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Preface

Our starting point is the following pathology present in all ‘classical’ geometries such
as algebraic geometry, formal algebraic geometry, analytic geometry, differential
geometry, etc. Assume X is an object of such a geometry and assume we are given
a correspondence on X, i.e., another object X' of this geometry together with two
morphisms from X’ to X. Such a correspondence generates an equivalence relation
on X and one would like to construct, in our geometry, an object that plays the role
of the quotient of X by this equivalence relation. However, in many interesting cases,
the orbits of the equivalence relation are dense in X in which case the categorical
quotient is trivial. One way out of this puzzle would be to consider a refinement of the
original geometry by allowing more functions on our objects in order to achieve the
‘separation of the orbits’. An example of such a move is Alain Connes’ invention of
noncommutative geometry [Con] which led to a refinement of differential geometry
and to the construction of new quotients in a series of remarkable examples. In a
different direction, a refinement of algebraic geometry was proposed in a series of
papers beginning with [Bu95a] (and partially summarized in [Bu05]); this refined
geometry can be referred to as d-geometry and is roughly obtained from the usual
algebraic geometry by replacing unital commutative rings with J-rings, i.e., with
Zy)-algebras that admit (and are equipped with) a Fermat quotient operator (which
we denote by ¢ and we refer to as a p-derivation). The latter led in [Bu05] to the
construction of quotients of various curves X (rational, elliptic, modular) by various
remarkable correspondences.

The aim of the present monograph is twofold. First we revisit the foundations
of J-geometry by offering a version of it which is more flexible and more general
than that of [Bu05]. Second, as our main application, we construct quotients for a
remarkable series of higher dimensional examples that generalize the modular curve
examples in [BuO5].

The method offered in this monograph is general in nature but we concentrate on
a foundational case study which is that of quotients of moduli schemes of principally
polarized abelian schemes of arbitrary fixed relative dimension by Hecke correspon-
dences and which we hope it will be used for all future generalizations to closed
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subschemes of these moduli schemes that are defined by integral canonical models
of Shimura varieties of Hodge type (cf. [V], Chap. 1, Sect. 1.6).

Our treatment here is independent of that in [Bu05] and, in fact, all our prerequi-
sites here belong to ‘usual’ algebraic geometry: we mainly assume some familiarity
with abelian schemes and their deformation theory for which we provide detailed
references. A key technical role in our proofs here is played by some old and new
results in the classical geometric invariant theory of tuples of quadrics. These are
carefully reviewed and developed in the last chapter of our monograph. With some
rare exceptions, all results in this monograph appear here for the first time.

It is interesting to note that some of the examples of quotient problems for which
oJ-geometry is effective are related to examples for which noncommutative geometry
proves to be effective. We also note that a variant of J-geometry was used in [Borg]
as a candidate for the geometry over [y, the field with one element (see also [Bu05],
Introd.); on the other hand, noncommutative geometry has also been proposed as a
path towards [F;. Finally note that J-rings recently played a role in the foundation of
prismatic cohomology (see [BS]). It would be interesting to interrelate these topics
and the topic of the present monograph.

Albuquerque, USA Alexandru Buium
Binghamton, USA Adrian Vasiu
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Notation

Let Z be the ring of integers and let Z( be its semiring of non-negative integers.
Let N be the set of positive integers. For a prime p, let IF,, be the prime field with p
elements. In Chap. 4, and hence for its notation, p is either a prime or 0. Let C be
the field of complex numbers.

With S a unital commutative ring, let A% and ¢ be the affine space and the
projective space (respectively) over Spec(S), let S* be the group of units of S, and
let S = S/pS. If S is an integral domain, let Frac(S) be its field of fractions. If S
is local, then mg is its maximal ideal. The reduction modulo p of X is denoted by
X, where X is either a scheme over Spec(S) or a formal scheme over the p-adic
completion with structure ringed sheaf O.

Axioms

e (DAXI1) — (DAX3) the axioms defining p-derivations

e (GAXI1) — (GAXS) the axioms defining /-graded rings

e (GAX6) and (GAXT7) the extra axioms defining filtered J-graded rings

e (MAXI1) — (MAX4) the axioms defining a moduli datum

e (NAX1) and (NAX?2) the nondegeneration axioms for abelian schemes over R

e (UAX1) and (UAX?2) the unitary axioms defining k-valued points for which one

has good Serre-Tate expansions

Capital Letters

® Aj ordinary abelian variety of dimension g over k
® By and B(()) localizations of an integral 5-graded ring B

TP +T) —(T\+T»)"
o Gy, To) = HE=TERE € 7[Ty, T

Xiii



Xiv Notation

e D(A) the multiplicative set of all a € A, with A a J-ring, such that the image of a
in A/pA is a nonzero divisor

e D(g,r)=(r+ l)w — g2 + 1 the dimension of either H;’K or Hg.tm,K

® D,(g,r,s) the dimension of the K-vector space ]HI; Q) '

e G areductive group over Spec(K) and the connected component G° of its identity
element

e HY(X.) the d-th cohomology group of a semi-simplicial object X.

e H?(X;) the d-th cohomology group of an ss-d-space X

® H, (U, s)p or ]H[; (s) (resp. Hy, (Up)p or Hy, (Uo)g or H,, (Uo)j;) the B-module of

polynomials (resp. matrices with entries polynomials) satisfying the appropriate

functional equation, with B an integral domain that contains Z, and s € %Z

J"(X) the r-th p-jet space of an R-scheme X

K the field of fractions of R; so K = R[]

M, often with lower right index in N U {0}, matrix in Mat,

M' and M * the transpose and the adjugate of a square matrix M

M, the R-algebra of Siegel d-modular functions of genus g; R-subalgebras M,

and R-submodules M g’ (w)

M,, the R-algebra of Siegel J-modular functions of genus g and size g;

R-subalgebras M, and R-submodules M, w',w")

Ny = (O (7 f e ]Ii’g,ord(—qbb, 1) with b > 1 an integer

0, often with lower right index in N U {0}, symmetric matrix in V,

R the ring W (k) of p-typical Witt vectors with coefficients in k

SiH = TT7_, S the singular locus of V4!

Shig-for the larger target (codomain) of Serre—Tate expansions

Scan the target (codomain) of Fourier expansions; R-subalgebras Smaii-can» S

and S/,

can
® Spor the target (codomain) of Serre—Tate expansions; R-subalgebras Sy,

e T ag x g symetric matrix whose ij entry is Ti;l), with [ € NU {0} and the index

r
small-can

© often dropped

e T,(Ap) the p-adic Tate module of an ordinary abelian variety Ao over k

e Ty(A) the ¢-adic Tate module of an abelian variety A over an algebraically closed
field in which the prime £ is invertible

o Uy = Uy, g, Submonoid of GL4(Z,) endowed with an involution T induced by
the Rosati involution © of End(Ay) relative to the principal polarization 6,

e V afinite dimensional vector space V over K with dual V*, symmetric K-algebra
Sym(V'), and moduli affine variety V = Spec(Sym(V*))

e V'*! the direct sum of r copies of V with r € Z-q

e W = Z[¢] the commutative ring of polynomials in an indeterminate ¢ with Z-
coefficients, with its subsets W, = {w € W|w > 0} and, for every r € Zx,
W(r) ={w e Wlord(w) < r}

e W, the standard SL, of dimension g

e Ween(r) = {w € W(r)|deg(w) € 27} set of weights

® X (R);® the sets of f-semistable points in X (R), with X a smooth scheme over
Spec(R)



Notation v

X (R)f the sets of f-unstable points in X (R), with X as above
X;s(8-pts) the set of all J-points of the ss-d-space X
Z'(a) = Spf(O(J'(X))/a) formal scheme, with a an ideal of O(J! (X))

Capital Letters Boldfaced

Aff the category of affine schemes over some ground ring (usually Z, or R)
Aff; the category of affine J-spaces

FilRing; the category of filtered J-rings

m5 the category whose objects are the filtered J-rings S with each S” a
p-adically complete, flat R-algebra and with inclusions S” C S"+!

FilSpss; the category of filtered ss-d-spaces

GrRing; the category of J-graded rings

Ring the category of rings over some ground ring (usually Z, or R)

Ring; the category of J-rings

GL, general linear group scheme over Spec(K) of invertible g x g matrices with
the standard maximal torus GT, and GL, as group of K-valued points

Mat, the ring scheme over Spec(Z) in Chaps. 2 and 3 and over Spec(K) in
Chap. 4; the identity element of Mat, (S) denoted by 1,

e M'(S) the set of morphisms of the category 2(S)
e M(S) the set of objects of the category I(S)
e SL, special linear group scheme over Spec(K) of g x g matrices of determinant

1 with the standard maximal torus T, and SL, as group of K-valued points

¢ SO, the closed subgroup scheme of SL, of orthogonal matrices of determinant 1
e Spss; the category of ss-d-spaces

Capital Letters Symbols

(A, 6) a principally polarized abelian scheme of relative dimension g, often with
lower right indices

(N, ©, G, D) a quadruple that defines a moduli datum, i.e., satisfies axioms
(MAX1) to (MAX4)

Diag(Ay, ..., Ay) the diagonal g x g matrix whose ii entry is A; for each
ie{l,..., g}

End(4, )" the subring of End(A) generated by all polarized isogenies u : A — A
of degree prime to p

L, = Kl x Z, a K-vector subspace of both Z; and V;

Mat, the K-vector space of g x g matrices

Proj; (B, f) the ss-6-space attached to a §-graded ring B and a linear system f
Specs(B,) = (Specs(Ba)) >0 an ss-8-space



Xvi Notation

Stabg (v) the stabilizer subgroup scheme with v an element of a G-module V

Tr trace maps

V, the vector space over K of symmetric g x g matrices

VZ,“ the K-vector subspace of V, of alternating symmetric matrices and
V?iag = Vg“ whenp =2

Z, the vector space over K of diagonal g x g matrices

A the dual of an abelian scheme A

L the p-adic completion of an S-module L

X the p-adic formal scheme obtained by p-adically completing a noetherian
scheme X

Small Letters

e b" short notation for b*¢(b)* ---¢"(b)™ € B, where w = Y ' ja;p' € Z[]
and ¢ : B — B is an injective ring endomorphism
® by(g,2) additional invariant in N

® ¢,(g,0dd, r,]) nondecreasing sequence with/ € {1, ..., g,(g, r)} of integers > 1
when HI, , i is assumed to be Cohen-Macaulay
® c¢,(g,r, 1) nondecreasing sequence with I € {1,..., o, (g, r)} of integers > 2

when H;,tot,K is assumed to be Cohen—Macaulay
° gf orys the basic Hecke covariant §-modular form of genus g, size g, order < r,
and weight (¢", 1) characterized by the following basic and simple Serre—Tate
expansion Ex, . (fy crys) = WO L pw T
a—1

o f = (U =Nl ¥ N, € 14, (1, 1) with transpose f ) §-modular

a’ Vg,crys

forms of size g indexed by integers a > 1
o fll=fld =N -fays € I, (1, 1) with transpose £ )" -modular forms of size

g indexed by integers a > 1

o the basic ordinary Hecke covariant Siegel 6-modular form of weight (—¢, 1)

3
g.crys

characterized by Serre—Tate expansion EAO.QO.E(];?CWS) = l,; often abbreviated as

f9 and its inverse abbreviated as f;

o fib —gb g“;rl;s € L, (¢, ¢") and its transpose f%¢ = (f%)" e g, (¢”, ¢*) Hecke
covariant modular forms

® [ the residue field of R; so k = R/pR is an algebraic closure of I,

® g4 :T,(Ag) x TP(AO) — 1 4+ mgz = 1 + pR Serre—Tate bilinear map attached to
an abelian scheme over Spec(R) whose reduction modulo p is an ordinary abelian
variety Ag

® gap: Tp(Ag) xT,(Ag) — 1+4mg Serre—Tate bilinear map attached to a principally
polarized abelian scheme (A, 6), with Ay as above

® Guniv.a, @ Tp(Ao) x T, p(]\o) — 1 + mg, Serre-Tate bilinear map attached to the

formal deformation of Ay over My, = Spf(R,), with Ay an ordinary abelian

variety over Spec(k)
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u polarized isogeny of degree prime to p between two principally polarized abelian
schemes

Small Letters Symbols

e asy.dim(B) the asymptotic dimension of a filtered ring B
e asy.tr.deg(B) the asymptotic transcendence degree of a filtered ring B

by, ba)y = U2 ”1 € B((¢+p)w), where by, by € B(w) with B a §-graded ring

f =, ... ,f,,) linear system, i.e., an n + 1-tuple in (B(w)\pB(w))"*! for an
integral §-graded ring B

tr.degB1 (B») the transcendental degree of Frac(B;) over Frac(B,), where B; C B,
is an inclusion between integral domains

[u], invertible g x g matrix defined with respect to a column basis of 1-forms
o = (w1 - - - w,)" by the identity u*w = [u],w

Capital Greek Letters

A(g, ) and A+ (g, r) are subsets of Z_', for r > 2 the former contains Az (g, r)
and A%(g, r) -

I',(g,r) and I', (g, tot, r) the smallest number of homogeneous generators of the
Z>o -graded K-algebras HI, ; and of the W, -graded K-algebra H[,

A, often with lower right 1ndex in N U {0}, 1nvert1ble matrix in GL,

2 a comparison map

Q: Hy ' (s) x Hg ™' (s) = Vi ((p + 1)9)[p]” an antisymmetric k-bilinear map

W a g x g matrix with entries in i, which is important in Serre-Tate expansions
Os the partial polarizations of the invariant polynomial det

: r . g(g+1)
in Hgm’K with r > =

q1s--s g+

2
E. the invariant polynomial in Hj ;- uniquely determined by an m-cycle w in
the set Perm({0, ..., r})

Small Greek Letters

e x, families of ‘character’ homomorphisms with w € W
e xy the characteristic polynomial of a square matrix M
e w= (w--- a)g)t a column basis of 1-forms on an abelian scheme A of relative

dimension g

e ¢-tr.deg.(B) the ¢-transcendence degree of B over C
e p the slope of a moduli datum
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o the shift K-monomorphism of T, or X

7, the involutary automorphism of SL, given by the rule A +— (AH™!
&g € {0, 1} the remainder of the division of g by 2

@) +1.I morphisms of affine K-varieties with r > [ > 2

@, (g, r) non-negative integer related to the rank of H[,  when H[, , i is assumed
to be Cohen—Macaulay

op(g,r) =1+ ,Qp‘(g, r) + D,(g,r, 1) — D(g, r) natural number related to the
rank of ]HI’ . When [} 2.0k 18 assumed to be Cohen-Macaulay

Blackboard Bold Letters

D, the multiplicative set of all homogeneous elements of I, \pl, whose weights
have even degree

e [E, the ¢ x g matrix with all entries 1
L H” an R-algebra of polynomials satisfying an appropriate functional equation

° Htorus an Hr

con
Hi mt;K @B, 1 7 H i (5) the K-algebra of invariants of the congruence action of
SL on V’Jr1 (resp the R-algebra version H! , = @, 1 Z]HIZ, (s) of it); contains
K (resp H’)
Hgg(l)B the B-module of homogeneous matrices of degree 1 satisfying the
appropriate functional equation, with B an infinite integral domain
H"Z = H . c N (ZIT, ..., T"]) and Hy? = H, - N (ZIT, ..., TV are

g,tot

g, tot

Z-algebras of invariants which contain H;;@

]HI’ x an H -module which is a direct supplement of Hy ;. in I, |,  when g is
even
o Lw-algebra that contains Hy (0, HI™, and H s

H’ (w w'") the R-submodule of Mg, (W', w") of Hecke covarlant Siegel §-modular
forms
g %rd ®Byc171; ora(—25) and R-subalgebra of I} 4
H the R-algebra of Hecke covariant Siegel 5-modular forms
Hg,ord the ordinary version of the above
K an algebraically closed field of characteristic p which is either O or a prime
K, o the union of the K, , = Frac(H;,tm!K)s taken inside Frac(T,); it contains
Kg even,o0 and ]Kg even,r

My = U,-oMj and M, = [J,.oM; W-graded R-algebra which are particular
cases of the general moduh data R- algebras M =, oM" and M = |J,.,M"”
My the ring (R-algebra) Sy ; of § sections, with X an open subscheme of X’ with
X connected and with L the Hodge bundle over X; contains the R-subalgebra

Mg( = @weW(r)Mg( (W)

e S, the R-algebra of §-homogeneous polynomials
e Sy ; ring (R-algebra) of §-sections

T, the R of K-algebra generated by the 7,"s with [ € NU {0}, i.j € {1,....j}.

i<j



Notation Xix

I C) I

o Vi(s) =22 "~ and V = —=_ torsion R-modules
2 ) O(H; (9) 8T O

o Wo=1Z-9and W; = Z
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e A, |k the stack corresponding to the union of all prime to p Hecke correspon-
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e Uy submonoid of End(Ag)
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Special Characters

® & acomparison map
e <& a comparison map
e O acomparison map
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® a comparison map

L] a comparison map

x left and right operations of Mat, (Z,) on Mat, (1 + mg)

A a comparison map

$p(g, r)(x) and p,(g, tot, r)(x%) the Hilbert series of HQ’K and H
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T upper index for elements of certain submonoids that relate to a Rosati involution

-
g,tot, K

in particular, (g, r; 1)(x) =



Chapter 1 ®)
Introduction Check for

1.1 Motivation

Recall that a coequalizer, alternatively categorical quotient, of a correspondence
(i.e., pair of morphisms) 77y, 7, : X’ = X in a category' is a morphism 7 : X — Y
of the category such that w o m; = 7 o m;, and the following universal property is
satisfied: for every morphism 7z’ : X — Y’ with 7’ o 71y = 7’ o 7, there is a unique
morphism« : ¥ — Y’ such that o o m = /. We usually set X/ X' := Y. If X/ X' is
a final object of the category, then we say that X/ X' is trivial.

Consider now the category of schemes over a (unital commutative) ring R and
a correspondence X’ =2 X in this category. In many interesting examples of such
correspondences the categorical quotient X/ X’ (exists and) is trivial. This is a basic
pathology in algebraic geometry which typically persists if instead of the category of
schemes one considers variants such as the category of formal schemes, the category
of algebraic stacks, or the ‘birational category’ (whose objects are varieties and
whose morphisms are the dominant rational maps). In order to ‘rectify’ this problem
(i.e., in order to obtain interesting categorical quotients) one needs a more drastic
departure from algebraic geometry. The departure we propose leads to what we refer
to as 8-geometry. In this new framework we consider a class of typical examples
for which the above pathology occurs, namely Hecke correspondences on moduli
schemes of principally polarized abelian schemes. (For background on these basic
concepts of moduli theory we refer to Appendix.)

Specifically, let g € N, let p be a prime, and let N > 3 be an integer relatively
prime to p. If Z,) is the localization of the ring of integers Z at (p) and R is a Z)-
algebra, let A, | v & be the moduli scheme of principally polarized abelian schemes
of relative dimension g over R-schemes that are equipped with symplectic simili-
tude level-N structures. Let A, | v » = Ay 1,n, & be the correspondence obtained by

! Throughout this monograph we assume a Grothendieck universe is given such that each category
C under consideration is small with respect to it, i.e., we have that Ob(C) and Mor(C) are sets in
that universe.
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2 1 Introduction

taking the union of all prime to p Hecke correspondences. The categorical quotient
Ag1.NR/ A(’g’l’ ~.g 10 the category of schemes over R is easily seen to be trivial. We
show that many natural analogs of this categorical quotient in §-geometry are highly
nontrivial and their rich structure is studied in detail.

In what follows we overview the framework of §-geometry.

1.2 The World of §

The §-geometry (see [Bu95a, Bu05]) is an arithmetic analog of the differential alge-
braic geometry of Ritt and Kolchin [Ko] and of the difference algebraic geometry of
Ritt and Cohn [Coh, Le]: the derivations in [Ko] and the difference operators in [Coh,
Le] are replaced in the §-geometry by Fermat quotient operators (p-derivations), see
[Jo, Bu95a].

Recall that a p-derivation on a Z,)-algebra § is a function § : § — S such that
the following axioms hold (see Definition2.1.3).

Forall x,y € § we have 6(x + y) = dx + 8y + C,(x, y).
For all x, y € § we have §(xy) = xP8§y + yP8x + pdxdy.
We have §(1) = 0.

Here C,, is the polynomial C,, (T}, 1) := w e 2T, T»].

The ring Z,) has a unique p-derivations given by the rule: §(x) := % IfSis
a non-zero Z,)-algebra equipped with a p-derivation then the structure ring homo-
morphism Z,, — S is automatically injective and commutes with the p-derivations
(see Lemma?2.1.4).

We introduce the -geometry in Sect.2.1; our version of it is related to but more
expanded and flexible than that in [Bu05], Sect.2.1. We start with the category of
8-rings whose objects are Zp)-algebras equipped with a p-derivation (and thus,
if non-zero, they are of characteristic 0) and whose morphisms are Z,)-algebra
homomorphisms that commute with the p-derivations. Next we consider the opposite
of the above category, whose objects are referred to as affine §-spaces. So Z,) (resp.
Spec(Zp))) together with the unique p-derivation of Z,) is the initial (resp. final)
object of the category of §-rings (resp. affine §-spaces). To go beyond the affine case
we consider the category of semi-simplicial objects in the category of affine 5-spaces
which we refer to as semi-simplicial §-spaces (or simply ss-§-spaces). Geometry in
this latter category is what we refer to, in this monograph, as 6-geometry. Note that
an alternative way to pass from the affine case to the not necessarily affine case would
be ‘sheafification’. We felt that the semi-simplicial setting offers a quicker path to
our results than that of ‘sheafification’ so we opted for it in our presentation.

A special role in the theory is played by the ring R := W (k) of p-typical Witt vectors
with coefficients in an algebraic closure k of IF,. The ring R is, up to isomorphism, the
unique complete discrete valuation ring of mixed characteristic (0, p) with residue
field k and uniformizer p. Moreover, R has a unique p-derivation. Typically the
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objects and morphisms of interest in the theory are ‘over R’; so R (resp. Spec(R))
together with the p-derivation of R is the initial (resp. final) object of the category
of §-rings (resp. affine §-spaces) over R.

We develop an analog in §-geometry of geometric invariant theory (see [MFK])
which can be referred to as ‘§-invariant theory’. The latter comes with § analogs of
all the paraphernalia of weights, covariance, modular functions and forms, homo-
geneous polynomials, power series, valued points, semistability, etc. (see Sect.2.3).
Our analogs in §-geometry of the categorical quotient A 1 v r/ A;,l, ~.R appear as
certain ‘Proj;’ objects attached to ‘linear systems’ in the graded R-algebra I, of
Hecke covariant Siegel 5-modular forms of genus g.

Siegel §-modular forms were introduced in [BuO0], Sect.1.3 for genus g =1
and in [BB] for all genera g > 1.2 The present monograph can be viewed as an
independent continuation of [Bu0OS5, BB]: only few facts from [Bu0O5, BB] are needed
here and we briefly review those facts in the body of the present monograph. Note
that our theory here is worked out over the Z ,-algebra R instead of, as in [BB], over
Z,; moreover, in [Bu00, BB, Bu05] the prime p was assumed to be at least 5 but
the methods of the present monograph work for p € {2, 3} as well.

We also note that, as in [BB], our definition of Siegel §-modular forms does
not involve symplectic similitude level-N structures. So we often implicitly work
with the algebraic stacks A, g of principally polarized abelian schemes of relative
dimension g over R-schemes and with their respective unions of correspondences
A, 1 r- Many of our proofs, however, crucially use the schemes Ag 1 vz, A} | y g-

No knowledge of stacks is required in our treatment as we only use valued points
of stacks and no special properties or concepts; the reader familiar with stacks will
recognize the ‘stacky’ nature of some of our concepts. It is conceivable that §-
geometry can be extended to the stack world but no attempt at such an extension is
made here as it is not necessary.

The theory of the present monograph can be viewed as an arithmetic analog of
the differential algebraic theory developed in [Bu95b]. In particular, for instance, the
maps of sets in Diagram (2.48) of Sect.2.3.7 defined by tuples of Hecke covariant
Siegel §-modular forms can be viewed as arithmetic analogs of the maps defined
by ‘Schwarzian type’ differential equations considered in [Bu95b], Thm.0.2. Our
monograph is logically independent from [Bu95b] but some of our motivation and
ideas have their origin in it.

Here is an informal description of the philosophy behind our monograph (and
[BB, Bu05]). Classical modular forms and p-adic modular forms (see [Ka73a]) can
be envisioned as sections of certain line bundles on the moduli stack A, ; g; there
exist some technical caveats in this description (related to nonrepresentability issues)
which are not accounted for here. On the other hand, to each scheme X, which is
either affine or of finite type over R, one attaches its p-jet spaces J"(X) indexed

2 Over R, the Hecke covariance condition here (see Definition2.3.13) is a priori weaker than the
isogeny covariance condition in [BB], Sect. 1.3.1 (see Remark2.3.15) for g > 2 and they are the
same, of course, for g = 1. One expects that over R they are the same for all g. It seems that
Hecke covariance is more natural and, for technical reasons, better suited for developing the higher
dimensional theory.
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by an integer r > 0 (see [Bu95a], Sect. 1.2, where J"(X) is denoted by X”). Then
Siegel §-modular forms of orders < r can be informally described as sections of
certain line bundles on the ‘p-jet stacks J" (A, 1 r)’; similar caveats as above apply
in this description. Weights of Siegel 6-modular forms are no longer assumed to be
integers but rather elements in the ring Z[¢], where ¢ is an indeterminate thought of
as a Frobenius lift. The §-geometric approach to the study of Hecke correspondences
is based on replacing classical or p-adic Siegel modular forms by Siegel §-modular
forms.

We emphasize that, as a limitation of §-geometry, the non-zero §-rings have char-
acteristic 0 and all test objects for evaluating Siegel §-modular functions (implic-
itly also those that have a weight and are called forms) involve flat (unions of)
p-adically complete R-algebras, such as R-algebras that define p-jet spaces of flat
affine schemes of finite type over R (cf. Definition 2.3.3). Hence, only those torsion,
i.e., modulo powers of p, phenomena are captured via these evaluations which are
liftable to flat contexts over R.

1.3 Strategy

Among Siegel §-modular forms we single out certain forms that have a covariance
property with respect to the Hecke correspondences on A, | ¢, to be referred to as
the Hecke covariance. It is a property stronger than that of being a Hecke eigenform;
in fact, no classical or p-adic modular forms can be Hecke covariant, i.e., our theory
has no classical counterpart.

Besides the Z[¢]-graded R-algebra I, of Hecke covariant Siegel §-modular forms
of genus g, we also study a larger R-algebra I, ,q Which is the variant of I, in which
A, 1, r is replaced by its open substack A, 1 g.ora Whose fiber over Spec(k) is the
ordinary locus of Ay, 1 . The rings I, and I, o4 are integral domains.

One can consider the ‘Projs” objects Proj; (I, f) and Projs(I; or4, f) over Spec(R)
attached to these Z[¢]-graded R-algebras and to ‘linear systems’ f = (fy, ..., fu)
with fp, ..., f, of the same weight in I, and I, o4 (respectively). These ‘Projy’
objects are objects in the category of ss-§-spaces. Then Proj; (I,, f) and Proj; (I, ora, )
are the categorical quotients, in the category of ss-3-spaces, of suitable correspon-
dences that depend on f and that play, in §-geometry, the roles of the correspondences
*Ajs;,l, R = A;’,L  and their restrictions A;’,l, Rord = Ag.1.R.0ra (respectively).

This formalism is somewhat parallel to the formalism of (classical) geometric
invariant theory as in [MFK]; instead of group actions we consider Hecke corre-
spondences and instead of usual varieties or schemes we consider ss-6-spaces.

The main tool in [BB] was a theory of Fourier expansions of Siegel §-modular
forms (at infinity). For g = 1 one has a Fourier expansion theory (at infinity) and
also a Serre—Tate expansion theory (at ordinary k-valued points), see [Bu00], Sect. 7,
[Bar], Sect.5, [Bu05], Sects. 8.1 and 8.3. One of the somewhat surprising outcomes
was that for Hecke covariant Siegel §-modular forms the two types of expansions
coincide up to a natural identification.
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The main tool developed in this monograph is a Serre-Tate expansion theory
for Siegel §-modular forms of genus g > 1. The main new idea is that this tool
allows us to construct a series of ‘comparison maps’ between the R-algebras I, and
I ora (see Sects.3.6 and 3.7) and certain R-algebras that appear in the geometric
invariant theory of multiple quadratic forms and multiple endomorphisms over R;
we then transfer properties of the latter R-algebras proved in Chap.4 to the former
R-algebras.

So invariant theory shows up in our monograph in three distinct ways as follows.

First, as an intrinsic -invariant theory, the R-algebras I, and I, o are two ‘5-
geometric analogs’ of the classical algebras of invariants of linear algebraic group
actions.

Second, in Chap.4 we use concrete instances of classical geometric invariant
theory in the context of the congruent SL,-actions on vector spaces of multiple
quadratic forms (i.e., of symmetric matrices) and of the conjugate SL,-actions on
vector spaces of multiple endomorphisms over either k or an algebraic closure of the
field of fractions K := Frac(R) of R. For instance, we compute dimensions of spectra
of finitely generated algebras of invariant homogeneous polynomials over either k or
K, dimensions of certain vector spaces of invariant homogeneous polynomials over
either k or K and smallest numbers of homogeneous generators that are important
for computing or estimating Hilbert series of the mentioned algebras, and (for g = 2)
relations (see beginning of Chap.4 for precise references).

Third, the comparison maps we construct connect the intrinsic §-invariant theory
with the mentioned instances of classical geometric invariant theory.

1.4 Results

We now outline our main results that are described in Sect.2.4.

First, we prove a Serre-Tate expansion principle similar to the classical Fourier
expansion principle (see Theorem2.4.1). The expansions are ‘around’ an arbitrary -
valued point of A, 1 r to which the attached principally polarized abelian variety over
k satisfies the axioms (UAX1) and (UAX2) introduced in Sect.3.2. These axioms
hold for products of g copies of an ordinary elliptic curve over k with the Abel-Jacobi
map as its principal polarization (see Proposition 3.2.4 and Remark 3.2.6(b) and (c)).
Generalizing the known result for g = 1, we prove that the Serre-Tate expansions
of the basic Hecke covariant Siegel -modular forms f; .. of genus g, size g, order
r and weight (¢", 1) (introduced in [BB], Sect.4.1 and reviewed in Sect. 3.4 using
the language recalled in Sect. 2.3) coincide, up to a natural identification, again, with
their Fourier expansions (see Theorem2.4.2). For special generating properties of

;nys see Theorem 2.4.4(a). Furthermore, generalizing a construction introduced in
[Bar] in case g = 1, we define (see Sect.3.4) for all g > 1 a remarkable ordinary
Siegel §-modular form f;crys of genus g, size g, and order 1 (also referred to as
basic) which is invertible and whose Serre—Tate expansion equals the identity g x g
matrix (see Theorem2.4.5(a)).
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Second, using the Serre-Tate expansion theory and the basic §-modular forms
we show that the R-algebra I, 4 coincides, up to torsion, with a ring of Laurent
polynomials in a countable number of indeterminates over the R-algebra of invariants
of multiple quadratic forms (see Theorem 2.4.7). The analog of the latter R-algebra
over an algebraically closed field is a classical object and is revisited and further
studied in detail in Sects.4.1-4.3. As a consequence of this link with geometric
invariant theory, if we denote by I, ., the R-subalgebra of elements of Iy o Of
order < r, we obtain an exact formula for the transcendence degree of the fraction
field Frac(H;,, ord) Over K (see Remark 2.4.14). This transcendence degree divided by
r tends to a limit, referred to as the asymptotic transcendence degree of I, oq and
denoted by asy.tr.deg(ll, ora), Which we prove to be equal to

glg+ D

1.
> +

dim(A, 1.x) + 1 =dim(A, 1y k) + 1 =
We also prove that Frac(Il, oq) is ¢-generated over K by finitely many elements in
Hi,ord (in the sense of Definition 2.2.2(e)). Finally, we prove that the ¢-transcendence
degree of Frac(lg oq) over K, i.e., the maximum number of ¢-algebraically inde-
pendent elements of Frac(Ilg o), equals g(gTH) + 1 (see Theorem2.4.12 for the last
three results).
Third, defining I}, similarly (so I, = I, NI ;) and using the geometric invari-
ant theory of multiple endomorphisms acted upon via conjugation, we show that the
sequence obtained by dividing the transcendence degree of Frac(Il, ) over K by r tends

to a limit asy.tr.deg(Il,) which we prove to be equal, again, to M + 1 (see Theo-
rem2.4.17). Note that, by a general result in difference algebra (see [Le], Thm. 4.4.1,
p.292), the field Frac(I,) is also ¢-finitely generated. We prove that ¢-transcendence
degree of Frac(Il,) over K equals @ + 1 (see Theorem2.4.17). The latter result
was first obtained for g € {1, 2} in [BB], Thms. 1.13 and 1.14, and for g > 3 solves
the ‘main open problem’ formulated in the paragraph after [BB], Thm. 1.13. We also
prove that the transcendence degree of Frac(Il; orq) over Frac(l,) is < g(gTH) + 2 (see
Remark 2.4.16). We can view the latter as saying that the R-subalgebra I, of I, g is
‘transcendentally close’ to the algebra I, orq.

As an application of our structure theory for I, we show that various Zariski dense
loci in A, 1 v, r(R) are contained in zero loci of (many) Hecke covariant Siegel §-
modular forms that are not constant on A, 1 x g (R). This is the case with the locus
(set):

(i) of abelian schemes with complex multiplication (see Remark2.4.11);

(ii) of a polarized isogeny prime to p class (see Remark2.4.10);

(iii) of principally polarized abelian schemes with noncommutative ‘prime to p’ ring
of endomorphisms (see Theorem2.4.20);

(iv) of principally polarized abelian schemes whose polarized isogeny prime to p
class is decomposable (see Theorem2.4.21).
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We also prove a ‘ p-adic approximation’ result saying, informally speaking, that each
element of I, ,rq is a p-adic limit of fractions of elements in I, (see Theorem2.4.22).
This means that the R-subalgebra Il, of I, o4 is also ‘big’ in the sense of a localization
of it being a ‘close p-adic approximation’ of Ig .

Fourth, we prove a §-flow structure theorem for the arithmetic differential equa-
tion defined by the restriction of the basic §-modular form fgl,crys to the ordinary
locus (see Theorem?2.4.23). The concept of §-flow appearing here is an arithmetic
analog of the classical concept of flow on a manifold and played a role, for instance,
in [BM], Def. 5.3, p. 117 and [BPII], Lem. 4.45. Using our §-flow structure theorem
plus the arithmetic analog (see [Bu97], Cor. 1.7) of Manin’s Theorem of the Kernel
(see [Man], Sect. 5, Thm. 2), we prove (see Theorem 2.4.25) an extension to arbitrary
genus g > 1 and to all primes p the ‘Reciprocity Theorem for CL (canonical lifts)
points’ in [BPII], Thm.3.5; we do not obtain, however, the conclusion, in the latter
theorem, that our ‘reciprocity map’ is nonconstant. Theorem2.4.25 is a purely dio-
phantine result about Z-linear dependence in the group of K-rational points of an
abelian variety over K of points arising from R-valued CL (canonical lifts) points
on a Siegel modular variety. Recall that for p > 3, R-valued CL points are R-valued
CM (complex multiplication) points with ordinary reduction (for instance, see [V],
Thm. 1.6.3).

As an addition, we would like to mention that Propositions 3.11.1-3.11.6 compute
cohomology groups of our ss-3-spaces Proj; (I, f) and Projs (I ora, f) in some simple
cases.

1.5 Open Problems

Our results suggest a number of problems and directions of investigations, including
the following ones.
(a) Find generators and relations for the rings I, o and I,.

(b) Compute the exact transcendence degree of Frac(, orq) over Frac(I,) and of each
Frac(]I;) with r € N.

(c) Compute the exact ranks of the R-submodules of Il ¢ and I, of §-modular forms
of a given order and weight.

(d) Compute the ideals of all Siegel §-modular forms in the rings I, oq and I, that
vanish on various loci (i) to (iv) of A, 1 v r(R).

(e) Compute the cohomology groups of all Proj, (I, f) and Proj; (I; ora; f).

(f) Develop an analog of our theory for more general Shimura varieties. (The case
of Shimura curves was developed in [Bu03, Bu04, Bu05].)

(g) Recalling that in the case of A | g and of Shimura curves (see [Bar, Bu04, Bu05])
an important role was played by certain operators, called §-Serre operators, that
are analogs of the Serre differential operators acting on classical or p-adic modular
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forms, develop a theory of §-Serre operators for stacks of higher dimensional Shimura
varieties, in particular for A, ; ¢.

For our partial results and more details and comments on questions (a)—(e) we
refer to Theorems?2.4.4, 2.4.5, 2.4.15 and 2.4.17 and Remarks2.4.3, 2.4.8, 2.4.10,
2.4.13,2.4.14,2.4.16,2.4.18 and 2.4.19.

1.6 Plan of the Monograph

Section 2.1 reviews some notation, terminology, and concepts including p-jet spaces
introduced in [Bu95a], p.315.

Section 2.2 introduces some dimension concepts that are useful in the monograph.

The basic concepts on Siegel §-modular forms [BB] are recalled and expanded in
Sect.2.3.

The main results are stated in Sect.2.4 and are proved in Chap. 3. For a detailed
description of the contents of Chap. 3 and, in particular, for our detailed strategy of
proofs, we refer to the beginning of Chap. 3.

Chapter 4 is devoted to revisiting the classical geometric invariant theory of mul-
tiple quadratic forms and multiple endomorphisms and proving new results that are
being often used and cited in this chapter to Chap. 3: it is organized as an independent
appendix, i.e., it is completely a self-contained chapter (including the notation). For
more details on Chap.4 we refer to its beginning.



Chapter 2 ®)
Main Concepts and Results e

2.1 Concepts of §-Geometry

We begin by reviewing some ring theoretic terminology and notation. Unless oth-
erwise stated, all rings are always assumed commutative with 1. We do not assume
1 # 0 as often we need to use the zero ring.

By a filtered ring we mean a ring B equipped with an increasing exhausting
filtration (B"),>¢ of subrings; so we have B” C B"*! for all integers r > 0 and
B = J>Z, B". Filtered rings are the objects of a category whose morphisms are ring
homomorphisms u : B — B that preserve the filtrations, i.e., we have u(B") C BT
for all integers r > 0.

By a graded ring we mean a ring B equipped with a direct sum decomposition
B = ®ycw B(w) where W is an abelian semigroup and B(w) are subgroups such that
we have B(w)B(v) C B(w + v) forall w, v € W. The elements of B(w) are referred
to having degree w or weight w. We also say that B is a W-graded ring. The W-
graded rings are the objects of a category whose morphisms are ring homomorphisms
u:B—> B that preserve the gradings, i.e., we have u(B(w)) C B(w) forallw € W.

Definition 2.1.1 A filtered graded ring is a ring B equipped with a filtered ring
structure, given by a filtration (B"),>¢, and also equipped with a graded ring struc-
ture, given by B = @, cw B(w) with W as an abelian semigroup, the two structures
being compatible in the sense that for all integers r > 0 we have a direct sum decom-
position B" = @,ew B" N [B(w)]. We also call B a filtered W-graded ring and we
set B"(w) := B" N [B(w)].

Filtered W-graded rings are the objects of a category whose morphisms are ring
homomorphisms that preserve the filtrations and the gradings.

Assume one is given a sequence of W-graded rings B" = ®,cwB" (w), r > 0,
such that B” is a subring of B"*! and B"(w) C B"*!(w) for all integers r > 0 and
w € W; let us refer to this data as a filtered W-graded system or just as a filtered
graded system. To each filtered graded system as above we can attach a filtered
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graded ring as follows: define B := | J,., B" and B(w) := | J,., B"(w). Then it is
easy to check that B = @,cw B(w) and B" (w) = B” N B(w) for all integers r > 0
and w € W, so B with the above grading and with filtration (B"),>¢ is a filtered
graded ring. All filtered graded rings can be obtained in this way.

Throughout the monograph p denotes a field characteristic: so it is either 0 or a
prime natural number. Until Chap. 4 we assume that p > 0.

If S is aring and L is an S-module, let L be its p-adic completion. We recall
that L is called p-adically complete if the functorial S-linear map L — L is an
isomorphism. We write § := S/(p) = S/pS and we denote by S* the group of units
of S.If § is local, we denote by mg its maximal ideal; we have $* = § \ mg.

If X is a scheme, we denote by Oy its structure ringed sheaf and we use
the shorter notation X := X X specz) Spec(F,) and O(X) := HO(X, Oy). If in fact
X = Spec(S) is affine, then X = Spec(?) and for a scheme Z over X we let Z(S)
be the set of all X-valued points of Z.

Similarly, if Y is a p-adic formal scheme (i.e., a formal scheme with ideal of
definition generated by p), we denote by Oy its structure ringed sheaf and we use the
shorter notation Y := Y Xspfz,) SPI(F,) and O(Y) := HO(Y, Oy). If Y = Spf(S)
is affine, then Y = Spf(S) = Spec(S) and for a p-adic formal scheme Z over ¥ we
let Z(S) be the set of all Y-valued points of Z.

For a noetherian scheme X we denote by X the p-adic formal scheme obtained
by p-adically completing X. If X is affine, then X = X.

Let Mat, be the ring Z-scheme of g x g matrices. Let 1, € Mat,(S) be the iden-
tity matrix. Let E, € Mat,(S) be the matrix with all entries equal to 1. For each
matrix M € Mat,(S) let M' and M* denote the transpose and the adjugate of M
(respectively); so MM* = det(M) - 1,.

Let p: S — S be a ring homomorphism. We say that p is stalk-preserving
(or identifies local rings) if for every prime ideal P’ in S, setting P := p~!(P’),
we have that the induced homomorphism between the localizations Sp — S’
is an isomorphism. Alternatively we say that the induced morphism of schemes
f: X" := Spec(S) - X := Spec(S) is stalk-preserving. We say that p (resp. f) is
a local isomorphism if every point in X’ has an open neighborhood whose induced
morphism to X is an open immersion. Every local isomorphism is stalk-preserving.
Every stalk-preserving homomorphism is flat. Every homomorphism of the form
p:S— Z71S (where ¥ C S is a multiplicative system) is stalk-preserving; it is a
local isomorphism in case X consists of the powers of one element. Also, if § — !
are stalk-preserving (resp. local isomorphisms) for i € {1, ..., n}, then the induced
homomorphism § — []/_, S/ is stalk-preserving (resp. a local isomorphism). The
properties of being stalk-preserving or a local isomorphism are stable under compo-
sition and base change.

Definition 2.1.2 Let p : §; — S, be a ring homomorphism between two Z,)-
algebras and let p : S|/pS; — S»/pS, be its reduction modulo p. By a Frobenius
lift relative to p we mean a homomorphism ¢ : S§; — S, whose reduction modulo
pmapsx € S;/pS; to p(x)? € S/ pS>. By a Frobenius lift on a Z,-algebra S we
understand a Frobenius lift ¢ : § — S relative to the identity 1.
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Throughout the monograph we let k, R, and K be as in the Introduction; so:

e k is an algebraic closure of IF,;

e R = W(k) is the ring of p-typical Witt vectors with coefficients in k;
o K = R[%] = Frac(R).

Recall that there exists a unique Frobenius lift ¢ on R.

We next review the concepts of p-derivations [Jo, Bu95a] and of p-jet spaces
[Bu95a]. Consider the polynomial

TV + T — (T + T)?
p

C,(T, Tr) := € Z|Ty, ).

Definition 2.1.3 If:: S — B isaring homomorphism between two Z,,-algebras, !
then by a p-derivation (relative to 1) we mean a function § : S — B such that the
following axioms hold.

(DAX1) For all x, y € S we have §(x + y) = 8x + 8y + ¢(Cp(x, y)).
(DAX2) For all x, y € § we have §(xy) = t(x)?8y 4+ t(y)?5x + pdxdy.
(DAX3) We have §(1) = 0.

If B is p-adically separated, then axioms (DAX1) and (DAX2) imply (DAX3).

If ¢ is the identity automorphism of a Q-algebra S, then é : § — S satisfies axioms
(DAX1) and (DAX?2) iff the rule x +— x?” + pd(x) defines a ring endomorphism of
S which is not necessarily unital; in particular, if §(x) = —x?p for each x € §, then

axioms (DAX1) and (DAX2) hold but §(1) = —% # 0 and, in fact, if moreover
Spec(S) is connected (i.e., the only idempotents of S are 0 and 1), then this function
8 : § — S is the only one for which axioms (DAX1) and (DAX?2) hold and axiom
(DAX3) fails.

If § is a p-derivation relative to ¢, then axioms (DAX1) to (DAX3) trivially imply
that the homomorphism ¢ : S — B defined by the rule

¢ (x) == 1(x)” + pd(x)

(with x € S) is a Frobenius lift relative to ¢, to be called the Frobenius lift attached
to 5. Conversely, given a Frobenius lift ¢ : § — B relativeto¢: S — B,if pisa
nonzero divisor in B, then § : S — B, defined by the rule §(x) := M, is a
p-derivation relative to ¢.

By a p-derivation on a Zp-algebra S we mean a p-derivation § : § — S relative
to the identity 1. In particular the Z,)-algebra Z,) has a unique p-derivation. Note
also that the Zp)-algebra R has a unique p-derivation § : R — R.

Here are a few more immediate consequences of the axioms (DAX1) to (DAX3).

!'In practice ¢ is injective.
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Lemma 2.1.4 For each non-zero Z,)y-algebra S equipped with a p-derivation, the
unique ring homomorphism h : Z, — S is automatically injective and commutes
with the p-derivations on S and 7).

Proof. We denote by 8y and 6 the p-derivation of Z,, and S (respectively). We have
8(0) = O by axiom (DAX1) applied withx = y = Oand §(1) = 0 by axiom (DAX3).
Using axiom (DAX1), by induction on n € N U {0} we get that we have an identity
8(h(n)) = h(8o(n)) € S. So if there exists m € N such that #(p)”™ = 0 we choose
the smallest such m, and from 6 (2(p)™) = 0 and §o(p™) € pm‘IZ(Xp) it follows that
h(p)"~! = 0; hence the minimality assumption gives that m = 1, so § is the zero
ring, which contradicts our hypotheses. So no such m exists and hence # is injective.
As h(8p(n)) = 8(h(n)) for each n € N, it easily follows using axiom (DAX2) that
h(So(x)) = §(h(x)) for each x € Z). U

We have the following compatibilities of p-derivations with the basic ring opera-
tions. Assume S is a Zp)-algebra equipped with a p-derivation § and let¢ : S — S
be the Frobenius lift attached to . Then the p-adic completion S has a unique
p-derivation compatible with the p-derivation é on S. If ¥ C S is a multiplicative
system such that ¢ (¥) C X then the ring of fractions ¥ ~! S has a unique p-derivation
(which we still denote here by §) compatible with the p-derivation § on S. It is given
by the ‘quotient rule’:

by yPéx — xP8y
|- )i=———— forxesf, yex.
y yPo(y)

In particular if P C S is a prime ideal that contains p, then one checks directly that
¢(S\ P) C §\ P and hence the localization Sp has a unique p-derivation compat-
ible with the p-derivation § on S. If I C S is an ideal such that §(/) C I, then the
factor ring S/I has a unique p-derivation compatible with the p-derivation on S.

We have the following compatibility of p-derivations with étale homomorphisms.
If § — §’is an étale homomorphism of Z,)-algebras and B is a p-adically complete
§’-algebra via a homomorphism ¢’ : § — B of S-algebras, then every p-derivation
S — B relative to ¢ extends uniquely to a p-derivation B — C relative to ¢'. (See
[Bu95a], Lem. 1.3 which holds without assuming finite presentation.)

Definition 2.1.5 (a) By a §-ring we mean a Z,)-algebra S equipped with a p-
derivation 6 : § — S.

(b) By a filtered §-ring we mean a §-ring S which is also a filtered ring with
filtration (S”), >0 such that we have §(S") C S"*! for all integers r > 0.

Note that each §-ring has characteristic 0 by Lemma 2.1.4 and that a filtered §-ring
in the above sense is not a filtered object in the category of §-rings; rather it is an
object of the category of §-rings and also an object of the category of filtered rings
and the two structures are subject to an appropriate compatibility condition.

The next example shows that §-rings are not necessarily flat Z,)-algebras.
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Example 2.1.6 LetS = Z,[x, x’, x”, .. .]beendowed with the unique p-derivation
§ that maps x to x’, x’ to x”, etc. Let I be the ideal of S generated by & (px) with
i € N U {0} (with the convention §°(px) = px). Axioms (DAX1) and (DAX2) imply
that (/) C I. Hence S/I with the p-derivation induced by § is a §-ring in which
x + I is a nonzero element annihilated by p. In particular S/1 is not a flat Z,)-
algebra.

A morphism of §-rings is a ring homomorphism that commutes with the corre-
sponding p-derivations. The é-rings and their morphisms form a category Ring;
which has products, fiber coproducts and equalizers. If Ring is the category of rings
over Zp), then the forgetful functor Ring; — Ring, which forgets the p-derivations,
commutes with products, fiber coproducts and equalizers.

A morphism of filtered §-rings u : S — S is a morphism of -rings such that
u(S") C S8 forall integers r > 0. Filtered §-rings and their morphisms form a cate-
gory FilRing; that has products, fiber coproducts and equalizers.

The opposite category Ring;" will be denoted by Affs and its objects will be
referred to as affine §-spaces. The object in Aff; that corresponds to a §-ring
B € Ob(Ring;y) will be denoted by Spec;(B) € Ob(Affs). We often drop mentioning
the p-derivations § when referring to objects or morphisms of either Ring; or Aff;.

Remark 2.1.7 Note that in the definition above the word ‘affine’ is not an adjective
as we did not introduce a concept of §-space. One can introduce such a concept as
follows, cf. [Borg], p. 7. We let Ring be the category of rings over Z,, and we let Aff
be the category of affine schemes over Z,); we have an equivalence of categories
Spec : Ring®® — Aff. We equip the category Aff with the étale topology and we
denote by Sp the category of sheaves of sets on Aff. The infinite-length p-typical
Witt vector functor W* : Sp — Sp has a natural monad structure. Then one defines
a §-space to be an object of Sp equipped with a W*-action. (For the details of this
definition we refer to [Borg]; note however that in loc. cit. one works over Z instead
of over Z,), one uses the big Witt vectors instead of the p-typical Witt vectors, and
one uses the terminology of ‘A-spaces’ instead of ‘3-spaces’.) With morphisms of
8-spaces defined in the obvious way we obtain the category Sp; of é-spaces. Then
Aff; can be identified with the full subcategory of Sp; whose objects are the objects
of Sps with the property that their image in Sp is represented by an object of Aff.
The category Sp; can be chosen as a natural framework for §-geometry as in [Borg].
However, in the present monograph, we found it is more helpful and expedient to
present §-geometry in a semi-simplicial (rather than sheaf theoretic) framework, see
Definition 2.1.12 below. This framework is a variant of the one in [Bu05], Ch. 2. In
particular, the category Sps will play no role in the present monograph.

Ford € N (sod > 1), a basic example of filtered §-ring is given as follows. Let

S"=R[y,y,....y"1:=Ry 1 <i<d,0<l<r], r>0,
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where
Y=y =Gy = 01 ),
Y =yD =0y =0 v,
o,y = (y{r), ...,y[(,r)),

are d-tuples of indeterminates. We have inclusions " — §"*! and, for each r, we let
§: 8" — S"*! be the unique p-derivation relative to the inclusion §” C S"*! such
that we have 8y = y’, ..., 8y = yU*D (ie. forintegers | <i <dand0 <[ <r
we have (Sy(l) = yi(Hl)). We define the R-algebra of §-polynomials,

i =

o0
Rly.y....y". .. 1=]s" 2.1)
r=0

this algebra has an induced structure of a filtered §-ring with filtration (S”),>¢.

Definition 2.1.8 Let Fﬁl\ng 5 be the category whose objects are the filtered §-rings S
with each S a p-adically complete, flat R-algebra and with the inclusions §” C S"+!
assumed to be R-algebra homomorphisms; the morphisms in the category are the
morphisms of filtered §-rings that induce R-algebra homomorphisms on the rings in
the filtrations.

For § € Ob(Fma), S is always flat over R but in general it is not p-adically
complete (not even p-adically separated); more precisely, S is p-adically complete
if and only if there exists a pair (ro, ng) € Z2, such that p"™S C §™ as one can
easily check based on Baire’s category theorem.” In particular, if S/pS is a finitely
generated k-algebra or if S"*!/S" is torsion free for each integer r > 0, then S is p-

adically complete if and only if there exists 7y € Zs¢ such that S = S™. The category
Fﬁ(ﬁga has an initial object R with filtration given by R” = R for all integers r > 0.

If X = Spec(B) is an affine smooth scheme over Spec(R), then we recall from
[Bu95a], Sect. 1, that there exists a filtered §-ring J (B) € Ob(Fﬁ{i\nga), with filtra-
tion (J"(B)),=o starting with J°(B) = B , that satisfies the following universal prop-
erty: for each S € Ob(Fil/R-iFga) and for every R-algebra homomorphism B — S°
there exists a unique morphism of filtered §-rings J(B) — S over R that extends
B — S°. The affine p-adic formal schemes J” (X) := Spf(J"(B)) are p-adic com-
pletions of affine smooth schemes over Spec(R). This follows from the fact that if
y=1,...,ys) C BY = O(X)? define étale coordinates on X (i.e., the R-algebra
homomorphism from the ring of polynomials R[xy, ..., x,] into B that maps each
indeterminate x; to y; is étale), then, by the compatibility of p-derivations with étale
maps, we have a natural B-algebra isomorphism

BIY, .o Vo3P = JN(B) = O (X)) (2.2)

2 The following example due to Ofer Gabber shows that in general we cannot take ng = 0forrg > 1.
If for an integer » > 0, S” is the inverse image in the ring R{x, y} of restricted formal series in two
indeterminates x and y of k[x, xy, ..., xy"], then for S = U,>0S" we can take (ro, no) = (0, 1)
but ng cannot be 0 no matter what ry is.
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defined by yl.(l) — 8 y; for all integers | <i <d and 1 <[ <r (see [Bu95a], Prop.
1.4). As explained in [Bu95a], Sect. 1, the construction can be globalized to attach
formal schemes J" (X) to each separated (not necessarily affine) smooth scheme X
over Spec(R): if X = U;¢;U; is an affine open cover, then J" (X) = UJ"(U;) is an
open cover with J"(U;) glued naturally so that for all i, j € I we have an identity
J'WUH)NJWU;) =J"WU; NUj).

Definition 2.1.9 The p-adic formal scheme J” (X) is called the r-th p-jet space of
the separated smooth scheme X over Spec(R).

For a separated smooth scheme X over Spec(R) we may consider the filtered
8-ring O®(X) := J;2, O(J" (X)) with filtration given by the rings in the union.

By the universal property mentioned above applied to S = R, for every R-valued
point P € X (R), P : Spec(R) — X, there exists a unique sequence (J" (P)),>o of
R-valued points J"(P) € J"(X)(R), J"(P) : Spf(R) — J"(X), with J"(P) lifting
J'=Y(P) for r > 1, such that J°(P) is the p-adic completion of P and for every
affine open subscheme U C X with P € U (R) the induced sequence of R-algebra
homomorphisms O(J"(U)) — R defines a morphism of §-rings O*°(U) — R. The
R-valued points J” (P) are covariantly functorial in X. e

Each element g€ O(J" (X)) induces a morphism ¢ : J"(X) — A}e and a map
¢:J(X)(R) —> A}? (R) = R between sets of Spf(R)-valued points, both still
denoted by ¢. Then we have a well-defined map

¢r 1 X(R) = R, ¢r(P) :=@(J"(P)).
The rule ¢ — @g defines an R-algebra homomorphism
OJ (X)) - Maps(X(R), R) (2.3)

which is injective (see [Bu0S5], Prop. 3.19) and thus viewed as an inclusion that
allows us to write ¢ in place of pg. Here Maps(X (R), R) denotes the R-algebra of
set theoretic maps from X (R) to R.

Definition 2.1.10 A map of sets X (R) — R is called a §-function of order < r on
X (R) if it belongs to the image of the R-algebra homomorphism of Diagram (2.3).

We say that a §-function of order < r has order r if either r =0 orr > 1 and it
does not have order < r — 1. The §-functions of order O are exactly the functions
induced by formal functions on X=1J 0(X). For r > 1 the §-functions of order
r are not induced by formal functions on X; rather, they are given locally in the
Zariski topology by restricted power series in the affine coordinates and their p-
derivatives up to order r. If in these restricted power series one formally replaces
the p-derivatives of the affine coordinates by polynomials with K-coefficients in
the coordinates twisted by the powers of the Frobenius lift ¢, then in general one
gets divergent series (see [Bu05], Rmk. 2.6, for details); this shows that the use of
p-derivatives cannot be directly replaced in the theory by that of Frobenius lifts.
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One can ask for a geometry based on §-rings that could be referred to as §-
geometry. For our practical purposes we would like a version of §-geometry that
requires a minimum amount of foundational material. Such a formalism was intro-
duced and used in [Bu05]. We shall employ here a slightly different (although related)
formalism which is, arguably, expanded and more flexible than the one in [BuO5].
Here are the relevant concepts.

First we recall (see [W], Sect. 8.1) that a semi-simplicial object in a cate-
gory C is a collection of objects X, = (X;)4>0 and morphisms, called face maps,
fa.00 -y fad+1 : Xar1 — Xg that satisfy the semi-simplicial face relations

faio far1s = fas—10 far1,; forall integers that satisfy 0 <i <s <d +2 > 2.

A morphism between semi-simplicial objects (X,)4>0 and (Y;)4>0 1S a sequence of
morphisms (X; — Y;)a>0 that commute with the face maps. Assume we are given
a functor I" from the opposite category C°P to the category Ab of abelian groups. If
we set By :=T'(Xy) and uy s :=I'(fs5) : B4 = Bgy then for d > 0 we define, as
usual, the d-th cohomology group of X, (relative to I') by

Hd(X)~—M 8'—§(—1)iu-'3—>3 9_1:=0
o) :— Im(ad_l)v d -— par d,i - Dd d+1> -1 -— V.

Example 2.1.11 Consider now the following example; its only role is to motivate
our next Definition 2.1.12 and none of the concepts involved in it will play a role
later. Let Ring be the category of rings over some ground ring Sy and let Aff be
the category of affine schemes over Sp; so we have an equivalence of categories
Spec : Ring®® — Aff. (The notation matches the previous uses of Ring and Aff if
So = Zp) but Sy here can be arbitrary.) Consider the category Spss whose objects
are the semi-simplicial objects in Aff and whose morphisms are the morphisms of
semi-simplicial objects in Aff.> We next consider the category Sch of Noetherian
separated schemes over Sy. Consider a scheme X € Ob(Sch) and a finite affine open
cover U of X, i.e.,

U = Uiepo,...ny Withn e NU {0}, X =UpU---UU,, U; C X affine opens.

.....

(We do not require the U;s to be distinct or non-empty.) One can attach to X and U/
an object X, = (Xy)g4>0 of Spss where X, are the affine Noetherian schemes

Xg= [] U,n-nU, for0<d=<n+1

0<ip<---<ig<n

3 By analogy with the terminology used in topology one could refer to the objects of this category
as semi-simplicial spaces; hence the notation.
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and X, := ¢ for d > n + 1, with the obvious face maps f;, ..., fd,d+1.4 Note
that the face maps are quasi-finite local isomorphisms. Note also that the natural
morphism Xo — X is a coequalizer in Sch of the pair of morphisms (fy.0, f1.1)
from X to Xo; so X is uniquely determined, up to isomorphism in Sch, by the
isomorphism class of X, in Spss.

The cohomologies of X and X, are related as follows (see [H], Thm. 4.5, p. 222):
if ' : Aff°® — Ab is the functor U +— I'(U) := OU) = H*(U, Oy) and X and U
are as above, then we have natural isomorphisms

HY(X,) ~ HY (X, Oy),

where H%(X,) are the cohomology groups of X, (relative to I') and H d(X, Oy) are
the usual cohomology groups of the scheme X with coefficients in the sheaf Oy.

Next we recall the definition of the (ordered) nerve of a cover U of X as above.
It is the semi-simplicial set (i.e., semi-simplicial object in the category of sets)
NoU) = (NgU))axo,

Nd(U):z{(io,...,id)|0§i0<...<id§n, Uiuﬂ...ﬂUid;é@},

with the obvious face maps.

Consider the category Schcov whose objects are pairs (X, /) where X € Ob(Sch)
and U = (U;) is a finite affine open cover with all U; connected; a morphism
(X, Z/{) —> (Y, V), where U = (Ui)ie{O n} and V = (Vj)je{O,...A,m}a isa pair (Ol., f)
consisting of a morphism of semi-simplicial sets «, : No(U) — N,(V) and a mor-
phism of schemes f :X — Y such that f(U;) C Vg, for all i € No(Uf). We
have the forgetful functor Scheov — Sch, (X,U) — X; it induces surjections
Ob(Schcov) — Ob(Sch) and Mor(Schcov) — Mor(Sch). On the other hand we
get a functor Schcov — Spss, (X, U) — X,, which is easily seen to be fully faith-
ful; so Scheov is equivalent to a full subcategory of Spss. This suggests taking the
semi-simplicial objects X, (and their morphisms) as a substitute for the pairs (X, If)
(and their morphisms) for in so doing ‘no information is being lost’.

.....

We would like to take Example 2.1.11 as a blueprint for §-geometry.

Definition 2.1.12 A semi-simplicial §-space (or simply an ss-§-space) is a semi-
simplicial object in the category Affs = Ring}".

In concrete terms, an ss-6-space is a sequence Spec (B.) = (Specs(B4))q>0 where
B, are §-rings equipped with §-ring homomorphisms u, g, . . ., Ug 441 : Bi = Bati
(called coface maps) that satisfy the coface relations

Ugyl,s OU4j =UJy],ioUqs—1 forallintegers thatsatisfy 0 <i <s<d+2>2.

4For eachd > 0, Xy is open and closed in X;l = Xo Xx -+ Xx Xo (d + 1 factors); the family
(X!))a=0, equipped with the natural face maps given by projections, is a semi-simplicial object and
the inclusions Xy C X [’, are compatible with the face maps. In fact (X &)dzo has the richer structure
of a simplicial object (see [W], Sect. 8.1) which will be ignored here.
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Morphisms of ss-§-spaces are defined as morphisms of semi-simplicial objects in
Affs. In this way we get the category of ss-8-spaces denoted by Spss;. Its study is
what we refer to as 6-geometry. The category Spss; has coproducts, fiber products
and coequalizers: the coequalizer of a pair of morphisms Specg(B,) = Spec,(B.)
in Spss; is the ss-§-space Specs(C,) where for each d > 0, Cy is the equalizer in
Ring; of the corresponding pair of morphisms B; = B),.

Each §-ring S defines an ss-8-space Specs(S.) = (Specs(S4))a>0 where Sy = S
for all integers d > 0 and where all face maps are the identity automorphism of
Specy (S). The functor Affs — Spss; defined by Spec, (S) — Spec;(S.) induces an
equivalence between Aff; and a full subcategory of Spss;.

We will usually denote ss-3-spaces by symbols such as X5, Y, etc.

By an ss-§-space over S we mean an ss-6-space X equipped with a morphism
X5 — Spec;(S.). We are especially interested in the category of ss-6-spaces over R
whose final object is Specg(R,).

Taking the functor I' : Aff;" = Ring; — Ab to be the forgetful functor, if X
is a ss-d-space defined by §-ring homomorphisms u,; : B — Bgy1 as above then
we have the d-th cohomology group (relative to I'), H*(X5) := Ker(d;)/Im(d4_;),
where 0, := Zfi:ol (—1)iud,i : By — By and 9_; := 0. The group H%(X;) has a
structure of a §-ring which we call the ring of global functions on X.

We recall that, if M and N are R-modules, an additive map f : M — N is called
semilinear if it satisfies f(Ax) = ¢ () f (x) for each pair (A, x) € R x M.

If X5 is an ss-§-space over R, then its cohomology groups are R-modules
equipped with semilinear endomorphisms induced by the Frobenius lift¢ : R — R
and denoted also by ¢. If X5 — Y is a morphism of ss-8-spaces over R, then for
each integer d > 0 we have a naturally induced R-linear map H¢(Ys) — H(X;)
compatible with the semilinear endomorphisms ¢. The map H°(Ys) — H°(X;) isa
morphism of §-rings over R.

If A is a §-ring we denote by D := D(A) C A the multiplicative set of alla € A
such that the image of @ in A/pA is a nonzero divisor; then ¢ (D) C D so the ring
D~' A has a unique structure of a §-ring compatible with that of A. The latter §-ring
is a natural substitute, in our framework, for the total ring of fractions. Note that if
B is the zero ring then D(B) = B.

Definition 2.1.13 (a) An ss-§-space X; is connected if the ring H 9(Xs) has no
nontrivial idempotents.

(b) An ss-§-space X is acyclic if H4(X;s) = 0 for all integers d > 1.

(c) A morphism of ss-§-spaces over R, X5 — Y;, is a quasi-isomorphism if the
homomorphisms H¢(Ys) — H9(Xs) are isomorphisms for all integers d > 0.

(d) An ss-6-space Specg(B,) over R is discrete if for every integer d > 0O the
8-ring By is a finite power of R, i.e., By = R>d, for some finite set ¥,, with the
convention that RY := 0. (Then (24)a4>0 has a natural structure of a semi-simplicial
set and, conversely, each semi-simplicial set (¥,;) with ¥, finite gives rise to a
discrete ss-§-space as above.)

(e) A 5-point is an ss-§-space over R that is connected, discrete, and acyclic.
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(f) Given an ss-8-space X5 over R, a §-point of X5 is a morphism over R of the
form P; — Xs where Pj is a §-point.

(g) For an ss-3-space X5 = Specs(B,) let D, := D(B;) C B, ford > 0 and con-
sider the following condition: for all integers d > 0 and all i € {0, ...,d + 1} we
have u, ;(D;) C Dgy4q. If this condition is satisfied we obtain a naturally associated
ss-8-space D~! X5 := Specs (D' B,). The §-ring H(D ! X5) is called the §-ring of
rational functions.

(h) An ss-8-space X5 = Spec;s(B,) is stalk-preserving if for each integer d > 0
andeveryi € {0, ...,d + 1}, the coface map uy; : B; — By is stalk-preserving.

