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Preface

There are a few really good texts available for the expressed purpose of teaching
a physics student “all the math they need to know” at both the advanced under-
graduate and graduate level. For algebra, trigonometry, and elementary differential
and integral calculus, physics departments usually rely on their university’s math
department. But we have observed that a gap often exists in the physics student’s
math curriculum, between the math taught by the math departments and the math
taught either in a “math methods” course or as part of the advanced physics courses,
such as introduction to quantum mechanics, classical mechanics, thermal and sta-
tistical physics, and electromagnetic theory. The purpose of this text is to plug that
gap.

Of necessity, some of the material will overlap what is taught to physics under-
graduates by some math departments; other material in this text will overlap what
is taught in a math methods course. If so, the instructor can skip that material as
they work through this text.

An introduction to computer programming is also considered essential in the
modern physics curriculum. As in many other physics departments, we have hit
upon Python as a suitable language for our students. Because it is outside the range
of this text to provide a comprehensive tutorial in Python, we have included only
a brief primer to summarize the language. This allows us, however, to include brief
Python scripts in the other chapters, in order for the student to see how one could
use them to simplify otherwise tedious tasks, for example, matrix manipulations. If
the instructor so chooses, these Python sections, as well as the Python primer itself,
can be omitted.

Brett DePaola
Department of Physics
Kansas State University
January 2025
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C H A P T E R 1

A Python Primer

1.1 THE BASICS OF THE LANGUAGE
The Python programming language is rapidly becoming one of the most popular
computer languages, particularly in artificial intelligence and in scientific computing.
It is a so-called interpreted language, meaning that the user need not compile the code
(convert into machine language) before executing it. Unlike many other languages,
such as C, in Python one does not specify the type of variable. That is, one does not
directly indicate if a variable should be treated as an integer, floating point, string,
etc. Some may like this feature; others may dislike it. But all agree that not being a
strongly typed language makes for less typing in Python than in other languages.

Python is freely available. One of the easiest ways to install it is by downloading
and installing the Anaconda package. (See Appendix A.) This free package can be
installed on all major computer platforms and comes complete with all of the most
used add-on packages. Some of these packages, scipy, numpy, and matplotlib, will
be described in this chapter.

There are many outstanding texts on Python. One can also find online many fine
Python tutorials, many of them free. We include this brief primer on Python for the
sake of completeness, since in subsequent chapters we will include sample Python
code, designed to aid the student in treating the various math topics numerically as
well as analytically.

1.2 VARIABLES
1.2.1 Variable Names
You can use nearly any combination of characters for your variable names, but there
are a few restrictions.

– A variable name must start with a letter or an underscore (_), but cannot
start with a number. Thus, abc5 is valid, but 5abc is not.

– A variable name cannot be a Python keyword such as if, else, for, while,
etc.

– A variable name cannot contain a space. Thus, abc is a valid variable name,
but a bc is not.

1
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Python is case sensitive. That is the variable Gorp is not the same as the variable
gorp. It is a useful practice to use variable names that indicate what that variable
means. For example, if you are using a variable to contain the value of a velocity,
you probably should not use x, even though Python would not object. A better
choice might be v or vel. If you’d like even more information contained in your
variable name, you may use multiple word names – as long as no spaces are con-
tained within the name. Multi-word names generally follow one of two formats, the
so-called “camelcase” and the so-called “underscore”. An example of the former is
velocityRock; an example of the latter is velocity_rock. Note that both follow the
above rules for naming variables, and both are made easier to read by separating
the words, either using capital letters or underscores. I suggest that you choose one
or the other convention and stick to it. Python won’t care if you mix conventions,
but you may confuse yourself when you try to reference a variable later in your code
and use the wrong convention!

There are many variable types in Python. The most commonly used of these are
integers, floating points, strings, lists, tuples and boolean.

1.2.2 Integers
Integers are non-floating point numbers. The range of integer values in Python-3 is
limited only by the available memory on your computer, and include both positive
and negative values. An example of a single line of code in which an integer variable
is defined is

iteration_number = 27
Note that the product of two integers is, itself, an integer.

1.2.3 Floating Points
We can similarly define a floating point variable:

acceleration = 9.8
Within the computer, floating point numbers are represented with 64 bit values.

The magnitude of the largest allowed floating point number is about 1.8 × 10308.
The magnitude of the smallest allowed floating point number is about 2.2−308. You
can limit the number of decimal places in a floating point number using the round
method. (A method is a sort of built-in function associated with a class of variable.)
An example using the round method is

round(3.14159,2)
The result of this operation would be 3.14. The product (or sum) of a float with
either another float or with an integer is a float.

1.2.4 Strings
Even in scientific computing, it is often necessary to work with characters. For
example, if you want to write your computed numbers to a file, you must specify
the name of the file. (File input/output will be discussed in Section 1.4.2 of this
chapter.) To facilitate working with characters, Python has a variable type called a
string. Strings are very simple to use and manipulate thanks to the many methods
that are part of the Python language. Here’s a simple example:
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1 ' ' '
2 Examples o f Using S t r i n g s
3 Written 10/11/2025 by B. DePaola
4 ' ' '
5 s1 = ' Big '
6 s2 = " Kahunas "
7 print ( s1 )
8 print ( s2 )
9 s3 = s1 + ' ' + s2 # Note the inserted space

10 print ( s3 )
11 print (5∗ s3 )
12 print ( str (3 ) + ' ' + s3 )

Listing 1.1: Sample code creating and manipulating strings.

When executed, Listing 1.1 will give the following output:
Big
Kahunas
Big Kahunas
Big Kahunas Big Kahunas Big Kahunas Big Kahunas Big Kahunas
3 Big Kahunas

There are several things to note about this, our first Python program:
First, observe lines 1-4. This is a comment block. A comment block begins and

ends with three single quotes. Everything that lies between a pair of triple quotes is
a comment and will not be interpreted as code to be executed. You should always
start your programs with a comment block that, at the least, tells what the purpose
of the code is, as well as when and by whom it was written. A second way to place
comments in your code is the use of the “hash” (#), as shown in line 9. Python
treats everything following a hash as a comment, up to the end of the line. Some
people prefer to create a comment block using only hashes. In this case, every line
in the comment block must begin with a hash.

Next look at lines 5 and 6. Here I defined two strings, s1 and s2. I could have
given these strings any name I want, but these names seemed appropriate and simple.
Python knows that s1 and s2 are strings because the quantities on the right of the
equal sign are enclosed in quotes. Note that you can use either single or double
quotes, but whichever you use on the left side of the “phrase” you must use on the
right side as well. Most people use single quotes, but there is an advantage to using
double quotes. For example, suppose I want to define the string monkey’s uncle.
Using single quotes around this would not work because the single quote in the
string would mess things up. Here I would need to surround the phrase with double
quotes.

Now look at lines 7, 8, and 10-12. These print statements send the value of
whatever is contained in the following parentheses to the screen. (We’ll deal more
with print statements in Section 1.4.1.)

Next examine line 9. This demonstrates how to combine strings. Here I have
combined s1 and s2 and stored that concatenation in a third string, s3. Line 11
shows what happens when you multiply a string by an integer: you get that same
string repeated, in this case five times.
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Unlike in some programming languages, Python does not automatically convert
numbers into strings. In line 12, in order to tell Python that I want “3” to be treated
as a string and not a number, I use the str method.

Concatenating and repeating strings is great, but what if you want to pick out
a particular character in a string. There are several ways to do this. One is with a
process known as slicing. Here are some examples, where it is assumed that s1, s2
and s3 are defined as above.

1 print ( s3 )
2 print ( s3 [ 0 ] )
3 print ( s3 [ 4 ] )
4 print ( s3 [ 2 : 8 ] )
5 print ( s3 [ : 9 ] )
6 print ( s3 [ 4 : ] )
7 print ( s3 [ 0 : − 1 ] )
8 print ( s3 [ 4 : − 4 ] )

Listing 1.2: Sample code showing string slicing.

The output from this code will be:
Big Kahunas
B
K
g Kahu
Big Kahun
Kahunas
Big Kahunas
Kahu

You can think of a string as a sort of array of characters. (Note that “array” actually
refers to a specific data type that we will discuss later in this chapter. Here I am
using the term in a non-data-type sense.) If you wish to look at a specific element
in a string, you write down the string name, followed by a pair of square brackets.
Within the square brackets you indicate the location of the string that you wish to
print or use. In line 2, we look at the very first character in the string, s3. Note
that a string’s indices start at 0, not 1. In line 3, we print the character in the 4th

position (starting from 0!) in the string. But as line 4 shows, you can also access a
range of characters in a string. The 2:8 means to begin at the character in position 2
and end with the character just before the character in position 8. As lines 5 and 6
show, leaving out the starting or ending index implies that you want to start from
the beginning or finish with the end character.

What if you don’t know how long the string is, but you’d like to finish with the
end character? Well, there is a method for finding the length of a string. In the case of
our example string, you would use len(s3). But there is a simpler way. Thus far, we
start with beginning character being at position 0, and each subsequent character’s
position incremented by +1. But instead of moving character by character to the
right, you could imagine that the string wraps around on itself. Now counting by -1
moves you to the left of 0 by one character. In other words, to the final position of
the string. In line 7 we print out the entire string, from position 0 to position -1. In
line 8 we print the character in position 4 (always starting from 0) through the 4th

character from the right.
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Method Name Purpose
s.lower() returns the lower case of string s
s.upper() returns the upper case of string s
s.strip() returns string s but with all white spaces stripped

from the start and end
s.replace(’old’, ’new’) returns s, but with all instances of ‘old’ replaced by

‘new’
s.split(’delimiter’) returns a list of substrings from s, split by the given

delimiter

These are the essentials of string manipulation, but there are many string meth-
ods. Here is a table of the most commonly used ones:

1.2.5 Lists
In some ways, lists are much like strings, but there are also major differences. I
cannot stress enough how important lists are. So what is a list? Like a string, a
list is an “array” of elements. But unlike a string, elements of a list can be of any
variable type. One way to create a list is to put the elements of list within a pair of
square brackets, with each element separated with commas. Let’s illustrate by some
examples.

1 ' ' '
2 Examples o f c r e a t i n g and us ing l i s t s
3 ' ' '
4 mylist1 = [ 2 7 , " oak t r e e " , 3 . 1 4 1 5 9 ]
5 print ( mylist1 )
6

7 mylist2 = [ ]
8 print ( mylist2 )
9 mylist2 . append ( "new element " )

10 print ( mylist2 )

Listing 1.3: Sample code showing how to create lists.

[27, ‘oak tree’, 3.14159]
[]
[‘new element’]

Line 4 of the above code shows the classic list creation. Notice first that in the
creation statement, the elements of the list are placed within square brackets. Next
note that the different elements in a list need not be of the same data type. In this
example, the first element is an integer, the second is a string, and the third is a
float. In line 7 I created an “empty list”. This is very often a useful construct. In
line 9 I then proceeded to add an element to that empty list. When we get to loops
in Section 1.3, we will see how useful the append method is.
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All the slicing techniques we learned for strings apply equally as well to lists.
Thus, we can isolate any element(s) of a list that we wish. We’ll see more about how
to use lists later in this chapter.

1.2.6 Tuples
A tuple is almost exactly like a list. There are only two differences: First, when
creating a tuple, one uses curly brackets instead of the square brackets we employ
for creating lists. Second, and most importantly, tuples are immutable. That is to
say, while I can replace any element of a string or list with some other value, I cannot
do this with a tuple. But why do I need both tuples and lists? Well, suppose I have
an “array” of elements and I do not wish to accidently change any of the elements
of that array? In this case, it is preferable to use a tuple rather than a list. As we
will see, many of the arguments to the various methods in Python are given in the
form of a tuple. Because of their close similarity to lists, we need say no more about
tuples.

1.2.7 Booleans
Booleans are trivial. They are basically just the lowest level of logic elements. A
boolean has a value of True or False. You can assign one of these values to a
variable of type boolean, or you can apply a boolean operator and make a decision
on what that result is (True or False). We’ll see lots of implicit uses of booleans
when we discuss flow control later in this chapter.

1 ' ' '
2 Examples o f us ing Booleans
3 ' ' '
4 a = True
5 b = False
6 print ( a , b )
7 print (1 == 1)
8 print (1 == 2)
9 print (4 > 5)

Listing 1.4: Sample code showing how to use booleans.

True False
True
False
False

In lines 4 and 5 of the above code, we make a direct assignment of variable to the
key words True and False. Note the required use of upper case on those key words.
A more common way of using booleans is through the use of conditional operators,
as shown in lines 7-9. Earlier we learned that the equal sign is used to assign values
to variables. In lines 7 and 8 we use a “double equal sign” to indicate a boolean
operator. Boolean operators can be thought of as making a statement, and Python
then replies by telling us if the statement is True or False. In the case of the double
equal sign, the statement is, “the left side is equal to the right side. We see the
example that this is a True statement in line 7, but is a False statement in line 8. In
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line 9, the statement is, “4 is greater than 5”. This is, of course, a False statement.
In the next section we will use boolean operators to help us with a program’s flow
control.

1.3 FLOW CONTROL
1.3.1 while-loops
Here is a small sample of a while-loop:

1 ' ' '
2 Example o f us ing a while−loop to c o n t r o l f low
3 ' ' '
4 counter = 0 # initialize my counter variable
5 whi le ( counter < 4 ) :
6 print ( " I 'm s t i l l count ing . Counter = " , counter )
7 counter += 1 # increment the counter
8 print ( " Al l done count ing . Counter = " , counter )

Listing 1.5: Sample code showing how to use a while-loop.

Resulting in the output:
I’m still counting. Counter = 0
I’m still counting. Counter = 1
I’m still counting. Counter = 2
I’m still counting. Counter = 3
All done counting. Counter = 4

The purpose of this code is to use a loop to repeat a step multiple times. In
Python, you can readily recognize a block of code through indentation. The inden-
tation is required, although how many spaces you indent is your choice. In this case,
the block shows the extent of the loop. The loop starts with a while statement.
Following the keyword, while, we have a boolean statement in parentheses, followed
by a colon. In this example, the boolean statement tests whether or not the variable
counter is less than 4. (By the way, do not forget to precede the loop by a state-
ment in which you give your variable a value!) If the boolean statement is True, the
loop will be executed. If the statement is False, the loop is skipped. In this case,
the contents of the loop are trivial: just a print statement and the all-important
modification of the loop variable. If I were to omit this step, counter would always
be less than 4, and I would have what is called an “infinite loop”. Line 7 is inter-
esting. What it means is, “the new value of counter is equal to the old value plus
one.” This is a very common construct. As you can see, the loop is executed 4 times.
But at the end of the 4th iteration, the variable finally reaches the value 4. Thus,
when the program returns to the conditional, the statement is no longer True and
the program jumps to the first statement that follows the loop.

1.3.2 for-loops
This listing shows another kind of loop, the for-loop.
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1 ' ' '
2 Example o f us ing a for −loop to c o n t r o l f low .
3 ' ' '
4 f o r i in range ( 5 ) :
5 print ( i )
6 print ( " Al l done ! " )

Listing 1.6: Sample code showing how to use a for-loop.

This results in the output:
0
1
2
3
4
All done!

The first thing to notice is that the general structure of a for-loop is very similar
to that of a while-loop: They both start with a conditional followed by a colon,
which is then followed by an indented block. The range function returns a sequence
of numbers. The full syntax of range is
range(begin, end, step-size)
where begin is an optional integer telling range where to begin its sequence, end is
an integer telling range where to stop short of. (The value of end is not included
in the output.) The optional argument step-size gives the increment; the default
is 1.

The for-loop makes use of two key words, “for” and “in”. Operationally, what
happens is that the for-in pair steps its way through all the values that follow, one
by one executing the commands in the following block.

It is not an exaggeration to say that loops are the heart and soul of all program-
ming languages.

1.4 INPUT/OUTPUT
1.4.1 Input from the Keyboard and Output to the Screen
We have already seen the simplest way to send an output to the screen via the print
command. But we can do so with much greater sophistication using formatted output.
The nice thing is that the same formatting commands that work for printing to the
screen will work when printing to a file – which we will discuss in the next section.
The most commonly used way to format outputs are:

– Using the String Modulo Operator (%)
– Using the Format Method

The String Modulo Operator is, in some way, the clunkiest approach, but its
chief advantage is that it is virtually identical to that used in formatted outputs in
the C language. Here are some examples:
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1 ' ' '
2 Examples o f Modulo Operator Formatted Output
3 ' ' '
4 my_variable = ' something '
5 text1 = ' some '
6 text2 = ' more '
7 print ( " I 'm going to i n j e c t %s here . " %my_variable )
8 print ( " I 'm going to i n j e c t %s text here , and %s text here . " \
9 %(text1 , text2 ) , ' \n ' )

10

11 # Here are some more examples us ing numbers :
12 my_pi = 3.14159
13 print ( " unformatted : " , my_pi )
14 print ( " Formatted with one output : %5.3 f " % my_pi )
15 my_e = 2.71828 # base of the natural logs . . .
16 print ( " Formatted with two outputs : %5.3 f %4.5 f " % ( my_pi , my_e ) )

Listing 1.7: Sample code showing how to format output.

This results in the output:
I’m going to inject something here.
I’m going to inject some text here, and more text here.
unformatted: 3.14159
Formatted with one output: 3.142
Formatted with two outputs: 3.142 2.71828

As shown in line 7, the basic format of the modulo operator technique is that you
insert a % followed by a letter where you want your variable’s value to be placed, all
of this inside a string. Different letters are used to indicate different variable types.
In this case, the variable is a string. Then, later in the print statement, outside the
string, the % appears again, this time followed by the variable whose value is to be
printed. Here is a table indicating which letter to use for which variable type:

specifier used for
c character

d or i signed decimal integer
e or E scientific notation with e or E

f decimal floating point
g or G use the shorter of e, E, or f

s string of characters
u unsigned decimal integer

Line 8 shows how to print the values of more than one variable. Note that the all
the variable values are placed in a tuple. The first element in the tuple goes where
the first % is, etc.

Lines 14 and 16 shows how to format floating point values. The number before
the decimal point indicate the total number of characters in the output (including
the decimal point). The number following the decimal point indicates the number
of decimal places in the output.
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Modulo operator formatting is easy and, as already stated, is virtually identical
to formatting in other languages, including C. But there are other, more modern,
ways to format. However there is a newer “Pythonic” way to format output. If you
are not already hooked on the formatting methods from other computer languages,
I recommend that this is what you should learn and use.

The syntax is:
’String here { } then also { }’.format(’something1’,’something2’)

That is, instead of using a %, you insert a pair of curly brackets where you want
your variable values to be. Then, you follow the string with the .format() method.
The .format() method has several advantages over the %s placeholder method.
These are illustrated in the following code:

1 ' ' '
2 Examples o f the . format method
3 ' ' '
4 # 1 . I n s e r t e d o b j e c t s can be c a l l e d by index p o s i t i o n :
5 print ( 'The {2} {1} {0} ' . format ( ' fox ' , ' brown ' , ' quick ' ) )
6

7 # 2 . I n s e r t e d o b j e c t s can be as s i gned keywords :
8 print ( ' F i r s t Object : {a } , Second Object : {b} , Third Object : \
9 {c} ' . format ( a=1,b='Two ' , c =12.3))

10

11 # 3 . I n s e r t e d o b j e c t s can be reused , avo id ing d u p l i c a t i o n :
12 print ( 'A {p} saved i s a {p} earned . ' . format ( p=' penny ' ) )
13

14 # You can do a l i g n i n g , padding and p r e c i s i o n with . format ( ) !
15 print ( ' {0 :8} | {1 :9} ' . format ( ' Fru i t ' , ' Quantity ' ) )
16 print ( ' {0 :8} | {1 :9} ' . format ( ' Apples ' , 3 . ) )
17 print ( ' {0 :8} | {1 :9} ' . format ( ' Oranges ' , 10) )
18

19 # By de fau l t , . format ( ) a l i g n s t ext to the l e f t ,
20 # numbers to the r i g h t .
21 # You can pass an o p t i o n a l < ,^ , or > to s e t a l e f t , c e n t e r or
22 # r i g h t al ignment :
23 print ( ' {0: <8} | {1 :^8} | {2: >8} ' . format ( ' Le f t ' , ' Center ' , ' Right ' ) )
24 print ( ' {0: <8} | {1 :^8} | {2: >8} ' . format ( 1 1 , 2 2 , 3 3 ) )
25

26 # You can precede the al ignment operator with a padding c h a r a c t e r
27 print ( ' {0:=<8} | {1: −^8} | {2:. >8} ' . format ( ' Le f t ' , ' Center ' ,
28 ' Right ' ) )
29 print ( ' {0:=<8} | {1: −^8} | {2:. >8} ' . format ( 1 1 , 2 2 , 3 3 ) )
30

31 # Fie ld widths and f l o a t p r e c i s i o n are handled in a way s i m i l a r
32 # to p l a c e h o l d e r s .
33 # The f o l l o w i n g two p r i n t statements are e q u i v a l e n t :
34 print ( ' This i s my ten−character , two−decimal number :
35 %10.2 f ' %13.579)
36 print ( ' This i s my ten−character , two−decimal \
37 number : { 0 : 1 0 . 2 f } ' . format ( 1 3 . 5 7 9 ) )

Listing 1.8: Sample code showing how to use the .format method.



Input/Output ■ 11

This results in the output:
The quick brown fox
First Object: 1, Second Object: Two, Third Object: 12.3
A penny saved is a penny earned.
Fruit | Quantity
Apples | 3.0
Oranges | 10
Left | Center | Right
11 | 22 | 33
Left==== | Center | ...Right
11====== | –––22––– | ......33
This is my ten-character, two-decimal number: 13.58
This is my ten-character, two-decimal number: 13.58

So much for formatted output to the screen; now on to input from the keyboard.
Fortunately, this is very simple to do. Here is a code snippet that demonstrates input
from the keyboard:

1 your_cat = input ( "What i s your cat ' s name? " )
2 print ( " Your cat ' s name i s {}? How cute ! " . format ( your_cat ) )
3

4 # Mult ip l e inputs :
5 dogs_names= input ( " I hear you have two dogs . \
6 Input t h e i r names , separated by a comma : " )
7 list_of_names = [ s . strip ( ) f o r s in dogs_names . split ( " , " ) ]
8 print ( " Your dogs names are {} and {} . \
9 Not very o r i g i n a l ! " . format ( list_of_names [ 0 ] , list_of_names [ 1 ] ) )

10 # Inputt ing non−s t r i n g s :
11 favorite_number = f l o a t ( input ( "What ' s your f a v o r i t e number? " ) ) \\
12 print ( "You s a i d your f a v o r i t e number i s {} " . format ( favorite_
13 number ) )

Listing 1.9: Sample code showing how to use the input command.

