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Preface

With this book, we aim to provide a new, modern approach to statistics
without neglecting its many methodological and mathematical
foundations. We choose an information-theoretic perspective and, at
numerous points, attempt to draw parallels to methods from machine
learning. In this sense, we hope that the book will not only be found
helpful by aspiring statisticians but also by readers who see themselves
more in the fields of computer science and machine learning.

A common thread throughout the book is uncertainty and how to
deal with it. We present statistics as the scientific discipline that
provides concepts for handling uncertainty. This naturally includes the
quantification of uncertainty, but more generally also an understanding
of what uncertainty is and the fact that we are exposed to uncertainty
in our everyday lives.

Statistics is traditionally viewed as the science of data analysis.
From our perspective, this view is too narrow, especially when
considering the tremendous developments in machine learning in
recent years. Data are also processed there, leading to complex models
and generative Al. Statistics cannot and should not compete here. Some
methods in machine learning are often superior to statistical
procedures. However, on the one hand, these machine learning
methods usually require massive datasets, and on the other hand, the
models are often more like black boxes. The latter in particular makes it
difficult to understand how and where uncertainty exists. This is where
statistics comes into play.

The book therefore follows less of a “how to do data analysis” style
and instead focuses on conveying concepts. What characterizes
statistics? How is uncertainty quantified in the frequentist sense? How
does this differ from Bayesian approaches? What role do simulations
play, and why is the likelihood approach so central? These are some of
the topics of the book, which, as mentioned, are presented conceptually.



Our aim is to present the versatility of statistical ideas, concepts,
and questions in a form that is easy to understand and digest. This does
not mean that we are superficial, quite the contrary. Mathematical
derivations are part of the material, but they are not the main focus. We
hope that our intention will be recognized by the readers.

Finally, we would like to thank a few people. First of all, Eugen
Gorich and Vanessa Kleisch, who took care of text and code. We are also
grateful to Jan Anders and Sergio Buttazzo for many suggestions and
their continuous help getting the book better in shape. We also thank
the many students of the course who found one typo or another in
working versions of the book. And, in a way, we would also like to thank
our statistical teachers, who ignited the fire of statistics in us.
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1.1 Statistics and Uncertainty

Predicting any future event, whether it is tomorrow’s weather, the
safety assessment of a technical system, or the outcome of rolling a die,
is invariably subject to uncertainty. We cannot generally predict the
outcome, at least not with absolute certainty. This does, however, not
apply to all scenarios. There are indeed physical laws that state that if
“A” is done then “B” happens. Imagine a stone that you are holding in
your hand. If you let this stone go, it falls to the ground due to the force
of gravity. Natural laws, therefore, apply to deterministic systems. But
even the example with the stone can be altered in such a way that
making a prediction becomes difficult. Assume that you hold a light
feather in your hand and let it fall. In vacuum conditions, the feather
falls like the stone to the ground. However, in non-laboratory
conditions, there might also be wind, which could affect the feather
such that it does not fall but even flies away. Hence, the trajectory of the
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feather will be affected by a combination of multiple laws that are only
understood up to some precision. This implies that even if physical laws
determine the world, additional factors beyond our control influence
the setting in many situations where we are faced with uncertainty. In
this context, uncertainty indicates that the relationships are too
complex to be understood or even described with mathematical or
physical models.

In the era of massive data and tremendous numerical power, a novel
way of understanding the world has emerged: understanding the world
through data. This approach has seen considerable success in recent
years, ranging from computer vision, natural language processing, and
generative artificial intelligence, utilizing tools like machine learning
and deep learning. With massive databases and computational power,
one might be tempted to declare that uncertainty diminishes due to
increasing data volume. Hence, one might be inclined to put the topic of
uncertainty in the background in times of massive data and complex
machine learning algorithms. This is, however, a fallacy given that
quantifying uncertainty remains as relevant as ever. In the foreseeable
future, we will not be able to understand all complex structures in the
world, leaving us with uncertainty.

Uncertainty, on the one hand, and ignorance or lack of knowledge,
on the other hand, are closely tied together. This point demonstrates
that uncertainty has an individual component. Experts know more than
laypeople. Hence, the question arises of how to quantify knowledge or,
conversely, how to quantify missing knowledge. While answering this
question is certainly more in the realm of philosophy, we aim to get
more concrete in this book by relating the question of missing
knowledge to data. Put differently, we aim to quantify the knowledge—
or, equivalently, the reduction of uncertainty—that results from data.
Thus, the main objective is not to assume that data can explain the
world if we just had enough of it. To the contrary, we should accept that
data is inherently insufficient and cannot explain but provide
information on the world, even if the amount of data is small.



This book focuses on the quantification of uncertainty, and we claim
that uncertainty and its quantification lie within the realm of statistics
and statistical reasoning. In fact, we combine coping with uncertainty
and statistics in this book. Relying on probability theory and its
calculus, we will demonstrate that this is a practical approach. We will
introduce the classical concepts of statistics, namely, maximum
likelihood as well as Bayesian reasoning, but unlike classical statistics
textbooks, we continuously link the ideas to machine learning concepts.
Our focus will always be on coping with uncertainty through the rich
toolbox that one and a half centuries of statistical developments offer.

We bring this introduction to an end by providing a formal
definition of statistics. It was Sir David Cox, certainly one of the most
influential personalities in statistics, who defined statistics as “the
discipline concerned with the study of variability, with the study of
uncertainty and with the study of decision-making in the face of
uncertainty.” (see Lindsay et al., 2004). Cox continues: “Whereas these
are issues that are crucial throughout the sciences and engineering,
statistics is inherently an interdisciplinary science.” We believe
statistics cannot be described more succinctly. Regarding the
mentioned interdisciplinarity, in this book, we want to emphasize links
to the field of machine learning.

Companion Materials Datasets required for selected exercises and
additional materials are available on the companion webpage: https://
coping-with-uncertainty.github.io/.

1.2 Notation and Technical Requirements
1.2.1 Random Variables

Before we get into the material, we need to clarify our notation in this
book. Uncertainty is closely related to probability theory; therefore, we
expect some basic knowledge in this field. In Appendices A and B, we
list the main requirements, such as frequently used distribution models
and central results from the field of probability. Inexperienced readers
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are advised to familiarize themselves with this material first. We
emphasize that this book aims to remain on a technical low level, but
still, one or another, notation or result is essential. Thus, we detail in
this chapter the core results, allowing the reader to get familiar with
the notation.

We define with F(-) the distribution function or cumulative
distribution function (cdf) of a random variable Y, which is assumed
to take values in the real numbers R,

P(Y <y) = F(y),
for y € R. We will call this function “distribution function” throughout
the book. Generally, we abide by the convention to write random
variables in capital letters, while lowercase letters are outcomes of the
random variable. A continuous random variable can take any value, and
the stochastic behavior of a continuous random variable is described by
its density function or probability density function (pdf). We use
the terminology “density function” in this book. The density function
f(+) is a nonnegative function, such that

P(Y € [a,b]) f f(y)dy.
The density results from 0F(y) / 0y = f(y). If the random variable Y

is discrete-valued, then F(+) is a step functlon. It can be burdensome to

always distinguish between discrete-valued and continuous random
variables, so we use a general notation throughout this book. We make
this clear by the example of the mean value of a random variable. If Y is
continuous, we have

oo
E(Y) = f L YF(y)dy
If Y is discrete-valued with outcomes
—oo < a; <az <...<ag < oo, the expected value is given by



where P(Y = k) = F(ax) — F(ag-1). To avoid such a distinction, we
write the expectation in a general form using the integral notation

E(Y) = foode(y)-

We typically abbreviate the expectation with the parameter
p = E(Y) and the variance with the parameter

o’ = E({Y — E(Y)}2) and work with standard distributions such as
the normal distribution, X2 distribution, binomial distribution, or
Poisson distribution, to name but a few. We give details on these
distributions in Appendix B.

1.2.2 Asymptotic Results

Numerous central derivations are based on a few asymptotic
statements from probability theory, which we want to list here. These
are the central limit theorem, the law of large numbers, and the
Glivenko-Cantelli theorem, which we list below. As the name suggests,
the most central result is the central limit theorem. It states that the
distribution of the sum of any independent and identically distributed
random variables, which is a setup typically called i.i.d. setting that we
define in detail later, converges to a normal distribution.

Theorem (Central Limit Theorem) LetY7,Y5,Ys, .. .be independent
and identically distributed random variables, with mean zero and
variancec?. The distribution ofZ, = >, Y; / y/nconverges in
distribution to a normal distribution with mean zero and varianceo?,
which is denoted by

Z, 5 N(0,02).

The second important convergence statement refers to the empirical
distribution function. Given data (y1,y2, ..., ¥yn) € R”, the empirical
distribution aty € R is

Fu(y) = % E :Z-le{YiSy}'



According to the Glivenko-Cantelli theorem, this distribution converges
with increasing n to the true distribution function.

Theorem (Glivenko-Cantelli Theorem) LetY7,Y5,Ys,.. .be
independent and identically distributed random variables drawn from
the (possibly unknown) distribution functionF'(-).Then,

fr}l—>nolo F,(y)=F(y) forallyeR. (1.1)

The final asymptotic statement highlighted here is the law of large
numbers, which states that the arithmetic mean of random variables
converges to the true mean value.

Theorem (Law of Large Numbers) LetY7,Y5,Ys, .. .be independent
and identically distributed random variables drawn from some
distribution function with meanpu. Then, for any small but positive valued,

we get forY = Zn Y; / n:

1=1
lim P(]Y —p|>6) =0 (1.2)

Proposition 1.1 (Weak Law of Large Numbers) LetX;,..., X, be

independent and identically distributed random variables with
E(X;) = pandVar(X;) = 0% < oofori = 1,...,n. Then,

In other words, the sample mean converges in probability to the
expected valuep.

Note that we here only stated the weak law of large numbers, while a
strong law of large numbers also exists, which is, however, less central
to the arguments in this book. We will use these three statements
throughout the book on various occasions. Readers unfamiliar with
these asymptotic results are encouraged to consult Dekking et al.
(2006) to gain a better understanding of them.
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This chapter introduces the idea of taking a statistical view on data. We
will start with defining different sources of uncertainty, which we label
as aleatoric and epistemic uncertainty. A disentanglement of the two is
not always possible nor advisable, but the consideration of uncertainty
is. We will introduce what we call the “data-generating process,” which
is and remains unknown to us. In any data analysis, our primary goal is
to approximate this unknown data-generating process using suitable
“statistical models.” We will refer to the classical statistical paradigm,
building on drawing a sample from a population to infer something
about a quantity of interest.

2.1 What is Uncertainty

Before we can cope with uncertainty, we need to define it, which is no
easy endeavor. To motivate, let’s start with a simple thought experiment
showing that uncertainty can be modeled mathematically with
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probability distributions. Probability is typically expressed with some
kind of random experiment. Imagine a dice cup with a (fair) die. If we
shake the dice cup and then place it on the table, the probability that
the die will fall with the number 6 upward should be 1/6. The throw of
the die is called a random experiment, since the outcome is random. In
this case, a probability model (such as a binomial, multinomial, or
geometric distribution introduced in Appendix B) is used to calculate
the probability of certain events, for example, one can calculate how
likely it is to roll a double, i.e., two identical numbers in two subsequent
rolls of the die or, equivalently, two equal numbers with two dice in the
dice cup. In fact, what sounds well understood and simple today has
been a major part of probability theory, originating with the letter
exchange by Fermat and Pascal (see Devlin, 2010).

Recall the simple experiment of rolling a die in the dice cup, but
modify it as follows: we shake the dice cup and put it on the table
without lifting it. The thrown die is therefore invisible to us under the
cup. Again, we ask ourselves what the probability is that the die shows
the number 6. This is now no longer a random experiment because the
die has been thrown and it either shows a 6 or not. But yet, as long as
the cup is not lifted, our state of knowledge has not changed. In other
words, both before the die is rolled (i.e., before the random experiment)
and after the die is rolled with the cup covered (i.e., after the random
experiment), our knowledge about the outcome is the same. This
suggests quantifying the probability that the die under the cup—
invisible to us—has the number 6 upward is 1/6, although this is not
the probability of a random experiment. This thought experiment
reveals two important aspects: First, uncertainty can often be
represented in the form of probabilities. Second, a concrete random
experiment is not always necessary to quantify uncertainty. We will
utilize probability theory to quantify uncertainty even when no formal
random experiment is carried out. Generally, we will make use of
probability models, which will allow us to quantify knowledge and,
conversely, the remaining uncertainty. It can even be argued, as
Spiegelhalter (2024) suggests, that using probability to express our



ignorance and uncertainty always represents an “individual”
probability rather than a universal one. In any case, probability theory
allows for the quantification of uncertainty.

The idea of representing uncertainty through probability
distributions is also reflected in Bayesian statistics, which will be
treated in Sect. 3.5 and Chap. 9. But, for now, we do not conceptually
distinguish between the Bayesian and what is later called the
frequentist’s point of view.

We may also look at the die experiment from a different angle and
question whether rolling a die is, in fact, a random experiment at all. If
we shake the dice cup, this is a physical process. If we repeat shaking
the cup at the same angle, velocity, acceleration, etc., the result would
be the same, assuming the outcome is determined solely by the physical
input parameters. This means that if we knew the physical relations
and had access to all physical quantities, we could determine the side
the die lands on. Suppose we could equip the dice cup with hundreds of
sensors that record its motion. Additionally, we could install video
cameras to record the person shaking the cup. We would then ask the
person to repeat shaking the dice cup thousands of times while
recording the sensor signals and taking the videos. By protocoling the
results (as well as the initial position of the dice before shaking the dice
cup), we could train a machine learning model with the data. This now
becomes a classical supervised learning framework, with sensor data
and video sequences as input and the number of points on the die as
outcome. Potentially, we would be able to reduce randomness and
uncertainty and would be able to predict the side the die lands on with
reduced (or even no) error. This is, however, a very complex setup. But
we could build a robot that randomly shakes the dice cup and train a
machine learner on the hundred thousand collected dice throws. By
doing so, we replace the random experiment with a prediction problem
of the number of points on the die based on all collected data. In this
case, the random experiment of rolling a die is no longer random but
becomes deterministic, which raises an even more philosophical
question: Is there randomness at all, or is everything (pre)determined?



Such a view leads us to determinism, which, however, does not directly
address the question of quantifying uncertainty. Put differently,
whether the world is deterministic or stochastic, our knowledge of
what is happening in the world or in the near future is limited, and
ignorance remains inevitable. That, in turn, means we face uncertainty,
which should be quantified. With respect to the dice cup, it means that
unless we can record and process all physical quantities relevant to the
side the dice falls on, we are in the circumstance of ignorance, which we
will quantify with the help of probability theory.

We can motivate the idea of uncertainty also from a different angle
by looking at data. Infinite data do not generate infinite information but
sometimes the opposite. Consider the example where we take an image
of a horse with a very modern camera that can capture images at
arbitrary resolutions. We could look at a coarse version of the image,
which is low resolution, and see the horse. We could zoom in and see
every single hair of the horse, but the more we zoom in, the more we
lose the possibility of detecting the horse, since we focus too much on
small things. Therefore, we prefer an image resolution that allows for
uncertainties while still conveying the information we want to see.

Quantifying uncertainty is, in practice, much more complicated, and
simply giving numbers that express uncertainty does not make them
helpful or valid. We have all experienced situations where the weather
forecast predicted rain with 100 % probability, but in fact no rain fell.
While a dry day rather than a rainy one is tolerable for most people,
this shows that even rainfall probabilities are approximate and not a
deterministic forecast. In Fig. 2.1, we show a different example
demonstrating that the quantification of uncertainties can be very
wrong. The idea traces back to Goodfellow et al. (2015) and
demonstrates the so-called adversarial effects or attacks. In machine
learning with complex models, properly quantifying uncertainties can
be quite complicated. Still, based on the architecture of a neural net,
one can re-express the weights of the last layer as probabilities. In the
jargon of machine learning, this is denoted as softmax, which is then
interpreted as a multinomial distribution or, putting it differently,



which is used to express certainty (or vice versa uncertainty). This
phenomenon is illustrated in Fig. 2.1 where animal pictures are
classified with respect to the animal shown in the picture. A cat is
detected, not with a high probability but with a certainty of about 57 %.
If now “adversarial noise” is superimposed on the image, that is, noise
on the image so that classification of the image goes toward a different
animal without visually changing the picture, we obtain the right-hand
side picture. The latter is the sum of the first two pictures, which the
employed algorithm classifies as a tarantula with a probability of about
99 %. This is an illustration of a pitfall in complex neural networks. We
include the example here to motivate the point that “valid”
uncertainties are difficult to calculate and quantifying and coping with
uncertainty are one of the principal challenges in real data-driven
reasoning, such as machine learning. We also refer to Huillermeier and
Waegeman (2021) for a general discussion of uncertainty in machine
learning. Many of the ideas proposed there are based on concepts
derived from this book.

Original Noise Adversarial
L % - T _,‘

Class: Siamese cat Class: prayer rug Class: tarantula
56.9% confidence 16.9% confidence 98.9% confidence

Fig. 2.1 Example for adversarial effects. Adding some “adversarial” noise to the data can lead to
wrong predictions

2.2 Sources of Uncertainty

As shown above, uncertainties are multifaceted. In machine learning,
uncertainties are typically classified as aleatoric and epistemic
uncertainty. A clear distinction between the two is difficult, but we



want to spend some effort on disentangling them. The terms “aleatory”
and “epistemology” were already used in 1975 to describe different
historical perspectives on the concept of probability. These terms then
developed into the nowadays standard terms “aleatoric” and
“epistemic.” Following Hacking (1975), the aleatoric view considers
probability as the stable frequency of an event, while the epistemic
notion of probability relates to the degree of belief. In more recent
years, the terms are used to describe uncertainty in modeling (Hora,
1996; Kiureghian & Ditlevsen, 2009), with the generally established
understanding that the total uncertainty decomposes into aleatoric and
epistemic uncertainty not necessarily in a mathematical additive way.
Aleatoric uncertaintyis thereby defined as uncertainty arising from the
inherent randomness of an event. In contrast, epistemic uncertainty
expresses uncertainty due to a lack of knowledge, which in principle
can be reduced by increasing the amount of data or by conducting an
excessive number of experiments. We again refer to Hiillermeier and
Waegeman (2021) or Gruber et al. (2026) for a deeper discussion.

Conceptually, the decomposition into aleatoric and epistemic
uncertainty is still not unique, and we therefore propose to disentangle
the two types of uncertainties as follows: Assume we have some input
variable x and some output variable y. This can be a classical regression
setup, where, in statistics, x are called covariates or independent
variables, while y is the response variable or dependent variable.
Nevertheless, this is the classical setup in supervised machine learning,
where a neural network is trained to predict y from input data x. The
input data itself can be complex and/or unstructured, such as images or
text. Aleatoric uncertainty is then uncertainty originating from a
stochastic/nondeterministic relationship between the input variables x
and the output y. This can be written by a probability model for y,
conditional on x, that is

Y ~G(-| z) (2.1)

where G(- | ) is an arbitrary distribution function which depends
on x. The dependence of (2.1) on x can be of any type, and we do not
impose any constraints or restrictions at this point. We will later call



(2.1) the data-generating process. As long as the conditional
distribution (2.1) is not degenerated, we cannot predict y from x
without error. Nondegeneracy means in this context that the
distribution is not concentrated at a single value (. Assuming that the
variance exists, aleatoric uncertainty refers to a strictly positive
variance Var(Y | x). The probability model in Eq. (2.1) serves as a
definition for aleatoric uncertainty.

With this definition of aleatoric uncertainty, we can then also define
epistemic uncertainty as all remaining uncertainty that is not aleatoric.
In practice, this is uncertainty due to the fact that we typically do not
know G(- | ) in (2.1) and replace or rather approximate it with some
numerical model, be it a regression model or a neural network.
Epistemic uncertainty also refers to the phenomenon that we have only
a limited amount of data. Putting it differently, if an infinite amount of
data were available, our prediction models could get arbitrarily
complex to approximate any function G(- | ) up to negligible error
and uncertainty due to finite data vanishes, meaning that epistemic
uncertainty decreases to zero. But aleatoric uncertainty remains since
there is always a probabilistic connection between x and y.

It is important to note that the situation is even more complex due
to what is known as estimation uncertainty. This refers to the fact that
any model we train or estimate using data will inherently carry
uncertainty because of the finite nature of the data. While we will
discuss this topic in greater detail later in the book, we refer readers to
Li and Meng (2021) for a broader discussion of this more philosophical
issue. As of the time of writing, understanding and quantification of
uncertainty, as well as its integration into modern machine learning
tools, remain an active area of research with significant advancements,
as reviewed by Gawlikowski et al. (2023).

Let's demonstrate the two sources of uncertainty in the dice cup
example from above. If no additional variables are gathered, it is not
possible to further reduce the uncertainty concerning the rolling of a
die, and all uncertainty is of aleatoric nature. If, however, all relevant
physical quantities are measured (assuming they would be




measurable), the process of rolling a die becomes deterministic, and no
aleatoric uncertainty is present. A clear distinction between aleatoric
and epistemic uncertainty depends, therefore, on the available data. If
the dice cup is not equipped with hundreds of sensors, aleatoric
uncertainty remains. This also means that aleatoric uncertainty is
determined by the state of general knowledge and technical
developments available, for instance, while rain probabilities some
years ago were quite unreliable, they are much more accurate today
with increased knowledge of meteorology, extended numerical power
for simulation models, and, just recently, with the use of machine
learning (see, for example, Bochenek & Ustrnul, 2022). For the dice cup,
this holds as well. If we are at some future point in time able to record
all movements of the dice cup, then the set of input variables x will be
excessive, and aleatoric uncertainty will be small, if not zero. Meaning
that with sufficient data, we can predict the outcome. But, for now, dice
cups are simple nontechnical objects, and shaking them is a
nondeterministic event, so we are faced with aleatoric uncertainty, and
collecting data with a standard dice cup will not reduce uncertainty,
meaning that epistemic uncertainty can be ignored at this point.

Finally, the terms aleatoric and epistemic uncertainty are not yet
familiar in the statistical literature, even though they translate quite
easily into statistical jargon. Aleatoric uncertainty arises due to some
true underlying data-generating process, being the nature that
determines y from x with additional randomness superimposed. If y
deterministically follows from x and we can observe all x, then there is
no uncertainty, which is, however, not the case in most real-life
applications. Aleatoric uncertainty is irreducible and follows the
probability model (2.1). Epistemic uncertainty, on the other hand,
translates to model uncertainty and model misspecification, as well as
estimation uncertainty using the statistical jargon, all of which are
covered in Chap. 3.

In some machine learning applications, aleatoric uncertainty is of
secondary interest. Consider, for instance, classifying images of cars
and airplanes into one of the two categories. It is reasonable to assume



that this can be done unambiguously, at least by humans, except for
blurred images. Hence, given an image x, there is no or at least only an
ignorable amount of uncertainty, whether the object shown in the
image is a car or an airplane. However, such clear discrimination does
not apply to all image classification tasks, for instance, the analysis and
interpretation of medical images are more likely to involve uncertainty.
Consider an X-ray or ultrasound image shown to different physicians.
Different experts might reach different conclusions about what is seen.
In such cases, statistical concepts help us cope with uncertainty.

2.3 Classical Statistical Paradigm

Traditional inferential statistics aims to make a statement about a
population based on data typically drawn from a sample; see Fig. 2.2 for
a sketch of this setup. We have a population of individuals for which we
want information about a quantity. For simplicity, age is the quantity of
interest. We are interested in the average age of the population and,
therefore, draw a sample. We obtain this sample by randomly selecting
individuals from the population, typically without replacement, so that
each individual is drawn only once. Based on the information from the
sample, we calculate the quantity of interest, here the average age of
the sampled individuals. The average age in the sample is not equal to
the average age in the population, unless the population is completely
homogeneous or unless we have included each individual in the
sample. The latter case is also called a census, which can be regarded as
a special case of a random sample. Typically, however, uncertainty from
the sampling process on the average age of the population is inevitable.
Therefore, we need to assess uncertainty next. Note, however, that the
sample also yields information on the average age and the
heterogeneity of sizes in the population, as measured by the variance of
the recorded ages in the sample. Based on these two quantities, we can
calculate a so-called confidence interval, which we will cover in Sect. 3.
4. For now, consider the confidence interval as the range of values
within which the true but unknown average age of the population lies



with a given degree of certainty, based on repeatedly resampling the
data. Aleatoric uncertainty in this example arises from heterogeneity in
the population’s age distribution. However, because we draw without
replacement, we can, in fact, reduce the remaining uncertainty to zero
by including all individuals in the sample. For the last point, a central
requirement is that the population is finite.

%%g %%
X

Fig. 2.2 C(lassical statistical paradigm. A sample is drawn from a population. The sample statistics
allow us to draw inference about a population parameter. The quantity ¢(y) is calculated from the
sample and denoted as a statistic

Sampling and survey design are central areas of statistics, and we
refer to Thompson (2010) for more details. Our discussions in this
book do not focus on survey methods, which encompass methods to
take more informative or less intrusive samples. In other words, we aim
to deal with situations where data do not trace back to the classical
survey sample in Fig. 2.2. Still, we can utilize the main ideas derived but
need to extend these to infinite populations or, more generally, to
general data-generating processes such as (2.1), which will be
appropriately defined in the subsequent chapter.



2.4 Data-Generating Process

We now extend the finite population setup to a general setting. For this,
we assume that some random process generates the data. For
simplicity, we ignore the input variables x and consider only Y. We
assume Y to be drawn from some unknown distribution given by

Y ~G(), (2.2)
where G(-) is an unknown distribution function. From now on, we call
(2.2) the data-generating process, i.e., a natural law. Ignoring the
input variables x for the moment, there are apparent similarities
between (2.2) and the definition of aleatoric uncertainty in (2.1). In
fact, aleatoric uncertainty is the irreducible uncertainty of Y, which can
best be comprehended as a random distribution given in (2.2). This
setup will be central throughout the book, and we want to highlight
from the start that (2.2) has a very general structure. We assume
neither that G(-) is known nor that it can be learned with infinite data,
just that it exists.

The statistical paradigm shown in Fig. 2.2 is extended as follows:
first, we assume that the distribution G(-) is unknown. We are,
however, able to obtain random draws from G(-) which yield the
observed data. Following the conventions of probability theory, we
denote the data with lowercase letters y = (y1, - . - Y, ) and assume that
these are nindependent and identically distributed (in shorti.i.d.)
according to G(+), i.e,,

Y, ~G(:)iid. fori=1,...,n. (2.3)
We also call this that Y; are independently “drawn” from G(-). Based on
the data (y1, . . ., yn), we intend to draw inferences about general

properties of the unknown distribution G(-). These could be quantities
like the mean or the variance, which are given by

p= fyd G(y) or 0% = f(y—u)2d G(y),

but it can also be the entire distribution. From the Glivenko-Cantelli
theorem (see Sect. 1.2.2), we know that in setting (2.3) the empirical



distribution function of y; converges to the true distribution function
G(+) for increasing sample size n. We also know that for any sufficiently
regular function ¢(y) we obtain with the law of large numbers (see
again Sect. 1.2.2) that

0 Z;t(Yi) - ft(y)d G(y)

with increasing data size n, regardless of whether G(-) is known or not.

Note that the data-generating process (2.2) is simplified by omitting
the input variables x, even though our primary focus is on the more
general setup (2.1) with input variables included. It is, however,
notationally simpler to omit the input variables x for now, which allows
us to introduce the main ideas of statistical inference. After that, we will
extend setup (2.2) to the more general case (2.1), where variables x are
included as well.

2.5 Statistical Modeling

Next, we introduce concepts to approximate G(-) through a parametric

distribution function F'(-; #), which is fully characterized by parameter
T : :

vector § = (61,...,0,) , for instance, we may assume a continuous

distribution for G(-) that we approximate through a normal

distribution, with mean y and variance o2 In this case, the parameters

are given by 0 = (,u, 02) T. Generally, we define a statistical model as a
set of distribution functions,

F = {F(,H),H < @}7 (2.4)
where O is the set of admissible values for 8. We assume (or pretend)
that the data are generated by an element of the set % corresponding
to Oy, i.e., F(-; 90). Thus, the modeled data-generating process is

Y ~ F(+60), (2.5)
where 6y can be seen as the “TRUE” parameter (see Chap. 3 for a more
in-depth discussion).

In machine learning jargon, the choice of % relates to choosing a
loss function, as will be discussed in Sect. 13.2. The probability model,


https://doi.org/10.1007/978-3-032-33658-3_1_1#Sec4

in fact, determines the assumed aleatoric uncertainty. We will revisit
this point later, but it is important to emphasize now that the choice of
& is both critical and inherently hypothetical. Throughout the book, we
will develop tools to evaluate how well the statistical model
approximates the unknown data-generating process G(-).

Example 2.1 Assume we have datay = (y1, ..., Yn), each drawn

from a normal distribution with mean p and variance 2. This results in
the following probability model,

F = {F(, (u,0%) :p e R 0% € R*},
where F(+; u, 02) is the distribution function of a normal distribution
with the following density:

1 2

fym,0%) = —— exp (— 3 (%2)°).
o V2T o2

Through the shape of the normal distribution, this model relates to

square losses, as will become apparent in Chap. 3. Hence, machine
learning based on minimizing the squared loss is equivalent to
choosing the set .# to consist of normal distributions. >

Having defined the class of hypothetical data-generating processes, we
want to choose the parameter 6 in an optimal, principled way. Bear in
mind that G(.) is (and may remain) unknown. The aim is to set the

parameter 6 data-driven to some value 6 with the help of the observed
data y. Thus, 8 can be perceived as a function of the data y1, . . . yx:

~

We call t : R™ — © a statistic which is a function of the data. The
statistic in (2.6) is also called estimator, and we will discuss properties
of estimators in the next chapter. The function ¢(-) is only in simple

cases analytically available, and in fact in most cases 0 is the result of an
estimation algorithm ¢(-), in machine learning typically called learning

algorithm. It is, therefore, more plausible to consider ¢(-) not as a



function but as an algorithm applied to data vy, . . . y, generating an

estimator 6.

We want to note here the verbal distinctions between estimation,
estimator, and estimate. Estimation is the general term for generating
information from data to fit or calibrate a model. An estimator, as
already mentioned, is the computational rule or algorithm that is
applied to the data. The result of this algorithm is then a concrete
outcome, one or more specific values, which we call the estimate. A
sharp distinction between the estimator (the algorithm) and the
estimate (the result) is not always helpful or feasible. However, as the
book progresses, it will quickly become clear what we are referring to.

We also want to highlight that classical statistics textbooks start
their development from a more restricted model by replacing the data-
generating process (2.3) through

Y; ~ F(-;6p) i.id. fori =1,...,n. (2.7)
In other words, one assumes that the true data-generating process
comes from #. If the model (2.7) holds, we hope that dis close to 6o,

the true parameter. Ideally, if the data size n increases, we want 0 — 6.
We will call this consistency, which is a reasonable requirement for data
analytic procedures. The open question is, though, how to construct or

find the algorithm ¢(+) such that consistency is guaranteed. We propose

to find @ by optimizing some target function. In statistics, the likelihood
function, which is the density of the data according to (2.5) but viewed
as a function of 6, not the data, is often used as a target function and
thus is of central importance. We will introduce the likelihood function
and will discuss the properties of its maximum in depth in Chap. 4.
However, the true data-generating process (2.3) and its
approximation (2.7) may differ. If they coincide, we have G(-) € %, and
in this case, we can state G(-) as
As mentioned above, this setup underlies most classical statistics
textbooks. We remain more general here and emphasize that % is justa
model class approximating reality. To see this, assume we want to



analyze the height of male humans in a particular area. Assuming that
the height of a person is normally distributed, we estimate the mean u
and variance o based on some recorded heights forming our data.
Though it might be reasonable to assume that the heights of people are
normally distributed, the natural law behind the distribution of human
sizes is unknown. Still, the normal distribution might serve as a good
proxy, since the hypothesis that height is normally distributed is a
reasonable starting point for the analysis. In this matter, we can refer to
the general quote: "All models are wrong, but some are useful” (Box,
1976). However, if (2.8) holds, we can derive mathematical properties
for the estimators. Importantly, some of these properties extend to
scenarios where not (2.8) but the general setup (2.3) holds.

In summary, we here envision statistical modeling as selecting an
appropriate distributional model to account for aleatoric uncertainty,
analogous to choosing an appropriate loss function in machine
learning. A key question is whether the chosen model is suitable, i.e.,
whether the approximation (2.8) for (2.3) is justifiable. While this is an
important consideration, it is not a primary focus of this book.

2.6 Exercises

Exercise 1 Inimage-based object classification, the visual
appearance of objects determines which class they are assigned to. You
are tasked with building a classifier that, given an image of a car, is able
to classify it into one of three categories (4, “small”; B, “medium”; C,
“large.” What kind of data would be needed to train the model? Which
potential sources of uncertainty are at play?

Exercise 2 A scientist decides to feed a seagull every time it comes to
his apartment for a period of 100 days and counts how many times per
day the seagull comes. The results are contained in the dataset
seagull.csv on the online supplementary material.

(a) After loading the dataset in R, compute mean, variance, minimum,
and maximum, and adequately plot the data. Among the



distributions you know, which one do you think would fit well
here and why?

(b)
Fit the distribution you picked at point (a) to the data. Overlay the

plot of the fitted distribution to the plot of the raw data you
produced at point (a).

Do you think your model is a reasonable choice for this
application? Does it produce a good fit? How could you quantify
how good your model is for the data at hand?
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Transitioning from the concept of uncertainty to formal statistical principles,
we now adopt an information-theoretic perspective that emphasizes a
general data-generating process. A key tool in this approach is the Kullback-
Leibler divergence, which naturally leads to the likelihood concept. Then, we
explore traditional statistical results for estimated parameters, such as
consistency, sufficiency, and efficiency. With these foundations in place,
uncertainty and confidence intervals are formally defined. As such, this
chapter gives an overview of classical statistical properties.

3.1 Kullback-Leibler Divergence

In Chap. 2, we defined the data-generating process, implying that the data
have been generated through

Y; ~ G(y), iid. withi=1,...n. (3.1)
We assume that G(-) € ¢, where ¥ refers to the set of all possible
distributions for Y. Thus, the outcome Y is not deterministic and hence
considered as random or, as we phrased it before, uncertain to us. Therefore,
we model the distribution G via a statistical model
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F = {F(-0),0 c O}

This scenario is sketched in the upper-left plot of Fig. 3.1. The true data-
generating process G(-) is visualized as a point in the set of all possible data-
generating processes. We model this data-generating process using a set of
distributions %, visualized as a subset that need not contain G(-).In a
special case, it is possible that G(-) € %, indicating that the data-generating
process is an element of #. The aim is to find the best approximation of the
true but unknown data-generating process G(-) within the set #. Therefore,
we search for the element in # which has the smallest “distance” to G(-). We
cautiously used the phrase “distance” here, which correctly refers to a
measure for the discrepancy between two distributions. Hence, “distance” is
not meant as a rigorous metric in mathematical terms but as a discrepancy
measure.

Set of all possible
Data generating
Processes

Distance ?

Closest distributior to G()
F(.;0,)




Fig. 3.1 Visualization of the true data-generating process and its approximation through statistical
models. The top-left plot shows the true data-generating process G(-) and a statistical model .#. The top-

right plot shows the optimal parameter value, 8. The bottom left shows the estimator 6, and the
difference from 6 is sketched in the bottom right plot

To do so, we need to tackle several questions, which we cover step by
step:

Step1:
Define a distance that describes how far G(-) is away from a

distribution F'(+; 0) € Z.

Step2:
Use this measure for two distributions to find a distribution

F(-;0) € # closestto G(+) via an optimization problem over 6 € ©.

Step3:
Solve this problem involving an intractable expected value via an

empirical approximation.

We start with the first step: defining a measure that quantifies the
“distance” between two distribution functions. A practical and
mathematically useful measure is the Kullback-Leibler divergence.

Definition 3.1 The Kullback-Leibler divergence for two distribution
functionsG(-)andF (- )is defined as

KL(G,F) =f10g %g(y)dy

= f log g(y)g(y)d y — f log f(y)g(y)d y,

whereg(y)and f(y)are the densities or probability functions of G and E,
respectively.
The term

f log g(y)g(y)d y

is also called entropy.

If y is discrete-valued, the integrals above are summations. In this case, y
takesag = —00 < a; < as <ag <...< oo, suchthat
7 := P(Y = a;) = G(ay) — G(ag_1). The entropy can then be written as



E & log (ﬂ'k)ﬂ'k,

which is positive unless the distribution has a point mass of 1 at a single
point.

We write K L(G(-), F(-)) when we explicitly want to underline in the
notation that G(-) and F(-) are, in fact, distribution functions. Both notations
are used interchangeably. Note also that if the distribution functions G(-)
and F'(-) have densities g(-) and f(-), respectively, it is also common to use
the densities as arguments and write the Kullback-Leibler divergence as

The Kullback-Leibler divergence is always positive and takes the value 0
if and only if G(-) = F(-). For continuous variables, we can show this using
— log (y) > 1 — y with equality for y = 1:

KL(G,F) =f10g %g(y)dy
= - flog L8 9(y)d y
> f(l— %)9(3/)(131
= fg(y)dy— ff(y)dy

=1-1=0.
The Kullback-Leibler divergence is not a distance measure since it is not
symmetric, i.e.,

KL(G,F) = KL(F,G)

does not generally hold, nor does it fulfill the triangle inequality. However,
we can omit symmetry and use the true data-generating process as an
anchor point for calculating the Kullback-Leibler divergence.

With this measure, we can compare different distributions, as the upper-
right plot in Fig. 3.2 illustrates. In the top plot, we show two exemplary
distributions, g(y) and f(y), that differ by some amount. The second plot
shows the log ratio log (g(y) / f(y)) of the two distributions, and we see
that this log ratio takes large values for both small and large values of y. The
density g(y) for large and small values of y is, however, small, and by
weighting the log ratio in the second plot with the corresponding density, we



obtain the third plot in Fig. 3.2. The discrepancies at the tails of y are now
down-weighted, and the smaller discrepancies in the center part of the
distribution are becoming dominant. Integrating out the function, as
sketched in the bottom plot, provides the Kullback-Leibler divergence.



0.4

03

density
0.2

0.0 041

L
.
o
N
s

log(gly)ffty))

—
—
-

-4 -2 0 2

-0.01 0.01
L

log(a(y)fly)) gly)

-0.03

JL_
I\tJ_
o -
N -
.

0.01
|

loglg(y)fly))aly)
-0.01

-0.03

T T
-4 -2 0 2

IS

y

Fig. 3.2 Visualization of Kullback-Leibler divergence. The top row shows two densities g(-) and f(-).
The middle row gives the log ratio log (g(-) / f(-)), and the bottom row shows the ratio weighted with



g(+). Integration of the bottom plot curve gives the Kullback-Leibler divergence K L(g(-), f(+))

With this distance measure, we can calculate the distance between two
distributions. This implies that for each element F in .#, we can calculate

KL(G(), F(+9)) = f log f“{% d G(y).
To address the second step, we, however, need a distance measure between
the set & and G(-). How can we define a distance between a point, G(+), and
a set, # ? We solve this problem with the minimum Kullback-Leibler
divergence

KL(G("), Z) = in KL(G(), F(:9)). (3.2)

If we assume that integration and differentiation are interchangeable
(technically, this means that % is a set of Fisher-regular distributions), we
can obtain the minimum through differentiation, that is, we set

_ 0 (y)
0 =4 [ 1o 4960

= — f% log f(y; 0)d G(y).

The parameter 6y, which minimizes the distance, is now implicitly defined
through the equation

0 — f 610g§(0y;00) d G(y) _ E( Blogfa(eY;t%) ) (3.3)
In this setting, we understood 6 as the “closest” parameter 6 € © to the true
data-generating process G(-), which is shown in the top-right plot of Fig. 3.1.
In practice, the above integrals cannot be calculated, since the distribution
G(-) is unknown. Consequently, it appears that as long as we do not know

the true data-generating process, we are unable to choose the optimal model
F(-;00) corresponding to the smallest distance to G(+). For every real-world
data example, this will always be the case, so the proposed approach appears
to be a cul-de-sac. However, we have data yy, . . . , y, which were generated
according to G(-). For any measurable function (statistic) ¢(Y’), this means

() = [t cw).

Based on the law of large numbers (see Sect. 1.2.2), we know that the mean
can be estimated through the corresponding empirical version, that is,
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This means that the Kullback-Leibler distance can be estimated through
I i: g(vi)
— log
ni— " fio)

l Iy l 1
= — log ¢ V) — — | g ';;9
~ ) logg(yi) = — > log f(yi:0)

i—=1 i=1

n— 00

—— [ logg(y)g(y)dy —/log.f(,\-';ﬂ)g(y)dy-

The first component is still not estimable, since we do not know g(+) and
hence cannot calculate + "7 | log g(y;). This means we are unable to
n

estimate the entropy of the data-generating process. But we are able to
estimate the negative second component through

n
0 E : ., log f(yi0) — | log f(y;0)g(y)d y.
We want to maximize this term, which minimizes the Kullback-Leibler

divergence. Omitting the 1 / n term, which does not depend on 6, in the sum
above becomes the log-likelihood function.

Definition 3.2 Thelog-likelihood functionis defined as

1(6) = Zi_l log f(yi; 0)-

The parameters of the log-likelihood function are the parameters, although
it depends on the observationsy, . . . , Yy, Which is suppressed in the notation.
Formally, however, we havel(6) = 1(0;y1, . .., Yn).

The log-likelihood function is of central importance in statistics, which we
will discuss in more depth in the next chapter.
Note that 6 is defined in (3.3) through

0 — f 310%2(93/;90) d G(y)

which we replace with the empirical version



0— E " dlog f(yi;0) (3.4)
o i=1 20

where 6 solves (3.4). The logarithm is a monotonically increasing function, so
0 is maximizing not only the log likelihood but also the likelihood itself.
Therefore, we call é the maximum likelihood estimator. At this point, it might
be unclear where the phrase “maximum” comes from since we are
“minimizing” the Kullback-Leibler divergence. We agree that this might
appear obscure, but bear in mind that we are maximizing the log-likelihood
function. We will develop a thorough theoretical framework for maximum
likelihood estimation in Chap. 4, but the motivation for why this is a useful
concept is based on the minimum Kullback-Leibler approach. We visualize
this in Fig. 3.1 in the bottom left. Still, d is not necessarily equal to 6, so that

A~

the distance between F(-; 8) and G(-) is usually larger than the minimal
distance between F'(-;0y) and G(-) (see the bottom-right plot in Fig. 3.1).
This is visualized through the half-circles around 6. These circles aim to
visualize uncertainty, to which we will come back in the next chapter. We will
show explicitly how to quantify the distance between 6 and 6y. For now, we
can comprehend this increased distance as uncertainty due to the fact that 0
is calculated from the data, which is the basis for approximating

E(0log f(Y;00) / (90)) by its empirical pendant. We will show that with
increasing sample size we obtain that

F(0) — F(;60)
or more precisely

é — 00,
but this requires some more technical derivations, which we postpone for
now.

3.2 Squared Loss and Likelihood

The likelihood approach allows us to minimize the Kullback-Leibler distance
between the data-generating process G(-) and a statistical model

F ={F(-;0),0 € ©}.Itleads to an estimation principle by finding the root
of the log-likelihood function. Assuming that the log likelihood is well-
behaved in that it is concave, we can achieve this by setting its first-order



derivative to zero. We want to elaborate on this further and connect it to the
familiar squared-loss function approach. We initiated this discussion already
in Example 2.1, but we keep it simpler here. Assume we are interested in the
mean of data y1,y2, - - . , Yn. A reasonable approach to find the mean is to
minimize the squared losses between observations y; and the mean u. This
leads to the squared-loss function approach

n
. 2
min E :i:1 (yi — )" (3.5)

We obtain the same loss function by assuming a normal distribution, i.e., &
is the set of all normal distributions with mean p and variance o2, which, in
turn, implies the following log-likelihood function:

U, 0?) = Z;(— log (0) — 4L ), (3.6)

If we are interested in p only, i.e., omitting the variance o2 for the moment,
we observe that maximizing (3.6) with respect to u is equivalent to
minimizing (3.5):

1 (m-w?
2

maxuer l(p,0%) = maxuer D7 73
maxMeR—z 1 (yi — M)z

: 2
= minger > (Yi — 1)
Therefore, a squared loss is equivalent to assuming a normal distribution
(with constant variance) for the data yy, . . . , Yn.

3.3 Properties of Estimators

3.3.1 Consistency

This section is devoted to classical concepts of (mathematical) statistics. In
particular, we will introduce concepts like consistency, biasedness, and
sufficiency, which are properties of estimators in a statistical model

F ={F(:;0),0 € ©}. Let us start with consistency. Informally, an estimator

0 is consistent if for i increasing sample size the difference between 6 and the
target parameter 0 gets smaller in probability. Target parameter means,
here, that it is either the true parameter if the data-generating process G(-)
is within Z, that is, G(-) can be written as G(-) = F(+;0y), orif G(-) # %,
the target parameter 6 gives the closest distribution in % based on the
Kullback-Leibler divergence, as described in Sect. 3.2.



We can formulate consistency utilizing the Kullback-Leibler idea. With
increasing data size, we postulate

/l ASE dG(y) — 0. (3.7)
SOy 90 n—>00
In principle, we need to be more precise here since 6 is based on a given
database, but we aim to develop a statement for an arbitrary sample drawn
from the data-generating process. In other words, we should formulate (3.7)
as a probability statement. We remain somewhat sloppy for the moment and
get more precise later. Let us look, therefore, at (3.7) more closely. A simple
calculation leads to

flog f((y’ ydGly) = flog f(y;6)d G(y) ~ flog f(y;60)d G(y)
= KL(G(), F(36)) — KL(G(-), F(-;0)).

Hence, the Kullback-Leibler divergences need to converge to the same
constant as the number of data points n increases. Applying a second-order
Taylor series expansion around 6, which is defined in (3.3), to the estimated
log density yields

log f(y;0) ~ log f(y; 6p) + 28 (§ _ g

A 0%lo ;00
+1(6—6y) —lagggze L(6— 8y).

Assuming that differentiation and integration are exchangeable, we get

f(y: 0 0) 3 log f(y: th)
/10 e Ho)df(\)fv*(@*%) E( 5999 )( — o), (38)

= 1 ()

where the expectation is taken with respect to the data-generating process.
We call the matrix I(6) the Fisher information, or Fisher matrix, which
plays an important role in maximum likelihood estimation, which is covered
in Chap. 4. As remarked above, (3.7) is a statement based on data, and hence
0 is a concrete value calculated through some algorithm. Hence, we can
denote f as 6 = t(y1,---,Yn)- Based on the aleatoric uncertainty given in the
data-generating process (2.3), the data are random, and hence the outcome



of the algorithm is considered random. If we replace statement (3.7) by
taking expectation over all possible samples, we obtain

E /log L0 4 Gy ) —— o,
f(,\~ 9()) n— 00

Note that the expectation is taken over the data Y7, ..., Y,, and formally the
above expectation equals

Sty .oy yn))
log dG)dG(yy)...G(y,).
f //ob 70y 00) (A G(y1) (Yn)

n integrals
Utilizing the Taylor series approximation from above, this in turn simplifies
to
E((é —00) " 1(00)(0 — 90)) — 0,

n—0oQ

where the expectation is taken over the data Y7, . . ., Y. To simplify further,
we restrict the deviations, without loss of generality, to univariate
parameters, thereby reducing the notation. This allows us to rewrite the
above to

E(100)@ - 00)*) o E((6 - 60)°)

— E((é — E0)+ E@©) — 9())2)
(3.9)

EQéE@nﬁ+(E@)%f,

= Var(@) =: biasz(é, 0)
where o stands for proportionality, which allows us to omit components not
depending on 6. The first term is the variance of the estimator, while the
second is called bias. The bias thereby quantifies the systematic difference
between the estimator’s expectation and the target parameter.

Decomposition (3.9) refers to the bias-variance-trade-off, as we aim to
minimize their sum, which is defined as mean squared error (MSE).

Definition 3.3  The mean squared error of an estimatorfis defined as



MSE(6,60) =E((6-6,))

= Var(é) -+ bz'asQ(é, 6o),
where

bias(0,6,) = E(9) — 6,

defines the bias. We call an estimator unbiased if
bias(6,0,) = 0
and asymptotically unbiased if
bias(d, ) — 0.
n— 00

We sketch the idea of the MSE in Fig. 3.3 when shooting toward the bull’s
eye. We want both small variance and small bias. The abovementioned bias-
variance trade-off is easily described with this figure. The best marksman is
the one whose shots score the most points, which can be quantified by the
reciprocal of the squared distances from the bull’s-eye. Here, both dispersion
(variance) and bias matter.

©) (©

X

X

Large Variance Small Variance
Small Bias Large Bias
Large Variance Small Variance
Large Bias Small Bias

Fig. 3.3 Sketch of bias and variance when shooting at the bull’s eye



With these requirements, we can now write down the original idea (3.7)
more formally to define consistency.

Definition 3.4  The estimatoris MSE consistent forfy(or simply consistent)
if, for increasing data size n with data drawn from the data-generating process
(2.3), it holds

MSE(4, 6y) — 0,

n— 00

where n is the data size used to derive the estimatef.

Note that there are various alternative definitions of consistency. The most
common type of consistency is weak consistency.

Definition 3.5  The estimatorfis weakly consistent forfif for everyd > 0
P16 — o] = 8) — 0, (3.10)

n—0oQ

where n is the data size used to derive the estimate@and the stochasticity in
the probability stems from samplingY1, . .., Y,drawn from some data-
generating process.

We can relate the definitions (3.4) and (3.5) to one another using the
Chebyshev’s inequality (see Sect. A.7), which is one of the most important
inequalities surveyed in Appendix A.7. This inequality states for any random
variable Y with mean p and variance o2 > 0 the following inequality holds
for any k > 0:

P(|X —pul>ko) <45
Taking now 6 as random variable with mean # and variance
~ . 2 .
Var(0) = E((60 — 0) )if6 = t(Y3,...,Y,) and assuming sufficient
regularity conditions, Chebyshev’s inequality allows to obtain for arbitrary
6>0
A A 2
P(|0 — 60| >8) =P((6—6p) >5?)

~ 2 ~
E((t‘)—@o)) _ MSE(8,60)
S 52 - 62 .
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We see that in this case (3.10) is equivalent to MSE consistency, since if
MSE(0,0y) — 0 for n — oo we obtain (3.10).

3.3.2 Sufficiency

We now define sufficiency, the concept of how to condense data so that no
relevant information is lost. This compressed data should then encapsulate
all the necessary information to estimate the parameter. To motivate the
idea, suppose a binary variable Y; ~ Binom(1, 7) is observed and we want
to estimate parameter 7 via its maximum likelihood estimate, the arithmetic

mean Y = Z?:l Y, / n. If we distill the data to the mean and the sample
size, we have successfully extracted all the essential information needed for

calculating the maximum likelihood estimate. To demonstrate this, look at
the following possible samples of (y1, Y2, Y3, y4) under n = 4:

« y=(1,0,0,0)
° y:(0a17070)
« y=(0,0,1,0)
« y=(0,0,0,1)

Since the arithmetic mean for all four samples is identical, they also yield the
same maximum likelihood estimate. Evidently, the concrete order of the
observations does not provide any relevant information about 7, and the
only quantity that gives information on wisy = 1 / 4. We want to formalize
this via the concept of sufficiency.

Ift(y1,-..,yn) gives sufficient information about parameter 6, all the
information concerning 6 is in t(y1, . . . , y» ), and knowing t(y1, . . . , Yy ) is
enough to estimate the parameter. The concept of sufficiency allows us to
delete our data entirely if we have calculated a sufficient estimator. This can
be useful particularly in the era of big data and given the emergence of fields
such as federated learning and learning under privacy constraints.
Sufficiency states that one only needs to calculate and store t(y1, ..., y,) to
get all information from our sample relevant to our parameter.

Definition 3.6 A statistict(Y1, ..., Y,)is calledsufficientforfif the
conditional distributionP(Y1 = y1,..., Y, = yn | t(Y1,...,Y,) =to; 0)
does not depend on6.



This definition looks confusing at first glance, so an example might help to
clarify.

Example 3.1 LetY7,...,Y, be Bernoulli variables with values 0 or 1 and
P(Y; = 1) = . Our statistic is the arithmetic mean

t(-) =t(Yy,...,Y,) = Y1, Y / n. We next show that this statistic is
,%,%,...,%},andwe
denote the resulting value calculated from the data (y1, . . . , y,) with &.
Correspondingly, ng = nty is the sum of all of our variables. Then, using the
Bayes rule (see Appendix), we can calculate the probability of the sample
conditional on the sufficient statistic as follows:

P(Yl =Y - Yn=Un | t(Yla'-'ayn) = to; 7T)
P<Y1:y1r - Yn=Yn, i Yi=no; 77)

i=1

P(Z Y;=ny; W)
i=1
4 n

H wyi(l—w)(l_yi)

i=1

= | e

70

sufficient for 7. The statistic takes values in the set {0

for 3 i1 ¥i = Mo

L0 otherwise

4 n n
Sy O 1-y)

mi=l  (1—g) =1

=\ ()meamt

for E?:l Yi = Nyo

L0 otherwise
70 (1—m) (n=no)

— < (:;))ﬂ.no(l_,’r)(n_no)
L0 otherwise

( ﬁ for Z?:1 Yi = No
g

for 5y ¥i = no

L0 otherwise
Apparently, this distribution does not depend on 7.>>

More generally, it is challenging to prove sufficiency in the form defined
above. In such settings, the Fisher-Neyman factorization is a valuable tool to
prove the sufficiency of a statistic.



Theorem (Fisher-Neyman Factorization) A statistict(Y1, ..., Y, )is sufficient
forBif and only if the density or probability function decomposes to

f(yla <o Yns 9) = h’(y17 s 7yn)g(t(y17 ) )yn)a 9)7 (311)
whereh(+)is a function of the data independent offandg(-)is a function oft)
that depends on the data only through the sufficient statistict(y1, . .., Yn)-

The proof of this statement is given at the end of this section.

Example 3.2 LetY7,...,Y, beindependent and identically distributed
variables from a Gamma distribution with the following density,

f(y; 0, 8) = ¥y exp (-8 y) I(y > 0)

with shape a, rate 38, and I" function given by I'(at) = [~ ¢~ Lexp (—t) dt
that is a continuous generalization of factorials. The goal is to show that the
two-dimensional statistic ¢(y1, - - ., ¥n) = ([]1=1 ¥i» D11 Yi) is sufficient for
(ex, B). Since the distribution of Z = []}_; ¥; with ¥; being i.i.d. Gamma
variables has no closed form, it is difficult to calculate the conditional
probability necessary for showing sufficiency according to Definition 3.6. We
can, however, write down the joint distribution needed for the Fisher-
Neyman factorization:

n 7 n o—1 n
(1T, " y .
([o0) () (1) (0 (50))

The claim follows from the factorization shown in the final line. >

Note that sufficiency itself is a relatively weak statement, as the original
sample (yq, . .., y,) itself is already sufficient. We therefore also require
some concept of minimality defined as follows:



Definition 3.7  The statistict(ys, . . . , Y )is minimal sufficient for0ift(-)is
sufficient and for any other sufficient statisticf(yl, .« ., Yn ) there exists a
functionm(-)such thatt(yy, . . .,yn) = m(t(y1,...,yn)).

The definition states that if there exists a minimal sufficient statistic, then it
can be calculated directly from any other sufficient statistic. Hence, we may
reduce the data yy, . . ., y, to the value of the minimal sufficient statistic, but
we may not reduce it further without losing information about the
parameter 6.

Proof Assuming that ¢(-) is sufficient, then f(y1,...,yn | t(y) = t;0) does
not depend on 6. Because ¢(-) is calculated from y1, . . ., y,, with the basic
definition of conditional probabilities, we get

SOy ) = f oy [ o yn) = 60) it [y, ooyt 6),

ROV -y V) gt (¥1. ..\ yn); 0)
where the first component does not depend on € and the second component
is the distribution of ¢(-), which by construction depends only on

t(y1,---,Yn) and 6. Let us assume now that the density f(y1,...,yxs) is
factorized as in (3.11). The marginal density for ¢(y1, . .., Yn) is

f(t; 6) :f flyi, .- yn;0)dy;...dy,
t(ylr 'ayn):t
= f h(y1s. -5 Yn)9(t;0)d yg ... d y,
t(ylr -,yn):t

:g(t;9)f h(yi,- s yn)d yp...d y,.
t(Y1,. - -syn)=t

The conditional distribution can then be written as

f(yh)yn‘t(yl?)yn):t?e)

_ W15 Ynt (Y1s- - ¥n)=t;6)
- f:(t;0)

{ h(yla-é(-;f;yg))g(tﬂ) for t(yl, .. ,yn) =t

0 otherwise,
which does not depend on 8 because g(t; 0) cancels out. O




3.3.3 Efficiency

Lastly, we discuss the concept of efficiency, which addresses the question of
which of the two possible estimators performs better. In this context,
“better” refers to having a smaller mean squared error introduced in Sect.
3.2.

Imagine you have one estimator, denoted as él =t1(Y1,...,Y,), and
another one, denoted as 52 = tg(Yl, cee Yn), which provide an estimate for
0o. The comparison between the two boils down to evaluating their
performance using mean squared error (MSE). If the MSE of 01 is less than

the MSE of 02, then 01 is considered superior to 02 This concept is largely
theoretical, as calculating both MSEs is not feasible because they depend on
the unknown data-generating process G ().

Example 3.3 Assume we have i.i.d. normally distributed random variables
Y; ~ N(u, 0?). We want to estimate the mean via the statistic

t(y) = E :i:1 WiYi

for some weights w; forz = 1, ..., n. For unbiasedness from Definition 3.3,
observe that Y ; w; = 1 needs to hold for

E(t(Y)) = Z;l Wi L.

Since bias(t(y)) = 0, the MSE depends only on the variance of the statistic.
Therefore, we need to choose the weights so that the variance of t(Y') is
minimized, thereby finding an estimator with minimal MSE. Note that

Var(t(Y)) = Zj 1w202

Without loss of generality, we can reparametrize the weights and set
w; = % + d;, where 2?21 d; = 0 holds for unbiasedness:



Var(t(Y)) - Z (:I n (1,-)202

i=l1

n l . .
— +d*) o’
> ()

=]

0_2 n
=5+ dio’
Iy}

i=l1
'\_..\‘ P

=0

n
Because Zi—l o d? > 0 unless d; = 0, we see that the arithmetic mean,

which results when we set the weights w; equal to %, has the smallest
variance and hence the estimator is MSE-efficient. >

Definition 3.8  The statistict(ys, - . . , yn )isefficientforfif it has the smallest
MSE among all possible statistics.

We will show later that maximum likelihood estimation is (approximately)
efficient. This means that estimators based on optimizing the likelihood
function are asymptotically unbiased and have the smallest variance.

3.4 Estimation and Uncertainty

So far, we have developed estimation strategies and highlighted the
importance of the Kullback-Leibler divergence. Estimation, or learning, can

be thought of as a process or algorithm that generates a value d for observed
data (y1, . . .,yn)- While the estimation process itself is treated as an
algorithm, producing the same output for the same input, the input itself is
random and drawn from Y; ~ G(-) as generally defined (2.3). This

introduces randomness, meaning that the estimated value 0 has variability
due to the randomness of the data. If we used different datasets, we would
therefore get different estimates. This variability is known as the estimation
variance, and next, we introduce ways to quantify it.

To tackle this challenge, we introduce confidence intervals. Instead of

relying on a single estimate #, we construct a range or interval within which
the true parameter value is likely to lie. This interval is bounded to the left by



ti(y1,---,yn) and to the right by ¢,(y1, . . ., yn ), representing the lower and
upper bounds of the interval. For simplicity, we here only cover the special
case of an univariate parameter. The interval limits are functions of the data
and, as such, can be understood as the output of an algorithm applied to the
observed data. We need ¢;(Y1,...,Y,) < t,(Y1,...,Y,) for all values of
Yi1,...,Y, to obtain a sensical interval. These statistics can now be defined
as follows:

Definition 3.9 The intervalCI = [tl(Yl, e Yo, te (Y, .. ,Yn)]is called
aconfidence intervalforfwith confidence level(1 — o)if
P(t(vi,..., %) <0< t(Vi,...,Y,)) > 1—a. (3.12)
The probability P(-)is allowed to depend on the parameter, and usually it

does, which is omitted in the notation for simplicity. The value(1 — a)is called

the confidence level, andais chosen to be a small value, e.g.,a = 0.01or
o = 0.05.

We can equivalently state (3.12) as

R0 € bW, .., V) ts(Vhso o, V)] 21— aa

to make the concept of an interval more visible. It is thereby important to
bear in mind that ¢;(Y3,...,Y,) and t.(Y3,...,Y},) are both random due to
the assumed data-generating process. In other words, the interval itself is
random.

Defining ¢;(Y1,...,Y,) = —ocoand t,(Y1,...,Y,) = oo always gives a
(1 — a) confidence interval, as P(—oo < § < oo) = 1 for any 8 € R. This
interval is, however, useless; hence, we want to find an interval with minimal
length still fulfilling the definition of a confidence interval from (3.12). In
other words, we prefer “="in (3.12) as opposed to “>.”

The construction of such a confidence interval is straightforward if a
pivotal statistic exists.

Definition 3.10 A quantityg(t(Yl, ce oy Yo); H)is called apivotal statisticif
its distribution does not depend on6. The distribution ofg(t(Yl, oY), 0) is
also called a pivotal distribution.



Exact pivotal quantities are rare. However, approximate pivotal distributions
are quite common due to the central limit theorem. In fact, if the sample size

n is large, the estimator 6 = t(Y1,...,Y,) in many cases follows
approximately a normal distribution, which is denoted by
0 =t(Y1,...,Y,) ~ N(8,Var(9)). (3.13)

In this context, the notation ~ stands for “asymptotically distributed”, put
differently, this distribution solely holds for sufficiently large n. With (3.13),
we can construct an approximate pivotal statistic through

g(t(¥1,...,Y,);0) = WX 00 2 N0, 1).
Var(6) \/ Var(9) (3.14)

Since N(0, 1) does not depend on 6, the statistic is pivotal. The pivotal
distribution can be used to construct a confidence interval as follows. With
(3.14), we have

l—-a =~ P(Za/z < 00 < Zla/2>

Var(é)

Sl—a = P(é — zl_a/ﬂ/Var(é) <H<6-— za/g\/Var(9)>,

where z,, is the a quantile of a N(0, 1) distribution for any a € [0, 1].
Because z, = —2z1_ holds with a € [0, 1] for any symmetric distribution,
such as the normal, we obtain the confidence interval as

)—! . (3.15)

Under a confidence level of 0.95, the corresponding value z;_ 3 is 1.96:

CI ~ [é + 1.96\/Var(é)] (3.16)

Figure 3.4 visualizes the construction of the above confidence interval (3.15).
In the top-left plot, we show the asymptotic normal distribution of the

estimator  and its variance. Standardizing the estimator through
6-6

\/Var(é)




provides the standard normal distribution as a pivotal distribution (top-right
plot). From this distribution, we can derive the confidence interval (bottom-

left plot), which is then transferred to the distribution of 0 (bottom-right
plot).
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Fig. 3.4 Visualization of constructing a pivotal distribution by standardizing estimate 6 (top-left plot)

through (é —6o) / \/ Var(é) (top-right plot). This gives a standard normal distribution as pivotal from

which confidence intervals can be calculated (bottom left) and then transformed back to the level of the
estimate (bottom right)

Note that, in many cases, the variance Var(é) may itself either depend on
the unknown parameter 8 or depend on some other unknown parameters. In

the first case, it is reasonable to replace 6 with its estimate é, which is called
a plug-in estimate. If it depends on additional parameters, we need to
estimate these. In particular, in situations with small data sizes, this can lead
to different distributions.