(i) An ss-8-space X5 = Specy(B,) is quasi-finite if for each integer d > 0 and
every i € {0,...,d + 1}, the coface map u,; : By — By4 is defined by a quasi-
finite morphism Spec(By+1) — Spec(By).

For each é-ring S, the ss-6-space Specg(S,) is acyclic, stalk-preserving, quasi-
finite, and moreover we have H°(Specs(S,)) = S. In particular, the ss-8-space
Specg(R.) is a §-point. Other §-points will play a role later as well, see Display
(2.39). Every §-point is quasi-finite. For each §-point Ps, the canonical morphism
Ps — Spec;s(R,) is a quasi-isomorphism.

We denote by X;(5-pts) the set of all §-points of Xs. For each morphism X5 — Y
of ss-3-spaces over R we have an induced map of sets Xs(5-pts) — Ys(3-pts).

One can enhance ss-3-spaces by considering filtrations as follows.

Definition 2.1.14 A filtered ss-6-space is a semi-simplicial object in FilRing;".

Filtered ss-§-spaces form a category, FilSpss;, in the obvious way. This cate-
gory has coproducts, fiber products, and coequalizers and there exists a forgetful
functor FilSpss; — Spss; which forgets the filtrations; so we shall view filtered
ss-6-spaces as ss-d-spaces with ‘additional structure’ given by filtrations. The for-
getful functor above commutes with coproducts, fiber products, and coequalizers.
The ss-6-space Spec(R,) has a natural structure of a filtered ss-6-space with the
constant filtration equal to R in each degree; so we speak about filtered ss-§-spaces
over R.If X, is a filtered ss-8-space, then all cohomology groups H?(Xs) inherit an
exhaustive increasing filtration by subgroups H?(Xs)" which, if X; is over R, are
R-submodules equipped with semilinear homomorphisms H?(X;)" — H(Xs)"*!.
If in addition we have X; = Specs(B,), the condition in Definition 2.1.13 (g)
is satisfied, and the ring homomorphism B"/pB” — B/pB is injective for each
r € Zso, then D~'X; has a structure of a filtered ss-8-space given by the filtration
((D;'Ba)")r=0 = ((D})~'B!}),=0 of each D' By, where D/, := B}, N Dy.

A ‘first” example of (filtered) ss-§-space over R is attached to a quasi-compact
separated smooth scheme X over Spec(R) as follows. Given n € Zx( and an affine
open cover X = Uy U - - - U U, we consider the filtered ss-5-space

Spec, ( l_[ o*WU;, N---N Ui.))

O<ip<:<i,<n



20 2 Main Concepts and Results

equipped with the natural face maps. Here and in what follows, the products of the
type above are taken to be equal to the zero ring for ¢ > n. However, this is not the
most natural example appearing in our theory. Rather, the examples that naturally
occur come from certain (filtered) é-graded rings and ‘Projs’ spaces attached to
them. To explain this construction we need to introduce a few more concepts, partly
following [BuO5], Defs. 2.18 and 2.21.
Let
W= Z[¢]

be the commutative ring of polynomials in an indeterminate ¢ with Z-coefficients.
If w=Y",a¢" with n €Zs is a weight, ; € Z and a, # 0, then we set
deg(w) := Z?:o a; and ord(w) := n. We also set deg(0) := 0 and ord(0) := 0. We
endow W with a partial order as follows: we have w = Y " a;¢' > 0if and only if
a; > 0foralli € {0,...,n}. We set

Wi ={weWlw=>0} and W) :={w € Wlord(w) < r} forr € Zsy.

For aring endomorphism¢ : B — B and b € B we often use the simpler notation
b? := ¢(b).

Definition 2.1.15 (a) By a 6-graded ring we mean a W-graded Z,)-algebra
B =, B(w) equipped with a ring endomorphism ¢ : B — B such that the
following three axioms hold.

(GAX1) The ring B is p-adically separated and flat over Z,).
(GAX?2) For all w € W we have ¢ (B(w)) C B(¢w).
(GAX3) For all by, by € B(w) we have b'b% — bYb{ € pB((¢ + p)w).

(b) A §-graded ring as above is integral if in addition it satisfies the following two
conditions:

(GAX4) The ring B/pB is an integral domain.
(GAXS) Both ¢ and its reduction modulo p are injective.

In the definition above the W-grading of B is with respect to the additive structure
of W, i.e., B(w)B(w;) C B(w; + w,) for all wy, w, € W.

Note that, by axioms (GAX1) and (GAX4), each integral é-graded ring is an
integral domain.

Some of the main rings in our theory have a structure of §-graded rings; see the
rings I, M, M introduced after Definition 2.3.5 below, the rings S, introduced in
Definition 2.3.18 below, and the rings Sx ; introduced in Definition 2.3.19 below. A
simpler example is as follows.

Example 2.1.16 Let A be a p-adically separated §-ring such that both A and A/pA
are integral domains. We denote by ¢ the Frobenius lift on A attached to the p-
derivation on A. Let x, x?, x¢2, ... be a sequence of indeterminates and consider the
ring of Laurent polynomials
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Alx] = Al 2

So the elements of A[x"] are formal sums %,,cwa,x* with a,, € A. Multiplication
is given by (ax®)(bxV) := abx**" fora,b € A and w,v € W. Then B := A[x"]
has a natural structure of integral §-graded ring with homogeneous components
B(w) = Ax™ for w € W and with ring endomorphism ¢ : B — B defined by
¢ (ax?) = ¢p(a)x® fora e Aandw € W.

The §-graded rings are the objects of a category GrRing; whose morphisms are
the morphisms of graded rings that commute with the corresponding ¢s.

Our definition of integral §-graded rings is closely related to (but is not identical
to) the definition of §-graded rings in [Bu05], Def. 2.18: the latter considers nonunital
rings and uses W, instead of W.

With the simpler notation above, we write

bi'bs — bibY

{b1, b2}s = € B((¢ + pw),

where division by p is well-defined by axioms (GAX1) and (GAX3).

Note that if B is an integral §-graded ring then ¢ is a Frobenius lift on B if and
only if B = B(0). Thus, in general a §-graded ring does not have a natural structure
of a é-ring. However, if B is an integral §-graded ring, then for each w € W and
every f € B(w) \ pB(w), the ring of fractions

F
B(f) = {F'F € B(vw), v € W+}

has a natural structure of a §-ring, where its p-derivation § is defined by the formula
8 i L {fva F}S
fv) T feetn

as one can check easily that the rule x — x? 4 p§(x) defines the ring endomorphism
of B(y) induced by ¢. Similarly, the ring of fractions

F
By = {EIF € B(w), G € B(w)\ pB(w), w € W},

has a naturally induced structure of a §-ring; it is a discrete valuation ring with
maximal ideal generated by p.

We say that B is a §-graded ring over R if R is a subring of B(0) and ¢ extends
the Frobenius lift on R.

Definition 2.1.17 Let B be an integral §-graded ring over R and let n € N and
w € W. By alinear system in B (of length n + 1 > 2 and weight w € W) we mean
an n + l-tuple
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f=(fo,.... fu) € (Bw)\ pBw)"*".

For each such pair (B, f) we define the connected ss-3-space

Projs(B, f) := Spec; ( l_[ B(fig"'fi.)) 2.4)

0<ig<-<i,<n

over R with the obvious inclusions as face maps.

The ss-6-space X5 = Proj;(B, f) clearly satisfies

H'(X5) = () By

i=0

the intersection being taken inside B((,). Also Xs above is easily seen to satisfy
the condition in Definition 2.1.13 (g) so we can consider the ss-8-space D~! X and,
in particular, the §-ring of rational functions H 9(D~'X5) on X;. In addition, X,
is stalk-preserving and quasi-finite because for every index d > 0, every indices
O0<ip<...<igy1 <d+1, and every j € {0,...,d + 1}, we have an identity
Biffi) = Zj_lB(ﬁU,,,f“ﬁdH) where X is the multiplicative system consisting
of the W, -powers of the fraction

d+1
1i

J

— T = .
fio e Ty oo Fia

Here " indicates deletion. Note that for alld > 0 and i € {0, ..., d} the homomor-
phisms 74, : By — By induced by the coface maps are local isomorphisms.

If a morphism of integral §-graded rings u : B — B sends some linear system
f= (fo,..., fu) in B into a linear system f:= w(fo),...,u(fy))in B (of the same
length and weight), then we call f the image of f in B and we have an induced
morphism PI‘OJ(S(B ) — Projs(B, f) in Spss;.

In algebraic geometry the linear systems are vector spaces generated by global
sections of a line bundle but our linear systems are tuples and not R-modules, as
even the 0-th cohomology groups of the ss-§-spaces Proj, (B, f) really depend on f
and not only on the R-submodule ) "_; Rf; of B(w).

For applications we will need the ‘filtered version’ of the above concepts.

Definition 2.1.18 A filtered §-graded ring is a §-graded ring B as in Definition
2.1.15 (a) which is also equipped with a structure of a filtered graded ring, given by
a filtration (B”),>¢, for which the following two axioms hold.

(GAXG®6) For all integers r > 0 we have ¢(B") C B"*!.

(GAXT7) For all integers r > 0 and all w € W we have

{B"(w), B"(w)}s := {{b1, ba}s|b1, by € B"(w)} C B"T((¢ + p)w).
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Note that if (GAX6) holds and B" N pB"*! = pB" for all integers r > 0, then
(GAXT) follows from (GAX3). Filtered §-graded rings are the objects of a category
FilGrRing; whose morphisms are the morphisms of §-graded rings that are also
morphisms of filtered rings.

We similarly speak about filtered §-graded rings over R and about filtered integral
8-graded ring.

If B is a filtered integral §-graded ring over R, then for each w € W and every
f € B(w) \ pB(w), the §-ring By, has a structure of a filtered §-ring with filtration

((B(s)) )r=0 given by

(Bip)" = {FlF € B"(vw),v € W+}
Similarly, the §-ring B((,) has a structure of a filtered §-ring with the filtration
((B((py)")r=0 given by

F
By = {5|F € B"(w),G € B"(w) \ pB"(w), w € W} .

For each linear system f in a filtered integral §-graded ring B over R, the ss-§-
space Proj;(B, f) has an induced structure of a filtered ss-§-space. If a morphism
B — Bin FilGrRing;, where B and B are filtered integral §-graded rings, maps a
linear system f = (fy, ..., f,) in B into a linear system f:= (u(fo), ..., u(fy)) in
B,andif A € R*, then we have an induced morphism Proj 5(B ) — Pro_] s(B, D) in
FilSpss; where Af = u(fo), ..., u(fp)).

2.2 Assymptotic Transcendence Degree and Dimension

Throughout this section we use the following convention: a family (x;);cz of ele-
ments of a ring is called algebraically independent over a subring if the members of
the family are distinct (i.e., x; # x; fori, j € Z,i # j) and the set {x;|i € I} is alge-
braically independent over the subring. We make a similar convention for linearly
independent families.

If B| C B, is an inclusion of integral domains, let

tr.degp (B2) € NU {0, oo}

be the supremum of all d € N U {0} such that B, (or Frac(B,)) contains d alge-
braically independent elements over Bj; here we identify the elements of N U {0}
with cardinals and we use oo to denote an arbitrary infinite cardinal. We have
trdegp (B2) = tr.degp,, s, (Frac(B)).

In this section we take By to be an integral domain thought of as the ‘ground ring’.
(In the remaining part of this chapter and in Chap. 3, By will be R = W (k), while
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in Chap. 4, By will be an algebraically closed field.) All concepts will be relative to
By and we will often drop the reference to By if no confusion can arise. Throughout
this section B is an integral domain that contains By.

Definition 2.2.1 Let B be a filtered ring such that its filtration (B”),> satisfies
By C B°. We say that B has asymptotic transcendence degree a € R, and we write

asy.tr.deg(B) = «,
if trdegp (B") < oo for all integers r > 0 and

. trdegp (B")
lim ———— =«

r—00 r

We say that B has asymptotic dimension B € R, and we write
asy.dim(B) = B,

if dim(B” ®p, Frac(By)) < oo for all integers r > 0 and

. dim(B" ®p, Frac(By))
lim =

r—>0o0 r

B.

Here dim denotes Krull dimension. If all Frac(By)-algebras B” ® g, Frac(By) are
finitely generated, then asy.tr.deg(B) exists if and only asy.dim(B) exists and, in case
they exist, they are equal.

A typical situation when asy.dim(B) exists but asy.tr.deg(B) does not arises as
follows. Let X be an affine smooth scheme over Spec(R) of relative dimension d
and we take

By=R, B'=0U" (X)), B=0U%X)) = UB’.

r>0
Then by Diagram (2.2) we have dim(B” ®x K) = (r + 1)d, so
asy.dim(O(J*(X))) =d, (2.5)

but asy.tr.deg(O(J*°(X))) does not existif d > 1 because the transcendence degrees
involved in its definition are infinite.

We recall another concept of dimension which comes from difference algebra
(see [Le]) and which will play a role in our monograph.

Assume we are given an injective ring endomorphism ¢ : B — B that sends B
onto By. So ¢ induces a ring endomorphism of Frac(B) that sends Frac(Bj) onto
itself. (In Chaps. 2 and 3, where By = R, the restriction of ¢ to By will be the unique
Frobenius lift on R but ¢ on B will not necessarily be a Frobenius lift. In Sects.
4.2-4.4, where By is an algebraically closed field K, the endomorphism ¢ will be
denoted by o and its restriction to K will be the identity automorphism 1x.) For
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(w.b) = (Q_ai¢'.b) € (W x B*) U (W, x B),
i=0

we extend the simpler notation 5® = ¢ (b) by setting

bY = bYp(b)“ - -- " (b)™ € B.

Definition 2.2.2 Let¢ : B — B be an endomorphism of an integral domain B that
maps a unital subring By of B into itself. Let C be a By-subalgebra of B such that
¢(C) C C (i.e., a By[¢]-subalgebra of B).

(a) A subset < of Frac(B) is called ¢-algebraically independent over Frac(C) if
the family (¢ (b)) s, Jesax@ufoy of elements of Frac(B) is algebraically independent
over Frac(C).

(b) A subset Frac(B) is called a ¢-transcendence basis of Frac(B) over Frac(C)
if it is maximal in the set of ¢-algebraically independent subsets of Frac(B). As such,
the ¢-transcendence degree of B over C is the supremum ¢-tr.deg(B) € N U {0, oo}
of all numbers d € N U {0} such that Frac(B) has a subset with d elements which is
¢-algebraically independent over Frac(C).

(¢) A subset {by,...,b,} C Frac(B) is said to ¢-generate the field Frac(B)
over Frac(By) if the set {¢/ (b;)|(i, j) € {1,...,n} x (NU {0})} generates the field
Frac(B) over Frac(By).

(d) We say Frac(B) is ¢-finitely generated over Frac(B) if there exist a finite
subset of B that ¢-generates Frac(B) over Frac(By).

(e) A subset {b;,...,b,} C B is said to ¢-generate B as a By-algebra if the set
(o7 (b)), j) € {1,...,n} x (NU{0})} generates B as a By-algebra. We also say
that B is ¢-generated by {by, ..., b,} over By.

(f) We say B is ¢-finitely generated over By if there exist a finite subset of B that
¢-generates B as a By-algebra.

We use the simpler notation ¢-tr.deg(B) := ¢-tr.degp (B).
We end this section with remarks on interrelations between the various dimension
concepts introduced above.

Remark 2.2.3 The following properties hold.

(a) A ¢-transcendence basis of Frac(B) over Frac(C) always exists and every two
such ¢-transcendence bases have the same cardinality (see [Le], Ch. 4, Prop. 4.1.6).

(b) We have the additivity property (see [Le], Ch. 4, Thm. 4.1.9):
¢-tr.deg(B) = ¢-tr.deg(C) + ¢-tr.deg(B). (2.6)

(¢) If Frac(B) is ¢-finitely generated over Frac(By), then Frac(C) is also ¢-finitely
generated over Frac(By) (see [Le], Ch. 4, Thm. 4.4.1).
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(d) Each subset of Frac(B) that ¢-generates Frac(B) over Frac(C) contains a
¢-transcendence basis (see [Le], Ch. 4, Thm. 4.1.8).

(e) Assume that {81, ..., B,} C Frac(C) is ¢-algebraically independent over
Frac(By) and that {y,, ..., ¥y} C Frac(C) is a set which ¢-generates Frac(C) over
Frac(By). Then m > n and the set {yy, ..., ¥} contains a subset with n elements
which is ¢-algebraically independent over Frac(By). To check this statement, we
first remark that ¢-tr.deg(C) > n. By the property (d) applied to the fields Frac(By)
and Frac(C) we have that {yy, ..., v, } contains a ¢-transcendence basis of Frac(C)
over Frac(By) which, by the property (a), has ¢-tr.deg(C) elements and the statement
follows.

(f) If ¢-tr.deg(B) =n € N, then there exists a subset of B with n elements
which is ¢-algebraically independent over Frac(By). To check this statement, let
by, ..., b, € B be such that {lb’—(‘), ey Z—g} is a ¢-transcendence basis of Frac(B) over
Frac(By). Then the statement follows from the property (e) applied to {by, ..., b,}
with C := By[¢/ (b))|0 <i <n,j>0landm =n + 1.

(g) Assume B has a grading by an abelian semigroup in which the homoge-
neous components are By-submodules. Then ¢-tr.deg(B) is the supremum of all
natural numbers d such that B has d homogeneous elements that are ¢-algebraically
independent over Frac(Bj). To check this statement, let by, ..., b, € B be such
that {Z—:), e, Z—:’)} C Frac(B) is ¢-algebraically independent over Frac(By) and let
{y1,..., vm} be the set of all homogeneous components of by, ..., b,. Taking
C = Bo[¢’/ (¥)|0 < i < m, j > 0], the statement follows from the property (e).

Remark 2.2.4 We mention the following related concept. Let E be a By-module
equipped with a semilinear map ¢ : E — E, i.e., ¢ on E is additive and for all
A € By and all x € E we have ¢(Ax) = ¢(L)¢(x). By the ¢-rank of E we mean
the supremum, denoted by ¢-rankp, (E) € N U {0, oo}, of all n € N U {0} such that
there exist elements x, ..., x, € E that are ¢-linearly independent over By in the
sense that the family (¢/ (X)), jelt,...n}x(Nuoy) 18 Bo-linearly independent.

44444

Remark 2.2.5 Let B be a W-graded ring where W = Z[¢]. We assume that
By C B(0) and that we have ¢ (B(w)) C B(¢w) for all w € W. We set

Wy = {w € W|B(w) # 0}.

If we view W as a module over the semiring W, then W is a W, -submodule of W
(recall B is an integral domain and ¢ : B — B is injective). It is easy to check that if
B ®3p, Frac(By) is ¢-finitely generated as a Frac(By)-algebra, then Wp is a finitely
generated W, -module.

Remark 2.2.6 Assume B is a filtered ring with filtration (B”),>¢ and assume we
are given an injective ring endomorphism ¢ with ¢ (By) = By compatible with the
filtration in the sense that for all integers r > 0 we have

d)(Br) c Br+1.
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If B has an asymptotic transcendence degree, then we have an inequality
¢-tr.deg(B) < asy.tr.deg(B). 2.7

Note that the above inequality is not an equality in general: the right-hand side
effectively depends on the filtration whereas the left-hand side does not. If C is By-
subalgebra of B which is a filtered ring with filtration (C"),>o such that we have
C" C B" and ¢(C") C C"*! for all integers r > 0, and if C also has an asymptotic
transcendence degree, then it is easy to check, using Eq. (2.6) and Inequality (2.7),
that we have an implication

asy.tr.deg(C) = asy.tr.deg(B) = ¢-tr.deg(C) = ¢-tr.deg(B). (2.8)

Even if either C or B does not have an asymptotic transcendence degree, for an
integer N > 0 we have the implications (1) = (2) = (3) between the following
statements.

(1) We have tr.deg..(B") < N for all integers r > 1.
(2) We have tr.deg(B) < N.
(3) We have ¢-tr.deg(C) = ¢-tr.deg(B).

Remark 2.2.7 The concepts of ¢-transcendence degree and asymptotic transcen-
dence degree are related as follows. If B is equipped with an injective ring endomor-
phism ¢ with ¢(By) = By such that Frac(B) is ¢-finitely generated over Frac(B),
then it is easy to see that there exists an increasing exhausting filtration (B"),>( by
By-subalgebras of B such that for all integers » > 0 we have ¢(B") C B"*! and the
asymptotic transcendence degree exists and is given by

asy.tr.deg(B) = ¢-tr.deg(B).

This will not be used here as the filtrations appearing in the monograph are given
(cannot be modified) and Inequality (2.7) is not a priori an equality.

Remark 2.2.8 In this remark we assume that the inclusion By C B is a morphism
of §-rings. Let ¢ : B — B be the Frobenius lift attached to 6 : B — B. Then from
Remark 2.2.3 (g) we get that ¢-tr.deg(B) coincides with the supremum of the set of
all integers d such that there exist elements by, ..., by € B with the property that
the family

of elements in Frac(B) is algebraically independent over K. A similar statement
holds for the concept of finite ¢-generation.

Remark 2.2.9 Let By = R and let B be an integral 5-graded ring over R. We assume
that B(0) = R and that there exists w € W \ {0} such that we have B(w) # pB(w).
We first state and then argue the following five properties.
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(a) We have an equality

¢-tr.deg(B) = ¢-tr.deg(B () + 1.

(b) The ¢-transcendence degree ¢-tr.deg(B) is the supremum of the set of all
n € NU {0} such that B contains n elements that are homogeneous of the same
weight and ¢-algebraically independent.

(c) Assume w > 1 or w < —1. (For instance, the inequality w > 1 holds in the
example of the ‘projective space’ introduced below by Display (2.32) and the inequal-
ity w < —1 holds in some of our main examples related to moduli schemes of prin-
cipally polarized abelian schemes, see Remark 3.6.32 (c) of Sect. 3.6.3 or Family
(3.88) below.) Let f € B(w) \ pB(w). Then p is a prime element in the ring B,
and the localization of this ring at the prime ideal (p) satisfies

(Bi) ) = Bpy- (2.9)
In particular, we have
¢-tr.deg(B) = ¢-tr.deg(By) + 1.

(d) Assume w > 1 or w < —1 and assume in addition that B is a filtered §-graded
ring over R. Consider a linear system f = (fy, ..., f,) € (B(w) \ pB(w))"*!, and
let X5 := Projs(B,, f). Then, recalling the notation in Definition 2.1.13 (g), defining

_(n+1
Ny.o = <.+ 1) we have

D;'B. = (B((py)", (2.10)
with the canonical coface maps, so the ss-8-space D~! X is acyclic and we have
H*(D™'Xs) = B(-
(e) Assume we are in the situation of part (d) and assume, in addition, that
B (v) = 0 for all integers r > 0 and all v € W such that ord(v) > r. (This con-
dition is trivially satisfied in our main examples later in the monograph, see the
paragraph after Definition 2.3.5 of Sect. 2.3.1.) Then the canonical filtrations on the
two rings in Eq. (2.10) satisfy
(DB C ((Bipy))™+ € (D' B+, (2.11)

In particular we have the following formula for the asymptotic transcendence degree
of the §-ring of rational functions on Xj:

asy.tr.deg(H’(D ™' X)) = asy.tr.deg(B(())-
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In what follows we give the arguments for properties (a) to (e).

The inequality ‘>’ in part (a) follows because each nonzero element in B(w)
is ¢-algebraically independent over B((p). To check the inequality ‘<’ in part (a)
assume ¢-tr.deg(B) > n + 1 for some integer n > 0, and consider ¢-algebraically
independent homogeneous elements by, ..., b, € B over R, b; € B(w;) \ pB(w;),

.....

dent over R. As B(0) = R we have w; #0 for all i € {0,...,n}. Let v e W be
a nonzero common multiple of wy, ..., w, and for i € {0, ...,n} let v; € W be
such that we have v = v;w; € W. As v; #0 for all i € {0, ..., n}, the family

.....

.....

_____ ») 1s algebraically independent over R. As
the reduction of ¢ : B — B modulo p is injective we have b;" /by € By, for all
i € {1,...,n}. Therefore ¢-tr.deg(B((p)) = n. From this the inequality ‘<’ in part
(a) follows.

To check part (b), assume again that ¢-tr.deg(B) > n + 1 and let by, ..., b,
and the notation be as as in the previous paragraph. For i € {1, ..., n}, write
b;"‘/bgo = ﬂi/)/,', ,3,‘ € B(I/t,'), Yi € B(I/t,) \pB(I/t,), u; € W. We choose u; such that
u =Y, u; #0(as wecanmultiply B; and y; by some elementin B(w) \ pB(w)).
Let y :=[]'_, i € B(u). Then v, B1/¥1, ..., Bu/¥n are ¢-algebraically indepen-
dent over R (because, as u # 0, each element in B(u) is ¢-algebraically independent
over B(y). Hence y, Biy/vi, ..., Bay/vn € B(u) are ¢p-algebraically independent
over R and are homogeneous of the same weight which proves part (b). »

To check part (c) note first that, by the axiom (GAXS), p does not divide f%'
for all integers i > 0. As, by the axiom (GAX4), p is prime in B it follows that p
is prime in B y. The inclusion ‘C’ in Eq. (2.9) is obvious. To check its inclusion
‘D’ let F/G € By where F € B(v) and G € B(v) \ pB(v) forsome v € W with
ord(v) <r. Write v = v, — v_ with v, v_ > 0 and ord(v,), ord(v_) < r. Then
for w > 1 we can write

F_F"
G~ = - € (B (2.12)
G GFw (GFw fv,)/flur
while for w < —1 we can write
F_ R
- = € (Bi)p (2.13)

5 GF—w-1 (GF_“’_lf’“)/f”*

which implies that the inclusion ‘D’ in Eq. (2.9) holds.

Part (d) follows directly from Eq. (2.9).

To check part (e) note that the first inclusion in Display (2.11) is obvious. To
check its second inclusion it is enough to note that if /G € B, with F € B"(v)
and G € B"(v) \ pB"(v) as in Eq. (2.12) (resp. (2.13)), then F* and GF*~! (resp.
F~ and GF~""!) have order at most r + ord(w) while fU+ (resp. fU-) has order
at most ord(w) + ord(v) < ord(w) + r.
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2.3 Concepts of §-Invariant Theory

We review some basic concepts introduced in [Bu0O, BB, Bu03, Bu05] and we
introduce some new concepts that are needed in the monograph.

2.3.1 Rings of Abstract §-Modular Forms

We develop a formalism of §-modular functions and forms in an abstract (purely
categorical) setting of what we will call moduli data. In the next subsection we will
specialize our study to the case of principally polarized abelian schemes and their
polarized isogenies.

Fix a ring Sy which we view as a ‘ground ring’ and which, for simplicity, we
usually drop from our notation. Recall (see the footnote of Sect. 1.1) that all sets are
assumed to belong to a given universe and all categories are small. Denote by Ring,
Cat, Gr, and Set the category of rings over Sy, the category of categories, the category
of groups, and the category of sets. (So in the case of Ring the notation matches the
one in Sect.2.1 if we take Sy = Z,); however we will also be interested later in
the case Sy = R.) Let ¢ : Gr — Cat be the natural functor; so for H € Ob(Gr),
t(H) is a category with one object whose monoid of endomorphisms is H. Let
G, : Ring — Gr be the multiplicative group functor.

Definition 2.3.1 A moduli datum (over Sy) is a quadruple (9N, ®, G, D) that con-
sists of:

(MAX1) a functor 971 : Ring — Cat;

(MAX?2) a morphism © : 9t — ¢ o G, of functors from Ring to Cat;

(MAX3) a functor G : Ring — Gr that acts on 977 objectwise;

(MAX4) a morphism D : G — G,, of functors from Ring to Gr.

Explicitly, MAX1)-(MAX4) are given by a rule that functorially attaches to each
ring S over Sy the following:

(i) a category 90%(S) with set of objects M(SS), set of morphisms M’(S), and source,
target, identity, and composition maps

m1(8), m2(S) : M'(S) — M(S),
€(S) 1 M(S) — M/(S),
1w(S) : M”(S) — M(S)

respectively, denoted in what follows simply by my, 72, €, u, where

M’ (S) := {(x], x3) € M'(S) x M'(S), ma(x]) = 1 (x))};
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(ii) a multiplicative map D(S) : M’'(§) — S*, denoted in what follows simply by
D;

(iii) a group G(S) acting on the sets M(S) and M’'(S) such that all the maps
7y, 72, € are G (§)-invariant, and moreover, with G (S) acting naturally on M"(S), u
is as well G (S)-invariant;

(iv) a group homomorphism D(S) : G(S) — S*, denoted in what follows simply
by D.

We write, as usual, x} o x| := u(x], x3) for (x{, x3) € M”(S). Then multiplica-
tivity in (ii) means that D (x} o x}) = D (x5)D (x]).

Remark 2.3.2 Assume (N, ®, G, D) is a moduli datum. Consider the equivalence
relation ~ on M(S) where for x, y € M(S) we have x ~ y if and only if there exists
g € G(S) such that the objects y and g - x are isomorphic. We get a functor

A = Ao ¢ : Ring — Set
that attaches to each S € Ob(Ring) the quotient set
A(S) :=M(S)/ ~.
Similarly, consider the equivalence relation ~ on M’ (S) where for x’, y € M'(S) we
have x’ ~' y’ if and only if there exists g € G(S) and isomorphisms z}, z; € M'(S)
such that g - x' = z} 0 y" 0 z. We get a functor
A’ = A ¢ : Ring — Set
that attaches to each S € Ob(Ring) the quotient set
A(S) :=M'(S)/ ~.
We have a natural pair of source and target morphism of functors

T,

A = A (2.14)

Let A/ A’ : Ring — Set be the functor that attaches to each S € Ob(Ring) the
coequalizer of the two maps A'(S) = A(S) defined by the functors of Diagram
(2.14). We have a natural quotient morphism of functors

AS A/A. (2.15)

Similarly, we may consider the equivalence relation ~ on M(S) x S where for
(x,u), (y,v) e M(S) x § we have (x,u) ~ (y,v) if and only if there exists
g € G(S) such that the objects y and g - x are isomorphic and we have v = D(g)u.
We get a functor
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L = Lopc.p : Ring — Set
that attaches to each S € Ob(Ring) the quotient set

L(S) := M(S) x S)/ ~ .

In an entirely similar way we get an equivalence relation ~' on M'(S) x S and a
functor
L' = Lo ¢.p - Ring — Set

that attaches to each S € Ob(Ring) the quotient set
L(S) :=M(S) x 8/ ~".

Similar to Diagram (2.14), we have a natural pair of source and target morphism of
functors

1,72

L = L.

If the Syp-schemes are being identified with functors from Ring to Set then, in the
applications we have in mind (e.g., in the situations of Remark 2.3.7 and Sect. 2.3.2
below), the functors A and A’ are ‘very close to being schemes’: typically, ‘appro-
priate sheafifications’ of them have étale covers that are schemes (as a consequence
of results on moduli spaces in ‘classical’ algebraic geometry, see e.g., [MFK], Ch.
7, Thm. 7.9). Moreover the natural morphisms of functors

L—>A L - A (2.16)

are ‘very close to being’ line bundles and the pull-backs of £ to A’ via A’ 2> A and
A B Aare naturally isomorphic to £', a situation reminiscent of linearizations of
line bundles in geometric invariant theory. However in the applications we have in
mind the functor A4/ A’ is ‘very far from being a scheme’. To remedy this situation
one is led to search for a ‘refinement’ of algebraic geometry, and our §-geometry
does remedy it. This is one of the main motivations for developing §-geometry and
we explain our approach in the rest of this subsection.

Recall the partially ordered ring W = Z[¢], the map ord : W — N U {0}, the
ring homomorphism deg : W — Z, and the cone W, C W of elements > 0. For
S € Ob(FilRing;) and (w, b) € (W x (§")*) U (W4 x §™), withm € N U {0} and
the writing w = Y '_, a;¢', we set

bw = baod)(b)al .. .¢n(b)a,l c Sm-&-n‘

Assume in what follows that the ground ring is Sp = R.
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Definition 2.3.3 Let r > 0 be an integer. A §-modular function of order < r for
a given moduli datum (9, ©, G, D) is a rule, f, that associates to each object S
of Fﬁi\ng(S and to every x € M(S°) an element f(x,S) € S” such that f(x, S)
depends only on § and on the isomorphism class of x and such that the association
(x,S) — f(x,S8) is functorial in S.

For each integer r > 0, denote by M" the set of §-modular functions of order < r;
it has a structure of a p-adically complete flat R-algebra and there exists a natural
injective R-algebra homomorphism M" — M"+!. We set

M = UM’.

r>0
The filtered ring M is an object of Fﬁiga with p-derivation defined by
@f)(x, 8) :==48(f(x,9))

for feM,S e Ob(Fma), x € M(S%). We denote by ¢ the Frobenius lift on M
attached to §.

If in the above part we replace M by M’ we obtain corresponding rings M" and
M’. The morphisms 7, 7, in the part after Definition 2.3.1 induce morphisms of
filtered §-rings ", w3 : M — M’, f — = f,i € {1, 2}, defined by

(T HE,8) = fm(x), 9).

The morphisms 77 and their reductions modulo p, 7" : M” — M are injective, as
one can see by taking x’ = €(x) in the above equality and using that S” is flat over
R.

Definition 2.3.4 Letw € W(r). A §-modular function f € M” is called a §-modular
forms of weight w if for each g € G(S°) and every x € M(S°) the following equality
holds in S":

fg-x,8)=D@™" f(x,5).

Here D denotes the map D(S°) : G(S°) — (5°)*; see rule (iv) after Definition
2.3.1.

We denote by M" (w) the R-module of all §-modular forms M" of weight w. If in
Definition 2.3.4 we replace M by M’ we obtain R-modules M" (w). (The §-modular
forms of weight w can be viewed as ‘sections in §-geometry’ of the ‘w-power’ of
the ‘line bundle’ £ — A in Display (2.16).)

Finally, we fix once and for all a rational number p € Q which we refer to as the
slope of the theory and consider the ideal of W defined by

W® = {w e W|p - deg(w) € Z}.
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Soif p = a/b with a, b relatively prime integers with b € N, then
W® =W = {(we Wb | deg(w)}.

In all our applications we will have p € 17 so W® will be either W or W
according to p being an integer or not.

Definition 2.3.5 Letw € W(r) N W, Wesay thata §-modular form f € M’ (w)is
covariantifforeach § € Ob(Fma) and every x’ € M/(S°) the following equality
holds in §":

[0, §) = DN . f (2 (x), ).

Here ® denotes the map D(S°) : M'(5°) — (S°)*; see rule (ii) after Definition
2.3.1.

Forw € W(r) N W we denote by I" (w) the R-submodule of covariant elements
inM"(w).Ifwe W\ (W) N W) weset I (w) := 0.

For w e W(r)NW® we set M'(w) := M"(w) and M" (w) := M" (w); for
we W\ (WaEr)n W) we set M (w) = M” (w) :=0.

For each integer r > 0 we consider the W-graded R-algebras

I':= @ Trw), M :=PMw. M":= M (w).
weW weW weW
These rings form filtered graded systems so the R-algebras
I=Jr, Mm=™m, M= M
r>0 r>0 r>0

have natural structures of filtered graded rings over R with graded pieces of weight
w given respectively by

I(w) = JT'(w), Mw) =M (w), M'w):=|_JM"(w).

r=0 r=0 r=0

These graded pieces are 0 for w € W\ W The rings I, M, M, equipped with the
endomorphisms ¢ induced by the endomorphism ¢ on M, have natural structures of
filtered §-graded rings over R, see Definitions 2.1.15 (a) and 2.1.18. Note that for all
w € W the R-linear map

I(w) - M 2.17)
has a torsion free cokernel. Also if we define the R-algebra automorphism

B:M — M (2.18)

by the formula
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BN, S) 1= D) £, S), f € M (w),
then an element f € M belongs to I if and only if we have
prif =m;f.
The natural R-algebra homomorphisms

Bri, )

I-M = M (2.19)

are trivially seen to be injective, with injective reductions modulo p. Also, I is the
equalizer in the category of R-algebras (and also in the category of filtered §-graded
rings over R) of the pair of R-algebra homomorphisms (8r{, 75).

Remark 2.3.6 Assume, in this remark, that the filtered §-graded rings I, M, M
are integral. (This condition is satisfied in our main applications, i.e., for the rings
I, M, M to be considered in Sect. 2.3.2, see Corollary 3.5.2 (d).) For each linear
systemf = (fo, ..., f,)inl we get connected filtered ss-8-spaces (see Display (2.4))

Proj, (I, f) := Spec; < l_[ H<f,.0...f,..>) ,

0<ip<---<i,<n

PI'Oj(S(M, f) = Specé ( l_[ M<ﬁo"‘ﬁo)) s

0<ip<--<i,<n

Proj; (M, f) := Spec; ( 1_[ M/<ﬁ0-~ﬁ.>) ’

0<ip<--<i,<n

and we have naturally induced morphisms of filtered ss-6-spaces

Proj;(M', ) — Projs(M, f) 2> Projs(L ). (2.20)

Here the elements f; € I C M are viewed as elements of M’ by identifying them
with the elements 7} f; € M'; the morphism i, is then well-defined in view of the
display of Definition 2.3.5. Note that the automorphism g8 of M induces the identity
on Proj; (M, f). It is then trivial to see that Diagram (2.20) is a coequalizer diagram
in Spss;.

Assume, in addition, that for every integer r > 0, weight w € W (r), and covariant
f el"(w)\ pl" (w) we have

L))" = Mp)" NLipy.
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(This condition is, again, satisfied in our main applications, i.e., for the rings I, M, M/
to be considered in Sect. 2.3.2, see Corollary 3.5.3 (d).) Then Diagram (2.20) is also
a coequalizer in FilSpss;. The pair (71, 75) in Diagram (2.20) may be viewed as an
f-realization, in §-geometry, of the pair of morphisms in Diagram (2.14) while the
morphism 7 in Diagram (2.20) may be viewed as an f-realization of the morphism
in Diagram (2.15).

Remark 2.3.7 The § analogs of the Hecke correspondences on the stack Ay i r
mentioned in Sects. 1.1-1.4 that will be studied in this monograph fit, as we shall see,
into the above formalism. On the other hand our general formalism applies to Hecke
correspondences on stacks defined by more general Shimura varieties (see [Bu03,
Bu04] and [Bu05], Ch. 8 for the case of Shimura curves) and also to correspondences
arising from certain dynamical systems on projective spaces or principally polarized
abelian schemes over R (see [Bu05], Ch. 6 for the case of ]P’}e and see [Bu05], Ch. 7
for the case of elliptic curves over R). Here are two illustrations of situations coming
from dynamical systems.

(@) Let 1, € I' C GL,(Zp)) be a submonoid. For each R-algebra S we consider
the category Mp: - (S) with set of objects

Mp: () = {v = (zl> v, €S, 1S+ 1S = S},
2

set of morphisms
Mg 1 (S) := T x Mp1 1 (S),

source map given by the second projection, target map given by multiplication of
matrices with column vectors, composition given by

n((g, v), (g, gv)) == (g'g. v)

and unitdefined by € (v) := (1, v). Furthermore, we consider the actions of the group
G(S) = G, (S) = S onMp: (S) and My, (S given by usual scalar multiplication
of elements of S? by units of S. We take the homomorphism D to be the identity
and define D (g, v) := det(g). We have defined a moduli datum (Mip: 1, ©, G, D).
Note that if I' has no invertible elements except the identity, then for every local
ring S over R we have .Agmlpl_r,@,m (S) = P!(S). Take the slope to be p = % Then
the theory in [Bu05], Ch. 6 provides an analysis of the ring I = Ip: 1 in this case.
In particular, if the subgroup of GL,(Z,) generated by I" is not solvable, then I is
described in terms of certain explicit -modular forms [ € I"(—¢" — 1),r > 1 (see
[Bu05], Prop. 6.17). This example (which, as explained in [Bu05], Ch. 6 is directly
related to the classical geometric invariant theory of SL, acting on multiple pairs of
2-vectors) will play no role in the present monograph.

(b) Fix an elliptic curve E over R. For each R-algebra S we consider the category
Mg (S) with set of objects
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M (S) :={(P, )|P € E(S), Sw = H(Es, Qgys)},
set of morphisms
M (S) := {(P1, P, 0, n)|(P1, ), (P2, ) € M(S), n e N\ pN, P, =nPi},
source and target given by the obvious projections, composition given by
w((Pr, P, w,n), (P, Py, w,m)) := (P, P3, w,nm),

and unit defined by €(P, w) := (P, P, w, 1). Furthermore we take G = G,, and
we consider the actions of the group G(S) = G,,(S) = S* given by multiplica-
tion of w by elements of S*. Finally consider the homomorphism D given by
D()) := A" and the last projection map D(P;, P, w,n) := n. We have defined
amoduli datum Mg, ®, G,,, D). Note that for every local ring S over R we have an
identity Agm, g, (S) = E(S). Take the slope to be p = 1. Then the theory in [Bu05],
Ch. 7 provides an analysis of the ring [ = g in this case. In particular, if p # 2, E is
not a canonical lift, and ¥, is the normalized §-character of E over § attached to the
1-form w (see [Bu95a], Introd. or [Bu05], Thm. 7.22, p. 197, for the case S = R, and
similarly for a general filtered §-ring S), then the rule f (P, w) := ¥, (P) defines an
element f € I?(¢?); moreover all the elements in the ring I can be ‘constructed from’
this element, see [Bu05], Thm. 7.34. This example plays a key role in a number of
contexts [Bu95a, Bu0S5, BM, BPII] but will play no role in the present monograph.

2.3.2 Rings of Siegel §-Modular Forms

In what follows we define two moduli data
(M, ®,GL,, det) and (M, ord, Dora, GLg, det)

involving principally polarized abelian schemes and Hecke correspondences and
we apply to them the constructions of the previous subsection. For background on
abelian schemes and Hecke correspondences we refer to the Appendix. The rings
I, M, M’ that correspond to these moduli data will be called
I, M, M;, and Iy org, Mg ord, M;, ords
respectively; however, if no confusion arises, we will sometimes drop the indices.
Recall that our ground ring is So = R. For each R-algebra S, let M, (S) denote
the set of all triples (A, 6, ») where A is an abelian scheme of relatlve dimension
g over Spec(S), where 6 : A — Aisa principal polarization (so A is the dual of
A), and where w is a column basis of 1-forms on A by which we mean a col-
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umn vector @ = (w; - - - w,)" whose entries form a basis of the S-module of 1-forms
HO(A, Q}x/s ).
pec(S)
Let now
(A1, 01, w1), (A, 0, w2) € My(S)

and let u : A; — A, be an isogeny (which is not assumed to be compatible with
either the principal polarizations or the column bases of 1-forms). Let

u' =0 "oloby: Ay > Ay — A] — Ay,
U6, :=tnobrou:A; — Ay, > Ay - Aj.

We say u is a polarized isogeny of degree prime to p with respect to 6; and 6,
if there exists d € N\ pN such that wuu'=d:A;, - A, (equivalently,
u*6, =db, : Ay —> Al); for such u we have deg(u) =d®. If 0; and 6, are
clear from context and p is fixed we will not mention ‘of degree prime to p’ or ‘with
respect to 6; and 6, and simply say that u is a polarized isogeny.

We denote by M’g (S) the set of all triples (x;, x;, u) where

Xi = (Ai,gi,wi) EMg(S)’ i € {]’2}5

andu : A} — A is apolarized isogeny such that u*w, = w;. There exist canonical
maps of sets
Ty, T :M’g(S) — M, (S),
€ 1M, (S) — M’g(S),
i My(S) > M(S),

where 7; (x1, X2, u) 1= x;, €(x) := (x, x, id), Mg(S) is the set of all pairs (y1, y2)
in M/g(S)2 such that 5 (y;) = m;(y2), and u is given by the obvious composition
of isogenies. We obtain a category 91(S) whose set of objects is M. (S), whose set
of morphisms is M;(S), and where 7, 72, €, i are the source, target, identity, and
composition maps.

We let the group GL, (S) act on M, (S) by the rule

A-(A0,0) = (A, 0, )
for A € GL4(S) and (A, 0, w) € M,(S) and act on M;(S) by the rule
A (xp, x0,u) = (- X1, A X, u).
We take the group homomorphism D = det : GL,(S) — S, D(A) = det(}).

Finally we denote by ® : M;,(S) — §* the map defined by letting ® (x;, x, u)
be the image of d := uu' € N\ pNin S*.
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We have defined above a moduli datum (9,, D, GL,, det).

Clearly, for every local ring S, the set Agng,GLg (S) attached to this moduli datum
(see Remark 2.3.2) identifies with the set A, 1 (S) of isomorphism classes of prin-
cipally polarized abelian schemes (A, 6) over S. Similarly, the set .Agm 6L, (S) (see
Remark 2.3.2) identifies with the set .A/ 1.r(S) of isomorphism classes of quintu-
ples (A1, 61, Az, 6>, u) where (Ay, 61), (Az, 0)eAg1r(S)andu: Ay — Ayisa
polarized isogeny; the set .A/ .1.r(S) may be viewed as the ‘union of all prime to p
Hecke correspondences’ on Ag 1, (S). We continue to denote by Ag 1.g the obvious
stack inducing the functor A; | .

In what follows, we take the slope to be p := g/2; as we shall see, this value is
‘forced upon us’ by the compatibilities built into our specific situation (see Remark
2.3.10 (¢)).

As in Sect. 2.3.1, by adding the index g we can attach to our moduli datum and
to our slope p = g/2 the corresponding R-modules

M (w), M (w), M (w), M (w), Ty (w),

and R-algebras
r mw ’ r mroor /
Mg, Mg, M, M, M, M, I, Mg, ML, L. (2.21)

Definition 2.3.8 The elements of M are called Siegel §-modular functions of genus
g and order < r. The elements of M o (w) are called Siegel 5-modular forms of genus
g, order < r, and weight w. A Siegel §-modular form f € M;(w) is called Hecke
covariant if it is covariant, i.e., if it belongs to H;(w).

Remark 2.3.9 (a) Corollary 3.5.2 (d) below will prove that the rings M, M;,, I
are filtered integral §-graded rings. So Remark 2.3.7 applies to these rings.

(b) We later prove that we have Mg (w)N Mg = Oprovided0 <r < ord(w) <,
see Corollary 3.5.3 (a) below. This may be seen as an a posteriori justification for
our convention that M"(w) = 0 forw € W\ W(r).

(c) We later prove that the R-linear maps M, — M, are injective, see Corollary
3.5.3 (b) below. On the other hand, for each w € W the cokernels of the maps
M;(w) — M; and ]Ig, (w) = M; are trivially seen to be torsion free.

(d) In view of the paragraph after Definition 2.3.5, by taking p = g/2, from very
definitions we get that we have ]Ig, (w) = I\\/Hg(w) = 0 for M ¢ 7.

Remark 2.3.10 (a) A Siegel §-modular function f € M, is in Mg (w) if and only

if for every S € Ob(Fms) and each A € GL,(S°) the following equality holds
inS":
S(A, 0, 0, S) =det(h)™ - f(A,0, w,S). (2.22)

Note that if a Siegel §-modular function f € M, has a weight then the weight is
unique. This follows from the fact that if w € W i 1s such that A = 1 forall A € R*
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then w = 0; the latter property follows from the injectivity of the map in Diagram
(2.3) applied to X = Spec(R[x, x~']) and the element x* — 1 € O(J°4™) (X)).

(b) A Siegel §-modular form f € Mg,(w) is in H;(w) if and only if for each
Se Ob(Fil/R-iFg,;) and every triple (x1, xp, u) € Mig(SO), where x; = (Ay, 61, wy),
X = (Az, 62, wp), uu' =d € N\ pN, and u*w; = wy, the following equality holds
inS":

g dec(u/)

f(A2, 0, @, ) = < f(A1, 01, w1, S). (2.23)
If fe Hg(w), then by combining Eqs. (2.22) and (2.23) we get that for every
S e Ob(Fil/Ri\nga), every (Ay, 01, w1), (Az, 6, w) € Mg(SO), and every polarized
isogeny u : Ay — A, with uu' = d € N\ pN, the following equality holds in S”:

F(A2 6r, 0, 8) = d“F det(u)™ - f(A1L 601, 5),  (224)
where [u] € GL, (59) is the unique matrix such that u*w, = [u]w;.

(c) Assume 0 # f € Mg (w)and v € 7 are such that for each S € Ob(Fm(S)
and every triple (x;, x2, u) € M, (S9), where x; = (A4, 01, w1), xo = (Az, 62, @),
uu' =d € N\ pN, and u*w, —wl,wehave

f(A2, 0p, 02, 8) =d" - f(Ay,01, w1, S). (2.25)
Then it is easy to check (using Eq. (2.25) for both u and u' plus Eq. (2.22)) that
442 ¢ 7, and v = £9EW,

It turns out that, in order to study the ring I, it is crucial to develop a matrix
version of some of our definitions. We present this in what follows.

Definition 2.3.11 Letm € Nandr € N U {0}. A Siegel §-modular function of genus
g, size m, and order < r is arule f that associates to each pair

(S. (A, 0, ) € Ob(FilRing;) x M, (")

an m X m matrix
f(A, 0, w, S) € Mat,,(S")

that depends on S and the isomorphism class of (A, 6, ) only and that is functorial
in S.

In this monograph we will use only the sizes m = 1 and m = g. The set of
Siegel §-modular functions of genus g, size 1, and order < r coincides with M;.
We denote by M, the R-algebra of Siegel §-modular functions of genus g, size g,
and order < r. We have Mg, = Matg(Mg). Similarly to the case of size 1 we set
Mg := =0 M,, =Mat,(M,).

In what follows we introduce the concepts of weight and Hecke covariance for
Siegel §-modular functions of size g. Let
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W= {+¢%a € Zool C W

be the multiplicative submonoid generated by —1 and ¢. Foreach w € {£¢“} C W,
m €N, and S € Ob(FilRing;), let x,, : GL, (5°) — GL,,(5%) be the homomor-
phism which maps A € GL,,(S°) to

Xw(A) =) if w = ¢“,

X = (@)Y~ if w=—¢".

Definition 2.3.12 Fix a pair (w’, w”) € W x W where w’, w” have order < r; so
w',w” € {£¢la € {0,...,r}}. A Siegel §-modular function f € My, is called
a Siegel §-modular form of weight (w’, w") if for every S € Ob(Fﬁ(Ega), for
every (A, 0, w) € Mg(S8°) and every A € GL,(S°) the following equality holds in
Mat, (5"):

(A, 0,00,8) = xw ) - f(A,0,0,8) - xu®). (2.26)

The R-module of all Siegel §-modular forms of genus g, size g, order < r and
weight (w’, w”) will be denoted by M;g(w/, w’). Note that if a nonzero element
of My, has a weight (w’, w”) then that weight is not a priori unique (it is clearly
never unique if g = 1); for g > 2 we do not know if the sum w’ + w” is uniquely
determined.

Definition 2.3.13 Fix a pair (w’, w”) € W x W where w’, w” have order < r;
so w',w” € {£¢%la € {0, ..., r}}. A Siegel §-modular form f € Mgg(w’, w”) is

Hecke covariantifforeach S € Ob(Fil/Rl\'ngs) andevery (x1, xo, u) € M’g (89), where
x1 = (A1,01, 1), x2 = (A2, 0>, ), uu' =d € N\ pN C End(A,), the following
equality holds,

f (A2, 605, 5, ) = d™9W T2 £(A 6), wi, S). (2.27)

As w’, w” € W have degree —1 or 1, we have deg(w’ + w”)/2 € {—1,0, 1}. We

denote by ]I;g(w’, w”’) the R-submodule of M g’g(w’, w”) of Hecke covariant Siegel

8-modular forms.

Lemma 2.3.14 Let f € My, and (w', w") € W x W. Then f € I, (w', w") ifand
only if for every S € Ob(Fil/R—\ingS), every

(A1, 01, @), (As, 02, ) € My(S°),

and every polarized isogeny u : Ay — A, withuu' = d € N\ pN we have an iden-
tity

f(Az, 6, @, ) = d~4sW D2 Ly ([u]) - f(AL 01, @1, S) - xur ([u]), (2.28)
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where [u] € GLg(SO) is the unique matrix such that u*w, = [u]w;.

Proof 1f f € I, (w', w"), then using Egs. (2.26) and (2.27) we compute
[(A2, 05,7, 8) = d™48W D2 £ (A6, u*ws, S)
= d~9e D2 f(AL 0, [ulwy, S)
= d~ DR ([ul) - f (A1 01, 01, 8) - s ([u])

and so ‘only if” part holds.

For the ‘if” part, by taking (A», 6,) = (A1, 61) and u to be the identity automor-
phism of Ay, Eq. (2.28) gives that f € My, (w’, w"). Based on this, by taking w; to
be u*w,, Eq. (2.28) gives that f € ]I;g(w’, w”). So the ‘if” part holds. (I

Remark 2.3.15 Our R-modules ]Igg (@%, ") (resp. ]I;(w)) a priori contain the R-
modules 7 7 (@7, b ®z, R (resp. I;(w) ®z, R) defined by the Z,-modules of
isogeny covariant §-modular forms I, (¢, @?) (resp. I ¢ (w))introduced in [BB], Sect.
1.3 (resp. Sect. 1.4). We do not know if the inclusion Iéf 9%, ¢*) ®z, R C ]Ig,g (@°, ")
(resp. 1 g’ (w) ®z, R C I[Z, (w)) is an equality; but one is tempted to conjecture that
this is the case. The Z,-modules / (@7, @?) (resp. I ¢ (W) do not play any role in our
monograph. We recall, for convenience, that the definition of the spaces I,(¢“, d)b)
(resp. I,(w)) in [BB] was similar to that of our spaces I, (¢, ob) (resp. I, (w)) here,
except that, for the former, one considered ‘prolongation sequences over Z,’ rather
than ‘filtered §-rings over R’ and, more importantly, a variant of Eq. (2.28) (resp.
(2.23)) was required to hold for all isogenies u of degree prime to p, rather than just
for polarized isogenies, and this explains the inclusions mentioned. The condition
in [BB], Eq. 1.26, p. 1464 (resp. [BB], Eq. 1.37, p. 1468) that defines the module
Iéf (@°, ¢") (resp. Ig’ (w)) becomes equivalent to Eq. (2.26) (resp. (2.23)) in the case
of polarized isogenies.

Remark 2.3.16 Ifin Definitions 2.3.8-2.3.13 we replace M, (S) by the set M o (S)
of all triples (A, 6, w) € Mg(S) with the property that A is ordinary and if we
replace M, (S) by the corresponding set M;,’Ord(S ), we obtain a new moduli datum
(Mg ord> Dora, GLg, det). Implicitly, the objects [1, with the index g attached to the
datum (9M,, D, GL,, det) will be replaced by objects [, 4 attached to the datum
(Mg 0rd> Dords GLg, det) and will be referred to as ‘ordinary’. For instance My (w)
will be replaced by M; ,(w) and the elements of the latter will be referred to as
ordinary Siegel §-modular forms of genus g, order < r, and weight w, etc. All claims
in Remarks 2.3.9 and 2.3.10 hold in this new context. Note that here the word ‘ordi-
nary’ is not an adjective: each Siegel §-modular form defines an ordinary Siegel
d-modular form, and in fact we have natural R-linear homomorphisms

My(w) — My (W), My, (w', w") — Mg, (W', w")
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which turn out to be injective by our Serre—Tate expansion principle (see Proposition
3.5.1 (b) below).

Remark 2.3.17 In this remark we consider the ordinary case, i.e., the case of Iy ord,
etc.; an entirely similar thing holds in the nonordinary case, i.e., the case of I, etc.

(a) The R-modules I}, . 4(w’, w”) cannot be naturally assembled into an R-
algebra. However, for w’, w”, w” € W we have natural maps

Lo, w") = I g w),  f f
I g/ w") = T (pw', pw”), f > f? = p(f),
Hg&m—d(u)/v w//) X Hgg,ord(_w//’ w///) - H;g,ord(w/’ w”/)’ (flv f2) = fl f27
where the first map is R-linear, the second one is Z,-linear, and the third one is R-
bilinear. Also, the rule (A, 0, w, S) — 1, defines an element of ]Ig,g,ord(—w’, w’) for
each w’ € W. So the set VV can be seen as the set of objects of a category whose set of

morphisms from w’ € W to w” € W identifies with the R-module ]Iz,g,ord(—w’, w’)
and whose composition law is given by the above R-bilinear maps.

() If f € Iy, ,q(w', w”) has the property that we have
f(A,0,w,8) € GL(S")
forall (A, 8, w, S), then the rule
(A0, 0,5 — (f(A,0,0,8)"" (2.29)

defines an element
—1 r " /
f € ]Igg.ord(—w ,—w').

Similarly, if f* € I, ;4(w) has the property that we have
f(A,0,w,8) € (S)*
for all (A, 0, w, S), then the rule of Display (2.29) defines an element
el ja(—w).

The same applies to Siegel 5-modular functions and forms in Mg .., or My, ..

(c) For all w’, w” € VW we have natural maps

det : I, o q(w', w") — I ((—w' —w"), f > det(f),
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which for g = 1 are canonical identifications. For g = 1 we have additional canonical
identifications M7, 4(w’, w") = M{ 4(—w" —w"), etc.

2.3.3 Rings of $-Homogeneous Polynomials

For an n + 1-tuple of indeterminates z := (zo, ..., 2,), Where n > 1, the §-ring of
3-polynomials R[z, 7/, 7", . ..] (defined by Display (2.1) but with (y, d) replaced by
(z, n)) contains the elements indexed by i € {0, ..., n}:

=2+ pzl. o =@+ PP+ p(E)P + p)). ete..

We define 7’ = (z(, ..., 7)), 7¢ = (zg’, el sz), etc., and we view the R-algebra
Rl[z,7/,7",.. ]asa K—subalgebra ofthe K -algebra K [z, 7/, z”, .. .] of polynomials in
the set of indeterminates {zi, 2 ...]i €{0, ..., n}}. This K -algebra is generated
by the set {z,, .li e {0 ., n}}ie.,

K[z.2.2" .. 1=K[2.2°.2*. .. 1:==Klz.2". 2" ... .li € {0, ... .n}]. (2.30)

On this K-algebra we consider the W, -grading defined by letting z " have degree

¢/. For w € W, we denote by K[z, z?, .. .J(w) the component of degree w in
the ring of Eq. (2.30) and consider the intersection

Su(w) := Rlz,7, 2", ... 1N (K[z,2%, 2", .. .J(w))
inside the ring of Eq. (2.30).
Definition 2.3.18 The ring of §-homogeneous polynomials in z is the W, -graded
ring

= P s.w). (2.31)

weW,

This ring has a natural structure of an R-algebra and is equipped with a ring
endomorphism ¢, extending the Frobenius lift on R, such that for all w € W,
we have ¢ (S, (w)) C S,(¢(w)). Note however that ¢ is not a Frobenius lift on
S, and thus this ring does not have a natural structure of a §- r1ng, 1ndeed We

have z; = éz?’ 1 z! ¢ 'S, because the homogeneous components —z and 1

of z; do not belong to S,. However, if Fy, ..., F,, € S,(w;) and G € S (wn), then
G(Fy, ..., Fy,) €S,(wiwy). In particular, as for all 7, j € {0, ..., n} we have an
identity

{zi,2j}s = 27 — 2jz; € Su(@ + p),
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it follows that for all F, G € S,(w) we have {F,G}; € S,((¢ + p)w). So S,
has a natural structure of a filtered integral é-graded ring over R with filtration
S, NRIz,Z,.... 270

It is sometimes useful to shift the filtration and grading on S, in a way that it
depends on a given integer ryp > 0 and on a given wy € W (rp). More precisely, for a
given integer ry > 0 we define a filtration (S)),>¢ by setting S|, := Rif 0 <r <rg
and

S, :=S,NRIz,Z,..., 250 i r >,

and for a given wy € W(rp) we define a new grading on S, by letting each z?/ have
weight ¢/wo. With this new filtration and grading S, is, again, a filtered integral
8-graded ring and we refer to the pair (ro, wo) as its shift. In particular, for each shift
(ro, wg) (which will not be included in our notation), we view the connected filtered
ss-6-space

P! = Proja(Sn,z)=Speca< I Sn,(z,o...z,..)> (2.32)

0<ip<--<i,<n

as an analog in the -geometry of the n-th dimensional projective space over R.
We have a K -algebra isomorphism (identification) of W, -graded algebras

Sy ®r K ~ K[z,22.2%, ...

Note that the inclusion S, C R[z, 7/, 7”, ...] is compatible with ¢ acting on the
two R-algebras and for all w € W, the R-linear map

Sn(w) — Rz, Z/, Z//, ]

has a torsion free cokernel.
The triple (S,, R[z, 7/, 7", ...], z) with shift (r, wp) has the following universal
property. Consider an arbitrary triple (B, C, f), where

(i) C is a §-ring over R, B is a R-subalgebra of C such that ¢ (B) C B and B is
equipped with an integral 6-graded ring structure with respect to the restriction of ¢
to B in such a way that for all w € W, the R-linear map B(w) — C has a torsion
free cokernel;

(i) £ = (fo, ..., fu) is a linear system in B of weight wy € W (ry).

Then there exists a unique morphism of §-graded rings S,, — B such that z; — f;
for all i € {0, ..., n}, where S, has shift (o, wg). To check this, note that there
exists a unique morphism of §-rings R[z, 7/, z”,...] = C thatsends z; — f; for all
i €{0,...,n}and this morphism sends S, to B.

Let I stand for either I, or I, o4 and let M stand for either M, or M, orq. Applying
the above universal property to B =1 and C = M (see the paragraph of Diagram
(2.17)), we get that for every linear system f = (fy, ..., f,) in I whose all entries
belong to 1" (wy), we have an induced morphism of filtered §-graded rings
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Sy =1 (2.33)

over R that maps z; to f;, where S, has shift (ry, wy). Then Diagram (2.33) induces
a morphism of filtered ss-3-spaces

Projs (I, f) — Proj;(Sy, z).

2.3.4 Rings of Invariants of SLg-Actions

We now define R-modules and R-algebras that will play key roles in our theory. Let

T=TO = (T; )l<l i<s — (T )lgi’jgg’
T'=T" = (T)zij=g = (T” Drsijzs
LT = (T iz -

be a sequence of symmetric matrices of indeterminates over R. For all integers
l<i<j<gandr >0, Tiy) = Tj(l.r) will have degree 1.

For every s € %Z = {%|m € Z} such that gs € Z we denote by H, (s) the R-
module of homogeneous polynomials

GeR[T,....T":==R[T|1<i<j<g0=<l<r]
of degree gs that satisfy
G(ATAY, ..., ATV AY = det(A)*G(T, ..., T") (2.34)
for all A € GL4(R). Here and later, for G as above and symmetric matrices

My = (moij)i<i j<gs --->» My = (m,;j)1<i j<g With entries in an R-algebra we use
the notation

GMy, ..., M) :=G(mo 11, M0,12, -+, M0,ggs -+ My 11, My 12, - o s My gg).

A similar notation will be used later (see Sect. 3.5) for G a power series instead of a
polynomial.
We also set Hg (s):=0ifs € %Z and gs ¢ Z. Clearly, we have Hfg (s) = 0 for all

s € %Z with s < 0. We then define the R-algebras

=PHs). H,, = P H ).

seZ selz

rtorus , __ torus toruq
H;’ T H;[ZOs R 7 H UH"

20 Zr—1 =0
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1
r,torus torus l | r,torus
H = H;tot[Z(),...,Zr_l, —], HS = H

g, tot . g,tot g,tot >
20 Tr—1 F=0

where (z,),>0 is a sequence of indeterminates. We view H‘g"rtt‘j as a filtered W-graded
ring with filtration given by the subrings in the union that defines it and grading
defined by letting each element of H, (s) have weight —2s and declaring that

each z; has weight ¢' 1 — ¢'.

The R-algebras we just introduced are analogs of algebras in the classical geometric
invariant theory of multiple quadratic forms we study in Sects. 4.1-4.3.
Similarly, we consider matrices of indeterminates

X1 = X1,iji<ij<gr - Xn = Xpij<i, j<g

n

and we denote by H the R-algebra of all polynomials

g,conj
FeR[X, ..., X, ] =R[X; ;|1 <i,j<g 1=<1l=<n]
such that
FIAXiA™Y L AX, A = F(Xy, ..., X,)

for all A € GL;(R). The R-algebras H . are analogs of the algebras that show
in the classical geometric invariant theory of multiple endomorphisms and that are
studied in Sects. 4.1.1, 4.1.5 and 4.1.6.

Some of our main results will establish links between the algebras I

and the algebras H'™" and H,

g, tot g,conj

r

2.ord and I
(see Theorems 2.4.7 and 2.4.15 below).

2.3.5 Rings of §-Power Series

If f:C — B is a set theoretical map between rings and n € N, then the rule
(cij)i<i,j<n F> (f(cij))1<i,j<n defines a function f : Mat,(C) — Mat,(B) denoted
also by f.

Our Serre—Tate expansion theory will involve the rings

Sty = RITNIT. ... TOL:=RIT;[1 <i < j<gNT N <i<j<gl<l<rl
Their union Sy, has a natural structure of a filtered §-ring (with § Tiy ) = Ti;“’l) for

all integers 1 <i < j < g and/ > 0) which is an object of Fﬁﬁga On the other
hand the Fourier expansion theory developed in [BB] involved the rings

St = RUQIG - 471 = RU@Ig. ... a1 <i < j<gl
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where o

g =99 = @i=ij<¢ = @ N=ij=e»
1

q' =q" = g)=ij<¢ = (qi(j)hgi,jgg,

(r)
g =@ =i=gr -
is a sequence of symmetric matrices of indeterminates and

R((¢) :==Rllgill <i < j<gllg;'N<i<j<gl
Again, the union S, of these rings is an object of Fﬁ{i\nga, with ‘S‘Ii(,l‘) = ql.(l.H) for
allintegers 1 <i < j <gand/ > 0.

