence structures at our disposal far beyond simple linear associations.Possibilities include:Indicator variables (with any number of categories) to model the associationbetween nonnumeric variables and Y  .Variable transformations, such as log (x) or 1
x

, to model nonlinear relationships.Using polynomials to model more complex relationships, e.g., including variables
x, x2, and x3, to model a potential cubic relationship between variable z and theresponse Y  .Using products of variables, e.g., including variables x

1

, x
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, and their product 
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= x

1

x

2

, together in the model equation. In this case, x
3

 is named interactionterm, as it quanti�ies how x
1

 and x
2

 interact with each other relative to theireffect on Y  .The fact that nonlinearity can be captured may seem con�licting with thechapter’s name: after all, the model class is called “multiple linear regression.” Thisconfusion can easily be solved by noting that the model class is always linear with



respect to the parameters but not necessarily in the covariates, i.e., the covariatescan be transformed nonlinearly.
6.3	 Logistic	 Regression	 (Classi�ication)A linear regression model is suitable for response variables that approximatelyfollow a normal distribution. For many applications, however, we are interested ininvestigating non-normally distributed target variables. Some variables are noteven continuous but rather categorical, i.e., taking a �inite number of nonnumericvalues. In the following, we focus on the case of a binary response variable, i.e., avariable which only takes two possible values. Examples of such variables includethe test result for a disease (positive/negative), voting for a certain political party inan election (yes/no), or passing an exam (pass/fail). In machine learning, suchproblems are usually labelled as binary	 classi�ication, while the statisticalterminology refers this as binary regression.In general, we characterize the two possible outcomes of a binary variable Y  ,which we label as either a success, i.e., Y = 1, or failure, i.e., Y = 0. First, we showthat modeling a binary response Y   by a linear model as presented in the previousSect. 6.2, i.e., assuming (6.12)with ϵ
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), isn’t feasible. Note that for binary 0 / 1 variables we have 
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= 1). Therefore, the linear model breaks down in this case:Any probability can only take values between 0 and 1, while the predicted valueson the right side of (6.12) are unbounded.The errors ϵ
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 would not be normally distributed.We can solve these issues by modeling the conditional expectation 
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where h() is a function mapping the real axis from −∞ to ∞ uniquely to valuesin the interval [0, 1]. By modeling the expectation, we do not need to make anyassumption on the errors, and by using the function h to transform the output, weensure that the predicted probabilities will only take valid values. We term theargument of the h function linear	 predictor and usually indicated with the letter η
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:(6.13)For mathematical reasons, the function h() needs to be invertible, which isguaranteed when choosing it to be monotonically increasing, such that a highervalue of the linear predictor η
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makes cumulative distribution functions of continuous random variables a primechoice, as they are naturally bound to the interval [0, 1] and are alwaysmonotonically increasing. A standard pick in this situation is the logisticdistribution function, (6.14)which is visualized in Fig. 6.2. The nonlinear S-shape shows any value of η
iimplies a conditional probability between 0 and 1 but also visualizes how smallchanges in the linear predictor have varying effects on the conditional probability 

π

i

 depending on from where we look at the change, i.e., the change gets larger thecloser η
i

 is to 0.

Fig.	 6.2  Logistic distribution function, showing the probability P(Y
i

= 1), π
i

, as a function of the linear predictor
η

i Using the logistic function results in the logistic	 regression	 model or, moreshortly, the logit model: (6.15)Note that an increase of the linear predictor η to η+ 1 leads to an increase ofthe predicted probability P(Y = 1) from h(η) to h(η+ 1), which in the logisticcase translates to a change from
Solving (6.15) for η

i

 leads to an alternative representation of the model (6.16)
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This formulation is analogous to that of a linear model, but the quantity that is alinear function of η
i

 is now log ( π

i

1−π

i

), also termed log	 odds. This means that wecan interpret the coef�icients in a similar manner but with respect to the log odds asopposed to the conditional expectation: “an increase of 1 unit in the covariate x
jleads to an increase of β

j

 in the log odds”.A third useful formulation of the logit model is obtained by taking the exptransformation on both sides of Eq. 6.16: (6.17)Through this formulation, one can observe that an increase of 1 unit in covariate
x

j

 will lead to a multiplicative increase (or decrease if the coef�icient is negative) bya factor of exp (β

j

) in the odds π

i

1−π

i

.Let us now explore the practical usage of logistic regression and its differentinterpretations through an example.
Example	 6.3  A medical doctor gathers data on 47 patients to study theassociation between age, gender, and the presence of heart disease. In this case, theresponse variable Y   is “disease,” taking values

We can estimate a logistic regression model of the following form:
The linear predictor η

i

 is given by
where the variable age is measured in years and the variable “gender” takes thevalue 1 if the patient identi�ies as male and 0 otherwise. Parameter estimates for β

0

,
β

1

, and β
2

, obtained with maximum likelihood, are given in Table 6.1, together withtheir related standard errors and p-values.
Table	 6.1  Coef�icients, standard errors, and p-values for the regression model in Example 6.3Plugging the estimated coef�icients into the model equation yields

The single coef�icients can be interpreted similarly as in the linear regressionmodel, keeping in mind that the linear interpretation holds for the log odds for theresponse variable. In our speci�ic case, interpretation can be carried out as follows:
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ˆ

β

0

: The intercept gives the expected log odds of heart disease for a patient withall covariates set to 0, i.e., for a female patient with age 0. As the value 0 is out ofthe domain for our variable age, the intercept has no meaningful interpretation.
ˆ

β

1

: For a given gender, an age increase of 1 year is associated with an averageincrease of 0.06 in the log odds of heart disease. Equivalently, we can say that anincrease of 1 year in age leads to an increase in the odds of heart disease (
P(disease

i

=1)

P(disease

i

=0)

) by a (multiplicative) factor of exp (0.06) = 1.06.
ˆ

β

2

: The log odds of heart disease for male patients are on average 1.45 unitshigher than those of a female patient of the same age. Alternatively, it’s alsopossible to say that the odds of heart disease for a male patient are higher thanthose of a female patient of the same age by a (multiplicative) factor of 
exp (1.45) = 4.26.The predicted probability of heart disease by age and gender is depicted in Fig.6.3. From the plot, it is apparent that the risk of heart disease increases for olderpeople and that males have a higher risk than females. ▹

Fig.	 6.3  Predicted probability of heart disease by age and gender, estimated via the logistic regression model
6.4	 Generalized	 Linear	 ModelsIn the previous section, we showed how the linear modeling framework can beextended to handle binary response variables by focusing on modeling theconditional expectation of the response variable, i.e., E(Y ∣ x), and transformingthe output of the linear model in a suitable manner. We will now show that this



generalization is possible not only in the binary case but also for a wide variety ofdifferent response variable types, such as Poisson, exponential, Gamma, and manymore distributions. Such extensions to the linear model make up the class ofgeneralized linear models (GLMs), introduced by Nelder and Wedderburn (1972).More precisely, GLMs possess the following properties:1. The (conditional) distribution of the response variable Y   belongs to the broadclass of exponential family distributions. This class contains most of thecommonly used distributions (see Sect. B. 2 for more details).  
2. The expected value of the response value, E(Y
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), is connected to the linearpredictor η
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 through a response function 
h(). In other words, we have  
The GLM framework is apparently quite general and encompasses manydifferent regression scenarios. A very important role is played by the responsefunction h(η), which should be chosen to be compatible with the type of responsevariable Y   that is modeled. In the previous section, we saw the case of a binaryvariable, in which the response function has the main job of transforming the linearpredictor, which is generally unbounded and real, into a probability, which onlytakes real values between 0 and 1. Another special case is given by a normallydistributed response variable: In that scenario, given that a normally distributedrandom variable can take all values in the real numbers, there is no need totransform the linear predictor η. In other words, the response function h is given bythe identity function, i.e., h(η) = η, reverting to the case of the classical (standard)linear model. As said before, many other GLMs are possible: Let us now see anempirical example with a Poisson-distributed response variable.

Example	 6.4  An e-commerce website is interested in understanding how reviewscores, price, and promotions are related to product sales. More in particular, theresearch team considers total sales over a week for a sample of 200 differentproducts. The following is a snapshot of the data:
TableGiven that we are in a classical count variable setting, it seems reasonable tomodel sales as the response variable in a Poisson GLM, i.e., a regression modelassuming the response variable to follow a Poisson distribution. The latter

E(Y
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assumption is consistent with what is visible from a barplot of sales, which is givenin Fig. 6.4.

Fig.	 6.4  Barplot of “sales,” the response variable in our regression model. The shape of the data is consistent withthe choice of a Poisson distributionOnce we decided to use a Poisson distributional assumption, all that’s left is tochoose the response function h, which will map the linear predictor η (i.e., a linearcombination of the covariate scores, price, and promotion) to the expectation of Y (i.e., sales). Given that sales can only take positive values, a reasonable choice isgiven by the exponential function, which maps real numbers into positive ones. Allthings considered, our model will thus be
with
where the variable “review score” is measured in stars and the variable “price”in Euros and the variable “promotion” takes the value 1 if the price shows adiscount on the website and 0 otherwise. Parameter estimates for β

0

, β
1

, β
2

, and β
3, obtained with maximum likelihood, are given in Table 6.2, together with theirrelated standard errors and p-values.

Table	 6.2  Coef�icients, standard errors, and p-values for the regression model in Example 6.4Plugging the estimated coef�icients into the model equation yields
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The single coef�icients can be interpreted similarly as in the binary regressionmodel above, keeping in mind that the linear interpretation holds for the logarithmof the response variable. In our speci�ic case, interpretation can be carried out asfollows:
ˆ

β

0

: The intercept gives the log expected weekly sales for a product with allcovariates set to 0. Once again, as the value 0 is out of the domain for some of ourcovariates, the intercept has no meaningful interpretation here.
ˆ

β

1

: For a given price and promotion, an increase of one star in review isassociated with an increase of 0.473 in the logarithm of weekly sales, ceteris
paribus. Equivalently, we can say that an increase of one star in review isassociated with a multiplicative increase in sales by a factor of e0.473 = 1.605(ceteris	 paribus), that is, a whopping 60% increase in sales.
ˆ

β

2

: The coef�icient for price is very small, and its p-value is close to 1. From theavailable data and controlling for review scores and whether or not there is apromotion, there is no evidence of a relationship between item price and sales.
ˆ

β

3

: For given review score and price, the presence of a promotion is associatedwith an increase of 0.166 in the logarithm of weekly sales. Alternatively, we canalso say that if a product is on sale we can expect an increase in sales of a factorof exp (0.177) = 1.194, i.e., an increase of 19% in weekly sales, ceterisparibus.
▹As is visible from these simple examples, generalized linear models are powerfultools to measure associations between variables under fairly general conditions.The wide range of distributional families available, together with the choice of theresponse function, provides the user with remarkable �lexibility. This �lexibility,however, comes at the cost of putting the choice in the hands of the modeler.Nonetheless, there are several tools to ensure proper model speci�ication, i.e.,proper choice of distributional and structural assumptions. For reasons of brevity,we don’t discuss these here but instead refer to Fahrmeir et al. (2013) for that aswell as for a broader discussion of everything associated with regression.

6.5	 Exercises
Exercise	 1  The dataset theatre.txt, available in the book online materials,contains data on yearly expenses of theater visits for randomly surveyed citizens ofZurich, Switzerland. The data contains the following variables:

Age: Age of the informants in years
Sex: Sex of the informants (0, male/1, female)



Salary: Yearly salary in thousand Swiss francs (CHF)
Culture: Expenses for cultural activities in CHF
Theater: Expenses for theater visits in CHF
Theater_prevYear: Expenses for theater in the previous year in CHFOur aim is to understand what variables are associated with theater expenses,and we will use regression models to do so:(a) Construct a linear model M

0

 explaining expenses for theater visits this yearby all other covariates, using the function lm in R. Interpret the estimatesobtained for the model coef�icients. Which variables have the most impact ontheater expenses?
 

(b) Eliminate all nonsigni�icant variables in M
0

, and �it a new model M
1

. Which ofthe model would you prefer, and why?  (c) Extend M
1

 to check whether Sex_fac and Theatre_prevYear interact.  (d) How does the model �it change if youUse the logarithm of the covariates instead of the absolute metrical values?Add the square root of the salary to the absolute covariates?
 

(e) Based on your observations, which model would you choose for this data?  
Exercise	 2  The dataset shuttle describes, for the 23 space shuttle �lightsprevious to the Challenger disaster in 1986, the temperature (∘F) at takeoff as wellas the (non)occurrence of thermal overstress of a certain unit. The data containsthe following variables:
TableOur goal is to understand the relationship between temperature and thermaloverstress.Download the dataset shuttle from the online supplementary material, andload the data into R. Generate an additional column tempC, which gives thetemperature in Celsius. Note:	 The	 conversion	 rate	 isT

F

= 1.8 ⋅ T

C

+ 32.(a) Graphically compare the temperatures measured at td = 1 with thosemeasured at td = 0. What is problematic about this way of presenting thedata?  



(b) Fit, using the function lm(), a linear model with temperature in ∘

F  aspredictor. Generate a plot that shows the observed values of td and temp, aswell as the probabilities estimated by the linear model.  
(c) What parameter estimates do we obtain if the temperature is measured in ∘

C? What are the consequences if we add temp and tempC simultaneously tothe model?  
(d) Consider the summary of the linear model estimated at point (b) andinterpret the output. Also take a look at the plot of the residuals. Is the linearterm signi�icant? Why is the test applied here problematic? What else speaksagainst the use of the linear model?

 
(e) How can the slope parameter in the logit model be interpreted?  (f) Calculate the probability of thermal overstress given the temperature of 

31

∘

F  as on the date of the Challenger disaster.  (g) For which temperature does the probability of thermal overstress equal 0.5?  
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The choice of the right model is apparently crucial. This was already discussed in Sect. 3. 1,and we refer to Fig. 3. 1 where we motivated the idea of choosing a (probability) model. Wewill deepen this view now because the choice of a model is not only about selecting aprobability model but also about specifying how input variables x in�luence the outputvariable(s) Y  . Some ideas in this direction were already visible in the previous chapter onregression, and we want to formalize this further in the subsequent chapter. We will exposenumerous links to similar, if not equivalent, questions in the realm of machine learning, butilluminate the issues from a statistical perspective.
7.1	 Modeling	 DependenceIn the previous chapters, we learned about different ways to model random variables bycharacterizing them via probability distributions. In Chap. 6, we introduced regressionmodels that allow for the inclusion of covariate information. In real-life applications of thesemodels, it is often unclear which covariates should be used in the �inal model or whichdistribution best captures the data at hand. To address such issues, we will develop tools formodel selection, i.e., selecting an appropriate model for data at hand.In many, if not most, real-world applications, one is not interested in how quantitiesbehave on their own but rather in the relationships between some variables. For example,when studying quantities relevant to the socioeconomic aspects of a country, such asincome and education, it might be interesting to understand how one of these variablesin�luences the other. In general, we may be interested in learning how a variable of interest
Y   (“outcome,” “target,” “dependent variable”) is in�luenced by some other variables x(“inputs,” “features,” “independent variables”). In most settings, the input variable ismultivariate. This is exactly the setting of regression, which we covered in the previouschapter. We want to treat the problem from a much broader perspective here. We aim to�ind a model for Y   given x or, more formally, to select a model for the conditionaldistribution of Y   given x, i.e., F(y|x, θ), where the distribution depends on a set ofparameters θ = (θ
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, θ
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We need to get a little more formal now, since a model of this type depends on twocomponents: First, we need to select a probability model F , as motivated in Sect. 3. 1.Additionally, we have to specify how the input variables x in�luence the parameters in theprobability model. To disentangle these two perspectives, we will change the notationslightly. We de�ine a model M  as a pair, composed of a probability model F  and a structuralmodel H , which de�ines how the parameters of the distribution depend on the inputvariables x. To be speci�ic, a model is de�ined as (7.1)where the two model components are given through (7.2)(7.3)We here call F  the probability	 model, or distribution model, which de�ines the likelihoodwith respect to the parametrization of the probability model. The parameter space of theprobability models is denoted here with Γ, and for each γ ∈ Γ, F(, γ) is a fully speci�ieddistribution function. In particular, if the density exists, then we can equivalently use (7.4)with f(., γ) as density associated with the distribution function F(., γ). This is exactly thesetup that we introduced in Sect. 3. 1 and employed in the previous chapters. There is astrong connection to machine learning as the choice of a probability model is closely relatedto the choice of a loss function. We refer to Grünwald (1999) or Wang et al. (2022) fordetails.Besides the probability model, we also have a structural	 model denoted by H . Inmachine learning, this is also called the “hypothesis space.” The model de�ines how theinput variables x in�luence the model’s parameters. The function h(., θ) thereby depends onparameters θ. The structure of the function h(., θ) itself is assumed to be known, but theparameters θ are unknown and need to be estimated. In particular, the value range of h(.; θ), i.e., the set of all possible values for h(x; θ), is equal or a subset of Γ for all possible valuesof θ and all possible values of x, that is, (7.5)The constraint (7.5) guarantees that for any value of x and any value of θ we obtain 
F(.,h(x, θ)) ∈ F , which means we obtain a proper distribution.The notation above can be motivated by looking at the logistic regression discussed inSect. 6. 3. Here, the probability model F  is a binomial distribution with π ∈ [0, 1] as the onlyparameter. The structural model H  is built from the logistic function h(.) given in (6. 14)and the linear structure for the linear predictor η given in (6. 13). De�ining 
x = (1,x
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⊤, we obtain
As can be seen, the structure of h is known, but the parameters θ are not.The broad de�inition in (7.1)–(7.3) encompasses several different types of tools used tomodel dependencies, both in statistics and in machine learning. In this chapter, we approachthe problem of choosing an appropriate model M  from a general perspective. In principle,this encompasses selecting both a probability model F  and a structural model H . We will

M = (F ,H )

F = {F(.; γ), γ ∈ Γ}

H = {h(.; θ) with h :X → Γ and θ ∈ Θ}.

F = {f(.; γ), γ ∈ Γ}

{h(x, θ) for x ∈X and θ ∈ Θ} ⊆ Γ .

h(x; θ) =

exp(x

⊤

θ)

1+exp(x

⊤

θ)

.



introduce the Akaike information criterion (AIC), which allows the comparison of differentmodels and, hence, the selection of a better one. We also motivate the idea of modelselection by dividing the data into one part, which is used for model �itting, and anotherpart used for model selection, commonly known as cross-validation. In most practicalapplications, the focus is thereby to select the “best” structural model H , while theprobability model F  is considered �ixed. Strategically, however, it would be a considerablerestriction if we consider model selection only as a selection of the structural model.Now that we have clearly distinguished between the structural model component Hand the probability component F , we want to simplify the notation for better readability.We therefore write the model class M  as (7.6)which formally stands for
This notation accommodates that models comprise structural and probability components,without explicitly listing them. While (7.6) simpli�ies notation, one should bear in mind thatany model choice requires selecting F  as well as H .
7.2	 Training	 and	 Test	 DataLet us look more closely at the problem of model selection. As before, we assume the data-generating process G(⋅) given in (2. 2), but we allow now that G(⋅) depends on inputquantities x, that is, we have G(⋅ ∣ x) with x ∈X . For simplicity, we look at two possiblemodels which we denote as M

1

= (F

1

,H

1

) and M
2

= (F

2

,H

2

). Often, these models willbe nested, meaning that one model is a subset of the other. A nesting structure is mostnaturally de�ined in the space of the structural model while using the same probabilitymodel, i.e., F
1

= F

2

 and H
2

⊂H

1

, or vice versa with H
1

 being nested in H
2

. Assuming 
H

1

 to be the larger model, this can formally be written as (7.7)We call (7.7) a nested	 model	 structure.Alternatively, we may consider non-nested models. If F
1

= F

2

, this can be the case if(7.8)In this case, the probability model is the same, but the structural models differ, and they arenot subsets of another, i.e., H
1

⊄H

2

 and H
2

⊄H

1

. But we may even consider modelswhere the probability models differ, that is, F
1

≠ F

2

. In this general case, we write 
F

1

(⋅; θ

1

) for elements of F
1

 and accordingly F
2

(⋅; θ

2

) for elements of F
2

. Note that fornested models the distributional models are the same, and in this case, we omit thesubscript and write F(.; θ
1

) and F(⋅; θ
2

), respectively. The possible different setups formodel selection, including nested and non-nested scenarios, are sketched in Fig. 7.1.
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Fig.	 7.1  Different settings for model selection. The top row shows nested models, the middle row shows disjoint models, andthe bottom row visualizes non-nested and non-disjoint modelsWe refer to our results from Sect. 2. 1, where we introduced the Kullback-Leiblerdivergence to de�ine the best model in a set of models F . We extend this now by allowingfor the comparison of models. If the Kullback-Leibler divergence is taken as a distancemeasure between F and the true data-generating process G, the model with the smallerdistance to G should be preferred. This leads to the comparison of



and
where ˆθ

1

 and ˆθ
2

 are the maximum likelihood estimates in model M
1

 and M
2

, respectively.We should prefer model 1 if its divergence is smaller, that is, we prefer model M
1

 if
(7.9)

Note that we cannot calculate the integrals since we do not know G(⋅). One might betempted to replace the integral with its empirical version, since data y
1

,… , y

n

 have beendrawn from G(⋅). This would lead to the quantity (7.10)However, this quantity does not converge to the integral in (7.9) since we violate thefundamental rule, which states “Never	 make	 use	 of	 the	 same	 data	 twice.” Note that theintegral in (7.9) refers to a new variable Y ∼ G and in fact we can write (7.9) as theselection rule: (7.11)Now, it becomes obvious that the expectation is with respect to Y  , some new variable, but ˆθ
1and ˆθ

2

 are based on the data y
1

,… , y

n

. In contrast, in (7.10), we make use of the datatwice, �irst in the sum, where we sum over y
1

,… , y

n

, as well as in the estimates ˆθ
1

 and ˆθ
2

,which are also calculated from the data y
1

,… , y

n

. This is a conceptual �law that, in fact, willinevitably lead to what is called over�itting. This is easily seen for nested models. If 
F
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 and H
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, we obtain
since ˆθ

2

∈ Θ

2

⊂ Θ

1

. Putting it differently, the maximum of the likelihood function in thelarger space Θ
1

 will always be larger than or equal to the maximum of the likelihood in thesmaller space Θ
2

. Inevitably, over�itting results since complex models are always preferred.Let us therefore correct the mistake occurring in (7.10). This can be done in two ways. Westart by making the summands explicitly independent of the estimates. This is achieved byusing n−1 observations for �itting and the remaining observation for estimating theintegral. Going through all observations, this would lead to (7.12)
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where ˆθ
k,−i

 is the maximum likelihood estimate in model k calculated from all observationsexcept of the i-th one. Hence, we take the data (y
1

,… , y

i−1

, y

i+1

,… , y

n

) to calculate ˆθ
k,−i

,where k = 1 or k = 2, and use the left-out observation y
i

 to estimate the expectation in(7.11). This approach is called leave-one-out	 cross-validation, as sketched below.
De�inition	 7.1	 (Leave-One-Out	 Cross-Validation)1.

Fori = 1,… ,n,	 re�it	 the	 two	 models	 by	 excluding	 the	 i-th	 observation	 leading	 to
estimatesˆθ

1,−i

andˆθ
2,−i

.  
2.

Calculate	 the	 average	 log-likelihood	 ratio	 given	 in (7.12).	 If	 this	 is	 larger	 than 0,	 prefer
modelM

1

;	 otherwise,	 select	 modelM
2

.  
The approach requires re�itting each model n times. This can be burdensome or eveninfeasible if the �itting process takes too long or is too computer-intensive. If this is the case,then it is advisable to divide the data generally into training and test data. The training dataare used to �it the model, that is, to calculate the maximum likelihood estimate. The test dataare used for model comparison. Formally, this leads to the following procedure.
De�inition	 7.2	 (Training	 and	 Test	 Data)1.

We	 divide	 n	 inton
train

∈ Nandn
test

∈ Nsuch	 thatn = n

train

+ n

test

.	 A	 typical	 choice	 is	 a
ratio	 of	 approximately	 4:1	 for	 training	 to	 test	 data.

 2.
From	 the	 database,	 we	 draw	 a	 sample	 without	 replacement	 of	 sizen

test

yielding	 the	 test
data.	 We	 denote	 withN

test

⊂ {1,… ,n}the	 index	 set	 of	 selected	 data	 points.
 3.

We	 train	 the	 models	 onN
train

whereN
train

= {1,… ,n} ∖N

test

and	 obtain	 estimatesˆθ
1

andˆθ
2

.  4.
We	 calculate

If	 this	 is> 0,	 we	 prefer	 modelM
1

;	 otherwise,	 we	 select	 modelM
2

.
 

It appears that such a procedure is somewhat data-hungry since we omit all observations in 
N

test

 for �itting the model. This means that if the database is small and the train-testdecomposition makes it even smaller, it is advisable to work with a different approach.Figure 7.2 shows the two versions of splitting the data. The upper plot demonstrates theleave-one-out cross-validation. The middle plot visualizes the idea of splitting the data intotest and training data. As shown in the bottom plot of Fig. 7.2, it is also possible to selectmultiple sets of observations for testing and �itting the data on the remaining observations.This is called k-fold cross-validation and refers to the concept that the data are divided into
k groups of similar size. This reduces the numerical burden of re�itting the model from ntimes to k times. Formally, one proceeds as follows.
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ˆ
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Fig.	 7.2  Different versions of splitting data. The top row shows leave-one-out cross-validation. The middle row shows asingle split into training and test data. The bottom plot shows k-fold cross-validation
De�inition	 7.3	 (k-Fold	 Cross-Validation)1. We	 divide	 the	 data	 into	 k	 groups	 and	 denote	 the	 resulting	 index	 sets	 withN

1

,… ,N

k

such
that(i)

N

j

∩N

l

= ∅,  (ii) |N

j

| ≈ |N

l

|,
 



 (iii)
⋃

k

l=1

N

l

= {1,… ,n}. 2.
We	 �it	 the	 two	 models	 onN ∖N

j

separately	 for	 alll = 1,… , k,	 leading	 to	 estimatesˆθ
1,−N

l

andˆθ
2,−N

l

.  
3.

We	 calculate

If	 this	 is> 0,	 we	 prefer	 modelM
1

;	 otherwise,	 we	 select	 modelM
2

.
 

It is easy to see that if |N
l

| = 1 for all l, we get k = n, which leads to leave-one-out cross-validation.
7.3	 AIC	 and	 BICThe above procedures require re�itting the model in one way or another. This can beavoided by using the Akaike information criterion (AIC) or the related Bayesian informationcriterion (BIC). We, therefore, return to formula (7.10) and suggest a correction which hasbeen proposed already more than 50 years ago by Akaike (1973). Before going intotechnical details, we remind the reader to take a second look at Fig. 3. 1. We observe that theKullback-Leibler divergence KL(G(⋅),F(⋅;

ˆ

θ)) is larger than for the optimal parameter, thatis,
In other words, the over�itting behavior discussed before can be linked to estimation, in thatestimation remains imperfect due to the limited data availability. Hence, we will not uncover
θ

0

 and hence the minimal Kullback-Leibler divergence exactly, unless we have an in�initeamount of data. Consequently, KL(G(⋅),F(⋅;

ˆ

θ)) is a biased estimator of 
KL(G(⋅),F(⋅; θ

0

)), and the bias is strictly positive.The subsequently introduced Akaike information criterion aims to �ind a correction forthis bias. The exact proof is a little bit clumsy to follow and will therefore be given at the endof this section.
De�inition	 7.4  TheAkaike	 information	 criterion(AIC)for	 model	 classM is	 de�ined	 as(7.13)

where	 p	 is	 the	 dimension	 of	 the	 parameterθandˆθis	 the	 maximum	 likelihood	 estimate	 in
model	 classMas	 de�ined	 in (7.6).	 The	 AIC	 can	 be	 seen	 as	 an	 estimate	 of	 the	 Akaike	 information(7.14)
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AIC(M ) = −2∑

n

i=1

log f(y

i

;

ˆ

θ) + 2p,



where	 the	 expectation	 is	 taken	 over	 two	 different	 sets	 of	 dataY = (Y

1

,… ,Y

n

), 
˜

Y = (

˜

Y

1

,… ,

˜

Y

n

)stemming	 both	 from	 G,	 with˜Y being	 used	 for	 estimation	 ofˆθand	 Y 	 for
evaluating	 the	 log	 likelihood.The factor 2 in (7.13) and (7.14) is arbitrary and, in principle, not necessary but used forconventional reasons. Note that with the result (7.14), we can employ the AIC for modelselection. In particular, this means that AIC(M

1

) − AIC(M

2

) is an estimate for thefollowing quantity:
This suggests that if the term is negative, then model M

1

 should be preferred, and if it ispositive, then M
2

 is preferable.The main advantage of the AIC is that it does not require re�itting the model, unlikecross-validation. Hence, if the model training is burdensome, then the AIC has advantagescompared to cross-validation. However, the AIC requires quantifying the number ofparameters, which itself requires approximations when parameters are constrained.Moreover, maximum likelihood estimation needs to be carried out. This can be dif�icult inhigh-dimensional models, where, for numerical stability, some regularization needs to beapplied. In fact, regularization has implicit consequences on the dimension of the parameterspace and hence on p, the quantity involved in (7.13). We will pick up this point again in alater chapter.Let us write the AIC in the case of normally distributed data. Assume Y
i

∼ N(μ,σ

2

),where the mean μ might depend on some input variables x and some parameter θ. Wedenote this as μ = h(x; θ). The resulting log likelihood equals (7.15)Differentiating (7.15) with respect to θ and σ2 yields the maximum likelihood estimates,and we �ind that the variance is estimated through (7.16)Further calculations show that the log likelihood at its maximum (ignoring terms notdependent on the parameters) takes the form (7.17)Consequently, the AIC results in (7.18)
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where p is the dimension of θ. This is an interesting formula, which allows interpreting theAIC from a different angle. Note that the �irst component in (7.18) measures the goodness of�it, that is, the empirical prediction error. How well is the �itted model h(x
i

,

ˆ

θ) able topredict the unknown y
i

? As we stated before, the more complex the model, the smaller theprediction error for the data used for �itting, also called “in-sample” prediction error. Thegoodness of �it term is now penalized by the complexity of the model, measured as thenumber of parameters. Hence, one aims to balance the goodness of �it with the complexityof the model. The two components and the resulting AIC are visualized in Fig. 7.3, upperplot.

Fig.	 7.3  AIC and BIC behavior by balancing goodness of �it with the complexity of a model



A companion of the AIC is the BIC, short for Bayesian information criterion. This isde�ined as follows.
De�inition	 7.5  TheBayesian	 information	 criterion(BIC)	 for	 model	 classM is	 de�ined	 as(7.19)

where	 p	 is	 the	 dimension	 of	 the	 parameterθandˆθis	 the	 maximum	 likelihood	 estimate	 in
model	 classMas	 de�ined	 in (7.6).Hence, we replace the “2” in the latter term of the AIC in (7.13) by the factor log (n). TheBIC received its name from its derivation, which utilizes ideas of Bayesian inference.However, the BIC is an asymptotic measure and not a Bayesian model selection criterion.Looking at the BIC in the normal distribution case discussed above, we obtain (7.20)Since for n ≥ 8 we have log (n) ≥ 2, we see that the BIC favors models with lowercomplexity, that is, with lower-dimensional parameters. This is also visualized in Fig. 7.3.We will subsequently prove that AIC as well as the BIC can be formally derived as modelselection criteria. This is, however, somewhat clumsy and technical and can therefore beomitted upon �irst reading.
Proof  Derivation of the AIC: We look at the expected Kullback-Leibler divergence

(7.21)
where we made the dependence of our estimate ˆθ on the data y

1

,… , y

n

 explicit. Theconstant term can be ignored in the following. Note that we have two integrals in the secondterm in (7.21): the inner integral over y in the Kullback-Leibler divergence and the outerintegral resulting from the expectation with respect to Y
1

,… ,Y

n

. To be explicit, we canwrite the expectation in the second component of (7.21) as (7.22)where G(y

1

,… , y

n

) =∏

i

G(y

i

). Our aim is now to estimate the integral. We begin bydisentangling the double integral and approximating f(y; ˆθ) with a second-order Taylorseries expansion around θ
0

. To simplify notation, from now on, we write ˆθ(y
1

,… , y

n

) as ˆθ,but it should be kept in mind that ˆθ depends on y
1

,… , y

n

 and not on y. This gives theapproximation of (7.22) as (7.23)
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where J
i

(θ

0

, y

i

) = −∂

2

log f(y

i

; θ

0

) / ∂θ∂θ

⊤, and we utilized (3. 3). Let us �irst look at the�inal component in (7.23). Making use of the asymptotic normality of the maximumlikelihood estimate, this can be asymptotically approximated by tr(I−1(θ
0

)V (θ

0

)) where 
V (θ

0

) is the variance of the score function (see (4. 28)). Note that neither the integral in the�irst component in (7.23) nor V (θ
0

) and I(θ
0

) can be calculated explicitly, as they dependon the unknown data-generating process G(⋅). Our aim is therefore to estimate the abovequantity based on the data y
1

,… , y

n

. We do know that the data y
1

,… , y

n

 are drawn from 
G(⋅). Therefore, we replace the integral with its arithmetic mean. To do so, we look at theempirical version of (7.22) but leave ˆθ �ixed for now, that is, we replace the expectation over 
G(y) with the arithmetic mean using y

1

,… , y

n

. To be speci�ic, we calculate (7.24)This is clearly just the likelihood function at its maximum divided by the sample size. Weagain expand (7.24) around θ
0

 and obtain an approximation of (7.24) with (7.25)Note that the �irst component in (7.25) can approximate the �irst component in (7.23). Thismeans (7.26)for increasing n, which can in fact be proven to be a consistent estimate. Moreover, becausewith increasing sample size n (7.27)we can argue that the integrand of the third component in (7.25) converges to
Taking the expectation with respect to Y

1

,… ,Y

n

 and using the asymptotic distribution ofthe maximum likelihood estimate, we get
What remains is the second component in (7.25). If we subtract this and take (7.26), (7.27)and the approximation (7.23), we get
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This suggests the use of 1
n

∑
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i=1
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⊤
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)(
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) as a bias correction, which we now tryto simplify further. Using (4. 18) gives
Bearing in mind that E(s

i

(θ

0

; y

i

)) = 0, if we take the expectation with respect to 
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, we get (7.28)As both I(θ
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) and V (θ
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) depend on the unknown distribution G(⋅), we cannot calculatetheir values. But if G(⋅) ∈ F , we have V (θ
0

) = I(θ

0

) so that
where p is the dimension of the parameter. This approximation is attractively simple andwas proposed by Akaike (1973). Combining the above derivations gives the famous Akaikeinformation criterion (AIC). □
Proof  Derivation of the BIC: Very similar to the AIC is the Bayesian information criterion(BIC). Assume we have a set of models M

1

,… ,M

K

, each of which corresponds to adistributional model, such that
Model selection can now be interpreted as a decision problem, and a plausible strategy is toselect the most likely model or, in Bayesian terminology, the model with the highestposterior probability. To this end, we need to calculate the posterior probability of eachmodel. For model M

k

, this is given by (7.29)where P(M
k

) is the prior belief in model M
k

. The denominator f(y) is calculated bysumming over all models
Although (7.29) allows us to quantify the posterior model probability, it is oftencomplicated, or even infeasible, to calculate. We therefore pursue a simplifying approachand apply a Laplace approximation to the above integral. To begin, let
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be the log likelihood for model M
k

 and de�ine with ˆθ
k

 the corresponding maximumlikelihood estimate. With Laplace approximation, the integral component in (7.29) is givenby
where p

k

 is the dimension of θ
k

. Taking the log of the right-hand side gives
If we collect all the components that grow with order n, i.e., the second and third, andmultiply them by −2, we obtain the Bayesian information criterion (BIC):
□
7.4	 AIC,	 BIC,	 and	 Hypothesis	 TestingFor nested models, we may consider model selection also as a testing problem. This meanswe test on hypotheses stating that one or multiple components of the parameter vector θcan be ignored. To connect the two ideas, consider the setting where we assume two nestedstatistical models M

0

 and M
1

 with M
0

⊂M

1

. We set
with Θ

0

⊂ Θ

1

. Assume that p
0

= |Θ

0

| and p
1

= |Θ

1

| are the dimensions of thecorresponding parameter spaces, and let p = p

1

− p

0

> 0. In Sect. 4. 4, we derived thedistribution of the log-likelihood ratio for parameter testing. This can be extended to themultivariate case as follows. Let ˆθ
0

 be the maximum likelihood estimate in model M
0

, andaccordingly ˆθ
1

 is the corresponding estimate in M
1

. It can be shown (see the end of thesection) that if model M
0

 holds then (7.30)Formulating the hypothesis H
0

:M =M

0

 and the alternative H
1

:M =M

1

, we obtainthe decision rule (7.31)where X 2

p,1−α

 is the 1 − α quantile of the Chi-squared distribution with p degrees offreedom.Instead of testing, we can also use AIC or BIC for model selection. Note that the decisionrule of the AIC, when selecting either H
0

 or H
1

, can be written as (7.32)while the BIC corresponds to (7.33)The different critical values, i.e., the threshold values to the right in the decision rules (7.31),(7.32), and (7.33), respectively, are shown in the upper plot in Fig. 7.4 for different values of
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p. For the BIC, we plot this with n = 100. We see that the BIC has the strongest increase,which demonstrates again that the BIC tends to prefer small models. The AIC lookscomparable to the test decision rule but also gets larger and hence prefers smaller models if
p, the difference in dimensions, gets large. For small values of p, however, we see that theAIC prefers larger models.

