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Preface 

Our starting point is the following pathology present in all ‘classical’ geometries such 
as algebraic geometry, formal algebraic geometry, analytic geometry, differential 
geometry, etc. Assume X is an object of such a geometry and assume we are given 
a correspondence on X, i.e., another object X of this geometry together with two 
morphisms from X to X. Such a correspondence generates an equivalence relation 
on X and one would like to construct, in our geometry, an object that plays the role 
of the quotient of X by this equivalence relation. However, in many interesting cases, 
the orbits of the equivalence relation are dense in X in which case the categorical 
quotient is trivial. One way out of this puzzle would be to consider a refinement of the 
original geometry by allowing more functions on our objects in order to achieve the 
‘separation of the orbits’. An example of such a move is Alain Connes’ invention of 
noncommutative geometry [Con] which led to a refinement of differential geometry 
and to the construction of new quotients in a series of remarkable examples. In a 
different direction, a refinement of algebraic geometry was proposed in a series of 
papers beginning with [Bu95a] (and partially summarized in [Bu05]); this refined 
geometry can be referred to as δ-geometry and is roughly obtained from the usual 
algebraic geometry by replacing unital commutative rings with δ-rings, i.e., with 
Z(p)-algebras that admit (and are equipped with) a Fermat quotient operator (which 
we denote by δ and  we  refer  to  as  a  p-derivation). The latter led in [Bu05] to the 
construction of quotients of various curves X (rational, elliptic, modular) by various
remarkable correspondences.

The aim of the present monograph is twofold. First we revisit the foundations 
of δ-geometry by offering a version of it which is more flexible and more general 
than that of [Bu05]. Second, as our main application, we construct quotients for a 
remarkable series of higher dimensional examples that generalize the modular curve 
examples in [Bu05]. 

The method offered in this monograph is general in nature but we concentrate on 
a foundational case study which is that of quotients of moduli schemes of principally 
polarized abelian schemes of arbitrary fixed relative dimension by Hecke correspon-
dences and which we hope it will be used for all future generalizations to closed

v



vi Preface

subschemes of these moduli schemes that are defined by integral canonical models 
of Shimura varieties of Hodge type (cf. [V], Chap. 1, Sect. 1.6). 

Our treatment here is independent of that in [Bu05] and, in fact, all our prerequi-
sites here belong to ‘usual’ algebraic geometry: we mainly assume some familiarity 
with abelian schemes and their deformation theory for which we provide detailed 
references. A key technical role in our proofs here is played by some old and new 
results in the classical geometric invariant theory of tuples of quadrics. These are 
carefully reviewed and developed in the last chapter of our monograph. With some 
rare exceptions, all results in this monograph appear here for the first time. 

It is interesting to note that some of the examples of quotient problems for which 
δ-geometry is effective are related to examples for which noncommutative geometry 
proves to be effective. We also note that a variant of δ-geometry was used in [Borg] 
as a candidate for the geometry over F1, the field with one element (see also [Bu05], 
Introd.); on the other hand, noncommutative geometry has also been proposed as a 
path towards F1. Finally note that δ-rings recently played a role in the foundation of 
prismatic cohomology (see [BS]). It would be interesting to interrelate these topics 
and the topic of the present monograph. 

Albuquerque, USA 
Binghamton, USA 

Alexandru Buium 
Adrian Vasiu
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Notation 

Let Z be the ring of integers and let Z≥0 be its semiring of non-negative integers. 
Let N be the set of positive integers. For a prime p,  le  t Fp be the prime field with p 
elements. In Chap. 4, and hence for its notation, p is either a prime or 0. Let C be 
the field of complex numbers. 

With S a unital commutative ring, let An 
S and P

n 
S be the affine space and the 

projective space (respectively) over Spec(S),  le  t S× be the group of units of S, and 
let S̄ = S/pS.  If  S is an integral domain, let Frac(S) be its field of fractions. If S 
is local, then mS is its maximal ideal. The reduction modulo p of X is denoted by 
X̄ , where X is either a scheme over Spec(S) or a formal scheme over the p-adic 
completion with structure ringed sheaf O. 

Axioms 

• (DAX1) − (DAX3) the axioms defining p-derivations 
• (GAX1) − (GAX5) the axioms defining δ-graded rings 
• (GAX6) and (GAX7) the extra axioms defining filtered δ-graded rings 
• (MAX1) − (MAX4) the axioms defining a moduli datum 
• (NAX1) and (NAX2) the nondegeneration axioms for abelian schemes over R 
• (UAX1) and (UAX2) the unitary axioms defining k-valued points for which one 

has good Serre–Tate expansions 

Capital Letters 

• A0 ordinary abelian variety of dimension g over k 
• B f and B((p)) localizations of an integral δ-graded ring B 
• Cp(T1, T2) = T 

p 
1 +T p 2 −(T1+T2)

p 

p ∈ Z[T1,T2]

xiii



xiv Notation

• D(A) the multiplicative set of all a ∈ A, with A a δ-ring, such that the image of a 
in A/pA is a nonzero divisor 

• D(g, r) = (r + 1) g(g+1) 
2 − g2 + 1 the dimension of either Hr 

g,K 
or Hr 

g,tot,K • Dp(g, r, s ) the dimension of the K-vector space Hr 
g(s)K 

• G a reductive group over Spec(K) and the connected component G0 of its identity 
element 

• Hd(X •)  the  d-th cohomology group of a semi-simplicial object X •
• H d (Xδ) the d-th cohomology group of an ss-δ-space Xδ 
• H r g (U0, s) B or Hr 

g(s) (resp. H r gg(U0)B or H 
r 
gg(U0)

† 
B or H 

r 
gg(U0)

‡ 
B)  the  B-module of 

polynomials (resp. matrices with entries polynomials) satisfying the appropriate 
functional equation, with B an integral domain that contains Zp and s ∈ 1 2 Z• J r(X ) the r-th p-jet space of an R-scheme X 

• K the field of fractions of R;  s  o K = R[ 1 p ]• M, often with lower right index in N ∪  {  0},  matrix  i  nMatg 
• M t and M ∗ the transpose and the adjugate of a square matrix M 
• Mg the R-algebra of Siegel δ-modular functions of genus g; R-subalgebras M r g 

and R-submodules M r g (w) 
• Mgg the R-algebra of Siegel δ-modular functions of genus g and size g; 

R-subalgebras M r gq and R-submodules M r gg(w , w )
• Nb = (f ∂ )φ

b−1 · (f ∂ )φ
b−2 ·  ·  ·  (f ∂ )φ · f ∂ ∈ I

b
gg,ord(−φb, 1) with b ≥ 1 an integer 

• Q, often with lower right index in N ∪  {  0}, symmetric matrix in Vg 
• R the ring W (k) of p-typical Witt vectors with coefficients in k 
• Sr+1 

2 := r 
l=0 S

(l) 
2 the singular locus of Vr+1 

2 • Sbig-for the larger target (codomain) of Serre–Tate expansions 
• Scan the target (codomain) of Fourier expansions; R-subalgebras Ssmall-can, Sr 

small-can 
and Sr 

can • Sfor the target (codomain) of Serre–Tate expansions; R-subalgebras Sr 
for 

• T (l) a g × g symetric matrix whose ij entry is T (l) ij , with l ∈ N ∪ {0 } and the index 
(0) often dropped 

• Tp(A0) the p-adic Tate module of an ordinary abelian variety A0 over k 
• T (A) the -adic Tate module of an abelian variety A over an algebraically closed 

field in which the prime is invertible 
• U0 = UA0,θ0, e submonoid of GLg(Zp) endowed with an involution † induced by 

the Rosati involution † of End(A0) relative to the principal polarization θ0 
• V a finite dimensional vector space V over K with dual V ∗, symmetric K-algebra 

Sym(V ), and moduli affine variety V = Spec(Sym(V ∗ ))
• V r+1 the direct sum of r copies of V with r ∈ Z≥ 0
• W = Z[φ ] the commutative ring of polynomials in an indeterminate φ with Z-

coefficients, with its subsets W+ =  {w ∈ W |w ≥ 0} and, for every r ∈ Z≥ 0, 
W (r) =  {w ∈ W |ord(w ) ≤ r}

• Wg the standard SLg of dimension g 
• Weven(r) =  {w ∈ W (r)|deg(w) ∈ 2Z} set of weights 
• X (R)ss f the sets of f-semistable points in X (R), with X a smooth scheme over 

Spec(R)



Notation xv

• X (R)u f the sets of f-unstable points in X (R), with X as above 
• Xδ(δ-pts) the set of all δ-points of the ss-δ-space Xδ 
• Z1(a) = Spf(O(J 1(X ))/a) formal scheme, with a an ideal of O(J 1(X )) 

Capital Letters Boldfaced 

• Aff the category of affine schemes over some ground ring (usually Z(p) or R) 
• Affδ the category of affine δ-spaces 
• FilRingδ the category of filtered δ-rings 
• FilRingδ the category whose objects are the filtered δ-rings S with each Sr a 

p-adically complete, flat R-algebra and with inclusions Sr ⊂ Sr+ 1

• FilSpssδ the category of filtered ss-δ-spaces • GrRingδ the category of δ-graded rings • Ring the category of rings over some ground ring (usually Z(p) or R) 
• Ringδ the category of δ-rings • GLg general linear group scheme over Spec(K) of invertible g × g matrices with 

the standard maximal torus GTg and GLg as group of K-valued points 
• Matg the ring scheme over Spec(Z) in Chaps. 2 and 3 and over Spec(K) in 

Chap. 4; the identity element of Matg(S) denoted by 1g 
• M (S) the set of morphisms of the category M(S) 
• M(S) the set of objects of the category M(S) 
• SLg special linear group scheme over Spec(K) of g × g matrices of determinant 

1 with the standard maximal torus Tg and SLg as group of K-valued points 
• SOg the closed subgroup scheme of SLg of orthogonal matrices of determinant 1 
• Spssδ the category of ss-δ-spaces 

Capital Letters Symbols 

• (A,  θ  ) a principally polarized abelian scheme of relative dimension g, often with 
lower right indices 

• (M, D, G,D) a quadruple that defines a moduli datum, i.e., satisfies axioms 
(MAX1) to (MAX4) 

• Diag(λ1,  .  .  .  ,  λg) the diagonal q × g matrix whose ii entry is λi for each 
i ∈  {1,  .  .  .  ,  g}

• End(A,  θ  )(p) the subring of End(A) generated by all polarized isogenies u : A → A
of degree prime to p 

• Lg = K1g × Z g a K-vector subspace of both Z2 
g and V

2 
g • Matg the K-vector space of g × g matrices 

• Projδ(B, f ) the ss-δ-space attached to a δ-graded ring B and a linear system f 
• Specδ(B•) = (Specδ(Bd ))d≥0 an ss-δ-space
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• StabG(v) the stabilizer subgroup scheme with v an element of a G-module V 
• Tr trace maps 
• Vg the vector space over K of symmetric g × g matrices 
• Valt 

g the K-vector subspace of Vg of alternating symmetric matrices and 
VDiag 

g = Valt 
g when p = 2 

• Zg the vector space over K of diagonal g × g matrices 
• Ǎ the dual of an abelian scheme A 
• L the p-adic completion of an S-module L 
• X the p-adic formal scheme obtained by p-adically completing a noetherian 

scheme X 

Small Letters 

• bw short notation for ba0 φ(b)a1 · · ·  φn(b)an ∈ B, where w = n 
i=0aiφ

i ∈ Z[ φ]
and φ : B → B is an injective ring endomorphism 

• bp(g, 2 ) additional invariant in N 
• cp(g, odd, r, l) nondecreasing sequence with l ∈  {1 p(g, r )} of integers ≥ 1 

when Hr 
g,tot,K 

is assumed to be Cohen–Macaulay 
• cp(g, r, l ) nondecreasing sequence with l ∈  {1 −

p (g, r)} of integers ≥ 2 
when Hr 

g,tot,K 
is assumed to be Cohen–Macaulay 

• f r g,crys the basic Hecke covariant δ-modular form of genus g,  siz  e g, order ≤ r, 
and weight (φr, 1 ) characterized by the following basic and simple Serre–Tate 
expansion EA0,θ0,e(f 

r 
g,crys) = φr−1 + p φr−2 +  · · ·  +  pr−1

• f <a> = f a g,crys = N t a · (f 1 g,crys)
φa−1 · Na−1 ∈ Iagg(1, 1) with transpose f a t δ-modular 

forms of size g indexed by integers a ≥ 1 
• f [a] = f [a]g,crys = N t a · f a g,crys ∈ Ia gg(1, 1) with transpose f [a]t δ-modular forms of size 

g indexed by integers a ≥ 1 
• f ∂ 

g,crys the basic ordinary Hecke covariant Siegel δ-modular form of weight (−φ, 1 )
characterized by Serre–Tate expansion EA0,θ0,e(f 

∂ 
g,crys) = 1g ; often abbreviated as 

f ∂ and its inverse abbreviated as f∂ 
• f ab = φbf a−b 

g,crys ∈ Ia gg(φa,  φb) and its transpose f ba = (f ab)t ∈ Ia gg(φb,  φa) Hecke 
covariant modular forms 

• k the residue field of R;  s  o k = R/pR is an algebraic closure of Fp 
• qA : Tp(A0) × Tp( ̌A0) → 1 + mR = 1 + pR Serre–Tate bilinear map attached to 

an abelian scheme over Spec(R) whose reduction modulo p is an ordinary abelian 
variety A0 

• qA,θ : Tp(A0)×Tp(A0) → 1+mR Serre–Tate bilinear map attached to a principally 
polarized abelian scheme (A,  θ ), with A0 as above 

• quniv,A0 : Tp(A0) × Tp( ̌A0) → 1 + mRg Serre–Tate bilinear map attached to the 
formal deformation of A0 over MA0 = Spf(Rg ), with A0 an ordinary abelian 
variety over Spec(k)
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• u polarized isogeny of degree prime to p between two principally polarized abelian 
schemes 

Small Letters Symbols 

• asy.dim(B) the asymptotic dimension of a filtered ring B 
• asy.tr.deg(B) the asymptotic transcendence degree of a filtered ring B 

• {b1, b2}δ = b
p 
1b

φ 
2−bp 2b

φ 
1 

p ∈ B((φ +p)w), where b1, b2 ∈ B(w)with B a δ-graded ring 
• f = (f0,  .  .  .  , fn) linear system, i.e., an n + 1-tuple in (B(w)\pB(w))n+1 for an 

integral δ-graded ring B 
• tr.degB1 

(B2) the transcendental degree of Frac(B2) over Frac(B1), where B1 ⊂ B 2
is an inclusion between integral domains 

• [u]ω invertible g × g matrix defined with respect to a column basis of 1-forms 
ω = (ω1 · · ·  ωg)

t by the identity u∗ω =  [u ]ωω

Capital Greek Letters 

• g, r ) and +1(g, r ) are subsets of Zr+1 
≥0 ,  fo  r r ≥ 2 the former contains 3(g, r )

and ∗
3(g, r )

• p(g, r ) and p(g, tot, r ) the smallest number of homogeneous generators of the 
Z≥0-graded K-algebras Hr 

g,K 
and of the Wεg -graded K-algebra Hr 

g,tot,K • , often with lower right index in N ∪  {  0}, invertible matrix in GLg 
• a comparison map 
• : Hr−1 

g (s) × Hr−1 
g (s) → Vr+1 

g ((p + 1)s)[p]τ an antisymmetric k-bilinear map 
• a g × g matrix with entries in Sr 

for which is important in Serre–Tate expansions 
• s the partial polarizations of the invariant polynomial det 
• ϒq1,...,q g(g+1) 

2 

in Hr 
g,tot,K 

with r ≥ g(g+1) 
2

• ω the invariant polynomial in Hr 
2,tot,K 

uniquely determined by an m-cycle ω in 
the set Perm({0,  .  .  .  ,  r})

Small Greek Letters 

• χw families of ‘character’ homomorphisms with w ∈ W 
• χM the characteristic polynomial of a square matrix M 
• ω = (ω1 · · · ωg)

t a column basis of 1-forms on an abelian scheme A of relative 
dimension g 

• φ-tr.degC (B) the φ-transcendence degree of B over C 
• ρ the slope of a moduli datum
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• σ the shift K-monomorphism of Tg or X 
• τg the involutary automorphism of SLg given by the rule t)−1 

• εg ∈  {0, 1} the remainder of the division of g by 2 
• r+1,l 

g morphisms of affine K-varieties with r ≥ l ≥ 2
• −

p (g, r ) non-negative integer related to the rank of Hr 
g,K 

when Hr 
g,tot,K 

is assumed 
to be Cohen–Macaulay 

• p(g, r) = 1 + −
p (g, r) + Dp(g, r, 1) − D(g, r) natural number related to the 

rank of Hr 
g,K 

when Hr 
g,tot,K 

is assumed to be Cohen–Macaulay 

Blackboard Bold Letters 

• Dg the multiplicative set of all homogeneous elements of Ig\pIg whose weights 
have even degree 

• Eg the g × g matrix with all entries 1 
• H

n 
g,conj an R-algebra of polynomials satisfying an appropriate functional equation 

• H
r 
g,tot,K 

=  ⊕s∈ 1 
2 Z 
H

r 
g,K(s) the K-algebra of invariants of the congruence action of 

SLg on V r+1 
g (resp. the R-algebra version Hr 

g,tot =  ⊕s∈ 1 
2 Z 
H

r 
g(s) of it); contains 

H
r 
g,K 

(resp. Hr 
g) • H

r 
gg(1)B the B-module of homogeneous matrices of degree 1 satisfying the 

appropriate functional equation, with B an infinite integral domain 
• H

r,Z 
g,tot = Hr 

g,tot,C ∩ (Z[T ,  .  .  .  ,T (r)]) and Hr,Z 
g = Hr 

g,C ∩ (Z[T ,  .  .  .  ,T (r)]) are 
Z-algebras of invariants which contain Hr 

g 

• H
r,⊥ 
g, K an Hr 

g,K-module which is a direct supplement of Hr 
g,K 

in Hr 
g,tot,K 

when g is 
even 

• H
torus 
g,tot an H

r 
g,tot-algebra that contains H

r,torus 
g,tot , H

torus 
g , and Hr,torus 

g • I
r 
gg(w , w ) the R-submodule of M r gg(w , w ) of Hecke covariant Siegel δ-modular 
forms 

• I
r,Z 
g,ord =  ⊕s∈ 1 

2 Z 
I
r 
g,ord(−2s) and R-subalgebra of Ir g,ord • Ig the R-algebra of Hecke covariant Siegel δ-modular forms 

• Ig,ord the ordinary version of the above 
• K an algebraically closed field of characteristic p which is either 0 or a prime 
• Kg,∞ the union of the Kg,r = Frac(Hr 

g,tot,K 
)s taken inside Frac(Tg); it contains 

Kg,even,∞ and Kg,even,r 
• Mg = r≥0M

r 
g and Mg = r≥0M 

r 
g W-graded R-algebra which are particular 

cases of the general moduli data R-algebras M = r≥0M 
r and M = r≥0M 

r

• MX the ring (R-algebra) SX ,L of δ sections, with X an open subscheme of X with 
X̄ connected and with L the Hodge bundle over X; contains the R-subalgebra 
M

r 
X =  ⊕w∈W (r)M

r 
X ( w)

• Sn the R-algebra of δ-homogeneous polynomials 
• SX ,L ring (R-algebra) of δ-sections 
• Tg the R of K-algebra generated by the T (l) ij s with l ∈ N ∪  {  0}, i, j ∈  {1, . . . , j}, 

i ≤ j



Notation xix

• V
r 
g(s) = I

r 
g,ord(−2s) 

♦(Hr−1 
g (s))

and Vr 
g = I

r,Z 
g,ord 

♦(Hr−1 
g,tot )

torsion R-modules 

• W0 = 1 2 Z≥ 0 and W1 = Z≥ 0
• X polynomial K-algebra in indeterminates x(l) 

i with i ∈  {1,  .  .  .  , d} and l ∈ N∪{0 }; 
contains Xr 

• Yr = K[uivi, vi|i ∈  {0, . . . , r}] a Z≥0-graded K-algebra; 
• Y

all-even 
r = K[u2 i , uivi, v2 i |i ∈  {0, . . . , r}] a K-subalgebra of Yr 

• Z(p) the localization of Z at the prime ideal (p) = p Z

Calligraphic Letters 

• A g,1,N ,R the union of all prime to p Hecke correspondences on the schemeAg,1,N ,R 
• A g,1,R the stack corresponding to the union of all prime to p Hecke correspon-

dences on Ag,1,R 
• A g,1,R,ord the ordinary version of the above 
• Ag,1,N ,R the moduli scheme of principally polarized abelian schemes over R 

equipped with symplectic similitude level-N structure, often denoted by X , with 
g ∈ N and N ≥ 3 an integer relatively prime to p 

• Ag,1,R the stack of principally polarized abelian schemes over R 
• Ag,1,R,ord the ordinary version of the above 
• Cr,m the set of all m-cycles of the permutation group Perm({0,  .  .  .  , r}) and its 

subset Cuni 
r,m of increasing or unimodular m-cycles 

• Da1,...,as nonzero δ-modular form Ig(−(g2 − g + 1) 2s 
i=1φ

ai ) related to the 
commutativity of rings End(A,  θ  )  (p)

• EA0,θ0,e : M r g (w) → Sr
for and EA0,θ0,e : M r gg(w , w ) → Matg(Sr

for) the Serre–Tate 
expansion R-linear maps 

• EA0,θ0,e : M r g,ord(w) → Sr
for and EA0,θ0,e : M r gg,ord(w , w ) → Matg(Sr

for) the 
ordinary version of the above 

• Hr 
g(U0) (resp. Hr 

gg(U0), Hr 
gg(U0)

† or Hr 
gg(U0)

‡ )  the  R-module of series (resp. 
matrices with entries series) satisfying the appropriate functional equation

• T0 algebraically independent subset of Hr 
g(1)K which is a transcendental bases of 

either Hr 
g,K 

or Hr 
g,tot,K 

over K 

• U0 submonoid of End(A0) 
• W the multiplicative submonoid of W generated by −1 and φ 

Special Characters 

• ♣ a comparison map
• ♦ a comparison map 
• ♥ a comparison map



xx Notation

• j , also with lower index l, K-homomorphism 
• ♠ a comparison map
• a comparison map 
• left and right operations of Matg(Zp) on Matg(1 + mR )
• Δ a comparison map
• ℘p(g, r)(x ) and ℘p(g, tot, r)(x 1 2 ) the Hilbert series of Hr 

g,K 
and Hr 

g,tot,K 

• ℘p(g, r; 1)(x) = 1+[Dp(g,r,1)−D(g,r)]x 
(1−x)D(g,r) a Hilbert series that depends on (g, r, p ) only; 

in particular, ℘0(g, r; 1)(x) = 
1+[ 

⎛ 

⎝ g + r 
r 

⎞ 

⎠)−D(g,r)]x 

(1− x)D(g,r)

• † upper index for elements of certain submonoids that relate to a Rosati involution



Chapter 1 
Introduction 

1.1 Motivation 

Recall that a coequalizer, alternatively categorical quotient,  of  a  correspondence 
(i.e., pair of morphisms) .π1, π2 : X ⇒ X in a category1 is a morphism. π : X → Y
of the category such that .π ◦ π1 = π ◦ π2 and the following universal property is 
satisfied: for every morphism.π : X → Y with .π ◦ π1 = π ◦ π2 there is a unique 
morphism.α : Y → Y such that .α ◦ π = π . We usually set .X/X := Y .  I  f .X/X is 
a final object of the category, then we say that .X/X is trivial. 

Consider now the category of schemes over a (unital commutative) ring .R and 
a correspondence .X ⇒ X in this category. In many interesting examples of such 
correspondences the categorical quotient .X/X (exists and) is trivial. This is a basic 
pathology in algebraic geometry which typically persists if instead of the category of 
schemes one considers variants such as the category of formal schemes, the category 
of algebraic stacks, or the ‘birational category’ (whose objects are varieties and 
whose morphisms are the dominant rational maps). In order to ‘rectify’ this problem 
(i.e., in order to obtain interesting categorical quotients) one needs a more drastic 
departure from algebraic geometry. The departure we propose leads to what we refer 
to as .δ-geometry. In this new framework we consider a class of typical examples 
for which the above pathology occurs, namely Hecke correspondences on moduli 
schemes of principally polarized abelian schemes. (For background on these basic 
concepts of moduli theory we refer to Appendix.) 

Specifically, let .g ∈ N,  le  t . p be a prime, and let .N ≥ 3 be an integer relatively 
prime to . p.  I  f .Z(p) is the localization of the ring of integers . Z at .(p) and. R is a .Z(p)-
algebra, let .Ag,1,N ,R be the moduli scheme of principally polarized abelian schemes 
of relative dimension . g over .R-schemes that are equipped with symplectic simili-
tude level-.N structures. Let.Ag,1,N ,R ⇒ Ag,1,N ,R be the correspondence obtained by 

1 Throughout this monograph we assume a Grothendieck universe is given such that each category 
. C under consideration is small with respect to it, i.e., we have that .Ob(C) and.Mor(C) are sets in 
that universe. 
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taking the union of all prime to . p Hecke correspondences. The categorical quotient 
.Ag,1,N ,R/Ag,1,N ,R in the category of schemes over . R is easily seen to be trivial. We 
show that many natural analogs of this categorical quotient in.δ-geometry are highly 
nontrivial and their rich structure is studied in detail. 

In what follows we overview the framework of .δ-geometry. 

1.2 The World of . δ

The.δ-geometry (see [Bu95a, Bu05]) is an arithmetic analog of the differential alge-
braic geometry of Ritt and Kolchin [Ko] and of the difference algebraic geometry of 
Ritt and Cohn [Coh, Le]: the derivations in [Ko] and the difference operators in [Coh, 
Le] are replaced in the.δ-geometry by Fermat quotient operators (.p-derivations), see 
[Jo, Bu95a]. 

Recall that a .p-derivation on a .Z(p)-algebra . S is a function .δ : S → S such that 
the following axioms hold (see Definition 2.1.3). 

For all .x, y ∈ S we have .δ(x + y) = δx + δy + Cp(x, y). 

For all .x, y ∈ S we have .δ(xy) = x pδy + y pδx + pδxδy. 

We have .δ(1) = 0. 

Here .Cp is the polynomial .Cp(T1, T2) := T p
1 +T p

2 −(T1+T2)p

p ∈ Z[T1, T2]. 
The ring .Z(p) has a unique .p-derivations given by the rule: .δ(x) := x−x p

p .  I  f . S is 
a non-zero .Z(p)-algebra equipped with a .p-derivation then the structure ring homo-
morphism.Z(p) → S is automatically injective and commutes with the.p-derivations 
(see Lemma 2.1.4). 

We introduce the .δ-geometry in Sect. 2.1; our version of it is related to but more 
expanded and flexible than that in [Bu05], Sect. 2.1. We start with the category of 
.δ-rings whose objects are .Z(p)-algebras equipped with a .p-derivation (and thus, 
if non-zero, they are of characteristic . 0) and whose morphisms are .Z(p)-algebra 
homomorphisms that commute with the.p-derivations. Next we consider the opposite 
of the above category, whose objects are referred to as affine .δ-spaces.  S  o.Z(p) (resp. 
.Spec(Z(p))) together with the unique .p-derivation of .Z(p) is the initial (resp. final) 
object of the category of.δ-rings (resp. affine.δ-spaces). To go beyond the affine case 
we consider the category of semi-simplicial objects in the category of affine.δ-spaces 
which we refer to as semi-simplicial .δ-spaces (or simply ss-.δ-spaces). Geometry in 
this latter category is what we refer to, in this monograph, as .δ-geometry. Note that 
an alternative way to pass from the affine case to the not necessarily affine case would 
be ‘sheafification’. We felt that the semi-simplicial setting offers a quicker path to 
our results than that of ‘sheafification’ so we opted for it in our presentation. 
A special role in the theory is played by the ring.R := W (k) of.p-typical Witt vectors 
with coefficients in an algebraic closure. k of.Fp . The ring. R is, up to isomorphism, the 
unique complete discrete valuation ring of mixed characteristic .(0, p) with residue 
field . k and uniformizer . p. Moreover, .R has a unique .p-derivation. Typically the
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objects and morphisms of interest in the theory are ‘over . R’; so .R (resp. .Spec(R)) 
together with the .p-derivation of .R is the initial (resp. final) object of the category 
of .δ-rings (resp. affine .δ-spaces) over . R. 

We develop an analog in .δ-geometry of geometric invariant theory (see [MFK]) 
which can be referred to as ‘.δ-invariant theory’. The latter comes with . δ analogs of 
all the paraphernalia of weights, covariance, modular functions and forms, homo-
geneous polynomials, power series, valued points, semistability, etc. (see Sect. 2.3). 
Our analogs in .δ-geometry of the categorical quotient .Ag,1,N ,R/Ag,1,N ,R appear as 
certain ‘.Projδ’ objects attached to ‘linear systems’ in the graded .R-algebra .Ig of 
Hecke covariant Siegel .δ-modular forms of genus . g. 

Siegel .δ-modular forms were introduced in [Bu00], Sect. 1.3 for genus . g = 1
and in [BB] for all genera .g ≥ 1.2 The present monograph can be viewed as an 
independent continuation of [Bu05, BB]: only few facts from [Bu05, BB] are needed 
here and we briefly review those facts in the body of the present monograph. Note 
that our theory here is worked out over the.Zp-algebra. R instead of, as in [BB], over 
.Zp; moreover, in [Bu00, BB, Bu05] the prime . p was  assumed  to  be  at  least . 5 but 
the methods of the present monograph work for .p ∈ {2, 3} as well. 