If you execute this code, You will see the output below, where the items in
square brackets are presumably what you typed in response to the questions. The
code snippet then uses your input, in this case by simply printing it out. In line 1 we
are looking for a single input. Lines 5-9, we show how to deal with multiple inputs.
(Note, by the way, that because lines 5 and 8 were too long, I broke it up using
the \character.) This works because the variable on the left-hand side of the input
statement is assumed to be of type string. Thus, line 6 simply parses this string into
elements of a list, which are printed out in lines 7-8.

What is your cat’s name? [Whiskers]
Your cat’s name is Whiskers? How cute!
I hear you have two dogs. Input their names, separated
by a comma: [Fido,Spot]
Your dogs’ names are Fido and Spot. Not very original!
What’s your favorite number? [3.14159]
You said your favorite number is 3.14159
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TABLE 1.1: File read/write indicators

Mode Descsription
r opens a file for reading only
w opens a file for writing. If the file exists, it overwrites it.

Otherwise, it creates a new file.
a opens a file for appending only. If the file doesn’t exist,

it creates the file.
x creates a new file. If the file exists, it fails.
+ opens a file for updating.

This is all simple enough, but what if you’d like your input to be, for example, of
type float? Simple! Just use the float command to convert the output of input
to a variable of type float. This is shown in line 11.

1.4.2 Input/Output to/from Files
Now we’re ready to see how to write text and numbers to a file. This is very important
because when you are doing some sort of numerical computation, you generally want
to keep your data, rather than have it fly off the screen. Here’s a sample code snippet
wherein we write to a file:

1 ' ' '
2 Outputting data to a f i l e
3 ' ' '
4 # use a 'w ' to t e l l Python you want to WRITE to the s p e c i f i e d
5 file :
6 f = open ( ' output . txt ' , 'w ' )
7

8 # note the use o f ' \n ' , the new l i n e symbol :
9 f . write ( ' This w i l l be the f i r s t l i n e o f the f i l e . \ n ' )

10 f . write ( " {} {} at $ { : 4 . 2 f } each \n " . format (20 , ' l i t e r s ' , 1 . 1 7 2 3 4 ) )
11 f . close ( )

Listing 1.10: Sample code showing how to open and write to a file.

Line 5 opens a file named “output.txt”. As the comment indicates, the file will
be available to write to. In this statement, we also define a variable, f, which now
represents that file. So, in all future interactions with that file, we refer to it via that
variable. You can see this in lines 8-10.

Besides using “w” to write to a file, we have other options; these apply to both
reading and writing files. A summary is in Table 1.1.

Now let’s see how we write to this file we’ve created. As you can see in lines 8
and 9, we simply substitute “f.write” for “print, where “f” is whatever variable
name we have chosen to represent that file. I’ve used the format method here, but
any formatting option you choose will work. Note that I wrote both text and numbers
to the file. This is typical because it is usually helpful to generate column headings
for multi-column data. Line 10 is very important. You must make sure you close the
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file once you’ve finished writing to it in order to be sure that the last bit of data has
been sent to it.

If I were to look in the file I just created, I would see:
This will be the first line of the file.
20 liters at $1.17 each

This is pretty much all there is to writing to a file. The only hard part is mastering
formatting, and as we’ve already said, the formatting works the same way as when
writing to the screen.

Now we need to learn how to read from a file. There are several ways to do this.
Let’s start with a text file. Suppose I have a file of text called “This_Old_Man.txt”,
which contains the lyrics of the first stanza of that song. I can read the file and print
it out, line by line, with the following code.

1 ' ' '
2 Reading a text f i l e l i n e by l i n e
3 ' ' '
4 with open ( 'This_Old_Man . txt ' ) as f :
5 line = f . readline ( )
6 whi le line :
7 print ( line , end=' ' )
8 line = f . readline ( )
9 print ( ) # just to create a space between the two outputs . . .

10

11 # another way to read a text f i l e :
12 with open ( 'This_Old_Man . txt ' ) as f :
13 lines = f . readlines ( )
14 print ( lines )

Listing 1.11: Sample code showing how to open and read a text file.

If I execute this code I get on my screen,
This old man, he played one,

He played knick-knack on my thumb;
With a knick-knack paddywhack,
Give the dog a bone,
This old man came rolling home.

[’This old man, he played one,\n’, ’He played knick-knack on my
thumb;\n’,

’With a knick-knack paddywhack,\n’, ’Give the dog a bone,\n’,
’This old man came rolling home.\n’]

Let’s examine the code to see what’s going on. In line 4 we open the file, assigning
to it the object (what we’ve been calling a file variable) f. Using the keyword with
we set up a loop. (Note the colon and the indentation.) The first line in the block,
line 5, uses the readline method. This reads a single line of code and stores it in the
variable line. If the read is successful, this assignment will be True. For the rest of
the loop, lines 6-8, have a sub-loop, a while-loop. This prints out the current value
of line, and reads another line. The while-loop continues to read and print as long
as the assignment of the variable line is True. It will fail (return a False when the
readline method returns an empty string. This will end the while-loop.
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But what if the file we’re trying to read is not one big string? What if it contains
columns of numbers? Well, here is some code that shows us one way to deal with
this. First, let’s look at the file I want to read. The name of the file is “data1.dat”
and it contains:
0 1
1 3
2 5
3 7
4 9
5 11

1 ' ' '
2 Reading columns o f data from a f i l e
3 ' ' '
4 with open ( ' data1 . dat ' ) as f :
5 lines = f . readlines ( )
6

7 x = [ ]
8 y = [ ]
9 f o r i in lines :

10 piece = i . split ( " " )
11 x . append ( f l o a t ( piece [ 0 ] ) )
12 y . append ( f l o a t ( piece [ 1 ] ) )
13 print ( x )
14 print ( y )

Listing 1.12: Sample code showing how to open and read a file containing
columns of data.

When I execute this code, I get
[0.0, 1.0, 2.0, 3.0, 4.0, 5.0]
[1.0, 3.0, 5.0, 7.0, 9.0, 11.0]

Notice that the left column is placed in a list named x and the right column is
placed in a list named y. This format makes the data easy to process. Let’s look at
the code and see how it works. We open and read the file as before, as shown in
lines 4 and 5. Upon completion of line 5, the variable lines will be a list of strings,
with each element of lines containing one line from the data file. Then we create
two empty lists, one for x and one for y. Finally, we use the split method to extract
the x and y values from each element of lines. Note the use of float to convert
each piece of the string into a floating point number. Also note that the argument of
the split method contains whatever character(s) were used to delimit the numbers
in the file, in this case, 3 spaces. In Python it is very often the case that one starts
with strings or lists of strings, and strips them to get to the data.

There are other ways to read data files, csv files, etc. But this should get us
started. I recommend that you start with just a few simple pieces of code that you
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can use as templates. Once you’re comfortable with them, you can start thinking
about using other approaches for file I/O.

1.5 FUNCTIONS
Python comes with many built-in functions. We’ve already used some of them, and
many more are contained in the numerical packages we’ll discuss later in this chapter.
But it very often the case that you’ll want to create your own functions. In Python
this is very easy to do. Here is a trivial example.

1 ' ' '
2 Def in ing Functions
3 ' ' '
4 def myfct ( s ) :
5 temp = 3.0∗ s + 7.5
6 r e turn temp
7

8 x = [ ]
9 y = [ ]

10 f o r i in range ( 1 0 ) :
11 x . append ( f l o a t ( i ) )
12 print ( x )
13

14 f o r i in x :
15 y . append ( myfct ( i ) )
16 print ( y )

Listing 1.13: Sample code showing how to create and use a function.

When I execute this code, I get
[0.0, 1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0, 9.0]
[7.5, 10.5, 13.5, 16.5, 19.5, 22.5, 25.5, 28.5, 31.5, 34.5]

As you can see, creating and using functions is very easy. One caveat is that the
function must be defined before its first use. Notice that the argument in the function
definition need not match the argument when you call the function. In fact all the
variables in the function definition are local to that definition block. A function can
be as complicated or as simple as you like, and it can have multiple arguments.

1.5.1 MatPlotLib

Many powerful – and free – packages are available for Python. These greatly expand
the capabilities of this already powerful language. In this section we will discuss
one of them, matplotlib, a powerful and convenient plotting package. It comes
bundled with the Anaconda implementation, but can be separately installed if you’ve
installed Python in a different way.

The first thing we need to do is to load the package. Then we plot!
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1 ' ' '
2 Simple l i n e p l o t us ing MatPlotLib
3 ' ' '
4 from matplotlib import pyplot as plt
5 import numpy as np
6 %matplotlib i n l i n e
7

8 plt . figure ( )
9 plt . plot ( [ 1 , 2 , 3 , 4 ] )

10 plt . show ( )

Listing 1.14: Sample code showing how to create a basic line plot

First look at line 4. Here we import the MatPlotLib package. You see, even
though Anaconda comes bundled with many add-on packages, it will only load
them for your application if you say so. This way the program does not occupy as
much space in your computer’s memory. Still in line 4, you can see that we only
imported the pyplot sub-package within MatPlotLib. Again, this reduces the space
your program would occupy on your computer compared to if you had loaded in the
entirety of the MatPlotLib package. Finally, in line 4 we tell Python that whenever
we refer to a function or method in MatPlotLib, we will preface that method with
“plt”. Note that we could have called this anything, “gorp” for example. But plt
is more descriptive and, as it turns out, is the name typically used by most Python
users. But why use any descriptor at all? In general, when you load in a package,
you’ll want to use a descriptor because it is possible that in your application, you may
create your own functions. Now what if you inadvertently give your function that
same name that exists in the package you’ve loaded? This is called a namespace
conflict and can lead to unexpected – and difficult to diagnose – consequences.
Ok, on to line 5 where we load the numpy package, which stands for numerical
Python. Technically, we do not need numpy here, but for practically any numerical
computation you will. So my recommendation is to load it for every program you
write. Now, line 6. This is a so-called “magic” command and is only needed if you
are doing your plotting from within a Jupyter Notebook. If you are implementing
your code outside of Jupyter, you do not need this command. With lines 8-10 we
plot. Line 8 basically alerts MatPlotLib that we are going to make a plot. There
can be an argument in the figure() method. This can be handy if you are making
multiple plots and need to tell MatPlotLib which one you are referring to. We’ll
see this later. Next we have the command to create the plot. At the same time,
we created the data we want to plot. This is not the normal way to do things!
Normally, you would create your x- and y-data, put them into a list, and then tell
MatPlotLib to plot the data. By default, the plot will be a line plot, but as we’ll see,
you can also make this a point plot, with or without error bars, or any combination
of these options. The default color is blue, but you can control the colors as well.
Notice that we did not create axis labels or a plot title – but we could have. Now,
nothing will be plotted until Python sees the show() method. The result is shown in
Fig. 1.1.
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FIGURE 1.1: Our first MatPlotLib plot!

FIGURE 1.2: Simple point plot with axis labels and a title.

Here is a more usual way to plot data, along with the output:

1 ' ' '
2 Simple po int p l o t us ing MatPlotLib
3 ' ' '
4 from matplotlib import pyplot as plt
5 import numpy as np
6 %matplotlib i n l i n e
7

8 x = [ 1 , 2 , 3 , 4 , 5 ]
9 y = [ 3 , 5 , 7 , 1 0 , 1 3 ]

10 plt . figure (1 )
11 plt . axis ( [ 0 , 6 , 2 , 1 4 ] )
12 plt . xlabel ( ' time ( sec ) ' )
13 plt . ylabel ( ' p o s i t i o n (cm) ' )
14 plt . title ( ' Simple Point Plot ' )
15 plt . plot ( x , y , ' ro ' )
16 plt . show ( )

Listing 1.15: Sample code showing how to make a simple point plot

In Listing 1.15 we first loaded in the MatPlotLib package, then executed the
magic command. In lines 8 and 9 we created our data. Lines 10 and 16 are as before,
but lines 11-15 are new. In line 11 instead of letting MatPlotLib decide on the limits
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TABLE 1.2: Defining line types and colors

Character Descsription
‘-’ solid line
‘- ’ dashed line
‘-.’ dashed-dot line
‘:’ dotted line
‘.’ point marker
‘,’ pixel marker
‘o’ circle marker
‘s’ square marker
‘̂’ triangle marker
‘v’ inverted triangle marker
‘*’ star marker
‘+’ plus marker
‘D’ diamond marker
‘d’ thin diamond marker

Character Color
‘b’ blue
‘g’ green
‘r’ red
‘k’ black
‘w’ white
‘c’ cyan
‘m’ magenta
‘y’ yellow

to the x- and y-axis, we did so, manually. MatPlotLib usually does a good job, but
sometimes you will find the need to tweak a bit. In lines 12-14 we created axis labels
and a graph title. Those commands are straight-forward. But now look at line 16.
We still used the plot method, but we’ve used it somewhat differently from before.
First, we inserted the names of our lists, rather than the data itself. (Always give
the horizontal axis data first.) We’ve also added an extra argument, a string that
tells MatPlotLib that we want the graph to be red (‘r’) and that we want a point
plot, with the points represented by solid circles. You actually have great latitude
in selecting colors and point (or line) types. Table 1.2 gives a partial summary of
these.

Getting into all the capabilities of MatPlotLib is beyond the scope of this chapter
on Python. But there are fabulous books and on-line resources on this topic.

1.6 NUMERICAL PACKAGES: NUMPY AND SCIPY
Both of these packages have many, many built-in functions and classes, and we
will only cover a small number of them, with the idea of giving you the tools to
numerically address the math topics covered in the rest of this text. But even the
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limited discussion of these packages will provide you with numerically capabilities
that go far beyond the math topics covered here.

Lets start with numpy, which stands for “numerical python”. This package, which
typically comes bundled with the main Python package, contains commonly used
functions and physical constants, as well as the ndarray class, tools for linear algebra
(Chapter 3) and tools for Fourier transforms (Chapter 5). ndarray is a much more
efficient way to manipulate arrays than Python lists. You’ll see ndarray in action in
Chapter 3.

You will see many other examples of numpy throughout the rest of this text.
Here is a simple example, showing a common way to load numpy and how to use it
to obtain the value of π.

1 ' ' '
2 Loading and us ing numpy
3 ' ' '
4 import numpy as np
5

6 print ( np . pi )

Listing 1.16: Sample code showing how to load numpy and use it to get the
value of π

Take special note of how we loaded in the numpy package. We followed exactly
this protocol when we loaded in matplotlib, but used the conventional “np” to
reference calls to numpy. We then used the pi method to obtain the stored value of
π from the numpy package.

The scipy package is actually a superset of numpy. That is, all of numpy is
contained in scipy, so if you load the scipy package, you need not load numpy.
scipy stands for “scientific python”. In addition to the contents of numpy, scipy also
contains functions for optimization, statistical packages, and functions for signal
processing. For almost any scientific applications using Python, you will load numpy;
but you may or may not need to load scipy.
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C H A P T E R 2

Introduction to Complex
Algebra

2.1 THE BASICS
In nearly all areas of physics we will find it essential to be able to manipulate
complex quantities. For example, quantum mechanical wave functions are generally
complex quantities. In electronics, the impedances of some “reactive” elements, such
as inductors and capacitors, are best described using complex algebra. It is safe to say
you will not understand physics, beyond Newton’s Laws, without being comfortable
with complex algebra.

This chapter contains a brief overview of manipulating complex numbers. First
off, what is a complex number (or variable)? Simply stated, a complex number is a
number that contains a “pure real” part and a “pure imaginary” part. We’ll explain
what this means as we work through this chapter.

Let’s suppose z is a complex number. Then we can express z as the sum of a
pure real and a pure imaginary number:

z = a+ ib, (2.1)

where a and b are pure real and i ≡
√

−1. (Note that the electronics world uses j
instead of i for the square root of −1. The reason is that in electronics the symbol
i is generally used to designate a current. In this text, we will stick with i, not j, as
the symbol representing

√
−1).

The complex conjugate of a complex number is defined as replacing i by −i. No-
tationally, the complex conjugate of z is expressed as z∗. Thus the complex conjugate
of z from Eq. 2.1 is

z∗ = a− ib. (2.2)

21
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FIGURE 2.1: Graphical representation of the complex number z.

Then, using Eqs. 2.1 and 2.2,

Re(z) = (z + z∗)
2 , (2.3a)

Im(z) = (z − z∗)
2i , (2.3b)

where Re(z) and Im(z) are the real and imaginary parts (a and b)of z, respec-
tively.

Complex numbers can also be expressed in terms of a magnitude and a phase.
The magnitude of complex number z is given by

|z| =
√
z∗z (2.4a)

=
√

(a− ib)(a+ ib) (2.4b)

=
√
a2 + b2 (2.4c)

It is often useful to think of complex numbers graphically as lying in the complex
x− iy plane. For example, consider the number z in the complex plane, as shown in
Fig. 2.1.

If, as in Eq. 2.1, the real and imaginary parts of z are a and b, respectively, then
from Pythagoras’ theorem, we obtain Eq. 2.4c. Furthermore, the angle ϕ is given by

ϕ = tan−1(b/a), (2.5)

and is referred to as the phase. We can then express z as

z = |z|eiϕ. (2.6)

Recalling Euler’s theorem,

eiϕ = cos(ϕ) + i sin(ϕ) , (2.7)
and looking at Fig. 2.1, we can see that a = |z| cosϕ and b = |z| sinϕ.

Ok, we can see what ϕ “means” in Fig. 2.1, but what does this phase mean phys-
ically? Here’s an example: Suppose you have an electromagnetic wave E0 cos(ωt).
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Notice I did not include a phase – yet. Now suppose this electromagetic field passes
through a material having an index of refraction, n. As you will learn in a course
on electromagnetic theory, the wave will travel more slowly through this material
than through vacuum. Thus, the wave passing through the material will be delayed,
compared to an identical wave that does not pass through that material. That delay,
when expressed as an angle, is the phase shift of the wave that had passed through
the material, compared to the wave that did not. So how to convert that time shift
into an angle? Well, one full cycle corresponds to an angle of 2π radians, or 360
degrees. For example, if the temporal delay between two waves, both having period
T , is ∆t, then the phase difference, ϕ between the two waves is given by:

∆t
T

= ϕ

2π , or

ϕ = 2π∆t
T
. (2.8)

Generally speaking, Eq. 2.1 is often the more useful representation for manipu-
lating complex numbers, while Eq. 2.6 is often more useful in their interpretation.
For example, in quantum mechanics, wave functions are usually described in terms
of a magnitude and phase.

Homework 2.1: Manipulating Complex Quantities

In an RC high-pass filter, the ratio of the output voltage Vout to the input
voltage Vin, is given by

V out

V in
= R

R+ ZC
(2.9)

where R is the resistivity of the resistor and ZC is the complex impedance
of a capacitor, given by

ZC = 1
iωC

. (2.10)

Here, ω = 2πf , where f is the frequency of the signal seen by the capac-
itor, and C is the capacitance of the capacitor. Don’t worry if you do not
understand the physics in this problem! You will learn this when you study
electronics.
Inserting Eq. 2.10 into Eq. 2.9, show how to express the output to input
ratio in the form

Vout

Vin
= |S|eiϕ , (2.11)

where

|S| = ωRC√
1 + ω2R2C2

and

ϕ = tan−1
( 1
ωRC

)
. (2.12)
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Swell, but what does this solution actually mean? Well, from the expression for
|S|, we can see that the magnitude of the output signal is smaller than that of the
input signal by a quantity that depends on the values of the resistor, the capacitor,
and the frequency of the signal. For example, for the specific case in which

ω = 1
RC

(2.13)

we can see that the magnitude of the output will be reduced by a factor of 1/
√

2,
compared to the input. This is the famous -3 dB point. What about the phase, ϕ? If
the input is a sine wave having angular frequency ω, then the output will also be a
sine wave at that frequency. But, the output sine wave will be shifted by an “angle”
given by 2.12. For example, if we have the condition of Eq. 2.13, the phase would be

ϕ = tan−1(1) = π

4 radians = 45◦

In the case of a frequency at the 3dB point (Eq. 2.13), the output would be tempo-
rally shifted by 1/8 of the period. The point of this exercise is twofold: practice in
manipulating complex variables and seeing a real world interpretation of a complex
expression.

2.2 USING PYTHON WITH COMPLEX NUMBERS
Python would lose much of its utility in scientific programming if it could not con-
veniently work with complex numbers. In this short section, we show a few of the
built-in methods that you can use to manipulate complex quantities.

1 ' ' '
2 Complex Methods
3 ' ' '
4 import numpy as np
5 z1 = 1 + 2j
6 z2 = −3 + 1j
7 print ( "Re( z1 ) = " , z1 . real )
8 print ( " Im( z1 ) = " , z1 . imag )
9 print ( " phase ( z1 ) = " , np . angle ( z1 ) )

10 print ( " z1 x z2 = " , z1∗z2 )
11 print ( " | z1 x z2 | = " , np . absolute ( z1∗z2 ) )
12 print ( )
13 # Also works on ar rays !
14 a = np . array ([1+2j , 3+4j , 5+6j ] )
15 b = np . conj ( a )
16 angle_a = np . angle ( a )
17

18 print ( " a= " , a )
19 print ( "Re( a ) = " , a . real )
20 print ( " Imag ( a ) = " , a . imag )
21 print ( " complex conjugate ( a ) == a∗ =" , b )
22 print ( " | a | = " , abs ( a ) ) # an alternate way of obtaining the \
23 magnitude
24 print ( " phase ( a ) = " , angle_a )

Listing 2.1: Sample code showing how to compute with complex numbers.
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We’ll talk more about arrays (lines 14-24) in the next chapter. For now, think of
them as extra-powerful lists. Note, by the way, that in Python, j (rather than i) is
used to represent

√
−1. When I execute this code, I get

Re(z1) = 1.0
Im(z1) = 2.0
phase(z1) = 1.1071487177940904
z1 x z2 = (-5-5j)

|z1 x z2| = 7.0710678118654755
a= [1.+2.j 3.+4.j 5.+6.j]
Re(a) = [1. 3. 5.]
Imag(a) = [2. 4. 6.]
complex conjugate(a) == a* = [1.-2.j 3.-4.j 5.-6.j]
|a| = [2.23606798 5. 7.81024968]
phase(a) = [1.10714872 0.92729522 0.87605805]

All of these results are what we should expect from what we’ve learned in the
beginning part of this chapter. So, the point of this section is, that if you are deciding
whether or not to use Python or “manual” manipulation of variables, the fact that
your variables may be complex should not even enter the discussion; Python works
equally well – and conveniently – for integers, floating reals, and complex numbers.
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C H A P T E R 3

Matrices

3.1 BASIC MATRIX OPERATIONS
3.1.1 What is a Matrix?
A matrix is an array of numbers, symbols, or expressions, arranged in rows and
columns. Working with these can be extremely powerful for solving problems in
math, physics, and engineering.