A historical problem in statistics is the construction of a confidence
interval for the mean of a normal distribution. We assume that data
Y1, ..., Y, are normally distributed with

Y; ~ N(u,0?) i.i.d. (3.17)




The mean is estimated through ?, and we obtain for the estimate
A=Y ~N(uo® [ n).
A confidence interval is then easily constructed through
CI = [y~ 21 0p-5,0+ 21 ap% . (3.18)

In real-life applications, though, we do not know the variance ¢ and hence
need to estimate this. The estimate is again easy to derive through

~ E —\2
o2 :=S2=ﬁ i:l(yi_y) :

The term n—1 makes the estimator unbiased, which we leave as an exercise
to show. Note that

Yoy
T ~N(0,1)

is a pivotal statistic with a known distribution. But if we replace the variance
with its estimate S?, the resulting distribution is no longer a normal
distribution:

v_
£~ N(0,1) (3.19)

The estimation of the variance leads to additional uncertainty.

This phenomenon was identified and quantified by William Sealy Gosset
(1876-1937). Gosset is now a legend in the field of statistics, not only for his
seminal scientific contributions but also for the circumstances of his
discoveries. During his professional life, he was the head brewer at Guinness,
the renowned Irish beer company, where he was hired to study data
originating from all parts of their brewing process (Boland, 1984). Faced
with often very small sample sizes where asymptotic expressions such as
3.13 no longer hold, he solved the problem shown in (3.19). Since he was at
that time an employee at the Guinness brewery, he was unable to publish this
because of the possible risk of revealing a trade secret and had to share his
findings using the pseudonym Student (1908), see also Ziliak (2008).
Gosset’s work led to the derivation of the distribution, which is today known
as the (Student’s) t-distribution and the correct distribution of the left-hand
side of (3.19),

ST ~ o), (3.20)
where the index n—1 is the only parameter characterizing the distribution,
called the degree of freedom. The proof is given in Appendix B. Note that




(3.20) is again a pivotal statistic as it does neither depend on  nor o. One
can then construct confidence intervals through

_ Sn _ Sn
CI = [y - t(n—l),l—a/2ﬁ,y +tn-1)1-a/2 ﬁ] ) (3.21)
where t(,1),« is the a quantile of the ¢ distribution with n—1 degrees of

freedom with a € [0, 1]. Since the estimated variance o adds uncertainty to
estimating u, we have that ¢, 1)1 q/2 > 2142 for 0 < o < 0.5 making the

confidence interval (3.21) with estimated variance wider than the one with
given variance (3.18).

The proof of (3.20) is somewhat clumsy. Therefore, we want to provide a
graphical motivation for why estimating the variance actually leads to
increased variation. Let us therefore look at Fig. 3.5. We show the standard
normal distribution in the top-left plot and zoom into the region of the
Z1-q/2 quantile for o = 0.05 in the top-right plot. If the variance o?is

estimated by S2, we induce additional uncertainty. We visualize this in Fig.

3.5 by a varying variance which takes a value (roughly) symmetrically to the
left and right of the true z;_,/2 quantile (see the left plot in the middle row).

One can see that the areas to the left and right are unequal, with the left area
larger than the right, as evident in the distribution function calculated at the
two symmetric points around the quantile (middle-right plot). Apparently,
while there is symmetry on the horizontal axis, there is no symmetry on the
vertical axis. If we instead postulate symmetry on the vertical axis, that is, for
the coverage probability (bottom left plot), this leads to asymmetric
quantiles, taking larger values to the right. Hence, we need to increase the
Z1_a/2 quantile to achieve 1 — a coverage probability. This motivates the use

of a t distribution, as shown in the bottom-right plot. Note that for increasing
n we get the standard normal distribution as the limit.
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Fig. 3.5 Standard normal distribution with 95% quantile (top left) and zoom-in version (top right). If
the variance is estimated unbiasedly, the quantile takes realized values roughly symmetric to the left and
the right of the 1 — « quantile of the normal distribution (middle left). This leads to asymmetric coverage
probabilities (middle right). Postulating symmetry in the coverage probabilities (bottom left) induces
asymmetric quantiles, with larger values occurring to the right. This motivates the role of the t

distribution leading to larger quantiles (bottom right)

Before we close this section, we will discuss the interpretation of
confidence intervals. Assume that we have calculated a confidence interval



with values [t;(y1,---,Yn), tr(Y1, - - - , Yn)]- One might now assume that the
confidence interval can be interpreted as the probability that the true
unknown parameter is within the confidence interval:

P(8 € [ti(yas- - Yn)s tr(W1s - - -, Ya)]) = ? (322)
To make a concrete example, assume that we have collected normally
distributed data y1, . . . y, withy = 3.2 and S? = 4.2 with n = 20. Based on
the derivations from above, we obtain the 0.95 confidence interval through
the 1 — a / 2 quantile of the ¢t distribution with 19 degrees of freedom,
which equals 2.093, so that the (rounded) confidence interval results to

3.2 — /4.2 /20 x 2.093,3.2 4+ /4.2 / 20 x 2.093] = [2.24,4.16].

To interpret this, we might formulate (3.22) to P(u € [2.24,4.16]) = 7.
Formally, this is not a question based on a probability model, since the data
Y1, - - -, Yn are given and there is no random experiment. Put differently, the
unknown parameter is either in the interval or not, and the probability
statement (3.22) is not about a random process. The formal statement is
therefore that we have a confidence level of (1 — «) 100 percent that the
parameter is in the interval. Hence, the term “probability” is to be replaced
by “confidence.”

Definition 3.11 (Confidence Principle) Ifwe repeat the calculation with
new data of the same size multiple times, then ina x 100 %of the cases the
parameter wouldnotbe within the interval, and consequently, in

(1 — a) x 100 %of the cases, it would be.

Though this is formally a correct description, it might seem unusual since it
does not state anything about the concrete sample. Therefore, let us look at
this from the perspective of uncertainty and remember the example from
Sect. 2.1 with the dice cup not lifted. The situation here is very similar; the
data are given, and we can quantify our uncertainty about the parameter 6.
To do so, we may utilize probabilities. In this case, we could formulate our
knowledge as follows: We believe the true parameter lies in the confidence
interval with a probability of (1 — o)) x 100 percent, bearing in mind that
“probability” here does not refer to a proper random experiment but to a
quantification of our knowledge. This is what is meant by “confidence,” that
we have (1 — a) x 100 percent confidence.



3.5 Likelihood and Bayes

Now that we have covered properties of estimators, let us return to the
likelihood function. The original work by Fisher (1912) introduced the
concept of likelihood and catalyzed the adoption of likelihood-based
approaches using Bayesian principles (see also Aldrich, 1997 or Edwards,
1997). However, the term “Bayesian statistics” had not yet been coined in
that era. In fact, it took nearly 50 more years for this terminology to emerge,
which was formerly known as “inverse probability,” as motivated by Fienberg
(2006). In essence, inverse probability involves a reversal of the typical
reasoning process. Given a parameter 6, we construct a probability model
F(-; 0) for the variable Y. Conversely, the shift in perspective involves
deriving the probability model for 6 given that we have observed y. These are
two different perspectives on uncertainty. In the first case, the data are
treated as random, while the distribution’s parameter is treated as fixed.
Data are used to obtain information about this unknown parameter, leading
to estimation. This approach is generally referred to as frequentist inference.
In the inverse perspective, knowledge (or lack thereof) about the parameter
is modeled as probability distributions. The data are used to update the
knowledge about the parameter. This approach is known as Bayesian
inference. Both approaches coexist in the field of statistics and are, at least in
principle, conceptually different. However, we will see that both approaches,
at least for large samples, lead to the same result.

Here, we consider the Bayesian perspective in more details. We argued
before that probability can be used to express uncertainty, but it can also
express knowledge. We proceed with the presumption that prior information
concerning the parameter @ is available. The goal is then to effectively
incorporate this into our analysis. This prior information expresses our
preliminary beliefs regarding the parameter 6, and we quantify it through a
probability distribution, called prior distribution, denoted as p(6). The
structure of this distribution may encompass additional parameters, which
we ignore for the moment. Under the i.i.d. setup with datay = (y1,.-.,Yn),
we can update the prior distribution to another distribution, called the
posterior distribution. We want to answer what information we gained
from the data about our parameter 6. We achieve this by “inverting” the




distributions. Assuming a continuous random variable Y, this posterior

distribution is defined as follows,

;:0)p(0
p(oly) = L5

ITi: f(yi;0)p(6)
f()
_ exp(U(0))p(6)
f(y) ’
where the first component in the numerator is the likelihood, that is, exp ()

of the log-likelihood, p(6) is the density of the prior, and f(y) is the
normalization constant

fly) = f H; f(yi; 0)p(6)do.

0cO
The latter is usually numerically intractable, which will be considered in
Chap. 9 again. Since (3.23) defines an entire distribution, one can be
interested in numerous quantities to characterize it, for instance, its mode.

(3.23)

Definition 3.12 Theposterior modeis defined through

épostmode = arg maz p(0|y).
0O

The posterior mode only depends on the numerator in (3.23) and raises an
optimization problem similar to what we covered on maximum likelihood
estimation. In fact, choosing p(8) to be a constant, implying a so-called flat
prior, the posterior mode matches the maximum likelihood estimator, that is,

argmax p(0|y) = argmax [(6).
%e@ p(6ly) %e@ (6) (3.24)

[f the maximum likelihood estimator is, however, different than the mode of
the prior, this is not the case.

Instead of calculating a single value for the parameter, like the posterior
mode, we can derive intervals comparable to confidence intervals defined
above. These can be constructed using a similar interpretation, but through
Bayesian reasoning. In this case, though, confidence intervals are formally
introduced as credibility intervals in the literature. In Bayesian statistics, we
consider the parameter 6 to be random so that we can explicitly look at the
posterior distribution.



Definition 3.13  Acredibility intervalfor parameterfis defined as follows.
Our knowledge about the parameterfis given by the posterior distribution
p(0| y1,--.,Yn). The credibility interval[t;(y), t.(y)]is implicitly defined as

P(G S [tl(yla s ayn)7t7°(y17 s 7yn)] ’ (y17 s 7yn))
tr(ylv- . -yyn)

= p(0]|y1,...,yn)dd >1— .
tl(yl,- . -ayn)

A natural choice is to set ¢;() and ¢,() such that
tl(yla' . 'ayn) oo

p(0|y17--.,yn)d0: f p(e‘yl,...,yn)dﬂ: %, (325)

—00 tr(Y1,- - sYn)
that is, we cut off a probability mass of & / 2 in the left and right tails of the
posterior probability. We visualize such a construction in the top plot of Fig.
3.6. While the construction is simple, the credibility interval is not optimal. If
we look at the left-hand side of the interval in Fig. 3.6, we see that the density
at the boundary is higher than the density at the right-hand side of the
interval. Hence, we include values with lower density in the interval and
exclude values with higher density. More formally, it occurs that for

01 ¢ [ti(y1,---,Yn), tr(y1,---,yn)] and for
02 € [ti(y1,---,Yn), tr(Y1,---,Yn)] One has

P01 [ Y1, yn) > P02 [ Y1, -+, Yn)-
This drawback can be avoided by using a highest posterior density (HDI)
credibility interval or, in short, the highest density interval. The construction
principle is shown in Fig. 3.6. We lower the horizontal line until the interval
obtained through cut points with the density has the postulated credibility
(1 — o). Mathematically, this is written down as

HDI(y1,..-,yn) ={6;0(0 | y1,--.,yn) > c},
where c is chosen such that

f p(0|(y17,yn))d0:1—a

0cHDI(y1,- - -,Yn)



That is, we choose an interval where values are greater than a threshold
density c, such that the region integrates to 1 — a.
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Besides deriving the posterior mode or credibility intervals, one can also
look directly at the posterior distribution (3.23) itself. This is numerically
burdensome due to the component f(y), which is typically numerically

intractable. We will extensively explore how to circumvent this issue in Chap.
9.

3.6 Exercises

Exercise 1 For independently identically distributed random variables Y;
with mean value p and variance o2, show that

" 2
=LY (%-7)

is unbiased. Hint: Rewrite the summands to (Y; — ) — (Y — p).

Exercise 2

(a)

Give the definition of the Kullback-Leibler divergence, and show why
KL(g(-), f(-)) # KL(f("), 9(-)), except when f(-) = g(-).
(b)

Under real-world conditions, the true data-generating process G(+) is
rarely known. Assume we have a sample x = (2,2, 3,2,3,0,2,1,4, 3)T
, but we don’t know the underlying data-generating process, so we
make the assumption X; ~ Bin(4, 0.5). Calculate the Kullback-Leibler
divergence between the empirical distribution of the sample, g(-), and
the assumed distribution, f(-).

Exercise 3 Let X = (X3, Xo,... ,Xn)T be an i.i.d. sample. The X; are

Poisson distributed with unknown parameter A > 0 fori =1,...,n:

(a) :

Show that the statistic t(X) = Z X is sufficient for A by directly
i=1

computing the conditional density of X given ¢t(X) = to.

(b) &
Show that the statistic t(X) = Z X; is sufficient for A by using

i=1
Neyman factorization.
(c) Are the statistics X, the arithmetic mean, and X ~1 sufficient for \ as



well?

(d)

Are the statistics t and X unbiased for \? Are they consistent for \?

Exercise 4 A company ships tea in wooden crates, each containing 10 tea
packages. The weight of the individual tea packages is normally distributed
with g4 = 6 kg and o = 0.06 kg. The weight of the empty wooden crate is
normally distributed with yu = 5 kg and o = 0.05 kg.
(a) o o .
Under assuming independence of the individual delivery components,
specify an interval symmetrical to the expected value in which the
gross weight of the ready-to-dispatch wooden crate lies in 95% of the
cases.

(b)

A customer of the above tea company checks whether the tea packages
really comply with the specified target value of 6 kg. For this purpose,
he takes a sample of n = 16 tea packages from a delivery. The
arithmetic mean was found to be 5.95 kg. Calculate a 95% confidence
interval for the average weight of the individual tea packages in the
delivery, and interpret the result.
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Building on the introduction likelihood estimation in Chap. 3, we here present key
mathematical results related to maximum likelihood estimation. Under a data-
generating process that characterizes the stochastic variation of some outcome of
interest via a distributional assumption and some parameters 6, we next want to
find an estimate of @ for given observations y1, . . ., y,. There are multiple ways to
achieve this goal, for instance, maximum likelihood estimation, the method of
moments estimator, or general M estimation. Given these options, let’s first state
desirable properties of estimators: One would prefer an estimator that is correct in
expectation, has known uncertainty, follows a known distribution so that
confidence intervals can be derived, and is as robust as possible. In this context,
robustness means that the estimator should vary as little as possible under
repeated observations of the data.

In this chapter, we focus on maximum likelihood estimation and show in Sects.
4.1 to 4.3 that it enjoys three fundamental properties that relate to the desiderata
mentioned above and underscore the widespread use of maximum likelihood
estimators in applied statistics: First, we show that the error between the
maximum likelihood estimator and the true data-generating parameter converges
to zero as the number of observations increases. Second, we derive that under
repeated sampling the distribution of the maximum likelihood estimator converges
to a Gaussian distribution. The Fisher information gives the variance of the
estimator. Third, we introduce the Cramér-Rao bound as the minimal achievable
variance of an unbiased estimator and demonstrate that maximum likelihood


https://doi.org/10.1007/978-3-032-33658-3_4

estimators attain it. In summary, we show that the maximum likelihood estimator
is consistent, asymptotically normal, and optimal under unbiased estimators.

In Sect. 4.4, we examine the likelihood ratio and its distribution, a concept
revisited in Chap. 5 that helps specify formal hypothesis tests. The likelihood
function is derived from a distributional assumption, but what happens if this
assumption does not hold? In such settings, the specified distributional model does
not include the true, unknown data-generating process. As discussed in Chap. 3,
the Kullback-Leibler divergence provides a framework for deriving more general
results, showing that maximum likelihood estimation remains a robust approach
even when models are misspecified. We highlight this characteristic further in Sect.
4.6. We conclude with Sect. 4.8 by emphasizing the likelihood principle, asserting
that all information about the parameter is contained in the data, a principle that
holds even when data are only partially observed.

4.1 Properties of the Likelihood

Going beyond the material covered in Sect. 3.1, we here derive useful properties of
the maximum likelihood estimator. Like above, we thereby assume the data-
generating process (3.1), that is,

Y; ~ G(y), iid. withi=1,...n. (4.1)
We aim to approximate this data-generating process with the parametric model

Z = {F(-;0),0 € O).

We assume that some basic mathematical operations are valid on % and require
that the statistical model % is Fisher regular as formally defined in Appendix B.3.
Fisher regularity implies, among other things, that integration with respect to the
random variable and differentiation with respect to the parameter are
exchangeable.

We have derived in Sect. 3.1 that the closest distribution in % to the true data-
generating process can be obtained through minimizing the Kullback-Leibler
divergence. Thereby, we define the “true” parameter 6, implicitly through

p(2estn) _ [ dosstenn g g — (4:2)

00
ol ;00) . ol ;0 . . .
Note that 70%2/ ) is short for 70%;(2/ ) |0:00. We will rewrite this as a property of

the log likelihood function, which we define as

1(6) = Z;l log f(y; 0).

Sometimes, we write [(6; y) to stress that the likelihood depends on the data.
Treating the data as random implies that the likelihood function itself can be
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considered random. In this case, we have [(8) = >_7 ; log f(Y;;6), where the
observed data y; are replaced by the respective random variables Y; for

1 =1,...,m.We do not differentiate between the two versions in notation, but,
conceptually, these are different. With this in mind, we can reformulate (4.2) to
al(o
E( %) ) = 0. (4.3)

We term the first-order derivative of the likelihood function the score function,
and (4.3) says that the expected value of the score function is zero for the “true”
parameter 6.

The implicit definition for 6 stems from the general data-generating process,
wherein the expectation in Eq. (4.3) is determined by using the distribution G(-). If
we consider the scenario where G(-) belongs to .Z, i.e., assume that the actual
process generating the data is one among the set of distributions %, interesting
simplifications arise. In this case, there exists a unique parameter 6, such that
G(:) = F(+;60). As before, the parameter 8y denotes the true parameter. Identity
(4.3) has a different justification in this case, which we want to motivate next. Note
that for all parameters § € © we have that F(+; 6) is a proper distribution, which
means that the density integrates out to one:

1= f fly;0)d y (4.4)

This holds for all elements in %, that is, for all § € ©. Differentiating both sides of
Eq. (4.4) with respect to 8 and making use of the fact that integration and
differentiation are exchangeable gives

al af(y;0) af (v, 0) f(y:0)
O=—=| ——dy = dy
30 30 0 f(y:0)

d log ;0
[2ex] = f w Sy:o)dy,
- a0 _

s(0:v)

0
where s(6;y) = 50 log f(y; ) is the score function and the result

Olog(f(z)) _ 0f(x) 1

the score function has mean zero for the true parameter, i.e.,

E(s(6;Y)) =0, (4.5)
where we dropped the index 0 at  to simplify notation. Note that the expectation
is now calculated with respect to density f(-; #), that is, the parameter in the
density and the parameter in the score are the same. The statement in Eq. (4.5) is
called the first Bartlett identity. The interpretation of (4.5) is that although the

is used for the equality in the second line. This shows that



position of the maximum of the likelihood function may vary, on average, there is a
peak in the likelihood function at the true parameter, since the expected slope is
Zero.

Let us further differentiate both sides of Eq. (4.5) with respect to 6. Allowing
thereby that @ is a multivariate (column)vector, we obtain by incorporating the
transpose operator

30 9 0| FOyi ) £ 0)d
= = — log f(v; V; )
00T 00T J g0 =TT

02 dlog f(y:0) af(v;6)
2ex| = log f(v; 0 m0)dy o ~ - dy
[2x] f(awl og f(r; )) roiony+ [ 5L 204,

0

0’ dlog f(y:0) dlog f(y;0)
=FE loo Y: 0 + oJ N sJ\) -0y v

which is equivalent to
E(s(6;Y)(s(6;7))")

E
E(s0;v)(s(6;7))") - BE(s(6; Y))2 E(— 52 log £(Y36)) (4.6)
E

Var(s(@; Y)) <—39%% log f(Y; ‘9))7

where the second row holds due to E(s(@; Y)) = 0 and the third row is called the

second Bartlett identity. Note that this is a matrix-valued component if 6 is
vector-valued. As before, we point out that the expectation is taken over the
random variables Y; ~ f(-;0) fori = 1,...,n so that the parameter in the density
and the parameter in the arguments of the expectation and variance in (4.6) are
the same. We define the expectation on the right-hand side of Eq. (4.6) as the
Fisher information matrix, which is sometimes also called Fisher matrix or Fisher
information.

As its name suggests, the maximum likelihood estimate maximizes the (log)
likelihood function. Because the score function has a nonnegative variance, it
follows from (4.6) that the second-order derivative is, in expectation, negative.
This, in turn, guarantees that maximizing the log likelihood with respect to the
coefficient is a well-defined optimization problem, since the likelihood function is
concave and hence has a unique maximum. This property holds in expectation only.
For a concrete sample, we might encounter local maxima. The Fisher information
plays a fundamental role, as it indicates whether the maximization problem is well-
defined.

(— 5 log £(¥;0))



The term “information” can thereby be understood literally, and we can show
that the Fisher information grows in the same order as the sample size. We want to
demonstrate this with a simple example. Assume that data y; are normally
distributed, and assume for simplicity that the variance is known and equal to one.
In Fig. 4.1, we plot the resulting likelihood for three samples, one with sample size
n = 5 (black outer line), one with sample size n = 50 (blue middle line), and one
with sample size n = 500 (purple inner line). We see that the maximum gets more
exposed as the sample size grows. Mathematically, we can describe this with the
curvature at the peak. The curvature is thereby the second-order derivative, which
in turn is (in expectation) the Fisher information. The larger the database, the
larger the information. We combine all the above in the following definitions.
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Fig. 4.1 Log-likelihood function for p for normally distributed data with sample sizesn = 5 (black outer line),
n = 50 (blue middle line), and n = 500 (purple inner line)

Definition 4.1 The first derivative of the log-likelihood function is called thescore

function

Ol(G;y1,- - -sYn

Differentiating the score function and taking negative expectation yield
theFisher information (matrix)

. 0s(0;Y1,....Y,) \ 0%(0;Yq,. . .,Yy)
10) - () ()

If the data-generating process is within the model class, we obtain



Var(s(@; Y)) = I1(6). (4.8)

With these prerequisites, we can give a formal definition of the maximum
likelihood estimator.

Definition 4.2  For a random sampley, . . . y,, themaximum
likelihoodestimator is defined by

 —argmax [(0) =argmax I(0;y1,-..,Yn),
which, for Fisher regular distributions, occurs when

3(9) = s(é;yl,...,yn) =0.

For distributions that are not Fisher regular, the maximum likelihood estimator is
not necessarily estimable through differentiation. The following example shows
such a case.

Example 4.1 Assume that Y] are i.i.d. uniformly distributed between 0 and 6,
that is, Y; ~ Uniform|[0; 6] with the following density,

1
=z for0<y; <86
i;0) =147 R
Fyi;0) {0 otherwise

and likelihood function

1(6) = {(%)" for 02 max{y1, -, 4)

0 otherwise.
The log likelihood apparently results from

n log (%) for 0 > max(yi,...,Yn)

108) = .
—00 otherwise.

We see that the likelihood function is not continuous and in fact takes the form as

shown in Fig. 4.2. The maximum is achieved at the value y,,,,, = max(yy, ..., Yn)-



L(6)

|
max(yl' Hasly yn)

Fig. 4.2 Likelihood function for a uniform distribution on [0, 6]

We can further investigate a potential bias in the estimator, that is, we aim to
calculate E(Y,,,,), where Y., is the random variable corresponding to ¥,,,,.- Note
that

P(Ypa: <y) =P(1 <y) A(Y2 < y) A A (Y < ) = (F(y)"
holds since every random variable Y7, ..., Y, has to be smaller than some y for the
corresponding maximum to be smaller than y. Hence, the density of the random
variable Y}, =max {Y7,...,Y,} for any iid. random variables Y7, ...,Y,, is

IYee (Y) = %yy))n =n F"(y) f(y).

ForY; ~ Uniform(0; 6y) with 8 as the true parameter, the density turns out to
be

n—1
1. (y) = n(e_i) 7, fory<bo,

0 otherwise
Calculating the expected value leads to

bo 1 bo +1 6o
_ y" _ y" _ n Yy _ n
E(Ymam)—‘[; yn oy dy_ﬁ n@dy_n_ﬂ o 1o _n_Jrleo
We see that the estimator is biased downward and we have E(Y,,q.) < 6p.>

4.2 Consistency and Asymptotic Normality



The likelihood function itself is random, as it is a function of realizations of a
stochastic data-generating process. To illustrate, consider a simple example.

Example 4.2 AssumingY; ~ B(1,7) .i.d.,i = 1, ..., n with unknown
parameter m = P(Yi = 1), we set to mg = 0.3 in simulations. In this setup, it is
straightforward to derive that the maximum likelihood estimator for a sample

Yi,...,Ynisgivenbym =y =1 / n 2?21 (see Example 4.4). We vary the

number of observations n between 5 and 150, repeat the sampling and estimation
under a particular configuration 1000 times, and then plot the absolute error of
the estimators 7 in Fig. 4.3. As the number of observations n grows, the absolute
error vanishes. >
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Fig. 4.3 Boxplots showing the absolute error of maximum likelihood estimators for a binomial distribution with
mg = 0.3forn = 5,...,150 under 1000 repetitions

This finding suggests that this maximum likelihood estimator is weakly consistent
(see Definition 3.5),

P(lmr —7m| = 38) —— 0,
n— 00

since the absolute error gets arbitrarily small for large n. This phenomenon is not
particular to Example 4.2 but holds generally for maximum likelihood estimators.



Theorem 4.1  The maximum estimatorbis weakly consistent forfif the data size
used for the estimate goes tooo.

AP
0 — 6y asn — o0

We sketch a proof of Theorem 4.1 at the end of this section.

Example 4.3 Continuing Example 4.2, we show a sample of possibly observed
log-likelihood functions in Fig. 4.4 for n = 10 (left-hand side) and n = 100 (right-
hand side). For n = 10, there are 11 possible log-likelihood functions according to
the possible outcome of Y = Z;ﬂl Y; € {0,1,...,10}. The width of the functions
plotted in Fig. 4.4 is proportional to their occurrence probability. The same holds
for n = 100 on the right-hand side, but now there are 101 possible log-likelihood
functions. The top plots show the possible maxima of the log-likelihood functions
and the probability of each. The true value my = 0.3 is indicated as a vertical line.
Apparently, the log-likelihood function randomly varies under resampling the data,
supporting that it is a random variable. The maximum value of the log-likelihood
function also occurs in the vicinity of the true parameter 7. Finally, with
increasing sample size, the maximum likelihood estimator appears to follow a
normal distribution. This observation can, in fact, be formally proved, and we
conclude with the following result. >

i I = | P il

log likelhood
=20
1

log likelhood
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Fig. 4.4 Log-likelihood functions for a binomial distribution (w9 = 0.3). The top row represents n = 10, and the

bottom row represents n = 100. Lines are weighted by their probability. Note the concentration of the maximum
likelihood estimates 7 around the true parameter as n increases, illustrating weak consistency



Theorem 4.2  Assume a Fisher reqgular distribution with parameterf,from which

ani.i.d.sampleYy, ..., Y,is drawn. The maximum likelihood estimator is
asymptotically normally distributed with
6~ N(eg, I_l(eo)). (4.9)

A formal proof of this statement is lengthy; we, therefore, only sketch the main
ideas at the end of this section. Before doing so, we emphasize that (4.9) is the
central result in maximum likelihood theory and thus of fundamental importance
for inferring properties of @ under resampling. Knowing the behavior of the
estimator é, let us derive confidence intervals for the maximum likelihood
estimator for a reasonably large sample size n, since a pivotal distribution is
directly available from (4.9). This holds since the Fisher matrix I() can usually be
calculated quite easily or at least be approximated through simulations. We will get
back to the latter point in Chap. 8.

Apparently, the Fisher matrix depends on the true parameter, which is
unknown in practice. However, this difficulty can be overcome by substltutlng the

parameter with its estimator, yielding I (9) Provided that the estimate 6
concentrates around 6 for large n (see Theorem 4.1), this difficulty can be
overcome by substituting the parameter with its estimator, yielding 1 (é) The
inverse I ! (é) is then taken as an estimate for the variance matrix of the
maximum likelihood estimator, that is, ﬁr(é) = I_l(é). Writingé = (ék) and
6o = (0o ) and denoting the kth diagonal entry of any matrix X € RE*E with
K > k by X} i, this in turn means that for the k-th component of 6, we obtain

_Bbo) o N(0,1)
—— ~ y 1) 4.10
\/Var(G)k’k ( )

The following example demonstrates the above results.

Example 4.4 Assume that Y ~ B(n, 7). The log likelihood results to

I(m) = ylog (m) + (n — y) log (1 — ),
and the derivative leads to the score function

oUm) _y _ny . (4.11)

on s 1-m
Taking expectation, we see

oln)\ _ nx n—nm (1-m)nr—nr+nn?
E(a—w) T nT o lj;' m(1—m) =0.

Setting the score (4.11) to zero provides the maximum likelihood estimate 7T = E.
n

Taking the second-order derivative gives



?l(r) y n—y
oo — w2 + (1,71-)2 :

Calculating the expectation of the term above leads to the Fisher information

_ 0%1(m)
I(r) = B(-5e2)
T ay?
nr(1—mn)’+nn2(1—n)

m2(1—7)?

_ n(l-m)+nw
 w(1-m)
o n
- or(l-mw) ”
Hence, the maximum likelihood estimator 7 = Yy follows a normal distribution
n
| w1 -7)
with mean 7 and variance ———~. >
n

We now provide the proofs for the statements above: First, we sketch the proof of
Theorem 4.1.

Proof We denote the entire sample (y1, . . ., Y, ) with the corresponding random
variables (Y1, ...,Y,) byyand Y, respectively. By definition, the maximum
likelihood estimator 6 is the argument maximizing the likelihood [(6; y),
6 —arg max [(0;y) =arg max %l(@; Y),
0cO 0cO
meaning that f also maximizes the likelihood scaled with 1 / m. Using the law of
large numbers, it becomes evident that
L1(6;y) — E(1(6;Y)). (4.12)
Under regularity assumptions,! the parameter maximizing the right-hand side of
(4.12) then also converges in probability the parameter maximizing the left-hand

side. Finally, we need to show that the maximizer of the right-hand side is the true
parameter 6. Noting [(6; y1, - . ., Yn) =log f(y1,--.,Yn;0), we can write

Y;0
B(log f(Y;6)) — E(log f(Y60)) = B(log (7% ))
for any € ©. Since the logarithm is a concave function, applying Jensen’s
inequality yields

(s () <tos £( 325 v [ 12 st

=log ff(y; 0)d y =log (1) = 0,

(4.13)



where the first inequality uses that the true data-generating parameter of Y is
f(y; 6p) and the second equality follows since f(y; ) is a density for all § € ©,
which integrates to 1 by the probability axioms of Kolmogorov. Finally, we can
rearrange (4.13) for any 6 € O as follows,

E(1(0,Y)) < E(l(60,Y)),
showing that 6 is the argument maximizing E(I(0,Y")) over § € ©. We have thus
shown that § 4, ¢, » proving the weak consistency of maximum likelihood

estimators. O
Second, the proof of Theorem 4.2:

Proof We now want to sketch the proof of the asymptotic normality of the
maximum likelihood estimator. Note that the maximum likelihood estimator is
defined through

A

0 = s(6).
Applying a zeroth-order Taylor series expansion around 6y and writing the rest in
the Lagrange form lead to

0 = s(8) = 5(60) + 224 - 6y), (4.14)
where 0 lies on the line between @ and 0. Solving (4.14) for 0 — 0y gives
— 0, = _[3;;9] s(6o). (4.15)

Note that the score can be written as

n

d log f(¥;: 6p)
s(6p) = Z 90 ’

=:5;(6)

i=1"

where s;(6y) are independent identically distributed random variables with mean
value 0. The central limit theorem and (4.8) yield

s(8o) ~ N(0,I(6)). (4.16)

Moreover, bear in mind that
n
0s(0) E 9si(0)
00T i=1 00T

meaning that the second-order derivative of the log likelihood grows with order n.
This, in turn, means that its inverse decreases with order 1 / n. Looking at (4.15),

we can conclude that with increasing sample size we obtain 6 — 0, and therefore

0 — 6, Consequently, for increasing n, formula (4.15) can be approximated
through



00T
The matrix term itself can be written as

3:%‘(90) _E 29:%‘(90) N 3:%‘(90) _E 3:8‘(90) .
00! 00! 00 060 |
= —1(0p) —: U(f)
Note that U(6y) decomposes to

n
ds; (6p) [ 0s5i(6p)
U =2, 1 E( o0 )

i=1.

~ -1

Ui (6p)

where the U;(6y) are independent matrix valued random variables so that U (6)
has standard deviation of order y/n, while I(6y) grows with order n. This in turn
allows to simplify (4.17) further by dropping U(6,) so that we end up with

(0 — 00) ~ I_l(eo) 3(00). [418)
Utilizing (4.3) directly proves (4.9). O

4.3 Cramér-Rao Bound

The concept of asymptotic normality enables the construction of confidence
intervals. We will now establish that the maximum likelihood estimator is not only
consistent but also efficient, meaning that it holds the smallest possible variance
among unbiased estimators (see Definition 3.3). To achieve this, we will examine a
central mathematical concept known as the Cramér-Rao bound. It refers to the
independent contributions derived by Cramér (1946) and Rao (1945). However, it
is important to note that several other authors also reached the same conclusion,
with one of the earliest references being Fréchet (1943).2 The result is as follows:

Theorem 4.3 Letd = (Y1, ...,Y,)be an estimator offbased on the data

Yi,..., Y withY; ~ F(-;60),i.i.d., whereF(-; 0)is a Fisher regular distribution. The

mean squared error oféis always larger than the lowerCramér-Rao bound:

1+ 8Bia;§é,60)
1(60)

MSE(,6y) > Bias*(8,00) + - ) _ CR(6,6,)

If the estimator is unbiased, we get

MSE(9,6) > 15 (4.19)



A proof sketch is given at the end of this section. For simplicity of notation, we
omitted any vector or matrix notation and assumed (without loss of generality,
though) that @ is a scalar.

The Cramér-Rao bound demonstrates why the inverse Fisher information plays
a central role. In fact, for unbiased estimators or at least for asymptotically
unbiased estimators like the maximum likelihood estimator; it proves that the
inverse Fisher information is the smallest variance achievable. In other words, it
shows that maximum likelihood estimation is efficient. One could literally
reformulate this to “the maximum likelihood approach makes the most efficient
use of the data.”

Proof Here, we prove the validity of the Cramér-Rao bound. Note that for
unbiased estimators we have

0 =E(6) = ft(y)f(y; 0)d y.

Differentiating both sides with respect to 6 yields

1 = f t(y) L™ d y
_ ft(y)%éy;e)f(y;@)dy
= ft(y)S(y;é’)f(y;G)dy

ol ;0 :
°8/W9) The score function has mean Zero,

00

E(S(H; y)) = IS(G; y)f(y;0)d y =0,

where s(0;y) =

which implies

1= [uwsenrmaay - [ (1) - 0)(s0:)-0) s 0a vara y

= Cov(t(¥);5(6;)).
Invoking the Cauchy-Schwarz inequality (A.8), we obtain

1= Cov(#(Y); 5(6;Y)) < /Vars(t(Y))/Vara(s(6; ).

Note that


https://doi.org/10.1007/978-3-032-33658-3_BM1#Equ8

Vars(s6,1)) = [ (s(6:)-0) " fts 000y
= f82(9;y)f(y;9)dy

_ f 3logafe(y,0) 8logg.9(y,0) f(y; H)d y

= 1(6),
using (4.6). According to Definition 3.3, we have Vary(t(Y)) = MSE(¢(Y), ) for
unbiased estimators. So the following statement holds

1 < /Varg(t(Y))/Varg(s(6;Y))
W </ Varg(t(Y))

T < MSE(#(Y),0),

which concludes the proof. For simplicity of notation, the final lines were written
down only for univariate statistics and parameters, respectively. O

4.4 Likelihood Ratio

After investigating the mathematical properties of the maximum likelihood

estimator é, let us look at the likelihood function itself, which is sketched in Fig. 4.5.
The asymptotic statements derived above relate to the horizontal axis, i.e.,

statements concerning 06— 0y. However, statements about the likelihood function
[(0) refer to the vertical axis. For the latter, we define the log-likelihood ratio.

1(6)

1(6)

(N}




Fig. 4.5 Sketch of log-likelihood function. Asymptotic properties of 0 refer to “horizontal” statements, while

properties of [(#) look at the “vertical” perspective

Definition 4.3 Thelog-likelihood ratiois defined as
A A L
ir(6;0) = 2{1() — 1(6)} =2 log % (4.20)
withL(0) =exp (I(0))as likelihood function.

The role of factor 2 above will become apparent in the subsequent property. By

A

definition, the log-likelihood ratio is always nonnegative since [(6) defines the

maximum of the log-likelihood function. Considering the estimate 6 as a random
variable turns the likelihood ratio into a random variable as well, for which we can
derive its asymptotic distribution. In other words, besides the asymptotic
distribution on the horizontal axis, we can derive a related statement for the
vertical axis.

Property (Likelihood-Ratio) The likelihood ratio (4.20) for a Fisher regular
distribution converges for sample size n increasing to a Chi-squared distribution %;,2

with p degrees of freedom, that is,
2{1(0) — 1(60)} ~ &2, (4.21)

where p is the dimension of the parameter. 0

We sketch the proof below. We emphasize that this statement will play a central
role for statistical tests and will be reused in Chap. 5.

Proof Proof of asymptotic distribution of the log-likelihood ratio. Applying Taylor
series expansion, we get

/(e)wl(éwm(é)(e fé)+1(9 — ) 01(6) By — )
0) ~ ‘ﬁ—?\—/_() 7 0 39391 0 (4.22)
—0
~ a1 21(9 N
@2{1(0)—1(00)} ~ — (6, — ) (geg(ji)(eo—e). (4.23)

Using rigorous asymptotic arguments, which we simplify here, one can show that
the second-order derivative above can be approximated through its expectation
calculated at the parameter 6y, I(6y). Therefore, Eq. (4.23) can be simplified to

2{1(6) ~ 1(60)} = (60 - 8) 1(60)(80 — 6). (4.24)

Using Eq. (4.18), we can approximate 8 — 6§ with I71(80)s(0y) which allows to
simplify (4.24) further to



2{1((9) - 1(90)} ~ —5(80) I~ (80)s(6p). (4.25)
Given (4.16), we can utilize (B.5) to show (4.21). O

4.5 Parameter Transformation

Often, the parameter of a model is restricted, for instance, in a Binomial model, the
parameter 7 is restricted such that 0 < 7 < 1. Maximization in the presence of
restricted parameters can be numerically difficult, and it is therefore often helpful
to transform the parameter into an unrestricted space, estimate this transformed
parameter, and, finally, transform it back to its original scale.

Example 4.5 For a binomial model, instead of maximizing with respect to
7 € [0, 1], one can maximize with respect to

y=log (%) €R & =1l e0,1).

>

Generally, let 8 be the parameter of a model and define the log likelihood as l5(6),
where we include the subscript to demonstrate the parameterization. Let v = h(6)
be some invertible transformation, so that @ = h~*(-y). The log likelihood for ~ is
then

Differentiation leads to

’_ie_\ ’_ie_\
oL () ohi0)
Oy T 06 oy

—

Setting ¥ = h(6) leads to
oy (7)  0lp(0) 00

~ — =0,

37 90y
e e’

=0

A

so thaty = h(0) results as maximum likelihood estimator of the transformed
parameter. Hence, we obtain the maximum likelihood estimate of the transformed
parameter just by transforming the maximum likelihood estimate of the original
parameter. Taking the second-order derivative (assuming for simplicity a scalar-
valued parameter) yields


https://doi.org/10.1007/978-3-032-33658-3_BM1#Equ13

Ly _ @ (819(0) ao)

yoy T~ Oy 00 oy

_ ZLO) o0 | 9O 5%
T 0y00 Oy 00 Oy O

99 9%1,(6) 98 aly(0) o6

Oy 0000 0O~ 00 Oy
Taking expectation leads to
%L, (y)
L (y) = E(- =120
dy dy
00 a6

"2 .
-l a=lg(0)
- at) oo

) = 0. In other words, the Fisher information for v easily results

Alg(0)
00

from the Fisher information for 6. This in turn leads to
5 AN(y, ()

~ a 0 —1 0
57 AN(y, 21,0 %).
We can conclude that parameter transformations can be handled easily in

maximum likelihood estimation and the asymptotic results extend directly to the
transformed parameter.

since E(

4.6 Misspecified Models

In Chap. 3, we initially approached maximum likelihood estimation with the
perspective that the data followed the general data-generating process (3.1). The
motivation behind maximum likelihood estimation stemmed from seeking the
distribution within the statistical model % = {F(-;6); 0 € O} that best
approximates G(-). This alignment was measured using the Kullback-Leibler
divergence as a nonsymmetric measure of distance.

In the current chapter, we have so far focused on cases where G(-) € Z.
However, we are now moving to broaden our scope. Let us explicitly assume that
G(-) € &. The distribution in # which is closest to G(-) was implicitly defined
through

f A0 4G(y) = B(s(60)) = 0, (4.26)

so that the first Bartlett identity (4.5) remains valid, even though through different
reasoning as derived in Eq. (3.3). However, the second Bartlett identity does not



hold. Instead, we obtain the Fisher matrix through

821(8o
1(90) = f agégT) dG(y)7 (4-27)
while the variance of the score equals

V(6o) := f 5(0)s " ()dG(y) = Var(s(6y)). (4.28)

In general, we have for G(-) ¢ % that V(6y) # 1(6)). This makes statistical
inference slightly more complicated and Theorem 4.2 extends as follows.

Theorem 4.4 Assume a model % of Fisher regular distributions and ani.i.d.

sampleYy, . .., Y,drawn fromY; ~ G(-). The maximum likelihood estimator is
asymptotically normally distributed with
0 ~ N (60, I7(60)V(60)I (60)), (4.29)

wherebis the parameter that minimizes the Kullback-Leibler divergence
KL(G(-),F(-,0))forf € ©. The Fisher informationI(0y)is derived through (4.27),
and the varianceV (6y)equals (4.28).

The proof of the statement is rather straightforward and given at the end of this
section.

It should be noted that since G(-) is unknown, neither the Fisher matrix nor the
variance can be calculated analytically. However, empirical estimates are readily
available. To obtain these, one just replaces the integral by its arithmetic version
based on the data. This leads to the estimates

n
5 1 8%logf(yi;0)
[(6o) = Zz’l 0000

n ~ ~
- ol ,';0 ol ,';0
V(60) = % E L oggéy ) Ogg;(g ) :

which can then be inserted in (4.29) to obtain a pivotal distribution.

The proposed estimates thereby have a long history since inference in
misspecified models is of central importance in real-world data examples. As
sketched in Chap. 3, the true data-generating process remains unknown in nearly

all cases. Hence, it is important to obtain inference on the parameter estimators 0
even if G(-) ¢ . This was focused in particular in regression models in the
presence of heteroskedasticity, where Eicker (1967) and Huber (1967) proposed
so-called robust variance estimates (see also White, 1980). Their estimates are the
same or similar to (4.29).

Proof Itremains to prove Theorem 4.4. Taking (4.26), we expand the score
around 6y which gives



0 =s(6;y1,---,Yn) (4.30)
~ 5(00;91,- -, Yn) — J(B0; 1, - -, yn) (6 — 60)

S (0-00) ~JT Y00y, Yn)sO0; Y1y - - s Yn),
where J(0) is the observed Fisher information defined through

n
82log f(yi;0
VOTRR Y G 0)
The observed Fisher information can asymptotically be replaced by its expected

value given in (4.27) so that (4.30) can be written in short as

(9 — 00) ~ I_l(eo)s(e()). (4.31)
Reflecting that the score is a sum of independent random variables proves
normality following from the central limit theorem, where the mean and the
variance directly follow from (4.26), (4.27), and (4.28). O

4.7 Numerical Calculation of the Estimate

In today’s landscape, optimizing a function numerically is no longer a technical
hurdle due to the abundance of algorithms integrated into various software
packages. Consequently, we can keep this section brief. However, the properties we
derived for the maximum likelihood estimator synergize nicely with a simple
method called the Newton-Raphson procedure.

To reiterate, let us outline the Newton-Raphson approach using Fig. 4.6. Our
goal is to locate the root of the score function, illustrated in the top row. By
initializing the parameter at a starting value 1), we can approximate the score

function linearly. This linear approximation is depicted in the middle plot of Fig.
4.6. Notably, for linear functions, the root can be found analytically, leading to the
parameter update 0(2). Continuing iteratively, as demonstrated in the bottom plot

of the figure, yields the update 63y and so forth. This iterative process ultimately

converges to the maximum likelihood estimate 6.



alLe)
a0
é
// ]
al(o)
00
é
aLo)
a0

o
/3(3/ b O 0

Fig. 4.6 Sketch of Newton-Raphson procedure

We apply the same idea to the calculation of the maximum likelihood estimate.
The Newton-Raphson approach can here be simplified by replacing the derivative
of the score function, which is the second-order derivative of the log-likelihood



function, by its expectation, that is, the (negative) Fisher matrix. This is called
Fisher scoring.
Note that in first-order approximation, we have

0= s() ~ s(6g) — I(6o)(6 — ).
Rewriting this gives

0 =0+ 1(8)s(6o).
The simple iteration scheme can now easily be derived from this formula. Starting
with some value 6 ) and setting ¢t = 0, we iterate as follows:

1.

Calculate 0 ;1) := 0y + I 1(0(1))s(0))-
2.

Repeat step 1 until ||6;,1) — 0 || < d.

3. A oA
Setd = 0(t+1)-

As with any Newton-Raphson procedure, the process may fail if the starting
value 6g) is too far away from the target value 6. In this case, it can help to work
with a reduced step size. Hence, one can add some 0 < § < 1:

Ot1) = Oty + 01 (0(1))s(0(r))
The step size can even be chosen adaptively based on the current step ¢, i.e., §(%),
which traces back to Robbins and Monro (1951).

4.8 The Likelihood Principle

Using the likelihood has proven to be quite advantageous. This concept can be
taken a step further by adhering to the likelihood principle. This principle operates
in two main steps: First, one picks a probability model. Second, one then derives
the (log-)likelihood function which in fact contains all information about the
parameters of the model.

Definition 4.4 The likelihood principle states that for inference about a
parameterfall relevant information is contained in the likelihood function for the
data at hand

To illustrate the likelihood principle, let us consider a simple example. Imagine we
are measuring air pollution, specifically, the concentration of airborne particles
denoted as Y. To measure Y, we are using a device with a predefined and known
level of precision, represented by c. If the air pollution value Y falls below this



precision level, the device is not capable of providing an accurate measurement.
Any values below this threshold c are essentially unrecordable due to the technical
limitations of the device. When such measurements occur, they are noted as c in
the data. This notation signifies that the actual value Y is less than or equal to c.
These instances are referred to as “censored” observations. We demonstrate the
idea with a simple example. In Fig. 4.7, we show some simulated data. The
measurements y are thereby generated through y; =exp (z;) with z; ~ N(—1,1).
Hence, the measurements follow a log-normal distribution with 4 = —1 and

0% = 1. The horizontal line is the precision threshold, with the true values below
this threshold shown in gray. Note that these values remain unobservable and they
are shifted to the threshold level, which in this case is ¢ = 0.5.

observation

Fig. 4.7 Simulated data with a precision threshold. Values below this threshold are set to the threshold. The true
simulated values below the threshold are shown as gray points

In our scenario, we take a log-normal distribution for the measurements or,
equivalently, a normal distribution for the logarithm of the measurements. Our
interest lies in the parameters p and 2. Taking the recorded data and just
calculating the mean value of the logarithmic measurement would lead to the
optimization problem

Zizl(log (i) — H)z — min.

In the data example shown in Fig. 4.7, we end up with the mean estimate
1 = —0.42, which is clearly biased. Hence, the resulting mean estimator is biased



upward and hence takes too large values, which is obvious since observations with
value y; = c are censored and just represent the precision level of the
measurement device and not the true air pollution.

Instead of taking the mean of the observed data, the likelihood principle would
lead to a more elaborate extraction of information. For observations with y; > ¢,
we obtain from the density of a normal distribution. However, for observations
y; = ¢, we know that the true air pollution value is below c, leading to the
likelihood contribution P(Y; < c). Putting this together gives the log likelihood

I(u,0?) = E . I{Y; > ¢} [—% log 0 — %“"g(lg—g“)z] (4.32)
I E Y < c}@(%), (4.33)

where ®(-) is the distribution function of a standard normal distribution and the
latter terms express the probabilities

PY; <c; ,u,(fz) = P(log(Y;) <log(c): ,u,(rz)

—_— (4.34)
~N(t.0?)
_p log(Y;) — i - log(¢) —
. o - o (4.35)
~N(O, 1)
== @(%) (4.36)

Applying this to the data shown in Fig. 4.7, we get u = —1.04 and 5% = 1.04, which
is very close to the simulation values.

In summary, the likelihood stands as a foundational cornerstone in statistics,
and it will be a recurring concept throughout the rest of this book. Its applicability
extends directly to more complex models than those discussed here. With the
assurance of efficiency, we can be certain that we are making optimal use of the
available data.

4.9 Exercises

Exercise 1 Consider two samples from a Bernoulli distribution with parameter
p- The first one has 2 successes over 10 trials, and the second one has 20 successes
over 100 trials.

(a)

Write down the likelihood function and compute it for both samples.

(b) Can you find the value of p which makes the likelihood function take the
maximum value possible for those two samples? What about the general case



of a sample of n trials from any Bernoulli distribution with parameter p?

(c)

Draw the two likelihood functions and compare them. Which one of the two
samples, in your opinion, contains more information? And why?

Exercise 2 Consider the geometric probability distribution

-1
flz|p)=p(1—-p)" ;pe(0,1), ze{1,2,3,...}.
This distribution, sometimes also called the inverse Bernoulli distribution,
counts the number of independent Bernoulli trials that take place until a success is
realized.

(a)

Suppose that we draw an independent sample (X . ...X,,) from this
distribution. Write the log-likelihood function of the sample.

(b) .
Find the maximum likelihood estimator (MLE) p for p, and prove that it is

indeed the MLE.

(c) _ _ . . .
By using the asymptotic properties of the MLE, derive the asymptotic
distribution of the ML estimator p.

Exercise 3 You are given an i.i.d. sample X = (X3, ..., X,) of continuous
random variables X; with the following density:
]- _ 3 2 % .
f(xi;0) = ——=0 > 2fexp | —55 |, >0, i=1,...,n (4.37)
V2r

Further, E(X;) = 0 and Var(X;) = 360 hold.
(a)

Determine the maximum likelihood estimator for 6. Note: You don’t have to
show that the MLE is indeed a maximum.

(b)
The provided distribution fulfils the criteria for Fisher regularity. Show that
1.5
the expected Fisher information is I x(6) = 9217, :

(c)

Determine the approximate distribution of the following statistic:

YiaXP 3
T(X)= =3~
(d) A standard approach to the construction of the (1 — ) confidence interval
for a parameter is the Wald interval. In case of the MLE, we make use of its

asymptotic variance so that the interval looks like this:

[nAnfr + Y a Al Tﬁl(ﬁ)n/rr\\.|




YL == ~1l—Q/2\ X \YmL))]

Calculate an approximate (1 — «) confidence interval (o = 0.05) for 6
using the following sample:

z =(-2,1,0,-0.5,2,1,0,0.5,2,—1,0,0.5,2,1,0, —0.5)

References

Cramér, H. (1946). Mathematical methods of statistics. Princeton University Press.

Eicker, F. (1967). Limit theorems for regressions with unequal and dependent errors. In Proceedings of the fifth
Berkeley symposium on mathematical statistics and probability, Berkeley, CA, 1965/66 (Vol. I: Statistics, pp. 59-
82). University California Press.

Fréchet, M. (1943). Sur I'extension de certaines évaluations statistiques au cas de petits échantillons. Revue de
I'Institut International de Statistique,11, 182-205.
[https://doi.org/10.2307/1401114]

Huber, P.]. (1967). The behavior of maximum likelihood estimates under nonstandard conditions. In Proceedings
of the fifth Berkeley symposium on mathematical statistics and probability, Berkeley, CA, 1965/66 (Vol. I:
Statistics, pp. 221-233). University California Press.

Rao, C. R. (1945). Information and the accuracy attainable in the estimation of statistical parameters. Bulletin of
the Calcutta Mathematical Society,37, 81-89.
[MathSciNet]

Robbins, H., & Monro, S. (1951). A stochastic approximation method. The Annals of Mathematical Statistics, 22,
400-407.
[MathSciNet][https://doi.org/10.1214/aoms/1177729586]

Stigler, S. M. (1980). Stigler’s law of eponymy. Transactions of the New York Academy of Sciences,39(1), 147-157.
[https://doi.org/10.1111/j.2164-0947.1980.tb02775 ]

White, H. (1980). A heteroskedasticity-consistent covariance matrix estimator and a direct test for
heteroskedasticity. Econometrica,48, 817-838.
[MathSciNet][https://doi.org/10.2307/1912934]

Footnotes

1 Namely, that the maximizer of E(I(6; Y1, . ..,Y,)) is unique and the convergence is uniform, i.e., holds for any
, and the function E(1(#;Y)) continuous.

2 See Stigler (1980) for a more general discussion on the phenomenon of concepts not being named after the first
inventors itself called Stigler’s law of eponymy.



https://doi.org/10.2307/1401114
http://www.ams.org/mathscinet-getitem?mr=15748
http://www.ams.org/mathscinet-getitem?mr=42668
https://doi.org/10.1214/aoms/1177729586
https://doi.org/10.1111/j.2164-0947.1980.tb02775.x
http://www.ams.org/mathscinet-getitem?mr=575027
https://doi.org/10.2307/1912934

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026
G. Kauermann et al., Statistics—Coping with Uncertainty, Textbooks in Statistical Science
https://doi.org/10.1007/978-3-032-33658-3 5

5. Data-Driven Decisions

Goran Kauermann! —, Giacomo De NicolaZ, Cornelius Fritz2 and David Riigamer*

(1) Department of Statistics, LMU Munich, Munich, Germany

(2) Harvard T.H. Chan School of Public Health, Harvard University, Boston, MA, USA
(3) School for Computer Science and Statistics, Trinity College Dublin, Dublin, Ireland
(4) Munich Uncertainty Quantification Al Lab, LMU Munich, Munich, Germany

Statistical inference is commonly understood as the process of decision-making based on
statistical tests. It is a central pillar of statistical reasoning and ultimately revolves
around hypothesis tests and p-values. We will provide a gentle introduction to the topic
that follows the chronological development of the different ideas. We therefore begin
with the concept of a p-value before formally introducing hypothesis tests. Our main goal
is not to present a full catalog of different test procedures but rather to motivate the
(simple) core ideas of statistical tests. From there, different test strategies naturally
follow. We also present the key mathematical results that underpin optimal tests.
Furthermore, we show that hypothesis tests and confidence intervals, as discussed in
Sect. 3.4, are closely related and can be viewed as two sides of the same coin.

5.1 Statistical Evidence and the p-Value

We begin by focusing on data-driven decision-making, starting with the assessment of a
specific hypothesis. One should therefore bear in mind that we can rarely prove that a
hypothesis holds; we can, however, collect evidence against it. When such evidence
becomes sufficiently strong, it calls the hypothesis into question and may lead us to
reject it. To illustrate this idea, consider the hypothesis that the Earth is flat. One might
adhere to this belief until enough evidence is accumulated to contradict it, such as
satellite imagery or measurements of the Earth’s curvature. In the context of statistical
inference and uncertainty quantification, our goal is therefore to construct a measure
that captures the strength of evidence against a given hypothesis.

We motivate the idea with a historical example. Pierre-Simon Laplace (1749-1827)
was one of the most influential mathematicians of his time. He not only proved the
central limit theorem but also made numerous lasting contributions to mathematics,
many of which remain foundational today. He can also be regarded as an early pioneer of
statistical thinking, having addressed precisely the question central to our discussion:
How much evidence is required to reject a hypothesis? Laplace turned his attention to
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the gender ratio of newborns, a phenomenon already noted in his time due to the
consistently higher number of male births. This raised the question of whether the
observed imbalance was merely the result of chance or instead reflected a natural law
governing human reproduction, implying a systematically higher probability of male
births. At the time, such natural laws were often associated with religious interpretations
and viewed as manifestations of divine providence, a connection Laplace explicitly
rejected. Remarkably, Laplace collected data from various regions across Europe and
found strikingly consistent patterns. Even so, he refrained from asserting the existence of
a universal law until a sufficiently large body of data—by the standards of the time—had
been assembled. Methods for formally quantifying evidence against a hypothesis were
not yet available, and numerical calculations were laborious. These limitations led
Laplace to develop a series of approximations to address the problem.

To make this idea concrete, let us consider the question using contemporary data.
Suppose we entertain the hypothesis that boys and girls are born in equal proportions.
In 2021, however, 408,490 boys were born in Germany, compared to 387,027 girls. How
much evidence do these data provide against the hypothesis? Figure 5.1 illustrates this
question: the left panel shows the number of newborns by gender, while the right panel
displays the proportion of male births over recent years. As Laplace did in his time, we
may ask whether the observed imbalance provides sufficient evidence to reject the
hypothesis of equal gender proportions. At the same time, we can formulate a related
question: Is the gender ratio constant over time? The right-hand panel shows some year-
to-year variation, with a noticeable peak in 2020. s this peak merely the result of
random fluctuation, or does it indicate genuine temporal variation? Notably, 2020
coincides with the onset of the COVID-19 pandemic. This raises the question of whether
the pandemic may have influenced the gender ratio of newborns.

o
=] [
< | L
5] < T
g /\/ w —
w L= 1
= _ Q
= = [Te!
g2 8 2 & |
F © 7 8 <
< 8 . =
N -y I’ E N
| o s 8
o L ’
g S
= 1 I I T T I T T T
® 2017 2018 2019 2020 2021 2017 2018 2019 2020 2021
year year

Fig. 5.1 Left-hand side: number of male (solid line) and female (dashed line) newborns. Right-hand side: proportion of
males in the last years

To address these questions more formally, we begin by defining the hypothesis of
interest.

Definition 5.1 We denote the hypothesis asHyand call it thenull hypothesis.



In statistical significance testing, which we develop in the following sections, hypotheses
can often be formulated as statements about model parameters. As an example, we
revisit the gender distribution of newborns and model it using a Bernoulli distribution.
Let Y; denote the coded gender of the i-th newborn, where Y; = 1 represents a male
child and Y; = 0 a female child (for simplicity, we ignore nonbinary categories here). The
number of newborn male babies in a year then results through ¥ = Z?Zl Y;, where n
equals the number of newborns in the considered year. Assuming independence—at
least approximately—it follows that

n

Y :=  Yir B(n, ).
This allows us to formulate the hypothesis as
Hy: 7= %

Next, we need to construct evidence against the hypothesis. It is not difficult to see that
7 =Y / nis the maximum likelihood estimate, and the further away 7 is from 1/2, the
more evidence there is against the hypothesis. While this intuition is straightforward, the
real challenge lies in quantifying this evidence. This can be done with the so-called p—
value, a concept which traces back to the abovementioned analyses of Laplace but which
was formally introduced by Pearson (1900) and heavily promoted by Fisher (see, for
example, Fisher, 1955).

Definition 5.2  The p-value expresses the probability of observing data that contradict
the hypothesis even more than the observed data, assuming the hypothesis to hold.

This definition needs some motivation. If the hypothesis holds and males and females
are born in equal proportions, then we could calculate the probability of observing even
more male babies than the number observed in a particular year. To be concrete, in 2021,
we observed y.s = 408.490 male babies out of n = 795.478 newborns. We denote the
observed data with the subscript obs. If we define our Hy to be an equal gender share
and we assume that to be true, we obtain the p-value through

p-value := P(Y > yus | Ho),
where conditioning on the hypothesis means that we assume

Y ~ B(795.478, 7 = 0.5).
This formulation focuses specifically on deviations in the direction of excess male births.
An exact calculation would be computationally demanding, but the central limit theorem
provides a powerful simplification. Indeed, once Laplace derived the central limit
theorem, he could have calculated the p-value for the gender example at that time. Note
that under Hj the variance of Y is given by n - w(1 — 7), which in our example reduces
ton - 0.5 - 0.5. A straightforward calculation therefore yields



p-value = P(Y > v | Hp)

P( Y —n-05 Vobs — 1 - 0.5)
= >
vin-0.5-0.5 vin-05-0.5
AN, 1)
408490 — 795478 /2
- 1o 2o
795478 - 0.25

=24.1082

~ ()

where ®(-) is the distribution function of the standard normal distribution. The p-value
is effectively zero. Hence, the probability of observing data that contradict the hypothesis
even more strongly than the observed data is negligibly small. Consequently, the
numbers that we observed carry strong evidence against the hypothesis. We can
therefore reject the hypothesis and, in this case, conclude that males are more frequent
among newborns than females.