Fig.	 7.4  Penalization values for AIC, BIC, and hypothesis testing (upper plot) and resulting signi�icance level (bottom plot)We could now calculate the probability of a type I error if we base a test on the decisionrules from above. In other words, we calculate P(“H
1

” ∣ H

0

) using the three decision rulesgiven above. This is shown in the bottom plot of Fig. 7.4. We see that both AIC and BIC leadto smaller models for larger p, meaning that the resulting signi�icance level is small.The above result may leave us puzzled, and we need to conclude that model selectionbased on AIC or BIC, respectively, and model selection based on testing are two different



and not generally matching ideas. This is important to note and should not come as asurprise. The two concepts are based on two different methodological grounds and followdifferent strands of reasoning. While statistical testing is more designed toward decisionproblems, with one of the decision errors limited to happen with small probability only,model selection based on AIC or BIC aims to avoid over�itting by balancing the goodness of�it with the complexity of a model. These are apparently two different strategies. Generally,if the focus is on model selection and not on inference with respect to particularparameters, it is advisable to use concepts like cross-validation or AIC/BIC, and theseshould not be combined with statistical tests in post-model selection inference. We refer toClaeskens and Hjort (2008) or Rügamer and Greven (2018) for a more detailed discussionin this direction.
Proof  We derive the asymptotic distribution of the likelihood ratio (7.30). Let us forsimplicity assume
so that for θ ∈ Θ

0

 it holds that θ
0

= (θ
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) with θ(1)
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≡ 0. Let H
0

: θ = θ

0

 and assumethat H
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 holds. We have (7.34)Following similar arguments as in Sect. 4. 4 and using that under H
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where [I−1(θ
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(1)(1) is the submatrix corresponding to the elements in subvector θ(1).Under H
0

, this vector is zero, and with the asymptotic normality for the maximumlikelihood estimator, we obtain the result. □
7.5	 Forward	 Selection	 and	 Small	 Data	 AdjustmentThe AIC and the BIC are based on asymptotic arguments. Hence, we need to assume that n islarge. In fact, asymptotic arguments require that n→∞. But in real data examples, theamount of data is always limited, and sometimes we are faced with small samples, where nis so small that asymptotic arguments do not necessarily hold. We will demonstrate how asmall sample correction for the AIC can circumvent problems in the model selection step.We will present this in so-called forward selection, meaning we start with simple modelsand extend these successively.We have used AIC and BIC for comparing two models above. Let us extend this approachhere to a cascade of K nested models M
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we motivate the idea using a simple linear regression model. Let x
i

= (x

i1

,… ,x

iK

) be aset of covariates (for the i observation) leading to the overall linear model (7.35)We aim to �ind the “relevant” input variables by excluding “irrelevant” covariates. To do so,we require some notation. Let M
K

 be the model (7.35) with all covariates included.Excluding a single covariate can be notated by the K index sets 
I

(K−1)(k)

= {1,… ,K} ∖ {k}, and we de�ine with M
(K−1)(k)

 the regression model withcovariates k ∈ I
(K−1)(k)

 included. This means (7.36)Excluding two covariates leads to (K

2

) different index sets which we index with I
(K−2)(k)where k = 1,… ,(

K

2

). Accordingly, we can de�ine the index sets I
(k)(l)

 where k = 1,…Kand l = 1,… ,(

K

k

), and the corresponding model sets are denoted as M
(k)(l)

. We may nowcalculate the AIC values for all models and choose the one with the smallest value. Hence,we select the model such that (7.37)It should be clear that this can lead to a formidable numerical effort. It is therefore advisableto proceed successively, starting with the null model, i.e., with no covariates included, andthen proceed step by step by including a single variable that decreases the AIC or BIC valuemost. This is called forward	 selection, and it can be written formally as follows:1. Calculate the AIC for the model
and denote this with AIC

0

. Let I
0

= ∅ and set k = 0.
 

2. Let M
k

= {1,… ,K} ∖I

k

, calculate the AIC for the |M
k

| different models
for j ∈M

k

, and choose the one with the minimal AIC value. Let the correspondingindex of the covariate be l and de�ine I
k+1

= I

k

∪ {l}. The corresponding AIC value isde�ined as AIC
k+1

.
 

3. If AIC
k+1

< AIC

k

, set k = k+ 1 and jump back to step 2. Otherwise, select the modelwith ML

k

 as the best model.  
We visualize the procedure in Fig. 7.5 and demonstrate it with a simulation setup. Wetherefore simulate from (7.38)

M
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⇔ Y
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ˆ
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where ϵ ∼ N(0, 1). The covariates are also drawn from a standard normal distribution, andall draws are independent. The parameters θ are such that K / 2 of the values are set tozero, while the remaining K / 2 are again drawn from a N(0, 1) distribution. In Fig. 7.6—left-hand side—we plot the resulting smallest AIC values for a sample size of 1000 and 
K = 100. We �ind an exposed minimum at model dimension 59. The optimal modelcontains most of the K / 2 covariates with truly nonzero values (meaning existentcovariates) but also additional spurious ones. The true coef�icients are shown in the bottomleft plot in Fig. 7.6, where we see the selected coef�icients as bullet points and theunselected as circles. We experience a well-known weakness of the AIC, which has thetendency to choose too complex models.

Fig.	 7.5  Sketch of forward selection procedure



Fig.	 7.6  Performance of AIC (left-hand side) and BIC (right-hand side) in the simulation example. The upper row shows theAIC and BIC values, respectively. The bottom shows the true coef�icients with the selected one indicated with pointsIf we replace the factor 2 in AIC by log (n), we obtain the BIC. Applied to the data, we getthe plot shown on the right-hand side of Fig. 7.6. We �ind that the selected model is smaller,with just 46 parameters out of the 50 existing ones included. The unselected parameters infact have small values as can be seen in the bottom plot of Fig. 7.6. More importantly, the BIChas selected none of the spurious variables. This is also a known performance of the BIC asit tends to select smaller models compared to the AIC.The performance of the AIC (as well as the BIC) depends on the sample size. If thesample size n is small, then AIC can perform in a very unsatisfactory way. We demonstratethis with the above example by reducing the sample size to 100. The corresponding plot isshown in Fig. 7.7 on the left-hand side. Now, all variables are included, even all spuriousones, and apparently, the performance is not acceptable. This has led to a small sample sizecorrection for the AIC. For small samples, the AIC needs to be replaced by the corrected AIC,which is de�ined as follows: (7.39)The correction was proposed by Hurvich and Tsai (1989). We also refer to DelSole andTippett (2021) for further discussion with respect to the small sample correction of the AIC.Note that if the dimension p gets large, the denominator gets small, and hence the secondterm in (7.39) gets large. We demonstrate the effect of the correction using the abovesimulation. The results are shown in Fig. 7.7 on the right-hand side. The improvement is
AIC

c

= −2l(

ˆ

θ) + 2p(

n

n−p−1

)



clearly visible, so one should generally work with the corrected AIC, in particular, if thesample size n is small.

Fig.	 7.7  Performance of AIC (left-hand side) and corrected AIC (right-hand side) in the simulation example for small n. Upperrow shows the AIC and corrected AIC values, respectively. The bottom shows the true coef�icients with the selected oneindicated as �illed points; unselected are un�illed
7.6	 Model	 Selection	 and	 Dimension	 of	 the	 ModelLet us de�ine the dimension of a model M  as the dimension of the related parameter space 
Θ, which we denote as |Θ|. Classical statistical inference is based on asymptotic arguments,which means that the data size n is increasing, while the model dimension |Θ| itself is �ixed.Apparently, though, with more and more data, one can �it more complex models, and hence,in principle, it seems useful and plausible to allow the model dimension |Θ| to depend on nas well. We want to initiate a discussion here in the case where the data size n is large (oreven very large) and set this in comparison to the model size. In general, we want to look atthe ratio (7.40)We can think of three constellations for the above ratio, namely, (7.41)The three cases need to be considered separately. Model selection allows choosing thedimension of the model data-driven, but that means that the selected model with size |Θ|depends on n. Assuming that n is large (or even very large), we are in principle in theframework of considering asymptotic statements. But this does require that |Θ| is limited,

|Θ|

n

.

(a)

|Θ|

n

≪ 1 or  (b)

|Θ|

n

≲ 1 or  (c)

|Θ|

n

> 1.



i.e., we are in situation (a) in (7.41). In this case, all asymptotic arguments derived in thebook so far hold.But what happens if the dimension of the parameter space is large as well, maybe evenlarger than n? This brings us to constellations (b) and (c) in (7.41). A comprehensivediscussion of these scenarios goes well beyond the scope of this book. But we want to referto some ideas that are found in later chapters.Scenario (b) in (7.41) is often dealt with by using regularization techniques. The latterguarantees that the numerical performance behaves stably, i.e., the optimization problem is(to a large extent) concave. Statistically, this can be linked to Bayes estimation, which wemotivate in Sect. 9. 7.The latter case (c) is beyond the classical statistical framework, and classical statisticalstatements are void. It means that the model has more parameters than observations.Recent applications in machine learning and, in particular, in deep learning have shown thatsuch models can have good, and in fact better, prediction properties compared to modelswhere the ratio (7.40) is smaller than 1 (LeCun et al., 2015). We will return to relations tomachine learning in Chap. 13.
7.7	 Exercises
Exercise	 1(a) Brie�ly de�ine the Akaike and the Bayesian Information Criteria. What is theirfunction? What is the main (empirical) difference between the two?  (b) To model the number of observed daily deaths related to COVID-19 in Germany overthe year 2021, a Poisson distribution could be used. The resulting BIC when applyingthis model is 3020.443. What is the value of the likelihood for the model?  
(c) As an alternative to the Poisson, a researcher proposes to use the negative binomialdistribution, a parent of the Poisson distribution with a second parameter to accountfor potential over- or under-dispersion. The BIC of that model is 3023.909. Whichmodel should be chosen according to the BIC?

 
(d) Suppose we decide to select our model based on AIC instead of BIC. What are the AICvalues for the two models?  (e) Do the two criteria agree? Which of the two criteria imposes a heavier penalty on thenumber of parameters?  
Exercise	 2  The dataset teengamb in the R-package faraway contains information onthe gambling behavior of teenagers in Great Britain and contains the following variables:
Table(a) You can �it a linear model in R using the function lm. Use the AIC in order to pick



between Model	 1
and Model	 2
Which model would you prefer?

 
(b)

Now, use leave-one-out cross-validation in order to compare the mean squared errorsof prediction (MSEPs) for Model	 1 and Model	 2. Do the two methods agree?
 

(c) What are the main differences between AIC and leave-one-out cross-validation? Whatsimilarities do the two methods share? What are the advantages/disadvantages ofeach approach?  
Exercise	 3  The �ile Portland.rds contains data on the income (in US dollars) of asample of 1000 randomly selected single women and men residing in the city of Portland,Oregon. We here want to model the data by using an inverse Gaussian distribution, whichpossesses the positive skew that is typical of income distributions. The inverse Gaussiandistribution has the following form:
(a) Assuming λ to be �ixed to a constant (positive) value, derive the maximum likelihoodestimator (MLE) for the parameter μ, as well as an asymptotic 95% con�idenceinterval for it.  
(b) We are now interested in how well our model would �it to new, unseen income datafrom Portland. To estimate this, �it the inverse Gaussian model using leave-one-outcross-validation, and calculate the mean squared error of prediction (MSEP). You canorient your implementation on the code provided in Exercise 11 or Tutorial 4 for this.

 
(c) Leave-one-out cross-validation is often infeasible in settings with large amounts ofdata or with complex models that take a lot of time to compute. Therefore, wefrequently employ k-fold cross-validation instead. Implement a simple version offourfold cross-validation that splits the data into four equally sized blocks (you canassume that the data can be evenly divided by four), iteratively �its four models usingthree of the four blocks, and determines the MSEP on the leftover fourth block,respectively. Then, calculate the average of the four MSEPs computed in each iterationand return this value.
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8.	 Simulating	 Random	 Variables	 and
Simulation-Based	 InferenceGöran Kauermann1  , Giacomo De Nicola2, Cornelius Fritz3 and David Rügamer4Department of Statistics, LMU Munich, Munich, GermanyHarvard T.H. Chan School of Public Health, Harvard University, Boston, MA,USASchool for Computer Science and Statistics, Trinity College Dublin, Dublin,IrelandMunich Uncertainty Quanti�ication AI Lab, LMU Munich, Munich, Germany 
The concepts and ideas of statistical reasoning presented so far are mostly basedon known or asymptotic distributions combined with mathematical results, whichwere developed in times before computers were easily accessible. Now, withcomputing power generally available, the view changes, and simulation-basedstrategies come to the foreground. Imagine Mendel, with his inheritanceexperiments described in Example 5. 1, had a computer available at that time. Hecould have easily simulated how much variation can occur in the consideredproperties of peas if the inheritance law were valid. Similarly, Fisher and Pearsoncould have sorted out their argument about the degree of freedom in Chi-squaredtests quite easily by running extensive simulations. Indeed, today, scienti�icprogress is heavily based on simulations, and we want to devote ourselves to thetopic here as well. Our focus is thereby on simulations of random variables, bethey univariate or multivariate. We start from basic ideas and end with rathercomplex simulation strategies; some of these will be reused again, once we getinto Bayesian reasoning.
8.1	 Simulating	 Uniformly	 Distributed	 Random
VariablesToday, it is natural to generate random numbers, but we tend to forget that,apparently, numbers which are produced by computers and hence algorithms are

https://doi.org/10.1007/978-3-032-33658-3_8


not random but deterministic. In this respect, it would be more exact to callrandom numbers generated by a computer program “pseudo-random numbers.”However, we do not want to be that precise here and use the terminology randomnumbers throughout this chapter. We refer to Ross (2022) for a general discussionand readable introduction to simulation and random number generators. We hereonly give the main ideas.The �irst task is to generate uniformly distributed random numbers on [0, 1].This is a mathematical and algorithmic problem which has been tackled in themiddle of the twentieth century with generators proposed by Lehmer (1951) andThomson (1958). The approach, known as the multiplicative congruential method,works as follows. For some starting value x
0

 and values a and m, one produces(8.1)where “mod” is the modulo operator, that is, we divide ax
n−1

 by m and take theremaining full integer. The numbers a and m need to be chosen according to thecomputing environment, and choices m = 2

31

−1 and a = 7

5 have proven to workappropriately. From these numbers, we calculate U
n

= x

n

/m, which liesbetween 0 and 1. We show the values of U
n

 for x
0

= 1 in Fig. 8.1 in the top plot.Calculating the resulting empirical distribution function leads to the middle plotshown in Fig. 8.1. We see a reasonable concordance of U
n

 with a uniformdistribution on [0, 1]. It is important to note, though, that the numbers given aredeterministic and will always result as shown. To demonstrate this, we change theinitial value to 5 and denote the two resulting series with x
n,1

 and x
n,2

, where 
x

0,2

= 5 while x
0,1

= 1 as before. When we plot x
n,1

/m against x
n,2

/m, we seethe pattern shown on the bottom plot of Fig. 8.1, which clearly visualizes that thewhole process is deterministic. Still, we are able to produce pseudo-randomvariables whose distribution resembles a uniform distribution on the interval 
[0, 1]. It is also relevant to remark that the random number generator (8.1)produces random numbers which are close to independence, meaning that x

n

 and 
x

n+1

 can be treated as (quasi) independent draws, even though apparently theyare functionally dependent.

x

n

:= (ax

n−1

) mod m



Fig.	 8.1  Pseudo-random numbers generated through (8.1) with starting value x
0

= 1 (top plot) and theresulting empirical distribution function (middle plot). The bottom plot shows two sequences of randomnumbers with different starting valuesFrom now on, we drop the term “pseudo” and just speak about generatedrandom variables U
n

 on [0, 1]. We can utilize these random numbers in various



forms. To start with, assume that we are interested in calculating the integral of afunction g(y), where g : R→ R

+. Consider, for instance, g() to be some functionthat is proportional to some density function f(). In other words, we know theshape of the density, but the function g() does not integrate to one. In this case, weare interested in (8.2)assuming that the function is integrable. We want to calculate this integral usingsimulations. To do so, we �irst transform y to some value lying in the interval [0, 1].Let therefore h(.) : R→ [0, 1] be some invertible transformation and set 
u = h(y) and correspondingly y = h

−1

(u), where u ∈ [0, 1]. A convenient choiceis to work with the logit function (also called the sigmoid function), which takesthe form
Then using standard substitution rules integral (8.2) can be rewritten to

(8.3)
With this trick, we have replaced the calculation of an integral with the calculationof an expected value. To see this, assume U ∼ Uniform[0, 1]. Then (8.4)Drawing now independent uniformly distributed random variables U

i

 with 
i = 1,…N , we obtain, based on the law of large numbers (see Sect. 1. 2. 2), (8.5)as N increases. Hence, we can generate a sample U

i

, with i = 1,… ,n, toapproximate the interval. If the random numbers are independent, which weassume, we can even assess the quality of the approximation using the tools fromthe previous chapters. That is, with a 95% con�idence, we obtain based on thecentral limit theorem (8.6)where (8.7)

∫
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Interestingly, statistical concepts can be used for numerical calculations, and wecan also utilize the derived results to quantify uncertainty.
Example	 8.1  We want to demonstrate the above idea by calculating the integral(8.8)where μ ∈ R. Apparently, we know the value of the integral exactly from thenormalization constant of the normal distribution, and it results in 
√

2π = 2.506628. But let us pretend that we do not know the integral and draw 
N = 1000 uniformly distributed random variables as proposed above. In Fig. 8.2,we show the resulting values 

˜

g(U

i

) for μ = 0 on the top plot, while the bottomplot shows 
˜

g(U

i

) when setting μ = 4. The resulting con�idence intervals for thevalue of the integral are based on the 1000 samples, and they result in 
[2.425826, 2.594262] for the case μ = 0 and [2.034159, 3.535753] for the case that
μ = 4. Note that the value of the integral in (8.8) does not depend on μ, butapparently, the quality of the approximation does depend on the value of μ. Inparticular, the quality of the approximation depends on the variance, which ismuch larger for the case μ = 4, as can also be seen in Fig. 8.2. We conclude thatwhile mathematically the value of μ does not matter, in simulations, we need totake the variance into account in order to achieve reliable results. We can alsoconclude that integration can be carried out by simulations, and classicalstatistical inference allows us to assess the quality of the approximation. ▹
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Fig.	 8.2  Random numbers g̃(U
i

) for μ = 0 (top) and μ = 4 (bottom)
8.2	 Simulating	 from	 a	 Distribution	 Function	 and	 a
DensityIn the previous section, we discussed how to simulate uniformly distributedrandom variables. We now turn to the more general problem of simulatingrandom variables from arbitrary continuous distributions. Speci�ically, we aim tosimulate a random variable Y ∼ F(⋅), where F(⋅) is the distribution function of acontinuous random variable. We consider three distinct cases:1. The distribution function F(⋅) is known.  2. The distribution function F(⋅) is unknown, but the related density f(⋅) isknown.  3. Neither the distribution function F(⋅) nor the density f(⋅) are known. We justknow the density up to an unknown normalization constant, that is, ˜f(y) isknown with ˜

f(y) ∝ f(y)

 



known with f(y) ∝ f(y).In this section, we address the �irst two scenarios. The third case will be discussedin Sect. 8.3.We start with the setting where the distribution function F(y) of a continuousrandom variable Y   is known. We also assume that this is invertible, which allowsus to easily draw a random sample by utilizing the inverse F −1

(.) of thedistribution function.
Property  Let	 U	 be	 uniformly	 distributed	 on[0, 1].	 We	 de�ineY = F

−1

(U).	 ThenY
is	 distributed	 with	 distribution	 functionF(⋅),	 that	 is (8.9)□The proof of the statement is rather simple.
Proof  Let U be uniformly distributed on [0, 1], and de�ine Y = F

−1

(U). Notethat one has P(U ≤ u) = u for u ∈ [0, 1]. Hence
This concludes the proof. □The simulation idea is sketched in Fig. 8.3 (top plot), and it is not dif�icult to seethat the result extends to discrete random variables, as sketched in the bottomplot of Fig. 8.3 for a Poisson distribution with λ = 2. The inverse of thedistribution function is, in this case, formally de�ined as
We can conclude that if the (cumulative) distribution function F(⋅) is known andavailable in analytic form, we can easily simulate from it using Eq. (8.9).

Y ∼ F(.)

P(Y ≤ y) = P(F

−1

(U) ≤ y)

= P(F(F

−1

(U)) ≤ F(y))

= P(U ≤ F(y)) = F(y).

F

−1

(u) = inf{y : F(y) ≥ u}.



Fig.	 8.3  Sketch for drawing random variables with known distributionLet us now go a step ahead and assume that the distribution function of therandom variable Y   is not available, but the density f(y) is. Hence, we know f(y),but the integral F(y) = ∫

y

−∞

f(

˜

y)d

˜

y is not available in analytic (and henceinvertible) form. Consequently, we cannot apply Eq. (8.9).In this case, we can use rejection	 sampling, a technique describedsubsequently. Suppose we are able to ef�iciently simulate from a so-called
proposal	 distributionF ∗

(⋅), meaning that we can use Eq. (8.9) to obtainsimulations Y ∗

∼ F

∗

(.). Assume further that the related density f ∗(⋅) is known.In other words, F ∗

(⋅), its inverse F ∗−1

(.) and the corresponding density f ∗(⋅) areavailable, and we can (numerically) evaluate them. The proposal distribution isthereby chosen such that there exists a scalar a > 1 with f(y) < af

∗

(y) for all 
y ∈ R. The latter means that if we multiply the proposal density f ∗(y) by some 
a > 1, the resulting value is always larger than f(y), the density we want tosimulate from, for all y ∈ R. Hence af ∗(⋅) lies like an “umbrella” over f(⋅), which



is why f ∗

(⋅) is also called umbrella	 density. We visualize this in the top plot inFig. 8.4. The density f(⋅) from which we want to simulate is bimodal. If we use thedensity of the normal distribution N(0, 3

2

) and multiply it by a = 2, we obtain anumbrella density, as shown in the �igure. The idea is now to simulate from f ∗

(⋅)but reject the simulated values according to the target density f(⋅).

Fig.	 8.4  Sketch of rejection sampling. The top plot shows the “umbrella” density f ∗

(⋅) and the density f(⋅) fromwhich we want to sample. Bottom plot shows the simulated values Y ∗ from f ∗

(⋅) as a histogram. The acceptedvalues are shown as blueThe rejection sampling scheme proceeds as follows:1. Draw Y ∗ from F ∗

(⋅) using Eq. (8.9).  2. Generate a uniformly distributed random variable U on [0, 1]. 3. If



accept Y ∗; otherwise, go back to Step 1.  The procedure is called “rejection” sampling, since the proposed value Y ∗needs to be accepted and is otherwise “rejected.” Before going through a formalproof, we demonstrate the performance with the umbrella density shown in Fig.8.4. The bottom plot shows a histogram of 10.000 simulated values Y ∗ from f ∗

(⋅),which is a N(0, 32) distribution. Not all values are accepted. We color the acceptedvalues in the histogram as blue. It appears that the accepted values follow thebimodal density f(⋅).We want to show the impression resulting from Fig. 8.4 more rigorously.Hence, we need to prove that the accepted values Y ∗, which pass Step 3, aredrawn from the distribution F(⋅) and not from the proposal distribution F ∗

(⋅).
Proof  Note that values, which pass Step 3, have the distribution function (8.10)We need to prove that this equals F(y). Following Bayes’ rule, we obtain (8.11)Let us �irst look at the numerator. This can be rewritten as

The denominator in (8.11) is the same as the numerator with y set to in�inity.Since F(∞) = 1, the result follows immediately. □The rejection sampling algorithm sounds simple, but one should not forget thatone needs to pass Step 3 to obtain a single simulated value. Note that thedenominator in (8.11) gives the overall acceptance probability, which results in 
1 / a. Hence, the larger a, the smaller the acceptance probability. The generalintention should, therefore, be to �ind a distribution F ∗

(⋅), which is as close aspossible to the unknown distribution F(⋅). We visualize this in Fig. 8.5, where weshow two possible proposal densities f ∗

(⋅) to simulate from the bimodaldistribution f(⋅). For version 1, we use a normal distribution with μ = 0 and 
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σ = 2. Here, a is set to 1.55. For the second version, we use a normal distributionwith μ = 0 and σ = 3. In this case, a = 1.8. Hence, the version with the smallervalue of a is preferable. The quantity a can thereby also be interpreted as theexpected number of loops through Steps 1 and 2 until Step 3 leads to anacceptance. The number of steps required follows a geometric distribution withparameter p = 1 / a. Hence, the smaller a, the smaller is the proportion ofrejected simulated values, and hence the more ef�icient is the simulation scheme.

Fig.	 8.5  Sketch for rejection sampling with two different proposal distributionsAn alternative to rejection sampling is importance	 sampling. In this case, weare interested in calculating an expected value E(h(Y )) for some known function 
h(⋅) and random variable Y  , which is distributed according to F(⋅). Instead ofcalculating the integral analytically, we aim to use simulations.If we could simulate from F(⋅) directly, it is easy to see that for i.i.d. samples 
Y

∗

i

, i = 1,… ,N , we get
for N increasing. However, while we can evaluate the density f(⋅), we cannotsimulate from it, since F(⋅) is not available. Like in rejection sampling, we choose aproposal distribution F ∗

(.) from which we can easily simulate. And, like above, weassume that the corresponding density f ∗(⋅) is available and can be evaluatednumerically. The idea is now to rewrite the expected value as follows:
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where the index at the expectation refers to the distribution the expectation istaken over. Using now i.i.d. samples Y ∗

i

, i = 1,… ,N  drawn from F ∗

(⋅), weobtain
The accuracy of the approximation again depends on the variance, and it is easy tosee that the closer F(⋅) and F ∗

(⋅), the smaller the variance. Hence, both rejectionand importance sampling possess small accuracy if the distribution F ∗

(.) fromwhich we sample is not a good proxy for the distribution F(⋅) we want to samplefrom.
8.3	 Simulating	 Proportional	 to	 a	 Density	 (MCMC)The simulation schemes above work if we know the distribution function F(⋅) orat least the density f(⋅). We extend this now to simulation settings where thedensity is only known up to an unknown proportionality factor. Hence, instead ofthe true density f(y), one only knows ˜f(y), which is proportional to the density,i.e., ˜f(y) ∝ f(y). Put differently, we have (8.12)where the constant a, however, is unknown. The procedure proposed belowresults from physics goes back to Metropolis et al. (1953). The idea was extendedin Hastings (1970) and brought into the statistical domain, nowadays known asthe Metropolis-Hastings approach. . The procedure is heavily used in Bayesianstatistics, as further discussed in Chap. 9, and we will make full use of it there. Wepresent the procedure here in its general form as a simulation technique.The underlying idea is to construct a Markov chain 
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∗(2)

,Y

∗(3)

,… ,Y

∗(T ) as sketched in Fig. 8.6. The �igure suggests tosimulate the random variables Y ∗(t) sequentially, where the simulation of Y ∗(t)can depend on the previous simulation Y ∗(t−1), but is independent of previoussimulations Y ∗(t−1)

,Y

∗(t−2)

,…. Hence, the Markov chain is an iterativesimulation process.
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Fig.	 8.6  Markov chain with transition probabilities Q(y∗(t) ∣ y∗(t−1))At the t-step, a new value Y ∗(t+1) is simulated from a so-called transitiondistribution Q(y ∣ Y ∗(t)

). The transition distribution is allowed to depend on thecurrent value Y ∗(t), but it is independent of all previous values. Hence, given thecurrent value of the Markov chain, we draw the next value from 
Y

∗(t+1)

∼ Q(y ∣ Y

∗(t)

). The transition probability leads (under certain technicalassumptions) to a stationary distribution of the Markov chain. The stationarydistribution is thereby de�ined as the limit as the Markov chain proceeds, that is,the distribution of Y ∗(t) as t→∞, assuming that this distribution exists. The aimis now to choose the transition probability Q(y ∣ Y ∗(t)

) such that Y (t)

∼ F(⋅) as 
t→∞. To achieve this limit, we need (a) a transition probability from which wecan easily simulate, and (b) the stationary distribution should be equal to F(y).Returning to our simulation problem, while we cannot simulate from F(y)directly, since we only know the density up to a proportionality factor, we aim toconstruct a transition distribution Q(y ∣ Y ∗(t)

) such that the Markov chain, if welet it run long enough, converges to the desired distribution F(y). This is achievedwith so-called Markov	 Chain	 Monte	 Carlo, or in short MCMC methods. Toformally prove that the procedure works requires several technical details that liebeyond the scope of the material in this book. We, therefore, present theprocedure and refer to the classical literature on Markov Chains, like Grimmettand Stirzaker (2001) or a more technical discussion on requirements andproperties as provided by Robert and Casella (2004).The MCMC procedure presented here is called Metropolis-Hastings algorithm.The goal is to derive a transition probability Q(y ∣ Y (t)

) such that the Markovchain does have a stationary distribution that is in fact F(y), where F(y) is thedistribution function to density f(y), which, as said above, is only known up to aproportional function ˜f(y). The procedure is thereby as follows:1. Select a starting value Y ∗(0), and set Y ∗(t)

= Y

∗(0) in the following.  2. Based on Y ∗(t), propose a new value Y ∗ from a proposal distribution



(8.13)where G(⋅ ∣ Y ∗(t)

) is a known distribution from which we can easilysimulate. Note that G(⋅ ∣ Y ∗(t)

) can depend on Y ∗(t), and let g(y ∣ Y ∗(t)

)denote the corresponding density.
 

3. De�ine the acceptance probability (8.14) 4. Draw U ∗

∼ Uniform[0, 1].  5. If U ∗

> α(Y

∗

,Y

∗(t)

), reject the proposed value Y ∗, and go back to Step 2.Otherwise accept the new value and set Y ∗(t+1)

= Y

∗ and proceed to Step 6.  6. Go back to Step 2 until t reaches the prespeci�ied maximum number ofiterations.  
We will not prove that the resulting stationary distribution is in fact equal to F(⋅)but refer to the literature cited above. We want, however, to demonstrate that theprocedure is easily applicable. Note �irst that we do not know the normalizationconstant a in (8.12). The normalization constant, however, cancels out whencalculating the acceptance probability in (8.14). Hence, even though the density 
f(⋅) is only known up to a multiplicative constant, this constant cancels out and isnot needed in the algorithm. Secondly, note that if the proposal distribution issymmetric, then the second ratio in (8.14) is equal to 1 and can be ignored. Finally,note that the procedure shows similarities to rejection sampling, and the Markovchain can remain on the same value without changes if the acceptance probabilityis small. We also want to note that there are many variants of the algorithm, andwe refer to Andrieu and Thoms (2008).Let us now demonstrate the performance of the algorithm with a simpleexample. In Fig. 8.7, we show f ∗

(y), which is a bimodal function proportional to adensity. We aim to draw random variables from this distribution. To do so, we setthe starting value to Y ∗(0)

= −5 and work with a normal distribution as aproposal, which is centered at μ = Y

∗(t). Hence we simulate Y ∗

∼ N(Y

∗(t)

,σ

2

).This is a symmetric distribution so the ratio g(Y ∗(t)

∣ Y

∗

) / g(Y

∗
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) ≡ 1 in(8.14). For the variance of the proposal, we choose two options. First, we take asmall variance σ2

= 0.2

2 (setting 1), and second, we take σ2

= 3

2 (setting 2). Thetwo settings are visualized in Fig. 8.8 in the top row, where the left-hand siderefers to setting 1. We run the algorithm up to T = 10.000 and plot the resultingsimulated values in the second row in Fig. 8.8. Apparently, in setting 1, the Markov
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chain remains in the left mode and does not jump over to the right side mode. Thisis in contrast to setting 2, where the larger variance allows for larger steps. Weplot the empirical distribution functions of the simulated values Y ∗(t) in the thirdrow, left-hand side. Apparently, the run with σ = 0.2 was not successful andignored large parts of the distribution. This can be avoided by making largerjumps, as in setting 2. Here, both modes are visited by the Markov chain, and infact, the empirical distribution is indistinguishable from the true distribution.Finally, on the right-hand side in the third row, we show the values of theacceptance probabilities (8.14). Setting 1 has a median of the acceptanceprobability, which is almost 1, and hence more than 50% of the proposed valueshave been accepted. Contrary, for setting 2 (right-hand side boxplot), this is in theorder of 20%. We conclude that the procedure works best if the acceptanceprobability is not too high, with a rough rule of thumb stating it should be in theorder of 20 to 30%, see also Neal and Roberts (2006).

Fig.	 8.7  Function f ∗

(y) which is proportional to a density



Fig.	 8.8  Top row: Function f ∗

(y) and two normal proposal distributions. Left-hand side with σ = 0.2, right-hand side with σ = 3. Second row: Simulated values y(t) for the two settings (left for σ = 0.2, right for σ = 3).Third row: Empirical distribution function of simulated values (left) and acceptance probabilities (8.14) for thetwo settings. Markov chain of �irst (top) and second (bottom) order. Bottom row: Autocorrelation 
Cor(Y

(t)

,Y

(t−d)

) for different lags d



It should be clear that although we have simulated T values, these are notindependent. In fact, due to the construction of the Markov chain, we have a strong(serial) correlation. In Fig. 8.8, we include the resulting autocorrelation functionsfor the two settings. The autocorrelation is thereby de�ined as Cor(Y ∗(t)

,Y

∗(t−d)

)where d is denoted as lag. These autocorrelations can easily be estimated (seeSect. 12. 1) from the simulated data, and we see a longer-lasting correlation forsetting σ = 3 on the right-hand side. To obtain independent values Y ∗(t) one canapply thinning, that is, one only takes every d-th simulated value, which leads tothe (quasi) i.i.d. sample Y ∗

i

 where Y ∗

i

= Y

∗(d

0

+i⋅d), where d can be set to 100, forinstance, and d
0

 is a larger constant which guarantees that the Markov chain hasachieved its steady state, meaning that the resulting values are drawn from thestationary distribution F(y). We refer to Green (2001). This point is quitecontroversially discussed in the literature as it retains fewer samples; see, e.g.,Riabiz et al. (2022).We will return to MCMC samplers in the next chapter, as this is the workingmachinery for Bayesian statistics. It is, however, important to note that MCMCsampling, while regularly used in Bayesian statistics, is “just” a simulationprocedure in situations where the density is only known up to an unknownconstant.
8.4	 Simulating	 from	 a	 Multivariate	 Normal
DistributionThe above simulation sections dealt with univariate random variables. But howcan we simulate multivariate random variables with a prespeci�ied dependencestructure? We want to give some general ideas here, and it should be clear thatmultivariate dependencies can be complex and so are their simulation processes.Most central is certainly the multivariate normal distribution, which we wantto treat �irst. The aim is to generate simulations from
with Y = (Y

1

,… ,Y

p

)

⊤ and Σ as prespeci�ied p× p dimensional variance matrix.This task is easily accomplished by utilizing some matrix algebra. We can simulate
p independent N(0, 1) random variables and stack them to the vector 
Z

∗

= (Z

∗

1

,… ,Z

∗

p

)

⊤. Next, we decompose Σ through singular valuedecomposition to (8.15)where L ∈ R

p×p are (orthonormal) eigenvectors of Σ and Λ = diag(λ

1

,… ,λ

p

)is the diagonal matrix of the eigenvalues. Note that in order for Σ to be positive

Y ∼ N(μ, Σ)

Σ = LΛL

⊤

,



de�inite, as required for variance matrices, we have λ
j

> 0 for all j = 1,… , p.With this property and (8.15), we can de�ine (8.16)where Λ1/2

= diag(

√

λ

1

,… ,√λ

p

). If we now de�ine (8.17)we obtain a simulation from the desired distribution, i.e., Y ∗

∼ N(μ, Σ). This iseasy to see, since Z ∗

∼ N(0, I

p

) with I
p

 as p-dimensional identity matrix, so that

A different approach to simulate multivariate random variables is to factorizethe distribution. This utilizes standard results from multivariate normaldistributions. Assume that a normally distributed random vector Y   is decomposedinto two subvectors Y
A

 and Y
B

, so that Y = (Y

⊤

A

,Y

⊤

B

)

⊤. With (8.18)we denote the multivariate distribution, with mean subvectors denoted with μand covariance submatrices with Σ. Then the following two properties hold (8.19)(8.20)With these results, we can now easily derive the separate components forsequential simulations. For instance, for p = 2, we �irst simulate
and with simulated value Y ∗

1

 use (8.20) and draw Y ∗

2

 from
which, taken together, provides a random variable drawn from (8.21)The procedure can be extended beyond the bivariate setting, i.e., to p > 2. Notethat we can rewrite any multivariate distribution through
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(8.22)
Hence, we can decompose the simulation of a p-dimensional multivariate normaldistribution into p one-dimensional simulations. Indeed, the idea of decomposingmultivariate simulations into a sequence of univariate simulations can be used fordifferent distributions as well, which will be demonstrated in the next section.
8.5	 Gibbs	 Sampling	 and	 Markov	 FieldsThe previous section was constrained to multivariate normal distributions. Wewant to extend the view now toward simulations from general multivariatedistributions. Assume the multivariate random vector Y = (Y

1

,… ,Y

p

)

⊤ whichwe want to simulate. We assume that (8.23)The index notation used (8.23) refers to the set of random variables covered bythe distribution function. The notation will be helpful, as seen in the following. Themultivariate distribution function in (8.23) might not be known or might just betoo complex or complicated. But we assume the univariate conditionaldistributions to be known for each component of Y  , given the remaining variables.That is, we assume that we know (8.24)where subscript “−j” refers to all components of the vector except the j-th one,that is, Y
−j

= (Y

1

,… ,Y

j−1
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,… ,Y

p

). We want to iteratively simulate Y ∗

jfrom (8.24), for j = 1,… , p, such that the simulated entire vector 
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) comes from the distribution target multivariate distribution 
F(⋅) = F
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p

(.)The idea is to construct a Markov chain of simulations Y ∗(t), comparable to theMCMC sampling scheme proposed above. In every single step in the chain, wesimulate only a single component of Y   while conditioning on the others. Thismeans we simulate from the conditional distribution
and iterate over the indices j = 1,… p. The simulation procedure is called Gibbs
sampling, and the idea was proposed in Geman and Geman (1984); see alsoGelfand (2000) or Suess and Trumbo (2010).The algorithm proceeds as follows:
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1. Take any starting value Y ∗(0), and set Y ∗(t)

= Y

∗(0) subsequently.  2. Set Y ∗

= Y

∗(t).  3. For j = 1,… , p, simulate (and hence overwrite) the j-th component of Y ∗through (8.25) 4. Set Y ∗(t+1)

= Y

∗ and proceed with step 2 until a suf�icient number ofiterations have been carried out.  
The algorithm is sketched in Fig. 8.9 for two variables. A formal proof that theMarkov Chain converges to the desired target distribution F(⋅) is not given here.We refer to the literature cited above. We demonstrate the performance with asimple example.