Consider the n×m matrix A, where n is the number of rows and m is the number
of columns. We can designate any matrix element by aij , where i is the row number
and j is the column number of that element. For example, a generic n × m matrix
A looks like

A =


a11 a12 a13 · · · a1m

a21 a22

a31
. . .

...
an1

 . (3.1)

There are three basic matrix operations: matrix addition, multiplication of a
matrix by a scalar, and the multiplication of a matrix by another matrix. We will
also talk about the transpose of a matrix, designated by AT , and the inverse of a
matrix, designated by A−1.

To transpose a matrix you swap row for column: if B = AT , then bij = aji for
all i, j. For example, for

A =

( 1 2
3 4
5 6

)
(3.2a)

B = AT =
(

1 3 5
2 4 6

)
(3.2b)

27
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3.1.2 Multiplication by a Scalar
When we multiply a matrix by a scalar, we multiply every element in the matrix by
that number. Thus, tA = taij for every aij in matrix A.

3.1.2.1 Example of Multiplication by a Scalar

if A =
(

1 4
2 2

)
then (3.3a)

5A =
(

5 20
10 10

)
(3.3b)

There is no restriction on the dimensionality of a matrix for multiplication by
a scalar to be valid. Furthermore, matrix multiplication by a scalar is commutative.
That is, tA = At.

3.1.3 Matrix Addition
Consider two matrices A and B:

A =
(

a11 a12
a21 a22

)
(3.4a)

B =
(

b11 b12
b21 b22

)
(3.4b)

We can add these matrices by adding the elements of one matrix to the corre-
sponding elements of the other matrix. Thus,

A+B =
(

a11 + b11 a12 + b12
a21 + b21 a22 + b22

)
(3.5)

Note that matrix addition is also commutative, i.e. A+B = B+A. Also note that
for matrix addition to be valid, the two matrices must have the same dimensionality
(n×m). As an example, if

A =
(

1 3 −5
0 2 6

)
and (3.6a)

B =
(

−3 2 4
6 −1 7

)
then (3.6b)

A+B =
(

−2 5 −1
6 1 13

)
(3.6c)

You can think of matrix subtraction as first multiplying one matrix by −1, and
then adding that to the other matrix.

A−B =
(

a11 − b11 a12 − b12
a21 − b21 a22 − b22

)
(3.7)
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3.1.4 Matrix Multiplication
Now things get a bit complicated. To multiply one matrix by another, you take the
entire top row of the left matrix and multiply it, element by element, by the first
column of the other matrix, and add all those products. You then repeat this for all
rows and columns. Thus, for the ij elements of the product n×m matrix,

(ab)ij =
m∑

k=1

aikbkj (3.8)

Note that for matrix multiplication to be possible, the number of columns in
the left-hand matrix must equal the number of rows in the right-hand matrix. In
general, matrix multiplication does not commute.

3.1.4.1 Example of Matrix Multiplication

A =
(

1 3 −5
0 2 6

)
(3.9a)

B =

( −3 6
2 −1
4 7

)
(3.9b)

AB =
(

(−3 + 6 − 20) (6 − 3 − 35)
(0 + 4 + 24) (0 − 2 + 42)

)
(3.9c)

=
(

−17 −32
28 40

)
(3.9d)

Homework 3.1: Multiplying Matrices

For

A =
(

1 2 3
4 5 6

)
; B =

( 2 4
6 8
10 12

)
(3.10)

find AB and BA.

3.1.5 Matrix Division
Suppose you had the equation ab = c, where a, b, and c all just represent numbers,
and you wanted to find what b was. You could simply divide both sides by a and
obtain b = c/a. Another way to think about it is that you can multiply both sides
of the equation by the inverse of a, a−1, to get the answer.

When dealing with matrices, we don’t have a way to directly divide, so we have
to multiply by the inverse. However, finding this inverse can sometimes be tricky.
You cannot just invert all the elements. In other words, if

A =
(

5 5
3 1

)
(3.11)
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then
A−1 ̸=

(
1/5 1/5
1/3 1

)
(3.12)

3.1.6 Matrix Inversion
By definition,

A−1A = AA−1 = IN (3.13)
where I is the unity matrix, and the (optional) subscript refers to its dimension.

The unity matrix has zeroes for all of its elements except the diagonal, which is filled
with 1’s. For example, the 3 × 3 unity matrix is:

I3 =

( 1 0 0
0 1 0
0 0 1

)
(3.14)

3.1.6.1 Example of an Inverse Matrix
For

A =
(

5 2
3 1

)
(3.15a)

A−1 =
(

−1 2
3 −5

)
(3.15b)

we can verify that the matrix in Eq. 3.15b is the inverse of the matrix in Eq. 3.15a
multiplying AA−1:

AA−1 =
(

5 2
3 1

)(
−1 2
3 −5

)
=
(

1 0
0 1

)
(3.16)

and

A−1A =
(

−1 2
3 −5

)(
5 2
3 1

)
=
(

1 0
0 1

)
(3.17)

3.1.6.2 How to Compute the Inverse of a Matrix
If the inverse of a matrix exists, it can be computed. First we build an augmented
matrix of the form shown below. The left part is the matrix which is to be inverted,
and the right part is the unity matrix of matching dimension.(

5 2 1 0
3 1 0 1

)
(3.18)

The inverse of A above can be found by row-reducing the left-hand side until it
looks like the unity matrix. This is called Gauss elimination. In order to do this you
have to perform one of the following operations to the augmented matrix:
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– You can multiply every element (including both sides of the vertical bar) in a
row by a non-zero scalar.

– You can exchange any two rows.
– You can add a scalar multiple of one row to another row.

Here’s an example:(
5 2 1 0
3 1 0 1

)
⇒R1/5→R1

(
1 2

5
1
5 0

3 1 0 1

)
(3.19)

Here R1/5 → R1 means “divide row 1 by 5 and put the result in place of the
original row 1”. We are trying to get a 1 in the top left corner.(

1 2
5

1
5 0

3 1 0 1

)
⇒3R1−R2→R2

(
1 2

5
1
5 0

0 1
5

3
5 −1

)
(3.20)

Here 3R1 −R2 → R2 means “multiply row 1 by 3 and then subtract row 2 from
that. Put the result in place of the original row 2.” We do this to get a 0 in the
bottom left corner.(

1 2
5

1
5 0

0 1
5

3
5 −1

)
⇒R1−2R2→R1

(
1 0 −1 2
0 1

5
3
5 −1

)
(3.21)

Now there is a 0 in the upper right corner of the left-hand side.(
1 0 −1 2
0 1

5
3
5 −1

)
⇒5R2→R2

(
1 0 −1 2
0 1 3 −5

)
(3.22)

The matrix on the right side is the inverse of the matrix we had originally placed
on the left side.

Homework 3.2: Computing the inverse of a matrix

If
A =

(
3 1
4 2

)
(3.23)

find A−1. Verify that it is, indeed, the inverse by showing the products AA−1

and A−1A equal the identity matrix.

3.2 USING MATRICES TO SOLVE SYSTEMS OF LINEAR EQUA-
TIONS

Consider the system of equations:

2x+ 3y + z = 11 (3.24a)
y − 2z = −4 (3.24b)

x− 4y − z = −10 (3.24c)

The first step is to write this as a matrix multiplication equation, Ax⃗ = d⃗, where
A is a matrix which contains the coefficients in front of the x, y, and z. x⃗ is a column
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matrix of x, y, and z. You can think of this as a position vector, though it can be
written in as many dimensions as desired. Finally, d⃗ is a column matrix containing
the numbers on the right-hand side of the equations.

Keep in mind that this works for the x, y, z of the Cartesian coordinate system,
but can be generalized to any quantity of variables. As a result, it is common to
generalize using the variables xi, such that the x⃗ matrix would be a column of x1,
x2, . . . .

For the example of Eqs. 3.24, Ax⃗ = d⃗ would look like,( 2 3 1
0 1 −2
1 −4 −1

)(
x
y
z

)
=

( 11
−4

−10

)
(3.25)

You can see that if you actually perform this multiplication, you will get the original
Eqs. 3.24 back.

We will then represent this matrix equation by an augmented matrix. To solve
the system of equations represented by the augumented matrix, we will row-reduce
the augmented matrix to the unity matrix as we did when we inverted a matrix.

When solving, because we don’t want to write out the x⃗ matrix every time
explicitly, we use a more simplified notation which replaces the “x⃗” with the vertical
line we usually see in augmented matrices:( 2 3 1 11

0 1 −2 −4
1 −4 −1 −10

)
(3.26)

We now proceed to row-reduce as we did in the matrix inversion process:( 2 3 1 11
0 1 −2 −4
1 −4 −1 −10

)
⇒R1↔R3

( 1 −4 −1 −10
0 1 −2 −4
2 3 1 11

)
(3.27)

where R1 ↔ R3 means to swap rows 1 and 3. Continuing,

( 1 −4 −1 −10
0 1 −2 −4
2 3 1 11

)
⇒2R1−R3→R3

( 1 −4 −1 −10
0 1 −2 −4
0 −11 −3 −31

)
(3.28)

Here, 2R1 −R3 → R3 means “take 2 times row 1, subtract row 3 from that, and put
the result in place of the original row 3”.

( 1 −4 −1 −10
0 1 −2 −4
0 −11 −3 −31

)
⇒11R2+R3→R3

( 1 −4 −1 −10
0 1 −2 −4
0 0 −25 −75

)
(3.29)

( 1 −4 −1 −10
0 1 −2 −4
0 0 −25 −75

)
⇒ 1

−25 R3→R3

( 1 −4 −1 −10
0 1 −2 −4
0 0 1 3

)
(3.30)

( 1 −4 −1 −10
0 1 −2 −4
0 0 1 3

)
⇒2R3+R2→R2

( 1 −4 −1 −10
0 1 0 2
0 0 1 3

)
(3.31)
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( 1 −4 −1 −10
0 1 0 2
0 0 1 3

)
⇒4R2+R1→R1

( 1 0 −1 −2
0 1 0 2
0 0 1 3

)
(3.32)

( 1 0 −1 −2
0 1 0 2
0 0 1 3

)
⇒R1+R3→R1

( 1 0 0 1
0 1 0 2
0 0 1 3

)
(3.33)

Once the left hand side equals the unity matrix, you are done. Let’s put it back
into the Ax⃗ = d⃗ notation to make this more obvious:( 1 0 0

0 1 0
0 0 1

)(
x
y
z

)
=

( 1
2
3

)
(3.34)

Now multiply out the matrix and you will get back to the linear equation form
and see that x = 1; y = 2; z = 3.

3.2.1 Underdetermined Systems
You will sometimes have fewer equations than there are unknowns, or that two or
more of the equations are linear combinations of each other. In this case, the system
is said to be “underdetermined”. That’s ok, we can still apply the Gauss elimination
method to simplify the system. For example, let us solve the following equations:

2x+ 2y − 2z = 0 (3.35a)
x+ 3y − z = 0 (3.35b)

−x+ y + z = 0 (3.35c)

We’ll use the same approach as before:(
2 2 −2 0
1 3 −1 0

−1 1 1 0

)
→

(
1 3 −1 0
0 4 0 0
1 1 −1 0

)
→

(
1 3 −1 0
0 1 0 0
0 2 0 0

)
→

(
1 0 −1 0
0 1 0 0
0 0 0 0

)
(3.36)

Since the last row reduces to all zeroes, all we can say about this set of equations
is

x = z (3.37)
y = 0 (3.38)

Or, we can parameterize the solution by writing

x = t (3.39)
y = 0 (3.40)
z = t (3.41)

where t is an arbitrary parameter.
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Homework 3.3: Solving a System of Linear Equations

Solve the following set of equations using matrix row reduction:

2x+ 3y− z = 3
x+ 2z = −8

4x− y+ z = 5
(3.42)

3.3 DETERMINANTS
What is a determinant? It is an array of numbers that represents a certain value, as
given by a well-defined rule set. Determinants are related to arrays and, in fact, are
important in their useage.

Suppose we are given a system of two equations:

a11x1 + a12x2 = d1 (3.43a)
a21x1 + a22x2 = d2 (3.43b)

Notice that instead of writing the variables as x and y, we have chosen to use
the more general notation of xi. Again, we will put this into matrix multiplication
form:

Ax⃗ = d⃗ (3.44)
with

A =
(

a11 a12
a21 a22

)
(3.45)

x⃗ =
(

x1
x2

)
(3.46)

d⃗ =
(

d1
d2

)
(3.47)

One can show that a solution to Eq. 3.44 exists if and only if

x1 = d1a22 − d2a12

∆2
(3.48a)

x2 = d2a11 − d1a21

∆2
(3.48b)

where ∆2 is the determinant of A and is defined as

∆2 ≡ det
(

a11 a12
a21 a22

)
(3.49a)

≡
∣∣∣∣ a11 a12
a21 a22

∣∣∣∣ (3.49b)

≡ a11a22 − a12a21 (3.49c)
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Similarly, it can be shown that the general 3 × 3 linear system can be solved if
and only if ∆3 is non-zero, where

∆3 ≡ det

(
a11 a12 a13
a21 a22 a23
a31 a32 a33

)
(3.50a)

≡

∣∣∣∣∣ a11 a12 a13
a21 a22 a23
a31 a32 a33

∣∣∣∣∣ (3.50b)

3.3.1 Computation of Determinants
Determinants of rank 3 or higher can readily be computed using extensions of the
following algorithm:

det

(
a b c
d e f
g h k

)
=

∣∣∣∣∣ a b c
d e f
g h k

∣∣∣∣∣ = a

∣∣∣∣ e f
h k

∣∣∣∣− b

∣∣∣∣ d f
g k

∣∣∣∣+ c

∣∣∣∣ d e
g h

∣∣∣∣
(3.51a)

That is, you can break up a 3 × 3 determinant into a sum of sub-determinants.
Note the alternating sign. Here’s a concrete example:

∣∣∣∣∣ 1 2 1
3 0 4
8 4 10

∣∣∣∣∣ = (1)
∣∣∣∣ 0 4

4 10

∣∣∣∣− (2)
∣∣∣∣ 3 4

8 10

∣∣∣∣+ (1)
∣∣∣∣ 3 0

8 4

∣∣∣∣ = 0 . (3.52a)

Homework 3.4: Computing Determinants

Find the values of the following determinants:∣∣∣∣ 1 2
3 4

∣∣∣∣ ,

∣∣∣∣ 1 −2
3 4

∣∣∣∣ ,

∣∣∣∣∣ 7 1 9
−2 9 0

3 1 4

∣∣∣∣∣ .

3.4 EIGENVALUES AND EIGENVECTORS
Eigenvalues and eigenvectors are closely tied to linear transformations. Consider the
following matrix expression:

Ax⃗ . (3.53)
If

A =
(

2 1
1 2

)
(3.54)
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and if x⃗ ≡ (x, y), then(
2 1
1 2

)(
x
y

)
=
(

2x+ y
x+ 2y

)
(3.55)

This is a linear transformation. For example, the coordinate (2, 2) will be trans-
formed to the new coordinate(

2 1
1 2

)(
2
2

)
=
(

(2)(2) + (1)(2)
(1)(2) + (2)(2)

)
=
(

6
6

)
(3.56)

The coordinate (1, 2) will be transformed to the new coordinate(
2 1
1 2

)(
1
2

)
=
(

(2)(1) + (1)(2)
(1)(1) + (2)(2)

)
=
(

4
5

)
(3.57)

To get a physical idea of a linear transformation, look at Figs. 3.1 and 3.2.
In Fig. 3.1 we depict several vectors on the x-y axis space. In Fig. 3.2 we show
those same vectors after being linearly transformed by Eq. 3.54. Indeed, we have
transformed the entire x-y space, as seen by the distortion of the coordinate system
itself. What you are seeing is a linear transformation that looks like a stretching
action along one of the diagonal axes. This is the linear transformation corresponding
to matrix A above. (We’ll prove this soon.) Now look at the red arrow that is in
the upper right quadrant of the figure. Before the linear transformation the tail of
the arrow is at coordinate (2, 2); after the transformation, the tail’s coordinate is at
(6, 5). Before and after the transformation, the head of that same arrow is at (1, 2)
and (4, 5), respectively. The head and tail of the red arrow are clearly following the
same linear transformation as shown in Eq. 3.53.

FIGURE 3.1: A plot of several vectors.
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FIGURE 3.2: A plot of the same vectors in Fig. 3.1 but after the linear trans-
formation of Eq. 3.54.

The red arrows are distorted by the transformation in that both their lengths and
directions have changed. By comparison, look at the magenta arrows. They change
in neither length nor direction. The blue arrows, on the other hand, change in length,
but not in direction. The question is, how to characterize these phenomena?

The answer, in short, is through “eigen-analysis”. Consider the following matrix
equation:

Ax⃗ = λx⃗ (3.58)
In Eq. 3.58, applying a linear transformation on the vector x⃗ gives us back the

same vector, but multiplied by some constant, λ. This corresponds to the cases
of the magenta arrows, for which λ = 1, and the blue arrows, for which λ = 3.
Equation 3.58 is called an eigen-equation for which λ is the eigenvalue and x⃗ is
the eigenvector. The equation is telling us that for a particular choice of coordinate
system (say, direction of stretch), an arrow will not be distorted, but will merely be
stretched (or shrunk) by a factor of λ. Solving the eigenvalue equation will give us
the values of all the eigenvalues (one for each dimension of the system, here 2), and
the eigenvectors, also one vector for each dimension in the system. We note that
the time-independant Schrödinger equation is an eigenvalue/eigenvector
equation, where the matrix A is replaced by a differential operator and
the vector x⃗ is replaced by the wave function.

This is all very interesting, but how to solve this equation for the λs and x⃗s? We
start by rewriting Eq. 3.58 as

(A− λ 1) x⃗ = 0 (3.59)
Equation 3.59 will be satisfied if and only if

det (A− λ 1) = 0 (3.60)
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where 1 is the unity matrix. Therefore, we need only solve Eq. 3.60 to obtain the
eigenvalues of A.

3.4.1 Example 1
3.4.1.1 Eigenvalues
For the above value of A, Eq. 3.60 becomes∣∣∣∣ 2 − λ 1

1 2 − λ

∣∣∣∣ = (2 − λ)2 − 1 = (λ− 3)(λ− 1) = 0 (3.61)

Equation 3.61 has the roots λ1,2 = 3, 1.

3.4.1.2 Eigenvectors
One by one, we can plug these values of λ into Eq. 3.59 and solve for the eigenvectors.
We will call the eigenvector that corresponds to λn un. Then, for λ1 = 3,

(
(2 − 3) 1 0

1 (2 − 3) 0

)
⇒
(

−1 1 0
1 −1 0

)
⇒
(

1 −1 0
0 0 0

)
(3.62)

Thus, x1 = x2 = t. Arbitrarily choosing t = 1 gives us

u1 =
(

1
1

)
(3.63)

Note that we only know the eigenvectors to within an arbitrary constant. This
is clear from Eq. 3.58: we can multiply both sides of that equation by a constant,
absorbing the constant into x⃗, without changing the equation.

Following the same procedure as in Eq. 3.62, but for λ2 = 1, gives us

u2 =
(

−1
1

)
(3.64)

Before moving on to another example, let’s look at what we’ve just done. As
we can see from Figs. 3.1 and 3.2, any arrow that lies entirely along either u1 or
u2 will be stretched by an amount equal to the corresponding eigenvalue, but its
orientation will not change. Now, any arrow can be drawn to have its components
along a combination of u1 and u2. But because the eigenvalues corresponding to
those eigenvectors are not in general equal, the arrow’s direction will change.

In the case of the above example, the eigenvector u1 = (1, 1), corresponding to
the eigenvalue λ1 = 3 means that if we stretch along the “1-1 axis”, that is at 45
degrees counter-clockwise from the +x axis, any arrow that is parallel to u1 will be
stretched by a factor of 3 – which is what we observe. For u2 = (−1, 1), corresponding
to the eigenvalue λ2 = 1, we see that if we stretch along the “1, -1 axis”, that is
at 45 degrees clockwise from the = x axis, any arrow that is parrallel to u2 will be
stretched by a factor of 1, that is to say, that it will retain its original length. This
is also what we observe. So we see that the eigenvalue/eigenvector equation tells us
something very special about the matrix it contains: it tells us about the “special”
axes associated with that particular linear transformation.
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3.4.1.3 Normalization
Often we wish our eigenvectors to be normalized. That is, we want

uTu = 1 (3.65)
We can always multiply our eigenvectors by some constant to achieve this nor-

malization. In the above example, we stopped short of the normalization process; in
Example 2, we normalize our eigenvectors.