We also note that, as in [BB], our definition of Siegel .δ-modular forms does 
not involve symplectic similitude level-.N structures. So we often implicitly work 
with the algebraic stacks .Ag,1,R of principally polarized abelian schemes of relative 
dimension . g over .R-schemes and with their respective unions of correspondences 
.Ag,1,R . Many of our proofs, however, crucially use the schemes .Ag,1,N ,R , .Ag,1,N ,R . 

No knowledge of stacks is required in our treatment as we only use valued points 
of stacks and no special properties or concepts; the reader familiar with stacks will 
recognize the ‘stacky’ nature of some of our concepts. It is conceivable that .δ-
geometry can be extended to the stack world but no attempt at such an extension is 
made here as it is not necessary. 

The theory of the present monograph can be viewed as an arithmetic analog of 
the differential algebraic theory developed in [Bu95b]. In particular, for instance, the 
maps of sets in Diagram (2.48) of Sect. 2.3.7 defined by tuples of Hecke covariant 
Siegel .δ-modular forms can be viewed as arithmetic analogs of the maps defined 
by ‘Schwarzian type’ differential equations considered in [Bu95b], Thm. 0.2. Our 
monograph is logically independent from [Bu95b] but some of our motivation and 
ideas have their origin in it. 

Here is an informal description of the philosophy behind our monograph (and 
[BB, Bu05]). Classical modular forms and.p-adic modular forms (see [Ka73a]) can 
be envisioned as sections of certain line bundles on the moduli stack .Ag,1,R ; there 
exist some technical caveats in this description (related to nonrepresentability issues) 
which are not accounted for here. On the other hand, to each scheme . X , which is 
either affine or of finite type over . R, one attaches its .p-jet spaces .Jr (X) indexed

2 Over . R, the Hecke covariance condition here (see Definition 2.3.13) is a priori weaker than the 
isogeny covariance condition in [BB], Sect. 1.3.1 (see Remark 2.3.15)  fo  r .g ≥ 2 and they are the 
same, of course, for .g = 1. One expects that over .R they are the same for all . g. It seems that 
Hecke covariance is more natural and, for technical reasons, better suited for developing the higher 
dimensional theory. 
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by an integer .r ≥ 0 (see [Bu95a], Sect. 1.2, where .Jr (X) is denoted by .Xr ). Then 
Siegel .δ-modular forms of orders .≤ r can be informally described as sections of 
certain line bundles on the ‘.p-jet stacks .Jr (Ag,1,R)’; similar caveats as above apply 
in this description. Weights of Siegel .δ-modular forms are no longer assumed to be 
integers but rather elements in the ring.Z[φ], where. φ is an indeterminate thought of 
as a Frobenius lift. The.δ-geometric approach to the study of Hecke correspondences 
is based on replacing classical or .p-adic Siegel modular forms by Siegel .δ-modular 
forms. 

We emphasize that, as a limitation of.δ-geometry, the non-zero.δ-rings have char-
acteristic . 0 and all test objects for evaluating Siegel .δ-modular functions (implic-
itly also those that have a weight and are called forms) involve flat (unions of) 
.p-adically complete .R-algebras, such as .R-algebras that define .p-jet spaces of flat 
affine schemes of finite type over. R (cf. Definition 2.3.3). Hence, only those torsion, 
i.e., modulo powers of . p, phenomena are captured via these evaluations which are 
liftable to flat contexts over . R. 

1.3 Strategy 

Among Siegel .δ-modular forms we single out certain forms that have a covariance 
property with respect to the Hecke correspondences on .Ag,1,R ,  to  be  referred  to  as  
the Hecke covariance. It is a property stronger than that of being a Hecke eigenform; 
in fact, no classical or.p-adic modular forms can be Hecke covariant, i.e., our theory 
has no classical counterpart. 

Besides the.Z[φ]-graded.R-algebra.Ig of Hecke covariant Siegel.δ-modular forms 
of genus. g, we also study a larger.R-algebra.Ig,ord which is the variant of.Ig in which 
.Ag,1,R is replaced by its open substack .Ag,1,R,ord whose fiber over .Spec(k) is the 
ordinary locus of .Ag,1,k . The rings .Ig and .Ig,ord are integral domains. 

One can consider the ‘.Projδ’ objects.Projδ(Ig, f) and.Projδ(Ig,ord, f) over. Spec(R)

attached to these .Z[φ]-graded .R-algebras and to ‘linear systems’ . f = ( f0, . . . , fn)
with . f0, . . . , fn of the same weight in .Ig and .Ig,ord (respectively). These ‘.Projδ’ 
objects are objects in the category of ss-.δ-spaces. Then.Projδ(Ig, f) and. Projδ(Ig,ord, f)
are the categorical quotients, in the category of ss-.δ-spaces, of suitable correspon-
dences that depend on. f and that play, in.δ-geometry, the roles of the correspondences 
.Ag,1,R ⇒ Ag,1,R and their restrictions .Ag,1,R,ord ⇒ Ag,1,R,ord (respectively). 

This formalism is somewhat parallel to the formalism of (classical) geometric 
invariant theory as in [MFK]; instead of group actions we consider Hecke corre-
spondences and instead of usual varieties or schemes we consider ss-.δ-spaces. 

The main tool in [BB] was a theory of Fourier expansions of Siegel .δ-modular 
forms (at infinity). For .g = 1 one has a Fourier expansion theory (at infinity) and 
also a Serre–Tate expansion theory (at ordinary.k-valued points), see [Bu00], Sect. 7, 
[Bar], Sect. 5, [Bu05], Sects. 8.1 and 8.3. One of the somewhat surprising outcomes 
was that for Hecke covariant Siegel .δ-modular forms the two types of expansions 
coincide up to a natural identification.
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The main tool developed in this monograph is a Serre–Tate expansion theory 
for Siegel .δ-modular forms of genus .g ≥ 1. The main new idea is that this tool 
allows us to construct a series of ‘comparison maps’ between the .R-algebras .Ig and 
.Ig,ord (see Sects. 3.6 and 3.7) and certain .R-algebras that appear in the geometric 
invariant theory of multiple quadratic forms and multiple endomorphisms over . R; 
we then transfer properties of the latter .R-algebras proved in Chap. 4 to the former 
.R-algebras. 

So invariant theory shows up in our monograph in three distinct ways as follows. 
First, as an intrinsic .δ-invariant theory, the .R-algebras .Ig and .Ig,ord are two ‘.δ-

geometric analogs’ of the classical algebras of invariants of linear algebraic group 
actions. 

Second, in Chap. 4 we use concrete instances of classical geometric invariant 
theory in the context of the congruent .SLSLSLg-actions on vector spaces of multiple 
quadratic forms (i.e., of symmetric matrices) and of the conjugate .SLSLSLg-actions on 
vector spaces of multiple endomorphisms over either. k or an algebraic closure of the 
field of fractions.K := Frac(R) of. R. For instance, we compute dimensions of spectra 
of finitely generated algebras of invariant homogeneous polynomials over either. k or 
. K , dimensions of certain vector spaces of invariant homogeneous polynomials over 
either . k or .K and smallest numbers of homogeneous generators that are important 
for computing or estimating Hilbert series of the mentioned algebras, and (for.g = 2) 
relations (see beginning of Chap. 4 for precise references). 

Third, the comparison maps we construct connect the intrinsic .δ-invariant theory 
with the mentioned instances of classical geometric invariant theory. 

1.4 Results 

We now outline our main results that are described in Sect. 2.4. 
First, we prove a Serre–Tate expansion principle similar to the classical Fourier 

expansion principle (see Theorem 2.4.1). The expansions are ‘around’ an arbitrary.k-
valued point of.Ag,1,R to which the attached principally polarized abelian variety over 
. k satisfies the axioms (UAX1) and (UAX2) introduced in Sect. 3.2. These axioms 
hold for products of. g copies of an ordinary elliptic curve over. k with the Abel–Jacobi 
map as its principal polarization (see Proposition 3.2.4 and Remark 3.2.6(b) and (c)). 
Generalizing the known result for .g = 1, we prove that the Serre–Tate expansions 
of the basic Hecke covariant Siegel.δ-modular forms. f rg,crys of genus. g,  siz  e . g, order 
. r and weight .(φr , 1) (introduced in [BB], Sect. 4.1 and reviewed in Sect. 3.4 using 
the language recalled in Sect. 2.3) coincide, up to a natural identification, again, with 
their Fourier expansions (see Theorem 2.4.2). For special generating properties of 
. f 1g,crys see Theorem 2.4.4(a). Furthermore, generalizing a construction introduced in 
[Bar] in case .g = 1, we define (see Sect. 3.4) for all .g ≥ 1 a remarkable ordinary 
Siegel .δ-modular form . f ∂

g,crys of genus . g,  siz  e . g, and order . 1 (also referred to as 
basic) which is invertible and whose Serre–Tate expansion equals the identity. g × g
matrix (see Theorem 2.4.5(a)).
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Second, using the Serre–Tate expansion theory and the basic .δ-modular forms 
we show that the .R-algebra .Ig,ord coincides, up to torsion, with a ring of Laurent 
polynomials in a countable number of indeterminates over the.R-algebra of invariants 
of multiple quadratic forms (see Theorem 2.4.7). The analog of the latter .R-algebra 
over an algebraically closed field is a classical object and is revisited and further 
studied in detail in Sects. 4.1–4.3. As a consequence of this link with geometric 
invariant theory, if we denote by .Irg,ord the .R-subalgebra of elements of .Ig,ord of 
order .≤ r , we obtain an exact formula for the transcendence degree of the fraction 
field.Frac(Irg,ord) over .K (see Remark 2.4.14). This transcendence degree divided by 
. r tends to a limit, referred to as the asymptotic transcendence degree of .Ig,ord and 
denoted by .asy.tr.deg(Ig,ord), which we prove to be equal to 

. dim(Ag,1,K ) + 1 = dim(Ag,1,N ,K ) + 1 = g(g + 1)

2
+ 1.

We also prove that.Frac(Ig,ord) is.φ-generated over.K by finitely many elements in 
.I
4
g,ord (in the sense of Definition 2.2.2(e)). Finally, we prove that the.φ-transcendence 
degree of .Frac(Ig,ord) over . K , i.e., the maximum number of .φ-algebraically inde-
pendent elements of .Frac(Ig,ord), equals .

g(g+1)
2 + 1 (see Theorem 2.4.12 for the last 

three results). 
Third, defining .Irg similarly (so .Irg = Ig ∩ I

r
g,ord) and using the geometric invari-

ant theory of multiple endomorphisms acted upon via conjugation, we show that the 
sequence obtained by dividing the transcendence degree of.Frac(Irg) over.K by. r tends 

to a limit .asy.tr.deg(Ig) which we prove to be equal, again, to .
g(g+1)

2 + 1 (see Theo-
rem 2.4.17). Note that, by a general result in difference algebra (see [Le], Thm. 4.4.1, 
p. 292), the field.Frac(Ig) is also.φ-finitely generated. We prove that.φ-transcendence 
degree of .Frac(Ig) over .K equals . g(g+1)

2 + 1 (see Theorem 2.4.17). The latter result 
was first obtained for .g ∈ {1, 2} in [BB], Thms. 1.13 and 1.14, and for .g ≥ 3 solves 
the ‘main open problem’ formulated in the paragraph after [BB], Thm. 1.13. We also 
prove that the transcendence degree of.Frac(Ig,ord) over.Frac(Ig) is.≤ g(g+1)

2 + 2 (see 
Remark 2.4.16). We can view the latter as saying that the.R-subalgebra.Ig of.Ig,ord is 
‘transcendentally close’ to the algebra .Ig,ord. 

As an application of our structure theory for.Ig we show that various Zariski dense 
loci in .Ag,1,N ,R(R) are contained in zero loci of (many) Hecke covariant Siegel .δ-
modular forms that are not constant on .Ag,1,N ,R(R). This is the case with the locus 
(set): 

(i) of abelian schemes with complex multiplication (see Remark 2.4.11); 

(ii) of a polarized isogeny prime to . p class (see Remark 2.4.10); 

(iii) of principally polarized abelian schemes with noncommutative ‘prime to. p’  ring  
of endomorphisms (see Theorem2.4.20); 

(iv) of principally polarized abelian schemes whose polarized isogeny prime to . p
class is decomposable (see Theorem 2.4.21).
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We also prove a ‘.p-adic approximation’ result saying, informally speaking, that each 
element of.Ig,ord is a.p-adic limit of fractions of elements in.Ig (see Theorem 2.4.22). 
This means that the.R-subalgebra.Ig of.Ig,ord is also ‘big’ in the sense of a localization 
of it being a ‘close .p-adic approximation’ of .Ig,ord. 

Fourth, we prove a .δ-flow structure theorem for the arithmetic differential equa-
tion defined by the restriction of the basic .δ-modular form . f 1g,crys to the ordinary 
locus (see Theorem 2.4.23). The concept of .δ-flow appearing here is an arithmetic 
analog of the classical concept of flow on a manifold and played a role, for instance, 
in [BM], Def. 5.3, p. 117 and [BPII], Lem. 4.45. Using our .δ-flow structure theorem 
plus the arithmetic analog (see [Bu97], Cor. 1.7) of Manin’s Theorem of the Kernel 
(see [Man], Sect. 5, Thm. 2), we prove (see Theorem 2.4.25) an extension to arbitrary 
genus .g ≥ 1 and to all primes . p the ‘Reciprocity Theorem for .CL (canonical lifts) 
points’ in [BPII], Thm. 3.5; we do not obtain, however, the conclusion, in the latter 
theorem, that our ‘reciprocity map’ is nonconstant. Theorem 2.4.25 is a purely dio-
phantine result about .Z-linear dependence in the group of .K -rational points of an 
abelian variety over .K of points arising from .R-valued .CL (canonical lifts) points 
on a Siegel modular variety. Recall that for.p ≥ 3,.R-valued.CL points are.R-valued 
.CM (complex multiplication) points with ordinary reduction (for instance, see [V], 
Thm. 1.6.3). 

As an addition, we would like to mention that Propositions 3.11.1–3.11.6 compute 
cohomology groups of our ss-.δ-spaces.Projδ(Ig, f) and.Projδ(Ig,ord, f) in some simple 
cases. 

1.5 Open Problems 

Our results suggest a number of problems and directions of investigations, including 
the following ones. 

(a) Find generators and relations for the rings .Ig,ord and . Ig . 

(b) Compute the exact transcendence degree of.Frac(Ig,ord) over.Frac(Ig) and of each 
.Frac(Irg) with .r ∈ N. 

(c) Compute the exact ranks of the.R-submodules of.Ig,ord and.Ig of.δ-modular forms 
of a given order and weight. 

(d) Compute the ideals of all Siegel .δ-modular forms in the rings .Ig,ord and .Ig that 
vanish on various loci (i) to (iv) of .Ag,1,N ,R(R). 

(e) Compute the cohomology groups of all .Projδ(Ig, f) and .Projδ(Ig,ord, f). 

(f) Develop an analog of our theory for more general Shimura varieties. (The case 
of Shimura curves was developed in [Bu03, Bu04, Bu05].) 

(g) Recalling that in the case of.A1,1,R and of Shimura curves (see [Bar, Bu04, Bu05]) 
an important role was played by certain operators, called .δ-Serre operators, that 
are analogs of the Serre differential operators acting on classical or .p-adic modular
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forms, develop a theory of.δ-Serre operators for stacks of higher dimensional Shimura 
varieties, in particular for .Ag,1,R . 

For our partial results and more details and comments on questions (a)–(e) we 
refer to Theorems 2.4.4, 2.4.5, 2.4.15 and 2.4.17 and Remarks 2.4.3, 2.4.8, 2.4.10, 
2.4.13, 2.4.14, 2.4.16, 2.4.18 and 2.4.19. 

1.6 Plan of the Monograph 

Section 2.1 reviews some notation, terminology, and concepts including.p-jet spaces 
introduced in [Bu95a], p. 315. 

Section 2.2 introduces some dimension concepts that are useful in the monograph. 
The basic concepts on Siegel.δ-modular forms [BB] are recalled and expanded in 

Sect. 2.3. 
The main results are stated in Sect. 2.4 and are proved in Chap. 3. For a detailed 

description of the contents of Chap. 3 and, in particular, for our detailed strategy of 
proofs, we refer to the beginning of Chap. 3. 

Chapter 4 is devoted to revisiting the classical geometric invariant theory of mul-
tiple quadratic forms and multiple endomorphisms and proving new results that are 
being often used and cited in this chapter to Chap. 3: it is organized as an independent 
appendix, i.e., it is completely a self-contained chapter (including the notation). For 
more details on Chap. 4 we refer to its beginning.



Chapter 2 
Main Concepts and Results 

2.1 Concepts of .δ-Geometry 

We begin by reviewing some ring theoretic terminology and notation. Unless oth-
erwise stated, all rings are always assumed commutative with . 1. We do not assume 
.1 0 as often we need to use the zero ring. 

By a filtered ring we mean a ring .B equipped with an increasing exhausting 
filtration .(Br )r≥0 of subrings; so we have .Br ⊂ Br+1 for all integers .r ≥ 0 and 
.B = ∞

r=0 Br . Filtered rings are the objects of a category whose morphisms are ring 
homomorphisms .u : B → B̃ that preserve the filtrations, i.e., we have . u(Br ) ⊂ B̃r

for all integers .r ≥ 0. 
By a graded ring we mean a ring .B equipped with a direct sum decomposition 

.B = ⊕w∈W B(w)where.W is an abelian semigroup and.B(w) are subgroups such that 
we have.B(w)B(v) ⊂ B(w + v) for all.w, v ∈ W . The elements of.B(w) are referred 
to having degree .w or weight . w. We also say that .B is a .W -graded ring. The .W -
graded rings are the objects of a category whose morphisms are ring homomorphisms 
.u : B → B̃ that preserve the gradings, i.e., we have.u(B(w)) ⊂ B̃(w) for all.w ∈ W . 

Definition 2.1.1 A filtered graded ring is a ring .B equipped with a filtered ring 
structure, given by a filtration .(Br )r≥0, and also equipped with a graded ring struc-
ture, given by .B = ⊕w∈W B(w) with .W as an abelian semigroup, the two structures 
being compatible in the sense that for all integers.r ≥ 0 we have a direct sum decom-
position .Br = ⊕w∈W Br ∩ [B(w)]. We also call .B a filtered .W-graded ring and we 
set .Br (w) := Br ∩ [B(w)]. 

Filtered .W -graded rings are the objects of a category whose morphisms are ring 
homomorphisms that preserve the filtrations and the gradings. 

Assume one is given a sequence of .W -graded rings .Br = ⊕w∈W Br (w), .r ≥ 0, 
such that .Br is a subring of .Br+1 and .Br (w) ⊂ Br+1(w) for all integers .r ≥ 0 and 
.w ∈ W ; let us refer to this data as a filtered .W-graded system or just as a filtered 
graded system. To each filtered graded system as above we can attach a filtered 
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graded ring as follows: define .B := r≥0 Br and .B(w) := r≥0 Br (w). Then it is 
easy to check that .B = ⊕w∈W B(w) and .Br (w) = Br ∩ B(w) for all integers . r ≥ 0
and .w ∈ W ,  s  o .B with the above grading and with filtration .(Br )r≥0 is a filtered 
graded ring. All filtered graded rings can be obtained in this way. 

Throughout the monograph . p denotes a field characteristic: so it is either . 0 or a 
prime natural number. Until Chap. 4 we assume that .p > 0. 

If . S is a ring and .L is an .S-module, let .L be its .p-adic completion. We recall 
that .L is called .p-adically complete if the functorial .S-linear map .L → L is an 
isomorphism. We write.S := S/(p) = S/pS and we denote by.S× the group of units 
of . S.  I  f . S is local, we denote by .mS its maximal ideal; we have .S× = S \mS . 

If .X is a scheme, we denote by .OX its structure ringed sheaf and we use 
the shorter notation .X := X ×Spec(Z) Spec(Fp) and .O(X) := H 0(X,OX ). If in fact 
.X = Spec(S) is affine, then .X = Spec(S) and for a scheme .Z over .X we let . Z(S)

be the set of all .X -valued points of . Z . 
Similarly, if .Y is a .p-adic formal scheme (i.e., a formal scheme with ideal of 

definition generated by. p), we denote by.OY its structure ringed sheaf and we use the 
shorter notation .Y := Y ×Spf(Zp) Spf(Fp) and .O(Y ) := H 0(Y,OY ).  I  f . Y = Spf(S)

is affine, then .Y = Spf(S) = Spec(S) and for a .p-adic formal scheme . Z over . Y we 
let .Z(S) be the set of all .Y -valued points of . Z . 

For a noetherian scheme .X we denote by .X the .p-adic formal scheme obtained 

by .p-adically completing . X .  I  f .X is affine, then .X = X . 
Let .MatMatMatg be the ring.Z-scheme of .g × g matrices. Let .1g ∈MatMatMatg(S) be the iden-

tity matrix. Let .Eg ∈MatMatMatg(S) be the matrix with all entries equal to . 1. For each 
matrix .M ∈MatMatMatg(S) let .M t and .M∗ denote the transpose and the adjugate of . M
(respectively); so .MM∗ = det(M) · 1g . 

Let .ρ : S→ S be a ring homomorphism. We say that .ρ is stalk-preserving 
(or identifies local rings) if for every prime ideal .P in . S , setting .P := ρ−1(P ), 
we have that the induced homomorphism between the localizations . SP → SP
is an isomorphism. Alternatively we say that the induced morphism of schemes 
. f : X := Spec(S )→ X := Spec(S) is stalk-preserving. We say that . ρ (resp. . f )  is  
a local isomorphism if every point in .X has an open neighborhood whose induced 
morphism to .X is an open immersion. Every local isomorphism is stalk-preserving. 
Every stalk-preserving homomorphism is flat. Every homomorphism of the form 
.ρ : S→ −1S (where . ⊂ S is a multiplicative system) is stalk-preserving; it is a 
local isomorphism in case. consists of the powers of one element. Also, if . S→ Si
are stalk-preserving (resp. local isomorphisms) for .i ∈ {1, . . . , n}, then the induced 
homomorphism .S→ n

i=1 Si is stalk-preserving (resp. a local isomorphism). The 
properties of being stalk-preserving or a local isomorphism are stable under compo-
sition and base change. 

Definition 2.1.2 Let .ρ : S1→ S2 be a ring homomorphism between two .Z(p)-
algebras and let .ρ̄ : S1/pS1→ S2/pS2 be its reduction modulo . p.  By  a  Frobenius 
lift relative to . ρ we mean a homomorphism .φ : S1→ S2 whose reduction modulo 
. p maps .x ∈ S1/pS1 to .ρ̄(x)p ∈ S2/pS2.  By  a  Frobenius lift on a .Z(p)-algebra . S we 
understand a Frobenius lift .φ : S→ S relative to the identity . 1S .
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Throughout the monograph we let . k, . R, and .K be as in the Introduction; so: 

. • . k is an algebraic closure of .Fp; 

. • .R = W (k) is the ring of .p-typical Witt vectors with coefficients in . k; 

. • .K = R[ 1p ] = Frac(R). 

Recall that there exists a unique Frobenius lift . φ on . R. 
We next review the concepts of .p-derivations [Jo, Bu95a] and of .p-jet spaces 

[Bu95a]. Consider the polynomial 

. Cp(T1, T2) := T p
1 + T p

2 − (T1 + T2)p

p
∈ Z[T1, T2].

Definition 2.1.3 If.ι : S→ B is a ring homomorphism between two.Z(p)-algebras,1 

then by a .p-derivation (relative to . ι) we mean a function .δ : S→ B such that the 
following axioms hold. 

(DAX1) For all .x, y ∈ S we have .δ(x + y) = δx + δy + ι(Cp(x, y)). 

(DAX2) For all .x, y ∈ S we have .δ(xy) = ι(x)pδy + ι(y)pδx + pδxδy. 

(DAX3) We have .δ(1) = 0. 

If . B is .p-adically separated, then axioms (DAX1) and (DAX2) imply (DAX3). 
If. ι is the identity automorphism of a.Q-algebra. S, then.δ : S→ S satisfies axioms 

(DAX1) and (DAX2) iff the rule .x x p + pδ(x) defines a ring endomorphism of 
. S which is not necessarily unital; in particular, if .δ(x) = − x p

p for each .x ∈ S, then 

axioms (DAX1) and (DAX2) hold but .δ(1) = − 1
p 0 and, in fact, if moreover 

.Spec(S) is connected (i.e., the only idempotents of . S are. 0 and. 1), then this function 

.δ : S→ S is the only one for which axioms (DAX1) and (DAX2) hold and axiom 
(DAX3) fails. 

If . δ is a .p-derivation relative to. ι, then axioms (DAX1) to (DAX3) trivially imply 
that the homomorphism.φ : S→ B defined by the rule 

. φ(x) := ι(x)p + pδ(x)

(with .x ∈ S) is a Frobenius lift relative to . ι, to be called the Frobenius lift attached 
to . δ. Conversely, given a Frobenius lift .φ : S→ B relative to .ι : S→ B,  i  f . p is a 
nonzero divisor in . B, then .δ : S→ B, defined by the rule .δ(x) := φ(x)−ι(x)p

p ,  i  s a
.p-derivation relative to . ι. 

By a.p-derivation on a.Z(p)-algebra. S we mean a.p-derivation.δ : S→ S relative 
to the identity. 1S . In particular the.Z(p)-algebra.Z(p) has a unique.p-derivation. Note 
also that the .Z(p)-algebra . R has a unique .p-derivation .δ : R→ R. 

Here are a few more immediate consequences of the axioms (DAX1) to (DAX3).

1 In practice. ι is injective. 
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Lemma 2.1.4 For each non-zero .Z(p)-algebra . S equipped with a .p-derivation, the 
unique ring homomorphism .h : Z(p) → S is automatically injective and commutes 
with the .p-derivations on . S and .Z(p). 

Proof. We denote by.δ0 and. δ the.p-derivation of .Z(p) and. S (respectively). We have 
.δ(0) = 0 by axiom (DAX1) applied with.x = y = 0 and.δ(1) = 0 by axiom (DAX3). 
Using axiom (DAX1), by induction on .n ∈ N ∪ {0} we get that we have an identity 
.δ(h(n)) = h(δ0(n)) ∈ S. So if there exists .m ∈ N such that .h(p)m = 0 we choose 
the smallest such. m, and from.δ(h(p)m) = 0 and.δ0(pm) ∈ pm−1Z×(p) it follows that 
.h(p)m−1 = 0; hence the minimality assumption gives that .m = 1,  s  o . S is the zero 
ring, which contradicts our hypotheses. So no such. m exists and hence. h is injective. 
As .h(δ0(n)) = δ(h(n)) for each .n ∈ N, it easily follows using axiom (DAX2) that 
.h(δ0(x)) = δ(h(x)) for each .x ∈ Z(p). 

We have the following compatibilities of .p-derivations with the basic ring opera-
tions. Assume. S is a .Z(p)-algebra equipped with a .p-derivation . δ and let . φ : S→ S
be the Frobenius lift attached to . δ. Then the .p-adic completion . S has a unique 
.p-derivation compatible with the .p-derivation . δ on . S.  I  f . ⊂ S is a multiplicative 
system such that. ⊂ then the ring of fractions. −1S has a unique.p-derivation 
(which we still denote here by. δ) compatible with the.p-derivation. δ on. S.  It  is  given  
by the ‘quotient rule’:

. δ
x

y
:= y pδx − x pδy

y pφ(y)
for x ∈ S, y ∈

In particular if .P ⊂ S is a prime ideal that contains . p, then one checks directly that 
.φ(S \ P) ⊂ S \ P and hence the localization.SP has a unique.p-derivation compat-
ible with the .p-derivation . δ on . S.  I  f .I ⊂ S is an ideal such that .δ(I ) ⊂ I , then the 
factor ring .S/I has a unique .p-derivation compatible with the .p-derivation on . S. 

We have the following compatibility of.p-derivations with étale homomorphisms. 
If.S→ S is an étale homomorphism of.Z(p)-algebras and. B is a.p-adically complete 
.S -algebra via a homomorphism .ι : S → B of .S-algebras, then every .p-derivation 
.S→ B relative to . ι extends uniquely to a .p-derivation .B → C relative to . ι . (See 
[Bu95a], Lem. 1.3 which holds without assuming finite presentation.) 

Definition 2.1.5 (a) By a .δ-ring we mean a .Z(p)-algebra . S equipped with a .p-
derivation .δ : S→ S. 

(b) By a filtered .δ-ring we mean a .δ-ring . S which is also a filtered ring with 
filtration .(Sr )r≥0 such that we have .δ(Sr ) ⊂ Sr+1 for all integers .r ≥ 0. 

Note that each.δ-ring has characteristic. 0 by Lemma 2.1.4 and that a filtered.δ-ring 
in the above sense is not a filtered object in the category of .δ-rings; rather it is an 
object of the category of .δ-rings and also an object of the category of filtered rings 
and the two structures are subject to an appropriate compatibility condition. 

The next example shows that .δ-rings are not necessarily flat .Z(p)-algebras.
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Example 2.1.6 Let.S = Z(p)[x, x , x , . . .]be endowed with the unique.p-derivation 
. δ that maps . x to . x , .x to . x ,  etc.  L  et . I be the ideal of . S generated by .δi (px) with 
.i ∈ N ∪ {0} (with the convention.δ0(px) = px). Axioms (DAX1) and (DAX2) imply 
that .δ(I ) ⊂ I . Hence .S/I with the .p-derivation induced by . δ is a .δ-ring  in  whi  ch
.x + I is a nonzero element annihilated by . p. In particular .S/I is not a flat .Z(p)-
algebra. 

