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Optimization is a foundational topic in mathematics, underpinning nearly all of our 
modern industrial and technological world. Assuming only basic knowledge of linear 
algebra and calculus, this book provides a rapid, yet thorough, overview of applied 
mathematical optimization for advanced undergraduates, beginning graduate students, 
or practitioners in science and engineering. The text opens with an “Optimization 
Bootcamp”, introducing methods at a beginning level, before progressing to deep-
dives into advanced topics and research-ready methods. The focus throughout is on 
modern applications of machine learning, inverse problems, and control. Rich peda-
gogy includes Python code with simple working examples and advanced case studies. 
Every section is accompanied by YouTube lectures to encourage interaction with the 
material. Using intuitive explanations, this book makes the material as simple and 
interesting as possible, while still having the depth, breadth and precision required to 
empower use in research and real-world applications. 

Steven L. Brunton is the Boeing AI and Data-Driven Engineering Professor of 
Mechanical Engineering at the University of Washington, where he is the Director 
of the NSF AI Institute in Dynamic Systems and the Director of the AI Center for 
Dynamics and Control. His research has been recognized with awards including the 
Presidential Early Career Award for Scientists and Engineers. Steve is also passion-
ate about teaching math to engineers as an author of five textbooks and through his 
popular YouTube channel, “eigensteve”. 



“I would strongly recommend Steve Brunton’s Optimization Bootcamp to any begin-
ning student of Applied Math, Engineering, or Machine Learning. The book covers 
many of the most commonly used optimization methods, with practical examples 
and problems in different fields, from fitting models to data, to designing mechan-
ical structures. Its integrated Python examples send a clear message to the student: 
This material is meant to be used.” 

Stephen Boyd, Stanford University 

“Steve Brunton explores optimization with clarity and ambition. Throughout, the book 
maintains an excellent balance between mathematical insight and practical implemen-
tation, with well-chosen examples and Python code that illuminate what is happening 
beneath the algorithmic surface. This is an accessible text for readers encountering the 
material for the first time and a valuable reference for researchers wanting to study one 
of the topics presented in greater depth.” 

Richard Murray, Caltech 
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Preface 

I have been scheming to write this book for years. Optimization is such a fundamental topic 

in mathematics, quietly underpinning nearly all of our modern industrial and technological 

world. Over time, I’ve come to realize that optimization is a persistent theme underlying 

much my work, including machine learning, control theory, and model discovery. However, 

optimization is often overlooked in engineering applied mathematics curricula, or at least 

it was in mine. Perhaps this is because it is so foundational, much as we often take for 

granted the concrete and steel all around us, or the production and transportation networks 

that ensure food and goods arrive. It seems we rarely notice them until they don’t work. 

Optimization is one of the best industrialized fields of mathematics, which means that it is 

constantly working behind the scenes; this also contributes to it being somewhat hidden. 

For example, fast, robust, and easy-to-use optimization algorithms are the unsung heroes 

of the machine learning era. However, they are often forgotten in favor of other enabling 

factors of modern neural networks, advanced computing chips, and abundant data. How, 

we should ask, are these neural network parameters tuned to fit the data? 

This book is designed to provide a rapid, yet reasonably thorough, overview of the field 

of applied mathematical optimization. This could easily fill several books, but I have opted 

to streamline and cover about 80% of the key ideas in about 20% of the space. In other 

words, my goal was to find a Pareto optimal balance of topics and depth. In my experience, 

mathematical optimization is often presented in a form that is either extremely mathematical 

and abstract, too shallow to be useful, or so narrow that it covers only one topic very well. 

In this text, I seek a middle ground. As such, this book is not meant to be the definitive 

compendium on all things optimization, but rather a guide to rapidly become familiar with 

the main issues and types of optimization, the leading optimization algorithms, and how to 

use them. The methods discussed in this book have been chosen primarily for their relevance 

and general applicability. Further, I attempted to present a progression of topics, from basic 

introductory material that students can apply immediately, to research-level techniques. 

An earlier version of this book was called Optimization Bootcamp, to reflect the quick 

and introductory nature of the treatment. However, it has grown into something a bit larger 

and more serious, so now Chapter 1 is the Optimization Bootcamp, and then we take deep-

dive excursions into various topics in the subsequent chapters. This idea of an Optimization 

Bootcamp was inspired by my Control Bootcamp, which is a series of videos I created 

almost ten years ago to help my students quickly get up to speed in control theory without 

taking several courses, many of which were too mathematically abstract to be immediately 

useful or intuitive for the practicing engineer. Because this format proved so effective, 
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I began planning this current book and accompanying video lectures, as I believe that 

optimization is one of the most useful fields in applied mathematics, up there with linear 

algebra and calculus. Who knows, maybe there will be a Linear Algebra Bootcamp next. 

Every section of this book is accompanied by YouTube lectures to make it as easy as 

possible to interact with the material. Likewise, the book includes extensive Python code 

with working examples, ranging from very simple to rather advanced case studies. This 

book only assumes knowledge of basic linear algebra and calculus, so it should be accessible 

to advanced undergraduates and beginning graduate students. When possible, I will also 

try to connect to history, as this has always made the material come to life for me. 

Topics in this book are motivated by three main application domains: machine learning, 

control theory, and inverse problems. Although there are many other compelling uses 

for mathematical optimization, I feature these three topics because they are particularly 

interesting and relevant in the modern era. They each demonstrate some of the most 

impressive and relatable benefits of optimization, and they are each areas of intense active 

research, meaning that they are living fields of applied optimization. 

I thoroughly enjoyed writing this book, and I tried my best to make this subject come to 

life for my readers, which are two ways of saying the same thing. This was also a structured 

excuse to indulge in learning a topic I’ve wanted to know more about for years. I still have 

a lot to learn, so if you catch anything off, or have suggestions, please let me know. I wrote 

this book with the second edition in mind, and I hope you, the reader, will help improve 

this material through use. The next generation of readers, and I, thank you. 

As a parting thought: Optimization might make you rich and famous, but there is no 

guarantee that it will make you happy. Sometimes optimizing is not optimal. There are 

times you need to wander and explore and enjoy and fritter, to have no objective, to be 

unconstrained. With that said, it is your turn to begin optimizing. 

Themes and organization of this book. A number of key themes have emerged 

throughout this book. First, in optimization there is the high-level concept and problem 

statement, and then there is the algorithmic implementation; the two are often disconnected. 

Understanding how to formulate and then solve an optimization problem is my primary goal 

for you when reading this book. In my experience, this skill takes repetition and practice. 

Second, in the modern era, we are often faced with intractable, nonconvex, nonsmooth, 

or ill-posed optimization problems. For example, training a neural network or learning a 

nonlinear control policy is highly nonconvex. One of the most exciting trends in modern 

optimization is the increasing availability to either solve such nonconvex problems directly, 

or solve nearby problems, using relaxation and regularization, with more tractable forms. 

A third and perhaps the most prevalent theme is that of data-driven applied optimization. 

The most exciting emerging techniques involve optimization based on data: finding optimal 

low-dimensional patterns from high-dimensional data, optimal sensor placement, machine 

learning optimization, optimal control, etc. 

Much of the book is organized around the major dichotomies of convex vs nonconvex 

optimization problems, and constrained vs unconstrained problems. Chapter 1 begins with 

a substantial introductory overview, the optimization bootcamp, introducing key concepts 
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of the gradient, convexity, and constraints. Gradient-based methods are widely used in 

modern optimization, and they apply to convex and nonconvex problems alike, so we begin 

Chapter 2 here. Next, we explore two of the largest classes of convex problems: linear 

programming (Chapter 3) and linear least-squares regression (Chapter 4). This is followed 

by Chapter 5 where we explore nonsmooth and gradient-free methods, along with global 

approaches for nonconvex problems. Here, we begin to solve increasingly challenging 

(and interesting!) problems, as it is increasingly possible to directly tackle nonconvex and 

nonsmooth problems using proximal methods. Although these methods have less global 

guarantees, they are quite useful in practice. Next, we cover constraints and duality in 

Chapter 6, which are topics I’ve wanted to understand more deeply for about twenty years. 

I struggled to learn Lagrange multipliers and variational methods to my satisfaction, and 

so this chapter ended up being a passion project of mine. That said, it is still a work in 

progress. I then introduce Bayesian optimization and statistical optimization problems in 

Chapter 7, which will be used in the last three chapters. The last three chapters may be 

thought of as introductions to entire large application domains of optimization: inverse 

problems (Chapter 8), control theory (Chapter 9), and machine learning (Chapter 10). 

Online material. This book was designed to make extensive use of online material, 

including videos, codes, data, and homework. All material can be found at: 

eigensteve.com/optimization 

I have recorded and posted video lectures on YouTube for most topics in this book. 

Supplementary videos are also included for students to fill in gaps in their knowledge. 

All videos may be found in the various playlists on my YouTube channel @eigensteve : 

https://www.youtube.com/@eigensteve 

In addition, all of the Python code and data used in the book are available for download. 

The codes posted online are more extensive than those presented in the book, and I included 

code used to generate publication quality figures. These are available at: 

github.com/dynamicslab/optimizationbook 

How to use this book. The intended audience for this book is advanced undergraduates, 

beginning graduate students, or practitioners in engineering and science. As such, methods 

are introduced at a beginning level, but we quickly get to advanced topics and research-ready 

methods. The perspective taken in this book is that applied optimization is a mathematical 

toolkit and a common language for solving modern problems in science and engineering. 

Most important, I want this book to be fun, interesting, and empowering for researchers 

new to the field. As always, my goal is to make the material as simple as possible, while still 

having the depth and breadth required to be useful in research and real-world applications. 

I hope you enjoy learning about applied optimization as much as I have, and that you seek 

opportunities to use these tools to make positive change in the world. 

https://www.youtube.com/@eigensteve
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1 Optimization Bootcamp 

I write this as my flight approaches Charles de Gaulle airport in Paris, and I am 

overwhelmed by signs of optimization. The aircraft itself is a pinnacle of modern 

engineering optimization. Flying at nearly the speed of sound, the shape of the wings 

has been carefully refined for efficient flight at cruise and to provide enough lift for a heavy, 

fully fueled take off. The composite materials used to construct the wings and body were 

designed for strength and durability, and to provide higher cabin pressure and moisture 

to reduce hypoxia and jetlag for its passengers. Further, the aircraft has been optimized 

not only for flight, but for global manufacturability, as it is assembled from supply chains 

spanning several continents. Out the window, I see farmlands yield to city, a quiet scene of 

distributed optimization; fields and water management transition into planned streets and 

urban arterials, ensuring the city is fed. The surrounding landscape has been shaped by the 

scars of war, a terrible reminder of the birth of modern optimization. As we near the city, I 

see hills that did not exist in Roman times, signs of Napoleon’s great earth-moving efforts 

and the birth of optimal transport1

1 My favorite cafe ´ in the city is on Rue Monge, named after Gaspard Monge, who developed optimal transport to 

efficiently reshape Paris at Napoleon’s command. 

. The airport is likewise a city of its own: supply chains, 

inventories, ground crews, flight controllers, food service workers, and custodians working 

in shifts, all in a vast system of local optimization. And I write this on my laptop2

2 This book was an exercise in constrained optimization. My objective: to write the most interesting and informative 

book possible for scientists and engineers within the constraints of one year and 500 pages. 

, which 

is a compact masterpiece of constrained optimization. 

Our world is built on optimization. How did we get here, and what are the tools of modern, 

applied optimization? This chapter provides an introductory overview of key concepts in 

optimization, as well as several motivating applications. Although this chapter is not meant 

to be entirely standalone, it serves as the bulk of an initial bootcamp course, augmented with 

deeper dives into each topic in later chapters. Many of the sections here will be explored in 

much more detail in later chapters, and so this is mostly meant to provide a rapid overview 

and categorization of the major topics in optimization, important algorithms, and how the 

various ingredients fit together. Thus, this is also meant to be a preview of later chapters. 

We begin with a categorization of different optimization problems, the so-called anatomy 

of an optimization problem. We introduce the objective function, to be maximized or 

minimized, and constraint equations that limit the set of feasible solutions. 

https://doi.org/10.1017/9781009755856.002
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Next we introduce two of the main concepts in optimization: convexity and the gradient. 

Convexity provides a fundamental dichotomy in optimization, where convex problems are 

essentially solved, at least numerically, and where local optimal solutions are also globally 

optimal. Convexity is used throughout the book, although this is the only chapter that 

formally discusses the conditions for convexity and its implications for global optimization. 

Chapters 3 and 4 on linear programming and quadratic programming (e.g., least-squares 

regression) cover two broad classes of convex optimization problems. Nonconvex problems 

are often more challenging, and do not generically have solutions that scale computationally. 

However, there has been a major shift in applied optimization, where it is increasingly 

possible to directly solve nonconvex problems, rather than relaxing them to nearby convex 

problems. Although there are fewer guarantees, solving the nonconvex problem directly 

is often highly effective in practice. Chapter 5 explores modern approaches to nonconvex 

optimization problems in more detail. 

The gradient is another fundamental concept in optimization, as it provides critical 

information about the geometry of the optimization landscape, and which direction (locally) 

improves the solution. This topic is explored in much greater depth in Chapter 2, including 

algorithms that use gradient descent, Newton’s method, and modern extensions for high-

dimensional systems, such as stochastic gradient descent in machine learning. 

Throughout the chapter, we examine examples of unconstrained and constrained 

optimization, to remind the reader of basic properties and approaches. These will be 

simple low-dimensional optimization problems, where it is possible to solve for the 

optimum solution using basic calculus. We also briefly introduce the notion of Lagrange 

multipliers, which are an intuitive and physical way of handling constraint equations. 

Lagrange multipliers are closely related to the notion of a dual optimization problem, and 

both concepts are developed further in Chapter 6. 

Modern mathematical optimization opens up a world of applications in science, 

engineering, and industry. We conclude with a brief look at three major application areas of 

modern optimization: inverse problems,, control theory, and machine learning. For example, 

nearly all of machine learning is built around optimization, which is used to train models 

to fit data. Similarly, control theory is essentially a field of applied optimization, where 

the problem is constrained by a differential equation that captures the underlying dynamic 

behavior of a system. Inverse problems form another major class of applied optimization 

problems, where the goal is to infer unknown quantities or parameters of a model to best 

match observed data. Each of these topics will be their own chapter in the later half of 

this book, with an additional chapter on Bayesian optimization to complement the topics 

of inverse problems and machine learning. 

On your first read, this chapter may be skimmed, and I encourage you to peek into 

later topics in the book. Some of the technical results around convexity can also be 

skipped, especially the proofs. However, the big-picture idea that convexity leads to powerful 

guarantees and efficient algorithms is an important message of this chapter. But remember 

that convexity isn’t everything, that most of the real world has horns and fangs, and that 

we must be ready to face nonconvexity in its many forms. The rest is meant to pique your 

interest and provide you with a road map for further studies. Bon voyage. 
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1.1 Anatomy of an Optimization Problem 3

1.1 Anatomy of an Optimization Problem

In its simplest form, an optimization problem involves minimizing or maximizing an

objective function 𝑓 (x) with respect to a set of decision variables x ∈ R
𝑛:

min
x

𝑓 (x). (1.1)

This is an unconstrained optimization problem, as it is assumed that the decision variable

may take any value. For scalar functions of a scalar variable, we have experience solving

these optimization problems by finding points where the derivative of 𝑓 with respect to 𝑥

is equal to zero that also have a positive second derivative. See Panel 1.1–Panel 1.3.

However, many real-world optimization problems do have constraints on x, which are

written either as inequality or equality constraint equations. In Panel 1.1, we implicitly

assumed that the angle𝛼 should be constrained to be between 0 and 𝜋/2. Panel 1.1–Panel 1.3

also admit natural constraints, such as restricted lake crossing zone, or positivity constraints

on the coefficients of the model. In general, a constrained optimization optimization problem

over a variable x may be written in the following standard form:

min
x

𝑓 (x),

subject to 𝑔𝑖 (x) ≤ 0, 𝑖 = 1, . . . , 𝑚,

ℎ 𝑗 (x) = 0, 𝑗 = 1, . . . , 𝑝,

(1.2)

Panel 1.1: Maximizing Projectile Distance

First, let’s solve for the best angle 𝛼 to launch a projectile with initial speed 𝑣 to

maximize its range. The distance traveled is
2

𝐷 (𝛼) = 𝑣
𝑔

sin(2𝛼).

To derive the total distance, we decompose 𝑣 into the vertical velocity 𝑣𝑦 = 𝑣 sin(𝛼),

and the horizontal velocity 𝑣𝑥 = 𝑣 cos(𝛼). The acceleration due to gravity is −𝑔,
𝑔

𝑦(𝑡) = 𝑣 sin(𝛼)𝑡 −
2
𝑡2so the vertical position is . The ball lands on the ground

again after time 𝑇 , so 𝑦(𝑇) = 0 so 𝑇 =
2𝑣
𝑔

sin(𝛼). In this time, the projectile travels

𝐷 (𝛼) = 𝑇𝑣 cos(𝛼) = 2𝑣2

𝑔
sin(𝛼) cos(𝛼) = 𝑣2

𝑔
sin(2𝛼) in the horizontal direction.

We now optimize this with respect to 𝛼. At a maximizing 𝛼, changing 𝛼 has no

affect on the distance 𝐷, so the derivative d 2 2

𝐷 (𝛼 𝑣)/d𝛼 =
𝑔

cos(2𝛼) must be equal

to zero. Thus, 2𝛼 = 𝜋/2, which implies an optimal angle, 𝛼∗, equal to 𝜋/4.

𝛼

Figure 1.1: Schematic of canon trajectory for various launch angles 𝛼.
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Panel 1.2: Optimal Lake Crossing

A classic optimization problem is to find the fastest path between points 𝐴 and 𝐵,

where some distance is traveled on land, and some is traveled over a lake. If the

distance was all traveled on level ground, we know that the shortest path is a straight

line. However, when the land speed is 𝑣1 and the swimming speed is 𝑣2 < 𝑣1, the

solution becomes more interesting. Specifically, what is the optimal point 𝑥 to cross

the lake?

This problem may be approached several ways, which we will explore in the

homework. This geometric problem is a simple, discrete cousin of the famous

Brachistochrone problem, which is discussed in much greater detail in Section 6.6.

𝐴

𝐵

𝑥

Figure 1.2: Schematic of the lake crossing problem.

Panel 1.3: Data Fitting

A more relevant example is fitting a model to describe data. In this case, we have a

collection of data points {(𝑥 𝑗 , 𝑦 𝑗 )}
𝑛
𝑗=1

, and we optimize the parameters of either a

linear or an exponential model. We explore data fitting as an optimization problem

in Chapter 4 on least-squares regression and Chapter 10 on machine learning. The

following code shows how simple it is to solve for a linear fit in Python.

import numpy as np

from scipy.optimize import minimize

x = np.linspace(0, 10, 20); y = 3*x+2 + np.random.randn(20)

def f(p):

return np.sum((y - (p[0]*x + p[1]))**2) # least squares

res = minimize(f,[0,0]) # initial guess slope=0, intercept=0

a_opt, b_opt = res.x

y = eax
y = ax + b

(xj, yj)

Figure 1.3: Examples of two data-fitting regression problems.

https://doi.org/10.1017/9781009755856.002 Published online by Cambridge University Press

https://doi.org/10.1017/9781009755856.002


1.1 Anatomy of an Optimization Problem 5

min
x

f(x)

g(x) ≤ 0

h(x) = 0

s.t.

Objective 

function

Inequality 

constraints

Equality 

constraints

Decision 

variable

feasible

infeasible

Figure 1.4 The anatomy of an optimization problem. The two main ingredients are the objective

function 𝑓 and the constraint equations 𝑔 and ℎ. We optimize over the decision variable x. In

the case on the right, the constraints are 𝑔(𝑥1, 𝑥2) =
2 2𝑥 + 𝑥 ≤
1 2

1 and the objective function is

= 0 5 2 2𝑓 (𝑥1, 𝑥2) (𝑥1 + . ) + (𝑥2 + 0.5) . We visualize the objective function by logarithmically spaced

contours, with the minimum shown as a red dot.

where 𝑓 (x) is the objective function to be minimized, and 𝑔𝑖 (x) and ℎ 𝑗 (x) are inequality

and equality constraint equations that restrict the set of feasible x to search over. Typically

the objective function 𝑓 is a scalar function3 over a vector input x. Figure 1.4 shows this

schematically, color coded with the colors used throughout this chapter.

We often write the constraint equations in vector form as:

min
x

𝑓 (x),

s.t. g(x) ≤ 0

h(x) = 0.

(1.3)

The inequality and equality constraints determine a feasible set S of admissible values of x

over which to optimize the objective function 𝑓 . We use the symbol ≤ to indicate that each

row of the system of equations must be an inequality; some texts use the symbol ⪯ for this.

We also shorten subject to to s.t.. Several example constraints are considered in Panel 1.4.

When the objective function 𝑓 and the feasible set S are both convex, then Eq. (1.2) is a

convex optimization problem. Convex optimization problems come with strong theoretical

guarantees and efficient computational algorithms, as we will discuss in Section 1.2. Linear

programming and quadratic programming (e.g., least-squares regression) are two of the

most important classes of convex optimization problems. The most important result is that

a local minimum of a convex optimization problem is also a global minimum. If the problem

is strictly convex, this minimum is unique. Convex sets and functions are discussed later in

this chapter, with several examples; see Fig. 1.8 for examples of convex sets and functions.

Maximization is a trivial extension with similar theoretical guarantees when 𝑓 is concave

and the feasible set is convex. Such optimization problems are still considered convex, as

maximizing a concave function 𝑓 is equivalent to minimizing the convex function − 𝑓 . For

the special case of a linear program, where the linear objective function 𝑓 (x T) = c x is both

convex and concave, we may pose either minimization or maximization problems.

3 In multi-objective optimization, the objective function has multiple components and is written as a vector

function f. In this case, there is a family of optimal solutions for different weightings of the components of f,

which are known as a Pareto front. This is common in engineering applications, such as aircraft design, where

there are multiple competing design objectives, (e.g., size, weight, and power). See Panel 5.2.
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Panel 1.4: Simple Constraints

There are several intuitive examples of where constraints arise in optimization:

Packing problems: If we are packing a delivery truck, it may have a volume and

weight capacity, given by 𝑉max and 𝑊max, respectively. Then the total volume and

weight of the cargo must be below these max values:

𝑛∑︁

𝑗=1

𝑣 𝑗𝑥 𝑗 ≤ 𝑉max and

𝑛

𝑗=1

𝑤 𝑗𝑥 𝑗 ≤ 𝑊max,
∑︁

where 𝑥 𝑗 is the quantity of item 𝑗 , 𝑣 𝑗 and 𝑤 𝑗 are the volume and weight of this

item, respectively, and there are 𝑛 distinct item types. These are linear inequality

constraints of the form cTx ≤ d.

Investment portfolio: Given a total budget 𝐵 for an investment portfolio, with 𝑐 𝑗

the cost of asset 𝑗 , and 𝑥 𝑗 the quantity purchased, we have an inequality constraint:

𝑛∑︁

𝑗=1

𝑐 𝑗𝑥 𝑗 ≤ 𝐵.

Communication radius: If a drone must operate in a plane of radius 𝑅, where it is

able to communicate to a base station, then we have a convex, quadratic constraint:

𝑥2 + 𝑦2 ≤ 𝑅2.

Controllability ellipsoid: If we are controlling a linear dynamical system and have

one unit of control input (e.g., one liter of gasoline), then the state is constrained by

an ellipsoid defined by the controllability Gramian (see Chapter 9 and [77]):

xTWx ≤ 1.

Legal and regulatory constraints: Many businesses, for example in finance,

operate within the bounds of legal and regulatory constraints. And as is the nature

of constraints in optimization problems, we find that optimal solutions edge right

up against the boundary of these constraints.

Standard Form Optimization Problems

One of my goals is for you to learn how to recognize an optimization problem, identify

the basic problem template, and choose which solution method to use. There are several

standard problems in optimization that we will revisit throughout this book. Two of the

most well-studied problems are those of linear programming and quadratic programming.

These are the topics of Chapters 3 and 4, respectively.
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Figure 1.5 Two standard optimization problems are linear programming (left) and quadratic

programming (right). These are covered in Chapters 3 and 4, respectively. Linear programs are

always convex, and quadratic programs are convex if the matrix Q in the quadratic objective function

is positive semi-definite. In linear programming, when the feasible region is a closed set, the optimal

is typically at a vertex of the feasible polytope. In quadratic programming, the optimal point may be

in the interior of the feasible region, or at one of the boundaries.

Linear Programming (LP)

Linear programming involves optimizing a linear objective function subject to linear

equality and inequality constraints.

Let’s construct a simple example. Imagine we are trying to maximize the profit associated

with manufacturing two types of handbags: we produce 𝑥1 units of a simple bag with profit

𝑐1 = $100 per unit, and 𝑥2 units of a luxury with profit 𝑐2 = $400 per unit. The total

production capacity of our factory means that the total number of units produced must be

no greater than 50 and the number of units of item two must be no greater than 30. Finally,

we cannot produce a negative number of units, so x ≥ 0.

This may be encoded into an optimization problem of the following form:

max
x

cTx,

s.t. Ax ≤ b,

x ≥ 0.

(1.4)

Here c ∈ R
𝑛 is the cost vector, while A ∈ R

𝑚×𝑛 and b 𝑚∈ R define the constraints. For the

example above, we have

cT
=

[
100 400

]
, A =

[
1 1

0 1

]
, and b =

[
50

30

]
.

The inequality constraints determine a convex feasible region S, called a polytope, that

generalizes the notion of a polygon to higher dimensions. The objective function 𝑓 (x T) = c x

is also convex, making this a convex optimization problem. The linear objective function

and convex feasible region are shown in Fig. 1.5 (left).

Note that minimization and maximization problems are both convex, because the linear

objective function is both convex and concave, a concept we will explore in a moment.

Linear Program Quadratic Program
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Quadratic Programming (QP) 

Quadratic programming optimizes a quadratic objective subject to linear constraints: 

1
min xTQx + cTx,

x 2 

s.t. Ax ≤ b,
x ≥ 0.

(1.5) 

Quadratic programs are widely used in finance and control theory, and they are the basis of 

least-squares regression in data analysis and machine learning. When the matrix Q ∈ R𝑛×𝑛

is a symmetric positive semi-definite matrix, then the quadratic program is convex. The 

quadratic objective function and convex feasible region are shown in Fig. 1.5 (right). 

As a concrete example, consider the least-squares regression problem, where we solve 

for x to minimize the mean-squared error (MSE)4 of the fit Ax ≈ b, defined as: 

min 2
1 ∥Ax − b∥2

2.x 
(1.6)

We may expand this out as 𝑓 (x) = 
2
1 (Ax − b) (Ax − b) = 

2
1 xTATAx − bTAx + 

2
1 bTb. T 

Since the constant bTb doesn’t affect the optimization problem, we may remove it, and the 

objective function now has the form in Eq. (1.5), with Q = ATA and cT 
= −bTA. The Q 

matrix in this case is symmetric and positive definite, so the problem is convex, as we will 

see soon. We may solve this problem with or without constraints, as explored in Chapter 4. 

The data fitting problem in Panel 1.3 is a simple least squares regression problem with 

a quadratic objective function. In this case, the matrix A and vectors x and b are 

[ ] 
𝑥1 1 𝑦1 

𝑥2 1 𝑎 𝑦2
A = 

 

. . 



x = b = 

 

. 



.
. . 𝑏 . . . .

𝑥𝑛 1 𝑦𝑛 

The Objective Function FAQ 
We often solve unconstrained optimization problems, in which case we are only concerned 

with the properties of the objective function 𝑓 . In either the constrained or unconstrained 

cases, there are several important properties of 𝑓 that determine which optimization 

algorithms are well suited to solve the problem. 

Is 𝑓 Convex or Nonconvex? This is the biggest dichotomy of optimization problems. 

Convex optimization problems have strong theoretical guarantees and powerful algorithms 

to find the globally optimal solution, even for large-scale problems. We carefully explore 

what makes an optimization problem convex in this chapter, and we will use this perspective 

throughout the remainder of the book. 

4 Here, the MSE is given by the square of the ℓ2 norm, defined as ∥x∥2 
= 
Σ𝑛

𝑗=1 𝑥
2

2 𝑗
.  For x ∈ R2 this becomes 

∥x∥
2
2 
= 𝑥

1
2 + 𝑥

2
2. We discuss norms in much greater detail later in this chapter. 
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Examples: The linear least-squares regression problem from Chapter 4 is a good example 

of a convex optimization problem, where there is a single, globally optimal solution. It is 

even possible to analytically derive an expression for this optimum. Nonlinear least-squares 

regression, such as training a neural network in Chapter 10 is an example of a nonconvex 

optimization problem. In this case, the objective function has many local minima and saddle 

points, making it challenging to find a global optimum. 

Can We Compute the Gradient ∇f? Having access to the gradient ∇ 𝑓 allows us to 

use gradient descent and its variants to find candidate local minima where ∇ 𝑓 = 0. Higher-

order derivatives may be used for Newton’s method, which has faster convergence rates. 

Both are discussed in Chapter 2. Even when 𝑓 is nonsmooth, it may be possible to compute 

the proximal gradient, which is discussed in Section 5.1. 

Examples: Sometimes we have an analytic expression for the gradient of 𝑓 , as in least-

squares regression (see Chapter 4). In other cases, we approximate the gradient numerically, 

for example using finite difference derivatives. When training a neural network, we use 

stochastic gradient descent and estimate the gradient via backpropagation. 

In some cases, gradients are difficult to estimate or do not even exist. For example, some 

objective functions are nonsmooth and do not admit gradient descent methods. In other 

cases, we may be optimizing some physical process where we do not have a model of 

𝑓 to differentiate. For example, when optimizing the shape of a compressor blade in an 

experiment or simulation, we may not have access to a differentiable model of the process, 

and instead must resort to gradient-free iterative optimization. Gradient-free optimization 

techniques are typically much more expensive and inefficient; these approaches are explored 

further in Chapter 5. 

In fact gradient-free optimization is so expensive that we often go to great lengths to come 

up with gradients, for example by developing smooth surrogate models 𝑓 or developing 

adjoint simulations for complex shape optimization problems. 

Is f Linear or Nonlinear? The structure of the function 𝑓 plays a major role in the 

optimization landscape, and this is closely related to convexity above. We will consider 

several classes of functions 𝑓 , including linear, quadratic, and more general nonlinear 

functions. Linear functions are convex, but there is not a clear connection between 

nonlinearity of 𝑓 and nonconvexity. However, highly nonlinear functions, such as neural 

network training landscapes, are more likely to have many local minima and be nonconvex. 

Examples: If 𝑓 is linear, as in linear programming (see Chapter 3) then the objective 

function is flat, so it is both convex and concave. It is possible to compute the gradient 

of a linear objective function analytically, and the maximum or minimum of the function 

depends entirely on the geometry of the feasible set given by the constraint equations. 

If 𝑓 is quadratic, we may also compute the gradient of 𝑓 analytically, as in Chapter 4. 

However, the convexity of 𝑓 now depends on the Hessian matrix H of second partial 

derivatives. If H is positive definite, so that all its eigenvalues are positive, then 𝑓 has 
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Panel 1.5: Minima, Maxima, and Saddle Points

An objective function 𝑓 (𝑥) may have minima, maxima, and saddle points.

min

max

min

min

saddle

Figure 1.6: Examples of various convex, concave, and indeterminant

functions.

positive curvature in every direction x and is convex. The linear least-squares problem

discussed above is a quadratic objective function 𝑓 with positive definite Hessian H. If H

is negative definite, then 𝑓 is concave, and if it is indefinite, so that it has both negative and

positive eigenvalues, then 𝑓 has a saddle point and is neither convex nor concave.

For more general nonlinear 𝑓 , polynomial and otherwise, the function may or may not be

well behaved. For example, the function 𝑓 (𝑥) = exp(𝑥) is convex with analytical derivative;

however, the minimum of exp(𝑥) occurs at 𝑥 → −∞, so it is never attained. In contrast,

the function 𝑓 (𝑥) = sin(𝑥) has infinitely many local minima and maxima. However, both

functions are relatively easy to work with and it is straightforward to compute derivatives

and solve for extrema. In higher dimensions, however, enumerating and characterizing the

extrema may become quite challenging or intractable.

Is f High Dimensional? Many modern problems involve very high-dimensional

decision variables x, so that gradients and Hessians of 𝑓 are high-dimensional. In general,

high-dimensional optimization problems are more computationally expensive and are prone

to ill-conditioned solutions.

Examples: In deep learning, it is not uncommon to train a model with millions or billions

of free parameters to be optimized over. This motivates a certain class of algorithm, such

as stochastic gradient descent. Even for convex problems, when the dimension is large, the

optimization problem may be ill-conditioned or slow to converge. For example, large-scale

linear least-squares problems are often ill-conditioned and require regularization techniques

to improve the quality of the optimization solution. Many modern optimization packages

and algorithms, such as interior point methods (IPMs) are designed specifically to scale

robustly to high-dimensional problems. These issues are discussed in Chapters 4 and 6.

Further, the issues associated with nonconvex optimization tend to compound in higher

dimensions, as the number of possible local minima to be checked may grow exponentially,

or even combinatorially, in the dimension of x.

Is f Known or Unknown? In many modern applications, there is not a mathematical

model for 𝑓 , and it must be computed by interacting with a complicated simulation or

Optimization Bootcamp
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experiment. When 𝑓 is not easily representable as an analytical function, or a function 

that can be represented with a computational graph, then the solution techniques must be 

modified. For example, if 𝑓 is a black box simulation or experiment, we may be forced to 

resort to gradient-free optimization techniques in Chapter 5. However, we are increasingly 

able to construct data-driven surrogate models for such 𝑓 using machine learning, and these 

surrogate models can be used to accelerate the optimization process. 

Examples: In many engineering optimization problems, our model of the real world is 

imperfect, or too expensive to easily model or simulate in a function 𝑓 . For example, when 

designing a Formula One car, evaluating a new test design may involve fabricating a model 

and testing for hours in a wind tunnel. Thus, we may need to optimize over a physical 

system or experiment, for which there is no well behaved function 𝑓 . Similarly, we may 

be optimizing a simulation where some components of the simulation are legacy compiled 

codes and we no longer have access to the source code. 

Is f Expensive to Compute or Evaluate? This is closely related to the previous issue. 

When the function 𝑓 is expensive to evaluate, we typically must be more conscientious of 

how our optimization algorithm scales with function evaluations. Iterative methods, such 

as gradient descent and Newton’s method, have well-understood scaling properties, and 

the computational cost of 𝑓 often guides which method to use. Of course, the expense of 

computing 𝑓 may be related to the dimension of x and the nonlinearity of 𝑓 , compounding 

with the issues above. 

Examples: In many engineering applications, such as aerodynamic shape optimization of 

a wing, it is expensive to evaluate the objective function for a single x. This may involve a 

computationally intensive, high-fidelity simulation, or actually fabricating and testing the 

wing in a wind tunnel. When function evaluation is expensive, we require algorithms that 

converge in very few iterations, which often motivate surrogate models. 

Does f Encode Dynamics in Time? When the system being optimized involves time 

dynamics, this often changes the optimization algorithm and computational cost involved. In 

this case, the dynamics of 𝑓 must be captured via differential equations, which are typically 

more involved, both conceptually and computationally. Alternatively, we may average out 

the time dynamics and optimize over mean quantities, although this may also be expensive, 

requiring enough time for a converged average. 

Examples: Control theory (see Chapter 9) is a good example where we optimize a control 

law to modify the performance of a dynamical system, which inherently varies in time. 

Other optimization problems, such as aerodynamic shape optimization, may involve time 

averaging dynamic effects, such as turbulent fluctuations. Many optimization problems 

we face do not explicitly involve time dynamics, such as packing or resource allocation 

problems in Chapter 3 or regression problems in Chapter 4. 
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x + y ≤ 1

infeasible

feasible

x
2 + y

2
≤ 1

x ≤ 0 x > 0

infeasiblefeasible

Figure 1.7 Examples of feasible and infeasible sets determined by inequalities. A single linear 

inequality defines a convex half-space (left); multiple linear inequalities result in intersecting half-

spaces and define a polytope (see Fig. 1.11). Nonlinear inequalities define more complex feasible sets 

(right). In this case, the feasible region is still convex. 

The Constraint Equations 
Constraint equations arise naturally in optimization. Any time a decision variable involves 

a constrained resource, such as time, space, money, materials, labor, etc., these may be 

expressed as constraint equations. This is common in linear programming, which involves 

minimizing or maximizing an objective function under linearly constrained resources. 

We will see many other types of constraints throughout this book. For example, we may 

want to solve a least-squares regression problem where we know that some variables must 

be non-negative, or within some radius (see Fig. 1.7). Control theory is another example, 

where the constraints are governed by the dynamics of the system. 

Figure 1.7 shows two examples of feasible sets given by inequality constraints. The first 

example is a linear inequality constraint, and the second example is a nonlinear inequality 

constraint. Any linear inequality constraint, given by 𝑔(x) = cTx ≤ 0, determines a feasible 

half-plane in the 𝑛-dimensional space. The complementary inequality cTx > 0 determines 

an infeasible half plane. The nonlinear constraint 𝑔(x 2 2 ) = 𝑥 + 𝑦 − 1 determines a feasible 

circular disk of radius equal to 1, with an infeasible region exterior to this disk. In both 

cases, the feasible region is convex, as we will see defined formally soon. 

The Feasibility Problem 

In nearly every domain using optimization – engineering design with physical constraints, 

finance with regulatory constraints, or machine learning with interpretability constraints 

– maximizing or minimizing an objective is meaningless if we cannot locate any feasible 

solutions. Thus, verifying feasibility is a foundational step before optimizing a solution. 

For high-dimensional problems with complicated constraint equations, even finding a 

feasible x might be a challenge. The feasibility problem is 

find x, 
s.t. g(x) ≤ 0 

h(x) = 0. 
(1.7) 

Ensuring feasibility (i.e., satisfying all constraints) can be at least as challenging as 

optimizing an objective. One might have to solve large sets of equations or inequalities 

to find a point that meets all physical, geometric, or statistical constraints, before even 
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addressing optimality. We will see an example of a feasible set obtained via the intersection 

of several inequality constraints later, in Fig. 1.11, in the context of linear programming. 

Feasibility is challenging because constraints may define complicated sets. High-

dimensional constraints can intersect in to cause narrow or fragmented feasible sets. 

Sometimes it is unknown if a feasible region even exists. Many optimization problems 

are ill-posed, so small changes to the problem can dramatically change the feasible set. For 

example, in inverse problems, one must find model parameters consistent with observed 

data, enforcing model constraints (e.g., PDEs or boundary conditions). Feasible solutions 

are sensitive to these constraints. Similarly, in control theory, a controller must often satisfy 

closed-loop stability, performance bounds, or actuator limits. Ensuring a feasible controller 

even exists can be challenging, especially if the system is barely controllable. 

There are several strategies for approaching the feasibility problem. For linear or convex 

constraints, there are specialized approaches, such as linear matrix inequality solvers, that 

can systematically search for feasible solutions. For more complex constraints, we may 

start with a simpler version of the constraints and continuously transition to the more 

challenging constraints, using homotopy or continuation to track the solutions through this 

transition. Other approaches involve penalty or barrier methods that transform constraints 

into large penalty terms in the objective, promoting feasible solutions. Projection and 

iterative methods, such as Douglas–Rachford methods [160], may also be used to project 

guesses onto a feasible set; these are often used in PDE-constrained problems. 

Box Constraints 

One common constraint is where the components of x must be between a lower and an 

upper bound, l and u, respectively. These are box constraints: 

min 𝑓 (x), 
x 

s.t. l ≤ x ≤ u. 
(1.8) 

It is possible to rewrite these constraints in standard form as: 

l − x ≤ 0 

x − u ≤ 0. 

Slack Variable Form 

It is helpful to know how close the decision variable x is to the constraint boundaries. For 

this we introduce a slack variable s ∈ R𝑚 and write the constraints in slack variable form: 

min cTx, 
x,s 

s.t. x, s ≥ 0, 
Ax + s = b. 

(1.9) 

This is equivalent to Eq. (1.4), since s = b− Ax ≥ 0. Each component 𝑠 𝑗 of s quantifies how 

close x is to the 𝑗-th inequality boundary; x has as many dimensions as there are constraint 

equations. This is used in the simplex algorithm, which solves a linear program by iterating 

through vertices of the feasible region until a local optimum is found. 
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Figure 1.8 Examples of convex and nonconvex sets (top) and convex and nonconvex functions 

(bottom). Convex sets are defined so that the line segment connecting any two points in the set is 

itself entirely in the set. Convex functions are defined so that the line segment connecting any two 

points on the function does not dip below the function at any intermediate values of the domain 𝑥. 

In general, nonconvex feasible sets or nonconvex objective functions complicate the optimization 

problem considerably. We’ll meet the ReLU (rectified linear unit) function in Panel Panel 10.1. 

1.2 Convexity in Optimization 

Convexity is one of the most important concepts in optimization [66], resulting in 

strong theoretical guarantees and powerful numerical algorithms. In a convex optimization 

problem, any local optimal solution is also globally optimal. This is particularly important 

in high-dimensional optimization problems, where searching for global solutions may be 

intractable. In contrast, in convex optimization, if an algorithm converges to a local minima, 

we have confidence that this is the global minima as well. 

Convex optimization problems are problems where the objective function is convex 

and the feasible set determined by the constraint equations are also convex [66, 365, 

366]. Occasionally these problems have analytic solutions, such as the classic least-squares 

regression (see Chapter 4). Other problems, such as linear programming (see Chapter 3), 

have mature algorithms with favorable computational scaling properties. 

In this section, we introduce key notions of convex sets and functions, along with 

some fundamental theoretical results. Examples of convex sets and functions, as well as 

nonconvex sets and functions, are shown in Fig. 1.8. The categorization of optimization 

problems into convex and nonconvex is as fundamental as the categorization of differential 

equations into linear and nonlinear. Convex optimization problems are largely solved, at 

least algorithmically, with efficient, robust, and scalable numerical methods. 

14 Optimization Bootcamp
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Figure 1.9 Examples of convex and nonconvex sets. Points, lines and line segments, planes and 

half-planes, spaces and half-spaces (called slabs) are all convex. A filled disk or higher-dimensional 

ball (e.g., a filled sphere), and filled ellipsoids are convex. Polytopes defined by the intersection 

of multiple inequality constraints generalize polygons to higher dimensions and are also convex. A 

hollow sphere or a circle without its interior is not convex, because the lines connecting points on 

the boundary include points that are not in the set; likewise, an object including part but not all of its 

boundary may be nonconvex. 

Convex Sets 
It is important to be able to easily assess whether or not the feasible set, defined by the 

constraint equations, is convex. A set C 𝑛⊆ R  is convex if and only if the line connecting 

any two points x, y ∈ C is also entirely in C: 

𝛼x + (1 − 𝛼)y ∈ C for 𝛼 ∈ [0, 1] . (1.10) 

The parameter 𝛼 ∈ [0, 1] defines the line segment connecting the two points x and y in 

the convex set C; 𝛼 = 0 corresponds to the point y, 𝛼 = 1 corresponds to the point x, and 

𝛼 ∈ [0, 1] sweeps out the line segment between x and y. This is shown schematically in 

the top row of Fig. 1.8. If any of these points 𝛼x + (1 − 𝛼)y are not also in C, for any 

x, y ∈ C, then the set is not convex. In this book, we assume that convex sets are defined in 

the context of a vector space, although there are more general notions. 

Intuitively, a set is convex if there is a continuous line of site between any two points in 

the set, so that there are no disconnected regions, holes, or fingers. It is extremely difficult 

to search over multiple disconnected regions5 

5 Disconnected regions and holes are a subject of topology. 

or fingers, especially in higher dimensions, 

where the number of such regions may grow exponentially. 

Additional examples of convex and nonconvex sets are provided in Fig. 1.9. There 

are broad classes of convex sets, including points, lines and line segments, planes and 

half-planes, spaces and half-spaces (sometimes referred to as slabs). In addition, several 

geometric shapes also define convex sets. For example, a disk (i.e., a filled in circle with its 

boundary) and a higher-dimensional ball 

𝐵𝑟 = {x | ∥x∥2 ≤ 𝑟} 

https://doi.org/10.1017/9781009755856.002
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C1

C2

C = C1 ∩ C2

Figure 1.10 The intersection of convex sets is also convex.

(i.e., a filled in sphere) are convex sets. A hollow sphere or a circle without its interior is

not a convex set, because the lines connecting points on the boundary are not in the set.

Similarly, filled ellipsoids are convex sets. Filled cones, with convex cross-section, are also

convex.

Intersection of Convex Sets

The intersection of two convex sets is also convex, as illustrated in Fig. 1.10. This is

simple to prove mathematically. Although we won’t typically prove results in this book, it

is illustrative to see this simple proof.

Proof Denote the two convex sets C1 and C2, and let their intersection be

C = C1 ∩ C2.

If x, y ∈ C, then x, y ∈ C1 and x, y ∈ C2. Since C1 is convex, then

𝛼x + (1 − 𝛼)y ∈ C1

for 𝛼 ∈ [0, 1]. The same is true for C2. Thus,

𝛼x + (1 − 𝛼)y ∈ C1 ∩ C2 = C

for 𝛼 ∈ [0, 1] for all x, y ∈ C, which proves the result. □

The intersection of several linear inequality constraints, Ax ≤ b, defines a convex

polytope, which generalizes polyhedra to higher-dimensional spaces. An example of a

convex polytope is shown in Fig. 1.11. These sets are pointy, with the bounding surfaces,

edges, and vertices being characterized by subsets of the inequality constraints. Convex

polytopes will be explored extensively in the context of linear programming in Chapter 3.

Convex Hull

It is possible to convexify a nonconvex set C by systematically addingthe points that violate

the convexity condition. The smallest convex set containing a set C is the convex hull, and

is visualized in Fig. 1.12. This is denoted hull(C). The convex hull of a convex set C is

trivially itself. Further, the convex hull of any set C is the intersection of every convex set

containing C, hence making it the smallest convex set containing C.
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feasible

set C

x ≥ 0 x + y ≤ 2

y ≤ 1

Ax ≤ b

y ≥ 0

Figure 1.11 Convex polytopes are obtained by the intersection of several linear inequality

constraints. Convex polytopes play an important role in several classes of optimization problem,

including linear programming (see Chapter 3).

not in set

Nonconvex Convex hull

in convex hull

Figure 1.12 Illustration of the convex hull, hull(S), of a nonconvex set S .

Affine Sets and Transformations

Affine sets satisfy an even more restrictive condition than convex sets. An affine set is any

set in which every line passing through two points of the set lies completely within that set.

Formally, a set A is affine if, for any x, y ∈ A the point 𝛼x+ (1−𝛼)y lies in A for any real

𝛼. In contrast, a convex set requires 𝛼x + (1 − 𝛼)y to remain in the set only for 𝛼 ∈ [0, 1].

For a convex set, the line segment connecting any two points x, y in the set must also be in

the set, while for an affine set, the entire infinite line connecting them must be in the set.

Affine sets are automatically convex, because if the points 𝛼x + (1 − 𝛼)y are in the set

for any scalar 𝛼 then they are also in the set for 𝛼 ∈ [0, 1]. A simple example of an affine

set is a line {x0 + 𝑡v : 𝑡 ∈ R}. More generally, a plane or hyperplane is affine.

An affine set can be viewed as a “translated” version of a vector subspace. This condition

means that A behaves like a vector space except it need not contain the origin, although

it may. Thus, an affine set is essentially a vector space that may be shifted or translated by

some fixed offset. Affine sets generalize linearvector subspaces by allowing for an arbitrary

translation in space. All vector spaces are affine sets, but the converse is not true.

Affine sets arise naturally in optimization when translating or shifting feasible regions.

For instance, solving linearsystems Ax = b defines an affine subspace. Many linear and

affine constraints preserve affine structure, and problems that reduce to finding a point

in an affine subspace are simpler than those restricted to convex but curved sets. Hence,
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scaling shear rotation translation

A = [
cos(θ) −sin(θ)

sin(θ) cos(θ) ] b = [
b1

b2
]A = [

s1 0

0 s2
] A = [1 s

0 1]

f(𝓢)

𝓢

Figure 1.13 Affine transformations f (x) = Ax + b. Scaling, shear, rotation, translation, and

combinations (such as reflection) thereof, are all affine transformations, which preserve convexity.

in optimization, one often solves feasibility in an affine set, such as Ax = b, and then

superimposes convex inequalities to further restrict that region. Convex sets remain convex

under affine transformations, as shown in Fig. 1.13. This is an exercise for the reader.

Panel 1.6: Dual Spaces and Supporting Hyperplanes

Dual spaces and supporting hyperplanes are another important concept in

optimization. A supporting hyperplane to a set C ⊂ 𝑛
R at a boundary point x0

is a hyperplane

{x : yT (x − x0) = 0}

such that C lies entirely in one closed half-space determined by that hyperplane.

Equivalently, the hyperplane touches at x0 but does not cut through its interior.

If C ⊂ 𝑛
R

C

is a convex set, one may define its dual set in a dual vector space.

Concretely, for a bounded convex body containing the origin, the dual set C∗ is

given by

C
∗
=

{

y ∈ R
𝑛 : yTx ≤ 1 for all x ∈ C

}

.

Geometrically, each supporting hyperplane to C is described by an equation yTx =

𝛼, where y is a normal. The dual space is the collection of all such normal directions

y that define half-spaces containing C; this entirely characterizes the boundary of C.

C*

C

x < 0

y < 0

y > 2/3

x + y > 1

C*

feasible

set C

Figure 1.14: Schematic of the dual space of supporting half planes for two

convex sets.
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Convex Functions

α(x) = ReLU(x)

α(x) = tanh(x)
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f

secant

yx

Figure 1.15 A convex function has the property that every secant line connecting any two points on

the function, (x, 𝑓 (x)) and (y, 𝑓 (y)), does not go below the function between x and y. For a strictly

convex function, the secant line is strictly above the function.

Convex Functions
It is also helpful to have conditions to easily assess whether or not an objective function is

convex. A function 𝑓 : R𝑛 → R is convex if and only if the line connecting any two points

on the function lies above the function:

𝑓 (𝛼x + (1 − 𝛼)y) ≤ 𝛼 𝑓 (x) + (1 − 𝛼) 𝑓 (y). (1.11)

This is illustrated in Fig. 1.15. The line connecting the points x and y is called the secant.

Other examples of convex and nonconvex functions are shown in Fig. 1.16. We often use a

more restrictive definition, called strict convexity, where the inequality in Eq. (1.11) cannot

be equal. This prevents degenerate cases where the function has a flat bottom with a line of

equal minima. We may also define 𝑓 (x) for values x on a restricted domain x 𝑛∈ D ⊆ R . In

this case, 𝑓 may be considered convex restricted to D if Eq. (1.11) holds for any x, y ∈ D.

Figure 1.16 Examples of convex and nonconvex functions. The left two functions are commonly

used activation functions in the nodes of neural networks, which will be discussed more in Chapter 10.
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ℓ2ℓ1 ℓ∞

∥x∥2 = x2
1 + x2

2
∥x∥1 = |x1 | + |x2 | ∥x∥∞ = max(x1, x2)

Figure 1.17 Illustration of several norms, all of which are convex functions. This is important in

machine learning, where we often minimize the sum-squared error in the ℓ2 norm, and then add

additional regularization terms that are expressed in other norms. The ℓ1 norm promotes sparsity, the

ℓ2 norm quantifies the sum-squared error, and the ℓ∞ norm is used to penalize worst-case performance.

Norms are Convex

An important class of convex functions are norms, 𝑓 (x) = ||x||. Norms are widely used in

optimization, as we often minimize the error of a function fit, where error is quantified in

an appropriate norm, such as the ℓ2 norm. Several norms are shown in Fig. 1.17.

A norm quantifies the length of a vector, and it must satisfy three properties:

1. ||𝛼x|| = |𝛼 |||x|| for all scalar 𝛼 ∈ R (homogeneity)

2. ||x + y|| ≤ ||x|| + ||y|| (triangle inequality)

3. ||x|| ≥ 0 and ||x|| = 0 only if x = 0. (non-negativity)

To prove that all norms are convex, we may write the convexity condition from Eq. (1.11)

when 𝑓 (x) = ||x|| as:

||𝛼x + (1 − 𝛼)y|| ≤ ||𝛼x|| + ||(1 − 𝛼)y||

= 𝛼||x|| + (1 − 𝛼)||y||

= 𝛼 𝑓 (x) + (1 − 𝛼) 𝑓 (y).

The most common norms we use are the ℓ2 and ℓ1 norms, given by

||x||2 =

(

𝑥2
1 + 𝑥2

2 + · · · + 𝑥2
𝑛

)1/2

=

𝑛
Σ

𝑘=1

𝑥2
𝑘

1/2( )

(1.12)
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ℓ0 ℓ2/3

Figure 1.18 Examples of nonconvex pseudo norms, which are not actually norms. The ℓ𝑝 norms

for 𝑝 < 1 are such nonconvex pseudo norms.

and

∥x∥1 = |𝑥1 | + |𝑥2 | + · · · + |𝑥𝑛 | =

𝑛∑︁

𝑘=1

|𝑥𝑘 | (1.13)

respectively. The ℓ2 norm is often used to compute the sum-squared errors of a function fit

to data, as in Chapters 4 and 10. The ℓ1 norm is used to promote solutions that are sparse,

meaning that many of the entries of x are zero.

Both the ℓ1 and ℓ2 norms are special cases of the ℓ𝑝 norm for vectors x:

(1.14)

The gradient of the ℓ2 norm in two-dimensions, ∥x 2∥ = 2 2𝑥 + 𝑥
2 1 2

, is given by

This is useful in the context of least-squares regression (see Chapter 4), where we must

minimize the sum of square errors

min
x

∥Ax − b∥2
2 =⇒ ∇∥Ax − b∥2

2 = 0. (1.15)

The notion of a convex norm extends to infinite-dimensional 𝐿 𝑝 Hilbert spaces, where

the norm of a function 𝑓 is now given by

(1.16)

This allows us to extend our optimization framework to function spaces and optimize

systems governed by partial differential equations. We now use the Minkowski inequality,

which is the triangle inequality for function spaces:

∥ 𝑓 + 𝑔∥ 𝑝 ≤ ∥ 𝑓 ∥ 𝑝 + ∥𝑔∥ 𝑝 .

There are several pseudo norms that are not actually norms, but are still useful. The ℓ0

norm (see Fig. 1.18) quantifies how many non-zero entries are in a vector x, which is a

measure of its sparsity. Sparsity is essential in inverse problems and machine learning, where

we promote models and solutions with the fewest nonzero terms to prevent overfitting. It is
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possible to minimize the ℓ0 function, even though it is not convex, by relaxing the problem

and minimizing the ℓ1 norm instead. Relaxation is a fundamental technique in nonconvex

optimization, and will be discussed more, for example in Chapter 4. Alternatively, it is

possible to directly solve the nonconvex ℓ0 minimization problem using the proximal

gradient in Section 5.1.

Regularization and Relaxation

Relaxation and regularization are two important topics in modern optimization that appear

throughout the book, starting in Chapter 4. Regularization is the process by which we

add terms to the objective function to make ill-posed problems well posed, and it allows

one to incorporate prior knowledge and to guide the optimization to solutions with certain

properties. For example, we may want to promote sparse or low-rank solutions in many

physical contexts. Many regularizing terms also arise as Bayesian priors, as discussed in

Chapter 7. However, it is often the case that regularization terms are nonconvex..

It may be possible to relax nonconvex terms in the objective function to related convex

approximations, and there is a large body of analysis showing how and when the optimal

solutions to the relaxed problems converge to the optimal solutions of the original nonconvex

Panel 1.7: Properties of Convex Functions

There are several important properties of convex functions that we use in this book:

• If 𝑓 (x) and 𝑔(x) are convex, then 𝑓 (x) + 𝑔(x) is convex. This is useful in

the context of machine learning, where we often construct sophisticated loss

functions by adding several convex loss terms, as in:

𝐿 = ∥x − x̂∥2
2 + 𝛼∥x∥2

2 + 𝜆∥x∥1.

• If 𝑓 (x) is convex, then − 𝑓 (x) is concave. The minimum of 𝑓 (x) becomes the

maximum of − 𝑓 (x).

• If 𝑓 (x) is convex, then 𝑓 (Ax + b) is convex. In other words, an affine

transformation of x preserves convexity.

• If 𝑓 (x) and 𝑔(x) are convex, then the pointwise maximum ℎ(x) of 𝑓 and 𝑔 is

convex:

ℎ(x) = max{ 𝑓 (x), 𝑔(x)}.

• The composition of two functions ℎ(x) = 𝑓 (𝑔(x)) is convex if either:

𝑓 is convex and non-decreasing and 𝑔 is convex;

𝑓 is convex and non-increasing and 𝑔 is concave.

For example:

If 𝑔 is convex then exp(𝑔(𝑥)) is convex;

If 𝑔 is concave then − log(−𝑔(𝑥)) is convex;

if 𝑔 is concave and positive, then 1/𝑔 is convex.
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C epi= ( )f
f

Figure 1.19 The epigraph of a function 𝑓 is the set of points 𝑥, 𝑦 above the graph. The function 𝑓

is convex if and only if the epigraph is a convex set.

problems. Often, the addition of a nonconvex term, such as the sparsity promoting || · ||0

term, leads to an NP-hard optimization problem, where it would require a brute force

combinatorial search to find the global optimum. However, it is possible to relax the || · ||0

pseudo norm by replacing it with the convex || · ||1 norm. Similarly, if we want a low-rank

matrix solution X, we may replace the nonconvex rank (X) with the convex nuclear norm

||X||∗, which is discussed more in Section 6.5.

Epigraph of a Function

The graph of a function is the set of all points on the function:

graph( 𝑓 ) = {(x, 𝑓 (x)) | x ∈ D}. (1.17)

This is a useful representation of the function as a set of points in the 𝑛 + 1-dimensional

space 𝑛
R × R given by (x, 𝑓 (x)).

The epigraph of a function is the set of all points above the function:

epi( 𝑓 ) = {(x, 𝑦) | x ∈ D and 𝑦 ≥ 𝑓 (x)}. (1.18)

The epigraph of a convex function 𝑓 is shown in Fig. 1.19. A function is convex if and only

if its epigraph is a convex set, which is left as an exercise.

The hypograph of a function is the set of all points below the function:

hyp( 𝑓 ) = {(x, 𝑦) | x ∈ D and 𝑦 ≤ 𝑓 (x)}. (1.19)

A function is concave if and only if its hypograph is a concave set.

Jensen’s Inequality

Jensen’s inequality is a powerful and intuitive result for convex functions. In essence, it

generalizes the convexity condition for a convex function.

Mathematically, Jensen’s inequality may be stated as

𝛼1 𝑓 (x1) + 𝛼2 𝑓 (x2) + · · · + 𝛼𝑚 𝑓 (x𝑚) ≥ 𝑓 (𝛼1x1 + 𝛼2x2 + · · · + 𝛼𝑚x𝑚) (1.20)

for any x1, x2, . . . , x𝑚 and 𝛼 𝑗 ≥ 0 such that 𝛼1 + 𝛼2 + · · · + 𝛼𝑚 = 1.

This inequality has an intuitive geometric interpretation. The standard condition for

convexity is that the line segment connecting any two points on the function is not below
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Figure 1.20 Illustration of Jensen’s inequality in two-dimensions. Jensen’s inequality generalizes

the convexity condition that all secant lines lie above the function to state that all convex polytopes

formed by 𝑚 points on the function also lie above the function.

Figure 1.21 Illustration of Jensen’s inequality in three-dimensions. In higher dimensions, Jensen’s

inequality states that any convex polytope formed from 𝑚 points on the function lie entirely above the

function, similar to the secant lines connecting any two points on the function.

the function. Jensen’s inequality generalizes this to more than two points on the function.

If we have three points (i.e., 𝑚 = 3) on a convex function, the triangle formed with these

three points as the vertices also does not lie below the function. This is shown in Fig. 1.20.

This geometric interpretation generalizes to more points and to higher dimensions.

Given 𝑚 points x1, x2, . . . , x𝑚, the linear combination 𝛼1x1 + 𝛼2x2 + · · · + 𝛼𝑚x𝑚 forms a

convex polytope in 𝑛
R . A subset of the points are vertices of this polytope, and other points

are interior. Similarly, the points (x1, 𝑓 (x1)), (x2, 𝑓 (x2)), . . . , (x𝑚, 𝑓 (x𝑚)) form a convex

polytope that is entirely a subset of the epigraph of 𝑓 . In other words, this convex polytope

lies entirely above the function 𝑓 , similar to the secant line. This is shown in Fig. 1.21.

Probability Example. A particularly useful application of Jensen’s inequality is in

probability. We may use Jensen’s inequality to prove a fundamental property about the
∫

𝑝(𝑥) 𝑑𝑥 =
𝑆

1expected value of a function of a random variable 𝑥. If 𝑝(𝑥) ≥ 0 and , then

𝑓

(∫

𝑆

𝑝(𝑥)𝑥 𝑑𝑥

)

 ------------  ------------ 

𝐸 (𝑥 )

≤

∫

𝑆

𝑝(𝑥) 𝑓 (𝑥) 𝑑𝑥

 -------------  ------------- 

𝐸 [ 𝑓 (𝑥 ) ]

. (1.21)

https://doi.org/10.1017/9781009755856.002 Published online by Cambridge University Press

https://doi.org/10.1017/9781009755856.002


1.2 Convexity in Optimization 25

x ∈ C

f(x)

Figure 1.22 Illustration of a convex optimization problem, defined by a convex objective function

over a convex feasible set. This example is strictly convex, with a unique global minima.

Thus

(1.22)

An example of this inequality is the following:

(1.23)

To prove this using Jensen’s inequality, we must extend the finite sum in Eq. (1.20) to a

continuous integral. This is left as a homework exercise for the reader.

Convex Optimization Problems
Now we are able to analyze a convex optimization problem. An optimization problem with

a convex function defined over a convex feasible set C is a convex optimization problem,

shown in Fig. 1.22. If either the function , or the feasible set C are nonconvex, then the

optimization problem is nonconvex as in Fig. 1.23. Nonconvex problems may have multiple

local minima, maxima, and saddle points, and the complexity of the optimization landscape

typically becomes more challenging in higher dimensions.

We now prove the central result in convex optimization: for a convex function over a

convex set C, a local minimum is also a global minimum. We prove this by contradiction.

Proof We assume that x is a local minimum, so that there is an -ball around x

so that any feasible satisfies

We now assume that there exists a y that is a better minima
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x ∈ C

f(x)

Figure 1.23 Illustration of a nonconvex optimization problem, where the objective function and

feasible set are both nonconvex. This example has two local minima and a saddle point.

This is the condition that contradicts the main theorem, and so we will prove that this

violates the assumption above.

Because x and y are both feasible, in the convex set C, then the entire line segment

connecting them is also feasible, meaning that it is also in the convex set C. These points

are parameterized by 𝛼 ∈ [0, 1] so that 𝛼 = 0 corresponds to the point y and 𝛼 = 1 to the

point x.

Some of these points are inside the 𝜖-Ball. Specifically, we can choose an 𝛼 so that the

point is exactly on the boundary of the 𝜖-Ball:

𝛼1 =
𝜖

∥y − x∥2

and thus we may choose another 𝛼 that is halfway between x and this boundary:

𝛼2 =
𝜖

2∥y − x∥2
.

We denote this point by z = (1 − 𝛼2)x + 𝛼2y.

However, by the convexity of 𝑓 , and given that y is a lower minima with 𝑓 (y) < 𝑓 (x),

then for every 𝛼 ∈ [0, 1], we have

𝛼 𝑓 (y) + (1 − 𝛼) 𝑓 (x) < 𝑓 (x)

which implies that

𝑓 (z) < 𝑓 (x).

However, since z is feasible and z ∈ 𝐵𝜖 (x), this contradicts the assumption that x is a local

minimum. □

This is one of the most important results in optimization, providing a powerful guarantee

for a large class of convex problems. This property is especially important in Chapters 3

and 4 on linear programming and least squares regression, respectively.
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Figure 1.24 Examples of how the derivative and gradient define the tangent line and tangent space,

respectively, for a one-dimensional function and a higher-dimensional function.

1.3 Gradients and the Geometry of Optimization

The gradient operator from vector calculus generalizes the derivative of a function of a

single variable to the derivative of a function of multiple variables. The gradient has a deep

geometric interpretation, quantifying the local direction in which the function increases

most rapidly. Thus, we may use this gradient direction to iteratively walk towards a local

minimum or maximum of our objective function. This idea is the basis of all gradient

descent methods, including the stochastic gradient descent from machine learning, which

are discussed in Chapters 2 and 10. The gradientis visualized for a scalar function and a

two-dimensional function in Fig. 1.24.

The gradient of a scalar function in two dimensions, 𝑓 (𝑥, 𝑦) is defined as

∇ 𝑓 =

[
𝜕 𝑓 /𝜕𝑥

𝜕 𝑓 /𝜕𝑦

]
. (1.24)

The components of this vector are partial derivatives that quantify how much the function

𝑓 changes when 𝑥 and 𝑦 are varied infinitesimally. Thus, if the function increases more

rapidly in the 𝑦 direction, the second component will be larger. The gradient of a function

𝑓 (x) of an 𝑛-dimensional vector x ∈ R
𝑛 is given by

∇ 𝑓 =



𝜕 𝑓 /𝜕𝑥1

𝜕 𝑓 /𝜕𝑥2

...

𝜕 𝑓 /𝜕𝑥𝑛



. (1.25)

Each component of ∇ 𝑓 measures how much 𝑓 changes when the component 𝑥 𝑗 is varied.

Just as the derivative 𝑑𝑓 /𝑑𝑥 of a scalar function 𝑓 (𝑥) defines a tangent line to the function

at the point 𝑥, the gradient ∇ 𝑓 (x) of a function 𝑓 (x) defines a tangent plane to the function

at x. The scalar derivative 𝑑𝑓 /𝑑𝑥 is the slope of the tangent line, and ∇ 𝑓 (x) defines the

slope of the tangent plane. Specifically, the gradient ∇ 𝑓 (x0) defines a linear approximation
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f(x)

∇f(x)x0

−∇f(x)

Figure 1.25 Illustration of a nonconvex function, with two local minima. The gradient ∇ 𝑓 is also

visualized, both as a tangent plane to the objective function 𝑓 and as a vector direction over the set of

feasible points.

to 𝑓 (x) near 𝑓 (x0) via a first-order Taylor series approximation:

𝑓 (x) ≈ 𝑓 (x0) + ∇ 𝑓 (x0)
T (x − x0)⏟---⏟⏟---⏟

Δx

. (1.26)

The gradient tells how the function 𝑓 locally changes, given a small change in x. If we

denote the small change by Δx = x − x0, then the change in the function is approximated[ ]T
Δx = Δ𝑥1 Δ𝑥2by ∇ 𝑓 (x T

0) Δx. In two dimensions, where , this can be written

approximately as:

∇ 𝑓 (x0)
T
Δx =

𝜕 𝑓

𝜕𝑥1
Δ𝑥1 +

𝜕 𝑓

𝜕𝑥2
Δ𝑥2.

There are deep connections between the gradient of a differentiable function, ∇ 𝑓 (x), and

convexity. In words, a function is convex if and only if all tangent planes defined by the

Gradients, Hessians, and Convexity

In some instances, we might not have access to a gradient, because the objective function

might be nonsmooth. For example, the ℓ1 norm does not have a continuous derivative. In

this case, we use the proximal gradient, introduced in Section 5.1, to generalize the gradient

for nonsmooth functions.

Similarly, if we chooseΔx in the negative gradient direction,−∇ 𝑓 (x0) causes the function

to locally decrease the fastest, providing the basis for gradient descent. The gradient of a

nonconvex function is visualized in Fig. 1.25, where it is clear that the negative gradient

may be used to locally minimize the function.

One of the most important properties of the gradient in the context of optimization is

that it defines the direction in which Δx maximally increases the function 𝑓 locally. This

is easy to see from Eq. (1.26), since T∇ 𝑓 (x0) (x − x0) is the inner product of the vector

∇ 𝑓 (x0) and Δx, and this inner product is largest when the two vectors point in the same

direction.

(1.27)
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Just as the gradient condition in Eq. (1.28) provides a first-order condition for convexity,

there is a second-order condition in terms of the Hessian H = 2∇ 𝑓 (x) for twice continuously

Second-Order Hessian Condition

The point x0 is the base point of the Taylor series expansion, and x is any other point in the

domain of 𝑓 . This statement is true for all x0 and x. If there is an x∗ so that ∇ 𝑓 (x∗) = 0,

then 𝑓 (x) ≥ 𝑓 (x∗) for all x. Therefore, x∗ is a global minimum of the function 𝑓 (x) and

𝑓 (x) is a convex function. Proving this for a vector x is not trivial, but it is simpler and can

be illustrative to show this for a scalar 𝑥.

(1.28)𝑓 (x) ≥ 𝑓 (x0) + ∇ 𝑓 (x0)
T · (x − x0).

We may write this connection mathematically. A differentiable function 𝑓 (x) is convex

if and only if it lives above its first-order Taylor series approximation, given by

gradientat every point on the function lie entirely below the function. Thus, the tangent

planes are never above the function, and only bound it from below. In fact, they define the

supporting hyperplanes for the convex epigraph, as discussed below.

Panel 1.8: Tangent Planes are Supporting Hyperplanes

The graph of 𝑓 (x) is the pair (x, 𝑓 (x)). The tangent plane may be defined by its

normal vector, which is perpendicular to the gradient of this point on the graph:

→𝑇 = ∇ (x, 𝑓 (x)) =

[
1

∇x 𝑓 (x)

]
,

where 1 is a vector of ones, obtained by taking the gradient of x: ∇x = 1. The

normal vector that is perpendicular to this tangent vector is given by:

→𝑛 =

[
∇ 𝑓 (x)

−1

]
.

For a convex 𝑓 , the set of all tangent planes defines a set of supporting hyperplanes

that tightly surround the convex set above the function (i.e., the epigraph of 𝑓 ).

supporting 

hyperplanes

Figure 1.26: Tangents of a convex 𝑓 define supporting hyperplanes to epi( 𝑓 ).
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differentiable functions:

H = ∇2 𝑓 (x) =



𝜕2 𝑓

𝜕𝑥2
1

𝜕2 𝑓

𝜕𝑥1𝜕𝑥2
· · ·

𝜕2 𝑓

𝜕𝑥1𝜕𝑥𝑛

𝜕2 𝑓

𝜕𝑥2𝜕𝑥1

𝜕2 𝑓

𝜕𝑥2
2

· · ·
𝜕2 𝑓

𝜕𝑥2𝜕𝑥𝑛

...
...

. . .
...

𝜕2 𝑓

𝜕𝑥𝑛𝜕𝑥1

𝜕2 𝑓

𝜕𝑥𝑛𝜕𝑥2
· · ·

𝜕2 𝑓

𝜕𝑥2
𝑛



. (1.29)

A function 𝑓 (x) is convex if and only if 2∇ 𝑓 (x) ≥ 0 everywhere. This can be seen by

expanding 𝑓 (x) in a second-order Taylor series about x0:

𝑓 (x) ≈ 𝑓 (x0) + ∇ 𝑓 (x0)
T (x − x0) +

1

2
(x − x0)

T∇2 𝑓 (x0) (x − x0). (1.30)

It is clear that Eq. (1.28) is always true if 2∇ 𝑓 (x0) is positive semidefinite6. When H > 0

is positive definite, then the function is strictly convex, meaning that it has a single global

minimum; this prevents a line or region of equivalent local minima which is possible when

H = 0 and we have a flat portion of the objective function. If H > 0 then the function has

positive curvature everywhere, meaning it is shaped like a bowl.

Data Fitting Example

Consider the problem of fitting a line to data in Panel 1.3. Recall, the goal is to fit a data set

of 𝑛 points {(𝑥 𝑗 , 𝑦
𝑛

𝑗 )} 𝑗=1
to a straight line of the form 𝑦 𝑗 ≈ 𝑎𝑥 𝑗 +𝑏, where 𝑎 is the slope and

𝑏 is the 𝑦-intercept. We define the least squares objective as the sum of squared residuals:

This is a quadratic function in the parameters 𝑎 and 𝑏, and we can minimize it by taking

partial derivatives and setting them equal to zero. Let us compute the gradient:

Setting the gradient equal to zero yields the normal equations, which may also be written

as a matrix system of equations:

Solving this linear system yields the optimal line parameters 𝑎∗, 𝑏∗ that minimize the

sum of squared errors. This is the classical least squares solution to linear regression, which

we explore more and generalize in Chapter 4.

6 A matrix Q is positive semidefinite if xTQx ≥ 0 for all x. We often denote this as Q ≥ 0. If xTQx = 0 only for

x = 0 then the matrix is positive definite, denoted as Q > 0.
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1.4 Constraints and Lagrange Multipliers 

Constraints are a fundamental ingredient of many optimization problems, and there are 

several approaches to handle them. The method of Lagrange multipliers provides an elegant 

way to enforce constraints by embedding them into the objective function. This approach 

not only offers practical techniques for solving constrained problems but also introduces key 

ideas in duality, which are central to optimization theory. Lagrange multipliers are widely 

used in control theory and other engineering applications. Here we provide an intuitive 

overview of Lagrange multipliers, which are explored more in Chapter 6 and throughout 

the book. 

Consider the simple constrained optimization problem with equality constraints: 

min 𝑓 (x), 
x 

s.t. ℎ(x) = 0. 
(1.31) 

It is possible to add the constraint equation to the loss function through the use of a penalty 

function �0 (ℎ(x)) which is 0 for ℎ(x) = 0 and ∞ for ℎ(x) = 0: 

(1.32)

If we add this penalty function to the objective function 

min 𝑓 (x) + �0 (ℎ(x)) 
x 

(1.33)

then the optimal solution is equivalent to that of the original constrained problem. However, 

the penalty function is no longer smooth or easy to optimize over. Instead we add 𝜆ℎ(x), 

and as 𝜆 → ±∞, this approaches �0 (ℎ(x)); specifically, if ℎ(x) > 0 we take 𝜆 → ∞ and 

if ℎ(x) < 0 we take 𝜆 → −∞. Technically we don’t need to take the limit of 𝜆 to plus 

or minus infinity; at some finite 𝜆, this term becomes large enough to make the constraint 

active, after which the optimal solution remains the same. Mathematically, we write this as 

(1.34)

The variable 𝜆 is a Lagrange multiplier, which weights the constraint violation, and the new 

objective function L(x, 𝜆) is called the Lagrangian. We explore this more in Chapter 6. 

The inner optimization operates as follows: for a given x, we maximize the Lagrangian 

over 𝜆. Again, when the constraint is violated, this maximization is unbounded7 , since 

infinite 𝜆 results in an infinite Lagrangian. However, when the constraint is satisfied, this 

term goes to zero, and 𝜆 no longer has an affect. Then, the outer optimization searches for x 

that minimizes this maximum over 𝜆, which is infinite when the constraint is violated, and 

is just 𝑓 (x) when the constraint is satisfied. 

7 Because the maximization problem is unbounded for ℎ (x) ≠ 0, this inner max� should technically be written 

as sup
�

, the supremum, which is also called the least upper bound. This is a technical detail we explore in 

Chapter 6, but for now we simply write it as max. 
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x ∈ C

f(x)

f(x) + δC
(x)

∞

Figure 1.27 Lagrangian objective function with infinite penalty function �C (x) to enforce that

x ∈ C. We will replace this penalty function with Lagrange multipliers.

It is possible to reverse the order of the min and max, resulting in the dual optimization

problem

max
𝜆

min
x

𝑓 (x) + 𝜆ℎ(x)
----------⏟⏟----------⏟

L

. (1.35)

The optimization problem in Eq. (1.31) is known as the primal problem, and Eq. (1.34) is

just a different form of the primal. Swapping the order of the minx and max𝜆 results in the

dual problem in Eq. (1.35).

We will show in Chapter 6 that a condition for optimality of these types of constrained

problem is that the gradients of the objective function and constraint equation must align:

∇xL = ∇ 𝑓 (x∗) + 𝜆∇ℎ(x∗) = 0, ∇𝜆L = ℎ(x∗) = 0. (1.36)

If there are several equality constraints, so h(x) = 0, then this may be written as

min
x

𝑓 (x) + 𝝀
Th(x). (1.37)

Here 𝝀 is a vector of the Lagrange multipliers.

For inequality constraints, 𝑔(x) ≤ 0, we modify the notion of the Lagrange multiplier 𝜆

to satisfy additional conditions:

𝜆 ≥ 0, 𝜆𝑔(x) = 0. (1.38)

This ensures that 𝜆 enforces the constraint only when it is active, meaning that the

optimal solution is at the boundary of this constraint equation, and not in the interior.

This generalized theory of Lagrange multipliers is know as KKT (Karush–Kuhn–Tucker)

theory, which is discussed more in Chapter 6.
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For inequality constraints, we use a related penalty function 

(1.39)

Again, adding this penalty function to the objective function 

min 𝑓 (x) + �R+ (𝑔(x))
x 

(1.40)

is equivalent to the constrained optimization problem. However, the penalty function is no 

longer smooth or easy to optimize over. Again, we add 𝜆𝑔(x) and as 𝜆 → ∞ this approaches 

�R+ (𝑔(x)). Similar to above, we arrive at a minimax problem: 

min max 𝑓 (x) + 𝜆𝑔(x).
x 𝜆≥0 

(1.41)

Again, it is possible to reverse the order of the min and sup, resulting in the dual problem8: 

max min 𝑓 (x) + 𝜆𝑔(x). 
𝜆≥0 x 

(1.42)

The dual provides a lower bound on the primal problem and has practical and theoretical 

significance, particularly in large-scale optimization and sensitivity analysis. It is not 

obvious that these formulations are equivalent, but under some conditions, the optimal 

solutions of each are in fact be equivalent. This notion of duality in optimization will be 

revisited several times in this book. 

Examples of Lagrange Multipliers 
Here we explore two examples with specific functions to see how Lagrange multipliers 

work. The first example involves an active constraint, so that the optimal solution is at the 

boundary of the constraint, and the second example shows how Lagrange multipliers work 

when there is a trivial constraint that doesn’t change the optimum solution. 

Example with Active Constraint 

Consider the optimization problem 

min 𝑓 (𝑥), 
𝑥 

s.t. 𝑔(𝑥) ≤ 0

with 𝑓 (𝑥) = (𝑥 − 1)2 + 1 and 𝑔(𝑥) = 𝑥. The minimum of the unconstrained optimization 

problem occurs at 𝑥∗ = 1, but the constraint forces 𝑥 ≤ 0. It is possible to plot this objective 

function and constraint and verify the intuition that the constrained optimal solution is on 

the boundary of the constraint, so that 𝑥∗ = 0. 

Reformulating this problem using Lagrange multipliers yields the dual formulation: 

min max (𝑥 − 1)2 + 1 + 𝜆𝑥.
𝑥 𝜆≥0 

8 We discuss duality in much greater detail later, for example in Chapter 6. Minimax and maximin problems often 

arise in the context of dual problems, where we minimize over one variable, such as the primal variable x, and 

maximize over another variable, such as the dual variable �. 
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Because of convexity, we may swap the order of the inner and outer minimization and 

maximization and have guarantees that the dual optimum is also the primal optimum. We 

first compute the inner minimization, which results in 

1
min 𝑓 + 𝜆𝑔 = ∇ 𝑓 + 𝜆∇𝑔 = 2𝑥 − 2 + 𝜆 = 0 = 𝑥∗ 

= 
2 
(2 − 𝜆). 

𝑥 
⇒ ⇒ 

Next we substitute this into 𝑓 (𝑥) + 𝜆𝑔(𝑥) and maximize with respect to 𝜆 ≥ 0: 

( )2 ( ) 
𝜆 𝜆 

max 𝑓 (𝑥∗) + 𝜆𝑔(𝑥∗) = max + 1 + 𝜆 
𝜆≥0 𝜆≥0

1 − 
2 
− 1 1 − 

2 

𝜆2 𝜆2 𝜆2 

= max 
4 

+ 1 + 𝜆 − = max 
4 

+ 𝜆 + 1. 
𝜆≥0 2 𝜆≥0 

− 

The optimum 𝜆 is obtained by taking the derivative with respect to 𝜆 and setting equal to 

zero: 

𝜆 
− 

2 
+ 1 = 0 = ⇒ 𝜆∗ 

= 2. 

Plugging this back into our expression for 𝑥∗ yields 𝑥∗ 
= 0. 

A fundamental question arises: why is 𝜆 = 2 special? Remember, we are not really 

trying to minimize 𝑓 (𝑥) + 𝜆𝑔(𝑥) but rather minimize 𝑓 (𝑥) such that 𝑔(𝑥) ≤ 0. If 𝜆 < 2 the 

constraint is not satisfied. If 𝜆 > 2 the constraint is satisfied but 𝑓 (𝑥) is not minimized. To 

visualize this, plot the Lagrangian function for several values of 𝜆, along with the constraint 

region. This is explored more in Exercise 1.11 and in Chapter 5. 

Example with Trivial Constraint 

Let’s now explore a case where the constraint is not active in the minimization problem. 

We consider the same constrained optimization problem but with 𝑓 (𝑥) = (𝑥 2 + 1) + 1 

and 𝑔(𝑥) = 𝑥. The minimum of the unconstrained problem occurs at 𝑥∗ 
= −1 which also 

satisfies the constraint. 

Again, we reformulate this problem using the Lagrangian form: 

min max (𝑥 + 1)2 + 1 + 𝜆𝑥. 
𝑥 𝜆≥0 

We swap the order of the min and max and solve the inner minimization over 𝑥: 

𝜕

𝜕𝑥 
L 

= 2𝑥 + 2 + 𝜆 = 0 = ⇒ 𝑥 = −1 − 
𝜆 
2 
. 

Substituting this into the Lagrangian yields 

𝜆2 

− 
4 

− 𝜆 + 1. 

Maximizing with respect to yields 

𝜕

𝜕𝜆 
L 

= − 
𝜆 
2 
− 2 = 0 = ⇒ 𝜆 = −2. 

Since this is negative, the maximum of the function for 𝜆 ≥ 0 occurs when 𝜆∗ 
= 0, at which 

value 𝑥∗ 
= −1. Thus, when the constraint is not active, then 𝜆∗ 

= 0. 
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1.5 Applications of Optimization 

The power of optimization is particularly evident in its many modern applications. Entire 

books could be written about individual application areas, for example in industrial 

optimization or network flow optimization. 

In this text, we focus on three major application areas to motivate and develop 

theory: inverse problems (Chapter 8), control theory (Chapter 9), and machine learning 

(Chapter 10). These applications are of particular modern relevance and represent three 

frontiers of optimization research. In addition, each of these application domains often 

involve interacting with or modeling the real, physical world, making them crucial for 

science and engineering. 

Modern applications of optimization are typically high-dimensional and nonlinear, 

leading to nonconvex problems. There are several approaches to either relax these into 

convex problems or to tackle the full nonconvex optimization, which we develop in later 

chapters. 

Inverse Problems 
Inverse problems seek to infer unknown parameters or inputs that best match observed 

data, which is typically represented by an equation or system where the solution minimizes 

the discrepancy between observed and modeled data. For example, seismic inversion is a 

challenging inverse problem, where the goal is to estimate the geophysical properties of 

the Earth to best fit seismic data. Thus the goal is to find the unknown parameters x of a 

forward model F(x) that best matched observed data yobs: 

F(x) ≈ yobs. (1.43) 

We typically employ optimization to reframe the problem: 

min 2 . 
x 

∥F(x) − yobs ∥ (1.44)

The objective function is the model mismatch 𝑓 (x) = ∥F(x) − y 2
obs ∥ . 

Often, the observations are partial and noisy, and thus don’t contain enough information 

to uniquely determine the unknown parameters, making the inverse problem ill-posed 

or ill-conditioned. In such cases, we employ relaxation, regularization, and other prior 

information to make the problem well posed. 

Chapter 8 provides a deep dive into applied optimization for inverse problems. Some of 

the main examples and case studies include: 

Classical inverse problems. There is a rich history of classical inverse problems, such as 

finding the roots of a polynomial, solving a (potentially ill-posed) matrix system of 

equations, or estimating the derivative of noisy data. These all provide historical 

context for fundamental algorithms that are ubiquitous in machine learning and 

data science. 

Inverse problems in medical imaging. Much of the modern work in inverse optimization 

has centered around inverse problems in imaging sciences, especially in medical 

imaging. This field is characterized by partial and indirect measurements that 
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must be used to reconstruct an image of interest. X-ray computed tomography 

(CT) and magnetic resonance imaging (MRI) both involve computationally 

intensive optimization problems, using the Radon transform and Fourier transform, 

respectively. 

Super-resolution

Figure 1.28 Inverse problems, such as super-resolution inversion, are optimization problems, as we 

seek an inverse solution that minimizes some appropriate loss function. The super-resolution task of 

inverting a low-resolution image of Mordecai the snow dog to uncover the true high-resolution image 

is ill-posed, meaning that there are many high-resolution images that yield the same low-resolution 

input. Thus regularization and other prior information must be added to the optimization problem to 

promote a unique and reasonable solution. 

Modern computational imaging. Increasingly sophisticated tasks are becoming possible 

in computational imaging, that were once the subject of science fiction. Figure 1.28 

provides one such example of an image-based inverse problem: the task of super 

resolution, or reconstructing a high-resolution image from a low-resolution image. 

Other examples include de-noising, de-blurring, filling in damage or occlusions, 

etc. These are all ill-posed or ill-conditioned inverse problems. 

Image-based inverse problem with physics. If an image is obtained from a physical 

system, it is often possible to use physical priors to regularize the optimization 

problem. For example, modern computational imaging of black holes involves 

inverse optimization blended with physics. 

PDE-constrained inversion. One of the most challenging classes of inverse problems are 

those that involve a physical system governed by complex partial differential 

equation dynamics. For example, designing the shape of a wing to optimize 

aerodynamic performance, is one of the computational grand challenge problems 

in engineering. These problems are so challenging in part because of the 

computational overhead associated with simulating the multiscale dynamics of 

these systems. Other relevant problems include seismic inversion, or localizing 

earthquakes and estimating geophysical parameters from seismic data. 

System identification. Modeling time series data with ordinary differential equations is a 

broad topic with a rich history in inverse optimization. This field is closely related 

to control theory and has dramatically advanced in recent years with advances in 

applied optimization. 
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Controller System 
r + 𝝐 u y 

− 

Feedback signal 

Figure 1.29 Closed-loop feedback control diagram. The sensor signal y is fed back and subtracted 

from the reference signal r, providing information about how the system is responding to actuation 

and external disturbances. The controller uses the resulting error 𝜺 to determine the correct actuation 

signal u for the desired response. Feedback is often able to stabilize unstable dynamics while also 

effectively rejecting disturbances and attenuating sensor noise. 

Control Theory 
Feedback control is one of the most ubiquitous and important technologies in the modern 

industrial landscape. The goal of a control system is to design a control law 

u = k(x) (1.45) 

that minimizes a cost function 

𝐽 ≜ 𝐽 (x, u), (1.46) 

subject to the constraints of a dynamical system that governs the evolution of the system: 

x = f (x, u). 
d𝑡 
d 

(1.47)

The cost function 𝐽 is often a positive-semidefinite quadratic form, and for linear dynamics, 

there is an analytic closed form solution, derived using Lagrange multipliers. 

In the more general case, we only have access to partial, noisy measurements y = g(x)+n, 

where n is the noise. Moreover, the dynamics model is nonlinear and has uncertainty, and 

there are disturbances to the system. All of these make the optimization problem more 

challenging. 

Much of the technological progress in the past century can be attributed to improvements 

in our ability to control complex dynamical systems. There are still many challenges 

in control theory that will undoubtedly benefit from advanced techniques in applied 

optimization. Chapter 9 explores several topics in optimization for control theory, including: 

Linear optimal control. The most complete theory of control has been developed for 

linear systems, and this topic provides an intuitive mathematical foundation for 

nearly every other field of control. Linear optimal control includes the linear 

quadratic regulator (LQR) full-state feedback control (shown in Fig. 1.29) and the 

Kalman filter, both of which have analytic solutions. The dynamics enters these 

problems as a constraint, providing an intuitive connection to Lagrange multipliers. 

Nonlinear optimal control. Full nonlinear control problems are characterized by the 

Hamilton–Jacobi–Bellman (HJB) equations, a set of partial differential equations 

that must be satisfied for an optimal control solution. The HJB equations are based 
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on variation optimal conditions that generalize the classic ideas of variational 

principles in Lagrangian and Hamiltonian mechanics. 

Reinforcement learning. Reinforcement learning (RL) is an important class of optimiza-

tion problems at the intersection of control theory and machine learning, where 

the optimal control actions of an agent are learned through a process of exploration 

and exploitation. RL is a deep topic, and a more modern treatment involving deep 

learning is provided in the chapter on machine learning. 

Dynamic programming. Dynamic programming may be thought of as the optimization 

engine used to solve nonlinear optimal control problems. DP is also used exten-

sively in reinforcement learning, although modern approaches are increasingly 

incorporating deep learning. 

Model predictive control. Model predictive control (MPC) is perhaps the most widely-

used industrial control optimization technique. MPC uses real-time optimization to 

determine a control action over a receding, finite-time horizon. The performance 

and applicability of MPC is directly related to our ability to solve challenging 

optimization problems in real time, and is thus one of the main applications of 

modern optimization. 

Linear matrix inequalities. Linear matrix inequalities (LMIs) are how we solve many 

linear control problems in practice using modern techniques in optimization. LMIs 

are often not included in a course on control theory or in a course on optimization. 

However, they are the backbone of many control implementations. 

Differentiable control. If the system model and controller are differentiable, for example 

represented as neural networks, then powerful gradient-based optimization 

techniques become available, even for high-dimensional control problems. 

Machine Learning 
Machine learning is one of the most ubiquitous and compelling modern application of 

applied optimization. Machine learning involves using optimization to tune the parameters 

of a model to minimize a loss function averaged over a set of training data; a schematic of 

a neural network is shown in Fig. 1.30. The machine learning model is a function 

y = f𝜽 (x) (1.48) 

where x are the inputs to the model, y are the outputs, and 𝜽 are the parameters to be 

optimized over. The structure of the machine learning model f𝜽 defines a space of possible 

functions that might describe the data, parameterized by 𝜽 . For example, 𝜽 might be the 

parameters of a deep neural network, making this a high-dimensional optimization problem. 

In machine learning, the objective function to minimize is called a loss function 𝐿. 

The loss function typically includes several terms, with the primary term being the mean 

squared error (MSE) 

𝑁∑︁ 
𝐿 = ∥y 𝑗 − f𝜽 (x 𝑗 )∥

2 

𝑗=1 

(1.49) 

summed over the number of data points 𝑁 . 
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Input, x

… Σ Output, fθ(x)

fθ(x) = σ(Ax + b)

min
θ

∥fθ(x) − y∥2
2

Figure 1.30 Training a neural network is inherently an optimization problem, involving tuning the 

weights of a neural network to minimize a loss function averaged over the training data. 

Chapter 10 provides an in-depth discussion of how optimization is used in various aspects 

of machine learning, including: 

Automatic Differentiation and Backpropagation. The algorithmic evaluation of the 

derivatives of complex functions is at the heart of optimization for machine 

learning. These so-called automatic differentiation techniques have been around 

since the 1960s, but have more recently been used to train neural networks using 

the backpropagation algorithm. Backpropagation is used to estimate the gradient 

of the loss function 𝐿 with respect to the tunable parameters 𝜽 , so that gradient 

descent, and its stochastic variants, may be applied. 

Deep learning. Deep learning is the fastest growing field of machine learning, where a 

deep neural network is used for function approximation. This field is fueled by 

an abundance of data, modern high-performance computing architectures, and 

advanced optimization techniques. Stochastic gradient descent is the optimization 

engine underlying deep learning. It scales to very large systems and incorporates 

momentum methods, such as the ADAM optimizer, to improve convergence. 

Hyperparameter optimization. Machine learning algorithms involve several hyperpa-

rameters, such as the size of the neural network, weights of regularizers in 

the objective, etc. Tuning hyperparameters is a challenging meta-optimization 

problem. 

Deep reinforcement learning. Deep learning has massively improved the scope and 

applicability of reinforcement learning, for example to improve protein folding, 

nuclear fusion, to dominate humans in nearly all games, and for other advanced 

control applications. 

Generative methods. Generative AI, such as large language models and diffusion models 

for image generation, are becoming increasingly powerful and involve advanced 

optimization methods to formulate and train these models. 

Physics-constrained machine learning. Incorporating prior knowledge, such as known 

physics, is one of the open frontiers of machine learning research. There are 

two main approaches that are discussed here: (1) incorporating physical priors as 

regularizing terms in the loss function (e.g., physics-informed neural networks), 

and (2) directly enforcing physics as constraints in a constrained optimization 

problem. 
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Homework 

Exercise 1.1 An aircraft must fly 2000 miles. It costs $1000 per hour to fly. In addition, 

fuel costs $5 per gallon, and the rate of fuel consumption is 100 + .001𝑉2, where 𝑉 is the 

cruising speed, measured in miles per hour. 

1. What is the minimum-cost cruising speed 𝑉 , time of flight 𝑡, and trip cost 𝐶?

2. Suppose the cost of fuel doubles. What is the minimum-cost cruising speed, time of

flight, and trip cost?

3. Solve this optimization problem as a function of the fuel cost and plot 𝑉 , 𝑡, and 𝐶 versus

fuel cost.

Exercise 1.2 Consider the projectile problem in Panel 1.1. Imagine we want to hit a 

particular point at some distance 𝑑 away. Write this as an optimization problem, and 

discuss how it might be solved using some of the techniques from this book. 

Exercise 1.3 Consider the problem of finding the optimal point to cross a river in Panel 1.2. 

Let 𝐴 have coordinates (0, 0) and 𝐵 have coordinates (𝐿, 𝐻), where the distance 𝐻 is equally 

spaced between the first stretch of land, the river, and the second stretch of land, so that 

each has width 𝑊 and 𝐻 = 3𝑊 . More formally write down the optimization problem to 

solve for 𝑥. 

Solve for 𝑥 using calculus. Now write a short computer program to solve for the best 𝑥. 

Compare your answers. 

Exercise 1.4 Consider the following general optimization problem domains. In each, 

determine what are the decision variables x, what is the objective function 𝑓 (x) and what 

are the constraints on the system. Try to add as much detail as possible to put these systems 

into a standard form. 

1. Portfolio management in a hedge fund.

2. Optimizing the shape of a wing for aerodynamic performance.

3. Optimizing the pricing of concert tickets in the Sphere.

Exercise 1.5 Determine if the following functions are convex or not. What is the largest 

domain of convexity around the origin? 

1. 𝑓 (𝑥) = 𝑥4.

2. 𝑓 (𝑥) = 𝑥 − .01𝑥 .4 2

3. 𝑓 (𝑥, 𝑦) = −𝑒𝑥2 +𝑦2
.

4. 𝑓 (x) = −𝑒 ∥x∥ .

5. 𝑓 (x) = |𝑥 𝑗 |𝑗 . 

6. 𝑓 (𝑥, 𝑦) = 4 cos(𝑥)2 + 2 sin(𝑦)2.

7. 𝑓 (𝑥, 𝑦) = 4 cos(𝑥)2 − 2 sin(𝑦)2.

8. 𝑓 (𝑥, 𝑦) = 𝑥𝑦.

Exercise 1.6 Sketch the feasible sets for the following constraint equations:

1. 𝑆1 = {(𝑥, 𝑦) ∈ R2 : 𝑥 ≥ 0, 𝑦 ≥ 0};
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2. 2𝑆2 = {(𝑥, 𝑦) ∈ R : 𝑦 = 2𝑥 + 3}; 
3. 2𝑆3 = {(𝑥, 𝑦) ∈ R : 𝑦 ≥ 2𝑥 }; 

4. 𝑆4 = {(𝑥, 𝑦) ∈ R2 : 2 𝑦 ≤ 𝑥}; 
5. 𝑆5 = {(𝑥, 𝑦) ∈ R2 : |𝑥 | + |𝑦 | ≤ 1}; 
6. 2𝑆6 = {(𝑥, 𝑦) ∈ R : 2 2 𝑥 + 𝑦 = 1}; 
7. 𝑆7 = {(𝑥, 𝑦) ∈ R2 : 𝑥2 + 𝑦2 ≤ 1}; 
8. 𝑆8 = {(𝑥, 𝑦) ∈ R2 : 𝑥2 + 𝑦2 ≥ 1};
9. 𝑆9 = {(𝑥, 𝑦) ∈ R : 1 ≤ 𝑥 + 𝑦 ≤ 4}; 2 2 2 

10. 𝑆10 = {(𝑥, 𝑦) ∈ R2 : 𝑥2 − 𝑦2 ≤ 1}. 

Which of these are convex or nonconvex? 

Exercise 1.7 Prove the following: 

1. If 𝑓 (x) is convex, then 𝑓 (x) + 𝑘 is convex for any constant 𝑘 ∈ R; 

2. If 𝑓 (x) is convex, then 𝛼 𝑓 (x) is convex for any constant 𝛼 ∈ R; 

3. If 𝑓 (x) is convex, then 𝑓 (Ax) is convex; 

4. If 𝑓 (x) is convex, then 𝑓 (x + b) is convex; 

5. If 𝑓 (x) is convex, then 𝑓 (Ax + b) is convex for any affine transformation Ax + b. If the 

original domain is D, what is the new domain? 

Exercise 1.8 Show that the triangle inequality holds for the following four norms: 

1. 𝑓 (x) = ∥x∥1; 

2. 𝑓 (x) = ∥x∥2; 

3. 𝑓 ( ) = ∥ ∥
2
; x x 2

4. 𝑓 (x) = ∥x∥∞. 

Exercise 1.9 Compute the gradient of the four norms in the previous problem in two-

dimensions and visualize in the 𝑥1 𝑥2 - plane. 

Exercise 1.10 Compute the gradient ∇ 𝑓 and Hessian ∇2 𝑓 of the following functions: 

1. 𝑓 (𝑥, 𝑦) = 𝑥2 + 𝑦2; 

2. 𝑓 (𝑥, 𝑦) = 𝑥 − 𝑥 𝑦 + 𝑦 ; 4 2 2 4

3. 𝑓 (𝑥, 𝑦) = 𝑥 𝑦 + 𝑦 𝑥; 2 2

+𝑦𝑓 (𝑥, 𝑦) = 𝑒𝑥 ; 
2 2

4. 

5. 𝑓 (𝑥, 𝑦) = sin(𝑥𝑦); 

6. 𝑓 (x) = ∥x∥2 
= xTx; 

7. 𝑓 (x) = ∥x∥2 
= xTQx;

Q 

8. 𝑓 (x) = aTx + 𝑏, where a ∈ R𝑛, 𝑏 ∈ R; 

9. 𝑓 ( ) = ln(1 + ∥ ∥ ); x x 2

10. 𝑓 (x) = 𝑒aTx, where a ∈ R𝑛 . 

Exercise 1.11 Determine the extrema of the following functions, and which of these are 

local/global minima: 

1. 𝑓 (𝑥) = cos(𝑥); 
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2. 𝑓 (𝑥) = 𝑒−𝑥2
; 

3. 𝑓 (𝑥) = −𝑒 (𝑥− ) 5 ; 
2

4. 𝑓 (𝑥, 𝑦) = 𝑥2 − 𝑦2 ; 

5. 𝑓 (𝑥, 𝑦) = 𝑥4 + 𝑦4 − 𝑥2 𝑦2; 

6. 𝑓 (𝑥, 𝑦) = 𝑥 + 2𝑦 − 4𝑥; 2 2 

7. 𝑓 (𝑥) = 𝑥6 − 3𝑥4 + 2𝑥2; 

8. 𝑓 (x) = ∥x∥2 + 2aTx + 𝑏, where x ∈ R𝑛 and a, 𝑏 are constants; 

9. 𝑓 (x) = ∥x∥3, where x ∈ R𝑛. 

Exercise 1.12 Identify the following optimization problems as convex or nonconvex, and 

justify your answer: 

1. Minimize 𝑓 (x) = 𝑥
1
2 + 𝑥

2
2 subject to 𝑥1 + 𝑥2 = 1; 

2. Minimize 𝑓 ( ) = 𝑒𝑥1 + 𝑒𝑥2 x subject to ∥ ∥ ≤ 2x ; 

3. Maximize 𝑓 (x) = 𝑥1𝑥2 subject to 𝑥1, 𝑥2 ≥ 0 and 𝑥1 + 𝑥2 = 5. 

Exercise 1.13 Show that the 𝐿0 “norm” 

∥x∥0 = #nonzero entries of x 

is not actually a norm. What property does it violate? 

Exercise 1.14 Explain why the ℓ1 norm is a suitable proxy for the ℓ0 pseudo norm. Does 

this relaxation become more or less effective for higher dimensional x ∈ R𝑛? 

Exercise 1.15 Prove that a function is convex if and only if its epigraph is convex. 

Exercise 1.16 Prove that for three points x1, x2, x3 then 𝛼1x1 +𝛼2x2 +𝛼3x3 forms a convex 

triangle in R𝑛 if 𝛼1 + 𝛼2 + 𝛼3 = 1. This generalizes Jensen’s inequality. 

Exercise 1.17 Prove that for a set of 𝑚 points x1, x2, . . . , x𝑚 then 𝛼1x1 +𝛼2x2 +· · ·+𝛼𝑚x𝑚 
forms a convex polytope in R𝑛 if 𝛼1 + 𝛼2 + · · · + 𝛼𝑚 = 1. Give an example where every 

point x 𝑗 is a vertex of the polytope, and give an example where some of the points are not 

vertices of the resulting polytope. 

Exercise 1.18 Prove Jensen’s inequality. 

Exercise 1.19 Generalize Jensen’s inequality to continuous integrals, as in Eq. (1.21). 

Exercise 1.20 [Hard] Show that if a set S ⊆ R𝑛 is convex, then its projection onto any 

subset of of the coordinates of R𝑛 is also convex. 

Exercise 1.21 [Hard] Show that if a set S ⊆ R𝑛 is convex, then its affine projection onto 

any plane will also be convex. 

Exercise 1.22 Show that if a set S ⊆ R𝑛 is convex, then its projection onto any affine 

space is convex. 

Exercise 1.23 Given two points a, b ∈ R𝑛, show that the set of points closer to a than b 

is a convex half-plane: 

S = {x | ∥x − a∥ ≤ ∥x − b∥}. 

https://doi.org/10.1017/9781009755856.002


𝑓 (𝑥) − 𝑓 (𝑎) 𝑓 (𝑏) − 𝑓 (𝑎) 𝑓 (𝑏) − 𝑓 (𝑥)
≤ ≤

𝑥 − 𝑎 𝑏 − 𝑎 𝑏 − 𝑥

44 Optimization Bootcamp 

Exercise 1.24 (Boyd and Vandenberghe 3.1) Given a convex function 𝑓 (𝑥) : R → R, 

show that 

for 𝑥 ∈ (𝑎, 𝑏). Draw a geometric sketch to demonstrate this. 

Exercise 1.25 This exercise will explore the convex properties of matrices. 

1. Show that the maximum eigenvalue 𝜆max (X) of a matrix X is a convex function.Í
2. Show that the log of the determinant of a matrix, log det X = 𝑖 log 𝜆𝑖 is a convex 

function for symmetric positive definite matrices X. 

3.

Exercise 1.26 Prove that the Cartesian product of two convex sets is a convex set. 

Exercise 1.27 Let �1 and �2 be convex. Then their Minkowski sum �1 + �2 = {𝑥 + 𝑦 |𝑥 ∈ 
�1, 𝑦 ∈ �2} is also convex. Prove this and give some examples. 

Exercise 1.28 Using Lagrange multipliers, solve the problem 

min 𝑥2 + 𝑦2 subject to (𝑥 − 1)2 + (𝑦 − 1)2 
= 2. 

𝑥,𝑦 ∈R 

Plot the constraint region and identify the minimizing point(s). 

Exercise 1.29 In this problem, we will revisit the Lagrange multiplier example from 

Section 1.4. Plot the Lagrangian form of the objective function 

(𝑥 − 1)2 + 1 + 𝜆𝑥 

for several values of 𝜆 > 2, 𝜆 < 2, and 𝜆 = 2. Include the constraint 𝑥 ≤ 0 on the plot. 

Which value of 𝜆 ≥ 0 maximizes the Lagrangian? 

Exercise 1.30 For each of the affine transformations T (scaling, shear, rotation, and 

translation), show that they preserve the convexity of a set C. In particular 

T(C) = {Tx | x ∈ C} 

is convex. 

Exercise 1.31 Consider two convex sets in 2D: a closed unit disk and a closed unit square, 

both centered at the origin. Show by hand how the affine transformations (scaling, shear, 

rotation, and translation) change these sets. Then write a code to apply these transformations 

and plot the resulting set. 

Exercise 1.32 Show that all affine transformations (scaling, shear, rotation, and translation) 

are invertible. 

 Show that the trace, Tr(X) = 𝜆𝑖 is a linear function, i.e. that Tr(X+ )𝑖 Y) = Tr(X +Tr(Y),

and hence is a convex function.
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Gradient descent is one of the most essential techniques in optimization. It is simple, 

effective, and versatile in a wide range of scenarios; for example, stochastic gradient 

descent is the backbone of modern machine learning training. If you learn one method 

in optimization, this is it. In this chapter we introduce leading gradient-based methods and 

variants, and discuss scalability, stability, and performance on several numerical examples. 

For a smooth, unconstrained objective function 𝑓 (x), a point x∗ with zero gradient, 

∇ 𝑓 (x∗) = 0, and a positive semidefinite Hessian, ∇2 𝑓 (x∗) ≥ 0, will be a local minimum. 

Thus, finding points x where ∇ 𝑓 (x) = 0 is a central challenge in optimization. Gradient-

based approaches use information about the gradient of the objective function ∇ 𝑓 (x), to 

iteratively search for local minima x∗. For example, the function 𝑓 may be the loss function 

of a neural network, as in Chapter 10, and we will use stochastic gradient descent to find 

parameters x that locally minimize this function. 

In some cases, it is possible to directly solve for points where ∇ 𝑓 (x) = 0, as in the least 

squares problem where 𝑓 (x) is a quadratic function; this will be explored thoroughly in 

Chapter 4. However, it is generally impractical to solve for the roots of ∇ 𝑓 (x) explicitly. 

Instead, we use iterative methods, such as gradient descent and Newton’s method, to obtain 

a sequence of points x𝑘 that eventually converge towards the local minimum x∗. Specifically, 

we seek an algorithm 

x𝑘+1 = F(x𝑘 ) (2.1) 

so that starting with an initial guess x0, we may iterate through F: 

F F F F F 
x0 −→ x1 −→ x2 −→ · · · −→ x𝑘 −→ · · · . (2.2) 

The goal is to iteratively decrease the objective function towards a local minimum x∗: 

𝑓 (x0) ≥ 𝑓 (x1) ≥ 𝑓 (x2) ≥ · · · 𝑓 (x𝑘 ) ≥ · · · 𝑓 (x∗). (2.3) 

Ideally, this algorithm converges quickly, monotonically, and with low computational 

complexity. In gradient-based optimization, we use ∇ 𝑓 (x) to design the algorithm for 

the iterative update 𝐹 (x𝑘 ). 
First-order methods use first derivative information, e.g., the gradient ∇ 𝑓 , to build local 

linear approximations to 𝑓 , which are then used to develop iterative algorithms. Gradient 

descent, and its extension to high-dimensional optimization problems in neural network 

training, stochastic gradient descent, are two popular first-order methods we will explore. 
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This chapter will develop and analyze several leading iterative, gradient-based algorithms 

in optimization. In each case, we will discuss convergence rate, stability, computational 

complexity, and scaling to higher-dimensional problems. In all iterative methods, the 

resulting solution is only locally optimal, unless the problem is convex. We also stress 

the importance of the initial guess x0 for nonconvex problems, as this will determine 

which local minima the algorithm converges to and how fast it converges. Here we mostly 

consider unconstrained problems, although gradient-based approaches are also quite useful 

for constrained optimization. 

A key benefit of gradient-based optimization is that very little structure is assumed, 

other than the existence of derivatives. Throughout this chapter, it will help to appreciate 

gradient-based algorithms by imagining how we might proceed when we don’t have access 

to the gradient, either because it doesn’t exist or we can’t approximate it numerically. These 

nonsmooth optimization techniques are discussed more in Chapter 5, and they usually 

involve some intelligent form of perturb and observe or explore and exploit, which can 

be quite slow to converge, especially in higher dimensions. In contrast, gradient descent 

scales to very large systems, and increasingly we are able to approximate derivatives of 

very complex functions, such as a neural network training objective function, using modern 

automatic differentiation and stochastic gradient descent, which will be discussed more 

in Chapter 10. Further, even for many nonsmooth functions, we are able to compute the 

proximal gradient (see Section 5.1), which may be used similarly in descent algorithms. 

Higher-order derivatives of the objective function will lead to more accurate iterative 

algorithms with faster convergence, such as Newton’s method. This is analogous to 

other numerical methods, where higher-order Taylor approximations yield more accurate 

schemes. Second-order methods use the second derivative, called the Hessian ∇2 � , to 

converge in fewer iterations, at the expense of added computational complexity. Newton’s 

method, and its related Quasi-Newton methods, are second-order algorithms discussed 

here. Many of these algorithms are adapted for nonlinear least squares problems, discussed 

in Chapter 4, and for machine learning training, discussed in Chapter 10. 

2.1 Gradient Descent 

Gradient descent seeks a local minima of an objective function � (x) by taking iterative steps 

in the negative gradient direction. Recall from Section 1.3 that the gradient of a function 

∇ � (x) determines the direction of locally steepest ascent, and so the negative gradient 

−∇ � (x) is the direction of locally steepest descent. The gradient descent algorithm is: 

x�+1 = x� − �∇ � (x� ), (2.4) 

where � is the step size, also referred to as the learning rate in machine learning. This is 

illustrated schematically in Fig. 2.1. 

Gradient descent is based on a first-order Taylor series approximation of � (x): 

(2.5)
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Figure 2.1 Schematic illustrating gradient descent for a simple one-dimensional, quadratic objective 

function. Left: As the iterate x𝑘 gets closer to the minimum of 𝑓 , the gradient becomes smaller (i.e., 

the slope of the gradient becomes closer to 0), so the gradient descent steps also become smaller. 

Thus, the algorithm takes larger steps when further from the minimum. Gradient descent with with 

an overly large step size will oscillate around the minima (right), or worse, it will diverge (middle). 

Here we are not plotting the actual gradient, which is always tangent to the function, but instead the 

actual steps x𝑘+1 = x𝑘 − 𝛾∇ 𝑓 (x𝑘 ). If 𝛾 is too large, then the step will overshoot the minimum. 

This is useful to determine the stability and convergence of gradient descent algorithms. 

The most immediate question is how to choose a good step size 𝛾. If 𝛾 is too large, 

the iteration will be unstable or barely stable (see Fig. 2.1). Specifically, the gradient step 

may overshoot the minimum, causing oscillations, or even divergence. Similarly, if 𝛾 is too 

small, the iteration will converge slowly. If we have the second derivative 2 ∇ 𝑓 , we can use 

this to determine a better 𝛾, as in Newton’s method in Section 2.4. 

There are several approaches to determine the step size 𝛾: 

• Fixed 𝛾: A fixed 𝛾 may be good for a convex objective 𝑓 with a well-conditioned Hessian
2 ∇ 𝑓 . Later, we will explore a simple example with quadratic objective to see the effect

of the condition number of 2 ∇ 𝑓 on a fixed-step gradient descent algorithm. Fixed-step

schemes are simple, but may require tuning for adequate convergence.

• Decaying 𝛾: It may help to slowly decrease the step size 𝛾 with each iteration 𝑘 , so it

takes larger steps initially. A simple decaying step size formula is

𝛾𝑘 = 
𝛾0 

, 𝛽 > 0,
1 + 𝛽𝑘 

where 𝛾0 is the initial step size and 𝛽 is the decay factor. This may seem counterintuitive, 

since this causes the step size to shrink later in the iteration, where 𝑓 is typically 

flatter and has a smaller gradient; we may think that larger steps later would accelerate 

convergence. However, for stochastic gradient descent, a decaying 𝛾 acts to anneal the 

algorithm, letting it take large exploratory steps early, and cooling to smaller steps later 

in the iteration. Annealing will be discussed in Chapter 5. 

• Momentum methods: It is possible to use physical intuition to imbue the step size with

momentum, so that it is less prone to getting stuck in saddle points and locally flat

regions. This is used widely in machine learning and is discussed in Section 2.2.

• Adaptive methods: There are several adaptive methods that tune 𝛾 depending on the

history of past iterations. This is where we will spend most of our emphasis because

of their favorable properties. Root mean square propagation (RMSProp) scales the step
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Panel 2.1: Line search

By far the most effective and robust strategy for smooth, deterministic objective

functions � is to perform a line search for �. A line search uses the gradient direction

and then runs a second optimization over the step size � in that direction to find the

best � according to some criteria. This secondary line-search optimization has the

form:

�� = argmin
𝛾

� (x� − �∇ � (x�)).

We generally don’t solve this optimization problem exactly, and instead iteratively

sweep through �. These methods will be discussed in Section 2.5. Line search adds

computational cost and complexity per iteration, especially when it is expensive

to evaluate � . However, the added robustness and faster convergence typically

justify its use. We often use a line search in Newton’s method, since each iteration

is already expensive, justifying the additional cost of a line search to improve

convergence.

size with a moving average of past squared gradients, regularizing the step. This is

particularly effective for ill-conditioned problems.

Adaptive momentum estimation (ADAM) combines momentum methods and

RMSProp and is the standard algorithm to train neural networks with stochastic gradient

descent due to its robustness. This will be discussed in more detail in Section 2.3.

• Learning rate schedules: Various other approaches modify the learning rate in different

stages of the optimization. This is closely related to annealing methods in nonconvex

optimization (see Section 5.3), including exponential decay.

It is important to emphasize that gradient descent will only converge to the nearest local

minima (see Fig. 2.2), so for nonconvex objective functions with multiple local minima, it

is important to start with a good initialization, ideally “close” to the desired solution.

Numerical Examples
In our first example, we will apply gradient descent to find the minimum of a simple

quadratic cost function

� (x) = 1
2
xTAx where A =

[
2 1

1 3

]
(2.6)

so that A is positive semidefinite. This problem actually has a closed-form solution, which

will be discussed more in Chapter 4. The minimum value is at the origin, x∗ = 0. This will

provide a simple example for testing the algorithm, where we know the answer.

Figure 2.3 shows the gradient descent iteration for three step sizes: � =

{0.01, 0.1, 0.543}. We can clearly see the effects of � being too small or too large,
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Figure 2.2 Illustration of gradient descent on a nonconvex objective function with multiple local 

minima. Points descend to their nearest local minimima. Reproduced from Wikipedia (https:// 

en.wikipedia.org/wiki/File:Gradient_Descent_in_2D.webm); author Gabriel 

Peyré2

2 Professor Gabriel Peyré is an amazing optimization researcher and an amazing teacher. He has provided many 

innovative and clear descriptions of advanced topics, and he clearly loves sharing knowledge with others. Check 

out his codes and tutorials on his website www.gpeyre.com and at x.com/@gabrielpeyre. 

. 

namely either slow convergence or nearly unstable oscillating convergence, respectively. A 

simple starter gradient descent code is provided in Code 2.1. 

Code 2.1: Gradient descent code for a quadratic objective function. 

# Define the quadratic objective function with its gradient 

def quadraticObjective(X, A, b, c): 

return 0.5 * X.T @ A @ X + b.T @ X + c 

def gradientDescent(A, b, c, x0, step_size, max_iter): 

xvals = [np.array(x0)] # Initialize with x0, f(x0) 

fvals = [quadraticObjective(np.array(x0), A, b, c)] 

x = np.array(x0, dtype=float) 

for _ in range(max_iter): 

grad = A @ x + b # Gradient of objective function 

x = x - step_size * grad 

xvals.append(x.copy()) 

fvals.append(quadraticObjective(x, A, b, c)) 

return np.array(xvals), np.array(fvals) 

Let’s initialize the problem and run the gradient descent optimization using the following: 

https://en.wikipedia.org/wiki/File:Gradient_Descent_in_2D.webm
https://en.wikipedia.org/wiki/File:Gradient_Descent_in_2D.webm
http://www.gpeyre.com
https://doi.org/10.1017/9781009755856.003
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Figure 2.3 Gradient descent on a simple quadratic objective function with three step sizes: 𝛾 ∈

{0.01, 0.1, 0.543}. The step size 𝛾 = 0.1 converges rapidly and without oscillations. A smaller size

𝛾 = 0.01 converges too slowly, and a larger step size 𝛾 = 0.543 is nearly unstable, oscillating as it

slowly converges. The top plot shows each trajectory individually, superimposed on the level sets of

the objective function.. The bottom left plot shows all step sizes together for comparison. The bottom

right plot shows the objective function versus iteration number, which is how we typically visualize

convergence of an algorithm.

CodeSnip 2.a A = np.array([[2, 1], [1, 3]]) # Positive-definite matrix

b = np.array([0, 0]) # Linear term

c = 0 # Constant term

x0 = np.array([-2.0, 0.0]) # Starting point

step_size = 0.1 # Learning rate

N = 30 # Maximum iterations

xvals, fvals = gradientDescent(A, b, c, x0, step_size, N)

As a more challenging example, inspired by Boyd and Vanderberghe [66], we explore

gradient descent on a non-quadratic objective function:

𝑓 (x) = 𝑒𝑥1+2𝑥2−.2 + 𝑒𝑥1−2𝑥2−.2 + 𝑒−𝑥1−.2. (2.7)

The gradient of this function is

∇ 𝑓 (x) =

]

𝑒𝑥1+2𝑥2−.2 + 𝑒𝑥1−2𝑥2−.2 − 𝑒−𝑥1−.2

2𝑒𝑥1+2𝑥2−.2 − 2𝑒𝑥1−2𝑥2−.2

]

. (2.8)

https://doi.org/10.1017/9781009755856.003


2.1 Gradient Descent 51

0 5 10 15 20 25 30

Iteration

2.5

3.0

3.5

4.0

4.5

O
b

je
ct

iv
e

F
u

n
ct

io
n

V
al

u
e

Figure 2.4 Gradient descent on a non-quadratic objective function with three step sizes.

The performance of gradient descent with various step sizes is shown in Fig. 2.4. Similar

behavior is observed. When � is too large, the gradient descent oscillates about the

minimum, as depicted schematically in Fig. 2.1 (right).

Panel 2.2: Gradient Flows

The gradient descent algorithm in Eq. (2.4) may be viewed as a simple forward

Euler integration scheme with timestep Δ𝑡 = � for the ordinary differential equation

xׄ(𝑡) = −∇ � (x(𝑡)).

This vector field−∇ � (x) is known as a gradient flow. It is a conservative, irrotational

vector field, and it is incompressible if 2∇ � = 0. These properties connect

gradient-based optimization to long-studied physical systems, such as mechanics,

electrostatics, and fluid flows. Further, the stability of gradient descent may be

related to the stability of this gradient flow.

Recall that the forward Euler integration scheme for a vector field xׄ = v(x) is given

by

x�+1 = x� + Δ𝑡v(x�).

It will be left as an exercise to the reader to show that the simple gradient descent

algorithm is a forward Euler integration of the gradient flow equation with Δ𝑡 = �.

A natural question is whether or not it is possible to devise a gradient descent

iteration based on a better numerical integration scheme for this gradient flow, such

as a higher-order Runge–Kutta integrator; this is also an exercise for the reader.
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Convergence of Gradient Descent 
The convergence of gradient descent has theoretical guarantees that depend on the properties 

of 𝑓 . If 𝑓 is convex and ∇ 𝑓 is Lipschitz continuous with Lipschitz constant3 

3 Lipschitz continuity of ∇ 𝑓 is stronger than 𝑓 being continuous, but weaker than ∇ 𝑓 being differentiable. A 

function 𝑓 is Lipschitz continuous with Lipschitz constant 𝐿 if | 𝑓 (x1 ) − 𝑓 (x2 ) | ≤ 𝐿 ∥x1 − x2 ∥ for all x1 , x2. 

𝐿, then gradient 

descent with a step size 𝛾 = /𝐿1  will have the following convergence 

𝑓 (x𝑘 ) − 𝑓 (x∗) ≤ 
2

𝐿

𝑘 
∥x0 − x∗∥2 . (2.9) 

Thus the convergence rate is O(1/𝑘), i.e., sublinear in 𝑘 . 

If 𝑓 is 𝜇-strongly convex, this convergence rate can be improved. A function is called 

𝜇-strongly convex if 

T 𝜇 2𝑓 (y) ≥ 𝑓 (x) + ∇ 𝑓 (x) (y − x) + 
2 
∥y − x∥ (2.10) 

for all x, y ∈ R𝑛 and 𝜇 > 0. In this case, the convergence rate is: 

(2.11) 

As an example, the quadratic objective function in Eq. (2.6) is 𝜇-strongly convex with 

𝜇 = 𝜆min (A). Strong convexity will also be used to develop the proximal gradient in 

Section 5.1 via the Moreau envelope. 

Stability of Gradient Descent 
Here we will explore gradient descent on a simple quadratic objective function 

1 
𝑓 (x) = xTAx + bTx + 𝑐, 

2 
(2.12)

with symmetric A. The gradient is given by 

∇ 𝑓 (x) = Ax + b (2.13) 

and the Hessian is 

H = ∇2 𝑓 (x) = A. (2.14) 

If A is not symmetric, then the gradient is A x  (see Section 2.7). In 

this case the Hessian is H A , so that even if A isn’t symmetric, the Hessian is. 

In many cases, we can solve for the optimal solution x∗ = −A−1b directly (see Chapter 4), 

so that ∇ 𝑓 (x∗) = 0. However, there are several classes of quadratic problems where we will 

still use gradient descent, because inverting A is not tractable: 

• Large A: When the dimension of x ∈ R𝑛 is large, for example 𝑛 is in the millions or even 

billions, then A−1 ∈ R𝑛×𝑛 is intractable to compute and it may not even be possible to 

store A. However, for large sparse A, it may be possible to compute the matrix–vector 

products Ax needed for gradient descent and its variants. 
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• Sparse A: When A is a large, sparse matrix, it may be faster to use iterative gradient-

based methods than to directly invert A. These matrices occur frequently in physics 

applications, such as fluid mechanics, where interactions are local, so terms like diffusion 

and convection typically lead to very sparse A matrices. 

• Ill-conditioned A: In this case, it is often difficult to use standard inversion techniques, 

and instead we use preconditioners followed by iterative descent. 

We learn a great deal by exploring gradient descent on a simple problem where we know 

the answer, even if it is small and we could solve it by hand. 

We now examine how the stability properties of gradient descent depend on the step size 

𝛾 and the eigenvalues of A. This is closely related to the stability of numerical integrators, 

such as forward Euler integration for ordinary differential equations x· = Ax. Even though 

we have the analytic solution x(𝑡) = exp(A𝑡)x(0) for a linear system, we learn a great deal 

by analyzing the stability properties of integrators on these simple systems. 

For a quadratic objective function, the gradient descent formula 

x𝑘+1 = x𝑘 − 𝛾∇ 𝑓 (x𝑘 ) (2.15) 

becomes 

x𝑘+1 = x𝑘 − 𝛾 (Ax𝑘 + b) (2.16a) 

= (I − 𝛾A) x𝑘 − 𝛾b. (2.16b) 

The eigenvalues 𝜆 𝑗 of the Hessian A represent the curvature of 𝑓 in different directions. 

The maximum curvature is given by 𝜆max and the minimum curvature is given by 𝜆min. 

The gradient descent algorithm is stable if all eigenvalue of I − 𝛾A are stable. For the 

discrete-time system in Eq. (2.16b), stability means that all eigenvalues of I − 𝛾A must have 

magnitude less than 1. This guarantees stability of the iteration: 

x𝑘 → x∗ = −A−1b. (2.17) 

If A is symmetric, the eigenvalues of I − 𝛾A are 1 − 𝛾𝜆 𝑗 where 𝜆 𝑗 ∈ eigs(A). A 

is symmetric for many real quadratic optimization problems, for example least squares 

in Chapter 4. More generally, if A is diagonalizable, there exists an invertible matrix of 

eigenvectors T so that T−1AT = D, where D is a diagonal matrix. In this case 

T−1 (I − 𝛾A) T = I − 𝛾D, (2.18) 

which is diagonal with eigenvalues 1 − 𝛾𝜆 𝑗 . 
For stability we require 

|1 − 𝛾𝜆 𝑗 | < 1 ∀ 𝑗 . (2.19) 

This may be rewritten as 

2 −1 < 1 − 𝛾𝜆 𝑗 < 1 = ⇒ −2 < −𝛾𝜆 𝑗 < 0 = ⇒ 0 < 𝛾 < 
𝜆max 

. (2.20) 

Thus, we have determined the range of stable step sizes 𝛾. 
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Optimal Step Size 

Within the range of stable 𝛾, we turn to the problem of determining an optimal step size 𝛾 
for fastest convergence of the gradient descent algorithm. The optimal step size for gradient 

descent with a quadratic objective function is given by 

2 
𝛾∗ = , 

𝜆min + 𝜆max 

(2.21)

which arises from the spectral properties of the Hessian A. This yields the fastest 

convergence rate by balancing the smallest and largest eigenvalues of A. 