In order to compare later on the Fourier and Serre-Tate expansions of the f; ..s
(see Remark 2.4.3 below), we will need to consider the R-subalgebras

. -1 . .
Ssrmall—can = R[qijv ql'j vql'/jv ql'/]"v cee ,qi(;)ll <1=<J] =< g] C Sgan

r r oo "
small-can Sfor’ Fi— Ffor that map qij, qij’ qij’

... (respectively). We have an R-algebra monomor-

and the R-algebra monomorphisms S,
...tol+Ti,,1+T/j,1+T/]f,
phism

Matg (S :mall—can) - Matg (Sgor)

defined by the rule M = (¢;j)1<i j<¢ = Mrtor = ((Cij)or)1<i,j<q- Hence
Gor =B + T, qfo, =8E, +T), qf, =8B +T), ...,

where we recall that [E, is the g x g matrix with all entries equal to 1.
A key role in our monograph will be played by the matrix of series

W, = (W,,)i<i = € Maty(S! ) C Mat,(S",), (2.35)

small-can

where

1 8qij r
\IJq’/_ = ; log 1+ Pq_s € Symall-can?

and by its image
W= (Wy)ror € Mat, (Sp,). (2.36)

2.3.6 Rings of §-Sections of Line Bundles

Let X be a smooth scheme over Spec(R) and L a line bundle over X. For simplicity

we will assume in what follows that the reduction modulo p, X, is connected, hence
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an integral scheme. We denote by

L := Spec (EB L®f)

i€l

the principal G,,-bundle over X associated to L. The G,,-action on LL induces an
R*-action, denoted by x, on the p-jet spaces J" (L) and on their rings of global
functions O(J"(L)). For each w € W we denote by S ; (w) the R-module of all
f € OJ" (L)) such that we have A x f = A~ . f forall L € R*.

Definition 2.3.19 The ring of §-sections of L is the ring Sy ; defined by
oo
Sk = JSk. Sk.i= € Skow).
r=0 weW(r)

If X = Spec(B) is affine, L is trivial over X, and {z.} is a basis of L, then we
have isomorphisms

O (L) = O (XNlzrs 27 2 2f 1= T Blzzszg v 221,
Sy () = O (X)) - 2§ = J'(B) - 2.

The R-algebra Sy ; has a structure of a filtered graded ring coming from the filtered
graded system (S ; ),>0 and with this structure it is a filtered integral §-graded ring
over R. In particular, for each linear system f = (fo, ..., fu) in Sx . we define the
filtered ss-§-space (see Display (2.4))

X(S,L’f = PI'O‘]'S(SXYL, f) = Spe05 ( 1—[ vaL!(ﬁo”'ﬁJ) . (237)
0<ip<--<i,<n
Example 2.3.20 Recall the ring S,, of Definition 2.3.18 (see Display (2.31)). If we
take X = P, = Proj(R[z]),z = (2o, - . ., 2»),and L = O(1), then one can prove (see
[BuO5], Rmk. 6.9, p. 167) that S]an .o = Sy, hence, with notation as in Displays
(2.37) and (2.32), we have

Pg,om,z = Proja(SP;,ou), 2) = Proj;(S,, z) = P§.

We will abbreviate X5 ; ¢ in Display (2.37) by X, if L and f are clear from the
context. In view of the above example this is consistent with the notation in Display
(232)incase X =P%, L =O1),f=z.

Going back to the case of a general X and f, let P € X (R) be an R-valued point
of X. Then we will construct an n-tuple

(fo(P), ..., fu(P)) € R™, (2.38)
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well-defined up to multiplication by an element of R*, as follows. We can assume
X is affine and L is trivial on X. Fix a basis {z;} of L, write f; = ¢; -z, with

i € O(J" (X)), view ¢; as a morphism ¢; : J"(X) —> AL consider the point
JT(P) € J'(X)(R), and set f;(P) :=¢;(J"(P)) € A}Q(R) = R. In other words,
P +— f;(P) is the 5-function defined by ¢; (see Definition 2.1.10).

Definition 2.3.21 Let P € X (R). We say that P is:

(a) f-semistable if there exists i € {0, ..., n} such that f;(P) € R*.
(b) f-unstable if fo(P)=---= f,(P) =0.

The definition makes sense even though the n 4 1-tuple of Display (2.38) is only
defined up to multiplication by a scalar in R*. We denote by X (R){® and X (R)} the
sets of f-semistable and f-unstable (respectively) points in X (R). We have

X(R)FUX(R)}F CX(R)
and in general the inclusion is strict.

Example: for X = P} and f = z = (20, ..., 2,), we have PL(R)} = PL(R).
For general X and f we have a canonical evaluation map

Ext: X(R)F — Xs(8-pts)
defined as follows. For P € X (R);*, we consider the nonempty set of indices
I:={i €{0,...,n}|f;(P) € R*},

and for each increasing sequence 0 <iy<---<iy <n let R; ;, be R if
{ig,...,iq} C I andbe Oif {ig,...,iz} ¢ I. Then consider the discrete ss-6-space

Py = spec< I1 Riou_,-.>, (2.39)

O0<ip<-<i <n

with obvious face maps; one can easily check that P;s is connected and acyclic, hence
a §-point. Next we consider the R-algebra homomorphisms

SX,L,(f,U---f[,) e Rio...i.

defined when {ip,...,i,} C I as the evaluation at P. The induced morphism
Ps — X; is Ex ¢(P). Note that there exists a canonical diagram

¢

XR)F — PRRY =PRr(R)
ng,f lgﬁ";{.z
X5(8-pts) —> P (5-pts),
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where

Q¢(P) := (fo(P) :--- 1 fu(P)).

As with §-functions (see Definition 2.1.10) the maps ®¢ are not induced by mor-
phisms of formal schemes from open formal subschemes of X to @. Rather, they
are induced by morphisms of formal schemes from open formal subschemes of
J(X) to @ and hence they are given, locally in the Zariski topology of X, by
restricted power series in local affine coordinates x1, ..., x; and their p-derivatives
8X1y ..., 8Xq,...,06 x1,...,8 x4; such maps are referred to in [Bu95a], Introd. and
[BuO5], Sect. 2.1 as §-maps.

Example 2.3.22 We recall that for an integer N > 3 prime to p the moduli scheme
X 1= A, 1 v r of principally polarized abelian schemes of relative dimension g
equipped with simplectic similitude level-N structure is smooth over Spec(R) (see
Appendix). We denote by Xorq := A, 1 v rord the open subscheme of X which is
the union of the generic fiber Xk and of the ordinary locus Xy x of the special fiber
Xy

Let X C X be an open subscheme with X connected and let 7 : Ax — X the
universal abelian scheme with principal polarization 0y . Recall the Hodge line bundle
over X,

L := JT*(/\gQAx/X).

With X and L as above we set

My = @ Myw):=Sy, = € Sk,w). My:=Sy;,. (2.40)

weW(r) weW(r)
We define a canonical morphism of filtered §-graded rings
M, — My. (2.41)

If X is affine and there exists a column basis wxy = (wx 1, ..., wx )" of 1-forms on
Ax,thenfor f e M g (w) we consider the element

fx == f(Ax, 0x, 0x, OF(X)) € O (X)) ~ OJ" (X)) - 27, (2.42)

where we identify z; with the canonical global section of L defined by the wedge
product wx 1 A ... A wx 4. Therule f +— fx defines R-linear maps

My (w) - O(J" (X)) =~ O (X)) - z; (2.43)

that depend on wy. For X arbitrary, the above maps induce an R-algebra homo-
morphism in Diagram (2.41) which is intrinsic, i.e., is independent of the choices
made to get such local column bases of 1-forms. By Corollary 3.5.2 (d) below, the
homomorphism in Diagram (2.41) is injective with injective reduction modulo p.
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If X C A4 then we similarly define a canonical morphism of filtered §-graded
rings M, o,q — My which is injective with injective reduction modulo p. For
instance, as above, if X is affine, then the rule f +— fy defines R-linear maps

My q(w) = O (X)) = O(J" (X)) - 21 (2.44)

that depend on wy.

2.3.7 Analogies with Geometric Invariant Theory

Before proceeding to explain our main results (see Sect.2.4) we give here a quick
summary of the various ss-§-spaces introduced so far and we point out some analogies
with geometric invariant theory as in [MFK].

Let (I, M, M) be one of the two triples

(]Iga Mga M:g) or (]Ig,ord’ Mg.orda M;’,ord)’ (245)

see Display (2.21) and its ordinary analog, and recall that I, M, Ml’ are filtered integral
8-graded rings. Recall also the filtered integral §-graded rings S, and My, where
XCAX=A;1nro0r X CAXya, N> 3 an integer prime to p, X connected, see
Definition 2.3.18 and Display (2.40). We have homomorphisms of filtered §-graded
rings

Sy I —-M— My and M = M,

where the homomorphism S, — [ is defined by a linear system f of length n 4 1
in I (see Diagram (2.33)) and the other homomorphisms (see Diagrams (2.19) and
(2.41)) are the canonical ones which, as stated, are injective, with injective reduction
modulo p. The main geometric objects of our theory are then the filtered ss-§-spaces:

X := Projs(My, f),

Y{ := Proj; (M, ),

Y5 := Proj;(M, f), (2.46)

Zs = Projs(L, f),

P§ := Projs(S,, 2),

where we continue to denote by f the images of f in the rings M, M, M. There exist
naturally induced morphisms of filtered ss--spaces

Xs —>Ys—> Zs —> P} and Y; = Y;. (2.47)
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We also have an induced map of sets
Or: X(R)F — PR(R) (2.48)

compatible with the map Xs(8-pts) — P§ (5-pts).
The morphism
Ys — Zs (2.49)

is a categorical quotient (coequalizer) in FilSpss; of the pair of morphisms
Yy =2 Ys; (2.50)

see Remark 2.3.6.

By analogy with geometric invariant theory (see below), the pair of morphisms in
Diagram (2.50) can be viewed as an analog in -geometry of the pair of morphisms
of functors from Ring to Set

Ty,

A = Agir 2.51)

from the union A , » of all prime to p Hecke correspondences on Ay 1 g. (A similar
picture holds for the ordinary locus.) Note that as N > 3 is prime to p the coequalizer
in the category of schemes over Spec(R) of the correspondence

Ty,

Apivge = Aging (2.52)

obtained by taking the union of all prime to p Hecke correspondences on A, | v & is
trivial, i.e., is isomorphic to Spec(R). This is so as, for an algebraically closed field
k, the generic orbits of the Hecke correspondences are Zariski dense in Ay 1 v, (See
[Cha], Thm. 2, for « of characteristic p). Moreover, Diagram (2.49) can be viewed
as an analog in §-geometry of the coequalizer

AE,LR - Ag,l,R/A;v’l,R (2.53)

of Diagram (2.51) in the category of functors from Ring to Set, or of the similar map
in the ordinary case. Similarly, we can view the morphism

Xa—)Zg

as an analog of the coequalizer of Diagram (2.52) in the category of functors from
Ring to Set.

The various properties of the ring I to be proved in Chap. 3 (such as ¢-
transcendence degree, asymptotic transcendence degree, ¢-finite generation, etc.)
correspond to ‘geometric properties’ of the morphisms in Display (2.47) and of the
maps in Diagram (2.48). We will not pursue this in a systematic way but some of
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these geometric properties will be explained in Sect. 2.4. Here is an example of such
a property. Let us say that a subset C C X (R) is a polarized isogeny class if there
exists P € C such that C consists of all points P’ € X (R) with the property that
there exists a polarized isogeny between the principally polarized abelian schemes
over Spec(R) that correspond to P and P’. Directly from the definition of Hecke
covariance we get that the maps in Diagram (2.48) are constant on polarized isogeny
classes.

Here are some comments on the analogy between the situation described above
and the situation in classical geometric invariant theory as in [MFK]. Given an action
p: X' :=G x X — X of an algebraic group G on a variety X over some alge-
braically closed field, one says that a morphism 7w : X — Y of varieties is a categor-
ical quotient for this action if it is a coequalizer, in the category of varieties, of the
two morphisms

p,m: X' =X (2.54)

where 7, is the second projection. In our setting, Diagram (2.54) is replaced by Hecke
correspondences on the moduli stack A, | g over Spec(R), see Diagram (2.51). The
fact that Diagram (2.49) is a coequalizer in FilSpss; of the pair of morphisms in
Diagram (2.50), suggests, following the language of the geometric invariant theory,
toregard Z; as a ‘quotient’, in §-geometry, of an analog of A, | y g or of its ordinary
variant by the Hecke correspondences. As we shall see, Z; is a highly nontrivial
object, and this is one of the main motivations here (and in [Bu0OO, BB, Bu03,
Bu05]) for enriching classical algebraic geometry with the §-geometry.

In the same vein, we view the maps ®¢ in Diagram (2.48) as analogs, in the
8-geometry of Hecke correspondences, of maps to projective spaces defined by G-
invariant sections of G-linearized bundles over a variety with G-action in classical
geometric invariant theory, see [MFK], Ch. 1, Sect. 3. The role of G-linearization
is played, in our formalism, by the consideration of the isomorphism g in Diagram
(2.18). Our f-semistable points are then an analog of the G-semistable points in
[MFK], Ch. 1, Sect. 4.

One can ask for a §-geometric analog of the stable points in [MFK], Ch. 1,
Sect. 4. Such a concept could be of an arithmetic nature as follows. Denoting
Ra := {x € R|x algebraic over Q}, X’ comes viabase change from amoduli scheme
Xag over Spec(R,e) and we take X such that it comes via base change from an
open subscheme X,o of X;.. Then our tentative definition is as follows. A point
P € Xag(Rag) C X(R) is called f-stable if it is f-semistable and the intersection
N 1(CIJf(P)) M Xaig (Raye) taken inside X (R) is a finite union of polarized isogeny
classes. We will not further investigate this concept.
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2.4 Main Results

2.4.1 Serre-Tate Expansions and the Basic §-Modular Forms

Our approach is based on the following Serre—Tate expansion principle which is
analogous to the Fourier expansion principle in [BB], Thm. 3.1. For the next statement
fix an ordinary elliptic curve Ey over k = R/pR and a generator ¢y of (the Z,-
module defined by the Tate module) 7}, (Eo) and set Ag := Eg . We endow A( with
the standard diagonal principal polarization 6y and with the diagonal column basis
e of T,(Ap) defined by e by which we mean a column vector e = (eg; - -- e()’g)t
where each e ; withi € {1, ..., g}is ey but viewed as a generator of the Tate module
of the i-th copy Eq; of Eg in Ayp.

Theorem 2.4.1 The following properties hold.

(a) For every w', w” € W there exist natural injective R-linear maps
Enptoe : Lpg(w', w") — Maty(Sg,),  Eagape : Tg pra(w', w") — Maty(Sg,,),

whose reductions modulo p are also injective.

(b) For each w € W there exist natural injective R-linear map
5140»90»8 : Hg(w) - St(or’ 5140,00,6 : H;,ord(w) - S’For’

whose reductions modulo p are also injective.

All these injective R-linear maps will be compatible with the R-linear maps
Hg,g(w’, w”) — ]I;g,ord(w/, w”) and I} (w) — I ,q(w) (Which are therefore injective
with injective reduction modulo p) and will be compatible in a natural way with
multiplication. We refer to the R-linear maps in Theorem 2.4.1 as Serre—Tate expan-
sion maps. On our way of proving Theorem 2.4.1 we will prove that the R-algebra
homomorphism of Diagram (2.41) is injective with injective reductions modulo p
(see Proposition 3.5.1 (b)).

Recall the matrix ¥ in Display (2.36). We will prove the following existence
result (see Theorem 3.6.16 (a)).

Theorem 2.4.2 There exists a generator e of the Tate module of Eq with the follow-
ing property. For every integer r > 1 there exists a unique Hecke covariant Siegel
8-modular form

F = s €@, 1)

whose Serre—Tate expansion equals

gA(),G(),E(f;’Crys) = \I]¢771 + p\IJCPFZ + ce + pr_l\p.
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Remark 2.4.3 We will refer to the forms f” as the basic Hecke covariant Siegel
d-modular forms of weight (¢", 1). These §-modular forms were introduced in [BB],
Sect. 4.1 and their (crystalline) construction will be recalled in Sect. 3.4. By con-
struction, if p > 2 (resp. if p = 2) these §-modular forms vanish on all quadruples
(A, 0, w, R) in which A is an abelian scheme over Spec(R) which is a canonical
lift (resp. quasi-canonical lift) of its reduction A; modulo p. For r = 1 the converse
holds: if p > 2 (resp. if p = 2) and if f! vanishes at some quadruple (A, 6, w, R)
with A ordinary, then A is an abelian scheme over Spec(R) which is a canonical lift
(resp. quasi-canonical lift) of Ag.
Recall from [BB], Sect. 2.3 that for w € W and w’, w” € VW we have natural
Fourier expansion maps
s H;g(w’, w”) — Mat,(S,), Ex: I (w) — Seun-
These maps will not play any role in the present monograph. Note however that by

[BB], Eq. (4.4) the Fourier expansion of f,; ... is given by

oo frays) = W0 4+ pWl +- 4 p Ny, (2.55)

Combining Eq. (2.55) and Theorem 2.4.2 we get that the Fourier and Serre—Tate
expansions of the basic §-modular forms f; ... coincide up to a natural identification:

(goo(fgr,crys))for = ng,@o,e(fgr’cryg)'
We have the following rank 1 result (see Corollaries 3.6.21 and 3.6.22 below).

Theorem 2.4.4 The following properties hold.

(@) The R-modules ]Iég(qﬁ, 1) and ]Ii,g’md@, 1) coincide and are free of rank 1

generated by fgl‘cm.

(b) For allintegers n > 1, the R-modules ]Ié(—nqb —n)and H;’Wd(—iub — n) coin-
cide and are free of rank 1 generated by (det( f;’m,s))".

In addition, generalizing a construction for g = 1 in [Bar] and [Bu05], in Sect.
3.6.3 we will prove the following theorem (see Theorem 3.6.17 and Corollaries 3.6.31
(e) and 3.6.34).

Theorem 2.4.5 The following properties hold.

(a) The R-module ]Iégﬁmd(—qb, 1) is free of rank 1 and has a generator fg“),crys whose
Serre—Tate expansion is the identity matrix:

ng.@(].e(fzcyys) = lg'

1

) is invertible in the ring I, ;.

(b) The form det( f;

,cTys
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(©) If w € W(r) is such that deg(w) = 0 (equivalently, if w € (¢ — 1)W), then
the R-module I, ., ,(w) is free of rank 1 generated by

w

det( fg"{ erys) P T

(d) We have ]Ii,(aﬁ —1) = ]1;,(1 —¢)=0.

Remark 2.4.6 We shall refer to f[?,crys as the basic ordinary Siegel §-modular form
of weight (—¢, 1): the free R-modules I},  4(w’, w") for w’, w” € W of order < r
can be fully described using f;crys (see Theorem 3.6.17 below). These modules
have rank r if w’, w” > 0, have rank 1 if w'w” < 0, and vanish (have rank 0) if
w’ < 0, w” < 0. However, the concrete (explicit) description of the submodules

L, (w', w") C ]Ig,gqord(w/, w”) for all w’, w” € W is an open problem.

2.4.2 Structure of the Ring g orq

We next present a series of applications of our Serre-Tate expansion theory to the
structure of the rings I, o4 (see Theorem 3.6.20 (b) below).

Theorem 2.4.7 There exist natural monomorphisms of graded R-algebras

. —1,t ) . T )
Q . HV Orus — ]IV Q : H()rllb — Hg,grd,

g,tot g,ord> g, tot
whose cokernels are torsion.

Remark 2.4.8 By Theorem 2.4.7 we have induced K -algebra isomorphisms

O Hy " @r K > I, (g ®r K, O :HYS @p K — Ty o ®r K

so the study of therings I, 4 ®r K gets reduced to the study of the rings H|, ®x K,
which is a topic in the geometric invariant theory of multiple quadratic forms. This
invariant theory has classical roots and will be revisited, and further developed, in
Sects. 4.1-4.3. In particular, as we shall see, the K -algebras H, ,, ® g K are finitely
generated, Cohen—Macauley, and unique factorization domains, thus Gorenstein, and
hence so are the K-algebras I, @z K. Also we will see that (see Corollary 3.6.31
(b) and (c)):

e if g is odd, then we have H;m = Hg hence Mg = H, which implies

]I;,’m.d(w) = 0 for all integers r > 1 and w € W (r) with deg(w) odd;

e if g is even, then H ;o # H, and hence the R-algebras ]I;, ora(w) do not vanish
for all integers r > 1 and w € W (r) with deg(w) odd.

Section 4.2 provides, in particular, a detailed study of the structure of the algebra

H, o ®r K tensored with an algebraic closure of K. The results there easily translate
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into results about the algebra I, , @ K'; we leave this translation to the reader. In
particular we will introduce in Sect. 4.2.6 some special ‘® and Y invariants’ and
we will compare the algebras of all invariants with the algebra generated by the
® invariants (see, for instance, Theorems 4.2.8 and 4.2.13 and Corollary 4.2.23).
We will deduce information on the Hilbert series of the rings of invariants (see
Corollaries 4.2.14 and 4.2.15), the smallest number of homogeneous generators (see
Proposition 4.2.10 (a)), and transcendence bases (see Theorem 4.2.17). For g = 2,
Sect. 4.3 gives finer results on Hilbert series (see Proposition 4.3.4 and Corollary
4.3.8), the smallest number of homogeneous generators (see Proposition 4.3.3), and
relations (see Corollary 4.3.6).

On the other hand, the R-algebra homomorphism <> : Hgf‘;‘éf — I ora is not an
isomorphism. It would be interesting to compute the cokernel of the R-linear map
<. A related open problem is to compute the cokernel (which is, again, torsion) of
the R-linear map given by the inclusion

Rlz.2%,z%,..]1 = S,.
Proposition 3.6.24 (b) below will provide a lower bound for the torsion of the cokernel

of <> in the following sense. If for an R-module M we denote by M[p] the k-linear
space of all elements of M annihilated by p, then for s € %Zzg we will show:

I (=2(p + Ds)
dimy (2P 1) S 2 dimg (B ) ) — 3.

SEHL((p + Ds))
It would be interesting to find the precise value of the left-hand side of the above
inequality.

Remark 2.4.9 By combining the proofs of Theorems 2.4.2, 2.4.5, and 2.4.7, the
Serre-Tate expansions of all elements of I, oq Will be made explicit in Remark
3.6.32 (a).

Remark 2.4.10 Let X C Xyq = Ag 1,5, r.0ra De an open subscheme with X con-
nected. We check that for each polarized isogeny class C C X (R) there exist ‘many’
Hecke covariant Siegel §-modular forms that vanish on C. First, by Theorem 2.4.7,
there exist (many) integers 7 > 1 and (many) weights w € W () such that the (finitely
generated) R-module I, ,,(w) has ‘large’ rank. For a point P € C consider the
principally polarized abelian scheme (A, 8) over Spec(R) that corresponds to it
and the submodule ]I;"[(f;[]j(w) ofall f € ]I;qord(w) that vanish at P in the sense that
f(A, 8, w, R) = 0 for one (equivalently every) w. Note that, by Hecke covariance,

each f € H;};},(w) vanishes on the whole of C. We claim that the factor mod-

ule H;,Ord(w)/]lg,[g(]l(w) is either 0 or (noncanonically) isomorphic to R. Indeed,
if this factor module is nonzero, let 0 # fo € I, , ;(w) be such that the element
Jo(A, 6, w, R) € R has minimum p-adic valuation and we conclude by noting that

H;’y[;;]j(w) is the kernel of the surjective R-linear homomorphism
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f(A, 0,0, R)

I R. ALY
(W) = R f = e R

Remark 2.4.11 Let X C X, be, as before, an open subscheme with X connected.
By the proof of Theorem 2.4.7 it will also follow that for each w € W, every
f €L, ora(w) vanishes on the set of ordinary CMg-points of X, i.e., of R-valued
points of X that correspond to ordinary abelian schemes over Spec(R) that have
complex multiplication (see Remark 3.6.32 (b)). If p > 2, then an ordinary CMg-
point is the same as a CLg point, i.e., an R-valued point of Xy that corresponds to
an ordinary abelian scheme over Spec(R) which is the canonical lift of its reduction
modulo p (see [V], Thm. 1.6.3). Similarly, if p = 2, then an ordinary CMg-point
is the same as a QCLy point, i.e., an R-valued point of Xyq that correspond to an
ordinary abelian scheme over Spec(R) which is a quasi-canonical lift of its reduction
modulo 2, which means that it defines the same filtered F-crystal over k as the
canonical lift (see [V], Thm. 1.6.3). So for every linear system f in I, o4, the set of
f-unstable points X (R){ in X (R) contains the set of ordinary CMg-points of X. It
would also be interesting to decide when, for suitable fs, the locus of f-stable points
of X (R) is nonempty and, when so, to compute it.

Combining Theorem 2.4.7 with results from Sects. 4.1 and 4.2 we obtain the
following results (see Theorem 3.6.29 (c), (e) and (g)).

Theorem 2.4.12 The following properties hold.

(a) We have equalities:

|
asy.tr.deg(l; org) = ¢-tr.deg(ly o) = % + L.

4

(b) The field Frac(1, o,q) is ¢-generated over K by finitely many elements in I 2.0

Here and from now on, ¢-tr.deg := ¢-tr.degy.

Remark 2.4.13 As the K -algebras Hg’l’“’“‘s ®g K are finitely generated by classi-
cal geometric invariant theory, we also get that

1
glg + )+1.

asy.dim(Il; orq) = 5

On the other hand we do not know whether I, ..« ® K is ¢-finitely generated as a
K -algebra.

Remark 2.4.14 We recall the R-algebra monomorphism
Hg,ord — MX (256)
with injective reduction modulo p, where X C X, is an arbitrary open subscheme

with X connected (see Diagram (2.41)). If X is affine, then by viewing My as filtered
by the subrings M, we have (see Eq. (2.5))
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1
asy.dim(My) = @ ey
Diagram (2.49) is induced by Diagram (2.56) and we recall that we view Diagram
(2.49) as an avatar of Diagram (2.53). Then the equality of the asymptotic dimensions
of the source and target in Diagram (2.56) says that the ‘quotient map’ in Diagram
(2.53) is a map between geometric objects ‘of the same dimension’ in ‘§-geometry’.
Note that we have K -algebra monomorphisms

Hgord ®RK—>Mr ®RK (257)
induced by Diagram (2.56). By Theorem 3.6.29 (b) below and Remark 2.4.13 the
K-algebra I, ., ®r K is finitely generated and has dimension

. +1
dim(T, .4 ®& K) = r% — g+ 1+r (2.58)
while, for X affine, the (noetherian but not finitely generated) K -algebra My ®z K

has dimension

1
dim(MY, ®x K) = (r + 1)@ +r (2.59)

The difference between the two dimensions is therefore

g(g +1D

dim(My ®z K) — dim(T, .y ®& K) = 5

-1
which is independent of r; note that this difference is less than (rather than equal to)
the dimension dim(GSp2, k) = 2¢* 4+ g + 1 of the group of symplectic similitudes
of rank g + 1 over K, as one might expect from the analogy with the differential
algebraic picture [Bu95b], Introd. and the complex analytic picture [FC], Ch. VII,
Sect. 3, p. 255. It would be interesting to study the fibers of the morphism of spectra
induced by Diagram (2.57).

We are especially interested in the structure of the rings My /I PIM, and
M/ Hg ord
ideals (see Remark 2.4.10)

el r,[P] [Pl . r,[P]
g ord * @ ]Ig ord(w)’ Hg ord " U ]Ig,ord'

weW r>1

My for P € X(R), where ]I;[P] C I} orq and ngord C I, ora are the prime

ord

The ring M /T! e, Pl M can be viewed as an avatar, in §-geometry, of the polarized
isogeny class of P.Ithas anatural structure of a filtered W-graded ring equlpped W1th
an endomorphism induced by ¢. Note that, by Remark 2.4.10, the ring Il o/ e e, Ord

a natural structure of a filtered W-graded integral domain all of whose homogeneous
components are either 0 or (noncanonically) isomorphic to R and is equipped with
an endomorphism induced by ¢. One would like to know, for instance, if or when
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My /Hg’gme is an integral domain and one would like to compute its asymptotic
dimension. A related problem is to understand the fibers of the maps ®¢ in Diagram
(2.48). In the same vein one would like to understand the image of the maps &y, e.g.,
the ideal of all -homogeneous polynomials in S, that vanish on this image. Another

related open problem is to compute the transcendence degrees tr.deg; (I, ..y ®r k).

In Chap. 3 we will also obtain estimates/asymptotics for the (finite) ranks of
the R-modules Hgﬁord(w) (see Theorem 3.6.20 (a)). Also, for r < 2 we will obtain
W-graded K -algebra isomorphisms

I! o ®& K 2 K[©9, 20, 251,
HZ ord ®RK:K[®09""®gs 20, leL]y
¢ 2021

where O, ..., Oy, 20, 7 are indeterminates of weights -2, ..., —-2,¢ — 1, > —¢
(respectively); these isomorphisms will be entirely explicit (see Corollary 3.6.33).
The structure of the rings I, ., in case r > 3 will turn out to be rather complicated.

. . . . —1 S
However the rings T, ,, ® K are isomorphic to the rings Hj /"™ ®& K (see

Theorem 2.4.7) and the rings H;]ét ®g K will be studied in detail in Sects. 4.1—
4.3.

Recalling the notation in Remark 2.2.4, we get, for g odd, an equality of W, -
modules

Wi = {w e W|deg(w) € 2Z, w < 0}.

g.ord
The structure of Wy, for g even is more complicated. However in view of the
isomorphism I, g @ K = Hgﬁ‘;ﬁ ®r K (see Theorem 2.4.7) the problem of under-
standing the structure of Wy, , trivially reduces to the problem of determining which
homogeneous components of Hy {o; (with respect to a natural gradation) are nonzero.
This latter problem reduces to a similar problem for the ring H, s which, in its turn,
is partially addressed (although not completely solved) in Chap. 4; see Lemma 4.2.3

(a) and (b) and Sect. 4.2.6.

2.4.3 Structure of the Ring 1,

Next we turn our attention to II,. We will prove that I, has an asymptotic transcen-
dence degree that is equal to that of I, ¢ so the two rings are ‘close’ in the sense
of asymptotic transcendence degrees. Indeed, using the geometric invariant theory
of multiple endomorphisms (see Sects. 4.1.1, 4.1.5 and 4.1.6), we will prove (see
Theorem 3.7.1) the following theorem.

Theorem 2.4.15 For each integer r > 4 there exists a natural map of W-graded
R-algebras
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D:Hr_z [xl,--~,xr,él’-'°7§r]_>ﬂg

g,conj
whose image satisfies

gle+1)
2

tr.degg(Im(0)) > tr.degg (L, ) — 2.

Here x; and £; are indeterminates of degree —¢'~! — ¢’ and —1 — ¢ (respec-
tively) and the maps [J are compatible as r varies.

Remark 2.4.16 Theorem 2.4.15 and Remark 2.2.6 imply the inequality

+1
tr.degﬂg (Igora) < % + 2. (2.60)

It would be interesting to compute the exact value of the transcendence degree
tr.degﬂg (I ora). We emphasize that we do not know even if the field extension
Frac(ll;) C Frac(Ily o) is not an equality; this question is open even for g = 1. On
the other hand, by Theorem 2.4.15 and Eqgs. (2.58) and (2.59) we get

dim(M ®x K) — tr.degR(]I;) <2¢’+g+1= dim(GSpog. x) (2.61)

with X as in Remark 2.4.14. The value of tr.deg R(]I;) is not known even for g = 1.
The analogies with the differential algebraic picture [Bu95b], Introd. and with the
complex analytic picture [FC], Ch. VII, Sect. 3, p. 255, suggest that Inequality (2.61)
might be an equality. A related open problem is to compute the transcendence degrees
tr.deg; (HZ, ®r k); again, this is not known even for g = 1.

Using Inequality (2.60) and Theorem 2.4.12 (a) we will deduce (see Corollary
3.7.2 (c)) the following result which solves, in particular, a ‘main open problem’ in
[BB] (see [BB], paragraph after Thm. 1.13) and which can be easily used to reobtain
for g € {1, 2} the results [BB], Thms. 1.13 and 1.14.

Theorem 2.4.17 We have

asy.tr.deg(l,) = ¢-tr.deg(l,) = @ + 1.
Remark 2.4.18 As Frac(l; orq) is ¢-finitely generated over K so is its subfield
Frac(Il;) by Remark 2.2.3 (c). Also, as ]Ig (w) C ]Ig,’ ora (W), it follows that for all linear
systems f of weight w in H;,ord the set of f-unstable points of X'(R) = A, 1§ r(R)
contains the set of all ordinary CM-points. Here are some questions that we leave
open. Are the K -algebras I, ® K finitely generated? Is [, ®g K a ¢-finitely gen-

erated K-algebra? What are the transcendence degrees of I, ®g K over K? What
is the structure of the rings My /ng IMx where X is open in X', with X connected,

P € X(R), and I"! is the prime ideal of I; defined as in Remark 2.4.14 by replacing
T, org with L2
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Remark 2.4.19 It would be interesting to compute the W, -module Wy, see Remark
2.2.4. Asdet(f") € H;(—l — ¢") we have —1 — ¢" € Wy, for all integers r > 1. So
Wi, contains the Z-linear span W, of the elements of the form —¢“ — ¢P with
0 < a < bintegers. Note that Wey. isa W, -submodule of Wy, . All examples of homo-
geneous elements in I, appearing in our monograph have weights in Wey.. We do not
know if or when Wy, = W,,.. On the other hand we claim that the W, -module W, is
not finitely generated. Indeed, if wy, ..., w, generate the W -module W, then for
every integer r > 1 we can write —1 — ¢ = Z;’Zl vpiw; With v, ..., v € Who
Taking degrees and using the fact that deg(w;) € —2N we get that —1 — ¢" = wj ()
for some i(r) € {1, ..., n} which for r > 1 represents a contradiction, proving our
claim. As a consequence of the claim and of Remark 2.2.4, if for some g € N we
have Wi, = Wy, then [, ® K is not ¢-finitely generated as a K -algebra.

For the next result, for a polarized abelian scheme (A, 6) over R, we denote by
End(A, 6)”) the subring of End(A) generated by all polarized isogenies A — A.
The theorem below shows that the locus in A, ; x zr(R) of all (A, 8)s for which
End(A, 6)?) is noncommutative is contained in the vanishing locus of a nonzero
Hecke covariant Siegel §-modular form (see Theorem 3.7.8 below for a more precise
result).

Theorem 2.4.20 There exists w € W with the property that I,(w) contains a
nonzero 8-modular form D such thatforall (A, 0, w) € Mg(R)withD(A, 0, w) # 0,
the ring End(A, 6)P) is commutative.

Let us say that the polarized isogeny class of a principally polarized abelian
scheme (A, 0) over R is decomposable if there exist nonzero principally polarized
abelian schemes (A}, 6;) and (A;, 6;) and a polarized isogeny A — A; X A,, where
A x A, is equipped with the polarization 8, x 6,. We say that the polarized isogeny
class of (A, 0) is indecomposable if it is not decomposable. The theorem below
shows that the locus in A, v r(R) of all (A, 6)s whose polarized isogeny class
are decomposable is contained in the vanishing locus of a nonzero Hecke covariant
Siegel §-modular form (see Theorem 3.7.9 below for a more precise result).

Theorem 2.4.21 There exists w € W with the property that I,(w) contains a
nonzero 8-modular form G such that for all (A, 0, w) € Mg(R) withG(A, 0, w) # 0,
the polarized isogeny class of (A, 0) is indecomposable.

Theorems 2.4.20 and 2.4.21 are arithmetic analogs of results in differential alge-
braic geometry, see [Bu95b], Prop. 6.8 and Cor. 5.11.

The following ‘p-adic approximation result’ (see Theorem 3.8.13 (c) below)
shows that I, is ‘close to’ I, o4 in yet another way.

Theorem 2.4.22 Let D, be the multiplicative set of all homogeneous elements of
I\ pl, whose weights have even degree. Then the natural homomorphism

e T
D; 'l > DTy o

is an isomorphism.
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The above theorem implies that I, is ‘ p-adically sufficiently close to’ I, o4 in the
sense that each element in I, ,q can be p-adically approximated by fractions with
denominators homogeneous elements of I, \ pl,.

2.4.4 Flows and Reciprocity

Our next application involves the notion of §-flow introduced in [Bul7], Ch. 3, Sect.
3.6, Def. 3.122. Let X be an affine smooth scheme over Spec(R) and let J'(X) be
its first p-jet space. We recall that an ideal a in O(J' (X)) is called a 6-flow on X if
the composite projection

Spf( O (X)) /a) c J'(X) = JO(X) =X

is an isomorphism. Our terminology here is suggested by the analogies between
p-derivations and derivations (vector fields) that are in the background of [Bu95a,
BuO5]. Note that by the universal property of J (X) every §-flow on X induces a
Frobenius lift on X, i.e., an endomorphism of X over Z,, whose reduction modulo p
is the p-power Frobenlus We will prove the following result (see Theorem 3.9.12).

Theorem 2.4.23 We consider an affine open subscheme X of the moduli scheme
X = Ay 1 v roverSpec(R), where N > 3 is aninteger prime to p, such that X is con-
tained in the ordinary locus and there exists a column basis wy of 1-forms on Ax. Let
ay be the ideal of O(J' (X)) locally generated by the entries of fg crys (Ax, Ox, wx)
where (Ax, Ox) is the universal principally polarized abelian scheme over X. Then
ax is a -flow on X.

Remark 2.4.24 It would be interesting to check whether the Frobenius lift on the
p-adic completion Agmord induced by the §-flow in Theorem 2.4.23 coincides
with the Frobenius lift considered in [BG], p. 3 that arises from the functor that
attaches to every ordinary abelian scheme its quotient by the canonical subgroup. If
this were the case, then we would get the interesting consequence that the Frobenius
lift in [BG], although not extendable to the whole of .AZIR, ‘comes from a global
object (£ ) defined on the whole of Ag 1N R

crys

Using Theorem 2.4.23 and the arithmetic analog in [Bu97], Cor. 1.7 of Manin’s
Theorem of the Kernel [Man], Sect. 5, Thm. 2 we will prove the following result (see
Theorem 3.10.2 below) which extends the ‘Reciprocity Theorem for CLg points’ in
[BPII], Thm. 3.5, to the case of arbitrary genus g > 1 and all primes p. We refer to
the part before Theorem 3.10.2 for more details.

Theorem 2.4.25 Assume we are given morphisms of schemes over R

nmn:y—-X, &:Y—> A
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with X C X, affine, Y affine, 11 étale, and A an abelian scheme of relative dimen-
sion d. Assume Y, X, A, T1, ® descend to corresponding objects Y', X', A’, TI', @'
defined over a finite normal extension R’ of Z, contained in R and assume A’ is
nondegenerate in the sense of Definition 3.10.1 below. Then there exists a morphism
of p-adic formal schemes e

ot Y - Gd

that satisfies the following property. For all Py, ..., P, € TI"'(CLg) C Y(R) and
allmy, ..., m, € Z we have

Y mi®(P) € ARy > Y m®T(P)=0eR"

i=1 i=1

Remark 2.4.26 As a consequence of Theorem 2.4.25 we will have (see Corollary
3.10.3) that if [T"!'(CLR) ¢ O (A(R)iors), then the image of

n! (CLg) N o (A(R)ors)

via the reduction modulo p map Y (R) — Y (k) is not Zariski dense in Y.
This statement is a higher dimensional analog of the following result in [BPII],

Thm. 1.3. Suppose that X Ly % Eisa correspondence (with Y a curve)
between a modular (or Shimura) curve X and an elliptic curve E over some number
field and assume that p is a sufficiently large ‘good’ prime in the sense of [BPII],
Def. 3.3. Then there exists a constant ¢ that depends on p such that for each subgroup
I' < E(R) withr := rank(I") < oo, the set ®(IT~!(CL)) N I is finite of cardinality
at most cp”. This latter result was deduced in [BPII] from a one-dimensional analog
of Theorem 2.4.25 (see [BPII], Thm. 3.5).

A global version of the local result in [BPII], Thm. 1.3 stated above was proved

in [BPI], Thm. 1.1 as follows. Suppose that X Ly 2 Eisa correspondence
(with Y a curve) between a modular curve X and an elliptic curve E over Q and
let I' < E(Q) be a finite rank subgroup. Then the set ®(I1~!(CM)) is finite. Here
CMcCX (@) is the set of CM-points.

This latter global result generalized a result in [NS], Thm. 1.5 according to which
there exist only finitely many torsion Heegner points on each elliptic curve over Q.

The papers [BPI, BPII] also contained results in which the sets CLi and CM were
replaced by isogeny classes.

For a proof of the conjecture [BPI], Conj. 1.7 on isogeny classes we refer to [Bal],
Thm. 1.4. For extensions of some of the results in [BPI, Bal] and for relations with
conjectures of Andreé—QOort—Pink—Zilber we refer to [PT].
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2.4.5 Cohomological Computations

It would be interesting to explore the cohomology modules of the ‘main’ ss-§-spaces
in Display (2.46) that appears in our theory. We will leave this problem open but, with
notation as in Display (2.46), we will present some easy computations that illustrate
the flavor of the problem.

First, consider the cohomology groups H¢(P}). We will check (see Proposition
3.11.1) that the following equalities hold:

H°(Pj) = R, ¢-rankg(H'(P})) = oo.
This is in stark contrast with the situation in usual algebraic geometry where

H'(Pg, O) = 0 for the projective line P§ over (the spectrum of) a ring S.
Similarly, let us consider the case g = 1 and the basic §-modular forms

fr = flr,crys € Ilr1(¢r’ 1) = Ilr(_1 - ¢V)

and f{ €} a(=¢,1) =T} 4(¢ — 1) referred to above and abbreviated as f°.
Consider also the forms

P
o1

FO =Y T e To(—2): (2.62)

these §-modular forms (and their generalizations for arbitrary g) will play a key role
in the monograph. For each integer n > 2, consider the ss-§-space

Zs. = Projs (L oras (Yool f1)).
We will then check (see Proposition 3.11.2) that the following equalities hold:
H(Zs5) = Lo gy, H(Z5,) =0 for d > 1.

On the other hand, if we consider a matrix A = (4;;)1<i, j<2 € GL2(R) and we set

(ff ) = (fM, fF@)rtand
Z 5 = Projs (L o, (1 £3)),

then we will show (see Theorem 3.11.3) that if each A;; # 0, then the following
equalities hold:
H%(Z};) =R, ¢-rankg(H'(Z},)) = oo.

Note that, if A = 15, then we have Z} , = Zs ». So the cohomology of Zj , effec-
tively depends on A. This is, again, in stark contrast with the situation in usual
algebraic geometry where the Cech cohomology groups of an affine open cover of a
separated scheme do not depend on the cover. Indeed, for each A the pair (f}*, f5') can
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be intuitively viewed as defining an ‘affine open cover’ of a ‘separated’ ss-6-space
that does not depend on A (as the R-module spanned by f;, f;* does not depend
on A).

Finally, for arbitrary g, we will prove (see Proposition 3.11.5) that for a ‘generic
choice’ of a linear system f of weight —2 in I ,;¢ we have HO(Projs(Hg,O,.d, f)) = R.
For a weaker version of this statement for I, see Proposition 3.11.6 below.



Chapter 3 ®)
Proofs of the Main Results Gedar

All the main results are proved in this chapter.

Section 3.1 records some basic symmetry properties of the bilinear maps over Z,
appearing in the Serre-Tate deformation theory of abelian schemes.

Section 3.2 introduces and studies some multiplicative monoids contained in endo-
morphism algebras of abelian varieties over k; these monoids, and some related
unitary groups, will play a key role in our arguments.

Section 3.3 translates the conditions of lifting from k to R suitable isogenies
between abelian schemes into the language of matrices and relates them to the pre-
viously introduced unitary groups.

Section 3.4 reviews a construction of Hecke covariant Siegel §-modular forms
f;,crys introduced in [BB], Sect. 4.1; it also introduces and studies the ordinary Hecke
covariant Siegel §-modular forms f, " arys Which generalize the one fﬁ arys Introduced
and studied in [Bar] and [Bu05], Ch. 8. Out of these ordinary §-modular forms we
construct some new ordinary Hecke covariant Siegel §-modular forms f " of weight
—2 that play a key role later.

In Sect.3.5 we introduce one of our main tools, the Serre—Tate expansion of a
Siegel §-modular form, and we prove a Serre—Tate expansion principle (see Propo-
sition3.5.1 (b)).

In Sect.3.6 we use the Serre—Tate expansions to construct embeddings (com-
parison maps) © of the R-modules I}, , ;(w) of Hecke covariant Siegel §-modular
forms into R-modules Hg(—deg(w) /2) of SLg-invariant functions on certain R-
modules of multiple quadratic forms (see Corollary 3.6.10). On the other hand we
use the forms £ to construct embeddings (comparison maps) <> of the R-modules
Hg’l (—deg(w)/2) into R-modules ]I;’md(—deg(w)). Akey Lemma3.6.12 on ‘elimi-
nation of logarithms’ will help us use the embeddings © and <> to provide a complete
description, up to torsion, of the R-algebra I, ¢ in terms of the R-algebra of invari-
ants I, (see Theorem3.6.29(a)).

In Sect. 3.7 we study the R-algebra I, of Hecke covariant Siegel -modular forms.
The main idea is to use the forms f; . to find embeddings (comparison maps)

,crys
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U of the R-algebras HI, ... of SL-invariant functions on R-modules of multiple
endomorphisms into the ring I, (see Theorem3.7.1).

Section 3.8 contains the proof of our main p-adic approximation result Theo-
rem?2.4.22.

In Sect.3.9 we prove Theorem2.4.23 on the §-flow structure defined by

In Sect.3.10 we prove the ‘reciprocity’ Theorem?2.4.25.

Section3.11 contains a few cohomological computations.

1
fg,crys'

3.1 Symmetry

Let Ay be an ordinary abelian variety over Spec(k) of dimension g. Let
My, = Spf(R,) be the formal deformation space of Ayp; it is well-known that we
can identify

Ry = R[[T;|1 =i, j =gl

where Tj;s are algebraically independent indeterminates over R.!
For an abelian scheme A over Spec(R) that lifts Ag, 50 A Xspec(r) Spec(k) = Ao,
let
qa: Tp(Ag) X Ty(Ag) = 1 +mg =1+ pR

be the Serre—Tate bilinear map attached to A, where 1 4+ mg is a group under mul-
tiplication. Let e = (e - - - ¢4)" be a column basis of the Tate module 7),(Aq) of Ay
by which we mean that its entries form a Z ,-basis of T},(Ao).

We assume that there exists a principal polarization on A defined by an iso-
morphism 6 : A — A. Let 6y : Ay — Ao be the isomorphism obtained from 6 by
reduction modulo p. We consider the bilinear map

gae :=qaol[Ty(1a,) X Tp(00)] : Tp(Ag) X Tp(Ag) — 1 +mp
induced by g4 (where 14, is the identity automorphism of A) and the isomorphism
Ty (60) : Ty(Ao) = T,(Ao).
Let Guniv,4, : Tp(Ag) X TP(AO) — 1 +mg, be the Serre-Tate bilinear map
attached to the formal deformation of Ay over My, = Spf(R,). We similarly get

a universal Serre—Tate bilinear map

Guniv,0y = Guniv, A, © [Tp(lAU) X Tp(e())] : Tp(AO) X Tp(AO) — 1 +ng~

1 For instance, see [Ka81], Thm. 2.1 (a) and (b) for the Serre-Tate deformation theory in the case
of ordinary abelian varieties.
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Note that g4 and g4 ¢ are composites of Guniy,4, and guniv.q, (respectively) with
a uniquely determined epimorphism 1 + mg, — 1 + mg of multiplicative groups
induced by an R-algebra retraction R, — R.

Let Iy, be the ideal of R, such that Spf(R,/14,) is the formal deformation space
Myg.6, of (Ag, ).

Proposition 3.1.1 The bilinear map qa o is symmetric.
Proof For (a, B) € T,(Ap) x TP(AO) we have Guniv. Ao (B, @) = Guniv.4, (e, B). This

follows from Cartier duality and duality of abelian schemes, which in particular allow

us to identify Ay = Ay and Spf(R,) = Ma, = M . More precisely, if 3 is a local
artinian R-algebra of residue field &, then a short exact sequence

0— ppo g — Dy — (Qp/Zp)n — 0

of p-divisible groups over Spec(dt) is automatically self-dual with respect to the
Cartier duality and this implies the identity g,,;, x (B, &) = quniv, A, (2, B).

The isomorphism 6y : Ag — Ag induces an isomorphism
tg, : SPE(Ry) = My, = Spf(R,) = MAU,

and the ideal Iy, of R, is the smallest one so that g, modulo Iy, is the identity
automorphism of R,/Iy,. In other words, the formal deformation space My, 4, of
(Ap, o) is the locus where the two maps

Guniv, Ag> Guniv. i, © (Tp (o) X T,(60)™") 1 Tp(Ag) x Tp(AVO) — 1 +mpg,

coincide (cf. also [Ka81], Thm.2.1 4)).

From the very definition of a polarization we have the well-known symmetry prop-
erty 6y = éo. From this and the identity g, i (B, @) = Guniv.4, (¢, B), by composing
the last two maps with the isomorphism

T, (1a,) % Ty (00) : Tp(Ao) X Ty(Ag) = T, (Ag) x Tp(Ao)

we get that the resulting two maps from 7, (Ao) x T,(Ap) to 1 + mp, differ fromeach
other via the composite with the switching involution of 7,,(Ag) x T,(Ao) defined
by (x, y) goes to (y, x). This implies that

Iy = (Guniv.60(€is €j) — Quniv,a,(€j, €)1 <0, j < g). 3.D
Thus the symmetry of reductions of quniv,6, Via quotients of R, holds precisely for

R, /1y, (i.e., for M4, ¢,) and hence it holds for the bilinear map g4 ¢ which is defined
via the R-valued point of M4, g, that corresponds to (A, 0). U
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The entries of g4 ¢ satisfy certain ‘linear relations’. More precisely, the formal
closed subscheme M 4, g, = Spf(R,/Iy,) of M4, = Spf(R,) (i.e., the formal com-
pletion of the moduli stack A, 1 r at the point corresponding to (A, 6p)) is a formal
subtorus of M 4, = Spf(R,) and one gets g(g — 1)/2 ‘linear relations’ for the entries
of g4, which can be read out from 6, as follows.

First, ¢ = (€1 -+ &,)' := (T,(6)(e1) - - - T(0p)(e,))" is a column basis of T,,(Ao)
and we get the Tj;s via the rule T;; = gij — 1 = quniv,0,(ei, €;) — 1. We have
Guniv,0, (€is €;) — Guniv,e,(ej,e;)) =T;; — Tj; forall 1 <i < j < g, and, in view of
Equation (3.1), we get directly the following consequence.

Corollary 3.1.2 We have Ma, 4, = Spf(S},), with S§, = RI[T;;|[1 <i < j < gl
identified canonically with R, /(T;; — Tj;|1 <i < j < g).

If f is an arbitrary column basis of TP(AO), then the ‘linear relations’ would
involve the matrix representation of 7,(6) with respect to e and f.

3.2 Unitary Groups

For the principally polarized abelian variety (Ao, 8p) over k we consider the monoid
Uy :=Un, 6, = {uo € End(Ag)|uoug € N\pN},

where uy — u(T) =0, Io g o Oy is the rule that defines the Rosati involution of
End(A,) relative to the principal polarization 6y. With e = (¢; - - - €,)" as above, let

Uy = UAO,QO,g C GLg(Z,,)
be the image of U, under the injective algebra homomorphism
End(A¢) — End(T,(A¢)) =~ Mat,(Z),), vy > My,, (3.2)

where End(Ao) — End(7,(Ap)) maps vo € End(Ag) to T}, (vo) and where the iso-
morphism in Display (3.2) is defined by e, so we have T}, (vo)(e) = My,e. Then
Uy is equipped with an involution M +— M induced by the Rosati involution, so
Mvﬁ) = MIO.ForeachM = (m;j)1<i,j<g € Upwe write M= (mjj)lgiﬁjgg.The invo-
lution on Uy does not extend, in general, to an involution on Mat,(Z ), and is a priori
unrelated to the transposition on Mat,(Z,). The subgroup of GL,(Z,) generated by
Uy is:

ZX

<)+ Us = (AM|h € Z%, and M € Uy} C GLy(Z,).

(p)
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Example 3.2.1 Consider the special case
Ao = E§,

6o = standard diagonal principal polarization, (3.3)
e = (e; - - - €)' = a diagonal basis;

S0 Ag = Eg is the g-fold product of an ordinary elliptic curve E, over Spec(k), 6y
is obtained from (i.e., is the g-fold product of) the Abel-Jacobi map of E,, we fix
a basis ¢g of T,(Ey), and each e; equals ey but viewed as an element of the i-th
direct summand T}, (E) of T,(Ao) = T, (Ep)#. Let O := End(Ey) and consider the
canonical embedding

O — End(T,(E¢)) = Z,.

Recall that O is an order in an imaginary quadratic field K and that the Rosati
involution on O is the complex conjugation A — A.

Let M = (m,-j)lgi,jgg [S Matg(O) N GLg(Zp) Let
M()ZA():ES’—)A():ES)

be the isogeny defined naturally by the matrix M. We have uo(P) = M P for all
P € Ag(k) = Ey(k)%, viewed as a column vector with entries in Ey(k). Note that
T, (uo)(e) = Me, hence M,, = M and u} P = M'P for all P € Ay(k).

Lemma 3.2.2 If (Ag, 09, e) is as in Display (3.3), then for all M € Uy we have
—

M =M.

Proof The case g = 11is well-known. Letnow i, j € {1, ..., g}. Let Ey; be E, but
viewed as the i-th factor of Ag = E§.Theij entry m;; of M defines an endomorphism
m;j : Ey ; — Ep; inducing rhij : EO.,» — Eo,j and thus, via the standard principal
polarization on Ey, inducing an endomorphism Eq; — Eo_ ; that defines the ji entry
m’;; of M'. Thus we have
m'y = ri; = g,

where the last equality follows from the case g = 1 by dropping the indexes i and j
in the domains and codomains of m;; and m; e O

An element A € Uy is called a scalar if M, is a scalar matrix. If A is a scalar,
then so is AT. In this case we will view A, AT as elements of Z5; 50 also r/AT e zx.
Consider the following conditions, thought as unitary axioms, on (Ag, 6p).

(UAX1) There exists a scalar A € Uy with A /AT not a root of unity.
(UAX?2) The group Z - U is Zariski dense in GL; z,, i.e., each polynomial in

g* indeterminates with coefficients in Z, which vanishes on L, - Uy is the zero
polynomial.
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Lemma 3.2.3 Each (Ao, 6y) as in Display (3.3) satisfies condition (UAX]I).

Proof To check this we can assume g = 1. Based on Lemma3.2.2 it suffices to
show that there exists a nonzero A € K such that 1 /X is not a root of unity. But this
is well-known (for instance, see [Bu05], Lem. 8.21). O

Proposition 3.2.4 Each (A, 6y) as in Display (3.3) satisfies condition (UAX2).
We first need the following general lemma.

Lemma 3.2.5 Let G be a connected reductive group scheme over Spec(Zy)). Then
G(Zp)) is Zariski dense in Gg and is dense in G(R).

Proof suggested by Offer Gabber. Let k be a field equipped with a reasonable field
topology: nondiscrete, Hausdorff, and the ring operations and inversions are con-
tinuous. This defines a topology on X (k) for every «-scheme locally of finite type,
compatible with morphisms, products, open and closed embeddings.

Let B be a connected smooth affine group over Spec(x) which is unirational (e.g.,
this holds if « is perfect, see [Bore], Ch. V, Thm. 18.2).

We check that each nonempty open V of B(k) (in the mentioned topology) is
Zariski dense in B. The unirationality means that there exists a nonempty open )
in an affine space A} and a dominant morphism f : Y — B. By translations on the
source and target we can assume that the origin 0 of A7 is in ) and is mapped
by f into the identity of B. Then the Zariski density of V in B follows from the
observation that nonempty opens U C k" = A («) are Zariski dense in A}. Indeed
we may assume U is a product of n nonempty balls in A} (k); then the observation
follows by induction on n and the fact that every infinite set, in particular every
nonempty ball, in Al () is Zariski dense.

Lemma follows by taking « = Q and B = Gg and using the fact that nonempty
opens of Q" = A () in the p-adic topology are dense in R” (in its metric topology),
by the approximation theorem for independent valuations of Q. (I

Proof of Proposition 3.2.4. Consider an embedding K = Frac(O) C C and note
that the group Z(Xp) - Uy is contained in the subgroup GL, (K) of GL,(Q,). By con-
sidering a K-embedding of Q,, into C we get that to prove Proposition 3.2.4 it suffices
to show that Z(Xp) - Uy is Zariski dense in GL, (C).

Let now U, be the reductive (unitary) group scheme over Z,, whose functor of
valued points attaches to each Zp)-algebra B the group

U,(B) :={M € GL,(B ®; O)|MM = 1,},

where the upper bar conjugation acts on the second factor of B @z O. From
Lemma3.2.5 we getthatUg (Z(,)) is dense in U, (R) in the metric topology. Also from
Lemma3.2.3 we get that Uy (Z(,)) C Z(Xp) - Uy. We conclude that Proposition 3.2.4
holds by the classical fact that U, (R) is dense in GL, (C) in the Zariski topology.



3.3 Lifting Condition 75

We include a proof of this classical fact. Let I', be the Zariski closure of U, (R)
in GL, c. Then I', is a complex algebraic group and to check that I'y = GL, ¢ it is
enough to check that its Lie algebra Lie(I',) equals Lie(GL, ¢) (see [Bore], Ch.I,
Sect.7.1). But Lie(I',) contains the C-span of the Lie algebra Lie(U,(R)) over R
and thus it contains all the antisymmetric matrices of size g x g and all matrices of
the form +/—1 times a symmetric real matrix of size g x g. Hence Lie(T",) contains
all the real matrices and thus all the complex matrices of size g x g. We conclude
that I';, = GL, c. O

Remark 3.2.6 (a) The set of points in the moduli stack A, ; x over Spec(k) that
correspond to ordinary principally polarized abelian varieties over Spec(k) for
which conditions (UAX1) and (UAX2) hold is Zariski dense. This follows from
Lemma3.2.3, Proposition 3.2.4 and Larsen’s example in [Cha], p.443.

(b) If & € Uy\Q s a scalar, then F := Q[A] is a totally imaginary quadratic exten-
sion of Q and the Mumford-Tate group of the generic fiber over K = Frac(R) of
the canonical lift of Ay is naturally identified with the 2 dimensional torus which is
the Weil restriction Resz,gG,, 7. Using this, it is easy to see that if the condition
(UAX1) holds, then Ay is isogeneous to E(’;’ for some elliptic curve Ej over Spec(k)
and the Rosati involution defined by the principal polarization 6, of Ay induces the
complex conjugation on F.

(c¢) Similarly, if the condition (UAX2) holds, then A( is isogeneous to Eg for
some elliptic curve Ey over Spec(k). One can check this by first remarking that
Ay is isogeneous to a power of a simple ordinary abelian variety Agy over Spec(k)
which has a model over a finite field whose Frobenius endomorphism generates a
totally imaginary extension of its subfield fixed by the Rosati involution defined by
6o and thus it is an imaginary quadratic extension of Q. As Ago is ordinary, the
Honda—Serre—Tate theory implies that A is an elliptic curve over Spec(k).

3.3 Lifting Condition

Assume Qp, 0> € Mat,(R) are symmetric. Let (A, 6;), (A, 6;) be the princi-
pally polarized abelian schemes over Spec(R) that lift Ap and such that we have
(qu’gl (@i, ej))lfi,jfg = Ql and (quﬂz(Ei, ej))lfi,jfg = Qz. By the functoriality
part of Serre-Tate theory (see [Ka81], Thm.2.1 4)) the condition that the isogeny
ug : Ag — Ay lifts to a homomorphismu : A} — Ajisthatforall 1 <i, j < g we
have .

qa,.eei, Tp(ug)(e;)) = qa,.0,(Tp(uo)(ei), e;). 3.4

For all ce Z, and m € 1 + my we let cxm =m xc :=m° € 1 + mg; hence x
denotes multiplication in the (left and right) Z ,-module structure of the multiplicative
abelian group 1 4+ mg. More generally, we want to consider left and right multipli-
cation of matrices with entries in the Z,-module 1 + my by matrices with entries in
Z,. It is useful to introduce a special notation for this as follows. Let Mat, (1 + mp)
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be the subset of Mat, (R) formed by matrices whose all entries are in 1 4 mg. If
M e Mat,(Z,) and X € Mat,(1 4+ mg) we denote by M x X € Mat,(1 4+ mp) the
matrix with ij entries given by

g
(miy > x15) -+ (Mg * xg;) = l—[xlnju
I=1

and we denote by X x M € Mat, (1 + mp) the matrix with ij entries given by

g

.

e wmj) o (g kmg) = [ [ )"
=1

These operations satisfy the following four ‘associativity’ properties:
M *x (X * M) = (M; x X)*x M,,
(My - Mp) x X = My x (M x X),
Xx(My - M) = (X x M) * M,
X*M)' =M X"
Here (and later) M| - M, = M| M, denotes the usual product of the g x g matrices

M1 and Mg.
As an example, for g = 2, we have

mipy .mj2 mipy . mjp2 miy .mai mia M

X11 Xo1” X2 Xopo X11 X120 X1 X2
MxX = and X » M =

mpy My Moy M) myy  May mip M

X1 X1 X2 Xoo X1 Xog Xpp Koo

Returning to Eq. (3.4), set M := M, (see Display (3.2)). Then Eq. (3.4) is equiv-
alent to the equality
Q=M% Q% (M), (3.5)

Lemma 3.3.1 For M € Uy with MM" =d - 1,, d € N\pN, let ug : Ag — Ag be
the endomorphism corresponding to M; so M = M,,. Assume (A, 61) is a prin-
cipally polarized abelian scheme over R that lifts (Ao, 6y) and let Q| be the
symmetric matrix with coefficients in R that corresponds to Ai. Then the matrix
Qs = M~ x Q) x» (M") is symmetric. Moreover; if (A,, 6,) is the principally polar-
ized abelian scheme over Spec(R) which lifts (Ao, 6y) and corresponds to Q», then
there exists an isogeny u : Ay — A that lifts the isogeny ug : Ay - Ao and such
that uu' = d.

Proof The symmetry of Q, follows from the fact that Q; x (d - 1,) is symmetric
and we have
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Q=M% Qix (M) =M™ % (Qix(d 1) »(M™")",

As Eq.(3.5) holds for A;, Ay and M = M,, we get that there exists an isogeny
u: A; — A, that lifts the isogeny u 1 Ag — Ag. As the reduction modulo p map
End(A;) — End(Ay) is injective, uou(T) = d implies that uu' = d. ([l

Let dt/t be the invariant 1-form on the formal multiplicative group Gf,‘;fR of the
group scheme G,, g = Spec(R[¢, t~'1) over Spec(R).

For ¢ € {1, 2}, as A, is ordinary one has that the formal group A™" is isomorphic
to (GSTR)g over R; see [Maz], Lem.4.27. Let ¢.; € Hom(AﬁO‘, Gf;’fR) be the image
via the isomorphism

T,(Ao) ~ Hom(AM", G2 p) (3.6)
of the i1 entry of the column basis T, (6)(e) of TP(AQ). Defining
wei = Ch(dt]1),

we get an R-basis w. = {wc1, ..., we} of global 1-forms on A£°r which we identify
with 1-forms on A.. We say that the w, is attached to the basis e.

Lemma 3.3.2 We assume that M € Uy and Q> = M~ » Q1 » (M")" and we con-
sider the isogeny u : Ay — A provided by Lemma3.3.1. If [u] € GL¢(R) is such
that u*(w,) = [ulw,, then we have [u] = M.

Proof By the functoriality of the isomorphism of Diagram (3.6) we get that the
following diagram is commutative:

T,(Ap) =~ Hom(A, Gp)
TpGio) + 4 (@™ (3.7)
T,(A) ~ Hom(AY", G7p).

Here (u™)*(¢) = ¢ ou™ for all ¢ € Hom(AY", GI;). Recalling the identities
Mt = MJO = Mug and using Diagram (3.7) we get that for all i € {1, ..., g} we
have an equality of formal homomorphisms

g
f ¥
Oiou™ = E m;;¢ij,
J=1

hence

8
W) (& /) = Y S miyel /).

j=1

Thus we have [u] = M as one can see at the level of formal Lie groups. O
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3.4 Ordinary Crystalline §-Modular Forms

We first recall from [BB], Sect.4.1, the construction for each r € N of a Hecke
covariant Siegel §-modular forms f; ... € I, (¢", 1) which we refer to as the basic
Siegel §-modular form of weight (¢”, 1). Then, generalizing a construction for g = 1
in [Bar], Constr. 3.2, p.248 (cf. also [Bu05], Sect.8.4.3), we introduce an ordinary
Hecke covariant Siegel §-modular form f; crys € ]I;, ¢.ord(—@, 1) which we refer to as
the basic Siegel §-modular form of weight (—¢, 1).

Let § and Mg (S) be as in Sect.2.3.2, let (A, 6, w) € Mg(S) and consider the de
Rham S-modules Hjg(A/S) and HJx(A/S). We recall from [FC], Ch.1II, Sect.9,
paragraph before Prop. 9.1, that H; (A/S) has a canonical submodule F' HC%R(A /S)
canonically isomorphic to (and will be identified with) H 0(A, Q4 ss) and such that

H(A/S)/F HRY(A/S) ~ H' (A, 0) ~ H(4, Q5 )

From loc. cit. we also get that there exists a canonical perfect pairing
(,)a: Hig(A/S) x Hiz(A/S) — S (3.8)

which induces the canonical pairing between F 1Hle(A /8) = H%(A, Q4 ss) and
Hiz(A/S)/F Hp (A/S) = H(A, @ 5). In view of this compatibility, for all
(w, w') € HY(A, Qass) X HO(A, Q2,5) we have (@', w)4 = 0.

We claim that the pairing (, )4 is compatible with polarized isogenies in the sense

thatif u : A} — Aj is a polarized isogeny of principally polarized abelian schemes,
then for all & € Hle(Al/S) and op € Hle(Az/S) the following formula holds:

(Qr, u on)a, = (¥ ay, 02) 4, (3.9)

To see this, working in the étale topology of Spec(S), we can assume that there
exists N > 3relatively prime to p and such that the two principally polarized abelian
schemes over S are endowed with symplectic similitudes level N-structures. Consider
the union A, |  » of all prime to p Hecke correspondences on Ay, 1 n r parameter-
izing polarized isogenies that are compatible with the symplectic similitude level-N
structures (see Appendix). Then A} ; y » is a union of affine open subschemes that
are spectra of integral domains which are smooth over R and hence of characteristic
0. So it is enough to check the claim for each integral domain S of characteristic 0.
Again, by compatibility with base change and direct limits, we can assume S is a
finitely generated Z-algebra.

As every finitely generated Z-algebra that is an integral domain of characteristic
0 can be embedded into the complex field, we can assume § = C.

