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Preface 

Some of the most significant products of applied mathematics are algorithms that 
enable faster and more accurate science and engineering simulations, or even the solu-
tion of problems that were previously impossible to model. These algorithms most 
often impact simulations through numerical software libraries. Numerous numerical 
software libraries have high-quality implementations of efficient algorithms which 
facilitate transfer of new algorithms into scientific applications, including those 
in laboratory and industry settings. Recently, use of these libraries within science 
and engineering applications has significantly increased, showing the value of these 
libraries more than ever before. Particularly visible is the context of the recent U.S. 
Department of Energy’s Exascale Computing Project (ECP) where the use of libraries 
has enabled applications to migrate their simulation codes to take advantage of the 
newest exascale systems as well as improve performance and capabilities on more 
traditional architectures. 

During the 2023 International Congress on Industrial and Applied Mathematics, a 
three-part minisymposium was held on the topic of, “Numerical Software Libraries 
Enabling Benefits to Scientific Applications.” These sessions focused on numer-
ical library activities undertaken to ensure value to applications and gave examples 
demonstrating the use of new algorithms as well as capability and speed improve-
ments within many application areas. The sessions underscored the significant impact 
of applied mathematics on science and engineering applications. 

This volume opens with a chapter describing the extreme-scale software devel-
opment kit (xSDK), a collection of mathematical libraries and a subset of a larger 
software ecosystem developed within the ECP. Many large-scale applications, such 
as multi-physics simulations, require the use of a variety of different independently 
developed libraries in combination. Ensuring seamless builds and reliable perfor-
mance of whole applications which utilize more than one of the xSDK libraries 
requires a healthy software ecosystem. Chapter one discusses the importance of such 
an ecosystem, including community-driven guidelines to facilitate sustainability and 
interoperability and the positive impact of such an ecosystem on applications, with 
focus on the xSDK.

v
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Often applications require the solution of linear systems that are ill-conditioned 
or indefinite. Solving such problems requires direct factorization-based solvers or 
preconditioners, which are available through the SuperLU_DIST and STRUMPACK 
software libraries. The implementation of such algorithms on the current generation 
of exascale computers with GPUs is very challenging. The second chapter of this 
volume describes how these challenges can be overcome, and results of the use of 
these two libraries within fusion applications are presented. 

The Ginkgo software library provides efficient sparse numerical linear algebra 
routines that can be used on a variety of different platforms. These routines allow 
applications that use such algorithms to transition to new architectures much faster 
than if such solvers were hand-coded specifically for the application. The third 
chapter describes the concepts, use, and results of Ginkgo within computational 
fluid dynamics, power grid, and electro-cardiophysiology simulations. 

Achieving efficient performance on large-scale computers with many proces-
sors requires scalable algorithms. Algebraic multigrid (AMG) methods are linear 
solvers which can display such excellent scalability. The fourth chapter in this volume 
describes the hypre software library, which provides a variety of different AMG-based 
preconditioners whose performance is demonstrated within several applications, 
including combustion, reservoir simulation, and computational fluid dynamics. 

The next chapter in this volume overviews the FFTB software framework for 
computation of distributed Fourier transforms. The software is demonstrated on 
problems from plane wave Density Functional Theory codes. 

The sixth chapter in this volume describes the use of Anderson accelerated (AA) 
fixed point methods to solve coupled transport-gyrokinetic turbulence simulations 
from fusion applications. The AA method is applied from the SUNDIALS numerical 
library, and several optional variants of AA are explored. These explorations show-
case the benefits of a numerical library in that algorithm choices are easily changed 
through parameter settings. Further, these settings were optimized through use of the 
GPTune machine learning-based package that optimizes algorithm choices based on 
a trained model. 

The next chapter describes the Intrepid2 software package, a part of the Trilinos 
software suite, that provides highly efficient finite element and finite volume methods 
implemented for performance on a variety of computing platforms, including CPU, 
GPU, and hybrid systems. Results showing effectiveness of the package on plasma 
physics applications are included. 

The eighth chapter discusses the preCICE library which provides methods for 
coupling individual physics components within multiphysics simulations. Results 
of a simulation of a human biceps muscle are presented. This simulation includes 
five coupled models and demonstrates effective data handling, the use of nonlinear 
solvers for consistency, and coupling schemes. 

It is often the case that specific application use cases drive library development 
which then can be leveraged for use in other independent application areas. The 
last chapter in this volume describes the development of specific capabilities in the
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Chombo framework to support the COGENT continuum gyrokinetic tokamak edge-
modeling effort and how these new capabilities were then able to support other 
unrelated efforts. 

Livermore, USA 
Livermore, USA 
Berkeley, USA 

Carol S. Woodward 
Ulrike Meier Yang 
Daniel F. Martin
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An Ecosystem of Numerical Libraries 
to Support and Accelerate Scientific 
Discoveries 
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Lois Curfman McInnes , Sarah Osborn , Viktor Reshniak , 
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Abstract The emergence of heterogeneous computers with increasingly complex 
architectures necessitates continuous adaptation of software to take advantage of 
increased performance potential. Thus, the use of multiple mathematical libraries 
designed by expert mathematicians and software developers is crucial for scientific 
application codes. These libraries are often interconnected, and so, as each library 
is ported to a new computer architecture, it is also important that these libraries 
continue to work together. Maintaining such interoperability requires a healthy well-
designed software ecosystem with engagement and coordination between library 
developers who share a common goal of improving software quality, usability, per-
formance portability, and sustainability. This chapter discusses the importance of 
an ecosystem of high-performance numerical math libraries, including community-
driven guidelines to facilitate long-term sustainability and interoperability, and the 
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2 H. Anzt et al.

positive impact of the ecosystem on applications; in particular, the focus is on the 
Extreme-Scale Scientific Software Development Kit (xSDK). 

Keywords xSDK (Extreme-scale scientific software development kit) ·
Numerical software libraries · Software interoperability · High-Performance 
Computing (HPC) · Scientific software ecosystem · Performance autotuning 

1 Introduction 

Application scientists want to create larger and more detailed simulations of physical 
phenomena. Achieving these goals required the development of exascale computers, 
i.e., systems capable of exceeding a quintillion, or .1018, floating point calculations 
per second. This has led to the rise of ever more complex computer architectures. 
The increase in computational power and the availability of more memory provided 
the opportunity for application scientists to solve larger more complex problems 
with higher fidelity. However, in order to take advantage of the full potential of 
these high-performance computers, a variety of challenges had to be overcome. 
Application codes and third-party libraries needed to be adapted to leverage the 
new computing capabilities, often requiring the introduction of new programming 
models. More complex science models required new and improved mathematical 
algorithms to enable the solution of harder problems. These challenges go beyond 
the ability of a single team of application developers, since they require expertise 
in a variety of different disciplines, including software development skills for new 
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computer architectures and deep understanding of mathematics in various areas, such 
as discretization of models on structured and unstructured grids, solution of linear 
and nonlinear systems, optimization, and so on. Dealing with these issues requires 
an ecosystem of libraries and tools that can support these application codes. 

While the word “ecosystem” usually evokes images of an environment comprised 
of living organisms, like plants and animals, here it is more generally defined as a 
group of independent but interrelated elements that comprise a unified whole.  One  
example of such an ecosystem that can support applications is E4S,1 the Extreme-
Scale Scientific Software stack [12, 21], which is comprised of packages from a large 
variety of different software categories, including programming models, runtime 
systems, development tools, numerical libraries, data and visualization software, and 
workflows. However, we focus here on a smaller ecosystem, which is also contained 
within E4S, the Extreme-Scale Scientific Software Development Kit, in short xSDK,2 

which consists of a variety of independently developed numerical libraries [6, 22, 24], 
including parallel, often GPU-enabled, software for solvers, meshes, discretizations, 
and more. It provides application developers a variety of the building blocks they 
need. 

An efficient ecosystem requires that all its elements work well together, i.e., it 
needs to enable an application to smoothly build when using components of the 
system in combination. Achieving this cohesion presents several challenges, partic-
ularly when the individual libraries are managed by independent teams. To facilitate 
the combined build and use of multiple packages in the kit, the xSDK community 
developed a set of guidelines, known as the xSDK community policies, which are 
periodically reevaluated and updated. All xSDK member packages have at least one 
interoperable connection with another xSDK member, leading to additional chal-
lenges, particularly when testing the entire xSDK. A cohesive build of these packages 
is enabled by the Spack3 package manager. 

The rest of this chapter is organized as follows. We discuss the history of the 
xSDK in Sect. 2, the xSDK community policies in Sect. 3, and delve deeper into 
interoperability in Sect. 4, including the introduction of a suite of example codes 
demonstrating interoperability. Section 5 discusses the release process and testing 
challenges of the xSDK. Before concluding in Sect. 8, we highlight some examples 
of the impact the xSDK has made on applications in Sect. 6 and the benefits of 
automatic performance tuning of xSDK libraries in Sect. 7.

1 E4S: https://e4s-project.github.io/. 
2 xSDK: https://xsdk.info/. 
3 Spack: https://spack.io/. 

https://e4s-project.github.io/
https://e4s-project.github.io/
https://e4s-project.github.io/
https://e4s-project.github.io/
https://e4s-project.github.io/
https://xsdk.info/
https://xsdk.info/
https://xsdk.info/
https://spack.io/
https://spack.io/
https://spack.io/
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2  Histor  y

While there have been several efforts to address challenges inherent in a numerical 
software ecosystem in the past (e.g., see [11] and references therein), the xSDK was 
the first to truly deliver on this promise. The xSDK effort began in 2014 as part of the 
Interoperable Design of Extreme-scale Application Software (IDEAS) project [17].4 

While the original IDEAS project (now dubbed IDEAS-Classic) focused on use 
case requirements for multiphysics and multiscale terrestrial ecosystem modeling, 
the compatibility, usability, quality, and process improvements made for important 
DOE libraries–including hypre,5 PETSc,6 SuperLU,7 and Trilinos8 –were broadly 
beneficial and laid the groundwork for the expansion of the xSDK. 

The first release of the xSDK in 2016 included only the four numerical libraries 
listed above and the two domain components Alquimia9 and PFLOTRAN.10 At the 
time of the release, this was a significant accomplishment, since previously it was not 
possible to link the four libraries into a single executable due to incompatibilities. 
The dependency graph for the IDEAS ecosystem of 2016 is shown in Fig. 1.  The  
xSDK libraries are shown in green. Another significant benefit from the early days 
of the xSDK was breaking down barriers between the development teams of different 
libraries by establishing compatible goals as well as a common vocabulary. A tangible 
outcome of establishing these goals was the creation of the initial xSDK Community 
Policies, which are discussed in Sect. 3. 

As a result of the early successes under the IDEAS project, the xSDK was funded 
as its own project as part of the Software Technologies focus area of the Exascale 
Computing Project (ECP) [8, 14] under the Math Libraries thrust, while the IDEAS-
ECP project was funded to help mitigate the challenges of software development in 
emerging exascale environments and thereby to enhance the productivity and sus-
tainability of the software ecosystem. The ECP brought together the developers of 
70 distinct software technologies to create a rich and sustainable scientific software 
ecosystem [18] that supported a diverse suite of applications in chemistry, materi-
als, energy, Earth and space science, data analytics, optimization, AI, and national 
security [1]. Projects targeted portable performance across multiple exascale com-
puter architectures. ECP’s aggressive goals required intensive software refactoring 
and development [3], involving more than 1,000 researchers across DOE labs and 
collaborating universities, as well as partnerships with DOE computing facilities, 
industry, and other US agencies.

4 https://ideas-productivity.org/activities/ideas-classic/. 
5 https://llnl.gov/casc/hypre. 
6 https://petsc.org. 
7 http://portal.nersc.gov/project/sparse/superlu/. 
8 https://trilinos.org/. 
9 https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia. 
10 https://pflotran.org. 

https://ideas-productivity.org/activities/ideas-classic/
https://ideas-productivity.org/activities/ideas-classic/
https://ideas-productivity.org/activities/ideas-classic/
https://ideas-productivity.org/activities/ideas-classic/
https://ideas-productivity.org/activities/ideas-classic/
https://ideas-productivity.org/activities/ideas-classic/
https://ideas-productivity.org/activities/ideas-classic/
https://llnl.gov/casc/hypre
https://llnl.gov/casc/hypre
https://llnl.gov/casc/hypre
https://llnl.gov/casc/hypre
https://llnl.gov/casc/hypre
https://petsc.org
https://petsc.org
https://petsc.org
http://portal.nersc.gov/project/sparse/superlu/
http://portal.nersc.gov/project/sparse/superlu/
http://portal.nersc.gov/project/sparse/superlu/
http://portal.nersc.gov/project/sparse/superlu/
http://portal.nersc.gov/project/sparse/superlu/
http://portal.nersc.gov/project/sparse/superlu/
http://portal.nersc.gov/project/sparse/superlu/
https://trilinos.org/
https://trilinos.org/
https://trilinos.org/
https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia
https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia
https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia
https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia
https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia
https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia
https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia
https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia
https://ideas-watersheds.github.io/software-ecosystem/codes/alquimia
https://pflotran.org
https://pflotran.org
https://pflotran.org


An Ecosystem of Numerical Libraries to Support … 5

Fig. 1 Application packages 
(black, blue, and orange) and 
mathematical libraries 
(green) needed to generate 
multiscale, multiphysics 
integrated surface-subsurface 
hydrology models 

During the ECP, xSDK membership grew over the years. It currently includes 
26 math libraries: AMReX,11 ArborX,12 , ButterFlyPACK,13 DataTransferKit,14 

deal.ii,15 ExaGO,16 Ginkgo,17 heFFTe,18 HiOp,19 hypre, libEnsemble20 MAGMA,21 

MFEM,22 Omega_h,23 PETSc/TAO, PHIST,24 PLASMA,25 preCICE,26 PUMI,27 

SLATE,28 SLEPc,29 STRUMPACK,30 SUNDIALS,31 SuperLU, TASMANIAN,32 

and Trilinos, and 2 application packages: PFLOTRAN, and Alquimia.

11 https://amrex-codes.github.io/amrex/. 
12 https://github.com/arborx/arborx. 
13 https://github.com/liuyangzhuan/ButterflyPACK. 
14 https://github.com/ORNL-CEES/DataTransferKit. 
15 http://www.dealii.org/. 
16 https://github.com/ORNL/ExaGO. 
17 https://github.com/ginkgo-project/ginkgo. 
18 https://bitbucket.org/icl/heffte. 
19 https://github.com/LLNL/hiop. 
20 https://github.com/Libensemble/libensemble. 
21 http://icl.utk.edu/magma/. 
22 https://mfem.org/. 
23 https://github.com/sandialabs/omega_h. 
24 https://bitbucket.org/essex/phist. 
25 http://icl.utk.edu/plasma/. 
26 https://www.precice.org/. 
27 https://github.com/SCOREC/core. 
28 https://bitbucket.org/icl/slate. 
29 http://slepc.upv.es/. 
30 http://portal.nersc.gov/project/sparse/strumpack/. 
31 https://computing.llnl.gov/projects/sundials. 
32 https://ornl.github.io/TASMANIAN. 
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3 xSDK Community Policies 

The ecosystem of numerical libraries for scientific applications is a confluence of the 
developer community with the hardware platforms and software tools they target. 
To address a range of technical and social challenges that arise when building and 
sustaining a rich software ecosystem a shared set of policies and practices agreed 
to by all members was developed. This helps maintain community cohesion while 
keeping the common goals in clear view of the members. Akin to a founding docu-
ment, the policies first and foremost indicate that the community is in agreement on 
core principles which define expectations that must be fulfilled by all participating 
libraries. 

Drawing on decades of open-source library development experience in the U.S. 
Department of Energy, the xSDK community policies are intended to create a highly 
productive, sustainable, and interoperable software library ecosystem. The short form 
of the latest version of the community policies is presented in Fig. 2 and a detailed 
version is available on GitHub.33 The mandatory policies can be seen as quality 
assurance for participation in the xSDK ecosystem and is complemented by a set 
of recommended policies that have been identified to improve software productivity 
and sustainability but that cannot be fulfilled or do not apply to all software libraries. 
The policies are regularly reviewed and reevaluated as necessary to stay relevant with 
current software development and deployment best practices. Revisions or additions 
to the community policies can be suggested at anytime by opening a GitHub issue 
for discussion. Changes will then be voted on for inclusion by xSDK members. 

4 Interoperability 

For a software package to become an xSDK member it must comply with the manda-
tory community policies and have interoperability with at least one other xSDK 
member package. There are different levels of interoperability: 

• Packages are used side by side in an application. 
• Libraries exchange (or control) data with each other 
• A library calls another library to perform a unique computation. 

Today’s complex multiphysics scientific and engineering simulation codes require 
a broad array of efficient implementations of numerical algorithms. As a result, many 
of these codes combine multiple numerical methods from different libraries to help 
achieve their goals. Interoperability between these libraries, each targeting a partic-
ular need in the overall simulation code, has proven to be a significant challenge 
with problems falling in two main areas. First, packages must be able to be compiled 
together when generating a single executable. Issues often arise through namespace

33 https://github.com/xsdk-project/xsdk-community-policies. 
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Fig. 2 xSDK community policies version 1.0.0 

clashes, specific dependencies on software versions or compilers and their flags, or 
assumptions made at development time, like floating point precision. Many of the 
xSDK Community Policies were designed to address these challenges. The second 
challenge is in developing deeper interoperabilities between packages and largely 
stem from creating interfaces between packages to allow use of one package from 
another. Here decisions on how data is passed from one package to the other have 
significant bearing on the overall efficiency of the resulting capabilities, especially 
when the simulation code requires flexibility in the target computing platform archi-
tecture and programming model. Deeper interoperabilities, e.g., a common interface 
to several solver libraries, provide added functionalities for application codes and 
can accelerate application development. 

The xSDK Community Policies work in conjunction with the Spack package 
manager to address the challenge of compiling the packages together. For example,
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policy M9 ensures namespace clashes do not happen, while policy R8 helps pack-
ages more easily support multiple versions of dependencies. With Spack, a package 
describes their dependencies, variants (compile-time options), and conflicts between 
variants, with specific versions of dependencies, compilers, etc. When installing a 
package with Spack, a user will tell Spack the abstract specification (spec) that they 
want to build and install, and Spack then turns this abstract spec into a concrete spec 
with all conflicts (to the extent possible based on the package description) resolved. 
The xSDK itself is a Spack meta-package which includes the individual xSDK pack-
ages as dependencies. The dependencies of the xSDK are described with abstract 
specs that are known to work together but are not unnecessarily descriptive. A typical 
dependency spec in the meta-package includes the version or version range of the 
dependency to be used, the floating point precision(s), the ordinal/index size(s), and 
relevant variants (such as GPU support) which may be enabled or disabled. 

As noted above, to be a member package of the xSDK, there must be a deeper 
interoperability with at least one other member package. These interoperabilities have 
been greatly expanded in recent years to build greater flexibility and capability in the 
available numerical software stack. Figure 3 shows the current state of these deeper 
interoperabilities between the packages. A colored square in a row in this figure 
indicates that the package in the row name uses the package in the respective column 
name. In general, we see that discretization packages have fuller rows while solver 
packages have fuller columns. Colors indicate the maturity of the interoperability 
with magenta indicating that a deeper interoperability is in place, enabled in the 
xSDK Spack package, and regularly tested by the xSDK GitLab CI as discussed in 
Sect. 5. As the xSDK has matured, this matrix has become larger with more rows 
and columns and fuller with deeper interoperabilities in place. 

A suite of example codes, called xsdk-examples,34 demonstrate the use of various 
xSDK packages emphasizing the interoperability among packages to solve problems 
of interest. The examples provide both a training tool for users and a test suite as part of 
the testing of the xSDK that confirms correct xSDK builds. In its most recent release, 
xsdk-examples v0.4.0, the suite showcases 26 example codes, where 20 of the xSDK 
member packages are featured. Additionally, 10 examples are CUDA-enabled and 6 
examples are HIP-enabled to demonstrate GPU interoperability between packages. 

5 Release Process and Testing 

Once a year, xSDK members create a new xSDK release that includes synchronized 
versions of all member packages and is installable with Spack. The most recent 
release, v1.0.0 from November 2023, can be installed via spack install xsdk@1.0.0. 
If one wants to build xSDK for NVIDIA, AMD, or Intel GPU architectures, additional 
specifications are required, as shown in the examples below:

34 https://github.com/xsdk-project/xsdk-examples. 
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Fig. 3 Interoperability matrix for mathematical libraries in xSDK 1.0.0 (Nov. 2023). A filled in 
cell indicate that the row package can use capabilities from the column package e.g., AMReX can 
use linear solvers from hypre or PETSc or time integrators from SUNDIALS. Cell colors denote 
interoperability exists (yellow); interoperability exists and is enabled in the xSDK Spack package 
(blue); interoperability exists, is enabled in the Spack package, and is tested by the GitLab CI or in 
xsdk-examples (magenta); and interoperability is planned (green) 

spack install xsdk@1.0.0 +cuda cuda_arch=70 
spack install xsdk@1.0.0 +rocm amdgpu_target=gfx90a 
spack install xsdk@1.0.0 +sycl . ∼trilinos . ∼dealii %oneapi@2023.2.0 

As the xSDK member packages are independent projects with developers work-
ing towards the packages’ primary goals and requirements, the generation of a new 
release requires increased coordination between the individual packages. Participa-
tion within xSDK requires a public recent release of the package to be included in 
the new xSDK release. As part of this release process, installation and interoper-
ability are tested to make sure the xSDK, as a whole, is installable via Spack. This 
process includes portability testing across multiple compilers (e.g., GNU, Clang, 
and Intel), workstations (e.g., Intel, AMD, and ARM CPUs), GPU platforms (i.e., 
NVIDIA/CUDA, AMD/ROCm and Intel/SYCL), and leadership computing facility 
(LCF) machines at ALCF, OLCF, NERSC, and LLNL. Any problems that come up

ALCF
 6492 56378 a 6492 56378 a
 
https://www.alcf.anl.gov/
OLCF
 9862 56378 a 9862 56378 a
 
https://www.olcf.ornl.gov
NERSC
 13233 56378 a 13233 56378
a
 
https://www.nersc.gov
LLNL
 19203 56378 a 19203
56378 a
 
https://hpc.llnl.gov/


10 H. Anzt et al.

need to be solved collectively by the xSDK project members. Each issue might need 
to be addressed and resolved by a different set of developers, thus improving the 
xSDK package ecosystem as a whole. 

An early stage of xSDK release testing involves building development versions of 
packages against each other during their development cycles to identify regressions, 
API changes, or other updates that could potentially break interoperability between 
packages or the xSDK build as a whole. These jobs includes builds of different 
subsets of the xSDK that have dependencies between them. Detecting and fixing 
any problems that arise early in the release cycle can alleviate problems that would 
otherwise come up closer to the release date as packages coordinate on release 
versions. This testing is automated via GitLab CI which schedules and runs build 
tests daily. 

As the xSDK release approaches, testing turns towards the full xSDK build and sta-
bilization of individual package releases. This process is intertwined with the release 
process of individual packages with the goal of building the full xSDK collection 
to identify and address issues that need to be fixed before the release of individual 
member packages. This process includes changes to xSDK member package Spack 
recipes to enable building pre-release snapshots using the xSDK build process and 
is initially done with manual build testing on workstations. Once the builds can be 
automated, the tests are added to the GitLab CI. This automated testing captures 
new changes introduced in the member packages, the xSDK Spack meta package, 
or within Spack itself. This process is spread over several weeks with many xSDK 
member projects producing public releases at their convenient schedule, during this 
stage. 

As the xSDK collection of package builds improves on workstations, it is also 
manually tested on LCF machines to find and address issues specific to those environ-
ments. LCF machines have more complex compiler and build software infrastructure 
compared to workstations as well as scheduler requirements, allocation limits, and 
wait times to access compute nodes. These extra considerations add to the complexity 
of testing xSDK builds on LCF systems. Moreover, xSDK builds are resource inten-
sive. As some systems impose resource limits on the common use front-end nodes, 
xSDK builds are attempted on the corresponding compute nodes of such systems. 
Utilizing the compute nodes has the benefit of addressing potential differences in 
builds between compute and front end nodes. As member package developers might 
not have access to these resources, reproducing issues that come up during testing 
and addressing them further adds to the testing complexity. 

After successful builds on workstations and LCF machines, the new 
xSDK version is released and made available via Spack. Once the new version is 
available via Spack, additional testing of this release is scheduled via GitLab CI in 
order to test it against the daily changes that are added to Spack. Again any issues 
that come up are addressed and resolved.
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6 Impact on Applications 

A variety of application codes—including ECP teams working in chemistry, mate-
rials, energy, Earth and space science, data analytics, optimization, AI, and national 
security [1] as well as many others in the broader community—have been and are 
benefiting from the greater availability of cutting edge numerical mathematical meth-
ods hardened into robust implementations through the establishment of the xSDK; 
whether it is from easier, more user-friendly builds of the whole application code or 
the availability of additional mathematical features from new library interoperability. 

The first application to benefit from the xSDK was the one that sparked the whole 
endeavor, the Advanced Terrestrial Simulator or ATS35 [19, 23], pictured in Fig. 1. 
It used the mathematical libraries hypre, Trilinos, PETSc, and SuperLU, and the 
domain components PFLOTRAN and Alquimia. The geochemistry reaction engine 
in PFLOTRAN was accessed through Alquimia. Updating the involved packages to 
adhere to the xSDK community policies removed version incompatibilities, names-
pace collisions, and other inter-package conflicts. The efforts also led to improved 
interoperability between some of the libraries and to the development of needed 
new features. With these improvements to the ecosystem, the application team was 
able to test a conceptual model of the Copper Creek catchment in the East River 
watershed, Colorado, in a quantitative manner with integrated-hydrology and a fully 
coupled surface/subsurface reactive transport model, see top left image in Fig. 4.  In  
this model, they simulated the hydrology, solute transport, and chemical reactive pro-
cesses of 17 major chemical components in pyrite oxidation and calcite dissolution 
reactions along with more than 40 secondary s pecies.

Another project that was able to take advantage of the xSDK is the ECP ExaWind 
team. This projects examines the flow physics governing whole wind plant per-
formance, including wake formation, complex terrain impacts, and turbine-turbine 
interaction effects, see the top right image in Fig. 4. The ExaWind team utilizes 
xSDK libraries AMReX, hypre, and Trilinos. The interoperability of xSDK libraries 
of Trilinos and hypre enabled the team to discover that hypre was able to solve some 
of their problems more efficiently. 

The PeleLMeX36 code [9] for simulating low-mach reacting flows, see the bottom 
image in Fig. 4, also benefits from the xSDK ecosystem. PeleLMeX is built on top 
of the AMReX software framework for block-structured adaptive mesh refinement 
(AMR) applications and GPU portability. It utilizes AMReX’s interoperability with 
hypre to solve elliptic systems that arise in a projection method to update advection 
velocities and with SUNDIALS for evolving numerous chemical reaction systems in 
time. When implicit time integration methods in SUNDIALS are employed to handle 
stiff chemistry mechanisms, PeleLMeX also utilizes SUNDIALS’ interoperability 
with MAGMA and Ginkgo for solving linear systems. With the help from these

35 https://amanzi.github.io/. 
36 https://github.com/Pele-Suite/PeleLMeX. 
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Fig. 4 Top left: Integrated hydrology simulation of Copper Creek shows the ponded depth of water 
on the surface (visualized above the subsurface), and the water saturation in the subsurface (Credit: 
David Moulton and Zexuan Xu). Top right: Flowfield, isosurfaces of Q-criterion colored by votricity 
magnitude and a plane with vorticity-magnitude iso-contours, for the NREL 5-MW rotor with rigid 
blades operating in uniform inflow of 8 m/s (Credit: Shreyas Ananthan and Ganesh Vijayakumar). 
Bottom: Turbulent combustion of n-dodecane in a high-pressure piston chamber computed using 
PeleLMeX with an adaptive mesh hierarchy on Frontier (Credit: Nicholas Brunhart-Lupo and Marc 
Day) 

libraries in the xSDK, PeleLMeX has demonstrated good scaling on the Frontier 
exascale supercomputer while simulating combustion processes typical of modern 
combustion systems [5]. 

In addition, xSDK played a critical role in the CEED37 ECP co-design center, 
where hypre was vital in preconditioning matrix-free high-order finite element dis-
cretizations in NekRS and MFEM-based applications, including ExaSMR.38 In addi-
tion to MFEM, the CEED software and applications also utilized GPU dense linear

37 https://ceed.exascaleproject.org. 
38 https://www.exascaleproject.org/research-project/exasmr/. 
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algebra routines from MAGMA, meshing algorithms from PUMI, linear algebra 
from PETSc and additional solvers from Gingko and STRUMPACK. See [2, 13, 20] 
for more details. 

7 Automatic Performance (co-)tuning 

In the xSDK ecosystem, apart from installation, testing and interoperability, another 
critical element is performance optimization—such as runtime, memory usage, 
energy usage—on an actual HPC machine. The performance of each library is a 
complex function depending on the input problems and the underlying computer 
architectures, including the inter-node communication network. Each library usually 
exposes a set of parameters to the users that can influence the library’s performance. 
Most of the time the users simply apply default parameter settings which may be far 
from optimum. Worse yet, a bad choice of parameters may lead to non-convergence 
with solver libraries. When an application code uses multiple libraries, the dimen-
sion of the parameter space becomes intractably large for manually searches for the 
best configuration. We have been developing an autotuning tool to ease performance 
optimization tasks for users. Given the large number of libraries in the xSDK collec-
tion that provide diverse functionalities, the best strategy is to treat the performance 
optimization as “black-box” optimization. In particular, we employ the statistical 
Bayesian optimization framework to build performance surrogate models via Gaus-
sian Process (GP) regression. The surrogate models are based on the execution results 
of the program collected on the actual machines with an automatically-chosen subset 
of parameter configurations. The tool is called GPTune. It features multitask/transfer-
learning algorithms [15], multi-objective optimization, multi-fidelity tuning [25], 
clustered GP for non-smooth functions, hybrid models for mixture of real, integer 
and categorical variables [16], and a history database for crowd tuning. 

We have applied GPTune to optimize parameters for the math libraries in xSDK 
as well as real simulation codes. Figure 5 shows the tuning results of two codes. The 
left subfigure shows pareto optimization for SuperLU_DIST with four parameters 
and two objectives: time and memory, for a sparse matrix Si2 from the PARSEC 
quantum chemistry application [15], using eight Cori nodes at NERSC with 256 
MPI tasks. The default parameter setting is about 5.× slower and uses 14.× more 
memory compared to the tuned setting. The right subfigure shows the tuning of the 
multiphysics simulation code NIMROD to predict microscopic MHD instabilities 
of burning plasma in the ITER fusion reactor. The code uses SuperLU_DIST as a 
preconditioner for the GMRES iterative linear solver. We co-tuned five parameters, 
2 from NIMROD and 3 from SuperLU_DIST, and achieved an approximately 10% 
performance gain on 16 Cory nodes with 512 MPI tasks. The plot also shows that 
the multi-fidelity algorithm GPTuneBand is superior to the vanilla single-fidelity 
GPTune [25]. Another demonstration of GPTune can be seen in the paper on the 
application of Anderson acceleration for fusion applications in this volume [10].

GPTune
 17997
32628 a 17997 32628 a
 
https://gptune.lbl.gov/
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Fig. 5 GPTune tunning results: (left) two-objective tuning for SuperLU_DIST [15, Figure 7]; (right) 
two algorithms in GPTune used to tune NIMROD for ITER two-fluid flow simulation [25, Figure 6] 

8 Conclusion 

This article discusses the motivation for and many benefits of an ecosystem of high-
performance numerical mathematics libraries for scientific applications, as achieved 
through the xSDK. Development of the xSDK has been a critical step in getting 
new, highly performant, and robust implementations of mathematical methods into 
the hands of applications scientists to use in their simulations. These implementa-
tions are the products of decades of numerical methods research. However, as noted 
throughout this paper, there are significant challenges in ensuring these implementa-
tions work well together. The xSDK and the work discussed in this paper on policies, 
interoperabilities, testing, releases, deploying to applications, and performance tun-
ing are critical to ensuring new numerical methods are highly performant on today’s 
computing platforms, performing as an ecosystem of numerical libraries. With the 
conclusion of the DOE Exascale Computing Project in December 2023, work on the 
stewardship of numerical libraries and other ECP software technologies is transition-
ing to the newly established Consortium for the Advancement of Scientific Software 
(CASS) [7]. To address the continuing challenges of heterogeneous computer archi-
tectures at all scales of computing and the increasing complexities of application 
codes, we see a growing need for even broader collaboration on numerical software 
ecosystems [4] throughout the international community. 
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Application Impact of Exascale-Ready 
Direct Linear Solvers SuperLU_DIST 
and STRUMPACK 

Pieter Ghysels and Xiaoye S. Li 

Abstract Many high fidelity simulations and data analysis involve large-scale mul-
tiphysics and multiscale modeling problems that generate highly ill-conditioned 
and indefinite algebraic equations. Factorization based algorithms are indispens-
able building blocks in the solver stack for these numerically challenging problems. 
We will highlight how factorizations and low-rank approximate factorizations can 
be effectively used as direct solvers or as preconditioners for iterative solvers. This 
chapter discusses recent advances in SuperLU_DIST and STRUMPACK targeting 
exascale machines and exascale applications. 

Keywords Sparse direct solver · Sparse preconditioner · Low-rank structure ·
Supernodal sparse LU · Multifrontal sparse LU 

1 Introduction 

The US Exascale Computing Project (ECP) [13] funded two general-purpose math-
ematical libraries for factorization based sparse solvers and preconditioners. They 
encompass the two widely used algorithm variants: supernodal (SuperLU) and mul-
tifrontal (STRUMPACK). 