Fig.	 8.9  Sketch of Gibbs sampling
Example	 8.2  We consider a bivariate normally distributed random variablewith conditional distributions (8.26)We use these two conditional distributions to start a Markov chain as described inthe Gibbs sampling algorithm above. We take two different starting values, namely,
Y

∗(0)

= (0, 0) and Y ∗(0)

= (−50,−50). The results of the �irst 1000 steps areshown in Fig. 8.10. We see speedy convergence of the algorithm, even if thestarting point is far away from the center of the distribution.
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Fig.	 8.10  Example of Gibbs sampling with two different starting pointsThe simulated data in this example come from a joint normal distribution, andin this case, we can even calculate the parameters exactly. We write (8.27)Using (8.19) and (8.20) and the simulation setup (8.26) leads to
Due to the symmetry of the simulation setup (8.26), we have σ

11

= σ

22

=: σ

2, andapparently, we also generally have σ
12

= σ

21

. This allows us to solve the twoequations above, and we obtain σ2 = 1 / (1−0.75

2

) ≈ 2.3 and 
σ

12

= 0.75 ∗ σ

2

≈ 1.7. These numbers correspond to the empirical numberscalculated from the simulations.▹The Gibbs sampling approach also allows for the simulation of more complexdistributions, but one should keep in mind that it is not generally guaranteed thateach set of conditional distributions leads to a stable joint distribution. We hereconsider the case where a joint distribution exists, but the joint distribution is notknown; only the univariate marginal distributions are available.
Example	 8.3  We modify the previous example by replacing the simulation stepswith (8.28)Hence, we induce variance heteroscedasticity for the second component. Theresulting simulated data (with starting point (0, 0)) are shown in Fig. 8.11. In thiscase, the joint distribution has no simple structure. ▹
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Fig.	 8.11  Example of Gibbs sampling more complex conditional distributionsThe previous example, along with the simulation steps in Eq. (8.25), highlights akey feature of the Gibbs sampling algorithm: We do not need the full jointdistribution to perform simulations. Instead, it is suf�icient to know theconditional distributions for each individual component of the random vector. Inother words, if we have access to the conditional distribution of each variable Y
jgiven all other variables Y

−j

, we can still use Gibbs sampling to generate samplesfrom the full (unconditional) distribution.In fact, it can be shown that by iteratively sampling from these conditionals, asdescribed in Eq. (8.24), the resulting sequence converges to samples from the jointdistribution in Eq. (8.23), provided the underlying Markov chain has a stationarydistribution. A sketch to prove this result is provided at the end of this section.The Gibbs sampling idea can easily be combined with the different samplingstrategies that we discussed in Sect. 8.1. Note that we assumed in (8.25) that weknow the conditional distribution functions for Y
j

 given Y
−j

. If we instead onlyknow the condition density f
Y

j

∣Y

−j

(⋅ ∣ y
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), we can replace the simulation step(8.25) in the algorithm above by rejection sampling. If we know the conditionaldensities f
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−j

) only up to an unknown multiplicative constant, we canuse Metropolis-Hastings simulations in the steps of the Gibbs sampler. Thecombination of Gibbs sampling and Metropolis-Hastings is frequently used inBayesian computation, and we will return to this in Chap. 9. We motivate the ideawith an example below.
Example	 8.4  We consider the case where the density f(y) is of peculiar shape,as shown in Fig. 8.12 in the top left plot. We apply a Gibbs-sampling Metropolis-Hastings-based MCMC approach, where in each step of the Gibbs-sampling, we usea Metropolis-Hastings step for simulation. We start with Y ∗(0)

1

= −1.1 and 
Y

∗(0)

2

= 2, which is indicated as dashed lines in the top left plot. The conditional



densities for Y ∗

1

 given Y ∗

2

= 2 and Y ∗

2

 given Y ∗

1

= −1.1 are shown in the next twoplots. We also include our proposal densities as dashed blue lines, which arenormal distributions, centered at the current value and with variances equal to 
σ

2

= 0.1. We use these to start the Markov chain, where in each step a Metropolis-Hastings algorithm is used. The resulting MCMC samples are shown in the bottomright plot as a heatmap. We see that the simulated values Y ∗ uncover the “banana”shape of the distribution quite well.▹

Fig.	 8.12  Example of Gibbs sampling using MCMC Metropolis-Hastings. The density is shown in the top left plot.The starting point (Y ∗

1

,Y

∗

2

) = (−1.1, 2) is indicated with vertical and horizontal dashed lines. The top right plotshows the conditional density of Y ∗

1

 given Y ∗

2

= 2, and the bottom right shows the same for Y ∗

2

 given 
Y

∗

1

= −1.1. This is the density cut along the dashed lines in the top left plot. The blue dashed lines in the twoplots represent the proposal densities. The results of a Gibbs-sampling MCMC run of length 10.000 are shown inthe bottom right plot.If p is large, it can be quite burdensome to construct p conditional distributions. Inthis situation, it is advisable to rely on more locally structured simulationtechniques, which require conditional independence assumptions. For instance,for Y = (Y

1

,… ,Y

p

), we could assume some neighborhood structure in that Y
j

 isconditionally independent of Y
k

 for all indices |k− j| > d given the values Y
l

 for 
0 < |l− k| ≤ d. The formula is less easy to understand than a visualization in theform of a simple graph, which expresses the (conditional) independence structure.This is shown in Fig. 8.13. In the top plot, we show a Markov structure of �irst



order. This means that Y
j

 is dependent on the neighbors Y
j−1

 and Y
j+1

, but giventhese values, it is independent of all other values. The setup is typically used forclassical time series analysis (see also Sect. 12. 1), and it allows for thefactorization
The bottom plot in Fig. 8.13 extends the setting toward a Markov chain of secondorder. In this case, one can use the factorization

Fig.	 8.13  Markov chain of �irst (top) and second (bottom) orderThe Markov structure can be extended further, which formally refers to theHammersley-Clifford theorem ; see Grimmett (1973). Let therefore Y be indexedby some index set J , and for each j ∈J , let N
j

 be the “neighbours” of j. Weassume that Y
j

 is directly dependent on Y
l

 with l ∈ N
j

 but conditionallyindependent of the remaining components given the neighbors. We give anexample in Fig. 8.13. Such a dependence structure will be de�ined more rigorouslyin Sect. 11. 2, where we denote this generally as Graphical Models. For now, wetreat the structure only for our simulation setup. To do so, we simplify thesimulation step (8.25) by just conditioning on the “neighbors,” that is,
The framework is often used in so-called Markov �ields, which is sketched inFig. 8.14, top plot. The setup is very suitable if the data carry some “spatial”structure. We can now write Y   in matrix form 
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as visualized in Fig. 8.14 in the bottom plot. Sampling can now be carried out withGibbs sampling by replacing the simulation step in the algorithm above through(8.29)Iterating over all indexed variables concludes one step in the Gibbs sampler.

Fig.	 8.14  Markov �ield (top) and dependence structure when conditioning on the neighborsWe want to demonstrate the idea with a small example. Assume that we areinterested in �inding the maximum of a bivariate function. Let h(y
1

, y

2

) be thefunction, which we can evaluate at given values (y
1

, y

2

). The evaluation of thefunction is considered to be time and/or computer-intensive, so we aim toevaluate it at a small number of points only. As an example, we consider thefunction shown in Fig. 8.15 in the top left plot. We evaluate the function at 25points, sketched together with the isolines of the function in Fig. 8.15 in the topright-hand side plot. We take these 25 points and construct a Markov �ield aroundthem with 100 × 100 cells, which we call pixels subsequently. The pixels are
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connected as shown in Fig. 8.14; that is, a pixel depends on its neighbors. Weassume that Y
ij

, given the neighbors follows a normal distribution (8.30)where Y
N

ij

 is the arithmetic mean of the neighbor values. This setting is called
Gaussian	 Markov	 Random	 Field	 (GMRF). For the 25 pixels evaluated from thefunction, we do not simulate the values but keep the evaluated value from thefunction. For all other pixels, we simulate from (8.30). To start, we just simulatefrom a normal distribution Y ∗(0)

ij

∼ N(0.5, 0.5

2

), where again, the 25 pixels fromthe function remain unchanged. This gives an image as shown in the middle leftplot of Fig. 8.15. Though this looks like random noise, bear in mind that 25 pixelsare, in fact, �ixed. We then start the Gibbs sampling using (8.30), except for the 25evaluated points. We run the algorithm for 600 loops, where we set the variance in(8.30) to shrink in t with order σ
t

= 1/ log (t). We plot the simulated values 
Y

∗(600)

ij

 in the right-hand side plot in the middle row. Apparently, the functionalshape looks comparable to the original function. One should, however, bear inmind that the function has been evaluated just at 25 pixels; i.e., only for these 25pixels, we know the exact value of the function.
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Fig.	 8.15  Top row: Function h(y
1

, y

2

) and the 25 data points at which the function is evaluated. Middle row:Simulated Gaussian Markov Random Field. Starting value to the left, after 1000 iterations to the right. Bottomrow: maximum (left) and mean (right) of the last 100 simulated values



We can now also analyze the simulated values Y ∗(t)

ij

 of the Markov �ield. Wecould, for instance, calculate the maximum or the mean of the simulations. This isshown in the bottom row plots in Fig. 8.15. We thereby only take the last 100simulations into account to guarantee that the Markov chain has achieved itsstationary distribution. All in all, we see that even with a small number of pointsfor which the function is evaluated, we already obtain reasonable informationabout the shape of the function through proper simulations. The topic is alsoknown as response surface methodology, and we refer to Dean et al. (2017) formore details. Generally, we can conclude that simulations provide useful insightand can be used in numerous application �ields.
Proof  We want to sketch that a single Gibbs step has the unconditionaldistribution as the stationary distribution, if it exists, which we assume here. Forsimplicity, we do this for a two-dimensional vector (Y

1

,Y

2

). Let F
1

(⋅) denote themarginal (unconditional) distribution of Y
1

 with density f
1

(⋅). Analogously, wenotate with f
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(⋅) the marginal density for Y
2

 and f
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) stands for theconditional density of variable 1 given variable 2.Assume now that Y
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 is drawn from F
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(⋅), and we conduct a single step in theGibbs algorithm. This means we simulate Y ∗

2

 given Y
1

, and afterward, we simulate 
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. We want to show that P(Y

∗

1

≤ y

∗

1

) is equal to F
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),which means the marginal distribution is the stationary distribution in the Gibbsalgorithm.Note that

As can be seen, the reasoning is rather straightforward. □
8.6	 Uncertain	 Input	 ParametersUsually, each simulation requires the speci�ication of input (or tuning) parameters,which we can denote as θ. These parameters are often not completely known, and
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there is uncertainty about properly specifying the parameters for the simulation.We may quantify this uncertainty concerning some probability distribution f
θ

(θ)for θ ∈ Θ. Given θ, we draw Y ∗ from (8.31)The uncertainty about the parameter leads to the distribution
where
Instead of calculating the distribution F(⋅) exactly, we can simulate from it by �irstsimulating the parameter and then simulating from (8.31). To be speci�ic:1. Draw θ∗ from f

θ

(.);  2. Draw Y ∗ from F(; θ∗). 
Example	 8.5  Assume we aim to draw a bivariate normal distribution, but weare uncertain about the correlation. We assume the correlation ρ∗ to bedistributed uniformly between −1 and 1. Given ρ∗, we draw (Y ∗

,Z

∗

) as bivariatenormal with variance 1 and correlation ρ∗. We show the resulting simulatedrandom variables in Fig. 8.16. The left-hand side shows 10000 simulated values,and the right-hand side shows the resulting contour plot. We see that althoughevery single simulated pair (Y ∗

,Z

∗

) is drawn from a normal distribution, theuncertainty concerning ρ induces a non-normal distribution. ▹

Fig.	 8.16  Bivariate normal random variables with varying correlation
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8.7	 Bootstrapping
8.7.1	 The	 Plug-In	 PrincipleWe now turn to a fundamentally different simulation technique known as
bootstrapping. At its core, bootstrapping involves sampling from the observeddata itself. While this may initially seem counterintuitive, the method is supportedby strong theoretical justi�ication, as we will explore in the following sections.The idea of bootstrapping was originally proposed by Efron (1979) and hasseen many extensions since then. We refer to Tibshirani and Efron (1993), Davisonand Hinkley (1997) or Dikta and Scheer (2021). With the material derived in thischapter, we can quite easily motivate the bootstrap by referring to the Glivenko-Cantelli theorem (see Sect. 1. 2. 2). We assume a sample drawn from the generaldata-generating process (2. 3): (8.32)For notational reasons, it is helpful here to relabel the unknown distribution G(⋅)subsequently with F(⋅), where we emphasize that F(⋅) is unknown and in mostparts of what follows not necessarily a member of any statistical model F . Hence,we misuse our previous notation slightly and rewrite the data-generating process(8.32) to (8.33)where F(⋅) is unknown. Let F

n

(y) denote the empirical distribution functionde�ined as
The Glivenko-Cantelli theorem states that for n increasing, we obtain that F

n

(y)converges to F(y) for all y ∈ R. We want to utilize this now for simulations.Assume that we have the intention to draw random numbers from (8.33). If wewere able to do so, we could obtain full information about F(⋅) just by drawingmore and more random variables. Apparently, this is seldom possible due to timeor computing constraints. But even more importantly, we don’t know F(⋅), andhence we cannot draw random numbers from it. The only information we haveabout F(⋅) is the concrete sample y
1

,… y

n

, or to be more speci�ic, we have theempirical distribution function F
n

(⋅). The idea is now to replace (8.33) by itsempirical version. That is, we propose to draw (new) samples from (8.34)Note that this is possible, unlike drawing from F(⋅), since we know F
n

() and candirectly apply the ideas from the earlier parts of this chapter; see also Fig. 8.3. It isnot dif�icult to see that (8.34) is equal to
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(8.35)The procedure is known as bootstrapping, or more speci�ically as nonparametricbootstrapping. With Glivenko-Cantelli, we see that the approach is justi�iable,since we just replace F(⋅) by its estimate F
n

(). We visualize the idea in Fig. 8.17,where we show the empirical distribution function for exponentially distributedrandom variables for two different sample sizes.

Fig.	 8.17  Sampling from the empirical distribution function with sample size n = 15 (left) and n = 100 (right)
Example	 8.6  We want to clarify the idea of bootstrapping with a simpleexample. In Fig. 8.18, we show in the top left plot 100 standard normallydistributed random variables. These lead to the empirical distribution functionshown as blue step function in the top right plot. We include the true normaldistribution function as a reference in black.

draw Y
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Fig.	 8.18  Demonstration of bootstrapping. The top left plot shows 100 N(0, 1) random variables. The resultingempirical distribution function is shown in the top right plot in blue with the true distribution as reference inblack. The bottom row shows bootstrapped values. The left plot shows simulated values with replacement, andthe right-hand side plot shows the empirical distribution function in blue with the original (empirical)distribution function shown in black as a referenceFrom the original data, we now draw again 100 samples with replacement,which are shown in the bottom left plot. Note that some original values appearmultiple times, since we drew with replacement and hence can draw the samenumbers more than once. The resulting empirical distribution function is shownin the bottom right plot in blue. Now, the reference is the original empiricaldistribution function, included as a black curve. ▹We want to motivate the use of the bootstrap in more detail using the so-calledplug-in principle. Let y = (y

1

,… y

n

) denote the data drawn from (8.33) andassume that we have calculated a statistics t(y) from the data for which we wouldlike to derive some properties. For instance, t(y) could be an estimate of the meanvalue, and we would like to derive the variance of the mean estimate. First, werewrite the statistics t(y) as a functional in the form (8.36)where T is a functional, that is, a function applied to a function. For instance, thearithmetic mean can be written as
utilizing the notation introduced in Sect. 1. 2. 2. If we replace the empiricaldistribution by its true distribution, we obtain
With F

n

(⋅) converging to F(⋅), we have T (F
n

) converging to T (F). This is whatwe call the plug-in	 principle. If we are interested in some quantity T (F), we canestimate this quantity through T (F
n

). But the plug-in principle even extends toother calculations.To demonstrate the idea, we go through the formula for one example quiteexplicitly (which unfortunately gets quite cumbersome, even though notcomplicated). Assume, for instance, that we want to estimate the variance of 
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where σ2

= Var(Y

i

), i = 1,… ,n. We can replace the above formula using theplug-in principle by replacing F(⋅) with F
n

(⋅). First, we replace the unknownmean μ through the arithmetic mean y, as derived above. Second, we replace theunknown distribution function with the empirical one; meaning we apply theplug-in principle, which gives
where y∗ =∑n

i=1

y

∗

i

/ n, with y∗
i

 independently drawn from y∗
i

∼ F

n

(⋅). We cannow carry out the same calculation steps as derived above to obtain (8.37), whichleads us to
where we are again using the plug-in principle

While the plug-in principle is helpful, it is not always applicable. Most often, wecannot calculate the quantities of interest explicitly. In this case, though, we canapply simulations. That is, instead of deriving explicit calculations like above, wedraw a number of samples. In other words, we draw n variables with replacementfrom y
1

,… , y

n

 which is equivalent to (8.38)This step can be repeated several times.
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Example	 8.7  The above idea can be motivated with a simple example. Weassume a sample (y
1

,… , y

n

) of size n from which we aim to estimate thevariance. Figure 8.19 shows our data of size n = 100 in the top left plot.Calculating the empirical variance of these data leads 
ˆ

σ

2

= 0.92. We aim toquantify uncertainty for this variance estimate through bootstrapping. Do so wedraw B bootstrap samples denoted by (Y ∗(b)

1

,… ,Y

∗(b)

n

). Each sample is drawnfrom y
1

,… , y

n

 with replacement which is equivalent to
Three such bootstrap samples are shown in Fig. 8.19, top right plot. For each of the
B bootstrap samples, we calculate the resulting variance estimate, that is,
where Y ∗(b) is the arithmetic mean in the b-th bootstrap sample. Based on 
B = 400 bootstraps, we show the resulting variance estimates in the bottom leftplot of Fig. 8.19. The estimate based on the original sample is shown as a verticalline. From these estimates, we can now construct a con�idence interval. This iscarried out by taking the distribution of the bootstrapped values σ̂2(b), which isshown in the bottom right plot of Fig. 8.19. Using the α / 2 and the 1 − α / 2quantiles as boundaries provides a bootstrapped con�idence interval for theestimate. In Fig. 8.19, we show this for α = 0.1 leading to the interval [0.7, 1.15]. ▹
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Fig.	 8.19  Top row: Sample data of size n = 100 (left hand side) and original data (grey) with three bootstrapsamples, coded in different colors and shapes of points (right-hand side) Bottom row: Variance of B = 400bootstrap samples and empirical variance of the original data shown as vertical line (left-hand side) and resultingdistribution function, which allows constructing con�idence intervals (right-hand side)It should be noted that the bootstrap procedure is very general and easilyapplicable to a wide variety of different problems. We will also demonstrate itsgenerality by looking at prediction models.
8.7.2	 Bootstrapping	 in	 Prediction	 ModelsAssume a supervised machine learning framework where input data x is used topredict an output variable y. We also refer to Sect. 13. 2, where we discuss relationsto machine learning in more depth. For now, assume that we have (i.i.d.) data 
(x

i

, y

i

) with i = 1,… ,n which have been used to train a prediction model 
ŷ(x) = h(x,

ˆ

θ) with ˆθ as trained (�itted) parameters. We intend to quantify theuncertainty of the model, given that it is trained on �inite data. If we consider both 
x

i

 and y
i

 as random, we can group them as pairs and bootstrap directly from thesepairs. In other words, we draw B bootstrap samples (8.39)for b = 1,…B. From each bootstrap sample (x∗(b)

i

, y

∗(b)

i

), i = 1,…n, we retrainthe model leading to h(x, ˆθ(b)) bootstrapped models. The B trained models nowallow us to quantify the uncertainty of the models based on the �inite sample. Wemotivate the idea with a concrete example.
Example	 8.8  Assume we have two machine learning classi�iers and want tocompare them. Consider, for instance, the case where two machine learners weretrained for classifying images of “cats” and “dogs,” to provide a simple example.The results of the two procedures applied to some test data of size n = 1000 areshown as confusion matrices in Table 8.1. Looking at the numbers, it looks as ifclassi�ier 2 is slightly better. It classi�ies more cats as cats and more dogs as dogs.Calculating the accuracy for these tables, one gets that classi�ier 1 predicts 86.1%of the cases right while classi�ier 2 increases this number to 88%. The questionarises whether these numbers support the hypothesis that classi�ier 2 isperforming better. This results in a classical test scenario, where the hypothesiscan be formulated as
Putting it differently, we want to check whether the difference in the accuracymeasures of order |0.88−0.861| = 0.019 is signi�icantly different from 0. Thisquestion can be tackled using bootstrapping.
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Table	 8.1  Error matrices for two classi�iers. Classi�ier 1 on the left and classi�ier 2 on the right, applied to thesame test dataThe main idea to make the bootstrap work in this scenario is that if thehypothesis holds. In that case, we can classify with either classi�ier 1 or classi�ier2, since they perform exchangeable well. We utilize this idea when constructingthe bootstrap. Note that the data have the structure (8.40)where z
i

 is the true class (either cat or dog) and c
k,i

 is the predicted classbased on classi�ier k for k = 1, 2. We now draw a bootstrap sample as follows.First, we draw the triples (8.41)from the data with replacement, with i = 1,…n. Then, for each bootstrappedobservation, we randomly swap the classi�iers, which we can do if the hypothesisholds. This de�ines the �inal bootstrap data (8.42)where R∗

i

∼ B(1, 0.5) are binomial and i.i.d., which guarantee the randomswaps between the classi�iers. Based on the bootstrap, we can calculate thebootstrap accuracy of both classi�iers, denoted as A∗

k

, for k = 1, 2, from which weget the absolute distance D∗

= |A

∗

1

−A

∗

2

|. Repeating this step B times yields abootstrap distribution of D∗, which is generated under H
0

 and allows evaluatingthe observed value from above d = 0.019. We show the resulting empiricaldistribution function of the bootstrapped values D∗ in Fig. 8.20 and indicate theobserved value as a vertical line. We conclude that the differences found in Table8.1 can solely be explained by random variation, and in fact, the resulting p-valueis on the order of 0.15. ▹
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Fig.	 8.20  Bootstrapped absolute differences in accuracy
8.8	 PermutationTo complete the chapter, we want to mention permutation-based inference as well.Permutation is primarily used in statistical testing in order to generate thedistribution under the hypothesis through simulations. We refer to Berry et al.(2011) or Berry et al. (2019) for a more elaborate discussion of the topic. We hereonly motivate the idea with a simple example. Assume we have data from twosettings or two populations, that is, (8.43)We want to test the hypothesis H

0

: F

Y

(⋅) = F

Z

(⋅). First, we need to constructsome test statistics, where we could use the results of Chap. 5 and use theWilcoxon test statistics, the Kolmogorov-Smirnoff statistics, or any other suitablemeasure. To exemplify the idea, we use the Kolmogorov-Smirnoff statistics (8.44)where F
n,Y

(⋅) and F
m,Z

(⋅) are the empirical distribution functions based ondata y
1

,… y

n

 and z
1

,… z

m

. We do not derive the distribution of D under H
0

 butaim to estimate it based on the appropriate permutation of the data. To do so, westack the data to obtain vector x = (y

1

,… , y

n
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)

⊤. If the hypothesisholds, then all elements of x are drawn from the same distribution, which we maydenote as (8.45)Test statistics D in (8.44) results by taking the empirical distribution functionof the �irst n elements of x and comparing this with the distribution function of the
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last m elements of x. Again, if the hypothesis holds, then the order of the elementsin x does not matter, and we can permute the values on x. In other words, we drawa random sample without replacement leading to x∗. Note that the elements in x∗are the same as in x but just in a different order. From these numbers, we de�inethe �irst n elements as y∗, that is, y∗ = (x

∗

1

,…x

∗

n

)

⊤ and the latter m elements as 
z

∗, i.e., z∗ = (x

∗

n+1

,…x

∗

n+m

)

⊤. Using these permuted samples leads to
where F

n,Y

∗

(⋅) and F
m,Z

∗

(⋅) are the empirical distribution functions based ondata y∗
1

,… y

∗

n

 and z∗
1

,… z

∗

m

. Repeating this step B times provides B values D∗(b),with b = 1,… ,B, generated under the hypothesis. We can then calculate the p-value from these simulated (through permutation) values. We demonstrate thiswith a real data example.
Example	 8.9  In Fig. 8.21, we show rents for apartments in Munich for surveystaken in 2 different years (left-hand side). Apparently, we see an increase in therents, which is primarily driven by in�lation. We therefore increase the rents in theearlier year by multiplying them by the in�lation factor. This gives the plot on theright-hand side. We question now whether the distribution of rents, oncein�lation-adjusted, is the same in the 2 years. We can now calculate theKolmogorov-Smirnoff distance of the distributions shown on the right-hand sidein Fig. 8.21, resulting in D = 0.0124. To check whether this is signi�icant, we applya permutation test with the simulated values D∗ shown in the bottom plot in Fig.8.21. The observed value is included as a vertical line, and the simulated p-valueresults to 0.96. There is no evidence that the structure of the rents has changed,once corrected for the increase based on regular in�lation. ▹
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Fig.	 8.21  Top row: Rent data (left) and corrected by in�lation factor (right). Bottom row: Simulated distances 
D

∗ through permutation and observed value D shown as vertical line
8.9	 Exercises
Exercise	 1  A simple way of modelling the weather is to assume that it can takestates with different probabilities of staying the same or changing to a differentcondition. Let us assume three possible weather states, “Sunny” (S), “Cloudy” (C),and “Rainy” (R). The probabilities of the weather on the next day given today’sweather are denoted in the table below. For example, if it is sunny today, fortomorrow there is a 25% probability of it being Cloudy, 25% of being Rainy, and50% of being Sunny again.
Table(a) Calculate the probability of the weather being sunny in 2 days, given that it issunny today.  (b) Write R-code to simulate a Markov Chain of the weather on n days. Choose“Sunny” as the starting value and n = 1000. What is the (marginal)distribution of the three weather states, i.e., what is the probability of the  



weather being Sunny, Cloudy, or Rainy on a given day without anyinformation on the prior days?(c) Visualize the Markov Chain you simulated by plotting the transitions. Canyou identify a “burn-in” period from the plot, and why (not)?  
Exercise	 2  Let X be a random variable with some unknown distributionfunction F. You are given the following sample:

We want to estimate the median θ. A possible estimate is the sample median 
ˆ

θ = 2.48.(a) We would like to quantify the uncertainty of ˆθ. Implement a nonparametricbootstrap method to estimate se(ˆθ).  (b) Assume now that the observations follow a normal distribution. Repeat thetask from point (a), this time using a parametric bootstrap. What is anadvantage of this type of bootstrap?  
(c) Estimate the bias of ˆθ using nonparametric bootstrapping. Compute a bias-corrected estimate as well.  (d) Is the estimation of the bias via bootstrap useful for an unbiased estimator,like the sample mean for the mean of the underlying distribution? Whatwould be the result?  
Exercise	 3(a) Brie�ly describe how and why the bootstrap method can be used forhypothesis testing. Try to relate your explanation to permutation testing.  (b) Test whether the number of fans watching games of the TSV 1860 Munich(recent spectators: 1450, 1700, 5850) is different from that of other clubs inthe same category. 20 spectator numbers from other clubs’ games areavailable.Ordered fan numbers:1780, 2420, 2580, 2650, 2770, 3030, 3070, 3240, 3380, 3450, 3490,3600, 3610, 3610, 3750, 3780, 3790, 4080, 4230, 4450Answer the question using the bootstrap, setting α = 0.1. Specify bothhypotheses, and interpret the results.

 

x = (2.49, 1.35, 2.48, 1.54, 3.84)

⊤



(c) A different way of answering the question from point (b) may be a twosample t-test. Compute the t-test for the given data, and compare the resultswith the previous ones. What test would you prefer for this kind of data? Inyour answer, take into account the assumptions for both tests and the exacthypotheses they test.
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The terminology Bayesian statistics is used if the uncertainty about parameters isformulated with distributions. This is a general setup that can be employed for nearlyall models discussed so far. While the conceptual step from parametric models toBayesian models is simple in so far, that we just aim to quantify our knowledge ofparameter values through distributions, the numerical step carries multipleobstacles, since posterior distributions can be burdensome and not easy to workwith. This chapter introduces the main ideas of Bayesian statistics but also extendsthis to Approximate Bayes Computing (ABC) as well as variational approaches inBayesian statistics.
9.1	 The	 Bayesian	 PrincipleWhat is known as Bayesian statistics today has a long tradition, which is in fact evenolder than classical statistics. It refers less to drawing inference from data but more toprobability statements and how to predict future events based on knowledgeachieved from the past. The patron of the name is reverend Thomas Bayes, whoworked in the eighteenth century on the principles of inverse probability, today calledthe Bayes rule. The result was published posthumously, see Bayes (1763), primarilydriven forward by Richard Price, a philosopher and collaborator of Bayes. FollowingStigler (2018), the work published under Bayes’s name was largely written by Price,in particular, the appendix of the work. The results did not �ind wide attention at thattime, and more than 50 years later, Laplace independently derived the same formulaunder more general conditions; see de Laplace (1820). Whether Bayes or Laplacecount as “inventors” of inverse reasoning remains an open question, and Stigler(1975) and Dale (1982) provide an interesting discussion and historical �indings on
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this topic. For a general discussion on Bayes statistics and its recent development, werefer to van de Schoot et al. (2021).Let us now clarify the fundamental principles of Bayesian statistics. Following thenotation of Chap. 7, we consider the model M = {f(.; θ), θ ∈ Θ}, but instead oftreating the parameter as unknown, which needs to be estimated, we reformulate ourknowledge about θ using probability theory. In other words, we consider theparameter to be a (vector-valued) random variable. It should be stressed that this is aconceptual step, but we learned in Chap. 2 that uncertainty is well quanti�iable withprobability arguments.Let us demonstrate the idea with a simple example. Assume a binomial modelwith
such that π is the parameter of interest. This leads to the likelihood (9.1)We postulate our prior knowledge (or prior uncertainty) on π with a betadistribution, i.e.,
The beta distribution is a continuous distribution on the interval [0, 1] with densitydepending on the parameters α > 0 and β > 0: (9.2)where B(α,β) is the so-called Beta-function. The Beta-function serves as anormalization constant. It formally results in
with Γ(.) as the Gamma function, i.e., the continuous version of the factorial function.The exact shape of the Beta-function is of little interest right now. More relevant is thefact that the normalization constant is analytically available for distributions takingthe shape (9.2).We are interested in the posterior distribution of π after having observed y.Following Bayes’ rule, this results in (9.3)with ∝ referring to proportionality, that is, omitting all multiplicative constants thatdo not depend on π. With (9.2) and (9.3), we readily �ind that (9.4)We call (9.2) the prior	 distribution, or sometimes in short just prior, and (9.3) the
posterior	 distribution. The prior distribution expresses the uncertainty before having
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seen any data. The posterior describes the information achieved about the parameterafter having observed the data.We demonstrate the idea in Fig. 9.1. We use the beta prior with α = β = 1, whichis the uniform distribution on [0, 1] as shown in the top left plot. Assume now that weobtain a single observation with y = 1, i.e., n = 1. The resulting posteriordistribution is shown in the top right plot in Fig. 9.1. We also visualize 95 probabilitymass, which gives an interval previously de�ined as a credibility interval in De�inition3. 13. If n = 10 and y = 10, that is, in all 10 trials, we observe success, and we obtainthe density and credibility interval as shown in the bottom left plot. We emphasizethat in none of the cases, maximum likelihood reasoning would have worked, since 
y = 1 and consequently the central limit theorem fails to hold. This highlights a quitecentral advantage of Bayesian reasoning, since we readily obtain quanti�iableinference, even if we just observe a single observation. Finally, for n = 100 and 
y = 90, we show the resulting posterior density on the bottom right plot. We see thatwith increasing data, the posterior distribution gets more condensed, which in turnmeans that the uncertainty reduces.

Fig.	 9.1  Uniform prior beta distribution (top left). The posterior distribution for n = 1 and y = 1 (top right).Posterior for n = 10 and y = 10 (bottom left). Posterior for n = 100 and y = 90 (bottom right). Blue-shaded areasgive 95% probability massIt seems helpful to summarize the main ingredients of Bayesian statistics.

¯



1. We assume a distribution model M = {f(y; θ), θ ∈ Θ} for the data. This meansthat Bayesian statistics does require the speci�ication of a probability model.  2. We impose a prior	 distribution on the parameters, i.e., θ ∼ p(⋅,ω), where theprior distribution itself might depend on additional parameters ω ∈ Ω, which arecalled hyperparameters.  
3. We are interested in the posterior	 distribution given the data, that is formally 

p(θ ∣ y;ω)

 4. The posterior distribution allows drawing inference, e.g., by calculating intervalswith 95% probability mass.  
9.2	 Prior	 and	 PosteriorLet us get more formal now. With M = {f(⋅; θ); θ ∈ Θ}, we de�ine our probabilitymodel for the data y

1

,… , y

n

, which are assumed to be i.i.d. For θ, we formulate ourknowledge (or better missing knowledge) as prior distribution (9.5)where parameter ω ∈ Ω is called hyperparameter with Ω as hyperparameter space.We de�ine the prior structure as the model class
The choice of the hyperparameters ω will be of interest later in the chapter. For now,we assume that ω is �ixed and does express the prior knowledge that one might haveon the parameter θ. Based on (9.5) and model M , we obtain the posteriordistribution (9.6)where (9.7)We will see that the normalization f(y;ω) requires integration over the parameter θ,which can be numerically demanding and keeps us from utilizing (9.6) immediatelyfor drawing inference. A numerically simple strategy results if F  and P are chosensuch that the posterior is again in P. We call this the conjugate prior.
De�inition	 9.1  For	 a	 given	 probability	 modelF ,	 we	 callPthe	 set	 of	 conjugate	 prior
distributions,	 if	 it	 exists	 and	 if	 the	 posteriorp
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We have already seen an example for conjugate priors in Sect. 3. 5, namely, the betadistribution for the binomial distribution for y, but there are more examples asdiscussed below. We list familiar conjugate prior distribution pairs F  and P in Table9.1.
Table	 9.1  Examples for conjugate distributions
Example	 9.1  Let Y ∼ Poisson(λ), and we assume that λ follows a Gammadistribution, that is,
with Γ(α) a factorial function. The hyperparameters are ω = (α,β). Note that if
then λ ∼ Gamma(α,β). This, in turn, shows for the posterior
with
which readily shows
Hence, prior and posterior distributions come from the same model class. ▹
Example	 9.2  Assume Y
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), and let σ2 be known for simplicity. Weassume the prior μ ∼ N(δ, τ
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). Note that for normality with mean δ and variance τ 2,we have
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Consequently, by collecting the terms and using the above proportionality statements,we get
Note that if we set δ = 0, that is we assume that the mean value μ is “a priori”centered around 0, and setting τ 2 → ∞, that is, we assume a prior such that possiblevalues of μ range from very small to very large values, then we obtain approximately
This result looks familiar when we exchange μ and y and do not take a Bayesian view,but let μ be a parameter. Note also that for τ 2 → ∞, the prior distribution getsdegenerated, meaning that the integral ∫ p(μ; δ = 0, τ

2

→ ∞)dμ → ∞. We call thisan improper	 prior. Still, even with an improper prior, the posterior distribution iswell-de�ined in this case.▹Conjugate prior distributions are very special cases. Let us therefore now look at (9.6)and derive alternatives for drawing inference in a Bayesian setting. First, we take anasymptotic view in the sense that n → ∞ and assume that the parameter space Θ is�inite-dimensional.
Theorem	 9.1	 (Bernstein—von	 Mises	 Theorem)  For	 increasing	 sample	 size	 n	 and
an	 appropriately	 chosen	 prior,	 we	 �ind

We sketch the proof at the end of this section. The Bernstein-von Mises theorem is auseful result. It states that with massive data, Bayesian inference (that is, treating theparameter as random) corresponds to maximum likelihood inference. The result,however, does not say anything about �inite samples, which occur in practicalapplications all the time. We will therefore look at non-asymptotic inference tools. Inparticular, we will later suggest the use of simulation-based techniques that weintroduced in Sect. 8. 3.
Proof	 of	 Theorem9.1  Looking at (9.6), we �ind
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(9.8)
where (9.9)(9.10)We occasionally call (9.10) a penalized likelihood, since we add a component, the so-called penalty, to the likelihood. De�ining ˆθ

p

 as the so-called penalized maximumlikelihood estimate through
we can approximate (9.8) through
This takes the form of a normal distribution. Replacing the second-order derivative bythe Fisher Information and re�lecting that the l

p

(

ˆ

θ) is �ixed and hence can be treatedas a multiplicative constant shows the asymptotic distribution
For n increasing, the in�luence of the prior diminishes, so that the penalty componentin (9.9) does not play any role. Consequently, ˆθ

p

 becomes the maximum likelihoodestimate ˆθ and the result follows. □
9.3	 Hyperparameters	 and	 Empirical	 BayesWe have introduced prior distributions that depend on additional parameters ω,labeled as hyperparameters. Their concrete choice is up to the user of the Bayesianapproach and hence needs to be treated with some care. The general advice iscertainly to set ω such that p(θ;ω) expresses the prior knowledge about θ, whereprior knowledge may result from previous analyses, expert knowledge, or any kind ofprior belief. However, this is often not properly quanti�iable. A plausible strategy is tochoose a so-called “�lat prior.” This means that (9.11)In other words, every value of θ seems equally likely before having seen any data. Westress that this often results in an improper	 prior in that the density p(θ;ω) is notintegrable. This immediately happens if the parameter space Θ is not bounded.Nonetheless, even though the prior is not proper, the posterior usually is, at least for a
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suf�iciently large sample size. The posterior in this case is just proportional to thelikelihood since with p(θ;ω) = const it follows (9.12)A further strategy to select the hyperparameters is called empirical	 Bayes. If weconsider parameter θ as random and treat the hyperparameter ω as �ixed, we canintegrate out θ and derive the distribution for y based on parameters ω. This resultsthrough (9.13)In other words, instead of working with the distribution f(y; θ), we work with theprobability model ˜F = {

˜

f(;ω);ω ∈ Ω}. Choosing a value for hyperparameter ω canbe done by utilizing Maximum Likelihood estimation from Chap. 4 and selecting ω tomaximize the resulting likelihood
The approach is called empirical	 Bayes, even though strictly speaking, it is notBayesian at all, since no parameters are treated as random. In fact, empirical Bayescompletely contradicts the Bayesian principle. The prior expresses the knowledgeabout θbefore we have seen any data. Selecting the hyperparameters of the priordistribution based on the data is a clear violation of the Bayesian paradigm. Still, inpractice, the approach has been shown to be quite useful, and it, for instance, isdominantly used in smooth regression; see, e.g., Wood (2017).