As S = C, we use the analytic description of our objects as follows. If V is a
finite dimensional complex vector space and A C V is a lattice, then the first Betti
homology group H;(V /A, Z) is naturally identified with A. Assume now A is a
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complex abelian variety. Then by [GH], Ch.II, Sect.6, pp.327 and 328 we have
canonical identifications of complex manifolds

A(C) = H°(A, )*/H\(A(C),Z), A= H"(A, ©)/H,(A(C), Z)".
So the natural pairing
H(A(C),Z)* x Hi(A(C),Z) > Z (3.10)
induces a pairing on the Betti cohomology complex vector spaces:
H'(A(C),C) x H'(A(C),C) — C.

The latter can be identified with the pairing in Diagram (3.8) under the natural
identifications of the Betti and de Rham cohomologies complex vector spaces.
Indeed, by [FC], Ch.III, Sect.9, paragraph before Prop.9.1, the (first) Chern
class ¢(£) € HdZR(A X A/(C) of the Poincaré line bundle £ on A x A lies in
Hle(A/(C) Rc Hle(AV/(C) C HdzR(A X A/(C) and it induces the perfect pairing of
Diagram (3.8); on the other hand, using the analytic description of the Poincaré line
bundle £ in [GH], Ch.1I, Sect. 6, p. 328 one checks directly that the pairing between
HJx(A/C) ~ H'(A(C), C) and Hjz(A/C) ~ H'(A(C), C) induced by ¢(L) coin-
cides with the paring in Diagram (3.10). Finally note that the pairing in Diagram
(3.10) is compatible (in the obvious sense) with isogenies hence so is the pairing in
Diagram (3.8).

We consider the pullback isomorphism 6* : Hl, (A/S) — Hl(A/S) induced by
6 : A — A and define a bilinear map

(,)o: Hig(A/S) x Hiz(A/S) — S

by the rule
(@ Bo = (") (@), B)a,

where o, B € Hjz(A/S). By what was said above about the pairing {, )4 we get
that the bilinear map ( , ), is a perfect pairing and has H°(A, Q') as an isotropic S-
submodule. Clearly the formation of this paring commutes with base change S — §.
Moreover, we have the following compatibility.

Lemma 3.4.1 Letu : A — Aj be a polarized isogeny between principally polar-
ized abelian schemes over Spec(S) with principal polarizations 0y and 6, (respec-
tively). Let

u*  Hjp(Ay/S) — HJp(A1/S), u™: Hjp(A1/S) — Hjp(A2/S)

be the induced isomorphisms. Then for all o € H(}R(AI/S) and B € Hle(Az/S) we
have
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(o, u™(B))e, = (U™ (a0), B)o,-
Proof Using Eq. (3.9) we compute

(o, *(B))e, = (OF) " (@), u*(B))a, = (i1* 0 (0)) " (@), B)a,
= ((09) " ou™ (@), B)a, = (U™ (), B)s,.
O

Letnow S € Ob(Fma) and (A, 0, w) € Mg(SO). Then for all integers i > 0,
the crystalline theory provides ¢-linear maps (see [Bu0O] or [Bu05], Sect.8.1.9):

®: Hiz(A/S) ®s0 S — Hip(A/S?) @0 STH.

Thus we have ® (Ax) = ¢ (1) P (x) for each pair (A, x) € S' x [H}z(A/S?) ®g0 S'].

Following [BB], Sect.4.1, for each integer » > 1 we have the r-th iterates
O Hiz(A/S%) ®50 S — HJz(A/S°) ®g0 ST of @ and we define a Siegel §-
modular function fg’,CryS of genus g, size g, and order < r by the formula

Frerys(A 0,0, 8) := p~ (P w, ')y € Maty(S).
Writing w = (w; - - - w,)" as a column vector of 1-forms, (®"w, w')y is the matrix
whose each ij entry is (" (w;), wj)g € S".

Lemma 3.4.2 The rule f, ., defines a Hecke covariant Siegel §-modular function

of genus g, size g, order < r, and weight (¢", 1), i.e.,

fgr,crys € H;g((l)ra 1)

Proof This was proved in [BB], Sect.4.1. Alternatively one can prove this by a direct
computation using Lemma3.4.1 (see the proof of Lemma3.4.4 below for a similar
computation). (]
Remark 3.4.3 By construction, the form fgl,crys vanishes at some (A, 6, , R) if and
only if the filtered F-crystal over Spec(k) of the abelian scheme A over Spec(R) is
a direct sum of 2g filtered F-crystals over Spec(k) of rank 1. Thus (A, 6) is either
the canonical lift of an ordinary principally polarized abelian variety (A, 6;) over
Spec(k) or, if p = 2, one of the 285 quasi-canonical lifts of the ordinary principally
polarized abelian variety (Ay, 6;) over Spec(k) (i.e., corresponds to a Spf(R)-valued
point of order 2 of the formal torus of dimension g(gTH) over Spf(R) of formal
deformations of (A, 6¢)). See [Me], App. and [V], Thm. 1.6.3 and Prop.9.5.1.

Assume now that S € Ob(Fma) and (A, 0, w) € Mg,ord(SO). Recall that, as
A is ordinary, we can consider the unit root subspace U of H}(A/S°), see [Ka73b],
Thm. 4.1. Strictly speaking, loc. cit. is stated for the case when the reductions of S°
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modulo powers of p are smooth over the corresponding reductions of R but working
in the étale topology, (A, 0) is the pullback of a principally polarized abelian scheme
over the p-adic completion of a smooth R-algebra to which loc. cit. applies. The unit
root subspace U is a projective S’-module which is a complement of H%(A, Q4 /0)
in Hjz(A/S%). Assume it is free on S° and pick an arbitrary column vector
n = (n - n,)" whose entries form an SO-basis of U.

Consider the g x g matrix ¢ ((n, w')¢) whose ij entries are ¢ ((1;, w;)g) € S' and
the g x g matrix (®n, w')y whose ij entries are (Pn;, wjle € st

Then we consider the product of invertible matrices

I s(A, 0,0, 8) == (p((n, 0)g)) ™" - (®n, @')g € GL,(S").

g.crys

Lemma 3.4.4 The rule f; crys defines an ordinary Hecke covariant Siegel §-modular

form of weight (—¢, 1), size g, and order 1, i.e.,

fga,crys € H;g,grd(_(ﬁa 1)

In particular, its inverse is also an ordinary Siegel §-modular form

Fogerys = (f o) " € Ly 0ra(—1. 0)

and their determinants are ordinary Siegel §-modular forms
det(f ) € I gl — 1),

det(fo,g.erys) = (det(ff oy )™ €T (1 — ).

Proof The fact that f{

erys has weight (—¢, 1) follows from the following computa-
tion:

2 rys (A, 0,00, 8) = (@ ((n, w'29e)) ™" - (@1, 0'A)g

= (@) - f2 (AL 0, @, ) - AL
To check the Hecke covariance consider an object S € Ob(FmB) and triples
(A1, 01, w1), (As, 0, ) € Mg,ord(So), letu : Aj — A;beapolarized isogeny with
u*w, = wy, uu' = d € N\ pN, and we assume there exists a column vector 1; whose
entries form a basis of the unit root subspace of A;. Then, using Lemma3.4.1 we

have:
fﬁcrys(z‘\l,el,wl, S) = (@(n1, 0e) ™ - (P11, ),

= (p((n1, u*@h)p)) ™" - (P, u*wh)e,
= (p((u™*n1, @5)e,)) ™" (U Py, @),
= (p((u™*n1, 05)e,)) " - (Pun1, @),

= [ ys(A2. 02,2, 5).
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From this identity and Eq.(2.27), applied to deg(—¢ + 1) =0, we get that
gB,crys € Hég,ord(_qb’ D). ([l

Let us abbreviate f* := f ¢

and for an integer b > 1 we set

Ny = (O (7 ([T e Ty (0", D).

We also set Ny := 1,, the identity matrix.
Using the invertibility of f? we have the following consequences.

Corollary 3.4.5 Forallintegersa,b > 0andr > max{a, b}, the following R-linear
maps are isomorphisms:

H;gqud(d)a’ ¢b) - H;g.urd(l’ 1)7 f = N:l : f : Nb’
H;g’ord(_(pu’ ¢b) - ]I;g,ord(_l’ D, f = NJI . f - Ny,
L ord@s =) = T (1 =1), f > Ni- f - (N)™
In particular, for each integer a > 1 we define recursively the form
a a . a—1 a
FO = =Ny (frayd)? - Naoi €15,(1, 1) (3.11)

and its transpose,
(a)t . ¢ £la) \t a
f A (fg,crys) € Hgg(17 1)'

Also we define the form

f[a] = f[a] = ]\]t . f4 S Hgg(], 1) (312)

g.crys a g,crys

and its transpose
[alt .__ [a] t a
Flt= (a0 Hte T 1, 1.

Corollary 3.6.18(c) below will check that £t = f@ and flal = flalt,
The following identity is a direct consequence of definitions:

Flath — (pEL (planyd . i (3.13)

Similar to the case of §-modular forms of size g, we have the following result for
S-modular forms of size 1.

Corollary 3.4.6 Let w € W(r). Let w' € W be the unique element such that

(¢ — DHw' = w — deg(w).
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Then the R-linear map
I pgw) = I, (deg(w)),  f > det(f2,,07™" - f.

is an isomorphism.

We end by recording the following facts proved in [Bu0O5] based on [Bar] (see
[BuO5], Thm. 8.83 which relies on [Bu05], Prop. 8.22).

Lemma 3.4.7 The following properties hold.
(a) We have Hi(¢ —1) = Hi(l — ¢) = 0. In particular,

I rs €11 opa(@ = D\L(@ — 1), fiotans € I} og(1 = @\ (1 — ).

(b) If a. b € N are distinct, then the R-module I"*'"") (—¢* — ¢*) has rank 1.
(c) For each a € N we have I{(—2¢%) = 0.

3.5 Serre-Tate Expansions
Let T =T©, ... T and their entries be as in Sect.2.3.4. Let
Stigtor = RIT. ... TON=RITV1 <i<j<g0=<l=<r]l

and define

Stor := RITIT, ..., T"]

similarly. So S} = SP

big-for 15 @s in Corollary 3.1.2. The rings

P r P r
Sbig-for = U Sbig-for and SfOr i U Sfor

r>0 r>0

are naturally in Ob(Fﬁi\ngS) with § defined by the rule: 8(7}?)) = Tiyﬂ) for all
integers/ > 0and 1 <i < j <g.

We consider the universal principally polarized abelian scheme (Ao , 650 ) over
Spec(S?OI) that lifts (Ao, 8y) and that is the algebraization of the formal principally
polarized abelian scheme over M 4, ¢, (see Corollary 3.1.2). Furthermore, we denote
by & € Hom(A™" , G™) the image via the isomorphism (cf. Diagram (3.6))

0 > m
Sfor

T,(Ag) ~ Hom(A%} , G

0 s
Sfcr
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of the i1 entry of the column basis 7),(6)(e) of TP(AO). Defining w; := {*(dt/1),

we getan R-basis wg = {wi, ..., w,} of global 1-forms on AfS‘Ef which we identify

with 1-forms on Ag .
Let r > 0 be an integer and let w, w’, w” € W.

For f € Mg’(w) let

ECf) = Enpne(f) = F(T, T, ..., T") := f(Ag , 05

for

-
s a)S?m_v Sfor) € Sfor~

We call £(f) the Serre-Tate expansion of f at (Ag, 0y, €).
Similarly, for f € M;g(w/, w’) we let

E(f) =Enptne(f) = F(T,T', ..., T") € Mat,(Sf,) C Mat, (S, 1)
be the matrix of formal power series obtained by evaluating f at the quadruple
(AS?M, 95&# g0 Stor) and we also call it the Serre—Tate expansion of f.
We obtain Serre—Tate expansion R-linear maps

Eatne : My(w) — Sp, (3.14)

and
Enp e M;g(w’, w’) — Mat, (S;,,). (3.15)

As A s0 is ordinary, the R-linear maps of Diagrams (3.14) and (3.15) extend to
R-linear maps

Eng e : My ora(w) — Sg, (3.16)
and
Envboe : Mg g, w") — Mat,y (Sf,). (3.17)

In what follows we would like to understand the restriction of these maps to Hecke
covariant Siegel §-modular forms.

For each matrix M € Uy (so MM =d - 1, with d € N\pN), and for every
symmetric matrices Qy, O, € Mat,(R) that satisfy 0 = M~'» Q) « (M")", let
(A1, 61) and (A,, 6;) be the corresponding principally polarized abelian schemes
over Spec(R), let w; and w, be column bases of 1-forms on A; and A, (respectively)
attached to the column basis e of 7,,(Ao), and letu : A; — A, be the corresponding
isogeny (see Sect.3.3).

Let f € T}, ,;q(w) be an ordinary Hecke covariant Siegel §-modular form of genus

g, size 1, order < r and weight w € W with w € Z; so Eq.(2.24) holds for it.
As M has Z,-coefficients, from Lemma3.3.2 we get that

det([u]) ™" = det(M ")),
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Also det(M) det(MT) = d8 = deg(u). Hence Eq. (2.24) becomes

g-deg(w)

f (A2, 62, w2, R) = det(M)* €™ .d="2" . f(Ay, 61, w1, R). (3.18)

Iffe ]I;, g.0rd (D% #”) is a Hecke covariant Siegel §-modular form of genus g, size
g, order < r and weight (¢¢, ¢”), then by Eq. (2.28) we have:

f(A2,05, 00, R)=M" - f(A1,01, 01, R) - (M) (3.19)

If el oa(—0°, ¢?) is a Hecke covariant Siegel §-modular form of genus g,
size g, order < r and weight (—¢*, ¢"), then by Eq.(2.28) we have:

(A2, 05,00, R) = (MDY f(A1, 61,01, R) - (M), (3.20)

If /el o9, —¢”) is a Hecke covariant Siegel §-modular form of genus g,
size g, order < r and weight (¢“, —¢"), then by Eq.(2.28) we have:

(A2, 05,00, R) = (M- f(A1, 01,01, R) - (MN)H)™". (3.21)

If f €T ora(—07, —¢") is a Hecke covariant Siegel 8-modular form of genus g,
size g, order < r and weight (—¢*¢, —¢>b), then by Eq. (2.28) we have:

[(A2, 62,00, R) = (M) f(A, 6, 01, R) - M. (3.22)
Let Z,[IT1]:=Z,l[T; ;|1 <i <j<gll (recall that T;; =T};). For each
MeUy, MM" =d - 1,, d € N\pN, consider the g x g matrix with coefficients
in Z,[[T]] defined by
T =M% (B, +T) x (M) — E,.

Here the » operation is again defined in terms of the (left and right) Z,-module
structure on the multiplicative abelian group 1+ Z,[[T]]. Therefore if we write

M- = (mgj_l))lfl-,jfg, then the ij entry of TM is

8 8 -+
@y =TT]Ta+ T?i)m'% M-l ZpUT1l.

i=1j=1
For every G € S, 4, We define
G" :=GT",8(T"),....8"(TY)) € Spigsor-

Then for F = (Fjj)1<i, j<, € Mat, (Sl’;ig_for) we define
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M M
F¥ = (Fij)<i,j=g € Maty (S gr)-

Using the injectivity of the R-algebra homomorphism in Diagram (2.3) it is easy
to check that if a series F = F(T, T',..., T")) € Sk has the property that

F(pX,8(pX),....,8 (pX)) =0

for all symmetric g x g matrices X with coefficients in R, then F' = 0; indeed it is
enough to note that the map

X F(pX,8(pX),...,8" (pX))

is a §-function (see Definition2.1.10) on the set of symmetric g x g matrices with
entries in R. Using this remark we get that for f* € I,  ,(w) we have an equality

g-deg(w)

EHM = det(M)* ™ . d=27 . £(f); (3.23)

indeed, in view of Lemma3.3.1 and Eq. (3.18) the difference between the right-hand
side and the left-hand side of Eq. (3.23) vanishes whenever 7, . . ., T are replaced
by pX, ..., 8" (pX) where X is an arbitrary symmetric g X g matrix with entries in
R.
Similarly, from Eq.(3.19) we get that for f € I, ,(¢“, ¢”) we have
ENHM =M"-E(f)- MY (3.24)
Similarly, from Eq. (3.20) we get that for f € H;g_ord(—qﬁ“, ¢?) we have
ENHM =M -E(f) - (MD" (3.25)
Similarly, from Eq.(3.21) we get that for f € H;g,md@", —¢?) we have
ENHM =MD -E) - (MHH ™ (3.26)
Similarly, from Eq. (3.22) we get that for f € I, ,.4(—¢“, —¢") we have
EPOM =N E) - M. (3.27)

Lets e %Z. If gs € Z we consider the R-module

Hy(Uo, $) = Hy (Ug, $)g = (F € Spig sorl FM = det(M)~25d85 . F forall M e Up).
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If gs ¢ Z we set H;,(Uo, s):=0.
We define R-modules
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M (Uo) = Hiye(Uo)r, iy (Uo)" = Hiye (Uo)gn M (Uo)* = Hiy (U

as follows:

Hy, (Uo) == {F € Mat, (S, o) [FY =M™ F - (MY~ forall M e Uy},

My (Uo)" :={F € Maty(S[;, o) |F¥ = (MDY F - (M")" forall M € Uy).

Mo (Uo)* = {F € Maty (S, o) |FM = (MDY ™' F - M forall M e Up).

Due to Egs. (3.23)-(3.27) the rule f = E4,.4,..(f) defines R-linear maps

r r de (w)
gAOaQan : I[g,ord(w) - Hg(U()v - g2

)s
Enpire : Ty ona (@7, 97) = Hip (Uo),
6A0,90,e : H;g,ord(¢a7 _¢b) - H;g(UO)Tv

Envitne Uy ora(—0% 9") = Hipy (Uo)'

Enotne : Tog ora(—0%, —9") = Mo (Uo)*.

And by restriction we get R-linear maps

Eng e+ L(w) — HL(Uo, —

deg(w)
)
Enptve  Tg (@, ¢") — Hy (Vo)
Enptre L (—¢°, ¢") — Hy (Vo)
Enptne : g (9, —4") — My (Uo)',
Enpte * Tpg (=%, —¢") — M, (Uo)*.

The part (b) below is a ‘Serre—Tate expansion principle’.

(3.28)

(3.29)
(3.30)
(3.31)

(3.32)

(3.33)

(3.34)
(3.35)
(3.36)

(3.37)

Proposition 3.5.1 (a) The R-linear maps of Diagrams (2.41), (2.43), and (2.44)

above are injective and have torsion free cokernels.
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(b) The R-linear maps of Diagrams (3.14) to (3.17) and (3.28) to (3.37) above
are injective and have torsion free cokernels.

Proof For part (a) we only consider the case of the R-linear map
M;,ord(w) - O(Jr(X))»

the other cases follow from this case.
Let f € M) . ;(w)be suchthat we have fxy = 0 € O(J" (X)) (see Display (2.42))

g,or

for some affine open subscheme X of Xq = Ag 1, ¥, R 0ra With X connected and with
the property that there exists a column basis of 1-forms on the universal abelian
scheme over X. As the geometric fibers of the stack A, ; over Spec(Z) are irreducible
(see [FC], Cor.5.10), the geometric fibers of X} have their connected components
permuted transitively by the group GSp,,(Z/NZ). So if C is an arbitrary connected

component of X (the p-adic completion of X) it follows that fsyrc) = 0 for some
nonempty affine open formal subscheme Spf(C) of C. Thus f evaluated at the formal
principally polarized abelian scheme over Spf(C) endowed with a column basis of
1-forms vanishes, i.e., the element of J"(C) it defines is 0. From the connectivity
(hence irreducibility) of C we get that f similarly vanishes at each formal principally
polarized abelian scheme obtained from the universal one over C via a pullback and
endowed with an arbitrary column basis of 1-forms.

Now let B € Ob(Fﬁ{i\ngs). We want to prove that f vanishes at each abelian
scheme of relative dimension g over Spec(B°) which has a principal polarization and
a column basis of 1-forms, i.e., the elements of B” it defines are all 0. There exists a
finite flat étale homomorphism B® — C? such that the resulting principally polarized
abelian scheme over Spec(C?) has a symplectic similitude level-N structure. By
[Bu05], Lem. 3.14, the union C := | J,.,(B" ®po CY) has a natural structure of an

object in Fma and, as the B"-homomorphisms
B"— B ®p C° (3.38)

are faithfully flat (hence injective), we can assume (by replacing B with C) that
the principally polarized abelian scheme over Spec(B) has a symplectic similitude
level-N structure. Thus the desired vanishing property of f (i.e., of the mentioned
elements of B") follows from the previous paragraph as C was an arbitrary connected
component of X.

The torsion freeness property for the cokernel is proved similarly by using the
fact that the reduction modulo p of the homomorphism of Diagram (3.38) is again
faithfully flat and hence injective.

For part (b) we only consider the case of the R-linear map of Diagram (3.14):
the cases of the other R-linear maps can be treated similarly. Let f € M, (w) be
such that £(f) = 0. Let Py € X' (k) correspond to the principally polarized abelian
scheme (Ag, 6y) equipped with some symplectic similitude level-N structure. Let
Spf(C) C C be an affine open formal subscheme that contains Py and sufficiently
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small so that column bases of 1-forms on the corresponding formal abelian scheme
over Spf(C) exist. As Spf(C) is connected and formally smooth over Spf(R), the
R-algebra homomorphism C — S{ _ that corresponds to the point Py is injective
with torsion free cokernel and thus also the R-algebra homomorphism

J’ (C) - StrJig—for

is injective with torsion free cokernel (see [BuO5], Prop.4.43). Thus f evaluated
at the formal principally polarized abelian scheme over Spf(C) endowed with a
column basis of 1-forms, i.e., the element of J"(C) it defines is 0 as £( f) is so. From
part (a) we get that f = 0. The assertion about the torsion free cokernel is proved
similarly. (|

Let I € {I;, I ora} and similarly consider the rings M, M’ (see Display (2.45)).
From Proposition 3.5.1(b), we get directly the following consequences.

Corollary 3.5.2 The following properties hold.

@ If fi el"(wy) and f, € T"(wy) with wy, wy € W are such that fif, is 0
(respectively divisible by p) in 1" (w; 4+ w»), then either f or f, is O (respectively is
divisible by p in 1" (wy) or I" (wy)).

(b) The ring 1 is a p-adically separated integral domain and p is a prime ele-
ment of it, hence the local ring 1, is a discrete valuation ring. Moreover, we have
I' N pI't! = pI” for all integers r > 0.

(¢) The endomorphism ¢ : 1 — 1 is injective with injective reduction modulo p.

(d) The analog statements (a) to (c) hold for the rings M, M, My in place of
I. Thus the rings I, M, M, My have natural structures of filtered integral §-graded
rings. Moreover, the morphisms in Diagrams (2.41) and (2.44) are injective with
injective reduction modulo p.

Property (a) of the next corollary says that no nonzero Siegel §-modular form of
size 1 can have an order smaller than the order of its weight.

Corollary 3.5.3 Forall w € W and integers r > 0 the following properties hold.

(a) For all integers s, r with0 < s < ord(w) < r we have Mg,(w) N Mg =0.

(b) The R-algebra homomorphism M; = @weW(r)M; (w) — M; given by sum-
mation is injective.

(c) Forallv e W,if0 # F € l,(w)and G € M; are such that FG € I (w + v),
then G € ]I’g(v).

@ If f € Ty (w)\pl(w), then

g, (1) = Mg, 1)" NLg ().

(e) Properties (a) to (d) hold in the ordinary case as well.
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Proof We consider only the nonordinary case, i.e., the case of I, etc., as the ordinary
care, i.e., the case of I, o4, etc., is similar.

To prove part (a) we check that the assumption that there exists a nonzero
feMy(w)n M, leads to a contradiction. For each A € ( tor)X we have

ENS) = f(Agy . Ogp . Aoy . Stor) € Siype (3.39)
Ef) == f(Ag 050 w50 , Stor) € Sy (3.40)

As f has weight w, we have £*(f) = A78¥E(f), see Eq.(2.22). As by the Serre—
Tate expansion principle (Proposition 3.5.1 (b)) we have £(f) # 0, we conclude that
A8 € Frac(S},). But, as s < ord(w), this is clearly false, say, for A := 1, + T};.
To prove part (b) we check that if (fy)wew) € M; = Buwew () My(w) and
Zwewm fw =0in M!, then f,, =0 forallw € W(r).
Using the notation in Displays (3.39) and (3.40) we have Zwew(r) EMfw) =0
for all A € R* hence Zwew(r) A YE(fw) = 0in St . For each monomial p in the

for*
indeterminates 7, T.’ T(r) withi, j e {1,..., g}leta, , € Rbethecoefficient
of win £(fy,). We get that Zwew(r) ay, A" = 0forall nand all A € R*. The latter
easily implies thata,, , = Oforall w and w € W(r), hence f,, = Oforallw € W(r).
For part (c) we use the fact that when checking the conditions defining weight
and Hecke covariance it suffices to do so in the ‘universal situation’ in which case
the filtered §-rings under consideration are integral domains. So it is enough to
check the conditions for every quadruple (A, 8, @, §) with S an integral domain and
F(A,0,w,S) # 0. For every such quadruple and each A € (5°)* we have

F(A,0, 0w, S)G(A, 0, 0, S) = (FG)(A, 9, Aw, S)
=det(A)""'F(A,0,w,S)G(A,0,w,S)
=det(A)'F(A,0, 0, S)G(A, 0, w, S).
As S is an integral domain we can cancel the nonzero factor F (A, 6, Aw, S) and get
that G has weight v. A similar argument shows that G is Hecke covariant.
To prove part (d) we consider F/f* = G/f" € (Mg, (5))" Nlg sy withv,u € W,
F el (wv),and G, f* € M;(wu). Then f*G € I,(wu + wv). By part (c) we have

G € I (wu), hence G € ]I;(wu) and therefore G/f* € (I (s))".
The proofs of parts (a) to (d) in the ordinary case are similar. U

3.6 Comparison Maps: The Ordinary Case

In this section we first define some new modules and algebras and basic ‘comparison
maps’ @, &, <, and O between them. Then we will use these ‘comparison maps’, in



3.6 Comparison Maps: The Ordinary Case 91
conjunction with our Serre-Tate expansion maps £ and with the geometric invariant
theory of multiple quadratic forms (see Sects. 4.1-4.3), to prove our basic computa-

tions for different dimensions of K -algebras and dimensions of K -vector spaces of
ordinary Hecke covariant Siegel §-modular forms.

3.6.1 Basic Modules of §-Modular Forms

We start by considering some variants of prior modules of formal power series (and
new modules, consisting of polynomials) over rings other than R.
First, if in the definition of

Hy(Uo,8), Hi(Uo), My (Uo)', My, (Up)*

we replace R by an arbitrary integral domain B that contains Z,, we get correspond-
ing B-modules

M (Uo. )5, Hie(Uo)s. Hi(Uo). Hio (Ul
Next, for each polynomial

G eBIT,...,T"]:= B[T;;, T/

ij""’Ti(jr)H <i,j=<gl
(recall that we have T;; = T}j;) and each M € Uy we set

Gu:=GM™"'-T-(M"H,...,M " - TV . (M"").
Recall, here and below, - is matrix multiplication.

Lets € %Z. If gs ¢ Z, then we set H;(Uo, s)p = 0. If gs € Z, then we define
B-modules

H}(Uo,s)p :={G € BIT, ..., TGy = det(M)">d%* - G forall M € Uy},
H.,(Uo)p := {G € Maty (BT, ..., TODIGy =MT- G- (MYH™! forall M e Up),
H!,(U0)y == {G e Maty(B[T,....T"])|Gy = (M) - G- (M") for all M € Up},

H&fg(Uo)i = {G e Maty(B[T,..., T"”DIGy = (MHH™'- G- M forall M € Uy}

If D C B is a multiplicative set, then we have

H; (U, s)p-1p = D™ H (Us, )5, Hyo(Uo)p-15 = D™ Hy,(Uo)s,
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Hzgg(UO)TDf'B = D_legg(UO);’ Hgfg(UO)i)le = D_ngg(UO)i?'
Also, if B C B’ is a field extension, then we have
Hy(Uo, s)p = Hy(Uo, s)p ®p B, Hy,(Uo)p = Hg,(Uo)p ®p B,
Hy, (Uo)y = Hy,(Uo)y ®p B',  Hi,(Uo)y = Hy,(Uo)}; ®5 B'.

Last two properties do not hold if H is replaced by H as we shall see below.
For an infinite integral domain B and for s € %Z with gs € Z, let H; (s)p be the

B-module of homogeneous polynomials G in the ring B[T, ..., T] of degree gs
that satisfy

GX-T-X'...,X-T". XY =det(X)*G (3.41)
for all X € Mat,(B). Here the entries of the matrices T, ..., T are given degree

1. Note that Hg (s)r coincides with the modules HZ, (s) introduced in Eq. (2.34). If
B is a field, then Hg (s)p is the B-vector space of SL,(B)-invariant homogeneous
polynomials of degree gs in B[T, ..., T ] under the left action defined by the rule:

X, F)> FX'-T-(xH,...,x - TO . (x~hHY.
Similarly, for an infinite integral domain B let H; <D be the B-module of homo-
geneous matrices
G € Mat,(B[T, ..., T"))
of degree 1 such that we have
GX-T-X4,X-T'-X,...,X-T” - X=X -G({T,T',..., T - X' (342)
for all X € Mat,(B). Again, for each multiplicative set D C B we have
H(s)p-1p = D™'Hy(s)p and Hy (1)p-1p = D™ Hy (1)5.
Also, if B C B’ is an extension of infinite fields, then
Hy(9)p = Hj(9)p ® B and Hy,(1)p = H,(1)5 @5 B.

In what follows we will repeatedly use conditions (UAX1) and (UAX2) introduced
in Sect.3.2.

Lemma 3.6.1 Assume (Ag, 0y) satisfies condition (UAX1) and let B be an integral
domain that contains Z,,.
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(a) Each polynomial in Hg (Uy, s)p is homogeneous of degree gs. In particular,
we have H, (Uy, s)p = 0 for all s < 0 and Hy(Up, 0)p = B.

(b) Each matrix in H ;,‘g(Uo) B is homogeneous of degree 1.

(c) We have Héfg(Uo)TB C Mat,(B), i.e., each matrix in Hg’g(UO); is homogeneous
of degree 0.

(d) We have H!,(Uy)y = 0.

Proof As (Ao, 6) satisfies condition (UAX1), there exists A € Uy such that A /AT
is not a root of unity. For F € Hgf(Uo, s), we write F = _, F,, with each F,
homogeneous of degree n, and we compute

n>0

F2q, = Z(A/AT)’Z’Z - F,.

n>0
On the other hand, as F' € H, (Uo, 5), we have
Fpo, = 27%d%  F = G372 F = 3 (/) 2 F,.
n>0

From the two expressions of Fj2.1, we get that F,, = 0if n # gs. So part (a) holds.
Parts (b), (c), (d) are checked similarly. O

Proposition 3.6.2 Assume (Ao, 6y) satisfies conditions (UAX1) and (UAX2). Then

H,(Us. 8)z, = Hy(s)z,. Hl(Uo)z, =W ()z,. Hi U0, =Z, 1

and hence for every integral domain B that contains Z, we have

H; (Uo. s)p = H(s)s, H},(Uo)s =M, (1), H,(Up)y=B-1,.

Proof Let G € H; Uy, s)z, and we prove that G € Hg(s)zp. (The converse is
proved similarly.) We need to show that Eq. (3.41) holds for all X € Mat,(Z,). By
Lemma3.6.1(a), G is homogeneous of degree gs. As Z(Xp) - Uy is Zariski dense in
GL; 7, it is enough to show that Eq.(3.41) holds for all X € Z(Xp) - Up. By homo-
geneity of (3.41) it is enough to show that Eq. (3.41) holds for all X € Uy. We know
that we have

G 'ty .., Yy ' TN = det(Y) #d% - G(T, ..., T")  (3.43)
forall Y € Up. Write YY" =d - 1,. We get Y~! = d~'Y". From this and the homo-
geneity part of Lemma3.6.1 (a), as det(Y) det(Y") = d¢, we get that the left-hand
side of Eq. (3.43) equals

det(YH>*G'TyH, ..., YTTOINHYH.
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Setting X = YT we get that Eq. (3.41) holds for all X € Uj.

Similarly, let G € ngg(Uo)Zp and let us prove that G € H;g(l)zp; the converse
is trivial (and does not need condition (UAX2)). Indeed, by Lemma3.6.1(b), G is
homogeneous of degree 1. We know that

GM'TMH, ... M TOMHYy =M G- (MH!

holds for all M € Uj. Using the fact that MM'™ =d - 1 ¢ plus the homogeneity of
G and writing X = M~ we get that Eq.(3.42) holds for all X € Z(Xp) - Up. Using
condition (UAX2) we get that Eq.(3.42) holds for all X € GL,(Z)), so for all
X € Mat,(Zp), hence G € H, ,(1)z,.

IfGe Héfg(Uo)TZp C Mat,(Z,) (see Lemma3.6.1(c)), we get that G commutes

with all matrices in the set {(M")'|M € Uy}. By condition (UAX2) we get that G
commutes with all the elements of GL¢(Z,), hence G € Z,, - 1,. O

In what follows we consider integers s, r > 0. Let
A(g,r) = {(mo,....m,) € ZL img + -+ m, = g}.

Let B be an infinite integral domain. Note that H (s) 5 contains all homogeneous
polynomials of degree gs which are products of s polynomials of the form

Omg....m, € ]HI;,(])B for (mg, ..., m,) € A(g,r) (3.44)

that are defined by the identity

det(yoT + T + -4y, T") = Z Omo.om, Yo " V1 oYM
(g EA(ZT)

in which yp,...,y, are indeterminates; so ®,, ., are partial polarizations
of the invariant polynomial det. For » = 1 the classical notation is ©; = ©,_;; for
0<i <g;s00y=det(T).

For an infinite field B of characteristicp > 0 and s € %Z, the dimension

Dy(g,r,s) 1= dimB(Hg(s)B), (3.45)

depends (as we shall see) only on g, 7, s, p, and equals 0 for s < 0. For B an infinite
integral domain consider the integral extension of B-algebras

H, 5 = @H;(s)B CH, 5 = @ HY (5) 5.

seZ YA

For an infinite field B set
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D(g,r):= dim(H;’B) = dim(H;.tot,B),

which, as we shall see shortly, does indeed depend only on g and r.
We have the following result (see Theorem4.2.8(a)) which, at least in character-
istic 0, is classical.

Lemma 3.6.3 Let B be an infinite field of characteristic p >0, p % 2. The B-
algebra H;JU,_ p 15 generated by the algebraically independent elements O, . . ., O,.
Hence, for s € NU {0}, we have

(g +9)!
gls!

Dy(g.1,5) = and Dy(g,0,s) = 1.

In addition Dy (g, 1,s5) =0if g isevenand s ¢ Z.
Also we have the following properties.

Lemma 3.6.4 The following properties hold.

(a) Let B be either an infinite field or R. Then for each integerr > 1, the B-algebra

H .., g is finitely generated and a unique factorization domain.

,
g,tot,

(b) For B an infinite field we have

g(g+1)_ 2

D(g,r)=@F+1)- 5 g + 1

(c) For a field B of characteristic O there exists a polynomial D, ,(x) € Q[x] of

degree
grg+r—g+1
2

D(g,r)—1=
such that for all s € Z>¢ big enough we have

Do(gs f", S) - Dg,r(s)~

Moreover, if g is even, then there exists a polynomial Dy o4q,(x) € Q[x] of degree
at most D(g, r) — 1 such that for all s € N big enough we have

1
DO(g7 r, 5 +S) = Dg,odd,r(s)~

For detailed information on the numbers Dy(g, 7, s) (not needed for the present
chapter) we refer to results in Chap.4 (e.g., Theorem4.2.8, Proposition4.2.10, and
Corollaries4.2.14 and 4.2.15).

Proof 1f B is an infinite field or R, then, by Lemma4.2.3(a) and (b) of Sect.4.2.2,
Hg,’tm’ g 1s the B-algebra of invariants B[T;;|1 <i < j < g]SLg. To prove part (b)
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or part (a) in case B is a field, we can assume B is algebraically closed in which
case we conclude by Corollary 4.2.4 of Sect. 4.2.3. It remains to prove part (a) in case
B = R.Recalling that the upper bar signifies the reduction modulo p (or in the present
context, tensoring with k over R), note that the homomorphism H, , p — Hy o, is
injective because if p times a polynomial is invariant then the polynomial is invariant.
Hence p is a prime element in HY,  ¢.

As H, o g ®r K =Hj ,, x 18 a unique factorization domain it follows that
Hg,tm, & 18 a unique factorization domain (see [Mat], Thm.20.2), and from a gen-
eral result on finite generation of rings of invariants over universally Japanese rings
such as R (see [Se], Thm.2; cf. also Sect.4.2.3) we get that H;,wt’R is a finitely
generated R-algebra. However, for convenience we include a direct argument.

Let H;,?m, r be the R-subalgebra of HY, . , generated by the elements in Dis-
play (3.44): it is of finite type over R. As R is universally Japanese, the normal-

ization B of H;it, g in Frac(H, ,, ¢) is a finitely generated R-algebra. The rings
H"® g and H . are %Zzo-graded. Then B is a %Zzo—graded R-subalgebra of

g, tot, g, tot,
Hg’ml’ r as the latter is normal. From Theorem4.2.13(a) of Sect.4.2.8 we get that

B®r K = H;,mt.,( = H;’mt,R ®,S K and the image B of B in H;’mt.R C Hg’tm’k is
such that the k-homomorphism B — H, ., , is integral. Thus H,  » is a finitely
generated k-algebra (being a submodule of the finite module HY, , , over the finitely

generated k-algebra B). We pick a set of homogeneous generators for this k-algebra,

lift them to a set of homogeneous elements of H, . . and enlarge this set to

generate a %Zzo-graded R-subalgebra A of H[, ,  with the properties that we

have A ®g K =H, , x = H} ,  ®r K and the k-homomorphism A— HY o

is surjective. We claim that A =H[, , , and this will complete the argument
that H, ,  is a finitely generated R-algebra. To check the claim, let s € %Zzo
and let A(s) and HY, , z(s) be the corresponding graded R-module pieces. Then
A(s) C HZ,tm, z(s) becomes an isomorphism after tensoring with K and it becomes
surjective after tensoring with k. As A(s) is a finitely generated R-module, we get
that A(s) = HT,  g(s). As this is true for all 5 € 170, we conclude that our claim
holds.

Part (c) follows from Corollary 4.2.14 of Sect.4.2.10. U

For explicit formulas for D, »(¢), D, 3(¢) and D, 4(¢) see Corollary4.3.8 (a), (b)
and (c) (respectively) of Sect.4.3.4.

We continue by providing a construction of elements in some of the modules
introduced above. Let

1+t + pt’

Y € R[[t,1']],

, 1
Y(t,t') = —log
p

where ¢, t’ as above are two indeterminates. Let

W e Mat, (R[[z, 1']])
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be such that its ij entry is

1477
,_ Joelagy)
V= (T, T)) = — 2
p
and set
F :=det(¥) € R[[t,t]].
Then F satisfies

FM = det(M)™*d® - F

and thus F € H;(Uo, 1) = Hé(Uo, 1) g. On the other hand, recall that K = Frac(R)
and consider the logarithm of the multiplicative formal group

— _ - _ n-Hi
f(r) := log(l 4+ 1) = ;( D" e KII]]
Let f(T) := (f(Ti;))1<i.j<¢ € Maty(K[[¢]]). Then F := det(f(T)) satisfies
FM = det(M)%d* - F

forall M € Uy and thus F € H2(Up, 1)k C M (U, 1)k for all integers r > 0. But

for all integers r > 0 we have F ¢ H;(Uo, Dr.
More generally, consider the formal power series

Wpmyvom, € KIT. ... TON = K[TP1 <0 <j <g.0<1<r]]
defined by the equality

det(zof(T) + 21 ¥ + 22W? + -+ 4+ 7,0 )

my _m m,
= E ZOOZI ! el \Dmo,ml ..... my
(mg,...,m,)eA(g,r)

in which zg, ..., z, are r + 1 indeterminates. In other words

r—1
\Ijmg,ml ,,,, m, = ®mg,m1 m, (f(T)a "IJ, ceey \Ij¢ )’

,,,,,

where Oy m,,...m, € H(1) was defined right after Display (3.44). Then clearly

yeeey

m, € H;(U(), ])K

.....

Note that, in the notation above, we also have
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w8 e M (Uo)k, (3.46)

f(T) € Hiyo(Uo)k \H gy (Uo)g- (3.47)

3.6.2 The Maps ®, &, and O

Proposition 3.6.5 There exist well-defined K -linear maps
& H(5)x — H.(Uo, 5)k
given by the formula

Fi> F® = F§(T),V,..., u* .

Proof This follows using Displays (3.46) and (3.47) via a computation similar to
the one in the proof of Proposition3.6.2. (]

In order to define our next ‘comparison map’ & we need some preparation.

Lemma 3.6.6 Letn € N. Leta,, ...,a, € Z,andx = {x1, ..., x,} beaset of inde-
terminates. Then for every integer r > 0 the following identity holds

n n
8’(2 AmXm) — Zamx,(n’) e (x,x',...,x1")?
m=1 m=1

inthe ring Z,[x,x', ..., x0 := Zy[xm, x},, ..., x|l <m <nl.

m?

The proof of the lemma is an easy induction on n € N.
For the universal symmetric g x g matrix 7 and an integer r > 0 we get the
following result.

Lemma 3.6.7 For all M € Uy we have an equality of g X g matrices
S(rMy=Mm"".TO . (M"Y + ¥,

where the ‘correction factor’ Céw is such that all its entries belong to the squared
ideal (T\"|1 <i < j < 8.0 <1 < r)?ofthe Z,-subalgebra Z,[[T ..., T"]](ie.,
ZT PN <i<j<g.0<1<r])of Spyp

For each commutative ring B, integer a > 0, and formal power series F in
B[T,....T") == B[[I}|l <i < j <g.0<[<r]], let the degree a compo-
nent F, of F be the sum of all terms of F of total degree a. If F' # 0, the initial
component F* of F will be the nonzero component of F which is of smallest total
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degree, and we set 0* := 0. More generally, for F a matrix whose entries are for-
mal power series in B[[T,..., T"]], let F, be the matrix whose entries are the
a-components of the entries of the matrix F, and we define F* similarly.

Directly from Lemma 3.6.6 we get the following properties.

Lemma 3.6.8 Foranintegral domain B that contains Z, and all s € %Z withgs € 7
the following properties hold.

@IfF e H’g(Uo, $)p, then F* € H;(Uo, s)g.

(b) If F € H},(Uo) s, then F* € H},(Up)p.

(©) If F € M}, (Uo)}, then F* € H!, (Up).

@) If F € H, ,(Up)}, then F* € H!,(Uo)}.

From Lemmas 3.6.1 and 3.6.8 we get the following properties.

Corollary 3.6.9 Assume (Ay, 6y) satisfies condition (UAX1) and let B be an integral
domain that contains Z,. Then for all s € %Z with gs € 7 the following properties
hold.

(a) For each nonzero F € H;(Uo, ), the polynomial F* e H;(Uo, s)p is the
component of degree gs of F (i.e., deg(F*) = gs). Thus the B-linear map

& H,(Uo, s)p — Hy(Up, $)p, F > F*

is injective and hence H;,(Uy, s) g has finite rank bounded by the rank of H, (Uo, s) p;
in particular, we have Hg,(Uo, s)p = 0fors < 0and ’HZ,(UQ, 0) has rank < 1. More-
over, for every F| € 'H;(Uo, si)pand F» € H;(Uo, $2) g we have the properties that

Fi1F, € MUy, 51+ 52)p and (Fi Fy)* = F*F.
(b) Foreachnonzero F € Hgg (Uo) g, the matrix F* € Héfg(Uo)B is the component
of degree 1 of F (i.e., we have deg(F*) = 1). Thus the B-linear map

&My, (Uo)p — Hy(U)p, F > F*

is injective and hence Hy,(Uo) g has finite rank bounded by the rank of Hg,(Uo) p.

(¢) For each F € Hz,g(Uo)T, the matrix F* Hgfg(Uo); is the component of
degree O of F. Thus the B-linear map

& H, (Uo)y — H., (U, Fr> F*
is injective.
(d) We have Hy,, (Up)y = 0.
As we shall see later, the B-linear map Hg, Uy, 8)p > H éf (Uy, s) p is not surjective
in general (even if g = 1).

From Propositions 3.5.1(b) and 3.6.2 and Corollary 3.6.9(a) we get directly the
following consequence.
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Corollary 3.6.10 Let w € W. If deg(w) > 0, then H;wd(w) = 0. If deg(w) =0,

then H;ord(w) has rank at most 1. For w € W(r), if s := —deg(w)/2 € %N and
gs € Z, then we have a natural injective R-linear map

T, w) > H, (Uo, 5) 2 HI (s)

g,ord
and thus the rank of the free R-module H;,Drd(w) is less or equal to Dy(g, 1, s).

We recall that, by definition, I, | ,(w) = 0 if 95" ¢ 7, see Remarks2.3.9 (d)
and 2.3.16.

Lemma 3.6.11 For s € %N with gs € Z and r > 1 an integer, the composite K -
linear map

r L3 r & r
H, ($)x = Ho(Uo, )k — H,(s)k
is given by the formula
Fis (FY*=F(T, T =T, p(T" =T, ..., p" (T =T "Y)).

In particular, this composite is injective, hence a K -linear isomorphism. Thus the
K-linear maps & and ® are isomorphisms.

Proof This follows from the fact that the linear part of f(7') is T’ and the linear part
of W% equals p! (TU+D — T®), O

The following lemma on ‘elimination of logarithms’ will play a key role later on.

Lemma 3.6.12 Letr > 1 be an integer. Let F € R[T, ..., TM] be a homogeneous
polynomial such that we have

F((T), W, ¥?, ... W ) e Shigsor Or K. (3.48)

Then F € R[T',.... TV]:==R[T|1 <i<j<gl<l=<r]
Proof Let S, be the set of all homogeneous polynomials

F eR[T,...,TON\R[T',...,T"]
such that Display (3.48) holds. We want to show S, = §. Assume S, # ) for some
r > 1 and seek a contradiction. Let » be the minimum of all positive integers for
which S, # ¥ and let F € S, have degree

deg(F) = ¢ := min{deg(G)|G € S,}.
Write F = Fy + F| where Fy € R[T’,...,T™] and F; is in the ideal (T) of

R[T, ..., T"]generated by the entries of 7. As F € S, we getthat F; € S,. Replac-
ing F by F; we can assume that, in addition, F' € (T).For 1 <i, j < g we compute
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-1 1+7¢"
8(y) (\I":b )= - a(r) 10g o
oy Y o A+ e

)
8T

~ |-

I
<=
7N
-
N+
I
fles
N—
|
(=3}
N
i
=N+
I
<s
N~

$y-1. ¥
=5 A+ T F5 (L)

N Ti‘f")—l.

Hence

3 r— aF r— r— Ty —
— S (FHT), W, .. W) = — (D), W, ..., ) p = (A + 1)
aT, T,

ij ij

As the right hand side of the above equality belongs to Sy;, ¢, @ K it follows that

OF o
W(f(T),\IJ,,\II ) € Sbig—for ®R K
ij

As % is homogeneous of degree ¢ — 1, by the minimality of F', we must have
ij

oF
— € R[T',....,T™].
T r

ij

On the other hand, as » > 1 and F € (T) we also have

oF
—— e(T)CRIT,..., T"].
T(")

ij
We conclude that for all integers 1 < i, j < g we have
oF
a1
If r > 2 we get F € S,_, contradicting the minimality of the positive integer r. If

r=1weget F € R[T]. As F(j(T)) € R[[T]] ® K it follows that

d O T

Hence
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oF T)) € R[[T]] K
B_Tij(f( ) € Qr K.

By the minimality of ¢ we get

oF RIT'I1NR[T]l=R
o7 © =R

hencec = 1.So F(f(T)) = Z)\.,]f(T,]) = Z)\,‘j IOg(l + T,,) € R[[T]] Rr K,With
Aij € R, hence F' = 0, a contradiction. O

3.6.3 Applications to §-Modular Forms of Size g

Next we briefly turn our attention to §-modular forms of size g. For B an infinite inte-
gral domain we recall that H(g) <(Ds is the B-module of all matrices ' € Mat, (B[T])
such that for every X € Mat, (B), inside Mat, (B[T]) we have an identity

F(XTX)=X-F(T)-X". (3.49)

Lemma 3.6.13 Let B be a field of characteristic 0. Then the B-vector space Hg (Vs
has dimension 1 with basis the matrix T.

Proof We can assume that B is algebraically closed. Setting T = 1, and taking
X € 0,(B) = {X € Mat,(B)|XX"' = 1,} in Eq. (3.49), we get

F(ly)=X-F(ly,)-X".

So F(1,) is a matrix that commutes with all matrices in O4(B). We claim that F'(1,)
must be a scalar matrix. Indeed the matrix F(1,) induces an endomorphism of the
O, (B)-module B#. This module is known to be simple; this is trivial to check for
g € {1,2} while for g > 3 this follows from the fact that the so, g-module B¢ is
simple (for instance, see [FH], Thms. 19.2 and 19.4). Then our claim follows from
Schur’s Lemma.

In view of our claim we can write F(1,) = A - 1, with A € B. Setting T = 1, in
Eq.(3.49), we get that for all X € GL,(B) we have

F(XX"Y =AXX".

By Sylvester’s theorem, each symmetric matrix in GL, (B) can be written in the form
X X" for some X € GL,(B). It follows that F(Y) = AY for every symmetric matrix
Y e GL,(B)hence F =A-T. [l

Proposition 3.6.14 Assume B is a field of characteristic 0. Then Hy,(1)p has a
basis consisting of the matrices T, T, . . ., Tw,
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Proof Let G € HY, (1) g3 so, forall M € GL,(B), Eq.(3.42) holds. As G is homo-
geneous of degree 1 we have

G(T,T,..., TV = G(T,0,..., 0)+ G, 7T,0,...,0)+---+ G(0,0, ..., 7). (3.50)

Setting all but one of the matrices 7, 7', ..., T in Eq.(3.42) equal to 0, from
Lemma3.6.13 we get that the terms in the right-hand side of Equation (3.50) have
the form byT, b, T', ..., b, T respectively, with by, ..., b, € B, and we are done
by Eq.(3.50). d

Corollary 3.6.15 Assume conditions (UAX1) and (UAX2) hold. Then for every inte-
ger r > 0 the R-module ’Hg,g(Uo) g has rank r and hence for each element F in it
there exists a nonzero element A € R such that LF is an R-linear combination of
VARVEINE T

Proof The elements f(T), ¥, ..., WY of the K-vector space Hy, (Up)k are lin-
early independent. By Corollary 3.6.9(b) we have

dim (M, (Uo)x) < dimg (H, (Uo)k).-
By Proposition3.6.2 we have
dimg (Hy, (Up) k) = dimg (H, (1) ).
By Proposition3.6.14 we have
dimg (H,, (Dg) =7 + 1.

Sof(T), W, ..., WY "isabasis of H,(Up)k - Let F € Hy, (Uop) . Then there exists
anonzero A € R and there exist Ag, ..., A, € R such that

AF = Af(T) + MW + -+ 2,0

So Af(T) € S?()r. This clearly implies Ao = 0 which ends our proof. O

Assumption on notation. From now on throughout the monograph, we will assume,
for simplicity, that (Ao, 6y, €) is as in Display (3.3) and e is chosen such that
5E0,00,e(f11,crys) = . This is possible by [Bu05], Sect. 8.1, pp. 239-240. In particular
conditions (UAX1) and (UAX?2) hold.

For the next result we note that, if 7 is an indeterminate, then the base change of the
universal formal abelian scheme of relative dimension g over the formal spectrum
Spf(R,/(Tij — Tji|1 <i < j < g)) which lifts (Ao, 6p) via the morphism

SpE(R[[t]]) — Spf(R,/(Tij = Tjill =i < j = 8))
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induced by T;; +— ¢ - §;; is the g-fold product of the universal formal elliptic curve
over Spf(R[[z]]) which lifts E( with its product polarization. Then substituting

(T, T',....,TD) by (t-1g,t' - 1g, ..., 17 1) (3.51)
in the Serre-Tate expansion matrix £, g,.¢( Jg.crys)» Where t',t”, ... are indetermi-
nates that play the role of 7/, T”, ... for g = 1, we get

Ekptne ([l erys) - 1g € Matg(R[[2. 1, ..., 17])).
Theorem 3.6.16 For all integers r > 1 the following properties hold.
(a) The form f,

,crys

€ I, (¢", 1) has the Serre—Tate expansion

r—1 r—2 _
8A0,90.e(fgr,c,ys) =w9 4 p\.IJ¢ +.4p Iy,

(b) The free R-modules ]I;,g (@, 1) and Hi}g,ord((b’ 1) are equal and have rank 1,
with basis

g.crys

Proof Part (a) was proved for g =1 in [Bu05], Prop.8.61. For arbitrary g > 1,
from Corollary 3.6.15 we get that there exists Ag, ..., A, € R, such that we have an
equality
r—1
Engne(fgerys) =2V + -+ PV

Making the substitution of Display (3.51) in this equality we get that

8A0q90q€(flr,crys) =AY+ + )\-rwqyil.

By the genus 1 case of the theorem we get that

Mos-- A =7 po D),

from which part (a) follows.
To prove part (b) we note that, by Corollary 3.6.15, Hég(Uo) has rank 1 and we
conclude by Proposition 3.5.1(b) and part (a). O

Similarly we have the following basic properties.



3.6 Comparison Maps: The Ordinary Case 105

Theorem 3.6.17 The following properties hold.

(a) The Serre—Tate expansion of f;crys € ]Iég,md(—(j), 1) equals 1,.

(b) The free R-module Hi'g,ord(_(p’ 1) has basis fgcm.

(¢) Moreover forall a, b € {0, 1, ..., r} we have the following rank results:
(c.i) the R-module ]I; gﬂ,,d(qs“, q)b) has rank r;

(c.ii) the R-modules ]I;g_md(—qb“, ¢b) and I[g,g_ord(qﬁ“, —¢b) have rank 1;
(c.iii) the R-module H;gﬁurd(—q‘)”, —¢?) is 0.

Proof From Propositions3.5.1(b) and 3.6.2 and Corollary3.6.15 we get that the
free R-module ]Ii, ¢,ord(—@, 1) has rank at most 1. As it contains fg arys> DY the torsion
freeness part in Proposition 3.5.1(b) we get that it is equal to ]I; <(—@, 1) and this latter
R-module has rank 1. Also, as H;,g(Uo)T contains 1., by Propositions 3.5.1(b) and
3.6.2 plus Corollary 3.6.9(c), we have Hél,g Up)' =R 1,. So the Serre-Tate expansion
of f; arys €quals 77 - 1, for some n € R. We claim that n = 1. It suffices to check this
for g = 1, and this was checked in [Bu05], Prop. 8.59. So parts (a) and (b) are proved.

Part (c.i) can be proved by a similar argument: one notes that, by Corollary 3.6.15,
Hz,g(Uo) has rank r and one concludes by Proposition 3.5.1(b), Corollary 3.4.5, and
Theorem 3.6.16(a).

Part (c.ii) follows similarly by combining part (a), Propositions 3.5.1(b) and 3.6.2,
Corollary 3.6.9(c), and Lemma3.4.4.

Part (c.iii) follows similarly by combining Proposition3.5.1(b) and Corol-
lary 3.6.9(d). O

Corollary 3.6.18 For all integers a > 1, with the forms f'“) and ' as in Displays
(3.11) and (3.12), the following properties hold.

(a) The Serre~Tate expansion of f'“ equals wo

(b) The Serre—Tate expansion of 'Y equals w4 p\IJ"JH + -4 piTh,
(¢) The identities ' = £\ and flV = £l pold.

(d) If a > 2, then we have an equality

f[a] — f(a) +pf(a—l) 4. +pa_1f(l>.

Proof Parts (a) and (b) follow from Theorems 3.6.16(a) and 3.6.17(a).

To check part (c), note that the forms f* and f‘“ both belong to 1¢,(1, 1)
and have the same Serre-Tate expansion due to part (a) and the symmetry of the
matrix W = (¥;;)1<;, j<¢. We conclude that part (c) holds by the Serre—Tate expansion
principle (Proposition 3.5.1(b)). The same argument applies to £,

Part (d) follows from parts (a) and (b) and the Serre-Tate expansion
principle. ]
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3.6.4 The Maps < and 2

For all integers r > 0 we recall the R-algebra of homogeneous invariants

HY o = D <17 H (s), and we consider the R-algebra

]I;,%)rd = @ I[fg,ord(_zs) = @ H;,ord(_m)‘

selz meNU{0)

Denoting R[T,T',T”,...] :==UsoRI[T,..., T"], we consider the R-algebra
monomorphism

o :RIT,T,T",..]— R[T,T,T",..], Fw~> F°,

where
T =T, (T :=T", etc., a°:=a, ac€R,

and the Z ,-algebra automorphism
T R[T,T',T",..]— R[T,T',T",...], Fr F<,

where
T =T, (T :=T, etc., a" :=¢(a), a € R;

so for all integers / > 0 and 1 <i < j < g we have identities o(Tl.;l)) = TI.E.HI) and

r(Ti;I)) = Ti;l). Thus o0t = to. Moreover, forr > 1 we have induced Z,-linear maps
H, ' (s) — H(s), F > F7, (3.52)
H, ' (s) - H '(s), F > F". (3.53)
and a Z-bilinear map
HY, ' (s) x H ' (s) — H((p + D)s),

defined by
(F,G) = {F,G})sr :=G°TFP — F°*G”.

Proposition 3.6.19 For all integers r > 1 and all s € %Z the following properties
hold.

(a) We have a well-defined R-linear map

OHITNs) = I (=25), F> FO=F(f, ., f0).
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(b) For F € H:,_l (s) we have the following formula:
(F)? = det(f2)™% . (F°%)°. (3.54)
() For F,G € Hg’l (s) we have the following formula:
({F. Glo)® = p - det(f)* - (F®. G} (3.55)

(see the part after Definition2.1.15 of Sect. 2.1 for the notation {F, G®}s).

Proof The expression F(f", ..., f) is well-defined as V), ..., £ are sym-
metric, see Corollary 3.6.18(c). This expression is trivially seen to define an element
in H;,Ord(—Zs). Thus part (a) holds.

Equation (3.54) reads

F(fY o0 f =det(f)™% - FE(f2, ..., £y, (3.56)

as Eq. (3.56) follows from Eq. (3.13), part (b) holds.
Part (c) holds as Eq. (3.55) follows directly from Eq. (3.54). O

Theorem 3.6.20 Forallr € Nandall s € %Z the R-linear map

O Hg’l(s) -1

g,ord

(=2s)

is injective and has a torsion cokernel. In particular, the following properties hold.

(a) Forw € W, if s := —deg(w)/2, then we have

rankg (I, ,,y(w)) = Do(g.r — 1,5).

(b) The R-algebra homomorphism

o HL ) > T

g,tot g,ord

is injective and it induces a K -algebra isomorphism

O H b, ®r K > I0 @ K.

g, tot

Proof We have the following diagram of R-linear maps:

H ')k %> Hy)x = H,Us )k > H.(5)k
ot 1 y 1

W-l(s) 3T (=25) 5> H.(Ups) % H(s)
g g.ord g\F0 g

where o, y and § are inclusions. As the R-linear maps on the upper row are injective
it follows that <> on the lower row is injective.
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Now for each f € I, ;,(—2s) we have that

BE(f)) € Sﬁigfor-

As @ is an R-linear isomorphism (see Lemma3.6.11), there exists F € ]HI; (s)k such

that F® = B(£(f)). By Lemma3.6.12 we musthave F € R[T’, ..., T”]. Butthen,
clearly F = F{ forsome Fy € H;" (s) k. We conclude that the image of the injective
R-linear map B o £ is contained in the image of the R-linear map # o 0. Hence we
have an inequality

dim(I, 4 (—25) ®x K) < dim(H, ' (5))

which, as <> is injective, is an equality. So the cokernel of <> is torsion. This proves
part (b). Part (a) follows from part (b), Display (3.45), and Corollary 3.4.6. U

Corollary 3.6.21 For each n €N, the R-modules ]Il( ng —n) and 1!
(—n¢ — n) coincide and are free of rank 1 with basis (det(fgl’crys))"

g,ord

Proof Theorem3.6.20(a) and Lemma3.6.3 imply that the statement is true after
tensorization with K. So to prove the corollary itis enough to check that (det( f;_crys))”
isnot divisible by p in H;,.Ord (—n¢ — n). The latter condition follows from the torsion
freeness part of the Serre—Tate expansion principle (see Proposition 3.5.1(b)) and the
fact that the Serre—Tate expansion of (det(f,. arys))" equals 1. O

For ordinary Hecke covariant Siegel §-modular forms of size g we have the fol-
lowing consequence.

Corollary 3.6.22 For all integers a,b >0 and r > max{a, b}, the R-module
Lg ora(®“ ¢b) has rank r.

Proof Recall that by Corollary 3.6.15 the R-module H;g(Uo)R has rank r. Hence
by Proposition3.5.1(b) the R-module H;g,ord(l’ 1) has rank < r. As 1, ..., fF
belong to the latter module and are R-linearly independent (as their Serre—Tate expan-

sions are, see Corollary 3.6.18(a)) it follows that ]I; g’ord(l , 1) has rank . We conclude
by Corollary 3.4.5. (]

By Theorem3.6.20(a) the R-linear maps < : Hg’l(s) — ]I;yord(—Zs) become
surjective after inverting p; but they are not surjective in general (see Proposi-
tion 3.6.24(b) below for a more precise statement).

Indeed let us consider the torsion R-modules

I ord(_zs) I; %rd
Vo(s) = S~ V= S Vi (s).
g O(Hg—l(s)) g O(Hr l @

g, tot s€1Z

Denote by Vg, (s)[p] the set of all elements of V; (s) annihilated by p. So VZ, )[pl
has a natural structure of a k-vector space. We denote by V' (s)[ p]* the k-vector space
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obtained from V:, (s)[p] by restricting the scalars via the Frobenius automorphism
o Iéonsider the Z ,-bilinear map
Q:HL ' (s) x Hy'(s) = Vi (p + Ds)Ip]
defined (see Proposition 3.6.19(c)) by:
Q(F, G) := (det(f)*{F®, G} + OH((p + D)s))
= SU{F, Glo.)® + OMEHL((p + Ds)).

Clearly, the map €2 induces an antisymmetric k-bilinear map

Q:Hy ' (s) x Hy ' (s) > Vi (p + Ds)[p]"-

For instance, additivity in the first argument follows from the formula (see Proposi-
tion 3.6.19(b)):

FY + Fy GO = (7, G +{Fy, G — det(f*) ™ (G - C,(Fy, F2)°.
To state our next result and for future use we introduce the following definition.

Definition 3.6.23 Let U, V be two vector spaces over an arbitrary field. A bilin-
ear antisymmetric map Q : U x U — V is called totally nondegenerate if for all
x,y € U, we have Q(x, y) = 0if and only if x and y are linearly dependent.

Proposition 3.6.24 For an integer r > 2 and s € %Zzo the following properties
hold.

(a) The above bilinear map 2 is totally nondegenerate.

(b) We have an inequality
dimy (Vi ((p + D9)[p]) = 2Do(g, r — 1,5) = 3.
In particular, if Do(g,r — 1,5) > 2, then the map
O HL((p 4 Ds) — I (=2(p + 1s)

is not surjective.
(¢) The annihilator of the R-module V', is 0.

Proof To prove part (a) assume F,G € Hg’l(s) and Q(F, G) = 0; we need to
show that F and G are k-linearly dependent. We have Q(F, G) = 0 so there exists
H € H,((p + 1)s) such that ({F, G},..)® = pH?. By the injectivity of <> we have
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{F, G}s,r = pH. This implies that either G = 0 (in which case we are done) or
G #0and (F/G)°" = (F/G)" inthe field k(T, ..., T™). The latter clearly implies
F/G € k and we are done again.

To check part (b) note that by part (a) plus a general fact of linear algebra (see
Lemma3.6.25 below) the k-linear span of the image of Q has dimension at least

2 dimy, (Hg,_1 (s)) — 3. We then conclude by the fact that

dimy (Hj ' (s)) = dimg (H}, ' (s)x) = Do(g.r — 1, 5).

To check part (c) note that, by part (b), Vi,[p] # 0 hence there exists a prime

element F' of the unique factorization domain H;;ét with % € ]I;”%rd\O(H;;gt). For

each n € N the image of £~ in V, has annihilator p" R in R. Thus the annihilator of
V, in R is contained in N> p" R = 0, hence it is 0. O

In the above proof we applied over k the following general fact.

Lemma 3.6.25 Let U and V be finite dimensional vector spaces over an alge-
braically closed field B andletb : U x U — V be a B-bilinear antisymmetric map.
Assume b is totally nondegenerate. Then the following inequality holds:

dim g (Span(Im(b))) > 2dimp(U) — 3.

Proof Letuy,...,u,beabasisof U andsetv;; := b(u;,u;) € Viorl <i < j <n.
Let L be the vector space over B of all (n> — n)/2-tuples

¢ := (Cij) G jye(l,mPLDIEN, o) i<j €

and let
L' = {C€L| Z CijVij =0}

I<i<j<n

For ¢ € L\{0} let [c] € P(L) := (L\{0})/B™ be the corresponding point in the pro-
jective space; similarly, for A := (A;)1<;<, € B"\{0} let [A] € P(B") be the corre-
sponding point. Let

¢ : (P(B") x P(B"))\A — P(L)

be the morphism
O([A], [1]) == [ — widji<i<j<nl,

where A is the diagonal of P(B") x P(B"). The image Im(¢) is the Grassman-
nian of 2-planes in an n-dimensional vector space, so dim(Im(p)) =2n — 4. If
there exists [(c;;)] € Im(e) NP(L’), then we have c¢;; = A;jiu; — Aju; for some
(Ai)i<i=ns (i) 1<i=n € B"\{0} and for x := >/ | Aju; and y := Y| puu; we get
that x and y are B-linearly independent and b(x, y) = 0, a contradiction. Thus we
have Im(¢) NIP(L") = ¥ and hence
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dimg(L') < dimg(L) — 1 — dim(Im(p)) < ”(”T_l) —2n+3,

which implies that the lemma holds. ]

Remark 3.6.26 Lemma3.6.25 is optimal in the sense that for every vector space
U over B of dimension at least 2 there exists a vector space V and a totally non-
degenerate antisymmetric bilinear map b : U x U — V such that the inequality of
Lemma3.6.25 is an equality. To construct such a V and b fix a basis uy, us, ..., u,
of U with n > 2, let L and ¢ be as in the above proof, let L’ C L be a subspace of
dimension @ — 2n + 3 such that P(L") N Im(p) = @ (such an L’ exists because
dim(Im(p)) + 22 — 2n 4+ 3 < dimp(L) — 1) and take V := (A2U)/U’ where
U’ is the subspace of A>U consisting of all expressions of the form Ziq Cijui NUj
with (cij)1<i<j<n € L'. Finally take b to be the natural quotient composition
UxU— AU V.