The convergence rate is determined by the spectral radius 𝜌 of (I − 𝛾A), which is the 

largest absolute eigenvalue: 

𝜌(I − 𝛾A) = max 1 − 𝛾𝜆 𝑗 . 
𝑗 
| | (2.22)

To minimize the convergence rate, we choose 𝛾 such that 𝜌(I − 𝛾A) is as small as possible. 

The eigenvalues of (I − 𝛾A) are symmetric about the point 1 − 𝛾𝜆mid, where: 

𝜆mid = 
𝜆min + 𝜆max 

. 
2 

(2.23)

Showing this property will be left as an exercise. To minimize the spectral radius, the 

eigenvalues are distributed evenly around zero: 

𝜆max = −𝜆min. (2.24) 

Thus we set |1 − 𝛾𝜆min | = |1 − 𝛾𝜆max | for an optimal 𝛾∗: 

1 − 𝛾∗𝜆min = −(1 − 𝛾∗𝜆max) (2.25) 

and solve for 𝛾∗: 

2 
𝛾∗ = . 

𝜆max + 𝜆min 

(2.26)

This optimum step size 𝛾∗ minimizes the spectral radius of (I − 𝛾A), leading to the 

fastest convergence for the quadratic problem. With this optimal step size, the worst-case 

contraction per iteration of the descent algorithm, 𝜌, is given by 

𝜌 = 
𝜆max − 𝜆min 

. 
𝜆max + 𝜆min 

(2.27)

This is closely related to the condition number, which will be discussed more in Chapter 4. 

Specifically, a Hessian matrix A with a larger condition number 𝜅 = 𝜆max/𝜆min will have 

slower convergence. 

As a simple exercise, compute the maximum step size 𝛾max and optimal step size 𝛾∗ for 

the quadratic example in Fig. 2.3. Then, test gradient descent with 𝛾 at the optimal 𝛾∗ and 

also slightly above and below the maximum stability boundary 𝛾max. 
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2.2 Momentum Methods 

Gradient descent struggles near saddle points of nonconvex objective functions, where the 

gradient may be negligibly small, causing the convergence to grind to a halt. This issue 

is especially acute when using stochastic gradient descent for high-dimensional problems, 

such as training a neural network, since these small gradient estimates might also be noisy. 

Momentum methods, and their variants, address this issue by giving the optimization 

algorithm inertia to carry it through these flat saddle regions of small gradient. The standard 

gradient descent algorithm only uses the current instantaneous gradient for the next step in 

the iteration. In contrast, momentum methods integrate past gradient information to smooth 

out noisy gradient estimates and to provide inertia. This is a rather physical idea, similar to 

rolling a ball down the objective function landscape. If the ball gains momentum in areas 

of high gradient, it will have inertia to roll through flat saddle regions. 

There are several approaches to momentum that improve standard gradient descent, 

especially in the context of machine learning, that we will discuss here. The momentum 

method was introduced in machine learning in the 1980s but is based on earlier work by 

Polyak from the 1960s [392]. 

Heavy Ball 
The classic momentum method [431] is the simplest modification to gradient descent to 

include momentum: 

x𝑘+1 = x𝑘 − 𝛾∇ 𝑓 (x𝑘 ) + 𝛽(x𝑘 − x𝑘−1). (2.28) 

The additional term 𝛽(x𝑘 − x𝑘−1) introduces a history dependence, where x𝑘 − x𝑘−1 may 

be interpreted as the velocity of the last iterative step. 

We may also formally introduce this velocity vector as 

v𝑘+1 = 𝛽v𝑘 − 𝛾∇ 𝑓 (x𝑘 ) (2.29) 

so that the gradient descent update now takes the form 

x𝑘+1 = x𝑘 − 𝛾∇ 𝑓 (x𝑘 ) + 𝛽v𝑘 (2.30a) 

v𝑘+1 = 𝛽v𝑘 − 𝛾∇ 𝑓 (x𝑘 ). (2.30b) 

This introduces a new hyperparameter 𝛽, the decay rate for the velocity update. The velocity 

v is an exponentially discounted sum of past gradients. 

Nesterov’s Accelerated Gradient Algorithm 
Nesterov’s accelerated gradient (NAG) algorithm [364, 525] is closely related to the classic 

momentum method, and it is an industry standard algorithm in machine learning. Nesterov’s 

formulation is a relatively simple variation on Eq. (2.28): 

x𝑘+1 = x𝑘 − 𝛾∇ 𝑓 (x𝑘 + 𝛽(x𝑘 − x𝑘−1)) + 𝛽(x𝑘 − x𝑘−1) (2.31a) 

= x𝑘 − 𝛾∇ 𝑓 (x𝑘 + 𝛽v𝑘 ) + 𝛽v𝑘 , (2.31b) 

where v𝑘 = x𝑘 − x𝑘−1. The only difference is that the gradient is now evaluated at the point 

y𝑘 = x𝑘 + 𝛽v𝑘 instead of x𝑘 . This is called a look ahead, and is very reminiscent of classic 
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Runge–Kutta integration schemes in the numerical integration of ordinary differential 

equations. 

We may formalize this into a two-step procedure, as in other momentum methods, in 

terms of the look ahead vector y = x + v: 

    (2.32a) 

  (2.32b) 

Sutskever demonstrated how to relate NAG to classic momentum in the following 

way [479]. It is possible to modify the index on the look ahead variable and rewrite 

NAG as 

   (2.33a) 

 (2.33b) 

which can be rearranged as 

  (2.34a) 

   (2.34b) 

Panel 2.3: Differential Equation Interpretation of Momentum Method 

Recall that it is possible to recast gradient descent as a discrete forward Euler 

approximation to the gradient flow ODE in Panel 2.2. The heavy ball momentum 

method may be similarly derived from a second-order ODE: 

 

where is the mass of the particle and is the friction coefficient. Taking a simple 

central difference scheme approximation for and an Euler approximation for for 

a time step of  yields 

  
  

 

Multiplying both sides by and grouping terms, this simplifies as 

   

 

   

    

   

 

 

where  and are given by 

https://doi.org/10.1017/9781009755856.003


2.2 Momentum Methods 57

x

4 2 0 2 4

y
4

2
0

2
4

f(x
, y

)

10

20

30

40

50

10

20

30

40

Ob
je

ct
iv

e 
Va

lu
e

Figure 2.5 Surface plot and contour lines of objective function with saddle point and minima, given

by Eq. (2.35).

Thus, comparing to Eq. (2.30), NAG essentially reverses the order of classical momentum,

so that we perform the momentum update first and then proceed to gradient descent.

Numerical Example

Gradient descent performs very poorly near saddle points, as the gradient nearly vanishes,

causing painfully slow convergence. This concept is illustrated for a simple objective

function with a saddle, given by

� (x) = 15𝑒−.25(𝑥+2)2 + .5𝑒−2(𝑥−2)2 + 𝑥2 + 𝑦2. (2.35)

A three-dimensional surface plot of this objective over its contour map is shown in Fig. 2.5.

Figure 2.6 shows a comparison of gradient descent with and without momentum on the

objective function in Eq. (2.35) with a saddle point. It is clear that the method with

momentum converges much more rapidly.

CodeSnip 2.b def nesterov_accelerated_gradient(start, grad_func, step_size,

momentum, max_iter):

for _ in range(max_iter):

y = x + momentum * velocity

grad = grad_func(y[0], y[1])

velocity = momentum * velocity - step_size * grad

x = x + velocity

trajectory.append(x.copy())

values.append(double_well_potential(x[0], x[1]))

return np.array(trajectory), np.array(values)
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Figure 2.6 Comparison of simple gradient descent and Nesterov’s accelerated method on an

objective function with a saddle point.

This is then initialized with the initial condition (−5, 3) and run with a step size of � = 0.1,

a momentum coefficient 𝛽 = 0.9 and a maximum number of iterations of 100.

Convergence of Nesterov’s Method

Nesterov’s achieves faster convergence than standard gradient descent. If � is convex and

∇ � is Lipschitz continuous with constant 𝐿, then the convergence of NAG is:

� (x�) − � (x∗) ≤ 2𝐿

(𝑘 + 1)2
∥x0 − x∗∥2. (2.36)

Thus, the convergence rate is O(1 2/𝑘 ), which is a major improvement over the O(1/𝑘) rate

of standard gradient descent.

If � is 𝜇-strongly convex, then Nesterov’s method achieves an even better linear

convergence rate:

� (x�) − � (x∗) ≤ 2

(
1 −

√︂
𝜇

𝐿

) �
( � (x0) − � (x∗)) . (2.37)

This shows a geometric decay rate, which is considerably faster than gradient descent.

Differential Equation Interpretation of Nesterov’s Method

Just as there is an intuitive physical interpretation of the simple momentum method, there

is an interpretation of Nesterov’s method as the limit of a continuous second-order ordinary

differential equation [478]:

ẍ + 3

𝑡
xׄ + ∇ � (x) = 0 (2.38)

with initial conditions x(0) = x0 and xׄ(0) = 0.

The time parameter is related to the step size as
√

𝑡 ≈ 𝑘 �, where � ≤ 1/𝐿 is the step size

and 𝐿 is the Lipschitz constant of ∇ � .
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AdaGrad and RMSProp 
AdaGrad [155] is an adaptive step method, which is related to the momentum methods 

above. Instead of using the discounted sum of past gradients for the velocity v, we use the 

sum of past gradients squared 

v𝑘 = v𝑘−1 + (∇ 𝑓 (x𝑘 ))2 (2.39) 

resulting in the following iteration 

𝛾 
x𝑘+1 = x𝑘 − √

v𝑘 + 𝝐 
∇ 𝑓 (x𝑘 ). (2.40) 

The small factor 𝝐 is added to the denominator to avoid division by zero. 

The notation in Eqs. (2.40) and (2.39) is quite sloppy, although this is how it is often 

presented. We will be more precise here. Technically, the expression (∇ 𝑓 (x))2 doesn’t make 

dimensional sense, since ∇ 𝑓 is a vector. Moreover, it doesn’t make sense to divide by the 

square root of a vector. Instead we consider (∇ 𝑓 (x))2 

√
v

 (∇ 𝑓 (x))2 = (𝜕 𝑓 /𝜕𝑥1)2 (𝜕 𝑓 /𝜕𝑥2)2 (𝜕 𝑓 /𝜕𝑥𝑛)2
T
.· · · 

to be a vector of the components of 

the gradient squared, so that
[ ]

Similarly, when we divide by , we are actually multiplying by a vector of elementwise 

inverses: w = 1/√𝑣1 1/√𝑣2 1/√𝑣𝑛 
T
,· · · 

[ ]
 where 𝑣 𝑗 is the 𝑗-th component of v.

The running sum v𝑘 has no discount, and so it only increases, causing the iterations to 

slow over time. RMSProp addresses this issue by adding a decay factor to v𝑘 , similar to 

other momentum methods: 

v𝑘+1 = 𝛽v𝑘 + (1 − 𝛽) (∇ 𝑓 (x𝑘 ))2 . (2.41) 

Thus, we may essentially skip AdaGrad and use RMSProp, which is shorter and better. 

These algorithms have been studied extensively, and there are many practical theoretical 

results, such as sufficient conditions for convergence [563]. 

2.3 Stochastic Gradient Descent and ADAM 

Stochastic gradient descent (SGD) is a variant of gradient descent that scales to very high 

dimensional optimization problems by approximating the gradient at each step, making it 

suitable for large-scale neural network training. ADAM (adaptive momentum estimation) 

is an optimization algorithm that combines SGD with momentum and adaptive learning 

rates, via AdaGrad and RMSProp, making updates smoother and more responsive. 

Stochastic gradient descent makes the most sense in the context of machine learning, 

where we are optimizing the parameters 𝜽 of a function f𝜽 (x), such as a neural network, 

to best fit observed data. Because this is such an important algorithm for training neural 

networks, it makes sense to introduce a bit more notation here. Specifically, given pairs 

of input–output data {x 𝑗 , y 𝑗 }𝑁𝑗=1
, we seek to find the parameters 𝜽 so that f𝜽 (x 𝑗 ) best 

approximates y 𝑗 , averaged over the data: 

𝑁∑︁ 
min 2 . 
𝜽 

∥f𝜽 (x 𝑗 ) − y 𝑗 ∥
𝑗=1 

(2.42)
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This is a nonlinear least squares problem, which may be approached via iterative descent 

methods. Nonlinear least squares will be discussed in much more detail in Chapter 4 on 

least squares and Chapter 10 on machine learning. 

In machine learning, we call the objective a loss function 𝐿 (x, y; 𝜽) = ∥f𝜽 (x) − y∥2, 

which we minimize over 𝜽 . It is possible to compute the gradient of the loss function with 

respect to 𝜽: 

∇𝐿 = 2∇fT · (f𝜽 (x) − y)
𝜽  . (2.43)

The gradient of f𝜽 (x) may be computed analytically, or approximated using the 

backpropagation algorithm if it is a neural network. Backpropagation is essentially the 

chain rule applied to layers of a neural network using automatic differentiation [382, 31]. 

Automatic differentiation and backpropagation are the backbone of machine learning 

training and will be discussed more in Chapter 10. 

Stochastic gradient descent approximates this gradient on only a subset of the data, 

called a batch, instead of the entire dataset. Evaluating the loss function and gradients on 

random batches of data adds randomness to the process. This has several key benefits, 

including computational speed-ups, robustness to noise and getting stuck in local minima, 

better exploration of the optimization landscape, and improved generalization of resulting 

models. Thus, stochastic gradientdescent introduces a new hyperparameter, namely the 

batch size. 

The resulting iteration may be written as: 

𝜽 𝑘+1 = 𝜽𝑘 − 𝛾∇𝜽 𝐿. (2.44) 

In principle, nothing looks to have changed from gradient descent, and all of the stochastic 

computations and backpropagation are hidden within the gradient ∇𝜽 𝐿. This is a feature, 

not a bug, as it means we can seamlessly extend SGD to include other gradient-based 

innovations like momentum and adaptive learning rates, such as ADAM. 

ADAM: Adaptive Momentum Estimation 
The adaptive momentum estimation (ADAM) [276] approach combines the best features 

of momentum methods and RMSProp, and it has become the workhorse optimization 

algorithm for deep learning. The original ADAM paper was the most cited paper in the 

world, in any field, for a decade, demonstrating its profound impact on the community. 

ADAM uses a discounted running sum of squared gradients v, as in RMSProp, and a 

momentum term m as in heavy ball momentum. The gradient update is 

x𝑘+1 = x𝑘 − 𝛾 √
v̂

m̂

𝑘+

𝑘

1 

+1 

+ 𝝐 
(2.45) 

where the momentum and squared gradient terms are updated according to 

m𝑘+1 = 𝛽1m𝑘 + (1 − 𝛽1)∇ 𝑓 (x𝑘 ) (2.46a) 

v𝑘+1 = 𝛽2v𝑘 + (1 − 𝛽2) (∇ 𝑓 (x𝑘 ))2 . (2.46b) 
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These terms are normalized adaptively before their use in the gradient descent update: 

m̂𝑘 = 
1 − 

m

𝛽

𝑘

𝑘−1 
1 

(2.47a) 

v̂𝑘 = 
1 − 

v

𝛽

𝑘

𝑘−1 
. 

2 

(2.47b) 

SGD is implicitly used to compute the gradients in the update steps in ADAM. In 

principle, it is possible to combine other momentum and adaptive learning rate variants 

with SGD, such as a Nesterov accelerated SGD. However, ADAM has become the default 

industry standard for machine learning training because of its robustness and performance. 

Example: SGD on a Linear Regression Problem 
We are now ready to try out SGD on a simple linear regression problem with noisy 

data. We will explore linear regression in much greater depth in Chapter 4, as it is one 

of the foundational optimization problems. This example will also allow us to introduce 

the concept of batching data algorithmically. Further, we can assess all of the algorithms 

developed so far in a fair comparison. 

First we generate data from a linear model 𝑦 = Ax + 𝑏 with a two-dimensional state x 

and add a relatively large amount of noise: 

CodeSnip 2.c N = 2000 # number of samples 

A = np.random.randn(N, 2) # design matrix 

true_x = np.array([2.0, -3.0]) # true slopes 

true_b = 5.0 

# True y = A * x + b plus some noise 

noise_std = 0.5 

noise = noise_std * np.random.randn(N) 

y = A.dot(true_x) + true_b + noise 

We need code to compute the prediction 𝑦̂ and the mean-squared error over the data set: 

CodeSnip 2.d def predict(A, x, b): 

# A: shape (batch_size, 2) 

# x: shape (2,) 

# b: scalar 

return A.dot(x) + b # shape (batch_size,) 

def mean_squared_error(y_true, y_pred): 

return np.mean((y_true - y_pred)**2) 
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The following code computes the approximate gradient on a batch of data: 

CodeSnip 2.e def batch_gradients(A_batch, y_batch, x, b): 

# A_batch, x, b: same shape 

# y_batch: shape (batch_size,) 

batch_size = A_batch.shape[0] 

y_pred = predict(A_batch, x, b) 

residuals = (y_pred - y_batch) 

grad_x = (2.0 / batch_size) * A_batch.T.dot(residuals) 

grad_b = (2.0 / batch_size) * np.sum(residuals) 

return grad_x, grad_b 

Now we define the three methods under comparison: standard (full-batch) gradient 

descent, mini-batch stochastic gradient descent, and stochastic gradient descent with a 

batch size of 𝑛 = 1. The learning rate is 𝛾. The standard gradient descent is: 

CodeSnip 2.f def full_batch_gd(A, y, gamma=0.01, n_epochs=50): 
x = np.zeros(2) # unknown parameter vector 
b = 0.0 
mse_history = [] 

for epoch in range(n_epochs): 

grad_x, grad_b = batch_gradients(A, y, x, b) 

x -= gamma * grad_x 

b -= gamma * grad_b 

y_pred = predict(A, x, b) 

mse = mean_squared_error(y, y_pred) 

mse_history.append(mse) 

return x, b, mse_history 

the mini-batch SGD (i.e., SGD with a small batch size, 𝑛 = 50) is: 

CodeSnip 2.g def mini_batch_sgd(A, y, batch_size=50, gamma=0.01, n_epochs=50) 
: 
x = np.zeros(2) 
b = 0.0 
N = A.shape[0] 
mse_history = [] 

for epoch in range(n_epochs): 

indices = np.random.permutation(N) # Shuffle data 

for start in range(0, N, batch_size): 

end = start + batch_size 

batch_idx = indices[start:end] 

A_batch = A[batch_idx] 

y_batch = y[batch_idx] 

grad_x, grad_b = batch_gradients(A_batch, y_batch, x 

, b) 

x -= gamma * grad_x 

b -= gamma * grad_b 

# Check MSE after each epoch 

y_pred = predict(A, x, b) 

mse = mean_squared_error(y, y_pred) 

https://doi.org/10.1017/9781009755856.003


63 2.3 Stochastic Gradient Descent and ADAM 

mse_history.append(mse) 

return x, b, mse_history 

and the SGD with batch size 1 is: 

CodeSnip 2.h def sgd_batch1(A, y, gamma=0.001, n_epochs=50): 
x = np.zeros(2) 
b = 0.0 
N = A.shape[0] 
mse_history = [] 

for epoch in range(n_epochs): 

indices = np.random.permutation(N) 

for i in indices: 

A_i = A[i:i+1] # shape (1,2) 
y_i = y[i:i+1] # shape (1,) 
grad_x, grad_b = batch_gradients(A_i, y_i, x, b) 
x -= gamma * grad_x 
b -= gamma * grad_b 

# MSE after epoch 

y_pred = predict(A, x, b) 

mse = mean_squared_error(y, y_pred) 

mse_history.append(mse) 

return x, b, mse_history 

Historically “true” SGD used a batch size of 1, although now in practice we almost always 

use mini-batch SGD. In the SGD with batch size 1, we lower gamma to reduce the sensitivity 

to noise and risk of divergence. 

We compare the results of these three methods in Fig. 2.7. The mini-batch and SGD 

algorithms converge in many fewer epochs than full-batch gradient descent. However, an 

epoch denotes a single pass through all data, so an epoch of SGD with batch size 1 involves 

𝑛 = 2000 single steps, each using a single data point. To see the effect of batch size, you 

can modify the code above and increase the noise magnitude from 0.5 to 10.0. In this case, 

a larger batch size will be beneficial to mitigate the effect of noise. 

SGD and full-batch gradient descent are the extremes of mini-batch SGD. Figures 2.8 

and 2.9 compare computation time and scaling for different mini-batch sizes. A mini-batch 

of 10 appears to balance convergence and computation time for this example. 

Example: SGD on a Nonlinear Regression Problem 
We now apply SGD to a nonlinear regression problem of fitting a polynomial of high-order 

to noisy data. The following code generates a small amount of training and test data, 𝑛 = 50, 

each with relatively large noise, for a polynomial −10 2 𝑥 + 2 4𝑥 . We will fit this polynomial 

in a space of degree 10 polynomials4

4 Note that fitting a polynomial using the basis 0𝑥 , 1𝑥 , 2𝑥 , . . . is not always a great idea, as it can result in an 

ill-conditioned inverse problem. Instead, it is common to use orthogonal bases, such as Chebyshev polynomials. 

However, for this example, having a somewhat ill-conditioned inverse problem will provide a more challenging 

case with which to test the gradient descent methods. 

. 
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Figure 2.7 Convergence of various gradient descent methods for the linear least-squares regression

problem. Methods include standard gradient descent using all data (red), mini-batch stochastic

gradient descent with 𝑛 = 50 data points (green), and stochastic gradient descent with 𝑛 = 1

(blue). (top) Standard mean squared error on entire dataset and (bottom) MSE on log scale.

CodeSnip 2.i def true_poly(x):

return (-10.0 * x**2) + (2.0 * x**4)

num_train = 50 # Small training set makes problem challenging

num_test = 50

x_train = np.linspace(-2, 2, num_train) # data in range [-2,2]

y_train_true = true_poly(x_train)

noise_std = 2.0 # Add relatively large noise

noise_train = noise_std * np.random.randn(num_train)

y_train = y_train_true + noise_train

np.random.seed(2023) # Test data (different seed)

x_test = np.linspace(-2, 2, num_test)

y_test_true = true_poly(x_test)

noise_test = noise_std * np.random.randn(num_test)

y_test = y_test_true + noise_test
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Figure 2.8 Computation time in seconds for various mini-batch sizes. 
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Figure 2.9 Convergence of batch gradient descent with different batch size for the linear least-

squares regression problem. The batch=1 and batch=10 curves coincide. 

CodeSnip 2.j 

We compute the degree 10 polynomial library: 

def create_poly_features(x, degree=10): 

# Return matrix with columns [xˆ0, xˆ1, ..., xˆdegree] 

return np.column_stack([x**i for i in range(degree+1)]) 

X_train = create_poly_features(x_train, degree=10) 
X_test = create_poly_features(x_test, degree=10) 

We then compute the gradient on a mini-batch of data: 

CodeSnip 2.k def batch_gradient(X, y, w): 

# Compute gradient of MSE w.r.t. w: -2/N * Xˆ{\rm T} (y - Xw 

) 

N = X.shape[0] 
residuals = y - X.dot(w) 
grad = -(2.0 / N) * X.T.dot(residuals) 
return grad 
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The following code uses the ADAM implementation in PyTorch5

5 PyTorch (https://pytorch.org) is an open-source machine learning library widely used for deep 

learning. It provides automatic differentiation and GPU acceleration, making it well suited for optimization. 

. First we import torch: 

CodeSnip 2.l import torch 

import torch.nn as nn 

import torch.optim as optim 

Next we convert our matrices and vectors to PyTorch tensors and define a linear model: 

CodeSnip 2.m X_train_t = torch.tensor(X_train, dtype=torch.float32) 

y_train_t = torch.tensor(y_train.reshape(-1, 1), dtype=torch. 

float32) 

X_test_t = torch.tensor(X_test, dtype=torch.float32) 

y_test_t = torch.tensor(y_test.reshape(-1, 1), dtype=torch. 

float32) 

# Define a linear model (# features = # polynomial terms) 

model = nn.Linear(X_train.shape[1], 1) 

with torch.no_grad(): # Optional: initialize weights/bias to 

zero 

model.weight.zero_() 

model.bias.zero_() 

Finally we set up the ADAM optimizer and training loop: 

CodeSnip 2.n optimizer = optim.Adam(model.parameters(), gamma=1e-2) 

criterion = nn.MSELoss() 

n_epochs = 5000 
adam_loss_history = [] 
for epoch in range(n_epochs): 

model.train() 
optimizer.zero_grad() 
outputs = model(X_train_t) 
loss = criterion(outputs, y_train_t) 
loss.backward() 
optimizer.step() 
adam_loss_history.append(loss.item()) 
if (epoch+1) % 200 == 0: 

print(f"Epoch {epoch+1}/{n_epochs}, Loss: {loss.item() 

:.4f}") 

model.eval() # Evaluate ADAM model 

with torch.no_grad(): 

train_loss_adam = criterion(model(X_train_t), y_train_t). 

item() 

test_loss_adam = criterion(model(X_test_t), y_test_t).item 

() 

y_adam_train = model(X_train_t).detach().numpy().flatten() 

Figure 2.10 shows the training and test results for the various methods. We observe that 

ADAM outperforms SGD and full-batch gradient descent, both on training and testing data. 

Figure 2.11 shows the convergence of the methods vs. epoch, again with ADAM achieving 

the lowest MSE. 

https://pytorch.org
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Figure 2.10 Comparison of standard gradient descent on all data, stochastic gradient descent, and

SGD with ADAM on the training data (top) and testing data (bottom) for the nonlinear least-squares

problem of fitting a polynomial.

2.4 Newton’s Method

Originally developed to find the roots of polynomials 𝑓 (x), Newton’s method may also be

used to find roots of∇ 𝑓 (x) = 0 in optimization. Newton’s method is a second-order iterative

descent scheme that uses second derivative information to improve gradient descent.

Instead of using a first-order Taylor series approximation, as in gradient descent, we will

use a second-order Taylor series approximation. For a scalar variable 𝑥:

𝑓 (𝑥) ≈ 𝑓 (𝑥0) + 𝑓 ′ (𝑥0) (𝑥 − 𝑥0)
--- ---

Δ𝑥

+
1

2
𝑓 ′′ (𝑥0) (𝑥 − 𝑥0)

--- ---

Δ𝑥

2. (2.48)

It is possible to solve for the minimum of this approximate function by setting ∇ 𝑓 = 0:

∇ 𝑓 = 𝑓 ′ (𝑥0) + 𝑓 ′′ (𝑥0) (𝑥 − 𝑥0) = 0 =⇒ 𝑥 − 𝑥0 = Δ𝑥 = −
𝑓 ′ (𝑥0)

𝑓 ′′ (𝑥0)
. (2.49)

Turning this into an iterative algorithm yields Newton’s method in one-dimension:

𝑥𝑘+1 = 𝑥𝑘 −
𝑓 ′ (𝑥𝑘)

𝑓 ′′ (𝑥𝑘)
. (2.50)
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Figure 2.11 Convergence of mean square error for various methods on the nonlinear least-squares

problem of fitting a polynomial.

This is very much like gradient descent in Eq. (2.4), with a step size � = 1/ � ′′ (𝑥�).
Extending to a multivariate x, our second-order Taylor series approximation becomes

�̃ (x) ≈ � (x0) + ∇ � (x0)T (x − x0) +
1

2
(x − x0)T∇2 � (x0) (x − x0). (2.51)

Here, the Hessian H =
2∇ � (x) is a matrix of second partial derivatives:

∇2 � =



𝜕2 𝑓

𝜕𝑥2
1

𝜕2 𝑓

𝜕𝑥1𝑥2
· · · 𝜕2 𝑓

𝜕𝑥1𝑥𝑛

𝜕2 𝑓

𝜕𝑥2𝑥1

𝜕2 𝑓

𝜕𝑥2
2

· · · 𝜕2 𝑓

𝜕𝑥2𝑥𝑛

...
...

. . .
...

𝜕2 𝑓

𝜕𝑥𝑛𝑥1

𝜕2 𝑓

𝜕𝑥𝑛𝑥2
· · · 𝜕2 𝑓

𝜕𝑥2
𝑛



. (2.52)

By the commutative property of partial derivatives, this is a symmetric matrix.

Again, it is possible to solve for the minimum of the approximate function in Eq. (2.51)

by computing the gradient6 ∇ � and setting equal to zero:˜

∇ � = ∇ � (x0) + ∇2 � (x0) (x − x0) = 0

=⇒ x − x0 = Δx = −
(
∇2 � (x0)

)−1

· ∇ � (x0).

˜

Thus, this establishes the most basic Newton’s method iteration:

x�+1 = x� − H−1
� ∇ � (x�) (2.53)

where H� =
2∇ � (x�) is the Hessian at x� . Newton’s method has much faster convergence

than gradient descent, but requires an expensive evaluation of the Hessian 2∇ � .

Newton’s method is exact if � (x) is a second-order polynomial. Figure 2.12 illustrates

this procedure for a nonconvex objective function.

6 Computing the gradient ˜∇ 𝑓 required several vector calculus identities, such as cTx c∇ = and xT∇ Qx = 2Qx

for symmetric Q. These identities are provided in Section 2.7.
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Figure 2.12 Newton’s method fits a locally quadratic model at the current iteration point, and then

steps to the minima of this quadratic fit for the next iteration step.

Convergence and Scaling
Newton’s method has quadratic error convergence under mild assumptions. Specifically, if

2∇ �� is twice continuously differentiable, is Lipschitz continuous near the minimizer x∗,
and 2∇ � (x∗) is positive definite, then the error 𝝐 � = x� − x∗ at iteration 𝑘 satisfies

∥𝝐 �+1∥ ≤
1

2
∥𝝐 � ∥2. (2.54)

This quadratic convergence of the error is much stronger than the O(1 2/𝑘 ) convergence of

Nesterov’s momentum method and ADAM in the iteration number 𝑘 . Quadratic convergence

of the error means that the number of correct digits in the estimate roughly doubles at each

step near the optimum. These momentum-based methods improve over standard gradient

descent, but they are still much slower than Newton’s method near a solution.

Lipschitz continuity of the Hessian 2∇ � means that there exists a 𝐿 ≥ 0 such that

∥∇2 � (x) − ∇2 � (y)∥ ≤ 𝐿∥x − y∥ (2.55)

for all x, y R
𝑛∈ . If 2∇ � is continuously differentiable and the third derivatives of � are

bounded, then this condition is satisfied. This is a relatively mild assumption for most

smooth functions.

Of course, Newton’s method comes at a significantly higher per-iteration cost. The

Hessian H =
2∇ � is an 𝑛 × 𝑛 matrix, so its memory footprint scales as 2𝑛 and computing

its inverse scales as 3𝑛 . This leads to two key issues with Newton’s method:

1. The Hessian may be unavailable or too expensive to compute.

2. The Hessian may not be positive definite, such as when the function � has a local

maximum or a saddle point.

Both of these challenges motivate the development of quasi-Newton methods, such as the

BFGS and LBFGS algorithms that will be discussed in Section 2.6.

The second-order, quadratic approximation in Eq. (2.51) is better than the simple first-

order gradient approximation. However, away from the base point x0, this approximation

may degrade, especially for more complex objective function landscapes. Thus, instead of

using Eq. (2.53) to update x�+1, we may use it to determine a better gradient direction

d = H−1∇ � (x), and then do a line search in this direction. The cost of each iteration in

the second-order Newton’s method is expensive, so the additional cost of a line search is

justified. We will explore line search in more detail in the next section.

https://doi.org/10.1017/9781009755856.003


. 

70 Gradient Based Optimization 

Further, it may be necessary to add Hessian damping, which regularizes the linear system 

to enforce positive definiteness, 

(H + 𝛼I)p = −∇ 𝑓 , 𝛼 ≥ 0. 

Then, a line search is performed in the p direction. Levenberg–Marquardt is a classic 

regularized, damped Gauss–Newton method that we will discuss in Section 4.7. 

Numerical Examples 
We now compare gradient descent and Newton’s method on the non-quadratic objective 

function in Eq. (2.7). Newton’s method is exact for quadratic objective functions, and so 

it would converge to the minimum of the quadratic function in Eq. (2.6). Therefore we 

compare these algorithms on a more challenging nonconvex objective function. 

The following short code executes Newton’s method: 

CodeSnip 2.o def newtons_method(start, max_iter): 

trajectory = [np.array(start)] 

values = [objective_function(*start)] 

point = np.array(start, dtype=float) 

for _ in range(max_iter): 

grad = gradient(point[0], point[1]) 

hess = hessian(point[0], point[1]) 

hess_inv = np.linalg.inv(hess) 

point -= hess_inv @ grad 

trajectory.append(point.copy()) 

values.append(objective_function(point[0], point[1])) 

return np.array(trajectory), np.array(values) 

# Run updated methods 

nm_trajectory, nm_values = newtons_method(start_point, max_iter) 

Figure 2.13 shows the trajectory and objective function value versus iteration for both 

algorithms. We use an initial condition of [−2, 1] and a max number of iterations of 30; 

for gradient descent, we use step size 𝛾 = 0.05. Newton’s method clearly converges more 

rapidly than gradient descent. This plot shows the log-linear scaling of gradient descent and 

the incredible convergence of Newton’s method. Within five steps, the Newton’s method 

solver converges to near machine precision of the minimum. 

Of course, this incredible performance of Newton’s method comes at the cost of requiring 

Hessian information of the objective function 𝑓 : 
[  
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]

In code: 

CodeSnip 2.p # Define the objective function and its derivatives 

def objective_function(x, y): 

return np.exp(x+2*y-0.2)+np.exp(x-2*y-0.2)+np.exp(-x-0.2) 

def gradient(x, y): 
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Figure 2.13 Comparison of gradient descent and Newton’s method on a non-quadratic objective

function, plotted on a semilog error scale to better visualize the convergence rate. It is clear that

the second-order Newton’s method is dramatically faster than the first-order convergence of simple

gradient descent.

grad_x = np.exp(x+2*y-0.2)+np.exp(x-2*y-0.2)-np.exp(-x-0.2)

grad_y = 2*np.exp(x+2*y-0.2)-2*np.exp(x-2*y-0.2)

return np.array([grad_x, grad_y])

def hessian(x, y):

h_xx = np.exp(x+2*y-0.2)+np.exp(x-2*y-0.2)+np.exp(-x-0.2)

h_xy = 2*np.exp(x+2*y-0.2)-2*np.exp(x-2*y-0.2)

h_yy = 4*np.exp(x+2*y-0.2)+4*np.exp(x-2*y-0.2)

return np.array([[h_xx, h_xy], [h_xy, h_yy]])

Comparison of All Methods

Now we compare all three methods: gradient descent, Nesterov’s accelerated gradient

descent, and Newton’s method. We test convergence on a nonlinear objective with banana

shaped level sets. The objective function, its gradient, and its Hessian are given by:

x 2 2 4� ( ) = (𝑥2 − 𝑥1) + 𝑥1[ ]
4 3𝑥 − 4 2𝑥1 (𝑥2 − 𝑥 )∇ � (x) = 1 1

2 2(𝑥2 − 𝑥 )
1[ ]

2

H 2 12
x

𝑥 − 4(𝑥2 − 3 2𝑥 ) −4𝑥
= ( ) 1 1 1∇ � = .−4𝑥1 2

Figure 2.14 shows the comparison of all three methods. As expected, the second-order

Newton’s method dramatically outperforms the first-order gradient descent methods.
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Figure 2.14 Comparison of gradient descent (GD), gradient descent with momentum (GDM), and

Newton’s method on a nonlinear objective function.

2.5 Line Search

Line search is an essential topic in optimization that is often glossed over in favor of flashier

accelerations, such as NAG. However, in practice, it can make simple gradient descent or

Newton’s method vastly more effective, and competitive or superior to other methods.

At its core, line search is about choosing the step size in iterative optimization methods

such as gradient descent or Newton’s method. In machine learning applications, this step

size is often called the learning rate. Suppose you have a current iterate x� and a search

direction p� , such as the negative gradient −∇ � for gradient descent, or the direction

−H−1∇ �
�

for Newton’s method. A line search searches for a scalar 𝛼� > 0 such that

x�+1 = x� + 𝛼�p� (2.56)

sufficiently decreases the objective function. So the direction is determined by the algorithm,

but the step size is chosen adaptively.

Line search is important for efficient and robust implementation of most descent methods.

There are a few major categories of line search, and we only discuss a few here.

The exact line search solves the full optimization problem over 𝛼

arg min
𝛼>0

� (x� + 𝛼p�). (2.57)

This is rarely used in practice, except for quadratic problems where there is a closed

form solution. Instead, we typically perform an inexact line search. Three of the most

common approaches are the Armijo backtracking rule, the Wolfe conditions, and the

Barzilai–Borwein (BB) Step.

Armijo is both robust and easy to implement, although it is sometimes overly

conservative. The Wolfe conditions combine Armijo with a curvature condition to prevent

the step from being too small. Wolfe line search is widely used in quasi-Newton methods

(BFGS, LBFGS). The BB step uses information from the last two iterates to approximate

a quasi-Newton step size, and it is very closely related to the LBFGS discussed in the next
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section. We won’t explore this approach here, but it is good to know that it exists, and it 

may be very effective in practice. 

Line search requires more function evaluations per iteration. However, the number of 

iterations typically drops dramatically, often by an order of magnitude. In addition to the 

speed up, line search is considerably more robust. For first-order methods, such as gradient 

descent and NAG, line search adds a few function evaluations per iteration. These extra 

evaluations are relatively inexpensive, and have the benefit of preventing divergence and 

reducing iterations. For second-order methods, such as Newton and quasi-Newton methods, 

the overhead associated with line search is negligible compared to the Hessian computation 

and linear system solves. 

The relative cost of computing ∇ 𝑓 versus 𝑓 varies widely. Using finite differences, it may 

cost ∼ 𝑛 evaluations of 𝑓 to approximate ∇ 𝑓 . For regression examples, the function 𝑓 and 

the gradient ∇ 𝑓 both require the same order of computations, both requiring a single pass 

over the data; however, the gradient may still be a constant of 2 − 3 times more expensive 

in practice, requiring more operations and memory. For example, when using automatic 

differentiation in Section 10.1, the gradient has the same scaling as the objective, but may be 

a constant more expensive. In PDE-constrained problems, evaluating 𝑓 requires a forward 

PDE solve, while computing ∇ 𝑓 requires both the forward solution and an additional adjoint 

PDE solve. Thus, obtaining both 𝑓 and ∇ 𝑓 together is about twice as expensive as 𝑓 alone, 

but the marginal cost of the gradient given 𝑓 is roughly one more PDE solve. 

One should always use line search for full-batch or full step gradient descent. Armijo 

backtracking is ideal for robustness and it makes gradient descent competitive with quasi-

Newton. Line searches are particularly useful in Newton’s method when the Hessian is 

indefinite or ill-conditioned, so that a full step may fail, and where each function evaluation 

is cheap compared to the Hessian calculation. For ill-conditioned problems, BB is especially 

effective. Line search is essential to make Newton’s method globally convergent. Line search 

is challenging to use with SGD, and is much less common in this context. 

Armijo Backtracking 

The Armijo (sufficient decrease) rule is a simple, robust line search. Given a current x and 

a descent direction d (so ∇d 𝑓 (x) = d⊤∇ 𝑓 (x) < 0), we seek a step size 𝛼 > 0 such that 

𝑓 (x + 𝛼d) ≤ 𝑓 (x) + 𝑐1 𝛼 ∇d 𝑓 (x), 𝑐1 ∈ (0, 1). (2.58) 

This ensures a sufficient reduction in 𝑓 along d. 

Armijo line search involves the following steps: 

1. Initialize 𝛼 𝛼0 ← (often 𝛼0 = 1, or the size of the Newton step in Eq. (2.53)). While 

the Armijo inequality above is not satisfied, shrink the step geometrically: 𝛼 𝜌 𝛼←  with 

𝜌 ∈ (0, 1) (e.g., ), and re-evaluate 𝑓 (x + 𝛼d). 
2. Accept the first 𝛼 that satisfies the condition and update x+ = x + 𝛼d. Typical choices 

are 𝑐1 ∈ [10− , 10− ] 4 2 and 𝜌 ∈ [0.1, 0.8]. (For a curvature check in addition to sufficient 

decrease, one can combine Armijo with a Wolfe condition.) 

Armijo backtracking is shown in Fig. 2.15 for gradient descent and Newton’s method. It is 

compared with several other approaches, including gradient descent and Newton’s method 

https://doi.org/10.1017/9781009755856.003


74 Gradient Based Optimization 

10 14 

10 11 

10 8 

10 5 

10 2 

101 

lo
g

( f
  

f  ) 

GD, γ=0.01 

NAG, γ=0.01 

GD + Armijo 

Newton 

Newton + Armijo 

BFGS + Armijo 

0 20 40 60 80 100 

Iteration 

−

−

−

−

−

−
∗

Figure 2.15 Comparison of various descent methods, with and without line search. 

without line search, Nesterov’s accelerated gradient, and BFGS, which will be discussed in 

the next section. Each method is applied to the banana shaped objective function from the 

previous section. 

Wolfe Conditions 

It is common to use the Wolfe conditions for the line search, which moves in the new 

gradient direction d until d d , where is a threshold that indicates 

when a sufficiently flat region has been found; here, d refers to the directional derivative 

of in the direction d. This typically involves two stages: 

1. We take steps of size , where is the size of the original Newton step 

in Eq. (2.53), until we find a valid point where either: i)  or ii) > 0. In the first 

case, the objective function increased in the second step, so it must have reached a local 

minimum between. In the second case, the slope of the second point is positive, which 

also indicates a local minimum between. If these conditions are not met, then we double 

the step size and repeat. 

2. Once a region containing a minimum has been identified, we zoom in to the minimum 

with a bisection method. This amounts to reducing the interval until a point is found. 

There are several fancier tricks we can play, like using spline interpolation if there are 

multiple points in the bisection search. 
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2.6 Quasi-Newton Methods and BFGS 

When H is too expensive to compute, or when H is not positive definite, we may approximate 

this Hessian with a matrix A. Such approaches to approximating the Hessian are known 

as quasi-Newton methods [73, 138, 370]. This topic has been developed in the numerical 

applied mathematics community for over half a century. 

The matrix A provides a quadratic approximation 𝑓  to our objective function 𝑓 (y) at 

some point y near our current base point x: 

𝑓A (y) = 𝑓 (x) + ∇ 𝑓 (x)T (y − x) + 
1

2 
(y − x)TA(y − x). (2.59) 

To design an approximation A to the Hessian H, we need to put constraints on this new 

matrix: 

• A should be symmetric, as H is symmetric. 

• A should be positive definite, since we will invert it in Newton’s method. Further, any 

positive definite A will yield descent. 

• The quadratic approximation 𝑓A should have the same gradient as 𝑓 at the current point 

x𝑘 and last point x𝑘−1: 

∇ 𝑓 (x𝑘 ) = ∇ 𝑓 (x𝑘 ) (2.60a) 

∇ 𝑓 (x𝑘−1) = ∇ 𝑓 (x𝑘−1). (2.60b) 

• Since A will be updated at each iteration step, we add a subscript A𝑘 . We want A𝑘 to be 

“close” to A𝑘−1. There are several notions of closeness we will investigate below. 

Based on these conditions, there are several approaches to approximate A, which we 

discuss below and in Panel 2.4. We will build from the simplest rank-1 updates to the more 

commonly used, but more involved, BFGS algorithm. Since we will use the inverse of the 

Hessian approximation, B = A−1, in the Newton iteration, some quasi-Newton methods 

directly construct B. 

Now we will provide basic derivations and formulas for how to update A and B in the 

various schemes below. We introduce a few important points of notation: 

p𝑘 = x𝑘+1 − x𝑘 (2.61a) 

q𝑘 = ∇ 𝑓 (x𝑘+1) − ∇ 𝑓 (x𝑘 ). (2.61b) 

These vectors quantify the change in x and ∇ 𝑓 (x) 

g = ∇ 𝑓 (x)

at each step of the iteration. We will 

update these vectors at every iteration, and so we drop the subscript 𝑘 for ease of notation. 

There is an important geometric property of the Hessian, namely that HΔx ≈ Δg, where 

. Therefore, we should expect this to also hold for our approximate Hessian A: 

Ap = q. (2.62) 

This is known as the secant equation. The inverse equation also holds for B: 

Bq = p. (2.63) 
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We are now ready to derive the various methods introduced briefly above. Each of these

quasi-Newton methods rely on properties of the inverses of rank-1 and rank-𝑘 updates,

known as the Sherman–Morrison formula and Woodbury matrix identities, respectively.

These results are provided at the end of this section.

Rank-1 Update to the Hessian
We begin by illustrating quasi-Newton methods with the simplest rank-1 matrix update

rule:

A�+1 = A� + uvT. (2.64)

Panel 2.4: A Brief Summary of Quasi-Newton Methods

To initialize these updates, we typically set A0 = B0 = I, the identity matrix.

• SR1: This approach seeks a rank-1 update to A, so that

rank (A� − A�−1) = 1.

Specifically, a rank-1 update will have the form A� = A T
�−1 + uv , where

u, v ∈ R
𝑛 are vectors the same size as x. This is the simplest update approach,

and is often used in trust region methods. However, for general optimization,

there might not be a rank-1 update that satisfies the various conditions above.

• PSB: Another approach is to find an update that has minimum Frobenius norm

distance to the previous approximation:

min ∥A� − A�−1∥𝐹

where the Frobenius norm, 2∥ · ∥
𝐹

, is the sum of the squares of every element

of the matrix argument. However, this approach does not guarantee that A�

is positive definite. We will discuss matrix norms and optimizing over matrix

arguments more in Chapters 4 and 5.

• DFP: The DFP approach is similar to PSB, but incorporates a special weight

matrix W into the Frobenius norm:

min ∥W (A� − A�−1) W∥𝐹 .

Depending on the choice of W, this approach will guarantee that A� is positive

definite if A�−1 is positive definite. DFP is a rank-2 update.

• BFGS: This is the most stable and widely used quasi-Newton method, and it is

closely related to DFP. BFGS is a rank-2 update to B that satisfies:

min ∥W (B� − B�−1) W∥𝐹 .

All of these methods have analytic solutions, resulting in explicit update formulas

that are efficient, requiring only a few matrix-vector products.
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Using the secant equation and rearranging, we have 

A𝑘 + uvT p = q 

= ⇒ uvTp = q − A𝑘 p 

1 
= u = 

vTp 
(q − A𝑘 p) . ⇒ (2.65)

We choose v ∝ u so that uvT is a symmetric rank-1 matrix, since we also want A to be 

symmetric. In this case, the update equation becomes 

v = q − A𝑘 p (2.66a) 

1
A𝑘+1 = A𝑘 + 

vTp
vvT . (2.66b) 

Technically, we want B = A−1 for Newton’s iteration, which results in the following 

inverse Hessian update: 

v = p − B𝑘 q (2.67a) 

1
B𝑘+1 = B𝑘 + 

vTq
vvT . (2.67b) 

Broyden’s Update, BFGS, and DFP 
There is a so-called “Broyden’s family” of quasi-Newton methods, so we begin by presenting 

the simplest Broyden update: 

A𝑘+1 = A𝑘 + 
pTA

1 

𝑘 q 
(p − A𝑘 q)T pTA𝑘 (2.68a) 

1
B𝑘+1 = B𝑘 + 

pTp 
(q − B𝑘 p) pT . (2.68b) 

Note that we may choose to update A or B, and don’t need to update both. 

The Broyden–Fletcher–Goldfarb–Shanno (BFGS) [197, 173, 458, 74] algorithm is a 

rank-2 update, which provides more degrees of freedom to guarantee that A𝑘+1 is symmetric, 

positive definite, and close to the previous A𝑘 . The updates for A and B are given by 

( ) ( ) 
pqT qpT ppT 

A𝑘+1 = I − 
qTp

A𝑘 I − 
qTp 

+ 
qTp 

(2.69a) 

B𝑘+1 = B𝑘 + 
qq

qTp 

T 

− 
B𝑘 

p

p 
T

(
B

B

𝑘

𝑘 

p

p)T 

. (2.69b) 

It is clear that this is a rank-2 update of B𝑘+1, as each term after B𝑘 is a rank-1 matrix. 

The Davidon–Fletcher–Powell (DFP) [173, 126, 395, 174] algorithm is closely related 

to BFGS. In fact, DFP is the dual of BFGS; however, it was quickly supplanted with BFGS, 
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which has improved stability. For completeness, we present the DFP algorithm here: 

q q 
(2.70a) 

I 
p 

I 
p p 

(2.70b) 

Thus, DFP is the dual of BFGS, with the p and q terms swapped. However, the update for 

B, which is what we want for Newton iteration, is simpler in BFGS than in DFP. 

The Broyden family of updates is obtained by interpolating between BFGS and DFP: 

= (1 − 𝛼)BBFGS + 𝛼BDFP where B𝑘+1 𝑘+1 𝑘+1 𝛼 ∈ [0, 1] . (2.71)

However, we typically set 𝛼 = 0 and use BFGS. 

There are other prominent variants, such as the limited-memory BFGS (LBFGS) [342, 

369, 317, 87], which is widely used in maximum entropy learning [328] and has a stochastic 

extension for large-scale optimization [86]. 

Inverse Formulas for Rank-k Matrix Updates 
In the derivations above, we used the Sherman–Morrison formula for the inverse of a rank-1 

matrix update and the Woodbury matrix identity for the inverse of a rank-𝑘 matrix update. 

Here, we elaborate on these formulas. In both cases, we assume that we have access to the 

matrix A and its inverse A−1. We then seek a simple formula for the inverse of the rank-𝑘 
update of A. 

The Sherman–Morrison formula [460] for the inverse of a rank-1 update is 

A 
u 

(2.72) 

The rank-1 matrix uvT is added to A; A + uvT will only have an inverse if 1 + vTA−1u ≠ 0. 

Although this expression seems involved, it may be computed simply with just a few 

matrix–vector products and vector–vector inner products. More history and details are 

presented in the review of Hager [217]. The version presented here is from Bartlett [27]. 

The Woodbury matrix identity [541] is a more general result that works for a rank-𝑘 
matrix update. In this case we add UVT to A, where U, V ∈ R𝑛×𝑘 are both matrices with 𝑘 
linearly independent columns. In this case, Woodbury’s identity is 

A U I U (2.73) 

Here I is a 𝑘 × 𝑘 identity matrix. As with the Sherman–Morrison formula, this rank-

𝑘 updated matrix will only have an inverse if I + VTA−1U is invertible. This result is 

commonly attributed to Woodbury [541], although it was technically presented earlier 

in [216], as reviewed in [217]. 

https://doi.org/10.1017/9781009755856.003


 
 

79 2.7 Gradient Vector Calculus Identities 

2.7 Gradient Vector Calculus Identities 

There are several important vector calculus identities we will use repeatedly when 

computing gradients. Here we state and derive the most common identities that we will use. 

It is often the case that we must take the gradient of a scalar objective function obtained 

by taking an inner product of our decision vector x with a constant vector c, such as the 

objective function cTx in linear programming in Chapter 3. This gradient is given by 

x c 

  . . 
(2.74)

This is easy to derive by expanding cTx and xTc: 

x 

    

 
. . . . 

(2.75)

Thus, the gradient of the expanded sum in the middle, 𝑐1𝑥1 + 𝑐2𝑥2 + · · · is the vector c. 

It is also common to take the gradient of a matrix–vector product, such as Ax or xTAT. 

To derive these expressions, it helps to carefully expand out the product first: 

𝑎11 𝑎12 𝑎1𝑛 𝑥1 𝑎1 𝑗 𝑥 𝑗· · · 
𝑎21 𝑎22 𝑎2𝑛 𝑥2 𝑎2 𝑗 𝑥 𝑗· · · 

Ax = 

 

. . . . 

 

 

. 

 

= 

 

. 

 

. . . . . . . . . . . . 
𝑎𝑛1 𝑎𝑛2 𝑎𝑛𝑛 𝑥𝑛 𝑎𝑛 𝑗 𝑥 𝑗· · · 

(2.76) 

. (2.77) 

The sum over 𝑗 is implied, so 𝑎1 𝑗 𝑥 𝑗 = 𝑗=1𝑛 𝑎1 𝑗 𝑥 𝑗 . We will use this notation throughout. 

We now compute the Jacobian D(Ax) and gradient : 

· · ·     

A (2.78)

and 

(2.79)

https://doi.org/10.1017/9781009755856.003


80 Gradient Based Optimization

( )
∇ xTA = AThis implies that . These properties are also true for nonsquare A matrices,

which is left as an exercise. Sometimes we use the notation ∇(Ax) for the Jacobian D(Ax).
Finally, we often must take the gradient of a quadratic form xTAx, which arises in the

least-squares regression problem. This gradient is given by

∇
(
xTAx

)
=

(
A + AT

)
x, (2.80)

which is equal to 2Ax if A is symmetric. To derive this, we expand the quadratic form

xTAx =
[
𝑥1 𝑥2 · · · 𝑥𝑛

]


𝑎1 𝑗𝑥 𝑗

𝑎2 𝑗𝑥 𝑗

...

𝑎𝑛 𝑗𝑥 𝑗



(2.81a)

= 𝑥1

∑︁

𝑗

𝑎1 𝑗𝑥 𝑗 + 𝑥2

∑︁

𝑗

𝑎2 𝑗𝑥 𝑗 + · · · + 𝑥𝑛

∑︁

𝑗

𝑎𝑛 𝑗𝑥 𝑗 . (2.81b)

It is then possible to take the partial derivative of this expression with respect to 𝑥𝑖:

𝜕xTAx

𝜕𝑥1

=

∑︁

𝑗

𝑎1 𝑗𝑥 𝑗 + [𝑥1𝑎11 + 𝑥2𝑎21 + · · · + 𝑥𝑛𝑎𝑛1] (2.82a)

𝜕xTAx

𝜕𝑥2

=

∑︁

𝑗

𝑎2 𝑗𝑥 𝑗 + [𝑥1𝑎12 + 𝑥2𝑎22 + · · · + 𝑥𝑛𝑎𝑛2] (2.82b)

...

𝜕xTAx

𝜕𝑥𝑖
=

∑︁

𝑗

𝑎𝑖 𝑗𝑥 𝑗

⏟----⏟⏟----⏟
Ax

+ [𝑥1𝑎1𝑖 + 𝑥2𝑎2𝑖 + · · · + 𝑥𝑛𝑎𝑛𝑖]⏟--------------------------------⏟⏟--------------------------------⏟
ATx

, (2.82c)

which finally yields ∇ xTAx = Ax + ATx
( )

.

We also have useful properties for the gradient and Hessian of functions � (Ax):

∇ ( � (Ax)) = AT∇ � (Ax) (2.83)

∇2 ( � (Ax)) = AT∇2 � (Ax)A. (2.84)

Panel 2.5: Summary of Gradient Vector Calculus Identities

To recap, we have the following major vector calculus identities:

∇cTx = ∇xTc = c

D(Ax) = ∇(xTA) = A

∇(xTAx) = (A + AT)x = 2Ax if A symmetric.
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Homework 

Exercise 2.1 In this exercise, we will explore the effect of step size on convergence 

and stability of gradient descent. Consider the quadratic objective function in Eq. (2.6). 

Compute the step size 𝛾 where the iteration goes unstable. Simulate gradient descent with 

several different step sizes and plot the results. Is the stability boundary as predicted? 

Exercise 2.2 Implement a simple gradient descent for the function 

𝑓 (𝑥) = 𝑥2 + 2𝑥 + 5. 

1. Show the iteration of 𝑥𝑘 for 𝑘 = 0, . . . , 10 starting from 𝑥0 = 5. 

2. What happens if you choose a step size 𝛼 = 1? How about 𝛼 = 0.01? 

Exercise 2.3 Consider the ODE 𝑥· = −∇ 𝑓 (𝑥) for 𝑓 (𝑥) = 
2
1 𝑥2. 

1. Solve the ODE analytically. 

2. Compare the continuous gradient flow solution to the discrete updates from gradient 

descent with step size 𝛼 = 0.1. 

Exercise 2.4 Implement both Heavy Ball and Nesterov’s Accelerated Gradient (NAG) to 

minimize 

𝑓 (𝑥) = sin2 (𝑥) + 0.1𝑥2 . 

1. Compare convergence rates and plot the objective 𝑓 (𝑥𝑘 ) vs. iteration 𝑘 . 

2. Discuss any overshoot or oscillations for each method. 

Exercise 2.5 Use Newton’s method to find the minimum of 

𝑓 (𝑥, 𝑦) = 𝑥4 + 𝑥2 𝑦2 + 𝑦2 . 

1. Compute the Hessian. 

2. Run the method starting from (𝑥0, 𝑦0) = (2, 1) and use line search. 

3. Compare with gradient descent for the same starting point. 

Exercise 2.6 Consider the following constrained optimization problem 

min 𝑥1
2 + 𝑥2 

2x 

s.t. 𝑥1 ≥ 2. 

Use the method of Lagrange multipliers to show that this problem has a minimum at the 

point (𝑥1, 𝑥2) = (2, 0). Compute the gradient of the objective function and the gradient of 

the constraint equation. What do you notice? 

Now consider the modified problem 

min 𝑥1
2 + 𝑥2 

2x 

s.t. 𝑥1 + 𝑥2 ≥ 2. 

Show that the minimum of this problem occurs at (1, 1). Compute the gradient of the 

objective function and the gradient of the constraint equation. What is the pattern here? 
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Exercise 2.7 Show that the forward Euler integration of the gradient flow ODE in Panel 2.2 

is equivalent to the gradient descent iteration in Eq. (2.4) with Δ𝑡 = 𝛾. 

Exercise 2.8 Derive a new gradient descent algorithm using a more sophisticated Runge– 

Kutta integration scheme for the gradient flow ODE in Panel 2.2. For example, recall that 

the 2nd order Runge–Kutta integration scheme is given by the following: 

x𝑘+1 = x𝑘 + Δ𝑡v2 

where 

v1 = v(x𝑘 ) 
v2 = v(x𝑘 + Δ𝑡v1/2). 

Code this and compare with gradient descent, specifically convergence and stability. 

Exercise 2.9 As a simple exercise, compute the maximum step size 𝛾max and optimal step 

size 𝛾∗ for the quadratic example in Fig. 2.3. You can then test gradient descent with a 𝛾 
just above and below the maximum stability boundary and also the optimal 𝛾∗. 

Exercise 2.10 Show that the eigenvalues of (I − 𝛾A) are symmetric about the point 

1 − 𝛾𝜆mid from Eq. (2.23). 

Exercise 2.11 Plot the convergence rate vs iteration 𝑘 for Nesterov’s accelerated gradient 

method for a Lipschitz continuous function and for a 𝜇-strongly convex function, using 

Eqs. (2.36) and (2.37). Try different 𝐾 and 𝜇 and discuss the trends. 

Exercise 2.12 We will now explore how gradient descent scales with the dimension of an 

optimization problem. To make the problem more amenable to analysis, we will consider a 

quadratic objective function, where we know the optimal step size 𝛾. 

First, we will need to be able to generate positive semidefinite Q matrices of various 

dimensions 𝑛 × 𝑛. We have several choices: 

1. Random: We may generate a quadratic positive semidefinite matrix Q = ATA by first 

generating a random A ∈ R𝑚×𝑛. 

2. Custom Eigenvalues: It is possible to rescale the eigenvalues of Q as follows: 

(a) Compute the SVD of A: A = U𝚺VT. 

(b) Assuming that the rank of A is 𝑛, then the eigenvalues 𝜆 𝑗 of Q will be the squares of 

the non-zero singular values 𝜎2 
𝑗 . 

(c) Thus, to design custom eigenvalues , we must simply rescale (e.g., replace)  𝜆̂ 𝑗 > 0√︃ 
𝜆̂ 𝑗the corresponding singular value with  , resulting in 𝚺̂. Then we construct a new 

custom Â and Q̂ 

Â = U 𝚺̂VT 
= ⇒ Q̂ = ÂT Â 

with the custom spectral behavior. 
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3. Structured: Generate a matrix with diagonal dominant structure 

2 0 0 1· · · 
0 3 0 1· · · 
0 4Q = 

 

0 1 

 

.· · · 
. . . . . . . . . . . . . . . 
1 0 0 𝑛 + 1· · · 

There are several exercises for exploring the behavior of gradient descent for different Q: 

1. Begin with the structured, diagonally-dominant Q from above, and a fixed step 𝛾 = 0.01. 

Write a code to iterate through the gradient descent algorithm, starting from an initial 

condition of all ones (i.e., x0 = [1, 1, . . . , 1]). Plot the convergence versus iteration step 

for all 𝑛 from 𝑛 = 1 to 𝑛 = 1000. Put all values of 𝑛 on the same plot, and change the 

color of each line from blue (𝑛 = 1) to red (𝑛 = 1000). Plot the convergence in both 

regular and logarithmic values. Discuss the observed trends. 

2. Now, repeat the exact same exercise above, but for each value of 𝑛, compute the optimal 

step size 𝛾𝑛 based on the quadratic matrix Q. 

3. Now, we will consider the case of a Q matrix generated from random ATA. Write a 

code to iterate through the gradient descent algorithm and compute how many steps are 

required before we are within an absolute distance of 𝜖 = 0.01 of the optimal value. 

Recall for this example the optimal x∗ is at the origin, x∗ = 0. Run this code for several 

randomly generated Q with various 𝑛, say 100 random Q for each dimension. Generate 

a violin plot of the number of iteration steps as a function of dimension 𝑛. 

4. Repeat for 𝛾 = 0.01 and for the optimal 𝛾∗ for each individual Q matrix. Also make a 

violin plot for the optimal 𝛾∗ as a function of 𝑛. 

5. Repeat the exercise above, but now with the eigenvalues of Q designed to be randomly, 

uniformly distributed in the range 𝜆min = 1 to 𝜆max = 2. 

6. Repeat the exercise above, but with the eigenvalues of Q designed to be logarithmically 

spaced in the range .001 to 1000. 

Exercise 2.13 Run the same exact progression of exercises as above, but using SGD and 

mini-batch GD to see how they scale with dimension. Compare and discuss the results. 

Exercise 2.14 We will now explore the method of alternating descent, which will be 

discussed more in Chapter 6. When gradient information is unavailable, it is still possible 

to design a descent algorithm as follows. We simply cycle through each coordinate 𝑥 𝑗 of 

the variable x, performing a line search to minimize the objective function in that variable 

alone. By iterating through each coordinate several times, we will descend towards the 

optimal value x∗. This method is also known as the method of coordinate descent. 

Write a code to perform coordinate descent on the simple quadratic example with [ ] 
Q = 2 1 

1 3 
and plot the results. Repeat with Q = 2 0 

0 3 
. In both cases, how many times 

do you need to alternate through each coordinate before reaching the optimal value to 

within 1%? Keep track of how many function evaluations 𝑓 (x) were needed for coordinate 
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descent, and plot convergence versus function evaluations. Compare with gradient descent 

with 𝛾 = 0.1. 

You will have several choices for your coordinate descent algorithm, including the step 

size, how to perform the line search, convergence criteria, etc. A good starting guideline is 

to use a step size 𝛾 = 0.1 and use bisection to either half or double the step at each step in the 

line search, based on some simple criteria. Then, end the line search in a given coordinate 

direction after the change in the decision variable x is less than some cutoff 𝜏 ≈ 0.001. 

Exercise 2.15 Repeat the coordinate descent exercise above for larger problems with 𝑛 = 2 

to 𝑛 = 10. Specifically, explore the following 

1. Begin with the structured, diagonally-dominant Q from above, and a fixed step 𝛾 = 0.01. 

Write a code to iterate through the coordinate descent algorithm, starting from an initial 

condition of all ones (i.e., x0 = [1, 1, . . . , 1]). Plot the convergence versus iteration step 

for all 𝑛 from 𝑛 = 2 to 𝑛 = 10. 

2. Now, consider a Q matrix generated from random ATA with the eigenvalues of Q 

designed to be randomly, uniformly distributed in the range 𝜆min = 1 to 𝜆max = 2. Plot the 

convergence versus coordinate iterations, and convergence versus function evaluations, 

for each 𝑛 = 2 to 𝑛 = 10, but with a single random Q for each dimension. 

3. Repeat the exercise above, but with the eigenvalues of Q designed to be logarithmically 

spaced in the range .001 to 1000. 

Exercise 2.16 Verify that the inverse Hessian update in Eq. (2.67) is in fact the inverse of 

the rank-1 update in Eq. (2.66). 

Exercise 2.17 Verify that the BFGS update in Eq. (2.69) satisfies the secant condition 

that the updated matrix remains positive definite. Compute the normed error of A𝑘+1 − A𝑘 . 

Exercise 2.18 Verify that 
( ) 
∇ xTA = A and D(Ax) = A hold for non-square matrices A. 
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3 Linear Programming 

So far, we have mainly explored unconstrained optimization, choosing to focus on the 

objective function. Linear programming is an important class of convex problems with 

constraints, where the objective function is linear, and the problem is almost entirely 

determined by the structure of the linear inequality constraints (i.e., the feasible region). 

Most real-world problems involve constrained resources, such as time, space, money, 

materials, and labor. As such, there are real tradeoffs in solving such problems, which we 

express as inequality constraints. Linear programming was invented by Leonid Kantorovich 

in 1939 [267] and developed in and after World War II, largely motivated by severe rationing 

and increasingly complex logistical and supply chain optimization problems. Some of the 

many modern applications include: 

• Resource allocation and workforce scheduling; 

• Factory layout, space usage, production scheduling, and inventory management; 

• Project management and task scheduling; 

• Crop planning and irrigation; 

• Portfolio optimization, risk management, and pricing; 

• Network flow: routing, bandwidth allocation, etc.; 

• Power generation: scheduling, renewable mix, etc.; 

• Supply chain logistics, fleet routing and delivery scheduling; 

• Airline flight, crew, and maintenance scheduling; 

• Healthcare: resource and staff allocation; 

• Drug dosage, radiation therapy, etc. 

These examples are all characterized by a relatively simple objective function that scales 

approximately linearly (e.g., profit or cost), and fundamental constraints on resources. 

Formulating these as linear programs is left as an exercise. 

There is no closed-form, analytic solution to a generic linear program. However, there are 

several accurate and efficient algorithms that scale well to large problems. Modern linear 

programs may easily involve thousands of decision variables and constraints, for example 

in optimizing a distribution center for a large online retailer. In this chapter, we define the 

mathematical ingredients of a linear program, provide several examples to illustrate various 

applications, and discuss solution techniques and extensions. 
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3.1 Problem Statement and Examples 

At its heart, linear programming involves a linear objective function and a set of linear 

constraint equations: 

max cTx,
x 

s.t. Ax ≤ b,
x ≥ 0,

(3.1) 

where c ∈ R𝑛 is the vector of linear weights for the objective function 𝑓 (x) = cTx, and 

A ∈ R𝑚×𝑛 and b ∈ R𝑚 define the constraint equations Ax ≤ b. Technically we don’t always 

require x ≥ 0, but it is a common constraint that variables are non-negative. 

The feasible set is given by a convex polytope, which is the intersection of the half-planes 

defined by each of the constraint equations: 

aT 
𝑗 x ≤ 𝑏 𝑗 , for 𝑗 = 1, . . . , 𝑚 (3.2) 

and the positive quadrant defined by 

𝑥 𝑗 ≥ 0, for 𝑗 = 1, . . . , 𝑛. (3.3) 

The intersection of two convex sets is also a convex set, so the feasible polytope is convex. 

A polytope is generally a pointy geometric object, generalizing the notion of a polygon, like 

a triangle or a quadrilateral, to higher dimensions. The individual constraints in Eqs. (3.2) 

and (3.3) capture specific properties of the constrained resources, such as total space usage, 

cost of goods, non-negative prices, etc. Technically, the feasible set might not be bounded, 

if there are not enough inequality constraints; however, we mostly focus on the case of 

bounded polytopes. See Panel 3.2 for an example of an unbounded polytope. 

The linear objective function is both convex and concave, as it is a flat plane. Therefore, 

both minimization and maximization tasks are convex in linear programming. Although we 

primarily explored minizization tasks in Chapter 1, it is common in linear programming to 

maximize the objective function, for example when the objective function represents profit 

or productivity. 

The gradient of the linear objective function is a constant1 

∇ 𝑓 (x) = c (3.4) 

so that level sets of the objective function are straight lines increasing perpendicular to the 

gradient vector. This is visualized in Fig. 3.1. 

The geometry of the linear objective function and bounded feasible polytope mean that 

the maximum and minimum always occur on a vertex of the feasible set. In degenerate 

cases, there may be a line of local maxima or minima, connecting two vertices, when the 

gradient is exactly perpendicular to this line. However, even in this case, the local minima 

still occurs on at least one vertex. See Figs. 3.1 and 3.2 for an illustration of these concepts. 

Linear programs are convex optimization problems, so a local maximum (minimum) is 

also a global maximum (minimum). Therefore, a common strategy for optimizing a linear 

1 See the derivation of this in Section 2.7. Also see Section 1.3 for background on the gradient. 
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) 

Figure 3.1 Visualization of level sets of the objective function overlaid with the convex feasible 

polytope. The maximum and minimum of the objective function always intersect at least one of the 

vertices of the polytope. Level sets of the objective are shown as gray lines, increasing from the origin. 

These level sets are equally spaced, since the objective is linear. This feasible polytope is consistent 

with the inequalities in Eq. (3.5). 

program is to search across vertices until a local extremum is found, which is also a global 

extremum. However, the number of vertices may grow rapidly in higher dimensions2, so 

exhaustively searching through all vertices is intractable. An efficient search strategy is 

required. 

First, we will illustrate how to solve a linear program by hand on a simple low-dimensional 

example. We use Dantzig’s simplex method [123, 124], which is a method to walk from 

vertex to vertex in directions that increase the objective function until no neighboring vertex 

increases the objective function. At this point a local maximum is attained, and by convexity 

this is also a global maximum. Dantzig’s simplex method is the simplest active set method, 

since we identify and test vertices by making a subset of the inequality constraints active and 

then solve the corresponding equality-constrained subproblem. This approach is relatively 

straightforward and scales well to large numerical problems. 

For even larger linear programs, we use interior point methods (IPMs), which are the other 

large class of solution techniques; these are discussed in Section 6.4. However, Dantzig’s 

simplex method is simple and robust, and it is still widely used in industry. 

Simple Example 
Consider the following simple example of a linear program with two decision variables and 

two constraint equations. Say there is a factory that manufactures two types of microscopes: 

inexpensive microscopes for classrooms, and expensive microscopes for research labs. 

The proft for each teaching microscope is $100 per unit and the proft for each research 

microscope is $400 per unit. The factory can make a maximum of 50 microscopes total per 

month, and there is a maximum demand for research microscopes of 30 per month. How 

many of each type of microscope should be made each day to maximize proft? 

2 The number of vertices on an dimensional hypercube is , so that a 10-dimensional cube has over a thousand 

vertices and a 20-dimensional cube has over a million vertices. 
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∇ 𝑓 (x)
∇ 𝑓 (x)

If we let the number of teaching microscopes be 𝑥1 and the number of research

microscopes be 𝑥2, then the linear program may be stated formally as:

max
𝑥1 ,𝑥2

100𝑥1 + 400𝑥2

s.t. 𝑥1, 𝑥2 ≥ 0

𝑥2 ≤ 30

𝑥1 + 𝑥2 ≤ 50.

(3.5)

The inequality constraints and resulting convex feasible polytope are shown in Fig. 3.3.

The maximum will occur on one of the vertices, so the simple brute force approach would

be to list all of the vertices and compute the objective function on each vertex:

𝑣1 : (0, 0) 𝑓 (𝑣1) = 0

𝑣2 : (50, 0) 𝑓 (𝑣2) = 5000

𝑣3 : (0, 30) 𝑓 (𝑣3) = 12000

𝑣4 : (20, 30) 𝑓 (𝑣4) = 14000.

The maximum occurs at the vertex (20, 30), which is consistent with our intuition. However,

we need a more robust algorithm for solving these problems that scales to higher dimensions.

To this end, we will introduce Dantzig’s simplex method in a few sections to systematically

solve linear programs in arbitrary dimension.

It is also straightforward to solve linear programs in Python, for example using the pulp

package with the following code:

This linear program can be formulated and solved simply, by hand. In fact, we do not

need to resort to formal mathematical arguments to know that the best strategy is to make

30 of the more profitable research microscopes, up to the limit of demand, and then make

the remaining 20 inexpensive teaching microscopes to fill the factory’s capacity. However,

stating and solving this problem formally will help illustrate how to solve more complex

linear programs in a systematic way using Dantzig’s simplex method.

Figure 3.2 If the gradient of the objective function, given by the vector ∇ 𝑓 = c, rotates, then

the maximum may occur on a different vertex. There are also cases where the gradient vector is

perpendicular to one of the edges of the polytope, in which case the entire edge, including the two

bounding vertices, is a local maximum.
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feasible!
set C

x1 + x2 ∇ 50

x2 ∇ 30

x1, x2 ≥ 0

Figure 3.3 The convex feasible polytope given by the constraint equations in Eq. (3.5). Feasible 

solutions are limited to the positive quadrant ( 0 and 2 0≥ ). The additional constraints 2 ≤ 30

and 1 2 50 + ≤ form a bounded, convex polytope with four vertices. 

CodeSnip 3.a import pulp 

# Create a linear programming problem instance 

lp_problem = pulp.LpProblem("Maximize_Profit", pulp.LpMaximize) 

# Define the variables 

x1 = pulp.LpVariable(’x1’, lowBound=0, cat=’Continuous’) 

x2 = pulp.LpVariable(’x2’, lowBound=0, cat=’Continuous’) 

# Set the objective function 

lp_problem += 100 * x1 + 400 * x2, "Total Profit" 

# Add constraints 

lp_problem += x2 <= 30, "Constraint_y_upper_bound" 

lp_problem += x1 + x2 <= 50, "Constraint_combined" 

lp_problem.solve() # Solve the problem 

print("Optimal value of x1:", pulp.value(x1)) 

print("Optimal value of x2:", pulp.value(x2)) 

print("Maximum Profit:", pulp.value(lp_problem.objective)) 

The output of this code is 

CodeSnip 3.b Optimal value of x1: 20.0 
Optimal value of x2: 30.0 
Maximum Profit: 14000.0 

which agrees with our earlier vibe calculations. 

3.2 Polytopes, Vertices, and High-Dimensional Geometry 

Identifying vertices is challenging in higher dimensions. Before we proceed to Dantzig’s 

simplex method, it is helpful to understand the geometry of the convex polytopes that 

define the feasible regions in linear programs. The essence of the simplex method involves 
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 edges to bound in 2D∇ 3

 surfaces to bound in 3D∇ 4

 surfaces to bound in D∇ n + 1 n

Figure 3.4 Examples of polytopes and their geometries in various dimensions. 

searching from vertex to vertex in directions that locally increase the objective function until 

a local maximum, and thus a global maximum, is found. We need a robust strategy to relate 

vertices to inequality constraints, so that we can efficiently move from vertex to vertex. 

Fundamentally, each boundary of the polytope is determined by a particular inequality 

constraint being active or tight, at which point it behaves like an equality constraint. Each 

vertex is the intersection of several boundaries, meaning that it is defined by some subset 

of the inequality constraints being active. We will introduce the slack variable form, which 

allows us to flexibly relax some inequality constraints while making others active. This is 

an important technique in active set methods, and it will allow us to walk from vertex to 

vertex. 

It is impossible to fully visualize geometric objects in higher-dimensional spaces3, so it 

is helpful to build intuition in two-dimensions and three-dimensions, and then extrapolate 

rules and intuition. Figure 3.4 describes the basic notion of polytopes in two-dimensions, 

in three-dimensions, and in 𝑛-dimensions. 

Slack Variables and Polytopes 
We introduce slack variables s ∈ R𝑚 to the linear program in Eq. (3.1) to make it easier to 

determine which inequalities are active. This allows us to and move from vertex to vertex. 

The slack variables, s, have as many dimensions as there are constraint equations in Ax ≤ b. 

3 There are legends of hallucinagenic parties in the 1960s, where mathematicians would get together and try 

to expand their minds, to visualize higher-dimensional geometries. I am aphantasic, and can’t even picture 

two-dimensional space with my eyes closed. 
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Panel 3.1: Geometric Properties and Polytopes 

There are several basic properties that build our intuition: 

• Every pair of adjacent vertices are connected by a one-dimensional edge. 

• The (nonempty) intersection of 2 (nonparallel) edges is a vertex. 

• The intersection of 2 two-dimensional surfaces is a one-dimensional edge. 

• In two-dimensions, polytopes are bounded by at least 3 one-dimensional edges; 

picture 𝑥1, 𝑥2 ≥ 0 and 𝑥1 + 𝑥2 ≤ 1. 

• In three-dimensions, polytopes are bounded by at least 4 two-dimensional 

surfaces; picture 𝑥1, 𝑥2, 𝑥3 ≥ 0 and 𝑥1 + 𝑥2 + 𝑥3 ≤ 1. 

• In �-dimensions, polytopes are bounded by at least � + 1 distinct (� − 1)-
Í

� 𝑥 � ≤ 1dimensional surfaces; picture x ≥ 0 and . 

• In �-dimensions, a single inequality constraint defines a half-space bounded by 

an (� − 1)-dimensional surface; so in two-dimensions an inequality constraint 

defines a half-plane bounded by an edge, and in three-dimensions an inequality 

constraint defines a half-space bounded by a two-dimensional surface. 

• Thus, the intersection of � + 1 inequality constraints will bound a polytope in 

�-dimensions. I encourage the reader to confirm that this matches the specific 

cases in two-dimensions and three-dimensions above. 

• In �-dimensions, the vertices of a polytope are given by � active constraints. 

Introducing slack variables, the linear program becomes 

max 
x 

cTx, 

s.t. x, s ≥ 0, 
Ax + s = b. 

(3.6) 

This is equivalent to Eq. (3.1), since s = b − Ax ≥ 0. We typically move everything except 

for s to the right of the equation, which results in 

max cTx, 
x 

s.t. x, s ≥ 0, 
s = b − Ax. 

(3.7) 

Each component �� of s quantifies how close x is to the �-th inequality boundary. When 

�� = 0, the �-th inequality is active, and we are on the boundary defined by this equality. 

Recall that for a feasible polytope in �-dimensions, each vertex is defined by � inequality 

constraints being active, so they behave like equality constraints. Each corresponding slack 

variable is equal to zero and the decision variable is on the boundary of the constraint; i.e., 

it is tight up against the constraint boundary. The remaining constraints are inactive, and 

there is some slack between the current decision variable and those inequality boundaries4. 

4 In some literature, the active/tight variables are called non-basic variables, and the loose/slack variables are 

called basic variables. We do not use this notation here, but it is useful for the reader to be aware of all of the 

various synonyms in the linear programming literature. 
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For example, at the origin, the constraints x ≥ 0 are tight, and the variables s are all strictly 

greater than zero, indicating that they are slack or loose variables. 

In slack variable form, the variables on the left of equality s = b − Ax in Eq. (3.7) are the 

loose or slack variables, and those to the right are the tight variables. If we move to another 

vertex, where the 𝑗-th row of Ax ≤ b becomes an active constraint, the variable s 𝑗 becomes 

tight and moves to the right hand side of the equation, and whichever variable is now loose 

moves to the left hand of the equation. Writing the inequality constraints in slack variable 

notation makes it simple to see which constraints are active, and hence which vertex we are 

currently centered about. An interior point will be away from any boundary, in which case 

all of the variables will be loose. 

Finding a new feasible vertex in higher dimensions, given by 𝑛 active constraint equations, 

can be very computationally challenging. Solving for a vertex, given by a set of 𝑛 active 

constraints, involves a large matrix inversion. For example, consider a problem with 𝑛 
decision variables x ∈ R𝑛 and 𝑚 constraint equations, so that A ∈ R𝑚×𝑛. There are also 

generally 𝑛 non-negativity constraints x ≥ 0 in addition to the 𝑚 constraints in Ax ≤ b, 

resulting in 𝑛 + 𝑚 total constraints. Each vertex is determined by 𝑛 of the constraints being 

active or tight, so vertices will be given by a subset of 𝑛 out of the total 𝑛 + 𝑚 constraints 

being active. For each of the 𝑛 active constraints, we must solve a linear equation to move 

the active variables to the right hand side of the equations. For the sake of simplicity, let’s 

say that the 𝑛 active constraints are selected from the 𝑚 equations in Ax ≤ b, although 

in general they may be selected from these 𝑚 equations and from the 𝑛 non-negativity 

constraints. Then these constraints become equalities 

˜ ˜ Ax = b (3.8),

where Ã and b̃ are obtained by selecting the given 𝑛 rows of A and b. We must solve 

this linear system for x via matrix inversion, typically by Gaussian elimination or a similar 

method. Matrix inversion becomes increasingly expensive as the system size grows, with 

the number of calculations being roughly proportional to the cube of the dimension, O(𝑛3). 

Thus, solving for vertices becomes prohibitively expensive in higher dimensions. 

If instead, we start with a vertex and walk to a new, nearby vertex that is connected via 

an edge, we have a much simpler set of matrix computations: we need only choose one 

slack variable to tighten and one tight variable to loosen. This corresponds to choosing one 

inactive constraint to become active, and one active constraint to become inactive. This 

procedure of only swapping one pair of variables is much more computationally efficient 

than solving for an entirely new vertex, and is the basis of the simplex method. 

3.3 Dantzig’s Simplex Method 

Dantzig’s simplex method relies on two major properties of linear programs: 

• A local extremum must occur on a vertex, assuming that the feasible set is a bounded

polytope.

• The local extremum is a global extremum because linear programs are convex

optimization problems.
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Solving a linear program thus amounts to finding a local maximum by searching 

across vertices. The simplest approach would be to enumerate all vertices and evaluate 

the objective function. However, as discussed earlier, the number of vertices scales poorly 

with the dimensions of the problem, and even identifying and enumerating individual 

vertices becomes a non-trivial linear algebra problem in higher dimensions. 

An alternative approach is to start with a vertex, and intelligently walk from vertex to 

vertex until we find a local minimum or maximum, which will be globally optimal by 

convexity. The process of going from vertex to vertex is called pivoting, and there are 

several strategies. Dantzig’s pivot rule is the most commonly used pivoting technique. In 

general, this is much more computationally efficient than solving for an entirely new vertex 

from a set of 𝑛 active constraints, as we simply pick one active constraint to relax, and a 

new inactive constraint to tighten, walking us to the next vertex. 

The idea is to use slack variables to walk from vertex to vertex (e.g., pivot to pivot) 

until the objective function cannot be improved any more in any free direction, at which 

point global optimality is achieved. The objective function must increase monotonically, or 

at least not decrease, from pivot to pivot, otherwise the function is not convex. Any loose 

variable may increase by a positive amount without violating any inequality constraint, as 

its corresponding slack variable is nonzero. Here, we first describe the procedure, and then 

we will work through a full example. 

Dantzig’s pivot rule proceeds as follows: 

1. Pick one of the active constraints to relax (i.e., to loosen). This constraint corresponds

to one of the inequalities that is currently active or tight, meaning that it is one of the

boundaries defining the current vertex. The inequality we choose to loosen will define

the boundary we walk away from, towards a new vertex.

Dantzig’s pivot rule picks the coordinate direction where the objective function

increases the most, and if this variable is currently tight, then we loosen it. The direction

of fastest increase of the objective function is given by the gradient ∇ 𝑓 . Thus, we select

the slack variable corresponding to the greatest component of the gradient.

It is convenient to define the objective function 𝑓 in terms of tight variables only,

which is possible using slack variable form. The gradient is then computed with respect

to the tight variables, so we only look for directions of opportunity that can be loosened.

2. Once we select a tight variable to loosen (i.e., an active constraint to relax), we must

choose another loose variable to tighten (i.e., an inactive constraint to make active). This

will define the new vertex that we move to. Generally, we pick among the slack variables,

finding the inequality that will be violated first when increasing the newly loosened

variable.

To identify which inequality will be violated first, we take the constant 𝑏 𝑗 in each

candidate inequality, divided by the coefficient 𝑎 𝑗 on the newly loosened variable in

that row. The inequality that will be violated first will have the smallest ratio 𝑏 𝑗 /𝑎 𝑗 . If
the newly loosened variable doesn’t appear in a given row equation, then this row isn’t

considered for selecting a tight variable.

3. Finally, we need to recenter our problem at the new vertex. We accomplish this by taking

the inequality that will be violated first, and swapping the position of the loosened and
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tightened variables, so that the newly loosened variable is on the left of the equation, 

and the newly tightened variable is on the right of the equation. Then, we replace every 

instance of this newly loosened variable in the objective function and on the right hand 

side of every other inequality, in terms of tight variables. As we will see in the simplex 

tableau formulation in the next section, this is nearly identical to row reduction and 

pivoting in Gaussian elimination, when computing the inverse of a matrix. 

Simple Example 
Let’s now revisit the example from Section 3.1. The linear program may be written as: 

max 100 𝑥1 + 400 𝑥2 
x 

s.t. 𝑥1, 𝑥2 ≥ 0
(3.9) 

𝑥1 + 𝑥2 ≤ 50 

𝑥2 ≤ 30.

It is possible to add two slack variables (𝑠1, 𝑠2) and write the constraints in slack variable 

notation: 

𝑥1, 𝑥2, 𝑠1, 𝑠2 ≥ 0 

𝑥1 + 𝑥2 + 𝑠1 = 50 

𝑥2 + 𝑠2 = 30.

For intuition about the geometric interpretation of 𝑠1 and 𝑠2, see the illustration in Fig. 3.5. 

Moving the slack variables to the left side of the equality constraints yields: 

𝑥1, 𝑥2, 𝑠1, 𝑠2 ≥ 0 

𝑠1 = 50 − 𝑥1 − 𝑥2 

𝑠2 = 30 − 𝑥2.

At each step of Dantzig’s simplex algorithm we then walk to another vertex, choosing 

one variable on the right to tighten and one variable on the left to loosen, moving from one 

inequality constraint boundary to another. In slack variable form, we can read off 𝑠1 and 𝑠2 

by setting 𝑥1 and 𝑥2 equal to zero. This means that at the current vertex we have 𝑥1 = 𝑥2 = 0 

and 𝑠1 = 50, 𝑠2 = 30. Thus, this equation is written in a form that is centered at the vertex 

(0, 0). This procedure of using slack variables to define boundaries of the feasible polytope 

is visualized in Fig. 3.5. 

From here on, we won’t keep writing 𝑥1, 𝑥2, 𝑠1, 𝑠2 ≥ 0, as this will always be true. 

Step 1. Vertex (0, 0): Currently, the variables [ ] 𝑥1, 𝑥2 are tight and 𝑠1, 𝑠2 are loose. The

gradient is 
100

∇( 𝑥1 ,𝑥2 ) 𝑓 = 
400 

, which is larger in the 𝑥2 direction, so we choose

to loosen the 𝑥2 variable; note that we have explicitly written ∇( 𝑥1 ,𝑥2 ) to indicate 

that we are taking the gradient of 𝑓 with respect to the variables (𝑥1, 𝑥2). Since the 

𝑠2 = 0 constraint will be violated first when increasing 𝑥2, we choose to tighten 

𝑠2; in the first inequality, 𝑏1 = 50 and 𝑎1 = 1, and in the second inequality, 
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s
2 = 0 s

1
= 0

max

Figure 3.5 Illustration of how slack variables allow one to walk from vertex to vertex. To go from

the first to the second vertex, we tighten the �2 slack variable until �2 = 0, at which point we are tight

against the boundary of this inequality. Similarly, to go from the second to the third vertex, we tighten

the �1 slack variable until �1 = 0, at which point we are tight against the boundary of this inequality.

𝑏2 = 30 and 𝑎2 = 1, so 𝑏2/𝑎2 < 𝑏1/𝑎1 and the second inequality is violated first.

This choice determines along which edge we will progress and which inequality

constraint will specify the next vertex in the iteration.

Loosening 𝑥2 and tightening �2 changes the second slack constraint equation to5

𝑥2 = 30 − �2.

Substituting this into the cost function and other constraint equations yields the

optimization problem, centered around the new vertex (0, 30).

The optimization problem now reads:

max
𝑥1 ,𝑠2

100𝑥1 − 400�2 + 12000

s.t. �1 = 20 − 𝑥1 + �2

𝑥2 = 30 − �2.

The objective function increased by 12000 at this vertex. This may be evaluated

by setting the tight variables 𝑥1 = �2 = 0.

Step 2. Vertex (0, 30): Now the variables 𝑥1, �2 are tight and �1, 𝑥2 are loose. The objective

function now has a gradient ∇(𝑥1 ,𝑠2 ) 𝑓 =

[

100

−400

]

, which only increases in the

positive 𝑥1 direction. Thus, this is the only direction we can move our vertex and

increase the objective function.

We now choose 𝑥1 to loosen, and �1 to tighten, as the �1 = 0 constraint is violated

first when increasing 𝑥1. The first slack constraint equation now becomes

𝑥1 = 20 − �1 + �2.

5 This convention of loose variables on the left and tight variables on the right follows the mnemonic for tightening

or loosening screws: “lefty loosey, righty tighty”.
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s 2
=

0

s1
=

0

max

Figure 3.6 Illustration of convex feasible polytope for the linear program in Eq. (3.10). We also

Substituting this into our objective function and other equations now yields a new

optimization problem, centered at the vertex (20, 30):

max
s

− 100�1 − 300�2 + 14000

s.t. 𝑥1 = 20 − �1 + �2

𝑥2 = 30 − �2.

Now the objective function value has increased to 14000 at the vertex (𝑥1, 𝑥2) =

(20, 30), with �1 = �2 = 0. Since the gradient of the objective function decreases in

both the positive �1 and directions, this vertex is a local maximum and cannot be

increased by moving in the �1

�2

or �2 directions. By convexity, this local maximum

is also a global maximum.

Thus, the global optimum occurs at (𝑥1, 𝑥2) = (20, 30) with a value of 14000.

Another Example in Two Dimensions
Let’s consider another simple two-dimensional example:

max
x

𝑥1 + 2𝑥2

s.t. 𝑥1, 𝑥2 ≥ 0

2𝑥2 − 𝑥1 ≤ 2

2𝑥1 − 𝑥2 ≤ 2.

(3.10)

The feasible set is visualized in Fig. 3.6. In this example, the path from vertex to vertex

does not always strictly follow a coordinate direction, as in the example above, and we will

see more clearly the role of the slack variable in Dantzig’s simplex method.

include the slack variable boundaries to illustrate how slack variables allow one to walk from vertex

to vertex.
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We begin by putting this problem in slack-variable notation: 

max 𝑥1 + 2𝑥2 
x 

s.t. 𝑥1, 𝑥2, 𝑠1, 𝑠2 ≥ 0
𝑠1 = 2 + 𝑥1 − 2𝑥2 

𝑠2 = 2 + 𝑥2 − 2𝑥1.

Step 1. Vertex (0, 0): Currently, the variables are tight and  [ ]
1

∇(𝑥1 ,𝑥2 ) 𝑓 = 2 

𝑥1, 𝑥2  𝑠1, 𝑠2 are loose. The 

gradient is , which is largest in the 𝑥2 direction, so we loosen 

the 𝑥2 variable. Since the 𝑠1 = 0 constraint will be violated first when increasing 

𝑥2, we tighten 𝑠1. This choice determines which edge we walk along and which 

inequality constraint (𝑠1 = 0 will specify the next vertex we walk to). 

Loosening 𝑥2 and tightening 𝑠1 changes the first slack constraint equation to 

𝑥2 = 1 − 𝑠1/2 + 𝑥1/2.

Substituting this into the cost function and other constraint equations yields the 

optimization problem, centered around the new vertex (0, 1). 
The optimization problem now reads: 

max 2 + 2𝑥1 − 𝑠1 
𝑥1 ,𝑠1 

s.t. 𝑥2 = 1 − 𝑠1/2 + 𝑥1/2

𝑠2 = 3 − 3𝑥1/2 − 𝑠1/2.

Note that the objective function increased by 2 at this vertex. 

Step 2. Vertex (0, 1): Now the variables 𝑥1, 𝑠1 are tight and [ ]
2

∇( 𝑥1 ,𝑠1 ) 𝑓 = 
−1

 𝑥2 , 𝑠2 are loose. The objective 

function has a gradient , which only increases in the positive 

𝑥1 direction. Thus, we choose 𝑥1 to loosen and 𝑠2 to tighten, as this is the first 

inequality condition that will be violated when increasing 𝑥1. The 𝑠2 constraint 

becomes 

𝑥1 = 2 − 𝑠1/3 − 2𝑠2/3.

Substituting this into our objective function and other equations now yields a new 

optimization problem, centered at the vertex (2, 3) 

max 6 − 5𝑠1/3 − 4𝑠2/3 
𝑠1 ,𝑠2 

s.t. 𝑥1 = 2 − 𝑠1/3 − 2𝑠2/3

𝑥2 = 2 − 2𝑠1/3 − 𝑠2/3.

At this point the objective function is decreasing in both the positive 𝑠1 and 𝑠2 

directions (the tight variables), so we are at a local maximum, and hence a global 

maximum. The maximum value is 6 at the point (𝑥1, 𝑥2) = (2, 2). 
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max

v0

v1 v2

v3

Figure 3.7 Illustration of convex feasible polytope for the linear program in Eq. (3.11). This polytope

is a simple cube.

Example in Three Dimensions
We will now consider an example in three dimensions:

max
x

𝑥1 + 2𝑥2 + 3𝑥3

s.t. x, s ≥ 0

𝑠1 = 1 − 𝑥1

𝑠2 = 1 − 𝑥2

𝑠3 = 1 − 𝑥3.

(3.11)

The feasible set is a cube, shown in Fig. 3.7.

Step 1. Vertex (0, 0, 0): Currently, the variables 𝑥1, 𝑥2, 𝑥3 are tight and 𝑠1, 𝑠2, 𝑠3 are loose.

The gradient is
T

∇ 𝑓 =

[

1 2
]

3 , which is largest in the 𝑥3 direction, so we

loosen the 𝑥3 variable. Since the 𝑠3 = 0 constraint will be violated first when

increasing 𝑥3, we tighten 𝑠3.

Loosening 𝑥3 and tightening 𝑠3 changes the third slack constraint equation to

𝑥3 = 1 − 𝑠3.

Substituting this into the cost function and other constraint equations yields the

optimization problem, centered around the new vertex (0, 0, 1).

The optimization problem now reads:

max
𝑥1 ,𝑥2 ,𝑠3

𝑥1 + 2𝑥2 − 3𝑠3 + 3

s.t. 𝑠1 = 1 − 𝑥1

𝑠2 = 1 − 𝑥2

𝑥3 = 1 − 𝑠3.

The objective function increased by 3 at this vertex.

Step 2. Vertex (0, 0, 1): Now the variables 𝑥1, 𝑥2, 𝑠3 are tight and 𝑠1, 𝑠2, 𝑥3 are loose. The

objective function now has a gradient
T

∇ 𝑓 =
[

1 2 −3
]

, which increases most

rapidly in the positive 𝑥2 direction. Thus, we now choose 𝑥2 to loosen, and 𝑠2 to

tighten, as the 𝑠2 = 0 constraint will be the first to be violated when increasing 𝑥2.

The second slack constraint equation now becomes

𝑥2 = 1 − 𝑠2.
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Substituting this into our objective function and other equations now yields a new 

optimization problem, centered at the vertex (0, 1, 1): 

max 𝑥1 − 2𝑠2 − 3𝑠3 + 5 
𝑥1 ,𝑠2 ,𝑠3 

s.t. 𝑠1 = 1 − 𝑥1 

𝑥2 = 1 − 𝑠2 

𝑥3 = 1 − 𝑠3.

The objective value has increased to 5 at the vertex (𝑥1, 𝑥2, 𝑥3) = (0, 1, 1). 
Step 3. Vertex (0, 1, 1): Now the variables 𝑥1, 𝑠2, 𝑠3 are tight and 𝑠1] , 𝑥2, 𝑥3 are loose. The

objective function now has a gradient , which only increases 

in the positive 

[ T
∇ 𝑓 = 1 −2 −3 

𝑥1 direction. Thus, we loosen 𝑥1 and tighten 𝑠1, as the 𝑠1 = 0 

constraint will be violated first when increasing 𝑥1. The first slack constraint 

equation now becomes 

𝑥1 = 1 − 𝑠1.

Substituting this into our objective function and other equations now yields a new 

optimization problem, centered at the vertex (1, 1, 1): 

max − 𝑠1 − 2𝑠2 − 3𝑠3 + 6 
𝑠1 ,𝑠2 ,𝑠3 

s.t. 𝑥1 = 1 − 𝑠1 

𝑥2 = 1 − 𝑠2 

𝑥3 = 1 − 𝑠3.

Since the gradient of the objective function decreases in all directions, this vertex 

is a local maximum and cannot be increased. By convexity, this local maximum 

is also a global maximum. 

Thus, the global optimum point occurs at (𝑥1, 𝑥2, 𝑥3) = (1, 1, 1) with a value of 6. 

3.4 Simplex Tableau Method 

We just saw how Dantzig’s simplex algorithm conceptually operates by moving from one 

vertex of the feasible polytope to another, testing and improving the objective until no 

further improvement is possible. However, rewriting the entire linear program at each pivot 

step quickly becomes cumbersome in high dimensions. 

The simplex tableau method provides a systematic matrix-based procedure for these pivot 

steps, making it possible to program a computer to perform a sequence of row operations 

similar to Gaussian elimination. The basic idea is to rewrite the linear program in a matrix 

format, known as the tableau, where it is simpler to keep track of the operations in each 

iteration. In each iteration, we pivot on a selected row and column entry, updating the tableau 

to reflect how we move from one feasible solution (vertex) to the next. The transcription of 

a linear program into the simplex tableau is shown in Fig. 3.8. 
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x, s ≥ 0

Ax + s = b

s.t.

max
x

f (x) = c
T
x

[1 −c
T

0 0][0 A I b][ ]
f

f
x

x

s

Figure 3.8 Illustration of the mapping of a linear program into simplex tableau form.

The operations involved in the simplex tableau method will be closely related to the row

operations and pivoting that we are familiar with from classic matrix inversion. Recall that

to invert a matrix A, we may form the augmented system
[

A | I
]

(3.12)

and repeat row operations and pivoting until the matrix on the left becomes the identity I

and the matrix on the right becomes the inverse of A:
[

I | A
−1

]

. (3.13)

In the simplex tableau, we follow a similar pattern of pivoting to maintain an identity-

like block that represents the current slack variables at each vertex, with the remaining

columns representing the active variables. This means each pivot step modifies one row

(corresponding to the variable to make active) and one column (corresponding to the

variable to make slack), just as we do in a single Gaussian elimination pivot.

Constructing the Initial Tableau
Initializing the tableau essentially amounts to transcribing the problem into a matrix

notation, given by the following:

𝑓 x s

𝑓

s

[

1 −c
T

0 0

0 A I b

]

.
(3.14)

The objective function and constraint equations may be read easily from this tableau. The

objective function is the first row, written in terms of the active and inactive variables; as

we move from vertex to vertex, different subsets of these variables will take turns being

active and inactive. The constraint equations similarly appear in matrix form and can be

read as

Ax + s = b. (3.15)

The first column corresponds to the objective function 𝑓 , the next 𝑛 columns to the

active variables (initially the variables x), the next 𝑚 columns to the inactive slack variables

(initially the variables s), and the last column to the right hand side, which will include

information about the current value of 𝑓 at the current vertex. The first row encodes the

objective function equation and the second row encodes the 𝑚 constraint equations. We

typically label the left of the second row with the names of the slack variables for that row

equation (initially s).
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0

0

⋮

0

A I b

1 [ −c
T ] [0 0 ⋯ 0] 0

si

tighten

xj

loosen

pivot

Figure 3.9 Illustration of Simplex Tableau method. Similar to row-reduction when computing the

inverse of a matrix, we iteratively choose pivot locations and eliminate all terms above and below the

pivot with row operations.

Pivot Step and Iteration
We now define an iterative procedure that is equivalent to how we walked from vertex to

vertex in the simplex method above. This is shown schematically in Fig. 3.9. Each iteration

picks:

1. Tight Variable to Loosen (column): Among the active variables, choose one whose

coefficient in the objective row suggests an increase in objective if we increase it in the

positive direction. A simple rule is Dantzig’s pivot rule: pick the variable with the most

negative coefficient (in a maximization problem) in the objective row. This variable will

be selected to be loosened.

2. Loose Variable to Tighten (row): Among the slack variables, choose the one that becomes

zero first if we increase the newly loosened variable, to avoid violating constraints.

This is determined by the minimum ratio test: pick the row with the smallest ratio

RHS/pivot coefficient.

3. Row Reduction about Pivot: Perform row operations so that the pivot entry becomes

1, and all other entries in that pivot column become 0. This is exactly like a Gaussian

elimination pivot. The newly chosen column variable becomes loose and the row variable

becomes tight. Sometimes we say that the row variable leaves the basis.

After the pivot, we obtain an updated tableau reflecting a new feasible vertex with a

higher objective. We repeat until no negative coefficients remain in the objective row, or

until we meet a stopping criterion in other pivot rules. At that point, we have found the

optimum.

The simplex tableau method is the matrix-level realization of Dantzig’s simplex

algorithm. Each pivot corresponds to row operations akin to Gaussian elimination,

systematically replacing one loose variable with another and updating the objective row.

Despite alternative polynomial-time interior-point methods, the tableau approach remains

a cornerstone of linear programming and is still used in many modern solvers, thanks to its

interpretability and strong performance on typical industrial linear programs.
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Simple Example, Revisited 
We now revisit the example from Eq. (3.9), which we solved by hand using Dantzig’s simplex 

method. Here we will solve this using the simplex tableau method. Comparing each step 

side-by-side, it will become clear that these two methods are equivalent representations of 

the same basic steps. 

We begin by initializing the tableau, as described in Eq. (3.14) above, by first transcribing 

the objective function into the first row and the inequality constraint equations into the 

remaining rows: 

𝑓 𝑥1 𝑥2 𝑠1 𝑠2 

𝑓 
𝑠1 

𝑠2 

 

1 

0 

0 

−100 

1 

0 

−400 

1 

1 

0 

1 

0 

0 

0 

1 

0 

50 

30 

 
. 

(3.16) 

Now we proceed by identifying a pivot and performing row operations to eliminate 

entries in the same column. The pivot in this step will correspond to the 𝑥2 variable, as 

the gradient has the largest magnitude in this direction. After row operations, the simplex 

tableau becomes: 

𝑓 𝑥1 𝑥2 𝑠1 𝑠2 

𝑓 1 −100 0 0 400 12000 

𝑠1 

 
0 1 0 1 20 

 
−1 

𝑥2 0 0 1 0 1 30 

.
(3.17) 

It is possible to read off key information about the optimization problem from the tableau 

at this step. For example, the objective function value is 12000. Similarly, based on the 

pivot locations and the values in the right column, we see that we are at the vertex given by 

(𝑠1, 𝑥2) = (20, 30), or by (𝑥1, 𝑥2) = (0, 30). 

We now identify the next pivot, 𝑥1, as there is still room to optimize in the objective 

function by loosening this variable. Performing the given row operations with this column 

yields: 

𝑓 𝑥1 𝑥2 𝑠1 𝑠2 

𝑓 1 0 0 100 300 14000 

𝑥1 

 
0 1 0 1 20 

 
−1 

𝑥2 0 0 1 0 1 30 

.
(3.18) 

Now we see that there is no more room to optimize, so we have found a local, and hence 

global optimum solution. The objective function at this pivot is 14000. Similarly, based 

on the pivot locations and the values in the right column, we see that we are at the vertex 

(𝑥1, 𝑥2) = (20, 30). 

Exceptions and Different Problem Types 
The simplex tableau method is robust and flexible, but there are some exceptions and edge 

cases that require special attention. Specifically, we will consider cases when the feasible 
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polytope is unbounded, when constraints become degenerate, and large-scale problems

where the tableau method becomes intractable. We will also discuss cases where the linear

program doesn’t fit easily into slack variable form.

Unbounded Problems. It may be the case that we don’t have enough inequality

constraints to properly bound the feasible polytope. If during the minimum ratio test all

pivot coefficients are less than zero, or no feasible pivot is found, the objective can increase

indefinitely, indicating an unbounded linear program (see Panel 3.2).

Degeneracy. Sometimes multiple constraints become active at once, or the ratio test

yields a tie. This can cause cycling, where we pivot among the same vertices. Solvers use

anti-cycling rules, like Bland’s rule, to break these ties.

Panel 3.2: Unbounded Polytopes

Until now, we have assumed that the inequality constraints defined a closed and

bounded polytope, which guarantees the existence of an optimal solution (e.g., a

minimum or a maximum) that is attainable, meaning that the solution is finite.

However, some inequality constraints result in unbounded polytopes, as in the

following

max
𝑥1 ,𝑥2

𝑥1 + 𝑥2

s.t. 𝑥1, 𝑥2 ≥ 0

2𝑥1 − 𝑥2 ≥ 2

2𝑥2 − 𝑥1 ≥ 2.

In this example, 𝑥1 = 𝑥2 → ∞ is a feasible solution, which is not attainable. You

may confirm that the dual problem is infeasible, meaning that the feasible set is

empty. This will require duality theory, which we will discuss in Section 3.5.

feasible

set C

≥ 0x1

2x2 − x1 ≥ 2

x2 ≥ 0

2x1 − x2 ≥ 2

Figure 3.10: Unbounded polytope.
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Large-Scale Problems. For extremely large problems, the tableau method can become 

memory-intensive or slow. Modern linear program solvers often switch to interior point 

methods, which are discussed in Section 6.4. Still, the simplex tableau remains conceptually 

simple, robust, and widely used for mid-sized linear programs. 

Nonstandard Problems: Phase I and Artificial Variables 

Sometimes a linear program does not naturally fit into slack form with x ≥ 0 and Ax+s = b, 

for example if we have equality constraints Ax = b, or if our original constraints included 

terms like Ax ≥ b instead of Ax ≤ b. These are still convex and linear, hence they fit into 

the framework of linear programming. However, they are not in the standard form Ax ≤ b 

with x ≥ 0. 

The simplex method relies on starting with a basic feasible solution that satisfies all of 

the constraints with nonnegative values. In standard form, this is easy, as we simply set 

x = 0 and s = b. However, for non-standard linear programs, with equality constraints or 

greater-than-or-equal constraints, we may not be able to simply start at x = 0, as this might 

violate some of the constraints if b ≠ 0. In this case, we run a “Phase I” simplex to find a 

feasible solution about which to initialize. 

The Phase I simplex involves introducing artificial variables 𝑟 𝑗 ≥ 0 to each problematic 

constraint that does not admit a slack variable. For this discussion, consider a set of equality 

constraints Ax = b, which we augment to Ax + r = b. For any feasible solution, we require 

r to equal zero. Thus, our initial simplex solves the following minimization 

min 1Tr, 
x,r 

s.t. Ax + r = b, (3.19) 

x, r ≥ 0. 

If the minimum value is 0, corresponding to r = 0, then we may drop the r and we have a 

feasible initial vertex. If the minimum value is greater than 0, then there is no set of x that 

satisfies the initial equalities, meaning that the problem is infeasible. 

Once we find a feasible solution about which to initialize, we remove the artificial 

variables and proceed with a standard tableau method in “Phase II”. Hence, Phase I is about 

finding a feasible initialization for nonstandard problems, while Phase II solves the original 

linear program from that feasible starting point. Once 𝑟 𝑗 = 0 for each artificial variable, 

they no longer appear in the constraints or objective, effectively removing them from the 

problem. 

3.5 Duality in Linear Programming 

For every linear program (called the primal), there is an associated dual linear program that 

provides an upper bound on the optimal value of the primal. The objective and constraints 

of the primal and are closely related to those of the dual through a systematic transposing 

procedure that we briefly introduce here. Duality is one of the most elegant and useful 

results in optimization, and it is discussed more in Chapter 6. It is the foundation of interior 
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point methods, which are used to solve a broad class of convex optimization problems, 

including linear programs. Duality is particularly intuitive and straightforward in the case 

of a linear program. It may be helpful to cross reference against Panel 6.3 in Chapter 6. 

Consider the following primal problem with decision variables 𝑥1, 𝑥2 ≥ 0: 

max 𝑥1 + 4𝑥2, 
x 

s.t. 𝑥1 + 𝑥2 ≤ 5, 
𝑥1 ≤ 4, 
𝑥2 ≤ 3, 
𝑥1, 𝑥2 ≥ 0. 

The dual problem seeks an upper bound for this maximum. A good upper bound is larger 

than the objective for any feasible point. Thus, we may begin with the constraint equations. 

Specifically, we multiply each of the first three constraint equations by 𝑦1, 𝑦2, and 𝑦3: 

𝑦1 (𝑥1 + 𝑥2) ≤ 5𝑦1, 
𝑦2 (𝑥1) ≤ 4𝑦2, 
𝑦3 (𝑥2) ≤ 3𝑦3 

and then we add up all inequalities and regroup terms: 

𝑦1 (𝑥1 + 𝑥2) + 𝑦2 (𝑥1) + 𝑦3 (𝑥2) ≤ 5𝑦1 + 4𝑦2 + 3𝑦3 

= ⇒ 𝑥1 (𝑦1 + 𝑦2) + 𝑥2 (𝑦1 + 𝑦3) ≤ 5𝑦1 + 4𝑦2 + 3𝑦3. 

Recall that we want to bound the maximum of 𝑥1 + 4𝑥2. Thus, as long as 𝑦1 + 𝑦2 ≥ 1 and 

𝑦1 + 𝑦3 ≥ 4, then 5𝑦1 + 4𝑦2 + 3𝑦3 provides an upper bound. To make this bound as tight 

as possible, we may minimize this expression 5𝑦1 + 4𝑦2 + 3𝑦3 subject to the constraints 

𝑦1 + 𝑦2 ≥ 1 and 𝑦1 + 𝑦3 ≥ 4: 

min 5𝑦1 + 4𝑦2 + 3𝑦3, 
y 

s.t. 𝑦1 + 𝑦2 ≥ 1, 
𝑦1 + 𝑦3 ≥ 4, 
𝑦1, 𝑦2, 𝑦3 ≥ 0. 

Thus we have arrived at the dual problem. The weightings y of the primal constraints have 

become the dual variables. The c vector from the primal objective becomes the b vector in 

the dual, the b vector from the primal becomes the c vector in the dual, and the A matrix in 

the primal becomes the AT matrix in the dual. 
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General Form: Primal and Dual 
More generally, for the primal linear program 

max cTx, 
s.t. x ≥ 0, (3.20) 

Ax ≤ b, 

the dual is given by 

min bTy, 
s.t. y ≥ 0, (3.21) 

ATy ≥ c. 

There is an important concept of weak versus strong duality, which we explore in Chapter 6. 

Weak duality means that for any feasible primal x ∈ X and any feasible dual y ∈ Y 

cTx ≤ bTy. (3.22) 

Specifically, this means that the maximum feasible value of the primal (or the supremum, 

if the max it doesn’t exist) is less than or equal to the minimum feasible value of the dual 

(or the infimum, if the min doesn’t exist): 

max cTx ≤ min bTy
x∈ X y∈ Y 

. (3.23) 

The gap between these optima is called the duality gap. Under some conditions, such as 

the existence of an optimal basic feasible solution in the primal, we have strong duality, 

which implies that the maximum primal objective and minimum dual objective coincide at 

optimality. In this case, we say that there is no duality gap. 

Many algorithms, such as interior point methods, solve the primal and dual problems 

simultaneously, since the dual is often simpler to handle or interpret. If the primal and dual 

solutions x and y differ, we continue updating one or both until the duality gap closes, 

indicating a globally optimal solution. Once strong duality holds, each feasible solution 

in one problem certifies optimality in the other. Although this may seem to complicate 

the linear program, the dual perspective offers key advantages. It provides optimality 

certificates, bounds on error, and estimates of the sensitivity of solutions to parameters. The 

dual lets us interpret Lagrange multipliers directly as these sensitivities. We will explore 

duality more in Section 6.3 and with an economics interpretation in Panel 6.3. 

Duality, Supporting Hyperplanes, and Lagrange Multipliers. Another way to 

think about duality is via supporting hyperplanes: each dual variable 𝑦 𝑗 can be thought 

of as a Lagrange multiplier enforcing the 𝑗-th constraint in the primal. The dual objective 

bTy measures the total “cost” of satisfying these constraints. Meanwhile, the condition 

ATy ≥ c ensures that any attempted linear combination of constraints is sufficient to bound 

the primal objective cTx from above. Again, these also have a further interpretation as the 

sensitivity of the optimal objective value to changes in b and c. For example, these are 

shadow prices or marginal values in economics, as we will see in Panel 6.3. 
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3.6 Integer Programming and NP-Hard Problems 

An important extension of linear programming is the case where some or all of the decision 

variables must be integer-valued, often {0, 1} in the case of a yes/no decision. For example, 

in packing problems such as the knapsack problem (see page 109), the choice to include 

an item in the pack is a binary yes or no decision. This transforms a linear program into 

an integer linear program (ILP), which is typically much harder to solve. In fact, many 

ILPs turn out to be NP-hard problems, meaning that no known polynomial-time algorithm 

can solve them in the worst case. Fortunately, we may often relax ILPs to nearby linear 

programs, which are efficient to solve. The optimal solution of the linear program may 

closely match the optimal solution of the ILP. In our example of factory production earlier, 

the decision variables 𝑥 and 𝑦 must be integer valued, as it doesn’t make sense to make 

a fraction of a microscope. In this example, the constraint equations and profit model all 

involved integer values and resulted in the vertices of the feasible polytope also having 

integer values, so the solutions of the ILP and linear program are identical. 

An ILP is typically formulated as 

max cTx 
x 

s.t. A x ≤ b, 
x ∈ {0, 1}𝑛 (or N𝑛). 

(3.24) 

It is possible to relax this to a linear program by allowing x to be continuous, satisfying x ≥ 0. 

However, the solution to the relaxed problem may not satisfy the integrality constraints. 

Nevertheless, the linear program relaxation provides a bound on the best possible integer 

solution, since any feasible integer solution is also feasible for the relaxation. It also helps 

guide branch-and-bound and cutting-plane strategies. 

In branch-and-bound, the relaxed linear program is solved, ignoring integrality 

constraints. Then for each 𝑥 𝑗 that is non-integer, we create two subproblems with additional 

constraints, one where 𝑥 𝑗 ≤ ⌊𝑥 𝑗 ⌋ and another where 𝑥 𝑗 ≥ ⌈𝑥 𝑗 ⌉. These branches are each 

solved using standard linear programming techniques, and if the bound of a subproblem is 

worse than a known feasible integer solution, this branch is pruned, since it cannot improve 

the optimum. This creates a search tree structure for exploring integer solutions that are 

near the relaxed linear programming solution. 

Cutting planes are another approach where we start from the relaxed linear program and 

iteratively add linear constraints, or cuts, that remove the non-integer solutions but retain 

all feasible integer points. Each cut tightens the feasible region, bringing the LP relaxation 

closer to the true integer hull. By repeatedly solving the tightened LP and adding cuts, 

we converge to an integer-optimal solution once no fractional points remain. There are a 

number of types of cuts, including Gomory cuts, cover cuts, and clique inequalities. 

Most modern integer programming solvers use a hybrid branch-and-cut approach that 

combines branch-and-bound to create a global search structure with cutting planes to locally 

tighten relaxations and reduce branching. 
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The Knapsack Problem 
In the knapsack problem, the task is to select several items to fill a knapsack in order to 

maximize the value of the accumulated items while not exceeding the knapsack’s weight 

capacity 𝑊 . The knapsack formulation is important as a prototype for many resource 

allocation problems. Whether we are packing boxes into a truck, scheduling tasks on a 

supercomputer cluster finite processors, or allocating some limited budget among competing 

investments, the structure of “items with value and resource consumption” is the same. 

Hence, the knapsack problem and its variants have driven much research in branch-and-

bound methods and heuristics for large-scale combinatorial optimization. 

Consider a set of 𝑛 items, each with a value (profit) 𝑝 𝑗 and a weight 𝑤 𝑗 . If item 𝑗 is 

selected then 𝑥 𝑗 = 1, and 𝑥 𝑗 = 0 otherwise. The optimization problem of maximizing the 

total profit without exceeding capacity can be written as: 

𝑛∑︁ 
max 𝑝 𝑗 𝑥 𝑗 

𝑥 𝑗 ∈{0,1} 
𝑗=1 

𝑛∑︁ 
s.t. 𝑤 𝑗 𝑥 𝑗 ≤ 𝑊

𝑗=1 

. 
(3.25)

The objective function is written in vector form as pTx, and the constraints are written as 

wTx ≤ 𝑊 . This integer linear program is famously NP-hard: enumerating all subsets of 

items grows exponentially in 𝑛 (i.e., there are 2𝑛 possible subsets of 𝑛 items). Similarly, 

selecting 𝑚 objects from 𝑛 is given by . Nonetheless, it is central to many 

industrial and scheduling applications where a resource limit, like weight or volume, bounds 

the number of items or tasks that can be selected. For example, many airlines use excess 

cargo space to pack freight, and this packing problem can be formulated as an ILP. 

Traveling Salesman Problem (TSP) 
Given a list of cities or nodes and the pairwise distances or costs of traveling between them, 

the traveling salesman problem (TSP) requires finding a single route that visits each city 

exactly once, returning to the start, while minimizing total travel distance: 
∑︁ 

min 𝑐𝑖 𝑗 𝑥𝑖 𝑗 
𝑥𝑖 𝑗 ∈{0,1}

(𝑖, 𝑗 ) ∈𝐸
∑︁ 

s.t. 𝑥𝑖 𝑗 = 1 ∀ 𝑖, 
𝑗

∑︁ 
𝑥𝑖

𝑖 
𝑗 = 1 ∀ 𝑗 . 

(3.26) 

Here, 𝐸 is the set of edges connecting cities and 𝑥𝑖 𝑗 = 1 if the path connects city 𝑖 to 

city 𝑗 ; otherwise, 𝑥𝑖 𝑗 = 0. Eliminating smaller subtours (i.e., cycles not visiting all nodes) 

requires additional constraints, making the TSP a complicated integer linear program. TSP 

is among the most famous NP-hard problems, and its structure is well studied, so that 

modern heuristics can handle extremely large instances effectively in practice. 
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Panel 3.3: Solving the Knapsack Problem with pulp 

Consider a knapsack problem where we have ten items, with weights and values 

(4, 15), (2, 11), (5, 20), (4, 12), (8, 26), (5, 21), (8, 29), (5, 15), (10, 30), (4, 12),

and a weight limit of 20. Finding the optimal packing to maximize value is NP-

hard. However, for moderate sized problems, it is possible to solve an approximation 

efficiently by relaxing to a linear program. 

The following code solves the knapsack problem very efficiently using pulp: 
CodeSnip 3.c from pulp import * 

n = 10 

weights = [4,2,5,4,8,5,8,5,10,4] 

values = [15,11,20,12,26,21,29,15,30,12] 

C = 20 

# initialize problem 

model = LpProblem(sense=LpMaximize) 

vars = [LpVariable(name=f"x_{i}", cat=LpBinary) for 

i in range(n)] 

model += lpDot(weights, vars) <= C 

model += lpDot(values, vars) 

# solve 

status = model.solve(PULP_CBC_CMD(msg=False)) 

print("print:", model.objective.value()) 

print("b_j:", *[vars[i].value() for i in range(n)]) 

The optimal integer linear programming solution is to select items 1, 2, 5, and 6, 

for a total weight of 20 and a value of 81. 

Because this problem is small, with  = 10, there are 210 
= 1024 combinations to 

search over. Thus, we may also solve it by brute force: 
CodeSnip 3.d import itertools 

best_value = 0

best_subset = None 

# Iterate over all subsets 

for mask in itertools.product([0, 1], repeat=n): 

total_w = sum(w * m for w, m in zip(weights, 

if total_w <= C: 

total_p = sum(p * m for p, m in zip(values, 

mask)) 

if total_p > best_value: 

best_value = total_p 

best_subset = mask 

The output of this combinatorial search also selects items 1, 2, 5, and 6, for a 

maximum value of 81, confirming that the result above is globally optimal. 

maskmaskmask)) ))))
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Geometric Packing and Floor Arrangement 
There are also geometric packing and layout tasks that combine integer decisions with 

geometric constraints. For instance, arranging equipment on a factory floor may demand 

discrete variables indicating whether or not to include certain machines, akin to a knapsack 

choice, while also incorporating geometric feasibility constraints: no overlapping pieces, 

no exceeding the factory boundary, and possibly minimum aisle spaces for safety. Similarly, 

we may want to optimally pack cargo into a truck or a train car; in this case, weight may be 

less important than optimal use of space. 

Consider a scenario where we are trying to pack items into a two-dimensional space. 

Each item 𝑖 has a value 𝑣𝑖 and a binary variable 𝑥𝑖 ∈ {0, 1} that represents whether we 

decide to place that item at all. There will also be continuous variables (𝑋𝑖 , 𝑌𝑖) for the 

position of item 𝑖. We thus obtain a mixed-integer geometric model: 

𝑛∑︁ 
max 

𝑖=1 

𝑣𝑖 𝑥𝑖 

s.t. 𝑥𝑖 ∈ {0, 1}, (𝑋𝑖 , 𝑌𝑖) ∈ R2 

(3.27) 

plus geometric packing constraints such as no objects overlapping: 

|𝑋𝑖 − 𝑋 𝑗 | ≥ 𝐿𝑖 + 𝐿 𝑗 + 𝛿 
|𝑌𝑖 − 𝑌 𝑗 | ≥ 𝐻𝑖 + 𝐻 𝑗 + 𝛿 for any 𝑖 ≠ 𝑗 with 𝑥𝑖 = 𝑥 𝑗 = 1, 

and boundary constraints ensuring that each item stays within the container. In the above, 

𝐿𝑖 is the length of object 𝑖 and 𝐻𝑖 is the height, assuming it fits inside of a simple rectangle. 

In reality, preventing overlap requires a disjunctive constraint, either separating in 𝑋 or in 

𝑌 , often handled by additional binary variables. The above inequalities are a simplification 

to illustrate the idea of geometric constraints. Real-world geometric constraints may be 

considerably more sophisticated. 

This mixture of integer and geometric constraints tends to be even more complex than 

standard integer linear programs, because overlap constraints are often nonlinear. One 

approach is to approximate or discretize the floor into a grid, leading to a large 0–1 layout 

model. These geometric ILPs or nonlinear IPs are used in several contexts, such as: factory 

floor planning to decide on which machines to include (integer decisions) and where to 

place them (continuous geometry); in warehouse layout to determine item placements on 

a 2D or 3D grid subject to collision constraints; and VLSI chip design which involves a 

2D or 3D packing of logic blocks with integrality and adjacency constraints. In all cases, 

the geometry combined with integrality can make the problem extremely challenging, and 

practitioners rely on approximation schemes, heuristics, or specialized constraint solvers 

that handle both the discrete choices and the continuous layout constraints. Thus, while these 

are arguably “packing” variants of integer programming, they require more sophisticated 

geometric reasoning and typically are not purely linear. 
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Homework 

For the next several problems, consider the following linear program: 

max 𝑥1 + 2𝑥2 
x 

s.t. 𝑥1, 𝑥2 ≥ 0 

𝑥1 ≤ 300 

𝑥2 ≤ 400 

𝑥1 + 𝑥2 ≤ 500. 

Exercise 3.1 Draw the feasible region and identify all of the vertices. Which vertex has 

the maximum value? 

Exercise 3.2 For each vertex, write down the inequality relationships that are active at 

that vertex. Also write them in slack variable notation. 

Exercise 3.3 Solve this problem using Dantzig’s simplex method. 

Exercise 3.4 Solve this problem using the simplex tableau method, and compare with the 

answer from above. 

Exercise 3.5 Write this linear program in dual form, interpret the dual variables, and solve 

using any method you’d like. Do we have weak or strong duality? 

Exercise 3.6 Write the dual of the dual form of this problem from the last exercise and 

show that it is the same as the original linear program. 

Exercise 3.7 Repeat all of the problems above for the following linear program: 

max 7𝑥1 + 8𝑥2 + 10𝑥3 
x 

s.t. 𝑥1, 𝑥2, 𝑥3 ≥ 0 

2𝑥1 + 3𝑥2 + 2𝑥3 ≤ 1000 

𝑥1 + 𝑥2 + 2𝑥3 ≤ 800. 

Exercise 3.8 Suppose you are a farmer choosing how to allocate land to farm corn and 

agave. You have a total of 50 acres. Corn yields a profit of $100 per acre, while agave yields 

a profit of $400 per acre. However, there is a maximum demand of 30 acres worth of agave. 

How much of each crop should you produce? 

Formulate this as a linear program and solve using any method you like. Draw a picture 

of the feasible region with the vertices. 

Exercise 3.9 Go through several of the examples from the first page of this chapter and 

formulate a linear program in standard form: what is the objective function to maximize or 

minimize, what are the constrained resources, and what are the decision variables? 

Exercise 3.10 (Space allocation) A factory has a total floor area of 100,000 square feet 

that can be allocated among different production lines (e.g., producing Product A vs. 

Product B) to maximize total profit. Each product requires a certain minimum area (or at 
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most some maximum area) and has a certain profit (per square foot or per unit produced). 

Specifically, suppose product A yields $50 per 100 sq. ft. (i.e. $0.50 per sq. ft.) and product 

B yields $1.00 per sq. ft. Moreover, we require at least 20,000 sq. ft. for product A to keep 

it viable. 

Write this as a linear program and solve using any method you like. 

Exercise 3.11 (Portfolio management) An investor chooses how much capital to allocate 

among different assets (e.g., stocks, bonds, etc.) to maximize expected return. Each asset 

has an expected return (per dollar invested), but also a maximum allowable fraction or total 

risk limit. 