9.4	 Inference	 Based	 on	 MCMCWe now get to the heart of the Bayesian machinery. Looking at formula (9.6), we �ind
(9.14)

Both components on the right-hand side in (9.14) are numerically available: the �irstis the likelihood and the second is the prior. The numerical obstacle is theproportionality constant, which we omitted in (9.14). Hence, we have the density ofthe posterior up to an unknown constant. This is exactly the setup that we discussedin Sect. 8. 3, where we introduced Monte Carlo Markov Chain (MCMC) simulations. Itallows us to simulate from the posterior, even though we know it only up to aconstant. The idea is now to simulate a Markov chain θ∗(t) based on MCMCsimulations. The simulated values θ∗(t) (after some burning in) can then be used to
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draw inference about θ given the data. We might look at the distribution of thesimulated values or just calculate, e.g., the posterior mean
where d determines the burning in phase.The algorithm is then as follows:1. Let θ = (θ

1

,… , θ

p

) be the p-dimensional parameter of interest, and choose 
θ

∗(0)

∈ Θ as some starting value. Set θ∗(t) = θ

∗(0) subsequently.  2. Simulate θ∗ from some proposal distribution  
3. Calculate the acceptance probability through  
4. Simulate U ∗

∼ Uniform[0, 1].  5. If U ≤ α(θ

∗

, θ

∗(t)

) set θ∗(t+1) = θ

∗ and proceed to Step 6. Otherwise, go back toStep 2.  
6. Go back to Step 2 until t takes the required number of steps has been reached.  Unless the number of components in θ is small, the acceptance probability calculatedin Step 3 will typically be rather low. This is because multivariate densities can takesmall values, making the algorithm extremely slow due to a small acceptance rate. If 
p > 2, it is therefore advisable to combine the MCMC with Gibbs sampling asdescribed in Sect. 8. 5. This means that the simulation Steps 2–5 are replaced bycomponentwise simulation steps, where we simulate one component of θ after theother. We thereby keep all other components �ixed. The reason why we can do this isthat the posterior for component θ

j

, keeping all other components θ
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 �ixed, followsthe proportionality
(9.15)
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where θ
−j

 is the p−1 dimensional subvector of θ excluding the j component. TheMCMC chain with Metropolis-Hastings-Gibbs sampling is then constructed as follows:1. Let θ = (θ

1

,… , θ

p

) be the p-dimensional parameter of interest, and choose 
θ

∗(0)

∈ Θ as some starting value. Set θ∗(t) = θ

∗(0) subsequently  2. De�ine θ∗ = θ

∗(t)  3. For j = 1,… p run through the following steps:(a) De�ine θ∗∗ = θ

∗  (b) Simulate (and hence overwrite) the j the component θ∗∗
j

 from someproposal distribution, that is,  
(c) Calculate the acceptance probability through  
(d) Simulate U ∗

∼ Uniform[0, 1]  (e) If U ≤ α(θ

∗∗

, θ

∗

) replace the j-th component in θ∗ through θ∗
j

= θ

∗∗

j

 andproceed. Otherwise, go back to step a.  

 

4. Set θ∗(t+1) = θ

∗.  5. Go back to Step 2 until t takes the required number of steps has been reached.  The algorithm has an outer loop, which provides a simulation for all elements in θand an inner loop, which provides univariate simulations for the individualcomponents in θ.
Example	 9.3  We consider zero-in�lated count data. Figure 9.2 gives a typicalexample. Zero in�lation occurs if we observe more zeros than assumed by anystandard model, e.g., the Poisson distribution. Consider, for instance, the number ofclaims of customers of an insurance company per given time interval. Most customerswill not submit any claim; that is, the number of claims is zero. For some customers,however, one will observe claims and possibly more than one. This is visualized withsimulated data in Fig. 9.2 (top left). We can model the data by using the Poisson
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distribution but by in�lating the zero probability. With Y ∈ {0, 1,… } being thecount, this leads to the model (9.16)with λ ≥ 0 and π ∈ [0, 1]. Note that for π = 0, we obtain a Poisson distribution, whilefor π > 0, the zero outcome is in�lated. This leads to a two-parameter distribution,which we aim to model in a Bayesian way. We thereby assume a uniform prior for πand an exponential distribution for λ, that is, (9.17)(9.18)with ω as hyperparameter. For ω �ixed and data y
1

,… , y

n

, the posterior is thenproportional to (9.19)with P(⋅;λ,π) as given in (9.16). For the proposal, we assume independence of λ and
π and therefore model the proposals separately. In both cases, we need to observe theconstraints on the parameters, namely, π ∈ [0, 1] and λ > 0. This can be numericallyclumsy for the proposal distribution, and it is therefore advisable to work withunconstrained, transformed parameters. To do so, we parameterize the model with 
η = logit(π) =log (π / (1 − π)) instead of π. Note that the logit transformationyields the prior for η through (9.20)with
As proposal density for η, we use a normal distribution centered at the current value 
η

∗(t), that is,
where we set σ

η

= 0.5.
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Fig.	 9.2  Posterior distribution through MCMC for zero-in�lated count data. Data (top left) and the �irst 300 steps ofthe MCMC chain (top right). MCMC steps for π (middle left) and λ (middle right). Joint posterior distribution for 
(π,λ) for n = 100 and for n = 2000Similarly, we proceed for λ. Instead of modeling λ, we take the log and model 
δ =log (λ). This leads to the prior (9.21)δ ∼ p

δ

(δ;ω) =
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λ

(λ(δ);ω) = λω exp (−λω)



with λ =exp (δ). For the proposal, we choose δ∗ ∣ δ∗(t) ∼ N(δ

∗(t)

,σ

2

δ

) with σ
δ

= 0.5.We can now start the MCMC for η and δ. Since we use a symmetric proposal for η and 
δ, we obtain the acceptance probability through
with the ratio of the likelihood components rewritten as
where λ∗

=exp (δ

∗

) and π∗

=exp (η

∗

) / (1+ exp (η

∗

)). For large n, it is advisable tocalculate the ratio of the probabilities as suggested.We look at the performance of the MCMC steps in Fig. 9.2. The top right plotshows the �irst 300 steps of the MCMC samples. The quantity 
π =exp (η) / (1+ exp (η)) is on the horizontal axis and λ =exp (δ) is on the verticalaxis. We see good mixing, that is, the Markov chain jumps around. This is also seen inthe middle plots, where we show the MCMC steps for π on the left and for λ on theright. The bottom plots show a density plot of the simulated π and λ for the originaldata (n = 100) and for an increased data set (n = 2000). The vertical lines indicatethe true values used to simulate the data, while the dotted lines give the mean valueof the MCMC samples. We recognize decent concordance. We also �ind that theposterior density is slightly skewed, so that the mode of the posterior density is foundfor small values of π and λ, while the values used for simulations are π = 0.3 and 
λ = 5. All in all, the example shows that the MCMC approach is easy to implementand allows for estimating complex distributional models. ▹We demonstrated how MCMC sampling can be used to simulate from the posterior,even though this is known up to a constant only. The resulting simulations θ∗(t) can beused to draw inference, as sketched in the example. We may estimate the posteriormean through the mean of the MCMC samples, i.e.,
where d de�ines the length of the burn-in phase. We may also calculate the posteriorvariance to assess uncertainty, i.e.,
One should keep in mind, though, that the MCMC samples are not independent and, infact, they are strongly correlated through the structure of the Markov chain. This is,however, not that relevant, but we need to bear in mind that the T simulations do notcarry the same amount of information as T independent replicates.
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Instead of calculating moments of the posterior sample, we can also directly lookat the posterior density as done in the example above. The density, be it univariate orbivariate, gives good insight into the amount of uncertainty, but for dimensionsbeyond 2, it is not really presentable.We will now extend the above Bayesian approaches to two further situations.First, we question whether we can neglect the likelihood and �ind simulationparameters that lead to data comparable to the observed ones. Second, we will look atuseful approximations if the posterior distribution is too complex or numerically toodemanding.
9.5	 Approximate	 Bayes	 Computation	 (ABC)Approximate Bayes computing, in short ABC, can be applied if the likelihood isintractable or only known up to some constant. We consider the setup where data yare available and L(θ) = L(θ; y) is the corresponding likelihood. For notationalpurposes, it is advisable to explicitly take the dependence of the likelihood on y intoaccount. Note that the posterior results through
In some constellations, the likelihood itself can be clumsy and dif�icult to calculate.We consider a simple example later in this chapter. The idea of approximate Bayescomputing is quite simple, and we refer to Marin et al. (2012) for a general overview.The approach traces back to Rubin (1984) and Tavaré et al. (1997), and the main ideais as follows:1. Generate θ∗ from some prior distribution p

θ

(θ).  2. Generate Y ∗ from the assumed distribution, i.e., the likelihood function f
Y

(⋅; θ

∗

).  3. If Y ∗

= y accept θ∗, otherwise go back to Step 1.  4. Repeat Steps 1–3 until the required number of simulated values θ∗(1),… , θ

∗(N)are reached.  
The algorithm itself is not really feasible, since it is very unclear whether theacceptance criterion in Step 3 is ever met. But the idea of the algorithm easily showsthat an accepted value θ∗ is in fact drawn from the posterior distribution p
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(θ ∣ y). Tosee this, note that for simulations that passed step 3, we denote the samplingprobability as 
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Instead of postulating equality in Step 3, it is preferable to request proximity for theproposed value θ∗ to be accepted. In other words, one may replace Step 3 through3. If d(Y ∗

, y) ≤ ϵ, then accept θ∗; otherwise, go back to Step 1. The quantity d(⋅, ⋅) is thereby some distance measure, and ϵ needs to be chosenappropriately. We demonstrate the idea by continuing with Example 9.3 on zero-in�lated count data.
Example	 9.4  Considering Fig. 9.2, we have plotted zero-in�lated count data in thetop left plot. Using model (9.16) together with the priors (9.19) and (9.20), we cansimulate π∗

,λ

∗ and subsequently Y ∗. We de�ine the distance between the data y, seenin Fig. 9.2, and the simulated values through
where
Hence, we compare the relative frequencies of the observed and simulated data up toan outcome 10. In Fig. 9.3, we plot the simulated values π∗ and λ∗ based on thedistance d(Y ∗

, y). The thicker the points, the smaller the distance. Simulations with 
d(Y

∗

, y) > 0.05 are omitted. The dashed vertical and horizontal lines indicate theweighted arithmetic mean of the simulated π∗ and λ∗, where the weights are de�inedas the reciprocal of the distance d(Y ∗

, y). The solid lines are the values used forsimulation. We see again a reasonable concordance, which demonstrates that the ABCapproach is doing the right thing.▹
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Fig.	 9.3  Approximate Bayesian computation. Simulated parameters π and λ, weighted by the reciprocal distance tothe observed data
9.6	 Variational	 Bayes	 ReasoningWe now look at an approach to approximate the posterior distribution. The simplestsetup for this is the Bernstein-von Mises Theorem 9.1 or its penalized version, whichwe state again below. For large samples, i.e., for n suf�iciently large, we have (9.22)where ˆθ

p

 is the maximum of the penalized log likelihood
Note that the prior distribution p(θ) might depend on further hyperparameters. Thepenalized Fisher information takes the form
Besides approximation through a normal distribution, we want to look at the idea ofapproximating the posterior in more technical detail. The idea is to replace the exactposterior distribution p(θ ∣ y) with some approximation q(θ), where q(⋅) has asimpler structure than the original p(θ ∣ y). For example, we might restrict q(θ) to bea normal distribution and hence aim to �ind the “closest” normal distribution to 
p(θ ∣ y). Apparently, this resembles (9.22). We may also simplify the distributionfurther and assume independence. That is for θ = (θ
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be some set of easy-to-handle distributions for which we aim to �ind the element 
q(⋅; γ̂) which has the smallest distance to the true posterior distribution p(θ ∣ y). Asdistance, we use the Kullback-Leibler divergence as in Sect. 3, but now we replace theorder of the densities. Hence, we de�ine
with
Note that the integral is with respect to the density q(θ; γ), which will be utilizedlater. With p(θ ∣ y) = f(y; θ)p(θ) / f(y), we can rewrite the above to

(9.23)
The second component in (9.23) is typically unknown, since the marginal distributionof f(y) requires unfeasible integration. The �irst component, however, contains onlyanalytically available components. Both the likelihood f(y; θ) as well as the prior p(θ)are known. Moreover, q(⋅; γ) is chosen to be “simple,” meaning that we can easilycalculate q(θ; γ). The main idea behind variational Bayes can be seen from (9.23).Minimizing the Kullback-Leibler divergence is equivalent to maximizing the so-calledlower bound (9.24)with respect to γ.As mentioned before, the class of distributions Q is chosen such that calculationsare feasible, so that the lower bound LB(⋅) can either be calculated analytically orobtained through simulations. This also applies to the derivative, which we aim to setto zero. We get
The second component above is zero for Fisher regular distributions; see (4. 5). Theremaining two components can be rewritten to
where the expectation is taken with respect to the density q(⋅; γ). The expectation canbe replaced by simulated values, i.e., for given hyperparameters γ (t); we draw
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and calculate the estimate of the derivative through
(9.25)

Following standard numerical optimization techniques, one updates γ (t) through(9.26)with r(t) some (possibly vector-valued) learning rate. We refer exemplarily to Kingmaand Welling (2014) and Kucukelbir et al. (2017). We emphasize that iteration (9.26)is in practice more complicated than it looks, but one can use standard results fromoptimization, such as stochastic gradient ascent leading to stochastic variationalinference; see, e.g., Hoffman et al. (2013) or Blei et al. (2017).
Example	 9.5  We apply the idea to the example from above on the zero-in�latedcount data. For given π and λ, the distribution (likelihood) of Y   is given in (9.16). For 
π, we assume a �lat beta distribution, i.e.,
and for λ, we assume a “�lat” exponential family, i.e.,
with ω = 0.01. As before, we look at transformed parameters, i.e., 
η = logit(π) =log (π / (1 − π)) and δ =log (λ) with resulting prior distributionsgiven in (9.20) and (9.21). We aim to approximate the posterior through the productof two normal distributions, i.e.,
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for b = 1,… ,B with B set to 1000. With these simulated values, we can calculate(9.25) from which we then obtain an update γ (t+1) through (9.26). The step size ischosen to be small, i.e., r(t) = 0.001, and we only update the γ (t) in its steepestdirection. Apparently, there is ample space for numerical improvement, but we aim tokeep it simple to demonstrate the idea. The �inal estimate is denoted by γ̂, and we canplot the resulting density q(⋅; γ̂) which we visualize in Fig. 9.4 for λ and π. ▹

Fig.	 9.4  Variational approximation of the posterior, based on the product of two normal distributions for logit(π)and log (λ)Variational Bayes methods have become more attractive over the last years, alsobecause they scale better to high-dimensional parameters. Apparently, one issueremains, which becomes obvious if we look at the Kullback-Leibler divergence (9.23)again. We aim to minimize the �irst component, which corresponds to maximizing thelower bound (9.24). The second component, though, the distribution of the data f(y)remains unknown. In other words, in general, we have no measure that quanti�ieshow close the approximation q(⋅; γ) is to the true posterior distribution, even thoughwe can derive some bounds. We refer to Fox and Roberts (2012) for more details.
9.7	 Bayes	 and	 RegularizationBayesian formulation is today often used for complex models with multipleparameters, where estimation can become unstable due to the high dimension of theparameter θ. In such settings, we are faced with the fact that the number of
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parameters that we need to estimate is (too) large compared to the available data. Letus therefore consider the p dimensional parameter θ = (θ

1

, θ

2

,… , θ

p

), where p islarge relative to sample size n. This means we have p ≈ n or even p > n. In the lattercase, classical likelihood approaches fail. But Bayesian principles appear asnumerically stable alternatives. To demonstrate the idea, we look at a constructiveexample with a small sample, which is in the example below, or order n = 1 or n = 2.Proper data-driven statistical inference is hardly possible with such small samples.The example here serves as a demonstration to visualize how the likelihood behavesif n < p or n ≈ p.
Example	 9.6  We look at the situation Y

i

∼ N(μ,σ

2

) with i.i.d. samples, and we set
n = 1. Hence, there are two parameters that need to be estimated based on a simpleobservation. The log likelihood results in
We plot the likelihood (not the log likelihood) for a single observation in Fig. 9.5, topleft plot. We can see, and it is also easy to show that for n = 1, the maximum of thelikelihood is achieved for μ̂ = y

1

 and σ̂2 = 0. This is not a useful result, since weobtain a degenerated distribution with variance 0. In other words, likelihoodestimation fails if p, the dimension of the parameter, is larger than n, the data size.
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Fig.	 9.5  Likelihood function for n = 1 (left) and n = 2 (right) for normally distributed data (top row). Priorstructure for μ and σ2 (middle row) and resulting posterior distribution for n = 1 (left) and n = 2 (right) shown inbottom rowWe therefore assume weak informative prior distributions for both the meanvalue μ and the variance σ2, as shown in the middle plot of Fig. 9.5. For the meanvalue μ, we assume a normal prior with large variance (σ
mu

= 10), and for σ2, we usean inverse gamma distribution with a large range of values. Note that we plot the



prior in the same range as the likelihood in the upper left plot. This means that weshow a small fraction of the prior for μ only, and in fact the prior 95% probabilityrange for μ ranges from −20 to 20. In other words, the priors are taken to be ratheruninformative.Using these priors, we obtain the posterior distribution shown in the bottom leftplot. The function stabilizes and the maximum, which would correspond to themaximum posterior mode, is clearly exposed, even for a situation where p > n. Wealso show the resulting function for n = p = 2, visualized in the top right and bottomright plots. While there is a substantial difference in the pure likelihood (top row), theplots show less discrepancy for the posterior distribution given in the bottom row. ▹The idea of stabilizing the likelihood can be written down formally and is also knownas penalized likelihood. We refer to Scheipl et al. (2013) or Kauermann et al. (2009)for further reading. Formally, we de�ine the penalized log likelihood as (9.27)where ω are some hyperparameters. The maximum penalized likelihood,corresponding to the posterior mode, is achieved by setting (9.28)The remaining question is the speci�ication of the hyperparameters ω. In principle,these should be set such that the prior is uninformative. Sometimes, it is also possibleto estimate the parameters, but that requires some more simpli�ied distributionmodel. We refrain from going into more details here and refer to the above-citedliterature.
9.8	 Exercises
Exercise	 1  A large home appliances company plans to conduct a market study to�ind out whether people are interested in the new Toast-O-Matic 9000—arevolutionary toaster. In the preplanning phase, the internal departments havealready considered this issue. The estimates from four departments for theproportion of people interested in the toaster are available:

The departments have varying track records, with some being right more often thanothers. In particular, the departments are correct with the following priorprobabilities:
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(a) An initial survey E1 showed that out of 20 people, 7 were interested in theproduct. Which department does the data speak in favor of after the �irstsurvey?  
(b) In the �inal E2 survey, 71 out of 200 respondents were interested. Does the bestdepartment change?  
Exercise	 2  Let X

1

,… ,X

n

 be an i.i.d. sample from a geometric distribution withparameter π, i.e., X
i

∼ Geom(π), i = 1,… ,n.(a) We assume a beta distribution as prior for the unknown parameter π; i.e., itholds X
i

∣ π ∼ Geom(π) and π ∼ Beta(α,β). Show that the beta distributionis a conjugate prior for the geometric likelihood by computing the posteriordistribution.
Hint: The density of a beta distribution Beta(α,β) is given by 
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, where c is a constant chosen in a way such thatthe density integrates up to one. The expectation of a Beta(α,β) distributedrandom variable X is E(X) =

α

α+β

.

 
(b) Compute the posterior mean of π.  
Exercise	 3  Consider a discrete random variable Y   with three different states (H),(R), and (W) with given probabilities:
We will use the Metropolis (Hastings) algorithm to construct a Markov chain 
{Y

∗

t

, t ∈ R

+

0

} with stationary distribution π = (π

H

,π

R

,π

W

). We assume asymmetric proposal density.The formula for the transition probability in the discrete case, i.e., the probabilityof going from state Y ∗

t

 to Y ∗

t+1

, is given by
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q

ij

α

ij

i ≠ j,

1 −∑
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q

ik
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ik
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where α
ij

 is the probability that we accept for Y ∗

t

= i a simulated value Y ∗

t+1

= j and
q

ij

= q(i, j) is the proposal probability for j given state i.The following matrix of proposal densities Q is given:
(a) Compute the acceptance matrix A, where each of the nine entries α

ij

 isprobability of the chain moving from state Y ∗

t

 to Y ∗

t+1

 given that the latter state 
Y

∗

t+1

 was already proposed.  
(b) Using the matrix A just obtained, compute the transition matrix P, i.e., the matrixcontaining the nine probabilities of the chain moving from state Y ∗

t

 to Y ∗

t+1given that the latter state Y ∗

t+1

 was not yet proposed.  
(c) Show that π is an invariant distribution for P.  (d) Write down in pseudo-code a Metropolis (Hastings) algorithm that constructs aMarkov chain with stationary distribution π.  
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Genetics,145(2), 505–518.[https://doi.org/10.1093/genetics/145.2.505]van de Schoot, R., Depaoli, S., King, R., Kramer, B., Märtens, K., Tadesse, M. G., Vannucci, M., Gelman, A., Veen, D.,Willemsen, J., et al. (2021). Bayesian statistics and modelling. Nature	 Reviews	 Methods	 Primers,1(1), 1.[https://doi.org/10.1038/s43586-020-00001-2]Wood, S. N. (2017). Generalized	 additive	 models:	 An	 introduction	 with	 R. CRC Press.[https://doi.org/10.1201/9781315370279]

http://www.ams.org/mathscinet-getitem?mr=3634881
http://www.ams.org/mathscinet-getitem?mr=2992292
https://doi.org/10.1007/s11222-011-9288-2
http://www.ams.org/mathscinet-getitem?mr=760681
https://doi.org/10.1214/aos/1176346785
http://www.ams.org/mathscinet-getitem?mr=3105588
https://doi.org/10.1007/s10182-013-0211-3
http://www.ams.org/mathscinet-getitem?mr=436395
http://www.ams.org/mathscinet-getitem?mr=3757508
https://doi.org/10.1214/17-STS635
https://doi.org/10.1093/genetics/145.2.505
https://doi.org/10.1038/s43586-020-00001-2
https://doi.org/10.1201/9781315370279


(1)(2)(3)(4)

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026G. Kauermann et al., Statistics—Coping	 with	 Uncertainty, Textbooks in Statistical Sciencehttps://doi.org/10.1007/978-3-032-33658-3_10
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Our world is profoundly shaped by extreme events. Financial marketsoccasionally experience crashes that reshape global economies. Raretechnological breakthroughs, such as the advent of the internet orarti�icial intelligence, fundamentally transform societies. Globalpandemics disrupt health systems, labor markets, and politicalinstitutions. Although such events occur infrequently, theirconsequences are often disproportionate and long-lasting. In additionto these economic, technological, and societal shocks, we arewitnessing an increasing frequency and severity of extreme weatherevents, including prolonged droughts, intense rainfall, and exceptionalriver water levels. These developments further highlight theimportance of understanding rare but high-impact occurrences. Thischapter presents the main ideas for dealing with data that arise in thetails of a distribution, where rare events reside. Because such eventsoccur only seldom, statistical inference and the quanti�ication ofuncertainty cannot rely on classical asymptotic tools such as the central
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limit theorem. Instead, specialized methods are required. The tools andprinciples underlying these methods are the focus of this chapter.
10.1	 Rare	 EventsThe in�luential book “The Black Swan” (Taleb, 2007) discusses andhighlights events that are individually highly improbable and dif�icult topredict, yet capable of exerting large and lasting effects on the systemsunder study. While the probability of any particular such event may beextremely small, the probability that some rare event (among the manypossible ones) occurs over a suf�iciently long time horizon, or across asuf�iciently large number of units, can be substantial. In this sense,rarity at the microlevel does not preclude near inevitability at themacro level. Examples include extreme environmental episodes such asexceptional river levels or severe heat waves, as well as very infrequenttechnological or industrial accidents such as nuclear incidents or planecrashes, but also positive events, such as revolutionary scienti�icdiscoveries. In Sect. 10.2, we turn to statistical methods designed formodeling extreme values, that is, unusually large or small realizationsin the tails of a distribution. In contrast, the present chapter addressessituations in which the event of interest occurs only infrequently, sothat empirical samples contain very few, or even no, observedoccurrences, and classical asymptotic approximations becomeunreliable.We motivate the idea with a simple example. Assume we areinterested in the proportion π of students in a certain high school whoare addicted to drugs. We draw a sample of n students and ask whethereach student is addicted to drugs (Y = 1) or not (Y = 0). Forsimplicity, we assume that students answer truthfully and correctly.1 Itis reasonable to assume that this probability is nonzero, but quite low.In a small sample of size n = 10 students, it might well happen that nota single student has answered that they are addicted to drugs, that is, 
y

i

= 0 for all i = 1,… ,n. In this context, inference methods derived in



Sect. 4 break down. The log-likelihood function, assuming a binomialdistribution, takes the form (10.1)which is visualized in the left-hand plot of Fig. 10.1. The maximum isachieved at π̂ = 0. Note that the �irst-order derivative at the maximumof likelihood is unequal to zero, which contradicts the derivations fromSect. 4. 2. Were we to blindly follow the asymptotic results presented inSect. 4. 2, our inference would yield useless results. With π̂ = 0, theresulting variance of the estimate is zero as well, which implies that 
π = 0. In most realistic scenarios, this is not the case. Just because wehave not observed drug-addicted students does not mean that there areno people that are addicted to drugs in the entire population ofstudents.

Fig.	 10.1  Con�idence intervals based on (void) asymptotic Chi-squared approximation (left) andexact calculation (right-hand side) for binomial data with n = 10 and y = 0The proportion π is likely small, but our current tools cannotaddress how small. As a �irst idea, let’s study the log likelihood plottedon the left-hand side in Fig. 10.1. If we use the results derived for thelikelihood ratio, we would state by Eq. (4. 21) that
Hence, any test on H

0

: π = π

0

 would be rejected if
with X 2

1,1−α

 being the 1 − α quantile of a Chi-squared distribution forthe signi�icance level α ∈ (0, 1). Using the equivalence between testing

l(π) = 10 log (1 − π),

2[l(π̂) − l(π)] ∼X

2

1

.

l(π̂) − l(π) >

X

2

1,1−α

2

,
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and con�idence intervals (see Sect. 5. 6) and considering the shape ofthe likelihood above (10.1) implies the following con�idence interval
visualized as a vertical line on the left-hand side in Fig. 10.1. We shouldhighlight that the interval lacks any mathematical justi�ication and, infact, is too small. In other words, the asymptotic arguments derived inSect. 4. 2 do not hold since ∂l(ˆθ)/ ∂θ ≠ 0. This means we have toderive our inferential tools on different grounds.First derived by Clopper and Pearson (1934), the shape of theBinomial distribution allows us to calculate exact con�idence intervalsand hence to draw valid statistical inference even for rare events. Let usassume that, for n trials, we observe y

i

= 0 for all i = 1,… ,n. We cancalculate the probability of observing Y = 0 under a binomialdistribution with given n and varying π. We plot this curve for n = 10on the right-hand side of Fig. 10.1, where the threshold value α / 2 isalso indicated. For the con�idence interval, we therefore want to �ind π
rsuch that

holds. We can interpret this as the right-hand side of a con�idenceinterval (upper value). The lower bound in this case is 0, since π cannotbe smaller than zero.The above approach can be developed into a general constructionprinciple for different values of y. For Y = y, the left-hand side of thecon�idence interval is
and the upper end (right-hand side) of the interval is

[0, exp(
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The resulting interval [c
l

, c

r

] is called an exact	 con�idence	 interval,which is shown for different values of n and different outcomes of y / nin Fig. 10.2. We also refer to Somerville and Brown (2013) and Thulin(2014) for further details and a discussion of alternative approaches.

Fig.	 10.2  Exact con�idence intervals based on Clopper-Pearson approachIf n increases and y is bounded away from 0 and n, we �ind the exactintervals to be comparable to the approximate versions derivedthrough asymptotic arguments from Sect. 4.This approach can also be applied to count outcomes as follows:Consider the case with n independent Poisson-distributed randomvariables
For rare events, the intensity parameter λ is typically small. In the mostextreme case, no events are observed in the sample, that is, y

i

= 0 for 
i = 1,… ,n. Though this gives a clear indication that λ is small, it does

Y

i

∼ Poisson(λ) i.i.d..



not imply λ = 0, which would be the value of the maximum likelihoodestimate. Hence, we want to derive a con�idence interval for λ withoutrelying on the asymptotic arguments given in Sect. 4. Before doing so,let us �irst look at the likelihood function. We obtain
This shows that Y =

n

∑

i=1

Y

i

 is Poisson distributed with parameter nλ,so that we can derive the con�idence interval for the single observation 
Y ∼ Poisson(λ

n

) with λ
n

= nλ. If the focus is on obtaining acon�idence interval for λ instead of λ
n

, we just need to divide theinterval limits by n.Exact con�idence intervals for the Poisson distribution date back toGarwood (1936). In line with the con�idence interval derived for thebinomial setting, the left-hand side of the interval for λ
n

 resultsthrough
and the upper right-hand side end equals
We plot the resulting intervals in Fig. 10.3. Note that one needs todivide the values by n in the case of i.i.d. samples with intensity λ.
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Fig.	 10.3  Exact con�idence intervals for Poisson distributionWe conclude that, for both the Poisson and the binomialdistributions, valid con�idence intervals can be constructed even whenno events are observed. The construction of exact con�idence intervalsis somewhat more involved and less intuitive than in the asymptoticsetting. However, modern statistical software readily implements thesecalculations, so this poses no practical dif�iculty.
10.2	 Extreme	 DataIn the previous section, we considered rare events. We now turn toextreme events, that is, unusually large or small realizations in the tailsof a distribution. Examples include exceptionally high river water levelsor unusually high temperatures.
Example	 10.1  The upper panel of Fig. 10.4 shows the dailymaximum temperature recorded on Helgoland, a German island in theNorth Sea, in the last years. The annual variation is clearly visible. First,we calculate the yearly maximum of the daily maximum temperatures,shown in the middle panel. While an overall upward trend is visible, wedo not aim to discuss this at this point. Second, we compute, for eachyear, the minimum of the daily maximum temperatures, displayed inthe bottom panel. The horizontal zero line marks the freezing point;



values above this line correspond to years without a single day ofcontinuous frost. In this section, our objective is to identify anappropriate distributional model for these data. ▹





Fig.	 10.4  Temperature on the island Helgoland in the North SeaFormally, we are interested in the maximum (or minimum) of data inthe previous example. We, therefore, assume the classical setup
but we want to study the distribution of
It is not dif�icult to derive the distribution function of Y

max

, since basedon the i.i.d. assumption, we get

Considering the limit for n →∞, we do not obtain a useful limitdistribution: Assuming the support of F(⋅) is bounded, that is, thereexists an overall maximum value c, such that
it follows that
In other words, the limit distribution converges to a one-pointdistribution, and with in�inite data, the maximum value Y

max

 will equal
c. If, in contrast, the support is unbounded, then we will always obtainlarger maximum values as n increases, such that F

Y

max,n

(y) becomesdegenerate. We visualize this in Fig. 10.5, where we plot the maximumof n = 10

k simulated N(0, 1) variables. With k increasing, themaximum increases and goes to ∞ with increasing n. Due to theseobservations, we need to normalize the data in some reasonable way.Let a
n

 and b
n

 be sequences that can depend on the sample size, suchthat
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converges to some non-degenerated distribution with n →∞. Hence,
where y ∈ R and H is some non-degenerated distribution. The latter iscalled extreme	 value	 distribution, and is further speci�ied in thesubsequent statement.

Fig.	 10.5  Maximum of n standard normally distributed random variables with n = 10

k

Property	 (Extreme	 Value	 Distributions)  Let{Y
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with (10.2)
thenZfollows	 an	 extreme	 value	 distribution,	 i.e.,Y ∼ H(c).	 The

extreme	 value	 distributionH(⋅)takes	 one	 of	 the	 following	 three	 forms:1.
Gumbel	 distribution:  

2. (Inverted)	 Weibull	 distribution:
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3.

Fréchet	 Pareto	 distribution:  
We can consider Eq. (10.2) as a limit theorem for the tails in thedistribution. In other words, if the focus is not on the center of thedistribution but on the tails, be it maxima or minima, there is a limittheorem and a natural distributional model to work with. A sketch of aproof for Eq. (10.2) is given at the end of this section.The methodology goes back to Gumbel (1958), a Germanstatistician who was politically persecuted and escaped Nazi Germanyduring the Second World War by �leeing to the USA. Once there, hestudied extreme values and is now regarded as the founding father ofextreme value theory. For further details about Gumbel’s life andcontribution, see Rendtel et al. (2021).The three distributions H

1

(⋅),H

2

(⋅) and H
3

(⋅) can be jointlywritten in one format, which is called the generalized extreme value(GEV) distribution.
De�inition	 10.1  TheGeneralised	 Extreme	 Valuedistribution	 (GEV)
has	 three	 parameters,	 the	 location	 parameterμ,	 the	 scale	 parameterσ,
and	 the	 shape	 parameterγ.	 The	 distribution	 function	 is	 given	 by (10.3)

withz = (x− μ) / σ.Looking at (10.3), we can interpret the parameters similar to otherdistributions. Parameter μ is the location parameter, and σ is the scale
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parameter. The shape parameter γ characterizes the type of thedistribution. We have1.
γ = 0 gives the Gumbel distribution H

1

();  2.
γ > 0 gives the (inverted) Weibull distribution H

2

(); 3.
γ < 0 gives the Fréchet-Pareto-distribution H

3

().  The parameterization of the GEV opens the possibility of estimating theparameters of the distribution using maximum likelihood, which inturn estimates the resulting type of extreme value distribution. Thisdemonstrates the generality of the extreme value distribution approachand its suitability for the analysis of extreme events. The �ield is wellelaborated, and we only motivated the main ideas in this chapter. Werefer to Coles et al. (2001) or Haan and Ferreira (2006) for furtherdetails.We conclude by demonstrating the ideas by continuing the examplefrom above.
Example	 10.2  In Example 10.1, we analyzed the maximum yearlytemperature. We now take the maximum yearly values shown in themiddle plot in Fig. 10.4 and estimate the parameters of the GEVdistribution using standard maximum likelihood. This leads toparameter estimates
with standard errors given in brackets. Since the estimate of γ isnegative, a Fréchet-Pareto distribution is found in this example. We plotthe resulting distribution in Fig. 10.6 (upper plot) and overlay this withthe empirical distribution of the yearly maximum temperatures. We seea reasonable concordance between the data and the �itted limitdistributions. We can do the same for the lowest maximum

μ̂ = 23.76 (0.25)

σ̂ = 1.88 (0.17)

γ̂ = −0.30 (0.08)



temperature, as shown in the bottom plot of Fig. 10.6. Thecorresponding estimates (and standard errors) are
▹

μ̂ = −0.25 (0.05)

ˆ

σ

= 2.50 (0.21)

γ̂ = −3.06 (0.31).



Fig.	 10.6  Distribution of yearly maximum temperature and �itted extreme value distribution(upper plot). Distribution of lowest daily maximum temperature and �itted extreme valuedistribution (bottom plot)We can now return to the question of whether the data are identicallydistributed, that is, whether the maximum yearly temperatures in theearly years have the same distribution as in the most recent years. Wetherefore split the data into the years before 1985 and the years after1985. We show the resulting empirical distribution functions and the�itted distributions in Fig. 10.6. A clear shift toward the right is striking.We list the parameter estimates and their standard errors in Table 10.1.The shift in the location μ is signi�icant and in the order of 2 ∘C (Fig.10.7).

Fig.	 10.7  Distribution of yearly maximum temperature and �itted extreme value distribution foryears before and after 1985
Table	 10.1  Parameter estimates for the two time periods
Proof  For a sketch of the proof of Eq. (10.2), it will be helpful toconsider Y

max,n

 as the maximum of data in matrix form. Let therefore Y be written with a double index in matrix form



(10.4)
where n = T ⋅K. We can then de�ine
as the row maxima. The overall maximum is then
With this notation, we have (10.5)If there is a standardizing sequence (a
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. Note thatboth sequences converge to the same distribution function for arandom variable Z after appropriate standardization. Applying thestandardization again, we can derive the following property for thedistribution function of variable Z (10.6)It can now be shown that this property holds for the above extremevalue distributions. We show this exemplary for the Gumbeldistribution. Setting a
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Similarly, it can be shown for the other extreme value distributions,which concludes the proof. □
10.3	 Exercises
Exercise	 1  The following table summarizes the number of majorcybersecurity breaches reported by a random sample of 20 technology�irms over the past year, with each �irm indicated by a Greek letter. A“major breach” is de�ined as an incident leading to either loss ofcustomer data or operational downtime longer than 24 hours.
Table(a) Assume the number of breaches per �irm follows a Poissondistribution with intensity λ. Derive the log-likelihood functionfor λ based on the above data.  
(b) Find the maximum likelihood estimate ˆλ. Interpret its meaning inthe cybersecurity context.  (c) Construct a 95% exact con�idence interval for λ. Comment on whyexact intervals are preferred over asymptotic ones in this rare-event setting.  
(d) Estimate the probability that a randomly chosen �irm experiencesat least one major breach in a year.  (e) Suppose a regulator wants to know: what is the probability that atleast 3 �irms out of 50 experience a breach in a given year?Compute this probability using your estimated model.  