3.4.2 Example 2
3.4.2.1 Eigenvalues
Consider the matrix

A =
(

2 −4
−1 −1

)
(3.66)

Then the equation we need to solve is(
2 −4

−1 −1

)(
x1
x2

)
= λ

(
x1
x2

)
(3.67)

Rearranging Eq. 3.67, we get(
2 − λ −4

−1 −1 − λ

)(
x1
x2

)
=
(

0
0

)
(3.68)

Equation 3.68 is true if and only if the determinant of matrix (A − λ1) is zero.
That is, ∣∣∣∣ 2 − λ −4

−1 −1 − λ

∣∣∣∣ = 0 (3.69)

Then,

(2 − λ)(−1 − λ) − (−4)(−1) = 0 (3.70a)
λ2 − λ− 6 = 0 (3.70b)

(λ− 3)(λ+ 2) = 0 (3.70c)

The two eigenvalues are therefore

λ1 = −2 (3.71a)
λ2 = 3 (3.71b)

3.4.2.2 Eigenvectors
Now that we have the eigenvalues, we can use Eq. 3.59 to solve for the eigenvectors,
one for each eigenvalue. Starting with λ1 = −2, we get the matrix equation
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(
2 − (−2) −4 0

−1 −1 − (−2) 0

)
=
(

4 −4 0
−1 1 0

)
=
(

1 −1 0
0 0 0

)
(3.72)

Equation 3.72 is under-determined. But we can say that

x1 = x2 (3.73a)
x2 = x2 (3.73b)

Therefore,

u1 = k

(
1
1

)
(3.74)

Now, if we wish our vector to be a unit vector, then |u1|2 = 1. That is,

k2 ((1)2 + (1)2) = 1 (3.75)

Or, k = 1/
√

2. Then,

u1 = 1√
2

(
1
1

)
(3.76)

Now we repeat the process for λ2 = 3.(
2 − 3 −4 0

−1 −1 − 3 0

)
=
(

−1 −4 0
−1 −4 0

)
=
(

−1 −4 0
0 −4 0

)
(3.77)

Equation 3.77 is under-determined. But we can say that

x1 = −4x2 (3.78a)
x2 = x2 (3.78b)

Therefore,

u2 = k

(
−4

1

)
(3.79)

Now, if we wish our vector to be a unit vector, then |u2|2 = 1. That is,

k2 ((−4)2 + (1)2) = 1 (3.80)

Or, k = 1/
√

17. Then,

u2 = 1√
17

(
−4

1

)
(3.81)

So the two eigenvalue/eigenvector combinations for matrix A are

λ1 = −2, u1 = 1√
2

(
1
1

)
(3.82a)

λ2 = 3, u2 = 1√
17

(
−4

1

)
(3.82b)
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3.4.3 Degenerate Eigenvalues
It is possible that, upon solving 3.60 for the eigenvalues, that they are not unique.
In this case we say two or more of the eigenvalues are degenerate. But when this
happens, how do you come up with independent eigenvectors? Simple: you make use
of the ortho-normality of eigenvectors. This can be expressed as

u⃗n · u⃗m = δnm (3.83)
Here, δnm is the so-called Kronecker delta function. Its value is 1 for n = m and

0 otherwise. Let’s see how this works with an example.

3.4.3.1 Example of Degenerate Eigenvalues
Consider the matrix

A =

( 4 0 −6
−3 −2 3

3 0 −5

)
. (3.84)

The determinant equation we need to solve in order to obtain the eigenvalues of
A is ∣∣∣∣∣ 4 − λ 0 −6

−3 −2 − λ 3
3 0 −5 − λ

∣∣∣∣∣ = 0 . (3.85)

You can show (see the homework!) that this leads to the eigenvalues,

λ1 = 1 (3.86a)
λ2 = −2 (3.86b)
λ3 = −2 (3.86c)

Inserting λ1 into Eq. 3.60 and solving for the corresponding eigenvector, u⃗1, gives
us (after normalization):

u⃗1 = 1√
6

(2,−1, 1) . (3.87)

However, when we try this same procedure with λ2, we obtain( 1 0 −1 0
0 0 0 0
0 0 0 0

)
. (3.88)

In other words, we could say that

u⃗2 = k2 (1, y, 1) (3.89)
where k2 is the normalization constant. That is, we can parameterize the under-
determined equations with z = 1, but that still leaves y unknown. However, we can
now make use of Eq. 3.83:

u⃗1 · u⃗2 = 0 → (2,−1, 1) · (1, y, 1) = 0 . (3.90)
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Or,

(2)(1) + (−1)(y) + (1)(1) = 0 , (3.91)
which gives us

y = 3. (3.92)
Therefore, after normalization,

u⃗2 = 1√
11

(1, 3, 1) . (3.93)

Now to obtain u⃗3 we use Eq. 3.83 twice:

u⃗1 · u⃗3 = 0 (3.94a)
u⃗2 · u⃗3 = 0 , (3.94b)

which, after normalization gives, along with the other eigenvectors:

u⃗1 = 1√
6

(2,−1, 1) (3.95a)

u⃗2 = 1√
11

(1, 3, 1) (3.95b)

u⃗3 = 1√
66

(−4,−1, 7) (3.95c)

Homework 3.5: Computing Eigenvectors Having Degenerate
Eigenvalues

Starting from Eq. 3.84, fill in the missing parts to obtain the eigenvalues of
Eqs. 3.86 and eigenvectors of Eqs. 3.95.

3.5 DIAGONALIZING A MATRIX
Once you’ve computed the eigenvalues and normalized eigenvectors of a matrix, you
can diagonalize that matrix, placing the eigenvalues along the main diagonal. The
diagonalized matrix is simply

λ1 0 0 · · · 0
0 λ2

0 0
. . .

...
0 λn

 = P−1AP (3.96)

where P is the array made up of columns of normalized eigenvectors.
For the matrix of Example 1 above,

A =
(

2 1
1 2

)
, P = 1√

2

(
1 −1
1 1

)
(3.97)



Complex Matrices ■ 43

where P is the matrix of eigenvectors, from above. Then

P−1 = 1√
2

(
1 1

−1 1

)
(3.98)

Using Eq. 3.96 with these values of A, P , and P−1 we obtain:

P−1AP = 1
2

(
1 −1
1 1

)(
2 1
1 2

)(
1 1

−1 1

)
=
(

3 0
0 1

)
(3.99)

which is a diagonal matrix with the eigenvalues along the diagonal.

3.6 COMPLEX MATRICES
Thus far, all of our examples involved matrices having pure real elements, but this
need not be the case. Consider

A =
(

0 i
−i 0

)
(3.100)

We find the eigenvalues in the usual way:∣∣∣∣ 0 − λ i
−i 0 − λ

∣∣∣∣ = 0 (3.101)

Or,

λ2 − 1 = 0 . (3.102)
from which we obtain

λ1 = +1 (3.103a)
λ2 = −1 (3.103b)

We can now determine the eigenvectors in the usual way. For λ1 = +1:(
−1 i 0
−i −1 0

)
⇒
(

1 −i 0
i −i 0

)
⇒
(

1 −i 0
0 0 0

)
(3.104)

Therefore,

u1 = k1

(
i
1

)
= 1√

2

(
i
1

)
(3.105)

For λ2 = −1:(
1 i 0

−i 1 0

)
⇒
(

1 i 0
i i 0

)
⇒
(

1 i 0
0 0 0

)
(3.106)

Therefore,

u2 = k2

(
−i

1

)
= 1√

2

(
−i

1

)
(3.107)
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Wait! Let’s back up a step. When I normalized u1 and u2 I didn’t simply sum the
squares of their components. Remember, you can think of a dot product of two
vectors u1 and u2 as

u1 · u2 = uT
1 u2 = 1√

2
1√
2
(

−i 1
)( −i

1

)
= 0

where I have pulled the two normalizing factors off to the left and I am using the
“overhead bar” to indicate the complex conjugate of all of the elements in the matrix.
The superscript T , as before, indicates transpose.

We see then, as expected, that the product of the two different eigenvectors is
zero. This would not have been the case if we had not taken the complex conjugate!
Furthermore, if we look at the inner product (dot product) of a vector with itself,
we must use the “transpose-conjugate" there as well:

u1 · u1 = uT
1 u1 = 1√

2
1√
2
(

−i 1
)( i

1

)
= 1

The point is that in general in multiplying two vectors a and b, we must take
the complex transpose of the left vector, and multiply the right vector by that. We
just didn’t mention the complex conjugate part before because all of the elements
in our examples up until now were pure real. This is not unreasonable: after all, the
inner product of a vector with itself should result in the length or magnitude of the
vector. And as we learned in Chapter 2, one obtains the magnitude of an expression
by multiplying it by its complex conjugate and taking the square root.

Note that pure real matrices can have complex eigenvalues and eigenvectors.
In the particular example above, our matrix was complex, but a special kind of
complex: that matrix was Hermitian. A matrix is said to be Hermitian if

aij = a∗
ji

That is, upon reflection about the matrix’s diagonal, the lower triangle of elements
are the complex conjugates of their counterparts on the upper triangle of elements.
Note that, by definition, the diagonal of a Hermitian matrix must be pure real.
Furthermore, we can show that the eigenvalues of a Hermitian matrix will always be
pure real.

Hermitian matrices play an important role in quantum mechanics. Because eigen-
values in quantum mechanics represent observable quantities, they must always be
pure real. Therefore, quantum mechanical matrix operators must be Hermitian.

Note, however, that the eigenvectors need not be pure real – indeed, they rarely
are if the matrix contains complex elements. Therefore it is particularly important
to remember to take the complex transpose when multiplying vectors in quantum
mechanics.

Here’s a more challenging example of a Hermitian matrix, from which we wish
to deduce the eigenvalues and eigenvectors.
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Homework 3.6: Using Complex Matrices

A =

 1
2

√
6

6

√
3i
6√

6
6 0 3

√
2i

6
−

√
3i

6
−3

√
2i

6
−1
2

 (3.108)

As you can see, matrix A defined in Eq. 3.108 is Hermitian. We therefore
expect that the eigenvalues will be pure real.

– Determine the eigenvalues of matrix A.
– Determine the eigenvectors of matrix A
– Normalize the eigenvectors.
– Verify that your 3 eigenvectors are orthonormal.
– Use the eigenvectors to form the transformation matrix P and P−1,

as in Eqs. 3.97 and 3.98 in Section 3.5 above.
– Verify that the product P−1AP gives a diagonal matrix with the

eigenvalues along the diagonal.

3.7 THE ROTATION MATRIX
Consider rotating a vector in the x-y plane through an angle θ. For example, consider
the vector v = 3i+ 4j, where i and j are the unit vectors in the x and y directions,
respectively. The new vector will then be given by

v′ = Rv

where v′ is the rotated vector and R is the rotation matrix given by

R =
(

cos θ − sin θ
sin θ cos θ

)
Then,

v′ =
(

cos θ − sin θ
sin θ cos θ

)(
3
4

)
=
(

3 cos θ − 4 sin θ
3 sin θ + 4 cos θ

)
(Note that this rotation did not change the length of the vector.)

For the specific case of θ = 45
◦
, we get

v′ =
(

−
√

2
2

7
√

2
2

)
= −

√
2

2 i + 7
√

2
2 j

In three dimensions, the rotation matrix can be expressed as

R =

( cos(x′, x) cos(y′, x) cos(z′, x)
cos(x′, y) cos(y′, y) cos(z′, y)
cos(x′, z) cos(y′, z) cos(z′, z)

)

where, for example, x′, x is the angle between the x′ and x axes.
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We can see how the 3-D rotation matrix reduces to the 2-D case by considering
rotation about the z-axis. In this case, the angle between z′ and z stays 0, and the
angles between x′ and z; y′ and z; z′ and x; and z′ and y remain 90

◦
. Then,

R =

( cos θ − sin θ 0
sin θ cos θ 0

0 0 1

)
So what about the eigenvalues and eigenvectors of R? We’ll look at the 2-D case

for simplicity, but the same approach can be applied to the 3-D rotational matrix.
We want to solve the equation

Rv = λv

Following the usual process,

|R− λ1| = 0
Or, ∣∣∣∣ cos(θ) − λ − sin(θ)

sin(θ) cos θ − λ

∣∣∣∣ = 0 ⇒ [cos θ − λ] [cos θ − λ] + sin2 θ = 0

giving

λ1 = e−iθ (3.109a)

λ2 = eiθ (3.109b)

Now solving for the eigenvector corresponding to λ1,

(
cos θ − e−iθ − sin θ 0

sin θ cos θ − e−iθ 0

)
⇒

1
2

(
eiθ + e−iθ − 2e−iθ +i

(
eiθ − e−iθ

)
0

−i
(

eiθ − e−iθ
)

eiθ + e−iθ − 2e−iθ 0

)
⇒

1
2

(
eiθ − e−iθ +ieiθ − ie−iθ 0

−ieiθ + ie−iθ eiθ − e−iθ 0

)
⇒

1
2

(
2i sin θ −2 sin θ 0
2 sin θ 2i sin θ 0

)
⇒

1
2

(
i −1 0
0 0 0

)
So,

u1 = k1

(
−i

1

)
=

1
√

2

(
−i

1

)
Now, for λ2 = eiθ,(
cos θ − eiθ − sin θ 0

sin θ cos θ − eiθ 0

)
⇒
(

eiθ + e−iθ − 2eiθ −2 sin θ 0
2 sin θ eiθ + e−iθ − 2eiθ 0

)
⇒(

−eiθ + e−iθ −2 sin θ 0
2 sin θ −eiθ + e−iθ 0

)
⇒
(

−i sin θ − sin θ 0
sin θ −i sin θ 0

)
⇒
(

1 −1 0
0 0 0

)
So,

u2 = k2

(
i
1

)
=

1
√

2

(
i
1

)
Now, just for fun, let’s diagonalize the 2-D rotation matrix. Recall that

P−1AP = Λ1
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where P is the matrix whose columns are the normalized eigenvectors of A, and Λ1
is the diagonal matrix whose elements are the eigenvalues of A. Then,

P = 1√
2

(
−i i

1 1

)
We now have to find P−1, which we do in the usual way:

(
−i i 1 0

1 1 0 1

)
⇒
(

1 −1 i 0
1 1 0 1

)
⇒
(

1 −1 i 0
0 −2 i −1

)
⇒

(
1 −1 i 0
0 1 −i

2
1
2

)
⇒
(

1 0 i
2

1
2

0 1 −i
2

1
2

)
⇒ P−1 =

√
2

2

(
i 1

−i 1

)
Now we multiply the matrices as indicated above:

P −1RP =
1
2

(
i 1

−i 1

)(
cos θ − sin θ
sin θ cos θ

)(
−i i

1 1

)
(3.110a)

=
1
2

(
i cos θ + sin θ −i sin θ + cos θ

−i cos θ + sin θ i sin θ + cos θ

)(
−i i

1 1

)
(3.110b)

=
1
2

(
−i(i cos θ + sin θ) + (−i sin θ + cos θ) i(i cos θ + sin θ) + (−i sin θ + cos θ)
−i(−i cos θ + sin θ) + (i sin θ + cos θ) i(−i cos θ + sin θ) + (i sin θ + cos θ)

)
(3.110c)

=
1
2

(
2 cos θ − 2i sin θ 0

0 2 cos θ + 2i sin θ

)
(3.110d)

=
(

e−iθ 0
0 eiθ

)
(3.110e)

3.8 MATRICES IN PYTHON
We’ve learned quite a bit about matrices. One of the things we’ve learned is that it
can be tedious to manipulate them by hand! Fortunately, because of their compact
and organized structures, matrices lend themselves to manipulation by computer
code, obviating the need for tedious manual treatments. Let’s start this section by
introducing numpy’s numerical treatment of matrices. First of all, in numpy matrices
are referred as arrays. (Note there is also a data type called a matrix. The two data
types have similar capabilities, but they are not interchangeable. In this text, we
will stick to the array data type.)

3.8.1 Creating Arrays in Python
Let’s see how to create an array. One way is to use the zeros method. This creates
an array that is pre-filled with 0 for each of its elements. The listing shows how to
do this with a 1-D array, and the two ways to do this with an n×m array.
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1 ' ' '
2 Creat ing ar rays us ing the z e r o s method
3 ' ' '
4 import numpy as np
5 a = np . zeros (4 )
6 print ( a , " \n " )
7

8 b = np . zeros ( ( 3 , 5 ) )
9 print ( b , " \n " )

10

11 c = np . zeros (15)
12 d = np . reshape ( c , ( 3 , 5 ) )
13 print ( d , " \n " )

Listing 3.1: Sample code showing how to create an array using the zeros
method.

When I execute this code, I get
[0. 0. 0. 0.]

[[0. 0. 0. 0. 0.]
[0. 0. 0. 0. 0.]
[0. 0. 0. 0. 0.]]

[[0. 0. 0. 0. 0.]
[0. 0. 0. 0. 0.]
[0. 0. 0. 0. 0.]]

In lines 5, 8, and 11, I used the zeros method. Notice that in all cases, the
zeros method has just a single argument. In lines 5 and 11 I wanted a 1-D array
and so the argument was just the desired array length. In line 8, I wanted an array
of dimensions 3×5 and so my sole argument was a tuple, which contains the desired
array dimensions. There is another method, ones, which functions just like zeros
except that it fills the array with 1’s instead of 0’s.

Sometimes you may find it more convenient to create a 1-D array, and then
convert it to a 2-D array, in this case another 3 × 5 array. Lines 11-13 show a way
to do this. First, I used the zeros method to create a 1-D array. I then used the
reshape method to convert this 15 element 1-D array into a 15 element 3 × 5 array.
The reshape method has 2 arguments. The first is the name of the array you want
to reshape, and the second is a tuple containing the desired dimensions. If the total
number of elements in the re-shaped array do not equal the number of elements
in the original array, Python will return an error. Another way to use the reshape
method is:
d = c.reshape(3,2) Note that because c is already of type array, we do not need
to tell Python to look in numpy to find the reshape method.

This is all fine and good but, generally speaking, you will like to work with arrays
that are more interesting than these all-zero or all-one examples. Let’s examine a
way to fill an array with something more interesting than the above arrays. The first
approach is to create an empty array, and then fill it with values of interest:
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1 ' ' '
2 Creat ing an empty array and then f i l l i n g i t us ing a for −loop
3 ' ' '
4 import numpy as np
5 a = np . empty (0 )
6 print ( a )
7

8 f o r i in range ( 6 ) :
9 a = np . append ( a , 2∗ i−1)

10 print ( a )

Listing 3.2: Sample code showing how to create an empty array, and then fill
it with values using a for-loop.

When I execute this code, I get
[]
[-1. 1. 3. 5. 7. 9.]

Of course one way to fill the array with your desired values would be to do so
“manually”, for example by writing something like,

1 ' ' '
2 F i l l i n g an array ' manually '
3 ' ' '
4 import numpy as np
5 a = np . ones ( ( 2 , 2 ) )
6 a [ 0 ] [ 1 ] = 4
7 a [ 1 ] [ 0 ] = 2
8 a [ 1 ] [ 1 ] = 2
9 print ( a )

Listing 3.3: Sample code showing how to manually fill an array.

When I execute this code, I get
[[1. 4.]
[2. 2.]]

1 ' ' '
2 Converting a l i s t to an array
3 ' ' '
4 import numpy as np
5 a_list = [ ] # create an empty list
6 f o r i in range ( 5 ) :
7 a_list . append ( i )
8 print ( " l i s t : " , a_list )
9 a_array = np . array ( a_list )

10 print ( " array : " , a_array )

Listing 3.4: Sample code showing how to create a list and then convert it into
an array.
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When I execute this code, I get
list: [0, 1, 2, 3, 4]
array: [0 1 2 3 4]

As you can see, when printed out, a list and an array appear different only on
a superficial level. However, the ways Python uses them are very far apart! Let’s
start working through the examples given earlier in this chapter, only this time we
will use Python to extract our results numerically. First comes multiplication by a
scaler.

3.8.2 Multiplying an Array by a Scaler
Using the same matrix (array) as in Eq. 3.3, we can multiply A by 5, where we have
already defined array A in Listing 3.3:

1 ' ' '
2 Mult ip ly ing a p r e v i o u s l y d e f i n e d array by a s c a l e r
3 ' ' '
4 b = 5∗a
5 print ( a , " \n " )
6 print ( b , " \n " )

Listing 3.5: Sample code showing how to mulitiply an array by a scaler.

When I execute this code, I get
[[1. 4.]
[2. 2.]]

[[ 5. 20.]
[10. 10.]]

3.8.3 Array Addition and Multiplication
Well, that was simple enough! Now how about matrix (array) addition and multi-
plication? Not too bad:

1 ' ' '
2 Adding and mul t ip l y ing ar rays
3 ' ' '
4 import numpy as np
5 a_for_adding = np . ones ( ( 2 , 3 ) )
6 a_for_adding [ 0 ] [ 1 ] = 3
7 a_for_adding [ 0 ] [ 2 ] = −5
8 a_for_adding [ 1 ] [ 0 ] = 0
9 a_for_adding [ 1 ] [ 1 ] = 2

10 a_for_adding [ 1 ] [ 2 ] = 6
11

12 b_for_adding = np . ones ( ( 2 , 3 ) )
13 b_for_adding [ 0 ] [ 0 ] = −3
14 b_for_adding [ 0 ] [ 1 ] = 2
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15 b_for_adding [ 0 ] [ 2 ] = 4
16 b_for_adding [ 1 ] [ 0 ] = 6
17 b_for_adding [ 1 ] [ 1 ] = −1
18 b_for_adding [ 1 ] [ 2 ] = 7
19

20 a_for_mult = a_for_adding
21

22 b_for_mult = np . ones ( ( 3 , 2 ) )
23 b_for_mult [ 0 ] [ 0 ] = −3
24 b_for_mult [ 0 ] [ 1 ] = 6
25 b_for_mult [ 1 ] [ 0 ] = 2
26 b_for_mult [ 1 ] [ 1 ] = −1
27 b_for_mult [ 2 ] [ 0 ] = 4
28 b_for_mult [ 2 ] [ 1 ] = 7
29

30 print ( "A ( adding)=\n " , a_for_adding , " \n " )
31 print ( "B ( adding)=\n " , b_for_adding , " \n " )
32 print ( "A + B =\n " , a_for_adding + b_for_adding , " \n " )
33

34 print ( "A ( mult)= " , a_for_mult , " \n " )
35 print ( "B ( mult)= " , b_for_mult , " \n " )
36 print ( "A x B =\n " , a_for_mult @ b_for_mult )

Listing 3.6: Sample code showing how to add, and then multiply, two arrays.

When I execute this code, I get
A (adding)=
[[ 1. 3. -5.]
[ 0. 2. 6.]]

B (adding)=
[[-3. 2. 4.]
[ 6. -1. 7.]]

A + B =
[[-2. 5. -1.]
[ 6. 1. 13.]]

A (mult)=
[[ 1. 3. -5.]
[ 0. 2. 6.]]

B (mult)=
[[-3. 6.]
[ 2. -1.]
[ 4. 7.]]

A x B =
[[-17. -32.]
[ 28. 40.]]

A few things to notice here: While it seems as if I had to write many lines of code
just to add and then multiply two arrays, in fact, almost the entire program was
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occupied with first defining the arrays and printing out the arrays and the results.
It took just one line (32) to do the addition, and one more line (36) to do the
multiplication. By the way, notice that the addition operator is “+”, just as you
are used to. Multiplication, on the other hand, uses the “@” symbol because “∗” is
already reserved for scaler multiplication. Operationally, you will almost always use
your programs to compute the values of the elements of your arrays, after which
multiplication and addition are trivial.