Suppose the investor has $100,000 total to distribute among three assets. 

• Asset 1 has expected return 8% (0.08) per year, max $60,000, 

• Asset 2 has expected return 6% per year, no explicit max, and 

• Asset 3 has expected return 11% but at most $20,000 can be placed to keep risk moderate. 

Formulate a linear program to maximize total annual expected return subject to 
Σ 
𝑥𝑖 ≤

100000 and the given max constraints on 𝑥1 and 𝑥3. 

Exercise 3.12 Construct a 2D polytope in the (𝑥1, 𝑥2)-plane by intersecting 4 or more 

half-planes. 

1. Sketch this polytope. 

2. Formulate a linear objective you wish to minimize or maximize. 

3. Identify all vertices and check which one(s) optimize your objective. 

Exercise 3.13 Solve the following linear program graphically: 

min 3𝑥 + 4𝑦 
s.t. 𝑥 + 2𝑦 ≥ 6, 

𝑥, 𝑦 ≥ 0. 

(a) Sketch the feasible region. (b) Identify all vertices. (c) Determine which point(s) 

minimize the objective. (d) Verify if the solution is bounded and feasible. 

Exercise 3.14 Solve by the simplex method: 

max 2𝑥1 + 3𝑥2 

s.t. 𝑥1 + 𝑥2 ≤ 8, 
𝑥1 + 3𝑥2 ≤ 15, 
𝑥1, 𝑥2 ≥ 0. 

(a) Convert to standard form. (b) Set up the initial simplex tableau. (c) Perform pivot steps 

until optimal. (d) Report the optimal point (𝑥
1
∗, 𝑥

2
∗) and the maximum value obtained. 
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Exercise 3.15 Solve by the simplex method: 

max 2𝑥1 + 3𝑥2 

s.t. 𝑥1 + 𝑥2 ≤ 8, 
𝑥1 + 3𝑥2 ≤ 15, 
𝑥1, 𝑥2 ≥ 0. 

(a) Convert to standard form. (b) Set up the initial simplex tableau. (c) Perform pivot steps 

until optimal. (d) Report the optimal vertex (𝑥
1
∗, 𝑥

2
∗) and the max value. 

Exercise 3.16 Consider the following linear program with 10 constraint equations and 3 

variables: 

max 𝑥1 + 𝑥2 + 𝑥3 
x 

s.t. x ≥ 0 

𝑥1 ≤ 3 

𝑥2 ≤ 4 

𝑥3 ≤ 5 

𝑥1 + 𝑥2 ≤ 5 

𝑥1 + 𝑥3 ≤ 5 

𝑥2 + 𝑥3 ≤ 5 

𝑥1 + 𝑥2 + 𝑥3 ≤ 6. 

Write down all vertices, and please indicate which constraint equations are active for 

each vertex. 

Exercise 3.17 Write the dual of the linear program in the previous example. How many 

vertices are they, and which constraint equations are active for each vertex? 

Exercise 3.18 Solve the linear program and its dual in the exercises above. Which is 

simpler to solve? 

Exercise 3.19 Solve the following linear program using the simplex method by hand: 

min 3𝑥1 + 2𝑥2 

s.t. 𝑥1 + 𝑥2 ≥ 4, 
2𝑥 + 𝑥 ≥ 6, 1 2 

𝑥1, 𝑥2 ≥ 0. 

Show each step of your tableau. 

Exercise 3.20 Write the dual of the above linear program. Interpret the dual variables. 
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Exercise 3.21 Suppose we are given the primal problem: 

max 4𝑥1 + 𝑥2 

s.t. 2𝑥1 + 3𝑥2 ≤ 12, 
𝑥1 + 𝑥2 ≥ 5, 
𝑥1, 𝑥2 ≥ 0. 

(a) Convert to a standard form suitable for taking the dual. (b) Write the dual problem 

explicitly. (c) Identify which variables in the dual are unrestricted vs. nonnegative if any. 

(d) State the dual objectives and constraints clearly. 

Exercise 3.22 Suppose you have the primal: 

max 5𝑥1 + 3𝑥2 

s.t. 2𝑥1 + 𝑥2 ≤ 20, 
3𝑥1 + 4𝑥2 ≤ 48, 
𝑥1, 𝑥2 ≥ 0. 

Assume that 𝑥1 and 𝑥2 are two products that require constrained resources to produce 

(see Panel 6.3). (a) Write the dual. (b) Solve the primal and dual. (c) Interpret the dual 

variables as shadow prices or resource valuations. (d) Suppose the right-hand side in the 

first constraint changes from 20 to 21. Predict the new optimal value using dual prices. 

Exercise 3.23 Consider the linear program: 

max 2𝑥 + 5𝑦 
s.t. 𝑥 + 2𝑦 ≤ 𝑏1, 

3𝑥 + 4𝑦 ≤ 𝑏2, 
𝑥, 𝑦 ≥ 0. 

(a) Solve it for (𝑏1, 𝑏2) = (8, 20). (b) Perform sensitivity analysis to find allowable ranges 

of 𝑏1, 𝑏2 for which the current optimal vertex remains optimal. (c) Illustrate how the optimal 

solution or basis might change if 𝑏1 > 10, or 𝑏2 < 16. 

Exercise 3.24 (Fleet scheduling) An airline must decide how to allocate planes across 

different routes or time blocks from a single airport. Each route has a certain revenue per 

plane, and there’s a limited number of planes available. The objective is to maximize total 

revenue, subject to demand or flight constraints. 

Let the airline have 10 planes total. There are 3 routes: 

• Route 1: revenue $3000 per plane, max 6 planes, 

• Route 2: revenue $4000 per plane, max 4 planes, and 

• Route 3: revenue $2500 per plane, no explicit max but the total is 10. 

Formulate a linear program (or ILP, for integer planes) to assign planes to each route for 

maximum total revenue. 
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Exercise 3.25 (Knapsack problem) Consider the following collection of items: 

Item 𝑘 1 2 3 4 5 6 7 8 9 10 

Weight (kg) 5 2 7 3 1 2 5 6 8 3 

Value ($) 2 3 2 4 1 7 3 5 1 6 

Table for Exercise 3.25 

Solve this knapsack problem to find the most valuable collection that fits with a weight of 

18 kg or less. Solve this using a linear program relaxation and also using the combinatorial 

brute force search. 

Exercise 3.26 (ILP to linear program relaxation) Consider the integer program: 

min 4𝑥1 + 5𝑥2 

s.t. 2𝑥1 + 𝑥2 ≥ 8, 
𝑥1 + 3𝑥2 ≥ 12, 
𝑥1, 𝑥2 ∈ {0, 1, 2, 3, . . . }. 

(a) Formulate the linear program relaxation by allowing 𝑥1, 𝑥2 ≥ 0 real. (b) Solve the 

relaxation. (c) Show how a naive rounding might yield an infeasible or suboptimal integer 

solution. (d) Find an approach that tries to fix this via a better rounding or branch-and-bound 

approach. 

Exercise 3.27 (ILP → LP relaxation and rounding) Consider the integer covering problem 

min 4𝑥1 + 5𝑥2 

s.t.;2𝑥1 + 𝑥2 ≥ 8, 
𝑥1 + 3𝑥2 ≥ 12, 
𝑥1, 𝑥2 ∈ Z+. 

1. Write the LP relaxation by replacing 𝑥1, 𝑥2 ∈ Z+ with 𝑥1, 𝑥2 ≥ 0.

2. Solve the relaxation and report the optimal (𝑥
1
∗, 𝑥

2
∗) and objective value. 

3. Show how naive component-wise rounding can fail: rounding down can violate 

constraints; rounding up can be feasible but costly. Give concrete rounded solutions 

and check feasibility and cost. 

4. Propose a better approach that increase variables until all constraints are satisfied. 
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4 Least-Squares Regression 

Least-squares regression is one of the most foundational concepts in applied mathematics 

and statistics, with applications in data analysis, inverse problems, control theory, and 

machine learning. The linear least-squares regression problem involves solving for the 

unknown parameters x of a model that is written as a linear system of equations 

Ax = b. (4.1) 

We have already seen an example of how data fitting can be recast into a least-squares 

problem in Panel 1.3 and Eq. (1.6) from Chapter 1. 

Linear least-squares regression is a convex optimization problem, where the model 

parameters x are chosen to minimize the sum-squared error of the fit over the data 

min ∥Ax − b∥2
2 . 

x 
(4.2)

When the matrix A is square and invertible (see Fig. 4.1), then we may solve for x = A−1b 

by inverting A. However, when A is non-square or singular, this requires an optimization 

solution to find the best fit (see Fig. 4.2). Typically the problem will either be overdetermined, 

meaning that no x will exactly solve this equation, or underdetermined, meaning that 

infinitely many x vectors solve the equation. In both cases, we formulate an optimization 

problem to solve the least-squares regression problem. We also typically add regularization 

to the least-squares objective to improve the numerical stability of this inverse problem and 

to promote certain types of solutions. 

As a more concrete example, consider a bridge with many beams and joints. Each joint 

experiences forces from the connected beams and their applied loads, and the sum of these 

forces must balance in equilibrium. We can write one equation per joint, so the sum of 

applied loads plus the unknown internal forces in the beams equals zero. Collecting these 

equations gives us the rows of a matrix A, describing the connection geometry, a vector x 

for the unknown beam forces, and a right-hand side vector b for the external loads. Solving 

for the unknown x is an inverse problem, and when there is noise on the measurements of b 

or imperfections in our formulation of A, this becomes a least-squares regression problem: 

to find the forces x that minimize Ax − b to make the residual error as small as possible in 

a sum of squares sense. 

Linear least-squares regression is a rare optimization problem that has an analytic, 

closed-form solution. It is possible to compute the gradient of the objective function and 
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Figure 4.1 Solving a matrix system of equations, Ax = b, with the same number of equations as 

unknowns involves matrix inversion. 

A x = b A x = b 

Figure 4.2 The least-squares regression problem may be overdetermined (left) so that there are 

more equations than unknowns, or underdetermined (right) so that there are fewer equations than 

unknowns. 

set it equal to zero, even for non-square matrices A, which results in the solution 

x = A†b (4.3) 

where A† is the Moore–Penrose pseudo-inverse. In practice, we compute A† for large 

systems of equations using the singular value decomposition (SVD), which is itself an 

optimal matrix decomposition. Specifically, the SVD yields the best low-rank approximation 

to a matrix, which we will see in Section 4.2. 

Nonlinear least squares generalizes this problem, where we now optimize over the 

parameters 𝜽 of a nonlinear function fit N𝜽 (x) 

min 2
2 . 

𝜽 
∥N𝜽 (x) − y∥ (4.4)

For example, a neural network is such a function N𝜽 . In general this is a nonconvex 

optimization problem that requires iterative methods, such as stochastic gradient descent 

from Chapter 2 or Gauss–Newton methods that will be discussed later in this chapter. 

In this chapter, we begin with the simple linear least-squares regression problem in 

Eq. (4.2) for the overdetermined case, where there are more equations than unknowns and 

we must minimize the sum squared errors. This is a typical scenario in regression, since 

it corresponds to the case when there is more data than the number of free parameters in 

the linear mode. We then introduce the singular value decomposition, which is particularly 

useful for solving least-squares problems, especially for large, low-rank matrices. 

At this point we revisit the underdetermined regression case (see Fig. 4.2, right). Since 

there are typically infinitely many x that solve a system equations with more unknowns 

than equations, we solve for the x with the minimum norm ∥x∥2 in the so-called minimum-
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norm regression problem. This is formulated as a constrained least-squares problem using 

Lagrange multipliers, which we will revisit in more depth in Chapter 6. We also briefly 

introduce a special class of inverse problems known as compressed sensing, where a high-

dimensional sparse signal is reconstructed from surprisingly few measurements. This may 

be viewed as a minimum-norm regression problem where we minimize the ∥x∥1 norm to 

promote sparsity. This example will be revisited and developed in homework problems in 

Chapters 5 and 8. 

The SVD naturally leads to a discussion on the condition number of the matrix A, which 

determines how much small errors on the vector b get amplified when (pseudo)inverting A to 

solve for x. Once we have introduced the notion of ill-conditioned matrix inverse problems, 

we discuss how to add regularization to improve the condition number. We discuss Tikhonov 

regularization, also known as ridge regression, and the LASSO regression, which add either 

∥x∥2
2 

or ∥x∥1 to the objective function to promote regularity or sparsity in the solution x, 

respectively. These regularization terms decrease the variance in the solution x given a 

noisy b, but introduce a bias, in one of our first examples of the bias–variance tradeoff. 

Regularization is a key topic in optimization and these norms will be discussed more in 

Chapters 5 and 7. 

After dealing extensively with unconstrained least squares, we will next add constraints 

using Lagrange multipliers and the KKT conditions. This is a topic of central importance, as 

we often have constraints on the vector x that must be enforced. We will discuss constraints 

in much more detail in Chapter 6. In linear control theory (Chapter 9) the dynamics enter 

as constraints to a quadratic optimization problem, and in machine learning (Chapter 10) 

we often use KKT least-squares to enforce symmetries and other prior information on the 

coefficients of a model to make it more physical. 

The least-squares problems introduced so far fall into a broad class of optimization 

called quadratic programming. We discuss this large category of optimization problems, 

how least squares fits in, and some of the leading computational approaches to solving these 

problems. 

Finally, we explore nonlinear least-squares problems introduced in Eq. (4.4), which 

encompasses a broad class of nonlinear inverse optimization problems. Most of machine 

learning, such as training a neural network, falls into this class of nonlinear least-squares 

regression, since we almost always use the sum-squared error (or mean-squared error) as 

the first and primary term in our loss function. In this chapter, we will introduce more 

classical approaches to solve these problems, including Gauss–Newton methods and the 

conjugate gradient method, which is used to solve very large scale least-squares problems. 

More modern approaches, such as stochastic gradient descent, were introduced in Chapter 2 

and will be discussed more in Chapter 10 on machine learning. 

Throughout this chapter, we assume that the reader is comfortable with how to compute 

the gradients of linear and quadratic functions over a vector x. These relationships and 

derivations are provided in Section 2.7 if a refresher is needed. 

https://doi.org/10.1017/9781009755856.005


121 4.1 Least-Squares Regression 

4.1 Least-Squares Regression 

Given a dataset of predictor variables and their associated outcomes, arranged as rows 

of a matrix A ∈ R𝑚×𝑛 and a vector b ∈ R𝑚, respectively, regression seeks to find the 

relationship between the columns of A that is most consistent with the outcomes in b. This 

relationship is quantified by the linear system of equations 

Ax ≈ b, (4.5) 

which indicates that the vector b may be approximated as a linear combination of the 

columns of A. This linear combination is given by the vector x ∈ R𝑛, which is to be 

determined. The least-squares objective function in Eq. (4.2) is visualized in two-dimensions 

in Fig. 4.3. The vector of outcomes, b, is often contaminated with measurement noise, which 

we typically model as the addition of a vector 𝝐 of independent, identically distributed 

Gaussian white noise: b = btrue + 𝝐 . 

It is possible to solve the linear least-squares problem in Eq. (4.2) analytically by 

computing the gradient of the objective function and setting it equal to zero. We may 

expand the objective function as 

Ax Ax Ax (4.6a)

Ax (4.6b) 

Ax b Ax (4.6c) 

Computing the gradient and setting equal to zero yields 

Ax Ax b b 0 (4.7a) 

Ax b (4.7b)

x A (4.7c) 

The matrix is known as the Moore–Penrose pseudo-inverse, and it 

is defined even for non-square matrices A. However, this is only valid when is 

invertible. The matrix ATA is invertible when A has 𝑛 linearly independent columns and 

𝑚 ≥ 𝑛. Thus, this formula is only applicable for the overdetermined case in Fig. 4.2. A 

more technical discussion of exactly when a matrix is overdetermined or underdetermined 

is presented at the end of this section. 

In practice, we compute this pseudo-inverse for large matrices using the singular value 

decomposition, which is discussed extensively in the next section. In brief, given the SVD 

of a real matrix A: 

A = U𝚺VT (4.8) 

then the Moore–Penrose pseudo-inverse may be written as 

A† 
= V𝚺

−1UT 
= x = V𝚺

−1UTb. ⇒ (4.9)
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Figure 4.3 The root-mean-square error norm ∥x∥2 = 2 2𝑥 + 𝑥
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(left) and the sum-squared error

norm ∥x 2∥ = 2 2𝑥 + 𝑥
2 1 2

(right) visualized in two dimensions.

The matrices U and V are unitary, so it is simple and efficient to invert them by taking their

transpose: UTU = I and VTV = I. Similarly, 𝚺 is a diagonal matrix, which is also easy to

invert.

Examples of Least-Squares Regression
Regression is an important statistical tool for relating relate variables to one another based

on data [329]. At the beginning of this chapter we already discussed a motivating example

where the matrix A represents demographics and behavioral data for a number of individual

patients, the b represents health outcomes, and x represents the prognostic model. This is

visualized in Fig. 4.4.

We will now explore several simple computational regression examples in Python. All of

these examples are unconstrained. We will revisit more complex examples with constraints

in Section 4.6.

Example: Random Data. As a first example, we will generate random data A and b and

will solve for x using the pseudo-inverse, computed via the SVD.

CodeSnip 4.a
import numpy as np

# Initialize A (m x n) and b (m x 1).

np.random.seed(42)

m, n = 20, 5

A = np.random.randn(m,n)

b = np.random.randn(m)

# Solve Least Squares Ax=b using SVD

U, S, VT = np.linalg.svd(A,full_matrices=0)

x = VT.T @ np.linalg.inv(np.diag(S)) @ U.T @ b

x = np.linalg.pinv(A) @ b # Alternative
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Figure 4.4 Illustrative schematic of how data from a regression problem is formed into matrices 

and vectors. In this example, alluded to in the introduction to this chapter, we have health data (A) and 

outcomes (b) for several individual patients. The unknown vector x represents the model coefficients 

for how we predict b given the information in A. In later sections, we will use sparse regularization 

to find the fewest columns of A that best correlate with b. Note that we may pad the matrix with an 

extra column of ones, as shown. Most regression fits have an explicit intercept term in the underlying 

model, which is captured with this column of ones. 

Example: Cement Heat Generation. Now, we explore a simple engineering data set 

that describes the heat generation for various cement mixtures that comprise four basic 

ingredients. In this problem, we are solving Ax = b, where A ∈ R
13×4, since there are four 

ingredients and heat measurements for 13 unique mixtures. The goal is to determine the 

weighting x that relates the proportions of the four ingredients to the heat generation. It is 

possible to find the minimum error solution using the SVD, as shown in the code below. 

CodeSnip 4.b 

A = np.loadtxt(’hald_ingredients.csv’) 

b = np.loadtxt(’hald_heat.csv’) 

# Solve Ax=b using SVD 

U, S, VT = np.linalg.svd(A,full_matrices=0) 

x = VT.T @ np.linalg.inv(np.diag(S)) @ U.T @ b  

x = np.linalg.pinv(A) @ b  # Alternative 

The results of the regression fit are shown in Fig. 4.5. 
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Figure 4.5 Heat data for cement mixtures containing four basic ingredients.
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Figure 4.6 Multi-linear regression of home prices using various factors: (a) unsorted data and

(b) data sorted by home value.

Example: Boston Housing Data. In this example, we explore a larger data set to

determine which factors best predict prices in the Boston housing market [219]. This data

is available from the UCI Machine Learning Repository [18].

There are 13 attributes that are correlated with house price, such as per-capita crime rate

and property-tax rate. These features are regressed onto the price data, the best-fit price

prediction is plotted against the true house value in Fig. 4.6. Although the house value is

not perfectly predicted, the trend agrees quite well. It is often the case that the highest value

outliers are not well captured by simple linear fits, as in this example.

This data contains prices and attributes for 506 homes, so the attribute matrix is of size

506 × 13. It is important to pad this matrix with an additional column of ones, to take

into account the possibility of a non-zero constant offset in the regression formula. This

corresponds to the “𝑦 intercept” in a simple one-dimensional linear regression. Note that

padding the A matrix with a column of ones is the same as normalizing by subtracting its

column mean. The code for this example is nearly identical to the example above, and is

available on the book’s GitHub.

https://doi.org/10.1017/9781009755856.005 Published online by Cambridge University Press

https://doi.org/10.1017/9781009755856.005


125 4.1 Least-Squares Regression 
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Figure 4.7 Least-squares regression, i.e. minimizing the norm, is sensitive to outliers, as the 

square of the distance to the outlier skews the entire regression fit. Least absolute deviation regression, 

i.e., minimizing the  norm, is more robust to outliers. 

Outliers and Other Norms 
Least-squares regression is sensitive to large outliers in the data, which skew the entire 

regression fit. This is because the error associated with outliers are squared, which weights 

them disproportionally compared with data points having small error. This skewing of the 

regression fit is shown schematically in Fig. 4.7. 

To address the robustness of least squares to outliers, it may be possible to instead 

minimize the sum of absolute values of the errors, 

Ax (4.10) 

known as the least absolute deviation (LAD) regression. Because errors are not squared, 

large outliers do not disproportionally skew the regression. The robust norm regression 

is shown in Fig. 4.7 and Code 4.1. This is a theme in optimization, that using the 

norm of the error as the loss function is typically more robust to outliers. 

Code 4.1: Use of ℓ1 norm for robust statistical regression. 

x = np.sort(4*(np.random.rand(25,1)-0.5),axis=0) # data 

b = 0.9*x + 0.1*np.random.randn(len(x),1) # Noisy line y=ax 

atrue = np.linalg.lstsq(x,b,rcond=None)[0] # Least-squares a 

b[-1] = -5.5 # Introduce outlier 

acorrupt = np.linalg.lstsq(x,b,rcond=None)[0] # New slope 

## L1 optimization to reject outlier 

def L1_norm(a): 

return np.linalg.norm(a*x-b,ord=1) 

a0 = acorrupt # initialize to L2 solution 

res = minimize(L1_norm, a0) 

aL1 = res.x[0] # aL1 is robust 
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When is a Matrix Overdetermined or Underdetermined? 
So far we have only considered the case where A is overdetermined. Now we will zoom out 

and look at both overdetermined and underdetermined systems of equations. A non-square 

matrix A may either be underdetermined or overdetermined: 

Underdetermined: In this case   and   (i.e., A is a short-fat matrix), so 

that there are fewer equations than unknowns. This type of system is likely to have 

columns that span all of R , since it has many more columns than are required 

for a linearly independent basis.1 

1 It is easy to construct degenerate examples where the columns of a short-fat matrix do not form a full basis for 

R , such as 

A 

Generically, if a short-fat A has  linearly 

independent columns (i.e., its column space spans R ), then there are infinitely 

many solutions x for every b. The system is called underdetermined because there 

are not enough values in b to uniquely determine the higher-dimensional x. 

Overdetermined: Similarly, consider the overdetermined system, where A is a tall-skinny 

matrix with  , so that there are more equations than unknowns. This matrix 

cannot have  linearly independent columns, so it is guaranteed that there are 

vectors b that have no solution x. In fact, there will only be a solution x if b is in 

the column space of A, i.e., b ∈ col(A). 

Panel 4.1: Least Absolute Deviation or Least Squares? 

Interestingly, there has been a major debate about the use of the norm versus 

the norm in regression for over two hundred years. Gauss and Legendre 

independently introduced the least-squares regression in the early 1800s. However, 

fifty years earlier, in 1757, Boscovich introduced the LAD regression to solve 

problems related to estimating the shape of the earth. There have been ongoing 

debates for the past two centuries about which norm is appropriate for which 

applications. 

Today, we have firm mathematical foundations for what prior information these 

norms quantify, related to Bayesian statistics and inverse problems, which will be 

discussed more in Chapters 7 and 8, respectively. Roughly speaking, the least-

squares regression is an estimator for the mean of a distribution, whereas the least-

absolute-deviation regression estimates the median; the median is known to be more 

robust to outliersa

a As an example, consider the mean versus median wealth in the United States of America, as of 

September 2024. The median wealth is ∼ $200k, while the mean wealth is ∼ $1000k because of a 

relatively small number of extremely wealthy individuals, aka outliers. 

. In fact, the least-squares regression is an unbiased estimator for 

the mean of a distribution assuming Gaussian noise on the measurement vector b. 
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Technically, there may be some choices of b that admit infinitely many solutions x for a tall– 

skinny matrix A and other choices of b that admit zero solutions even for a short-fat matrix. 

The solution space to the system in (4.1) is determined by the following four fundamental 

subspaces of A: 

• The column space, col(A), is the span of the columns of A, also known as the range. 

• The row space, row(A), is the span of the rows of A. Note that row(A) = col(AT). 

• The kernel space, ker(A), is the orthogonal complement to row(A), and is also known 

as the null space. The null space is the subspace of vectors that map through A to zero, 

i.e., Ax = 0. 

• The orthogonal complement to col(A) is ker(AT). 

More precisely, if b ∈ col(A) and if dim(ker(A)) ≠ 0, then there are infinitely many 

solutions x. Note that the condition dim(ker(A)) ≠ 0 is guaranteed for a short–fat matrix. 

Similarly, if b ∉ col(A), then there are no solutions, and the system of equations in (4.1) is 

called inconsistent. 

The fundamental subspaces above satisfy the following properties: 

col(A) ⊕ ker(AT) = R𝑛 , 
col(AT) ⊕ ker(A) = R𝑛 . 

Here, the symbol ⊕ means a direct sum of subspaces, U ⊕ V = { u + v : u ∈ U, v ∈ V }, 

with the additional property that the decomposition is unique, U ∩ V = {0}.  Thus col(A) ⊕ 
ker(AT) = R𝑛 means that every vector in R𝑛 can be uniquely written as a sum of a vector 

in the column space and a vector in the null space, and the two subspaces only intersect at 

the zero vector. 

Remark 4.1 There is an extensive literature on random matrix theory, where the above 

stereotypes are almost certainly true, meaning that they are true with high probability. For 

example, a system Ax = b is extremely unlikely to have an exact solution for a random 

matrix A ∈ R𝑚×𝑛 and random vector b ∈ R𝑚 with 𝑚 ≫ 𝑛, since there is little chance 

that b is exactly in the column space of A. In this case, we must settle for solutions that 

minimize the sum of squared errors (i.e., the least squares solution). These properties of 

random matrices play an important role in sparse inverse optimization problems, which we 

discuss throughout the book. 

In the overdetermined case when no solution exists, we would often like to find 

the solution x that minimizes the sum-squared error ∥Ax − b∥2
2
, the so-called least-

squares solution. Note that the least-squares solution also minimizes ∥Ax − b∥2. In the 

underdetermined case when infinitely many solutions exist, we may like to find the solution 

x with minimum norm ∥x∥2 so that Ax = b, the so-called minimum-norm solution. We will 

explore both cases extensively in this chapter, and we will also add regularization terms, 

such as ∥x∥
2
2 or ∥x∥1 to promote solutions with certain properties. 
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Figure 4.8 The singular value decomposition of a matrix X provides a hierarchical decomposition 

into a set of orthogonal rows and columns that best capture the variance in the data. 

4.2 Singular Value Decomposition 

The singular value decomposition (SVD) is the technique of choice for large matrix inverse 

problems. The SVD provides a numerically stable matrix decomposition that can be used for 

a variety of purposes and is guaranteed to exist. We will use the SVD to obtain optimal low-

rank approximations to matrices and to perform pseudo-inverses of non-square matrices to 

find the solution of a system of equations Ax = b. The SVD is also the algorithm underlying 

principal component analysis (PCA), where high-dimensional data is decomposed into its 

most statistically descriptive factors. 

We denote the full SVD as 

A = U𝚺VT (4.11) 

where U ∈ R𝑚×𝑚 and V ∈ R𝑛×𝑛 are orthogonal matrices2 

2 A square matrix U is orthogonal if UUT = UTU = I. If A is complex valued, then U and V become unitary 

matrices, where U∗U = UU∗ = I and V∗V = VV∗ = I, where ∗ denotes the complex conjugate transpose. 

Orthogonal matrices are always unitary. 

with orthonormal columns, and 

𝚺 ∈ R𝑚×𝑛 is a matrix with real, non-negative entries on the diagonal and zeros off the 

diagonal. The columns of U are called left singular vectors of A and the columns of V 

are right singular vectors. The diagonal elements of 𝚺 are called singular values and they 

are ordered from largest to smallest: 𝜎1 ≥ 𝜎2 ≥ · · · ≥ 𝜎𝑛 ≥ 0. The SVD is visualized in 

Fig. 4.8. 

The above can easily be generalized for complex-valued matrices A ∈ C𝑚×𝑛, in which 

case we use the complex conjugate transpose ∗ instead of the real transpose T. For real-

valued matrices, the complex conjugate transpose is the same as the regular transpose 

A∗ = AT. 

When 𝑚 ≥ 𝑛, the matrix 𝚺 has at most 𝑛 non-zero elements on the diagonal. If there are 

linearly dependent columns of A, then there will be even fewer non-zero singular values. 

If we denote the diagonal matrix of non-zero singular values as 𝚺̂, then it is possible to 

exactly represent A using the economy SVD: 

[ 
ˆ ˆ

] [ 
𝚺̂
] 

VT ˆA = U𝚺VT 
= U U

⊥ 
0 

= U𝚺̂VT . (4.12) 
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X ≈ Ũ 𝚺̃ Ṽ
T

Figure 4.9 The truncated singular value decomposition approximates a matrix X using the first 𝑟

singular values and singular vectors.

The matrix Û are the columns corresponding to nonzero singular values in 𝚺̂, and Û⊥ is the

orthogonal complement to this. The rank of A is equal to the number of non-zero singular

values. The SVD can also be used to obtain an optimal rank-𝑟 approximation of A = Ũ𝚺̃Ṽ
T
,

where the rank 𝑟 < 𝑛 is chosen to retain the largest singular values. In this case, the matrices

Ũ and Ṽ contain the first 𝑟 columns of U and V, and 𝚺̃ contains the first 𝑟 × 𝑟 block of 𝚺.

This is shown schematically in Fig. (4.9).

The four fundamental subspaces of A may be related to the U and V matrices in the SVD

as follows:

• The column space of A is the same as the column space of Û.

• The orthogonal complement to the column space of A is given by the column space of

Û⊥.

• The row space of A is spanned by the columns of V.

• The kernel space of A is given by col(V⊥).

Panel 4.2: The SVD as a Sum of Rank-1 Matrices

In essence, because 𝚺 is diagonal, the SVD may be thought of as a sum of rank-1

matrices, given by 𝜎𝑗u 𝑗v
T
𝑗 . This will be useful when computing error bounds of

the SVD approximation, for example in the Eckart–Young theorem.

X ≈ 𝜎1 u1 vT
1

+ 𝜎2 u2 vT
2

· · · + · · · 𝜎𝑟 u𝑟 vT
𝑟

Figure 4.10: The SVD as a sum of rank-1 matrices.
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Least-Squares Regression with the SVD
To solve the least-squares problem, first we substitute an exact truncated SVD A = Û𝚺̂VT

in for A. We then “invert” each of the matrices Û, 𝚺̂, and VT in turn, resulting in the

Moore–Penrose left pseudo-inverse [387, 388, 424, 561] A† of A:

A†
≜ V𝚺̂

−1ÛT
=⇒ A†A = VVT. (4.13)

Note that A†A will only equal the identity I𝑛×𝑛 if the truncated SVD captures all non-zero

singular values; otherwise if we use a rank-𝑟 approximation, then ṼṼ
T
≠ I𝑛×𝑛, and it

will only approximate the identity. This may be used to find both the minimum-norm and

least-squares solutions to (4.1):

A†Ax∗ = A†b =⇒ x∗ = V𝚺̂
−1ÛTb. (4.14)

Plugging the solution x∗ back in to (4.1) results in

Ax∗ = Û𝚺̂VTV𝚺̂
−1ÛTb (4.15a)

= ÛÛTb. (4.15b)

In other words, this solution is a projection of the vector b onto the space spanned by the

columns of Û. If b is not in the span of A, and hence in the span of Û, then x∗ will only

approximately solve this equation and there will be some residual error from the components

of b that are not in the span of A. Note that ÛÛT is not the identity when 𝑛 < 𝑚, even

though VTV is the identity since V is a full rank 𝑛 × 𝑛 orthogonal matrix.

Computing the SVD
Algorithmically, the SVD is computed by first reducing the matrix A to a bidiagonal matrix

and then using an iterative algorithm to compute the SVD of the bidiagonal matrix. For

matrices with high aspect ratio (i.e.,𝑚 ≫ 𝑛), the first step may be achieved by first computing

a QR factorization to reduce A to an upper triangular matrix, followed by Householder

reflections to reduce this upper triangular matrix into a bidiagonal form [77, 500]. The

second step may be performed using a modified QR algorithm developed by Golub &

Kahan [199]. There are numerous variations, alternatives, and important results on the

computation of the SVD; for a more thorough discussion, see [199, 85, 201].

The SVD is computed in Python using the following code:

CodeSnip 4.c >>> import numpy as np

>>> X = np.random.rand(5, 3) # create random data matrix

>>> U, S, VT = np.linalg.svd(X,full_matrices=True) #full SVD

>>> Uhat, Shat, VThat = np.linalg.svd(X,full_matrices=False) #

economy SVD

Computing the pseudo-inverse A† is computationally efficient, after the expensive up-

front cost of computing the SVD. Inverting the unitary matrices Ũ and Ṽ involves matrix

multiplications by the transpose matrices, which are 2O(𝑚 ) operations. Inverting 𝚺̃ is even

more efficient, since it is a diagonal matrix, requiring O(𝑚) operations. In contrast, inverting

a dense square matrix would require an 3O(𝑚 ) operation.
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Optimal Approximation and Error Bounds 
The SVD is itself the globally optimal solution of an optimization problem. For a given 

rank 𝑟, there is no better approximation for X, in the ℓ2 sense, than the truncated SVD 

approximation X̃. The Eckart–Young theorem below will state this precisely and provide 

expressions for the error of the truncated approximation. Thus, high-dimensional data may 

be well described by a few dominant patterns given by the columns of Ũ and Ṽ. 

Schmidt (of Gram–Schmidt) generalized the SVD to function spaces and developed 

an approximation theorem, establishing the truncated SVD X̃ as the optimal low-rank 

approximation of the matrix X [446]. Schmidt’s approximation theorem was rediscovered 

by Eckart and Young [159], and is sometimes referred to as the Eckart–Young theorem. 

Theorem 4.2 (Eckart–Young [159]) The optimal rank-𝑟 approximation to X, in a least-

squares sense, is given by the rank-𝑟 SVD truncation X̃: 

argmin ∥X − X̃∥𝐹 = Ũ𝚺̃ṼT . 
X̃,s.t. rank(X̃)=𝑟 

(4.16) 

Again, Ũ and Ṽ contain the first 𝑟 columns of U and V, and 𝚺̃ contains the leading 𝑟 × 𝑟 
sub-block of 𝚺. The Frobenius norm is defined as , which is 

equivalent to the two-norm of the vectorized

 

 X(:). The Eckart–Young theorem says that the 

truncated SVD provides the best matrix approximation of a given rank, in the Frobenius 

norm. It is also possible to exactly quantify the error of the rank-𝑟 SVD approximation: 

𝑚∑︁ 
∥X − X̃∥2 

𝐹 = 𝜎𝑘 
2 . 

𝑘=𝑟+1 

(4.17) 

Thus, all other rank-𝑟 matrices X̃

∥X − X̃∥2 
𝐹 
. 

∥X∥2 
𝐹 

will have at least this much error. Because the error scales 

with the size and magnitude of X, it is often more useful to consider the relative error 

(4.18) 

This expression for the relative error in the Frobenius norm has the interpretation of the 

amount of missing variance in the approximation X̃, a property that is used extensively in 

the principal component analysis (PCA). Remarkably, the SVD also provides an optimal 

rank-𝑟 approximation in the matrix 2-norm, also known as the spectral norm: 

argmin ∥X − X̃∥2 = Ũ𝚺̃ṼT . 
X̃,s.t. rank(X̃)=𝑟 

(4.19) 

The 2-norm of a matrix X given by . The error expression for the 

rank-𝑟 SVD approximation is even simpler in the 2-norm: 

∥X − X̃∥2 = 𝜎𝑟+1. (4.20) 

This error expression is rather simple to derive by expanding 

𝑚∑︁ 
X − X̃ = 𝜎𝑘 u𝑘 v

T 
𝑘 . 

𝑘=𝑟 +1 

(4.21) 

The v𝑘 vectors are orthonormal so v = v𝑟+1 maximizes ∥(X − X̃)v∥2 = 𝜎𝑟 +1. 
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Ax = b

x1

x2

Minimum radius that 
intersects Ax = b

Least-squares 
solution  

Figure 4.11 Level sets of the ℓ2 norm of x are circles, and the least-squares solution gives the point

x on Ax = b that intersects the minimum radius level set of this norm.

4.3 Minimum-Norm Regression

The minimum-norm regression problem is similar to the least-squares problem above,

except for the case of an underdetermined system of equations

Ax = b (4.22)

where A is a short–fat matrix, so there will be fewer equations than unknowns. In this

case, under mild conditions, there will be infinitely many vectors x that solve this system

of equations.

The minimum-norm regression problem seeks the x that satisfies the system of equations

and has the minimum ℓ2 norm:

min
x

∥x∥2
2

s.t. Ax = b.
(4.23)

Importantly, here we are minimizing the norm ∥x 2∥
2

and not ∥Ax − b∥2, and instead the

system of equations now enters the optimization problem as a constraint. The minimum-

norm solution is visualized in Fig. 4.11 for the ℓ2 norm. This idea may be generalized to

other norms, as shown in Fig. 4.12.

We may use the Lagrange-multiplier form, introduced in Section 1.4 and discussed more

in Chapter 6, and expand the objective function ∥x 2∥ =
2

xTx, resulting in:

𝐿 (x, 𝝀) = xTx + 𝝀
T (Ax − b) . (4.24)

The gradient condition on x becomes

∇x𝐿 = 2x + AT
𝝀 = 0 =⇒ x = −

1

2
AT

𝝀, (4.25)

and the gradient condition on 𝝀 becomes

∇𝝀𝐿 = Ax − b = 0 =⇒ −
1

2
AAT

𝝀 = b (4.26a)

=⇒ 𝝀 = −2 AAT
−1

b,
( )

(4.26b)
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Minimum “radius” 

that intersects Ax = b

Figure 4.12 The ℓ2, ℓ1, and ℓ∞ norms of x visualized with the line Ax = b in two dimensions.

which leads to

x = −
1

2
AT

𝝀 = AT
(

AAT
)−1

b. (4.27)

This is the Moore–Penrose right pseudo-inverse:

x = AT
(

AAT
)−1

b. (4.28)

This may be computed using the singular value decomposition, as in the least-squares

regression. If A = U𝚺VT then x = V𝚺
−1UTb.

Compressed Sensing
We will now go deeper into a particularly interesting recent application of underdetermined

regression. Most natural signals, such as images and audio, are highly compressible [77].

When the signal is written in an appropriate basis (e.g., Fourier or wavelet), only a few

modes are active, having large coefficients. The remaining modes have negligible effect

on the signal, and their small coefficients may be truncated to zero, reducing the number

of coefficients that must be stored and transmitted for an accurate representation. This

compressibility is the basis of modern image and audio compression, such as JPEG and

MP3.

However, until recently, images and audio signals were typically collected in full

resolution, only to be subsequently compressed for storage and transfer. Recently, within

the past twenty years, this paradigm has been turned upside down in what is now known

as compressed sensing. In compressed sensing, the idea is to collect a small but random

subsampling of the original high-dimensional data and then infer which Fourier or wavelet

coefficients are large and active in the signal. For example, instead of collecting all million

pixels in a megapixel image, it may be possible to collect 10% of the pixels randomly and

infer the large Fourier modes in the compressed JPEG image.

Compressed sensing is a very challenging underdetermined regression problem, where

instead of solving for the minimum ∥ · ∥2-norm solution, we search for the sparsest solution

to a system of equations. Here we will set up the basic compressed sensing regression
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problem and state the associated optimization problem. Then we will have several homework 

exercises to explore various aspects of this problem in more detail. 

A compressible signal x ∈ R𝑛 may be written as a sparse vector s ∈ R𝑛 (containing 

mostly zeros) in a transform basis 𝚿 ∈ R𝑛×𝑛: 

x = 𝚿s. (4.29) 

Specifically, the vector s is called 𝐾-sparse in 𝚿 if there are exactly 𝐾 nonzero elements. If 

the basis 𝚿 is generic, such as the Fourier or wavelet basis, then only the few active terms 

in s are required to reconstruct the original signal x, reducing the data required to store or 

transmit the signal. Images and audio signals are both compressible in Fourier or wavelet 

bases, so after transforming, most coefficients are small and may be set exactly equal to 

zero with negligible loss of quality. With knowledge of the sparse vector s it is possible to 

reconstruct the signal x from (4.29). 

The goal of compressed sensing is to measure a small subset of the original signal in 

a measurement vector y ∈ R𝑝 and infer the sparsest vector s that is consistent with these 

measurements. The measurements are related to the full state x via y = Cx, where C ∈ R𝑝×𝑛 

is a measurement matrix with 𝑝 ≪ 𝑛: 

y = Cx = C𝚿s = 𝚯s. (4.30) 

The system of equations in (4.30) is underdetermined since there are infinitely many 

consistent solutions s. The sparsest solution ŝ satisfies the following optimization problem: 

ŝ = argmin ∥s∥0 s.t. y = C𝚿s, 
s 

(4.31) 

where ∥ · ∥0 denotes the ℓ0-pseudo-norm, given by the number of nonzero entries; this is 

also referred to as the cardinality of s. 

The optimization in (4.31) is nonconvex, and in general, the global solution can only be 

found with a brute-force search that is combinatorial in 𝑛 and 𝐾 . In particular, all possible 

𝐾-sparse vectors in R𝑛 must be checked; if the exact level of sparsity 𝐾 is unknown, the 

search is even broader. Because this search is combinatorial, solving (4.31) is intractable 

for even moderately large 𝑛 and 𝐾 , and the prospect of solving larger problems does not 

improve with Moore’s law of exponentially increasing computational power. 

Fortunately, under certain conditions on the measurement matrix C, it is possible to relax 

the optimization in (4.31) to a convex ℓ1-minimization [93, 146]: 

ŝ = argmin ∥s∥1 s.t. y = C𝚿s. 
s 

(4.32) 

The ℓ1-norm is also known as the taxicab or Manhattan norm because it represents the 

distance a taxi would take between two points on a rectangular grid. The ℓ1-minimum-

norm solution is sparse, while the ℓ2-minimum-norm solution is not. 

We will also see in Section 5.1 that it is possible to use the proximal gradient and splitting 

methods to accurately and efficiently solve for local solutions to this nonconvex problem. 

Further, it is possible to use the global ℓ1 solution as an initialization to the proximal gradient 

descent on the original ℓ0 problem. 
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Very often the least-squares regression problem is ill-conditioned, meaning that the columns

of A are nearly linearly dependent. In this case, the pseudo-inverse amplifies noise on the

vector b, introducing high variance and a large degree of uncertainty into the estimate x.

In this section, we will formally define the condition number, which is a fundamental

concept in regression and optimization that will be used throughout the remainder of this

book. We then introduce the Tikhonov regularization, also known as ridge regression, that

improves the conditioning of ill-conditioned least-squares problems, decreasing variance

but introducing bias. We also introduce the related LASSO regression, which promotes

sparsity of the solution vector x.

Condition Number
The condition number of a matrix A is a measure of how sensitive matrix multiplication and

inversion are to errors in the input. Larger condition number indicates higher sensitivity and

worse performance. The condition number 𝜅(A) is directly related to the singular values of

the matrix:

𝜅(A) =
𝜎max (A)

𝜎min (A)
.

4.4 Condition Number and Regularization

(4.33)

Panel 4.3: Alternative Formulation of Compressed Sensing

In addition to the ℓ1-minimization in (4.32), there are alternative optimization

approaches based on greedy algorithms [501, 502, 504, 503, 506, 226, 505, 190,

507, 188, 362, 189] that determine the sparse solution of (4.30) through an iterative

matching pursuit problem. For instance, the compressed sensing matching pursuit

(CoSaMP) [362] is computationally efficient and easy to implement.

When the measurements y have additive noise, say white noise of magnitude 𝜀,

then the following variant of (4.32) may be more robust [513]:

ŝ = argmin
s

∥s∥1, s.t. ∥C𝚿s − y∥2 < 𝜀.

A related convex optimization is the following [11]:

ŝ = argmin ∥C𝚿s − y∥2 + 𝜆∥s∥1,
s

where 𝜆 ≥ 0 is a parameter that weights the importance of sparsity. These two

equations are closely related [504]. This is very similar to the LASSO regression

we will introduce in Eq. (4.41), but for the underdetermined compressed sensing

problem. Comparing the various approaches to solve compressed sensing will be

an important exercise for the reader.
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The condition number is a central concept in all of numerical linear algebra and applied 

computation. It is easiest to understand the effect of a large condition number when 

considering the linear system of equations Ax = b. If the vector b is not specified perfectly, 

but instead has some error �b, then the system becomes 

A(x + �x) = b + �b, (4.34) 

where �x is the corresponding error in x. 

Assuming a worst-case scenario, where �b is aligned with the singular vector 

corresponding to the minimum singular value 𝜎min, and b is aligned with the singular 

vector corresponding to the maximum singular value 𝜎max, the estimated solution for x+ �x 

is 

1 1 
x + �x ≈ A† (b + �b) = b + �b. 

𝜎max 𝜎min 
(4.35)

The signal-to-noise of the estimated x is given by 

𝜎min
∥x∥/∥�x∥ = ∥b∥/∥�b∥, 

𝜎max 
(4.36)

which is degraded by a factor equal to the condition number 𝜅(A). Thus, noise on b is 

amplified by the condition number in the inversion process. 

Even if the vectors b and �b are not perfectly aligned with the worst-case directions, they 

are likely to have some component of all singular vectors. In this case, components of the 

error will still experience large amplification relative to other components of the desired 

output. One approach to mitigate a large condition number is to truncate the SVD more 

aggressively, increasing the effective minimum singular value 𝜎min. However, this comes 

at the cost of decreasing the size of the subspace Ũ used to approximate the output. The 

following code truncates the SVD based on a desired condition number: 

CodeSnip 4.d >> kappanew = 1e-5 # Desired condition number 
>> U, S, Vt = np.linalg.svd(A, full_matrices=False) 
>> r = np.sum(S > np.max(S) * kappanew) 
>> invA = Vt[:r,:].T @ np.linalg.inv(np.diag(S[:r])) @ U[:,:r].T 

# Rank-r approximation 

Tikhonov Regularization 
Tikhonov regularization [496], also known as ridge regression [232], addresses the poor 

condition number of the least-squares regression when the columns of A are very nearly 

parallel and the condition number of the pseudo-inverse is large. 

Recall that when A is non-square we cannot invert it to solve for x and so instead we 

compute the pseudo-inverse via the singular value decomposition: 

( )−1 

A = U𝚺VT 
=⇒ A† 

= V𝚺
−1UT 

= · · · = ATA AT . (4.37) 

When the columns of A are nearly parallel, the condition number of A is large, and hence 

the condition number of ATA is even larger. This manifests as the diagonal matrix 𝚺 having 

nearly degenerate singular values, so that inverting 𝚺−1 involves dividing by very small 

numbers. 
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x1

x2

Level sets of ridge 
regularizer  ∥x∥2

2

High-Variance Solutions 
to Noisy Least-Squares 

Figure 4.13 Schematic of Tikhonov regularization, aka ridge regression. The original ill-

conditioned least-squares problem has high variance, as visualized by the eccentric blue ellipses, 

which represent the solutions given Gaussian noise on the vector b. Tikhonov regularization pulls 

these solutions towards level sets of ∥x 2∥
2
, shown as red circles. 

Any noise on b will be amplified by this ill-conditioned pseudo-inverse. This has the 

effect of some entries of x being large and opposite, leading to high variance in the resulting 

solution. Said another way, if we sample from many instances of small noise on b, we will 

get a large, highly eccentric ellipsoid of solutions x centered around the true solution, as 

shown in Fig. 4.13. 

One solution is to regularize the least-squares problem with an additional loss term ∥x 2∥
2
: 

x = argmin ∥Ax′ − b∥2
2 + �∥x ′∥2

2, 
x ′ 

(4.38) 

where � is a hyperparameter that weights this regularizing term. 

It is again possible to compute the gradient of this augmented objective function and set 

it equal to zero, resulting in the analytic solution to the ridge regression problem 

( )−1 

x = ATA + �I ATb. (4.39) 

We may view the additional term �∥x 2∥
2 

as arising from a Lagrange multiplier enforcing 

the condition that ∥x 2 ∥ = �
2 

, where � is a constant (i.e., �(∥x 2∥ − �)
2 

). This will work for any 

constant �, as it essentially promotes the individual entries of x being similar in magnitude, 

as opposed to having very large and opposite entries canceling each other out, as is the case 

when A is ill conditioned. 

This leads to a fundamental property in many regularized optimization problems: the 

bias–variance tradeoff. The original problem has high variance, so we add regularization. 

However, this regularization term introduces a bias towards a solution where the entries of 

x are on the unit circle, as in Fig. 4.14. 

There is also a Bayesian perspective to ridge regression, where the ridge regularizer 

arises from a Bayesian prior that the entries of x are Gaussian random variables with zero 

mean and the same variance. We will discuss this more in Chapter 7. 
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bias

variance
x1

x2

New Ensemble of 

Ridge Solutions

Figure 4.14 Schematic of bias–variance tradeoff in Tikhonov regularization. The regularized

solution is represented by the dark blue ellipses, which have lower variance than the original solution,

given by the light blue ellipses. However, Tikhonov regularization introduces a bias, shifting the mean

of the new distribution.

Ridge Regression via SVD. At this point, you won’t be surprised that the formula in

Eq. (4.39) can be computed using the SVD, without inverting the square matrix (ATA+�I).

Substituting A = U𝚺VT, we have

(ATA + �I)−1
= (V𝚺

2VT + �I)−1 (4.40a)

= (V𝚺
2VT + �VIVT)−1 (4.40b)

= (V(𝚺2 + �I)VT)−1. (4.40c)

This may be inverted simply, as V is unitary and 2
𝚺 +�I is diagonal. So essentially, we add

� times the identity matrix to the squared singular values in the matrix inversion step.

Sparse Regression
The least absolute shrinkage and selection operator (LASSO) is an ℓ1-penalized regression

technique that balances model complexity with descriptive capability [495]. LASSO is

quite similar to ridge regression, but with an ℓ1 norm penalty on x instead of a ℓ2 norm

penalty. The ℓ1-norm was introduced earlier as a penalty in 1969 [389], with specialized

algorithms in 1973 [111], and as a robust loss in geophysics in 1973 [107]. Other related

sparsity-promoting techniques have subsequently been explored [17, 95, 423, 23, 548].

This principle of parsimony in a model is also a reflection of Occam’s razor, stating

that among all possible descriptions, the simplest correct model is probably the true one.

Since its inception by Tibshirani in 1996 [495], the LASSO has become a cornerstone of

statistical modeling, with many modern variants and related techniques [220, 539, 247].

The LASSO is closely related to the earlier nonnegative garrote of Breimen [68], and is

also related to earlier work on soft-thresholding by Donoho and Johnstone [147, 148].

Least-squares regression will tend to result in a vector x that has nonzero coefficients

for all entries, indicating that all columns of A must be used to predict b. However, we

often believe that the statistical model should be simpler, so that x is sparse. The LASSO

adds an ℓ1 penalty term to regularize the least-squares regression problem; i.e., to prevent
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Figure 4.15 Schematic of LASSO regularization, to promote sparsity. 

overfitting: 

x = argmin ∥Ax′ − b∥2
2 + 𝜆∥x′∥1.

x′ 
(4.41) 

Typically, the parameter 𝜆 is varied through a range of values and the fit is validated 

against a test set of holdout data. If there is not enough data to have a sufficiently large 

training and test set, it is common to repeatedly train and test the model on random selection 

of the data (often 80 % for training and 20 % for testing), resulting in a cross-validated 

performance. This cross-validation procedure enables the selection of a parsimonious model 

that has relatively few terms and avoids overfitting. 

LASSO regression is frequently used to build statistical models for disease, such as 

cancer and heart failure, since there are many possible predictors, including demographics, 

lifestyle, biometrics and genetic information. Interpretability is important in statistical 

models, as these models are often communicated to a non-technical audience, including 

business leaders and policy makers. Generally, a regression model is more interpretable if 

it has fewer terms that bear on the outcome, motivating yet another perspective on sparsity. 

Many statistical systems are overdetermined, as there are more observations than 

candidate predictors. Fortunately, the LASSO regression works well with overdetermined 

problems. Note that an early version of the geometric picture in Fig. 4.15 to explain the 

sparsity-promoting nature of the ℓ1-norm was presented in Tibshirani’s 1996 paper [495]. 

Elastic Net. The elastic net [564] combines the ridge and LASSO regularization terms: 

x = argmin ∥Ax′ − b∥2
2 + 𝜆∥x′∥1 + 𝛼∥x′∥2

2.
x′ 

(4.42) 

Elastic net regression is widely used in various machine learning applications. Level sets 

of the elastic net regularization 𝜆∥x∥1 + 𝛼∥x∥
2
2 are shown in Fig. 4.16.

x
1

x
2

Level sets of LASSO 
regularizer ∥x∥

1

Ensemble of Least-Squares 
Solutions with Noise
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Figure 4.16 Level sets of the elastic net regularization in Eq. (4.42) for = = 1. This is analogous

to the level sets of the LASSO regularizer in Fig. 4.15. Note that the elastic net contours look similar

to those of the 3/2 norm.

4.5 Constrained Least Squares

Up until now we have only considered unconstrained least-squares regression. However,

many systems have constraints on the admissible values of x. For example, we might know

that some values of x must be non-negative, or we may have other prior knowledge, such as

a certain symmetry in the coefficients of x or that the entries of x must be within some lower

and upper bounds (i.e., box constraints). Other common constraints include some equality

constraints on the coefficients Cx = d. In Section 10.5 we will use constrained least squares

to enforce physical constraints in machine learning models, for example to enforce energy

conservation in quadratic models of fluids [320]. We will discuss constraints in much more

generality and detail in the next chapter. Here we briefly introduce the simplest equality

constraints in least-squares.

We may derive the constrained least-squares solution for linear equality constraints:

(4.43)

Expanding the objective function, we may write this as a quadratic program with linear

equality constraints as

min
x

1

2
xTQx + cTx

s.t. Cx = d

(4.44)
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with the following matrices: 

Q = 2ATA cT 
= −2bTA. (4.45) 

We may then use Lagrange multipliers to augment the objective function with the 

constraint equation, resulting in the following augmented Lagrangian: 

1 
L(x, 𝝀) = xTQx + cTx + 𝝀T (Cx − d) .

2 
(4.46)

The conditions for optimality are that ∇xL = 0 and ∇𝝀 L = 0, which result in the 

stationarity condition and equality constraint condition, respectively: 

∇xL = Qx + c + CT
𝝀 = 0 (4.47a) 

∇𝝀 L = Cx − d = 0. (4.47b) 

Rewriting these equations in matrix form: 

(4.48)

Writing this in terms of the original matrices and vectors from the constrained least-squares 

problem yields: 

(4.49)

It is possible to solve for x and 𝝀 by inverting this matrix system of equations, again using 

SVD or QR factorization. It is clear in the above that if we have no constraints, this is 

equivalent to the standard least-squares problem. 

Minimum Norm as a Constrained Problem 
If A = I and b = 0, then the constrained least squares reduces to the minimum-norm 

problem above. 

Specifically, if we solve 

min ∥x∥2 

x 2 

s.t. Cx = d
(4.50) 

then the constrained problem becomes 

(4.51)

which has optimal solution
�

 x∗ �

= CT CCT −1 
d.
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Figure 4.17 A quadratic program may have inactive constraints (left) so that the minimum lies in

an interior point of the feasible region. Alternatively, a quadratic program may have active constraints

(right) so that the minimum lies on the boundary of the feasible region. Here we visualize the convex

feasible polytope in purple dashed lines with level sets of the quadratic objective function in red.

4.6 Quadratic Programming

Linear least squares may be written as a quadratic programming problem, which generalizes

linear programming to quadratic objective functions.

A quadratic program is written in standard form as:

min
x

1

2
xTQx + cTx,

Subject to: Ax ≤ b,

(4.52)

where Q is a symmetric matrix.

If Q is positive semi-definite, so that xTQx ≥ 0 𝑛x ∈ Rfor all , then this quadratic

program is convex and any local minimum is a global minimum. If Q is indefinite, then

the quadratic program is nonconvex, and the approach to solving it may be much more

involved.

In the case that Q is positive semidefinite, there are several cases based on whether or

not the constraints are active or not. If the constraints are inactive, then the optimum value

may occur at an interior point of the feasible set. If the constraints are active, then the

optimum may live anywhere on the boundary of the feasible set. In linear programming,

the solution occurred on vertices, but for quadratic programming with active constraints,

the optimum value can occur on an edge, a face, or a vertex. Thus, it may be harder to

search for solutions because there is no obvious simplex search method. This is illustrated

schematically in Fig. 4.17.

Instead, there are several approaches to solve quadratic programs, and we will focus on

two of these approaches:

• Active set methods: The idea behind active set methods is to guess which constraints

are active and then solve a smaller problem with only those active constraints. Roughly

speaking, if aT
𝑗 x ≤ b 𝑗 is active, then aT

𝑗 x = b 𝑗 , and we may solve the constrained least-

squares problem with this active constraint using KKT methods. Dantzig’s simplex

method from Chapter 3 is an active set method.
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• Interior point methods: IPMs are among the leading approaches to solve both linear and 

quadratic programming problems in high-dimensions. They scale well to large systems 

when we have active linear constraints like Ax ≤ b. These will be discussed in much 

more detail in Chapter 6. 

Sequential quadratic programming (SQP) is a powerful approach for solving nonlinear 

constrained optimization problems by iteratively solving a sequence of quadratic program-

ming subproblems. At each iteration, SQP approximates the original nonlinear objective 

and constraints using a second-order Taylor expansion and linearization, respectively. The 

resulting QP captures both curvature and constraint structure, and is solved using active-set 

or interior-point methods. The original problems don’t need to be convex, although there is 

no guarantee of global optimality in this case. SQP methods offer fast local convergence, 

often superlinear, and are widely used in engineering and control applications due to their 

robustness and compatibility with constraint handling. 

Least Squares as a Quadratic Program 
It is simple to see that the linear least-squares problem is a quadratic program: 

min ∥Ax − b∥2 
= (Ax − b)T (Ax − b) 2x 

= xTATAx − 2bTAx + bTb. 

(4.53a)

(4.53b) 

Thus, this loss function is a quadratic form with 

Q = ATA cT 
= −2bTA. (4.54) 

We see that Q is symmetric and positive semi-definite for any A matrix in the original 

least-squares problem, so the resulting quadratic program is convex. 

Quadratic Programming Examples in Python 
In Python, one can solve convex QPs conveniently with cvxpy, similar to how linear 

programs are solved. Other libraries include qpsolvers and OSQP, and there are several 

other libraries with specialized solvers. The package cvxpy automatically analyzes whether 

your problem is a QP, even with additional constraints. If the problem is a QP, a specialized 

solver (e.g. OSQP) is chosen if available. For large QPs, direct factorization or warm starts 

with OSQP or GUROBI might be beneficial. The user can also fine-tune performance, for 

example by setting prob.solve(solver=cp.OSQP, warm_start=True). 

Any least-squares regression can be solved as a quadratic program: we minimize a 

quadratic objective (i.e., the squared residuals) subject to linear or affine constraints on the 

parameters. We will explore constrained least-squares more in Chapter 6 on constraints and 

duality. 

Below are some code examples illustrating different constraint types. 

Python Example: Least-Squares as a Quadratic Program. Here we use cvxpy 

to solve a least-squares regression problem, first without any constraints. Again, cvxpy 

recognizes squared norms automatically, so we can write ∥Ax−b∥
2
2 as a quadratic objective. 
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CodeSnip 4.e import cvxpy as cp 
import numpy as np 

# Initialize A (m x n) and b (m x 1). 
np.random.seed(0) 
m, n = 20, 5 
A = np.random.randn(m,n) 
b = np.random.randn(m) 

# Unconstrained Least Squares 
x = cp.Variable(n) # Regression coefficients 
objective = cp.Minimize(cp.sum_squares(A@x - b)) 

prob = cp.Problem(objective) 
result = prob.solve() 

print("Optimal value:", result) 
print("Optimal x:", x.value) 

We now include the linear constraint 𝑥 𝑗 ≥ 0.5 and
Í

 𝑗 𝑥 𝑗 ≤ 3: 

CodeSnip 4.f # Constrained Least Squares 
x_constrained = cp.Variable(n) 
constraints = [ x_constrained >= 0.5, 

cp.sum(x_constrained) <= 3.0 ] 

obj_constrained = cp.Minimize(cp.sum_squares(A@x_constrained-b)) 
prob_constrained = cp.Problem(obj_constrained, constraints) 
result_constrained = prob_constrained.solve() 

Portfolio Optimization (Markowitz Model). A canonical QP arises in portfolio 

optimization: we choose x, the fraction of total budget in each asset, to minimize risk 

subject to a target return and other constraints: 

1min 
2 
xT

𝚺 x 
x 

s.t. rTx ≥ �0, 
1Tx = 1, 
x ≥ 0. 

(4.55)

Here, 𝚺 is the covariance matrix of returns, indicating some spread of risk, r is the vector 

of expected returns per asset, �0 is a minimal acceptable return, and x ≥ 0 ensures no 

short-selling. 

The following code solves this portfolio optimization problem: 

CodeSnip 4.g n = 5 # Example data has n=5 points 
Sigma = np.array([[0.05,0.01,0.02,0.0,0.0], 

[0.01,0.06,0.0,0.01,0.0], 
[0.02,0.0,0.07,0.01,0.0], 
[0.0,0.01,0.01,0.05,0.01], 
[0.0,0.0,0.0,0.01,0.04]]) # 5x5 covariance 

r = np.array([0.10,0.12,0.14,0.09,0.11]) # expected returns 
R0 = 0.11 # target return 
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x = cp.Variable(n, nonneg=True) # decision variable 

# Objective: minimize xˆ{\rm T} Sigma x 

objective = cp.Minimize(0.5 * cp.quad_form(x, Sigma)) 

constraints = [ 

cp.sum(x) == 1, # sum of allocations = 1 

r @ x >= R0 # minimum return 

] 

prob = cp.Problem(objective, constraints) 
result = prob.solve(solver=cp.SCS) 
print("Optimal risk:", result) 
print("Optimal x:", x.value) 
print("Return of portfolio:", r @ x.value) 

Here, each constraint 𝑥 𝑗 ≤ 𝑥 𝑗+1 is linear, so the feasible set is a polyhedron defined by 

the entries of the vector x monotonically increasing. The sum of squares objective is strictly 

convex. The solver can be a direct QP solver like OSQP, or the default SCS. 

Regularized Least-Squares with Box Constraints. Here we implement a 

Tikhonov-regularized least-squares with additional box constraints on the state: 

𝑙 𝑗 ≤ 𝑥 𝑗 ≤ 𝑢 𝑗 . We will revisit box constraints in Section 6.2 using Lagrange multipliers and 

the KKT conditions. 

CodeSnip 4.h np.random.seed(42) 
m, n = 8, 4 
A = np.random.randn(m,n) 
b = np.random.randn(m) 
alpha = 0.2 

x = cp.Variable(n) # Decision variable x in Rˆn 

# Objective: (1/2)*||A x - b||ˆ2 + alpha/2 * ||x||ˆ2 

objective = cp.Minimize( 0.5*cp.sum_squares(A@x - b) + 0.5*alpha 

*cp.sum_squares(x) ) 

# Example box constraints: -1 <= x_i <= 2 

l, u = -1.0, 2.0 
constraints = [ x >= l, x <= u ] 

prob = cp.Problem(objective, constraints) 
res = prob.solve(solver=cp.OSQP) 
print("Optimal value:", res) 
print("x =", x.value) 

This problem is a quadratic objective with linear constraints, solvable by standard QP 

solvers like OSQP, ECOS, SCS, or others in cvxpy. 

4.7 Nonlinear Least-Squares: Gauss–Newton Methods 

When we move from simple least-squares regression in Eq. (4.2) to the nonlinear least 

squares in Eq. (4.4), the problem is no longer convex and there is no closed-form solution. 
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Gauss–Newton methods are a powerful class of iterative techniques to solve these nonlinear 

least-squares problems. We will use the following notation for this nonlinear least-squares 

problem: 

∑︁ ∑︁ 
𝐿 = 

1

2 

𝑚

∥y 𝑗 − N(x 𝑗 ; 𝜽)∥2
2 
= 

1

2 

𝑚

𝑓 𝑗 (𝜽)2 
= 

1

2 
∥f (𝜽)∥2

2 . 
𝑗=1 𝑗=1 

(4.56) 

The sum from 𝑗 = 1 to 𝑚 is typically a sum over 𝑚 data points {(x 𝑗 , y 𝑗 )}
𝑚
𝑗=1

, so that we 

are minimizing the sum-squared error of a function fit over all data. The function f (𝜽)

is a vector of normed residuals, so that each 𝑓 𝑗 (𝜽) = ∥r 𝑗 ∥2 where the residual error is 

r 𝑗 = y 𝑗 − N(x 𝑗 ) evaluated at the 𝑗-th data point. The variables 𝜽 are the parameters of 

the nonlinear regression model and are the variables we will optimize over. This nonlinear 

least-squares formulation is very general, and encompasses much of neural network training, 

among other nonlinear regression problems. In the case of a neural network, discussed more 

in Chapter 10, N represents the neural network and 𝜽 is the vector of weights and biases 

that we train to minimize the loss function. 

Solving for min𝜽 ∥f (𝜽)∥
2 amounts to finding points where ∇𝜽 𝐿 = 0 with positive 

curvature. This is a nonlinear system of equations, leading to a nonconvex optimization 

problem, so we solve with iterative methods, such as gradient descent or Newton’s method. 

Similar to other Newton methods for large-scale problems, here we will approximate the 

Hessian. In this way, Gauss–Newton is similar to the quasi-Newton method from Chapter 2, 

in that both approximate the Hessian with a positive definite construction. However, they 

are often considered distinct classes of methods, as they have diverged in implementations 

and use cases. 

Here we compute the gradient and Hessian of the loss function 𝐿, with respect to the 

decision variable 𝜽 . The gradient is 

𝑚∑︁ 
∇𝜽 𝐿 = 𝑓 𝑗 (𝜽)∇ 𝑓 𝑗 (𝜽) = JTf 

𝑗=1 

(4.57) 

where J is the Jacobian matrix of derivatives 

𝜕 𝑓1 𝜕 𝑓1 ∇ 𝑓 T 
𝜕𝜃1 𝜕𝜃2 1

· · · 
𝜕 𝑓2 𝜕 𝑓2 ∇ 𝑓 TJ = Df = 

 

𝜕𝜃1 𝜕𝜃2 

 

= 

 

2 

 

· · · 
. . . . 
. . . . 
. . . . 

(4.58)

and its transpose is given by 

JT 
= 


∇ 𝑓1 ∇ 𝑓2 

 
. · · · (4.59)

Thus JTf yields the sum in Eq. (4.57). 
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We now write an expression for the Hessian H = ∇2 𝐿
𝜽 , which we will derive in the next 

subsection below: 

𝑚∑︁ 
H = ∇

𝜽 
2 𝐿 = JTJ + 𝑓 𝑗 (𝜽)∇2 𝑓 𝑗 (𝜽) = JTJ + Q

𝑗=1 

. (4.60) 

The first term only includes first derivatives, and the second term contains second 

derivatives. 

For many problems, it is too expensive to compute Q. Fortunately, because 𝑓 𝑗 (𝜽) are the 

residual errors, it is common to assume that these are small, and approximate the Hessian 

just using the first order terms: 

H ≈ JTJ. (4.61) 

This is the primary assumption used in Gauss–Newton methods. 

Newton’s method then becomes: 

𝜽𝑘+1 = 𝜽𝑘 − H−1∇𝜽 𝐿. (4.62) 

However, instead of storing and computing H−1, which would involve O(𝑛3) operations, 

we instead solve the linear system of equations 

Hs𝑘 = −∇𝜽 𝐿 (4.63) 

and directly use s𝑘 , which should equal H−1∇𝜽 𝐿, for the update in Newton’s method: 

𝜽𝑘+1 = 𝜽𝑘 + s𝑘 . (4.64) 

Using the Gauss–Newton approximation to the Hessian in Eq. (4.61), this becomes 

JTJ𝑘 s𝑘 ≈ −JTf (𝜽𝑘 ) 𝑘 𝑘 (4.65)

where J𝑘 = J(𝜽𝑘 ) = Df (𝜽𝑘 ). 

Therefore, the full Gauss–Newton iteration is 

Solve JTJ𝑘 s𝑘 = −JTf (𝜽 𝑘 ) 𝑘 𝑘 (4.66a)

Iterate 𝜽𝑘+1 = 𝜽𝑘 + s𝑘 . (4.66b) 

Thus, Gauss–Newton methods reduce the nonlinear least-squares problem to a sequence 

of linearized regular least-squares problems3. This can be interpreted several ways. In each 

iteration step, solving 

JTJs = −JTf (4.67) 

is equivalent to a least-squares problem 

min 
2

1 
∥Js + f∥2

s 

 . (4.68)

3 Solving these linearized regular least-squares problems may be challenging for large-scale problems, which 

motivates the conjugate gradient method in the next section. 
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Specifically, we may expand this function as 

(4.69) 

Minimizing this with respect to s amounts to computing the gradient with respect to s and 

setting equal to 0, which yields: 

JTJs = JTf. (4.70) 

Deriving the Hessian 
To derive the Hessian expression in Eq. (4.60), we first introduce a helpful bit of notation. 

If ∇� 𝐿 = JTf (�), then we denote the �-th component as: 

∑

� 
� �� 

∇� 𝑗 𝐿 = �� (�) . 
�� 𝑗 

�=1 

(4.71)

Similarly, we denote the ( � , �)-th component of the Hessian as � 2 
𝑗� = ∇ 𝐿

� 𝑗 �� 
, which is 

given by: 

�

(4.72)

Again, we often drop the quadratic terms, since they are expensive to compute and assumed 

to be small. To see that 
 

JT Í

J = � �� � �� 
� ��� �� 𝑗 , we expand as 

JTJ =



∇ � T
1

∇ � T
2
...




∇ �1 ∇ �2 · · ·

 

(4.73) 

so the ( 𝑗 , 𝑘)-th element of JTJ is given by the 𝑗-th row of JT times the 𝑘-th column of J:


.. 

(4.74)

Challenges with Gauss–Newton 
There are a number of well-known issues with Gauss–Newton methods, and there is a vast 

literature on how to address these challenges. The Gauss–Newton approximation to the 

Hessian matrix as the Jacobian of the residuals is efficient, but it assumes the residuals 

are small and ignores second-order terms. This can lead to divergence of the iteration 

when residuals are large, so that Gauss–Newton performs poorly in regions far from the 

solution. Moreover, there are several failure modes when JTJ is singular or nearly singular. 

Fundamentally, Gauss–Newton methods have first-order convergence, unless the residuals 

are very small. 

There are several issues that arise when JTJ is nearly singular. First,the update JTJΔx = 
−∇𝐿 (x) may result in a large step Δx, which can cause the iteration to overshoot the 

(4.73)
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solution, leading to divergence. Second, when JTJ is nearly singular, then the linear system 

in Eq. (4.66) is ill conditioned, and solving it becomes numerically sensitive to errors. Small 

errors in the residuals or the Jacobian can cause large changes in the solution Δx. This may 

lead to erratic or unstable behavior of the iteration. Finally, if JTJ is nearly singular, the 

update Δx might point in a direction that does not improve the objective function. This can 

cause the optimization to stall. 

The Levenberg–Marquardt algorithm improves the robustness of Gauss–Newton 

methods for nonlinear least-squares problems with ill-conditioned Hessian approximations, 

and we discuss it in the next subsection. 

Levenberg–Marquardt Algorithm 
Gauss–Newton methods are efficient for well-conditioned problems, but have known failure 

modes when the Hessian approximation is ill-conditioned. The Levenberg–Marquardt (LM) 

algorithm [307, 334, 185] combines Gauss–Newton with gradient descent to improve the 

robustness for poorly conditioned or ill-posed problems. LM also helps when the initial 

guess is far from the solution and residuals are large, making the Hessian approximation in 

Gauss–Newton inaccurate. This hybrid approach is highly effective and is used in a wide 

range of application domains that involve solving nonlinear systems, including computer 

vision, curve fitting, machine learning, parameter estimation in control, and robotics. 

The fundamental idea behind Levenberg–Marquardt is to regularize the Hessian 

approximation with a weighted identity matrix, so that 

( )
H ≈ JTJ + 𝛼I . (4.75) 

Thus the update equation becomes

( ) 
JTJ + 𝛼I Δ𝜽 = −JTf. (4.76) 

The damping parameter 𝛼 blends between Gauss–Newton (𝛼 = 0) and gradient descent 

(𝛼 → ∞). The transition to gradient descent as 𝛼 → ∞ is simple to see, as the update 

becomes 

Δ𝜽 = − 
𝛼 
1 JTf (4.77) 

when the 𝛼I term dominates the Hessian approximation. 

The LM modification to the Hessian approximation in Eqs. (4.75) and (4.76) may also 

be viewed as adding Tikhonov regularization (see Section 4.4), which is known to improve 

the robustness of ill-conditioned least-squares regression problems. 

Typically, the parameter 𝛼 is adapted dynamically, based on the residuals. When the initial 

guess is far from the solution, a large 𝛼 is used, and the gradient-descent behavior stabilizes 

the updates. As the iteration approaches the optimal solution and residuals decrease, LM 

automatically shifts to the faster Gauss–Newton method. Thus, LM achieves fast quadratic 

convergence near the solution. In a sense, LM may be viewed as transitioning between 

exploration (i.e., gradient descent) and exploitation (i.e., Gauss–Newton) in different phases 

of the iteration. 
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 dynamically. The simplest approach is to 

simply increase 

There are several approaches for modifying 𝛼

𝛼 if the loss function does not decrease sufficiently, and to decrease 𝛼 if 
the change in the loss function is sufficient. This is achieved by multiplying or dividing 𝛼 
by a constant factor 𝜈 > 1. Since the loss function naturally decreases toward the solution, 

the changes to the loss function become smaller with successful iterations, and so we use a 

relative change in the loss function with respect to the quadratic approximation to determine 

if the change in loss is sufficient. This is quantified by the relative ratio 𝜌: 

𝜌 =
Δ𝐿actual 

Δ𝐿predicted 
, (4.78)

where 

Δ𝐿actual = 𝐿 (𝜽 𝑘 ) − 𝐿 (𝜽 𝑘+1) (4.79) 

is the actual reduction, and 

1 
Δ𝐿predicted = −JTfΔ𝜽 − 

2 
Δ𝜽

T (JTJ + 𝛼I)Δ𝜽 (4.80) 

is the predicted reduction from the quadratic model. 

Even if Δ𝐿actual becomes small near the minimum, 𝜌 ensures that the reduction is 

evaluated relative to the quadratic Hessian prediction. This approach avoids issues with 

absolute magnitudes of reductions. The parameter 𝛼 is usually initialized with a small 

positive value (e.g., 10−3). 

This simple approach of increasing or decreasing 𝛼 based on the relative ratio 𝜌 has a 

trust region interpretation [396, 357, 139, 370, 112], where 𝛼 controls the size of the region 

in which the quadratic model is trusted. For example, we may use a condition such as: 

• If 𝜌 > 0.75, reduce 𝛼 (the model is trustworthy). 

• If 𝜌 < 0.25, increase 𝛼 (the model is unreliable). 

LM explicitly adjusts 𝛼 based on the norm of the step Δ𝜽 , so that 

𝛼 = max(𝛼𝜈, 𝜖 ∥Δ𝜽 ∥), (4.81) 

where 𝜖 > 0 ensures sufficient regularization. 

It is also possible to introduce more sophisticated regularizations, beyond Tikhonov 

regularization. For example, instead of adding 𝛼I to the Hessian approximation, it is 

possible to adaptively scale each diagonal entry individually: 

H = JTJ + 𝛼 diag(JTJ). (4.82) 

This approach dynamically scales damping based on the local curvature. 
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4.8 The Conjugate Gradient Method 

The conjugate4 gradient (CG) method is an iterative algorithm for solving large, sparse 

systems of linear equations [500, 10], 

Ax = b, (4.83) 

where A ∈ R𝑛×𝑛 is symmetric positive definite, x ∈ R𝑛 is the unknown vector, and b ∈ R𝑛 

is the right-hand side. For example, A might be the Hessian, or the Hessian approximation 

from the Gauss–Newton method above. The CG method is particularly efficient for large, 

sparse systems because it avoids explicitly storing or factorizing A. Instead, it builds an 

approximate solution iteratively using Krylov subspaces and ensures convergence in at 

most 𝑛 iterations. It is often used in scientific computing, for example to solve the Poisson 

equation in computational fluid dynamics. 

The conjugate gradient algorithm is also frequently used to accelerate Gauss–Newton 

methods for very large, sparse systems. Specifically, the conjugate gradient method is used 

to solve the linear system5: 

JTJΔx = −JTf, (4.84) 

Instead of directly inverting the approximate Hessian JTJ ≈ H, the conjugate gradient 

method solves the system iteratively, avoiding the explicit computation of the Hessian 

matrix. Instead, it requires only matrix–vector products, which dramatically improves the 

memory efficiency of the algorithm for large-scale problems, where it might be prohibitive 

to construct and store the Hessian approximation. The improvement in memory and speed 

is even more pronounced when the Hessian is sparse. 

In addition to improving the scalability of Gauss–Newton methods to large-scale 

problems, the conjugate gradient method also improves numerical stability by avoiding 

explicit inversion of the Hessian, which may be ill-conditioned. Similarly, it is possible 

to add regularization and preconditioners flexibly in the conjugate gradient formulation. 

However, convergence still depends on the condition number of JTJ and preconditioning is 

often necessary. 

The idea behind the conjugate gradient method is to expand the solution x in Eq. (4.83) 

in a basis of conjugate vectors p𝑘 , that are orthogonal with respect to the inner product 

defined by A: 

pTAp 𝑗 = 0 for all 𝑖 ≠ 𝑗 . 𝑖 (4.85)

If A is a symmetric, positive definite matrix, the set of {p 𝑗 }
𝑛
𝑗=1 

form a basis for R𝑛, and 

any vector x may be expanded in this basis. If these vectors are chosen judiciously, then we 

may be able to approximate x quite accurately without all 𝑛 of these vectors. 

4 Here, conjugate just means orthogonal with respect to the inner product ⟨u, v⟩A = uTAv = 0. We will iteratively 

construct and re-orthogonalize a basis in this method. 
5 Note that here we have returned to using x for the decision variable, while in the discussion on Gauss–Newton 

we used 𝜽. 
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Given a set of conjugate vectors {p 𝑗 }
𝑛
𝑗=1

, we approximate the solution x as 

𝑛∑︁ 
x = 𝛼 𝑗 p 𝑗 . 

𝑗=1 

(4.86) 

To approximate the 𝑘-th coefficient 𝛼𝑘 , we use Ax = b 

𝑛  
Ax = 𝛼 𝑗 Ap 𝑗 = b 

𝑗=1 

∑︁
(4.87) 

and take the inner product of both sides with p𝑘 : 

𝑛∑︁ 
pT 
𝑘 b = 𝛼 𝑗 p

T 
𝑘 Ap 𝑗 . 

𝑗=1 

(4.88) 

Since p are conjugate vectors, the only nonzero term in the sum is 𝛼𝑘 p
T 
𝑘 Ap𝑘 : 

pT 
𝑘 b = 𝛼𝑘 p

T 
𝑘 Ap𝑘 (4.89) 

so that 

pT 
𝑘 b 

𝛼𝑘 = 
pTAp𝑘 

. 
𝑘 

(4.90) 

Thus, the conjugate gradient method iteratively builds up this basis p𝑘 and the 

approximation to x, which is reconstructed by the coefficients 𝛼𝑘 in the basis p𝑘 . 

Gradient Descent Formulation. The CG method can be viewed as an enhancement of 

the classical gradient descent algorithm for minimizing the quadratic objective function: 

1 
𝑓 (x) = xTAx − bTx. 

2 
(4.91)

The gradient of 𝑓 (x) is: 

∇ 𝑓 (x) = Ax − b. (4.92) 

Since we are trying to set ∇ 𝑓 (x) = 0, we use the negative gradient as our first vector 

p1 = b − Ax. Thus, all future vectors will be conjugate to the gradient direction, hence the 

name. 

Iterative Construction of Conjugate Vectors. We first introduce the simplest way 

to understand the construction of the conjugate vectors p, but it turns out that there is a 

more efficient algorithm. We will present the intuitive construction first here, followed by 

the streamlined algorithm. 

The residual at each step is r𝑘 = b−Ax𝑘 , so the initial conjugate vector p1 is also the first 

residual. Classic gradient descent would take the next step in this residual direction, but the 

conjugate gradient method requires that the next step is in a direction that is conjugate to the 

previous p vectors. Thus, the direction of the next step is obtained by taking the residual r𝑘 
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and removing all of its components in each of the previous p 𝑗 directions. This amounts to a 

Gram–Schmidt orthonormalization in the weighted inner product space determined by A: 

𝑘−1 Ar𝑘∑︁ pT 

p𝑘 = r𝑘 − 
pT 

𝑗 

Ap 𝑗 
p 𝑗 . 

𝑗=1 𝑗 
(4.93) 

Each term in the sum can be understood in the following way: the numerator is the projection 

of r𝑘 in the p 𝑗 direction, the denominator is a normalization factor, and the p 𝑗 to the right of 

the fraction indicates that this vector is being subtracted from r𝑘 in exactly the amount that 

is contained in r𝑘 . Thus, this sum removes all components from all previous p 𝑗 conjugate 

vectors, so that p𝑘 is guaranteed to be conjugate to all prior vectors. 

Once the new vector p𝑘 is constructed, we may update x as 

x𝑘+1 = x𝑘 + 𝛼𝑘 p𝑘 = x𝑘 + 
pT 

pT 
𝑘 b

p𝑘 
Ap𝑘𝑘 

(4.94)

where 𝛼𝑘 was previously derived in Eq. (4.90). 

In actuality, there are ways of compressing and streamlining several of these steps, which 

we will explore below. 

Krylov Subspaces and Conjugate Directions. At each iteration, CG minimizes 

𝑓 (x) within the 𝑘-dimensional Krylov subspace: 

K𝑘 = span{r0, Ar0, A2r0, . . . , A𝑘−1r0}, (4.95) 

where r0 = b − Ax0 is the initial residual. Unlike gradient descent, the conjugate gradient 

method constructs a sequence of search directions p𝑘 that are A-conjugate, as defined 

before. Conjugate directions ensure that the minimization along each direction does not 

interfere with progress along previously chosen directions, leading to faster convergence. 

The CG method iteratively updates x𝑘 , the residual r𝑘 , and the search direction p𝑘 as 

follows. 

We begin with an initial guess x0: 

x0, r0 = b − Ax0, p0 = r0. (4.96) 

Then, for each iteration 𝑘 we compute: 

rTr𝑘 
𝛼𝑘 = 

pT 

𝑘 

Ap𝑘 
, 

𝑘 

x𝑘+1 = x𝑘 + 𝛼𝑘 p𝑘 , 
r𝑘+1 = r𝑘 − 𝛼𝑘 Ap𝑘 , 

(4.97a) 

(4.97b) 

(4.97c) 

and update the next conjugate direction: 

𝛽𝑘 = 
rT 
𝑘+1

r𝑘+1 

rT 
𝑘 r𝑘 

, (4.98a)

p𝑘+1 = r𝑘+1 + 𝛽𝑘 p𝑘 . (4.98b) 
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Notice here that we modified our expression for �� to only include the current residual r�

and the current conjugate vector p� . It will also be helpful for the reader to verify that the

new expression for the residual is equivalent to r� = Ax� − b.

The iterations terminate when ∥r� ∥ is below a predefined tolerance or after 𝑛 iterations.

The CG method converges in at most 𝑛 iterations because the Krylov subspace expands

to include the entire space R
𝑛. However, practical performance depends on the condition

number 𝜅(A) = 𝜆max/𝜆min, where 𝜆max and 𝜆min are the largest and smallest eigenvalues of

A. The convergence rate is approximately:

∥x� − x∗∥A ≤ 𝐶

(
√︁

𝜅(A) − 1
√︁

𝜅(A) + 1

) �

, (4.99)

where x∗ is the true solution and 𝐶 is a constant depending on the initial error. Thus, the

performance of CG deteriorates for poorly conditioned systems (large 𝜅(A)), which slows

convergence. Preconditioning is commonly used to improve the condition number of A,

transforming the system into:

M−1Ax = M−1b, (4.100)

where M is a preconditioner chosen to approximate A while being easy to invert.

CG is also memory efficient, requiring storage only for a few vectors (x� , r� , p�), making

it ideal for large-scale problems. It avoids explicit matrix factorization and is particularly

suited for sparse systems.

Panel 4.4: Generalized Minimal Residual Method (GMRES)

The generalized minimal residual method (GMRES) [432] is a closely related

Krylov subspace algorithm for solving linear systems Ax = b when A is not

symmetric positive definite. Whereas CG minimizes the energy norm ∥x − x∗∥A,

GMRES directly minimizes the two-norm of the residual ∥ ∥2r

subspace. It does so using the Arnoldi iteration to build an orthonormal basis,

over the Krylov

which leads to increasing storage and orthogonalization costs as iterations grow.

In practice, GMRES is often used in a restarted form, GMRES(𝑚), where the basis

is truncated after 𝑚 steps to control cost. Like other Krylov methods, GMRES is

highly dependent on effective preconditioning, which can dramatically accelerate

convergence. Despite higher per-iteration cost than CG, GMRES is robust and

broadly applicable, making it a workhorse iterative solver in scientific computing,

particularly for nonsymmetric and indefinite systems arising in fluid mechanics,

electromagnetics, and optimization.
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Homework 

Exercise 4.1 Recall that the minimum norm solution may be formulated in the KKT 

framework with the following system of equations: 

Show that the solution of this system is x∗ = AT 
�

AAT
�−1 

b. 

(4.101) 

Exercise 4.2 Show that ∇(Ax) = A and ∇(xTA) = A even for non-square matrices A. 

Exercise 4.3 For each of the following matrices, indicate if it is positive definite, semi-

definite, indefinite, etc. 

Q 

Exercise 4.4 For each of the matrices above, compute the eigenvalues, the trace, and the 

determinant. 

Exercise 4.5 Derive the gradient result in Eq. (4.7) using the result ∇ ( � (Ax)) = 
AT∇ � (Ax). 

Exercise 4.6 Generate examples of matrices A ∈ R3×2 that are overdetermined and 

underdetermined. Repeat for matrices A ∈ R2×3. 

Exercise 4.7 Consider the following matrix 

What are conditions on �, �, �, � for this matrix to be positive definite? Positive semi-

definite? 

Exercise 4.8 Show that the trace of a 2 × 2 matrix is the sum of its eigenvalues. Show that 

the determinant of this matrix is the product of its eigenvalues. 

Exercise 4.9 Show that the trace of a general 𝑛 × 𝑛 matrix is the sum of its eigenvalues. 

Exercise 4.10 Show that the determinant of a general 𝑛 × 𝑛 matrix is the product of its 

eigenvalues. 
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Exercise 4.11 Show that a matrix Q is positive semidefinite if Q = ATA. Show that this 

is also a necessary condition for Q to be positive semidefinite. 

Exercise 4.12 Give an example of a real-valued 2 × 2 matrix that is positive definite and 

not symmetric. How does this relate to the requirement that Q = ATA above? 

Exercise 4.13 Show that if Q = ATA for a non-singular A, then Q is positive definite. 

Exercise 4.14 Consider a symmetric matrix A with maximum eigenvalue 𝜆. Show that 

Q = 𝛼I − A is positive semidefinite for 𝛼 ≥ 𝜆. 

Exercise 4.15 A matrix is called diagonally dominant if the magnitude of each diagonal 

entry is larger than the sum of magnitudes of all other entries in the same row: 
∑︁ 

|𝑎 𝑗 𝑗 | > |𝑎 𝑗𝑖 |
𝑖≠ 𝑗 

. 

Show that a diagonally dominant matrix with positive diagonal entries is positive semi-

definite. 

Exercise 4.16 The matrices XTX and XXT are correlation matrices for the columns and 

rows of X, respectively. Specifically, the 𝑖 𝑗-th entry of XTX is the inner product of the 𝑖-th 

column with the 𝑗-th column of X. Expand XTX and XXT in terms of the SVD, X = U𝚺VT, 

and simplify. 

Exercise 4.17 Show that the matrices XTX and XXT have the same nonzero eigenvalues. 

Exercise 4.18 Show that U are eigenvectors of the symmetric matrix XXT. Similarly show 

that V are eigenvectors of XTX. (Hint: remember that U and V are unitary matrices, so 

UTU = I and VTV = I.) 

Exercise 4.19 Show that if X is self-adjoint (i.e., X = XT) then the singular values of X 

are equal to the absolute value of the eigenvalues of X. 

Exercise 4.20 Load a high resolution image, like the image of Mordecai the snow dog 

from Fig. 4.18. This image has 2000 × 1500 pixels. 

1. Compute the SVD of this image and plot the singular values on a logarithmic plot. 

2. For various values of 𝑟 from 1 to 100, compute the rank-𝑟 SVD approximation and 

compute the the error between the original matrix image X and the reconstruction X̂; use 

the Frobenius norm. Plot this error versus the rank 𝑟. 

3. Now compute the error of the rank-𝑟 approximation using Eq. (4.17) and compare with 

the actual error. 

4. What rank 𝑟 is needed to reconstruct the image to 90% accuracy? How about for 99%? 

Exercise 4.21 This exercise will test the concept of condition number. We will test the 

accuracy of solving Ax = b when noise is added to b for matrices A with different condition 

numbers. 
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Figure 4.18 High resolution image to demonstrate SVD compression. 

1. To build the two matrices, generate a random U ∈ R100×100 and V ∈ R100×100 and then 

create two 𝚺 matrices: the first 𝚺 will have singular values spaced logarithmically from 

100 to 1, and the second 𝚺 will have singular values space logarithmically from 100 to 

1e-6. Use these matrices to create two A matrices, one with a condition number of 100 

and the other with a condition number of 100 million. Now create a random b vector, 

solve for x using the two 𝐴 matrices and compare the results. Add a small 𝝐 to b, with 

norm 1e-6 smaller than the norm of b. Now solve for x using this new b + 𝝐 and compare 

the results. 

2. Repeat the experiment above with many different noise vectors 𝝐 and compute the 

distribution of the error; plot this error as a histogram and explain the shape. 

3. Repeat the above experiment comparing two A matrices with different singular value 

distributions: the first 𝚺 will have values spaced linearly from 100 to 1 and the second 

𝚺 will have value spaced logarithmically from 100 to 1. Does anything change? Please 

explain why yes or no. 

4. Repeat the above experiment, but now with a A matrix that has size 100 × 10. Explain 

any changes. 

Exercise 4.22 There are very specific conditions that must be met for the ℓ1-minimization 

in (4.32) to converge with high probability to the sparsest solution in (4.31) [90, 92, 25]: 

1. The measurement matrix C must be incoherent with respect to the sparsifying basis 𝚿, 

meaning that the rows of C are not correlated with the columns of 𝚿, 
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2. The number of measurements 𝑝 must be sufficiently large, on the order of 

𝑝 ≈ O(𝐾 log(𝑛/𝐾)) ≈ 𝑘1𝐾 log(𝑛/𝐾). (4.102) 

The constant multiplier 𝑘1 depends on how incoherent C and 𝚿 are. 

Roughly speaking, these two conditions guarantee that the matrix C𝚿 acts as a unitary 

transformation on 𝐾 sparse vectors s, preserving relative distances between vectors and 

enabling almost certain signal reconstruction with ℓ1 convex minimization. This is often 

referred to as the restricted isometry property. 

1. Construct a measurement matrix C with 𝑝 rows and 𝑛 columns. To start, use 𝑝 = 100 

and 𝑛 = 1000. The entries of C should be independent, identically distributed Gaussian 

elements with mean 0 and standard deviation 1. 

Similarly construct the basis 𝚿 given by the inverse discrete cosine transform. 

2. Compute C𝚿 = 𝚯. What is its condition number? 

3. Compute random pairs of vectors x and y with given amounts of sparsity in the basis 𝚿 
(e.g., 𝐾 = 1, 2, 100).· · · 

4. Compute the normalized inner product of these vectors in the high-dimensional ambient 

space, ⟨x, y⟩, and compare with the normalized inner product in compressed space. 

Specifically ⟨𝚯 , 𝚯 ⟩x y . 

5. Plot the error between these inner products as a function of the sparsity 𝐾 . To get good 

statistics, with error bounds, you will likely need to test several pairs of x and y for each 

sparsity 𝐾 (maybe 100 pairs). 

6. Repeat the above error plots with more or less rows of C (i.e., vary 𝑝 from 10 to 1000). 

Plot the error in a two-dimensional pcolor plot of 𝐾 vs 𝑝. What trends do you notice? 

7. Now, for the vectors x generated above, solve the compressed sensing problem for s, the 

sparse vector, and compute the ℓ0 error between the estimated s and the true s. Plot the 

average error in a pcolor. How does this compare to the above? 

Exercise 4.23 Repeat the above problem with different measurement matrices C. 

• Try C with each entry uniformly distributed between 0 and 1. 

• Try C with each entry a Bernoulli random variable with equal probability of being a 0 

or a 1. 

• Try C with each entry a Bernoulli random variable with 95% probability of being a 0. 

• Try C with each row a single nonzero entry of 1, which corresponds to measuring a 

single spatial location in x. 

How do the trends on the error versus sparsity and number of measurements 𝑝 change? 

Exercise 4.24 Construct a C and 𝚿 matrix from above with 𝑝 = 100 and 𝑛 = 1000 and 

C a Gaussian random matrix. Construct a sparse vector s with 𝐾 = 10 and x = 𝚿s. Solve 

this sparse, underdetermined system using the three methods discussed in this chapter: 

• Use the standard compressed sensing formulation from Eq. (4.32); 

• Use the constrained ℓ1 minimization with constraints ∥C𝚿s − y∥ < 𝜖 from Panel 4.3; 

• Use the Dantzig selector from Panel 4.3, which is more akin to the classic LASSO. 
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Add noise of varying magnitude to the measurement in y = C𝚯s and repeat the methods 

above. Try different 𝜖 and 𝜆 and discuss the various trends and findings. 

Exercise 4.25 To see the sparsity promoting effects of the ℓ1 norm, we consider a generic 

underdetermined system of equations. First construct a random matrix system of equations 

y = 𝚯s with 𝑝 = 200 rows (measurements) and 𝑛 = 1000 columns (unknowns). In general, 

there are infinitely many solutions s that are consistent with these equations, unless we are 

very unfortunate and the row equations are linearly dependent while the measurements are 

inconsistent in these rows. In fact, this is an excellent example of the probabilistic thinking 

used more generally in compressed sensing: if we generate a linear system of equations 

at random, that has sufficiently many more unknowns than knowns, then the resulting 

equations will have infinitely many solutions with high probability. 

Solve this system of equations using both the minimum ℓ1 norm and minimum ℓ2 norm 

solutions. The minimum ℓ2 norm solution is obtained using the pseudo-inverse, related to 

the SVD. The minimum ℓ1 norm solution is obtained via the cvx package. 

Plot the histogram of the coefficients of both solutions x and comment on the results. 

Exercise 4.26 Consider the following one-dimensional linear regression problem, where 

we are simply trying to find the constant 𝑥 that best scales a vector a into a vector b: 

 
b 

 
= 

 
a 

 
𝑥 = U𝚺VT𝑥. 

The solution is given by 

𝑥 = V𝚺
−1UTb. 

Please write down U, 𝚺, and V in terms of a, b, and 𝑥. 

Write down the solution 𝑥 in terms of the vectors a and b. 

Exercise 4.27 As a simple example, construct an artificial data set consisting of 100 

observations of an outcome, arranged in a vector b ∈ R100. Make it so that each outcome in 

b is given by a combination of exactly 2 out of 10 candidate predictors, whose observations 

are arranged in the rows of a matrix A ∈ R100×10. 

Add a small amount of noise (5%) to the vector b and solve for x using ordinary least 

squares, Tikhonov regularized least squares, and LASSO regression. Please comment on 

the results. 

Compare the LASSO prediction before and after de-biasing, which involves taking the 

sparse pattern returned by LASSO and performing a final least squares regression just onto 

these terms. 
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Exercise 4.28 In this exercise, we will reproduce the Tikhonov regularization schematic 

in Figs. 4.13 and Fig. 4.14. 

First, generate a matrix A with condition number 𝜅; start with 𝜅 = 100. To do this, you 

can use the SVD with 

� �

1
b = 

1 
Generate an ensemble of b vectors centered around with additive Gaussian noise 

with zero mean and standard deviation of 0.1. 

Solve for x using least squares and plot the ellipsoid of solutions. 

Now, solve for x using Tikhonov regularized least squares and plot the ellipsoid of 

solutions. Try different regularization strengths �. 

Estimate the bias and the decrease in variance with various �. 

Exercise 4.29 Repeat the exercise above, but with the LASSO regression. 

https://doi.org/10.1017/9781009755856.005


5 Nonsmooth and Global 
Optimization 

In this chapter, we explore several methods for nonsmooth (i.e., gradient-free) and 

nonconvex optimization. This chapter will have a bit less structure than the previous 

chapters, because the topic of nonconvex optimization is itself less structured. This is a 

vast field, and we will only cover some of the major highlights. 

First, we will develop the proximal gradient method, which is an incredibly useful 

extension of gradient descent for nonsmooth problems where the gradient may not exist. 

Many optimization problems have a smooth objective, such as the least squares error 

function, and a nonsmooth regularizer, such as the ℓ1 regularized LASSO regression from 

Chapter 4. The proximal gradient approach is a powerful and intuitive algorithmic approach 

to handle these situations. The proximal operator, used in the proximal gradient method, 

will also be useful in the next chapter, when we introduce the alternating direction method 

of multipliers (ADMM). Proximal algorithms are essential when, in our objective function, 

we have nonsmooth terms such as ∥ · ∥1, the nuclear norm ∥ · ∥∗, the total variation used in 

image processing in Chapter 8, and other nonsmooth regularizers used in neural network 

training (see Chapter 10). 

Next, we will explore two workhorse algorithms that assume very little structure in the 

optimization problem: the Nelder–Mead downhill simplex method and simulated annealing. 

The downhill simplex method, not to be confused with Dantzig’s simplex method from linear 

programming, uses a simplex (i.e., a polytope) to sample the objective function landscape 

and then take steps that deform the simplex towards better objectives. Simulated annealing 

replicates the natural process of annealing, or cooling, when creating strong metal alloys, 

where a specific cooling schedule is used to promote strong crystal structures in the material. 

In simulated annealing, the optimization algorithm begins “hot”, exploring the objective 

function landscape, and gradually “cools” to begin exploiting favorable local minima. 

We then introduce evolutionary algorithms, including genetic algorithms and genetic 

programming, the last being particularly interesting in the context of modern explainable 

and interpretable AI. 

Finally, we will cover distributed and swarm optimization approaches, such as particle 

swarm optimization and ant colony optimization. These approaches leverage distributed 

optimization to mimic the collective behavior of natural biological systems, such as fish 

schooling, birds flocking, and insects swarming. 
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5.1 Proximal Gradient Algorithms 

Standard gradient descent from Chapter 2 no longer applies to optimization problem with 

a nonsmooth regularizer, such as the ℓ1 norm in LASSO or total variation penalties, due to 

the non-differentiability of the objective. The proximal gradient method extends gradient 

descent to handle such composite optimization problems of the form 

, 
x 

(5.1)

where (x) is smooth, and (x) is possibly nonsmooth. Typically, we assume additional 

structure on  and , such as  being convex with Lipschitz-continuous gradient, and  

being convex. However, these are not strictly necessary for much of the discussion and 

practical implementation. A Lipschitz-continuous gradient of  means that we can bound 

the function from above by a simple quadratic, which will be used in the derivation below. 

Panel 5.1: The Convex Hegemony 

The centrality of convexity in optimization emerged in the mid-20th century. 

After Dantzig’s simplex method [123] made linear programming practical, 

researchers realized that convexity was the underlying property that guaranteed 

tractability. Local minima of convex problems are also global, and convex functions 

admit powerful duality theory. Rockafellar’s 1970 book Convex Analysis [419] 

codified this view, giving mathematicians and engineers a common language for 

convex sets, cones, and subgradients. In the 1970s and 1980s, convex quadratic 

programming and conic formulations became essential for operations research, 

control, and engineering design. Interior point methods, in particular, reinforced 

the idea that convex optimization was not only elegant but also scalable to 

real-world problems [270, 367, 542]. By the 1990s, the convex hegemony was 

firmly established: researchers habitually reshaped models to fit convex templates 

because these were the only problems they could solve reliably at scale. 

In the past two decades, this dominance has softened. The incredible growth of 

computing power and available data, together with algorithmic advances in splitting 

and proximal methods, showed that many nonconvex problems could be attacked 

directly. Forward–backward splitting and proximal gradient methods [110, 109], 

ADMM [65], and more general convergence frameworks [16, 59] demonstrated 

practical ways to handle structured nonconvex problems. Meanwhile, the success of 

deep learning [204] made nonconvexity mainstream: billions of parameters trained 

by first-order methods challenged the old intuition that nonconvex meant intractable. 

Today convex optimization is still foundational [66], guiding algorithms and 

serving as a benchmark. However, the field now is less dogmatic, with nonconvex 

approaches now seen as legitimate, effective tools rather than mathematical dead 

ends. 
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As a concrete example to motivate this discussion, we let 𝑓 (x) be the least-squares loss

function and 𝑔(x) be the sparsity-promoting ℓ1 regularizer, discussed in Chapter 4:

min
x

||Ax − b||2
2 + 𝜆||x||1. (5.2)

We will proceed for now with general 𝑓 and 𝑔 functions, but if the discussion becomes too

abstract, just go back to this simple example, which we will revisit and solve in a moment.

The idea behind the proximal gradient method is to replace a gradient step

x𝑘+1 = x𝑘 − 𝛾∇ 𝑓 (x𝑘) (5.3)

Panel 5.2: Multi-Objective Optimization and the Pareto Front

We often have competing objectives, such as the goodness of fit 2||Ax− b||
2

and the

sparsity of the solution ||x||0, which form the objective function

𝑓 (x) = ||Ax − b||2
2 + 𝜆||x||0.

For a fixed 𝜆, this is a scalar objective function, but often we are interested in

the performance tradeoffs for different 𝜆 weighting these multiple objectives. In

this case, we form the Pareto family of optimal solutions by sweeping through 𝜆

and solving for the various optima. The resulting Pareto front denotes the family

of solutions so that any decrease in one objective will result in a corresponding

increase in another. This can be very useful in design optimization, where the

particular weighting of different terms is not decided, and instead it is more useful

to understand the various design tradeoffs to look for a good balance of objectives.

Jumps in the Pareto curve can help identify good values for 𝜆. For example, in model

fitting, a jump in the Pareto curve often corresponds to the point where overfitting

begins. If test data is available, we validate the error on this test data, but if only

training data is available, then jumps in the Pareto curve can be useful.

E
rr
o
r

=

Train

Test

Complexity (# of terms)

(overfit)(underfit) Parsimonious

Ax = b

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥



· · ·

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥



⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥



A x b

=
=

Figure 5.1: Linear regression problem (left) and Pareto curve (right).
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with a proximal gradient step 

x�+1 = prox�,� (x� − �∇ � (x� )) (5.4) 

that takes into account the nonsmooth term �. This notation prox ( )�,� z  indicates that 

the proximal operator explicitly depends on the step size � of the unregularized problem 

(i.e., min � without �) and the nonsmooth function �. Its argument z in Eq. (5.4) is the 

unregularized gradient step z = x� −�∇ � (x� ). This algorithm alternates between a gradient 

step on the smooth part � and a proximal step on the nonsmooth regularizer �. 

The proximal operator of � with step size � is defined as 
� �

1
prox�,� (z) := arg min ∥x − z∥2 + ��(x) .

x 2 
(5.5)

In the case of �(x) = �∥x∥1, the proximal step corresponds to soft thresholding, and the 

method reduces to the classical iterative shrinkage-thresholding algorithm (ISTA). We will 

derive this next. Accelerated variants, such as FISTA [32], improve convergence from 
2O(1/� ) O(1/�) to for convex problems, by combining ISTA with Nesterov’s accelerated 

gradient method from Section 2.2. The proximal gradient is particularly useful for sparse 

or low-rank models, such as ℓ1-regularized least squares (LASSO) and nuclear-norm 

minimization for low-rank matrix recovery. These will be explored throughout this section. 

We will derive the proximal operator for several regularizers �(x) in a moment. For 

now, the main takeaway is that the proximal operator has been computed for dozens 

of commonly used regularizers [109, 105] �(x), so we substitute it directly in for the 

gradient step in gradient descent from Chapter 2. However, for some problems, computing 

the proximal gradient may be quite challenging, and is not guaranteed to simplify the 

optimization problem. Fortunately, for most cases we care about, there are simple and 

efficient implementations of the prox operator. The proximal operator will also be useful 

in several other algorithms that are not based on gradient descent, for example the SR3 

algorithm later in this section, and the ADMM algorithm in Section 6.5. 

Deriving the Proximal Operator 

We now derive a mathematical expression for the proximal operator. To motivate this, we 

take a small digression to discuss properties of the unregularized problem. We typically 

assume that � is convex with Lipschitz-continuous gradient, so that we may write it as 

x (5.6a)

(5.6b)

The second equation is obtained from the first by completing the square, and this is known as 

the Moreau envelope, denoted �0 (x). Since only the middle term depends on x, minimizing 

�0 (x) with respect to x simply amounts to setting x = x0 − 1 ∇ � (x0)� , which is exactly 

gradient descent with a step size   1 
 � =

�
 obtained via Newton’s method on the quadratic 

Moreau envelope with curvature 
� 
2 

. More formally, we may say that 

x1 = arg minx �0 (x) =⇒ x1 = x0 − 
� 
1 ∇ � (x0). (5.7) 
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Importantly, this establishes some very useful bounds. First, 

� (x1) ≤ �0 (x1) ≤ �0 (x0) = � (x0) (5.8) 

by the definition of �0. We may also write down 

1� (x1) ≤ � (x0) − ∥∇ � (x0)∥2 
2� 2 (5.9)

which provides a lower bound for the descent. This is equal to 0 if x0 is stationary. 

We are now ready to derive the proximal operator, by adding �(x) to the equation above. 

We follow the same procedure, adding �(x) to both sides of the equation: 

� (x) + �(x) ≤ � (x0) + (� − x0)T∇ � (x0) + � 
2 
∥x − x0 ∥22 + �(x) (5.10a)

� �� 1
= � (x0) + ∥x − x0 − 1 ∇ � (x0) ∥22 − ∥∇ � (x0)∥22 + �(x). 

� 2� 2 
(5.10b)

Now, there are two terms in the last equation that depend on x, and we solve for the x that 

minimizes this expression: 

(5.11a)

(5.11b)

where z = x0 − 1 ∇ � (x0)� .

Thus, the proximal gradient is a simple gradient step on � to obtain z, followed by a 

“prox” step on the function �(x). Note that we have not explicitly computed the arg min 

of �0 (x) + �(x), and in practice this may be very challenging. But for many common 

regularizers �(x) there are known prox gradient solutions. In a sense, by writing the 

optimization problem like this, we abstract away this challenging step, relying on the 

optimization community to come up with efficient solutions for many common problems1. 

As before, we have a bound on the descent: 

( � + �) (x1) ≤ (�0 + �) (x1) ≤ (�0 + �) (x0) = ( � + �) (x0). (5.12) 

For a least-squares regression problem with � (x) = ∥Ax − b∥
2
2, the bounding curvature 

� 
 2
is rather pessimistic, and may result in slow descent when � is large. Recall that descent 

algorithms also have poor convergence for ill-conditioned A, since the number of steps is 

related to the condition number. This motivates the SR3 and ADMM algorithms, where 

we split the objective function and solve the least-squares portion with a better conditioned 

algorithm, such as a pre-conditioned least-squares from Chapter 4. 

Notice that we have assumed that � (x) has a particular structure, namely that it has 

a Lipschitz-continuous gradient, so that the smooth step involves minimizing a quadratic 

objective function. This is true for the case of a least-squares regression objective, and it 

also holds for many other objective functions. Even if this is not true, we may still proceed 

1 Sasha Aravkin likes to think of abstracting away the proximal operator as a side quest on the path to solving the 

main quest of minimizing � (x) + � (x) . With the side quest in hand, the method is just as simple as gradient 

descent in Chapter 2. The proximity operator repository (https://proximity-operator.net/) is an 

excellent source [105], with Matlab and Python implementations in the proxop library. 

https://proximity-operator.net
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with proximal gradient descent, although we may descend to a local, rather than a global 

minimum. Also, similar to Newton’s method, the gradient step � = 1 
� might be rather 

inefficient, and so instead we may use a line search to determine this step size. 

Example: Solving the LASSO Problem with Prox Gradient 

Let’s examine the proximal gradient operator on the motivating example above. It is possible 

to explicitly compute the proximal gradient for the LASSO regularizer, �(x) = �∥x∥1: 

x x (5.13a)

(5.13b) 

Because both the quadratic objective and the ℓ1 norm can each be decomposed into a sum of  

expressions that depend on the individual coordinates � � and � � , we may explicitly compute 

the solution for each index � separately. Specifically, 

𝑗=1

To solve for the prox operator, we solve the piecewise linear optimization problem 

coordinate-wise for each � � . Specifically, we compute the gradient of the expression above 

and set it equal to zero. Because |� � |1 is nonsmooth, its gradient depends on the sign of � � : 

�(� � − � � ) + � sign(� � ) = 0. 

Thus, we have the following relationships for � � > 0 and � � < 0: 

= − � � � > 0 =⇒ �(� � − � � ) + � = 0 =⇒ � � − � � � 
� � � < 0 =⇒ �(� � − � � ) − � = 0 =⇒ � � − � � = 
� 

However, we don’t want a condition on � � , but rather on the argument � � . When � � > 0, we 

know that � � > � 
� , and when � � < 0, we know that  � < − � �

� , so we have: 

� � � > =⇒ � ∗ = � � − � 
� � � 

� � < − � 
=⇒ � ∗ = � � + � 

� � � . 

−� 
−� 

−� 
−� 

Figure 5.2 Proximal gradient operator for ℓ1 (left) and ℓ0 (right) norms. The �-axis is the input � � 
and the �-axis is the output �∗�

 
 . The threshold � is determined by the problem parameters � and �. 
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∇ � (x) ∇�(x) prox(�, �) (z)

When |� � | < �
�

we set �∗� = 0. This is exactly the iterative soft threshold algorithm (ISTA)

with threshold � =
�
�

, shown in Fig. 5.2. This is also known as the iterative shrinkage-

thresholding algorithm. Further, we show the proximal gradient vector field and prox

gradient descent for this ℓ1 regularized least-squares in Fig. 5.3.

Figure 5.3 Gradient vector fields and loss level sets for the LASSO regression problem: (left) least

squares loss � (x); (middle) ℓ1 loss �(x); (right) proximal gradient vector field prox ( −�,� x �∇ � (x))
and proximal gradient descent.

Example: Solving the ℓ0 Problem with Prox Gradient

Similarly, we may solve for the proximal gradient operator for the ℓ0 regularized regression

problem with �(x) = �∥x∥0:

prox 1
�
,�∥ · ∥0

(z) = argminx
�

2
∥x − z∥22 + �∥x∥0 (5.14a)

= argminx

𝑛
∑︁

�=1

�

�

2
(� � − � � )2 + �1(� � ≠ 0)

�

. (5.14b)

Here the indicator function 1(� � ≠ 0) is equal to 1 if � � ≠ 0 and is equal to 0 if � � = 0.

Instead of computing the gradient and setting equal to zero, as with the ℓ1 regularized

problem above, we directly solve for the �∗�
we are balancing the two terms in the objective function, so we choose �∗� to minimize the

that minimizes the objective above. Specifically,

sum. Either we will choose �∗� = 0 to remove the second term, in which case our error from

the �-th term is
� 2�
2 � , or we will choose �∗� ≠ 0, in which case the second term is equal to

�. In this case, we might as well choose � � = � � to eliminate the first term. This makes the

choice relatively simple, since we have the following cases:

�∗� = 0 =⇒ �

2
�2
�

�∗� = � � ≠ 0 =⇒ �.

Depending on , we choose the ∗� �
2 2� > �
� �

that yields the smaller of
� 2�
2 �� �

2 2� < �
� �

and �. When

we choose �∗� = 0, and when we choose �∗� = � �
√︃

2� =
�
�

.

. This is exactly the iterative

hard threshold, shown in Fig. 5.2, with threshold We often use the iterative

hard threshold to promote sparsity in optimization problems. The ℓ0 problem is neither
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differentiable nor is it continuous, and it is still possible to compute the proximal gradient 

step. 

Constrained Optimization and the Projected Gradient 
It is possible to handle constraints with the proximal gradient, by adding them directly into 

the objective function, via an infinite penalty for x not in a feasible set C (see Fig. 1.27 for 

an example of the infinite penalty function): 

, .
(5.15)

This function is nonsmooth, discontinuous, and unbounded. However, we can still compute 

the proximal gradient of this function, which will allow us to develop a simple gradient-

based descent algorithm for constrained optimization problems. 

Specifically, we may write the proximal gradient operator explicitly 

� 
prox 1 = argminx 2 

∥x − z∥22 + �C (x) 
, �C� 

(5.16a)

� 
= argminx∈ C 2 

∥x − z∥2 
2 (5.16b)

≡ projC (z). (5.16c) 

The proximal gradient operator takes a gradient step on � (x) and then projects onto the 

feasible set C. This projection operator may or may not be simple to compute. For example, 

if C is a sphere or is a box, then it is simple to project z onto this set. 

The basic idea of the projected gradient algorithm is to start with an initial x0 in the 

feasible set, take an unconstrained gradient iteration step, and project the solution back into 

the feasible set. We then iterate until convergence. 

Projected Gradient and Box Constraints 

Here we will analyze the constrained least-squares regression problem with box constraints 

on the regression variable x: 

1min 
2 
∥Ax − b∥2 

x 2 

s.t. ℓ ≤ x ≤ u. 
(5.17) 

We may also write the box constraints on each coordinate 𝑥 � as ℓ � ≤ 𝑥 � ≤ � � . 
We may enforce box constraints with the projected gradient algorithm. We begin with 

an initial x0 in the box [ℓ, u], take an unconstrained step: 

z�+1 = x� − �∇ � (x� ) (5.18) 

and project it back into the feasible box: 

(5.19)

We denote the unconstrained least-squares objective function by � (x)  1
= ∥

2 
Ax − b 2∥

2
, 

so   x  = AT ∇ � ( ) (Ax − b). We will revisit box-constrained least-squares in the context of 

Lagrange multipliers in Chapter 6. 
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Splitting Methods 
The proximal operator, in the proximal gradient method above, generalizes to a broad family 

of operator splitting methods in which one decomposes a problem with multiple terms in 

the objective function, introducing extra variables to handle each term separately. These 

separate variables are then coupled with an additional term in the objective. This has several 

benefits that we will explore in this section via the sparse, relaxed, regularized regression 

(SR3) method, and via ADMM2 in Section 6.5. 

The general idea behind splitting methods is to transform a problem of the form 

min 
x 

𝑓 (x) + 𝑔(x) (5.20)

into the form 

min 
2 

𝜌 
∥x − z∥2 . 

x,z 
𝑓 (x) + 𝑔(z) + (5.21)

Again, the regularization term 𝑔(x) could be used to promote specific properties, such as 

sparsity, or enforce constraints, as discussed in Chapters 4 and 6. These terms each have 

different decision variables x and z, which are coupled through the quadratic 
𝜌 
2 
∥x − z∥2. 

The parameter 𝜌 determine the tightness of this coupling. Technically, Eq. (5.21) solves 

a different problem that approximates Eq. (5.20); to exactly solve Eq. (5.20), we add the 

constraint x = z via Lagrange multipliers, which is the approach taken in ADMM. 

This approach has several benefits. We break a complex problem into simpler sub-

problems, which are each better conditioned. 

We may also use different algorithms for each term, for example using a preconditioned 

least squares solver for the 𝑓 (x), while using a proximal gradient descent algorithm for the 

nonsmooth 𝑔(x). 

Many problems can be written in this form. For example, the least-squares regression 

problem with objective function 𝑓 (x) = 
2
1 ∥Ax − b∥2 can be written 

min 
2
1 ∥Ax − b∥2 𝜌 2 . 

x,z 
+ 𝑔(z) + 

2 
∥x − z∥ (5.22)

It is possible to incorporate nonsmooth and nonconvex norms via proximal gradients, as 

above. LASSO regression uses 𝑔(z) = 𝜆∥z∥1, and ridge regression uses 𝑔(z) = 𝛼∥z∥
2
2. 

Occasionally, algorithms will add an additional matrix C in the last term, 
𝜌 
2 
∥Cx − z∥2

2 ADMM is a primal-dual method, meaning that it relies on both the primal and dual formulation of the 

optimization problem, while SR3 and proximal gradient descent are primal only algorithms, meaning that 

they only depend on the original primal form of the optimization problem. Primal methods are often easier to 

formulate and work with. We will discuss dual methods more in Chapter 6. 

. 

Sparse, Relaxed, Regularized Regression (SR3) 
Sparse, relaxed, regularized regression (SR3) [557] is a powerful framework for handling 

nonsmooth and nonconvex sparse optimization problems in a fast and accurate way. Real-

world optimization problems are often ill-posed or numerically unstable. Regularization 

and relaxation are two common strategies to mitigate these challenges. Regularization 

modifies an objective function to improve stability, interpretability, or generalization. 
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𝑤3 ∥F𝜅 w − g𝜅 ∥
2 

𝑥3 ∥Ax − b∥2 

𝑥2 
𝑤2 

𝑥1 
𝑤1 

(a) 
original 

(b) 
relaxed 

coordinates coordinates 

Figure 5.4 (a) Level sets (shaded ellipsoids) of the quadratic part of LASSO and corresponding 

path of prox-gradient to the solution (40 iterations) in x-coordinates. (b) Level sets (shaded spheres) 

of the quadratic part of the SR3 loss and corresponding SR3 solution path (2 iterations) in relaxed 

coordinates w. Shaded octahedra show the ℓ1 ball in each set of coordinates. SR3 decreases the singular 

values of F𝜅 relative to those of A with a weaker effect on the small ones, ‘squashing’ the level sets 

into approximate spheres, accelerating convergence, and improving performance. Reproduced from 

Zheng et al. [557]. 

Relaxation replaces nonconvex terms in the constraints or the objective function with 

convex approximations that are amenable to computations. When combined, regularization 

and relaxation provide a powerful framework for systematically handling large-scale, ill-

conditioned, or combinatorially complex problems. Splitting methods are effective ways of 

solving regularized, relaxed optimization problems. Instead of satisfying all constraints and 

objectives with the same decision variable, splitting introduces new decision variables 

for each term, adding a final regularization term to tightly couple these independent 

optimization problems. This makes stiff optimization problems more tractable. For convex 

problems, the SR3 formulation is part of a larger class of problems [30], where it is possible 

to use alternating minimization algorithms [2]. The original alternating projection methods 

go back to the 1950s by Von Neumann [522] and Cheney and Goldstein [103]. 

Sparse optimization is ubiquitous, and SR3 splits the sparsity and accuracy requirements 

in Eq. (5.22) between the z and x variables. The algorithm iterates between solving the 

subproblems in x and z individually, combining 
𝜌 
2 
∥x − z∥

2
2 and 𝑔(z) in a proximal gradient 

step. The x term can be solved for using preconditioned least squares. It is possible to 

partially minimize x to obtain a function entirely in z, which has been shown to have nearly 

spherical level sets, shown schematically in Fig. 5.4 from Zheng et al. [557]. This is in 

contrast to the highly eccentric elliptical level sets of ∥Ax − b∥2. 
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Figure 5.5 Top Left: SR3 approach (red) is orders of magnitude faster than ADMM (green) or 

other first-order methods such as prox-gradient (gray). While iteratively reweighted least squares 

(IRL) (blue) requires a comparable number of iterations, its cost per iteration is more expensive 

than SR3. Top Right: True Positives vs. False Positives along the LASSO path (blue) and along the 

SR3 path (red). Reproduced from Zheng et al. [557]. 

These concepts will be used in the later chapters on inverse problems3, control theory, 

and machine learning, where relaxation and regularization are essential. Machine learning 

examples include sparse regression (LASSO), ridge regression, robust fitting, and training 

neural networks under constraints, such as derived from physics. In signal processing and 

image analysis, we use total variation (TV) regularization to denoise, wavelet-based sparsity 

constraints and sparse regularization for image reconstruction given sparse measurements, 

and nuclear-norm regularization for matrix completion. We have already seen examples of 

relaxing integer constraints to a continuous linear program. Finally, in robust control and 

PDE-constrained optimization, small changes in model parameters can produce unstable or 

ill-posed results, necessitating regularization and relaxation. 

As a concrete example of the improvement using SR3, we consider the LASSO problem, 

investigated in Zheng et al. [557]. It was shown in Su et al. [477] that when performing 

LASSO, false discoveries occur early in the optimization path that cannot be reversed, 

leading to many false positives compared to true positives. This is largely attributed to 

the eccentricity of the geometry of the optimization problem, which is largely mitigated 

with SR3. In SR3, there are nearly no false positives, leading to a more accurate and more 

efficient algorithm. This is shown in Fig. 5.5. 

3 In fact, SR3 was originally developed in a discussion with Sasha Aravkin about the surprising effectiveness of our 

sequentially thresholded least-squares (STLS) algorithm used in the sparse identification of nonlinear dynamics 

(SINDy) algorithm [81]. Peng Zheng and Sasha showed that our algorithm for solving the ℓ0 sparse optimization 

problem was a proximal gradient descent on a particular value function, and they went on to generalize this 

approach for several other sparse optimization problems. This will be discussed more in Section 8.7. 

https://doi.org/10.1017/9781009755856.006


173 5.2 Nelder–Mead Downhill Simplex 

5.2 Nelder–Mead Downhill Simplex 

The Nelder–Mead downhill simplex method [363] is a popular gradient-free, local search 

technique for unconstrained optimization problems, introduced in 1965. Unlike gradient 

descent, which requires the gradient of an objective function, Nelder–Mead works purely 

with function value evaluations. It is particularly useful when the objective function is non-

differentiable or discontinuous in certain regions, or when numerical or analytical gradients 

are difficult or expensive to obtain. This approach works well when the dimension of the 

problem is relatively small, commonly up to a few dozen variables. 

Despite its popularity in practice and its ease of implementation, the Nelder–Mead 

method does not have strong theoretical convergence guarantees. In fact, there are 

known counterexamples, even for strictly convex functions [346], where the method 

fails to converge or its performance degrades. Nevertheless, it remains widely used 

in engineering and applied mathematics for small to medium-scale problems [475], 

particularly when function evaluations are expensive and derivative approximations or 

adjoint-based approaches are complicated or infeasible. 

The idea behind the downhill simplex method is quite simple. Consider a minimization 

problem. Given a decision variable x 𝑛∈ R , we initialize a simplex in R𝑛 with 𝑛 + 1 vertices 

{x 𝑗 }
𝑛
𝑗=0

, evaluate the objective function at all vertices, and modify the vertex with the 

highest objective function value to ideally move to a lower objective function value. In this 

way, we iteratively move the centroid of the simplex to a lower objective function value, one 

vertex at a time, without needing to compute a gradient at any step. In a sense, this simplex 

“rolls down” the objective function landscape; see Fig. 5.6 for an illustration. There are 

several details and options for how to modify the vertex with the highest value, depending 

on the dimension of the problem, the structure of the objective function landscape, among 

other considerations. In addition, we may shrink or expand the size of the simplex depending 

on properties of the objective function landscape. 

This may be mathematically formalized as follows. At each step, the current simplex is 

defined by the points {x0, x1, . . . , x𝑛 }. We assume that the points are sorted so that 

𝑓 (x0) ≤ 𝑓 (x1) ≤ · · · ≤ 𝑓 (x𝑛), (5.23) 

where 𝑓 is the objective function being minimized. We define the centroid of the 𝑛 best 

points in the simplex, omitting the (𝑛 + 1)th, as 

1 
𝑛−1∑︁ 

x̄ = x 𝑗 . 
𝑛 

𝑗=0 

(5.24)

Then, at each step of the Nelder–Mead iteration, we modify the simplex according to the 

following procedure: 

Reflection We reflect the point x𝑛 about the centroid x̄

x′ = x̄ + 𝛼(x̄ − x𝑛) (5.25) 

where 𝛼 is a coefficient that either increases the distance from the centroid (𝛼 > 1), 

decreases it (𝛼 < 1) or keeps it the same (𝛼 = 1). Typically 𝛼 ≈ 1 is a good choice. 
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Figure 5.6 Schematic of the downhill simplex method on a simple two-dimensional objective

function with a single global minima. The simplex is illustrated by the three colorful vertices, with

blue having the lowest objective function value, red having the highest, with purple in the middle.