A morphism of .δ-rings is a ring homomorphism that commutes with the corre-
sponding .p-derivations. The .δ-rings and their morphisms form a category . Ringδ

which has products, fiber coproducts and equalizers. If .Ring is the category of rings 
over.Z(p), then the forgetful functor.Ringδ → Ring, which forgets the.p-derivations, 
commutes with products, fiber coproducts and equalizers. 

A morphism of filtered .δ-rings .u : S→ S̃ is a morphism of .δ-rings such that 
.u(Sr ) ⊂ S̃r for all integers .r ≥ 0. Filtered .δ-rings and their morphisms form a cate-
gory .FilRingδ that has products, fiber coproducts and equalizers. 

The opposite category .Ringopδ will be denoted by .Affδ and its objects will be 
referred to as affine .δ-spaces. The object in .Affδ that corresponds to a .δ-ring 
.B ∈ Ob(Ringδ)will be denoted by.Specδ(B) ∈ Ob(Affδ). We often drop mentioning 
the .p-derivations . δ when referring to objects or morphisms of either .Ringδ or .Affδ . 

Remark 2.1.7 Note that in the definition above the word ‘affine’ is not an adjective 
as we did not introduce a concept of .δ-space. One can introduce such a concept as 
follows, cf. [Borg], p. 7. We let.Ring be the category of rings over.Z(p) and we let. Aff
be the category of affine schemes over .Z(p); we have an equivalence of categories 
.Spec : Ringop→ Aff. We equip the category .Aff with the étale topology and we 
denote by .Sp the category of sheaves of sets on .Aff. The infinite-length .p-typical 
Witt vector functor .W ∗ : Sp→ Sp has a natural monad structure. Then one defines 
a .δ-space to be an object of .Sp equipped with a .W ∗-action. (For the details of this 
definition we refer to [Borg]; note however that in loc. cit. one works over . Z instead 
of over .Z(p), one uses the big Witt vectors instead of the .p-typical Witt vectors, and 
one uses the terminology of ‘. -spaces’ instead of ‘.δ-spaces’.) With morphisms of 
.δ-spaces defined in the obvious way we obtain the category .Spδ of .δ-spaces. Then 
.Affδ can be identified with the full subcategory of .Spδ whose objects are the objects 
of .Spδ with the property that their image in .Sp is represented by an object of .Aff. 
The category.Spδ can be chosen as a natural framework for.δ-geometry as in [Borg]. 
However, in the present monograph, we found it is more helpful and expedient to 
present.δ-geometry in a semi-simplicial (rather than sheaf theoretic) framework, see 
Definition 2.1.12 below. This framework is a variant of the one in [Bu05],  Ch.  2.  In  
particular, the category .Spδ will play no role in the present monograph. 

For .d ∈ N (so .d ≥ 1), a basic example of filtered .δ-ring is given as follows. Let 

.Sr = R[y, y , . . . , y(r)] := R[y(l)
i |1 ≤ i ≤ d, 0 ≤ l ≤ r ], r ≥ 0,
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where 

. 

y = y(0) = (y1, . . . , yd) = (y(0)
1 , . . . , y(0)

d ),

y = y(1) = (y1, . . . , yd) = (y(1)
1 , . . . , y(1)

d ),

. . . , y(r) = (y(r)
1 , . . . , y(r)

d ), . . .

are.d-tuples of indeterminates. We have inclusions.Sr → Sr+1 and, for each. r ,  we  l  et
.δ : Sr → Sr+1 be the unique .p-derivation relative to the inclusion .Sr ⊂ Sr+1 such 
that we have .δy = y , . . . , δy(r) = y(r+1) (i.e., for integers .1 ≤ i ≤ d and. 0 ≤ l ≤ r
we have .δy(l)

i = y(l+1)
i ). We define the .R-algebra of .δ-polynomials, 

.R[y, y , . . . , y(r), . . .] :=
∞

r=0
Sr ; (2.1) 

this algebra has an induced structure of a filtered .δ-ring with filtration .(Sr )r≥0. 

Definition 2.1.8 Let.FilRingδ be the category whose objects are the filtered.δ-rings. S
with each.Sr a.p-adically complete, flat.R-algebra and with the inclusions. Sr ⊂ Sr+1
assumed to be .R-algebra homomorphisms; the morphisms in the category are the 
morphisms of filtered.δ-rings that induce.R-algebra homomorphisms on the rings in 
the filtrations. 

For .S ∈ Ob(FilRingδ), . S is always flat over .R but in general it is not .p-adically 
complete (not even .p-adically separated); more precisely, . S is .p-adically complete 
if and only if there exists a pair .(r0, n0) ∈ Z

2≥0 such that .pn0 S ⊂ Sr0 as one can 
easily check based on Baire’s category theorem.2 In particular, if .S/pS is a finitely 
generated .k-algebra or if .Sr+1/Sr is torsion free for each integer .r ≥ 0, then . S is .p-
adically complete if and only if there exists.r0 ∈ Z≥0 such that.S = Sr0 . The category 
.FilRingδ has an initial object. R with filtration given by.Rr = R for all integers.r ≥ 0. 

If .X = Spec(B) is an affine smooth scheme over .Spec(R), then we recall from 
[Bu95a], Sect. 1, that there exists a filtered.δ-ring.J (B) ∈ Ob(FilRingδ), with filtra-
tion.(Jr (B))r≥0 starting with.J 0(B) = B, that satisfies the following universal prop-
erty: for each .S ∈ Ob(FilRingδ) and for every .R-algebra homomorphism . B → S0

there exists a unique morphism of filtered .δ-rings .J (B)→ S over .R that extends 
.B → S0. The affine .p-adic formal schemes .Jr (X) := Spf(Jr (B)) are .p-adic com-
pletions of affine smooth schemes over .Spec(R). This follows from the fact that if 
.y = (y1, . . . , yd) ⊂ Bd = O(X)d define étale coordinates on .X (i.e., the .R-algebra 
homomorphism from the ring of polynomials .R[x1, . . . , xn] into .B that maps each 
indeterminate.xi to.yi is étale), then, by the compatibility of.p-derivations with étale 
maps, we have a natural .B-algebra isomorphism 

.B[y1, . . . , yd , . . . , y(r)
1 , . . . , y(r)

d ] Jr (B) = O(Jr (X)) (2.2)

2 The following example due to Ofer Gabber shows that in general we cannot take.n0 = 0 for.r0 1. 
If for an integer.r ≥ 0,.Sr is the inverse image in the ring.R{x, y} of restricted formal series in two 
indeterminates . x and . y of .k[x, xy, . . . , xyr ], then for .S = ∪r≥0Sr we can take . (r0, n0) = (0, 1)
but.n0 cannot be. 0 no matter what.r0 is. 
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defined by .y(l)
i → δl yi for all integers .1 ≤ i ≤ d and .1 ≤ l ≤ r (see [Bu95a], Prop. 

1.4). As explained in [Bu95a], Sect. 1, the construction can be globalized to attach 
formal schemes .Jr (X) to each separated (not necessarily affine) smooth scheme . X
over .Spec(R):  i  f .X = ∪i∈IUi is an affine open cover, then .Jr (X) = ∪Jr (Ui ) is an 
open cover with .Jr (Ui ) glued naturally so that for all .i, j ∈ I we have an identity 
.Jr (Ui ) ∩ Jr (Uj ) = Jr (Ui ∩Uj ). 

Definition 2.1.9 The .p-adic formal scheme .Jr (X) is called the .r -th .p-jet space of 
the separated smooth scheme.X over .Spec(R). 

For a separated smooth scheme .X over .Spec(R) we may consider the filtered 
.δ-ring .O∞(X) := ∞

r=0 O(Jr (X)) with filtration given by the rings in the union. 
By the universal property mentioned above applied to.S = R, for every.R-valued 

point .P ∈ X (R), .P : Spec(R)→ X , there exists a unique sequence .(Jr (P))r≥0 of 
.R-valued points .Jr (P) ∈ Jr (X)(R), .Jr (P) : Spf(R)→ Jr (X), with .Jr (P) lifting 
.Jr−1(P) for .r ≥ 1, such that .J 0(P) is the .p-adic completion of .P and for every 
affine open subscheme .U ⊂ X with .P ∈ U (R) the induced sequence of .R-algebra 
homomorphisms.O(Jr (U ))→ R defines a morphism of.δ-rings.O∞(U )→ R.  Th  e
.R-valued points .Jr (P) are covariantly functorial in . X . 

Each element .ϕ ∈ O(Jr (X)) induces a morphism .ϕ : Jr (X)→ A
1
R and a map 

.ϕ : Jr (X)(R)→ A
1
R(R) = R between sets of .Spf(R)-valued points, both still 

denoted by . φ. Then we have a well-defined map 

. ϕR : X (R)→ R, ϕR(P) := ϕ(Jr (P)).

The rule .ϕ ϕR defines an .R-algebra homomorphism 

.O(Jr (X))→ Maps(X (R), R) (2.3) 

which is injective (see [Bu05], Prop. 3.19) and thus viewed as an inclusion that 
allows us to write . ϕ in place of .ϕR .  Her  e .Maps(X (R), R) denotes the .R-algebra of 
set theoretic maps from.X (R) to . R. 

Definition 2.1.10 A map of sets .X (R)→ R is called a .δ-function of order .≤ r on 
.X (R) if it belongs to the image of the .R-algebra homomorphism of Diagram (2.3). 

We say that a .δ-function of order .≤ r has order . r if either .r = 0 or .r ≥ 1 and it 
does not have order .≤ r − 1.  Th  e .δ-functions of order . 0 are exactly the functions 
induced by formal functions on .X = J 0(X).  Fo  r .r ≥ 1 the .δ-functions of order 
. r are not induced by formal functions on . X ; rather, they are given locally in the 
Zariski topology by restricted power series in the affine coordinates and their .p-
derivatives up to order . r . If in these restricted power series one formally replaces 
the .p-derivatives of the affine coordinates by polynomials with .K -coefficients in 
the coordinates twisted by the powers of the Frobenius lift . φ, then in general one 
gets divergent series (see [Bu05], Rmk. 2.6, for details); this shows that the use of 
.p-derivatives cannot be directly replaced in the theory by that of Frobenius lifts.
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One can ask for a geometry based on .δ-rings that could be referred to as .δ-
geometry. For our practical purposes we would like a version of .δ-geometry that 
requires a minimum amount of foundational material. Such a formalism was intro-
duced and used in [Bu05]. We shall employ here a slightly different (although related) 
formalism which is, arguably, expanded and more flexible than the one in [Bu05]. 
Here are the relevant concepts. 

First we recall (see [W], Sect. 8.1) that a semi-simplicial object in a cate-
gory .C is a collection of objects .X• = (Xd)d≥0 and morphisms, called face maps, 
. fd,0, . . . , fd,d+1 : Xd+1→ Xd that satisfy the semi-simplicial face relations 

. fd,i ◦ fd+1,s = fd,s−1 ◦ fd+1,i for all integers that satisfy 0 ≤ i < s ≤ d + 2 ≥ 2.

A morphism between semi-simplicial objects .(Xd)d≥0 and .(Yd)d≥0 is a sequence of 
morphisms .(Xd → Yd)d≥0 that commute with the face maps. Assume we are given 
a functor . from the opposite category .Cop to the category .Ab of abelian groups. If 
we set .Bd := Xd) and.ud,s := fd,s) : Bd → Bd+1 then for .d ≥ 0 we define, as 
usual, the .d-th cohomology group of .X• (relative to . )  b  y

. Hd(X•) := Ker(∂d)

Im(∂d−1)
, ∂d :=

d+1

i=0
(−1)i ud,i : Bd → Bd+1, ∂−1 := 0.

Example 2.1.11 Consider now the following example; its only role is to motivate 
our next Definition 2.1.12 and none of the concepts involved in it will play a role 
later. Let .Ring be the category of rings over some ground ring .S0 and let .Aff be 
the category of affine schemes over . S0; so we have an equivalence of categories 
.Spec : Ringop→ Aff . (The notation matches the previous uses of .Ring and .Aff if 
.S0 = Z(p) but .S0 here can be arbitrary.) Consider the category .Spss whose objects 
are the semi-simplicial objects in .Aff and whose morphisms are the morphisms of 
semi-simplicial objects in .Aff .3 We next consider the category .Sch of Noetherian 
separated schemes over. S0. Consider a scheme.X ∈ Ob(Sch) and a finite affine open 
cover . U of . X , i.e., 

. U = (Ui )i∈{0,...,n} with n ∈ N ∪ {0}, X = U0 ∪ · · · ∪Un, Ui ⊂ X affine opens.

(We do not require the .Ui s to be distinct or non-empty.) One can attach to .X and . U
an object .X• = (Xd)d≥0 of .Spss where .Xd are the affine Noetherian schemes 

.Xd :=
0≤i0<···<id≤n

Ui0 ∩ · · · ∩Uid for 0 ≤ d ≤ n + 1

3 By analogy with the terminology used in topology one could refer to the objects of this category 
as semi-simplicial spaces; hence the notation. 
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and .Xd := ∅ for .d > n + 1, with the obvious face maps . fd,0, . . . , fd,d+1.4 Note 
that the face maps are quasi-finite local isomorphisms. Note also that the natural 
morphism .X0 → X is a coequalizer in .Sch of the pair of morphisms . ( fd,0, fd,1)

from .X1 to .X0;  s  o .X is uniquely determined, up to isomorphism in .Sch,  by  the  
isomorphism class of .X• in .Spss. 

The cohomologies of. X and.X• are related as follows (see [H], Thm. 4.5, p. 222): 
if . : Affop→ Ab is the functor.U U ) := O(U ) = H 0(U,OU ) and.X and. U
are as above, then we have natural isomorphisms 

. Hd(X•) Hd(X,OX ),

where.Hd(X•) are the cohomology groups of .X• (relative to. ) and.Hd(X,OX ) are 
the usual cohomology groups of the scheme .X with coefficients in the sheaf .OX . 

Next we recall the definition of the (ordered) nerve of a cover .U of .X as above. 
It is the semi-simplicial set (i.e., semi-simplicial object in the category of sets) 
.N•(U) = (Nd(U))d≥0, 

. Nd(U) := {(i0, . . . , id) | 0 ≤ i0 < . . . < id ≤ n, Ui0 ∩ . . . ∩Uid = ∅},

with the obvious face maps. 
Consider the category.Schcovwhose objects are pairs.(X,U)where. X ∈ Ob(Sch)

and .U = (Ui ) is a finite affine open cover with all .Ui connected; a morphism 
.(X,U)→ (Y,V), where .U = (Ui )i∈{0,...,n} and .V = (Vj ) j∈{0,...,m}, is a pair . (α•, f )
consisting of a morphism of semi-simplicial sets .α• : N•(U)→ N•(V) and a mor-
phism of schemes . f : X → Y such that . f (Ui ) ⊂ Vα0(i) for all .i ∈ N0(U).  We  
have the forgetful functor .Schcov→ Sch, .(X,U) X ; it induces surjections 
.Ob(Schcov)→ Ob(Sch) and .Mor(Schcov)→ Mor(Sch). On the other hand we 
get a functor .Schcov→ Spss, .(X,U) X•, which is easily seen to be fully faith-
ful; so .Schcov is equivalent to a full subcategory of .Spss. This suggests taking the 
semi-simplicial objects.X• (and their morphisms) as a substitute for the pairs. (X,U)

(and their morphisms) for in so doing ‘no information is being lost’. 

We would like to take Example 2.1.11 as a blueprint for .δ-geometry. 

Definition 2.1.12 A semi-simplicial .δ-space (or simply an ss-.δ-space)  is  a  semi-
simplicial object in the category .Affδ = Ringopδ . 

In concrete terms, an ss-.δ-space is a sequence.Specδ(B•) = (Specδ(Bd))d≥0 where 
.Bd are.δ-rings equipped with.δ-ring homomorphisms. ud,0, . . . , ud,d+1 : Bd → Bd+1
(called coface maps) that satisfy the coface relations 

.ud+1,s ◦ ud,i = ud+1,i ◦ ud,s−1 for all integers that satisfy 0 ≤ i < s ≤ d + 2 ≥ 2.

4 For each .d ≥ 0, .Xd is open and closed in .Xd := X0 ×X · · · ×X X0 (.d + 1 factors); the family 
.(Xd )d≥0, equipped with the natural face maps given by projections, is a semi-simplicial object and 
the inclusions.Xd ⊂ Xd are compatible with the face maps. In fact.(Xd )d≥0 has the richer structure 
of a simplicial object (see [W], Sect. 8.1) which will be ignored here. 
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Morphisms of ss-.δ-spaces are defined as morphisms of semi-simplicial objects in 
.Affδ . In this way we get the category of ss-.δ-spaces denoted by .Spssδ . Its study is 
what we refer to as .δ-geometry. The category .Spssδ has coproducts, fiber products 
and coequalizers: the coequalizer of a pair of morphisms . Specδ(B•) ⇒ Specδ(B•)
in .Spssδ is the ss-.δ-space .Specδ(C•) where for each .d ≥ 0, .Cd is the equalizer in 
.Ringδ of the corresponding pair of morphisms .Bd ⇒ Bd . 

Each .δ-ring . S defines an ss-.δ-space .Specδ(S•) = (Specδ(Sd))d≥0 where . Sd = S
for all integers .d ≥ 0 and where all face maps are the identity automorphism of 
.Specδ(S). The functor .Affδ → Spssδ defined by .Specδ(S) Specδ(S•) induces an 
equivalence between .Affδ and a full subcategory of .Spssδ . 

We will usually denote ss-.δ-spaces by symbols such as .Xδ,Yδ ,  etc  .
By an ss-.δ-space over . S we mean an ss-.δ-space .Xδ equipped with a morphism 

.Xδ → Specδ(S•). We are especially interested in the category of ss-.δ-spaces over . R
whose final object is .Specδ(R•). 

Taking the functor . : Affopδ = Ringδ → Ab to be the forgetful functor, if . Xδ

is a ss-.δ-space defined by .δ-ring homomorphisms .ud,i : Bd → Bd+1 as above then 
we have the .d-th cohomology group (relative to . ), .Hd(Xδ) := Ker(∂d)/Im(∂d−1), 
where .∂d := d+1

i=0 (−1)i ud,i : Bd → Bd+1 and .∂−1 := 0. The group .H 0(Xδ) has a 
structure of a .δ-ring which we call the ring of global functions on .Xδ . 

We recall that, if .M and.N are.R-modules, an additive map. f : M → N is called 
semilinear if it satisfies . f (λx) = φ(λ) f (x) for each pair .(λ, x) ∈ R × M . 

If .Xδ is an ss-.δ-space over . R, then its cohomology groups are .R-modules 
equipped with semilinear endomorphisms induced by the Frobenius lift . φ : R→ R
and denoted also by . φ.  I  f .Xδ → Yδ is a morphism of ss-.δ-spaces over . R, then for 
each integer .d ≥ 0 we have a naturally induced .R-linear map . Hd(Yδ)→ Hd(Xδ)

compatible with the semilinear endomorphisms. φ.  The  ma  p.H 0(Yδ)→ H 0(Xδ) is a 
morphism of .δ-rings over . R. 

If . A is a .δ-ring we denote by .D := D(A) ⊂ A the multiplicative set of all . a ∈ A
such that the image of . a in .A/pA is a nonzero divisor; then .φ(D) ⊂ D so the ring 
.D−1A has a unique structure of a .δ-ring compatible with that of . A. The latter .δ-ring 
is a natural substitute, in our framework, for the total ring of fractions. Note that if 
. B is the zero ring then .D(B) = B. 

Definition 2.1.13 (a) An ss-.δ-space .Xδ is connected if the ring .H 0(Xδ) has no 
nontrivial idempotents. 

(b) An ss-.δ-space .Xδ is acyclic if .Hd(Xδ) = 0 for all integers .d ≥ 1. 

(c) A morphism of ss-.δ-spaces over . R, .Xδ → Yδ ,  is  a  quasi-isomorphism if the
homomorphisms .Hd(Yδ)→ Hd(Xδ) are isomorphisms for all integers .d ≥ 0. 

(d) An ss-.δ-space .Specδ(B•) over .R is discrete if for every integer .d ≥ 0 the 
.δ-ring .Bd is a finite power of . R, i.e., .Bd = R d , for some finite set . d , with the 
convention that .R∅ := 0. (Then . d)d≥0 has a natural structure of a semi-simplicial 
set and, conversely, each semi-simplicial set . d) with . d finite gives rise to a 
discrete ss-.δ-space as above.) 

(e) A.δ-point is an ss-.δ-space over . R that is connected, discrete, and acyclic.
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(f) Given  an  s  s-.δ-space .Xδ over . R,  a  .δ-point of .Xδ is a morphism over .R of the 
form.Pδ → Xδ where .Pδ is a .δ-point. 

(g) For an ss-.δ-space.Xδ = Specδ(B•) let.Dd := D(Bd) ⊂ Bd for.d ≥ 0 and con-
sider the following condition: for all integers .d ≥ 0 and all .i ∈ {0, . . . , d + 1} we 
have.ud,i (Dd) ⊂ Dd+1. If this condition is satisfied we obtain a naturally associated 
ss-.δ-space.D−1Xδ := Specδ(D

−1• B•).  Th  e.δ-ring.H 0(D−1Xδ) is called the.δ-ring of 
rational functions. 

(h) An ss-.δ-space .Xδ = Specδ(B•) is stalk-preserving if for each integer . d ≥ 0
and every .i ∈ {0, . . . , d + 1}, the coface map.ud,i : Bd → Bd+1 is stalk-preserving. 

(i) An ss-.δ-space .Xδ = Specδ(B•) is quasi-finite if for each integer .d ≥ 0 and 
every .i ∈ {0, . . . , d + 1}, the coface map .ud,i : Bd → Bd+1 is defined by a quasi-
finite morphism.Spec(Bd+1)→ Spec(Bd). 

For each .δ-ring . S, the ss-.δ-space .Specδ(S•) is acyclic, stalk-preserving, quasi-
finite, and moreover we have .H 0(Specδ(S•)) = S. In particular, the ss-.δ-space 
.Specδ(R•) is a .δ-point. Other .δ-points will play a role later as well, see Display 
(2.39). Every .δ-point is quasi-finite. For each .δ-point .Pδ , the canonical morphism 
.Pδ → Specδ(R•) is a quasi-isomorphism. 

We denote by.Xδ(δ-pts) the set of all.δ-points of.Xδ . For each morphism. Xδ → Yδ

of ss-.δ-spaces over . R we have an induced map of sets .Xδ(δ-pts)→ Yδ(δ-pts). 
One can enhance ss-.δ-spaces by considering filtrations as follows. 

Definition 2.1.14 A filtered ss-.δ-space is a semi-simplicial object in .FilRingopδ . 

Filtered ss-.δ-spaces form a category, .FilSpssδ , in the obvious way. This cate-
gory has coproducts, fiber products, and coequalizers and there exists a forgetful 
functor .FilSpssδ → Spssδ which forgets the filtrations; so we shall view filtered 
ss-.δ-spaces as ss-.δ-spaces with ‘additional structure’ given by filtrations. The for-
getful functor above commutes with coproducts, fiber products, and coequalizers. 
The ss-.δ-space .Spec(R•) has a natural structure of a filtered ss-.δ-space with the 
constant filtration equal to . R in each degree; so we speak about filtered ss-.δ-spaces 
over . R.  I  f .Xδ is a filtered ss-.δ-space, then all cohomology groups.Hd(Xδ) inherit an 
exhaustive increasing filtration by subgroups .Hd(Xδ)

r which, if .Xδ is over . R,  ar  e
.R-submodules equipped with semilinear homomorphisms.Hd(Xδ)

r → Hd(Xδ)
r+1. 

If in addition we have .Xδ = Specδ(B•), the condition in Definition 2.1.13 (g) 
is satisfied, and the ring homomorphism .Br/pBr → B/pB is injective for each 
.r ∈ Z≥0, then .D−1Xδ has a structure of a filtered ss-.δ-space given by the filtration 
.((D−1d Bd)

r )r≥0 = ((Dr
d)
−1Br

d)r≥0 of each .D−1d Bd , where .Dr
d := Br

d ∩ Dd . 
A ‘first’ example of (filtered) ss-.δ-space over .R is attached to a quasi-compact 

separated smooth scheme .X over .Spec(R) as follows. Given .n ∈ Z≥0 and an affine 
open cover .X = U0 ∪ · · · ∪Un , we consider the filtered ss-.δ-space 

.Specδ

0≤i0<···<i•≤n
O∞(Ui0 ∩ · · · ∩Ui•)
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equipped with the natural face maps. Here and in what follows, the products of the 
type above are taken to be equal to the zero ring for .• > n. However, this is not the 
most natural example appearing in our theory. Rather, the examples that naturally 
occur come from certain (filtered) .δ-graded rings and ‘.Projδ’ spaces attached to 
them. To explain this construction we need to introduce a few more concepts, partly 
following [Bu05], Defs. 2.18 and 2.21. 

Let 
. W := Z[φ]

be the commutative ring of polynomials in an indeterminate . φ with .Z-coefficients. 
If .w = n

i=0 aiφi with .n ∈ Z≥0 is a weight, .ai ∈ Z and .an 0, then we set 
.deg(w) := n

i=0 ai and .ord(w) := n.  We  also  s  et .deg(0) := 0 and .ord(0) := 0.  We  
endo w.W with a partial order as follows: we have.w = n

i=0 aiφi ≥ 0 if and only if 
.ai ≥ 0 for all .i ∈ {0, . . . , n}.  We  s  et

. W+ := {w ∈ W |w ≥ 0} and W (r) := {w ∈ W |ord(w) ≤ r} for r ∈ Z≥0.

For a ring endomorphism.φ : B → B and.b ∈ B we often use the simpler notation 
.bφ := φ(b). 

Definition 2.1.15 (a) By a .δ-graded ring we mean a .W -graded .Z(p)-algebra . 
B = w∈W B(w) equipped with a ring endomorphism .φ : B → B such that the 
following three axioms hold. 

(GAX1) The ring . B is .p-adically separated and flat over .Z(p). 

(GAX2) For all .w ∈ W we have .φ(B(w)) ⊂ B(φw). 

(GAX3) For all .b1, b2 ∈ B(w) we have .bp
1 b

φ
2 − bp

2 b
φ
1 ∈ pB((φ + p)w). 

(b) A.δ-graded ring as above is integral if in addition it satisfies the following two 
conditions: 

(GAX4) The ring .B/pB is an integral domain. 

(GAX5) Both . φ and its reduction modulo . p are injective. 

In the definition above the.W -grading of. B is with respect to the additive structure 
of . W , i.e., .B(w1)B(w2) ⊂ B(w1 + w2) for all .w1, w2 ∈ W . 

Note that, by axioms (GAX1) and (GAX4), each integral .δ-graded ring is an 
integral domain. 

Some of the main rings in our theory have a structure of .δ-graded rings; see the 
rings .I, M, M introduced after Definition 2.3.5 below, the rings .Sn introduced in 
Definition 2.3.18 below, and the rings.SX,L introduced in Definition 2.3.19 below. A 
simpler example is as follows. 

Example 2.1.16 Let. A be a.p-adically separated.δ-ring such that both. A and. A/pA
are integral domains. We denote by . φ the Frobenius lift on .A attached to the .p-
derivation on. A.  Le  t .x, xφ, xφ2

, . . . be a sequence of indeterminates and consider the 
ring of Laurent polynomials
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. A[xW ] := A[x±1, x±φ, x±φ2
, . . .].

So the elements of .A[xW ] are formal sums. w∈Wawxw with.aw ∈ A. Multiplication 
is given by .(axw)(bxv) := abxw+v for .a, b ∈ A and .w, v ∈ W . Then . B := A[xW ]
has a natural structure of integral .δ-graded ring with homogeneous components 
.B(w) = Axw for .w ∈ W and with ring endomorphism .φ : B → B defined by 
.φ(axw) := φ(a)xφw for .a ∈ A and .w ∈ W . 

The .δ-graded rings are the objects of a category .GrRingδ whose morphisms are 
the morphisms of graded rings that commute with the corresponding . φs. 

Our definition of integral .δ-graded rings is closely related to (but is not identical 
to) the definition of.δ-graded rings in [Bu05], Def. 2.18: the latter considers nonunital 
rings and uses .W+ instead of . W . 

With the simpler notation above, we write 

. {b1, b2}δ := bp
1 b

φ

2 − bp
2 b

φ

1

p
∈ B((φ + p)w),

where division by . p is well-defined by axioms (GAX1) and (GAX3). 
Note that if .B is an integral .δ-graded ring then . φ is a Frobenius lift on .B if and 

only if .B = B(0). Thus, in general a .δ-graded ring does not have a natural structure 
of a .δ-ring. However, if .B is an integral .δ-graded ring, then for each .w ∈ W and 
every . f ∈ B(w) \ pB(w), the ring of fractions 

. B f := F

f v
|F ∈ B(vw), v ∈ W+

has a natural structure of a .δ-ring, where its .p-derivation. δ is defined by the formula 

. δ
F

f v
:= { f

v, F}δ
f v(φ+p)

,

as one can check easily that the rule.x x p + pδ(x) defines the ring endomorphism 
of .B f induced by . φ. Similarly, the ring of fractions 

. B((p)) := F

G
|F ∈ B(w), G ∈ B(w) \ pB(w), w ∈ W ,

has a naturally induced structure of a .δ-ring; it is a discrete valuation ring with 
maximal ideal generated by . p. 