Fisher argued that the smaller the p-value, the stronger the evidence against the null
hypothesis Hy, and he proposed the following thresholds:

p-value < 0.1 < weak evidence against H)
p-value < 0.05 < increased evidence against H)
p-value < 0.01 < strong evidence against H
Let us continue with the birth examples but now question whether there is evidence
that the gender proportion changes over time. To do so, we look at the right-hand side of
Fig. 5.1. Let Y; be observed male newborns in year t and }_"t =Y, / n; the corresponding
observed proportion. The hypothesis is now that
Hy :Y; ~ B(n4, ) for t = 2017,...,2021, (5.1)
where 7 is explicitly unspecified—assumed to be unequal to 1/2—but constant over
time. There are multiple ways of checking this hypothesis, but to keep it simple, we look
at pairwise comparisons of the years. For 2 years t and ¢/, we look at the quantity
Dy =Y, — Yy (5.2)
The larger the absolute difference, that is, the larger the absolute value of D; 4, the more
evidence there is against the hypothesis that the gender proportion is time constant. We
can again rely on asymptotic normality, and we assume the events in different years to be
independent. A p-value for the 2 years t and ¢/ can then be calculated as follows. Let
dt v 0bs be the observed values, for instance, comparing years 2020 and 2021, we have
Y1 = 0.5134825 and yao = 0.5139873 so that da; 29 obs = —0.0005048. Note that if Hy
holds, then D 4 should have zero mean since 7 is the same in both years. This can be
utilized and the p-value results through



p-value = P(|D; /| > |d21 20,005 | Ho)

D,y i i vhziby
_ P(‘ t.1 | 1.t 0bs D
v Var(D; ) ! V Var(D, )
— —
AN(0, 1)

The variance can be estimated through the binomial distribution in the form

‘//ET(Dt,t/) == Yt*(lin) + Yu*(liyu),

T Ui

where the sum follows due to assumed independence between different years. In Fig.
5.2, we show the resulting standardized values of d; 4/ ,»s with an over-imposed standard
normal distribution for the ten pairwise comparisons of the years 2017 to 2021. The
resulting p-values are shown on the right-hand side. We see that the variation visible in
Fig. 5.1 can be explained by pure random fluctuation, and there is no evidence that the
proportion of male newborns varies over the years. Putting it differently, the data give no
evidence that 2020 was special, and the peak visible in Fig. 5.1 for that year is fully
explainable through randomness.
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Fig. 5.2 Left-hand side: standard normal distribution and standardized values of d; ¢ ops. Right-hand side: resulting p-
values

The p-value is calculated from data, and hence, considering the data to come from
some data-generating process, one can consider the p-value itself as a random variable.
This is an interesting perspective that we want to elaborate further. To do so, we look at
an artificial setup, which allows us to demonstrate the relevant mathematical features.
We consider a simple parametric test and assume that Y; ~ N(u, 0?), i.i.d., where for
simplicity o2 is known. Our hypothesis is expressed on the parameter p

Hoy: p < po.
To quantify the evidence against the hypothesis, we make use of Y = Z?_l Y; / n,

where apparently large values speak against the hypothesis. Let y.s be the observed
arithmetic mean. The p-value then results through

p-value = P(Y > Yops | Ho).



This number can be calculated explicitly. Note first that the above probability gets
maximal for p = . This allows us to calculate

p-value = P(Y >y, | it = o)

Y — o Yops — M0

- P( o o )
vVo-/n vVo=/n
— o —"

~N(0,1)

—1 - cb( Yobs — MO )
Voli/n
A
=Zlobs

Note that z, is based on the data, which can itself be treated as random. In this case,
Zops ~ N(0, 1) with 2z as its concrete realization. Treating now Z,s as random makes
the p-value random as well, and we may formulate the distribution

P(p-value <p) = P((1—®(Zws)) <p)
= P(®(Zops) > 1 —p)
:1_P((I)(Zobs)<1_ )

=1-P(®Y®(Zus)) < ®71(1—p))
=1- P(Zobs s <I> -p))
=1-3(® Y )

=1-(1 —p) = p.

Hence, we find that under the hypothesis, the p-value has a uniform distribution. This is
an important property and a requirement for the p-value to be unbiased. We summarize
this statement as follows.

Property Ifthe hypothesisHyholds, then the p-value follows a uniform distribution, that
is,

p — value ~ Uniform|0,1].

But what happens if the hypothesis does not hold? We can carry out analogous
calculations. Let u be the true mean value and assume now that p > . In other words,
the null hypothesis is false. In this case, Zps ~ N(0, 1). But we can still calculate the
distribution of the p-value. Note that

Y —p Y —po =
Joli/n Joi/n Joli/n
— e’ [ —

~N(0,1) ﬂN( =it _1)

2,
a=/n



The distribution of the p-value then results through the following, where the first steps
are like above,

P(p-value <p) = P((1—®(Zws)) <p)
= P(®(Zops) > 1 —p)
:]-_P((I)(Zobs)<1_ )

=1 P(®Y®(Zus)) < ®71(1—p))
=1- P(Zobs < <I> —p))
—1- (a1, >

where ¢ = (1 — po) / /0% / nand z1_, is the 1 — p quantile of the N(0, 1) distribution.

We show the distribution of the p-value in Fig. 5.3 for different values of c. The larger c,
the larger the probability that the p-value takes small values. This makes sense, since ¢
represents the distance in the mean values and hence mirrors how far the true model is
away from the hypothetical model. Indeed, this is what we intend to see: small p-values
are more likely to occur when the null hypothesis is false.
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Fig. 5.3 Distribution of p-value for different setting of ¢

Looking at the above derivations and properties of the p-value, we see that its
interpretation needs sufficient understanding of the concept, and it is not surprising that
numerous misconceptions of the approach exist. Goodman (2008) lists 12 common
misunderstandings, for example, “if the p-value is less than 0.05, there is only a 5%
chance that the hypothesis is true.” This statement is incorrect, since the p-value does
not assign a probability to the validity of the hypothesis. A similarly common error is “if
the p-value exceeds 0.05, the hypothesis is confirmed”. This is also incorrect. A
hypothesis can never be proven true; it can only fail to be rejected if there is insufficient



evidence against it. Hence, it is important to keep the correct definition of the p-value in
mind in order to interpret it properly. In general, the p-value is a concept to quantify
evidence against the hypothesis—nothing more but also nothing less.

Example 5.1 We conclude our discussion on the p-value by looking at an early
instance where the concept of a p-value was put into practice. Let’s turn the clock back to
1865 when Gregor Mendel (1822-1884) released experimental findings aimed at
proving the principle of inheritance, now recognized as Mendelian inheritance (Mendel,
1865). Mendel, an Augustinian friar and amateur biologist, stands out as one of the
pioneering figures in genetics and the study of inheritance theory.

His research revolved around peas, a choice that allowed him to uncover the rule of
dominance through the crossbreeding of peas with distinct colors and shapes. To be
specific, he mated purebred yellow and round peas with purebred green and wrinkled
peas. Both the yellow color and round shape held dominance, manifesting in the traits of
the first-generation offspring. This initial generation comprised hybrids, which Mendel
crossed once more. Based on his assumption of random gene inheritance, he predicted
that the second generation would exhibit color and shape in predetermined proportions
on average. He then conducted experiments and compared the observed numbers to the
numbers that would result if his assumed inheritance laws applied. The original
numbers of the experiment that he reported are given in Table 5.1

Table 5.1 Mendel’s data

Mendel argued that the observed numbers were close to the proportions predicted
by his hypothesis, which he interpreted as support for his theory of inheritance. While a
hypothesis cannot be proven true, we can quantify the evidence against it using a p-
value. Later in the chapter, we derive this formally using the Chi-squared test. For the
moment, we proceed via the log-likelihood function and compute the corresponding
likelihood ratio. We index the four possible outcomes by 1, 2, 3, and 4, and let
Y; € {1,2, 3,4} denote the outcome of the i-th pea, with n = 556 observations in total.
We assume that Y; are i.i.d. with a multinomial distribution and cell probabilities
mo=1(9/16,3 /16,3 /16,1 / 16) under the null hypothesis. We can take the log-

likelihood function
n 4
my= Y . D 1Y =k} log (my)

with 7, as the k-th element of vector 7 and 1{Y; = k} as the indicator vector taking
value 1 if Y; = k and 0 otherwise. It is not difficult to show that the maximum likelihood
estimate for 7y is

~ _ YL Y=k}
T = ! Py y

so that the log-likelihood ratio is calculated through 2{I(7) — I() }. The larger this
value, the more evidence exists against the hypothesis. We have derived the asymptotic



distribution of the likelihood ratio in Sect. 4.4 leading to a Chi-squared distribution with
p degrees of freedom, where p is the dimension of the parameter. In this example, p = 3,
since the sum of all 7, is equal to one; hence, knowing 7y, 79, and 73 determines m4. We
calculate the value of the log-likelihood ratio for Mendel’s data, which is 0.238, and with
it, we obtain p-value
p-value = P(Z? > 0.238) = 0.971,

which is also shown in Fig. 5.4. The p-value is very large, indicating essentially no
evidence against the hypothesis. It is worth noting that, at the time Mendel conducted
his experiments, there was little understanding of how much random variation could be
expected around theoretical proportions. Given the unusually close agreement between
theory and data, it’s possible (and perhaps likely) that the reported experiment may
have been one among several conducted, with results chosen for their strong
concordance with the theoretical prediction. >
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Fig. 5.4 Likelihood ratio of Mendel data with corresponding p-value

5.2 Statistical Hypothesis Tests

So far, we have examined the validity of a hypothesis and quantified the evidence against
it using the p-value. We now adopt a different perspective and consider the problem
from a decision-theoretic standpoint. In this framework, we must decide either in favor
of or against the hypothesis, which requires specifying a competing alternative.

Definition 5.3  The null hypothesis is denoted by Hyand the alternative hypothesis by H.
We assume that exactly one of these two conditions holds.

A data-driven decision process requires choosing between two possibilities based on the
observed data: either we retain the null hypothesis (H() or we select the alternative



hypothesis (H1). We denote these decisions by “Hy” and “H;”, respectively.

As in any decision problem, errors are possible. If the null hypothesis is true but the
decision is “H;” a mistake has occurred. Conversely, if the alternative hypothesis is true
but the decision is “Hg”, an error has also been made. These outcomes can be
summarized in a decision matrix, shown in Table 5.2. The two types of errors are known
as type I and type Il errors or equivalently as a- and 3-errors.

Table 5.2 Error matrix in significance tests

It is impossible to make both type I and type Il error probabilities equal to zero
simultaneously. For example, if we attempt to eliminate the type I error by always
deciding in favor of “Hg”, we will inevitably incur a type Il error whenever the alternative
hypothesis holds. While this would be the correct decision if the hypothesis holds, we
will always run into the type II error if the alternative is valid. Completely avoiding an
error is therefore not the right approach, but limiting the probability that an error occurs
seems more useful. To do so, we need to understand that the test decision is based on
data, which itself can be considered as a random variable. Consequently, the decision
based on data needs to be viewed as random as well. Therefore, we may apply
probability theory to quantify the probability that we make one or another error. This is
the idea of statistical hypothesis tests.

Definition 5.4 Astatistical hypothesis testassumes two statesHyand Hyand two
possible decisions “Hy” and “H1". The decision rule is thereby constructed such that
P(“H1”|Hp) < a (5.3)
for a fixed small value ofa. The termaiscalled significance level.

This definition is sufficient to specify a statistical test; the remaining elements follow
conceptually. To make this explicit, we describe in general terms how a statistical
hypothesis test is constructed.
1.
Construct or select a test statistic ¢(Y71, . .., Y}, ) that discriminates between H and
H,, for example, large values of ¢(Y7, . .., Y,,) may provide evidence in favor of Hy,
while small values support H. For definiteness, we assume in what follows that
large values favor Hj.

Determine the distribution of ¢(Y7, .. .,Y,) under Hy. This step is crucial, as it
allows us to derive a decision rule. In the following, we assume that this distribution
is known.

Define the decision rule: reject the null hypothesis if¢(Y7, .. .,Y,,) exceeds a
threshold value c, that s,

“H, if #(Y3,...,Y,) >c

o) PRUSQUIGUSIEE PG LY LI P I F RS



LI100S5€E LIe Cr'iucdl vdiue ¢ Sucll uldL
P(“Hlv | HO) = P(t(Yl, e ,Yn) >c ‘ H()) < a,
where o denotes the significance level.

4,

5.
Compute the observed value t,ps = t(y1, - - -, Yn) and compare it with c. If tps < ¢,

the decision is “Hg”; otherwise, the decision is “H;”.

The construction of a hypothesis test is similar to the derivation of a p-value from
above. However, while the p-value gives a measurement for the evidence against the
hypothesis, the result of a hypothesis test is binary in the sense that the outcome is “Hy”
or “H,". Still, the two concepts can be linked as follows.

Property Assuming a statistical hypothesis test with significance levela, then it holds
p-value < a <= “Hy”. (5.4)

The proof of this statement is rather simple, which is why we give it here.

Proof Assume we have a test statistic ¢() such that we decide in favor of H; if
t(Yops) > ¢, where y, are the observed data and the critical value c is determined such
that

P(t(Y) > c| Hy) < o
Because

p-value = P(t(Y) > t(yobs) | Ho),
it is directly clear that if £(y.ps) > ¢ then the p-value < « and vice versa. O

Property (5.4) gives a very simple and practical rule of thumb. Looking at the p-value, we
can easily come up with a test decision. However, the p-values provide more information
than the test decision itself, since it also determines how much evidence there is against
the hypothesis. This speaks in favor of using the p-value, but in practice, statistical
significance tests are dominant. Efron (2010) writes with respect to this issue “Fisher’s
famous a = 0.05 direction for ‘significance’ has been overused, but has served a crucial
purpose nevertheless in bringing order to scientific reporting.”

5.3 Classical Statistical Parameter Tests

Many tests have been developed in statistics for particular purposes, and we cannot
provide a complete list here. There are, however, some tests which are commonly used.
These will be discussed in the following. We thereby consider the following setup. We
assume that the data are generated through a Fisher regular distribution
Y, ~ f(y;0) i.id.. (5.5)
The decision problem equals

HO:OGGOandﬂl:HE@l,



where ©¢ and ©; are a disjoint decomposition of the parameter space 0, i.e.,
© = Oy UBO; and Oy N ©1 = (). We restrict the subsequent presentation to the case
where ©g = {0y} and ©; = O\ {6y} orOg ={0:0 < 6y} and ©; = O \ O,
respectively. We call the first a two-sided test, i.e, Hy : 0 = 6y and H; : 6 # 60, and the
latter a one-sided test, i.e., Hy : 0 < 6y and H; : 6 > 0,.

5.3.1 Gaufd Test and t-Test
We begin with the most frequently used tests, the Gauf3 test and the t-test. Both tests are
based on the normal distribution and focus on the mean value.

We consider normal random variables

Y; ~ N(u,0?) iid,i=1,...,n
,and we want to test a hypothesis on u. Exemplarily, we consider the one-sided

hypothesis Hy : u < pg versus Hy : pu > po. We take Y as the test statistic and use the

decision rule
n

“H,” < }_f — % » Y; > c, (56)
1=
where the critical value c needs to be determined such that (5.3) holds. It is not
difficult to see that c = g + 21_q0 / \/ﬁ This follows since
P(CH|” | Hp) <«

& PY >clu<n<a

=P (Y=c|p=pqn)

= P(?>c|,u:u(]):u

Y — o C — [0

& P =
o/Jn ~ o/Jn
C~ (0, 1)
Hence, we get
__ St Ho
fle = Gm

C = Mo+ zl—aa/ \/ﬁ
Note that to calculate ¢ we need to know the variance o of the underlying
distribution, which in most practical applications is unknown. In this case, we can rely on
the t-distribution. If we replace o with its estimate

YT O

Y —pg

we get




where t,,_1 denotes the t-distribution with n—1 degrees of freedom. Hence, with
calculations analogous as above, we obtain the decision rule (5.6) with

C= po + t(n—l),l—aa/ \/ﬁa
where t(;,_1),1_4 is the 1 — a quantile of the corresponding t distribution.
In many applications, the goal is to compare the means of two different samples. In
such scenarios, we consider two 7.7.d. samples:

Yli ~ N(,ul,cr%),i = ]_, N (51 and Y2j ~ N(,LLQ,O‘%),j = 1, N (D)
For the two variances cr% and a%, we can either assume that they are equal, i.e.,
0?2 = o3, which is called variance homogeneity, or we allow for different variances in
the two samples, which is called variance heterogeneity. We want to test the
hypothesis Hy : 1 = o against Hy : 1 # 9. This is a two-sided hypothesis. For two

independent i.i.d. samples, we make use of the decision rule

“Hl” N ‘yl _ 52‘ >c

where the critical value c needs to be determined.

Assume first that o3 and o are both known. Since Y7 — Y, follows a normal
distribution with mean p; — @9 and variance 0% / ny+ a% / N9, the critical value ¢ can
be easily obtained with similar calculations as above, which leads to
C—=21_a- i U—g.

2 ni N9

Due to the two-sided test used here, the normal quantile changesto 1 — a / 2
compared to 1 — o used above for the one-sided test.

Note that in the presence of variance homogeneity, that is, assuming a% = a%, the

formula above simplifies to

_ ST
¢ = Zl_%o- ni + no

with 02 := 0% = 0’%.

If the variances are unknown, we need to estimate them. In this case, we limit
ourselves to the case of variance homogeneity, and we estimate the variance o through
the so-called pooled variance estimate

52 — (n1—1)32+(n2—1)53
ni+no—2 ’

ni T2
~2 1 — \2 ~2 1 — \2
01 = 7 E :i_l (y1i —91)” and 75 = - E :Z._l (y2i — ¥2)",

where y; and y, are the arithmetic means of the first and second sample,
respectively. The t distribution allows us to calculate the threshold c leading to the
decision rule

with




where t(ny+ny—2),1-2 IS the 1 — a / 2 quantile of the t distribution with 1 + na—2

degrees of freedom.

5.3.2 Likelihood-Based Tests

In Chap. 4, we derived asymptotic properties of the maximum likelihood estimator,
which we now turn into three testing principles. We illustrate the idea in Fig. 5.5, where

A~

the likelihood function attains its maximum at [(6). We consider the hypothesis

Hj : 0 = 0 against the alternative H; : € # 6. There are three natural quantities that
can be examined to assess the validity of the hypothesis: First, we may consider the
difference between 6y and 6. If this difference is large, it provides evidence against the
hypothesis. This leads to the Wald test. Second, we may examine the vertical difference
between the likelihood at its maximum, [ (9), and the likelihood evaluated under H,,
namely, [(6y). Again, if this difference is large, it indicates evidence against the
hypothesis. This gives rise to the likelihood-ratio test. Finally, we may evaluate the
slope of the likelihood function at 6, that is, the score function s(6y) = 9l(6,) / 06. If
this quantity is large in absolute value, it suggests evidence against the hypothesis. This
defines the score test. We now discuss these three tests in turn.

/-\1

1(6)

[enl
=)
Len

Fig. 5.5 Sketch of Wald, score, and likelihood-ratio test

Note that (under certain regularity conditions) the maximum likelihood estimator is
asymptotically normally distributed, i.e.,

6 L N(9,I71(8)).
Hence, if n is large, any hypothesis about 6 can be treated as a hypothesis about the
mean of a normal distribution. With the hypotheses Hy : 8 = 6y and H; : 0 # 6, we
obtain, as derived above for the Gauss test, the following decision rule:



H o (60| >
where cis given by ¢ = 2;_4/2 v/I~1(6y). Tests of this form are known as Wald tests

and were proposed in Wald (1943). The Wald test is by far the most frequently used
testing principle in statistics. It requires that we estimate the parameter as well as its
variance.

Often, the variance is computed using the Fisher information evaluated not at the

hypothetical value 6, but at the estimated value 6. In this case, the critical value is given

byc =z 4/ I‘l(é). Since under H the estimator 6 converges to 6y, it is reasonable

A~ A~

to use I(0) instead of I(6). Moreover, standard software packages report I(6), which
makes this implementation convenient.

In Sect. 4.4, we derived the asymptotic distribution of the likelihood ratio. This result
can now be used to construct a test. The likelihood ratio Ir(6; 6) = 2{1(8) — (o)} is
asymptotically Chi-squared distributed with p degrees of freedom, where p denotes the
dimension of the parameter. Hence, large values of the likelihood ratio lr(é; 6) evaluated

at 0 provide evidence against the hypothesis H : § = 6. This yields the decision rule
of the likelihood-ratio test

“H,” < 2{1(6) — 1(6)} > c.

The critical value c is obtained from the 1 — a quantile of the Chi-squared
distribution with p degrees of freedom. It will be shown in the next part of the chapter
that the likelihood-ratio test is the most powerful test. In other words, it achieves
optimal performance in terms of discriminating between the hypotheses. More details
are given in Sect. 5.4.

Finally, from (4.16), we can formulate a test based on the score. Since the score has
mean value zero at the true parameter, we consider the hypothesis Hy : E(s(6y)) = 0.
This leads to the decision rule

“Hy” < |5(00;91,---,un)| > c
where ¢ = z;_q/21/ I(6,). We explicitly include the observations in the score to

emphasize that the test decision is based on the data. The score test is similar to the
Wald test, but there is an important difference. For the Wald test, the maximum

likelihood estimate 6 must first be computed in order to assess Hy. This is not required
for the score test. Here, it suffices to evaluate the score function at the hypothetical
parameter value 6. The score test is therefore particularly useful when computing the
maximum likelihood estimate is cumbersome or numerically demanding,.

5.3.3 Chi-Squared Tests

We now focus on a discrete random variable V' € {1, ..., K} with probabilities

P(V = k) = my, where Z,ﬁil 7, = 1. Assuming an i.i.d. sample V1, ..., V,, the joint
distribution is multinomial. Let



Yi = E _ YVi=4h},

where 1{.} denotes the indicator function. We define Y = (Y7, ..., Yx) as the vector
of counts in the K categories. Then Y follows the multinomial distribution

PY=y;m) =P((Y1,...Yx) = (y1,---,YK);7)

n
:( )71'3{1...71'%‘.
Yy --- Yk

A typical hypothesis specifies particular values of the probabilities, as in the Mendel
example above (see Example 5.1). Let my denote the hypothetical vector and consider the
hypothesis Hy : m = 7y, where 7 = (71, ...,7g) and mg = (701, - - -, Tox ). This leads to
the so-called Chi-squared statistic

K 2
X2 — g . (yk;:k) , (5.7)

where e, = nmg are the expected counts under Hy. It can be shown that X 2 (under
suitable regularity conditions) is asymptotically Chi-squared distributed with K—1
degrees of freedom. We sketch the proof at the end of this section. Tests based on the
statistic X 2 are known as Chi-squared tests.

The statistic X2 in (5.7) has an intuitive interpretation. We compare the expected
counts e, which would arise under H, with the observed counts yi. The squared
difference ensures nonnegativity, and dividing by the expected count standardizes the
contribution of each cell. A small discrepancy matters more in cells with few expected
observations than in cells with many expected observations. Thus, dividing by ey can be
interpreted as a form of standardization.

A central application of Chi-squared tests is the hypothesis of independence. Let
Z; = (Zy, Zi2) be a bivariate discrete random variable with Z;; € {1,..., K;} and
Zip € {1,...,K>}. We assume that

P(Zy =k, Zp=1)=my
and test the hypothesis of independence, namely,
HO . P(le = k, Ziz = l) = P(Zzl = k) . P(Zzg = l)
To do so, we apply the Chi-squared test to the observed contingency table:

Table

Here, nj; denotes the number of observations with Z;; = kand Z;» = [, that s,

ng = E :il WZy =k, Zp =1}

We definen; = Zk ny; as the column totals, n;_ as the row totals, and n._ = n as the
sample size.

Under independence, the joint probabilities factor as 7y = 7 7 ;. The maximum
likelihood estimates are



Tk =nr /n. and T;=n;/n_,
so that the expected counts are

ng.m.1

e =M. TpT L=

This leads to the Chi-squared statistic

g g nkl ekl

The distribution of 22 can again be approx1mated by a Chi-squared distribution, but
determining the correct number of degrees of freedom requires some care. When the
test was introduced by Pearson (1904) and further developed by Fisher (1922), there
was considerable debate about this issue; see Baird (1983). According to Fisher’s result,
the degrees of freedom are given by

df = Number of cells - number of constraints - number of estimated parameters.

For the independence test, there are K; X K5 cells. There is one constraint, since all
probabilities must sum to one. We estimate K; —1 parameters 7;_ and K,—1 parameters
7, giving a total of K| + K5—2 estimated parameters. Hence,

Ki x Ko—1— (Kl + K2—2) = (Kl—l) X (Kz—l)
is the resulting number of degrees of freedom.

Proof We sketch the proof that X ? defined in (5.7) follows a Chi-squared distribution
with K —1 degrees of freedom. The hypothesis involves only the first K —1 parameters,
sincemg =1 —m; —...— mg_1. We collect these parameters in the vector 6. A test can
then be constructed using the likelihood-based results above. In particular, we consider
the statistic

2{;(@) - z(eo)}

K
1(6) = E ., Yk log ;. + const.

The log-likelihood ratio can be approximated using a Taylor expansion of the
logarithm:

K R K
Tk P Mok
2Zk—1 Yi log <7r0k> - 2Zk—1 Yi log <?rk )
K
_ WOk*%k
- 2Zk1yklog La)
~ —92 E Y 7r0k 7Tk + E Y 770k 7Tk>2
k=1 k k=1 k

Since T, = L] and both 7 and 7 sum to one, the first term vanishes. Using
n

where

er = nmog, the second term becomes



K K
~ 2 2
E Yk ( Mok Tk ) — E (ex—yr)
k=1 Tk k=1 Ye

Replacing y;, by its expectation under H yields the Chi-squared statistic (5.7). Thus,
X? is asymptotically equivalent to the likelihood ratio when 7 are the true probabilities,
and therefore 22 is asymptotically Chi-squared distributed with K —1 degrees of
freedom. O

5.3.4 Distribution-Free Tests

A large class of tests are known as distribution-free tests, sometimes also referred to as
nonparametric tests. The terminology is not entirely consistent and can be confusing,
since nonparametric methods in statistics also include approaches to functional
estimation. We therefore use the term distribution-free tests to emphasize that no
specific parametric model is assumed for the data. Instead, we rely on a general data-
generating process (2.3). The focus is now on hypotheses concerning the distribution
G(-), for example, whether the median takes a particular value.

We present the idea in a general two-sample setting, assuming

Y,~Gy(-),i=1,...nand X; ~ Gx(-),j=1,...m.

We test whether the two distributions coincide, that is,

HO . Gy() = G)(()

This hypothesis is quite general. To simplify, we restrict attention to the question of
whether the two distributions share the same median, assuming suitable regularity
conditions.

To construct a test statistic, we form the pooled sample z = (y1,. .. Yn, Z1,- - - Tm)
and order it such that

21<2z2<23<...< Znim
where each z; originates from either the Y or the X sample. Let 7g(x ;) denote the
rank of X; in the pooled and ordered sample z, that is, rg(z;) = kif and only if z;, = z;,
assuming there are no ties (i.e., all observations are distinct). Figure 5.6 illustrates the
idea. The test statistic is then defined as

T = E i rg(x;).
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Fig. 5.6 Sketch of Wilcoxon test statistics

Large or small values of T provide evidence against the hypothesis that the median of
Gy (+) coincides with that of Gx(+). Under H), the distribution of T is known as the
Wilcoxon distribution, and the resulting procedure is called the Wilcoxon test,
introduced in Wilcoxon (1945). The decision rule is

“Hl” <~ (T < 'l,Ua/Q) or (T > wlfoz/Z)'
Here, w, denotes the a-quantile of the Wilcoxon distribution. The test is

implemented in standard statistical software and can therefore be readily applied in
practice.

5.3.5 Kolmogorov-Smirnov Test

The Kolmogorov-Smirnov test provides another example of a distribution-free test. It
allows for a direct assessment of whether two distributions coincide. In this context, we
introduce the test for situations in which the goal is to determine whether the data arise
from a specified model. Within the general framework (2.3), we consider the hypothesis

Hy:G() = F(-90).

For the moment, we assume that 6 is known.

The test is based on the difference between the empirical distribution function and
the hypothesized distribution. With F,,(y) = % Y% 1 1{Y; < y} denoting the empirical
cumulative distribution function, we examine whether the distance between F'(y; 8) and
F, (y) is small, taking the sample size n into account. To this end, we construct a test
statistic based on the difference between F(y; 8) and F,,(y). Specifically, we consider the
supremum of the absolute difference

Dn = Fn —F ;0 :
slylp | Fn(y) (y;0)| (5.8)

This quantity is known as the Kolmogorov-Smirnov distance. Figure 5.7 illustrates
the construction of D,, with an example. The empirical distribution function of a sample
is shown as F),(+), and the standard normal distribution serves as the hypothetical



distribution F'(-; #). This is displayed in the top plot. The bottom plot shows the
difference F),(y) — F(y) for all values of y, which attains its maximum (in absolute
value) at the locations indicated by the vertical line. This determines the value of D,,.

c
°
B w
5 o
c
o =
2 5
2
£ 2
2 o
¥
Kolmogorov-Smirnov-Distance
N
o i
C| o r-_J\a\ | J\J\_J-r\\""-—-—-—.___
o o B -
T i T T T T
~2 i 0 1 2

Fig. 5.7 Empirical distribution function and hypothetical distribution (top plot). The difference between these two
distributions (bottom plot) with the maximum absolute deviation indicated by a vertical line

The next step is to determine the distribution of D,, under Hy, that is, when F'(y; 0)
represents the true distribution. It can be shown that the distribution of D,, does not
depend on the specific form of F(+; #) but has a universal form. Consequently, D,, follows
a pivotal distribution.

Property The distribution of D, given in (5.8) (asymptotically) follows a Kolmogorov-
Smirnov distribution. In particular, it is pivotal, meaning that it does not depend onF(-; 0).
m]

The proof is given at the end of this section. The corresponding test decision is

“Hl,, ~ Dn Z KSlfom
where K S;1_, denotes the (1 — a)-quantile of the Kolmogorov-Smirnov distribution.
The test described above assumes that the parameter 6 is known, which is rarely the
case in practice. In most applications, # must be estimated, and deriving the exact
distribution of the statistic with an estimated parameter,



D, =sup |Fn(y) - F(ya 9)|7
Y
is considerably more involved. Exact results are available only for specific
distributions, such as the normal or exponential distribution. For an unspecified
distribution, the Kolmogorov-Smirnov distribution holds only asymptotically for D,,. For

further details, see Berger and Zhou (2014).

Proof We now show that the distribution of D,, is pivotal. Let F ~1(y; §) denote the
inverse distribution function; more precisely, for z € [0, 1],
F~1(z;0) =min {y : F(y;0) > z}.
Settingy = F (x; 0) yields F(F ~1(x;6);0) = x, and therefore
P(sup [Fi(y) - F(y;0) <) = Plsup [Fu(F '(w36) —2| <) (50
Y x

where

FF @)=L >, Vi< Fl(mf)} =L 1{F(Ys6) <z}
If F'(y; 0) is the true distribution, then F'(Y;; 0) follows a uniform distribution on
[0, 1]. Indeed,

P(F(Y30) <z)=P(Y; < F'(z;0)) = F(F~'(z;0);0) = z.
Defining U; = F(Y;; 0), which is uniformly distributed on [0, 1], allows us to rewrite

(5.9) as
P(sup % g Z,le{UiS:v}—:z: §t>.

This probability does not depend on the underlying distribution, and thus the
distribution of D,, is pivotal. O

5.4 Power of a Test

In Fig. 5.3, we already illustrated how the p-value behaves when the hypothesis is false.
We now elaborate on this further. So far, we have mainly examined the performance of a
test under the hypothesis, that is, assuming that H holds. This perspective led to the p-
value in Definition 5.2 and to the hypothesis tests introduced in Definition 5.4. Focusing
only on behavior under Hj is restrictive, which can be illustrated by the following
pathological test. Consider any hypothesis to be tested using data. Instead of looking at
the data at all, we base the test decision on a single uniformly distributed random
variable U ~ Uniform[O, 1]. We then reject the hypothesis if U < q, that s,

“H,” < U < a. Apparently, we have P(“H,” | Hy) = P(“H,”) = P(U < a) = .
Consequently, this decision rule defines a valid statistical hypothesis test according to
(5.3). Needless to say, such a test is useless. Hence, condition (5.3) is not sufficient to
guarantee that a test is informative. In general, we also need to study the type Il error. In
particular, a test is useful if it fails to reject Hy under H; only with small probability. To



make this precise, we introduce a few technical definitions. First, we define the power of
a test.

Definition 5.5 The power of a statistical hypothesis test is defined asP( “H”| H1).

The power of a test is the probability of correctly rejecting the null hypothesis when the
alternative is true. This is best understood through a simple example. Assume 2.z.d.
normally distributed data Y; ~ N(u, o) with 02 known, and consider the hypothesis

Hy : p < po. Using the results derived above, we obtain the decision rule:
qu” TN Y 2 Mo + zl—a%

The power of the test can then be computed for any u > pg as
P(H ) = P(Y > po+210-% | 1)
y_
= P( 0/\;%0 > 21« | ,Ll,>

= P(S 2 st i 1)

We can plot P(“H;” | u) as a function of y. This is shown in Fig. 5.8 for ug = 0. We
consider values —1 < g < 1 and two sample sizes, namely, n = 30 and n = 60. The top
plot shows the full function. Note that for values u < g the power is less than or equal
to a, which follows from (5.3). The maximum over p < pg is attained at 4 = . Hence,
the left-hand side of the plot is not informative for comparing performance under
alternatives: for all u < o, we have P(“H;” | p) < P(“H1” | po) < o We visualize
this in the middle plot in Fig. 5.8 by suppressing the function values for u < po.
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Fig. 5.8 Powerofateston Hy : pu < po with go = 0. The top plot shows P(“H;” | u) for all values of y. The middle
plot shows P(“H;y” | Hy) for u > po, with the « level indicated for g < 0. The bottom plot highlights the relevant
power P(“H;1” | u = po + ), illustrating the effect of the sample size

For u > po, the smallest achievable power is a (equivalently, the largest possible
type Il error is 1 — ). This occurs when p is only infinitesimally larger than p.
However, if we consider an alternative bounded away from g, say, u = po + 6 with
d > 0,then P(“H;” | po + 6) increases with increasing sample size. Equivalently, the



type Il error probability P(“H,” | H;) decreases. The bottom plot in Fig. 5.8 highlights
this idea by focusing on a fixed effect size, for example, § = 0.25. The parameter ¢
represents the relevant difference one wants to detect. Once § is fixed, one can determine
the sample size needed to control the type II error. This is particularly important in
experimental design, and the corresponding calculations are outlined below for the
normal example.

In Fig. 5.9, we focus on the relevant quantities from Fig. 5.8 and show
P(“H;” | p = po + 6) for different sample sizes, namely, n = 60, n = 90, and n = 120.
If we require the type II error to be at most 8 = 0.2, then the power must be at least
1 — Batu = pg + 4. For 8 = 0.2, this is illustrated in Fig. 5.9 by the blue shaded area in
the top-right corner. In this way, we can control both the type I error and the type Il
error, and we see that the required sample size lies between n = 90 and n = 120. In fact,
we can compute the required sample size exactly by solving the following implicit
equation with respect to n:

ng =argmin{n:1—8<P(“Hy” | p=po+9)} (5.10)
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Fig. 5.9 Powerofateston Hy : p < pg with gy = 0. Different sample sizes yield different power

:argmin{n: 1-8< l—q><zla+%>} (5.11)
— arg min{n 1-f<1- @(zla + o )} (5.12)

In the concrete example, we obtain ng = 99 for 8 = 0.2.

5.5 Neyman-Pearson Lemma

The next question we address is whether an optimal test exists. Referring to Fig. 5.8, we
seek a test that satisfies (5.3) while maximizing power, that is, maximizing

P(“Hy” | p = po + ) among all tests of the same level. This is formalized by the
following lemma.



Property (Neyman-Pearson-Lemma) LetH : 0 = Oybe tested againstH; : 0 = 6,
with a statistical hypothesis test using levelo. The most powerful test has the decision rule

“Hy” & l(@o) — l(gl) <eg,
where c is determined such thatP( “H”|Hy) < c. This test is called theNeyman-
Pearson test. O

The lemma was published by Neyman and Pearson (1933), and the result highlights once
more the central role of the likelihood. Utilizing the distribution of the likelihood ratio as
in (4.21), we can quantify the threshold value c using a Chi-squared distribution. The
result also motivates the likelihood-ratio test introduced in Sect. 5.3.2, as it is the most
powerful test in the Neyman-Pearson sense. The proof of the lemma is straightforward
and is given below.

Proof Lety be the data, which gives [(§) =log f(y; ) as the log-likelihood. The above
decision rule can then be rewritten as

1(60) — U(61) < ¢ HEL <k —exp (c).

We define with ¢(y) the outcome of the Neyman-Pearson test with

1 if (y’eo) <k
so(y){ S

0 otherwise.

Hence, if ¢(y) = 1, we decide “H;", and if ¢(y) = 0, we conclude with decision “H".
Now, we take an arbitrary statistical significance test for which we similarly write the
test outcome as a function ¢(y) € {0, 1}, where ¢(y) = 1 means we decide for “H;” and
¥(y) = 0 for “Hy". Let us now assume that § = 64, i.e,, H; holds. We need to prove that

P(p(v) =1;0,) < P(p(v) = 1;6,),
that is, if H; holds, then the Neyman-Pearson test decides for H; with a higher
probability than any other arbitrarily chosen test with the same significance level. Note
that P(¢(Y) = 1;60) = Ep(¥(Y)) and the same holds for the Neyman-Pearson test
¢(Y), such that

P(or) = 1:61) — P(6(¥) = 1:61) = [ (o) — ()} 0)d .

We have to prove that this integral is greater than or equal to zero. The above integral
can be labelled over three regions as

R, — {y: (w:00) k}

For region Ry, we have ¢(y) = 1 and f(y;61) > f(y;6p) / k, such that



Jlow —vwlswonav=1 [low - vw]swonay

yeRm yeR,
For region Ry, we have ¢(y) = 0and — f(y; 01) > — f(y;600) / k, such that

f[90<y> ()] Flyi0)d y = f«p

yeR, YyER,
>t [vwiwonav—1 [Tow - vw)iwonay
yER, Z/ER2

And finally for y € R3, we have f(y;601) = f(y;60) / k, such that

[low - vw)samoav==+ [low - vw)]sao0dy
YER; YER;
Collecting the right-hand sides of the three regions, we can conclude

f o) — ()| Fly;01)d y > + f o) — ¥()] £y 60)d 3. (5.13)

As both tests have a significance level of «, one obtains

a = P(“Hy”|Hy) = f (y)f(y;00)d y = f¢ f(y; 00)d y,

such that the right-hand side in (5.13) is equal to zero and the proof is completed. O

5.6 Testing and Confidence Intervals
We have now introduced two key concepts for statistical inference, namely, confidence
intervals and statistical hypothesis tests. This raises the question of how the two ideas
are related. In fact, we can show that they are not only related but that one can be
constructed from the other. In other words, given a confidence interval, one can directly
construct a corresponding test, and vice versa.

Let us motivate this relationship and reconsider the definition of a confidence
interval given in (3.12) in Definition 3.9. The confidence interval was defined as
[:(y), t-(y)] such that

Pyt (V) <0<t,(Y)) >1—aq,

where Y = (Y7, ...,Y,). Given this interval, we can define a statistical hypothesis

test for H : 8 = 6 via the decision rule
“Hy” < 0 € [ti(y), ¢ (y)]-
Thus, parameter values outside the confidence interval are rejected, while values

inside the interval are not rejected. This construction yields a statistical hypothesis test
with significance level a. To see this, define the test decision function

QOG(Y) — {0 if 6 € [tl(y)atr(y)]

1 otherwise.



Then,
P("H,” | Hy) =1— P(“Hy" | Hp)

Il —=PyuY) =6y =1.(Y)) <«

>l—a
The above construction takes a confidence interval and builds a hypothesis test from
it. We can also proceed in the other direction: starting from a hypothesis test, we can
construct a confidence interval based on the test. Assume we have a test defined by
0 if “HO”
Y) = )
o) = {7 e

The corresponding confidence interval can then be defined as

CI(y) = {6 : po(y) = 0}.
Since P(“H;” | Hy) = P(v9(Y) = 1| 6) < o, we obtain
P(OeCI(Y)|6) =1—P(0¢CIY)|0)
=1—P(py(Y) =116
=1-—P(“Hy”" | Hy) >1—«a.
We thus see that confidence intervals and statistical hypothesis tests are two sides of
the same coin.

5.7 Multiple Testing

So far, we have focused on univariate (or at least low-dimensional) parameters and a
single hypothesis. But what happens if we have a multivariate parameter § = (61, ...6,)
and multiple hypotheses of the form
H()j . 0]' == 90]'
withje #Z C{1,...,p}and by = (6o1,...,00p)? Assume that |_#| = m, thatis, we
aim to test m components of 6 at the same time. Instead of conducting one joint test on

all m components simultaneously, we test each of the m hypotheses separately. Let
p1, ..., Pm be the p-values for these m tests, leading to the m decision rules

“Hlj”@pjga j=1...,m.
For each individual test, we have a statistical hypothesis test in the sense that
P(“Hy;” | Hy;) < o (5.14)

But what can be said about the probability of at least one false rejection when all
tests are considered together?

Let us view the problem from a different angle. For a single test, we have an error
matrix as in Table 5.3. Combining all m tests leads to the aggregated error matrix shown
in Table 5.3.




Table 5.3 Error matrix for multiple testing

Note that the entries in the table are unknown since we do not know which
hypotheses are true and which are false. This motivates the use of capital letters. The
same holds for the margins. The only number we know in advance is m, the total number
of tests, and once the tests are conducted, we also know r, the number of rejected
hypotheses. Apparently, if r = m or » = 0, that is, if all hypotheses are rejected or none
are rejected, then we learn more about the entries in the table. In general, however, the
interior of the table remains unknown.

Multiple testing focuses on the column “H;” and asks what can be said about S and
V. To formalize this, we define the family-wise error rate.

Definition 5.6 Thefamily-wise error rate(FWER) is defined as
QFWER ‘= P(V>O | H(]j fOT'j: 1,...m), (5.15)
with V as defined in Table5.3.

We can interpret the FWER as the probability of falsely rejecting at least one of the m
hypotheses when all hypotheses are true. It is important to relate the FWER to the
individual decision rules (5.14). In fact, we will show that arwgr > @, and even worse,
if the tests are not perfectly dependent, we will have arwwgr — 1 as m increases. To see
this, note that
QAFWER = P(V >0 | Hoj fOI‘j: 1,...m)
=P((p1<a)V...V(pmn <a)| Hyjforj=1,...m) (5.16)
=1—P((p1 >a)AN...A\(pm >a) | Hyjfor j=1,...m)
where “V” denotes logical “or” and “A” denotes logical “and.” If we assume independence
of the tests, the last line (5.16) simplifies to

m
-] e s my = 1-a-ay (5.17)
using the fact that the p-value is uniformly distributed under the null. It is now easy to
see that as m increases, the FWER arwgr converges to 1. In particular, we obtain
arFwER > o, thatis, if m independent tests are carried out at significance level «, then
the overall probability of at least one false rejection, aFwEg, is larger than the per-test
level ain (5.14).

We may therefore require that the FWER arwgr should not exceed a given
significance level and ask how to adjust the individual significance levels so that the
overall error remains controlled. It can be shown that apy gr is largest when the tests
are independent. Hence, in general,

arwpr > 1—-(1-a)” & 1-oarwpr<(1-a)™. (5.18)
It can further be shown that for small @ we have (1 — a)™ > (1 — ma). Therefore, if we
set the significance level for each individual test to a,gjust = @ / m, then the resulting
FWER is less than or equal to . This adjustment is called the Bonferroni adjustment and
goes back to Bonferroni (1936).



Property (Bonferroni Adjustment) The FWERa rwgRris limited toaif we set the
significance level of each individual test in (5.14) toa / m, where m is the number of tests.
The adjusted significance level is defined byoagjust = o / m. O

Though the Bonferroni adjustment is simple, it is not always recommended. In particular,
if m is large, other procedures may be preferable. We refer to Efron (2010) for further
details. An alternative is to consider the ratio V' / r in the table above, known as the false
discovery rate. The idea is that instead of forcing V to be positive only with small
probability ¢, it may be more informative to allow occasional false rejections as long as
the proportion V' / r remains small. Approaches along these lines were proposed by
Benjamini and Hochberg (1995); see also Storey (2011).

5.8 Universal Inference

The tests and confidence intervals discussed above rely on asymptotic (or exact)
distributions. These are not always available, for instance, one may not be able to derive
an asymptotic distribution in a given setting. For such situations, Wasserman et al.
(2020) proposed a general framework, labeled universal inference. The procedure is
designed for large samples and is based on splitting the data into two parts, which, for
ease of notation, we take to be of equal size. Let 2n denote the total sample size so that
the dataare Y1,...,Y,, Yot1,. .., Ynin. We define the first half as D o) and the second

halfas D y). Let

n
Loy (0) = | I ., log f(yi;0)
denote the corresponding likelihood-based quantity computed from data D ).
Accordingly, we define

2n
Lw(6) = Hi:n ., 108 f(y:;9)

for the second part. The latter is maximized, leading to é(l) as the maximum likelihood
estimator. With this notation, we can define the universal confidence interval.

Definition 5.7 The universal confidence interval is defined as

L) _ 1
C-[um'versa = {0 O R < —} 5.19
| Lo = o 519)
It can be shown that this confidence interval has a coverage of at leastl — a, that is,
P(0 € Clyniversal) > 1 — a. (5.20)

Bear in mind that the quantity L g)(-) is computed from observations 1 to n, while the

estimate é(l) is derived from observations n + 1 to 2n. Hence, 9(1) is independent of
Yi,...,Y,. This independence is a key property used in the proof. We sketch the proof at
the end of this section.



Using the link between confidence intervals and testing, we can extend the idea to
universal testing. We will not provide details here, but we emphasize that the approach
extends naturally to more complex confidence sets and more complex testing problems.

Assume, for instance, that one has fitted a model j/"\(l) (y) (parametric or nonparametric)
using the data D y). If we want to test whether an alternative model f(y) is also

compatible with the data, we can check whether f(y) lies in the universal confidence set.
To be specific, let Z be a set of densities. The universal confidence interval is then

: — I fow) o1
Clniversal = {f €Z: T, /() < > } (5.21)

Putting it differently, a test of the hypothesis Hy : f(-) = f(-) can be carried out by
checking

JJ ]?(i)(%) < 1 P “H()” )
[T f(yi) @
Let us illustrate universal inference with a simple example. Let Y; ~ N(u, 1), and we
aim to construct a confidence interval for p. As before, we split the data
Yi,...,. Y, Yoi1,..., Yo, and use Yy, 41, . . ., Y2, to obtain the mean estimate

2n
~ 1 .=
By = 5 E :i_nﬂ Yi = yu.
The likelihood-ratio statistic in (5.19) results to

T (’u/) — exp(—%zzll (yi—?(l))2) )
exp(—% > (yi—u)2)

The universal confidence interval is then defined as

CIuniversal - {,U,: Tn( ) < %}

Simple calculation gives

Top) <5 E:l @7(1>)2+§: (yi — m 2<21°g(%)
& — 5: —p+p—ya +§: (yi — §2log(§)

— ) — y())+n(u—y(1)) > 2 log (a)

y;. The universal confidence interval takes the form

&2
1
n =1

with y) =

CIuniversal = {N : 277,(@(0) - ,LL) (g(l) - ,Ll,) + n(@(l) - ,Ll,)2 > 2 lOg (O[)}

Let us compare this with the exact confidence interval, which in this case can be
calculated analytically. Note that

Va(¥p) — ) ~ N(0,1) and v(¥g) — ) ~ N(0,1).



Hence, the confidence interval for @(1) results to

CI = {u sy —p)’ < %12,1_a}-
With the exact distribution, we can calculate the coverage of the universal interval. Let
Zy and Z; be independent N(0, 1) variables. Then, the coverage probability of the
universal interval equals

P(u € Clyniversal) = P(2Z0Z1 + 212 > 2 log ()).

We compare the coverage probabilities of the exact interval with its universal
counterpart in Fig. 5.10. We see that the coverage is substantially larger than the
nominal coverage. Hence, the universal approach is not recommended when an exact
distribution is available. The general framework, however, allows universal inference
even in settings without known limiting distributions or in more complex testing
constellations, such as the general confidence set over distributions in (5.21). The price
to pay is increased coverage.

- -

0.98

0.00 0.02 0.04 0.06 0.08 0.10

Fig. 5.10 Coverage probability of the universal confidence interval (solid line) compared to the nominal coverage
(dashed line)

We can also visualize this loss of information differently. Without data splitting, we
can consider 7', (u) as a likelihood ratio by replacing i (1) by () = ¥(o)- In this case, the
threshold for a confidence interval would follow from the asymptotics of the log-
likelihood ratio, and we would obtain

exp(—% X (yi—§(0>)2) <exp (%%121,1)
exp(—%z?:l (yi_“)z) |

In Fig. 5.11, we compare the two thresholds: one based on the asymptotic Chi-
squared approach and one based on the universal approach. Specifically, we plot the log
threshold. The asymptotic threshold (dotted line) is clearly smaller than the universal
threshold. The shapes of the two curves are, however, comparable.

CI =




reshold
a
|

1

Fig. 5.11 Comparison of threshold based on the correct Chi-squared approximation (dashed line) and the universal
threshold (solid line)

Proof To prove the validity of (5.20), we first define with

T.(6) = £

the split likelihood-ratio statistics. We can then write

P0(9 g CIuniversal) - PH(Tn(e) > %) S aEO(Tn(Q))a
where the inequality results from the Markov inequality (see Sect. A.7). Calculating the
expectation is easy since

Eo(T,(0) = B( Lol )

©(9)
~ [ttt T s0)a

TT i

which concludes the proof. O

5.9 Sensitivity, Specificity, Accuracy

Before concluding this chapter, we relate the results to terminology commonly used in
classification. This does not introduce new material but presents the same concepts
using different wording. To do so, we return to Table 5.3. In classification terminology, a
decision “H;” is called “positive,” while a decision “H” is called “negative,” for instance,
consider a medical test: deciding “H;” corresponds to a positive test result (disease
detected), while deciding “H,” corresponds to a negative test result. With this binary
language, we obtain:

e S =true positives (TP)
e U =true negatives (TN)
e V =false positive (FP)
e T =false negative (FN)

With these labels, one defines several measures that characterize test performance:
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First, sensitivity denotes the proportion of correctly identified positives or, phrased
differently, the proportion of correct positive decisions. Common synonyms are recall
and true positive rate (TPR). Hence,

Sensitivity = Recall = TPR = %D = Mil

where P = F'N + TP denotes the number of positives (denoted as M in Table 5.3).
Roughly speaking, sensitivity corresponds to the power of a test, that is, P(“H;” | Hy).
The specificity of a test is the proportion of correctly classified negatives. Here, too,

common synonyms are selectivity and true negative rate (TNR), so that

Specificity = Selectivity = TNR = % = MLO,
where N = T'N + F'P denotes the number of negatives, which is M in Table 5.3. Note
that specificity can roughly be understood as P(“Hy” | Hy).

The prevalence is the proportion of positives, that is,

P _ M
P+N m °

We already mentioned the false discovery rate (FDR), which we repeat here for
completeness. It is defined as

Prevalence =

__rr __V
FDR = w575 = 7>

which in turn defines precision, also called the positive predictive value (PPV), via

Precision = PPV = 72— = £ =1 FDR.

This is the proportion of correctly identified positives among all positive decisions.
In classification, one often combines these measures into a single summary measure.
The first is called accuracy and is defined as

TP+TN _ U+S
P+N = m -
This gives the proportion of correct decisions among all tests.
A second commonly used measure is the F-score. The idea is to combine sensitivity

with precision. Specifically, the F-score is defined as

Accuracy =

e —9 sensitivity x precision 2T P 28
" “ sensitivity+precision = 2TP+FP+FN ~— r+M; *

The interpretation of these quantities was developed throughout the chapter. The
present section is meant as a guide for relating different terms across fields, both in
definition and in terminology.

F-scor

5.10 Exercises

Exercise 1 The best seller of Edumm cheese dairy is their 1000-g ball cheese. The
actual weight of the cheese varies during production and can be regarded as normally
distributed with known variance o = 49[g?]. The cheesemaker suspects that, in reality,
the average cheese weight is even greater than 1000 g, which would have a negative
effect on production efficiency. The dairy wants to perform (based on a sample of size n)
a statistical test at level & = 0.05 on the true mean weight of their ball cheese.



(a)

Formulate the hypotheses for this question. Which test would you use and why?
(b)
Which test decision do you arrive at for a measured mean cheese weight of 1003 g?
Perform the test for n = 10 and n = 30. Interpret the results. Also, calculate the p-
values and rejection region of the tests.
(c)
The diagram below shows the density of the expected value of the cheese weight
under the null hypothesis at a sample size of n = 30. Fill in the values on the x-axis,
and calculate and mark the rejection region of the null hypothesis. Also, mark the
region of the density where the p-value is “located.”

0.30 4

0.20 4

0.10 4

density of the mean under HO

0.00 4

(d)
Calculate a 90% confidence interval for  at n = 30, and also mark it in the
diagram from (c).

Exercise 2 We consider an i.i.d. sample X1, ..., X, from a normal distribution
X; ~ N(p, 0?) and want to construct a statistical test for the hypotheses Hy : p = pg
versus Hy : pu # pgata = 0.1.

—_— ]'
From a sample of n = 200, we gotuprp = — Zn (Ti = 1.08. We know that
n

i=

o = 0.5. Our hypothesis is Hy : p = 1 versus H; : pu # 1. We will now look at three

different tests to come to a test decision.

(@) . . . . R
State the likelihood and log-likelihood function for p in a normal distribution. What
is the idea of the likelihood-ratio test? Derive the likelihood ratio for 4 = p and a
general decision rule for the test problem given in this exercise, where we want to
test Hy : u = po versus Hy : pu # po with known variance. Then, calculate the test
statistic for the concrete values provided in this exercise, and come to a test
decision.

(b) Derive the score function s(u; 1, . . ., ;). We now want to use the score test to
test the same problem. How does the score test work in general, and what is the
decision rule in this case? Calculate the test statistic and come to a decision.



(c)

State the idea of the Wald test, the general test statistic, and the decision rule for
this exercise, and calculate the test statistic for this case (Hint: Calculating the
Fisher information using the score function you already derived in (b) should result
in I(u) = %). What is the test decision?

What is an advantage of the score test from (b) over the Wald test?

(d)

With the general decision rules you have constructed in (a)-(c), prove that the
Wald, score, and likelihood-ratio test are in fact equal (will always come to the
same test decision at the same level a) in case of a normally distributed random
variable. (Hint: The (1 — a) quantile of the Chi-squared distribution with k = 1 is
given by ‘%kZ,l—a = z%_% )

Exercise 3 We take a look at the fev data set. FEV (forced expiratory volume) is an

index of pulmonary function that measures the volume of air expelled after 1 second of

constant effort. The data contains FEV on 654 children aged 6-22 who were part of the

Childhood Respiratory Disease Study in 1980 in Boston (Tager et al., 1979).

(a) . . : _ .
In regression modeling, the normality assumption is often violated. Assume that we
want to model FEV with a simple model that assumes the outcome to be normally
distributed. Use the shapiro. test function in R to check for normality of the
variable FEV and interpret the resulting p-value.

®) In many disciplines, the test for normality is a common practice, while in others
people have advocated against it. What might be reasons against testing for
normality? What might be the effects on later inference, i.e., other tests performed
based on the normality test result, keeping in mind the multiple testing problem?

(c)

Generalize the general 2 ? test to test if two variables in a contingency table are
independent, i.e., derive the 22 test on independence on your own. Hint: Derive
the distribution of the number in each cell under the independence assumption,
and then test if the data as a whole follows this distribution.

(d)

Use the 22 test in R with o = 0.05 to test if the smoker status has an impact on
FEV.

Exercise 4 Consider the WDI data set, which contains the CO4 emission up to 2011
for several large countries along with other information. We want to test whether the
mean values of the CO5 emissions for each continent present significant distances
among each other.

(a) Why is it necessary to adjust the p-values in the case of multiple testing? What



would otherwise happen if we increased the number of tests?

(b)

Use the duality of confidence intervals and tests to discuss the effect of the multiple
testing problem on confidence intervals. Use the Bonferroni method to define
adjusted confidence intervals.

(c)
Test pairwise if the CO4 emissions per continent are different. Then, do the same,
but adjust using the “Bonferroni,” “Holm’s,” and “false discovery rate” methods.

Hint: Have a look at the documentation of pairwise. t.test for the different
adjustment methods.
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6. Regression
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The previous chapters introduced the general concepts of statistical inference,
focusing on the case where we observe data yi, . . ., Yn, but in a simplified setting
without any additional input variables. Now, we will shift our focus and assume that
we observe an outcome variable Y (which may be multivariate) that depends on
input variables x, which may be one- or higher-dimensional. In this context, Y is

»” «

commonly referred to as the “outcome,” “target,” or “dependent variable,” since its
distribution depends on x, which are called the “inputs,” “features,” “independent
variables,” or “covariates.” We observe pairs of values (y;, z;) and aim to model the
distribution of Y given X. This type of analysis is generally referred to as regression
in statistics. In this chapter, we introduce the main ideas, acknowledging that the
model class has been extensively explored and that it goes far beyond what is
discussed here. We limit ourselves to what we deem to be essential and refer to

Fahrmeir et al. (2013) for a more in-depth overview of the field.

6.1 Simple Linear Model

The term regression originates from the pioneering work of Sir Francis Galton.
While investigating questions about heredity, Galton collected data on the heights
of parents and their adult children and noticed a strong relationship between the
two. In particular, an approximate linear trend was found, with a slope of 2/3,
meaning that children of very tall parents would tend to be taller than the average
person while also being shorter than their parents on average. Galton described
this tendency toward the population average as regression toward the mean and
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termed the linear trend line “regression line.” Nowadays, the term regression
analysis is widely used to describe statistical methods for estimating relationships
between a dependent variable and one or more independent variables. The
simplest type of regression model is a linear model, which we introduce now.

The simple linear model aims at quantifying how the mean of the response
variable Y depends on a single (independent) variable x. As implied by the name,
the relationship is assumed to be linear and takes the following form:

Y = Bo+ Biz + €, (6.1)
where B is the intercept and (3 is the slope of the regression line. The term € is
called the error term or residual and consists of a random component with mean 0.
The expected value of Y is assumed to be a linear function of x, that is,

E(Y | 2) = o + Bra.
In other words, we assume (a) a linear relationship between x and Y and (b) that
the relationship is only disturbed by the mean-zero residual €. These are the two
fundamental assumptions of a linear regression model.
An additional common assumption is that the residuals are independent and
normally distributed variables
e; ~N(0,0%), d.i.d.fori=1,...,n. (6.2)
Here, 0° is sometimes called the residual variance or error variance, respectively.
Then, we can show that conditional on x,
Y | z; ~ N(pi, 0?), (6.3)

2

with

w; = E(Y; | ;) = Bo + B1z; and Var(Y; | z;) = o2
The property of constant variance o is termed homoscedasticity, contrasting
heteroscedasticity, where the variance depends on x as well. We do not discuss the
latter here.

Having defined the theoretical aspects of the regression model, the natural
question arises: How should we estimate its unknown parameters? In line with the
methods introduced in Chaps. 3 and 4, we can solve this problem by maximizing the
likelihood function. Under normality and independence of the error terms ¢;, the
log-likelihood function is given b

1(Bo, B1,07%) = E :i_l{—%logﬁ—%(yi'gz—ﬁm}. (6.4)

Differentiation with respect to the three parameters yields the following maximum
likelihood estimates:

By = = E :Z.Zl Yi — + E :izl z;B1 where B; = Zgrfi’;)_(i’;;y) (6.5)

and



2 :" — —~2
o’ = % i1 (yi — Bo — ziP1) -

The estimates BO and Bl are also known as “least squares estimates,” as they can
also be obtained through the method of least squares. The method, predating
maximum likelihood and tracing back to Gauss (1777-1855), consists of finding the
parameters that minimize the sum of the squared deviations between predicted
and observed values, Y " | (y; — By — ,Blazi)Q. The equivalence between the two is
apparent from Eq. (6.4), which contains this exact quantity. Graphically, minimizing
the least squares criterion can be comprehended as drawing the regression line as
close to the observed points as possible, as done, for example, in Fig. 6.1.
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Fig. 6.1 Scatterplot of weight and height data, with regression line

Calculation of the estimates can also be carried out in matrix notation. To do so,
let

(?Jl\ ]. 1 (61\
y=|:|eR™ |, X=|! |eR™ | e=]|:!]|eR™. (66)

Yn 1 z, €n

It is important to note that while X is capitalized, it is still assumed to be
deterministic. We can then write the regression model (6.1) in the form

Y =XB+e¢ (6.7)
where 8 = (B, 61)T andY = (Y3,..., Yn)T. The matrix X is often referred to as
the design matrix, and by default, it contains a column of 1s to include the intercept
(which would otherwise be implicitly assumed to be 0). The matrix equivalent of
(6.3) is then



Y | X ~N(XB,0% I,,), (6.8)
where I, is a diagonal matrix of dimension n. The log likelihood is then
U(B,0%) = —5 log o* — 57 (y — XB) ' (y — XB). (6.9)
Differentiation with respect to 3 and setting the derivative to 0 = (0, 0)T yield the
maximum likelihood estimate
B=(XTX)"'XTy, (6.10)
which is identical to the estimates in (6.5) but has a more convenient form. One can
easily show that ﬁ is unbiased by combining (6.10) with (6.8):

EB =E(X'X)'XY)=(X'X)'XBEY|X)=(X'X)'X"XB=0
Moreover, as Var(e) = o21,,, it follows that

Var(B) = o2(XTX) .
It is also easy to show that o?( X " X) ! is equal to the inverse Fisher information

matrix, implying that the estimator variance is minimal. Furthermore, ,/B\ is the best
linear unbiased estimator (BLUE) for 8, which is also known as the Gauss-Markov
property. For more details, we refer to Ravishanker et al. (2021).

Example 6.1 In a class of 30 statistics students, we have information on their
height and weight and are interested in learning about the relationship between the
two quantities. We consider weight as the response (or dependent) variable and
height as the single covariate (or independent variable) to estimate a simple linear
regression model of the following form:

welghtl = ﬂo + BlhelghtZ + €;.
We obtain an estimated slope of Bpeigns = 0.89, indicating that taller students tend
to weigh more. Within our sample, an increase of 1 cm in height is therefore
associated with an increase of 0.89 kg in body mass on average. A graphical

representation of the data and the corresponding regression line are given in Fig.
6.1.>

6.2 Multiple Linear Regression

Until now, we considered the case in which a response variable Y is assumed to
(linearly) depend on a single covariate x. In the real world, however, things are
often much more complex: Variation in Y is often explained by a multitude of
different factors, which can also induce nonlinear dependencies that interact with
each other. As a natural next step, we extend single-variable regression covered in
Sect. 6.1 to multiple covariates, giving rise to the multiple linear regression model,

Y = Bo + B1zi1 + Baxiz + ... + BpTip + €, (6.11)



where z; = (1, 42, - - -, mip) is a vector of p different covariates assumed to
influence the response variable Y. The variables 51, 82, . . ., Bp are regression
coefficients weighting each covariate and ¢; is the random error term or residual,
respectively. As in (6.2), all individual errors €; are assumed to follow a normal
distribution with mean 0 and variance o2, This implies that the conditional
expectation of Y; is given by the structural component of the model

E(Y; | ;) = Bo + Bixzi + Bazia + . .. + BpTip.
We can rewrite the model again in matrix form. Defining the design matrix X by

1 11 I12 ... mlp
X=1: : : e Rrx(p+1)
1 o1 ZTp2 o0 Ty
allows to write the regression model as (6.7), with ¢y and € as defined in (6.6) and

B = (Bo, B1, - - - ,,BP)T. Accordingly, the maximum likelihood estimate is given by
(6.10).

Example 6.2 Considering again the 30 statistics students from Example 6.1, we
now have additional information on their gender and age in addition to their height
and weight. We are interested in learning how height, gender, and age relate to the
students’ weight. In the multiple linear regression model, weight will be the
response variable, and height, age, and gender are covariates,

weight, = By + S1height, + B2age; + Bsgender; + ¢;,
where the variable “gender” takes value 1 if the student identifies as male and 0
otherwise. Estimates of 8, 81, B2, and 33 were obtained via maximum likelihood
and are shown in the following table:

Table

In the table, the p-values are obtained by performing a Wald test (see Sect. 5.3.2
for the null hypothesis that the corresponding coefficient equals 0). A high p-value
thus means that there is not enough evidence to reject the null hypothesis, implying
that we can'’t statistically rule out that the true coefficient is zero.