In each reflection, the red vertex becomes the gray dashed vertex. In this example, simple reflections

suffice to drive the simplex towards the minima.

We now compare � (x′) against the objective value at the other vertices. If the

new reflected vertex � (x′) falls between the best and second best vertex,

� (x0) ≤ � (x′) < � (x𝑛−1) (5.26)

then replace x𝑛 with x′, finish the iteration, and proceed back to step 1 for the next

iteration. Otherwise, proceed to the next steps, depending on the ranking of � (x′).
Expansion If x′ is the new best vertex, so that

� (x′) < � (x0) (5.27)

then expand the point further in this new reflected direction:

x′′ = x̄ + �(x̄ − x𝑛) (5.28)

where � ≈ 2𝛼 > 1 is the expansion coefficient. If the new value is still the best, i.e.

� (x′′) < � (x′), then replace x𝑛 with x′′, otherwise replace with x′. The iteration

ends and we proceed with step 1 in the next iteration.

Contraction If x′ is still the worst vertex, so that

� (x′) ≥ � (x𝑛−1) (5.29)

then we perform a contraction

x′′ = x̄ + 𝜌(x̄ − x𝑛) (5.30)
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Reflect

Shrink

Expand

Contract

Figure 5.7 Illustration of the various downhill simplex operations. The first operation is a simple

reflection. If the reflected point is the new optimum in the simplex, then we move to the expand

operation, moving more in this favorable direction. If the new point is still the worst, then we contract,

moving closer to the centroid. If all else fails, we move all points closer to the current optimum point.

where 𝜌 ≈ 0.5𝛼 < 1 is the contraction coefficient. If the new vertex x′′ is better

than x′, i.e. � (x′′) < � (x′), then replace x𝑛 with x′′ and end this iteration.

Otherwise, when all else fails, as a dousing of cold water, we proceed to the

shrinkage operation.

Shrink Here we contract all other vertices � = 1, . . . , 𝑛 towards the best vertex x0:

x𝑖 ← x0 + 𝜎 x𝑖 − x0 ,
( )

(5.31)

where 0 < 𝜎 < 1 is the shrinkage coefficient. Typically 𝜎 ≈ 0.5 is reasonable.

These operations are shown schematically in Fig. 5.7. The above parameters are the defaults

originally proposed by Nelder and Mead. Adjusting them can change the aggressiveness of

exploration and the method’s stability.

There are several common stopping criteria: if the function values at all simplex vertices

are sufficiently close to one another (e.g., max � | � (x � ) − � (x0) | < 𝜖); if the simplex size

(e.g., the maximal distance between vertices) is below a tolerance; or if the number of

function evaluations or iterations reaches a specified maximum.

Now that we have seen the algorithm, and before exploring a coding example, it

is important to reiterate the strengths and limitations of this approach. The downhill

simplex method is simple to implement and requires no gradient or higher-order derivative

information, making it a reasonable choice for many situations. It is also possible to code

up from scratch and implement special or custom features. Thus, it is often effective for
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Figure 5.8 The objective function with four local minima, visualized in three-dimensions (left) and

in contours (right).

small-scale problems where function evaluations are costly, or gradient approximations are

infeasible. However, there are also several drawbacks. There are relatively few convergence

results for nonconvex problems, and convergence to a local minima is not guaranteed to

be global. However, the algorithm can often escape local minima depending on the size of

the initial simplex and optimization hyperparameters. In higher dimensions, the downhill

simplex may perform poorly, often requiring many function evaluations. Finally, without

careful tuning, the method might stagnate or wander slowly around an optimum.

However, in practice, the Nelder–Mead downhill simplex method remains one of the

most widely used derivative-free local optimization techniques [113]. Its simple conceptual

framework and relatively straightforward hyperparameter setup make it attractive for

problems in low to moderate dimensions, particularly when function evaluations are

expensive or noisy but one still prefers a local method to refine near a suspected optimum.

Example in Python
Here we will demonstrate the ability of the downhill simplex method to find a global

optimum of a nonconvex landscape with four local minima.

The objective function is given by

� (x) = 1 + �1 (x) + �2 (x) + �3 (x) + �4 (x) (5.32)

where each � � (x) is defined as

� � (x) = −𝛼 �𝑒
− 1

2
∥x−x 𝑗 ∥2 (5.33)

and �x is the center of the �-th minima and 𝛼 � is the depth. For this example, we use

(𝛼1, 𝛼2, 𝛼3, 𝛼4) = (3, 1.5, 1, 2) at centers x1 = (2, 2), x2 = (−2, 2), x3 = (2,−2), and

x4 = (−2,−2). This function is visualized in Fig. 5.8.

The downhill simplex algorithm is simple to implement, and there are many established

libraries (e.g., scipy.optimize with method=’Nelder--Mead’). The following
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code performs a single iteration of the Nelder–Mead downhill simplex method, where 

𝛼, 𝛾, 𝜌, and 𝜎 are the reflection, expansion, contraction, and shrinkage coefficients. 

CodeSnip 5.a %\lstinputlisting[caption={Nelder--Mead downhill simplex method 

.}, label={Code:CH02:neldermead}] 

%{\begin{lstlisting}[style=customP] 

def nelder_mead_step(vertices, alpha, gamma, rho, sigma): 

vals = np.array([f(v) for v in vertices]) 

order = np.argsort(vals) 

vertices = vertices[order] 

vals = vals[order] 

x1, x2, x3 = vertices # vertices : np.ndarray of shape (3,2) 

f1, f2, f3 = vals # best, middle, worst 

center = (x1 + x2) / 2.0 # center of best and middle points 

# Reflection 

x_reflect = center + alpha * (center - x3) 

f_reflect = f(x_reflect) 

if f_reflect < f1: # Expansion 

x_expand = center + gamma * (x_reflect - center) 

f_expand = f(x_expand) 

if f_expand < f_reflect: 

vertices[2] = x_expand 

else: 

vertices[2] = x_reflect 

elif f_reflect < f2: 

vertices[2] = x_reflect 

else # Reflection is worse than mid 

if f_reflect < f3: # Outside contraction 

x_contr = center + rho * (x_reflect - center) 

f_contr = f(x_contr) 

if f_contr <= f_reflect: 

vertices[2] = x_contr 

else: # Shrink 

vertices[1] = x1 + sigma*(x2 - x1) 

vertices[2] = x1 + sigma*(x3 - x1) 

else: # Inside contraction 

x_contr = center - rho * (center - x3) 

f_contr = f(x_contr) 

if f_contr < f3: 

vertices[2] = x_contr 

else: # Shrink 

vertices[1] = x1 + sigma*(x2 - x1) 

vertices[2] = x1 + sigma*(x3 - x1) 

return vertices 

This code would be called in the following way: 

CodeSnip 5.b # Initialize a large simplex in 2D 

vertices = np.array([[4.0, 4.0], 

[-4.0, -3.0], 

[-2.0, 4.0],]) 

# Perform Nelder--Mead updates 
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Figure 5.9 Objective function versus iteration for the downhill simplex method on the nonconvex

system with multiple local minima.

num_iterations = 30

for it in range(1, num_iterations+1):

vertices = nelder_mead_step(vertices)

The objective function versus iteration is shown in Fig. 5.9. Figure 5.10 shows the

evolution of the vertex in the first sixteen iterations. After an initial search, it finds the

global minima and then descends to the best value.

5.3 Simulated Annealing

Simulated annealing is a stochastic global optimization technique inspired by the

metallurgical process of annealing, in which a material is heated and then slowly cooled

to decrease defects and obtain a strong crystalline structure [279, 521]; see Panel 5.3. In

metallurgical annealing, the specific cooling schedule makes a tremendous difference in

the final properties of the metal. In optimization, simulated annealing uses a similar idea,

leveraging an initially higher “temperature” to explore the solution space and escape local

minima, then gradually lowering the temperature to focus on refining solutions near good

local minima. In simulated annealing, the temperature refers to the step size of random

perturbations that are made to the current solution at each iteration step, so that a higher

temperature leads to larger, more exploratory, random fluctuations.

Simulated annealing is a robust, global search algorithm that is suitable for nonconvex

optimization problems. Moreover, it does not require gradient information and is able

to handle stochastic or noisy optimization problems, as well as problems with discrete,

continuous, or mixed variables. Simulated annealing is simple to implement, as it only

involves evaluations of the objective function and some basic logic. However, the cooling

schedule and other hyperparameters play an essential role, and must be tuned carefully
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Figure 5.10 Illustration of the downhill simplex method on the nonconvex system with multiple 

local minima. After an initial exploration phase, the simplex eventually finds the global minima and 

descends. 

Panel 5.3: Annealing Metal Alloys 

Annealing is an ancient practice of heating and cooling metal alloys to promote 

certain material properties, such as strength and durability. 

Figure 5.11: Schematic of nucleation and recrystallization in annealing, from 

Wikimedia by Daniele Pugliesi. 
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Figure 5.12 Schematic of simulated annealing. Left: We see an example path of the decision

variable in the objective function landscape as it goes from hot (yellow/red) to cold (blue). Right: The

current temperature determines how likely it is to jump from one local minimum to another.

for good performance. As the cooling schedule is itself a function, with infinitely many

degrees of freedom, we typically choose from a parameterized class of functions, such as

exponential or geometric decay. A schematic of simulated annealing is shown in Fig. 5.12.

There are a number of interesting convergence results for simulated annealing in the

infinite-time limit, for specific cooling schedules. However, in practice, while it is designed

for global exploration, there is no guarantee that a global minimum will be found in finite

time. The global search can also be time-consuming, especially for large problems.

Algorithm
We aim to minimize an objective function 𝑓 (x). The decision variable x may be continuous

(i.e., x ∈ 𝑛
R ) or discrete. Simulated annealing iteratively samples a new candidate solution

x𝑘+1 in the neighborhood of the current solution x𝑘 . The difference in objective values

Δ = 𝑓 (x𝑘+1) − 𝑓 (x𝑘) guides the acceptance of x𝑘+1:

1. If Δ ≤ 0 then the new solution is better, and we accept it unconditionally.

2. If Δ > 0, the new solution is worse, and we accept it with probability
( )

𝑝 = exp Δ−
𝑇

,

where 𝑇 is the current temperature.

Over time, 𝑇 is decreased according to the cooling schedule, reducing the acceptance of

worse solutions. The algorithm then focuses more on local refinement near good solutions.

Typical stopping criteria include a minimum temperature threshold, a maximum number

of iterations, or detecting convergence.

Cooling Schedules, Hyperparameters, and Tuning

There are several choices for the cooling schedule. A classical geometric decay for

temperature is

𝑇𝑘+1 = 𝛼𝑇𝑘 , (5.34)

where 0 < 𝛼 < 1 is a constant (e.g., 0.9 ≤ 𝛼 ≤ 0.99). More sophisticated schedules adjust

temperature dynamically based on recent acceptance rates. There are also some theoretical

guarantees for cooling rates 𝑇𝑘 that lie between the curves 1/𝑘 and 1 2/𝑘 .
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In addition, there are several hyperparameters that must be tuned: 

• Initial temperature �0: This should be high enough to encourage global exploration early, 

but too large a �0 will increase the number of iterations required before the temperature 

is low enough for exploitation of a local minimum. 

• Cooling factor ˝: For geometric decay, this determines how fast � is reduced in each 

iteration. Too fast, and the algorithm won’t have time to explore, and too slow and the 

algorithm may not converge quickly or to a good minimum. 

• Neighborhood function or “move operator”: This determines how new candidate 

solutions are generated from the current solution. In continuous domains, one might add 

small random Gaussian or uniform perturbations. In discrete domains (e.g., traveling 

salesman), it might be a random permutation swap. 

• Stopping criteria: Several choices include reaching a minimum temperature �min, a  

maximum number of iterations, or no improvement for a number of steps. 

Code Example 
Here we explore the objective function in Eq. (5.32) with simulated annealing. Figure 5.13 

shows the progression of the decision variable, starting from a “hot” exploratory condition 

in red to the final “cold” nearly optimal condition in blue. It is simple to implement a basic 

simulated annealing code. The code in CodeSnip5.c tracks the best objective value at each 

iteration and returns the path of visited points. 

Figure 5.13 Illustration of the simulated annealing process, where initial “hot” points are red, and 

as they “cool” they become more blue. Eventually the global minimum is found. 
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CodeSnip 5.c def simulated_annealing(init_point, n_iter=200, T0=5.0, alpha 
=0.98, step_size=1.0, bounds=(-5,5)): 
current = np.array(init_point, dtype=float) 
current_val = f(current) 
path = [current.copy()] 
temp = T0 # Initial temperature 

for i in range(n_iter): 

# Propose random step 

candidate = current + np.random.randn(2) * step_size 
candidate = np.clip(candidate, bounds[0], bounds[1]) 
candidate_val = f(candidate) 
delta = candidate_val - current_val 

# Accept if better or with probability eˆ(-delta/T) 

if delta < 0: 

current, current_val = candidate, candidate_val 

else: 

if np.random.rand() < np.exp(-delta / temp): 

current, current_val = candidate, candidate_val 

temp *= alpha # Lower the temperature 

path.append(current.copy()) # Store the path 

return np.array(path) 

We would then call this function as follows: 

CodeSnip 5.d xIC = np.array([-4.0, -4.0]) # Initial guess (bad) 

path = simulated_annealing( 

init_point=xIC,n_iter=200,T0=10.0,alpha=0.98,step_size=1.) 

Alternatively, it is possible to use a standard package. 

CodeSnip 5.e from scipy.optimize import dual_annealing 

bounds = [(-5, 5), (-5, 5)] # Domain for x,y in [-5, 5] 

result = dual_annealing(objective_2d, bounds=bounds, maxiter 

=1000, seed=0) 

The result object has several attributes, including x (the best point), fun (the objective at 

that point), nfev (# of function evaluations), and nit (# of iterations). To access internal 

data at each iteration, for example for plotting the optimization path, we may use a callback 

function. See the code online for an example. We plot the cost per iteration of the annealing 

process in Fig. 5.14. It is illustrative to repeat this process for an ensemble of many annealing 

paths, in Fig. 5.15, to see how the distribution evolves with iteration number. 

5.4 Evolutionary Algorithms 

Evolutionary algorithms form a broad class of methods for nonconvex optimization, based 

on the principles of biological evolution and survival of the fittest. Evolutionary operations, 

such as replication, mutation, and exchange of genetic information, are used to iteratively 

evolve populations of candidate solutions. With a judicious choice of hyperparameters, the 

performance distribution of this population will improve and individuals in the population 

may approach globally optimal solutions. Evolutionary algorithms broadly comprise two 
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Figure 5.14 The objective function versus iteration for simulated annealing is shown. 
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Figure 5.15 Ensemble of multiple simulated annealing paths (left), with a histogram of the final 

optimized value (right) 

major categories of methods: genetic algorithms for parameter optimization and genetic 

programming for function optimization. 

Parameter optimization is a simpler problem, where we learn the parameters of a function 

with known structure. The goal is to find the optimal parameters given some objective 

function, for example training a neural network fitting �̂ = ˜° x( ) to fit data �, or trying to 

learn the parameters of a control law with optimal performance. 

Function optimization is more challenging, because we are learning both the structure 

and parameters of a function that optimizes a given objective function. Again, the task may 
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be to fit data with a learned approximation 𝑓 (x) or learn a control law 𝑢 = 𝑓 (x). However, 

in this case, we will also learn the structure of the function 𝑓 . 
We begin with genetic algorithms, because of their simplicity and broad applicability, 

and then proceed to the more challenging, but more flexible, class of genetic programming 

which is often referred to as symbolic regression, because it yields analytic representations 

of the function being optimized. This is useful for explainable AI [116]. 

Genetic algorithms 
Genetic algorithms (GAs) are used for parameter optimization [235, 127, 196]. In GA, 

a population of many realizations with different parameter values compete to minimize 

a cost function, and successful parameter values are propagated to future generations 

through a set of genetic rules. The parameters of a system are generally represented by a 

binary sequence, as in Fig. 5.16. For example, these parameters may represent the three 

control gains 𝐾𝑃 , 𝐾𝐼 , and 𝐾𝐷 for a proportional-integral-derivative (PID) controller [77]. 

A number of realizations with different parameter values, called individuals, are initialized 

in a population and their performance is evaluated and compared on a well-defined task. 

Successful individuals with a lower cost have a higher probability of being selected to 

advance to the next generation, according to the following genetic operations: 

Replication: An individual is selected to advance to the next generation. 

Crossover: Two individuals are selected to exchange a portion of their code and advance 

to the next generation; crossover exploits and enhances successful strategies. 

Mutation: An individual is selected to have some of its code modified with new values; 

mutation promotes diversity and increases the exploration of parameter space. 

Elitism (optional): A set number of the most fit individuals are advanced directly to the 

next generation. Elitism is closely related to replication, but it involves a fixed 

number of the best individuals, rather than a random selection. 

For replication, crossover, and mutation, individuals are randomly selected to advance to 

the next generation with the probability of selection increasing with fitness. The genetic 

operations are illustrated for the PID control example in Fig. 5.17. These generations are 

evolved until the fitness of the top individuals converges or other stopping criteria are met. 

Genetic algorithms are generally used to find nearly globally optimal parameter values, 

as they are capable of exploring and exploiting local wells in the cost function. They 

provide a middle ground between a brute-force search and a convex optimization, and are 

an alternative to expensive Monte Carlo sampling, which does not scale to high-dimensional 

parameter spaces. However, there is no guarantee that genetic algorithms will converge to 

a globally optimal solution. There are also a number of hyperparameters that may affect 

performance, including the size of the populations, number of generations, and relative 

selection rates of the various genetic operations. 

Genetic Programming 
Genetic programming (GP) [287, 286] is a powerful generalization of genetic algorithms 

that simultaneously optimizes both the structure and parameters of an input–output map 
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Figure 5.16 Depiction of a parameter cube with three parameters 𝑝1, 𝑝2, and 𝑝3. For example, these

three parameters may represent the proportional, integral, and derivative gains in a PID controller.

The genetic algorithm represents a given parameter value as a genetic sequence that concatenates

the various parameters. In this example, the parameters are expressed in binary representation that

is scaled so that 000 is the minimum bound and 111 is the upper bound. Color indicates the cost

associated with each parameter value.
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Figure 5.17 Schematic illustrating evolution in a genetic algorithm. Individuals in generation 𝑘

are each evaluated and ranked based on their cost function, which is inversely proportional to

their probability of selection for genetic operations. Individuals are chosen based on this weighted

probability to advance to generation 𝑘 + 1 using the four operations: elitism, replication, crossover,

and mutation. Generation iterations are repeated until the population statistics converges or another

stopping criterion is reached. Note that there are extensions to handle floating point numbers as well.

(i.e., a function). More recently, genetic programming has been used extensively to learn

dynamical systems [61, 447, 116] or control laws [158].

The function tree representation in genetic programming is quite flexible, enabling the

encoding of complex functions of the input data x through a recursive tree structure. Each

branch is a signal, and the merging points are mathematical operations. Inputs and constants

are the leaves, and the overall function output 𝑓 (x) is the root. The genetic operations of

crossover, mutation, and replication are shown schematically in Fig. 5.18. Each of these

operations has a corresponding probability, 𝑝(𝐶), 𝑝(𝑀), and 𝑝(𝑅).

In general, although evolutionary algorithms are extremely general and powerful, there

are very few theoretical guarantees on convergence and stability. That said, they have
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Figure 5.18 Genetic operations used to advance function trees in genetic programming. In this 

example, the probability of replication is 10%, the probability of mutation is 20%, and the probability 

of crossover is 70%. 

had a resurgence of interest recently as a technique for learning human-interpretable and 

explainable representations of machine learning models [119]. 

Genetic Programming in Python with PySR 
Here we explore a simple example of symbolic regression using the PySR package [116]. 

The following code generates data from the Lorenz system and learns a differential equation 

x· = f (x), shown in Fig. 5.19. We will revisit this as an inverse problem in Chapter 8. 

CodeSnip 5.f from pysr import PySRRegressor 
from sympy import lambdify, symbols 

# Generate data from Lorenz system 
x0 = [5, 5, 5] # Initial state 
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Figure 5.19 Output of PySR on Lorenz system. The model is trained on the first 2 time units and

tested on the next 8. The model performance is in excellent agreement.

sol_train = solve_ivp(lorenz, (0, 2), x0, t_eval=t_train)

X_train = sol_train.y.T

dXdt_train = np.gradient(X_train, dt, axis=0) # compute dx/dt

# --- Train PySR models for dx/dt, dy/dt, dz/dt ---

models = []

rhs_exprs = []

variables = symbols("x0 x1 x2")

for i, label in enumerate(["dx/dt", "dy/dt", "dz/dt"]):

model = PySRRegressor(

model_selection="best",

binary_operators=["+", "-", "*", "/"],

unary_operators=["sin", "cos", "exp"],

loss="loss(x, y) = (x - y)ˆ2",

niterations=100, maxsize=10, populations=10)

model.fit(X_train, dXdt_train[:, i])

models.append(model)

rhs_exprs.append(lambdify(variables, model.get_best().

sympy_format, modules=["numpy"]))

# --- Define learned system using all three expressions ---

def learned_lorenz(t, state):

x, y, z = state

dx = rhs_exprs[0](x, y, z)

dy = rhs_exprs[1](x, y, z)

dz = rhs_exprs[2](x, y, z)

return [dx, dy, dz]

# Simulate full learned model over [0, 2]

sol_learned = solve_ivp(learned_lorenz,(0,2),x0,t_eval=t_full)

https://doi.org/10.1017/9781009755856.006


188 Nonsmooth and Global Optimization 

5.5 Distributed and Swarm Optimization 

With the rise of big data, parallel computing, and interconnected systems, optimization 

strategies that leverage multiple agents to solve sub-problems in a distributed manner have 

become essential. Here we discuss two main paradigms: distributed optimization and swarm 

optimization. 

Distributed optimization aims to solve large-scale problems by decomposing them into 

subproblems that run in parallel, synchronizing partial solutions through communication 

protocols [65, 361]. By contrast, swarm optimization takes inspiration from natural 

phenomena, such as birds flocking, fish schooling, and ants foraging, to design optimization 

algorithms. Particle swarm optimization (PSO) [274], ant colony optimization (ACO) [149], 

and related swarm intelligence methods embody this approach. 

Distributed optimization can be traced back to early studies on decentralized control 

and parallel processing in the 1970s and 1980s [509]. Over time, as networking 

technologies matured, applications of distributed optimization proliferated in sensor 

networks, communication systems, and large-scale machine learning (e.g., federated 

learning). Meanwhile, swarm intelligence took shape in the 1990s with foundational 

algorithms such as particle swarm optimization by Kennedy and Eberhart [274] and 

ant colony optimization by Dorigo and co-authors [149]. These bio-inspired algorithms 

emphasize simplicity, adaptability, and the emergent behavior arising from the coordination 

of many simple agents. 

Both distributed and swarm approaches can be viewed as leveraging the idea of collective 

decision-making to handle large, complex problems. Distributed optimization typically 

focuses on rigorous mathematical decomposition, while swarm methods favor iterative 

search processes guided by heuristics and emergent coordination. 

Distributed Optimization 
A common scenario in distributed optimization arises when one has a large-scale objective 

𝑚∑︁ 
min 𝑓 (x) = 𝑓 𝑗 (x), 

x 
𝑗=1 

(5.35)

where each 𝑓 𝑗 (x) is associated with a different agent (or node) 𝑗 ∈ {1, . . . , 𝑚} in a 

network [361]. Each agent knows only its local function 𝑓 𝑗 (x) and is responsible for 

processing or storing part of the data. The agents must collaboratively find a global 

minimizer x∗. 

Agents communicate over a network, exchanging local information, such as gradients, 

subgradients, or partial solutions. A fundamental concept is consensus, where all agents 

agree on a common solution vector, or feasible point. Methods like the consensus algorithm 

iteratively average local solutions to converge to a consistent global solution. Although 

sparse network communications are not necessary, this assumption is often included to 

make the scenario more realistic and robust. 

The alternating direction method of multipliers (ADMM) is one popular choice for 

decomposing a large problem into subproblems, each solved locally, with updates to ensure 

global consistency [65]. We will discuss ADMM in much more detail in Section 6.5. 
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Distributed optimization has several attractive aspects, including scalability, privacy, and 

efficient parallelism. Because this approach decomposes large problems across multiple 

machines or agents, it may, if well designed, leverage parallel computation and reduce 

communication overhead. Another key advantage is that data can remain local to each 

node, which is important for privacy and ownership in sensitive applications (e.g., federated 

learning). 

However, these algorithms are relatively complex to implement, requiring careful 

handling of asynchrony, message passing, and partial updates. Convergence may also be 

slower than centralized solvers if the communication or coordination overhead is large. 

Finally convergence depends on communication reliability and network topology. 

Particle Swarm Optimization 
Swarm optimization (PSO) methods view a population of agents (e.g., particles, ants, 

bees) that each maintaining a candidate solution. The overall solution quality emerges 

from how these agents interact and update themselves based on shared experience or 

local heuristics [274, 58]. Swarm optimization, in contrast to distributed optimization, is 

relatively easy to implement and is versatile for many black-box or nonsmooth problems. 

It relies on global search heuristics (e.g., swarm intelligence) to escape local minima in 

nonconvex problems. Like distributed optimization, it is parallelizable, as swarm updates 

can be computed in parallel for each agent. 

There are no exact guarantees for swarm optimization, as the heuristics can fail to 

find global optima or converge slowly. The performance is also sensitive to hyperparameter 

tuning. Finally, the algorithm scaling is not always favorable, as it may require large swarms 

and many iterations to converge in high-dimensional space. 

In PSO, each particle has a position x � (candidate solution) and velocity v � in the search 

space. The algorithm updates these based on the best known position the particle has 

individually found and the best known position found by any particle: 

(5.36a)

(5.36b)

where x 
(� )∗ 

is particle �’s best historical position, (� )∗ x
� is the global best across all particles, 

and �1, �2 are random scalars in [0, 1]. The parameters �, �1, �2 control the balance between 

exploration and exploitation. 

Code Example 

Here we revisit the example objective function in Eq. (5.32) with PSO. The code below will 

initialize a swarm of particles and iterate through the PSO algorithm. Figure 5.20 shows 

the progression of the swarm versus iteration, with early iterations being plotted in red and 

later iterations plotted in blue. The swarm converges toward the optimum value in relatively 

few iterations, shown in Fig. 5.21. 

CodeSnip 5.g def particle_swarm_optimization(n_particles=30, n_iter=20, w 
=0.5, c1=1.5, c2=1.5, bounds=(-5, 5)): 
positions = np.random.uniform(bounds[0], bounds[1], size=( 

n_particles, 2)) 
velocities = np.zeros_like(positions) 
p_best = positions.copy() 
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Figure 5.20 Illustration of the particle swarm optimization, where the initial swarm locations are 

plotted in red, and as they optimize they become more blue. Eventually the global minimum is found. 

p_best_vals = np.apply_along_axis(lambda p: f(*p),1,p_best) 
g_best = p_best[np.argmin(p_best_vals)] 
history = [positions.copy()] 

for _ in range(n_iter): 
r1 = np.random.rand(n_particles, 1) 
r2 = np.random.rand(n_particles, 1) 
velocities = w * velocities + c1 * r1 * (p_best -

positions) +  c2 * r2 * (g_best - positions) 
positions = np.clip(positions + velocities, bounds[0], 

bounds[1]) 
vals = np.apply_along_axis(lambda p: f(*p),1,positions) 

improved = vals < p_best_vals 
p_best[improved] =  positions[improved] 
p_best_vals[improved] =  vals[improved] 
g_best = p_best[np.argmin(p_best_vals)] 
history.append(positions.copy()) 

return np.array(history), g_best 
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Figure 5.21 Objective function versus iteration for particle swarm optimization.

Ant Colony Optimization (ACO)

Ant Colony Optimization (ACO) [149], inspired by how ants deposit and follow pheromone

trails, represents solutions as paths in a graph. At each step, an ant chooses its next edge

with probability of moving from node

(5.37)

where is the pheromone level on edge is a heuristic measure (e.g., inverse of

distance), and tune the relative influence of pheromone vs. heuristic. The denominator

normalizes over all feasible neighbors so that probabilities sum to one. After constructing

candidate solutions, ants update the pheromone trails, reinforcing promising edges while

allowing others to evaporate:

(5.38)

with evaporation rate and reinforcement if ant used edge

in a solution of cost , and zero otherwise.

Both PSO and ACO rely on simple local rules at the agent level. Remarkably, the

collective system can converge toward high-quality solutions, even in complex, high-

dimensional landscapes. Convergence proofs typically rely on assumptions about problem

structure and parameter tuning.
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Homework 

Exercise 5.1 This exercise will compare several sparse regression algorithms, including 

the LASSO, proximal gradient descent with ℓ1 and ℓ0 regularization, and SR3. We will 

consider the system Ax ≈ b, where x ∈ R10 has exactly 2 nonzero elements. Generate 

a random A ∈ R100×10, so that our observations b ∈ R100 are a combination of exactly 

2 columns of A. Add a small amount of noise (say 1%) to the vector b and solve for x using 

the following methods: 

• LASSO regression for various 𝜆; 

• Proximal gradient descent on the ℓ1-regularized regression problem, for various 𝜆; 

• Proximal gradient descent on the ℓ0-regularized regression problem, for various 𝜆; 

• Sequentially thresholded least squares (STLS), consisting of iteratively alternating 

between computing least squares and thresholding small coefficients below a threshold 𝜏; 

• SR3. 

For a good value of 𝜆, plot the proximal gradient descent versus iteration. How many 

iterations does SR3 take to converge? LASSO? Discuss the results. 

Exercise 5.2 Repeat the exercise above for increasing amount of noise, from 1% to 25%. 

Discuss the trends and results. 

Exercise 5.3 We will reconsider the same dataset from the first exercise, but now we will 

create a second test dataset, b2 = A2x, where A2 is another random matrix of the same size 

as A. Solve the regression problem on the first training data set using STLS and LASSO 

for various thresholds 𝜏 and regularization parameters 𝜆. Plot the error of the training data 

fit versus the number of nonzero terms in x. Now, on top of these plots, add the testing data 

error of the learned model. Do you notice any trends or correlations between the training 

error and testing error? 

Exercise 5.4 Derive the projected gradient algorithm for a feasible set C = {(𝑥, 𝑦) |

𝑥2 + 𝑦2 ≤ 𝑟2} given by a disk of radius 𝑟. This derivation will be similar to the projected 

gradient with box constraints. Implement this algorithm to minimize the objective function 

𝑓 (𝑥, 𝑦) = (𝑥 − 0.5)2 + (𝑦 − 0.2)2 starting from an initial condition (1, 1). 

Exercise 5.5 Derive the proximal gradient of a ridge regularization term 𝛼∥x∥
2
2. Does the 

proximal gradient descent on the ridge regression problem minx ∥Ax − b∥
2
2 + 𝛼∥x∥

2
2 make 

sense? 

Exercise 5.6 Derive the proximal gradient of the nuclear norm. 

Exercise 5.7 Reproduce Figure 5.5, taken from Zheng et al. [557]. 

Exercise 5.8 Explore the downhill simplex method on the four-minima problem from 

Fig. 5.9. Start with several different random initial simplexes, of different sizes. Plot the 

ensemble of objective function values versus iteration number, as in Fig. 5.15. 

Exercise 5.9 Explore the simulated annealing method on the four-minima problem from 

Fig. 5.9. Try several different cooling schedules and compare results. 
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Exercise 5.10 Now we will explore the downhill simplex method on a convex problem 

with a single global minimum: a quadratic objective function � (x) = ∥x 2∥
2
. In this problem, 

you will vary the different parameters of the algorithm, as well as the dimension of x ∈ R𝑛. 

Plot the ensemble of objective function values versus iterations, for the various choices of 

downhill simplex parameters and system dimension. Explore the convergence rate, success 

rate, etc. What are the optimal parameters? 

Now repeat the problem above with the objective function
2 

. Try a few 

different Q with better and worse condition number. For example, for x ∈ R2, try Q diagonal
� �

10 1
 Q = 

0 10 
with entries 1 and 100. Try a non-normal .

Exercise 5.11 Repeat the exercise above with simulated annealing. 

Exercise 5.12 Try the downhill simplex method on the objective function with a saddle 

point in Eq. (2.35) from Chapter 2. Explore the convergence rate for different parameters. 

Now, attempt to add momentum to the algorithm, similar to how we added momentum 

in Chapter 2. How does this change the convergence rate and stability? 

Exercise 5.13 Try the simulated annealing method on the objective function with a saddle 

point in Eq. (2.35) from Chapter 2. Explore the convergence rate for different parameters. 

Exercise 5.14 Repeat the exercise above with particle swarm optimization. 

Exercise 5.15 Use PySR to learn the following functions from data: 

• � (�) = sin(exp(�2 + 3))) 
• � (�, �) = cos(�2 + �2) − sin(�2 − �2)
• 

Start with 100 data points uniformly distributed on the interval [−1, 1]. Try with 100 

randomly distributed points on this interval. Add noise until the algorithm breaks. 

Exercise 5.16 Now we will explore the symbolic regression example where we learned 

the Lorenz system in Fig. 5.19. Explore how much noise the algorithm can tolerate, and 

how little data is required to learn the correct model. 

Exercise 5.17 (Extremum Seeking) Even when it is not possible to compute the gradient 

of a function, it may be possible to estimate the gradient by injecting a sinusoidal input 

perturbation and cross-correlating with the resulting output perturbation. The method of 

extremum seeking control (ESC) [291, 12] uses this approach to track the maximum of a 

function, even when the objective function varies in time. In the simplest form, when the 

objective function is static, this may be viewed as a form of gradient-free optimization. 

Given a convex objective function � (�), extremum-seeking adds a sinusoidal perturba-

tion to the estimate of the input that maximizes the objective, �̂: � = �̂ + � sin(��). This 

perturbation results in an objective function � that varies sinusoidally about a mean value. 

The output � is high-pass filtered to remove the mean, resulting in the oscillating 𝜌. The 
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Figure 5.22 Schematic of extremum seeking. A sinusoidal perturbation is added to the input 𝑢̂, 

which results in an output perturbation. A high-pass filter removes the mean. The oscillating 𝜌 is 

multiplied by the input perturbation. The resulting 𝜉 estimates the gradient of the objective and is 

integrated into the the optimizing input 𝑢̂. 

high-pass filter is chosen to pass the perturbation frequency 𝜔. The high-pass filtered 

𝜌 is multiplied by the input sinusoid, possibly with a phase shift 𝜙, resulting in 𝜉: 

𝜉 = 𝑎 sin(𝜔𝑡 − 𝜙)𝜌, which estimates the gradient of 𝐽. This signal 𝜉 is mostly positive 

if 𝑢 < 𝑢∗ and is mostly negative if 𝑢 > 𝑢∗. Thus, 𝜉 is integrated into 𝑢̂, the best estimate of 

the optimizing value, 
d
d 
𝑡 𝑢̂ = 𝑘 𝜉, so that the system estimate 𝑢̂ is steered towards the optimal 

input 𝑢∗. Here, 𝑘 is an integral gain, which determines how aggressively the algorithm 

climbs gradients in 𝐽. A schematic of extremum seeking is shown in Fig. 5.22. 

• Show that the average 𝜉avg is proportional to the gradient of the objective 𝐽 with respect 

to 𝑢. First, write 𝐽 (𝑢) = 𝐽 (𝑢̂+ 𝑎 sin(𝜔𝑡)) and expand 𝐽 (𝑢) in the perturbation amplitude 

𝑎, which is small. Then average 𝜉 = 𝑎 sin(𝜔𝑡 − 𝜙)𝜌 over one period. 

• Use extremum seeking with perturbation frequency 𝜔 = 10 Hz and amplitude 𝑎 = 0.2 

to maximize a quadratic objective 𝐽 (𝑢) = 25 − (5 − 𝑢)2. Plot the tracking of the optimal 

value and discuss. Hint: use a simple Butterworth high-pass filter. 

• Use extremum seeking to find the peak of a quartic cost function 𝐽 (𝑢) = 16 − (2 − 𝑢)4. 

Do you need to modify the extremum seeking control parameters? Plot the response and 

discuss the performance. 

• Use extremum seeking to track the maximum of a time-varying quadratic objective 

𝐽 (𝑢, 𝑡) = 25 − (sin(.1𝑡) − 𝑢)2. 
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Constraints are an essential component of many optimization problems. Most real-world 

problems are constrained by resources, time, material properties, cost, etc. Until now we 

have mostly either considered unconstrained problems, such as least-squares regression 

and gradient descent, or problems with the simplest constraints and cost functions, such as 

linear programming. 

Constraints shape the feasible set of an optimization problem. In Chapter 3 on linear 

programming, we saw that the constraints almost entirely determine the problem, as the 

optimum always lives on the vertex of the feasible polytope defined by the constraints. 

We also saw constraints arise in Chapter 4 in the context of constrained linear regression. 

The importance of constraints in optimization extends far beyond these simple linear and 

quadratic problems, becoming critical for modeling a wide range of real-world systems. 

We begin this chapter with an in-depth discussion about Lagrange multipliers 

for enforcing equality constraints. We will derive the conditions for optimality of a 

constrained problem, with several examples. Then, we formally introduce the more general 

Karush–Kuhn–Tucker (KKT) conditions, which hold for inequality constraints as well. 

Lagrange multipliers and the KKT conditions have an intuitive geometric interpretation 

in terms of directional derivatives of the objective and constraint functions. Specifically, 

locally optimal solutions will be those such that the gradient of the objective function has 

no direction tangent to the constraint equations. Thus, the objective normal must be in the 

span of the constraint normal directions, and the linear combination of these constraint 

normals will be the Lagrange multipliers. 

The interactions between constraints and the objective function are surprisingly rich and 

interesting. The concept of duality provides crucial insight into this connection. At its core, 

duality provides a deeper perspective on constrained optimization, often by reformulating 

the original, primal problem into a complementary dual problem. Analyzing this dual 

problem can reveal tight bounds on the original objective and provide methods for efficient 

computation. In some cases, the dual formulation may be simpler or more computationally 

tractable. We will explore duality and constraints, expanding and developing the earlier 

perspective in Section 1.4 based on infinite penalty functions. Dual variables also have 

the useful interpretation as the sensitivities of the objective function with respect to active 

constraints. 

Duality is most easily understood through linear programming (via the primal– 

dual pair of linear programs) and quadratic programming (via the classical use of 
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Lagrange multipliers and KKT conditions). However, the concept of duality is much 

more widely applicable. In mechanics and physics, for instance, dual principles connect 

variational formulations of equilibrium conditions with complementary energy or stress-

based descriptions. In the calculus of variations, dual arguments can simplify or solve 

certain boundary value problems by re-expressing constraints or re-labelling the roles of 

independent and dependent variables. 

Duality then leads us to interior point methods (IPMs), which are a powerful class of 

algorithms for constrained optimization. There are several variants of IPMs that leverage 

primal and dual formulations to efficiently find optimal solutions to convex problems. 

These methods may also be used for nonconvex problems, as were discussed in Chapter 5, 

although there are typically fewer guarantees in the nonconvex case, and extra care must be 

taken. 

We then proceed to introduce one of the most widely used splitting algorithms, the 

alternating direction method of multipliers (ADMM), which is a powerful primal–dual 

method that is used to handle complex problems with nonsmooth regularizers. ADMM 

relies on the proximal operator from Section 5.1, and is closely related to the sparse, relaxed, 

regularized regression from the same section. Both methods involve operator splitting and 

proximal steps; however, SR3 is primal only, while ADMM is primal–dual. This introduces 

subtle differences that we will discuss throughout this section. 

Finally, we will introduce infinite-dimensional optimization problems and the calculus 

of variations. This is a rich field with an equally rich history. Although it may seem beyond 

the scope of this chapter, the concepts of constraints and duality were first introduced 

in these infinite-dimensional problems in the context of classical mechanics. The Euler– 

Lagrange equations, which are used to derive the equations of motion in physics, also 

provide optimality conditions for infinite-dimensional optimization problems. Further, the 

Legendre transformation is an important transformation of the Lagrangian into a dual 

Hamiltonian formulation. 

Variational optimization is extremely relevant for broad and useful classes of infinite-

dimensional problems, including control theory, machine learning, and shape optimization 

in fluid applications. We will investigate several key infinite-dimensional optimization 

problems, such as the classic brachistochrone and tautochrone, which have broad 

implications for modern optimization problems. We already saw a very simplified cousin 

of the brachistochrone problem in Example Panel 1.2 in Chapter 1, and we will also 

explore how to solve the full brachistochrone problem using modern techniques in automatic 

differentiation in Chapter 10. 

To summarize, this chapter will accomplish three major goals: 

1. Describe how to handle constraints, and how they may be tractably optimized through 

Lagrange multipliers and KKT conditions; 

2. Introduce the related concept of duality, which is important in advanced algorithms, such 

as IPMs, discussed in Section 6.4, and ADMM, discussed in Section 6.5; and 

3. Discuss infinite-dimensional problems where the objective is a functional of a function 

to be optimized. 
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6.1 Lagrange Multipliers 

We begin by discussing equality constraints h(x) = 0, which are the simplest class of 

constraints to handle. The constrained optimization problem is written as 

min 𝑓 (x),
x 

s.t. h(x) = 0.
(6.1) 

The method of Lagrange multipliers reformulates the constrained optimization problem, 

moving the constraints into the objective function. This introduces additional decision 

variables, the Lagrange multipliers 𝝀, that act as weights to enforce the constraint: 

min sup 
x 𝝀

𝑓 (x) + 𝝀Th(x). (6.2)

This new objective L(x, 𝝀) = 𝑓 (x)+𝝀Th(x) is called the Lagrangian, and it is closely related 

to the Lagrangian from classical mechanics (Section 6.6) and control theory (Chapter 9). 

Now, in addition to minimizing over x, we also extremize over 𝝀 in the supremum1

1 The supremum (sup) of a function is its least upper bound. It generalizes the maximum when the maximum 

might not be attained. We write supx 𝑓 (x) to refer to the greatest value that 𝑓 (x) approaches over the feasible 

domain x ∈ S, even if no x actually achieves it. We use sup to ensure well-defined expressions, even when 

the Lagrangian does not attain its maximum. For example, when the constraint is not satisfied, and h(x) ≠ 0, 

then it is possible to drive this term T𝝀 h(x) to infinity by choosing increasingly large 𝝀; thus the supremum is 

infinity, even though the maximum is not attained. This is a technical point that we won’t dwell on much here. 

The supremum is always defined, even when max is not. The sup can be replaced with max when it exists, and 

we will often simply use max for simplicity. 

Example: Let 𝑓 ( 𝑥 ) = 1/𝑥 over the open interval (0, 1) . The supremum of 𝑓 is equal to infinity, 

sup𝑥 ∈ (0,1) 𝑓 (𝑥 ) = ∞, even though max𝑥 ∈ (0,1) 𝑓 (𝑥 ) does not exist because 𝑓 (𝑥 ) → ∞ as +𝑥 → 0 , but 

0 ∉ (0, 1) . Similarly, 𝑓 (𝑥 ) = 1 − 1/𝑥 over the open interval (0, ∞) has a supremum of 1; the function never 

attains this upper bound for any finite 𝑥, but the values get arbitrarily close to this supremum as 𝑥 →∞. Related 

to above, sup𝜆 𝜆𝑥 is ∞ for 𝑥 ≠ 0 and 0 for 𝑥 = 0; thus min𝑥 sup𝜆 𝜆𝑥 = 0. 

. 

We derived a simplified form of this in Section 1.4 by adding the infinite penalty function 

𝛿0 ( ( )h x ) to the objective; this function is zero when the argument is zero and infinite when 

the argument is not. If we add this penalty function to the objective function 

min 
x 

𝑓 (x) + 𝛿0 (h(x)) (6.3)

then the optimal solution is equivalent to that of the original constrained problem. We then 

replace this nonsmooth term with 𝝀Th(x), and as 𝜆 𝑗 goes to infinity, this term is large 

enough to enforce the ℎ 𝑗 (x) = 0 constraint. Writing minx sup𝝀 takes care of this detail, as 

it ensures that when the constraint is violated the inner supremum is infinite, and when the 

constraint is satisfied, it reduces to the original constrained problem in Eq. (6.1). 

Equation (6.1) is referred to as the primal optimization problem, and Eq. (6.2) is the 

Lagrangian form of the primal. In Section 6.3 we will see that swapping the order of the min 

and max in Eq. (6.2) and partially minimizing over x will result in the dual optimization 

problem, which provides a lower bound on the original primal optimization problem. 

Specifically, we have the following relationship 

min max max min 
x 𝝀 

𝑓 (x) + 𝝀Th(x) ≥
𝝀 x 

𝑓 (x) + 𝝀Th(x). (6.4)
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We will show in Section 6.3 that under certain conditions of convexity and regularity, this

bound will be tight, and the solutions to the primal and dual problems have the same value.

However, even when these conditions do not hold, the dual problem provides a useful lower

bound on the primal. Minimax inequalities are discussed more in Panel 6.1.

Rewriting Eq. (6.1) as Eq. (6.2), we have converted a lower-dimensional constrained

problem into a higher-dimensional unconstrained problem with a more challenging minimax

structure. In the next section, we will show that optimality comes in the form of the KKT

equations, which we solve with standard techniques, such as Newton’s method.

Geometry of Lagrange Multipliers
Geometrically, for ∗ to be an optimal solution, the gradient of 𝑓 ( ∗)x can have no component

tangent to h(x) = 0 at x∗. A tangent direction d to h(x) = 0 satisfies ∇h(x) · d = 0. These

tangent directions are feasible directions in which we can move the variable x to improve

the objective function while still maintaining the constraint equation. If ∇ 𝑓 improves in one

of these feasible tangent directions, then the current point is not optimal. Thus, ∇ 𝑓 must be

normal to h(x), meaning that it is in the span of the normals ∇ℎ 𝑗 (x).

x

This is simple to visualize for a single constraint ℎ(x) = 0 in two-dimensions, x ∈ R
2, as

in Fig. 6.1. If 𝑓 (x) decreases in a direction that is tangent to ℎ, meaning that ∇ 𝑓 (x) has a

component tangent to ℎ, then we can achieve a solution that is closer to optimal by moving

in this direction. Thus, a necessary condition for optimality is that ∇ 𝑓 (x) is orthogonal

to the tangent space at ℎ, which means it is in the direction of ∇ℎ. We will revisit and

generalize this geometric intuition to higher dimensions and more constraints soon.

Panel 6.1: Minimax Inequality

To derive the general form of the minimax inequality used in Eq. (6.4), we let

𝑓 : 𝑋 × 𝑌 → R be any real-valued function. Then we have

min
𝑥∈𝑋

max
𝑦∈𝑌

𝑓 (𝑥, 𝑦) ≥ max
𝑦∈𝑌

min
𝑥∈𝑋

𝑓 (𝑥, 𝑦).

This inequality holds for all 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 , regardless of whether 𝑓 is continuous

or convex. This may be derived using the following pointwise inequality:

min
𝑥′∈𝑋

𝑓 (𝑥′, 𝑦) ≤ 𝑓 (𝑥, 𝑦) ≤ max
𝑦′∈𝑌

𝑓 (𝑥, 𝑦′).

Taking max𝑦 on the left and min𝑥 on the right yields the desired minimax inequality:

max
𝑦∈𝑌

min
𝑥∈𝑋

𝑓 (𝑥, 𝑦) ≤ min
𝑥∈𝑋

max
𝑦∈𝑌

𝑓 (𝑥, 𝑦).

In zero-sum games, 𝑓 (𝑥, 𝑦) represents the payoff for Player A choosing 𝑥 and Player

B choosing 𝑦. Then min𝑥 max𝑦 𝑓 (𝑥, 𝑦) is the best worst-case outcome Player A can

guarantee, while max𝑦 min𝑥 𝑓 (𝑥, 𝑦) is the best guaranteed outcome Player B can

ensure. The minimax inequality reflects that, in general, the first player is at a

disadvantage, since they commit to a strategy without knowing the other’s move.
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x∗

x∗

x𝑠

x𝑠

Figure 6.1 Illustration of the geometry of an optimal solution x∗ in terms of the gradient of the

objective function (red arrow) and tangent of the constraint equation (purple arrow); the constraint is

shown in purple. We zoom into two points on the right, indicated by shaded regions. In the top, we see

a sub-optimal x𝑠 , where the constraint tangent and objective normal are not orthogonal, so we may

improve the objective function by moving in the feasible constraint tangent direction. In the bottom,

we see the optimal x∗, where the constraint tangent and objective normal directions are orthogonal.

The conditions for optimality of a solution (x∗, 𝝀∗) are the following:

∇xL(x∗, 𝝀∗) = 0, (6.5a)

∇𝝀L(x∗, 𝝀∗) = 0. (6.5b)

These are the first-order optimality conditions or the stationarity conditions, and are a

subset of the Karush–Kuhn–Tucker (KKT) conditions, to be discussed in Section 6.2.

The second condition amounts to the constraint being enforced at (x∗, 𝝀∗), as

∇𝝀L(x∗, 𝝀∗) = 0 =⇒ h(x∗) = 0. (6.6)

The first condition yields the following expression

∇xL(x∗, 𝝀∗) = 0 =⇒ ∇x 𝑓 (x∗) + 𝝀∗𝑇∇xh(x∗) = 0. (6.7)

This implies the following

∇x 𝑓 (x∗) = −𝝀∗𝑇∇xh(x∗). (6.8)

For a single equality constraint ℎ(x) = 0, this simplifies to

∇x 𝑓 (x∗) = −𝜆∗∇xℎ(x∗), (6.9)

which is the same as the geometric interpretation that ∇ 𝑓 must have no component in

the tangent direction to ℎ(x) = 0 at an optimal x∗. Said another way, ∇ 𝑓 must point in a
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direction normal to the constraint surface defined by ℎ(x) = 0, given by ∇ℎ. If this is not

true, then we can locally improve the objective by moving in a feasible direction.

In this example, feasible directions d at a point x satisfy

∇ℎ(x) · d = 0. (6.10)

Optimality of x∗ requires that the directional derivative of the objective function vanishes

in every feasible direction d:

∇ 𝑓 (x∗) · d = 0 ∀d with ∇ℎ(x∗) · d = 0. (6.11)

Hence ∇ 𝑓 (x∗) must be orthogonal to the tangent space and therefore lies in the

one-dimensional normal space spanned by ∇ℎ(x∗):

∇ 𝑓 (x∗) = −𝜆∇ℎ(x∗). (6.12)

The scalar 𝜆 is the Lagrange multiplier, providing the exact rescaling of the normals.

When we have more constraint equations, we will see that there may be several normal

directions to the constraint equations, and the gradient of the objective function must be

in this constraint-normal subspace. The values of these constraint normals that add up to

equal −∇ 𝑓 are the Lagrange multipliers in higher dimensions.

Simple Example
Here we introduce a concrete example to illustrate the method of Lagrange multipliers to

solve a constrained optimization problem. Consider 𝑓 (x) to be a linear objective function

cTx = 𝑥 + 2𝑦 with the constraint that our solution remains on the unit circle 𝑥2 + 𝑦2
= 1:

min
𝑥,𝑦

𝑥 + 2𝑦

s.t. 𝑥2 + 𝑦2
= 1.

We may solve this problem by hand and analyze the behavior of the Lagrangian for various

values of𝜆. Note, this optimization problem is nonconvex because of the constraint equation.

First, we move the constraints to the objective function via the Lagrangian L(x, 𝜆):

min
𝑥,𝑦

max
𝜆

𝑥 + 2𝑦 + 𝜆(𝑥2 + 𝑦2 − 1).

Notice here that we rearranged the constraint 𝑥2 + 𝑦2
= 1 to be in the standard form

ℎ(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 1 = 0.

Based on the inequality in Eq. (6.4), we may swap the order of the min and max and

solve the dual problem, which provides a lower bound on the primal. We first minimize

over (𝑥, 𝑦) and then maximize over 𝜆 by taking the various partial derivatives and setting

equal to zero. This yields the optimal (𝑥∗, 𝑦∗, 𝜆∗) of the dual:

min
𝑥

𝑥 + 2𝑦 + 𝜆(𝑥2 + 𝑦2 − 1) =⇒ 1 + 2𝜆𝑥 = 0 =⇒ 𝑥∗ = − 1

2𝜆

min
𝑦

𝑥 + 2𝑦 + 𝜆(𝑥2 + 𝑦2 − 1) =⇒ 2 + 2𝜆𝑦 = 0 =⇒ 𝑦∗ = −1

𝜆
.
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� = 0 � = 0.75�∗ � = �∗ � = 2�∗ 

Figure 6.2 Illustration of the geometry of the Lagrangian as we vary �. The top row shows the 

three-dimensional surface plots of the Lagrangian, and the bottom row shows the two-dimensional 

contour plots of the same; the purple circle denotes the constraint . At �∗, the optimum

value of the Lagrangian is on the constraint boundary. For smaller � < �∗, the optimum is outside 

of the boundary, and for larger � > �∗ the optimum is inside the boundary. Therefore, the optimum 

� ∗ is the Lagrange multiplier required so that the minimum is on the boundary of the constraint and 

the objective function has the same value as the Lagrangian at that point. Note that even though we 

shade the exterior of the constraint circle to emphasize the boundary, we are considering an equality 

constraint, so solutions are restricted to be on the circle. 

 2 ˛ + 2 � = 1

Substituting these back into the Lagrangian and optimizing over � we have: 

(6.13)

We may plug the optimal solution into the dual problem in Eq. (6.13) to obtain a maximum

of 
√

− 5 and into the primal problem to obtain a minimum of
√ 

 − 5. These are equal, so the

duality gap is zero and this solution is a global optimum. As an exercise, confirm that the 

gradient of the objective function is normal to the constraint equation at this point. 

Note that we explicitly derived the dual problem in Eq. (6.13), which is a maximization 

over �, after the inner minimization over (˛, �) has been performed. We will discuss duality

more in Section 6.3. The dual optimal technically only provides a lower bound on the 

primal. However, since we evaluated the primal at this optimum point and the value was 

equal to the value of the dual, then the inequality becomes equal, which shows that we have 

actually found the global optimum, even of this nonconvex problem2! 

It is interesting to visualize the Lagrangian � (˛, �, � Fig. 6.2.) as a function of �, as in 

Here we plot the Lagrangian, both as a three-dimensional surface, and as a two-dimensional 

contour plot. For � = 0, we recover the simple linear objective function. For small � < �∗, 
the optimum of the Lagrangian moves toward the constraint boundary. At � ∗ the optimum 

2 The dual is concave on the branch where � > 0, and ˇ and ˆ are unique for a given �. So even though the 

overall problem is nonconvex, the circle constraint is well-behaved enough to yield a unique solution. 

5

https://doi.org/10.1017/9781009755856.007


6.1 Lagrange Multipliers 203
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Figure 6.3 Geometric interpretation of constraint equations in higher dimensions as defining

feasible submanifolds.

of the Lagrangian is exactly on the constraint boundary, so and the constraint is

satisfied. This also means the value of the Lagrangian is the same as the original objective

at this point. For larger , we see the optimal value of the Lagrangian moves inside

the feasible region. Therefore, the Lagrange multiplier weights the constraint equation so

that the optimum of the Lagrangian is exactly on the constraint boundary.

More Constraints
When we have more constraints, then h x = 0 defines a constraint manifold in( ) R . If the

constraints are convex, they define a constraint subspace in R ; recall that convex equality

constraints are affine, h(x) = Ax − b. In either case, a necessary condition for optimality

of a point x is that the gradient of must have no component in the tangent directions to

h(x) = 0 at x . Otherwise, we could improve the solution by moving in this direction.

The tangent space to the constraint manifold at a point x is the linear subspace:

(6.14)

The tangent space and the space of constraint normals are

complementary subspaces, so . Thus, for the gradient of the objective function

to not have any component in the tangent space, it must be a linear combination of the

constraint normals . The necessary condition in Eq. (6.8) establishes exactly this

linear combination, where the Lagrange multipliers are exactly the coordinates of

in the basis of constraint normals. If , then we may write the following:

(6.15)

which implies that

(6.16)

so that is not in the tangent space . This can be visualized geometrically in Fig. 6.3.
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x1 

x∗x2 

Figure 6.4 For a nonconvex optimization problem, having the constraint tangent and objective 

normal directions be orthogonal is a necessary but not sufficient condition for the solution to be 

globally optimal. Here we see three points that satisfy this condition: x1 is a local minimum, x2 is a 

local maximum, and ∗  x is a global minimum. 

Tilt and Match Interpretation. There is an intuitive geometric interpretation of 

Lagrange multipliers, building on the intuition from Fig. 6.2. We think of the Lagrange 

multiplier as defining a family of tilted objective functions 

𝑓𝝀 (x) = 𝑓 (x) + 𝝀Th(x). (6.17) 

We then vary 𝝀 until a level set 𝑓𝝀=𝝀∗ becomes tangent to the constraint surface h(x) = 0. 

At that critical 𝝀∗, the first-order condition ∇ 𝑓 + T𝝀 ∇h = 0 is satisfied. 

Convexity and Sufficient Conditions 
The optimality conditions above are necessary conditions for a state x∗ to be optimal. In 

the case of a convex problem, then they are also sufficient. Again, for the problem to be 

convex, h(x) = 0 must be an affine constraint Ax = b. However, if either 𝑓 or the feasible 

set defined by h(x) = 0 are nonconvex, then the optimality conditions may not be sufficient. 

Essentially, these conditions just indicate a stationary point, but it may be a local minimum, 

maximum, or saddle point. We must then introduce second-order conditions to test for 

optimality. Again, we let 𝑇x be the tangent space to the constraint manifold at a point x: 

𝑇x = {d | ∇h(x) · d = 0} . (6.18) 

We conclude that x∗ is a strict local minimum if 

dT 2 ∀d ∈ 𝑇x ∇xxL(x
∗, 𝝀∗)d > 0 (6.19)

as long as d ≠ 0. Figure 6.4 shows an example of a nonconvex constraint equation that 

gives rise to several locally optimal points that satisfy the necessary conditions. 
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Figure 6.5 Here a simple physical constraint arises from a block sliding down an incline without 

friction. Gravity pulls down, and the ramp applies a normal force so that the block stays on top. 

Regularity Conditions 
The use of Lagrange multipliers requires a mild set of regularity conditions, called constraint 

qualifications, to ensure the KKT conditions hold at a solution. These conditions rule out 

pathological cases, such as when the active constraints at a point are not linearly independent 

or when the feasible region has no interior. 

For equality-constrained problems, a key regularity condition is that gradients of the 

active constraints must be linearly independent at x∗, so the Jacobian ∇h(x∗) has full rank: 
� �

rank ∇ℎ1 (x∗) · · · ∇ℎ� (x∗) = �. 

This ensures that the set of feasible directions (i.e., the tangent space to the constraint 

surface) has the expected dimension. If the constraint gradients are linearly dependent, 

then instead of intersecting transversely to form a well-behaved surface, the constraints 

may define a degenerate feasible region. Thus, there may not be Lagrange multipliers that 

satisfy the stationarity condition, even at a point that minimizes the objective and satisfies the 

constraints. For example, two equality constraints in 2D whose gradients point in the same 

direction define parallel lines so the feasible region may be empty or ill-defined. Similar 

regularity conditions exist for the more general KKT theory of inequality constraints. 

History 
Lagrange first introduced the method of multipliers to eliminate constraint forces in 

holonomic3 mechanics [296, 335]. Figure 6.5 shows a simple mechanical system of a 

block sliding down an inclined plane, where the plane exerts a force to keep the block 

exactly on the boundary; this force is a Lagrange multiplier enforcing the constraint that the 

block remains exactly on the boundary of the inclined plane. We will discuss the broader 

connections of constraints, Lagrange multipliers, and classical mechanics in Section 6.6. 

Nearly two hundred years later, this approach was generalized to handle inequality 

constraints by Karush [272] and popularized by Kuhn and Tucker [292], marking the birth 

of modern nonlinear programming. Since then, the field has developed rapidly, with the 

theory of duality and the primal–dual algorithms that followed. 

3 A holonomic constraint is a constraint on a mechanical system that can be expressed as an explicit equation 

relating the generalized coordinates, typically in the form ℎ (�1, �2 , . . . , �� , � ) = 0. Such constraints restrict 

the configuration space but not the velocities independently. In contrast, nonholonomic constraints involve the 

velocities and cannot be integrated to purely positional constraints. For example, a coin rolling without slipping 

is a non-holonomic system, while a block sliding down an incline is a holonomic system. 
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6.2 Karush–Kuhn–Tucker (KKT) Conditions

In the previous section, we saw how Lagrange multipliers allow us to enforce equality

constraints by augmenting the objective function. Here we introduce the KKT conditions

for optimality [272, 292], which generalize the Lagrange multiplier approach to also handle

inequality constraints of the form g(x) ≤ 0:

min
x

𝑓 ( ),

s.t. h(x) = 0

g(x) ≤ 0.

x

(6.20)

As in Section 6.1, the constrained minimization is recast in Lagrangian form,

L(x, 𝝀, 𝝁) = 𝑓 (x) + 𝝀Th(x) + 𝝁Tg(x) (6.21a)

= 𝑓 (x) +
�∑︁

𝑗=1

𝜆 𝑗 ℎ 𝑗 (x) +
𝑝∑︁

𝑗=1

𝜇 𝑗 � 𝑗 (x) (6.21b)

where 𝝀 ∈ R
� and 𝝁 ∈ R

𝑝
+ are the Lagrange multipliers for equality and inequality

constraints, respectively. Here R+ indicates the non-negative reals, so 𝝁 ≥ 0.

The primal optimization problem in Eq. (6.20) may be recast in the following form

min
x

sup
𝝀;𝝁≥0

𝑓 (x) + 𝝀Th(x) + 𝝁Tg(x), (6.22)

where the optimal solution is the global minimum over x and a global maximum over the

Lagrange multipliers 𝝀 and 𝝁. This is derived in the same way as before, by adding the

infinite penalty functions 𝛿0 (h(x)) and 𝛿R− (g(x)) to the objective

min
x

𝑓 (x) + 𝛿0 (h(x)) + 𝛿R− (g(x)). (6.23)

We then replace the nonsmooth terms with T𝝀 h(x) and T𝝁 g(x) and take the supremum

over 𝝀 and 𝝁 ≥ 0. Note that 𝝁 must be non-negative, else this supremum will be infinite,

even when the constraint g(x) ≤ 0 is satisfied.

Panel 6.2: Infinite Penalty Function 𝛿C

We already saw a sketch of how to derive Lagrange multipliers to enforce constraint

in Section 1.4 using the infinite penalty function 𝛿. We generalize the notation here,

introducing 𝛿C (x) to denote an infinite penalty if x is not in the feasible set C:

s

𝛿C (x) =
{

0, x ∈ C

∞, x ≠ C.

Thus, for equality constraints, we may use 𝛿0 (h(x)) and for inequality constraints

we may use 𝛿R− (g(x)), where R− denotes the set x ≤ 0.
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The first-order KKT conditions provide a set of necessary conditions for the point 

(x∗, 𝝀∗, 𝝁∗) to be optimal: 

(stationarity)  𝑓 x∗   𝑇 𝝀∗ h x∗ ∗∇ ( ) + ∇ ( ) + 𝝁 𝑇 ∇g(x∗) = 0 (6.24a) 

(primal feasibility) h ∗ ∗(x ) = 0, g(x ) ≤ 0 (6.24b) 

(dual feasibility) 𝝁∗ ≥ 0, (6.24c) 

(complementary slackness) 𝝁∗𝑇 g(x∗) = 0. (6.24d) 

If 𝑓 (x) and g(x) are convex and h(x) are affine, so the optimization problem is convex, 

then the KKT conditions are necessary and sufficient for a point to be globally optimal4

4 There are mild additional conditions that must also be satisfied, and we will discuss these soon. 

. For 

non-convex problems, the KKT system gives necessary first-order conditions. First order 

means the conditions only involve first derivatives of the objective and constraints. 

The stationarity condition comes from L(x∗  ∇x , 𝝀∗, 𝝁∗) = 0, and this generalizes the 

unconstrained optimality condition that ∗∇x 𝑓 (x ) = 0. We see that in the absence of 

inequality constraints, we recover the stationarity condition for equality constraints in 

Eq. (6.7). The stationarity equation also states that the gradient of the objective function is 

in the span of the active constraint normals. Recall that some of the inequality constraints 

may be inactive, with 𝜇 𝑗 = 0, so only the active constraint normals are considered. 

The primal feasibility equation states that x∗ must be in the feasible set. Dual feasibility 

states that each 𝜇 𝑗 must be non-negative, since if the Lagrange multipliers can be negative, 

the supremum in Eq. (6.22) would be infinite even when the constraints are satisfied. In 

Section 6.3, we will rewrite the primal problem in Eq. (6.20) in terms of the maximization 

of a dual objective 𝜙(𝝀, 𝝁) in 𝝀 and 𝝁. This dual objective will have a term T𝝁 g(x), so if 

any 𝜇 𝑗 is negative, then multiplying with any inactive negative constraints 𝑔 𝑗 (x) < 0, we 

can drive this maximization to infinity. Thus, 𝝁 ≥ 0 is required to prevent this. 

The fourth complementary slackness condition, Eq. (6.24d), states that 𝜇∗ 𝑔 x∗𝑗 ( )𝑗  = 0 for 

each 𝑗 , so either 𝜇 𝑗 = 0 or 𝑔 ∗
𝑗 (x ) = 0. Either 𝑔 ∗

𝑗 (x ) = 0 is active, in which case it acts like 

a standard equality constraint and 𝜇 𝑗 > 0 is a standard Lagrange multiplier, or 𝑔 𝑗 (x∗) < 0 

is inactive, in which case 𝜇 𝑗 = 0. This is closely related to the slack variable form used in 

Chapter 3 for solving linear programs with Dantzig’s simplex method. When the constraint 

is inactive, so 𝜇 𝑗 = 0, this constraint cannot push on the optimum solution via the gradient 

in the stationarity condition in Eq. (6.24a). These two cases are shown in Fig. 6.6. 

Geometry of Complementary Slackness and Feasible Directions 

Consider a single inequality constraint 𝑔 𝑗 (x) ≤ 0. The boundary 𝑔 𝑗 (x) = 0 defines a 

surface with outward-pointing normal ∇𝑔 𝑗 (x). At a point on the boundary, motion is 

permitted only in directions d that satisfy ∇𝑔 𝑗 (x) · d ≤ 0, thereby maintaining feasibility. If 

the constraint is active, the KKT stationarity condition includes the term 𝜇 𝑗 ∇𝑔 𝑗 (x), where 

𝜇 𝑗 ≥ 0 acts as a Lagrange multiplier pushing against the boundary of the constraint. If the 

constraint is inactive, so 𝑔 𝑗 (x) < 0, then stationarity omits ∇𝑔 𝑗 (x), since 𝜇 𝑗 = 0. Thus, 

the complementary slackness condition 𝜇 𝑗 𝑔 𝑗 (x) = 0 ensures that the gradient contribution 

𝜇 𝑗 ∇𝑔 𝑗 (x) appears in the stationarity condition if and only if the constraint is active. 

https://doi.org/10.1017/9781009755856.007


208 Constraints and Duality

feasible infeasible

feasible

infeasible

Figure 6.6 Here are two examples of an inequality-constrained problem. On the left, the optimal

point is on the edge of the feasible set, so the constraint is active. On the right, the optimal point

is on the interior of the feasible set, so the constraint is inactive. In both cases, the complementary

slackness KKT condition T𝝁 g(x) = 0 is satisfied.

Algorithmic Perspectives
The KKT system of equations underpin many of the most powerful modern algorithms for

constrained optimization, including active-set, interior-point, and augmented Lagrangian

methods. These algorithms are closely related to the notion of duality, and we will discuss

them more in this chapter and in Chapter 5. We provide a brief overview here:

Active-Set Methods (ASM) and Sequential Quadratic Programming Active set meth-

ods involve guessing which inequality constraints are active and become equality

constraints. Then the unconstrained Lagrangian in Eq. (6.2) is solved, for example

with Newton’s method. Finally, constraints are tested to see if they enter or exit

after this iteration. In sequential quadratic programming, we approximate 𝑓 (x)

with a quadratic.

Interior Point Methods (IPM) IPMs iteratively solve for an optimal point (x∗, 𝝀∗, 𝝁∗)

that satisfy the KKT conditions. We replace each 𝑔 𝑗 (x) ≤ 0 in the Lagrangian

objective with a log-barrier function −𝑡 log(−𝑔 𝑗 (x)). A Newton iteration on the

barrier-augmented objective function will enforce 𝑔 𝑗 (x) ≤ 0. As 𝑡 → 0, the

solution converges to a KKT point. We explore IPMs in Section 6.4.

Augmented Lagrangian Methods (ALM) Here we rewrite our inequality constraints

g(x) ≤ 0 as equality constraints by introducing slack variables: g(x) + s = 0

with s ≥ 0. We then write the augmented Lagrangian to include penalty terms
𝜌 2‖
2

g(x) + s‖ to enforce feasibility. An outer-loop optimization updates the

multipliers (𝝀, 𝝁), while the inner-loop optimization minimizes the augmented

Lagrangian over (x, s), often using unconstrained solvers. We discuss augmented

Lagrangian methods in Section 6.5.
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Regularity Conditions 
There are regularity conditions, known as constraint qualifications, for when a constrained 

optimizer x∗ will satisfy the KKT conditions. The regularity conditions are more 

complicated in the case of mixed equality and inequality constraints than those for simple 

equality constraints. However, they typically are used to ensure that an optimal solution 

even exists. In this case, several constraint qualifications can be used: 

Slater’s Condition. For convex problems, Slater’s condition is a go-to regularity test that 

is both powerful and practical. It simply requires the existence of a strictly feasible 

point x0: 

h(x0) = 0 and g(x0) < 0 

so that all inequality and equality constraints are satisfied strictly at x0. This must 

only be true at a single feasible x0, and gives a global result. Slater’s condition 

guarantees strong duality and ensures the KKT conditions are necessary and 

sufficient for optimality in convex problems. For linear programs, Slater’s condition 

automatically holds if the feasible set has a non-empty interior. For nonconvex 

problems, Slater’s condition does not guarantee strong duality or the sufficiency 

of the KKT conditions. It may still ensure that the KKT conditions are necessary 

for optimality, but only if other constraint qualifications, such as LICQ or MFCQ, 

are also satisfied. 

Linear Independence Constraint Qualification (LICQ). This is one of the most com-

monly used regularity conditions. As before, the gradients of all active constraints 

(i.e., equality constraints h(x) = 0 and inequality constraints 𝑔 𝑗 (x∗) = 0 active at 

x∗) must be linearly independent. LICQ ensures that if x∗ is a local minimizer, then 

there exist unique Lagrange multipliers (𝝀, 𝝁) that satisfy the KKT conditions. 

LICQ alone does not ensure existence of an optimizer or sufficiency of KKT. In 

the convex case, LICQ is stronger than Slater for existence and isn’t needed for 

sufficiency. 

Mangasarian–Fromovitz Constraint Qualification (MFCQ). This is a bit weaker than 

LICQ and states that the equality constraint gradients ∇h(x∗) are linearly 

independent, and that there exists a direction d ∈ R𝑛 such that: 

∇ℎ𝑖 (x
∗) · d = 0 for all 𝑖, ∇𝑔 𝑗 (x∗) · d < 0 for all active 𝑗 . 

This guarantees the existence of a feasible direction that moves away from the 

active inequality constraints. Unlike LICQ, MFCQ allows for linear dependence 

among active inequalities, as long as there is a direction of descent that maintains 

feasibility. 
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Example: Least Squares with Box Constraints
Consider the constrained least-squares regression with box constraints on x

min
x

1
2
∥Ax − b∥2

2

s.t. ℓ ≤ x ≤ u.
(6.25)

We solved this problem with Python in Section 4.6, and using the projected gradient

algorithm in Section 5.1. To solve this using the KKT conditions, we introduce dual

variables 𝝁 and 𝝂 for the lower and upper bounds ℓ and u, respectively. The Lagrangian is

L(x, 𝝁, 𝝂) = 1
2
∥Ax − b∥2

2 + 𝝁T (ℓ − x) − 𝝂T (x − u).

The KKT conditions then become

AT (Ax − b) − 𝝁 + 𝝂 = 0

ℓ ≤ x ≤ u,

𝝁, 𝝂 ≥ 0

𝝁T (ℓ − x) = 0, 𝝂T(x − u) = 0.

We may solve for an optimal point that satisfies the KKT conditions using a variety of

algorithms. Since the problem is convex, the KKT conditions are both necessary and

sufficient5. Here we sketch the interior point method approach. We will revisit IPMs in

Section 6.4. We will also briefly discuss connections to the projected gradient approach

from Section 5.1.

Interior Point Approach

The idea is to replace each constraint in the Lagrangian with a logarithmic barrier function

This results in an unconstrained problem that may be solved via Netwon’s method. We will

show in Section 6.4 that as 𝑡 → 0, this will converge to a solution of the KKT conditions,

since the function −𝑡 log(x) provides a steep barrier that rapidly goes to infinity as 𝑡 → ∞.

The associated dual Lagrange multipliers are 𝜇 𝑗 = 𝑡/(𝑥 𝑗 − ℓ 𝑗 ) and 𝜈 𝑗 = 𝑡/(𝑢 𝑗 − 𝑥 𝑗 ).

Projected Gradient Descent

We enforce feasibility at each step by projecting the unconstrained gradient onto the box

[ℓ, u]. This is a special case where each bound constraint is treated as a separate inequality,

and the associated multipliers are recovered by a soft-thresholding operation on the gradient.

The stationarity condition ∇ 𝑓 (x∗) + 𝝁 − 𝝂 = 0 for box constraints is
𝜕 𝑓 (x∗)
𝜕𝑥

= 𝜈 𝑗 − 𝜇 𝑗

in coordinates. Thus, we may explicitly write down the KKT conditions for
𝑗

a minimizer x∗:

• If ℓ 𝑗 < 𝑥∗ < 𝑢 𝑗𝑗
𝜕 𝑓 (
𝜕𝑥 𝑗

x∗) = 0, then both constraints are inactive, 𝜇 𝑗 = 𝜈 𝑗 = 0 and .

• If ∗ then the lower bound is active, 0𝜇 𝑗 ≥ = 0𝜈 𝑗 and
𝜕 𝑓 (
𝜕𝑥 𝑗

x∗) = −𝜇 𝑗 ≤ 0𝑥 ℓ𝑗 = 𝑗 , .

5 We will leave it as an exercise to verify the regularity conditions are satisfied for this problem.
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• If 𝑥∗ = 𝑢 𝑗  𝑗 then the upper bound is active, 𝜇 𝑗 = 0, 𝜈 𝑗 ≥ 0 and 
𝜕 𝑓 

𝑗 ≥(
𝜕𝑥 𝑗 x∗) = 𝜈   0.

Thus, the signs of the gradient components tell us which bound is active and correspond 

directly to the Lagrange multipliers 𝜇 𝑗 and 𝜈 𝑗 . This is a special case of the KKT conditions 

for general inequality-constrained optimization. 

There is another, more technical way to state this. At a minimizer x∗, the KKT conditions 

imply −∇ 𝑓 (x∗) ∈ 𝑁[ℓ u
∗

, ] (x ), where  ∗𝑁[ℓ,u] (x ) is defined as the normal cone of the box 

constraint. The normal cone is a set of vectors that push outward from the constraint set at 

x∗, meaning a set of vectors that are perpendicular to the boundary of the feasible set. 

Saddle Point Property of KKT Optimal Point 
A KKT optimal point (x∗, 𝝀∗ , 𝝁∗) will be a saddle of the constrained Lagrangian L(x, 𝝀, 𝝁): 

L(x∗, 𝝀, 𝝁) ≤ L(x∗, 𝝀∗, 𝝁∗) ≤ L(x, 𝝀∗, 𝝁∗) (6.26) 

for all x in the primal feasible set and for all 𝝀 and 𝝁 in the dual feasible set. The right 

inequality says that x∗ is a primal minimizer of the Lagrangian over feasible x for fixed 
 𝝀∗ and 𝝁∗. Similarly, the left inequality says that 𝝀∗ and 𝝁∗ are dual maximizers of the 

Lagrangian over feasible 𝝀, 𝝁 for a fixed x∗. In general, for nonconvex problems, this saddle 

point condition holds only locally, as KKT points may be local but not global optima. 

This saddle-point property is necessary for strong duality, but sufficiency requires more 

conditions. Strong duality means that the primal and dual optimal values coincide6

6 Technically the minx will be replaced with the infimum infx which we will introduce in the next section. 

: 

min 𝑓 (x) = min sup max min 
x 𝝀;𝝁≥0 

L(x, 𝝀, 𝝁) = 
𝝀;𝝁 ≥0 x 

L(x, 𝝀, 𝝁). 
x∈ S 

(6.27)

Let x∗ be a primal minimizer, and (𝝀∗, 𝝁∗) be a dual maximizer. Then: 

x∗ ∈ arg minL(x, 𝝀∗, 𝝁∗), 
x 

and 

(𝝀∗, 𝝁∗) ∈ arg max
𝝀;𝝁≥0 

L(x∗, 𝝀, 𝝁). 

Hence, the pair (x∗, 𝝀∗, 𝝁∗) satisfies the saddle point inequality: 

L(x∗, 𝝀, 𝝁) ≤ L(x∗, 𝝀∗, 𝝁∗) ≤ L(x, 𝝀∗, 𝝁∗) (6.28) 

for all x ∈ S, 𝝁 ≥ 0, and unconstrained 𝝀 ∈ R𝑚. 

For a convex optimization problem with differentiable functions 𝑓 , h, and g, and when 

Slater’s condition is satisfied, then the following statements are all equivalent: 

1. The KKT conditions hold at (x∗, 𝝀∗ , 𝝁∗); 
2. The point (x∗, 𝝀∗ , 𝝁∗) is a saddle point of L(x, 𝝀, 𝝁); and 
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3. Strong duality holds and optima are attained7:

min
x∈S

𝑓 (x) = max
𝝀;𝝁≥0

min
x

L(x, 𝝀, 𝝁) = min
x

max
𝝀;𝝁≥0

L(x, 𝝀, 𝝁).

6.3 Duality

Duality is one of the most profound and useful concepts in optimization. For every

constrained optimization problem, there is a dual optimization problem that provides a

lower bound to the optimum of the original primal problem. We have already seen a simple

example of a dual optimization problem in Chapter 3 on linear programming. These ideas

generalize naturally to other convex and nonconvex optimization problems. Regardless of

the convexity of the primal problem, the dual problem is always concave.

The dual optimization problem is closely related to Lagrange multipliers and the KKT

conditions. We will show that the Lagrange multipliers 𝝀 and 𝝁 are actually decision

variables for the dual problem. When only equality constraints are present, this dual problem

is unconstrained. For a mix of equality and inequality constraints, the dual has positivity

constraints on the Lagrange multipliers 𝝁 corresponding to the inequality constraints.

Primal–dual interior point methods are a class of algorithms for modern high-

dimensional constrained optimization, discussed in Section 6.4 Duality is also important

in the alternating direction method of multipliers (ADMM), discussed in Section 6.5,

and branch-and-bound algorithms for combinatorial and nonconvex problems. These

approaches are central for many problems we have already seen, such as box-constrained

least squares, LASSO, and ridge regression. When the dual equals the primal, then no

further improvement is possible, providing a certificate of optimality.

Given a constrained optimization problem

min
x

𝑓 (x),

s.t. h(x) = 0

and g(x) ≤ 0,

(6.29)

the dual objective function is a partial minimization8 of the Lagrangian with respect to x:

(6.30)

7 Note that for strong duality without qualification, we should write inf and sup instead of min and max. Slater’s

condition specifically guarantees that the optima is attained, so we may write min and max here.
8 The infimum (inf) of a function is its greatest lower bound. It generalizes the minimum when the minimum

might not be attained. We write infx 𝑓 (x) to refer to the lowest value that 𝑓 (x) approaches over the feasible

domain x ∈ S, even if no x actually achieves it. We use inf to ensure well-defined expressions, even when the

primal function does not attain its minimum. It can be replaced with min when it exists.

Example: Let 𝑓 (𝑥 ) = 𝑥 over the open interval (0, 1) . The infimum of 𝑓 is equal to zero, inf𝑥∈ (0,1) 𝑓 (𝑥 ) = 0,

even though min𝑥∈ (0,1) 𝑓 (𝑥 ) does not exist because 𝑓 (𝑥 ) → 0 as 𝑥 → 0+, but 0 ∉ (0, 1) . Similarly,

𝑓 (𝑥 ) = 1/𝑥 over the open interval (0, 1) has an infimum of 0.
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We don’t restrict the infimum to the feasible set x ∈ S, and instead the infimum is taken 

over all x. The dual function is always concave, even if the primal problem is nonconvex, 

as Eq. (6.30) is the pointwise infimum of functions that are affine in (𝝀, 𝝁). 
The dual problem 

max 𝜙(𝝀, 𝝁) 
𝝀;𝝁≥0 

(6.31)

provides a lower bound on the primal optimum. 

We have the following fundamental relationship between the primal and dual 

optimization problems, called weak duality, which states that the optimum value of the 

dual problem is always a lower bound to the optimum value of the primal problem: 

max 𝜙(𝝀, 𝝁) ≤ min 𝑓 (x). 
𝝀;𝝁 ≥0 x∈ S 

(6.32)

This is an extremely useful property for algorithms and optimality certificates. 

Specifically, the dual variables (i.e., the Lagrange multipliers (𝝀, 𝝁)) allow us to apply 

pressure to the constraints, so that we may tune these dual variables to maximize the 

guaranteed lower bound. The dual function measures how low the objective function can be 

pushed down if constraint violations are allowed but penalized. Thus, dual solutions give 

safe lower bounds on the primal problem, even if infeasible points are allowed. 

Weak duality is a more fundamental primal–dual relationship that always holds, even for 

non-optimal points. Any feasible primal x ∈ S and feasible dual (𝝀, 𝝁) satisfy 

𝜙(𝝀, 𝝁) ≤ 𝑓 (x). (6.33) 

Thus, the value of any dual feasible point is a lower bound on the value of any primal 

feasible point. This is always true, even for nonconvex problems. 

Strong duality is a special case when the dual and primal optima are equal. Strong duality 

holds for convex problems under mild regularity conditions, such as Slater’s condition, 

namely the existence of a strictly feasible point. Under these mild assumptions, strong 

duality states that the primal and dual optimum values are equal to each other9

9 Technically, this equality is true only if the primal optimum is attained, which also may require compactness of 

the feasible set (e.g., the convex polytope in linear programming being closed and compact). If the primal is not 

attained, then we must write infx∈ S 𝑓 (x) = sup𝝀;𝝁≥0 𝜙 (𝝀, 𝝁) . 

: 

𝜙(𝝀∗, 𝝁∗) = 𝑓 (x∗). (6.34) 

For nonconvex problems strong duality might not hold and there may be a duality gap. 

Dual variables are also important to quantify the sensitivity of the optimum to 

perturbations in the constraint right-hand sides. When the necessary conditions are met, 

dual variables are the partial derivatives of the optimal value with respect to constraint 

right-hand sides. This connection bridges optimization theory with sensitivity analysis and 

supports the practical use of duality in engineering, economics, and control. 

https://doi.org/10.1017/9781009755856.007


214 Constraints and Duality

Duality for Equality Constraints Only

If the primal has equality constraints and no inequality constraints, the dual becomes

max
𝝀

𝜙(𝝀) (6.35)

in terms of a dual function

(6.36)

There are no constraints on the dual variables 𝝀. We may then solve the unconstrained

dual problem using simpler techniques. For example, if 𝜙(𝝀) is differentiable or twice

differentiable, we may use gradient descent or Newton’s method, respectively.

Dual Linear Programs
We now illustrate the key concepts of duality for the linear program in Chapter 3. We

will begin with a simple and straightforward derivation of the dual problem, and then will

provide some intuition for what this dual linear program means.

Deriving the Dual Linear Program

We begin with the basic linear program, where we write the positivity constraint x ≥ 0 in

the maximization statement:

max
x≥0

cTx,

s.t. Ax ≤ b.
(6.37)

To be explicit, we will rearrange the inequality constraints so that b − Ax ≥ 0:

max
x≥0

cTx,

s.t. b − Ax ≥ 0.
(6.38)

Now we are able to move the constraints into the Lagrangian objective function using

Lagrange multipliers y

(6.39)

This is max min instead of min max because we began with a maximization problem.

We also assumed that the feasible set is closed, bounded, and non-empty so there exists a

primal maximizer. The Lagrange multiplier y is non-negative as it corresponds to inequality

constraints, playing the role of 𝝁 in Eq. (6.21). We use y instead of 𝝁, since y will be the

decision variable of the dual linear program in Eq. (6.44) below.

Now we rearrange the terms in the Lagrangian, collecting terms with x, which will

become our Lagrange multipliers for the dual problem:

max
x≥0

min
y≥0

yTb + (cT − yTA)x. (6.40)
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We may also transpose terms in the objective function, because it is a scalar: 

max min bTy + xT (c − ATy). 
x≥0 y≥0 

(6.41)

This is still a formulation of the primal in Eq. (6.37). Because we have strong duality10

10 For convex linear programs we have strong duality and the expression 

max min cTx + yT (b − Ax) ≤ min max bTy + xT (c − ATy)
x≥0 y≥0 y≥0 x≥0 

becomes an equality under mild assumptions, such as the feasible polytope being closed and bounded. Thus, 

we may also swap their order in Eq. (6.41) to obtain Eq. (6.42). 

, we 

may equate this with the dual problem, swapping the order of the maxx and miny: 

min max bTy + xT (c − ATy). 
y≥0 x≥0 

(6.42)

The term xT is now the Lagrange multiplier for the inequality constraints c − ATy ≤ 0 

in the dual problem. We move these terms back to inequality constraints 

min bTy, 
y≥0 

s.t. ATy − c ≥ 0 
(6.43) 

so that we arrive at the dual problem in standard form 

min bTy, 
y≥0 

s.t. ATy ≥ c. 
(6.44) 

The relationship between the primal and dual problems is shown schematically in Fig. 6.7 

for this special case where we have strong duality and both primal and dual optima are 

attained. 

Intuition Behind the Dual Linear Program 

It is helpful to discuss the intuition behind the dual form of a linear program, as this is 

the simplest case to understand, and it will provide a basis for more complex primal–dual 

problems and algorithms. 

Given a maximization maxx≥0 cTx subject to the constraints Ax ≤ b, the idea is to try 

and provide the tightest upper bound on cTx by taking linear combinations of the constraint 

equations a 𝑗 x ≤ 𝑏 𝑗 . The coefficients of the linear combinations of these equations will 

be denoted by y, which we saw above are the dual variables and the Lagrange multipliers 

enforcing the constraints. We know that any feasible solution will satisfy all of these 

constraints, so any linear combination will also be satisfied for any feasible point. This 

linear combination of the constraints yields the following equation: 

yTAx ≤ yTb. (6.45) 

Thus, the product yTA provides the coefficients of x. If these coefficients are greater than 

or equal to cT, then yTb provides a direct upper bound on cTx; note that this relies on x ≥ 0, 

although this condition may be relaxed. This means that for any yTA ≥ cT, then yTb will 
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Primal Dual 

A x b≤ 

cT xmaxx 

s.t. AT y c≥ 

bT yminy 

s.t. 

= 

Figure 6.7 Visualization of primal (left) and dual (right) linear programs. In this case, the primal has 

more constraints than decision variables, while the dual has more decision variables than constraints. 

The dual minimization always provides an upper bound for the primal maximization. Since linear 

programs are convex, this duality becomes strong, and the bound is tight under mild assumptions, 

such as a closed and bounded feasible polytope. In this case, the dual solution is equal to the primal 

solution. 

yTA x = yT 
A x ≤ yT 

b 

Figure 6.8 The idea behind a dual linear program is to find a linear combination of constraint 

equations that provide a tight bound for the primal problem. In this case, the combination of constraint 

equations is given by the vector yT, so that yTA are the coefficients multiplying x, and yTAx is bounded 

from above by yTb. We will then minimize yTb subject to yTA ≥ cT, where the original objective 

function was cTx. Notice that this is the transpose of the typical dual problem formulation, although 

they are equivalent because they are both scalar functions and are therefore equal to their transposes. 

provide an upper bound on the primal. Since we seek the tightest bound, we minimize yTb 

over y ≥ 0 such that Ty A ≥ cT. This is shown schematically in Fig. 6.8. 

https://doi.org/10.1017/9781009755856.007


6.3 Duality 217

Simple Example. The following example illustrates the idea of duality quite simply.

(Primal) (Dual)

min
𝑥1 ,𝑥2

3𝑥1 + 5𝑥2 ⇐⇒ max
𝑦

6𝑦

s.t. 2𝑥1 + 𝑥2 = 6 s.t. 2𝑦 ≤ 3

𝑥1, 𝑥2 ≥ 0 𝑦 ≤ 5

The dual optimum 𝑦∗ 3
=

2
gives a lower bound 6𝑦∗ = 9, matching the primal optimum

(𝑥∗, 𝑥∗) = ( ,
1 2

3 0), which gives a cost of 9. Strong duality holds in this case.

Duality for Constrained Least Squares
We will revisit the constrained-least squares problem we analyzed in Chapter 4, from the

perspective of duality. Consider the constrained least squares problem

min
x

1
2
∥Ax − b∥2

2

s.t. Cx = d.
(6.46)

We may formulate the dual problem by first forming the Lagrangian

L(x, 𝝀) = 1
2
∥Ax − b∥2

2 + 𝝀T (Cx − d). (6.47)

The dual function is minx L, which amounts to finding a stationary x that satisfies

Expanding the Lagrangian yields:

L(x, 𝝀) = 1
2
xTQx − r(𝝀)Tx + 1

2
bTb − 𝝀Td. (6.48)

We could plug in x∗, which is a mess. Instead, we use the standard quadratic identity

Thus, we obtain the dual function

(6.49)

with the constraint that r(𝝀) is in the range of Q, which is equivalent to being in the range

of AT. If ATA is invertible, then we replace Q† with Q−1.

We may write the dual using norms instead of inner products as

(6.50)

Now we see the benefit of writing constrained least squares in dual form. The primal

KKT system in Eq. (4.49) requires an (𝑛 + �) × (𝑛 × �) indefinite system of equations,
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Figure 6.9 The Fenchel conjugate of the function 𝑓 (𝑥) =
2𝑥 is 𝑓 ∗ 1(𝑦) =

2𝑦4 . We derive this by

taking a point 𝑥 and looking at the tightest affine lower bound, which is the line with slope given by

the derivative 𝑓 ′ (𝑥) = 2𝑥. The conjugate at a slope 𝑦 is the 𝑦-intercept of this tangent line to 𝑓 (𝑥) at

𝑥. For example, at 𝑦 = 1 the line with slope 1 on the left figure intercepts the vertical axis at 1
4 .

while Eq. (6.50) solve the � × � definite Schur complement system:

CQ†CT𝝀 = C(ATA)−1ATb − d. (6.51)

Once we solve for 𝝀∗ we can recover x∗ = (ATA)−1 (ATb T−C 𝝀∗). Solving for the matrix Q†

or (ATA)−1 still involves factoring A, usually with QR or SVD. However, the KKT matrices

are indefinite, while the dual Schur complement is symmetric positive semidefinite, which is

preferable for numerical linear algebra. When the number of constraints� is smaller than the

number of variables 𝑛, this dual viewpoint is computationally appealing. Many numerical

linear algebra solvers exploit this dual structure in their implementation by reducing the

primal KKT system to the Schur complement form. Specifically, they factorize A, form the

Schur complement C(ATA)−1CT, solve for 𝝀, and then back-solve for x. So in practice,

solving the KKT system already reduces to the dual step internally.

Conjugate Functions and Fenchel Duality
To understand duality in optimization, it helps to examine the more general Fenchel–

Rockafellar duality [419, 281], which arises from convex conjugate functions. The Fenchel

conjugate, also known as the convex conjugate, bridges convex analysis and Lagrangian

duality [419, 281]. The Fenchel conjugate11

11 The Fenchel conjugate is a generalization of the classical Legendre transform (see Section 6.6). Both

transformations relate a function to a dual representation based on its linear supporting hyperplanes.

𝑓 ∗ (y), of a function 𝑓 : R𝑛 → R is given by

𝑓 ∗ (y) = sup
x

(
yTx − 𝑓 (x)

)
. (6.52)

Intuitively, 𝑓 ∗ (y) captures the tightest affine lower bound of 𝑓 (x) with slope y. Thus, we

construct 𝑓 ∗ as the lower affine supporting hyperplanes of 𝑓 , as shown in Fig. 6.9.
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The Biconjugate and the Fenchel–Moreau Theorem

The biconjugate of 𝑓 is the conjugate of the conjugate:

(6.53)

The Fenchel–Moreau Theorem says for 𝑓 proper12 convex, and lower semicontinuous13:

𝑓 (x) = 𝑓 ∗∗ (x), for all x ∈ dom( 𝑓 ). (6.54)

Moreover, if 𝑓 is nonconvex, then 𝑓 ∗∗ is the closed convex hull of 𝑓 .

Example: Convex Envelope of a Nonconvex Function

Consider the nonconvex function:

𝑓 (𝑥) = min(𝑥2, |𝑥 |), (6.55)

which is formed by taking the pointwise minimum of two convex functions. Figure 6.10

shows the nonconvex function 𝑓 (𝑥) and its convex envelope 𝑓 ∗∗ (𝑥). The function 𝑓 (𝑥) is

nonconvex, and no single supporting hyperplane bounds the function from below.

The convex envelope of a function 𝑓 is the largest convex function that lies below 𝑓

everywhere. In this case, the convex envelope of 𝑓 is:

(6.56)

which is the tightest convex function lying entirely beneath 𝑓 (𝑥). This convex envelope is

the Huber function, which is widely used in robust statistics.

This is precisely what arises when we compute the conjugate of the conjugate. If 𝑓 is

not convex, its conjugate 𝑓 ∗ is still convex, and the biconjugate 𝑓 ∗∗ satisfies:

𝑓 ∗∗ (𝑥) ≤ 𝑓 (𝑥), (6.57)

with equality if and only if 𝑓 is convex and lower semicontinuous. It is left as a homework

problem to compute the conjugate 𝑓 ∗ and biconjugate 𝑓 ∗∗ for this function and confirm that

they are both convex.

Fenchel–Rockafellar Duality

Now, consider the dual function

(6.58)

12 Proper means that 𝑓 (x) < +∞ for at least one x, and 𝑓 (x) > −∞ for all x; see Rockafeller [419] for details.
13 In convex optimization, lower semicontinouous means that the function 𝑓 : R� → R ∪ {+∞} satisfies:

lim inf
x→x0

𝑓 (x) ≥ 𝑓 (x0 ) for all x0 ∈ R
�.

This property guarantees that the function does not jump downward, i.e., it doesn’t have discontinuities where

it suddenly takes a lower value than nearby points. This also means that epi( 𝑓 ) is a closed set. A continuous

function is always lower semicontinuous.
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Figure 6.10 Illustration that the biconjugate of a nonconvex function is the convex envelope of the

function. In this example, the nonconvex function 𝑓 (𝑥) = min(𝑥2, |𝑥 |) relaxes to the convex envelope

𝑓 ∗∗ (𝑥).

whichis a concave function, being a pointwise infimum of affine functions in (𝝀, 𝝁). If 𝑓

is convex and the constraints are convex, this construction fits naturally into the Fenchel

duality framework.

Equality Constraints. In the special case where h(x) = Ax − b and g(x) = 0, then:

𝜙(𝝀) = inf
x

(
𝑓 (x) + 𝝀T (Ax − b)

)
= −𝝀Tb + inf

x

(
𝑓 (x) + 𝝀TAx

)
, (6.59)

which can be rewritten as14:

14 We use the identity that − supx 𝑓 (x) = infx − 𝑓 (x) to rewrite

T𝜙(𝝀) = −𝝀 b − 𝑓 ∗ (−AT𝝀), (6.60)

where 𝑓 ∗ is the Fenchel conjugate of 𝑓 . This gives an explicit form of the dual function in

terms of the conjugate of the objective function.

Inequality Constraints. Now suppose the problem also includes convex inequality

constraints g(x) ≤ 0, where each � 𝑗 is convex. Then the dual function becomes

𝜙(𝝀, 𝝁) = inf
x

(
𝑓 (x) + 𝝀T (Ax − b) + 𝝁Tg(x)

)
, with 𝝁 ≥ 0. (6.61)

inf
x

(
𝑓 (x) + 𝝀TAx

)
= − sup

x

(
xT (−AT𝝀 )
  -  -  -  -    -  -  -  -  

y

− 𝑓 (x)
)
= − 𝑓 ∗ (−AT𝝀 ) .

This uses the definition of the Fenchel conjugate 𝑓 ∗ (y) = supx

(
xTy − 𝑓 (x)

)
with y = −AT𝝀.
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We can write this as

(6.62)

Define the function

𝑓 (x) := 𝑓 (x) + 𝝁Tg(x), (6.63)

which remains convex. Then the dual function becomes

𝜙(𝝀, 𝝁) = −𝝀Tb − 𝑓 ∗ (−AT𝝀), (6.64)

where 𝑓 ∗ is the Fenchel conjugate of the function 𝑓 (x) = 𝑓 (x T) + 𝝁 g(x). This provides an

explicit form of the dual in terms of conjugates.

Geometric Interpretation of Duality
A key geometric insight behind Lagrange duality is the relationship between supporting

hyperplanes15 and the construction of the dual function. In convex optimization, duality

is not just an algebraic formula, but it is also a geometric process of constructing the best

possible linear lower bound on a convex function, subject to constraints.

For simplicity, we consider equality constraints h(x) = 0. In the primal, we search for

the lowest level set of 𝑓 that intersects the feasible region defined by h(x) = 0. In the dual,

we search over 𝝀 for the best affine lower bound (i.e., supporting hyperplane) on 𝑓 (x) that

respects the constraint. The optimal 𝝀∗ is the slope of this best supporting hyperplane.

Duality and Supporting Hyperplanes

Recall that the dual function

(6.65)

is concave in 𝝀 and gives a family of lower bounds on the primal objective.

In the case of convex equality constraints h(x) = 0 (i.e., affine constraints Ax = b), then

each choice of 𝝀 defines a linear perturbation of the objective function

𝑓 (x) + 𝝀T (Ax − b). (6.66)

This can be interpreted as tilting the function 𝑓 in the direction T𝝀 A. Taking its infimum

provides a lower bound on the primal optimal value. The dual function is then:

(6.67)

Geometrically, the pair (𝝀, 𝜙(𝝀)) defines a supporting hyperplane to the epigraph of 𝑓 .

Specifically, the inequality

(6.68)

15 Recall that a supporting hyperplane to a set S at x0 touches the set at exactly x0, and lies entirely on one side
�a ∈ R

Ta (x − x0 ) ≥ 0of S. Mathematically, this means there exists a vector so that for all x ∈ C.
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defines an affine lower bound on 𝑓 that is tight at the minimizing x for that value of

𝝀, assuming strong duality. Thus, the dual variables 𝝀 parameterize a family of affine

underestimators of 𝑓 , one for each direction of perturbation, forming the set of supporting

hyperplanes to epi( 𝑓 ). The optimal dual variable 𝝀∗ corresponds to the slope of the tightest

such supporting hyperplane that lies below the graph of 𝑓 , touches the graph at an optimal

point x∗, and respects the constraint h(x) = 0. We will generalize this geometric picture to

handle inequality constraints in the homework.

Example: Scalar Convex Problem

To build geometric intuition for Lagrangian duality, we study a scalar convex problem:

min
𝑥

𝑓 (𝑥) = (𝑥 − 2)2 + 1

s.t. ℎ(𝑥) = 𝑥 − 1 = 0.

This problem is simple, since there is a single feasible point, 𝑥 = 1, and hence this must

also be the optimal value of 𝑥; see Fig. 6.11. However, it is still helpful as an example.

We form the Lagrangian, which are linear tilts of 𝑓 (𝑥):

L(𝑥, 𝜆) = 𝑓 (𝑥) + 𝜆ℎ(𝑥) = (𝑥 − 2)2 + 1 + 𝜆(𝑥 − 1),

If we minimize over 𝑥, we obtain the dual function:

(6.69)

which is affine in 𝜆 and always satisfies 𝜙(𝜆) ≤ 𝑓 (𝑥) for any feasible 𝑥. In geometric terms,

𝜙(𝜆) corresponds to the vertical intercept of the tightest line with slope 𝜆 that lies below

the epigraph of 𝑓 . The dual achieves its maximum at 𝜆∗ = 2, corresponding to the primal

optimal point 𝑥∗ = 1 and value 𝑓 (𝑥∗) = 2. This value of 𝜆∗ defines the best affine lower

bound that respects the constraint.

The optimal multiplier 𝜆∗ is determined by the KKT condition 𝑓 ′ (𝑥∗) + 𝜆∗ = 0, so that

𝜆∗ = − 𝑓 ′ (𝑥∗). In this example the feasible point is 𝑥∗ = 1, where 𝑓 ′ (1) = −2, hence 𝜆∗ = 2.

Geometrically, the tilt 𝜆(𝑥 − 1) exactly cancels the slope of 𝑓 at 𝑥 = 1, so that the tilted

function has a minimum at the feasible point. The optimal value 𝜆∗ corresponds to the

negative of the slope of the tightest such supporting line that touches the graph of 𝑓 at the

feasible point 𝑥∗ = 1. The corresponding supporting line to the epigraph of 𝑓 at 𝑥∗ = 1 is

𝑡 = 𝑓 (1) + 𝑓 ′ (1) (𝑥 − 1) = 2 − 2(𝑥 − 1), with slope 𝑓 ′ (1) = −2.

Figure 6.11 illustrates this geometry: the parabola 𝑓 (𝑥), along with several tilted

functions 𝑓 (𝑥) + 𝜆(𝑥 − 1), and the supporting line at 𝑥∗ = 1. The dual function 𝜙(𝜆)
records the lowest value of each tilted function, yielding a concave curve in 𝜆 whose

maximum matches the primal optimum 𝑓 (𝑥∗) = 2. This demonstrates weak and strong

duality in a concrete geometric setting.

Dual Variables as Sensitivities
Dual variables, i.e. Lagrange multipliers, represent the sensitivity of the optimal value of

the objective function, denoted 𝑣 = 𝑓 (x∗), to perturbations in the constraint right-hand
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Figure 6.11 Left: Illustration of original function 𝑓 (𝑥) along with the tilted Lagrangian L(𝑥, 𝜆) for

several values of 𝜆, including 𝜆∗ = 2. The optimal dual variable 𝜆∗ = 2 is the negative of the slope of

the tightest supporting hyperplane at the optimal/feasible point 𝑥∗ = 1. Right: Illustration of the dual

function 𝜙(𝜆).

sides. If we write the constraints as h(x) = b and g(x) ≤ c, then we may write 𝑣(b, c) as

a function of the right hand sides b and c. Under conditions16

16 Specifically, we require that the problem is convex and Slater’s condition holds at (b, c) , so strong duality and

dual attainment hold. Further, we assume 𝑣 is differentiable at (b, c) . If 𝑣 is not differentiable, then we say that

the multipliers are in the sub-gradient of 𝑣: (−𝝀∗, −𝝁∗ ) ∈ 𝜕𝑣 (b, c) .

provided in Rockafellar and

Wets [422], then the optimal multipliers (𝝀∗, 𝝁∗) satisfy

𝜆∗𝑗 = − 𝜕𝑣

𝜕𝑏 𝑗

, 𝜇∗𝑗 = − 𝜕𝑣

𝜕𝑐 𝑗

. (6.70)

In vector form

−∇𝑣(b, c) =
[
𝝀∗

𝝁∗

]
. (6.71)

Each dual variable 𝜆∗𝑗 quantifies how much the optimum 𝑓 ∗ increases or decreases per

unit increase in the right-hand side 𝑏 𝑗 of an equality constraint. Similarly, if an inequality

constraint � 𝑗 (x) ≤ 𝑐 𝑗 is active at x∗, then 𝜇∗𝑗 measures the marginal cost or benefit of

loosening or tightening that constraint. If the inequality constraint is inactive, then 𝜇∗𝑗 = 0

and has no local effect on the optimum. Equivalently, for small perturbations 𝜖 , we may

write

𝑣(b + 𝜖e 𝑗 , c) = 𝑣(b, c) − 𝜖 𝜆∗𝑗 + 𝑜(𝜖), 𝑣(b, c + 𝜖e 𝑗 ) = 𝑣(b, c) − 𝜖 𝜇∗𝑗 + 𝑜(𝜖),

where e 𝑗 is a unit vector with a one in the 𝑗-th component, perturbing the 𝑗-th boundary.

Shadow Prices and Marginal Value in Economics

Consider a linear program for profit maximization of a firm producing 𝑛 goods. Each 𝑥 𝑗

represents the units of good 𝑗 produced, with profit 𝑝 𝑗 per unit, so the total profit is pTx.
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Panel 6.3: A Concrete Example Illustrating Marginal Value

Consider a cement factory producing two types of cement: regular cement (𝑥1) and

special cement (𝑥2). The profit of the regular cement is $1 per kg and the profit of

the special cement is $2 per kg. Each requires labor and material:

𝑥1 𝑥2

Labor (hours) 1 1

Material (kg) 0 1

so that one unit of 𝑥1 uses 1 hour of labor, one unit of 𝑥2 uses 1 hour of labor and 1

kg of material, with 4 hours of labor (𝑟1) and 2 kg of material (𝑟2) available.

The optimization problem is

max
𝑥1 ,𝑥2≥0

𝑥1 + 2𝑥2 s.t.

{
𝑥1 + 𝑥2 ≤ 4 (labor),
𝑥2 ≤ 2 (material).

The feasible region is a polygon with corners (0, 0), (4, 0), (2, 2), (0, 2). The optimal

solution is (𝑥∗
1
, 𝑥∗

2
) = (2, 2) with maximum profit 𝑣 = 6.

Value Function. In this example, we may construct the value function 𝑣(𝑟1, 𝑟2)
explicitly. Because product 𝑥2 yields higher profit per labor unit than 𝑥1, we use all

available material on 𝑥2 first, up to the labor cap, then fill remaining labor with 𝑥1:

𝑥∗2 (𝑟1, 𝑟2) = min{𝑟2, 𝑟1}, 𝑥∗1 (𝑟1, 𝑟2) = 𝑟1 − 𝑥∗2 (𝑟1, 𝑟2) (≥ 0).

Thus, the maximum profit is the piecewise–linear, concave function

𝑣(𝑟1, 𝑟2) =
{
𝑟1 + 𝑟2, if 0 ≤ 𝑟2 ≤ 𝑟1,

2 𝑟1, if 𝑟2 ≥ 𝑟1 ≥ 0.

Shadow Prices of Resources. Away from 𝑟1 = 𝑟2 the value function is� �T
𝑟2 < 𝑟1, we have ∇𝑣(𝑟1, 𝑟2) = 1 1differentiable. Since . Thus, the dual

multipliers are 𝜇∗ =
labor

1 and 𝜇∗ =
material

2. Thus, if the firm had one more hour of

labor (𝑟1 = 5), the new optimum would be (3, 2) with profit 7, so each extra unit

of labor increases profit by $1. If the firm had one more kg of material (𝑟2 = 3),

the new optimum would be (1, 3) with profit 7, so each extra unit of material also

increases profit by $1.

When 𝑟2 < 𝑟1, both resources are scarce: one extra hour of labor or one extra kg of

material raises profit by $1. Since both resources are scarce and valuable, then both

shadow prices are positive. When 𝑟2 > 𝑟1, labor is the bottleneck (value $2 per hour)

while extra material has no marginal value. This illustrates the economic principle

that only binding constraints correspond to resources with positive marginal value.
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Production consumes 𝑚 resources, such as labor, raw materials, or machine hours. Each 

unit of good 𝑗 requires 𝐴𝑖 𝑗 units of resource 𝑖, and the available supply of each resource is 

𝑟𝑖 . The firm wishes to maximize profit subject to resource constraints: 

max pTx 
x≥0 

s.t. Ax ≤ r. 
(6.72) 

The value function 𝑣(r) gives the maximum profit for a given resource availability r. The 

dual multipliers 𝝁∗ satisfy 

𝜕𝑣 
𝜇∗ 𝑗 = − 

𝜕𝑟 𝑗 
, 

so that 𝜇∗ 𝑗 measure the firm’s maximum profit increase if resource 𝑗 is increased by one 

unit. If 𝜇∗ 𝑗 = 0, the resource is not scarce; if 𝜇∗ >𝑗  0, it is a bottleneck and has positive value. 

We call 𝜇∗ 𝑗 the shadow price, which is the marginal profit per extra unit of resource 𝑗 . 

6.4 Interior Point Methods 

Interior point methods17 

17 Interior point methods were developed several times independently. They were originally discovered in the 

1960s by Dikin [142] and by Fiacco and McCormick in the context of penalty-barrier methods [169, 170]. 

However, they were considered impractical for large-scale problems until Karmarkar’s primal–dual IPM 

algorithm for linear programming [270] in 1984, which was competitive with the simplex method [123]. For 

linear programming, the convergence is provably linear in the dimension of the problem. In practice, the 

iteration count is often even independent of dimension. 

IPMs are a family of iterative algorithms for solving constrained 

optimization problems by traversing the interior of the feasible region rather than exploring 

the boundary [66, 370]. We’ve seen the simplex method solve linear programs in Chapter 3, 

which moves from boundary vertex to vertex until an optimal solution is found. IPMs are an 

alternative approach that scale to very high-dimensional problems with complex boundaries 

and generalize to more sophisticated convex and nonconvex problems. 

The interior point method finds solutions that satisfy the KKT conditions, and hence are 

optimal. For convex problems this optimality is global, with polynomial-time complexity. 

The basic principle of IPMs is to replace the original constrained optimization problem with 

a series of unconstrained subproblems. A common example is the barrier approach, which 

enforces strict interior feasibility by introducing a barrier, or penalty, that becomes infinite 

at the boundary of the feasible region. This is the approach we take here. Specifically, we 

present a primal approach18 

18 In practice, primal–dual IPMs are more widely used, as they have faster convergence and better numerical 

stability. They also measure the duality gap, which makes it easier to monitor progress and stopping criteria. 

that utilizes a logarithmic barrier function. 

It is often difficult to solve the KKT conditions in Eq. (6.24) directly, so instead we solve 

a family of simpler related problems that converge to the KKT solution. We explain this for 

a single constraint 𝑔(x) ≤ 0, though it generalizes to more constraints. The first three KKT 

conditions stay the same, and the final condition changes from 𝜇𝑔(x) = 0 to 𝜇𝑔( ) = −𝑡x , 

where 𝑡 is an auxiliary variable that we slowly relax to 𝑡 = 0, in which case we recover 

https://doi.org/10.1017/9781009755856.007


226 Constraints and Duality

0.0 0.5 1.0 1.5 2.0 2.5 3.0

x

−2

0

2

4

6

8

10
−t log(x)

t = 10

t = 5

t = 2

t = 1

t = 0.5

t = 0.2

t = 0.1

−1.0 −0.5 0.0 0.5 1.0

x

−2

0

2

4

6

8

10
−t log(1 − x2)

the original KKT system. It is simpler to solve these perturbed equations for , and we

may then vary to 0, using the solution as the initial condition to solve for .

In the limit, we satisfy the KKT conditions and the inequality constraint. This is known as

continuation, or homotopy, and it is a very useful technique beyond optimization.

When directly from via

(6.73)

We then substitute this back into the gradient equation and solve for x:

(6.74)

A little calculus shows that this is equivalent to the following:

(6.75)

so we are looking for the solution to the following minimization problem:

(6.76)

A solution to this problem will satisfy the first KKT condition and will also ensure that

to be finite. Similarly, from Eq. (6.73),

known as a barrier function, since it is a smooth convex function, defined in the interior

of the feasible set, that becomes very large near the boundaries. As

becomes infinite, as shown in Fig. 6.12 for two inequality constraints.

Since this is an unconstrained optimization problem, we may use simpler techniques,

such as Newton’s method, which converges rapidly with a good initial condition. When is
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small, the penalty function 𝑡 log(−�(x)) will be very steep at the boundaries, and shallow 

elsewhere, so Newton’s method may converge slowly. However, using the optimal solution 

x∗(𝑡� ) as the initial condition for Newton’s method at 𝑡�+1 accelerates the algorithm. 

If we start with a large 𝑡, the objective function appears to have no 𝑓 (x) term, and instead 

we minimize − log(−�(x)), which is equivalent to minimizing �(x). We can solve this using 

Newton’s method to find x∗ (∞), called the analytic center of the feasible set, which will 

be an initialization for our first value of 𝑡. The sequence of intermediate solutions x∗ (𝑡� ) is 

called the central path, and it is always in the interior of the feasible set. 

Extensions to More Constraints. It is simple to incorporate additional constraints, 

� 𝑗 (x) ≤ 0 for 𝑗 = 0, . . . , �. In this case, we design a composite barrier function that is the 

sum of the various individual barrier functions corresponding to each individual constraint: 

(6.77) 

Barrier Method for Linear Programming 
It is possible to solve linear programming using the logarithmic barrier method, as described 

above. We begin with a standard linear program 

min cTx 
x 

subject to Ax ≤ b 

x ≥ 0. 

(6.78) 

The barrier method addresses the inequality constraints by introducing logarithmic barrier 

functions to penalize solutions that approach the constraint boundaries. Specifically, 

the barrier formulation replaces the original constrained problem with a sequence of 

unconstrained subproblems: 

(6.79)

where 𝑡 ≥ 0 is the parameter that we decrease to zero, and aTx = 𝑗 𝑏 𝑗 denotes the 𝑗 th row 

of the matrix system of equations Ax = b. As 𝑡 → 0, the solution to this unconstrained 

problem converges to the optimal solution of the original problem. 

With the barrier scaling, the gradient and Hessian become: 

(6.80a)

(6.80b)
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Here, e 𝑗 is a unit vector in the 𝑥 𝑗 direction. Newton’s method yields the direction Δx: 

∇2 𝑓𝑡 (x)Δx = −∇ 𝑓𝑡 (x).

Typically we would select the step size 𝛼 via line search to ensure feasibility (i.e., Ax < b 

remains satisfied), then update: 

x ← x + 𝛼Δx.

We then update the barrier parameter 𝑡, for example 𝑡𝑘+1 = 0.9𝑡𝑘 . We then continue until 

the duality gap and constraint residuals fall below pre-chosen tolerances. 

Linear Programming Example in Python 

Modern optimization packages implement efficient and robust primal–dual interior point 

methods that exploit sparsity, primal–dual relationships, and predictor–corrector steps to 

efficiently solve large-scale linear programming problems19

19 In practice, modern implementations for large-scale LP or convex problems often outperform the simplex 

method for certain classes of large or sparse problems. However, for small or medium-scale LPs, or those with 

special structure, an optimized simplex method can still be competitive and may outperform IPMs in practice. 

. For example, we solve the 

linear program from Section 3.1 using SciPy’s built-in solver, as follows: 

CodeSnip 6.a import numpy as np 
from scipy.optimize import linprog 

# Define constraints 

A = np.array([ [-1, 0], # -x <= 0 => x >= 0 

[0, -1], # -y <= 0 => y >= 0 

[0, 1], # y <= 30 

[1, 1] ]) # x + y <= 50 

b = np.array([0, 0, 30, 50]) 
c = np.array([-100, -400]) # Max cˆT x = 100x+400y => min -cˆT x 

# Solve using a modern interior-point method (HiGHS-IPM) 

res = linprog(c, A_ub=A, b_ub=b, method=’highs-ipm’) 

Note that here we have embedded the non-negativity constraints x ≥ 0 directly into the first 

two rows of the matrix system Ax ≤ b. 

It is simple to implement a barrier-method IPM ourselves. Note that the following 

example is primal and not primal–dual. Initializing the same matrix A and vectors c and b 

as above, the code is straightforward. First, we must define the logarithmic barrier function 

Φ(x), its gradient ∇Φ(x), and its Hessian 2∇ Φ(x): 

CodeSnip 6.b def phi(x): 

return -np.sum(np.log(b - A @ x)) 

def grad_phi(x): 

return A.T @ (1 / (b - A @ x)) 

def hess_phi(x): 

vals = 1 / (b - A @ x) 

return A.T @ np.diag(vals**2) @ A 

We may then implement the barrier-method IPM as in Code 6.1. 
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Figure 6.13 Central path of the interior point method for a convex linear program (left) and quadratic

program (right). In both cases, the trajectory reaches the optimum value in very few iterations. On

the right, the trajectory approaches the boundary quickly, and then slowly hugs it until the optimum.

This illustrates the shallowness of the log-barrier objective landscape for some problems, making

Newton’s method slow to converge.

Code 6.1: Interior point method for a linear program. Here we multiply the barrier function by 1/𝑡
instead of 𝑡 and let 𝑡 → ∞ instead of 𝑡 → 0, to be consistent with the literature.

def barrier_method_lp(A, b, c, x0, mu=10, tol=1e-8, max_iter=50)

:

m, n = A.shape

x = x0.copy()

t = 1.0

path = [x.copy()]

for _ in range(max_iter):

for _ in range(20): # Newton steps

grad = t * c + grad_phi(x)

hess = hess_phi(x)

dx = -np.linalg.solve(hess, grad)

s = 1.0

while np.any(A @ (x + s * dx) >= b):

s *= 0.5

if s < 1e-16:

break

x += s * dx

path.append(x.copy())

if np.linalg.norm(grad) < tol:

break

if n / t < tol:

break

t *= mu

return np.array(path)

It is easy to call this code with the following two lines:

CodeSnip 6.c x0 = np.array([5.0, 5.0]) # Feasible initial condition

path = barrier_method_lp(A, b, c, x0)
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The output of this code is shown in Fig. 6.13 (left). Modifying this code to solve a 

quadratic program with linear constraints is left as an exercise for the reader. 

Barrier Method for Constrained Least Squares 
Barrier-method IPMs may also be used for constrained least-squares problems and other 

quadratic programs with constraints such as non-negativity, upper/lower bounds, or linear 

constraints. The constrained-least squares problem 

min 
2
1 ∥Ax − b∥2 

x 

s.t. Cx ≤ d 

may be solved efficiently with IPMs [66]. In this case, the Hessian is ATA + 2𝑡∇ Φ(x), so 

each iteration involves solving a Newton system that includes both the quadratic term ATA 

and the barrier term’s diagonal contributions from Φ(x). This is particularly powerful in 

high-dimensional settings when combined with sparse linear algebra techniques. 

6.5 Alternating Direction Method of Multipliers (ADMM) 

The alternating direction method of multipliers (ADMM) [65, 380] is a splitting method. It 

allows us to solve convex optimization problems by decomposing them into smaller, more 

manageable sub-problems. It combines the decomposability of dual ascent methods with the 

robustness of the method of multipliers. ADMM is widely used in applications, including 

signal processing, machine learning, and control. Several specific applications include 

robust PCA [91], MAP inference [339, 348], LP decoding [26], graphical models [122], 

and sparse feedback control [311]. We will explore robust PCA in the next subsection. 

ADMM is related to earlier operator splitting methods and penalty-duality schemes [151, 

195, 183, 316, 160]. Because of its widespread applicability, ADMM has inspired many 

efficient software implementations [65, 374]. There are also a number of works to develop 

theoretical results concerning guarantees and rates of convergence [222, 198, 161]. 

There are two equivalent formulations, the consensus form and the composite form. 

Consensus Form of ADMM. A standard form of ADMM may be written as 

min 
x,z 

𝑓 (x) + 𝑔(z) 

s.t. Ax + Bz = c. 
(6.81) 

This form of ADMM is suitable for splitting across x and z. It allows for distributed 

computing when 𝑓 and 𝑔 are separable and makes use of the augmented Lagrangian: 

L𝜌 (x, z, 𝝀) = 𝑓 (x) + 𝑔(z) + 𝝀T (Ax + Bz − c) + 
2 

𝜌 
∥Ax + Bz − c∥2 . (6.82) 

Composite Form of ADMM. A special form of consensus ADMM may be written as 

min 
x 

𝑓 (x) + 𝑔(Ax). (6.83)
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using a variable substitution: 

z = Ax. (6.84) 

Then the problem becomes: 

min 𝑓 (x) + �(z) s.t. Ax − z = 0.
x,z 

(6.85)

This matches the consensus form with: 

B = −I, c = 0. (6.86) 

The two forms are equivalent; the second is a more structured special case that is easier to 

apply to problems like LASSO, total variation denoising, or compressed sensing. 

We introduce the new variables z = Ax to decouple the problem, making it less stiff 

and more easily distributed. If � is nonsmooth or difficult to minimize in composition, then 

minimizing 𝑓 (x) + �(Ax) directly might be hard. Introducing z allows one to alternatively 

minimize 𝑓 (x) with a quadratic penalty, then minimize �(z) separately, for example using 

known proximal operators; this process is repeated until convergence. The constraint �x = z 

is then enforced softly via the dual variable and the quadratic penalty. 

Primal–Dual Interpretation. ADMM a primal–dual algorithm, and it is a special case 

of the augmented Lagrangian method, which is also a primal–dual method. In this more 

general approach, we form the augmented Lagrangian with respect to the constraint (e.g., 

Ax + Bz = c), and then alternate the updates, first minimizing with respect to the primal 

variables (x, z), and then performing a gradient ascent on the dual variable (𝝀). This 

differs from standard Lagrangian dual ascent, which may suffer from slow convergence or 

instability. ADMM can be viewed as a dual ascent method with proximal regularization, 

which dampens the dual updates with a penalty to encourage stability and convergence. 

This is an application of the Douglas-Rachford algorithm [151] to the dual problem [281]. 

Specifically, given the optimization problem 

min 𝑓 (x) + �(z)
x,z 

s.t. x = z.
(6.87) 

Then ADMM iterates through the following 

� 
x�+1 = arg min 𝑓 (x) + ∥x − z� + u� ∥2 ,

x 2

( )

( )
(6.88a)

� 
z�+1 = arg min �(z) + ∥x�+1 − z + u� ∥2 ,

z 2 
(6.88b)

u�+1 = u� + x�+1 − z�+1, (6.88c) 

where u is a dual variable (Lagrange multiplier), and � > 0 is a penalty parameter. This 

framework generalizes to multiple constraints. This may be written in pseudo-code as 

CodeSnip 6.d initialize x, z, u # primal variables and scaled dual variable 
repeat until convergence: 

x := prox_f( -z - u , 1/rho ) 
# Solves x := argmin_x [ f(x) + (rho/2) * ||x + z + u||ˆ2 ] 
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z := prox_g( -x - u , 1/rho )

# Solves z := argmin_z [ g(z) + (rho/2) * ||x + z + u||ˆ2 ]

u := u + x + z # dual variable update

The functions prox f and prox g are often simple to derive and execute. For example,

the proximal gradient for 𝑓 (x) = ∥x∥1 is given by the soft thresholding operator:

CodeSnip 6.e def prox_l1(x, lam, rho):

return np.sign(x) * np.maximum(np.abs(x) - lam/rho, 0)

Code Example: LASSO
Here we implement ADMM to solve the LASSO regression problem

min
x

∥Ax − b∥2
2 + 𝜆∥x∥1 (6.89)

by introducing a new variable z to handle the 𝜆∥ · ∥1 term, and a Lagrange multiplier u to

enforce z = x. Specifically, we solve the new problem

min
x,z

∥Ax − b∥2
2 + 𝜆∥z∥1 +

�

2
∥x − z∥2

2 (6.90)

using the proximal gradient for the nonsmooth term ∥z∥1 (e.g., the soft thresholding

operator). The 𝑓 (x) and �(z) functions are

(6.91a)

�(z) = ∥z∥1. (6.91b)

Based on these equations, the ADMM updates are given by

−
(6.92a)

z�+1 = S𝜆/𝜌 (x�+1 + u�) (6.92b)

u�+1 = u� + x�+1 − z�+1. (6.92c)

Here S is a shrinkage operator S𝜏 (𝑥) = sign(𝑥) max( |𝑥 | − 𝜏, 0). The updates for x and z

correspond to the following proximal updates:

x�+1 = arg min
x

𝑓 (x) +
2
∥x − z� + u� ∥2

2 = prox 𝑓 ,𝜌 (z� − u�)
�

(6.93a)

z�+1 = arg min
z

𝜆�(z) + �

2
∥x�+1 − z + u� ∥2

2 = prox𝜆𝑔,𝜌 (x�+1 + u�). (6.93b)

CodeSnip 6.f def ADMM_LASSO(A, b, lam, rho=1.0, max_iter=1000, tol=1e-4):

# min (1/2)||Ax - b||ˆ2 + lam * ||z||_1 s.t. x = z

m, n = A.shape

x = np.zeros(n) # primal variable for f

z = np.zeros(n) # primal variable for g

u = np.zeros(n) # scaled dual variable

# Precompute static matrices

AtA = A.T @ A

Atb = A.T @ b

LHS = AtA + rho * np.eye(n)

linsolve = lambda rhs: np.linalg.solve(LHS, rhs)
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Figure 6.14 Principal component analysis seeks a Gaussian distribution that best captures the

variance in a set of observation data (left). Outlier data can skew the entire estimated distribution,

making standard PCA fragile to outliers (right, red). Robust PCA (right, blue) is more robust to outlier

data.

for k in range(max_iter):

# (1) x-update: minimize f(x) + (rho/2)||x - z + u||ˆ2

q = Atb + rho * (z - u)

x = linsolve(q)

# (2) z-update: proximal operator for lambda * ||z||_1

v = x + u

z_old = z.copy()

z = np.sign(v) * np.maximum(np.abs(v) - lam / rho, 0.0)

# (3) dual update

u += x - z

# (4) convergence check

r_norm = np.linalg.norm(x - z) # primal residual

s_norm = rho * np.linalg.norm(z - z_old) # dual residual

if r_norm < tol and s_norm < tol:

break

return z # final solution: z approx x

The keyword lambda defines an anonymous function linsolve with argument rhs.