In what follows we consider the rings:

00 00
— r Z R r,Z
HgJOt = UHg,tot’ ]Ig,ord = Uﬂg,ord‘
r=0 r=0

In view of Lemma 3.6.4(b), we get the following consequence.

Corollary 3.6.27 For all integers r > 2 we have

+1
g(g )_g2+1_

tr.degp (% ) =7 >

From the last corollary we get directly the following consequence.

Corollary 3.6.28 We have

glg+1

asy.tr.deg(]l?urd) = 5

On the other hand recall the rings I, and their union Iy ora. Alsorecall the filtered
8-ring Iy o4, ((py)- Forr € Nlet z, := {zo, ..., z,—1} be a set of indeterminates and
we consider the R-algebra monomorphism between rings of Laurent polynomials in
the set of indeterminates z_,,

1 1
r—1,torus ,__ yyr—1 r,Z
Hg,tm = Hg,[m[Zq, Zo—zr_l] - Hg_ord[Zq, m],
that is induced by <> and sends z; to z; foralli € {0, ..., r — 1}. The ring of Laurent
polynomials

Htorus — U 1Hr71,torus
— r>

g,tot g,tot
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in the set of indeterminates z := U, Nz, is a filtered W-graded ring with the grading
defined by letting the elements of H (s) have weight —2s and letting z; have weight
¢'t! — ¢' for each integer i > 0, see Sect.2.3.4.

Theorem 3.6.29 The following properties hold.

r,Z

gqord—algebra isomorphism

(a) For all integers r > 1 we have an 1

VA r
I (zep, ——— 11

sord % <r> — ,ord>
g,01 20 Zr—1 g,01

and hence monomorphisms of R-algebras,

<> . Hrfl,toms — ]Ir <> . Htoms — ]Ig,orda

g,tot g,ord> g, tot

whose cokernels are torsion.

(b) For all integers r > 2 we have

ge+1

2
1+r.
g +1+r

tr.degp (L ) =7

(c) We have
1
asy.tr.deg(lg org) = % + 1.

(d) We have an equality Ly o4, ((p)) = H?ord,((p))‘ In particular, we have

g+
asy.tr.deg(ly ora,((py) = %
(e) We have
+ 1
¢_tr'deg(ﬂg,ara’) = g(gT) + 1.
(f) We have
g(g+ 1
qﬁ—tr.deg(]lg,o,d,((p))) = T

(8) The field Frac(Ig orq) is ¢-generated over K by a finite set of elements in ]Ig,yord.

(h) For each integer r > 1, the form det(f; .,,,) belongs to the image of the R-

. . Tr—1,torus r
algebra monomorphism <> : H, — 1 v.ord-
z
, 0l

Proof To check part (a) we define a ]I;’ q-algebra homomorphism

Z
I [zpy ——1 =1,

’ d

g,ord 20 Zr—1 g,0r
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by the rule
zi > det(f )" €T (@' (@ — 1), ief0,....r—1}

Hence, fors € 37, f € I, ,(—2s), and w’ = ST, aid' € W we have

ar— bl !
f- Zgo e Zr—ll = f- (fg,crys)w € H;,ord(w)’

where
w:i=—-25s+(p—Dw € W, deg(w) = —2s.

By Corollary 3.4.6, we have an induced R-linear isomorphism
H;,ord(_zs) : Zgo e Zfl:ll = H;,ord(w)'

Based on this, as w determines the pair (s, w’), we conclude that the part (a) and the
first sentence of part (d) hold.

Part (b) follows from part (a) and Corollary 3.6.21.

Part (c) follows from part (b).

The second sentence of part (d) follows from part (c).

For the proof of parts (e) and (f) recall our convention (see the beginning of
Sect.2.2) on algebraically independent families. Furthermore, by the cardinality of
a family (x;);cz we will mean the cardinality of the set {x;|i € Z}. Also, by the
union of two families (x;);cz and (y;) je7 we will understand the family (zi)rez|] 7>
indexed by the coproduct Z | [ J in the category of sets where, if k1 : Z — Z][[J
and k; : J — Z[]J are the natural injections, then z,, ) := x; for all i € Z and
Zir () = yj for aH] S j

In order to check parts (e) and (f), based on part (d), Inequality (2.7) and
Remark 2.2.9(a) it suffices to check that I, o4 contains w + 1 elements that are ¢-
algebraically independent. To check this we use the fact that, by Corollary 4.2.19(a)
of Sect. 4.2, the ring H, contains homogeneous polynomials Fi, ..., F s of degree
gs, for some s € N, with coefficients in Z, such that the family i

@ F) jre.... 8520 x ito

is algebraically independent over Q, therefore over K. In particular, o and t act as
the identity on the coefficients of these polynomials. Hence, for each integer N > 0,
the family

..........

of elements in [, o4 is algebraically independent over K. By Proposition 3.6.19(b),
for each integer j > 1, we have
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(F7)® = (det(f2)»I+e++6"D(F))?. (3.57)

Thus the family of elements of weight —2s

(erpiyaseste™ qpyeyey (3.58)
(. ))efl,... E&H 10, ..., N}

is algebraically independent over K. By weight considerations one easily sees that
the union of Family (3.58) with Family

(det(f8)¢j)je{0 ..... N=1} (3.59)

is algebraically independent over K. We claim that the union of Family (3.59) with
Family

(FD ) jyeqtom 200, ) (3.60)

.....

is algebraically independent over K. This follows from the following two facts.

(i) The K-algebra generated by the members of the union of Families (3.58)
and (3.59) is contained in the K -algebra generated by the members of the union of
Families (3.60) and (3.59).

(j) The cardinality of the union of Families (3.58) and (3.59) is the same as the
cardinality of the union of Families (3.60) and (3.59).

Hence Family
) (3.61)
..... -
where
bo i= det(f?), by = (F)®, ... bussn 1= (Fuw)®,

is ¢-algebraically independent and parts (e) and (f) follow.
To check part (g), we note that by Corollary4.2.19 (b) and (d) of Sect.4.2, the
field Frac(Hz_tot,K) contains elements Gy, ..., Gy, such that Family

(GT) i jrell.... Ny x (NUO)) (3.62)

generates the field Frac(H o x) over K. By enlarging N3 € N we can assume that
Gy, ..., Gy, are homogeneous elements of H? ot.Q . Then Family (3.62) generates
the ﬁeld Frac(H, 1o,g) over @ and hence the field Frac(H, 1o;) over K. As o acts
trivially on the coefficients of G; we get that Eq. (3.57) holds with F; replaced by
G;. We conclude that the ordinary Hecke covariant Siegel §-modular forms
det(f*), (G, ... (Gy)® €I

g,ord

and their images via o/, J = 0, generate the field Frac(I, orq) over K.
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Part (h) follows from the fact that det( f, ’Cryg) equals a W-power of det( f, 8cws
times det( fU'1) and thus (see Corollary 3.6.18(d) and Display (3.44)) times a Z-linear
combination of elements of the form ©,,, . (f1, ..., f). O

Corollary 3.6.30 We have an inequality

1
tr.degk(ﬂg,yord Qr k) < rg(gT-l-) — g2+ 1+r

Proof As p is a prime element in the ring I, 4 (see Corollary 3.5.2(a)), it follows
by Cohen’s ‘dimension inequality’ in [Ma], Thm. 15.5 applied to the extension
R CT 4 and to the prime ideal pI} 4 that trdeg, (I}, . ®r k) < tr.degg (I, ).
We conclude by Theorem 3.6.29(b). O

Corollary 3.6.31 The following properties hold.

(@) For each integer r > 1, the K-algebra Hg, od Or K is finitely generated,
Cohen—Macauley, unique factorization domain, hence Gorenstein, and moreover
H;,ord is a unique factorization domain.

(b) If g is odd, then for all w € W with deg(w) odd we have H;,wd(w) =0.

(¢) If g is even, then there existsr € {0, 1,2, 3,4} and w € W () such that deg(w)
is odd and ]I’ ordW) # 0.

(d) We have ]Ig orgW) = 0 for all w € W with deg(w) = —

(e) Let w e W(r) with deg(w) =0, so w € (¢ — l)W Then the R-module
Ord(w) is free of rank 1 with basis det(fgd”yv) #-

(f) All nonzero elements in I, ,,4(—2) g K generate prime ideals in the ring
Hg,ord Qr K.

(g) Every two K -linearly independent elements in I ,,q(—2) ®g K generate two
distinct ideals in 1, oq ®r K.
Proof As we have a K-algebra isomorphism H, oS @ e K~ I, od ®& K (see
Theorem 3.6.29(a)) to prove the K-algebra statement of part (a) it suffices to show
that H, "o ®r K has all the desired properties and this follows from Lemma4.2.3.
To prove that I, is a unique factorization domain, we first recall that p is a

prime element of ]I’ (see Corollary 3.5.2(b)) and we will use this to check that
we have an 1der1t1ty Hg ord = ]I;,ord[%] N (I, o) (p) between subrings of Frac(T, ).
The inclusion ‘C’ is clear and for the reversed inclusion we consider an ele-
ment x € ]I’ ord[ L1 (]I’ ord) (- Leti € NU {0} be the smallest integer such that for
y = p'x we have y €I orq- It suffices to show that the assumption that i > 0
leads to a contradiction. As x € (I, .4)(p), there exists a € I, , \pI, . such that

,ord

z:=sx €[}, 4. From the identity p'z = sy between elements of Iy orasas i > O we

get that p divides sy. So, as p is a prime element of ]Ig,,ord which does not divide

s, we get that p divides y and therefore p'~'x = % € I org Which contradicts the

minimality property of i > 0.
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As H;,ord[ll_;] ~ T, owa ®& K is a unique factorization domain, it is a Krull ring.
Moreover, (ngord)(,,) is a discrete valuation ring (see Corollary 3.5.2(b)). From the
last two sentences and the prior paragraph we get that I, , is a Krull ring (see [Sa],
Cor. (a) after Prop.4.1). Based on this and [Sa], Cor. after Thm. 6.3 we get that H;,Ord
is a unique factorization domain. Thus part (a) holds.

Part (b) follows from Lemma4.2.3(a) of Sect.4.2.2, part (c) follows from Corol-
lary 4.2.19(c) of Sect.4.2.11 and part (d) follows from Proposition4.2.6 of Sect.4.2.4,
these references being applied over an algebraic closure of K.

Part (e) follows directly from the proof of Theorem 3.6.29(a).

To check part (f), let f €I 4(—2) ®g K be a nonzero element. By the
unique factorization property in part (a), it is enough to check that f is irreducible in
I, ora ®r K. Butif fisreducibleinl, , @ K, itis easy to see that we have a prod-
uct decomposition f = f'f" with f" € Iy ;(w') ®g K and f” € I} 4(w") ®r K
for some w’,w” € W and f', f” nonunits of I ; ®r K. Therefore we have
deg(w’) + deg(w”) = —2. As deg(w’) and deg(w") are < 0 (see Corollary 3.6.10)
it follows by part (d) that either deg(w’) or deg(w”) is 0. But for deg(w) = 0 the
K -vector space I, orq(w) ®pg K is one dimensional with basis an invertible element
of I, ora ®r K, see part (e). So either f’ or f” is invertible in ]I;,ord ®r K, a contra-
diction.

Finally part (g) follows from the fact that I, o,¢(0) ®r K = K. O

Remark 3.6.32 (a) Now we can explicitly compute the Serre—Tate expansions of
all elements of the R-module ]I;,md(w), w € W. Indeed, by the proof of Theo-
rem3.6.29(a), each element in I, ,(w) is a K-multiple of a product

f=F® det(fH)" (3.63)

for some F € H;"(s), where s := —deg(w)/2 and w’ := ";L_Zf € W. On the other
hand it follows by Theorems3.6.16(a) and 3.6.17(a) that the Serre—Tate expansion
of f is given by the formula:

5Ao,90,e(f) = F (Y, \I.fd’7 R \I]¢'7l)'

(b) For w € W, each element of I, o (w) vanishes at every ordinary CM g-point
of Xyq: itis an f as in Eq.(3.63) and F< vanishes at every ordinary CMg-point by
Proposition 3.6.19(a) and Remark 3.4.3. In particular, for all linear systems f of weight
w in Il g the set of f-unstable points Xoq (R)§ in Xoq (R) contains the set of ordinary
CMg-points. More generally, we can describe the set of f-unstable points Xoq(R)f
in terms of the unstable locus of SL, acting on spaces of multiple quadratic forms
as follows. The K-algebra Hfg;;t ®r K is known (by classical geometric invariant
theory) to be finitely generated. Let s € %N be such that if Fi, ..., Fpyg,r—1, 15 a
K -basis of the homogeneous component Hz,’l (), then the radical ideal generated
by Fi,..., Fpyg.r—1,5) in Hg_l ®r K contains a set of generators of the K -algebra
H271 ®r K.
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We can assume Fi, ..., Fpyg.r—1,5) € H; (s), i.e., the coefficients of the F;s are
in R. With the notation of Sect.2.3.4, let V, , := Spec(R[T, T’, ..., T"~V]) and
we consider the closed subscheme E’L of V r defined by Fl, vy Fpygr—1,9)

for an algebraic closure K of K, the K- valued pomts of ESL , are precisely the
unstable points for the action of SL, (K) on V;, &(K) in the sense of [MFK], App. to
Ch.I, Sect. B, Def. By the proof of Theorem 3.6.29(a), a basis of the K -linear space
I, ora(—2s) is given by the forms

F<>

<&
F Do(g,r—1,s)"

EEEE

Let X C Xyq be an affine open subscheme with X connected and such that the
universal polarized abelian scheme (Ay, 6x) has a column basis wy of 1-forms on
Ayx and consider the map

JFE X (R) — Vi o (R)
which maps P € X(R) to

(FOPy, ..., fP)) = (fN(Ap,Op, 0p, R), ..., f(Ap,Op, wp, R))

where Ap, 6p, wp over Spec(R) are as usual induced by Ay, 0x, wx via base change
by P : Spec(R) — X.Then, one can check, by directly using the definitions, that the
set Xorg(R)f of f-unstable points for f defined by an arbitrary R-basis of Hg ord (—25),
such as the one above, is given by the formula

ord(R)f = (f """ (ESL (R)).

(c) In the proof of Theorem3.6.29(e) and (f) we considered elements of I, o4,
by = det(f?) of weight ¢ — L and b; = (F;)® fori € {1, ..., £&")} of weight —2s
forsome s € N, and we checked that the Family (3.61) is ¢-algebraically independent
over R. Based on this, the argument in the proof of Remark 2.2.9(a) implies that the
family

(g+1)
Egz }

.....

of elements of the same weight —sg(g + 1),
bo :=biby--bewsn, by i=byb{hy - busen, o bassy = b'biby -+ bl
2 2
is ¢-algebraically independent.

The following is a direct consequence of Lemma 3.6.3 and Theorem 3.6.29(a).

Corollary 3.6.33 We have a K[®q]-algebra isomorphism

K[©0. 20,29 ' 1 = I,y ®r K.
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that maps zy to det(fzc,ys) and that extends to a K[®y, ..., Og]-algebra isomor-
phism

1
K[Bq,...,0, 20,21, — 1~ ®r K,
[®0 ¢> 20 1ZOZ1] 200 OR

which maps z, to det(f, ;crys)¢

The structure of I, ; ®z K is more complicated as r > 3 increases. A ‘good
picture’ of what happens in this case can be obtained by combining Theorem 3.6.29
(a) with the results of Sects. 4.2 and 4.3; we leave this to the reader.

In view of Theorem3.6.29(a) (and the work in Sect.4.2) the structure of the
R-algebra I, , is more or less well understood. By contrast, the structure of the
R-algebras I, remains somewhat mysterious. We will address these rings in the next
two sections. Before that, we record the following generalization of Lemma3.4.7(a).

Corollary 3.6.34 We have Ty (¢ — 1) = I,(1 — ¢) = 0 and thus Ty # Iy ora.

Proof We only show that the assumption ]Ii,(q& — 1) # 0 leads to contradiction;
the case of ]I;(l — ¢) is similar (in fact easier) and is left to the reader. As the
R-module H;,ord(‘ﬁ -1 /H;,(qﬁ — 1) is torsion free (see Proposition3.5.1(b)), from
Corollary 3.6.31(e) and our assumption we get that the following relation holds:
det(f yye) € (@ — 1) =T} y(@ — 1),

LetY C Y;(N) be an affine open subset of the affine modular curve of level I'{ (N)
over Spec(R) with N > 3 not divisible by p, such that the reduction modulo p of Y
is not contained in the ordinary locus of the reduction modulo p of Y| (N).

Let Ey be the universal elliptic curve over Y, let 6z, be the Abel-Jacobi map
(polarization) of Ey and let wg, be a column basis of 1-forms on Ey.

Let (Eir,01),..., (Eg_1,r,0,—1) be ordinary elliptic curves over Spec(R)
endowed with their Abel-Jacobi maps (polarizations) such that by evaluating we
have fla,crys(Ei,Rv 6;,w;, R) € R* fori € {1, ..., g — 1}, where each w; is a column
basis of 1-forms on E; g.

Let (Eiy, 0y, wiy) = (EiR,0;, w;) Xspec(r) Y. Let the following quadruple
(Ay, 04,,wa,) € Mg (O(Y)) be defined by

(Ay,04,) == (Ey,0E,) Xy (E1y,01y) Xy -+ Xy (Eg_1,y,0g—1,7)

and by the column basis of 1-forms on Ay whose 11 entry is the pullback of wy and
whose i1 entry fori € {2, ..., g} is the pullback of w;_; y. We have that

det(f? o) (Ay, 04y, w4, O (Y)) € O(J (V).
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On the other hand the above element equals

g—1
Pl ey By O, 05, OFX)) - [ | Flarys (ks 61, 01, R).

i=1

So we have
fr = Fay(Ev, 05, 05, 0%(Y)) € O (V).

For a prime ¢ that does not divide pN, let Y; (N, £) be the curve over Spec(R) that
parametrizes isogenies of degree £ between elliptic curves with level I'; (N) structure
that respect the level I'| (V) structures. We consider the two canonical projections
w1, - Yi(N, £) — Y1(N) and the intersection Y 1= 7| (Y) Nmy (Y).

Let Yorg C Y and Y org C Y, be the open subschemes which over K are isomor-
phisms and whose fibers over k are ordinary loci. For i € {1, 2} let n;*Ey /Y, be the
pullback of Ey/Y vian} : Y, — Y and consider the 1-forms 7/ wg, on 7/ Ey. Let

u*(niwg,)
7'[2*wa

A= € O(Yz)x

withu : m} Ey — 7 Ey the ‘universal isogeny’ over Y;; hence A?~! € O(J!(Y,))*.
By the Hecke covariance of fﬁcrys we have the following equality in O(J ! (Yy.ra)):

s fy =2 nf fy (3.64)

By the injectivity of the R-algebra homomorphism O(J'(Y;)) = OJ'(Yy.0ra))s
Eq.(3.64) holds in O(J!(Y;)). The existence of such a function fy in O(J(Y))
contradicts [Bu05], Thm. 8.83 3). O

Remark 3.6.35 It may be reasonable to expect that I, (w) = 0 for all w # 0 with
deg(w) = 0. By Corollary 3.6.31(e) this is equivalent to the statement that

det(f2 ) #1 & I (w) (3.65)
for all such w. Corollary 3.6.34 gives a partial result in this direction. One can show
that Statement (3.65) holds for g = 1 provided w = Zfzo a;¢' € Wwithay, ..., a,
integers such that ) '_ja; =0 and > ,_,a; p' < 0. This follows from the fact that
the reduction modulo p of flffcrys is the Hasse invariant, see [Bu05], Prop.8.57. On
the other hand note that we do not know, for instance, if Statement (3.65) holds even
forg = land w = n(¢ — 1), withn > 2 an integer. This is so as, forn > 2, from the
fact that fl ey ¢ Il 1(¢ — 1) it does not follow a priori that (f1 Crys)” ¢ ]Il(n(qb —1)).
Concretely, the followm/g phenomenon occurs. Let S be a smooth R-algebra, let
h € S\pS, and let f € S be such that " € S for some n > 2; then in general it
does not follow that [ € S. We include a simple example. Let S := R[x] with x an
indeterminate, let n > 2 be an integer that does not divide p, and let & := x. The
equation y" = x"~!(x — p) in y has a solution
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o0
=X — p/n + meZm € R[X, x_l]’

m=2

with each z,, € R[x, x~']. We have 7" = x"'(x — p) € R[x] but z ¢ RIx].

3.7 Comparison Maps: The Nonordinary Case

In this section we define some further new modules and algebras and we introduce
some further ‘comparison maps’, A, [, between them. We will use these maps, in
conjunction with our Serre—Tate expansion maps £ and with the geometric invariant
theory of multiple endomorphisms (see Sects.4.1.1, 4.1.5 and 4.1.6), to derive our
basic estimates from below for the dimensions of K -vector spaces of Hecke covariant
Siegel §-modular forms.

3.7.1 The Maps (]

Let n € N and let X = (X1j1)i1<ji<g:---» Xn = (X, ji)1<j1<¢ b€ universal g x
g matrices whose entries are indeterminates. Let B be an integral domain which
is a Z,-algebra. Consider the left action of GL, (B) on the polynomial B-algebra
B[Xy,..., X, :=B[X; ]l <i <n,1<j,I <g]defined by the rule:

(M,F)— FIM™'X,\M,...,M~'X,M).

We denote by ngconj’B the B-subalgebra of B[X|, ..., X,] formed by all GL,(B)-
invariant polynomials. Clearly
;.conj,D“B = Hg,conj ®s D_IB
for each multiplicative set D C B. Also
Hg,conj,B’ = Hg,conj ®s B

for each extension B C B’ of infinite fields. Moreover, we have an identity

HI‘[

g.conj, R

=H"

g,conj*

For B an algebraically closed field and n > 2 we have the formula (see Theorem4.1.2
of Sect.4.11):

tr.deg g (H} coni 5) = Deonj(g, 1) := (n — 1)g” + 1.
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Also recall that the ‘first main theorem’ in this setting (see Theorem4.1.20 of
Sect.4.1.6) implies that if B an infinite field, then the B-algebra H, . 5 is gen-
erated by finitely many polynomials of the form

Tjsirizseiy “= Cj (Xil Xiz T XiN)

where j € {l,...,g}, N eN,and iy, ...,iy € {1,...,n}, and where for a matrix
M e Mat,(C) with C aring, we let co(M), ..., c,(M) € C[t] be such that

8
det(r- 1, — M) =Y (=D/c;(M)t*/ € Clr]
j=0

is its characteristic polynomial; henceforth co(M) = 1, ¢ (M) is the trace Tr(M) of
M, and cy(M) = det(M). The relations between these generators provided by the
‘second main theorem’ (see [P], Introd.) will not be used in what follows.
Note that the natural k-algebra homomorphisms
H}’l

g.conj,

R ®r k — H;,conj,k

are isomorphisms. Indeed they are surjective by the first main theorem and they are
injective because for F € R[ X}, ..., X, ],if pF is GL, (R)-invariant, then F itself is
GL, (R)-invariant. By Nakayama’s Lemma applied to R-modules of homogeneous
components of HYy .. . it follows that the latter R-algebra is generated by finitely
many elements of the form z;,;, ;, . ;,; we will refer to this statement as the ‘first
main theorem over R’.

More generally, let xy, ..., X,42, &1, . . ., £,42 be indeterminates and view

LN

R[Xla sy Xnv-xla Ela e 7-xn+23 $n+2] = R[Xla ey Xn][xla Ela LY 7-xn+25 gn-‘rz]
(3.66)
as a W-graded R-algebra by letting

deg(x;) :=—¢' "' —¢' and deg(§) :=—1—¢' forall ie{l,...,n+2}
and
deg(X; j1) = —1—¢' —¢' ™1 — ¢ forall i € {I,...,n} andall j,le(l,..., g}

Then by definition
H;yconj[xl’ s Xng2, sls N EVH»Z]

is a W-graded R-subalgebra of Display (3.66). We will prove the following result.

Theorem 3.7.1 For all integers n > 2 there exists a natural homomorphism

. 2
0= |:‘n . Hg’cgnj[-xla cees Xnd2, Sl’ e En+2] g H;Jr s
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of W-graded R-algebras whose image satisfies

glg+1D

tr.deg,(Im()) > (n — 1) 5

+n+g+1.
The homomorphisms [J,, in the above theorem will be compatible as n > 2 varies
and will be entirely explicit, as we will see shortly.

Corollary 3.7.2 The following properties hold.

(a) For all integers r > 4 we have inequalities

glg+1)

(r—3)T+r+g—1§tr.degR(H;) <r-

+1
%—g2+l+r.

(b) We have an inequality

+1
tr.degy (I o) < % +o.

(¢) We have equalities

1
asy'tr'deg(ﬂg) = ¢—tr.deg(]lg) = —g(g;_ ) + 1.

(d) We have an equality

glg+1)
—

Proof Part (a) follows from Theorems 3.7.1 and 3.6.29(b).

To check part (b) note that the difference between the upper and the lower bounds
for tr.deg R(]IZ,) in part (a) equals @ + 2. From this and Theorem 3.6.29(b) we
get that

¢—tr.deg(l;,((py) =

s+ 1)

2
2 +

tr.degy, (I5 ora) = trdegg (Il o) — tr.degp(ly) <

for all » > 4. Thus part (b) follows from the part of Remark 2.2.6 after Display (2.8).

The equality asy.tr.deg(l,) = @ + 1 in part (c) follows from part (a). The

equality ¢-tr.deg(l,) = @ =+ 1 in part (c) follows from the implication in Dis-

play (2.8) plus Theorem3.6.29(c); alternatively one can use part (b) plus Theo-
rem 3.6.29(c) and the additivity of the ¢-transcendence degree (see Eq. (2.6)).

Part (d) follows from part (c) and Remark2.2.9 (a). O

Remark 3.7.3 (a) By an argument similar to the one in the proof of Corollary 3.6.30
we have that
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tr.deg, (I, ®g k) < trdegg(ly).

(b) By Remark 3.6.32 it follows that for all linear systems f weight w € W in
I ora the set of f-unstable points A (R)‘} in X' (R) contains the set of ordinary CMg-
points.

3.7.2 Cyclic Products and the Maps A

In order to proceed with our proof we need to recall (and slightly extend) the
cyclic product construction from [BB], Sect.4.2. Recall our basic §-modular forms
I = Saerys € L (@7, 1), r € N. For integers a > b > 0 we set

f= g0 f e Tg (@7, ¢") and [ = (F) € Ig (¢”. 0. (3.67)

Let Cyc” be the set of all 2s-tuples (ay, az, . .., ax—1, azs) of arbitrary even length
2s € 2N, such that the following properties hold:

(i) foralli € {1,...,2s},wehavea; € {0, 1,...,r};
(ii) foralli € {1,...,2s — 1}, we have a; # a;11;

(iii) we have a,; # a;.

For each (ay, ay, ..., ax_1, az) € Cyc” we define the matrix cyclic product
F5a2, 251,025 o M;g — Matg(Mg)
by the formula
FU02 @@ Q10 (fASD YR L34 LASAYE | fa-10 (£A10 Y (3.68)

(recall that for a square matrix M, M* is its adjugate).

Note that foreach S € Ob(FilRing;) and every triple (x;, x,, u) € M;,(SO), where
x1 = (A1, 01, 1), x2 = (Az, 05, wp), uu' = d € N\ pN, the following equality holds
(see Eq.(2.28)):

Ff2 (x, §) = d % (det([u])) " [u]®" Fr= (xy, $)([u]*) ™', (3.69)

where w := — le;1 ¢%“ € W and [u] € GL4(R) is defined by the usual identity
u*wy = [u]w;. Then, for j € {1, ..., g} we define the (scalar) cyclic products

I ap,az,...,ax—1,a;, r
Jisaraz, st = Cj(F ) *) € Mg.

For j = 1 we abbreviate
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Javaranr.ar, = Jliarascans—yay, = TE(FO b0 € M!; (3.70)
Note that, for a € N we have
foa = Te(FO) = Tr(f*(f*)*) = Tr(det(f*) - 1,) = g - det(f).

Clearly the K -algebra generated by the members of the family

(fj;a],027---,a2x—]7“2x)(jv(al7”21--»“2x—]7a2v))e{1~,---g}xcycy

is the same as the K -algebra generated by the members of the family

(-fals“Zv--aaZS—]sa25)(al,02 AAAAA ays—1,a25)€Cyc”

(as this last family is stable under powers); however, the R-algebras generated by
the members of these two families are distinct if p < g. By Eq.(3.69) we have

2s

Firaras o ran € (=i (O ™). (3.71)

i=1
On the other hand, for each integer » > 1 we consider the R-subalgebra
ROV, ..., 0" C S,
generated by the entries of the matrices
Q¥ = w?" cMat,(S;,), seN (3.72)

(see Displays (2.35) and (2.36)). The entries of these symmetric matrices that are
above and on the diagonal are (distinct and) algebraically independent over R
(because, by definition, the same is true for the matrices W, §V, .. ., 8"\ and, on
the other hand, the K-algebra generated by the entries of oW, ..., 0" coincides
with the K-algebra generated by the entries of W, 5V, ..., 8§ ~1); we will view
these entries of Q(V, ..., Q) as indeterminates over R and also as indeterminates
in the ring R[QV, ..., 01/(p).
We consider the reduction modulo p homomorphism

A:RIOV, ..., 07— k[0V, ..., 071 := ROV, ..., 0"1/(p), G+ G~.
We note that the natural k-algebra homomorphism
k@M, ..., 0" — S @k =k[[TNT,...,T"]

is not injective.
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For each (aj, az, ..., ax—_1,az) € Cyc" we define a matrix with entries in the
ring R[QV, ..., Q"] by the formula

Yorar, oy 1.0, 7= Q0 (QU)T QI (QM) . Q) (Q)”,
where

my := max{a, a,}, mp := max{as, as}, ..., my := max{as, a;}.
For each such matrix and j € {1, ..., g} we define a polynomial

. 1
YVisai,a,....az-1,a05 += cj(Yalvab-»»aah—luah) € R[Q( )7 HERR Q(r)]

and we set

Yay,ap,...a00-1,a2, *= Yliay,az,....a0,—1,a2 -

Lemma 3.7.4 For each (ay, ay, ..., ax_1, ax) € Cyc” we have

A A
(Eag.00.e([isarar,.ar—1.a2))” = Yjiar.az.....az—1.a # 0.

Proof This follows directly from Theorem 3.6.16(a). U
With Ay, ..., A, as indeterminates, let the polynomial algebras
ROV, ..., 0" Ag, ..., A 1:=RIQV, ..., 0"1[Ao, ..., A/,
KOV, ..., 0", Ao, ..., AT := k[0, ..., 07 [A, ..., Al

We extend the homomorphism A above to a reduction modulo p homomorphism
between these polynomial algebras

A : R[Q(l)a M) Q(r)v AO! M) Ar] - k[Q(1)7 M) Q(r)s A07 M) Ar],

by setting Af =Aj.

Remark 3.7.5 For Fi,..., F, € RIQM, ..., 07, Ao, ..., A, if F, ..., Fy

are algebraically independent in KoM, ..., 0", Ay, ..., A, then F, ..., F, are
algebraically independent in R[QV, ..., Q®), Ag, ..., A,].

We define
. — v NN J
Z/;alaab---va’ls—l,az.v T yj:alqﬂz.---,az.yfl,llmAa]Aa2 Aazx_lAqu,

Zay,ay,....az—1,a2 +— L1ia1,a0,...,a05-1,a25 *

So for & = £, 6, We have
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(g(f/‘;al,az,...,uzkl,aZJ)A({l j )A ]Aa] a,nyling— 1,005 " (373)
Lemma 3.7.6 Consider the unique R-algebra homomorphism
D : R[le ceey Xn»-xh .. '1xn+27$17 . '9én+2] — Mg+2v F = FDv

defined by the rules

XlD = FO,i,i+1,i+2’ i c {1’ o ,n}’
D= fi  diefl,....n+2},
£5 = foi, ie{l,....n+2}.

Then O induces a W-graded R-algebra homomorphism
O Hy X1 Xags s Enga] = T2

Proof By the ‘first main theorem over R’ it is enough to check that for all
it,...,iy €{1,..., g} the element rj _____ ;, belongs to ]I”*z(w) where w € Z[¢] is
the sum of the degrees of X;,, ..., X; but this follows from the fact that

iy

Tj;il,,,,,iN - fj;O,l],l]Jrl,l]+2,0,12,lz+1,12+2,...,O,IN,1N+1,1N+2-

Proof of Theorem 3.7.1. Consider the polynomial k-algebra
k[Xl, ey X,,,xl, PN ,x,,+2]

in the indeterminates x, . .., X, and the entries of the matrices X, ..., X,. Con-
sider the k-algebra homomorphism

KX, X X1, ooy Xnga]l = K[OD, ..., Q"] F s F, (3.74)

defined by _ . . '
Xi = QW Q") e Mat,(Si1"), ie(l,....n),
X=det(Q?), iefl,...,n+2}.
Let m be the image of Hl, ..., under the k-algebra homomorphism of Dis-

play (3.74). For n > 2, by Theorem4.1.4 applied to the following correspondance
(0, ..., 0"*Y) «— (Qo, ..., Qn) we have

LT~ glg+1)
dim(H o) = (n — 1)T +g. (3.75)
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By Eq.(3.75) there exists a set

rclJjan.ghxi....m)
N=1

whose cardinality || is given by

1
1) =(n—1>%+g (3.76)

such that Family
(c;(QW QMDY ... QU (QUNFTDY Y i ivets (3.77)

is algebraically independent over k in the ring k[Q(V, . .., Q"+ D]. But the members
of Family (3.77) can be written as

Cj(Q(il)(Q(il+1))* Q(i1+2)(Q(i1+2))* .. Q(iN)(Q(iNJrl))* Q(iN+2)(Q(iN+2))*)
det(Q@+2)i ... det(QUv+D)J det(QUn+2))i

which in their turn can be written as

A

Vj30,i1,i1+1,i1 42,001, i1+ 1,01 42, ..., 0,0y, in+1,in+2 .. .

( 5 , (Jyip,...,iy) € 1.
Vi L2 - Vin+Liy+2)

So if we consider the two Families

L iel ) (3.78)

A
(yj;o,i,,i]+1,i1+2,...,o,iN,iN+1,iN+2)(j,i1 ..... in)el> (3.79)

then the members of Family (3.78)U(3.79) generate a field extension of k of tran-
scendence degree > |I|. If we consider Family

(ADieqo,...n+2)» (3.80)
we get that the field extension of k generated by the members of Family

(3.78)U(3.79)U(3.80) has transcendence degree > |I| + n + 3. Consider the four
Families

A
(220,101 41, 11420 Qi Lig42) Gt i )ED (3.81)

(ZiA_l,i)ie{l ,,,, n+2}s (3.82)

(20, icl2..nt2)s (3.83)
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(Aie(o,n+2)- (3.84)

We claim that the field extension of k generated by the members of Family
(3.81)U(3.82)U(3.83)U(3.84) has transcendence degree > |I| + n + 3. To check
this, we note that the field extension of k generated by the members of Family
(3.78)U(3.79)U(3.80) is contained in the field extension of k generated by the mem-
bers of Family (3.81)U(3.82)U(3.83)U(3.84); if i € {1, ...,n + 2} then we have
max{0, i} = max{i — 1,i} =i, s0 Yo, = 0V(QV)* = Y;_;, hence yo; = yi_1.i
and thus G

Aoy = Apg—=.
20,i

So the field extension of k generated by the members of Family (3.81)U(3.82)U(3.83)
has transcendence degree > |I| + n + 1. Consider the three Families

EFis0.0 i1+ 1in4200uinsiy 4 1ig +2) AD - A{;\,+2)(j,i1,...,iN)els (3.85)
(E(fimr,)Ni—1ADieqt,...n42)» (3.86)
(E(fo,) MNoAdicp,...n+2)- (3.87)

By Eq.(3.73) and Remark3.7.5 it follows that the field extension of K gener-
ated by the members of Family (3.85)U(3.86)U(3.87) has transcendence degree
> |I| 4+ n + 1. By the Serre-Tate expansion principle (Proposition3.5.1(b)) the R-
algebra homomorphism

@Hg+2(w) — R[[T, ey T(n+2)]][A07 s A"+2]

w=<0
defined by
n+2
f €AY A feliPw), w=—) ¢¢/ <0,
j=0
is injective. Consider the three Families
(720,001 1,0142,0, i in L in +2) Gty onin V€L 5 (3.88)
(fi—1.0)ie{l,..nt2)s (3.89)
(fo.)ierz,...n42- (3.90)

The field extension of K generated by the members of Family (3.88)U(3.89)U(3.90)
has transcendence degree > |I| + n + 1 and we conclude by Eq. (3.76). O
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3.7.3 Applications to Some Lociin Ag 1N, R

We end by showing that certain remarkable Zariski dense loci in A, | x r are con-
tained in zero loci of Hecke covariant Siegel §-modular forms.

We say that two matrices M, M, € Mat,(R) pseudo-commute if there exists
a unit ¢ € R* such that MM, = cM,M,. For (A,0,w) € My(R), we recall
that End(A, #) is the subring of End(A) generated by all polarized isogenies
u: A — A. Consider the map

[ 1o : End(A, 6)'” — Mat,(R)

defined by the rule u — [u],, where the matrix [u], is uniquely determined by
the identity u*w = [u],w. We claim that [ ], is a ring monomorphism. Indeed,
embedding R into the complex field C we are reduced to checking the claim for R
replaced by C; however, in this case, our claim follows from the fact that for each
abelian variety A over C, the endomorphism ring End(A) is the ring of C-linear
endomorphisms of H°(A(C), Q)* that send the lattice H,(A(C), Z) into itself.

Lemma 3.7.7 Let F-% be an arbitrary matrix cyclic product and recall
that fu,. . a4, € H;(—(Zfil ¢%)) is its trace (see Display (3.71)). Then for every
(A, 0, w) € My(R) the following properties hold.

(a) The matrix F (A, 0, w) € Mat,(R) pseudo-commutes with each matrix
of the form M?"" with M € Im([ 1,,).

D) If fa,...a0, (A, 0, w) # O, then part (a) holds with ‘pseudo-commutes’ replaced
by ‘commutes’.

Proof Part (a) follows from Eq. (3.69).
Part (b) also follows by taking traces in Eq. (3.69) and using part (a). U

Theorem 3.7.8 For each integer s > 2 and every nonnegative distinct integers
ai, ..., ax there exists a nonzero §-modular form

2s

Dal ..... s Eﬂg(_(gz_g+l)z¢ar)

i=1

such that for all (A, 0, w) € My(R), if we have D (A, 0, w) # 0, then the ring
End(A, )P is commutative.

Proof For a monic polynomial C(z) =18 4+ c;t87 ' + .- + ¢, € B[t] with coeffi-
cients in a ring B let Discg(C(t)) := Disc,(1, ¢y, ..., cg) € B, where Disc, is the
discriminant of the generic binary (i.e., in 2 indeterminates) form of degree g. Also for
amatrix M € Mat,(B) we let x(¢) := det(t - 1 — M) € B[t] be its characteristic
polynomial. We can assume that a; < -+ - < ay;.

Define
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Dl Discg(xp,l,_,_,% (1) € M,

where F“%s is the corresponding matrix cyclic product. Note that the coeffi-

cients ci, ..., ¢g Of Y fa ..o (t) belong to M, and, by Newton’s formulas, for each

Jj €{l,..., g}, c; multiplied by a suitable power of p is a weighted homogeneous

polynomial of degree j, with integer coefficients, in the forms Tr((F>»)%),

ae{l,...,j}, with respect to the weights 1,..., j. Thus for each j we have

cj ely(—j Zizilq&“"). Also Discg is a weighted homogeneous polynomial of
degree g(g — 1), with respect to the weights 1, ..., g. Therefore, it follows that

Note that, by Lemma3.7.7(b), if D% s does not vanish at some triple
(A, 0, w) € Mg(R), then every element of ¢“ (Im([ ],,)) commutes with the matrix
Fa9 (A0, w) that has distinct eigenvalues. Hence ¢ (Im([ ],,)) is contained in
an abelian R-subalgebra of Mat, (R). In order to conclude the proof we need to check
that D%+ £ 0, It suffices to show that the image £(D% )4 of (D)
via the reduction modulo p homomorphism between rings of polynomials

A:RIQV, ..., 0] = kW, ..., 0]
is nonzero. But, by Theorem 3.6.16(a), we have
, r—1
E(ft ) =¥ mod p
hence, using Displays (3.67), (3.68), (3.70), and (3.72) and the equalities
max{ar, az} = az, ..., max{ax_1, ax} = max{ax, a1} = ax
we get that the mentioned image equals the polynomial

o0
DISCg (XQ‘“Z’(Q(”S))*MQ(“ZS*Z) (Q@2s—1yx Qlazg) (Qlas) ) (t)) .

As s > 2, evaluating the matrices of indeterminates Q“¥, ..., Q@) at 1, we get
the nonzero polynomial Discg (X @ (1)), s0 D2 £ (), O

Theorem 3.7.9 Lets > 2 be an integer and let

ay < ---<ay and by <--- < by

be nonnegative integers such that a; = by and {a,, az} N {by, b3} = @. Define

g—1 2s 2s
S .
j=1 i=l i=l1
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Then there exists a nonzero 5-modular form
Ge ]Ig(_(mg + D(wy + wp))

such thatforall (A, 0, w) € Mg(R)withG(A, 6, w) # 0, the polarized isogeny class
of (A, 0) is indecomposable.

Proof For a ring C, matrix M € Mat,(C) and integer j € {1,...,g— 1} let

MN € Mat(g_) (C) be the matrix representation of the j-th wedge power of the C-
J

linear endomorphism of C4 defined by M with respect to the standard basis

les Ao nepll <ip <+ <ij < g}

of /\j C¢ ordered lexicographically, where {ey, . .., e,} is the standard basis of Cé.
For M, M, € Mat,(C) we have (M; M>)" = M|’ M}’ and we set

@ (M), My) :=det(M] M} — My M) € C.
Consider the matrix cyclic products
Fa = F(ll ..... (125’ Fb = Fbl ..... sz‘
As a; = by the products F, F}, and F}, F, are also matrix cyclic products:
Fa Fb — Fal,...,azx,b],...,bzs FhFa — Fbl,...,bzl\-,al,...,azl\- .

Define G; := ®;(F,, Fp) €, je{l,...,g—1}. Using Eq.(2.28) one easily
checks that

GjeHA—J(i)u%—rwwy

Thus ]—[f;} G; € I,(—mgz(w, + wp)). From this and Display (3.71) we get:

g—1
G = farrar forob | | G € Te(—(mg + 1) (wa + wy)).
j=1

We claim that G has the desired properties. We first prove that G is nonzero. It is
enough to check that each G; is nonzero.

As in the proof of Theorem3.7.8 it is enough to show that the image £(G;)* of
E(G;) in the ring k[QV, ..., Qmaxlax-b»D] 5 nonzero. Evaluating the matrices of
indeterminates 0“9, ..., Q) and Q®¥, ..., 0®») at 1, one gets the expression

’ij = ¢j(Q(a2)(Q(u3))*, Q(bZ)(Q(bS))*).
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As {ay, a3} N {by, b3} = ¥ the entries of the symmetric matrices Q@), (Q@)*,
Q) (Q®))* that are above and on the diagonal are algebraically independent.
So it is enough to find symmetric matrices A,, A3, By, B3 € Mat, (k) such that
®;(A2A3, ByB;) # 0. Each diagonalizable matrix in GL, (k) is a product of two
symmetric matrices (see Remark4.1.19). So it is enough to find two diagonal-
izable matrices Dj, D, € GL4(k) such that ®;(D;, D,) # 0. This follows from
Lemma4.1.14 and from the fact that the set of diagonalizable matrices is Zariski
dense in the set of all matrices.

To end our proof we need to show that if the polarized isogeny class (A, 0) is
decomposable then G(A, 6, w) = 0 for all w. By Hecke covariance we may assume
(A, 0) = (A1, 1) Xspec(r) (A2, 62) and we may take w = (pri(w)), prj(@2))" where
pry, pr, are the projections of A onto A;, A, (respectively) and w;, w, are column
bases of 1-forms on A, A, (respectively). Form € Zlet [m]; : A; — A;,i € {1, 2}
be the multiplication by m on A;. Then we may consider the polarized isogenies,

(1 x [, [1li x [-1]2 : A — A.

Their sum u := [2]; x [0], belongs to End(A, 6)”). Let g, and g, be the relative
dimensions of A; and A, so the relative dimension of A is ¢ = g; + g». Note that
2. lgl Ogl><§2> where

. 8281 ngxgz .
for i, j € {1,2}, we denoted by O, ., the g; X g; matrix with zero entries. By

Lemma 3.7.7(b) this matrix commutes with F,(A, 6, w) and F,(A, 6, ) hence the
* 0
0 %
over K defined by these matrices have a common invariant subspace of dimension
g1 €{l,...,g—1}. By Lemma4.1.15 we get ®;(F,(A, 0, w), F,(A, 0, w)) =0,
hence G(A, 6, w) = 0. O

the matrix [u], of u with respect to @ has the block form (

latter matrices have entries in R and a block form ( ) so the endomorphisms

3.8 On p-Adic Approximation

In this section we show how to p-adically approximate elements of I, , by quotients

of elements in I',. We begin by introducing some new notation and concepts.
Let
Weven(r) = {w € W(r)|deg(w) € ZZ}

and let D C I, be a multiplicative set such that the following two conditions hold.
(1) We have D C U2, Uyew, () I, (w)\ pL (w).
(2) We have D? C D.

Definition 3.8.1 Anelement f € D~'I, is said to have weight w € W if there exist
reN,ve Woelr), F e ]I;(v +w),and G e DN ]Ig,(v), such that f = G™'F.
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We denote by (D~'I,)(w) the R-submodule of D~'T, of elements of weight w.

Definition 3.8.2 An element f € ]D“]Ig,ord is said to have weight w € W if there
exist r € N, v € Weyen(r), F € ]I;ﬁord(v +w), and G e DN ]Ig,yord(v), such that
f=G'F.

We denote by (D', o) (w) the R-submodule of D', orq of elements of weight

w. Note that if a nonzero element of ]D)‘I]Ig or ]D)_I]Ig,ord has a weight w, then w is
uniquely determined.

Definition 3.8.3 Fix a pair (w’, w”) € W x W. We say that a quotient §-modular
function f € D! M,, has weight (w’, w”) if there exists » € N and a triple

(W, F. G) € Weven(r) x My x (I (w)\ Iy (w))

such that the following two conditions hold:
(i) we have f = G 'F;

(ii) for each S € Ob(Fil/R-JEgs), forall (A, 0, w) € Mg(SO) and all A € GLg(SO) we
have
F(A7 09 )\‘Q), S) = det()\‘)_w : Xw/()\‘) : F(As 97 (1), S) . Xw”()\‘)['

Note that if conditions (i) and (ii) hold and (w, F, G) is another tripl~e ir~1 the set
Weyen (1) X M;g X (]I; (w)\p}lg (w)) such that condition (i) holds for (¥, G), then
condition (ii) holds for (w, F ).

We denote the R-submodule of D~! M,, of all elements of weight (w’, w”) by

D '"Mgo)(w', w").

Similar definitions can be made for D~'M ¢g,ord 1 place of D 'M ¢g- As in the
case of Definition2.3.12, for g > 2 a nonzero element of ID)’IMgg or ID)’IMgg,OId
could theoretically have two different weights (w’, w”) and we do not know if the
sum w’ + w” is uniquely determined.

If fe M M)W, w)N M 'Mg)*, then f~! € (D' M) (—w”, —w).

Definition 3.8.4 Letn € N.Let {fi, ..., f,} be a set of elements in (D~ Mg ora)™
that have weights in W x W and let (w’, w”) € W x W. By a coherent product of
elements in { fi, ..., f,} of weight (w;, w;) we mean a product of the form

£ fee O My o) W', w") N (D™ Mg ora)

for which the following two conditions hold:

(i) foreachi € {1, ..., N} there exist j € {1, ..., n} and an integer s > O with the
property that f* equals either f f or (f ;p )5
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(if) foreachi € {1, ..., N}thereexists (w;, w!) € W x W such that the form f* has
weight (w;, w;) and moreover w; = w’, wy, = w”, and foralli € {1,..., N — 1}
we have w; + w;, = 0.

Note thatif f1,..., f, € (]D)’lMgg)>< , then, in the notation above, we have:

Frfs - fy € D7 Mg)(w', w") N (D™ Mge)™.
Definition 3.8.5 Letn € N. Let{f;, ..., f,} be a set of elements in (I[))‘lMgg,()rd)X
that have weights in W x W and let (w’, w”) € W x W. Let 7 belong to the p-adic
completion D™ Mg 1.

(a) We say m is a coherent combination of elements in {f1, ..., f,} of weight
(w’, w") if we have a series representation w = Z?io a;; where the sequence (a;);>0
in R converges to 0 in the p-adic topology and each 7; € D™ Mg ora(w', w”) is a
coherent product of elements in {f1, ..., f,} of weight (w’, w").

(b) We say that 7 is regular if in a series representation of it as in part (a) we can
choose ag ¢ mg and a; € my foralli > 1.

(c) We say that = is finite if in a series representation of it as in part (a) we can
choose a; = 0 for all but finitely many i.

If fi,..., f, belong to (]D)’lMgg)X, then 7w comes from an element in ]D)’lMgg;
if, in addition, 7 is finite, then 7z comes from an element in D~' M 0g-
In the notation above we have the following result.

Lemma 3.8.6 We assume n > 2. Let w1 be a coherent product of elements in the set

Si={fr s S 5 £

of weight (w', w”), and let w, be a coherent combination of elements in the set
> U{f1}, of the same weight (w’, w"). Then

—1 ~1
(m+p-m)” =mn +p-m3
where w3 is a coherent combination of elements in the set ¥ U { f1}, of the same

weight (—w”, —w') as rrl_l. In particular, (r1 + p - 1)~ is regular.
Proof Based on the identity

o0
(m+p-m) =) (=p) ey m)in
i=0

we can take a; := (—p)’ fori € NU {0} and the lemma follows. O

For the remaining part of this section we set f" := f; .. forr € N and assume,
in addition to the conditions (1) and (2) above, that the multiplicative set D also

satisfies the third condition:
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(3) We have det(f), det(fz) e D.
For instance, as D we could take the minimal set

Diin = {det(f1)* det(fH)"" |w', w" € W,} (3.91)

(contained in the image of the R-algebra monomorphism <> : Hg’r“s —> Ig ord» SEE
Theorem 3.6.29(h)) or the maximal set

Dy i= U, Unewautn (I )\ pI (w)).

The key fact in what follows is that we have the equality in I, ., (w):

A=Y+ p-«((HH™H fl (3.92)

Indeed, by Theorems 3.6.16(a) and 3.6.17(a), the Serre-Tate expansions of the left
and right hand sides of Eq. (3.92) coincide. On the other hand the two sides have the
same weight. So the equality in Eq. (3.92) holds by the Serre—Tate expansion principle
(Proposition3.5.1(b)). In particular, by setting f3 := (f?)™!, in D™' M4 ora we get
an equality

= = O ! (3.93)
where ((f1)?)~! - £? is a coherent product of elements in the set
me= (Y ohH™" 2 uH™ (3.94)

of weight (—¢, 1) and ((fH?)~' - ((f3)?))' - f! is a coherent product of elements
in the set

= {fo. fLOUOHL 20D =10 f) (3.95)
of the same weight. In particular, by Lemma3.8.6, in D™' M, orq We have

o= (DY + pr, (3.96)

where (%)~ (f")? is a coherent product of elements in the set IT and 77 is a coherent
combination of elements in the set I1’, both of them having weight (—1, ¢).

Lemma 3.8.7 For every integer n > 2 there exist a finite regular coherent combi-
nation n, € ]D)_lMgg of elements in 1 above (see Display (3.94)) and a coherent

combination w, € ]D)’IMgg,ord of elements in T1" above (see Display (3.95)), both of
weight (—1, ¢), such that in ]D)’lMgg,,,,d we have an identity

f3 =1n + Pann- (397)
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Proof We proceed by induction on n. The base of the induction for n = 2 holds due
to the Eq. (3.96). Assuming that the Eq. (3.97) holds for some n > 2, the passage from
n to n + 1 is achieved by substituting all occurrences of f; in 7, in that equation
by the right-hand side of Eq.(3.96) and regrouping the terms to get the desired
expression. (]

Corollary 3.8.8 For every integer n > 2 there exist a finite regular coherent com-
bination n? € D~'M,, of elements in T1 above (see Display (3.94)) and a coherent

combination 71,';’ € D’lMgg,(,rd of elements in T1" above (see Display (3.95)), both of
weight (—¢, 1), such that in ]D)’lMgg,O,d we have an identity

fP=m+p'n).
Proof Replace f; in the right-hand side of Eq.(3.93) by the right-hand side of
Eq.(3.97). O

Recall the forms £ from Display (3.11) indexed by a € N; then Corollary 3.8.8
implies the following consequence.

Corollary 3.8.9 For all integers a > 1 and n > 2 there exist a finite regular coher-
ent combination n'® € ID)’IMgg of elements in I1 above (see Display (3.94)) and

a coherent combination ]T,Sa) € ID)’IMgg,(,rd of elements in T1" above (see Display
(3.95)), both of weight (1, 1), such that in ]D)’lMgg,ord we have an identity

f(a) — n:lfl) + pnj_[iga)'
Recall that we have R-algebra monomorphisms

torus < -1 —1 S—1arg
Hg,tot - ]Ig,ord —-D ]Ig,ord —-D Mg,ord —-D Mg,ord

which, for s € %Z, induce R-linear maps
He (5) = Lgora(—25) = (D' Lg0ra) (—25) = D' ora.
where

He(s) = _JHL(8), Tgora(=29) = (T a(—29).

r>1 r>1

Also, we have R-algebra homomorphisms
DI, = DM ora = D™ My ora — D Mg ona,
that induce for each w € W the R-linear maps

D' (w) — D Ly ora) (w) = D™ My a.
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Lemma 3.8.10 For every wy € W the reductions of the homomorphism

(]D)_l]lg,ord) (U)()) - ]D)_l Mg,ord

modulo powers of p are injective.

Proof Let n €N and let G7'F ¢ (]D)’l]lg.ord)(wo) where G € DN I (w) and
F el org(w + wo) with w € W of even degree. We assume that the image of
G~ 'F in ]D)’lMg,ord belongs to the submodule p”]D)’lMg,Ord. Then the image of
G 'F in ]D)’lMg,OFd belongs to p”]D)’lMg,ord. So there exist G € DN I, (wy),
H e DN, (v) for some v, w; € W of even degree, and Fy € M, oq such that the
image of HG(F in M, oq equals the image of p"HFG. By the flatness over
R condition in the definition of the objects of FilRing, (see Definition2.1.8), as
HG F is Hecke covariant of weight v + w 4+ w;| + wq, we get that H F;G is also
Hecke covariant of the same weight. By Corollary 3.5.3(c) we conclude that F
is Hecke covariant of weight w; 4+ wy. So we have Gl_lFl € (D‘lﬂg,ord)(wo). As
HG/F and p"HGF, coincide in M, 4, they coincide in I orq (v + w 4+ w; + wo).
So G7'F = p"G|'F; € p"(D™ "I ora) (wo). O

The proof of the following elementary lemma is left as an exercise.

Lemma 3.8.11 Let C C B be an extension of flat Zy)-algebras whose reduction
modulo p, C/pC — B/pB, is injective. If b € B is such that there exists N € N
with the property that pVb belongs to the p-adic closure of C in B, then b itself
belongs to the p-adic closure of C in B.

Here by the ‘p-adic closure of C in B’ we mean the closure of C in B where the
latter is equipped with its p-adic topology.

Lemma 3.8.12 The following properties hold.
(a) The R-algebra homomorphism

D', = D' o

is injective and its reduction modulo p is injective.

(b) The R-algebras D’l]lg and ]D)’l]Ig,D,d are p-adically separated integral
domains having p as a prime element.

Proof Part (a) follows from the Serre—Tate expansion principle (Proposition 3.5.1(b))
via localization which is an exact functor.
Part (b) follows directly from Corollary 3.5.2(b). U

In view of Lemma3.8.12(a) we speak about inclusions D’lﬂg C ]D)’lﬂg,ord and

—_— —_—
]D)’I]Ig C ]D)’l]lg,ord. Here are our main approximation results.
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Theorem 3.8.13 Recall that the multiplicative set D satisfies the conditions (1) to
(3) of this section. Then the following properties hold.

(a) For every rational number s € %Z with gs € Z, the image of the R-linear map
He(s) — (D_l]lg,ord)(—2s) is contained in the p-adic closure of the image of the
R-linear map

(DL (—25) — (DL ora) (—25).

(b) Foreveryw € W, the image of det(f2)* ¢ L 0ra((@ — Dw) inthe localization
(D’lﬂg,md)(@ — Dw) is contained in the p-adic closure of the image of

D~'T) (¢ — Dw) = DTy o) (¢ — Dw).

(c) We have

_—

DT, = D' .

Proof We start by proving part (a). Part (b) can be proved by an entirely similar

argument.
In view of Lemma3.8.10 and Theorem 3.6.20(b) it is enough to show that the
image in ]D)‘lMg’ord of each element of H;qord(—Zs) of the form F(fV, ..., f1),

where F € Hg‘l (s), is a p-adic limit of images of elements in (D“Hg)(—ZS).
Fix such an F and an integer n > 1. We seek an element F[n] € (D™'I,)(—2s)
whose image in the ring D™' M, o4 differs from the image of F(f™, ..., f) by

an element in p"D ™' M orq.
By Corollary 3.8.9 there exist finite regular coherent combinations

nM, oD e D' M,, = Mat, (D' M,)
of elements in IT above (see Display (3.94)) of weight (1, 1) such that

FOO ) =Fa....ony™")  mod p" (3.98)

in the ring DM ¢,ord- The elements 77,(,“) can be written as
(@ _ -1
Y =G D, (3.99)

where G € Dy, (see Eq.(3.91)) is of some weight w € W of even degree and
®, 4 € M,, are such that they satisfy the following two conditions.

(i) For each triple (S, (A, 0, w), A) € Ob(FmB) x M, (8% x GLg(SO) we have:

Dpa(A, 0, A0, S) = det(V)™ - A D, q(A, 0,0, S) A (3.100)



3.9 Flows on Affine Ordinary Loci 139

(ii) For each S e Ob(Fms) and every triple (xi,xp,u) € M{g(SO), where
x1 = (A1, 01, w1), x2 = (Az, 62, ), un'=d € N\ pN, and u*w, = wy, the follow-
ing equality holds:

g-deg(w)
— 14 st

D,4(A2, 02, 02, 5) =d - D, 4 (A1, 01, @1, ). (3.101)

Condition (i) follows from the fact that f Iand f 2 have weights (¢, 1) and (¢2, 1),
respectively. Condition (ii) follows from the Hecke covariance of f Uand 12 (see
Eq.(2.23)). As F is homogeneous of degree gs, by Eq. (3.99) we get that

FolP,...on™ D) =(G*)'®d, & :=F(@,1,...,P,,-1) € M,. (3.102)

Using Eq.(3.100) we get that for every triple (S, (A, 6, ®), A) as in condition (i)
above we have

O(A, 0, ho, S) = det(V)> 4" . (A, 0, w, S).

Thus & has weight gsw — 2s. Also, by Eq.(3.101), for every S and (x;, x5, ) as in
condition (ii) above we have

(A2, b5, w2, §) = &I DDA, 61, w1, S).

By Eq.(2.23) we get that ® € Hg (gsw — 2s) for some ' € N. (Note that a priori one
cannot take r’ = r.) Thus we have (G*°)~!'® € (D~'I,)(—2s). Then the element
Fln]:= F(n{",...,n"~V) has the desired properties in view of Eqs.(3.98) and
(3.102).

By parts (a) and (b), the image Im(Hg”rtgf — D’lﬂg,ord) (see Theorem 3.6.29(a))
is contained in the p-adic closure of D™'I, in D~'I, o,q. By Lemmas3.8.11 and
3.8.12(a), we get that every element of ID)‘l]Igyord is contained in the p-adic closure
of D’I]Ig in D7, orq. Now, by Lemma3.8.12(a) again, each Cauchy sequence in
]D)’I]Ig,ord which is contained in ]D)’I]Ig is as well a Cauchy sequence in ]D)’I]Ig. We

conclude that every element of m that belongs to D’lﬂg,ord is contained in
D~'L,. This implies that part (c) holds. O

3.9 Flows on Affine Ordinary Loci

In this section we show that the form fg{Crys induces §-flows in the sense recalled
below on affine open subschemes of &;,,4 whose reductions modulo p are nonempty;
the main result (see Theorem3.9.12) will be used to prove in the next section a

Reciprocity Theorem for CLg points for every g > 1.
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Definition 3.9.1 Let X be an affine smooth scheme over Spec(R) and let J'(X)
be its first p-jet space. Following [Bul7], Ch.3, Sect.3.6, Def.3.122, an ideal a of
O(J' (X)) is called a 8-flow on X if the composite projection

2! (@) := SpfO(' (X))/a) C J'(X) > X
is an isomorphism.

By the universal property of p-jet spaces, giving a §-flow on X is equivalent to
giving a p-derivation on O(X). (The notion of §-flow was suggested by the analogy
between p-derivations and vector fields which was in the background of [Bu95a,
Bu05].)

Remark 3.9.2 If ais a §-flow on X, then for all integers n > 1 the projection
Z"(a) := Spf(O(J"(X))/(a, 8a, ..., 8" 'a)) C J"(X) — X

is an isomorphism. To check this we show that the R-algebra homomorphism
(9(5(\ ) = O(Z"(a)) is an isomorphism. To check the injectivity we note that,
by the universal property of p-jet spaces, the p-derivation on (9()? ) defines a
right inverse (retraction) O(J"(X)) — (9(5(\) of the R-algebra homomorphism
(9(5(\) — O(J"(X)); but clearly this right inverse factors through an R-algebra
homomorphism O(Z"(a)) — (’)()?) which is aright inverse for (’)()?) — O(Z"(w)).
Hence 0(5(\ ) = O(Z"(a)) is injective. We check that the R-algebra homomorphism
(9()?) — O(Z"(a)) is surjective by induction on n € N. The case n = 1 is our §-
flow hypothesis. Now assume the statement for some n > 1 and take an element
u of O(Z"'(a)). So u is a p-adic limit of elements of the form v and Sw with
v, w € O(Z"(a)). By the induction hypothesis v and w come from elements of
0(5(\). Hence Sw comes from an element of O(Z!(a)). By case n = 1, Sw comes
then from an element of (9()? ). Thus u comes from an element of O(S(\ ). This ends
the induction.

Our next purpose is to show that Hecke covariant Siegel §-modular forms of
weight (¢, 1) naturally define §-flows on Ay C &X'. We first introduce a few extra
concepts on 5-flows.

Let X be a smooth affine scheme over Spec(R) of relative dimension d. Assume X
is irreducible. Let f = (f1,..., fa) € OJ"'(X))?. Assume furthermore there exist
étale coordinates T = (11, ..., 74) € O(X)?, i.e., their corresponding morphism of
R-schemes 7 : X — A% is étale.

For a d-tuple of indeterminates t’ := (z{, ..., 7)), let

OX)[t']:=0X)[t{,..., 1]

be the polynomial O(X)-algebra in the entries of t’; we also view t’ as an element
of O(X)[7']?. By [Bu95a], Prop. 1.4 we have an O(X)-algebra isomorphism
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Ol = O (X))

that maps 7/ to 8t; fori € {1, ..., d}.

Definition 3.9.3 We say f is quasi-linear with respect to t if there exist
(Lij)i=ij=a € GLa(O(X)), (Ey, ..., Eq) € OX)!, (i, ..., Ja) € O (X))

such that forall i € {1, ..., d}, inside O(J'(X)) we have
d
fi=)Y_ Lt} + Ei + pl. (3.103)
j=1

Next consider a point P € X(R), P :Spec(R) — X, and an isomorphism
between the completion of X along the image of P (i.e., the completion of the
local ring of X at its k-valued closed point defined by P) and the formal power series
ring R[[z]] := Rl[z1, ..., zqa]l Wherez := (zi, ..., z4) is ad-tuple of indeterminates
to be called formal coordinates at P. For simplicity we view this isomorphism as an
identification.

We also assume that the image of P under the map 7(R) : X(R) — AY(R) is
0 € AY(R). Let R[[z]1[Z'] := RI[[z)[Z], ..., z,] where 2/ := (Z},...,2}) is a d-
tuple of new indeterminates. We have an R-algebra isomorphism (which we view
also as an identification) R[[7]] := R[[1i, ..., T4]] = R[[z]] induced by the com-
posite R-algebra homomorphism R[zy, ..., 7] = O(X) — R[[z]];let S; € R[[7]]
be the image of z; for i € {1, ...,d}. Let R[[z]][t'] := R[[t]1l[{, ..., ;] and let
8 : R[[t]] = R/[[7]][\r’] be the unique p-derivation relative to the inclusion such that
8ti =1t/ fori € {1,...,d}. So we have a natural R-algebra composite homomor-
phism

0 (X)) > OX)[r'] - RI[xNr'] - Rl[z]l[z]] (3.104)
where the first and the third homomorphisms are isomorphisms, the inverse of the
last isomorphism mapping z: to §S; for i € {1, ..., d}; it is injective as J!(X) is

irreducible and smooth over k.

Definition 3.9.4 We say f is formally quasi-linear at P with respect to z if there
exist

(wi))as j<a € GLa(RI[ZID, (V1. .... Vi) € RIZN, (Wi.....Wa) € RIZNEZT

such that for all i € {1, ..., d} we have the following equality in the ring R[[z]][z']:

d
fi= ZMUT} +Vi+ pW.

Jj=1
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Our terminology comes from the analogy with classical differential equations
where quasi-linearity means ‘linearity in the derivatives’.

Clearly, if f is quasi-linear with respect to 7, it is also formally quasi-linear at P
with respect to z. We have the following partial converse of this which is an extension
of [BPII], Lem. 4.66.

Lemma 3.9.5 Let X, P, f, t, z be as above. Assume f is formally quasi-linear at P
with respect to z. Then there exists an affine open subscheme Y of X that contains P
and such that the image of f in O(J"(Y))? is quasi-linear with respect to the image
of T in O(Y)".