Plugging the estimated coefficients into the model equation yields

weight = —7.05 + 0.42height,—0.06age, + 13.69gender,.

Each single coefficients can be interpreted similarly as in the simple regression
model, with the additional caveat that the interpretation is valid in a setting where
all other coefficients are fixed. This setup is often called ceteris paribus, Latin for “all
else equal.” The coefficient 8 thus describes the “pure” association of the k-th



covariate with the response, “washing out” the effect of the other variables. In our
specific case, interpretation can be carried out as follows:

. BO: The intercept can usually be interpreted as the expected value of the response
when all covariates (i.e., height, age, and gender) take a value of 0. In this case, it
does not have a meaningful interpretation, as a height of 0 cm does not make
sense from a substantive standpoint.

e (31: Anincrease of 1 cm in height is associated, ceteris paribus, with an average
increase of 0.42 kg in weight.

. 32: Keeping height and gender fixed, an age increase of one year is associated
with an average reduction of 0.07 kg in weight. Note that the variance of this
coefficient is much higher than the absolute value of the coefficient itself, evident
in a high p-value. This means that the data at hand does not provide us enough
evidence to say that age has any effect on the weight for people comparable to
those within our sample.

. 33: The average weight for a male student is about 13.69 kg higher than that of a
female student with the same height and age. >

One may have noticed in Example 6.2 that the variable gender was not continuous
or even numeric but rather a binary categorical indicator, taking only values 1 and
0. This is not a problem, as the linear regression model does not make any
assumption about the nature of the covariates. In fact, the independent variables
can be transformed in many ways, therefore increasing the range of alternative
dependence structures at our disposal far beyond simple linear associations.
Possibilities include:

¢ Indicator variables (with any number of categories) to model the association
between nonnumeric variables and Y.
e Variable transformations, such as log (:c) or %, to model nonlinear relationships.

¢ Using polynomials to model more complex relationships, e.g., including variables
x, 2, and 22, to model a potential cubic relationship between variable z and the
response Y.

e Using products of variables, e.g., including variables x1, 2, and their product
x3 = T1Z9, together in the model equation. In this case, x3 is named interaction
term, as it quantifies how x; and x5 interact with each other relative to their

effecton Y.

The fact that nonlinearity can be captured may seem conflicting with the
chapter’s name: after all, the model class is called “multiple linear regression.” This
confusion can easily be solved by noting that the model class is always linear with



respect to the parameters but not necessarily in the covariates, i.e., the covariates
can be transformed nonlinearly.

6.3 Logistic Regression (Classification)

A linear regression model is suitable for response variables that approximately
follow a normal distribution. For many applications, however, we are interested in
investigating non-normally distributed target variables. Some variables are not
even continuous but rather categorical, i.e., taking a finite number of nonnumeric
values. In the following, we focus on the case of a binary response variable, i.e., a
variable which only takes two possible values. Examples of such variables include
the test result for a disease (positive /negative), voting for a certain political party in
an election (yes/no), or passing an exam (pass/fail). In machine learning, such
problems are usually labelled as binary classification, while the statistical
terminology refers this as binary regression.

In general, we characterize the two possible outcomes of a binary variable Y,
which we label as either a success, i.e., Y = 1, or failure, i.e., Y = 0. First, we show
that modeling a binary response Y by a linear model as presented in the previous
Sect. 6.2, i.e., assuming
Y = E(Y; | i1, @iy - -, Tip) + € = Po + Przin + Paziz + ... + Ppip + €;(6.12)

with €; ~ N(0, o%), isn’t feasible. Note that for binary 0 / 1 variables we have
E(Y;) = P(Y; = 1). Therefore, the linear model breaks down in this case:

¢ Any probability can only take values between 0 and 1, while the predicted values
on the right side of (6.12) are unbounded.
e The errors €; would not be normally distributed.

We can solve these issues by modeling the conditional expectation
i = E(Y; | ©i, @2, ..., xip) = P(Y; = 1| i1, Ti2, - . ., Tip), instead of predicting
observations Yj;, and by assuming the model,

i = P(Y; =1 2, %2, .., ip) = h(Bo + Brzi1 + Boxio + ... + BpZip),

where h() is a function mapping the real axis from —oo to co uniquely to values
in the interval [0, 1]. By modeling the expectation, we do not need to make any
assumption on the errors, and by using the function h to transform the output, we
ensure that the predicted probabilities will only take valid values. We term the
argument of the h function linear predictor and usually indicated with the letter 7;:

N = Bo + Bixi1 + Baxia + ... + BpZTip. (6.13)

For mathematical reasons, the function h() needs to be invertible, which is
guaranteed when choosing it to be monotonically increasing, such that a higher
value of the linear predictor 7; implies a higher predicted probability ;. This



makes cumulative distribution functions of continuous random variables a prime
choice, as they are naturally bound to the interval [0, 1] and are always
monotonically increasing. A standard pick in this situation is the logistic
distribution function,

h(n) = 1o, (614)

which is visualized in Fig. 6.2. The nonlinear S-shape shows any value of n;
implies a conditional probability between 0 and 1 but also visualizes how small
changes in the linear predictor have varying effects on the conditional probability
7; depending on from where we look at the change, i.e., the change gets larger the
closer n; is to 0.
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Fig. 6.2 Logistic distribution function, showing the probability P(Y; = 1), ;, as a function of the linear predictor
ni

Using the logistic function results in the logistic regression model or, more
shortly, the logit model:

m; = P(Y; = 1| n;) = Trmi. (6.15)

Note that an increase of the linear predictor 77 to 7 + 1 leads to an increase of
the predicted probability P(Y = 1) from h(n) to h(n + 1), which in the logistic
case translates to a change from

exp(n) exp(n+1)
1+exp(n) 1+exp(n+1) °
Solving (6.15) for n; leads to an alternative representation of the model

n; =log ( T ) =log <%) = Bo + B1zi1 + BoTio + ... + BpTip. (6.16)

K3




This formulation is analogous to that of a linear model, but the quantity that is a
Uy
1—71'2‘

can interpret the coefficients in a similar manner but with respect to the log odds as
opposed to the conditional expectation: “an increase of 1 unit in the covariate z;
leads to an increase of 3; in the log odds”.

A third useful formulation of the logit model is obtained by taking the exp

transformation on both sides of Eq. 6.16:
: P(Y;=1
1;,» = PEY,-:O% =exp (Bo) exp (B1za) exp (B2xia) - ... - exp (BpTip). (6.17)
Through this formulation, one can observe that an increase of 1 unit in covariate
z ; will lead to a multiplicative increase (or decrease if the coefficient is negative) by

a factor of exp (8;) in the odds

1-m; "
Let us now explore the practical usage of logistic regression and its different
interpretations through an example.

linear function of n; is now log ( ), also termed log odds. This means that we

Example 6.3 A medical doctor gathers data on 47 patients to study the
association between age, gender, and the presence of heart disease. In this case, the
response variable Y is “disease,” taking values

v — 1 if heart disease present,
~ 10 if heart disease absent.

We can estimate a logistic regression model of the following form:

exp(1;)
P(YvZ = 1) = Trexp(m;)

The linear predictor 7; is given by

i = Bo + Prage; + Sagender;,
where the variable age is measured in years and the variable “gender” takes the
value 1 if the patient identifies as male and 0 otherwise. Parameter estimates for 3y,
B1, and B3, obtained with maximum likelihood, are given in Table 6.1, together with
their related standard errors and p-values.

Table 6.1 Coefficients, standard errors, and p-values for the regression model in Example 6.3

Plugging the estimated coefficients into the model equation yields

Uy

n; =log ( 1_'7”) = —5.53 + 0.06age; + 1.45gender;,.

The single coefficients can be interpreted similarly as in the linear regression
model, keeping in mind that the linear interpretation holds for the log odds for the
response variable. In our specific case, interpretation can be carried out as follows:




. BO: The intercept gives the expected log odds of heart disease for a patient with
all covariates set to 0, i.e., for a female patient with age 0. As the value 0 is out of
the domain for our variable age, the intercept has no meaningful interpretation.

» (31: For a given gender, an age increase of 1 year is associated with an average
increase of 0.06 in the log odds of heart disease. Equivalently, we can say that an
increase of 1 year in age leads to an increase in the odds of heart disease (

%) by a (multiplicative) factor of exp (0.06) = 1.06.

. BQ: The log odds of heart disease for male patients are on average 1.45 units
higher than those of a female patient of the same age. Alternatively, it’s also
possible to say that the odds of heart disease for a male patient are higher than
those of a female patient of the same age by a (multiplicative) factor of
exp (1.45) = 4.26.

The predicted probability of heart disease by age and gender is depicted in Fig.
6.3. From the plot, it is apparent that the risk of heart disease increases for older
people and that males have a higher risk than females. >
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Fig. 6.3 Predicted probability of heart disease by age and gender; estimated via the logistic regression model

6.4 Generalized Linear Models

In the previous section, we showed how the linear modeling framework can be
extended to handle binary response variables by focusing on modeling the
conditional expectation of the response variable, i.e., E(Y | z), and transforming
the output of the linear model in a suitable manner. We will now show that this



generalization is possible not only in the binary case but also for a wide variety of
different response variable types, such as Poisson, exponential, Gamma, and many
more distributions. Such extensions to the linear model make up the class of
generalized linear models (GLMs), introduced by Nelder and Wedderburn (1972).
More precisely, GLMs possess the following properties:

1.
The (conditional) distribution of the response variable Y belongs to the broad

class of exponential family distributions. This class contains most of the
commonly used distributions (see Sect. B.2 for more details).

The expected value of the response value, E(Y; | z;), is connected to the linear
predictor n; = Bo + Bi1zi1 + B2zi2 + ... + Bpxip through a response function
h(). In other words, we have

E(Y; | zi) = pi = h(m:)-

The GLM framework is apparently quite general and encompasses many
different regression scenarios. A very important role is played by the response
function h(7), which should be chosen to be compatible with the type of response
variable Y that is modeled. In the previous section, we saw the case of a binary
variable, in which the response function has the main job of transforming the linear
predictor, which is generally unbounded and real, into a probability, which only
takes real values between 0 and 1. Another special case is given by a normally
distributed response variable: In that scenario, given that a normally distributed
random variable can take all values in the real numbers, there is no need to
transform the linear predictor 7. In other words, the response function h is given by
the identity function, i.e., h(n) = 7, reverting to the case of the classical (standard)
linear model. As said before, many other GLMs are possible: Let us now see an
empirical example with a Poisson-distributed response variable.

Example 6.4 An e-commerce website is interested in understanding how review
scores, price, and promotions are related to product sales. More in particular, the
research team considers total sales over a week for a sample of 200 different
products. The following is a snapshot of the data:

Table

Given that we are in a classical count variable setting, it seems reasonable to
model sales as the response variable in a Poisson GLM, i.e., a regression model
assuming the response variable to follow a Poisson distribution. The latter
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assumption is consistent with what is visible from a barplot of sales, which is given

in Fig. 6.4.
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Fig. 6.4 Barplot of “sales,” the response variable in our regression model. The shape of the data is consistent with
the choice of a Poisson distribution

Once we decided to use a Poisson distributional assumption, all that’s left is to
choose the response function h, which will map the linear predictor 7 (i.e., a linear
combination of the covariate scores, price, and promotion) to the expectation of Y
(i.e., sales). Given that sales can only take positive values, a reasonable choice is
given by the exponential function, which maps real numbers into positive ones. All
things considered, our model will thus be

P(Y; =y | z;) =exp (),
with

n; = Bo + Pireview_score; + Baprice; + Szpromotion,
where the variable “review score” is measured in stars and the variable “price”
in Euros and the variable “promotion” takes the value 1 if the price shows a
discount on the website and 0 otherwise. Parameter estimates for By, 81, B2, and 3
, obtained with maximum likelihood, are given in Table 6.2, together with their
related standard errors and p-values.

Table 6.2 Coefficients, standard errors, and p-values for the regression model in Example 6.4

Plugging the estimated coefficients into the model equation yields

1; = 0.642 4- 0.473 * review_score; + 0.001 * price; 4+ 0.166 * promotion,.



The single coefficients can be interpreted similarly as in the binary regression
model above, keeping in mind that the linear interpretation holds for the logarithm
of the response variable. In our specific case, interpretation can be carried out as

follows:

. BO: The intercept gives the log expected weekly sales for a product with all
covariates set to 0. Once again, as the value 0 is out of the domain for some of our
covariates, the intercept has no meaningful interpretation here.

Bli For a given price and promotion, an increase of one star in review is
associated with an increase of 0.473 in the logarithm of weekly sales, ceteris
paribus. Equivalently, we can say that an increase of one star in review is
associated with a multiplicative increase in sales by a factor of %47 = 1.605
(ceteris paribus), that is, a whopping 60% increase in sales.

Be: The coefficient for price is very small, and its p-value is close to 1. From the
available data and controlling for review scores and whether or not there is a
promotion, there is no evidence of a relationship between item price and sales.

33: For given review score and price, the presence of a promotion is associated
with an increase of 0.166 in the logarithm of weekly sales. Alternatively, we can
also say that if a product is on sale we can expect an increase in sales of a factor
of exp (0.177) = 1.194, i.e., an increase of 19% in weeKkly sales, ceterisparibus.

>

As is visible from these simple examples, generalized linear models are powerful
tools to measure associations between variables under fairly general conditions.
The wide range of distributional families available, together with the choice of the
response function, provides the user with remarkable flexibility. This flexibility,

however, comes at the cost of putting the choice in the hands of the modeler.
Nonetheless, there are several tools to ensure proper model specification, i.e.,

proper choice of distributional and structural assumptions. For reasons of brevity,
we don’t discuss these here but instead refer to Fahrmeir et al. (2013) for that as
well as for a broader discussion of everything associated with regression.

6.5 Exercises

Exercise 1 The dataset theatre.txt, available in the book online materials,
contains data on yearly expenses of theater visits for randomly surveyed citizens of
Zurich, Switzerland. The data contains the following variables:

Age: Age of the informants in years
Sex: Sex of the informants (0, male/1, female)



Salary: Yearly salary in thousand Swiss francs (CHF)

Culture: Expenses for cultural activities in CHF

Theater: Expenses for theater visits in CHF

Theater prevYear: Expenses for theater in the previous year in CHF

Our aim is to understand what variables are associated with theater expenses,
and we will use regression models to do so:

(a) , . e
Construct a linear model M, explaining expenses for theater visits this year
by all other covariates, using the function 1m in R. Interpret the estimates
obtained for the model coefficients. Which variables have the most impact on
theater expenses?

(b)

Eliminate all nonsignificant variables in My, and fit a new model M;. Which of
the model would you prefer, and why?

(c)
(d)

Extend M to check whether Sex fac and Theatre prevYear interact.

How does the model fit change if you

e Use the logarithm of the covariates instead of the absolute metrical values?
e Add the square root of the salary to the absolute covariates?

(e)

Based on your observations, which model would you choose for this data?

Exercise 2 The dataset shuttle describes, for the 23 space shuttle flights
previous to the Challenger disaster in 1986, the temperature (° F) at takeoff as well
as the (non)occurrence of thermal overstress of a certain unit. The data contains
the following variables:

Table

Our goal is to understand the relationship between temperature and thermal
overstress.

Download the dataset shuttle from the online supplementary material, and
load the data into R. Generate an additional column tempC, which gives the
temperature in Celsius. Note: The conversion rate isTr = 1.8 - T + 32.

(a) _ _
Graphically compare the temperatures measured at td = 1 with those
measured at td = 0. What is problematic about this way of presenting the
data?



(b)

(c)

(d)

(e)
()

(g)

Fit, using the function 1m (), a linear model with temperature in °F'as
predictor. Generate a plot that shows the observed values of td and temp, as
well as the probabilities estimated by the linear model.

What parameter estimates do we obtain if the temperature is measured in °C
? What are the consequences if we add temp and tempC simultaneously to
the model?

Consider the summary of the linear model estimated at point (b) and
interpret the output. Also take a look at the plot of the residuals. Is the linear
term significant? Why is the test applied here problematic? What else speaks
against the use of the linear model?

How can the slope parameter in the logit model be interpreted?

Calculate the probability of thermal overstress given the temperature of
31 °F as on the date of the Challenger disaster.

For which temperature does the probability of thermal overstress equal 0.5?
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7. Model Selection
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The choice of the right model is apparently crucial. This was already discussed in Sect. 3.1,
and we refer to Fig. 3.1 where we motivated the idea of choosing a (probability) model. We
will deepen this view now because the choice of a model is not only about selecting a
probability model but also about specifying how input variables x influence the output
variable(s) Y. Some ideas in this direction were already visible in the previous chapter on
regression, and we want to formalize this further in the subsequent chapter. We will expose
numerous links to similar, if not equivalent, questions in the realm of machine learning, but
illuminate the issues from a statistical perspective.

7.1 Modeling Dependence

In the previous chapters, we learned about different ways to model random variables by
characterizing them via probability distributions. In Chap. 6, we introduced regression
models that allow for the inclusion of covariate information. In real-life applications of these
models, it is often unclear which covariates should be used in the final model or which
distribution best captures the data at hand. To address such issues, we will develop tools for
model selection, i.e., selecting an appropriate model for data at hand.

In many, if not most, real-world applications, one is not interested in how quantities
behave on their own but rather in the relationships between some variables. For example,
when studying quantities relevant to the socioeconomic aspects of a country, such as
income and education, it might be interesting to understand how one of these variables
influences the other. In general, we may be interested in learning how a variable of interest
Y (“outcome,” “target,” “dependent variable”) is influenced by some other variables x
(“inputs,” “features,” “independent variables”). In most settings, the input variable is
multivariate. This is exactly the setting of regression, which we covered in the previous
chapter. We want to treat the problem from a much broader perspective here. We aim to
find a model for Y given x or, more formally, to select a model for the conditional
distribution of Y given x, i.e., F'(y|z, #), where the distribution depends on a set of

parameters 8 = (61,02,...,0,).
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We need to get a little more formal now, since a model of this type depends on two
components: First, we need to select a probability model %, as motivated in Sect. 3.1.
Additionally, we have to specify how the input variables x influence the parameters in the
probability model. To disentangle these two perspectives, we will change the notation
slightly. We define a model .# as a pair, composed of a probability model .# and a structural
model 5%, which defines how the parameters of the distribution depend on the input
variables x. To be specific, a model is defined as

M = (F,H) (7.1)

where the two model components are given through
F ={F(;7),v7€T} (7.2)
H ={h(;0) withh: Z — T and 0 € 6}. (7.3)

We here call .# the probability model, or distribution model, which defines the likelihood
with respect to the parametrization of the probability model. The parameter space of the
probability models is denoted here with I', and for each v € T, F(, ) is a fully specified
distribution function. In particular, if the density exists, then we can equivalently use

F ={f(57),v€T} (7.4)
with f(.,~y) as density associated with the distribution function F'(., ). This is exactly the
setup that we introduced in Sect. 3.1 and employed in the previous chapters. There is a
strong connection to machine learning as the choice of a probability model is closely related
to the choice of a loss function. We refer to Griinwald (1999) or Wang et al. (2022) for
details.

Besides the probability model, we also have a structural model denoted by 7. In
machine learning, this is also called the “hypothesis space.” The model defines how the
input variables x influence the model’s parameters. The function A(., 8) thereby depends on
parameters 6. The structure of the function h(., 6) itself is assumed to be known, but the
parameters 6 are unknown and need to be estimated. In particular, the value range of h(.; 6)
, i.e,, the set of all possible values for h(z; 6), is equal or a subset of I for all possible values
of # and all possible values of x, that is,

{h(z,0) forc € Z andd c ©} CT. (7.5)
The constraint (7.5) guarantees that for any value of x and any value of 8 we obtain
F(.,h(z,0)) € #, which means we obtain a proper distribution.

The notation above can be motivated by looking at the logistic regression discussed in
Sect. 6.3. Here, the probability model . is a binomial distribution with 7 € [0, 1] as the only
parameter. The structural model # is built from the logistic function h(.) given in (6.14)
and the linear structure for the linear predictor 7 given in (6.13). Defining
z=(1,z1,22,... ,mq)T and § = (Bo, B1, B2, - - - ,ﬂq)T, we obtain
exp(z'6

h(:L'; 0) = #@TZ).
As can be seen, the structure of h is known, but the parameters 6 are not.

The broad definition in (7.1)-(7.3) encompasses several different types of tools used to
model dependencies, both in statistics and in machine learning. In this chapter, we approach
the problem of choosing an appropriate model .# from a general perspective. In principle,
this encompasses selecting both a probability model .# and a structural model 5#. We will



introduce the Akaike information criterion (AIC), which allows the comparison of different
models and, hence, the selection of a better one. We also motivate the idea of model
selection by dividing the data into one part, which is used for model fitting, and another
part used for model selection, commonly known as cross-validation. In most practical
applications, the focus is thereby to select the “best” structural model 5, while the
probability model . is considered fixed. Strategically, however, it would be a considerable
restriction if we consider model selection only as a selection of the structural model.

Now that we have clearly distinguished between the structural model component 7
and the probability component %, we want to simplify the notation for better readability.
We therefore write the model class . as

M = {F(-;0);0 c O} (7.6)

which formally stands for

M ={F(;h(;0)); F € F and h(-,-) € H}.
This notation accommodates that models comprise structural and probability components,
without explicitly listing them. While (7.6) simplifies notation, one should bear in mind that
any model choice requires selecting % as well as 7.

7.2 Training and Test Data
Let us look more closely at the problem of model selection. As before, we assume the data-
generating process G(+) given in (2.2), but we allow now that G(-) depends on input
quantities x, that is, we have G(- | ) with z € Z". For simplicity, we look at two possible
models which we denote as #1 = (%1, 74) and Mo = (F2, H53). Often, these models will
be nested, meaning that one model is a subset of the other. A nesting structure is most
naturally defined in the space of the structural model while using the same probability
model, i.e., #1 = %, and % C A, or vice versa with J# being nested in J%3. Assuming
J¢] to be the larger model, this can formally be written as

J4 = {h(,0) with 6 € @1} and J% = {h(,0) with 6 € @2} with ©, C ©4. (7.7)
We call (7.7) a nested model structure.

Alternatively, we may consider non-nested models. If #7 = %5, this can be the case if
% = {h(, 9),9 € @1} and % = {h(,@),& € @2} with @2 ¢ @1 and @1 ¢ @2. (7.8)
In this case, the probability model is the same, but the structural models differ, and they are
not subsets of another, i.e., 7 ¢ 5% and J% ¢ 7¢1. But we may even consider models
where the probability models differ, that is, #; # %5. In this general case, we write
Fi(+; 61) for elements of #; and accordingly F»(+; 62) for elements of Z5. Note that for
nested models the distributional models are the same, and in this case, we omit the
subscript and write F'(.; §;) and F(-; 8,), respectively. The possible different setups for
model selection, including nested and non-nested scenarios, are sketched in Fig. 7.1.
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Fig. 7.1 Different settings for model selection. The top row shows nested models, the middle row shows disjoint models, and
the bottom row visualizes non-nested and non-disjoint models

We refer to our results from Sect. 2.1, where we introduced the Kullback-Leibler
divergence to define the best model in a set of models .#. We extend this now by allowing
for the comparison of models. If the Kullback-Leibler divergence is taken as a distance
measure between F and the true data-generating process G, the model with the smaller
distance to G should be preferred. This leads to the comparison of



KL(G(');Fl(';él)):flog fl(() dG(y)

yval)
and

KL(G(');FE(';éz)):flOg —_ 4G (y),

f (y792)
where él and 65 are the maximum likelihood estimates in model .47 and .#>, respectively.
We should prefer model 1 if its divergence is smaller, that is, we prefer model ./ if

KL(G(-); Fi(+;61)) — KL(G("); Fa(;6)) < 0
& flog Iilyi) L2 4G (y) > (7.9)

il .%92
& prefer model /7.
Note that we cannot calculate the integrals since we do not know G(+). One might be

tempted to replace the integral with its empirical version, since data yi, ..., y, have been
drawn from G(-). This would lead to the quantity
L g log L1wi00) 7.10
n i=1 08 f2(yi362) ( )

However, this quantity does not converge to the integral in (7.9) since we violate the
fundamental rule, which states “Never make use of the same data twice.” Note that the
integral in (7.9) refers to a new variable Y ~ G and in fact we can write (7.9) as the
selection rule:

f2 (YaOZ)

Now, it becomes obvious that the expectation is with respect to Y, some new variable, but él

If E(log e 91)) > 0, we prefer (7.11)

and ég are based on the data yy, . . ., yn. In contrast, in (7.10), we make use of the data

twice, first in the sum, where we sum over yy, ..., y,, as well as in the estimates él and é2,
which are also calculated from the data y, . . . , y,. This is a conceptual flaw that, in fact, will
inevitably lead to what is called overfitting. This is easily seen for nested models. If

F1 = &y and 4 C F#, we obtain

By = > . og flysba) < D . Tog flyisbr) = (By),

since éz € O, C 0O;. Putting it differently, the maximum of the likelihood function in the
larger space O will always be larger than or equal to the maximum of the likelihood in the
smaller space 0. Inevitably, overfitting results since complex models are always preferred.
Let us therefore correct the mistake occurring in (7.10). This can be done in two ways. We
start by making the summands explicitly independent of the estimates. This is achieved by
using n—1 observations for fitting and the remaining observation for estimating the
integral. Going through all observations, this would lead to

if L E - log LW S 0 e prefer ., (7.12)
n = F2(yii02,-i)



where éky_i is the maximum likelihood estimate in model k calculated from all observations

except of the i-th one. Hence, we take the data (y1,...,Yi—1,Yi+1,- - -, Yn) to calculate ék7,i,
where k = 1 or k = 2, and use the left-out observation y; to estimate the expectation in
(7.11). This approach is called leave-one-out cross-validation, as sketched below.

Definition 7.1 (Leave-One-Out Cross-Validation)

1.
Fori = 1,...,n, refit the two models by excluding the i-th observation leading to

estimatest); _;and0, _;.

Calculate the average log-likelihood ratio given in (7.12). If this is larger than 0, prefer
model #1; otherwise, select model.#.

The approach requires refitting each model n times. This can be burdensome or even
infeasible if the fitting process takes too long or is too computer-intensive. If this is the case,
then it is advisable to divide the data generally into training and test data. The training data
are used to fit the model, that is, to calculate the maximum likelihood estimate. The test data
are used for model comparison. Formally, this leads to the following procedure.

Definition 7.2 (Training and Test Data)

1.
We divide n intoniyqin, € Nandniess € Nsuch thatn = Nypgin + Niest- A typical choice is a

ratio of approximately 4:1 for training to test data.

From the database, we draw a sample without replacement of sizen.styielding the test
data. We denote with Nt C {1, ...,n}the index set of selected data points.

We train the models onAy,q;,where N qin = {1,...,n} \ Aesrand obtain estimates,
andég.

We calculate

E ‘ 10g fl(yi§0:1) .
i€ Niest F2(yi362)
If this is> 0, we prefer model.#1; otherwise, we select model #>.

[t appears that such a procedure is somewhat data-hungry since we omit all observations in
est for fitting the model. This means that if the database is small and the train-test
decomposition makes it even smaller, it is advisable to work with a different approach.
Figure 7.2 shows the two versions of splitting the data. The upper plot demonstrates the
leave-one-out cross-validation. The middle plot visualizes the idea of splitting the data into
test and training data. As shown in the bottom plot of Fig. 7.2, it is also possible to select
multiple sets of observations for testing and fitting the data on the remaining observations.
This is called k-fold cross-validation and refers to the concept that the data are divided into
k groups of similar size. This reduces the numerical burden of refitting the model from n
times to k times. Formally, one proceeds as follows.
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Fig. 7.2 Different versions of splitting data. The top row shows leave-one-out cross-validation. The middle row shows a
single split into training and test data. The bottom plot shows k-fold cross-validation

Definition 7.3 (k-Fold Cross-Validation)

1. We divide the data into k groups and denote the resulting index sets with A1, . . . , N;Such
that

(1)
NN A =0,
(i) [ A5 ~ [A],



(i)
Uf:p/Vl ={1,...,n}.

We fit the two models on. A"\ Ajseparately foralll = 1,. .., k, leading to estimatesél,,m
andéz,,/%.

We calculate

E E fl ylyel JV)
=1 f2 (y1102 ./V)
If this is> 0, we prefer model . #+; otherWISe, we select model #-.

It is easy to see that if |.47| = 1 for all I, we get k = n, which leads to leave-one-out cross-
validation.

7.3 AIC and BIC

The above procedures require refitting the model in one way or another. This can be
avoided by using the Akaike information criterion (AIC) or the related Bayesian information
criterion (BIC). We, therefore, return to formula (7.10) and suggest a correction which has
been proposed already more than 50 years ago by Akaike (1973). Before going into
technical details, we remind the reader to take a second look at Fig. 3.1. We observe that the

Kullback-Leibler divergence K L(G(-), F(-;0)) is larger than for the optimal parameter, that
is,

KL(G(-), F(0)) > KL(G(), F(-;60)).

In other words, the overfitting behavior discussed before can be linked to estimation, in that
estimation remains imperfect due to the limited data availability. Hence, we will not uncover
0y and hence the minimal Kullback-Leibler divergence exactly, unless we have an infinite
amount of data. Consequently, K L(G(-), F(-; )) is a biased estimator of
KL(G(-), F(+;60)), and the bias is strictly positive.

The subsequently introduced Akaike information criterion aims to find a correction for
this bias. The exact proof is a little bit clumsy to follow and will therefore be given at the end
of this section.

Definition 7.4 TheAkaike information criterion(AIC)for model class.# is defined as
AIC(M) = 2 E :izl log f(ys;6) + 2p, (7.13)

where p is the dimension of the parameter@andéis the maximum likelihood estimate in
model class.# as defined in (7.6). The AIC can be seen as an estimate of the Akaike information
(7.14)



2 B{KL(G(-), F(;6))}~2 flog (9(y))dG(y)

= =2 E?{EY{log f(Y7 9(?))}}1
where the expectation is taken over two different sets of dataY = (Y1,...,Y,),
= (Y1,...,Y,,)stemming both from G, withY being used for estimation offand Y for
evaluating the log likelihood.

The factor 2 in (7.13) and (7.14) is arbitrary and, in principle, not necessary but used for
conventional reasons. Note that with the result (7.14), we can employ the AIC for model
selection. In particular, this means that AIC(.#1) — AIC(.#>) is an estimate for the
following quantity:

2E{KL(G("), Fi(-;61))} —2E{KL(G(-), F2(+; 62))}

= —92E f 1 fl(ZU;e:l) )dG
{ °8 <f2(y;92) (y)

This suggests that if the term is negative, then model .#; should be preferred, and if it is
positive, then .#, is preferable.

The main advantage of the AIC is that it does not require refitting the model, unlike
cross-validation. Hence, if the model training is burdensome, then the AIC has advantages
compared to cross-validation. However, the AIC requires quantifying the number of
parameters, which itself requires approximations when parameters are constrained.
Moreover, maximum likelihood estimation needs to be carried out. This can be difficult in
high-dimensional models, where, for numerical stability, some regularization needs to be
applied. In fact, regularization has implicit consequences on the dimension of the parameter
space and hence on p, the quantity involved in (7.13). We will pick up this point again in a
later chapter.

Let us write the AIC in the case of normally distributed data. Assume Y; ~ N(u, 0?),
where the mean p might depend on some input variables x and some parameter 6. We
denote this as u = h(z;0). The resulting log likelihood equals

" h(z0))?
1(6; 0%) = g 1 (% 10g (07) — Lolmtl), (7.15)

Differentiating (7.15) with respect to # and o? yields the maximum likelihood estimates,
and we find that the variance is estimated through

P=L ) b)) 716)

Further calculations show that the log likelihood at its maximum (ignoring terms not
dependent on the parameters) takes the form

l(é; — 2 log {Z i —h :cl,e))z}. (7.17)

Consequently, the AIC results in

AIC(A) = n log {Z acl, é))z} + 2p, (7.18)



where p is the dimension of 6. This is an interesting formula, which allows interpreting the
AIC from a different angle. Note that the first component in (7.18) measures the goodness of

~

fit, that is, the empirical prediction error. How well is the fitted model h(x;, #) able to
predict the unknown y;? As we stated before, the more complex the model, the smaller the
prediction error for the data used for fitting, also called “in-sample” prediction error. The
goodness of fit term is now penalized by the complexity of the model, measured as the
number of parameters. Hence, one aims to balance the goodness of fit with the complexity
of the model. The two components and the resulting AIC are visualized in Fig. 7.3, upper
plot.
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Fig. 7.3 AICand BIC behavior by balancing goodness of fit with the complexity of a model



A companion of the AIC is the BIC, short for Bayesian information criterion. This is
defined as follows.

Definition 7.5 TheBayesian information criterion(BIC) for model class.# is defined as
n

BIC(A) = —2 Zizl log f(yz-;é) + log (n)p (7.19)

where p is the dimension of the parameter@andéis the maximum likelihood estimate in
model class.# as defined in (7.6).

Hence, we replace the “2” in the latter term of the AIC in (7.13) by the factor log (n). The

BIC received its name from its derivation, which utilizes ideas of Bayesian inference.

However, the BIC is an asymptotic measure and not a Bayesian model selection criterion.
Looking at the BIC in the normal distribution case discussed above, we obtain

BIC(A#) = nlog {Z (yi—h :cL,9>)2}+ log (n)p. (7.20)

Since for n > 8 we have log (n) > 2, we see that the BIC favors models with lower
complexity, that is, with lower- dlmensmnal parameters. This is also visualized in Fig. 7.3.

We will subsequently prove that AIC as well as the BIC can be formally derived as model
selection criteria. This is, however, somewhat clumsy and technical and can therefore be
omitted upon first reading.

Proof Derivation of the AIC: We look at the expected Kullback-Leibler divergence

By, {KL(G(), F(:0(1h,.... Y2)) }
= const — By, v, {flog f(yae(Yla . aYn))dG(y)})

where we made the dependence of our estimate 6 on the data Y1, - - -, Yn explicit. The
constant term can be ignored in the following. Note that we have two integrals in the second
term in (Z.21): the inner integral over y in the Kullback-Leibler divergence and the outer
integral resulting from the expectation with respect to Y7, ..., Y,. To be explicit, we can
write the expectation in the second component of (7.21) as

[[[log (_/‘(,\f;é(_\*u ..... _.\'n)))dG(,.\")] dG(y1s .. Yn) (7.22)

where G(y1,...,Yn) = Hl G(y;). Our aim is now to estimate the integral. We begin by

(7.21)

disentangling the double integral and approximating f(y; é) with a second-order Taylor
series expansion around 6. To simplify notation, from now on, we write é(yl, vy Yn)as é,

but it should be kept in mind that 6 depends on ¥, . .., Yy, and not on y. This gives the
approximation of (7.22) as
(7.23)
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where J;(0y,y;) = —0% log f(y;;600) / 00060, and we utilized (3.3). Let us first look at the
final component in (7.23). Making use of the asymptotic normality of the maximum
likelihood estimate, this can be asymptotically approximated by tr(I 1 (8y)V(6)) where
V(6)) is the variance of the score function (see (4.28)). Note that neither the integral in the
first component in (7.23) nor V(6,) and I(6,) can be calculated explicitly, as they depend
on the unknown data-generating process G(-). Our aim is therefore to estimate the above
quantity based on the data y;, . . . , y,. We do know that the data 1, . .., y, are drawn from
G(-). Therefore, we replace the integral with its arithmetic mean. To do so, we look at the

empirical version of (7.22) but leave 6 fixed for now, that is, we replace the expectation over
G (y) with the arithmetic mean using y1, . . . , yn. To be specific, we calculate

n Z _, log f(yi; 0). (7.24)

This is clearly just the likelihood function at its maximum divided by the sample size. We
again expand (7.24) around 6, and obtain an approximation of (7.24) with

2D fios flustn) + 5000 00) — 16— 00) TG0 - 00} 0725

Note that the first component in (7.25) can approximate the first component in (7.23). This
means

% Zi:l log f(yi;60) — f log f(y;00)dG(y) (7.26)

for increasing n, which can in fact be proven to be a consistent estimate. Moreover, because
with increasing sample size n

%ZiJi(Go;y) —  I(6y), (7.27)

we can argue that the integrand of the third component in (7.25) converges to

N T R

2(60—00) I7(60)(0 — o).
Taking the expectation with respectto Y7, ..., Y, and using the asymptotic distribution of
the maximum likelihood estimate, we get

Ey,. .y, (%(é — GO)TI‘l(HO)(é — 90)> = tr(I1(0o)V(6y)).

What remains is the second component in (7.25). If we subtract this and take (7.26), (7.27)
and the approximation (7.23), we get
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This suggests the use of — g . s; (00;v:)(0 — 0,) as a bias correction, which we now try
n “—i=

to simplify further. Using (4.18) gives

* E :iSI(Oo;yi)(é—Oo)% + § :isiT(Ho;yi)Il(Go) § :].8]'(90;.%-)-

Bearing in mind that E(s;(6o;y;)) = 0, if we take the expectation with respect to
Yi,..., Y, weget

Eyh”,’yn (% Z Si(ao; yl)—r(é — 90)) ~ %t?’([ﬁl(eo)V(eo)). (7.28)

As both I(6y) and V(6) depend on the unknown distribution G(-), we cannot calculate
their values. But if G(-) € #, we have V(6y) = I(6)) so that

wtr(I 71 (60)V (6)) = +p,
where p is the dimension of the parameter. This approximation is attractively simple and
was proposed by Akaike (1973). Combining the above derivations gives the famous Akaike
information criterion (AIC). O

Proof Derivation of the BIC: Very similar to the AIC is the Bayesian information criterion
(BIC). Assume we have a set of models .41, . . ., #k, each of which corresponds to a
distributional model, such that

My = Y~ fr(y;0p) did
Model selection can now be interpreted as a decision problem, and a plausible strategy is to
select the most likely model or, in Bayesian terminology, the model with the highest
posterior probability. To this end, we need to calculate the posterior probability of each
model. For model .#}, this is given by

;0 D) dv
Pty |y) = LR = LRECSRESE pt) (7.29)

where P(.#};) is the prior belief in model .#}. The denominator f(y) is calculated by

summing over all models
fly) = E :k ffk(y;ﬁk)fek(ﬁk)dﬁk-

Although (7.29) allows us to quantify the posterior model probability, it is often
complicated, or even infeasible, to calculate. We therefore pursue a simplifying approach
and apply a Laplace approximation to the above integral. To begin, let

k(0r) = Zil log fy(yi; Or)




be the log likelihood for model .#}, and define with ék the corresponding maximum
likelihood estimate. With Laplace approximation, the integral component in (7.29) is given
by

Pk

f exp (1u(91)) fo, (92) Ok ~ () T exp (lk<ék>)fek<ék)\%fk<ék>l%

where py, is the dimension of 6. Taking the log of the right-hand side gives

£ log (2m) — £ log (n) + 1k (0;) — 3 log |%Ik(ék)|+ log f5, (81
If we collect all the components that grow with order n, i.e., the second and third, and
multiply them by —2, we obtain the Bayesian information criterion (BIC):

BIC,, = —21;(8;,) + log (n)py.

7.4 AIC, BIC, and Hypothesis Testing

For nested models, we may consider model selection also as a testing problem. This means
we test on hypotheses stating that one or multiple components of the parameter vector 0
can be ignored. To connect the two ideas, consider the setting where we assume two nested
statistical models .#, and .41 with .#, C .#1. We set

My, = {f(y;0),0 € O} for k=0,1
with ©®¢ C ©;. Assume that pg = |@0| and p; = ‘®1| are the dimensions of the
corresponding parameter spaces, and let p = p; — po > 0. In Sect. 4.4, we derived the
distribution of the log-likelihood ratio for parameter testing. This can be extended to the
multivariate case as follows. Let é() be the maximum likelihood estimate in model .#, and

accordingly él is the corresponding estimate in .. It can be shown (see the end of the
section) that if model .#, holds then

5 5 2
2{1(91) _ l(&o)} ~ 22, (7.30)
Formulating the hypothesis Hy : # = .#, and the alternative H; : .# = ./, we obtain
the decision rule

“H” o 2{1(6) - 1(60)} > 22, (7.31)

where £ %, isthe 1 — a quantile of the Chi-squared distribution with p degrees of

pl—a
freedom.

Instead of testing, we can also use AIC or BIC for model selection. Note that the decision
rule of the AIC, when selecting either Hy or Hj, can be written as

“Hi” < 2{1(0:) ~1(00)} > 20, (7.32)

while the BIC corresponds to
“Hy” & 2{l(é1) — l(éo)} >log (n)p. (7.33)
The different critical values, i.e., the threshold values to the right in the decision rules (7.31),
(Z.32), and (Z.33), respectively, are shown in the upper plot in Fig. 7.4 for different values of



p. For the BIC, we plot this with n = 100. We see that the BIC has the strongest increase,
which demonstrates again that the BIC tends to prefer small models. The AIC looks
comparable to the test decision rule but also gets larger and hence prefers smaller models if
p, the difference in dimensions, gets large. For small values of p, however, we see that the
AIC prefers larger models.
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Fig. 7.4 Penalization values for AIC, BIC, and hypothesis testing (upper plot) and resulting significance level (bottom plot)

We could now calculate the probability of a type I error if we base a test on the decision
rules from above. In other words, we calculate P(“H;” | Hy) using the three decision rules
given above. This is shown in the bottom plot of Fig. 7.4. We see that both AIC and BIC lead
to smaller models for larger p, meaning that the resulting significance level is small.

The above result may leave us puzzled, and we need to conclude that model selection
based on AIC or BIC, respectively, and model selection based on testing are two different



and not generally matching ideas. This is important to note and should not come as a
surprise. The two concepts are based on two different methodological grounds and follow
different strands of reasoning. While statistical testing is more designed toward decision
problems, with one of the decision errors limited to happen with small probability only,
model selection based on AIC or BIC aims to avoid overfitting by balancing the goodness of
fit with the complexity of a model. These are apparently two different strategies. Generally,
if the focus is on model selection and not on inference with respect to particular
parameters, it is advisable to use concepts like cross-validation or AIC/BIC, and these
should not be combined with statistical tests in post-model selection inference. We refer to
Claeskens and Hjort (2008) or Riigamer and Greven (2018) for a more detailed discussion
in this direction.

Proof We derive the asymptotic distribution of the likelihood ratio (7.30). Let us for
simplicity assume

—-glh ey
so that for @ € ©g it holds that 8y = (0(()0), 0(()1)) with 0(()1) = 0.Let Hp : 8 = 0y and assume
that H holds. We have
1(61) —1(60) ~ 22, (7.34)
Following similar arguments as in Sect. 4.4 and using that under H, we get 9(()0) R 950) s it
follows

2{1(6:) —1(80)} =2{1(61) — 180) - (1(8o) — 1(60))}

A T A A T A
~ (01 — 00) I‘1(90)(01 — 00) — (00 — 00) I_l(eo)(el — 00)
~ (00 -6y 12 60)] (@ -6
(1
where [I‘l (00)] is the submatrix corresponding to the elements in subvector (),
Under Hy, this vector is zero, and with the asymptotic normality for the maximum
likelihood estimator, we obtain the result. O

7.5 Forward Selection and Small Data Adjustment

The AIC and the BIC are based on asymptotic arguments. Hence, we need to assume that n is
large. In fact, asymptotic arguments require that n — oo. But in real data examples, the
amount of data is always limited, and sometimes we are faced with small samples, where n
is so small that asymptotic arguments do not necessarily hold. We will demonstrate how a
small sample correction for the AIC can circumvent problems in the model selection step.
We will present this in so-called forward selection, meaning we start with simple models
and extend these successively.

We have used AIC and BIC for comparing two models above. Let us extend this approach
here to a cascade of K nested models .#1 C .#> C ... .#x.For demonstration purposes,



we motivate the idea using a simple linear regression model. Let x; = (z;1,...,%;x) bea
set of covariates (for the i observation) leading to the overall linear model

Y; = 60p+ x;10) + xp06h 4+ .. x;x O +€;.
= hf.r; 0)
We aim to find the “relevant” input variables by excluding “irrelevant” covariates. To do so,
we require some notation. Let .#x be the model (7.35) with all covariates included.
Excluding a single covariate can be notated by the K index sets
F k-1 =11,.-., K} \ {k}, and we define with .#x_1)( the regression model with
covariates k € f(K—l)(k) included. This means

. E 0. . 7.36
%(K—l)(k) <Y, 6o + eI kv xljej + € ( )

Excluding two covariates leads to (IQ{) different index sets which we index with f(K,2)(k)

(7.35)

wherek =1,..., <I2(> . Accordingly, we can define the index sets #();) wherek = 1,... K

andl =1,..., (Ik{), and the corresponding model sets are denoted as ///(k)(l). We may now

calculate the AIC values for all models and choose the one with the smallest value. Hence,
we select the model such that

—

% = argmink,l{AIC (%(k)(l))} (7.3 7)
It should be clear that this can lead to a formidable numerical effort. It is therefore advisable
to proceed successively, starting with the null model, i.e., with no covariates included, and
then proceed step by step by including a single variable that decreases the AIC or BIC value
most. This is called forward selection, and it can be written formally as follows:

1.
Calculate the AIC for the model

Yi=p+e,
and denote this with AIC,. Let %, = ) and set k = 0.

Let A = {1,...,K}\ &, calculate the AIC for the |.#}| different models

Yi=p+ E :keﬂk 0% +:cij0j + €;
for j € .#},, and choose the one with the minimal AIC value. Let the corresponding

index of the covariate be [ and define .#j; = % U {l}. The corresponding AIC value is
defined as AIC .

If AICg1 < AICyg, setk = k + 1 and jump back to step 2. Otherwise, select the model
with .# L, as the best model.

We visualize the procedure in Fig. 7.5 and demonstrate it with a simulation setup. We

therefore simulate from
K
Y, = § 1 ;.01 + €, (7.38)



where € ~ N(0, 1). The covariates are also drawn from a standard normal distribution, and
all draws are independent. The parameters 0 are such that K / 2 of the values are set to
zero, while the remaining K / 2 are again drawn from a N(0, 1) distribution. In Fig. 7.6—
left-hand side—we plot the resulting smallest AIC values for a sample size of 1000 and

K = 100. We find an exposed minimum at model dimension 59. The optimal model
contains most of the K / 2 covariates with truly nonzero values (meaning existent
covariates) but also additional spurious ones. The true coefficients are shown in the bottom
left plot in Fig. 7.6, where we see the selected coefficients as bullet points and the
unselected as circles. We experience a well-known weakness of the AIC, which has the
tendency to choose too complex models.
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Fig. 7.5 Sketch of forward selection procedure
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Fig. 7.6 Performance of AIC (left-hand side) and BIC (right-hand side) in the simulation example. The upper row shows the
AIC and BIC values, respectively. The bottom shows the true coefficients with the selected one indicated with points

If we replace the factor 2 in AIC by log (n), we obtain the BIC. Applied to the data, we get
the plot shown on the right-hand side of Fig. 7.6. We find that the selected model is smaller,
with just 46 parameters out of the 50 existing ones included. The unselected parameters in
fact have small values as can be seen in the bottom plot of Fig. 7.6. More importantly, the BIC
has selected none of the spurious variables. This is also a known performance of the BIC as
it tends to select smaller models compared to the AIC.

The performance of the AIC (as well as the BIC) depends on the sample size. If the
sample size n is small, then AIC can perform in a very unsatisfactory way. We demonstrate
this with the above example by reducing the sample size to 100. The corresponding plot is
shown in Fig. 7.7 on the left-hand side. Now, all variables are included, even all spurious
ones, and apparently, the performance is not acceptable. This has led to a small sample size
correction for the AIC. For small samples, the AIC needs to be replaced by the corrected AIC,
which is defined as follows:

AIC, = —21(d) + 2p< n ) (7.39)

n—p—1
The correction was proposed by Hurvich and Tsai (1989). We also refer to DelSole and
Tippett (2021) for further discussion with respect to the small sample correction of the AIC.
Note that if the dimension p gets large, the denominator gets small, and hence the second
term in (7.39) gets large. We demonstrate the effect of the correction using the above
simulation. The results are shown in Fig. 7.7 on the right-hand side. The improvement is




clearly visible, so one should generally work with the corrected AIC, in particular, if the
sample size n is small.
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Fig. 7.7 Performance of AIC (left-hand side) and corrected AIC (right-hand side) in the simulation example for small n. Upper
row shows the AIC and corrected AIC values, respectively. The bottom shows the true coefficients with the selected one
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7.6 Model Selection and Dimension of the Model

Let us define the dimension of a model . as the dimension of the related parameter space
©, which we denote as |®| Classical statistical inference is based on asymptotic arguments,
which means that the data size n is increasing, while the model dimension |©] itself is fixed.
Apparently, though, with more and more data, one can fit more complex models, and hence,
in principle, it seems useful and plausible to allow the model dimension |©| to depend on n
as well. We want to initiate a discussion here in the case where the data size n is large (or
even very large) and set this in comparison to the model size. In general, we want to look at
the ratio

ol (7.40)

n
We can think of three constellations for the above ratio, namely,
@ &<t oo <L o () &> (7.41)
The three cases need to be considered separately. Model selection allows choosing the
dimension of the model data-driven, but that means that the selected model with size |©|
depends on n. Assuming that n is large (or even very large), we are in principle in the

framework of considering asymptotic statements. But this does require that |©| is limited,



i.e.,, we are in situation (a) in (7.41). In this case, all asymptotic arguments derived in the
book so far hold.

But what happens if the dimension of the parameter space is large as well, maybe even
larger than n? This brings us to constellations (b) and (c) in (7.41). A comprehensive
discussion of these scenarios goes well beyond the scope of this book. But we want to refer
to some ideas that are found in later chapters.

Scenario (b) in (7.41) is often dealt with by using regularization techniques. The latter
guarantees that the numerical performance behaves stably, i.e., the optimization problem is
(to a large extent) concave. Statistically, this can be linked to Bayes estimation, which we
motivate in Sect. 9.7.

The latter case (c) is beyond the classical statistical framework, and classical statistical
statements are void. It means that the model has more parameters than observations.
Recent applications in machine learning and, in particular, in deep learning have shown that
such models can have good, and in fact better, prediction properties compared to models
where the ratio (7.40) is smaller than 1 (LeCun et al., 2015). We will return to relations to
machine learning in Chap. 13.

7.7 EXxercises
Exercise 1

(a)

Briefly define the Akaike and the Bayesian Information Criteria. What is their
function? What is the main (empirical) difference between the two?

(b)

To model the number of observed daily deaths related to COVID-19 in Germany over
the year 2021, a Poisson distribution could be used. The resulting BIC when applying
this model is 3020.443. What is the value of the likelihood for the model?

(c)

As an alternative to the Poisson, a researcher proposes to use the negative binomial
distribution, a parent of the Poisson distribution with a second parameter to account
for potential over- or under-dispersion. The BIC of that model is 3023.909. Which
model should be chosen according to the BIC?

(d)
Suppose we decide to select our model based on AIC instead of BIC. What are the AIC
values for the two models?

(e)

Do the two criteria agree? Which of the two criteria imposes a heavier penalty on the
number of parameters?

Exercise 2 The dataset teengamb in the R-package faraway contains information on
the gambling behavior of teenagers in Great Britain and contains the following variables:

Table

(a) You can fit a linear model in R using the function 1m. Use the AIC in order to pick



between Model 1

gamble = 7y + y1status + ysincome + u
and Model 2

gamble = 1y + 1p;verbal + Yosex + €.
Which model would you prefer?

(b)

Now, use leave-one-out cross-validation in order to compare the mean squared errors
of prediction (MSEPs) for Model 1 and Model 2. Do the two methods agree?

(c)

What are the main differences between AIC and leave-one-out cross-validation? What
similarities do the two methods share? What are the advantages/disadvantages of
each approach?

Exercise 3 The file Portland. rds contains data on the income (in US dollars) of a
sample of 1000 randomly selected single women and men residing in the city of Portland,
Oregon. We here want to model the data by using an inverse Gaussian distribution, which
possesses the positive skew that is typical of income distributions. The inverse Gaussian
distribution has the following form:

Fla o N) = 2 exp { X

(a)

Assuming A to be fixed to a constant (positive) value, derive the maximum likelihood
estimator (MLE) for the parameter p, as well as an asymptotic 95% confidence
interval for it.

(b)

We are now interested in how well our model would fit to new, unseen income data
from Portland. To estimate this, fit the inverse Gaussian model using leave-one-out
cross-validation, and calculate the mean squared error of prediction (MSEP). You can
orient your implementation on the code provided in Exercise 11 or Tutorial 4 for this.

(c)

Leave-one-out cross-validation is often infeasible in settings with large amounts of
data or with complex models that take a lot of time to compute. Therefore, we
frequently employ k-fold cross-validation instead. Implement a simple version of
fourfold cross-validation that splits the data into four equally sized blocks (you can
assume that the data can be evenly divided by four), iteratively fits four models using
three of the four blocks, and determines the MSEP on the leftover fourth block,
respectively. Then, calculate the average of the four MSEPs computed in each iteration
and return this value.
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The concepts and ideas of statistical reasoning presented so far are mostly based
on known or asymptotic distributions combined with mathematical results, which
were developed in times before computers were easily accessible. Now, with
computing power generally available, the view changes, and simulation-based
strategies come to the foreground. Imagine Mendel, with his inheritance
experiments described in Example 5.1, had a computer available at that time. He
could have easily simulated how much variation can occur in the considered
properties of peas if the inheritance law were valid. Similarly, Fisher and Pearson
could have sorted out their argument about the degree of freedom in Chi-squared
tests quite easily by running extensive simulations. Indeed, today, scientific
progress is heavily based on simulations, and we want to devote ourselves to the
topic here as well. Our focus is thereby on simulations of random variables, be
they univariate or multivariate. We start from basic ideas and end with rather
complex simulation strategies; some of these will be reused again, once we get
into Bayesian reasoning.

8.1 Simulating Uniformly Distributed Random

Variables

Today, it is natural to generate random numbers, but we tend to forget that,
apparently, numbers which are produced by computers and hence algorithms are
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not random but deterministic. In this respect, it would be more exact to call
random numbers generated by a computer program “pseudo-random numbers.”
However, we do not want to be that precise here and use the terminology random
numbers throughout this chapter. We refer to Ross (2022) for a general discussion
and readable introduction to simulation and random number generators. We here
only give the main ideas.

The first task is to generate uniformly distributed random numbers on [0, 1].
This is a mathematical and algorithmic problem which has been tackled in the
middle of the twentieth century with generators proposed by Lehmer (1951) and
Thomson (1958). The approach, known as the multiplicative congruential method,
works as follows. For some starting value xy and values a and m, one produces

z, = (ax,_1;) mod m (8.1)
where “mod” is the modulo operator, that is, we divide ax,,_1 by m and take the
remaining full integer. The numbers a and m need to be chosen according to the
computing environment, and choices m = 23! —1 and a = 7° have proven to work
appropriately. From these numbers, we calculate U,, = x,, / m, which lies
between 0 and 1. We show the values of U,, for £y = 1 in Fig. 8.1 in the top plot.
Calculating the resulting empirical distribution function leads to the middle plot
shown in Fig. 8.1. We see a reasonable concordance of U,, with a uniform
distribution on [0, 1]. It is important to note, though, that the numbers given are
deterministic and will always result as shown. To demonstrate this, we change the
initial value to 5 and denote the two resulting series with z,, 1 and z,, 2, where
xo,2 = 5 while zo 1 = 1 as before. When we plot z,, 1 / m against T2 / m, we see
the pattern shown on the bottom plot of Fig. 8.1, which clearly visualizes that the
whole process is deterministic. Still, we are able to produce pseudo-random
variables whose distribution resembles a uniform distribution on the interval
[0, 1]. It is also relevant to remark that the random number generator (8.1)
produces random numbers which are close to independence, meaning that x,, and
Tn+1 €an be treated as (quasi) independent draws, even though apparently they
are functionally dependent.
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Fig. 8.1 Pseudo-random numbers generated through (8.1) with starting value o = 1 (top plot) and the
resulting empirical distribution function (middle plot). The bottom plot shows two sequences of random
numbers with different starting values

From now on, we drop the term “pseudo” and just speak about generated
random variables U,, on [0, 1]. We can utilize these random numbers in various



forms. To start with, assume that we are interested in calculating the integral of a
function g(y), where g : R — R ™. Consider, for instance, g() to be some function
that is proportional to some density function f(). In other words, we know the
shape of the density, but the function g() does not integrate to one. In this case, we

are interested in
0
f ~_g(y)dy (8.2)

assuming that the function is integrable. We want to calculate this integral using
simulations. To do so, we first transform y to some value lying in the interval [0, 1].
Let therefore h(.) : R — [0, 1] be some invertible transformation and set

u = h(y) and correspondingly y = h~!(u), where u € [0, 1]. A convenient choice
is to work with the logit function (also called the sigmoid function), which takes
the form

u=h(y) = ey ©v=h"(w) =log (%)

Then using standard substitution rules integral (8.2) can be rewritten to

> : d y(u) l 1
f g(,\')d,\'—/ g(y(u)) du—f g(y(u))————du
—oc 0 du 0 u(l —u) (8.3)

=: g(u)

With this trick, we have replaced the calculation of an integral with the calculation
of an expected value. To see this, assume U ~ Uniform|0, 1]. Then

B(3()) = j; 3(u)du. (84)

Drawing now independent uniformly distributed random variables U; with
t =1,... N, we obtain, based on the law of large numbers (see Sect. 1.2.2),
N
Zg(U)—> E(zw)) (8.5)
i=1
as N increases. Hence, we can generate a sample U;, withi =1,...,n,to
approximate the interval. If the random numbers are independent, which we
assume, we can even assess the quality of the approximation using the tools from
the previous chapters. That is, with a 95% confidence, we obtain based on the
central limit theorem

E(5W)) € [g—l 96—, 5+ 1.96 W} (8.6)

where
(8.7)
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Interestingly, statistical concepts can be used for numerical calculations, and we
can also utilize the derived results to quantify uncertainty.

Example 8.1 We want to demonstrate the above idea by calculating the integral

f_o; exp {—%(y—uf}dy (8.8)

where 1 € R. Apparently, we know the value of the integral exactly from the
normalization constant of the normal distribution, and it results in

V21 = 2.506628. But let us pretend that we do not know the integral and draw
N = 1000 uniformly distributed random variables as proposed above. In Fig. 8.2,
we show the resulting values g(U;) for 4 = 0 on the top plot, while the bottom
plot shows §(U;) when setting p = 4. The resulting confidence intervals for the
value of the integral are based on the 1000 samples, and they result in

[2.425826, 2.594262] for the case . = 0 and [2.034159, 3.535753] for the case that
p = 4. Note that the value of the integral in (8.8) does not depend on p, but
apparently, the quality of the approximation does depend on the value of u. In
particular, the quality of the approximation depends on the variance, which is
much larger for the case u = 4, as can also be seen in Fig. 8.2. We conclude that
while mathematically the value of 1 does not matter, in simulations, we need to
take the variance into account in order to achieve reliable results. We can also
conclude that integration can be carried out by simulations, and classical
statistical inference allows us to assess the quality of the approximation. >
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Fig. 8.2 Random numbers §(U;) for u = 0 (top) and p = 4 (bottom)

8.2 Simulating from a Distribution Function and a
Density

In the previous section, we discussed how to simulate uniformly distributed
random variables. We now turn to the more general problem of simulating
random variables from arbitrary continuous distributions. Specifically, we aim to
simulate a random variable Y ~ F'(-), where F'(-) is the distribution function of a
continuous random variable. We consider three distinct cases:

1.
The distribution function F(+) is known.

The distribution function F(+) is unknown, but the related density f(-) is
known.
3. Neither the distribution function F'(-) nor the density f(-) are known. We just

~

know the density up to an unknown normalization constant, that is, f(y) is
lrnawmn with £0a0 ~ £(a1
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In this section, we address the first two scenarios. The third case will be discussed
in Sect. 8.3.

We start with the setting where the distribution function F'(y) of a continuous
random variable Y is known. We also assume that this is invertible, which allows
us to easily draw a random sample by utilizing the inverse F~!(.) of the
distribution function.

Property Let U be uniformly distributed on|0, 1]. We defineY = F~1(U). ThenY
is distributed with distribution functionF'(-), that is
Y ~ F(.) (8.9)
m

The proof of the statement is rather simple.

Proof Let Ube uniformly distributed on [0, 1], and define Y = F~1(U). Note
that one has P(U < u) = u foru € [0, 1] Hence

P(Y <y) =P(F'(U) <y)
(F U)) < F(y))

P(U < ) F(y).
This concludes the proof. O

The simulation idea is sketched in Fig. 8.3 (top plot), and it is not difficult to see
that the result extends to discrete random variables, as sketched in the bottom
plot of Fig. 8.3 for a Poisson distribution with A = 2. The inverse of the
distribution function is, in this case, formally defined as

F~l(u) =inf{y: F(y) > u}.
We can conclude that if the (cumulative) distribution function F'(-) is known and
available in analytic form, we can easily simulate from it using Eq. (8.9).
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Fig. 8.3 Sketch for drawing random variables with known distribution

Let us now go a step ahead and assume that the distribution function of the
random variable Y is not available, but the density f(y) is. Hence, we know f(y),

y
but the integral F(y) = / f(4)dg is not available in analytic (and hence
—00

invertible) form. Consequently, we cannot apply Eq. (8.9).

In this case, we can use rejection sampling, a technique described
subsequently. Suppose we are able to efficiently simulate from a so-called
proposal distribution F'*(-), meaning that we can use Eq. (8.9) to obtain
simulations Y* ~ F*(.). Assume further that the related density f*(-) is known.
In other words, F*(-), its inverse F'*~1(.) and the corresponding density f*(-) are
available, and we can (numerically) evaluate them. The proposal distribution is
thereby chosen such that there exists a scalar a > 1 with f(y) < af*(y) for all
y € R. The latter means that if we multiply the proposal density f*(y) by some
a > 1, the resulting value is always larger than f(y), the density we want to
simulate from, for all y € R. Hence af*(-) lies like an “umbrella” over f(-), which



is why f*(-) is also called umbrella density. We visualize this in the top plot in
Fig. 8.4. The density f(-) from which we want to simulate is bimodal. If we use the
density of the normal distribution N (0, 3%) and multiply it by a = 2, we obtain an
umbrella density, as shown in the figure. The idea is now to simulate from f*(-)
but reject the simulated values according to the target density f(-).
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Fig. 8.4 Sketch of rejection sampling. The top plot shows the “umbrella” density f*(-) and the density f(-) from
which we want to sample. Bottom plot shows the simulated values Y * from f*(-) as a histogram. The accepted
values are shown as blue

The rejection sampling scheme proceeds as follows:

1.
Draw Y * from F'*(-) using Eq. (8.9).

2.
Generate a uniformly distributed random variable U on [0, 1].

3. If



f¥r)
U< ar@
accept Y'*; otherwise, go back to Step 1.