H

1

(y− log (T )) =exp (− exp (−(y− log (T ))))

=exp (− exp (−y) T )

=exp (− exp (−y))

T

= H

1

(y)

T



Exercise	 2  The following table, taken from the classic “Danish FireInsurance” dataset, contains data regarding the yearly maximal inter-arrival times (measured in days) of insurance claims, between the years1980 and 1990 (de Carvalho & Marques, 2012). The inter-arrival timeis de�ined as the number of days passing between two subsequentclaims.
TableAssume that in each year, the inter-arrival times are exponentiallydistributed with intensity λ > 0 and that the yearly maximal inter-arrival times are i.i.d.(a) Show that the maximum of an i.i.d. sequence of exponentiallydistributed random variables {X

1

,… ,X

n

}, with intensity λ > 0,can be approximated with a Gumbel distribution. How do thelocation and scale parameters of the resulting Gumbeldistribution relate to λ and n?
Hint: use the convergence properties for 

max {X

1

,… ,X

n

} −

logn

λ

.

 
(b) Use MLE (derive formulas as far as possible) to estimate theextreme value distribution associated with the yearly maximuminter-arrival times.  
(c) Based on your estimation of the parameters, evaluate theprobability for the yearly maximum inter-arrival time to exceed25 days.  
ReferencesClopper, C. J., & Pearson, E. S. (1934). The use of con�idence or �iducial limits illustrated in the caseof the binomial. Biometrika,26(4), 404–413.[https://doi.org/10.1093/biomet/26.4.404]
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11.	 Multivariate	 DataGöran Kauermann1  , Giacomo De Nicola2, Cornelius Fritz3 and David Rügamer4Department of Statistics, LMU Munich, Munich, GermanyHarvard T.H. Chan School of Public Health, Harvard University, Boston, MA, USASchool for Computer Science and Statistics, Trinity College Dublin, Dublin, IrelandMunich Uncertainty Quanti�ication AI Lab, LMU Munich, Munich, Germany 
In this chapter, we study multivariate data, where we assume that y has multiple components that mayinteract with one another. We do not impose a causal order, such as the �irst component in�luencing thesecond, the �irst two in�luencing the third, and so on. Instead, we treat the variables as being on an equalfooting, meaning that their relationships are reciprocal rather than directional. Our goal is to introducemethods for quantifying associations in multivariate settings, in particular beyond simple bivariatecorrelations. We will revisit the multivariate normal distribution, but we begin with discrete-valuedmultivariate data, which are often summarized in contingency tables.
11.1	 Models	 for	 Contingency	 TablesWe now consider multivariate data and let Y = (Y

1

,… ,Y

p

) be a p-dimensional random vector. We beginwith discrete-valued variables and assume that Y
j

∈ {1,… ,K

j

} for j = 1,… , p. Hence, Y   takes values in a
p-dimensional cube with side lengths K

1

,K

2

,… ,K

p

. We visualize a 4 × 2 × 3-dimensional cube in Fig.11.1. The outcome Y = (k

1

, k

2

, k

3

) indicates that Y   lies in the cell (k
1

, k

2

, k

3

).

Fig.	 11.1  Three-dimensional contingency table represented as 3D objectWith multiple multivariate observations, notational ambiguities arise. We need an index for thecomponents of Y   as well as an index for the observation number. This would naturally lead to doublesubscripts, which make expressions cumbersome. In addition, higher-order interactions among thevariables require further indexing. To improve readability, we therefore adopt a modi�ied notation in thischapter. Speci�ically, we denote the observation index by a superscript in parentheses. Thus, 
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Y

(i)

= (Y

(i)

1

,… ,Y

(i)

p

) represents the p-dimensional random vector of the i-th observation. The data arerecorded as independent multivariate observations Y (1)

,… ,Y

(n). With this notational convention, we canexpress the cell counts as
We also need counts for the margins of the table, which we denote by replacing the index with a dot, that is,for instance:
or
Accordingly,
This corresponds to a multivariate p-dimensional contingency table, an example of which is given in thefollowing.
Example	 11.1  Consider data from a survey of n = 3185 rented households in the city of Munich,regarding rent and equipment of the apartment. To be speci�ic, we consider the categorical variables
Y

1

: �loor space (< 50 squared meters, between 50 and 100 squared meters, > 100 squared meters)
Y

2

: center (yes or no)
Y

3

: new contract (yes or no)
Y

4

: district (out of 25 districts of Munich)This leads to a 3 × 2 × 2 × 25 dimensional contingency table with resulting 300 cells. It does not makemuch sense to look at the massive contingency table, which also contains structural zeros, since somedistricts are central, while others are noncentral. It is more feasible to look at the margins of the table; thatis, ignore some of the variables. For instance, looking at Y
1

 and Y
2

 only gives Table 11.1. Alternatively, wemay look at the contract and the different districts, which are shown in Table 11.2, for space reasons, just for6 out of the 25 districts. It becomes apparent that tabulating multivariate discrete valued variables is clumsyand does not provide any insight if the dimension exceeds the order of 2 or 3. ▹
Table	 11.1  Munich rental guide survey, tabulated with respect to �loor space and center
Table	 11.2  Munich rental guide survey, tabulated with respect to new contract and districtWe want to de�ine a general probability model for such kind of data, which in turn will also extend tocontinuous settings as well as more complex data structures like network data discussed later in the book.
De�inition	 11.1  LetY = (Y

1

,… ,Y

p

)be	 a	 discrete-valued	 random	 variable.	 The	 distribution	 of	 Y 	 follows
alog-linear	 modelif (11.1)

wheres
j

(⋅)are	 some	 linearly	 independent	 statistics	 calculated	 fromy = (y

1

,… , y

p

)andθ = (θ

0

, θ

1

,… )is
the	 parameter	 vector.This is a very general setup, which we now specify further for clarity. We begin with the case p = 2, whichcorresponds to a square contingency table. In this setting, it is convenient to introduce a double index for the
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statistics in order to distinguish between main effects and interaction terms. Speci�ically, we de�ine thestatistics as
In other words, s

i

1

⋅

(⋅) is an indicator for the �irst variable that equals 1 if y
1

= i

1

. Similarly, s
i

1

i

2

(⋅) indicateswhether y
1

= i

1

 and y
2

= i

2

. Thus, the indices specify which variables are involved. Note that the indicesabove do not range over all possible outcomes, since we restrict to i
1

< K

1

 and i
2

< K

2

. These constraintsensure that the statistics are linearly independent and that the model is identi�iable.Now, assume we have independent observations Y (1)

,…Y

(n). The general form of the log-linear model(11.1) for observations y(1),… , y

(n) then becomes

where
is the number of observations with outcome i

1

 for variable Y
1

, and accordingly n
i

1

i

2

 the cell count in the twodimensional table. Note that
hence, the points in the subscript refer to the variables we sum over.To simplify the formula, we set K

1

= 2 and K
2

= 2 leading to a two-by-two table. In this case, we obtainthe following likelihood for the data:
If we now set all parameters involving double indices to zero, which, in the case of a 2×2 table, correspondsto a single parameter, the joint distribution simpli�ies. It factorizes into one part that depends solely on theoutcome of Y

1

 and another that depends solely on Y
2

. As a result, we get that Y
1

 and Y
2

 are independent.The log-linear model does not de�ine a proper distribution, since the normalization constant is missing.This can be addressed by introducing a Poisson model for the cell counts. If we assume an i.i.d. sample 
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where n
⋅⋅

 is the number of observations. This is a log-linear model. Note that for the Poisson model, thesample size n
⋅⋅

 itself is a random variable, which is not necessarily a plausible assumption. Let us thereforecondition on n
⋅⋅

= n, that is, the sum of the Poisson distributed cell counts Y
i

1

i

2

 is conditioned to be equal to
n. It can be shown (see Lang, 1996) that this results in a multinomial model of the form

with π
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. Hence, knowledge of the overall sample size is not informative withrespect to the log-linear structure.Log-linear models become interesting for higher-dimensional contingency tables, that is, for p > 2. Inthis case, the set of possible parameters increases in both the dimension p and in the number of categories.Let us formally write down a log-linear model for a K
1

 by K
2

 by K
3

 by …  by K
p

 contingency table.Referring again to Fig. 11.1, this corresponds to a p-dimensional cube with side lengths K
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,K

2
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3

,… ,K

p

.We denote the random cell counts by N
i

1

,…,i

p

 and the observed counts by n
i

1

,…,i

p

. We use bullet notation toindicate summation over an index, that is, a dot in a subscript means that the corresponding index issummed over. This leads to the following rather cumbersome expression

Although the formula appears complicated, its structure is clear. The terms involve main effects (dependingon a single variable), all pairwise interactions, all three-way interactions, and so on, up to interactionsamong all p variables. For example,  represents the pairwise interaction between Y
1

 and Y
2

 at levels 
i

1

 and i
2

, and  represents a three-way interaction. Such interaction structures quickly becomecumbersome for multivariate discrete data. Our goal is therefore to develop more parsimonious modelspeci�ications. Before doing so, we formalize the model in a simpler setting. For convenience, we write 1 forvariable Y
1

, 2 for Y
2

, and so on. We restrict attention to the case p = 3 and consider the binary case 
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3

= 2. This results in a 2 × 2 × 2 table with eight cells. The full model, also called thesaturated model, contains eight parameters: θ
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 is determined by this constraint. We denote the full model, including all interactionterms, by
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This indicates the model with the three-way interaction between variables Y
1

,Y

2

and Y

3

 included. If weimpose that θ
111

= 0, that is, we exclude the three-way interaction, then the highest-order interactions arepairwise interactions between Y
1

 and Y
2

, between Y
1

 and Y
3

,, as well as between Y
2

 and Y
3

. Formally, wewrite this as
If we further restrict θ

11⋅

= 0, that is the pairwise interaction between Y
1

 and Y
2

 should be set to zero, thehighest-order interactions are between Y
1

 and Y
3

 and between Y
2

 and Y
3

. Consequently, the model can bewritten as
We can now further set parameters to zero and just take the highest-order interaction and write this in thegiven model speci�ication. The cascade of different model leads to a model hierarchy, which is visualized asfollows:

The statistical challenge is now to identify an appropriate model for the data in the contingency table.Formally, this can be achieved either by testing whether certain parameters are equal to zero or by applyingmodel selection criteria, such as the Akaike Information Criterion, discussed in Chap. 7. In other words,given observed data, we can use the methods developed so far to determine a suitable—possibly simpli�ied—model.The approach extends naturally to higher-order contingency tables with p > 3. It is also evident that themodel hierarchy illustrated above for p = 3 becomes even more complex as p increases, which motivates afurther simpli�ication of the structure. In fact, some of the models considered above admit an interpretationin terms of conditional independence, which we explore next.We say that Y
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 and Y
2

 are conditionally independent given Y
3

 if and only if
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Using the model notation from above, this is the model
This model implies the conditional independence of Y

1

 and Y
2

 given Y
3

.The conditional independence also allows for further interpretations. If  holds, it follows
In other words, given the value of Y

3

, additional information about Y
2

 does not affect the distribution of Y
1

.Hence, Y
2

 provides no further information about Y
1

 once Y
3

 is known. We will examine these information-theoretic aspects in more detail later in this chapter.We can revisit the model hierarchy above and restrict attention to conditional independence modelsonly. In this case, the hierarchy simpli�ies, as will be discussed in greater detail in the next section.Generally, estimation of the parameters can be carried out with maximum likelihood estimation, which isnot described in detail here. We refer to Tutz (2011) for technical details and further discussion (see alsoAgresti, 2012).
Example	 11.1	 (Continued)  We return to the rental guide example from above and run a model selectionon the data. Based on the Bayesian Information Criterion, the selected model is
The model simpli�ies quite drastically, allowing more straightforward interpretation of the results. ▹
11.2	 Graphical	 ModelsWe introduced the idea of conditional independence in the previous section; we now formalize it. Let 
Y = (Y

1

,… ,Y

p

) be a p-dimensional random variable with density or probability mass function 
f

123⋯p

(y

1

,… , y

p

). We de�ine with A,B and C the following subsets:
(11.3)We say that A is conditionally independent of B given C, denoted as

if and only if (11.4)This holds if and only if the density decomposes to
Conditional independence can be visualized using a graph, which motivates the term graphical model. To beconcrete, we represent the statement that A and B are conditionally independent given C as follows:

In an undirected graphical model, the absence of an edge between A and B indicates conditionalindependence given the remaining variables (here, C).

1 ∗ 3 + 2 ∗ 3.

P(Y

1

= i

1

∣ Y

2

= i

2

,Y

3

= i

3

) = P(Y

1

= i

1

∣ Y

3

= i

3

).

floor space ∗ center + center ∗ district + floor space ∗ new contract

A ∩B = A ∩ C = B ∩ C = ∅

A ∪B ∪ C ⊂ {1,… , p}

A ≠ ∅ and B ≠ ∅

⎫

⎪

⎬

⎪

⎭

f

A∪B∣C

(y

A

, y

B

∣ y

C

) = f

A∣C

(y

A

∣ y

C

)f

B∣C

(y

B

∣ y

C

).

f

A∪B∪C

(y

A

, y

B

, y

C

) = h

A∪C

(y

A

, y

C

)h

B∪C

(y

B

, y

C

).



The graph above serves as an illustration. We now formalize the concept by considering individualvariables. To this end, de�ine a graph G as the pair G = (V ,E), where V = {1,… , p} denotes the set ofnodes and E ⊂ V × V  the set of edges. We identify V   with the variables Y
1

,Y

2

,… ,Y

p

, but for simplicity,refer to them by their indices. In this context, the edges themselves are less important than the missingedges, as the absence of an edge represents conditional independence. We link these two concepts through
In other words, a missing edge in the graph corresponds to conditional independence between the twovariables that are not linked. As an example, for p = 3, the graph shown in Fig. 11.2 can be interpreted as :

Fig.	 11.2  Graphical model expressing the conditional independence We now turn to higher dimensions. Figure 11.3 displays a graphical model for six variables. There areeight missing edges in the graph, and these correspond to the conditional independence relations listedbelow:

Fig.	 11.3  Graphical model for six variablesThese statements are also called pairwise	 conditional	 independence.Looking at the graph in Fig. 11.3, we can also make other statements, which can be shown to holdequivalently in a conditional independence framework. Note that all paths from the set of nodes 
A = {4, 5, 6} to the set of nodes B = {1, 2} go via C = {3}. This translates to
To prove this, we need to show that the distribution factorizes as



With the eight conditional independence statements above, we have similar decomposition properties,which indeed con�irm the above decomposition. This is called global	 conditional	 independence. The globalconditional independence can be formally de�ined as follows. Consider the three sets of variables A,B and Cwhich ful�ill (11.3). If every path from i ∈ A to j ∈ B goes over elements in set C, then
For example, in Fig. 11.3, we also have  , and there are further global conditional independencestatements that can be read from the graph.Finally, we can consider the properties of the graph locally, by looking at single nodes and their directneighbors. For instance, variable 2 has neighbors 1 and 3 and hence is not connected to the remainingnodes. This can be formulated to
In general, let N (i) be the set of neighbors of i, that is,
Then
This is called local	 conditional	 independence.Although the de�initions of pairwise, local, and global conditional independence appear conceptuallydifferent, and are in fact different in other settings, they are actually equivalent for graphical models.
Property  Given	 a	 graphical	 model,	 the	 three	 conditional	 independence	 interpretations	 pairwise	 conditional
independence,	 local	 conditional	 independence	 and	 global	 conditional	 independence	 are	 equivalent. □The proof can, for instance, be found in Whittaker (2009). We also refer to Lauritzen (1996) or Maathuis etal. (2018) for more details.For given i.i.d. data Y (i)

= (Y

(i)

1

,… ,Y

(i)

p

), we can now aim to select a model which has as manyconditional independencies as possible based on some model selection criterion. This again induces somemodel hierarchy, which we show exemplarily for three variables in Fig. 11.4. Apparently, for more than threevariables, the set of possible models gets large.
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Fig.	 11.4  Model hierarchy of graphical models for three variables
Example	 11.1	 (Continued)  We continue with the example of the rental data from above. The model itselfbecomes quite simple as we only have three interaction terms. This in turn leads to the graphical modelshown in Fig. 11.5. We could interpret it as follows. Given that an apartment is in the city center, the explicitlocation (district) gives no information on rent and contract. Or, given the �loor space, the location of theapartment is independent of the contract length. ▹

Fig.	 11.5  Graphical model rental survey exampleGraphical models are a �lexible tool, and we utilized the idea already in Chap. 8, when we introduced thesimulation of multivariate random variables. Graphs quite easily allow us to visualize the dependence



structure. One should, however, bear in mind that not all sets of conditional independence statements can bevisualized with a graph. Assume, for instance, that  and p = 3. The corresponding graphical model is

This conclusion follows from the fact that, conditional on Y
3

, the variables Y
1

 and Y
2

 are no longerindependent. At �irst glance, this may seem counterintuitive. Although Y
1

 and Y
2

 are marginallyindependent, meaning that knowing the value of one provides no information about the other, thisrelationship changes once we condition on Y
3

. To illustrate this, consider the following example.
Example	 11.2  Imagine a technical system consisting of two independent components. Let Y

1

 denote theoperational status of component 1, where Y
1

= 1 if it is functioning and Y
1

= 0 otherwise. Similarly, let Y
2describe the status of component 2 in the same way. We assume that Y

1

 and Y
2

 are independent Bernoullirandom variables, meaning that the functioning of one component has no effect on the other.However, the entire system operates successfully only if both components are functioning. If eithercomponent fails, the system fails. We can model the status of the full system with a third binary variable Y
3where Y

3

= 1 if both components are running (i.e., Y
1

= Y

2

= 1) and Y
3

= 0 otherwise.In this setup, even though Y
1

 and Y
2

 are independent in general, conditioning on the system beingoperational Y
3

= 1 introduces a dependency: Knowing that one component is working increases thelikelihood that the other is also working.This can be modeled formally as follows:

Assuming binomial models leads to
with π

3

(y
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, y

2

) = max(Y

1

,Y

2

). Hence π
1

 and π
2

 are the failure probabilities for components 1 and 2,respectively. Now suppose the technical system has failed, that is, Y
3

= 1, and we want to determine whichcomponent is responsible for the failure. If we inspect component 1 and �ind that it is functioning properly,that is Y
1

= 0, this leads to an increased probability that the system failure is due to a failure of component2. Ignoring variable Y
3

 and applying the Bayes rule, we have
Hence we have independence of Y

1

 and Y
2

. But if we condition on Y
3

, we get
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which does not decompose to a product of probabilities. Or, seeing it differently, if we �ind component 1 towork but the system failed, then

▹Consequently, we may have marginal (pairwise) independence but conditional dependence. To incorporatemarginal as well as conditional independencies, one needs to extend the graphical models toward directed
acyclic	 graphs or in short DAGs. We sketch the resulting DAG for the above discussed example in Fig. 11.6.Nodes 1 and 2 are not connected, but both lead to node 3.

Fig.	 11.6  Directed acyclic graph (DAG) for three variablesA DAG is formally de�ined as a directed graph without cycles or loops. Like before, let G = (V ,E) be a(directed) graph with V = {1, 2,… , p} being the set of nodes (variables) and E ⊂ V × V  the set of edges.Elements in E ful�ill the property that edges are not symmetric, i.e., for (i, j) ∈ E, we have (j, i) ∉ E, andthere are no loops, that is, there is no sequence v
1

, v

2

,… v

k

∈ V  such that (v
j

, v

j+1

) ∈ E for 
j = 1, 2,… k−1 with v

1

= v

k

.The general independence and conditional independence statements in a DAG can be written after someextra de�initions. For a node i in the graph, we denote with Pa(i) the parents. For instance, in Fig. 11.6, wehave Pa(1) = ∅, Pa(2) = ∅, and Pa(3) = {1, 2}. Moreover, the nodes in the DAG are ordered, so that 
Pa(1) = ∅ holds in general and node n has no following node, n ∉ Pa(j) for j = 1,… , p−1. Moreover, ingeneral, there are no loops or cycles, that is,
The conditional independence statements are then
for all i = 1,… , p. Hence, if we condition on the parents of a variable Y

i

 in the DAG, then all variablesbeyond the direct parents, meaning the ones which lie “before” the parent variables, do not provide anyinformation about Y
i

. Moreover, we can also state that two variables are generally (i.e., unconditionally)independent if they have no common ancestors and are not connected by an path given the variables in thegraph. In other words, two nodes in the graph are independent if the only path(s) between them go througha shared descendant(s). Note that we looked at simple DAGs already in Chap. 8 and will return to this in thetime series examples in Chap. 12.
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To fully understand the ideas of a DAG, let us look at a more complex example. Consider the DAG in Fig.11.7. We can read the following independence statements:

As in graphical models, there are equivalent formulations of the resulting independence statements. Werefer exemplarily to Cowell et al. (2007) but do not provide a deeper discussion here.

Fig.	 11.7  DAG for eight variablesIn general, a multivariate distribution on variables Y
1

,… ,Y

p

 can be factorized according to a DAG asfollows:
Hence, for the DAG in Fig. 11.7, we get (in short notation)

An interesting statement can be derived from the conditional independence structures resulting from aDAG. Note that looking at the DAG in Fig. 11.6, we saw with Example 11.2.
that is, Y

1

 is not independent of Y
2

 if we condition on Y
3

. We get such statements by “moralizing” the DAG.Moralizing means that we induce an undirected graphical model from the DAG by1. placing an undirected edge between all nodes in Pa(i) for i = 1,… , p (i.e., we are “marrying” theparents).  2. replace all directed edges by undirected ones.  More formally, if G = (V ,E) is a DAG, then the related undirected moral graph Gm
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1. Set Em

= E.  2. For all i = 1,… p, include (j, k) in Em if {j, k} ∈ Pa(i) 3. For all (i, j) ∈ E, include (j, i) ∈ E

m.  We demonstrate this in Fig. 11.8, where we include the “moralized” edges as dashed lines. This graph nowdescribes all conditional independence statements as a graphical model. Apparently, we lose the informationof two independencies which disappeared due to looking at all p variables. DAGs are a central tool incausality theory, and we refer to Peters et al. (2017) and Pearl (2009) for a more thorough discussion.

Fig.	 11.8  Moralized graph from Fig. 11.7. Induced edges are dashed
11.3	 Multivariate	 Normal	 DistributionThe most commonly used multivariate distribution is the multivariate normal distribution. We have alreadyworked with this distribution in the simulation section in Sect. 8. 4. We now show that the multivariatenormal distribution admits a log-linear representation and that, using the results developed above, it can benaturally related to graphical models.
De�inition	 11.2  LetY = (Y

1

,…Y

p

)be	 a	 continuous	 random	 vector.	 Y 	 follows	 a	 multivariate	 normal
distribution	 with	 meanμ = (μ

1

,…μ

p

)

⊤andp× pdimensional	 variance	 matrixΣif (11.5)
It	 is	 thereby	 assumed	 thatΣis	 positive	 de�inite,	 that	 is,a⊤Σa > 0for	 all	 vectorsa ∈ R

pwitha ≠ 0.Given data y(i) drawn i.i.d. from (11.5), we obtain the maximum likelihood estimates

Let Ω = Σ

−1 be the inverse variance matrix, commonly called the concentration	 matrix. Denote with Ω
jlthe j, l-th element of Ω. This allows to rewrite (11.5) to (11.6)
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Formula (11.6) uncovers the log-linear structure of a multivariate normal distribution, which allows us toutilize the results derived in the corresponding section. To make this more apparent, we de�ine the statistics
Then, (11.6) can be rewritten to (11.7)with θ

j

= (−

1

2

Ω

jj

,∑

p

l=1

Ω

jl

μ

l

)

⊺ and θ
jl

= −Ω

jl

. We can derive some properties from (11.7). First, unlikein the analysis of multivariate discrete valued variables, like in Sect. 11.1, the normal distribution does notcarry higher-order interaction terms. We only have pairwise interactions in the normal multivariatedistribution. Second, we can directly read conditional independencies from the concentration matrix. Thatis, (11.8)Hence, the concentration matrix is informative as it provides information about the conditionalindependencies.
Example	 11.3  We illustrate graphical models for multivariate normally distributed data with a simpleexample. We use data from the 2025 German federal election. The electoral districts are treated as(independent) observations, and we consider the vote shares of seven parties: SPD (Labour Party),CDU/CSU (Conservatives), Bündnis 90/Die Grünen (Greens), Die Linke (Left), FDP (Liberals), Freie Wähler(Free Voters), and AfD (Right-wing). We assume a normal distribution for the vote shares and select agraphical model using the AIC criterion. The resulting graph is shown in Fig. 11.9. We observe strongdependencies among the vote shares. However, the vote share of the Green Party is conditionallyindependent of the vote shares of the Free Voters and the Left Party, given the shares of the remainingparties. ▹

Fig.	 11.9  Graphical model for voters share for the 2025 election in Germany
11.4	 Exercises
Exercise	 1  A survey administered to statistics students gathered data on how they like to spend their freetime in a typical week. In particular, for each student, we have information on the following variables:
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with M ≤ 7, B ≤ 2, and V ≤ 20. We are interested in studying the behavior of the students with respect tothese three aspects.(a) Can you sketch a contingency table for this data? If so, do it, if not, explain why.  (b) Suppose we want to jointly model the probability of a student watching a certain number of movies,reading a certain number of books, and playing a certain amount of hours of video games in a givenweek. Specify a log-linear model for this joint probability, assuming independence between the threevariables.
 

(c) A sociologist comes into the picture and tells you that it is likely for some of these quantities to bedependent on one another. In particular, the number of books read is likely to have someinterdependence with both the hours of video games played and the number of movies watched. Howcan we incorporate these dependencies into the model de�ined in point (b)?
 

(d) Given the assumptions made in point (c), are the variables M and V   independent? Are theyconditionally independent? Sketch a dependency graph of the three variables.  
Exercise	 2(a) Below, you are given a directed acyclic graph (DAG) depicting the causal dependence between sevenrandom variables. For each variable X

i

, i = 1,… ,n, state the variables that it is independent of.Additionally, factorize the joint distribution f
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) of thismodel; i.e., de�ine it as the product of multiple conditional distributions.
 

(b) Given the conditional independencies next to the empty graph below, �ill in the (undirected) edges,assuming all variables to be dependent unless stated otherwise. Hint: Start with a full graph, and thenremove edges one by one.  

B = Number of books read

V = Hours spent playing videogames



Exercise	 3  Let x ∈ R

n be a random vector with E(x) = 0 and V = Cov(x). Assuming that x follows amultivariate normal distribution and that Cov(x) is a diagonal matrix, show that x
1

,… ,x

n

 areindependent.
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i

 to depend on covariates x
i

,thereby giving up the assumption of identical distributions. Still, theresulting residuals ϵ
i

 were assumed to be i.i.d.. Moreover, in Chap. 11, weintroduced data constellations in which simple independenceassumptions are no longer adequate. As a workaround, we studiedgraphical models as an abstract framework. This chapter will focus on
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speci�ic non-i.i.d. data types and how to deal with them. More speci�ically,we cover data which possess a dependence structure in the form oftemporal order (Sect. 12.1), spatial dependence (Sect. 12.2), networkstructure (Sect. 12.3), as well as data which are functions themselves(Sect. 12.4). These four examples represent some of the most commonlyencountered dependence structures in real-world data. However,dependence patterns can be highly diverse and complex. Therefore, ourtreatment remains at a conceptual level, providing a high-level overviewwithout going into all possible details.
12.1	 Time	 Series	 Models
12.1.1	 Notation	 and	 Main	 IdeasIn the following, we assume that the data are collected over time; werefer to such data as time	 series	 data. We write
and assume that the time points t = 1, 2,… ,T  are discrete and equallyspaced. We further assume that there is some correlation over time, inthat Cov(Y

t

,Y

t′

) ≠ 0 for 1 ≤ t, t′ ≤ T . We de�ine with
the mean function for t = 1, 2,… and with
the covariance function. The latter will be of particular interest, since fordata collected over time, it’s often the case that the current value Y

t

 forsome time point t depends on previous observations Y
t−1

,Y

t−2

,…. Thetwo main questions in time series data are the following:1. How are the data serially correlated; that is, what is the structure of 
γ

Y

(t, t′)?  2. Given the data up to time point t, how can we use these to predictfuture values Y
t+1

,Y

t+2

,…?  

Y

1

,Y

2

,Y

3

,… ,Y

T

,…

μ

Y

(t) = E(Y

t

)

γ

Y

(t, t′) = Cov(Y

t

,Y

t′

)



To address questions about correlation, we clearly need knowledge of 
μ

Y

(t), and it is important to note that γ
Y

(t, t′) describes covariance, notcorrelation; meaning it also captures changes in variance over time.Thus, while the two questions posed above are central, they representonly part of the broader modeling tasks involved in time series analysis.To exemplify the idea of time series, we look at three examples, whichwill be revisited later.
Example	 12.1  Figure 12.1 displays the annual global averagetemperature from 1850 to 2019, presented as deviations from the overallaverage across the observed period. A clear upward trend in μ

y

(t) isvisible starting around 1975. To highlight this trend, we include anestimate 
ˆ

μ

y

(t) in the plot. This enables us to examine the residual�luctuations y
t

− μ̂

y

(t), which are shown in the lower part of Fig. 12.1.Details on the estimation of μ
y

(t) are discussed later in the chapter. ▹



Fig.	 12.1  Variation of global annual temperature around the mean value (top plot) and thedetrended variation (bottom plot)
Example	 12.2  As a second example, we consider the German stockmarket index DAX over the period from 2010 to 2022, as shown in Fig.12.2. The data exhibit a modest upward trend, with a notable sharpdecline in early 2020, coinciding with the onset of the COVID-19pandemic, which signi�icantly impacted global �inancial markets. We can



correct for the trend by looking at so-called log-returns; that is, we de�inethe time series
We plot this in the bottom of Fig. 12.2. In this plot, we see additionalfeatures of the data, namely, the variation of the DAX. There are twoperiods that stand out, namely, 2012 and again 2020, where we observea larger �luctuation of ˜Y

t

. ▹
˜

Y

t

=log (

Y

t

Y

t−1

).



Fig.	 12.2  German stock market index (DAX) (top plot) and log returns (bottom plot)
Example	 12.3  As a �inal example, we look at the daily temperature inthe city of Augsburg for the years 2003–2022. These are shown in theupper plot of Fig. 12.3. We see an annual variation with winters and



summers clearly standing out. We can extract this annual pattern andlook at the residual �luctuation. In other words, we can correct for theseasonal variation and look at the resulting seasonally corrected data.This is shown in the bottom panel of Fig. 12.3. ▹



Fig.	 12.3  Annual daily temperature in the city of Augsburg (top plot) and deseasoned data (bottomplot)
12.1.2	 Trend	 and	 SeasonalityBefore focusing on the dependence structure in the data, we need toshortly motivate the idea of trend and seasonal components. We candecompose the data into (12.1)where ˜Y

t

 has expectation 0. The mean structure μ(t) is typicallycomposed of two components, which we denote as the trend and theseasonal pattern, meaning we can write (12.2)The decomposition can be carried out with regression tools, and we referto Brockwell and Davis (2016) for details.The disentanglement of trend and seasonality is often not unique,and the corresponding preprocessing steps are referred to as �iltering.While this is crucial for time series analyses, we do not go into detailhere, since the focus of this chapter is on the modeling of dependencestructures. We will therefore assume that our time series data varyaround 0; i.e., we assume the mean structure μ(t) = 0, which is possiblyachieved after “de-trending” and “de-seasoning” the series.
12.1.3	 AutocorrelationTo begin our analysis of serial dependence, as said above, we assume themean structure to be zero; that is, we postulate μ

Y

(t) ≡ 0. We furtherassume some form of (weak) stationarity in the covariance function,meaning that the covariance function only depends on the time lag 
|t− t′| but not on the speci�ic value of t. Hence, γ

Y

(t, t′) can be writtenas
In this case, we call
the autocovariance	 function with h = 0, 1,… ,T . This leads to thevariance matrix

Y

t

= μ(t) +

˜
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t

,

μ(t) = m(t) + s(t).

γ
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(|t− t′|).

γ
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(h) = Cov(Y

t
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t+h

) = Cov(Y

t+h
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t

)



Since γ
Y

(0) = Var(Y

t

), we obtain with (12.3)the so-called autocorrelation	 function. Accordingly, this leads to thecorrelation matrix

We typically assume that all these functions are �inite. Note that for i.i.d.data, we have (12.4)A time series with autocorrelation function of the form (12.4) is typicallyreferred to as white	 noise.With these de�initions in place, the focus turns to estimating theautocovariance or autocorrelation function from the data y
1

,… , y

T

. Wede�ine y = T

∑

t=1

y

t

/ T , which leads to the estimate
for 0 ≤ h < T . Note that the sum above is over T − h elements, but wedivide it by T and not by T − h. Although this may look counterintuitive,it is intentional, since the estimate yields a positive de�inite matrixestimate
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⎡
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⎣

γ(0) γ(1) γ(2) … γ(T )
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⋮ ⋮ ⋮ ⋱ ⋮

γ(T ) γ(T−1) γ(T−2) … γ(0)

⎤

⎥

⎦

ρ(h) =

γ(h)

γ(0)

R = .

⎡

⎢

⎣

1 ρ(1) ρ(2) … ρ(T )

ρ(1) 1 ρ(1) … ρ(T−1)

ρ(2) ρ(1) 1 … ρ(T−2)

⋮ ⋮ ⋮ ⋱ ⋮

ρ(T ) ρ(T−1) ρ(T−2) … 1

⎤

⎥

⎦

γ

Y

(h) = { .

σ

2

for h = 0

0 for h ≠ 0
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To see this, let x
t

= y

t

− y, then ˆΓ can be written as
where D is the Tx(2T−1) dimensional matrix with entries

This readily shows positive (semi-)de�initeness, since
for all a ∈ RT . From ˆΓ, we immediately obtain an estimate of R through
with γ̂(0) as diagonal element of ˆΓ. We will utilize ˆR later. In fact, thecolumns of ˆR, or, to be more speci�ic, the �irst column, are also known asthe sample autocorrelation function de�ined as
The estimate provides information about the serial correlation, asillustrated in the following examples. In Fig. 12.4, we show the resultingestimates γ̂(h) for the three examples from above. The upper panel givesthe estimated autocorrelation for the trend-corrected annualtemperature, the middle panel is for the log-returns of the DAX, and thebottom panel shows the autocorrelation for the seasonal-correctedtemperature in Augsburg. While for the �irst two examples we have a
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quickly decreasing autocorrelation, which is essentially zero for time lagsof order two and above, this is not the case for the daily lags of thetemperature in Augsburg.





Fig.	 12.4  Estimated autocorrelation function for the three examples in Figs. 12.1, 12.2 and 12.3,from top to bottom
12.1.4	 Autoregressive	 Process	 (AR)A central model class in time series analysis is given by AutoRegressiveMoving Average (ARMA) models, which can be extended toAutoRegressive Integrated Moving Average (ARIMA) processes by takingdifferences of the original data, that is, by considering Y

t

− Y

t−1

 insteadof the original observations. The model class was originally proposed byWhittle (1951) and made widely accessible by Box and Jenkins (1970)(see also Box et al., 2015). A short historical overview of time seriesanalysis can be found in Tsay (2000).We start with the AutoRegressive (AR) model. We assume that Y
t

 isdetermined by the previous p values plus additional white noise.
De�inition	 12.1  An	 autoregressive	 AR(p)	 process	 is	 de�ined	 by

whereZ
t

∼ N(0,σ

2

) i.i.d..It is convenient to write this using the so-called backshift	 operatorB,de�ined as
or, more generally,
The backshift operator simpli�ies notation and theoretical derivations, aswill be demonstrated below. Note that the operation also extends tonegative powers, e.g.,

With the help from the backshift operator, we can rewrite the AR(p)process more compactly as
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The simplest example is the AR(1) process, which often is the �irst modelused to capture serial correlation in real data. In this case, we have
where we dropped the subscript 1 at ϕ for notational simplicity. Notethat ϕ plays the role of the autocovariance, since
Assuming stationarity, we obtain ρ(1) = ϕ for the autocorrelationde�ined in (12.3). It is not dif�icult to obtain in general ρ(h) = ϕ

h.Apparently, restricting to |ϕ| < 1, the correlation matrix Γ results as

We now turn to a more detailed analysis of the parameter ϕ. Inparticular, we aim to explore the range of values that ϕ can plausiblytake. We distinguish three cases:1.
|ϕ| < 1. This will lead to stationary behavior.  2.
|ϕ| = 1. This is called a random walk.  3.
|ϕ| > 1. This will lead to nonstationary behavior. Let us start with |ϕ| < 1. We consider the time series Y

t

 in a moregeneral setting, allowing time t to range from −∞ to ∞, that is,
This allows to convert the AR(1) process into an in�inite series, which wewill later de�ine as moving average process. Note that
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and by continuing these equations to in�inite steps backward, we obtain
This in turn allows to derive the variance of Y

t

 through
where the limit follows through the geometric series. Thus, for |ϕ| < 1,the process has �inite variance at each time point t.Figure 12.5 shows three examples of AR(1) processes. The top panelshows a series with ϕ = 0.9, the middle panel depicts ϕ = 0, whichcorresponds to independence, and the bottom panel is for ϕ = −0.9. Forpositive autocorrelation, we see phases where the data are positive andphases with negative values. This is quite common for real-world timeseries; for example, daily temperature data have such features aftercorrecting for seasonality. For zero correlation, these phase patternsdisappear, while for negative correlation the opposite, namely, a stronglyalternating behavior, occurs.
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Fig.	 12.5  Simulated AR(1) process with positive (top), zero (middle), and negative (bottom)autocorrelationLet us now consider AR(1) processes with |ϕ| > 1. In this case, theprocess is said to be nonstationary, as its variance explodes over time.This behavior is illustrated in Fig. 12.6, which shows the trajectories oftwo AR(1) processes starting from Y
0

= 0 with ϕ = 1.02. The divergenceof the process makes it unrealistic for most data analysis applications.We will revisit this process in a more formal mathematical treatmentlater in the chapter.