SuperLU is a library of a sparse direct solver using a DAG based supernodal 
approach. It can be used for any sparse linear system and is particularly efficient for 
non-symmetric sparsity. In addition to sparse LU and triangular solves, the library 
provides both normwise and componentwise error bounds, condition estimation, 
and an easy-to-use interface for repeated solutions with the same sparsity pattern 
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and/or similar numerical values. It is parallelized with MPI, OpenMP, and three 
types of GPUs: AMD, Intel, NVIDIA. This chapter only discusses SuperLU_DIST, 
the distributed memory version. 

STRUMPACK is a library of direct solvers and preconditioners for sparse and 
dense rank-structured linear systems. The dense solvers and sparse preconditioners 
rely on hierarchically low-rank matrix representations, achieving near linear com-
plexity; the classical dense direct solvers scale cubically. The sparse solver uses a tree 
based multifrontal approach. The dense frontal matrices can be compressed with the 
above hierarchical matrix techniques, resulting in strong preconditioners for iterative 
solvers to handle highly ill-conditioned linear systems. 

Both libraries are purely algebraic and broadly usable in many application 
domains. We address several exascale challenges, with the following focused areas: 
(1) Develop novel approximation algorithms that have lower arithmetic and com-
munication complexity with respect to the size of the input matrix; (2) Develop 
new parallelization strategies that reduce inter-process communication and expose 
task parallelism and vectorization for irregular computations involving sparse data 
structures to better use on-node resources; (3) Integrate our software into higher-
level algebraic solvers such as hypre, PETSc & Trilinos, and collaborate with the 
ECP teams for application-specific and hardware-specific tuning of the parameters 
to achieve optimal parallel efficiency. 

Our solver technology is essential for ECP, because many codes expected to 
run on the exascale machines need to solve sparse algebraic systems, and many 
high-fidelity simulations involve large-scale multiphysics and multiscale modeling 
problems that generate highly ill-conditioned and indefinite algebraic equations, for 
which pure iterative methods cannot converge to the solutions. The factorization-
based algorithms being developed herein represent an important class of methods 
that are indispensable building blocks for solving those numerically challenging 
problems. Our software can often be used as a reliable standalone solver, or as a 
preconditioner for Krylov methods, or as a coarse grid solver in multigrid methods. 

Key Challenges 
At exascale we need to address several major challenges, such as decreasing amount 
of memory per core, increasing impact of communication cost and load imbalance, 
and increasing architectural heterogeneity. Our new design of algorithms and codes 
must focus not only on floating point throughput, but more on reducing communi-
cation and synchronization and task scheduling. In sparse factorization methods, we 
expect new bottlenecks in parts of the code that previously received little attention. 
For example, the preprocessing step involves numerical pivoting for selecting sta-
ble pivots and symbolic factorization, which do not yet parallelize well on manycore 
architectures with fine-grained parallelism. At exascale, direct solvers are more likely 
to be used in a preconditioning strategy, for example, in block Jacobi preconditioning, 
in domain decomposition methods or as coarse-grid solvers in algebraic multigrid, 
which requires repeated triangular solves. The challenge here is to mitigate the low 
arithmetic intensity and high degree of data dependency.
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Compared to iterative methods, the primary bottleneck of direct solvers is the 
asymptotically higher growth in memory need and floating point operations, espe-
cially for problems from three-dimensional geometry. It is imperative to develop new 
factorization methods that require much less memory and data movement. 

Solution Strategy 
We address these challenges in several thrust areas. New techniques have been imple-
mented in both SuperLU_DIST and STRUMPACK. In both cases, we spent a great 
deal of effort developing various algorithm components for the GPU architectures, 
since more than 90% of the computing power of both DOE’s exascale machines, 
Frontier and Aurora, come from the GPUs. Our codes are portable to the three GPU 
environments: NVIDIA’s CUDA, AMD’s HIP/ROCm and Intel’s SYCL/DPC++. 

The improvements for SuperLU_DIST are mainly in three areas: (1) develop the 
communication-avoiding 3D factorization and triangular solve algorithms and codes 
that have provably lower communication complexity; (2) develop a synchronization-
avoiding triangular solve code to enable more overlap of communications of different 
processes at different substitution steps; (3) develop new multi-GPU codes for both 
symbolic preprocessing step and numerical factorization and solve steps. 

In addition to exploiting structural sparsity as SuperLU does, STRUMPACK also 
exploits data sparseness in the dense blocks of sparse factors using low-rank repre-
sentations, which leads to linear scaling.O (n) or.O (n log n) memory and arithmetic 
complexity for PDEs with smooth kernels. The developments for STRUMPACK are 
primarily in three areas: (1) development of an advanced preconditioner based on 
approximate multifrontal LU factorization, combining small dense fronts, medium 
sized Block Low-Rank (BLR) fronts (reducing the complexity pre-factor) and large 
fronts compressed using the Hierarchically Off-Diagonal Butterfly (HODBF) repre-
sentation (leading to nearly linear scaling for large high-frequency wave equations); 
(2) porting the BLR algorithms, including several variants like left and right-looking, 
low-rank update and accumulation, to GPUs, which are also included in the sparse 
preconditioner; and (3) develop sparse direct solvers and preconditioners that are 
fully resident on the GPU, including the preprocessing steps. 

The rest of the chapter is organized as follows. Section 2 summarizes the algorithm 
advances made in SuperLU_DIST. Section 3 summarizes the algorithm advances 
made in STRUMPACK. Section 4 highlights the impact of the solvers’ new fea-
tures on the performance improvement of several large-scale scientific and machine 
learning applications. Section 5 concludes this chapter with an outlook of future 
directions. 

2 Algorithm Advances in SuperLU_DIST 

In this section we summarize several major algorithm innovations since the inception 
of the ECP project.
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2.1 Communication-Avoiding 3D Parallelization Strategy 

On any large scale machines with thousands of nodes, the strong-scalability of many 
linear algebra algorithms is fundamentally limited by the cost of inter-node com-
munication. The problem is particularly acute in sparse matrix algorithms, whereby 
the arithmetic intensity is asymptotically lower than the dense counterparts. That is, 
the ratio of arithmetic operations to data access is much smaller. As an example in 
an earlier version of SuperLU_DIST, for a large fixed-size model problem derived 
from 5-point 2D finite difference discretization, the sparse LU speeds up by only 2. ×
when increasing the process count by 32.× (from 24 to 768 processes). 

The SuperLU team developed the first-of-its-kind sparse LU and sparse triangu-
lar solution algorithms with asymptotically lower communication than the previous 
state-of-the-art algorithms. The communication-avoiding ideas trade off extra mem-
ory for reduced communication, from well-studied cases in dense linear algebra to 
the difficult case of direct methods for sparse linear algebra, thereby significantly 
extending the regime of strong-scalability for such methods. The novelty lies in the 
new 3D process grid organization for mapping the elimination tree to the processes. 
Each 2D slice of the 3D grid is assigned a distinct subtree, and the third dimension 
accumulates the partial Schur complement updates in parallel from the 2D process 
slices. In theory, for a planar graph with. n vertices, the 3D sparse LU reduces commu-
nication volume asymptotically by a factor of .O √

log n and latency by a factor of 

.O (log n). The 3D sparse triangular solve reduces communication volume by.O n
1
4 . 

For non-planar cases, the 3D sparse LU can reduce the per-process communication 

volume by 3.× and latency by.O n
1
3 times. The 3D sparse triangular solve reduces 

communication volume by.O n
1
6 . In practice, the 3D sparse LU achieves speedups 

up to 27.× for planar graphs and up to 3.3.× for non-planar graphs over the baseline 
2D algorithms when run on 24,000 cores of a Cray XC30 [39]. The 3D sparse trian-
gular solve achieved up to 7.2.× speedup on 12,000 cores [40]. For the same model 
problem as in the previous paragraph, the 3D sparse LU achieves a 23.× speedup 
instead of just 2. ×. 

2.2 Synchronization Reduction in Sparse Triangular Solve 

The sparse triangular solve (SpTRSV) is an indispensable task in building sparse 
solvers and preconditioners, as well as in numerical simulations and machine learn-
ing. SpTRSV is notoriously hard to parallelize, since its arithmetic intensity is very 
low, of .O (1); it is all about communication cost. The new 3D algorithm framework 
in Sect. 2.1 reduced communication via some memory replication along the 3rd pro-
cess dimension. However, the scalability bottleneck remains in the 2D process slices 
while performing partial SpTRSV corresponding to independent subtrees. The com-
munication pattern can be succinctly modeled as a directed acyclic graph (DAG). For
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such irregular communication patterns, the commonly used send-receive two-sided 
MPI communication paradigm misses the opportunity of overlapping communica-
tions occurring on different DAG edges, due to excessive synchronizations among 
the MPI tasks. To speed up the communication along the DAG, the SuperLU team 
restructured the algorithms to enable the use of one-sided communication. One-sided 
communication paradigms enjoy higher effective network bandwidth and lower syn-
chronization costs compared to the two-sided method. We leverage the foMPI library, 
which is a fast, MPI-3.0 RDMA library interface on the Cray systems. When tested 
on 256 to 4096 MPI processes, the new one-sided code achieved between 1.5.× to 
2.5.× reduced communication time for a range of sparse matrices [12]. 

This restructuring of communication patterns paves the way for the multi-GPU 
SpTRSV using one-sided GPU communication layers such as NVSHMEM on 
NVIDIA or ROCSHMEM on AMD, see Sect. 2.3. 

2.3 Multi-GPU Sparse LU and Triangular Solve 

The SuperLU team was the first to attempt sparse LU factorization on the GPUs. In 
order to use multiple GPUs, our strategy is to let each MPI process offload certain 
amount of work to one GPU that is connected to the CPU of the MPI process. Our 
earlier work started with a simple scheme whereby only BLAS-3 GEMM (matrix 
multiplication) is offloaded to GPU [38] at each elimination step. Even though we 
developed a sophisticated algorithm to overlap the GPU GEMM operation with the 
data transfer via the PCIe bus between CPU and GPU, the speedup over the CPU-only 
code is limited to a factor of 2–3. ×. The team continued to add new GPU algorithms 
for the Schur complement update [37] and the supernodal factorization [40], which 
led to almost an order of magnitude speedup compared to the CPU-only factorization. 

Our earlier attempt to develop GPU-capable SpTRSV uses the aforementioned 
MPI driven GPU offload mode. Due to excessive communication in SpTRSV, the 
initial multi-GPU code hardly achieved any speedup using any numbers of GPUs. 
Taking the lessons learned in the one-sided MPI paradigm Sect. 2.2, we leveraged the 
advantage of GPU-initiated data transfers of NVSHMEM to implement and evaluate 
a multi-GPU SpTRSV algorithm. We created a novel producer-consumer paradigm 
to manage the computation and communication and implemented it using two CUDA 
streams. This multi-GPU SpTRSV implementation achieved a 3.7.× speedup when 
using twelve GPUs (two nodes) relative to a single GPU, and up to 6.1.× faster than 
NVIDIA’s cusparse_csrsv2() over the range of one to eighteen GPUs [11]. 

2.4 Mixed-Precision Algorithms 

In recent years, a new hardware trend, especially for accelerators like GPUs, is to 
employ low-precision special-function units tailoring to the demands of AI work-
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loads. The lower-precision floating point arithmetic can be done several times faster 
than their higher-precision counterparts. For direct linear solvers, a well-understood 
method is to use lower precision to perform factorization (expensive) and higher 
precision to perform iterative refinement (IR) to recover accuracy (cheap) [4, 9, 10]. 
For a typical sparse matrix resulting from the 3D finite difference discretization of a 
regular mesh, sparse LU needs .O n2 flops while each IR step needs only . O n4/3

flops (including SpTRSV and sparse matrix-vector multiplication). Therefore, as 
long as the number of IR steps is small, we should see faster overall time. 

In SuperLU_DIST, we provide two mixed-precision driver routines: 
psgssvx_d2 and pdgssvx_d2. In the first case, the user input/output are in 
IEEE single precision. In the second case, the input/output are in IEEE double pre-
cision. In both cases, the internal LU factorization is performed in single precision, 
while the IR is performed in double precision. In addition, the routines also return 
both backward error and forward error bound, both normwise and componentwise. 
On 8 nodes of the Summit machine at ORNL, using 6 CPUs and 6 GPUs per node, 
psgssvx_d2 achieved up to 1.65.× speedup over the pure double precision code 
[21]. 

2.5 Batched Sparse Direct Solver 

Over the course of interactions with applications team in the ECP project, the need 
for batched sparse linear algebra (LA) functions has emerged in order to make more 
efficient use of the GPUs for many small and sparse linear algebra problems. These 
systems arise from combustion modeling, bio-chemical modeling, fusion plasma 
modeling, and nuclear physics simulations, to name a few. The dimension of each 
matrix is of order 1000 s to 10000 s. The SuperLU team led the development of 
the batched sparse direct solver interface and the prototype implementation in the 
SuperLU_DIST code base. A salient feature of the new interface is to allow hetero-
geneous batch structure in that each linear system can have different size, sparsity 
pattern and numerical property. Our interface allows each system in the batch to 
have different preprocessing: equilibration, row and column reordering, depending 
on the numrical values and sparsity pattern of each individual system. Our initial 
results with a couple of combustion and fusion applications demonstrate that our 
new batched sparse direct solver can be order of magnitude faster than the batched 
banded solver or the batched dense solver [3]. 

3 Algorithm Advances in STRUMPACK 

STRUMPACK version 1.0.0 was released in May 2016 – not long before the inception 
on the ECP project – providing a multi-threaded and distributed memory sparse direct 
(multifrontal [14]) solver and preconditioner with hierarchically semi-separable
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matrix approximation. The multifrontal variant of sparse LU relies on a (binary) 
tree data-structure called the supernodal or multifrontal tree, where each node . τ of 
the tree stores a dense frontal matrix .Fτ = [F11F12; F21F22]. The lower/upper tri-
angular parts of the .Fτ contain the blocks making up the sparse triangular factors 
.L and . U . During numerical factorization, the tree is traversed from the leaves to 
the root, performing LU factorization of .F11 and computing the (temporary) Schur 
complement in.F22, which is then passed on to the next level in the tree using a sparse 
scatter operation. 

3.1 Multi-GPU Sparse Multifrontal Solver 

In STRUMPACK, the multifrontal tree is distributed over multiple MPI ranks. The 
root front is partitioned using a 2D block cyclic layout (as used by ScaLAPACK) on a 
2D process grid defined by the user-specified MPI communicator. This communicator 
is then split proportionally to the estimated amount of work (or memory usage) of 
the two subtrees. 

In the original CPU-only implementation the multifrontal tree is traversed recur-
sively using dynamically scheduled OpenMP tasks. Unfortunately, this does not 
map well to modern GPU architectures. Hence, the GPU implementation traverses 
the local tree level-by-level. Note that different fronts on the same level can be 
handled concurrently. We implemented this level-by-level traversal first using unop-
timized batched CUDA kernels [17] for the smallest fronts (.F11 ≤ 32 × 32) and 
using cuBLAS/cuSOLVER for the larger fronts. Later, we worked closely with the 
MAGMA [42] team on a more general variable sized batched dense LU factoriza-
tion [1]. This allows for very high performance on the GPU for the larger fronts 
while eliminating the kernel launch overhead by batching many small matrix opera-
tions. Like the rest of STRUMPACK, MAGMA supports CUDA (NVIDIA), ROCm 
(AMD) and SYCL (Intel). We also developed batched GPU kernels in CUDA, HIP 
and SYCL for the sparse scatter (extend-add) operation to pass the Schur comple-
ments from one level to the next. Since the pattern of the factors can be known before 
the numerical factorization starts, we allocate sufficient GPU memory with one sin-
gle allocation for the factors and one allocation for the temporary work memory. 
However, if the factors do not fit on the device they are copied back to host memory 
asynchronously and concurrently with the Schur updates. For the distributed fronts, 
we replace ScaLAPACK with the GPU-capable SLATE [15], also using a 2D block 
cyclic layout. However, when using SLATE on the GPU, we select a much larger 
block size to achieve better GPU performance. Overall we have observed up to 16. ×
speedup with the GPU code compared to the CPU only solver. 

3.2 Approximate Factorization Preconditioners 

While the numerical robustness and the black-box nature are the main benefits of 
sparse direct solvers, the drawbacks are the asymptotic scaling with problem size. For
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instance, for a 7 point stencil on a regular 3D.N = k3 mesh, the number of operations 
for the factorization scales as .O N 2 and the memory usage as .O N 3/2 . In order 
to reduce this complexity, while at the same time keeping as much as possible the 
benefits of sparse direct solvers, we apply rank-structured matrix compression to the 
fronts. The matrix representations used in STRUMPACK are special cases of the 
general hierarchical or .H-matrix format introduced by [20], as illustrated in Fig. 1. 

From the first release STRUMPACK provided support for the hierarchically semi-
separable format, which is based on a 1D recursive partitioning of the degrees of 
freedom. This leads to a format where all off-diagonal blocks are approximated as 
low rank, and the factors are further compressed using a nested decomposition over 
the multiple levels. The diagonal blocks correspond to self interactions and are stored 
as dense blocks. There exists theory [43] that motivates the use of this type of approx-
imation for frontal matrices arising from different PDE problems, leading to a sparse 
direct solver of near-linear complexity. For HSS construction STRUMPACK relies 
on randomized sketching [28], which does not require first explicitly forming the 
front. The HSS-based factorization uses the ULV decomposition [43], where .U and 
.V are orthogonal matrices and. L is a lower triangular matrix. STRUMPACK’s HSS 

Fig. 1 Various rank-structured matrix formats. STRUMPACK natively supports HSS (Hierarchi-
cally Semi-Separable) and BLR (Block Low Rank), with GPU support, as well as HODLR (Hier-
archically Off-Diagonal Low Rank). The TikZ package was used to draw these figures
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algorithms are described in detail in [35], the shared memory HSS-enabled sparse 
solver in [16]. In [18] this solver is compared to a number of other preconditioners. 
We developed a more robust adaptive rank determination scheme for randomized 
HSS construction in [19]. 

To overcome the main bottleneck of the HSS format – the potentially large off-
diagonal ranks especially for high-dimensional problems and discretization of high-
frequency PDEs – we added support in STRUMPACK for hierarchically off-diagonal 
butterfly (HODBF) [26]. HODBF is like HODLR (Fig. 1), but with low rank replaced 
with the more general butterfly decomposition [30], as implemented in Butterfly-
PACK [24]. The butterfly decomposition is a multilevel matrix decomposition algo-
rithm well-suited for representing highly oscillatory operators. The HODBF scheme 
proved very effective in compressing large fronts from highly oscillatory problems. 
However, due to the complexity, GPU acceleration is extremely challenging. 

We added support in STRUMPACK for yet another compression scheme, called 
block low rank (BLR) [8] (as also used in the MUMPS sparse solver [29]). BLR is 
easier to implement and off-load to the GPU, mainly because it is not a hierarchical 
format. Unlike HSS and HODLR/HODBF, BLR supports strong admissibility (not 
all off-diagonal blocks are compressed), which makes BLR a very practical format for 
a wide range of problems despite the theoretically worse complexity. STRUMPACK 
has support for several variants of BLR compression/factorization, including left and 
right-looking, and with compression before or after all Schur updates are applied, 
see [8]. We recently added multi-GPU BLR support to STRUMPACK [7]. For a 3D 
high-frequency visco-acoustic wave propagation problem on a .2503 mesh, on 32 
nodes of Perlmutter, the factorization on GPU (128 NVIDIA A100s) is 5.1.× faster 
than the CPU-only code (2048 cores), while the BLR-enabled sparse solver is 10.6. ×
faster than the CPU-only sparse direct solver with the sparse factors taking only 36% 
of the memory of the exact solver and GMRES converging in 6 iterations. 

Finally, in [8], multiple compression schemes are combined: HODBF compres-
sion for the largest fronts for it’s low complexity, BLR for medium sized fronts, and 
the smaller fronts are stored using a lossy compression scheme from the ZFP [23]  or  
SZ3 [22] libraries. The lossy compression does not reduce the operation count, but 
does reduce the peak memory usage. 

3.3 Rank-Structured Matrix API 

The rank-structured matrix formats used in the sparse preconditioners can also be 
used directly for a variety of applications leading to large scale dense matrix prob-
lems. STRUMPACK provides an API for these various formats (HSS, HODLR, 
HODBF, BLR, LR, lossy, lossless), for the construction, matrix-vector product, fac-
torization and other routines. For construction, there are multiple scenarios, depend-
ing on the use case. The user can either provide (1) a dense matrix, (2) a matrix 
vector product, (3) an element evaluation routine, (4) both (2) and (3), or (5) point
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coordinates and a kernel function. Note that not every format supports all types 
of construction algorithms or operations. STRUMPACK also provides several clus-
tering algorithms [33] to build the matrix hierarchy. See Sect. 4.4 for an example 
use case for kernel ridge regression, where we were able to reduce the algorithmic 
complexity from the traditional cubic scaling to linear scaling. 

4 Impact on Applications 

In this section, we discuss several large scale scientific and machine learning appli-
cations that benefited from our solver advancement. 

4.1 Stability Study of Plasma Fusion Reactors 

The study of fusion physics applications is important in discovering how to harness 
fusion, creating clean energy using nearly inexhaustible hydrogen as the fuel. In par-
ticular, the largest fusion reactor called ITER is being constructed in France based on 
the tokamak concept, burning plasmas at a very high temperature. In order to opti-
mize the operation and output of ITER, fusion scientists have created the multiphysis 
modeling codes M3D-C1 and NIMROD codes to investigate macroscopic dynam-
ics of magnetized plasmas in confinement. The instabilities may lead to topological 
changes in the magnetic field which may damage the reactor. Both codes solve the 
extended-magnetohydrodynamic (MHD) equations, which is a model that describes 
plasma as electrically conducting fluids of ions and electrons. 

Tokamaks are 3D torus-shaped vessels filled with plasmas, and the two modeling 
codes use finite element or spectral element discretization of the PDEs at the poloidal 
planes and along the toroidal direction, leading to large sparse linear systems of 
dimension tens to hundreds of millions. The global matrix has a block diagonal 
structure (poloidal planes), plus the off-diagonal entries connecting the planes in the 
toroidal direction. The only successful solver combination for both codes is to use 
SuperLU_DIST to factorize the diagonal blocks, which is used as a block diagonal 
preconditioner for the GMRES iterative solver for the entire linear system. 

In this usage scenario, the most time-consuming computation is in the parallel 
sparse triangular solve (SpTRSV) needed in each GMRES iteration – usually 50 to 
100 SpTRSVs are needed for one LU factorization. The SpTRSV time can be 40–50% 
of the entire simulation time. Our recent work to improve SpTRSV is particularly 
applicable to this application. For example, for a poloidal plane matrix of dimension 
about 200k, our one-sided communication algorithm discussed in Sect. 2.2 is over 
1.5.× faster using 256 to 1024 MPI processes (see matrix A30 in [12]). For another 
poloidal matrix of dimension 253k (see matix s1_mat_0_253872 in [25]), our com-
bined 3D communication-avoiding and GPU algorithm discussed in Sect. 2.1 and
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Sect. 2.3 is 6.5.× faster than the earlier code using 16 A100 GPUs on Pelmutter at 
NERSC. 

4.2 Radio-Frequency Power in Fusion Plasmas 

STRUMPACK is used in the Center for Integrated Simulation of Fusion Relevant RF 
Actuators (RF-SciDAC), a DOE funded SciDAC partnership project1 . The capability 
to reliably couple megawatts of radio-frequency (RF) power in the ion-cyclotron, 
lower-hybrid, and electron-cyclotron ranges of frequencies to magnetically confined 
fusion plasmas for the purposes of heating and current drive is essential for steady 
state operation of future fusion reactors. STRUMPACK is used within a state-of-
the-art field solver capable of simulating wave fields produced by RF actuators in a 
full 3D torus, while accurately retaining geometric details of the engineering CAD 
models. 

STRUMPACK is used for the efficient solution of the linear operator resulting 
from a finite element discretization of Maxwell’s equations modeling the plasma 
dielectric response. The field solvers Petra-M [41] and Stix [31] are based on the 
finite element library MFEM [2], which has a direct interface to STRUMPACK. 

Table 1 shows results from an indefinite Maxwell simulation on a model of the 
National Spherical Torus Experiment-Upgrade (NSTX-U), the primary fusion exper-
iment at PPPL, using Petra-M, on top of MFEM, using STRUMPACK to solve the 
resulting linear system. The largest problem, a 4th order Nédélec finite element dis-
cretization with a total of 46M DoFs, is solved using 1024 NVIDIA A100 GPUs on 
256 nodes of the Perlmutter system at NERSC. 

Table 1 NSTX-U 180. ◦C antenna phasing 
Problem 1 Problem 2 

FEM element order 3 4 

DoFs 21,469,920 46,371,976 

Nonzeros 1,347,479,136 5,223,641,048 

Perlmutter nodes 32 256 

A100 GPUs 128 1024 

ParMETIS time (s) 10.4 38.7 

Symbolic analysis (s) 8.5 2.6 

Factor time (s) 84.8 101.1 

Factor flop rate (TFlop/s) 93.8 433.8 

Factor memory (GB) 1034.8 3806.0 

Solve time (s) 22.3 40.7

1 https://www.rfscidac4.org/. 

https://www.rfscidac4.org/
https://www.rfscidac4.org/
https://www.rfscidac4.org/
https://www.rfscidac4.org/
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4.3 Singularly Perturbed PDEs 

We consider the PDE .−δ2 u + u = f ,  o  n . = (0, 1)3 with .u = g, where . g
and. f are given functions and . δ is a small and positive perturbation parameter. This 
is a three dimensional singularly perturbed reaction-diffusion PDE, which is found 
in fluid dynamics, computational chemistry, and biological applications [34]. This 
problem has proven [27] to be challenging for sparse direct solvers due to the occur-
rence of many subnormal numbers in the factors, for which floating point operations 
are expensive. Figure 2 (from [8]) shows the results for solving this singularly per-
turbed PDE with.δ = 10−4 on a regular mesh from.643 to.5123, with a 7-point finite 
difference scheme. We compare different composite compression schemes, as dis-
cussed in Sect. 3.2, including BLR, ZFP (lossy compression), HODBF-BLR as well 
as HODBF-BLR-ZFP, with the compression tolerance set to . = 10−2, and ZFP (in 
fixed precision mode) using 16 bitplanes. Note that we now recommend, and by 
default use the ZFP fixed accuracy mode instead. Figure 2 shows that when adding 
HODBF compression to the sparse solver, we achieve .O N log2 N computational 
scaling and .O (N ) memory complexity. Adding lossy compression in addition to 
BLR and HODBF slightly reduces memory usage, but increases the solve time per 
iteration. 

4.4 Kernel Ridge Regression Using HSS Acceleration 

In [5], we developed a scalable and memory-efficient framework for kernel ridge 
regression. The resulting algorithm is.O(r2N )with.N the number of training samples 
and . r the low-rank structure of the underlying kernel. In contrast, kernel methods 
typically rely on .O(N 3) dense matrix factorization. The HSS construction is based 
on a skeletonization approach using approximate nearest neighbor information from 
the input data points. The approximate nearest neighbors can be found efficiently 
by merging nearest neighbors found in the leaves of multiple different instances 
of a random projection tree on the input data. Our experiments include Gaussian, 
Laplacian and ANOVA (.p = 2) kernels for 7 popular datasets with up to 4.5M data 
points. The kernel width. h and the kernel ridge regression hyperparameter. λ are tuned 
with the off-the-shelf OpenTuner framework to minimize the classification error. The 
final classification error is competitive with other approaches such as FALKON [36], 
INV-ASKIT [6] and the exact kernel method as implemented in scikit-learn [32]. 
The new fast kernel algorithms are written in C++ and part of STRUMPACK, but 
we provide a C interface, and a Python interface on top of that, which is compatible 
with the scikit-learn classifiers and regressors. Figure 3a shows the relative error for 
the HSS compression for a given low rank compression tolerance. Figure 3b  shows  
the achieved compression ratio for the compression tolerance. Note that typically 
binary classification does not require high accuracy of the kernel matrix. Figure3c 
compares the runtime of the new HSS-ANN algorithm with the scikit-learn kernel 
ridge regression. Note the better scaling of the HSS algorithms, and the ability to 
scale to distributed memory and much larger problems.
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Fig. 2 Results for 3D singularly perturbed differential equations (SPDE) using the BLR, BLR-ZFP, 
BLR-HODBF and BLR-HODBF-ZFP (.10−2) multifrontal solver with GMRES. a Flop counts for 
factorization. b Flop counts for solve per iteration in GMRES. c Total memory usage for the factors. 
d CPU time for factorization. e CPU time for solve. f Peak working memory per MPI. We use. 64
compute nodes, with. 2 MPI ranks per node and.16 OpenMP threads per MPI process. (Reproduced 
from [8,  Fig.  9])
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Fig. 3 a The relative error between the original (dense) kernel matrix and its corresponding HSS 
approximation is always smaller than. . b Memory savings (in percentage) compared to the dense 
storage of the kernel matrix for different. . c Time comparison between scikit-learn and HSS-ANN 
using the SUSY dataset. (Results taken from [5, Figs. 5, 6, 8].) 

5 Conclusion 

This chapter summarizes our ECP efforts and results of novel algorithm developments 
in SuperLU_DIST and STRUMPACK. The novel 3D communication-avoiding algo-
rithms improved the strong scaling from hundreds of cores to tens of thousands of 
cores, compared to the pre-ECP 2D algorithms. We observed that the combined 
advances in communication reduction and GPU acceleration led to one to two orders 
of magnitude runtime reduction. The hierarchical low-rank compression algorithms 
achieved more than an order of magnitude reduction of memory footprint. 

Looking to the future, we will investigate the use of more randomized algorithms 
for building fast preconditioners, scalable symmetric indefinite solvers for the sys-
tems arising from numerical optimization, extension to tensor computations, and 
efficient sparse operations needed for building the scientific ML models.
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of Integrating Linear Algebra Libraries 
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Abstract Many scientific discoveries are made through, or aided by, the use of 
simulation software. These sophisticated software applications are not built from 
the ground up, instead they rely on smaller parts for specific use cases, usually from 
domains unfamiliar to the application scientists. The software library Ginkgo is one of 
these building blocks to handle sparse numerical linear algebra on different platforms. 
By using Ginkgo, applications are able to ease the transition to modern systems, and 
speed up their simulations through faster numerical linear algebra routines. This paper 
discusses the challenges and benefits for application software in adopting Ginkgo. It 
will present examples from different domains, such as CFD, power grid simulation, 
as well as electro-cardiophysiology. For these cases, the impact of the integrations 
on the application code is discussed from a software engineering standpoint, and in 
particular, the approaches taken by Ginkgo and the applications to enable sustainable 
software development are highlighted. 
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1 Introduction 

Integrating numerical linear algebra libraries has considerable impact for application 
software. They provide new functionality, or optimize existing ones. Typically, appli-
cation developers have little expertise in numerical linear algebra. Thus, through the 
integrations, the application software can benefit from functionality developed by 
experts in this field. The integrations come at a cost, though. They require develop-
ment time, which is usually scarce for application scientists. 

Both application and library developers have to ensure that the development cost 
stays minimal. This paper considers efforts within the numerical linear algebra library 
Ginkgo, and selected applications, with integrations of it, taken to minimize devel-
opment and maintenance effort. This paper will first give a brief overview of the 
related work in Sect. 2. Then, in Sect. 3 Ginkgo’s main concepts regarding integra-
tions are presented. A corresponding view on integration from the application side 
is discussed next in Sect. 4. Several case studies are presented in Sect. 5. These high-
light the key points from the two previous sections. Finally, a summary of the main 
points is provided in Sect. 6. 

2 Related Work 

Many software libraries provide numerical linear algebra functionality. Some of 
the most versatile libraries are PETSc [3] and Trilinos [11]. Both offer features for 
linear algebra, but they also encompass more areas, such as non-linear solver, mesh 
handling, parallel communication, or discretization frameworks. As such, they are 
attractive to a variety of applications. The PETSc user manual, for example, has more 
than 4000 citations on Google Scholar and Trilinos close to 1500.1 Most of these 
are application papers that usually present only the results of integration of one of 
these libraries, and don’t discuss their approach to the integration in detail. Papers on 
the library themselves, on the other hand, e.g. PETSc’s AMG implementation [14] 
or an overlapping Schwarz method in Trilinos [10], often focus on new algorithmic 
improvements, leaving out again details on the integration aspects. 

In [8, 19] the history of important numerical software libraries is presented. Don-
garra’s Turing lecture [8] focuses on the developments of LAPACK and adjacent 
packages, e. g. BLAS, ScalLAPACK, or SLATE, while [19] discusses the mathe-
matical software library HSL. Both articles show how libraries can adapt to emerging 
needs of the community to stay relevant. Since the articles present the rich history 
of longstanding libraries, little place is left for technical details on integration. Nev-
ertheless, Dongarra also notes the funding and personnel cost for maintaining such 
long-standing efforts. 

The performance impacts of the integrations in Sect. 5 have already been pub-
lished. Ginkgo’s batched solver, which provides most of the performance benefits for

1 From https://scholar.google.com/ accessed on 2024.05.06. 
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PeleLM, are described in [1, 2]. The paper [20] shows the performance of Ginkgo’s 
direct solver in the context of the ExaSGD application. Additionally, the summary 
paper [6] provides an overview of the performance gains of multiple applications 
from the Exascale Computing Project (ECP)2 that use Ginkgo, including PeleLM 
and ExaSGD. The OpenFOAM results using OGL are available in [16]. All of these 
papers, again, provide little consideration to the integration effort. Only the papers 
on OGL are an exception since they discuss the design of OGL which impacts the 
integration. 