The procedure is called “rejection” sampling, since the proposed value Y *
needs to be accepted and is otherwise “rejected.” Before going through a formal
proof, we demonstrate the performance with the umbrella density shown in Fig.
8.4. The bottom plot shows a histogram of 10.000 simulated values Y * from f*(-),
which is a N(0, 32) distribution. Not all values are accepted. We color the accepted
values in the histogram as blue. It appears that the accepted values follow the
bimodal density f(-).

We want to show the impression resulting from Fig. 8.4 more rigorously.
Hence, we need to prove that the accepted values Y *, which pass Step 3, are
drawn from the distribution F'(-) and not from the proposal distribution F*(+).

Proof Note that values, which pass Step 3, have the distribution function

P(Y* <ylU < L ) (8.10)

We need to prove that this equals F'(y). Following Bayes’ rule, we obtain

. 1(v*) )
_F (v 5h

: (8.11)
)

Py <ylv< 200)
e P (US T

Let us first look at the numerator. This can be rewritten as

Yy
P(vrcyv< ) = [ p(v< 29 ) rear

Yy
f * * * *
zfmﬁ%ﬂf@My
=+ F(y)

The denominator in (8.11) is the same as the numerator with y set to infinity.
Since F'(00) = 1, the result follows immediately. O

The rejection sampling algorithm sounds simple, but one should not forget that
one needs to pass Step 3 to obtain a single simulated value. Note that the
denominator in (8.11) gives the overall acceptance probability, which results in

1 / a. Hence, the larger a, the smaller the acceptance probability. The general
intention should, therefore, be to find a distribution F'* (), which is as close as
possible to the unknown distribution F'(-). We visualize this in Fig. 8.5, where we
show two possible proposal densities f*(-) to simulate from the bimodal
distribution f(+). For version 1, we use a normal distribution with & = 0 and



o = 2. Here, a is set to 1.55. For the second version, we use a normal distribution
with g4 = 0 and o = 3. In this case, a = 1.8. Hence, the version with the smaller
value of a is preferable. The quantity a can thereby also be interpreted as the
expected number of loops through Steps 1 and 2 until Step 3 leads to an
acceptance. The number of steps required follows a geometric distribution with
parameter p = 1 / a. Hence, the smaller a, the smaller is the proportion of
rejected simulated values, and hence the more efficient is the simulation scheme.

o
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- f () Version 1
o . :
~ g - f () Version 2
-
=
o
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[u]
~ o
e =
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Fig. 8.5 Sketch for rejection sampling with two different proposal distributions

An alternative to rejection sampling is importance sampling. In this case, we
are interested in calculating an expected value E(h(Y)) for some known function
h(-) and random variable Y, which is distributed according to F'(-). Instead of
calculating the integral analytically, we aim to use simulations.

If we could simulate from F'(-) directly, it is easy to see that for i.i.d. samples
Y i=1,...,N,weget

% Zizl h(Y;) — EF(h(Y)) = f: h(y) f(y)d y

for N increasing. However, while we can evaluate the density f(-), we cannot
simulate from it, since F() is not available. Like in rejection sampling, we choose a
proposal distribution F'*(.) from which we can easily simulate. And, like above, we
assume that the corresponding density f*(+) is available and can be evaluated
numerically. The idea is now to rewrite the expected value as follows:



- f h(y) L0 (y)d y

—0o0

= Bp- (h()£55),

where the index at the expectation refers to the distribution the expectation is
taken over. Using now i.i.d. samples Y;*,i = 1,..., N drawn from F*(-), we
obtain

N
1 «\ fp)
LY w29 p(hy)).

(2

The accuracy of the approximation again depends on the variance, and it is easy to
see that the closer F'(-) and F*(-), the smaller the variance. Hence, both rejection
and importance sampling possess small accuracy if the distribution F*(.) from
which we sample is not a good proxy for the distribution F'(-) we want to sample
from.

8.3 Simulating Proportional to a Density (MCMC)

The simulation schemes above work if we know the distribution function F'(-) or
at least the density f(-). We extend this now to simulation settings where the
density is only known up to an unknown proportionality factor. Hence, instead of

~

the true density f(y), one only knows f(y), which is proportional to the density,

~

ie, f(y) o< f(y). Put differently, we have
f)=2fy) < fly)=af@y) (8.12)

where the constant a, however, is unknown. The procedure proposed below
results from physics goes back to Metropolis et al. (1953). The idea was extended
in Hastings (1970) and brought into the statistical domain, nowadays known as
the Metropolis-Hastings approach. . The procedure is heavily used in Bayesian
statistics, as further discussed in Chap. 9, and we will make full use of it there. We
present the procedure here in its general form as a simulation technique.

The underlying idea is to construct a Markov chain
Y*W y*@) y*@) . Y*T) as sketched in Fig. 8.6. The figure suggests to
simulate the random variables Y *() sequentially, where the simulation of Y *(*)
can depend on the previous simulation Y *(t~1) but is independent of previous
simulations Y*(t=1) Y*(=2) _ Hence, the Markov chain is an iterative
simulation process.
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Fig. 8.6 Markov chain with transition probabilities Q(y*® | y**~1)

At the t-step, a new value Y *(t+1) is simulated from a so-called transition

distribution Q(y | Y *®). The transition distribution is allowed to depend on the
current value Y*(t), but it is independent of all previous values. Hence, given the
current value of the Markov chain, we draw the next value from

Y*tD  Q(y | Y*®). The transition probability leads (under certain technical
assumptions) to a stationary distribution of the Markov chain. The stationary
distribution is thereby defined as the limit as the Markov chain proceeds, that is,
the distribution of Y *®) ast — 00, assuming that this distribution exists. The aim
is now to choose the transition probability Q(y | Y *®) such that Y ® ~ F() as
t — o00. To achieve this limit, we need (a) a transition probability from which we
can easily simulate, and (b) the stationary distribution should be equal to F'(y).

Returning to our simulation problem, while we cannot simulate from F'(y)
directly, since we only know the density up to a proportionality factor, we aim to
construct a transition distribution Q(y | Y **)) such that the Markov chain, if we
let it run long enough, converges to the desired distribution F'(y). This is achieved
with so-called Markov Chain Monte Carlo, or in short MCMC methods. To
formally prove that the procedure works requires several technical details that lie
beyond the scope of the material in this book. We, therefore, present the
procedure and refer to the classical literature on Markov Chains, like Grimmett
and Stirzaker (2001) or a more technical discussion on requirements and
properties as provided by Robert and Casella (2004).

The MCMC procedure presented here is called Metropolis-Hastings algorithm.
The goal is to derive a transition probability Q(y | Y(t)) such that the Markov
chain does have a stationary distribution that is in fact F'(y), where F(y) is the
distribution function to density f(y), which, as said above, is only known up to a

~

proportional function f(y). The procedure is thereby as follows:

1.
Select a starting value Y *(®), and set Y *®) = Y *(0) in the following.

2. Based on Y *(®), propose a new value Y * from a proposal distribution



Y*~ G(.| Y1) (8.13)
where G(- | Y*®) is a known distribution from which we can easily
simulate. Note that G(- | Y*®)) can depend on Y *®), and let g(y | Y *®)
denote the corresponding density.

3.
Define the acceptance probability
e ()) vy g(v*9y)
oY, Y0 = mln(l, I g(Y*Y*(t))) (8.14)
4,
Draw U* ~ Uniform|0, 1].
5.

IfU* > a(Y*,Y*®), reject the proposed value Y *, and go back to Step 2.
Otherwise accept the new value and set Y *(t+1) — y* and proceed to Step 6.

Go back to Step 2 until ¢ reaches the prespecified maximum number of
iterations.

We will not prove that the resulting stationary distribution is in fact equal to F'(-)
but refer to the literature cited above. We want, however, to demonstrate that the
procedure is easily applicable. Note first that we do not know the normalization
constant a in (8.12). The normalization constant, however, cancels out when
calculating the acceptance probability in (8.14). Hence, even though the density
f(+) is only known up to a multiplicative constant, this constant cancels out and is
not needed in the algorithm. Secondly, note that if the proposal distribution is
symmetric, then the second ratio in (8.14) is equal to 1 and can be ignored. Finally,
note that the procedure shows similarities to rejection sampling, and the Markov
chain can remain on the same value without changes if the acceptance probability
is small. We also want to note that there are many variants of the algorithm, and
we refer to Andrieu and Thoms (2008).

Let us now demonstrate the performance of the algorithm with a simple
example. In Fig. 8.7, we show f*(y), which is a bimodal function proportional to a
density. We aim to draw random variables from this distribution. To do so, we set
the starting value to Y *(® = —5 and work with a normal distribution as a
proposal, which is centered at ¢ = Y *®). Hence we simulate Y* ~ N(Y*(t), o?).
This is a symmetric distribution so the ratio g(Y*® | Y*) / g(Y* | Y*)) = 1in
(8.14). For the variance of the proposal, we choose two options. First, we take a
small variance o = 0.22 (setting 1), and second, we take o> = 32 (setting 2). The
two settings are visualized in Fig. 8.8 in the top row, where the left-hand side
refers to setting 1. We run the algorithm up to 7' = 10.000 and plot the resulting
simulated values in the second row in Fig. 8.8. Apparently, in setting 1, the Markov



chain remains in the left mode and does not jump over to the right side mode. This
is in contrast to setting 2, where the larger variance allows for larger steps. We
plot the empirical distribution functions of the simulated values Y *® in the third
row, left-hand side. Apparently, the run with o = 0.2 was not successful and
ignored large parts of the distribution. This can be avoided by making larger
jumps, as in setting 2. Here, both modes are visited by the Markov chain, and in
fact, the empirical distribution is indistinguishable from the true distribution.
Finally, on the right-hand side in the third row, we show the values of the
acceptance probabilities (8.14). Setting 1 has a median of the acceptance
probability, which is almost 1, and hence more than 50% of the proposed values
have been accepted. Contrary, for setting 2 (right-hand side boxplot), this is in the
order of 20%. We conclude that the procedure works best if the acceptance
probability is not too high, with a rough rule of thumb stating it should be in the
order of 20 to 30%, see also Neal and Roberts (2006).
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Fig. 8.7 Function f*(y) which is proportional to a density
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Fig. 8.8 Top row: Function f*(y) and two normal proposal distributions. Left-hand side with o = 0.2, right-
hand side with o = 3. Second row: Simulated values y(t) for the two settings (left for o = 0.2, right for o = 3).
Third row: Empirical distribution function of simulated values (left) and acceptance probabilities (8.14) for the
two settings. Markov chain of first (top) and second (bottom) order. Bottom row: Autocorrelation

Cor(Y ®, Y (t=9) for different lags d



It should be clear that although we have simulated T values, these are not
independent. In fact, due to the construction of the Markov chain, we have a strong
(serial) correlation. In Fig. 8.8, we include the resulting autocorrelation functions
for the two settings. The autocorrelation is thereby defined as Cor(Y *(®), Y *(t=4))
where d is denoted as lag. These autocorrelations can easily be estimated (see
Sect. 12.1) from the simulated data, and we see a longer-lasting correlation for
setting ¢ = 3 on the right-hand side. To obtain independent values Y *®) one can
apply thinning, that is, one only takes every d-th simulated value, which leads to
the (quasi) 7.7.d. sample Y;* where Y,* = Y *(do+id) where d can be set to 100, for
instance, and d is a larger constant which guarantees that the Markov chain has
achieved its steady state, meaning that the resulting values are drawn from the
stationary distribution F'(y). We refer to Green (2001). This point is quite
controversially discussed in the literature as it retains fewer samples; see, e.g.,
Riabiz et al. (2022).

We will return to MCMC samplers in the next chapter, as this is the working
machinery for Bayesian statistics. It is, however, important to note that MCMC
sampling, while regularly used in Bayesian statistics, is “just” a simulation
procedure in situations where the density is only known up to an unknown
constant.

8.4 Simulating from a Multivariate Normal

Distribution

The above simulation sections dealt with univariate random variables. But how
can we simulate multivariate random variables with a prespecified dependence
structure? We want to give some general ideas here, and it should be clear that
multivariate dependencies can be complex and so are their simulation processes.

Most central is certainly the multivariate normal distribution, which we want
to treat first. The aim is to generate simulations from

Y ~N(p, X)
withY = (Y,..., Yp)T and X as prespecified p X p dimensional variance matrix.

This task is easily accomplished by utilizing some matrix algebra. We can simulate
p independent N (0, 1) random variables and stack them to the vector

zZ*=(Z7,..., Z];")T. Next, we decompose X through singular value
decomposition to

Y =LALT, (8.15)
where L € RP*P are (orthonormal) eigenvectors of ¥ and A = diag(A1,...,Ap)

is the diagonal matrix of the eigenvalues. Note that in order for 3 to be positive



definite, as required for variance matrices, we have A\; > Oforallj =1,...,p.
With this property and (8.15), we can define

Y7 = LA*LT, (8.16)
where AY2 = diag(v/ A1, ..., 1/Ap) Ifwe now define
Y* =52 4 p, (8.17)

we obtain a simulation from the desired distribution, i.e., Y* ~ N(u, X). This is
easy to see, since Z* ~ N(0, Ip) with I, as p-dimensional identity matrix, so that

Var(Y*) = £27/ 51

—LA?LTLAZL

=1,
— LAIAZL]
— LAL'

= Z.
A different approach to simulate multivariate random variables is to factorize

the distribution. This utilizes standard results from multivariate normal
distributions. Assume that a normally distributed random vector Y is decomposed

into two subvectors Y4 and Yg, so thatY = (Y;;r , YBT )T. With

Y4 HA Y44 XaB
Y = ~ N
<YB> <<MB> ’ <EBA 23BB>> (8.18)

we denote the multivariate distribution, with mean subvectors denoted with
and covariance submatrices with X. Then the following two properties hold
Yq~ N(,LLA,EAA) (8.19)
YB | (Ya=y4a) ~N(up+ ZpaZ 4 (ya — p4), S8 — paS 145 4B). (8.20)
With these results, we can now easily derive the separate components for
sequential simulations. For instance, for p = 2, we first simulate

Yyt~ N(p, X11)
and with simulated value Y;* use (8.20) and draw Y;* from
Yy [ Y7~ N(us + 22121_11(Y1* — p11), Bo2 — X3, / 1),
which, taken together, provides a random variable drawn from
Y’ Y1 X
v _ ( 1*> ~N<<M1>, ( 11 12>>. (8.21)
Y, p2/) \Xa21 X
The procedure can be extended beyond the bivariate setting, i.e., to p > 2. Note
that we can rewrite any multivariate distribution through



fr(yy,--yp) = fri(yr) (8.22)
X fysivy (Y2 | y1)
XfY3|Y1,Y2(y3 | y1,Y2)
X fy v v W | Y1, - Y1)
Hence, we can decompose the simulation of a p-dimensional multivariate normal
distribution into p one-dimensional simulations. Indeed, the idea of decomposing

multivariate simulations into a sequence of univariate simulations can be used for
different distributions as well, which will be demonstrated in the next section.

8.5 Gibbs Sampling and Markov Fields

The previous section was constrained to multivariate normal distributions. We
want to extend the view now toward simulations from general multivariate

distributions. Assume the multivariate random vector Y = (Y7, ... ,Yp)T which
we want to simulate. We assume that
Y* ~ F() = Fyy, (). (8.23)

The index notation used (8.23) refers to the set of random variables covered by
the distribution function. The notation will be helpful, as seen in the following. The
multivariate distribution function in (8.23) might not be known or might just be
too complex or complicated. But we assume the univariate conditional
distributions to be known for each component of Y, given the remaining variables.
That is, we assume that we know

Fyjy (- [ Y-) (8.24)
where subscript “—3” refers to all components of the vector except the j-th one,
thatis, Y_; = (Y1,...,Yj-1,Yj41,. .., Y}). We want to iteratively simulate Y

from (8.24), for j = 1,.. ., p, such that the simulated entire vector
Y* = (Y),...,Y,) comes from the distribution target multivariate distribution

F(:) = Fy,..y,(.)

The idea is to construct a Markov chain of simulations ¥ *®, comparable to the
MCMC sampling scheme proposed above. In every single step in the chain, we
simulate only a single component of Y while conditioning on the others. This
means we simulate from the conditional distribution

Y| Y2~ By ([ Y2)
and iterate over the indices j = 1, ... p. The simulation procedure is called Gibbs
sampling, and the idea was proposed in Geman and Geman (1984); see also

Gelfand (2000) or Suess and Trumbo (2010).
The algorithm proceeds as follows:



1. Take any starting value Y *(© and set Y*® = Y *() subsequently.

2.
Set Y* = Y*(t),

3.
For j =1,...,p, simulate (and hence overwrite) the j-th component of Y*
through

Y~ Fyy (1Y) (8.25)

" Set Y*(tH) = Y* and proceed with step 2 until a sufficient number of
iterations have been carried out.

The algorithm is sketched in Fig. 8.9 for two variables. A formal proof that the
Markov Chain converges to the desired target distribution F'(-) is not given here.
We refer to the literature cited above. We demonstrate the performance with a

simple example.
Yl*(t) Yl*(t+1) Yl*(t+ 1) Y;(Hz) Yl*(t+2)
* * * * *(t+2)
YZ (t) Yz () Yz (t+1) YZ (t+1) Yz (t+
L J \ J
| |

Step tto t+1 Step t+1 to t+2
Fig. 8.9 Sketch of Gibbs sampling

Example 8.2 We consider a bivariate normally distributed random variable
with conditional distributions

Y1 ‘ Y2 ~ N(075Y2, ].) and Y2 ‘ Yl ~ N(075Y1, ].) [8.26)
We use these two conditional distributions to start a Markov chain as described in
the Gibbs sampling algorithm above. We take two different starting values, namely,
Y*(© = (0,0) and Y*(© = (—50, —50). The results of the first 1000 steps are
shown in Fig. 8.10. We see speedy convergence of the algorithm, even if the
starting point is far away from the center of the distribution.
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Fig. 8.10 Example of Gibbs sampling with two different starting points

The simulated data in this example come from a joint normal distribution, and
in this case, we can even calculate the parameters exactly. We write
Yi ﬂl) <011 012))
~ N . 8.27
(Y2> ((Mz "\o2a o2 (8.27)
Using (8.19) and (8.20) and the simulation setup (8.26) leads to

012 / 0929 — 0.75 and 011 — 0'%2 / 0929 — 1.
Due to the symmetry of the simulation setup (8.26), we have 011 = 023 =: 02, and
apparently, we also generally have 012 = o2;. This allows us to solve the two
equations above, and we obtain 62 =1 / (1-0.752) ~ 2.3 and
012 = 0.75 * 0 ~ 1.7. These numbers correspond to the empirical numbers
calculated from the simulations.>

The Gibbs sampling approach also allows for the simulation of more complex
distributions, but one should keep in mind that it is not generally guaranteed that
each set of conditional distributions leads to a stable joint distribution. We here
consider the case where a joint distribution exists, but the joint distribution is not
known; only the univariate marginal distributions are available.

Example 8.3 We modify the previous example by replacing the simulation steps
with

Y7 | Y2 ~ N(0.75Y3,1) and Y>3 | Y7 ~ N(0.75Y7,exp (Y1) / (14 exp (Y1)).(8.28)
Hence, we induce variance heteroscedasticity for the second component. The
resulting simulated data (with starting point (0, 0)) are shown in Fig. 8.11. In this
case, the joint distribution has no simple structure. >
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Fig. 8.11 Example of Gibbs sampling more complex conditional distributions

The previous example, along with the simulation steps in Eq. (8.25), highlights a
key feature of the Gibbs sampling algorithm: We do not need the full joint
distribution to perform simulations. Instead, it is sufficient to know the
conditional distributions for each individual component of the random vector. In
other words, if we have access to the conditional distribution of each variable Y
given all other variables Y_;, we can still use Gibbs sampling to generate samples
from the full (unconditional) distribution.

In fact, it can be shown that by iteratively sampling from these conditionals, as
described in Eq. (8.24), the resulting sequence converges to samples from the joint
distribution in Eq. (8.23), provided the underlying Markov chain has a stationary
distribution. A sketch to prove this result is provided at the end of this section.

The Gibbs sampling idea can easily be combined with the different sampling
strategies that we discussed in Sect. 8.1. Note that we assumed in (8.25) that we
know the conditional distribution functions for Y} given Y_;. If we instead only

know the condition density fyj‘yij(- | y_;), we can replace the simulation step
(8.25) in the algorithm above by rejection sampling. If we know the conditional
densities fy;|y_,(- | ¥-;) only up to an unknown multiplicative constant, we can

use Metropolis-Hastings simulations in the steps of the Gibbs sampler. The
combination of Gibbs sampling and Metropolis-Hastings is frequently used in
Bayesian computation, and we will return to this in Chap. 9. We motivate the idea
with an example below.

Example 8.4 We consider the case where the density f(y) is of peculiar shape,
as shown in Fig. 8.12 in the top left plot. We apply a Gibbs-sampling Metropolis-
Hastings-based MCMC approach, where in each step of the Gibbs-sampling, we use
a Metropolis-Hastings step for simulation. We start with Yl*(o) = —1.1and

Y2*(0) = 2, which is indicated as dashed lines in the top left plot. The conditional



densities for Y;* given Y, = 2 and Y, given Y;* = —1.1 are shown in the next two
plots. We also include our proposal densities as dashed blue lines, which are
normal distributions, centered at the current value and with variances equal to

0% = 0.1. We use these to start the Markov chain, where in each step a Metropolis-
Hastings algorithm is used. The resulting MCMC samples are shown in the bottom
right plot as a heatmap. We see that the simulated values Y * uncover the “banana”
shape of the distribution quite well.>>
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Fig. 8.12 Example of Gibbs sampling using MCMC Metropolis-Hastings. The density is shown in the top left plot.
The starting point (Y%, Y5") = (—1.1, 2) is indicated with vertical and horizontal dashed lines. The top right plot
shows the conditional density of Y;* given Y," = 2, and the bottom right shows the same for Y5 given

Y} = —1.1. This is the density cut along the dashed lines in the top left plot. The blue dashed lines in the two
plots represent the proposal densities. The results of a Gibbs-sampling MCMC run of length 10.000 are shown in
the bottom right plot.

If p is large, it can be quite burdensome to construct p conditional distributions. In
this situation, it is advisable to rely on more locally structured simulation
techniques, which require conditional independence assumptions. For instance,
forY = (Y3,...,Y,), we could assume some neighborhood structure in that Y; is
conditionally independent of Y}, for all indices |k — j| > d given the values Y; for
0 < |l — k| < d. The formula is less easy to understand than a visualization in the
form of a simple graph, which expresses the (conditional) independence structure.
This is shown in Fig. 8.13. In the top plot, we show a Markov structure of first



order. This means that Y} is dependent on the neighbors Y;_; and Y}, but given
these values, it is independent of all other values. The setup is typically used for
classical time series analysis (see also Sect. 12.1), and it allows for the
factorization
p

le,. .Yy (y17 ) yp) = fY1 (yl) j=2 fYJ\YJA (yj | yj—l)‘
The bottom plot in Fig. 8.13 extends the setting toward a Markov chain of second
order. In this case, one can use the factorization

p
le,...,Yp(yla o ¥p) = iy (1, 92) Hj:3 ij|ij1,ijz (Yj | Yj-1,yj-2)-

OO0

\%) &\

Fig. 8.13 Markov chain of first (top) and second (bottom) order

The Markov structure can be extended further, which formally refers to the
Hammersley-Clifford theorem ; see Grimmett (1973). Let therefore Y be indexed
by some index set _¢#, and for each j € _Z, let 4] be the “neighbours” of j. We
assume that Yj is directly dependent on Y; with [ € .4} but conditionally
independent of the remaining components given the neighbors. We give an
example in Fig. 8.13. Such a dependence structure will be defined more rigorously
in Sect. 11.2, where we denote this generally as Graphical Models. For now, we
treat the structure only for our simulation setup. To do so, we simplify the
simulation step (8.25) by just conditioning on the “neighbors,” that is,

Y| Yo~ Py, (- y):

The framework is often used in so-called Markov fields, which is sketched in
Fig. 8.14, top plot. The setup is very suitable if the data carry some “spatial”
structure. We can now write Y in matrix form
Y =(Y,i=1,...,N1,j=1,...,N2) and induce a neighbor structure on Y.
For instance, we may assume a first-order Markov structure, which means that Y}
is independent of all Yy with |¢ — | > 1 or |k — I| > 1 given the direct neighbors,




as visualized in Fig. 8.14 in the bottom plot. Sampling can now be carried out with

Gibbs sampling by replacing the simulation step in the algorithm above through
Yo Y2~ By, (1Y) (8.29)

[terating over all indexed variables concludes one step in the Gibbs sampler.

Yi3

o 00—

Fig. 8.14 Markov field (top) and dependence structure when conditioning on the neighbors

We want to demonstrate the idea with a small example. Assume that we are
interested in finding the maximum of a bivariate function. Let h(y1, y2) be the
function, which we can evaluate at given values (y1, y2). The evaluation of the
function is considered to be time and/or computer-intensive, so we aim to
evaluate it at a small number of points only. As an example, we consider the
function shown in Fig. 8.15 in the top left plot. We evaluate the function at 25
points, sketched together with the isolines of the function in Fig. 8.15 in the top
right-hand side plot. We take these 25 points and construct a Markov field around
them with 100 x 100 cells, which we call pixels subsequently. The pixels are



connected as shown in Fig. 8.14; that is, a pixel depends on its neighbors. We
assume that Y;;, given the neighbors follows a normal distribution

Y 1Y), ~N(Yy,0f), (8.30)
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where Y 4, is the arithmetic mean of the neighbor values. This setting is called
Gaussian Markov Random Field (GMRF). For the 25 pixels evaluated from the

function, we do not simulate the values but keep the evaluated value from the
function. For all other pixels, we simulate from (8.30). To start, we just simulate

from a normal distribution Y;;(O) ~ N(0.5, 0.52), where again, the 25 pixels from

the function remain unchanged. This gives an image as shown in the middle left
plot of Fig. 8.15. Though this looks like random noise, bear in mind that 25 pixels
are, in fact, fixed. We then start the Gibbs sampling using (8.30), except for the 25
evaluated points. We run the algorithm for 600 loops, where we set the variance in

(8.30) to shrink in t with order oy = 1/ log (¢). We plot the simulated values
y*(600)
ij
shape looks comparable to the original function. One should, however, bear in
mind that the function has been evaluated just at 25 pixels; i.e., only for these 25

pixels, we know the exact value of the function.

in the right-hand side plot in the middle row. Apparently, the functional
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Fig. 8.15 Top row: Function h(y1,y2) and the 25 data points at which the function is evaluated. Middle row:
Simulated Gaussian Markov Random Field. Starting value to the left, after 1000 iterations to the right. Bottom
row: maximum (left) and mean (right) of the last 100 simulated values



We can now also analyze the simulated values Yl.j.(t) of the Markov field. We

could, for instance, calculate the maximum or the mean of the simulations. This is
shown in the bottom row plots in Fig. 8.15. We thereby only take the last 100
simulations into account to guarantee that the Markov chain has achieved its
stationary distribution. All in all, we see that even with a small number of points
for which the function is evaluated, we already obtain reasonable information
about the shape of the function through proper simulations. The topic is also
known as response surface methodology, and we refer to Dean et al. (2017) for
more details. Generally, we can conclude that simulations provide useful insight
and can be used in numerous application fields.

Proof We want to sketch that a single Gibbs step has the unconditional
distribution as the stationary distribution, if it exists, which we assume here. For
simplicity, we do this for a two-dimensional vector (Y7, Y2). Let F} (-) denote the
marginal (unconditional) distribution of Y; with density f1(-). Analogously, we
notate with f(-) the marginal density for Y3 and fy5(- | y2) stands for the
conditional density of variable 1 given variable 2.

Assume now that Y7 is drawn from F} () and we conduct a single step in the
Gibbs algorithm. This means we simulate Y," given Y7, and afterward, we simulate
Y " given the value of Y,". We want to show that P(Y;* < y7}) is equal to F (y7),
which means the marginal distribution is the stationary distribution in the Gibbs
algorithm.

Note that

P(Y*<yj) = fP(Y1* <yl |ly1)fi(y1)d v
[ [ Rt 199500 1) A vid v
— S Pt ([ s L) a

= fFuz(yI | y3) fa(y3)d ¥

= Fi(y7)
As can be seen, the reasoning is rather straightforward. o

8.6 Uncertain Input Parameters

Usually, each simulation requires the specification of input (or tuning) parameters,
which we can denote as 6. These parameters are often not completely known, and



there is uncertainty about properly specifying the parameters for the simulation.
We may quantify this uncertainty concerning some probability distribution fy(6)
for 8 € ©. Given 0, we draw Y * from

Y |6~ F(;0) (8.31)
The uncertainty about the parameter leads to the distribution

Y~ F()

where

Flyy=PY <y) = f;gf f(y;0) fo(6)dod y.

Instead of calculating the distribution F'(-) exactly, we can simulate from it by first
simulating the parameter and then 51mulat1ng from (8.31). To be specific:

1.
Draw 6* from fy(.);

2.
Draw Y* from F'(; 6%).

Example 8.5 Assume we aim to draw a bivariate normal distribution, but we
are uncertain about the correlation. We assume the correlation p* to be
distributed uniformly between —1 and 1. Given p*, we draw (Y *, Z*) as bivariate
normal with variance 1 and correlation p*. We show the resulting simulated
random variables in Fig. 8.16. The left-hand side shows 10000 simulated values,
and the right-hand side shows the resulting contour plot. We see that although
every single simulated pair (Y*, Z*) is drawn from a normal distribution, the
uncertainty concerning p induces a non-normal distribution. >
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Fig. 8.16 Bivariate normal random variables with varying correlation



8.7 Bootstrapping
8.7.1 The Plug-In Principle

We now turn to a fundamentally different simulation technique known as
bootstrapping. At its core, bootstrapping involves sampling from the observed
data itself. While this may initially seem counterintuitive, the method is supported
by strong theoretical justification, as we will explore in the following sections.

The idea of bootstrapping was originally proposed by Efron (1979) and has
seen many extensions since then. We refer to Tibshirani and Efron (1993), Davison
and Hinkley (1997) or Dikta and Scheer (2021). With the material derived in this
chapter, we can quite easily motivate the bootstrap by referring to the Glivenko-
Cantelli theorem (see Sect. 1.2.2). We assume a sample drawn from the general
data-generating process (2.3):

Y, ~G()iid.fori=1,...n. (8.32)
For notational reasons, it is helpful here to relabel the unknown distribution G(-)

subsequently with F'(-), where we emphasize that F'(-) is unknown and in most
parts of what follows not necessarily a member of any statistical model .#. Hence,
we misuse our previous notation slightly and rewrite the data-generating process
(8.32) to

Y; ~ F() iid.fori=1,...n, (8.33)
where F'(-) is unknown. Let F,(y) denote the empirical distribution function

defined as

The Glivenko-Cantelli theorem states that for n increasing, we obtain that F,, (y)
converges to F(y) for all y € R. We want to utilize this now for simulations.

Assume that we have the intention to draw random numbers from (8.33). If we
were able to do so, we could obtain full information about F'(-) just by drawing
more and more random variables. Apparently, this is seldom possible due to time
or computing constraints. But even more importantly, we don’t know F(-), and
hence we cannot draw random numbers from it. The only information we have
about F'(+) is the concrete sample y1, . . . Yy, or to be more specific, we have the
empirical distribution function F},(+). The idea is now to replace (8.33) by its
empirical version. That is, we propose to draw (new) samples from

Y~ F,()iid.fori=1,...n. (8.34)

Note that this is possible, unlike drawing from F'(-), since we know F},() and can
directly apply the ideas from the earlier parts of this chapter; see also Fig. 8.3. It is
not difficult to see that (8.34) is equal to



draw Y;* from the data (y1, . ..y,) with replacement, for ¢ = 1,...,n.(8.35)
The procedure is known as bootstrapping, or more specifically as nonparametric
bootstrapping. With Glivenko-Cantelli, we see that the approach is justifiable,
since we just replace F(+) by its estimate F,, (). We visualize the idea in Fig. 8.17,
where we show the empirical distribution function for exponentially distributed
random variables for two different sample sizes.
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Fig. 8.17 Sampling from the empirical distribution function with sample size n = 15 (left) and n = 100 (right)

Example 8.6 We want to clarify the idea of bootstrapping with a simple
example. In Fig. 8.18, we show in the top left plot 100 standard normally
distributed random variables. These lead to the empirical distribution function
shown as blue step function in the top right plot. We include the true normal
distribution function as a reference in black.
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Fig. 8.18 Demonstration of bootstrapping. The top left plot shows 100 N(0, 1) random variables. The resulting
empirical distribution function is shown in the top right plot in blue with the true distribution as reference in
black. The bottom row shows bootstrapped values. The left plot shows simulated values with replacement, and
the right-hand side plot shows the empirical distribution function in blue with the original (empirical)
distribution function shown in black as a reference

From the original data, we now draw again 100 samples with replacement,
which are shown in the bottom left plot. Note that some original values appear
multiple times, since we drew with replacement and hence can draw the same
numbers more than once. The resulting empirical distribution function is shown
in the bottom right plot in blue. Now, the reference is the original empirical
distribution function, included as a black curve. >

We want to motivate the use of the bootstrap in more detail using the so-called
plug-in principle. Let y = (y1, - - . Y ) denote the data drawn from (8.33) and
assume that we have calculated a statistics ¢(y) from the data for which we would
like to derive some properties. For instance, ¢(y) could be an estimate of the mean
value, and we would like to derive the variance of the mean estimate. First, we
rewrite the statistics ¢(y) as a functional in the form

t(y) = T(Fn), (8.36)
where T is a functional, that is, a function applied to a function. For instance, the
arithmetic mean can be written as

T(Fn) =y = E i1 % = f_oo den(’y),

utilizing the notation introduced in Sect. 1.2.2. If we replace the empirical
distribution by its true distribution, we obtain

T(F) = foode(y) = p.

With F),(+) converging to F'(-), we have T'(F},) converging to T'(F'). This is what
we call the plug-in principle. If we are interested in some quantity T'(F’), we can
estimate this quantity through T'(F},). But the plug-in principle even extends to
other calculations.

To demonstrate the idea, we go through the formula for one example quite
explicitly (which unfortunately gets quite cumbersome, even though not
complicated). Assume, for instance, that we want to estimate the variance of

1 n
Y = — E . Y;. Knowing F'(+), this can be calculated through
n 1=1
(8.37)


https://doi.org/10.1007/978-3-032-33658-3_1_1#Sec4

1 n 2
_/"'/(;Z(}'fli)) dF(y1)...F(y)
=1
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i=1 j#i

=0
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= — )p — dF ) = — 2
2 E_l f(}t ) (i) HG

where 0 = Var(Y;),i = 1,...,n. We can replace the above formula using the
plug-in principle by replacing F'(-) with F),(-). First, we replace the unknown
mean u through the arithmetic mean y, as derived above. Second, we replace the
unknown distribution function with the empirical one; meaning we apply the
plug-in principle, which gives

7~ * 2 * *
T(Fn) = f = f (¥" =) dFa(y1) - - - Fu(yn),
where y* = Z:;l Y / n, with y! independently drawn from y} ~ Fj,(-). We can
now carry out the same calculation steps as derived above to obtain (8.37), which
leads us to

T(F,) = 135

where we are again using the plug-in principle

While the plug-in principle is helpful, it is not always applicable. Most often, we
cannot calculate the quantities of interest explicitly. In this case, though, we can
apply simulations. That is, instead of deriving explicit calculations like above, we
draw a number of samples. In other words, we draw n variables with replacement
from yy, ..., y, which is equivalent to

Y* ~ Fy(), i.id.fori=1,...,n. (8.38)
This step can be repeated several times.



Example 8.7 The above idea can be motivated with a simple example. We
assume a sample (y1, . . ., Y, ) of size n from which we aim to estimate the
variance. Figure 8.19 shows our data of size n = 100 in the top left plot.
Calculating the empirical variance of these data leads 3> = 0.92. We aim to
quantify uncertainty for this variance estimate through bootstrapping. Do so we

draw B bootstrap samples denoted by (Yl*(b), LYy (b)). Each sample is drawn
fromyy, ..., y, with replacement which is equivalent to

Y ® <~ F,(), iid. fori=1,...,nandb=1,...,B.

Three such bootstrap samples are shown in Fig. 8.19, top right plot. For each of the
B bootstrap samples, we calculate the resulting variance estimate, that is,

520) — E (v — Yoy’
i=1 "1 ’

where Y *®) is the arithmetic mean in the b-th bootstrap sample. Based on

B = 400 bootstraps, we show the resulting variance estimates in the bottom left
plot of Fig. 8.19. The estimate based on the original sample is shown as a vertical
line. From these estimates, we can now construct a confidence interval. This is
carried out by taking the distribution of the bootstrapped values 52®) which is
shown in the bottom right plot of Fig. 8.19. Using the o« / 2 and the 1 — o / 2
quantiles as boundaries provides a bootstrapped confidence interval for the
estimate. In Fig. 8.19, we show this for & = 0.1 leading to the interval [0.7,1.15]. >
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Fig. 8.19 Top row: Sample data of size n = 100 (left hand side) and original data (grey) with three bootstrap
samples, coded in different colors and shapes of points (right-hand side) Bottom row: Variance of B = 400
bootstrap samples and empirical variance of the original data shown as vertical line (left-hand side) and resulting
distribution function, which allows constructing confidence intervals (right-hand side)

It should be noted that the bootstrap procedure is very general and easily
applicable to a wide variety of different problems. We will also demonstrate its
generality by looking at prediction models.

8.7.2 Bootstrapping in Prediction Models

Assume a supervised machine learning framework where input data x is used to
predict an output variable y. We also refer to Sect. 13.2, where we discuss relations
to machine learning in more depth. For now, assume that we have (i.i.d.) data
(x;,y;) withi = 1,...,n which have been used to train a prediction model

A

$(z) = h(z, §) with 6 as trained (fitted) parameters. We intend to quantify the
uncertainty of the model, given that it is trained on finite data. If we consider both
x; and y; as random, we can group them as pairs and bootstrap directly from these
pairs. In other words, we draw B bootstrap samples

(J;f(b),y;(b)) ~ {(z;,yi), i =1,...,n} with replacement (8.39)

2

forb=1,... B. From each bootstrap sample (m:(b), y:(b)), 1 =1,...n, weretrain

the model leading to h(z, é(b)) bootstrapped models. The B trained models now
allow us to quantify the uncertainty of the models based on the finite sample. We
motivate the idea with a concrete example.

Example 8.8 Assume we have two machine learning classifiers and want to
compare them. Consider, for instance, the case where two machine learners were
trained for classifying images of “cats” and “dogs,” to provide a simple example.
The results of the two procedures applied to some test data of size n = 1000 are
shown as confusion matrices in Table 8.1. Looking at the numbers, it looks as if
classifier 2 is slightly better. It classifies more cats as cats and more dogs as dogs.
Calculating the accuracy for these tables, one gets that classifier 1 predicts 86.1%
of the cases right while classifier 2 increases this number to 88%. The question
arises whether these numbers support the hypothesis that classifier 2 is
performing better. This results in a classical test scenario, where the hypothesis
can be formulated as

H, : Both classifiers perform equally good.
Putting it differently, we want to check whether the difference in the accuracy
measures of order |0.88—0.861| = 0.019 is significantly different from 0. This
question can be tackled using bootstrapping.




Table 8.1 Error matrices for two classifiers. Classifier 1 on the left and classifier 2 on the right, applied to the
same test data

The main idea to make the bootstrap work in this scenario is that if the
hypothesis holds. In that case, we can classify with either classifier 1 or classifier
2, since they perform exchangeable well. We utilize this idea when constructing
the bootstrap. Note that the data have the structure

(ziyc14,c24) fori=1,...n (8.40)
where 2; is the true class (either cat or dog) and c;; is the predicted class
based on classifier k for £ = 1, 2. We now draw a bootstrap sample as follows.
First, we draw the triples
(27, clis¢54) (8.41)
from the data with replacement, withz = 1, ... n. Then, for each bootstrapped
observation, we randomly swap the classifiers, which we can do if the hypothesis
holds. This defines the final bootstrap data
(27, C?1+R;),i’ c>(k2—R;.*),i) (8.42)
where R} ~ B(1,0.5) are binomial and i.i.d., which guarantee the random
swaps between the classifiers. Based on the bootstrap, we can calculate the
bootstrap accuracy of both classifiers, denoted as A3, for k = 1, 2, from which we
get the absolute distance D* = |A] — Aj|. Repeating this step B times yields a
bootstrap distribution of D*, which is generated under Hy and allows evaluating
the observed value from above d = 0.019. We show the resulting empirical
distribution function of the bootstrapped values D* in Fig. 8.20 and indicate the
observed value as a vertical line. We conclude that the differences found in Table
8.1 can solely be explained by random variation, and in fact, the resulting p-value
is on the order of 0.15. >
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Fig. 8.20 Bootstrapped absolute differences in accuracy

8.8 Permutation

To complete the chapter, we want to mention permutation-based inference as well.
Permutation is primarily used in statistical testing in order to generate the
distribution under the hypothesis through simulations. We refer to Berry et al.
(2011) or Berry et al. (2019) for a more elaborate discussion of the topic. We here
only motivate the idea with a simple example. Assume we have data from two
settings or two populations, that is,
Y; ~ Fy(-) iid.,i=1,...nand Z; ~ Fz(-) iid.,j=1,...m. (8.43)
We want to test the hypothesis H : Fy(-) = F(-). First, we need to construct
some test statistics, where we could use the results of Chap. 5 and use the
Wilcoxon test statistics, the Kolmogorov-Smirnoff statistics, or any other suitable
measure. To exemplify the idea, we use the Kolmogorov-Smirnoff statistics
D :Sl;p ‘Fn,Y(y) - Fm,Z(y)‘v (8.44)

where Fy, y(-) and Fy, z(-) are the empirical distribution functions based on
datayi, ...y, and z1, ... z,. We do not derive the distribution of D under H, but
aim to estimate it based on the appropriate permutation of the data. To do so, we
stack the data to obtain vector x = (y1,...,Yn, 21, - - zm)T. If the hypothesis
holds, then all elements of x are drawn from the same distribution, which we may
denote as

z; ~ F(), iid.fori=1,...(m +n). (8.45)

Test statistics D in (8.44) results by taking the empirical distribution function

of the first n elements of x and comparing this with the distribution function of the



last m elements of x. Again, if the hypothesis holds, then the order of the elements
in x does not matter, and we can permute the values on x. In other words, we draw
a random sample without replacement leading to «*. Note that the elements in z*
are the same as in x but just in a different order. From these numbers, we define
the first n elements as y*, that is, y* = (=], ... gr:;“l)T and the latter m elements as

*

z* e, 2" = (T q,... a:n+m)T. Using these permuted samples leads to

D* =sup |F, y+(y) — Fm z+(y)],
y

where F), y+(-) and F}, z-(-) are the empirical distribution functions based on
datayj,...y, and 27, ... z,,. Repeating this step B times provides B values D*®),
with b = 1,..., B, generated under the hypothesis. We can then calculate the p-
value from these simulated (through permutation) values. We demonstrate this
with a real data example.

Example 8.9 In Fig. 8.21, we show rents for apartments in Munich for surveys
taken in 2 different years (left-hand side). Apparently, we see an increase in the
rents, which is primarily driven by inflation. We therefore increase the rents in the
earlier year by multiplying them by the inflation factor. This gives the plot on the
right-hand side. We question now whether the distribution of rents, once
inflation-adjusted, is the same in the 2 years. We can now calculate the
Kolmogorov-Smirnoff distance of the distributions shown on the right-hand side
in Fig. 8.21, resulting in D = 0.0124. To check whether this is significant, we apply
a permutation test with the simulated values D* shown in the bottom plot in Fig.
8.21. The observed value is included as a vertical line, and the simulated p-value
results to 0.96. There is no evidence that the structure of the rents has changed,
once corrected for the increase based on regular inflation. >
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D* through permutation and observed value D shown as vertical line

8.9 Exercises

Exercise 1 A simple way of modelling the weather is to assume that it can take
states with different probabilities of staying the same or changing to a different
condition. Let us assume three possible weather states, “Sunny” (S), “Cloudy” (C),
and “Rainy” (R). The probabilities of the weather on the next day given today’s
weather are denoted in the table below. For example, if it is sunny today, for
tomorrow there is a 25% probability of it being Cloudy, 25% of being Rainy, and
50% of being Sunny again.

Table

(a)
Calculate the probability of the weather being sunny in 2 days, given that it is

sunny today.

(b) Write R-code to simulate a Markov Chain of the weather on n days. Choose
“Sunny” as the starting value and n = 1000. What is the (marginal)
distribution of the three weather states, i.e., what is the probability of the



(c)

weather being Sunny, Cloudy, or Rainy on a given day without any
information on the prior days?

Visualize the Markov Chain you simulated by plotting the transitions. Can
you identify a “burn-in” period from the plot, and why (not)?

Exercise 2 Let Xbe arandom variable with some unknown distribution
function F. You are given the following sample:

A

x = (2.49,1.35,2.48,1.54,3.84) '

We want to estimate the median 6. A possible estimate is the sample median

0 = 2.48.

(a)

(b)

(d)

We would like to quantify the uncertainty of 6. Implement a nonparametric

~

bootstrap method to estimate se(0).

Assume now that the observations follow a normal distribution. Repeat the
task from point (a), this time using a parametric bootstrap. What is an
advantage of this type of bootstrap?

Estimate the bias of 8 using nonparametric bootstrapping. Compute a bias-
corrected estimate as well.

[s the estimation of the bias via bootstrap useful for an unbiased estimator,
like the sample mean for the mean of the underlying distribution? What
would be the result?

Exercise 3

(a)

(b)

Briefly describe how and why the bootstrap method can be used for
hypothesis testing. Try to relate your explanation to permutation testing.

Test whether the number of fans watching games of the TSV 1860 Munich
(recent spectators: 1450, 1700, 5850) is different from that of other clubs in
the same category. 20 spectator numbers from other clubs’ games are
available.

Ordered fan numbers:

1780, 2420, 2580, 2650, 2770, 3030, 3070, 3240, 3380, 3450, 3490,
3600, 3610, 3610, 3750, 3780, 3790, 4080, 4230, 4450

Answer the question using the bootstrap, setting a = 0.1. Specify both
hypotheses, and interpret the results.



(c) A different way of answering the question from point (b) may be a two

sample t-test. Compute the t-test for the given data, and compare the results
with the previous ones. What test would you prefer for this kind of data? In

your answer, take into account the assumptions for both tests and the exact
hypotheses they test.
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The terminology Bayesian statistics is used if the uncertainty about parameters is
formulated with distributions. This is a general setup that can be employed for nearly
all models discussed so far. While the conceptual step from parametric models to
Bayesian models is simple in so far, that we just aim to quantify our knowledge of
parameter values through distributions, the numerical step carries multiple
obstacles, since posterior distributions can be burdensome and not easy to work
with. This chapter introduces the main ideas of Bayesian statistics but also extends
this to Approximate Bayes Computing (ABC) as well as variational approaches in
Bayesian statistics.

9.1 The Bayesian Principle

What is known as Bayesian statistics today has a long tradition, which is in fact even
older than classical statistics. It refers less to drawing inference from data but more to
probability statements and how to predict future events based on knowledge
achieved from the past. The patron of the name is reverend Thomas Bayes, who
worked in the eighteenth century on the principles of inverse probability, today called
the Bayes rule. The result was published posthumously, see Bayes (1763), primarily
driven forward by Richard Price, a philosopher and collaborator of Bayes. Following
Stigler (2018), the work published under Bayes’s name was largely written by Price,
in particular, the appendix of the work. The results did not find wide attention at that
time, and more than 50 years later, Laplace independently derived the same formula
under more general conditions; see de Laplace (1820). Whether Bayes or Laplace
count as “inventors” of inverse reasoning remains an open question, and Stigler
(1975) and Dale (1982) provide an interesting discussion and historical findings on
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this topic. For a general discussion on Bayes statistics and its recent development, we
refer to van de Schoot et al. (2021).

Let us now clarify the fundamental principles of Bayesian statistics. Following the
notation of Chap. 7, we consider the model .#Z = {f(.;0),6 € ©}, butinstead of
treating the parameter as unknown, which needs to be estimated, we reformulate our
knowledge about € using probability theory. In other words, we consider the
parameter to be a (vector-valued) random variable. It should be stressed that this is a
conceptual step, but we learned in Chap. 2 that uncertainty is well quantifiable with
probability arguments.

Let us demonstrate the idea with a simple example. Assume a binomial model
with

Y ~ B(n,)
such that 7 is the parameter of interest. This leads to the likelihood
fly;m) = (Z)W”(l —m)" Y (9.1)

We postulate our prior knowledge (or prior uncertainty) on 7 with a beta
distribution, i.e.,

7 ~ Beta(a, ).
The beta distribution is a continuous distribution on the interval [0, 1] with density

depending on the parameters o > 0 and 8 > 0:
71""_1(1—7r)ﬂ*1

p(ﬂ'; o B) = B(a,B) (9.2)
where B(a, f) is the so-called Beta-function. The Beta-function serves as a
normalization constant. It formally results in

1
Bav§) = 1m0 _ [ e -y,
with I'(.) as the Gamma function, i.e., the continuous version of the factorial function.
The exact shape of the Beta-function is of little interest right now. More relevant is the
fact that the normalization constant is analytically available for distributions taking
the shape (9.2).
We are interested in the posterior distribution of 7 after having observed y.

Following Bayes' rule, this results in

_ _ Iymp(n) at+y—171 _ —\B+n—y—1
P 1Y) = rompme <7 A7) (9.3)

with  referring to proportionality, that is, omitting all multiplicative constants that
do not depend on 7. With (9.2) and (9.3), we readily find that

7|y~ Beta(a +y,8+n—y). (9.4)
We call (9.2) the prior distribution, or sometimes in short just prior; and (9.3) the
posterior distribution. The prior distribution expresses the uncertainty before having



seen any data. The posterior describes the information achieved about the parameter
after having observed the data.

We demonstrate the idea in Fig. 9.1. We use the beta prior with o = 8 = 1, which
is the uniform distribution on [0, 1] as shown in the top left plot. Assume now that we
obtain a single observation with y = 1, i.e.,, n = 1. The resulting posterior
distribution is shown in the top right plot in Fig. 9.1. We also visualize 95 probability
mass, which gives an interval previously defined as a credibility interval in Definition
3.13.Ifn = 10 and y = 10, that is, in all 10 trials, we observe success, and we obtain
the density and credibility interval as shown in the bottom left plot. We emphasize
that in none of the cases, maximum likelihood reasoning would have worked, since
y = 1 and consequently the central limit theorem fails to hold. This highlights a quite
central advantage of Bayesian reasoning, since we readily obtain quantifiable
inference, even if we just observe a single observation. Finally, for n = 100 and
y = 90, we show the resulting posterior density on the bottom right plot. We see that
with increasing data, the posterior distribution gets more condensed, which in turn
means that the uncertainty reduces.
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Fig. 9.1 Uniform prior beta distribution (top left). The posterior distribution forn = 1 and y = 1 (top right).

Posterior for n = 10 and y = 10 (bottom left). Posterior for n = 100 and y = 90 (bottom right). Blue-shaded areas

give 95% probability mass

[t seems helpful to summarize the main ingredients of Bayesian statistics.




1. We assume a distribution model # = {f(y; 0), 6 € O} for the data. This means
that Bayesian statistics does require the specification of a probability model.

We impose a prior distribution on the parameters, i.e., 8 ~ p(-, w), where the
prior distribution itself might depend on additional parameters w € €2, which are
called hyperparameters.

We are interested in the posterior distribution given the data, that is formally
p(0 | y;w)

The posterior distribution allows drawing inference, e.g., by calculating intervals
with 95% probability mass.

9.2 Prior and Posterior
Let us get more formal now. With .# = {f(-;6);0 € ©}, we define our probability

model for the data yq, . .., y,, which are assumed to be i.i.d. For 6, we formulate our
knowledge (or better missing knowledge) as prior distribution
0 ~ p(-;w), (9.5)

where parameter w € (2 is called hyperparameter with {2 as hyperparameter space.
We define the prior structure as the model class

P = {p(';w)aw S Q}
The choice of the hyperparameters w will be of interest later in the chapter. For now,
we assume that w is fixed and does express the prior knowledge that one might have
on the parameter 6. Based on (9.5) and model .#, we obtain the posterior

distribution

1 f(yis0) p(Oiw
Poy (0| Y1, yns w) = L Ly 20 (9.6)

where

fly;w) = f .y F(wi; 0)p(6; w)do. (9.7)
0cO
We will see that the normalization f(y; w) requires integration over the parameter 6,
which can be numerically demanding and keeps us from utilizing (9.6) immediately
for drawing inference. A numerically simple strategy results if &# and &2 are chosen
such that the posterior is again in &2. We call this the conjugate prior.

Definition 9.1  For a given probability model #, we call Pthe set of conjugate prior
distributions, if it exists and if the posteriorp9|y(-) € . That is, the posterior is from

the same family of distributions as the prior distribution.



We have already seen an example for conjugate priors in Sect. 3.5, namely, the beta
distribution for the binomial distribution for y, but there are more examples as
discussed below. We list familiar conjugate prior distribution pairs % and &2 in Table
9.1.

Table 9.1 Examples for conjugate distributions

Example 9.1 LetY ~ Poisson(\), and we assume that A follows a Gamma
distribution, that is,

A~ Gamma(a, f)

A*lexp(—AB)8°
~ T(a) ’

with I'(«) a factorial function. The hyperparameters are w = («, ). Note that if

(X, B) o X1 exp (~AB),
then A ~ Gamma(c, 8). This, in turn, shows for the posterior

PAjyatpha,8(A | 9) {H )\y’ exp ( )\)) }Aal exp (—AB),
with
{HH (4 exp (—A))} o AZL L exp (~A(n + B)),

which readily shows

)\|y~Gamma(a—|— g i_lyi,ﬂ+n).

Hence, prior and posterior distributions come from the same model class. >

Example 9.2 Assume Y; ~ N(u,o?), and let o® be known for simplicity. We
assume the prior g ~ N(d, 72). Note that for normality with mean § and variance 72,
o~ g P {

we have
1 (49 }
2 T2
1 —_
xXexXp {—7 g }
xXexp {_#”2 + Tiz,u}.

For the posterior, we get



n
ply o {Hizl exp (—% “”’;‘”2)} exp {—21?#2 + f—zu}
n 2
o {4 D, 8 s o )
n
o {4 [ 2] [ e 2]}

Consequently, by collecting the terms and using the above proportionality statements,

we get
-1 n -1
wroen((22) (L ze8)(242) ).

Note that if we set § = 0, that is we assume that the mean value p is “a priori”
centered around 0, and setting 72 0o, that is, we assume a prior such that possible
values of p range from very small to very large values, then we obtain approximately

_ 2
By~ N(y, "7)-
This result looks familiar when we exchange p and y and do not take a Bayesian view,
but let u be a parameter. Note also that for 72 — oo, the prior distribution gets
degenerated, meaning that the integral fp(,u; d=0,72 — 00)du — oco. We call this

an improper prior. Still, even with an improper prior, the posterior distribution is
well-defined in this case.>

Conjugate prior distributions are very special cases. Let us therefore now look at (9.6)
and derive alternatives for drawing inference in a Bayesian setting. First, we take an
asymptotic view in the sense that n — oo and assume that the parameter space © is
finite-dimensional.

Theorem 9.1 (Bernstein—von Mises Theorem) For increasing sample size n and
an appropriately chosen prior, we find

0—6~2 N(,I1(9)).

We sketch the proof at the end of this section. The Bernstein-von Mises theorem is a
useful result. It states that with massive data, Bayesian inference (that is, treating the
parameter as random) corresponds to maximum likelihood inference. The result,
however, does not say anything about finite samples, which occur in practical
applications all the time. We will therefore look at non-asymptotic inference tools. In
particular, we will later suggest the use of simulation-based techniques that we
introduced in Sect. 8.3.

Proof of Theorem9.1  Looking at (9.6), we find



" 9.8
Poy(0 | y) oxexp {Zi_l log f(yi;0) + log p(6; 'y)} 69
xXexp {lp(é?)}
where .
1,(0) = Z ., log f(yi;6) + log p(6;7) (9.9)
= 1(0) + log p(6;~). (9.10)

We occasionally call (9.10) a penalized likelihood, since we add a component, the so-
called penalty, to the likelihood. Defining 6, as the so-called penalized maximum
likelihood estimate through

o a,0,)
0= o0

we can approximate (9.8) through

exp {lp(H)} ~exp {lp(ép) + %(9 — ép)T %Zgé@ (0 — ép)}.

This takes the form of a normal distribution. Replacing the second-order derivative by

~

the Fisher Information and reflecting that the [,,(6) is fixed and hence can be treated
as a multiplicative constant shows the asymptotic distribution

0y N(0,1,1(0,)).
For n increasing, the influence of the prior diminishes, so that the penalty component
in (9.9) does not play any role. Consequently, ép becomes the maximum likelihood
estimate @ and the result follows. O

9.3 Hyperparameters and Empirical Bayes
We have introduced prior distributions that depend on additional parameters w,
labeled as hyperparameters. Their concrete choice is up to the user of the Bayesian
approach and hence needs to be treated with some care. The general advice is
certainly to set w such that p(6; w) expresses the prior knowledge about §, where
prior knowledge may result from previous analyses, expert knowledge, or any kind of
prior belief. However, this is often not properly quantifiable. A plausible strategy is to
choose a so-called “flat prior.” This means that

p(0;w) x const . (9.11)
In other words, every value of # seems equally likely before having seen any data. We
stress that this often results in an improper prior in that the density p(6; w) is not
integrable. This immediately happens if the parameter space © is not bounded.
Nonetheless, even though the prior is not proper; the posterior usually is, at least for a



sufficiently large sample size. The posterior in this case is just proportional to the
likelihood since with p(6; w) = const it follows

Pojy(0 | y) Hi_l f(yi;0) - const . (9.12)

A further strategy to select the hyperparameters is called empirical Bayes. If we
consider parameter 6 as random and treat the hyperparameter w as fixed, we can
integrate out # and derive the distribution for y based on parameters w. This results
through

f(i% w) = j; o f(y; 0)p(6; w)do. (9.13)
S
In other words, instead of working with the distribution f(y; #), we work with the

probability model Z = {f(;w);w € Q}. Choosing a value for hyperparameter w can
be done by utilizing Maximum Likelihood estimation from Chap. 4 and selecting w to
maximize the resulting likelihood

I(w) = Hi:l Flysw) = -fee(a - f(yi; 0)p(6;w)do

The approach is called empirical Bayes, even though strictly speaking, it is not
Bayesian at all, since no parameters are treated as random. In fact, empirical Bayes
completely contradicts the Bayesian principle. The prior expresses the knowledge
about Obefore we have seen any data. Selecting the hyperparameters of the prior
distribution based on the data is a clear violation of the Bayesian paradigm. Still, in
practice, the approach has been shown to be quite useful, and it, for instance, is
dominantly used in smooth regression; see, e.g., Wood (2017).

9.4 Inference Based on MCMC

We now get to the heart of the Bayesian machinery. Looking at formula (9.6), we find

pPoy@ | yi,..., V) X H f(vi: 0) po; w).

i=|
e — —
L(0)

(9.14)

Both components on the right-hand side in (9.14) are numerically available: the first
is the likelihood and the second is the prior. The numerical obstacle is the
proportionality constant, which we omitted in (9.14). Hence, we have the density of
the posterior up to an unknown constant. This is exactly the setup that we discussed
in Sect. 8.3, where we introduced Monte Carlo Markov Chain (MCMC) simulations. It
allows us to simulate from the posterior, even though we know it only up to a
constant. The idea is now to simulate a Markov chain 6*®) based on MCMC
simulations. The simulated values 8*(*) (after some burning in) can then be used to



draw inference about # given the data. We might look at the distribution of the
simulated values or just calculate, e.g., the posterior mean

T
n_ 1 *(t)
0=773 Zt—dJrl 6",

where d determines the burning in phase.
The algorithm is then as follows:

Letd = (64, ...,0,) be the p-dimensional parameter of interest, and choose
6*(0) ¢ © as some starting value. Set 8*®) = 6*(¥) subsequently.

Simulate 6* from some proposal distribution
0 ~ g(- | 6*1).

Calculate the acceptance probability through

e arO) s L)) 9(6*)6")
a(6",6") = mm{l’ L5050 o(F5) }

Simulate U* ~ Uniform|0, 1].

IfU < a(6*,0*®) set *F1) = 9* and proceed to Step 6. Otherwise, go back to
Step 2.

Go back to Step 2 until ¢t takes the required number of steps has been reached.

Unless the number of components in 6 is small, the acceptance probability calculated
in Step 3 will typically be rather low. This is because multivariate densities can take
small values, making the algorithm extremely slow due to a small acceptance rate. If
p > 2, itis therefore advisable to combine the MCMC with Gibbs sampling as
described in Sect. 8.5. This means that the simulation Steps 2-5 are replaced by
componentwise simulation steps, where we simulate one component of € after the
other. We thereby keep all other components fixed. The reason why we can do this is
that the posterior for component 6, keeping all other components 6_; fixed, follows

the proportionality
Po;|y.0 _I-(H_,r‘ | Yoo Vi (7]—_;'} (08 p”|_\.({ﬂ | Visoers V)
i
X n f(yii0) p(0; w), (9.15)
i=1

L(O)



where 0_; is the p—1 dimensional subvector of 8 excluding the j component. The
MCMC chain with Metropolis-Hastings-Gibbs sampling is then constructed as follows:

1.

Letd = (64, ...,0,) be the p-dimensional parameter of interest, and choose

9*(0

) € © as some starting value. Set 8*(®) = 9*(0) subsequently

Define 6* = 9*®)

For j = 1,...prun through the following steps:

(a)
(b)

(c)

(d)
(e)

Define 0** = 0*

Simulate (and hence overwrite) the j the component 67" from some

proposal distribution, that is,
05" ~ g(- | )
Calculate the acceptance probability through
*k 0%\ __ : L(0*)p(6**sw) g(6*|6")
a(e 70 ) - mln{17 L(g*)p(g*;w) g(e**|9*) }

Simulate U* ~ Uniform|0, 1]

IfU < a(6**, 6*) replace the j-th component in 6* through 67 = 6" and
proceed. Otherwise, go back to step a.

Set 9*(t+1) — g+,

Go back to Step 2 until ¢ takes the required number of steps has been reached.

The algorithm has an outer loop, which provides a simulation for all elements in 0
and an inner loop, which provides univariate simulations for the individual
components in 6.