3.8.4 Numerical Computation of the Inverse of a Matrix (Array)
As an example of using Python to compute the inverse of a matrix, we’ll use the
array of Eq. 3.15 for the array we wish to invert, and then simply compute its inverse.

1 ' ' '
2 Computing the i n v e r s e o f an array
3 ' ' '
4 import numpy as np
5 A = np . array ( [ [ 5 , 2 ] , [ 3 , 1 ] ] )
6 A_inv = np . linalg . inv ( A )
7

8 print ( "A = \n " , A , " \n " )
9 print ( "A i n v e r s e = \n " , A_inv , " \n " )

10 print ( "A x A_inv = \n " , A @ A_inv , " \n " ) # just to check . . .
11

12 # That was fun ! Let ' s do i t again f o r a 3x3 array :
13 B = np . array ( [ [ 6 , 1 , 1 ] ,
14 [ 4 , −2, 5 ] ,
15 [ 2 , 8 , 7 ] ] )
16 B_inv = np . linalg . inv ( B )
17 print ( "B = \n " , B , " \n " )
18 print ( "B i n v e r s e = \n " , B_inv , " \n " )
19 print ( "B x B_inv = \n " , B @ B_inv , " \n " ) #again , just to check . . .

Listing 3.7: Sample code showing how to take the inverse of an array.

When I execute this code, I get
A =
[[5 2]
[3 1]]

A−1 =
[[-1. 2.]
[ 3. -5.]]

A×A−1 =
[[ 1.0000000e+00 0.0000000e+00]
[-4.4408921e-16 1.0000000e+00]]

B =
[[ 6 1 1]
[ 4 -2 5]
[ 2 8 7]]
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B−1 = [[ 0.17647059 -0.00326797 -0.02287582] [ 0.05882353 -0.13071895
0.08496732] [-0.11764706 0.1503268 0.05228758]]

B × B−1 = [[1.00000000e+00 0.00000000e+00 6.93889390e-18] [2.77555756e-17
1.00000000e+00 4.85722573e-17] [8.32667268e-17 1.11022302e-16 1.00000000e+00]]

As you can see, this was just as easy for a 3 × 3 array as it was for a 2 × 2 array.
As a check, I multiplied the original arrays, A and B, by their computed inverses.
We should get the unity matrix, but we didn’t. What’s going on here? Well, the off-
diagonal elements in the products of A×A−1 and B×B−1 are due to the inevitable
round-off error. If this bothers you (and I think it should because it is difficult to
read) refer back to Chapter 1 and remind yourself how to select how many digits
precision you’d like to show in your output.

3.8.5 Using Python to Numerically Solve Systems of Coupled Linear Equa-
tions

Earlier, we discussed using matrices to systematize solving systems of coupled lin-
ear equations. Now we’ll describe how to use Python to do this numerically. First
a caveat: While generally much easier to do this numerically than “by hand”, the
numerical approach will not work for under-determined systems – unlike what we de-
scribed earlier. (Note, Python installations include a “symbolic mathematics” pack-
age known as sympy. Using this package one can solve under-determined systems.
However, a discussion of sympy is beyond the scope of this text.)

Let’s use Python to solve the Eqs. 3.24.

1 ' ' '
2 So lv ing a system o f l i n e a r coupled equat ions
3 ' ' '
4 import numpy as np
5 a = np . array ( [ [ 2 , 3 , 1 ] , [ 0 , 1 , − 2 ] , [ 1 , − 4 , − 1 ] ] )
6 d = np . array ( [ [ 1 1 ] , [ − 4 ] , [ − 1 0 ] ] ) # note : t h i s is a column matrix
7 x = np . linalg . solve ( a , d ) # solve is in the linalg package in numpy
8 print ( "The s o l u t i o n vec to r i s \n " , x )

Listing 3.8: Sample code showing how to solve systems of coupled linear equa-
tions.

When I execute this code, I get

The solution vector is
[[1.]
[2.]
[3.]]

The solutions are the same as we obtained earlier using “manual” manipulation of
the matrices, but with far less effort. Furthermore, the difficulty in solving coupled
equations goes up as the square of the number of equations. But numerically, your
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only real limitation is computer time – which will certainly be much quicker than
“human time”!

3.8.6 Using Python to Numerically Compute the Determinant of an Array

1 ' ' '
2 Computing determinants
3 ' ' '
4 import numpy as np
5 a = np . array ( [ [ 7 , 1 , 9 ] , [ − 2 , 9 , 0 ] , [ 3 , 1 , 4 ] ] )
6 a_det = np . linalg . det ( a ) # need to use the linalg package in numpy
7

8 print ( a , " \n " )
9 print ( a_det )

Listing 3.9: Sample code showing how to compute the determinant of an array.

When I execute this code, I get
[[ 7 1 9]
[-2 9 0]
[ 3 1 4]]

determinant = -0.9999999999999831
You can verify that, within round-off error, this is, indeed the determinant of

the specified array.

3.8.7 Using Python to Compute the Eigenvalues and Eigenvectors of an
Array

Recall that earlier in this chapter, we discussed deriving the eigenvalues, and then the
eigenvectors of a matrix. For relatively small matrices, this is not terribly challenging.
But the number of steps in this computation go as the square of the dimensionality
of the space represented by the matrix. Using routines that come bundled with
Python, the computation becomes absolutely trivial.

1 ' ' '
2 Computing e i g e n v a l u e s and e i g e n v e c t o r s
3 ' ' '
4 import numpy as np
5 a = np . array ( [ [ 1 , 2 , 3 ] , [ 3 , 2 , 1 ] , [ 1 , 0 , − 1 ] ] )
6 w , v = np . linalg . eig ( a ) # eig is in the linalg sub−package of
7 numpy
8 print ( np . round ( w , 3 ) , ' \n ' ) # the " vec to r " array of eigenvalues
9

10 # the array o f e i g e n v e c t o r s , one column f o r each e i g e n v a l u e :
11 print ( np . round ( v , 3 ) )
12

13 f o r i in range ( 3 ) :
14 print ( " \nFor the " , i , " e i g e n v a l u e =" , np . round ( w [ i ] , 3 ) , \
15 " , the cor respond ing e i g e n v e c t o r i s \n " , \
16 np . round ( v [ : , i ] , 3 ) , " \n " )

Listing 3.10: Sample code showing how to compute the eigenvalues and eigen-
vectors of an array.
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When I execute this code, I get
[ 4.317 -2.317 0. ]

[[ 0.584 0.736 0.408]
[ 0.804 -0.382 -0.816]
[ 0.11 -0.559 0.408]]

For the 0 eigenvalue = 4.317 , the corresponding eigenvector is
[0.584 0.804 0.11 ]

For the 1 eigenvalue = -2.317 , the corresponding eigenvector is
[ 0.736 -0.382 -0.559]

For the 2 eigenvalue = 0.0 , the corresponding eigenvector is
[ 0.408 -0.816 0.408]

You will note that the eig method returns normalized eigenvectors. That is the
sum of the squares of the components of each eigenvector is 1. This particular piece
of code looks more complicated than the other snippets in this chapter. In fact, the
code is simple. What requires a bit of study is simply what we did to pick apart
the arrays corresponding to the eigenvectors and the eigenvectors. Fortunately, the
same tricks we used to pick apart lists also work with arrays. This concludes our
discussion of matrices/arrays.
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C H A P T E R 4

Fourier Series

4.1 INTRODUCTION TO FOURIER SERIES
Fourier transforms are incredibly useful, but it will be difficult to convince you of
this from just a single example. So bear with me as we examine several aspects of
the “FT”. We will start, not with the Fourier transform itself, but with the closely
related Fourier series. Later, when we begin to cover the Fourier transform we will
establish the connection between the two.

Suppose you have an infinite wave train, for example a square wave. You can
always represent infinite, repeating wave trains as an infinite series of sines and/or
cosines, having frequencies that are harmonics of some fundamental.

Amazingly, we can represent any repeating function, g(x), by an infinite number
of sines and cosines:

g(x) =
∞∑

n=0

an cos(n2πf0x) +
∞∑

n=0

bn sin(n2πf0x) , (4.1)

where f0 = 1/T is the frequency, or one over the period, T , of the function g(x).
The only problem now is to figure out the values of an and bn. We start by

multiplying both sides of Eq. 4.1 by cos(m2πf0x), where m is an integer, and then
integrating over one full period, T . This gives us

∫ +T/2

−T/2
g(x) cos(m2πf0x) dx =

∞∑
n=0

an

∫ +T/2

−T/2
cos(n 2πf0x) cos(m 2πf0x) dx

+
∞∑

n=0

bn

∫ +T/2

−T/2
sin(n 2πf0x) cos(m 2πf0x) dx ,

where we have swapped the positions of the integral and summation symbols.
Now we need to think in terms of even and odd functions. If g(x) = g(−x), then

the function is said to be even. If g(x) = −g(−x), then the function is said to be odd.
Furthermore, the product of an even function with another even function gives us an
even function and the product of an odd function with an odd function also gives us
an even function. But the product of an odd function with an even function gives us
an odd function. Clearly a cosine is even and a sine is odd. Therefore, the integrand

57



58 ■ Fourier Series

of the first integral on the right is an even function, while the integrand of the second
integral on the right is an odd function. Here is a key point: the integral of an odd
function over an even interval (an interval symmetric about zero) is identically zero.
Therefore every term in the rightmost sum is zero, leaving us with:∫ +T/2

−T/2
g(x) cos(m2πf0x) dx =

∞∑
n=0

∫ +T/2

−T/2
an cos(n 2πf0x) cos(m 2πf0x) dx . (4.2)

We’ll see in a moment how to solve this expression for all the an, but first note
that if we had instead multiplied Eq. 4.1 by sin(m 2πf0x) and integrated over one
full period, all of the terms containing an would have vanished, leaving only the
terms containing bn:∫ +T/2

−T/2
g(x) sin(m2πf0x) dx =

∞∑
n=0

∫ +T/2

−T/2
bn sin(n 2πf0x) sin(m 2πf0x) dx . (4.3)

Let’s solve Eq. 4.2 for an. First note that because cos(a) cos(b) =
1
2 [cos(a+ b) + cos(a− b)], Eq. 4.2 becomes

∫ +T/2

−T/2
g(x) cos(m2πf0x) dx =

1
2

∞∑
n=0

an

∫ +T/2

−T/2
{cos[2πf0x(n+m)] + cos[2πf0x(n−m)]} dx .

(4.4)

Now, the sums and differences of two integers will always be integers. Therefore,
the integration on the right side will always be over an integral number of full periods
– which is zero. (The integral of an integer number of periods of a cosine is always
zero.) The only exception we have is when n = m because then the argument of the
second cosine is 1. In that case, the integral is just amT/2. So this means that∫ +T/2

−T/2
g(x) cos(n2πf0x) dx = an

T

2 ,

and therefore

an = 2
T

∫ +T/2

−T/2
g(x) cos(n2πf0x) dx . (4.5)

Returning to Eq. 4.4, we see that the special case of m = n = 0 leads to a
different result because this puts zeros in the argument of all the cosines. Therefore
in this case we get

a0 = 1
T

∫ +T/2

−T/2
g(x) dx = ⟨g⟩ , (4.6)

where ⟨g⟩ means the average value of g.
Pulling the same trick of multiplying Eq. 4.3 through with a sine and integrating

over a period gives us

bn = 2
T

∫ +T/2

−T/2
g(x) sin(n2πf0x) dx . (4.7)
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Note that we do not have the same problem with b0 as we had with a0 because
sine is an odd function and therefore taking the average value about the origin gives
zero.

4.1.1 Example 1: The Square Wave
Now let’s try this out on an actual function. Look at the square wave function plotted
below by a simple Python program. Note the use of a “top hat” function to create
the square wave. That is,

g(x) =
{

+h, |x| ≤ T
4 .

−h, T
2 ≥ |x| < T

4 .
(4.8)

Here is the code used to represent the function in Eq. 4.8:

1 ' ' '
2 Square Wave Function : c r e a t e i t from a bunch o f " top hat "
3 f u n c t i o n s
4 connected toge the r .
5 ' ' '
6 import numpy as np
7 import matplotlib . pyplot as plt
8 # need t h i s f o r matp lo t l i b to work in Jupyter :
9 %matplotlib i n l i n e

10

11 def top_hat ( amplitude , width , x ) :
12 i f ( np . abs ( x ) < width ) :
13 r e turn amplitude
14 e l s e :
15 r e turn −amplitude
16

17 a = 200.0 # width of pulse
18 h = 10.0 # amplitude of pulse
19 N = 1000 # total number of sample points
20 T = 2∗a # the period
21 square_wave = [ ]
22 x = np . linspace(−N /2 , N /2 , N ) # N points , start at −N /2 , end
23 at +N/2
24 f o r i in x :
25 square_wave . append ( top_hat ( h , a , ( i+a/2)%T ) )
26 # connect a bunch o f top hats . Note the use o f %
27 # And now p l o t i t
28 plt . figure (1 )
29 plt . plot ( x , square_wave , color = " blue " )
30 plt . xlabel ( ' x ( arb ) ' )
31 plt . ylabel ( ' Amplitude ( arb ) ' )
32 plt . ylim ( −1.1∗h , 1 . 1∗ h )
33 plt . title ( ' Square Wave ' )
34 plt . grid ( True )
35 plt . show ( )

Listing 4.1: Code for plotting the square wave from Eq. 4.8.
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And here is the resulting plot:

FIGURE 4.1: A plot of the square wave of Eq. 4.8.

This is clearly an even function: it is completely symmetrical about the origin.
We can therefore use Eqs. 4.5 and 4.6 to deduce an and not even worry about bn.
Let’s use Eq. 4.6 first. In this case, the average value of g(x) is zero, so a0 = 0.

Now plugging the square wave function into Eq. 4.5 gives us

an̸=0 =

2
T

∫ −T/4

−T/2
−h cos

(
n2πx
T

)
dx + 2

T

∫ +T/4

−T/4
h cos

(
n2πx
T

)
dx +

2
T

∫ +T/2

+T/4
−h cos

(
n2πx
T

)
dx .

Or, making use of symmetry,

an̸=0 = 4h
T

[∫ +T/4

0
cos
(
n2πx
T

)
dx−

∫ T/2

T/4
cos
(
n2πx
T

)
dx

]
.

Then,

an̸=0 = 4h
nπ

sin
(
nπ

2

)
.

Let’s plot Eq. 4.1 with these values of an and for bn = 0. Clearly I can’t include
an infinite number of terms, as indicated in Eq. 4.1, but let’s see what happens as I
increase the number of terms, from 5 to 9 to 50. First the Python code:
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1 ' ' '
2 Four i e r S e r i e s Approximation o f the Square Wave Function
3 ' ' '
4 import numpy as np
5 import matplotlib . pyplot as plt
6

7 # need t h i s f o r matp lo t l i b to work in Jupyter :
8 %matplotlib i n l i n e
9

10 # a square wave i s made up o f " top hat " f c t s :
11 def top_hat ( amplitude , width , x ) :
12 i f ( np . abs ( x ) < width ) :
13 r e turn amplitude
14 e l s e :
15 r e turn −amplitude
16

17 def A ( n , h ) : # the expansion coefficients
18 i f ( n == 0 ) :
19 r e turn 0 .0 # from Eq . 7
20 e l s e :
21 r e turn 4 .0∗ h /( n∗np . pi )∗ np . sin ( n∗np . pi / 2 . 0 ) # from Eq . 12
22

23 w = 200.0 # width of pulse
24 h = 10.0 # amplitude of pulse
25 N = 1000 # total number of sample points
26 T = 2∗w # the period
27 square_wave = [ ]
28 five_term = [ ]
29 nine_term = [ ]
30 fifty_term = [ ]
31 a = [ ]
32

33 f o r j in np . linspace ( 0 , 5 0 , 5 1 ) :
34 a . append ( A ( j , h ) )
35

36 # s t a r t at −N/2 , end at +N/2 , inc by 1
37 x = np . linspace(− f l o a t ( N )/2 , f l o a t ( N )/2 , N )
38

39 # here ' s how to make a square wave from top hats
40 f o r i in x :
41 square_wave . append ( top_hat ( h , w , ( i+w/2)%T ) )
42 tmp = 0
43 f o r m in range ( 0 , 5 ) :
44 tmp += a [ m ] ∗ np . cos (2∗ np . pi∗m∗i/T )
45 five_term . append ( tmp )
46

47 tmp = 0
48 f o r m in range ( 0 , 9 ) :
49 tmp += a [ m ] ∗ np . cos (2∗ np . pi∗m∗i/T )
50 nine_term . append ( tmp )
51

52 tmp = 0
53 f o r m in range ( 0 , 5 0 ) :
54 tmp += a [ m ] ∗ np . cos (2∗ np . pi∗m∗i/T )
55 fifty_term . append ( tmp )
56
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57 # And now p l o t i t
58 plt . figure ( )
59 plt . plot ( x , square_wave , label = " Square Wave" , color = " black " )
60 plt . plot ( x , five_term , label = " 5 Terms " , color = " red " )
61 plt . plot ( x , nine_term , label = " 9 Terms " , color = " green " )
62 plt . plot ( x , fifty_term , label = " 50 Terms " , color = " blue " )
63 plt . xlabel ( ' x ( arb ) ' )
64 plt . ylabel ( ' Amplitude ( arb ) ' )
65 plt . ylim ( −1.4∗h , 1 . 4∗ h )
66 plt . title ( ' Square Wave ' )
67 plt . legend ( bbox_to_anchor =(1.05 , 1 ) , loc=0, borderaxespad =0.)
68 plt . grid ( True )
69 plt . show ( )

Listing 4.2: Code for plotting the square wave from Eq. 4.8, along with various
approximations from a Fourier series.

And now the plot:

FIGURE 4.2: A plot of the square wave of Eq. 4.8 and approximations to a
square wave using Fourier series.

4.1.2 Example 2: The Sawtooth Wave
Consider the sawtooth wave. To be specific, let’s define a single “tooth” of a sawtooth
wave as

g(x) =
{

2h
T
x , − T

2 ≤ x ≤ T
2 . (4.9)

Then, between −T/2 and +T/2, the wave is a straight line having a slope of
2h/T . It should also be centered horizontally such that the midpoint of the sloped
line is at x = 0. Let’s plot this function:

1 ' ' '
2 Plot o f the Sawtooth Function
3 ' ' '
4 import numpy as np
5 import matplotlib . pyplot as plt
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6

7 # need t h i s f o r matp lo t l i b to work in Jupyter :
8 %matplotlib i n l i n e
9

10 # a sawtooth wave i s made up o f many " tee th " :
11 def tooth ( amplitude , width , x ) :
12 r e turn ( 1 . 0 ∗ amplitude ) / ( 1 . 0 ∗ width )∗ x
13

14 w = 200.0 # width of pulse
15 h = 10.0 # height of pulse
16 N = 1000 # total number of sample points
17 T = 2∗w # the period
18 saw_tooth_wave = [ ]
19

20 # N points , s t a r t at −N/2 , end at +N/2 :
21 x = np . linspace(− f l o a t ( N )/2 , f l o a t ( N )/2 , N )
22

23 # here ' s how to make a sawtooth from tee th
24 f o r i in x :
25 saw_tooth_wave . append ( tooth ( h , w , ( i+w)%T)−h )
26

27 # And now p l o t i t
28 plt . figure ( )
29 plt . plot ( x , saw_tooth_wave , label = " Sawtooth Wave" ,
30 color = " blue " )
31 plt . xlabel ( ' x ( arb ) ' )
32 plt . ylabel ( ' Amplitude ( arb ) ' )
33 plt . ylim ( −1.2∗h , 1 . 2∗ h )
34 plt . title ( ' Sawtooth Wave ' )
35 plt . grid ( True )
36 plt . show ( )

Listing 4.3: Code for plotting the sawtooth wave from Eq. 4.9.

Note that the function is odd, which means that we only need to find bn. Then,
from Eq. 4.7,

bn = 2
T

∫ +T/2

−T/2
g(x) sin

(
n2π
T

x
)
dx =

2
T

2h
T

{∫ 0

−T/2
−x sin

(
n2π
T

x
)
dx+

∫ T/2

0
x sin

(
n2π
T

x
)
dx

}
.

For

a ≡ n2πx
T

.

Integration by parts gives us

bn = 4h
T 2

{
−
(

sin(ax)
a2 − x cos(ax)

a

)∣∣∣0
−T/2

+
(

sin(ax)
a2 − x cos(ax)

a

)∣∣∣T/2

0

}
.
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FIGURE 4.3: A plot of the sawtooth wave of Eq. 4.9.

The sine terms vanish, as do the cosine terms when the limit = 0, leaving us
with

bn̸=0 = − 2h
nπ

(−1)n ,

and

bn=0 = 0 .