3 The Ginkgo Library 

Ginkgo is a software library for sparse numerical linear algebra. It started as part of 
the ECP with the goal of providing an efficient and portable library for heterogeneous 
hardware. In particular, Ginkgo runs on all major GPU architectures. The respective 
backends are written in their native language to gain the most performance, i.e. 
CUDA for NVIDIA GPUs, HIP for AMD GPUs, and SYCL for Intel GPUs. On 
the algorithmic side, the main focus lies on iterative and direct solvers for sparse 
linear systems. Together with preconditioners and reorderings, Ginkgo is capable 
of solving complex problems efficiently on a variety of different architectures. This 
section introduces the core concepts of Ginkgo and discusses how they facilitate the 
integration of Ginkgo into application software. 

3.1 Concepts 

At its core, Ginkgo is a modern C++ library that values performance, flexibility, 
and sustainability. The aforementioned hardware specific backends offer excellent 
performance through optimized low-level kernels, while the clear type hierarchy 
offers flexibility in terms of functionality for the users. Through modern C++ patterns 
(requiring the standard C++14), the library provides a sustainable design. Finally, 
exhaustive testing and benchmarking ensure the correctness of the library. 

Kernel Backends 

The library is split into a core library and the different backend libraries. Performance 
critical kernels are implemented in the backends, and the higher level algorithmic 
structure is in the core library. The separation enables Ginkgo to directly target the 
hardware in question. This allows Ginkgo to easily implement complex algorithms 
on an abstract level, while gaining performance through hardware-optimized kernels. 
Compatibility layers, such as Kokkos [4], typically add some overhead compared to 
native implementations as shown in [7], which Ginkgo circumvents.

2 https://www.exascaleproject.org/. 
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The separation also benefits encapsulation within Ginkgo. Any dependencies on 
the vendor specific languages are restricted to their respective backend and not propa-
gated through the whole library. An application thus only needs a standard C++ com-
piler to compile with Ginkgo, even if the application will use for example Ginkgo’s 
CUDA kernels. 

The backend design not only offers performant kernels, it also provides flexibility 
in terms of the used hardware. Ginkgo can be built with all backends enabled at the 
same time. This makes it not a compile-time choice, which hardware should be used 
and which not, but a runtime choice instead. Which backend is chosen only depends 
on the implementation of the Executor interface used at runtime. The following 
example shows how different executors are used, depending on a runtime parameter: 

void app_run(std::shared_ptr<gko::Executor> exec, ...); 
// ... 
{ 

auto exec = cuda ? gko::CudaExecutor::create(...) 
: gko::OmpExecutor::create(...); 

app_run(exec, ...); 
} 

Any Ginkgo operation on app_run will then use the kernels belonging to the dynamic 
type of exec. Furthermore, as app_run only depends on the abstract Executor 
interface, it is not necessary to recompile this function when switching between 
executors. 

Linear Operators 

The Ginkgo library is mainly designed around the linear operator concept. The type 
LinOp represents an abstract interface for the mathematical notion of a linear opera-
tor. This encompasses of course matrices, but also preconditioners and linear solvers, 
although they satisfy linearity only up to the achieved solving precision. All Ginkgo 
types implementing these concepts are implementations of the abstract LinOp type. 
The primary requirement is that the implementations provide a mapping between 
vector spaces. 

The abstract linear operator concept offers great flexibility for choosing differ-
ent algorithms. Through polymorphism, different implementations of, for example, 
matrix formats can be used interchangeably in algorithms that only rely on the opera-
tor application. This is true for most Krylov methods. So, users can easily switch out 
the matrix format to be used in a Krylov solver, and pick the format that is most suit-
able for their specific application. However, the flexibility is not restricted to matrix 
formats. The Krylov (and direct) solvers themselves, as well as the preconditioners 
are also implementations of the LinOp interface. Thus, users can easily try out a 
wide range of functionality, for example switching between applying a matrix or its 
inverse approximated by a solver:
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void operate(const gko::LinOp*, ...); 
// ... 
{ 

if(invert){ 
auto solver = gko::solver::Cg<>::build()->generate(mtx); 
operate(solver.get(), in, out); 

} else { 
operate(mtx.get(), in, out); 

} 
} 

Design Patterns 

Ginkgo uses design patterns to simplify the code, convey intent, and provide safe 
code. A key pattern is the use of smart pointers. These enable behavior close to 
automatic garbage collection, while still having completely deterministic behavior. 
Through them, the lifetime and ownership of polymorphic objects is managed. Either 
an object only has a single owner, then a std::unique_ptr keeps the object alive 
as long as the pointer stays in scope. The following gives a short example using one 
of Ginkgo’s matrix types: 

{ 
std::unique_ptr<gko::LinOp> mtx = gko::matrix::Csr::create(exec, ...); 
// operate on mtx 
// ... 

} // after leaving the scope mtx is automatically deleted 

Alternatively, an object might have multiple owners, e.g. a matrix that is owned 
by a solver and a preconditioner. In this case, a std::shared_ptr keeps the object 
alive while at least one owner stays in scope. Once all owners are out-of-scope, the 
object is finally deleted. This creates a semi-automatic garbage collector behavior 
that prevents common memory issues, such as leaks, or double frees, while using a 
simple API with deterministic behavior and minimal overhead. 

Lastly, Ginkgo is designed to offer great compatibility with other libraries through 
its transparent API. Part of the transparent API is to provide access to the stored data 
of the previously mentioned data structures through raw pointers. In contrast to smart 
pointers, these don’t modify the ownership, but this introspection of the data layout 
allows other libraries to operate directly on data owned by Ginkgo. Compatibility 
in the other direction is also supported, since most data structures can be created by 
passing in raw pointers to existing data, resulting in Ginkgo objects that don’t take 
ownership of the data. Both options are presented in the following snippet: 

// extract data (and number of non-zeros) from a Ginkgo CSR matrix 
double* values = mtx->get_values(); 
gko::size_type nnz = mtx->get_num_stored_elements(); 

// lend data to Ginkgo 
double* app_ptr = ...; // given from application 
auto view = gko::make_array_view(exec, app_size, app_ptr);
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3.2 Facilitating Integrations 

The aforementioned design concepts provide distinct benefits when integrating 
Ginkgo. Besides offering high-performance kernels, the runtime selectable back-
ends provide great flexibility when interacting with other realizations of platform 
portability. Many portability approaches are configurable only at compile-time. This 
includes portability layers like Kokkos. An application that uses such a compile-time 
approach has to make sure that all components use the same configured backend. 
Since the backend choice for Ginkgo is delayed until runtime, it’s easy to ensure that 
it uses the correct backend. 

Furthermore, Ginkgo’s type hierarchy, especially the LinOp interface, offers a 
flexible and extensible API. Not only can existing Ginkgo algorithms be switched out 
easily, applications can also provide their own implementation of Ginkgo’s interface 
and then use their types in Ginkgo’s algorithms. For example, this allows users to 
implement an operator for matrix-free stencil applications. The matrix-free operator 
can then be used in Ginkgo’s Krylov solvers. Thus, applications gain flexible access 
to algorithms through Ginkgo, with a simple extension interface to inject specialized 
operations. 

Finally, Ginkgo’s transparent API greatly helps the data exchange with application 
code. By exposing raw pointers, an application can easily pass Ginkgo data, such 
as vectors, to other components without them relying also on Ginkgo, while the 
ownership stays with Ginkgo. Additionally, data that is owned by the application can 
be lent to be used within Ginkgo. This helps the application to create clear boundaries 
between their internal components without requiring expensive copies. 

4 Integration Approaches in Application Software 

The previous section presented approaches within Ginkgo to ease the effort of inte-
grating it into an application. Now, the application side of the integration is con-
sidered. In general, an application can follow two different approaches to the inte-
gration. First, the application can use tight coupling with Ginkgo. The other option 
is loose coupling. These approaches are not specific to Ginkgo, but rather common 
approaches in the design of software applications. They reflect how deeply inter-
twined the application becomes with a library. 

The strongest intertwining is the tight coupling. In this case, the application uses 
the Ginkgo data structures directly and might even use them outside the linear solver 
setting. Loose coupling leads to less intertwining by relying on abstract interfaces 
instead of Ginkgo directly, which can be considered as an application of the facade 
design pattern as mentioned in [9]. Ginkgo supports both modes, and the examples 
in Sect. 5 show different variations on them. The OpenFOAM example uses tight 
coupling, and openCARP transitioned from tight coupling with PETSc to loose
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coupling for both PETSc and Ginkgo. Both ExaSGD and PeleLM use loose coupling, 
although in different variations. 

4.1 Tight Coupling 

Ginkgo provides the basic data structures necessary for linear algebra. Both dense 
vectors and sparse matrices with different formats are available to use as the backbone 
of an application’s linear algebra component. Additionally, Ginkgo offers a storage 
type for one-dimensional arrays. The array type is directly linked to the Executor 
concept, which allows allocating memory on different devices besides the CPU. 
Together with simple APIs for copying data between arrays of different executors, 
Ginkgo provides the means for arbitrary storage using different devices. 

In contrast to other popular numerical linear algebra packages, Ginkgo’s scope 
is limited to linear algebra. Applications might require other concepts that are not 
strictly part of linear algebra, mesh handling for example. Longstanding libraries 
such as PETSc or Trilinos provide these additional functionalities. Although Ginkgo 
is more focused than those, it might still be used as the sole linear algebra backend. 
Since Ginkgo allows for direct data exchange without overhead, it can easily be used 
in conjunction with other libraries that cover the missing areas. 

The Example in Listing 1 shows how an application could implement an implicit 
Euler time stepper by using a tight coupling with Ginkgo. The first thing to note is 
that the application class stores Ginkgo objects directly. The advance function then 
uses these objects and calls methods directly on them. Additionally, as the function 
expects Ginkgo objects as parameters, the calling code must also use Ginkgo objects 
directly. Thus, the dependency of Ginkgo extends further than this class. 

The example highlights some of the advantages and disadvantages of the tight 
coupling. As Ginkgo types are used directly, no additional type hierarchy on the 
application side is necessary. But the implementation on the application side now 
deeply depends on Ginkgo. Generally speaking, implementations using tight cou-
pling have their lifetime tied to the integrated libraries. If the integrated library stops 
receiving updates, the application is stuck with potentially out-of-date code. Either 
the application would have to update the library or replace it. Both would be major 
undertakings for the application. 

Another not yet mentioned benefit is the simpler dependency management. The 
application always depends on the integrated library, so no special handling has to 
be developed if a library is missing. This will usually simplify the application’s build 
system.
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using Dense = gko::matrix::Dense<>; 

class ImplicitEuler{ 
public: 

void advance(Dense* u_n, Dense* dx){ 
// assemble right-hand-side f_ based on u_n 

Ainv_->apply(f_, x_); 

u_n->add_scaled(dx, x_); 
} 

private: 
std::unique_ptr<Dense> x_; 
std::unique_ptr<Dense> f_; 
std::unique_ptr<gko::LinOp> Ainv_; 

} 

Listing 1: A tight-coupling application code example that implements an Euler time-
stepper using Ginkgo functionality. 

4.2 Loose Coupling 

Compared to tight coupling, loosely coupled integrations will use Ginkgo only 
through indirection. First, the application needs abstract interfaces for its linear alge-
bra component. The interfaces represent the boundary between the application code 
and the external libraries, such as Ginkgo. Interface code is called with application 
data, and expects application data as output if applicable. But internally, implemen-
tations of the interface will use Ginkgo types and functions. This might incur some 
overhead due to copying. Although both sides of the interface use the same concep-
tual representation, e.g. a matrix in CSR format, the underlying data layouts might 
differ, which requires copies. On the other hand, if the underlying data layouts are 
the same, no copy should be necessary. Thus, if libraries can communicate the used 
data layouts through their APIs, then interoperability can be improved through the 
elimination of copies, as will be seen in the case studies from Sect. 5.1. 

In the context of linear algebra, these interfaces usually involve vectors, matrices, 
and solvers. These interfaces can provide multiple purposes. The solver interface 
provides the solution to a linear system, and the vector and matrix interface can 
provide conversions between the application’s native format and Ginkgo, or other 
features such as assembly. Applications might provide multiple implementations 
of an interface for Ginkgo. If they differentiate between Krylov solvers on a type 
level, for example, then multiple implementations of the solver interface might be 
necessary to cover different Ginkgo solvers. 

The interfaces might also provide simpler access to complex functionality. A 
solver interface could offer a method to regenerate the solver with a new matrix. The 
Ginkgo implementation for this would contain multiple lines of code, with different
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Ginkgo functionality used, because Ginkgo doesn’t provide the regenerate func-
tionality through a simple API. Thus, the interface can hide complexity in Ginkgo, 
making it easier to use for the application specific purposes. 

It is not necessary to provide all the mentioned interfaces. If only the solution to a 
linear system is required, without additional matrix or vector algebra, then the solver 
interface would be enough. The conversions between application and Ginkgo data 
are then handled purely internally. Ultimately, it’s up to the application if all three 
interfaces are necessary, or if a subset suffices. 

The example in Listing 2 shows an implementation of a contrived abstract solver 
interface. In this case, the application only provides the solver interface, so the in-
and outputs are defined as application types. During the constructor, an application 
matrix is provided. This is converted into a Ginkgo matrix using an explicit copy, 
since it is assumed that different data layouts are used. For the solution method, 
application vectors are provided, but no copy is performed. Now, the assumption is 
that both Ginkgo and application vectors have the same data layout. This is typically 
easier to guarantee since Ginkgo uses a contiguous data layout with strides, which 
is widely used, e.g. in the BLAS API, or for Kokkos Views. 

The only Ginkgo specific type in the interface is the executor exec. If an appli-
cation is already using different execution spaces, e.g. CPU execution, and GPU 
execution, then a mapping between the applications’ notion of execution spaces and 
Ginkgo’s executors has to be defined. In the special case of Kokkos’ execution spaces, 
Ginkgo already provides these mapping. For applications that were not using GPUs 
before, this might consist in mapping std::strings to Ginkgo’s executors. 

Compared to the tight coupling, loose coupling exhibits advantages that sup-
port the applications’ freedom of choice. As the dependency is hidden through an 
interface, it’s easy to change, remove, or add external libraries implementations. Fur-
thermore, the dependency is restricted to a clear set of implementation files. Another 
benefit of the interfaces is the restriction of the integrated library to only the nec-
essary functionality. On the other hand, the interface introduces an additional class 
hierarchy to manage, as well as boilerplate code in some instances. Also, managing 
the dependencies in the build system is more complex. 

5 Case Studies 

In the following section, examples are brought up to highlight the improvements 
applications can gain from integrating Ginkgo, as well as the differences in their 
integration approaches. First, two ECP applications, ExaSGD and PeleLM, are dis-
cussed. Both use loose coupling to integrate Ginkgo. While ExaSGD benefits from 
the direct solvers in Ginkgo, PeleLM exploits the batched iterative solvers. The third 
application is openCARP, which transitioned from a tight coupling with PETSc to 
a loose coupling with both PETSc and Ginkgo. It benefits from the enabled GPU 
acceleration. Finally, the OGL library uses tight coupling to provide Ginkgo solvers
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class GinkgoCG: public AbstractSolver{ 
using Dense = gko::matrix::Dense<>; 
using Csr = gko::matrix::Csr<>; 
using Cg = gko::solver::Cg<>; 

public: 
void solve(const AppVector& b, AppVector& x) override 
{ 

// Create views on the application data. 
// If the application data uses host memory, then instances of exec_ 
// needs to be replaced by exec_->get_master(). 
auto gko_x = Dense::create( 

exec_, gko::dim<2>{b.num_rows(), b.num_cols()}, 
gko::make_array_view(exec_, b.total_size(), b.data()), 
b.stride()); 

// This is the const-correct version of the call above. 
auto gko_b = Dense::create_const( 

exec_, gko::dim<2>{b.num_rows(), b.num_cols()}, 
gko::make_const_array_view(exec_, b.total_size(), 

b.data()), 
b.stride()); 

solver_->apply(gko_b, gko_x); 
// since views are used, the AppVector x already contains the result 
// otherwise an extra copy is necessary 

} 

GinkgoCG(std::shared_ptr<const gko::Executor> exec, AppMatrix& A, 
int max_it, double eps) 

: AbstractSolver(), exec_(exec) 
{ 

gko::matrix_data<> md(gko::dim<2>{A.num_rows(), A.num_cols()}; 
// Fill md by extracting the triplet (row-index, col-index, value) for 
// each non-zero in A and pass it to 
// md.nonzeros.emplace_back(row, col, value) 
auto gko_A = Csr::create(exec); 
gko_A->read(md); 
solver_ = Cg::build() 

.with_criteria(gko::stop::Iteration::build() 
.with_max_iters(max_it), 

gko::stop::ResidualNorm<>::build() 
.with_reduction_factor(eps))

->generate(std::move(gko_A)); 
} 

private: 
std::shared_ptr<const gko::Executor> exec_; 
std::unique_ptr<Cg> solver_; 

}; 

Listing 2: A loose-coupling application integration example, implementing a 
GinkgoCG solver by following an abstract solver interface.
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for OpenFOAM. Again, through these solvers, GPU acceleration is enabled for parts 
of computational fluid dynamics (CFD) simulations using OpenFOAM. 

5.1 ECP Applications 

Both the ExaSGD and PeleLM applications benefited greatly from their integration 
with Ginkgo. As the major findings have been presented in the papers [1, 2, 20], 
and additionally in the summary paper [6], the performance gain for the applications 
are not discussed here. Instead, the focus lies on the integration approaches. The 
summary paper also mentions integrations with MFEM, and XGC. These are not 
followed up on here, since XGC is very similar to PeleLM in how Ginkgo is used, 
and MFEM doesn’t classify as a science application, since it is again a library that 
other applications will integrate. 

The ExaSGD project simulates the power grid of the US in order to make projec-
tions for future developments. At its core, it solves non-linear optimization problems, 
which is done through HiOP [17]. The resulting linear systems tend to be highly ill-
conditioned, requiring the use of a direct solver. In addition, these systems have little 
structure, which makes prominent direct solvers such as SuperLU less effective. 
A new direct solver has been co-developed within Ginkgo to address these issues. 
The authors provide a detailed overview in [18]. By integrating Ginkgo into HiOP, 
platform portable direct solvers became available, as discussed in [20]. 

As mentioned earlier, ExaSGD (through HiOP) integrates with Ginkgo through 
loose coupling. More specifically, it only provides a solver interface for Ginkgo to 
implement. Thus, the integration requires a few lines of code, in total about 470 lines. 
Together with a few outside changes, e.g. to the build system or code examples, the 
initial implementation was done in 700 line of code (LOC) changes.3 This marks a 
relatively low burden on HiOP’s code base. 

The integration is very similar to the example provided in Sect. 4.2. In both cases, 
an application matrix is copied over to a Ginkgo matrix during initialization, while 
views on application vectors are used in the solver application phase. Additionally, 
more application-specific interfaces are provided. These concern updating the val-
ues of a matrix, without changing the structure, and recomputing the factorization. 
Since the direct solver classes in Ginkgo don’t provide this functionality directly, the 
implementation complexity is hidden by the interface. 

During the interface initialization, the Ginkgo objects can be customized. Since 
HiOP only requires a specific subset of Ginkgo, the customization is rather limited. 
Only five options are provided in a mapping from HiOP options to Ginkgo cus-
tomization. Besides that, many Ginkgo settings are fixed. The solver is always an 
LU solver, possibly wrapped in GMRES depending on the options, and MC64 is 
always used as an apriori reordering of the system.

3 https://github.com/LLNL/hiop/pull/433/. 
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The PeleLM application [15] is used for CFD simulation, specifically for reactive 
flow in the Low Mach number regime. The discretization approach requires solving 
many independent ODEs. These are solved using Sundials [12], which requires the 
solution of many small independent linear systems. To solve these efficiently, batched 
iterative solvers have been developed in Ginkgo. The papers [1, 2] offer more details 
on the performance aspects. 

Although the PeleLM integration through Sundials shares many similarities to 
the HiOP integration, it had a vastly different starting point. In contrast to HiOP, 
Sundials is mainly a C code. This introduces additional friction, as many modern 
C++ design principles which Ginkgo uses are not compatible with C design patterns. 
Integrating Gingko using a C API would lead to struggles due to C++ features that are 
not part of C, mostly RAII-based object management and templating. To alleviate the 
differences, Sundials introduced a new C++ API instead. This API takes advantage 
of templating to let users decide which concrete Ginkgo type should be used in the 
implementation of the interface. 

The extra work is reflected in the integration effort. About 8000 LOC additions 
and 2500 LOC deletions were necessary in the initial pull request4 (PR), which 
included the new C++ API. Despite the large-scale API changes, the changes solely 
related to Ginkgo are in the same order as HiOP. The Ginkgo implementation of the 
linear solver C++ API requires about 350 LOC. In addition, the matrix interface is 
also implemented for Ginkgo, again, in about 350 LOC. 

Compared to HiOP’s implementations, the Sundials ones are more minimal. 
Besides the expected apply and solve method, the matrix and solver interfaces only 
provide conversions to the Sundials C API, as well as access to the underlying Ginkgo 
objects. Similar to HiOP the apply and solve methods work with views on the appli-
cation data. However, in contrast to HiOP, no configuration options are available, 
either as methods or as constructor arguments. Instead, the Ginkgo interfaces are 
constructed from existing Ginkgo objects. This allows users of Sundials to use every 
possible Ginkgo configuration option, without adding a burden to the interface by 
translating these options into Sundials options. Thus, users profit from Ginkgo’s 
flexibility, while the maintenance effort on Sundials is minimal. 

5.2 openCARP 

openCARP is a simulator for cardiac electrophysiology. It provides tools for a wide 
range of simulations with different physical models. The simulations are discretized 
with finite element discretization, which, in the end, leads to solving linear systems. 
Through integrating Ginkgo, openCARP is capable of offloading the linear systems 
to GPUs [5]. 

Through the integration of Ginkgo, openCARP transitioned from a tight coupling 
to a loose coupling. Before Ginkgo was used, openCARP solely relied on PETSc

4 https://github.com/LLNL/sundials/pull/205. 
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for their linear algebra need. As a consequence, openCARP was tightly coupled 
with PETSc, using their data types throughout their codebase. Components that 
are not related to linear algebra, for example the physics module, contained hard 
dependencies on PETSc.5 These dependencies had to be weakened for Ginkgo to be 
utilized. 

The transition to a loose coupling introduced abstract interfaces for vectors, matri-
ces, and solvers. This required a large-scale effort. About 8000 LOC were changed in 
the initial PR6 due to the dependency on PETSc in many modules. Since openCARP 
doesn’t have a native vector or matrix type like HiOP or Sundials, the interfaces 
provide a multitude of functionality to cover the previous usage. Most essential are 
the typical BLAS level 1 and 2 type operations. Additionally, methods to help the 
assembly are present. Still, even with these additions, the resulting interfaces are 
relatively small compared to the initial effort, only approximately 300–500 LOC per 
interface were necessary. 

Now, the openCARP codebase has become more sustainable. The linear alge-
bra backend implementations are properly separated from other modules, and their 
dependencies are restricted to the linear algebra module. It has become possible to 
easily add other implementations for this component. As both the PETSc and Ginkgo 
implementation have a manageable size, 1600 lines, and 1000 lines respectively, the 
expected effort for additional implementations would again be of moderate size. 

5.3 OpenFOAM 

OpenFOAM (Open Field Operation And Manipulation) is a C++ framework for the 
development of numerical solvers and pre-/post-processing utilities for continuum 
mechanics problems, especially computational fluid dynamics (CFD) [13]. While 
various efforts were made to provide GPU support to OpenFOAM no commonly 
accepted approach exists [16] to this date. One approach is to offload certain parts, 
e.g. the linear solver, to GPUs via dedicated plugins. These plugins are separate 
from OpenFOAM. Their respective libraries are loaded at runtime to provide access 
to the additional functionality. Thus, OpenFOAM interacts through loose coupling 
with the plugins, while the plugins themselves are implemented using tight coupling. 
The OpenFOAM Ginkgo Layer (OGL) [16]7 is one of the plugins, providing linear 
solvers from the Ginkgo library. 

OGL functionality is split into three parts. First, it provides a mapping between 
OpenFOAM and Ginkgo data structures, especially for sparse matrices. For these 
Ginkgo data structures, OGL has to ensure that they persist through the whole simu-
lation. Lastly, the Ginkgo solvers and preconditioners can be configured at runtime

5 See for example the file physics/electrics.cc in the release v11.0. 
6 https://git.opencarp.org/openCARP/openCARP/-/merge_requests/79. 
7 https://github.com/hpsim/OGL/. 
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through OGL. All combined, OGL allows OpenFOAM to efficiently use the platform 
portable solvers of Ginkgo. 

Since OGL is a standalone library, it needs a considerably larger effort than the 
previously discussed integrations. The library consists roughly of 7000 lines of C++ 
code. Currently, the largest part of that is handling the object persistency. This requires 
knowledge of the underlying object storage as defined in Ginkgo, which is directly 
exposed in Ginkgo API. Without tight coupling, more complex interfaces and hier-
archies would be required to describe the storage dynamically for different libraries. 
In general, the type hierarchy is shallow, since very little abstraction is necessary. 

6 Summary 

Many papers discuss the functionality gain that library integrations offer to applica-
tion software. Although these gains are the reason why the integration is considered 
in the first place, the consequences on the development effort for the application 
are rarely discussed. This paper offers a discussion on these kinds of impacts. By 
the example of the library Ginkgo and its integration into multiple applications, the 
effects on application software are highlighted. 

While Ginkgo offered each application clear gains, e.g. in the form of a platform 
portable linear algebra component or specialized batched solvers, those came at a cost 
on the application side. The Ginkgo integration had to be developed and needed to be 
maintained, which occupies valuable application developer time. But under the right 
circumstances, the integration effort is minimized. The key factor here is the loose 
coupling through well-defined interfaces on the application side. Applications that 
pursued this approach could integrate Ginkgo in less than 500 LOC per interface, 
while otherwise a large effort was required by the application, either to switch to 
loose coupling or build the tight coupling from the ground up. 

For the examples given here, loose coupling offered the best approach for applica-
tion developers. However, the examples only represent a very limited subset. Further 
evaluation of different integration approaches is necessary to provide both library 
and application developers with concise guidelines. Another aspect to further eval-
uate is the extension to other library types. While this paper only considers linear 
algebra libraries, the integration of libraries with different focuses might lead to other 
conclusions. 
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On the Use of Algebraic Multigrid 
in Applications on High Performance 
Computers 

Robert D. Falgout , Rui Peng Li , Wayne Mitchell , 
Daniel Osei-Kuffuor , Victor A. P. Magri , and Ulrike M. Yang 

Abstract The hypre software library provides a variety of parallel linear solvers 
designed for high performance computers. It focuses on algebraic multigrid methods 
(AMG), which provide excellent scalability. With the expanding use of accelerators 
in current and future high-performance computers, new programming models have 
been added to take advantage of the increased performance potential of graphics 
processing units (GPUs). This chapter will discuss porting strategies and present 
results for hypre’s GPU-enabled multigrid solvers within three application codes. 

Keywords Algebraic multigrid · High performance computing · Linear solvers ·
Preconditioning · Scalability · HPC software · GPU computing 

1 Introduction 

The solution of large linear systems is an essential and often computationally expen-
sive component of many large-scale simulations on high-performance computing 
(HPC) machines. Such simulations would not be feasible without linear solvers 
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that are algorithmically scalable and tailored to particular HPC architectures. These 
demands have only increased in the new age of exascale computers, where perfor-
mance is achieved through vast parallelism and highly specialized GPU architectures. 

The hypre [12, 18] library of high-performance solvers and preconditioners is 
developed and maintained at Lawrence Livermore National Laboratory (LLNL) and 
provides scalable and portable algorithms that are relied upon by many large-scale 
application codes around the world. The goals of hypre are three-fold: first, to pro-
vide a variety of general and adaptable interfaces that can be easily used across 
many disparate application areas (Sect. 2); second, to provide scalable and effective 
algorithms for a wide set of applications and problem sizes (Sect. 2); and finally, to 
provide performant and portable implementations of these solvers on a wide variety 
of computing architectures (Sect. 3). Through pursuing these goals, hypre has seen 
widespread success in application codes, and three examples are given here (Sect. 4). 
The applications cover three scientific areas: combustion, subsurface flow, and com-
putational fluid dynamics (CFD); they use different hypre interfaces and solvers and 
run on HPC systems, including the exascale computer Frontier at Oak Ridge National 
Laboratory (ORNL), with scalability demonstrated up to tens of thousands of GPUs. 
The paper concludes with a synthesis of the findings and future research directions 
in Sect. 5. 

2 Interfaces and Solvers 

The hypre library provides three different interfaces [12] to allow users to represent 
their problems in a way they prefer: a structured interface that uses grids and stencils, 
a semi-structured interface for problems that are mostly structured, such as adaptive 
mesh refinement grids, or block-structured grids, defined with stencils or finite ele-
ments, and a linear-algebraic interface, where problems are expressed in terms of 
matrices and vectors. 

Figure 1 shows the notion of hypre’s conceptual interfaces and how they connect 
to solvers. The top row shows various concepts, such as structured grids, composite 
grids, block-structured grids, unstructured grids, or standard matrices. The second 
row lists various solvers and preconditioners. These require different information 
from the user provided through the interfaces. The bottom row lists different data 
layouts. The most efficient solvers, such as PFMG, can only be used through the struc-
tured interface on the left. In contrast, unstructured solvers such as (Boomer)AMG 
can be used with all interfaces, albeit at a cost, since they use less efficient data 
layouts but can solve more complex problems. 

Figure 2 shows a list of available solvers in hypre and indicates the interfaces that 
can be accessed along with the data layouts used for their implementation. The term 
‘matrix free’ means the solver can be run with any of the three data layouts, whereas 
all other solvers have been implemented using the data layout mentioned in Fig. 2. 
Most of hypre’s solvers are multigrid methods. Exceptions are the Krylov solvers, 
the incomplete LU factorization preconditioner ILU, and the sparse approximate



On the Use of Algebraic Multigrid … 55

Fig. 1 Illustration of the idea behind hypre’s conceptual interfaces 

Fig. 2 Selected hypre solvers and their association with interfaces and data layouts
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inverse preconditioner FSAI. These methods have been included for difficult sys-
tems that cannot be solved with multigrid methods and can also be used as smoothers 
within hypre’s unstructured AMG solver BoomerAMG for more robust convergence 
if needed. All methods in Fig. 2 have been GPU-enabled for NVIDIA, AMD, and 
Intel GPUs via CUDA, HIP, and SYCL. However, not all options and configura-
tions of these solvers are fully ported to GPUs. SMG, PFMG [3], SysPFMG, pAIR 
[15, 23], and BoomerAMG [16] can be described by the general AMG method 
described in Sect. 2.1, whereas ADS, AMS and MGR are more specialized solvers 
that internally use BoomerAMG. AMS [19] has been developed for systems derived 
from H-curl discretizations of the Maxwell equations, ADS [20] for H-div systems, 
and MGR [27], described in Sect. 2.2, for block linear systems. The solvers used in 
the applications considered in Sect. 4 are PFMG, BoomerAMG, and MGR, which 
are described in more detail below. 

2.1 Algebraic Multigrid 

AMG methods consist of a setup phase and a solve phase. The setup phase consists of 
the coarsening algorithm that determines the variables to be used on the next coarser 
level, the generation of restriction and prolongation operators,.R(m) and.P (m), needed 
to move between different levels, .m and .m + 1, and the generation of the coarse 
grid operator, which is generally accomplished by the Galerkin product, . A(m+1) =
R(m)A(m)P (m), where .A(0) = A is the original linear system to be solved. Often 
restriction is defined as the transpose of interpolation, .R(m) = (P (m))T , particularly 
when dealing with a symmetric matrix, . A. Figure 3 shows two levels of an AMG 
V-cycle, beginning with a few steps of smoothing followed by a restriction of the 
residual to the next level. This process is then applied recursively until the coarsest 
level, where the system can be solved directly. The coarse-grid error correction,.em+1, 
is then interpolated to the next finer level and added to the approximation,.um , before 
performing some additional smoothing. 

Fig. 3 Two levels of an AMG V-cycle
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PFMG, hypre’s most efficient solver, is based on the structured data layout, which 
is defined by grids and stencils and is well suited for GPUs. It uses semi-coarsening 
and a simple two-point interpolation operator. This strategy is highly efficient, since 
it limits stencil sizes on lower levels. The solve phase uses an efficient point smoother. 

BoomerAMG, hypre’s most widely used preconditioner, is based on a parallel 
compressed sparse row (CSR) matrix data layout. It has a large variety of different 
options. Default settings for GPUs include PMIS coarsening [11] and interpolation 
operators based on matrix operations [21]. Smoothing is generally done with simple 
methods, such as L1-Jacobi [4], but more complex smoothers such as ILU or FSAI 
can also be employed. 