Example 9.3 We consider zero-inflated count data. Figure 9.2 gives a typical
example. Zero inflation occurs if we observe more zeros than assumed by any
standard model, e.g., the Poisson distribution. Consider, for instance, the number of
claims of customers of an insurance company per given time interval. Most customers

will not submit any claim; that is, the number of claims is zero. For some customers,
however, one will observe claims and possibly more than one. This is visualized with

simulated data in Fig. 9.2 (top left). We can model the data by using the Poisson



distribution but by inflating the zero probability. With Y € {0, 1, ... } being the
count, this leads to the model
(1 —m)2 exp (—)), for k>0

P(Y =k;m ) = {
k!

with A > 0 and 7 € [0, 1]. Note that for m = 0, we obtain a Poisson distribution, while
for m > 0, the zero outcome is inflated. This leads to a two-parameter distribution,
which we aim to model in a Bayesian way. We thereby assume a uniform prior for
and an exponential distribution for ), that is,

T+ 1—7r)‘—oexp —-A), for k=10
(1 —m)G (=A) (9.16)

m ~ Uniform|0, 1] = Beta(1,1) (9.17)
A ~p(Aw) =wexp (—Aw) (9.18)
with w as hyperparameter. For w fixed and data y;, . . . , ¥, the posterior is then
proportional to
n
A e o || PO = s mw exp (<), (9.19)
1=

with P(-; A\, 7) as given in (9.16). For the proposal, we assume independence of \ and
7 and therefore model the proposals separately. In both cases, we need to observe the
constraints on the parameters, namely, 7 € [0, 1] and A > 0. This can be numerically
clumsy for the proposal distribution, and it is therefore advisable to work with
unconstrained, transformed parameters. To do so, we parameterize the model with
n = logit(w) =log (7 / (1 — 7)) instead of 7. Note that the logit transformation
yields the prior for 77 through

am

n~ py(n) = — p((n) = — () (9.20)
() ” — o —— '
=Const

with

() = logit (1) = TP

As proposal density for 7, we use a normal distribution centered at the current value
n*(t), that is,

n* | 7@ ~ N, g2),

where we set op = 0.5.
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Fig. 9.2 Posterior distribution through MCMC for zero-inflated count data. Data (top left) and the first 300 steps of
the MCMC chain (top right). MCMC steps for 7 (middle left) and A (middle right). Joint posterior distribution for
(7, A) forn = 100 and for n = 2000

Similarly, we proceed for A. Instead of modeling A, we take the log and model
d =log (A). This leads to the prior

§ ~ ps(8;w) = Zpa(A(6);w) = Iw exp (—Iw) (9.21)



with A\ =exp (§). For the proposal, we choose §* | §*®) ~ N(§*®), o?) with o5 = 0.5.
We can now start the MCMC for 7 and 4. Since we use a symmetric proposal for n and
0, we obtain the acceptance probability through
* % * * - . H?: P(yﬁ)‘*a“*) (5*7 ) V4 (77*)
a(((S i )7 (5 (t)a n (t))) - mm{ ]-7 H?:1 113(yi;)\*(t),7r*(t)) pl;((s(;*(t)(:)w) pnzn*(t)) }
with the ratio of the likelihood components rewritten as

HHZ;’Z@;‘ 7:* _eXp{Z [1"% P(ys; A", m"))— log (P(yz';/\*“),w*(“))] }

where A* =exp (6*) and 7* =exp (n*) / (1+ exp (n*)). For large n, it is advisable to
calculate the ratio of the probabilities as suggested.

We look at the performance of the MCMC steps in Fig. 9.2. The top right plot
shows the first 300 steps of the MCMC samples. The quantity
m =exp (n) / (1+ exp (n)) is on the horizontal axis and A =exp () is on the vertical
axis. We see good mixing, that is, the Markov chain jumps around. This is also seen in
the middle plots, where we show the MCMC steps for 7 on the left and for A on the
right. The bottom plots show a density plot of the simulated 7 and A for the original
data (n = 100) and for an increased data set (n = 2000). The vertical lines indicate
the true values used to simulate the data, while the dotted lines give the mean value
of the MCMC samples. We recognize decent concordance. We also find that the
posterior density is slightly skewed, so that the mode of the posterior density is found
for small values of  and A, while the values used for simulations are 7 = 0.3 and
A = 5. Allin all, the example shows that the MCMC approach is easy to implement
and allows for estimating complex distributional models. >

We demonstrated how MCMC sampling can be used to simulate from the posterior,
even though this is known up to a constant only. The resulting simulations 0*® can be
used to draw inference, as sketched in the example. We may estimate the posterior
mean through the mean of the MCMC samples, i.e.,

T
BO19) = 1 D, 00,0

where d defines the length of the burn-in phase. We may also calculate the posterior
variance to assess uncertainty, i.e.,

T
Var(e | y) = Tik § :t:kJrl {0 ® — E(e | y)} .

One should keep in mind, though, that the MCMC samples are not independent and, in
fact, they are strongly correlated through the structure of the Markov chain. This is,
however, not that relevant, but we need to bear in mind that the T simulations do not
carry the same amount of information as T independent replicates.



Instead of calculating moments of the posterior sample, we can also directly look
at the posterior density as done in the example above. The density, be it univariate or
bivariate, gives good insight into the amount of uncertainty, but for dimensions
beyond 2, it is not really presentable.

We will now extend the above Bayesian approaches to two further situations.
First, we question whether we can neglect the likelihood and find simulation
parameters that lead to data comparable to the observed ones. Second, we will look at
useful approximations if the posterior distribution is too complex or numerically too
demanding.

9.5 Approximate Bayes Computation (ABC)

Approximate Bayes computing, in short ABC, can be applied if the likelihood is
intractable or only known up to some constant. We consider the setup where data y
are available and L(0) = L(6;y) is the corresponding likelihood. For notational
purposes, it is advisable to explicitly take the dependence of the likelihood on y into
account. Note that the posterior results through

p(0 | y) o< L(6;y)pa(0).
In some constellations, the likelihood itself can be clumsy and difficult to calculate.
We consider a simple example later in this chapter. The idea of approximate Bayes
computing is quite simple, and we refer to Marin et al. (2012) for a general overview.
The approach traces back to Rubin (1984) and Tavaré et al. (1997), and the main idea
is as follows:

- Generate 6* from some prior distribution py(6).

& Generate Y* from the assumed distribution, i.e., the likelihood function fy(-; 6*).
> IfY* = yaccept 6%, otherwise go back to Step 1.

* Repeat Steps 1-3 until the required number of simulated values 6*@), . .., §*(N)

are reached.

The algorithm itself is not really feasible, since it is very unclear whether the
acceptance criterion in Step 3 is ever met. But the idea of the algorithm easily shows
that an accepted value 6* is in fact drawn from the posterior distribution py (6 | y). To

see this, note that for simulations that passed step 3, we denote the sampling
probability as pg. Then

0" ~ pa(6*) o< pe(0*)f(y;0%)
o< pa(0* | y).



Instead of postulating equality in Step 3, it is preferable to request proximity for the
proposed value 8* to be accepted. In other words, one may replace Step 3 through

3.
Ifd(Y*,y) < ¢ then accept 8*; otherwise, go back to Step 1.

The quantity d(-, -) is thereby some distance measure, and € needs to be chosen
appropriately. We demonstrate the idea by continuing with Example 9.3 on zero-
inflated count data.

Example 9.4 Considering Fig. 9.2, we have plotted zero-inflated count data in the
top left plot. Using model (9.16) together with the priors (9.19) and (9.20), we can
simulate 7*, A* and subsequently Y *. We define the distance between the data y, seen
in Fig. 9.2, and the simulated values through

10
d(Y*,y) = § :kzo (z}, — x)°

zp = L g o Ui =kpandg = 1 g Y =k

Hence, we compare the relative frequencies of the observed and simulated data up to
an outcome 10. In Fig. 9.3, we plot the simulated values 7* and A* based on the
distance d(Y*, y). The thicker the points, the smaller the distance. Simulations with
d(Y*,y) > 0.05 are omitted. The dashed vertical and horizontal lines indicate the
weighted arithmetic mean of the simulated 7* and A*, where the weights are defined
as the reciprocal of the distance d(Y ¥, y). The solid lines are the values used for
simulation. We see again a reasonable concordance, which demonstrates that the ABC
approach is doing the right thing.>

where
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Fig. 9.3 Approximate Bayesian computation. Simulated parameters 7 and A, weighted by the reciprocal distance to
the observed data

9.6 Variational Bayes Reasoning
We now look at an approach to approximate the posterior distribution. The simplest
setup for this is the Bernstein-von Mises Theorem 9.1 or its penalized version, which
we state again below. For large samples, i.e., for n sufficiently large, we have

0|y~ N(b, 1, (0)), (9-22)

where ép is the maximum of the penalized log likelihood

LO)= >, log f(ys:6) + log p(6).

Note that the prior distribution p(#) might depend on further hyperparameters. The
penalized Fisher information takes the form

1,(6) = I(6) + 229
Besides approximation through a normal distribution, we want to look at the idea of
approximating the posterior in more technical detail. The idea is to replace the exact
posterior distribution p(6@ | y) with some approximation ¢(#), where g(-) has a
simpler structure than the original p(é | y). For example, we might restrict g(6) to be
a normal distribution and hence aim to find the “closest” normal distribution to
p(0 | y). Apparently, this resembles (9.22). We may also simplify the distribution
further and assume independence. That is for § = (61, ..., 6,), we assume

q(0) = q1(01)g2(02) - - - gp(6,). In general, let
q(6;7) € 2={q(:;7);7 €T}




be some set of easy-to-handle distributions for which we aim to find the element
q(+;7) which has the smallest distance to the true posterior distribution p(é | y). As
distance, we use the Kullback-Leibler divergence as in Sect. 3, but now we replace the
order of the densities. Hence, we define

o(+9) = arg min{ KL(a(37),p( | 1)) }

€2
with

KL(q(;;7),p(- | v) = flog ((| q(6;~)dé.

Note that the integral is with respect to the density ¢(6; «), which will be utilized
later. With p(8 | y) = f(y;0)p(0) / f(y), we can rewrite the above to

(v:8)p(0
KL(g(;y). p(- 1 y)) = —/log Mq(ﬁ: }/)dHJrflog JS(¥)gq@;y)de

q(0:y) (9.23)

=log f(w)
The second component in (9.23) is typically unknown, since the marginal distribution
of f(y) requires unfeasible integration. The first component, however, contains only
analytically available components. Both the likelihood f(y; ) as well as the prior p(6)
are known. Moreover, ¢(-; ) is chosen to be “simple,” meaning that we can easily
calculate ¢(6;y). The main idea behind variational Bayes can be seen from (9.23).

Minimizing the Kullback-Leibler divergence is equivalent to maximizing the so-called
lower bound

LB(q(;7)) = flog%q(& v)do (9.24)
with respect to v.

As mentioned before, the class of distributions 2 is chosen such that calculations
are feasible, so that the lower bound LB(-) can either be calculated analytically or

obtained through simulations. This also applies to the derivative, which we aim to set
to zero. We get

OLB(q(-; ; o ;
ABUD) — [log f(y; 0)p(6) 22 dg — [ 250D g y)ap

0q(6;
— [ log q(6; 7)%%’.
The second component above is zero for Fisher regular distributions; see (4.5). The
remaining two components can be rewritten to

ABLa) - Eqm){moga#w [10% (£(y; 0)p(9))— log (a(6; 7))] }

where the expectation is taken with respect to the density g(+; ). The expectation can
be replaced by simulated values, i.e., for given hyperparameters 'y(t) ; we draw



0 ~ g(;4®) forb=1,...,B
and calculate the estimate of the derivative through

LT R g e ey
— log (q(9*(b);7“)))] }

Following standard numerical optimization techniques, one updates 'y(t) through

(D) = 0) 4 ple) Bl ) (9.26)

(9.25)

with r(®) some (possibly vector-valued) learning rate. We refer exemplarily to Kingma
and Welling (2014) and Kucukelbir et al. (2017). We emphasize that iteration (9.26)
is in practice more complicated than it looks, but one can use standard results from
optimization, such as stochastic gradient ascent leading to stochastic variational
inference; see, e.g., Hoffman et al. (2013) or Blei et al. (2017).

Example 9.5 We apply the idea to the example from above on the zero-inflated
count data. For given 7 and A, the distribution (likelihood) of Y is given in (9.16). For
7, we assume a flat beta distribution, i.e.,

() = 1, forme|0,1]
P = 0, otherwise
and for A, we assume a “flat” exponential family, i.e.,

A~ p(Aw) = wexp (—Aw)
with w = 0.01. As before, we look at transformed parameters, i.e.,
= logit(m) =log (7 / (1 — 7)) and é =log (A) with resulting prior distributions
given in (9.20) and (9.21). We aim to approximate the posterior through the product
of two normal distributions, i.e.,
q(n,6;:y)= N(n; u,?.cff) % N6 s, cf;“)

— o — e — —
- )
= q10: iy, 0,) = q2(8: s, 0F)
The parameters are collected in y = (uy,log (o 2) ps,log (02)). We aim to choose 7

such that the lower bound (9.24) is minimized. To do so, we set v(%) = (0,0, 0, 0),
which leads to the product of two standard normal distributions and set fy( ) = 'y( )
in the following. The derivative 0 log g(-;7) / 07 results through

dlogg(yy)  Ologai(miuy,07)

1 Nk
o - Opn -2 o
dloga(yy) _ 0oy Ologai(mpn,oy) 02{ L1 (n—un)2}
0, o 372 903 —Un 202 ol

and accordingly for the derivatives with respect to ys and 4. We now simulate



7*® ~N(uy, o)

550~ N(,u((;t), U?(t))
forb =1,..., Bwith Bsetto 1000. With these simulated values, we can calculate
(9.25) from which we then obtain an update 'y(tH) through (9.26). The step size is
chosen to be small, i.e, 7® = 0.001, and we only update the v in its steepest
direction. Apparently, there is ample space for numerical improvement, but we aim to
keep it simple to demonstrate the idea. The final estimate is denoted by 7, and we can
plot the resulting density g(+; 9) which we visualize in Fig. 9.4 for A and 7. >

o
—
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T

Fig. 9.4 Variational approximation of the posterior, based on the product of two normal distributions for logit(7)
and log ()

Variational Bayes methods have become more attractive over the last years, also
because they scale better to high-dimensional parameters. Apparently, one issue
remains, which becomes obvious if we look at the Kullback-Leibler divergence (9.23)
again. We aim to minimize the first component, which corresponds to maximizing the
lower bound (9.24). The second component, though, the distribution of the data f(y)
remains unknown. In other words, in general, we have no measure that quantifies
how close the approximation ¢(-; ) is to the true posterior distribution, even though
we can derive some bounds. We refer to Fox and Roberts (2012) for more details.

9.7 Bayes and Regularization

Bayesian formulation is today often used for complex models with multiple
parameters, where estimation can become unstable due to the high dimension of the
parameter 6. In such settings, we are faced with the fact that the number of



parameters that we need to estimate is (too) large compared to the available data. Let
us therefore consider the p dimensional parameter 8 = (61,65, ...,0,), where p is
large relative to sample size n. This means we have p =~ n or even p > n. In the latter
case, classical likelihood approaches fail. But Bayesian principles appear as
numerically stable alternatives. To demonstrate the idea, we look at a constructive
example with a small sample, which is in the example below, or ordern = 1 orn = 2.
Proper data-driven statistical inference is hardly possible with such small samples.
The example here serves as a demonstration to visualize how the likelihood behaves
ifn <porn = p.

Example 9.6 We look at the situation Y; ~ N(u, 0?) with 4.i.d. samples, and we set

n = 1. Hence, there are two parameters that need to be estimated based on a simple
observation. The log likelihood results in

l(,u, 0_2) — % log (02) _ % (yl;ﬂ)z .
We plot the likelihood (not the log likelihood) for a single observation in Fig. 9.5, top
left plot. We can see, and it is also easy to show that for n = 1, the maximum of the
likelihood is achieved for i = y; and 3% = 0. This is not a useful result, since we
obtain a degenerated distribution with variance 0. In other words, likelihood
estimation fails if p, the dimension of the parameter, is larger than n, the data size.
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Fig. 9.5 Likelihood function for n = 1 (left) and n = 2 (right) for normally distributed data (top row). Prior
structure for u and o2 (middle row) and resulting posterior distribution for n = 1 (left) and n = 2 (right) shown in
bottom row

We therefore assume weak informative prior distributions for both the mean
value p and the variance o2, as shown in the middle plot of Fig. 9.5. For the mean
value p, we assume a normal prior with large variance (0, = 10), and for o2, we use
an inverse gamma distribution with a large range of values. Note that we plot the



prior in the same range as the likelihood in the upper left plot. This means that we
show a small fraction of the prior for x only, and in fact the prior 95% probability
range for p ranges from —20 to 20. In other words, the priors are taken to be rather
uninformative.

Using these priors, we obtain the posterior distribution shown in the bottom left
plot. The function stabilizes and the maximum, which would correspond to the
maximum posterior mode, is clearly exposed, even for a situation where p > n. We
also show the resulting function for n = p = 2, visualized in the top right and bottom
right plots. While there is a substantial difference in the pure likelihood (top row), the
plots show less discrepancy for the posterior distribution given in the bottom row. >

The idea of stabilizing the likelihood can be written down formally and is also known
as penalized likelihood. We refer to Scheipl et al. (2013) or Kauermann et al. (2009)
for further reading. Formally, we define the penalized log likelihood as

1,(6,) = 1(8) + log (p(6;w)), (9.27)
where w are some hyperparameters. The maximum penalized likelihood,

corresponding to the posterior mode, is achieved by setting

B C2%) I ()] Olog(p(O;w))
0= Tp— =S + 5 (9.28)

The remaining question is the specification of the hyperparameters w. In principle,
these should be set such that the prior is uninformative. Sometimes, it is also possible
to estimate the parameters, but that requires some more simplified distribution
model. We refrain from going into more details here and refer to the above-cited
literature.

9.8 Exercises

Exercise 1 A large home appliances company plans to conduct a market study to
find out whether people are interested in the new Toast-O-Matic 9000—a
revolutionary toaster. In the preplanning phase, the internal departments have
already considered this issue. The estimates from four departments for the
proportion of people interested in the toaster are available:

Finance (D;): Pp; =0.31
Product Development (D32):  Ppy; = 0.50
Research (D3):  Pps = 0.35
Marketing (D4): Pps = 0.70
The departments have varying track records, with some being right more often than

others. In particular, the departments are correct with the following prior
probabilities:



(a)

An initial survey E1 showed that out of 20 people, 7 were interested in the
product. Which department does the data speak in favor of after the first
survey?

(b)
In the final E2 survey, 71 out of 200 respondents were interested. Does the best

department change?

Exercise 2 Let Xi,..., X, beani.i.d. sample from a geometric distribution with
parameter 7, i.e, X; ~ Geom(7), i =1,...,n.
(a)

We assume a beta distribution as prior for the unknown parameter 7; i.e., it

holds X; | m ~ Geom(w) and 7 ~ Beta(a, /). Show that the beta distribution

is a conjugate prior for the geometric likelihood by computing the posterior

distribution.

Hint: The density of a beta distribution Beta(«, ) is given by

f(z;a,B) = %xa_l(l — 2)”7!, where cis a constant chosen in a way such that

the density integrates up to one. The expectation of a Beta(a, ) distributed

random variable X is E(X) =
(b)

Compute the posterior mean of 7.

o
at+pB’

Exercise 3 Consider a discrete random variable Y with three different states (H),
(R), and (W) with given probabilities:

We will use the Metropolis (Hastings) algorithm to construct a Markov chain

{Y,*, t € Ry} with stationary distribution 7 = (7 g, T, Tw ). We assume a
symmetric proposal density.

The formula for the transition probability in the discrete case, i.e., the probability
of going from state Y;" to Y,", ;, is given by

pij = PV =Yy =14) = P(Yy" = j|Yy =)
B {Qijaij i # J,

= .. 1,j€ S,
1- ZkgS\{i} qik ik 1=, J



where «;; is the probability that we accept for Y,* = 4 a simulated value Y,* ; = jand
gij = q(%, j) is the proposal probability for j given state .
The following matrix of proposal densities Q is given:

1-2qg ¢ q
Q=] ¢ 1-2¢ q |, ¢e<(0,0.5].
q qg 1-2q
(a)

Compute the acceptance matrix A, where each of the nine entries «;; is
ES

probability of the chain moving from state Y;* to Y,", ; given that the latter state
Y’ | was already proposed.

(b)
Using the matrix A just obtained, compute the transition matrix P, i.e., the matrix

containing the nine probabilities of the chain moving from state ;" to ¥,", |

given that the latter state Y,? ; was not yet proposed.

Show that 7 is an invariant distribution for P.

d . . . .
Write down in pseudo-code a Metropolis (Hastings) algorithm that constructs a
Markov chain with stationary distribution 7r.
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Our world is profoundly shaped by extreme events. Financial markets
occasionally experience crashes that reshape global economies. Rare
technological breakthroughs, such as the advent of the internet or
artificial intelligence, fundamentally transform societies. Global
pandemics disrupt health systems, labor markets, and political
institutions. Although such events occur infrequently, their
consequences are often disproportionate and long-lasting. In addition
to these economic, technological, and societal shocks, we are
witnessing an increasing frequency and severity of extreme weather
events, including prolonged droughts, intense rainfall, and exceptional
river water levels. These developments further highlight the
importance of understanding rare but high-impact occurrences. This
chapter presents the main ideas for dealing with data that arise in the
tails of a distribution, where rare events reside. Because such events
occur only seldom, statistical inference and the quantification of
uncertainty cannot rely on classical asymptotic tools such as the central


https://doi.org/10.1007/978-3-032-33658-3_10

limit theorem. Instead, specialized methods are required. The tools and
principles underlying these methods are the focus of this chapter.

10.1 Rare Events

The influential book “The Black Swan” (Taleb, 2007) discusses and
highlights events that are individually highly improbable and difficult to
predict, yet capable of exerting large and lasting effects on the systems
under study. While the probability of any particular such event may be
extremely small, the probability that some rare event (among the many
possible ones) occurs over a sufficiently long time horizon, or across a
sufficiently large number of units, can be substantial. In this sense,
rarity at the microlevel does not preclude near inevitability at the
macro level. Examples include extreme environmental episodes such as
exceptional river levels or severe heat waves, as well as very infrequent
technological or industrial accidents such as nuclear incidents or plane
crashes, but also positive events, such as revolutionary scientific
discoveries. In Sect. 10.2, we turn to statistical methods designed for
modeling extreme values, that is, unusually large or small realizations
in the tails of a distribution. In contrast, the present chapter addresses
situations in which the event of interest occurs only infrequently, so
that empirical samples contain very few, or even no, observed
occurrences, and classical asymptotic approximations become
unreliable.

We motivate the idea with a simple example. Assume we are
interested in the proportion 7 of students in a certain high school who
are addicted to drugs. We draw a sample of n students and ask whether
each student is addicted to drugs (Y = 1) or not (Y = 0). For
simplicity, we assume that students answer truthfully and correctly.! It
is reasonable to assume that this probability is nonzero, but quite low.
In a small sample of size n = 10 students, it might well happen that not
a single student has answered that they are addicted to drugs, that is,
y; = Oforall: = 1,...,n.In this context, inference methods derived in



Sect. 4 break down. The log-likelihood function, assuming a binomial
distribution, takes the form

[(m) =10 log (1 — ), (10.1)
which is visualized in the left-hand plot of Fig. 10.1. The maximum is
achieved at ™ = 0. Note that the first-order derivative at the maximum
of likelihood is unequal to zero, which contradicts the derivations from
Sect. 4.2. Were we to blindly follow the asymptotic results presented in
Sect. 4.2, our inference would yield useless results. With 7 = 0, the
resulting variance of the estimate is zero as well, which implies that
7 = 0. In most realistic scenarios, this is not the case. Just because we
have not observed drug-addicted students does not mean that there are
no people that are addicted to drugs in the entire population of
students.

|

log likelihood ratio
P(Y <0)

1
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Fig. 10.1 Confidence intervals based on (void) asymptotic Chi-squared approximation (left) and
exact calculation (right-hand side) for binomial data withn = 10andy = 0

The proportion 7 is likely small, but our current tools cannot
address how small. As a first idea, let’s study the log likelihood plotted
on the left-hand side in Fig. 10.1. If we use the results derived for the
likelihood ratio, we would state by Eq. (4.21) that

20(7) — Um)] ~ 27
Hence, any test on Hy : m = w9 would be rejected if

I(7) — I(m) > 2hie

with %1?1—04 being the 1 — a quantile of a Chi-squared distribution for

the significance level a € (0, 1). Using the equivalence between testing
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and confidence intervals (see Sect. 5.6) and considering the shape of
the likelihood above (10.1) implies the following confidence interval

2
.o (222 .

visualized as a vertical line on the left-hand side in Fig. 10.1. We should
highlight that the interval lacks any mathematical justification and, in
fact, is too small. In other words, the asymptotic arguments derived in

Sect. 4.2 do not hold since 8l(é) / 00 # 0. This means we have to

derive our inferential tools on different grounds.

First derived by Clopper and Pearson (1934), the shape of the
Binomial distribution allows us to calculate exact confidence intervals
and hence to draw valid statistical inference even for rare events. Let us
assume that, for n trials, we observe y; = O forall: =1,...,n. We can
calculate the probability of observing Y = 0 under a binomial
distribution with given n and varying 7. We plot this curve for n = 10
on the right-hand side of Fig. 10.1, where the threshold value o / 2 is
also indicated. For the confidence interval, we therefore want to find 7,
such that

PY<0Om) =%
holds. We can interpret this as the right-hand side of a confidence
interval (upper value). The lower bound in this case is 0, since 7 cannot
be smaller than zero.

The above approach can be developed into a general construction
principle for different values of y. For Y = g, the left-hand side of the

confidence interval is
[0 fory=20
“= {ﬂ'l with P(Y > y;m) = 5 else
and the upper end (right-hand side) of the interval is

1 fory=mn
“ =\ x, with PY <y;m) =%  else



The resulting interval [c;, ¢,] is called an exact confidence interval,
which is shown for different values of n and different outcomes of y / n
in Fig. 10.2. We also refer to Somerville and Brown (2013) and Thulin
(2014) for further details and a discussion of alternative approaches.

1.0

0.8

n=5 o = v
/ " n=10
p

=20 "

2 L7n=50 " S /

confidence interval

0.4
|

0.2

0.0
|

Fig. 10.2 Exact confidence intervals based on Clopper-Pearson approach

If n increases and y is bounded away from 0 and n, we find the exact
intervals to be comparable to the approximate versions derived
through asymptotic arguments from Sect. 4.

This approach can also be applied to count outcomes as follows:
Consider the case with n independent Poisson-distributed random
variables

Y; ~ Poisson()\) i.i.d..
For rare events, the intensity parameter A is typically small. In the most
extreme case, no events are observed in the sample, that is, y; = 0 for
t = 1,...,n. Though this gives a clear indication that A is small, it does



not imply A = 0, which would be the value of the maximum likelihood
estimate. Hence, we want to derive a confidence interval for X\ without
relying on the asymptotic arguments given in Sect. 4. Before doing so,
let us first look at the likelihood function. We obtain

L)) = H . i‘/yf exp (=) o« AXi1¥ exp (—n)).

n

This shows that Y = Y, is Poisson distributed with parameter nJ,

1=1

so that we can derive the confidence interval for the single observation
Y ~ Poisson(A,) with A, = n\. If the focus is on obtaining a
confidence interval for A instead of )\, we just need to divide the
interval limits by n.

Exact confidence intervals for the Poisson distribution date back to
Garwood (1936). In line with the confidence interval derived for the
binomial setting, the left-hand side of the interval for A, results

through
0 forY =0
“@= {A, with P(Y > y;An = A) = & else
and the upper right-hand side end equals

¢y = A with P(Y <y A0 = Ap) = 5.
We plot the resulting intervals in Fig. 10.3. Note that one needs to
divide the values by n in the case of ¢.i.d. samples with intensity .
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Fig. 10.3 Exact confidence intervals for Poisson distribution

We conclude that, for both the Poisson and the binomial
distributions, valid confidence intervals can be constructed even when
no events are observed. The construction of exact confidence intervals
is somewhat more involved and less intuitive than in the asymptotic
setting. However, modern statistical software readily implements these
calculations, so this poses no practical difficulty.

10.2 Extreme Data

In the previous section, we considered rare events. We now turn to
extreme events, that is, unusually large or small realizations in the tails
of a distribution. Examples include exceptionally high river water levels
or unusually high temperatures.

Example 10.1 The upper panel of Fig. 10.4 shows the daily
maximum temperature recorded on Helgoland, a German island in the
North Sea, in the last years. The annual variation is clearly visible. First,
we calculate the yearly maximum of the daily maximum temperatures,
shown in the middle panel. While an overall upward trend is visible, we
do not aim to discuss this at this point. Second, we compute, for each
year, the minimum of the daily maximum temperatures, displayed in
the bottom panel. The horizontal zero line marks the freezing point;



values above this line correspond to years without a single day of
continuous frost. In this section, our objective is to identify an
appropriate distributional model for these data. >
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Fig. 10.4 Temperature on the island Helgoland in the North Sea

Formally, we are interested in the maximum (or minimum) of data in
the previous example. We, therefore, assume the classical setup

Y;~F(:)iid.,i=1,...,n,
but we want to study the distribution of

Yimaxn = max{Yy,..., Y, }.
It is not difficult to derive the distribution function of Y,,.x, since based
on the ¢.7.d. assumption, we get

F Ymaxn (y) =P (Ymax,n < y)
=P <y,...,Y, <y
=P(Y1<y)---P(Y, <y
= F"(y).
Considering the limit for n — oo, we do not obtain a useful limit
distribution: Assuming the support of F'(-) is bounded, that is, there
exists an overall maximum value ¢, such that

c =sup{y: F(y) <1},
it follows that

0 fory<c
lim F = :
nl—g)lo Yinasn ) {1 fory > c

In other words, the limit distribution converges to a one-point
distribution, and with infinite data, the maximum value Y,,,, will equal
c. If, in contrast, the support is unbounded, then we will always obtain
larger maximum values as n increases, such that Fy, _ (y) becomes

degenerate. We visualize this in Fig. 10.5, where we plot the maximum
of n = 10* simulated N(0, 1) variables. With k increasing, the
maximum increases and goes to co with increasing n. Due to these
observations, we need to normalize the data in some reasonable way.
Let a,, and b,, be sequences that can depend on the sample size, such
that



Ymax,n _bn
an

converges to some non-degenerated distribution with n — oco. Hence,

lim P(M < y) = lim P(Ymax,n < a'ny+bn)

n—oo n n—oo

=lim F"(a,y+ b,) = H(y)

n—o0
where y € R and H is some non-degenerated distribution. The latter is

called extreme value distribution, and is further specified in the
subsequent statement.

O
O
0 — O
o]
<+ —
(o]
> o —
£ o Q
> o~ -
O
O_
o]
[ [ [ [ I
0 2 4 5] 8

sample size n [ 10%]

Fig. 10.5 Maximum of n standard normally distributed random variables with n = 10*

Property (Extreme Value Distributions) Let{Y;}.°, bei.i.d.
random variables andYmax n, :=max (Y1,...,Y,). Ifthere are
sequences of real numbers{an }.- 1, {bn} - with

b d
Yoon=bn & 7 05— 00, (10.2)

an
thenZfollows an extreme value distribution, i.e,Y ~ H(c). The
extreme value distributionH (-)takes one of the following three forms:

1.
Gumbel distribution:

Hi(2) =exp (— exp (—2))
2. (Inverted) Weibull distribution:



_(—\ Yk
Hy(z) — {exp ( (—2) ) for z<0
1 for z> 10

3.
Fréchet Pareto distribution:

H 0 for z <0

3(2) = exp (—z_l/k) for z>0

We can consider Eq. (10.2) as a limit theorem for the tails in the
distribution. In other words, if the focus is not on the center of the
distribution but on the tails, be it maxima or minima, there is a limit
theorem and a natural distributional model to work with. A sketch of a
proof for Eq. (10.2) is given at the end of this section.

The methodology goes back to Gumbel (1958), a German
statistician who was politically persecuted and escaped Nazi Germany
during the Second World War by fleeing to the USA. Once there, he
studied extreme values and is now regarded as the founding father of
extreme value theory. For further details about Gumbel’s life and
contribution, see Rendtel et al. (2021).

The three distributions H;(-), H2(-) and H3(-) can be jointly
written in one format, which is called the generalized extreme value
(GEV) distribution.

Definition 10.1 TheGeneralised Extreme Valuedistribution (GEV)
has three parameters, the location parameterp, the scale parametero,
and the shape parameter~y. The distribution function is given by

-1/
H(z) — {eXP (—(1 +72)7" 7) fory#0 (103)

exp (— exp (—z)) fory=0
withz = (x — ) / o.

Looking at (10.3), we can interpret the parameters similar to other
distributions. Parameter p is the location parameter, and o is the scale



parameter. The shape parameter -y characterizes the type of the
distribution. We have

1.

v = 0 gives the Gumbel distribution H;();
2.

v > 0 gives the (inverted) Weibull distribution Hs();
3

. v < 0 gives the Fréchet-Pareto-distribution Hj().

The parameterization of the GEV opens the possibility of estimating the
parameters of the distribution using maximum likelihood, which in
turn estimates the resulting type of extreme value distribution. This
demonstrates the generality of the extreme value distribution approach
and its suitability for the analysis of extreme events. The field is well
elaborated, and we only motivated the main ideas in this chapter. We
refer to Coles et al. (2001) or Haan and Ferreira (2006) for further
details.

We conclude by demonstrating the ideas by continuing the example
from above.

Example 10.2 In Example 10.1, we analyzed the maximum yearly
temperature. We now take the maximum yearly values shown in the
middle plot in Fig. 10.4 and estimate the parameters of the GEV
distribution using standard maximum likelihood. This leads to
parameter estimates

i =23.76 (0.25)
G =1.88(0.17)
3 = —0.30 (0.08)

with standard errors given in brackets. Since the estimate of y is
negative, a Fréchet-Pareto distribution is found in this example. We plot
the resulting distribution in Fig. 10.6 (upper plot) and overlay this with
the empirical distribution of the yearly maximum temperatures. We see
a reasonable concordance between the data and the fitted limit
distributions. We can do the same for the lowest maximum



temperature, as shown in the bottom plot of Fig. 10.6. The
corresponding estimates (and standard errors) are

H(y) and F,, (y)

H(y) and F;, (y)

1.0
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1.0
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i = —0.25 (0.05)
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7 = —3.06 (0.31).
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Fig. 10.6 Distribution of yearly maximum temperature and fitted extreme value distribution
(upper plot). Distribution of lowest daily maximum temperature and fitted extreme value
distribution (bottom plot)

We can now return to the question of whether the data are identically
distributed, that is, whether the maximum yearly temperatures in the
early years have the same distribution as in the most recent years. We
therefore split the data into the years before 1985 and the years after
1985. We show the resulting empirical distribution functions and the
fitted distributions in Fig. 10.6. A clear shift toward the right is striking.
We list the parameter estimates and their standard errors in Table 10.1.
The shift in the location w is significant and in the order of 2 °C (Fig.
10.7).

o _| .
Q
—_ o
2
= o
L S before 1985
©
o
© <% ]
S o
T o
o
e B
o
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Fig. 10.7 Distribution of yearly maximum temperature and fitted extreme value distribution for
years before and after 1985

Table 10.1 Parameter estimates for the two time periods

Proof For a sketch of the proof of Eq. (10.2), it will be helpful to
consider Yy, ,, as the maximum of data in matrix form. Let therefore Y

be written with a double index in matrix form



Yii. Yip ... Y1k (10.4)
Yo1 Yao ... Yog

YT,l YT72 . YT,K
wheren = T - K. We can then define

}ft,max,K — maX{}ft,l, oo 7}ft,K}
as the row maxima. The overall maximum is then

Ymax,n = maX{}ft,max,K}-
With this notation, we have

Y. —max max (Y3;) =max {Y; .
max,n lgtSTlngK( tk) 1§t§T{ t,max,K} (10_5)

If there is a standardizing sequence (a,, b,,) such that
(Ymaxn — bn) / an converges to a distribution Z, we can write the
sequence in double notation (arx, brx) such that
(Yimax 1k — brk) / apk also converges to Z, for T — oo and K — oo.
The same needs to hold for the row maxima, such that each
standardized row maximum converges to the same limit. Hence, there
is a sequence (ag, by ) such that (Y; ax k — b)) / ax converges to Z
for K - ococandalll <t <T.

Assuming independence, we can assume Y; .. i ~ Fy, ;ie, all

row maxima have the same distribution. Using (10.5), we get

FYmax,TK (y) — F}C/Z':naxx (y)

where Fy, .. (.)is the distribution function of Y,ax 7. Note that
both sequences converge to the same distribution function for a
random variable Z after appropriate standardization. Applying the
standardization again, we can derive the following property for the
distribution function of variable Z

Fz(br + arz) = [Fz(2)]". (10.6)

It can now be shown that this property holds for the above extreme
value distributions. We show this exemplary for the Gumbel
distribution. Setting ar = 1 and by =log (T'), we get



Hy(y—log (T)) =exp (— exp (—(y—log (T))))
=exp (— exp (—y) T)
—exp (— exp (—y))" = Hi(y)"
Similarly, it can be shown for the other extreme value distributions,
which concludes the proof. O

10.3 Exercises

Exercise 1 The following table summarizes the number of major
cybersecurity breaches reported by a random sample of 20 technology
firms over the past year, with each firm indicated by a Greek letter. A
“major breach” is defined as an incident leading to either loss of
customer data or operational downtime longer than 24 hours.

Table

(a)

Assume the number of breaches per firm follows a Poisson
distribution with intensity A. Derive the log-likelihood function
for A based on the above data.

(b)

Find the maximum likelihood estimate . Interpret its meaning in
the cybersecurity context.

(c)

Construct a 95% exact confidence interval for \. Comment on why
exact intervals are preferred over asymptotic ones in this rare-
event setting.

(d)

Estimate the probability that a randomly chosen firm experiences
at least one major breach in a year.

(e)

Suppose a regulator wants to know: what is the probability that at
least 3 firms out of 50 experience a breach in a given year?
Compute this probability using your estimated model.



Exercise 2 The following table, taken from the classic “Danish Fire
Insurance” dataset, contains data regarding the yearly maximal inter-
arrival times (measured in days) of insurance claims, between the years
1980 and 1990 (de Carvalho & Marques, 2012). The inter-arrival time
is defined as the number of days passing between two subsequent
claims.

Table

Assume that in each year, the inter-arrival times are exponentially
distributed with intensity A > 0 and that the yearly maximal inter-
arrival times are Li.d.

(a) . - .
Show that the maximum of an i.i.d. sequence of exponentially
distributed random variables { X1, ..., X, }, with intensity A > 0,
can be approximated with a Gumbel distribution. How do the
location and scale parameters of the resulting Gumbel
distribution relate to A and n?
Hint: use the convergence properties for

max {X1,...,X,} — 2.

(b)

Use MLE (derive formulas as far as possible) to estimate the
extreme value distribution associated with the yearly maximum
inter-arrival times.

Based on your estimation of the parameters, evaluate the
probability for the yearly maximum inter-arrival time to exceed
25 days.
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In this chapter, we study multivariate data, where we assume that y has multiple components that may
interact with one another. We do not impose a causal order; such as the first component influencing the
second, the first two influencing the third, and so on. Instead, we treat the variables as being on an equal
footing, meaning that their relationships are reciprocal rather than directional. Our goal is to introduce
methods for quantifying associations in multivariate settings, in particular beyond simple bivariate
correlations. We will revisit the multivariate normal distribution, but we begin with discrete-valued
multivariate data, which are often summarized in contingency tables.

11.1 Models for Contingency Tables

We now consider multivariate data and let Y = (Y7,...,Y},) be a p-dimensional random vector. We begin
with discrete-valued variables and assume thatY; € {1,...,K;} for j =1,...,p. Hence, Y takes values in a
p-dimensional cube with side lengths K1, Ko, . .., K. We visualize a4 x 2 x 3-dimensional cube in Fig.

11.1. The outcome Y = (ky, k2, k3) indicates that Y lies in the cell (k1, k2, k3).

N A A7
A AAAA]L

Il
n

Ky =4

Fig. 11.1 Three-dimensional contingency table represented as 3D object

With multiple multivariate observations, notational ambiguities arise. We need an index for the
components of ¥ as well as an index for the observation number. This would naturally lead to double
subscripts, which make expressions cumbersome. In addition, higher-order interactions among the
variables require further indexing. To improve readability, we therefore adopt a modified notation in this
chapter. Specifically, we denote the observation index by a superscript in parentheses. Thus,
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YO = (Yl(i), . ,Yp(i)) represents the p-dimensional random vector of the i-th observation. The data are
recorded as independent multivariate observations Y(l), ey Y ("), With this notational convention, we can
express the cell counts as

Nkyky. . ki = E :izl Wy = (k1 ks, ... p)-

We also need counts for the margins of the table, which we denote by replacing the index with a dot, that is,
for instance:

Nhiky. . ky 1y = E :i:1 1{1/9 = kl}l{yg) =ko}--- 1{31,(21 =kp-1}

E :" (i)
Nk oo = i1 1{31/ = kl}
n="mn... = g - 1.

This corresponds to a multivariate p-dimensional contingency table, an example of which is given in the
following.

or

Accordingly,

Example 11.1 Consider data from a survey of n = 3185 rented households in the city of Munich,
regarding rent and equipment of the apartment. To be specific, we consider the categorical variables

¢ Y;: floor space (< 50 squared meters, between 50 and 100 squared meters, > 100 squared meters)
¢ Y5: center (yes or no)

e Y3: new contract (yes or no)

e Yy: district (out of 25 districts of Munich)

Thisleads toa 3 x 2 x 2 x 25 dimensional contingency table with resulting 300 cells. It does not make
much sense to look at the massive contingency table, which also contains structural zeros, since some
districts are central, while others are noncentral. It is more feasible to look at the margins of the table; that
is, ignore some of the variables. For instance, looking at Y; and Y> only gives Table 11.1. Alternatively, we
may look at the contract and the different districts, which are shown in Table 11.2, for space reasons, just for
6 out of the 25 districts. It becomes apparent that tabulating multivariate discrete valued variables is clumsy
and does not provide any insight if the dimension exceeds the order of 2 or 3.>

Table 11.1 Munich rental guide survey, tabulated with respect to floor space and center

Table 11.2 Munich rental guide survey, tabulated with respect to new contract and district

We want to define a general probability model for such kind of data, which in turn will also extend to
continuous settings as well as more complex data structures like network data discussed later in the book.

Definition 11.1  LetY = (Y1,...,Y),)be a discrete-valued random variable. The distribution of Y follows
alog-linear modelif

P(Y = y;0) xexp (90 + g ; sj(y)ej) (11.1)
wheres ;(-)are some linearly independent statistics calculated fromy = (yu, . .. ,yp)andd = (6o, 01, ... )is

the parameter vector.

This is a very general setup, which we now specify further for clarity. We begin with the case p = 2, which
corresponds to a square contingency table. In this setting, it is convenient to introduce a double index for the



statistics in order to distinguish between main effects and interaction terms. Specifically, we define the
statistics as

sil.(y) = 1{y1 = il} forl <i; < Ky

8.4,(y) = {ya =2} for 1 < iy < Ko

sim(y) = 1{y1 =11,y = iz} forl <i; < Kjand1<iy < K.
In other words, s;,.(+) is an indicator for the first variable that equals 1 if y; = 4. Similarly, s;,;,(-) indicates
whether y; = 4; and y5 = 5. Thus, the indices specify which variables are involved. Note that the indices
above do not range over all possible outcomes, since we restrict to 2; < Kj and 22 < K3. These constraints
ensure that the statistics are linearly independent and that the model is identifiable.
Now, assume we have independent observations Y(l), ...Y (" The general form of the log-linear model

(11.1) for observations y(l), ey y(") then becomes

PYD — 40, y® —ym)

n K,—1 Ky—1
o H‘, exp (90 + Z B Sil.(y(l))gil. + E 84, (y(z))e‘iz
i=1 =1 et
K,-1 Ky—1
* Zil:l i9=1 Siriy (y(l))glﬂz)
K1 K,—1 K1 K1
=exp (90 + E :i1=1 n;.0;,. + E :i2=1 n.i,0.5, + Zi1=1 Zi2=1 ni1i20ili2),

nil- = E i1 l{y(z) = 1/1}

is the number of observations with outcome 7; for variable Y7, and accordingly n; ;, the cell count in the two

dimensional table. Note that
K>
ng. = : :i2=1 Nitisy

hence, the points in the subscript refer to the variables we sum over.
To simplify the formula, we set K; = 2 and Ky = 2 leading to a two-by-two table. In this case, we obtain
the following likelihood for the data:

P(Y(l) = y(l), ceey y®m — y(n)) xXexp (90 +n1.01. + 0.4 + n11911)
If we now set all parameters involving double indices to zero, which, in the case of a 2x 2 table, corresponds
to a single parameter, the joint distribution simplifies. It factorizes into one part that depends solely on the
outcome of Y7 and another that depends solely on Y5. As a result, we get that Y7 and Y> are independent.
The log-linear model does not define a proper distribution, since the normalization constant is missing.

This can be addressed by introducing a Poisson model for the cell counts. If we assume an 4.i.d. sample
n

Y@M, ..., Y™, we can calculate the (random) counts N; ;, = Z l{Yl(i) =11, Y2(i) = i2}. We then assume

122
i=1

where

N;,i, ~ Poisson(A;,;,)

where
Ailiz :exp (60 + 97:1' + 9'7:2 + 01122)
with the side constraint that 0x,. = 0, 0.5, = 0 and 0;,x, = 0k,;, = 0 for all ¢; and .
This leads to the following likelihood for the observed counts n;,;, :



P 1112—n111271<11<K151<7'2<K2)

K>
1 €xXp (niliz IOg )‘iliz - AiliZ)

H H s
Z1’2

exp (—Ai

21 1 i9=1 nzlzz p( “”)

i1=1

19=
Ki—-1 Ko—1
=exp (TL..90+ E . ni1-0i1-+ E . n.i29.i2
i=1 i9=1
Ki-1 Ky—1 Ki-1 Ko—1
S SIS )
+ i=1 Gy=1 RTun i=1 iy=1 Aisiz )

where n.. is the number of observations. This is a log-linear model. Note that for the Poisson model, the
sample size n.. itself is a random variable, which is not necessarily a plausible assumption. Let us therefore
condition on n.. = m, that is, the sum of the Poisson distributed cell counts Y} ;, is conditioned to be equal to
n. It can be shown (see Lang, 1996) that this results in a multinomial model of the form

P(Nilizznilizailz]- Kl,igzl,...,K2|n..:n)

H HKz
— 7_[_7'11‘11'2
ni ... NEK, i1=1 ip=1 U2

K K

Z Z iy, Hence, knowledge of the overall sample size is not informative with
i1=1is=1

respect to the log-linear structure.

Log-linear models become interesting for higher-dimensional contingency tables, that is, for p > 2.1In
this case, the set of possible parameters increases in both the dimension p and in the number of categories.
Let us formally write down a log-linear model for a Ky by K, by K3 by ... by K, contingency table.
Referring again to Fig. 11.1, this corresponds to a p-dimensional cube with side lengths K, Ky, K3,...,. K

-
We denote the random cell counts by IV; . ; and the observed counts by n;, . ; . We use bullet notation to

Wlth ﬂ-iliz = )\iliZ

‘77:1’
indicate summation over an index, that is, a dot in a subscript means that the corresponding index is
summed over. This leads to the following rather cumbersome expression

P(Ni,..iy =Myt =1,...,Ki5i2=1,...,Ks,...)

K;—1 Ky—1 K,-1
xexp (90 + E - Nigee . Oipee .+ g - Nuige o Oy .-+ E - Ny 0,
K;—1 Ky—1 K, -1
+ E :ilzl E iy=1 MNiige ... - 92'11'2. -+ E : = -1 E :z 1 n.. .. “ip_1ip 0 e lp_1dp

_|_
Ki—1 Ko—1 K,—1
SIS S ).
+ ilil i2:1 ipil 2122 ... 1p 1122 ... 1p

Although the formula appears complicated, its structure is clear. The terms involve main effects (depending
on a single variable), all pairwise interactions, all three-way interactions, and so on, up to interactions
among all p variables. For example, &;,;,. . represents the pairwise interaction between Y; and Y3 at levels
11 and 49, and & »i3. . represents a three-way interaction. Such interaction structures quickly become
cumbersome for multivariate discrete data. Our goal is therefore to develop more parsimonious model
specifications. Before doing so, we formalize the model in a simpler setting. For convenience, we write 1 for
variable Y7, 2 for Y5, and so on. We restrict attention to the case p = 3 and consider the binary case

K; = Ky = K3 = 2. Thisresultsina 2 x 2 x 2 table with eight cells. The full model, also called the
saturated model, contains eight parameters: 6y, 61..,0.1.,0..1, 011., 01.1, 0.11 and 011;. If we condition on the
total sample size, then 6 is determined by this constraint. We denote the full model, including all interaction
terms, by

1x2x%3.



This indicates the model with the three-way interaction between variables Y7, Y5 and Y3 included. If we
impose that 6117 = 0, that is, we exclude the three-way interaction, then the highest-order interactions are
pairwise interactions between Y7 and Y3, between Y7 and Y3, as well as between Y5 and Y3. Formally, we
write this as

1%2+1%x34+2x%3.
If we further restrict 8;;. = 0, that is the pairwise interaction between Y7 and Y5 should be set to zero, the
highest-order interactions are between Y; and Y3 and between Y5 and Y3. Consequently, the model can be
written as

1x342%3.
We can now further set parameters to zero and just take the highest-order interaction and write this in the
given model specification. The cascade of different model leads to a model hierarchy, which is visualized as
follows:

1 %2%3

124+ 1%34+2%3

N

1#2+1%3  1x2+2x3 1%3+2%3

.

1%2+3 1%3+2 1+2%3

By |

1+2+3

The statistical challenge is now to identify an appropriate model for the data in the contingency table.
Formally, this can be achieved either by testing whether certain parameters are equal to zero or by applying
model selection criteria, such as the Akaike Information Criterion, discussed in Chap. 7. In other words,
given observed data, we can use the methods developed so far to determine a suitable—possibly simplified
—model.

The approach extends naturally to higher-order contingency tables with p > 3. It is also evident that the
model hierarchy illustrated above for p = 3 becomes even more complex as p increases, which motivates a
further simplification of the structure. In fact, some of the models considered above admit an interpretation
in terms of conditional independence, which we explore next.

We say that Y7 and Y> are conditionally independent given Y3 if and only if

PYi1=141,Y2 =42 | Y3 =13) =P(Y1 =141 | Y3 =1i3)P(Ya =iz | Y3 =i3)
foralll <4; < K;,1 <19 < Ky, and 1 < i3 < K3. We denote this formally as
VillYa | Yzor 112]3. (11.2)
Applying Bayes rule shows
P(Y;, =11,Y;, =12 | Yy, = i3) x P(Ys, =11,Y;, = 12,Y;, = 13)

Conditional independence (11.2) therefore implles that the latter component decomposes to the product of
two terms dependent on (Y;,,Y;,) and (Y5,,Y;,). Thatis, if ¥, L ¥> | ¥3, we have

P(Y;, =1i1,Y;, =12 | Yy, =i3) o« P(Y;, =11,Y;, =19,Y;, =13)

o hy3(i1,43)has(i2,3)
for some functions hi3(-) and hos(+) for all possible outcomes i1, i and 73.
Considering the structure of the log-linear model, we see that this holds if all parameters that involve
components ¢; and ¢ are equal to zero. Putting it differently, we have

YW/i¥ | V3 & 6. = 0and 6;4,, = O forall i}, iz and 3.



Using the model notation from above, this is the model

1%3+2%3.
This model implies the conditional independence of Y7 and Y given Ys.
The conditional independence also allows for further interpretations. If ¥; |l ¥ | ¥; holds, it follows

P(Y1 =11 | Yz = ig,ng = ’i3) = P(Y1 =11 ‘ Y3 = ’ig).

In other words, given the value of Y3, additional information about Y5 does not affect the distribution of Y7.
Hence, Y; provides no further information about Y; once Y3 is known. We will examine these information-
theoretic aspects in more detail later in this chapter.

We can revisit the model hierarchy above and restrict attention to conditional independence models
only. In this case, the hierarchy simplifies, as will be discussed in greater detail in the next section.

Generally, estimation of the parameters can be carried out with maximum likelihood estimation, which is
not described in detail here. We refer to Tutz (2011) for technical details and further discussion (see also
Agresti, 2012).

Example 11.1 (Continued) We return to the rental guide example from above and run a model selection
on the data. Based on the Bayesian Information Criterion, the selected model is

floor space * center + center * district + floor space * new contract
The model simplifies quite drastically, allowing more straightforward interpretation of the results. >

11.2 Graphical Models

We introduced the idea of conditional independence in the previous section; we now formalize it. Let
Y = (Y1,...,Y,) be a p-dimensional random variable with density or probability mass function
fi23..p(Y1, - .., yp). We define with A, B and C the following subsets:

ANB=ANC=BnNC=10

AUBUC c{1,...,p} (11.3)
A#DPand B#0
We say that A is conditionally independent of B given C, denoted as
AILLB | C
if and only if
fauBc(Wa,ys | yo) = fac(ya | ye) feic(ys | yo)- (11.4)

This holds if and only if the density decomposes to

fauuc(ya,yB,yo) = havo(ya,ye)hsuc(ys, yo)-
Conditional independence can be visualized using a graph, which motivates the term graphical model. To be
concrete, we represent the statement that A and B are conditionally independent given C as follows:

In an undirected graphical model, the absence of an edge between A and B indicates conditional
independence given the remaining variables (here, C).



The graph above serves as an illustration. We now formalize the concept by considering individual
variables. To this end, define a graph G as the pair G = (V, E), where V = {1, ..., p} denotes the set of
nodesand E C V' x V the set of edges. We identify VV with the variables Y1, Y5, ..., Y}, but for simplicity,
refer to them by their indices. In this context, the edges themselves are less important than the missing

edges, as the absence of an edge represents conditional independence. We link these two concepts through
iljlvAali.jle G )¢ Eand (j,i) ¢ E.

In other words, a missing edge in the graph corresponds to conditional independence between the two
variables that are not linked. As an example, for p = 3, the graph shown in Fig. 11.2 can be interpreted as

102 |3:

Fig. 11.2 Graphical model expressing the conditional independence 1|2 | 3

We now turn to higher dimensions. Figure 11.3 displays a graphical model for six variables. There are
eight missing edges in the graph, and these correspond to the conditional independence relations listed
below:

1114 {2.3.5.6)
115 | {2.3.4,6)
1116 (2.3.4,5)
2114 | {1.3.5,6}
2115 (1.3.4.6)
2116 | {1.3.4,5)
316 | {1.2.4,5)
5006 | {1.2. 3,4}

s

These statements are also called pairwise conditional independence.
Looking at the graph in Fig. 11.3, we can also make other statements, which can be shown to hold
equivalently in a conditional independence framework. Note that all paths from the set of nodes
A = {4,5,6} to the set of nodes B = {1, 2} go via C' = {3}. This translates to
{1, 24114, 5,6} | 3.

To prove this, we need to show that the distribution factorizes as

Fig. 11.3 Graphical model for six variables



F123456 (Y1, Y2, Y3, Y4, Y5, ¥s) = ha23(y1, Y2, y3) h3ase (Y3, Ya, Ys, Ys)-
With the eight conditional independence statements above, we have similar decomposition properties,
which indeed confirm the above decomposition. This is called global conditional independence. The global
conditional independence can be formally defined as follows. Consider the three sets of variables A, B and C
which fulfill (11.3). If every path from ¢ € A to j € B goes over elements in set C, then

AllB | C.
For example, in Fig. 11.3, we also have {3, 5} 116 | 4, and there are further global conditional independence
statements that can be read from the graph.
Finally, we can consider the properties of the graph locally, by looking at single nodes and their direct

neighbors. For instance, variable 2 has neighbors 1 and 3 and hence is not connected to the remaining
nodes. This can be formulated to

21(4.5,6) | {1.3).
In general, let 4/(7) be the set of neighbors of i, that is,

A1) ={j: (i,)) € Eor (j,i) € E}.
Then

iL(VALEUNGY | NG).

This is called local conditional independence.
Although the definitions of pairwise, local, and global conditional independence appear conceptually
different, and are in fact different in other settings, they are actually equivalent for graphical models.

Property Given a graphical model, the three conditional independence interpretations pairwise conditional
independence, local conditional independence and global conditional independence are equivalent. O

The proof can, for instance, be found in Whittaker (2009). We also refer to Lauritzen (1996) or Maathuis et
al. (2018) for more details.

For given i.i.d. data Y (9) = (Yl(z), cee Yp(z)), we can now aim to select a model which has as many
conditional independencies as possible based on some model selection criterion. This again induces some
model hierarchy, which we show exemplarily for three variables in Fig. 11.4. Apparently, for more than three
variables, the set of possible models gets large.



/ | \

Fig. 11.4 Model hierarchy of graphical models for three variables

Example 11.1 (Continued) We continue with the example of the rental data from above. The model itself
becomes quite simple as we only have three interaction terms. This in turn leads to the graphical model
shown in Fig. 11.5. We could interpret it as follows. Given that an apartment is in the city center, the explicit
location (district) gives no information on rent and contract. Or, given the floor space, the location of the
apartment is independent of the contract length. >
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Fig. 11.5 Graphical model rental survey example

Graphical models are a flexible tool, and we utilized the idea already in Chap. 8, when we introduced the
simulation of multivariate random variables. Graphs quite easily allow us to visualize the dependence



structure. One should, however, bear in mind that not all sets of conditional independence statements can be
visualized with a graph. Assume, for instance, that 1 || 2 and p = 3. The corresponding graphical model is

\
|

(1 b—{ 2
LY s ] /
(%)

2 -

This conclusion follows from the fact that, conditional on Y3, the variables Y7 and Y3 are no longer
independent. At first glance, this may seem counterintuitive. Although Y7 and Y3 are marginally
independent, meaning that knowing the value of one provides no information about the other, this
relationship changes once we condition on Y3. To illustrate this, consider the following example.

Example 11.2 Imagine a technical system consisting of two independent components. Let Y; denote the
operational status of component 1, where Y7 = 1 ifitis functioning and Y; = 0 otherwise. Similarly, let Y5
describe the status of component 2 in the same way. We assume that Y7 and Y; are independent Bernoulli
random variables, meaning that the functioning of one component has no effect on the other.

However, the entire system operates successfully only if both components are functioning. If either
component fails, the system fails. We can model the status of the full system with a third binary variable Y3
where Y3 = 1 if both components are running (i.e., Y1 = Y3 = 1) and Y3 = 0 otherwise.

In this setup, even though Y; and Y5 are independent in general, conditioning on the system being
operational Y3 = 1 introduces a dependency: Knowing that one component is working increases the
likelihood that the other is also working.

This can be modeled formally as follows:

1 = technical failure in component 1
no= {O = normal operation

Y, — {1 = technical failure in component 2
0 = normal operation

Y; = max(Y;,Y,) = 1 system break down
5T A (1 system working

Assuming binomial models leads to

Yi ~ B(17 771)

Y2 ~ B(l, 7T2)

Y3 | Y1,Ys ~ B(1,73(y1,92))
with 73(y1,y2) = max(Y7, Y2). Hence 71 and 7, are the failure probabilities for components 1 and 2,
respectively. Now suppose the technical system has failed, that is, Y3 = 1, and we want to determine which
component is responsible for the failure. If we inspect component 1 and find that it is functioning properly,
thatis Y7 = 0, this leads to an increased probability that the system failure is due to a failure of component
2.
Ignoring variable Y3 and applying the Bayes rule, we have
P(Y;=1,Y,=1
P(Y,=1|Y;=1) = el - mm — )

Hence we have independence of Y7 and Y5. But if we condition on Y3, we get



P(Y1=1,Y2=1,Y3=1)
P(Y;=1)
_ _PM=LY>=1)
T P(max(Y1,Y2)=1)
LS
1—P(Y1=0,Y>=0)
— Ty
- 17(177I’1)(177I’2)
which does not decompose to a product of probabilities. Or, seeing it differently, if we find component 1 to
work but the system failed, then
P(Y»=1,Y;1=0,Y3=1
P(Yy=1]Y;=1¥; =0) = A iliory
_ P(V1=0,Y2=1)
— P(Y1=0,Y>=1)

=1.

P(Y1:1,Y2:1‘Y3:1) g

>

Consequently, we may have marginal (pairwise) independence but conditional dependence. To incorporate
marginal as well as conditional independencies, one needs to extend the graphical models toward directed
acyclic graphs or in short DAGs. We sketch the resulting DAG for the above discussed example in Fig. 11.6.
Nodes 1 and 2 are not connected, but both lead to node 3.

k\
/“/

\\.__/

Fig. 11.6 Directed acyclic graph (DAG) for three variables

A DAG is formally defined as a directed graph without cycles or loops. Like before, let G = (V, E) be a
(directed) graph with V' = {1, 2, ..., p} being the set of nodes (variables) and E C V x V the set of edges.
Elements in E fulfill the property that edges are not symmetric, i.e., for (¢, j) € E, we have (j,1) ¢ E, and
there are no loops, that is, there is no sequence vy, v2, ... vy € V such that (vj,vj.1) € E for
i=12,...k—1withv; = v;.

The general independence and conditional independence statements in a DAG can be written after some
extra definitions. For a node i in the graph, we denote with Pa(¢) the parents. For instance, in Fig. 11.6, we
have Pa(1) = 0, Pa(2) = 0, and Pa(3) = {1, 2}. Moreover, the nodes in the DAG are ordered, so that
Pa(1) = 0 holds in general and node n has no following node, n ¢ Pa(j) for j = 1,...,p—1. Moreover, in
general, there are no loops or cycles, that is,

Pa(i) C {1,...,i—1}.
The conditional independence statements are then

idLfl, ..o i = 1)\Pa(i) | Pa(i)

foralli = 1,...,p. Hence, if we condition on the parents of a variable Y; in the DAG, then all variables
beyond the direct parents, meaning the ones which lie “before” the parent variables, do not provide any
information about Y;. Moreover, we can also state that two variables are generally (i.e., unconditionally)
independent if they have no common ancestors and are not connected by an path given the variables in the
graph. In other words, two nodes in the graph are independent if the only path(s) between them go through
a shared descendant(s). Note that we looked at simple DAGs already in Chap. 8 and will return to this in the
time series examples in Chap. 12.
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To fully understand the ideas of a DAG, let us look at a more complex example. Consider the DAG in Fig.
11.7. We can read the following independence statements:

112

30201
41131 {1,2)
500(1.3.4) 12

611{1.2,4)] (3,5
70{1.2,4} | {3,5.6)
81{1.2,3,4) | {5.6.7).

As in graphical models, there are equivalent formulations of the resulting independence statements. We
refer exemplarily to Cowell et al. (2007) but do not provide a deeper discussion here.

P ol
/ 3

Fig. 11.7 DAG for eight variables

In general, a multivariate distribution on variables Y7, . .., Y}, can be factorized according to a DAG as
follows:

p
friv, (Y- yp) = | I 1 T7iPat) (W5 | Upagy)-
Hence, for the DAG in Fig. 11.7, we get (in short notation)

fr2...8 = frfaf3fanafsi2fe3s fr1356 fsps67-

An interesting statement can be derived from the conditional independence structures resulting from a
DAG. Note that looking at the DAG in Fig. 11.6, we saw with Example 11.2.

YiYs | s,

that is, Y7 is not independent of Y if we condition on Y3. We get such statements by “moralizing” the DAG.
Moralizing means that we induce an undirected graphical model from the DAG by

1.
placing an undirected edge between all nodes in Pa(z) for ¢ = 1,...,p (i.e, we are “marrying” the

parents).

' replace all directed edges by undirected ones.