We say that .B is a .δ-graded ring over .R if .R is a subring of .B(0) and . φ extends 
the Frobenius lift on . R. 

Definition 2.1.17 Let .B be an integral .δ-graded ring over .R and let .n ∈ N and 
.w ∈ W .  By  a  linear system in . B (of length .n + 1 ≥ 2 and weight .w ∈ W ) we mean 
an .n + 1-tuple
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. f = ( f0, . . . , fn) ∈ (B(w) \ pB(w))n+1.

For each such pair .(B, f) we define the connected ss-.δ-space 

.Projδ(B, f) := Specδ

0≤i0<···<i•≤n
B fi0 ··· fi• (2.4) 

over . R with the obvious inclusions as face maps. 

The ss-.δ-space .Xδ = Projδ(B, f) clearly satisfies 

. H 0(Xδ) =
n

i=0
B fi ,

the intersection being taken inside .B((p)).  Als  o .Xδ above is easily seen to satisfy 
the condition in Definition 2.1.13 (g) so we can consider the ss-.δ-space.D−1Xδ and, 
in particular, the .δ-ring of rational functions .H 0(D−1Xδ) on .Xδ . In addition, . Xδ

is stalk-preserving and quasi-finite because for every index .d ≥ 0, every indices 
.0 ≤ i0 < . . . < id+1 ≤ d + 1, and every . j ∈ {0, . . . , d + 1}, we have an identity 
.B fi0 ··· fid+1 = −1

j B fi0 ··· fi j ... fid+1 where . j is the multiplicative system consisting 
of the .W+-powers of the fraction 

. 

f d+1i j

fi0 . . . fi j . . . fid+1
.

Here . indicates deletion. Note that for all .d ≥ 0 and .i ∈ {0, . . . , d} the homomor-
phisms .ud,i : Bd → Bd+1 induced by the coface maps are local isomorphisms. 

If a morphism of integral .δ-graded rings .u : B → B̃ sends some linear system 
.f = ( f0, . . . , fn) in. B into a linear system.f̃ := (u( f0), . . . , u( fn)) in. B̃ (of the same 
length and weight), then we call . ̃f the image of . f in .B̃ and we have an induced 
morphism.Projδ(B̃, f̃)→ Projδ(B, f) in .Spssδ . 

In algebraic geometry the linear systems are vector spaces generated by global 
sections of a line bundle but our linear systems are tuples and not .R-modules, as 
even the .0-th cohomology groups of the ss-.δ-spaces .Projδ(B, f) really depend on . f
and not only on the .R-submodule .

n
i=0 R fi of .B(w). 

For applications we will need the ‘filtered version’ of the above concepts. 

Definition 2.1.18 A filtered .δ-graded ring is a .δ-graded ring .B as in Definition 
2.1.15 (a) which is also equipped with a structure of a filtered graded ring, given by 
a filtration .(Br )r≥0, for which the following two axioms hold. 

(GAX6) For all integers .r ≥ 0 we have .φ(Br ) ⊂ Br+1. 
(GAX7) For all integers .r ≥ 0 and all .w ∈ W we have 

.{Br (w), Br (w)}δ := {{b1, b2}δ|b1, b2 ∈ Br (w)} ⊂ Br+1((φ + p)w).
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Note that if (GAX6) holds and .Br ∩ pBr+1 = pBr for all integers .r ≥ 0, then 
(GAX7) follows from (GAX3). Filtered.δ-graded rings are the objects of a category 
.FilGrRingδ whose morphisms are the morphisms of .δ-graded rings that are also 
morphisms of filtered rings. 

We similarly speak about filtered.δ-graded rings over. R and about filtered integral 
.δ-graded ring. 

If .B is a filtered integral .δ-graded ring over . R, then for each .w ∈ W and every 
. f ∈ B(w) \ pB(w),  th  e .δ-ring.B f has a structure of a filtered.δ-ring with filtration 
.((B f )r )r≥0 given by 

. (B f )r := F

f v
|F ∈ Br (vw), v ∈ W+ .

Similarly, the .δ-ring .B((p)) has a structure of a filtered .δ-ring with the filtration 
.((B((p)))

r )r≥0 given by 

. (B((p)))
r := F

G
|F ∈ Br (w),G ∈ Br (w) \ pBr (w),w ∈ W .

For each linear system . f in a filtered integral .δ-graded ring .B over . R, the ss-.δ-
space .Projδ(B, f) has an induced structure of a filtered ss-.δ-space. If a morphism 
.B → B̃ in .FilGrRingδ , where .B and .B̃ are filtered integral .δ-graded rings, maps a 
linear system .f = ( f0, . . . , fn) in .B into a linear system .f̃ := (u( f0), . . . , u( fn)) in 
. B̃, and if.λ ∈ R×, then we have an induced morphism.Projδ(B̃, λf̃)→ Projδ(B, f) in 
.FilSpssδ where .λf̃ := (λu( f0), . . . , λu( fn)). 

2.2 Assymptotic Transcendence Degree and Dimension 

Throughout this section we use the following convention: a family .(xi )i∈I of ele-
ments of a ring is called algebraically independent over a subring if the members of 
the family are distinct (i.e.,.xi = x j for.i, j ∈ I,.i j) and the set.{xi |i ∈ I} is alge-
braically independent over the subring. We make a similar convention for linearly 
independent families. 

If .B1 ⊂ B2 is an inclusion of integral domains, let 

. tr.degB1
(B2) ∈ N ∪ {0,∞}

be the supremum of all .d ∈ N ∪ {0} such that .B2 (or .Frac(B2)) contains . d alge-
braically independent elements over .B1; here we identify the elements of . N ∪ {0}
with cardinals and we use .∞ to denote an arbitrary infinite cardinal. We have 
.tr.degB1

(B2) = tr.degFrac(B1)
(Frac(B2)). 

In this section we take.B0 to be an integral domain thought of as the ‘ground ring’. 
(In the remaining part of this chapter and in Chap. 3, .B0 will be .R = W (k), while
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in Chap. 4, .B0 will be an algebraically closed field.) All concepts will be relative to 
.B0 and we will often drop the reference to .B0 if no confusion can arise. Throughout 
this section . B is an integral domain that contains .B0. 

Definition 2.2.1 Let .B be a filtered ring such that its filtration .(Br )r≥0 satisfies 
.B0 ⊂ B0. We say that . B has asymptotic transcendence degree .α ∈ R, and we write 

. asy.tr.deg(B) = α,

if .tr.degB0
(Br ) <∞ for all integers .r ≥ 0 and 

. lim
r→∞

tr.degB0
(Br )

r
= α.

We say that . B has asymptotic dimension .β ∈ R, and we write 

. asy.dim(B) = β,

if .dim(Br ⊗B0 Frac(B0)) <∞ for all integers .r ≥ 0 and 

. lim
r→∞

dim(Br ⊗B0 Frac(B0))

r
= β.

Here.dim denotes Krull dimension. If all .Frac(B0)-algebras.Br ⊗B0 Frac(B0) are 
finitely generated, then.asy.tr.deg(B) exists if and only.asy.dim(B) exists and, in case 
they exist, they are equal. 

A typical situation when .asy.dim(B) exists but .asy.tr.deg(B) does not arises as 
follows. Let .X be an affine smooth scheme over .Spec(R) of relative dimension . d
and we take 

. B0 = R, Br = O(Jr (X)), B = O(J∞(X)) =
r≥0

Br .

Then by Diagram (2.2)  we  have .dim(Br ⊗R K ) = (r + 1)d,  s  o

.asy.dim(O(J∞(X))) = d, (2.5) 

but.asy.tr.deg(O(J∞(X))) does not exist if.d ≥ 1 because the transcendence degrees 
involved in its definition are infinite. 

We recall another concept of dimension which comes from difference algebra 
(see [Le]) and which will play a role in our monograph. 

Assume we are given an injective ring endomorphism .φ : B → B that sends . B0

onto .B0.  S  o . φ induces a ring endomorphism of .Frac(B) that sends .Frac(B0) onto 
itself. (In Chaps. 2 and 3, where.B0 = R, the restriction of. φ to.B0 will be the unique 
Frobenius lift on .R but . φ on .B will not necessarily be a Frobenius lift. In Sects. 
4.2–4.4, where .B0 is an algebraically closed field . K, the endomorphism . φ will be 
denoted by . σ and its restriction to .K will be the identity automorphism.1K.) For
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. (w, b) = (

n

i=0
aiφ

i , b) ∈ (W × B×) ∪ (W+ × B),

we extend the simpler notation .bφ = φ(b) by setting 

. bw := ba0φ(b)a1 · · ·φn(b)an ∈ B.

Definition 2.2.2 Let.φ : B → B be an endomorphism of an integral domain. B that 
maps a unital subring .B0 of .B into itself. Let .C be a .B0-subalgebra of .B such that 
.φ(C) ⊂ C (i.e., a .B0[φ]-subalgebra of . B). 

(a) A subset . of .Frac(B) is called .φ-algebraically independent over .Frac(C) if 
the family.(φ j (b))(b, j) (N∪{0}) of elements of.Frac(B) is algebraically independent 
over .Frac(C). 

(b) A subset .Frac(B) is called a .φ-transcendence basis of .Frac(B) over . Frac(C)

if it is maximal in the set of.φ-algebraically independent subsets of.Frac(B). As such, 
the.φ-transcendence degree of. B over. C is the supremum. φ-tr.degC(B) ∈ N ∪ {0,∞}
of all numbers .d ∈ N ∪ {0} such that .Frac(B) has a subset with. d elements which is 
.φ-algebraically independent over .Frac(C). 

(c) A subset .{b1, . . . , bn} ⊂ Frac(B) is said to .φ-generate the field . Frac(B)

over .Frac(B0) if the set .{φ j (bi )|(i, j) ∈ {1, . . . , n} × (N ∪ {0})} generates the field 
.Frac(B) over .Frac(B0). 

(d) We say .Frac(B) is .φ-finitely generated over .Frac(B0) if there exist a finite 
subset of . B that .φ-generates .Frac(B) over .Frac(B0). 

(e) A subset .{b1, . . . , bn} ⊂ B is said to .φ-generate .B as a .B0-algebra if the set 
.{φ j (bi )|(i, j) ∈ {1, . . . , n} × (N ∪ {0})} generates .B as a .B0-algebra. We also say 
that . B is .φ-generated by .{b1, . . . , bn} over .B0. 

(f) We say. B is .φ-finitely generated over .B0 if there exist a finite subset of . B that 
.φ-generates . B as a .B0-algebra. 

We use the simpler notation .φ-tr.deg(B) := φ-tr.degB0
(B). 

We end this section with remarks on interrelations between the various dimension 
concepts introduced above. 

Remark 2.2.3 The following properties hold. 

(a) A.φ-transcendence basis of.Frac(B) over.Frac(C) always exists and every two 
such.φ-transcendence bases have the same cardinality (see [Le], Ch. 4, Prop. 4.1.6). 

(b) We have the additivity property (see [Le],  Ch.  4,  Thm.  4.1.  9):

.φ-tr.deg(B) = φ-tr.deg(C)+ φ-tr.degC(B). (2.6) 

(c) If.Frac(B) is.φ-finitely generated over.Frac(B0), then.Frac(C) is also.φ-finitely 
generated over .Frac(B0) (see [Le],  Ch.  4,  Thm.  4.4.1).
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(d) Each subset of .Frac(B) that .φ-generates .Frac(B) over .Frac(C) contains a 
.φ-transcendence basis (see [Le],  Ch.  4,  Thm.  4.1.  8).

(e) Assume that .{β1, . . . , βn} ⊂ Frac(C) is .φ-algebraically independent over 
.Frac(B0) and that .{γ1, . . . , γm} ⊂ Frac(C) is a set which .φ-generates .Frac(C) over 
.Frac(B0). Then .m ≥ n and the set .{γ1, . . . , γm} contains a subset with . n elements 
which is .φ-algebraically independent over .Frac(B0). To check this statement, we 
first remark that .φ-tr.deg(C) ≥ n. By the property (d) applied to the fields . Frac(B0)

and.Frac(C) we have that .{γ1, . . . , γm} contains a .φ-transcendence basis of . Frac(C)

over.Frac(B0)which, by the property (a), has.φ-tr.deg(C) elements and the statement 
follows. 

(f) If .φ-tr.deg(B) = n ∈ N, then there exists a subset of .B with . n elements 
which is .φ-algebraically independent over .Frac(B0). To check this statement, let 
.b0, . . . , bn ∈ B be such that .{ b1b0 , . . . , bn

b0
} is a .φ-transcendence basis of .Frac(B) over 

.Frac(B0). Then the statement follows from the property (e) applied to . {b0, . . . , bn}
with .C := B0[φ j (bi )|0 ≤ i ≤ n, j ≥ 0] and .m = n + 1. 

(g) Assume .B has a grading by an abelian semigroup in which the homoge-
neous components are .B0-submodules. Then .φ-tr.deg(B) is the supremum of all 
natural numbers. d such that. B has. d homogeneous elements that are.φ-algebraically 
independent over .Frac(B0). To check this statement, let .b0, . . . , bn ∈ B be such 
that .{ b1b0 , . . . , bn

b0
} ⊂ Frac(B) is .φ-algebraically independent over .Frac(B0) and let 

.{γ1, . . . , γm} be the set of all homogeneous components of .b0, . . . , bn . Taking 

.C := B0[φ j (γi )|0 ≤ i ≤ m, j ≥ 0], the statement follows from the property (e). 

Remark 2.2.4 We mention the following related concept. Let .E be a .B0-module 
equipped with a semilinear map .φ : E → E , i.e., . φ on .E is additive and for all 
.λ ∈ B0 and all .x ∈ E we have .φ(λx) = φ(λ)φ(x).  By  the .φ-rank of .E we mean 
the supremum, denoted by .φ-rankB0(E) ∈ N ∪ {0,∞},  of  a  ll .n ∈ N ∪ {0} such that 
there exist elements .x1, . . . , xn ∈ E that are .φ-linearly independent over .B0 in the 
sense that the family .(φ j (xi ))(i, j)∈{1,...,n}×(N∪{0}) is .B0-linearly independent. 

Remark 2.2.5 Let .B be a .W -graded ring where .W = Z[φ]. We assume that 
.B0 ⊂ B(0) and that we have .φ(B(w)) ⊂ B(φw) for all .w ∈ W .  We  s  et

. WB := {w ∈ W |B(w) 0}.

If we view.W as a module over the semiring.W+, then.WB is a .W+-submodule of . W
(recall. B is an integral domain and.φ : B → B is injective). It is easy to check that if 
.B ⊗B0 Frac(B0) is .φ-finitely generated as a .Frac(B0)-algebra, then .WB is a finitely 
generated .W+-module. 

Remark 2.2.6 Assume .B is a filtered ring with filtration .(Br )r≥0 and assume we 
are given an injective ring endomorphism . φ with .φ(B0) = B0 compatible with the 
filtration in the sense that for all integers .r ≥ 0 we have 

.φ(Br ) ⊂ Br+1.
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If . B has an asymptotic transcendence degree, then we have an inequality 

.φ-tr.deg(B) ≤ asy.tr.deg(B). (2.7) 

Note that the above inequality is not an equality in general: the right-hand side 
effectively depends on the filtration whereas the left-hand side does not. If . C is .B0-
subalgebra of .B which is a filtered ring with filtration .(Cr )r≥0 such that we have 
.Cr ⊂ Br and .φ(Cr ) ⊂ Cr+1 for all integers .r ≥ 0, and if .C also has an asymptotic 
transcendence degree, then it is easy to check, using Eq. (2.6) and Inequality (2.7), 
that we have an implication 

.asy.tr.deg(C) = asy.tr.deg(B) ⇒ φ-tr.deg(C) = φ-tr.deg(B). (2.8) 

Even if either .C or .B does not have an asymptotic transcendence degree, for an 
integer .N ≥ 0 we have the implications .(1)⇒ (2)⇒ (3) between the following 
statements. 

(1) We have .tr.degCr (Br ) ≤ N for all integers .r 1. 

(2) We have .tr.degC(B) ≤ N . 

(3) We have .φ-tr.deg(C) = φ-tr.deg(B). 

Remark 2.2.7 The concepts of .φ-transcendence degree and asymptotic transcen-
dence degree are related as follows. If. B is equipped with an injective ring endomor-
phism . φ with .φ(B0) = B0 such that .Frac(B) is .φ-finitely generated over .Frac(B0), 
then it is easy to see that there exists an increasing exhausting filtration .(Br )r≥0 by 
.B0-subalgebras of . B such that for all integers .r ≥ 0 we have.φ(Br ) ⊂ Br+1 and the 
asymptotic transcendence degree exists and is given by 

. asy.tr.deg(B) = φ-tr.deg(B).

This will not be used here as the filtrations appearing in the monograph are given 
(cannot be modified) and Inequality (2.7) is not a priori an equality. 

Remark 2.2.8 In this remark we assume that the inclusion .B0 ⊂ B is a morphism 
of .δ-rings. Let .φ : B → B be the Frobenius lift attached to .δ : B → B. Then from 
Remark 2.2.3 (g) we get that .φ-tr.deg(B) coincides with the supremum of the set of 
all integers . d such that there exist elements .b1, . . . , bd ∈ B with the property that 
the family 

. (δ j (bi ))(i, j)∈{1,...,d}×(N∪{0})

of elements in .Frac(B) is algebraically independent over . K . A similar statement 
holds for the concept of finite .φ-generation. 

Remark 2.2.9 Let.B0 = R and let. B be an integral.δ-graded ring over. R. We assume 
that.B(0) = R and that there exists.w ∈ W \ {0} such that we have.B(w) pB(w). 
We first state and then argue the following five properties.
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(a) We have an equality 

. φ-tr.deg(B) = φ-tr.deg(B((p)))+ 1.

(b) The .φ-transcendence degree .φ-tr.deg(B) is the supremum of the set of all 
.n ∈ N ∪ {0} such that .B contains . n elements that are homogeneous of the same 
weight and .φ-algebraically independent. 

(c) Assume .w ≥ 1 or .w ≤ −1. (For instance, the inequality .w ≥ 1 holds in the 
example of the ‘projective space’ introduced below by Display (2.32) and the inequal-
ity .w ≤ −1 holds in some of our main examples related to moduli schemes of prin-
cipally polarized abelian schemes, see Remark 3.6.32 (c) of Sect. 3.6.3 or Family 
(3.88) below.) Let . f ∈ B(w) \ pB(w). Then . p is a prime element in the ring . B f

and the localization of this ring at the prime ideal .(p) satisfies 

.(B f )(p) = B((p)). (2.9) 

In particular, we have 

. φ-tr.deg(B) = φ-tr.deg(B f )+ 1.

(d) Assume.w ≥ 1 or.w ≤ −1 and assume in addition that. B is a filtered.δ-graded 
ring over . R. Consider a linear system .f = ( f0, . . . , fn) ∈ (B(w) \ pB(w))n+1, and 
let .Xδ := Projδ(B•, f). Then, recalling the notation in Definition 2.1.13 (g), defining 

.Nn,• := n + 1
• + 1

we have 

.D−1• B• = (B((p)))
Nn,• , (2.10) 

with the canonical coface maps, so the ss-.δ-space .D−1Xδ is acyclic and we have 

. H 0(D−1Xδ) = B((p)).

(e) Assume we are in the situation of part (d) and assume, in addition, that 
.Br (v) = 0 for all integers .r ≥ 0 and all .v ∈ W such that .ord(v) > r . (This con-
dition is trivially satisfied in our main examples later in the monograph, see the 
paragraph after Definition 2.3.5 of Sect. 2.3.1.) Then the canonical filtrations on the 
two rings in Eq. (2.10) satisfy 

.(D−1• B•)r ⊂ ((B((p)))
r )Nn,• ⊂ (D−1• B•)r+ord(w). (2.11) 

In particular we have the following formula for the asymptotic transcendence degree 
of the .δ-ring of rational functions on .Xδ: 

.asy.tr.deg(H 0(D−1Xδ)) = asy.tr.deg(B((p))).
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In what follows we give the arguments for properties (a) to (e). 
The inequality ‘. ≥’ in part (a) follows because each nonzero element in . B(w)

is .φ-algebraically independent over .B((p)). To check the inequality ‘. ≤’ in part (a) 
assume .φ-tr.deg(B) ≥ n + 1 for some integer .n ≥ 0, and consider .φ-algebraically 
independent homogeneous elements .b0, . . . , bn ∈ B over . R, .bi ∈ B(wi ) \ pB(wi ), 

see Remark 2.2.3 (g). So the family .( n
i=0 b

wi
i )(w0,...,wn)∈Wn+1 is linearly indepen-

dent over . R.  A  s .B(0) = R we have .wi 0 for all .i ∈ {0, . . . , n}.  Le  t .v ∈ W be 
a nonzero common multiple of .w0, . . . , wn and for .i ∈ {0, . . . , n} let .vi ∈ W be 
such that we have .v = viwi ∈ W .  A  s .vi 0 for all .i ∈ {0, . . . , n}, the family 

.(
n
i=0 b

viwi
i )(w0,...,wn)∈Wn+1 of elements in .Frac(B) is linearly independent over . R. 

Thus the family.(bvi
0 )i∈{0,...,n} of elements of .Frac(B) is .φ-algebraically independent 

over . R, hence the family .(bvi
0 /bv0

0 )i∈{1,...,n} is algebraically independent over . R.  As  
the reduction o f .φ : B → B modulo . p is injective we have .bvi

i /bv0
0 ∈ B((p)) for all 

.i ∈ {1, . . . , n}. Therefore .φ-tr.deg(B((p))) ≥ n. From this the inequality ‘. ≤’ in part 
(a) follows. 

To check part (b), assume again that .φ-tr.deg(B) ≥ n + 1 and let . b0, . . . , bn
and the notation be as as in the previous paragraph. For .i ∈ {1, . . . , n}, write 
.bvi
i /bv0

0 = βi/γi , .βi ∈ B(ui ), .γi ∈ B(ui ) \ pB(ui ), .ui ∈ W . We choose .ui such that 
.u := n

i=1 ui 0 (as we can multiply.β1 and.γ1 by some element in.B(w) \ pB(w)). 
Let .γ := n

i=1 γi ∈ B(u). Then .γ, β1/γ1, . . . , βn/γn are .φ-algebraically indepen-
dent over. R (because, as.u 0, each element in.B(u) is.φ-algebraically independent 
over.B((p))). Hence.γ, β1γ /γ1, . . . , βnγ /γn ∈ B(u) are.φ-algebraically independent 
over . R and are homogeneous of the same weight which proves part (b). 

To check part (c) note first that, by the axiom (GAX5), . p does not divide . f φi

for all integers .i ≥ 0. As, by the axiom (GAX4), . p is prime in .B it follows that . p
is prime in .B f . The inclusion ‘. ⊂’  in  Eq  . (2.9) is obvious. To check its inclusion 
‘. ⊃’, let.F/G ∈ B((p)) where.F ∈ B(v) and.G ∈ B(v) \ pB(v) for some.v ∈ W with 
.ord(v) ≤ r . Write .v = v+ − v− with .v+, v− ≥ 0 and .ord(v+), ord(v−) ≤ r . Then 
for .w ≥ 1 we can write 

.
F

G
= Fw

GFw−1 =
(Fw f v−)/ f v+

(GFw−1 f v−)/ f v+
∈ (B f )(p) (2.12) 

while for .w ≤ −1 we can write 

.
F

G
= F−w

GF−w−1 =
(F−w f v+)/ f v−

(GF−w−1 f v+)/ f v−
∈ (B f )(p) (2.13) 

which implies that the inclusion ‘. ⊃’  in  Eq  . (2.9) holds. 
Part (d) follows directly from Eq. (2.9). 
To check part (e) note that the first inclusion in Display (2.11) is obvious. To 

check its second inclusion it is enough to note that if .F/G ∈ B((p)) with . F ∈ Br (v)

and .G ∈ Br (v) \ pBr (v) as in Eq. (2.12) (resp. (2.13)), then .Fw and .GFw−1 (resp. 
.F−w and .GF−w−1) have order at most .r + ord(w) while . f v+ (resp. . f v− ) has order 
at most .ord(w)+ ord(v) ≤ ord(w)+ r .
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2.3 Concepts of .δ-Invariant Theory 

We review some basic concepts introduced in [Bu00, BB, Bu03, Bu05] and we 
introduce some new concepts that are needed in the monograph. 

2.3.1 Rings of Abstract .δ-Modular Forms 

We develop a formalism of .δ-modular functions and forms in an abstract (purely 
categorical) setting of what we will call moduli data. In the next subsection we will 
specialize our study to the case of principally polarized abelian schemes and their 
polarized isogenies. 

Fix a ring .S0 which we view as a ‘ground ring’ and which, for simplicity, we 
usually drop from our notation. Recall (see the footnote of Sect. 1.1) that all sets are 
assumed to belong to a given universe and all categories are small. Denote by.Ring, 
.Cat,.Gr, and.Set the category of rings over. S0, the category of categories, the category 
of groups, and the category of sets. (So in the case of .Ring the notation matches the 
one in Sect. 2.1 if we take .S0 = Z(p); however we will also be interested later in 
the case .S0 = R.) Let .ι : Gr→ Cat be the natural functor; so for .H ∈ Ob(Gr), 
.ι(H) is a category with one object whose monoid of endomorphisms is . H .  Le  t
.Gm : Ring→ Gr be the multiplicative group functor. 

Definition 2.3.1 A moduli datum (over . S0) is a quadruple .(M,D,G, D) that con-
sists of: 

(MAX1) a functor .M : Ring→ Cat; 

(MAX2) a morphism.D :M→ ι ◦Gm of functors from.Ring to .Cat; 

(MAX3) a functor .G : Ring→ Gr that acts on .M objectwise; 

(MAX4) a morphism.D : G → Gm of functors from.Ring to .Gr. 

Explicitly, (MAX1)-(MAX4) are given by a rule that functorially attaches to each 
ring . S over .S0 the following: 

(i) a category.M(S)with set of objects.MMM(S), set of morphisms.MMM (S), and source, 
target, identity, and composition maps 

. 

π1(S), π2(S) :MMM (S)→ MMM(S),

S) :MMM(S)→MMM (S),

μ(S) :MMM (S)→ MMM (S)

respectively, denoted in what follows simply by .π1, π2 , where 

.MMM (S) := {(x1, x2) ∈MMM (S)×MMM (S), π2(x1) = π1(x2)};
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(ii) a multiplicative map.D(S) :MMM (S)→ S×, denoted in what follows simply by 
. D; 

(iii) a group .G(S) acting on the sets .MMM(S) and .MMM (S) such that all the maps 
.π1, π2 are.G(S)-invariant, and moreover, with.G(S) acting naturally on.MMM (S), . μ
is as well .G(S)-invariant; 

(iv) a group homomorphism.D(S) : G(S)→ S×, denoted in what follows simply 
by . D. 

We write, as usual, .x2 ◦ x1 := μ(x1, x2) for .(x1, x2) ∈MMM (S). Then multiplica-
tivity in (ii) means that .D(x2 ◦ x1) = D(x2)D(x1). 

Remark 2.3.2 Assume.(M,D,G, D) is a moduli datum. Consider the equivalence 
relation.∼ on.MMM(S) where for .x, y ∈MMM(S) we have.x ∼ y if and only if there exists 
.g ∈ G(S) such that the objects . y and .g · x are isomorphic. We get a functor 

. A = AM,G : Ring→ Set

that attaches to each .S ∈ Ob(Ring) the quotient set 

. A(S) :=MMM(S)/ ∼ .

Similarly, consider the equivalence relation.∼ on.MMM (S)where for.x , y ∈MMM (S)we 
have .x ∼ y if and only if there exists .g ∈ G(S) and isomorphisms . z1, z2 ∈MMM (S)

such that .g · x = z1 ◦ y ◦ z2. We get a functor 

. A = AM,G : Ring→ Set

that attaches to each .S ∈ Ob(Ring) the quotient set 

. A (S) :=MMM (S)/ ∼ .

We have a natural pair of source and target morphism of functors 

.A
π1,π2

⇒ A. (2.14) 

Let .A/A : Ring→ Set be the functor that attaches to each .S ∈ Ob(Ring) the 
coequalizer of the two maps .A (S) ⇒ A(S) defined by the functors of Diagram 
(2.14). We have a natural quotient morphism of functors 

.A π→ A/A . (2.15) 

Similarly, we may consider the equivalence relation .∼ on .MMM(S)× S where for 
.(x, u), (y, v) ∈MMM(S)× S we have .(x, u) ∼ (y, v) if and only if there exists 
.g ∈ G(S) such that the objects . y and.g · x are isomorphic and we have .v = D(g)u. 
We get a functor
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. L = LM,G,D : Ring→ Set

that attaches to each .S ∈ Ob(Ring) the quotient set 

. L(S) := (MMM(S)× S)/ ∼ .

In an entirely similar way we get an equivalence relation .∼ on .MMM (S)× S and a 
functor 

. L = LM,G,D : Ring→ Set

that attaches to each .S ∈ Ob(Ring) the quotient set 

. L (S) := (MMM (S)× S)/ ∼ .

Similar to Diagram (2.14), we have a natural pair of source and target morphism of 
functors 

. L
π1,π2

⇒ L.