2.2 Multigrid Reduction Framework 

Multigrid reduction (MGR) is an approximation of the total reduction method to yield 
an efficient iterative solver. Originally introduced by Ries, Trottenberg and Winter in 
1983 [24], various adaptations of the algorithm have been developed, including [2, 
13, 22, 27, 28]. The MGR framework developed in hypre is designed to enable the 
efficient solution of systems of coupled equations, which are known to be problem-
atic for scalar multigrid methods. The approach generalizes multi-stage and block 
preconditioners, typically used in multiphysics applications, in a standard multigrid 
framework [27]. Following standard multigrid convention, consider a splitting of a 
coupled system of discretized partial differential equations (PDEs) into two sets of 
C-points and F-points: 

.A = AFF AFC

ACF ACC
= IFF 0

ACF A
−1
FF ICC

AFF 0
0 S∗

IFF A−1
FF AFC

0 ICC
, (1) 

where.ICC and.IFF are identity operators and.S∗ = ACC − ACF A
−1
FF AFC is the Schur 

complement. The idea is to construct approximate restriction and interpolation oper-
ators, R and P, so that.RAP ≈ S∗. The resulting two-grid error propagation operator 
for the MGR solution can be expressed as 

.I − M−1
MGR A = (I − PM−1

C RA)(I − M−1
F A), (2) 

which describes the complementary processes of F-relaxation, with smoother .M−1
F , 

followed by coarse grid correction, with.M−1
C ≈ (RAP)−1. For a detailed description 

and theory of the two-grid approach, as well as equivalences to multi-stage and block 
preconditioners used in the multiphysics community, see [27]. 

Algorithm 1 describes the multigrid reduction’s solve phase, which extends the 
two-level method in (2) via recursion. The subscript. l denotes the operator at level. l of 
the multilevel hierarchy. The algorithm presents a general approach, which includes 
pre-smoothing by a global smoother at each level. The global smoother may be used
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Algorithm 1 Multigrid Reduction Solve Phase. 
1: MG R(l) 
2: if l is coarsest level, L then 
3: solve coarse grid system AL eL = rL by classical AMG 
4: else 
5: Let r = b and e0 = 0 
6: Global Relaxation: el ← el + M−1 

l r ,  where  Ml ≈ Al 

7: F-Relaxation: el ← el + MF 
−1 
l (rl − Alel ) 

8: Restriction: rl+1 = Rl (rl − Alel ) 
9: Recursion: el+1 = MG R(l + 1) 
10: Update solution: el ← el + Plel+1
11: end if

instead of F-relaxation (as a more potent smoother) or as an additional smoothing 
step. In general, block relaxation schemes such as Jacobi or hybrid Gauss-Seidel 
are sufficient as a global smoother. However, ILU smoothers are more effective 
for problems with complicated coupling of unknowns. The framework provides a 
flexible interface to prescribe the splitting of unknowns into C-points and F-points for 
various block linear systems. Assuming this splitting is done based on the different 
physical variables in the system, a typical approach reduces a physical variable at 
each level until a scalar problem is reached at the coarsest level. In practice, however, 
variables with similar physical properties can be prescribed together at the same level 
and treated as a scalar problem. The implementation admits various compositions 
of smoothers to handle different physical regimes across the levels. Typically, using 
cheaper yet more efficient smoothers for F-relaxation and a more robust solver for the 
coarse grid correction leads to a reasonable preconditioner. The framework supports 
standard smoothers such as Jacobi, Chebyshev, and ILU; multilevel options like 
AMG; and direct solvers at each level. At the coarsest level, the coarse grid correction 
uses classical AMG, which is important to maintain good scalability for large-scale 
simulations. Thus, it is favorable to have a reduction strategy that has good M-
matrix properties on the coarsest grid. At each level in the hierarchy, the coarse grid 
matrix can be constructed via a Galerkin product (.RAP) or a non-Galerkin approach, 
which provides additional flexibility in approximating the Schur Complement. The 
MGR framework offers GPU support for various solver options and linear algebra 
operations. It has been successfully applied to large-scale applications of subsurface 
flow with geomechanical processes [7, 8, 27]. Numerical examples in Sect. 4.2.2 
will demonstrate the performance of MGR on a multiphase subsurface flow problem 
with thermal effects and poromechanics.
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3 Porting Strategies to Exascale Computers 

Adapting hypre for GPU-based exascale machines necessitates the migration of oper-
ations within the algorithms from CPUs to GPUs, provided they remain suitable for 
the fine-grained parallelism inherent to GPUs. Otherwise, entirely new algorithms 
may need to be developed specifically for GPUs. For example, porting the original 
extended and extended+i interpolation algorithms [10] directly to GPUs poses var-
ious challenges. Consequently, new versions of the algorithms have been devised, 
formulated as sparse matrix-matrix multiplications (SpGEMM) [21]. This approach 
not only leverages existing high-performance SpGEMM kernels but also maintains 
the interpolation properties in the original forms. 

Our porting strategies to develop high-performance GPU-accelerated AMG code 
adopt the following 3 approaches in sequence: 

1. Utilize existing dense or sparse kernels from vendor libraries: cuBLAS, cuS-
PARSE, cuSOLVER (NVIDIA); rocBLAS, rocSPARSE, rocSOLVER (AMD); 
oneAPI, oneMKL (Intel). 

2. Leverage high-level libraries that provide parallel primitives on GPUs of the 
algorithms in the C++ Standard library: thrust (CUDA); rocprim (HIP); oneDPL 
(SYCL). These primitives often times serve as building blocks of complicated 
AMG algorithms. 

3. As necessary, develop custom device functions. 

This sequence balances the extent of new code development while achieving opti-
mal performance portability across GPUs and multicore CPUs. More details on the 
porting strategies of hypre to GPUs can be found in [14]. 

An example of the initial approach pertains to a critical operation, specifically 
sparse matrix-vector product (SpMV), which is essential in the AMG solve phase. 
Notably, sparse linear algebra libraries offered by vendors all include highly efficient 
algorithms for matrices in the CSR format. 

As an illustrative example of the second approach, consider a fundamental oper-
ation used at many places in constructing AMG: transforming the row pointer array 
of the CSR matrix into the array of row indices of all nonzeros of a matrix. The 
following implementation, utilizing a double for-loop, can efficiently execute on 
CPUs, where nrows is the number of rows, RowPtr is the row pointer array of 
CSR, and RowIdx is the output array of row indices of all the nonzeros. To further 
improve performance on multi-core architectures, multi-threaded parallelism can be 
implemented for the outer for-loop. 

#pragma omp parallel for 
for (i =  0;  i < nrows; i++) 
for (j = RowPtr[i]; j < RowPtr[i+1]; j++) { RowIdx[j]  =  i; }

Alternatively, for a GPU implementation aimed at maximizing parallelism, partic-
ularly in this case with respect to the number of nonzero coefficients, an efficient 
approach involves leveraging three parallel primitives: fill, scatter_if, and 
inclusive_scan. The first two primitives are in the C++ Standard Library, while
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the last one is available in the Boost C++ Libraries [25], and all of them are in the 
C++ parallel algorithms library Thrust [1]. Here, empty_row is a straightforward 
function that returns true if a row contains no nonzeros. 

fill(RowIdx, RowIdx + nnz, 0); 
scatter_if(counting_iterator<int>(0), counting_iterator<int>(nrows), RowPtr, 
transform_iterator(zip_iterator(make_tuple(RowPtr, RowPtr+1)), empty_row()), 

RowIdx); 
inclusive_scan(RowIdx, RowIdx + nnz, RowIdx, maximum<int>()); 

Compared to the CPU implementation, this approach offers several advantages when 
running on GPUs: (1) enhanced granularity of parallelism, particularly on a per-
nonzero basis within the first and last primitives; (2) improved memory coalescing 
patterns from adjacent threads; (3) better workload balancing, especially when the 
distribution of nonzeros among rows is far from an even distribution. Seamless uni-
fication of primitive function calls across different languages (i.e., CUDA, HIP and 
SYCL) can be achieved effortlessly through straightforward macro definitions within 
distinct namespaces. 

The final approach of writing custom device functions is commonly employed 
when developing complicated AMG algorithms that are challenging to organize into 
standard linear algebra operations or even into standard parallel primitives. Imple-
mentations of these algorithms often diverge significantly from parallel CPU imple-
mentations for multi-core CPUs. Consequently, porting these algorithms presents 
nontrivial challenges, stemming from factors like thread granularity and the par-
titioning of computations among threads. We carefully implemented these device 
functions by exploiting low level hardware and language support, e.g., on-chip shared 
memory, warp-level primitives, thread synchronizations. Unifying device function 
implementations for CUDA and HIP is straightforward due to the similarity and 
compatibility of these two languages, requiring only the resolution of minor discrep-
ancies such as the size of warps and maximum shared memory size. The syntax for 
launching device kernel functions remains identical across both languages. On the 
other hand, transitioning to SYCL presents remarkable challenges. While the map-
ping of functions between thrust and rocprim is straightforward, manual translation 
is often required for oneDPL. Additionally, while OneMKL provides sparse BLAS 
routines, caution must be exercised to navigate potential pitfalls, such as the matrix 
sorting requirement in the SpGEMM routine. Moreover, differences in kernel spec-
ification and launch syntax add further complexity to the process. To facilitate code 
reuse and efficiency, we defined macros as follows. 

sycl::range<1> : gridsize, blocksize 
void hypreGPUKernel_*  (sycl::nd_item &item, ...) { 

get_grid_thread_id<1, 1>(item)  }  
#define HYPRE_GPU_LAUNCH {sycl::queue->submit([&](sycl::handler& cgh) { 
cgh.parallel_for (sycl::nd_range<1>(gridsize*blocksize, blocksize),[=](sycl:: 

nd_item<1> item)[[intel:: reqd_sub_group_size(HYPRE_WARP_SIZE)]] {( 
kernel_name)(item, __VA_ARGS__);});}). wait_and_throw();}

Finally, basic infrastructure elements, such as SYCL devices and warp/group-level 
functions, differ and thus necessitate re-implementation.
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4  Use  of  hypre in A pplications

Hypre’s recent advances, especially its GPU capabilities, have significantly enhanced 
the ability of application codes to leverage modern supercomputers. In this section, 
we demonstrate the use of hypre in three application codes, emphasizing its critical 
role in achieving scalability and reducing overall execution times. 

4.1 Uintah1 

The Uintah framework is utilized for simulating boilers and conducting combustion 
research at the University of Utah. The code employs hypre’s PFMG to solve pressure 
equations. Figure 4 shows a scaling study of the ARCHES turbulent combustion 
component that simulates a helium plume on a single-level structured grid, which is 
a cube divided into patches. The experiment was performed for three problem sizes 
using two different patch sizes on the Summit computer at ORNL and used both 
GPUs and CPUs for the Uintah components of the code through Kokkos enabling 
OpenMP threading for the CPU cores and CUDA for the GPUs. The hypre library 
was exclusively run on GPUs using CUDA, with PFMG and micro-kernel fusion for 
enhanced performance [17]. The results, shown in Fig. 4, demonstrate excellent weak 
and strong scaling. Larger patch sizes yield better performance, while smaller patch 
sizes allow for a higher degree of fine-grained parallelism. Approximately 50 % of 
the total simulation time is attributed to hypre, indicating its significant contribution 
to the achieved scalability. Additionally, the Uintah team has successfully run their 
framework with hypre on two exascale computers: Frontier at ORNL (utilizing HIP 
for hypre) and Aurora at Argonne National Laboratory (utilizing SYCL for hypre). 

4.2 GEOS2 

GEOS is an open-source and GPU-enabled simulation code written in C++ specifi-
cally designed to solve tightly-coupled multiphysics problems, with a primary focus 
on subsurface reservoir applications. It offers robust capabilities for modeling compo-
sitional flow, poromechanics, faults and fractures slip, and thermal effects in under-
ground reservoirs, setting it apart from traditional simulators. The mathematical 
models in GEOS typically result in challenging linear systems of equations. These 
systems are primarily solved using hypre, employing its MGR preconditioner, or the

1 http://uintah.utah.edu. 
2 https://www.geos.dev/. 

http://uintah.utah.edu
http://uintah.utah.edu
http://uintah.utah.edu
http://uintah.utah.edu
https://www.geos.dev/
https://www.geos.dev/
https://www.geos.dev/
https://www.geos.dev/
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Fig. 4 Helium plume run to 24,576 NVIDIA V100 GPUs and 8,192 IBM POWER9 processors 
with 172,032 CPU threads using MPI+Kokkos for Uintah components and CUDA for PFMG 

BoomerAMG preconditioner for simpler single-phase flow scenarios. In this section, 
we present weak and strong scalability results for two simulations performed with 
GEOS, highlighting hypre’s performance and efficiency. 

4.2.1 Weak Scaling Single-Phase Flow Model 

We used GEOS to simulate fluid flow in the vicinity of a wellbore, a scenario that is 
important for optimizing extraction processes and enhancing reservoir management. 
The model considers a single fluid type and solves for the pressure distribution in 
a radially structured mesh. The resulting linear systems generated in the transient 
simulation are solved with hypre’s GMRES preconditioned with BoomerAMG. 

Figure 5 presents a weak scalability study in the Frontier supercomputer. We show 
average execution times per time step of the simulation and distinguish between hypre 
and GEOS times. The x-axis represents the number of GPUs3 used followed by total 
number of degrees of freedom (DOFs) in millions (M) and billions (B). As the num-
ber of GPUs increases from 4 to 16384, corresponding to an increase in DOFs from 
6.6 million to 27 billion, the execution times for both the overall GEOS simulation 
and the hypre solver components exhibit moderate increases. Specifically, the total 
GEOS execution time rises from 0.06 to 0.08 s, demonstrating the framework’s effi-
ciency and scalability in handling larger problem sizes. hypre’s (BoomerAMG) setup 
time increases from 0.12 to 0.47 s, reflecting the additional distributed communica-

3 In the context of the Frontier system, the term “GPU” refers to a Graphics Compute Die (GCD) 
and not a physical GPU card. Each AMD MI250X GPU contains 2 GCDs, and with 4 MI250X cards 
per node, this results in 8 GCDs per node, each treated as a separate GPU in system configurations 
and programming. 
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Fig. 5 Average execution time (left y-axis) and iteration count (right y-axis) per time step for a 
single-phase flow simulation in GEOS. As the number of GPUs and DOFs increase by a factor of 
.4096, both hypre setup and solve times increase slightly by a factor less than. 4, demonstrating the 
excellent weak scalability of hypre’s algebraic multigrid solver (BoomerAMG) 

tion overhead required to build the preconditioner with larger compute node counts. 
Lastly, hypre’s (BoomerAMG-GMRES) solve time shows a gradual increase from 
0.18 to 0.50 s, maintaining a relatively consistent performance despite the growing 
complexity. We highlight that the largest scale run used a little less than one-forth of 
the whole machine. 

4.2.2 Strong Scaling Thermo-Hydro-Mechanical (THM) Model 

This test problem uses hypre’s MGR as a preconditioner to GMRES to solve a 
real-world simulation of underground carbon storage and sequestration (CSS) [9, 
Sect. 4.4] including thermal effects. The primary variable types of this multiphysics 
problem are seven: three displacement degrees of freedom, two component densities 
(water and gas), one pressure, and one temperature. The MGR strategy consists of 
four levels. In the first level, the displacement degrees of freedom are eliminated, 
followed by the water component density, and then gas component density. At the 
last level, pressure and temperature are treated together since, in this test problem, 
they share elliptic properties that are amenable to AMG. To address the pressure-
temperature coarse grid problem, we apply a single V(1,1)-cycle of an unknown-
based BoomerAMG [5]. This approach improves setup and solution times by creating 
an algebraic multigrid hierarchy with interpolation operators that do not take into 
account inter-variable couplings, in this case, pressure and temperature degrees of 
freedom. For more information on the isothermal version (without temperature) of 
this MGR preconditioning technique, see [9, Sect. 3].
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Fig. 6 Strong scaling results for a THM simulation in GEOS, showing average execution times (left 
y-axis) and iterations (right y-axis) for different numbers of MPI ranks on Ruby. Both hypre phases 
and GEOS exhibit parallel efficiencies of up to nearly 70% after a 16-fold increase in computational 
resources 

Figure 6 shows strong scaling results obtained using Ruby, an HPC cluster at 
LLNL equipped with 2. × 28-core Intel® Xeon® Platinum 8276 CPUs. The results 
indicate that as the number of MPI ranks increases, there is a significant reduction 
in the total execution time for the application and hypre times (setup and solve), 
demonstrating efficient parallel scalability. Notably, the execution time decreases 
almost linearly with the increase in MPI ranks, maintaining high efficiency percent-
ages across different configurations. For instance, the hypre setup time drops from 
approximately 32 s with 28 ranks to around 2 s with 448 ranks, reflecting a 62% effi-
ciency at the highest rank count. Similarly, the hypre solve and GEOS times exhibit 
substantial reductions, achieving around 66 and 78% parallel efficiency, respectively, 
at the maximum rank count (448). The average number of iterations required for con-
vergence remains relatively stable, with a slight decrease, highlighting the robust-
ness of the MGR preconditioner. These results demonstrate hypre’s scalability and 
effectiveness in leveraging high-performance computing resources for large-scale 
multiphysics simulations. 

4.3 Chombo4 

Chombo is a software framework designed for CFD simulations on block-structured 
and adaptively refined grids. Chombo is capable of handling complex geometries 
and dynamic mesh refinement, making it suitable for high-resolution simulations

4 https://commons.lbl.gov/display/chombo. 

https://commons.lbl.gov/display/chombo
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Fig. 7 Average execution time (left y-axis) and iteration count (right y-axis) per linear system for 
the pressure projection solve in Chombo. As the problem size scales up, the execution times for both 
setup and solve phases show moderate increase, highlighting hypre’s performance and scalability 
in handling large-scale elliptic systems arising from computational fluid dynamics simulations 

at various Reynolds numbers capturing both laminar and turbulent flow regimes. 
BoomerAMG is used by Chombo through PETSc [6] as a preconditioner to GMRES 
in order to solve its pressure projection equation. 

Figure 7 illustrates the weak scaling results obtained on Frontier (ORNL) for sim-
ulating flow inside a cylinder packed with spheres [26]. The chart shows Boomer-
AMG’s construction time (hypre setup), which is performed only once at the start of 
the simulation; average application time (hypre apply); and average iteration counts 
(hypre iters) per linear system across different numbers of GPUs, ranging from 8 to 
32,768 (almost half of the entire machine). As the number of GPUs increases, the 
preconditioner application times and iterations scales very well, increasing by only 
a factor of .2.5 and .1.6, respectively, despite a 4,096-fold increase in the number of 
GPUs. BoomerAMG setup times shows excellent scaling up to 2,048 GPUs, although 
performance degrades beyond this point, which requires further investigation. 

5 Conclusions 

We analyzed the impact of three different hypre solvers on three HPC systems: 
Ruby at LLNL, Summit, and Frontier at ORNL. For the applications presented here, 
solving linear systems consistently took up more than half of the total simulation 
time, emphasizing the crucial role of efficient solvers for sparse linear systems in
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HPC simulation codes. Additionally, hypre achieves good strong and weak scaling 
for these applications, effectively leveraging tens of thousands of GPUs. 

As we enter the era of exascale computing, optimizing solver performance 
becomes increasingly important. The insights gained from these applications and 
many others will inform future developments in hypre to reduce computational costs 
and enhance scalability at large node counts. Continued efforts will focus on refining 
hypre solvers to fully utilize the potential of exascale systems, particularly for the 
El Capitan system at LLNL, which is based on AMD accelerated processing units. 
This will ultimately enable more sophisticated and accurate scientific simulations at 
faster execution times and finer resolutions. 
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Abstract Multi-dimensional Fourier transforms are key mathematical building 
blocks that appear in a wide range of applications from materials science, physics, 
chemistry and even machine learning. Over the past years, a multitude of soft-
ware packages targeting distributed multi-dimensional Fourier transforms have been 
developed. Most variants attempt to offer efficient implementations for single trans-
forms applied on data mapped onto rectangular grids. However, not all scientific 
applications conform to this pattern, i.e. plane wave Density Functional Theory 
codes require multi-dimensional Fourier transforms applied on data represented as 
batches of spheres. Typically, the implementations for this use case are hand-coded 
and tailored for the requirements of each application. In this work, we present the 
Fastest Fourier Transform from Berkeley (FFTB) a distributed framework that offers 
flexible implementations for both regular/non-regular data grids and batched/non-
batched transforms. We provide a flexible implementations with a user-friendly API 
that captures most of the use cases. Furthermore, we provide implementations for 
both CPU and GPU platforms, showing that our approach offers improved execution 
time and scalability on the HP Cray EX NVIDIA A100 supercomputer. In addi-
tion, we outline the need for a flexible implementation for different use cases of the 
software package. 
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1 Introduction 

The discrete Fourier transform has proven to be an important mathematical kernel 
that is widely used in a multitude of applications. For example, applications from 
molecular dynamics [17–19], material sciences [12–14], [27, 28], quantum mechan-
ics [3, 10, 23, 26] and even machine learning [15, 29] require flexible and efficient 
implementations of multi-dimensional Fourier transforms that can be executed on 
parallel and distributed systems. In recent years, a multitude of software packages 
such as FFTE [24], heFFTe [2], elemental FFT [22], FFTU [11] have attempted 
to offer efficient implementations targeting multi-node CPU and/or GPU systems. 
Table 1 outlines the different software packages and some of their characteristics. 
Most frameworks focus on single three-dimensional Fourier transforms applied on 
data mapped to cuboid grids. However, some scientific applications such as plane 
wave Density Functional Theory calculations do not fit within this mold. Density 
Functional Theory codes require batched three-dimensional transforms applied on 
non-cuboid shaped data, hence demanding specialized implementations. 

First-principles Density Functional Theory calculations in the Kohn-Sham formal-
ism are widely used to study the electronic structure of materials. The Kohn-Sham 
single particle equation is expressed as 

.Ĥψi (r) = iψi (r), (1) 

where.ψi (r) is the.i-th electron orbital (wavefunction) in the system,. i represents the 
electron orbital’s eigen energy and.Ĥ is the Hamiltonian of the system describing the 
different interactions. Each wavefunction spans the entire 3D real space. r . However, 
solving Eq. 1 requires the wavefunctions either to be discretized on a real space grid or 
expressed in some basis set. One of the most widely used basis sets is the plane wave 
basis set [4], which discretizes the wavefunctions using a Fourier series expansion. It 

Table 1 The table contains different implementations for distributed Fourier transforms and some 
of their characteristics. We outline four characteristics: the transform type (complex to complex 
(CtoC) or real to complex (RtoC), the input/output type (cuboid or sphere data), the shape of the 
processing grid (1D, 2D, or 3D), the batching mechanism (present or not) 

Software Platform Transform 
type 

Input/Output 
type 

Processing 
grid 

Batching 

FFTE [25] CPU CtoC/RtoC Cuboid 1D/2D ✗ 
heFFTe [2] CPU/GPU CtoC/RtoC Cuboid 1D/2D ✗ 
FFTX [6] CPU/GPU CtoC/RtoC Cuboid 1D/2D ✗ 
FFTU [11] CPU CtoC Cuboid 1D/2D ✗ 
elemental 
FFT [22] 

CPU CtoC Cuboid 1D/2D/3D ✗ 

FFTB (ours) CPU/GPU CtoC Cuboid/Sphere 1D/2D/3D ✓
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is conventional to truncate the plane wave basis set within an energy cutoff and thus 
only frequency coefficients within a cut-off sphere are preserved for computation. 
Given that some operations applied on the wavefunctions are cheaper in real space, 
inverse and forward Fourier transforms are required to change from frequency to real 
space and back. The three-dimensional Fourier transforms need extra steps to deal 
with the non-cuboid shape of the data. In addition, the transform is not applied on 
a single wavefunction, it is rather applied on multiple wavefunctions. As such the 
Fourier transform can be applied on batches of data points which will provide better 
communication over the network. 

Most plane wave Density Functional Theory codes [1, 7–9] either implement their 
own Fourier transform variant or resort to padding the spheres to cuboid grids and use 
off-the-shelf frameworks. The first approach provides efficient implementations, at 
the cost of having a rigid solution that is specifically tailored to each application. The 
second approach trades performance for flexibility, requiring redundant computation 
and communications. As outlined in the result section, padding the data and applying 
the full Fourier transform will incur significant performance penalties due to the large 
volume of data that needs to be communicated over the network, some of that data 
being all zeros. In this work, we present a flexible implementation that allows users to 
express different input shapes and then efficiently applies the computation and data 
movement, targeting both CPUs and GPUs. Furthermore, we analyze key aspects of 
our approach and then show scaling results for our implementation given certain use 
cases from Density Functional Theory codes. 

Contributions. This work makes the following contributions: 

1. We present FFTB (the Fastest Fourier Transform from Berkeley) a distributed 
multi-dimensional Fourier transform for classical and plane wave Density Func-
tional Theory codes. 

2. We present a flexible implementation that allows cubic and spherical shapes of 
the data to be easily expressed by users. 

3. We present an efficient implementation capable of excellent parallel scalability on 
both CPU and GPU distributed systems. We show results on an NVIDIA-based 
supercomputer and are working to extend the framework to AMD and Intel-based 
systems as well. 

2 Background 

In this section, we briefly present the Fourier transform, focusing on the three-
dimensional implementation. We give a brief introduction to the classical three-
dimensional transform applied on data stored on cuboid grids, and then we discuss 
the plane wave Fourier transform applied on batches of spheres.
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2.1 The Fourier Transform 

The discrete one-dimensional Fourier transform (we use the DFT abbreviation for 
the discrete Fourier transform) is a matrix-vector multiplication, where given the 
input . x of size . n, the output . y is obtained as 

.y = DFTn · x . (2) 

The .DFTn is the .n × n Fourier dense matrix, defined as 

.DFTn = ωlk
n 0≤l,k<n

, (3) 

where .ωn = e− j 2πn is the complex root of unity. The computation of the DFT is 
implemented using the Fast Fourier Transform (DFT), where instead of performing 
.O(n2) complex arithmetic operations by doing the matrix-vector multiplication, a 
recursive decomposition of the DFT matrix is performed to obtain an . O(n log(n))

algorithm. The most widely known of these algorithms is the Cooley-Tukey algo-
rithm [5], which can be described concisely as a factorization of the.DFTn matrix for 
.n = n0 × n1. For more details on the decomposition, notation and implementations, 
we recommend the reader follow the works [20–22]. 

Multi-dimensional Fourier transform can also be expressed as a matrix-vector 
multiplication. A three-dimensional DFT of size .n0 × n1 × n2 is expressed as 

.y = DFTn0×n1×n2 · x, (4) 

where the.DFTn0×n1×n2 represents the complex DFT matrix. Any multi-dimensional 
DFT can be expressed in terms of multiple 1D DFTs and/or multi-dimensional DFTs 
of lower dimensions, which themselves are expressed as 1D DFTs. For example, 
Fig. 1 shows (a) the slab-pencil algorithm that decomposes the 3D DFT into a batch 
of 2D DFTs followed by a batch of multiple 1D DFTs, and (b) the pencil-pencil-pencil 
algorithm that splits the 3D DFT into three batches of 1D DFTs, where each 1D DFT 
is applied in the corresponding three dimensions. The matrix-vector notation can 
be extended to one dimensional Fourier transforms applied on higher dimensional 
tensors. 

The slab-pencil algorithm sees the input (output) column vectors . x (. y)  as  two  
dimensional matrices . x̃ (. ỹ)  of  size .(n0 × n1) × n2. The Fourier computation can 
mathematically be expressed as 

.ỹ = DFTn0×n1 · x̃ · DFTn2 (5) 

Data is stored in column major, hence the 2D DFT is applied on the columns, while 
the 1D DFT is applied on the rows. Subsequently, the 2D DFT applied can further 
be decomposed as 1D DFTs. Each column from matrix . x̃ can be viewed as a two-
dimensional matrix of size .n0 × n1.
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Fig. 1 Two algorithms used to compute a three dimensional Fourier transform. The top algorithm 
decomposes the computation as a batch of 2D transforms applied in the.xy-plane and a batch of 1D 
transforms applied in the. z dimension. The bottom algorithm, applies the three-dimensional Fourier 
transform as three groups of 1D Fourier transforms applied in each dimension of the input three 
dimensional tensors 

The pencil-pencil-pencil algorithm views the input (output) vectors as 3D cubes 
. x̂ (. ŷ)  of  size .n0 × n1 × n2. The input (output) column vector . x (. y) is decomposed 
into .n2 groups of .n1 subgroups of size . n0. Hence, the three-dimensional cube . x̂ is 
viewed as a matrix of matrices such that 

.x̂ = x̃0| x̃1| . . . | x̃n2−1 , (6) 

where each.x̃i is the 2D matrix of size.n0 × n1 for all values.0 ≤ i < n2. Mathemat-
ically, the pencil-pencil-pencil algorithm is expressed as 

.t̃i = DFTn0 · x̃i · DFTn1 ,∀0 ≤ i < n2 (7) 

ŷ = t̃0 | t̃1 | .  .  .  | t̃ n2−1 · DFTn2

where the .DFTn0 is applied in the depth dimension, the .DFTn1 is applied in the 
column dimension and finally the .DFTn2 is applied in the row dimension. Data is 
stored in column major order and therefore the dimension corresponding to .n0 is 
laid out in the fastest dimension in memory, while the dimension corresponding to 
.n2 is laid out in the slowest dimension in memory. The order in which the 1D and/or 
2D DFTs are applied can be permuted for both the slab-pencil and pencil-pencil 
algorithms.
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2.2 The Plane Wave Fourier Transform 

Solving Eq. 1 requires the wavefunctions to be discretized on a real space grid or 
expressed in some basis set. One of the most widely used basis sets is the plane wave 
basis set [4]. For the simplest case, the discretization of the .ψi (r) can be expressed 
as a Fourier series expansion such that 

.ψi (r) =
g

ci (g)e
jgr , (8) 

where . g represents the reciprocal lattice vectors of the supercell to be studied and 
. j = √−1.  Th  e .ci (g) terms represent the plane wave complex coefficients. It is con-
ventional to truncate the plane wave basis set within an energy cutoff .Ecut such 
that 

.
1

2
|g|2 ≤ Ecut . (9) 

Therefore, only the. g vectors within a cut-off sphere are used in the above expansion 
as shown in Fig. 2. The corresponding complex coefficients are stored as a column 
vector .ψi . In addition, an offset array is typically constructed to specify the correct 
location of the data in the sphere. The same offset array can be used for all wave-
functions .ψi . Equation 1 can be solved for all .ψi wavefunctions using a Conjugate 
Gradient (CG) algorithm (there are other algorithms that have been used to deter-
mine the solutions). The same CG steps are applied for all the wavefunctions .ψi . 
Therefore, the wavefunctions can be batched together such that 

. = ψ0 | ψ1 | . . . | ψNb−1 , (10) 

where .Nb represents the number of wavefunctions or the number of bands. The 
all-band algorithm converts most of the computation steps in the CG algorithm 

Fig. 2 Each wavefunction is decomposed using a Fourier series expansion and only the complex 
coefficients within a cut-off sphere are kept. The 3D Fourier computation requires the data to be 
on a cuboid grid. As such, the data can be padded with zeros to a cube typically of width twice the 
diameter of the sphere
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Fig. 3 The padding operation can also be split by dimensions. The padding is done in the .x-
dimension first, followed by the .y-dimension and .z-dimension. The 3D Fourier transform has a 
similar decomposition, so after each padding operation, the 1D transform can be immediately 
applied. Exploiting the structure of the data will reduce the amount of data that is being communi-
cated and computed upon 

from matrix-vector multiplication to matrix-matrix multiplications. Furthermore, the 
Fourier transforms are applied on batches of data and not on a single column vector 
at a time. 

The Fourier transform requires data to be placed on a cuboid grid. As such, all the 
wavefunction spheres must be zero-padded. Figure 2 shows the case that zero-pads 
the entire sphere by embedding it into a cube of width twice the size of the diameter 
of the sphere (this is a requirement from the solvers). The 3D Fourier computation 
is applied on the entire cube. While the advantage of this approach is that off-the-
shelf libraries can be used to compute the 3D Fourier transform, the disadvantage is 
that the amount of data is increased by almost .16 times, affecting computation and 
data movement. Alternatively, the zero-padding can be done in stages as outlined 
in Fig. 3, where each dimension is gradually padded with zeros. Splitting the 3D 
Fourier transform into the corresponding 1D transforms, enables us to fuse the 1D 
transforms with the padding operations. The advantage of this approach is that it 
keeps the amount of redundant work to a minimum. However, none of the classical 
implementations can provide support for this implementation. 

2.3 Connections to Multi-Linear Algebra 

In the work by Popovici et al. [21], it has been shown that Fourier transforms can be 
expressed as linear algebra operations. Similarly, padding or pruning the data can be 
expressed using a matrix notation. As such, utilizing a unifying notation for multi-
ple computation steps, enabled the possibility of fusing the padding operations, the 
Fourier transforms and the linear algebra operations. This in turn provided a boost in 
performance on shared memory systems. In the work by Popovici et al. [22], a flex-
ible implementation for distributed 3D Fourier transforms has been presented. The 
approach expressed the 3D Fourier transforms as multi-linear algebra operations 
and borrowed techniques from tensor community to provide a distributed Fourier 
transform using 3D volumetric decomposition on large number of CPUs. Finally,
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the work by Franchetti el al [6] has provided an API for Fourier-based operations 
seen in applications like Density Functional Theory calculations, plasma beam sim-
ulations [27] or methods of local corrections [16], with the goal of enabling cross 
domain optimizations. While the API offered functionality for expressing padding 
operations, it did not provide an easy to use API for spherical data shapes. As such, 
we extend the APIs and develop our own distributed Fourier framework that targets 
both cuboid and non-cuboid data shapes. 

3 A Flexible Framework for Multi-Dimensional Fourier 
Transforms 

In this section, we describe our framework entitled the Fastest Fourier Transform 
from Berkeley (FFTB). We provide an overview of our framework outlining the key 
components. Then we present the capabilities of our approach by providing some 
simple examples for distributed 3D Fourier transforms. 