More formally, if G = (V, E) is a DAG, then the related undirected moral graph G™ = (V, E™) results
through



1. Set E™ = E.

2.
Foralli = 1,...p, include (j, k) in E™ if {4, k} € Pa(7)

3.
Forall (¢, j) € E, include (j,¢) € E™.

We demonstrate this in Fig. 11.8, where we include the “moralized” edges as dashed lines. This graph now
describes all conditional independence statements as a graphical model. Apparently, we lose the information
of two independencies which disappeared due to looking at all p variables. DAGs are a central tool in
causality theory, and we refer to Peters et al. (2017) and Pearl (2009) for a more thorough discussion.

i /
e o

Fig. 11.8 Moralized graph from Fig. 11.7. Induced edges are dashed

11.3 Multivariate Normal Distribution

The most commonly used multivariate distribution is the multivariate normal distribution. We have already
worked with this distribution in the simulation section in Sect. 8.4. We now show that the multivariate
normal distribution admits a log-linear representation and that, using the results developed above, it can be
naturally related to graphical models.

Definition 11.2  LetY = (Y1,...Y})be a continuous random vector. Y follows a multivariate normal
distribution with meany = (p1, . . .up)Tandp X pdimensional variance matrixXif

. _ 1 -1 )Ty —
f(y,u,E)—(zﬂ)g_\E\ exp{ s(y—n) Ty u)}‘ (11.5)

It is thereby assumed thatXis positive definite, that is,a " a > Ofor all vectorsa € RPwitha # 0.

Given data y(i) drawn ¢.i.d. from (11.5), we obtain the maximum likelihood estimates

n n n T
A= Zi:l g = (% Zizl A z:izl ygw)

n
S=1)  I-m-a)
Let Q = X! be the inverse variance matrix, commonly called the concentration matrix. Denote with jl
the j, I-th element of Q2. This allows to rewrite (11.5) to
(11.6)



p p
f(y; 1, E)  ocexp {—% E :] . E :l L ays — py) (e — Mz)}
xexp {—% E :] . E :z S yiy + E : E :l 1leulyg}
O<eXP{ E :J ) o Q;z Yy + E : ( Qi+ (2, Qamr) y])}

Formula (11.6) uncovers the log-linear structure of a multivariate normal distribution, which allows us to
utilize the results derived in the corresponding section. To make this more apparent, we define the statistics

s;(y) = (5, 95)"

si(y) = yju-
Then, (11.6) can be rewritten to

p p p
o) e { D D0 o)+ D, G} (117)

with 6; = (—%ij, > lepl)T and 6; = —$ ;. We can derive some properties from (11.7). First, unlike
in the analysis of multivariate discrete valued variables, like in Sect. 11.1, the normal distribution does not
carry higher-order interaction terms. We only have pairwise interactions in the normal multivariate
distribution. Second, we can directly read conditional independencies from the concentration matrix. That
is,

Qu=0«< YUY |Y p\{J/1} (11.8)

Hence, the concentration matrix is informative as it provides information about the conditional
independencies.

Example 11.3 We illustrate graphical models for multivariate normally distributed data with a simple
example. We use data from the 2025 German federal election. The electoral districts are treated as
(independent) observations, and we consider the vote shares of seven parties: SPD (Labour Party),
CDU/CSU (Conservatives), Biindnis 90/Die Griinen (Greens), Die Linke (Left), FDP (Liberals), Freie Wahler
(Free Voters), and AfD (Right-wing). We assume a normal distribution for the vote shares and select a
graphical model using the AIC criterion. The resulting graph is shown in Fig. 11.9. We observe strong
dependencies among the vote shares. However, the vote share of the Green Party is conditionally
independent of the vote shares of the Free Voters and the Left Party, given the shares of the remaining
parties. >

Free@oters

SED
Lit@rals
CDWCSU
AGD

Gigen

Fig. 11.9 Graphical model for voters share for the 2025 election in Germany

11.4 EXxercises

Exercise 1 A survey administered to statistics students gathered data on how they like to spend their free
time in a typical week. In particular, for each student, we have information on the following variables:

M = Number of movies watched



B = Number of books read

V = Hours spent playing videogames

with M <7, B < 2,and V' < 20. We are interested in studying the behavior of the students with respect to
these three aspects.

(@)
(b)

()

(d)

Can you sketch a contingency table for this data? If so, do it, if not, explain why.

Suppose we want to jointly model the probability of a student watching a certain number of movies,
reading a certain number of books, and playing a certain amount of hours of video games in a given
week. Specify a log-linear model for this joint probability, assuming independence between the three
variables.

A sociologist comes into the picture and tells you that it is likely for some of these quantities to be
dependent on one another. In particular, the number of books read is likely to have some
interdependence with both the hours of video games played and the number of movies watched. How
can we incorporate these dependencies into the model defined in point (b)?

Given the assumptions made in point (c), are the variables M and V independent? Are they
conditionally independent? Sketch a dependency graph of the three variables.

Exercise 2

(@)

(b)

Below, you are given a directed acyclic graph (DAG) depicting the causal dependence between seven
random variables. For each variable X;, ¢ = 1, ..., n, state the variables that it is independent of.
Additionally, factorize the joint distribution fx, x, x; x,,x;, X, X7 (Z1, 2, €3, T4, T5, Te, T7) Of this
model; i.e., define it as the product of multiple conditional distributions.

Given the conditional independencies next to the empty graph below, fill in the (undirected) edges,
assuming all variables to be dependent unless stated otherwise. Hint: Start with a full graph, and then
remove edges one by one.

A 4
2 ()



G) @ Au{C,DEF} | B

B 1L {C,F} | {D,E}
C 1 {A,B,E,F} | D
F 1 {A,B,C} | {D,E}

Exercise 3 Letx € R" be arandom vector with E() = 0 and V' = Cov(x). Assuming that « follows a
multivariate normal distribution and that Cov(z) is a diagonal matrix, show that z1, ..., z, are
independent.
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The framework underlying the data analyses considered in this book so
far was based on the assumption that the observations are i.i.d., that is,
independent of one another and generated from the same probabilistic
distribution. From a practical perspective, this assumption naturally
leads to a likelihood that factorizes into separate, low-dimensional
components, as discussed in Chap. 3. At the same time, this assumption
forms the foundation of asymptotic theory (Chap. 4). Once this
assumption no longer holds, many of the corresponding mathematical
properties break down.

We already introduced non-i.i.d. data in the regression chapter (Chap.
6), where we allowed the distribution of Y; to depend on covariates z;,
thereby giving up the assumption of identical distributions. Still, the
resulting residuals €; were assumed to be i.i.d.. Moreover, in Chap. 11, we
introduced data constellations in which simple independence
assumptions are no longer adequate. As a workaround, we studied
graphical models as an abstract framework. This chapter will focus on


https://doi.org/10.1007/978-3-032-33658-3_12

specific non-i.i.d. data types and how to deal with them. More specifically,
we cover data which possess a dependence structure in the form of
temporal order (Sect. 12.1), spatial dependence (Sect. 12.2), network
structure (Sect. 12.3), as well as data which are functions themselves
(Sect. 12.4). These four examples represent some of the most commonly
encountered dependence structures in real-world data. However,
dependence patterns can be highly diverse and complex. Therefore, our
treatment remains at a conceptual level, providing a high-level overview
without going into all possible details.

12.1 Time Series Models

12.1.1 Notation and Main Ideas

In the following, we assume that the data are collected over time; we
refer to such data as time series data. We write

Yi,Yo,Ys,..., Y, ...
and assume that the time pointst = 1,2, ...,T are discrete and equally

spaced. We further assume that there is some correlation over time, in
that Cov(Y;,Yy) # 0for 1 < ¢, t/ < T. We define with

py (t) = E(Y;)
the mean function fort = 1, 2, ... and with
Yy (t,t1) = Cov(Yz, Yy)
the covariance function. The latter will be of particular interest, since for
data collected over time, it’s often the case that the current value Y; for
some time point t depends on previous observations Y;_1,Y;_o,.... The
two main questions in time series data are the following:

1.
How are the data serially correlated; that is, what is the structure of

’)/y(t, t/)?

2.
Given the data up to time point ¢, how can we use these to predict

future values Y; 1, Yii9,...7



To address questions about correlation, we clearly need knowledge of

py (t), and it is important to note that yy (¢, ¢/) describes covariance, not

correlation; meaning it also captures changes in variance over time.

Thus, while the two questions posed above are central, they represent

only part of the broader modeling tasks involved in time series analysis.
To exemplify the idea of time series, we look at three examples, which

will be revisited later.

Example 12.1 Figure 12.1 displays the annual global average
temperature from 1850 to 2019, presented as deviations from the overall
average across the observed period. A clear upward trend in p, (%) is

visible starting around 1975. To highlight this trend, we include an
estimate fI,(¢) in the plot. This enables us to examine the residual

fluctuations y; — fi,(t), which are shown in the lower part of Fig. 12.1.
Details on the estimation of u,(t) are discussed later in the chapter. >
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Fig. 12.1 Variation of global annual temperature around the mean value (top plot) and the
detrended variation (bottom plot)

Example 12.2 As a second example, we consider the German stock
market index DAX over the period from 2010 to 2022, as shown in Fig.
12.2. The data exhibit a modest upward trend, with a notable sharp
decline in early 2020, coinciding with the onset of the COVID-19
pandemic, which significantly impacted global financial markets. We can



correct for the trend by looking at so-called log-returns; that is, we define
the time series

Y, — Y
Y; =log (Ytl )
We plot this in the bottom of Fig. 12.2. In this plot, we see additional

features of the data, namely, the variation of the DAX. There are two
periods that stand out, namely, 2012 and again 2020, where we observe

a larger fluctuation of Y’t >



16000
|

12000
|

DAX

6000 8000

I I I [ I I |
2010 2012 2014 2016 2018 2020 2022

time

0.05
|

log return

0.00
|

-0.05

I I I [ I [ |
2010 2012 2014 2016 2018 2020 2022

time
Fig. 12.2 German stock market index (DAX) (top plot) and log returns (bottom plot)
Example 12.3 As a final example, we look at the daily temperature in

the city of Augsburg for the years 2003-2022. These are shown in the
upper plot of Fig. 12.3. We see an annual variation with winters and



summers clearly standing out. We can extract this annual pattern and
look at the residual fluctuation. In other words, we can correct for the
seasonal variation and look at the resulting seasonally corrected data.
This is shown in the bottom panel of Fig. 12.3.>
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Fig. 12.3 Annual daily temperature in the city of Augsburg (top plot) and deseasoned data (bottom
plot)

12.1.2 Trend and Seasonality

Before focusing on the dependence structure in the data, we need to
shortly motivate the idea of trend and seasonal components. We can
decompose the data into
Y = u(t) + Y3, (12.1)

where Y; has expectation 0. The mean structure u(t) is typically
composed of two components, which we denote as the trend and the
seasonal pattern, meaning we can write

p(t) = m(t) + s(t). (12.2)
The decomposition can be carried out with regression tools, and we refer
to Brockwell and Davis (2016) for details.

The disentanglement of trend and seasonality is often not unique,
and the corresponding preprocessing steps are referred to as filtering.
While this is crucial for time series analyses, we do not go into detail
here, since the focus of this chapter is on the modeling of dependence
structures. We will therefore assume that our time series data vary
around 0; i.e., we assume the mean structure ,u(t) = 0, which is possibly
achieved after “de-trending” and “de-seasoning” the series.

12.1.3 Autocorrelation

To begin our analysis of serial dependence, as said above, we assume the
mean structure to be zero; that is, we postulate py (t) = 0. We further
assume some form of (weak) stationarity in the covariance function,
meaning that the covariance function only depends on the time lag

|t — /| but not on the specific value of t. Hence, vy (¢, t/) can be written
as

Yy (¢, 1) = v ([t — t]).
In this case, we call
vy (h) = Cov(Ys, Yiin) = Cov(Yiin, Yz)
the autocovariance function with h = 0,1, ..., T. This leads to the
variance matrix



7(0) (1) (2 1(T)
(1) ~(0) (1) 7(T-1)
r= |72 (1) (0 7(T-2)
Y(T) ~(T-1) ~(T-2) 7(0) |
Since vy (0) = Var(Y;), we obtain with
p(h) = 154 (12.3)

the so-called autocorrelation function. Accordingly, this leads to the
correlation matrix

1 p(1)  p(2) p(T)

d) 1 () .. p(T-1)
r=|P2) p1) 1 p(T—2)
oT) p(T-1) pT-2) ... 1

We typically assume that all these functions are finite. Note that for 7.7.d.

data, we have ,
o for h =0
(k) = {o for h #0°
A time series with autocorrelation function of the form (12.4) is typically
referred to as white noise.
With these definitions in place, the focus turns to estimating the
autocovariance or autocorrelation function from the data y1, ..., yr. We

(12.4)

T
define y = Z Yt / T, which leads to the estimate
t=1

T—h
=% D - Den D)
for 0 < h < T. Note that the sum above is over T' — h elements, but we
divide it by T and not by T' — h. Although this may look counterintuitive,
it is intentional, since the estimate yields a positive definite matrix
estimate



70) A1) F2) ... AD) ]
(1) ~0) A1) Y(T-1
r=|72) ~1) A0 ... ¥T-2)
y(T) A(T-1) 5¥(T-2) ... 75(0) |
To see this, let z; = y; — y, then T can be written as

T=+DDT,
where D is the Tx(27—1) dimensional matrix with entries

_0 .. 0 X1 ... XT—] )C']‘_
D— "xt x ... x¢r O

0 .+ .

X x2 ooxp O Lo 0]

This readily shows positive (semi-)definiteness, since
a'Ta= +|aD] [aD]' >0

foralla € RT. From f, we immediately obtain an estimate of R through

p_ I
A0 R
with 7(0) as diagonal element of I". We will utilize R later. In fact, the

columns of R or, to be more specific, the first column, are also known as
the sample autocorrelation function defined as

~ A(h)

plh) = =4
The estimate provides information about the serial correlation, as
illustrated in the following examples. In Fig. 12.4, we show the resulting
estimates 7(h) for the three examples from above. The upper panel gives
the estimated autocorrelation for the trend-corrected annual
temperature, the middle panel is for the log-returns of the DAX, and the
bottom panel shows the autocorrelation for the seasonal-corrected
temperature in Augsburg. While for the first two examples we have a



quickly decreasing autocorrelation, which is essentially zero for time lags
of order two and above, this is not the case for the daily lags of the
temperature in Augsburg.
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Fig. 12.4 Estimated autocorrelation function for the three examples in Figs. 12.1, 12.2 and 12.3,
from top to bottom

12.1.4 Autoregressive Process (AR)
A central model class in time series analysis is given by AutoRegressive
Moving Average (ARMA) models, which can be extended to
AutoRegressive Integrated Moving Average (ARIMA) processes by taking
differences of the original data, that is, by considering Y; — Y; ; instead
of the original observations. The model class was originally proposed by
Whittle (1951) and made widely accessible by Box and Jenkins (1970)
(see also Box et al,, 2015). A short historical overview of time series
analysis can be found in Tsay (2000).

We start with the AutoRegressive (AR) model. We assume that Y; is
determined by the previous p values plus additional white noise.

Definition 12.1 An autoregressive AR(p) process is defined by

Yi=01Yi1+@2Yr o+ -+ 0pYp + Zy,
whereZ, ~ N(0,0?) i.i.d..

It is convenient to write this using the so-called backshift operatorB,
defined as

or, more generally,

BPY; =Y .
The backshift operator simplifies notation and theoretical derivations, as
will be demonstrated below. Note that the operation also extends to
negative powers, e.g.,
B~ 1Y; = Y31
With the help from the backshift operator, we can rewrite the AR(p)
process more compactly as

p
(1 -2 i ¢jB3)Yt = Z,.



The simplest example is the AR(1) process, which often is the first model
used to capture serial correlation in real data. In this case, we have

Y = oY1 + Zi,
where we dropped the subscript 1 at ¢ for notational simplicity. Note
that ¢ plays the role of the autocovariance, since

Cov(Y:, Yi-1) = ¢Cov(Yi_1,Yi1) = do.
Assuming stationarity, we obtain p(1) = ¢ for the autocorrelation
defined in (12.3). It is not difficult to obtain in general p(h) = ¢".
Apparently, restricting to |¢| < 1, the correlation matrix I results as

1 ¢t P ... @7

ot 1 ¢t .. 7!

T — ¢2 ¢1 1 L ¢T—2
_¢:T ¢T:’—1 ¢T:'—2 . 1

We now turn to a more detailed analysis of the parameter ¢. In
particular, we aim to explore the range of values that ¢ can plausibly
take. We distinguish three cases:

. |¢| < 1. This will lead to stationary behavior.
. |¢| = 1. This is called a random walk.

" |¢| > 1. This will lead to nonstationary behavior.

Let us start with |¢| < 1. We consider the time series Y; in a more
general setting, allowing time ¢ to range from —oo to oo, that is,

te{...,-T,-T+1,-T+2,...,-1,0,1,...,T-2,T-1,T,...}
This allows to convert the AR(1) process into an infinite series, which we
will later define as moving average process. Note that



Y; =¢Yi1+ 4y
= Yy 0+ ¢Zs_1 + Z

= ¢*Yy 3+ ¢’ Zs o+ 9Zy 1 + Zy
and by continuing these equations to infinite steps backward, we obtain

o0

— J ,
Y:t - j20¢ Zt—g-

This in turn allows to derive the variance of Y; through

Var(Y;) = ijo (cbz)ja2 = 15252 ,

where the limit follows through the geometric series. Thus, for |¢| < 1,
the process has finite variance at each time point t.

Figure 12.5 shows three examples of AR(1) processes. The top panel
shows a series with ¢ = 0.9, the middle panel depicts ¢ = 0, which
corresponds to independence, and the bottom panel is for ¢ = —0.9. For
positive autocorrelation, we see phases where the data are positive and
phases with negative values. This is quite common for real-world time
series; for example, daily temperature data have such features after
correcting for seasonality. For zero correlation, these phase patterns
disappear, while for negative correlation the opposite, namely, a strongly
alternating behavior, occurs.
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Fig. 12.5 Simulated AR(1) process with positive (top), zero (middle), and negative (bottom)
autocorrelation

Let us now consider AR(1) processes with |¢| > 1. In this case, the
process is said to be nonstationary, as its variance explodes over time.
This behavior is illustrated in Fig. 12.6, which shows the trajectories of
two AR(1) processes starting from Yy = 0 with ¢ = 1.02. The divergence
of the process makes it unrealistic for most data analysis applications.
We will revisit this process in a more formal mathematical treatment
later in the chapter.
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Fig. 12.6 Two simulated AR(1) processes with autocorrelation ¢ > 1

Finally, for completeness, we also consider the case |¢| = 1. For
¢ = 1, the process is called a random walk, defined as

Y=Y+ 2
For a process starting at ¢ = 0, we obtain
t

t
Var(Y;) = Var( E - Zy) = - Var(Z;) = to?.



Hence, the variance increases with t. The random walk is not of central
interest here, as it defines the sum of i.i.d. variables. Nevertheless, for
completeness, we show the behavior of two sample paths starting at 0 in
Fig. 12.7.
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Fig. 12.7 Two random walks, simulated with ¢ = 1

12.1.5 Moving Average Process (MA)

We now turn to the moving average process.

Definition 12.2 A moving average process of order q, denoted as MA(q),
is defined as

Yi=Z,+ 012 1+ -+ 042y,
whereZ; ~ N(0,0?) i.i.d..

As above, we can make use of the backshift operator and write

q
Yo=Y, 657



Let us consider the MA(1) process in more detail. We have

Y = Z; + 074,
where we again dropped the subscript for notational simplicity. For the
autocovariance function, we obtain

’7(0) = COV(th Yt)
=Cov(Z+0Zy 1,Z:+0Z; 1)
= 02(1+ 6%

(1) = Cov(Y;, Yi1)
= Cov(Zi+ 0Zi-1,Z1-1 + 0Z;_5)
= fo?

v(h) =0for h>1

and accordingly

1, for h =10
p(h) = #092, for h = 1.
0, for h > 1

Hence, the MA process models directly the autocovariance, which is zero
if h exceeds the order of the MA process.

In Fig. 12.8, we show two simulated MA(1) processes. The top plot is
for 6 = 0.9, while the bottom plot is for § = —0.9. Comparing this with
Fig. 12.5 shows that the processes have completely different behavior.
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Fig. 12.8 Simulated MA(1) process with positive (top) and negative (bottom) correlation

12.1.6 Autoregressive Moving Average Process (ARMA)



We can now combine the two ideas above, leading to ARMA(p, q)
processes.

Definition 12.3 The Auto Regressive Moving Average process of order p
and q, in short ARMA(p, q), is defined as

Y, :Sblyz—l ‘|‘¢2Y1—2 +"'+¢pY1—p ‘I’Zr + 60172, ‘I’""}‘qur—q-
AR MA

Using the backshift operator, we can write this as

p q
— D #iBYi = > 0Bz,
with ¢g = —1and 6y = 1.

It is useful to formally define the operators
@(B) = 1—¢1B—¢2B2_..._¢po
O(B) =1+6,B+0:B*>+---+6,B.
This allows us to write an ARMA(p, q) process even more concisely as
®(B)Y; = ©(B)Z;. (12.5)
This compact and elegant representation allows us to investigate some
properties of ARMA(p, q) processes. Before doing so, it is important to

note that the representation is not unique. Taking, for instance, the white
noise process

th - Zt7
with Z; ~ N(0, 0?) i.i.d., we can rewrite this as
Yi — Y1 =2; — 024

with @ = ¢. This is the same process but now written as an ARMA(1, 1)
process with

®(B)=1—¢Band ©(B) =1-6B.

Next, we will define the “inverse” of ®(B), which we denote as

®~1(B). Such an “inverse” would be implicitly defined as

®~1(B)®(B) =1,
with 1 denoting the identity operator, that is, 1Y; = Y;. Let us exemplify
this with an AR(1) process. In this case, we have



®(B)=1- ¢B.
The “inverse” operator in this case results in

(9]
$1(B) = Zj—o ¢'BI =1+ ¢'B' + ¢*B>+ ...
To see this, note that we obtain a telescope sum
® Y (B)®(B) =(1+¢'B'+¢*B*+...)(1 - ¢B)
=1—¢B+ ¢B— ¢*>B% + ¢*’B* + . ..
= 1.
Such operations are also available for higher-order operators, which are,
however, more difficult to construct (see McCullagh, 2018). In any case,
we need the convergence of the operator series, which holds for |¢| < 1.
But we want to focus on convergence issues in some more depth. For

now, we assume that an “inverse” operator exists, which allows us to
write the ARMA(p, q) process in (12.5) as

Y; = & 1(B)O(B)Z;.
Taking an ARMA(1, 1) process, we obtain
Y, =(1+¢'B'+¢*B*2+...)(1-60B)Z,
=Zi+(p+0)Zi 1+ Pp(d+60)Z1 2+ ...

= VB Zt—i,

with ¢y = 1and ¥; = ¢' (¢ + 0) for i > 1. Hence, any AR components
can be transferred to an infinite sum of MA components. This holds
generally, even for nonstationary processes. But for a stationary process,
we can construct the time series from the past, which we call causal.

Definition 12.4 An ARMA(p, q) process is said to becausalif the process
can be rewritten as

Yy = Zj:() ’(ﬁth_j = \I/(B)Zt, (12.6)

with¥(B) = Z ijjandZJiO 11| < cowhereyy = 1.
=0



It is useful to interpret formula (12.6) in some more depth. The formula
states that the process at time point t can be fully explained from the
past, that is, from random variables with a time index lower than t. This
holds for the AR(1) process if |#| < 1. To see this, note that 1; = ¢ in

(.
this case, leading to a converging geometric series Z |#|*. This yields
i=0
stable process behavior.
But what happens if |¢| > 1? We already saw in Fig. 12.6 that the

process “explodes.” But let us derive this more rigorously. We write

®(B) = (1-¢B) = (1 (¢71B) ")

and expand the series around ¢ 1. The “inverse” of ®(B) results through

®1(B) = — Z: ¢~ B,

which converges since [qb_l] < 1. This can be seen, again, by telescoping
summation leading to

s 1(B)8(8) = (- Z:o 6o5) (1-(618) ")

—(¢B1-g2B2- ) (1- (9B ) 7Y)
=—¢ !B +1-¢B+¢ 'B ...

=1
This shows that the AR(1) process with |¢| > 1 can be written as
Y, =& (B)Z
(0.9)
_ —JiB—J
= E :j—O ¢ /B Z;
o0
= =0 ¢ Zy .

In other words, when |¢| > 1, the AR(1) process is determined by future
events rather than the past. Consequently, the process is not causal for
|¢| > 1. This justifies why, for most practical applications, we require

9] < 1.



Finally, we extend the ARMA process toward an ARIMA process,
standing for Auto Regressive Integrated Moving Average process. The
“integrated” part results from first taking differences. In other words,
instead of analyzing Y%, we look at

VY, =Y, ~ Y, = (1- B)Y.
Remember that we already applied the idea of taking differences in Fig.
12.2, where we looked at the log-returns, i.e., the difference of the log of
stock prices. This leads to ARIMA models, defined as follows.

Definition 12.5 An ARIMA(p, d, q) model is defined as

VY, = (1- B)'Y,
withY;being an ARMA(p, q) process.

We will not go deeper here, but we emphasize that time series modeling
is an extensive and very well-developed field in statistics. A standard
textbook is Brockwell and Davis (2016); see also Shumway and Stoffer
(2017)

12.1.7 Autocorrelation and Partial Autocorrelation

We already presented the autocorrelation function y(h) and its
estimation above. We now extend this toward partial autocorrelation,
which often provides valuable information about the dependence
structure. To motivate the idea, note that the autocorrelation for an
AR(1) process equals

p(h) = ¢",
such that Corr(Y;, Y;_1,) = ¢". However, if we know Y;_1, that is, if we
condition on Y;_1, then the conditional correlation of Y; and Y;_» is zero.
This is a Markov property, which we have already utilized in Chap. 8. In
fact, the order of the AR process determines the order of the required
history, as sketched in Fig. 12.9. To visualize this order in the
autocorrelation structure, we define the partial autocorrelation as
follows. For an AR(p) process, we have



Y, :¢1YI—1 +oee +¢pyl—p +Z,,
::Yf.p

and for general b < p, we define with Y; , the best linear approximation

givenY; 1,...,Y; p.In other words,
Yin = d1pYe1+ -+ dnnYion,
where ¢, = (P1,p, . - -, $n,n) minimizes the squared prediction error,

" 2
¢n = arg min E{ (Yt - E :j—l ¢h,th—h) }

Note that for A = p, we have ap,j = ¢, and for h > p, we have gh,j =0
for 3 > p. This, in turn, leads to Yt,h = Yt,p for h > p. In other words,

once h reaches the order of the AR process, the best linear approximation
has already been achieved, and all additional coefficients vanish. The
partial autocorrelation function of a stationary process is then defined as

p®Pat) (B) = Corr(Y: — Yin 1, Yin — Yenn 1),
where Yt,o = (. This is the correlation of Y; with Y;_j after conditioning
on the intermediate steps Y;_1, ..., Y;_pi1. Note that for h > p, we have
pat)(h) = Corr(Y; — Vi1, Y n — Yinn 1)

- COV(lft - Yt,p) Yin— Yt—h,p)

— COV(Zta Zt—h)

= 0.
Hence, the partial autocorrelation function provides informative insight
into the order of the process. We demonstrate this by looking at an AR(3)
process as visualized in Fig. 12.10. The top plot shows simulated data
from the AR(3) model with ¢; = 0.6, ¢ = 0.2 and ¢3 = 0.2. The
middle plot gives the autocorrelation function p(h). If, instead, we
consider the partial correlation function pP*)(h), given in the bottom

plot, we see that the first three values are nonzero, while all remaining
values beyond lag 3 vanish.
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Fig. 12.9 Sketch of AR(1) (top plot) and AR(2) (bottom plot) dependence structure
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Fig. 12.10 Simulated AR(3) process (top), estimated autocorrelation function (middle), and
estimated partial autocorrelation function (bottom)

12.1.8 Forecasting

One of the main purposes of time series models is to provide reliable and
well-performing forecasting tools. In this respect, time series data are
well-suited for more complex models trained with machine learning
tools, at least if the time series is stationary and observed over a
sufficiently long time window T. We may now question how well Y; 1
can be predicted with y, . .., y;—p, being observed. This can be
reformulated to constructing a prediction function m(y, . .., Y+—p), such
that the mean prediction error

E{(Ym —m(yt, . .. 7yt—p))2‘yt7 o 7yt—p}

is small. The model m(-) may be linear, for example,

MYty -+ - Yi—p) = B1ye + Bayi—1 + - + Bp—1Yt—p,
which leads to the autoregressive models discussed above. Of course, we
may also use nonlinear models. We do not pursue this here but refer to
De Gooijer (2017).

12.1.9 Summarizing Time Series Models

Before turning to other forms of dependence among random variables,
let us summarize the main ideas of time series analysis. We observe data
sequentially over time, which means that at time ¢, we can look back into
the pastt—1,t—2, ..., but we have no data from the future. In this
respect, the AR, MA, and ARMA models discussed above play a central
role, particularly for those parameter configurations that yield causal
models. Closely related questions concern how far dependence extends
into the past and whether partial autocorrelations vanish beyond a
certain lag. All of these ideas are directly relevant for forecasting future
events.

While serial dependence, that is, dependence over time, is certainly
one of the most commonly met non-:.z.d. settings, we now turn to other
important forms of dependence.



12.2 Spatial Data

12.2.1 Notation and Main Ideas

The renowned geographer Waldo Rudolph Tobler famously stated:
“Everything is related to everything else, but near things are more
related than distant things,” a principle now known as Tobler’s First Law
of Geography. This idea is directly reflected in the statistical analysis of
spatial data, where observations are typically not independent and
identically distributed (non-:.¢.d.). In particular, observations that are
spatially close tend to exhibit stronger correlations than those that are
further apart from each other.

Spatial data can have different structures and formats, and modeling
them requires a wide range of different tools. We provide a short
overview and refer to literature for more in-depth treatments. The
distinction between different spatial data types is best understood with
an example. Figure 12.11 shows data collected in a survey of households
in Munich. Households were randomly selected (based on a random
sample of the registry office), and points show the location of each
household in Munich. The survey focuses on rented apartments; so that,
to be more precise, each dot corresponds to the coordinates of a sampled
rented apartment. The exact location is slightly coarsened in the data for
confidentiality reasons, but that is of no relevance to us now. For each
sampled apartment i, we have the geo-coordinates s; = (s;1, $;2) given in
longitude s;; and latitude s;5 forz =1,...,n.




Fig. 12.11 Geolocation of sampled apartments in Munich

In principle, the location s; itself can be the variable of interest. For
instance, we might question: Is the intensity of rented apartments higher
in some areas of Munich? Presumably, in the suburbs, we could find more
family houses and hence fewer rented apartments. The opposite seems
plausible for the city center. In that case, we would consider the location
s; as the variable of interest and aim to model the distribution that
generates s;. We do not pursue this aspect here but refer exemplarily to
Baddeley et al. (2007). Instead, throughout this chapter, we will utilize
location as information to capture spatial correlation.

We focus on data settings where additional information beyond the
locations s; is available. In the rental example, this entails the rent Y; of
the i-th drawn apartment located in s;. In this setting, Tobler’s law
suggests that if the rent of two apartments is more correlated, the closer
the apartments are. Let Y; denote the rent per square meter of
apartment i and Y the rent per square meter of apartmentj. Then Y; and



Y; are correlated, and the dependence decreases proportionally to the
distance between the apartments increasing, that is, with ||s; — /]|
increasing. This is typically modeled with a so-called isotropic
covariance, which means

Cov(Y;, Y;) = c([ls; — 54l) (12.7)
for some monotonically decreasing function c(.). It is important to note
that we need additional assumptions to guarantee valid covariance
matrices. We refer to the literature provided at the end of this section for
more on this aspect.

In spatial statistics, it is common to work with the variogram, which

is defined through

(lsi — s]1) = Var(¥; - ;) = Var(¥;) + Var(¥;)—2Cov(¥;, Y)),
which with (12.7) results to

Y(llsi = s4ll) = Var(¥;) + Var(¥;)—2¢(|si — s51]).
Assuming that the variance does not depend on the location itself, we see
that

c(llsi = sill) = =v(llsi — s4ll) + o
where 02 = Var(Y;) = Var(Y).

For the Munich rental data, the resulting variogram is shown in Fig.
12.12. The variogram shows the variance of the difference of rents per
square meter for two apartments which are a given distance apart. The
fitted curve shows that there is spatial correlation up to a distance of
about 2 km. Beyond that, the variogram flattens out at approximately
twice the marginal variance. We include a smooth fitted curve in the plot
to account for the estimation variability of the point estimates shown in
the plot. These point estimates are derived as follows. We first discretize
the distancesto 0 < d; < ds < d3 ... .For a given distance di, we then
estimate

~ 1 A VAV
V(dk) = [V (dr)| Zi,jEN(dk) SO

where



N(dy) = {(Z,j) : ‘Hs, —s;ll — dk‘ < A}.
Hence, N (d;) is the set of observation pairs with locations that have a
distance of about d, or, to be more specific, where the distance of the

locations differs from dj, less than A. The bandwidth A needs to be
chosen in advance.
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Fig. 12.12 Variogram for rents of apartments in Munich

The definition of a distance between two locations s; and s; is itself
relevant. At this point, it is worth emphasizing that distance in principle

can be any kind of distance. In many cases, the Euclidean distance is a
practical choice, that is,

d = |[si — s;ll,,
where ||-||, refers to the scalar product of the coordinates. However, the
definition of the variogram also applies to different distance measures.
For example, if the data live on a street network, the relevant distance
may be the shortest driving route rather than Euclidean distance. The

latter is also known as “Manhattan distance.” Figure 12.13 illustrates this
difference.
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Fig. 12.13 Distance between two locations, Euclidean (left) and based of the shortest route (right)

Conceptually, this changes little; the main requirement is that one can
compute pairwise distances d;; under the chosen metric. Ideally, the
distance should also be symmetric (implying no one-way streets).

12.2.2 Kriging and Spatial Smoothing

Now that we have defined and estimated the spatial covariance structure,
we can approach the next question: Can we model or visualize the spatial
effect? The underlying idea is to decompose the observations into a
spatially correlated component and an independent noise component,
much as in a spatial regression model. Following Bivand et al. (2008, p.
169), a practically useful strategy is to decompose Y into a spatially
smooth and an unstructured component, that is,

le_ — h(sl) + €,
where h(-) is a smooth component that is estimated from the data and e;
are independent zero mean variables.

We can consider h(s) as a spatial process with covariance structure
c(-) dependent on the distance between two observations. The function
h(s) can then be estimated through a concept called Kriging, which
traces back to Krige (1951). The main idea is that we can consider Y (s)
as a spatial process with s as the corresponding location. We observe the
process at locations s1, .. ., s, leading to data Y (s1),...,Y(sp), orin
short Y7y, ...,Y,. We assume that Y(s) has covariance matrix V
constructed from the covariance structure c(||s; — s;]|), that s,

Vi; = Cov(Y(si),Y(s;)) = c(||si — ;|| ). We now aim to estimate the




value of the process at location sg, given the observed values

T L T e
y = (y(s1),..-,y(sn)) or again,inshorty = (y1,...,yn) .Utilizing
properties of the multivariate normal distribution, we obtain the
predictor

Y(so) = wV 1y,
where

w = Cov(Y(sg),(Y(51),---,Y(s5)))
- (C(HSO o 31“)’0(H30 — 82”), .. .,C(HSO — an))

The justification behind the formula is as follows. We assume that
(Y(s0),Y(s1),--.,Y(s,))" follows a normal distribution with
Y (s0)

Y(s1) Nl o o2 w
L B -

Y(sy)

where 0 = C(0) = Var(Y(so)). Conditioning ony = (y1,...¥»)
leads to

Y(s0)|y ~ N(wV 1y, 0% — wV ~1w), (12.9)
which gives the kriging predictor Y(sg) as conditional mean value. It is
helpful to note that the formulae above have been utilized before, in Sect.
8.4. In fact, formula (12.9) is a special case of (8.20), while (12.8) is a
repetition of (8.18).

We visualize the resulting kriging function in Fig. 12.14. We see that

rents in the city center are generally more expensive, which is not
surprising.
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Fig. 12.14 Kriging of rents. Shown is the predicted average rent

An alternative approach results from spatial regression. In this case,
we assume

Y (s) = h(s) + ¢,

but now h(s) is considered as a smooth function which can be estimated
through, for instance, spline smoothing (Wood, 2017). The residuals €
are, on the other hand, taken as white noise, meaning that they are
considered independent. This approach builds on the ideas introduced in
Chap. 6.

Summing up, when modeling spatial data, two main strategies can be
pursued: One focuses on capturing spatial dependence through the



covariance structure, while the other incorporates spatial effects directly
into the mean function. This naturally leads to the question of which
approach is “correct.” There is no universal answer, and maybe the best
answer is to quote the prominent spatial statistician Noel Cressie: “One
person’s mean is another person’s covariance” (see Stein & Wikle, 2024).
In essence, the choice between the two approaches often comes down to
perspective and modeling preference; both are valid and capable of
accounting for spatial dependence, and hence, the separation between
mean and covariance is model-dependent and often blurred.

12.2.3 Lattice and Grid Data

Often, the location of the data is not observed exactly but only at the level
of administrative units such as city districts or counties. In such cases,
one can either approximate the location with the centroid of the district
or use the resulting lattice to incorporate the spatial structure. We
demonstrate this for the city of Munich. In Fig. 12.15, we sketch the
lattice structure resulting from the districts and their neighborhood
structure. Nodes represent districts, and an edge between them exists if
the districts share a boundary. The resulting graph looks like a graphical
model, and indeed, one can model the spatial structure this way. To be
specific, let Y(s;) denote the i-th observation, where s; € {1,..., K}
denotes now the district in which apartment i is located. Tobler’s law
then suggests that apartments in neighboring districts are more related
to each other than apartments in districts that are far away from each
other. We can model this by including a spatially correlated district effect,
that is,

Y(Sl) = U(Sz) + €,
where U (s) is the district effect of district s;. Given that s; now refers to

the district in which apartment i is located, we have s; € {1,..., K}.
Consequently, we can write the district effects as U(1),...,U(K) orin
short Uy, ..., Uk and assume a spatial structure for Uy, ...,Ugk. The

latter is incorporated through the neighborhood structure by inducing a
graphical model for Uy, . .., Ug. We thereby postulate
(12.10)



i.e.,, U and U; are independent if and only if they are not neighbors. It is
helpful to reformulate (12.10) in relation to Gauss-Markov random fields,
discussed in Section 8.5. Indeed, defining with N; = N(s;) the neighbors
of grid cell s; and utilizing results on graphical models, we can rewrite
(12.10) to

Uy L {U;, withs; ¢ {s; UNi} N

Thus, the spatial structure is reduced to a dependence structure on the
district level. We exemplify this using the rental data and show the
corresponding estimate for the spatial effect in Fig. 12.16.

Fig. 12.15 Sketched lattice and neighborhood structure of districts in Munich
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Fig. 12.16 Average rent per district based on spatial lattice data

12.2.4 Summarizing Spatial Data

Spatially correlated data require special attention and, hence,
sophisticated statistical treatment. This goes far beyond the scope of this
chapter. We refer to the following literature for further reading. One of
the most central books in this field is undoubtedly the monograph by
Cressie (2015), which first appeared more than three decades ago in
1993. A more applied focus with applications in R is given in Bivand et al.
(2008). We also refer to Ripley (2005) for a comprehensive discussion of
the field. Parallel to the development of spatial statistics, a substantial
literature on spatial econometrics developed over the years; see, e.g.,
Anselin (1988). A discussion on the different views and aspects of spatial
statistics and spatial econometrics is found in Kauermann et al. (2012).



12.3 Network Data

12.3.1 Notation and Main Ideas

Phrases such as “networks are ubiquitous” (see, e.g., Fienberg, 2012;
Goldenberg et al., 2010) have themselves become ubiquitous, reflecting
the traction network data analysis gained in recent years. In this research
area, networks represent relational structures between entities that are
generally not conditionally independent of one another. For instance, in a
realistic setting, the probability of two pupils to be friends could depend
on whether they already share common friends in the class. Contrary to
this observation, the bulk of statistical research from the last century is
limited to the study of attributes of population members under
conditional independence assumptions. In the prior example, this would
imply assuming that the probability of becoming friends with someone is
independent of existing friendships. For instance, R. Fisher famously
tried to investigate the relationship between smoking behavior and
cancer (Fisher, 1958a,b) by relying on a sample of around 82 twins to
show that smoking habits and cancer can be traced back to inheritance.
While numerous studies based on meta-analyses provided evidence of
there being a relationship between smoking habits and cancer (Gandini
et al,, 2008), the social embedding of population members may affect
smoking habits as well.

The underlying question in this context is: How is individual behavior
affected by the behavior of other actors in the same network and the
network itself? In sociology, terms coined for these two mechanisms are
“selection” and “influence.” Whereas “selection” refers to behavior
affecting the relations between actors in the network, the “influence”
mechanism implies that relations between actors affect their behavior. In
the statistical network literature, those phenomena are more frequently
called homophily and social contagion, and they are generally not
identifiable from observational data (Shalizi & Thomas, 2011). Going
further, it is plausible that behaviors affect one another, just like social
relations depend on one another. In this context, the focus of this chapter
lies on studying networks conditional on behavior and other attributes.




In particular, two types of factors may affect the probability of a tie
between two population members:

1.
How one relation affects other relation (endogenous factors).

2.
How relations are affected by variables outside of the network

(exogenous factors).

Returning to the example on smoking and friendships, an endogenous
factor would be the tendency to be friends with friends of your friends,
while an exogenous factor would be the tendency to form friendships
who share same smoking (or nonsmoking) habits.

Example 12.4 As arunning example, we study the friendship network
of a university in the UK (Nepusz et al., 2008). The network encompasses
81 students divided into 3 groups based on their affiliation. The network
is visualized in Fig. 12.17. A relation in this network indicates a personal
relationship between the respective actors. The affiliation attribute for
the ith student is x;. A first impression of the network visualization is
that many connections exist between actors with the same affiliation and
fewer connections if this is not the case. Such visual impressions call for a
more rigorous analysis of network data, which we sketch subsequently. >




Fig. 12.17 Network of personal friendships of a faculty of a UK university. The color of the nodes
represents the affiliation of the academics

The analysis of network data comes up in a wide array of disciplines,
ranging from statistics and social sciences to computer science and
physics. Therefore, the field is increasingly multidisciplinary, with jargon
varying across disciplines. To keep the presentation precise, we commit
to the terminology of edges and actors.! Networks encompass edges
between a set of actors, denoted by A" := {1,..., N}. We represent a
network by an adjacency matrix y = (y; j), where y; ; = 1 indicates that
there is an edge between actors i and j and y; ; = 0 indicates its absence.
Generally, y; ; # v, holds, meaning that there may be an edge from actor
i to j but not vice versa. A network where this is the case is called a
directed network. Else, the network is undirected. Since this section
mainly serves introductory purposes, we will focus on the latter case,
setting y; ; = y; ;. We further assume that there are no self-loops (i.e,,
ties from an actor to itself) and set y; ; = 0 foralls € 4. The set % is
defined to include all possible networks between N actors. In many cases,
further information at the actor level, x; for ¢ € .4/, or edges, x; ; for

i # j € N, is available.

12.3.2 Descriptive Statistics

Beyond visualizing the network as in Fig. 12.17, we can calculate
statistics to understand the structure of a network. As a first step, we
define measures at the actor level, which we can then aggregate to the
network level. We characterize the position of a particular actor i € A4~
through the number of edges it is involved in:

deg;(y) = >z Yij- (12.11)
These types of statistics refer to a particular kind of centrality of actors in
networks, and numerous related statistics were proposed in the
literature (Freeman, 1978). In Fig. 12.18, the distribution of the degrees
of each actor in the network is visualized. It is often observed in
empirical settings that as the number of actors in a network grows, its
degree increasingly resembles the form of a power law (Barabasi &
Albert, 1999), getting more and more skewed to the right.
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Fig. 12.18 Degree distribution of UK faculty network

While the degrees of actors characterize their local connectivity,
researchers are also interested in global connectivity patterns arising
from these local structures. A natural approach is to aggregate (12.11),
i.e., summing up the degrees of all N actors. Since the scale of this sum
will depend on the number of involved actors N, we divide the result by
N (N—1) / 2 to obtain a measure, henceforth called the density of y,

which is independent of N and litlas between 0 and 1:

dens(y) = — (N-1) ) 2 SoiL, deg;(y). (12.12)
In the running example, the density is at 0.178, implying that around
17.8 % of all possible friendships in the network are observed. Compared
to most networks, this indicates a relatively dense network. In larger
networks, one often expects the density to decrease as N — oo. Of
course, many additional summary statistics can be computed, such as
clustering coefficients or hub scores, but we do not pursue these here;

see Sect. 12.3.4 for further references.




12.3.3 Statistical Model for Networks

Descriptive methods for network data analysis are essential. However,
they do not provide readily available uncertainty quantification, nor do
they account for the fact that the observed network is often not the
whole population network but rather a sample of it. In the following, we
introduce two general approaches based on a probabilistic model for
P(Y = y;0), characterized by some parameter 6, where Y € & is
treated as a matrix-valued random variable with random 0/1 entries,
while y denotes the observed network.

The major obstacle in this context is that edges in a network should
generally not be assumed to be independent of one another. There are
several approaches to tackle this problem (De Nicola et al., 2023):

e Exponential Random Graph Models (ERGMs) specify statistics to
capture dependencies and account for them in a statistical framework
(Lusher etal., 2013).

e Latent Variable Models assume that edges are independent of one
another when conditioning on some actor-specific latent variables.
These latent variables can be discrete or continuous. In the discrete
case, they may represent latent categories or group memberships and
thereby enable community detection (Snijders & Nowicki, 1997). In
the continuous case, they may represent positions in a latent space,
where the distance between actors accounts for the dependence (Hoff
et al., 2002). Similarly, graphon models rely on a latent, but continuous,
structure (Sischka & Kauermann, 2022).

Building on the theory for exponential families (Efron, 2022), ERGMs
specify a joint distribution over y € #':
exp (0's
Py o)~ SR ESW)
k(0)

(12.13)

where

e s: % — RPisavector valued function that evaluates p sufficient
statistics on any network y € % (examples follow underneath).

e 0 € RP is the coefficient vector weighting all sufficient statistics which
needs to be estimated from the observed network.



* K(0) =D ,co €XP (67 s(y)) is a normalizing constant guaranteeing
that (12.13) is a proper probability distribution.

The core component of Eq. (12.13) is the vector of sufficient statistics
s(y) = (s1(%), s2(v), - - ., 5,(y)) ', which encapsulates the salient global
features of the network to be represented in the model. For the UK
faculty network in Example 12.4, these may be functions of the network
y, such as the number of edges in the network

Sedges(Y) = Dic;¥ijs
comparable to (12.12). We can also include statistics such as the sum of
edges between actors from a matching faculty

Snodematch(y) — Zi<j Yij ]I(x'b - $])
Beyond the assumption of dyadic independence, it is common to include
higher-order dependence terms reflecting network transitivity. However,
Schweinberger (2011) demonstrated that those types of statistics often
induce degeneracy, making the model unsuitable for most applications.
To mitigate this, we represent transitivity by counting edges that share a
common neighbor:

Stransitive (y) - Zi<j Yi,j H(Zh;ﬁ(z,]) Yi,h Yh,j > 0>,
where the latter component takes the value 1, if student i and student
have common friends in the network.

Parameter estimation in ERGMs can be carried out via maximum
likelihood. This is not as easy as it sounds, since the normalization
constant x(0) is not available in analytic form. But we have discussed
several remedies in Chap. 8 to overcome this problem. Implemented
procedures to fit ERGMs are available using the ergm package in R
(Hunter et al., 2008).

To illustrate the role of mutual dependence in the network, we
compare this model with a classic regression approach assuming
conditional independence, that as such excludes the transitivity term. In
other words, we assume y; ; to be independent of y; , for j # k. The
results, summarized in Table 12.1, demonstrate that incorporating
dependence terms substantially improves model fit, as indicated by



lower AIC and BIC values and a higher log-likelihood. The resulting
estimated parameters are shown in Table 12.1. The positive and
substantial coefficient associated with the “Nodematch Affiliation”
statistic provides strong evidence that edges are more likely to form
between actors with the same affiliation. Beyond that, the positive
coefficient for the “Transitive Ties” statistic indicates an increased
probability of edge formation between pairs of actors who share a
common neighbor. These results highlight the presence of transitivity, or
“triadic closure,” in the network.

Table 12.1 Results for the UK Faculty network of the ERGM models with (left column) and
without (right column) dependence-inducing terms

12.3.4 Summarizing Network Data

In their most basic form, network data consist of simple binary
indicators y; ; € {0, 1}. However, these observations cannot be treated
as independent: Edges often exhibit intricate and mutually reinforcing
dependence structures that may themselves be of substantive interest.
That is, the presence of an edge y; ; typically depends on the

configuration of other edges in the network. Such dependencies lead to
complex modeling frameworks, one of the most important being
exponential random graph models (ERGMs). Various alternative models
have also been developed and applied in practice, and we refer the
reader to the recent literature for further details. A general overview is
given in Kolaczyk (2009) and Barbour and Reinert (2026), whereas
Lusher et al. (2013) focuses on ERGMs.

12.4 Functional Data

12.4.1 Notation and Main Ideas

Functional data analysis (FDA) uses curves, images, or functions as
observations. In the following, we will focus on curves as a prominent
example, but most of the presented techniques also apply to different
types of functional data. In FDA, observations are usually written as



functions, i.e., Y(¢) instead of the previously introduced index notation
Y:. Conceptually, functional data typically involves a large (or,
theoretically, an infinite) number of measurements per observational
unit. Hence, we obtain data Y;(¢),¢ € 7 per observation unit i, observed
on a continuous domain 7. Typically, we assume the units to be
independent, while the observations within each unit are dependent. In
practice, as only a finite number of observed values of each function can
be stored, functions Y;(¢) are observed on grid points ¢;, € 7, yielding
the observations y;(¢;»),r =1,...,R;,i =1,...,n. A common use
caseist;, = t,, i.e, all functions Y; are observed on the same R; = R
grid points. If, in addition, all observed time points are equidistant, i.e.,
tiv1 —tj =trr1 —tx Vi, k € {1,..., R—1}, the data can be represented
and stored in an n X R-matrix.

12.4.2 Analysis and Properties of Functional Data

Functional data can be analyzed in different ways. The most common
approach is to plot all functions as curves over their respective observed
time horizons using a line plot. We exemplify this in Fig. 12.19, where we
plot the temperature in Montreal, Canada, for years 1972, 1975, and
1992.
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Fig. 12.19 Line plot of original (left) and smoothed functional data showing temperatures in
Montreal with different lines corresponding to different years



A possible preprocessing step before further analyzing functional
data is to apply pre-smoothing of the curves (Ramsay & Silverman, 2005)
to remove observation noise using nonparametric regression or
smoothing techniques. We show this in the right panel of Fig. 12.19 for
the 3 years considered. Whereas this allows obtaining truly functional
observations, it is challenging to account for the uncertainty in
estimating the smoothed versions of observations Y; () in subsequent
analyses. Newer approaches, therefore, directly deal with the observed
unsmoothed data by imposing some form of smoothness requirement in
the method of choice (see, e.g., Yao et al., 2005; Scheipl et al., 2015;
Greven & Scheipl, 2017; Goldsmith et al., 2020).

Another strategy, akin to pre-smoothing, involves expanding the
functions in a basis prior to analysis (see, e.g., Morris & Carroll, 2006).
However, instead of subsequently working with the pre-smoothed
functions, one continues to work with the multivariate vector of basis
coefficients. For splines, this approach closely resembles pre-smoothing
and usually also leads to ignoring the resulting uncertainty in curve
reconstruction.

12.4.3 Functional Principal Component Analysis

Functional principal component analysis (FPCA) is a core statistical
technique in FDA. The principle of FPCA can be derived from the
Karhunen-Loéve expansion, stating that any stochastic process Y (¢) can
be represented as an infinite series of uncorrelated random processes.
This provides the foundation for dimension reduction in FDA, as the
infinite-dimensional functional data can be compressed into a
manageable set of finite principglol component scores, defined as follows:

Y(t) = u(t) + Zm:l Embm(t), te T (12.14)

In (12.14), i represents the mean function of the stochastic process
Y (t), the ¢, (t) are orthonormal eigenfunctions, and the &,, are

uncorrelated random scores. Using this reformulation, the covariance of
the stochastic process Y can be represented as

Cov(Y(s), Y (t)) = Z:Zl emdm(8)dm(t), t,s€ T  (12.15)



where the eigenvalues e, are by convention sorted as
e; > ey > --- > 0. Asin classical principal component analysis, the
eigenvalues can be used to assess the variance explained by only using
m’* functional principal components, and, on this basis, the sum in Eq.
(12.14) can be truncated to provide an approximation to Y (¢) with a
finite number of basis functions. This allows for a sample of independent
replications of Y (¢) to be represented by a set of finite functions,
common to all observations, and individual scores that capture function-
specific deviations from the mean. We also refer to Sect. 8.4 where we
utilized the idea standing behind (12.14) for the simulation of
multivariate normally distributed random variables.

In addition to providing a measure of complexity, FPCA is useful in
dimension reduction and also allows for the prediction of whole
functions from sparse individual data. Figure 12.20 visualizes the
functional principal components for the before-shown curves from Fig.
12.19.
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Fig. 12.20 Mean curve and first three functional principal components of the Montreal weather
data

12.4.4 Functional Regression

In many settings involving functional data, there is interest in using
functions either as covariates, which lead to scalar-on-function
regression (SOFR), as responses with scalar covariates, which leads to
function-on-scalar regression (FOSR), or in treating both response and
covariates as functions, which leads to function-on-function regression
(FOFR). We briefly sketch the latter and provide references for further
reading.

Assume that both the response Y (¢) and the predictor(s) z(t) are
functions. To keep notation simple, we postulate that the predictor varies
over the same range as the response variable, i.e.,, t € 7. We assume the
regression setup

Yi(t) = a(t) + z;(t)8(t) + €i(t), i=1,...,n, te€ . (12.16)



The model (12.16) is called the linear concurrent model as it provides
a concurrent effect for covariates on the response for every pointt € 7.
Depending on the relationship between covariates and response, various
relaxations of Eq. (12.16) exist. For example, one may assume that the
regression coefficient is constant, or one may integrate the functional
predictors over the entire domain if all points of the covariates are
assumed to influence each point of the response.

12.4.5 Summarizing Functional Data

Functional data describe a setting in which the observation themselves
are functions. This naturally induces a dependence structure if one
assumes continuity of the function. Knowing the value Y;(¢), we obtain
that Y;(¢ + h) is close to Y;(t) for h being small. Such a dependence
structure needs to be taken into account, which builds the field of
functional data analysis.

Based on the short insight above, we see that functional regression
models offer a high degree of flexibility and provide a natural way to
incorporate non-i.i.d. settings. We refer to Greven and Scheipl (2017) for
further details on functional regression models and Gertheiss et al.
(2024) for a recent tutorial on functional data analysis in general. A
general introduction is given in Ramsay and Silverman (2005); see also
Kokoszka and Reimherr (2017).

12.5 Exercises

Exercise 1

(a) An analyst is studying three different time series processes. After
running a standard diagnostic analysis, they summarize the
behavior of the sample autocorrelation function (ACF) and partial
autocorrelation function (PACF) for each process.

e Analysis A: The ACF has a statistically significant value atlag 1,
but all values for lags h > 1 are statistically insignificant (i.e., it
“cuts off” after lag 1). The PACF shows values that are significant
for several lags and appear to decay to zero gradually.



(b)

(d)

» Analysis B: The ACF shows values that are significant for many
lags, decaying slowly toward zero (i.e., it “tails off”). The PACF has
a significant value at lag 1, but all values for lags A > 1 are
statistically insignificant.

e Analysis C: For both the ACF and PACF, no values are statistically
significant for any lag h > 0.

Match each analysis description (A, B, C) to the most likely
underlying process: AR(1), MA(1), or White Noise. Justify your
choices by explaining the theoretical properties of the ACF and
PACF for each type of process as discussed in the chapter.

Consider the stationary AR(1) process Y; = ¢Y; 1 + Z;, where Z;
is white noise with variance 0% and E[Y;| = 0. The chapter states
that the autocorrelation function is p(h) = ¢". Show how this
result is derived for h > 1.

(Hint: Start by multiplying the AR(1) equation byY;_p,. Take the
expectation and use the fact thatE[Z;Y; ]| = 0 for h > 0.)

For the MA(q) process, the text states that the autocorrelation
function is zero for all lags greater than q (p(h) = 0 for h > g).
Using an MA(1) process as an example, explain intuitively why this
is true by considering the components of Y; and Y;_j,.

For the AR(p) process, the text states that the partial
autocorrelation function (PACF) cuts off after lag p. Explain what
this means in terms of conditional correlation and the Markov-like
structure of AR processes. Specifically, for an AR(1) process, what is
the correlation between Y; and Y;_» given that you know the value
Of}Q_l?

Exercise 2

(a)

The chapter introduces Tobler’s First Law of Geography. In the
context of the Munich rental data shown in Fig. 12.11, how would
you expect this law to manifest in the rental prices of apartments,
even after accounting for other factors like apartment size?



(b)

(c)

(d)

(e)

The variogram is defined as y(d) = Var(Y; — Y;) for locations ata
distance d. If the rental prices Y; were truly independent and
identically distributed (i.e., the i.i.d. assumption held and

Var(Y;) = o? for all i), what would the theoretical variogram look
like as a function of distance d? How does this theoretical shape
compare to the empirical variogram shown in Fig. 12.127?

Look at the fitted curve in the empirical variogram plot (Fig. 12.12).
Identify the approximate range and sill. What does the range tell
you about the distance over which rental prices are spatially
correlated? What does the sill represent in terms of the variance of
the rental prices?

The chapter discusses two main strategies for handling spatial
effects: (i) modeling dependence in the covariance structure (e.g.,
Kriging) or (ii) modeling dependence in the mean structure (e.g.,
spatial regression with a smooth term A(s)). If an analyst
successfully captures all spatial dependence using approach (ii),
what would the variogram of the resulting residuals,

€; = Y; — h(s;), look like? Relate your answer to Noel Cressie’s
quote: “One person’s mean is another person’s covariance.”

Now, imagine the geolocations are aggregated to the administrative
districts of Munich, creating lattice data as in Fig. 12.15. This
approach models spatial structure on a discrete graph. Describe the
conditional independence assumption one makes for the district-
level random effects, Uy, in the corresponding Gauss Markov
Random Field (GMRF) model.

Exercise 3

(a)

The chapter introduces the exponential random graph model
(ERGM). In your own words, what is the purpose of the vector of
sufficient statistics, s(y)? Why is this a more flexible approach for



modeling networks than assuming all potential edges y;; are
independent Bernoulli trials?

(b) A researcher studies the collaboration network of computer science
faculty. An edge y;; = 1 exists if professors i and j have coauthored
a paper. The researcher also has data on each professor’s primary
research area (e.g., “Al,” “Theory,” “Systems”). They fit an ERGM and
obtain the following results table:

Table

For each of the three statistics, provide a concise interpretation

of its coefficient in the context of academic collaboration:

(1) e
Edges: The “Edges” statistic is simply the total number of co-
authorships in the network. What does its large negative
coefficient imply about the overall density of the
collaboration network?

(ii)
Nodematch(Area): This statistic counts the number of co-
authorships between professors in the same research area.
What sociological phenomenon (mentioned in the text) does
its positive coefficient represent?

(iii)
Transitive Ties: The “Transitive Ties” statistic counts
instances where two professors who share a common
collaborator also collaborate with each other. What does the
positive coefficient imply about the statement “a collaborator
of my collaborator is likely to be my collaborator” in this
department?

(c)

Suppose the coefficient for “Nodematch(Area)” was instead large
and negative. What would this imply about the collaboration
patterns in the department? Suggest a reason why such a pattern
might emerge in a real-world academic setting.
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In this chapter, we change our focus from traditional statistics to machine
learning, emphasizing strong connections and shared principles between the two
fields. The chapter aims to show how statistics and machine learning complement
and strengthen each other. We start by outlining essential machine learning
concepts and approaches and then highlight and explain the statistical theory
underlying machine learning. The emphasis lies on viewing machine learning
algorithms as natural extensions of statistical models built to learn from data.
This approach connects theoretical concepts with practical use, helping readers of
previous chapters to understand machine learning through the lens of statistical
principles. We also make use of the jargon used in the field of machine learning
and refer, where necessary, to the terminology used synonymously in statistics.

13.1 Primer on Machine Learning and Neural

Networks
13.1.1 Machine Learning

Machine learning is, in general, more concerned with making accurate predictions
than with uncovering or understanding the true data-generating process G(- | )
. This focus distinguishes machine learning from much of classical statistics,
which often emphasizes interpretability and explicit modeling of G(- | z). In
many applications, the machine learning paradigm is primarily driven by
empirical performance on predictive tasks, where the main objective is to
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minimize prediction error on unseen data rather than to recover and/or interpret
the exact underlying stochastic mechanism.

Over the past decades, many different machine models have been proposed
and have become popular. Among the earlier widely adopted methods are support
vector machines (SVMs; Cortes & Vapnik, 1995), which achieve classification and
regression by maximizing the margin between classes in a high-dimensional
feature space. Subsequent years saw the rise of random forests (Breiman, 2001),
an ensemble of decision trees combined via bagging to improve predictive
accuracy and robustness. Another influential family of models are boosting
methods (Freund & Schapire, 1997), which build strong predictors by iteratively
combining so-called weak learners, i.e., simple models that perform slightly better
than guessing. Modern incarnations of boosting, such as gradient boosting
machines (Friedman, 2001) and their highly optimized implementations,
including CatBoost (Prokhorenkova et al., 2018), LightGBM (Ke et al., 2017), and
XGBoost (Chen & Guestrin, 2016), are among the most widely used ML tools
today. More details on classic machine learning approaches can be found, for
example, in Bishop and Nasrabadi (2006) and Hastie et al. (2009).

In recent years, much research has shifted toward neural networks (NNs) due
to their flexibility and scalability, as well as their success as the foundation of
powerful generative models for images, text, and other modalities. Recent
advancements in tabular foundation models, e.g., prior-fitted networks (Miiller et
al,, 2025), have made neural networks also a competitive choice for classic
machine learning tasks, achieving state-of-the-art predictive performance without
the need for tuning, in contrast to previously used methods such as boosting.
While an introduction to modern (generative) architectures such as prior-fitted
networks, diffusion models, or large language models is beyond the scope of this
book, we will briefly introduce the basic neural network architecture, the
multilayer perceptron (MLP), in the following.

13.1.2 Multilayer Perceptrons

A multilayer perceptron (MLP) is a function h : RP — RY composed of layers of
interconnected neurons. Each neuron takes an input vector z € R™ and computes
an affine transformation, which means a linear calculation w' z + b, where

w € R™ are the neuron’s weights and b € R is called bias, which is simply a
different name for “intercept.” This is used as input for nonlinear activation
functionT yielding the neuron output

u = T(sz—l— b).