Proof We view the R-algebra monomorphism O(J'(X)) — R,[E]][\g’] as an inclu-

sion (see Diagram (3.104)). Foro = (g, ..., aq) € Zio andb = (by,...,by) € B¢
with B aring, we write b* := b{" --- by’ € B.Fori € {1, ...,d} we write

S =S8(t)=z= ) cat® € RI[t]],

aniO
where each ¢, € R. Let 7 := (zf,...,t}) € O(X)? and consider the d-tuple
7 4+ pt’ € O(X)[r']%. Then
P
1 d
q=- ool +p) = [ Y cwrt | | = Y @8:/0t)P T +a; + pb;
an‘éo angO Jj=1

for some a; € R[[t]] and b; € R/[[’rm Denoting by f, the reduction modulo p
of f;, we get the identity

d
fi=> Lt +a (3.105)

ink[[t]][t’], where a; € k[[t]] is the reduction modulo p of @; and for the reduction
(ij)1<i.j<a € GLa(k[[z]]) = GL4(k[[7]])

of (#;j)1<i, j<« modulo p, we denote
d
lij ="y tim - (35,/07))” € kI[7]].
m=1

Here dS,,/97; € k[[t]]is the reduction modulo p of 35, /d7; € R[[7]]. On the other
hand we have

fi € OX)['] C kI[NT'].
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Asl;j, a; € k[[t]], from Eq.(3.105) we get that
Zijv a; € 0(7)

Choose L;;, E; € O(X) that lift I; j» a; respectively. Then Eq. (3.103) holds for some
Ji € O(J' (X)) as O(J1 (X)) — k[[t]][z'] is a k-algebra monomorphism. As the
matrices

(i (0))1<i, j<d, ((38:/07;)(0))1<i,j<a € Maty(R)

are invertible so is (L;;j(P))1<i,j<a € Mat;(R). We conclude by taking Y to be the
nonzero locus of the determinant of the matrix (L;;)1<; j<« € Maty(O(X)). ([l

Remark 3.9.6 With X, f, t asinthe part preceding Lemma 3.9.5, we consider addi-
tional étale coordinates T = (7, ..., 74) € O(X)?. If f is quasi-linear with respect
to 7, then it is also quasi-linear with respect to t. To check this, let P € X(R).
Compositing 7 and 7 with translations of A? we may assume that the maps
X(R) — A4(R) = R? induced by 7 and 7 map P into 0. Then we take [z] such
that we have R[[z]] = R[[7]] := R[[7i, ..., T4]]. As f is quasi-linear with respect
to T, it is formally quasi-linear at P with respect to z at P. Based on the proof of
Lemma3.9.5 we have ¥ = X, as the matrix (l_ij)lii,jsn € Matd(O()_()) is invertible.

The link between quasi-linearity and §-flows is given by the following lemma.

Lemma 3.9.7 Let X, f, T be as in the part preceding Lemma3.9.5. Assume f is
quasi-linear with respect to T. Then the ideal a of O(J' (X)) generated by the entries
of fisaé-flowon X.

Proof Recall that Z'(a) = Spf(O(J!(X)/a)) and that % means the reduction mod-
ulo p of . It is enough to check that the projection

ZW @) CcJI(X) > X
is an isomorphism; but this is clear from the definition of quasi-linearity. (]

We denote by (A x, 6x) the universal principally polarized abelian scheme over
X = Ag 1 n.r. For a scheme X over X, let (Ax, 0x) := X xx (Ax, 60x). Until
Sect.3.10 we let d := w be the relative dimension of X’ over R.

For each ring B and matrix M = (m;;) 1<, j<, € Mat,(B), we define the d-tuple

upp d
M™P = (my,mp, ..., Mg, My, ..., Mg, M33,...,Mg,) €B

whose entries m;; with 1 <i < j < g are listed in the lexicographic order.
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Lemma 3.9.8 There exists an dffine open subscheme Y C X which admits étale
coordinates t, for which Y is nonempty, for which the abelian scheme Ay has a
column basis wy of 1-forms on Ay/Y and such that for the matrix

Iy = 4 ens(Ay. 0y, 0y, O°())) € Mat (O(J' (D))

the following properties hold.
—upp
(a) The d-tuple fypp e O(J' W) is quasi-linear with respect to t.
(b) The ideal a generated by the entries of the matrix fy is equal to the ideal a**P

T
generated by the entries of the d-tuple fy/".>
(¢) The ideal a is a 5-flow on .

Proof We recall that (A, 6y, ) is as in Display (3.3). Equipping (Ao, 6p) with
a symplectic similitude level-N structure, we get a k-valued point Py of X. Let
P € X(R) be the R-valued point which is the canonical lift of Py, i.e., is defined by
the canonical lift Ap of Ag.

We take X C X to be an affine open subscheme that admits étale coordi-
nates T and contains P. We denote Ty, T12, ..., Tig, T2, ..., Tog, T33, ..., Tgg by
Z1,...,2q¢ and for 1 < j <i < g we will use as before T;; := T};; so T'=T and
R[[z]] = RI[T]] = Sf%r is as before. Let wso be the column basis of 1-forms on the
corresponding abelian scheme Ago / Spec(Sg)r) that is attached to e. The restriction
wp of wgo to Ap is obtained from wgo by setting T' = 0. Replacing X by a smaller
open subscheme we can assume there exists a column basis wy of 1-forms on Ax/ X
whose restriction to A p equals wp. So we have

wxy = A - wS:%r’ A= }\.(T) € GLg(Sg)r)a )\(O) = 18

Write A = (A;j)1<i,j<g» Aij = 4ij(T). Replacing f by a R*-multiple of it and using
the homogeneity property of f = fg{Crys and Theorem 3.6.16(a), we get that

fx = f(Ax.0x, 0x) = 1 f(Ag, 05 00 ) - W) =1 W QY.

for

We have

—
= (fxtts fx12s oo [xogs £X220 oo fx2gs FX330 -0 fXoge)s

where for 1 < i, j < g we have (recall that W is symmetric)

21t is also equal to the ideal generated by the entries of the symmetric matrix fé}C),ys(Ay, 0y, wy),
provided ) modulo p is contained in the ordinary locus.
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8 ¢
fX,ij = Zmﬁ_yzl )"imqjmx)"sj
= 2 1emeszg RimAls 4 Mg YWy + 5 M0 W

——
The d-tuple WP is easily seen to be formally quasi-linear at P with respect to z.

Recall the ring Sflor = Sg)r[T’] in Sect.2.3.5 and write

where a d-tuple is identified with a matrix of size d x 1 and

Gijms = Aimkg + )L,'s)xq} for m < s,

mj

ij,ss = )‘ls)\?]

Claim 3.9.9 We have Q = Q¢+ pQ1, Qo € GL, (Sjg)r) and Q| € Mat, (S;m).

Indeed the reduction g;; ,,; € @ = k[[TTI[T’] of g, ms modulo p is actually in

E = k[[T]], so we can write Gijms = Dij.ms (T) and, using the Kronecker delta, we
have
Gijms0) = 8imdjs + 8is8jm for m <,

and
qij.ss (0) = 8i58j5’

S0 G;j ms(0) = 0 for (i, j) # (m,s) and g, ,,, = 1; in other words, the reduction

modulo p of the matrix Q has entries in Sf,_ and its evaluation at 0 is the identity
matrix. This proves Claim3.9.9.

By Claim 3.9.9 and the fact that W"PP is formally quasi-linear at P with respect to

—

z it follows that £, is formally quasi-linear at P with respect to z. By Lemma3.9.5

there exists an affine open subscheme ) C X as in the part (a) of the lemma, and we
— —

let fy and f;pp be the analogs of fx and f;pp (respectively).
We prove part (b) of the lemma. Clearly a"?P C a. Thus we have closed embed-
dings

Z'(a) = Spf(O(J' (V) /a) C Z'(a*) = Spf(O(J' (W))/a*?) € J' (V)

between formal schemes. By part (a), the projection

Zl(awr) C I Q) = Y
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is an isomorphism. To prove that a = a"PP it is enough to show that the closed
embedding Z'(a) C Z'(a"P) is an isomorphism, hence that the closed embedding
Z1(a) C Z!(a"rP) is an isomorphism. As Y is reduced it is enough to show that the
image of the composite homomorphism

ZY(a) C Z'(awP) — Y (3.106)

contains a Zariski open sense subset. Now the ordinary locus ?md of i is open and
dense. Let Pj € Vora(k) be a k-valued point and let P’ € Y(R) be the R-valued point
that defines the canonical lift of the abelian variety over Spec(k) that corresponds to
P§. Let J'(P) € J'(V)(R) be the first jet of P’. Then all the components fy ;; of

]? vanish at J!(P’) hence J1(P’) € Z!(a)(k), and thus J1(P’") maps to Pj. This
shows that the image of the composite homomorphism (3.106) contains a dense open
subscheme which ends our proof of part (b).

Part (c) follows from parts (a) and (b) plus Lemma3.9.7. ([l

Lemma 3.9.10 Let 7 : X' — X be an étale morphism between affine smooth
schemes over Spec(R) and let a C O(J'(X)). Let @’ :=a- O (X). Ifa is a
S-flow on X then o is a §-flow on X'. The converse also holds provided m is surjec-
tive.

Proof As m is étale, based on [Bu95a], Prop. 1.4, we have an isomorphism
JUX) ~ TN(X) xg X

Hence Z! (a) ~ Z'(a) x3 X Clearly, if Z'(a) — X is an isomorphism, then
Z'(d) > X’ is an isomorphism; the converse also holds if 7 is surjective because
then 7 is faithfully flat. U

Corollary 3.9.11 Let X1, X2, Y be affine smooth schemes over Spec(R) and let
X vy Box,

be étale morphism with m, surjective. For m € N let gV € O(J'(X)))" and
g?® € O(J(X2)™ be m-tuples of elements (viewed as m x 1 matrices) such that
we have

wigV = My, - mig®

for some matrix My, € GL,,(O(J'(Y))). Let a, and a, be the ideals in O(J'(X}))
and O(J'(X,)) generated by the entries of gV and g (respectively). If a; is a
8-flow on X, then a; is a 5-flow on X .

Proof This follows directly from Lemma3.9.10 applied to 7, and 7;. ([

If X is an affine open subscheme of X" such that there exists a column basis wy
of 1-forms on Ay /X, then the ideal ay of O(J'(X)) generated by the entries of
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Fx = [ s (Ax, Ox, 0x, O%(X)) € Mat, (O(J' (X))
does not depend on the choice of the basis wy.

We now take X to be an arbitrary affine open subscheme of X. For each affine
cover X = UX, with every X, such that there exists a column basis wy, of 1-forms
on Ax,/Xa, the ideals ay, glue together to give a well-defined ideal ax in O(J LX)
that does not depend on the affine cover.

Theorem 3.9.12 Let X be an affine open subscheme of X whose reduction modulo
p is nonempty and contained in the ordinary locus X ,;q of X. Then the ideal ay is
a §-flow on X.

Proof Let) C X and wy be as in Lemma 3.9.8 and its proof. It suffices to show that
X can be covered with affine open subschemes X, such that ax, is a §-flow on X,.
So we can assume that there exists a column basis wy of 1-forms on Ay /X and it
suffices to show that each point Py € X (k) is contained in an affine open subscheme
Xo of X such that ay, is a §-flow on Xj.

Let £ be a prime that does not divide p N. By the density of the £-power polarized
isogeny classes of ordinary points (see [Cha], Thm. 2) there exists an isogeny

up . Apo —> APo"

where (Ap,, 6p,) is the principally polarized abelian variety over Spec(k) that cor-
responds to Py and where (A p;, 0p;) is the principally polarized abelian variety over
Spec(k) that corresponds to some point P; € Y (k), such that u preserves the princi-
pal polarizations up to multiplication by £* for some 5o € N U {0} (i.e., the pullback
of 0p; by ug equals Op, times £*). Thus deg(up) = £28% is prime to p.
Let
xdxyBux

be the Hecke correspondence that parameterizes pairs of principally polarized abelian
schemes of relative dimension g with symplectic similitude level-N structures
together with an isogeny of degree £2¢% which preserves the principal polarizations
up to multiplication by £* and let

ux :mfAx > 1y Ax

be the corresponding universal isogeny of abelian schemes over X’ (compatible with
the principal polarizations).

It is well-known that X’ is smooth and that the two projections 7y, 77, are finite
étale.> We recall the argument for this.

We fix a perfect alternating form v, : Zﬁg X Zﬁg — Z¢. Working in the finite
étale topology of X', we can assume that there exists a level-£% structure on A x. But

3 For the case of the stack of polarized isogenies of degree a power of £ (with £ # p a prime) over
the stack Ag.l,Z(,,) see [FC], Ch.7, Sect. 3, p.252.
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in this case X” is the disjoint union of copies of X’ indexed by Z,-lattices £ of Qﬁg
which satisfy the following property.

(i) We have £ Zﬁg cLce™ Z?g , S IS the smallest whole number with this property
and we get a perfect alternating form €™ ry, : L x L — Zy for a suitable m € Z.

Moreover, the two projections 7y and 7, induce isomorphisms when restricted to
each X copy of X”.
We view ug : Ap, — Ap; as a k-valued point of X”. Setting

X =a'X)Nnm ' (V) c &

we have that uo belongs to X' (k). As 7ty is flat, 7t (X”) is open in X . Hence there exists
an affine open subscheme X of 7 (X’) that contains Py. Setting X{, := m; : (Xo) we

have a diagram

l'll ,nz
X0<—X0—>y

with ITy, IT, induced by m;, ;, respectively, and an induced isogeny
Mx(’) . HTAXU d H;Ay
of abelian schemes over X|,. Consider the matrix

Fxo = [ erys(Axq: Ox,» 0x,. O (X)) € Mat, (O(J' (X0)))

where 6y, is induced by 6x. By Hecke covariance we have
07 fx, = B1 - T3 fy - B2

forsome By, B> € GL,(O(J'(X{)))). We apply Corollary 3.9.11 by taking the quadru-
ple (X1, X,, Y, m) to be equal to (X, V, X}, g) and with

012 € GL2(0(J'(Xp)))

as the matrix representation (with respect to some standard bases) of the O(J ' (X}))-
linear automorphism defined by therule y — B; -y - B2, ¥ € Mat, o' (X())); as
the ideal ay generated by the entries of fy is a §-flow on ) (see Lemma 3.9.8(c)), it
follows that the ideal ax, generated by the entries of fx, is also a §-flow on Xy. O

3.10 Reciprocity for Canonical Lifts

The purpose of this section is to derive an application of our flow theorem (see
Theorem 3.9.12) which extends to arbitrary genus g and all primes p the ‘Reciprocity
Theorem for CL points’ in [BPII], Thm. 3.5.
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Definition 3.10.1 Consider a finite normal extension R’ of Z, contained in R and
A’ an abelian scheme over R’. Let p¥ be the cardinality of the field R’/p R’ and let
A be the abelian scheme over R obtained from A’ via base change. We say that A’ is
nondegenerate if the following two conditions, thought as nondegeneration axioms,
hold.

(NAX1) The characteristic polynomial of the p”-power Frobenius endomorphism
of A’ has simple roots only.

(NAX2) The Serre-Tate matrix g (A) := (ga(e;, €;))1<i,j<a of A with respect to
some (equivalently every) bases ej,...,e; and éi, ..., é; of T,(Ag) and T[,(Ao)
respectively satisfies the condition

det (p~'(q(A) —Ey) #0 mod p

(recall that [E; is the d x d matrix all of whose entries are 1).

For A and A’ as above we denote by A(ZY)) the set A’(Z;‘,r) of Z-points of A’
where Z;r is the maximal unramified extension extension of Z, in R; this makes
sense as R’ C Z:y . We identify R = Z\L[‘f . Note that the set A’(Z;f) is independent of
the choice of the model A’/R’ of A/R. This is so as the pullback functor from the
category of abelian schemes over Spec(Z!)) to the category of abelian schemes over
Spec(R) is full faithful.

Recall that X, denotes the ordinary locus of X' := A, y g with N > 3. Let
CLR C Xya(R) be the set of canonical lift points (see Remark2.4.11). Also, for an
abelian group I we denote by I'iys its torsion subgroup.

The main result of this section is the following one.

Theorem 3.10.2 Assume we are given morphisms of schemes over R
nm:y—-X, &:Y—- A

withX C X, affine, Y affine, Tl étale, and A an abelian scheme of relative dimension
d. Assume that X, Y, A, T1, ® descend to corresponding objects X', Y', A’, IT', ®'
defined over a finite normal extension R’ of Z, contained in R and assume A’ is
nondegenerate. Then there exists a morphism of p-adic formal schemes

o~

ot Y — G4

such that for all integers n > 1, all points Py, ..., P, € I"'(CLg) C Y(R) and all
integers my, ..., m, € Z, the following equivalence holds

D mi®(P) € AR)iyrs &> Y mi®"(P)=0¢eR".

i=1 i=1

Above, the thge\e maps _TI(R) : Y(R) — X(R), ®(R):Y(R) — A(R), and
®*(R): Y(R) = Y(R) — G4(R) = RY were denoted simply by I, ®, and &+
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(respectively); here ?(R) denotes, as usual, the set of Spf(R)-points of Y. A map
such as ®* above was called in [BPII] a reciprocity map; we refer to [BPII], Rmk. 3.7
for comments on this terminology. In particular we get the following consequence.

Corollary 3.10.3 [n the situation of Theorem3.10.2 assume in addition that there
exists Q € II"'(CLg) such that ®(Q) ¢ A(R),ors. Then the image of the map

I17'(CLR) N ® ' (A(R)sprs) — Y(R) = Y (k) (3.107)

is not Zariski dense in Y. (Here the first arrow in Diagram (3.107) is the inclusion
and Y (k) = Y (k).)

Proof Taking n =1 and m; = 1 in Theorem3.10.2 we get that for every valued
point P € TI"'(CLg) C Y(R) we have

®(P) € AR)iors & @7 (P)=0. (3.108)

By the existence of Q there exists an index j € {l,...,d} such that the jth
component <I>;.r € O(Y) of ®* is nonzero. Write <I>}L = pNQ;.”O with N > 0 and
@IO € O(?)\p@(?). Hence the image @IO of CIJIO in O(Y) is nonzero. By the
equivalence in Display (3.108) the image of the composite of maps in Diagram
(3.107) is contained in the zero locus of <I>;”0 € O). ([l

In order to prove Theorem 3.10.2 recall from [Bu95a], Introd. that a §-character
of order < r of an abelian scheme A over R is a §-function ¢ : A(R) - R = G,(R)
of order < r in the sense of Definition2.1.10 which is also a group homomorphism.
We need the following result from [Bu97], Cor. 1.7.

Theorem 3.10.4 Consider a finite normal extension R’ of 7, contained in R, a
nondegenerate abelian scheme A’ over R’ of relative dimension d, and the abelian
scheme A over R obtained from A’ via base change. Then there exist §-characters
Y, ..., ¥q 1 A(R) — R of order < 2 such that the map

V=, ..., V) A(R) - R =G4(R)
is surjective and satisfies
A N Ker() = AZY) ons.

The theorem above can be viewed as an arithmetic analog of Manin’s Theorem
of the Kernel [Man], Sect. 5, Thm. 2.

Proof of Theorem 3.10.2. Let ,...,¥; be as in Theorem3.10.4. For
Jj €{1,...,d} we consider the §-function ¥; o ® on Y (R), identified with an ele-
ment of O(J2(Y)). On the other hand, by Theorem 3.9.12 the ideal ay C O(J!(X))
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is a 6-flow on X. By Lemma3.9.10 the ideal ay - O(J'(Y)) (generated by the image
of ay via the homomorphism IT* : O(J' (X)) — O(J'(Y)) induced by II) is a
5-flow on Y. By Remark 3.9.2 the algebra homomorphism

OY) - OJ*(Y))/(ax, Say)

is an isomorphism which, for simplicity, we view as an identity. Thus for every
j €{l,...,d} we have an equality of functions Y (R) — R,

M M
Yjo®=0T+ aju- (@jmoM+ D bim Gopimoll),  (3.109)

m=1 m=1

with dJ;.r € (9(?), M e N, where form e {l,...,. M} ajnu,bj,€ OJ*(Y)) are
identified with functions Y (R) — R and ¢;,, € ax is identified with a function
X (R) — R. These identifications are obtained by viewing the injective R-algebra
homomorphism of Diagram (2.3) as an inclusion. Also the dots in Eq. (3.109) denote
usual multiplication of R-valued functions. Consider the morphism of p-adic formal
schemes .

ot = (@F,..., ) ¥ - GY.

The functions ¢; ,, o IT vanish on every point P € IT~!(CLg). So for each such P
we have

Yi(®(P)) = @ (P). (3.110)
Assume now that P, ..., P, e [1"'(CLg) and m,, ..., m, € Z.
Claim 3.10.5 We have Py, ..., P, € Y’(Z;‘,’).
Indeed as IT is étale it is sufficient to show that for each j € {1, ..., n}, the

image IT(P;) € X (R) in fact belongs to X’ (Z;‘f). Recall now the Shimura—Taniyama
theorem that abelian varieties with complex multiplication over an algebraically
closed field of characteristic O are defined over number fields (for instance, see
[CCO], Thm.1.7.2.1). Note that all polarizations and symplectic similitude level-
N structures on such abelian varieties are then also defined over (possibly larger)
number fields. We deduce that I[T(P;) € X'(F) for some finite extension F of the
fraction field of R’ contained in an algebraic closure of K. As F N R C Z:, our claim
follows.

By Claim 3.10.5, we have ®(Py), ..., ®(P,) € A(Z‘I’,r). By Theorem3.10.4, and
by the fact that v/; are group homomorphisms, the condition

Z m;®(P;) € A(R)ors

i=1

is equivalent to the system of equation
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Zmi%@(a)):o for jef{l,...,d}. (3.111)
i=1
By Eq.(3.110) we get that System of Egs. (3.111) is equivalent to the equation

imiCIDJ’(Pi) =0.

i=1

3.11 Some Computations of Cohomology Groups

In this section we present a few basic computations of cohomology groups of some
simple ss-§-spaces that appeared naturally in our monograph. We will not pursue
here more general cases.

Proposition 3.11.1 For IP’; := Projs(S1, (20, 21)) we have
H(P) = R and ¢-rankg(H'(P})) = .

In what follows we use the forms £ in Display (2.62).
Proposition 3.11.2 For Z; , := Projs(1; ora, (Y £, no> 2 we have

H%(Zs,) =i ppapmy and H*(Z5,) =0 for d > 1.

2z (1
Theorem 3.11.3 For A = (A;;)1<i,j<2 € GLy(R) set (%) =A- <;<2>> and

Z§,2 = Projs(Iy, ora, (fl)\a fzx))‘
If all entries X;j of A are nonzero, then we have
H%(Z},) =R and ¢-rankg(H'(Z},)) = oo.
To state a partial generalization of Theorem3.11.3 we first recall the maps

o, 7 : Hg(s) — H,(s) in Displays (3.52) and (3.53) and < : Hg(s) — Ig ora(—25)
in Proposition 3.6.19(a).

Definition 3.11.4 The elements of the sets
H, (1)\o (H, (1)) and <(Hg(1)\o (Hg(1)))

are called primitive.
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Proposition 3.11.5 Assumef = (fo, ..., f,)isalinear system of weight =2 inlg .y
such that fy and f| are primitive and R-linearly independent. Then we have

H°(Projs (L oras ) = R.

For I, we have the following property.

Proposition 3.11.6 There exists a linear system (@1, ¢2) of the following weight
—1—¢p—¢>—¢3in I, such that

H°(Projs(I,, (91, ¢2))) = R.

To prove Proposition3.11.2 we first need the following lemma.

Lemma 3.11.7 Let B be an integral 5-graded ring. For w € W and n € N et
Jos ooy fu € Bw)\pB(w). If there exist units g, ..., g € B™ such that we have
fi =gi(fo)? foralli € {1,...,n)}, then for Zs := Projs;(B, (fo. ..., f,)) we have

H(Zs) = By, and H*(Zs) =0 for d > 1.

Proof The hypotheses imply that for all integersd > 1l and 0 <iy < --- <iy <n
we have

Big 50 = Bifg) D D By,

and this implies that H%(Zs) = B(sy. Now let (a,...i,)o<iy<--<iy<n D€ @ cocycle in

B, := 1_[ B<fi0"'fi.)'

0<ip<---<i,<d
For integers 0 < iy < --- < iy_1 < n define

b

io-ig_1 +— Qigig_in if id—l <n,
bi()“‘id—l =0 if l'd,1 =n.

One easily checks, using the cocycle condition for (aj,...i,)o<ij<--<i,<n, that the
latter is the image by 94— : B4—1 — By of (bjy...i, |)o<ig<--<iy ,<n € Ba—1 hence
H4(Zs) =0. O

Proof of Proposition 3.11.2. This follows from Lemma3.11.7 applied to the n + 3-
tuple (B, n, fo, ..., fu) equal to (Ij o4, 7 — 1, f<,1>’v el f<”)). This is possible as
n>2andfori € (2.....n} wehave £ = ()57 (99 by Eq.(2.62) and
fB = fﬁcm and hence also (fa) %-']72 is aunit of I} orq by Theorem2.4.5(b) which
follows from Theorem 2.4.5(a) proved in Theorem 3.6.17(a) and (b). O
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The following lemma will be used in the proofs of Proposition3.11.1 and Theo-
rem3.11.3.

Lemma 3.11.8 Let B be an integral §-graded ring with B(0) = R and with p
as a prime element. Let w € W and let (f;)ico,...ny be a family of elements of
B(w)\pB(w). Assume that the principal ideals generated in B @ K by each of
the members of the family ( fid”,)(;, efo,1yxNuoy are prime and distinct. Then, for
Zs := Projs(B, (fo, ..., fu)) we have H*(Zs) = R.

Proof Every element in H%(Z;) can be written as

Fy Fi

wo w1
0 1
with w; € W, and F; € B(ww;) for i € {0, 1}. Clearing out the denominators we
get that f," divides Fj in B ® K hence in B (because f; is not divisible in B by
the prime element p). So

Fo
0

For the proof of Proposition3.11.1 we will need the following extra lemma.

Lemma 3.11.9 Let (x;1), (y1), (x2), (2) be distinct principal ideals of an integral
domain B such that y\x, ¢ (x1, y2) and let fi, f» € B. Then for all nonnegative
integers ny, my, na, mp we have

Yix2 fi f2
np .mjp*

nm;
X1y2 X1 ) X" Vo

Proof We show that the assumption that there exist ny, my, ny, mp € NU {0}

such that ;:—;‘Z = xnf;ml - xnzf;mz leads to a contradiction. We can assume the sum
1 1 2 72

ny + mj 4+ ny + my is minimal. Clearing out the denominators and using the fact
that the principal prime ideals (x;), (y1), (x2), (y2) are distinct, we get that n; = 1,
m; =0,n, =0,m; = 1, hence y,x; = y» fi — x1 /> € (x1, y2), a contradiction. []

We view Lemma3.11.9 as an abstraction of the fact that if B is a field and
P, Qe P}g (B) are two distinct points, then we have H'(X, Ox) # 0 for

X = (P x Pp\{(P. Q). (Q. P)}.

Proof of Proposition 3.11.1. Its identity H°(P}) = R follows from Lemma3.11.8
applied to B = S;. For H'! (]P’;) it is enough to check that there exists no nontrivial
R-linear combination
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a4
> ha =% €Stz Aab € R, (3.112)
baeZ,b>a>0 20 21

which can be written as a difference

Fy Fi
ZT — ZTI, Foy € Si(wyp), F1 € Si(wy), wy, w; € Wy. (3.113)
0 1

To check this, we assume there exists an equality

¢ _o"
Z A Zl Zo Fo . F
¢ @b = Two wy
b.acZ,b>a>0 2p 2 %0 2

between the elements appearing in Displays (3.112) and (3.113) such that we
have A4, # 0 for some integers by > ap > 0. We v1ew this equality as an iden-

tity between rational functions in the indeterminates z " and substitute z by 1 for
c € (NU{0)\{aop, bp} and i € {0, 1} in this identity. Under this substltutlon, if (a, b)

¢u ¢l)
is a pair of integers with b > a > 0 and (a, b) # (ag, by), then the term A= lazf;h
zo b4

¢“0 ¢b0
becomes Aaob F if a = ay, becomes Xabo ¢bo if b = by, and becomes A, if a # ay

. Fy  F .
and b # by. Moreover, the difference f" zwl becomes a difference —% — —- in

0 1 Zp° z !
which i
/ / WO o gl gho
F(),FleR[ZO »Zo %1 5% ]

and wy,, w] are linear combinations of ¢“ and ¢" with nonnegative integers coeffi-
cients . We get an equality

ay by
28" Gy Gy

o0 oh — w0 T o
zg z‘f 0 %

where vy 1= wj + ¢®, vy := w| + ¢,
B 0 o a0 o
Go )"aobo Z )"aob o0 Z Aab | € K[Z¢ ’ Zg ’ Z? ’ Z? 1
Z() bby 20 az#ag,b#bo
bo
_ F’ ¢) a 0 a0 bo
G = )\'ﬂobo 1 — + )‘-abo o € K[ZO ’ Zg’ ) Zf ’ Zf ]

Zl azag 23

We get a contradiction based on Lemma3.11.9 applied to
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ao bo ao bo
(B, x1, y1, X2, y2) i= (Sl,zg ,zg ,z‘f ,z‘f ).

O
Proof of Theorem 3.11.3. By Theorem3.6.29 (a), we have
Tiond ®k K = KLFW, £O 7O (7L ) ()0 () (L,
where the ordinary Siegel §-modular forms £, £ @& FO, (N, (£, .. are

K -algebraically independent. For all integers a > 0 and i > 1 we have
(PN = (f) 2 i,

Setting f; := f{ fori € {1,2} and
Uiy = )L?’I“f<a+1) + )‘?;me)

we have
o1

=7 u

Claim 3.11.10 The classes in H' (Zg) of the elements

a ¢h
S fT usaup

@7 b T
U wau

Nab €lionfify, 0=<a<b,

are R-linearly independent; in other words, no nontrivial R-linear combination of

the elements n,p, can be written as a difference of the type
F F,
R

with w; € W and F; € Ij ,,q(—2w;) fori € {1, 2}.

(3.114)

Claim3.11.10 implies the equality ¢-rankz (H' (23\,2)) = oo of Theorem3.11.3.

To prove Claim 3.11.10 assume there exists a nontrivial R-linear combination of
the elements 17,;, which are differences as in Display (3.114) and seek a contradiction.
Fix a pair (ao, bo) of integers with 0 < ag < by such that the coefficient of 7,,;, in
this linear combination is nonzero. We take

B := K[f<">|n e N]

and let ¥ C B be the multiplicative monoid generated by all ;. with i € {1, 2} and
integers ¢ > 0, ¢ ¢ {ag, by}. Setting (f%)?" = 1in F,, F, for all j € NU {0} we get
(exactly as in the proof of Proposition3.11.1) an equality in the ring of fractions
%~ B of the form
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Upgolt1h, _ Hi H,

- . m mi ny _ mp
UlayU2b, UragU1p,  UogyUop,

where ny, my,ny,my e NU{0} and H,, H, € 7 'B. By Lemma3.11.9 we get a
contradiction if we prove the next claim.

Claim 3.11.11 For 0 < a < b the following properties hold.

(a) The principal ideals (u14), (U1p), (U2a), (U2p) of ™' B are prime and distinct.
(b) We have upizg & (Uia, uz) - ' B.

It is an easy exercise to show that Claim3.11.11 follows from the following last
claim.

Claim 3.11.12 For O := {1, 2} x Zx the following properties hold.

(a) The principal ideals (u;;) of B indexed by (i, j) € O are prime and pairwise
distinct.

(b) For every two distinct pairs (i1, j1), (i, j») € O the ideal (u;,j,, ui,j,)B is
prime in B.

(¢c) For every three distinct pairs (i1, j1), (i2, J2), (i3, j3) € QO we have the property
that Uiy j, ¢ (uiljl s uigjg)B-

Indeed Part (a) in Claim3.11.12 clearly implies Part (a) in Claim3.11.11. Fur-
thermore Parts (b) and (c) in Claim3.11.12 imply Part (b) in Claim3.11.11; indeed,
if uipttog € (U1, u2p) - "B then a product of us times u,uy, belongs to ideal
(U14, Uu2p) in B. As the latter is a prime ideal by Part (b) in Claim3.11.12 we get a
contradiction by Part (c) in Claim3.11.12.

To check Claim3.11.12 we view B = K[f"|n € N] as a graded K -algebra by
giving £ degree 1 foralln > 1. Parts (a) and (b) of Claim 3.11.12 are clear because
u;; are pairwise K-linearly independent linear forms in B; here we are using that all
entries of the matrix A are nonzero.

Now using the grading on B we see that part (c) of Claim3.11.12 is equivalent to
showing that for all three distinct pairs (i1, ji), (i2, J2), (i3, j3) € O the linear forms
U j,» Ui j,» Uiy j, are K -linearly independent. Let I" be the 3 x oo matrix whose (k, [)-
entries are the coefficients of £ inu;, ; . We have to show that I" has a nonzero 3 x 3
minor. We may assume j; < j, < j3. As the case j; = j, = j3 does not occur (as
i1, 12,13 € {1,2}) are not distinct), the 3 x 3 minor corresponding to the columns
Iy, I, I3 is nonzero, where, depending on the three disjoint possible cases, the triple
(l1, 11, I3) is as follows:

Case I: If j; < j, < ja,then (I1, 1o, 13) == (j1+ 1, o + 1, jz + 1).
Case 2:1f ji = jo < js, then (I1, o, [3) == (ji + 1, jo +2, js +2).
Case 3:If ji < jo = ja,then (I;, 1, 13) := (ji + 1, j» + 1, j3 +2).

In all three cases we used, again, the fact that all entries of the matrix
A are nonzero. At this point Claim3.11.12 is proved. So the first identity
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H%(Z;,)=R in Theorem3.11.3 is proved. The second identity
¢-rankg(H'(Z},)) = oo in Theorem3.11.3 follows from Lemma3.11.8 and
Claim3.11.12(a). O

Proof of Proposition 3.11.5. Let f; := (F))®,i € {0,1}, F; € H, (1) primitive. Let
B =1, oq. By Lemma3.11.8 it is enough to show that the principal ideals generated

in B ® K by each of the members of the family ( fi‘pj)(,-, 7)ef0,1}x(NUo}) are prime
and distinct. By Eq. (3.54) it is enough to show that the principal ideals

aj = (F77)®)
generated in B ®g K by the members of Family

((Firjaj)O)(i,j)e{O,I}X(NU{O}) (3.115)

are prime and distinct. By Corollary 3.6.31(e) and (f) the ideals a;; are prime and it
is enough to show that the members of Family (3.115) are pairwise R-linear inde-
pendent. Assume this is not the case. As the Z,-algebra monomorphism o o 7 fixes
no polynomial of degree > 1 and as <> is a Z,-algebra monomorphism, there exist
two indices jo, j;1 € N U {0} with j; > jy and A € K such that

Fot = a B = @700 F)T
where {iy, i1} = {0, 1}. So we have
Fy=07"0)-F)7
where j := j; — jo > 0. As Fjy and F; are primitive we get j = 0. But then F and

F) are K-linearly dependent, a contradiction. O

In order to prove Proposition3.11.6 we need the following lemma in which we
use the forms f1“! introduced in Display (3.12).

Lemma 3.11.13 The forms det(f!), det(f[z]) € Ig 0ra(—=2) are primitive and R-
linearly independent.

Proof The linear independence follows from the Serre-Tate expansion principle,
see Corollary3.6.18(b). To prove that det(f!) and det(f!*') are primitive, recall
(cf. Display (3.44)) the definition of the partial polarizations @, ..., ®, € H, (1)
of the invariant polynomial det via the identity

8
det(yoT +y1T) =Y O;(T. T)y§ "y
i=0
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and (see Corollary3.6.18(d)) the formula f?! = pf(1 4 £ Consider the poly-

nomial O := Y%  psI@(T, T"). As det(fI1) = Oy(f !, 0) = (By(T, 0))°,
det( f!1) is primitive. On the other hand we have:

s
det(f) = det(pf ™ + £y = 30U, fH)pe = (©)°,
i=0

So we are left to check that ®?! is primitive. But the coefficient of the monomial
Tyt -+ Ty 1o 1T}, in ©;(T, Ty is 1if i = Land 0if i € {0,2,..., g}. So O ¢
R[T’] which ends our proof. O
Proof of Proposition 3.11.6. For ¢, := det(f1)!***, ¢, := det(f2)!*% we have

R C H(Zs., (01, 92)) = L 01 N g 02y € Tgooratgn) N Lg.ord. )

C Tg ord, det( 1) N Lg ord, @et(r2)) C Lg ord, (det( sy N Lo ord, et 21y = R,

where the last equality follows from Proposition3.11.5 and Lemma3.11.13. O



Chapter 4 ®)
Background and Required Results Sheshse

in GIT

We recall that this chapter is completely self-contained and contains results in geo-
metric invariant theory (GIT). The results are often used and cited in the prior chap-
ters, this chapter being a prerequisite for them. In fact, the four chapters form a
continuous and integrated sequence, with the first three chapters being a main moti-
vation for the last one while the last one is an indispensable and powerful tool for
the first three ones. As such, a few references to prior chapters are also made in what
follows as comments or remarks.

The aim of the chapter is to study the structure of algebras of invariants of the
group SL, acting on tuples of quadratic forms and on tuples of endomorphisms
in arbitrary (mixed) characteristics. Though this theory has classical roots, unless
explicitly stated, all results in this chapter are new.

We start, in Sect. 4.1, by giving formulas (see Sect.4.1.1) for the (Krull) dimen-
sions of algebras of invariants of SL, acting on tuples of quadratic forms (see The-
orem4.1.1) and on tuples of endomorphisms (see Theorem4.1.2); these formulas
may be classical but we could not find a reference for them. We continue by giving
an estimate (see Theorem4.1.4) for the dimensions of the images of certain basic
homomorphisms between the two types of algebras of invariants; this estimate plays
a key role in our applications to Chaps.2 and 3. The basic tool in the proofs of
the above three theorems carried on respectively in Sects.4.1.3-4.1.5 is a study of
Hilbert-Mumford stability in the corresponding contexts (see Sect.4.1.2).

Section4.2 offers a detailed study of the invariants of SL, acting on tuples of
quadratic forms for arbitrary g. In particular we introduce some special ‘® and Y
invariants’ (see Sect.4.2.6) and we compare the algebras of all invariants with the
algebras generated by the ® invariants (see, for instance, Theorems4.2.8 and 4.2.13
and Corollary 4.2.23). We deduce information on the Hilbert series of the algebras of
invariants (see Corollaries4.2.14 and 4.2.15), the smallest number of homogeneous
generators (see Proposition4.2.10(a)), and transcendence bases (see Theorem4.2.17
and Corollary 4.2.19(b)).
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Section4.3 gives finer results in the case g = 2 on Hilbert series (see Proposi-
tion4.3.4 and Corollary 4.3.8), the smallest number of homogeneous generators (see
Proposition4.3.3), and relations (see Corollary 4.3.6).

In Sect. 4.4 we prove a general result about the o-finite generation of algebras of
invariants for arbitrary reductive groups.

Throughout this chapter we adopt some general notation as follows.

Let B> be the group of units of a unital commutative ring B.

Let K be an arbitrary algebraically closed field. Let p := char(K); soeither p = 0
or p > 0 is a prime number. Product of schemes over Spec(K) are denoted by x.
All semisimple groups over Spec(K) are assumed connected.

For a finite dimensional vector space V over K, let

V := Spec(Sym(V¥)),

where O(V) := Sym(V*) is the symmetric algebra of the dual V* of V. Thus, for a
K-algebra B we have V(B) = B ®x V, and in particular V(K) = V.

Let r € NU {0}. Let V"*! be the direct sum of 4+ 1-copies of V.

Let g € N. Let GL, := GL, x be the reductive group over Spec(K) of g x g
invertible matrices. Let SL, := SL, x be the semisimple group over Spec(K) which
is the kernel of the determinant homomorphism det : GL, — G,, k. Let SO, be the
closed subgroup scheme of SL, of orthogonal matrices of determinant 1. If p = 2,
then SO, is smooth if and only if g = 1. If p # 2, then SO; is trivial, SO, ~ G,, k,
and SO, is semisimple for g > 3. Let GT, be the standard maximal torus of GL, of
invertible diagonal matrices. Thus T, := GT, N SL, is the standard maximal torus
of SL,. Let 1, be the identity element of GL, (K) and of its subgroups.

Let G be a reductive group over Spec(K). Let G° be the connected
component of its identity element and let Z(G) be its center. Each G-module V
is a finite dimensional left G-module given by a representation py : G — GLy.
Thus V* is also a G-module given by the (composite homomorphism) represen-
tation py- : G LA QAN GLy ~ GLy-, where G — G is the involutory inverse
antiisomorphism and GLy ~ GLy- is the canonical antiisomorphism. For a triple
(h,v,w) € G(K) x V x V*, we have (h - w)(v) = wh™"'-v) e K.

4.1 Stable Points and Dimensions of Quotients

Let Mat, be the K-vector space of g x g matrices with entries in K, and let
V, :={M € Mat,|M' = M} C Mat,
be its subspace of symmetric matrices, where the upper right index t stands for

transpose. Let Z, be the subspace of V, of all diagonal matrices. For A, ..., A\, € K
let
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Diag(Ay, ..., Ag) € Z,
be such that fori € {1, ..., g} its ii entry is );. Let
L, =Kl x Z, CZ; C Va:

wehave dimg (L,) = g + 1. Werecall that M € Mat, is called alternate if M'=-—-M
and, in case p = 2, all its diagonal entries are 0. As such, if p =2, Q € V, is called
nonalternate if at least one of its diagonal entries is nonzero.

Let Tr : Mat, — K be the trace K-linear map.

By our convention above we have

Z, = Spec(Sym(Zy)) C V, = Spec(Sym(Vy)) C Mat, = Spec(Sym(Maty)).

In' what follows by SL,-module we mean a left SL,-module.
We view Mat, as an SL,-module via the classical congruence action

SL, x Mat, —5 Mat,

given on K-valued points by the rule: (A, M) — AMA". Then V, is an SL,-
submodule of Mat, and thus V"' and its dual (V}*')* = (V%)"*! naturally become
SL,-modules.

We also consider the classical conjugation action of SL, on Mat, (when not clear
from context, we specity which one of the two structures of Mat, as an SL,-module
is used). We view Mat, as a left SL,-module via the action

conj
SL, x Mat, — Mat,

given on K-valued points by the rule: (A, M) — AMA~'. Then Mat;+1 naturally
becomes an SL,-module isomorphic to its dual (Matz,)’“.

4.1.1 Main Results on Dimensions of Quotients

Our first goal is to prove the following formula which is likely to be classical but for
which we could not find a reference.

Theorem 4.1.1 For all integers r > 1 we have

dim(Sym((V;") %) = (r + 1) -

+1
g(g2 )_g2+1'

!'In Chaps. 1-3, Mat, is a ring scheme over Spec(Z), but in this section, Mat, is a shorter notation
for Mat, k viewed just as a vector group variety over Spec(KK).
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We prove the following formula which, also, is likely to be classical.

Theorem 4.1.2 For all integers r > 1, for the conjugation action we have
dim(Sym((Mat, ")) = r - g% + 1.
Let n € N. We consider now the morphism
m, : Vi — Mat} (4.1)
given on K-valued points by the map

=, (K) - Vitt — Maty, 7,(Qo, ..., Qn) = (Q00F, 0105, ..., 0n10}),
“4.2)

where we recall that M* € Mat, denotes the adjugate of M € Mat,; we have
M*M = MM* = det(M)1,. The morphism of Display (4.2) is SL,-equivariant
(with SL, acting on V, by congruence and on Mat, by conjugation) and hence
induces a K-algebra homomorphism

Sym((Mat})*)% — Sym((Vy*)*)St

—_—— —
whose image we denote by Sym((Matg)*)SLg.

Remark 4.1.3 With g a prime, let K be the field of fractions of the ring of g-typical
Witt vectors with coefficients in an algebraic closure of ;. In Chaps.2 and 3, the
analogs of K-algebras
—_— —
Sym((Mat})*)% and Sym((Mat})*)S"
for p = 0, in which the field K is replaced by the field K, were denoted by

n T
Hg,conj,l( and Hg,conj,K
(respectively, and the prime g was also denoted differently, by p)
We prove the following formula used in Theorem 3.7.1.

Theorem 4.1.4 For all integers n > 2 we have

,\,
1
dim(Sym((Matg)*)*) = (n — 1)% +g
For the proofs of Theorems4.1.1, 4.1.2 and 4.1.4 we need to first recall from
[MFK] some basic facts of geometric invariant theory.
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4.1.2 Stable Points

Throughout this subsection we fix a G-module V. We recall that a point
v € V = V(K)iscalled stable ifits G-orbit G - v is closed and its stabilizer Stabg (v)
is finite (see [MFK], App. to Ch.I, Sect. B, Def.). Recall that the K-algebra of invari-
ant homogeneous polynomials O(V)¢ is finitely generated (see [MFK], App. to
Ch.1, Sect. A, Thm. A.1.0) and normal; if in addition G is semisimple, O(V )G is a
unique factorization domain.

Let V/G := Spec(O(V)©) and let

w:V—>V/G

be the morphism of affine K-schemes which is the spectrum of the injective K-algebra
homomorphism that is the inclusion O(V)® C O(V).2

If p =0, then w is submersive and a universal categorical quotient by [MFK],
Ch.1, Sect.2, Thm.1.1. If p > 0, then w is submersive and (only) a uniform cat-
egorical quotient by [MFK], App. to Ch.I, Sect.C, Thm.A.1.1. In what follows,
whenever for a statement independent on p two references to [MFK] are required,
one for p = 0 and one for p > 0, they are both quoted but without mentioning that
the first one is for p = 0 and the second one is for p > 0.

Let V* C V be the set of stable points. Then V* is the set of K-valued points
of a G-invariant and open (possibly empty) subscheme V* of V which is also K*-
invariant (see [MFK], App. to Ch.I, Sect. B, Def.). If X is a locally closed subscheme
of V,1et X® :=X NV,

Lemma 4.1.5 The following properties hold.

(a) For each v € V* = V*(K), the reduced fiber (co™ (w(v)))req is G - v and is a
closed subscheme of V of dimension dim(G) — dim(Stabg (v)) = dim(G).

(b) The image w(V®) is an open subvariety of V/G.

Proof Clearly, dim(G) — dim(Stabg (v)) = dim(G) and (™! (@ (v)))eq is closed
in V. As o is a categorical quotient, we have G - v C @~ ! (z(v)). Thus to prove part
(a) it suffices to show that the assumption that (™! (@ (v)))ea\G - v has a K-valued
point v’ leads to a contradiction.

The Zariski closure G-v' of G-v in V is contained in
(@ H@w@)))iea. If G-V NG -v # @, then dim(G - v') > dim(G - v) = dim(G),
a contradiction. So G - v N G - v = @. From this and [MFK], Ch.1, Sect.2, Cor. 1.2
and App. to Ch.I, Sect.C, Cor. A.1.3 we get that there exists a global function on
V/G whichis0on G-v =G -vandis 1 on G - v'. This contradicts the fact that
G -v' UG -vmaps to w(v) € (V/G)(K). So part (a) holds.

From the first part we get that ! (zw(V*)) = V*. So @~ ! (w(V*)) is open in V.
As w is submersive, we get that @ (V®) is openin V/G. ]

2 In the literature one also uses the notation V//G in place of V/G; for simplicity we stick here to
the notation V/G.
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For uniform or universal geometric quotients we refer to [MFK], Ch. 0, Defs. 0.6
and 07.

Lemma 4.1.6 Let W be a nonempty open subvariety of @w(V®). Then the following
properties hold.

(a) The morphism w™" (W) — W induced by w is a uniform geometric quotient.
(b) We have dim(V/G) = dimg (V) — dim(G).

() If p = 0, then the morphism w~" (W) — W is a universal geometric quotient.

Proof For parts (a) and (c) we can assume that W is affine and this case is a particular
case of [MFK], Ch.1, Sect.2, Amplific. 1.3 as the geometric fibers of ! (W) — W
are closed (see Lemma4.1.5); see also [MFK], Ch.I, Prop. 1.9 or Thm. 1.10 for the
‘uniform’ part.

Part (b) follows from the dimension formula for the generic fibers of the dominant
morphism w1 (W) — W (see [E], Part II, Cor. 14.6), these fibers having dimension
dim(G) by Lemma4.1.5(a). U

Definition 4.1.7 A G-invariant homogeneous polynomial F € O(V) is called a G-
separating polynomial on V (or on V) if F # 0 and for all v € V = V(K) with
F (v) # 0 the stabilizer Stabg (v) is finite.

We have the following interpretation of stable points in terms of G-separating
polynomials on V which is a slight improvement of a particular case of [MFK],
Ch. 1, Amplific. 1.11.

Proposition 4.1.8 The following properties hold.

(a) The stable locus V* is nonempty if and only if there exists a G-separating
polynomial F on V. More precisely, for a point w € V the following two statements
are equivalent.

(a.i) We have w € V°.
(a.ii) There exist a G-separating polynomial F on V such that F (w) # 0.
(b) If F is a G-separating polynomial on V and D(F) = (V/G)\Z(F) is its

principal open of V/ G (so Z(F) is the zero locus of F in V/G), then we have an
open embedding w ' (D(F)) C V-.

(¢) With F as in part (b), the morphism @~ (D(F)) — D(F) is a uniform geo-
metric quotient.

(d) If V¥ is nonempty, then we have dim(V/G) = dimg (V) — dim(G).

(e) If p = 0 and F is as in part (b), then the morphism w™"(D(F)) — D(F) is
a universal geometric quotient.
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Proof For part (a), we first prove that (a.ii) = (a.i). Let v € @ /(D(F))(K)
and we consider v’ € V = V(K) in the Zariski closure of the orbit G - v. Then
F ') = F(v) # 0 and thus Stabg (v') is finite; therefore the orbits G - v and G - v/
have the same dimension equal to dim(G). This forces v’ € G - v, i.e., the orbit
G - v is closed and we get that v € V®. Thus w Y (D(F)) C V%, hence w € V5, ie.,
(a.ii) = (a.i).

Next we prove that (a.i) = (a.ii). If w € V?®, then the closed G-invariant subsets
G - w and V\V® of V are disjoint. From this and [MFK], Ch.I, Sect.2, Cor. 1.2 and
App. to Ch.1, Sect.C, Cor. A.1.3 we get that there exists a global function F of V/G
whichis 1 on G - w and is 0 on V\V®. Clearly F # 0. As V\V?® is K*-invariant, we
can assume that F is homogeneous. If v € V is such that F'(v) # 0, then v € V* and
thus F' is a G-separating polynomial on V with F(w) # 0, i.e., (a.i) = (a.ii).

For part (b), the inclusion ™! (D(F)) C V?* follows from part (a).

Parts (c)—(e) follow respectively from this inclusion and Lemma4.1.6(a)—(c). O

We have the following trivial functorial property which is also a particular case
of [MFK], Ch. 1, Prop. 1.18 and App. to Ch.I, end of Sect.C.

Lemma4.1.9 Let f:V — V' be a surjective morphism of G-modules. Let
F € O\V) be a G-separating polynomial on V'. Then Fo f € OV) is a G-
separating polynomial on V (equivalently, we have f~'((V')*) C V).

Lemma 4.1.10 We assume that V is a faithful G-module such that under the closed
embedding homomorphism py : G — GLy we have py(G®) C SLy. Then there
existsm € {1, ..., dimg(V)} such that (V™)* is nonempty.

Proof As the sets (V™)® do not change if G is replaced by G°, we can assume
that G = G° C SLy. Let d := dimg(V). We identify V = K%, SLy, = SL; and
V4 = Mat, as SL,-modules acted upon via left multiplications.

Let A € V¢ = Mat, be such that it has determinant 1. The orbit SL; - A is the
closed subset of Mat, formed by all matrices of determinant 1 and the stabilizers
Stabgy,, (A) and Stabg (A) are trivial. Thus the orbit G - A inside SL; - A can be
identified with the closed subgroup G of SL, and thus it is closed. So A € (v O

4.1.3 Proof of Theorem 4.1.1

To prove Theorem4.1.1 we can assume that g > 2 and we first review a few classical
facts for g > 2 (which for g = 1 are trivial).

Lemma 4.1.11 Let Qg € V, be invertible. If p = 2, we assume Qy is nonalternate.
Then for each element v € K such that v8 = det(Qq), Qo is SL,-equivalent to v1,
(i.e., Qo € SL, - v1y).
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Proof As Q is nonalternate (no matter what p is), it is congruent to a diago-
nal matrix (see [A], Thm. 6). As Q is invertible and K is algebraically closed,
we get that Qg is congruent to 1,. Thus Qg is SLc-equivalent to A1, for some
A € K such that A8 = det(Qy). We can assume v # A. As A¥ = 1%, Al and v1,
belong to the same T,-orbit but not to the same SO,-orbit and not necessarily to
the same Z(SL,)-orbit: concretely, if a := 2\)7? € K*, then a8 € {—1, 1} and for
A € {al,, Diag(—a,a,...,a)} NT,(K) we have AX A" = v1,. O

Proposition 4.1.12 Let the pair (Qq, Q1) € Vé be such that Q is invertible and

0o Y0, has g distinct eigenvalues. If p = 2 we also assume that Tr(Q, o) #0.
Then (Qo, Q1) is SLg-equivalent to a pair (Al,, D1) € L, with A € K*.

Proof We first show that the assumption that p = 2 and Q is alternate leads to a
contradiction. As the rank of an alternate matrix is even and as Q is invertible, this
assumption implies that g is even and from [A], Thm. 4 we get that Q is congruent to
a block diagonal matrix J, := Diag(7, ..., J) whose g/2 diagonal blocks are the
elementary matrix J := ((1) (1)> of type I. Thus Qy is SL,-equivalent to vJ, with
v € K* such that v¢ = det(Q) and as such we can assume that Q¢ = vJ,. For
a, b, c € Kwehave Tr(J (Z IZ

is even, decomposing Q1 = (g;;)1<i, j<g/2 into blocks ¢;; = q;i € Mat, we compute

Tr(Q,' Q1) = v Z}gfl Tr(Jgi;) = 0, contradiction.’

Thus, if p =2, then Qg is nonalternate, and from Lemma4.1.11 we get that
we can assume that Qg = A1, for some A € K*. Thus, as Qal Q0 has g distinct
eigenvalues, the same holds for Q. We write Q; = Ay Dy A5 ! where A, € GL,(K)
and D, € Z, has g distinct eigenvalues. As Q| € V,, from the identity Q] = Q; we
easily get that AtzAz commutes with D, and hence, as D, has g distinct eigenvalues,
A A, € Z, is diagonal and we write A5A, = AjA; with A} € GL,(K) NZ,. For
A= A1A2_1 € SO, (K) we compute

) ) = 2b = 0. From this, as 0 is symmetric and g

D i=AQIA'=AQ AT = AIAT Q1A = A DO A € Z,.

Thus the pair (Qo, Q1) is SL,-equivalent to A - (Qo, Q1) = (Alg, Dy). O

We recall that if
2\SL 2
B9, ..., 0, € O(Vy)" = O(V,/SLy)
are the partial polarizations of the invariant polynomial det defined by the identity

8 o
det(yoQo +y1Q1) = ) ¥5 ¥i©:(Qo, Q1), (4.3)

i=0

3As (AQoAYTAQ A = (AH™! Qal Q1 A", the trace of Qal Q1 only depends on the SL-orbit
of (Qo, Q1)-
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where yy, y; are two indeterminates, then the Cayley’s tact-invariant (see [Dol],
Sect.2.3.2, Thm.2.3.12) is

J :=Disc,(Op. ..., O,) € O(V})% = O(V; /SL,).

where Disc, is the discriminant of the generic binary form of degree g; so Disc, is
a homogeneous polynomial in g + 1 indeterminates with coefficients in K and of
degree 2g — 2 (by convention, for g = 1 it is the constant polynomial 1).

Proof of Theorem4.1.1. Based on Proposition4.1.8(d), to prove Theorem4.1.1, it
suffices to prove the following claim.

Claim 4.1.13 Ifr > 1, then (Vg’“)s is nonempty.

To prove this claim we can assume that » = 1 by Lemma4.1.9. If p # 2, let
Fy:=1.1f p =2, let F| := ©. Based on Proposition4.1.8(a), to end the proof it
suffices to prove that

F() = @0 . F] - J e O(VE)SL" = O(Vé/SLg)

is an SL,-separating polynomial on Vz.

To check this, let (Qg, Q1) € Vi be such that Fo(Qg, Q1) # 0,i.e.,det(Qg) 0
and J(Qop, Q1) # 0 and, in case p =2, ©1(Qy, Q1) # 0. We have to show that
Stabst, ((Qo, Q1)) is finite. If p =2, then Tr(le 01) = det(Qy) 'O,
(Qo, Q1) # 0. The pair (Qo, Q1) is SL,-equivalent to a pair (Alg, D) € L, C Vz
with A € K* (see Proposition4.1.12).

As J(Al,, D1) = J(Qo, Q1) #0and

8
det(yolg + YA~ D) = A8 Y 5 yi@i(Al, DY), (4.4)

i=0
we get that A\™! Dy has distinct eigenvalues. Thus D; has distinct diagonal entries

and hence its centralizer in SL; is T,. Therefore we have Stabso, (D1) = SO, N'T,.
As Stabgp, ((Qo, Q1)) is SL, (K)-conjugate to

Stabst, (AL, D1)) = Stabsubg, (r1,)(D1) = Stabso, (D1) = SO, N'T, = p§

we get that Stabsy, ((Qo, Q1)) is a finite group scheme over Spec(K). Hence Fy is
an SL-separating polynomial on Vé. Thus the claim and Theorem4.1.1 hold. [
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4.1.4 Proof of Theorem 4.1.2

To prove Theorem4.1.2 we need a few preparations. Let e; := (100 ---0)!,
., :=(000 ---1)" be the standard ordered basis of K$. For M € Mat, and
ge{l,...,.g—1}1let MM € Mat(g) denote the matrix of the g-th wedge power

of the endomorphism of K¢ deﬁnqed by M with respect to the standard basis
{ei, Ao Ae |l iy < -+ < iy < g} ordered lexicographically.

For D := Diag(Ai, ..., Ay), DM € Z(i) has diagonal entries )\;, -~-)\[qs with
indices 1 <i; < --- < i, < g.For My, M; € Mat, we have (MoM)"? = M, M
and we set

O, (Mo, My) := det(My ' M — M M.

We recall that SL, acts on Matz, by conjugation.

Lemma 4.1.14 For every g €{l,...,g — 1}, ®,(My, M) is a nonzero SL,-
invariant homogeneous polynomial in the entries of My, M.

Proof The only nonobvious thing is that ®, # 0. To check that ®, # 0, it suffices
to find Ag, A1 € GL4(K) such that

det(Ap? — (A1 AgATHM) £ 0.

Wetake Ag € Z, such that A7 has distinct nonzero eigenvalues and A to be the per-
mutation matrix attached to the g-cycle (1 - - - g). With these choices, (A AoAfl)A"
becomes a diagonal matrix obtained from Ag ? by permuting its diagonal entries via
a permutation without fixed points, hence Ag T (A AOAI_1 M e Z(ﬁ;’) has nonzero

entries on the diagonal and thus is invertible. To give a concrete example of such a
Ay, let N > 28 be an integer not divisible by p, let ¢ be a primitive N-th root of
unity in K, and choose

Ao :=Diag(¢*, ¢*, (¥, ... (¥ ) ez, O

Lemma4.1.15 Let q € {1,...,g — 1} and let My, M| € Mat, be such that they
have a common invariant subspace W of dimension q. Then ®,(My, M;) = 0.

Proof As each nonzero vector w, of the line A\ (W) of A\?(K$) = K is an eigen-
vector of both M, and M 1, we have

My M — M My Tw, = 0.
This implies that ®, (Mg, M) = 0. (I

Proof of Theorem4.1.2. The SL,-invariant homogeneous polynomial
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g—1
(Mo, My) := [ | ®4(Mo. My) € OMat)
g=1

is nonzero (see Lemma4.1.14). Similar to the proof of Theorem4.1.1, by Propo-
sition4.1.8(a), (b) and (d) and Lemma4.1.9, to prove Theorem4.1.2 it suffices to
prove that ® is an SL,-separating polynomial on Maté. Let (My, M,) € Matéz, with
d(My, M) # 0. We know that My and M| do not have acommon nontrivial invariant
subspace, see Lemma4.1.15. If A € Stabs, (Mo, M))(K), then each eigenspace
of A, being My-invariant and M;-invariant, must be K¢. This implies that

Stabst, (Mo, M1))(K) = Z(SL,)(K) = p, (K)

is finite. Thus & is indeed an SL,-separating polynomial on Matg,. |

4.1.5 Proof of Theorem 4.1.4

As there exists an SL,-separating polynomial on Maté, (Matg)S is a nonempty open
subscheme of Matz, by Proposition4.1.8(b). But to prove Theorem4.1.4 we need that
in fact the closed subscheme V§ and the two open subschemes GL§ and (Matéz,)S of
Matf, have a nonempty intersection.

Lemma 4.1.16 We have (GL})* N (Z, x V) # 0.

Proof 1If p = 0 let K be the algebraic closure of Q in K and let K; :=C.If p > 0
let K be the algebraic closure of I, in K and let K; be the completion of an algebraic
closure of Ky ((x)) with respect to its standard topology (here x is an indeterminate).
The lemma holds for K if and only if it holds for K, and if and only if it holds for
K. Thus we can assume that K = K is complete with respect to an absolute value.
The set of K-valued points of a variety over K has a natural topology induced from
that on K to be referred as the metric topology.

For vy, ..., v, € KX distinct let Dy := Diag(v, ..., v,) € GL,(K). Also, let
E, € Mat, be the matrix whose g entries are all 1. For A € K the condition that
AE, + Dyq is an invertible matrix with g distinct eigenvalues is expressed by A not
being a zero of a polynomial x(x) € K[x]. As x(0) # 0, there exists a € K* such
that x(a) # 0. This implies that the matrix Q; := E, + a~' Dy is invertible and has
g distinct eigenvalues.

Let 0 be the closure in Mat§ of the SL,-orbit o of (Dy, Q). We note that

(Dy, 01) € GL?(K) N (Zg x V). As Stabgr, (Dy) = T, we compute
Stabsr, ((Do, Q1)) = Stabr, (Q1) = Stabr, (E;) = Z(SL,) >~ pg k.

Thus (Dg, Q1) € (Matﬁ)S if and only if 0 = 0. Hence to prove the lemma it suffices
to check that © = 0. Let (Qo, Q) € 0(K). We check that there exists A € SL,(K)
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such that (ADyA™!, AQ1A™") = (Qo, Q). The characteristic polynomials of Qy
and Dy are the same and hence Q) is similar to Dy. Thus to prove the existence of
A we can assume that Qy = D,.

Let (A,)q>1 beasequence in SL, (K) such that (A, DoA, ', A, Q1A;") converges
in the metric topology to (Dy, Q). Its existence can be checked by considering an
irreducible closed affine curve C C o that passes through (Do, Q) and such that
the intersection C N (0\0) is finite and using the fact that the complement of finitely
many points in C (K), where C is the normalization of C , is dense in C (K) in the
metric topology.

If UZ,“ (resp. Uy ) is the unipotent subgroup of SL,, of upper (resp. lower) triangular
matrices with all diagonal entries 1, then the product morphism

U;xU;ng—>SLg

is an open embedding (by the standard Bruhat decomposition, see [Bore], Ch.IV,
Sect. 14, Sect. 14.12, Thm. (a)) and thus we can identify U, x U; with an open
subscheme of the quotient scheme Q, := SL,/T,. As A,DoA, 1 converges to Dy,
A, T, € Qu(K) converges to T, € Q,(K). Thus there exists N € N such that for
eachn > N there exists X, € (Ug X U;)(K) C SL, (K) with the properties that we
have A, T, = X, T, and the sequence (X,),>y converges to 1,.

For n > N, let D, := £, 'A,; we have D, € T,(K). As (£,D,DoD;/'Z !,
E,,D,,Qan’lZn’l)nzN converges to (Dy, Q) and both (X%,),>y and (E;l)nzN
converge to 1, the sequence (D, DD, I D, 01D, 1)n2 v is equal to the sequence
(Do, D, Q1D; 1) ,>n and converges to (Dy, Q).

As Z(GL,) centralizes Q;, by translating the D,s by invertible scalar matri-
ces and by not requiring any more that they are in T,(K), we can assume
they are in GT,(K) and their 11 entries are 1. Thus for n > N there exists
D, = Diag(1, A2, ..., Agn) € GT,(K) such that (DanDn’l)nzN converges to
Q). For an integer 1 <i <g, the il entry of D,Q;D,' is X, and thus
(Ain)nsn converges to the il entry A; of Q). Similarly, ()\lf ,i)nzN converges to
the 1i entry of Q). The last two sentences imply that \; # 0. We conclude that

the sequence (D,),>y converges to the matrix D = (1, Az, ..., Ag) € GT,(K)
and therefore DQ ;D™ = Q. Defining A :=/det(D~")D € T,(K), we have
(ADoA™', AQ A™Y) = (Dy, Qf). This implies that 0 = o. O

For the next two lemmas we recall the morphism 7, in Diagram (4.1).

Lemma 4.1.17 We assume that n > 2. Then there exist invertible symmetric matri-
ces
Qo, ..., On € Vg such that we have 7,(Qo, ..., O,) € (GLZ)X(K).

Proof By Lemma4.1.16 we can find invertible symmetric matrices
Qo, Q) € V, such that (Qo, Q) € (Matg,)s. Let Q;:=1,. Write Q) = 03,
so @, € V,. By Proposition4.1.8(a) there exists an SL,-separating homogeneous
polynomial F on Maté such that F(Qq, 0}) = F(Q0Q7, 0103) # 0. The function
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Matg — K defined by (My, ..., M,_) — F(M,, M;) is a separating polynomial

(see Lemma4.1.9) and does not vanish at a point of the form 7, (Qg, Q1, Q2, ..., Q)
with Q3,..., Q, € V,. Hence the latter points are stable by Proposition4.1.8(a)
and thus belong to (GLZ)S(K) provided Qs, ..., Q, are also invertible. O

Lemma 4.1.18 We assume that n > 2. There exists a Zariski dense open subscheme
We.n ofGLg+1 N Vz“ such that for each point (Qo, ..., Q,) in W, ,(K) the fiber
7r;1(7r,,(Q1, <oy On+1)) has dimension 1.