3.1 Overview 

We develop a modular implementation for the FFTB framework. In the following 
paragraphs, we will describe each component outlined in Fig. 4, outlining the key 
features of each module. We show how the framework can be extended to different 
platforms. 

Fig. 4 The structure of FFTB. The API (green block) contains the main functionalities for describ-
ing distributed Fourier transforms. The intermediate block (yellow block) creates and links the 
stages of the Fourier transform based on the distribution of the inputs/outputs. The main stages are 
either local computation stages (red block) or data movement stages (orange block)
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Computational Layout Descriptor. We provide a C/C++ library to describe 
distributed multi-dimensional Fourier transforms and are currently working on pro-
viding an extension for Fortran. The API provides the necessary functionalities to 
specify the processing grid, the input and output tensors and how they are distributed 
across the processing grid. Finally, the API specifies the necessary constructs to 
create, execute and clean-up multi-dimensional Fourier transforms. In the following 
sub-sections, we provide two examples. The first example focuses on the classical 
3D Fourier transform for data stored on cuboid grids. The second example shows the 
extensions needed to express batched Fourier transforms specific for the plane wave 
Density Functional Theory codes. 

Distributed Fourier Transform Creation. The description of the distributed 
Fourier transform is translated to an intermediate representation. The intermediate 
block (yellow block) analyses the distribution patterns of the input/output tensors 
and constructs the necessary compute and communicate stages. Basically, this part 
stitches together the end-to-end implementation of the required Fourier transform. 
The current FFTB implementation accepts some predefined patterns that are used in 
most scientific applications. The framework will raise an exception if the provided 
patterns are not within the predefined list. We leave as future work the mechanisms 
used to decide the steps required to proceed from one tensor distribution to another. 
For the current implementation, we provide a hard-coded approach. 

Local Computation and Data Movement Specification. The local computa-
tion is represented by the 1D or 2D Fourier transforms that are applied on the data. 
We abstract the computation and create a couple of functions to specify in which 
dimensions the 1D or 2D transforms are applied in. The abstractions are replaced with 
actual function calls from off-the-shelf libraries like FFTW, cuFFT and rocFFT. Sim-
ilarly, data movement is also abstracted away (typically, Fourier transforms required 
alltoall MPI collectives). We provide compilation flags and let users specify 
what libraries they want their libraries to be linked against. 

In the following sub-sections, we provide two examples on how to use the API. 
We provide two examples for describing distributed Fourier transforms. We start 
with the 3D Fourier transform applied on cuboid grids and continue with a batched 
3D transform on non-cuboid data (wavefunction spheres). 

3.2 An API to Express Fourier Transforms on Processing 
Grids 

Figure 5 depicts a 3D Fourier transform applied on three-dimensional tensors dis-
tributed across a given processing grid. The input/output tensors are defined by 
specifying the bound domains, like the approach presented by the FFTX project [6]. 
Each domain is defined by specifying the points corresponding to opposite corners of 
cuboid volume, i.e. .(xl, yl , zl) and .(xu, yu, zu) for the input tensor and . (Xl , Xl , Xl)

and .(Xu, Xu, Xu) for the output tensor. The tensors are created by specifying the
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Fig. 5 A  3D  Fourier  
transform applied on an 
input tensor distributed in the
.x-dimension. The result of 
the Fourier transform is a 
tensor that is distributed in 
the.z-dimension 

domains and the distribution across the processing grid. The input tensor is dis-
tributed in the.x-dimension, while the output tensor is distributed in the.z-dimension. 
The grid, the tensors and their distribution are sufficient to create the corresponding 
distributed 3D Fourier transform. 

Figure 6 describes the step by step process for creating the processing grid, spec-
ifying the input and output tensors, and creating the Fourier transform. First, lines 
.2-. 3 specify the creation of the processing grid. We create a 1D grid containing . 16
processors. Second, lines .6-.11 specify the creation and distribution of the input ten-
sor ti. We create the lower and upper points of the bounding domain (lines .6-. 7). 
We then create the domain on lines .9-.10. Finally, we create the distributed tensor. 
The tensor takes the domain, a string specifying the dimensions and the distribu-
tion and the processing grid g. In the example, we specify that the tensor ti is a 
three-dimensional tensor with dimensions . x , . y, and . z and only the . x dimension is 
distributed across the .0-th dimension of the processing grid. We use the elemental 
cyclic distribution described in [22] to distribute the data (data in each dimension is 
distributed in a round robin fashion at the granularity of one element). The current 
implementation does not support the blocked distribution. 

Thirdly, we describe the output tensor to in a similar manner (lines .14-. 19). 
While the input tensor ti is distributed in the .x-dimension, the output tensor to 
is distributed in the .z-dimension. Finally, lines .22–.23 outline the code snippet that 
creates the distributed Fourier transform. We specify the size, the input and output 
tensors and the grid. From this specification, the framework decides on the most 
suited implementation. Once the Fourier transform is constructed, the fx object can 
be used to execute the computation.
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Fig. 6 Code snippet used to describe a distributed 3D Fourier transform of size .2563.  The  first  
lines describe the creation of the processing grid, the next lines specify the input and output tensors 
and how they are distributed, the last lines specify the creation of a 3D Fourier transform. We 
require the sizes of the Fourier transform to be specified in the case that the input/output require 
padding/pruning of the d ata

3.3 Extensions for the Plane Wave Fourier Transform 

The wavefunctions used in Density Functional Theory calculations are discretized 
using a Fourier series expansion. Typically, not all Fourier coefficients are saved. 
Those coefficients for which the frequency is outside a cut-off energy are discarded. 
As such, the plane wave representation of the wavefunctions will be as that of batches 
of spheres as the one outlined in Fig. 7 for a single sphere. The sphere can be bounded 
by a domain. Furthermore, projecting the data on the .xy-plane an offset array can 
be constructed, which resembles the Compressed Sparse Row format. Software like 
Quantum Espresso [7] uses such a structure to store the wavefunctions. We can use
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Fig. 7 Each wavefunction is discretized using a Fourier series expansion. Some of the coefficients 
are discarded based on the cut-off energy.Ecut . The sphere is bounded within a bounding domain. 
An offset array is constructed by projecting the data points on the .xy-plane. That offset array is 
used to access the actual data points 

this information to extend the functionality of our API. This in turn will allow users 
to specify offset arrays within bounding domains. 

Figure 8 describes the step by step process for creating the processing grid, speci-
fying the input and output tensors, and creating the batched Fourier transform for the 
plane wave computation. The steps are like the ones required to create the previous 
example. There are some differences between the code snippet in Fig. 6 and the code 
snippet in Fig. 8. First, at line . 2 we are required to define the offset array (we do 
not write the entire code and leave it as .. . . due to space constraints). As outlined 
in Fig. 7, we project the spheres on the .xy-plane and use the projection as an offset 
array. This offset array is like a Compressed Sparse Row (CSR) format because only 
the. z dimension is compressed, while the. x and. y dimensions are kept as dense. The 
offset array is used at line .18 to create the bounding domain for the input tensor. At 
line .19 we distribute the . x dimension similar to the previous case. Given that, the 
. z dimension has varying lengths, we augment the notation (extra information in the 
string argument) to allow for dimensions to be merged and even sorted based on the 
varying length in the .z-dimension. These details will be described in more detail in 
the final release of the software. 

The second difference is the presence of the batch dimension. Recall that there 
are multiple wavefunction spheres stacked together. At line .9-.10, we specify the 
lower and upper points for the batch dimension. These points are used at line . 17
and .26 to specify another dimension in both the input and output domains. The two 
domains dom_in and dom_out are specified as an array of two domains. This 
corresponds to a larger domain obtained as a cross product between the composing 
domains. Both tensors ti and to are four-dimensional tensors. Note the order in 
which the domains are added to dom_in and dom_out. The order in which the 
dimensions are added matters. In this example, we specified the batch dimension 
as the first dimension, which corresponds to the fastest dimension in memory. If 
the batch dimension was added after the three-dimensional domains, then the batch
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Fig. 8 Code snippet used to describe a distributed planewave Fourier transform of size.2563.  The  
declaration is similar to the classical implementation. The main differences are specification of the 
batch dimension, and the addition of an offset array to the domain of the input tensor

dimension would have corresponded to the slowest dimension in memory. More 
details on the domain creation is in the documentation of the software release. 

4 Experiments and Results 

In the following section, we present experimental results obtained on the HP Cray 
EX supercomputer. First, we provide details about the configuration flags used to 
compile and execute the code. Then, we showcase scaling results for two distributed 
3D Fourier transforms, outlining the need for flexible implementations.
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4.1 Methodology 

We use the Perlmutter supercomputer at the National Energy Research Scientific 
Computing Center (NERSC) for all the experiments. Perlmutter provides two parti-
tions users can use, one with CPU-only nodes and one with GPU-accelerated nodes. 
In this work, we focus on the GPU implementation and only report results on the 
GPU-accelerated nodes. For this partition, Perlmutter has .1792 GPU-accelerated 
nodes, each equipped with an AMD EPYC .7763 (Milan) CPU and four NVIDIA 
A.100 GPUs. Furthermore, Perlmutter features the HPE Slingshot 11 interconnect 
fabric, which uses a 3-hop dragonfly topology for efficient data transfer. For the 
strong scaling results, we use up to .256 physical node and .1024 GPUs (. 4 GPUs per 
node). 

We compiled our framework using the NVIDIA HPC toolkit 23.9. We use cuFFT 
.11 for the local computation. Furthermore, we use CUDA to implement some of 
the small codelets that pack and rotate the data locally on the GPU before commu-
nicating it over the network. As of now, the packing routines/codelets are part of 
the framework, specifcally tailored for the communication needed for the distributed 
Fourier transform. The goal is to place the data on the GPU and minimize copies with 
the host CPU. As such, we use the Cray-MPI library for performing the alltoall 
communication. On Perlmutter, the library allows users to specify device pointers 
to perform the communication directly on the GPUs, without data transfers to the 
host. In the scenario that this functionality is not available, we also provide support 
to move data to the host and then initiate a regular MPI alltoall call. 

4.2 Experimental Results 

We perform strong scaling experiments, where we keep the problem size fixed and 
increase the number of parallel processors. All experiments are run multiple times. 
We execute a warmup phase of.10 iterations, where we do not measure the execution 
time. We then execute a hot phase of another .10 iterations, where we measure the 
execution time. For all experiments, we take the average of the .10 iterations in the 
hot phase. Figure 9 shows strong scaling results for a full 3D Fourier transform and 
a plane wave 3D Fourier transform. We pick a typical size of .2563 for the Fourier 
transform and .256 for the batches. The plane wave Fourier transform assumes that 
the wavefunction sphere has a diameter of .128. 

The full 3D Fourier transform has four variants. The first variant (dark blue line) 
uses a 1D processing grid and batches the computation. The second variant (light 
blue line) uses a 1D processing grid and does not batch the Fourier transforms. 
Basically, this version loops .256 times around a distributed 3D Fourier transform. 
The third variant (dark orange line) uses a 2D processing grid and batches the com-
putation. Finally, the last variant (light orange line) uses a 2D processing without 
batching. The plane wave 3D Fourier transform uses a 1D processing grid, batches
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Fig. 9 Strong scaling results for different 3D Fourier transform variants implemented within our 
framework. The red line corresponds to the plane wave transform applied on spheres of diameter 
.128. The other four lines correspond to the full 3D Fourier transform applied on a cube of width of 
.256 using 1D or 2D processing grids and batching or not the computation. 

the wavefunctions and gradually pads the data with zeros, keeping communication to 
a minimum. We first parallelize the data in the dimensions of the Fourier transforms. 
If the number of processors is greater than the dimensions, we then parallelize in the 
batch dimension. 

There are two important aspects that need to be outlined. First, batching the 
computation and data movement is important. Both 3D Fourier transforms using 1D 
and 2D processing grids with no batching experience performance degradation as 
the number of GPUs is increased. For Fourier transform size of .2563, the amount of 
data that is being transferred is quite small as the number of processors is increased. 
The light blue line suffers a big jump in execution time when increasing the number 
of processing units from .64 to .128 most likely because the MPI library changes 
the alltoall algorithm given the size of the data. Batching the computation and 
data movement alleviates this problem as outlined by the dark blue and orange lines. 
Second, the planewave Fourier transform scales almost linear to .1024 GPUs and 
provides faster execution time compared to the regular 3D Fourier transform that 
batches (dark blue line). The planewave Fourier transform pads the data in stages, 
keeping the amount of data moved across the network to a minimum.
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5 Conclusion 

In this work, we have presented FFTB, a flexible and extensible framework for dis-
tributed Fourier transforms targeting both CPU and GPU supercomputers. We pro-
vided a description of the framework, outlining key characteristics. We constructed 
FFTB as a modular framework that allows different types of Fourier transforms to 
be described. In the paper, we focused on classic 3D Fourier transforms applied 
on data mapped to cuboid grids. Furthermore, we showed that with minor changes, 
we can extend the framework to plane wave 3D Fourier transforms, needed by a 
multitude of plane wave Density Functional Theory codes. We also showed mul-
tiple implementations with different behaviors on multi-node supercomputers such 
as Perlmutter, outlining the need for flexible frameworks. Moving forward, we will 
focus on integrating our approach with current Density Functional Theory codes. In 
addition, we will extend the functionality to target other supercomputers like Frontier 
(AMD GPUs), Aurora (Intel GPUs) and Fugaku (ARM CPUs). We will bundle the 
implementation and all the extensions making it available on Github. 
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Abstract Predicting the behavior of a magnetically confined fusion plasma over 
long time periods requires methods that can bridge the difference between transport 
and turbulent time scales. The nonlinear transport solver, Tango, enables simulations 
of very long times, in particular to steady state, by advancing each process indepen-
dently with different time step sizes and couples them through a relaxed iteration 
scheme. We examine the use of Anderson Acceleration (AA) to reduce the total 
number of coupling iterations required by interfacing Tango with the AA implemen-
tation, including several extensions to AA, provided by the KINSOL nonlinear solver 
package in SUNDIALS. The ability to easily enable and adjust algorithmic options 
through KINSOL allows for rapid experimentation to evaluate different approaches 
with minimal effort. Additionally, we leverage the GPTune library to automate the 
optimization of algorithmic parameters within KINSOL. We show that AA can enable 
faster convergence in stiff and very stiff tests cases without noise present and in all 
cases, including with noisy fluxes, increases robustness and reduces sensitivity to the 
choice of relaxation strength. 
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1 Introduction 

Accurately simulating turbulent transport is a critical aspect of modeling magneti-
cally confined fusion plasmas. Turbulent fluxes have a strong nonlinear dependence 
on the gradients of averaged fields and are often the primary mechanism for trans-
porting particles and energy from the plasma interior. A major challenge in sim-
ulations of very long times, in particular steady state, is the significant difference 
in characteristic time scales for transport (seconds) and turbulence (microseconds) 
in magnetic-fusion-energy burning plasmas [26]. This challenge is further compli-
cated by the presence of noise in the averaged transport fluxes arising from turbulent 
simulations. 

Evolving both processes at the same time step is prohibitively expensive; how-
ever, as the dynamics on each time scale are well separated, each process can be 
advanced independently at its own rate and coupled through an iteration scheme to 
bridge the scale gap. Turbulence model evaluations are the dominant computational 
expense, and the speed at which the coupling iteration converges determines the 
number of turbulence model evaluations. In this work, we aim to reduce the total 
number of coupling iterations necessary and thus lower the overall simulation cost 
by accelerating the convergence of the iterative method. To this end, we interface the 
nonlinear transport solver, Tango [22, 23], with the KINSOL nonlinear solver pack-
age from SUNDIALS [12, 16] to examine the use of Anderson Acceleration (AA) 
and extensions to AA for improving the convergence rate of the coupling iteration. 

The remainder of this paper is organized as follows. In Sect. 2, we overview 
turbulent transport simulations for magnetically confined fusion plasmas and the 
coupling method applied. We introduce the AA algorithm and detail the various 
extensions we consider to improve performance in Sect. 3. In Sect. 4 we overview the 
Tango code for coupled simulations and its interfacing with the AA implementation 
from KINSOL as well as the use of GPTune to optimize parameter selection. In 
Sect. 5 we discuss results from numerical simulations with Tango in both stiff and 
very stiff settings along with the impact of noisy fluxes on performance. Finally, in 
Sect. 6, we provide concluding remarks and directions for future investigation. 

2 Coupling Transport and Turbulence 

Simulating turbulence-driven transport in toroidal magnetic-fusion-energy plasmas 
with near-first-principles accuracy requires solving a set of gyrokinetic equations 
describing the distribution of different species in a 5D phase space (3 physical-
plus 2 velocity-space dimensions). 5D turbulence due to fast time-scale instabilities 
drives transport of averaged fields (i.e., density, momentum, and energy, which are 
constant on magnetic flux surfaces and thus spatially 1D in the magnetic flux coordi-
nate) across the magnetic surfaces confining the plasma. Because the transport time 
scales are much slower than the turbulence time scales, a formal separation-of-scales
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approach is possible, permitting a multiscale computational solution which proceeds 
by coupling separate equation sets for the fast and slow scales [27]. For this work, 
we utilize a simplified model for a single species to evaluate algorithms for turbulent 
transport without the expense of 5D simulation or the complexities of the toroidal 
geometry. Consider the transport equation, 

.
∂p

∂t
+ ∂q

∂x
= S, (1) 

where .p(t, x) is the plasma profile, .q(p(t, x)) is the average turbulent flux, and 
.S(t, x) includes all local sources. Because the turbulence-driven transport is stiff, an 
implicit time-advance is required. Discretizing (1) in space with finite differences 
and in time with backward Euler, we obtain the implicit system, 

.p(n+1) + HDxq
(n+1) = p(n) + HS(n+1), (2) 

for a time step from .t (n) to .t (n+1) with step size .H where superscripts denote the 
time at which a quantity is approximated, and .Dx is the difference operator for the 
finite-difference method. 

In Tango, we solve the implicit system (2) using the LoDestro method as detailed 
in [6, 27]. The method is given by the iteration, 

.pk+1 − HDx (DkDx pk+1 − ck pk+1) = p(n) + HS(n+1), (3) 

where.pk+1 is the new iterate for.p(n+1) and.q(n+1) is split into diffusive and convective 
terms, with coefficients 

.Dk = −θkq(pk)/Dx pk and ck = (1 − θk)q(pk)/pk, (4) 

respectively. The parameter .θk controls the diffusive-convective split at each mesh 
point. The purpose of the split is to keep .Dk positive (assuring a parabolic linear 
equation) and within bounds. It is assumed that the transport physics is diffusive at 
the boundaries; while it is often diffusive throughout the confined plasma volume, 
there are important exceptions, which a general treatment must accommodate. With 
a purely diffusive (.ck = 0) representation of . q, profile maxima can cause violent 
spatial swings in .Dk while iterating; also, converged solutions with the flux running 
uphill (anti-diffusion, possible in sub-volumes with global physics) are unobtainable. 
While Tango currently employs only the flux-splitting technique from [6, 27]  to  
handle these complications, [6, 27] provide a second technique for representing . q, 
which worked about equally well for the problems studied there. The important point 
is that however . q is represented, it is not a model of the physics (which is unknown, 
apart from the assumption at the boundaries); yet, assuming the iteration converges, 
the numerical . q supplied from the turbulence code must be recovered, as (3) and (4) 
have been constructed to do here.
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The value of .θk is chosen using the default strategy in Tango, 

.θk =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0 where D̂k < Dmin

1
2 1 + Dmax−D̂k

Dmax−Dmin
where Dmin ≤ D̂k ≤ Dmax and |Dx pk | < 10

1
2 where D̂k > Dmax and |Dx pk | < 10

1 otherwise

, (5) 

with .D̂k = −q(pk)/Dx pk , .Dmin = 10−5, and .Dmax = 1013. Obtaining the new pro-
file in (3) requires solving the linear system, 

.Mk pk+1 = b, (6) 

within each iteration, where.Mk = I − HDx (DkDx − ck) and.b = p(n) + HS(n+1). 
In practice, relaxation of the iteration is required to ensure convergence; i.e.,. pk+1 =
βpk+1 + (1 − β)pk . The overall method is outlined in Algorithm 1. 

Algorithm 1 LoDestro Method 
Input: p0, β, and tol Output: p∗ 

1: for k = 0, 1,  .  .  .  ,  kmax do 
2: Compute the flux q(pk) and split it into Dk and ck 
3: Construct Mk and solve Mk pk+1 = b 
4: Relax the profile pk+1 = βpk+1 + (1 − β)pk 
5: if pk+1 − pk < tol return pk+1 as p∗
6: end for

As illustrated in Fig. 1, the coupled simulation alternates between the transport 
iteration and the turbulent evolution. The turbulent fluxes are obtained from a 5D 
global (entire confined plasma) gyrokinetic code running with an explicit step size, 
.h H . Within each transport iteration the models exchange information. The trans-
port code provides profiles to the turbulence code which, running one long (on the 
fast time scale) simulation, then continues advancing with updated 1D profiles for 
a set time, after which it returns fluxes back to the transport code. The number of 
fast-scale time steps per data exchange is kept to a multiple of fluctuation periods, 
rather than the number to converge to a statistical steady state given the latest 1D 
profile; this provides a large savings in run-time per iteration, mitigating the slow rate 
of fixed-point convergence. Evolving the turbulence model requires far more com-
putational resources and expense than solving the linear system (6) in the transport 
iteration. Minimizing the number of iterations for convergence is, then, the critical 
issue for overall performance. 

References [6, 27] include applications of the LoDestro method with a two-
dimensional turbulence model demonstrating speed-ups in reaching turbulent steady
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Fig. 1 In Algorithm 1, the transport code (1D) uses a large implicit time step that requires iterating 
to convergence. During this iteration, the turbulence model (5D for physics runs; 1D in this paper) 
advances with a small explicit time step. The two models periodically exchange fluxes and profiles 
until the iteration has converged 

states. The first-ever multiscale results coupling to a global 5D gyrokinetic turbu-
lence simulation were obtained by Tango and presented in [23]. Three-field coupling 
studies of current experiments are presented in [8], on the ASDEX Upgrade tokamak; 
and in [2], on ion-temperature clamping in the Wendelstein 7-X stellarator. The first 
of these includes a section on timings and speed ups. 

3 Anderson Acceleration 

The LoDestro method can be viewed as a damped fixed-point iteration given by 

.pk+1 = βG(pk) + (1 − β)pk, (7) 

where .G(p) comprises steps 2 and 3 in Algorithm 1. This iteration may converge 
quite slowly (.β 1 may be required for stability of the iterations), and, thus, we are 
interested in methods for accelerating convergence. One such method is Anderson 
Acceleration (AA) [1, 17] which computes an iteration update that approximately 
minimizes the linearized fixed-point residual over a subspace constructed from prior 
iterations. In a linear setting and under certain conditions, AA is essentially equivalent 
to the generalized minimal residual (GMRES) method [30], and, with a sufficiently 
good initial iterate, AA performs no worse than a fixed-point iteration [29]. 

The AA algorithm with fixed damping,. β, and depth (subspace size),. m,  is  given  i  n
Algorithm 2. Following [30], the optimization problem in step 6 for the weights,. γk ∈
R

mk , to compute the new iterate is presented as an unconstrained linear least-squares 
problem. Utilizing this formulation, rather than the constrained form of the problem, 
allows for an efficient solution via a QR factorization of.Fk i.e.,.Rkγk = QT

k fk where 
.Qk ∈ R

N×mk is an orthogonal matrix, .Rk ∈ R
mk×N is an upper triangular matrix, 

and . fk ∈ R
N is the nonlinear residual, .G(pk) − pk . Updating the factorization and 

solving the linear system as the residual history changes is typically a minimal cost 
compared to the function evaluation [20, 21] and thus not a major contributor to the 
overall iteration run time.
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Algorithm 2 Anderson Acceleration 
Input: p0, mmax, kmax, tol, and β Output: p∗ 

1: Set p1 = βG(p0) + (1 − β) p0 
2: for k = 1,  .  .  .  ,  kmax do 
3: Set mk = min{k, mmax} 
4: Set Gk =  [  Gk−mk Gk−1] where Gi = G( pi+1) − G(pi ) 
5: Set Fk =  [  fk−mk fk−1] where fi = fi+1 − fi and fi = G(pi ) − pi 
6: Determine γk that minimizes fk − Fkγk 2 

7: Set pk+1 = G(pk) − Gkγk − (1 − β)( fk − Qk Rkγk)

8: if pk+1 − pk < tol return pk+1 as p∗

9: end for

In this work, we consider several extensions to AA, including delaying the start of 
acceleration as well as non-stationary variants with variable damping and/or depth, 
leading to Algorithm 3. When the initial iterate is far from the fixed-point, delay-
ing acceleration by . d iterations can be advantageous in order to obtain a better 
initial iterate before enabling AA. Different approaches to adaptive damping in [5, 
9] demonstrated significant improvements in convergence when compared to fixed 
damping values. The method in [5] computes an “optimal” damping value by solving 
a minimization problem at the cost of two additional function evaluations. To avoid 
extra evaluations, we use the heuristic approach from [9] with the damping value 

.βk = 0.9 − ωβ k with k = 1 − ( QT fk / fk )2, (8) 

where . k is the AA convergence gain in the .k-th iteration, .Q is readily available 
from the QR solve in the AA optimization step, and .ωβ is a tuning parameter. In [4] 
the adaptive damping algorithm from [5] is combined with a composite version of 
AA as a means of adapting the depth and further improves the convergence rate. A 
different adaptivity approach is taken in [25] where a filtering method is applied to 
remove columns from the history matrix,.Fk , in order to control the condition number 
of the least-squares problem. This method also leads to improved convergence. In 
this work, we utilize a strategy similar to that employed in [24] where the depth is 
determined by the magnitude of the current residual with 

.mk = min{m̃k,mk−1 + 1,mmax } with m̃k = max{0, log10(ωm fk ) (9) 

where .m0 = 0 and .ωm is a turning parameter.
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Algorithm 3 Anderson Acceleration with delay and variable damping and depth 
Input: p0, mmax, kmax,  tol,  d,  and  β Output: p∗ 

1: Set p1 = βG( p0) + (1 − β) p0 
2: for k = 1,  .  .  .  ,  kmax do 
3: if k ≤ d then 
4: Set pk+1 = β G(pk) + (1 − β)pk
5: else
6: Select mk using (9) 
7: Set Gk =  [  Gk−mk Gk−1] where Gi = G( pi+1) − G( pi ) 
8: Set Fk =  [  fk−mk fk−1] where fi = fi+1 − fi and fi = G( pi ) − pi 
9: Determine γk that minimizes fk − Fkγk 2

10: Select βk using (8) 
11: Set pk+1 = G( pk ) − Gk γk − (1 − βk )( fk − Qk Rk γk ) 
12: end if 
13: if pk+1 − pk < tol return pk+1 as p∗
14: end for

4 Implementation 

To evaluate whether the application of AA improves the convergence rate of the 
LoDestro method, we utilize the Tango 1D transport solver [22, 23] interfaced with 
the KINSOL nonlinear system solver from the SUNDIALS library [12, 16]. Tango 
is an open-source Python code that both solves the 1D transport equation (3)  by  way  
of the linear system (6) and implements the coupling Algorithm 1. The turbulent flux 
models available for coupling include the global gyrokinetic code GENE [13, 14], as 
well as analytic models for rapid algorithmic development. For this work we utilize 
one of the latter options, and note it corresponds to running the turbulence code to 
saturation each coupling exchange. 

KINSOL provides a number of algorithms for solving nonlinear algebraic systems 
including an Anderson-accelerated fixed-point iteration. AA in KINSOL leverages 
several implementation optimizations for greater performance such as efficient QR 
factorization updates and solves for computing the acceleration weights [10, 18, 30] 
or the use of low synchronization orthogonalization methods within the QR solve 
to minimize the number of global reductions [20]. For this work, we have extended 
KINSOL’s existing support for delay and constant damping with a fixed depth to 
allow for adapting the depth and/or damping. These new capabilities are included in 
the SUNDIALS v7.3.0 release. Through the interface between Tango and KINSOL, 
we can readily access an efficient implementation of AA and easily experiment with 
different variants of AA with minimal modification to existing Tango code. 

The interfacing between Tango and KINSOL primarily consists of creating a 
class within Tango with a method to evaluate .G(p) using Tango’s native functions 
for computing and splitting fluxes and setting up and solving the linear system. 
Additional class methods call KINSOL functions to configure the solver based on
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command line options and solve the nonlinear system. As SUNDIALS packages are 
written in C, we leverage SWIG [3] to generate Python interfaces that align with the 
C API while allowing Tango to access data stored in SUNDIALS vectors as NumPy 
arrays without having to copy data between KINSOL and Tango data structures. 

Algorithm 3 includes a number of parameters that can have a significant impact on 
performance. The optimal combination of settings is unclear a  priori  and depends on 
the application and problem considered. To automate parameter selection we utilize 
the GPTune package [19], a Python-based auto-tuning framework using Bayesian 
optimization methodologies with support for multi-task learning, multi-objective 
tuning, sensitivity analysis, and many other features. For this work we use the single-
task learning autotuning (SLA) capability in GPTune for a single-objective function. 
That is, we consider one configuration of the problem (1) when optimizing the 
algorithm parameters to minimize the number of iterations to reach a given solution 
tolerance. The problem class created for interfacing with KINSOL also streamlines 
using GPUTune, as the objective function only needs to construct the Tango problem 
class given a dictionary of input options, call the solve method, and return the number 
of solver iterations. Additionally, the driver program defines the input, output, and 
parameter spaces, as well as any constraints, to create the tuning problem. Once the 
problem is defined, the driver creates the GPTune object and runs the SLA method 
which calls Tango as needed through the objective function. 

5 Numerical Results 

In this section we present results applying AA to the LoDestro method for a nonlinear 
diffusion problem from [27] that mimics the challenges observed in turbulence-driven 
transport simulations. The problem is given by (1) on the interval.x ∈ [0, 1] with the 
analytic flux 

.q = −D
∂p

∂x
+ where D = 1

p

∂p

∂x

r

. (10) 

As briefly mentioned in previous sections, turbulent transport in tokamaks is often 
due to instabilities driven by gradients of the time-averaged 1D temperature and other 
profiles; and these instabilities often have thresholds—critical values for their onset. 
The resulting transport then drives the system to flatter gradients, which pushes 
plasma operation toward marginal stability, where the growth rates rise extremely 
rapidly from zero. This situation leads to very stiff transport as operation near the 
critical gradients is approached from above [11]. We model this high level of stiffness 
by increasing the value of. r in (10). The system is stiff with.r = 2 and we use. r = 10
to represent very stiff tests relevant to magnetic-fusion-energy problems. 

The 5D turbulence code illustrated in Fig. 1 reaches a saturated state with short 
spatial- and temporal-scale fluctuations. It is the electric fields involved in these 
fluctuations that kick particles across the magnetic surfaces, i.e., cause the transport. 
Even when a heat or particle flux is integrated over four dimensions, the 1D flux still
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has short-scale structure. We include the effects of these fluctuations on our coupling 
problem with the “noise” term, . ,  in  (10). We use the same spatially correlated, 
temporally white Gaussian noise model studied in [22] to mimic the fluctuations 
observed in GENE simulations (see Figs. 4a and 5b in [22] for a comparison of the 
model with fluxes from GENE). Below, we first test cases without noise (. = 0) 
before considering a problem with noisy fluxes. 

The source term in (1) is defined as 

.S(x) = 1 for 0 ≤ x ≤ 0.1

0 for 0.1 < x ≤ 1
, (11) 

and the boundary conditions are .p (0) = 0 and .p(1) = 0.01. For the LoDestro 
method, the relaxation strength depends on the degree of stiffness, and the default 
value is .β = 0.6/r . AA setups with zero depth (.m = 0) and constant damping cor-
respond to applying the unaccelerated LoDestro method as implemented in Tango 
and serves as the baseline comparison point. 

5.1 A Stiff Test Case 

We first consider the stiff case (.r = 2) and the impact of different AA configurations 
on the convergence of the iteration. 

5.1.1 Fixed Damping, Depth, and Delay 

To begin, we consider AA with static damping, . β, and depth, . m, sweeping over the 
parameter space to better understand how each impacts performance. Figure 2 shows 
a heat map for the number of iterations to reach a residual of .10−11 for different . β
and .m values with and without a delay, . d, before starting AA. From the first row 
(.m = 0, no acceleration), we see the default, .β = 0.3, is near optimal in this case, 
but .β = 0.4 can reduce the number of iterations by.16%. However, increasing. β too 
much leads to unphysical values or divergence (both denoted by empty cells). 

Without delay, adding acceleration, .m = 1, gives some robustness in the choice 
of. β, enabling convergence for larger values than possible without AA. However, the 
convergence rate is improved only for . β far from the optimal value. Increasing the 
depth,.m > 1, yields more consistent gains with AA. Comparing the best results, AA 
takes approximately.14% fewer iterations. For a non-optimal . β, larger reductions in 
iteration count are realized due to the greater robustness and reduced sensitivity to 
the choice of . β. Improved robustness in . β with AA has also been observed in other 
multiphysics coupling applications [15].
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Fig. 2 Heat map of the number of iterations to reach a residual of .10−11. Empty cells correspond 
to failed solves. Without a delay,.m ≥ 2 is needed to see a benefit in iteration counts from AA. With 
a one iteration delay, AA consistently reduces the number of iterations and decreases sensitivity to 
the value of. β

As the first iterate diverges from the final solution before steadily approaching the 
correct value at each subsequent iteration, introducing a small delay before starting 
AA significantly strengthens the performance in all aspects. Generally, the results 
continue to improve with increased depth but with diminishing returns, especially 
near the optimal . β. Delaying AA further can improve the results slightly but also 
reduces robustness with larger . β and may increase iteration counts with smaller . β. 
The size of the delay necessary will depend on the quality of the initial iterate, and 
the best depth value is often problem dependent. 