We can easily generate these coefficients and plot the Fourier series approxima-
tion to the sawtooth:

1 ' ' '
2 Four i e r S e r i e s Approximation o f the Sawtooth Function
3 ' ' '
4 import numpy as np
5 import matplotlib . pyplot as plt
6

7 # need t h i s f o r matp lo t l i b to work in Jupyter :
8 %matplotlib i n l i n e
9

10 # a sawtooth wave i s made up o f many " tee th "
11 def tooth ( amplitude , width , x ) :
12 r e turn ( 1 . 0 ∗ amplitude ) / ( 1 . 0 ∗ width )∗ x
13

14 def B ( n , h ) : # the expansion coefficients
15 i f ( n == 0 ) :
16 r e turn 0 .0
17 e l s e :
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18 r e turn −2∗h /( n∗np . pi )∗( −1)∗∗ n # from Eq . 17
19

20 w = 200.0 # width of pulse
21 h = 10.0 # height of pulse
22 N = 1000 # total number of sample points
23 T = 2∗w # the period
24 saw_tooth_wave = [ ]
25 one_term = [ ]
26 three_term = [ ]
27 fifty_term = [ ]
28 b = [ ]
29

30 f o r j in np . linspace ( 0 , 5 0 , 5 1 ) :
31 b . append ( B ( j , h ) )
32

33 # N points , s t a r t at −N/2 , end at +N/2 :
34 x = np . linspace(− f l o a t ( N )/2 , f l o a t ( N )/2 , N )
35

36 # here ' s how to make a sawtooth from a tooth
37 f o r i in x :
38 saw_tooth_wave . append ( tooth ( h , w , ( i+w)%T)−h )
39

40 tmp = 0.0
41 f o r m in range ( 1 , 2 ) :
42 tmp += b [ m ] ∗ np . sin (2∗ np . pi∗m∗i/T )
43 one_term . append ( tmp )
44

45 tmp = 0.0
46 f o r m in range ( 1 , 4 ) :
47 tmp += b [ m ] ∗ np . sin (2∗ np . pi∗m∗i/T )
48 three_term . append ( tmp )
49

50 tmp = 0.0
51 f o r m in range ( 1 , 5 0 ) :
52 tmp += b [ m ] ∗ np . sin (2∗ np . pi∗m∗i/T )
53 fifty_term . append ( tmp )
54

55 # And now p l o t i t
56 plt . figure ( )
57 plt . plot ( x , saw_tooth_wave , label = " Sawtooth Wave" ,
58 color = " black " )
59 plt . plot ( x , one_term , label = " 1 Term" , color = " red " )
60 plt . plot ( x , three_term , label = " 3 Terms " , color = " green " )
61 plt . plot ( x , fifty_term , label = " 50 Terms " , color = " blue " )
62 plt . xlabel ( ' x ( arb ) ' )
63 plt . ylabel ( ' Amplitude ( arb ) ' )
64 plt . ylim ( −1.2∗h , 1 . 2∗ h )
65 plt . title ( ' Sawtooth Wave ' )
66 plt . legend ( bbox_to_anchor =(1.05 , 1 ) , loc=0, borderaxespad =0.)
67 plt . grid ( True )
68 plt . show ( )

Listing 4.4: Code for plotting the sawtooth wave from Eq. 4.9, as well as
approximations from the Fourier Series.
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FIGURE 4.4: A plot of the sawtooth wave of Eq. 4.9 and approximations to
a sawtooth using Fourier series.

Homework 4.1: The Triangle Wave

See if you can derive the coefficients for a triangle wave. Hint: Place the
peak of a triangle on x = 0; then your function will be even and will only
require an coefficients. Then write a program that plots the triangle wave
and successive approximations of it using the Fourier series.

4.2 SUMMARY
All of our examples were of waveforms that were either odd or even, but this needn’t
be the case. For example, if you were to add a sawtooth wave to a square wave, the
result must contain both an and bn coefficients and therefore cannot be strictly even
or odd. Not a problem: just use Eqs. 4.5 and 4.6 to solve for an and Eq. 4.7 to solve
for bn.

You may be tempted to conclude that the purpose of Fourier series analysis is in
order to approximate periodic functions. This is partially correct: suppose you wish
to create a sawtooth wave from rf sources. You can do a pretty good job using just
one rf frequency added – in the correct ratios given by bn – to a few harmonics of that
fundamental frequency. Think about that: you can create any repetitive waveform
you wish from the appropriately weighted fundamental frequency plus a handful of
its harmonics. That’s powerful stuff!

But another reason for this sort of analysis is to see what are the important fre-
quency components in any repetitive signal, be it acoustic, electric/electromagnetic,
or optical. This sort of knowledge can help you by telling you what frequencies you
may need to filter out or enhance, depending on your ultimate purpose.
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Finally, we have made a big deal about the fact that these waveforms must be
repetitive. But by tweaking Eq. 4.1, specifically by converting sums into integrals,
we can make a much more general tool – Fourier transforms – that will allow us
to seamlessly move between conjugate variable pairs such as time and frequency or
space and momentum. Fourier transforms are the subject of the next chapter.



https://taylorandfrancis.com


C H A P T E R 5

Fourier Transforms

5.1 GENERALIZING THE FOURIER SERIES
Suppose you have an infinite periodic wave train, for example a square wave. As
we have seen, you can always represent this waveform as an infinite series of sines
and/or cosines, having frequencies that are harmonics of some fundamental. But
what if your function is not periodic? What if it does not repeat? You can still
deduce the frequency content of that function. In this chapter we will generalize the
Fourier series analysis to such non-periodic functions.

5.1.1 Integral Transforms
Suppose you have data that consist of a series of values as a function of time but
that, unlike an “infinite square wave”, do not repeat. For example, the noise “spec-
trum” in a supposedly quiet room, or an EEG (Electroencephalography, or “brain
waves”) signal as a function of time. Or how about the temperature of a certain
place in the Pacific Ocean as a function of time? Perhaps you care about the seis-
mic vibrations following an earthquake. Even stock market fluctuations versus time
could be interesting data. In all these examples an important aspect of the measured
signal is how it varies with time. Indeed, the independent variable need not be time:
consider the variation of the number density of galaxies as a function of the angular
spread across the sky; is there some sort of regularity in that pattern?

The mathematical process of determining the “frequency components” of a signal
as a function of that signal’s independent variable, whether it be time, space, or any
other variable, is referred to as the Fourier Transform. In the following equations,
we show this specific mathematical procedure.

Recall that a periodic function can be expanded in terms of sines and cosines of
harmonics of a fundamental frequency:

F (t) =
∞∑

n=0

an cos(n2πf0t) +
∞∑

n=0

bn sin(n2πf0t).

If our function is not periodic, we can follow the same idea, but we have to go to
the limit of the period going to infinity and we have to include all frequencies, not

69
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just integer multiples of some fundamental. Thus the sums become integrals and the
limits go to ±∞:

F (t) =
∫ ∞

−∞
a(ν) cos(2πνt) dν +

∫ ∞

−∞
b(ν) sin(2πνt) dν.

This is equivalent to

F (t) =
∫ ∞

−∞
r(ν) cos(2πνt+ ϕ(ν)) dν , or

or

F (t) =
∫ ∞

−∞
Φ(ν)e−2πiνt dν. (5.1)

Equation 5.1 can be multiplied on both sides by e2πiνt′
and integrated over t to

give

Φ(ν) =
∫ +∞

−∞
F (t)e2πiνtdt. (5.2)

Equation 5.1 takes us from, say, the frequency domain into the time domain,
and Eq. 5.2 takes us from the time domain back into the frequency domain.

Φ(ν) and F (t) are said to be Fourier pairs and we can symbolically show their
connection by writing

Φ(p) ⇌ F (x)
where p and x can be any pair of conjugate variables, including frequency and time,
momentum and length, etc.

Let’s consider a specific example. Suppose you’re looking at an EEG signal.
Scientists have determined that different frequency ranges correspond to different
cognitive activities. For example, “theta waves” (frequency range 4-7 Hz) are associ-
ated with inhibition of elicited responses. That is, the electromagnetic activity in the
4-7 Hz range spikes when a person is actively trying to repress a responsive action.
On the other hand, “beta waves” (16-31 Hz) are associated with active thinking,
focus, high alertness, and anxiety. In order to parse the EEG signals into the various
frequency bands, you can take a Fourier transform.

To make this specific example simpler to conceptualize, let’s manufacture some
data, using the following function:

F = sin (2πf1x) + 1
2 sin (2πf2x) , (5.3)

where f1 and f2 are some arbitrarily chosen frequencies. In the following code, I
chose f1 = 50 Hz and f2 = 80 Hz. Then, using Eq. 5.3, we can manufacture some
“data”. A plot of those data is shown in the upper graph of Fig. 5.1.

Then, using the function fft, we take the Fourier transform of those data in
order to determine their frequency content. The Fourier transform of those data is
shown in the lower graph of Fig. 5.1.

Details of the code follow:
In lines 4-7 we load in the packages we will need. The Fourier transform and in-

verse transform packages, corresponding to Eqs. 5.1 and 5.2, respectively, are named



Generalizing the Fourier Series ■ 71

FIGURE 5.1: Upper graph: A plot of the sum of two sines. Lower graph: a
plot of the Fourier transform of the function in the upper figure.

fft and ifft and are part of the scipy package. We also load numpy and matplotlib,
as usual.

In lines 17-20 we define x and F (x). (I used different names for the variables
in the code, as compared to those in Eq. 5.1 to emphasize that you can name your
Python variables however you like.) Notice that in line 20 F (x) is defined to be the
sum of two sines having different frequencies and amplitudes. Specifically, a sinusoid
of amplitude = 1 and having a frequency of 50 (angular frequency = 2π × 50) is
added to a sinusoid of amplitude 1/2 and having a frequency of 80. If x is a time and
has units of seconds, then the frequencies will have units of Hz, as I have already
indicated above.

We then take the Fourier transform of F using the fft function in line 21. It’s
just that simple. Notice that fft returns an array and that array has the same length
as the array that was fft’s argument (F ).

Before we continue with the code, jump ahead to look at the second graph in the
output, that is, the Fourier transform of the “data”. You see peaks at frequencies of
50 and 80 – as we should expect, since the “data” were made from the sum of two
sine functions at those frequencies.

In line 23 we define the independent variable in the transform space, putting it
into the array named p. Notice the inverse relationship between ∆x in the “time
domain” compared with ∆p in the “frequency domain”. You may also have noticed
that there are only N/2 values in p but N values in x. Basically, we have simply not
shown the entire Fourier transform. Try changing the code by removing the “//2” in
line 23 and the corresponding “/2” in line 38. (To keep the “frequency” scale correct,
you’ll also have to change the “2.0∗” in line 23 to “1.0∗”.) Now run the code again
and see what you have. You should see the two peaks we saw before, again at p = 50
and p = 80, but we also see similar looking peaks at (800−50) and (800−80) as well.
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These are so-called “negative frequency” results and are usually ignored. They don’t
really have a physical meaning, but are the mathematical result of using a complex
exponential in Eq. 5.1, rather than a sine and/or cosine. If you were to analytically
integrate Eq. 5.1 for F (x) = sin(2πxt) you’d get a pair of delta functions, one at
+2πx and one at −2πx. If the math is beyond your current understanding, don’t
worry about it: your math knowledge will grow. In the meantime, just do what most
do: only plot the positive half of the Fourier transform spectrum.

Notice, by the way, that in line 38 we plotted the magnitude of Phi, using the
abs function from numpy. In general, the Fourier transform of a function gives an
array of complex numbers. The physical significance of this is that a signal can be
expressed as a sum of sinusoids of different frequencies and phases. If we were to
express each complex value in the Fourier transform array as a magnitude and a
phase, you’d see the phase associated with each frequency. (In this example, we can
see by how we constructed the “signal data” that the phases are all zero, and hence
uninteresting to plot.)

1 ' ' '
2 Example o f numerica l Four i e r Transform
3 ' ' '
4 import numpy as np
5 from scipy . fftpack import fft
6 from scipy . fftpack import ifft # Inverse FFT , not used here
7 import matplotlib . pyplot as plt
8

9 # need t h i s f o r matp lo t l i b to work in Jupyter :
10 %matplotlib i n l i n e
11

12 # Number o f sample p o i n t s
13 N = 600
14 # sample spac ing
15 T = 1.0 / 800 .0 # let ' s say T i s in seconds
16 # N points , s t a r t at 0 , end at N∗T. x i s in seconds
17 x = np . l i n s p a c e ( 0 . 0 , N∗T, N)
18 f r e q 1 = 50 .0 # f r e q i s in 1/ sec or Hz
19 f r e q 2 = 80 .0
20 F = np . s i n ( f r e q 1 ∗ 2 .0∗ np . p i ∗x ) + 0.5∗ np . s i n ( f r e q 2 ∗ 2 .0∗ np . p i ∗x )
21 Phi = f f t (F)
22 # "//" f o r c e s i n t e g e r d i v i s i o n in Python 3 . x
23 p = np . l i n s p a c e ( 0 . 0 , 1 . 0 / ( 2 . 0 ∗T) , N//2)
24

25 # And now p l o t the Four i e r trans form
26 p l t . f i g u r e ( )
27 # make 2 p l o t s v e r t i c a l l y , and 1 h o r i z o n t a l l y .
28 # Al l p l o t commands are f o r the f i r s t p l o t u n t i l
29 # we g ive the next subplot command :
30 p l t . subplot (211)
31 # p l o t the time−domain data :
32 p l t . p l o t (x , F , l a b e l = " Time Domain " , c o l o r = " blue " )
33 p l t . x l a b e l ( ' Time ( seconds ) ' )
34 p l t . y l a b e l ( ' Amplitude ' )
35 p l t . t i t l e ( ' Sum of Two Sines ' )
36

37 p l t . subplot (212)
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38 p l t . p l o t (p , 2 .0/N ∗ np . abs ( Phi [ 0 : i n t (N/ 2 ) ] ) , \
39 l a b e l = " Frequency Domain " , c o l o r = " red " )
40 p l t . x l a b e l ( ' Frequency ( Hz ) ' )
41 p l t . y l a b e l ( ' Amplitude ' )
42 p l t . t i t l e ( ' Magnitude of the Fourier Transform of Two Sines ' )
43 p l t . g r i d ( True )
44 #p l t . l egend ( bbox_to_anchor =(1.05 , 1 ) , l o c =0, borderaxespad =0.)
45 p l t . t ight_layout ( )
46 p l t . show ( )

Listing 5.1: Code for computing and plotting the Fourier transform of a man-
ufactured function.

5.1.2 The “Fast” Fourier Transform
You may have wondered why the Fourier transform function in the above code was
named fft rather than just ft. The extra f stands for “fast”. It turns out that if you
have precisely 2n points in the data you want to transform, there is an algorithm
that can do the transformation far more efficiently than the brute force numerical
integration of Eq. 5.1. Nearly everyone who makes use of Fourier transforms uses
this algorithm – including us. But wait: We only had 600 points in our “signal” data!
For the fft algorithm to be applicable we had to have either 512 or 1024 points (29

or 210). What gives? What gives is that the good people who wrote scipy recognized
the inconvenience of having precisely 2n points and automatically pad your data
with zeros on either side of the numbers in the array you use as the argument in
fft. Nice.

Another restriction inherent in the numerical FFT (our new abbreviation for
the Fast Fourier Transform) is that input data must be equally spaced. If your data,
perhaps taken from some experiment are not equally spaced, you will have to either
fit your data to a function or interpolate your data in order to place the input to
fft on a regular grid. Numpy has built-in functions that do this for you.

5.1.3 Other Restrictions on Taking Fourier Transforms
There are other restrictions on taking a Fourier transform, whether of the “fast”
type or not. These are referred to a the Dirichlet conditions. They are:

– The function must be square-integrable. That is, the function |F (x)|2 must
exist and be finite.

– F (x) and Φ(p) must be single-valued.
– F (x) and Φ(p) must be piece-wise continuous. The function can be broken up

into pieces, but the pieces cannot contain singularities.
– F (x) and Φ(p) have upper and lower bounds. Technically this is a sufficient

but not necessary condition: as a simple example, the delta function violates
this condition.
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5.2 FOURIER TRANSFORMS OF KEY FUNCTIONS
5.2.1 The Top-Hat Function
The top-hat function is given by

Πa(x) =


0 , −∞ < x < −a/2
1 , −a/2 < x < +a/2
0 , +a/2 < x < ∞ .

(5.4)

We can easily compute the FT of the Top Hat function analytically. You should
end up with

Φ(p) = a

{
sin(πpa)
πpa

}
≡ a sinc(πpa).

In the program below we create a Top Hat function and take and plot its FT.
Notice that the smaller a is, the broader the sinc function. You can show that the
sinc has zero crossings at p = ±1/a, ±2/a, ±3/a, .... By the way, notice that I played
fast and loose when I plotted the result. Try plotting the FT in the “conventional”
way to see what you get. Convince yourself that the result is consistent with the
theoretical one.

5.2.2 The Sinc Function
If the Fourier transform of the Top Hat function is a sinc, what do you think the
FT of a sinc is? The analytic derivation can be done, but it is rather painful. Rather
than write a whole new piece of code to verify your guess through derivation or
writing a whole new program, use the symmetry of the FT versus FT−1. That is,
just take the inverse FT of the sync you came up with below.

1 ' ' '
2 Top Hat and s i n c Demo
3 ' ' '
4 import numpy as np
5 from scipy . fftpack import fft
6 from scipy . fftpack import ifft # in case I need it !
7 import matplotlib . pyplot as plt
8

9 # need t h i s f o r matp lo t l i b to work in Jupyter :
10 %matplotlib i n l i n e
11

12 def topHat ( a , x ) :
13 i f ( x < −a / 2 ) :
14 r e turn 0 .0
15 i f ( x > a / 2 ) :
16 r e turn 0 .0
17 r e turn 1 .0
18

19 a = 8.0
20 N = 512 # number of sample points
21

22 T = 1.0 / 4 .0 # sample spacing
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23 # N points , s t a r t at 0 , end at N∗T. x i s in seconds :
24 x = np . linspace(− i n t ( N∗T /2) , i n t ( N∗T /2) , N )
25 TH = [ ]
26 f o r i in x :
27 TH . append ( topHat ( a , i ) )
28

29 Phi = fft ( TH )
30 p = np . linspace ( −1.0/(4 .0∗ T ) , +1.0/(4 .0∗ T ) , i n t ( N /2) )
31

32 # And now p l o t the Four i e r Transform
33 plt . figure ( )
34 # make 2 p l o t s v e r t i c a l l y , and 1 h o r i z o n t a l l y .
35 # Al l p l o t commands are f o r the f i r s t p l o t u n t i l
36 # we g ive the next subplot command :
37 plt . subplot (211)
38 # p l o t the time−domain data :
39 plt . plot ( x , TH , label = " Time Domain " , color = " blue " )
40 plt . xlabel ( ' Time ( seconds ) ' )
41 plt . ylabel ( ' Amplitude ' )
42 plt . ylim ( −0.1 , 1 . 1 )
43 plt . title ( 'Top Hat Function ' )
44

45 plt . subplot (212)
46 plt . plot ( p [ 0 : i n t ( N / 4 ) ] , 2 .0/ N ∗ np . abs ( Phi [ i n t (3∗ N / 4 ) : N ] ) , \
47 label = " Frequency Domain " , color = " red " )
48 plt . plot ( p [ i n t ( N / 4 ) : i n t ( N / 2 ) ] , 2 .0/ N ∗ np . abs ( Phi [ 0 : i n t ( N / 4 ) ] ) , \
49 color = " red " )
50 plt . xlabel ( ' Frequency (Hz) ' )
51 plt . ylabel ( ' Amplitude ' )
52 plt . title ( ' Magnitude o f the Four i e r Transform o f a Top Hat
53 Function ' )
54 plt . grid ( True )
55 #p l t . l egend ( bbox_to_anchor =(1.05 , 1 ) , l o c =0, borderaxespad =0.)
56 plt . tight_layout ( )
57 plt . show ( )

Listing 5.2: Code for computing and plotting the Fourier transform of the Top
Hat function of Eq. 5.4.

5.2.3 The Gaussian Function
The gaussian is one of the most useful non-trigonometric functions in physics. Sup-
pose we express it as

G(A, x, σ) ≡ A exp
(

−x2

σ2

)
, (5.5)

where σ is the “width parameter”. Note that if we want the gaussian to be
normalized, that is if we wish the integral (from −∞ to +∞) of the gaussian to be
1, then A = (σ

√
π)−1.

You can “easily” take the analytic FT of a gaussian, normalized or not, by
“completing the square”. Doing so gives you

g̃(p) = Aσ
√
πe−π2σ2p2

, (5.6)
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FIGURE 5.2: Upper graph: a plot of a Top Hat function. Lower graph: a plot
of the Fourier transform of the Top Hat function in the upper figure.

where we have used the “tilde convention” to explicitly indicate a Fourier transform.
Notice that if the gaussian had been normalized we would have had the particularly
symmetric result

e−π2σ2p2
= FT

(
1

σ
√
π
e

− x2
σ2

)
.

This is a very interesting result: The FT of a gaussian is another gaussian.
Furthermore, the width of the FT gaussian is just 1/(πσ). That is, it is proportional
to the inverse of the width of the original gaussian. Thus, the wider a gaussian,
the more narrow its Fourier transform; the more narrow the gaussian, the wider its
Fourier transform. Let’s write some code to generate a gaussian and then take its
Fourier transform. What happens to the Fourier transform if you have an “offset”?
That is, what happens if you call G(A, x − x0, σ), where x0 is a constant? (Try
adding a plot of the phase of the Fourier transform to the graph that shows the
magnitude.)

5.2.4 The Exponential Decay Function
Consider the decay function

f(x) = e−|x|/σ.

This function is used to describe, among other things, the spontaneous decay
of the excited state of nuclei, atoms, molecules, etc. The absolute value comes in



Fourier Transforms of Key Functions ■ 77

because when considering decay, we generally only consider positive times. Then,
the Fourier transform becomes

f̃(p) =
∫ ∞

0
e−x/σei2πpxdx ,

where because we are only interested in x ≥ 0, we can use 0 as our integral’s lower
bound and dispense with the absolute values. The integral is straight-forward, but
leaves us with the complex result:

f̃(p) = σ

1 + 4π2σ2p2 + i
2πσ2p

1 + 4π2σ2p2 .

or ∣∣f̃(p)
∣∣2 = σ2

1 + 4π2σ2p2 , ϕ(p) = arctan
(

1
2πσp

)
.

In the first equation we expressed f̃(p) in terms of its real and imaginary parts
and in the second set of equations, we expressed f̃(p) in terms of its magnitude
and phase. Both representations have their uses: if the exponential decay is used to
describe, for example, the decay of an excited state of an atom, the real part (as well
as the magnitude, which differ only by a multiplicative constant) are the equations of
a Lorentzian and represent the frequency distribution of the spontaneously emitted
light. Note that in the real part of the FT, the longer the “lifetime”, the narrower
the “linewidth”; the shorter the lifetime, the broader the frequency distribution. The
imaginary part of the FT, when applied to decaying atoms, is related to the index of
refraction of the system which, in turn, is related to the momentum of the photons
being emitted. Lots of physics in this example!

Since the Fourier transform was so simple to do analytically, we dispense with
the fft and just directly plot the above functions.