Application: Robust Principal Component Analysis (RPCA)
As mentioned in Chapter 4, least-squares regression is highly susceptible to outliers and

corrupted data. Principal component analysis (PCA) suffers from the same weakness,

making it fragile so that outliers may shift the entire estimated distribution; see Fig. 6.14.

To address this, Candes` et al. [91] developed a robust principal component analysis (RPCA)

that decomposes a data matrix X into a low-rank matrix L and a sparse matrix S containing

outliers and corrupt data:

X = L + S. (6.94)

The principal components of L are robust to outliers and corrupt data in S. This

decomposition has implications for many modern problems of interest, including video
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Figure 6.15 A classic example application of RPCA is in image processing, where it is possible to

use a large library of human faces to build a robust statistical distribution of faces, making it possible

to remove or “subtract” occlusions, such as a fake mustache.

surveillance (where the background objects appear in L and foreground objects appear in

S), face recognition (eigenfaces are in L and shadows, occlusions, etc. are in S), natural

language processing and latent semantic indexing, and ranking problems20. Figure 6.15

shows an example in facial recognition, where a fake mustache is removed from a face,

revealing the most statistically likely features underneath.

Mathematically, the goal is to find L and S that satisfy the following:

min rank(L) + ∥S∥0 subject to L + S = X
L,S

. (6.95)

Neither the rank(L) nor ∥S∥0 are convex. As in compressed sensing, it is possible to solve

for the optimal L and S with high probability using a convex relaxation of (6.95):

min ∥L∥
L S

∗ + 𝜆∥S∥1 subject to L + S = X
,

. (6.96)

Here, ∥ · ∥∗ is the nuclear norm, given by the sum of singular values, which is a proxy

for rank. The solution to (6.96) converges to the solution of (6.95) with high probability if√︁
𝜆 = 1/ max(𝑛, �), where X ∈ R

𝑛×�, if L is not sparse and S is not low-rank.

The convex problem21 in (6.96) is known as principal component pursuit (PCP), and

may be solved using the augmented Lagrange multiplier (ALM) algorithm. Specifically, an

augmented Lagrangian may be constructed:

L(L, S,Y) = ∥L∥∗ + 𝜆∥S∥1 + ⟨Y,X − L − S⟩ + 𝜇

2
∥X − L − S∥2

𝐹 . (6.97)

A general solution would solve for the L� and S� that minimize L, update the Lagrange

multipliers Y�+1 = Y� + 𝜇(X−L� −S�), and iterate until the solution converges. However,

for this specific system, the alternating directions method of multipliers (ADMM) approach

provides a simple procedure to find L and S [312, 549].

First, a shrinkage operator S𝜏 (𝑥) = sign(𝑥) max( |𝑥 | − 𝜏, 0) is constructed.

20 The ranking problem may be thought of in terms of the Netflix prize for matrix completion. In the Netflix prize,

a large matrix of preferences is constructed, with rows corresponding to users and columns corresponding to

movies. This matrix is sparse, as most users only rate a handful of movies. The Netflix prize seeks to fill in the

missing entries of the matrix, revealing the likely user rating for movies the user has not seen.
21 For better or worse, the community often chooses convex relaxation because of guarantees on convex models.

However, it is also possible to directly solve the nonconvex problem in Eq. (6.95) using SR3 from Section 5.1.
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CodeSnip 6.g def shrink(X,tau): 

Y = np.abs(X)-tau 

return np.sign(X) * np.maximum(Y, 0) 

Next, the singular value threshold (SVT) operator SVT𝜏 (X
 ) = US𝜏 (𝚺)V
∗ is constructed. 

CodeSnip 6.h def SVT(X,tau): 

U,S,VT = np.linalg.svd(X,full_matrices=False) 

out = U @ np.diag(shrink(S,tau)) @ VT 

return out 

Finally, we use S𝜏 and SVT operators iteratively to solve for L and S in ADMM Code: 

CodeSnip 6.i def RPCA(X): 

n1,n2 = X.shape 

mu = n1*n2/(4*np.sum(np.abs(X))) 

lambd = 1/np.sqrt(np.maximum(n1,n2)) 

thresh = 10**(-7) * np.linalg.norm(X) 

S = np.zeros_like(X) 
Y = np.zeros_like(X) 
L = np.zeros_like(X) 
count = 0 
while (np.linalg.norm(X-L-S) > thresh) and (count < 1000): 

L = SVT(X-S+(1/mu)*Y,1/mu) 
S = shrink(X-L+(1/mu)*Y,lambd/mu) 
Y = Y + mu*(X-L-S) 
count += 1 

return L,S 

RPCA is demonstrated on the eigenface data with the following code 

CodeSnip 6.j X = faces[:,:nfaces[0]] 

L,S = RPCA(X) 

6.6 Calculus of Variations and the Euler–Lagrange Equations 

The calculus of variations is a field of mathematical analysis that deals with maximizing 

or minimizing functionals, which are mappings from a space of functions to the real 

numbers [187, 163]. For example, when optimizing the shape of a wing to maximize lift 

and minimize drag, the shape may be represented as a function to be optimized, given 

some constraints (structural, size, weight, etc.). In contrast to conventional optimization, 

where the unknowns are finite-dimensional vectors, variational problems involve optimizing 

over infinite-dimensional spaces of functions. This broader setting underlies many topics, 

including optimal control, PDE-constrained optimization, and machine learning. 

The calculus of variations dates back to Johann Bernoulli’s brachistochrone problem in 

the late 17th century. Euler and Lagrange developed the field in the 18th century, including 

the Euler–Lagrange equation and functional derivatives. Over time, the field evolved to 

include more general functional spaces, such as Sobolev and Banach spaces. 

Today, variational calculus is vital in many areas: 

• Physics and Mechanics: Action principles [1], based on variational principles, are central 

in classical mechanics, general relativity, and quantum field theory. 
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• PDE-Constrained Optimization (Chapter 8): Many engineering problems involve

optimizing a geometric shape given the constraints of some physics, typically expressed

as a partial differential equation. For example, designing the shape of cooling fins in a

heat exchanger [299], or the shape of a wing on a modern commercial aircraft [248] are

both constrained variational optimization problems.

• Optimal Control (Chapter 9): Most optimal control problems involve solving for a

function to minimize or maximize a given objective function, constrained by dynamics.

The Pontryagin maximum principle, the Kalman filter, and dynamic programming are

three concrete examples that have roots in variational arguments [60, 473, 37].

• Machine Learning (Chapter 10): Many problems in machine learning may be viewed

through a variational lens [552, 250, 277]. Deep neural networks often approximate

functionals, such as deep operator networks [323] and neural operators [310, 309].

Panel 6.4: Robust Processing of Scientific Data

Robust methods may also be used to process scientific data, for example to remove

outliers and fill inclusions in experimental fluid velocity fields [440]. PCA, based on

the SVD, is already widely used to extract coherent structures from fluid datasets.

Typically, fluid flow field images are acquired experimentally using a process called

particle image velocimetry (PIV), where a laser sheet illuminates neutrally buoyant

particles moving with the flow, and high speed camera images are used to compute

velocity fields via optical flow. These velocity fields are then reshaped into vectors

at time . The dimension of these flow field vectors, called snapshots are

often very large, sometimes in the millions or billions of components, corresponding

to pixels in the original image. RPCA may be used to disambiguate the low-rank

coherent structures in L with the sparse outliers and occlusions in S:

The result when applied to scientific data, such as flow fields, is a robust de-noising

and cleaning without removing key coherent structures.

Figure 6.16: RPCA on corrupted fluid flow data, from Scherl et al. [440].
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Figure 6.17 The equations for the pendulum (left) are easier to derive and solve in the intrinsic 

coordinate which naturally handle the constraint, rather than in (𝑥, 𝑦) coordinates.

These benefits only increase for more complex systems, such as the double pendulum (right). 

A functional J takes a function 𝑦(𝑥) as input and returns a real number: 

(6.98) 

where � is typically a scalar-valued function that depends on 𝑦(𝑥), its derivative 𝑦 ′ (𝑥), and 

the independent variable 𝑥. A variational problem is to find a function 𝑦∗ (𝑥) that extremizes 

(minimizes or maximizes) J [𝑦] subject to boundary conditions or other constraints. 

In the simplest unconstrained setting, the condition for 𝑦(𝑥) to optimize J is given by 

the Euler–Lagrange equation, which we will derive shortly: 

(6.99)

This is the continuous analog of setting the gradient to zero [187]. 

Mechanics Interpretation. In classical mechanics and physics, the Euler–Lagrange 

equations represent the principle of least action, which is perhaps the most fundamental 

and unifying principle in all of physics. The Euler–Lagrange equations were originally 

derived to describe the motion of mechanical systems in arbitrary coordinate systems 

(see Fig. 6.17), although they provide a much more general set of optimality conditions 

for variational problems where we want to optimize a functional over a function. To be 

consistent with this literature in physics and engineering, we will adopt physical notation 

here. 

In the context of a physical system, we replace � with the Lagrangian � (q(𝑡), q¤ (𝑡), 𝑡), 
which is written in terms of generalized coordinates q(𝑡) ∈ R𝑛 that describe the system. 

For example, when analyzing a simple pendulum, the generalized coordinates may be � �T 
q = � �¤ ; see Fig. 6.17 for a schematic. Now the independent variable is time, 𝑡, and 

q¤ (𝑡) = q(𝑡).
�� 
�  We now call the functional J the action integral and denote it by A(q):

(6.100) 

The Lagrangian is often formulated as the difference between kinetic energy � (q, q¤ , 𝑡) and 

potential energy � (q, q¤ , 𝑡): � = � −� . Energy transfer between kinetic and potential energy 

is called the action. The principle of least action states that among all possible trajectories 

,

J [𝑦] =
∫ 𝑏

𝑎

� (𝑦(𝑥), 𝑦′ (𝑥), 𝑥) 𝑑𝑥,

s
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between two fixed endpoints in configuration space, the physical path is the one that makes 

the action integral stationary, meaning it extremizes the functional A; we will formalize 

this in a moment. More informally, the physical path q(𝑡) will typically minimize, or at 

least be a stationary point, of the action integral in Eq. (6.100). 

The Euler–Lagrange equations may now be written as 

(6.101)

where � 𝑗 is the 𝑗 th component of q. The Euler–Lagrange equations are the necessary 

conditions for a solution of the variational problem, much as ∇x 𝑓 (x) = 0 is a necessary 

condition for a minimum of an unconstrained objective over a discrete decision variable x. 

Next, we will derive the Euler–Lagrange equations, analyze several classical examples, 

and explore duality in the context of infinite-dimensional optimization problems. 

Specifically, we introduce the Legendre transformation and establish that the Hamiltonian 

is the dual of the Lagrangian. Finally, we discuss how constraints fit into this framework. 

Deriving the Euler–Lagrange Equations 
We will now derive the Euler–Lagrange equations as a necessary condition for optimality 

of variational optimization problems. The idea is that if a function q(𝑡) extremizes the 

functional A, then A must be insensitive to infinitesimal perturbations to q, similar to how 

an optimal x∗ of an objective must satisfy ∇ 𝑓 (x∗) = 0, meaning that infinitesimal variations 

in x ∗ won’t change the objective. The derivative of A with respect to infinitesimal variations 

in q(𝑡) is called the first variation 𝛿A. We will vary the trajectory q(𝑡) in Eq. (6.100) and 

require that the first variation of the action vanishes. This will result in the Euler–Lagrange 

equations as a necessary condition for optimality. The principle of least action says a 

function q(𝑡) that extremizes the functional A[q] must satisfy 

𝛿A = 0, (6.102) 

where 𝛿A is the first variation of A with respect to variations of q(𝑡) that fix the endpoints 

q(𝑡0) and q(𝑡1). To carry out this variation explicitly, we consider a family of curves 

q� (𝑡) = q(𝑡) + ��(𝑡), (6.103) 

where �(𝑡) is a smooth variation with �(𝑡0) = �(𝑡1) = 0 to ensure fixed endpoints. The 

functional A may then be evaluated at q� and we may take the derivative with respect to � 

(6.104)

We may now compute explicitly: �  A[q� ] � � 

(6.105)

where 𝜕� 
𝜕q 

and 𝜕� 
𝜕q¤ are evaluated at (q + ��, q¤ + ��¤ , 𝑡). Note that there is no term from the

time dependence because ��  = 0.
� � 

0 0
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We now evaluate this derivative at � = 0, which yields 

(6.106)

This may be written in coordinate form as 

(6.107)

Finally, we apply integration by parts to the second set of terms including �¤ 𝑗 : 

(6.108) 

The boundary term vanishes because �(𝑡0) = �(𝑡1) = 0. Substituting this back into the first 

variation of the action from Eq. (6.107) we arrive at 

(6.109) 

The summation over 𝑗 is implied. This integral must vanish for all variations �(𝑡), so the 

integrand must be zero pointwise, resulting in the Euler–Lagrange equations:

(6.110)

They are a necessary condition for q to extremize the functional A[q], given fixed endpoints. 

Modifying this for non-fixed endpoints will be left as an exercise. 

This viewpoint links mechanics to a broader class of variational problems in 

mathematical optimization. The presence of constraints is addressed either by embedding 

them into the Lagrangian via multipliers or by restricting the set of admissible curves, and 

we will discuss this more at the end of this section. 

We will explore several examples that use the Euler–Lagrange equations, including the 

brachistochrone problem and finding geodesics on surfaces. 

Brachistochrone Problem 
The brachistochrone problem is one of the earliest and most classical variational problems 

that motivated much of the modern theory presented so far. The objective of the 

brachistochrone problem is to find the curve between two points so that a particle constrained 

to this path will reach the end point as quickly as possible. Although simple to state, this 

problem defied several of the greatest minds at the time22

22 Bernoulli posed this problem as an open challenge to the mathematical community. As the story goes, Newton, 

long retired from mathematics and arriving home after a day at work jotted down the solution that evening. 

Although submitted anonymously, Bernoulli, when reading the solution knew it was Newton, saying “I could 

tell the lion by his paw print”. 

. 

A simple guess for the optimal path may be a straight line, as this is the shortest path 

between two points. However, adding a slight curvature below the line will cause the particle 

to travel faster initially and gain momentum to arrive sooner. Several curves are shown in 

0
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Figure 6.18 The solution to the brachistochrone problem is the cycloid (red) which would take

a particle the minimum time to slide from the start to the end. Upper: Several candidate curves,

including the optimal cycloid. Lower: The 𝑥 position versus 𝑡. We see that the cycloid reaches the end

point 𝑥 = 2 in the shortest time.

Fig. 6.18, along with their travel times. Freeze frames of the progress along these various

paths are shown in Fig. 6.19. The optimal solution to the brachistochrone problem is called

a cycloid, and we will derive it now.

We want a path 𝑦(𝑥), where 𝑦 is measured vertically down from the top, that minimizes the

total time� it takes for a frictionless bead to slide under uniform gravity from (𝑥 = 0, 𝑦 = 0)
to (𝑥 = 𝑥1, 𝑦 = 𝑦1).

Assuming the bead starts at 𝑦 = 0 with zero speed, then its speed 𝑣 at any point depends

on the drop in height:

𝑣 =

√︁
2�𝑦.

An infinitesimal path element 𝑑𝑠 along the curve satisfies

𝑑𝑠 =
√︁

1 + (𝑦′ (𝑥))2 𝑑𝑥,

since 𝑑𝑠2
= 𝑑𝑥2 + 𝑑𝑦2 and 𝑦′ (𝑥) = 𝑑𝑦/𝑑𝑥.
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Figure 6.19 Snapshots of the various particles rolling down each of the four ramps from Fig. 6.18.

The red particle on the optimal cycloid reaches the end first.

The time to traverse an infinitesimal arc is

𝑑� =
d𝑠

𝑣
=

√︁
1 + 𝑦′2 𝑑𝑥
√︁

2�𝑦
.

Hence the total time is

� [𝑦(·)] =
∫ 𝑥1

0

√︁
1 + 𝑦′2
√︁

2�𝑦
𝑑𝑥.

√︁
1/(2�)We can pull out the constant , so the functional to be minimized becomes

� [𝑦(·)] =
√︄

1

2�

∫ 𝑥1

0

√︁
1 + 𝑦′2
√
𝑦

𝑑𝑥 =

√︄
1

2�

∫ 𝑥1

0

� (𝑦, 𝑦′) 𝑑𝑥, where � (𝑦, 𝑦′) =
√︁

1 + 𝑦′2
√
𝑦

.

In standard variational–calculus notation, we take

� (𝑥, 𝑦, 𝑦′) =
√︁

1 + 𝑦′2
√
𝑦

.

A function 𝑦(𝑥) that extremizes � must then satisfy

d

d𝑥

(
𝜕�

𝜕𝑦′

)
− 𝜕�

𝜕𝑦
= 0.

Notice that � does not explicitly depend on 𝑥. This lets us use a simpler form, the Beltrami

identity, which we will show next.

Beltrami Identity. Since � = � (𝑦, 𝑦′) has no explicit 𝑥 dependence, we have

� (𝑦, 𝑦′) − 𝑦′
𝜕�

𝜕𝑦′
= constant.
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In our notation, 

Hence 

We will let the constant be 1/(2�), so that 

Solution: A Cycloid. We may now solve for ′ 𝑦 (𝑥) 

This is a first-order differential equation that we can solve by separation of variables. A 

standard approach is to parametrize by the angle of a rolling circle: 

�
𝑦(𝑡) = �(1 − cos 𝑡), 𝑥(𝑡) = (𝑡 − sin 𝑡).

2 

The constants � and 𝑡end are fixed by the boundary conditions. The curve (𝑥(𝑡), 𝑦(𝑡)) is a 

cycloid, which is the extremal, minimal-time curve, matching the classical solution. 

It is possible to numerically verify that this solution is optimal by trying small variations 

�� (𝑡) = �(𝑡) + ��. We visualize the ensemble of nearby trajectories and their travel times 

in Fig. 6.20. We plot the arrival times for the ensemble as a histogram in Fig. 6.21, where 

we see that the cycloid is in fact the curve with shortest arrival time. 

Tautochrone Problem 
The tautochrone problem, first posed by Huygens in the 17th century23

23 Huygens even constructed a pendulum with a cycloidal constraint to ensure isochronous motion, a major step 

in the design of accurate timekeeping devices. 

, asks for the curve 

along which a bead, sliding without friction under uniform gravity, reaches the lowest 

point in the same amount of time regardless of its starting point on the curve. As in the 

brachistochrone problem, we assume the particle starts from rest at height 𝑦 = 0 and slides 

down a curve 𝑦(𝑥), where 𝑦 is measured vertically downward. We will show that the solution 

is also a cycloid, visualized in Fig. 6.22. 

The particle’s speed at height 𝑦 is determined by conservation of energy: 

The arc length of the curve element is 

� (𝑦, 𝑦′) =
√︁

1 + 𝑦′2
√
𝑦

,
𝜕�

𝜕𝑦′
=

1
√
𝑦

𝑦′
√︁

1 + 𝑦′2
.

1
√
𝑦
√︁

1 + 𝑦′2
=

1

2�
=⇒

√︁
1 + 𝑦′2 = 2�

√
𝑦.

1 + 𝑦′2 = 4�2𝑦 =⇒ 𝑦′2 = 4�2𝑦 − 1, 𝑦′ =
√︁

4�2𝑦 − 1.

𝑣 =

√︁
2�𝑦.

𝑑𝑠 =
√︁

1 + 𝑦′2 𝑑𝑥.
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Figure 6.20 Here we compute the trajectories for several variations on the optimal cycloid. Each

variation is visualized in gray. (top) The shape of the curves and (bottom) the position 𝑥 versus time

𝑡. Among all variations, the cycloid has the minimum time to the end point (2, 0). A histogram of the

final time to reach the goal is shown in Fig. 6.21.

So the time to traverse an arc is

𝑑� =
𝑑𝑠

𝑣
=

√︁
1 + 𝑦′2
√︁

2�𝑦
𝑑𝑥.

Let 𝑥 be the horizontal coordinate corresponding to a starting point and 𝑥∗ the endpoint at

the bottom of the curve. The total time to reach the bottom from point 𝑥 is

� [𝑥] =
∫ 𝑥∗

𝑥

√︁
1 + 𝑦′2
√︁

2�𝑦
𝑑𝑥.

Tautochrone Condition. We now impose the tautochrone condition: the time� [𝑥] must

be constant for all 𝑥, regardless of where the particle is released along the curve. This can

only be true if the integrand is an exact differential of a function that increases linearly with

arc length or with a parameter 𝑡 such that � = 𝑡∗ − 𝑡.
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Figure 6.21 Histogram of the final time to reach the goal state for the optimal cycloid (red) and the

ensemble of variations around the cycloid (blue).

Figure 6.22 (top) Plots of four different solutions of the tautochrone, starting from different points

on the curve. Each trajectory reaching the bottom (𝑥 = 1) at the same time (𝑡 = 1). (bottom) Several

snapshots of the different trajectories at various times. The times are indicated in the top plot as black

dots. Modified from https://en.wikipedia.org/wiki/File:Tautochrone_curve.

gif; original code by Claudio Rocchini.
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A classical way to enforce this is to change variables and parametrize the curve with 

respect to time 𝑡. Let 

𝑥 = 𝑥(𝑡), 𝑦 = 𝑦(𝑡), 

and assume the bead reaches the bottom at time 𝑡 = 𝑡∗ . Then, as before, 

so the total time becomes 

But we can also write 

This implies that 

We may now solve this differential equation, which describes a particle moving in a 

central gravitational field. Recognizing the solution as a cycloid, we may now choose a 

standard cycloidal parametrization: 

𝑥(𝑡) = �(𝑡 − sin 𝑡), 𝑦(𝑡) = �(1 − cos 𝑡). 

Then, 

𝑥¤ = �(1 − cos 𝑡), 𝑦¤ = � sin 𝑡, 

so 

𝑥¤2 + 𝑦¤2 
= �2 (1 − cos 𝑡)2 + �2 sin2 𝑡 = 2�2 (1 − cos 𝑡),

and since 

𝑦(𝑡) = �(1 − cos 𝑡), 

we get: 

𝑥¤2 + 𝑦¤2 
= 2�2 𝑦(𝑡).

Therefore, the condition 𝑥¤2 + 𝑦¤2 
= 2�𝑦 is satisfied if �2 

= �. 

The solution to the tautochrone problem is again a cycloid 

𝑥(𝑡) = �(𝑡 − sin 𝑡), 𝑦(𝑡) = �(1 − cos 𝑡), 

where � is a constant related to the acceleration due to gravity. This is exactly the same 

curve that solves the brachistochrone problem. Thus, the cycloid is the unique curve that 

both minimizes the time of descent and equalizes descent time from all starting points. 

� =

∫ �∗

0

𝑑𝑡.
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Example: Circle Maximizes Area for a Fixed Perimeter 
Below is a classical Euler–Lagrange style derivation of the isoperimetric problem – finding 

the plane curve that maximizes the enclosed area � among all curves of fixed perimeter �. 

We show that the solution must be a circle. 

Unlike the simpler brachistochrone problem, or other geodesic problems, here we have 

both a functional to be maximized (the area) and a constraint (the curve’s perimeter is 

fixed). In the calculus of variations, one introduces a Lagrange multiplier to handle the 

constraint, then applies the Euler–Lagrange equation to the resulting combined functional. 

First we parameterize the curve. A convenient choice is polar coordinates [𝑟 (�), �], with 

� going from 0 to 2�. The curve is 

(𝑥(�), 𝑦(�)) = (𝑟 (�) cos �, 𝑟 (�) sin �), � ∈ [0, 2�] . 

The perimeter is given by 

where 𝑟¤ = 𝑑𝑟/𝑑�, and the area is given by 

To enforce the constraints, we introduce a Lagrange multiplier 𝜆 and consider 

with �0 the prescribed perimeter. The integrand is 

The Euler–Lagrange equation is then

A constant radius 𝑟 (�) ≡ � satisfies this (choose 𝜆 = �). The length constraint gives 

� = �0/(2�), and the enclosed area is ��2, maximal among all curves of perimeter 

�0. Thus, the stationary solution is a circle, which uniquely maximizes area for a given 

perimeter. 

Legendre Transformation and the Dual Hamiltonian Form 
To connect to the Hamiltonian picture, one performs the Legendre transform of the 

Lagrangian. For a single coordinate � 𝑗 , define the momentum 

𝑝 𝑗 = 
𝜕� 

. 
𝜕�¤ 𝑗

(6.111)

Then the Hamiltonian is 

� (q, p, 𝑡) = p q¤ − � (q, q¤ , 𝑡), (6.112) 

�[𝑟] = 1

2

∫ 2𝜋

0

𝑟 (�)2 𝑑�.
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with q¤ viewed as a function of (q, p) by inverting  In coordinates𝜕�  p = .
𝜕q¤ 

24

24 Often the momentum variables are denoted with a subscript 𝑝 𝑗 while the configuration coordinates are denoted 

with a superscript � 𝑗 . This notation is more classical in physics, representing that p is a dual vector to the 

velocity q¤ , and is often used for shorthand, such as the Einstein summation convention. However, here we 

choose to use subscripts for all coordinates to conform to simpler engineering vector notation. 

𝜕�  𝑝 𝑗 = , 
𝜕�¤ 𝑗 , and 

(6.113) 

The condition that the action is stationary is equivalent to Hamilton’s canonical system: 

𝜕� 𝜕� 
�¤ 𝑗 = , 𝑝¤ 𝑗 = − . 

𝜕𝑝 𝑗 𝜕� 𝑗 
(6.114)

From a variational perspective, one can treat (q, p) as independent variables and impose the 

symplectic structure25 

25 The term symplectic refers to the special geometric structure underlying Hamiltonian mechanics: it encodes 

how positions and momenta are paired. The wedge product ∧ is a compact symbol from differential forms to 

indicate an oriented area element �� 𝑗 ∧ � 𝑝 𝑗 in the (� 𝑗 , 𝑝 𝑗 ) plane. In practice, you can think of the symplectic 

form � as the bookkeeping device that ensures Hamilton’s equations preserve volume in phase space. 

Í
� = 𝑑� 𝑗 ∧ 𝑑𝑝 𝑗 and read off the Hamilton equations as a statement 

that � is constant along solutions if � has no explicit time dependence. The Hamiltonian 

is thus a dual form of the Lagrangian, in the sense that the energy function arises from a 

Legendre transform, turning velocities into momenta. 

Constraints in Hamiltonian Formalism. In the presence of constraints h(q) = 0 

(and possibly momenta constraints h(q, p) = 0), one must carry them forward into the 

Hamiltonian framework. The consistent procedure is to identify the primary constraints in 

phase space, then incorporate them using Dirac–Bergmann or simpler Lagrange multiplier 

methods. The final effect is that the Hamiltonian is augmented by 𝝁Th(q, p), or we restrict 

the dynamics to a constraint submanifold of phase space. Either way, the principle of 

stationary action is preserved, but now in the space of (q, p) subject to these constraints. 

Relationship to Fenchel Conjugate. The Legendre transform applies to smooth, 

convex functions and maps 𝑓 (𝑥) to 𝑓 ∗ (𝑦) = sup𝑥 (𝑥𝑦 − 𝑓 (𝑥)) where 𝑦 = ∇ 𝑓 (𝑥). The 

Fenchel conjugate extends this to any proper convex function, including those that are 

non-differentiable or take +∞ values. Both describe the tightest linear underestimator of 𝑓 
at a given slope and are involutive under regularity conditions: 𝑓 ∗∗ 

= 𝑓 . In optimization, 

the Fenchel conjugate underlies duality theory. In physics, the Legendre transform connects 

dual variables (e.g., energy vs. entropy, Lagrangian vs. Hamiltonian). 

The formula for the Legendre transform is identical to that of the Fenchel conjugate, but 

the Legendre transform assumes differentiability and full-domain convexity. In particular, 

the Fenchel conjugate allows functions that take the value +∞ to encode constraints, and it 

applies even to nondifferentiable functions such as norms or indicator functions. 
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Quadratic Function. Let 1𝑓 (𝑥) = 
2 
𝑥2. Then

( )
1 

𝑓 ∗ (𝑦) = sup 𝑥𝑦 − 𝑥2 .
𝑥 ∈R 2 

Setting the derivative to zero yields the maximizer 𝑥 = 𝑦, so 

1 1 
𝑓 ∗ (𝑦) = 𝑦2 − 𝑦2 

= 𝑦2 .
2 2 

Here, the Legendre transform and the Fenchel conjugate coincide, because 𝑓 is convex and 

differentiable everywhere. 

KKT Conditions and Duality in Infinite Dimensions 
One can state the infinite-dimensional optimization problem as: 

minimize J [𝑦]
subject to 𝑦 ∈ Y, (6.115) 

� 𝑗 [𝑦] ≥ 0, 𝑗 = 1, . . . , �, 

where Y is an admissible function space, and 𝑐� [𝑦] are (possibly integral) constraints. 

The KKT conditions in the infinite-dimensional setting are similar to those in the finite-

dimensional case. They still involve stationarity, via a functional derivative condition, 

akin to the Euler–Lagrange equations; primal feasibility, meaning that the constraints 

are satisfied; dual feasibility, meaning that the Lagrange multipliers satisfty 𝜇 𝑗 ≥ 0; 

complementary slackness, 𝜇 𝑗 � 𝑗 [𝑦] = 0 for each �; and possibly boundary or transversality 

conditions. These conditions are infinite-dimensional analogs of those in finite-dimensional 

convex optimization [230]. 

In indirect methods, one formally applies the Euler–Lagrange equation, or KKT condi-

tions, to obtain differential equations and solves them analytically or numerically. In contrast, 

direct methods discretize the function space, via finite elements or finite differences, and 

then solve the resulting large, finite-dimensional problem using standard optimization tools 

such as interior point methods or sequential quadratic programming [370]. 

A common workflow in PDE-constrained optimization involves representing 𝑦(𝑥) by a set 

of finite parameters (e.g., piecewise polynomials), approximating J [𝑦] and any constraints 

by summations or quadrature, and solving the resulting finite-dimensional optimization 

problem using gradient or Newton iterations. This approach is popular due to existing 

solvers that can handle large-scale, sparse systems efficiently. 

Alternatively, one may solve the variational KKT system at the continuous level first 

and then discretize the continuous solution. The advantage is a more precise expression of 

conditions such as adjoint equations. However, it can be more complex to implement and 

analyze. 

Constraints as Additional Conditions. In many mechanical systems, one has 

holonomic constraints expressible as 𝜙(�) = 0. Such a constraint can be incorporated 
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into the Lagrangian through the method of Lagrange multipliers or by reduction [57]. 

When one sets up � ′ = � + 𝜆 𝜙(�), the variation with respect to 𝜆 yields 𝜙(�) = 0, and 

variation with respect to � yields the Euler–Lagrange equations with an additional 𝜆 𝜕𝜙/𝜕� 
term. 

An alternative is to interpret constraints as restricting the space of admissible curves 

�(𝑡). The variation is then taken only among curves satisfying the constraints, 𝜙(�(𝑡)) ≡ 0, 

for all 𝑡. The final outcome is that the constraint is satisfied at every time instant, and 

the Euler–Lagrange equations incorporate the constraint forces, typically quantified by a 

Lagrange multiplier. 

Types of Derivatives 
Here, we outline various types of derivatives encountered in variational and infinite-

dimensional optimization. These include total derivatives from finite-dimensional calculus, 

as well as their infinite-dimensional analogues, the Gâteaux and Fréchet derivatives. Each 

are used to derive and understand optimality conditions such as the Euler–Lagrange 

equations. 

Total Derivative. The total derivative D 𝑓 of a function 𝑓 : R𝑛 → R, defined on a finite-

dimensional x, measures the rate of change of 𝑓 in all directions in R𝑛. It is defined by the 

gradient vector of partial derivatives: 

(6.116) 

and it satisfies the approximation26 

26 The term � ( ∥� ∥ ) means that the remainder vanishes faster than linearly as ∥� ∥ → 0, which is the defining 

condition for differentiability. In contrast, O(∥� ∥ ) only guarantees that the error is bounded by a constant 

multiple of ∥� ∥ near zero. For precise first-order expansions, little-� is the appropriate notation. 

(6.117) 

This concept generalizes to Banach spaces through directional and functional derivatives. 

Functional Derivative. Let A[q] be a functional that maps a function q(𝑡) to a scalar, 

as in Eq. (6.98). The functional derivative 𝛿A/𝛿q(𝑡) generalizes the notion of a gradient 

to infinite-dimensional function spaces. It satisfies the identity: 

(6.118)

When A is an integral, as in Eq. (6.98), it is possible to show that this may be written as 

(6.119)

D 𝑓 (x) = ∇ 𝑓 (x) =



� �

�𝑥1

...
� �

�𝑥�



,

𝑓 (x + 𝜹) = 𝑓 (x) + ∇ 𝑓 (x)T𝜹 + 𝑜(∥𝜹∥).

𝛿A[q; �] =
𝑡1

𝑡0

𝛿A
𝛿q(𝑡) · �(𝑡) 𝑑𝑡.

∫
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This defines 𝛿A/𝛿q(𝑡) as the function, or distribution, that plays the role of the gradient 

in the inner product with any admissible variation 𝜼(𝑡). Showing this last step will be an 

exercise for the reader. The Euler–Lagrange equations result from setting the functional 

derivative to zero under admissible variations. 

Here we will discuss two particulary useful types of functional derivatives, the Gateaux ˆ

and Frec´ het derivatives. The Gateaux ˆ derivative is more common and requires less stringent

conditions than the Frec´ het derivative. In practice, the Gateaux ˆ derivative is easiest to

compute but weakest, and the Frec´ het derivative ensures stronger properties like continuity. 

It is also possible to use these definitions to define directional derivatives, extending the 

finite-dimensional notion to infinite dimensions. 

Gateaux ˆ Derivative. Let A : X → R be a functional defined on a normed vector space 

X. The Gateaux ˆ derivative at q ∈ X in the direction 𝜼 ∈ X is defined as: 

D 𝑓 (q; 𝜼) := lim 
A(q + 𝜀𝜼) − A(q) 

. 
𝜀 0 𝜀→

(6.120)

It generalizes the directional derivative and may exist even if A is not differentiable in the 

stronger Frec´ het sense. If this limit exists for all 𝜼, then A is Gateaux ˆ differentiable at q. 

Frec´ het Derivative. The Frec´ het derivative is a stronger and more rigorous version of 

the Gateaux ˆ derivative. A functional A : X → R is Frec´ het differentiable at q if there 

exists a bounded linear operator 𝐿 : X → R such that 

lim 
|A(q + 𝜼) − A(q) − 𝐿 (𝜼) | 

= 0. 
∥𝜼 ∥→0 ∥𝜼∥ 

(6.121) 

We write this as 

DA(q) [𝜼] = 𝐿 (𝜼), (6.122) 

and call DA(q) the Frec´ het derivative. If a functional is Frec´ het differentiable, then it is also 

Gateaux ˆ differentiable, but the converse is not necessarily true. Formally, one often uses

Frec´ het derivatives in Banach spaces (e.g., 1𝑊 ,2 Sobolev spaces) to handle more complex 

problems [163]. In the exercises, we will explore examples where the Gateaux ˆ and Frec´ het 

derivatives agree, and examples where they are different to solidify these concepts. 
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Homework 

Exercise 6.1 Solve the constrained problem: 

min 2 2 subject to 𝑥2 + 𝑦2 
= 4. 

𝑥,𝑦 ∈R
(𝑥 − 2) + (𝑦 + 1)

Find the Lagrange multiplier and interpret the geometric meaning of this solution. 

Exercise 6.2 Verify that Eq. (6.13) yields a solution where the gradient of the objective 

function is normal to the constraint equation. 

Exercise 6.3 Consider 

min 𝑓 (x) subject to 𝑔𝑖 (x) ≥ 0, 𝑖 = 1, 2. 
𝑥 ∈R2 

List the KKT conditions in terms of the Lagrange multipliers 𝜇1, 𝜇2. Discuss complemen-

tary slackness and stationarity in your own words. 

Exercise 6.4 Verify that the regularity conditions are satisfied for the box-constrained 

least squares problem in Section 6.2. 

Exercise 6.5 We will now explore the saddle point property of the KKT conditions for 

the case of equality constraints. Consider the following constrained optimization problem: 

min 𝑓 (x) = 𝑥1
2 + 𝑥2

2 

x 

s.t. 𝑥1 + 𝑥2 = 1. 

1. Use the KKT conditions to solve for the optimal point. 

(a) Form the Lagrangian L(x, 𝜆). 

(b) Compute the gradient with respect to x and 𝜆. 

(c) Set ∇xL = 0 and ∇𝜆L = 0, and solve for the optimal point x∗ = (𝑥
1
∗, 𝑥

2
∗) and the 

multiplier 𝜆∗. 

2. Verify the saddle point property. We have just shown that the KKT point (x∗, 𝜆∗) is a 

stationary point of the Lagrangian, i.e., ∇xL = 0 and ∇𝜆L = 0. 

Specifically, show that L(x∗, 𝜆) ≤ L(x∗, 𝜆∗) for all 𝜆 and that L(x, 𝜆∗) ≥ L(x∗, 𝜆∗)
for all x satisfying the constraint 𝑥1 + 𝑥2 = 1. Thus, you may conclude that (x∗, 𝜆∗) is a 

true saddle point of the Lagrangian. 

3. Plot the Lagrangian L(x, 𝜆∗) as a function of (𝑥1, 𝑥2) on the constraint line 𝑥1 + 𝑥2 = 1 

and plot L(x∗, 𝜆) as a function of 𝜆. Verify the saddle behavior through these plots. 

Exercise 6.6 We now explore an example where the saddle point property is a bit more 

subtle. Consider the following constrained optimization problem: 

min 𝑓 (𝑥) = 3𝑥 
𝑥 

s.t. 𝑥 ≤ 3 

𝑥 ≥ −1. 

1. Use the KKT conditions to solve for the optimal point. 
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(a) Form the Lagrangian L(𝑥, 𝝁).
(b) Compute the gradient with respect to 𝑥 and 𝝁.

(c) Derive the KKT conditions and solve for the optimal point 𝑥∗ and 𝝁∗.

2. Verify the saddle point property.

(a) At the KKT point (𝑥∗, 𝜇∗, 𝜇∗)
1 2

evaluate the full gradient ∇𝑥,𝜇1 ,𝜇 L
2

. Show that it is not

equal to zero at the optimum point, and explain why this does not contradict the saddle

point interpretation.

(b) Explain what the saddle point condition means here. Specifically, show

∗L(𝑥 , 𝜇1, 𝜇2) ≤ L(𝑥∗, 𝜇∗, 𝜇∗ 𝑥, 𝜇∗, 𝜇∗1 2) ≤ L( 1 2)

holds for all 𝜇1, 𝜇2 ≥ 0 and feasible 𝑥. This is the saddle point property of the

constrained Lagrangian.

3. Plot the Lagrangian L(𝑥, 𝜇∗, 𝜇∗)
1 2

as a function of 𝑥, and describe how the minimum over

𝑥 is achieved. Then plot L(𝑥∗, 𝜇1, 𝜇2) as a function of 𝜇1, 𝜇2 ≥ 0, and verify that the

KKT point is a saddle point over the feasible region.

4. Explain why the constrained Lagrangian does not generally have a zero gradient at the

saddle point when inequality constraints are present. Summarize how the saddle-point

interpretation of the KKT conditions differs from the usual unconstrained interpretation

of saddle points as critical points with zero gradient.

Exercise 6.7 Derive the Lagrangian and the dual function for

min
x

𝑥1 + 𝑥2

s.t. 𝑥2
1 + 𝑥2

2 ≤ 25,

𝑥1 + 𝑥2 ≥ 2,

𝑥1, 𝑥2 ≥ 0.

Write the dual problem explicitly and discuss strong vs. weak duality here.

Solve the primal and the dual problem explicitly and discuss the results.

Exercise 6.8 Derive the dual program for the simple linear program with equality

constraints:

min
x

cTx

s.t. Ax = b.

Write down the Lagrangian, the dual function, and the dual program. Solve both the primal

and dual problem for a specific example of your choice. Solve this optimization problem

using an interior point method.

Exercise 6.9 Show that

is not lower semicontinuous.
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Exercise 6.10 Show that dual function in Eq. (6.30) is always concave, even if the primal 

problem is non-convex, because it is the pointwise infimum of functions that are affine in 

(𝝀, 𝝁). First, explain how it is the pointwise infimum of functions that are affine in (𝝀, 𝝁). 
Specifically, show that the augmented Lagrangian is affine in 𝝀 and 𝝁. Then show that the 

pointwise infimum of affine functions is always concave. 

Exercise 6.11 Prove that the dual function 𝜙(𝝀, 𝝁) in Eq. (6.62) is always concave. 

Exercise 6.12 Fill in the details of Eq. (6.69). Specifically, compute the infimum over 𝑥 
to solve for 𝑥∗ (𝜆), and substitute back in to arrive at  1 2 𝜙(𝜆) = − 𝜆 + 𝜆 + 

4
1. 

Exercise 6.13 Here we will extend the geometric interpretation of duality to include 

inequality constraints g(x) ≤ 0. In Section 6.3, we saw that for the case of convex equality 

constraints h(x) = Ax − b = 0, the pair (𝝀, 𝜙(𝝀)) defined a supporting hyperplane to the 

epigraph of 𝑓 , defining a tight lower bound on 𝑓 . The slope of this hyperplane is 𝝀. 

In this exercise, we extend this geometric picture to convex programs with inequality 

constraints. The supporting hyperplane now arises not from the epigraph of 𝑓 but from the 

geometry of the feasible region. Consider the convex optimization problem: 

min 𝑓 (x) s.t. 
x

g(x) ≤ 0, 

where 𝑓 : R𝑛 → R is convex and lower semicontinuous, and g : R𝑛 
R
𝑚 → is a vector of 

convex constraint functions. Let x∗ be an optimal solution, and let 𝝁∗ ≥ 0 be the associated 

vector of Lagrange multipliers. 

1. The feasible set C defined by the constraints g(x) ≤ 0 is convex. Show that the set of 

active constraints at x∗ determines a face of the boundary 𝜕C. Prove that for each active 

constraint, its gradient ∇𝑔 ∗
𝑗 (x ) defines an inward-pointing normal to C at x∗. 

2. Show that the vector ∑︁ 
𝜇∗ 𝑗 ∇𝑔 𝑗 (x

∗)

active 

is a conic combination of the active constraint normals, meaning it is a linear combination 

with nonnegative coefficients. A conic combination of {v1, . . . , v𝑘 } is 

𝑘∑︁ 
𝛼 𝑗 v 𝑗 , where 𝛼 𝑗 ≥ 0 for all 𝑗 . 

𝑗=1 

Geometrically, the sum lies in the conic hull (i.e., the positive span) of the vectors. 

3. (Optional) Show that the conic hull of a set of vectors is always convex. 

4. Show that the vector active 𝜇
∗ 
𝑗 ∇𝑔 𝑗 (x∗) defines the normal to a supporting hyperplane of 

C at x∗, i.e., it touches C at a point and lies entirely on one side of it. 

5. Use the KKT stationarity condition to conclude that the gradient ∇ 𝑓 (x∗) is in the span 

of the constraint normals. What does this imply geometrically about feasible directions 

of descent? 

6. Show that no feasible descent direction exists at x∗, and that any direction d with 

∇ 𝑓 (x∗)Td < 0 must violate at least one constraint, thus establishing local optimality. 
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Exercise 6.14 We will now explore the previous geometric interpretation of duality on a

specific problem:

min
x

𝑥2
1 + 𝑥2

2

s.t. 𝑥1 + 𝑥2 − 1 ≤ 0,

− 𝑥1,−𝑥2 ≤ 0.

1. Determine and plot the feasible region.

2. Identify the optimal point x∗ and the active constraints.

3. Show that the gradients of the active constraints form inward normals to the boundary.

4. Verify the KKT stationarity condition and visualize the balance of forces.

5. Visualize the supporting hyperplane determined by the active constraints.

Exercise 6.15 Verify that the convex envelope of

𝑓 (𝑥) = min(𝑥2, |𝑥 |),

is equal to 𝑓 ∗∗ (𝑥) from Eq. (6.56), as in Fig. 6.10. Compute the conjugate 𝑓 ∗ and the

biconjugate 𝑓 ∗∗ and confirm that both are convex.

Exercise 6.16 Show that the solution to the optimization problem in Eq. (6.76) will satisfy

the first KKT condition.

Exercise 6.17 Show that the gradient and Hessian of the log-barrier-augmented objective

function in Eq. (6.79) for linear programming is given by the expressions in Eq. (6.80).

Exercise 6.18 Modify the interior point method code 6.1 to solve a quadratic program

with the same linear constraints as in the example. The quadratic objective is given by

The solution path is shown in Fig. 6.13 (right).

Also show by hand that the analytic minimum of 𝑓 (x) is at x = x0.

Exercise 6.19 Solve the box-constrained least-squares problem in Eq. (5.17) using the

interior point method. Plot the central path for different IPM parameters.

Exercise 6.20 For the box-constrained least-squares problem in Eq. (5.17), derive the

following expressions for the Lagrange multipliers: 𝜇 𝑗 = 𝑡/(𝑥 𝑗 − 𝑙 𝑗 ) and 𝜈 𝑗 = 𝑡/(𝑢 𝑗 − 𝑥 𝑗 ).

Exercise 6.21 Solve the box-constrained least-squares problem in Eq. (5.17) using the

projected gradient algorithm for various step sizes 𝛾. Compare with the IPM solution above.

Exercise 6.22 Solve the LASSO regression problem in Exercise 5.1 using the ADMM

LASSO code from Section 6.5.
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Exercise 6.23 Consider the system from Exercise 5-1, given by Ax ≈ b, where x ∈ R10 

has exactly 2 nonzero elements. Generate a random A 100∈ R ×10, so that our observations 

b ∈ R100 are a combination of exactly 2 columns of A. Add a small amount of noise ( 1%) 

to the vector b and solve for x using the ADMM LASSO code from Section 6.5. 

Exercise 6.24 Compare the ADMM LASSO results in the previous exercise with SR3, 

ISTA, and FISTA. Plot the objective versus iterations and the resulting solution sparsity. 

Comment on the relative strengths and weaknesses of each approach. 

Exercise 6.25 Here we will solve the total-variation denoising problem with ADMM. 

Consider a one-dimensional TV denoising problem 

min 1 
2
2 + 𝜆∥Dx∥1, 

x∈R𝑛 2 
∥x − y∥

where D ∈ R(𝑛−1)×𝑛 is the first-difference operator. Derive ADMM with splitting Dx = z 

and show the linear system I  DTD x = y  DT ( + 𝜌 ) + 𝜌 (z − u) and z = soft(Dx + u, 𝜆/𝜌). 
Implement 1D denoising with FFT-based or banded solvers for TI + 𝜌D D( ). Explore 𝜆. 

Exercise 6.26 Here we will solve the box-constrained QP using ADMM and compare to 

projected gradient. Specifically, we will solve 

min 
2
1 xTQx + cTx s.t. l ≤ x ≤ u, Q > 0 

x 

by deriving ADMM with splitting x = z and projection Π[l,u] (·). Implement this algorithm 

and compare to projected-gradient descent with optimal fixed step 1/𝐿 for 𝐿 = ∥Q∥2. 

Exercise 6.27 A mass on a frictionless plane is constrained to move on a curve given 

by ℎ(𝑥, 𝑦) = 0. Write the equations of motion using Lagrange multipliers to enforce the 

constraint. Compare this to the standard Newton’s laws for constrained motion. Write down 

the specific equations of motion for a simple parabolic ℎ(𝑥, 𝑦) = 𝑦 − 2 𝑥 = 0. 

Exercise 6.28 Modify the Euler–Lagrange equations to handle non-fixed endpoints. 

Exercise 6.29 Derive the expression in Eq. (6.105) by expanding the Lagrangian inside 

the integral in powers of 𝜀 and then taking the derivative with respect to 𝜀 at 0. 

Exercise 6.30 Show that a straight line is the shortest between two points 𝐴 and 𝐵 by 

defining a functional and verifying that the Euler–Lagrange equations are satisfied. 

Exercise 6.31 Derive the Beltrami identity, that if 𝐿 = 𝐿 (𝑦, 𝑦′) has no 𝑥 dependence, then 

𝜕𝐿 
𝐿 (𝑦, 𝑦′) − 𝑦′ = constant. 

𝜕𝑦′ 

Exercise 6.32 Plug the cycloid solution for the Brachistichrone problem back into the 

Euler–Lagrange equations to verify that it is locally extremal. 

Exercise 6.33 Similarly, show that the cycloid solution is also a solution to the tautochrone 

problem by showing that it solves the Euler–Lagrange equations. 

Exercise 6.34 Derive the formula for the great arc as a geodesic (e.g., shortest distance 

path between two points on a curved surface) on the surface of a sphere. 
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Exercise 6.35 Here we will explore Lagrange multipliers for the simple mechanical

pendulum. Derive the equations of motion with the three canonical approaches:

1. Newton’s laws in (𝑥, 𝑦) coordinates with constraints as Lagrange multipliers;

2. The Euler–Lagrange equations in angular coordinates ( ; and

3. Hamilton’s equations in conjugate coordinates (�, 𝑝), with � = �.

Compare and discuss these various equations and how the constraints are being satisfied.

Exercise 6.36 Show that

when A is an integral, as in Eq. (6.98). First, expand the perturbed functional to first order:

and extract the integrand of the linear term as 𝛿A/𝛿q(𝑡).

Exercise 6.37 Compute the functional derivative of

0

Specifically, consider q� (𝑡) = q(𝑡) + ��(𝑡) and compute:

Integrate the second term by parts with fixed endpoints, and set equal to zero to yield a

simple form of the Euler–Lagrange equations for a particle in a potential well � (q).

Exercise 6.38 Here we will explore an example where the Gateauxˆ and Frec´ het derivatives

are the same. Let

� [�] =
∫ 1

0

�(𝑡)2 𝑑𝑡

where 2� ∈ � [0, 1]. Define a perturbation �� (𝑡) = �(𝑡)+��(𝑡), where �(𝑡) is an admissible

variation in 2� [0, 1].

1. Show that the Gateauxˆ derivative of � in the direction � is:

𝛿� [�; �] = lim
�→0

� [� + ��] − � [�]
�

= 2
1

0

�(𝑡)�(𝑡) 𝑑𝑡.
∫

2. Verify that this directional derivative is linear and continuous in �.

3. Conclude that the Frec´ het derivative exists and equals the Gateauxˆ derivative.

4. Show that the functional derivative exists in the distributional sense and satisfies 𝛿𝐹
𝛿� (� ) =

2�(𝑡), meaning that for any admissible �(𝑡),

𝛿� =

1

0

𝛿�

𝛿�(𝑡) �(𝑡) 𝑑𝑡.
∫
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Exercise 6.39 Here we will explore an example where the Gateauxˆ and Frec´ het derivatives

are different. Now, let

with 1� ∈ � [0, 1]. Define �� (𝑡) = �(𝑡) + ��(𝑡) for any 1� ∈ � [0, 1].

1. Show that � is well-defined and finite for all � ∈ � [0, 1]1 .

2. Compute the Gateauxˆ derivative of � at � = 0 in the direction �.

3. Show that this derivative equals zero for all directions �, i.e., 𝛿� [0; �] = 0.

4. Argue why this Gateauxˆ derivative is not linear or continuous in � in any neighborhood

of � = 0.

5. Conclude that the Frec´ het derivative does not exist at � = 0.

6. Discuss whether a functional derivative exists in this case, and what it would mean.
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7 Bayesian Modeling and 
Estimation 

Bayesian statistics provides a flexible framework for balancing prior knowledge about a 

system with new evidence, in the form of observation data. Many methods in optimization 

are either rooted in Bayesian statistics, or have a Bayesian interpretation. For example, 

the Tikhonov and LASSO regularized least-squares from Chapter 4 come from specific 

prior distributions on the unknown parameters. Much of modern machine learning also has 

foundations in statistics and benefit from a Bayesian interpretation. 

Prior information comes in many forms, such as the mild assumption that unknown 

variables are Gaussian, or the strong belief in conservation laws from physics. Bayesian 

methods are particularly useful when we have small data sets or complex models. They are 

used extensively for hyperparameter tuning of machine learning models, for experimental 

design, and for applications in engineering that involve complex partial differential 

equations. Much of Chapter 8 on inverse problems also benefits from Bayesian methods. 

The problem of estimating a statistical distribution from data is fundamentally an 

optimization problem. It is also the basis of much of machine learning. Density estimation 

is a vast topic, and the simplest approach is to assume a known probability distribution and 

estimate the parameters of the distribution using a best-fit optimization approach, such as 

least squares regression. If we assume there is Gaussian noise on the observations, then 

there is a statistical interpretation of least-squares as a maximum likelihood estimation. If 

we include Bayesian prior information, this becomes a maximum a posteriori estimation 

problem. These are all statistical estimation problems involving optimization. 

This chapter provides a high-level view of Bayesian methods in optimization, starting 

with a brief recap of statistical estimation problems. Key concepts, such as density 

estimation, regularization, and expectation maximization will be explored here. We provide 

simple examples with code and more extensive examples in the homework. 

It is assumed that the reader has a basic knowledge of probability and statistics, including 

the common probability distributions (e.g., a Bernoulli distribution describes a single coin 

flip with probability of heads 𝑝, a binomial distribution describes the outcome of 𝑛 repeated 

trials of a Bernoulli event, this becomes a normal distribution in the large 𝑛 limit or a Poisson 

distribution for the large 𝑛 but small 𝑛𝑝 limit, etc.). For a quick recap, see the Probability 

Bootcamp1 and the first several homework exercises. 

1 https://www.youtube.com/playlist?list=PLMrJAkhIeNNR3sNYvfgiKgcStwuPSts9V 

https://www.youtube.com/playlist?list=PLMrJAkhIeNNT14qn1c5qdL29A1UaHamjx 

https://www.youtube.com/playlist?list=PLMrJAkhIeNNR3sNYvfgiKgcStwuPSts9V
https://www.youtube.com/playlist?list=PLMrJAkhIeNNT14qn1c5qdL29A1UaHamjx
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7.1 Parameter Estimation in Statistics 

Parameter estimation and fitting distributions is a central topic in data analysis and statistics, 

and it is the basis of much of modern machine learning. Typically, we will have data from 

a system and will try to find the probability distribution that best fits the data, resulting in 

an optimization problem. 

The simplest approach is to assume a known probability distribution, such as a Gaussian 

or a Poisson distribution, and estimate the parameters of the model from data. For example, 

if we are modeling the radioactive decay of Carbon-14, we know from physical principles 

that a Poisson distribution will be appropriate, and we need only infer the unknown decay 

rate 𝜆. Similarly, if we are modeling the height of a population of college students, it is 

reasonable to assume a Gaussian distribution, with unknown mean 𝜇 and standard deviation 

𝜎. Statistical methods for estimating the parameters of a known distribution are known as 

parametric methods. 

More complex data will likely not be described perfectly by a named probability 

distribution, and instead we fit a more general parameterized probability density using 

machine learning. Natural images are a good example of data that does follow some 

probability distribution, but that is not well modeled by classical, named distributions. 

Similarly, problems in physics, such as turbulence, follow probability distributions that 

do not yet have names. These data are often high-dimensional and have complex joint 

probability density functions (PDFs) between the variables. Statistical approaches for 

learning distributions that do not have known parameterizations are called nonparametric 

methods. 

We will begin with the simplest parametric estimation problem, based on maximum 

likelihood estimation. In the absence of any prior information about the parameters of the 

distribution, we simply use the data to find the most likely parameters. We then extend this 

approach to incorporate prior information in Bayesian methods. Finally, we introduce more 

general, nonparametric methods in later sections. 

Parametric Probability Distributions 
A random variable 𝑋 is an observable quantity of a system that depends on random events. 

For example, if we flip a faircoin, we might say that a random variable 𝑋 takes a value of 1 

if the coin lands heads and 0 if it lands tails, and each event has an equal probability, 0.5. 

If the set of values 𝑋 can take is discrete (e.g., heads or tails for a coin, or a nonnegative 

integer number of events recorded in a given time) then it is a discrete random variable. If 

𝑋 can take on a continuous range of values (e.g., the height of a person, or the time between 

emails) then it is a continuous random variable. 

For a discrete random variable 𝑋 , we define a parameterized probability distribution2 

2 We use capital 𝑃 to denote the probability of an event and lower case 𝑝 (𝑥 ) to denote the probability distribution. 

Some notation includes the random variable 𝑋 as a subscript 𝑝𝑋 ( 𝑥 ) , which can be helpful to remember that 

this is the distribution of 𝑋. However, we drop this most of the time for simplicity. 

𝑝(𝑥 | 𝜃) = 𝑃(𝑋 = 𝑥 | 𝜃), (7.1) 
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which is the probability of 𝑋 taking a specific value 𝑥 given the parameters 𝜃. For example, 

given a radioactive element with decay rate 𝜆, the number of alpha particle emissions per 

unit time follows a discrete Poisson3 

3 The Poisson distribution is derived from the binomial distribution in the limit of small 𝑛𝑝, as it was recognized 

that a normal distribution will have a significant probability of negative events, which is fishy. 

distribution 

𝑃(𝑋 = 𝑥 | 𝜆) = 
𝜆𝑥 

𝑥

𝑒

! 

−𝜆 
. (7.2) 

Thus, the decay rate 𝜃 = 𝜆 parametrizes the distribution. The probability distribution for a 

discrete random variable 𝑋 is called a probability mass function. Thus, we say that 𝑝(𝑥 | 𝜃)
is the probability of measuring a data point 𝑥 in a random trial, given the parameters 𝜃. This 

is known as the likelihood function. 

For a continuous random variable 𝑋 , there are infinitely many values it can take, and 

so the probability of it taking any specific value 𝑥 becomes infinitesimal, and we must 

integrate over 𝑥 to obtain a finite probability. For continuous random variables we define 

the probability density function 

𝑝(𝑥 | 𝜃) (7.3) 

so that the probability of 𝑋 being in the range [𝑎, 𝑏] is given by 

∫ 𝑏 
𝑃(𝑎 ≤ 𝑋 ≤ 𝑏) = 

𝑎 
𝑝(𝑥 | 𝜃) d𝑥. (7.4) 

Thus, we integrate the “density” to arrive at a “mass”. For example, the time between 

discrete alpha particle emissions in radioactive decay is a continuous random variable that 

follows an exponential distribution: 

𝑝(𝑥 | 𝜆) = 𝜆𝑒−𝜆𝑥 for 𝑥 ≥ 0 

and 𝑝(𝑥 | 𝜆) = 0 for 𝑥 < 0, as we don’t consider negative times. 

Perhaps a more common example is the normal distribution, given by 

2 

𝑝(𝑥 𝜇, 𝜎2
= 1

2𝜎2 , | ) √
2 𝜋𝜎2 

𝑒
− ( 𝑥− 𝜇)

(7.5)

where the parameters are given by the mean and variance, 𝜽 2≡ [𝜇, 𝜎 ]. If we know these 

parameters, we can determine the probability of 𝑋 taking a particular value 𝑥. 

Probability is focused on constructing a model of the random process governing the 

variable 𝑋 to arrive at the probability distribution 𝑝(𝑥 | 𝜃) of observing future data 𝑥. In 

statistics, we are concerned with the inverse problem of determining the model parameters 

𝜃 that are most consistent with the observed data 𝑥. This may be posed as an optimization 

problem by finding 𝜃 that maximizes the likelihood 𝑝(𝑥 | 𝜃). This is the approach taken 

in the method of maximum likelihood estimation (MLE), which will be discussed after the 

following example. More generally, it would be convenient to directly have the probability 

of a given set of parameters 𝜃 given the data 𝑥, 𝑝(𝜃 | 𝑥), which is the focus of Bayesian 

methods, discussed in the next section. 
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Table 7.1 The first row is the number of clicks measured in a 10-second interval, and the second row

is the number of 10-second intervals observed with that many clicks.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 1514 16 17

1 6 11 28 56 105 126 146 164 161 123 101 74 53 23 15 9 5

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
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Figure 7.1 Alpha particle emission data (red) and several Poisson fits. The distribution with = 8

agrees best with the data, although we can find an optimal .

Example: Fitting Radioactive Decay with a Poisson Distribution
We begin with a simple and intuitive example of fitting the radioactive decay of alpha

particles emitted by Americium-241. This is based on an example from Rice [414], taken

from Berkson 1966 [46]. As we just discussed, the number of alpha particle emissions

per unit time follows a Poisson distribution. The precise timing of 10,094 Geiger counter

clicks (i.e., detected alpha particles) was recorded, and the data was binned into 10-second

intervals. The number of clicks per 10-second interval are in Table 7.1.

CodeSnip 7.a from scipy.stats import poisson

ClicksPerTenSec = np.arange(18)

ObservedCounts = [1, 6, 11, 28, 56, 105, 126, 146, 164, 161,

123, 101, 74, 53, 23, 15, 9, 5]

sample_mean = np.average(ClicksPerTenSec,weights=ObservedCounts)

# Fit a Poisson distribution with lambda = sample_mean

poisson_dist = poisson.pmf(ClicksPerTenSec, mu=sample_mean) * np

.sum(ObservedCounts) # Scale to match observed data
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Figure 7.2 Alpha particle emission data (red) and Poisson fit (blue) using maximum likelihood

estimate λ = 𝑥.

It is useful to know the variance of the estimated parameter λ. Specifically, if we resample

the system, how much do we expect the estimate λ to vary? We may estimate the distribution

of λ without collecting new data, using a parametric bootstrap [162]. This involves using

the estimated λ to sample new data, and then computing the best-fit λ to this synthetic data.

Figure 7.3 shows the bootstrap distribution, which is approximately normally distributed,

by the central limit theorem. The following code computes the bootstrap distribution.

CodeSnip 7.b

num_bootstrap = 1000 # Number of bootstrap samples

bootstrap_lambdas = []

# Bootstrap procedure

for _ in range(num_bootstrap):

# Generate a synthetic dataset using the estimated lambda

synthetic_data = np.random.poisson(lam=sample_mean, size=np.

sum(Observed))

# Bin synthetic data (# of counts per 10-second interval)

synthetic_hist, _ = np.histogram(synthetic_data, bins=range

(19))

# Calculate new lambda estimate from synthetic data

new_lambda = np.average(n, weights=synthetic_hist)

# Store new lambda estimate

bootstrap_lambdas.append(new_lambda)

# Calculate sample standard deviation of observed data

obsv_std = np.sqrt(np.average((n-sample_mean)**2,weights=

Observed))

# Calculate CLT-based standard deviation for lambda estimates

clt_std = obsv_std / np.sqrt(sum(Observed))
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Observed Data

Poisson Fit ( = 8.36)
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Figure 7.3 Bootstrap estimate of the distribution of the estimated 𝜆 parameter, obtained by sampling

an ensemble of synthetic data from estimated Poisson distribution, and then computing the optimal

𝜆 values for each synthetic data set. The bootstrap estimate 𝜆 follows a normal distribution, via the

central limit theorem, which is also computed and shown here.

Maximum Likelihood Estimation (MLE)
MLE is a method for estimating the parameters of a probability distribution from data.

It frames statistical estimation as an optimization problem. This is the basis of many

algorithms in machine learning, and it is the foundation for Bayesian parameter estimation.

Let the random variables 𝑋1, 𝑋2, . . . , 𝑋𝑛 have a joint probability density function

𝑝(𝑥1, 𝑥2, . . . , 𝑥𝑛 | 𝜃). (7.6)

If the random variables 𝑋 𝑗 are independent and identically distributed (i.i.d) then

𝑝(𝑥1, 𝑥2, · · · , 𝑥𝑛 | 𝜃) =

𝑛
∏

𝑗=1

𝑝(𝑥 𝑗 | 𝜃). (7.7)

The assumption that 𝑋 𝑗 is i.i.d. is common for repeated trials or observations of a system

that is not changing, such as sequential coin flips or measurements of radioactive decay.

Given a realization of these 𝑛 random variables in the form of data 𝑥1, 𝑥2, . . ., 𝑥𝑛, we

substitute this data into the joint distribution and arrive at the likelihood function of 𝜃:

lik(𝜃) = 𝑝(𝑥1, 𝑥2, · · · , 𝑥𝑛 | 𝜃) =

𝑛
∏

𝑗=1

𝑝(𝑥 𝑗 | 𝜃). (7.8)

Thus, we evaluate the probability distribution4

4 Some texts denote data with a capital 𝑋 𝑗 to make it more clear when the probability density is written in terms

of a generic 𝑥 versus being conditioned on actual data. However, this is also confusing because 𝑋 𝑗 is a random

variable and not its outcome; once data is measured it is no longer a random variable. We will choose the

lower-case 𝑥 for observation data.

on the data 𝑥 𝑗 . This function tells us how

likely the data is given the parameters, and it is only a function of 𝜃. Thus, we can explicitly
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maximize the likelihood over 𝜃:

𝜃 = argmax
𝜃

lik(𝜃). (7.9)

The optimal parameter estimate is 𝜃. In MLE, we usually maximize the logarithm of the

likelihood function ℓ(𝜃) = log (lik(𝜃)). Because the logarithm is a smooth, monotonic

function, the maximum of the log likelihood is the same as the maximum of the likelihood.

The log-likelihood is easier to optimize, as the product of PDFs becomes a sum of log-PDFs:

(7.10)

Note that until data is actually collected, we may think of 𝜃 as a random variable that

depends on 𝑋1, 𝑋2, . . . , 𝑋𝑛. Thus 𝜃 has its own distribution, including a mean and standard

deviation. This can be useful to estimate the expected variation of estimated 𝜃 across

different data realizations.

Example: Normal Distribution

Consider 𝑛 random variables that are distributed according to a normal distribution, 𝑋 𝑗 ∼
normal 2𝜇, 𝜎( ), so that the joint PDF is given by

The log-likelihood function is given by the log of 𝑝(𝜽) := 𝑝(𝜇, 𝜎):

=

To maximize the log-likelihood, we compute the partial of ℓ with respect to 𝜇 and 𝜎 and

set both equal to zero:

𝜕ℓ

𝜕𝜇
=

1

𝜎2

𝑛
∑︁

𝑗=1

(𝑥 𝑗 − 𝜇) =
1

𝜎2
(𝑛𝑥 − 𝑛𝜇)

𝜕ℓ

𝜕𝜎
= − 𝑛

𝜎
+ 1

𝜎3

𝑛
∑︁

𝑗=1

(𝑥 𝑗 − 𝜇)2,

where 𝑥 is the sample mean. Setting both expressions equal to zero yields the maximum

likelihood estimates 𝜇̂ and 𝜎̂2 for the parameters 𝜇 and 2𝜎 :
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Thus 𝜇̂ is the sample mean and 𝜎̂2 is the sample variance. Note that the log-likelihood is

concave in 𝜇 and 2𝜎 , so these stationary points must be global maximizers. Prove that these

values maximize the log-likelihood by explicitly computing the second derivative to show

that the curvature is positive, is left as an exercise.

Example: Poisson Distribution

Consider random variables that are distributed according to a Poisson distribution, 𝑋 𝑗 ∼
Poisson(λ), so that the joint PDF is given by

The log-likelihood function for this joint distribution is given by

=

To maximize this log-likelihood, we now compute the derivative of this with respect to

𝜃 = λ and set it equal to zero:

d

dλ
ℓ(λ) = 1

λ

𝑛
∑︁

𝑗=1

𝑥 𝑗 − 𝑛 = 0 =⇒ λ =
1

𝑛

𝑛
∑︁

𝑗=1

𝑥 𝑗 ,

which is the sample mean 𝑥. This was how we fit λ in the previous example.

Properties of MLE

The MLE has several useful statistical properties in the large data limit.

Consistency: The estimate 𝜃 is consistent, meaning that 𝜃 → 𝜃 in the large data limit, or

as 𝑛→ ∞.

Asymptotic normality: Further, the estimate tends towards a normally distributed random

variable for large 𝑛, with mean given by the true 𝜃 and whose variance decreases

as 𝑛 increases:

This is closely related to the central limit theorem, although it is subtly different.

This is a very useful expression, as we can use it to construct confidence intervals

on 𝜃. Showing that 𝜃 is asymptotically normal is quite challenging.
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The function 𝐼 (𝜃) is the Fisher information, and it is given by

(7.11)

The first equation corresponds to the variance form, and the second equation is

the negative expected Hessian form.

This distribution for 𝜃 means that the MLE is asymptotically efficient, so that

this estimate converges to the true value of 𝜃 as efficiently as possible, in the large

𝑛 limit. This uses something important, called the Cramer–Rao inequality: Given

data 𝑥1, . . . , 𝑥𝑛 from an i.i.d. process and an unbiased estimate of the parameters

of the distribution, 𝜃 = 𝜃 (𝑥1, . . . , 𝑥𝑛)5

5 Recall that the estimated parameters are in fact functions of the data {𝑥 𝑛
𝑗 } 𝑗=1

.

, then

Var(𝜃) ≥ 1

𝑛𝐼 (𝜃) (7.12)

for all smooth 𝑝(𝑥 | 𝜃).

Beyond MLE, there are other approaches for distribution fitting, such as the method of

moments, which matches the moments of the distribution to the moments of the data.

One major drawback to MLE is that it may be fragile to bad data (e.g., outliers, etc.)

and doesn’t allow one to include prior knowledge or belief into the estimates. As a concrete

example, imagine that we are estimating the probability 𝜃 of a coin being heads or tails.

For a fair coin the probability of heads is 0.5, so 𝜃 = 0.5. If we flip the coin three times

and get three heads in a row, {H,H,H}, then the MLE yields 𝜃 = 1. In this case, the MLE

will overfit to this data and suggest that the coin will always flip heads for all future flips.

This is a major limitation, as we have additional prior knowledge that most coins are fair

and three heads in a row is not particularly unlikely. These issues will be directly addressed

in the Bayesian extension, maximum a posteriori (MAP) estimation, in the next section.

7.2 Bayesian Inference

In the following, we will now take the Bayesian perspective on statistical estimation.

Before, we began with a parameterized probability distribution 𝑝(𝑥 | 𝜃), which gives the

probability of finding data 𝑥 given parameters 𝜃. However, in many cases we actually want

the probability of a given set of parameters 𝜃 given the data 𝑥:

𝑝(𝜃 | 𝑥).

This inverse model 𝑝(𝜃 | 𝑥) is known as the posterior distribution, and the forward model

𝑝(𝑥 | 𝜃) is known as the likelihood. They are related by Bayes’ theorem as

𝑝(𝜃 | 𝑥) = 𝑝(𝑥 | 𝜃)𝑝(𝜃)
𝑝(𝑥) . (7.13)
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Ω
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Figure 7.4 Illustration of conditional probabilities. Left: Given a sample space Ω and two events

𝐴 and 𝐵, we denote 𝐴 ∩ 𝐵 as the event that both 𝐴 and 𝐵 occur. If we know that 𝐵 occurs, then the

probability of 𝐴 given 𝐵, 𝑃(𝐴 | 𝐵) is the ratio of 𝑃(𝐴 ∩ 𝐵) and 𝑃(𝐵), as shown in the right, where

we have restricted ourselves to the set 𝐵, since we assume that 𝐵 is known to have occurred.

The distribution 𝑝(𝜃) is called the prior distribution, and it encodes our prior knowledge

about 𝜃. For example, we may have prior knowledge that a coin is usually fair.

We can read off the optimal 𝜃 directly from 𝑝(𝜃 | 𝑥), but typically we only have the

forward model 𝑝(𝑥 | 𝜃). Thus, this is an inverse problem, which is the subject of Chapter 8.

In fact, the posterior distribution is called the Bayesian inverse of the likelihood function.

Bayes’ Theorem
We are now ready to derive Bayes’ theorem, which is a clever and useful way to invert

conditional probability distributions of the data given parameters, 𝑝(𝑥 | 𝜃), to obtain the

distribution of the parameters given the data, 𝑝(𝜃 | 𝑥).

We first state Bayes’ theorem in simplified notation. Let Ω be the sample space of all

possible outcomes of a system. For example, given a standard deck of 52 cards with four

suits and thirteen ranks, then there are 52 unique outcomes if we deal a single card. Let

𝐴 and 𝐵 be specific events; for example, event 𝐴 may be that a heart is drawn, or event 𝐵

may be that a seven is drawn. These are independent events, since the probability of a card

being a heart does not change if we know that it is a seven, and vice versa.

The conditional probability of event 𝐴 occurring, given that event 𝐵 has occurred, is

𝑃(𝐴 | 𝐵) =
𝑃(𝐴 ∩ 𝐵)

𝑃(𝐵)
(7.14)

where 𝑃(𝐴 ∩ 𝐵) is the probability that both 𝐴 and 𝐵 occur. This is shown in Fig. 7.4. We

may multiply both sides by 𝑃(𝐵), yielding a formula for the probability 𝑃(𝐴 ∩ 𝐵):

𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴 | 𝐵)𝑃(𝐵)

= 𝑃(𝐵 | 𝐴)𝑃(𝐴)

(7.15)

where the second line is true since

𝑃(𝐵 | 𝐴) =
𝑃(𝐵 ∩ 𝐴)

𝑃(𝐴)
(7.16)

and 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐵 ∩ 𝐴) by symmetry. If 𝐴 and 𝐵 are independent, then 𝑃(𝐴 ∩ 𝐵) =

𝑃(𝐴)𝑃(𝐵); for example, a card being a heart (𝐴) or a seven (𝐵) are independent.
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Rearranging the terms in Eq. (7.15) results in Bayes’ theorem

𝑃(𝐵 | 𝐴) = 𝑃(𝐴 | 𝐵)𝑃(𝐵)
𝑃(𝐴) , (7.17)

which allows us to solve for 𝑃(𝐵 | 𝐴) given 𝑃(𝐴 | 𝐵), 𝑃(𝐴), and 𝑃(𝐵).
When we extend this idea to continuous random variables, for example the parameters

𝜃 and data 𝑥, by replacing the probabilities above with probability distributions. Thus, the

probability of the unknown parameters 𝜃 given the observed data 𝑥 is

𝑝(𝜃 | 𝑥) = 𝑝(𝑥 | 𝜃)𝑝(𝜃)
𝑝(𝑥) . (7.18)

More General Forms of Bayes’ Theorem

We may not know 𝑃(𝐴) in the denominator of Eq. (7.17), so instead we write it in terms of

𝐵 and its complement 𝐵𝐶 = Ω \ 𝐵:

𝑃(𝐵 | 𝐴) = 𝑃(𝐴 | 𝐵)𝑃(𝐵)
𝑃(𝐴 | 𝐵)𝑃(𝐵) + 𝑃(𝐴 | 𝐵𝐶 )𝑃(𝐵𝐶 )

. (7.19)

This uses the law of total probability that either 𝐵 or not 𝐵 (i.e., 𝐵𝐶 ) must occur, so

𝑃(𝐵) + 𝑃(𝐵𝐶 ) = 1. Thus, the probability of 𝐴 occurring, 𝑃(𝐴), must be equal to the sum

of 𝑃(𝐴 | 𝐵 𝐶𝑃(𝐴 | 𝐵 )𝑃(𝐵𝐶 ).)𝑃(𝐵) and

More generally, if we partition the sample space Ω into 𝑛 disjoint sets

Ω =

𝑛
⋃

𝑗=1

𝐵 𝑗 with 𝑃(𝐵𝑖 ∩ 𝐵 𝑗 ) = 0 for 𝑖 ≠ 𝑗 (7.20)

then we may write the law of total probability as

𝑃(𝐴) = 𝑃(𝐴 | 𝐵 𝑗 )𝑃(𝐵 𝑗 ).
∑︁

(7.21)

𝑗

This gives a more general form of Bayes’ theorem

𝑃(𝐵 𝑗 | 𝐴) =
𝑃(𝐴 | 𝐵 𝑗 )𝑃(𝐵 𝑗 )

Σ𝑛
𝑗=1 𝑃(𝐴 | 𝐵 𝑗 )𝑃(𝐵 𝑗 )

. (7.22)

Panel 7.1: Laplace: The Father of Modern Statistics

Bayes’ theorem is a rule for inverting conditional probabilities, based on the law

of total probability. Bayes only explored the binomial distribution, and Laplace

independently developed an extended and more general version of this theory in his

1812 Theorie´ Analytique des Probabilites´ [298]. The modern theory was mainly

developed by Laplace [121], in what he called the probability of causes, so perhaps

the result should be called the Bayes–Laplace theorem. Laplace may be thought of

as the father of modern statistical thinking, being the first scientist to rigorously

think of measurement data as a random variable with some associated distribution

of measurement error.
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Maximum a Posteriori (MAP) Estimation 
We now use Bayes’ theorem to extend the maximum likelihood estimator to incorporate 

prior knowledge about 𝜃, for example that a coin flip is usually fair. 

In MLE we only use the likelihood 𝑝(𝑥 | 𝜃). But if we have prior knowledge about 𝜃, 

𝑝(𝜃), then we can multiply these and get: 

𝑝(𝜃 | 𝑥) = 
𝑝(𝑥 

𝑝

|
(
𝜃

𝑥

)
) 
𝑝(𝜃) 

, (7.23) 

which is a statement of Bayes’ theorem. In practice, we want the posterior 𝑝(𝜃 | 𝑥), which 

is the probability of the parameters 𝜃 given the data 𝑥. The factor 𝑝(𝑥) in the denominator 

is a normalization constant, since it won’t affect any optimization over 𝜃. Often we write 

𝑝(𝜃 | 𝑥) ∝ 𝑝(𝑥 | 𝜃) 𝑝(𝜃) (7.24) 

to remove the denominator. 

Instead of computing the maximum of log 𝑝(𝑥 | 𝜃) we compute the maximum of 

log 𝑝(𝜃 | 𝑥), which we call the Bayesian maximum a posteriori (MAP) estimate: 

max log 𝑝(𝜃 𝑥) = max log( 𝑝(𝑥 𝜃) 𝑝(𝜃)). 
𝜃 

| 
𝜃 

| (7.25)

Thus, MAP estimation is the Bayesian extension of the MLE, and it allows us to incorporate 

prior knowledge about the distribution on 𝜃. We have replaced the log-likelihood function 

from the MLE with the joint likelihood of the data and prior information about 𝜃. We will 

show in Section 7.5 that the LASSO and Tikhonov regularized least-squares solutions may 

be viewed as the MAP estimates for particular choices of priors. 

Iterative Bayesian Updates 
In an iterative Bayesian updating scheme, we update our prior as new information becomes 

available. This Bayesian update may be written as: 

𝑝(𝜃 | 𝑥𝑘 ) = 
𝑝(𝑥𝑘 

𝑝(
| 
𝑥

𝜃

𝑘 

)
) 
𝑝(𝜃) 

, (7.26) 

so the posterior may be updated with new data. At each iteration, the posterior from the 

previous step becomes the prior distribution for the next step: 

𝑝(𝜃) = 𝑝(𝜃 | 𝑥𝑘 ). (7.27) 

In this way, our prior beliefs update with new information. This scheme balances data with 

prior beliefs via the model 𝑝(𝜃). This is closely related to the Kalman filter from Section 9.1, 

which is also concerned with balancing measurement data and model predictions. 

There are also well-known downsides to Bayesian statistics. Results are highly sensitive 

to the prior, which may be subjective or hard to quantify mathematically. A bad prior will 

significantly degrade a Bayesian model. Updates are also computationally complex, often 

involving Monte Carlo sampling and bootstrapping to estimate distributions from data; 

when the model is complex with a high-dimensional parameter 𝜽, these methods suffer 

from the curse of dimensionality. Machine learning is helping to alleviate these scaling 

issues, though they are still challenging. 
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Weak prior

Strong prior

Figure 7.5 Example of a strong Gaussian prior (blue) and a weak Gaussian prior (red).

Figure 7.5 shows an example of a weak prior and a strong prior, both from a Gaussian

distribution. Strong priors are harder to change with evidence, providing firmer belief in a

given model. In many cases, we want sticky priors; for example when flipping a coin, we

assume it is exactly fair until we have considerable counter evidence.

The posterior and prior distributions must be parametrized in some way. Using a known

distribution, such as a Poisson or a normal distribution, is the simplest choice. However,

the data may not follow a named distribution. Several approaches exist for parameterizing

and estimating more general probability distributions, such as Gaussian mixture models

(GMMs) and density estimation for unknown 𝑝(𝜃) and 𝑝(𝑥 | 𝜃). Kernel density estimation

(KDE) and GMMs will be explored in the next two subsections. In addition, it is increasingly

common to parameterize the distribution with a neural network, sometimes in combination

with a Gaussian prior on some latent state, as in the variational autoencoder [277].

Conjugate Priors and Updates
A natural issue arises in the Bayesian update. We want the posterior, 𝑝(𝜃 | 𝑥) to follow the

same distribution as the prior, 𝑝(𝜃), since the updated posterior becomes the prior for the

next iteration. However, multiplying the prior by the likelihood function, 𝑝(𝑥 | 𝜃), gives

𝑝(𝜃 | 𝑥) ∝ 𝑝(𝑥 | 𝜃)𝑝(𝜃), (7.28)

which may change the posterior distribution.

There is a clever solution. We often know the likelihood function, which is our model of

the probability density 𝑝(𝑥 | 𝜃). We then choose the prior from a distribution that, when

multiplied by the likelihood function, remains in the same distribution. These are called

conjugate priors, where conjugate refers to its relationship to the likelihood function.

It is helpful to demonstrate this idea with examples. First, Gaussian distributions are

conjugate with Gaussians, since their product remains Gaussian; this is a straightforward

exercise for the reader. Another common example is related to coin flips. Consider a random

variable 𝑋 that follows a binomial distribution:

𝑋 ∼ bin(𝑛, 𝜃) =

(

𝑛

ℎ

)

𝜃ℎ (1 − 𝜃)𝑛−ℎ,

where 𝜃 is the probability of a single flip landing heads and ℎ is the total number of heads

given 𝑛 coin flips. The conjugate prior distribution to a Bernoulli random variable is the
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beta distribution, so that 𝜃 ∼ beta(𝛼, 𝛽):

𝑝(𝜃 𝛼 1 𝛽 1| 𝛼, 𝛽) = 𝑘 𝜃 − (1 − 𝜃) − ,

where 𝑘 is a normalization constant related to the gamma functions6

6 Recall that the Γ function is related to the factorial, so that Γ (𝑛) = (𝑛−1)! for positive integers 𝑛. It generalizes

the factorial for non-integer 𝑛.

of 𝛼 and 𝛽:

𝑘 =
Γ(𝛼 + 𝛽)

Γ(𝛼)Γ(𝛽)
.

Panel 7.2: Exponential Family of Distributions

A major theoretical advance in statistics in the 1930s established that many common

distributions belong to a large family of distributions with known conjugate prior

distributions [125, 282, 390]. The exponential family of distributions is given by

𝑝(𝑥 | 𝜃) = ℎ(𝑥)𝑒𝜃
T𝜙 (𝑥 )−𝐴(𝜃 ) .

where ℎ(𝑥) may be absorbed into the exponential and 𝐴(𝜃) is a normalization

constant.

All exponential family members have a conjugate prior distribution given by

𝑝(𝜃 | 𝛾) = ℎ𝑐 (𝜃) exp

(

[

𝛾1 𝛾2

]

[

𝜃

−𝐴(𝜃)

]

− 𝐴𝑐 (𝛾)

)

where 𝛾1 and 𝜃 are vectors of dimension 𝑛 and 𝛾2 and −𝐴(𝜃) are scalars.

Example: Gaussian Distribution. At first, it is not obvious how a common

distribution, such as the normal distribution, may be written in this form. Here we

will show how to represent a Gaussian distribution in the exponential family of

distributions. For 𝑋 ∼ normal 2(𝜇, 𝜎 ), we have the following:

𝜽 =

[ 𝜇

𝜎2

− 1
2𝜎2

]

�(𝑥) =

[

𝑥

𝑥2

]

so that T𝜽 �(𝑥) =
𝜇𝑥 2𝑥

2 −
2 2𝜎 𝜎

. If we take the exponential, we recover our Gaussian:

𝑝(𝑥 | 𝜃) ∝ 𝑒𝜽
T� (𝑥 )

= 𝑒
− 1

2𝜎2 (𝑥
2−2𝜇𝑥+𝜇2)+ �2

2𝜎2

= 𝑒
− 1

2𝜎2 (𝑥−𝜇)2

𝑒
�2

2𝜎2

∝ 𝑒
− 1

2𝜎2 (𝑥−𝜇)2

∼ normal(𝜇, 𝜎2).

The Gaussian is in the exponential family so it has a conjugate prior. For

the univariate case with unknown mean and variance, the conjugate prior

is the normal–inverse-gamma distribution. For the multivariate Gaussian with

unknown mean and covariance, the conjugate prior is the normal–inverse-Wishart

distribution.
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Figure 7.6 Evolution of the posterior for the coin flip example with increasing information. The

posterior is approximated using the binomial distribution with the conjugate prior beta distribution.

Example: Coin Flips

A simple example of Bayesian inference is to iteratively estimate the behavior of a coin

by accumulating data from sequential coin flips. We will investigate several Bayesian

approaches based on parametric and nonparametric estimation. First, we assume that a

single coin flip follows a Bernoulli distribution with an unknown probability of heads, 𝜃.

The probability of ℎ heads in 𝑛 flips follows a binomial distribution with a beta distribution

as conjugate prior, making it simple to accumulate information from new coin flips.

Figure 7.6 shows the posterior distribution evolving for several coin flips, starting with

a uniform prior. Within a relatively small number of coin flips the posterior distribution

approaches a binomial distribution centered around 𝜃 = 0.5, which represents a fair coin.

As additional data is accumulated, we may follow the evolution of the posterior, along

with its mean, in Fig. 7.7. We also show the ±1 standard deviation regions about the mean

in orange. We can see that there is considerable wander in the mean 𝜃, and even after 100

coin flips, the estimated probability of heads is off of the true value by about 10%.

Bayesian methods are sensitive to a bad initial prior. Figure 7.8 shows the evolving

posterior distribution for a good and a bad initial prior. The bad prior (dashed) converges

much more slowly to the true value of 𝜃 = 0.5, while the good prior stays closer to 𝜃 = 0.5.

The Bayesian update code with a binomial prior and a beta conjugate prior is given by:

CodeSnip 7.c from scipy.stats import beta

def likelihood(theta, data):

# Binomial likelihood for coin flips (Bernoulli trials)

heads = np.sum(data == ’H’)

tails = np.sum(data == ’T’)

return theta**heads * (1 - theta)**tails

# Compute posterior distribution using Bayesian update

def bayesian_update(prior_alpha, prior_beta, data):

# Calculate the number of heads and tails in the data
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Figure 7.7 Posterior distribution (top) and posterior mean, for the standard binomial distribution

with the conjugate prior beta distribution. The orange shaded regions denote ±1 standard deviation.

heads = np.sum(data == ’H’)

tails = np.sum(data == ’T’)

# Update the prior (beta distribution) parameters

posterior_alpha = prior_alpha + heads

posterior_beta = prior_beta + tails

return posterior_alpha, posterior_beta

# Prior: Uniform distribution (Beta(1,1))

prior_alpha = 1

prior_beta = 1

# Simulate a sequence of coin flips (H for heads, T for tails)

coin_flips = np.array([’H’, ’T’, ’H’, ’H’, ’T’, ’H’, ’T’, ’T’])

# Perform Bayesian updates of posterior after each flip

for i, flip in enumerate(coin_flips):

prior_alpha, prior_beta = bayesian_update(prior_alpha,

prior_beta, np.array([flip]))
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Figure 7.8 Comparison of Bayesian updates for the coin flip example with a good (solid) and a bad

(dashed) prior. The lines get thicker as the number of flips increases.

7.3 Density Estimation and Empirical Priors

We have investigated several examples where the likelihood function is a well known

distribution, like a binomial or normal, and we can choose a good conjugate prior

distribution.

However, for most real-world scenarios, the density functions will not be nice, well-

behaved functions, such as a single Gaussian or Poisson distribution. Density estimation

is used to estimate these more complex probability densities from data using a sum of

simple distributions. Density estimation is a direct predecessor of many modern machine

learning methods. The learned distributions will be known as the empirical prior and

posterior distributions. The simple building-block distributions will usually be Gaussians,

for example in the Gaussian mixture model.

Two of the most common techniques are called kernel density estimation (KDE) and

Gaussian mixture models (GMMs):

KDE This technique treats every data point 𝑥 like its own collocation point that will

have a local Gaussian, and we estimate the PDF at other points by smoothing or

interpolating across these functions.

𝑝(𝑥) = 1

𝑁ℎ

𝑁
∑︁

𝑗=1

K
( 𝑥 − 𝑥 𝑗

ℎ

)

. (7.29)

The kernel K is often chosen to be a Gaussian, 𝑁 is the number of data points,

and ℎ is a smoothing width, which is a hyperparameter to smooth out the fit. Each

𝑥 𝑗 is a data sample. In essence, every time we see a data point 𝑥 𝑗 , this makes

it more likely to see a new point near 𝑥 𝑗 in subsequent trials. In this way, KDE

has a frequentist flavor. However, it is possible to encode smoothness priors in

more general kernel regression techniques, which would be a Bayesian approach.

A schematic of kernel density estimation is shown in Fig. 7.9. Kernel density
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Figure 7.9 Kernel density estimation (KDE) may be thought of as a special case of a Gaussian

mixture model, where there are as many Gaussians as there are data points.

Figure 7.10 Gaussian mixture models (GMMs) visualized in one dimension (left) and two

dimensions (right). The PDF is approximated by the sum of a relatively small number of

Gaussians. The fit is typically obtained through an optimization algorithm, typically expectation

maximization.

estimation is closely related to manifold learning, such as the diffusion maps

embedding.

GMM These also also estimate the distribution using a sum of Gaussians. However, in

KDE, there was a Gaussian for every single data point , while for GMMs, we

try to estimate the distribution with many fewer Gaussians. Finding the specific

number of Gaussians and parameters is an optimization problem, typically using an

expectation maximization (EM) algorithm, discussed in Section 7.4. A schematic

of GMMs is shown in Fig. 7.10.

Empirical distributions are generative models. If we have one of these empirical

distributions, we can generate new data that follows these distributions. Generative models

are the basis of modern methods in generative AI, such as large-language models and stable

diffusion for image generation from text prompts.

Kernel Density Estimation
Here we demonstrate the kernel density estimation method to learn the empirical posterior

distribution for a coin. Figure 7.11 shows the evolution of the posterior as new information is
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accumulated. Figure 7.12 shows the distribution and the evolution of the mean and quantiles 

with the number of coin flips. The following code implements the KDE method: 

CodeSnip 7.d from sklearn.neighbors import KernelDensity 

# Compute empirical binomial likelihood of data given samples 

def likelihood(samples, data): 

heads = np.sum(data == ’H’) 

tails = np.sum(data == ’T’) 

return samples**heads * (1 - samples)**tails 

# Function to update the posterior distribution using KDE 

def bayesian_update_kde(prior_samples, data): 

# Compute the empirical likelihood of the data 

likelihoods = likelihood(prior_samples, data) 

# Weight the prior samples by the likelihood 

posterior_weights = likelihoods / np.sum(likelihoods) 

# Resample prior based on likelihoods for posterior samples 

posterior_samples = np.random.choice(prior_samples, size 

=1000, p=posterior_weights) 

# Kernel Density Estimation to estimate posterior 

kde = KernelDensity(kernel=’gaussian’, bandwidth=0.05).fit( 

posterior_samples[:, np.newaxis]) 

return posterior_samples, kde 

# Prior: Uniform distribution (between 0 and 1) 

prior_samples = np.random.uniform(0, 1, 1000) 

# Simulate a sequence of coin flips (H for heads, T for tails) 

coin_flips = np.array([’H’, ’T’, ’H’, ’H’, ’T’, ’H’, ’T’, ’T’]) 

# Perform Bayesian updates after each flip 

samples_list = [prior_samples] # Store prior samples to plot 

for i, flip in enumerate(coin_flips): 

prior_samples, kde = bayesian_update_kde(prior_samples, np. 

array([flip])) # Update posterior using KDE method 

samples_list.append(prior_samples) # Store new posterior 

# Create histogram (plotting omitted) 

theta_range = np.linspace(0, 1, 1000) 

for i, samples in enumerate(samples_list): 

kde = KernelDensity(kernel=’gaussian’, bandwidth=0.05).fit( 

samples[:, np.newaxis]) 

log_density = kde.score_samples(theta_range[:, np.newaxis]) 

density = np.exp(log_density) 

Monte Carlo Sampling 
When the posterior distribution is particularly complex, it may not be well described by a 

named distribution. In most cases when we don’t know the posterior, we resort to numerical 

methods, such as Monte Carlo, to obtain a bootstrap estimate of the posterior distribution. 

If the likelihood function and the prior are not conjugates, so the posterior is a different 
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Figure 7.11 Evolution of the posterior for the coin flip example with increasing information. The

posterior is approximated using kernel density estimation.
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Figure 7.12 Posterior distribution (top) and posterior mean (bottom), with quantiles, for the kernel

density estimation. The orange shaded regions denote ±1 standard deviation.
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distribution than the prior, then we may use Monte Carlo sampling. Alternatively, if the 

parameter space is high dimensional, we might not want to compute the posterior directly, 

and instead resort to sampling. There are many extensions to Monte Carlo sampling, such 

as Markov chain Monte Carlo (MCMC) [191] and Hamiltonian Monte Carlo [360]. 

We used Monte Carlo sampling earlier to generate ensembles of data to obtain a bootstrap 

estimate of the unknown parameter 𝜃 in the Poisson distributed alpha particle emissions. 

Here we extend this to the more general Bayesian inference framework. We assume we have 

access to the prior distribution 𝑝(𝜃) and the likelihood 𝑝(𝑥 | 𝜃)  . There are several steps: 

• Sample: We begin by sampling multiple 𝜃𝑖 from the prior distribution 𝑝(𝜃). This 

collection {𝜃 𝑛 
𝑖 }𝑖=1 

is an ensemble of model parameters. 

• Weight: We weight each of these samples 𝜃𝑖 by the likelihood of the data 𝑥 given this 

parameter: 𝑤𝑖 = 𝑝(𝑥 | 𝜃𝑖 ). 
• Resampling/Bootstrapping: We are trying to approximate the posterior, which is the 

product of the likelihood and the prior, but with the ensemble of parameters {𝜃𝑖 } and 

weights {𝑤𝑖 }. To do this, we resample the collection of parameters {𝜃𝑖 } but weighted 

by . This means creating a new collection {𝜃 𝑗 } by sampling, with replacement, 

from 

{𝑤𝑖 }
{𝜃𝑖 }. This will shift the distribution 𝑝(𝜃) based on the weights obtained from the 

likelihood function 𝑝(𝑥 | 𝜃). The histogram of the weighted, resampled distribution 

{𝜃 𝑗 } will follow the unknown posterior distribution. 

We repeat this process, so the posterior {𝜃 𝑗 } becomes the prior sample in the next step of 

the iteration. Figure 7.13 shows the posterior distribution and mean using batched Monte 

Carlo estimation. The following code computes this Monte Carlo sample-based estimation. 

CodeSnip 7.e 
from scipy.stats import binom, uniform 

theta_true = 0.5 # True value of theta (probability of heads) 

batch_size = 10 # Number of coin flips per batch 

total_flips = 250 # Total coin flips 

num_samples = 5000 # Number of Monte Carlo samples 

# Generate the true coin flip outcomes based on the true theta 

np.random.seed(42) # For reproducibility 

coin_flips=np.random.binomial(1,theta_true,total_flips) # 1=head 

# Prior: Uniform distribution for theta (= Beta(1, 1)) 

prior_samples = np.random.uniform(0, 1, num_samples) 

def update(batch_number): 

global prior_samples, std_shade1, std_shade2 

# Sample current batch of flips 

start = batch_number * batch_size 

end = start + batch_size 

batch_flips = coin_flips[start:end] 

# Calculate number of heads and tails in the current batch 

heads = np.sum(batch_flips) 

tails = batch_size - heads 
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Figure 7.13 Posterior distribution (top) and posterior mean (bottom), with quantiles, for the Monte

Carlo estimation. The orange shaded regions denote ±1 standard deviation.

# Bionomial likelihood for each prior sample given data

likelihoods = binom.pmf(heads, batch_size, prior_samples)

# Reweight prior samples based on likelihood

weights = likelihoods / np.sum(likelihoods)

# Resample weighted prior samples to form posterior

posterior_samples = np.random.choice(prior_samples, size=

num_samples, p=weights)

# Update prior samples for next iteration (Monte Carlo)

prior_samples = posterior_samples
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7.4 Expectation Maximization and Gaussian Mixture Models

Expectation maximization (EM) is an optimization algorithm used for parameter

estimation [134, 508], for example with MLE or MAP, when there are hidden or latent

variables, resulting in incomplete data. We use EM to optimize a Gaussian mixture model.

In a Gaussian mixture model, we have 𝑀 data points {𝑥 𝑀
𝑗 } 𝑗=1

that are believed to belong

to one of 𝐶 Gaussian clusters with unknown means 𝝁𝑐 and covariance matrices 𝚺𝑐. There

is also a probability 𝛼𝑐 associated with belonging to each of the 𝑝 Gaussian clusters. The

subscript 𝑐 indicates an index for which cluster the data belongs to.

If we know which cluster each data point 𝑥 𝑗 belongs to, then it is a simple statistical

estimation problem to find the means and covariance matrices, corresponding to the 𝑝

independent MLE or MAP optimizations. For a single Gaussian cluster:

(7.30a)

(7.30b)

Not knowing to which cluster each data point belongs makes this a more challenging,

generically nonconvex, optimization problem to learn the model parameters. For multiple

Gaussian clusters, there is a hidden variable corresponding to which cluster a given data

point 𝑥 𝑗 belongs to. In this case, we will use the EM algorithm below.

Formally, we consider a system with variables x and z, where x is observed and z is

hidden. In a GMM, z determines which cluster 𝑐 the observation x belongs to, and which

Gaussian parameters 𝝁𝑐,𝚺𝑐 to use. The variables follow a joint probability distribution that

is governed by a parameter 𝜽 so that (x, z) ∼ 𝑝(𝜽), which may be written as

𝑝(x, z | 𝜽). (7.31)

The goal of a statistical estimator, such as MLE or MAP, is to find optimal parameters 𝜽̂

𝜽̂ = argmax
𝜽

𝑝(x | 𝜽) (7.32)

that maximize the marginal likelihood distribution 𝑝(x | 𝜽), given by

𝑝(x | 𝜽) =
𝐶
∑︁

𝑐=1

𝑝(x | 𝜽 , z𝑐)𝑝(z𝑐). (7.33)

The probability of being in cluster 𝑐 is a constant 𝑝(z𝑐) = 𝛼𝑐, and the conditional probability

𝑝(x | 𝜽 , z𝑐) is normal with parameters 𝝁𝑐 and 𝚺𝑐, so the marginal distribution is

𝑝(x | 𝜽) =
𝐶
∑︁

𝑐=1

𝛼𝑐N(𝝁𝑐,𝚺𝑐). (7.34)

Here N denotes the normal distribution. The coefficients 𝛼𝑐 are the mixing coefficients.

Thus, a GMM is a generative model. Given the model parameters 𝛼 , 𝝁 ,𝚺 𝐶{ 𝑐 𝑐 𝑐}𝑐=1
, it is

possible to generate new data that is consistent with the distribution of the training data.
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We will use the EM algorithm to learn the unknown model parameters, given that there

is a hidden variable corresponding to the cluster label. The EM algorithm starts with a set

of clusters {𝛼 , 𝝁 ,𝚺 𝐶
𝑐 𝑐}𝑐 𝑐=1

as an initialization. There are several options for initializing a

GMM, although starting with either a 𝐾-means clustering or a random initialization are

common. After initializing, we iterate through the following two stages until convergence:

• Expectation (E) Step: For each data point 𝑥 𝑗 , we compute the probability 𝑟 𝑗𝑐 that 𝑥 𝑗 is

in cluster 𝑐:

(7.35)

The probability 𝑟 𝑗𝑐 is called the responsibility value, and it is the likelihood of 𝑥 𝑗

belonging in each of the 𝐶 clusters. The denominator is a normalization constant. We

now fix 𝑟 𝑗𝑐 and update the model parameters to maximize the likelihood.

• Maximization (M) Step: For each cluster 𝑐, we now update the parameters {𝛼𝑐, 𝝁 }𝑐,𝚺𝑐

to maximize the expected log-likelihood of the fit given the probabilities 𝑟 𝑗𝑐 from the

previous step. This amounts to recomputing each parameter using the MLE or MAP

estimation, but weighted with 𝑟 𝑗𝑐. First, we compute weighting factors 𝑚𝑐 and the

probability of belonging to a cluster, 𝛼𝑐,

(7.36)

where the first sum is over all data points 𝑥 𝑗 . We then compute the weighted means and

covariance matrices for each cluster:

(7.37a)

(7.37b)

In the E step, we compute the expectation of the log-likelihood function given the current

estimates. In the M step, we update parameters to maximize this expected log-likelihood

function. This is a form of bootstrapping, where we iteratively refine an initial guess. More

generally, EM works well with data following any of the exponential family of distributions,

discussed earlier. Each iteration increases the log-likelihood of the model and convergence

to a local maximum is guaranteed. A good initialization is still required, as the algorithm

will only converge to a local maximum.

The number of clusters is a hyperparameter that must be carefully chosen. As with

other statistical learning and machine learning algorithms with hyperparameters, it may

be possible to use information criteria, such as AIC/BIC7

7 The Akaike information criterion [3] (AIC) prioritizes model prediction, while the Bayesian information

criterion [454] (BIC) places emphasis on the model fit with a stronger penalty on complexity.

, to penalize model complexity.

Alternatively, it is possible to cross-validate the model with test data by choosing the number

of clusters that maximize the log-likelihood of the model over test data.

https://doi.org/10.1017/9781009755856.008


7.5 Least-Squares Regression as a Statistical Estimation Problem 283

7.5 Least-Squares Regression as a Statistical Estimation Problem

We now revisit the classic linear least-squares regression problem from a statistical

estimation point of view. Specifically, we reframe least-squares regression as a maximum

likelihood estimation problem, which will allow us to further include prior information in

the related Bayesian maximum a posteriori estimation problem.

To recast the least-squares regression problem in a statistical framework, we assume

that errors to the linear regression fit follow a statistical distribution, typically a norm al

distribution.

In one dimension, linear-regression finds the best-fit line

𝑦 = 𝑎𝑥 + 𝑏 (7.38)

that minimizes the sum-squared error of the fit. We estimate the parameters 𝑎 and 𝑏. If we

assume that data comes in pairs, (𝑥1, 𝑦1), (𝑥2, 𝑦2), . . . , (𝑥𝑛, 𝑦𝑛), then we may formulate the

data relationship as a matrix equation

𝑥 𝑥 · · · 𝑥
(7.39)

which leads to the classic least-squares regression optimization problem

𝜽̂ = argmin
𝜽

∥Y − 𝜽X∥2
2. (7.40)

Recall from Chapter 4 that this has a closed form solution in terms of the SVD.. The

least-squares solution is what is known as a point estimate, since we gain no information

about the distribution of 𝑦, just its expected value.

MLE Linear Regression
If the data now has measurement noise

𝑦 = 𝑎𝑥 + 𝑏 + 𝜂, (7.41)

where we have introduced the error term 𝜂, which is a normally distributed random variable:

𝜂 ∼ N(0 2, 𝜎 ). This is a standard assumption that may be justified by the central limit

theorem. Now we will estimate as the MLE based on the data and the

assumption of 𝜂 being a Gaussian.

Our model for 𝑦 is no longer a simple point estimate, but instead follows a distribution, so

it becomes a random variable𝑌 . This is much stronger, since we can quantify the uncertainty

in our estimate, for example allowing us to provide confidence intervals.

We can estimate the probability density of 𝑌 as

𝑝(𝑦 | x, 𝜽) = N(𝜽x, 𝜎2). (7.42)

In other words, the expected value of 𝑌 is given by the linear fit 𝑦 = 𝜽x = 𝑎𝑥 + 𝑏. This

estimate has a variance given by the variance of the noise, 2𝜎 .
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We now write our log-likelihood function in terms of this distribution and maximize to

find the best-fit parameters 𝜽 .

The log-likelihood is

𝑛

(7.43a)

(7.43b)

(7.43c)

(7.43d)

Thus, the likelihood function is proportional to the least-squares regression objective:

ℓ(𝜽) ∝ ∥Y − 𝜽X∥2
2. (7.44)

MAP Linear Regression
We may now extend the MLE linear regression above to include prior information in the

Bayesian MAP regression. Recall that the MAP estimate maximizes the log-posterior,

where the posterior is the Bayesian inverse, given by

𝑝(𝜽 | 𝑥, 𝑦) ∝ 𝑝(𝑦 | 𝑥, 𝜽)𝑝(𝜽). (7.45)

Thus the log-posterior is given by

(7.46)

The second term, log(𝑝(𝜽)) is the log-prior, which serves as a regularization term for the

optimization to promote solutions that are consistent with the prior knowledge.

Gaussian Prior and Ridge Regression. As a simple example, we will assume that

the prior distribution on the parameters 𝜽 follow a Gaussian distribution, so that

𝜽 ∼ N(0, 𝜎2) =⇒ 𝑝(𝜽) = 𝑒−
∥𝜽∥2
2𝜎2 .

In this case, the log-prior is given by

− log 𝑝(𝜽) = ∥𝜽 ∥2

2𝜎2

so the log-posteriori becomes

log 𝑝(𝜽 | 𝑥, 𝑦) = ∥Y − 𝜽X∥2
2 + 𝛼∥𝜽 ∥2

2
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Panel 7.3: Gauss and Laplace Priors

The Gaussian prior (left) and Laplace prior (right) promote different features in the

parameters 𝜃. The Laplace prior is sharply concentrated at 0, promoting sparsity,

while the Gaussian prior is more distributed, promoting values that are not too large.
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Figure 7.14: Gaussian prior (left) and Laplace prior (right).

where 𝛼 ∝ 1 2/𝜎 . Thus, a Gaussian prior on 𝜃 appears as a Tikhonov regularization term,

which we saw earlier in Section 4.4. As in Chapter 4, there is a bias–variance tradeoff here,

where the new solution is biased from the truth, but is subject to less overall variation. Note

that here, 𝜎 is the standard deviation on the parameters 𝜃 rather than the data X.

Laplace Prior and LASSO Regression. Now assume we have a Laplace prior on 𝜽:

𝑝(𝜽) =
𝜆

2
𝑒−�‖𝜽 ‖1 .

In this case, the log-prior is simply − log 𝑝(𝜽) ∝ 𝜆‖𝜽 ‖1, so the log-posterior is given by

log 𝑝(𝜽 | 𝑥, 𝑦) = ‖Y − 𝜽X‖2
2 + 𝜆‖𝜽 ‖1.

The second term is the sparsity-promoting regularization term in the LASSO regression.

Example: Linear Regression with Gaussian Prior. Figure 7.15 shows the MLE and

MAP estimates for the slope, 𝑎, and intercept, 𝑏, for a one-dimensional linear regression

fit. If we know that the intercept is zero, 𝑏 = 0, then this may be incorporated into the MAP

estimate through a Gaussian prior 𝑏 ∼ N(0 2, 𝜎 ), improving the regression fit.

The following code implements MLE and MAP estimation for this example.

CodeSnip 7.f from scipy.optimize import minimize

# Parameters

true_a = 2 / 3

true_b = 0

sigma_noise = 1 # Standard deviation of Gaussian noise

# Generate random x and corresponding y with Gaussian noise

n_points = 20

x = np.random.uniform(0, 5, n_points)

noise = np.random.normal(0, sigma_noise, n_points)

y = true_a * x + true_b + noise

y[19] = y[19]+3 # outlier
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Figure 7.15 Comparison of statistical estimators in the least squares regression problem. Bayesian

MAP estimation is the most accurate. The true parameters are 𝑎 = 2/3, 𝑏 = 0. The MLE is 𝑎 =

0.805, 𝑏 = −0.374, and the MAP estimate is 𝑎 = 0.694, 𝑏 = −0.000.

# Linear Least Squares Estimation

A = np.vstack([x, np.ones(len(x))]).T

theta_lsq, _, _, _ = np.linalg.lstsq(A, y, rcond=None)

# Maximum Likelihood Estimation (MLE)

def negative_log_likelihood(theta):

a, b = theta

y_pred = a * x + b

residuals = y - y_pred

return np.sum(residuals**2) / (2 * sigma_noise**2)

theta_mle = minimize(negative_log_likelihood, [1, 1]).x

# MAP Prior: b ˜ N(0, sigma_priorˆ2) with sigma_prior small

sigma_prior_b = .01 # Strength of the prior on b

def negative_log_posterior(theta):

a, b = theta

log_prior_b = -0.5*(b**2/sigma_prior_b**2) # Gaussian prior

on b

return negative_log_likelihood(theta) - log_prior_b

theta_map = minimize(negative_log_posterior, [1, 1]).x
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Homework

Exercise 7.1 Consider a fair coin that is flipped 𝑁 = 10 times. What is the probability that

the coin lands heads exactly 5 times? What is the probability that the coin lands heads at

least 5 times? What is the probability that the coin lands tails no more than 3 times? What

is the probability that the coin lands tails no more than 3 times in the first 5 coin flips? What

about the last 5 coin flips?

Exercise 7.2 How many unique 5 card hands can you draw from a deck of 52 cards if the

order of the cards doesn’t matter? What about if the order does matter?

Exercise 7.3 How many unique 𝑝 cards can you draw from a deck of 𝑛 cards if the order

of the cards doesn’t matter? What about if the order does matter?

Exercise 7.4 You wake up in the morning in a dark room and you need to get dressed. You

randomly pull two socks out of your dresser, which contains 10 black socks and 8 red socks.

What is the probability that your two socks are the same color? What is the probability that

both socks are red? That both socks are black?

Exercise 7.5 Write a Monte Carlo sampling code that throws darts at a square with

dimensions 𝑥, 𝑦 ∈ [−1, 1]. Keep track of all darts that hit inside the circle of radius 1.

Compute the ratio of darts that hit inside the circle versus outside, and use this to estimate

the area of the circle, and hence 𝜋. Plot your estimate of 𝜋 as a function of 𝑛, the number

of dart throws.

Exercise 7.6 Repeat the problem above one hundred times with different random

initialization, and compute variance bars on the estimate of 𝜋.

Exercise 7.7 For how large of an 𝑛 would we expect to estimate 𝜋 to within 10 digits of

accuracy? How did you arrive at this number?

Exercise 7.8 Now write a Monte Carlo sampling code that throws darts at a 𝑁-dimensional

cube with dimensions 𝑥 𝑗 ∈ [−1, 1]. Throw 𝑛 = 100, 000 darts and compute the ratio of

the volume of sphere of radius 1 with the volume of the enclosing cube. Plot this ratio for

𝑁 = 2 through 𝑁 = 20. Explain what this trend says about random higher-dimensional

vectors x. This is closely related to the notion of concentration in statistics.

Exercise 7.9 Show the second equality in the following expression

which we introduced to explain the normality property of the maximum likelihood estimator.

Exercise 7.10 The 𝑘th moment of a distribution 𝑓 (𝑥) is defined as
∫

𝜇𝑘 = E[𝑋 𝑘] =
∞

−∞
𝑥𝑘 𝑓 (𝑥) d𝑥.
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Derive the moments for a normal distribution, 2𝑋 ∼ N(𝜇, 𝜎 ). The first four moments are

the mean, variance, skewness, and kurtosis.

Exercise 7.11 Derive the moments for a Poisson distribution 𝑋 ∼ Poisson(λ).

Exercise 7.12 Prove that an even function will only have even moments.

Exercise 7.13 The method of moments is a statistical estimation technique, like the MLE,

for fitting parameters of a distribution from data. In the method of moments we set empirical

sample moments equal to the moments of the distribution, written in the

parameters of the distribution; we then invert and solve for the unknown parameters. For

example, in a normal distribution, the mean and variance are related to the moments as

𝜇 = E[𝑋] = 𝜇1 and 2𝜎 = E
2[𝑋 ] − E

2[𝑋] = 2𝜇2 − 𝜇
1
. Use the method of moments to

estimate λ in the Poisson example earlier in this chapter and verify it is the same as in MLE.

Exercise 7.14 The moment generating function (MGF) 𝑀 (𝑡) is an important concept in

probability. Much like functions can be expanded in a Taylor series, probability density

functions (PDFs) can be expanded in terms of the MGF, which is defined as:

𝑀 (𝑡) =
∑︁

𝑥

𝑒𝑡 𝑥𝑃(𝑋 = 𝑥)

for discrete 𝑋 and as

𝑀 (𝑡) =
∞

−∞
𝑒𝑡 𝑥 𝑓 (𝑥) d𝑥

∫

for continuous 𝑋 . The continuous version of the MGF is the the Laplace transform of the

PDF. The 𝑘th moment 𝜇𝑘 is equal to the 𝑘th derivative of 𝑀 (𝑡) evaluated at 𝑡 = 0:

𝜇𝑘 = 𝑀 (𝑘 ) (0).

Derive the moment generating function of the normal and Poisson distributions. Compute

their moments using the MGF and verify they match the values from previous exercises.

Exercise 7.15 The central limit theorem (CLT) says that adding up independent, identically

distributed (i.i.d.) random variables from the same distribution will result in a normally

distributed random variable. This is a powerful result in probability and statistics.

For 𝑋 ∼ Uniform 1 1[− , ]
2 2

, draw 𝑛 ∈ {5, 10, 30, 100} i.i.d. samples 𝑋 𝑗 and compute the

sample mean. Compute this average for 100 random realizations and plot the histogram

of the sample mean. Confirm that for larger 𝑛, this distribution tends toward a normal

distribution. What are the mean and standard deviation of the normal distribution for the

sample mean? Repeat this for 𝑋 ∼ Bernoulli(𝑝 = 0.3) and 𝑋 ∼ Exponential(λ = 1).

Exercise 7.16 Generate 𝑛 = 200 i.i.d. samples from an exponential distribution with

λ = 1 and estimate with the MLE as λ = 1/𝑋ˆ ¯ . Use the nonparametric bootstrap

(𝐵 = 1000 resamples) to approximate the sampling distribution of λ̂ and form a 95%

percentile confidence interval. Compare to the confidence interval obtained via a normal

approximation,
√
𝑛(λ̂ 2− λ) ≈ N (0, λ ). Report coverage across 200 Monte Carlo trials.
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Exercise 7.17 A coin is flipped 3 times and yields HHH. The MLE for 𝑝 is 𝑝 = 1.

Explain why this is problematic. Compute the MAP estimate under Beta(𝛼, 𝛽) priors with

(𝛼, 𝛽) ∈ {(1, 1), (2, 2), (20, 20)}. Give the posterior mean and a 95% credible interval in

each case. Discuss how prior strength mitigates small-sample issues.

Exercise 7.18 Continuing the previous problem, for Beta(𝛼, 𝛽) prior and data with ℎ

heads and 𝑡 tails, write the posterior 𝑝(𝑝 | ℎ, 𝑡) and plot it for (ℎ, 𝑡) = (3, 0) under the three

priors above. Mark the posterior mean, mode (MAP), and 95% credible interval on the plot.

Exercise 7.19 To prove that the following values maximize the log-likelihood,

compute their second derivatives and show that the curvature is positive.

Exercise 7.20 Suppose a coin has an unknown bias 𝑝 of landing heads. We model 𝑝 with

a Beta prior Beta(𝛼 = 2, 𝛽 = 2). After observing ℎ heads and 𝑡 tails, derive the posterior

distribution for 𝑝. Plot the posterior for varying ℎ and 𝑡 and interpret.

Exercise 7.21 What is the conjugate prior to the Poisson distribution? Show that these

distributions are conjugate.

Exercise 7.22 Show that a binomial distribution may be written in the exponential family

of distributions.

Exercise 7.23 Show that a Poisson distribution may be written in the exponential family

of distributions.

Exercise 7.24 Show that a Gaussian prior is conjugate to a Gaussian likelihood.

Specifically, show that the product of these two Gaussian distributions remains a Gaussian.

Exercise 7.25 Design a Bayesian update scheme to iteratively estimate the parameters of

an unknown Gaussian with new data. Test your algorithm by generating data from a known

Gaussian, with specified mean 𝜇 and variance 2𝜎 . Initialize your prior distribution with

some different values of 𝜇 and 2𝜎 , and update these parameters with new data. Show the

convergence rate of 𝜇 and 2𝜎 with more data. Repeat the process several times, and plot

the distributions of the estimated and 2𝜎𝜇 after 𝑛 iterations for 𝑛 = 5, 10, 25, 50, 100.
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8 Optimization for Inverse 
Problems 

Inverse problems involve inferring unknown parameters and/or inputs of a system from 

partial observations. Control theory and machine learning are both broad classes of inverse 

problem, and they are so important as to warrant Chapters 9 and 10 being devoted to them. 

There are many other examples of inverse problems in the modern world. Two of the most 

compelling and tangible examples are in medical imaging and computational cosmology. 

Noninvasive medical imaging technologies, such as computed tomography (CT) scans 

and magnetic resonance imaging (MRI) make it possible to see inside the human body 

without damaging tissue through invasive surgery. This is fundamentally an inverse 

problem, and has revolutionized healthcare. These technologies image the body, typically 

via measuring distortion of electromagnetic radiation passing through a line, or a ray, 

through the body. This data is then used to reconstruct a three-dimensional model, for 

example via the Radon transform. Medical imaging has saved millions of lives, enabling 

early detection of cancer, heart disease, and brain injuries. These tools allow doctors to 

diagnose conditions, plan surgeries with precision, and monitor treatment progress. 

Astronomy provides one of the oldest and most profound inverse problems: inferring our 

place in the Universe from imperfect and partial measurements, first from Earth with the 

naked eye, then with ground-based telescopes, and most recently with satellites and space 

probes. Much of our early mathematics and physics was discovered to improve the fit of 

models to observed data. For example, Kepler’s laws, and later Newton’s, were developed 

to fit partial data collected by Tycho Brahe. Later Einstein’s theory was validated on partial 

measurements of the transit of Mercury. These laws now provide the foundation of our 

understanding of the Universe. Recently, a black hole was imaged for the first time with the 

Event Horizon Telescope, combining data from radio telescopes around the Earth to act as 

one giant telescope. 

The topic of inverse problems could easily be an entire book, and so this chapter only 

provides a high-level overview of the field, with an emphasis on how to pose them as 

an optimization problem. Most inverse problems are fundamentally ill-posed, and so they 

involve regularization, often in the form of physics and priors. Thus, this chapter also 

benefits naturally from the Bayesian perspective in Chapter 7, as the two are closely related. 

However, inverse problems are much more general, and Bayesian inverse problems are a 

special class, so they are presented as separate but related topics here. 
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8.1 Mathematical Formulation 

Inverse problems seek to infer unknown parameters or inputs that best match observed data, 

which is typically represented by an equation or system where the solution minimizes the 

discrepancy between observed and modeled data. Thus the goal is to find x such that 

F(x) ≈ yobs. (8.1) 

We typically reframe inversion as an optimization problem: 

min 2 . 
x 

∥F(x) − yobs ∥ (8.2)

Here, F(x) is the forward model, and x are the unknown parameters. When the model F is 

linear, as in linear regression from Chapter 4 or linear optimal control in Chapter 9, then 

the optimization problem is convex, and we may use standard regression techniques. 

Often, the observations are partial and noisy, and thus don’t contain enough information 

to uniquely determine the unknown parameters, making the inverse problem ill-posed or 

ill-conditioned. Thus, we often add constraints or regularization penalties 𝑅(x) to ensure 

the solution is well-posed and physical: 

min ∥F(x) − yobs ∥
2 + 𝜆𝑅(x). 

x 
(8.3)

The regularization term 𝑅(x) may have physical meaning, as encoded by a Bayesian prior 

(e.g., ∥x∥1 for sparsity or ∥x∥
2
2 for smoothness). We have already examples of this in the 

case of least squares in Chapter 4, where we introduced the Tikhonov regularization to 

improve the conditioning of the matrix inversion. Thus, our ability to solve ill-posed and 

nonconvex optimization problems with regularized and relaxed formulations also improves 

inverse modeling. 

There are a number of challenges associated with inverse problems, including ill-

posedness, model uncertainty, and complexity of the forward model F. We will try to 

give a flavor for these issues, with examples, and give an idea of how they are handled in 

practice. Importantly, there is often a mismatch between the forward model F and reality. 

For example, when optimizing the performance of an aircraft, we may rely on simulations 

of the aerodynamics, which only approximately match the true physics. Ill-conditioned 

inverse problems will be highly sensitive to these model discrepancies, necessitating 

careful uncertainty quantification. Aerodynamic shape optimization is also an example 

where the model F is both high-dimensional and nonlinear, which typically leads to a 

highly challenging, nonconvex optimization problem. Typically for these problems we use 

adjoint methods to approximate gradients of output quantities of interest with respect to 

tunable inputs, and then use constrained gradient-based optimization to find locally optimal 

solutions. This approach requires a good initial guess, as the problem is nonconvex. 

These challenges are becoming tractable because of progress in machine learning and 

advanced optimization techniques. Machine learning provides improved forward models 

F, that are both fast to evaluate and have computable gradients, from an increasing wealth 

of data. It is also possible to incorporate partial physics into these data-driven models, 

improving their generalization, and acting to regularize the problem for noisy and partial 

measurements. 
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8.2 Classic Inverse Problems 

The line between optimization and inverse problems is especially blurred for many classic 

inverse problems. Here, we briefly cover several of these classical inverse problems and 

point out their connection to optimization. For example, Newton’s method is often employed 

specifically to find the roots of a function, which may be viewed as an inverse problem. If 

Newton’s method is used to find the roots of ∇ 𝑓 (x), then this is an optimization problem. 

Root Finding 
Finding the roots of a function 𝑓 (𝑥) = 0 is a deceptively challenging problem and it has a 

rich history in mathematics. In fact, all of complex analysis and much of modern algebra 

was borne out of the problem of solving for the roots of a polynomial 𝑓 (𝑥). 
Given a polynomial function 𝑓 (𝑥) = 𝑥𝑑 + 𝑐𝑑−1𝑥

𝑑−1 + · · · + 𝑐2𝑥
2 + 𝑐1𝑥 + 𝑐0 of order 𝑑, 

we have well known expressions for the roots when 𝑑 ≤ 4 (e.g., the quadratic formula for 

𝑑 = 2, Cardano’s formula for 𝑑 = 3, and solutions by Ferrari and Cardano for 𝑑 = 4) [94]. 

However, for 𝑑 ≥ 5 there is no general closed-form solution for the roots, making this one 

of the classic irreducibility results in mathematics1

1 The irrepresentability of these roots with radicals is closely related to Galois theory, which is a cornerstone of 

modern abstract algebra [157, 13, 474]. 

. 

Newton’s method was originally posed to solve for the roots of a function, through 

numerical iteration. If instead of the roots of 𝑓 (𝑥) we consider the roots of the derivative 

𝑑𝑓 /𝑑𝑥 = 0, or more generally ∇ 𝑓 (x) = 0, then we have the central problem of finding 

local minima, maxima, or saddle points in optimization. Newton’s method is typically not 

the best algorithm for finding roots of high-order polynomials, as it requires a good initial 

guess. For high-order polynomials 𝑓 (𝑥), it is common to construct a companion matrix C 

0 1 0 0· · · 
0 0 1 0· · · 
. . . . .

C = 

 

. . . . . 

 

, . . . . . 
0 0 0 1· · · 

−𝑐0 −𝑐1 −𝑐2 −𝑐𝑑−1· · · 

(8.4)

with characteristic polynomial det(C − 𝑥I) = 𝑓 (𝑥). We then solve for the eigenvalues of C, 

which are the roots of 𝑓 (𝑥) = 0, using numerically stable techniques from linear algebra. 

Numerical linear algebra techniques, such as QR factorization [199, 202, 500] are 

optimized for eigenvalue computations. They scale to high dimensions 𝑑, are numerically 

stable, and are included in linear algebra packages such as LAPACK [7] and NumPy [218]. 

Matrix Inversion 
Many physical systems may be represented as a linear system of equations, 

Ax = b, (8.5) 
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where the constraint matrix A and vector b are known, and the vector x is unknown. Given 

observations b and a model Ax = b, the inverse problem is to solve for the x that is 

consistent with this observation. Matrix inversion is one of the most central themes in both 

optimization and inverse problems. 

If A is a square, invertible matrix (i.e., A has non-zero determinant), then there is a 

unique solution x for every b. However, when A is either singular or rectangular, there may 

be one, none, or infinitely many solutions, depending on the specific b and the column 

and row spaces of A. Further, depending on the condition number of A the inversion may 

be ill-posed. We have already seen several examples of optimization solutions to matrix 

inversion problems in Chapter 4, including the least squares regression in Section 4.1 and 

the Tikhonov regularized least-squares solution in Section 4.4 for ill-conditioned problems. 

Numerical Differentiation 
Numerical differentiation and integration of noisy data may also be posed as optimization 

problems. Numerical differentiation is particularly challenging, as it typically amplifies 

noise. There are several optimization approaches to numerical differentiation that may be 

more or less suitable based on the assumptions about the noise and the underlying signal. 