5.1.2 Optimized Fixed Damping, Depth, and Delay 

In the prior section we manually explored the parameter space to understand the 
impact of different options on algorithmic performance. In this section we investigate 
optimizing these selections with GPTune and examine the convergence history. We 
consider three sets of parameters to optimize:. β with.m = 0;. β and. m; and. β, . m, and 
. d. Each set is optimized for three residual tolerances (.10−6,.10−8, and.10−11). We set 
the initial number of GPTune parameter-space samples to 10 and the total number 
of samples to 50. The convergence histories for the best parameter values from each 
set are shown in Fig. 3. 

In the first few iterations there is little difference between the various options with 
smaller . β values performing slightly better. At more moderate residuals, optimizing 
. β alone is one or two iterations better than the AA results. However, for values below 
.10−7 the AA setups give the best results with the optimized parameter set edging 
out the best result from Fig. 2b by one or two iterations. The benefit of AA increases 
for values less than.10−9 where the convergence of the unaccelerated version slows. 
This result indicates that AA delivers accelerated convergence to a tight tolerance. 
Overall the optimized parameter sets from GPTune closely align with the best setups 
found with the manual sweep.
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Fig. 3 Residual history for 
autotuned configurations. 
The default (faded circles) 
and one setup from Fig. 2b 
(faded stars) are included for 
reference. The autotuned 
results align well with the 
parameter sweep in Fig. 2 

5.1.3 Adaptive Damping and Depth 

In the previous section we saw that the best parameter configurations depend on the 
desired residual norm. Performance also depends significantly on whether the initial 
iterate is in the asymptotic convergence regime of the iterative scheme. In this section 
we evaluate AA with adaptive damping and/or depth to find setups that perform well 
across residual regimes. We again consider three sets of parameters to optimize: . β
with adaptive . m; .m and . d with adaptive . β, and adapting . β and .m together. We only 
optimize . d in the fixed-.m case as the strategy for adapting .m automatically finds 
an optimum . d by initially selecting .m = 0. When adapting . β and/or . m, GPTune 
optimizes the factors .ωβ and .ωm in (8) and (9), respectively. As before, each set 
is optimized for the same three residual tolerances and we use the same numbers 
of initial and total parameter-space samples. The convergence history for the best 
parameter values from each set are shown in Fig. 4, and history of . β or .m from the 
adaptive cases are given in Fig. 5. 

Optimizing a fixed . β and an adaptive .m gives similar results to optimizing fixed 
. β, . m, and. d. Figure 5a shows that adaptive. m delays AA six iterations and has a max 
.m of three. Given the low sensitivity observed in Fig. 2b, it is not surprising that, 
although the .m and . d are slightly different, the convergence history only differs by 
one iteration. Optimizing an adaptive. β with fixed. m and. d has improved convergence 
at larger residuals, and, after five iterations, the setup is within two iterations of the 
best results. Figure 5b shows that the performance gain at larger residuals is due to 
using a small . β value initially before immediately growing to almost the maximum 
. β once AA starts. This behavior occurs because an optimum fixed. β is computed by 
GPTune in the delay region before AA starts, as . k is not available to estimate . β. 
Once AA starts, the iteration switches to adaptive values and keeps . β close to the 
max allowed. 

Optimizing both . β and .m is the least performant of the three configurations but, 
due to the low sensitivity to . β and . m, the results are still relatively close (within
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Fig. 4 Residual history for autotuned configurations with adaptive. β and/or. m. The adaptive results 
closely follow the autotuned fixed parameter results in Fig. 3 (faded triangles and squares included 
for reference) 

Fig. 5 Residual (left axis) and parameter history (right axis) for adaptive. β and/or. m configurations. 
Adapting .m automatically selects the AA delay, and adapting . β alone leads to values near the 
max allowed. Adapting . β and .m together leads to large, frequent changes in . β slightly degrading 
performance compared to other setups
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five iterations) of the other cases. Again, adapting .m automatically delays AA (five 
iterations) before settling on a max depth. Unlike when adapting . β alone, there are 
large oscillations in . β after the initial delay. This variation in . β appears to be the 
cause of lower overall performance and suggests that considering the gain history to 
reduce large, frequent changes in . β may improve results. 

Overall, in this stiff test case there are modest gains in numbers of iterations with 
AA compared to optimized damping values at large to moderate residual values. For 
residuals below.10−8 AA has a larger impact as convergence of the iteration without 
AA slows. However, AA greatly increases robustness and decreases sensitivity to 
the choice of . β with a small delay in AA increasing these effects. 

5.2 A Very Stiff Test Case 

We now consider a very stiff case (.r = 10) relevant to magnetic-fusion-energy prob-
lems and examine the impact of AA on convergence with optimized fixed and adaptive 
parameter configurations as in the prior two sections. Figure 6 shows the convergence 
history for the default iteration (.β = 0.06), an optimized damping value (.β = 0.14), 
and three of the best performing AA configurations. 

As in the stiff case, optimizing. β gives better results than the default. β and, in this 
case, is generally the best option for larger residuals. Enabling AA with . β = 0.01
and .m = 3 consistently outperforms optimizing . β alone for residuals below .10−4. 
Again, delaying AA generally leads to better results overall and, given the larger 
initial residual and stronger damping applied in this case, the best AA configurations 
tend to have a longer delay. For residuals below .10−7, configurations with fixed . β, 

Fig. 6 Residual history for autotuned setups with the default iteration (.β = 0.06), optimized damp-
ing (.β = 0.14), and various AA configurations. Markers are placed every 5 iterations. For a wide 
range of residuals, AA leads to reduced numbers of iterations, especially for smaller residual values
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. m, and . d or fixed . β and adaptive .m are the most efficient with results that differ by 
less than six iterations. With an adaptive . m, AA is automatically delayed by twelve 
iterations, the same as in the fixed-delay case, but allows more depth going up to 
.m = 7. Unlike in the stiff test, the depth does not immediately ramp up after the delay 
but instead keeps.m constant for 2 to 7 iterations before increasing. m. The stair-step 
behavior of .m reflects the overall slower convergence in this case, which requires 
additional iterations before a residual reduction triggers an increase in .m using the 
heuristic (9). Adapting. β can also improve results but, like in the stiff case, does not 
generally perform as well as other setups due to large oscillations in . β. Overall the 
results with this very stiff test are improved when comparing against the stiff case, 
with AA producing more significant gains over a larger range of residuals. 

5.3 Adding Noise in a Stiff Test Case 

Finally, we revisit the stiff test (.r = 2) when accounting for fluctuations in . q that 
mimic the noise observed with GENE i.e.,. 0 in (10). Figure 7 shows the residual 
history for the default setup (.β = 0.3) and a more optimal configuration (.β = 0.4), 
with and without AA, along with a heat map for other combinations of . β and . m. 
Unlike in the cases without noise, the performance with AA is similar to that without 
AA when using the best . β value. This lack of improvement is due to the higher, 
noise-dependent residual floor at which the iteration stagnates as noted in [22]  for  
the LoDestro method and similarly observed in [28] when applying AA to problems 
with inaccurate function evaluations. While the residual floor limits the benefits in 
lowering iteration counts, AA still improves overall robustness and reduces sensitiv-
ity to . β, which leads to faster convergence for non-optimal . β values. This reduced 
sensitivity is significant as it shows that with AA, less manual tuning of. β is necessary 
for an efficient solution approach. 

Fig. 7 Residual history and heat map for the number of iterations to reach a residual of.10−4 both 
with a delay of two iterations. AA increases robustness and reduces sensitivity to. β but only lowers 
iteration counts away from the optimal.β
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6 Conclusions 

In this work we used the KINSOL nonlinear solver library in SUNDIALS to evaluate 
the potential of several variations of Anderson acceleration to improve the conver-
gence of the LoDestro method for coupled turbulence and transport simulations of 
a magnetically confined fusion plasma. Combining the flexibility of KINSOL with 
the GPTune autotuning library enabled rapid evaluation of the parameter space to 
compare the impact of different options on algorithmic performance. 

For all test cases, AA allows for convergence with larger relaxation parameter 
values and decreases sensitivity to the choice of the relaxation parameter. Compar-
ing to the optimal damping value, AA can provide a small decrease in the number of 
iterations for moderate residual values with the benefit increasing for smaller target 
residuals leading to a reduction of 20% or more in the number of iterations. Moreover, 
these benefits improve as the problem difficulty increases, going from stiff to very 
stiff tests; and for non-optimal damping values, the improvements are larger. Utiliz-
ing adaptive depth with AA provides a means for automatically selecting the delay 
and maximum allowed depth with results generally matching the best setups with 
optimized fixed parameter values. We note that use of GPTune removes the need for 
time-consuming hand optimizations of the parameters. When noisy fluxes are con-
sidered, AA does not provide an improvement in iterations with optimal damping due 
to the higher residual floor [22]. However, AA still increases robustness and reduces 
sensitivity to the damping parameter, which lowers iteration counts for non-optimal 
damping. Improvements in the adaptivity strategies for damping and depth (or the 
alternative methods explored in [5, 9], and [25]) could increase the benefits of AA 
at larger residual values and will be considered in later studies. 

In future efforts we plan to assess the performance of AA with a modified analytic 
flux model that reflects the time dependence of the turbulence calculation as it is 
coupled to the transport code (see Fig. 1). We will also apply recently developed 
approaches for analyzing AA convergence [7] to better understand how the presence 
of noise and the addition of time dependence in the coupling impact convergence of 
the algorithm. Additionally, we will conduct studies to quantify parameter sensitivity 
in AA using GPUTune. Finally, the interfaces to KINSOL will allow for testing new 
variants of AA as they are integrated into the library, such as alternating and composite 
AA [4], without modifying Tango. 
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Intrepid2: Structure-Preserving 
Optimizations for High-Order Finite 
Elements 

Nathan V. Roberts, Mauro Perego, and Roger P. Pawlowski 

Abstract Intrepid2, like Intrepid before it, is a library within Trilinos 
providing core functionality for finite element and finite volume computations, 
including high-order basis function implementations, mechanisms for transform-
ing basis values from reference to physical space, and elementwise integration, 
among many other features. Intrepid2 builds atop Kokkos for performance 
portability across serial CPU, multi-threaded CPU, and GPU architectures. A driver 
of recent Intrepid2 development has been plasma physics applications, including 
the particle-in-cell EMPIRE code and direct discretizations of the Vlasov equation 
implemented in Camellia. Both of these benefit from high-order discretizations, 
and, for both, assembly costs can come to dominate. We have implemented new 
mechanisms for sum-factorized assembly, including software components that allow 
Intrepid2 to preserve structural features of basis values during computations. In 
the present work, we describe these mechanisms and demonstrate substantial per-
formance improvements relative to the unstructured assembly Intrepid2 has pre-
viously offered, with particular focus on use cases that arise in our plasma physics 
applications. 

Keywords Compatible finite element methods · High-order methods · Sum 
factorization · Matrix-free methods · Performance portability · Tensor-product 
elements 

1 Introduction 

Finite element methods are the foundation of numerous simulation codes targeting 
scientific applications. The last decade has seen a renewed interest in high-order 
finite elements due to the greater efficiencies enabled, especially on modern hardware 
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(a) Vlasov solution: distribution 
function f . Vertical dimension is ve-
locity, horizontal space. 

(b) Adaptive quadratic mesh. 

Fig. 1 Two-stream instability problem, adaptive solution using Camellia for a 1D1V Vlasov-
Poisson model. Figure adapted from [6] 

architectures, by matrix-free methods when used in concert with high-order finite 
elements (see, e.g. [1, 2]) (Fig. 1). 

In this work we present recent computational advances in the implementation of 
high-order finite elements in the Intrepid2 software package. Intrepid2 is 
written in C++ and is a performance portable re-implementation of the Intrepid 
code [3]  using  the  Kokkos [4] programming model. Intrepid2 is at the core of 
the discretization capabilities provided by the Trilinos software suite and it is 
used in a wide variety of scientific applications, ranging from research to production 
codes. Some notable examples include: 

• Camellia [5], a rapid-development framework for finite-element computations. 
Recently at Sandia, Camellia has been used to develop a set of adaptive direct-
discretization Vlasov solvers, with support for both time-marching [6] and space-
time [7] discretizations. 

• EMPIRE [8], a massively parallel, portable, finite element particle-in-cell applica-
tion for solving both electrostatic and electromagnetic problems, which employs 
Intrepid2 compatible finite elements. An open-source surrogate for the elec-
tromagnetic solver in EMPIRE can be found in the Mini-EM solver distributed 
as part of Trilinos. 

• MALI [9], an ice-sheet code part of the Department of Energy (DOE) climate model 
E3SM; this uses tensor-product, prismatic finite-elements on extruded meshes, and 
runs effectively on GPUs [10, 11]. 

• Sierra [12], a solid mechanics code, using composite finite elements [13]  offer-
ing favorable accuracy properties in the context of large deformations.

These applications present unique discretization challenges. Each could benefit 
from using higher-order finite element methods, both because of increased accuracy 
per degree-of-freedom, and because of the increased computational intensity which 
allows a more efficient use of modern architectures. Preparatory studies using high-
order finite elements in Mini-EM exposed a computational bottleneck in the cost 
of the assembly, especially when used by linear solvers in a matrix-free fashion. To
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address this issue, we have developed a general sum factorization approach within 
Intrepid2, applicable to basis evaluations across the whole exact sequence and 
adaptable to matrix-free computations. 

Sum factorization approaches have been introduced in other libraries, including 
the hp3d finite element library of Demkowicz et al. [14, 15], deal.II [16], and 
MFEM [17, 18]. Like the present approach, MFEM supports sum-factorization across 
the entire 3D (and 2D) exact sequence:.H 1,.H(curl),.H(div), and.L2 spaces for hex-
ahedra and quadrilaterals. Whereas MFEM implements sum factorization separately 
for each pair of spaces, our approach is generic in the sense that a single integration 
kernel supports all function spaces.1 We additionally support other tensor elements, 
including wedges in 3D, and higher-dimensional.H 1 and.L2 hypercubes, up to seven 
dimensions. 

This chapter is organized as follows. In Sect. 2, we motivate and describe sev-
eral recent additions to Intrepid2 designed to facilitate the implementation of 
structure-enabled algorithms, which include sum-factorized assembly and matrix-
free methods; the latter allow the computation of the action of a matrix without 
assembling that matrix. We describe a general approach to sum factorization in 
Sect. 3, explicitly detailing the three-tensor-component case for clarity. In Sect. 4,  we  
discuss the sum factorization implementation provided by Intrepid2.  We  show  
performance results for.H(curl) assembly on CPU and GPU architectures in Sect. 5. 
In Sect. 6, we describe an initial usage of Intrepid2’s sum factorization facilities 
for a key component of Camellia’s space-time Vlasov solver. We conclude in 
Sect. 7. 

2 Structure Preservation Within Intrepid2 

In finite-element applications involving high-order basis functions with tensor struc-
ture, dramatic gains can be realized by exploiting that structure to reduce the number 
of computations required. This is the foundation for many contemporary matrix-free 
approaches (which avoid any assembly of matrices, see, e.g. [19]), and also of sum 
factorization approaches, including the ones we describe in Sect. 3 below. 

2.1 Motivation: Finite Element Assembly 

A typical finite element assembly algorithm proceeds roughly as follows: 

1. Identify quadrature points in reference space. 
2. Compute basis values and/or derivatives at reference space points.

1 As a performance optimization, we do implement a specialization of the kernel for integrands 
involving three tensor components, such as those for a basis on a 3D hexahedron. 



108 N. V. Roberts et al.

3. Compute Jacobians, Jacobian determinants, and Jacobian inverses, as necessary 
for value/derivative transformations, at each physical point. 

4. Transform values and derivatives of basis functions to physical space. 
5. Map quadrature points to physical space. 
6. Compute weighting functions (“material data”) in physical space. 
7. Compute quadrature weights in physical space by multiplying the reference 

quadrature weights by the corresponding determinant of the Jacobian. 
8. Integrate: Multiply the test and trial values at each point, summing over the points 

weighted by the physical quadrature weights. 

Given an appropriately constrained context, each of these steps may be revised 
to save memory and computational costs. Here, we focus on two such contexts: a 
general hypercube mesh, and an orthogonally-extruded mesh. 

Hypercube Elements in a General Mesh. In a hypercube element, reference-
space quadrature points can be represented as a Cartesian product of 1D points. 
Moreover, the quadrature weights are a simple product of the corresponding 1D 
weights. For 1D points and weights .ξ p

i , w
p
i , .i = 1, . . . , Np,  in a .p-accurate quadra-

ture rule, the points and weights for a D-dimensional hypercube with order .pd in 
dimension .d = 1, . . . , D are given by 

. (ξ
p1
i1
, . . . , ξ

pD
iD

),

D

d=1

w
pd
id
.

The total number of quadrature points is thus .Np1 · · · · · NpD . If these are stored 
explicitly, and if .Np is the same in each dimension, we will require storage of. D ND

p

floating point numbers to store the points, and another.ND
p floats to store the weights, 

for a total memory cost of .(D + 1) ND
p . On the other hand, if we take advantage of 

the tensor-product structure, we may reduce this to one floating point number per 
weight, and one per 1D point. In the isotropic case, this is.2 Np floats; for anisotropic 
. p,  it  i  s .2 Np1 + · · · + NpD floats. To make this concrete, for a 3D element with 
.Np = 5, explicit storage requires 250 floats, while a reduced format would require 
only 10. 

Many finite-element bases for hypercubes can also be expressed in terms of 1D 
basis functions—for .H 1 and .L2 bases, these are simple products of the correspond-
ing 1D bases, while for .H(div) and.H(curl) the bases can be expressed as the direct 
sum of products of 1D bases. Therefore, the number of distinct basis values stored 
can also be reduced, again with a reduction factor roughly of order .p2. More impor-
tantly, algorithms such as sum factorization (sometimes called fast quadrature)  may  
be employed. We provide details in Sect. 3; here, we note that in the general 3D 
hexahedral case it allows a reduction from.O(p9) floating point operations to. O(p7)
flops. 

Orthogonally Extruded Meshes. Orthogonally extruded meshes arise in space-
time finite elements, as well as in discretizations of phase space (as in Vlasov). 
In these, a lower-dimensional (“physical”) mesh of arbitrary elements is extruded
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orthogonally in one or more additional dimensions. The Jacobian is diagonal in the 
dimension(s) of extrusion, and physical basis function components corresponding 
to those dimensions are identical across elements of equal height in the extruded 
dimension(s). In a general Vlasov discretization, velocity dimensions are typically 
discretized using uniform, axis-aligned extrusions of a physical mesh; there may be 
up to three extruded dimensions.2 

2.2 Data Structures: Some Patterns 

As we have already seen, the major opportunities afforded by tensor structures in finite 
element assembly are memory footprint reductions (which may have implications 
for data locality, increasing the probability that data used in computations is available 
within a cache) and algorithmic restructuring by factoring out loop invariants. We 
would like to employ data structures that express tensor structures in a generic way: on 
the one hand, these should allow a reduced memory footprint when tensor structures 
are present; on the other, they should allow non-tensor data to be expressed in the 
same format. Computational kernels responsible for combining data structures—as 
when a Jacobian is applied to transform a reference-space gradient—should do so 
in a mathematically consistent (that is, correct) fashion while maintaining as much 
structural information as possible. Put another way, these data structures exist on a 
range from specific to generic; the most specific case might be one with constant 
diagonal Jacobians, with material data that is constant across the domain. The most 
generic case might have arbitrary Jacobians, with material data that varies within 
each element. 

Two types of data structure arise directly from tensor product structure: 

1. Cartesian product: lower-dimensional point sets are “multiplied” to produce 
a higher-dimensional point set that contains all combinations of the lower-
dimensional points. For example, points on a wedge may be formed by taking 
all combinations of 2D points on a triangle, and 1D points on a line segment. In 
Intrepid2, this is represented by the TensorPoint class. 

2. Tensor product: as with the Cartesian product, lower-dimensional value containers 
form an object that contains a value corresponding to one element each of the 
constituents; these elements are multiplied together to produce the value in the 
tensor product. For example, quadrature weights on a triangle would be multiplied 
by the quadrature weights on a line segment to determine the quadrature weights 
on the wedge. In Intrepid2, this is represented by the TensorData class. 

In addition to these structures, a third pattern applies in some respects indepen-
dent of the tensor product structure: a data container with invariance specification.

2 In principle, of course, a space-time Vlasov discretization of a box geometry might have as many 
as seven orthogonally extruded dimensions. The more typical use case, though, involves a spatial 
mesh of general type with a (uniform) extrusion in the velocity dimensions. 
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The motivating idea here is that a container may logically extend in a particular 
dimension—say, the cell dimension—but it is known a priori that the data does not 
vary in that dimension, or varies in a particular way. The goal for our data structure 
is to capture this invariance in such a way that we may take advantage of it algo-
rithmically and to reduce data storage. This pattern is represented by Intrepid2’s 
Data class. 

2.3 Cubature, Basis, Transforms, and New Data Classes 

Intrepid2 has long had a CubatureTensor class which derives from the Cubature 
class; this allows defining a tensor product cubature from cubature points and weights 
of the tensor components. When cubature points and weights were requested through 
the getCubature() method, the fully-expanded point set (with .pD points) and 
weights (defined pointwise as the product of the tensorial component weights) would 
be returned. We have added methods that instead allocate and fill TensorPoint and 
TensorData instances, reducing storage costs and maintaining the tensor structure. 
Similarly, the Intrepid2 Basis class has had a getValues() method that 
accepts tensor-agnostic containers as arguments. We have added methods that allo-
cate and fill a new tensor-structure-aware BasisValues container. This class allows 
storage of basis values and derivatives in a structure-preserving fashion. Prior mech-
anisms in Intrepid2 for computing transformations from reference to physical 
space also did not preserve structure. We have added a new class, TransformedBasis-
Values, which stores a BasisValues object alongside a Data object representing the 
reference-to-physical transform. The transform is lazily applied to the values; this 
preserves tensor structure and allows transformations to be combined and reordered 
for efficiency during integration and other evaluations. In addition to the classes 
already mentioned, we have added a TensorData class, which allows storage of 
tensor-product basis evaluations such as those from .H 1 value basis evaluation, a 
VectorData class representing vectors of TensorData (possibly with multiple fami-
lies defined in one object). We have also introduced a new CellGeometry class for 
specifying geometry, with support for low-storage specification of regular grids, as 
well as arbitrary meshes. 

3 Sum Factorization Algorithm 

Suppose that we have two basis functions.φi ,ψ j , and we wish to perform an integral 
in physical space on an element . K : 

.Gi j =
K

φi · ψ j (1)
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Suppose further that .φ̂i is vector-valued, with component indices .a = 1, . . . , dφ̂; 

similarly .ψ̂ j is indexed by .b = 1, . . . , dψ̂ . Suppose further that at each physical 
point there is a matrix .Mab defined such that 

.φi · ψ j =
dφ̂

a=1

dψ̂

b=1

φ̂i
a Mab ψ̂

j
b . (2) 

Let each of .φ̂i
a, ψ̂

j
b have tensor product factors indexed by .r = 1, . . . , R, such that 

.φ̂i
a =

R

r=1

φ̂ir
a (x̂r ), ψ̂

j
b (x̂) =

R

r=1

ψ̂
jr
b (x̂r ) (3) 

at each point .x̂ in reference space. Here we identified .i, j with multi-indices 
.i1 . . . iR, j1 . . . jR .  Le  t .w(x̂) be a pointwise cell measure; this is the transformed 
reference space quadrature weight for quadrature points .x̂l, l = 1, . . . , L , where 
.x̂l = (x̂l1 , · · · , x̂lR ), and .lk = 1, . . . , Lk for .k = 1, . . . , R. The full integral .Gi j is 
then given by 

.Gi j =
dφ̂

a=1

dψ̂

b=1

L1

l1=1

· · ·
LR

lR=1

R

r=1

φ̂ir
a (x̂lr )ψ̂

jr
b (x̂lr ) Mab w(x̂l1 , · · · , x̂lR ). (4) 

There are two key observations for sum factorization: first, we may rewrite the 
above as 

. Gi j =
d
φ̂

a=1

d
ψ̂

b=1

L1

l1=1

φ̂i1a (x̂l1)ψ̂
j1
b (x̂l1)

L2

l2=1

· · ·
LR

lR=1

φ̂
iR
a (x̂lR )ψ̂

jR
b (x̂lR )Mab w(x̂l1 , · · · , x̂lR );

(5) 

second, we may reuse the partial sums for.ir jr · · · iR jR for all basis functions whose 
indices end with those partial multi-indices. To facilitate the latter, we introduce 
partial sums .G1, · · · ,GR as follows: 

.GR(αR) =
LR

lR=1

φ̂iR
a (x̂lR )ψ̂

jR
b (x̂lR )Mab w(x̂l1 , · · · , x̂lR ), (6) 

.Gr (αr ) =
Lr

lr=1

φ̂ir
a (x̂lr )ψ̂

ir
b (x̂lr )Gr+1(αr+1), r = 1, . . . , R − 1 (7) 

where we have also introduce a partial multi-index .αr = ir jr · · · iR jR . To reduce 
storage requirements in the actual implementation, we do not explicitly form .G1,
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instead storing to the final memory location. Similarly, we fix.iR, jR in an outer loop, 
so that .GR only uses one memory location. 

To facilitate generic reasoning in terms of the tensor quadrature points, we employ 
a point iterator object that stores an index for each tensorial rank and increments in 
the final tensorial rank (. R) first, and on increment returns the lowest rank for which 
an index changed during the increment operation. Thus, if the iterator returns.R − 1, 
we know that we have exhausted the integration points in rank. R. Our point iterator 
also features a look-ahead method, nextIncrementResult(), which indicates 
the result that will be obtained by the next call to increment(). 

The general sum factorization algorithm is listed below as Algorithm 1.  This  
algorithm is a generalization of algorithms recently presented by Mora & Demkowicz 
[14] and Badger et al. [15]. 

Algorithm 1 General Sum Factorization 
1: for a = 1, · · ·  , d

φ̂ , b = 1, · · ·  , d 
ψ̂ do 

2: for iR = 1, · · ·  , N 
φ̂R 

, jR = 1, · · ·  , N 
ψ̂R 

do 

3: Clear G1,  .  .  .  ,  G R 
4: Initialize point_it point iterator over all quadrature points 
5: r ← R 
6: while r ≥ 1 do 
7: x ← point_it.x() 
8: G R ← G R + φ̂ i R a ( x̂lR ) ψ̂ jR b ( x̂lR )Mab(x)  w(x) 

9: rnext ← point_it.nextIncrementResult() 
10: rleast ← max(2, rnext) 
11: for s = R − 1, · · ·  , rleast do 
12: for all αs = is js · · · iR−1 jR−1 do 

13: Gs (αs ) ← Gs (αs ) + φ̂is a ( x̂ls ) ψ̂ js b ( x̂ls )Gs+1(αs+1) 

14: end for 
15: Clear Gs+1 
16: end for 
17: if rnext ≤ 1 then 
18: for all α2 = i2 j2 · · ·  iR−1 jR−1 do iR , jR fixed above 

19: Gi  j  ← Gi  j  + φ̂ i1 a ( x̂l1 ) ψ̂ j1 b (x̂l1 )G2(α2)

20: end for
21: Clear G2
22: end if
23: r ← point_it.increment()
24: end while
25: end for
26: end for

3.1 The 3-Component (3D) Sum Factorization Algorithm 

To see how the general algorithm plays out in a more concrete setting, consider 
the 3-component, 3D case. This is presented in Algorithm 2. We can regard this as 
consisting of three phases. In the first phase, for fixed .x, y coordinates, and fixed
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basis components.iz, jz , we compute an intermediate integral.Gz by summing values 
in the . z dimension (line 9). Note that this is the only line in the algorithm that refers 
directly to the physical space coordinates, in the.Mab(x) w(x) factor. Due to the loop 
structure, the first phase accounts for .O((p + 1)5) floating point operations. 

The second phase iterates over basis components .iy, jy , accounting for the con-
tribution due to .y-coordinate number .ly with .lx and .iz, jz fixed. Due to the loop 
structure, this phase requires .O((p + 1)6) floating point operations. The intermedi-
ate container .Gy contains .(p + 1)2 entries. 

The third and final phase accumulates into the stiffness matrix: with all basis 
component numbers.i = ix iyiz, j = jx jy jz fixed, we add in the contributions due to 
.x-coordinate number . lx . Due to the loop structure, the final phase requires . O((p +
1)7) floating point operations; this is the asymptotic cost of the algorithm as a whole. 

Algorithm 2 3D Sum Factorization (Basis-Value Intermediates) 
1: Clear G Integration matrix, indexed by (i, j) = (ix i y iz , jx jy jz ) 
2: for a = 1, · · ·  , d

φ̂ , b = 1, · · ·  , d 
ψ̂ do 

3: for iz = 1, · · ·  , N 
φ̂z 

, jz = 1, · · ·  , N 
ψ̂z 

do 

4: for lx = 1, · · ·  , Lx do 
5: Clear G y ( p + 1)2 array, indexed by iy , jy 
6: for ly = 1, · · ·  , L y do 
7: Gz ← 0 One number 
8: for lz = 1, · · ·  , Lz do Integrate in z 

9: Gz ← Gz + φ̂ iz a (ẑlz ) ψ̂ jz b (ẑlz )Mab(x)  w(x) O(( p + 1)5) flops 
10: end for 
11: for iy = 1, · · ·  , N 

φ̂y 
, jy = 1, · · ·  , N 

ψ̂y 
do 

12: G y (iy , jy ) ← G y (iy , jy ) + φ̂ iy a ( ŷly ) ψ̂ jy b ( ŷly )Gz O(( p + 1)6) flops 
13: end for 
14: end for 
15: for ix = 1, · · ·  , N 

φ̂x 
, jx = 1, · · ·  , N 

ψ̂x 
do 

16: for iy = 1, · · ·  , N 
φ̂y 

, jy = 1, · · ·  , N 
ψ̂y 

do 

17: i ← ix i y iz , j ← jx jy jz 
18: G(i, j ) ← G(i, j ) + φ̂ix a ( x̂lx ) ψ̂ j xb (x̂lx )Gy (iy , jy ) O((p + 1)7) flops
19: end for
20: end for
21: end for
22: end for
23: end for

3.2 The 3-Component 3D Sum Factorization Algorithm 
with Pointwise Intermediates 

In Algorithm 2, we compute intermediates .Gz—a single number, which implicitly 
refers to a particular selection of.iz, jz)—and.Gy , an array of values indexed by.iy, jy , 
which also implicitly refers to the same .iz, jz selections. Because .Gy is indexed by 
.(iy, jy), we refer to the above algorithm as the Sum Factorization Algorithm with
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Basis-Indexed Intermediates. This is the structure employed by Mora and Demkow-
icz [14] and Badger et al. [15]. Note that on this approach, the .lx , ly loops contain 
those for.ix , jx , iy, jy , so that in each pass through the inner loops only a single. (x, y)
coordinate is treated. Given the layout of basis values in memory, this may lead to 
cache misses. 

This observation leads us to another possible variant of the algorithm: we may 
reorder the loops so that basis value accesses for neighboring coordinates in a given 
dimension occur within the inner loops. As detailed in Algorithm 3, for a given 
.ix , jx , in the first phase we fix .ly, lz , and then perform an integration in . x into an 
intermediate container.Gx , indexed by.(ly, lz). Assuming that.(p + 1) points are used 
in each dimension for quadrature,3 this carries a storage cost of .(p + 1)2. 

The second phase of Algorithm 3 places the .iy, i j iteration in an outer loop, 
and accumulates into a 1D intermediate array .Gy , indexed by . lz . With our earlier 
assumption on quadrature, this carries a storage cost of .(p + 1). As in Algorithm 2, 
the second phase requires .O((p + 1)6) flops. 

The third phase of the algorithm integrates in . z, and requires .O((p + 1)7) flops. 
Note that the particular combination of .(i, j), and the corresponding value in the 
stiffness matrix . G, referred to in lines 20–23, will only obtain once per .(a, b) pair. 
This is important both in terms of data locality for. G and for the possibility of parallel 
implementation: the work can be divided among threads in a natural way such that 
there is no contention for writing to . G. 

4 Sum Factorized Assembly with Intrepid2 

We provide here a few notes about the Intrepid2 implementations of the 
algorithms described above. We have implemented Algorithm 1 in a general set-
ting, independent of spatial dimension and basis type. The implementation can be 
found in Intrepid2_IntegrationToolsDef.hpp in the F_Integrate 
functor, in the run() method. Algorithm 3 is implemented in functor 
F_IntegratePointValueCache,  as  runSpecialized3(); we do not yet 
have an implementation of this algorithm that is independent of number of compo-
nents and basis type, though by analogy to the preceding algorithms it is clear enough 
how this could be accomplished.

In each of the implementations, we find it beneficial to allocate some temporary 
arrays beyond that which is used by the algorithms for intermediate storage; we ini-
tialized these with frequently-accessed basis values and point weights (.Mab(x) w(x)). 