Proof Let (Qy, ..., Qn)eV’”rl and ) e K*. Let A\, Aot ... )\OGKX be

defined recursively by A, := A and \; := >‘: g forie{n—1,n— ., 0}. Then
we have

Wn(QOv cee Qn) = 7Tn()‘()QOv ) >\nQn);
hence 7r;1(7rn(Q0, ..., On) has dimension > 1 if (Qy, ..., Q) is not the zero
vector of Vg“ and it is easy to see that the same holds even if (Qo, ..., Q,) is the

zero vector of Vg“.
‘We claim that there exists

(Qo. .-, Qu) € GLYT(®) N V™!

such that ', (Qo., ..., Qn)) has dimension < 1 and thus has dimension 1; as the
dimension of fibers of 7, is upper semicontinuous on the source (see [E], Part II,
Thm. 14.8), this holds for all K-valued points (Qy, ..., Q,) of a Zariski dense open
subscheme W, ,, of GLZ+1 N Vg“.

To check our claim, recall from Lemma4.1.16 that we have a non-identity
(GLZ)s OVZ # 0. Let Qg := 1, let (Qy, Q2) € (GLZ) (K) ﬂV2 and, if n > 3, let
(Qs, .. Qn) € (GL” ) (K) NnVy~ 2 Let QO, .. Qn €V, be such that

70(Q0s -+ » On) = Ta(Qos - .., On).

We have o

0i07,,=0;0;,, forall i €{0,...,n—1}. 4.5)
It follows that the matrices éo, el én_l are invertible and thus~ there exist unique
matrices Ao, ..., A, € GL,(K) such that we have identities Q¢ = QoA = Ao,

01 = QiA1, ..., Opn = QuA,. From Eq. (4.5) we get that
AiA7 =1, forall i €{0,...,n—1}. (4.6)

As éo = Ao is symmetric, by induction on i €{0,...,n} we get from
Eq.(4.6) that A; € V,. As Oy, 03 € V,, we have Q1A = (Q1A))' = A, Q; and
OrA) = (Q2A2)‘ A2 Q5. Thus A; commutes with Q; and A, commutes with
0». Hence A2 commutes with Q5 and thus so does A . Therefore A is a K-valued
point of the one dimensional subvariety Z(GL,)Stabst, ((Q1, Q2)) of GL, and thus,
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as Ag, A, ..., A, are determined by A up to a finite number of possibilities by
Eq.(4.6) and the fact that A € GL,(K) is determined by its adjugate A* up to a
scalar multiple by a (g — 1)-th root of unity in K, our claim is proved. (]

Remark 4.1.19 The morphism 7 : Vﬁ — Mat, is dominant and thus for a generic
point (Qg, Q1) € V2, ﬂ'fl (m1(Qo, Q1)) has dimension g. Even more is true, namely:
the morphism Vé — Mat, Xgspec() Al defined on K-valued points by the rule
(Qp, 01) — (Qp07, det(Qyp)) is dominant. To check this it suffices to show that for
each pair (A, A) € GL,(K) x K* with A diagonalizable there exist Qop, Q1 € V,
such that Qo Q7 = A and det(Qp) = A. We write A = AlDAl’l, where D € Z,
is invertible and det(A;) = 1. Let v := J\. Then we can write A = 000>, where
Qo :=v-AA}, Q= vl (Al_l)‘DAl_l. Clearly Q¢, Q> € V, are invertible and
det(Qo) = v® = A\. Wecan write 0, = QF, where Q| € V, (asitis ascalar multiple

of 0;1),50 QoQF = A
Proof of Theorem 4.1.4. Consider the morphisms

Tn TWn,

vi+! = Mat] —> Mat] /SL,,

the Zariski closure X, of 7, (V?rl ) in Mat”, and the Zariski closure Y,, of w0, (X,,) (or
of (w, om,)(V g“)) in Matg /SL,. By Lemma4.1.18 and the dimension formula for
the generic fibers of the dominant morphism VZ“ — X, (see [E], Part II, Cor. 14.6)

we have

dim(X,) = (n +1)g(g+l) 1.

By Lemma4.1.17, X,, N (Mat")S #@. As X, is SL,-invariant and all fibers of

Tn

(Maty)® —> (Maty)® /SL, are SL,-orbits of dimension g2 — 1, based on the same
dlmensmn formula we get that

dim(Y,) = dimX,) — (g2 — 1) = (n +1)g(g+1) = (n _1)g(g+1)

This equality implies that Theorem4.1.4 holds. (]

4.1.6 On ‘Main Theorems’

We recall the ‘first main theorem’ for the conjugation action of SL, on Mat;,+1
(conjectured by Artin, proved for p = 0 in [G], Thm. 17.4 and [P], Thm. 1.3, and
for p > 0 in [Don92, Don93]; cf. also [DCP], Thm. 1.10). For a K-algebra B and
M e Mat, (B), the characteristic polynomial

4 We have Mat, = (Vg NGLg(K)) - V, (the proof of [Bos], Thm. 1 works for all square matrices
with entries in a ring which are similar to a Jordan matrix).
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8
xm(x) i=det(x - 1, — M) = Z(—l)jcj (M)x8~/ e B[x]
j=0
satisfies co(M) = 1, c;(M) = Tr(M), and ¢, (M) = det(M). We identify
Sym((Mat,")*) = K[Xo, ..., X,],

where K[Xo, ..., X,]:=K[X;;;[l €{0,...,r}andi, j € {1,..., g}] with each
X; = (Xy,ij)1<i,j<g @ & X g matrix with indeterminates as entries. Here we view

every X, ;; as the element of (Mat;“)* that sends each (My, ..., M,) € Mat;,+1 to
the ij entry of M;.

As the identifications X; ;; = X;;;(Xo, ..., X,) make sense forall 1 <i,j <g
andalll € {0,...,r},for F € Sym((Mat;“)*) we can write

F=F(Xo,...,X;) = F(Xo,11, X0,12, - - - » X, 4¢)

and we can similarly evaluate F at elements of Matg,+1 QK Sym((Matg,“)*).
The action of A € SL,(K) on F is given by the rule

(A-F)Xo,...,X,) = F(A'XoA, ..., AT X, A).

To check this we can assume r = 0 and F = X, ,;;. We need to check that A - X ;;
is the ij entry of A~'XA. But this follows from the fact that for all M € Mat,,
(A - Xo,ij)(M) is the ij entry of the matrix A~'M A, confirm the very definition of
the duals of SL,-modules.

The “first main theorem’ is the following one.

Theorem 4.1.20 The K-algebra Sym((MatZ,“)*)SL# is generated by the following
set of homogeneous polynomials:

{c;(Xy, - Xp)ljell,...,g, NeN,Ij,...,Iy € {0,...,r}}.

If pt g\, then the K-algebra Sym((Mat;“)*)SLg is generated by the subset defined
byj=1ie,by{ci(X;---X;,)IN e N Ij,...,Iy €{0,. L

SIf p =0, one can take N € {1, ...,28 — 1} (see [P], Thm.3.4(a)). Also, there exists a ‘second
main theorem’ (see [P], Thm.4.5(a) for p = 0 and [DCP], Introd. for p > 0) which describes the
relations among these generators but it is not used in the monograph.
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Remark 4.1.21 We recall the following general result (see [MFK], App. to Ch.1,
Sect. F, Thm.) If G is semisimple and acts on X = Spec(B) with B a finitely generated
K-algebra which is a unique factorization domain, then the following two statements
are equivalent.

(1) There exists a nonempty G-invariant open subscheme Y of X such that for each
x € Y(K), the orbit of x is closed in X.

(2) There exists a nonempty G-invariant open subscheme S of X such that for each
x € S(K), the reduced stabilizer of x in G is reductive.

This result can be used to get less explicit proofs of Theorems4.1.1 and 4.1.2. Our
explicit proofs of Theorems4.1.1 and 4.1.2 helped in proving Theorems 2.4.21 and
4.1.4 and are repeatedly used in what follows.

4.2 General Results on Quadratics for Arbitrary g > 1

We return to the geometric invariant theory of quadratic forms.

4.2.1 The SLg-Module V,

Let ¢, € {0,1} be the remainder of the division of g by 2. As we have
Ker(SL, — GLVg) ~ p,;IKEg, we use ng, where

1
WQ = EZEQ and Wl = Zz().

Let 7, : SL, >~ SL, be the involutory automorphism which on K-valued points
is given by the rule: A — (AH~ L If g = 3, then 7, is the ‘standard’ outer auto-
morphism of SL,. For a finite dimensional SL,-module V given by a representation
pv : SLg — GLy, let 7; (V) be the SL,-module given by the representation py o 7,;
thus we have T;(V) = V as K-vector spaces. If g = 2, then 7 is an inner automor-
phism of SL; and therefore 7 (V) and V are isomorphic SL,-modules.

We consider the standard g-dimensional SL,-module W, := K¢, where the action
SL, x W, — W, is given on K-valued points by the rule: (A, v) — A - v.

If p >0, we recall that W is the SL,-module given on K-valued points
by the rule: (A, v) > AP v where AlP! € SL,(K) is the matrix obtained from
A e SL,(K) by replacing each entry by its p-th power.

Let {e], ..., eg} be the standard basis of W;: it is the dual of the standard
basis {ey, ..., eg} of W,. Using the Kronecker delta, for i, j € {1, ..., g} we have
ej? (e;) = d;;. The standard basis of the K-vector space

Mat, = Homg(W,, W,) = W, ®k WZ
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is {e; ®ej.|1 <i,j<g}lFormef{l,..., g} wehave (¢ ®ej-)(em) =d;ne;. The
standard basis of V, is

{e: ®@e€f|l <i fg}U{ei®e;f+ej®ef|l <i<j<gh
Forg >2andi, j € {l,..., g} distinct let
A;j € SO, (K) (4.7)

be such that it maps (e;, e;) to (e, —e;) and fixes each ¢; withi” € {1, ..., gl\{i, j}.
pr = 2, we have Ai,j = Aj’,'.

The classification of finite dimensional simple modules over a simply connected
semisimple group G over K in terms of weights associated to a maximal torus 7 of
G (see [Ja], Part II, Chs. 2 and 5) implies the following property.

() If V and V' are two finite dimensional G-modules which are isomorphic as T-
modules, then they are isomorphic as G-modules provided either both are semisimple
G-modules or one is a simple G-module.

Ifp=2,1let Vgh be the K-vector subspace of V, of alternating symmetric matrices
and let VgDiag =V, /Vz,h; we have

. —1
dimy (Vi = 88— (s 5 )

and dimg (V)™) = g.

The K-vector subspace A, C Mat, of upper triangular matrices is a direct supple-
ment of V;lt in Mat, and we have a canonical K-linear isomorphism

Ay — Mat, / V"

The K-linear map Mat, — V, defined by the rule M +— M + M"is surjective if
and only if p # 2:if p =2, the image is V4",

We now study the short exact sequence 0 — V, — Mat, — Mat,/V, — 0 of
SL,-modules under the congruence action.

Lemma 4.2.1 If p = 2, then the following properties hold.

(a) We have a short exact sequence of SL,-modules
0— Vgl’—> Ve —> Vlg)i"g — 0.
(b) The SL,-module Vg a8 js simple and isomorphic to W(gz).

(c) The SL,-module V;” is simple (if g =2, then V¥ = KJ =K (? (1)> is a

trivial simple SL,-module).
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(d) The short exact sequence of part (a) does not split.
(€) The SL,-modules Vgl’, /\Z(Wg) and Mat, |V, are isomorphic.
(f) The SLg-module V,, is not isomorphic to either V; or T;(Vz).

(g) The SLg-modules V, and Symz(Wg) are not isomorphic.
(h) The only SL,-submodules of Mat, are 0, Vgl’, V, and Mat,.
(i) The SLy-modules Mat, and 7, (Mat,) are isomorphic.

(j) The SLg-modules Mat,/ Vgl’ and T, (V;) are isomorphic.

Proof Part (a) holds as from [A], Thm. 1 we get that V;“ is an SL4-submodule of
V,.
gPart (b) follows from (#f) applied to G = SL, as we have a natural identification
V?iag = W?) of T,-modules.

To prove parts (c) and (d), we first remark that the SL,-submodule Vg” of Mat,
generated by anonzero M € Mat, is the K-span of the congruence class of M. As the
congruence relation on V;‘t\{O} has precisely L%J congruence classes given by the
(even) rank (see [A], Thm.4), it is easy to see that for Q € Vgalt we have V? = VZ,“.
From this part (c) follows. If O € V, is nonalternate, then VgQ NZ, # 0 (see [A],
Thm. 6) and using this we easily get that Z, C VgQ and thus (again based on loc. cit.)
V,\V3" € V2. This implies that VZ = V, and that (d) holds.

Part (e) follows from () as the T,-modules VZ,“, /\Z(Wg) and Mat,/V, are iso-
morphic. Part (f) follows from parts (a) to (d) and their duals.

As we have an SL,-invariant epimorphism Sym? (Wy) — /\Z(Wg), part (g) fol-

lows from parts (d) and (e).
Based on parts (a) to (d) (or on the proof of parts (c) and (d)), to prove part

(h) it suffices to show that if M € Mat,\V,, then Vé” = Mat,. Based on parts (c)

and (e), we have an SL,-invariant epimorphism Vi,” — Mat, /V,. Thus we can

assume that M € V, + Ke; ® e5. Writing V, +Ke; ® €5 as a direct sum of
T,-modules on which T, acts via one character, we can assume that in fact
M =ve, ® e} + (e; ® e3) with v € K\{1}. As

(lg+ex®eHM(lg+er®e)' = (M+er®e3)(Ig+e1 ®e5) =M+ (1 +1v)(e2 @ €3)

isin Vi,”, we getthat (1 +v)(ex ® €3) € VgM N (Z,\{0}) and from the proof of parts
(c) and (d) we get that Vg,” contains V,. From this, as Vfg” surjects onto Mat, /V,, we

conclude that Vlg” = Mat,. Thus part (h) holds.
Part (i) follows from the fact that the nondegenerate trace bilinear map

Mat, x T;(Matg) —- K
is SL,-invariant, i.e., for A € SL,(K) and M, M, € Mat,, we have

Tr(AMAYAY ' MaA™Y) = TH(AM My A~ = Tr(My M,).
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The dual Mat; — V; of the SL-invariant monomorphism V, — Mat, induces
an SL,-invariant epimorphism T; (MatZ,) — T;(Vg*) which, based on part (i), can
be viewed as an SL,-invariant epimorphism Mat, — 7, (V). Thus, based on part
(h) and reasons of dimensions, we get that T;(Vg*) is isomorphic to the quotient

Mat, /Vglt of Mat,. Thus part (j) holds. O

Lemma 4.2.2 If p # 2, then the following properties hold.

(a) The SLg-modules V, and Symz(Wg) (resp. VZ and Symz(W:,) ) are simple and
isomorphic.

(b) The SL,-modules V, and T;(V;) (or 7; (V) and V;‘, ) are isomorphic.

Proof We only prove part (a) for V, and Symz(Wg) as the proof for Vi and
Sym? (W3) is the same. The T;-modules V, and Sym?(W,) are isomorphic under
the natural K-linear map that maps ¢; ® ¢} + ¢; ® ¢/ to the image of the element
e ®e; € Wy ®x W, into Symz(Wg) forall 1 <i < j < g. The proof of Lemma
4.2.1 (c) and (d) can be easily adapted to give that V, is a simple SL,-module. From
the last two sentences and (ff) we get that the SL,-modules V, and Sym2 (W) are
isomorphic. Thus part (a) holds.

Part (b) follows from part (a) as the two SL,-modules W, and Tg* (W;) are iso-
morphic.

4.2.2 Rings and Vector Spaces of Invariants: The K Case

With arbitrary characteristic p > 0, we begin by giving an explicit description of the
SL, (K)-action on the K-algebra Sym((Vg,H)*). LetT;; € VZ be defined by letting
T;;(Q) be the ij entry of Q € V,. Hence the set {T;;|1 <i < j < g} is a basis of
V. We write

Sym((Vi™y") =K[T,.... T :==K[T;;,.... ;"1 <i < j < gl.

where T =T = (T;))i<ij<g = (T,»;O))lgi,jfg’ s T = (Ti;r))lfi,jﬁg are
symmetric matrices of indeterminates of size g x g and for every [ € {0, ..., r},
the set {T,"|1 <i < j < g} is {T;;|1 <i < j < g} but viewed as a K-basis of
the [-th factor V; of (Vrg“)*. As the identifications Tl.;l) = Ti;.l)(T,...,T(”)
make sense for all 1 <i < j <g and all [ € {0, ..., r}, for every polynomial
F eK[Ty.....T|1 <i < j < g] we can write

F=F(T,....,T?) = F(T, T, ... TS)

as well as we can similarly evaluate F at elements of V, ®x Sym((V;’”)*).
Recall the SLg-action on V, given by the rule (A, Q) — AQA', with
A € SL,(K) and Q € V,. We claim that we have an identity
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(A-F)T,....,T)=FA'TA™, ..., (AT'TOAHY.

To check this we can assume r = 0 and F' = T;; and we need to prove that A - T;;
is the ij entry of the symmetric matrix A~!'T (A~!)'. But this follows from the fact
that for all Q € V,, (A - T;;)(Q) is the ij entry of the matrix A~'Q(A™")", by the
very definition of the duals of SL,-modules.

For/ € {0, ..., r} we have the matrix identity
(AT cicjeg = ATV (AT (4.8)
Recalling the notation in Display (4.7), for g > 2 and i, j € {1, ..., g} distinct we
have

Ajj - T-;l) =-T1

ij Al] : T(l) = Tj(jl) and Alj . TJ(JZ) = T(Z) (49)

ii ii

Forg >3,i,j €{l,...,g}distinct,and i’, j' € {1, ..., g}\{i, j} we have

O] 0]
Aij . T;"j/ == T;-/jr. (410)
Forg >3 andi, j,i’ € {1,..., g} distinct we have
Ay T =19 and Ay-TY =T, @

Equations (4.9)—(4.11) can be all read out from the following matrix identity

0-10 T Ty, T13 010 Tn —Tp _T23
100 Tio Try Ty —100]) = =T Ty T3
001 T13 T23 T33 001 _T23 T13 T33

Sym((V5™)*) = @yez.,Sym((V5)");

as a Zso-graded K-algebra by declaring each Tij‘l) withO </ <randl <i <j<g
to be homogeneous of degree 1. For a nonzero polynomial i € Sym((V;“)*)s
we speak about its T-degree s. If for each [ € {0, ..., r}, h has partial homoge-
neous degree s; in the upper index ), then we also say that & has partial T-degree
(50, .., 5); wehave s = Y )_, ;.

We consider the K-monomorphisms (inclusions)

Sym((Vy)*) C Sym((V3)*) C -+ C Sym((Vp)*) C Sym((V;™)*) C -+ ;

they correspond to natural projections - - - — V;“ —->V,—> = V; — Vi, on
first coordinates and induce Z(-graded K-monomorphisms (inclusions)

Sym((V})*)S € Sym((V)")% C -+ C Sym((Vp)"H)S C -+ . (4.12)
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As SL, is semisimple, the rings in Display (4.12) are unique factorization domains
with K* as their groups of units.
Fors € W, let

r T sy SLg
H, ()% := Sym((ViH) ")y,

Thus we get a W, -graded K-algebra

gtol]K = @ Hr(S)K

seW,,

contained in Sym((V;")*) and a Zxo-graded K-algebra

H, = D Hy ()

s€Z=0

contained in either H .,  or Sym((ngrl )").
If g is even, we consider the H, ,-module

Hy = @ Hyox= P Hox.

s€Wo\Zso s€X+7Zs0

Lemma 4.2.3 The following properties hold.
(a) If g is odd, then we have Hl, , = H, . = Sym((V;+')*)Ste.

(b) We assume that g is even. Then we have H, ,, = Sym((VZ,"'l)*)SLx and the
square of each homogeneous polynomial of H', w10 belongs to H’ 1 and hence the
K-monomorphism (inclusion) H; x— H e tor I IS integral. Moreover H’ x isnormal
and exactly one of the following possibilities holds:

(b.i) either H % =0, i.e., we have an identity Hg g = H,

(b.ii) or H” % # 0 and then [Frac(H",
homogeneous prime element

g,tot, K’

voni) | Frac(Tly )1 =2 and there exists a

bg,r,()dd € H;J]I_(
of the smallest T -degree such that we have three identities
Frac(H;’mK) = ch(H;,K) &) Frac(H;_’K)f)g,r,,,dd
= Frac(]I-]IZ,,]K)[x]/[)c2 - h;,r,odd]’

L
Frac(Hy ,,, %) ®mr, H;,K = Frac(Hy 1) Y.r,0dd>
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hence the finite field extension Frac(H’ ®) — Frac(I,
ifp#2

© If Hg wor.k 18 Cohen-Macaulay, then H;’K is also Cohen—Macaulay and
H, 0 x 18 in fact Gorenstein.

@) If p =0, then H,, ,,  is Cohen-Macaulay.

g,tot, ]K) is separable if and only

Proof 1f there exists a nonzero polynomial i € Sym((V’H) )5 Ls , then for a K-
algebra B, an element A € p(B) = Z(SL,)(B) acts on & as the mult1phcat10n by
A% =1 and thus g divides 2s. From this the part (a) and the first two parts of (b)
follow.

As SL, is semisimple, from [HR], Cor. 1.9 (see [Mur], Thm. for the Gorenstein
conclusion) we get that part (d) holds and part (c) holds for H; Thus parts (b)
and (c) hold if ]HI’ K= Hg ot K-

To end the proof it suffices to show that if H, CK 7 Hg ek (80 g is even), then

[Frac(Hg ot, K) Frac(H’g’K)] = 2, there exists f)g,,,odd € Hg’K such that (b.ii) holds,
H” 2K is normal, and, if Hg 1ot K is Cohen—Macaulay, so is ]HI’

Jtot, K~

Let bg rodd € H x be a nonzero homogeneous element of the smallest (posi-
tive) T-degree. As all prime divisors of b ,0dq in the unique factorization domain
H, o, x are homogeneous of positive T-degree, from the smallest 7-degree property
of b, r.0dd» We get that b, , o4q 18 @ prime element of HT, ot K

As HY,  x 1s an integral domain, 1 and by y0da generate an H  -submodule of

H, o x Which is free of rank 2. If the K-algebra HY, i is generated by homoge-

neous elements hy, ..., h, € Hg,K and b, 0dd, h1 e hfn-i € H;L, then the K-

algebra ]H[; x 1s generated by hy, ..., h, and by products of two elements in the
L

set {bg.r.odd iy s - - .. h-. }, and moreover by oaa, AT, ..., b € I} are homoge-

1
neous generators of the Hl, ,-module Hg,’ k- Thus, as

2 1 1
hg,r,odd’ hg,r,oddhl EII) hg,r,oddhmi € H;j(’
the three identities of part (b) follow from the identities

Frac(Hl, , ) = Frac(H, 1) (b r.odd, hi,....hh)

= FraC(Hr K)(bg r, odd)
4.13)

= Frac(]le,yK)[JC]/()C2 - hz,r,odd)

= Frac(HgyK) b Frac(H;’K)bg,,odd.

As H” LK = =H ek ® H" ¢ K is normal (being a unique factorization domain) and

as each nonzero element of H’ k belongs to Frac(]HIg ) bg rodds ]ng’]K equals to its
normalization in H”, 2.0t K and hence is normal.
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We use standard equivalent definitions of the notion Cohen—Macaulay ring for
finitely generated Z(-graded algebras over fields (see [Cho], Thm. 1). As HZ,tO[!K is
Cohen—Macaulay of dimension (» + 1)@ — g2 + 1 (see (a) and Theorem4.1.1),
there exists a homogeneous system of parameters Ay, ...,k () 2y which is

a regular sequence of H’

g, tot, K*
Part (b) implies that 3, . . ., th e g2y is a homogeneous system of param-
eters which is a regular sequence of H;?K, hence H,  is Cohen-Macaulay. (]

4.2.3 Rings and Vector Spaces of Invariants: The General
Case

To list more applications needed in Chaps. 2 and 3, let

Hr,Z — H"

g.tot g.tot,

cN@IT,....T?)) and H" :=H, N (Z[T,....T").

Z Z
For s € W, let Hy'o(s) :=Hy  (s)c NHY g

7 R r rZ __ 1,7
Hg (s) := Hg(s)(g N Hg =H

g.tot

Also, for s € Zsy we define
(s). We have direct sum decompositions

H = @pez. H (5) C Hyor = Bsew,, Hy ().

g.tot — g, tot

For an arbitrary Z-algebra B we set

rZ 2 r,Z L rZ ._ 2
Hg,tot,B = Hg,tot ®7 B, Hg,tot(s)B = Hg,tot(s) Q7 B, Hg,B = Hg ®z7 B and

Hy % (s)p := Hy%(s) ®7, B.
We get direct sum decompositions
7 7 Z Z
H;,B = EBSGZon; (s)p C H;,tot,B = @Séwsg H;.tot(S)B'

From [Se], Thm. 2 we get that the Z-algebra H;’%m is finitely generated and arguments
similar to the ones of the proof of Lemma4.2.3(a) and (b) show that the same holds

for HgZ. Thus the B-algebras H;’fm’ g and HZ,’% are finitely presented.

Moreover, if B is a field of characteristic 0, then the B-algebras H;’fm p and ]HI;?B
are Cohen—Macaulay unique factorization domains and hence Gorenstein (see [HR],
Cor. 1.9) and their groups of units are B*.

If p = 0, then we have canonical identifications

Hy ok = Hy b ¢ and Hy =H% (4.14)

g, tot,
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compatible with the gradings but for p > 0 we only have canonical inclusions (K-
algebra monomorphisms compatible with the gradings)

Mo x CH, o x and H% C H . (4.15)

g,tot, g, tot,

Based on the last two paragraphs, we can set

g+,

D(g,r):=@F+1) 5 g +1,

D,(g,rs) = dimK(Hg(s)K) for s € ng,
D(g,r,s) := Dy(g,r,s) fors € W,.

For instance, D(1,r) =r + 1, Hj  is a polynomial K-algebra in r + 1 indetermi-
nates of degree 1 and therefore D,(1,r,s) = (r?‘v) for all s € Z>(. Similarly, for
g > 2 we have HgK = K. From the inclusions of Display (4.15) we get that

Dy(g,r,s) = D(g,r,5).
Once an identity D,(g,r, s) = D(g, r, s) is proved, afterwards we use the simpler
notation D(g, r, s) instead of D,(g, 1, s).

From Theorem4.1.1 and Lemma4.2.3(a) and (b) we get directly the following
consequence.

Corollary 4.2.4 For all integers r > 1 we have

dim (I, ,, ) = dim(H ) = D(g, 7).

4.2.4 The Case s =

(SIS

To compute the numbers D, (g, r, s) in the case s = %

all T,-invariants of Sym((V;“)*) =K[T,...,T"V].

we recall the computation of

Remark 4.2.5 The torus T, leaves invariant the K-span of each monomial

o= 1_[ lL[(Ti;l))"""‘

l=i<j=g =0
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in the Tiy)s, where each n;;; e NU {0}. Form € {1, ..., g}, let

Index,, (1) = Z Zni.j,l((smi + ).

I<i<j<g =0
‘We have .
Z Index,, (1) = 2deg(w). (4.16)

m=1

For A € K*\{1}, the matrix A := A’lDiag(l, o LAS T 1) e T, (K) with
A¢~! as the mm entry, maps i to A$™ndexn () =2deg() ;, Thus, as T, (K) is generated by
such As, the monomial p is T,-invariant if and only if Index,, (1) is independent on
m € {1, ..., g}, in which case it is denoted simply as Index(u) and from Eq. (4.16)
we get that

2deg(u) = glndex(u);

thus, if g is even, we have deg(u) = £ if and only if Index(p) = 1.
Proposition 4.2.6 If g is even, then we have D,(g, 1, %) =0.

Proof 1f g =2, we have Hg(%)K C GBLOKTI%) (see Remark4.2.5) and Tl(é) is not
an SL,-invariant (for p = 2, see Lemma4.2.1(a)—(d) in the dual context or see
Lemma4.2.1(j)). Thus Hj(3)x = 0 and D, (2,1, 3) = 0.

For g > 4 we show that the assumption that there exists & € Hg (%)K\{O} leads to
a contradiction. We know /# is in the K-span of monomials 31:1 Tlfnl’])m withi, < ju,
{it, ji, ... ix, j§} ={l,...,gtand h,...,l¢ €{0,...,r}, see Remark4.2.5. We
2

T} which appears with a nonzero coefficient ¢

fix such a monomial pu := [ ], _, T; "
=1 Yinjn

in h.

For p # 2, the coefficient of p in A;, j, - h is —c (see Egs. (4.9)—(4.11)) which
contradicts the fact that £ is an SL,-invariant.

If p=2,1let A € SL,(K) be such that it normalizes Span({e;,, ¢}, }), fixes each

ey with i’ € {1, ..., gl\{i1, j1} and (by the case g = 2) does not fix Tlfl‘])] Based
on Eq.(4.8), similar to Eqgs.(4.9)—(4.11) we argue that for each [ € {0, ..., r}, A
leaves invariant Span({Tifl’)il, Tif{)j.], Tj(]l,)j] }) and fixes each indeterminate Ti;l) with

i,jel{l,...,gl\{i1, j1}. From the last two sentences we get that A - 4 # h which
contradicts the fact that £ is an SL,-invariant. O

4.2.5 TheCaser =1

To compute the numbers D, (g, r, s) in the case r = 1 and p # 2 we first recall the
following well-known result.
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Lemma 4.2.7 Let yy, ..., y, be indeterminates. Let oo(y1, ..., y,) = 1 and

g g
Ul(yl""’yg) :ZZyWH R O'g()’17~-~,Yg) =1_[ym

be the elementary symmetric polynomials in the indeterminates yi, . .., y,. Then the
K-algebra endomorphism

0y Klyo, ..., ¥l = Klyo, ..., yel
given form € {0, ..., g} by the rule
Oc(m) =35 " Tm(Vis -5 V)

becomes integral after inverting y, (i.e., the induced K-algebra endomorphism (0,) ,
of Ko, ..., Y1y, is integral).

Proof Let z;:= Y, 'yi,..., 24 == Yy ' ¥¢ € K[)o, ..., ¥ [y ']. The K-algebra
monomorphism K[o(z1, ..., 2g), ..., 04(z1,...,20)] = Klzi, ..., z¢] is integral
as 7y, ..., Zg are roots of the monic polynomial

8
> =" 0 )

m=0

in the indeterminate z, and thus by tensoring it with K[yo, y, 7 over K we get that
(0¢)y, is integral. [l

The p = 0 case of the next theorem is classical (for instance, it is proved in [T],
Ch. 20, Sect. 6, p.304).

Theorem 4.2. 8 Let Hl 9 x be the K-subalgebra of Hg . generated by the polyno-
mials Oy, ..., O4 of Eq (4 3). Then the following properties hold.

(a) The polynomials Oy, . .., O, are algebraically independent over K, i.e., H;%
is a polynomial K-algebra in g + 1 indeterminates.
(b) If p # 2, then we have
Hog = Hy g = Hy 4 x = Sm((V)") = OV
(thus, if g is even, we have H;% =0and D,(g,1,5) =0 if s € Wo\Zs¢) and
Dp(g,1,5) = (gjs)for all s € Zy.

(©) If p = 2, then the K-monomorphisms Hi,:](lz — H;, — H! g0 K AT€ integral

and purely inseparable (but H;:ﬁ; — H;’K is not an isomorphism for g > 1).
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Proof With Fy € H© ¢ x as in the proof of Theorem4.1.1, we claim that by invert-
ing Fy the K-algebra monomorphism H; % P H;’tot’K’ F, is integral and purely
inseparable for p = 2 and is an isomorphism if p # 2.

The fibers of the morphism wp, : Spec(K[T, 7] Fy) — Spec(H;% Fo) were in
essence computed in the proof of Theorem4.1.1. To explain this we consider a point
P e Spec(H;”% ) (K) given by a surjective K-homomorphism ]I-]Ii,’% £, — Kwhich
fori € {0, ..., g} maps ®; to some v; € K. Let \y € K be such that )\g = 1 and let
AL, ..., Ay € Kbe such that (see Eq. (4.4))

Vol_[(x —\) = ng_iui.

i=0

As Fo(vp, ..., 1) #0, Ao #0, Ai,..., A, are distinct, and, if p =2, we
have Y % | \; #0. Let Dy := \ol,, Dy :_ Diag(AoAi, ..., AoAg) € Z,. The pair
(Do, D) defines a K-valued point of @ (P) and let o be its orbit in V2, itis a
smooth, closed subscheme of Vf, of d1mens1on g — 1. We have an SL,-invariant
closed embedding o C w;ol (P).

In this paragraph we check that o = (w;ol(P))red, i.e., we have an identity
o(K) = (wil(P))(K) It suffices to show that if Ay, A}, ..., )\; € K are such that
()\/ ) =y = )\g and {M\gAq, ..., /\0/\g} = {)\6)\’1, ceey )\6)\;,}, then (Dy, D) is SLg-
equivalent to ()\01 ¢ Diag(AGA], ..., )\6)\’g)). Based on the proof of Theorem4.1.1,
we can assume that A, = A and it suffices to show that D; and Diag(Ao)], . . ., )\OXg)
are SO, -equivalent. But this follows by repeatedly applying the fact that for g > 2
and integers 1 <i < j < g, similarly to Eq.(4.9) we get that A;; - D; is obtained
from D, by interchanging its ii and jj entries.

To prove that w;OI(P) = o is reduced if p # 2, it suffices to show that if
B := K[x]/(x?) = K @ Ke, with € := x + (x?), then the injection

o(B) — @' (P)(B)

is in fact a bijection. To check this, it suffices to show that if (Dj, D}) € B ®k V,
is such that modulo € is (Dy, D), det(D}) = det(Dy) and (Dj)~' D} has eigenval-
ues A, ..., Ag, then there exists A’ € Ker(SL,(B) — SL,(K)) such that we have
(A'Do(A"Y, A'Dy(A)Y) = (Dy, D). To check this we note that, as p # 2, each
0 € V, of trace zero is of the form Ao (M, + M) with My € Mat, of trace zero (for
instance, we can take My = 2+\o Q) and thus we can assume that D, = Dy.6

We show that there exists A’ € Ker(SO,(B) — SO, (K)) such that we have
A'Di(A) = A’'D;(A’)~! = D}. As D; and D] have the same distinct eigenval-
ues, there exists a matrix M € Mat, such that

D/l = (lg +EM)D1(1g — GM) = D] +€(MD] - D]M)

o If g > 2, for p = 2 we cannot assume that D(/) = Dy.
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As MD; — DM and D, are symmetric, D; commutes with M + M'. As D € Z,
has distinct eigenvalues, we get that M + M' € Z,. This implies that there exists
M, € Mat, with M} + M, =0 (so M, € Lie(SOy,)) such that M — M, € Z,. We
have MD, — DM = MD; — D;M; and hence we can take A" = 1, + eM;.

The morphism Spec(H! etk ) > Spec (HL 90 induces a bl]eCthIl at the level
of K-valued points and has generically reduced fibers if p # 2 by the previous
paragraph. This implies that this morphism is finite, purely inseparable if p = 2 and
birational if p # 2, and from Zariski’s Main Theorem we get that it is an isomorphism
if p # 2, i.e., the claim holds.

From preV10us paragraph and Corollary4.2.4 we get that we have an equal-
ity dlm(Hg K) =g+1 As H;‘,i is a quotient of a polynomial K-algebra in
dim (H;K) = g + 1 indeterminates, it is a polynomial K-algebra in g + 1 indetermi-

nates and O, . . ., O, are algebraically independent over K. Thus Hl % C ]HI1 toLK 18
an inclusion between two noetherian unique factorization (hence normal) domams
such that for p # 2 we have Frac(H;](é) = Frac(Hg’tm,K).

Recall that L, =K1, x Z; C V; and we consider the composite morphism
0% : Ly — Vi — (Vo) = Spec(H, ,, ) — Spec(K[Op, ..., O,]).

As for (Dg, Dy) := (Molg, Diag(A1, ..., Ag)) €Ly and m € {1, ..., g} we have
Oum(Do, D1) = Ay "om(A1, ..., Ag) (see Eq.(4.3)), the notation matches with
the one of Lemma4.2.7, i.e., 9; can be identified with the morphism between
spectra defined by 6,. From this and Lemma4.2.7, as we have inclusions
H;?é@o C H;, ot K.0, Frac(HL:i_@)o), we get an integral K-algebra monomor-

phism Hg K.0, H! @, Which for p = 2 is purely inseparable and for p # 2 is

g,tot, K, ’
an isomorphism as we know it is birational (see previous paragraph) and as H;%@O is
normal. Switching the roles of 7@ and 71", we similarly get an integral K-algebra
monomorphism H;”E’@g — H;,mt’K’@g which for p = 2 is purely inseparable and
for p # 2 is an isomorphism. Thus H! et K C ]HI;, fé & Hi, i 0, = H;’E if p # 2.
Hence Hl % =H! 2.0t K if p # 2 from Wthh part (a) follows.

If p = 2, then for the normalization ]I-]I1 % " of Hl ' in H! ¢.tor, We have the iden-

tity ]HI1 O = H" %"OO N Hl K o and s1m1larly we argue that ]HI1 On = H!

2.tot K from
Wthh part (b) follows

4.2.6 Basic SLg-Invariants: ©s and Y's

In order to present a generalization of Theorem 4.2.8(a) we first introduce the index
set

Ag.r) = {(mo,....m,;) € ZL§'| Y m;i = g}
i=0
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that indexes polynomials generalizing ©, ..., O,. If

At (g, r) == {(no,...,n,) eN""WZni =g+r+1},
i=0

then the rule (myg, ..., m,) — (mg+1, ..., m, + 1) defines a bijection
A(g,r) = A+l(g, r).

It is well-known that A*!(g, r) has as many elements as the number of ways of
inserting r commas among the g + r spaces (places) between two consecutive 1s
of the sequence 1 1 ---1 1 formed by g 4+ r + 1 numbers 1, and thus it is equal to
(gjr) For instance, the 4-tuple (1,2, 1,2) € A2, 3) corresponds to the following
insertion of commas 1, 1 1, 1, 1 1. We conclude that A(g, r) has (g +r) elements.

r

For r € {1,2} or g = 1 we have (*/") = D(g, r) and for r > 3 and g > 2 we

r

have (*1") > D(g, r). Moreover, for r > 3 we have
+
e
g—oo D(g, 1)

We define polynomials

7
Om....m, € HZP(1) C H* C Hy gy

..... £

indexed by (my, ..., m,) € A(g, r) via the identity

r r
detY vion = Y. (]59Om..m Qo Q... Q)
i=0 (mo,...,m,)EA(g,r) i=0
where yy, ..., y, are r + 1 indeterminates; so the ®,,, .., s are partial polarizations

of the invariant polynomial det.

that for alli € {0, ..., g} W,e:ilave ®; = O,4_;; (see Eq.(4.3)) and for r > 2 inside
O(V;“)SLg we identify it as well with ®,_; ; .0.....0 (the number of Os being r — 1),
via the inclusions of Display (4.12).

Let HZ;(") be the Z-o-graded Z-subalgebra of HQZ (or Hg%ot) generated by all
,,,,, m,s with (mg, ..., m,) € A(g,r) (the case r = 1 was first introduced and
used in Theorem4.2.8). For a Z-algebra B, we define its ®-rings of invariants
H;(; = ]HIZ;(9 ®z B. We have B-algebra monomorphisms compatible with the grad-
ings

r,® r, 7 1,7
IHIg,B C Hg,B - IHIg,lot,B‘ (417)



190 4 Background and Required Results in GIT
For an integer [ > 0, let
Dy . ! I I I ! 1
(1) = (T1(1) Tl(z) Tl(g) Tz(z) T2(3) Tg(g))l

be the column vector whose entries are Ti(il) with 1 <i < j < g listed increas-

ingly in the lexicographic order of the indexes ij. If the inequality r > @ —1
holds, then for each increasing sequence g; < g < -+ < quein of integers in the
set {0, 1,...,r}, let

= det([c(TD)] - - - |o(T 1252))).