If the.S0-schemes are being identified with functors from.Ring to.Set then, in the 
applications we have in mind (e.g., in the situations of Remark 2.3.7 and Sect. 2.3.2 
below), the functors .A and .A are ‘very close to being schemes’: typically, ‘appro-
priate sheafifications’ of them have étale covers that are schemes (as a consequence 
of results on moduli spaces in ‘classical’ algebraic geometry, see e.g., [MFK], Ch. 
7, Thm. 7.9). Moreover the natural morphisms of functors 

.L→ A, L → A (2.16) 

are ‘very close to being’ line bundles and the pull-backs of . L to.A via.A π1→ A and 
.A π2→ A are naturally isomorphic to . L , a situation reminiscent of linearizations of 
line bundles in geometric invariant theory. However in the applications we have in 
mind the functor .A/A is ‘very far from being a scheme’. To remedy this situation 
one is led to search for a ‘refinement’ of algebraic geometry, and our .δ-geometry 
does remedy it. This is one of the main motivations for developing .δ-geometry and 
we explain our approach in the rest of this subsection. 

Recall the partially ordered ring .W = Z[φ],  the  ma  p .ord : W → N ∪ {0},  the  
ring homomorphism .deg : W → Z, and the cone .W+ ⊂ W of elements .≥ 0.  Fo  r
.S ∈ Ob(FilRingδ) and.(w, b) ∈ (W × (Sm)×) ∪ (W+ × Sm), with.m ∈ N ∪ {0} and 
the writing .w = n

i=0 aiφi ,  we  s  et

. bw := ba0φ(b)a1 · · ·φn(b)an ∈ Sm+n .

Assume in what follows that the ground ring is .S0 = R.
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Definition 2.3.3 Let .r ≥ 0 be an integer. A .δ-modular function of order .≤ r for 
a given moduli datum .(M,D,G, D) is a rule, . f , that associates to each object . S
of .FilRingδ and to every .x ∈MMM(S0) an element . f (x, S) ∈ Sr such that . f (x, S)

depends only on . S and on the isomorphism class of . x and such that the association 
.(x, S) f (x, S) is functorial in . S. 

For each integer .r ≥ 0, denote by .Mr the set of .δ-modular functions of order .≤ r ; 
it has a structure of a .p-adically complete flat .R-algebra and there exists a natural 
injective .R-algebra homomorphism.Mr → Mr+1.  We  s  et

. M :=
r≥0

Mr .

The filtered ring .M is an object of .FilRingδ with .p-derivation defined by 

. (δ f )(x, S) := δ( f (x, S))

for . f ∈ M , .S ∈ Ob(FilRingδ), .x ∈MMM(S0). We denote by. φ the Frobenius lift on. M
attached to . δ. 

If in the above part we replace .MMM by .MMM we obtain corresponding rings .M r and 
.M . The morphisms .π1, π2 in the part after Definition 2.3.1 induce morphisms of 
filtered .δ-rings .π∗1 , π∗2 : M → M , . f π∗i f , .i ∈ {1, 2}, defined by 

. (π∗i f )(x , S) := f (πi (x ), S).

The morphisms.π∗i and their reductions modulo. p, .π∗i : Mr → M r are injective, as 
one can see by taking .x = x) in the above equality and using that .Sr is flat over 
. R. 

Definition 2.3.4 Let.w ∈ W (r).  A.δ-modular function. f ∈ Mr is called a.δ-modular 
forms of weight . w if for each.g ∈ G(S0) and every.x ∈MMM(S0) the following equality 
holds in . Sr : 

. f (g · x, S) = D(g)−w · f (x, S).

Here .D denotes the map .D(S0) : G(S0)→ (S0)×; see rule (iv) after Definition 
2.3.1. 

We denote by.Mr (w) the.R-module of all .δ-modular forms.Mr of weight. w.  If  i  n
Definition 2.3.4 we replace.MMM by.MMM we obtain.R-modules.M r (w).  (Th  e .δ-modular 
forms of weight .w can be viewed as ‘sections in .δ-geometry’ of the ‘.w-power’ of 
the ‘line bundle’ .L→ A in Display (2.16).) 

Finally, we fix once and for all a rational number .ρ ∈ Q which we refer to as the 
slope of the theory and consider the ideal of .W defined by 

.W (ρ) := {w ∈ W |ρ · deg(w) ∈ Z}.
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So if .ρ = a/b with .a, b relatively prime integers with .b ∈ N, then 

. W (ρ) = W ( 1
b ) = {w ∈ W |b | deg(w)}.

In all our applications we will have .ρ ∈ 1
2Z so .W (ρ) will be either .W or . W ( 1

2 )

according to . ρ being an integer or not. 

Definition 2.3.5 Let.w ∈ W (r) ∩W (ρ). We say that a.δ-modular form. f ∈ Mr (w) is 
covariant if for each.S ∈ Ob(FilRingδ) and every.x ∈MMM (S0) the following equality 
holds in . Sr : 

. f (π2(x ), S) = D(x )ρ·deg(w) · f (π1(x ), S).

Here .D denotes the map .D(S0) :MMM (S0)→ (S0)×; see rule (ii) after Definition 
2.3.1. 

For.w ∈ W (r) ∩W (ρ) we denote by.I
r (w) the.R-submodule of covariant elements 

in .Mr (w).  I  f .w ∈ W \ (W (r) ∩W (ρ)) we set .Ir (w) := 0. 
For .w ∈ W (r) ∩W (ρ) we set .Mr (w) := Mr (w) and .M r (w) := M r (w);  fo  r

.w ∈ W \ (W (r) ∩W (ρ)) we set .Mr (w) =M
r (w) := 0. 

For each integer .r ≥ 0 we consider the .W -graded .R-algebras 

. I
r :=

w∈W
I
r (w), M

r :=
w∈W

M
r (w), M

r :=
w∈W

M
r (w).

These rings form filtered graded systems so the .R-algebras 

. I :=
r≥0

I
r , M :=

r≥0
M

r , M :=
r≥0

M
r

have natural structures of filtered graded rings over . R with graded pieces of weight 
.w given respectively by 

. I(w) :=
r≥0

I
r (w), M(w) :=

r≥0
M

r (w), M (w) :=
r≥0

M
r (w).

These graded pieces are. 0 for.w ∈ W \W (ρ). The rings.I, M, M , equipped with the 
endomorphisms. φ induced by the endomorphism. φ on. M , have natural structures of 
filtered.δ-graded rings over. R, see Definitions 2.1.15 (a) and 2.1.18. Note that for all 
.w ∈ W the .R-linear map 

.I(w)→ M (2.17) 

has a torsion free cokernel. Also if we define the .R-algebra automorphism 

.β :M →M (2.18) 

by the formula
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. (β f )(x , S) := D(x )ρ·deg(w) · f (x , S), f ∈M (w),

then an element . f ∈M belongs to . I if and only if we have 

. βπ∗1 f = π∗2 f.

The natural .R-algebra homomorphisms 

.I→M

βπ∗1 ,π∗2
⇒ M (2.19) 

are trivially seen to be injective, with injective reductions modulo . p.  Also  , . I is the 
equalizer in the category of .R-algebras (and also in the category of filtered.δ-graded 
rings over . R) of the pair of .R-algebra homomorphisms .(βπ∗1 , π∗2 ). 

Remark 2.3.6 Assume, in this remark, that the filtered .δ-graded rings . I, M, M

are integral. (This condition is satisfied in our main applications, i.e., for the rings 
.I, M, M to be considered in Sect. 2.3.2, see Corollary 3.5.2 (d).) For each linear 
system.f = ( f0, . . . , fn) in. Iwe get connected filtered ss-.δ-spaces (see Display (2.4)) 

. Projδ(I, f) := Specδ

0≤i0<···<i•≤n
I fi0 ··· fi• ,

. Projδ(M, f) := Specδ

0≤i0<···<i•≤n
M fi0 ··· fi• ,

. Projδ(M , f) := Specδ

0≤i0<···<i•≤n
M fi0 ··· fi• ,

and we have naturally induced morphisms of filtered ss-.δ-spaces 

.Projδ(M , f)
π1,π2

⇒ Projδ(M, f)
π→ Projδ(I, f). (2.20) 

Here the elements . fi ∈ I ⊂M are viewed as elements of .M by identifying them 
with the elements .π∗1 fi ∈M ; the morphism .π2 is then well-defined in view of the 
display of Definition 2.3.5. Note that the automorphism. β of.M induces the identity 
on .Projδ(M , f). It is then trivial to see that Diagram (2.20) is a coequalizer diagram 
in .Spssδ . 

Assume, in addition, that for every integer.r ≥ 0, weight.w ∈ W (r), and covariant 
. f ∈ I

r (w) \ pI
r (w) we have 

.(I f )r = (M f )r ∩ I f .
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(This condition is, again, satisfied in our main applications, i.e., for the rings. I, M, M

to be considered in Sect. 2.3.2, see Corollary 3.5.3 (d).) Then Diagram (2.20)  is  also  
a coequalizer in .FilSpssδ . The pair .(π1, π2) in Diagram (2.20) may be viewed as an 
.f-realization, in .δ-geometry, of the pair of morphisms in Diagram (2.14) while the 
morphism . π in Diagram (2.20) may be viewed as an .f-realization of the morphism 
in Diagram (2.15). 

Remark 2.3.7 The . δ analogs of the Hecke correspondences on the stack . Ag,1,R

mentioned in Sects. 1.1–1.4 that will be studied in this monograph fit, as we shall see, 
into the above formalism. On the other hand our general formalism applies to Hecke 
correspondences on stacks defined by more general Shimura varieties (see [Bu03, 
Bu04] and [Bu05], Ch. 8 for the case of Shimura curves) and also to correspondences 
arising from certain dynamical systems on projective spaces or principally polarized 
abelian schemes over . R (see [Bu05], Ch. 6 for the case of .P1

R and see [Bu05], Ch. 7 
for the case of elliptic curves over. R). Here are two illustrations of situations coming 
from dynamical systems. 

(a) Let .12 ∈ ⊂ GLGLGL2(Z(p)) be a submonoid. For each .R-algebra . S we consider 
the category .MP1 (S) with set of objects 

. MMMP1 (S) := v = v1
v2

, v1, v2 ∈ S, v1S + v2S = S ,

set of morphisms 
. MMM

P1 (S) := ×MMMP1 (S),

source map given by the second projection, target map given by multiplication of 
matrices with column vectors, composition given by 

. μ((g, v), (g , gv)) := (g g, v)

and unit defined by. := (12, v). Furthermore, we consider the actions of the group 
.G(S) = Gm(S) = S× on.MMMP1 (S) and.MMM

P1 (S) given by usual scalar multiplication 
of elements of .S2 by units of . S. We take the homomorphism .D to be the identity 
and define.D(g, v) := det(g). We have defined a moduli datum.(MP1 ,D, Gm, D). 
Note that if . has no invertible elements except the identity, then for every local 
ring . S over .R we have .AM

P1 ,Gm (S) = P
1(S). Take the slope to be .ρ = 1

2 . Then 
the theory in [Bu05], Ch. 6 provides an analysis of the ring .I = IP1 in this case. 
In particular, if the subgroup of .GLGLGL2(Z(p)) generated by . is not solvable, then . I is 
described in terms of certain explicit.δ-modular forms. f r ∈ I

r (−φr − 1),.r ≥ 1 (see 
[Bu05], Prop. 6.17). This example (which, as explained in [Bu05], Ch. 6 is directly 
related to the classical geometric invariant theory of .SLSLSL2 acting on multiple pairs of 
.2-vectors) will play no role in the present monograph. 

(b) Fix an elliptic curve. E over. R. For each.R-algebra. S we consider the category 
.ME (S) with set of objects
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. MMME (S) := {(P, ω)|P ∈ E(S), Sω = H 0(ES ES/S)},

set of morphisms 

. MMME (S) := {(P1, P2, ω, n)|(P1, ω), (P2, ω) ∈MMM(S), n ∈ N \ pN, P2 = nP1},

source and target given by the obvious projections, composition given by 

. μ((P1, P2, ω, n), (P2, P3, ω,m)) := (P1, P3, ω, nm),

and unit defined by . P, ω) := (P, P, ω, 1). Furthermore we take .G = Gm and 
we consider the actions of the group .G(S) = Gm(S) = S× given by multiplica-
tion of .ω by elements of .S×. Finally consider the homomorphism .D given by 
.D(λ) := λ−1 and the last projection map .D(P1, P2, ω, n) := n. We have defined 
a moduli datum.(ME ,D, Gm, D). Note that for every local ring. S over. R we have an 
identity.AME ,Gm (S) = E(S). Take the slope to be.ρ = 1. Then the theory in [Bu05], 
Ch. 7 provides an analysis of the ring.I = IE in this case. In particular, if.p 2,. E is 
not a canonical lift, and.ψω is the normalized .δ-character of. E over. S attached to the 
.1-form. ω (see [Bu95a], Introd. or [Bu05], Thm. 7.22, p. 197, for the case.S = R, and 
similarly for a general filtered.δ-ring. S), then the rule. f (P, ω) := ψω(P) defines an 
element. f ∈ I

2(φ2); moreover all the elements in the ring. I can be ‘constructed from’ 
this element, see [Bu05], Thm. 7.34. This example plays a key role in a number of 
contexts [Bu95a, Bu05, BM, BPII] but will play no role in the present monograph. 

2.3.2 Rings of Siegel .δ-Modular Forms 

In what follows we define two moduli data 

. (Mg,D,GLGLGLg, det) and (Mg,ord,Dord,GLGLGLg, det)

involving principally polarized abelian schemes and Hecke correspondences and 
we apply to them the constructions of the previous subsection. For background on 
abelian schemes and Hecke correspondences we refer to the Appendix. The rings 
.I, M, M that correspond to these moduli data will be called 

. Ig, Mg, Mg and Ig,ord, Mg,ord, Mg,ord,

respectively; however, if no confusion arises, we will sometimes drop the indices. 
Recall that our ground ring is .S0 = R. For each .R-algebra . S,  le  t .MMMg(S) denote 

the set of all triples .(A, θ, ω) where .A is an abelian scheme of relative dimension 
. g over .Spec(S), where .θ : A→ Ǎ is a principal polarization (so . Ǎ is the dual of 
. A), and where .ω is a column basis of .1-forms on .A by which we mean a col-
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umn vector .ω = (ω1 · · ·ωg)
t whose entries form a basis of the.S-module of .1-forms 

.H 0(A 1
A/Spec(S)). 

Let now 
. (A1, θ1, ω1), (A2, θ2, ω2) ∈MMMg(S)

and let .u : A1→ A2 be an isogeny (which is not assumed to be compatible with 
either the principal polarizations or the column bases of .1-forms). Let 

. ut := θ−11 ◦ ǔ ◦ θ2 : A2 → Ǎ2 → Ǎ1→ A1,

. u∗θ2 := ǔ ◦ θ2 ◦ u : A1→ A2 → Ǎ2 → Ǎ1.

We say . u is a polarized isogeny of degree prime to .p with respect to .θ1 and . θ2
if there exists .d ∈ N \ pN such that .uut = d : A2 → A2 (equivalently, 
.u∗θ2 = dθ1 : A1→ Ǎ1); for such .u we have .deg(u) = dg .  I  f .θ1 and .θ2 are 
clear from context and. p is fixed we will not mention ‘of degree prime to. p’ or ‘with 
respect to .θ1 and . θ2’ and simply say that . u is a polarized isogeny. 

We denote by .MMMg(S) the set of all triples .(x1, x2, u) where 

. xi := (Ai , θi , ωi ) ∈MMMg(S), i ∈ {1, 2},

and.u : A1→ A2 is a polarized isogeny such that .u∗ω2 = ω1. There exist canonical 
maps of sets 

. 

π1, π2 :MMMg(S)→MMMg(S),

:MMMg(S)→MMMg(S),

μ :MMMg(S)→MMMg(S),

where .πi (x1, x2, u) := xi , . x) := (x, x, id), .MMMg(S) is the set of all pairs . (y1, y2)
in .MMMg(S)2 such that .π2(y1) = π1(y2), and .μ is given by the obvious composition 
of isogenies. We obtain a category .M(S) whose set of objects is .MMMg(S), whose set 
of morphisms is .MMMg(S), and where .π1, π2 are the source, target, identity, and 
composition maps. 

We let the group .GLGLGLg(S) act on .MMMg(S) by the rule 

. λ · (A, θ, ω) := (A, θ, λω)

for .λ ∈ GLGLGLg(S) and .(A, θ, ω) ∈MMMg(S) and act on .MMMg(S) by the rule 

. λ · (x1, x2, u) := (λ · x1, λ · x2, u).

We take the group homomorphism.D = det : GLGLGLg(S)→ S×, .D(λ) = det(λ). 
Finally we denote by .D :MMMg(S)→ S× the map defined by letting . D(x1, x2, u)

be the image of .d := uut ∈ N \ pN in .S×.
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We have defined above a moduli datum.(Mg,D,GLGLGLg, det). 
Clearly, for every local ring . S,  the  se  t .AMg,GLGLGLg (S) attached to this moduli datum 

(see Remark 2.3.2) identifies with the set .Ag,1,R(S) of isomorphism classes of prin-
cipally polarized abelian schemes .(A, θ) over . S. Similarly, the set .AMg,GLGLGLg

(S) (see 
Remark 2.3.2) identifies with the set .Ag,1,R(S) of isomorphism classes of quintu-
ples .(A1, θ1, A2, θ2, u) where .(A1, θ1), (A2, θ2) ∈ Ag,1,R(S) and .u : A1→ A2 is a 
polarized isogeny; the set .Ag,1,R(S) may be viewed as the ‘union of all prime to . p
Hecke correspondences’ on.Ag,1,R(S). We continue to denote by.Ag,1,R the obvious 
stack inducing the functor .Ag,1,R . 

In what follows, we take the slope to be .ρ := g/2; as we shall see, this value is 
‘forced upon us’ by the compatibilities built into our specific situation (see Remark 
2.3.10 (c)). 

As in Sect. 2.3.1, by adding the index . g we can attach to our moduli datum and 
to our slope .ρ = g/2 the corresponding .R-modules 

. Mr
g(w), M r

g (w), M
r
g(w), M

r
g (w), I

r
g(w),

and .R-algebras 

.Mr
g, Mg, M

r
g , Mg, M

r
g, M

r
g , I

r
g, Mg, Mg, Ig. (2.21) 

Definition 2.3.8 The elements of.Mr
g are called Siegel.δ-modular functions of genus 

. g and order.≤ r . The elements of.Mr
g(w) are called Siegel .δ-modular forms of genus 

. g, order .≤ r , and weight . w. A Siegel .δ-modular form . f ∈M
r
g(w) is called Hecke 

covariant if it is covariant, i.e., if it belongs to .I
r
g(w). 

Remark 2.3.9 (a) Corollary 3.5.2 (d) below will prove that the rings . Mg, Mg, Ig

are filtered integral .δ-graded rings. So Remark 2.3.7 applies to these rings. 

(b) We later prove that we have.Ms
g(w) ∩ Mr

g = 0 provided.0 ≤ r < ord(w) ≤ s, 
see Corollary 3.5.3 (a) below. This may be seen as an a posteriori justification for 
our convention that .Mr (w) = 0 for .w ∈ W \W (r). 

(c) We later prove that the .R-linear maps .Mr
g → Mr

g are injective, see Corollary 
3.5.3 (b) below. On the other hand, for each .w ∈ W the cokernels of the maps 
.Mr

g(w)→ Mr
g and .I

r
g(w)→ Mr

g are trivially seen to be torsion free. 

(d) In view of the paragraph after Definition 2.3.5, by taking.ρ = g/2,  from  very  
definitions we get that we have .I

r
g(w) =M

r
g(w) = 0 for . g·deg(w)

2 /∈ Z. 

Remark 2.3.10 (a) A Siegel .δ-modular function . f ∈ Mr
g is in .Mr

g(w) if and only 

if for every .S ∈ Ob(FilRingδ) and each .λ ∈ GLGLGLg(S0) the following equality holds 
in . Sr : 

. f (A, θ, λω, S) = det(λ)−w · f (A, θ, ω, S). (2.22) 

Note that if a Siegel .δ-modular function . f ∈ Mr
g has a weight then the weight is 

unique. This follows from the fact that if .w ∈ W is such that .λw = 1 for all .λ ∈ R×
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then .w = 0; the latter property follows from the injectivity of the map in Diagram 
(2.3) applied to .X = Spec(R[x, x−1]) and the element .xw − 1 ∈ O(J ord(w)(X)). 

(b) A Siegel .δ-modular form . f ∈M
r
g(w) is in .Irg(w) if and only if for each 

.S ∈ Ob(FilRingδ) and every triple .(x1, x2, u) ∈MMMg(S
0), where .x1 = (A1, θ1, ω1), 

.x2 = (A2, θ2, ω2), .uut = d ∈ N \ pN, and .u∗ω2 = ω1, the following equality holds 
in . Sr : 

. f (A2, θ2, ω2, S) = d
g·deg(w)

2 · f (A1, θ1, ω1, S). (2.23) 

If . f ∈ I
r
g(w), then by combining Eqs. (2.22) and (2.23) we get that for every 

.S ∈ Ob(FilRingδ),  ever  y .(A1, θ1, ω1), (A2, θ2, ω2) ∈MMMg(S0), and every polarized 
isogeny .u : A1→ A2 with .uut = d ∈ N \ pN, the following equality holds in . Sr : 

. f (A2, θ2, ω2, S) = d
g·deg(w)

2 · det([u])−w · f (A1, θ1, ω1, S), (2.24) 

where .[u] ∈ GLGLGLg(S0) is the unique matrix such that .u∗ω2 = [u]ω1. 

(c) Assume.0 f ∈ Mr
g(w) and.ν ∈ Z are such that for each. S ∈ Ob(FilRingδ)

and every triple .(x1, x2, u) ∈MMMg(S
0), where .x1 = (A1, θ1, ω1), .x2 = (A2, θ2, ω2), 

.uut = d ∈ N \ pN, and .u∗ω2 = ω1,  we  ha  ve

. f (A2, θ2, ω2, S) = dν · f (A1, θ1, ω1, S). (2.25) 

Then it is easy to check (using Eq. (2.25) for both . u and .ut plus Eq. (2.22)) that 
.
g·deg(w)

2 ∈ Z and .ν = g·deg(w)

2 . 

It turns out that, in order to study the ring . Ig , it is crucial to develop a matrix 
version of some of our definitions. We present this in what follows. 

Definition 2.3.11 Let.m ∈ N and.r ∈ N ∪ {0}.  A  Sieg el.δ-modular function of genus 
. g,  siz  e . m, and order .≤ r is a rule . f that associates to each pair 

. (S, (A, θ, ω)) ∈ Ob(FilRingδ)×MMMg(S
0)

an .m × m matrix 
. f (A, θ, ω, S) ∈MatMatMatm(Sr )

that depends on. S and the isomorphism class of .(A, θ, ω) only and that is functorial 
in . S. 

In this monograph we will use only the sizes .m = 1 and .m = g.  The  set  of  
Siegel .δ-modular functions of genus . g,  siz  e . 1, and order .≤ r coincides with .Mr

g . 
We denote by .Mr

gg the .R-algebra of Siegel .δ-modular functions of genus . g,  siz  e . g, 
and order .≤ r .  We  have .Mr

gg =MatMatMatg(Mr
g). Similarly to the case of size . 1 we set 

.Mgg := r≥0 Mr
gg =MatMatMatg(Mg). 

In what follows we introduce the concepts of weight and Hecke covariance for 
Siegel .δ-modular functions of size . g.  Let
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. W := {±φa|a ∈ Z≥0} ⊂ W

be the multiplicative submonoid generated by.−1 and. φ. For each.w ∈ {±φa} ⊂W , 
.m ∈ N, and .S ∈ Ob(FilRingδ),  le  t .χw : GLGLGLm(S0)→ GLGLGLm(Sa) be the homomor-
phism which maps .λ ∈ GLGLGLm(S0) to 

. 

χw(λ) := φa(λ) if w = φa,

χw(λ) := ((φa(λ))t)−1 if w = −φa .

Definition 2.3.12 Fix a pair .(w ,w ) ∈W ×W where .w ,w have order .≤ r ;  s  o
.w ,w ∈ {±φa|a ∈ {0, . . . , r}}. A Siegel .δ-modular function . f ∈ Mr

gg is called 

a Siegel .δ-modular form of weight .(w ,w ) if for every .S ∈ Ob(FilRingδ),  for  
ever y .(A, θ, ω) ∈MMMg(S0) and every .λ ∈ GLGLGLg(S0) the following equality holds in 
.MatMatMatg(Sr ): 

. f (A, θ, λω, S) = χw (λ) · f (A, θ, ω, S) · χw (λt). (2.26) 

The .R-module of all Siegel .δ-modular forms of genus . g,  siz  e . g, order .≤ r and 
weight .(w ,w ) will be denoted by .Mr

gg(w ,w ). Note that if a nonzero element 
of .Mr

gg has a weight .(w ,w ) then that weight is not a priori unique (it is clearly 
never unique if .g = 1); for .g ≥ 2 we do not know if the sum .w + w is uniquely 
determined. 

Definition 2.3.13 Fix a pair .(w ,w ) ∈W ×W where .w ,w have order .≤ r ; 
so .w ,w ∈ {±φa|a ∈ {0, . . . , r}}. A Siegel .δ-modular form . f ∈ Mr

gg(w ,w ) is 

Hecke covariant if for each.S ∈ Ob(FilRingδ) and every.(x1, x2, u) ∈MMMg(S
0), where 

.x1 = (A1, θ1, ω1), .x2 = (A2, θ2, ω2), .uut = d ∈ N \ pN ⊂ End(A2), the following 
equality holds, 

. f (A2, θ2, ω2, S) = d−deg(w +w )/2 · f (A1, θ1, ω1, S). (2.27) 

As.w ,w ∈W have degree.−1 or. 1,  we  ha  ve .deg(w + w )/2 ∈ {−1, 0, 1}.  We  
denote b y .I

r
gg(w ,w ) the .R-submodule of .Mr

gg(w ,w ) of Hecke covariant Siegel 
.δ-modular forms. 

Lemma 2.3.14 Let . f ∈ Mr
gg and .(w ,w ) ∈W ×W . Then . f ∈ I

r
gg(w ,w ) if and 

only if for every .S ∈ Ob(FilRingδ), every 

. (A1, θ1, ω1), (A2, θ2, ω2) ∈MMMg(S
0),

and every polarized isogeny .u : A1→ A2 with .uut = d ∈ N \ pN we have an iden-
tity 

. f (A2, θ2, ω2, S) = d−deg(w +w )/2 · χw ([u]) · f (A1, θ1, ω1, S) · χw ([u]t), (2.28)



42 2 Main Concepts and Results

where .[u] ∈ GLGLGLg(S0) is the unique matrix such that .u∗ω2 = [u]ω1. 

Proof. If . f ∈ I
r
gg(w ,w ), then using Eqs. (2.26) and (2.27) we compute 

. 

f (A2, θ2, ω2, S) = d−deg(w +w )/2 · f (A1, θ1, u∗ω2, S)

= d−deg(w +w )/2 · f (A1, θ1, [u]ω1, S)

= d−deg(w +w )/2 · χw ([u]) · f (A1, θ1, ω1, S) · χw ([u]t)

and so ‘only if’ part holds. 
For the ‘if’ part, by taking .(A2, θ2) = (A1, θ1) and . u to be the identity automor-

phism of .A1,  Eq.  (2.28) gives that . f ∈ Mr
gg(w ,w ). Based on this, by taking .ω1 to 

be .u∗ω2,  Eq.  (2.28) gives that . f ∈ I
r
gg(w ,w ). So the ‘if’ part holds. 

Remark 2.3.15 Our .R-modules .Irgg(φ
a, φb) (resp. .Irg(w)) a priori contain the .R-

modules .I rg (φ
a, φb)⊗Zp R (resp. .I rg (w)⊗Zp R) defined by the .Zp-modules of 

isogeny covariant.δ-modular forms.I rg (φ
a, φb) (resp..I rg (w)) introduced in [BB], Sect. 

1.3 (resp. Sect. 1.4). We do not know if the inclusion. I rg (φ
a, φb)⊗Zp R ⊂ I

r
gg(φ

a, φb)

(resp. .I rg (w)⊗Zp R ⊂ I
r
g(w)) is an equality; but one is tempted to conjecture that 

this is the case. The.Zp-modules.I rg (φ
a, φb) (resp..I rg (w)) do not play any role in our 

monograph. We recall, for convenience, that the definition of the spaces . Ig(φa, φb)

(resp..Ig(w))  in [BB] was similar to that of our spaces.Igg(φa, φb) (resp..Ig(w)) here, 
except that, for the former, one considered ‘prolongation sequences over .Zp’ rather 
than ‘filtered .δ-rings over . R’ and, more importantly, a variant of Eq. (2.28) (resp. 
(2.23)) was required to hold for all isogenies. u of degree prime to . p, rather than just 
for polarized isogenies, and this explains the inclusions mentioned. The condition 
in [BB], Eq. 1.26, p. 1464 (resp. [BB], Eq. 1.37, p. 1468) that defines the module 
.I rg (φ

a, φb) (resp. .I rg (w)) becomes equivalent to Eq. (2.26) (resp. (2.23)) in the case 
of polarized isogenies. 