1 ' ' '
2 Exponent ia l Decay
3 ' ' '
4 import numpy as np
5 import matplotlib . pyplot as plt
6

7 # need t h i s f o r matp lo t l i b to work in Jupyter :
8 %matplotlib i n l i n e
9

10 def decay ( x , sigma ) :
11 r e turn np . exp(−abs ( x )/ sigma )
12

13 def decReal ( p , sigma ) :
14 denom = 1.0 + (2∗ np . pi∗ sigma ∗p )∗∗2
15 r e turn sigma / denom
16

17 def decImag ( p , sigma ) :
18 denom = 1.0 + (2∗ np . pi∗ sigma ∗p )∗∗2
19 r e turn 2∗ np . pi∗ sigma ∗ sigma ∗p/ denom
20

21 def decMag ( p , sigma ) :
22 denom = 1.0 + (2∗ np . pi∗ sigma ∗p )∗∗2
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23 r e turn sigma ∗ sigma / denom
24

25 sigma = 2.0
26 N = 500 # number of sample points
27

28 T = 1.0 / 8 .0 # sample spacing
29 # N points , s t a r t at 0 , end at N∗T. x i s in seconds :
30 x = np . linspace (0 , N∗T , N )
31 EDecay = [ ]
32 fTildeReal = [ ]
33 fTildeImag = [ ]
34 fTildeMag = [ ]
35 f o r i in x :
36 EDecay . append ( decay ( i , sigma ) )
37

38 p = np . linspace ( −1.0/(4 .0∗ T ) , +1.0/(4 .0∗ T ) , N )
39 f o r j in p :
40 fTildeReal . append ( decReal ( j , sigma ) )
41 fTildeImag . append ( decImag ( j , sigma ) )
42 fTildeMag . append ( decMag ( j , sigma ) )
43

44 # And now p l o t the Four i e r Transform
45 plt . figure ( )
46 # make 2 p l o t s v e r t i c a l l y , and 1 h o r i z o n t a l l y .
47 # Al l p l o t commands are f o r the f i r s t p l o t u n t i l
48 # we g ive the next subplot command :
49 plt . subplot (211)
50 # p l o t the time−domain data :
51 plt . plot ( x [ : i n t ( N / 4 ) ] , EDecay [ : i n t ( N / 4 ) ] , \
52 label = " Time Domain " , color = " blue " )
53 plt . xlabel ( ' Time ( seconds ) ' )
54 plt . ylabel ( ' Amplitude ' )
55 plt . ylim ( −0.1 , 1 . 1 )
56 plt . title ( ' Exponent ia l Decay Function ' )
57

58 plt . subplot (212)
59 plt . plot ( p [ i n t ( N / 4 ) : i n t (3∗ N / 4 ) ] , fTildeReal [ i n t ( N / 4 ) : i n t (3∗ N / 4 ) ] , \
60 label = " Real " , color = " red " )
61 plt . plot ( p [ i n t ( N / 4 ) : i n t (3∗ N / 4 ) ] , fTildeImag [ i n t ( N / 4 ) : i n t (3∗ N / 4 ) ] , \
62 label = " Imaginary " , color = " green " )
63 plt . plot ( p [ i n t ( N / 4 ) : i n t (3∗ N / 4 ) ] , fTildeMag [ i n t ( N / 4 ) : i n t (3∗ N / 4 ) ] , \
64 label = " Magnitude " , color = " blue " )
65 plt . xlabel ( ' Frequency (Hz) ' )
66 plt . ylabel ( ' Amplitude ' )
67 plt . title ( ' Four i e r Transform o f a Decay Function ' )
68 plt . ylim ( −1.5 , sigma ∗ sigma ∗ 1 . 1 )
69 plt . grid ( True )
70 plt . legend ( bbox_to_anchor =(1.05 , 1 ) , loc=0, borderaxespad =0.)
71 plt . tight_layout ( )
72 plt . show ( )

Listing 5.3: Code to plot a decaying exponential and its Fourier transform.
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FIGURE 5.3: Upper graph: a plot of a decaying exponential. Lower graph: a
plot of the Fourier transform of the decaying exponential in the upper figure.

5.2.5 The Dirac Delta Function
We’ve already mentioned the Dirac delta function. When combined with Fourier
transforms its chief use is in deducing the FTs of other, more complicated functions.
The Dirac delta has the following properties:

– δ(x) = 0 unless x = 0. Otherwise δ(0) = ∞.
–
∫∞

−∞ δ(x)dx = 1.

– δ(x) ⇌ 1.
– δ(x− a) = 0, unless x = a,

∫∞
−∞ f(x)δ(x− a)dx = f(a).

From this last property,∫ ∞

−∞
ei2πpxδ(x− a)dx = ei2πpa.

and from this, for the special case of a = 0, we get the second property above.

5.2.6 A Pair of Dirac Delta Functions
Suppose we have a pair of delta functions, situated symmetrically on either side of
the origin. Then we see from the last result that the Fourier transform of this pair
is a cosine:

δ(x− a) + δ(x+ a) ⇌ ei2πpa + e−i2πpa = 2 cos(2πpa).
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5.2.7 A “Comb” of Dirac Delta Functions
Finally, let’s consider a “comb” of an infinite number of uniformly spaced δ-functions:

⨿a(x) =
∞∑

n=∞

δ(x− na).

This is a useful topic because

1. It allows us to make a connection between the general Fourier transform, and
the Fourier series of an infinite repeating function.

2. It makes trivial work of describing/explaining the properties of frequency
combs, a very special kind of laser.

Many functions have analytic Fourier transforms. In the following table we show
some of the more useful ones.

Function Name g(t) g̃(ν)

Tophat

(
0, −∞ < t < −a/2
1, −a/2 < t < a/2
0, a/2 < t < ∞

)
a
[ sin(πνa)

πνa

]
≡ a sinc(πνa)

triangle
(

0, a/2 < |t|
h − 2h|t|

a
, −a/2 ≤ |t|

)
2ahsinc(2πνa)

gaussian g(t) ≡ Aexp
(

− t2

σ2

)
Aσ

√
πe−π2σ2ν2

constant C δ(ν)
Dirac Delta δ(t − a) exp(i2πνa)
cosine cos(2πat) 1

2 [δ(f − A) + δ(f + A)]
sine sin(2πat) 1

2i
[δ(f − A) − δ(f + A)]

Heaviside (H(t))
(

1, t ≥ 0
0, t < 0

)
1

2πif
+ δ(f)

2

right-side exp. decay e−|t|/σH(t) σ2

1+(2πσν)2 eiϕ , ϕ ≡ tan−1
(

1
2πσν

)
left-side exp. decay e|t|/σH(−t) σ2

1+(2πσν)2 eiϕ , ϕ ≡ tan−1
(

−1
2πσν

)
2-sided exp. decay e−|t/σ| σ2

1+(2πσν)2

5.3 PROPERTIES OF FOURIER TRANSFORMS
If the Fourier transform could do nothing else but tell us the frequency content of
a signal, it would be a very powerful tool. But it can do far more! First a bit of
notation. In what follows we assume the following Fourier pairs.

5.3.1 Theorems
Suppose that we define the following Fourier pairs:

F1(x) ⇌ Φ1(p)

F2(x) ⇌ Φ2(p)
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Then the addition theorem says that

F1(x) + F2(x) = Φ1(p) + Φ2(p).
Furthermore, the shift theorem says that

F1(x+ a) ⇌ Φ(p)e2πipa,

F1(x− a) ⇌ Φ(p)e−2πipa, (5.7)

F1(x+ a) + F1(x− a) ⇌ 2Φ(p) cos(2πpa).
In particular, if F1(x) is a δ-function, then

δ(x+ a) ⇌ e−2πipa,

δ(x− a) ⇌ e2πipa,

δ(x+ a) + δ(x− a) ⇌ 2 cos(2πpa).
This last result should look familiar: the (inverse) Fourier transform of a si-

nusoidal is a pair of δ-functions, placed symmetrically about the midpoint of the
transform. The symmetry of Eqs. 5.1 and 5.2 makes this true, whether or not this is
a Fourier transform or an inverse Fourier transform. We just saw this in the above
code.

5.3.2 Convolutions
By convolution we mean the integral of the product of two functions. For example,
any measuring device will have finite resolution. Perhaps you are using a spectrom-
eter to measure the wavelengths of light coming from a sodium street lamp; even if
the theoretical spectrum of the sodium transition lines were effectively δ-functions,
your real-life spectrometer would not give you peaks that are infinitely high and
infinitely narrow! Your δ-function spectrum would be convolved with the resolution
function of the spectrometer. As a concrete example, suppose the resolution function
of the spectrometer were a gaussian of width σ:

R(λ0 − λ) = 1
σ

√
π

exp
[

− (λ− λ0)2

σ2

]
.

Then the measured spectrum, Sm(λ) would be the convolution of the “actual”
spectrum, Sa(λ) with the instrument resolution R(λ):

Sm(λ) =
∫ ∞

−∞
Sa(λ′)R(λ− λ′)dλ′.

This can be written more compactly as

Sm(λ) = Sa(λ) ∗R(λ).
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Convolutions follow many of the familiar rules of algebra:

– The commutative rule: C(x) = F1(x) ∗ F2(x) = F2(x) ∗ F1(x).
– The distributive rule: F1(x) ∗ [F2(x) + F3(x)] = F1(x) ∗F2(x) +F1(x) ∗F3(x).
– The associative rule: F1(x)∗[F2(x) ∗ F3(x)] = [F1(x) ∗ F2(x)]∗F3(x) = F1(x)∗
F2(x) ∗ F3(x)

Now here’s the amazing part:

F1(x) ∗ F2(x) ⇌ Φ1(p) · Φ2(p) , (5.8)
where the “∗” means convolution and the “·” means ordinary multiplication.

Equation 5.8 means that the convolution of two functions is just the inverse Fourier
transform of the product of their Fourier transforms. That is, using our earlier
example of spectrometry,

Sm(λ) = FT−1 {FT [Sa(λ)] · FT [R(λ)]} ,

where “FT” and “FT−1” mean Fourier transform and inverse Fourier transform,
respectively.

Example: Convolution of a Gaussian with a Gaussian
Suppose we define the gaussian function as

G(t) ≡ A exp
[

− t2

σ2

]
as in Eq. 5.5. Then the Fourier transform of a gaussian is given by Eq. 5.6 to be

g̃(ν) = Aσ
√
πe−π2σ2ν2

.

And the convolution of two gaussians having different widths and amplitudes is

G′(t) =FT−1 [g1(ν)g2(ν)]

=FT−1 [A1A2σ1σ2 exp
{

−π2ν2 (σ1 + σ2)
}]

=A1A2σ1σ2
√
π√

σ2
1 + σ2

2

e−t2/(σ2
1+σ2

2).

That is, you get a gaussian again, but with a width equal to the widths of the
two convoluted gaussians, “added in quadrature”. This is an extremely useful result.

This concludes our discussion of Fourier transforms.



C H A P T E R 6

Special Functions and
Other Math Tricks

In this chapter, we discuss some of the important classes of polynomials, which
we lump together under the heading “Special Functions”. First, though, we will
briefly look at an important example of the Taylor Expansion which, if you have not
already studied it, you will at some point in the physics curriculum. This special case
is referred to as a binomial expansion and is very important. We will use binomial
expansions in our discussion of the special functions that we will cover in this chapter.
Note that for all of the math we discuss in this chapter, we will focus on “how to
use” rather than derivations.

6.1 BINOMIAL EXPANSION
Consider the expression

y = (1 + z)m . (6.1)
Suppose we would like to expand this for a particular value of m. We can do a

Taylor Series Expansion, giving us:

(1 + z)m = 1 +mz + m(m− 1)
2! z2 + ...+Rn, (6.2)

where
Rn ≤ xn

n! ×m(m− 1)...(m− n+ 1) (6.3)

For example, for m = 4, Eq. 6.1- 6.3 would give us

(1 + z)4 = 1 + 4z + 6z2 + 4z3 + z4 . (6.4)
The Taylor expansion of a sum of two terms raised to a power is referred to as

a binomial expansion.

83
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This is an interesting result and plays an important role in probability theory,
among other things. But the results are even more interesting if m is a non-integer.
For example, suppose m = −1/2. Eq. 6.1 would then give us

(1 + z)−1/2 =1 − 1
2z + 3

8z
2 − 5

16z
3 + 35

128z
4 − 63

256z
5

+ 231
1024z

6 − 429
2048z

7 + 6435
32768z

8 − ...

(6.5)

We will make use of Eq. 6.5 in the following section.

6.2 LEGENDRE POLYNOMIALS
We will introduce Legendre polynomials using the electrostatic potential of a single
coulomb charge. It would be simplest to place the charge at the zero of a coordinate
system, but one cannot always do this. For example, imagine if you have multiple
charges: unless they are all located in the same place, at most one of them can be
at the center of your chosen coordinate system. With this in mind, consider a single
charge, as shown in the figure:

a q
z

φ

FIGURE 6.1: Showing the geometry of a single coulomb charge, q, and the
location of the computed potential, ϕ.

As you know (or will soon learn!) the electro-static potential (ϕ), expressed in
mks units, located a distance d from a single charge is:

ϕ = 1
4πϵ0

1
d

(6.6)

where ϵ0 is a physical constant. Now, applying the Law of Cosines to the system in
Fig. 6.1, we obtain

r2
1 = a2 + r2 − 2ar cos(θ) , (6.7)

or

r−1
1 = 1

r

[
1 +

(
a

r

)2
− 2a

r
cos(θ)

]−1/2

(6.8)
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Letting t ≡ a/r and x ≡ cos(θ), we get, after expanding and collecting terms
having the same powers of t,

rr−1
1 =1 + xt+ 3x2 − 1

2 t2 + 5x3 − 3x
2 t3 + 35x4 − 30x2 + 3

8 t4

+ 63x5 − 70x3 + 15x
8 t5 + 231x6 − 315x4 + 105x2 − 5

16 t6

+ 429x7 − 693x5 + 315x3 − 35x
16 t7

+ 6435x8 − 12012x6 + 6930x4 − 1260x2 + 35
128 t8 + ...

(6.9)

This can be written more compactly as

rr−1
1 =

∞∑
n=0

Pn(x)tn , (6.10)

where the Pn(x) are the coefficients from Eq. 6.9 and are called Legendre Polyno-
mials. Then, comparing Eqs 6.9 and 6.10, we see that the first several Legendre
polynomials are given in Table 6.1.

TABLE 6.1: The first several Legendre polynomials and their functional form.

Pn(x) Polynomial
P0(x) 1
P1(x) x

P2(x) (3x2−1)
2

P3(x) (5x3−3x)
2

P4(x) (35x4−30x2+3)
8

P4(x) (35x4−30x2+3)
8

P5(x) (63x5−70x3+15x)
8

P6(x) (231x6−315x4+105x2−5)
16

P7(x) (429x7−693x5+315x3−35x)
16

P8(x) (6435x8−12012x6+6930x4−1260x2+35)
128

It seems like a lot of work to generate tables of Legendre polynomials – and it was,
back in the day. But nowadays, one can use packages like those included in Python’s
sympy package. Again, a discussion of sympy is beyond the limits of this text, but the
command for producing the functional form of the Legendre polynomials is simple
enough to demonstrate here. For example, to generate the factors of x in Table 6.1
for a desired m, simply use this 2-line program:
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1 ' ' '
2 Computing the Funct iona l Form o f P_n( x )
3 ' ' '
4 from scipy . special import legendre
5 print ( " Funct iona l form f o r P_3( x ) = " , legendre ( 3 ) )

Listing 6.1: Sample code showing how to compute the functional form of Pn(x).

When I execute this code, I get:
Functional form for P_3(x) =
2.5x3 − 1.5x

which agrees with P3(x) in Table 6.1.
Most of the time we do not need the Legendre polynomial expressions; usually we

just need the numerical values of Legendre polynomials, given n and x. We therefore
show some Python code that computes values of Pn(x) for n in the range of 0 to 5,
and x from -1 to +1.

1 ' ' '
2 P l o t t i n g Legendre Polynomials
3 ' ' '
4 import numpy as np
5 import matplotlib . pyplot as plt
6

7 x = np . linspace (−1 , 1 , 100) # Create a range of x values
8

9 # Generate Legendre polynomia l s up to degree 5
10 f o r n in range ( 6 ) :
11 coeffs = np . zeros ( n+1)
12 coeffs [ n ] = 1
13 p = np . polynomial . legendre . Legendre ( coeffs )
14 plt . plot ( x , p ( x ) , label=f 'P_{n}( x ) ' )
15

16 plt . legend ( )
17 plt . title ( ' Legendre Polynomials ' )
18 plt . show ( )

Listing 6.2: Sample code showing how to compute values for Legendre poly-
nomials.

When I execute this code, I get:
Technically, Legendre polynomials are the solution to a specific differential equa-

tion: (
1 − x2) ÿ − 2xẏ + n(n+ 1)y = 0 , (6.11)

where y represents the function, n is an integer representing the degree of the poly-
nomial, and the dots indicate derivatives of y with respect to x.

You can verify this by directly substituting an expression for Pn, from Table 6.1
into Eq. 6.11, for selected values of n.

Homework 6.1: Verifying Legendre

Verify, by differentiation and direct substitution, that the functional repre-
sentation of P3(x) from Table 6.1 satisfies Eq. 6.11.
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FIGURE 6.2: Plots of the first few Legendre polynomials.

As we have seen, Legendre polynomials are important in determining electro-
static potentials due to one or more charged particles. Notice, however, that Fig. 6.1,
which we used in deriving expressions for the Legendre polynomials, is symmetric
about the z-axis. That is, if we call the angle about the z-axis ϕ (not to be confused
with the electrostatic quantity having the same symbol!) we see that the potential
is independent of that angle. But suppose that we have a system which is not az-
imuthally symmetric? This corresponds to a more general case than we have been
considering. Instead of a differential equation that has a solution dependent only on
one angle (θ), we need an equation whose solution depends upon two angles, θ and
ϕ. (Not the potential, the coordinate!) Indeed, if we wish to model a 3-dimensional
problem in, say, spherical-polar coordinates, we must have a solution that depends
upon three coordinates: r, θ, and ϕ.

Such a differential equation arises in quantum mechanics. For example, the
Schrödinger’s equation for the hydrogen atom is a 3-dimensional partial differen-
tial equation. Using a method known as separation of variables, one can express
solutions to this equation as the product of two functions, one depending only on r,
and the other depending on θ and ϕ. We will now explore this so-called hydrogen
wave-equation, with the idea of demonstrating how to break up a partial differential
equation into several ordinary differential equations. To do this, we will introduce a
technique known as separation of variables.

6.2.1 Separation of Variables
Even an introduction to quantum mechanics is beyond the scope of this book. Thus,
we will simply introduce an application of Schrödinger’s equation to the hydrogen
atom. We will then use this to demonstrate a technique known as separation of
variables.

Learning all the myriad methods one must employ to solve ordinary differential
equations is the work of an entire course, and so we will not broach that topic.
Rather, we will simply assert solutions to some differential equations and leave it to
the reader to verify that the proposed do, indeed, satisfy the equations.
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Our starting point is Schrödinger’s equation acting on the centrally symmetric
electrostatic potential of the hydrogen atom. It is

−ℏ2

2me

[
1
r2

∂

∂r

(
r2 ∂

∂r

)
+ 1
r2 sin θ

∂

∂θ

(
sin θ ∂

∂θ

)
+ 1
r2 sin2 θ

∂2

∂ϕ2

]
ψ + V (r)ψ = Eψ ,

(6.12)
where me is the mass of an electron, V (r) is the electrostatic potential of the nucleus,
and E is the total energy of the system. The symbol ℏ is a physical constant, and
the symbol ∂ means a partial derivative, that is, the derivative of a function that has
many variables. The partial derivative treats as constants all variables except the
one indicated, which is differentiated in the usual way. In Eq. 6.12, ψ is the hydrogen
wave function that we need to solve for. It is a function of r (the radial coordinate),
θ (the polar angle), and ϕ (the azimuthal angle). We will assume that

ψ(r, θ, ϕ) = R(r)Y (θ, ϕ) . (6.13)
How do we know that ψ can be expressed as the product of a function that depends
only on r and a function that depends only on θ and ϕ? We don’t. In general, you
try to use such a product function, and see if it works. If it doesn’t you’ll probably
have no recourse but to solve the partial differential equation numerically. Here, we
will find that this product assumption does work.

Inserting this product function into Eq. 6.12 and rearranging gives us

Y (θ, ϕ) 1
r2

d

dr

(
r2 dR(r)

dr

)
+R(r) 1

r2 sin θ
∂

∂θ

(
sin θ ∂Y (θ, ϕ)

∂θ

)
+R(r) 1

r2 sin2 θ

∂2

∂ϕ2 − 2me

ℏ2 [V (r) − E]R(r)Y (θ, ϕ) = 0 .

(6.14)

Notice that the partial derivatives with respect to r are now total derivatives,
whereas the partials with respect to θ and ϕ remained. This is because the function
that the partials with respect to r are operating on are now functions of a single
variable, r.

Multiplying Eq. 6.14 by r2

RY
and rearranging gives us

{
1

R(r)
d

dr

(
r2 dR(r)

dr

)
− 2mer

2

ℏ2 (V (r) − E)
}

+
[

1
Y (θ, ϕ) sin θ

∂

∂θ

(
sin θ ∂Y (θ, ϕ)

∂θ

)
+ 1
Y (θ, ϕ) sin2 θ

∂2Y (θ, ϕ)
∂ϕ2

]
= 0

(6.15)

In Eq. 6.15, the quantity within the curly braces depends only on the variable r.
The quantity within the square brackets has no dependence on r. Therefore, those
two quantities must sum to 0, regardless of the values that r, θ or ϕ take. Thus, if
we wish, we can set the curly bracket quantity equal to a constant, k, and the square
bracket quantity equal to −k, guaranteeing that the sum of those two quantities will
be 0. However, mainly because I know which choice of that constant will make our
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algebra simpler, I will choose that constant to be, not k, but l(l+ 1). Thus, Eq. 6.15
can be broken up into the two equations

1
R(r)

d

dr

(
r2 dR(r)

dr

)
− 2mer

2

ℏ2 (V (r) − E) = l(l + 1) (6.16a)

1
Y (θ, ϕ) sin θ

∂

∂θ

(
sin θ ∂Y (θ, ϕ)

∂θ

)
+ 1
Y (θ, ϕ) sin2 θ

∂2Y (θ, ϕ)
∂ϕ2 = −l(l + 1) (6.16b)

Equation 6.16a depends only on r and is called the Radial Equation. Equation 6.16b
had no r dependence but is a function of both θ and ϕ. It is called the Angular Equa-
tion. The Radial Equation has as its solution the Laguerre polynomials, which we
will get to later. However, you can obtain numerical values of Laguerre polynomials
using Python, just as we did with Legendre polynomials. We therefore proceed to
analyze the Angular Equation.