Given a noisy signal y = [𝑦1, 𝑦2, . . . , 𝑦𝑛], where each 𝑦 𝑗 = 𝑦(𝑥 𝑗 )
𝑑𝑦 
𝑑𝑥 

, we seek to 

approximate the derivative at each of these points 𝑥1, 𝑥2, . . . , 𝑥𝑛. We will denote this 

derivative vector by d, so that . For simplicity, we will assume that the data are 

evenly spaced, so that 

𝑑𝑦
𝑑 𝑗 ≈ 

𝑑𝑥 (𝑥 𝑗 )
 

𝑥 𝑗+1 − 𝑥 𝑗 = Δ𝑥 for all 𝑗 . 

Numerical differentiation is often accomplished using the method of finite-differences, 

for example approximating 𝑑 𝑗 = 
2Δ

1 
𝑥 (𝑦 𝑗+1 − 𝑦 𝑗 −1) using a central difference for 1 < 𝑗 < 𝑛 

and 𝑑1 = Δ

1 
𝑥 (𝑦2 − 𝑦1) and 𝑑𝑛 = Δ

1 
𝑥 (𝑦𝑛 − 𝑦𝑛−1) using forward and backward differences at 

𝑗 = 1 and 𝑗 = 𝑛, respectively. This may be written in terms of a matrix operator D: 

−2 2 0 0 0 0 0· · · 
−1 0 1 0 0 0 0· · · 

1 0 −1 0 1 0 0 0· · · 
d = Dy = 

 

. . . . . . . . 

 

y.
2Δ𝑥 . . . . . . . . . . . . . . . . 

0 0 0 0 −1 0 1· · · 
0 0 0 0 0 −2 2· · · 

Because we divide by Δ𝑥, any noise or imperfection on the data y is amplified. 

Given the derivative d and 𝑦0, we may write the integration operator in matrix form as 

0 0 0 0 0 0· · · 
1 0 0 0 0 0· · · 
1 1 0 0 0 0 

y = Hd = 𝑦0 + Δ𝑥 

 

. . . 
· · · 
. . . . 

 

d. 
. . . . . . . . . . . . . . 
1 1 1 1 0 0· · · 
1 1 1 1 1 0· · · 

This is a matrix implementation of the simple trapezoidal integration rule. 
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To improve the robustness of numerical differentiation for noisy data, we pose it as an

optimization problem with regularization, for example with Tikhonov regularization:

d∗
= arg min

d

1
2
∥y − Hd∥2

2 + 𝜆∥d∥2
2. (8.6)

Here we attempt to find the vector of derivatives d that best integrates to the data y, while

also having small values.

Total variation (TV) regularization [100] is another popular approach for robust

numerical differentiation of noisy signals. It minimizes the trade-off between fidelity to

the observed data and smoothness of the derivative, reducing the amplification of noise

typically associated with differentiation. The TV-regularized derivative estimate solves:

d∗
= arg min

d

1
2
∥y − Hd∥2

2 + 𝜆∥d∥TV. (8.7)

The total variation norm is given by . The parameter 𝜆 > 0

controls the balance between the data fidelity term and the total variation regularization

term. Note that the TV norm is closely related to the forward difference derivative operator

DFD. This method is well-suited for handling piecewise-smooth signals and mitigating noise

amplification in derivative estimation.

A number of numerical differentiation schemes may be found in the open source

repository of Van Breugel et al. [511].

Smoothing and Filtering Noisy Data
Numerical differentiation may be viewed as a special case of smoothing or filtering noisy

data. These are closely related, as smoothing is often the first step in computing a numerical

derivative. There are several approaches to smoothing noisy data, and only a few methods

are discussed here.

It is common to smooth noisy data by fitting it locally to a smooth spline or other

polynomial fit. Depending on the amount of data, this may be accomplished in one of

several ways. For large amounts of data, it is possible to take a subset of the data for fitting,

where we use a least-squares regression to fit the coefficients of a polynomial model, and

the rest is used for cross-validation. This prevents overfitting, and makes it possible to

determine the correct order of the fit. If the underlying model is nonlinear in the fitting

coefficients, we may use nonlinear least-squares, as discussed in Chapter 4.

Savitzky–Golay smoothing [436] is a particularly useful technique, where we fit local

polynomials to the data. We may then compute the analytic derivative of these polynomial

fits to obtain a smoothed derivative. There are several hyperparameters, including the

polynomial order, the width of the local window, and the shape of the weighting function.

It is possible to formulate this in terms of a generalized linear regression, which is also

amenable to regularization with closed-form solution.

If there is a model of the underlying dynamical process generating the data, such as

a linear state-space ordinary differential equation, then it is possible to use a Kalman

filter [266, 473], which will be discussed more in Chapter 9.
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Figure 8.1 Computational imaging of the human body is an important inverse problem. Left: MRI of 

a human brain, image courtesy of Asnaebsa. Center: MRI of brain sagittal section, image courtesy of 

Chiswick Chap. Right: CT scan of normal abdomen and pelvis, image courtesy of Mikael Haggs¨ trom.¨

8.3 Inverse Problems in Medical Imaging 

One of the largest and richest classes of inverse problems involves reconstructing or 

improving image data from partial, noisy, or indirect measurements. The foundations of 

inverse problems in imaging sciences were laid well before the advent of computers and 

digital imaging. The field of inverse problems in imaging sciences has its roots in the 

19th century, with significant developments occurring in the mid-20th century, marking 

the beginning of the modern era. Early contributions stem from efforts in astronomy, 

geophysics, and medical imaging, as researchers sought to infer hidden or indirect quantities 

from observable data. World War II accelerated the development of imaging technologies, 

such as radar and sonar, as well as related computational tools. 

Two key areas that shaped the field were the mathematical work of Radon and early 

developments in Fourier optics. Despite their theoretical origins, both areas have become 

central to modern medical imaging techniques, such as X-ray computed tomography (CT) 

and magnetic resonance imaging (MRI); see Fig. 8.1 for examples of MRI and CT images. 

We will pin this discussion to problems in medical imaging, which presents some of 

the most impactful applications of image-based inversion. The goal is to reconstruct 

internal structures of the human body from indirect measurements, enabling non-invasive 

diagnostics. These medical applications have since driven tremendous progress in practical 

inversion methods. 

Computed Tomography (CT) (1960s–1970s). Godfrey Hounsfield and Allan Cor-

mack independently developed methods to reconstruct cross-sectional images from X-ray 

data. Their work culminated in the invention of the first CT scanner in 1972 [114, 239], 

which resulted in them receiving the 1979 Nobel Prize in Medicine for their contributions. 

CT technology relied on the Radon transform, which was developed as a mathematical 

algorithm half a century earlier. At the beginning of CT, it was a major challenge to 

invert the Radon transform in real time on computers of the era. Techniques such as 

filtered backprojection (FBP) were introduced to invert the Radon transform approximately. 

Iterative methods, such as algebraic reconstruction techniques (ART), were also developed 
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to handle noise and incomplete data. The Kaczmarz algorithm [260] from 1937 is an iterative 

method for solving linear systems of equations, and decades later it became central to 

tomographic reconstruction. This will be a common theme in this chapter, that mathematical 

progress often led technological progress by decades. 

Magnetic Resonance Imaging (MRI) (1970s). MRI enables the non-invasive recon-

struction of high-resolution images inside the human body by measuring radio-frequency 

signals emitted by hydrogen nuclei excited by a strong external magnetic field. Lauterbur 

and Mansfield pioneered the development of MRI, earning them the 2003 Nobel Prize in 

Medicine [301, 331]. 

MRI measurements are inherently in the frequency domain, providing Fourier 

coefficients. Thus, the Fourier transform, developed 150 years earlier, played a critical 

role in reconstructing images from frequency-domain MRI data. The main early challenges 

included sparse sampling in 𝑘-space and noise robustness. Recent advances have included 

reducing the measurement time through compressed sensing techniques. 

Challenges. The birth of the field was marked by a series of profound challenges, many 

of which remain relevant today: 

Ill-posedness: In 1902, Jacques Hadamard defined the three criteria for well-posed 

problems: one, that a solution exists; two, that the solution is unique; and three, 

that the solution depends continuously on the data. Inverse imaging problems often 

violate one or more of these conditions, necessitating regularization techniques. 

Data Sparsity: Early imaging systems collected incomplete or noisy data, making 

reconstruction mathematically challenging. 

Computational Complexity: The lack of computational tools in the early 20th century 

hindered the practical application of inverse methods. Algorithms like ART and 

FBP were computationally intensive before the advent of modern computers. 

Noise Sensitivity: Noise in the measurement data is often amplified in the reconstructed 

image. 

Nonlinearity: Many imaging problems, especially in MRI or ultrasound, are inherently 

nonlinear, resulting in expensive, nonconvex optimization problems with complex 

loss landscapes. 

Both CT and MRI have benefited tremendously from modern advances in computational 

imaging and machine learning. Deep learning, in particular, is making it possible to 

accelerate computation by replacing iterative optimization with fast neural network 

inference. Further, it is possible to learn priors so that models may be trained to encode 

anatomical priors or expected structures, improving robustness to noise and under-sampling. 

These techniques allow for reduced radiation doses in CT and shorter scan times in MRI, 

improving patient outcomes and accessibility. 

https://doi.org/10.1017/9781009755856.009


298 Optimization for Inverse Problems 

The Radon Transform and X-Ray Computed Tomography 
In 1917, Johann Radon introduced the integral transform that bears his name, providing 

a mathematical basis for reconstructing functions from their integrals along lines or 

planes [401]. The name of his paper translates to “On the determination of functions 

from their integral values along certain manifolds” and it addressed a purely mathematical 

question. Radon was not motivated by practical imaging applications as we understand 

them today, but rather by theoretical problems in integral geometry and harmonic analysis. 

However, this work laid the foundation for CT and other imaging modalities, which were 

developed many decades later. 

Radon’s problem was to determine whether a function 𝑓 (𝑥, 𝑦) could be uniquely 

reconstructed from its integrals along straight lines. In modern applications, the function 

𝑓 (𝑥, 𝑦) might indicate the density of a material, such as bone or tissue, that is being imaged 

with X-rays. The X-rays would pass through this material in straight lines, causing them 

to be attenuated by different amounts based on the integrated attenuation properties of the 

material along different paths. These line integrals of the attenuation field, measured via 

X-ray transmission, would then be measured on the other side of the object. 

A specific line may be specified by 𝑠, its perpendicular distance to the reference origin 

(0, 0), and 𝜃, the angle of inclination of the line with respect to the 𝑥-axis. The line will 

then be parameterized by a path length variable 𝑧, resulting in (𝑥(𝑧), 𝑦(𝑧)) = (𝑧 sin(𝜃) + 
𝑠 cos(𝜃), −𝑧 cos(𝜃) + 𝑠 sin(𝜃)). These integrals form the Radon transform: 

∫ ∫∞ ∞ 
R( 𝑓 ) (𝑠, 𝜃) = 𝑓 (𝑥(𝑧), 𝑦(𝑧)) 𝑑𝑧 = 𝑓 (𝑧 sin(𝜃) + 𝑠 cos(𝜃), −𝑧 cos(𝜃) + 𝑠 sin(𝜃)) 𝑑𝑧. 

−∞ −∞ 

Here R( 𝑓 ) is the Radon transform of 𝑓 , which represents the integral of 𝑓 (𝑥, 𝑦) along 

the line parameterized by (𝑠, 𝜃). This is shown in Fig. 8.2. Radon proved that a function 

𝑓 (𝑥, 𝑦) could be uniquely reconstructed from its line integrals under certain conditions. He 

also provided an explicit inversion formula, now fundamental to many imaging techniques. 

These transforms are closely related to the Fourier and inverse Fourier transforms. 

Radon anticipated the applied challenges of ill-posedness and inversion complexity. The 

problem is typically ill-posed, since small errors in the measured integrals can lead to large 

errors in the reconstructed function. Further, Radon’s explicit inversion formula, while 

theoretically exact, was not computationally feasible before modern computers. 

Inverse Radon Transform as an Optimization Problem 

There is an exact, analytic expression for the inverse Radon transform, going from 

R( 𝑓 ) (𝑠, 𝜃) to 𝑓 (𝑥, 𝑦). This is known as filtered backprojection (FBP). However, FBP 

is similar to numerical differentiation, making it ill-conditioned for noisy measurements or 

discontinuous functions 𝑓 (𝑥, 𝑦). Since X-rays damage tissue, it is important to keep radiation 

dosages low, resulting in inherently noisy measurements. Further, interfaces between bone, 

tissue, and organs are all approximately discontinuous. 

Thus, similar to numerical differentiation above, it is common to pose the inversion of 

the Radon transform as an optimization problem. Specifically, we seek the function 𝑓 (𝑥, 𝑦)
that minimizes the discrepancy between the observed Radon transform data Robs (𝑠, 𝜃) 
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𝜃 

𝑓 (𝑥, 𝑦) 

𝑠 

Figure 8.2 Coordinate system used to compute the Radon transform. The Radon transform is 

accomplished by integrating 𝑓 (𝑥, 𝑦) along lines parameterized by 𝑠 and 𝜃, the shortest distance of the 

line to the origin, and its inclination angle from the 𝑥-axis, respectively. 

and the forward Radon transform R( 𝑓 ) (𝑠, 𝜃) of the reconstructed function. In addition, 

regularization is added to improve the inversion. 

The specific algorithms are involved and are not particularly intuitive or enlightening, 

so we omit them here. However, the rough optimization problem is written as 

min 2
2 + 𝜆𝑅(x).

x 
∥Rx − y∥ (8.8)

Note that we have discretized the function 𝑓 (𝑥, 𝑦) and the Radon transform R( 𝑓 ) (𝑠, 𝜃) into 

the vectors x and y, respectively. The operator R represents the discretized forward Radon 

transform, and 𝑅(x) is the regularization term to address noise and ill-posedness. 

Common regularization techniques include Tikhonov, total variation, and sparsity. It is 

also possible to impose smoothness, either in a transformed domain, such as a Fourier 

or wavelet basis, or by penalizing the Laplacian |∇2 𝑓 (𝑥, 𝑦) |2. Finally, if prior knowledge 

about 𝑓 (𝑥, 𝑦) is available (e.g., physical constraints, anatomical priors), regularization terms 

can encode this. The choice of regularization depends on the nature of the problem (e.g., 

noise type, expected smoothness) and the desired features of the reconstruction (e.g., sharp 

edges, sparsity). Further considerations include computational efficiency and robustness. 

The regularization strength 𝜆 is typically selected via cross-validation or other standard 

criteria. 

Iterative methods, such as algebraic reconstruction techniques (ART), improve robust-

ness but are computationally expensive. Deep learning approaches now incorporate priors 

and learned features to enhance reconstruction quality while accelerating computation. 

Figure 8.3 shows the Radon transform and its inverse, applied to a simple image. The 

input image, referred to as a phantom, consists of a gray oval containing a circle, a square, 

and a triangle. Although the Radon transform yields gray-scale images corresponding to 
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Figure 8.3 Example of Radon transform applied to simple phantom image (left). The Radon 

transform (middle) is inverted to achieve the reconstructed image (right). The objects are colored 

red, green, and blue to help illustrate which objects map to which features in the transform. 

scalar intensities, here we color the circle red, the square green, and the triangle blue to 

make it easier to see the signature of these shapes in the transformed image. 

The Fourier Transform and Magnetic Resonance Imaging 
Fourier optics emerged in the 19th century as part of the broader development of 

wave theory, particularly the work of Joseph Fourier (1822) and Augustin-Jean Fresnel 

on diffraction. This field provides a framework for understanding the propagation and 

transformation of light as a wave, forming the basis for many imaging techniques. Inverse 

problems in optics are much more general than MRI, so we will briefly discuss here before 

focusing in on medical applications. 

The central insight in Fourier optics is that a lens can act as a Fourier transform operator. 

When light passes through an aperture, it produces a light intensity pattern, known as 

a diffraction pattern, which is essentially the Fourier transform of the aperture’s shape. 

Typically diffraction patterns are recorded after light interacts with an object or aperture. 

Before modern CCD cameras, light intensity patterns were captured using photographic 

plates or screens. The patterns recorded on a screen or photographic plate represent the 

Fourier transform magnitude of the object function. These patterns serve as the observable 

data for the inverse problem. The output is then the reconstructed object function 𝑓 (𝑥, 𝑦), 
which could represent the structure of an aperture or an object. 

The relationship between the object function 𝑓 and the Fourier intensity is given by 

2𝐼 (𝑘𝑥 , 𝑘 𝑦 ) = |F [ 𝑓 (𝑥, 𝑦)] | , 

where 𝐼 (𝑘 𝑥 , 𝑘𝑦 ) is the Fourier intensity pattern in the frequency domain, and F [ 𝑓 ] is the 

Fourier transform of the object function 𝑓 (𝑥, 𝑦). 
The key challenge in Fourier optics is to reconstruct the object function 𝑓 (𝑥, 𝑦) from 

its Fourier transform’s intensity pattern. However, the intensity pattern only provides 

the magnitude of the Fourier transform, not the phase, making the problem nonlinear. 

Techniques like holography, developed in the 1940s, provided ways to recover phase 

information by recording interference patterns. Phase retrieval is still a challenge today, 
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although most approaches involve computationally solving a nonlinear inverse problem . 

Diffraction patterns may also be noisy, requiring regularization or additional constraints 

for robust reconstruction. The Fourier transform has since become a foundation for many 

frequency-based imaging techniques, such as MRI. 

Magnetic Resonance Imaging 

MRI aims to reconstruct high-resolution images of internal structures by measuring radio 

frequency signals emitted by hydrogen nuclei in the body under a magnetic field. Unlike 

X-ray CT, MRI is non-ionizing, meaning it doesn’t damage tissue, and it relies on frequency-

domain measurements. 

The raw input data in MRI are Fourier coefficients of the spatial image, collected in 

𝑘-space, where 𝑘 is a spatial wavenumber. The measured signals are Fourier coefficients, 

because the radio-frequency emissions from spinning hydrogen nuclei in a magnetic field are 

detected as oscillating electromagnetic waves. The frequencies of these waves correspond 

to spatial variations in the magnetic field, and the inverse Fourier transform naturally 

maps these frequency-domain measurements in 𝑘-space to spatial-domain images. This 

connection arises from the physics of nuclear magnetic resonance (NMR) and the spatial 

encoding introduced by gradient fields. 

The forward model is given by the Fourier transform, which describes the relationship 

between the image x and the measured data y 

y = Fx + n, (8.9) 

where F is the discrete Fourier transform operator, and n is noise. 

The Fourier transform operator is unitary and, in general, inversion is fairly well-

conditioned. However, it still helps to regularize the reconstruction problem: 

min ∥Fx − y∥2
2 + 𝜆∥Fx∥1, 

x 
(8.10)

where ∥Fx∥1 enforces sparsity in the Fourier transform of the image. Nearly all natural 

images are sparse in some transform basis [77], which was the principle behind compressed 

sensing in Section 4.3; see Panel 8.1 for details on compressed sensing in MRI. Unlike the 

more general problem of inversion in Fourier optics above, MRI measurements typically 

involve complex amplitude measurements, so phase retrieval from intensities is not a 

problem here. 

Deep learning approaches, such as convolutional neural networks and generative 

adversarial networks, further enhance reconstruction speed and quality, leveraging learned 

priors and end-to-end optimization. Recall that the regularization terms 𝑅(x) typically come 

from a prior distribution on x, and most of the named regularization terms (e.g., Tikhonov, 

LASSO, etc.) come from named distributions (e.g., Gaussian, Laplace, etc.). Real-world 

data, like anatomical images from MRI, absolutely do follow probability distributions, 

but these distributions are complex and do not have names or simple parameters. Thus, 

learning these prior distributions from a wealth of training data, and using these priors 

for regularizing inverse problems, is a major advancement enabled by machine learning. 

These learned priors and regularizers can enable super-resolution imaging from fewer 

measurements. 
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8.4 Inverse Problems in Computational Imaging

There are several modern computational image inversion techniques that may be considered

as ill-posed inverse problem, where regularization is required. These techniques have rapidly

become machine learning problems, with deep learning being the method of choice. We

will discuss the fundamental inverse optimization problem here and provide some general

approaches; a more detailed discussion of machine learning will be provided in Chapter 10.

We will describe four basic tasks here: super-resolution, which reconstructs a high-

resolution image from a low-resolution image; inpainting or occlusion removal, which fills

in missing or damaged portions of an image; deblurring, which recovers a crisp image from

a blurred image; and change of perspective, where we reconstruct an image from another

camera angle. The first three types of images are shown schematically in Fig. 8.4.

Panel 8.1: Compressed Sensing for Faster MRI

The resolution of the image x is related to the resolution of 𝑘-space sampling in

y, and increasing the resolution of y increases the measurement time. Increased

measurement time requires a patient to be very still for longer, and for infants this

often involves anesthesia, which may have negative outcomes.

Therefore, modern MRI technologies seek to bypass measuring a full, high-

resolution sampling of 𝑘-space, and instead measure a subset of frequencies 𝑘 ,

given by the measurement vector Cy, where C ∈ R
𝑝×𝑛 is formed from 𝑝 ≪ 𝑛

rows of the identity matrix, indicating that only those 𝑝 indices of y are sampled.

In principle, this results in a severely underdetermined linear system to reconstruct

the high-resolution image x ∈ R
𝑛.

However, advances in compressed sensing [146, 92, 93] have made it possible

to solve this ill-posed inverse problem with high-probability, in some instances,

assuming that x is sufficiently sparse or compressible in an appropriate transform

domain (e.g., wavelets), while the measurements are taken in Fourier space. In this

case, it is possible to solve the following optimization problem

min
x

∥CFx − Cy∥2
2 + 𝜆∥Fx∥1.

We may solve this compressed sensing problem using the methods discussed in

Sections 5.1 and 6.5. Compressed sensing MRI [325] is now FDA-approved in

several commercial scanners, and has reduced MRI scan times by factors of 2–10

in practice, enabling faster, higher-resolution, and safer imaging.
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Figure 8.4 Examples of inverse problems related to image processing. From left to right: 

original high-resolution image; low-resolution image (goal: super resolution); occluded image (goal: 

inpainting and/or repair); blurred image (goal: de-blur). 

Super Resolution 

The goal of super resolution is to take one or more low-resolution images y and recover a 

high-resolution image x. Applications include satellite and biomedical imaging, consumer 

photography, and video surveillance. 

This task sounds like science fiction, as there are infinitely many high-resolution images 

that are consistent with a given low-resolution image. However, there is statistical structure 

in the space of natural images, and some high-resolution features are much more likely 

than others. For example, if I take off my glasses, faces appear more blurry, but I am still 

able to infer that eyebrows are comprised of individual hairs and that there is fine iris 

structure in an eye. This is because my neural network has learned these statistical features, 

and seamlessly fills in details. With advances in optimization and machine learning, it is 

becoming increasingly possible to automatically learn these statistical distributions and 

achieve impressively convincing super resolution. 

A common single-image super-resolution model first blurs the high-resolution image x 

with an optical point-spread function H, then down-samples by a factor 𝑠 via a decimation 

operator D, and finally adds sensor noise n: 

y = DHx + n. (8.11) 

The super-resolution inverse optimization problem may then be stated as 

min ∥DHx − y∥2
2 + 𝜆𝑅(x). 

x 
(8.12)

Similar to the deblurring problem, the blur filter might be assumed to be unknown, in 

which case it may need to be learned as well, resulting in a highly nonconvex blind 

super-resolution problem. There are also multi-frame versions that incorporate multiple 

low-resolution images to improve the super-resolution reconstruction. 

Modern deep learning approaches [145, 528, 305, 559] now dominate super resolution 

performance, although there are also impressive classical approaches [177, 99, 544]. Today, 

CNNs, GANS, and transformers are widely used for super resolution. These techniques are 

also being used beyond image sciences, for example to provide sub-grid-scale models for 

turbulent fluid flows [180, 181]. 
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Repair Damage and Fill Occlusions: Image Inpainting 

Image inpainting aims to reconstruct missing or damaged regions of an image. This 

includes applications such as restoring damaged artwork, filling in corrupted image files, 

and removing objects from photographs. 

Consider an observed image y with missing or damaged pixels specified by a binary 

mask M; the entries 1 correspond to good pixels, and the entries 0 correspond to bad pixels. 

The goal is to reconstruct the entire image x, filling in the values of the missing pixels. 

The forward model is simply that the observed pixels match the reconstructed image: 

M ⊙ x = M ⊙ y, (8.13) 

where the symbol ⊙ is the Hadamard product, which is the element-wise multiplication of 

two matrices or vectors of the same dimensions2

2 If A and B are matrices of the same size, then their Hadamard product is defined as (A ⊙ B)𝑖 𝑗 = A𝑖 𝑗 B𝑖 𝑗 · .

. 

This inversion problem may be posed as an optimization problem, where we solve for 

the unknown pixels in x by minimizing: 

min 2
2 + 𝜆𝑅(x), 

x 
∥M ⊙ (x − y)∥ (8.14)

where 𝑅(x) enforces priors such as smoothness (e.g., total variation), sparsity, or learned 

image priors from machine learning. This problem is under-determined, as the missing 

pixels have no direct observation. Thus it is important to encode meaningful priors via 

regularization to recover plausible solutions. 

Total variation regularization has been widely used [98], and modern deep-learning 

techniques such as U-Nets [426] and GAN-based approaches achieve impressive results 

in complex inpainting tasks. Robust principal components (RPCA) from Section 6.5 is 

a useful algorithm in the case that images are cropped and aligned; i.e., the case where 

traditional SVD- or PCA-based image analysis is useful. 

Deblurring 

Another canonical imaging problem is to recover sharp images degraded by motion blur, 

out-of-focus optics, or atmospheric turbulence. The measurement data is a blurry image y 

and optionally a known blur kernel H. The goal is to solve for the unknown sharp image x, 

and in some cases, the blur kernel H if it is unknown. 

The forward model convolves a sharp image with the blur kernel and adds noise n 

y = Hx + n. (8.15) 

Deblurring may also be posed as an optimization problem. Given y and H, we solve: 

min ∥Hx − y∥2
2 + 𝜆𝑅(x), 

x 
(8.16)

where 𝑅(x) may enforce sparsity or smoothness. Again, the problem is ill-posed because 

there are infinitely many sharp images that give the same blurry image. 

When the blur kernel H is unknown, the optimization becomes nonconvex 

min 2 

x,H 
∥Hx − y∥2 + 𝜆𝑅(x), (8.17)
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(a) (b) (c) 

(d) (e) (f) 

Figure 8.5 Deblurring applied to image of Mordecai the Snow Dog. (a) Original image, (b) blurred 

image, (c) least-squares reconstruction, (d) total variation regularized, (e) total variation regularized 

in Haar basis (f) FISTA regularization. 

There is also the issue of computational cost, as iterative deconvolution methods can be 

expensive for large images. Blind deconvolution methods are widely used in photography, 

astronomy, and medical imaging. Here blind refers to the case when the the blurring kernel 

is unknown and must be estimated along with the sharp image. 

Figure 8.5 shows the results of several deblurring algorithms on a blurred image of 

Mordecai the snow dog. 

Change of Perspective and Inferring Three-Dimensional Shape 

Recently, there has been incredible progress in our ability to infer a three-dimensional 

representation of a scene from multiple two-dimensional images, enabling fast and flexible 

change of perspective. The neural radiance field (NeRF) [349] method, based on deep 

learning, is particularly impressive. 

Here the goal is to estimate the three-dimensional geometry of a scene from two-

dimensional images captured from multiple viewpoints. The input data consists of multiple 

two-dimensional images y 𝑗 . If the camera poses P 𝑗 are known, then reconstructing the 

three-dimensional representation is much simpler. However, in practice, the camera poses 

are also unknowns and must also be learned. A schematic of the NeRF approach is shown 

in Fig. 8.6. 

Modern approaches leverage a feedforward neural network N(𝑥, 𝑦, 𝑧) to predict the 

volume density and emitted radiance of (𝑥, 𝑦, 𝑧) locations in a scene. From this, an image is 
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Input Images Optimize NeRF Render new views

Figure 8.6 Neural Radiance Fields (NeRFs) reconstruct three-dimensional scene representations

for rendering images from novel perspectives. Figure reproduced from Mildenhall et al. [349].

generated using classical volume rendering techniques, such as those used in video games.

Both the neural network and the volume rendering are automatically differentiable (see

Section 10.1), so it is possible to update the neural network weights to minimize the error

between the predicted and actual images using gradient descent. As this is performed over

multiple viewpoints, the neural network learns a coherent model of the scene.

We may formalize this as follows. Let the neural network be given by the function

N𝜽 (𝑥, 𝑦, �) and the renderer by the function R, so that R(N𝜽 ,P 𝑗 ) returns the predicted

two-dimensional image from perspective P 𝑗 . The optimization problem then becomes

min ‖R(N𝜽 ,P 𝑗 ) − y 2
𝑗 ‖ .2

𝜽

(8.18)

Again, it is possible to optimize the neural network parameters 𝜽 to minimize this loss

through backpropagation. This optimization is nonlinear and high-dimensional, and solving

for three-dimensional geometry from large datasets is computationally expensive. Further,

a new NeRF must be trained for each new scene. In the original NeRF formulation the

camera poses P 𝑗 are assumed known (e.g., from structure-from-motion). Recent extensions

have explored jointly optimizing over P 𝑗 when poses are unknown [104, 275, 487].

8.5 Image-Based Inversion with Physics

Image-based inversion with physics incorporates physical models and principles into

the reconstruction process, leveraging domain-specific knowledge to overcome data

limitations and noise. These problems involve inferring hidden properties or structures

based on observable data that interact with the underlying physics of the system, such

as electromagnetic waves, acoustic waves, or X-rays. This approach is fundamental in

scientific applications where the physics of the imaging system is well understood, allowing

for more accurate and interpretable reconstructions. Key examples include estimating the

energy yield of explosions using blast wave models, reconstructing black hole images

informed by relativistic effects, and determining molecular structures from X-ray diffraction

patterns. These problems are characterized by their reliance on forward models rooted in

physics, computational challenges in solving associated inverse problems, and the need for

regularization or physical constraints to ensure meaningful results.
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Figure 8.7 The 1945 TRINITY nuclear explosion. Rapatronic pictures taken at four times after

detonation. Data of radius over time was used by G.I. Taylor to solve the inverse problem and

accurately determine the bomb’s yield. Trinity Site, Alamogordo Test Range, Jornada del Muerto

desert. Courtesy of US Govt. Defense Threat Reduction Agency.

Yield of a Bomb from Satellite Images
The energy yield of an explosion can be estimated from satellite imagery capturing

the expanding blast radius over time, a problem with significant military and scientific

implications. Accurate yield estimation is critical for monitoring compliance with the

comprehensive nuclear-test-ban treaty (CTBT) and understanding high-energy phenomena

in controlled experiments and astrophysical contexts.

This problem dates back to the mid-20th century, when G.I. Taylor estimated the energy

yield of the first nuclear tests conducted during the Manhattan Project. He was able to

use a time series of images of the blast, published in a popular magazine, to back out the

yield using dimensional scaling arguments. His seminal papers [490, 491] introduced the

now-famous Sedov–Taylor blast wave model that connect explosion energy to the radius of

the blast. See Fig. 8.7 for a sequence of images from the Trinity test.

The input data for this problem consists of time-series measurements of the blast radius,

{𝑅(𝑡)}, derived from high-resolution satellite images taken at discrete time intervals. The

unknown parameter is the explosion’s energy yield, 𝐸 . The forward model is based on the

Sedov–Taylor blast wave theory, which relates the radius of the blast to its energy via:

(8.19)

where 𝛼 is a scaling constant, 𝜌 is the ambient air density, and 𝑡 is the time since detonation.

For air, the constant 𝛼 can be shown to be quite close to 1, and may be neglected. Using

this model, the inversion problem is posed as an optimization problem:

(8.20)

This problem presents several challenges. The fifth-root dependence on 𝐸 makes the

optimization nonlinear and sensitive to noise in the observed data, often collected under less-

than-ideal conditions. Additionally, the Sedov–Taylor model assumes isotropic explosions

and requires accurate ambient density, 𝜌, which may not be available. Despite these

challenges, this approach has been applied to estimate the yields of historical nuclear

tests, such as the Trinity test, and remains relevant for modern satellite-based explosion

monitoring systems. The same principles extend to astrophysical applications, including

the analysis of supernova explosions; see Panel 8.2 for a discussion.
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Panel 8.2: De Stella Nova: Estimating the Energy of Supernovae

The Sedov–Taylor blast wave equation (8.19) is also used to estimate the explosion

energy of supernovae. After the core collapse and explosion of a particularly massive

star, it may become a supernova. The expansion of the supernova through the

interstellar medium (ISM) occurs in three distinct phases: 1) a free expansion phase

(a few hundred years) is dominated by the mass of the supernova; 2) the Sedov–

Taylor adiabatic expansion phase (up to tens of thousands of years), where the

swept-up ISM dominates and energy is conserved, and 3) a radiative phase (up

to tens of millions of years), where cooling becomes efficient and momentum is

approximately conserved. In this second adiabatic phase, the ST equation may be

used to estimate the energy of the supernova.

As the supernova remnant expands, a bright ring appears, corresponding to the

dense shell of shocked ISM just behind the blast wave. During the second adiabatic

expansion phase, this radius is well characterized by the ST equation for 𝑅(𝑡).

We know the density 𝜌 of the interstellar medium, which is about one atom per

cubic centimeter, and the dimensionless constant 𝛼 ≈ 1.15 is obtained from the

self-similar solution for a strong shock in a uniform medium, depending only on

the adiabatic index.

Many supernova have been observed in modern times, where we know exactly

when the explosion occurred and can estimate 𝑅(𝑡) quite accurately. For example,

my favorite Danish astronomer Tycho Brahe became internationally famous for

discovering and documenting a supernova (de stella nova, known as B Cassiopeiae)

in November of 1572. This supernova, SN 1572, is still in its Sedov–Taylor phase.

Therefore, we can accurately estimate its explosion energy from its present radius,

expansion velocity, and known age using the ST equation. The image of the

supernova shows a distinct purple haze in X-ray.

The star Betelgeuse, in Orion’s right shoulder, is a red supergiant nearing the end

of its life. In the near astronomically speaking, future, it will go supernova, briefly

shining brighter than a full moon in the night sky. I think about this every time I

look up at the stars on a winter night.

Figure 8.8: Tycho’s supernova, SN 1572a.

a Credit: NASA/CXC/Rutgers/J.Warren & J.Hughes et al., from http://chandra.harvard.

edu/photo/2005/tycho/).
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Figure 8.9 Computational images of the Messier 87 black hole, based on data collected from the

Event Horizon Telescope. The image on the right is imaged using polarized light. Images courtesy of

EHT Collaboration.

Mass of a Black Hole from Satellite Images
In 2019, the Event Horizon Telescope (EHT) collaboration achieved a groundbreaking

milestone by producing the first image of a black hole, M87* [493]. This achievement

confirmed key predictions of general relativity under extreme conditions and provided new

insights into the dynamics of black holes and their accretion disks. The core problem

involved reconstructing the brightness distribution surrounding a black hole and inferring

its mass from sparse radio telescope measurements. Figure 8.9 shows the computationally

reconstructed images of the M87 supermassive black hole.

The input data are sparse Fourier measurements of electromagnetic emissions from

the black hole, obtained via very long baseline interferometry (VLBI), which combines

signals from a global array of radio telescopes. The unknowns include the brightness

distribution I(𝑀, 𝜃), and the black hole’s mass, 𝑀 , spin, and orientation 𝜃. General

relativistic constraints relate the mass 𝑀 to the brightness distribution, such as the size

and shape of the black hole’s shadow. It is possible to construct an image x from the

brightness distribution I(𝑀, 𝜃) through general relativistic ray tracing. The forward model

connects the brightness distribution to the observed data via the Fourier transform F:

y = CFIGR (𝑀, 𝜃). (8.21)

The matrix C is a sparse sampling operator, as only a few Fourier frequencies are measured.

The problem is framed as a joint optimization to reconstruct estimate 𝑀 and 𝜃, from which

we can derive I(𝑀, 𝜃) and reconstruct x:

min
𝑀,𝜃

∥CFIGR (𝑀, 𝜃) − y∥2
2. (8.22)

This is known as the model-based fit, where we first derive the parameters of a model.

An alternative is to directly learn the image x, which is regularized to be consistent with

general relativistic considerations based on the mass 𝑀 and other factors:

min ∥CFx − y∥2
2 + 𝜆𝑅(x) + 𝜇𝑅GR (x, 𝑀).

x
(8.23)

The terms 𝑅(x) include generic image regularizers (e.g., TV, sparsity, etc.), while

𝑅GR (x, 𝑀) include general relativistic priors.

In practice, a combination of both approaches was used to image the black hole M87*

and later Sagittarius A*, the Milky Way’s central black hole.
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Figure 8.10 X-ray crystallography image of DNA, first taken by Franklin and Gosling [176] 

(reproduced with permission of Springer Nature). This image was used by Watson and Crick without 

Franklin’s permission. They went on to win the Nobel Prize for Physiology or Medicine in 1962; 

Franklin died of cancer before the prize was awarded. 

X-ray Crystallography 
X-ray crystallography is one of the most impactful tools in structural biology and chemistry, 

enabling the discovery of molecular structures such as DNA, proteins, and complex drugs. 

This method has revolutionized our understanding of biomolecular mechanisms, from 

enzyme function to drug design. The origins of X-ray crystallography date back to the early 

20th century, with pioneering contributions by von Laue and colleagues [178], who first 

demonstrated X-ray diffraction by crystals, and later by Bragg [67], who developed Bragg’s 

law to relate diffraction patterns to crystal structures. These efforts laid the groundwork for 

the Nobel prize discovery of DNA’s double-helix structure by Watson and Crick, based on 

diffraction data by Rosalind Franklin and Maurice Wilkins [532]. 

The input data are diffraction intensities, 𝐼 (k), corresponding to the squared magnitudes 

of the Fourier transform of the electron density 𝜌(r): 

𝐼 (k) = |F [𝜌(r)] |2 . (8.24) 

The goal is to reconstruct 𝜌(r) by solving the phase retrieval problem, which arises because 

only the magnitudes of the Fourier coefficients are measured, not their phases: 

min 2 − 𝐼 (k)∥2
2 . 

𝜌 
∥ |F [𝜌] | (8.25)

We denote the Fourier coefficients as 𝜌̂(k) = F [𝜌(r)]. This problem is challenging due to 

the phase ambiguity, making it nonlinear and underdetermined. Regularization techniques 

or prior knowledge, such as sparsity or physical constraints, are often required to make 

the problem well-posed. There are several ways that physics enters the optimization. First, 

knowing the chemical composition helps, as each atom contributes a known scattering 

pattern. Further, electron density is strictly non-negative, so 𝜌 ≥ 0. Crystal symmetries 

imply that many Fourier coefficients are related by group operations, so we can reduce the 

effective search space for phases by enforcing 𝜌̂(𝑔k) = 𝜌̂(k) for 𝑔 ∈ 𝐺 where 𝐺 is the 

symmetry group of the crystal. 
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8.6 PDE-Constrained Inversion 

Inverse problems constrained by partial differential equations (PDEs) lie at the intersection 

of physics, mathematics, and computational science. These problems involve inferring 

unknown parameters or properties of a system by fitting observations to models 

governed by PDEs. Applications span a wide range of scientific and engineering fields, 

including geophysics, fluid dynamics, and biomedical engineering. The key challenge 

is that solving such problems requires the repeated evaluation of computationally 

expensive PDE models, often leading to ill-posed and high-dimensional optimization 

tasks. Regularization techniques and advanced computational methods, such as adjoint-

based gradient computation, play a crucial role in making these problems tractable. This 

section highlights two canonical examples: seismic inversion, where subsurface geophysical 

properties are inferred from seismic wave propagation and surface measurements, and the 

classic “Can you hear the shape of a drum?” problem, which explores the relationship 

between geometric shapes and their spectral signatures. 

More generally, PDE-constrained design optimization can be seen as a related problem. 

For example, optimizing the shape of a wing to maximize lift and minimize drag is a complex 

design optimization, where we essentially have an expensive PDE-based forward model 

from wing shape to aerodynamic properties, but not the inverse model. The closely related 

field of topology optimization is useful in designing shapes for structural properties [39, 

41, 40]. 

Seismic Inversion 
Seismic inversion seeks to infer the Earth’s subsurface properties, such as density and 

seismic velocity, from surface-based seismic wave measurements. This problem is central to 

geophysics, with applications in oil and gas exploration, earthquake monitoring, and carbon 

sequestration. By analyzing how seismic waves propagate through different subsurface 

materials, we can reconstruct detailed velocity models, revealing geological structures and 

potential resource reservoirs. 

The input data consists of time-series of seismic wave amplitudes recorded at multiple 

receiver locations, typically from controlled sources, like explosions, or sources that may be 

triangulated, like earthquakes or eruptions. The unknown parameter is the spatially varying 

velocity model 𝑐(x), which governs how seismic waves propagate. The forward model for 

this problem is based on the acoustic wave equation: 

𝜕2𝑢 
𝜕𝑡2 

= 𝑐2∇2𝑢, (8.26) 

where 𝑢 = 𝑢(x, 𝑡) is the wavefield, 𝑐 = 𝑐(x) is the velocity, and the boundary conditions 

represent the Earth’s surface and subsurface interfaces. 

In seismic inversion, we aim to match observed data y with synthetic data generated by 

solving the forward model for a given 𝑐(x). This is posed as an optimization problem: 

min 2
2, 𝑐 

∥F(𝑐) − y∥ (8.27)
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where F(𝑐) is a forward solver for the wave equation, typically implemented numerically 

using finite-difference, finite-element, or spectral methods. 

A powerful tool in this setting is the adjoint state method [51, 488], which relies on a 

Lagrangian construction, as in Chapter 6. By introducing Lagrange multipliers (i.e., adjoint 

variables) to enforce the wave equation as a constraint, one can efficiently compute gradients 

of the objective function with respect to millions of model parameters, such as the wave 

speed 𝑐(x). This comes at the cost of two PDE solves, one forward and one adjoint, per 

iteration. This approach underlies modern large-scale seismic inversion methods. 

Seismic inversion is high-dimensional, nonconvex, and ill-posed, making it extremely 

challenging. The nature of the acoustic equation makes it so that small errors in the recorded 

data can lead to significant errors in the estimated velocity model. Regularization methods, 

such as Tikhonov regularization or total variation, are often employed to stabilize the 

inversion. Further, the velocity model 𝑐(x) is a three-dimensional field, and higher desired 

resolution leads to an extremely large optimization problem with millions or billions of 

parameters corresponding to the estimated velocity 𝑐 at each grid point. Finally, the wave 

equation’s nonlinear relationship with 𝑐 results in multiple local minima, complicating 

gradient-based optimization. Techniques like full waveform inversion (FWI) [519] aim to 

mitigate these challenges by using more accurate physics and multi-scale approaches. 

Traditional seismic inversion relies heavily on solving computationally expensive PDEs, 

such as the wave equation, which can be prohibitively time-consuming for large-scale, 

high-resolution models. Machine learning mitigates these challenges by learning surrogate 

models, which approximate the forward solver or map seismic data directly to subsurface 

properties. These surrogates, trained on synthetic or real datasets, dramatically reduce 

computational costs while maintaining accuracy [547]. Further, automatic differentiation 

of these surrogates allow them to be flexibly tuned to data or be used to enable faster 

gradient-based optimization. 

Hybrid approaches that integrate machine learning with physics-based solvers have 

become particularly promising. Physics-informed neural networks (PINNs)[403] incorpo-

rate physical laws, such as the wave equation, as extra terms in the objective function 

during training; we will discuss PINNs more in Chapter 10. This ensures that learned 

models respect the underlying physics, even when trained on limited data. For example, 

PINNs have been used to solve seismic inversion problems by embedding the wave equation 

into the loss function, reducing the reliance on labeled training data [555]. 

Another popular hybrid approach involves combining full waveform inversion (FWI) 

with neural networks. In these frameworks, machine learning models act as regularizers or 

preconditioners for traditional optimization methods, improving convergence and reducing 

sensitivity to local minima [556]. In addition, HPC advancements, such as GPU-accelerated 

solvers and parallel processing, enable large-scale simulations and optimization in realistic 

3D environments, which were previously infeasible [519]. 

Although full wave inversion for the velocity 𝑐(x) is already a major challenge, it is 

also possible to pose an optimization to solve for the velocity 𝑐(x) as well as the density 
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field 𝜌(x). This involves using the full elastic wave equation

𝜌(x)
𝜕2u

𝜕𝑡2
= ∇ · [C(x) : ∇u] (8.28)

as the forward model. However, this is often more involved than it is practical. Further,

the velocity field often correlates empirically with relevant lithology, porosity, and fluid

saturation. Sharp velocity drops often flag gas pockets, and high velocities can indicate

carbonates or cemented sands. In such cases, rock physics models can help to improve

models, adding physical regularization.

Can You Hear the Shape of a Drum?
The question ”Can you hear the shape of a drum?” was famously posed by Mark Kac in

1966 [259]. It refers to the mathematical problem of determining the shape of a domain

from its vibrational frequencies, or eigenvalues of the Laplacian. This problem, rooted in

mathematical physics, has implications for quantum mechanics, shape analysis, and modern

machine learning.

The membrane of our drum is give by a bounded domain Ω, which determines the

geometry of the problem. The wave equation on this domain is

𝑢𝑡𝑡 = 𝑐2∇2𝑢 𝑢𝜕Ω = 0. (8.29)

The solution is separable in time and space, so 𝑢
𝜔 𝑗

𝑓 𝑗 = 2𝜋

is the audible frequency associated with the 𝑗-th spatial mode 𝜙 𝑗 . The spatial mode satisfies

the Helmholtz equation

∇2𝜙 𝑗 +
𝜔2

𝑗

𝑐2
𝜙 𝑗 = 0 =⇒ ∇2𝜙 𝑗 + 𝜆 𝑗𝜙 𝑗 = 0 (8.30)

with spatial eigenfrequencies
2𝜔

𝜆 𝑗 =
𝑗

2𝑐
and Dirichlet boundary conditions 𝜙 𝑗 (x) |𝜕Ω = 0.

Thus, the spatial eigenfrequencies 𝜆 𝑗 of the Laplace operator on the bounded domain Ω

with Dirichlet boundary conditions are directly related to the acoustic frequencies 𝑓 𝑗 =
𝜔 𝑗

2𝜋
.

The input data for the optimization problem are the measured eigenfrequencies 𝜆 𝑗 , which

are computed directly from the acoustic frequencies 𝑓 𝑗 . We then solve for the unknown

shape of the domain, Ω. The forward model is the Helmholtz equation (8.30) from above.

The inverse problem is to match the observed eigenvalues 𝜆 𝑗 from the model eigenvalues

𝜆̂ 𝑗 (Ω) given a particular shape Ω.

min
Ω

∑︁

𝑗

|𝜆 𝑗 − 𝜆̂ 𝑗 (Ω) |
2. (8.31)

This problem is inherently non-unique. In 1992, Gordon, Webb, and Wolpert [205]

showed that distinct domains can have identical eigenvalues. These isospectral domains

therefore also have identical acoustic signatures. Their geometries are shown in Fig. 8.11

along with the eigenmodes of the Helmholtz equation. This introduces inherent ambiguity

into the problem. However, adding physical priors or reducing the search space may help

make the problem unique. It is also ill-posed, in the sense that small perturbations in the
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Figure 8.11 Eigenmodes of the Helmholtz equation (8.30) for two different geometries. Although 

the geometries are not related by simple symmetry transformations (e.g., rotations, reflections, etc.), 

the eigenvalue spectrum, 𝜆 𝑗 , of the Helmholtz equation is identical for these two geometries. This 

means that they are isospectral and cannot be distinguished just by their sound. This example was 

discovered by Gordon, Webb, and Wolpert [205]. 

eigenvalues can correspond to vastly different geometries. Regularization techniques, such 

as penalizing high-frequency oscillations, are essential. Finally, representing and optimizing 

over domain shapes is computationally intensive, often requiring parameterization 

techniques like level sets or Fourier descriptors. 

Despite these challenges, the problem of determining the shape of a domain from 

its spectral properties remains highly relevant, both mathematically and in practical 

applications. Advances in computational geometry, numerical optimization, and high-

performance computing have all driven progress in this field. One notable area is spectral 

graph theory, where the eigenvalues of the graph Laplacian encode structural information 

about a graph, such as connectivity, community structure, and robustness. These spectral 

properties are used to solve problems in network analysis, such as detecting communities, 

ranking nodes, and designing efficient network flows [106, 471]. 

In machine learning, spectral embeddings derived from Laplacian eigenvalues are 

foundational for dimensionality reduction and clustering algorithms, such as spectral 

clustering [368]. These methods leverage the intuition that the eigenvectors corresponding 

to the smallest nonzero eigenvalues of the graph Laplacian capture meaningful geometric 

relationships in high-dimensional data. The mathematical framework provided by Kac’s 

question has inspired new techniques for analyzing and manipulating complex shapes, 

including shape matching, deformation, and optimization in computer graphics [71]. 

The interplay between domain shape and spectral properties have far reaching 

implications for engineering optimization and inverse problems. For example, modern 

shape optimization techniques incorporate spectral properties to design objects with specific 

vibration characteristics, such as minimizing noise in mechanical structures or maximizing 

efficiency in acoustic devices. 
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8.7 System Identification 

Another common inverse problem is to determine a dynamical system underlying an 

observed time series data set. These learned dynamical systems may be used for forecasting 

(e.g., predicting the future), estimation, and control. There is a rich history in system 

identification, going back over half a century, and so here we will only present a high-level 

sketch of the field, with a focus on recent trends. For more detail, there are several more 

complete references [77, 76, 444]. 

Although the earliest techniques in system identification were not posed explicitly as 

optimization problems, it was quickly realized that optimization was essential to the 

underlying algorithms. There are several key dichotomies in system identification that 

determine which optimization technique to use: 

• Linear versus nonlinear dynamics: linear system identification is considerably simpler

and more structured, often leading to numerically robust, convex optimization problems

based on least-squares regression.

• Partial versus full measurements: system identification based on partial measurements

makes the inverse problem inherently less well posed than when full-state measurements

are available.

• Controlled versus autonomous systems: when a system is being actively controlled, there

is ambiguity about what are internal state dynamics versus the affect of actuation, unless

the actuation signal is known.

• High-dimensional versus low-dimensional systems and/or data: the dimension of the

system identification problem often determines how expensive and ill-conditioned the

inverse problem is.

The field of linear system identification is much more mature [253, 444, 76], with

decades of progress, and so we will begin with the linear identification problem. However, 

nonlinear system identification is experiencing rapid progress [61, 447, 81, 116], especially 

because of improved optimization algorithms and function approximation techniques from 

machine learning. Here we will primarily discuss the simplified case of learning linear and 

nonlinear dynamical systems with full measurements and without control inputs, although 

extensions to controlled and partially measured systems will be mentioned. See Fig. 8.12 

for a schematic of linear and nonlinear system identification. 

Linear System Identification 
A linear dynamical system, with control inputs and output measurements, is given by 

d 

𝑡 
x = Ax + Bu 

d
(8.32a) 

y = Cx + Du, (8.32b) 

where x ∈ R𝑛 is the state of the system, u ∈ R𝑞 is the external input (e.g., a control input), 

and y ∈ R𝑝 is the measurement of the system. In these equations, all variables depend on 
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X= 𝚯 𝚵=

Figure 8.12 Linear system identification via DMD (left) and SINDy (right). In each case, the

derivative estimates are shown in blue, the data in yellow and the unknown model parameters in red.

The DMD regression is typically used for high dimensional data x ∈ R
𝑛, with less snapshots 𝑚 ≪ 𝑛,

so that the matrix X is tall and skinny and the matrix inversion to solve for A is ill-conditioned unless

we add a low-rank condition. The SINDy regression is used in the opposite regime, for relatively

low-dimensional x ∈ R
𝑛 with more snapshots 𝑚 ≫ 𝑛. In this case, we assume a sparsity prior on 𝚵.

Both problems essentially amount to a linear regression Ax = b as in Chapter 4 with regularization

or constraints.

time, so x = x(𝑡), etc., although we typically drop the explicit dependence on time, as this

is clear from the fact that we are learning a differential equation.

Linear system identification is an inverse problem of identifying the system matrices

{A,B,C,D} from input–output data {u(𝑡), y(𝑡)}. More commonly, we will have data

sampled discretely in time, {u𝑘 , y𝑘}, where u𝑘 = u(𝑘Δ𝑡) and y𝑘 = y(𝑘Δ𝑡). We may

then learn the continuous-time dynamics in Eq. (8.32), or a discrete-time dynamical system

that advances the state and measurements forward by one Δ𝑡 every iteration.

Typically, it is more challenging to learn the dynamical system from partial observations

y, as opposed to full-state measurements x. However, learning linear systems from partial

measurements of the inputs and outputs, {y, u}, has largely been a solved problem since the

1980s [231, 356, 253, 254]. The well-posedness of this inverse problem relates to whether

or not the matrix pairs (A,B) and (A,C) are controllable and observable, respectively [77],

and more specifically to the condition number of the controllability and observability

Gramians.

If there is no control input and there are full state measurements, so that y = x, then we

have a simpler inverse problem of learning the operator A in

d

d𝑡
x = Ax. (8.33)

The dynamic mode decomposition (DMD) is a modern approach to full-state system

identification of such systems, when the state x is high-dimensional [443, 428, 483, 444],

as is the case for fluid flows, neuroscience, epidemiology, and many other spatio-temporal

systems. DMD is deeply connected to Koopman operator theory [428, 76], where it is often

possible to lift a nonlinear system into higher dimensions where the dynamics become

linear.

All modern DMD algorithms are formed as optimization problems. The idea is to use

data matrices and linear least-squares regression to find an approximate A that minimizes

the error of the fit in some matrix norm.
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As DMD is inherently data-driven, the first step is to collect a number of pairs of 

snapshots of the state of a system as it evolves in time. These snapshot pairs may be denoted 

𝑘=1
{(x(𝑡𝑘 ), x(𝑡′ 𝑘 ))}

𝑚 , where 𝑡′ = 𝑡𝑘 + Δ𝑡
𝑘 , and the time-step Δ𝑡 is sufficiently small to by 

resolve the highest frequencies in the dynamics. As before, a snapshot may be the state of a 

system, such as a three-dimensional fluid velocity field sampled at a number of discretized 

locations, which is reshaped into a high-dimensional column vector. These snapshots are 

then arranged into two data matrices, X and X′: 

| | | | | |

X = 
 
x(𝑡1) x(𝑡2) 

 
, X′ 

= 
 
x(𝑡′ x(𝑡′ 𝑚) 

 
.· · · x(𝑡𝑚) 1

) 
2
) · · · x(𝑡′ 

| | | | | | 

The original formulations of Schmid [443] and Rowley et al. [428] assumed uniform 

sampling in time, so that 𝑡𝑘 = 𝑘Δ𝑡 and 𝑡′ = 𝑡𝑘 + Δ𝑡 = 𝑡𝑘+1𝑘 . If we assume uniform sampling 

in time, we will adopt the notation x𝑘 = x(𝑘Δ𝑡). 
The DMD algorithm seeks the leading spectral decomposition (i.e., eigenvalues and 

eigenvectors) of the best-fit linear operator A that relates the snapshots in time: 

X′ ≈ AX. 

The best-fit operator A then establishes a linear dynamical system that best advances 

snapshot measurements forward in time. If we assume uniform sampling in time, this 

becomes 

x𝑘+1 ≈ Ax𝑘 . 

The best-fit operator A is defined as the solution to the following optimization problem: 

A = argmin ∥X′ − AX∥𝐹 = X′X†, 
A 

(8.34)

where ∥ · ∥𝐹 is the Frobenius norm and † denotes the pseudo-inverse. 

There are several variants of DMD, such as DMD with control (DMDc) [397]. DMDc 

is closely related to linear subspace identification methods, such as the eigensystem 

realization algorithm (ERA) [253]. The optimized DMD algorithm generalizes exact 

DMD to perform a nonlinear regression to exponential-time dynamics, thus providing 

an improved computation of the DMD modes and their eigenvalues [14]. Physics-informed 

DMD (PIDMD) adds physical structure to the A matrix through additional terms in the 

objective function or via constraints. We will discuss PIDMD more in Section 10.5. 

Nonlinear System Identification 
Similarly, the general form of a nonlinear dynamical system is given by 

d 
x = f (x, u) (8.35a)

d𝑡 
y = g(x, u). (8.35b) 
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In nonlinear system identification, the goal is still to learn the dynamics f and the output

equations g from time series data {u(𝑡), x(𝑡), y(𝑡)}. Often, we have access to the full state

x(𝑡), but in the most challenging cases, we only have input–output data {u(𝑡), y(𝑡)}.

The structure of the nonlinear functions f and g is much less constrained than in

linear system identification, and so typically we must first define a parametrized family

of functions, f𝝃 (x, u) and learn the parameters 𝝃 using optimization. For simplicity we will

focus on the case with full measurements y = x and no control input u, as above, although

extensions exist to relax each of these assumptions [82].

The sparse identification of nonlinear dynamics (SINDy) algorithm [81] leverages the

fact that many dynamical systems

(8.36)

have dynamics f with only a few active terms, out of all possible right-hand side functions.

We then seek to approximate f by a generalized linear model

=

(8.37)

with the fewest non-zero terms in 𝝃 as possible. It is then possible to solve for the relevant

terms that are active in the dynamics using sparse regression [220, 247, 495, 564] that

penalizes the number of terms in the dynamics and scales well to large problems. We have

already seen examples of this in the LASSO regression from Chapter 4 and the sparse

optimization algorithms in Section 5.1.

As in DMD, time-series data is collected from (8.36) and formed into a data matrix:

A similar matrix of derivatives is formed:

In practice, this may be computed directly from the data in X; for noisy data, the total-

variation regularized derivative tends to provide numerically robust derivatives [100].

Alternatively, it is possible to formulate the SINDy algorithm for discrete-time systems

x𝑘+1 = F(x𝑘), as in the DMD algorithm, and avoid derivatives entirely.

A library of candidate nonlinear functions 𝚯(X) is constructed from the data X:

Here, the matrix X𝑑 denotes a matrix with column vectors given by all possible time series

of 𝑑th-degree polynomials in the state x. In general, this library of candidate functions is

only limited by one’s imagination.

The dynamical system may now be represented in terms of the data X and as

. (8.38)

Each column 𝝃𝑘 in 𝚵 is a vector of coefficients determining the active terms in the 𝑘-th

row of (8.36). A parsimonious model provides an accurate fit with as few terms as possible
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in 𝚵. This is achieved by seeking solutions that minimize the following loss function

(8.39)

Here 𝜆 is a sparsity-promoting hyperparameter. The term ∥𝚵∥0 counts the non-zero entries

in 𝚵, and it is neither convex nor strictly a norm. This sparse regression problem is NP-hard

to find the global optimum. However, it is possible to efficiently solve Eq. (8.39) for a local

optimum using the proximal gradient or SR3 method from Section 5.1. It is also possible

to relax the nonconvex ∥𝚵∥0 to the convex ∥𝚵∥1 as in LASSO [495]. The approach we

take is to implement sequentially thresholded least-squares (STLS) [81], which has been

proven to converge [553]. The sequentially thresholded least-squares algorithm has since

been demonstrated to be a formal relaxation of the ℓ0 optimization problem, using the SR3

formulation with proximal gradient [557] discussed in Section 5.1.

There are several powerful extensions to SINDy, including extensions to include control

inputs [263], to disambiguate linear and nonlinear dynamics [19], to enforce symmetry

constraints [320], and to promote global stability [268]. Enforcing symmetry constraints

and stability both involve modifying the optimization problem, either with hard constraints,

or with additional terms, and this will be discussed more in Section 10.5. The STLS

procedure is particularly appealing, because it involves a sequential series of least-squares

regressions, so it is straightforward to add equality constraints at each stage [320].

Learning fully nonlinear dynamics from partial measurements is still a cutting-edge

research challenge today, with advances in deep learning making it possible to learn

nonlinear transformations from delay coordinates where sparse models may be learned [24];

these transformations are closely related to Takens’s delay embedding theorem [485] and

Koopman operator theory [75, 76]. The loss functions used to train these autoencoder neural

networks are highly customized, and are essential to the learning process.

It is also possible to learn partial differential equations

u𝑡 = N(u, u𝑥 , u𝑥𝑥 , . . .), (8.40)

from data, although this fits more into the realm of model discovery and is a much more

recent field of research [430, 437, 78]. Typically, this may be viewed as an extension of the

nonlinear system identification problem, where we learn = f (x) from data.

SINDy Optimization: Sequential Thresholded Least Square. If we write the

original ℓ0-regularized problems

(8.41)

we have several options to solve this. The sequentially thresholded least squares (STLS),

advocated in the original SINDy paper, is a remarkably robust and efficient algorithm. It

is generally recommended as an all-purpose SIND optimizer, and it has connections to the

sparse, relaxed, regularized regression (SR3) method from Section 5.1.

However, in the broader sparse regression literature, there are several other options that

are widely used. We will discuss these approaches and their relative pros and cons here.
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Panel 8.3: Sequential Thresholded Least Squares, A Happy Accident

There are many algorithms for solving the SINDy regression. However, the original

STLS algorithm has proven surprisingly robust and effective.

I would like to tell you that I designed this algorithm with deep optimization

knowledge. I did not. It was coded in about ten lines of Matlab while I was in a hurry

to go to lunch. At the time, I didn’t appreciate the differences in over-determined

and under-determined regression, and was trying to use compressed sensing (under-

determined) on SINDy (over-determined). My initial attempts failed to handle the

slightest noise. However, I noticed that even for large amounts of noise, simple

linear regression revealed much of the model structure, plus some small errors:

𝜉1 𝜉2 𝜉3

Table 8.12:

1 0.036540 -0.005219 -0.017323

𝑥 -10.004099 28.003856 0.000611

𝑦 10.000864 -1.000628 -0.000374

𝑧 -0.002977 0.001258 -2.665143

2𝑥 -0.000081 0.000319 0.000036

𝑥𝑦 0.000058 -0.000234 0.999894

𝑥𝑧 0.000120 -1.000051 0.000002
2𝑦 -0.000021 0.000034 0.000069

𝑦𝑧 -0.000012 -0.000053 -0.000005
2𝑧 0.000059 -0.000044 -0.000032

I figured that if these small coefficients were removed, the regression onto the

remaining coefficients would improve, and STLS was born. No analysis, just a

hunch and some quick-and-dirty numerical experiments before lunch.

Years later, we worked with Sasha Aravkin and Peng Zheng to figure out why STLS

performs so well on sparse regression tasks, even better than LASSO. It turns out we

got lucky and stumbled onto an effective relaxation of the ℓ0-regularized regression.

CodeSnip 8.a %% compute Sparse regression: sequential least squares

Xi = Theta\dXdt; % initial guess: Least-squares

% lambda is our sparsification knob.

for k=1:10

smallinds = (abs(Xi)<lambda); % find small

coefficients

Xi(smallinds)=0; % and threshold

for ind = 1:n % n is state dimension

biginds = ˜smallinds(:,ind);

% Regress dynamics onto remaining terms

Xi(biginds,ind) = Theta(:,biginds)\dXdt(:,ind);

end

end
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The first, and most commonly advocated approach, is to relax the nonconvex ℓ0 norm to

the convex ℓ1 norm:

(8.42)

We have been conditioned to believe that relaxing to a nearby convex problem is almost

always better. However, practice has shown that theoretical convergence guarantees often

fall short on real world data. For example, the LASSO regression above has well-known

failure modes that occur early in the pruning optimization [477].

As an alternative, we could attempt to solve the original ℓ0-regularized problem with

proximal gradient descent. This amounts to performing a gradient descent, where we first

take a gradient step on the smooth function 𝑓 (x),

z = x − 𝛾∇ 𝑓 (x),

and then perform a proximal gradient step on the nonsmooth function 𝑔(x)

prox (𝛾,𝑔 z) ≡ argmin ∥z − x 2∥2 + 𝑔(x).
x

(8.43)

The proximal gradient for 𝑔(x) = 𝜆∥x∥0 is the hard threshold operator, derived in

Section 5.1. However, this has the downside that the gradient descent algorithm converges

extremely slowly for ill-conditioned 𝚯 matrices, which are common in SINDy problems.

The third approach, which is very close to the STLS algorithm, is to split the objective

and minimize the 𝑓 and 𝑔 terms with separate variables x and z:

min
x,z

𝑓 (x) + 𝑔(z) +
𝜌

2
∥x − z∥2

2. (8.44)

These variables remain coupled via the last term
𝜌
∥

2
x − z 2∥

2
.

It is then possible to solve this optimization problem by partially minimizing over x, then

partially minimizing over z, and iterating until convergence. Thus, the z variable can be

more sparse and the x variable can be a more accurate fit to the data, making the problem

considerably less stiff. The partial minimization steps involve:

This essentially amounts to the sequentially thresholded least-square approach, which was

formalized and generalized in the SR3 algorithm. This formulation has the benefit that we

may solve the least-squares problem with efficient pre-conditioned algorithms, and solve

the nonsmooth, sparse term using the proximal gradient method, instead of using gradient

descent on both terms.

Technically, the original SINDy STLS algorithm does not partially minimize minx ∥𝚯x−
2∥ + 𝜌∥
2

x − z 2∥
2
, but rather minimizes just the MSE error minx ∥𝚯 2− ∥

2
. Because the

variables x and z are meant to be rather close to each other, the additional 𝜌∥x − z 2∥
2

term

doesn’t have much of an impact on the smooth 𝑓 (x) minimization. However, this coupling

term is essential in formulating the 𝑔(z) partial minimization as a proximal gradient, which
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Figure 8.13 Block diagram for a residual network (left) and a neural ODE (right). The residual

network mimics a forward Euler integration of the vector field f, while a neural ODE directly learns

this function, enabling more sophisticated integration schemes.

keeps the x and z variables nearly equal. Experimentation has shown that STLS with or

without including this term both perform well.

Black-Box Machine Learning Methods
More powerful, yet less interpretable methods from machine learning are increasingly being

used to learn dynamical systems from data. Most of the modern techniques involve neural

networks, although other techniques such as NARMAX [54] were developed for quite some

time. Neural ODEs are a particularly powerful class of machine learning algorithms [101]

that build on the popular residual network (ResNet) architecture [224]. Both architectures

are illustrated schematically in Figure 8.13.

Residual networks were introduced in 2015 [224], primarily for image classification

and super-resolution tasks, and quickly became a dominant architecture. ResNets allow

for much deeper neural networks, without suffering from forgetting or vanishing/exploding

gradients, by introducing jump connections that directly add a copy of the input to the

output. The idea is that it may be much easier to model the difference in the input and

output (e.g., in super-resolution tasks, the input should be a coarse version of the output,

and so the network only needs to learn the refinement operator). However, it was recognized

by Chen et al. [101] that if we think of this network as modeling a differential equation f,

then the network is essentially mimicking a forward Euler integration scheme

x𝑘+1 = x𝑘 + f (x𝑘) (8.45)

with time step Δ𝑡 = 1. Euler schemes are known to be prone to errors and instabilities.

NODEs instead learn the differential equation f, after which it is possible to use more

sophisticated numerical integrators, such as Runge–Kutta schemes, to advance the solution.

Other prominent neural network architectures include reservoir computers [384] and long

short-term memory (LSTM) networks [520]. Reservoir computers are especially simple to

train, as only the last linear layer of the reservoir needs to be adjusted, which amounts to a

simple least-squares regression procedure.

Open-Source Software
There are several open-source software libraries for learning dynamical systems from data:

• PyDMD [133, 242] (https://github.com/mathLab/PyDMD);

• PySINDy [131, 269] (https://github.com/dynamicslab/pysindy);

• Deeptime [233] (https://github.com/deeptime-ml/deeptime).

https://github.com/mathLab/PyDMD
https://github.com/dynamicslab/pysindy
https://github.com/deeptime-ml/deeptime
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These libraries are fundamentally built on optimization. For example, in PySINDy, the 

optimization algorithm is explicitly defined when initializing a model: 

CodeSnip 8.b import pysindy as ps 
import numpy as np 

# Generate synthetic data: dx/dt = -x 

t = np.linspace(0, 10, 100) # Time vector 

x = np.exp(-t) # Data: x(t) 

# Initialize and fit SINDy model using STLSQ optimizer 

model = ps.SINDy(optimizer=ps.STLSQ(threshold=0.1)) 

model.fit(x, t=t) # Fit the data 

model.print() # Display the discovered equation 

It is important to note that there are several optimization techniques and regularizations 

that may be used for the system identification problems above, and several of them are 

implemented in the software packages above. While DMD uses rank to regularize the ill-

conditioned inverse problem, SINDy uses sparsity. An early variant of DMD by Jovanovic et 

al. [251] used sparsity on the DMD mode amplitudes to downselect only the most important 

modes, which was useful for flows exhibiting broadband turbulence. 
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Homework 

Exercise 8.1 Generate a noisy data signal 𝑦 = sin(𝑡) + 𝜎𝑤 for 𝑡 = 0 : 0.001 : 10, where 

𝑤 is normally distributed with mean 0 and standard deviation 𝜎 = 1. 

Compare the finite difference derivative with the Tikhonov regularized derivative in 

Eq. (8.6). Compare both the forward difference and central difference schemes. Sweep 

through different values of 𝜎 and 𝜆. Plot the results and compute the error between the 

estimated and true noise-free derivative. 

Exercise 8.2 Repeat the problem above, now comparing the TV-regularized derivative, 

for various regularization strengths 𝜆. 

Exercise 8.3 Generate a piecewise smooth vector 

𝑥 for 𝑥 ∈ [0, 1]
𝑦 = 

1 − 𝑥 for 𝑥 ∈ (1, 2] 

defined on 𝑥 ∈ [0, 2]. Add noise to this vector, as above, and compare the various derivatives: 

finite difference, Tikhonov regularized, and TV-regularized. What do you notice? 

Exercise 8.4 (Bomb Inversion) Estimate the yield of the Trinity nuclear bomb, shown 

in Fig. 8.7 in Section 8.5. In particular, use the Sedov–Taylor equation, Eq. (8.19), for the 

radius as a function of time, given a bomb energy 𝐸 . You can extract the radius at discrete 

instances in time using the still frames from Fig. 8.7, just as G.I. Taylor did. How does your 

estimate compare to the estimate of Taylor [490, 491]? 

Exercise 8.5 (Matrix inversion and SVD) Generate a random 100 × 100 matrix A (e.g., 

Gaussian entries). Form B = A−1 (or compute the pseudoinverse if singular) and record 

the condition number of A. 

1. Plot the singular values of A and B. 

2. Discuss the effect of condition number on solving Ax = b with noise in b. 

Exercise 8.6 (Radon Transform and Tomographic Reconstruction) Create a small 64 × 64 

phantom image (e.g., Shepp–Logan phantom or your own shape). 

1. Implement a Radon transform for a set of projection angles 𝜃𝑖 . Plot the resulting sinogram. 

2. Add noise to the sinogram and try filtered backprojection for reconstruction. Plot the 

result and discuss noise artifacts. 

3. Now formulate an iterative approach: 

min ∥R 𝑓 − 𝑓 ∥2
2 + 𝜆𝑅( 𝑓 ), 

𝑓 
ˆ

where 𝑓  is the noisy sinogram. Implement a simple gradient or Kaczmarz method. 

Compare the reconstruction with filtered backpropagation. 

Exercise 8.7 (Recovering an audio signal from sparse measurements) To illustrate the 

use of compressed sensing to reconstruct a high-dimensional signal from a sparse set of 

random measurements, we consider a signal consisting of a two-tone audio signal: 

𝑥(𝑡) = cos(2𝜋 × 97𝑡) + cos(2𝜋 × 777𝑡). (8.46) 

https://doi.org/10.1017/9781009755856.009


326 Optimization for Inverse Problems 

This signal is sparse in the frequency domain, as it is a sum of two cosine waves. The 

highest frequency is 777 Hz, so the Nyquist sampling rate is 1554 Hz. However, leveraging 

sparsity of the signal in the frequency domain, we can reconstruct the signal with random 

samples that are spaced at an average sampling rate of 128 Hz, which is well below the 

Nyquist sampling rate. In this example, the full signal is generated from 𝑡 = 0 to 𝑡 = 1 with 

a resolution of 𝑛 = 4, 096 and is then randomly sampled at 𝑝 = 128 locations in time. 

Code 8.1: Compressed sensing of two-tone cosine signal. 

## Generate signal, DCT of signal 

n = 4096 # points in high resolution signal 

t = np.linspace(0,1,n) 

x = np.cos(2 * 97 * np.pi * t) + np.cos(2 * 777 * np.pi * t) 

xt = np.fft.fft(x) # Fourier transformed signal 

PSD = xt * np.conj(xt) / n # Power spectral density 

## Randomly sample signal 
p = 128 # num. random samples, p = n/32 
perm = np.floor(np.random.rand(p) * n).astype(int) 
y = x[perm] 

## Solve compressed sensing problem 

Psi = dct(np.identity(n)) # Build Psi 

Theta = Psi[perm,:] # Measure rows of Psi 

Now the objective is to solve the underdetermined system of equations 

y = 𝚯s 

for the sparse vector of Fourier coefficients, s. Solve for s using several techniques: 

• Directly solve the system in CVXPY with ℓ1 regularization on s. 

• Solve the ℓ0 regularized system using the proximal gradient method from Section 5.1; 

try different initializations for s (e.g., random, all ones, least-squares). 

• Solve the ℓ0 regularized system using SR3. 

• Solve using compressed sensing matching pursuit (CoSaMP); you may install using pip 

install cosamp and then from cosamp_fn import cosamp. In CoSaMP, 

the desired level of sparsity 𝐾 must be specified. 

Note that the 𝑝 = 128 measurements are randomly chosen from the high-resolution 

signal. Thus, we know the precise timing of the sparse measurements at a much higher 

resolution than our sampling rate. If we chose 𝑝 = 128 measurements uniformly in time, 

the compressed sensing algorithm fails. Try this and show the results. 

Exercise 8.8 (PDE-Constrained Inverse Problem in 1D) We consider the inverse problem 

of estimating a forcing term 𝑓 (𝑥) in the Poisson equation from sparse measurements. Let 

𝑢(𝑥) solve the 1D Poisson equation 

−𝑢′′ (𝑥) = 𝑓 (𝑥), 𝑥 ∈ (0, 1), 𝑢(0) = 𝑢(1) = 0. 

Suppose you collect measurements 𝑦 𝑗 ≈ 𝑢(𝑥 𝑗 ) at 𝑚 = 10 sensor points {𝑥 𝑗 } in [0, 1]. The 

forcing 𝑓 (𝑥) is unknown. 
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1. Write an optimization problem to estimate 𝑓 (𝑥) from the noisy measurements. Your

functional should contain a data misfit term comparing the PDE solution 𝑢(𝑥 𝑗 ) with

measurements 𝑦 𝑗 , and a regularization term, such as 𝜆 2𝑓 or 𝜆 ′ 2∥ ∥ ∥
2 2 𝑓 ∥

2 2𝐿 𝐿
, with 𝜆 > 0.

2. Now derive the adjoint equation by introducing a Lagrangian that enforces the PDE

constraint −𝑢′′ = 𝑓 . Derive the first-order optimality conditions by taking variations

with respect to 𝑢, 𝑓 , and the adjoint variable 𝑝(𝑥). Show that the adjoint PDE is

Show that the optimality condition is 𝜆 𝑓 − 𝑝 = 0 if 𝐿 = 𝐼, or −𝜆 𝑓 ′′ − 𝑝 = 0 if 𝐿 =
𝑑
𝑑𝑥

.

3. Discretize [0, 1] with 𝑁 interior grid points. Let A be the tridiagonal finite-difference

Laplacian with Dirichlet boundaries, so that Au = f discretizes −𝑢′′ = 𝑓 .

Write the discrete inverse problem as

min
𝑓 ∈R𝑁

1
2
∥Mu − y∥2

2 +
𝜆
2
∥Lℎf∥2

2, Au = f,

where M selects/interpolates the 𝑚 sensor locations and Lℎ is a discrete derivative or

identity matrix. Eliminate u using Au = f to obtain the reduced problem in f. Derive the

gradient of the reduced functional and show how it can be computed by solving one state

equation Au = f and one adjoin equation Ap = MT (Mu − y).

4. Now, implement a gradient-descent or conjugate-gradient method to update f:

where u𝑘 solves Au𝑘 = f𝑘 and p𝑘 solves Ap T
𝑘 = M (Mu𝑘 − y). Explain why this only

requires the sparse matrix A and it is never necessary to form A−1 explicitly.

5. Generate synthetic data from a known forcing 𝑓true (𝑥) = 2 + 4 sin(2𝜋𝑥), solve for the

corresponding 𝑢(𝑥), sample it at 𝑚 = 10 points, and add small noise. Run your inversion

with and without regularization. Plot the recovered 𝑓 (𝑥) for different 𝜆. Show that,

without regularization, 𝑓 exhibits spurious oscillations.

6. Why is the inverse Poisson problem ill-posed? Explain the smoothing property of the

Green’s function (forward map) and how it amplifies noise in inversion. Discuss the

role of the adjoint equation in efficiently computing gradients, and the effect of different

regularizers.

Exercise 8.9 (Can you hear the shape of a rectangular drum?) Recall that the inverse

problem of reconstructing a drum’s shape from its frequency spectrum (i.e., the eigenvalues

of the Helmholtz/Dirichlet problem) is ill-posed. However, if we restrict the shape of the

drum, the inverse problem may be solvable. Here, we restrict the drum shapes to rectangles

of area 1. Let Ω be a rectangle given by:

0 ≤ 𝑥 ≤ 𝐿, 0 ≤ 𝑦 ≤ 𝑊,

with area 𝐿𝑊 = 1. Thus, we can represent this rectangle using a single ratio parameter

𝐿 = 𝑟 and 𝑊 = 1/𝑟, or vice versa. So the shape is determined by 𝑟 =
𝐿
𝑊

. We may assume

𝑟 ≥ 1 so that 𝐿 ≥ 𝑊 .
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Waves on this rectangular drum are governed by the Helmholtz–Dirichlet problem:

∇2𝑢 + 𝜆 𝑢 = 0 in Ω,

𝑢 = 0 on all boundaries of the rectangle.

This PDE models the vibrational modes, and hence acoustic frequencies of a square drum.

We will now solve the inverse problem in stages:

• Use separation of variables 𝑢(𝑥, 𝑦) = 𝑋 (𝑥)𝑌 (𝑦) to solve the Helmholtz–Dirichlet PDE.

Specifically, plug 𝑢(𝑥, 𝑦) = 𝑋 (𝑥)𝑌 (𝑦) into the 2PDE ∇ 𝑢+𝜆𝑢 = 0 and separate variables

to yield

𝑋 ′′ (𝑥)

𝑋 (𝑥)
+
𝑌 ′′ (𝑦)

𝑌 (𝑦)
= −𝜆.

Use the boundary conditions to solve for the admissible frequencies 𝜆 in the 𝑥 and 𝑦

directions. Write down the general solution 𝑢(𝑥, 𝑦) in terms of these solutions 𝑋 (𝑥),

𝑌 (𝑦) and the frequencies 𝜆.

• Now, for 𝐿 = 𝑟 and 1𝑊 =
𝑟
, write the eigenvalues 𝜆 in terms of 𝑟.

• Discuss the identifiability of 𝑟 ≥ 1 from the spectrum 𝜆. Is 𝑟 uniquely determined? If we

didn’t specify that 𝑟 ≥ 1, would the shape still be uniquely identifiable?

• If only a few portions of the spectrum are available, perhaps the low wavenumbers, is is

possible to solve for 𝑟?

• Bonus: Simulate the PDE for several 𝐿 = 𝑟 and 1𝑊 =
𝑟
. Compute the spectrum 𝜆. Solve

the inverse problem of estimating 𝑟 from 𝜆, with and without noise.

Exercise 8.10 Repeat the problem above, but for an elliptical drum with fixed area 𝜋.

Let 𝑎 be the length of the major axis and 𝑏 be the length of the minor axis, so the area is

𝐴 = 𝜋𝑎𝑏. We restrict 𝑎𝑏 = 1 and let 𝑟 =
𝑎
𝑏

denote the aspect ratio. The inverse problem

is to solve for this aspect ratio given the measured eigenvalue spectrum 𝜆 (i.e., the acoustic

signature).

Use the standard ellipse equation:

𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 =⇒

𝑥2

𝑟
+ 𝑟𝑦2

= 1.

Exercise 8.11 (Comparing Numerical Differentiation Techniques) Consider a noisy

1D signal 𝑠(𝑡) = sin(3𝑡) + 0.5 sin(10𝑡) sampled at 𝑡𝑘 = 𝑘 Δ𝑡, 𝑘 = 0, . . . , 200, with

Gaussian noise added. Compute the true derivative and implement three derivative

approximations:

1. Finite-differences with a central difference scheme;

2. Tikhonov-regularized differentiation; and

3. Total variation (TV) regularization, solving

where H is an integration operator. Plot the estimated derivatives for each method. Which

is most robust to noise? How does 𝜆 affect the TV solution?
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Exercise 8.12 (SINDy on Lotka–Volterra) Generate data from a known nonlinear system,

the Lotka–Volterra predator–prey model:

1. Collect trajectory data x(𝑡𝑘) from an initial condition [1, 1] for 𝑡 ∈ [0, 10], with Δ𝑡 =

0.01, 𝛼 = 2/3, 𝛽 = 4/3, 𝛿 = 𝛾 = 1. Estimate using central difference derivatives.

2. Build a library 𝚯( ) with polynomials up to degree 2.x

3. Solve = 𝚯(X) 𝚵 using sequential thresholded least squares (STLS) and compare 𝚵

with the true (𝛼, 𝛽, 𝛿, 𝛾). How does the threshold 𝜆 affect your results?

4. Now solve for 𝚵 using LASSO. Compare the results with STLS.

5. Repeat the steps above, adding increasingly large amounts of noise to the trajectory x,

before computing the derivative. How does this change the results?

6. Repeat with a library of polynomials up to degree 3, also adding noise to x.

Exercise 8.13 (SINDy on Lorenz) This exercise will test the data requirements for

identifying an accurate SINDy model for the Lorenz system, following the work of

Champion et al. [97]. The equations of motion for the Lorenz system are

= 𝜎(𝑦 − 𝑥) (8.47)

= 𝑥(𝜌 − 𝑧) − 𝑦 (8.48)

= 𝑥𝑦 − 𝛽𝑧. (8.49)

Use parameters (𝜎, 𝜌, 𝛽) = (10, 28, 8/3) and initial condition x0 = (𝑥(0), 𝑦(0), 𝑧(0)) =

(0, 1, 20). First, we will use clean data without any measurement noise.

(a) Generate a long trajectory, 𝑡 ∈ [0, 20], with a fine sampling rate, Δ𝑡 = 0.0001; discard

the first 𝑡 ∈ [0, 1]. Generate SINDy models with increasing amounts of data 𝑇 . Plot the

data up to the 𝑇 where SINDy learns the correct Lorenz model and summarize.

(b) Repeat this experiment for different sampling rates from 𝑡 = 0.0001 to 0.1. How does

the minimum data length 𝑇 and the number of samples 𝑇/Δ𝑡 change?

(c) Repeat the experiment with small additive Gaussian noise on the trajectory. Repeat the

identification for several noise realizations to obtain an average success rate. Add different

noise magnitudes. Reproduce the main figure in Champion et al. [97].

Exercise 8.14 This example will use SINDy to learn the nonlinear Rossler system from

data. The Rossler system is given by

= −𝑦 − 𝑧

= 𝑥 + 𝑎𝑦

= 𝑏 + 𝑧(𝑥 − 𝑐)

with parameters 𝑎 = 0.2, 𝑏 = 0.2, and 𝑐 = 14. Simulate this system with Δ𝑡 = 0.001

from an initial condition [1, 1, 0]. Use this trajectory to identify a SINDy model. Explore

different sparsifying thresholds and different trajectory lengths. Now add a small amount

of noise to the trajectory and re-identify the model, again with different thresholds and
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lengths. When there is sufficiently long trajectory data, what happens when the threshold 

is too large? When it is too small? 

Exercise 8.15 Now we will revisit the Lorenz system and explore the effect of different 

de-noising derivative algorithms on identification from noisy trajectory data. 

1. First, generate a trajectory with Δ𝑡 = 0.01 with the standard parameters and initial 

condition. Discard the first 1 time units of data, and use the next 5 time units for the 

trajectory (i.e., from 𝑡 = 1 to 𝑡 = 6). 

2. Add a small amount of Gaussian noise (𝜎 = 0.001) to the trajectory, and estimate the 

derivative using several techniques: forward difference, central difference, TV regularized 

differentiation, and polynomial smoothing. 

3. Use all of these velocity estimates to identify a SINDy model. Compare the results. 

4. Repeat for larger and smaller noise and report on the trends. 

Exercise 8.16 Now we will compare more regularization schemes for SINDy. Using the 

same data from the previous exercise, compare the following SINDy models using different 

regularization schemes: 

• 𝐿1 regularization on 𝚵 with LASSO; 

• 𝐿1 regularization on 𝚵 with STLS; 

• 𝐿2 regularization on 𝚵 (i.e., ridge or Tikhonov regularization); 

• 𝐿1 and 𝐿2 regularization on 𝚵 (i.e., elastic net); 

• 𝐿0 regularization on 𝚵 using the proximal gradient; and 

• 𝐿0 regularization on 𝚵 using SR3. 

Plot the discovered coefficients vs. regularization weight. Which penalty yields more sparse 

solutions? Which is more robust to moderate noise? 

Exercise 8.17 We will explore the PDE variant of SINDy, called PDE-FIND [430], to 

learn the viscous Burgers’ equation on 𝑥 ∈ [0, 2𝜋]: 

𝑢𝑡 + 𝑢𝑢𝑥 = 𝜈𝑢𝑥𝑥 . 

1. First, simulate data 𝑢(𝑥, 𝑡) from a spectral or finite-difference code. 

2. Build a dictionary of candidate terms: {𝑢, 𝑢2, 𝑢𝑥 , 𝑢𝑥𝑥 , 𝑢 𝑢𝑥 , 𝑢
2𝑢𝑥 , . . . }. 

3. Perform the PDE-FIND regression: 

min ∥U𝑡 − Θ(U, U 2 
𝑥 , . . . ) 𝚵∥2 + 𝜆∥𝚵∥1. 

4. Compare the discovered PDE with the ground truth. Plot discovered terms vs. 𝜈. 

5. Discuss how noise in 𝑢(𝑥, 𝑡) affects the results and give an idea for potentially addressing 

this. 

Exercise 8.18 This exercise will explore identifying a PDE using PDE-FIND based on 

data from the Korteweg–De Vries (KdV) system 

𝑢𝑡 + 𝑢𝑥𝑥𝑥 − 6𝑢𝑢𝑥 = 0. 
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This system gives rise to coherent traveling wave solutions, known as solitons, that retain

their shape as they travel at a constant wave speed, despite the nonlinearity in the system.

In general, a soliton solution will take the form = −
2 2

for an

arbitrary positive wave speed 𝑐. Notice that the wave speed 𝑐 is linked to the amplitude and

width of the wave.

(a) Generate data by initializing a single soliton solution , with a

wave speed corresponding to 𝑐 = 1 above. Try to identify a PDE model using PDE-FIND

based on this data. What is the sparsest model that supports the data?

(b) Next, use data beginning at two initial conditions. The first initial condition is the one

above with 𝑐 = 1, and the second initial condition is a soliton solution with 𝑐 = 4.

Concatenate this data and identify a PDE model using PDE-FIND. What is the sparsest

model that supports the data?

(c) Discuss the two models that are identified depending on the initial data.

Exercise 8.19 Now we will explore SINDy on real-world data. Collect actual measurement

data from a simple mechanical system, such as a mass-spring-damper. You may either

measure the relevant position or velocity variables using an accelerometer, or from video,

for example recorded on a smart phone.

First, suppose that you know the equations of motion but you do not know the damping

coefficient 𝑐 and spring constant 𝑘 .

1. Formulate an inverse problem to estimate 𝑐 and 𝑘 .

2. Fit these parameters from data.

3. Discuss identifiability and how much data is required for a robust estimate.

Now, suppose that you don’t know the equations of motion and must learn these as well.

1. Formulate another inverse problem to estimate the model from data.

2. Decide on an appropriate algorithm to learn the model from data.

3. Explore the data requirements to learn a good model.

Exercise 8.20 Repeat the previous example, but for a simple pendulum, for example the

arm of a grandfather clock. Again, first suppose that you know the equations of motion

but don’t know the damping coefficient. Then assume that you don’t know the equations of

motion and must learn these as well.

Exercise 8.21 In this problem, we will apply dynamic mode decomposition (DMD) to

analyze a simple two-dimensional fluid flow past a circular cylinder. This flow exhibits

periodic vortex shedding, and it is a canonical fluid flow that is used to understand more

sophisticated flows, such as over aircraft wings.

Download the cylinder flow data from http://dmdbook.com/DATA.zip. There

are 150 vorticity field snapshots, each of dimension 199 × 449. Thus, reshaping each flow

field into a tall skinny vector and arranging into columns of a matrix, we obtain a data

matrix with dimensions 89351 × 150. A single flow field snapshot is shown in Fig. 8.14.

http://dmdbook.com/DATA.zip
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Figure 8.14 Single snapshot of the vorticity field for the fluid flow past a two-dimensional cylinder. 

This flow is periodic and conserves energy. 

• Compute DMD on this cylinder flow data and plot the DMD eigenvalues in the complex 

plane. Use 𝑟 = 20 modes by truncating and keeping only the first 20 modes in the singular 

value decomposition. This means you should have 20 DMD eigenvalues. Because the 

flow is periodic and energy conservative, the DMD eigenvalues should come in complex 

conjugate pairs on the unit circle in the complex plane. 

• Now add a small amount of white noise to the data, and repeat the exercise above. Try 

1%, 2%, 4%, etc. and plot the new DMD eigenvalues on the same plot as the DMD 

eigenvalues for the clean data. What trends do you notice? 

• Now use the clean data, but take a subset of the flow field snapshots so that you only 

sample an incomplete period of vortex shedding (i.e., only sample 75% of a vortex 

shedding cycle). Repeat the exercise above and plot the DMD eigenvalues. 

You are welcome to use PyDMD for any of this assignment. 

In a future homework, we will use physics -informed DMD (PIDMD) to incorporate 

physics into the DMD regression to improve the results for noisy and partial data. What are 

some potential aspects of the physics that we might try to include? 
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9 Optimization for Control 

Control theory is a major branch of applied optimization, where we design a control law 

to interact with and modify the behavior of a dynamical system. For example, a cruise 

controller in an automobile is a simple feedback controller that modulates the accelerator to 

maintain a desired reference speed, and is effective despite unmeasured factors, such as hills, 

wind, and cargo. Feedback control, where sensor measurements are directly used to inform a 

real-time control law, is an increasingly essential part of the modern engineered world. The 

applications are nearly endless, including autopilots, the control of construction equipment, 

heating ventilation and cooling systems, internet traffic routing, and many more. Indeed, 

progress in the use of control theory in increasingly challenging application domains has 

closely tracked progress in our ability to solve hard optimization problems, especially in 

real time. 

We will define a controller in the context of optimization. An optimal controller balances 

the performance and robustness of the closed-loop system with the cost of control, as 

quantified by an objective function; in control, the objective function is often called the cost 

function. This results in a constrained optimization problem: the state of the system, which 

appears in the objective function, is constrained by the dynamics. Other constrains involve 

limitations on the available actuation power and desired limits on the state of the system. 

Control theory is a vast topic, and a full treatment is beyond the scope of this chapter. For 

more details, see the Control Bootcamp1; there are also several excellent texts that provide 

a deeper background [156, 466, 15, 77]. This chapter presents a high-level overview of 

applications of optimization in control, with an emphasis on the nature of the optimization 

problem and solution techniques. We will almost exclusively consider closed-loop feedback 

control, which uses sensor measurements to inform the controller about how the system 

is actually responding. In contrast, open-loop control relies on a pre-programmed control 

sequence, perhaps informed by a model, but without sensor feedback. Closed-loop control 

is essential for stabilizing unstable systems and to account for an imperfect model and other 

forms of uncertainty. 

We begin with linea optimal control, as this is the most well-developed and intuitive 

branch of control theory, where the optimization problem often has an analytic, closed-form 

solution. These solutions include the classic linear quadratic regulator (LQR) and Kalman 

filter, which both require solving a Riccati equation. We will derive the Riccati equation 

using constrained optimization and Lagrange multipliers. Linear optimal control is often 

1 https://www.youtube.com/playlist?list=PLMrJAkhIeNNR20Mz-VpzgfQs5zrYi085m. 

https://www.youtube.com/playlist?list=PLMrJAkhIeNNR20Mz-VpzgfQs5zrYi085m
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also effective at regulating nonlinear systems in a neighborhood of a fixed point, where the

assumption of linear dynamics is valid.

We then explore the general nonlinear optimal control problem, which involves the

Hamilton–Jacobi–Bellman (HJB) equations. Here we will introduce reinforcement learning

and dynamic programming, which are optimization frameworks for solving this nonlinear

control problem. Reinforcement learning has been developed for a century, and it is

progressing rapidly with advances in machine learning; these will be discussed in

Chapter 10.

Next, we develop the model predictive control (MPC) framework as an extension to

optimal control for a broader class of more complex control tasks. This framework is widely

used in modern industrial control due to its flexibility, robustness, ease of implementation,

and ability to respect constraints. It involves repeatedly solving an optimal control problem

on a receding horizon, updating the state of the system, and reinitializing the optimization

problem as new sensor information becomes available. And it is computationally intensive

and has historically been used primarily for “slow” applications and for systems with simple

dynamics and constraints. For example, a linear system with a quadratic objective function

and convex constraints will result in a convex optimization problem that may be solved with

scaleable on-line optimization methods for real-time control. Fortunately, recent advances

in computational hardware and optimization algorithms have made it increasingly possible

to apply MPC to larger-scale systems, with faster timescales and more complex dynamics

and constraints.

Finally, we discuss linear matrix inequalities (LMIs), which allow us to reformulate

many problems in control as convex optimization problems. For example, LQR and the

Kalman filter can be framed in terms of LMIs and then solved efficiently using interior

point methods.

Mathematical Statement of Optimal Feedback Control Problem
Figure 9.1 depicts the general feedback control framework, where sensor measurements y

are fed into a controller, which then computes an actuation signal u for manipulating the

system dynamics to minimize an objective function that quantifies performance, actuation

cost, and robustness to model uncertainty, external disturbances, and other factors. The

vector of external disturbances is typically decomposed as , where

w𝑑 are disturbances to the state of the system, w𝑛 is measurement noise, and w𝑟 is a

reference trajectory that should be tracked by the closed-loop system.

The system dynamics are typically described as differential equations:

d

d𝑡
x = f (x, u,w𝑑) (9.1a)

y = g(x, u,w𝑛), (9.1b)

where f encodes the evolution of the system state x under actuation u and disturbances w𝑑 ,

and y = g(x, u,w𝑛) is a measurement equation.

The goal is to construct a control law

u = k(y,w𝑟 ) (9.2)

https://doi.org/10.1017/9781009755856.010


Objective Disturbances 

System 

Controller 

w 𝐽 
Sensors 

y 

Actuators 

u 

335 Optimization for Control 

Figure 9.1 Standard framework for feedback control. Measurements y(𝑡) are fed into a controller, 

which decides on an actuation signal u(𝑡) to control the system. The control law is designed to modify 

the system dynamics and provide good performance, quantified by the objective 𝐽, despite external 

disturbances and noise in w. The external input w may also include a reference trajectory w𝑟 that 

should be tracked. 

that minimizes an objective function 

𝐽 (x, u, w𝑟 ). (9.3) 

The sensor measurements y provide information about unmodeled dynamics and 

disturbances that would degrade the performance without closed-loop feedback control. 

Further, with feedback it is often possible to modify and stabilize the dynamics of the 

closed-loop system, something which is not possible with open-loop control. Thus, closed-

loop feedback control is often able to maintain high-performance operation for systems 

with unstable dynamics, while being robust to model uncertainty and external disturbances. 

In general, the controller in Eq. (9.2) will be a dynamical system, rather than a static 

function of the inputs. For example, the Kalman filter dynamically estimates the full state 

x from measurements of u and y. In this case, the control law will become u = k(y, x̂, w𝑟 ), 

where x̂ is an estimate of the state. Thus, optimal control typically involves optimization of 

a continuous function in a well-defined function space. For example, the linear quadratic 

regulator will involve finding the optimal control function in the space of linear functions 

u = Kx. Sometimes, the control action will be discretized in time and optimized over a 

finite horizon, as in MPC, resulting in a finite-dimensional optimization. 

Throughout this chapter, we will consider codes that implement controller optimizations 

using the Python Control Systems Library (python-control) 2 toolbox provides exten-

sive functionality, including Python wrappers for the SLICOT optimization libraries [44] 

used in Matlab’s control toolboxes. It is assumed that all codes begin with the following: 

CodeSnip 9.a 
from control.matlab import * 
import slycot 

2 Available at https://python-control.readthedocs.io/. 

https://python-control.readthedocs.io
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9.1 Linear Optimal Control

The most complete theory of control has been developed for linear systems [466, 156, 15].

Similar to convex optimization, linear control is essentially a solved problem, with robust

and scalable numerical algorithms. In practice, linear systems almost always arise by

linearizing a nonlinear system about a fixed point or periodic orbit. Even classically linear

systems, such as a spring-mass-damper or a pendulum with small angle are idealizations of

more complex nonlinear systems. A linear system may be written in the following form:

d

d𝑡
x = Ax + Bu (9.4a)

y = Cx + Du. (9.4b)

Instability may quickly take a trajectory far away from the fixed point. However, an effective

stabilizing controller will keep the state of the system in a small neighborhood of the fixed

point where the linear approximation is valid. For example, in the case of the inverted

pendulum, feedback control may stabilize the pendulum in the vertical position where the

dynamics behave linearly. Note that we have neglected the disturbance and noise inputs,

w𝑑 and w𝑛, respectively; these will be added back in the discussion on Kalman filtering.

In this section, we will formulate and solve several optimal control problems. First, we

assume we have access to the full state of the system, y = x, which allows us to design

the optimal full-state feedback controller, u = −Kx, that minimizes a quadratic objective

function in terms of the state x, and actuation input u. This is known as the linear quadratic

regulator (LQR), because the dynamics constraints are linear and the objective is quadratic.

This problem is convex, with a single globally optimal solution. Next, we will relax the

assumption of full-state feedback, and instead assume that we only have access to partial

measurements y, from which we must estimate the full state. This will result in the Kalman

filter, which is an optimal estimator assuming Gaussian noise and disturbances; the Kalman

filter may also be formulated from a Bayesian perspective, related to topics in Chapter 7.

Finally, we combine these two approaches in what is known as the linear quadratic Gaussian

(LQG) optimal feedback controller, given partial measurements.

Linear Quadratic Regulator and the Riccati Equation
The goal of linear, full-state feedback control is to design a control law

u = −Kx (9.5)

so that the closed-loop system

d

d𝑡
x = (A − BK)x (9.6)

is stable and has good performance, quantified by a specific objective function. Not all

systems are controllable, meaning that some states of the system are not possible to influence

by actuation. A system is controllable if the controllability matrix

(9.7)
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has 𝑛 linearly independent columns. If so, then it is possible to arbitrarily manipulate

the eigenvalues of the closed-loop system (A − BK) through choice of K, and stabilize

the system. The argument above assumes that full-state measurements are available (i.e.,

C = I and D = 0, so that y = x). Of course, full-state measurements are not always

available, especially for high-dimensional systems, but we will show in the next section

that if the system is observable, it is possible to build a full-state estimate from the sensor

measurements via a Kalman filter.

Given a controllable system, there are many stabilizing control laws u = −Kx. A classic

goal of optimal control is to choose the best controller gain matrix K to stabilize the system

without expending too much control effort and without making the system overly sensitive

to noise and disturbances. The objective function

𝐽 =
∞

0

x(𝜏)TQx(𝜏) + u(𝜏)TRu(𝜏) d𝜏

∫
(9.8)

balances the cost of regulating the state with the cost of control. The matrices Q and R

weight the cost of deviations of the state from zero and the cost of actuation, respectively.

The matrix Q ≥ 0 is positive semi-definite, and R > 0 is positive definite; they are

often diagonal, and the diagonal elements quantify the relative importance of the control

objectives.

Adding such an objective function is essential in formulating a well-posed optimization

problem. The LQR control law u = −K𝑟x is designed to minimize the objective function

subject to the dynamics constraints:

(9.9)

The LQR controller is shown schematically in Fig. 9.2. Out of all possible control laws

u = K(x), including nonlinear controllers, the LQR controller u = −K𝑟x is optimal, as

we will show in the next section. The name LQR refers to the fact that we are designing a

linear control law to minimize a quadratic objective function, subject to linear dynamics,

that regulates the state of the system to lim𝑡→∞ x(𝑡) = 0.

Because the objective function in Eq. (9.8) is quadratic, there is an analytical solution

for the optimal controller gain K𝑟 , given by

K𝑟 = R−1BTX, (9.10)

where is the solution to an algebraic Riccati equation, which we will derive next:X

ATX + XA − XBR−1BTX + Q = 0. (9.11)

Solving the Riccati equation for X, and hence for K𝑟 , is numerically robust and is

implemented in many programming languages [300, 43]. The gain matrix K𝑟 is obtained

via

CodeSnip 9.b >>> Kr = lqr(A,B,Q,R)[0]

in python-control. However, solving the Riccati equation scales as 3O(𝑛 ) in the state-

dimension 𝑛, making it prohibitively expensive for large systems or for online computations,
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System
d

d𝑡
x = Ax + Bu

y = x

LQR

u = −K𝑟x

xu

Figure 9.2 Schematic of the linear quadratic regulator (LQR) for optimal full-state feedback. The

optimal controller for a linear system given measurements of the full state, y = x, is given by

proportional control u = −K𝑟x where K𝑟 is a constant gain matrix obtained by solving an algebraic

Riccati equation.

for example in MPC (see Section 9.5). This motivates LMI formulations of the LQR

problem (see Section 9.6), which may be solved using efficient interior point methods (see

Section 6.4). Similarly, we may develop reduced-order models that capture the dominant

behavior of the system with many fewer states.

Derivation of the Riccati Equation for Optimal Control
For the intrepid among us, it is worth taking a theoretical detour to derive the Riccati

equation in Eq. (9.11) for the LQR optimization problem. This derivation will provide an

example of how to solve convex optimization problems using the calculus of variations,

and it will also provide a template for computing the optimal control solution for nonlinear

systems. Because of the similarity of optimal control to the formulation of Lagrangian and

Hamiltonian classical mechanics in terms of the variational principal, we adopt similar

language and notation.

First, we define the LQR objective function up until a finite time 𝑡 𝑓 and add a terminal

cost, introducing a factor of 1/2 to simplify computations:

(9.12)

The goal is to minimize the objective 𝐽 subject to the dynamics . We solve this

by introducing a Lagrangian objective function that adds an additional term to enforce the

dynamics constraint s via Lagrange multipliers:

The Lagrange multiplier 𝝀 is also called the co-state. Taking the total variation of 𝐽aug

https://doi.org/10.1017/9781009755856.010


9.1 Linear Optimal Control 339

The partial derivatives3

3 The derivative of Ax with respect to x is A, and the derivative of xTA with respect to x is AT.

of the Lagrangian are 𝜕L/𝜕x = xTQ and T𝜕L/𝜕u = u R. The last

term in the integral may be modified using integration by parts:

The term T𝝀 (0)𝛿x(0) is equal to zero, since we do not let the initial condition vary with

control, or else the control system would be non-causal (i.e., then future control could

change the initial condition of the system).

Finally, the total variation of the augmented objective function simplifies to

.

Each variation term must equal zero for an optimal control solution that minimizes 𝐽. Thus,

we may break this up into three equations:

(9.13a)

uTR + 𝝀TB = 0 (9.13b)

x(𝑡 𝑓 )
TQ 𝑓 − 𝝀T (𝑡 𝑓 ) = 0. (9.13c)

The constraint in Eq. (9.13c) represents an initial condition for the reverse-time equation

for 𝝀 starting at 𝑡 𝑓 . Thus, Eqs. (9.4a) and (9.13) with initial condition x(0) = x0 and final

condition 𝝀(𝑡 𝑓 ) = Q 𝑓 x(𝑡 𝑓 ) form a two-point boundary value problem. These equations may

be integrated numerically to find the optimal control solution, even for nonlinear systems.

Because the dynamics are linear, it is possible to posit the form 𝝀 = Px, and substitute

into Eq. (9.13) above. The first equation becomes:

Taking the transpose, and substituting Eq. (9.4a) in for , yields:

Note that Q is symmetric, so QT
= Q. From Eq. (9.13b), we have

u = −R−1BT𝝀 = −R−1BTPx.

Again, R is typically symmetric and diagonal. Finally, combining yields:

(9.14)

This equation must be true for all x, and so it may also be written as a matrix equation. In

the infinite-horizon caes, we let time go to infinity and drop the terminal cost, in which case

the term disappears and we recover the algebraic Riccati equation:

PA + ATP − PBR−1BTP + Q = 0. (9.15)
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Although this procedure is somewhat involved, each step is relatively straightforward. In

addition, the dynamics in Eq (9.4a) may be replaced with nonlinear dynamics = f (x, u),

and a similar nonlinear two-point boundary value problem may be formulated with 𝜕f/𝜕x

replacing A and 𝜕f/𝜕u replacing B. Therefore, this procedure is also extremely general and

may be used to numerically obtain nonlinear optimal control trajectories.

Hamiltonian Formulation

It is also possible to solve the optimization problem by introducing the following dual

Hamiltonian formulation:

(9.16)

Then Hamilton’s equations become:

(9.17a)

(9.17b)

Again, this is a two-point boundary value problem in x and 𝝀. Plugging in the same

expression 𝝀 = Px will result in the same Riccati equation as above.

Kalman Filtering and Optimal Estimation
The optimal LQR controller relies on full-state measurements of the system, which are

often unavailable. Instead of measuring the full state x, it may be possible to estimate it

from limited and noisy measurements y. Mathematically, full-state estimation is possible

as long as the pair (A,C) is observable, which is analogous to the controllability of

( TA ,CT). However, even if observability were technically possible, it may be a nearly

ill-posed inverse problem depending on the degree of observability, as quantified by the

observability Gramian [77].

The Kalman filter [266, 534, 207] is the most common full-state estimator, as it optimally

balances the competing effects of measurement noise, disturbances, and model uncertainty.

It is also possible to combine a Kalman filter with the LQR full-state feedback law, as

explored in the next section. To derive the Kalman filter, we re-introduce disturbances w𝑑

and sensor noise w𝑛:

d

d𝑡
x = Ax + Bu + w𝑑 (9.18a)

y = Cx + Du + w𝑛. (9.18b)
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The Kalman filter assumes that both the disturbance and noise are zero-mean Gaussian

processes with known covariances:

Here E is the expected value and 𝛿(·) is the Dirac delta function. The matrices V𝑑 and V𝑛

are positive semi-definite with entries containing the covariances of the disturbance and

noise terms. Extensions to the Kalman filter exist for correlated, biased, and unknown noise

and disturbance terms [468, 341].

It is possible to obtain an estimate x̂ of the full-state x from measurements of the input

u and output y, via the following estimator dynamical system:

d

d𝑡
x̂ = Ax̂ + Bu + K 𝑓 (y − ŷ) (9.19a)

ŷ = Cx̂ + Du. (9.19b)

The matrices A,B,C, and D are the same as in the systems model, and the filter gain K 𝑓 is

determined via a similar procedure as in LQR. The Kalman filter gain K 𝑓 is given by

K 𝑓 = YCTV−1
𝑛 , (9.20)

where Y is the solution to another algebraic Riccati equation:

YAT + AY − YCTV−1
𝑛 CY + V𝑑 = 0. (9.21)

This solution is commonly referred to as the Kalman filter, and it is the optimal full-state

estimator with respect to the following objective function:

(9.22)

This objective function implicitly includes the effects of disturbance and noise, which

are required to determine the optimal balance between aggressive estimation and noise

attenuation. The Kalman filter is referred to as linear quadratic estimation (LQE), and has

a dual formulation to the LQR optimization.

The Kalman filter gain K 𝑓 may be determined via

CodeSnip 9.c >> Kf = lqe(A,I,C,Vd,Vn); % design Kalman filter gain

where I is the 𝑛 × 𝑛 identity matrix. Optimal control and estimation are mathematical dual

problems, so the Kalman filter may also be found using LQR:

CodeSnip 9.d >> Kf = (lqr(A’,C’,Vd,Vn))’; % LQR and LQE are dual problems

The Kalman filter is shown schematically in Fig. 9.3.

Substituting the output estimate ŷ from Eq. (9.19b) into Eq. (9.19a) yields:

(9.23)

The estimator dynamical system is expressed in terms of the estimate x̂ with inputs y and

u. If the system is observable, it is possible to place the eigenvalues of A−K 𝑓C arbitrarily
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System
d

d𝑡
x = Ax + Bu + w𝑑

y = Cx + w𝑛 Kalman Filter

d

d𝑡
x̂ =(A − K 𝑓C)x̂

+ K 𝑓 y + Bu

w𝑛

w𝑑

u y

x +
E

𝐽

x̂

−

Figure 9.3 Schematic of the Kalman filter for full-state estimation from noisy measurements y =

Cx + w𝑛 with process noise (disturbances) w𝑑 . We take the expectation E of the output to compute

the objective function 𝐽, since this system has stochastic disturbances and noise. This diagram does

not have a feedthrough term D, although it may be included.

with choice of K 𝑓 . When the eigenvalues of the estimator are stable, then the state estimate

x̂ converges to the full-state x asymptotically, as long as the model faithfully captures the

true system dynamics. To see this convergence, consider the dynamics of the estimation

error 𝝐 = x − x̂:

Therefore, the estimate x̂ will converge to the true full state when A − K 𝑓C has stable

eigenvalues. As with LQR, there is a tradeoff between over-stabilization of these eigenvalues

and the amplification of sensor noise.

There are many variants of the Kalman filter for nonlinear systems [255, 256, 514],

including the extended and unscented Kalman filters. The ensemble Kalman filter [8] works

well for high-dimensional systems, as in geophysical data assimilation [411]. These methods

still assume Gaussian noise. A particle filter is a more general, but more computationally

intensive, alternative for arbitrary noise distributions [215, 418]. The unscented Kalman

filter balances the efficiency of a Kalman filter and accuracy of a particle filter.

The Kalman Filter as a Bayesian Estimator. The Kalman filter provides a recursive

algorithm for estimating the state of a linear dynamical system subject to Gaussian noise.

Although often derived from control-theoretic or algebraic perspectives, the Kalman filter

is also a special case of Bayesian estimation, which we discussed earlier in Chapter 7.

At each time step, it performs an exact Bayesian update: combining a prior belief about

the system state, based on a model, with a likelihood function derived from a new noisy

measurement. This connection will be established rigorously in the homework.
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Figure 9.4 Schematic of the linear quadratic Gaussian (LQG) controller for optimal closed-loop 

feedback based on noisy measurements y. The LQR and Kalman filter gain matrices K𝑟 and K 𝑓 may 

be designed independently. When combined, the resulting sensor-based feedback remains optimal. 

Linear Quadratic Gaussian 
Combining LQR with the Kalman filter yields the linear quadratic Gaussian (LQG) 

controller, resulting in optimal sensor-based feedback. Remarkably, the LQR gain K𝑟 
and the Kalman filter gain K 𝑓 may be designed separately, and the resulting sensor-based 

feedback will remain optimal and retain the closed-loop eigenvalues when combined. 

The LQG controller consists of the LQR feedback u = −K𝑟 x̂ where the state x̂ is found 

via the estimator dynamical system 

d ( ) 
d𝑡 

x̂ = A − K 𝑓 C − BK𝑟 x̂ + K 𝑓 y. (9.24) 

The LQG controller is optimal with respect to the following ensemble-averaged version of 

the objective function from Eq. (9.8): 

∫ T [ ] 
𝐽 (𝑡) = lim E x(𝜏) TRu(𝜏) d𝜏. 

𝑡→∞ 0

TQx(𝜏) + u(𝜏) (9.25)

Applying LQR to x̂ results in the following state dynamics: 

d 

d𝑡 
x = Ax − BK𝑟 x̂ + w𝑑 

= Ax − BK𝑟 x + BK𝑟 (x − x̂) + w𝑑 . 

Again, if 𝝐 = x − x̂, the closed-loop system may be written as 

[ ] [ ] [ ] [ 

d

d 

𝑡 
x 

𝝐 = A −

0

BK𝑟 
A − 

BK

K 

𝑟

𝑓 C

x 

𝝐 + I

I −K

0 

𝑓 

w

w

𝑑

𝑛 
. 

[ ] ] 
(9.26) 

Thus, the closed-loop eigenvalues of the LQG system are given by the eigenvalues of 

A − BK𝑟 and A − K 𝑓 C, which were optimally chosen by the LQR and Kalman filter gain 

matrices, respectively. 

The LQG framework, shown in Fig. 9.4, requires an accurate model of the system and 

the magnitudes of the disturbances and measurement noise. In real-world systems, even 
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small time delays and model uncertainty may destroy the robustness of LQG and result in

instability [152]. The lack of robustness of LQG regulators to model uncertainty motivates

the introduction of robust control [152] (see Panel 9.1).

Panel 9.1: Robust Control

In his seminal 1978 paper [152], John Doyle showed that LQG regulators can have

arbitrarily small stability margins, making them fragile to model uncertainties, time

delays, and other model imperfections.

This paper motivated a new theory of robust control. The control formulation in

Fig. 9.1 is a general optimization framework to minimize the transfer function from

external inputs w (e.g., reference, disturbances, noise) to the cost function J, which

balances accuracy, actuation cost, performance, etc. [156, 466]. Optimal control

(e.g., LQR, LQG) is optimal with respect to the H2-norma

a The H2-norm is the bounded 2-norm on a Hardy space, consisting of stable and strictly proper transfer

functions, meaning gain rolls off at high frequency. The H∞ bounded infinity-norm, consisting of

stable and proper transfer functions (i.e., gain does not become infinite at high frequencies).

, while robust control is

optimal with respect to the H∞-norm. The infinity-norm is defined as

||G||∞ = max
𝜔

𝜎1 (G(𝑖𝜔)).

Here,𝜎1 denotes the maximum singular value. Since the ||·||∞-norm is the maximum

value of the transfer function at any frequency, it is often called a worst-case scenario

norm; therefore, minimizing the infinity-norm provides robustness to worst-case

disturbances. The robust control optimization problem is typically difficult to solve,

and no general, analytic solution exists. However, there are relatively efficient

iterative methods to find a controller such that || ||∞ < 𝛾G .

Selecting the objective function J to meet design specifications is an important

part of robust control design. Considerations such as disturbance rejection, noise

attenuation, controller bandwidth, and actuation cost are accounted for by a weighted

sum of various transfer functions representing different sensitivities.

Robust control was especially impactful for controlling high-performance aerospace

systems, such as the US Space Shuttle, where disturbances were large, physics was

only partially known, and linear models were very rough. For example, when the

shuttle re-entered the Earth’s atmosphere to land, it passed through a wide range of

extreme aerodynamic conditions. Robust control made it possible to use a relatively

simple set of models and treat unmodeled dynamics as disturbances.
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9.2 Nonlinear Optimal Control 

Now that we have explored optimal control in the context of linear dynamics and a 

quadratic objective function, we are ready for the more general theory of nonlinear 

optimal control. The goal of this section is to provide a mathematical foundation for 

nonlinear optimal control, which will be useful when we discuss reinforcement learning, 

dynamic programming, and model predictive control. Specifically, we will derive the 

Hamilton–Jacobi–Bellman (HJB) equations for optimal nonlinear control, which is one 

of the theoretical triumphs in control theory. It relies on Bellman’s principle of optimality, 

which states that an optimal multi-step control policy must be locally optimal in every 

sub-sequence of steps. 

Nonlinear optimal control problems do not generally have simple closed-form solutions, 

in contrast to linear optimal control. Instead, we typically leverage powerful optimization 

frameworks, such as reinforcement learning (Section 9.3) and dynamic programming 

(Section 9.4), to approximately solve the nonlinear, nonconvex optimization problem. This 

is an enormous field, and this chapter only provides a high-level overview. For more details, 

see the excellent text by Stengel [473]. 

Mathematical Statement of Nonlinear Optimal Control Problem 
The goal is to optimize the control input u(𝑡) to drive a nonlinear system 

(9.27)

to follow a trajectory x(𝑡) that minimizes an objective function 

∫ 𝑡 𝑓 
𝐽 (x(𝑡), u(𝑡), 𝑡0, 𝑡 𝑓 ) = L(x(𝜏), u(𝜏)) d𝜏 + 𝑄(x(𝑡 𝑓 ), 𝑡 𝑓 ). 

𝑡0 

(9.28) 

We have written u(𝑡) as a function of time, rather than of the state x, allowing us to consider 

both cases of open-loop control u(𝑡) or closed-loop control u(𝑡) = u(x(𝑡)). We have also 

dropped the output equation y = g(x, u, w𝑛) for simplicity, although the theory below 

readily generalizes to handle partial measurements. 

The formulation in Eq. (9.28) generalizes the LQR objective function in Eq. (9.12), so 

that L(x, u) and 𝑄(x(𝑡 𝑓 ), 𝑡 𝑓 ) may be non-quadratic. There may also be constraints on the 

state x and control u, which determine what solutions are admissible; this is especially 

common in model predictive control, which we will explore in Section 9.5. 

Hamilton–Jacobi–Bellman Equations and the Value Function 
An optimal control u(𝑡) will minimize the objective function 𝐽, starting at an initial 

state x0 = x(𝑡0). We reframe this optimization problem in terms of the value function 

𝑉 (x0, 𝑡0, 𝑡 𝑓 ), which is the total integrated cost starting at x0 assuming the control law is 

optimal: 

𝑉 (x0, 𝑡0, 𝑡 𝑓 ) = min 𝐽 (x(𝑡), u(𝑡), 𝑡0, 𝑡 𝑓 ). 
u(𝑡 ) 

(9.29)
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Here x(𝑡) is the solution to Eq. (9.27) for the optimal u(𝑡). The value function is no longer a

function of the control u(𝑡), as this has been optimized over, and it is also not a function of

x(𝑡), but rather of an initial state x0, as the remainder of the trajectory is entirely specified by

the dynamics and the optimal control law. The value function is often called the cost-to-go

in control theory, as the value function evaluated at any point x(𝑡) on an optimal trajectory

will give the remaining cost associated with continuing to enact the optimal policy until the

final time 𝑡 𝑓 . This is a statement of Bellman’s optimality principle, that the value function

𝑉 remains optimal starting with any point on an optimal trajectory.

The Hamilton–Jacobi–Bellman4

4 Kalman recognized that the Bellman optimal control formulation was a generalization of the Hamilton–Jacobi

equation from classical mechanics to handle stochastic input–output systems. These formulations all involve the

calculus of variations, which we have seen in Section 6.6.

(HJB) equation is a partial differential equation that

must be satisfied by the value function 𝑉 at every intermediate time 𝑡 ∈ [𝑡0, 𝑡 𝑓 ]:

(9.30)

The term 𝜕𝑉
𝜕x

is a Lagrange multiplier 𝝀 to enforce the dynamics constraint given by f.

To derive the HJB equation, we take the total time derivative of the value function

𝑉 (x(𝑡), 𝑡, 𝑡 𝑓 ) at some intermediate time 𝑡:

The terminal cost does not vary with 𝑡, so it has zero time derivative. The derivative of the

integral
∫ 𝑡 𝑓
𝑡

L(x(𝜏), u(𝜏)) d𝜏 is equal to −L(x(𝑡), u(𝑡)) by the first fundamental theorem

of calculus. Finally, the term (𝜕𝑉/𝜕x)T f (x, u) may be brought into the minimization with

respect to u(𝑡), since 𝑉 is already defined as the optimal cost over u.

The derivation above relies on Bellman’s principle of optimality: at any point on an

optimal trajectory x(𝑡), the value function 𝑉 is still optimal for the rest of the trajectory:

u(𝑡 )

𝑡

𝑡

(9.31)

The value function can therefore be decomposed as:

𝑉 (x(𝑡0), 𝑡0, 𝑡 𝑓 ) = 𝑉 (x(𝑡0), 𝑡0, 𝑡) +𝑉 (x(𝑡), 𝑡, 𝑡 𝑓 ). (9.32)
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This makes it possible to take the total time derivative above. A more rigorous derivation

is possible using the calculus of variations from Chapter 6.

The HJB equation is incredibly powerful, providing a PDE for the optimal solution

of a general nonlinear control problem. Typically, the HJB equation is solved as a

two-point boundary value problem using a shooting method, with boundary conditions

x(0) = x0 and 𝑉 (x(𝑡 𝑓 ), 𝑡 𝑓 ) = 𝑄(x(𝑡 𝑓 ), 𝑡 𝑓 ). However, a nonlinear control problem with

a three-dimensional state vector x ∈ R
3 will result in a three-dimensional PDE. Thus,

optimal nonlinear control based on the HJB equation typically suffers from the curse of

dimensionality. Phase-space clustering techniques have shown promise for systems that

evolve on a low-dimensional attractor [264]. Neural ordinary differential equations are also

making it possible to solve much larger HJB equations [398].

Discrete-Time HJB and the Bellman Equation
Bellman optimality is especially intuitive for discrete-time system,

x𝑘+1 = F(xk, uk), (9.33)

where instead of optimizing over a function, we optimize over a discrete control sequence.

The objective is now given by

𝐽 (x0, {u𝑘}
𝑛
𝑘=0 , 𝑛) =

𝑛∑︁
𝑘=0

L(x𝑘 , u𝑘) +𝑄(x𝑛, 𝑡𝑛). (9.34)

Similarly, the value function is defined as the value of the cumulative objective function,

starting at a point x0 assuming an optimal control policy u:

𝑉 (x0, 𝑛) = min
{u𝑘 }

𝑛
𝑘=0

𝐽 (x0, {u𝑘}
𝑛
𝑘=0 , 𝑛). (9.35)

Bellman’s principle of optimality states that at any point along the optimal trajectory x, the

remaining control policy is optimal with respect to this new initial state

𝑉 (x0, 𝑛) = 𝑉 (x0, 𝑘) +𝑉 (x𝑘 , 𝑛) ∀𝑘 ∈ (0, 𝑛). (9.36)

Thus, the value at an intermediate time step 𝑘 may be written as

It is also possible, given a value function 𝑉 (x𝑘 , 𝑛), to determine the next optimal control

action u𝑘 by returning the u𝑘 that minimizes the above expression. This defines an optimal

policy u = 𝝅(x). Dropping the functional dependence of 𝑉 on the end time, we then have

𝑉 (x) = min
u

[L(x, u) +𝑉 (F(x, u))] (9.37a)

𝝅(x) = argmin
u

[L(x, u) +𝑉 (F(x, u))] . (9.37b)

These are the Bellman equations and they are the cornerstone of reinforcement learning.
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STATE, s

REWARD, r

ACTION, a

π(s, a)

ENVIRONMENTAGENT

Figure 9.5 Schematic of reinforcement learning, where an agent senses its environmental state s

and takes actions a according to a policy 𝝅 that is optimized through learning to maximize future

rewards r.

9.3 Reinforcement Learning

Reinforcement learning (RL) is a major branch of research at the intersection of machine

learning and control theory [409], and it is among the most promising fields of research

towards generalized artificial intelligence and autonomy. It is concerned with how to learn

control laws and policies to interact with a complex environment [480, 261]. Both machine

learning and control theory fundamentally rely on optimization, and, likewise, RL involves

a set of optimization techniques within a framework for learning how to interact with the

environment from experience.

In reinforcement learning5

5 Reinforcement learning uses different notation than control, although the two sets of notation can easily be

mapped back and forth. The action a maps to the actuation u, the state s maps to the full state x or partial

measurement y, and the policy 𝜋 (s) maps to the controller u = k(x) or u = k(y) .

, an agent senses the state of its environment, s ∈ S, and learns

take appropriate actions, a ∈ A, to optimize future rewards r; the sets S and A denote the

sets of possible states and actions, respectively. Figure 9.5 provides a schematic overview

of the reinforcement learning framework.

Reinforcement learning mimics how animals learn to interact with their environment

through trial and error, experience, positive and negative rewards, and feedback. Much

of the history of reinforcement learning is linked to studies of animal behavior and the

neurological basis of decisions, control, and learning [355, 453, 129, 128]. Pavlov’s dog is

an example demonstrating how animals learn environmental cues that will lead to a delayed

reward [386]. The term reinforcement refers directly to the rewards, such as food, used to

reinforce desirable behavior in humans and animals.

The Policy

The agent takes actions a through a control policy 𝝅 that is optimized through learning

to maximize future rewards r. Rewards may be immediate or delayed, depending on the

problem; in many cases, a circuitous path to the optimal solution must be learned. For

example, a long term chess strategy may involve making sacrifices.

For deterministic systems, e.g. the optimal nonlinear control problem in Section 9.2, the

policy may be written as a = 𝝅(s), directly analogous to the control law u = k(x). However,
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when the environment is stochastic, we write the policy as 𝝅(s, a), which is the probability 

of taking action a given state s to maximize future rewards. This indicates that the policy is 

no longer deterministic, but is rather a probability density over actions a. 