Fig.	 12.6  Two simulated AR(1) processes with autocorrelation ϕ > 1Finally, for completeness, we also consider the case |ϕ| = 1. For 
ϕ = 1, the process is called a random	 walk, de�ined as
For a process starting at t = 0, we obtainY

t

= Y

t−1

+ Z

t

Var(Y

t

) = Var(∑

t

l=1

Z

t

) =∑

t

l=1

Var(Z

t

) = tσ

2

.



Hence, the variance increases with t. The random walk is not of centralinterest here, as it de�ines the sum of i.i.d. variables. Nevertheless, forcompleteness, we show the behavior of two sample paths starting at 0 inFig. 12.7.

Fig.	 12.7  Two random walks, simulated with ϕ = 1

12.1.5	 Moving	 Average	 Process	 (MA)We now turn to the moving average process.
De�inition	 12.2  A	 moving	 average	 process	 of	 order	 q,	 denoted	 as	 MA(q),
is	 de�ined	 as

whereZ
t

∼ N(0,σ

2

) i.i.d..As above, we can make use of the backshift operator and write
with θ

0

= 1.
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t
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+⋯+ θ
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,

Y
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=∑

q

i=0

θ

i

B

i

Z

t



Let us consider the MA(1) process in more detail. We have
where we again dropped the subscript for notational simplicity. For theautocovariance function, we obtain

and accordingly
Hence, the MA process models directly the autocovariance, which is zeroif h exceeds the order of the MA process.In Fig. 12.8, we show two simulated MA(1) processes. The top plot isfor θ = 0.9, while the bottom plot is for θ = −0.9. Comparing this withFig. 12.5 shows that the processes have completely different behavior.
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Fig.	 12.8  Simulated MA(1) process with positive (top) and negative (bottom) correlation
12.1.6	 Autoregressive	 Moving	 Average	 Process	 (ARMA)



We can now combine the two ideas above, leading to ARMA(p, q)processes.
De�inition	 12.3  The	 Auto	 Regressive	 Moving	 Average	 process	 of	 order	 p
and	 q,	 in	 short	 ARMA(p, q),	 is	 de�ined	 as

Using the backshift operator, we can write this as
with ϕ

0

= −1 and θ
0

= 1.It is useful to formally de�ine the operators
This allows us to write an ARMA(p, q) process even more concisely as(12.5)This compact and elegant representation allows us to investigate someproperties of ARMA(p, q) processes. Before doing so, it is important tonote that the representation is not unique. Taking, for instance, the whitenoise process
with Z

t

∼ N(0,σ

2

) i.i.d., we can rewrite this as
with θ = ϕ. This is the same process but now written as an ARMA(1, 1)process with

Next, we will de�ine the “inverse” of Φ(B), which we denote as 
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(B). Such an “inverse” would be implicitly de�ined as
with 1 denoting the identity operator, that is, 1Y

t

= Y

t

. Let us exemplifythis with an AR(1) process. In this case, we have
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The “inverse” operator in this case results in
To see this, note that we obtain a telescope sum
Such operations are also available for higher-order operators, which are,however, more dif�icult to construct (see McCullagh, 2018). In any case,we need the convergence of the operator series, which holds for |ϕ| < 1.But we want to focus on convergence issues in some more depth. Fornow, we assume that an “inverse” operator exists, which allows us towrite the ARMA(p, q) process in (12.5) as
Taking an ARMA(1, 1) process, we obtain

with ψ
0

= 1 and ψ
i

= ϕ

i−1

(ϕ+ θ) for i ≥ 1. Hence, any AR componentscan be transferred to an in�inite sum of MA components. This holdsgenerally, even for nonstationary processes. But for a stationary process,we can construct the time series from the past, which we call causal.
De�inition	 12.4  An	 ARMA(p, q)	 process	 is	 said	 to	 becausalif	 the	 process
can	 be	 rewritten	 as (12.6)
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It is useful to interpret formula (12.6) in some more depth. The formulastates that the process at time point t can be fully explained from thepast, that is, from random variables with a time index lower than t. Thisholds for the AR(1) process if |ϕ| < 1. To see this, note that ψ
i

= ϕ

i inthis case, leading to a converging geometric series ∞∑
i=0

|ϕ|

i. This yieldsstable process behavior.But what happens if |ϕ| > 1? We already saw in Fig. 12.6 that theprocess “explodes.” But let us derive this more rigorously. We write
and expand the series around ϕ−1. The “inverse” of Φ(B) results through
which converges since |ϕ−1| < 1. This can be seen, again, by telescopingsummation leading to

This shows that the AR(1) process with |ϕ| > 1 can be written as

In other words, when |ϕ| > 1, the AR(1) process is determined by futureevents rather than the past. Consequently, the process is not causal for 
|ϕ| > 1. This justi�ies why, for most practical applications, we require 
|ϕ| < 1.
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Finally, we extend the ARMA process toward an ARIMA process,standing for Auto Regressive Integrated Moving Average process. The“integrated” part results from �irst taking differences. In other words,instead of analyzing Y
t

, we look at
Remember that we already applied the idea of taking differences in Fig.12.2, where we looked at the log-returns, i.e., the difference of the log ofstock prices. This leads to ARIMA models, de�ined as follows.
De�inition	 12.5  An	 ARIMA(p, d, q)	 model	 is	 de�ined	 as

withY
t

being	 an	 ARMA(p, q)	 process.We will not go deeper here, but we emphasize that time series modelingis an extensive and very well-developed �ield in statistics. A standardtextbook is Brockwell and Davis (2016); see also Shumway and Stoffer(2017)
12.1.7	 Autocorrelation	 and	 Partial	 AutocorrelationWe already presented the autocorrelation function γ(h) and itsestimation above. We now extend this toward partial	 autocorrelation,which often provides valuable information about the dependencestructure. To motivate the idea, note that the autocorrelation for anAR(1) process equals
such that Corr(Y

t

,Y

t−h

) = ϕ

h. However, if we know Y
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, that is, if wecondition on Y
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, then the conditional correlation of Y
t

 and Y
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 is zero.This is a Markov property, which we have already utilized in Chap. 8. Infact, the order of the AR process determines the order of the requiredhistory, as sketched in Fig. 12.9. To visualize this order in theautocorrelation structure, we de�ine the partial autocorrelation asfollows. For an AR(p) process, we have
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and for general h < p, we de�ine with Ŷ
t,h

 the best linear approximationgiven Y
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,… ,Y
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. In other words,
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) minimizes the squared prediction error,
Note that for h = p, we have ˜ϕ

p,j

= ϕ

j

, and for h > p, we have ˜ϕ
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= 0for j > p. This, in turn, leads to Ŷ
t,h

= Ŷ
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 for h > p. In other words,once h reaches the order of the AR process, the best linear approximationhas already been achieved, and all additional coef�icients vanish. Thepartial autocorrelation function of a stationary process is then de�ined as
where Ŷ
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≡ 0. This is the correlation of Y
t

 with Y
t−h

 after conditioningon the intermediate steps Y
t−1

,… ,Y

t−h+1

. Note that for h > p, we have

Hence, the partial autocorrelation function provides informative insightinto the order of the process. We demonstrate this by looking at an AR(3)process as visualized in Fig. 12.10. The top plot shows simulated datafrom the AR(3) model with ϕ
1

= 0.6, ϕ

2

= 0.2 and ϕ
3

= 0.2. Themiddle plot gives the autocorrelation function ρ(h). If, instead, weconsider the partial correlation function ρ(part)(h), given in the bottomplot, we see that the �irst three values are nonzero, while all remainingvalues beyond lag 3 vanish.
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Fig.	 12.9  Sketch of AR(1) (top plot) and AR(2) (bottom plot) dependence structure





Fig.	 12.10  Simulated AR(3) process (top), estimated autocorrelation function (middle), andestimated partial autocorrelation function (bottom)
12.1.8	 ForecastingOne of the main purposes of time series models is to provide reliable andwell-performing forecasting tools. In this respect, time series data arewell-suited for more complex models trained with machine learningtools, at least if the time series is stationary and observed over asuf�iciently long time window T. We may now question how well Y

t+1can be predicted with y
t

,… , y

t−p

 being observed. This can bereformulated to constructing a prediction function m(y

t

,… , y

t−p

), suchthat the mean prediction error
is small. The model m(⋅) may be linear, for example,
which leads to the autoregressive models discussed above. Of course, wemay also use nonlinear models. We do not pursue this here but refer toDe Gooijer (2017).
12.1.9	 Summarizing	 Time	 Series	 ModelsBefore turning to other forms of dependence among random variables,let us summarize the main ideas of time series analysis. We observe datasequentially over time, which means that at time t, we can look back intothe past t−1, t−2,…, but we have no data from the future. In thisrespect, the AR, MA, and ARMA models discussed above play a centralrole, particularly for those parameter con�igurations that yield causalmodels. Closely related questions concern how far dependence extendsinto the past and whether partial autocorrelations vanish beyond acertain lag. All of these ideas are directly relevant for forecasting futureevents.While serial dependence, that is, dependence over time, is certainlyone of the most commonly met non-i.i.d. settings, we now turn to otherimportant forms of dependence.
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12.2	 Spatial	 Data
12.2.1	 Notation	 and	 Main	 IdeasThe renowned geographer Waldo Rudolph Tobler famously stated:“Everything is related to everything else, but near things are morerelated than distant things,” a principle now known as Tobler’s First Lawof Geography. This idea is directly re�lected in the statistical analysis ofspatial data, where observations are typically not independent andidentically distributed (non-i.i.d.). In particular, observations that arespatially close tend to exhibit stronger correlations than those that arefurther apart from each other.Spatial data can have different structures and formats, and modelingthem requires a wide range of different tools. We provide a shortoverview and refer to literature for more in-depth treatments. Thedistinction between different spatial data types is best understood withan example. Figure 12.11 shows data collected in a survey of householdsin Munich. Households were randomly selected (based on a randomsample of the registry of�ice), and points show the location of eachhousehold in Munich. The survey focuses on rented apartments; so that,to be more precise, each dot corresponds to the coordinates of a sampledrented apartment. The exact location is slightly coarsened in the data forcon�identiality reasons, but that is of no relevance to us now. For eachsampled apartment i, we have the geo-coordinates s

i

= (s

i1

, s

i2

) given inlongitude s
i1

 and latitude s
i2

 for i = 1,… ,n.



Fig.	 12.11  Geolocation of sampled apartments in MunichIn principle, the location s
i

 itself can be the variable of interest. Forinstance, we might question: Is the intensity of rented apartments higherin some areas of Munich? Presumably, in the suburbs, we could �ind morefamily houses and hence fewer rented apartments. The opposite seemsplausible for the city center. In that case, we would consider the location 
s

i

 as the variable of interest and aim to model the distribution thatgenerates s
i

. We do not pursue this aspect here but refer exemplarily toBaddeley et al. (2007). Instead, throughout this chapter, we will utilizelocation as information to capture spatial correlation.We focus on data settings where additional information beyond thelocations s
i

 is available. In the rental example, this entails the rent Y
i

 ofthe i-th drawn apartment located in s
i

. In this setting, Tobler’s lawsuggests that if the rent of two apartments is more correlated, the closerthe apartments are. Let Y
i

 denote the rent per square meter ofapartment i and Y
j

 the rent per square meter of apartment j. Then Y
i

 and



Y

j

 are correlated, and the dependence decreases proportionally to thedistance between the apartments increasing, that is, with ∥s
i

− s

j

∥increasing. This is typically modeled with a so-called isotropic
covariance, which means (12.7)for some monotonically decreasing function c(.). It is important to notethat we need additional assumptions to guarantee valid covariancematrices. We refer to the literature provided at the end of this section formore on this aspect.In spatial statistics, it is common to work with the variogram, whichis de�ined through
which with (12.7) results to
Assuming that the variance does not depend on the location itself, we seethat
where σ2 = Var(Y

i

) = Var(Y

j

).For the Munich rental data, the resulting variogram is shown in Fig.12.12. The variogram shows the variance of the difference of rents persquare meter for two apartments which are a given distance apart. The�itted curve shows that there is spatial correlation up to a distance ofabout 2 km. Beyond that, the variogram �lattens out at approximatelytwice the marginal variance. We include a smooth �itted curve in the plotto account for the estimation variability of the point estimates shown inthe plot. These point estimates are derived as follows. We �irst discretizethe distances to 0 < d
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Hence, N(d

j

) is the set of observation pairs with locations that have adistance of about d
k

, or, to be more speci�ic, where the distance of thelocations differs from d
k

 less than Δ. The bandwidth Δ needs to bechosen in advance.

Fig.	 12.12  Variogram for rents of apartments in MunichThe de�inition of a distance between two locations s
i

 and s
j

 is itselfrelevant. At this point, it is worth emphasizing that distance in principlecan be any kind of distance. In many cases, the Euclidean distance is apractical choice, that is,
where ∥⋅∥

2

 refers to the scalar product of the coordinates. However, thede�inition of the variogram also applies to different distance measures.For example, if the data live on a street network, the relevant distancemay be the shortest driving route rather than Euclidean distance. Thelatter is also known as “Manhattan distance.” Figure 12.13 illustrates thisdifference.
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Fig.	 12.13  Distance between two locations, Euclidean (left) and based of the shortest route (right)Conceptually, this changes little; the main requirement is that one cancompute pairwise distances d
ij

 under the chosen metric. Ideally, thedistance should also be symmetric (implying no one-way streets).
12.2.2	 Kriging	 and	 Spatial	 SmoothingNow that we have de�ined and estimated the spatial covariance structure,we can approach the next question: Can we model or visualize the spatialeffect? The underlying idea is to decompose the observations into aspatially correlated component and an independent noise component,much as in a spatial regression model. Following Bivand et al. (2008, p.169), a practically useful strategy is to decompose Y   into a spatiallysmooth and an unstructured component, that is,
where h(⋅) is a smooth component that is estimated from the data and ϵ

iare independent zero mean variables.We can consider h(s) as a spatial process with covariance structure 
c(⋅) dependent on the distance between two observations. The function 
h(s) can then be estimated through a concept called kriging, whichtraces back to Krige (1951). The main idea is that we can consider Y (s)as a spatial process with s as the corresponding location. We observe theprocess at locations s

1

,… , s

n

 leading to data Y (s
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), or inshort Y
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value of the process at location s
0

, given the observed values 
y = (y(s

1

),… , y(s

n

))

⊤ or, again, in short y = (y

1

,… , y

n

)

⊤. Utilizingproperties of the multivariate normal distribution, we obtain thepredictor
where
The justi�ication behind the formula is as follows. We assume that 
(Y (s

0

),Y (s
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),… ,Y (s

n

))

⊤  follows a normal distribution with
(12.8)

where σ2 = C(0) = Var(Y (s

0

)). Conditioning on y = (y

1

,… y

n

)

⊤leads to (12.9)which gives the kriging predictor Ŷ(s
0

) as conditional mean value. It ishelpful to note that the formulae above have been utilized before, in Sect.8. 4. In fact, formula (12.9) is a special case of (8. 20), while (12.8) is arepetition of (8. 18).We visualize the resulting kriging function in Fig. 12.14. We see thatrents in the city center are generally more expensive, which is notsurprising.
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Fig.	 12.14  Kriging of rents. Shown is the predicted average rentAn alternative approach results from spatial regression. In this case,we assume
but now h(s) is considered as a smooth function which can be estimatedthrough, for instance, spline smoothing (Wood, 2017). The residuals ϵare, on the other hand, taken as white noise, meaning that they areconsidered independent. This approach builds on the ideas introduced inChap. 6.Summing up, when modeling spatial data, two main strategies can bepursued: One focuses on capturing spatial dependence through the

Y (s) = h(s) + ϵ,



covariance structure, while the other incorporates spatial effects directlyinto the mean function. This naturally leads to the question of whichapproach is “correct.” There is no universal answer, and maybe the bestanswer is to quote the prominent spatial statistician Noel Cressie: “Oneperson’s mean is another person’s covariance” (see Stein & Wikle, 2024).In essence, the choice between the two approaches often comes down toperspective and modeling preference; both are valid and capable ofaccounting for spatial dependence, and hence, the separation betweenmean and covariance is model-dependent and often blurred.
12.2.3	 Lattice	 and	 Grid	 DataOften, the location of the data is not observed exactly but only at the levelof administrative units such as city districts or counties. In such cases,one can either approximate the location with the centroid of the districtor use the resulting lattice to incorporate the spatial structure. Wedemonstrate this for the city of Munich. In Fig. 12.15, we sketch thelattice structure resulting from the districts and their neighborhoodstructure. Nodes represent districts, and an edge between them exists ifthe districts share a boundary. The resulting graph looks like a graphicalmodel, and indeed, one can model the spatial structure this way. To bespeci�ic, let Y (s

i

) denote the i-th observation, where s
i

∈ {1,… ,K}denotes now the district in which apartment i is located. Tobler’s lawthen suggests that apartments in neighboring districts are more relatedto each other than apartments in districts that are far away from eachother. We can model this by including a spatially correlated district effect,that is,
where U(s) is the district effect of district s

i

. Given that s
i

 now refers tothe district in which apartment i is located, we have s
i

∈ {1,… ,K}.Consequently, we can write the district effects as U(1),… ,U(K) or inshort U
1

,… ,U

K

 and assume a spatial structure for U
1

,… ,U

K

. Thelatter is incorporated through the neighborhood structure by inducing agraphical model for U
1

,… ,U

K

. We thereby postulate (12.10)

Y (s
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) = U(s

i

) + ϵ,



i.e., U
k

 and U
l

 are independent if and only if they are not neighbors. It ishelpful to reformulate (12.10) in relation to Gauss-Markov random �ields,discussed in Section 8. 5. Indeed, de�ining with N
l

= N(s

l

) the neighborsof grid cell s
l

 and utilizing results on graphical models, we can rewrite(12.10) to
Thus, the spatial structure is reduced to a dependence structure on thedistrict level. We exemplify this using the rental data and show thecorresponding estimate for the spatial effect in Fig. 12.16.

Fig.	 12.15  Sketched lattice and neighborhood structure of districts in Munich



Fig.	 12.16  Average rent per district based on spatial lattice data
12.2.4	 Summarizing	 Spatial	 DataSpatially correlated data require special attention and, hence,sophisticated statistical treatment. This goes far beyond the scope of thischapter. We refer to the following literature for further reading. One ofthe most central books in this �ield is undoubtedly the monograph byCressie (2015), which �irst appeared more than three decades ago in1993. A more applied focus with applications in R is given in Bivand et al.(2008). We also refer to Ripley (2005) for a comprehensive discussion ofthe �ield. Parallel to the development of spatial statistics, a substantialliterature on spatial econometrics developed over the years; see, e.g.,Anselin (1988). A discussion on the different views and aspects of spatialstatistics and spatial econometrics is found in Kauermann et al. (2012).



12.3	 Network	 Data
12.3.1	 Notation	 and	 Main	 IdeasPhrases such as “networks are ubiquitous” (see, e.g., Fienberg, 2012;Goldenberg et al., 2010) have themselves become ubiquitous, re�lectingthe traction network data analysis gained in recent years. In this researcharea, networks represent relational structures between entities that aregenerally not conditionally independent of one another. For instance, in arealistic setting, the probability of two pupils to be friends could dependon whether they already share common friends in the class. Contrary tothis observation, the bulk of statistical research from the last century islimited to the study of attributes of population members underconditional independence assumptions. In the prior example, this wouldimply assuming that the probability of becoming friends with someone isindependent of existing friendships. For instance, R. Fisher famouslytried to investigate the relationship between smoking behavior andcancer (Fisher, 1958a,b) by relying on a sample of around 82 twins toshow that smoking habits and cancer can be traced back to inheritance.While numerous studies based on meta-analyses provided evidence ofthere being a relationship between smoking habits and cancer (Gandiniet al., 2008), the social embedding of population members may affectsmoking habits as well.The underlying question in this context is: How is individual behavioraffected by the behavior of other actors in the same network and thenetwork itself? In sociology, terms coined for these two mechanisms are“selection” and “in�luence.” Whereas “selection” refers to behavioraffecting the relations between actors in the network, the “in�luence”mechanism implies that relations between actors affect their behavior. Inthe statistical network literature, those phenomena are more frequentlycalled homophily and social contagion, and they are generally notidenti�iable from observational data (Shalizi & Thomas, 2011). Goingfurther, it is plausible that behaviors affect one another, just like socialrelations depend on one another. In this context, the focus of this chapterlies on studying networks conditional on behavior and other attributes.



In particular, two types of factors may affect the probability of a tiebetween two population members:1. How one relation affects other relation (endogenous factors).  2. How relations are affected by variables outside of the network(exogenous factors).  
Returning to the example on smoking and friendships, an endogenousfactor would be the tendency to be friends with friends of your friends,while an exogenous factor would be the tendency to form friendshipswho share same smoking (or nonsmoking) habits.
Example	 12.4  As a running example, we study the friendship networkof a university in the UK (Nepusz et al., 2008). The network encompasses81 students divided into 3 groups based on their af�iliation. The networkis visualized in Fig. 12.17. A relation in this network indicates a personalrelationship between the respective actors. The af�iliation attribute forthe ith student is x

i

. A �irst impression of the network visualization isthat many connections exist between actors with the same af�iliation andfewer connections if this is not the case. Such visual impressions call for amore rigorous analysis of network data, which we sketch subsequently. ▹



Fig.	 12.17  Network of personal friendships of a faculty of a UK university. The color of the nodesrepresents the af�iliation of the academicsThe analysis of network data comes up in a wide array of disciplines,ranging from statistics and social sciences to computer science andphysics. Therefore, the �ield is increasingly multidisciplinary, with jargonvarying across disciplines. To keep the presentation precise, we committo the terminology of edges and actors.1 Networks encompass edgesbetween a set of actors, denoted by N := {1,… ,N}. We represent anetwork by an adjacency matrix y = (y

i,j

), where y
i,j

= 1 indicates thatthere is an edge between actors i and j and y
i,j

= 0 indicates its absence.Generally, y
i,j

≠ y

j,i

 holds, meaning that there may be an edge from actor
i to j but not vice versa. A network where this is the case is called a
directed network. Else, the network is undirected. Since this sectionmainly serves introductory purposes, we will focus on the latter case,setting y

i,j

= y

j,i

. We further assume that there are no self-loops (i.e.,ties from an actor to itself) and set y
i,i

= 0 for all i ∈ N . The set Y  isde�ined to include all possible networks between N actors. In many cases,further information at the actor level, x
i

 for i ∈ N , or edges, x
i,j

 for 
i ≠ j ∈ N , is available.
12.3.2	 Descriptive	 StatisticsBeyond visualizing the network as in Fig. 12.17, we can calculatestatistics to understand the structure of a network. As a �irst step, wede�ine measures at the actor level, which we can then aggregate to thenetwork level. We characterize the position of a particular actor i ∈ Nthrough the number of edges it is involved in: (12.11)These types of statistics refer to a particular kind of centrality of actors innetworks, and numerous related statistics were proposed in theliterature (Freeman, 1978). In Fig. 12.18, the distribution of the degreesof each actor in the network is visualized. It is often observed inempirical settings that as the number of actors in a network grows, itsdegree increasingly resembles the form of a power law (Barabási &Albert, 1999), getting more and more skewed to the right.

deg

i

(y) = ∑
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Fig.	 12.18  Degree distribution of UK faculty networkWhile the degrees of actors characterize their local connectivity,researchers are also interested in global connectivity patterns arisingfrom these local structures. A natural approach is to aggregate (12.11),i.e., summing up the degrees of all N actors. Since the scale of this sumwill depend on the number of involved actors N, we divide the result by 
N (N−1) / 2 to obtain a measure, henceforth called the density of y,which is independent of N and lies between 0 and 1: (12.12)In the running example, the density is at 0.178, implying that around 
17.8% of all possible friendships in the network are observed. Comparedto most networks, this indicates a relatively dense network. In largernetworks, one often expects the density to decrease as N → ∞. Ofcourse, many additional summary statistics can be computed, such asclustering coef�icients or hub scores, but we do not pursue these here;see Sect. 12.3.4 for further references.
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12.3.3	 Statistical	 Model	 for	 NetworksDescriptive methods for network data analysis are essential. However,they do not provide readily available uncertainty quanti�ication, nor dothey account for the fact that the observed network is often not thewhole population network but rather a sample of it. In the following, weintroduce two general approaches based on a probabilistic model for 
P(Y = y; θ), characterized by some parameter θ, where Y ∈ Y  istreated as a matrix-valued random variable with random 0/1 entries,while y denotes the observed network.The major obstacle in this context is that edges in a network shouldgenerally not be assumed to be independent of one another. There areseveral approaches to tackle this problem (De Nicola et al., 2023):
Exponential	 Random	 Graph	 Models (ERGMs) specify statistics tocapture dependencies and account for them in a statistical framework(Lusher et al., 2013).
Latent	 Variable	 Models assume that edges are independent of oneanother when conditioning on some actor-speci�ic latent variables.These latent variables can be discrete or continuous. In the discretecase, they may represent latent categories or group memberships andthereby enable community detection (Snijders & Nowicki, 1997). Inthe continuous case, they may represent positions in a latent space,where the distance between actors accounts for the dependence (Hoffet al., 2002). Similarly, graphon models rely on a latent, but continuous,structure (Sischka & Kauermann, 2022).Building on the theory for exponential families (Efron, 2022), ERGMsspecify a joint distribution over y ∈ Y : (12.13)where
s : Y ↦ R

p  is a vector valued function that evaluates p suf�icientstatistics on any network y ∈ Y  (examples follow underneath).
θ ∈ R

p is the coef�icient vector weighting all suf�icient statistics whichneeds to be estimated from the observed network.

P(Y = y; θ) =
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κ(θ) =∑

y∈Y

exp (θ

⊤

s(y)) is a normalizing constant guaranteeingthat (12.13) is a proper probability distribution.The core component of Eq. (12.13) is the vector of suf�icient statistics 
s(y) = (s
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(y), s
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(y),… , s
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⊤, which encapsulates the salient globalfeatures of the network to be represented in the model. For the UKfaculty network in Example 12.4, these may be functions of the network
y, such as the number of edges in the network
comparable to (12.12). We can also include statistics such as the sum ofedges between actors from a matching faculty
Beyond the assumption of dyadic independence, it is common to includehigher-order dependence terms re�lecting network transitivity. However,Schweinberger (2011) demonstrated that those types of statistics ofteninduce degeneracy, making the model unsuitable for most applications.To mitigate this, we represent transitivity by counting edges that share acommon neighbor:
where the latter component takes the value 1, if student i and student jhave common friends in the network.Parameter estimation in ERGMs can be carried out via maximumlikelihood. This is not as easy as it sounds, since the normalizationconstant κ(θ) is not available in analytic form. But we have discussedseveral remedies in Chap. 8 to overcome this problem. Implementedprocedures to �it ERGMs are available using the ergm package in R(Hunter et al., 2008).To illustrate the role of mutual dependence in the network, wecompare this model with a classic regression approach assumingconditional independence, that as such excludes the transitivity term. Inother words, we assume y

i,j

 to be independent of y
i,k

 for j ≠ k. Theresults, summarized in Table 12.1, demonstrate that incorporatingdependence terms substantially improves model �it, as indicated by
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lower AIC and BIC values and a higher log-likelihood. The resultingestimated parameters are shown in Table 12.1. The positive andsubstantial coef�icient associated with the “Nodematch Af�iliation”statistic provides strong evidence that edges are more likely to formbetween actors with the same af�iliation. Beyond that, the positivecoef�icient for the “Transitive Ties” statistic indicates an increasedprobability of edge formation between pairs of actors who share acommon neighbor. These results highlight the presence of transitivity, or“triadic closure,” in the network.
Table	 12.1  Results for the UK Faculty network of the ERGM models with (left column) andwithout (right column) dependence-inducing terms
12.3.4	 Summarizing	 Network	 DataIn their most basic form, network data consist of simple binaryindicators y

i,j

∈ {0, 1}. However, these observations cannot be treatedas independent: Edges often exhibit intricate and mutually reinforcingdependence structures that may themselves be of substantive interest.That is, the presence of an edge y
i,j

 typically depends on thecon�iguration of other edges in the network. Such dependencies lead tocomplex modeling frameworks, one of the most important beingexponential random graph models (ERGMs). Various alternative modelshave also been developed and applied in practice, and we refer thereader to the recent literature for further details. A general overview isgiven in Kolaczyk (2009) and Barbour and Reinert (2026), whereasLusher et al. (2013) focuses on ERGMs.
12.4	 Functional	 Data
12.4.1	 Notation	 and	 Main	 IdeasFunctional data analysis (FDA) uses curves, images, or functions asobservations. In the following, we will focus on curves as a prominentexample, but most of the presented techniques also apply to differenttypes of functional data. In FDA, observations are usually written as



functions, i.e., Y (t) instead of the previously introduced index notation 
Y

t

. Conceptually, functional data typically involves a large (or,theoretically, an in�inite) number of measurements per observationalunit. Hence, we obtain data Y
i

(t), t ∈ T  per observation unit i, observedon a continuous domain T . Typically, we assume the units to beindependent, while the observations within each unit are dependent. Inpractice, as only a �inite number of observed values of each function canbe stored, functions Y
i

(t) are observed on grid points t
i,r

∈ T , yieldingthe observations y
i

(t

i,r

), r = 1,… ,R

i

, i = 1,… ,n. A common usecase is t
i,r

≡ t

r

, i.e., all functions Y
i

 are observed on the same R
i

≡ Rgrid points. If, in addition, all observed time points are equidistant, i.e., 
t

j+1

− t

j

= t

k+1

− t

k

∀j, k ∈ {1,… ,R−1}, the data can be representedand stored in an n×R-matrix.
12.4.2	 Analysis	 and	 Properties	 of	 Functional	 DataFunctional data can be analyzed in different ways. The most commonapproach is to plot all functions as curves over their respective observedtime horizons using a line plot. We exemplify this in Fig. 12.19, where weplot the temperature in Montreal, Canada, for years 1972, 1975, and1992.

Fig.	 12.19  Line plot of original (left) and smoothed functional data showing temperatures inMontreal with different lines corresponding to different years



A possible preprocessing step before further analyzing functionaldata is to apply pre-smoothing of the curves (Ramsay & Silverman, 2005)to remove observation noise using nonparametric regression orsmoothing techniques. We show this in the right panel of Fig. 12.19 forthe 3 years considered. Whereas this allows obtaining truly functionalobservations, it is challenging to account for the uncertainty inestimating the smoothed versions of observations Y
i

(t) in subsequentanalyses. Newer approaches, therefore, directly deal with the observedunsmoothed data by imposing some form of smoothness requirement inthe method of choice (see, e.g., Yao et al., 2005; Scheipl et al., 2015;Greven & Scheipl, 2017; Goldsmith et al., 2020).Another strategy, akin to pre-smoothing, involves expanding thefunctions in a basis prior to analysis (see, e.g., Morris & Carroll, 2006).However, instead of subsequently working with the pre-smoothedfunctions, one continues to work with the multivariate vector of basiscoef�icients. For splines, this approach closely resembles pre-smoothingand usually also leads to ignoring the resulting uncertainty in curvereconstruction.
12.4.3	 Functional	 Principal	 Component	 AnalysisFunctional principal component analysis (FPCA) is a core statisticaltechnique in FDA. The principle of FPCA can be derived from theKarhunen-Loève expansion, stating that any stochastic process Y (t) canbe represented as an in�inite series of uncorrelated random processes.This provides the foundation for dimension reduction in FDA, as thein�inite-dimensional functional data can be compressed into amanageable set of �inite principal component scores, de�ined as follows:(12.14)In (12.14), μ represents the mean function of the stochastic process 
Y (t), the ϕ

m

(t) are orthonormal eigenfunctions, and the ξ
m

 areuncorrelated random scores. Using this reformulation, the covariance ofthe stochastic process Y   can be represented as (12.15)

Y (t) = μ(t) +∑

∞

m=1

ξ

m

ϕ

m

(t), t ∈ T .

Cov(Y (s),Y (t)) =∑

∞

m=1

e

m

ϕ

m

(s)ϕ

m

(t), t, s ∈ T



where the eigenvalues e
m

 are by convention sorted as 
e

1

≥ e

2

≥⋯ ≥ 0. As in classical principal component analysis, theeigenvalues can be used to assess the variance explained by only using 
m

∗ functional principal components, and, on this basis, the sum in Eq.(12.14) can be truncated to provide an approximation to Y (t) with a�inite number of basis functions. This allows for a sample of independentreplications of Y (t) to be represented by a set of �inite functions,common to all observations, and individual scores that capture function-speci�ic deviations from the mean. We also refer to Sect. 8. 4 where weutilized the idea standing behind (12.14) for the simulation ofmultivariate normally distributed random variables.In addition to providing a measure of complexity, FPCA is useful indimension reduction and also allows for the prediction of wholefunctions from sparse individual data. Figure 12.20 visualizes thefunctional principal components for the before-shown curves from Fig.12.19.



Fig.	 12.20  Mean curve and �irst three functional principal components of the Montreal weatherdata
12.4.4	 Functional	 RegressionIn many settings involving functional data, there is interest in usingfunctions either as covariates, which lead to scalar-on-functionregression (SOFR), as responses with scalar covariates, which leads tofunction-on-scalar regression (FOSR), or in treating both response andcovariates as functions, which leads to function-on-function regression(FOFR). We brie�ly sketch the latter and provide references for furtherreading.Assume that both the response Y (t) and the predictor(s) x(t) arefunctions. To keep notation simple, we postulate that the predictor variesover the same range as the response variable, i.e., t ∈ T . We assume theregression setup (12.16)Y

i

(t) = α(t) + x

i

(t)β(t) + ϵ

i

(t), i = 1,… ,n, t ∈ T .



The model (12.16) is called the linear	 concurrent	 model as it providesa concurrent effect for covariates on the response for every point t ∈ T .Depending on the relationship between covariates and response, variousrelaxations of Eq. (12.16) exist. For example, one may assume that theregression coef�icient is constant, or one may integrate the functionalpredictors over the entire domain if all points of the covariates areassumed to in�luence each point of the response.
12.4.5	 Summarizing	 Functional	 DataFunctional data describe a setting in which the observation themselvesare functions. This naturally induces a dependence structure if oneassumes continuity of the function. Knowing the value Y

i

(t), we obtainthat Y
i

(t+ h) is close to Y
i

(t) for h being small. Such a dependencestructure needs to be taken into account, which builds the �ield offunctional data analysis.Based on the short insight above, we see that functional regressionmodels offer a high degree of �lexibility and provide a natural way toincorporate non-i.i.d. settings. We refer to Greven and Scheipl (2017) forfurther details on functional regression models and Gertheiss et al.(2024) for a recent tutorial on functional data analysis in general. Ageneral introduction is given in Ramsay and Silverman (2005); see alsoKokoszka and Reimherr (2017).
12.5	 Exercises
Exercise	 1(a) An analyst is studying three different time series processes. Afterrunning a standard diagnostic analysis, they summarize thebehavior of the sample autocorrelation function (ACF) and partialautocorrelation function (PACF) for each process.

Analysis	 A: The ACF has a statistically signi�icant value at lag 1,but all values for lags h > 1 are statistically insigni�icant (i.e., it“cuts off” after lag 1). The PACF shows values that are signi�icantfor several lags and appear to decay to zero gradually.

 



Analysis	 B: The ACF shows values that are signi�icant for manylags, decaying slowly toward zero (i.e., it “tails off”). The PACF hasa signi�icant value at lag 1, but all values for lags h > 1 arestatistically insigni�icant.
Analysis	 C: For both the ACF and PACF, no values are statisticallysigni�icant for any lag h > 0.Match each analysis description (A, B, C) to the most likelyunderlying process: AR(1), MA(1), or White	 Noise. Justify yourchoices by explaining the theoretical properties of the ACF andPACF for each type of process as discussed in the chapter.(b) Consider the stationary AR(1) process Y

t

= ϕY

t−1

+ Z

t

, where Z
tis white noise with variance σ2 and E[Y

t

] = 0. The chapter statesthat the autocorrelation function is ρ(h) = ϕ

h. Show how thisresult is derived for h ≥ 1.
(Hint:	 Start	 by	 multiplying	 the	 AR(1)	 equation	 byY

t−h

. Take	 the
expectation	 and	 use	 the	 fact	 thatE[Z

t

Y

t−h

] = 0 for h > 0.)
 

(c) For the MA(q) process, the text states that the autocorrelationfunction is zero for all lags greater than q (ρ(h) = 0 for h > q).Using an MA(1) process as an example, explain intuitively why thisis true by considering the components of Y
t

 and Y
t−h

.
 

(d) For the AR(p) process, the text states that the partialautocorrelation function (PACF) cuts off after lag p. Explain whatthis means in terms of conditional correlation and the Markov-likestructure of AR processes. Speci�ically, for an AR(1) process, what isthe correlation between Y
t

 and Y
t−2

 given that you know the valueof Y
t−1

?
 

Exercise	 2(a) The chapter introduces Tobler’s First Law of Geography. In thecontext of the Munich rental data shown in Fig. 12.11, how wouldyou expect this law to manifest in the rental prices of apartments,even after accounting for other factors like apartment size?
 



(b) The variogram is de�ined as γ(d) = Var(Y

i

− Y

j

) for locations at adistance d. If the rental prices Y
i

 were truly independent andidentically distributed (i.e., the i.i.d. assumption held and 
Var(Y

i

) = σ

2 for all i), what would the theoretical variogram looklike as a function of distance d? How does this theoretical shapecompare to the empirical variogram shown in Fig. 12.12?
 

(c) Look at the �itted curve in the empirical variogram plot (Fig. 12.12).Identify the approximate range and sill. What does the range tellyou about the distance over which rental prices are spatiallycorrelated? What does the sill represent in terms of the variance ofthe rental prices?
 