Remark 2.3.16 If in Definitions 2.3.8–2.3.13 we replace.MMMg(S) by the set. MMMg,ord(S)

of all triples .(A, θ, ω) ∈MMMg(S) with the property that .A is ordinary and if we 
replace .MMMg(S) by the corresponding set .MMMg,ord(S), we obtain a new moduli datum 
.(Mg,ord,Dord,GLGLGLg, det). Implicitly, the objects . g with the index . g attached to the 
datum .(Mg,D,GLGLGLg, det) will be replaced by objects . g,ord attached to the datum 
.(Mg,ord,Dord,GLGLGLg, det) and will be referred to as ‘ordinary’. For instance . Mr

g(w)

will be replaced by .Mr
g,ord(w) and the elements of the latter will be referred to as 

ordinary Siegel.δ-modular forms of genus. g, order.≤ r , and weight. w, etc. All claims 
in Remarks 2.3.9 and 2.3.10 hold in this new context. Note that here the word ‘ordi-
nary’ is not an adjective: each Siegel .δ-modular form defines an ordinary Siegel 
.δ-modular form, and in fact we have natural .R-linear homomorphisms 

.Mr
g(w)→ Mr

g,ord(w), Mr
gg(w ,w )→ Mr

gg,ord(w ,w )
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which turn out to be injective by our Serre–Tate expansion principle (see Proposition 
3.5.1 (b) below). 

Remark 2.3.17 In this remark we consider the ordinary case, i.e., the case of .Ig,ord, 
etc.; an entirely similar thing holds in the nonordinary case, i.e., the case of . Ig ,  etc  .

(a) The .R-modules .Irgg,ord(w ,w ) cannot be naturally assembled into an .R-
algebra. However, for .w ,w ,w ∈W we have natural maps 

. 

I
r
gg,ord(w ,w )→ I

r
gg,ord(w ,w ), f f t

I
r
gg,ord(w ,w )→ I

r+1
gg,ord(φw , φw ), f f φ := φ( f ),

I
r
gg,ord(w ,w )× I

r
gg,ord(−w ,w )→ I

r
gg,ord(w ,w ), ( f1, f2) f1 f2,

where the first map is .R-linear, the second one is .Zp-linear, and the third one is .R-
bilinear. Also, the rule .(A, θ, ω, S) 1g defines an element of .Irgg,ord(−w ,w ) for 
each.w ∈W .  So  the  s  et.W can be seen as the set of objects of a category whose set of 
morphisms from.w ∈W to .w ∈W identifies with the.R-module. I

r
gg,ord(−w ,w )

and whose composition law is given by the above .R-bilinear maps. 

(b) If . f ∈ I
r
gg,ord(w ,w ) has the property that we have 

. f (A, θ, ω, S) ∈ GLGLGLg(S
r )

for all .(A, θ, ω, S), then the rule 

.(A, θ, ω, S) ( f (A, θ, ω, S))−1 (2.29) 

defines an element 
. f −1 ∈ I

r
gg,ord(−w ,−w ).

Similarly, if . f ∈ I
r
g,ord(w) has the property that we have 

. f (A, θ, ω, S) ∈ (Sr )×

for all .(A, θ, ω, S), then the rule of Display (2.29) defines an element 

. f −1 ∈ I
r
g,ord(−w).

The same applies to Siegel .δ-modular functions and forms in .Mr
g,ord or .M

r
gg,ord. 

(c) For all .w ,w ∈W we have natural maps 

. det : Irgg,ord(w ,w )→ I
r
g,ord(−w − w ), f det( f ),
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which for.g = 1 are canonical identifications. For.g = 1we have additional canonical 
identifications .Mr

11,ord(w ,w ) = Mr
1,ord(−w − w ),  etc  .

2.3.3 Rings of .δ-Homogeneous Polynomials 

For an .n + 1-tuple of indeterminates .z := (z0, . . . , zn), where .n ≥ 1,  th  e .δ-ring of 
.δ-polynomials .R[z, z , z , . . .] (defined by Display (2.1) but with .(y, d) replaced by 
.(z, n)) contains the elements indexed by .i ∈ {0, . . . , n}: 

. zφ

i = z pi + pzi , zφ2

i = (z pi + pzi )
p + p((zi )

p + pzi ), etc..

We define .z := (z0, . . . , zn), .z
φ := (zφ

0 , . . . , z
φ
n ), etc., and we view the .R-algebra 

.R[z, z , z , . . .] as a.K -subalgebra of the.K -algebra.K [z, z , z , . . .]of polynomials in 
the set of indeterminates.{zi , zi , zi , . . . |i ∈ {0, . . . , n}}.  Thi  s.K -algebra is generated 

by the set .{zi , zφ

i , z
φ2

i , . . . |i ∈ {0, . . . , n}}, i.e., 

.K [z, z , z , . . .] = K [z, zφ, zφ2
, . . .] := K [zi , zφ

i , z
φ2

i , . . . |i ∈ {0, . . . , n}]. (2.30) 

On this .K -algebra we consider the .W+-grading defined by letting .z
φ j

i have degree 
.φ j .  Fo  r .w ∈ W+ we denote by .K [z, zφ, zφ2

, . . .](w) the component of degree .w in 
the ring of Eq. (2.30) and consider the intersection 

. Sn(w) := R[z, z , z , . . .] ∩ (K [z, zφ, zφ2
, . . .](w))

inside the ring of Eq. (2.30). 

Definition 2.3.18 The  ring  o  f .δ-homogeneous polynomials in . z is the .W+-graded 
ring 

.Sn :=
w∈W+

Sn(w). (2.31) 

This ring has a natural structure of an .R-algebra and is equipped with a ring 
endomorphism . φ, extending the Frobenius lift on . R, such that for all . w ∈ W+
we have .φ(Sn(w)) ⊂ Sn(φ(w)). Note however that .φ is not a Frobenius lift on 
.Sn and thus this ring does not have a natural structure of a .δ-ring; indeed we 
have .zi = 1

p z
φ

i − 1
p z

p
i /∈ Sn because the homogeneous components . 1p z

φ

i and . 1p z
p
i

of .zi do not belong to . Sn . However, if .F0, . . . , Fm ∈ Sn(w1) and .G ∈ Sm(w2), then 
.G(F0, . . . , Fm) ∈ Sn(w1w2). In particular, as for all .i, j ∈ {0, . . . , n} we have an 
identity 

.{zi , z j }δ = z pi z j − z pj zi ∈ Sn(φ + p),
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it follows that for all .F,G ∈ Sn(w) we have .{F,G}δ ∈ Sn((φ + p)w).  S  o . Sn

has a natural structure of a filtered integral .δ-graded ring over .R with filtration 
.(Sn ∩ R[z, z , . . . , z(r)])r≥0. 

It is sometimes useful to shift the filtration and grading on .Sn in a way that it 
depends on a given integer .r0 ≥ 0 and on a given.w0 ∈ W (r0). More precisely, for a 
given integer .r0 ≥ 0 we define a filtration .(Sr

n)r≥0 by setting .Sr
n := R if . 0 ≤ r < r0

and 
. S
r
n := Sn ∩ R[z, z , . . . , z(r−r0)], if r ≥ r0,

and for a given .w0 ∈ W (r0) we define a new grading on .Sn by letting each .zφ j

i have 
weight .φ jw0. With this new filtration and grading .Sn is, again, a filtered integral 
.δ-graded ring and we refer to the pair.(r0, w0) as its shift. In particular, for each shift 
.(r0, w0) (which will not be included in our notation), we view the connected filtered 
ss-.δ-space 

.P
n
δ := Projδ(Sn, z) = Specδ

0≤i0<···<i•≤n
Sn, zi0 ···zi• (2.32) 

as an analog in the .δ-geometry of the .n-th dimensional projective space over . R. 
We have a .K -algebra isomorphism (identification) of .W+-graded algebras 

. Sn ⊗R K K [z, zφ, zφ2
, . . .].

Note that the inclusion .Sn ⊂ R[z, z , z , . . .] is compatible with . φ acting  on  the  
two .R-algebras and for all .w ∈ W ,  th  e .R-linear map 

. Sn(w)→ R[z, z , z , . . .]

has a torsion free cokernel. 
The triple .(Sn, R[z, z , z , . . .], z) with shift .(r0, w0) has the following universal 

property. Consider an arbitrary triple .(B,C, f), where 

(i) .C is a .δ-ring over . R, .B is a .R-subalgebra of .C such that .φ(B) ⊂ B and .B is 
equipped with an integral .δ-graded ring structure with respect to the restriction of . φ
to .B in such a way that for all .w ∈ W ,  th  e .R-linear map .B(w)→ C has a torsion 
free cokernel; 

(ii) .f = ( f0, . . . , fn) is a linear system in . B of weight .w0 ∈ W (r0). 

Then there exists a unique morphism of .δ-graded rings .Sn → B such that . zi fi
for all .i ∈ {0, . . . , n}, where .Sn has shift .(r0, w0). To check this, note that there 
exists a unique morphism of .δ-rings.R[z, z , z , . . .] → C that sends.zi fi for all 
.i ∈ {0, . . . , n} and this morphism sends .Sn to . B. 

Let. I stand for either.Ig or.Ig,ord and let.M stand for either.Mg or.Mg,ord. Applying 
the above universal property to .B = I and .C = M (see the paragraph of Diagram 
(2.17)), we get that for every linear system .f = ( f0, . . . , fn) in . I whose all entries 
belong to .I

r0(w0), we have an induced morphism of filtered .δ-graded rings
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.Sn → I (2.33) 

over . R that maps . zi to . fi , where .Sn has shift .(r0, w0). Then Diagram (2.33) induces 
a morphism of filtered ss-.δ-spaces 

. Projδ(I, f)→ Projδ(Sn, z).

2.3.4 Rings of Invariants of .SLSLSLg-Actions 

We now define.R-modules and.R-algebras that will play key roles in our theory. Let 

. 

T = T (0) = (Ti j )1≤i, j≤g = (T (0)
i j )1≤i, j≤g,

T = T (1) = (Ti j )1≤i, j≤g = (T (1)
i j )1≤i, j≤g,

. . . , T (r) = (T (r)
i j )1≤i, j≤g, . . .

be a sequence of symmetric matrices of indeterminates over . R. For all integers 
.1 ≤ i ≤ j ≤ g and .r ≥ 0, .T (r)

i j = T (r)
j i will have degree . 1. 

For every .s ∈ 1
2Z = {m2 |m ∈ Z} such that .gs ∈ Z we denote by .Hr

g(s) the .R-
module of homogeneous polynomials 

. G ∈ R[T, . . . , T (r)] := R[T (l)
i j |1 ≤ i ≤ j ≤ g, 0 ≤ l ≤ r ]

of degree .gs that satisfy 

.G T t T (r) t) = det 2sG(T, . . . , T (r)) (2.34) 

for all . ∈ GLGLGLg(R). Here and later, for .G as above and symmetric matrices 
.M0 = (m0,i j )1≤i, j≤g, . . . , Mr = (mr,i j )1≤i, j≤g with entries in an .R-algebra we use 
the notation 

. G(M1, . . . , Mr ) := G(m0,11,m0,12, . . . ,m0,gg, . . . ,mr,11,mr,12, . . . ,mr,gg).

A similar notation will be used later (see Sect. 3.5)  fo  r .G a power series instead of a 
polynomial. 

We also set .Hr
g(s) := 0 if.s ∈ 1

2Z and.gs /∈ Z. Clearly, we have.H
r
g(s) = 0 for all 

.s ∈ 1
2Z with .s < 0. We then define the .R-algebras 

. H
r
g :=

s∈Z
H

r
g(s), H

r
g,tot :=

s∈ 1
2Z

H
r
g(s),

.H
r,torus
g := H

r
g[z0, . . . , zr−1,

1

z0 · · · zr−1 ], H
torus
g :=

r≥0
H

r,torus
g ,
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. H
r,torus
g,tot := H

r
g,tot[z0, . . . , zr−1,

1

z0 · · · zr−1 ], H
torus
g,tot :=

r≥0
H

r,torus
g,tot ,

where.(zn)n≥0 is a sequence of indeterminates. We view.H
torus
g,tot as a filtered.W -graded 

ring with filtration given by the subrings in the union that defines it and grading 
defined by letting each element of .Hr

g(s) have weight .−2s and declaring that 

. each zi has weight φ
i+1 − φi .

The.R-algebras we just introduced are analogs of algebras in the classical geometric 
invariant theory of multiple quadratic forms we study in Sects. 4.1–4.3. 

Similarly, we consider matrices of indeterminates 

. X1 = (X1,i j )1≤i, j≤g, . . . , Xn = (Xn,i j )1≤i, j≤g

and we denote by .H
n
g,conj the .R-algebra of all polynomials 

. F ∈ R[X1, . . . , Xn] := R[Xl,i j |1 ≤ i, j ≤ g, 1 ≤ l ≤ n]

such that 
. F X1

−1 Xn
−1) = F(X1, . . . , Xn)

for all . ∈ GLGLGLg(R).  Th  e .R-algebras .Hn
g,conj are analogs of the algebras that show 

in the classical geometric invariant theory of multiple endomorphisms and that are 
studied in Sects. 4.1.1, 4.1.5 and 4.1.6. 

Some of our main results will establish links between the algebras .Irg,ord and . I
r
g

and the algebras .Hr,torus
g,tot and .H

r
g,conj (see Theorems 2.4.7 and 2.4.15 below). 

2.3.5 Rings of .δ-Power Series 

If . f : C → B is a set theoretical map between rings and .n ∈ N, then the rule 
.(ci j )1≤i, j≤n ( f (ci j ))1≤i, j≤n defines a function. f :MatMatMatn(C)→MatMatMatn(B) denoted 
also by . f . 

Our Serre–Tate expansion theory will involve the rings 

. Srfor := R[[T ]][T , . . . , T (r)] := R[[Ti j |1 ≤ i ≤ j ≤ g]][T (l)
i j |1 ≤ i ≤ j ≤ g, 1 ≤ l ≤ r ].

Their union .Sfor has a natural structure of a filtered .δ-ring (with .δT
(l)
i j = T (l+1)

i j for 

all integers .1 ≤ i ≤ j ≤ g and .l ≥ 0) which is an object of .FilRingδ . On the other 
hand the Fourier expansion theory developed in [BB] involved the rings 

..Srcan := R((q))[q , . . . , q(r)] := R((q))[qi j , . . . , q(r)
i j |1 ≤ i ≤ j ≤ g],
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where 

. 

q = q(0) = (qi j )1≤i, j≤g = (q(0)
i j )1≤i, j≤g,

q = q(1) = (qi j )1≤i, j≤g = (q(1)
i j )1≤i, j≤g,

. . . , q(r) = (q(r)
i j )1≤i, j≤g, . . .

is a sequence of symmetric matrices of indeterminates and 

. R((q)) := R[[qi j |1 ≤ i ≤ j ≤ g]][q−1i j |1 ≤ i ≤ j ≤ g].

Again, the union .Scan of these rings is an object of .FilRingδ , with .δq(l)
i j = q(l+1)

i j for 
all integers .1 ≤ i ≤ j ≤ g and .l ≥ 0. 

In order to compare later on the Fourier and Serre–Tate expansions of the. f rg,cryss 
(see Remark 2.4.3 below), we will need to consider the .R-subalgebras 

.. Srsmall-can := R[qi j , q−1i j , qi j , qi j , . . . , q
(r)
i j |1 ≤ i ≤ j ≤ g] ⊂ Srcan

and the.R-algebra monomorphisms.Srsmall-can→ Srfor,.F Ffor that map.qi j , qi j , qi j , 
.. . . to .1+ Ti j , 1+ Ti j , 1+ Ti j , .. . . (respectively). We have an .R-algebra monomor-
phism 

. MatMatMatg(S
r
small-can)→MatMatMatg(S

r
for)

defined by the rule .M = (ci j )1≤i, j≤g Mfor = ((ci j )for)1≤i, j≤g . Hence 

. qfor = Eg + T, qfor = δ(Eg + T ), qfor = δ2(Eg + T ), . . . ,

where we recall that .Eg is the .g × g matrix with all entries equal to . 1. 
A key role in our monograph will be played by the matrix of series 

. q = qi j )1≤i, j≤g ∈MatMatMatg(S
r
small-can) ⊂MatMatMatg(S

r
can), (2.35) 

where 

. qi j :=
1

p
log 1+ p

δqi j
q p
i j

∈ Srsmall-can,

and by its image 
. := q)for ∈MatMatMatg(S

r
for). (2.36) 

2.3.6 Rings of .δ-Sections of Line Bundles 

Let.X be a smooth scheme over .Spec(R) and. L a line bundle over . X . For simplicity 
we will assume in what follows that the reduction modulo. p, . X , is connected, hence
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an integral scheme. We denote by 

. L := Spec
i∈Z

L⊗i

the principal .Gm-bundle over .X associated to . L .  Th  e .Gm-action on . L induces an 
.R×-action, denoted by . ,  on  the .p-jet spaces .Jr (L) and on their rings of global 
functions .O(Jr (L)). For each .w ∈ W we denote by .Sr

X,L(w) the .R-module of all 
. f ∈ O(Jr (L)) such that we have . f = λ−w · f for all .λ ∈ R×. 

Definition 2.3.19 The ring of .δ-sections of . L is the ring .SX,L defined by 

. SX,L :=
∞

r=0
S
r
X,L , S

r
X,L :=

w∈W (r)

S
r
X,L(w).

If .X = Spec(B) is affine, . L is trivial over . X , and .{zL} is a basis of . L , then we 
have isomorphisms 

.. O(Jr (L)) O(Jr (X))[zL , z−1L , zL , . . . , z
(r)
L ] = Jr (B)[zL , z−1L , zL , . . . , z

(r)
L ],

. S
r
X,L(w) O(Jr (X)) · zw

L = Jr (B) · zw
L .

The.R-algebra.SX,L has a structure of a filtered graded ring coming from the filtered 
graded system.(Sr

X,L)r≥0 and with this structure it is a filtered integral .δ-graded ring 
over . R. In particular, for each linear system .f = ( f0, . . . , fn) in .SX,L we define the 
filtered ss-.δ-space (see Display (2.4)) 

.Xδ,L ,f := Projδ(SX,L , f) = Specδ

0≤i0<···<i•≤n
SX,L , fi0 ··· fi• . (2.37) 

Example 2.3.20 Recall the ring .Sn of Definition 2.3.18 (see Display (2.31)). If we 
take.X = P

n
R = Proj(R[z]),.z = (z0, . . . , zn), and.L = O(1), then one can prove (see 

[Bu05], Rmk. 6.9, p. 167) that .SP
n
R ,O(1) = Sn , hence, with notation as in Displays 

(2.37) and (2.32), we have 

. P
n
δ,O(1),z = Projδ(SP

n
R ,O(1), z) = Projδ(Sn, z) = P

n
δ .

We will abbreviate .Xδ,L ,f in Display (2.37)  b  y .Xδ if . L and . f are clear from the 
context. In view of the above example this is consistent with the notation in Display 
(2.32) in case .X = P

n
R , .L = O(1), .f = z. 

Going back to the case of a general .X and . f,  le  t .P ∈ X (R) be an .R-valued point 
of . X . Then we will construct an .n-tuple 

.( f0(P), . . . , fn(P)) ∈ Rn+1, (2.38)
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well-defined up to multiplication by an element of .R×, as follows. We can assume 
.X is affine and .L is trivial on . X . Fix a basis .{zL} of . L , write . fi = ϕi · zw

L , with 

.ϕi ∈ O(Jr (X)),  view .ϕi as a morphism .ϕi : Jr (X)→ A
1
R , consider the point 

.Jr (P) ∈ Jr (X)(R), and set . fi (P) := ϕi (Jr (P)) ∈ A
1
R(R) = R. In other words, 

.P fi (P) is the .δ-function defined by .ϕi (see Definition 2.1.10). 

Definition 2.3.21 Let .P ∈ X (R). We say that .P is: 

(a) .f-semistable if there exists .i ∈ {0, . . . , n} such that . fi (P) ∈ R×. 
(b) .f-unstable if . f0(P) = · · · = fn(P) = 0. 

The definition makes sense even though the.n + 1-tuple of Display (2.38)  is  only  
defined up to multiplication by a scalar in .R×. We denote by .X (R)ssf and.X (R)uf the 
sets of .f-semistable and .f-unstable (respectively) points in .X (R).  We  ha  ve

. X (R)ssf X (R)uf ⊂ X (R)

and in general the inclusion is strict. 
Example: for .X = P

n
R and .f = z = (z0, . . . , zn),  we  have .P

n
R(R)ssz = P

n
R(R). 

For general .X and . f we have a canonical evaluation map 

. EX,f : X (R)ssf → Xδ(δ-pts)

defined as follows. For .P ∈ X (R)ssf , we consider the nonempty set of indices 

. I := {i ∈ {0, . . . , n}| fi (P) ∈ R×},

and for each increasing sequence .0 ≤ i0 < · · · < id ≤ n let .Ri0...id be .R if 
.{i0, . . . , id} ⊂ I and be . 0 if .{i0, . . . , id I . Then consider the discrete ss-.δ-space 

.Pδ := Spec
0≤i0<···<i•≤n

Ri0...i• , (2.39) 

with obvious face maps; one can easily check that.Pδ is connected and acyclic, hence 
a .δ-point. Next we consider the .R-algebra homomorphisms 

. SX,L , fi0 ··· fi• → Ri0...i•

defined when .{i0, . . . , i•} ⊂ I as the evaluation at . P . The induced morphism 
.Pδ → Xδ is .EX,f(P). Note that there exists a canonical diagram 

.

X (R)ssf
f−→ P

n
R(R)ssz = P

n
R(R)⏐

EX,f

⏐
EPn

R ,z

Xδ(δ-pts) −→ P
n
δ (δ-pts),
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where 
. f(P) := ( f0(P) : · · · : fn(P)).

As with .δ-functions (see Definition 2.1.10) the maps . f are not induced by mor-
phisms of formal schemes from open formal subschemes of .X to .Pn

R . Rather, they 
are induced by morphisms of formal schemes from open formal subschemes of 
.Jr (X) to .Pn

R and hence they are given, locally in the Zariski topology of . X ,  by  
restricted power series in local affine coordinates .x1, . . . , xd and their .p-derivatives 
.δx1, . . . , δxd , . . . , δr x1, . . . , δr xd ; such maps are referred to in [Bu95a], Introd. and 
[Bu05], Sect. 2.1 as .δ-maps. 

Example 2.3.22 We recall that for an integer .N ≥ 3 prime to . p the moduli scheme 
.X := Ag,1,N ,R of principally polarized abelian schemes of relative dimension . g
equipped with simplectic similitude level-.N structure is smooth over .Spec(R) (see 
Appendix). We denote by .Xord := Ag,1,N ,R,ord the open subscheme of .X which is 
the union of the generic fiber.XK and of the ordinary locus.Xord,k of the special fiber 
.Xk . 

Let .X ⊂ X be an open subscheme with .X connected and let .π : AX → X the 
universal abelian scheme with principal polarization.θX . Recall the Hodge line bundle 
over . X , 

. L := π∗(∧g
AX /X ).

With .X and . L as above we set 

.M
r
X =

w∈W (r)

M
r
X (w) := S

r
X,L =

w∈W (r)

S
r
X,L(w), MX := SX,L . (2.40) 

We define a canonical morphism of filtered .δ-graded rings 

.Mg →MX . (2.41) 

If .X is affine and there exists a column basis .ωX = (ωX,1, . . . , ωX,g)
t of .1-forms on 

.AX , then for . f ∈ Mr
g(w) we consider the element 

. fX := f (AX , θX , ωX ,O∞(X)) ∈ O(Jr (X)) O(Jr (X)) · zw
L , (2.42) 

where we identify .zL with the canonical global section of . L defined by the wedge 
product .ωX,1 ∧ . . . ∧ ωX,g .  The  rul  e . f fX defines .R-linear maps 

.Mr
g(w)→ O(Jr (X)) O(Jr (X)) · zw

L (2.43) 

that depend on .ωX .  Fo  r .X arbitrary, the above maps induce an .R-algebra homo-
morphism in Diagram (2.41) which is intrinsic, i.e., is independent of the choices 
made to get such local column bases of .1-forms. By Corollary 3.5.2 (d) below, the 
homomorphism in Diagram (2.41) is injective with injective reduction modulo . p.



52 2 Main Concepts and Results

If .X ⊂ Xord then we similarly define a canonical morphism of filtered .δ-graded 
rings .Mg,ord→MX which is injective with injective reduction modulo . p.  For  
instance, as above, i f .X is affine, then the rule . f fX defines .R-linear maps 

.Mr
g,ord(w)→ O(Jr (X)) O(Jr (X)) · zw

L (2.44) 

that depend on .ωX . 

2.3.7 Analogies with Geometric Invariant Theory 

Before proceeding to explain our main results (see Sect. 2.4) we give here a quick 
summary of the various ss-.δ-spaces introduced so far and we point out some analogies 
with geometric invariant theory as in [MFK]. 

Let .(I, M, M ) be one of the two triples 

.(Ig, Mg, Mg) or (Ig,ord, Mg,ord, Mg,ord), (2.45) 

see Display (2.21) and its ordinary analog, and recall that.I, M, M are filtered integral 
.δ-graded rings. Recall also the filtered integral .δ-graded rings .Sn and .MX , where 
.X ⊂ X = Ag,1,N ,R or .X ⊂ Xord, .N ≥ 3 an integer prime to . p, .X connected, see 
Definition 2.3.18 and Display (2.40). We have homomorphisms of filtered .δ-graded 
rings 

. Sn → I→M→MX and M ⇒ M ,

where the homomorphism .Sn → I is defined by a linear system . f of length . n + 1
in . I (see Diagram (2.33)) and the other homomorphisms (see Diagrams (2.19) and 
(2.41)) are the canonical ones which, as stated, are injective, with injective reduction 
modulo. p. The main geometric objects of our theory are then the filtered ss-.δ-spaces: 

.

Xδ := Projδ(MX , f),

Yδ := Projδ(M , f),

Yδ := Projδ(M, f),

Zδ := Projδ(I, f),

P
n
δ := Projδ(Sn, z),

(2.46) 

where we continue to denote by. f the images of. f in the rings.M, M , MX . There exist 
naturally induced morphisms of filtered ss-.δ-spaces 

.Xδ → Yδ → Zδ → P
n
δ and Yδ ⇒ Yδ. (2.47)
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We also have an induced map of sets 

. f : X (R)ssf → P
n
R(R) (2.48) 

compatible with the map .Xδ(δ-pts)→ P
n
δ (δ-pts). 

The morphism 
.Yδ → Zδ (2.49) 

is a categorical quotient (coequalizer) in .FilSpssδ of the pair of morphisms 

.Yδ ⇒ Yδ; (2.50) 

see Remark 2.3.6. 
By analogy with geometric invariant theory (see below), the pair of morphisms in 

Diagram (2.50) can be viewed as an analog in .δ-geometry of the pair of morphisms 
of functors from.Ring to . Set

.Ag,1,R

π1,π2

⇒ Ag,1,R (2.51) 

from the union.Ag,1,R of all prime to. p Hecke correspondences on.Ag,1,R . (A similar 
picture holds for the ordinary locus.) Note that as.N ≥ 3 is prime to. p the coequalizer 
in the category of schemes over .Spec(R) of the correspondence 

.Ag,1,N ,R

π1,π2

⇒ Ag,1,N ,R (2.52) 

obtained by taking the union of all prime to. p Hecke correspondences on.Ag,1,N ,R is 
trivial, i.e., is isomorphic to .Spec(R). This is so as, for an algebraically closed field 
. κ , the generic orbits of the Hecke correspondences are Zariski dense in.Ag,1,N ,κ (see 
[Cha], Thm. 2, for . κ of characteristic . p). Moreover, Diagram (2.49) can be viewed 
as an analog in .δ-geometry of the coequalizer 

.Ag,1,R → Ag,1,R/Ag,1,R (2.53) 

of Diagram (2.51) in the category of functors from.Ring to.Set, or of the similar map 
in the ordinary case. Similarly, we can view the morphism 

. Xδ → Zδ

as an analog of the coequalizer of Diagram (2.52) in the category of functors from 
.Ring to .Set. 

The various properties of the ring . I to be proved in Chap. 3 (such as .φ-
transcendence degree, asymptotic transcendence degree, .φ-finite generation, etc.) 
correspond to ‘geometric properties’ of the morphisms in Display (2.47) and of the 
maps in Diagram (2.48). We will not pursue this in a systematic way but some of
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these geometric properties will be explained in Sect. 2.4. Here is an example of such 
a property. Let us say that a subset .C ⊂ X (R) is a polarized isogeny class if there 
exists .P ∈ C such that .C consists of all points .P ∈ X (R) with the property that 
there exists a polarized isogeny between the principally polarized abelian schemes 
over .Spec(R) that correspond to .P and .P . Directly from the definition of Hecke 
covariance we get that the maps in Diagram (2.48) are constant on polarized isogeny 
classes. 

Here are some comments on the analogy between the situation described above 
and the situation in classical geometric invariant theory as in [MFK].  Given  an  acti  on
.ρ : X := G × X → X of an algebraic group .G on a variety .X over some alge-
braically closed field, one says that a morphism.π : X → Y of varieties is a categor-
ical quotient for this action if it is a coequalizer, in the category of varieties, of the 
two morphisms 

.ρ, π2 : X ⇒ X (2.54) 

where.π2 is the second projection. In our setting, Diagram. (2.54) is replaced by Hecke 
correspondences on the moduli stack.Ag,1,R over.Spec(R), see Diagram (2.51). The 
fact that Diagram (2.49) is a coequalizer in .FilSpssδ of the pair of morphisms in 
Diagram (2.50), suggests, following the language of the geometric invariant theory, 
to regard.Zδ as a ‘quotient’, in.δ-geometry, of an analog of.Ag,1,N ,R or of its ordinary 
variant by the Hecke correspondences. As we shall see, .Zδ is a highly nontrivial 
object, and this is one of the main motivations here (and in [Bu00, BB, Bu03, 
Bu05]) for enriching classical algebraic geometry with the .δ-geometry. 