In the simplest formulation, the policy may be a look-up table that is defined on the 

discrete state and action spaces S and A, respectively. However, for most problems, this 

becomes prohibitively expensive, and 𝝅 must be represented as an approximate function 

that is parameterized by 𝜽, for example via a deep neural network: 

𝝅(s, a) ≈ 𝝅(s, a, 𝜽). (9.38) 

Often, this parameterized function will be denoted 𝝅𝜽 (s, a). We will revisit this function 

approximation in the context of deep reinforcement learning in Section 10.4, where it is 

possible to represent these complex functions using deep neural networks. 

The Environment 

RL generalizes the optimal nonlinear control problem in Section 9.2. The environment may 

be described by the deterministic, nonlinear dynamics in Eq. (9.27), or it may represent a 

less structured, stochastic set of causes and effects. In a game of chess, the environment 

involves the rules of the game, along with the, sometimes, complex thought process of a 

human opponent. This is nearly impossible to write down as a tractable system of equations, 

and the set of states is almost innumerable. Thus, it is often the case that the model of the 

environment is not known. Further, the measured state of the system may be a partial 

measurement of a higher-dimensional state that evolves according to a stochastic, nonlinear 

process. Modern RL provides strategies for handling such high-dimensional, unstructured 

problems. We typically either use model-free RL strategies, or learn a data-driven model, 

for example using the techniques in Section 8.7, and proceed to model-based RL strategies. 

As is the case with human learning, RL often begins with an unstructured exploration, 

where trial-and-error are used to learn the environment and reward function, followed by 

exploitation, where a strategy is chosen and optimized. 

For simplicity and pedagogical development of the theory, we often assume that the 

environment is either a nonlinear dynamical system (deterministic or stochastic), or that the 

state evolves according to a simple Markov decision process (MDP). Here we will develop 

the theory for an MDP, as this is the most common approach. 

In an MDP the probability of the system occurring in the current state is determined 

entirely by the previous state, so that it is memory-less. An MDP consists of a set of states 

S, a set of actions A, and a set of rewards R, along with the probability of transitioning 

from state s𝑘 at time 𝑡𝑘 to state s𝑘+1 at time 𝑡𝑘+1 given action a𝑘 , 

𝑃(s′ , s, a) = Pr (s𝑘+1 = s′ | s𝑘 = s, a𝑘 = a) , (9.39) 

and a reward function 𝑅 

𝑅(s′ , s, a) = Pr (r𝑘+1 | s𝑘+1 = s′ , s𝑘 = s, a𝑘 = a) . (9.40) 
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Thus, an MDP generalizes the notion of a Markov process to include actions and rewards,

making it suitable for decision making and control. Sometimes6

6 We might also replace the action a with a policy 𝝅, which implies a sum over states:

the transition probability

𝑃(s′, s, a) will be written as 𝑃(s′ | s, a).

A Markov process with a finite set of states S, may be written in terms of the vector of

probabilities of being in each of the 𝑛 states s ∈ R
𝑛. The Markov process 𝑃(s′, s) is then

given by a transition matrix T, so that s′ = Ts. Each column of T must add up to 1, which

is a statement that given a particular state s, something must happen in the transition to s′.

Similarly, for an MDP, given a policy 𝝅, the transition process may be written as

s′ =
∑︁
a∈A

𝝅(s, a)Tas. (9.41)

Now for each action a, Ta is a Markov process with all columns summing to 1.

All Markov processes asymptotically approach a steady state 𝝁, which is the eigenvector

of T corresponding to eigenvalue 1. Given a policy 𝝅, an MDP asymptotically approaches

a steady state

The Value Function

We have already seen the value function in the context of the HJB equation in Section 9.2.

Here we define it in the context of RL for an MDP. Given a policy 𝝅, it is possible to define

a value function that quantifies the desirability of being in a given state:

𝑘

(9.42)

where E is the expected future total reward, subject to a discount rate 𝛾. The optimal value

function for the best policy is given by

𝝅

𝑘=0

(9.43)

Bellman’s principle of optimality states that the value may be written recursively as

(9.44)

which yields Bellman’s equation:

𝑉 (s) = max
𝝅

E (r0 + 𝛾𝑉 (s
′)) , (9.45)

where s′ is the next state after s. This is true for s′ = s𝑘+1 and s = s𝑘 for all 𝑘 .

Given the value function, it is possible to extract the optimal policy as

𝝅 = argmax
𝝅

E (r0 + 𝛾𝑉 (s
′)) , (9.46)

𝑃 (s′ , s, 𝝅) =
∑︁
a∈A

𝝅 (s, a)𝑃 (s′ , s, a) .
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Optimization Techniques for Reinforcement Learning 
Learning the optimal policy 𝝅, the value function 𝑉 , or jointly learning both, all involve 

optimization. There are many approaches to learn an optimal policy 𝝅, which is the ultimate 

goal of RL. A major dichotomy in reinforcement learning is that of model-based RL versus 

model-free RL. When there is a known model for the environment, there are several strategies 

for learning either the optimal policy or value function through what is known as policy 

iteration or value iteration, which are forms of dynamic programming using the Bellman 

equation. We will discuss dynamic programming in the next section. 

Depending on the assumed structure of 𝝅, the size and evolution dynamics of S, and 

the reward landscape 𝑅, determining an optimal policy may range from a closed form 

optimization to a rather high-dimensional unstructured optimization. When there is no 

model for the environment, model-free strategies, such as Q-learning, must be employed. 

The reinforcement learning optimization problem may be particularly challenging for high-

dimensional systems with unknown, nonlinear, stochastic dynamics and sparse and delayed 

rewards. All of these techniques may be combined with function approximation techniques, 

such as neural networks, for approximating the policy 𝝅, the value function 𝑉 , or the quality 

function 𝑄 (discussed in Section 10.4). 

One of the central challenges in reinforcement learning is that rewards are often extremely 

rare and may be significantly delayed from a sequence of good control actions. This leads to 

the so-called credit assignment problem, coined by Minsky [352] to describe the challenge 

of knowing what action sequence was responsible for the delayed reward. These sparse and 

delayed rewards have been a central challenge in RL for six decades, and they are still a 

focus of research today. The resulting optimization problem is computationally expensive 

and data intensive, requiring considerable trial and error. 

Today, reinforcement learning is being used to learn sophisticated control policies for 

complex open-world problems in autonomy and propulsion (e.g., self-driving cars, learning 

to swim and fly) and as a general learning environment for rule-constrained games (e.g., 

checkers, backgammon, chess, Go, Atari games). Much of the history of RL may be 

traced through its success on increasingly challenging games, from checkers [434] to 

backgammon [492] and more recently to chess and Go [462]. These games serve to illustrate 

many of the central challenges that are still faced in RL, including the curse of dimensionality 

and the credit assignment problem. 

The recursive nature of the value function, via Bellman’s principle of optimality, is 

directly leveraged in reinforcement learning, where the task of learning optimal control 

policies is framed as estimating the value function.. While classical HJB approaches rely 

on solving partial differential equations, RL replaces this with iterative approximations, 

often through simulation or data-driven methods. This connection establishes R as a 

computational framework for solving Bellman-like equations in settings where models 

of the system dynamics may be unknown or high-dimensional. The Bellman equation 

reformulates the HJB’s value function PDE into a recursive relationship that can be solved 

iteratively. This iterative structure forms the basis for RL techniques such as temporal-

difference learning, which approximates the value function without explicitly solving the 

PDE. Modern RL techniques extend these ideas by leveraging data-driven approximations, 

such as neural networks. 
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9.4 Dynamic Programming 

Dynamic programming (DP) is a recursive optimization framework introduced by Richard 

E. Bellman [36, 37] to solve large multi-step optimization problems, such as those found 

in decision making and control, by decomposing them into simpler subproblems. In the 

previous sections, we derived the HJB equation as a partial differential equation that must be 

satisfied by the value function for optimal nonlinear control problems. While powerful and 

surprisingly compact, the HJB equation is generally very challenging to solve analytically. 

Instead, we typically solve HJB approximately using dynamic programming, which provides 

a constructive and recursive way to compute the value function and optimal control policy. 

Policy iteration and value iteration are two examples of how we use dynamic 

programming in optimal nonlinear control and reinforcement learning. Specifically, 

dynamic programming reformulates the large optimization problem as a recursive 

optimization in terms of smaller sub-problems, so that local improvements to the control 

policy may be made sequentially with new information. This approach relies on Bellman’s 

principle of optimality, which states that a large multi-step control policy must also be locally 

optimal in every sub-sequence of steps. Reinforcement learning generalizes these ideas by 

introducing function approximation techniques to handle high-dimensional state spaces 

and by developing model-free approaches when the dynamics are unknown. In essence, 

Dynamic programming is the optimization backbone of classic reinforcement learning, 

while modern RL extends DP to problems with uncertainty and complex, high-dimensional 

dynamics. 

The Bellman equation in Eq. (9.44) indicates that the large optimization problem over an 

entire state-action trajectory (s𝑘 , a𝑘 ) may be broken into a recursive optimization at each 

point along the trajectory. As long as the value function is known at the next point s′, it is 

possible to solve the optimization at point s simply by optimizing the policy 𝝅(s, a) at this 

point. Of course, this assumes that the value function is known at all possible next states 

s𝑘+1, which is a function of the current state s𝑘 , the current action a𝑘 , and the dynamics 

governing the system; this becomes even more complex for non-MDP dynamics, such 

as the nonlinear control formulation in Section 9.2. For even moderately large problems, 

this suffers from the curse of dimensionality, and approximate solution methods must be 

employed. 

When tractable, dynamic programming (i.e., the process of breaking a large problem 

into smaller overlapping sub-problems) provides a globally optimal solution. There are two 

main approaches to dynamic programming, referred to as top down and bottom up: 

Top down: The top-down approach involves maintaining a table of sub-problems that are 

referred to when solving larger problems. For a new problem, the table is checked 

to see if the relevant sub-problem has been solved. If so, it is used, and if not, the 

sub-problem is solved. This tabular storage is called memoization. This approach 

becomes combinatorially complex for many problems. 

Bottom up: The bottom-up approach involves first solving the smallest sub-problems, 

and then combining these to form the larger problems. This may be thought of as 
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working backwards from every possible goal state, finding the best previous action 

to get there, then going back two steps, then going back three steps, etc. 

Although dynamic programming still represents a brute-force search through all sub-

problems, it is still more efficient than a naive brute-force search. In some cases, it reduces 

the computational complexity to an algorithm that scales linearly with the number of sub-

problems, although this may still be combinatorially large, as in the example of the game 

of chess. Dynamic programming is closely related to divide-and-conquer techniques, such 

as quick sort, except that divide-and-conquer applies to non-overlapping or non-recursive 

(i.e., independent) sub-problems, while dynamic programming applies to overlapping, or 

recursively interdependent sub-problems. 

However, the recursive strategy suggests approximate solution techniques, such as the 

alternating directions method, where a sub-optimal solution is initialized and the value 

function is iterated over. This forms the basis of policy and value iteration. 

Policy Iteration 
Policy iteration is a two-step optimization procedure for simultaneously finding an optimal 

value function 𝑉𝝅 and the corresponding optimal policy 𝝅. 

First, a candidate policy 𝝅 is evaluated, resulting in the value function for this fixed 

policy. This typically involves a brute force calculation of the value function for this policy 

starting at many or all initial states. The policy may need to be run for a long time depending 

on the reward delay and discounting factor 𝛾. 

Next, the value function is fixed, and the policy is optimized to improve the expected 

rewards by taking different actions at a given state. This optimization relies on the alternative 

recursive formulation of the value function in Eq. (9.42) due to Bellman’s Eq. (9.44): 

𝑉𝝅 (s) = E [𝑅(s′ , s, 𝝅(s)) + 𝛾𝑉𝝅 (s
′)] 

∑︁ 
= 𝑃(s′ | s, 𝝅(s)) (𝑅(s′ , s, 𝝅(s)) + 𝛾𝑉𝝅 (s

′)) . 
s′ 

(9.47a)

(9.47b) 

Note that in this expression, we have assumed a deterministic policy a = 𝝅(s), otherwise, 

Eq. (9.47a) would involve a second summation over a ∈ A, with the expression multiplied 

by 𝝅( , )s a . 

It is then possible to hold 𝑉𝝅 (s) fixed and optimize over the policy in the first term. In 

particular, the new deterministic optimal policy at the state s is given by: 

𝝅(s) = argmax E [𝑅(s′ , s, a) + 𝛾𝑉𝝅 (s
′)] . 

a∈A 
(9.48) 

Once the policy is updated, the process repeats, fixing this policy to update the value 

function, and then using this updated value function to improve the policy. The process 

is repeated until both the policy and the value function converge to within a specified 

tolerance. It is important to note that this procedure is both expensive and prone to local 

minima. It also resembles the alternating descent method that is widely used in optimization 

and machine learning. 
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The formulation in Eq. (9.47a) makes it clear that it may be possible to optimize 

backwards from a state known to give a reward with high probability. Additionally, this 

approach requires having a model for 𝑃 and 𝑅 to predict the next state s′, making this a 

model-based approach. 

Value Iteration 
Value iteration is similar to policy iteration, except that at every iteration only the value 

function is updated, and the optimal policy is extracted from this value function at the end. 

First, the value function is initialized, typically either with zeros or at random. Then, for 

all states s ∈ S, the value function is updated by returning the maximum value at that state 

across all actions a ∈ A, holding the value function fixed at all other states s′ ∈ S\s:
∑︁ 

𝑉 (s) = max 𝑃(s′ s, a) (𝑅(s′ , s, a) + 𝛾𝑉 (s′)) . 
a 

|
s′ 

 

(9.49)

This iteration is repeated until a convergence criterion is met. 

After the value function converges, it is possible to extract the optimizing policy 𝝅:
∑︁ 

𝝅(s, a) = argmax 𝑃(s′ s, a) (𝑅(s′ , s, a) + 𝛾𝑉 (s′)) . 
a 

|
s′ 

(9.50) 

Although value iteration typically requires fewer steps per iteration, policy iteration often 

converges in fewer iterations. This may be due to the fact that the value function is often 

more complex than the policy function, requiring more parameters to optimize over. 

Note that the value function in RL typically refers to a discounted sum of future rewards 

that should be maximized, while in nonlinear control it refers to an integrated cost that 

should be minimized. The phrase value function is particularly intuitive when referring 

to accumulated rewards in the economic sense, as it quantifies the value of being in a 

given state. However, in the case of nonlinear control theory, the value function is more 

accurately thought of as quantifying the numerical value of the objective function evaluated 

on the optimal trajectory. This notation can be confusing, and is worth careful consideration 

depending on the context. 

Quality Function 
Polic iteration and value iteration are related by the quality function 𝑄(s, a) 

𝑄(s, a) = E [𝑅(s′ , s, a) + 𝛾𝑉 (s′)] 
∑︁ 

= 𝑃 (s′ | s, a) (𝑅(s′ , s, a) + 𝛾𝑉 (s′)) . 
s′ 

(9.51a)

(9.51b) 

In a sense, the optimal policy 𝝅(s, a) and the optimal value function 𝑉 (s, a) contain 

redundant information, as one can be determined from the other via the quality function 

𝑄(s, a): 

𝝅(s, a) = argmax 𝑄(s, a) 
a 

(9.52a) 

𝑉 (s) = max 𝑄(s, a). 
a 

(9.52b)
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Figure 9.6 Schematic of model predictive control, where a surrogate model is used to run an 

optimization directly inside the control loop. This diagram assumes full state measurements y = x 

for simplicity, although this is not strictly necessary for MPC. 

This formulation is used for model-free Q-learning [531, 510, 164]. 

9.5 Model Predictive Control 

Model predictive control (MPC) [89, 184] is one of the most flexible and widely used 

techniques in industrial control. It is also one of the most computationally intensive. 

It employs constrained optimization, wrapped around a predictive model, to control 

dynamics with constrains, time delays, non-minimum phase dynamics, and instability. 

This optimization loop must be real-time, which typically necessitates either expensive 

computational hardware or simplified models. Progress in MP has directly tracked our 

ability to scale the complexity of this real-time optimization. Many industrial applications 

of MPC have slow time scales and use linear models, because they are simple to 

identify and fast to optimize over. Improved computational hardware and optimization 

algorithms are enabling MPC for nonlinear systems with faster time scales. For example, 

field-programmable gate arrays (FPGAs) are being used for embedded MPC in some 

applications [240, 38]. Recently, deep learning and reinforcement learning have been 

combined effectively with MPC [306, 554]. 

Model predictive control is shown schematically in Fig. 9.6. MPC determines the next 

immediate control action by solving a constrained optimal control problem over a receding 

horizon. The control sequence is then implemented until the system state is updated via 

sensor measurements, after which the receding horizon control problem is reinitialized 

and solved again. This iterative procedure is repeated, balancing model prediction with 
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sensor feedback. The predictive model is used to forecast control scenarios into the

future, providing fast open-loop control, while the sensor information provides a corrective

feedback signal to account for instability, uncertainty, model-mismatch, and disturbances.

Mathematical Formulation of MPC
In MPC, the open-loop control input u is optimized on a receding time-horizon 𝑡𝑐 = 𝑚𝑐Δ𝑡

to minimize a cost 𝐽 over a prediction horizon 𝑡𝑝 = 𝑚𝑝Δ𝑡, based on a surrogate model

x̂𝑘+1 = F̂(x̂ 𝑗 , u 𝑗 ). (9.53)

The control horizon is usually less than or equal to the prediction horizon, and u is held

constant for 𝑡 ∈ [𝑡𝑐, 𝑡𝑝]. The objective function is typically similar to an LQR problem

(9.54)

where r 𝑗 is the reference trajectory to be tracked by MPC, ∥x∥2
Q
= xTQx, and there is an

additional penalty on large changes in the control, i.e. on Δu 𝑗 = u 𝑗 − u 𝑗−1. Note that the

weight matrix Q must be positive semidefinite and R and RΔ must be positive semidefinite,

as in LQR. It is also possible to add a terminal cost on the final state.

The objective function is optimized over the sequence U 𝑗 = {u 𝑗+1, . . . , u 𝑗+𝑘 , . . . , u 𝑗+𝑚𝑐
}

of control inputs, subject to the constrains of the surrogate model in Eq. (9.53), constraints

on the control inputs u 𝑗 , the rate of change of control Δu 𝑗 , and the predicted state x̂ 𝑗 :

min
U 𝑗

𝐽 (x 𝑗 )

s.t. x̂𝑘+1 = F̂(x̂ 𝑗 , u 𝑗 )

umin ≤ u 𝑗 ≤ umax

Δumin ≤ Δu 𝑗 ≤ Δumax

xmin ≤ x̂ 𝑗 ≤ xmax.

(9.55)

This is a large-scale nonlinear program (NLP). Efficient solvers, such as IPOPT and SNOPT,

can handle inequality constraints, high-dimensional state and control vectors, and complex

objective function terms. Optimization details will be discussed more below.

The optimal control is then applied for one time step, or until sensor measurements

are available to update the state x, and the procedure is repeated and the receding-horizon

control re-optimized at each subsequent time step. For simplicity, we will assume that

sensor measurements are available at each time step. This results in the control law:

K(x 𝑗 ) = u 𝑗+1(x 𝑗 ), (9.56)

where u 𝑗+1 is the first time step of the optimized actuation starting at x 𝑗 . This is illustrated

in Fig. 9.7. For more details, see Kaiser et al. [263] and Fonzi et al. [175].

It is possible to optimize highly customized objective functions, subject to nonlinear

dynamics, with constrains on the actuation and state. However, the computational

requirements of re-optimizing at each time-step are considerable, putting limits on the
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j+mp−1

Figure 9.7 Illustration of model predictive control used to track a set point, where the actuation 

input u is iteratively optimized over a receding horizon. A receding horizon optimization is performed 

to compute the optimal control signal given the surrogate model, and the first step of this control 

sequence is enacted. After the system responds and is measured, a new optimization is initialized, 

allowing the controller to compensate for model errors and disturbances. The control horizon and 

prediction horizon may be different in MPC. Reproduced with permission from Kaiser et al. [263]. 

complexity of the model and optimization techniques. Fortunately, rapid advances in 

computing power and optimization are enabling MPC for real-time nonlinear control. 

There have been tremendous advances in MPC, especially deep MPC, which uses deep 

learning for the surrogate model [306]. Deep MPC has been widely used for vision-based 

driving systems [153], for controlling fluid flows [358, 52], and in aeroelastic systems [175]. 

Deep MPC is particularly useful in data-rich applications, although deep learning requires 

large volumes of data and may not be readily interpretable. A complementary line of 

research seeks to identify models for MPC based on limited data. For example, Kaiser et 

al. [263] showed that it is possible to rapidly identify system models from limited data using 

the methods discussed in Section 8.7, and then use these models for MPC. 

Tube MPC is another robust strategy that keeps the system within a certifiable tube 

around the reference trajectory [322, 166], which is useful for safety critical systems with 

model error and disturbances. More generally, developing robust and distributed MPC 

algorithms with guarantees [415, 416] is important in autonomy and robotics. MPC may 

also be used in model-based reinforcement learning [537]. Finally, recent efforts have 
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combined differentiable programming with MPC, resulting in differentiable predictive 

control [6, 154]. 

Optimization Algorithms for MPC 
Optimization is at the heart of MPC, and its feasibility in real-time applications depends 

on efficient solvers. Historically, the development of optimization techniques for MPC 

has closely followed advances in numerical methods and computing power. Mayne [343] 

provides a nice discussion of these trends and developments. 

When the dynamics are linear and the objective function are quadratic and positive 

definite, and when the control, state and terminal constraints are convex, then the MPC 

problem is a strictly convex quadratic program (QP), which has a globally optimal solution 

that may be effectively computed. There are several established computational techniques 

that may be applied, such as interior point methods from Section 6.4. These approaches 

include active set methods [351, 167, 278, 88, 225], interior point methods [407, 141, 551], 

and gradient projection methods, for example using Nesterov’s accelerated gradient [417, 

283]. Early applications of MPC in the 1980s [184] primarily relied on these methods 

due to their simplicity and robustness. Active set methods were particularly popular for 

their ability to handle constrains directly and exploit the sparsity structure of the constraint 

and dynamics matrices, leading to faster and more memory-efficient solutions. As the 

scale of industrial problems grew, interior-point methods gained traction for their superior 

performance on large-scale QPs. 

Nonlinear MPC (NMPC) requires the solution of a nonlinear programming (NLP) 

problem at each time step. It is common to use sequential quadratic programming (SQP), 

based on a local quadratic approximation to the optimal control problem at each iteration, 

which is then solved using the standard QP algorithms above. Each QP subproblem is 

constructed by approximating the Lagrangian with a second-order Taylor series, using 

the Hessian of the Lagrangian to form the quadratic objective of the QP subproblem. 

When Hessian information is unavailable, it is possible to use quasi-Newton methods, as 

in Section 2.6. Solvers like IPOPT [524] and SNOPT [192] have been widely adopted for 

NMPC due to their robustness and ability to handle large-scale problems with nonlinear 

constraints. 

Recent developments have focused on first-order operator splitting methods, such as 

the alternating direction method of multipliers (ADMM) [65], which was discussed in 

Section 6.5. ADMM is particularly attractive for embedded MPC applications, where 

computational resources are limited. Its iterative nature and ability to exploit sparsity make it 

suitable for distributed and structured MPC, where the optimization problem is decomposed 

into smaller sub-problems. Robust operator-splitting solvers, such as OSQP [472], which 

is based on an ADMM framework tailored for QPs, has further advanced MPC. OSQP 

leverages the problem structure to achieve real-time performance on embedded systems, 

enabling MPC to be deployed in resource-constrained environments such as robotics and 

automotive control. 

Despite these advances, challenges remain. Solvers for NMPC are computationally 

intensive and sensitive to the choice of initial guesses and regularization parameters. 
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Panel 9.2: Differentiable Control

Many control problems can be formulated as inverse problems, such as finding the

precise angle of inclination for a cannon to reach a certain desired distance, despite

nonlinear drag forces, variable mass, and variable wind speeds. Differentiable

control is a new paradigm for such complex, nonlinear control problems, where

we develop a differentiable surrogate model (e.g., a neural network) that may then

be used to solve the inverse problem via gradient descent.

In this example, inspired by a trebuchet control example in FluxML [244, 245],

we consider the cannon problem from Panel 1.1, except with the added complexity

of drag forces that are quadratic in the velocity, a range of ambient wind speeds,

and variable cannon mass. The dynamics governing this process are a nonlinear

differential equation, and the final position is not easily differentiable with respect

to initial cannon angle. However, in this example, we are able to train a very simple

multilayer perceptron (see Chapter 10 for more on neural networks) with three

inputs (angle 𝛼, cannonball mass 𝑚, and wind speed 𝑊), two hidden layers, each

with 128 neurons, and a scalar output corresponding to the final position of the

cannonball. The network is trained on 1000 random trajectories with the inputs

randomly sampled from a uniform distribution (mass 𝑚 ∈ [1, 5], angle 𝛼 ∈ [0, 90],

wind speed 𝑊 ∈ [−10, 10]).

Once trained, we are able to use backpropagation through the network (again, see

Section 10.2) to compute the gradient of final position with respect to initial angle.

In the example shown, the desired final position is 100m, and the initial guess is

𝛼0 = 45. After less than ten steps of gradient descent, the differentiable controller

converges to the correct angle for the surrogate model to hit the target of 100m.

Testing this angle by simulating the real physics, we find that our prediction is

within about 1m, or 1%, of the true distance.

Working code for this example is provided in the online supplement, including the

neural network used to train the surrogate model.
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Robustness to model inaccuracies and disturbances is another critical area of research,

especially for safety-critical applications. Future trends include the integration of machine

learning for better surrogate models and leveraging hardware accelerators, such as GPUs,

to further speed up computations.

Linear Time-Varying Approximations
In practice, solving the full nonlinear MPC problem in real-time is often infeasible. Instead,

linear time-varying (LTV) approximations are employed to simplify the optimization. The

idea is to linearize the nonlinear dynamics F̂(x̂, u) around the current operating point

(x̂ 𝑗 , u 𝑗 ) at each time step:

(9.57)

The resulting optimization problem is again a QP problem:

s.t. x̂ 𝑗+𝑘+1 = Ax̂ 𝑗+𝑘 + Bu 𝑗+𝑘 + c, 𝑘 = 0, . . . , 𝑚𝑝 − 1.

(9.58)

By updating the linearization at each time step, LTV approximations strike a balance

between computational feasibility and accuracy.

Warm-Starting and Real-Time Optimization
Warm-starting is critical to ensure that the MPC optimization can be solved in the system’s

sampling interval. The solution from the previous time step is used to initialize the current

optimization problem, reducing the number of iterations required for convergence. In linear

MPC, warm-starting involves initializing the QP solver with the previous control sequence.

This approach is particularly effective when the system operates near a steady state or

follows a slowly varying trajectory.

Warm-starting dates back to the early applications of MPC in the 1980s, when

computational resources were limited. Active set methods naturally benefited from warm-

starting because the active set of constraints at the solution tends to change gradually over

time. By initializing the active set with the previous solution, the algorithm converges faster.

Similarly, interior-point methods benefit from starting near the optimal trajectory, reducing

the number of Newton iterations required.

Real-time optimization solvers, such as FORCES [144] and qpOASES [168], are

explicitly designed to exploit warm-starting. These solvers take advantage of problem

sparsity and the structure of the QP to achieve fast convergence. In embedded systems,

where computational resources are constrained, warm-starting is essential for meeting the

stringent timing requirements of real-time control.

One limitation of warm-starting is its reliance on the smooth evolution of the optimization

problem. Abrupt changes in the system dynamics or reference trajectory can lead to slower

convergence or even failure to converge. To mitigate this, robust optimization techniques and
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adaptive regularization strategies are often employed. Future directions include integrating 

warm-starting with machine learning models to better anticipate system changes and further 

improve solver performance. 

9.6 Linear Matrix Inequalities 

Linear matrix inequalities (LMIs) are a class of convex constrains that play a central 

role in modern control theory [64, 439]. They provide a unifying framework for solving 

a wide range of optimization and control problems, particularly those involving stability, 

robustness, and performance guarantees. LMIs are particularly appealing in control because 

they are convex, and efficient numerical solvers based on interior-point methods can solve 

them reliably. Many classical control problems, including stability, LQR, the Kalman filter, 

and robust control, can be reformulated as LMIs. LMI formulations are widely used in 

optimal control and MPC to encode constraints on states, inputs, and system dynamics. For 

instance, quadratic objectives can be cast into an LMI framework, as will be shown. 

Motivating LMI: Lyapunov’s Stability Problem 
We follow Boyd et al. [64] and begin by motivating LMIs with their origin over a century 

ago. Lyapunov’s direct method [326] states that a linear system 

d 
x = Ax 

d𝑡 
(9.59)

is stable if and only if there exists a positive definite matrix P such that 

ATP + PA < 0 P > 0. (9.60) 

This is known as a Lyapunov inequality, and it is the original LMI, formulated in 1892. 

Further, Lyapunov showed how this LMI can be solved by choosing any positive definite, 

self-adjoint matrix Q = QT > 0 and solving the linear system of equations 

ATP + PA = −Q (9.61) 

for P. If P exists, the system is stable, and V(x) = xTPx is a Lyapunov function. 

LMIs were further developed in the 1960s and 1970s, resulting in many of the forms 

described here. Boyd et al. [64] provide a complete and interesting account of the history 

of LMIs in control. One notable development was by Willems in 1971 [536], who noted 

that LMIs can be formulated as convex optimization problems, providing computational 

and algorithmic benefits. The development of IPMs in the 1980s made it possible to solve 

LMIs efficiently at scale, and is the foundation for many modern algorithms in control. 

Two Mathematical Forms of LMIs 
An LMI is an inequality of the following form: 

F(X) < Q. (9.62) 
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X ∈ X is an element of a real vector space, F : X → H
𝑛 is linear in X, and Q ∈ H

𝑛. H𝑛

is the space of 𝑛 × 𝑛 Hermitian matrices, so Q ∈ H
𝑛 implies Q = QT. X may be a vector,

X = R
𝑛, or a symmetric 𝑛 × 𝑛 matrix, X = S

𝑛. An example will help make this clear:

• ATXA − X < Q, where X ∈ S
𝑛 is a symmetric matrix.

In general, it is possible to write an LMI in the following form

A0 +

𝑚∑︁
𝑖=1

𝑥𝑖A𝑖 > 0, (9.63)

where 0, 1, . . . , 𝑚 are symmetric matrices, 𝑥1, 𝑥2, . . . , 𝑥𝑚 are decision variables, and

> denotes positive definiteness, meaning that all eigenvalues of the matrix are nonnegative.

It is also possible to have positive-semidefinite problems, which are called non-strict [

A A A

64].

A simple optimization problem involving LMIs is the feasibility problem, to compute a

X ∈ X such that F(X) < Q. The set of such X is convex.

Casting Quadratic Problems as LMIs
One of the strengths of the LMI framework is that it may be possible to recast seemingly

nonlinear problems into an LMI. We will illustrate this with a quadratic constraint that

occurs commonly in control:

XTR−1X − Q < 0. (9.64)

This is not an LMI, since it is quadratic in the state X. However, using the Schur complement

formula, derived below, this may be recast as the following LMI:

(9.65)

LQR as an LMI

Recall that the LQR optimal controller minimizes a quadratic cost:

∞

0

(9.66)

where Q ≥ 0 and R > 0 are weight matrices. The optimal control input is derived from the

solution of the continuous-time algebraic Riccati equation

ATP + PA − PBR−1BTP + Q = 0. (9.67)

This can be reformulated as an LMI using the Schur complement formula from above:

(9.68)

Solving this LMI for P provides the optimal state feedback gain K = R−1BTP.
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Kalman Filteing as an LMI

The Kalman filter gain for an optimal state estimator is likewise derived from the solution

of the Riccati equation:

AP + PAT − PCTR−1CP + Q = 0. (9.69)

This can be recast as an LMI:

[

AP + PAT + Q PCT

CP −R

]

< 0. (9.70)

The solution P provides the Kalman gain K = PCTR−1.

Robust 𝐻∞ Control

Robust control designs often require ensuring stability and performance under model

uncertainties. The 𝐻∞ control problem seeks to design a controller that minimizes the

worst-case gain from disturbance to output:

||Tw→y||∞ < 𝛾, (9.71)

Panel 9.3: The Schur Complement: It’s a Schur Thing

The Schur complement formula states that the following set of matrix inequalities

R > 0

Q − XR−1XT > 0

is equivalent to
[

Q X

XT R

]

> 0.

To see this, we take the first set of equations, written in matrix form:
[

Q − XR−1XT 0

0 Q

]

> 0

and apply the following change of coordinates by multiplying by
[

I XR−1

0 I

]

on the left and by its adjoint on the right:
[

I XR−1

0 I

] [

Q − XR−1XT 0

0 R

] [

I 0

R−1XT I

]

=

[

Q X

XT R

]

> 0.

This inequality is greater than zero because the change of coordinates matrix is

non-singular and positive definite.
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where 𝛾 is a scalar bound. This can be formulated as an LMI: 

ATP + PA PB CT 
BTP −𝛾I DT 

 
< 0. 

C D −𝛾I 

(9.72) 

where P and 𝛾 are decision variables. Solving this LMI provides the controller gains that 

ensure robustness, as well as the performance bound 𝛾. 
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𝜋−𝜃

𝐿

𝑚

𝑀
𝑢 = 𝐹

Homework

Exercise 9.1 (LQR Design) We will explore optimal control on the inverted pendulum on

a cart, shown in Fig. 9.9.

Figure 9.9 Schematic of inverted pendulum on a cart. The control forcing acts to accelerate or

decelerate cart. For this example, we assume the following parameter values: pendulum mass (𝑚 = 1),

cart mass (𝑀 = 5), pendulum length (𝐿 = 2), gravitational acceleration (𝑔 = −10), and cart damping

(𝛿 = 1).

The full nonlinear dynamics are given by

(9.73a)

(9.73b)

(9.73c)

(9.73d)

where 𝑥 is the cart position, 𝑣 is the velocity, 𝜃 is the pendulum angle, 𝜔 is the angular

velocity, 𝑚 is the pendulum mass, 𝑀 is the cart mass, 𝐿 is the pendulum arm, 𝑔 is the

gravitational acceleration, 𝛿 is a friction damping on the dart, and 𝑢 is a control force

applied to the cart.

There are two fixed points, corresponding to either the pendulum down (𝜃 = 0) or

pendulum up (𝜃 = 𝜋) configuration; in both cases, 𝑣 = 𝜔 = 0 for the fixed point, and the

cart position 𝑥 is a free variable, as the equations do not depend explicitly on 𝑥.

1. Linearize the equations in (9.73) about the up and the down solutions to obtain A and B

matrices.

2. Confirm that the system is linearly controllable with the given A and B matrices.

This may be accomplished by computing the rank of the controllability matrix using
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numpy.linalg.matrix_rank(ctrb(A,B)) in Python. The matrix should be full

rank, which in this case is 4.

3. Design an LQR controller to stabilize the inverted pendulum configuration (𝜃 = 𝜋)

assuming full-state measurements, y = x. Use gain matrices Q = I and 𝑅 = 0.0001.

What is the LQR controller gain matrix K, and what are the closed loop eigenvalues?

4. Plot the response of the closed loop system, starting slightly off equilibrium, at x0 =

5. To visually see the optimality of the LQR controller, we will now simulate the closed-loop

system response obtained by non-optimal eigenvalue placement. Compute the system

response and cost function for 100 randomly generated sets of stable eigenvalues, chosen

in the interval [−3.5,−.5]; plot these in light gray. Plot the LQR solution on top of this in

dark black. You can compute the K matrices for the random eigenvalue placement using

the place command:

CodeSnip 9.e K = place(A,B,neweigs)

Exercise 9.2 (Kalman Filter Design) We now revisit the pendulum on a cart, given by

Eq. (9.73), but assuming that we only have partial measurements and must estimate the

state with a Kalman filter. For this example, we will develop the Kalman filter for the

pendulum-down condition (𝜃 = 0), since without feedback the system in the pendulum-

up condition will quickly leave the fixed point where the linear model is valid. We will

use the cart position as the sensor, 𝑦 = 𝑥1, which corresponds to an observation matrix

1. Confirm that the system is linearly observable with the given A and C matrices. This is

accomplished by computing the rank of the observability matrix using numpy.linalg

.matrix_rank(obsv(A,C)) in Python. The matrix should be full rank, which in this

case is 4.

2. Now design a Kalman filter with disturbance and noise covariances given by V𝑑 = I and

𝑉𝑛 = 1. What is the Kalman filter gain matrix K 𝑓 , and what are the eigenvalues of the

estimator?

3. Simulate the augmented system, with Kalman filter, with noise disturbance. You can use

code like the following:

CodeSnip 9.f ## Augment system with additional inputs [u I*wd 0*wn]

Baug = np.concatenate((B, np.eye(4),np.zeros_like(B)),axis=1)

Daug = np.array([0,0,0,0,0,1]) # D matrix passes noise through

sysC = ss(A,Baug,C,Daug) # Single-measurement system

# "True" system w/ full-state output, disturbance, no noise

sysTruth = ss(A,Baug,np.eye(4),np.zeros((4,Baug.shape[1])))

BKf = np.concatenate((B,np.atleast_2d(Kf).T),axis=1)

sysKF = ss(A-np.outer(Kf,C),BKf,np.eye(4),np.zeros_like(BKf))

4. Now modify the C matrix to include some imperfection in the measurement, but don’t

update the Kalman filter gain. How does this change the estimate?
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Exercise 9.3 (LQG Design) Combine the Kalman filter and LQR controller from the

exercises above, and simulate the full system response with noise and disturbances.

For this example, we use the following LQR and LQE weighting matrices: Q = I4×4, 𝑅 =

0.000001,V𝑑 = 0.04 I4×4, 𝑉𝑛 = 0.0002.

Start the system near the vertical equilibrium, at . , and command

a step in the cart position from 𝑥 = 0 to 𝑥 = 1 at 𝑡 = 10.

Compare the system response in both the linearized system and the full nonlinear system.

Exercise 9.4 This example will design an optimal controller for a rotary inverted

pendulum.

(a) Derive the equations of motion for a rotary pendulum, where the base of the pendulum

is mounted to a rotating arm. The control input is a torque to the rotor arm.

(b) Identify the fixed points of the system and linearize about each point. What is the stability

of each fixed point? Are they linear controllable?

(c) Design an LQR controller for the pendulum up configuration assuming full state

measurements.

(d) Determine the observability of the pendulum up configuration if we cannot measure

the full state, but instead measure the pendulum angle and the rotor angle. Similarly,

determine the observability if we only measure the pendulum angular rate and the rotor

angle. Which sensor configuration is more observable? Pick at least one different sensor

set and assess if this configuration is observable.

(e) Assuming a measurement of the pendulum angle and rotor angle, design a Kalman filter

to estimate the full state. Design for disturbance magnitude 1.e-3 and sensor noise 1.e-2.

Simulate the noisy system and compare the Kalman filter estimate with the true state

without added noise.

(f) Design an LQG controller for the pendulum up configuration and demonstrate this

controller in simulation. How does the controller perform when you introduce a small

time delay? At what point does the time delay cause the system to go unstable?

Design a full-state LQR controller to track a reference position of the cart, while minimizing

the pendulum swinging. Try different LQR gain matrices, and compare the step response

when setting the reference state from 𝑥 = 0 to 𝑥 = 1.

Exercise 9.5 Derive the equations of motion for a double pendulum on a cart.

Repeat each step above for the double pendulum.

Exercise 9.6 This exercise will design a controller to move a cart with a pendulum in

the down position from one point on a track to another. The goal will be to move quickly

from point 𝑥 = 0 to point 𝑥 = 1 while minimizing the amount the pendulum swings, which

corresponds to the problem faced when designing a controller for a gantry crane. What will

make this example more interesting is that it is a non-minimum-phase system.

Design a full-state LQR controller to track a reference position of the cart, while minimizing

the pendulum swinging. Try different LQR gain matrices, and compare the step response

when setting the reference state from 𝑥 = 0 to 𝑥 = 1.
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Exercise 9.7 This example will explore how an ill-conditioned controllability Gramian

can affect state-feedback control.

(a) Create a continuous-time, single-input state space system that has 𝑛 = 2 states full-

state measurements. Design the system to be technically controllable, yet with one of the

directions being much more controllable than the other (i.e., 106 times more controllable).

Compute the controllability Gramian for this system and compute its eigendecomposition.

Explain what you find.

(b) Design an LQR controller for this system using weight matrices Q = I and 𝑅 = 1.

Simulate the response of the closed loop system, and explain the results.

(c) Using this controller, initialize the system at thousands of points randomly sampled from

a unit circle where ∥x∥ = 1, and compute the LQR cost 𝐽 for each of these trajectories.

Plot the initial conditions on the sphere, color coded by the cost 𝐽. Reconcile this plot

with the controllability Gramian you computed earlier.

Exercise 9.8 Consider the following 2D linear system:

with

In this problem, we will develop the LQR optimal state-feedback controller u = −Kx

using several different approaches. In the next exercise we will solve the same problem

using LMIs. For the remainder, we will use the following LQR gain matrices:

1. First, we will explicitly solve the algebraic Riccati equation, which is necessary to

derive K. This equation is given by:

ATP + PA − PB𝑅−1BTP + Q = 0.

For the given A,B,Q and 𝑅, it becomes:

PSolve for explicitly by setting . This yields a small system of equations

in 𝑝11, 𝑝12, 𝑝22.

2. Then compute K = 𝑅−1BTP = BTP (since 𝑅 = 1).

3. What are the closed loop eigenvalues of A − BK? What is the resulting cost?

4. Now compute K using the lqr command, and compare.
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Exercise 9.9 We will now solve the problem above using LMIs. We seek a feedback law

u = −Kx that minimizes the LQR integral. A standard LMI formulation is to search for

P > 0 and K such that the following matrix inequality holds:

(A − BK)TP + P(A − BK) + Q + KTRK < 0.

This condition guarantees that𝑉 (x) = xTPx is a valid Lyapunov function for the closed-loop

system and that the derivative of 𝑉 along trajectories, plus the quadratic cost, is negative

definite. Additionally, we impose P > 0 to ensure 𝑉 is positive definite.

Then one can show that among all such (P,K) feasible to this inequality, the trace(P) (or

some other linear function in P,K) can serve as a surrogate for the LQR cost. Minimizing

it enforces the same solution as the Riccati-based approach.

It is now possible to replicate the LQR minimization via

min trace(P)

s.t. (A − BK)TP + P(A − BK) + Q + KT𝑅K < 0.

In many contexts, trace(P) is a suitable stand-in for the LQR cost measure.

Any solution that minimizes trace(P) under the LMI constraints above will match the P

from standard LQR. The feedback K = (𝑅−1BT)P is likewise identical to the LQR gain.

1. . Write out the 2 × 2 LMI

(A − BK)TP + P(A − BK) + Q + KT𝑅K < 0

and solve, with the additional LMI P > 0. This is essentially the same as rewriting the

usual Riccati equation in an LMI format.

2. Now solve this using Python’s cvxpy:

CodeSnip 9.g import cvxpy as cp

import numpy as np

A = np.array([[0,1],[0,0]])

B = np.array([[0],[1]])

Q = np.eye(2)

R = 1.0

P = cp.Variable((2,2), PSD=True) # P>0

K = cp.Variable((1,2)) # K in Rˆ{1x2}

# Build the LMI:

M = (A - B@K).T@P + P@(A - B@K) + Q + K.T*(R)*K # shape 2x2

constraints = [ P >> 0,

0 > M ] # "M < 0" is ’0 > M’ in cvxpy

obj = cp.Minimize(cp.trace(P))

prob = cp.Problem(obj, constraints)

prob.solve(solver=cp.MOSEK) # or another solver

print("P =", P.value)

print("K =", K.value)
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Compare the resulting K and P with the solution to the classic Riccati equation.

Exercise 9.10 We can also use LMIs to solve the simpler problem of ensuring stability

(i.e., all eigenvalues of A − BK are negative) by solving for P > 0 such that

(A − BK)TP + P(A − BK) < 0, P > 0.

The optimization problem is then

find (P,K)

s.t. P > 0,

(A − BK)TP + P(A − BK) < 0.

1. You may write the second inequality in LMI block form. However, in 2D you can write

explicitly and ensure M is negative definite.

2.

M = (A − BK)TP + P(A − BK)

Manual approach:

•

• Then

• Evaluate (A−BK)TP+P(A−BK) and impose negativity. Solve for unknowns 𝑝𝑖 𝑗 , 𝑘 𝑗 .

3. Compare the solutions (P,K) with the ones you obtained from the Riccati approach.

They should coincide, or at least be consistent.

4. Use the following Python cvxpy code to define the variables and constraints, initialize

the optimization problem, and solve it.

CodeSnip 9.h P = cp.Variable((2,2), symmetric=True)

K = cp.Variable((1,2))

constraints = [P >> 0,

(A - B@K).T @ P + P@(A - B@K) << 0]

prob = cp.Problem(cp.Minimize(0), constraints)

prob.solve()

If you want only feasibility, you can use Objective = Minimize(0). Or if you

want to incorporate a cost on trace(P), you can use Minimize(cp.trace(P)).

You should get P.value and K.value that match, or are close to, your by-hand

solution.

Exercise 9.11 Show that the LQR optimal control solution satisfies the HJB equations.

First, write down the value function𝑉 for the LQR problem. Show that this function satisfies

HJB. Derive an expression for the Lagrange multiplier co-state 𝝀 and explain.

Exercise 9.12 Repeat the steps in the derivation of the HJB equations more carefully

using the calculus of variations.

Exercise 9.13 (Reinforcement learning vs. LQR) We will now compare RL and LQR on

the linear system from Exercise 9.1 to stabilize 𝑥 = 0.
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1. Implement a basic RL algorithm, such as policy-gradient with a linear Gaussian policy

(𝑢𝑡 = −𝐾𝑥𝑡 + 𝜀𝑡 with 𝜀𝑡 ∼ N(0, 𝜎2I)). Use a reward 𝑟𝑡 = −(𝑥T
𝑡 𝑄𝑥𝑡 + 𝑢

T
𝑡 𝑅𝑢𝑡 ). You may

estimate ∇𝐾 𝐽 (𝐾) from rollouts using REINFORCE or actor-critic, and then perform the

gradient steps on 𝐾 . This is a policy search for LQR.

2. Compare the learned control law with the LQR solution.

3. Discuss sample efficiency (how many episodes or interactions are needed).

4. Now use a subset of the RL training data to learn (A,B) from data using least-squares

regression. From this learned model, solve the Riccati equation and implement. How

does the quality of the control vary with the amount of training data used to learn (A,B)?

Exercise 9.14 (Quadratic Q-learning vs. LQR) We will now implement a reinforcement

learning approach that exploits structure in the linear-quadratic regulator (LQR). It is known

that the optimal 𝑄-function for LQR has a quadratic form in (x, u):

for some symmetric matrix S. We can therefore approximate 𝑄 directly using quadratic

basis functions and fit using least square.

1. First, we implement a fitted Q-iteration (FQI) with quadratic features. Collect rollouts

of the linear system from Exercise 9.1 using an exploratory controller (e.g., a random

stabilizing gain K plus Gaussian noise). Build a feature vector 𝜙(x, u) consisting of all

quadratic monomials in (x, u). Solve a least-squares regression problem to approximate

the Bellman equation:

𝑄(x𝑡 , u𝑡 ) ≈ 𝑟𝑡 + 𝛾min
u′
𝑄(x𝑡+1, u

′).

2. Show that the greedy policy with respect to the learned𝑄-function is linear state feedback

u = −Kx. Derive K explicitly from the quadratic coefficients of the fitted 𝑄-function.

3. Compare the learned feedback gain K with the true LQR solution from the Riccati

equation. Report the closed-loop costs and trajectories.

4. Discuss sample efficiency: how many transitions are needed to learn a near-optimal

controller? Compare this to the policy gradient and model-based approaches from the

previous problem.

Exercise 9.15 (Model predictive control) Use a time-discretized double integrator system

𝑥𝑘+1 = 𝑥𝑘 + Δ𝑡 𝑣𝑘 and 𝑣𝑘+1 = 𝑣𝑘 + Δ𝑡 𝑢𝑘 to formulate an MPC that moves 𝑥 from 0 to 10

while keeping 𝑣 under some limit.

1. Write the MPC cost and constraints.

2. Implement an MPC for horizon 𝑁 = 10. Since this double integrator is a convex quadratic

program (QP), it is possible to code up the MPC optimization in CVXPY with OSQP in

about 50 lines of code. Use warm_start=True so OSQP reuses the previous solution.

Start with 𝑞𝑥 = 10, 𝑞𝑣 = 1, 𝑅 = 0.1, 𝑣max = 3, 𝑢max = 5, and Δ𝑡 = 0.05.

3. Compare the closed-loop trajectory for different horizons 𝑁 = 5, 10, 20. Shorter horizons

tend to be more aggressive and may need larger 𝑅 or tighter 𝑣max.
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Exercise 9.16 (Nonlinear MPC for a pendulum swing-up) Consider = 𝜔, =

−
𝑔

𝐿
sin(𝜃) + 𝑢.

1. Linearize about (𝜃, 𝜔) = (𝜋, 0) (upright) and see if it’s controllable.

2. Set up a direct-collocation-based MPC that tries to swing the pendulum from (0, 0) to

(𝜋, 0) over finite time.

3. Compare performance with a simpler LQR that’s only valid near the upright.

Hints: Implement the nonlinear MPC as a small nonlinear program in CasADi and solve

it with IPOPT at each step. Discretize the pendulum with step Δ𝑡 and horizon 𝑁 using direct

collocation (e.g., trapezoidal). Specifically, introduce decision variables {𝜃𝑘 , 𝜔𝑘 , 𝑢𝑘}
𝑁
𝑘=0

,

and enforce the dynamics with constraints

where 𝑥 = T[𝜃, 𝜔] and 𝑓 (𝑥, 𝑢) = T[𝜔, ,−(𝑔/𝐿) sin 𝜃 + 𝑢] . Minimize a quadratic stage cost

toward the target (𝜃, 𝜔) = (𝜋, 0) plus control effort, e.g.

with optional terminal term. Add simple bounds (e.g., |𝑢𝑘 | ≤ 𝑢max, wrap 𝜃 to [−𝜋, 𝜋] or

use cos 𝜃/sin 𝜃 features for smoothness). In the receding-horizon loop, set the parameter

𝑥0 to the measured state, call opti.solver(’ipopt’, ...) with warm start (i.e.,

reuse previous solution), apply 𝑢0, shift, and repeat. Tune 𝑁 and weights (𝑞𝜃 , 𝑞𝜔 , 𝑟) for a

reliable swing-up; start with 𝑁 ∈ 15, 20, Δ𝑡 ≈ 0.05–0.1, and moderate 𝑢max.

Exercise 9.17 In this exercise, we will show that the Kalman filter is performing a Bayesian

update, given prior information in the form of a system model, with a likelihood function

derived from a new noisy measurement. First we consider a discrete-time linear Gaussian

system model with process and measurement noise:

x𝑘+1 = A𝑘x𝑘 + w𝑘 ,

y𝑘 = H𝑘x𝑘 + v𝑘 ,

w𝑘 ∼ N(0,Q𝑘),

v𝑘 ∼ N(0,R𝑘).

Here, x𝑘 ∈ R
𝑛 is the hidden system state, y𝑘 ∈ R

𝑚 is the observed measurement, and A𝑘 ,

H𝑘 are the system and observation matrices, respectively.

The Kalman filter recursively estimates the posterior distribution 𝑝(x𝑘 | y0:𝑘) as a

Gaussian distribution with mean x̂𝑘 |𝑘 and covariance P𝑘 |𝑘 , using the following two steps:

Prediction step (prior):

Update step (posterior):

Show that the Kalman filter equations above arise from performing Bayesian estimation

of the state x𝑘 given a Gaussian prior 𝑝(x𝑘 | y0:𝑘−1) = N(x̂𝑘 |𝑘−1,P𝑘 |𝑘−1) and a Gaussian

likelihood 𝑝(y𝑘 | x𝑘) = N(H𝑘x𝑘 ,R𝑘). Specifically:
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1. Derive the posterior distribution 𝑝(x𝑘 | y0:𝑘 ) using Bayes’ rule, and show that it is 

Gaussian. 

2. Compute the mean and covariance of the posterior, and verify that they match the Kalman 

filter update equations for x̂𝑘 | 𝑘 and P𝑘 | 𝑘 . 

3. Explain how this recursive update is Bayesian. 

Exercise 9.18 Recall the two LMIs examples at the beginning of Section 9.6: 

• ATXA − X < Q, where X ∈ S𝑛 is a symmetric matrix. 

• ATXA + BY + YTBT + T < 0, which is linear in Z = (X, Y). 

For each of these LMIs, show that the function F(X) is linear in X and maps a symmetric 

X to a self-adjoint matrix F(X). 

Exercise 9.19 Show that the two forms of an LMI from Eq. (9.62) and Eq. (9.63) are 

equivalent. Specifically, each LMI can be transformed from one form into the other. 

Exercise 9.20 (Extremum Seeking Control) An adaptive controller is able to modify its 

action based on changing dynamics, without needing a detailed system model. Extremum-

seeking control (ESC) [291, 12] is a particularly attractive form of adaptive control for 

complex systems because it does not rely on an underlying model and it has guaranteed 

convergence and stability under a set of well-defined conditions. Extremum-seeking may be 

used to track local maxima of an objective function, despite disturbances, varying system 

parameters, and nonlinearities. Adaptive control may be implemented for in-time control 

or used for slow tuning of parameters in a working controller. 

Three distinct time-scales are relevant for extremum-seeking control: 

1. slow – external disturbances and parameter variation; 

2. medium – perturbation frequency 𝜔; and 

3. fast – system dynamics. 

In many systems, the internal system dynamics evolve on a fast time-scale. For example, 

turbulent fluctuations may equilibrate rapidly compared to actuation time-scales. 

Extremum-seeking control may be applied to systems with nonlinear dynamics and a time 

varying 𝐽. The general case of extremum-seeking control of nonlinear systems is analyzed 

by Krstić and Wang [291], where they develop stability guarantees based on a separation 

of timescales and a singular perturbation analysis. The algorithm may be modified to add 

a phase 𝜙 to the sinusoidal input perturbation. 

To see the ability of extremum-seeking control to handle varying system parameters, 

consider the time-dependent cost function given by 

𝐽 (𝑢) = 25 − (5 − 𝑢 − sin(𝑡))2 . (9.74) 

The varying parameters, which oscillate at 1/2𝜋 Hz, may be considered slow compared 

with the perturbation frequency 10 Hz. 

Design an extremum-seeking control for this slowly varying system. Plot the response 

and discuss how the performance varies with the various ESC parameters. 
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10 Optimization for Machine 
Learning 

Machine learning is one of the most important modern applications of optimization. Every 

machine learning model is trained using optimization. Consider an image classification 

task, with training data consisting of images and their labels (e.g., dog, cat, tree). We may 

train a convolutional neural network architecture to extract relevant features and output the 

correct category when shown new images. This involves optimizing the parameters of the 

network using SGD and ADAM (see Section 2.3) to minimize a loss function. 

More generally, developing a machine learning model involves five key stages: 

The problem: Formulating what inputs and outputs to model. 

The data: Collecting and curating training data for informing the model. 

The model: Choosing an architecture with which to represent the model. 

The loss function: Designing a loss function for assessing the performance of the model. 

The optimization: Implementing an optimization algorithm for training the model. 

Thus, we use optimization to tune the parameters of the model to best fit the data, by 

minimizing the loss function. Fundamentally, this is an inverse problem we solve using 

optimization. If data is the fuel for machine learning, then optimization is the engine. 

The organization of steps above is only approximate, and there are overlaps and tight 

interconnections between each stage. For example, choosing the problem and choosing 

the data are two closely related decisions. Similarly, designing a custom loss function and 

implementing an optimization algorithm are tightly coupled. 

Generally the machine learning model may be written as 

y = f𝜽 (x), (10.1) 

where x are the inputs to the model, y are the outputs, also known as targets, and 𝜽 are 

the parameters to be optimized over. The objective function, which we call a loss function, 

𝐿, typically includes several terms that combine various competing objectives. As we have 

seen in previous chapters on regression (Chapter 4) and inverse problems (Chapter 8), the 

primary loss term is the mean squared error (MSE) of the model fit with the data: 

𝑁
∑︁ 

𝐿 = ∥y 𝑗 − f𝜽 (x 𝑗 )∥
2 . 

𝑗=1 

(10.2) 
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This error term is summed over the 𝑁 data points {x 𝑁
𝑗 , y 𝑗 } 𝑗=1

. We may also add other 

regularization terms to the loss function, for example to promote sparsity, physics constrains, 

symmetries, or other prior information. 

We have already seen how to solve nonlinear least-square optimization problems like 

this in Chapters 2 and 4, for example using stochastic gradient descent or quasi-Newton 

methods. However, when f𝜽 (x) is a complicated, high-dimensional function, such as a 

neural network, it is not obvious how to obtain the gradient of this function with respect to 

its parameters 𝜽 . Backpropagation, powered by automatic differentiation, is the algorithm 

of choice for accurately and efficiently computing these gradients, providing the essential 

information to optimize the loss function. 

In this chapter, we will explore a number of ways that optimization is used in machine 

learning. We will begin with background on automatic differentiation and backpropagation, 

as they are the core algorithmic infrastructure needed to obtain gradients for optimizing 

large-scale machine learning models. Automatic differentiation is a truly remarkable 

innovation from the 1960s, solving the issues associated with numerical differentiation 

or analytic differentiation of complex functions. The basic idea is to apply the chain rule 

to the computational graph of a function in a high-level programming language, such as 

Python or C++, to compute its derivative using the same order of magnitude number of 

calculations and the same order accuracy associated with evaluating the function itself. 

Automatic differentiation has been used broadly outside of neural network training, for 

example in inverse problems and control design. 

Next, we will discuss how optimization is used for neural network training. This is 

such a central topic in machine learning, that it is worth taking the time to explore the 

various decisions one has to make associated with training and loss functions, learning 

rate scheduling, batch normalization, hyperparameter optimization, and vanishing and 

exploding gradients. 

We will also revisit the topic of reinforcement learning (RL) introduced in Chapter 9, 

but now from the perspective of deep learning. RL agents are trained using optimization 

algorithms, but at the same time, a trained agent may be viewed as a way to optimize actions 

within an environment. In this way, we can also think of deep RL as an approach to advance 

the field of optimization and inverse problems. 

Finally, we will explore how to incorporate and promote known physics into machine 

learning algorithms using various techniques from optimization. Specifically, physical 

knowledge typically comes in the form of known symmetries, conservation laws, and 

governing equations. There are two main approaches to incorporate physical knowledge 

into machine learning. First, it is possible to promote machine learning models respecting 

physics by adding custom terms to the loss function that grow when conservation laws 

are violated. This is the approach taken in physics-informed neural networks (PINNs), 

Second, it may be possible to directly enforce physical constraints, such as conservation 

laws and symmetries, by performing a constrained optimization when training the model. 

This second approach is more challenging, but it is also more effective in enforcing known 

constraints, such as energy conservation. 
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10.1 Automatic Differentiation 

For high-dimensional functions, as are common in modern machine learning, symbolic 

differentiation is tedious, and numerical differentiation with finite differences may be slow 

or inaccurate. Automatic differentiation (AutoDiff, or AD) is a powerful alternative for 

flexibly computing derivatives and gradients of functions that are already implemented in 

a computer [209, 212]. It underpins the backpropagation algorithm [431], which is used 

to compute the gradients needed to train nearly all neural network models. AutoDiff is 

both more accurate than numerical differentiation and the computational cost has favorable 

scaling, which is related to the computational cost of the original function. In this section, 

we will introduce the foundations of automatic differentiation, with examples, and build 

towards the backpropagation algorithm in neural network training. We begin with simple 

examples of how to turn a function into a computational graph, and then show how this 

computational graph is used to compute fast and accurate derivatives via the chain rule. We 

will develop the two main approaches to AD: forward-mode AD and reverse-mode AD, 

which is most commonly used for backpropagation. At this point we will generalize from 

simple example functions to generic functions, and explore how these algorithms scale with 

the properties of the functions, such as input and output dimensions. 

Finally, we will explore how automatic differentiation can be used to compute gradients 

in optimization problems, with examples in PyTorch and JAX. Backpropagation is a 

specialized, yet immensely useful instance of AutoDiff used for training neural networs, and 

is the subject of the next section. Automatic differentiation has a rich history [405, 210, 31], 

and Baydin [31] provides an exceptionally good survey and overview of this field1. 

1 AD emerged in the 1950s [371, 33], and the modern forward-mode AD accumulation was introduced by Wengert 

in 1964 [535]; this was revived and repopularized by Griewank in 1989 [209]. Automatic differentiation was first 

used in control, where it is often necessary to compute adjoint information for constrained optimization [83, 84]. 

The earliest references to reverse-mode AD are Linnainmaa [315], although the form we know it in today was 

introduced by Speelpenning [470], who provided the first implementation that was actually automatic. Reverse-

mode AD is closely related to backpropagation [431], which has been invented several times in the machine 

learning literature [381, 431, 210, 445]. 

Automatic differentiation enables constrained optimization without the need to explicitly compute an adjoint [6, 

130, 234, 249, 154]. In fact, backpropagation appeared earlier in the context of flight path control [273]. This has 

the potential to replace gradient-based adjoint methods, which have been historically successful for constrained 

optimization problems, especially high-dimensional and nonlinear problems [248]. However, computing the 

adjoint is time-consuming and labor-intensive. 

Simple Motivating Example 
The basic idea of automatic differentiation is to write a complex function 𝑦 = 𝑓 (𝑥) as the 

composition of elementary functions, such as +, ×, sin, cos, . . ., with known derivatives, 

and then use the chain rule to evaluate the desired derivative d𝑦/d𝑥. If a function 𝑦 = 𝑓 (𝑥)
may be written as the composition of a number of intermediate functions 

𝑦 = 𝑓 (𝑥) = 𝑓3 ( 𝑓2 ( 𝑓1 (𝑥))) := 𝑓3 ◦ 𝑓2 ◦ 𝑓1 (𝑥) (10.3) 
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𝑥 𝑤0 𝑤1 𝑤2 𝑤3

𝑓1 𝑓2 𝑓3
𝑦

Figure 10.1 Computational graph for Eq. (10.3).

then it is possible to introduce intermediate variables

(input) 𝑤0 = 𝑥 −→ 𝑤1 = 𝑓1 (𝑤0)

𝑤2 = 𝑓2(𝑤1)

𝑤3 = 𝑓3(𝑤2) −→ 𝑦 = 𝑤3 (output)

corresponding to the computational graph in Fig. 10.1. We may write the derivative d𝑦/d𝑥

using the chain rule as

d𝑦

d𝑥
=

d 𝑓3

d𝑤2

·
d 𝑓2

d𝑤1

·
d 𝑓1

d𝑤0

. (10.4)

Each of these intermediate derivatives d 𝑓𝑘/d𝑤𝑘−1 are known and are easy to compute.

But recall that the goal is not to represent this derivative analytically in a functional

form2

2 Why not, you might ask. If we write the derivatives d 𝑓𝑘/d𝑤𝑘−1 as functions of 𝑥, so that that we may write

d𝑦/d𝑥 in analytic form, we will experience equation bloat. This means that the number of terms required

to write the analytic derivative grows exponentially in the complexity of the original function. However, by

writing these derivatives d 𝑓𝑘/d𝑤𝑘−1 as functions of 𝑤𝑘−1, we may evaluate them numerically by storing the

intermediate values of the computational graph.

, but rather evaluate it at a particular point 𝑥. In this case, we may further write the

derivative, evaluated at 𝑤0 = 𝑥 as

d𝑦
= 𝑓 ′

d 3 (𝑤2) · 𝑓
′
2 (𝑤1) · 𝑓

′
1 (𝑤0)

𝑥
(10.5)

where 𝑓 ′
𝑘
= d 𝑓𝑘/d𝑤𝑘−1. If we have computed the function 𝑓 (𝑥) then we have already

computed all of the intermediate values 𝑤𝑘 in the computational graph, which are required

to evaluate the terms in the chain rule. Further, these intermediate derivatives are defined

analytically, and so evaluating this derivative should be approximately as accurate as

evaluating the function, and with a similar order of magnitude number of operations.

Let’s demonstrate this idea on a concrete example. Consider the function

(10.6)

In this case the computational graph becomes

𝑤0 = 𝑥 −→ 𝑤1 = 𝑤2
0

𝑤2 = 𝑒𝑤1

𝑤3 = sin(𝑤2) −→ 𝑦 = 𝑤3

as shown in Fig. 10.2.
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𝑥 𝑤0 𝑤1 𝑤2 𝑤3

𝑤2
0 𝑒𝑤1 sin(𝑤2)

𝑦

Figure 10.2 Computational graph for Eq. (10.6).

The analytic derivative is

(10.7)

Evaluating this at a specific value, such as 𝑥 = 2, yields d𝑦/d𝑥 |𝑥=2 = 4 4𝑒 cos 4(𝑒 ) ≈ −80.9.

We may also compute this using the intermediate values of the computational graph

and rewriting Eq. (10.7) as:

We will now generalize this procedure for arbitrary compositions of scalar functions,

introducing simple forms of the forward-mode and reverse-mode AD algorithms.

General Composition of Scalar Functions
We will now write the general expression for automatic differentiation for any composition

of scalar functions (i.e., single-input, single output):

𝑤𝐿 = 𝑓 (𝑤0) = 𝑓𝐿 ◦ 𝑓𝐿−1 ◦ · · · ◦ 𝑓2 ◦ 𝑓1(𝑤0). (10.8)

Here the function has 𝐿 intermediate compositions, which will be helpful when we think

about neural networks with 𝐿 layers. Each intermediate evaluation yields the variable 𝑤 𝑗 :

𝑤 𝑗 = 𝑓 𝑗 (𝑤 𝑗−1) = 𝑓 𝑗 ◦ 𝑓 𝑗−1 ◦ · · · ◦ 𝑓1 (𝑤0). (10.9)

Again, we denote 𝑓 ′𝑗 (𝑤) = d 𝑓 𝑗/d𝑤 𝑗−1 evaluated at the point 𝑤.

The derivative of the output 𝑤𝐿 with respect to the input 𝑤0 can now be written via the

chain rule as:

(10.10a)

= 𝑓 ′𝐿 (𝑤𝐿−1) 𝑓
′
𝐿−1 (𝑤𝐿−2) · · · 𝑓

′
2 (𝑤1) 𝑓

′
1 (𝑤0). (10.10b)

Note that we have introduced the notation of partial differentiation, since we may view each

𝑓 𝑗 as a function of 𝑤 𝑗−1 or any downstream 𝑤𝑘 with 𝑘 ≤ 𝑗 − 1. When we differentiate with

respect to the immediate argument 𝑤 𝑗−1
′𝑓 (𝑤𝑗 𝑗−1)we denote this as for simplicity.
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We are now ready to introduce the two main modes of automatic differentiation, which

traverse the chain rule in Eq. (10.10a) recursively in different directions. Forward-mode AD

is the simplest conceptually, and moves from right to left in Eq. (10.10a). In the multiple-

input, multiple-output case we will see that this approach is efficient when there are more

outputs than inputs. Reverse-mode AD traverses Eq. (10.10a) from left to right, and is

conceptually a bit more complicated. However, when there are more inputs than outputs,

as is typically the case in neural network training, reverse-mode AD is more efficient.

Another engineering application is the case of shape optimization of wings and other

surfaces, where the shape input is high-dimensional, and the aerodynamic force outputs are

low-dimensional. We will first write the recursion relationship in the single-input, single-

output (SISO) case, and then will move to the more general multiple-input, multiple-output

(MIMO) case.

Forward Accumulation Mode Automatic Differentiation

The basic idea here is to compute the derivative d 𝑓 /d𝑤 at some specific point 𝑤0 by

evaluating each term in Eq. (10.10a) from right to left. The major realization is that if we

have computed 𝑤𝐿 = 𝑓 (𝑤0), then we have already computed each of the intermediate

nodes 𝑤 , and so we may also evaluate each 𝑓 ′ (𝑤𝑗 𝑗−1)𝑗 as we traverse the computational

graph. We don’t need to store each of the intermediate 𝑤 𝑗 , as we only need them once in

this forward pass for a scalar function.

In forward-mode AD, the derivative is computed recursively with the following

initialization seed and recursion formula:

(10.11a)

(10.11b)

Importantly, in this simple SISO example we only need local information at each step that

is already computed in the forward pass of the function evaluation, so storage is minimal.

Here, we introduced to denote the derivative up to the 𝑘-th function with respect to

𝑤0 = 𝑥: , evaluated at 𝑤0 = 𝑥. Since the derivative of 𝑤0 with respect to 𝑤0

is 1, we initialize with the seed

Reverse Accumulation Mode Automatic Differentiation

Reverse-mode AD is more conceptually complicated, although in principle it isn’t much

more challenging to implement. However, it will be much more efficient when we have

more inputs than outputs, as in backpropagation. It is easier to begin describing the method

for the SISO case here, and we will generalize to MIMO functions next.

In contrast to forward-mode AD, reverse-mode AD traverses the computational graph

from left to right, meaning from the later function evaluations to the earlier ones. In
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reverse-mode AD, the derivative is computed as:

(10.12a)

(10.12b)

In reverse-mode AD, we must store all intermediate 𝑤 𝑗 , since they are used in reverse

order of their computation. This can cause reverse-mode AD to have a much larger memory

footprint than forward-mode AD, especially in neural network training.

Here, we introduced 𝑤̄𝑘 to denote the derivative of the output 𝑤𝐿 = 𝑓 (𝑥) with respect

to the 𝑘-th intermediate 𝑤𝑘 : 𝑤̄𝑘 = d𝑤𝐿/d𝑤𝑘 , evaluated at 𝑤𝑘 . Since the derivative of 𝑤𝐿

with respect to itself is 1, we initialize with the seed 𝑤̄𝐿 = 1. It is worth carefully going

through the steps in forward-mode and reverse-mode AD and confirming that they do in

fact both encode the same chain rule derivative, evaluated at a point 𝑥.

Motivating Example Revisited

Let’s now reexamine the simple motivating example in Eq. (10.6). We already saw how

the derivative may be evaluated at 𝑥 = 2 using intermediate values computed in the

computational graph. Now we will see how this relates to the forward-mode and reverse-

mode automatic differentiation from above.

Forward-mode and reverse-mode AD may be written in tabular form, related to the

computational graph of the original function 𝑦(𝑥). We begin with forward-mode AD,

where we keep track of 𝑤0, 𝑤1, 𝑤2, and 𝑤3 as they are evaluated in the computational

graph, along with their derivatives , and , defined in Eq. (10.11):

At each successive step, we use the function evaluation 𝑤 𝑗 and its derivative to compute

the next . Thus, we recover the numeric value of d𝑦/d𝑥 evaluated at 𝑥 = 2.

Reverse-mode automatic differentiation proceeds very similarly, but instead of accumu-

lating derivatives from the input 𝑤0 to the output 𝑤3, we reverse the order and accumulate

derivatives from the output 𝑤3 to the input 𝑤0. Instead of writing our intermediate tabular

values as , we will use the notation 𝑤̄ 𝑗 to denote that this is an adjoint variable (i.e.,

the sensitivity of the output with respect to an intermediate variable). The forward function
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evaluation remains unchanged, and we repeat it here for clarity:

𝑤0 = 2

𝑤1 = 𝑤2
0 = 4

𝑤2 = 𝑒𝑤1 ≈ 54.6

𝑤3 = sin(𝑤2) ≈ −.923

𝑤̄3 = 1

𝑤̄2 = 𝑤̄3

𝜕𝑤3

𝜕𝑤2

= cos(𝑤2) ≈ −0.37

𝑤̄1 = 𝑤̄2

𝜕𝑤2

𝜕𝑤1

= −0.37𝑒𝑤1 ≈ −20.24

𝑤̄0 = 𝑤̄1

𝜕𝑤1

𝜕𝑤
= −20.24 · 2𝑤0 ≈ −80.9.

0

Thus, forward-mode and reverse-mode AD arrive at the same value of the derivative d𝑦/d𝑥

evaluated at 𝑥 = 2. Note that we initialize 𝑤̄3 = 1 in the reverse-mode AD, similar to how

we initialize

the subsequent sensitivities/derivatives to a unit change in the output/input.

General Scalar Functions
Although the formulation above is quite general, it only captures functions that can be

written as the composition of scalar functions, each of a single input. These are called

unary functions, and include examples like sin, exp, 𝑥2, etc. However, we also need to

consider binary functions such as + and ×: 𝑓 (𝑥) = 𝑓1 (𝑥) + 𝑓2 (𝑥) and 𝑓 (𝑥) = 𝑓1 (𝑥) × 𝑓2 (𝑥).

This will require us to modify and generalize the expressions in Eqs. (10.11) and (10.12).

The forward-mode and reverse-mode recursions may be modified in a relatively

straightforward way to handle these more general functions. Forward-mode AD becomes

(10.13a)

(10.13b)

Reverse-mode AD becomes

(10.14a)

(10.14b)

It is easy to verify that these reduce to Eqs. (10.11) and (10.12) in the simplified case

of the composition of unary functions. We will see an example of how to compute these

using tabularized forward-mode and reverse-mode AD for a simple scalar function, 𝑓 (𝑥) =
2𝑥 + 𝑥 sin(𝑥) in the next subsection. The computational graph of this more general function

is shown in Fig. 10.3, which clearly exhibits a more complex structure than the simple

compositional function in Fig. 10.1.
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𝑥 𝑤0 𝑤1 

𝑤2 𝑤3 𝑤4 𝑦 

Figure 10.3 Computational graph for the SISO function in Eq. (10.15). 

Generalizing Computational Graphs 
We are now ready to generalize the single-input, single-output case above to handle multiple 

inputs and outputs. In the next subsection, we will introduce the full automatic differentiation 

for a general function with multiple inputs and multiple outputs. First, we explore several 

specific examples of how to extend the ideas above to particular functions with different 

inputs and outputs. Specifically, we will build concrete examples of the following types of 

functions: A. single-input single-output (SISO); B. multiple-input single-output (MISO); 

C. single-input multiple-output (SIMO); D. and multiple-input multiple-output (MIMO). 

A. Single-Input, Single-Output: We’ve already seen how to handle simple scalar 

functions that are compositions of elementary unary functions. We now consider a slightly 

more complicated scalar function 

𝑦 = 𝑥2 + 𝑥 sin(𝑥) (10.15) 

that involves the binary operations + and ×. The computational graph of this function may 

be derived by first introducing intermediate variables to simplify the computation: 

𝑤0 = 𝑥 −→ 𝑤1 = 𝑤0
2 

𝑤2 = sin(𝑤0) 
𝑤3 = 𝑤0𝑤2 

𝑤4 = 𝑤1 + 𝑤3 −→ 𝑦 = 𝑤4. 

This is visualized as a computational graph in Fig. 10.3. 

Using the forward-mode and reverse-mode AD to compute the derivative at a specific 

value of 𝑥 will be left as an exercise. 

B. Multiple-Input, Single-Output: We now consider a function with multiple inputs 

and a single output. This will be especially important when considering backpropagation 

for neural networks, where we compute the derivatives of a scalar loss function with respect 

to the high-dimensional parameters of the network. A simple MISO function is 

𝑦 = 𝑥1𝑥2 + 𝑥1 sin(𝑥1). (10.16) 
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Figure 10.4 Computational graph for MISO function in Eq. (10.16).

We still introduce intermediate variables

𝑤0 = 𝑥1 −→ 𝑤2 = sin(𝑤0)

𝑤1 = 𝑥2 −→ 𝑤3 = 𝑤0𝑤1

𝑤4 = 𝑤0𝑤2

𝑤5 = 𝑤3 + 𝑤4 −→ 𝑦 = 𝑤5

to arrive at the computational graph in Fig. 10.4.

We will demonstrate the need for multiple passes using forward-mode AD by explicitly

computing d𝑦/d𝑥1 and d𝑦/d𝑥2 for a specific point (𝑥1, 𝑥2) = (1, 2). In the forward pass,

we need to choose which variable we are differentiating with respect to, either 𝑤0 = 𝑥1 or

𝑤1 = 𝑥2, and initialize with either = (1, 0) or = (0, 1), respectively.

Let’s begin by computing d𝑦/d𝑥1. The analytic derivative is d𝑦/d𝑥1 = 𝑥2 + sin(𝑥1) +

𝑥1 cos(𝑥1), which evaluates to 3.381 at (𝑥1, 𝑥2) = (1, 2). We may compute this derivative

using tabularized forward-mode AD by initializing = (1, 0):

This agrees with the analytic derivative above. However, we still need to compute d𝑦/d𝑥2.

The analytic derivative is d𝑦/d𝑥2 = 𝑥1, which evaluates to 1 at (𝑥1, 𝑥2) = (1, 2) This may
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also be computed using forward-mode AD, initializing = (0, 1) this time:

Thus, the derivative d𝑦/d𝑥2 at the point (𝑥1, 𝑥2) = (1, 2) is 1.

This is an example where reverse-mode AD is actually simpler and more computationally

efficient than forward-mode AD. Computing the derivatives using forward-mode AD

requires 2 passes through the computational graph, since there are 2 input variables. This

is because for each input, we needed a different initialization seed for and . Since

this function has a single output, if we use reverse-mode AD, we only need one reverse

pass, and we will obtain both derivatives. More generally, forward-mode AD will require

𝑚 passes through the computational graph, where 𝑚 is the number of input variables, and

reverse-mode AD will require 𝑛 passes, where 𝑛 is the number of output variables.

Computing the derivatives of this function using reverse-mode AD will be left as an

exercise.

C. Single-Input, Multiple-Output: We now consider the case of multiple outputs and

a single input:

𝑦1 = 𝑥2 + 𝑥 sin(𝑥) (10.17a)

2𝑦2 = 𝑥 cos(𝑥) − 𝑥 . (10.17b)

The following intermediate variables

𝑤0 = 𝑥 −→ 𝑤1 = 𝑤2
0

𝑤2 = sin(𝑤0)

𝑤3 = cos(𝑤0)

𝑤4 = 𝑤0𝑤2

𝑤5 = 𝑤0𝑤3

𝑤6 = 𝑤1 + 𝑤4 −→ 𝑦1 = 𝑤6

𝑤7 = −𝑤1 + 𝑤5 −→ 𝑦2 = 𝑤7

are used to arrive at the computational graph in Fig. 10.5. Again, this graph will require a

single forward pass to compute both derivatives d𝑦1/d𝑥 and d𝑦2/d𝑥, while it will require

two reverse passes. These are both left as an exercise.
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Figure 10.5 Computational graph for SIMO function in Eq. (10.17). 

D. Multiple-Input, Multiple-Output: The most general case will involve functions with 

multiple inputs and outputs, such as the following: 

𝑦1 = 𝑥1𝑥2 + 𝑥1 sin(𝑥1) (10.18a) 

𝑦2 = 𝑥2 cos(𝑥2) − 𝑥1𝑥2. (10.18b) 

It is possible to introduce the following intermediate variables 

𝑤0 = 𝑥1 −→ 𝑤2 = sin(𝑤0) 
𝑤1 = 𝑥2 −→ 𝑤3 = cos(𝑤1) 

𝑤4 = 𝑤0𝑤1 

𝑤5 = 𝑤0𝑤2 

𝑤6 = 𝑤1𝑤3 

𝑤7 = 𝑤4 + 𝑤5 −→ 𝑦1 = 𝑤7 

𝑤8 = −𝑤4 + 𝑤6 −→ 𝑦2 = 𝑤8 

to construct the computational graph in Fig. 10.6. In this case, both forward-mode and 

reverse-mode AD will require two passes, since there are two inputs and two outputs. 

Notes on Computational Graphs. In general, computational graphs are not unique, 

as there may be several ways of decomposing a complex function as the composition of 

elementary functions. 

This is closely related to the function trees in genetic programming from Chapter 5. There 

are many subtle details and options for constructing computational graphs, and this is a much 

deeper subject of computer science, which is beyond the scope of this book. However, it 

should be noted that constructing a computational graph is itself an optimization problem, 

where the goal may be to reduce redundant computations, minimize memory footprint, 

maintain floating point accuracy, or be amenable to downstream tasks such as automatic 

differentiation. 
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Figure 10.6 Computational graph for MIMO function in Eq. (10.18).

Multi-Input, Multi-Output Functions
We are now ready to consider the full MIMO case of automatic differentiation, which is

where the main differences in forward and reverse-mode AD become apparent. Consider

the function w𝐿 = f (w0), which may be written as the composition of several functions:

w𝐿 (w0) = f𝐿 ◦ f𝐿−1 ◦ · · · ◦ f2 ◦ f1 (w0). (10.19)

As before, we may compute the derivative of the output with respect to the input using

the chain rule and intermediate derivatives, although now we must write these in terms of

Jacobian matrices of partial derivatives:

− −

(10.20)

The Jacobian matrix of partial derivatives is defined as

Df

Dw
=



𝜕 𝑓1
𝜕𝑤1

𝜕 𝑓1
𝜕𝑤2

· · ·
𝜕 𝑓1
𝜕𝑤𝑚

𝜕 𝑓2
𝜕𝑤1

𝜕 𝑓2
𝜕𝑤2

· · ·
𝜕 𝑓2
𝜕𝑤𝑚

...
...

. . .
...

𝜕 𝑓𝑛
𝜕𝑤1

𝜕 𝑓𝑛
𝜕𝑤2

· · ·
𝜕 𝑓𝑛
𝜕𝑤𝑚



, (10.21)

where there are 𝑚 inputs and 𝑛 outputs, so w ∈ R𝑚 and f (w) ∈ R𝑛.

Each of these Jacobian matrices of partial derivatives must be computed, but the order

in which they are multiplied might make a huge difference in the computational cost of the

algorithm. We will discuss this in more detail in the next section on backpropagation.

When there are more inputs than outputs, we always want to use reverse-mode AD, since

the number of forward passes through the computational graph scales with the number of

inputs, while the number of reverse passes scales with the number of outputs. Consider the

computational graph in Fig. 10.7 for a very structured function with a layered architecture

and more inputs than outputs; this is common in many neural network architectures. The

Jacobian of the output with respect to the input will involve the multiplication of the
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Figure 10.7 Illustration of computational graph with more inputs than outputs.

Df3

Dw2

Df2
Dw1

Df1
Dx

Df
Dx

=

Figure 10.8 Illustration of Jacobian matrix multiplication for the example in Fig. 10.7.

−→
[ ]

−→

−→




−→

reverse accumulation AD
−−−−−−−−−−−−−−−−−−−−−−−−→

forward accumulation AD
←−−−−−−−−−−−−−−−−−−−−−−−−−

Figure 10.9 Illustration of Jacobian matrix multiplication from Fig. 10.8 and Fig. 10.7 using reverse-

mode (top) and forward-mode (bottom) automatic differentiation. In reverse-mode, we traverse from

y to x, so the initial matrix multiplications are small, and each subsequent matrix product involves

relatively few operations. In forward mode, we begin with the largest matrix multiplications, accruing

more operations in total.

Jacobians of each layer, as in Eq. (10.20) and shown schematically in Fig. 10.8. The order

of operation of these matrix multiplications will dramatically change the computational

complexity of the overall product, as shown in Fig. 10.9. Forward accumulation will multiply

the largest matrices first, resulting in a larger number of overall computations, whereas

reverse accumulation will multiply smaller matrices first, resulting in fewer computations.
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Implementation in Modern ML Frameworks: PyTorch and JAX 
Modern ML frameworks, such as PyTorch and JAX, computing gradients via automatic 

differentiation by calling functions like .backward() or grad(). Under the hood, these 

perform the chain rule we described earlier. Here is a demo in PyTorch to compute the 

derivative of 𝑦 = 2 𝑥 + 𝑥 sin(𝑥) from Eq. (10.15) at 𝑥 = 2. The analytic derivative is 

d𝑦/d𝑥 = 2𝑥 + sin(𝑥) + 𝑥 cos(𝑥), which is 4.077 at 𝑥 = 2. The PyTorch code is: 

CodeSnip 10.a import torch 

def f(x): 
return x**2 + x*torch.sin(x) 

# Evaluate at a specific point x = 2: value and derivative 

x = torch.tensor(2.0, requires_grad=True) 
y = f(x) # forward pass 
y.backward() # reverse-mode AD: fills x.grad with dy/dx 
print(f"x={x.item()}, f(x)={y.item()}, df/dx={x.grad.item()}") 

It is also simple to implement automatic differentiation in JAX: 

CodeSnip 10.b from jax import grad 
import jax.numpy as jnp 

def f(x): 
return x**2 + x*jnp.sin(x) 

df = grad(f) # Create derivative functions 
x = jnp.array(2.0) # Evaluate at x=2 (value and derivative) 
print(f"x={float(x)}, f(x)={float(f(x))}, df/dx={float(df(x))}") 

It is an exercise to modify this to compute the derivative of 𝑦 = sin(exp 2(𝑥 )) at 𝑥 = 2. 

We now compute the derivative d 𝑓 /dw of  x  w  = wT 2𝑓 ( , ) ( x) , evaluated at x = (1, 2)
with weights w = (0.5, −0.5). This is closer to backpropagation through a neural network, 

which we explore in the next section. It highlights the flexibility of automatic differentiation 

for computing derivatives of 𝑓 with respect to either the input data x or the weights w. 

CodeSnip 10.c x = torch.tensor([1.0, 2.0], requires_grad=False) 

w = torch.tensor([0.5, -0.5], requires_grad=True) # grad wrt w 

f = (w * x).sum()**2 # f = (wˆ{\rm T} x)ˆ2 

# Autograd magic: compute df/dw 

f.backward() # This populates w.grad 

print("Gradient:", w.grad) # This prints df/dw evaluated at x,w 

In JAX, the idea is similar: 

CodeSnip 10.d def f(w, x): 
return jnp.sum(w * x)**2 

grad_f = jax.grad(f, argnums=0) # derivative wrt w 
w_init = jnp.array([0.5, -0.5]) 
x = jnp.array([1.0, 2.0]) 
print(grad_f(w_init, x)) # => [3. 6.] 

The code constructs a computational graph and applies reverse-mode AD to find the 

gradient. It is an exercise to confirm that the derivative d 𝑓 /dw from these codes is consistent 

with the analytic derivative. 
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Solving the Brachistochrone with Automatic Differentiation 
We now revisit the Brachistochrone problem from Section 6.6. Instead of solving for 

the optimal cycloid solution using the Euler–Lagrange equations, we use automatic 

differentiation in PyTorch to compute the gradient of the travel time with respect to the 

curve height, 𝑦(𝑥), at various positions, 𝑥. This example was inspired by a blog post by Ben 

Wiener3

3 https://blog.benwiener.com/programming/2018/08/12/brachistochrone.html. 

, who solved this problem using autograd in PyTorch. Their approach was inspired 

by a blog post of Declan Oller4

4 https://declanoller.github.io/2018-12-24-solving-the-brachistochrone-and-

a-cool-parallel-between-diversity-in-genetic-algorithms-and-

simulated-annealing. 

, who solved the same optimization problem using genetic 

programming and simulated annealing. Both are excellent references for further study. 

First, we initialize the curve and the integration time functional: 

CodeSnip 10.e y0 = 1.0 
n_points = 50 
xpts = torch.linspace(0, 2, n_points) 
ypts = torch.linspace(y0, 0, n_points, requires_grad=True) 

# ----- Time Functional -----

def total_time(ypts): 

vs = torch.sqrt(torch.clamp(y0 - ypts, min=1e-6)) 

dypts = ypts[1:] - ypts[:-1] 

dx = xpts[1] - xpts[0] 

lengths = torch.sqrt(dx**2 + dypts**2) 

return torch.sum((2. / (vs[:-1] + vs[1:])) * lengths) 

Adding requires_grad=True to the instantiation of ypts informs PyTorch that 

gradients will be computed with respect to this variable. 

Next, we iterate through gradient descent, computing the gradient of the travel time with 

respect to the curve shape, and then using this gradient for gradient descent: 

CodeSnip 10.f # ----- Gradient Descent -----

lr = 0.01 
iterations = 3500 
snap_interval = 100 
history = [] 

for i in range(iterations): 

t = total_time(ypts) 

t.backward() 

if i % snap_interval == 0 or i == iterations - 1: 

history.append(ypts.detach().clone()) 

with torch.no_grad(): 

ypts[1:-1] -= lr * ypts.grad[1:-1] 

ypts.grad.zero_() 

The resulting iterations are shown in Fig. 10.10. 

Calling t = total_time(ypts) constructs the computational graph from ypts 

up to the scalar t. The line t.backward() runs backprop, initializing with 𝜕𝑡/𝜕𝑡 = 1 

and then applying the chain rule backward through the computational graph, until the 

accumulated gradients are stored in ypts.grad. 

https://blog.benwiener.com/programming/2018/08/12/brachistochrone.html
https://declanoller.github.io/2018-12-24-solving-the-brachistochrone-and�a-cool-parallel-between-diversity-in-genetic-algorithms-and�simulated-
https://declanoller.github.io/2018-12-24-solving-the-brachistochrone-and�a-cool-parallel-between-diversity-in-genetic-algorithms-and�simulated-
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Figure 10.10 Using PyTorch to find the optimal cycloid solution to the Brachistochrone problem, 

starting from an initial line. The curve is plotted every 100 iterations, with color progressing from 

red to blue. 
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Figure 10.11 The PyTorch gradient of the travel time with respect to vertical height, computed 

using automated differentiation, for several different curves. All gradients push the solution towards 

the globally optimal Brachistochrone cycloid. 

The line with torch.no_grad(): ypts[1:-1] -= lr * ypts.grad 

[1:-1] is important, since it explicitly disables autograd tracking for this this gradient 

descent update so it doesn’t become part of the computational graph. Similarly ypts. 

grad.zero() clears the accumulated gradients at the end of the iteration, so that the 

next iteration starts fresh. 

The gradient, computed with AD, is shown for various initial curves in Fig. 10.11. 
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10.2 Backpropagation

Backpropagation is the core algorithm that enables the training of neural networks with

stochastic gradient descent. To implement SGD, we must be able to compute the gradient

of the loss function 𝐿 with respect to the neural network parameters 𝜽 . Because the loss

function 𝐿 is scalar, and the number of parameters in 𝜽 is large, we have a computational

graph with multiple inputs and a single output (MISO), so we use reverse-mode AD to

compute this gradient. Thus, backpropagation is essentially reverse-mode AD applied to

the computational graph of a neural network [431] to compute the gradient of the loss

function with respect to the neural network parameters. The number of parameters 𝜽 is

typically very large, often in the millions or billions. The largest modern LLMs have

hundreds of billions, if not trillions of free parameters. Table 10.1 provides a list of some

of the largest neural network models with their parameter count.

Panel 10.1: A Neural Network Primer

The simplest version of a neural network is a collection of computational neurons

that are organized in layers, which was originally motivated by a simplified

understanding of the mammalian visual system. This type of neural network is

known as a multi-layer perceptron (MLP).

In the MLP example below, information feeds forward, from left to right, through

the layers. A given neuron collects all of the outputs of the previous layer in a

weighted sum, weighted by A, plus a bias term 𝑏. This weighted and biased sum

is then passed through a nonlinear activation function, 𝜎, which determines the

output of the current neuron. Again, this mimics the way that biological neurons

accumulate information and decide when to fire.

There are several choices for the activation function, but the two most common are

the rectified linear unit (ReLU) and the sigmoidal hyperbolic tangent function. The

tanh function saturates while the ReLU does not.

The network is parameterized by the weights and biases at each layer, so we may

write 𝜽𝑘 =

[

A𝑘 b𝑘

]

for the 𝑘-th layer. It is possible to compute gradients

of outputs, such as the loss function, with respect to these parameters using

backpropagation, which is a specialized form of reverse-mode AD.

σ(x) = tanh(x)

σ(x) = ReL⋃(x)

… Σ

σ (bi+ ∑
j
Ai,jw

(in)
j ) = w(out)

i

Figure 10.12: Schematic of a neural network (left), a single node and its

inputs (middle), and two activation functions (right).
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Table 10.1 Approximate parameter counts for representative neural network models.

Domain Model Parameter Count Reference

CIFAR-10 ResNet20 ∼ 0.27M [224]
CIFAR-10 ResNet56 ∼ 0.85M [224]
ImageNet AlexNet ∼ 60M [290]
ImageNet VGG16 ∼ 138M [465]
ImageNet ResNet50 ∼ 25M [224]
ImageNet Inception v3 ∼ 23M [482]
ImageNet EfficientNet-B7 ∼ 66M [486]
ImageNet ViT-Large ∼ 307M [150]
Language Model GPT-2 ∼ 1.5B [400]
Language Model GPT-3 ∼ 175B [72]
Language Model GPT-4 ≫ 175B (est.) [375]
Language Model LLaMA-2 (Meta) ∼ 7 − 70B [499]
Multimodal CLIP ∼ 400M [399]
Multimodal DALL·E 2 ∼ 3.5B [406]

Throughout this section, it will help to remember that we are not taking the gradient of

the neural network with respect to its inputs x, but rather with respect to its parameters 𝜽 .

Further, neural networks typically have a highly structured, layered architecture, which

leads to a specialized reverse-mode AD algorithm that may be computed layer-by-layer.

The gradient of the loss function in Eq. (10.2) with respect to the neural network

parameters 𝜽 is given by

(10.22a)

(10.22b)

(10.22c)

Thus, we must compute the gradient of the neural network output f𝜽 with respect to the

parameters 𝜽 using automatic differentiation. Typically, instead of summing over all 𝑁 data

points, we select a smaller mini-batch of data to compute this gradient. This helps make the

training data manageable within the memory constraints of modern GPUs. Even without

memory constraints, selecting random subsets for mini-batch SGD has a regularizing effect

and is akin to bootstrapping from Chapter 7.

Backpropagation and Reverse-Mode AD
In the last section, we showed that when there are more inputs than outputs, it is more

efficient to use reverse-mode AD. Even neural network architectures with converging and

diverging structure, such as an autoencoder network, still have a scalar loss function whose
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Figure 10.13 Illustration of neural network autoencoder with three hidden layers. 

gradient we take. Thus, we still use reverse-mode AD since we always have a scalar output 

and many inputs (i.e., the parameters of the network). 

Backpropagation traces backward through all layers, computing gradients via the chain 

rule. At each layer, we compute the gradient of the loss function with respect to the current 

layer and update these parameters, for example using SGD with ADAM (see Section 2.3). 

Because the network is compositional, to compute the gradient at a given layer, we only 

need the gradients of the output with respect to the previous layer. Thus, as we traverse the 

computational graph of the network from output to input, we only store gradient information 

for two layers at a time. However, we still need to store all network parameters and the values 

in the forward pass of the computational graph, evaluated on a mini-batch of data. 

Consider a concrete example, given by the autoencoder network in Fig. 10.13. This 

network has three hidden layers, and we explicitly note that the true output is the scalar loss 

function 𝐿. We may denote the computational graph of the network as 

ŷ = f𝜽 (x) = f𝜽4 
◦ f𝜽3 

◦ f𝜽2 
◦ f𝜽1 

(x). (10.23) 

Recall from Eq. (10.22), to compute the gradient of 𝐿 with respect to 𝜽 , we apply the 

chain rule and multiply (y 𝑗 − f𝜽 )
T by ∇𝜽 f𝜽 (x 𝑗 ), summing over data points in a mini-batch. 

Thus, we need to be able to flexibly compute the various gradients of f with respect to the 

parameters of each intermediate layer, 𝜽 𝑗 . 
To compute the gradient ∇𝜽 f𝜽 (x), we leverage the highly structured, layered architecture: 

∇𝜽 f𝜽 (x) = ∇𝜽4 
f𝜽4 

(w3) · ∇𝜽3 
f𝜽3 

(w2) · ∇𝜽2 
f𝜽2 

(w1) · ∇𝜽1 
f𝜽1 

(x). (10.24) 

Thus, the gradient with respect to the parameters 𝜽 𝑗 of any intermediate layer may be 

obtained by computing this product of gradients partially until the 𝑗-th gradient; this 

corresponds to traversing the network left, from the output y until the 𝑗-th layer. 

These gradients of f𝜽 may be used in Eq. (10.22) to compute the gradient of the loss 

function with respect to each intermediate layer. For example, the gradient of the loss 
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function with respect to the parameters of the last computational layer 𝜽4 is given by

(10.25)

where w3, 𝑗 denotes the computation in the w3 layer corresponding to the 𝑗-th data point x 𝑗 :

w3, 𝑗 = 𝑓𝜽3
( 𝑓𝜽2
( 𝑓𝜽1
(x 𝑗 ))). This is the first step in backpropagation, computing the gradient

of the output with respect to the parameters 𝜽4 in the last computational layer.

To compute the gradient of 𝐿 with respect to 𝜽3, we use the chain rule, multiplying the

previous gradient ∇𝜽4
f𝜽4

by the gradient of the third layer f𝜽3
with respect to 𝜽3:

(10.26)

Similarly, the gradient with respect to 𝜽2 and 𝜽1, corresponding to the second and first

layers, are given by

(10.27)

and

𝑗=1

(10.28)

Differentiating Each Layer

Each ∇𝜽 𝑗
f 𝑗 is the gradient of this layer with respect to its internal parameters. The function

𝑓𝜽 𝑗
is usually given by an activation function𝜎 applied to an affine transformation A 𝑗w 𝑗−1+

b 𝑗 of the output of the previous layer, w 𝑗−1:

(10.29)

Thus, the parameters 𝜽 𝑗 can be written as , so the gradient of f𝜽 (𝑗 w 𝑗−1) must

be taken with respect to A 𝑗 and b 𝑗 :

(10.30a)

(10.30b)

where is a column vector of elementwise derivatives.

Reverse-mode automatic differentiation can be quite memory intensive, as it stores all

intermediate values of the computational graph for the reverse pass; this may be prohibitive

for a large neural network. Gradient checkpointing saves memory by selectively caching

intermediate states [102]. Instead of storing all activations during the forward pass, only

a subset of layers are stored and the others are re-computed in the backward pass. This

reduces memory usage at the cost of extra computation, since we must recompute small
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sections of the forwared pass, between checkpoints. However, memory is often the limiting 

factor, so this enables the training of larger networks. 

Implementation in PyTorch 
PyTorch automates backpropagation [382], making it simple to train neural networks: 

CodeSnip 10.g import torch 
import torch.nn as nn 

# Example dimensions 

input_dim = 5 
hidden_dim = 10 
output_dim = 1 

# Dummy input and target 

x = torch.randn(16, input_dim) # mini-batch of 16 

y = torch.randn(16, output_dim) 

# Define a simple feedforward network 

net = nn.Sequential( 
nn.Linear(input_dim, hidden_dim), 
nn.ReLU(), 
nn.Linear(hidden_dim, output_dim), 
nn.Sigmoid() ) 

# Loss and optimizer 

criterion = nn.MSELoss() 
optimizer = torch.optim.SGD(net.parameters(), lr=0.01) 

# Forward pass 

output = net(x) 
loss = criterion(output, y) 

# Backward pass 
optimizer.zero_grad() 
loss.backward() # << you *almost* missed the backpropagation! 
optimizer.step() # grad values are used in the optimization step 

This creates a small neural network with a single hidden layer and computes the forward 

pass and backward pass. The command loss.backward() computes the gradien using 

backprop. It is so easy and streamlined that you can almost miss it in the code above. 

Vanishing and Exploding Gradients 
One of the most significant trends in machine learning is the success of increasingly deep 

neural network architectures, as illustrated in Table 10.1. However, the desire to make neural 

networks deeper, with more layers, runs into the issue of exploding or vanishing gradients. 

As partial derivatives are backpropagated through the many layers of a network, large or 

small values may compound until they become very large or very small. 

In vanishing gradients, the magnitudes of the partial derivatives shrink rapidly as they 

move backward through the network. This can occur when weight matrices have singular 

values significantly less than 1, causing repeated multiplications to push gradients toward 
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zero. As a result, the gradient signal is very small for early layers, causing them to update 

slowly or not at all. The saturation of sigmoidal activation functions also causes gradiens 

to shrink, motivating non-saturating activations, such as rectified linear units (ReLU). 

Exploding gradients occur when repeated multiplications by large singular values, or 

large weight components, make gradients grow through backpropagation. This typically 

leads to large parameter updates that can destabilize training or produce numerical overflow 

(NaNs). Recurrent neural networks (RNNs), especially those with long sequential inputs 

that are encoded in unrolled sequences, are particularly sensitive to this issue. 

Proper initialization of weights can help manage exploding and vanishing gradients. 

Xavier initialization [194] is used for saturating activation functions,, such as sigmoid and 

tanh. It uses a normal distribution with standard deviation related to the number of input 

and output units of the layer. He initialization [223] is used for ReLU and variants. It also 

uses a normal distribution, with standard deviation only depending on the number of inputs. 

Batch normalization of intermediate activations helps reduce extreme variance in the 

forward and backward passes. Gradient clipping of the norm of the gradient vector can 

prevent parameter updates from becoming too large in exploding-gradient scenarios, 

particularly RNNs. Adding residual or skip connections in the ResNet architecture can 

allow gradients to flow more directly through the network, reducing the tendency to vanish. 

Batch Normalization 
Recall that for large-scale neural network training, we typically don’t compute the loss 

function or gradient using the entire dataset, but instead use a randomly selected mini-

batch of data to compute the loss and gradient in each optimization step. Mini-batch SGD 

also helps improve generalization through regularization, as it introduces stochasticity in 

training. However, these smaller batches may lead to high variance in the output of each 

hidden layer of the network, causing erratic gradients and unstable training. 

Batch normalization is a method for stabilizing and accelerating training in deep 

networks [246], by normalizing the output of each hidden layer, for each mini-batch of 

data. This ensures that each layer and mini-batch maintains a controlled mean and variance, 

reducing the sensitivity to parameter initializations and enabling higher learning rates. 

Batch normalization normalizes the output of each hidden layer across the mini-batch. 

For a given hidden layer output h ∈ R𝐵×𝑑 , where 𝐵 is the size of the mini-batch and 𝑑 is 

the dimension of the output, we compute the mean and variance: 

and then normalize, adding a small 𝜖 for numerical stability: 

Batch normalization reduces internal covariate shift. During training, the distribution of 

inputs to each layer changes as the previous layers update. This can slow training or cause 

instabilities, as later layers must adapt to new input distributions. Batch normalization 
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reduces this effect by standardizing the distribution of inputs to each layer. This also 

improves gradient flow, preventing exploding or vanishing gradients, by keeping the scale 

of the inputs more consistent and reducing the saturation of nonlinear activation functions. 

10.3 Neural Network Training 

Training a deep neural network involves solving a high-dimensional, nonconvex optimiza-

tion problem to tune the parameters of the network to minimize a loss function. This is 

typically an unconstrained optimization problem, and we usually rely on stochastic gradient 

descent with the ADAM optimizer for convergence. 

Here we explore a concrete example of training a deep neural network in PyTorch, 

highlighting several issues that occur. We will explore the CIFAR-10 data set [289], which 

consists of 60,000 color images in 10 classes, with 6,000 images per class. Each image has 

32 × 32 pixels, and example images from each class are shown in Fig. 10.14. 

For this example, we will train and compare two neural network architectures: a simple 

multi-layer perceptron (MLP) and a convolutional neural network (CNN). The first step 

is to load the CIFAR-10 dataset, which is conveniently available in the torchvision 

package in PyTorch: 

CodeSnip 10.h import torch 

import torch.nn as nn 

import torch.optim as optim 

from torchvision import datasets, transforms 

from torch.utils.data import DataLoader, random_split 

device = torch.device(’cuda’ if torch.cuda.is_available() else ’ 

cpu’) 

# Normalize CIFAR-10 images (using empirical mean and std of 

dataset) 

transform = transforms.Compose([ 

transforms.ToTensor(), # convert to PyTorch tensor 

transforms.Normalize((0.491,0.482,0.447),(0.202,0.199,0.201) 

) 
]) 

train_dataset = datasets.CIFAR10(root=’./data’, train=True, 

download=True, transform=transform) 

test_dataset = datasets.CIFAR10(root=’./data’, train=False, 

download=True, transform=transform) 

# Split train into train and validation 

train_size = int(0.9 * len(train_dataset)) 
val_size = len(train_dataset) - train_size 
train_data, val_data = random_split(train_dataset, [train_size, 

val_size]) 

train_loader = DataLoader(train_data, batch_size=128, shuffle= 

True) 

val_loader = DataLoader(val_data, batch_size=128) 

test_loader = DataLoader(test_dataset, batch_size=128) 

class_names = train_dataset.classes 
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Panel 10.2: A Brief History of Neural Networks 

Deep learning is the dominant paradigm in machine learning today. However, 

neural networks (NNs) have a rich and winding history, with deep connections to 

optimization and biological learning, including several false starts along the way. 

Although the first artificial NN was conceived by McCulloch and Pitts in 1943 [345], 

the NN as we know it today was introduced in 1958 as Rosenblatt’s perceptron [427]: 

the single-layer perceptron (SLP), a linear threshold unit trained by a simple gradient 

rule. Rosenblatt constructed perceptrons in hardware for image classification and 

speculated such machines may eventually translate between languages. However, 

interest in perceptrons declined for two decades after Minsky and Papert [353] 

showed that an SLP cannot represent simple nonlinear functions, such as XOR. 

Ironically, their criticism pointed to the solution: adding hidden layers. MLPs can 

represent XOR and, more generally, approximate arbitrary functions. The very 

critique that stalled NN research in the 1970s and 1980s foreshadowed the core 

insight of modern deep learning: depth is the source of representational power. 

Despite the decline of perceptrons in the U.S., progress continued elsewhere. 

In Japan, Amari introduced stochastic gradient descent for MLPs in 1967 [5]. 

Fukushima introduced the neocognitron in 1980 [182], a precursor of today’s 

convolutional networks, as well as the rectified linear unit (ReLU) as a biologically 

plausible activation function. Meanwhile, associative memory networks were being 

explored by Amari and later Hopfield [236], who connected neural computation 

with statistical mechanics. This work foreshadowed several themes of modern deep 

learning. Even so, neural network research remained underappreciated at the time. 

Neural networks resurfaced in the 1980s with the popularization of backpropaga-

tion [431], which enabled efficient gradient computation in MLPs. Rumelhart, 

Hinton, and Williams demonstrated that MLPs could approximate nonlinear 

mappings, while LeCun and colleagues [304] used convolutional networks for 

handwritten digit recognition. Progress was still limited by computing power, small 

datasets, and challenging optimization. Publishing neural network research was 

difficult through the 1980s and 1990s, as much of the community remained skeptical. 

The modern era began in the 2000s, when large datasets, GPU acceleration, and 

improved training methods revived interest. Hinton and collaborators introduced 

deep belief networks [229] and layer-wise pretraining to mitigate vanishing 

gradients. The turning point came in 2012, when Krizhevsky, Sutskever, and 

Hinton’s deep convolutional network outperformed competitors on the ImageNet 

image recognition task [290]. This result triggered the widespread adoption of deep 

learning across vision and natural language. Importantly, this would not have been 

possible without the extensive hand-labeled ImageNet dataset [135]. 

At each stage, large-scale optimization has been a central challenge. 
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airplane automobile bird cat deer

dog frog horse ship truck

Figure 10.14 Example images from the 10 image classes in the CIFAR-10 database [289]. 

This code loads the training and testing data, and splits the training data into 90% for 

training and 10% for validation. It also converts images to torch tensors and normalizes 

by subtracting the empirical mean and dividing by the empirical standard deviation. 

Next, we define the MLP architecture: 

CodeSnip 10.i 
class MLP(nn.Module): 

def __init__(self, dropout_prob=0.3): 

super().__init__() 

self.net = nn.Sequential( 

nn.Flatten(), 

nn.Linear(32*32*3, 1024), 

nn.ReLU(), 

nn.Dropout(dropout_prob), 

nn.Linear(1024, 512), 

nn.ReLU(), 

nn.Dropout(dropout_prob), 

nn.Linear(512, 10) 

) 

def forward(self, x): 

return self.net(x) 

model = MLP(dropout_prob=0.3).to(device) 

This MLP has three fully connected layers. The input layer flattens the 32 × 32 × 3 image 

into a vector of length 3072. The first hidden layer has 1024 units and the second has 512, 

each followed by a ReLU activation function and dropout. The output layer has 10 units, 

corresponding to the 10 image classes. In the dropout layers, 30% of neurons are randomly 

disabled in each forward pass, regularizing the network. 

Next, we define the cross entropy loss function and initialize the ADAM optimizer with 

a learning rate of 0.001: 

CodeSnip 10.j 
criterion = nn.CrossEntropyLoss() 

optimizer = optim.Adam(model.parameters(), lr=0.001) 

scheduler = optim.lr_scheduler.StepLR(optimizer, step_size=15, 

gamma=0.5) 
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We then define the train_epoch function, with all code to be executed in each epoch, 

including evaluating the model and loss function, computing the necessary gradients via 

backpropagation, and updating the model parameters. The evaluate function evaluates 

the model and returns necessary information for evaluation metrics and plotting: 

CodeSnip 10.k def train_epoch(model, loader, criterion, optimizer): 

model.train() 

total_loss, total_correct = 0, 0 

for x, y in loader: 

x, y = x.to(device), y.to(device) 

optimizer.zero_grad() 

outputs = model(x) 

loss = criterion(outputs, y) 

loss.backward() 

optimizer.step() 

total_loss += loss.item() * x.size(0) 

total_correct += (outputs.argmax(dim=1)==y).sum().item() 

return total_loss / len(loader.dataset), total_correct / len 

(loader.dataset) 

def evaluate(model, loader, criterion): 

model.eval() 

total_loss, total_correct = 0, 0 

all_preds, all_labels = [], [] 

with torch.no_grad(): 

for x, y in loader: 

x, y = x.to(device), y.to(device) 

outputs = model(x) 

loss = criterion(outputs, y) 

total_loss += loss.item() * x.size(0) 

total_correct += (outputs.argmax(dim=1)==y).sum(). 

item() 

all_preds.extend(outputs.argmax(dim=1).cpu().numpy() 

) 

all_labels.extend(y.cpu().numpy()) 

return total_loss / len(loader.dataset), total_correct / len 

(loader.dataset), all_preds, all_labels 

Finally, we run the training loop, iterating through 30 epochs: 

CodeSnip 10.l num_epochs = 30 

train_losses, val_losses = [], [] 

train_accs, val_accs = [], [] 

for epoch in range(num_epochs): 

tr_loss, tr_acc = train_epoch(model, train_loader, criterion 

, optimizer) 

val_loss, val_acc, _, _ = evaluate(model, val_loader, 

criterion) 

train_losses.append(tr_loss) 

val_losses.append(val_loss) 

train_accs.append(tr_acc) 

val_accs.append(val_acc) 

scheduler.step() 
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Figure 10.15 Learning curves for a multi-layer perceptron (MLP) on the CIFAR-10 database. 
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Figure 10.16 Confusion matrix for MLP classification of ten image classes in CIFAR-10. 

After the model is trained, it is also customary to compute the final test error: 

CodeSnip 10.m 
test_loss, test_acc, test_preds, test_labels = evaluate(model, 

test_loader, criterion) 

The learning curves for this MLP are shown in Fig. 10.15. Although the training accuracy 

continues to increase, the validation accuracy plateaus at around 50%, which is not great 

for a modern neural network on an image classification task. Figure 10.16 shows the rate 

of true classifications and misclassifications for the 10 image classes. 
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It is possible to dramatically improve this performance by introducing a convolutional 

neural network architecture. The data loading, initialization, evaluation, and epoch loop are 

identical, and we need only change the neural network model: 

CodeSnip 10.n class SimpleCNN(nn.Module): 

def __init__(self, dropout_prob=0.25): 

super().__init__() 

self.features = nn.Sequential( 

nn.Conv2d(3, 32, kernel_size=3, padding=1), # 32 

x32x32 

nn.ReLU(), 

nn.Conv2d(32, 64, kernel_size=3, padding=1), # 64 

x32x32 

nn.ReLU(), 
nn.MaxPool2d(2, 2), # 64x16x16 
nn.Dropout(dropout_prob), 
nn.Conv2d(64, 128, kernel_size=3, padding=1), #128 

x16x16 

nn.ReLU(), 
nn.MaxPool2d(2, 2), # 128x8x8 
nn.Dropout(dropout_prob) 

) 

self.classifier = nn.Sequential( 

nn.Flatten(), 

nn.Linear(128 * 8 * 8, 256), 

nn.ReLU(), 

nn.Dropout(dropout_prob), 

nn.Linear(256, 10) 

) 

def forward(self, x): 

x = self.features(x) 

return self.classifier(x) 

model = SimpleCNN(dropout_prob=0.25).to(device) 

This CNN, shown in Fig. 10.17, consists of three convolutional layers with ReLU activations, 

two max-pooling layers for spatial downsampling, and 25% dropout layers after pooling 

and between dense layers for regularization. The 32 × 32 × 3 input is processed by a 3 × 3 

conv layer with 32 filters, followed by a 3 × 3 conv layer with 64 filters, and finally by a 

3 × 3 conv layer with 128 filters. Each layer is padded to preserve spatial dimensions before 

pooling reduces the resolution to 8 × 8. The flattened feature map of size 128 × 8 × 8 feeds 

into a fully connected classifier with one hidden layer of size 256 with ReLU activation, 

followed by a final linear layer mapping to the 10 output classes. 

This change in architecture dramatically improves performance, as shown in Fig. 10.18. 

The validation accuracy now plateaus closer to 80%, which is a significant improvement. 

The rate of misclassification is much smaller, as shown in Fig. 10.19. Interestingly, dogs and 

cats remain the most misclassified. The performance can be improved further by leveraging 

more sophisticated neural network architectures, such as the VGG-16 CNN [465] with 

additional convolutional layers, or the deep, recurrent residual network (ResNet) [224]. 
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Figure 10.17 Convolutional neural network architecture used to classify CIFAR-10 dataset. 
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Figure 10.18 Learning curves for a convolutional neural network (CNN) on the CIFAR-10 database. 

Training and test performance are shown. 

Hyperparameter Optimization 
There are several hyperparameters involved in training a modern deep neural network, and 

selecting these parameters is a meta-optimization. The learning rate, the batch size, and 

regularization coefficients are all important. Even the network architecture, such as number 

and size of layers, may be considered as a hyperparameter to tune. Figure 10.20 shows the 

effect of batch size on the learning curves, illustrating that the training depends heavily on 

these parameters. 

The most common approaches to optimizing hyperparameters are grid search, random 

search, and Bayesian optimization. A grid search is simple, as a discrete grid of possible 

hyperparameters are tested; however, this is computationally expensive. Random search 

involves sampling hyperparameters from a given distribution, as this can be more efficient 

in higher dimensions [45]. In both cases, it may be unclear how long to let training go 

before identifying “bad” or “good” parameters before zooming in and training for longer. 

Bayesian optimization is a more sophisticated approach, which treats hyperparameter 

tuning as a black-box optimization problem, where evaluating the objective function is 

extremely expensive (i.e., involves training an entire model!) and should be minimized. A 

surrogate model (e.g., Gaussian Process) predicts performance for untested hyperparameter 
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Figure 10.19 Confusion matrix for CNN classification of ten image classes in CIFAR-10.
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Figure 10.20 Learning curves versus batch size for the MLP on CIFAR-10. We see an improvement

in performance from a small batch size of 8 to a larger size of 32 or 128, and then the performance

degrades again with full batch.

points [467]. The algorithm balances exploitation (sampling regions where the model

predicts good performance) and exploration (sampling uncertain regions).

Learning Rate Scheduling. The learning rate is crucial for stable and efficient

convergence. Instead of using a fixed learning rate, scheduling strategies adjust the step size

over time [204]. Step decay and exponential decay are two common learning rate schedules.

Step decay decreases the learning rate by a factor of 𝛼 every few epochs, while exponential

decay continuously decrease the learning rate at an exponential rate, e.g., 𝜂𝑡 = 𝜂0 · 𝑒
−𝑘𝑡 .
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Figure 10.21 Left: Weights of the input layer of the MLP, visualized as 32 × 32 images. There are 

1024 of these initial filters, so we plot the first 128 filters in a 8 × 16 grid. Right: The gradient of the 

loss function with respect to this input layer, computed using backprop, also visualized as a grid of 

images. 

Cyclical learning rates allow the learning rate to oscillate between a minimum and maximum 

boundary, which can help the optimizer escape saddle points or poor local minima. 

Visualizing the Network, Gradients, and Saliency. At first glance, neural networks 

may appear to be opaque and convoluted, living in a much higher dimensional space than 

humans can easily grasp. However, there are approach to visualize these networks based on 

gradients computed from backprop, providing some level of much-needed interpretability 

and explainability of the inner workings. Figure 10.21 shows the weights of the first input 

layer of the MLP, along with the gradients of the loss function with respect to this layer, 

computed using backpropagation. The input layer essentially consists of filters that extract 

features from the various images for downstream classification. The gradient of the loss 

function with respect to this layer provides the information needed to train and modify this 

layer to improve the loss function using SGD. 

There is another related gradient that may be computed, which results in the saliency 

map. Specifically, we may take the gradient of the loss function with respect to the input 

x instead of the weights w. We may evaluate this for a single image x or averaged over 

an entire category of images. Figure 10.22 (left) shows the saliency maps of the MLP 

architecture for 256 input images arranged in a 8 × 16 grid. It is possible to compute 

something similar for CNNs, although there is a variant, called the gradient-weighted 

class activation mapping (Grad-CAM), that aggregates gradients over channels to produce 

a spatial heatmap of regions the network relied on. Grad-CAM yields smoother, object-

centric regions, compared to saliency maps, which are especially informative for CNNs. 

This is shown in Fig. 10.22 (right) for the CNN architecture. 

10.4 Deep Reinforcement Learning 

Deep reinforcement learning is one of the most exciting and rapidly developing areas of 

machine learning research. Some of the most impressive advances in AI have leveraged or 

been inspired by progress in deep RL, and it is currently one of the most promising avenues 

of research towards generalized artificial intelligence. 
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Figure 10.22 Left: Salience map of MLP input layer. Right: Grad-CAM visualization of CNN

architecture, similar to saliency.
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Figure 10.23 Schematic of deep reinforcement learning,, where a deep neural network is used to

represent the policy 𝝅. This is known as a deep policy network. This figure depicts a deep RL agent

controlling a fluid flow found in the HydroGym environment [295].

Classic reinforcement learning, discussed briefly in Section 9.3, is a powerful and flexible

framework for learning and control. However, it suffers from a representation problem,

where the policy 𝝅, the value function 𝑉 , and the quality function 𝑄, may be extremely

complicated functions, defined over very high-dimensional state and action spaces. Even

simple games, such as chess and Go, have exceedingly large state spaces5

5 Claude Shannon famously estimated the number of possible games of chess, known as the Shannon number, at

around 10120 in his paper “Programming a computer for playing chess” [459]; this paper was a major inspiration

for modern dynamic programming and reinforcement learning. The state space of simple video games, such

as the 1972 Atari game Pong, are determined by the black-and-white screen at standard resolution 336 × 240,

resulting in over 1024000 possible discrete states, making it infeasible to represent the value or quality functions

exactly without approximation.

. Representing a

value function or quality function, let alone sampling over these states, is infeasible with

classic approaches. In the past fifteen years, deep learning has revolutionized our ability

to represent such complicated functions from data, and is likewise pushing the frontiers of

what is possible in RL.

It is possible to use deep learning in several different ways to approximate the various

functions used in RL, or to model the environment more generally. Typically, the central

challenge is in identifying and representing key features in a high-dimensional state space.

For example, the policy 𝝅(s, a) may now be approximated by

𝝅(s, a) ≈ 𝝅(s, a, 𝜽), (10.31)
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where 𝜽 represent the weights of a neural network. This pairing of deep learning for 

representations with reinforcement learning for decision making and control has resulted 

in dramatic improvements to the capabilities of reinforcement learning. 

Much of what is discussed in this section is also relevant for other function approximation 

techniques besides deep learning.. For example, policy gradients may be computed using 

other representations of the form of (10.31), and there is a long history before deep 

learning [265, 481]. System identification approaches in Section 8.7, such as SINDy or 

DMD/Koopman, have also shown promise in model-based RL [76, 429, 412, 562, 82]. 

That said, many of the most exciting and impressive recent demonstrations of RL leverage 

the full power of deep learning, and so we present these innovations in this context. 

A Brief History of Deep Reinforcement Learning 
Much like many kids growing up in the 1980s and 1990s, reinforcement learning got its 

start playing board games (e.g., checkers, chess, and Go) and video games (e.g., Atari 

games, StarCraft). Checkers was the earliest significant demonstration of RL by Arthur 

Samuel [434], followed by more complex games such as backgammon [492] and eventually 

chess and Go [461, 464], where RL was eventually able to reach Grandmaster status. The 

transition from simple games, like tic-tac-toe and checkers, to hard games, like chess and 

Go, was driven by deep reinforcement learning. Deep RL has similarly shown super-human 

performance in a range of increasingly sophisticated video games [354, 464, 462, 518]. In 

the case of Atari games, the pixel space is processed using a CNN architecture. A major 

landmark was a generalist RL agent that learned to play multiple games [462] through 

self-play, rather than specializing in only one task. 

In recent years, RL has been increasingly used in real-world problems, for example 

to control the plasma dynamics in a Tokamak fusion reactor [132], to discover 

new pharmaceuticals [393], to improve human alignment of large language models 

(LLMs) [377], and to understand and predict protein folding [455], a direct precursor 

of the 2025 Nobel Prize work in deep protein folding [22, 257]. Deep RL has been used 

to improve LLMs, such as ChatGPT, using human feedback [377]. The idea is to fine tune 

the LLM using polic optimization to maximize the reward of aligning its output to human 

preferences, intentions, values, and expectations, so that it produces helpful, honest, and 

harmless outputs. 

RL has also been used extensively in engineering applications, for example in fluid flow 

control [80, 186, 108, 391, 517, 53, 373, 165, 372, 21], robotics [497, 280, 550, 213], and 

autonomy [378, 410, 433, 457]. Physical systems require additional considerations, such 

as continuous state and action spaces [409], and the need for certifiable solutions, such as 

trust regions [451], for safety-critical applications (e.g., transportation, autonomous flight, 

etc.) with physical constraints [302, 489]. 

Progress in deep RLhas been enabled by robust benchmark environments, such as 

the OpenAI Gym [70] (https://gym.openai.com). The Gym provides a flexible 

simulation environment to test learning strategies on a variety of systems, including: over 

100 tasks on classic Atari 2600 games; classic control benchmarks, such as balancing an 

inverted pendulum on a cart, swing-up of a pendulum, etc.; goal-based robotics [550], 

https://gym.openai.com
https://doi.org/10.1017/9781009755856.011


409 10.4 Deep Reinforcement Learning 

such as pushing or fetching a block to a goal position with a robot arm, with and without 

sliding after loss of contact, and robotic hand manipulation for reaching a pose or orienting 

various objects; and the MuJoCo [497] environments with multi-legged locomotion, 

running, hopping, swimming, etc. The HydroGym benchmark environments [295] provide 

a challenging set of advanced fluid flow control benchmarks. 

Policy Gradient Optimization 
Policy gradient optimization [265, 463, 481] is the leading technique for large-scale RL 

training today. Proximal policy optimization (PPO) is particularly dominant in the literature. 

When the policy 𝝅 is parameterized by 𝜽 , it is possible to use gradient optimization on the 

parameters to improve the policy much faster than through traditional policy iteration. 

The policy may be parameterized by a multi-layer neural network, in which case this 

would be a deep policy, although other representations and function approximations may be 

useful. Thus, it is possible to directly optimize the parameters 𝜽 through gradient descent 

or stochastic gradient descent. The goal is still to optimize a policy to maximize future 

rewards, given by the following objective function 𝐽 (𝜽): 
∑︁ ∑︁ 

𝐽 (𝜽) = E [𝑄𝝅𝜽 (s, a)] = 𝝁𝜽 (s) 𝝅𝜽 (s, a)𝑄𝝅𝜽 (s, a), 
s∈S a∈A 

(10.32) 

where the expected value is taken over states and actions given a policy 𝝅𝜽 parameterized 

by 𝜽 . The states are distributed according to the asymptotic steady state distribution 𝝁𝜽 ; this 

asymptotic steady state is naturally sampled when data is collected for long times given a 

fixed policy. Notice that we have written the objective function 𝐽 as a function of the policy 

parameters 𝜽 , because we are assuming that we have a fixed policy 𝝅𝜽 when computing the 

quality function. 

If it is possible to compute the gradient of this objective function with respect to the 

parameters 𝜽 , then the polic parameters may be updated via standard gradient descent 

𝜽new 
= 𝜽old + 𝛼∇𝜽 𝐽 (𝜽), (10.33) 

with learning rate 𝛼. The weight 𝛼 may be replaced with a vector of learning weights for 

each component of 𝜽 . Computing this gradient is the heart of gradient policy optimization, 

and many of the most prominent RL algorithms today. 

We compute the gradient ∇𝜽 𝐽 (𝜽) via the chain rule as 

∑︁ ∑︁ 
∇𝜽 𝐽 (𝜽) = 𝝁𝜽 (s) 𝑄(s, a)∇𝜽 𝝅𝜽 (s, a)

s∈S a∈A 
∑︁ ∑︁ 

= 𝝁𝜽 (s) 𝝅𝜽 (s, a)𝑄(s, a)
∇

𝝅

𝜽 𝝅

𝜽 (
𝜽 
s

(

, 
s

a

, 
) 
a) 

s
∑︁

∈S a∈A 
∑︁ 

= 𝝁𝜽 (s) 𝝅𝜽 (s, a)𝑄(s, a)∇𝜽 log(𝝅𝜽 (s, a)) 
s∈S a∈A 

= E(𝑄(s, a)∇𝜽 log(𝝅𝜽 (s, a))). 
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This is known as the policy gradient theorem in RL. This relies on the key insight that the

gradient of the policy ∇𝜽𝝅𝜽 (s, a) can be rewritten in terms of the gradient of its logarithm:

∇𝜽𝝅𝜽 (s, a) = 𝝅𝜽 (s, a)∇𝜽 log 𝝅𝜽 (s, a). (10.34)

The reformulated gradient ∇𝜽𝐽 (𝜽) can now be estimated using Monte Carlo sampling.