(d) The chapter discusses two main strategies for handling spatialeffects: (i) modeling dependence in the covariance	 structure (e.g.,Kriging) or (ii) modeling dependence in the mean	 structure (e.g.,spatial regression with a smooth term h(s)). If an analystsuccessfully captures all spatial dependence using approach (ii),what would the variogram of the resulting residuals, 
ϵ

j

= Y

j

− ĥ(s
j

), look like? Relate your answer to Noel Cressie’squote: “One person’s mean is another person’s covariance.”

 
(e) Now, imagine the geolocations are aggregated to the administrativedistricts of Munich, creating lattice data as in Fig. 12.15. Thisapproach models spatial structure on a discrete graph. Describe theconditional independence assumption one makes for the district-level random effects, U

k

, in the corresponding Gauss MarkovRandom Field (GMRF) model.
 

Exercise	 3(a) The chapter introduces the exponential random graph model(ERGM). In your own words, what is the purpose of the vector ofsuf�icient statistics, s(y)? Why is this a more �lexible approach for  



modeling networks than assuming all potential edges y
ij

 areindependent Bernoulli trials?(b) A researcher studies the collaboration network of computer sciencefaculty. An edge y
ij

= 1 exists if professors i and j have coauthoreda paper. The researcher also has data on each professor’s primaryresearch area (e.g., “AI,” “Theory,” “Systems”). They �it an ERGM andobtain the following results table:
TableFor each of the three statistics, provide a concise interpretationof its coef�icient in the context of academic collaboration:(i)

Edges: The “Edges” statistic is simply the total number of co-authorships in the network. What does its large negativecoef�icient imply about the overall density of thecollaboration network?
 

(ii)
Nodematch(Area): This statistic counts the number of co-authorships between professors in the same research area.What sociological phenomenon (mentioned in the text) doesits positive coef�icient represent?

 
(iii)

Transitive	 Ties: The “Transitive Ties” statistic countsinstances where two professors who share a commoncollaborator also collaborate with each other. What does thepositive coef�icient imply about the statement “a collaboratorof my collaborator is likely to be my collaborator” in thisdepartment?
 

 

(c) Suppose the coef�icient for “Nodematch(Area)” was instead largeand negative. What would this imply about the collaborationpatterns in the department? Suggest a reason why such a patternmight emerge in a real-world academic setting.
 



ReferencesAnselin, L. (1988). Spatial	 econometrics:	 Methods	 and	 models (Vol. 4). Springer.Baddeley, A., Bárány, I., & Schneider, R. (2007). Spatial point processes and their applications. In
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13.	 Relating	 Machine	 Learning	 and	 StatisticsGöran Kauermann1  , Giacomo De Nicola2, Cornelius Fritz3 and David Rügamer4Department of Statistics, LMU Munich, Munich, GermanyHarvard T.H. Chan School of Public Health, Harvard University, Boston, MA,USASchool for Computer Science and Statistics, Trinity College Dublin, Dublin,IrelandMunich Uncertainty Quanti�ication AI Lab, LMU Munich, Munich, Germany 
In this chapter, we change our focus from traditional statistics to machinelearning, emphasizing strong connections and shared principles between the two�ields. The chapter aims to show how statistics and machine learning complementand strengthen each other. We start by outlining essential machine learningconcepts and approaches and then highlight and explain the statistical theoryunderlying machine learning. The emphasis lies on viewing machine learningalgorithms as natural extensions of statistical models built to learn from data.This approach connects theoretical concepts with practical use, helping readers ofprevious chapters to understand machine learning through the lens of statisticalprinciples. We also make use of the jargon used in the �ield of machine learningand refer, where necessary, to the terminology used synonymously in statistics.
13.1	 Primer	 on	 Machine	 Learning	 and	 Neural
Networks
13.1.1	 Machine	 LearningMachine learning is, in general, more concerned with making accurate predictionsthan with uncovering or understanding the true data-generating process G(⋅ ∣ x). This focus distinguishes machine learning from much of classical statistics,which often emphasizes interpretability and explicit modeling of G(⋅ ∣ x). Inmany applications, the machine learning paradigm is primarily driven byempirical performance on predictive tasks, where the main objective is to
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minimize prediction error on unseen data rather than to recover and/or interpretthe exact underlying stochastic mechanism.Over the past decades, many different machine models have been proposedand have become popular. Among the earlier widely adopted methods are support
vector	 machines (SVMs; Cortes & Vapnik, 1995), which achieve classi�ication andregression by maximizing the margin between classes in a high-dimensionalfeature space. Subsequent years saw the rise of random	 forests (Breiman, 2001),an ensemble of decision trees combined via bagging to improve predictiveaccuracy and robustness. Another in�luential family of models are boostingmethods (Freund & Schapire, 1997), which build strong predictors by iterativelycombining so-called weak learners, i.e., simple models that perform slightly betterthan guessing. Modern incarnations of boosting, such as gradient	 boosting
machines (Friedman, 2001) and their highly optimized implementations,including CatBoost (Prokhorenkova et al., 2018), LightGBM (Ke et al., 2017), andXGBoost (Chen & Guestrin, 2016), are among the most widely used ML toolstoday. More details on classic machine learning approaches can be found, forexample, in Bishop and Nasrabadi (2006) and Hastie et al. (2009).In recent years, much research has shifted toward neural	 networks (NNs) dueto their �lexibility and scalability, as well as their success as the foundation ofpowerful generative models for images, text, and other modalities. Recentadvancements in tabular foundation models, e.g., prior-�itted networks (Müller etal., 2025), have made neural networks also a competitive choice for classicmachine learning tasks, achieving state-of-the-art predictive performance withoutthe need for tuning, in contrast to previously used methods such as boosting.While an introduction to modern (generative) architectures such as prior-�ittednetworks, diffusion models, or large language models is beyond the scope of thisbook, we will brie�ly introduce the basic neural network architecture, the
multilayer	 perceptron (MLP), in the following.
13.1.2	 Multilayer	 PerceptronsA multilayer perceptron (MLP) is a function h : Rp

→ R

v composed of layers ofinterconnected neurons. Each neuron takes an input vector z ∈ Rm and computesan af�ine	 transformation, which means a linear calculation w⊤

z+ b, where 
w ∈ R

m are the neuron’s weights and b ∈ R is called bias, which is simply adifferent name for “intercept.” This is used as input for nonlinear activation
functionτ  yielding the neuron output

u = τ(w

⊤

z+ b).



The activation function τ  can, for example, be a recti�ied linear unit (ReLU) 
τ(⋅) =max (0, ⋅) or a logistic sigmoid function; see Eq. (6. 14). A neural networklayer consists of several such neurons operating in parallel, taking the same input
z but with different weights and biases, producing a vector of outputs.Mathematically, this is de�ined by a matrix W of combined weights for eachneuron and a vector of stacked biases b. These transformations can be applied in asequence of transformations:
The �inal layer (often called the output	 layer or last	 layer) computes a linearcombination of the learned features from the last hidden layer:
which is equivalent to a linear regression on these learned features z(L−1).Depending on the domain of the outcome values, the last layer might also includean additional nonlinear activation, such as a sigmoid function for mapping thepredictions into the space of probabilities. Formally, an L-layer feedforwardneural network with input x ∈ R

p can be written as (13.1)where W (L)

∈ R

v×m

L−1  and b(L) ∈ Rv are the weights and biases of the Lth layerand z(L−1) ∈ Rm

L−1  are the outputs of the (L−1)-th hidden layer with z(0) := x,that is, the �irst input is the original input variables x. The parameters of thenetwork are collectively denoted by θ = {W

(ℓ)

, b

(ℓ)

}

L

ℓ=1

.Figure 13.1 illustrates the structure of an MLP with an input layer, two hiddenlayers, and an output layer. The hidden layers learn nonlinear featuretransformations of the input, while the last layer forms the �inal prediction bylinearly combining these features. For a more detailed exposition of neuralnetworks and related concepts, see Goodfellow et al. (2016).
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Fig.	 13.1  A multilayer perceptron (MLP) with three input features, two hidden layers with four and threeneurons, and two outputs. Each hidden layer neuron applies a nonlinear transformation to a weighted sum of itsinputs. The biases are omitted for easier visualization. The last layer forms a linear regression on the learnedfeatures from the last hidden layer
13.2	 Machine	 Learning	 from	 a	 Statistics	 Perspective
13.2.1	 Hypothesis	 SpaceFrom a statistical perspective, the goal in supervised machine learning is toapproximate the data-generating process G(⋅ ∣ x) in (2. 1) using a machinelearning model from the so-called hypothesis	 space (or model space) H ,introduced earlier in Sect. 7. 1 as structural	 model; see also Eq. (7. 3). Instead ofapproximating or modeling G(⋅ ∣ x) with a set of distribution functions, thehypothesis space is usually de�ined by a set of functions (13.2)The machine learning modelh(⋅; θ) :X → Γ approximates the unknownmapping from the covariate or feature space X  to a space of predictions Γ, where
Γ ⊆ R

v with v ∈ N . The parameter (vector) θ de�ines a single instance (amachine learning model) of H . For example, if h(x; θ) = x

⊤

θ, H  is the space oflinear regression models with covariates (features) x, coef�icients θ ∈ Θ = R

p,and Γ = R.In many of the classic machine learning applications, this hypothesis space isusually not paired with a distribution assumption or model F . Instead, in classicmachine learning, we only distinguish between a regression and a classi�ication
task. More contemporary machine learning models, in contrast, build on the sameprinciple as statistical models and assume an underlying probability model F(see, e.g., Murphy, 2022).
13.2.2	 Empirical	 Risk	 Minimization
Learning in machine learning is the combination of a hypothesis space H , a risk
R and an optimization routine. To de�ine the risk, we �irst need to de�ine a lossfunction (13.3)where Y  is the set of possible outcomes. We want to minimize the loss withrespect to h ∈H . An appropriate loss is usually chosen for each particularapplication, for instance, to �ind a model h such that the squared deviations of 
h(x; θ) and y are minimized. Acknowledging that the true data-generating process
G(⋅ ∣ x) is (in most cases) not deterministic, the overall objective of machinelearning is to �ind the model h which minimizes the expected loss, the so-called
risk

H = {h(⋅; θ), θ ∈ Θ}.

ℓ : Y ×H → R : (y,h(x; θ)) → ℓ(y,h(x; θ)),



(13.4)
with G(x) as a known or unknown distribution over the feature set X . As (13.4)involves the unknown true data-generating process, we approximate thetheoretical risk by its empirical analog, the empirical	 risk, which for a given dataset of i.i.d. observations (x

i

, y

i

)

i=1,…,n

 is (13.5)
Learning is thus the search for the best model that minimizes the empirical riskusing a suitable optimization technique (often a gradient-based method). For aparametrized family of models H , this implies the Empirical Risk Minimizer(13.6)Putting (13.5) and (13.6) together, we can directly see the correspondencebetween estimating the parameter θ using maximum likelihood estimation and
learning the parameter θ using empirical risk minimization: Choosing ℓ to be thenegative log-likelihood of a parametric model (13.7)yields ˆθ

ERM

≡

ˆ

θ

ML

. In this case, the model h (implicitly) describes theparametrized transformation from x to the distribution parameters γ of somedistribution F(⋅ ∣ x; γ). For example, in a regression setting with H  being theclass of linear models, one typically de�ines the loss to be the mean squared error,and thus h(x; θ) = μ(x; θ) = x

⊤

θ (implicitly) de�ines the mean μ of a normaldistribution F.In fact, many loss functions in machine learning have a one-to-onecorrespondence with a (negative) log-likelihood function in statistics. Forexample, optimizing the log-loss in machine learning is equivalent to optimizingthe negative log-likelihood based on a Bernoulli distribution assumption.Moreover, minimizing the mean squared error is equivalent to maximumlikelihood estimation of the mean of a Gaussian distribution. And, a multinomialdistribution assumption for likelihood-based estimation results in the sameestimates as a corresponding model in machine learning, minimizing the so-calledcross-entropy. On the other hand, there are examples exist where there is nodirect correspondence to a distribution assumption, e.g., the Hinge loss (Cortes &Vapnik, 1995). The rationale, in this case, is not to directly approximate the data-generating process G(⋅ ∣ x) but to optimize a prede�ined metric that is ofparticular interest and which is not implicitly optimized by �inding the best data-generating process approximation. Yet even these metrics often have a statistical

R(h) := ∫ (∫ ℓ(y,h(x; θ))dG(y ∣ x))dG(x)

R

emp

(h) :=∑

n

i=1

ℓ(y

i

,h(x

i

; θ)).

ˆ

θ

ERM

= argmin

θ∈Θ

R

emp

(h(⋅; θ)).

F = {f(y; γ); γ ∈ Γ}



origin. The Huber loss, for example, is used in machine learning as a loss function,but its motivation goes back to ideas in robust statistics (Huber, 1964).In machine learning, a large portion of models deal with the classi�ication ofobservations into two or more classes. If Γ is of discrete nature, i.e., has a �initenumber of elements, h is usually called a classi�ier. A further distinction can bemade regarding whether h returns a probability for every possible value in Y . If itdoes so, we call h a probabilistic classi�ier; otherwise, if a score for every value in 
Y  is returned, h is called a scoring function or scoring classi�ier. A logisticregression, for example, is a probabilistic classi�ier, returning probabilities 
π = P(Y = 1 ∣ x) and 1 − π = P(Y = 0 ∣ x) for Y = {0, 1}. The additivepredictor in logistic regression, in turn, is a scoring function that produces a score(the logits) that can be normalized to probabilities.We can summarize that learning in machine learning follows conceptuallystatistical ideas as derived in the book. Depending on the chosen loss function, itcan, however, go beyond some classical statistical concepts.
13.3	 Regularization,	 Penalization,	 and	 Bayes
13.3.1	 Regularized	 Risk	 MinimizationOne of the most crucial parts of machine learning is regularization. Being oftenhighly parameterized and expressive, there is a great risk of over�itting the givendataset with a machine learning model, as described in more detail in thefollowing subsections.The most common way to avoid over�itting in machine learning is toregularize or penalize models depending on their �lexibility. More speci�ically, wecan extend (13.5) to the so-called regularized risk (13.8)where pen : Θ → R

+ is a function assigning larger values (penalties) to modelparameters θ that induce very or too �lexible hypotheses and λ > 0 is a tuningparameter controlling the trade-off between model �it and �lexibility. A commonway of searching for the optimal λ value is by using cross-validation. The explicitform of the penalty depends on the model class. Information criteria introducedin Sect. 7 are some form of regularization, for example, with the penalty functionof the AIC de�ined as pen(θ) = ∥θ∥

0

, where ∥θ∥
0

 is the L
0

-norm1 which countsthe number of nonzero elements in θ. If we choose the empirical risk to be twicethe negative log-likelihood and set λ = 2, we can then consider the optimizationof the AIC as a way of performing regularized risk minimization.

R
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; θ)) + λ ⋅ pen(θ),



13.3.2	 Regularization	 from	 a	 Statistical	 PerspectiveMany regularization approaches in machine learning can be related to conceptsthat are also prominent in the (high-dimensional) statistical literature. Startingfrom the previous analogy and model selection criteria in Sect. 7, we could try to�ind the AIC-optimal model directly: (13.9)This problem, optimizing a model with the so-called L
0

 penalty, is, however,known to be NP-hard from optimization theory. One of the key problems with the 
L

0

-norm is its non-differentiability at 0. The “next best” convex relaxation of the 
L

0

-norm is the L
1

-norm ∥θ∥
1

. Instead of counting the nonzero entries, the l
1

-norm is de�ined as (13.10)i.e., sums up the absolute values of all entries in θ. This penalty, also known as thelasso penalty (Tibshirani, 1996), can be solved using specialized routines(depending on the model class). Similar to information criteria, the regularizingeffect of the lasso penalty induces sparser models, i.e., models with fewerparameters. As the L
1

-norm is not differentiable at 0, the penalty is less commonin machine learning than in statistics and optimization, where specializedoptimization routines for it are available. Recent �indings, however, show how tooptimize these non-differentiable penalties also in deep neural networks (Kolb etal., 2023), thereby making it available to a much larger machine learningcommunity.Another common penalty in both machine learning and statistics is the L
2

- orridge penalty: (13.11)which, contrary to the name, is a squared L
2

-norm penalty.We visualize the effects of both the L
1

 and the L
2

 penalties in Fig. 13.2. Thetwo plots show the typical performance of penalized parameter estimates, withthe amount of penalization on the horizontal axis. While the L
1

 penalty, shown inthe left plot, can shrink parameter estimates to zero, the ridge penalty, right-handside plot, cannot enforce sparsity in that parameters are forced to zero but insteadregularizes the model by “only” shrinking the coef�icients toward zero.
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Fig.	 13.2  Paths of coef�icients of a linear model (in different colors) with lasso (left) and ridge regularization(right) depending on the strength of the penalty λFor linear models and the L
2

-penalty, for example, the regularized riskminimizer ˆθ
RRM

 has a closed form solution (13.12)For models without an explicit analytical solution, a common strategy in machinelearning is to use gradient descent. The gradient of a regularized risk objectivewith a ridge penalty (divided by 2 for convenience) is
(13.13)

The weights of the model are then updated via gradient descent as follows:(13.14)with learning rate ν ∈ (0, 1] and iteration t+ 1. Expanding (13.14) using (13.13),we see that the ridge penalty induces a decay of the current parameter valuede�ined by λ:
(13.15)

In machine learning and particularly deep learning, it is common to apply weight
decay during optimization. Therefore, one would impose a ridge penalty notexplicitly through a regularized objective as in (13.11) but implicitly by alteringthe optimization routine as in (13.15).Similarly, the so-called early	 stopping of iterative optimization routines iscommon practice and can be shown to implicitly regularize the model. For thesimple case of a linear model with L
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-loss optimized by gradient descent as
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de�ined above, there exists a direct relationship between the number of iterations
T the algorithm is run (i.e., how often the old parameter is updated) and theinduced ridge penalty (see, e.g., Goodfellow et al., 2016): (13.16)Put differently, early stopping the routine imposes a ridge regularization,controlled by the number of iterations T and the learning rate ν. In particular, theearlier we stop the routine, the larger the induced ridge penalization and viceversa.
13.3.3	 Bayesian	 ApproachesMachine learning also incorporates many different Bayesian approaches. Apartfrom offering a �lexible framework to incorporate prior knowledge into thelearning process, priors in Bayesian approaches act as a form of regularization.The connection between Bayesian methods and regularized risk minimization canbe understood by examining how priors in�luence the optimization of modelparameters, particularly through the lens of normal priors and their relationshipto ridge regularization. The posterior distribution in a Bayesian model is obtainedvia Bayes’ theorem (see Sect. 9): (13.17)where p(θ ∣ x, y) is the posterior distribution, p(y ∣ x, θ) is the likelihood, and 
p(θ) is the prior distribution. Let’s consider a linear regression model where 
h(x; θ) = x

⊤

θ. In a Bayesian framework, we might impose a normal prior on theparameter vector θ: (13.18)to express the belief that the parameters θ are normally distributed with meanzero and variance τ 2. The likelihood of the data given the parameters, assumingGaussian noise with variance σ2, is (13.19)The posterior distribution is then given by (13.20)Taking the negative log of the posterior results in the following objective function:(13.21)We can see that minimizing this negative log-posterior is equivalent to minimizingthe regularized risk function with a ridge penalty: (13.22)
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where λ = σ

2

τ

2

.The equivalence between maximizing the posterior distribution under anormal prior and performing ridge regression illustrates a direct link betweenBayesian methods and regularized risk minimization. A similar link can be shownfor various other prior distribution assumptions.The following example highlights the connection of the Bayesian formulationto a recently discovered phenomenon called double	 descent, which occurs inoverparametrized models where p > n.
Example	 13.1  Consider again the Bayesian linear regression model withGaussian prior θ ∼ N(0, τ

2

I) and Gaussian likelihood. We investigate thebehavior of the model in an overparameterized regime, where the number ofparameters p exceeds the sample size n.To illustrate this, we simulate θ
j

∼ N(0, 1)i.i.d. for j = 1,… , p and sort thecoef�icients such that |θ
1

| ≥ |θ

2

| ≥ ⋯ ≥ |θ

p

|. We �ix n = 100 and consider p upto 200, hence covering both the classical setting (p < n) and theoverparameterized case (p > n). Data are generated from
with ρ2 = 0.5 and covariates x

i

 drawn i.i.d. from a standard normal distribution.For each p, we �it the model using ridge regularization (equivalently, theBayesian posterior mean) and evaluate predictive performance via the Kullback–Leibler divergence
where G denotes the true data-generating distribution and F(⋅ ; ˆθ) the �ittedmodel. The results, shown in Fig. 13.3, reveal two minima of the divergence: onein the underparameterized regime (p < n) and a second in theoverparameterized regime (p > n). The latter occurs because the prior (orequivalently, the ridge penalty) effectively regularizes the model even when theparameter dimension exceeds the sample size. This highlights that with suitablepriors, Bayesian approaches can yield competitive performance well beyond theclassical p < n paradigm.▹
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Fig.	 13.3  Kullback–Leibler divergence of the �itted model for varying parameter dimension p in a ridge-regularized linear model with n = 100 and ρ2

= 0.5

13.4	 Uncertainty	 in	 Machine	 Learning
13.4.1	 Prediction	 and	 Parameter	 UncertaintyAlthough there is ongoing debate about whether a universally valid categorizationof uncertainties in machine learning exists, three areas of uncertaintyquanti�ication (UQ) are of particular practical interest:1. uncertainty in model predictions,  2. uncertainty in model parameters,  3. and uncertainty in the data-generating process. In the following, we will discuss these three areas, outlining their goals andpractical considerations. For simplicity, we only model the mean μ of outcome Y given features x and use μ̂(

˜

x) := Ê(˜Y ∣

˜

x) = h(

˜

x;

ˆ

θ) to make predictions about anew, unobserved observation ˜Y  with covariates 
˜

x. We will �irst considerapproaches that focus on the uncertainty μ̂ and, related to this, the uncertainty of 
ˆ

θ in h.
13.4.2	 Predictive	 Uncertainty



For the uncertainty of μ̂, one can use either model-speci�ic or model-agnosticapproaches. Model-agnostic methods include bootstrap (Sect. 8. 7. 2) and cross-validation (Sect. 7. 2), where repeated training on resampled data yields intervalsfor μ̂. Conformal prediction, which is formally introduced in Sect. 13.4.6, offersanother way to construct such intervals. Model-speci�ic methods often rely on themodel’s parametric distribution assumption. An example is a Gaussian process,which quanti�ies predictive uncertainty using a Bayesian framework.
13.4.3	 Parameter	 UncertaintyIn contrast to the previously discussed prediction uncertainty, quantifying theuncertainty of parameters in machine learning models is typically morecomplicated. As machine learning models are often “black boxes” where singleparameter states do not provide meaningful insights, quantifying the parameteruncertainty is often merely a means to an end to quantify the uncertainty of theprediction function.Consider, for example, a neural network h = h

lin

∘ h

nlin

, meaning that wedecompose the network in a nonlinear (hidden layer) part and the last layer,which is linear, with parameters θ = (β, ξ) being a decomposition of a linear h
linpart, parameterized by β, and a nonlinear function h

nlin

, parameterized by ξ. Sucha decomposition is the basis to quantify uncertainty using a last-layer	 approach,providing the uncertainty of the last layer’s weights β in the function 
h

lin

(z,β) = z

⊤

β, where z = h

nlin

(x; ξ) are learned representation of the originaldata x. Ignoring the uncertainty in ξ underestimates the model’s overalluncertainty. However, focusing solely on β is relevant, e.g., in transfer	 learning,where ξ is learned on a separate dataset and then �ixed when applying the modelto new data. In this setting, only β remains uncertain, allowing statisticalinference to be applied under suitable conditions.
13.4.4	 Data	 UncertaintyWhile classic machine learning approaches have focused on risk minimization, thelinks to statistics and awareness of the need for uncertainty quanti�ication havesparked much interest in probabilistic methods recently. Many probabilisticmodels allow to directly model the aleatoric	 uncertainty, i.e., learn the distribution
F with all its parameters.
Distributional	 Regression	 Models  In statistics, distributional	 regression refersto modeling more than just the mean of a distribution using an additive predictor.Jointly estimating multiple parameters, such as μ and σ2 of a normal distribution,



is substantially more challenging, since even this simple case leads to a non-convex optimization problem.In machine learning and especially in deep learning, convexity is usually notassumed, and global optima are rarely feasible nor the goal, as this often refers toover�itting. It is therefore natural to de�ine a separate model h
j

 for eachdistribution parameter γ
j

 and optimize them jointly (see, e.g., Rügamer et al.,2024). To avoid restrictive parametric assumptions, more �lexible approachesemploy monotonic transformations to represent complex distributions. Aprominent example is normalizing	 �lows (see, e.g., Kook et al., 2024).
13.4.5	 CalibrationThe simplest case of a distributional regression model is a parametric distributionwith a single parameter, e.g., Y ∼ Binomial(1,π). While this example is not avery complex data-generating process, it is instructive to understand a commonproblem in machine learning when modeling distributions related to the model’scalibration.
Example	 13.2  Consider a binary classi�ication task where y

1

,… , y

n−1

= 0 and
y

n

= 1. If our data is almost linearly separability given some feature x, e.g., for 
y

i

= 1, we have x
i

= c, and for almost all y
i

= 0, we have x
i

= −c for some 
c ∈ R, the coef�icient of the simple logistic regression model 
π

i

= P(Y

i

= 1 ∣ x

i

) = 1 / (1+ exp (x

i

β)) will become larger the bigger theconstant c.2 However, if the model is also subject to regularization such that largevalues for the coef�icients β are penalized, the model is incentivized to return asmall β value. In the case of exact linear separability, the coef�icient is
where W is the Lambert function. For example, for c = 1 and λ = 1, we obtain 
ˆ

β = −0.5671433. Due to the relatively small size of ˆβ, the predicted probabilitieswill be close to 0.5 (see also Firth (1993) for an earlier reference for this matter).More precisely, we get P(Y
i

= 1 ∣ x

i

= c) = 0.6381037 and 
P(Y

i

= 1 ∣ x

i

= −c) = 0.3618963. The model is thus clearly miscalibrated forlarge n as the above-computed probabilities do not represent the observedfrequencies of 0s and 1s in any way. Put differently, for a calibrated model, weexpect probabilities that are (closer to) (n−1) / n and 1 / n. ▹The previous example shows that a perfect model does not necessarily have acorrect representation of the underlying aleatoric uncertainty, i.e., the data-generating distribution. It is therefore common practice to calibrate predictions

ˆ

β ≈ −c

−1

W(c

2

λ

−1

),



after optimizing the model. If the distribution of the model is known, a secondmodel or procedure can be applied on top of the �irst model’s prediction to ensureproper calibration. One method with increased popularity is conformal	 predictionor conformal	 inference.
13.4.6	 Conformal	 PredictionPredictive uncertainty (Sect. 13.4.1) quanti�ies how uncertain a model’s output is.Conformal prediction instead calibrates these uncertainties to produce predictionsets or intervals that contain the true outcome with a speci�ied probability, underminimal assumptions (often exchangeability). Its main goal is guaranteedcoverage, not just uncertainty quanti�ication.We introduce conformal prediction using the earlier miscalibration example,where we assumed binary labels3

Y ∈ {0, 1} modeled via a logistic regressionwith linear predictor η:
We de�ine a nonconformity	 score using the predicted probability (13.23)When y = 1, a high π indicates high con�idence and leads to a small score. For 
y = 0, the reverse holds. We can now generate a conformal prediction set withmiscoverage level α in two steps: the calibration and the prediction step.
Calibration  For each data point i = 1,… ,n used for estimation, we compute 
s

i

= s(x

i

, y

i

), i.e., the score quantifying to what extent our model would predict“something wrong.” Using all these scores for i = 1,… ,n, we compute theempirical 1 − α quantile q̂ of {s
1

,… , s

n

}.
Prediction  For a new input 

˜

x, compute 
ˆ

π = h(

˜

x,

ˆ

θ) and the score
Our conformal prediction set C can now be constructed as
In other words, our prediction set includes the label 0 if 

ˆ

π ≤ q̂ and the label 1 if 
1 −

ˆ

π ≤ q̂. High con�idence usually yields a single label, but if there is largenonconformity (large values s
i

) in our calibration data, C = {0, 1} if theempirical quantile ˆq ≥max (π̂, 1 − π̂).

π(x) := P(Y = 1 ∣ x) = h(x; θ) =

1

1+exp(−η(x))

.

s(x, y) = {
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Example	 13.3  Assume n = 10 calibration pairs (x
i

, y

i

) with �ittedprobabilities 
ˆ

π

i

:
The nonconformity scores from (13.23)
are
If we choose 1 − α = 0.9, q̂ is the tenth order statistic, i.e., the largestnonconformity score, which is q̂ = 0.68.For a new input 

˜

x with predicted probability π̂ = h(

˜

x,

ˆ

θ), different sets C canmanifest, for example:Let π̂ = 0.20. Then, s(0) = 0.20 ≤ 0.68, s(1) = 0.80 > 0.68, and therefore 
C = {0}.Let π̂ = 0.90. Then, s(0) = 0.90 > 0.68, s(1) = 0.10 ≤ 0.68, and therefore 
C = {1}.Let 

ˆ

π = 0.50. Then, s(0) = 0.50 ≤ 0.68, s(1) = 0.50 ≤ 0.68, and therefore 
C = {0, 1}.The conformal guarantee (Vovk et al., 1999) ensures

and produces well-calibrated prediction sets even when model probabilities aremiscalibrated. The nonconformity score can, e.g., be based on logits, ensembleuncertainty, or other measures. However, the score should re�lect true modeluncertainty to avoid unnecessarily wide prediction sets. Further note that themethod guarantees marginal coverage: The coverage probability holds over thedata distribution not for each individual prediction. For some inputs—particularlyin imbalanced or adversarial settings—the true label may fall outside the setdespite the overall guarantee. ▹
13.5	 Exercises
Exercise	 1(a) Consider a standard linear regression model where the goal is to predict a

s

i

= {

ˆ

π

i

if y

i

= 0,

1 −

ˆ

π

i

if y

i

= 1,

(0.12, 0.16, 0.20, 0.45, 0.33, 0.60, 0.18, 0.23, 0.25, 0.68).

P(ỹ ∈ C(

˜

x)) ≥ 1 − α



continuous outcome y
i

 from features x
i

. The most common approach inmachine learning is to �ind the parameters θ that minimize the mean
squared	 error	 (MSE) loss

Show that minimizing this loss function is equivalent to �inding themaximum likelihood estimate (MLE) for θ under the assumption that thedata follows a speci�ic probability distribution. What is this distribution forthe conditional outcome, Y
i

∣ x

i

?

 
(b) Now, consider a binary classi�ication problem where y

i

∈ {0, 1}. A commonloss function is the binary	 cross-entropy or log-loss:
where π

i

= h(x

i

; θ) is the model’s predicted probability that y
i

= 1.What is the statistical distribution (i.e., the likelihood) that corresponds tothis loss function? What common statistical model, discussed in a previouschapter, uses this likelihood?

 
(c) A multilayer perceptron (MLP) can be used for classi�ication by adding asigmoid activation function to its �inal layer, making its output a probability.Explain how such a complex neural network can be viewed from a statisticalperspective as a powerful generalization of the model you identi�ied in part(b). What part of the MLP architecture allows it to learn more complexrelationships than the simpler statistical model?

 
Exercise	 2(a) In machine learning, Ridge	 regression is used to �it a linear model 

h(x; θ) = x

⊤

θ. The objective is to minimize the sum of squared errors plusan L
2

 penalty on the parameters
What is the purpose of the penalty term λ∑ θ

2

j

? What problem,common in both statistics and machine learning, is it intended to solve,especially when the number of features p is large?

 
(b) From a statistical viewpoint, we can create a Bayesian	 linear	 regressionmodel. We assume a Gaussian likelihood for the data and place a Gaussianprior on the parameters θ:  

R

emp

(θ) =∑

n

i=1

(y

i

− h(x

i

; θ))

2

where h(x

i

; θ) = x

⊤

i

θ.

R

emp

(θ) = −∑

n

i=1

[y

i

log (π

i

) + (1 − y

i

) log (1 − π

i

)],

R

reg

(θ) =∑

n

i=1

(y

i

− x

⊤

i

θ)

2

+ λ∑

p

j=1

θ

2

j

.



The posterior distribution is p(θ ∣ y,X) ∝ p(y ∣ X, θ)p(θ). Write downthe expression for the negative	 log-posterior distribution, 
− log p(θ ∣ y,X).(c) By comparing your results from (a) and (b), show that minimizing the Ridgeregression objective is equivalent to maximizing the posterior probability(i.e., �inding the MAP estimate). What is the relationship between themachine learning regularization parameter λ and the statistical parameters 
σ

2 (noise variance) and τ 2 (prior variance)?
 

(d) Using the relationship you found in (c), what happens to the optimal θ in theBayesian model as the prior variance τ 2 →∞? What does this imply aboutour “prior belief” regarding the parameters, and to which simpler modeldoes Ridge regression converge in this case?
 

ReferencesBishop, C. M., & Nasrabadi, N. M. (2006). Pattern	 recognition	 and	 machine	 learning (Vol. 4). Springer.Breiman, L. (2001). Random forests. Machine	 Learning,45(1), 5–32.[https://doi.org/10.1023/A:1010933404324]Chen, T., & Guestrin, C. (2016). XGBoost: A scalable tree boosting system. In Proceedings	 of	 the	 22nd	 ACM	 sigkdd
international	 conference	 on	 knowledge	 discovery	 and	 data	 mining (pp. 785–794).Cortes, C., & Vapnik, V. (1995). Support-vector networks. Machine	 Learning,20(3), 273–297.[https://doi.org/10.1023/A:1022627411411]Firth, D. (1993). Bias reduction of maximum likelihood estimates. Biometrika,	 80, 27–38.[MathSciNet][https://doi.org/10.1093/biomet/80.1.27]Freund, Y., & Schapire, R. E. (1997). A decision-theoretic generalization of on-line learning and an application toboosting. Journal	 of	 Computer	 and	 System	 Sciences,55(1), 119–139.[MathSciNet][https://doi.org/10.1006/jcss.1997.1504]Friedman, J. H. (2001). Greedy function approximation: A gradient boosting machine. Annals	 of	 Statistics,	 29,1189–1232.[MathSciNet][https://doi.org/10.1214/aos/1013203451]Goodfellow, I., Bengio, Y., & Courville, A. (2016). Deep	 learning. MIT Press. http:// www. deeplearningbook . orgHastie, T., Tibshirani, R., & Friedman, J. (2009). The	 elements	 of	 statistical	 learning:	 Data	 mining,	 inference,	 and
prediction. Springer.[https://doi.org/10.1007/978-0-387-84858-7]Huber, P. J. (1964). Robust estimation of a location parameter. The	 Annals	 of	 Mathematical	 Statistics,35(1), 73–101.

Y

i

∣ x

i

, θ ∼ N(x

⊤

i

θ,σ

2

) and θ

j

∼ N(0, τ

2

) for j = 1,… , p.

https://doi.org/10.1023/A:1010933404324
https://doi.org/10.1023/A:1022627411411
http://www.ams.org/mathscinet-getitem?mr=1225212
https://doi.org/10.1093/biomet/80.1.27
http://www.ams.org/mathscinet-getitem?mr=1473055
https://doi.org/10.1006/jcss.1997.1504
http://www.ams.org/mathscinet-getitem?mr=1873328
https://doi.org/10.1214/aos/1013203451
http://www.deeplearningbook.org/
https://doi.org/10.1007/978-0-387-84858-7


1
2
3
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Appendix	 A

Background	 in	 Probability	 TheoryThis chapter provides background on probability theory, including importanttechnical notions and results for which we did not have space to develop in fulldetail in the main text. In particular, we introduce more formal notation to anchorlater derivations without ambiguity. For more thorough treatments of the area, werefer to the classic books by Feller (1968) and Billingsley (2012), whileKauermann et al. (2021) provide a more accessible introduction in Chap. 2. Notethat Chap. 1 already introduces the concepts of distribution functions, densities,expectations, and some of the main asymptotic results. In this Appendix, we donot repeat but complement them. We start in Sect. A.1 by introducing howprobabilities for events are de�ined. In Sect. A.2, we introduce conditionalprobabilities. In Sect. A.3, we provide the mathematical de�inition of a randomvariable via a function that transforms stochastic noise to an observed outcome inthe real numbers. Within this framework, we de�ine fundamental ways to describerandom variables in Sect. A.4 and summarize them in Sect. A.5. Finally, Sects. A.6and A.7 de�ine different ways random variables can converge and state the mostoften used inequalities used throughout the book. While this mathematicalbackground is not strictly required for practical application and understandingthe main takeaways from this book, it provides valuable intuition and morerigorous understanding of the underlying statistical mechanics.
A.1	 De�ining	 ProbabilityThis book builds on understanding statistics from the perspective of data-generating processes. Generally, this process is stochastic rather thandeterministic. The outcome of stochastic behavior is known only probabilistically;that is, some events or outcomes are more probable than others. A naturalquestion arising in this context is then how to characterize this stochasticity in amathematically rigorous framework. Therefore, we introduce probabilities todescribe how probable particular events are. The basic building block ofprobability is a random experiment. Imagine a toy like a magic 8-ball, but insteadof giving answers to yes-or-no questions, it changes color when you shake it. Thetoy can take four different colors that we collect in the set . Each shake is one random	 experiment,and the outcome is the color the box takes after the shake. For instance, possiblerandom outcomes from three consecutive experiments could be “orange”, “blue”,



and “orange”. Assuming that every shake of the toy yields independent outcomes,meaning that every outcome is at all times equally likely, we can describe theentire stochastic behavior of the toy box via four probabilities of the box turning“red”, “blue”, “orange”, or “purple”. These are the probabilities of elementary	 events,which need to abide a set of axioms derived by Kolmogorov (1933):1. All probabilities must be greater than zero, P(A) ≥ 0.  2. The probability of getting any outcome must be 1, P(Ω) = 1.  3. The probability of a union of two disjoint events equals the sum of theirindividual probabilities. For A,B with A ∩ B = ∅, we have 
P(A ∪ B) = P(A) + P(B).  