In the same vein, we view the maps . f in Diagram (2.48) as analogs, in the 
.δ-geometry of Hecke correspondences, of maps to projective spaces defined by .G-
invariant sections of .G-linearized bundles over a variety with .G-action in classical 
geometric invariant theory, see [MFK], Ch. 1, Sect. 3. The role of .G-linearization 
is played, in our formalism, by the consideration of the isomorphism . β in Diagram 
(2.18). Our .f-semistable points are then an analog of the .G-semistable points in 
[MFK], Ch. 1, Sect. 4. 

One can ask for a .δ-geometric analog of the stable points in [MFK], Ch. 1, 
Sect. 4. Such a concept could be of an arithmetic nature as follows. Denoting 
.Ralg := {x ∈ R|x algebraic over Q},. X comes via base change from a moduli scheme 
.Xalg over .Spec(Ralg) and we take .X such that it comes via base change from an 
open subscheme .Xalg of .Xalg. Then our tentative definition is as follows. A point 
.P ∈ Xalg(Ralg) ⊂ X (R) is called .f-stable if it is .f-semistable and the intersection 
.
−1
f f(P)) ∩ Xalg(Ralg) taken inside .X (R) is a finite union of polarized isogeny 

classes. We will not further investigate this concept.
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2.4 Main Results 

2.4.1 Serre–Tate Expansions and the Basic .δ-Modular Forms 

Our approach is based on the following Serre–Tate expansion principle which is 
analogous to the Fourier expansion principle in [BB], Thm. 3.1. For the next statement 
fix an ordinary elliptic curve .E0 over .k = R/pR and a generator .e0 of (the .Zp-
module defined by the Tate module) .Tp(E0) and set .A0 := Eg

0 . We endow .A0 with 
the standard diagonal principal polarization .θ0 and with the diagonal column basis 
. e of .Tp(A0) defined by . e by which we mean a column vector . e = (e0,1 · · · e0,g)t
where each.e0,i with.i ∈ {1, . . . , g} is.e0 but viewed as a generator of the Tate module 
of the .i-th copy .E0,i of .E0 in .A0. 

Theorem 2.4.1 The following properties hold. 

(a) For every .w ,w ∈W there exist natural injective .R-linear maps 

. EA0,θ0,e : Irgg(w ,w )→MatMatMatg(S
r
for), EA0,θ0,e : Irgg,ord(w ,w )→MatMatMatg(S

r
for),

whose reductions modulo . p are also injective. 

(b) For each .w ∈ W there exist natural injective .R-linear map 

. EA0,θ0,e : Irg(w)→ Srfor, EA0,θ0,e : Irg,ord(w)→ Srfor,

whose reductions modulo . p are also injective. 

All these injective .R-linear maps will be compatible with the .R-linear maps 
.I
r
gg(w ,w )→ I

r
gg,ord(w ,w ) and.I

r
g(w)→ I

r
g,ord(w) (which are therefore injective 

with injective reduction modulo . p) and will be compatible in a natural way with 
multiplication. We refer to the.R-linear maps in Theorem 2.4.1 as Serre–Tate expan-
sion maps. On our way of proving Theorem 2.4.1 we will prove that the .R-algebra 
homomorphism of Diagram (2.41) is injective with injective reductions modulo . p
(see Proposition 3.5.1 (b)). 

Recall the matrix . in Display (2.36). We will prove the following existence 
result (see Theorem 3.6.16 (a)). 

Theorem 2.4.2 There exists a generator.e0 of the Tate module of.E0 with the follow-
ing property. For every integer .r ≥ 1 there exists a unique Hecke covariant Siegel 
.δ-modular form 

. f r := f rg,crys ∈ I
r
gg(φ

r , 1)

whose Serre–Tate expansion equals 

.EA0,θ0,e( f
r
g,crys) = φr−1 + p φr−2 + · · · + pr−1
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Remark 2.4.3 We will refer to the forms . f r as the basic Hecke covariant Siegel 
.δ-modular forms of weight.(φr , 1). These.δ-modular forms were introduced in [BB], 
Sect. 4.1 and their (crystalline) construction will be recalled in Sect. 3.4. By con-
struction, if .p > 2 (resp. if .p = 2) these .δ-modular forms vanish on all quadruples 
.(A, θ, ω, R) in which .A is an abelian scheme over .Spec(R) which is a canonical 
lift (resp. quasi-canonical lift) of its reduction.Ak modulo. p.  Fo  r .r = 1 the converse 
holds: if .p > 2 (resp. if .p = 2) and if . f 1 vanishes at some quadruple . (A, θ, ω, R)

with. A ordinary, then. A is an abelian scheme over .Spec(R) which is a canonical lift 
(resp. quasi-canonical lift) of .Ak . 

Recall from [BB], Sect. 2.3 that for .w ∈ W and .w ,w ∈W we have natural 
Fourier expansion maps 

. E∞ : Irgg(w ,w )→MatMatMatg(S
r
can), E∞ : Irg(w)→ Srcan.

These maps will not play any role in the present monograph. Note however that by 
[BB], Eq. (4.4) the Fourier expansion of . f rg,crys is given by 

.E∞( f rg,crys) = φr−1
q + p φr−2

q + · · · + pr−1 q . (2.55) 

Combining Eq. (2.55) and Theorem 2.4.2 we get that the Fourier and Serre–Tate 
expansions of the basic.δ-modular forms. f rg,crys coincide up to a natural identification: 

. (E∞( f rg,crys))for = EA0,θ0,e( f
r
g,crys).

We have the following rank . 1 result (see Corollaries 3.6.21 and 3.6.22 below). 

Theorem 2.4.4 The following properties hold. 

(a) The .R-modules .I1gg(φ, 1) and .I1gg,ord(φ, 1) coincide and are free of rank . 1
generated by . f 1g,crys. 

(b) For all integers.n ≥ 1,  th  e.R-modules.I1g(−nφ − n) and.I
1
g,ord(−nφ − n) coin-

cide and are free of rank . 1 generated by .(det( f 1g,crys))
n. 

In addition, generalizing a construction for .g = 1 in [Bar] and [Bu05], in Sect. 
3.6.3 we will prove the following theorem (see Theorem 3.6.17 and Corollaries 3.6.31 
(e) and 3.6.34). 

Theorem 2.4.5 The following properties hold. 

(a) The.R-module.I1gg,ord(−φ, 1) is free of rank. 1 and has a generator. f ∂
g,crys whose 

Serre–Tate expansion is the identity matrix: 

. EA0,θ0,e( f
∂
g,crys) = 1g.

(b) The form .det( f ∂
g,crys) is invertible in the ring .I

1
g,ord.
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(c) If .w ∈ W (r) is such that .deg(w) = 0 (equivalently, if .w ∈ (φ − 1)W), then 
the .R-module .I

r
g,ord(w) is free of rank . 1 generated by 

. det( f ∂
g,crys)

w
φ−1 .

(d) We have .I
1
g(φ − 1) = I

1
g(1− φ) = 0. 

Remark 2.4.6 We shall refer to . f ∂
g,crys as the basic ordinary Siegel .δ-modular form 

of weight .(−φ, 1): the free .R-modules .Irgg,ord(w ,w ) for .w ,w ∈W of order . ≤ r
can be fully described using . f ∂

g,crys (see Theorem 3.6.17 below). These modules 
have rank . r if .w ,w > 0, have rank . 1 if .w w < 0, and vanish (have rank . 0)  i  f
.w < 0, .w < 0. However, the concrete (explicit) description of the submodules 
.I
r
gg(w ,w ) ⊂ I

r
gg,ord(w ,w ) for all .w ,w ∈W is an open problem. 

2.4.2 Structure of the Ring . Ig,ord

We next present a series of applications of our Serre–Tate expansion theory to the 
structure of the rings .Ig,ord (see Theorem 3.6.20 (b) below). 

Theorem 2.4.7 There exist natural monomorphisms of graded .R-algebras 

. ♦ : Hr−1,torus
g,tot → I

r
g,ord, ♦ : Htorus

g,tot → Ig,ord,

whose cokernels are torsion. 

Remark 2.4.8 By Theorem 2.4.7 we have induced .K -algebra isomorphisms 

. ♦ : Hr−1,torus
g,tot ⊗R K → I

r
g,ord ⊗R K , ♦ : Htorus

g,tot ⊗R K → Ig,ord ⊗R K ;

so the study of the rings.Irg,ord ⊗R K gets reduced to the study of the rings.Hr
g ⊗R K , 

which is a topic in the geometric invariant theory of multiple quadratic forms. This 
invariant theory has classical roots and will be revisited, and further developed, in 
Sects. 4.1–4.3. In particular, as we shall see, the.K -algebras.Hr

g,tot ⊗R K are finitely 
generated, Cohen–Macauley, and unique factorization domains, thus Gorenstein, and 
hence so are the.K -algebras.Irg,ord ⊗R K . Also we will see that (see Corollary 3.6.31 
(b) and (c)): 

. • if .g is odd, then we have .Hr
g,tot = H

r
g hence .Hg,tot = Hg which implies 

.I
r
g,ord(w) = 0 for all integers .r ≥ 1 and .w ∈ W (r) with .deg(w) odd; 

. • if . g is even, then .Hg,tot Hg and hence the .R-algebras .Irg,ord(w) do not vanish 
for all integers .r ≥ 1 and .w ∈ W (r) with .deg(w) odd. 

Section 4.2 provides, in particular, a detailed study of the structure of the algebra 
.H

r
g,tot ⊗R K tensored with an algebraic closure of. K . The results there easily translate
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into results about the algebra .I
r
g,ord ⊗R K ; we leave this translation to the reader. In 

particular we will introduce in Sect. 4.2.6 some special ‘. and .ϒ invariants’ and 
we will compare the algebras of all invariants with the algebra generated by the 
. invariants (see, for instance, Theorems 4.2.8 and 4.2.13 and Corollary 4.2.23). 
We will deduce information on the Hilbert series of the rings of invariants (see 
Corollaries 4.2.14 and 4.2.15), the smallest number of homogeneous generators (see 
Proposition 4.2.10 (a)), and transcendence bases (see Theorem 4.2.17). For .g = 2, 
Sect. 4.3 gives finer results on Hilbert series (see Proposition 4.3.4 and Corollary 
4.3.8), the smallest number of homogeneous generators (see Proposition 4.3.3), and 
relations (see Corollary 4.3.6). 

On the other hand, the .R-algebra homomorphism .♦ : Htorus
g,tot → Ig,ord is not an 

isomorphism. It would be interesting to compute the cokernel of the .R-linear map 
. ♦. A related open problem is to compute the cokernel (which is, again, torsion) of 
the .R-linear map given by the inclusion 

. R[z, zφ, zφ2
, . . .] → Sn.

Proposition 3.6.24 (b) below will provide a lower bound for the torsion of the cokernel 
of .♦ in the following sense. If for an .R-module .M we denote by .M[p] the .k-linear 
space of all elements of .M annihilated by . p, then for .s ∈ 1

2Z≥0 we will show: 

. dimk

I
r+1
g,ord(−2(p + 1)s)

♦(Hr
g((p + 1)s))

[p] ≥ 2 dimK (Hr−1
g (s)K )− 3.

It would be interesting to find the precise value of the left-hand side of the above 
inequality. 

Remark 2.4.9 By combining the proofs of Theorems 2.4.2, 2.4.5, and 2.4.7,  the  
Serre–Tate expansions of all elements o f .Ig,ord will be made explicit in Remark 
3.6.32 (a). 

Remark 2.4.10 Let .X ⊂ Xord = Ag,1,N ,R,ord be an open subscheme with .X con-
nected. We check that for each polarized isogeny class.C ⊂ X (R) there exist ‘many’ 
Hecke covariant Siegel .δ-modular forms that vanish on . C . First, by Theorem 2.4.7, 
there exist (many) integers.r ≥ 1 and (many) weights.w ∈ W (r) such that the (finitely 
generated) .R-module .Irg,ord(w) has ‘large’ rank. For a point .P ∈ C consider the 
principally polarized abelian scheme .(A, θ) over .Spec(R) that corresponds to it 
and the submodule .Ir,[P]g,ord(w) of all . f ∈ I

r
g,ord(w) that vanish at .P in the sense that 

. f (A, θ, ω, R) = 0 for one (equivalently every) . ω. Note that, by Hecke covariance, 
each . f ∈ I

r,[P]
g,ord(w) vanishes on the whole of . C . We claim that the factor mod-

ule .Irg,ord(w)/I
r,[P]
g,ord(w) is either . 0 or (noncanonically) isomorphic to . R. Indeed, 

if this factor module is nonzero, let .0 f0 ∈ I
r
g,ord(w) be such that the element 

. f0(A, θ, ω, R) ∈ R has minimum.p-adic valuation and we conclude by noting that 

.I
r,[P]
g,ord(w) is the kernel of the surjective .R-linear homomorphism
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. I
r
g,ord(w)→ R, f

f (A, θ, ω, R)

f0(A, θ, ω, R)
.

Remark 2.4.11 Let.X ⊂ Xord be, as before, an open subscheme with.X connected. 
By the proof of Theorem 2.4.7 it will also follow that for each .w ∈ W ,  ever  y
. f ∈ Ig,ord(w) vanishes on the set of ordinary .CMR-points of . X , i.e., of .R-valued 
points of .X that correspond to ordinary abelian schemes over .Spec(R) that have 
complex multiplication (see Remark 3.6.32 (b)). If .p > 2, then an ordinary .CMR-
point is the same as a .CLR point, i.e., an .R-valued point of .Xord that corresponds to 
an ordinary abelian scheme over .Spec(R) which is the canonical lift of its reduction 
modulo . p (see [V], Thm. 1.6.3). Similarly, if .p = 2, then an ordinary .CMR-point 
is the same as a .QCLR point, i.e., an .R-valued point of .Xord that correspond to an 
ordinary abelian scheme over.Spec(R)which is a quasi-canonical lift of its reduction 
modulo . 2, which means that it defines the same filtered .F-crystal over . k as the 
canonical lift (see [V], Thm. 1.6.3). So for every linear system . f in .Ig,ord,  the  set  o  f
.f-unstable points .X (R)uf in .X (R) contains the set of ordinary .CMR-points of . X .  It  
would also be interesting to decide when, for suitable . fs, the locus of .f-stable points 
of .X (R) is nonempty and, when so, to compute it. 

Combining Theorem 2.4.7 with results from Sects. 4.1 and 4.2 we obtain the 
following results (see Theorem 3.6.29 (c), (e) and (g)). 

Theorem 2.4.12 The following properties hold. 

(a) We have equalities: 

. asy.tr.deg(Ig,ord) = φ-tr.deg(Ig,ord) = g(g + 1)

2
+ 1.

(b) The field.Frac(Ig,ord) is.φ-generated over.K by finitely many elements in.I
4
g,ord. 

Here and from now on, .φ-tr.deg := φ-tr.degR . 

Remark 2.4.13 As the.K -algebras.Hr−1,torus
g ⊗R K are finitely generated by classi-

cal geometric invariant theory, we also get that 

. asy.dim(Ig,ord) = g(g + 1)

2
+ 1.

On the other hand we do not know whether .Ig,ord ⊗R K is .φ-finitely generated as a 
.K -algebra. 

Remark 2.4.14 We recall the .R-algebra monomorphism 

.Ig,ord→MX (2.56) 

with injective reduction modulo . p, where .X ⊂ Xord is an arbitrary open subscheme 
with. X connected (see Diagram (2.41)). If. X is affine, then by viewing.MX as filtered 
by the subrings .Mr

X ,  we  have  (see  Eq. (2.5))
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. asy.dim(MX ) = g(g + 1)

2
+ 1.

Diagram (2.49) is induced by Diagram (2.56) and we recall that we view Diagram 
(2.49) as an avatar of Diagram (2.53). Then the equality of the asymptotic dimensions 
of the source and target in Diagram (2.56) says that the ‘quotient map’ in Diagram 
(2.53) is a map between geometric objects ‘of the same dimension’ in ‘.δ-geometry’. 

Note that we have .K -algebra monomorphisms 

.I
r
g,ord ⊗R K →M

r
X ⊗R K (2.57) 

induced by Diagram (2.56). By Theorem 3.6.29 (b) below and Remark 2.4.13 the 
.K -algebra .I

r
g,ord ⊗R K is finitely generated and has dimension 

. dim(Irg,ord ⊗R K ) = r
g(g + 1)

2
− g2 + 1+ r (2.58) 

while, for .X affine, the (noetherian but not finitely generated) .K -algebra . M
r
X ⊗R K

has dimension 

. dim(Mr
X ⊗R K ) = (r + 1)

g(g + 1)

2
+ r. (2.59) 

The difference between the two dimensions is therefore 

. dim(Mr
X ⊗R K )− dim(Irg,ord ⊗R K ) = g2 + g(g + 1)

2
− 1

which is independent of . r ; note that this difference is less than (rather than equal to) 
the dimension.dim(GSpGSpGSp2g,K ) = 2g2 + g + 1 of the group of symplectic similitudes 
of rank .g + 1 over . K , as one might expect from the analogy with the differential 
algebraic picture [Bu95b], Introd. and the complex analytic picture [FC], Ch. VII, 
Sect. 3, p. 255. It would be interesting to study the fibers of the morphism of spectra 
induced by Diagram (2.57). 

We are especially interested in the structure of the rings .Mr
X/I

r,[P]
g,ordM

r
X and 

.MX/I
[P]
g,ordMX for .P ∈ X (R), where .Ir,[P]g,ord ⊂ I

r
g,ord and .I

[P]
g,ord ⊂ Ig,ord are the prime 

ideals (see Remark 2.4.10) 

. I
r,[P]
g,ord :=

w∈W
I
r,[P]
g,ord(w), I

[P]
g,ord :=

r≥1
I
r,[P]
g,ord.

The ring .MX/I
[P]
g,ordMX can be viewed as an avatar, in .δ-geometry, of the polarized 

isogeny class of. P . It has a natural structure of a filtered.W -graded ring equipped with 
an endomorphism induced by. φ. Note that, by Remark 2.4.10, the ring.Ig,ord/I

[P]
g,ord has 

a natural structure of a filtered.W -graded integral domain all of whose homogeneous 
components are either . 0 or (noncanonically) isomorphic to .R and is equipped with 
an endomorphism induced by . φ. One would like to know, for instance, if or when
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.MX/I
[P]
g,ordMX is an integral domain and one would like to compute its asymptotic 

dimension. A related problem is to understand the fibers of the maps. f in Diagram 
(2.48). In the same vein one would like to understand the image of the maps. f , e.g., 
the ideal of all.δ-homogeneous polynomials in.Sn that vanish on this image. Another 
related open problem is to compute the transcendence degrees .tr.degk(I

r
g,ord ⊗R k). 

In Chap. 3 we will also obtain estimates/asymptotics for the (finite) ranks of 
the .R-modules .Irg,ord(w) (see Theorem 3.6.20 (a)). Also, for .r ≤ 2 we will obtain 
.W -graded .K -algebra isomorphisms 

. I
1
g,ord ⊗R K K [ 0, z0, z

−1
0 ],

. I
2
g,ord ⊗R K K [ 0 g, z0, z1,

1

z0z1
],

where. 0 g, z0, z1 are indeterminates of weights. −2, . . . ,−2, φ − 1, φ2 − φ

(respectively); these isomorphisms will be entirely explicit (see Corollary 3.6.33). 
The structure of the rings .Irg,ord in case .r ≥ 3 will turn out to be rather complicated. 

However the rings .Irg,ord ⊗R K are isomorphic to the rings .Hr−1,torus
g,tot ⊗R K (see 

Theorem 2.4.7) and the rings .Hr−1
g,tot ⊗R K will be studied in detail in Sects. 4.1– 

4.3. 
Recalling the notation in Remark 2.2.4, we get, for . g odd, an equality of .W+-

modules 
. WIg,ord = {w ∈ W |deg(w) ∈ 2Z, w ≤ 0}.

The structure of .WIg,ord for . g even is more complicated. However in view of the 
isomorphism.Ig,ord ⊗R K H

torus
g,tot ⊗R K (see Theorem 2.4.7) the problem of under-

standing the structure of.WIg,ord trivially reduces to the problem of determining which 
homogeneous components of.Htorus

g,tot (with respect to a natural gradation) are nonzero. 
This latter problem reduces to a similar problem for the ring.Hg,tot which, in its turn, 
is partially addressed (although not completely solved) in Chap. 4; see Lemma 4.2.3 
(a) and (b) and Sect. 4.2.6. 

2.4.3 Structure of the Ring . Ig

Next we turn our attention to . Ig . We will prove that .Ig has an asymptotic transcen-
dence degree that is equal to that of .Ig,ord so the two rings are ‘close’ in the sense 
of asymptotic transcendence degrees. Indeed, using the geometric invariant theory 
of multiple endomorphisms (see Sects. 4.1.1, 4.1.5 and 4.1.6), we will prove (see 
Theorem 3.7.1) the following theorem. 

Theorem 2.4.15 For each integer .r ≥ 4 there exists a natural map of .W-graded 
.R-algebras
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. : Hr−2
g,conj[x1, . . . , xr , ξ1, . . . , ξr ] → I

r
g

whose image satisfies 

. tr.degR(Im( )) ≥ tr.degR(Irg,ord)−
g(g + 1)

2
− 2.

Here .xi and .ξi are indeterminates of degree .−φi−1 − φi and .−1− φi (respec-
tively) and the maps . are compatible as . r varies. 

Remark 2.4.16 Theorem 2.4.15 and Remark 2.2.6 imply the inequality 

.tr.deg
Ig
(Ig,ord) ≤ g(g + 1)

2
+ 2. (2.60) 

It would be interesting to compute the exact value of the transcendence degree 
.tr.deg

Ig
(Ig,ord). We emphasize that we do not know even if the field extension 

.Frac(Ig) ⊂ Frac(Ig,ord) is not an equality; this question is open even for .g = 1.  On  
the other hand, by Theorem 2.4.15 and Eqs. (2.58) and (2.59) we get 

. dim(Mr
X ⊗R K )− tr.degR(Irg) ≤ 2g2 + g + 1 = dim(GSpGSpGSp2g,K ) (2.61) 

with .X as in Remark 2.4.14.  The  value  o  f .tr.degR(Irg) is not known even for .g = 1. 
The analogies with the differential algebraic picture [Bu95b], Introd. and with the 
complex analytic picture [FC], Ch. VII, Sect. 3, p. 255, suggest that Inequality (2.61) 
might be an equality. A related open problem is to compute the transcendence degrees 
.tr.degk(I

r
g ⊗R k); again, this is not known even for .g = 1. 

Using Inequality (2.60) and Theorem 2.4.12 (a) we will deduce (see Corollary 
3.7.2 (c)) the following result which solves, in particular, a ‘main open problem’ in 
[BB]  (se  e [BB], paragraph after Thm. 1.13) and which can be easily used to reobtain 
for .g ∈ {1, 2} the results [BB], Thms. 1.13 and 1.14. 

Theorem 2.4.17 We have 

. asy.tr.deg(Ig) = φ-tr.deg(Ig) = g(g + 1)

2
+ 1.

Remark 2.4.18 As .Frac(Ig,ord) is .φ-finitely generated over .K so is its subfield 
.Frac(Ig) by Remark 2.2.3 (c). Also, as.Irg(w) ⊂ I

r
g,ord(w), it follows that for all linear 

systems . f of weight .w in .Irg,ord the set of .f-unstable points of . X (R) = Ag,1,N ,R(R)

contains the set of all ordinary .CMR-points. Here are some questions that we leave 
open. Are the .K -algebras .Irg ⊗R K finitely generated? Is .Ig ⊗R K a .φ-finitely gen-
erated .K -algebra? What are the transcendence degrees of .Irg ⊗R K over . K ? What 

is the structure of the rings .MX/I
[P]
g MX where .X is open in . X , with .X connected, 

.P ∈ X (R), and.I
[P]
g is the prime ideal of.Ig defined as in Remark 2.4.14 by replacing 

.Ig,ord with . Ig?
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Remark 2.4.19 It would be interesting to compute the.W+-module.WIg ,  see  Remar  k
2.2.4.  A  s .det( f r ) ∈ I

r
g(−1− φr ) we have .−1− φr ∈ WIg for all integers .r ≥ 1.  S  o

.WIg contains the .Z-linear span .Wcyc of the elements of the form .−φa − φb with 

.0 ≤ a < b integers. Note that.Wcyc is a.W+-submodule of.WIg . All examples of homo-
geneous elements in.Ig appearing in our monograph have weights in.Wcyc. We do not 
know if or when.WIg = Wcyc. On the other hand we claim that the.W+-module.Wcyc is 
not finitely generated. Indeed, if .w1, . . . , wn generate the.W+-module.Wcyc, then for 
every integer .r ≥ 1 we can write .−1− φr = n

i=1 vr,iwi with .vr,1, . . . , vr,n ∈ W+. 
Taking degrees and using the fact that .deg(wi ) ∈ −2N we get that . −1− φr = wi(r)

for some .i(r) ∈ {1, . . . , n} which for .r 1 represents a contradiction, proving our 
claim. As a consequence of the claim and of Remark 2.2.4,  if  for  some .g ∈ N we 
have .WIg = Wcyc, then .Ig ⊗R K is not .φ-finitely generated as a .K -algebra. 

For the next result, for a polarized abelian scheme .(A, θ) over . R, we denote by 
.End(A, θ)(p) the subring of .End(A) generated by all polarized isogenies .A→ A. 
The theorem below shows that the locus in .Ag,1,N ,R(R) of all .(A, θ)s  for  whic  h
.End(A, θ)(p) is noncommutative is contained in the vanishing locus of a nonzero 
Hecke covariant Siegel.δ-modular form (see Theorem 3.7.8 below for a more precise 
result). 

Theorem 2.4.20 There exists .w ∈ W with the property that .Ig(w) contains a 
nonzero.δ-modular form. D such that for all.(A, θ, ω) ∈MMMg(R)with.D(A, θ, ω) 0, 
the ring .End(A, θ)(p) is commutative. 

Let us say that the polarized isogeny class of a principally polarized abelian 
scheme .(A, θ) over .R is decomposable if there exist nonzero principally polarized 
abelian schemes.(A1, θ1) and.(A2, θ2) and a polarized isogeny.A→ A1 × A2, where 
.A1 × A2 is equipped with the polarization.θ1 × θ2. We say that the polarized isogeny 
class of .(A, θ) is indecomposable if it is not decomposable. The theorem below 
shows that the locus in .Ag,1,N ,R(R) of all .(A, θ)s whose polarized isogeny class 
are decomposable is contained in the vanishing locus of a nonzero Hecke covariant 
Siegel .δ-modular form (see Theorem 3.7.9 below for a more precise result). 

Theorem 2.4.21 There exists .w ∈ W with the property that .Ig(w) contains a 
nonzero.δ-modular form. G such that for all.(A, θ, ω) ∈MMMg(R)with.G(A, θ, ω) 0, 
the polarized isogeny class of .(A, θ) is indecomposable. 

Theorems 2.4.20 and 2.4.21 are arithmetic analogs of results in differential alge-
braic geometry, see [Bu95b], Prop. 6.8 and Cor. 5.11. 

The following ‘.p-adic approximation result’ (see Theorem 3.8.13 (c) below) 
shows that .Ig is ‘close to’ .Ig,ord in yet another way. 

Theorem 2.4.22 Let .Dg be the multiplicative set of all homogeneous elements of 
.Ig\pIg whose weights have even degree. Then the natural homomorphism 

. D
−1
g Ig → D

−1
g Ig,ord

is an isomorphism.
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The above theorem implies that.Ig is ‘.p-adically sufficiently close to’.Ig,ord in the 
sense that each element in .Ig,ord can be .p-adically approximated by fractions with 
denominators homogeneous elements of .Ig \ pIg . 

2.4.4 Flows and Reciprocity 

Our next application involves the notion of.δ-flow introduced in [Bu17], Ch. 3, Sect. 
3.6, Def. 3.122. Let .X be an affine smooth scheme over .Spec(R) and let .J 1(X) be 
its first .p-jet space. We recall that an ideal . a in .O(J 1(X)) is called a .δ-flow on .X if 
the composite projection 

. Spf(O(J 1(X))/a) ⊂ J 1(X)→ J 0(X) = X

is an isomorphism. Our terminology here is suggested by the analogies between 
.p-derivations and derivations (vector fields) that are in the background of [Bu95a, 
Bu05]. Note that by the universal property of .J 1(X) every .δ-flow on .X induces a 
Frobenius lift on. X , i.e., an endomorphism of.X over.Zp whose reduction modulo. p
is the .p-power Frobenius. We will prove the following result (see Theorem 3.9.12). 

Theorem 2.4.23 We consider an affine open subscheme .X of the moduli scheme 
.X = Ag,1,N ,R over.Spec(R), where.N ≥ 3 is an integer prime to. p, such that. X is con-
tained in the ordinary locus and there exists a column basis.ωX of.1-forms on.AX . Let 
.aX be the ideal of .O(J 1(X)) locally generated by the entries of . f 1g,crys(AX , θX , ωX )

where .(AX , θX ) is the universal principally polarized abelian scheme over . X. Then 
.aX is a .δ-flow on . X. 

Remark 2.4.24 It would be interesting to check whether the Frobenius lift on the 
.p-adic completion .Ag,1,N ,R,ord induced by the .δ-flow in Theorem 2.4.23 coincides 
with the Frobenius lift considered in [BG], p. 3 that arises from the functor that 
attaches to every ordinary abelian scheme its quotient by the canonical subgroup. If 
this were the case, then we would get the interesting consequence that the Frobenius 
lift in [BG], although not extendable to the whole of .Ag,1,N ,R , ‘comes from a global 
object (. f 1crys) defined on the whole of .Ag,1,N ,R’. 