At present, each implementation exposes .NC(p + 1)2, where .NC is the number 
of cells treated in one kernel launch, known as the workset, thread parallelism for

3 One disadvantage of Algorithm 3 compared to Algorithm 2 is that the intermediate storage costs 
depend on the quadrature degree. We believe that this is more than made up for by the data locality 
advantages; in any case, the intermediate storage costs are likely to be small compared to the 
.O((p + 1)6) storage cost of the final stiffness matrix. 
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Algorithm 3 3D Sum Factorization (Point-Value Intermediates) 
1: Clear G Integration matrix, indexed by (i, j) = (ix i y iz , jx jy jz ) 
2: for a = 1, · · ·  , d

φ̂ , b = 1, · · ·  , d 
ψ̂ do 

3: for ix = 1, · · ·  , N 
φ̂x 

, jx = 1, · · ·  , N 
ψ̂x 

do 

4: Clear Gx ( p + 1)2 array indexed by (ly , lz ) 
5: for ly = 1, · · ·  , L y do 
6: for lz = 1, · · ·  , Lz do 
7: for lx = 1, · · ·  , Lx do 
8: Gx (ly , lz ) ← Gx (ly , lz ) + φ̂ix a ( x̂lx ) ψ̂ jx b ( x̂lx )Mab(x)  w(x) O(( p + 1)5) flops 
9: end for 
10: end for 
11: end for 
12: for iy = 1, · · ·  , N 

φ̂y 
, jy = 1, · · ·  , N 

ψ̂y 
do 

13: for lz = 1, · · ·  , Lz do 
14: G y (lz ) ← 0 ( p + 1)-length array, indexed by lz 
15: for ly = 1, · · ·  , L y do 

16: G y (lz ) ← G y (lz ) + φ̂ iy a ( ŷly ) ψ̂ jy b ( ŷly )Gx (ly , lz ) O(( p + 1)6) flops 
17: end for 
18: end for 
19: for iz = 1, · · ·  , N 

φ̂z 
, jz = 1, · · ·  , N 

ψ̂z 
do 

20: i ← ix i y iz , j ← jx jy jz 
21: for lz = 1, · · ·  , Lz do 
22: G(i, j ) ← G(i, j ) + φ̂ iz a (ẑl z )ψ̂

jz
b (ẑlz )Gy (lz ) O((p + 1)7) flops

23: end for
24: end for
25: end for
26: end for
27: end for

the highest-intensity kernel (referred to as phase 3 in the discussions of Algorithms 
2 and 3). We believe that in the case of Algorithm 3 by breaking the phases apart 
(at present they are “fused” together in common loops) and possibly introducing 
some additional intermediate storage, we can increase the parallelism expressed to 
.(p + 1)6, while maintaining minimal inter-thread synchronization requirements. We 
expect to pursue this in future updates to Intrepid2. 

There are also some opportunities for improving performance by taking advantage 
of symmetries. There are two types of symmetry that we may take advantage of: 

1. Internal (component basis) symmetry: if component bases .{φ̂ir
a }i , {φ̂ jr

b } j match, 
then the loop over.ir , jr can be reduced; its outputs for.(ir , jr )will match those for 
.( jr , ir ). This requires that the loops over the symmetric dimensions be innermost. 

2. Outer symmetry: If the tensor bases .{φ̂i }i , {ψ̂ j } j match, and the transformation 
matrix .Mab is symmetric, then the loop over .a, b can be reduced. 

The savings from symmetry may be more than a factor of two: if multiple component 
bases match, the cost reductions compound. Our implementations do not yet take 
advantage of such symmetries, but we do hope to pursue this as well in future updates 
to Intrepid2.
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5 Performance Results for .H(curl) Assembly 

The electromagnetic solves in EMPIRE and Mini-EM involve the assembly of 
two matrices: a mass matrix and a curl-curl stiffness matrix. For our Intrepid2 
benchmark, we assemble the matrix .K given by: 

.Ki j = (ψi ,ψ j ) + (∇ × ψi ,∇ × ψ j ) (8) 

We show performance results for two representative architectures: a CPU with 
OpenMP-based parallelism and a GPU with CUDA-based parallelism. In each of 
these, we employ uniform hexahedral meshes varying in size from 32,768 elements 
(for .p = 1) to 16 elements (for .p = 10) on the CPU, and 524,288 elements (for 
.p = 1) to 128 elements (for .p = 10) on the GPU, but we do not take advantage of 
the regularity of the mesh in any way; the performance results apply to the unstruc-
tured mesh case. As part of the sum-factorized assembly implementation, we include 
flop estimates, which count each add, multiply, subtraction, and division as a single 
operation – these estimates are based on operation counts, not measured by hard-
ware counters. For sum factorization on each architecture, we use Algorithm 3;  prior  
experimentation has shown that this can be slightly less performant on CPUs than 
Algorithm 2, but still has excellent performance. On CUDA, our experiments have 
shown a dramatic difference between the two, in favor of Algorithm 3,  so  for  the  
present we use this as the standard choice for Intrepid2 across a ll architectures.

Our driver supports variable workset sizes (the number of cells for which we 
compute the stiffness matrix at a time); we calibrate for each algorithm by trying 
a series of powers of two up to the total cell count. Larger worksets allow more 
parallelism to be expressed, but can increase the sizes of intermediate arrays, leading 
to cache misses and larger memory requirements. If workset sizes are too small, 
observed throughput can be a small fraction of the best possible for the algorithm – 
this is particularly a concern on GPU architectures, where the hardware is capable of 
a great deal of parallelism. In our tables, we indicate which workset size was used: 
the best one for that configuration. In the H100 test below, we aim to set the mesh 
sizes for our problems to be as large as possible without running out of GPU memory 
(the H100 has 80 GB total). 

Table 1 shows the OpenMP results with 16 threads on an M2 Ultra CPU. The 16-
thread choice corresponds to the number of performance cores present on the CPU. 
These run at a clock speed of roughly 3.5 GHz, so that the theoretical peak flop rate 
for 16 threads is 56 GFlops per second. The estimated throughput for some of our 
sum-factorized results is higher than this rate (up to 92 GFlops/second); we attribute 
the discrepancy to the presence of fused multiply-adds which are not considered 
in our flop estimate. Figure 2 plots a comparison between Intrepid2’s standard 
assembly and the sum-factorized assembly using Algorithm 3. Note that the speedups 
exceed the theoretically predicted.O(p2), we believe due to improved cache locality 
in the sum-factorization algorithm.
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Fig. 2 OpenMP (16 threads, Apple M2 Ultra) comparison for 3D .H(curl) integration. Speedup 
values compare sum-factorized integration to standard integration times 

Table 2 shows the CUDA results on an H100. Figure 3 plots a comparison between 
Intrepid2’s standard assembly and the sum-factorized assembly using Algorithm 
3. While the performance of sum-factorized assembly is much better than that of the 
standard assembly algorithm, we note that here it remains sub-optimal, as seen both 
in peak throughput that is considerably below the theoretical peak of the hardware 
(26 TFlops for FP64), and in the fact that the estimated throughput peaks at . p = 8
and diminishes after that. For .p = 9 and .p = 10, the calibration results indicate 
that we are not expressing sufficient parallelism: there is a substantial increase in 
throughput (nearly a factor of 2) between using a workset that is half the size of the 
mesh and using one the size of the whole mesh. Figure 4 plots the throughputs for 
both our OpenMP and CUDA results. 

6 Sum-Factorized Assembly for DPG Vlasov Solver 

We have been developing proof-of-concept Vlasov solvers, implemented using the 
Camellia code, based on the discontinuous Petrov-Galerkin (DPG) methodology 
of Demkowicz and Gopalakrishnan [20, 21], with a particular emphasis on adaptive 
mesh refinement. These can be up to 7D for space-time 3D3V meshes, and can 
be high-order, particularly in the test space. We have reimplemented a key kernel, 
the Gram matrix assembly for the test-space inner product, using Intrepid2’s 
sum-factorization support, for our space-time Vlasov solver. In Table 3, we compare 
performance of this kernel for a 1D1V case (3D in all) arising in our Landau damping 
driver. Due to space considerations, we omit full details, but we note that this is a more 
holistic measurement, in something closer to a “real-world” application context, than 
our .H(curl) assembly above. 

The Vlasov-Poisson solve proceeds using a fixed-point iteration; we measure the 
assembly cost in the first step of this iteration. Thanks to Camellia’s in-progress
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Fig. 3 CUDA (H100) timing comparison for 3D .H(curl) integration. Speedup values compare 
sum-factorized integration to standard integration times 

Fig. 4 Throughput estimates for 3D .H(curl) integration, for 16-thread OpenMP on M2 Ultra 
and CUDA on an H100. The flop estimates do not account for fused multiply-adds; we believe 
this explains how the OpenMP performance can exceed the theoretically expected 56 GFlops. For 
clarity of the figure, we do not plot the theoretical peak throughput for the H100, which is 26 TFlops 

conversion to support thread parallelism, the standard assembly mechanism benefits, 
but fairly modestly, from enabling OpenMP parallelism. As before, we experiment 
with a number of different workset sizes, divisors of 160 and 1,280, and select the 
best case to use in comparisons. Here, we observe speedups that are fairly consistent 
across polynomial orders, between 1.5x and 1.9x for the serial case, and between 
6x and 9x for the threaded case. We do not have a detailed explanation for the more 
modest speedups, but we believe it to be due to a combination of the inclusion of 
other computations in the measurement, the structure of these particular integrals, 
and some inefficiencies in this first implementation using sum-factorized assembly 
in Camellia.
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Table 3 Vlasov Gram Assembly Comparison. Times are in seconds. 

(a) M2 Ultra (Serial, 160 elements) 

Standard Sum-Factorized 

p Workset Time Workset Time Speedup 

5 40 0.61 40 0.31 1.96 

6 20 1.6 8 0.80 1.97 

7 40 3.7 40 2.0 1.85 

8 20 7.5 2 2.1 1.65  

9 40 16 2 9.5 1.68  

10 40 28 2 19 1.45 

(b) M2 Ultra (OpenMP-16, 1,280 elements) 

Standard Sum-Factorized 

p Workset Time Workset Time Speedup 

5 40 2.3 1,280 0.30 7.6 

6 20 5.8 1,280 0.80 7.3 

7 8 12 640 1.7 7.0 

8 5 28 320 3.8 7.3 

9 8 56 320 6.9 8.0 

10 20 120 320 13 8.9 

7 Conclusion 

In this work, we have described some recently developed features in Intrepid2 to 
support algorithms that take advantage of structural features of finite element basis 
functions, including sum factorization algorithms. The sum factorization support 
in Intrepid2 is implemented in a very general fashion that is agnostic both to 
function spaces and the number of tensorial components; we believe it to be unique 
in this regard. Our numerical experiments focus on use cases relevant for plasma 
physics. We have demonstrated substantial performance improvements relative to 
unstructured .H(curl) assembly on both CPU and GPU architectures. We have also 
shown substantial improvements in a core kernel of Camellia’s space-time Vlasov 
solver, the Gram matrix assembly. Future work will include both providing mech-
anisms for exploiting symmetry in assembly and employing the same foundational 
data structures to support matrix-free operation. 
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Partitioned Multiphysics Simulation 
of an Electrophysiological 
Three-Tendon-Biceps Model 

Carme Homs-Pons , David Schneider , Frédéric Simonis , 
Miriam Schulte , and Benjamin Uekermann 

Abstract Partitioned coupling approaches are a popular strategy for complex multi-
physics simulations due to their modularity. This led to the development of numerous 
coupling libraries in recent years. This chapter highlights recent advances within the 
coupling library preCICE, which aims to provide a scalable and user-friendly library 
for practical applications. We demonstrate its benefits using a complex case study: 
the simulation of a human biceps muscle. Several features of preCICE need to be used 
simultaneously: (1) efficient data mapping methods to facilitate the volume coupling 
of the biceps muscle with its internal fibers, (2) robust quasi-Newton acceleration for 
the implicit surface coupling of the muscle with its three tendons, and (3) composi-
tional coupling schemes to combine weakly and strongly coupled interactions to an 
overall coupling of five coupled models. 

Keywords Data mapping · Coupling schemes · Neuromuscular system ·
Electromechanics · Multiscale · High performance computing · Mathematical 
software 

1 Introduction 

Many problems in science and engineering can only be understood by taking multi-
ple physical domains into account. This includes the biomedical application of this 
chapter: an electrophysiological three-tendon-biceps model. To implement an overall 
multi-physics simulation, coupling of single-physics models and codes is a challenge 
– a numerical one, but also concerning high-performance computing and software 
engineering. To tackle this challenge, several numerical coupling libraries have been 
developed in the past ten years. Notable open-source examples include MUI [23], 

C. Homs-Pons (B) · D. Schneider (B) · F. Simonis · M. Schulte · B. Uekermann 
Institute for Parallel and Distributed Systems, University of Stuttgart, Va ihingen, Germany
e-mail: carme.homs-pons@ipvs.uni-stuttgart.de 

D. Schneider 
e-mail: david.schneider@ipvs.uni-stuttgart.de 

© The Author(s) 2027 
C. S. Woodward et al. (eds.), Numerical Software Libraries and Their Impact 
on Scientific Applications, ICIAM2023 Springer Series 3, 
https://doi.org/10.1007/978-981-92-0623-0_8 

125

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-92-0623-0_8&domain=pdf
http://orcid.org/0009-0000-3974-0274
http://orcid.org/0000-0002-3487-9688
http://orcid.org/0000-0003-3390-157X
http://orcid.org/0000-0003-4594-6142
http://orcid.org/0000-0002-1314-9969
mailto:carme.homs-pons@ipvs.uni-stuttgart.de
mailto:david.schneider@ipvs.uni-stuttgart.de
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8
https://doi.org/10.1007/978-981-92-0623-0_8


126 C. Homs-Pons et al.

OpenPALM [7], DTK [21], and preCICE [4]. Coupling libraries follow a divide-and-
conquer partitioned approach: They try to reuse existing simulation codes and treat 
them as black boxes as much as possible, introducing modularity into the simulation 
setup. They often offer highly-scalable and robust numerical methods for data map-
ping and fixed-point acceleration, facilitating the coupling of many participants on 
parallel systems. 

In this chapter, we study an electrophysiological three-tendon-biceps simulation 
as a complex multi-physics example to showcase recent advances of the Precise 
Code Interaction Coupling Environment (preCICE). Multiple features of preCICE 
need to be applied simultaneously for this example: coupling of multiple codes with 
a combination of explicit and implicit coupling schemes, quasi-Newton acceleration 
for robust coupling, and data mapping of large problems. 

1.1 The preCICE Coupling Library 

The vision of preCICE is to couple existing simulation codes in a modular manner 
while only requiring minimally invasive changes to them. Ready-to-use adapters to 
many established simulation tools and frameworks exist, e.g., OpenFOAM, FEniCS, 
deal.II, SU2, and more. 

preCICE handles four main coupling building blocks: (1) Establishing peer-to-
peer communication channels between coupling participants executed in serial or 
parallel via either TCP/IP sockets or MPI. The communication pattern is computed 
by sending distributed meshes from the defining participant and repartitioning them 
on the receiving participant. (2) Data mapping to cope with non-matching coupling 
meshes at the coupling interface or volume including radial-basis-function inter-
polation and projection methods. All methods are available in a consistent and a 
conservative variant. (3) Coupling schemes including explicit and implicit ones or 
compositions of both to couple arbitrary many participants. Implicit schemes can be 
stabilized by acceleration methods including (parallel) quasi-Newton variants [16]. 
(4) Time interpolation via waveform iteration to couple heterogeneous time stepping 
methods, potentially in a multi-rate fashion. 

We explain these building blocks in more detail in the following sections as we 
use them. They are runtime configurable by a single XML configuration file, which 
all participants read. For more information, also refer to the extensive online user 
documentation1 and the recent reference publication [4].

1 https://precice.org/. 

https://precice.org/
https://precice.org/
https://precice.org/
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1.2 The Electrophysiological Three-Tendon-Biceps Model 

A skeletal muscle is an active hyperelastic tissue with a hierarchical structure. Our 
model considers: three hierarchical levels [9]: the full muscle, the muscle fibers, and 
the sarcomeres, the smallest contracting unit in skeletal muscles. On the top level, 
the muscle deforms in response to internal and external forces. The internal forces 
are a result of the contraction of the sarcomeres due to the stimulation of the muscle 
fibers by motor neurons. When a motor neuron fires, electrical signals travel through 
the fibers and trigger chemical reactions, which result in turn in the contraction of 
sarcomeres. In this chapter, we aim to simulate the activation and the deformation 
of a human biceps and its neighboring tendons. Due to the complex multi-physical 
and multi-scale nature, detailed simulations are challenging and computationally 
demanding. 

We choose a partitioned approach and couple five participants (cf. Figure. 1): a 
muscle mechanics participant, a muscle fibers participant, and three tendon mechan-
ics participants. All participants use meshes [12, 13] generated from imaging surface 
data of the Visible Human Male dataset [22]. 

The muscle is split into two participants that are volume-coupled, the muscle 
fibers participant and the muscle mechanics participant. The first is a multi-scale 
electrophysiology solver that computes the electrochemical processes that activate 

Fig. 1 Coupling topology and geometry of the electrophysiological three-tendon-biceps simulation 
with five participants
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the contraction of the sarcomeres and transfers activation parameters to the mus-
cle mechanics participant. From the activation parameters we compute active forces 
which, together with external forces, contribute to the deformation of the muscle 
in the muscle mechanics participant. The deformed geometry is transferred back to 
the muscle fibers participant. This is a case of weak coupling, i.e., by definition, an 
explicit coupling scheme is sufficient for stability in general. Because of the small 
time scale of the electrophysiology, we subcycle in the coupling. The muscle mechan-
ics participant is, moreover, surface-coupled to three tendon mechanics participants: 
one tendon on the bottom, which is attached to the ulna bone, and two tendons on 
the top, which are attached to the humerus bone. When the biceps contracts, the ulna 
is pulled up, whereas the humerus is mostly fixed. Thus we fix the upper end of 
both top tendons and we apply a pulling force on the bottom tendon that models the 
forearm’s resistance to the biceps’ contraction [13]. The tendon participants transfer 
surface displacement and velocity values to the muscle mechanics participant which 
transfers back surface traction values. The surface coupling between the mechanics 
participants is strong, i.e., by definition, we need an implicit coupling scheme to 
guarantee stability in general. 

We make use of existing software for the five participants and couple them via 
preCICE. This introduces flexibility in the choice of employed models and allows us 
to distribute computational resources. For the muscle fibers participant and the mus-
cle mechanics participant, we use OpenDiHu2 (“Digital Human”) [15]. In particular, 
we choose the FastMonodomain solver for the muscle fibers participant, which is 
a multi-scale solver itself: In each fiber we solve a 1D transient reaction-diffusion 
equation [9]. The reaction term is coupled to an ODE model with 57 states [20], which 
is computed in each point of a fiber and requires a smaller timestep than the diffusion 
contribution. Each fiber is, moreover, coupled to a motor neuron at the center of the 
fiber with a small randomized offset. In our case, we assume a total of 10 motor neu-
rons. For the muscle mechanics participant, we use the dynamic MuscleContraction 
solver, which implements a non-linear transversely isotropic Mooney-Rivlin material 
model. The activation from the muscle fibers participant is modeled as an additional 
contribution to the stress tensor [9]. For the three tendon mechanics participants, we 
extend an existing mechanics solver3 based on the finite-element library deal.II [1] 
with a transversely isotropic material model [3]. Our setup, however, also allows 
using dynamic OpenDiHu solvers for the tendons, specifically the HyperelasticTen-
don model and the SaintVenantKirchhoff model. Currently, all dynamic mechanics 
solvers of OpenDiHu can only be executed in serial, a disadvantage, which we regard 
as given in this chapter. 

To study different coupling aspects separately, we approach the overall five-
participant coupling in three stages: In Sect. 2, we only look at the volume cou-
pling between the muscle fibers participant and the muscle mechanics participant. 
The volume coupling leads to large data mapping problems between meshes with

2 https://github.com/opendihu/opendihu. 
3 https://github.com/precice/dealii-adapter. 

https://github.com/opendihu/opendihu
https://github.com/opendihu/opendihu
https://github.com/opendihu/opendihu
https://github.com/opendihu/opendihu
https://github.com/opendihu/opendihu
https://github.com/precice/dealii-adapter
https://github.com/precice/dealii-adapter
https://github.com/precice/dealii-adapter
https://github.com/precice/dealii-adapter
https://github.com/precice/dealii-adapter
https://github.com/precice/dealii-adapter
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heterogenous resolutions, which we analyze carefully in this section. Such a volume 
coupling using preCICE was previously published by Maier et al. [14], but not with 
the data mapping solutions we present in this chapter. In Sect. 3, we then study the 
mechanical surface coupling between the muscle participant and the three tendon 
participants. The strong coupling requires an overall implicit coupling scheme with 
an acceleration method to stabilize the coupling, for which we compare different 
options in this section. Such a four-participant surface coupling was previously pub-
lished by Maier et al. [13], however not with advanced acceleration methods, but 
with constant under-relaxation. In Sect. 4, we finally compose the explicit coupling 
scheme and the multi implicit one to an overall coupling scheme, the main contribu-
tion of this chapter. We study the overall efficiency of the coupling. All software and 
setups used in this chapter are available in an accompanying data publication [10]. 

2 Volume Coupling of Muscle Fibers and Muscle 
Mechanics 

The volume coupling between the 1D muscle fibers participant and the 3D muscle 
mechanics participant is a weak coupling. An explicit coupling scheme is, thus, suffi-
cient (Sect. 2.1). To choose suitable data mappings (Sect. 2.2), we consider different 
meshes associated to different fiber configurations, see Fig. 2. The coupling mesh of 
the mechanics solver is by construction a subset of the much finer fiber mesh. We 
then analyze the influence of this setup and different data mappings on computational 
efficiency (Sect. 2.3). 

Fig. 2 Number of volume coupling vertices of each participant (left) and 13x13 meshes (right). 
The meshes show the mechanics mesh (left), the extracted coupling mesh (middle), and the fiber 
mesh (right). With.13,357 nodes in the muscle mesh, the muscle solver hits the refinement limit for 
its serial execution and further refinements are not feasible.
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2.1 Coupling Scheme 

In preCICE, explicit coupling schemes can either be serial or parallel. The former 
runs one solver at a time, while the other is waiting for data, benefitting stability. 
The latter runs both solvers simultaneously, overlapping runtime. We use a serial-
explicit scheme here. preCICE requires a common time window size at the end of 
which participants exchange data. This permits solvers to freely select time step sizes 
within a time window. Here, selecting a time window size equal to the time step size 
of the mechanics solver .10−2 ms leads to stable results. The fibers solver performs 
.25 time steps of .4 · 10−4 ms in each time window. From the solver perspective, the 
coupling logic is hidden inside preCICE. Figure 3 shows a schema of how the solvers 
run and exchange data in this scenario. 

2.2 Data Mapping 

Bidirectional couplings require the configuration of two data mappings, which com-
prises here the mapping from the fibers to the muscle and vice versa (see volume cou-
pling in Fig. 1). For both data mappings, we use the consistent constraint of preCICE, 
which ensures that the activation parameter and the geometry data are interpolated 
consistently across the coupling interface. To further configure the data mappings, 
both accuracy and computational cost need to be taken into account. Considering the 
much higher number of vertices in the fiber mesh compared to the muscle mesh, as 
illustrated in Fig. 2, it would be beneficial to not communicate the fiber mesh and cor-
responding data in general, but to handle communication only via the muscle mesh. 
In principle, preCICE allows choosing the participant on which the data mapping is 
computed and which mesh is used for data communication. However, when executed 
in parallel, consistent mappings are only allowed to be computed on the receiving 
participant [24]. Hence, mapping the geometry is executed in parallel on the fiber 
solver whereas the activation parameter is mapped in serial on the mechanics solver. 

Fig. 3 Schema of the data exchange between muscle fibers (F) and muscle mechanics (M) par-
ticipants. M provides initial geometry for F. F performs multiple time steps before completing the 
time window and sending activation data to M. M completes the time window in one time step and 
sends data to F. In this serial scheme, F runs before M, at which point they both completed a time 
window and move to the next time window.
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As mentioned above, the mechanics mesh is a subset of the fibers mesh. Con-
sequentially, configuring the mapping from the fibers mesh to the mechanics mesh 
is simple: A nearest-neighbor (NN) search solves the mapping problem mathemat-
ically exactly, while remaining computationally cheap. In addition, preCICE filters 
out all vertices that are not required for the mapping during the initialization. Here, 
this applies to all vertices that are not included in the mechanics mesh, as their data 
is not used throughout the simulation. Thus the nearest-neighbor mapping efficiently 
reduces the computational cost of data communication. Other mapping variants in 
preCICE would solve the mapping problem exactly as well, but at a much higher 
computational cost. 

Configuring the mapping from the mechanics to the fibers is more challenging. 
Here, we want to make sure that the geometry is mapped accurately onto the fibers. 
The coupled codes do not provide any connectivity information for preCICE or addi-
tional gradient data, which would otherwise enable the use of linear-cell interpolation 
or nearest-neighbor gradient mapping methods. Although the mechanics mesh size 
might appear small enough for employing global radial-basis-function (RBF) inter-
polation [4, 18], the computational cost of evaluating the global interpolant for all 
fiber vertices rules out global RBF mappings. As an alternative, we make use of a new 
advancement of preCICE: partition-of-unity radial-basis function interpolation (PU-
RBF) [19]. The conceptual idea behind PU-RBF is to split the problem into smaller, 
overlapping sub-problems, so-called clusters, and construct RBF interpolants in each 
of these clusters. A global solution is then recovered by aggregating a weighted sum 
of the local solutions from each cluster. The expected data from the muscle mechan-
ics participant is a geometry field and thus, expected to be smooth. Therefore, we 
configure the mapping with a compactly supported Wendland.C6 function [4] and a 
support radius of .ρ = 1 cm. 

2.3 Computational Efficiency 

To investigate the data mapping efficiency, we reproduce the volume coupling of 
the muscle fibers and the muscle mechanics in an isolated environment using the 
so-called Artificial Solver Testing Environment (ASTE). 4 ASTE encapsulates the 
preCICE API and imitates two participants of a coupled simulation. While the same 
performance measurements could be retrieved from the original cases, ASTE is 
more feature rich and allows measuring the computational accuracy of the employed 
mapping alongside the performance. To reproduce the volume coupling, we extract 
the coupling meshes defined by the muscle mechanics and the muscle fibers using 
the export functionality of preCICE. The partitionings performed by ASTE and 
OpenDiHu are not identical, but well comparable, such that using ASTE in the 
whole pipeline is reasonable. We configure the case to resemble our target simulation 
setup, which means that we execute the muscle mechanics participant in serial and

4 https://github.com/precice/aste. 
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Fig. 4 Total initialization time and time to compute the mapping for each participant. The fiber 
participant is running on 16 ranks whereas the muscle participant runs on a single rank. 

the muscle fibers participant in parallel on 16 ranks. To generate artificial data, we use 
a transformed variant of the Rosenbrock function, which fits on the spatial measures 
of the muscle domain [10]. The experiments were conducted on a dual socket AMD 
EPYC 7742 system (.2 × 64 cores). For all configurations, we perform a total of 
five runs and report an averaged time over three runs, excluding the slowest and the 
fastest run. With parallel execution, the timing used to compute the average is the 
maximum timing across all ranks. 

Performance results for both participants are shown in Fig. 4. The mapping compu-
tation becomes an increasingly dominant part of the initialization, taking up between 
.10% and.55% of the computational cost for nearest-neighbor mapping and between 
.17% and .66% for PU-RBF as the coupling meshes become increasingly refined. 
Establishing communication channels takes around.100 ms (not shown in the figure), 
which for coarser meshes can significantly affect the initialization time. Still, we 
conclude that the overall initialization time is insignificant, taking only around three 
seconds for the most refined mesh resolutions on both participants, while the largest 
potential for optimization is given by the PU-RBF data mapping. 

Therefore, we consider different mapping configurations for the muscle fibers 
participant. In particular, we evaluate different options for the number of the vertices 
per partition-of-unity cluster .NM (default in preCICE is .NM = 50)  as  well  as  a  
different support radius (.ρ = 2 cm). In addition, we compare against an experiment 
using a nearest-neighbor mapping also on the muscle fibers participant. Figure 5 
depicts accuracy and computational cost for all configurations. The nearest-neighbor 
mapping yields the worst accuracy. Increasing the support radius shows no visible 
influence on the mapping accuracy. Larger clusters result in better accuracy, but also 
higher computational cost. The best value for .NM depends on the mesh resolution: 
For coarser meshes, lowering.NM delivers a similar accuracy at a lower computational 
cost. For finer meshes, however, the accuracy gain becomes significant.
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Fig. 5 Accuracy and computational cost of the nearest-neighbor mapping or the PU-RBF mapping 
for various cluster sizes from the muscle mesh to the fiber mesh. Basis function is Wendland . C6

(*.ρ = 1,† ρ = 2). The solid lines show one-time cost during initialization, whereas dashed lines 
show cost per time step. The muscle mesh is not further refined in the last experiment, leading to 
the same accuracy. 

3 Multi Coupling of Muscle Mechanics and Three Tendons 

The surface coupling between the four mechanics solvers is a strong one, i.e., we 
require an implicit coupling scheme with a suitable acceleration method (Sect. 3.1). 
Nevertheless, finding appropriate data mappings is easier: Since the coupling sur-
faces only contain small amounts of vertices, computational efficiency is not an issue. 
Hence, we use PU-RBF mappings for all coupling interfaces. As a basis function, we 
select a Wendland .C4 function with .ρ = 8 cm, a multiple of the diameter (approxi-
mately. 3 cm of the coupling surface), ensuring the basis function covers the interface 
nodes sufficiently well. To identify surface nodes within the muscle participant, we 
take advantage of the mesh structure and select the top or bottom layer of nodes. The 
case of the upper end of the muscle is more complex, as the top nodes should be split 
into two meshes for the two top tendons. Instead we apply a mask which separates 
the plane in two, so that the muscle mechanics updates its boundary condition with 
the values received from the correct tendon. To get meaningful activation parameters 
to trigger the contraction of the muscle, we use OpenDiHu’s internal fiber-mechanics 
coupling [15] in this section. For simplicity, we use OpenDiHu solvers for all four 
participants. 

3.1 Coupling Scheme 

Implicit coupling schemes iterate the solvers in each time window until defined con-
vergence criteria are met. Coupling more than two participants implicitly, requires 
a multi coupling scheme, which performs a parallel coupling of all participants [2].
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Fig. 6 Data exchange between the muscle participant (M) and the three tendon participants: Tendon-
Bottom (TB), Tendon-Top-A (TTA), and Tendon-Top-B (TTB). In this multi scheme, all solvers are 
coupled in a parallel scheme. After each solver completes its time window, coupling data is gathered 
on M, which checks for convergence. In this example, the first iteration does not achieve conver-
gence, but the second iteration does. After non-converging iterations, coupling data is accelerated 
(denoted by the circle). 

Strongly coupled problems moreover require an appropriate acceleration method. 
One participant then takes the role of the controller, responsible for measuring con-
vergence and accelerating the coupling data. In our case, we use the muscle solver 
as the controller, as it is directly coupled to all other participants, simplifying data 
transfer. Figure 6 depicts the multi-coupling scheme. 

Mathematically, implicit coupling leads to fixed-point equations at the coupling 
interface, .H(x) = x . The surface coupling between the four participants is given by 
.M : (x1, x2, x3) (y1, y2, y3),.TB : y1 x1,.TTA : y2 x2, and.TTB : y3 x3, 
where the variables denote the coupling data as specified in Fig. 1. We then get the 
following fixed-point equation: 

. M(x1, x2, x3) = (y1, y2, y3), TB(y1) = x1, TTA(y2) = x2, TTB(y3) = x3 .

To solve such fixed-point equations, preCICE offers various acceleration methods. A
that combine past inputs . x and results .H(x) using a linear combination to compute 
the next iterate: 

. xk+1 = A(x0, . . . , xk, H(x0), . . . , H(xk)) .

To this end, preCICE concatenates all coupling data into a single vector, the afore-
mentioned . x [24]. 

Acceleration methods vary in how they compute these linear coefficients. 
preCICE offers three accelerations options: constant under-relaxation, Aitken’s 
under-relaxation and various quasi-Newton variants. The simplest variant is con-
stant under-relaxation, which applies a fixed relaxation factor. c to combine the latest 
two iterations .xk+1 = cH(xk) + (1 − c)xk . Aitken’s under-relaxation computes a 
dynamic relaxation factor based on the residuals of the latest iteration. Quasi-Newton
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acceleration methods also compute a dynamic relaxation factor but they incorporate 
previous iterations to estimate the Jacobian. Typically, quasi-Newton methods are 
more efficient and robust in most scenarios [24]. 

To find a suitable acceleration scheme for our multi-coupling scenario, we conduct 
separate experiments. We switch between acceleration methods by modifying the 
preCICE’s XML configuration file. We perform a fixed number of 100 time windows 
using various acceleration schemes and compare resulting iteration counts as well as 
their convergence behavior. We select the time window size to be equal to the solvers’ 
timestep, i.e., .0.01 ms. The simulation setup mirrors the final simulation of Sect. 4, 
where  we  use .9 × 9 muscle fibers and a relative residual convergence measure of 
.10−2 for displacement and velocity and .10−1 for traction. In particular, we compare 
the use of no acceleration scheme, the use of constant under-relaxation (.c = 0.5), 
Aitken’s under-relaxation, and two different interface quasi-Newton (IQN) methods. 
We select preCICE’s default configuration parameters for each method. For the IQN 
methods, we evaluate the least-squares method IQN-ILS [5]  with  a  maximum  of  50  or  
100 considered past iterations as well as the multi-vector-jacobian IQN-IMVJ [11]. 
The maximum number of coupling iterations is set to 25. 