These axioms are rather abstract and do not provide an interpretation ofprobability itself, which sparked a long philosophical debate on how probabilitiesshould be interpreted. We refer to Gillies (2010) for an overview of this topic.Against this background, we can describe any stochastic mechanism by a
probability	 space through a tuple with three components:1. Sample space, Ω, de�ined as the set encompassing all possible “atomic” or“elementary” outcomes of the random process; these elementary outcomesare denoted by ω ∈ Ω;  
2.
σ-algebra, F , de�ined as the set of all compound events to which we want tobe able to assign a probability. For a discrete Ω, F = 2

Ω is commonly de�inedas the power set with 2|Ω| entries, which is the set of all possible subsets of Ω,including the empty set, ∅, and Ω. For continuous Ω, F = B(Ω), which is theBorel σ-algebra, de�ined as the smallest σ-algebra containing all open sets of 
Ω;

 
3. Probability measure, P, being de�ined as a function that assigns all elements in
F  a probability that needs to abide by Kolmogorov’s Axioms.  

To make these abstract de�initions more concrete, we illustrate two examples, onefor discrete and one for continuous outcomes.
Example	 A.1  We �lip a coin twice and, keeping track of the order, record foreach throw separately whether the coin lands on heads (H) or tails (T).1. Sample space: Ω = {(H,H), (H,T ), (T ,H), (T ,T )};



 2.
σ-algebra:  

3. Probability measure, P: Assuming a fair coin, we assign equal probabilitymass to each outcome in Ω. Any event A ∈ F  can now be decomposed intoelementary elements, e.g., {(H,H), (H,T ), (T ,H), (T ,T )} into the fourseparate outcomes (H,H), (H,T ), (T ,H), and (T ,T ). For any event A ∈ F ,we then obtain the probability by summing up over these elementaryelements: P(A) =∑
ω∈A

P(ω). For instance, the probability of 
A = {(H,H), (H,T ), (T ,H), (T ,T )} is 
P(A) = 1 / 4 + 1 / 4 + 1 / 4 + 1 / 4 = 1. This equates to 1 because A = Ω. 
▹

 
Example	 A.2  Assume that for one night, we track the percentage spent in REM(rapid eye movement) sleep.1. Sample Space: Ω = (0, 1) represents the percentage of sleep spent in the REMstate;  2.
σ-algebra: F = B((0, 1)).  3. Probability measure, P: For any interval (a, b) ⊆ (0, 1), we assume 
P((a, b)) = b− a. The measure of multiple disjoint intervals is the sum of therespective intervals. For instance, for (a

1

, b

1

) ⊆ (0, 1) and (a
2

, b

2

) ⊆ (0, 1)with b
1

< a

2

, we get P((a
1

, b

1

) ∪ (a

2

, b

2

)) = P((a

1

, b

1

)) + P((a

2

, b

2

)). ▹
 

The de�inition of probabilities through a probability space is implicitly assumed inthe ensuing sections. Note also that for sets with just one element, such as {a}, weemploy the shortened notation P({a}) = P(a).

F = 2

Ω

= {

∅, {(H,H)}, {(H,T )}, {(T ,H)}, {(T ,T )},

{(H,H), (H,T )}, {(H,H), (T ,H)}, {(H,H), (T ,T )},

{(H,T ), (T ,H)}, {(H,T ), (T ,T )}, {(T ,H), (T ,T )},

{(H,H), (H,T ), (T ,H)}, {(H,H), (H,T ), (T ,T )},

{(H,H), (T ,H), (T ,T )}, {(H,T ), (T ,H), (T ,T )},

{(H,H), (H,T ), (T ,H), (T ,T )}};



A.2	 Conditional	 Probability	 and	 Bayes’	 TheoremIn many settings, we want to re�ine probabilities given some additionalknowledge. For instance, the probability of having cervical cancer is around 1%for a woman over her lifetime. If we focus on the subgroup of women with apositive screening result, already around 46% of the women have some abnormalcell changes. In this setting, it becomes apparent that the knowledge of a positivescreening result should change one’s probability of having cervical cancer. Thisnotion of updating one’s prior beliefs is fundamental to statistical learning andlets us formulate conditional distributions, which come up repeatedly in thisbook:1. Most prominently, all Bayesian models covered in Sect. 3. 5 and Chap. 9 arefundamentally based on updating one’s knowledge about the parameters withobserved data. We start with the prior distribution and learn the posteriordistribution.
 

2. In Chap. 5, we studied statistical tests, which are based on conditionalprobabilities and de�ined for a particular α ∈ (0, 1) by P(“H
1

” ∣ H

0

) ≤ α.  3. Sampling from a multivariate complex distribution can be simpli�ied bybreaking it into several samplers from conditional distributions via the Gibbssampler, illustrated in Sect. 8. 5.  
We therefore introduce conditional probabilities for measurable events moreformally and show how this relates to Bayes’ theorem, which serves as thefoundation of Bayesian methods.
De�inition	 A.1	 (Conditional	 Probability	 for	 Measurable	 Events)  For	 two
eventsA,Bwhere	 the	 conditioning	 event	 B	 has	 a	 strictly	 positive	 probability,	 such
thatP(B) > 0,	 the	 conditional	 probability	 of	 event	 A	 given	 that	 event	 B	 has
occurred	 is	 denoted	 byP(A ∣ B)and	 de�ined	 by

With De�inition A.1, we can de�ine conditional random variables based onconditional probability measures, which, in turn, give rise to conditionalexpectations and so on. In many settings, the joint probability of events A and B, 
P(A ∩B), is not known, but its symmetry, P(A ∩B) = P(B ∩A), allows us torewrite the conditional into a form that is often called Bayes’ theorem.

P(A ∣ B) :=

P(A∩B)

P(B)

.



Theorem	 A.1	 (Bayes’	 Theorem)  For	 two	 eventsA,Bwhere	 the	 conditioning
event	 B	 has	 a	 strictly	 positive	 probability,	 such	 thatP(B) > 0,	 the	 conditional
probability	 of	 event	 A	 given	 that	 event	 B	 has	 occurred	 is	 denoted	 byP(A ∣ B)and
de�ined	 by (A.1)Assuming that we have a partition of the sample space into disjoint sets, i.e., 
Ω = ∪

K

k=1

A

k

 with A
h

∩A

l

= ∅ for all h ≠ l in the set {1,… ,K}, the total	 law	 of
probability states (A.2)Plugging (A.2) into (A.1) yields (A.3)for any i ∈ {1,… ,K}. This identity illustrates why Bayesian statistics is oftenreferred to as “probability in reverse”: The roles of the conditioning and randomelements in (A.3) are swapped between its left- and right-hand sides, P(A

i

∣ B)vs. P(B ∣ A

i

).
Example	 A.3  In Sect. 6. 3, we introduced logistic regression to model binaryoutcomes (Y

i

∈ {0, 1}) with the following model:
with linear predictor
which is a function of β. In a Bayesian context, the parameter vector 
β = (β

0

,… ,β

p

) is now assumed to be a random variable with a standard normalprior distribution (A.4)for some σ > 0. Excluding the covariates in the conditioning argument forsimplicity, the distributional assumption that Y
i

∣ β ∼ B(n = 1, p = π

i

) for all 
i ∈ {1,… ,n}, we can construct the conditional probability of all binaryoutcomes: (A.5)Next, we can make use of Theorem A.1 to derive the posterior β ∣ Y  by combining(A.4) and (A.5):

P(A ∣ B) =

P(B∣A) P(A)

P(B)

.
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k

) P(A

k

).
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i
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P(B∣A

i

) P(A

i

)

∑

K

k=1

P(B∣A

k

) P(A

k

)

π

i

= P(Y
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= 1 ∣ η

i

) =

exp(η

i

)

1+exp(η

i
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,

η

i
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1

x

i1
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ip

,
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Y
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.



▹

A.3	 Real	 Random	 VariablesWorking with probabilities de�ined on sets is often inconvenient. Take clinicaltrials, where we are primarily interested in determining whether a speci�icmedical intervention is safe and effective: Wilding et al. (2021) tests the ef�icacy ofthe medication Semaglutide for the treatment of obesity using data from 1961patients randomized to a test or placebo group. Since the body weight of allpatients was recorded weekly for 68 weeks, the sample space Ω is the Cartesianproduct of all possible weight trajectories for all patients. At the same time, we aremainly interested in the probability of the event that the intervention wassuccessful, which seems tedious to articulate given this complicated sample space.To simplify, we can introduce a function that maps observations in the samplespace to a real number, commonly called a real	 random	 variable or just random
variable. A meaningful function for assessing the intervention’s ef�iciency is thedifference in mean weight loss between baseline (week 0) and the �inal week (68)for the test and placebo groups. The probability of the original observations in Ωthen implies a probability measure, so-called push-forward	 measure, de�ined onthe real line, which is a lot easier to deal with than the original probabilitymeasure de�ined over Ω. Statistical analysis of this induced measure on the realline bypasses the complexities of the original sample space while preserving thestochastic properties needed to test the question at hand: Is the medicationSemaglutide an effective obesity treatment?
De�inition	 A.2	 (Random	 Variable)  If(Ω,F ,P)is	 a	 probability	 space,	 the
measurable	 mapping

is	 called	 a	 (real)	 random	 variable.For every event E ∈ F  in the probability space (Ω,F ,P), the measure P assignsa speci�ic probability P(E). Since X is a measurable map, X−1

: R→ Ω, which iscalled a preimage, exists and is given by
for any A ⊆ R. The probability measure P

X

 is then given by

P(β ∣ Y ) =

P(Y ∣β) P(β)

P(Y )

∝ P(Y ∣ β) P(β).

X : Ω → R

X

−1

(A) = {ω ∈ Ω : X(ω) ∈ A}

P

X

(A) = P(X

−1

(A))



for any A ⊆ R. Put differently, the probability of observing event A ⊆ R in therandom variable X is given by �irst searching for ω ∈ Ω that are projected to A, i.e., 
ω ∈ Ω such that X(ω) ∈ A holds. Then, the induced probability of A results fromapplying the original probability measure P(ω) with ω such that X(ω) ∈ A holds.
Example	 A.4  Continuing Example A.2, we are now studying the waiting timeuntil a patient enters their �irst REM (rapid eye movement) sleep cycle. Theunobservable probability space is de�ined just like in Example A.2:1. Sample Space: Ω = (0, 1).  2.
σ-algebra: F = B((0, 1)).  3. Probability Measure: For any subinterval (a, b] ⊆ (0, 1), P((a, b]) = b− a. Different from Example A.2, an element ω ∈ Ω represents now uniform stochasticnoise. Since a uniform distribution on the open interval (0, 1) is not a realisticrepresentation of the waiting time until the �irst REM, we de�ine a randomvariable to transform this uniform noise to a more reasonable distribution.Neurological waiting times are frequently assumed to follow an exponentialdistribution with a rate parameter of 1. We construct a random variable 

X : (0, 1) → R

+ that deterministically transforms the uniform noise ω ∈ (0, 1)into this distribution X(ω) = − log (1 − ω) ∈ R

+. As derived in Example A.7,one can then show that the induced image measure P
X

 is a standard exponentialdistribution.▹
A.4	 Characterizing	 the	 Distribution	 of	 a	 Random	 VariableHaving established the random variable X and its probability measure P

X

, wenext de�ine different ways to characterize the unique stochastic behavior of X. Themost fundamental characterization of P
X

 is via distribution functions.
De�inition	 A.3	 (Cumulative	 Distribution	 Function)  For	 random	 variable	 X
with	 induced	 probability	 measureP

X

,	 the	 Cumulative	 Distribution	 Function	 (CDF),
denoted	 byF

X

,	 is	 the	 functionF
X

: R→ [0, 1]de�ined	 as	 the	 distribution	 function	 of
P

X

:
for	 anyx ∈ Rwith	 the	 following	 properties:1.
Nondecreasing:	 For	 anyx

1

,x

2

∈ Rwithx
1

≤ x

2

, F
X

(x

1

) ≤ F

X

(x

2

). F

X

(x) := P

X

((−∞,x]) = P({ω ∈ Ω : X(ω) ≤ x})



2. Right-continuous:	 For	 anyx ∈ R, lim
y↓x

F

X

(y) = F

X

(x).  3.
Boundary	 Limits:lim

x→−∞

F

X

(x) = 0andlim
x→∞

F

X

(x) = 1.  
Example	 A.5  Continuing Example A.4, we study the random variable Xrepresenting the waiting time until a patient enters their �irst REM (rapid eyemovement) sleep cycle. Since the waiting time is assumed to follow a standardexponential distribution, the induced probability measure P

X

 is
▹Since F

X

(x) is a nondecreasing function, we can de�ine it as a Lebesgue-Stieltjesintegral (A.6)which evaluates as either a discrete summation over mass points, a standardRiemann-Lebesgue integral over a density function, or a linear combination ofboth, depending on whether X is a discrete, continuous, or mixed randomvariable:1. For discrete random variables X with support X , the integral in (A.6) denotesa summation
where the probability mass function P

X

 (PMF) is covered in De�initionA.4. The PMF evaluates the probability that X is a speci�ic outcome 
f

X

(x) = P

X

(x).

 
2. For absolutely continuous random variables, (A.6) becomes a standardintegral

where f
X

(x) denotes the probability density function, de�ined as
at all points x where the cumulative distribution function F

X

(x) isdifferentiable. The function f
X

 is called the probability density function (PDF)and covered in De�inition A.5. The PDF de�ines P
X

(B) implicitly: For any set
B we integrate f (x) over x ∈ B

 

F

X

(x) = 1− exp (−x).

F

X

(x) =∫

(−∞,x]

d F

X

(u),

∫

(−∞,x]

d F

X

(u) =∑

k∈X :k≤x

P

X

(k),

∫

(−∞,x]

d F

X

(u) =∫

x

−∞

f

X

(u)d u,

f

X

(x) =

d

dx

F

X

(x)



B, we integrate f
X

(x) over x ∈ B.3. For mixed random variables X, the integral decomposes into a linearcombination of a summation over the discrete mass points and an integrationover the continuous support via the Lebesgue-Stieltjes integral.  
De�inition	 A.4	 (Probability	 Mass	 Function)  For	 a	 discrete	 random	 variable	 X
with	 supportX ,	 the	 functionf

X

:X → [0,∞)is	 called	 the	 probability	 mass
function	 (PMF)	 of	 X	 if,	 for	 anyx ∈X ,	 the	 probabilityP

X

(x)is	 given	 by

Example	 A.6  Let X be a discrete random variable representing the outcome ofrolling a fair six-sided die. The target space of possible outcomes is the �inite,discrete set X = {1, 2, 3, 4, 5, 6}. Because X only takes values within this discreteset, its stochastic behavior is characterized by a probability mass function (PMF), 
f

X

(x), which assigns an exact probability mass to each speci�ic outcome.Assuming the die is perfectly fair, this mass is distributed equally:
To compute the probability of any event, such as rolling an even number (de�inedby the subset B = {2, 4, 6}), we sum the discrete probability masses evaluated atthose speci�ic points

▹

De�inition	 A.5	 (Probability	 Density	 Function)  For	 an	 absolutely	 continuous
random	 variable	 X	 with	 supportX ,	 the	 functionf

X

:X → [0,∞)is	 called	 the
probability	 density	 function	 (PDF)	 or	 just	 density	 function	 of	 X	 if,	 for	 any	 set
B ∈ B(X ),	 the	 probability	 measureP

X

(B)is	 given	 by

Example	 A.7  Continuing Example A.5, X is a continuous random variablerepresenting the waiting time (in hours) until a sleeping patient enters their �irst

P

X

(x) = f

X

(x).

f

X

(x) = {

1

6

for x ∈ {1, 2, 3, 4, 5, 6}

0 otherwise

P

X

(B) =∑

x∈B

f

X

(x)

= f

X

(2) + f

X

(4) + f

X

(6)

=

1

6

+

1

6

+

1

6

=

1

2

.

P

X

(B) =∫

B

f

X

(x) d x.



REM cycle. We model this neurological waiting time using a standard exponentialdistribution with rate parameter λ = 1. First, we repeat the setup of Example A.4:1. Sample Space: Ω = (0, 1).  2.
σ-algebra: F = B((0, 1)).  3. Probability Measure: For any sub-interval (a, b] ⊆ (0, 1), P((a, b]) = b− a. The probability density function for a uniform random variable between 0 and 1is known to be f(ω) = 1 for any ω ∈ (0, 1). We can then derive the density of 

X = − log (1 − ω) = G(ω), where ω has a uniform density, by transforming thedensity
Calculating
and
we can characterize the stochastic behavior of X with the following probabilitydensity function (PDF), f

X

(x):
To compute the actual probability that the patient enters their �irst REM cyclebetween hour 1 and hour 2 of observation, we have to integrate the densityfunction over the set B = (1, 2]:
▹

A.5	 Expected	 ValuesThe most common way to summarize a random variable is by its typical orexpected values. We call this value the expected value of a random variable, whichis the average value we would get if we drew the random variable an in�initenumber of times.

f

X

(x) = f(G

−1

(x))

d

d x

G

−1

(x) .

∣ ∣

− log (1 − ω) = G(ω) = x ⇒ G

−1

(x) = 1− exp (−x),

d

d x

G

−1

(x) =

d

d x

(1− exp (−x)) =exp (−x),

f

X

(x) = {

exp (−x) for x ≥ 0

0 for x < 0

P(1 < X ≤ 2) =∫

2

1

f

X

(x) d x =∫

2

1

exp (−x) d x = [− exp (−x)]

2

1

= − exp (−2) − (− exp (−1)) ≈ 0.368−0.135 = 0.233.



De�inition	 A.6	 (Expected	 Value)  LetX : Ω → Rbe	 a	 real	 random	 variable,	 then

is	 the	 expected	 value	 ofX.
Example	 A.8  Recall the continuous random variable X representing the waitingtime (in hours) until a patient enters their �irst REM sleep cycle. We employed anexponential distribution with rate parameter λ = 1 in this setting. To obtain theexpected value, we evaluate the integral over the target space R using the inducedimage measure P

X

. The differential d P

X

(x) is replaced by f
X

(x)d x, where 
f

X

(x) =exp (−x) for x ≥ 0:
With substitution u = x and d v =exp (−x)d x, d u = d x and v = − exp (−x)hold

Thus, the expected waiting time until the �irst REM cycle is precisely 1 hour. ▹In particular, it holds for a measurable function t and distribution P
Y

 of randomvariable Y   that (A.7)With t(x) = (x− E(X))

2, we de�ine the variance of the random variable X, whichdescribes the volatility of the random variable.
De�inition	 A.7	 (Variance)  For	 random	 variable	 X	 with∫ X

2

dP < ∞,	 the
variance	 of	 X,	 denoted	 byV ar(X)orσ2

X

,	 is	 given	 by

A.6	 Stochastic	 ConvergenceFor completeness, we de�ine here different ways in which a series of randomvariables can converge.

E(X) := ∫ x d P

X

(x)

E(X) =∫

R

x d P

X

(x) =∫

∞

0

xf

X

(x) d x =∫

∞

0

x exp (−x) d x.

E(X) = [−x exp (−x)]

∞

0

−∫

∞

0

− exp (−x) d x

= (0−0) +∫

∞

0

exp (−x) d x

= [− exp (−x)]

∞

0

= 0 − (−1) = 1

∫ t(x) d P

X

(x) = E(t(X)).

V ar(X) := E((X − E(X))

2

) =∫

R

(x− E(X))

2

dP

X

(x).



De�inition	 A.8	 (Convergence	 in	 Probability)  The	 sequence	 of	 random
variables(X

n

)

n∈N

converges	 in	 probability	 toX : Ω → R,	 if

We	 write  and	 also	 speak	 of	 stochastic	 convergence.
De�inition	 A.9	 (Convergence	 in	 Distribution)  The	 sequence	 of	 random
variables(X

n

)

n∈N

with	 distribution	 functionsF
i

, i = 1, 2,… ,nconverges	 in
distribution	 toX : Ω → Rwith	 distribution	 functionF ,	 if

for	 allxwhereF is	 continuous.	 We	 write  .
A.7	 Probabilistic	 InequalitiesIn many settings encountered throughout this book, we need to boundprobabilities or expectations. This section provides the analytic tools required tobound these objects:1. When proving the Cramér-Rao Bound from Theorem 4. 3, we bound thecovariance between an unbiased estimator and the score function via theCauchy–Schwarz inequality (Proposition A.1);  
2. To �ind an upper bound on the split likelihood ratio statistics, proving thevalidity of universal inference in Sect. 5. 8, we make use of the Markovinequality (Proposition A.2);  
3. To show that MSE consistency of an estimator implies weak consistency, webound the probability of the estimator deviating from the true parameter inSect. 3. 3. 1 via the Chebyshev inequality (Proposition A.3).  
Next, we state these fundamental results.
Proposition	 A.1	 (Cauchy–Schwarz	 Inequality)  Let	 U	 and	 V 	 be	 two	 random
variables	 with	 �inite	 variances	 (see	 De�initionA.7),	 then

As	 a	 direct	 consequence,	 for	 any	 random	 variables	 X	 and	 Y 	 with	 �inite	 variances,
we	 obtain (A.8)
Proposition	 A.2	 (Markov	 Inequality)  For	 a	 nonnegative	 random	 variable	 Y ,
we	 have

P(|X

n

−X| > ε) → 0 as n→∞ for all ε > 0.

lim

n→∞

F

n

(x) = F(x)

|E(UV )| ≤

√

E(U

2

)

√

E(V

2

).

Cov(X,Y )

2

≤ V ar(X) V ar(Y ).



Proof  Note that E(Y ) > 0. Then

□
Proposition	 A.3	 (Chebyshev	 Inequality)  Let	 Y 	 be	 a	 random	 variable	 with
�inite	 meanE(Y ) = μand	 �inite	 varianceVar(Y ) = σ

2

< ∞.	 Then,	 for	 anyε > 0,
Proof  Chebyshev’s inequality follows directly from Markov’s inequality appliedto the nonnegative random variable (Y − μ)

2. □

P(Y > a) ≤

E(Y )

a

.

E(Y ) =

∞

∫

0

yf(y)d y

=

a

∫

0

yf(y)d y+

∞

∫

a

yf(y)d y

≥

∞

∫

a

yf(y)d y

≥ a

∞

∫

a

f(y)d y = aP(Y ≥ a).

P(|Y − μ| ≥ ε) ≤

σ

2

ε

2

.



Appendix	 B

Parametric	 Distribution	 FamiliesWe now make the abstract de�initions from Appendix A more concrete.First, we state the distributions most frequently employed for discrete,countable, and uncountable outcomes. Second, introduce the exponentialfamily as a class of distributions for random variables that covers manyrealistic settings. Third, we state regularity assumptions that hold forthose distributions.
B.1	 Frequently	 Used	 DistributionsSome distributions appear so often in statistics that familiarity with theirparameters and features can be greatly bene�icial. The distributionsthemselves depend on one or more parameters, denoted with Greekletters. We follow the convention of listing the distribution’s parametersafter the semicolon (Fig. B.1).



Fig.	 B.1  Common distributions used throughout the book. The panels show the binomial, Poisson,normal, and exponential distributions for different parameter values
De�inition	 B.1	 (Binomial	 Distribution	B(n,π))

Application:	 Two	 outcomes—success	 or	 failure	 with	 a	 chance	 of	 success	 of
π ∈ [0, 1].	 We	 count	 the	 number	 of	 successes	 in	 n	 independent	 trials.
Probability	 function:P(Y = k;π) = (

n

k

)π

k

(1 − π)

n−k,	 fork = 0,… ,n

Expectation:E(Y ) = nπ

Variance:Var(Y ) = nπ(1 − π)

De�inition	 B.2	 (Poisson	 Distribution	 Po(λ))

Application:	 Count	 of	 events	 in	 a	 certain	 period	 of	 time	 with	 events
occurring	 at	 an	 average	 rate	 ofλ > 0.
Probability	 function:P(Y = k;λ) =

λ

k

k!

exp (−λ)fork = 0, 1, 2,…



Expectation:E(Y ) = λ

Variance:V ar(Y ) = λ

De�inition	 B.3	 (Normal	 Distribution	N(μ,σ2))

Application:	 Metric	 symmetrically	 distributed	 random	 variables	 with
meanμ ∈ Rand	 varianceσ2 > 0.
Density	 function:f(y;μ,σ) = 1

√

2πσ

exp (−

(y−μ)

2

2σ

2

)fory ∈ R

Expectation:E(Y ) = μ

Variance:V ar(Y ) = σ

2

De�inition	 B.4	 (Exponential	 Distribution	 Exp(λ))

Application:	 Time	 between	 two	 events	 following	 a	 Poisson	 process,	 where
the	 waiting	 time	 for	 the	 next	 event	 is	 on	 average1 / λ, λ > 0.
Density	 function:f(y;λ) = λ exp (−λy)fory ≥ 0

ExpectationE(Y ) = 1

λ

VarianceV ar(Y ) = 1

λ

2

Fig.	 B.2  Distributions that occur frequently in statistical inference. The panels show the t-distribution and the chi-squared distribution for different degrees of freedom
De�inition	 B.5	 (t-Distribution	 t

n

)



Application:	 Metric	 symmetrically	 distributed	 random	 variable	 with	 a
considerable	 probability	 of	 extreme	 outcomes	 (“heavy	 tails”).	 Also	 used
for	 statistical	 tests	 of	 the	 mean	 of	 normally	 distributed	 variables	 when	 the
variance	 is	 unknown	 and	 estimated	 from	 the	 data	 and	 the	 degrees	 of
freedom(n)are	 small.
Density	 function:

whereΓ(⋅)is	 the	 gamma	 function	 andn = 1, 2,…is	 the	 degree	 of
freedom	 (which	 in	 principle	 can	 take	 any	 positive	 value,	 but	 we	 only	 work
with	 positive	 discrete	 values	 here)
Expectation:E(Y ) = 0forn ≥ 2

Variance:V ar(Y ) = n

n−2

forn ≥ 3

Properties:– The	 t-distribution	 resembles	 the	 normal	 distribution	 but	 has	 heavier
tails,	 that	 is,	 more	 probability	 mass	 for	 extreme	 values.	 We	 show
different	 t-distributions	 and	 their	 limit,	 the	 normal	 distribution,	 in
Fig.B.2– We	 can	 combine	 the	 normal	 distribution	 and	 the	 Chi-squared
distribution	 to	 derive	 the	 t-distribution:	 LetZ

1

,… ,Z

n

be	 n
independentlyN(0, 1)distributed	 random	 variables.	 Then	 the	 ratio

(B.1)
follows	 a	 t-distribution	 withn−1degrees	 of	 freedom.– Property (B.1) can	 be	 used	 to	 prove (3.20).

Proof  Subsequently, we provide the distribution of the t-distribution(B.2)with S 2

n

=∑

n

i=1

(Y

i

− Y )

2

/ (n−1). We aim to show that this follows a
t-distribution with n−1 degrees of freedom. The idea of the proof is to
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2

)

√nπΓ(
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Z
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



⎷
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S

n

/√n
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,

¯

¯



show that the ratio (B.2) can be rewritten as the ratio (B.1). To do so, wede�ine the following constructive variables:

All Z
i

 with i = 1,… ,n are normally distributed as they are sums of(independent) normally distributed random variables. Their moments are
with the following pairwise covariances

For n ≥ i > j > 1, we obtain



Thus, Cov(Z
i

,Z

j

) = 0 holds for i ≠ j. It remains to derive the univariatevariances

We can conclude that with (B.1) we obtain (B.3)It remains to show that (B.2) can be expressed as (B.3), which we willshow by induction. For n = 2, we have
Hence, for n = 2, we have shown the equivalence between the t-statistic(B.2) and its reformulation (B.3). We can conclude the proof now byinduction. To do so, we de�ine Y

(n)

=∑Y

i

/ n and accordingly with 
S

2

(n)
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n
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(Y
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(n)

)
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/ (n−1) and T
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the latter. Let us therefore assume that the relation between T
(n)

 in (B.2)and (B.3) holds up to n, that is,
This implies in particular the equality (B.4)For n+ 1, we get

where the latter follows since

T

(n)

=

Y

(n)

−μ

√

S

2

(n)

/n

=

Z

1

−√nμ

n
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2
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¯


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Consequently
which proves that the t-statistics (B.2) can be written as (B.1) and hencefollows a t-distribution with n−1 degrees of freedom. □
De�inition	 B.6	 (Chi-squared	 Distribution	X 2

(n))

Application:	 Squared	 quantities	 like	 sample	 variances,	 sum	 of	 n
independent	 squared	 normal	 distributed	 random	 variables.
Density	 function:f(y;n) = y

n

2

−1

exp (−

y

2

)/2

n

2

Γ(

n

2

)where
n = 1, 2, 3,…

Expectation:E(Y ) = n

Variance:Var(Y ) = 2n

Properties:– LetZ
1

,… ,Z

n

be	 n	 independentlyN(0, 1)distributed	 random
variables.	 Then

follows	 a	 Chi-squared	 distribution	 with	 n	 degrees	 of	 freedom.– Assume	 that	 Y 	 is	 vector-valued	 normally	 distributed,	 that	 is,
Y ∼ N(μ, Σ)whereμ ∈ R

pis	 the	 vector	 of	 mean	 values	 andΣ ∈ R

p×p

is	 the	 positive	 de�inite	 variance	 matrix.	 Then (B.5)
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with	 p	 as	 dimension	 of	 Y .

B.2	 The	 Exponential	 FamilySeveral of the above distributions admit a mathematical generalization,which in turn enables the development of theories and models that applyto the entire model class. One such class of distributions, central tostatistics, is the exponential family. This class covers many of the mostcommon distributions in statistics, including the normal, Poisson, andbinomial distributions. Although these distributions are very different,they share structural properties.
De�inition	 B.7  A	 class	 of	 distributions	 for	 a	 random	 variable	 Y 	 is	 called
anexponential	 family,	 if	 the	 density	 (or	 probability	 function)	 can	 be
factorized	 in	 the	 following	 form (B.6)

whereh(y) ≥ 0andt(y) = (t

1

(y),… , t

p

(y))

⊤are	 a	 vector	 of	 known
functions	 andθ = (θ

1

,… , θ

p

)

⊤is	 a	 parameter	 vector.The density (or probability function) given in (B.6) is very general andthus appears complicated, but we will see in subsequent examples thatthe different terms simplify substantially in most cases. Consider thequantities in (B.6) in a little more depth. First of all, the function t(y) is afunction of the random variable and will later be called a statistic. Theterm θ is the parameter of the distribution, also called the naturalparameter, and the quantity κ(θ) serves as a normalization constant, suchthat the density integrates out to 1. Hence, κ(θ) is de�ined by thefollowing:
As a consequence, by differentiating κ(θ) with respect to θ, we get

f

Y

(y; θ) =exp (t(y)

⊤

θ− κ(θ)) h(y),

1 =∫ exp (t(y)

⊤

θ)h(y)d y exp (−κ(θ))

⇔ κ(θ) =log ∫ exp (t(y)

⊤

θ)h(y)d y.

∂κ(θ)

∂θ

=

∫ t(y)

⊤

exp(t(y)

⊤

θ)h(y)d y

∫ exp(t(y)

⊤

θ)h(y)d y

= ∫ t(y)

⊤

f

Y

(y; θ)d y = E(t(Y )

⊤

).



Finally, the quantity h(y) depends on the random variable, not on theparameter, and we will see later that this quantity will not be of particularinterest.We will now demonstrate how some of the distributions introducedabove can be written in the form of an exponential family. We therebystart with the normal distribution, which can be rewritten as

where θ
1

=

1

σ

2

 and θ
2

=

μ

σ

2

 such that
Note that
Hence, we see that the normal distribution is an exponential familydistribution.The same holds for the Binomial distribution, because
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(− log (θ
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where θ =log (

π

(1 − π)

) is also known as log-odds ratio and κ(θ) resultsin
As π =exp (θ) / (1+ exp (θ)), one gets
Among many other distributions, the Poisson distribution is also part ofthe exponential family, the proof of which we leave as an exercise for thereader.
B.3	 Fisher	 RegularityWe will work with distributions that have special properties that allowoptimization through differentiation. Such distributions are de�ined asFisher-regular below, where the eponym refers to Sir Ronald AylmerFisher, one of the most famous and productive statisticians in thetwentieth century (see Box, 1978).
De�inition	 B.8  A	 distributionf(y; θ)isFisher-regularif	 the	 following
properties	 hold	 the	 following:1.

The	 support	 of	 Y 	 is	 not	 dependent	 uponθ,	 i.e.,	 the	 set{y : f(y; θ) > 0}

does	 not	 depend	 onθ.  2. The	 possible	 parameter	 spaceΘis	 open;	 i.e.,	 ifθis	 univariate,	 it	 has	 the
formΘ = (a, b)witha < b.  

κ(θ) = n log (1+ exp (θ)).

∂κ(θ)

∂θ

= n

exp(θ)

1+exp(θ)

= nπ = E(Y ) = E(t(Y )).



3.
The	 probability	 functionf(y; θ)can	 be	 differentiated	 twice	 with	 respect
toθ.  

4.
Integration	 with	 respect	 to	 some	 suitable	 measure	 and	 differentiation
with	 respect	 to	 the	 parameterθare	 exchangeable.

 
The latter property means that, for instance, for continuous randomvariables, we have the equality

We emphasize that Fisher-regularity is not a strong assumption and ismet by most common distributions. Still, it can be violated, and thestandard counterexample is the uniform distribution on [0, θ], i.e.,
Here, the support of the distribution depends explicitly on the parameter,and hence, property 1 above is violated.

∫

∂

∂θ

f(y; θ)d y =

∂

∂θ

∫ f(y; θ)d y.

f(y; θ) = {

1

θ

for y ∈ [0, θ]

0 otherwise.
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flight Flight number
temp Temperature in ∘F
td Thermal overstress (1 = Yes/0 = No)



Year 1980 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990

Max	 inter-
arrival	 time

11 12 10 22 16 19 14 8 12 16 9



Today Tomorrow S C R

S 0.50 0.25 0.25
C 0.20 0.40 0.40
R 0.20 0.50 0.30



Table	 11.2  Munich rental guide survey, tabulated with respect to new contract and district
New District

Contract Allach Altstadt Au-Haidhausen Aubing Berg	 am	 Laim Bogenhausen ⋯

No 17 38 131 18 50 111 ⋯

Yes 12 20 75 36 33 73 ⋯



Estimate Std.	 error p-Value

ˆβ0	 (intercept) − 7.05 32.97 0.83
ˆβ1	 (height) 0.42 0.19 0.04
ˆβ2	 (age) − 0.06 0.45 0.89
ˆβ3	 (gender) 13.69 4.06 < 0.01



Variable Description

Gamble Money spent on gambling in pounds per year
Status Socioeconomic status (based on the job of the parents)
Income Income (in pounds per week)
Verbal Test score based on the number of properly de�ined words (max. 12)
Sex Sex (0 = male, 1 = female)



Table	 5.1  Mendel’s data
Outcome

number Characteristics Assumed
proportions

Assumed
numbers

Observed
numbers

1 Round/yellow 9/16 312.75 315
2 Wizened/yellow 3/16 104.25 101
3 Round/green 3/16 104.25 108
4 Wizened/green 1/16 34.75 32



Statistic Coef�icient Std.	 Error

Edges −4.20 (0.25)
Nodematch(Area) +2.10 (0.30)
Transitive	 Ties +1.50 (0.20)



Table	 12.1  Results for the UK Faculty network of the ERGMmodels with (left column) and without (right column)dependence-inducing terms
Coef�icient Coef�icient

Statistic (Standard	 error) (Standard	 error)

Dependence Independence

Edges −4.70 −2.84

(.44) (.09)

Nodematch	 af�iliation 2.58 2.57

(.11) (.11)

Transitive	 ties 1.75

(.42)

AIC 2343.31 2378.43

BIC 2361.56 2390.60

Log	 likelihood −1168.66 −1187.22



Table	 10.1  Parameter estimates for the twotime periods
Before	 1985 After	 1985

μ 22.88 (0.30) 24.68 (0.32)
σ 1.57 (0.20) 1.78 (0.22)
γ − 0.19 (0.10) − 0.37 (0.09)



Table	 6.2  Coef�icients, standard errors, and p-valuesfor the regression model in Example 6.4
Estimate Std.	 error p-Value

β̂0	 (intercept) 0.642 0.173 < 0.01
β̂1	 (review_score) 0.473 0.034 < 0.01
β̂2	 (price) 0.001 0.002 0.69
β̂3	 (promotion) 0.166 0.037 < 0.01



Table	 5.3  Error matrix for multiple testing
Nonrejected	 hypotheses Rejected	 hypotheses

i.e.,	 “H
0j

” i.e.,	 “H
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Table	 9.1  Examples for conjugate distributions
Parameter F P

π Binomial distribution Beta distribution
λ Poisson distribution Gamma distribution
μ Normal distribution Normal distribution
λ Exponential distribution Gamma distribution



Table	 8.1  Error matrices for two classi�iers. Classi�ier1 on the left and classi�ier 2 on the right, applied to thesame test data
Classi�ier	 1 Classi�ier	 2

true decision true decision

class “cat” “dog” class “cat” “dog”

cat 235 57 292 cat 250 42 292
dog 82 626 708 dog 78 630 708317 683 1000 328 672 1000



Table	 11.1  Munich rental guide survey,tabulated with respect to �loor space and center
Floor Center

Space No Yes

< 50 228 227
50–100 1455 803
> 100 207 205



Table	 6.1  Coef�icients, standard errors, and p-values for the regression model in Example 6.3
Estimate Std.	 error p-Value

ˆβ0	 (intercept) − 5.53 1.67 < 0.01
ˆβ1	 (age) 0.06 0.02 < 0.01
ˆβ2	 (gender) 1.45 0.85 0.09



Sales Score Price Promotion

19 4.1 27€ No
6 3.8 43€ No
29 4.6 85€ Yes
21 4.0 60€ No
... ... ... ...



Table	 5.2  Error matrix in signi�icance tests
Decision

Truth “H0” “H1”

H 0 Correct Type Idecision error(α  error)
H 1 Type II Correcterror decision(β error)



Firm α β γ δ ϵ ζ η θ ι κ λ μ ν ξ o π ρ σ τ υ

Breaches 0 0 0 0 0 1 0 0 0 0 0 0 0 2 0 0 0 1 0 0
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