We start by using the same separation of variables strategy we had started with,
namely guessing that

Y (θ.ϕ) = f(θ)g(ϕ) . (6.17)
Plugging this into Eq. 6.16b, multiplying through by sin2 θ, and rearranging,

gives us
sin θ
f(θ)

d

dθ

(
sin θ df(θ)

dθ

)
+ l(l + 1) sin2 θ + 1

g(ϕ)
d2

dϕ2 = 0 (6.18)

The first term in Eq. 6.18 only depends on the polar angle, θ, while the second
term depends only on the azimuthal angle, ϕ. Thus, each of these terms can be set
equal to a constant. Again, I already know what works best, and so I will choose a
constant that will be consistent with everything we know about quantum mechanics:
I will set the polar angle equation equal to m2 and the azimuthal angle equation
equal to −m2, guaranteeing that the two terms will sum to 0. Shown explicitly, these
equations are

d2g(ϕ)
dϕ2 = −m2g(ϕ) (6.19a)

sin θ d
dθ

(
sin θ df(θ)

dθ

)
+ l(l + 1) sin2 θf(θ) −m2f(θ) = 0 (6.19b)

The resulting azimuthal angle equation is just the “simple harmonic oscillator”
equation whose solution can be expressed as

g(ϕ) ≡ gm(ϕ) = A cosmϕ+B sinmϕ = Ceimϕ , (6.20)
where A, B and C are arbitrary constants whose values will depend on the boundary
conditions of the system under consideration. We have also added the subscript m
to the function to explicitly show that its value does depend on m. Returning to
the polar equation, we see that we have a non-partial differential equation. Our next
task is to hammer it into something we can recognize. We start by massaging the
first term:

sin θ d
dθ

(
sin θ df(θ)

dθ

)
= sin θ

(
cos θ df(θ)

dθ
+ sin θ d

2f(θ)
dθ2

)
= sin2 θ

d2f(θ)
dθ2 + sin θ cos θ df(θ)

dθ

(6.21)
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Substituting this back into Eq. 6.19b gives

sin2 θ
d2f(θ)
dθ2 + sin θ cos θ df(θ)

dθ
+ l(l + 1) sin2 θf(θ) −m2f(θ) = 0 (6.22)

We will now do something that is, admittedly, a bit non-standard. We recognize
that we have a pretty intractable equation and this is partly due to the fact that
trig functions are more difficult to deal with than other algebraic expressions. With
that in mind, we define

x ≡ cos θ . (6.23)
Then, using the chain rule for differentiation,

df(θ)
dθ

= df(x)
dx

dx

dθ

= df(x)
dx

(− sin θ)

= − sin θ df(x)
dx

(6.24)

and,

d2f(θ)
dθ2 = d

dθ

(
− sin θ df(x)

dx

)
= − cos θ df(x)

dx
− sin θ d

dθ

df(x)
dx

= − cos df(x)
dx

− sin θ d
dx

dx

dθ

df(x)
dx

= − cos θ df(x)
dx

+ sin2 θ
d2f(x)
dx2

(6.25)

Substituting this into Eq. 6.22 and dividing through by sin2 θ, we obtain

sin2 θ
d2f(x)
dx2 − 2 cos θ df(x)

dx
+ l(l + 1)f(x) − m2

sin2 θ
f(x) = 0 . (6.26)

Noting that

cos θ = x (6.27a)
sin2 θ = 1 − cos θ = 1 − x2 , (6.27b)

then, (
1 − x2) d2f(x)

dx2 − 2xdf(x)
dx

+ l(l + 1)f(x) − m2

1 − x2 f(x) = 0 (6.28)

This is the Associated Legendre equation, which for m = 0 becomes the Legendre
equation. The Associated and “regular” Legendre equations are often written as(

1 − x2) f̈(x) − 2xḟ(x) + l(l + 1)f(x) − m2

1 − x2 f(x) = 0 (6.29a)(
1 − x2) f̈(x) − 2xḟ(x) + l(l + 1)f(x) = 0 . (6.29b)
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First note that Eq. 6.29b is identical to Eq. 6.11. Next bear in mind that yet another
way to generate “ordinary” Legendre polynomials is by

Pl(x) = (−1)l

2ll!
dl

dxl

(
1 − x2)l (6.30)

And to generate an Associated Legendre polynomial from an “ordinary” Legen-
dre polynomial:

Pm
l (x) = (−1)m

√
(1 − x2)m dm

dxm
Pl(x) (6.31)

6.3 BESSEL FUNCTIONS
Bessel Functions have many uses. Some of these are

– Electromagnetic waves in a cylindrical waveguide
– Heat conduction in a cylindrical object
– Modes of vibration on a drumhead or other thin circular membrane.
– Solutions to the radial Schrödinger equation (in spherical and cylindrical co-

ordinates) for a free particle
– Diffusion problems on a lattice
– Position space representation of the Feynman propagator in quantum field

theory
Example: A cylindrical conducting cavity of radius a, containing no charges. To

take maximal advantage of the symmetry, we will work in cylindrical coordinates.
Then, z is along the axis of the cylinder; ϕ is the azimuthal angle around the z-axis;
and ρ is the perpendicular distance from the z-axis. Note that we use ρ instead of r.

Because the cylinder is conducting, we have the boundary condition

Ez(ρ = a) = 0 , (6.32)
where Ez is the z-component of the electric field. This is so because there are no
electric fields in a conductor. As you will learn in a course on electro-magnetic theory,
you can use Helmholz’ Equation to solve for Ez:

1
ρ

∂

∂ρ

(
ρ
∂Ez

∂ρ

)
+ 1
ρ2
∂2Ez

∂ϕ2 + ∂2Ez

∂z2 + α2Ez = 0 . (6.33)

Again, we have a partial differential equation in three variables. With the hope
of converting this into three ordinary differential equations, we again try separation
of variables.

Ez(ρ, ϕ, z) = P (ρ)Φ(ϕ)Z(z) . (6.34)
Substituting this for Ez in Eq. 6.33 gives

1
ρP (ρ)

d

dρ

(
ρ
dP (ρ)
dρ

)
+ 1
ρ2Φ(ϕ)

d2Φ(ϕ)
dϕ2 + 1

Z(z)
d2Z(z)
dz2 + α2 = 0 (6.35)
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Taken together, the first two terms are functions of ρ and ϕ only, and the third term
is a function of z only. We can therefore set the third term equal to a constant, −k2,
and the sum of the remaining terms equal to k2. This leads to the two equations

1
z

d2Z(z)
dz2 = −k2 (6.36a)

1
ρP (ρ)

d

dρ

(
ρ
dP (ρ)
dρ

)
+ 1
ρ2Φ(ϕ)

d2Φ(ϕ)
dϕ2 + α2 = k2 (6.36b)

Except for containing variables and constants having different names, Eqs. 6.36a
and Eq. 6.19a are identical, and therefore have the same solutions:

Z(z) ≡ Zk(z) = A cos kϕ+B sin kϕ = Ceikz . (6.37)
This solution tells us that along the z-axis of a resonant cylindrical conducting

cavity, the z-component of the electric field varies sinusoidally with z.
Returning to Eq. 6.36b, we make the substitution γ2 = α2 − k2. Substituting

this into Eq. 6.36b, and multiplying through by ρ2, we obtain

ρ

P (ρ)
d

dρ

(
ρ
dP (ρ)
dρ

)
+ 1

Φ(ϕ)
d2Φ(ϕ)
dϕ2 + γ2ρ2 = 0 . (6.38)

Again we have managed to break the equation into two parts, one depending
only on ϕ and the other depending only on ρ. As usual, we set each side equal to
the appropriately signed constant, obtaining

1
Φ(ϕ)

d2Φ(ϕ)
dϕ2 = −m2 =⇒ Φm(phi) = De±imϕ (6.39a)

ρ

P (ρ)
d

dρ

(
ρ
dP (ρ)
dρ

)
+ γ2ρ2 −m2 = 0 (6.39b)

Doing the differentiation in the first term and multiplying through by ρ, we
finally obtain

ρ2 d
2P (ρ)
dρ2 + ρ

dP (ρ)
dρ

+
(
γ2ρ2 −m2)P (ρ) (6.40)

We can express this expression in the “dot notation” giving us

ρ2P̈ (ρ) + ρṖ (ρ)
(
γ2ρ2 −m2)P (ρ) = 0 . (6.41)

Here, m is the order of the Bessel function. There are many versions of Bessel
functions. For example, for a Bessel Function of the First Kind, usually represented
by Jm(x), m must be an integer and γ = 1. For Spherical Bessel Functions, m is
a half-integer and γ = 1. The choice of which kind of Bessel function you want is
determined by the geometry. Here with a cylindrical geometry, for example, Bessel
Functions of the First Kind are the most convenient.

Now, we have not – and will not – go into the many different techniques for solv-
ing regular differential equations. But we will mention that some of these techniques
involve creating a series solution. One of these, the Frobenius Method, when applied
to Eq. 6.41, with γ = 1, yields

Jα(x) =
∞∑

m=0

(−1)m

m!Γ(m+ α+ 1)

(
x

2

)2m+α

. (6.42)
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Here, Γ() means the Gamma function. When the argument of the Gamma function
is an integer, Γ(n) = (n − 1)!. But the Gamma function is far more versatile! Its
arguments can be pretty much anything, including complex and non-integer. But
note that for Bessel Functions of the First Kind, Jn(x), the argument of the Gamma
function is guaranteed to be an integer. Given this, we can express the first few
of these functions as series expansions. The first few terms of these are given for
m = 0 − 2 as:

J0(x) =
∞∑

m=0

(−1)m

(m!)2

(
x

2

)2m

= 1 −
(
x

2

)2
+ 1

4

(
x

2

)4
− 1

36

(
x

2

)6
+ ...

(6.43a)

J1(x) =
∞∑

m=0

(−1)m

m!(m+ 1)!

(
x

2

)2m+1

=
(
x

2

)
− 1

2

(
x

2

)3
+ 1

12

(
x

2

)5
− 1

144

(
x

2

)7
+ ...

(6.43b)

J2(x) =
∞∑

m=0

(−1)m

m!(m+ 2)!

(
x

2

)2m+2

= 1
2

(
x

2

)2
− 1

6

(
x

2

)4
− 1

48

(
x

2

)6
− 1

720

(
x

2

)8
+ ...

(6.43c)

But all of this is a great amount of work! Fortunately, we rarely need to use
the Bessel’s functional form. Instead, we can simply go to Python where we can
numerically generate all the different types of Bessel functions. Here is some code
that computes, and then plots, Bessel Functions of the First Kind, for orders 0-5.
You can judge for yourself how much easier this is than using the functional form of
the Bessels!

6 ' ' '
7 Computing B e s s e l Functions o f the F i r s t Kind : J_n( x )
8 ' ' '
9 import numpy as np

10 import scipy . special as sp
11 import matplotlib . pyplot as plt
12

13 # need t h i s f o r matp lo t l i b to work in Jupyter :
14 %matplotlib i n l i n e
15

16 x = np . linspace (0 ,15 , 500)
17 f o r v in range (0 , 6 ) :
18 plt . plot ( x , sp . jv ( v , x ) , label=f 'J_{v }( x ) ' )
19

20

21 plt . legend ( )
22 plt . title ( " B e s s e l Functions o f the F i r s t Kind " )
23 plt . show ( )

Listing 6.3: Sample code showing how to compute the functional form of Jn(x).
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When I execute this code, I get:

FIGURE 6.3: Plots of the first few Legendre polynomials.

You will encounter many other “special functions” in physics, but the ones cov-
ered in this chapter seem to be the most pervasive.
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C H A P T E R A

Installing Python

There are several options for installing Python on your computer, depending on what
packages you want and what kind of computer you own. I recommend installing the
Anaconda package, which exists for all common computer platforms. While not
technically required for you to run Python, Anaconda is a convenient starting point
because once you’ve installed Anaconda, you’ve installed Python itself, Jupyter,
Spyder, and more or less all of the Python modules that you will need for scientific
computing.

The first decision you’ll need to make is whether to go with an older version of
Python or the most up to date. I recommend the latter. As of this writing, the most
up to date package is Python 3.x. In this case, you’ll want to install Anaconda3. That
is, choose the Anaconda version whose number matches the most current Python
number.

First point your browser to https://www.anaconda.com/download/. Choose the
Linux, Windows or macOS, choose the Anaconda version you’ve decided on, and
hit the install button. Then follow the directions. Easy peasy. If you find at some
point that Anaconda does not have some Python package that you’d like to have,
the easiest way to install that package is by using the conda package handler from
the command prompt. (In Windows, you can open the command window by typing
cmd.exe from the start menu; in the macOS you open up Terminal.app; from Linux
you open a “terminal” window. In all cases, once you have a command prompt, you
simply type

conda package
where package is the name of the package you’d like to install. For example, installing
Anaconda automatically gives you the powerful graphics package called Matplotlib.
But if it didn’t, you could load it in by typing

conda matplotlib
from the command line. It’s that simple.

Once Anaconda has been installed, we can use the Anaconda Navigator to launch
Jupyter, or Spyder. Jupyter is a sort of “notebook” environment that allows one to
make detailed comments, as well as inserting working Python code. When you select
Jupyter from the Anaconda Navigator, your default web browser will automatically
be invoked and it is from within your browser that you will open, edit, and execute
Jupyter modules. I personally prefer doing my preliminary work on a new project
from within a Jupyter Notebook because I can heavily document what I am doing

97

https://www.anaconda.com/download/


98 ■ Installing Python

and why. Then, once my code is working in its most basic sense, I can always copy
and paste it into an IDE, or Integrated Development Environment. Spyder is the
IDE that comes bundled with Anaconda.



Index

A
Addition theorem, Fourier transforms,

81
Anaconda, 1, 15–16
Angular equation, 89
Append method, 5, 6
Arrays in Python

addition, 50
coupled linear equations,

numerically solving systems
of, 54

eigenvalues/eigenvectors,
computing, 54–55

multiplication, 50
multiplying by a scalar, 50
numerical computation of the

inverse of a matrix, 52–53
numerically computing the

determinant of an array, 54
ones method, 48
reshape method, 48
zeros method, 47–48

Associative rule, 82
Azimuthal angle equation, 89

B
Bessel functions, 91–94
Binomial expansion, 83–84
Booleans, 2

false, 6
operators, 6–7
statements, 6
trivial, 6
true, 6

C
Cartesian coordinate systems,

32
Chain rule for differentiation, 90
Comment block, 3
Commutative rule, 82
Complex numbers

arrays, 72
expressions, 22, 23
magnitude, 22
manipulating, 21, 23
overview, 21–22
Python, use in, 24–25

Convolutions
description, 81
gaussian with a gaussian, of a,

82
Cosines, Law of, 84
Counter, 7

D
Decay function, exponential, 76–77
Determinants

3 x 3, 35
array of, 54
computing, 35
definition, 34
equations, 41
matrix, of a, 39
subdeterminants, 35

Dirac delta function, 79
Dirac delta function, pairs of, 79–80
Dirichlet conditions, 73
Distributive rule, 82

E
Eigenvalues

degenerate, 41–42
linear transformation, 36–37
normalizing, 39
overview, 35–36
Python, computing in, 54–55
solving for, 38

Eigenvectors
complex matrices, in determining,

43
equations, 37
linear transformation, 36–37, 38
normalized, 42–43, 47

99



100 ■ Index

ortho-normality, 39–40
overview, 35–36
Python, computing in,

54–55
solving for, 39–40

Euler’s theorem, 22

F
Fast Fourier transform,

73
Feynman propagator, 91
Float, 12
Floating points, 2, 9
For-loops, 7–8
Formatted output, 8
Fourier series

even functions, 57
fast Fourier transform, 73
Gaussian function, 75–76
integral transforms, 69–72
inverse transform, 71, 81
odd functions, 57–58
overview, 57
sawtooth wave, 62–64
sinc function, 74
square wave, 59
theorems, 80–81
top-hat function, 74

G
Gauss elimination method, 33
Gaussian

convolution of a gaussian with a
gaussian, 82

example, 81
Fourier transform of,

76, 82
function, 75–76
generating, 76
normalizing, 75, 76
usefulness, 75

Gorp, 2

H
Hermitian matrices, 44, 45

I
Input command, 11
Input/output files, 12–15

Integers, 2
Interpreted language, 1

J
Jupyter Notebook, 16

L
Legendre polynomials

angular equation, 89
derivatives, 88
electrostatic potentials, used in

determining, 87, 88
functional, 85
numerical values, 86
overview and example, 84–85
radial equation, 89

Lists, 2, 5–6
Lorentzian equations, 77

M
Matplotlib, 15–18, 19
Matrices

complex, 43–45
Hermitian, 44, 45
inverse, computing the,

30–31
linear equations, solving systems,

31–32
matrix addition, 27, 28
matrix division, 29–30
matrix inversion, 30–31
matrix subtraction, 28
multiplication form, 34
multiplication of a matrix by a

scalar, 28, 31
multiplication of a matrix by

another matrix, 27, 29
numpy (see numpy)
overview, 27
rotation, 45–47
row-reducing, 30

N
Ndarray class, 19
Newton’s Laws, 21
Numpy, 18–19, 47, 48, 72

O
Ones method, 48



Index ■ 101

P
Probability theory, 84
Python

add-on packages, 1
arrays, creating (see arrays in

Python)
Bessel functions, generating, 93
case sensitive, 1
complex numbers, using with,

24–25
false, 6
floating reels, using with, 25
functions, description, 15
integers, using with, 25
matplotlib (see matplotlib)
popularity, 1
strings, 1–5
true, 6

Q
Quantum mechanical wave function, 21

R
Radial equation, 89
Range function, 8
Reshape method, 48
Resolution function, 81
Rotation matrix, 45–47. See also

matrices

S
Scalar, 50
Schrodinger’s equation, 37, 87, 88

Scipy, 18–19
Separation of values

overview, 87–88
Sinc function, 74
String Modulo Operator, 8, 9, 10
Strings, 2–3
Sympy, 85

T
Taylor expansions, 83
To/from files, 12
Top-hat function, 74
Tuples, 2, 6

V
Values, separation of. See separation of

values
Variables

character combinations,
1

names, in Python, 1, 71
Python, 2

Vectors
length of, 45
position, 31
rotating, 45

W
While statements, 7
While-loops, 7, 13

Z
Zeros method, 47–48


	Cover
	Half Title
	Title Page
	Copyright Page
	Dedication
	Contents
	Preface  
	CHAPTER 1: A Python Primer 
	1.1. THE BASICS OF THE LANGUAGE 
	1.2. VARIABLES 
	1.2.1. Variable Names 
	1.2.2. Integers 
	1.2.3. Floating Points 
	1.2.4. Strings 
	1.2.5. Lists 
	1.2.6. Tuples 
	1.2.7. Booleans 

	1.3. FLOW CONTROL 
	1.3.1. while-loops 
	1.3.2. for-loops 

	1.4. INPUT/OUTPUT 
	1.4.1. Input from the Keyboard and Output to the Screen 
	1.4.2. Input/Output to/from Files 

	1.5. FUNCTIONS 
	1.5.1. MatPlotLib 

	1.6. NUMERICAL PACKAGES: NUMPY AND SCIPY 

	CHAPTER 2: Introduction to Complex Algebra 
	2.1. THE BASICS 
	2.2. USING PYTHON WITH COMPLEX NUMBERS 

	CHAPTER 3: Matrices 
	3.1. BASIC MATRIX OPERATIONS 
	3.1.1. What is a Matrix? 
	3.1.2. Multiplication by a Scalar 
	3.1.2.1. Example of Multiplication by a Scalar 

	3.1.3. Matrix Addition 
	3.1.4. Matrix Multiplication 
	3.1.4.1. Example of Matrix Multiplication 

	3.1.5. Matrix Division 
	3.1.6. Matrix Inversion 
	3.1.6.1. Example of an Inverse Matrix 
	3.1.6.2. How to Compute the Inverse of a Matrix 


	3.2. USING MATRICES TO SOLVE SYSTEMS OF LINEAR EQUATIONS 
	3.2.1. Underdetermined Systems 

	3.3. DETERMINANTS 
	3.3.1. Computation of Determinants 

	3.4. EIGENVALUES AND EIGENVECTORS 
	3.4.1. Example 1 
	3.4.1.1. Eigenvalues 
	3.4.1.2. Eigenvectors 
	3.4.1.3. Normalization 

	3.4.2. Example 2
	3.4.2.1. Eigenvalues 
	3.4.2.2. Eigenvectors 

	3.4.3. Degenerate Eigenvalues 
	3.4.3.1. Example of Degenerate Eigenvalues 


	3.5. DIAGONALIZING A MATRIX 
	3.6. COMPLEX MATRICES 
	3.7. THE ROTATION MATRIX 
	3.8. MATRICES IN PYTHON 
	3.8.1. Creating Arrays in Python 
	3.8.2. Multiplying an Array by a Scaler 
	3.8.3. Array Addition and Multiplication 
	3.8.4. Numerical Computation of the Inverse of a Matrix (Array) 
	3.8.5. Using Python to Numerically Solve Systems of Coupled Linear Equations 
	3.8.6. Using Python to Numerically Compute the Determinant of an Array 
	3.8.7. Using Python to Compute the Eigenvalues and Eigenvectors of an Array 


	CHAPTER 4: Fourier Series 
	4.1. INTRODUCTION TO FOURIER SERIES 
	4.1.1. Example 1: The Square Wave 
	4.1.2. Example 2: The Sawtooth Wave 

	4.2. SUMMARY 

	CHAPTER 5: Fourier Transforms 
	5.1. GENERALIZING THE FOURIER SERIES 
	5.1.1. Integral Transforms 
	5.1.2. The “Fast” Fourier Transform 
	5.1.3. Other Restrictions on Taking Fourier Transforms 

	5.2. FOURIER TRANSFORMS OF KEY FUNCTIONS 
	5.2.1. The Top-Hat Function 
	5.2.2. The Sinc Function 
	5.2.3. The Gaussian Function 
	5.2.4. The Exponential Decay Function 
	5.2.5. The Dirac Delta Function 
	5.2.6. A Pair of Dirac Delta Functions 
	5.2.7. A “Comb” of Dirac Delta Functions 

	5.3. PROPERTIES OF FOURIER TRANSFORMS 
	5.3.1. Theorems 
	5.3.2. Convolutions 


	CHAPTER 6: Special Functions and Other Math Tricks 
	6.1. BINOMIAL EXPANSION 
	6.2. LEGENDRE POLYNOMIALS 
	6.2.1. Separation of Variables 

	6.3. BESSEL FUNCTIONS 

	Appendices 
	CHAPTER A: Installing Python 

	Index 