Results are depicted in Fig. 7. Without acceleration, we steadily hit the maximum 
number of 25 iterations. The residual of the coupling data oscillates and fails to reach 
the convergence criteria. Constant under-relaxation reaches the convergence criteria 
in a robust manner, but only very slowly. In contrast, Aitken’s under-relaxation fails 
to converge in many time windows (suppressed from Fig. 7 for readability). The IQN 
variants demonstrate superior performance. Precisely, IQN-ILS stabilizes between 
two and three coupling iterations and IQN-IMVJ between five and six. We conclude 
that IQN-ILS, reusing 50 iterations, demonstrates the best performance and we, thus, 
adopt it for the overall five-participant setup (Sect. 4). 

Fig. 7 Iterations per time window (left) and relative residual of the top muscle traction for the first 
100 coupling iterations (right) for various acceleration configurations. For readability, the residual 
plot does not show all data lines. Without acceleration, the maximum number of iterations is reached 
in every time window without reaching the convergence limit.
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4 Compositional Coupling of All Five Participants 

We merge the volume coupling of the two muscle participants (Sect. 2) and the 
surface coupling of the four mechanics participants (Sect. 3) into an overall coupling 
of five participants. To this end, we compose both coupling schemes in preCICE into 
a single one and study its efficiency. 

To couple arbitrarily many participants, preCICE allows defining multiple cou-
pling schemes, which are internally merged into a single compositional coupling 
scheme following a composite pattern, which composes multiple coupling schemes 
into a single object behaving like a coupling scheme [8]. If only explicit coupling 
schemes are composed, they simply advance synchronously in time. If explicit and 
implicit schemes are combined, the implemented logic gets more complicated as 
implicit schemes can repeat time windows. Defining more than one implicit scheme, 
however, is forbidden to prevent ill-defined setups [2]. Instead, multiple strong cou-
plings should be merged into a single implicit multi-coupling scheme as discussed 
in Sect. 3.1. Thus, at most one implicit scheme needs to be handled in a composition. 
To then sort out the one implicit and potentially multiple explicit schemes requires 
distinguishing between the first iteration and follow-up iterations in a time window. 
In the first iteration of a time window, all defined schemes advance synchronously 
until the implicit scheme has reached the end of its time window. At this point, all 
explicit schemes are on hold and the implicit scheme repeats the time window until 
convergence. Only then, all coupling schemes start the next time window. 

In our five-participant setup, we compose two coupling schemes: an explicit cou-
pling and an implicit multi-coupling scheme, see Fig. 8. 

Figure 9 shows the simulation results of coupling five OpenDiHu participants after 
.30 ms for a coarse setup with .9 × 9 muscle fibers. The muscle contracts due to the 
activation of the fibers. Since the top tendons are fixed, the lower end of the muscle 

Fig. 8 Composition of the explicit coupling scheme of Fig. 3 and the implicit multi coupling scheme 
of Fig. 6. The mechanics solver (M) runs after the fibers solver (F) and before the first iteration of 
the multi coupling scheme. After the multi scheme converges, the converged geometry data is sent 
to F to continue with the next time window. Hence, M is blocked by F, while the tendon solvers 
start their next iteration right after they receive data from M. As M is the second participant in the 
serial coupling scheme, the time window ends with the successful iteration of the multi-coupling 
scheme.
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Fig. 9 Results at t =.30 ms: The displacement computed by the muscle mechanics and the tendon 
participants (left), the active stress in the muscle (center) and the transmembrane voltage in the 
fibers (right). The black grid shows the initial geometry (left). 

shows a higher displacement than the top end. The active stress in the muscle is a 
direct result of the activation of the fibers, so it builds up in the center and propagates 
towards the muscle ends. For this experiment, all motor neurons fire in a ramp during 
the first . 2 ms, which means that we set the transmembrane voltage to .20 mV around 
the center of the fiber. The peak in the transmembrane voltage travels towards the 
extremes of the fibers. 

For this setup with only OpenDiHu participants, we have to execute all mechanics 
solvers in serial, while the fiber participant uses 16 parallel ranks. The first .10 ms of 
the simulation require 2 h 22 min to compute..71.9% of the time is spent in the muscle 
mechanics, .85.7% in the bottom tendon, .30.8% in the top-A tendon and .34.4% in 
the top-B tendon. Switching to the deal.II solver for the tendons, we could execute 
them in parallel as well. Even if we execute them in serial, the overall simulation 
time drops to 1 h 35 min already, of which .93.4% is spent in the muscle mechanics, 
.8.5% in the bottom tendon, .6.1% in the top-A tendon and.6.6% in the top-B tendon. 
Thus, independent of the parallelization of the tendons, the muscle mechanics solver 
then becomes a bottleneck. Going to .25 × 25 fibers, the simulation of .10 ms takes 
around 46 h with more than .99% of time spent by the muscle mechanics. 

5 Conclusion 

We showcased how the coupling library preCICE can be of great help to solve 
complex multi-physics simulations involving many components. As an example, 
we studied an electrophysiological three-tendon-biceps model, which requires the
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coupling of five components. Multiple features of preCICE needed to be used simul-
taneously: partition-of-unity radial-basis-function interpolation to solve large data 
mapping problems encountered in volume coupling, quasi-Newton acceleration to 
stabilize strongly coupled subproblems, and composition of coupling schemes to 
combine explicit and implicit schemes. The modularity of the overall approach was 
crucial to successfully handle a test case of this complexity. 

The overall runtime of the coupled simulation is dominated by the muscle mechan-
ics solver, which unfortunately could only be executed in serial, for reasons beyond 
this contribution. In future work, we want to study the efficiency of the coupling and 
the simulation results in more detail once this solver is parallelized. 

Ongoing and future developments of preCICE5 include, for instance, advanced 
coupling schemes combining waveform iterations with quasi-Newton accelera-
tion [17], more efficient volume coupling, and one-to-many two-scale coupling [6] 
– all features of high relevance for biomedical application such as the one discussed 
in this chapter. 
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A COGENT Case Study: Supporting 
Applications with Chombo 

Daniel F. Martin , Milo Dorr , Mikhail Dorf , and Lee F. Ricketson 

Abstract We present a case study of how a software framework (Chombo) supported 
the specific needs of a scientific application (COGENT). Since its inception in 2000, 
the Chombo framework has supported various applications. One example of such 
support has been the collaboration with the Edge Simulation Laboratory to build the 
COGENT model. The specific needs of the COGENT effort required the design and 
implementation of a set of new capabilities in the Chombo framework, such as higher-
order mapped-multiblock discretizations and multi-dimensional code organization. 
These capabilities allowed COGENT to develop a unique simulation capability for 
modeling the edge layers in tokamaks. Once developed, these capabilities were able 
to support other applications which had similar needs. 

Keywords Mapped multiblock meshes · Gyrokinetic plasma simulations · Phase 
space methods · Tokamak modeling · High-order finite volume methods 

1 Introduction 

Practical fusion energy remains a key research goal of the US Department of Energy 
(DOE) [9] and is one of the NAE’s Grand Challenges of Engineering. [21] The toka-
mak is a promising design candidate for magnetic confinement fusion energy. [15] 
The plasma in a tokamak forms two distinct regions: the core (the inner torus in which 
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the fusion reaction occurs), and the outer edge region (a region of strong gradients, 
which regulates particle and heat exhaust). Accurately and efficiently modeling plas-
mas in the edge regions of tokamaks is essential to understanding the performance 
the tokamak system, but is extremely challenging due to the complex geometry, 
strong gradients and wide range of dynamically important length and time scales. 
Building such computational models often requires specialized mathematical formu-
lations and their expression in software. In this work, we describe capabilities that 
the Chombo modeling framework developed in support of the COGENT gyrokinetic 
modeling code [12, 14], and touch on how these capabilities have proved useful to 
other efforts. 

2 Modeling the Edge Region: The Gyrokinetic 
Approximation 

Modeling the edge region of a tokamak presents many numerical difficulties. The 
geometry of the edge region itself is complicated, defined on the outside by the device 
boundaries and centered around a magnetic separatrix, inside of which magnetic field 
lines are closed, and outside of which, they are open (Fig. 1). Transport in this region is 
highly anisotropic, with characteristic lengths along magnetic field lines being about 
three orders of magnitude larger than that in the perpendicular direction. Due to weak 
collisionality just inside the magnetic separatrix, a kinetic description of a tokamak 
edge plasma is needed. Moreover, the presence of steep edge gradients generates large 
deviations from local thermodynamic equilibrium. This necessitates a so-called full-
F simulation model (such models use both continuum [12] or Particle-In-Cell (PIC) 
[5] discretizations), in contrast to the simplified and more efficient delta-F models 
[4, 6] available in the core due to the proximity to local thermodynamic equilibrium. 

Strong plasma magnetization enables the use of the gyrokinetic approximation, 
in which averaging over fast particle gyromotion is performed and a full 6D kinetic 
particle distribution can be accurately represented by a 5D gyro-averaged distribution 
function. Still, a 5D strongly anisotropic transport problem has to be solved in a X-
point geometry. 

Although particle-in-cell codes are less sensitive to geometrical features and have 
been used for edge plasma modeling [5], the signal-to-noise ratio decreases only as 
.1/

√
N in full-F simulations (in contrast to .1/N dependence for the delta-f calcu-

lations suitable for the core region), which motivates development of a continuum 
approach. 

In a full-F approach, we simultaneously model large-scale/large-amplitude back-
ground dynamics and small-scale/small-amplitude turbulence. High numerical accu-
racy (in the form of higher-order discretizations) is particularly important to ensure 
that numerical (truncation) errors from the large-amplitude background do not over-
whelm small-amplitude turbulence processes.
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Fig. 1 Schematic of tokamak edge region – the separatrix is the outermost magnetic flux surface 
which is closed. This geometry is also known as an “X-point geometry” due to the crossing of the 
separatrix – the specific location is known as the “X-point” 

Additionally, computationally efficient continuum modeling of strongly 
anisotropic transport requires the use of meshing which is aligned with magnetic 
field lines and magnetic flux surfaces. However, such a meshing approach poses 
significant challenges due to diverging metric factors at the X-point. Developed by 
the Edge Simulation Laboratory collaboration, the finite-volume gyrokinetic code 
COGENT handles these difficulties by adopting a mapped multiblock discretization 
scheme that can enable high-accuracy and computationally efficient simulations in 
X-point geometries. 

3 The Chombo Framework 

Developed at the Lawrence Berkeley National Laboratory, the DOE-supported 
Chombo [1] framework has been a “developer’s toolbox” for implementing highly 
scalable block-structured adaptive mesh refinement (AMR) algorithms for Depart-
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ment of Energy applications since its initial release in 2000. Because many of the 
algorithmic building blocks for such algorithms are both complex to implement 
and are also shared across many applications, Chombo provides a set of tools for 
implementing finite difference and finite volume methods for the solution of partial 
differential equations on block-structured adaptively refined logically-rectangular 
grids. 

Both elliptic and time-dependent modules are included. Chombo supports calcu-
lations in complex geometries with both embedded boundaries and mapped grids, 
and also supports particle methods. Most parallel platforms are supported, and cross-
platform self-describing file formats are included via an interface with HDF5. While 
not formally part of xSDK [25], Chombo adheres to all xSDK mandatory policies 
other than policy M1 (the requirement for a Spack installation), relying instead on a 
well-documented customized build system. 

Chombo maintains interoperability with a number of community libraries, includ-
ing PETSc [2] and hypre [16] for linear and nonlinear solvers, SUNDIALS [18, 19] 
for time integration, and FFTW [17] for Fast Fourier Transforms. Chombo has also 
long had an in-house regression testing system; a set of machines are dedicated to 
constantly check-out, build, and run a suite of Chombo tests and applications in 
a variety of configurations. As capabilities were added to Chombo in support of 
COGENT, specific regression tests were added to the Chombo suite to protect the 
new capabilities, which has allowed the Chombo team to quickly catch otherwise 
difficult-to-find changes which might impact these capabilities. 

4 Higher-Order Mapped Multiblock Finite-Volume 
Discretizations in Chombo 

Like many DOE problems, the physics in tokamaks have natural coordinate align-
ments, as described in Sect. 2. Taking advantage of these alignments when con-
structing discretizations yields substantial improvements in efficiency and accuracy, 
but they are often too complex for traditional mapped-grid approaches. High-order 
Mapped-Multiblock (HO MMB) finite volume discretizations, on the other hand, are 
a general and mathematically consistent way to compose sets of localized mappings 
to span complex domains. 

Our approach to these geometrically-complex computational domains is to decom-
pose the domain into distinct regions in the configuration space in which simpler map-
pings can be accurately generated, and then compose these sets of “mapping blocks" 
to represent the entire domain (see Fig. 2). High-order discretizations (greater than 
2) are essential for this because we expect to lose an order of accuracy at multi-
block boundaries, the location of which will be fixed. (This is unlike the case for 
AMR, where we also lose an order of accuracy at coarse-fine interfaces, but have 
the flexibility to place those interfaces and their corresponding loss of accuracy
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Fig. 2 Mapped-multiblock decomposition of the edge region of a tokamak. (left) Data is organized 
in logically-rectangular blocks in computational space, which corresponds to the mapped-grid 
cross-sectional domain (middle) (each color represents a separate mapping block, which employs a 
distinct mapping function. Mapping blocks meet at multiblock interfaces. (right) Full 3D mapped-
multiblock discretization, showing block boundaries in the axial direction. While block boundaries 
are conformal in the cross-sectional mapping, we relax this requirement in the axial direction to 
account for the non-integral rotation of the magnetic field-aligned coordinates in the axial direction 

in locations where the solution accuracy won’t be significantly degraded. In the 
mapped-multiblock approach, we will not have that flexibility.) 

While it is well-known in numerical analysis that one can drop an order of accuracy 
on a set that is one dimension less than the domain and still retain the overall accuracy 
of the method, dropping to first-order in spatial accuracy in a globally second-order 
method is unacceptable due to the resulting degradation in solution quality at first 
order. However, dropping accuracy from fourth-order to third-order is acceptable for 
these problems. 

Our multiblock discretizations are composed of two parts: the basic fourth-order 
mapped-grid discretizations in each mapping block, and the multiblock interpolation 
used to tie the discretizations and solutions in each block together. 

Fourth-order mapped-grid discretizations 
In the interiors of mapping blocks, we base our discretizations on the fourth-order 
freestream preserving finite-volume formalism described in [7]. Each mapping block 
is defined on a logically-rectangular subset of the domain, and each block is inte-
grated using the same global timestep. The task for each of these mapping blocks is 
to generate mappings which are accurate and differentiable enough to compute met-
ric terms to .O x5). For a fourth-order finite-volume method, some care must also 
be taken in discriminating between fourth-order point values (used for computing 
local physics, for example), and fourth-order cell-averaged (for computing conserva-
tive finite-volume updates) and face-averaged (for computing finite-volume fluxes) 
values. The resulting algorithms wind up convolving and deconvolving between 
averaged and point values depending on the specific needs of the algorithm.
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In software, the expression of this is object-oriented classes (derived from an 
interface class which defines the API), along with a set of utlility functions to manage 
fourth-order convolution with the mapping terms and the transitions back and forth 
between point values and cell- and face-averaged values. 

Multiblock interpolation 
To fill stencils at multiblock boundaries, we extend the mapping of each block past its 
boundaries to create layers of “ghost cells”, and then use a high-order least-squares 
approach to interpolate values from the relevant other mappings to the appropriately-
centered locations in the ghost regions. In some cases, specific mappings may even 
be periodic in particular directions and wind up copying from other parts of the same 
mapping block. (see Fig. 3). 

Developing the infrastructure required to manage the sorts of connectivity required 
for complex mapped-multiblock configurations required considerable development 
work in the Chombo framework. Fortunately, Chombo’s modular and extensible 
object-oriented design made these extensions possible. For example, we were able 
to use C++ inheritance to derive multiblock specializations of the classes which 
manage interactions like connectivity between patches in the domain (which was 
already present to support Chombo’s AMR capabilities). This also enabled MMB 
capabilities to be added to the existing Chombo release versions rather than requiring 
deep changes and special branches. This in turn made it easier for other applications 
to take advantage of these capabilities, as described briefly in Sect. 7. 

Fig. 3 Example of the multiblock interpolation used as a boundary condition at multiblock bound-
aries. To fill ghost cells in the red mesh, we extend its mapping beyond the MMB boundary to create 
ghost regions in that mapping. We then use a higher-order least-squares interpolation from cells in 
the blue regions to fill ghost cell values like the one shown (red circle)
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5 Mixed-Dimensional Chombo 

In Chombo, dimensionality is a compile-time parameter. This is useful because many 
of the discretizations and operators implemented in Chombo have specific features 
depending on the dimensionality of the problem: for example, two-dimensional 
hyperbolic advection and elliptic-operator discretizations are much simpler than 
their three-dimensional counterparts, particularly near multiblock, domain, and AMR 
boundaries. Chombo also makes extensive use of multigrid approaches for its linear 
and nonlinear solvers – the coarsening and refinement operations inherent in these 
methods are also inherently dimensional (coarsening and refining an.N × N mesh in 
2D is not the same as an.N × N × 1mesh in 3D, for example). The Chombo build sys-
tem then encodes information such as dimensionality in the names of its libraries and 
executables, allowing for multiple builds of Chombo applications to co-exist in the 
same directories, which is often convenient for developers and users. (For instance, 
building an executable “driver" built with DIM =2,  using  mpicc and mpif90 for C++ 
and Fortran compilers, and with optimization turned on, would produce an executable 
file named driver2d.Linux.64.mpiCC.mpif90.OPT.MPI.ex, and object 
and dependency files generated during the build are maintained in similarly-coded 
subdirectories to the build directory. This is often convenient for developers and users 
who wish to maintain multiple builds in a single l ocation.)

In the phase-space discretization used by COGENT, we evolve distributions in a 
4- or 5-dimensional space formed by a tensor product of a two- or three-dimensional 
spatial mesh (location in physical space) and a two-dimensional mesh in velocity 
space mesh (the combination of the gyrokinetic approximation and magnetic-field-
aligned coordinates allows for the elimination of the third velocity dimension). While 
there are parts of the algorithm which are carried out in the full high-dimensional 
space, other parts of the algorithm are carried out entirely in either physical (con-
figuration) space or in velocity space. These parts of the algorithm are fundamen-
tally lower-dimensional, and it is convenient and efficient to use the corresponding 
dimensionally-consistent version of Chombo. In particular, we want to be able to 
directly leverage the commonly-used two- and three-dimensional implementations 
in the Chombo framework where possible, rather than rewrite custom implemen-
tations which only operate on subsets of a high-dimensional space. This enhances 
usability and code correctness, since the standard implementations are heaviliy used 
and tested over a range of applications, which would be less true for custom imple-
mentations used only by a single application. 

To enable this, Chombo implemented a framework which supports mixed-
dimensional algorithms which can use the native Chombo implementations in each 
dimensionality. This capability was enabled using C++ namespaces. The ability to 
encapsulate Chombo in a Chombo namespace was already required by the xSDK 
policies (M9) to allow for safe interoperability with other libraries [25]; implement-
ing mixed-dimension programming entailed adding additional dimension-specific 
namespaces (Chombo::D2, Chombo::D3, etc.). A set of interface functions live 
outside the dimensional namespaces and manage interdimensonal operations like
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slicing higher dimensional spaces into lower ones and injection of data from lower-
dimensional spaces into higher ones. Another set of operators was then implemented 
in order to manage spreading and reduction operations in Chombo’s distributed MPI 
domains. 

For example, imagine a phase-space algorithm with a distribution function . φn

defined over the full 4D phase space at time . tn: .φ(x,u, tn) = φ(x, y, u, v, tn),  in  
which one computes a source term (like a collision operator) in velocity space (dimen-
sions 2 and 3), integrates the source term over velocity space and applies it to a set 
of operations in configuration space (dimensions 0 and 1):

1. . φn = φ(x, y, u, v, tn) on 4

2. . Su(x, y, u, v, t) = f (u, v) on vel

3. . Snx (x, y) = u,v S(x, y, u, v, tn)du
4. . φx (x, y)n = u,v φ(x, y, u, v, tn)du
5. . φn+1

x (x, y) = φn
x (x, y) + t Snx (x, y)

Implemented in mixed-dimensional Chombo, this algorithm would look like: 

1. Chombo::D4: . φn = φ(x, y, u, v, tn) on 4

2. Chombo::D4: . Su(x, y, u, v, t) = f (u, v) on vel

3. Chombo: . Snx (x, y) = Slice4D→2D u,v S(x, y, u, v, tn)du
4. Chombo::D2 . φx (x, y)n = u,v φ(x, y, u, v, tn)du
5. Chombo::D2 . φn+1

x (x, y) = φn
x (x, y) + t Snx (x, y)

In other words, steps 1 and 2 are computed in the full 4-dimensional space in 
the namespace Chombo::D4, and steps 4 and 5 are computed in Chombo’s 2-
dimensional namespace Chombo::D2. Step 3 exists in a nondimensional Chombo 
namespace, and combines a discrete reduction operator (the integral over velocity 
space, which is performed in Chombo::D4) with Slice, which is an interdi-
mensional operator which copies a 2D slice of the 4D Chombo domain into the 
2-dimensional space. 

Both the reduction and slicing operations (along with their spreading and injection 
operations) are designed to operate efficiently and correctly for any parallel decom-
position of the domain and for the cell-centered and face-centered data centerings 
that are common in finite-volume algorithms. Implementing the mixed-dimensional 
Chombo build required significant extensions to the Chombo build system to incor-
porate the correct system of namespaces and library and application source-code 
compilation. In practice, however, it greatly simplifies implementing phase-space 
algorithms such as that used by COGENT because it allows developers to leverage 
Chombo implementations designed specifically for the dimensionality that one is 
operating in.
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6 COGENT 

The finite-volume gyrokinetic code COGENT (COntinuum Gyrokinetic Edge New 
Technology) has been developed by the Edge Simulations Laboratory (ESL) collabo-
ration for edge plasma modeling. The code has a number of physical models includ-
ing (i) a fully-kinetic approach in which a 5D gyrokinetic equation is employed 
for all plasma species (i.e., electrons and ions) and coupled to a 3D electrostatic 
gyro-Poisson equation for electrostatic potential perturbations . R) [20], and (ii) 
a hybrid approach in which a gyrokinetic equation for the ion species is coupled 
to a 3D quasi-neutrality equation for the vorticity variable, . = ∇⊥(α∇⊥ , and 
a 3D fluid model for the electron species [12]. The gyrokinetic equation represents 
an advection equation, where the phase-space velocity depends on the values of 
electric field, .E = −∇ . When collisions are included, drag and diffusion terms in 
the velocity space are added. The gyro-Poisson equation is an elliptic equation for 
a perpendicular (to the magnetic field) Laplacian operator, and the quasi-neutrality 
vorticity equation is written for a time derivative of a vorticity variable and involves 
both stiff (diffusion-like) and non-stiff terms in the right-hand-side [12]. 

The ion-scale transport simulations (which is the main focus of the COGENT 
code) are stiff and could benefit greatly from implicit time integration in order to 
step over fast time scales associated, for example, with electron dynamics. In the case 
of a hybrid model, all fast time scales are contained within the 3D field/fluid part of 
the hybrid system and therefore only the 3D system needs to be treated implicitly. 
The 5D gyrokinetic ion system can be treated explicitly. To that end, a consistent 
high-order time integration approach that includes implicit treatment of selected stiff 
terms is implemented in COGENT. It is based on semi-implicit additive Runge–Kutta 
(ARK) methods and employs the Jacobian-free Newton-Krylov (JFNK) approach to 
handle nonlinearities. Multigrid solvers from hypre are used for preconditioning 
purposes to improve JFNK convergence properties. 

The COGENT code has axisymmetric (2D+2V) and non-axisymmetric (3D+2V) 
versions, with the former version used to assess the properties of collisional trans-
port and the latter version employed to study the effects of microturbulence. Either 
collisional or microturbulence transport is highly anisotropic and requires the use of 
mapped multiblock technology to perform simulations in X-point geometries. 

Development of COGENT benefited a great deal from being able to take advantage 
of Chombo’s high-order mapped-multiblock and mixed-dimension programming 
capabilities (which were developed in anticipation of COGENT’s needs). COGENT 
developers were able to focus on the specific algorithmic needs of building an edge-
plasma gyrokinetic code without having to worry about building specific infrastruc-
ture for these capabilities. In many cases, COGENT developers were able to use exist-
ing Chombo capabilities in combination with HOMMB or mixed-dimension support 
rather than write custom implementations. Close coordination between COGENT 
developers and the Chombo development team ensured that issues which did arise 
were able to be addressed through cooperative efforts.
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6.1 Example Results 

A successful application of high-order mapped multiblock discretization was demon-
strated for axisymmetric ion gyrokinetic advection in a single-null (X-point) geom-
etry [14]. The poloidal grid lines of a global grid are obtained as level surfaces of 
a modified flux function, . , given by blending the original flux function, .ψ0 (takes 
the form of . 0 − X ≈ α2R2 − β2Z2 in the vicinity of the X point) and the block-
aligned linear function .ψlin = D(|αR| − |βZ |). As a result, the grid is rectilinear 
and block-aligned in the vicinity of the X-point and aligned with the original flux 
function outside the transition radial distance .D (see Fig. 4). A test case of a Boltz-
mann equilibrium demonstrated fourth-order convergence in the block interiors, and 
third-order convergence near the block boundaries where interpolation is used [14]. 

Given that transport anisotropy is mitigated near the X-point, abandoning the 
original magnetic flux surface alignment in that region can be consistent with toler-
able numerical pollution for ion advection. Accordingly, successful physics studies 
of axisymmetric ion transport were performed [10]. However, electron transport 
has a much higher degree of anisotropy and is more sensitive to numerical pollu-
tion. As a result, it is less amenable to grid de-alignment. COGENT and Chombo 
teams are currently working to overcome this challenge by combining the MMB 
approach with mesh refinement near the X-point to handle electron transport. For 
the case of a hybrid simulation model, mesh refinement only needs to be applied to 
the low-dimensional fluid electron system (in the configuration space), whereas the 
high-dimensional kinetic ion system could be evolved on the original de-aligned grid 
without additional refinement. 

While this development is still ongoing, the COGENT physics team were able 
to perform the first-ever continuum axisymmetric [10, 11] and non-axisymmetric 
[12, 13] edge transport simulations in a single-null geometry by making use of the 
MMB approach combined with fully flux-aligned meshes. While the use of such grids 
minimizes numerical pollution, it comes at the expense of degraded convergence 

Fig. 4 Generation of a 
multiblock mapping grid. 
The mesh on the right has 
poloidal grid lines that 
coincide with level surfaces 
of a modified flux function. 
A modified flux function is 
obtained blending the 
original flux function (that 
sourced the fully 
flux-aligned grid on the left) 
with a block-aligned linear 
function near the X-point
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Fig. 5 COGENT 
simulations of ion-scale drift 
microturbulence obtained 
with the hybrid 5D 
gyrokinetic ion - 3D fluid 
electron model. A magnetic 
geometry of the DIII-D 
tokamak and model plasma 
parameters are used for this 
example simulation, which 
includes.3x108 phase-space 
cells. Shown are 
perturbations of electrostatic 
potential. Black curves 
illustrate poloidal block 
boundaries 

properties because these problems involve diverging metric factors at an X-point. 
An example of a ion scale microturbulence simulation in a realistic DIII-D geometry 
is shown in Fig. 5. To exploit the strong anisotropy of microturbulence, the 3D control 
volumes are both flux-aligned and field-aligned (as described in Fig. 2). 

7 Other Applications 

One of the major advantages of software frameworks like Chombo is the ability 
to leverage development efforts across multiple applications. While the Chombo 
capabilities developed in this work were specifically designed to support COGENT, 
they have found use in other applications as well. As an example, we will describe 
their use in a space weather application. 

7.1 Space Weather 

One example where the higher-order mapped multiblock support developed for 
COGENT is proving useful is the HelioCubed space weather modeling effort 
led by Nikolai Pogorolev at the University of Alabama, Huntsville (UAH) in
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collaboration with Chombo developers at LBNL [22, 24]. The UAH effort has used 
the Chombo framework for many years for related space weather modeling efforts. 
The natural coordinates to use for these calculations is spherical coordinates with the 
sun as the center. However, computing in spherical coordinate systems suffers from 
the presence of coordinate singularities at the polar axis. In particular, the global 
time steps in explicit schemes are often driven by the stability requirement deter-
mined by exceedingly small computational cells near the poles. By switching to a 
cubed-sphere coordinate system using the Chombo mapped-multiblock support ini-
tially developed for COGENT, the HelioCubed effort has demonstrated an ability to 
increase their stable timesteps by two orders of magnitude (from 6 s to 600 s), while 
also maintaining high spatial accuracy due to the.4th-order discretizations employed 
in Chombo’s MMB infrastructure. An example calculation from this effort is shown 
in Fig. 6. 

HelioCubed was able to take advantage of Chombo’s object-oriented implementa-
tion of mapped-multiblock geometry support. Implementing a new mapping requires 
implementation of a minimal set of geometry-specific functions in a derived class, 

Fig. 6 HelioCubed simulation showing the plasma density at the inner boundary of the Cubed 
Sphere domain, which is placed at 21.5 solar radii. The plasma density at this distance is described by 
the semi-empirical Wang–Sheeley–Arge corona model. Thin blue and thicker black lines represent 
the cell and patch boundaries, respectively. AMR is used to obtain finer resolution near the equatorial 
current sheet. Two levels of refinement are shown. Figure courtesy of Christopher Bozhart and 
Talwinder Singh
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which is located with the application code. The functions which convolve and decon-
volve face-averaged, cell-averaged, and point values are implemented as a part of 
the Chombo MMB support, and interact with the geometry specifications provided 
by the application in a modular way. The space-weather application uses a cubed-
sphere mapping, a common mapping used in a wide range of applications. Because 
of this, we had implemented a cubed-sphere mapping along with several example 
mappings of various complexity for testing purposes as we developed the MMB 
infrastructure. As a result, the space-weather geometry required no real extra effort 
to implement. However, specifying a new geometry unique to an application requires 
only the subset of functions in the geometry derived class which specify the mapping 
itself. 

8 Looking to the Future: Proto, AMR, Embedded 
Boundaries, and Sparse Grids 

While the Chombo/COGENT partnership embodies a successful example of how 
frameworks can support applications, progress and improvements are always under-
way. The Chombo framework developers continue to support the COGENT effort 
through a number of capability improvements, which we expect will continue to 
prove useful to other applications as well. Examples of these improvements include: 

1. Proto for GPU performance portability Performance portability and GPU sup-
port for the higher-order mapped-multiblock efforts is provided via Proto [23], the 
ECP-supported Chombo performance-portability layer and DSL. Support for the 
HOMMB infrastructure has been extended to Proto, and key computational ker-
nels in COGENT will be ported to GPUs using Proto to demonstrate the resulting 
performance improvements. 

2. Adaptive Mesh Refinement for HOMMB Current COGENT simulation cam-
paigns have made clear specific needs for localized higher spatial resolution 
around the X-point, demonstrating the importance of adaptive mesh refine-
ment (AMR) as a critical tool for HOMMB. This is particularly true in higher-
dimensional computations due their extreme use of computational resources for 
even moderate resolutions. However, ensuring correct discretizations which pre-
serve higher-order accuracy at coarse-fine interfaces in the presence of MMB 
meshes requires some care. Prototype implementations of AMR for HOMMB 
for Poisson’s equation are currently being extended to support the more complex 
equation sets required by COGENT and will soon be coupled to COGENT for 
refinement around the X-point in tokamaks. 

3. Higher-order embedded-boundary discretizations for HOMMB Finally, even 
with AMR and HOMMB meshes, there are often still complex geometrical fea-
tures not aligned with coordinates (e.g. divertor plates in tokamaks, planets in 
space weather) which must be accurately represented. We are currently extend-
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ing the higher-order embedded-boundary cut-cell approaches developed by the 
Chombo team [8] to represent these accurately in HOMMB discretizations. 

4. Sparse Grids While coordinate alignment and AMR somewhat mitigate the curse 
of dimensionality that inherently plagues the five-dimensional phase-space sim-
ulations COGENT performs, these simulations remain highly resource intensive. 
The COGENT and Chombo teams are currently exploring the use of sparse grid 
methods [3] to further mitigate the curse of dimensionality. This necessitates 
both modifications to Chombo’s native stencils to retain 4th -order accuracy in 
the presence of sparse grids’ dependence on high-order mixed derivatives and a 
more flexible MPI-communicator infrastructure to leverage the additional paral-
lelism enabled by sparse grids. We expect these modifications will also be useful 
for other Chombo applications, particularly coupled multiphysics applications 
and those looking to explore parallel-in-time integration schemes. 

9 Conclusion 

As described above, the specific needs of the COGENT tokamak edge-modeling 
effort required a set of new capabilities from the Chombo framework in order to 
support a set of novel equations and discretizations. Due to Chombo’s flexible 
object-oriented design, the Chombo development team was able to work closely 
with the COGENT development team to design and implement a fairly complex 
set of new features, including high-order mapped-multiblock discretizations and 
mixed-dimensional programming. These features were essential to the COGENT 
team’s success, and in turn fed back into the main Chombo development and release 
pipeline, allowing other development efforts to take advantage of these capabilities. 
This level of support also required close collaboration from the mathematicians, 
software developers, and physicists involved in this effort. 

10 Code Availability 

COGENT may be obtained from the COGENT GitHub repository: 
https://github.com/LLNL/COGENT. 
Chombo documentation and instructions may be found at https://Chombo.lbl.gov 
and the Chombo Github repository: 
https://github.com/applied-numerical-algorithms-group-lbnl/Chombo_3.2 
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