The activation function 7 can, for example, be a rectified linear unit (ReLU)

7(-) =max (0, -) or a logistic sigmoid function; see Eq. (6.14). A neural network
layer consists of several such neurons operating in parallel, taking the same input
z but with different weights and biases, producing a vector of outputs.
Mathematically, this is defined by a matrix W of combined weights for each
neuron and a vector of stacked biases b. These transformations can be applied in a
sequence of transformations:

Z(l) f— T(W(l)x _|_ b(l)), 2(2) — T(W(2)Z(1) _|_ b(2)),
The final layer (often called the output layer or last layer) computes a linear
combination of the learned features from the last hidden layer:

p =W L-1) 4 pI)
which is equivalent to a linear regression on these learned features PALS
Depending on the domain of the outcome values, the last layer might also include
an additional nonlinear activation, such as a sigmoid function for mapping the
predictions into the space of probabilities. Formally, an L-layer feedforward

neural network with input z € R? can be written as

h(z;0) = W@ 1 (W(L’l) T ( ST (W(l)x + b(l)) ) + b(Lfl)) + 1), (13.1)
where W) ¢ Rv* ™21 and 8(I) € R? are the weights and biases of the Lth layer
and z(I"1) € R™ 1 are the outputs of the (L—1)-th hidden layer with 20 := «,
that is, the first input is the original input variables x. The parameters of the
network are collectively denoted by § = {W () b(f)}le.

Figure 13.1 illustrates the structure of an MLP with an input layer, two hidden
layers, and an output layer. The hidden layers learn nonlinear feature
transformations of the input, while the last layer forms the final prediction by
linearly combining these features. For a more detailed exposition of neural
networks and related concepts, see Goodfellow et al. (2016).

Input layer Hidden layer 1 ~ Hidden layer 2 Output layer




Fig. 13.1 A multilayer perceptron (MLP) with three input features, two hidden layers with four and three
neurons, and two outputs. Each hidden layer neuron applies a nonlinear transformation to a weighted sum of its
inputs. The biases are omitted for easier visualization. The last layer forms a linear regression on the learned
features from the last hidden layer

13.2 Machine Learning from a Statistics Perspective
13.2.1 Hypothesis Space

From a statistical perspective, the goal in supervised machine learning is to
approximate the data-generating process G(- | ) in (2.1) using a machine
learning model from the so-called hypothesis space (or model space) JZ,
introduced earlier in Sect. 7.1 as structural model; see also Eq. (7.3). Instead of
approximating or modeling G(- | =) with a set of distribution functions, the
hypothesis space is usually defined by a set of functions

H ={h(-;0),0 € ©}. (13.2)
The machine learning modelh(-; 0) : & — I" approximates the unknown
mapping from the covariate or feature space £ to a space of predictions I, where
I' C RY withv € N. The parameter (vector)  defines a single instance (a
machine learning model) of 5#. For example, if h(x; ) = x ' 6, 5# is the space of
linear regression models with covariates (features) x, coefficients 8 € © = RP,
andI' = R.

In many of the classic machine learning applications, this hypothesis space is
usually not paired with a distribution assumption or model .Z. Instead, in classic
machine learning, we only distinguish between a regression and a classification
task. More contemporary machine learning models, in contrast, build on the same
principle as statistical models and assume an underlying probability model #
(see, e.g., Murphy, 2022).

13.2.2 Empirical Risk Minimization

Learning in machine learning is the combination of a hypothesis space ¢, a risk
Z and an optimization routine. To define the risk, we first need to define a loss
function

L:% xF — R: (y,h(z;0)) = £(y, h(z;6)), (13.3)
where % is the set of possible outcomes. We want to minimize the loss with
respect to h € S#. An appropriate loss is usually chosen for each particular
application, for instance, to find a model h such that the squared deviations of
h(z; @) and y are minimized. Acknowledging that the true data-generating process
G(- | z) is (in most cases) not deterministic, the overall objective of machine
learning is to find the model h which minimizes the expected loss, the so-called
risk
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with G(z) as a known or unknown distribution over the feature set 2. As (13.4)
involves the unknown true data-generating process, we approximate the
theoretical risk by its empirical analog, the empirical risk, which for a given data

set of i.i.d. observations (z;,y;),_; IS
=1,...,

Remp(h) 1= Zi_l £(y;, h(z4;0)). (13.5)

Learning is thus the search for the best model that minimizes the empirical risk
using a suitable optimization technique (often a gradient-based method). For a
parametrized family of models 7, this implies the Empirical Risk Minimizer

OrrM = argmin Femp(h(+;0)). (13.6)
0cO

Putting (13.5) and (13.6) together, we can directly see the correspondence
between estimating the parameter 6 using maximum likelihood estimation and
learning the parameter 6 using empirical risk minimization: Choosing £ to be the
negative log-likelihood of a parametric model

F ={f(y;7);v €T} (13.7)

yields éERM = éML. In this case, the model h (implicitly) describes the
parametrized transformation from x to the distribution parameters ~y of some
distribution F'(- | ;). For example, in a regression setting with . being the
class of linear models, one typically defines the loss to be the mean squared error,
and thus h(z; 0) = u(z;0) = = ' 6 (implicitly) defines the mean y of a normal
distribution F.

In fact, many loss functions in machine learning have a one-to-one
correspondence with a (negative) log-likelihood function in statistics. For
example, optimizing the log-loss in machine learning is equivalent to optimizing
the negative log-likelihood based on a Bernoulli distribution assumption.
Moreover, minimizing the mean squared error is equivalent to maximum
likelihood estimation of the mean of a Gaussian distribution. And, a multinomial
distribution assumption for likelihood-based estimation results in the same
estimates as a corresponding model in machine learning, minimizing the so-called
cross-entropy. On the other hand, there are examples exist where there is no
direct correspondence to a distribution assumption, e.g., the Hinge loss (Cortes &
Vapnik, 1995). The rationale, in this case, is not to directly approximate the data-
generating process G(- | ) but to optimize a predefined metric that is of
particular interest and which is not implicitly optimized by finding the best data-
generating process approximation. Yet even these metrics often have a statistical



origin. The Huber loss, for example, is used in machine learning as a loss function,
but its motivation goes back to ideas in robust statistics (Huber, 1964).

In machine learning, a large portion of models deal with the classification of
observations into two or more classes. If I is of discrete nature, i.e., has a finite
number of elements, h is usually called a classifier. A further distinction can be
made regarding whether h returns a probability for every possible value in #. If it
does so, we call h a probabilistic classifier; otherwise, if a score for every value in
% is returned, h is called a scoring function or scoring classifier. A logistic
regression, for example, is a probabilistic classifier, returning probabilities
7=PY =1|z)andl —7m = P(Y =0 z) for # = {0, 1}. The additive
predictor in logistic regression, in turn, is a scoring function that produces a score
(the logits) that can be normalized to probabilities.

We can summarize that learning in machine learning follows conceptually
statistical ideas as derived in the book. Depending on the chosen loss function, it
can, however, go beyond some classical statistical concepts.

13.3 Regularization, Penalization, and Bayes
13.3.1 Regularized Risk Minimization

One of the most crucial parts of machine learning is regularization. Being often
highly parameterized and expressive, there is a great risk of overfitting the given
dataset with a machine learning model, as described in more detail in the
following subsections.

The most common way to avoid overfitting in machine learning is to
regularize or penalize models depending on their flexibility. More specifically, we
can extend (13.5) to the so-call(;zbd regularized risk

Rreg(h) = Zi:l L(yi, h(zi;0)) + A - pen(6), (13.8)

where pen : © — R ™ is a function assigning larger values (penalties) to model
parameters @ that induce very or too flexible hypotheses and A > 0 is a tuning
parameter controlling the trade-off between model fit and flexibility. A common
way of searching for the optimal A value is by using cross-validation. The explicit
form of the penalty depends on the model class. Information criteria introduced
in Sect. 7 are some form of regularization, for example, with the penalty function
of the AIC defined as pen() = ||6]|,, where ||6]], is the Lo-norm? which counts
the number of nonzero elements in 6. If we choose the empirical risk to be twice
the negative log-likelihood and set A = 2, we can then consider the optimization
of the AIC as a way of performing regularized risk minimization.



13.3.2 Regularization from a Statistical Perspective

Many regularization approaches in machine learning can be related to concepts
that are also prominent in the (high-dimensional) statistical literature. Starting
from the previous analogy and model selection criteria in Sect. 7, we could try to
find the AIC-optimal model directly:

0= argmin Remp(h(+0)) + [6]]o- (13.9)
This problem, optimizing a model with the so-called L, penalty, is, however,
known to be NP-hard from optimization theory. One of the key problems with the
Ly-norm is its non-differentiability at 0. The “next best” convex relaxation of the
Lo-norm is the L;-norm ||6]|,. Instead of counting the nonzero entries, the ;-
norm is defined as

p
pen(0) = 0, = ) 16,1 (13.10)

i.e., sums up the absolute values of all entries in 6. This penalty, also known as the
lasso penalty (Tibshirani, 1996), can be solved using specialized routines
(depending on the model class). Similar to information criteria, the regularizing
effect of the lasso penalty induces sparser models, i.e.,, models with fewer
parameters. As the Li-norm is not differentiable at 0, the penalty is less common
in machine learning than in statistics and optimization, where specialized
optimization routines for it are available. Recent findings, however, show how to
optimize these non-differentiable penalties also in deep neural networks (Kolb et
al,, 2023), thereby making it available to a much larger machine learning
community.

Another common penalty in both machine learning and statistics is the Ls- or
ridge penalty:

p
pen(®) = 1013 = ), (13.11)

which, contrary to the name, is a squared Ls-norm penalty.

We visualize the effects of both the L; and the Ly penalties in Fig. 13.2. The
two plots show the typical performance of penalized parameter estimates, with
the amount of penalization on the horizontal axis. While the L penalty, shown in
the left plot, can shrink parameter estimates to zero, the ridge penalty, right-hand
side plot, cannot enforce sparsity in that parameters are forced to zero but instead
regularizes the model by “only” shrinking the coefficients toward zero.
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Fig. 13.2 Paths of coefficients of a linear model (in different colors) with lasso (left) and ridge regularization
(right) depending on the strength of the penalty A

For linear models and the L2-penalty, for example, the regularized risk
minimizer éRRM has a closed form solution
Orrat = (X TX + AL) "X Ty. (13.12)
For models without an explicit analytical solution, a common strategy in machine

learning is to use gradient descent. The gradient of a regularized risk objective
with a ridge penalty (divided by 2 for convenience) is

Bais0) =4 { Dt hes0) + 31015 )
= %{%emp(h('; 0))} + 6.

The weights of the model are then updated via gradient descent as follows:
ot = 0l — 1y B { Ree(h(-;611))} (13.14)
with learning rate v € (0, 1] and iteration ¢ + 1. Expanding (13.14) using (13.13),
we see that the ridge penalty induces a decay of the current parameter value
defined by A:
1t — 0 — vy {Preg (501}
= 0 — (L { R (- 6))} + A1) (13.15)
=01 —vA) — VLA Remp (h(-; 011))}.
In machine learning and particularly deep learning, it is common to apply weight
decay during optimization. Therefore, one would impose a ridge penalty not
explicitly through a regularized objective as in (13.11) but implicitly by altering
the optimization routine as in (13.15).
Similarly, the so-called early stopping of iterative optimization routines is

common practice and can be shown to implicitly regularize the model. For the
simple case of a linear model with Ls-loss optimized by gradient descent as

(13.13)



defined above, there exists a direct relationship between the number of iterations
T the algorithm is run (i.e., how often the old parameter is updated) and the
induced ridge penalty (see, e.g., Goodfellow et al., 2016):

A L (13.16)
Put differently, early stopping the routine imposes a ridge regularization,
controlled by the number of iterations T and the learning rate v. In particular, the
earlier we stop the routine, the larger the induced ridge penalization and vice
versa.

13.3.3 Bayesian Approaches

Machine learning also incorporates many different Bayesian approaches. Apart
from offering a flexible framework to incorporate prior knowledge into the
learning process, priors in Bayesian approaches act as a form of regularization.
The connection between Bayesian methods and regularized risk minimization can
be understood by examining how priors influence the optimization of model
parameters, particularly through the lens of normal priors and their relationship
to ridge regularization. The posterior distribution in a Bayesian model is obtained
via Bayes’ theorem (see Sect. 9):

p(0 | z,y) < p(y | =,0)p(0), (13.17)
where p(6 | z,y) is the posterior distribution, p(y | z, 6) is the likelihood, and
p(0) is the prior distribution. Let’s consider a linear regression model where
h(z;0) = 6. In a Bayesian framework, we might impose a normal prior on the
parameter vector 6:

6 ~ N(0,72I), (13.18)
to express the belief that the parameters 8 are normally distributed with mean
zero and variance 72. The likelihood of the data given the parameters, assuming

Gaussian noise with variance 02, is

p(y | z,6) xexp (—# E :i_l (yi — CIJZ.TO)2>, (13.19)

The posterior distribution is then given by

" 2
p(0 | z,y) oxexp (—ﬁ E :izl (yi — z; 6) ) exp (—5 [ 013).  (13.20)

Taking the negative log of the posterior results in the following objective function:

—log p(8 | z,y) E _wi—z0) S 03 (13.21)

We can see that minimizing this negative log-posterior is equivalent to minimizing
the regularized risk function with a ridge penalty:
(13.22)



n
Fr®) = Y . (wi— o6 + 7163

where A = :—z

The equivalence between maximizing the posterior distribution under a
normal prior and performing ridge regression illustrates a direct link between
Bayesian methods and regularized risk minimization. A similar link can be shown
for various other prior distribution assumptions.

The following example highlights the connection of the Bayesian formulation
to a recently discovered phenomenon called double descent, which occurs in
overparametrized models where p > n.

Example 13.1 Consider again the Bayesian linear regression model with
Gaussian prior § ~ N(0, 72T) and Gaussian likelihood. We investigate the
behavior of the model in an overparameterized regime, where the number of
parameters p exceeds the sample size n.

To illustrate this, we simulate §; ~ N(0,1)i.i.d. for j = 1,...,p and sort the
coefficients such that |61| > |02] > --- > |0,|. We fix n = 100 and consider p up
to 200, hence covering both the classical setting (p < n) and the
overparameterized case (p > n). Data are generated from

yi =z, 0+¢ei, & ~N(0,p?),
with p? = 0.5 and covariates ; drawn i.i.d. from a standard normal distribution.
For each p, we fit the model using ridge regularization (equivalently, the
Bayesian posterior mean) and evaluate predictive performance via the Kullback-
Leibler divergence

KL(G(-), F(- ;0)),
where G denotes the true data-generating distribution and F'(- ; é) the fitted
model. The results, shown in Fig. 13.3, reveal two minima of the divergence: one
in the underparameterized regime (p < 1) and a second in the
overparameterized regime (p > n). The latter occurs because the prior (or
equivalently, the ridge penalty) effectively regularizes the model even when the
parameter dimension exceeds the sample size. This highlights that with suitable

priors, Bayesian approaches can yield competitive performance well beyond the
classical p < n paradigm.>
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Fig. 13.3 Kullback-Leibler divergence of the fitted model for varying parameter dimension p in a ridge-
regularized linear model with n = 100 and p? = 0.5

13.4 Uncertainty in Machine Learning

13.4.1 Prediction and Parameter Uncertainty
Although there is ongoing debate about whether a universally valid categorization
of uncertainties in machine learning exists, three areas of uncertainty

quantification (UQ) are of particular practical interest:

1.
uncertainty in model predictions,

2.
uncertainty in model parameters,

3.
and uncertainty in the data-generating process.

In the following, we will discuss these three areas, outlining their goals and
practical considerations. For simplicity, we only model the mean p of outcome Y

given features x and use (%) := E(Y | ) = h(%; §) to make predictions about a
new, unobserved observation Y with covariates Z. We will first consider
approaches that focus on the uncertainty iz and, related to this, the uncertainty of

Oin h.

13.4.2 Predictive Uncertainty



For the uncertainty of 1, one can use either model-specific or model-agnostic
approaches. Model-agnostic methods include bootstrap (Sect. 8.7.2) and cross-
validation (Sect. 7.2), where repeated training on resampled data yields intervals
for i1. Conformal prediction, which is formally introduced in Sect. 13.4.6, offers
another way to construct such intervals. Model-specific methods often rely on the
model’s parametric distribution assumption. An example is a Gaussian process,
which quantifies predictive uncertainty using a Bayesian framework.

13.4.3 Parameter Uncertainty

In contrast to the previously discussed prediction uncertainty, quantifying the
uncertainty of parameters in machine learning models is typically more
complicated. As machine learning models are often “black boxes” where single
parameter states do not provide meaningful insights, quantifying the parameter
uncertainty is often merely a means to an end to quantify the uncertainty of the
prediction function.

Consider, for example, a neural network h = hy;,, © hy);,, meaning that we
decompose the network in a nonlinear (hidden layer) part and the last layer,
which is linear, with parameters 8 = (3, £) being a decomposition of a linear hy;,
part, parameterized by (3, and a nonlinear function h,j;,, parameterized by &. Such
a decomposition is the basis to quantify uncertainty using a last-layer approach,
providing the uncertainty of the last layer’s weights g in the function
hin(z, B) = 2" B, where z = hpy, (z; €) are learned representation of the original
data x. Ignoring the uncertainty in £ underestimates the model’s overall
uncertainty. However, focusing solely on 3 is relevant, e.g., in transfer learning,
where £ is learned on a separate dataset and then fixed when applying the model
to new data. In this setting, only 5 remains uncertain, allowing statistical
inference to be applied under suitable conditions.

13.4.4 Data Uncertainty

While classic machine learning approaches have focused on risk minimization, the
links to statistics and awareness of the need for uncertainty quantification have
sparked much interest in probabilistic methods recently. Many probabilistic
models allow to directly model the aleatoric uncertainty, i.e., learn the distribution
F with all its parameters.

Distributional Regression Models In statistics, distributional regression refers
to modeling more than just the mean of a distribution using an additive predictor.
Jointly estimating multiple parameters, such as p and o of a normal distribution,



is substantially more challenging, since even this simple case leads to a non-
convex optimization problem.

In machine learning and especially in deep learning, convexity is usually not
assumed, and global optima are rarely feasible nor the goal, as this often refers to
overfitting. It is therefore natural to define a separate model h; for each
distribution parameter -y; and optimize them jointly (see, e.g., Riigamer et al,,
2024). To avoid restrictive parametric assumptions, more flexible approaches
employ monotonic transformations to represent complex distributions. A
prominent example is normalizing flows (see, e.g., Kook et al., 2024).

13.4.5 Calibration

The simplest case of a distributional regression model is a parametric distribution
with a single parameter, e.g., Y ~ Binomial(1, 7). While this example is not a
very complex data-generating process, it is instructive to understand a common
problem in machine learning when modeling distributions related to the model’s
calibration.

Example 13.2 Consider a binary classification task where y;,...,y,—-1 = 0 and
yn = 1. If our data is almost linearly separability given some feature x, e.g., for
y; = 1, we have z; = ¢, and for almost all y; = 0, we have x; = —c for some

c € R, the coefficient of the simple logistic regression model

mi =P(Y;=1|z;) =1/ (1+ exp (x;5)) will become larger the bigger the
constant c.2 However, if the model is also subject to regularization such that large
values for the coefficients 3 are penalized, the model is incentivized to return a
small S value. In the case of exact linear separability, the coefficient is

B —c W (Y,
where W is the Lambert function. For example, for c = 1 and A = 1, we obtain
B = —0.5671433. Due to the relatively small size ofB, the predicted probabilities
will be close to 0.5 (see also Firth (1993) for an earlier reference for this matter).
More precisely, we get P(Y; =1 | ; = ¢) = 0.6381037 and
P(Y; =1|z; = —c) = 0.3618963. The model is thus clearly miscalibrated for
large n as the above-computed probabilities do not represent the observed
frequencies of Os and 1s in any way. Put differently, for a calibrated model, we
expect probabilities that are (closer to) (n—1) /nand 1 / n.>

The previous example shows that a perfect model does not necessarily have a
correct representation of the underlying aleatoric uncertainty, i.e., the data-
generating distribution. It is therefore common practice to calibrate predictions



after optimizing the model. If the distribution of the model is known, a second
model or procedure can be applied on top of the first model’s prediction to ensure
proper calibration. One method with increased popularity is conformal prediction
or conformal inference.

13.4.6 Conformal Prediction

Predictive uncertainty (Sect. 13.4.1) quantifies how uncertain a model’s output is.
Conformal prediction instead calibrates these uncertainties to produce prediction
sets or intervals that contain the true outcome with a specified probability, under
minimal assumptions (often exchangeability). Its main goal is guaranteed
coverage, not just uncertainty quantification.

We introduce conformal prediction using the earlier miscalibration example,
where we assumed binary labels?Y € {0, 1} modeled via a logistic regression
with linear predictor n:

71'(:13) = P(Y =1 ‘ CE) = h(a:,O) = m.
We define a nonconformity score using the predicted probability
71'(:13), if y=0,
1—m(z), ify=1L1.
When y = 1, a high 7 indicates high confidence and leads to a small score. For
y = 0, the reverse holds. We can now generate a conformal prediction set with
miscoverage level a in two steps: the calibration and the prediction step.

s(z,y) = (13.23)

Calibration For each data point? = 1,...,n used for estimation, we compute
s; = s(x;,y;), i.e, the score quantifying to what extent our model would predict
“something wrong.” Using all these scores forz = 1, ..., n, we compute the
empirical 1 — a quantile §of {s1,..., s }.

A

Prediction For a new input Z, compute 7@ = h(Z, §) and the score

8(Z,9) = ~
(9) {1 -7, g=1.
Our conformal prediction set C can now be constructed as

C@) ={g<{0,1}: s(z,9) < 4}
In other words, our prediction set includes the label 0 if 7 < ¢ and the label 1 if
1 — 7 < q. High confidence usually yields a single label, but if there is large
nonconformity (large values s;) in our calibration data, C = {0, 1} if the

empirical quantile ¢ >max (7,1 — 7).

A~ ~

, yIO,



Example 13.3 Assume n = 10 calibration pairs (x;, y;) with fitted
probabilities 7;:
i1 2 3 4 5 6 7 8 9 10
v 0 1 0 1 0 1 0 1 0 1
;1 0.12 0.84 0.20 0.55 0.33 0.40 0.18 0.77 0.25 0.32

The nonconformity scores from (13.23)

{/7'(\'2 if Y; = O,
Si - AN .

1—7; if y; =1,
are

(0.12, 0.16, 0.20, 0.45, 0.33, 0.60, 0.18, 0.23, 0.25, 0.68).
If we choose 1 — a = 0.9, ¢ is the tenth order statistic, i.e., the largest
nonconformity score, which is ¢ = 0.68.
For a new input Z with predicted probability 7 = h(Z, é), different sets C can
manifest, for example:

e Let7 = 0.20. Then, s(0) = 0.20 < 0.68, s(1) = 0.80 > 0.68, and therefore
C = {0}.

e Let7 = 0.90. Then, s(0) = 0.90 > 0.68, s(1) = 0.10 < 0.68, and therefore
C = {1}.

e Let7 = 0.50. Then, s(0) = 0.50 < 0.68, s(1) = 0.50 < 0.68, and therefore
C = {0,1}.

The conformal guarantee (Vovk et al., 1999) ensures

P(HeC@)>1-a

and produces well-calibrated prediction sets even when model probabilities are
miscalibrated. The nonconformity score can, e.g., be based on logits, ensemble
uncertainty, or other measures. However, the score should reflect true model
uncertainty to avoid unnecessarily wide prediction sets. Further note that the
method guarantees marginal coverage: The coverage probability holds over the
data distribution not for each individual prediction. For some inputs—particularly
in imbalanced or adversarial settings—the true label may fall outside the set
despite the overall guarantee. >

13.5 Exercises

Exercise 1
(a) Consider a standard linear regression model where the goal is to predict a



(b)

(c)

continuous outcome y; from features x;. The most common approach in
machine learning is to find the parameters 6 that minimize the mean
squared error (MSE) loss

Remp(0) = E :Z.Zl (y; — h(z:;0))> where h(z;;0) = z 6.

Show that minimizing this loss function is equivalent to finding the
maximum likelihood estimate (MLE) for # under the assumption that the
data follows a specific probability distribution. What is this distribution for
the conditional outcome, Y; | z;?

Now, consider a binary classification problem where y; € {0,1}. A common
loss function is the binary cross-entropy or log-loss:

n
Remp(0) = — E :i=1[yi log (m;) + (1 —y;) log (1 —m;)],
where 7m; = h(z;; 6) is the model’s predicted probability that y; = 1.
What is the statistical distribution (i.e., the likelihood) that corresponds to

this loss function? What common statistical model, discussed in a previous
chapter, uses this likelihood?

A multilayer perceptron (MLP) can be used for classification by adding a
sigmoid activation function to its final layer, making its output a probability.
Explain how such a complex neural network can be viewed from a statistical
perspective as a powerful generalization of the model you identified in part
(b). What part of the MLP architecture allows it to learn more complex
relationships than the simpler statistical model?

Exercise 2

(a)

(b)

In machine learning, Ridge regression is used to fit a linear model
h(z;0) = x ' 0. The objective is to minimize the sum of squared errors plus
an L9 penalty on the parameters

n p
PR— . — —l— 2 2
%reg(g) — E - (yi—z,;0)" + A E i Hj.

What is the purpose of the penalty term A ) 9?? What problem,

common in both statistics and machine learning, is it intended to solve,
especially when the number of features p is large?

From a statistical viewpoint, we can create a Bayesian linear regression
model. We assume a Gaussian likelihood for the data and place a Gaussian
prior on the parameters 6:



Y;|%;,0 ~N(z/0,0%) and 0; ~N(0,7%) forj=1,...,p.
The posterior distribution is p(8 | y, X) « p(y | X, 8)p(6). Write down
the expression for the negative log-posterior distribution,
— log p(6 | y, X).
(c)

By comparing your results from (a) and (b), show that minimizing the Ridge
regression objective is equivalent to maximizing the posterior probability
(i.e., finding the MAP estimate). What is the relationship between the
machine learning regularization parameter A and the statistical parameters
o? (noise variance) and 72 (prior variance)?

(d)

Using the relationship you found in (c), what happens to the optimal 6 in the
Bayesian model as the prior variance 72 — co0? What does this imply about
our “prior belief” regarding the parameters, and to which simpler model
does Ridge regression converge in this case?
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Appendix A

Background in Probability Theory

This chapter provides background on probability theory, including important
technical notions and results for which we did not have space to develop in full
detail in the main text. In particular, we introduce more formal notation to anchor
later derivations without ambiguity. For more thorough treatments of the area, we
refer to the classic books by Feller (1968) and Billingsley (2012), while
Kauermann et al. (2021) provide a more accessible introduction in Chap. 2. Note
that Chap. 1 already introduces the concepts of distribution functions, densities,
expectations, and some of the main asymptotic results. In this Appendix, we do
not repeat but complement them. We start in Sect. A.1 by introducing how
probabilities for events are defined. In Sect. A.2, we introduce conditional
probabilities. In Sect. A.3, we provide the mathematical definition of a random
variable via a function that transforms stochastic noise to an observed outcome in
the real numbers. Within this framework, we define fundamental ways to describe
random variables in Sect. A.4 and summarize them in Sect. A.5. Finally, Sects. A.6
and A.7 define different ways random variables can converge and state the most
often used inequalities used throughout the book. While this mathematical
background is not strictly required for practical application and understanding
the main takeaways from this book, it provides valuable intuition and more
rigorous understanding of the underlying statistical mechanics.

A.1 Defining Probability

This book builds on understanding statistics from the perspective of data-
generating processes. Generally, this process is stochastic rather than
deterministic. The outcome of stochastic behavior is known only probabilistically;
that is, some events or outcomes are more probable than others. A natural
question arising in this context is then how to characterize this stochasticity in a
mathematically rigorous framework. Therefore, we introduce probabilities to
describe how probable particular events are. The basic building block of
probability is a random experiment. Imagine a toy like a magic 8-ball, but instead
of giving answers to yes-or-no questions, it changes color when you shake it. The
toy can take four different colors that we collect in the set

Q = {"red”, “blue”, “orance, “purple”} . Each shake is one random experiment,
and the outcome is the color the box takes after the shake. For instance, possible
random outcomes from three consecutive experiments could be “orange”, “blue”,



and “orange”. Assuming that every shake of the toy yields independent outcomes,
meaning that every outcome is at all times equally likely, we can describe the
entire stochastic behavior of the toy box via four probabilities of the box turning
“red”, “blue”, “orange”, or “purple”. These are the probabilities of elementary events,
which need to abide a set of axioms derived by Kolmogorov (1933):

1.
All probabilities must be greater than zero, P(A) > 0.

2.
The probability of getting any outcome must be 1, P(Q2) = 1.

3.
The probability of a union of two disjoint events equals the sum of their

individual probabilities. For A, Bwith A N B = (), we have
P(A U B) = P(A) + P(B).

These axioms are rather abstract and do not provide an interpretation of
probability itself, which sparked a long philosophical debate on how probabilities
should be interpreted. We refer to Gillies (2010) for an overview of this topic.
Against this background, we can describe any stochastic mechanism by a
probability space through a tuple with three components:
1.
Sample space, €2, defined as the set encompassing all possible “atomic” or
“elementary” outcomes of the random process; these elementary outcomes
are denoted by w € §2;

o-algebra, %, defined as the set of all compound events to which we want to

be able to assign a probability. For a discrete €2, &% = 29 s commonly defined
as the power set with 219 entries, which is the set of all possible subsets of €2,
including the empty set, (), and Q. For continuous Q, # = £(Q), which is the

Borel o-algebra, defined as the smallest o-algebra containing all open sets of
Q;

Probability measure, P, being defined as a function that assigns all elements in
& a probability that needs to abide by Kolmogorov’s Axioms.
To make these abstract definitions more concrete, we illustrate two examples, one
for discrete and one for continuous outcomes.
Example A.1 We flip a coin twice and, keeping track of the order, record for
each throw separately whether the coin lands on heads (H) or tails (7).
1. Sample space: Q = {(H,H),(H,T),(T,H), (T,T)};



2.
o-algebra:

7 =22=1 0,{(H D} {(HD}{(T,H)}{TT)}

(H H),(H,T)},{(H,H),(T, H)},{(#, H), (T, T)},
(H,T),(T,H)},{(H )(T,T)},{(T, H),(T,T)},
(H,H),(H, T),(T,H)}a{(H,H),(H, 7),(T,T)},
(H
(H

H),(T,H),(T,T)},{(H,T),(T,H),(T,T)},
H), (H,T), (T, H),(T,T)} };

0
{
{
{
{

{

Probability measure, P: Assuming a fair coin, we assign equal probability
mass to each outcome in 2. Any event A € % can now be decomposed into
elementary elements, e.g., {(H, H), (H,T), (T, H),(T,T)} into the four
separate outcomes (H, H), (H,T), (T, H),and (T, T). For any event A € Z,
we then obtain the probability by summing up over these elementary
elements: P(A) = ) .4 P(w). For instance, the probability of
A={(H,H),(H,T),(T,H),(T,T)}is
P(A)=1/44+1/4+1/4+1/4=1.This equates to 1 because A = Q.
>

Example A.2  Assume that for one night, we track the percentage spent in REM
(rapid eye movement) sleep.

1.
Sample Space: Q2 = (0, 1) represents the percentage of sleep spent in the REM
state;

2.
o-algebra: # = %((0,1)).

3.

Probability measure, P: For any interval (a, b) C (0, 1), we assume

P((a,b)) = b — a. The measure of multiple disjoint intervals is the sum of the
respective intervals. For instance, for (a1,b1) C (0,1) and (ag,b2) € (0,1)
with by < as, we get P((a1,b1) U (a2,b2)) = P((a1,b1)) + P((az,b2)).>

The definition of probabilities through a probability space is implicitly assumed in
the ensuing sections. Note also that for sets with just one element, such as {a}, we
employ the shortened notation P({a}) = P(a).



A.2 Conditional Probability and Bayes’ Theorem

In many settings, we want to refine probabilities given some additional
knowledge. For instance, the probability of having cervical cancer is around 1%
for a woman over her lifetime. If we focus on the subgroup of women with a
positive screening result, already around 46 % of the women have some abnormal
cell changes. In this setting, it becomes apparent that the knowledge of a positive
screening result should change one’s probability of having cervical cancer. This
notion of updating one’s prior beliefs is fundamental to statistical learning and
lets us formulate conditional distributions, which come up repeatedly in this
book:

1.
Most prominently, all Bayesian models covered in Sect. 3.5 and Chap. 9 are

fundamentally based on updating one’s knowledge about the parameters with
observed data. We start with the prior distribution and learn the posterior
distribution.

In Chap. 5, we studied statistical tests, which are based on conditional
probabilities and defined for a particular a € (0,1) by P(“Hy” | Hyp) < o

Sampling from a multivariate complex distribution can be simplified by
breaking it into several samplers from conditional distributions via the Gibbs
sampler, illustrated in Sect. 8.5.

We therefore introduce conditional probabilities for measurable events more
formally and show how this relates to Bayes’ theorem, which serves as the
foundation of Bayesian methods.

Definition A.1 (Conditional Probability for Measurable Events) For two
eventsA, Bwhere the conditioning event B has a strictly positive probability, such
thatP(B) > 0, the conditional probability of event A given that event B has
occurred is denoted by P(A | B)and defined by

P(ANB
P(A | B) := S5

With Definition A.1, we can define conditional random variables based on
conditional probability measures, which, in turn, give rise to conditional
expectations and so on. In many settings, the joint probability of events A and B,
P(A N B), is not known, but its symmetry, P(A N B) = P(B N A), allows us to
rewrite the conditional into a form that is often called Bayes’ theorem.



Theorem A.1 (Bayes’ Theorem) For two eventsA, Bwhere the conditioning
event B has a strictly positive probability, such thatP(B) > 0, the conditional
probability of event A given that event B has occurred is denoted byP(A | B)and
defined by

_ P(B|A) P(A)

Assuming that we have a partition of the sample space into disjoint sets, i.e.,
Q=UE Ay with A, N A; = Qforall h # Lintheset {1,..., K}, the total law of
probability states

K
P(B) = g o P(B|Ay) P(4y). (A.2)
Plugging (A.2) into (A.1) yields
. _ __ P(BA) P(4)
P B) = S pmian pan (A.3)
foranyi € {1,..., K}. This identity illustrates why Bayesian statistics is often

referred to as “probability in reverse”: The roles of the conditioning and random
elements in (A.3) are swapped between its left- and right-hand sides, P(A; | B)
vs. P(B | A;).

Example A.3 In Sect. 6.3, we introduced logistic regression to model binary
outcomes (Y; € {0,1}) with the following model:

m=P(Yi=1|m) = 1o

with linear predictor

ni = Bo + B1zi1 + Baxiz + ... + BpTip,
which is a function of 8. In a Bayesian context, the parameter vector
B = (Bo, ..., Pp) is now assumed to be a random variable with a standard normal
prior distribution

p 2
e -] e () (89
for some o > 0. Excluding the covariates in the conditioning argument for
simplicity, the distributional assumption thatY; | 8 ~ B(n = 1,p = m;) for all
i € {1,...,n}, we can construct the conditional probability of all binary
outcomes:

P(Y | 6) - Hil ﬂ-ZYi (1 o 7ri)17Yi' (A.5)
Next, we can make use of Theorem A.1 to derive the posterior 8 | Y by combining
(A4) and (A.5):



P(B|Y) =070 o P(Y | B) P(B).

>

A.3 Real Random Variables

Working with probabilities defined on sets is often inconvenient. Take clinical
trials, where we are primarily interested in determining whether a specific
medical intervention is safe and effective: Wilding et al. (2021) tests the efficacy of
the medication Semaglutide for the treatment of obesity using data from 1961
patients randomized to a test or placebo group. Since the body weight of all
patients was recorded weekly for 68 weeks, the sample space 2 is the Cartesian
product of all possible weight trajectories for all patients. At the same time, we are
mainly interested in the probability of the event that the intervention was
successful, which seems tedious to articulate given this complicated sample space.
To simplify, we can introduce a function that maps observations in the sample
space to a real number, commonly called a real random variable or just random
variable. A meaningful function for assessing the intervention’s efficiency is the
difference in mean weight loss between baseline (week 0) and the final week (68)
for the test and placebo groups. The probability of the original observations in €2
then implies a probability measure, so-called push-forward measure, defined on
the real line, which is a lot easier to deal with than the original probability
measure defined over {2. Statistical analysis of this induced measure on the real
line bypasses the complexities of the original sample space while preserving the
stochastic properties needed to test the question at hand: Is the medication
Semaglutide an effective obesity treatment?

Definition A.2 (Random Variable) If(Q2, %, P)is a probability space, the
measurable mapping

X: Q=R
is called a (real) random variable.

For every event E € % in the probability space (2, %, P), the measure P assigns
a specific probability P(E). Since X is a measurable map, X ! : R — 2, which is
called a preimage, exists and is given by

X 1HA)={weQ: X(w) € A}
for any A C R. The probability measure Py is then given by

Pyx(A) = P(X1(4))



for any A C R. Put differently, the probability of observing event A C R in the
random variable X is given by first searching for w € €2 that are projected to 4, i.e.,
w € Q such that X(w) € A holds. Then, the induced probability of A results from
applying the original probability measure P(w) with w such that X(w) € A holds.

Example A.4 Continuing Example A.2, we are now studying the waiting time
until a patient enters their first REM (rapid eye movement) sleep cycle. The
unobservable probability space is defined just like in Example A.2:
1.

Sample Space: = (0, 1).
2.

o-algebra: & = %((0,1)).

3.
Probability Measure: For any subinterval (a, b] C (0,1), P((a,b]) = b — a.

Different from Example A.2, an element w € () represents now uniform stochastic
noise. Since a uniform distribution on the open interval (0, 1) is not a realistic
representation of the waiting time until the first REM, we define a random
variable to transform this uniform noise to a more reasonable distribution.
Neurological waiting times are frequently assumed to follow an exponential
distribution with a rate parameter of 1. We construct a random variable

X :(0,1) — R™ that deterministically transforms the uniform noise w € (0, 1)
into this distribution X (w) = — log (1 — w) € R™. As derived in Example A.7,
one can then show that the induced image measure Py is a standard exponential
distribution.>

A.4 Characterizing the Distribution of a Random Variable

Having established the random variable X and its probability measure Py, we
next define different ways to characterize the unique stochastic behavior of X. The
most fundamental characterization of Py is via distribution functions.

Definition A.3 (Cumulative Distribution Function) For random variable X
with induced probability measure Px, the Cumulative Distribution Function (CDF),
denoted by F'x, is the functionF'x : R — [0, 1]defined as the distribution function of
Px:
Fx(z) = Px((—o0,z]) = P{w € 2: X(w) < z})
for anyx € Rwith the following properties:

1.
Nondecreasing: For anyz1,xs € Rwithz, < x3, Fx(x1) < Fx(z2).



2. Right-continuous: For anyz € R, lim,, Fx(y) = Fx(x).

3.
Boundary Limits:lim,_,_~, Fx(z) = Oandlim,_,., Fx(z) = 1.

Example A.5 Continuing Example A.4, we study the random variable X
representing the waiting time until a patient enters their first REM (rapid eye
movement) sleep cycle. Since the waiting time is assumed to follow a standard
exponential distribution, the induced probability measure Py is

Fx(z) =1— exp (—z).
>

Since F'x(x) is a nondecreasing function, we can define it as a Lebesgue-Stieltjes
integral

Fx(z) = f d Fx(u), (A.6)
(7OO,$]
which evaluates as either a discrete summation over mass points, a standard
Riemann-Lebesgue integral over a density function, or a linear combination of
both, depending on whether X is a discrete, continuous, or mixed random
variable:

1.
For discrete random variables X with support £, the integral in (A.6) denotes

a summation
j;_oo’m] d Fx(u) = Zke%:kgm Px(k),

where the probability mass function Px (PMF) is covered in Definition
A.4. The PMF evaluates the probability that X is a specific outcome
fx(z) = Px(z).

2. For absolutely continuous random variables, (A.6) becomes a standard

integral
l]:_ d FX f fX d u,

where fx(x) denotes the probability density function, defined as

fx(z) = & Fx()
at all points x where the cumulative distribution function Fx(z) is
differentiable. The function fx is called the probability density function (PDF)
and covered in Definition A.5. The PDF defines Px(B) implicitly: For any set

| o Y R S 2 N - D



b, we Integrate jx(&) over r < b.

For mixed random variables X, the integral decomposes into a linear
combination of a summation over the discrete mass points and an integration
over the continuous support via the Lebesgue-Stieltjes integral.

Definition A.4 (Probability Mass Function) For a discrete random variable X
with support %, the functionfx : & — [0, co)is called the probability mass
function (PMF) of X if, for anyx € %, the probability Px(x)is given by

Px(z) = fx().

Example A.6 Let X be a discrete random variable representing the outcome of
rolling a fair six-sided die. The target space of possible outcomes is the finite,
discrete set Z" = {1, 2, 3,4, 5, 6}. Because X only takes values within this discrete
set, its stochastic behavior is characterized by a probability mass function (PMF),
fx(x), which assigns an exact probability mass to each specific outcome.
Assuming the die is perfectly fair, this mass is distributed equally:

1
= forx € {1,2,3,4,5,6
fx(z) = { 6 .{ J

0 otherwise
To compute the probability of any event, such as rolling an even number (defined

by the subset B = {2,4, 6}), we sum the discrete probability masses evaluated at
those specific points

>

Definition A.5 (Probability Density Function) For an absolutely continuous
random variable X with supportZ’, the functionfx : Z — [0, 00)is called the
probability density function (PDF) or just denSIty function of X if, for any set

B € B(X), the probability measure Px (B)is given by

5= [, i@ d

Example A.7 Continuing Example A.5, X is a continuous random variable
representing the waiting time (in hours) until a sleeping patient enters their first



REM cycle. We model this neurological waiting time using a standard exponential
distribution with rate parameter A = 1. First, we repeat the setup of Example A.4:

1.
Sample Space: Q = (0, 1).

2.
o-algebra: # = %((0,1)).
3.
Probability Measure: For any sub-interval (a, b] C (0,1), P((a,b]) =b — a.

The probability density function for a uniform random variable between 0 and 1
is known to be f(w) = 1 for any w € (0, 1). We can then derive the density of

X = — log (1 — w) = G(w), where w has a uniform density, by transforming the
density
fx(e) = (G (2))| 47 G ()|
Calculating
—log(1-—w)=Gw) =2 = G }z)=1-exp (—z),
and

156 M (2) = £5(1— exp (—2)) =exp (—2),
we can characterize the stochastic behavior of X with the following probability
density function (PDF), fx(z):

Frlz) = exp (—z) forz >0
=0 forz <0

To compute the actual probability that the patient enters their first REM cycle
between hour 1 and hour 2 of observation, we have to integrate the density
function over the set B = (1, 2]:

P(1<X<2) :f fx(z dsc—f exp (—z) d z = [— exp (—2)]]

— —exp (—2) — (— exp (—1)) ~ 0.368—0.135 = 0.233.
>

A.5 Expected Values

The most common way to summarize a random variable is by its typical or
expected values. We call this value the expected value of a random variable, which
is the average value we would get if we drew the random variable an infinite
number of times.



Definition A.6 (Expected Value) LetX : Q0 — Rbe a real random variable, then

E(X) := f z d Px(z)

is the expected value of X.

Example A.8 Recall the continuous random variable X representing the waiting
time (in hours) until a patient enters their first REM sleep cycle. We employed an
exponential distribution with rate parameter A = 1 in this setting. To obtain the
expected value, we evaluate the integral over the target space R using the induced
image measure Px. The differential d Px(x) is replaced by fx(z)d z, where
fx(x) =exp (—z) forx > 0:

E(X):fRa:dPX(a:):j; fo(m)dm:L z exp (—z) d z.
With substitution w = z andd v =exp (—z)d z,d u = d zand v = — exp (—z)
hold

E(X) =[-zexp(—z)|g — j; —exp (—z)d =z

= (0—0) + j:) exp (—z)d z
~ [~ exp (~a)) =0~ (-1) = 1
Thus, the expected waiting time until the first REM cycle is precisely 1 hour. >

In particular, it holds for a measurable function t and distribution Py of random
variable Y that

ft(:z:) d Px(z) = E(t(X)). (A.7)
With t(z) = (z — E(X))?, we define the variance of the random variable X, which
describes the volatility of the random variable.

Definition A.7 (Variance) For random variable X with f X? dP < oo, the
variance of X, denoted byV ar(X)ora%, is given by

Var(X) := E((X - E(X))2) - fR (z — E(X))? dPx(z).

A.6 Stochastic Convergence

For completeness, we define here different ways in which a series of random
variables can converge.



Definition A.8 (Convergence in Probability) The sequence of random
variables(X ), .nconverges in probability toX : Q — R, if

P(|X, —X|>¢€¢) > 0asn — oo forall e > 0.
We write x F. x and also speak of stochastic convergence.

Definition A.9 (Convergence in Distribution) The sequence of random
variables(X ), .ywith distribution functionsF;, i = 1,2, ..., nconverges in
distribution to X : 2 — Rwith distribution functionF’, if

for allzwhereF'is continuous. We write X, Doy,

A.7 Probabilistic Inequalities

In many settings encountered throughout this book, we need to bound
probabilities or expectations. This section provides the analytic tools required to
bound these objects:

1.
When proving the Cramér-Rao Bound from Theorem 4.3, we bound the

covariance between an unbiased estimator and the score function via the
Cauchy-Schwarz inequality (Proposition A.1);

To find an upper bound on the split likelihood ratio statistics, proving the
validity of universal inference in Sect. 5.8, we make use of the Markov
inequality (Proposition A.2);

To show that MSE consistency of an estimator implies weak consistency, we
bound the probability of the estimator deviating from the true parameter in
Sect. 3.3.1 via the Chebyshev inequality (Proposition A.3).

Next, we state these fundamental results.

Proposition A.1 (Cauchy-Schwarz Inequality) Let UandV be two random
variables with finite variances (see DefinitionA.7), then

[E(UV)| < VEU?) VE(V?).
As a direct consequence, for any random variables X and Y with finite variances,
we obtain

Cov(X,Y)? < Var(X) Var(Y). (A.8)

Proposition A.2 (Markov Inequality) For a nonnegative random variable Y,
we have



P(Y >a) < 21

Proof Note that E(Y) > 0.Then

o0

E(Y) :fyf(y)dy
0
= fyf(y)dy+ fyf(y)dy
0 a
> fyf(y)dy

zaff(y)dyzaP(YZa)-
O

Proposition A.3 (Chebyshev Inequality) LetY be a random variable with
finite meanE(Y') = pand finite varianceVar(Y) = 0% < oo. Then, for anye > 0,

P(Y —pul >¢) < .

Proof Chebyshev’s inequality follows directly from Markov’s inequality applied
to the nonnegative random variable (Y — p)°. O



Appendix B

Parametric Distribution Families

We now make the abstract definitions from Appendix A more concrete.
First, we state the distributions most frequently employed for discrete,
countable, and uncountable outcomes. Second, introduce the exponential
family as a class of distributions for random variables that covers many
realistic settings. Third, we state regularity assumptions that hold for
those distributions.

B.1 Frequently Used Distributions

Some distributions appear so often in statistics that familiarity with their
parameters and features can be greatly beneficial. The distributions
themselves depend on one or more parameters, denoted with Greek
letters. We follow the convention of listing the distribution’s parameters
after the semicolon (Fig. B.1).
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Fig. B.1 Common distributions used throughout the book. The panels show the binomial, Poisson,
normal, and exponential distributions for different parameter values

Definition B.1 (Binomial Distribution B(n, 7))

Application: Two outcomes—success or failure with a chance of success of
7 € [0, 1]. We count the number of successes in n independent trials.

Probability function:P(Y = k; ) = (7 )n"(1 — )" fork=0,...,n
Expectation:E(Y) = nm
Variance:Var(Y) = nm(1 — )

Definition B.2 (Poisson Distribution Po()\))

e Application: Count of events in a certain period of time with events
occurring at an average rate of\ > 0.

e Probability function:P(Y = k; ) = 2—? exp (—A)fork =0,1,2,...



e Expectation:E(Y) = A
o Variance:Var(Y) = A

Definition B.3 (Normal Distribution N(u, 0?))

Application: Metric symmetrically distributed random variables with
meany € Rand variancea? > 0.

\/21_7“7 exp <_—(y2_a ) ) fory € R

Density function: f(y; u, o) =

Expectation:E(Y) =
Variance:Var(Y) = o

Definition B.4 (Exponential Distribution Exp(\))

Application: Time between two events following a Poisson process, where
the waiting time for the next event is on averagel / A\, A > 0.

Density function: f(y; ) = A exp (—Ay)fory > 0

) 1
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Fig. B.2 Distributions that occur frequently in statistical inference. The panels show the ¢t-
distribution and the chi-squared distribution for different degrees of freedom

Definition B.5 (t-Distribution ¢,,)



e Application: Metric symmetrically distributed random variable with a
considerable probability of extreme outcomes (“heavy tails”). Also used
for statistical tests of the mean of normally distributed variables when the
variance is unknown and estimated from the data and the degrees of
freedom(n)are small.

e Density function:

n+1
fln) = i (14 £)
wherel'(-)is the gamma function andn = 1,2, . . .is the degree of
freedom (which in principle can take any positive value, but we only work
with positive discrete values here)
e Expectation:E(Y) = Oforn > 2
e Variance:Var(Y) = —"5forn > 3
e Properties:

— The t-distribution resembles the normal distribution but has heavier
tails, that is, more probability mass for extreme values. We show
different t-distributions and their limit, the normal distribution, in
Fig.B.2

- We can combine the normal distribution and the Chi-squared
distribution to derive the t-distribution: LetZ., ..., Z,ben
independentlyN (0, 1)distributed random variables. Then the ratio

al ~ tn-1)

» / 1) (B.1)

follows a t-distribution withn—1degrees of freedom.
- Property (B.1) can be used to prove (3.20).

Proof Subsequently, we provide the distribution of the t-distribution
T= s, /\/_ ~ t(n-1), (B.2)
with §2 = Z?_l (Y; — 1_’) / (n—1). We aim to show that this follows a

t-distribution with n—1 degrees of freedom. The idea of the proofis to




show that the ratio (B.2) can be rewritten as the ratio (B.1). To do so, we
define the following constructive variables:

1 _
Ly =—= Y1+ +...+Y,)=YVn
l \/E( 1 2 n) f
1
Zy = —= (Y] — 1)
V2
1
/3= (Y + Y — 2Y3)
V3V2
1
Zy = — (Y1 +Y>+ Y3 — 3Yy)
NZNE]
Z G Yi+Y2+...+7Y (n—1Y,)
= — 1 — (n — :
i \/E \/ﬁ | 2 n—I1 _ n
All Z; withi = 1,...,n are normally distributed as they are sums of
(independent) normally distributed random variables. Their moments are
E(Z)) = Vnp
E(Z))y=...=E(Z,) =0.

with the following pairwise covariances
1

VN2

] _ _
= Cov(Y,Y) —Cov(Y,Y>)t =0
V2 {

Cov(Z,,Z>) =0

Cov(Z,.7Z>) = Cov(Y, Y, — Y»)

Cov(Zy, Z,) = 0.
Forn > 1 > 7 > 1, we obtain



C.[)\»’(Y|—I—...+Y_;,Y]—l—...—(j‘—[)yj')

Cov(Z;. Z; )_Cm( +...— (G = 1Y,

\/'m
1 1
:f\/i(f—l)fm—_n

1 1 1 1
\/_\/(r—l \/_\/;—l

(le (Y1) + ...+ Var(Y;_1) — (j — 1) Var( Y,f)) =
0

Thus, Cov(Z;, Z;) = 0 holds for ¢ # j. It remains to derive the univariate
variances

Var(Z,) = o

| |
Var(Z;) = Var Y .= —=DY;
) =Vl e+ = G- 1))
|

| : 2
=Tac l)(Var(Yl) + ...+ — D7 Var(Yy))

_l 1 . C 12\ 2
w*l)((i D+ (i —1)%)o

:(72.

We can conclude that with (B.1) we obtain
Z—+/np t
™~ t(n-1)

JZ 2 / ) (B.3)

It remains to show that (B.2) can be expressed as (B.3), which we will
show by induction. For n = 2, we have

— Y1+Y2
T — qu,uo2 . —Ho _ Z1*\/§M Nt(l)
IR (e ) 2 VB

Hence, for n = 2, we have shown the equivalence between the t-statistic
(B.2) and its reformulation (B.3). We can conclude the proof now by

induction. To do so, we define Y Z Y; / n and accordingly with
2
S(Qn) = ZZ (Y — Yin) / (n—1) and Ty, with obvious definition for



the latter. Let us therefore assume that the relation between T
and (B.3) holds up to n, that is,

~ t(n-1)

2
Iy

T = Yot _ _ Zi—np
n
(n)/ n
This implies in particular the equality
Zi+...+Z=) (Yi-YV)P=m—-1)S
1=

(n)

Forn + 1, we get

1]
Zh o A Z24 22, =3 (Vi —Yw) +
=1

n+1ln

*(Yl +Yn

in (B.2)

(B.4)

2
- ”Yn—H)

5 | 5
= Y? —nY + — nY,, —nY,
Z : (n) n+ln( +1)

292 no < 2
= Z Y ”) m(y(n) - Y.'H-l)
. —2 n - _
=Y Y?—nY — (Y, —2Y Y, Y
Z’ " <”>+n+1(<m mYar1 + Y5 )
n+1
:Z Y2 — n Y”)—I—2nY(”}YH+1 +Y1+1)
n+1

2
:ZY —(n+1 n+l

where the latter follows since



v 2 _ 1
Y(n—H) - (n——l—l

= 1 (’n2 ?(721) + 2n}7(n)YTH-1 + Yn2+1) .

Consequently

. 1f(n-Q—l)_/'l’ . Al
T(n+1)  Spen/vVr [an
/ (n)

> 73
=2

which proves that the t-statistics (B.2) can be written as (B.1) and hence
follows a t-distribution with n—1 degrees of freedom. O

Definition B.6 (Chi-squared Distribution .22 (n))

e Application: Squared quantities like sample variances, sum of n
independent squared normal distributed random variables.

e Density function: f(y;n) = y? ! exp (—%)/2%I‘(%)Where
n=123,...

e Expectation:E(Y) =n

o Variance:Var(Y) = 2n

e Properties:

- LetZy,. .., Zybe nindependentlyN (0, 1)distributed random

variables. Then
n

X2 .= VA

i=1"¢
follows a Chi-squared distribution with n degrees of freedom.
- Assume that Y is vector-valued normally distributed, that is,
Y ~ N(u, X)wherep € RPis the vector of mean values and¥ € RP*P

is the positive definite variance matrix. Then
Y —p)' 2 (Y —p)~ Z, (B.5)



with p as dimension of Y.

B.2 The Exponential Family

Several of the above distributions admit a mathematical generalization,
which in turn enables the development of theories and models that apply
to the entire model class. One such class of distributions, central to
statistics, is the exponential family. This class covers many of the most
common distributions in statistics, including the normal, Poisson, and
binomial distributions. Although these distributions are very different,
they share structural properties.

Definition B.7 A class of distributions for a random variable Y is called
anexponential family, if the density (or probability function) can be
factorized in the following form

Fr(:9) =exp (t(y) "6 — x(8)) h(y), (8.6)
whereh(y) > Oandt(y) = (t1(y), ..., t,(y)) " are a vector of known
functions andf = (6, .. ., 0p)Tis a parameter vector.

The density (or probability function) given in (B.6) is very general and
thus appears complicated, but we will see in subsequent examples that
the different terms simplify substantially in most cases. Consider the
quantities in (B.6) in a little more depth. First of all, the function ¢(y) is a
function of the random variable and will later be called a statistic. The
term @ is the parameter of the distribution, also called the natural
parameter, and the quantity () serves as a normalization constant, such
that the density integrates out to 1. Hence, k() is defined by the
following:

1 zfexp (t(y) 0)A(y)d y exp (—&(9))

& K(0) =log f exp (t(y) ' O)h(y)d y.

As a consequence, by differentiating x(6) with respect to 6, we get

or(0) _ [t() exp(ty) ORIy _ f . _ .
% Jexp(t(y) TO)h(y)d y t(y) fr(y;0)dy E(t(Y) )




Finally, the quantity h(y) depends on the random variable, not on the
parameter, and we will see later that this quantity will not be of particular
interest.

We will now demonstrate how some of the distributions introduced
above can be written in the form of an exponential family. We thereby
start with the normal distribution, which can be rewritten as

1 [ (y— p)?

V2mo? 2 o
I y2 —2ypu+p? 1 log(0) I
—exp| ——= — —log(o —_—
P\ 72 " > 08 NG

2 1/(0%)) 1 Low | !
—e _-2,~) J)—=(—log— + = .
o ( i '}_,(M/(Uz) 2( S 52 +02) V2m
ey

1
where 6 = —- and 03 = % such that
o

5(0) = 3 (~1og (01) + 32 ) = — % (log (1) — 3¢ ).
Note that

ok(0) 1(1 A ) 2\ _ Y2y _
96, _7(9_1 T 0_§) =zl +u7) = E<_T> - E(tl(Y))
9K (0 9
Hence, we see that the normal distribution is an exponential family
distribution.

The same holds for the Binomial distribution, because



f(_‘,l’) = P(Y = y) — (i:)ﬂ-\(l _ JT)I?—_V

7 \’ e
| —m y
T 1 n
=exp| v log —n log :
—— | —m | —m y

t(v) 7 ‘ ¥ S~
&) K(6) h(y)

where 6 =log ( ) is also known as log-odds ratio and () results

| i
k(0) = n log (1+ exp (6)).
As T =exp (6) / (1+ exp (0)), one gets

ok(0) exp(f) . .
2O = 220 — = B(Y) = B(t(v)).

Among many other distributions, the Poisson distribution is also part of

the exponential family, the proof of which we leave as an exercise for the
reader.

B.3 Fisher Regularity

We will work with distributions that have special properties that allow
optimization through differentiation. Such distributions are defined as
Fisher-regular below, where the eponym refers to Sir Ronald Aylmer
Fisher, one of the most famous and productive statisticians in the
twentieth century (see Box, 1978).

Definition B.8 A distribution f(y; 6)isFisher-regularif the following
properties hold the following:

1.
The support of Y is not dependent upond, i.e., the set{y : f(y;0) > 0}

does not depend on.

2. The possible parameter space®is open; i.e., iffis univariate, it has the
form® = (a, b)witha < b.



The probability function f(y; 6)can be differentiated twice with respect
tod.

Integration with respect to some suitable measure and differentiation
with respect to the parameterfare exchangeable.

The latter property means that, for instance, for continuous random
variables, we have the equality

f Lfy;0)dy= % ff(y; 0)d y.
We emphasize that Fisher-regularity is not a strong assumption and is

met by most common distributions. Still, it can be violated, and the
standard counterexample is the uniform distribution on [0, 6], i.e.,

1
= for y € 0,0
f(y;0) = { ’ 0.8

0 otherwise.
Here, the support of the distribution depends explicitly on the parameter,
and hence, property 1 above is violated.
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flight |Flight number
temp Temperature in °F
td Thermal overstress (1 = Yes/0 = No)




Year

1980

1981

1982

1983

1984

1985

1986

1987

1988

1989

1990

Max inter-
arrival time

11

12

10

22

16

19

14

12

16




Today |Tomorrow S C R

S 0.50 |0.25 |0.25

C 0.20 |0.40 |0.40

R 0.20 |0.50 |0.30




Table 11.2 Munich rental guide survey, tabulated with respect to new contract and district

New District

Contract | Allach | Altstadt | Au-Haidhausen | Aubing | Berg am Laim | Bogenhausen |- - -

No 17 38 131 18 50 111

Yes 12 20 75 36 33 73




Estimate | Std. error | p-Value

B (intercept) |~ 7.05 32.97 0.83
El (height) 0.42 0.19 0.04
B, (age) ~0.06 [045 0.89

B, (gender) |13.69 4.06 <0.01




Variable | Description

Gamble |Money spent on gambling in pounds per year

Status |Socioeconomic status (based on the job of the parents)

Income |Income (in pounds per week)

Verbal |Testscore based on the number of properly defined words (max. 12)

Sex Sex (0 = male, 1 = female)




Table 5.1 Mendel’s data

Outcome

number |Characteristics | Assumed Assumed Observed
proportions numbers numbers

1 Round/yellow [9/16 312.75 315

2 Wizened/yellow |3/16 104.25 101

3 Round/green 3/16 104.25 108

4 Wizened/green |1/16 34.75 32




Statistic Coefficient |Std. Error

Edges —4.20 (0.25)

Nodematch(Area) |+2.10 (0.30)

Transitive Ties +1.50 (0.20)




Table 12.1 Results for the UK Faculty network of the ERGM
models with (left column) and without (right column)
dependence-inducing terms

Coefficient Coefficient
Statistic (Standard error) | (Standard error)

Dependence Independence
Edges —4.70 —2.84

(.44) (.09)
Nodematch affiliation | 2.58 2.57

(.11) (.11)
Transitive ties 1.75

(.42)
AIC 2343.31 2378.43
BIC 2361.56 2390.60
Log likelihood —1168.66 —1187.22




Table 10.1 Parameter estimates for the two

time periods

Before 1985 After 1985

22.88(0.30) 24.68 (0.32)

1.57 (0.20) 1.78 (0.22)
v [—0.19(0.10) —0.37(0.09)




Table 6.2 Coefficients, standard errors, and p-values
for the regression model in Example 6.4

Estimate | Std. error | p-Value

B, (intercept) 0.642 0.173 <0.01

Bl (review_score) 0.473 0.034 <001

B, (price) 0.001  [0.002 0.69

B; (promotion) |0.166 0.037 <0.01




Table 5.3 Error matrix for multiple testing

Nonrejected hypotheses | Rejected hypotheses
i.e, “Ho;” i.e, “Hy”
True hypotheses Hy; U Vv M
False hypotheses,i.e, H1; |T S M,
m—r r m




Zs

K,
: : nik, ni.
no.
Zl ni2
- Nn2K,
1 n22
n21
2 ng,-
NK K,
n..
NK,2
K nK1 -
1
1.9
ni




Table 9.1 Examples for conjugate distributions

Parameter

F

&P

Binomial distribution

Beta distribution

Poisson distribution

Gamma distribution

Normal distribution

Normal distribution

>|=[>a

Exponential distribution

Gamma distribution




Table 8.1 Error matrices for two classifiers. Classifier
1 on the left and classifier 2 on the right, applied to the

same test data
Classifier 1 Classifier 2
true |decision true |decision
class |“cat” | “dog” class |“cat” |“dog”
cat |235 |57 292 |[cat |250 (42 292
dog (82 (626 |708 |dog |78 |[630 |708
317 |683 1000 328 |672 |1000




Table 11.1 Munich rental guide survey,
tabulated with respect to floor space and center

Floor Center

Space No Yes
<50 228 227
50-100 1455 803
>100 207 205




Table 6.1 Coefficients, standard errors, and p-
values for the regression model in Example 6.3

Estimate | Std. error | p-Value

B, (intercept) |~ 553  |1.67 <0.01

B1 (age) 0.06 0.02 <0.01

62 (gender) 1.45 0.85 0.09




Sales |[Score |[Price |Promotion
19 4.1 27€ No
6 3.8 43€ No
29 4.6 85€ Yes
21 4.0 60€ No




Table 5.2 Error matrix in significance tests

Decision
Truth “Ho” “Hy”
Ho Correct Type |
decision error
(o error)
H, Type I Correct
error decision

(B error)




Firm

Breaches
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