Specifically, we draw actions a 𝑗 from the policy 𝝅𝜽 (a, s) and compute the empirical mean

of 𝑄(s, a 𝑗 )∇𝜽 log 𝝅𝜽 (a 𝑗 , s) over these samples. Sampling the policy has the advantage of

capturing the distribution of actions induced by 𝝅𝜽 , rather than sampling over all possible

actions a, which would be intractable in high-dimensional or continuous action spaces.

Note that 𝑄𝝅 (s, a) is treated as a constant with respect to 𝜽 , and all gradients flow only

through the policy 𝝅𝜽 using backpropagation.

The policy gradient method above is the foundation of the REINFORCE algorithm [ ],

as well as more modern proximal policy optimization (PPO) approaches [451, 452, 529,

402, 241]. Policy gradient methods also form the foundation of actor–critic algorithms,

538

which combine value function estimation with gradient-based policy optimization. The

actor learns the policy parameters, while the critic evaluates the value function to guide

the updates. This tradeoff between policy and value learning helps stabilize training and

accelerates convergence, especially in high-dimensional environments.

Policy gradient methods are particularly powerful in environments with continuous

action spaces or high-dimensional policies, where other methods like Q-learning struggle

to scale effectively. By directly optimizing the parameters of the policy, these methods

avoid the need to discretize actions or maintain large tabular representations, making them

well-suited for modern reinforcement learning applications.- variance gradient estimates,

which can slow down convergence or lead to unstable updates. Techniques such as variance

reduction, reward normalization, and entropy regularization are commonly employed to

address these challenges.

Deep 𝑸-Learning
Many of the most exciting advances in RL over the past decade have involved some variation

of deep 𝑄-learning, which uses deep neural networks to represent the quality function 𝑄.

As with the policy in (10.31), it is possible to approximate the 𝑄 function through some

parameterization 𝜽 ,

𝑄(s, a) ≈ 𝑄(s, a, 𝜽), (10.35)

where 𝜽 represents the weights of a deep neural network. In this representation, the training

loss function is directly related to the standard 𝑄-learning update:

(10.36)

The first part of the loss function, r𝑘 + 𝛾 maxa 𝑄(s𝑘+1, a, 𝜽), is known as the temporal

difference target, which is a classic RL strategy for handling delayed rewards. The second

part, 𝑄(s𝑘 , a𝑘 , 𝜽), is the prediction.

Deep reinforcement learning based on a deep𝑄 network (DQN) was introduced by Mnih

et al. [354] for playing Atari games. Specifically, this network used a deep convolutional
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neural network to represent the 𝑄 function, where the inputs were pixels from the Atari 

screen and actions were joystick motions. In this original paper, both 𝑄 functions in (10.36) 

were represented by the same network weights 𝜽 . However, in a double DQN [515], different 

networks are used to represent the target and prediction 𝑄 functions, which reduces bias 

due to inaccuracies early in training. In double DQN, it may be necessary to fix the target 

network for multiple training iterations of the prediction network before updating to improve 

stability and convergence [179]. 

Experience replay is a critical component of training a DQN, which is possible because 

it is an off-policy RL algorithm. Short segments of past experiences are used in batches 

for SGD during training. Moreover, to place more importance on experiences with large 

model mismatch, it is possible to weight past experiences by the magnitude of the temporal 

difference (TD) error. This process is known as prioritized experience replay [438]. 

Dueling deep 𝑄 networks (DDQNs) [530] are another important deep 𝑄-learning 

architecture that are used to improve training when actions have a marginal effect on 

the quality function. In particular, a DDQN splits the quality function into the sum of a 

value function and an advantage function 𝐴(s, a), which quantifies the additional benefit 

of a particular action over the value of being in that state: 

𝑄(s, a, 𝜽) = 𝑉 (s, 𝜽1) + 𝐴(s, a, 𝜽2). (10.37) 

Thus, separate value and advantage networks are combined to estimate the 𝑄 function. 

There are a variety of other useful architectures for deep 𝑄-learning. Deep recurrent 

𝑄 networks are promising for dynamic problems [221]. Advantage actor–critic networks, 

discussed in the next section, combine the DDQN with deep policy networks. 

Actor–Critic Networks 
Actor–critic methods in reinforcement learning simultaneously learn a policy function and 

a value function, with the goal of taking the best of both value-based and policy-based 

learning. The basic idea is to have an actor, which is policy-based, and a critic, which is 

value-based, and to use the temporal difference signal from the critic to update the policy 

parameters. There are many actor–critic methods that pre-date deep learning. For example, 

a simple actor–critic approach would update the policy parameters 𝜽 in (10.31) using the 

temporal difference error r𝑘 + 𝛾𝑉 (s𝑘+1) − 𝑉 (s𝑘 ): 

𝜽𝑘+1 = 𝜽𝑘 + 𝛼∇𝜽 ((log 𝝅(s𝑘 , a𝑘 , 𝜽)) (r𝑘 + 𝛾𝑉 (s𝑘+1) − 𝑉 (s𝑘 )). (10.38) 

It is rather straightforward to incorporate deep learning into an actor–critic framework. 

For example, in the advantage actor–critic (A2C) network, the actor is a deep policy network, 

and the critic is a DDQN. In this case, the update is given by 

𝜽 𝑘+1 = 𝜽 𝑘 + 𝛼∇𝜽 ((log 𝝅(s𝑘 , a𝑘 , 𝜽))𝑄(s𝑘 , a𝑘 , 𝜽2)). (10.39) 

Challenges and Additional Techniques 
Sparse and delayed rewards represent the central challenge of reinforcement learning, 

leading to the well-known credit assignment problem, which we have seen multiple times 
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at this point. The following techniques, including reward shaping and hindsight experience 

replay, are leading techniques to overcome the credit assignment problem. 

Reward Shaping. Reward shaping is a standard approach for systems with sparse 

rewards. This involves designing customized features that are indicative of a future reward 

and may be used as an intermediate reward signal. For example, in chess, the relative point 

count, where each piece is assigned a numeric value (e.g., a queen is worth 10 points, rooks 

are worth 5, knights and bishops are worth 3, and pawns are worth 1 point), is an example 

of a shaped reward that gives an intermediate reward signal each time a piece is taken. 

Reward shaping is quite common and can be very effective. However, these rewards 

require expert human guidance to design, and this requires customized effort for each new 

task. Thus, reward shaping is not a viable strategy for a generalized artificial intelligence 

agent capable of learning multiple games or tasks. In addition, reward shaping generally 

limits the upper end of the agent’s performance to that of the human expert. 

Hindsight Experience Replay. In many tasks, such as robotic manipulation, the goal 

is to move the robot or an object from one location to another. For example, a robot arm 

may be required to slide an object on a table from point 𝐴 to point 𝐵. Without a detailed 

physical model or other prior knowledge, it is unlikely that a random control policy will 

result in the object actually reaching the desired destination, so the rewards may be very 

sparse. It is possible to shape a reward based on the distance of the object to the goal state, 

although this is not a general strategy and suffers from the limitations discussed above. 

Hindsight experience replay (HER) [9, 297] is a strategy that enriches the reward signal 

by taking failed trials and recasting them as successful at a different task. This approach 

makes the reward structure more dense, and has the benefit of enabling the simultaneous 

learning of a whole family of motion tasks. HER is quite intuitive in the context of human 

learning, for example in the case of tennis. Initially, it is difficult to aim the ball, and shots 

often go wild when learning. However, this provides valuable information about those 

muscle actions that might be useful for future tasks. After lots of practice, it then becomes 

possible to pick from different shots and place the ball more deliberately. 

Curiosity-Driven Exploration. In large, open-world environments, an RL may get 

stuck in a local minimum, where it over-optimizes for a small region of state space. One 

approach to solve this problem is to augment the reward signal with a novelty reward that is 

large in regions of state space that are not well-modeled. This is known as curiosity-driven 

exploration [383], and it involves an intrinsic curiosity module (ICM), which compares a 

forward model of the evolution of the state, or a latent representation of the state, with the 

actual observed evolution. The discrepancy between the model and the actual dynamics is 

the novelty reward. When this difference is large, the agent becomes curious and explores 

this region more. There are similarities between this approach and TD learning. The main 

difference is that, in TD learning, the reward discrepancy is used as feedback to improve the 

value or quality function; while, in curiosity-driven exploration, the discrepancy is explicitly 
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used as an additional reward signal. This is a clever approach to mimic the curiosity and 

exploration of intelligent biological learning systems. 

Explainable AI. Explainable AI (XAI) is another important topic that is not only making 

deep RL more interpretable, but is also improving performance and generalization. For 

example, in fluid flow control, after the most important structures in a turbulent flow are 

identified [120], they may be used as the DRL reward, resulting in an improved control 

strategy [42] (e.g., drag reduction and lower actuation expenditure). 

10.5 Physics-Constrained Machine Learning 

Here we will introduce an important and growing topic in machine learning, that of enforcing 

and promoting known physics in the machine learning optimization. Typically this is 

achieved either through introducing regularizing terms in the loss function to promote 

physics, or directly adding physical constraints in the optimization. 

We will begin this section with an overview of the five stages of machine learning, 

discussed briefly in the introduction to this chapter. For each stage, we will discuss how 

to incorporate physics into the machine learning optimization. Next, we will introduce 

several physics-informed or physics-constrained machine learning frameworks. We will 

introduce Lagrangian and Hamiltonian neural networks, which are essentially neural ODEs 

that introduce specific architectural choices and loss functions to preserve known physical 

structure. Next we will introduce physics-informed neural networks (PINNs), which include 

known physics, typically in the form of a partial differential equation, as regularizing terms 

in the loss function. Finally, we will discuss how to directly add physical constraints to 

machine learning optimizations to enforce known symmetries and invariances, such as 

energy conservation in a fluid. These ideas will be demonstrated on the sparse nonlinear 

system identification techniques introduced in Section 8.7. 

The Five Stages of Machine Learning 
Recall that applied machine learning may be broken into five steps, each of which provides 

an opportunity to embed prior physical knowledge: 

1. Formulating the problem to model or the question to answer; 

2. Collecting and curating the data used to train the model; 

3. Choosing a machine learning architecture to best represent or model this data; 

4. Designing loss functions to quantify performance and to guide the learning process; and 

5. Implementing an optimization algorithm to train the model to minimize the loss function 

over the training data. 

Here, we discuss these canonical stages of machine learning and investigate how to 

incorporate physics. This discussion is largely meant to be a high-level overview, and 

many more details can be found in recent papers [320, 80, 376]. 
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The Problem. Machine learning leverages data to build models that may be deployed, 

ideally in real-time, to predict outputs given new data. It is critical to select the right system 

to model, motivated by a problem that is both important and tractable. Choosing a problem 

involves deciding on input data that will be readily available in the future, and output data 

that will represent the desired output, or prediction, of the model. The output data should 

be determinable from the inputs, and the functional relationship between these is precisely 

what the machine learning model will be trained to capture. 

The nature of the problem, specifically what outputs will be modeled given what inputs, 

determines the large classes of machine learning algorithms: supervised, unsupervised, and 

reinforcement learning. In supervised learning, the training data will have expert labels that 

should be predicted or modeled with the machine learning algorithm. These output labels 

may be discrete, such as a categorical label of a ‘dog’ or a ‘cat’ given an input image, in 

which case the task is one of classification. If the labels are continuous, such as the average 

value of lift or drag given a specified airfoil geometry, then the task is one of regression. 

In unsupervised learning, there are no expert labels, and structure must be extracted 

from the input data alone; thus, this is often referred to as data mining, and constitutes 

a particularly challenging field of machine learning. Again, if the structure in the data is 

assumed to be discrete, then the task is clustering. After the clusters are identified and 

characterized, these groupings may be used as proxy labels to then classify new data. If the 

structure in the data is assumed to be continuously varying, then the task is typically thought 

of as an embedding or dimensionality reduction task. Principal component analysis (PCA) or 

proper orthogonal decomposition (POD) may be thought of as unsupervised learning tasks 

that seek a continuous embedding of reduced dimension [77]. Reinforcement learning is a 

third, large branch of machine learning research, in which an agent learns to make control 

decisions to interact with an environment for some high level objective [480]. Examples 

include learning how to play games [354, 464], such as chess and Go. 

Embedding physics. Deciding on what phenomena to model with machine learning is 

often inherently related to the underlying physics. Although classical machine learning has 

been largely applied to “static” tasks, such as image classification and the placement of 

advertisements, increasingly it is possible to apply these techniques to model physical 

systems that evolve in time according to some rules or physics. For example, we 

may formulate a learning problem to find and represent a conserved quantity, such as 

a Hamiltonian, purely from data [262]. Alternatively, the machine learning task may 

be to model time-series data as a differential equation, with the learning algorithm 

representing the dynamical system [447, 443, 81, 385, 520]. Similarly, the task may 

involve learning a coordinate transformation where these dynamics become simplified in 

some physical way, such as coordinate transformations to linearize or diagonalize/decouple 

dynamics [324, 533, 333, 484, 96]. 

The Data. This is the fuel that powers machine learning. Choosing data to inform a model 

is closely related to choosing what to model in the first place. The quality and quantity of data 

directly affects the resulting machine learning model. Many machine learning architectures, 
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such as deep neural networks, are essentially sophisticated interpolation engines, and so 

having a diversity of training data is essential if these models are to be of use on unseen 

data. For example, modern deep convolutional neural networks rose to prominence with 

their unprecedented classification accuracy [290] on the ImageNet database [135], which 

contains over 14 million labeled images with over 20, 000 categories, providing a sufficiently 

large and rich set of examples for training. This pairing of a vast labeled data set with a 

novel deep learning architecture is widely regarded as the beginning of the modern era of 

deep learning [204]. 

Embedding physics. The training data provides several opportunities for embedding 

prior physical knowledge. If a system is known to exhibit a symmetry, such translational 

or rotational invariance, then it is possible to augment and enrich the training data with 

shifted or rotated examples. More generally, it is often assumed that with an abundance 

of training data, these physical invariances will automatically be learned by a sufficiently 

expressive architecture. However, this approach tends to require considerable resources, 

both to collect and curate the data, as well as to train increasingly large models, making 

it more appropriate for industrial scale, rather than academic scale, research. In contrast, 

it is also possible to use physical intuition to craft new features from the training data, for 

example by applying a coordinate transformation that may simplify the representation or 

training. Physical data often comes from multiple sources with different fidelity, such as 

from numerical simulations, laboratory experiments, and in-flight tests. This is an important 

area of research for flight testing and unsteady aerodynamics [285], and recently physics-

informed neural networks have been used with multifidelity data to approximate PDEs [347]. 

The Architecture. Once a problem has been identified, and data is collected and curated, 

it is necessary to choose an architecture with which to represent the machine learning model. 

Typically, a machine learning model is a function that maps inputs to outputs 

y = f (x; 𝜽) 

and this function is generally represented within a specified family of functions 

parameterized by values in 𝜽 . For example, a linear regression model would model outputs 

as a linear function of the inputs, with 𝜽 parameterizing this linear map, or matrix. 

Neural networks have emerged as a particularly powerful and flexible class of models 

to represent functional relationships between data, and they have been shown to be able to 

approximate arbitrarily complex functions with sufficient data and depth [238, 237]. There 

is a tremendous variety of potential neural network architectures [77], limited only by the 

imagination of the human designer. 

The most common architecture is a simple feedforward network, in which data enters 

through an input layer and maps sequentially through a number of computational layers 

until an output layer. Each layer consists of nodes, where data from nodes in the previous 

layer are combined in a weighted sum and processed through an activation function, which 

is typically nonlinear. In this way, neural networks are fundamentally compositional in 

nature. The parameters 𝜽 determine the network weights for how data is passed from one 

layer to the next, i.e. the weighted connectivity matrices for how nodes are connected in 
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adjacent layers. The overarching network topology (i.e., how many layers, how large, what 

type of activation functions, etc.) is specified by the architect or determined in a meta-

optimization, thus determining the family of functions that may be approximated by that 

class of network. Then, the network weights for the specific architecture are optimized over 

the data to minimize a given loss function; these stages are described next. 

It is important to note that not all machine learning architectures are neural networks, 

although they are one of the most powerful and expressive modern architectures, powered 

by increasingly big data and high performance computing. Before the success of deep 

convolutional networks on the ImageNet dataset in 2012, neural networks were not even 

mentioned in the list of top ten machine learning algorithms [543]. Random forests [69] 

and support vector machines [448] are two other leading architectures for supervised 

learning. Bayesian methods are also often used, especially for dynamical systems [56]. 

Genetic programming has also been widely used to learn human-interpretable, yet flexible 

representations of data for modeling [61, 447, 119, 118] and control [560]. In addition, 

standard linear regression and generalized linear regression are still see widespread use 

for modeling time-series data, especially in fluids. The dynamic mode decomposition 

(DMD) [443, 483] employs linear regression with a low-rank constraint in the optimization 

to find dominant spatiotemporal coherent structures that evolve linearly in time. The sparse 

identification of nonlinear dynamics (SINDy) [81] algorithm employs generalized linea 

regression, with either a sparsity promoting loss function [495] or a sparse optimization 

algorithm [81, 557], to identify a differential equation model with as few model terms as 

are necessary to fit the data. 

Embedding physics. Choosing a machine learning architecture with which to model the 

training data is one of the most intriguing opportunities for embedding physical knowledge 

into the learning process. Among the simplest choices are convolutional networks for 

translationally invariant systems, and recurrent networks, such as long-short-time memory 

(LSTM) networks [520] or reservoir computing [385, 384], for systems that evolve in time. 

LSTMs have recently been used to predict aeroelastic responses across a range of Mach 

numbers [308]. More generally, equivariant networks seek to encode various symmetries 

by construction, which should improve accuracy and reduce data requirements for physical 

systems [494, 350, 527, 29]. Autoencoder networks enforce the physical notion that there 

should be low-dimensional structure, even for high-dimensional data, by imposing an 

information bottleneck, given by a constriction of the number of nodes in one or more layers 

of the network. Such networks uncover nonlinear manifolds where the data is compactly 

represented, generalizing the linear dimensionality reduction obtained by PCA and POD. 

It is also possible to embed physics more directly into the architecture, for example by 

incorporating Hamiltonian [208, 171] or Lagrangian [117, 558] structure. In the field of 

turbulence modeling, Ling et al. [314] designed a custom neural network networks layer 

that enforced Galilean invariance in the Reynolds stress tensors that they were modeling. 

Graph neural networks have also shown the ability to learn generalizable physics in a 

range of challenging domains [28, 119, 435]. Deep operator networks [323] are able to 
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learn continuous operators, such as governing partial differential equations, from relatively 

limited training data. 

The Loss Function. The loss function is how we quantify how well the model is 

performing, often on a variety of tasks. For example, the ℓ2 error between the model 

output and the true output, averaged over the input data, is a common term in the loss 

function. In addition, other terms may be added to regularize the optimization (e.g., the ℓ1 

or ℓ2 norm of the parameters 𝜽 to promote parsimony and prevent overfitting). Thus, the loss 

function typically balances multiple competing objectives, such as model performance and 

model complexity. The loss function may also incorporate terms used to promote a specific 

behavior across different sub-networks in a neural network architecture. Importantly, the 

loss function will provide valuable information used to approximate the gradients required 

to optimize the parameters. 

Embedding physics. Most of the physics-informed architectures described above involve 

custom loss functions to promote the efficient training of accurate models. It is also possible 

to incorporate physical priors, such as sparsity, by adding ℓ1 or ℓ0 regularizing loss terms 

on the parameters in 𝜽 . In fact, parsimony has been a central theme in physical modeling for 

a century, where it is believed that balancing model complexity with descriptive capability 

is essential in developing models that generalize. The sparse identification of nonlinear 

dynamics algorithm [81] learns dynamical systems models with as few terms from a library 

of candidate terms as are needed to describe the training data. Sparse nonlinear modeling 

has been used extensively in fluid mechanics for reduced-order modeling [320, 321, 319, 

136, 137] and for turbulence closure modeling [34, 35, 442]. There are several formulations 

involving different loss terms and optimization algorithms that promote additional physical 

notions, such as stability [268]. 

Physics-informed neural networks (PINNs) [403, 379, 545, 332, 271], are the most 

common approach to embedding physics via the loss function, promoting solutions that 

satisfy a governing physical law. For example adding the divergence of a flow field as a loss 

term promotes solutions that are incompressible 

later in this section. 

[526]. These will be discussed in detail 

The Optimization Algorithm. If data is the fuel for machine learning, then optimization 

is the engine. Ultimately, machine learning models are trained using optimization algorithms 

to find the parameters 𝜽 that best fit the training data. Typically, these optimization problems 

are both high-dimensional and nonconvex, leading to extremely challenging optimization 

landscapes with many local minima. While there are powerful and generic techniques for 

convex optimization problems [206, 66], there are few generic guarantees for convergence 

or global optimality in nonconvex optimization. Modern deep neural networks have 

particularly high-dimensional parameters 𝜽 and require large training data sets, which 

necessitate stochastic gradien descent algorithms. In a sense, the optimization algorithm is 

the engine powering machine learning, and as such, it is often abstracted from the decision 
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process6

6 In reality, combustion engineers most certainly optimize the engine depending on the fuel source, power train, 

and use cases, which makes one wonder about optimization in machine learning. 

. However, developing advanced optimization algorithms is the focus of intense 

research efforts. It is also often necessary to explicitly consider the optimization algorithm 

when designing a new architecture or incorporating a novel loss term. 

Embedding physics. There are several ways that the optimization algorithm may be 

customized or modified to incorporate prior physical knowledge. One approach is to 

explicitly add constrains to the optimization, for example that certain coefficients must 

be non-negative, or that other coefficients must satisfy a specified algebraic relationship 

with each other. Loiseau [320] showed that it is possible to enforce energy conservation for 

incompressible fluid flows directly by imposing skew-symmetry constrains on the quadratic 

terms of a sparse generalized linear regression (i.e. SINDy) model. These constraints 

manifest as equality constraints on the sparse coefficients 𝜽 of the SINDy model. Because 

the standard SINDy optimization procedure is based on a sequentially thresholded least-

squares procedure, it is possible to enforce these equality constraints at every stage of 

the regression, using the Karush–Kuhn–Tucker (KKT) conditions. The SR3 optimization 

package [557], discussed briefly in Section 5.1, was developed to generalize and extend these 

constrained optimization problems to more challenging constraints, and to more generic 

optimization problems. It is also possible to enforce energy stability constraints [268] in a 

similar way. 

Another approach involves employing custom optimization algorithms required to 

minimize the physically motivated loss functions above, which are often nonconvex. In 

this way, the line between loss function and optimization algorithm are often blurred, 

as they are typically tightly coupled. For example, promoting sparsity with the ℓ0 

norm is nonconvex, and several relaxed optimization formulations have been developed 

to approximately solve this problem. The sparse relaxed regularized regression (SR3) 

optimization framework [557] has been developed specifically to handle challenging 

nonconvex loss terms that arise in physically motivated problems. 

Lagrangian and Hamiltonian Neural Networks 
A Hamiltonian neural network (HNN) [208] is a powerful approach in machine learning that 

uses structure and the loss function to promote physical solutions. An HNN is essentially a 

neural ODE (NODE) [101], where we learn the Hamiltonian function H and its flow. 

Recall that the Hamiltonian is a conserved quantity, often representing the total energy 

of a system; we have seen the Hamiltonian in Section 6.6 as the dual of the Lagrangian. It is 

typically written in terms of the configuration variables q and their associated momenta p. 

Given a Hamiltonian, the equations of motion follow the skew-symmetric dynamics given 
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by

(10.40a)

(10.40b)

There is a rich history of enforcing this skew-symmetric structure, for example in

symplectic integrators [546], which preserve the total energy of a system. Symplectic

integrators are useful for simulating chaotic systems, such as planetary dynamics in the

solar system, so that the simulations are stable over long time horizons.

It is possible to promote this symplectic structure in a neural ODE model by adding the

following terms to the loss function:

(10.41)

Note that these partial derivatives are easy to compute using autograd, similar to how the

PINNs loss functions are computed.

The original HNN paper only tested the method on relatively simple example problems,

such as an ideal spring-mass system and a simple pendulum. In all of these test cases,

the HNN preserved total energy better than a traditional NN, similar to how a symplectic

integrator improves the performance over a traditional numerical integrator.

The following code, taken from https://github.com/greydanus/

hamiltonian-nn, develops the HNN:

CodeSnip 10.o
def time_derivative(self, x, t=None, separate_fields=False) :

’’’NEURAL ODE-STLE VECTOR FIELD’’’

if self. baseline:

return self.differentiable_model (x)

’’ ’NEURAL HAMILTONIAN-STLE VECTOR FIELD’’’

F1, F2 = self. forward(x) # traditional forward pass

conservative_field = torch.zeros_like(x) # start out with

both components set to 0

solenoidal_field = torch.zeros_like(x)

if self. field_type != ’solenoidal’:

dF1 = torch-autograd grad(F1.sum(), x, create_graph=True

) [0] # gradients for conservative field

conservative_field = dF1 @ torch.eye(*self.M.shape)

if self.field_type != ’conservative’:

dF2 = torch.autograd.grad(F2.sum(), x, create_graph=True

) [0] # gradients for solenoidal field

solenoidal_field = dF2 @ self.M.t()

if separate_fields:

return [conservative_field, solenoidal_fieldl

return conservative_field + solenoidal_field

https://github.com/greydanus/hamiltonian-nn
https://github.com/greydanus/hamiltonian-nn
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The following year, Cranmer et al. [117] introduced the Lagrangian neural network

(LNN), which is a powerful extension of the HNN framework. Just as an HNN is a

neural network analog of a symplectic integrator, the LNN is analogous to a variational

integrator [337], which enforces the structure of the Euler–Lagrange equations to improve

physical simulations. Recall that we have already seen these equations in Section 6.6 in the

context of infinite-dimensional optimization. Cranmer et al. tested their method on much

harder chaotic problems, such as the double pendulum. Importantly, LNNs don’t need

special conjugate coordinates, making them more flexible.

The idea is similar, to learn the Lagrangian function that satisfies the Euler–

Lagrange equations:

(10.42)

This is added to the loss function via the following

(10.43)

Again, these terms are computed using automatic differentiation, specifically in JAX.

This loss term is derived from the Euler–Lagrange equations:

(10.44a)

(10.44b)

which finally yields

(10.45)

The matrix is given in component form as

(10.46)

The following code, from https://github.com/MilesCranmer/lagrangian_

nns/, builds an LNN:

CodeSnip 10.p # lagrangian equation of motion

def lagrangian_eom (lagrangian, state, t=None) :

q, q_t = jnp.split(state, 2)

#Note: the following line assumes q is an angle. Delete it

for problems other than double pendulum.

q = q % (2*jnp.pi)

q_tt = (jnp.linalg.pinv(jax.hessian(lagrangian,1)(q,q_t))

@(jax-grad(lagrangian, 0)(q,q_t)

- jax.jacobian(jax.jacobian(lagrangian, 1),0)(q,q_t)@q_t

))

dt = 1e-1

return dt*jnp.concatenate([q_t, q_tt])

https://github.com/MilesCranmer/lagrangian_
https://github.com/MilesCranmer/lagrangian_
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def raw_lagrangian_eom (lagrangian, state, t=None) : 

q, q_t = jnp.split(state, 2) 

q = q % (2*jnp-pi) 

q_tt = (jnp.linalg.pinv(jax.hessian (lagrangian,1) (q,q_t)) 

@ (jax.grad(lagrangian,0) (q, q_t) 

-jax.jacobian(jax.jacobian(lagrangian,1),0)(q,q_t)@q_t)) 

return jp.concatenate(lq_t, q_ttl) 

The Lagrangian is represented with a feedforward neural network as: 

CodeSnip 10.q from jax.experimental import stax 

def mlp(args): 

return stax.serial( 

stax.Dense(args.hidden_dim), 

stax.Softplus, 

stax.Dense(args.hidden_dim), 

stax.Softplus, 

stax.Dense(args.output_dim), 

) 

The authors use 500 hidden units, a batch size of 32, and a decaying learning rate, initialized 

at 𝛾 = 10−3. 

Physics-Informed Neural Networks 
Physics-informed neural networks (PINNs) [403, 404] are one of the most straightforward 

ways to incorporate physics into machine learning. For systems with known governing 

equations, in the form of partial differential equations, it is possible to add this governing 

PDE as a loss function in the neural network training. Generally speaking, PDEs represent 

conservation laws in physics, such as conservation of mass, momentum, and energy. Thus, 

adding these PDE terms to the loss function penalizes models that violate these basic 

conservation laws. However, it is important to note that adding terms to the loss function only 

promotes the solution being physical, but typically the equations will not be satisfied exactly, 

as other terms in the loss function will compete with the PINNs loss terms. Alternative 

approaches involve constrained optimization, whereby the solution to the optimization 

problem is guaranteed to be on a submanifold where the physics is satisfied. 

A PINN models field variables u(x, 𝑡) that vary in space x and time 𝑡 according to 

N(u(x, 𝑡)) = 0 (10.47) 

where N(u) = 0 is the partial differential equation. For example, in a three-dimensional 

fluid flow, the variable u = [𝑢(𝑥, 𝑦, 𝑧, 𝑡), 𝑣(𝑥, 𝑦, 𝑧, 𝑡), 𝑤(𝑥, 𝑦, 𝑧, 𝑡)], where (𝑢, 𝑣, 𝑤) are the 

flow velocities in the 𝑥, 𝑦, and 𝑧 spatial directions. For an incompressible fluid flow, the 

equation for mass conservation is: 

∇ · u = 0. (10.48) 

Thus, it is possible to add a loss term 

𝐿div = ∥∇ · u∥2 
2 (10.49) 
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Figure 10.24 Schematic of a physics-informed neural network (PINN) [403], in which a second

virtual loss function is added to the standard MSE loss function in order to enforce the satisfaction of

the governing equations.

to promote solutions being incompressible [526]. Similarly, the equations for momentum

conservation (i.e., Newton’s second law) are:

𝜕u

𝜕𝑡
+ (u · ∇)u = −∇𝑝 +

1

Re
∇2u (10.50)

where 𝑝 is the pressure and Re is the Reynolds number. Taken together, these comprise the

Navier–Stokes equations. These may also be added as PINN terms in the loss function.

There are several key features of PINNs that make them convenient for scientific ML.

First, the terms in the loss function involve partial derivatives of the output variables u

with respect to the input variables x and 𝑡, which may be computed easily using automatic

differentiation. Second, the PINNs loss terms may be evaluated on virtual, or synthetic test

points in the space-time domain that are not in the training data. Even for spacial locations

that are far away from training data, we still know that the PDE should be satisfied. Thus, it

is possible to train PINNs with relatively sparse data, augmenting this real data with virtual

data. The PINNs architecture is shown schematically in Fig. 10.24.

PINNs are particularly good at filling in partially, or sparsely measured field data.

Historically this was accomplished using four-dimensional variational assimilation (4D-

Var) techniques [115], which involved computationally expensive and human intensive

optimization algorithms. Now, these constrained optimization problems are handled in a

neural network training environment using backpropagation and automatic differentiation.

In addition to data assimilation, PINNs are also useful for accelerating computations of

complex systems over complex domains, where the underlying physics is well-characterized

by a partial differential equation. Modeling fluid flows in complex domains is a good

example. PINNs are often powerful interpolation engines, and can handle the curse of

dimensionality by exploiting low-dimensional patterns in these systems. PINNs also have

fast inference time, so they may be used as a flexible surrogate model for inverse problems,

design prototyping, and other applications where machine precision and exact enforcement

of the physics is not necessary.

However, it is important to note that there are several well-understood drawbacks to

PINNs. These algorithms often struggle with convergence, especially as the PINNs’ loss

may introduce a highly nonconvex loss function landscape. There are no guarantees of
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Figure 10.25 Vector field for the linear vortex in Eq. (10.51).

convergence or accuracy, unlike well-established scientific computing methods, so instead

of replacing these techniques, PINNs instead complement them with another model with

different fidelity and computational scaling properties. In addition, PINNs struggle with

translation, advection, and discontinuities in the field variables, all of which are common in

physics. Krishnapriyan et al. [288] have characterized many of the common failure modes

of PINNs, with some helpful suggestions for how to fix them. Rohrhofer et al. [425] also

provide an in-depth analysis on how to tune the relative loss functions in a PINN from a

multi-objective optimization perspective.

Numerical Examples (PINNs)
We will explore PINNs on two example vector fields that have the incompressible property

(i.e., ∇ · u = 0). We will first consider a linear flow field, given by

u(𝑥, 𝑦, 𝑡) =

[
𝑢(𝑥, 𝑦, 𝑡)

𝑣(𝑥, 𝑦, 𝑡)

]
=

[
−𝑦

𝑥

]
. (10.51)

This is the vector field obtained by a simple quadratic potential 2 2𝜙(𝑥, 𝑦) = 𝑥 + 𝑦 , where

the vector field is obtained as

u(𝑥, 𝑦, 𝑡) =

[
𝑢(𝑥, 𝑦, 𝑡)

𝑣(𝑥, 𝑦, 𝑡)

]
=

[
−𝜕𝜙/𝜕𝑦

𝜕𝜙/𝜕𝑥

]
. (10.52)

The vector field is shown in Fig. 10.25.
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Figure 10.26 Vector field for the Taylor–Green vortex in Eq. (10.53).

The second vector field is the Taylor–Green vortex. Although this flow is often defined

on a domain of [0, 2𝜋] × [0, 2𝜋], we will scale the 𝑥 and 𝑦 axes to make the domain

[0, 1] × [0, 1]. The vector field is given by

u(𝑥, 𝑦, 𝑡) =

[

𝑢(𝑥, 𝑦, 𝑡)

𝑣(𝑥, 𝑦, 𝑡)

]

=

[

sin(2𝜋𝑥) cos(2𝜋𝑦)

− cos(2𝜋𝑥) sin(2𝜋𝑦)

]

. (10.53)

This is the flow field obtained from the stream function

𝜙(𝑥, 𝑦) =
1

2𝜋
sin(2𝜋𝑥) sin(2𝜋𝑦). (10.54)

The vector field is shown in Fig. 10.26.

We will design a simple neural network with 3 hidden layers and 32 units per layer. The

network has 2 inputs, 𝑥 and 𝑦, and 2 outputs, 𝑢 and 𝑣.

CodeSnip 10.r class PINNIncompressible(nn.Module):

def __init__(self, hidden_units=32, hidden_layers=3):

super().__init__()

layers = []

in_dim = 2

out_dim = 2

# input -> hidden

layers.append(nn.Linear(in_dim, hidden_units))

layers.append(nn.Tanh())

# hidden -> hidden

for _ in range(hidden_layers-1):

layers.append(nn.Linear(hidden_units, hidden_units))

layers.append(nn.Tanh())

# last hidden -> output (u, v)
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layers.append(nn.Linear(hidden_units, out_dim)) 

self.net = nn.Sequential(*layers) 

def forward(self, x, y): 

# x,y in shape (N,) 
inp = torch.stack((x,y), dim=1) # shape (N,2) 
out = self.net(inp) # shape (N,2) 
return out[:,0], out[:,1] # separate u,v 

The PDE loss is the divergence term. 

CodeSnip 10.s # PDE loss: div(u,v) = d/dx(u) + d/dy(v) = 0 

def pde_incompressibility(model, x, y): 

# x,y: (N,) as torch tensors. 
# Return PDE loss: mean( (ux + vy)ˆ2 ). 
x.requires_grad = True 

y.requires_grad = True 

u, v = model(x,y) 

# autograd to compute partial_x u and partial_y v 

grad_u = torch.autograd.grad(u, x, 

grad_outputs=torch.ones_like(u), 

create_graph=True)[0] 

grad_v = torch.autograd.grad(v, y, 

grad_outputs=torch.ones_like(v), 

create_graph=True)[0] 

pde_val = grad_u + grad_v 

return torch.mean(pde_val**2) 

We now test the PINN output for several different sampling strategies, comparing with a 

simple linea interpolation scheme as a baseline. Figure 10.27 shows the PINN performance 

on the linear vector field using various sampling strategies, including a coarse uniform 

sampling grid, random sampling, and sampling only in the left half plane. In this case, 

the linear interpolation is perfect, and has zero error, because the vector field is linear. 

For the other two sampling strategies, the limits of PINNs for extrapolation are clearly 

seen, as the prediction error rapidly grows away from the sampling points. This highlights 

the similarities between PINN and interpolation, as PINNs may be thought of as a more 

sophisticated neural-network interpolator. 

We now explore the same comparisons, but for the nonlinear Taylor–Green vector field. 

Figure 10.28 shows the performance of linear interpolation versus a PINN for the same 

three sampling strategies. For uniform sampling, the PINN error is significantly smaller 

than the linear interpolation error, as linear interpolation struggles with the nonlinear 

vector field between sample points. However, there is still error associated with the PINN 

prediction in some regions of space. For the other two sampling strategies, PINNs struggle 

to extrapolate outside of the training data, although they are better than linear interpolation. 

In the homework, we will modify this example to study the double gyre vector field [456]. 

Physics-Constrained DMD and SINDy Models 
The dynamic mode decomposition and sparse identification of nonlinear dynamics 

algorithms are both based on linear regression, so it is particularly straightforward to 

include constraints via the KKT conditions [320]. 
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Figure 10.27 Linear interpolation (left) versus PINN prediction (right) for linear vector field with

uniform sampling points (top), random sampling (middle), and sampling points only in the left half

plane (bottom).

Physics-Informed DMD

The physics-informed DMD has several approaches to enforce known or partially known

physics, such as symmetries, in the DMD regression [20]. The physics is either enforced as

constraints in the optimization, such as manifold constraints, or promoted by adding terms

to the loss function. In the case of manifold-constrained DMD, the optimization problem

becomes a modified Procrustes problem:

min ||X′ − AX||𝐹 subject to C(A) = 0,
A

(10.55)
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Figure 10.28 Linear interpolation (left) versus PINN prediction (right) for Taylor–Green vector 

field with uniform sampling points (top), random sampling (middle), and sampling points only in the 

left half plane (bottom). 

where C(A) represents a set of constraints on A that encode physical properties such as 

conservation laws, symmetries, or invariants. Some examples of the constraints are: 

Conservative: The original Procrustes problem involved searching for unitary, conserva-

tive A satisfying A∗A = I, so C(A) = A∗A − I. 

Translationally shift-equivariant: Traveling wave physics, such as the wave equation or 

the Navier–Stokes equations are translationally invariant, even though the basic 

DMD solution is typically not. These systems require circulant or block-circulant 

A matrices. 
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Self-adjoint (symmetric): Solutions to the Schroding¨ er equation are self-adjoint, so that

A∗ = A, restricting our solutions to Hermitian matrices. The constraint is then

C(A) = A − A∗.

Skew-symmetry: Similiarly, for skew-symmetric operators, the constraint C(A) = A+A∗

enforces this structural property.

By enforcing these constraints, piDMD ensures that the resulting operator A not only

minimizes the data reconstruction error but also adheres to physical principles, leading to

models that are more interpretable and robust. See Panel 10.3 for more details.

Constrained Sparse Nonlinear Models

In Chapter 8 we discussed system identification as an inverse problem. Specifically,

the sparse identification of nonlinear dynamics (SINDy) algorithm was used to learn

parsimonious nonlinear differential equation models that best fit time series data. This

approach is based on solving a generalized linear regression problem with sparsity-

promoting optimization, to find the fewest terms in a candidate library that describe the

observed dynamics.

The formulation of SINDy as a sparse regression problem makes it possible to embed

partially known physics. Loiseau [320] recognized that it was possible to constrain the

SINDy regression, using the KKT constrained least-squares discussed in Chapter 4, to

enforce known symmetries and relationships between the coefficients 𝚵. Specifically,

incompressible fluid flows conserve energy through a skew-symmetry in the quadratic

nonlinearity of the Navier–Stokes equations (e.g., the convective term). In a reduced-order

model for a fluid flow, in terms of the amplitudes of orthogonal mode coefficients, this

skew-symmetry is still present in the coefficients of the quadratic terms in the resulting

ordinary differential equation.

The SINDy regression from Eq. (8.39) now becomes:

(10.56)

where 𝝃 is the vectorized form of 𝚵 and C and D are matrices related to the constraint

equations on 𝝃. Because SINDy is typically solved using a sequentially thresholded least-

squares algorithm, it is straightforward to incorporate these constraints directly into each

of these least-squares steps using the KKT formulation discussed in Chapters 4 and

6. Specifically, each of the constrained least-squares steps may be reformulated as an

unconstrained problem using Lagrange multipliers:

(10.57)

where z is the vector of Lagrange multipliers. It is then possible to solve for the optimal 𝝃,

subject to the constraints C𝝃 = d, via the KKT least-square regression:

(10.58)

where (:) is the vectorized form of similar to how 𝝃 is formed by vectorizing 𝚵.
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Panel 10.3: Physics-Informed DMD and Procrustes Optimization

The PIDMD constrained optimization may be formulated as a Procrustes problem.

The Procrustes problem is to find the optimal transformation (e.g., translation,

rotation, reflection, and scaling) that best aligns one set of points with another,

minimizing the mismatch in the two geometries. The orthogonal Procrustes problem

is the most common form, where we seek the best orthogonal transformation

(e.g., rotation and reflection) to match two matrices. This involves minimizing

the Frobenius norm of their difference. This is also the basis of many numerical

methods, including in canonical correlation analysis (CCA). However, there are

many other Procrustes problems, based on other constraints on the admissible

transformations.

Another important example of Procrustes analysis is in registering point cloud data

to a reference model, or CAD drawing. For example, during aircraft assembly, point

cloud scans of the various parts are collected, and these then must be transformed

and registered with each other and against a reference model.

This problem is named after the mythological Procrustes, a gruesome smith who

was said to invite travelers to rest the night in his fortress, only to force them to sleep

on an iron bed. If the travelers were too short or too tall to fit the bed – and alas,

none ever did – they would be made to fit, either by stretching and breaking their

limbs or by cutting them off. Procrustes was eventually killed by the hero Theseus,

being forced to fit himself to his own bed.

Peter Baddoo made the connection between the constrained DMD problem and

Procrustes optimization, where he outlined several major classes of physical

constraints that can be included in the DMD framework using standard tools from

optimization. In the examples below, the self-adjoint formulation was solved by

Higham [227] and the conservative case was solved by Schonemann¨ [449]. All

other cases were new solutions by Baddoo.

=
2 2

self-adjoint

symmetric
shift-invariant

circulant/Toeplitz/Hankel
causal

upper triangular
local

tri-diagonal
conservative

unitary (Schönemann, 1966)
multidimensional

block analogues

Figure 10.29: Examples of constrained DMD A matrices (Baddoo et al. [20]).

The specific constraint equations C𝝃 = d may be derived from physical first principles.

Broad classes of physical systems are governed by conservation laws, and these conservation

laws often induce symmetries on the coefficients in 𝝃. When a given symmetry is known,

it may be enforced on the coefficients in 𝝃. For incompressible fluid flows, we have a

constraint on the quadratic nonlinear term

x · N (x)x = 0 (10.59)
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Panel 10.4: Digital Twins and the Future of Model-Based Engineering

Digital twins are data-enabled surrogate models for complex systems that allow for

the accurate and efficient simulation of various scenarios that would be too expensive

or difficult to test otherwise. For example, it may be possible to develop a digital

twin for a modern commercial aircraft, making it possible to test different wing

designs and engine configurations with fewer expensive wind tunnel tests. Digital

twins rely on fast and flexible surrogate models that are able to incorporate physics-

based models and machine learning models. These models will be synthesized

from multi-fidelity data from a diversity of sources (e.g., simulations, wind tunnel

testing, flight tests); thus, they also rely on a digital thread of the data for the entire

process. Importantly, they must have an estimate of their own uncertainty, so that

this can be incorporated into downstream forecasting and optimization tasks.

If the digital twin is being used effectively for design optimization, the optimization

algorithm will explore new regions of parameter space that are highly performant,

but poorly explored. In this case, it is necessary to update the digital twin model

with new data. This involves active learning to intelligently sample the system and

update the model with the right data, at the right fidelity, based on the uncertainty

estimates of the model.

Consider the aerospace industry. Digital twins will enable faster and less expensive

design cycles, leveraging data from previous designs more effectively. This will

result in improved aircraft design, as the digital twin unifies the multi-objective

design optimization landscape, which is currently too large and tightly coupled

for any one group to oversee; today, individual components are optimized locally.

Further, a digital twin of the factory would improve manufacturability, reliability,

and reproducibility. A twin of the global supply chain would improve robustness

and cost, and a twin of the operating fleet of aircraft would improve health

monitoring and service. Currently these are all separate optimization problems,

largely because of the scope and complexity of the problem and data. In the future,

model-based engineering (MBE), leveraging the digital twin, will transform the

design, optimization, and control of complex engineering systems.
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Field

Low-Fidelity
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Figure 10.30: Schematic of optimization with a digital twin.
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for this term to conserve energy. This may be directly translated into constraints on 𝝃, as 

described in Loiseau et al. [320]. For a reduced-order state x with three state variables, for 

example the amplitudes of three orthogonal spatial modes, then this results in ten constraint 

equations on the coefficients in 𝝃. 

Kaptanoglu et al. [268] went on to derive more general stability conditions, based on the 

stability results of Schlegel and Noack [441], to promote and enforce stability in quadratic 

SINDy models. This idea was also used by Guan et al. [214] to derive a symmetry-preserving 

model for chaotic electroconvection. 

More generally, Otto et al. [376] have extended these ideas to a general framework for 

how to promote, enforce, and discover symmetries in various machine learning algorithms, 

through the use of regularization and constrained optimization. Specifically, they show how a 

broad class of continuous Lie-group symmetries may be incorporated into machine learning 

algorithms, reducing data requirements and improving generalizability and robustness. 

The various models described above, whether DMD models, PINNs, or SINDy models, 

are all approaches for developing surrogate models of real physical systems. Improved 

surrogate models will have a tremendous impact on improving model-based engineering 

via the digital twin, as discussed more in Panel 10.4. 
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Homework 

Exercise 10.1 Write down an example function with the computational graph given in 

Fig. 10.31. Use forward mode and reverse mode automatic differentiation to compute the 

derivative at (𝑥1, 𝑥2) = (1, 2). 

𝑥1 

𝑥2 

𝑤0 𝑤2 

𝑤1 𝑤3 𝑤4 𝑤5 𝑦 

Figure 10.31 Computational graph for MISO function. 

Exercise 10.2 Compute the derivative of the function in Eq. (10.6) at the point 𝑥 = 1 

using forward mode and reverse mode AD. 

Exercise 10.3 Compute the derivative of the function in Eq. (10.15) at the point 𝑥 = 2 

using forward mode and reverse mode AD. 

Exercise 10.4 Show that the computational graph in Fig. 10.3 can be modified to look 

more like the computational graph in Fig. 10.4 by making 𝑤2 = sin(𝑥) and 𝑤3 = 𝑥2. Draw 

this new computational graph. 

Exercise 10.5 Compute the derivative of the function in Eq. (10.16) at the point (𝑥1, 𝑥2) = 
(1, 2) using reverse mode AD. 

Exercise 10.6 Compute the derivative of the function in Eq. (10.17) at the point 𝑥 = 2 

using forward mode and reverse mode AD. Discuss which is more efficient in this case. 

Exercise 10.7 Compute the derivative of the function in Eq. (10.18) at the point (𝑥1, 𝑥2) = 
(1, 2) using forward mode and reverse mode AD. 

Exercise 10.8 Write down the computational graph and compute the derivative of the 

following functions using forward mode and reverse mode AD: 

1. 𝑦 = sin(cos(𝑥)) at 𝑥 = 2. 

2. 𝑦 = sin(𝑥3 + 𝑥) at 𝑥 = 2. 

3. 𝑦 = 𝑥3 + 𝑥 sin(𝑥2) at 𝑥 = 1. 

4. 𝑦 = 𝑥
1
2 + 𝑥

2
2 + 2𝑥1𝑥2 at (𝑥1, 𝑥2) = (2, 1). 

5. 𝑦 = (𝑥1 − 𝑥2)
2 + (𝑥1 + 𝑥2)

2 at (𝑥1, 𝑥2) = (1, 2). 
6. 𝑦 = sin(𝑥

1
2 + 𝑥

2
2) at (𝑥1, 𝑥2) = (1, 1). 

7. 𝑦1 = cos(𝑥) + sin(𝑥)

𝑦2 = (𝑥 − 1)2 at 𝑥 = 0. 

8. 𝑦1 = cos(𝑥2) + 𝑥2 

𝑦2 = sin(𝑥2) − 𝑥2 at 𝑥 = 2. 
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9. 𝑦1 = 𝑥2 + 𝑥3 

𝑦2 = 𝑥 − 𝑥3 at 𝑥 = 1. 

10. 𝑦1 = exp(𝑥
1
2 + 𝑥

2
2)

𝑦2 = exp(𝑥
1
2 − 𝑥

2
2) at (𝑥1, 𝑥2) = (1, 0). 

11. 𝑦1 = cos(𝑥1𝑥2) + 𝑥2 
1 

𝑦2 = sin(𝑥1𝑥2) − 𝑥
2
2 at (𝑥1, 𝑥2) = (0, 1). 

12. 𝑦1 = (𝑥2 − 𝑥1)
2 + 𝑥1 cos(𝑥2)

𝑦2 = 𝑥1𝑥2 − 𝑥
2
2 at (𝑥1, 𝑥2) = (2, 0). 

Exercise 10.9 Computational graphs are non-unique. Write down two different compu-

tational graphs for the function 𝑦 = 𝑥3 + 𝑥 sin(𝑥2) and confirm that they yield the same 

forward mode and reverse mode derivatives at the point 𝑥 = 1. 

Exercise 10.10 Write down two different computational graphs for the function 𝑦 = 
𝑥

1
2 + 𝑥

2
2 + 2𝑥1𝑥2, and confirm that they yield the same forward mode and reverse mode 

derivatives at the point (𝑥1, 𝑥2) = (2, 1). 

Exercise 10.11 Demonstrate that number of inputs and outputs in a function determine 

the number of forward and reverse mode AD passes required to compute the derivatives. 

Give some examples. 

Exercise 10.12 Consider the computational graph in Fig. 10.7. Assume that x ∈ R1024, 

w1 ∈ R512, w2 ∈ R256, and y ∈ R128. Roughly how many multiplications are involved in 

forward mode AD and in reverse mode AD? 

Exercise 10.13 Explain why we do not use forward mode AD to compute the gradients 

∇𝜽 f𝜽 in a neural network. Discuss this with examples, such as the CNN in Fig. 10.17 and 

the autoencoder in Fig. 10.13. 

Exercise 10.14 Write down the formula for the six-layer autoencoder in Fig. 10.32. Write 

down the formula for the gradient of 𝐿 with respect to the parameters of each layer, 𝜽 𝑗 . 
Assume that the input and output layers have dimension 1024 and that each layer decreases 

or increases this size by a factor of 4. Describe the number of calculations required to 

traverse this computational graph in reverse-mode AD. What about forward-mode AD? 

Exercise 10.15 Modify the PyTorch and JAX automatic differentiation codes to compute 

the derivative of 𝑦 = sin(exp(𝑥2)) from Eq. (10.6) at 𝑥 = 2. 

Exercise 10.16 Confirm that the AD derivative d 𝑓 /dw of the function 𝑓 (x, w) = (wTx)2 

evaluated at the point x = (1, 2) with weights w = (0.5, −0.5), matches the analytic value 

of the derivative evaluated at this point. 

Exercise 10.17 Modify the AD code that computes d 𝑓 /dw of the function 𝑓 (x, w) = 
(wTx)2 to compute d 𝑓 /dx instead. Evaluate this derivative at the point x = (1, 2) with 

weights w = (0.5, −0.5). Confirm that this matches the analytic value. 
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Figure 10.32 Illustration of neural network autoencoder. 

Exercise 10.18 Consider the neural network in Fig. 10.33; this is a common architecture, 

where we expand an input before contracting to the output. For example, in a PINN, the 

inputs may be (𝑥, 𝑦, 𝑧, 𝑡) and the output may be (𝑢, 𝑣, 𝑤) evaluated at this point. We would 

expand the hidden layers to have more capacity to represent this input–output function. 

Assuming we want to compute the gradient of y with respect to x, is there any way to 

exploit the expanding-contracting architecture using a combination of forward mode and 

reverse mode AD to improve the computational complexity? 

w2 

x 

𝐿1 

w1 

𝐿2 

f𝜽1 
f𝜽2 

𝐿3 

w3 

𝐿4 

f𝜽3 
f𝜽4 

y 

Figure 10.33 Neural network with expansion followed by contraction. 

Exercise 10.19 Retrain the MLP and CNN for CIFAR-10, but without normalizing the 

data by the empirical mean and standard deviation. How do the results change? 

Exercise 10.20 We will now examine the MLP for CIFAR-10. Instead of dropout layers, 

we will use ℓ1 regularization on the weights in the loss function. Remove the dropout layers 

https://doi.org/10.1017/9781009755856.011


436 Optimization for Machine Learning 

and compare the learning curves for different strengths of the ℓ1 regularization. Examine 

the histogram of neural network weights for the network with dropout layers and for the 

various ℓ1 regularized networks. Comment on the results. 

Exercise 10.21 Compute and plot the learning curves versus batch size for the MLP on 

CIFAR-10. Use batch sizes of 8, 32, 128, and a full batch. Plot them together and discuss. 

Compute and plot the same learning curves for different learning rates. Discuss the results. 

Exercise 10.22 Train a neural network to classify the Fashion-MNIST dataset. This dataset 

consists of ten classes, with examples shown in Fig. 10.34. This dataset can be loaded in 

torchvision using the following code 

CodeSnip 10.t dataset = torchvision.datasets.FashionMNIST(root=’./data’, train 

=True, download=True, transform=transform) 

For this simple dataset, an MLP should reach over 90% accuracy. Plot the learning curves. 

T-shirt/top Trouser Pullover Dress Coat

Sandal Shirt Sneaker Bag Ankle boot

Figure 10.34 Example images from the ten categories of Fashion-MNIST. 

Exercise 10.23 We will now explore various physics-informed architectures for learning 

the dynamics of a simple mechanical system: the pendulum. Generate a large volume of 

training and testing data by simulating the pendulum for different initial conditions. 

You will now train and compare several models, using the following approaches: 

1. Neural ODE with no constraints or physical priors; 

2. Lagrangian neural network; 

3. Hamiltonian neural network; 

4. Symbolic regression with SINDy; and 

5. Symbolic regression with PySR. 

For each of these algorithms, we will compare and contrast according to several challenges: 

1. Compare the data requirements and noise robustness. 

2. Modify the data to have uneven time steps. 
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3. Try new initial conditions that were not in the training data, and report on the performance.

Specifically, try initial conditions that are outside of the range of training (i.e., train for

𝜃 ∈ [−𝜋/4, 𝜋/4] and test on trajectories with initial |𝜃 | > 𝜋/4).

4. Now extend the data set to include pendula with different arm lengths and gravity

constants. Which methods can be extended. Discuss and compare.

Exercise 10.24 Repeat the above example with the chaotic double pendulum.

Exercise 10.25 Repeat the above example with rotary pendulum.

Exercise 10.26 Repeat the above example with video data from a lava lamp. Before

applying these methods, first compress the data down, using an autoencoder.

Exercise 10.27 (From Loiseau et al. [321]) In this example, we will learn the Lorenz 1963

chaotic dynamical system using constrained SINDy. The governing equations are

= 𝜎(𝑦 − 𝑥) (10.60)

= 𝑥(𝜌 − 𝑧) − 𝑦 (10.61)

= 𝑥𝑦 − 𝛽𝑧. (10.62)

Use the parameters (𝜎, 𝜌, 𝛽) = (10, 28, 8/3) and initial condition x0 = (𝑥(0), 𝑦(0), 𝑧(0)) =

(0, 1, 20).

Formulate a constrained SINDy regression, following Loiseau’s approach, to force the

coefficients of the terms 𝑦 and 𝑥 in the first equation to have equal and opposite coefficients:

𝜉2 + 𝜉3 = 0.

First, write this as an equality constraint C𝝃 = d, and implement the KKT constrained

sequentially-thresholded least-squares algorithm. Compare the learning rate versus amount

of data, as well as the noise robustness, with and without this constraint.

What changes if we add the knowledge that 𝜉3 = 10? Again, add this as a constraint

equation and explore noise robustness and data requirements.

Exercise 10.28 Try to modify the PINN for the linear vortex problem to more effectively

perform linear interpolation. Explore different network sizes and activation functions.

Exercise 10.29 Add symmetry conditions to the PINN for the vortex problems to try and

improve the learning rate versus amount of data. See if you can improve the generalization

of the PINN in the case where you only train on data in the left half of the domain.

Exercise 10.30 Modify the PINN approach for the Taylor–Green vortex problem above

to the double gyre flow field. The double gyre is an unsteady potential flow, meaning that it

is incompressible (∇ · u = 0) and irrotational (∇ × u = 0). The vector field is derived from

the following stream function 𝜙:

𝜙(𝑥, 𝑦, 𝑡) = 𝐴 sin(𝜋 𝑓 (𝑥, 𝑡)) sin(𝜋𝑦)

where the unsteadiness comes from

𝑓 (𝑥, 𝑡) = 𝑎(𝑡)𝑥2 + 𝑏(𝑡)𝑥
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Figure 10.35 Double gyre vector field.

with time-dependent coefficients

𝑎(𝑡) = 𝜖 sin(𝜔𝑡) and 𝑏(𝑡) = 1 − 2𝜖 sin(𝜔𝑡).

The flow is definite on a rectangular domain of size [0, 2] × [0, 1], with the parameters

𝐴 = 0.1, 𝜖 = 0.25, and 𝜔 = 2𝜋/10, taken from Shadden et al. [456].

The vector field is then given by the following equations
[ ] [ ] [ ]

u
𝑢(𝑥, 𝑦, 𝑡) −𝜕𝜙/𝜕𝑦 −𝜋𝐴 sin(𝜋 𝑓 (𝑥, 𝑡)) cos(𝜋𝑦)

(𝑥, 𝑦, 𝑡) = = = .
𝑣(𝑥, 𝑦, 𝑡) 𝜕𝜙/𝜕𝑥 𝜋𝐴 cos(𝜋 𝑓 (𝑥, 𝑡)) sin(𝜋𝑦)
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Glossary 

Active constraint – An inequality constraint 𝑔 𝑗 (x) ≤ 0 is active at an optimum solution x∗ 

if 𝑔 𝑗 (x∗) = 0. The optimal solution is at the edge of the constraint boundary. 

Active Set Methods – This approach identifies a subset of the equality constraints g(x) ≤ 0 

to be active, and then solves the system as if they are equality constraints. Different 

constraints may become active or inactive at different iterations. 

Adaptive momentum estimation (ADAM) – The adaptive momentum estimation method 

combines aspects of momentum methods and RMSProp to provide a robust, iterative 

algorithm for neural network training. ADAM typically uses stochastic gradient descent to 

compute the gradients in its updates steps. 

Adjoint – For a finite-dimensional linear map (i.e., a matrix A), the adjoint A∗ is given 

by the complex conjugate transpose of the matrix. In the infinite-dimensional context, the 

adjoint A∗ of a linear operator A is defined so that ⟨A 𝑓 , 𝑔⟩ = ⟨ 𝑓 , A∗𝑔⟩, where ⟨·, ·⟩ is an 

inner product. 

Affine set – Affine sets are a restricted subset of convex sets, where every line passing 

through any two points of the set lies entirely within the set. Affine sets may be viewed as 

translated versions of vector subspaces to do not need to contain the origin. 

Affine function – An affine function is any function 𝑓 (x) = Ax + b that maps affine 

sets to affine sets. These functions include scaling, shear, rotation, translation, and all 

combinations thereof. 

Agent – In reinforcement learning (RL), an agent senses the state s of its environment and 

learns to take appropriate actions a to achieve an optimal future reward r. 

Alternating direction method of multipliers – An operator-splitting optimization 

algorithm that solves complex constrained problems by breaking them into simpler 

subproblems, each of which is easier to handle. ADMM combines the decomposability of 

dual ascent with the robustness of the method of multipliers. 
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Analytic center – The minimizing solution of − log(−𝑔(x)), which is used as the 

initialization for interior point methods. 

Augmented Lagrangian – A method that modifies the classical Lagrangian by adding a 

quadratic penalty term to enforce constraints more robustly. This approach bridges dual 

methods and penalty methods for better numerical stability. 

Automatic differentiation (AD) – The process of algorithmic differentiation of a function 

𝑓 , evaluated at a specific value, by applying the chain rule to the computational graph of 𝑓 . 
AD is more efficient and accurate than numerical differentiation or analytic differentiation, 

for complex functions. The two main modes of automatic differentiation are forward-mode 

AD and reverse-mode AD. Forward-mode AD is used when the output dimension of 𝑓 is 

larger than the input dimension, and reverse-mode AD is used when the output dimension 

is smaller than the input dimension. Reverse-mode AD underpins the backpropagation 

algorithm for training neural networks. 

Backpropagation – Reverse-mode automatic differentiation applied to the computational 

graph of a neural network is referred to as backpropagation. It is used to compute the 

gradien of the loss function 𝐿 with respect to the neural network parameters 𝜽 . This gradient 

is then used, for example with stochastic gradien descent, to optimize the parameters to 

minimize the loss function. 

Barrier methods – Interior point methods that maintain iterates within the feasible region 

by adding a barrier term to the objective function, which becomes infinite at the constraint 

boundary. The influence of the barrier is gradually reduced during the optimization. 

Bayes’ Theorem – Bayes’ theorem is a statistical identity that is used to invert conditional 

probabilities, and is the basis of much of statistical learning from data. Given a parameterized 

probability distribution 𝑓 ( 𝑋 | 𝜃 ) of data 𝑋 given model parameters 𝜃, it is possible to invert 

this to solve for the probability of the parameters given the data, 𝑓 ( 𝜃 | 𝑋 ), using Bayes’ 

theorem: 

𝑓 ( 𝜃 | 𝑋 ) = 
𝑓 ( 𝑋

𝑓

|

(

𝜃

𝑋

)

) 
𝑓 (𝜃) 

. (10.63) 

Bayesian inference – The process of iteratively updating a posterior distribution given new 

evidence (data). The previous posterior becomes the prior for the next iteration. 

Bayesian statistics – A statistical framework for balancing prior knowledge about a system 

with new evidence, in the form of data. 

Bellman optimality – A cornerstone of dynamic programming, stating that an optimal 

multi-step sequence must also be locally optimal in every sub-sequence of steps. 
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Bias–variance tradeoff – If an ill-conditioned optimization problem or inverse problem

initially has high variance, it is possible to reduce this variance with regularization, although

this introduces bias. For example, Tikhonov regularization is used to reduce the variance

of least-squares regression, but it introduces a bias.

Box constraints – Inequality constraints, l ≤ x ≤ u, where each coordinate of the decision

variable, 𝑥 𝑗 , must lie between a lower and upper bound, 𝑙 𝑗 and 𝑢 𝑗 , respectively.

Brachistochrone – One of the earliest variational problems, posed by Johann Bernoulli,

where the goal is to find a curve connecting two points so that a particle constrained to this

path will have the shortest transit time under the acceleration of gravity.

Closed-loop control – A control architecture where the actuation is informed by sensor

data about the output of the system.

Compressed sensing – The process of reconstructing a high-dimensional vector signal

from a random under sampling of the data using the fact that the high-dimensional signal

is sparse in a known transform basis, such as the Fourier basis.

Compression – The process of reducing the size of a high-dimensional vector or array

by approximating it as a sparse vector in a transformed basis. For example, MP3 and JPG

compression use the Fourier basis or Wavelet basis to compress audio or image signals.

Computational graph – The representation of a function in a programming language,

such as Python or C++, in terms of simple building blocks, such as +, ×, cos, sin, etc.

The computational graph is used in automatic differentiation to efficiently and accurately

compute the derivative of a function 𝑓 using the chain rule applied to this graph.

Condition number – The condition number of a matrix A is the ratio of its largest

singular value to its smallest singular value, and is a measure of how ill-conditioned it is to

invert this matrix or solve a matrix system of equations Ax = b. Specifically, if a matrix A

has large condition number, then the solution x will be highly sensitive to small changes in b.

Conjugate functions – Also called the Fenchel dual, the conjugate 𝑓 ∗ y of a function
∗𝑓 (y =) supx

( )

𝑓 (x) is given by . Conjugate functions are used extensively in

the construction of dual optimization problems.

Conjugate gradient – An iterative method for solving solve very large-scale, sparse linear

systems of equations, Ax = b. The conjugate gradient method is often used to speed up

Gauss–Newton methods.

Conjugate Priors – In Bayesian statistics, we obtain the posteriod distribution 𝑃(𝜃 | 𝑋)

by multiplying the likelihood 𝑃(𝑋 | 𝜃) by the prior distribution 𝑃(𝜃). A conjugate prior is
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chosen so that when multiplied by the likelihood, it remains in the same distribution. 

Constraints – Limitations on the admissible values of the decision variable x, typically 

written in the form of equality constraint h(x) = 0, or inequality constraints g(x) ≤ 0. 

Constraint equations define a feasible set of values to optimize over. 

Control theory – The framework for modifying a dynamical system to conform to desired 

engineering specification through sensing and actuation. 

Controllability – A system is controllable if it is possible to steer the system to any state 

with actuation. Degrees of controllability are determined by the controllability Gramian. 

Convex Function – A function is convex when the line segment connecting any two points 

on the function never dips below the function at any intermediate points. The function 

is called strictly convex if the line segment is strictly greater than the function at all 

intermediate points. 

Convex hull – The smallest convex set containing a set C is known as the convex hull, 

denoted hull(C). 

Convex Optimization – An optimization problem is convex if the set of feasible points is a 

convex set and the objective function is convex over the domain of feasible points. Convex 

optimization problems have a single global optimal point, so if a local optimum is found, 

then this also corresponds to the global optimum. 

Convex relaxation – A technique where a non-convex optimization problem is 

approximated by a convex one, typically by relaxing integer or combinatorial constraints 

to continuous domains. Solutions of the relaxed problem can guide or bound the original 

non-convex problem. 

Convex Set – A set is convex if the line segment connecting any two points in the set is 

also fully contained in the set. Intuitively, this means that the set cannot have any “fingers” 

or “bites” taken out of it. 

Convolutional neural network (CNN) – A deep learning architecture tailored for spatial 

data, such as images, using convolutional layers to extract local features and reduce 

dimensionality with shared weights and pooling. 

Cross-validation – A statistical method used to estimate the generalization performance of 

a model by partitioning data into training and validation sets. Common strategies include 

𝑘-fold and leave-one-out cross-validation. 
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Dantzig’s simplex method – A pivot-based algorithm for solving linear programming 

problems by moving along the vertices of the feasible polytope to find an optimal vertex 

solution. 

Data matrix – A matrix X ∈ R𝑛×𝑚 representing 𝑛 observations of 𝑚 features, where rows 

correspond to samples and columns to variables. 

Deep Learning – A class of machine learning methods using multi-layered neural networks 

to learn complex hierarchical representations from data, often trained with large datasets 

and backpropagation. 

Density estimation – The task of estimating the probability distribution from a dataset. 

Techniques include parametric models, kernel density estimation, and Gaussian mixture 

models. 

Duality – A foundational concept in optimization where every problem (the primal) has 

a corresponding dual problem. Duality theory provides bounds on the optimal value and 

informs algorithm design. 

Dual space – The space of all linear functionals on a given vector space. For finite-

dimensional spaces, the dual space can be identified with the space of vectors via the inner 

product. 

Dynamical system – A mathematical model for the dynamic evolution of a system. 

Typically, a dynamical system is formulated in terms of ordinary differential equations on 

a state-space. The resulting equations may be linear or nonlinear and may also include the 

effect of actuation inputs and represent outputs as sensor measurements of the state. 

Dynamic mode decomposition (DMD) – The leading eigendecomposition of a best-fit 

linear operator A = X′X† that propagates the data matrix X into a future data matrix X′ . 

The eigenvectors of A are DMD modes and the corresponding eigenvalues determine the 

time dynamics of these modes. 

Dynamic programming – A powerful optimization approach used extensively for optimal 

nonlinear control and reinforcement learning. Dynamic programming reformulates large 

multi-step optimization problems into a recursive optimization of smaller sub-problems, 

relying on Bellman’s principle of optimality. 

Elastic net – A regularized regression technique that combines ℓ1 (LASSO) and ℓ2 (ridge) 

penalties to promote both sparsity and smoothness in the estimated coefficients. 

Empirical priors – Priors estimated from observed data, rather than chosen subjectively 

or based on prior belief. They are often used to initialize Bayesian inference when domain-
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specific prior knowledge is limited. 

Epigraph – The set of points lying on or above the graph of a function. A function is 

convex if and only if its epigraph is a convex set. 

Equality constraints – Constraints of the form h(x) = 0, which define feasible surfaces or 

subspaces that the solution must be restricted to in an optimization problem. 

Euler–Lagrange Equations – Necessary conditions for a function to extremize a functional 

in variational calculus. They arise from taking the functional derivative and setting it to 

zero. The EL equations are used extensively in mechanics to derive the equations of motion 

for mechanical systems that satisfy Hamilton’s principle of least action. They are also used 

in optimization, for example to solve the Brachistochrone problem or problems in control 

theory. 

Evolutionary Algorithms – Population-based optimization algorithms inspired by 

biological evolution. Examples include genetic algorithms, genetic programming, and 

particle swarm optimization. They are useful for non-convex and non-differentiable 

problems, although they may be quite expensive. 

Expectation Maximization – An iterative method for finding maximum likelihood or 

MAP estimates in latent variable models. EM alternates between an expectation step 

(E-step) and a maximization step (M-step). 

Exponential family of distributions – A large class of probability distributions that are 

used to construct conjugate priors for Bayesian inference. Many common distributions, 

such as Gaussian, Bernoulli, and Poisson distributions are in the exponential family. 

Feasibility problem – An optimization problem where the objective is to find any point 

satisfying the constraints, rather than optimizing a cost. 

Feasible set – The subset of decision space that satisfies all constraints in an optimization 

problem. The optimizer must lie within this region. 

Feedback control – Closed-loop control where sensors measure the downstream effect of 

actuators, so that information is fed back to the actuators. Feedback is essential for robust 

control where model uncertainty and instability may be counteracted with fast sensor 

feedback. 

Fenchel duality – A duality framework for convex functions based on their conjugates. 

Fenchel’s inequality forms the basis for deriving strong duality results. 
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Fourier transform – A change of basis used to represent a function in terms of an infinite 

series of sines and cosines. 

Frec´ het Derivative – A generalization of the derivative in Banach spaces. A function 𝑓 is 

Frec´ het differentiable at x if there exists a bounded linear operator that best approximates 

𝑓 near 𝑥. 

Functional derivative – The derivative of a functional with respect to a function. It 

determines how a functional changes when its input function is perturbed. This is central 

in the calculus of variations, and is used to derive the Euler–Lagrange equations. 

Gauss–Newton methods – A second-order optimization technique for least-squares 

problems. The Hessian is approximated using the Jacobian, avoiding computation of 

second derivatives or storage of a large square matrix. 

Gaussian mixture model (GMM) – A probabilistic model representing a distribution as 

a weighted sum of Gaussian components. GMMs are commonly used for clustering and 

density estimation. 

Gateaux derivativeˆ – A directional derivative of a functional, used when the Frec´ het 

derivative may not exist. This derivative is defined via a limit along a direction in function 

space. 

Genetic algorithm – An evolutionary algorithm to optimize the parameters of an expression 

with a pre-specified structure. 

Genetic programming – An evolutionary algorithm to optimize both the structure and 

parameters of an expression or a function; often referred to as symbolic regression. 

Global optimum – A global optimum is the best solution in the entire domain, in contrast 

to a local optimum. 

Gradient – The vector of partial derivatives of a scalar function. The gradient points in the 

direction of steepest ascent and is used in gradient -based optimization methods. 

Gradient descent – An iterative optimization method that updates variables in the negative 

gradient direction to minimize a function. The minimum of a function will have zero 

gradient at that point. 

Gradient flow – A continuous-time dynamical system governed by the gradient of a 

function. Gradient flows are used to study the behavior of gradient descent in the limit of 

small step sizes. 
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Gramian – A matrix that encodes properties such as controllability or observability of a 

linear system. The controllability Gramian determines if a system can be steered to any state. 

Hamilton–Jacobi–Bellman – A partial differential equation central to optimal control 

theory. The value function in dynamic programming must satisfy the HJB equations. 

Hamiltonian – A function that often represents total energy in mechanics, but in 

optimization and control, it refers to the integrand in Pontryagin’s maximum principle. 

Encodes both the objective and dynamics. 

Hamiltonian neural network – A physics-informed neural network that preserves 

Hamiltonian structure to model conservative dynamical systems. HNNs are useful for 

learning energy-preserving systems. 

Hessian – The square matrix of second derivatives of a scalar-valued function. The Hessian 

provides curvature information and is used in Newton’s method. 

Ill-conditioned – Describes problems (e.g., a linear system of equations) where small 

changes in the input cause large changes in the output, often due to a large condition number. 

Ill-posed inverse problem – An inverse problem lacking a unique, stable solution. Such 

problems often require regularization to make the solution well defined. 

Inequality constraints – Constraints of the form g(x) ≤ 0, which define the set of feasible 

decision variables. Linear inequality constraints Ax − b ≤ 0 define feasible half-planes and 

polytopes. 

Integer programming – Optimization problems where some or all decision variables are 

constrained to be integers. These are typically combinatorially hard, although they may 

often be relaxed to linear programs. 

Interior point methods – A class of optimization algorithms that approach the solution 

from the interior of the feasible region using barrier functions. Effective for large-scale 

linear and convex programs. 

Inverse problem – A problem where one infers model parameters or inputs from observed 

outputs. Common inverse problems include medical imaging, seismic inversion, and system 

identification. 

Jacobian – The matrix of all first-order partial derivatives of a vector-valued function. It 

describes the local linearization and is central in sensitivity analysis and gradient-based 

optimization. 
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Kalman filter – An estimator that reconstructs the full state of a dynamical system from 

measurements of a time-series of the sensor outputs and actuation inputs. A Kalman filter 

is itself a dynamical system that is constructed for observable systems to stably converge to 

the true state of the system. The Kalman filter is optimal for linear systems with Gaussian 

process and measurement noise of a known magnitude. 

Kernel density estimation – A non-parametric method to estimate the probability density 

function of a dataset by summing localized kernels (e.g., Gaussians) at each data point. 

KKT conditions – Necessary, and under certain conditions, sufficient, conditions for 

optimality in constrained optimization, generalizing Lagrange multipliers to inequality 

constraints. 

Knapsack problem – A combinatorial optimization problem where the goal is to select 

a subset of items with given weights and values to maximize value without exceeding a 

weight capacity. 

Lagrange multipliers – Variables introduced to convert constrained optimization problems 

into unconstrained problems via the Lagrangian. They quantify the sensitivity of the 

objective to the constraints. 

Lagrangian – A scalar function combining the objective and constraints of an optimization 

problem using Lagrange multipliers. Stationary points of the Lagrangian satisfy optimality 

conditions. 

Lagrangian neural network – A neural network architecture designed to learn physical 

systems by embedding Lagrangian mechanics into the network structure. 

LASSO – A regularized least-squares regression, where we add a regularizing term, 𝜆∥x∥1 

to promote sparsity of solutions. 

Least squares regression – A regression technique where a best-fit line or vector is found 

by minimizing the sum of squares of the error between the model and the data. 

Legendre Transformation – A transformation that converts a function to its conjugate 

form, switching between variables and their gradients. Fundamental in convex analysis and 

mechanics. 

Levenberg–Marquardt – A damped least-squares algorithm that interpolates between 

Gauss–Newton and gradient descent. Used for nonlinear least-squares problems. 

Linear – A function or system that satisfies superposition: 𝑓 (𝑎𝑥 + 𝑏𝑦) = 𝑎 𝑓 (𝑥) + 𝑏 𝑓 (𝑦). 
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Linear matrix inequalities (LMIs) – Constraints of the form A(x) ⪰ 0 where A(x) is an 

affine matrix function and ⪰ denotes positive semidefiniteness. LMIs are used extensively 

modern computational approaches to convex control problems. 

Linear programming – An optimization problem where the objective function and 

constraint equations are linear. Because the objective function is both convex and concave, 

linear programs are often posed as maximization or minimization problems. As long as the 

feasible set is closed, the optimal solution will occur on one of the vertices of this closed, 

feasible polytope. 

Linear quadratic regulator (LQR) – An optimal proportional feedback controller for full-

state feedback, which balances the objectives of regulating the state while not expending too 

much control energy. The proportional gain matrix is determined by solving an algebraic 

Riccati equation. 

Linear system – A system where superposition of any two inputs results in the superposition 

of the two corresponding outputs. In other words, doubling the input doubles the output. 

Linear time-invariant dynamical systems are characterized by linear operators, which are 

represented as matrices. 

Line search – A technique in optimization where, at each iteration, the algorithm selects a 

step size that sufficiently decreases the objective along a search direction. 

Low rank – A property of a matrix where the number of linearly independent rows and 

columns is small compared with the size of the matrix. Generally, low-rank approximations 

are sought for large data matrices. 

Machine learning – The process of building models from data. This may involve 

unsupervised data mining, such as clustering, or supervised learning, such as classification. 

Markov chain Monte Carlo (MCMC) – A family of sampling methods that generate 

samples from a target distribution by constructing a Markov chain. Includes Metropolis– 

Hastings and Gibbs sampling. 

Maximization – The process of finding a point where a given function achieves its largest 

value. 

Maximum a posteriori (MAP) estimation – The maximum a posteriori estimate of a 

parameter, obtained by maximizing the posterior distribution. The Bayesian extension of 

maximum likelihood estimation to include prior information. 

Maximum likelihood estimation (MLE) – The maximum likelihood estimate maximizes 

the likelihood of observed data under a parametric model. It is asymptotically unbiased 
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and efficient under regular conditions. 

Minimization – The process of finding a point where a given function achieves its smallest 

value. 

Minimum-norm solution – The solution with the smallest Euclidean norm among all 

possible solutions. Often used to select a unique solution to underdetermined systems. 

Model predictive control (MPC) – A form of optimal control that optimizes a control 

policy over a finite-time horizon, based on a model. The models used for MPC are typically 

linear and may be determined empirically via system identification. 

Momentum methods – A technique in optimization where updates incorporate a moving 

average of past gradients, accelerating convergence and damping oscillations. 

Monte Carlo – A computational method relying on repeated random sampling to estimate 

expectations, integrals, or solutions to complex problems. 

Nelder–Mead – A derivative-free optimization method that uses a simplex of points to 

explore the search space. Suitable for noisy or non-smooth functions. 

Nesterov’s accelerated gradient – A variant of gradient descent that incorporates a 

lookahead momentum term to accelerate convergence, particularly for convex functions. 

Newton’s method – A second-order optimization algorithm using the Hessian to perform 

quadratic local approximations of the objective. Newton’s method converges quadratically 

near the optimum. 

Non-convex – If either the feasible set or the objective function defined on this feasible set 

are non-convex, then the optimization problem is similarly non-convex. 

Non-parametric models – Models that do not assume a fixed parametric form, such as 

kernel methods and Gaussian processes. Their flexibility allows them to adapt to complex, 

real-world data. 

Norm – A function that measures the size or length of a vector x. Common norms include 

, and . Norms are used extensively in machine learning to quantify various 

terms in the loss function. 

NP-hard – Problems for which no known polynomial-time algorithm exists. NP hard 

problems involve combinatorial or brute-force searches that don’t scale well with Moore’s 

law. 
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Objective function – The function 𝑓 (x) to be minimized or maximized in an optimization 

problem by choice of the decision variable x. The objective function quantifies what is 

desirable or undesirable in a solution x. 

Observability – A system is observable if it is possible to estimate any system state with 

a time-history of the available sensors. Degrees of observability are determined by the 

observability Gramian. 

Optimization – The process of finding the best solution (i.e., the maximum or minimum) 

according to a given objective and constraints. 

Overdetermined system – A system Ax = b where there are more equations than 

unknowns. Usually there is no exact solution x to an overdetermined system, unless the 

vector b is in the column space of A. 

Parametric models – Models that assume a fixed number of parameters, such as named 

distributions in statistics (e.g., the Gaussian or Poisson distributions are parametric). 

Pareto front – In multi-objective optimization, the Pareto front is the set of optimal 

solutions where improving one objective worsens another. This represents a trade-off 

among competing goals. For example, in LASSO and SINDy, the competing objectives 

are sparsity of the solution and the model fit to data. 

PDE-constrained inversion – Inverse problems where the forward model is governed by 

partial differential equations. 

Physics-informed neural network (PINN) – These are a class of machine learning 

models for sequential data typically generated by a deterministic dynamical system. PINNs 

enforce governing equations, initial conditions, and boundary conditions in the training 

loss function. Thus the neural network is trained to solve a supervised learning task while 

respecting any given laws of physics described by general nonlinear partial differential 

equations. 

Policy – A set of rules about what action an agent should take given the current state of the 

environment. 

Policy iteration – A form of dynamic programming in which the policy function and value 

function are iteratively updated, while the other is held fixed. 

Polytope – A bounded convex polyhedron defined as the intersection of a finite number of 

half-spaces, given by linear inequality constraints. In LP, the feasible set is a polytope. 
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Projected gradient – A variant of gradient descent where each step is projected onto the 

feasible set to enforce constraints. 

Proximal gradient – A method for optimizing composite functions by combining gradient 

steps with proximal operators. Proximal gradients are useful for nonsmooth regularizers, 

such as . 

Pseudo-inverse – A generalization of the matrix inverse, often used for solving least-

squares problems. The pseudo-inverse is given by A+ 
= (ATA)−1AT when A has full 

column rank. For non-square or singular matrices, it is computed using the singular value 

decomposition. 

Quadratic programming – Optimization problems with a quadratic objective function 

and linear constraints. QPs are efficiently solved using interior point or active set methods. 

Quality function – The joint quality of being in a particular state s and taking a given 

action a. The quality function 𝑄(s, a) extends the value function, bypassing the need to 

know the next optimal state s′ and providing the basis for 𝑄-learning. 

Quasi-Newton methods – Optimization algorithms that approximate the Hessian matrix 

in Newton’s method, avoiding the full second derivative computation. Examples include 

BFGS and LBFGS. 

Radon transform – An integral transform that maps a function to its integrals over 

hyperplanes. The Radon transform is foundational in tomography and other inverse 

problems. 

Recurrent neural network (RNN) – A neural network architecture designed for sequential 

data, such as time series data, where outputs from previous time steps influence the current 

state. 

Regression – A statistical model that represents an outcome variable in terms of indicator 

variables. Least-squares regression is a linear regression that finds the line of best fit to 

data; when generalized to higher dimensions and multi-linear regression, this generalizes to 

principal components regression. Nonlinear regression, dynamic regression, and functional 

or semantic regression are used in system identification, model reduction, and machine 

learning. 

Regularity conditions – Conditions ensuring that the KKT conditions are sufficient for 

optimality. These include constrain qualifications and differentiability assumptions. 

Regularization – A technique that adds a penalty to the loss function to prevent overfitting 

and improve generalization. Examples include LASSO, ridge regression, and elastic net. 
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Reinforcement learning (RL) – A major branch of machine learning that is concerned 

with how to learn control laws and policies to interact with a complex environment from 

experience. 

Relaxation – The process of approximating a hard optimization problem (e.g., integer 

programming) with a simpler or continuous version, such as a linear program. 

Riccati equation – A matrix system of equations that arises in optimal control problems, 

such as deriving the linear quadratic regulator (LQR) or the Kalman filter. 

Ridge regression (Tikhonov) – A regularized least-squares regression for ill-conditioned 

problems, where we add a regularizing term, 𝛼∥x 2∥
2 

to decrease the variance of solutions. 

This also adds a bias to the solution. 

Robust control – A field of control that penalizes worst case scenario control outcomes, 

thus promoting controllers that are robust to uncertainties, disturbances, and unmodeled 

dynamics. 

Robust statistics – Methods for producing good statistical estimates for data drawn from a 

wide range of probability distributions, especially for distributions that are not normal and 

where outliers compromise predictive capabilities. 

Sequential quadratic programming (SQP) – An iterative method for nonlinear 

constrained optimization that solves a sequence of quadratic approximations to the problem. 

Simplex tableau method – A structured tabular implementation of the simplex method for 

solving linear programs. The tableau method facilitates pivot operations and bookkeeping 

on large-scale problems. 

Simulated Annealing – A gradient-free, global optimization method that explores an 

objective function landscape by stochastically sampling, with sample step size based on a 

temperature. Initially higher temperatures promote exploration, while lower temperature 

later in the iterations promote exploitation. Simulated annealing is inspired by the process 

of heating and cooling a material, such as a metal, to obtain a strong crystalline structure. 

Singular value decomposition (SVD) – Given a matrix X ∈ C𝑛×𝑚, the SVD is given by 

X = U𝚺V∗ where U ∈ C𝑛×𝑛, 𝚺 ∈ C𝑛×𝑚, and V 𝑚∈ C ×𝑚. The matrices U and V are unitary, 

so that UU∗ 
= U∗U = I and VV∗ 

= V∗V = I. The matrix 𝚺 has entries along the diagonal 

corresponding to the singular values that are ordered from largest to smallest. This produces 

a hierarchical matrix decomposition that splits a matrix into a sum of rank-1 matrices given 

by the outer product of a column vector (left singular vector) with a row vector (conjugate 

transpose of right singular vector). These rank-1 matrices are ordered by the singular value 

so that the first 𝑟 rank-1 matrices form the best rank-𝑟 matrix approximation of the original 
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matrix in a least-squares sense. 

Slack variable – An auxiliary variable added to convert inequality constraints into equality 

constraints. The slack variable measures how far the decision variable x is to an inequality 

constraint boundary. Slack variables are used in active set methods, such as Dantzig’s 

simplex algorithm in linear programming. 

Sparse identification of nonlinear dynamics (SINDy) – A nonlinear system identification 

framework used to simultaneously identify the nonlinear structure and parameters of a 

dynamical system from data. Various sparse optimization techniques may be used to 

determine SINDy models. 

Sparsity – A vector is sparse if most of its entries are zero or nearly zero. Sparsity refers 

to the observation that most data are sparse when represented as vectors in an appropriate 

transformed basis, such as Fourier or POD bases. 

Splitting – A class of optimization techniques that decomposes complex problems into 

simpler subproblems. Splitting is common in ADMM and proximal methods. 

Stationarity – A point is stationary if the gradient of the objective function or Lagrangian 

at this point is zero. Stationarity is necessary for optimality in unconstrained problems and 

for constrained problems, via the KKT conditions. 

Stochastic gradient descent – A variant of gradient descent used in neural network 

training, where a subset of the data is used to approximate the gradient. Different batch 

sizes of data may be used, in the so-called mini-batch stochastic gradient descent. 

Supporting hyperplanes – Hyperplanes that touch a convex set at a boundary point 

without cutting through the interior. These are fundamental in convex analysis and duality. 

Swarm optimization – A form of distributed optimization that involves a population of 

agents interacting and influencing each other to find optimal solutions. This is a gradient-

free, global optimization approach. 

System identification – The process of learning an input–output model for a dynamical 

system from measurement data, possibly after perturbing the system. 

Tautochrone – A classic variational problem, posed by Huygens in the 17th centry, where 

the goal is to solve for a curve such that every point will reach the lowest point in the same 

amount of time. 

Total derivative – The full derivative of a multivariate function with respect to a variable, 

accounting for all indirect dependencies via the chain rule. 
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Total least squares – A least-squares regression algorithm that minimizes the error on 

both the inputs and the outputs. Geometrically, this corresponds to finding the line that 

minimizes the sum of squares of the total distance to all points, rather than the sum of 

squares of the vertical distance to all points. 

Traveling salesman problem – Given a list of cities or nodes and the pairwise distances 

or costs associated with traveling between them, the traveling salesman problem seeks a 

route that visits each location exactly once, returning to the start, while minimizing total 

travel distance. This is a classic NP-hard optimization problem. 

Underdetermined system – A system Ax = b where there are fewer equations than 

unknowns. Generally the system has infinitely many solutions x unless b is not in the 

column space of A. 

Value function – A function quantifying the desirability of being in a given state s, as 

calculated by the discounted sum of future rewards, given an optimal policy starting from 

this state. The value function is often written in a recursive form, based on Bellman’s 

equation. 

Value iteration – A form of dynamic programming that iteratively updates the value 

function, after which an optimal policy may be extracted. 

Vanishing and exploding gradients – When training a deep neural network, partial 

derivatives are back-propagated through the many layers, and these partial derivatives may 

grow very small (i.e., vanishing) or very large (i.e., exploding), unless special care is given 

to manage their magnitude. 

Variational Calculus – A field of analysis that involves maximizing or minimizing 

functionals with respect to their input functions. For example, the path of least action 

states that the trajectory of a physical system will minimize the Euler–Lagrange equations. 
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Bayesian statistics, 259, 270, 440 

Bayesian updating 

iterative, 270 

BB step, see Barzilai–Borwein (BB) step 

Bellman equations, 347, 350, 351 

Bellman optimality, 440 

Bellman’s principle of optimality, 345, 346, 

350, 352 

discrete time, 347 

Beta distribution, 272 

BFGS, 69, 72, 74, 75, 77, 85, 451 

Broyden update, 78 

Bias–variance tradeoff, 120, 137, 285, 441 

Biconjugate, 219, 220 

Black hole, 309 

Bootstrap 

implementation, 263 

Box constraints, 13, 169, 193, 210, 441 

Brachistochrone, 197, 235, 246, 390, 441 

Branch-and-bound, 108, 109, 117, 212 

Branch-and-cut, 108 

Broyden update, 77 

Broyden–Fletcher–Goldfarb–Shanno algo-

rithm, see BFGS 

Burgers’ equation, 330 

Calculus of variations, see Variational cal-

culus 

Central limit theorem (CLT), 289 

Central path, 227 

Closed-loop control, 441 

Clustering, 414 

Co-state, 338 

Coin flip, 288 

Bayesian inference, 273 

Column space, 127 

Combinatorial optimization, 212 

Compressed sensing, 120, 133, 135, 159, 

160, 231, 234, 297, 301, 325, 441 

Compressed sensing matching pursuit 

(CoSaMP), 135, 326 

Compression, 158, 441 

Computational graph, 11, 376–388, 394, 

433, 440, 441 

autoencoder, 394 

generalized, 383 

non-uniqueness, 434 

Computed tomography (CT), 291, 296, 298 

Concave function, 5 

Concentration, 288 

Condition number, 47, 54, 120, 157–159,

161, 194, 294, 325, 441, 446

 

 

matrix, 135 

Conic combination, 254 

Conic hull, 254 

Conjugate function, 218, 441 

Conjugate gradient (CG) method, 120, 151, 

153, 154, 441 

gradient descent, 152 

Conjugate priors, 271, 441, 444 

Consensus, 188 

Conservation laws, 429 

Consistency, 266 

Constrained optimization, 86 

Constraint equations, 1–3, 5, 9, 12, 14 

Constraint manifold, 203 

Constraint qualifications, 205, 209 

Constraint subspace, 203 

Constraints, 3, 5, 31, 41, 159, 169, 172, 196–

249, 442 

 

active, 33, 91, 142, 196 

adjacency, 111 

affine, 17 

box, 13, 169, 210, 441 

collision, 111 

degenerate, 104 

equality, 444 
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duality, 214 

geometric, 111 

geometry, 203 

high-dimensional, 13 

holonomic, 205, 248 

inactive, 142, 207 

inequality, 7, 86, 87, 91, 205, 208, 439,

446 

 

active, 223 

inactive, 223 

multiple, 13 

integer, 111 

integrality, 108 

interpretability, 12 

linear, 7, 8 

linear inequality 

intersection, 16 

model, 13 

nonconvex, 204 

nonholonomic, 205 

physical, 12 

regulatory, 12 

slack variable form, 13 

trivial, 33, 34 

Continuation, 226 

Control 

𝐻 , 363 ∞

closed-loop, 345, 441, 444 

nonlinear 

optimal, 347 

open-loop, 345, 356 

robust, 363 

Control theory, 2, 8, 11–13, 31, 35–38, 197, 

198, 291, 333–364, 442 

linear, 120 

linear optimal, 333 

nonlinear 

value function, 354 

optimal, 446 

Controllability, 316, 336, 340, 366, 442, 446 

Gramian, 446 

Controllability Gramian, 442 

ill-conditioned, 369 

Convex 

𝜇-strong, 52, 58 

Convex conjugate, 218 

Convex envelope, 219, 220 

Convex function, 5, 14, 19, 20, 23, 25, 29, 

44, 247, 442 

strictly, 19 

Convex hull, 16, 219, 442 

Convex optimization, 2, 5, 7–9, 14, 25, 43, 

87, 106, 118, 184, 230, 442 

Convex ptimization, 93 

Convex relaxation, 234, 442 

Convex set, 5, 14, 15, 17, 23, 87, 439, 442 

Cartesian product, 44 

intersecting, 16 

Minkowski sum, 44 

Convexity, 2, 8, 9, 42 

affine transformation, 44 

first-order condition, 29 

matrix, 44 

𝜇-strong, 83 

strict, 19, 30 

Convolutional neural network (CNN), 301, 

375, 398, 403–406, 408, 411, 415, 

434, 442 

Coordinate descent, 84, 85 

Cost function, 333 

Cramer–Rao inequality, 267 

Credit-assignment problem, 351, 411 

Cross-validation, 295, 442 

Crossover, 184 

Curiosity-driven exploration, 412 

Curse of dimensionality, 270, 347, 352 

Cutting-plane, 108 

Cycling, 104 

Dantzig’s pivot rule, 94, 102 

Data matrix, 318, 443 

Data mining, 414 

Data-driven models, 292 

Davidon–Fletcher–Powell algorithm, see 

DFP 

Deblurring, 304 

Deep 𝑄-learning, 410 
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Deep learning, 10, 38, 39, 60, 299, 301, 304, 

319, 407, 408, 442, 443 

RL, 376 

Deep policy, 411 

Deep policy network, 407, 409 

Deep reinforcement learning, 406, 407, 410, 

413 

history, 408 

Degeneracy, 104 

Denoising, 330 

Density estimation, 259, 271, 275, 443, 445, 

447 

Differentiable control, 38 

Digital twin, 430 

Distributed optimization, 188, 189 

Double gyre, 437 

Downhill simplex method, 162, 173 

DPP, 77 

Drum 

elliptical, 328 

rectangular, 327 

shape of, 313 

Dual function 

concavity, 213 

Dual space, 443 

Duality, 31, 33, 105–107, 113, 196, 197, 

202, 205, 208, 212–225, 247, 251, 

443 

Fenchel, 218, 220 

Fenchel–Rockafellar, 220 

geometry, 221, 222, 254, 255 

infinite-dimensional, 248 

KKT conditions, 212 

Lagrange multipliers, 212 

Lagrangian, 218, 221 

linear programming, 214 

strong, 107, 209, 211–213, 215–217, 

223, 444 

failure, 213 

nonconvex, 213 

weak, 107, 213 

Duality gap, 107, 213, 225, 228 

Dynamic mode decomposition (DMD), 

316–318, 323, 331, 332, 408, 

416, 431, 443 

manifold-constrained, 426 

optimized, 317 

physics-constrained, 425 

physics-informed (PIDMD), 317, 332, 

426, 429 

with control (DMDc), 317 

Dynamic programming, 38, 236, 334, 345, 

352, 440, 443, 446 

Bellman equation, 351 

bottom up, 352 

top down, 352 

Dynamical system, 11, 37, 155, 185, 333, 

335, 414, 442, 443, 445, 446, 450 

discrete, 316 

estimator, 341 

incomplete data, 316 

learned, 315 

learning from data, 322 

linear, 37, 315, 317, 334, 342 

nonlinear, 37, 317, 349, 417 

Eckart–Young theorem, 129, 131 

Eigensystem realization algorithm (ERA), 

317 

Elastic net, 139, 140, 330, 443 

Elitism, 184 

Empirical priors, 443 

Epigraph, 23, 24, 29, 43, 221, 222, 254, 444 

Estimation, 259 

Euler integration, 51, 83 

Euler–Lagrange equations, 197, 235, 237– 

239, 248, 256, 257, 390, 420, 444, 

445 

Evolutionary algorithms, 162, 182, 185, 444 

Expectation maximization (EM), 259, 276,

281, 282, 444 

 

Explainable AI (XAI), 413 

Exponential family of distributions, 272, 

282, 290, 444 

Poisson distribution, 290 

https://doi.org/10.1017/9781009755856.014


486 INDEX 

Extremum seeking control (ESC), 194, 195, 

374 

False positive, 172 

Feasibility 

dual, 207 

primal, 207 

verifying, 12 

Feasibility problem, 12, 13, 362, 444 

Feasible set, 5, 9, 12–14, 25, 41, 87, 93, 97, 

169, 196, 208, 211, 442, 444, 449, 

450 

analytic center, 227 

compact, 213 

convex, 15 

nonconvex, 14, 26, 204 

Feedback control, 37, 333–336, 369, 444 

closed-loop, 333, 335 

linear, 336 

open-loop, 333, 335 

sparse, 230 

Feedback controller 

LMI, 370 

LQR, 369 

Fenchel conjugate, 218, 247 

Fenchel dual, 441 

Fenchel duality, 218, 220, 444 

Fenchel–Moreau Theorem, 219 

Fenchel–Rockafellar duality, 219 

Filtered backprojection (FBP), 296, 298 

Fisher information, 267 

FISTA, 165 

Fluid dynamics, 197 

Fourier optics, 300 

Fourier transform, 36, 297, 298, 300, 301, 

445 

inverse, 301 

Frec´ het derivative, 250, 445 

Full waveform inversion (FWI) 

neural networks, 312 

Functional, 237 

Functional derivative, 248–250, 257, 258, 

444, 445 

Gamma function, 272 

Gamma-distribution 

normal-inverse, 272 

Gateaux ˆ derivative, 250, 445

Gauss–Newton methods, 70, 119, 120, 146, 

147, 149, 151, 441, 445 

issues, 148 

Gaussian distribution 

exponential family, 272 

Gaussian mixture model (GMM), 271,  275, 

276, 281, 443, 445 

generative, 281 

Gaussian noise, 259 

Gaussian prior 

Gaussian likelihood, 290 

linear regression, 285 

Gaussian processes (GP), 341, 449 

Generalized minimal residual method 

(GMRES), 154 

Generative AI, 39 

Generative model, 276 

Genetic algorithm, 162, 183–185, 444, 445 

evolution in, 185 

Genetic programming, 162, 183–186, 386, 

390, 416, 444, 445 

Global optimum, 9, 97, 100, 202, 442, 445 

Gradient, 2, 9, 27, 28, 42, 45, 82, 156, 168, 

170, 252, 445 

checkpointing, 395 

conjugate, 120 

descent 

effect of momentum, 57 

exploding, 396, 397, 454 

function space, 249 

high-dimensional, 10 

Lipschitz-continuous, 163 

nonsmooth functions, 28 

proximal, 9, 28, 52 

second-order condition, 29 

vanishing, 396, 454 

Gradient clipping, 397 

Gradient descent, 11, 27, 28, 39, 45–47, 55, 

162, 163, 165, 196, 445 
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conjugate gradient method, 152 

convergence, 52, 54, 64 

full-batch, 63, 66 

proximal, 193 

scaling, 83 

stability, 46, 52, 53 

step size, 46 

Gradient descent optimization 

code, 49 

Gradient flow, 51 

Gradient identities, 79 

Gradient-based optimization, 45 

Gradient-free optimization, 9, 11 

Gramian, 446 

controllability, 442, 446 

observability, 340, 450 

Greedy algorithms, 135 

Hamilton–Jacobi–Bellman (HJB) equa-

tions, 37, 334, 345, 346, 371, 

446 

Hamiltonian, 238, 246, 247, 279, 340, 414,

416, 446 

 

Hamiltonian mechanics, 197, 247 

Hamiltonian neural network (HNN), 418, 

446 

code, 419 

Hamiltonian system 

constraints, 247 

Heavy ball, 82 

Helmholtz equation, 313 

Hessian, 9, 29, 42, 46, 445, 446, 449 

damping, 70 

high-dimensional, 10 

well-conditioned, 47 

Hindsight experience replay (HER), 412 

Holography, 300 

Homogeneity, 20 

Homotopy, 226 

Huber function, 219 

Hyperparameter, 55, 176, 178 

optimization, 39, 404 

tuning, 259 

Ill-conditioned, 10, 48, 441, 446 

matrix, 120 

Ill-posed problem, 22, 446 

Image reconstruction, 172 

Imaging, 35 

computational, 36 

Deep learning, 297 

inverse problem 

ill-posed, 302 

physics-informed, 306 

Incompressible flow, 428 

(PINN), 423 

Inconsistent system of equations, 127 

Independent and identically distributed 

(i.i.d), 264 

Indirect methods, 248 

Inequality constraint 

linear, 12 

nonlinear, 12 

Inertia, 55 

Initialization 

He, 397 

Xavier, 397 

Integer linear program (ILP), 108 

Integer programming, 108, 111, 446 

Interior point methods (IPMs), 10, 88, 102, 

105–107, 143, 197, 208, 212, 

225–230, 248, 334, 440, 446 

barrier method, 228 

Inverse imaging 

challenges, 297 

Inverse problem, 2, 13, 21, 35, 118, 120, 

172, 186, 259, 261, 268, 291, 316, 

328, 375, 376, 422, 428, 446, 450 

Bayesian, 291 

ill-conditioned, 35, 36, 63, 292 

ill-posed, 292, 446 

imaging, 35, 36, 302, 303 

medical imaging, 296 

nonlinear, 120 

PDE-constrained, 311, 326 

PDEs, 36 

physics, 36 
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Isoperimetric problem, 246 

Isospectral, 314 

Iteration, 45 

Iterative shrinkage-thresholding algorithm 

(ISTA), 165, 168 

Iteratively reweighted least squares regres-

sion (IRL), 172 

Jacobian, 79, 205, 387, 388, 445, 446 

Jensen’s inequality, 23, 24, 43 

Kaczmarz algorithm, 297 

Kalman filter, 37, 236, 270, 295, 333–336, 

340–342, 367, 368, 447 

Bayesian, 373 

Bayesian estimator, 342 

ensemble, 342 

gain, 341, 343 

LMI, as an, 363 

LQR, 343 

nonlinear systems, 342 

schematic, 342 

unscented, 342 

Karmarkar’s algorithm, 225 

Karush–Kuhn–Tucker (KKT) theory, 32 

Karush–Kuhn–Tucker conditions, see KKT 

conditions 

Kernel density estimation (KDE), 271, 275, 

276, 278, 443, 447 

implementation, 276 

Kernel space, 127 

KKT conditions, 120, 196, 197, 200, 205– 

212, 225, 252, 253, 425, 447 

first-order, 207 

infinite-dimensional, 248 

saddle-point, 252 

KKT methods, 142 

KKT saddle point, 211 

KKT stationarity condition, 254 

Knapsack problem, 108, 109, 117, 447 

solution, 110 

Koopman operator, 316, 319 

Korteweg–De Vries (KdV) system, 330 

Krylov subspace, 153, 154 

ℓ1 pseudo-norm, 134 

ℓ1 norm, 133, 138, 163 

ℓ2 norm, 133 

ℓ∞ norm, 133 

Lagrange multiplier, 2, 31–33, 44, 82, 107, 

120, 197–205, 209, 211, 249, 252, 

256, 447 

geometry of, 199, 201, 204 

higher dimension, 201 

pendulum, 257 

Lagrangian, 31, 32, 44, 198, 201, 206, 237, 

239, 246, 247, 249, 252, 256, 312, 

416, 418, 421, 447 

augmented, 208, 230, 234, 254, 440 

geometry, 202, 203 

tilted, 223 

Lagrangian duality 

geometry, 222 

Lagrangian neural network (LNN), 420, 447 

code, 420 

LASSO, 120, 138, 139, 159–163, 167, 168, 

170–172, 193, 212, 231, 232, 259, 

270, 318, 321, 329, 330, 447, 450 

Laplace prior, 285 

LBFGS, 69, 72, 78, 451 

Learning from data, 331 

Learning rate, 46, 72, 405 

Least squares regression, 2, 5, 8, 9, 12, 14, 

21, 26, 30, 45, 53, 64, 118–452 

barrier method, 230 

box constraints, 169, 210, 252 

constrained, 120, 140 

duality, 217 

ill-conditioned, 135 

KKT, 120 

large scale, 120 

linear, 9, 10, 118, 142 

quadratic programming, 143 

nonlinear, 9, 46, 60, 67, 119, 120, 146 

pre-conditioned, 166 

sequentially thresholded (STLS), 319 

statistical estimation, 283 

unconstrained, 120 
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Least squares regresssion, 147 

constrained, 140 

robustness, 149 

Least upper bound, 31 

Legendre transformation, 197, 238, 246, 

247, 447 

Levenberg–Marquardt (LM) algorithm, 70, 

149, 447 

Likelihood function, 261, 268, 270, 271 

Limited-memory BFGS, see LBFGS 

Line search, 69, 72, 73, 82, 84, 85, 167, 228, 

448 

Armijo, 73 

exact, 72 

inexact, 72 

Newton’s method, 73 

Stochastic gradient descent (SGD), 73 

Wolfe, 72 

Wolfe conditions, 74 

Linear, 158, 160, 257, 258, 372, 427, 447, 

449 

Linear function, 9 

Linear Independence Constraint Qualifica-

tion (LICQ), 209 

Linear matrix inequality (LMI), 38, 334, 

338, 361, 362, 374, 448 

Kalman filter, 363 

LQR form, 362 

robust control, 364 

Linear programming, 2, 5–7, 9, 12–14, 16, 

26, 86–110, 196, 448 

dual, 105, 214–216 

integer, 108 

large-scale, 228 

solution methods, 88 

Linear quadratic estimation (LQE), 341 

Linear quadratic Gaussian (LQG), 336, 368 

controller, 343 

Linear quadratic regulator (LQR), 37, 333, 

334, 336, 338, 341, 366, 368, 372, 

448 

controller, 337, 340 

gain, 343 

generalized, 345 

Kalman fliter, 343 

LMI form, 362 

objective function, 338 

optimal control, 371 

RL, 371 

schematic, 338 

Linear system, 448 

Linear time-varying (LTV) approximations, 

360 

Lipschitz continuous function, 52 

LM, see Levenberg–Marquardt 

Long short-term memory (LSTM) 

networks, 322 

Look ahead, 55 

Lorenz system, 329, 330 

Loss function, 38, 45, 375, 417 

Lotka–Volterra predator–prey model, 329 

Low rank, 448 

Low-rank matrix, 119 

Low-rank solution, 23 

lower semicontinuous function, 219 

Lyapunov function, 361 

Lyapunov inequality, 361 

Machine learning, 2, 8, 11, 12, 20, 21, 27, 

35, 38, 39, 47, 59, 172, 186, 197, 

259, 260, 264, 275, 291, 348, 360, 

375–431, 443, 448 

algorithms, 414 

model, 38, 375, 415, 417 

optimization, 417 

physics-constrained, 39, 413 

physics-informed, 421 

stages, 375, 413 

supervised, 414 

symmetries, 431 

unsupervised, 414 

Magnetic resonance imaging (MRI), 291, 

297, 301 

compressed sensing, 301 

machine learning, 301 

Mangasarian–Fromovitz constraint qualifi-

cation (MFCQ), 209 
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Manhattan norm, see ℓ1 norm 

Manhattan Project, 307 

Manifold learning, 276 

Marginal value, 107 

Markov chain Monte Carlo (MCMC), 279, 

448 

Markov decision process (MDP), 349 

Matrix 

high aspect ratio, 130 

overdetermined, 126 

random, 127 

underdetermined, 126 

Matrix completion, 172, 234 

Matrix inversion, 294 

Maximin problem, 33 

Maximization, 5, 7, 31, 448 

Maximum a posteriori (MAP) estimation, 

57, 184, 230, 259, 267, 270, 281, 

283, 312, 439, 444, 448 

linear regression, 284 

implementation, 285 

Maximum likelihood estimation (MLE), 

259–261, 264–267, 270, 281, 288, 

448 

least squares regression, 283 

linear regression, 283 

implementation, 285 

Mechanics, 239 

Medical imaging, 36, 296 

Memoization, 352 

Messier 87 black hole, 309 

Method of moments, 267, 289 

Minimax, 33, 199 

Minimization, 5, 7, 158, 159, 449 

nonconvex, 22 

partial, 212 

Minimum-norm solution, 156, 449 

Minkowski inequality, 21 

Model predictive control (MPC), 38, 334, 

335, 338, 345, 355–358, 360, 372, 

449 

deep, 357 

deep learning, 355 

differentiable programming, 358, 359 

interior point methods, 358 

limited data, 357 

linear, 360 

nonlinear (NMPC), 357, 358, 360, 373 

RL, 357 

schematic, 355 

tube, 357 

Model-based fitting, 309 

Moment generating function (MGF), 289 

normal distribution, 289 

Poisson distribution, 289 

Moments 

method of, 289 

normal distribution, 289 

Poisson distribution, 289 

Momentum methods, 39, 47, 48, 55, 59, 60, 

439, 449 

Monte Carlo, 449 

Hamiltonian, 279 

Monte Carlo estimation, 280 

implementation, 279 

Monte Carlo sampling, 184, 270, 277, 288 

Bayesian inference, 279 

Moore–Penrose pseudo-inverse, 119, 121, 

130 

Mordecai the Snow Dog, 305 

Moreau envelope, 52, 165 

Multi-layer perceptron (MLP), 392 

Multiple-input, multiple-output (MIMO), 

386 

Multiple-input, single-output (MISO), 383 

Mutation, 184 

NAG, 55, 73, 74, 82, 83, 449 

convergence, 58 

Navier–Stokes equations, 422, 427 

Nelder–Mead method, see also Downhill 

simplex method, 173, 176, 449 

drawbacks, 176 

implementation, 176 

Nesterov’s accelerated gradient (NAG), see 

(NAG) 

Netflix prize, 234 
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Neural network, 9, 19, 38, 39, 55, 119, 162, 

183, 271, 306, 383, 421, 439, 440 

architecture 

comparison, 398 

autoencoder, 393, 394, 435 

deep, 236, 396 

graph, 416 

Hamiltonian, 418 

history, 399 

Lagrangian, 420 

model, 393 

physics-informed, 39 

training, 9, 39, 48, 59, 120, 172, 376, 

377, 380, 381, 392, 396–398, 440 

Pytorch, 398 

Neural ODEs, 322 

Neural Radiance Fields (NeRFs), 306 

Newton’s method, 2, 9, 11, 46, 47, 67, 68, 

82, 119, 120, 446, 449 

convergence, 69, 70 

global convergence, 73 

line search, 73 

nonconvex objective function, 70 

Noisy data, 295 

Non-basic variable, see tight variable 

Non-negativity, 20 

Non-parametric models, 449 

Nonconvex function, 14, 19, 28 

Nonconvex norm, 170 

Nonconvex optimization, 2, 9, 10, 22, 26, 

43, 48, 119, 162–182, 204, 212, 

281, 417 

Nonconvex set, 14–16 

Nonconvexity, 2, 9, 22, 23, 25, 35, 46, 178, 

189, 197, 202, 204, 211, 212, 219, 

234 

Nonlinear control 

optimal, 352 

Nonlinear function, 9, 11 

Nonlinear programming, 205 

Nonparametric methods, 260 

Nonsmooth optimization, 162–189 

Norm, 8, 20, 42, 156–160, 321, 449, 452 

∥ · ∥1, 125 

convex, 21 

convex nuclear-, 23 

convexity, 20 

Euclidean, 449 

Frobenius, 131, 317 

gradient of, 21 

Hilbert space, 21 

infinity, 344 

𝐿0, 43 

ℓ0, 21 

ℓ0 pseudo-, 134 

ℓ1, 20 

ℓ0, 22 

ℓ1, 20, 28, 43, 133, 138, 163 

ℓ2, 20 

ℓ2, 21, 133 

ℓ∞, 20 

ℓ∞, 133 

ℓ𝑝 , 21 

matrix, 316 

minimum, 119, 141 

nuclear, 193, 234 

pseudo, 23 

nonconvex, 21 

root-mean-square error, 122 

spectral, 131 

sum-squared error, 122 

TV, 295 

Norm, Manhattan, see ℓ1 norm 

Normal approximation, 289 

Normal cone, 211 

Normal distribution, 261, 265 

moments, 289 

Normality, 288 

NP-hard, 23, 108, 109, 449 

Nuclear norm, 23, 162, 193, 234 

Null space, see Kernel space 

Numerical differentiation, 294, 328 

noisy data, 295 

smoothing, 295 

Nyquist sampling, 326 
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Objective function, 1, 3, 5, 7–9, 12, 14, 22, 

25, 27, 28, 30, 31, 35, 41, 44, 173, 

174, see also Cost function, 449, 

450 

convex, 19 

infeasible, 11 

Lagrangian, 32 

linear, 5, 7, 9 

non-quadratic, 50 

nonconvex, 14, 26, 48, 55, 70 

Newton’s method, 68 

nonlinear, 71 

nonsmooth, 9, 28 

quadratic, 7, 8, 10, 50, 52–54 

saddle point, 57 

sensitivity, 222 

Observability, 316, 340, 367, 368, 446, 450 

Gramian, 450 

Open loop, 356 

Optimal control 

Hamiltonian, 340 

Lagrangian mechanics, 338 

linear, 37, 336 

nonlinear, 37, 38, 345 

Optimization 

affine, 17 

ant colony (ACO), 191 

convex, 14 

distributed, 188, 189 

geometrical aspects, 27 

gradient-based, 38 

gradient-free, 194 

high-dimensional, 38 

hyperparameter, 39 

nonconvex, 14, 25, 26, 35 

nonlinear, 143 

NP-hard, 23 

PDE-constrained, 236, 248 

shape, 314 

swarm, 188 

variational, 197 

Optimization problem 

dual, 32, 198 

primal, 32, 198 

Optimum 

global, 97 

Outlier, 125, 126 

Overdetermined matrix, 126 

Overdetermined system, 450 

Parameter estimation, 260 

Parametric methods, 260 

Parametric models, 443, 450 

Pareto front, 5, 164, 450 

Parsimony, 138, 417, 428 

Pavlov’s dog, 348 

PDE-constrained inversion, 36, 311, 450 

Penalty function, 31, 32 

infinite, 169 

nonsmooth, 33 

Penalty-duality, 230 

Pendulum, 237, 373 

double, 420 

inverted, 366, 367 

rotary, 368 

Perceptron 

multi-layer (MLP), 392, 398, 402 

single-layer (SLP), 399 

Phantom image, 299 

Shepp–Logan, 325 

Phase retrieval, 300 

Physics, 81, 287, 415 

Physics-constrained machine learning, 39, 

413 

Physics-informed neural network (PINN), 

39, 312, 376, 413, 415, 417, 419, 

421–423, 425, 431, 437, 450 

drawbacks, 422 

interpolation, 426, 427 

schematic, 422 

symmetries, 437 

Taylor–Green vortex, 437 

Pivoting, 94 

Point estimate, 283 

Poisson distribution, 261 

moments, 289 

Policy, 345–350, 352, 354, 410, 449, 450 
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iteration, 351–354 

learning, 351 

MDP, 350 

multi-step, 352 

optimal, 347, 352 

stochastic environment, 349 

Policy gradient optimization, 409 

Policy gradient theorem, 410 

Policy iteration, 450 

Policy optimization, 409 

proximal (PPO), 409, 410 

Polytope, 7, 12, 15, 16, 24, 90, 93, 114, 443, 

450 

closed, 215 

convex, 16, 24, 43, 87, 88, 213 

feasible, 95, 97, 99, 196 

unbounded, 104 

𝑛-dimensional, 91, 92 

Pontryagin maximum principle, 236 

Portfolio management, 114 

Portfolio opimization, 144 

Posterior distribution, 267 

Preconditioning, 154 

Principal component analysis (PCA), 128, 

230, 233, 416 

Principle of least action, 237 

Prior 

bad, 273 

conjugate, 271 

distribution, 268 

empirical prior, 275 

Gaussian, 284 

knowledge, 259, 267 

Laplace, 285 

sticky, 271 

Probability density function (PDF), 261, 

289 

Probability mass function, 261 

Procrustes problem, 426, 429 

Profit maximization, 223 

Projected gradient, 193, 210, 451 

Projected gradient descent, 210 

Proper function, 219 

Prox gradient, 166, 168, 171, 172 

Prox gradient descent, 168 

Prox operator, 167 

Proximal gradient, 9, 22, 28, 46, 52, 162– 

168, 170, 193, 232, 319, 330, 451 

constraints, 169 

LASSO, 167 

nuclear norm, 193 

Proximal gradient descent, 193, 321 

Proximal gradient operator, 168 

Proximal operator, 162, 165, 166, 197, 451 

generalized, 170 

Pseudo norm, 43 

Pseudo-inverse, 119, 121, 122, 160, 317, 

451 

Pytorch, 66 

Quadratic programming, 2, 5–8, 120, 142, 

196, 451 

computing, 143 

portfolio optimization, 144 

sequential (SQP), 143, 208 

Quadratic Q-learning 

LQR, 372 

Quality function, 351, 354, 409, 451 

Quasi-Newton method, 46, 69, 72, 73, 75, 

76, 146, 451 

line search, 73 

update rule, 76 

Radioactive decay, 262 

Radon transform, 36, 291, 296, 298–300, 

325, 451 

inverse, 298, 299 

Random variable 

continuous, 260 

discrete, 260 

Rank 

nonconvex, 23 

Rectified linear unit (ReLU), 392, 397 

Recurrent neural network (RNN), 397, 451 

Regression, 2, 5, 8, 9, 12, 14, 21, 26, 118– 

451 
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dynamic mode decomposition (DMD), 

316 

elastic net, 139 

LASSO, 120, 135, 232 

least absolute deviation (LAD), 125, 

126 

linear, 9, 30, 61, 64, 118 

minimum norm, 120, 132 

nonlinear, 9, 63, 120 

ridge, 120, 136, 212 

sparse, 138, 193 

sparse identification of nonlinear 

dynamics (SINDy), 316 

unconstrained, 122 

underdetermined, 119 

Regresssion, 149 

Regularity conditions, 205, 209, 247, 252, 

451 

Regularization, 10, 20, 22, 35, 36, 118, 120, 

161, 170, 259, 310, 358, 451 

Tikhonov, 136 

TV, 295 

Reinforcement learning (RL), 38, 39, 334, 

345, 347–350, 352, 407–411, 414, 

439, 452 

agents, 376 

deep, 39 

deep learning, 376 

LQR, 371 

model-based, 351, 408 

model-free, 351 

optimization, 351 

schematic, 348 

temporal-difference, 351 

value function, 354 

Relaxation, 22, 35, 43, 108, 117, 170, 171, 

452 

Rendering, 306 

Replication, 184 

Reservoir computer, 322 

Residual error, 146 

Residual network (ResNet), 322, 397 

Responsibility value, 282 

Restricted isometry property (RIP), 159 

Reward shaping, 412 

Riccati equation, 333, 337, 339–341, 362, 

363, 369, 371, 372, 448, 452 

optimal control, 338 

Ridge regression 

Bayesian, 137 

Ridge regression (Tikhonov), 120, 160, 161, 

170, 172, 193, 212, 259, 270, 299, 

312, 325, 328, 330, 441, 452 

Gaussian prior, 284 

Ridge regularization, 193 

RMSProp, 47, 48, 59, 60, 439 

Robust control, 172, 344, 363, 444, 452 

Robust PCA (RPCA), 230, 233–235 

Robust statistics, 219, 452 

Root mean square propagation (RMSProp), 

see RMSProp 

Rossler system, 329 

Rounding, 117 

Row space, 127 

Runge–Kutta integrator, 51 

Runge–Kutta scheme, 56 

Saddle-point, 9, 10, 47, 55, 211, 406 

Saliency map, 406, 407 

Savitzky–Golay smoothing, 295 

Schmidt approximation theorem, see 

Eckart–Young theorem 

Schroding¨ er equation, 428 

Schur complement formula, 363 

Sedov–Taylor blast wave model, 307 

Sedov–Taylor equation, 325 

Seismic inversion, 35, 311 

Sensitivity, 222 

Sequential quadratic programming (SQP), 

143, 208, 248, 358, 452 

Sequentially thresholded least squares 

(STLS), 172, 193, 329, 330 

SGD, see Stochastic gradient descent 

Shadow price, 224, 225 

Shadow value, 107 

Sherman–Morrison formula, 78 

Simplex method, 88, 93, 113 
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Dantzig’s, 443 

downhill, 193, 194 

saddle-point, 194 

slack variable, 97 

tableau, 452 

Simplex tableau method, 100–103, 113 

Simulated annealing, 162, 178, 180, 181, 

193, 194, 390, 452 

multiple, 183 

saddle point, 194 

Single-input, multiple-output (SIMO), 385 

Single-input, single-output (SISO), 380, 383 

Singular value decomposition (SVD), 83, 

119–123, 128, 129, 157, 158, 160, 

161, 283, 325, 332, 451, 452 

economy, 128 

function spaces, 131 

methods for computing, 130 

truncated, 129–131 

Slack variable, 13, 91, 93, 94, 97, 207, 208, 

453 

simplex method, 97 

Slackness 

complementary, 208, 252 

geometry, 207 

Slater’s condition, 209 

convex optimization, 211 

nonconvexity, 209 

Small samples, 290 

Smoothing, 295 

Savitzky–Golay, 295 

Soft thresholding, 165 

Soliton, 331 

Span of a matrix, 127 

Sparse identification of nonlinear dynamics 

(SINDy), 172, 316, 318, 319, 

321–323, 330, 408, 418, 431, 450, 

453 

discrete-time systems, 318 

Lorenz system, 329 

Lotke–Volterra, 329 

PDE-FIND, 330 

physics-constrained, 425 

real-world data, 331 

Rossler system, 329 

sequential thresholded least squares 

(STLS), 320, 321 

software, 323 

sparse regression, 428 

Sparse regression, 172, 318 

Sparse, relaxed, regularized regression, see 

SR3 

Sparsity, 20, 21, 23, 120, 134, 159, 160, 168, 

299, 358, 453 

𝐾-sparsity, 134 

wavelet-based constraints, 172 

Spectral clustering, 314 

Spectral graph theory, 314 

Spectral radius, 54 

Splitting, 170, 197, 230, 358, 439, 453 

Splitting algorithm, 197 

Splitting methods, 170, 171 

SR3, 170, 172, 193, 197, 234, 319, 321, 330, 

418 

Stationarity, 248, 252, 453 

Stationarity conditions, 200, 205 

Step size 

decaying, 47 

fixed, 47 

gradient descent, 46 

optimal, 54 

Stiffness, 171 

Stochastic gradient descent (SGD), 2, 9, 10, 

27, 39, 45, 46, 48, 59–61, 63, 66, 

84, 375, 392–394, 398, 439, 453 

linear regression, 61 

mini-batch, 62, 397 

nonlinear regression, 63 

step size, 47 

Strong convexity, 52 

Sub-gradient, 223 

Super resolution, 36, 303 

deep learning, 303 

Supporting hyperplanes, 29, 107, 218, 221, 

222, 453 

duality, 221 
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Swarm optimization, 162, 188, 189, 444, 

453 

ant colony (ACO), 188 

particle (PSO), 188–190, 194 

Symbolic regression, see genetic program-

ming 

Symmetries 

machine learning, 431 

Symplectic, 247 

Symplectic integrator, 419 

System identification, 36, 315–317, 323, 

408, 428, 453 

linear, 315, 316 

nonlinear, 315, 318, 319, 413 

Tautochrone, 197, 242, 244, 256, 453 

condition, 243 

Taylor–Green vortex, 424, 425, 437 

Tight variable, 93 

Tikhonov regularization, 136, 145, 149, 295 

Tilt, 221, 222 

Time series, 315, 318 

Total derivative, 249, 453 

Total least squares, 454 

Total variation (TV), 162, 163, 172, 231, 

256, 295, 299, 304, 312, 318, 328 

Trace, 44 

Training, 45, 46 

Training data, 38, 39, 281, 375, 393, 417 

RL, 372 

sparse, 422 

Traveling salesman problem (TSP), 109, 

454 

Triangle inequality, 20 

Turbulence, 260, 416, 417 

Uncertainty quantification, 292 

Underdetermined matrix, 126 

Underdetermined system, 159, 160, 449, 

454 

Underestimator, 247 

Value function, 225, 345, see also cost-to- 

go, 346, 352, 446, 450, 451, 454 

control policy, 350 

discrete time, 347 

estimating, 351 

learning, 351 

RL, 350 

Value iteration, 351, 352, 354, 454 

Variational autoencoder, 271 

Variational calculus, 235, 444, 454 

Variational integrator, 420 

Warm-starting, 360 

Wave equation, 427 

Wishart distribution 

normal-inverse, 272 

Wolfe conditions, 72, 74 

Woodbury identity, 78 

X-ray crystallography, 310

Zero-sum game, 199 

https://doi.org/10.1017/9781009755856.014