If g is odd, then w € %Z and hence we have

9 g(g+D) g(g + 1) q g(g+1)
Yy € Hg ° (—2 )k C ]ng,K2 - H;,K.
o

If g is even, then w ¢ £7 and hence we have

e | gp, 9 etern L .l
T‘Il ~~~~~ (ig(g;rl) € Sym((vg - ) )g(g;»l) C Hg,K C Hg,K‘

For instance, if g = 2 (so r > 2), then we can take 92 ,04¢ = Y0.12-

. . 1 .
The number of such Y, with gy <7 is (gr(L)) (which makes sense
2 2

~~~~~ 9 g(g+1)
2

even when r < g(gT“) — 1, being 0 in such a case).

Remark 4.2.9 As for given integers r >/ > 1 the SL,-invariant projections
V;H — V;“ admit SL,-invariant sections, for the Z(-graded K-monomorphisms
of Display (4.12) we have retractions H, \, , — ng o,k Whichmap H, . onto Hi, K
and H;’% onto Hfg”?(. Thus, if H;’K = H;’mt’K, then we also have H{’&K = H{g’wt’K.
Similarly, if H;,K = Hg%, then we also have ng’K = Hg%, and if H;”(% = H;!tot,K,

1O _ oyl
then we also have Hl, x = H, , .

4.2.7 The Cases =1

LetI'", (g, r) (resp. ', (g, tot, r)) be the smallest number of homogeneous generators
of the Zo-graded K-algebra H, ; (resp. W, -graded K-algebra Hy ., ).
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Proposition 4.2.10 For all g, r € N the following properties hold.

(a) We have an inclusion
H, (D D Span({Ouy,...m, [(mo, ..., m;) € A(g, r)})
as well as inequalities
min(T'y (g, ), Ty (8, 10, 1)} = Dy(g,r, 1) = <gjr) > D(g.r).  (@18)

Thus, for r > 3 we have

. min{l",(g,r), T ,(g, tot, r)}
lim =
g—>00 D(g,r)

(b) If p t g!, then we have

H, (Wx = Span({®p,...m, |(mo, ..., m,) € A(g, )})

D,(g.r 1) = (gjr)

Proof As ©,,, ., has partial T-degree (mo,...,m,), the set of polynomials
{Omq....m, |(mo, ..., m;) € A(g, r)} has (gj'r) elements and is linearly independent
over K. Thus the inclusion of part (a) holds and we have D, (g, r, 1) > (*1"). Refer-
ring to Inequalities (4.18), its first inequality is obvious and its last inequality was
checked above. So to end the proof of both parts (a) and (b) it suffices to show that
Dy(g.r, 1) < (57)if ptgl.

To check this, it suffices to show that for all (mq,...,m,) € A(g, r), the K-
vector space of polynomials in H,  , of partial T-degree (mo, ..., m,) is one
dimensional (generated by ©,,, u,.....m,)- Equivalently, we have to show that for all
(mo, ..., m,) € A(g. 1), (®_,Sym™ (V{))S« has dimension at most 1. As we have
natural SL,-epimorphisms

as well as

*\ @m m *
(V)=™ — Sym™ (V)

which admit sections (as m;, if nonzero, is invertible in K) it suffices to show that
dimK(((Vg*)@g)s'“x) <1 (recall that >_;_,m; = g).

The case g = 1is trivial and hence we can assume g > 2. This implies that p # 2.
Therefore we can identify canonically V, = Sym? (W) (see Lemma4.2.2(a)) with
the direct summand of W, ® W, formed by vectors fixed by the natural ‘sym-
metrization’ action of the group (Z/2Z) on W, ® W, (which interchanges the
two factors). Taking duals we can also identify V; = Symz(W;‘,) with the direct
summand of WZ ® W;‘, fixed by the natural ‘symmetrization’ action of the group
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(Z/2Z) on W, ® W. Implicitly, we identify (V:)®g with the direct summand of
(WZ QK WZ)@’g formed by elements fixed by the natural diagonal action of the group
(Z/2Z)* on (W ®x W;)®g.

It is well-known that we can identify (see [HR], Sect. 1, Applic. (a), Case (ii) and
Ex. after Cor. 1.9)

Sym((Wi)*) =Klx,, ..., xp,] ;= Klxjill <i < g, 1<j<2]

with x; 1= (xj1 Xj2 -+ Xj,)', in such a way that Sym((W})*)Sk is the K-
subalgebra generated by the determinants d; of the g x g matrices x ; whose columns
aex;,...,x;, where j = (ji, ..., Jg) is an arbitrary g-tuple of integers satisfying
I<ji<p<-<j,<2g.

Let V(g) be the set with (%) elements formed by such g-tuples
l:(jl,jz,...,jg). Let Vi(g) be the subset of V(g) formed by all g-
tuples j = (ji, jo. ... Jg) With ji = 1; it has (Zg;l) elements. For j € Vi(g),
let j'= (s Ja» -+ Jg) € V(g) be such that ué i iy =11,...,2g}. Let
Jo=(01.3,...,2¢ = 1) € Vi(g).

We know that

((W; QK W;)@’g)SLﬁ ={ Z cjdjdylc; € K forall j € Vi(g)}.

Jjevi(e)
Anelement £ = (¢1, ..., ;) € (Z/27) acts naturally on (W} ®g W5)®%)SLs via
the K-automorphism ¢. of K[x,, ..., x,,] which interchanges x,,_; <— x,, for

every [ with &, = 1 4 2Z and which fixes both x,,_, and x,, if ; = 2Z. To end the
proof it suffices to show that the K-vector space

(((W: ®K W:)@é’)SLK)(Z/ZZ)g

has dimension at most 1.

If 0= Zlevl(g) cjdjdy € (W} @x W5)®)Sbe) @227 then clearly we have
c¢; = 0 if there exists [ € {1,2, ..., g} such that both 2/ — 1 and 2/ are entries of
either jorj'swecallsucha j € Vi(g) unmixed. As the set of products d;d indexed
by all mixed (i.e., not unmixed) j € V;(g) is permuted transitively by (Z/27)#, we
get that # is uniquely determined by ¢ N hence ((W; ®x W;)®8)5Lx)(z/ 2Z)* has
dimension at most 1. [l
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4.2.8 On Singular Loci

We call a subspace W of V,, singular if for all C € W we have det(C) = 0.

Lemma 4.2.11 Let Q, Q; € V, be such that Span({Q, Q»}) is singular. Then
the intersection Ker(Q1) N Ker(Q») is nontrivial (i.e., it is not 0) and there exists
0 € Span({Q1, Q»}) such that Ker(Q) = Ker(Q1) N Ker(Q>).

Proof We define dj := dimg (Ker(Q) N Ker(Q»)), d; := dimg(Ker(Q;)), and
d, := dimg (Ker(Q»)). We have the following relations d;,d, € {1, ..., g} and

dy € {0, 1, ..., min{d;, d»}}. We can assume that d; < g as the case d| = g, i.e.,
0, =0, is trivial.
Up to SL,-equivalence, we can assume that Q1 = Diag(0,...,0,1,...,1) (the

number of Os being d,), that

Ker(Q2) = Span({el LRI ed@y edl-‘rl RN edl-‘y-dz—dg})’

and that O, has four (possible empty) diagonal blocks which are Oy, 14,—dy, Od,—dp>
l¢—d,—d,+d,» Where 0, denotes the zero matrix of size m x m.

Ifdy = 0, then det(y; Q1 + Q») is amonic polynomial in y; of degree g — d; > 0
and thus there exists y; € K such that y; Q1 + Q> is nonsingular. This contradicts
the fact that Span({Q;, Q»}) is singular. Therefore dy > 0, i.e., the intersection
Ker(Q;) N Ker(Q») is nontrivial.

If M? is the matrix obtained from a square g X g matrix M by removing its first
dy rows and columns, then a similar argument shows that there exist y; € K such
that y; Q?1 + Q; is a nonsingular matrix of size (g — dy) X (g — dp) and therefore
the rank of Q := y; Q1 + Q> is g — dy, i.e., Ker(Q) has dimension dj and is equal
to Ker(Q1) NKer(Q»>) = Span({ey, ..., eq,}). O

Proposition 4.2.12 Let (Qy, ..., Q,) € V;H = V;“(K) be such that the K-vector
subspace Span({Qo, . .., Q,}) of V, is singular. Then the following properties hold.

(a) The intersection M;_yKer(Q;) is nontrivial.
(b) The closure in Vg“ of the SL4-orbit of (Qo, . .., Q,) contains the zero vector
OfV;;,+1 = V;,“(K).

Proof We first prove (a). As the case r = 0 is trivial we can assume that r > 0.
We prove by inductionon j € {1, ..., r} that there exists Q; € Span({Qy, ..., O;})
such that we have 0 # Ker(é i) = ﬂ{zoKer(Q,-). The base of the induction for
j=1 follows from Lemma4.2.11 applied to Qop, Q1 €V, For
jef{l,...,r—1}, assuming that éj- exists, from Lemma4.2.11 applied
to 0 j» Qj+1 € Vg, it follows that there exists a suitable symmetric matrix
Qj+1 € Span({Q;, Qj+1}) C Span({Qo, ..., Qj+1}) such that we have an identity
0 #£ Ker(Q,ng) = Ker(é_,-) NKer(Q41) = ﬂ{i()lKer(Qi). This ends the induction.
Part (a) follows from the existence of @,.
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To prove part (b), as N_,Ker(Q;) is nontrivial, up to an SL,-equivalence, we can
assume thate, € N;_,Ker(Q;). This implies that the last rows (and columns) of each
Q; are 0. For A € K*, for the diagonal matrix

Ay = Diag(\, A, ..., A, A8 € SL(K)
we compute
Ay (Qo, -y Qg) = (ANQoAY, ..., AyOAY) = (V2 Qo, ..., N0,

and by taking A — 0 we conclude that part (b) holds. (]

4.2.9 On O-Rings of SLg-Invariants

The following theorem complements and extends Theorem4.2.8.

Theorem 4.2.13 For all integers r > 1 the following properties hold.
(a) The W, -graded K-algebra

JZ,K = H;,m[,K/(®m() ..... my |(m07 cees mr) € A(ga r))
is local artinian and therefore we have integral K-monomorphisms

7,0 r 7,0 r
Hyx = Hy g and Hyp — H .

(b) The K-algebra monomorphisms of Display (4.15) are integral.

(¢) There exists a subset with D(g, r) elements

Ty C Hy(Dk = Span({®u,,...m, |(mo, ..., m,) € A(g, )}

AAAAA

which is algebraically independent, i.e., the K-subalgebra
K[7] := K[©]O© € Ty]

of H;’K is a polynomial K-algebra in D(g,r) indeterminates, and for which the
K-monomorphisms K[7y] — Hg,mt’K and K[7Ty] — H;’K are finite.

(d) Referring to part (b), if H;,MVK is Cohen—Macaulay, then the K[7y]-modules
H;JO,’K and H;,K are free of finite rank.

(e) If r € {1, 2}, then we have H;,(IE)( = K[7Zo] and thus H;% is a polynomial K-
algebra (equal forr = 1 and p # 2 with H;K =H! see Theorem4.2.8(b)).

g,t01, K2
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Proof We recall that V"' = Spec(K[T, T", ..., T"]) and we define

B;yK = K[Ts T/’ MR ] T(r)]/(®mo m,|(m0’ L] mr) € A(g’ r))a

N} x = Ker(J} x — B, ).
We consider the SL,-invariant closed subscheme
V;,“’(') := Spec(B, ) C V;“.

If p =0, then, as Vg,*‘ — V;“ /SLy is a universal categorical quotient, we have
(V7 H-O)SLe = Spec(J, ) and thus N7, = 0.

If p > 0, then, as V;*' — V;*‘ /SL is surjective (being submersive), the natural
morphism Vg“’@ — Spec(J, ) is also surjective and therefore Ny, i is a nilpotent
ideal of J;’K.

Note that if (Qq, ..., Q,) € Vg“’@(K) C V;“, then, with o, ..., y, as inde-
terminates, we have det(zz‘zo y;Q;) =0, and hence the K-vector subspace
Span({Qo, - .., O,}) of V, is singular. Therefore, if 1 € J;,K and if v € K is its
value at the zero vector of V;“'@(K) C V;“, from Proposition4.2.12(b) we get
that o — v has value 0 at each (Qo, ..., Q,) € V4" (K) and thus its image in

o /Ny g C B, x is a nilpotent element, hence & — v itself is a nilpotent element.
This implies that part (a) holds.

Part (b) follows from part (a) and inclusions of Display (4.17) with B = K.

As the field K is infinite and all ®,,, ., s are homogeneous of the same 7-degree
g, from part (a) and the homogeneous form of Noether’s normalization theorem (see
[E], Part I, Thm. 13.3), we get that part (c) holds.

If H;’tm!K is Cohen—Macaulay, then so is H;.K (see Lemma4.2.3(c)) and this
implies that the K[Zy]-modules H;’mtk and H;.K are free (see either [Ke], Cor.4.2,
or [Cho], Thm.). Thus part (d) holds.

For r € {1,2} we have D(g,r) = D(g,r,1) = (*/") and therefore we have
H;’f]?( = K[7y]; hence part (e) follows from part (c). O

4.2.10 Applications of the Cohen—Macaulay Property

We recall that the partially-ordered semiring of Hilbert (Poincaré) series is the
semiring Zso[[x]] endowed with the following partial order <: for two series
01(x), 92(x) € Z>p[[x]] we say that g1 (x) < g2 (x) if there exists o (x) € Z>o[[x]]
such that g, (x) = 1 (x) + o (x).

Corollary 4.2.14 Let g, r € N. We assume that H;’mK is Cohen—Macaulay. Then
the following properties hold.



196 4 Background and Required Results in GIT

(a) There exists a uniquely determined nondecreasing sequence

0, (8.7)
(cp(g,r, D)

of integers > 2 with ¢, (g, r) € N U {0} such that the Hilbert series
(o] oo
©p(g.1)(x) = Y Dp(g. r.9)x* =Y dimg (H (s)g)x*
s=0 s=0
of H;,K is the rational polynomial function

1+ [D,(g.r, 1) — D(g. r)lx + 08" xenterd
(1 —x)b&n ’

Thus
1+ [Dy(g.r, 1) — D(g,r)lx

(1 — x)P&n

£p(8r)(x) = = pp(g, 1 Dx)

L+[(5) = DGg.n]x

>
= (1 — x)P&n

=: po(g, r; D),

and the equality ©,(g,r; 1)(x) = gpo(g, r; 1)(x) holds if p 1 g!. Moreover, for all
integers s > max{0, ¢, (g, r, 0, (g, 1)) — D(g,r) + 1} we have an inequality

D(g,r)+s—1 D(g,r)+s—2
D(g.r) 1 )_[D”(g”’l)_D(g”)]( D(g.r) — 1 >ZO

whose left-hand side is equal to the sum

D,(g,r,s)— (

0, (8:1)

Z (D(g, r)+s—1-c,(gr, l))
D(g,r)—1 ’

=1

(b) Let
‘Qp(g’r) ::l+g;(gﬂr)+Dp(gvr1 l)_D(gvr)EN

If Hg’% = 0, then there exists a uniquely determined nondecreasing sequence
(cp(g,odd,r, l))lgi(lg'r)

of integers > 1 such that the Hilbert series (in Zzo[[x%]])
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Pp(g 101, r)(x2) = Y Dy(g.rs)x’ = Y dimg (H (5)i)x’
seWy seWy

; . . Lo
of ]HI; .k 1S the rational polynomial function in x 2

1 0p(8:1) ¢ (g,0dd,r,l)
X2 Zl:l x€r

SOp(g’ r)(x) +

(1 — x)P&n
Proof Let the subset 7o ={hi,...,hpern} C H;(l)K be such that the
K-homomorphism  K[Zy] = KAy, ..., hpgr] — H;’mt’K is integral by

Theorem4.2.13(c). Let  hp.ry+is---»hp, 1) € H;(I)K be such that
{h|1 <1 < Dp(g,r, 1)} is a K-basis of HZ(I)K. We take the nondecreasing

sequence (c,(g, 7, l)),iig'r) in N\ {1} such that there exist nonzero polynomials

hp,gr 1+ € Hy(cp(g, r,D)x

indexedby/ € {1,..., 0, (g, r)}, with the property that we have a direct sum decom-
position of Z-graded K[Zp]-modules

Dy (g.r.1)+0), (g.7)

H, x = KITo] & P K. (4.19)
I=D(g.r)+1

by the proof of [Ke], Cor.4.2 or [Cho], Thm. 1 and the fact that H;,K is Cohen—
Macaulay (see Lemma4.2.3(c)).

If]I-]IZ;fI‘< # 0,1.e., giseven and [Frac(ngmt,K) : Frac(H;’K)] = 2, then the K[7Z]-

module H;’ﬂk is also free (by the Quillen—Suslin’s theorem, see [La], Ch. XXI, Sect.
3, Thm. 3.5) and it has the same rank ¢,(g,7) as HQK (see Egs. (4.13)) and thus
there exist nonzero homogeneous polynomials

1 L
hp,g.ryroy et € ]HIZ,(E +c,(g,0dd, r, 1))k C H'g‘,K, e,

1 iR
hp,er 1)ty @) +op(er) € HQ(E +¢p(g,0dd, r, 0, (g, 1))k C H g

such that we have a direct sum decomposition

Dy (g.r.1)+0, (8.)+0p(g.r)

vk = KITo] @ b K(Zolhy (4.20)
I=D(g.r)+1

of Wy-graded K[7]-modules.
The corollary follows from [Ke], Cor. 4.2 and the last two direct sum decomposi-
tions. O
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From Eqgs. (4.19) and (4.20) and from Theorem4.2.13(d) and (e) we get directly
the following consequence (for r = 1, cf. also Theorem4.2.8(b), and for r = 2, cf.
also Proposition4.2.10(b)).

Corollary 4.2.15 Forallg,r € N, ifH’
properties hold.

w101k 18 Cohen—Macaulay, then the following

(a) The integers 0,,(g,r) = 0and 9,(g,r) = 1 of Corollary4.2.14 have the prop-
erty that for each K-algebra K[7,] as in Theorem4.2.13(c) we have

0p(8. 1) = rankigz (B, 1) = 1+ Dy(g.r. 1) — D(g.r) + 0, (8. 1)
If p #2o0r g =1, then forr = 1 we have
op(g, 1) = rankH;%(Hi,‘K) =1.
If moreover p 1 g\, then for r = 2 we have
0p(8.2) = rankypo (H; 1) =1+ 0,(g.2).
(b) If g is even and H, ,, « 7 H, i, then we have

ranka](H;’ml,K) = Zranka](H;’K) = 2rankK[7;]](H;’j‘<) =20,(8,7).
If moreover p 1 g\, then for r = 2 we have

rankyp. (HZ 0 ) = 2ranky>: (H; ) = 20,(8.2) =2+ 20, (8. 2).

4.2.11 Transcendence Bases

It is convenient to work this subsection with
SL;, := SL,/Ker(SL, — GLy,)

instead of with SL,. This is so as the induced homomorphism SL|, — GLy, is a
faithful representation (closed embedding). If g is odd we have SL/ =SL, and ifg

is even we have a short exact sequence 1 — po x — SL, — SL, —> 1. So the order
of Ker(SL, — SL;,) is 2175,

Let (ngrl /Sng,)Sm be the largest open subscheme of V;*' /SL;, with the property
that the quotient morphism V;“ — Vg“ / SL/g is smooth above it, i.e., if we denote
by Vi1, the inverse image of (V;*!/SL})y in V;*!, then the induced morphism

g,sm

vt (VgJrl /SL})sm is smooth. As Frac(H, ., ) is equal to its purely insepa-

g,sm

rable closure in Frac(K[T, ..., T"]) (see [DK], Thm.2.3.12), the field extension
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Frac(H}, , ) — Frac(K[T, ..., T"Y) is separably generated (see [Mat], Thm. 26.2
and 26.4). From this and the fact that (ngr1 )¥isnonempty if r > 1 (see Claim4.1.13),
we get that (V' /SL}, ) is nonempty if r > 1.

We recall that (V'*1)% is the stable locus of V’*! and we have an identity

g,sm g,sm

Vit /SL, = (Vi /SL)gn. Let Fo = @ - Fy - J € O(V2)S = O(VZ/SL),) beas

g,sm

in the proof of Theorem4.1.1.

Lemma 4.2.16 For integers r > | > 2 we consider the natural SL;,—morphism
w;Jrl’l : V;Jrl e Vfg X(Vi,/SLg,) (V;+1/SL,g)

The following properties hold.

(a) The SL(’g-morphism wg’z is generically finite of degree 28> and it is gener-
ically étale if and only if p # 2.

(b) If1 > 3, then the SL,,-morphism w(’g“’l is generically finite of degree 1. More

precisely, if Xlg is the intersection of (Vlg )* with the nonempty SL/g-invariant open

,sm

subscheme of (V;)" whose K-valued points are those [-tuples

(Qo, ..., Q1-1) € Vi =V, (K)

for which Fo(Qq, Q1) # 0 and the group StabSLg((Qo, ..., Q1_1)) is trivial, and
if Xi, X Vg,‘H_l is the open subscheme of V’g+' which is the pullback of Xi, via the
projection morphism V;“ — Vi, then the SL;—morphism

r+1,0,— . y! +1-/ r+1 l
wg 'Xg X V; g ng X(V;,/SL;) (V,g /SLg)

r+1,1
8

(©) If 1 = 3, the field extension Frac(Vi, /SL/g) — ch(ngrl /SL;,) (induced natu-
rally by the projection morphism V;,“ — Vi, ) is purely transcendental of transcen-
dence degree equal to (r + 1 — l)w. Moreover, a subset of Frac(Vg,“ /SL;) with

induced naturally by @ is an isomorphism.”

r+1-1 )@ elements is a generating transcendence basis (resp. a transcen-
dence basis) of Frac(V'g"H /SL;) over Frac(Vlg /SL;) if and only if it is a generating
transcendence basis (resp. a transcendence basis) of Frac(K[T, T’, ..., T"™]) over
FracK[T,T',..., T®]).

Proof If Py :=(Qo, Q1, Q2) € (V} ,)°(K) maps to a P :=(Qo, Q1) in
(Vg,’sm)s(K) with Fy(Qo, Q1) # 0, then the fiber (w;’,’z)’l(wz*z(Pz)) is naturally
identified with the quotient group scheme

7 The SLé,-invariant morphism Xlg — Xlg /SL;), is a geometric quotient (see Lemma4.1.6(a)) and

the SL/, -action on X; is free. Thus [MFK], Ch.0, Prop.0.9 implies that Xé — Xé /SL is a fiber
bundle in the sense of [MFK], Ch.0, Def.0.10.
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Stabsy, (P1)/Stabsy, (P2) =~ Stabgt, (P)/Stabst, (P2).

Based on the proof of Theorem4.1.1 we can assume that P; is in K1, x Z, with
Stabst, (P1) = ,u;?K]. But choosing O, to be generic (such as all its ij entries with
1 <i < j < garenonzero), we have StabSL;(Pz) = Spec(K), equivalently we have
Stabsp, (P») = Ker(SL; — GLy,) ~ ;J,ZKE'Q. We conclude that for such generic Q»,
the fiber (e ?) ™! (wy?(Py)) is naturally identified with ugféﬁg from which part (a)
follows.

Let P, = (Qo, ..., Qr) € (Xg X V;H_[)(K); $0 Py :=(Qo, @1, ..., Q1) is
in (Xlg)(]K). If P e (ngg}n)f (K), then the fiber (wg“'l)’l(wg“’l(P,)) is naturally

identified with the quotient group scheme StabSLé(Pl) / Stabsug (P,) and thus it is
Spec(K). \
Similarly, if P, ¢ (V;%1)* (K), then [(z} ")~ (@} (P,)) Jrea is Spec(K).

g,sm
r+1,1,—

From the last two paragraphs we get that the morphism o, is birational and

induces a bijection at the level of K-valued points. As the target of wg“'l' ~ isnormal,
being smooth over the normal scheme (V;*l) /SL;,, from Zariski’s Main Theorem

we get that zo’.+1"/~ is an isomorphism. Thus part (b) holds.

Part (c) is a standard ‘descent and vector bundle’ consequence of part (b). We
only recall the ‘descent and vector bundle’ argument for the first part of part (c).
Let H; € H;uln,K be such that the pullback to V; of the principal open D(H,) of

Spec(HZLLK) = Vlg /SL; is contained in X{g and thus it is (X’g) m,- Inverting Hj,

the ngfl(l)t’K’ m-algebra Hy oy is Zi=o-graded by the total degree in just the upper
indexes @, ..., ™ The fact that this Z>p-graded structure makes the morphism

Spec(H ok 1,) — SpeC(Hé:ul)t,]K,H;)

get the structure of a locally free vector bundle over Spec(Hfg}L[,K, n,) follows after

pullback via the (smooth) faithfully flat morphism (X}) s, — Spec(Hl, ;, x ;) from
part (b). This implies that the first part of (c) holds. U

For an integer r > 2, we define the sets

Asz(g,r) == {(mog, ..., my) € A(g,r)|Fi € {2,..., r} such that m; = g — mo — my},
A3(g,r) == {(mo, ..., m;) € A(g,r)|lm, = g —mo —m; > 0}.

Clearly, A3(g,r) C Asz(g,r) C A(g,r) and Asz(g,2) = A(g, 2).

To ease the notation, we denote an arbitrary element of As(g,r) by an r + 1-
tuple (a,b,0,...,0,...,0,c,0,...,0), where (a, b, c) € A(g,?2) and c is on the
i-th position with i € {2, ..., r} arbitrary. Similarly, we denote an arbitrary element
of Aj(g,r) by an r 4 1-tuple (a,b,0,...,0,...,0,c), where (a,b,c) € A(g,?2)
with ¢ > 0 (equivalently, where (a, b, ¢) € Aj(g, 2)).
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As we have a bijection Aj(g,r) — uf;olA(i, 1), the set A(g, r) has @ ele-
ments. Similarly, as we have a bijection As(g, r) — As(g,2) Lj_; A%(g,2) x {I},
the set As(g, r) has w + (- 2)@ = D(g, r) elements.

Theorem 4.2.17 Let r > 2 be an integer. Then the set
7‘;,}” = {®a,b,0,...,0,...,0,6‘,0,...,0|(a7 b7 Oa LR ] 07 IR ] 07 Ca 07 LI ) 0) G A3(g’ r)}
is a transcendence basis of ch(H;’mK) over K.

Proof As D(g,2) = D(g,2,1) = (g;rz) is the number of elements of the set
A3(g,2) = A(g, 2), forr =2 we have Span(7, ;) = Span(7) and the theorem fol-
lows from Theorem4.2.13(c).

We assume now that » > 2. The finite field extension

N = FTaC(H;,m,K) D K(®g, O,...,0,) =K(Bg0,0p_1.1,...,00,) (4.21)
is an isomorphism if p # 2 (see Theorem4.2.8(b)). Let 1, := Frac(Hf,’mt’K). As the
theorem holds for r = 2, the field extension

M (Oap.clla, b, c) € A5(g,2) = m
is finite. From this and Lemma4.2.16(a), by denoting for2 <[ <r
k= KT T <0 < j < 9)(Oupp.0.cl@ b,0,...,0,¢) € A3(g.1),
we get a finite field extension

k2 — K(Ty TSV TP < i < j < g) = Frac(O(V2)).

Replacing the index ? by the index ¥ with 2 < I < r, we get a finite field extension

r — K(T;;, TV

ij

TV <i<j<g.

From the last two sentences, if x denotes the composite field of x,, ..., k,, we get
a finite field extension

k= KT TV, TV <i < j < g).

As ris K(Tj;, Tl(;) |1 <i < j < g)-generated by the family of (r — l)w polyno-
mials (©g)geiy_,a1(g.1)» by reasons of transcendence degrees we get that this family
is algebraically independent over K(7;;, T,(P
So the family of (r — 2)@ polynomials (©g)geu;_,az(g.) s algebraically over
kp. From this and Lemma4.2.16(c) applied to [ = 3 we get that the theorem holds

forr > 2. O

|1 <i < j < g) and thus also over 7.
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We define
K, = Frac(H;qu) D Frac(Hz,’K) =: Ky even,r»

Kg,oo = UKgr D UKg,even,r = Kg,even,wv

r>1 r>1

— r = r
Hg,tot,]K = UHg,tot,]K and HgJK = UHg,K’

r>1 r>1
the unions being taken inside the field of fractions of

T, == JKIT@, 7%, ..., 7"

r>0
We consider the shift K-monomorphism
o:T, > T,

that sends o(T") = T"+V for all integers r > 0 (i.e., o(]"i;r)) = Tl._(/.ﬂ’l) for all inte-
gers 1 <i < j<gandr > 0).

Definition 4.2.18 Let x be a subfield of K, ., that contains K. A subset <C & is
said to o-generate « or is called a o-generating set of  if the subset

kN {o'(h))i >0, h ex}
generates « over K.® In such a case, we also say that  is o-generated by <.

Corollary 4.2.19 The following properties hold.

(a) The set of distinct polynomials
{0'(@up.o)l(a, b, c) € Ay(g,2),i =0} C T,

is algebraically independent over K, i.e., its subset {Oqp c)aboreasg2)} is o-
algebraically independent in the sense of Sect. 2.2.

(b) The ‘big field’ K,  is 0-generated by a finite subset of K, 3, i.e., there exists
N eNandhy, ..., hy € Kg 3 such that we have

Koo =K' ()|l < j < N,i = 0).

. 3,1
(¢) If g is even, then we have H 2K # 0.

8 This is a more general notion than the ‘¢-generate’ notion of Sect.2.2 as we do not requite that
o(k) C K.
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(d) The ‘big even field’ Kg cyen o0 is 0-generated by a finite subset of Kg eyen 4, i.€.,
there exists N € Nand hy, ..., hg in K, oyen 4 such that we have

Ky .evenco = K(o' ()1 < j < N,i > 0).

Proof For part (a) it suffices to show that for all integers i > 0

{0'(®up.)l(@, b, c) € Aj(g,2)} = {Ooo...0abcll@ b, c) € Aj(g, 2)}

(where the number of consecutive Os is 7) is a transcendence basis of K, ;> over
Kg,i+1. For i = 0 this follows from Theorem4.2.17 applied to r = 2 and Display
(4.21). For i > 2, by considering a K-automorphism ¢q j:j4+1,;+2 of

K[T@, 70, ... 70+

i+ o)

which interchanges Tio) <~ T @ and T(U «~—> T; and which fixes each T;
with [ € {2, 3,. —1,i 4 2},it sufﬁces to show that when inserting i consecutlve
Os, the family of polynomlals

(®4.6,0,...0.c)@b.oreasg2) = (L0.1:i+1,i+2(®0,...0.a.6.c)) (@.b.c)ez(5.2)

is a transcendence basis of K, ; 1> over K, ;,, but this follows from Theorem4.2.17
appliedtor € {i + 1,i + 2}.Fori = 1, the same argument applies but by considering
the K-automorphism ¢, of K[T@, T 7@ 7] that fixes Tl.5.3) and circularly

maps T[EO) — Tii.l) — Tij.z) — Tl.;()) for each index ij.

To prove part (b), let {A1, ..., hy} C K, o be a o-generating set of K, ». We take
Ne{N,. ..,N + w} to be the smallest number such that there exists a gener-
ating transcendence basis 73 of K, 3 over K, » which is the union of {hy41, ..., Ay}
and

N'48&ED
U (0 )l jp) €10, 1,2.3) x {L,... . N NK,s.
g=N+1
The fact that {hy, ..., hy} C K, 3 is a o-generating set of K, , follows from the

fact (see Lemma4.2.16(c)) that for each integer i > 0, o/ (73) is a generating tran-
scendence basis of K, 34, over K, ;.

Let now g be even. Part (c) follows from the inclusion {4y, ..., hy} C K, 3 and
l+g(g+l)

the fact that ]HI # 0 (by the existence of 1| , g(g+n)

To prove part (d), based on part (¢), let r € {3, 4} be the smallest integer such
that Hr Ll # 0. Let {hl, .. hN,} - H’ ' be a o- generating set of Frac(H’ h.
A descent and vector bundle argument similar to the one of the proof of
Lemma4.2.16(c) shows that for each integeri > 0,as K, , ;1 — K, ,; is apurely
transcendental field extension, the field extension Frac(H’ 1J”) — Frac(H””) is

also purely transcendental, and a subset of Frac (Hr ) with ££2 (g +D elements is a gen-
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erating transcendence basis (or a transcendence basis) over Frac (H"“”) if and only
if it is so over K, , ;. The rest of the argument is as in the proof of part (b) and

gives that we can choose N € {N', ..., N’ + g(g+l)} O

Remark 4.2.20 The fact that the ‘big field’ and the ‘big even field’ of Corol-
lary4.2.19(b) and (d) are o-finitely generated follows from the following general
fact of difference algebra applied to the subfields K, o, and Ky cyen oo 0f Frac(T,)
(see [Le], Ch.4, Thm.4.4.1): each o-subfield of a o-finitely generated field is o-
finitely generated. The novel part of Corollary 4.2.19(b) and (d) are the bounds 3 and
4 for the ‘order’ of the o-generating set of K, o and K, cven 00 (respectively).

4.2.12 Additional Invariants

Similar to Lemma4.2.16, for p # 2 we consider the natural SL,-morphism
07 : V3 — V2 xv2s1,) Spec(HLR).

This makes sense as (see Theorem4.2.8(b)) V; /SL, = Spec(H;’K) = Spec(H;”](f;).
From Theorem4.2.13(c) and Lemma4.2.16(a) we get that 63> is generically finite
of some degree

by(g,2) €N,

which we can compute in many cases as follows.

Lemma 4.2.21 We assume that p { g! and p # 2. If H?
then the following properties hold.

a) If g 1s odd orif g 1s even but Il then we have ,2) =25 0,(8,
(a)Ifgisoddorifgi but HY i # 0, th have b,(g,2) =25"'0,(g, 2).

2,100 K is Cohen—Macaulay,

(b) If g is even and HgK =0(sog=>4asYiz3¢€ HZK is nonzero), then we
have b,(g,2) =28~ 2gp(g, 2).

Proof We have b,(g,2) = 2g_2+5grankH§.y<u-§ (Hétot’K), see Lemma4.2.16(a). From
this and Corollary4.2.15(a) and (b) applied to » = 2 we get that lemma holds. [J

For p # 2, if the finite field extension Frac(Hzig) — Frac(H;K) is separable,
then we can interpret b, (g, 2) as follows.”

9 One can introduce the separable version b‘;,ep(g, r) of by(g,r) which is a divisor of b, (g, r)
and then with no assumption on the finite field extension Frac(Hilﬂ(z) — Frac(HéK) we get the
same interpretation for bsep(g r). Moreover, by considering the smooth locus of the morphism
Spec(Z[T, ..., T"]) — spec(Hé ot
p >> lwehave b,(g,r) = b p(g, r).

), it is a standard piece of algebraic geometry to get that for



4.2 General Results on Quadratics for Arbitrary g > 1 205

For each triple (Dy, Dy, D) € K*1, x Z, x V, such that Fo(Dy, D) # 0 (see
proof of Theorem4.1.1 for Fy), D; = Diag(vy, ..., v,) is generic in a sense which
can be made precise (mainly just that []{_, v; ]_[15,.<ng (v; +v;) #0), and D, is
also generic in a sense which can be made precise, then b, (g, 2) is the number of
K-valued points of

03"~ (0;*(Do, D1, D))

and thus it is the number of solutions O, € V, of the system of equations
Ou,b,c(Do, D1, Q2) = O (Do, D1, D7) forall (a,b,c) € Ag,2).
This system of equations is equivalent to the fact that the identity
det(yoDo + y1 D1 + y202) = det(yoDo + y1 D1 + y2D>) (4.22)
holds for all yg, y;, y» € K. This equation clearly holds if y, = 0 and thus we can

assume that y, # 0 and we denote \g := yoyz_1 and \| := yoyz_l.
Equation (4.22) is equivalent to the characteristic polynomials equation

XA D14+0, (¥) = X py+0, (x) forall A € K| (4.23)
which implies the equation
Tr((\ Dy + 02)') = Tr((\ Dy + Dy)') forall i €{l,..., g} (4.24)
If moreover p t g!, then in fact Systems of Eqs. (4.23) and (4.24) are equivalent.

Writing
Tr((M Dy + 02)) = ) A Pewm, .., Vg, 02),

m=0

> .
each Py y (Wi, ..., we, TP) = Py (Wi, ..., wg, Tl(l), e Tg(?) is a homoge-

neous polynomial in g + g(gTH) indeterminates of total degree v and of partial degree
v — m in the index ®. For m = v we have

8
2 2
Pyowi .. wg. TP, TP) = wl.
i=1

System of Egs. (4.24) is equivalent to the system
PovmWis .o Vg, TD) = Py y Vi, ..., vg, Dy) forall 0 <m <v<g (425)

of @ equations in the @ indeterminates TIS.Z) withl <i <j<g.
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Theorem 4.2.22 [f p = 0, then the following properties hold.

(a) For g <3 we have by(g,2) = [[5_, i' ™.
(b) We have 0y(3,2) = 3 and 09(2,2) = 1.

Proof As g <3, if D, is the zero matrix 0, of size g x g, it is easy to see that
System of Egs. (4.25) has the unique solution Q> = 0,. This implies that System of
Eqgs. (4.25) has the same number of K-valued points as the projective scheme in the

1+ w indeterminates To(g) and Tl(i) with 1 <i < j < g which is given by the
system of homogeneous equations

Peomi, ..., Vg, 7@y = (T()(g))v_mPg’v,m(ul, < Vg, Dp) forall 0<m <v<g.

(4.26)

Choosing D, to be generic so that the scheme (92'2)’1(9;2(Do, Dy, Dy)) is étale

isomorphic to Spec(K”O(g 2y, from Bézout’s Theorem (for instance, see [F], Ch. 12,

Thm. 12.3 or see [H], Ch. 1, Thm. 7.7 applied repeatedly), we get that by(g, 2) is

the product of the degrees in the index ® of the homogeneous forms of System of
Equations (4.26) and thus part (a) holds.

Part (b) follows from part (a) and Lemma4.2.21. (Il

Corollary 4.2.23 Let r > 2 be a natural number. Then the finite morphism
Spec(H ) — Spec(Hg’%) is not an isomorphism and thus we have an inequality
r,3,r)>D@3,r1).

Proof We first assume that p = 0. We have 0y(3, 2) = 3 (see Theorem4.2.22(b)).
For r = 2 we have HQ% = K[7] (see Theorem4.2.13(e)) and thus the case r = 2
follows from Eq. (4.19). The passage fromr = 2tor > 2 follows from Remark 4.2.9.

The case p > 0 follows from the previous paragraph, Eq. (4.14) and the existence
of the second K-algebra monomorphism of Display (4.15). ]

Example 4.2.24 We assume that g = 3. Our six polynomials in the nine indetermi-
nates wp, wr, w3, Tl(lz), Tl(zz), T1(32), Tz(zz), T2(32), and T3(32) are:

Piio=T7 +T5 + T =T(T?®),

P320 = Tr((T®)?),

P31 = 2(w1T1(12) + szz(Zz) + w3T3(32)),

P33 = Tr((T@)%),

Pss1 = 3wi[(T7)? + (T2 + (T5)1 + 3wal(T5)? + (Ty)? + (155)°]
+3ws[(T5)2 + (T + (T3],

2 2 2
Py3n = 3w T + wiTS + wiTd).
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We check that if D, = (d;;)i<; j<3 is generic, then for p ¢ {2, 3}, System of
Eqgs. (4.25) has 12 solutions. As v, 1,, and v3 are distinct, the Vandermonde 3 x 3
matrix V,, ., ., whose ij entry for 1 <i, j <3is Vij ~!is invertible. Thus, as the 3
equations in Q> = (gij)1<i,j<3 € V,

P314ii(v1, V2, v3, Q2) = P340 (1, 12, 13, Do)
fori € {0, 1, 2} can be substituted (as p ¢ {2, 3}) by one matrix identity

G11 922 433) Vi 1n0 = (di1 doo d33) Vo, 1y 0,

we conclude that g3 =d1, g =dx» and ¢33 =di;. We are left to show
that by denoting « := di, = da1, f:=di3 = d31, v := dy3 = d3p, X := q12 = q21,
Y 1= q13 = q31, and z := gy3 = @32, the system of 3 equations

X2y 4+t =0+ 3P+ (4.27)

G2+ + 62+ + e+ 32 = (B + ) + @+ + 3% + ), (4.28)

2xyz — dyx? — dpy* — diz* = 208y — dza® — dnf — diy? (4.29)

in the 3 indeterminates x, y and z has 12 solutions. Note that here we
have reinterpreted the equations Ps;o(v1, V2, v3, Q2) = P3.i0(v1, 12, 13, Dy) for
i €{0,1,2} as a single polynomial identity xo,(x) = xp,(x) and accordingly
we have replaced the equation P;30(vy, V2, 3, Q2) = P330(vy, 12, 3, D) by
the equation det(Q») — q11922¢33 = det(D2) — di1daads3 (in view of the identities
qjj =djj for j € {1,2,3}). Based on Eqgs. (4.27) and (4.28) can be replaced by the
equation

v+ vz? =62+ vy, (4.30)

where v := (v3 — 1) (1, — v1)~' € K\{0, 1}. Based on Egs.(4.27) and (4.30), by

taking D, generic so that the dy;, d»,, d33 are distinct, the Eq. (4.29) can be replaced,
after a scalar multiplication of (x, y, z, «, (3, y) by an element of K*, by the equation

xyz — 2% = afy — 7> 4.31)

By denoting
L= xyz,

the system of 3 Eqs. (4.27), (4.30), and (4.31) gives identities
=P —aby++%

v = =P +vafy — vy + 3, (4.32)



208 4 Background and Required Results in GIT

xP=w—1DP+a’+afy(l —v) +vy? (4.33)
and thus P is a root of the polynomial
w? — (w — afy + ) —vw +vafy — vy? + Bl — Dw +o? + afy(1 —v) + 177, (4.34)

which is a polynomial of degree 3 in w as v € K*\{0, 1}. It is easy to see that

for generic a, 3, 7, v € K, the polynomial of Diagram (4.34) has 3 distinct and
nonzero solutions and that Egs. (4.33) and (4.32) and z = (xy)~!'J3 produce 4 solu-
tions for each value of 3. For p = 0, this implies that by (3, 2) = 12. From this and
Lemma4.2.16(a) we get that for p = 0 the integral K-monomorphism

H%]I(z - H%.]K = Hg,tot,K = Sym((Vg)*)S“

induces at the level of field of fractions a field extension of degree 3 = 12/4 (which
also follows from Theorem4.2.22(2)).

4.3 Finer Results on Quadratics for the Case g = 2

In this section we assume that g = 2. After we exemplify all prior notions, we
include generalizations of the polynomials ®; o, ®1,1,, @92, Yo,1.2 inorder to present
a more detailed description of the K-algebra monomorphism Hf ;o — H 4 for
each integer r > 1.

Example 4.3.1 In this paragraph we assume p # 2. The three polynomials in the
five indeterminates vy, 1, Tl(l2 ), Tl(zz), Tz(z2 ) of the proof of Theorem4.2.22 (a) are:

Prio=T7 + T35 =Te(T?),
Prao = (TP + 2(T9) + (T)? = Tr((TP)?) = Te(T?)? — 2det(T?),
Py =2 T1(12) + 1/2T2(22)).

Thus, if D, = (d;j)1<i,j<> i generic in the sense that dip = d»; # 0, then System
of Egs. (4.25) has 2 solutions Q> = (gi;)1<i,j<2 € V2 givenby g1 = dy1, g2 = dn,
and g1z = q21 € {v/di2, —/diz}. We get that by(2,2) = 2.0 As 0 # To,12 € H,
the K-monomorphism H3 ;, — HJ i is not birational (see Lemma4.2.3(b)).

In this paragraph we assume p = 0. From the last property and the equality
bo(2,2) = 2 we get that the integral K-monomorphism H%:H(z — H%!K is birational
and thus (as H%:ﬁg is normal being a polynomial K-algebra, see Theorem4.2.13(e))
it is an isomorphism, i.e., we have

10 More generally, we get that b‘;eP (2,2) =2for p > 2.
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2,0
H%,K =H)x = KIO2,0,0, ©1.1.0, ©1,0.1, ©0,2.0, O0.1,1, O0,0.2]- (4.35)

As H% % # 0, its rank as a free H2 5 x-module is also 1 (see Corollary 4.2.15(b)) and
thus is generated by each nonzero homogeneous polynomial of the smallest degree,
i.e., we have
H%:]{t = Hg,KTo,l,z = ngH@éTo,l,z-
This implies that we have
H3 o e = 3 i @ HG 5 Yo,12 = Hy g @ HY R Yo,12.

As we have 0(01,0,0) = ©0.2,0, 02(02,0,0) = Og2 and 0(Oy,1,0) = Op 1.1, the
set {®2,0.0, O1.1.0, 10,1} 1S a o-generating set of KZ,even,2- The proof of Corol-
lary4.2.19(d) for g =2 gives that we can actually take N =4 as it is easy to

check that {®;00.1,0(®1,0.1), 02(@1,1)} is a generating transcendence basis of
Frac(K[T,T', T", T"]) over Frac(K[T, T’, T"]).

4.3.1 Singular Loci and Homogeneous Rings
of Grassmannians

We consider the singular locus S;’Ll = [T— Sél) of V;’Ll. We have
Sy’ = Spec(KIT\Y, Ty, THV/ (T Ty = (T{5)%) = Spec(Kl[uj, v, urvil),

where ug, vo, u, vy, ... are indeterminates and where the identification

KITY, T, TOV/(T T = (T = Kl of, wrvi] (4.36)
is given by First Isomorphism Theorem applied to the K-homomorphism

) KT, T, 51— Klug, vi]

that maps Tl(f), Tz(é), Tl(? respectively to u,z, vlz, u;v;. We recall that we have an iden-
tity Tl(f) Tz(é) — (T(l))2 ©(,...0.2,0,..,0), Where the 2 in the r 4 1-tuple lower index
©,...,0,2,0,...,0)isonthel + 1-th position. The group SL; acts on K[u;, v;] via
its action on Span(u;, v;) given by the rule: A € SL,(K) maps (u; v;)' to A(u; v;)".

We consider the Z(-graded K-algebra

Y, :=Kluo, vo, ..., u, v,],
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where the degree of each u; and v; is 1. The total degree is called the uv-degree and
we speak about the partial uv-degree (mg, my, ..., m,) of nonzero polynomials in
the K-span of monomials [];_, u;" v, with each a; € {0, ..., m;}.

Equation (4.36) is SL,-invariant and when / varies they combine together to induce
a finite SL,-morphism of degree 2" *!

SPCC(Yr) — S;'H = SpeC(Y;lll—even)

that identifies Sg“ with the spectrum of the Z(-graded K-subalgebra Y2l-¢¥en of
Kluo, vo, . .., ur, v,] generated by homogeneous polynomials whose partial uv-
degrees are r + 1-tuples of (ZZZo)“rl and that is associated to the image of the
K-homomorphism

J:K[T,...,T" =Y,

whichextends each j; with/ € {0, ..., r} and which maps homogeneous polynomials
of partial T-degree (my, ..., m,) to homogeneous polynomials of partial #v-degree
(2mo, ..., 2m,). We have Ker(7) = (det(T), ..., det(T")).

For distinct integers i, j € {0, ..., r}, let

Yi,j ‘= UjvVj — Vil (S Y,.
Thus y; ; = —y;,;. 1f 0 <i < j < r, the K-homomorphism ; maps
O0,110.0.1.0.00 = T\ Ty + T T = 2T TS,
where the Isin (0, ...,1,0,...,0,1,0,...,0) areonthei 4+ 1 and j + 1 positions,
to

2.2 4 2.2 32
uyvi +viu; — 2ujviujv; =y

‘We define
T, :={G,j)eZ*0<i<j<r}

TJoo={G,j,ns)eZ0<i<j<n<s<r}
Det,, := {det(T)|i € {0,...,r}} and
Ia@r) = {Ony,...om |(mo, ..., m;) € A2, r)}.
We get an identity of Z-(-graded K-algebras induced by ;:
KIT, ..., TVl aan) = Y/ G71G, ) € L), (4.37)

It is well-known that the K-subalgebra Y§L2 of Y, is generated by the y; ;s and
is the homogeneous ring of the Grassmannian Gr(2, r 4 1) of Pﬁ{ lines in Py (see
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[HR], Sect 1., Applic. (a), Case (ii) and Ex. after Cor. 1.9). From this and the Pliicker
relations we get that

Y = Klyi G, j) € L] = K[Yi 1. j) € L1/ Vi jinsl G jon.s) € T,
where Y; ;s are indeterminates, where for all (7, j, n, s) € J, we define
Yi,j,n,s = Yi,an,x - Yi,an,s + Yi,.YYj,na

and where y; j = Y; j + (Yir jasl(’, j'sn,8) € Jp) for all (i, j) € Z,. It is conve-
nient to add extra indeterminates Y;; for all i € {0, ..., r}. We speak about (total)
Y-degrees: each Y; ; has Y-degree 1. Hence each Y; ; , ; has Y-degree 2.

4.3.2 Basic SLy-Invariants: Es and &s

For g = 2 to generalize the homogeneous polynomials &, g, ®;; , ®¢.2, Yo,12 We
first introduce the appropriate indexing sets.

For an integer m such that2 < m < r + 1letC,,, be the set of all m-cycles of the
permutation group Perm({0, ..., r}). Also, let C, := u;;‘zc,,m. We call an m-cycle
w=(q1,.--,qm) € C,,, increasing or unimodular if when viewed as a permutation
of the set {q1, ..., qn} it has exactly m — 1 inversions, i.e, if up to circular rear-
rangement we have g1 < ¢, < --- < g,,. Let C;“,‘,; be the subset of C, ,, formed by all

increasing m-cycles. Let C*™ := U, *1,CUm Let CU"¢¥° be the subset of C™ formed
by all cycles of even orders (lengths) and let C*":°% be the subset of C*" formed by
all cycles of odd orders (lengths). The inclusion C;",Z C C,» is an equality precisely
when m = 2.

Let P, be the power set of {0, ..., r} and let P, ,, be its subset formed by all

subsets with m elements. We have a natural bijection P, ,, — C,“‘;; which maps

a subset {q1,q2,...,qm} € Pry wWith q; < g2 < --- < gy, to the increasing m-
cycle (g1, ...,4qmn). This implies that C;“},‘, has (’;1) elements and that C*™ has
S (M) =2+ — r — 2 elements.

We now introduce the special E invariants. For w = (g1, ..., qm) € C.,, and
gm+1 ‘= q1, we check that there exists a unique homogeneous polynomial

Bo € Hy o x CKIT,...,T]

which is of partial T-degree (mo, ..., m,) with each m; € {0, 1}, m; being 1 if and
onlyif! € {qi, ..., gn} (henceitis of T-degree m), such that the element j (E,) € Y,
is the circular product

m m
. 11- SL
o=~ H(uqi Vgiv1 — vq:u61i+1) == qu:‘qud € (Y? A
i=1

i=1
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The uniqueness follows from the fact that the ideal (Det; ) = Ker(y) contains no
element of partial T-degree (my, ..., m,).

For p = 0, the existence of &, follows from the fact that V5™ — V5*!/SL, is a
universal categorical quotient (see Sect.4.1.2) which implies that

(yalbevemSte — ([T, ..., T"]/(Dety,)}** = Hj , /(Deta,,). (4.38)

Taking K to be an algebraic closure of , due to its uniqueness, E, is fixed by the
Galois group of QQ and thus, with the notation of Sect.4.2.3, we have E,, € Hg”it@.
Considering the Z version

]Z CZIT,..., TP > YrZ = Zlug, vo, ..., Uy, U]

of j : K[T,..., TM] - Y,, the only homogeneous polynomials of Q[7, ..., T
of partial T-degree (my, . .., m,) which map to YZ are the ones of Z[T, ..., T"].
This implies that we have E,, € Hgﬁl. Hence, based on Display (4.15), using scalar
extensions we get that E,, exists even if p > 0.

For instance, as an explanation of the choice of sign in the £,,s, we have

o, =011 and Ep,12 = —E80,2,1) = Yo,1,2

as well as
2
oy = Yo,1 and £0,1,2) = —&0.2,1) = Y0,1¥1,2Y0,2-

For w = (ql, ey qm) S Cr,ma let

m

& = —[]Y4qn €KIYij1G. ) €T,

i=1

It is easy to see that a monomial in the y;;s has a partial uv-degree in (2Zso)" !
if and only if, up to sign, it is a monomial in the £,s with w € C,. From this we get
that

(yatrevemySte = K[, |w € C1 = Ky, &l j) € I, w € C\Cral.

. o . (4.39)
= KI& lw € G jnslG, o, s) € T) NKIE, lw € G}

From Egs. (4.37) and (4.39) we get natural K-algebra homomorphisms

Hb, i/ (Ia2n) ~ Kl&ulw € C1/O21G, j) € T)

=K |lw € GG, j) € L) + (Yi sl jon,s) € THINKIES |w € C ).
(4.40)
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Asforw = (q1,...,qm) € C,,, we have B, € Hg,tot.K’ ( is an epimorphism. More-
over, if p = 0, then from universal categorical quotient property of the morphism
V5 — VI /SL,, we get that ¢ is an isomorphism.

Let Ew € Hg,mt'K/(IA(Q,,.)) be the image of E,; so C(éw) is the image of &,,.

Lemma 4.3.2 Let m > 4 be an integer. The following properties hold.

(a) For an integer r > 3, {q1, ..., qm} € Prm, and s € {3, ..., m — 1} we have
an identity

(1)
S(thbmsqm) + g(qvaSJrlaqH»Z ~~~~~ %n)g(‘l%‘h ~~~~~ qs) — ( 1) 6(41,qs,qkl,...,t]s,qz,qsﬂ ~~~~~ Gm—14m)*

(b) If r and the set {qi, ..., qm} are as in part (a), then for each p # 2 we have
an identity C(€q,.0.q3.q4,q0)) = 0.

(¢) If r = 2 is an integer and {q1, q2, 43}, {9}, 43> 93} € Py3, then for p # 2 we
have an identity ((&(4,.9,.98}.3.q5) = O-

Proof Part (a) just translates in the language of £s the fact that

Oar.a2Yasoras = Yaraen Yaras + Yara Yarao ) aras *** Yagr.a: Vs asin - Yamear = 0-

For parts (b) and (c), from part (a) by taking s = 3 and working modulo /¢,
and ( yf ;1G, J) € Z,) and from the identity &(g2.q) = 0 we get that

C(E(ql-qz,qquzx,---,qm)) = _C(g-(‘[l«513»‘12v‘14:---v‘1111))' (4.41)

Applying Eq. (4.41) repeatedly by shifting ¢, we get that:

C(g(ql,qz.qs,qh---,qm)) = _C(g(qlyqzqqz,q«u---,qm)) == (_1)m_]C(E(ql,qz,qz,qqum))'
(4.42)

If m is even, as p # 2, from Eq. (4.42) we get that C(£,.0.45.45.....0m) = O
If m>5 is odd, then from part (a) by taking s =4, by working modulo
Ir@,r) and (yi%j|(i, Jj) € Z,), and by using that part (b) holds in the even case

(so C(g(ql,qs«,qs,...,qm)) = 0), we get that C(f_(quqz.qa,qm...,qm)) = C(g(ql,q4,q3.qz,q5,qe,...«,qm))~
From Eq. (4.41) applied thrice we get that

C(é‘(t]lqq4,q37421q5~,46w---aq”1)) = _g(é-(‘h»q2sq37¢14q---,11m))‘

Thus, as p # 2, we get that C(g_(ql,qz,%qqum)) = 0. Therefore part (b) holds.

To prove (c), we can assume that » > 5 and the set {q1, 92, g3, 91, ¢, g5} has 6
elements. Not to carry the upper indexes ’, to prove (c) we take m = 6 and it suffices
to check that ¢ (E(q,,qs,qﬁ)é(qm,w) = 0. But this follows from part (a) applied to
(s, m) = (4, 6) and part (b) applied to m = 6. Thus part (c) holds. U
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4.3.3 Generators

Proposition 4.3.3 IfH, . /(Iazn) — Kl&ulw € C1/O2,1G, j) € T,) is an iso-
morphism and p # 2 (for instance, if p = 0), then the following properties hold.

(a) The smallest number of homogeneous generators of the Z>-graded K-algebra
HE,tut,K is
(r+ D> +2r +6)

[pQ2,tot, 1) = G

More precisely, the set

Oy, [(mo, ... ,m,) € AR, )} U{E,|lw € C%

is a minimal homogeneous set of generators of Hj .

(b) The set {Opy....m, |(Mo, ..., m,;) € A2, r)} is a minimal homogeneous set of
generators of HJ i, i.e., we have Hg’% = H x and (with the notation of Proposi-
tion4.2.10)T,(2,r) = D2,r, 1) = ("}?).

.....

Proof The case r = 1 follows from Theorem4.2.8 and the fact that Cfgi is the empty
set. Thus we can assume that r > 2. A
The set A(2,r) has D2, r, 1) = (’Jf) elements and the set CJ has (’ng) ele-

2
ments. Thus the union of part (a) has w elements.

We get a minimal homogeneous set I'y;, of generators of H - as follows.
We write I'yin = U2 oI'min,s» Where I'yin s is the subset of I'yi, formed by all
homogeneous elements of T-degree s and is obtained (constructed) inductively

as follows. First, I'nip 1 is a basis of Sym((V?’l)*)fLZ and thus is the empty set
(see Proposition4.2.6). Second, once I'pin,1, - - -, I'min,s are obtained (constructed),

[min,s+1 18 @ basis of a subspace of Sym( (Vg“)*)i]fl which is a direct supplement in

Sym((V5"1*)%2 of the intersection Sym((V5™)*)%™ N K[U;_ Tin s 1. Thus Ciin 2
is a basis of

Sym((V5t)")5" = Hy(1)x = Span({Op,....m, (o, . ... m,) € AR, 1))
(see Proposition4.2.10 (b) and the fact that p # 2 does not divide 2! = 2) and
therefore it has (H2'2) elements. From Diagram (4.40) we get that we can assume
that [pins C {Eu|w € C,5}. From this and Lemma4.3.2(b) and (c) we get that
for s > 3 we have I'nins = @ (this is automatically so if r =2). As we have
Ea0.g) = —Eiqr.gsgn» We get that Tinins C {E,|w € C'3}. Clearly, the natural

K-linear map from Span({£} |w € C;{‘_%i}) to

K¢ |w € CIYG. ) € L) + (Vi junsl jon.s) € THINK[E |w € C1)
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is injective. From this and Diagram (4.40) we get that '3 = {E,|w € C;f‘;i}. So
part (a) holds.
Part (b) follows from part (a) and Lemma4.3.2(c). O

For each (i, j) € Z, let (i, j) € A(2, r) be the unique r + 1-tuple which has 1 on
thei 4+ 1 and j 4 1 positions and let @gq j) be an indeterminate of degree 1. For each

i €{0,...,r}leti € A(2,r) be the unique r + 1-tuple which has 2 on the i + 1
position and let @Z be an indeterminate of degree 1.

If HY o x/(ac.r) AN Kl¢,lw € C1/(y7;1G, j) € Z,) is an isomorphism and
p # 2 (for instance, if p = 0), then from Proposition4.3.3(b) we get that we have a
surjective homomorphism

a9, KI[® i €{0,...,r}UTL] - Hj g

of Z>(-graded K-algebras that maps each @Z to ©,. We speak about the ©Y -degrees
of homogeneous elements of K[@Z i €{0,...,r}UZ.].

4.3.4 On Hilbert Series

We refer to Corollary4.2.14 for the uniquely determined nondecreasing sequence

(cp(2,r, l))li’iz’r) of integers > 2 with 0,2, r) € N U {0} and for ¢, (2,7) € N. We
recall that gy(2, 2) = 1 if p = 0, see Theorem4.2.22(b).

Proposition 4.3.4 With the notation of Corollary4.2.14, for all integers r > 3 the
following properties hold for p = 0.

(a) We have

002, 1) =2 (r —2)7! (2r - 3) —1- <r - 1)
r 2

(thus 00(2,3) = 2, 09(2,4) = 16, and 0y(2, 5) = 105).
(b) We have

222 520 2e0r 5
(1 +x3)[1 + M + Zlgii r) x2c0(2, ,l)] [Z[LI—ZOJ (r;;l)xujl

(1— x2)2r—1
x)2r 1 r—1 (r— r— i—
L [ 6]
— (1 _ x2)2r—l :

(c) We have inequalities
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3r—4 3(r—1)
2

c(2,r,02,r)-1) = | ] and (2,1, 02,1) = | J

(thus co(2,3,1) =2, ¢c0(2,3,2) € {2,3}, c0(2,4,16) <4, c¢(2,5,104) <5, and
co(2,5,105) <6).

Proof Let 7 be asin Theorem4.2.13(c); soitis asubset with D(2, r) = 3r elements
of H5(1)x = Span({®,,,...m, [(mo, ..., m,) € A(2,r)}) which is algebraically
independent and for which the two K-monomorphisms K[7y] — Hgtm,K and
K[7o] — Hjy are integral and flat, i.e., the Z>o-graded quotient K-algebra
H . x/ (7o) has dimension O (equivalently, it is a local artinian ring). Based on
Corollary 4.2.15(b) and the identities

r+2 r—1
D(2,r,1)—D(2,r)=( ' )_3r:( X )

to prove part (a) it suffices to show that

2r —3
rankg75) (Hj o ) = 2" (r — 2)™! ( ) (4.43)

’

To check this, we first check that we can assume that we have

To D Dy :=Dety, = {©;]i € {0,...,r}} = {det(T)|i € {0,...,r}}.
As p =0, Vg“ — VSH /SL, is a universal categorical quotient, hence:
Spec(Hy 1o /(Do) = Spec((Sym((V5T)*)/(Dy))St) = (855

Recall that dim((S5"")SL2) is equal to

dim(K[u?, uyvy, v}l € {0, ..., r}I) = dim(YS2) =20 + 1) =3 =2r — 1
(one can easily check this based on Lemma4.1.6(b)). From this and Theo-
rem4.2.13(a) we get that there exists a subset & with 2r — 1 elements of H; (1)k such
that by taking 7o = Do U &, the Z>(-graded K-algebra H /(7o) has dimension
0; so the proof of Theorem4.2.13(c) applies to give us that the chosen 7 has the
desired properties.

We identify K[7y]/(Dy) = K[&]. Based on the previous paragraph, to prove that
Eq. (4.43) holds it suffices to show that

2r -3
rankgg,) (H5 o /(Do) = 2" (r — 2)! ( rr ) (4.44)

We consider the reductive group
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G, = [SLy x (Z/272) ™/ (Z)27)x

over Spec(K), where (Z/27Z)x is embedded diagonally in the center of the product
SL, x (Z/ ZZ)EJI. It acts naturally on Y,, with the nontrivial element of the / + 1-th
factor of (Z/ZZ)Erl mapping (#;, v;) to (—u;, —v;) and fixing each u; and v; with
ie{0,...,1—1,14+1,...,r}. The identity

7277+
Y; /2Ly — K[ulz,ulvl, Ulzll e{0,...,r}]

induces new identifications

R 7727+
Yer,,- — (YfLZ)(Z/ZZ)K _ (Y;(’ /22)% )PGI_,2
— (Yfrﬂl-even)SLz — Hg,tot,]K/(,DO)’

where we identify (Z/27Z);, with the quotient of (Z/ ZZ)Erl by its diagonal (Z/27Z)x
subgroup. We have a natural direct sum decomposition

St = @XeHom((Z/ZZ)’.{—l,1})Y§,];<2v (4.45)

where the abstract group (Z/27)" = (Z/2Z)y (K) acts on Yﬁl;j via the character
X- We translate this decomposition in terms of the parity of the entries of partial
uv-degrees as follows. For a € {0, ..., L%J}, let Par, , be the set of r 4 1-tuples
(00, ..., 0:) € {even, odd)+! with the property that the number of times odd shows
up in the sequence oy, . . ., 0, is exactly 2a; it has (rz“; 1) elements. The set

1=

Par, = U Par, ,

a=0
ﬂ
has exactly Z(EZQOJ (s 1) = 2" elements. For o0 = (0, ..., 0,) € Par,, let
SL
Yr, 22

be the direct summand of YS! formed by homogeneous polynomials of partial
uv-degree (mo, ..., m,) such that for each index / € {0, ..., r}, the parity of m; is
exactly o;. Then for each x € Hom((Z/27Z)", {—1, 1}), there exists a unique element
0, € Par, such that we have

YSLZ — YSLZ

X roy"

For instance, if xo € Hom((Z/2Z)", {—1, 1}) is the trivial character, then we have
0y, = (even, even, even, ..., even) and

HS,IO[,K/(DO) — YSLZ — YSLZ

X0 r,(even,even,...,even) *
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Each YSL’ is a nonzero torsion free HY ,  /(Dp)-module. For instance,
a—1
i=0
where odd shows up exactly 2a times, and there exist no homogeneous elements of

Yfl(‘f)dd odd.....odd.even.....even) OF POSitive uv-degree less than 2a (equivalently, Y -degree
less than a). This implies that

dimFrac(H;[va/(Dg))(FraC(H;,[OLK/(IDO)) ®H5‘|m_u</(D0) Yfl;?) =1. (4.46)

Quillen—Suslin’s theorem implies that each YS];CZ is a free K[&y]-module. From this
and Eq. (4.46) we get that for x € Hom((Z/27Z)", {—1, 1}) we have

rankg g, (H5 o, /(Do) = rankg(e,) (Yﬁ'; ). (4.47)
Let ¢ (r) := rankg(g,) (YSL2). From Egs. (4.45) and (4.47) we get that

q(r) = 2'rankg e, (H 1o x /(Do)

Thus to prove that Eq. (4.44) holds it suffices to show that we have

q(r) =27 (r —2)""! (2’; 3).

To check this we recall (see [GW], Sect. 6 and [Br], Thm. 1) that the Hilbert series
of the Z-graded K-algebra Y32 which is the homogeneous coordinate ring of the
Grassmannian Gr(2, r + 1) and in which all y; ;s with 0 < i < j < r are of degree
1 (to be called as well Y-degree), is

S =D (s i)x’*"

P12, 1)) = T

(4.48)

The composite K-monomorphism K[&£y] — Hj /(Do) — Y1 is integral and
thus the K[&p]-module Y§L2 is free (see [Ke], Cor. 4.2). If we have an ordered K[&y]-
basis wy, ..., wy( of Y§L2 formed by homogeneous elements such that the sequence
(deg(w;))1<i<q(r) Of Y-degrees is nondecreasing, then we have

q(r) deg(wI)

[We recall that for (i, j) € Z. we have j(Q)) = yizj, and thus each element of &
has Y-degree 2; also, it has T-degree 2.]
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From Egs. (4.48) and (4.49) we get that

q(r) r—1
-1 —1 .

2 :xdeg(uu) — E (r _ 1)_1 (}" ) )(r 1>x]_1 (1 +x)2r—l' (450)
J J —

=1

j=1

By taking x = 1 in this equation we get that

r—1
A2l 13—l r—1\(r—1 _ a2 1yl 2(r =1
q(r)=2"""¢ -1 Z( .)(._1> =2"[2(r — 1] ( . )

=\ I\

where we used that Zr];l, (’71)(31) = Zr];l, (’;1) (::;) is the coefficient of x”
in the product (1 +x)"~'(1 +x)"~! = (1 +x)2"~) and hence it is (*"~"). Thus
q(r) =2%(r —2)71(* ), i.e., Eq.(4.43) holds. So part (a) holds.

To check that parts (b) and (c) hold, we first remark that the leading
term of the right-hand side of the Eq.(4.50) is x> ~!x"~2 = x¥ 3. Therefore

deg(wy()) = 3r — 3 and deg(wy(y—1) < 3r — 4.

As Perm({0, ..., r}) acts naturally on Y, in such a way that for every element
a €{0,..., =]} it permutes transitively Par,, and the set {Y$%2|o, € Par, .}, if

oy € Par, ,, then the Hilbert series g (2, r)(x) of Yf";j depends, as the notation
suggests, only on a. We conclude that:

s

(=)
1
PN =Y (’"’L )pl,a(z, ).
0

N‘

2a

a=|

If o,, € Par, 4, then each element of a homogeneous K[&|-basis of Yﬁ';j has Y-degree
at least a and therefore, we have

x491,0(2, r)(x) 2 91,42, 1) (x), (4.51)

where 1,0(2, r)(x) is defined as follows. The Hilbert series of H i /(Do) when
viewed as a 2Zx¢-graded K-algebra (as the yi% ;8 have Y-degree 2 or equivalently as
the ©s have T-degree 2) is (1 — x2) "1 (2, r)(xz). The Hilbert series g1 ,0(2, r)(x)
is the Hilbert series of H . /(Do) (viewed with the T-degree grading which is
compatible with the one just mentioned for H /(D)) and thus is the sum of

(1 —x%)"*10(2, r)(x?) and of the Hilbert series i (2, r)(x) of Hjy/DoHy.
Similarly to Inequality (4.51) we argue that

(1= x> o2, 1)) 2 912, 1) (). (4.52)

Combining Eq. (4.50) and Inequalities (4.51) and (4.52) with Corollary 4.2.14 we
get that part (b) holds.
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From part (b) and the two relations deg(wy,) =3r—3 and
deg(wy(y—1) < 3r —4 we get the inequalities 2¢y(2,r, o, (2,r)) < 3r — 3 and
2¢0(2, 1, 0y (2,7) — 1) < 3r — 4; so part (c) holds.!! O

Example 4.3.5 We take r = 3 and continue to assume that p = 0. As we have
dim(H;K) =9and Hg!K is generated (see Proposition4.3.3(b)) by the 10 polynomi-
als O g, m,,m,ms) € H%(I)K indexed by the elements (mg, m;, my, m3) of A(2,3),
the K-epimorphism ¢, induces an identification

H3 5 = KIOY, 1 o | (10, mi 2, m3) € A2,3)1/(T14(0, 1,2, 3)

where I14(0, 1, 2, 3) is a homogeneous polynomial in the 10 indeterminates of er-
degree equal to rankH;g (H%’K) =24 09(2, 3) = 4, uniquely determined up to mul-

tiplication by elements of K*. Thus, for r = 3 we get that
Ker(q3) = (I14(0, 1, 2, 3)).
The Hilbert series of a hypersurface of degree 4 in P}, is

1 —x* I+ x+x2+x3

and thus we have ¢y(2,3,1) =2 and ¢((2, 3,2) = 3 (as suggested by Proposi-
tion4.3.4(b)).

Corollary 4.3.6 For all integers r >3 and m € {4, ..., r + 1} the following two
types of relations hold for p = 0.

(a) (E cyclic relations) For all ({qi1,...,qm},s) € Prw x {3,....m — 1} we
have the following identity

— — — 1V
E@rgtn) T B@a1.005200m) B@2.0500) = (1) B(g1,q0.001,02.0541,4552.)

-
between elements of H; . .

(b) (E Pliicker relations) For (i, j, n, s) € J,, let 1 (i, j, n, s) be

(©6,1)*(Of5) + (B, (O ) + (©,)*(©()

and let 1'124)(1', j,n,s) be

207

Y Y Y Y Y Y
()@l @l Ol T 200 Olin) 1) © i) + 20 Ol O @

(.n) G

1 Due to the presence of the denominator (1 — x2)2=1in part (b), one cannot conclude that the

inequality 2co(2,r, g5 (2,7)) + 3 + L%J < 3r — 3 holds, and in fact this inequality is false if
r € {3,4}.
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Then there exists a homogeneous polynomial

i

1§, j, n, s) € (OF, @LY., ®,.0))
of the same partial degrees as 1'1512) (i, j,n,s)or l'[ff” (i, j, n,s) and such that

4G, jon,s) =106, jon,s) + TG, jon,s) + TG, j,n,s) € Ker(q,).

Proof Part (a) follows from Lemma4.3.2(a).
Part (b) is a direct consequence of the Pliicker relations. More precisely, starting
from the Pliicker relation y; jy, s — YinYjs + YisYjn = 0 we first get that

ViuYis = Vi Vs 25 ¥nsYisYim + VosYius
and second that
2.2 2.2 2 .2 2 .2 2.2 32
4yi,jyn,syi,syj$n = (yi,nyj,x = Vi,j¥ns — yi.syj,n) )
and thus finally that

4 4 4 4 2 .2 .2 2 2 .2 .2 2 .2 .2
ViV T YinYis T YinYis = 2V jYinYn,sYis = Vi jYinYnsYin = 2Vin¥is¥isYarm =0

To prove part (b) we can assume that r = 3; so (i, j,n,s) = (0, 1, 2, 3). For
r = 3, part (b) follows once we recall that yl2 ;= &a.j» which implies that the sum
NG, j,on,s) + 115G, j, n, ) modulo the ideal (9}, ©F, ©F, ©F) + Ker(q3) is 0
(cf. also Eqgs. (4.38) and (4.39)). U
Example 4.3.7 We take r > 3. Let the I14(i, j, n, s)s with (i, j, n, s) € J, be as in
Corollary 4.3.6(b): their T-degrees are 8, their partial T-degrees (mo, ..., m,) are
such that m; € {0, 2}, and m; is O if and only if / € {0, ..., r}\{i, j, n, s}, and their
O -degrees are 4. As Ker(q3) = (I14(0, 1, 2, 3)), it follows that Ker(q,) contains
no nonzero homogeneous polynomials of T-degree 4 (so of ©-degree 2) and all
homogeneous polynomials of T-degree 6 or 8 (so of ®" -degrees 3 or 4) must either
involve 5 indeterminates among the T®s with i € {0, ..., r} or must belong to the
K-vector space Span({I14(i, j, n, s)|(@, j, n, s) € J,}). Thisimplies that forall » > 3
we have

1+ (r+1)2(r+2)
2 9

D2,r2) = (

2 + (r+l)2(r+2)
3 )

3 (r+1)(r+2) 1
pery<(CT 2 )-("th)
4 4

D2,r,3) < <



222 4 Background and Required Results in GIT

In particular, as g¢(2,4) = 16 and co(2, 4, 16) < 4 (see Proposition4.3.4(c))
and as D(2,4,1) =15, D(2,4,2) =120, D(2,4,3) = 680 — o, and moreover
D(2,4,4) = 3,055 — 3, with o, € NU {0}, we easily get that

14 3x 4+ 6x2+ (10 — a)x> + ax*

2,4)(x) = :

$0(2, 4)(x) T
and thus co(2,4, )=-+-=q(2,4,6) =2,¢(2,4,T)=---=c(2,4,16 — a) = 3,
02,417 —a) = =co(2,4,16) =4, a € {0, 1,...,10} and 8 = 10 + 110

Representation theory gives an explicit way to compute Hilbert series. For
instance, [DK], Cor.4.6.9 and Rmk. 4.6.10 allow us to compute o (2, )(x?) as the
even part of the coefficient of z° of the fraction

1-22
(1— XZ—Z)r-H(l _ x)r‘H(l — XZZ)rH

and thus of the fraction

30 Gl (H)E 22 (1) ()]

(1 —x)r+!

A simple calculation shows that for » = 4 this fraction is a Hilbert series which
modulo x°Z=o[[x]] is equal to

1+ 15x% 4+ 10x> + 12 — x* + 126x° + 680x° + 855x7 + 3, 045x%.
In other words, we have oo = 0, 3 = 10, and

1 4+ 3x + 6x2 +10x3
(1—x)12

#0(2,4)(x) =

As (=10, for each (qo,q1;92,93,94) with {qo,...,qs} =1{0,1,2,3,4},
q0 < q1, 92 < q3 < qa, there exists a nonzero homogeneous polynomial

[14(qo, 915 92, g3, q4) € Ker(qs)

of partial T-degrees (mg, mi, my, m3, my) such that we have mgy = my =1 and
Mgy, = Mgy = My, = 2.

By combining Corollary4.2.14 with Proposition4.3.4(a) and (c), the equality
0o (2,2) = 0 (see Eq. (4.35)), and Examples4.3.5 and 4.3.7, we get directly the fol-
lowing consequences.

Corollary 4.3.8 The following properties hold.

(a) For all integers s > 0 we have D(2, 1, s) = (s-sz-z) and
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DQ.2.s) = (s —;— 5) _ s+ (s + 2)(s142—03)(s +4)(s + 5).

(b) For all integers s > 0 we have D(2,3,s) = Z?:s (‘Y;i) and thus

S+ DG +2)(s +3)(s +4)(s +5)(s> + 952 + 465 + 84)

D(2,3,s) = 27

(¢) For all integers s > 0 we have

s+ 11 s+ 10 s+9 s+ 8
D(2,4,5) = 3 6 10
( ”(11>+(11)+<11)+ (11)
T (s + D)1(20® + 10352 + 5355 + 990)
- 11! ’

(d) Let r > 5 be an integer. Then for all integers s > 0, D(2, r, s) is
~(2,r)
3r+s—1 r—1\/3r+s—2 ¢ 3r+s—1—¢Q2,r
n n Z 1(2,7)
3r—1 2 3r—1 P 3r—1

and the rational number

De.r9 - () - (3) (57

(3,:2]) (2rr_3) — 1= (r;])

belongs to the interval of the real line

[ L%J+s+l 3r+s—3]
3r—1 ’ 3r—1 ’
Thus the unique polynomial D, ,(x) € Q[x] such that for all integers s > 0 we have
3r—1-[ 30

DQ2,r,s) = Dy, (s), is divisible by [];_, (x + 1), has leading coefficient

—(r—zi;—l)! (2’;3), and satisfies D, (0) = 1 and D, (1) = (’;1).

4.4 A General Result on o-Finite Generation

For the sake of future references we generalize Theorem4.2.17 and Corollary 4.2.19
as follows. Let d € N and let

=(x-xg)t, ¥ =W = (- ) ,x® = (xfr) .. -x;r))t, ...
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be a sequence of column vectors with entries indeterminates of degree 1. We consider
the polynomial Z-(-graded K-algebras

X:=UsoX,, X :=Kk"|l<i<d0<l<rl
We consider the shift K-algebra monomorphism
0:X—->X

that sends x” to x'™ forall (i, 1) € {1,...,d} x Z=o.

If G is a reductive group over Spec(K) equipped with a faithful representation
p: G — GLy g, we let G act on X via the matrix rules (4, x©) > p(h)x? for all
(h,1) € G(K) x Zx; it restricts to an action of G on X, for each r € Z. Clearly,
if ¥ € X%, then o(¥) € XC.

For j,t € Zs(, we consider the G-invariant K-automorphism

Ljij+t X —>X

that for i € {1,...,d} fixes each xi([) with [ € Z>o\{j, j +t} and interchanges

xl.(j ) xl.(j ). each ¢ j:j 18 the identity automorphism of X.

Theorem 4.4.1 We assume there exists m € N such that we have a G-separating
polynomial on V'™ (i.e., the stable locus (V™)* is nonempz‘y).12 Let Ty be an arbi-
trary transcendence basis of Frac(ngl) over K. Let T = {91, ...,9,} C X¢ be
an arbitrary transcendence basis of Frac(X%) over ch(Xg _1)- Then the following
properties hold.

(a) Foreachl € Zsq the union Ty U (Ulj=0 [ (T)) is a transcendence basis

of Frac(Xg ) over K.
(b) The set T is o-algebraically independent over K, i.e., the set

(o @IG, j) € {l,...,d} x Zso} = Ujzo07 (T)

of polynomials of X© is algebraically independent over K.
(¢) The field Frac(X©) is o-generated by a finite subset of Frac(an; 1)
(d) We assume that for each integer | > 0 we have a direct sum decomposition

G e G
Xoti=1 = X1 even ® X121 oaa

that corresponds to homogeneous degrees in 2aZo and a(2N — 1) (respectively),
where a € N is fixed. We also assume that for [ >> 1, X% i1 = 0. Then

m—+1—1,0
XngLadd % 0 and the field

12 1f the identity component of G is semisimple, then m € {1, ..., d} exists by Lemma4.1.10.
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Frac(X

even

) - U1>0Frac(Xm+l 1 even)

is o-generated by a finite subset of Frac(X$_, ,.,.)-

Proof As the representation p:G — GL,;x is faithful, for a generic
m + 1-tuple (vg, ..., v,) € V™! with (vo,...,v,_1) € (V™)%, the stabilizer
Stabgs ((vo, .. ., V) is trivial. Based on this, the proof of the theorem is the same
as the proofs of Theorem4.2.17 and Corollary4.2.19. We include here only details
of the arguments of the last two results which used concrete notation specific to
quadratic forms.

As in the proof of Lemma4.2.16(b) and (c) one checks that for all integers
j >t > 0 we have the following property:

(i) the natural G-morphism

Pm+j,m+t :Verj - Vm+t X(Vm+ ) G) (Verj/G)

is generically finite. For t > 0, p,,+; i m+ 18 generically finite of degree 1, the field
extension Frac(X¢ mai—1) — Frac (Xm +ie 1) is purely transcendental of transcendence

degree d(j —t), and a subset with d(j — t) elements of Frac(Xmﬂ \) is a gen-
erating transcendence basis (resp. a transcendence basis) of Frac(X¢ et |) over

Frac(XG 1) ifand only ifitis a generating transcendence basis (resp. transcendence
basis) of Frac(X,,;_1) over Frac(X,,,—1).

As in the proof of Theorem4.2.17 we check that the following properties hold:

(i) for all integers / > 0, the set ¢y.,+:(7) is a transcendence basis of
Frac((Ky—1[x" ™, ... x"D9)

over Frac (Xg_ s
(iii) the union 7 U (Ul21 tmm+: (7)) is an algebraically independent subset of

Frac(X) over Frac(X,,_;); so it is a transcendence basis of Frac(X%) over
Frac(X¢_)).

For a pair (t,7) € N X Zso let vo.1,.. i—1:0+r.t+r+1... 20—14r b€ the G-invariant K-

.....

automorphism of X that for each i € {1, ..., d} fixes each xl.(l) with [ in the dif-
ferencesetZ>o\{0, 1,...,t — 1, t+r,t +r+1,...,2t — 1 4+ r} and interchanges
xP e X forall 1 € {0, ..., 1 — 1),

From the property (iii) we first get that part (a) holds and second that (as in the
proof of Corollary4.2.19):

(iv) for each integer t > m, o' (7) = to.1...m—1:t.41....m+1—1 W+ (7)) is a tran-
scendence basis of Frac(X¢ ) over Frac(X$ ,,_);

wifrefl,...,m—1}, then 6'(T) = tr,,, (tm:m+:(7)) is a transcendence basis

of Frac(X¢ +,) over Frac(X$,,_,), where m,, is the shift by ¢ permutation of
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{0,...,m+¢t — 1} with the property that m,,(/) is congruent to / + ¢t modulo
m +t and where ¢, ,, is the G-invariant K-automorphism of X which for each
iefl,...,d} maps xi(l) to xi(ﬂ’"*’(l)) foralll € {0,...,m +t — 1} and fixes g

;. for
all integers [ > m +¢.

Part (b) follows from the property (iv).
From the second part of the property (i) we get that the proofs of Corol-
lary 4.2.19(b)—(d) apply entirely to give us that parts (c) and (d) hold as well. O

Remark 4.4.2 The fact that the fields in parts (c) and (d) of the theorem above
are o-finitely generated follows, again, from the general fact of difference algebra
in [Le], Ch.4, Thm.4.4.1. The novel part of parts (c) and (d) is, again, the bounds
m 4+ 1 and m 4 2 (respectively) for the ‘order’ of the o-generating set.



Appendix: Abelian Schemes and Hecke
Correspondences

In this appendix we review basic definitions pertaining to moduli schemes of princi-
pally polarized abelian schemes over Z,)-schemes and their Hecke correspondences
that are being used throughout our monograph. The standard references for this mate-
rial are [MFK], Ch. 7, [FC], Ch. 1, and [D].

Throughout this appendix we let g € N, p a prime, N > 3 an integer prime to
p, and R a Z,-algebra. Let L := 77¢. Let ¢ : L ®; L — 7 be a fixed perfect
alternating form on L. We denote by vy the reduction of 1) modulo N. For a scheme
X over R let puy x be the finite flat étale group scheme over X that represents N-th
roots of unity. Let (L /N L) x and (Z/NZ)x be the finite flat étale commutative group
scheme over X defined by the finite abelian groups L/NL and Z/NZ.

For étale and smooth morphisms of schemes we refer to [BLR], Ch. 2, Sect. 2.2.
In particular, a morphism X — Y of schemes is smooth (resp. étale) iff it is locally
of finite presentation and for each Y-scheme Z which is affine and for every closed
subscheme Z, of Z defined by a sheaf of ideals of Oz of square 0, the canonical
map Homy (Z, X) — Homy (Zy, X) is surjective (resp. bijective) (see [BLR], Ch.
2, Sect. 2.2, Prop. 6).

Abelian schemes. An abelian scheme over X is a group scheme A — X which
is smooth, proper, with connected geometric fibers (e.g., see [FC], Ch. I, Def. 1.1).
So the relative dimension of A over X is well-defined provided X is connected. If
X = Spec(S) we simply say that A is an abelian scheme over S.

The dual of an abelian scheme A (e.g., see [FC], Ch. I, p. 3) is denoted by A.

A principal polarization of A is an isomorphism 6 : A — A which locally in the
étale topology is defined by some relatively ample invertible sheaf (in the sense of
[FC], Ch. I, pp. 3 to 6).

An abelian variety A over an algebraically closed field « of characteristic p is
called ordinary if its p-torsion group of x-valued points A[p](x) is isomorphic to
(Z) pZ)m™A | As an extrapolation, an abelian scheme A over X is called ordinary
if all its geometric fibers over points of X Xgpec(z) Spec(IF,) are ordinary abelian
varieties over fields.
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An isogeny u : Ay — A, of abelian schemes over X is a finite faithfully flat
homomorphism. If X is connected, then A; and A, have the same relative dimen-
sion over X. Assume now that A; and A, have relative dimension g over X. Let
d € N. We say that u is a polarized isogeny with respect to principal polarizations
0; and 6, on A; and Aj,, respectively (a polarized isogeny between the polarized
abelian schemes (A1, 61) and (A,, 6,)), of degree d3, if the composite endomorphism
Ay — Az — A] — A| — A, is the multiplication by d, where it : Az — Al is the
isogeny dual to u and for i € {1, 2}, the homomorphisms A; — Ai and Ai — A; are
0; and its inverse; equivalently, if the pull back of 6, by u is d0;. E.g., see [FC], Ch.
VII, Def. 3.1, for the case when d is a power of p.

A level-N structure on A is an isomorphism [: (L/NL)x — A[N] between
finite flat group schemes over X (see [MFK], Ch. 7, Def. 7.1). If 6 : A — A is
a principal polarization of A, then 6 restricts to an isomorphism A[N] — A[N].
Using it and the Weil pairing A[N] x x A[N] — BN x, we get a perfect pairing
Yaon : AIN] ®x AIN] — py x which is known to be alternating.

One says that [ is a symplectic similitude level-N structure' on (A, 6) if locally
in the étale topology of X there exists an isomorphism (y x : py x — (Z/NZ)x of
finite flat group schemes over X such that [ induces an isomorphism

(L/NL,¥n)x — (AIN], Ya0.n)

of symplectic spaces over X, where 4 9.y : A[N] ®y A[N] — (Z/NZ)x is the
composite of 14 ¢y With (v x.

Moduli schemes of abelian schemes. We denote by Ay 1 v R classic Mumford’s
moduli scheme of principally polarized abelian schemes of relative dimension g
endowed with a level-N structure over R-schemes (see [MFK], Ch. 7, Thm. 7.9).2
It is a quasi-projective smooth scheme over R.

We denote by A, v r the moduli scheme of principally polarized abelian
schemes of relative dimension g endowed with a symplectic similitude level-N struc-
ture over R-schemes. It is an open closed subscheme of Ay 1 v g classic-

Hecke correspondences. For d € N relatively prime to p, a prime to p Hecke
correspondence on A, | n g defined by polarized isogenies of degree d* is a smooth
scheme Ay 1 v r,4 OVer R that represents the functor that attaches to every R-algebra
S the set of isomorphism classes of polarized isogenies (A, 6;) — (A, 6,) of degree
d?® between principally polarized abelian schemes (Aj, ;) and (A;, 6;) over S of
relative dimension g endowed with symplectic similitude level-N structures [; and
I, such that u is compatible with [; and [,.

1 Often, for the sake of simplicity, it is called in literature shortly as level-N structure. This is not
done here as [MFK] is quoted extensively in this monograph and one would like to avoid any
terminology conflict with [MFK], Ch. 7, Def. 7.1.

2 Itis Serre’s lemma of [Mum], Ch. 1V, Sect. 21, Thm. 5 which allows to apply [MFK], Ch. 7, Thm.
7.9 with N > 3 and not just with N > 68./g!.
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To explain the latter compatibility assume first that S is an algebraically closed
field and there exists a prime ¢ different from p such that both N and d are powers
of £. If T;(A;) is the £-adic Tate module of A; and if isomorphisms

Lon specs) = (L]€" Z)spec(s)

are chosen for each m € N in a compatible way, then, similar to 14 ¢y above, we
obtain a perfect alternating form v; : T¢(A;) ®z, T¢(A;) — 7.3 The |; is defined by
an orbit o(h;) of the natural right action of the group

Loy :={M € GSp(L, ¥)(Z¢)|M modulo N is the identity matrix}

on the set of symplectic similitude isomorphisms (L, ¥) ®z Z; — (T;(A;), ¥;); so
hi : (L,Y) ®z Z¢ — (Ty(A;), 1) isasymplectic similitude isomorphism. The com-
patibility of u with [} and [, means that the injective Z;-linear map

To(u) : Ty(Ar) — Ti(Az)
defined by u induces a symplectic similitude isomorphism

To(u) ® lg, : (Ty(AD), Y1) ®z, Qv = (Ty(A2), ¥2) ®z, Q.

We emphasize that, if d > 1, then the compatibility of # with [} and [, is not expressed
by a commutative diagram between finite flat group schemes over Spec(S).* More
precisely, it is expressed by a natural compatibility between iy, h, and T, (1) ® 1g,:
there exists & € GSp(L, ¥)(Q;) such that the composite Q,-linear isomorphism

(Te(w) ® IQ{) o(h ® IQ[) oh

maps L ®z Z, onto T;(A;) and defines /5.

The case when S is an algebraically closed field and N, d are arbitrary requires
the usage of the ring of finite adéles with the p-component omitted (or at least of the
product of the Q;s indexed by prime divisors £ of N) instead of only the Q; in the
previous paragraph. In characteristic O, this is detailed in [D], Sects. 4.12 and 4.16.

For a general S, the compatibility of a polarized isogeny with symplectic similitude
level-N structures means compatibility over all geometric points of Spec(S).

Taking the disjoint union of all prime to p Hecke correspondences

/ Ly—
¢,1,N.R *— UdeN\pNAg,l,N,R,d

we obtain a correspondence

3 The language of ‘symplectic similitudes’ makes the mentioning of such compatible isomorphisms
unnecessary and hence they are not mentioned again in this monograph.

4 In general, this is possible if N and d are relatively prime.
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A;,I,N,R = Ag,],N,R

in the category of schemes over Spec(R). The categorical quotient of this correspon-
dence (exists and) is Spec(R).

Moduli stacks of abelian schemes. We denote by A, | r the stack of principally
polarized abelian schemes of relative dimension g over R-schemes (for instance, see
[FC], Ch. I, Def. 4.3, p. 19). This is an algebraic stack over Spec(R) in the sense
of [FC], Ch. I, Def. 4.6, p. 20 (see [FC], Ch. I, Sect. 411)5 In particular it has an
étale cover that is a smooth scheme over Spec(R) and hence it has a well-defined
relative dimension which equals to g(g—;”). The stack A, 1 g induces a functor we
still denote by A, ; g from the category Ring of R-algebras to the category Set of
sets: for each R-algebra S, A, 1 r(S) is the set of isomorphism classes of principally
polarized abelian schemes over S of relative dimension g. If in the above discussion
one takes ordinary abelian schemes instead of abelian schemes, then one obtains a
functor Ay 1 ora,# from Ring to Set.

Similar to the correspondence A, | v x = Ag 1, &, We have a correspondence
.A’ 1.8 > Ag.1r of stacks, where .Ag 1.g 1s the union of prime to p Hecke corre-
spondences on A, 1 r. So, for each R- algebra S, Ag 1. (8) is the set of isomorphism
classes of quintuples (A1, 61, Az, 05, u), where (A, 91) and A(A;, 6,) are principally
polarized abelian schemes of relative dimension g over Spec(S) and u : A} — A;
is a polarized isogeny with respect to principal polarizations ¢, and 6, of degree
prime to p. Restricting the correspondence A; | p — Ay 1,& t0 Ag 1 ord, 8, We Obtain
its ordinary version, i.e., the correspondence A’g’l, Rord > Ag 1,r ora Of stacks.

Some of the definitions in this Appendix are repeated in the body of the monograph
for convenience. Moreover, various properties of the objects defined here are being
reviewed in Chaps. 1-3 as needed.

5 In the more modern terminology, it is a Deligne-Mumford stack.
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