Using Theorem 2.4.23 and the arithmetic analog in [Bu97], Cor. 1.7 of Manin’s 
Theorem of the Kernel [Man], Sect. 5, Thm. 2 we will prove the following result (see 
Theorem 3.10.2 below) which extends the ‘Reciprocity Theorem for .CLR points’ in 
[BPII], Thm. 3.5, to the case of arbitrary genus .g ≥ 1 and all primes . p. We refer to 
the part before Theorem 3.10.2 for more details. 

Theorem 2.4.25 Assume we are given morphisms of schemes over . R

. : Y → X : Y → A
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with .X ⊂ Xord affine, . Y affine, . étale, and . A an abelian scheme of relative dimen-
sion . d. Assume .Y, X, A descend to corresponding objects . Y , X , A
defined over a finite normal extension .R of .Zp contained in .R and assume .A is 
nondegenerate in the sense of Definition 3.10.1 below. Then there exists a morphism 
of .p-adic formal schemes 

. 
+ : Y → Gd

a

that satisfies the following property. For all .P1, . . . , Pn ∈ −1(CLR) ⊂ Y (R) and 
all .m1, . . . ,mn ∈ Z we have 

. 

n

i=1
mi Pi ) ∈ A(R)tors ⇐⇒

n

i=1
mi

+(Pi ) = 0 ∈ Rd .

Remark 2.4.26 As a consequence of Theorem 2.4.25 we will have (see Corollary 
3.10.3) that if . −1(CLR) −1(A(R)tors), then the image of 

. 
−1(CLR) ∩ −1(A(R)tors)

via the reduction modulo . p map.Y (R)→ Y (k) is not Zariski dense in . Y . 
This statement is a higher dimensional analog of the following result in [BPII], 

Thm. 1.3. Suppose that .X ←− Y −→ E is a correspondence (with .Y a curve) 
between a modular (or Shimura) curve.X and an elliptic curve. E over some number 
field and assume that . p is a sufficiently large ‘good’ prime in the sense of [BPII], 
Def. 3.3. Then there exists a constant. c that depends on. p such that for each subgroup 
. ≤ E(R)with.r := rank ∞,  the  se  t. −1(CLR)) ∩ is finite of cardinality 
at most .cpr . This latter result was deduced in [BPII] from a one-dimensional analog 
of Theorem 2.4.25 (see [BPII], Thm. 3.5). 

A global version of the local result in [BPII], Thm. 1.3 stated above was proved 

in [BPI], Thm. 1.1 as follows. Suppose that .X ←− Y −→ E is a correspondence 
(with .Y a curve) between a modular curve .X and an elliptic curve .E over .Q and 
let . ≤ E(Q) be a finite rank subgroup. Then the set . −1(CM)) is finite. Here 
.CM ⊂ X (Q) is the set of .CM-points. 

This latter global result generalized a result in [NS], Thm. 1.5 according to which 
there exist only finitely many torsion Heegner points on each elliptic curve over . Q. 

The papers [BPI, BPII] also contained results in which the sets.CLR and.CMwere 
replaced by isogeny classes. 

For a proof of the conjecture [BPI], Conj. 1.7 on isogeny classes we refer to [Bal], 
Thm. 1.4. For extensions of some of the results in [BPI, Bal] and for relations with 
conjectures of Andreé–Oort–Pink–Zilber we refer to [PT].
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2.4.5 Cohomological Computations 

It would be interesting to explore the cohomology modules of the ‘main’ ss-.δ-spaces 
in Display (2.46) that appears in our theory. We will leave this problem open but, with 
notation as in Display (2.46), we will present some easy computations that illustrate 
the flavor of the problem. 

First, consider the cohomology groups .Hd(P1
δ). We will check (see Proposition 

3.11.1) that the following equalities hold: 

. H 0(P1
δ) = R, φ-rankR(H 1(P1

δ)) = ∞.

This is in stark contrast with the situation in usual algebraic geometry where 
.H 1(P1

S,O) = 0 for the projective line .P
1
S over (the spectrum of) a ring . S. 

Similarly, let us consider the case .g = 1 and the basic .δ-modular forms 

. f r := f r1,crys ∈ I r11(φ
r , 1) = I r1 (−1− φr )

and. f ∂
1,crys ∈ I

1
11,ord(−φ, 1) = I

1
1,ord(φ − 1) referred to above and abbreviated as . f ∂ . 

Consider also the forms 

. f r := ( f 1)φ
r−1 · ( f ∂ )

φr+φr−1−2
φ−1 ∈ I1,ord(−2); (2.62) 

these.δ-modular forms (and their generalizations for arbitrary. g) will play a key role 
in the monograph. For each integer .n ≥ 2, consider the ss-.δ-space 

. Zδ,n := Projδ(I1,ord, ( f
1 , . . . , f n )).

We will then check (see Proposition 3.11.2) that the following equalities hold: 

. H 0(Zδ,n) = I1,ord, f n , Hd(Zδ,n) = 0 for d ≥ 1.

On the other hand, if we consider a matrix.λ = (λi j )1≤i, j≤2 ∈ GLGLGL2(R) and we set 
.( f λ

1 , f λ
2 ) := ( f 1 , f 2 )λt and 

. Zλ
δ,2 := Projδ(I1,ord, ( f

λ
1 , f λ

2 )),

then we will show (see Theorem 3.11.3) that if each .λi j = 0, then the following 
equalities hold: 

. H 0(Zλ
δ,2) = R, φ-rankR(H 1(Zλ

δ,2)) = ∞.

Note that, if .λ = 12, then we have.Zλ
δ,2 = Zδ,2. So the cohomology of .Zλ

δ,2 effec-
tively depends on . λ. This is, again, in stark contrast with the situation in usual 
algebraic geometry where the Čech cohomology groups of an affine open cover of a 
separated scheme do not depend on the cover. Indeed, for each. λ the pair.( f λ

1 , f λ
2 ) can
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be intuitively viewed as defining an ‘affine open cover’ of a ‘separated’ ss-.δ-space 
that does not depend on . λ (as the .R-module spanned by . f λ

1 , f λ
2 does not depend 

on . λ). 
Finally, for arbitrary . g, we will prove (see Proposition 3.11.5) that for a ‘generic 

choice’ of a linear system. f of weight .−2 in.Ig,ord we have.H 0(Projδ(Ig,ord, f)) = R. 
For a weaker version of this statement for .Ig see Proposition 3.11.6 below.



Chapter 3 
Proofs of the Main Results 

All the main results are proved in this chapter. 
Section 3.1 records some basic symmetry properties of the bilinear maps over. Zp

appearing in the Serre–Tate deformation theory of abelian schemes. 
Section 3.2 introduces and studies some multiplicative monoids contained in endo-

morphism algebras of abelian varieties over . k; these monoids, and some related 
unitary groups, will play a key role in our arguments. 

Section 3.3 translates the conditions of lifting from . k to .R suitable isogenies 
between abelian schemes into the language of matrices and relates them to the pre-
viously introduced unitary groups. 

Section 3.4 reviews a construction of Hecke covariant Siegel .δ-modular forms 
. f r

g,crys introduced in [BB], Sect. 4.1; it also introduces and studies the ordinary Hecke 
covariant Siegel .δ-modular forms . f ∂

g,crys which generalize the one . f ∂
1,crys introduced 

and studied in [Bar] and [Bu05], Ch. 8. Out of these ordinary .δ-modular forms we 
construct some new ordinary Hecke covariant Siegel.δ-modular forms. f r of weight 
.−2 that play a key role later. 

In Sect. 3.5 we introduce one of our main tools, the Serre–Tate expansion of a 
Siegel .δ-modular form, and we prove a Serre–Tate expansion principle (see Propo-
sition 3.5.1 (b)). 

In Sect. 3.6 we use the Serre–Tate expansions to construct embeddings (com-
parison maps) .♥ of the .R-modules .Ir

g,ord(w) of Hecke covariant Siegel .δ-modular 
forms into .R-modules .Hr

g(−deg(w)/2) of .SLSLSLg-invariant functions on certain .R-
modules of multiple quadratic forms (see Corollary 3.6.10). On the other hand we 
use the forms. f r to construct embeddings (comparison maps) . ♦ of the .R-modules 
.H

r−1
g (−deg(w)/2) into.R-modules.Ir

g,ord(−deg(w)). A key Lemma 3.6.12 on ‘elimi-
nation of logarithms’ will help us use the embeddings. ♥ and. ♦ to provide a complete 
description, up to torsion, of the.R-algebra.Ig,ord in terms of the.R-algebra of invari-
ants .Hg (see Theorem 3.6.29(a)). 

In Sect. 3.7 we study the.R-algebra.Ig of Hecke covariant Siegel.δ-modular forms. 
The main idea is to use the forms . f r

g,crys to find embeddings (comparison maps) 
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. of the .R-algebras .Hr
g,conj of .SLSLSLg-invariant functions on .R-modules of multiple 

endomorphisms into the ring .I
r
g (see Theorem 3.7.1). 

Section 3.8 contains the proof of our main .p-adic approximation result Theo-
rem 2.4.22. 

In Sect. 3.9 we prove Theorem 2.4.23 on the .δ-flow structure defined by . f 1g,crys. 
In Sect. 3.10 we prove the ‘reciprocity’ Theorem 2.4.25. 
Section 3.11 contains a few cohomological computations. 

3.1 Symmetry 

Let .A0 be an ordinary abelian variety over .Spec(k) of dimension . g.  Le  t
.MA0 = Spf(Rg) be the formal deformation space of .A0; it is well-known that we 
can identify 

. Rg = R[[Ti j |1 ≤ i, j ≤ g]],

where .Ti j s are algebraically independent indeterminates over . R.1 

For an abelian scheme. A over.Spec(R) that lifts.A0,  s  o.A ×Spec(R) Spec(k) = A0, 
let 

. qA : Tp(A0)× Tp( Ǎ0)→ 1+mR = 1+ pR

be the Serre–Tate bilinear map attached to . A, where .1+mR is a group under mul-
tiplication. Let .e = (e1 · · · eg)

t be a column basis of the Tate module .Tp(A0) of . A0

by which we mean that its entries form a .Zp-basis of .Tp(A0). 
We assume that there exists a principal polarization on .A defined by an iso-

morphism .θ : A→ Ǎ.  Le  t .θ0 : A0 → Ǎ0 be the isomorphism obtained from . θ by 
reduction modulo . p. We consider the bilinear map 

. qA,θ := qA ◦ [Tp(1A0)× Tp(θ0)] : Tp(A0)× Tp(A0)→ 1+mR

induced by.qA (where.1A0 is the identity automorphism of .A0) and the isomorphism 

. Tp(θ0) : Tp(A0)→ Tp( Ǎ0).

Let .quniv,A0 : Tp(A0)× Tp( Ǎ0)→ 1+mRg be the Serre–Tate bilinear map 
attached to the formal deformation of .A0 over .MA0 = Spf(Rg). We similarly get 
a universal Serre–Tate bilinear map 

.quniv,θ0 := quniv,A0 ◦ [Tp(1A0)× Tp(θ0)] : Tp(A0)× Tp(A0)→ 1+mRg .

1 For instance, see [Ka81], Thm. 2.1 (a) and (b) for the Serre–Tate deformation theory in the case 
of ordinary abelian varieties. 
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Note that .qA and .qA,θ are composites of .quniv,A0 and .quniv,θ0 (respectively) with 
a uniquely determined epimorphism .1+mRg → 1+mR of multiplicative groups 
induced by an .R-algebra retraction .Rg → R. 

Let .Iθ0 be the ideal of .Rg such that .Spf(Rg/Iθ0) is the formal deformation space 
.MA0,θ0 of .(A0, θ0). 

Proposition 3.1.1 The bilinear map .qA,θ is symmetric. 

Proof For .(α, β) ∈ Tp(A0)× Tp( Ǎ0) we have .quniv, Ǎ0
(β, α) = quniv,A0(α, β).  This  

follows from Cartier duality and duality of abelian schemes, which in particular allow 

us to identify.A0 = ˇ̌A0 and.Spf(Rg) =MA0 =M Ǎ0
. More precisely, if . is a local 

artinian .R-algebra of residue field . k, then a short exact sequence 

. 0→ μμμp∞p∞p∞, → D → (Qp/Zp) → 0

of .p-divisible groups over .Spec( ) is automatically self-dual with respect to the 
Cartier duality and this implies the identity .quniv, Ǎ0

(β, α) = quniv,A0(α, β). 

The isomorphism.θ0 : A0 → Ǎ0 induces an isomorphism 

. ιθ0 : Spf(Rg) =MA0 Spf(Rg) =M Ǎ0
,

and the ideal .Iθ0 of .Rg is the smallest one so that .ιθ0 modulo .Iθ0 is the identity 
automorphism of .Rg/Iθ0 . In other words, the formal deformation space .MA0,θ0 of 
.(A0, θ0) is the locus where the two maps 

. quniv,A0 , quniv, Ǎ0
◦ (Tp(θ0)× Tp(θ̌0)

−1) : Tp(A0)× Tp( Ǎ0)→ 1+mRg

coincide (cf. also [Ka81], Thm. 2.1 4)). 
From the very definition of a polarization we have the well-known symmetry prop-

erty.θ0 = θ̌0. From this and the identity.quniv, Ǎ0
(β, α) = quniv,A0(α, β), by composing 

the last two maps with the isomorphism 

. Tp(1A0)× Tp(θ0) : Tp(A0)× Tp(A0)→ Tp(A0)× Tp( Ǎ0)

we get that the resulting two maps from.Tp(A0)× Tp(A0) to.1+mRg differ from each 
other via the composite with the switching involution of .Tp(A0)× Tp(A0) defined 
by .(x, y) goes to .(y, x). This implies that 

.Iθ0 = (quniv,θ0(ei , e j )− quniv,θ0(e j , ei )|1 ≤ i, j ≤ g). (3.1) 

Thus the symmetry of reductions of .quniv,θ0 via quotients of .Rg holds precisely for 
.Rg/Iθ0 (i.e., for.MA0,θ0 ) and hence it holds for the bilinear map.qA,θ which is defined 
via the .R-valued point of .MA0,θ0 that corresponds to .(A, θ). .
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The entries of .qA,θ satisfy certain ‘linear relations’. More precisely, the formal 
closed subscheme .MA0,θ0 = Spf(Rg/Iθ0) of .MA0 = Spf(Rg) (i.e., the formal com-
pletion of the moduli stack.Ag,1,R at the point corresponding to.(A0, θ0))  is  a  forma  l
subtorus of.MA0 = Spf(Rg) and one gets.g(g − 1)/2 ‘linear relations’ for the entries 
of .qA,θ which can be read out from.θ0 as follows. 

First, .ě = (ě1 · · · ěg)
t := (Tp(θ0)(e1) · · · Tp(θ0)(eg))

t is a column basis of. Tp( Ǎ0)

and we get the .Ti j s via the rule .Ti j = qi j − 1 = quniv,θ0(ei , e j )− 1.  We  ha  ve
.quniv,θ0(ei , e j )− quniv,θ0(e j , ei ) = Ti j − Tji for all .1 ≤ i < j ≤ g, and, in view of 
Equation (3.1), we get directly the following consequence. 

Corollary 3.1.2 We have .MA0,θ0 = Spf(S0
for), with . S0

for = R[[Ti j |[1 ≤ i ≤ j ≤ g]]
identified canonically with .Rg/(Ti j − Tji |1 ≤ i < j ≤ g). 

If . f is an arbitrary column basis of .Tp( Ǎ0), then the ‘linear relations’ would 
involve the matrix representation of .Tp(θ0) with respect to . e and . f . 

3.2 Unitary Groups 

For the principally polarized abelian variety.(A0, θ0) over. k we consider the monoid 

. U0 := UA0,θ0 := {u0 ∈ End(A0)|u0u†
0 ∈ N\pN},

where .u0 → u†
0 := θ−10 ◦ ǔ0 ◦ θ0 is the rule that defines the Rosati involution of 

.End(A0) relative to the principal polarization . θ0. With .e = (e1 · · · eg)
t as above, let 

. U0 = UA0,θ0,e ⊂ GLGLGLg(Zp)

be the image of .U0 under the injective algebra homomorphism 

.End(A0)→ End(Tp(A0)) MatMatMatg(Zp), v0 Mv0 , (3.2) 

where .End(A0)→ End(Tp(A0)) maps .v0 ∈ End(A0) to .Tp(v0) and where the iso-
morphism in Display (3.2) is defined by . e,  so  we  have .Tp(v0)(e) = Mv0e. Then 
.U0 is equipped with an involution .M M† induced by the Rosati involution, so 
.Mv

†
0
= M†

v0
. For each.M = (mi j )1≤i, j≤g ∈ U0 we write.M† = (m†

i j )1≤i, j≤g .  The  invo-
lution o n.U0 does not extend, in general, to an involution on.MatMatMatg(Zp), and is a priori 
unrelated to the transposition on.MatMatMatg(Zp). The subgroup of .GLGLGLg(Zp) generated by 
.U0 is: 

.Z
×
(p) ·U0 := {λM |λ ∈ Z

×
(p) and M ∈ U0} ⊂ GLGLGLg(Zp).
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Example 3.2.1 Consider the special case 

.

A0 = Eg
0 ,

θ0 = standard diagonal principal polarization,

e = (e1 · · · eg)
t = a diagonal basis;

(3.3) 

so .A0 = Eg
0 is the .g-fold product of an ordinary elliptic curve .E0 over .Spec(k), . θ0

is obtained from (i.e., is the .g-fold product of) the Abel–Jacobi map of .E0,  we  fix  
a basis .e0 of .Tp(E0), and each .ei equals .e0 but viewed as an element of the .i-th 
direct summand.Tp(E0) of .Tp(A0) = Tp(E0)

g .  Le  t .O := End(E0) and consider the 
canonical embedding 

. O→ End(Tp(E0)) = Zp.

Recall that .O is an order in an imaginary quadratic field .K and that the Rosati 
involution on .O is the complex conjugation .λ λ. 

Let .M = (mi j )1≤i, j≤g ∈MatMatMatg(O) ∩GLGLGLg(Zp).  Le  t

. u0 : A0 = Eg
0 → A0 = Eg

0

be the isogeny defined naturally by the matrix . M .  We  have .u0(P) = M P for all 
.P ∈ A0(k) = E0(k)g , viewed as a column vector with entries in .E0(k). Note that 
.Tp(u0)(e) = Me, hence .Mu0 = M and .u†

0P = M†P for all .P ∈ A0(k). 

Lemma 3.2.2 If .(A0, θ0, e) is as in Display (3.3), then for all .M ∈ U0 we have 
.M† = M

t
. 

Proof The case .g = 1 is well-known. Let now.i, j ∈ {1, . . . , g}.  Le  t .E0,i be.E0 but 
viewed as the.i-th factor of.A0 = Eg

0 .  Th  e. i j entry.mi j of.M defines an endomorphism 
.mi j : E0, j → E0,i inducing .m̌i j : Ě0,i → Ě0, j and thus, via the standard principal 
polarization on.E0, inducing an endomorphism.E0,i → E0, j that defines the. j i entry 
.m†

j i of .M
†. Thus we have 

. m†
j i = m̌i j = mi j ,

where the last equality follows from the case .g = 1 by dropping the indexes . i and. j
in the domains and codomains of .mi j and .m̌i j . . 

An element .λ ∈ U0 is called a scalar if .Mλ is a scalar matrix. If . λ is a scalar, 
then so is . λ†. In this case we will view.λ, λ† as elements of .Z×p ;  so  al  so .λ/λ† ∈ Z

×
p . 

Consider the following conditions, thought as unitary axioms, on .(A0, θ0). 

(UAX1) There exists a scalar .λ ∈ U0 with .λ/λ† not a root of unity. 

(UAX2) The group .Z×p ·U0 is Zariski dense in .GLGLGLg,Zp , i.e., each polynomial in 
.g2 indeterminates with coefficients in .Zp which vanishes on .Z×p ·U0 is the zero 
polynomial.



74 3 Proofs of the Main Results

Lemma 3.2.3 Each .(A0, θ0) as in Display (3.3) satisfies condition (UAX1). 

Proof To check this we can assume .g = 1. Based on Lemma 3.2.2 it suffices to 
show that there exists a nonzero .λ ∈ K such that .λ/λ is not a root of unity. But this 
is well-known (for instance, see [Bu05], Lem. 8.21). . 

Proposition 3.2.4 Each .(A0, θ0) as in Display (3.3) satisfies condition (UAX2). 

We first need the following general lemma. 

Lemma 3.2.5 Let . G be a connected reductive group scheme over .Spec(Z(p)). Then 
.G(Z(p)) is Zariski dense in . GQ and is dense in .G(R). 

Proof suggested by Offer Gabber. Let . κ be a field equipped with a reasonable field 
topology: nondiscrete, Hausdorff, and the ring operations and inversions are con-
tinuous. This defines a topology on .X (κ) for every .κ-scheme locally of finite type, 
compatible with morphisms, products, open and closed embeddings. 

Let. B be a connected smooth affine group over.Spec(κ)which is unirational (e.g., 
this holds if . κ is perfect, see [Bore], Ch. V, Thm. 18.2). 

We check that each nonempty open .V of .B(κ) (in the mentioned topology) is 
Zariski dense in . B. The unirationality means that there exists a nonempty open . Y
in an affine space .A

n
κ and a dominant morphism. f : Y → B. By translations on the 

source and target we can assume that the origin . 0 of .An
κ is in .Y and is mapped 

by . f into the identity of . B. Then the Zariski density of .V in .B follows from the 
observation that nonempty opens .U ⊂ κn = A

n
κ(κ) are Zariski dense in .A

n
κ . Indeed 

we may assume .U is a product of . n nonempty balls in .A1
κ(κ); then the observation 

follows by induction on . n and the fact that every infinite set, in particular every 
nonempty ball, in .A

1
κ(κ) is Zariski dense. 

Lemma follows by taking .κ = Q and .B = GQ and using the fact that nonempty 
opens of.Qn = A

n
κ(κ) in the.p-adic topology are dense in.R

n (in its metric topology), 
by the approximation theorem for independent valuations of . Q. . 

Proof of Proposition 3.2.4. Consider an embedding .K = Frac(O) ⊂ C and note 
that the group .Z

×
(p) ·U0 is contained in the subgroup .GLGLGLg(K) of .GLGLGLg(Qp). By con-

sidering a.K-embedding of.Qp into. Cwe get that to prove Proposition 3.2.4 it suffices 
to show that .Z×(p) ·U0 is Zariski dense in .GLGLGLg(C). 

Let now .UUUg be the reductive (unitary) group scheme over .Z(p) whose functor of 
valued points attaches to each .Z(p)-algebra . B the group 

. UUUg(B) := {M ∈ GLGLGLg(B ⊗Z O)|M M
t = 1g},

where the upper bar conjugation acts on the second factor of .B ⊗Z O.  From  
Lemma3.2.5 we get that.UUUg(Z(p)) is dense in.UUUg(R) in the metric topology. Also from 
Lemma 3.2.3 we get that .UUUg(Z(p)) ⊂ Z

×
(p) ·U0. We conclude that Proposition 3.2.4 

holds by the classical fact that .UUUg(R) is dense in .GLGLGLg(C) in the Zariski topology.
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We include a proof of this classical fact. Let . g be the Zariski closure of . UUUg(R)

in .GLGLGLg,C. Then . g is a complex algebraic group and to check that . g = GLGLGLg,C it is 
enough to check that its Lie algebra .Lie g) equals .Lie(GLGLGLg,C) (see [Bore], Ch. I, 
Sect. 7.1). But .Lie g) contains the .C-span of the Lie algebra .Lie(UUUg(R)) over . R
and thus it contains all the antisymmetric matrices of size .g × g and all matrices of 
the form.

√−1 times a symmetric real matrix of size .g × g. Hence.Lie g) contains 
all the real matrices and thus all the complex matrices of size .g × g. We conclude 
that . g = GLGLGLg,C. . 

Remark 3.2.6 (a) The set of points in the moduli stack .Ag,1,k over .Spec(k) that 
correspond to ordinary principally polarized abelian varieties over .Spec(k) for 
which conditions (UAX1) and (UAX2) hold is Zariski dense. This follows from 
Lemma 3.2.3, Proposition 3.2.4 and Larsen’s example in [Cha], p. 443. 

(b) If.λ ∈ U0\Q is a scalar, then.F := Q[λ] is a totally imaginary quadratic exten-
sion of .Q and the Mumford–Tate group of the generic fiber over .K = Frac(R) of 
the canonical lift of .A0 is naturally identified with the . 2 dimensional torus which is 
the Weil restriction .ResF/QGm,F . Using this, it is easy to see that if the condition 
(UAX1) holds, then.A0 is isogeneous to .Eg

0 for some elliptic curve.E0 over . Spec(k)

and the Rosati involution defined by the principal polarization .θ0 of .A0 induces the 
complex conjugation on . F . 

(c) Similarly, if the condition (UAX2) holds, then .A0 is isogeneous to .Eg
0 for 

some elliptic curve .E0 over .Spec(k). One can check this by first remarking that 
.A0 is isogeneous to a power of a simple ordinary abelian variety .A00 over . Spec(k)

which has a model over a finite field whose Frobenius endomorphism generates a 
totally imaginary extension of its subfield fixed by the Rosati involution defined by 
.θ0 and thus it is an imaginary quadratic extension of . Q.  A  s .A00 is ordinary, the 
Honda–Serre–Tate theory implies that .A00 is an elliptic curve over .Spec(k). 

3.3 Lifting Condition 

Assume .Q1, Q2 ∈MatMatMatg(R) are symmetric. Let .(A1, θ1), .(A2, θ2) be the princi-
pally polarized abelian schemes over .Spec(R) that lift .A0 and such that we have 
.(qA1,θ1(ei , e j ))1≤i, j≤g = Q1 and .(qA2,θ2(ei , e j ))1≤i, j≤g = Q2. By the functoriality 
part of Serre–Tate theory (see [Ka81], Thm. 2.1 4)) the condition that the isogeny 
.u0 : A0 → A0 lifts to a homomorphism.u : A1→ A2 is that for all .1 ≤ i, j ≤ g we 
have 

.qA1,θ0(ei , Tp(u
†
0)(e j )) = qA2,θ0(Tp(u0)(ei ), e j ). (3.4) 

For all .c ∈ Zp and .m ∈ 1+mR we let .c m = m c := mc ∈ 1+mR ; hence . 
denotes multiplication in the (left and right).Zp-module structure of the multiplicative 
abelian group .1+mR . More generally, we want to consider left and right multipli-
cation of matrices with entries in the.Zp-module.1+mR by matrices with entries in 
.Zp. It is useful to introduce a special notation for this as follows. Let .MatMatMatg(1+mR)
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be the subset of .MatMatMatg(R) formed by matrices whose all entries are in .1+mR .  I  f
.M ∈MatMatMatg(Zp) and .X ∈MatMatMatg(1+mR) we denote by .M X ∈MatMatMatg(1+mR) the 
matrix with .i j entries given by 

. (mi1 x1 j ) · · · (mig xgj ) =
g

l=1
xmil

l j

and we denote by .X M ∈MatMatMatg(1+mR) the matrix with .i j entries given by 

. (xi1 m1 j ) · · · (xig mgj ) =
g

l=1
x

ml j

il .

These operations satisfy the following four ‘associativity’ properties: 

. M1 X M2) = (M1 X M2,

. (M1 · M2 X = M1 M2 X),

. X M1 · M2) = (X M1 M2,

. (X M)t = M t X t.

Here (and later) .M1 · M2 = M1M2 denotes the usual product of the .g × g matrices 
.M1 and .M2. 

As an example, for .g = 2,  we  ha  ve

. M X =
⎛

⎝
xm11
11 xm12

21 xm11
12 xm12

22

xm21
11 xm22

21 xm21
12 xm22

22

⎞

⎠ and X M =
⎛

⎝
xm11
11 xm21

12 xm12
11 xm22

12

xm11
21 xm21

22 xm12
21 xm22

22

⎞

⎠ .

Returning to Eq. (3.4), set.M := Mu0 (see Display (3.2)). Then Eq. (3.4) is equiv-
alent to the equality 

.Q2 = M−1 Q1 M†)t. (3.5) 

Lemma 3.3.1 For .M ∈ U0 with .M M† = d · 1g, .d ∈ N\pN, let .u0 : A0 → A0 be 
the endomorphism corresponding to . M; so .M = Mu0 . Assume .(A1, θ1) is a prin-
cipally polarized abelian scheme over . R that lifts .(A0, θ0) and let .Q1 be the 
symmetric matrix with coefficients in . R that corresponds to . A1. Then the matrix 
.Q2 := M−1 Q1 M†)t is symmetric. Moreover, if.(A2, θ2) is the principally polar-
ized abelian scheme over .Spec(R) which lifts .(A0, θ0) and corresponds to . Q2, then 
there exists an isogeny .u : A1→ A2 that lifts the isogeny .u0 : A0 → A0 and such 
that .uut = d. 

Proof The  symmetry  o  f .Q2 follows from the fact that .Q1 d · 1g) is symmetric 
and we have
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. Q2 = M−1 Q1 M†)t = M−1 Q1 d · 1g M−1)t.

As Eq. (3.5) holds for .A1, .A2 and .M = Mu0 we get that there exists an isogeny 
.u : A1→ A2 that lifts the isogeny .u0 : A0 → A0. As the reduction modulo . p map 
.End(A1)→ End(A0) is injective, .u0u†

0 = d implies that .uut = d. . 

Let .dt/t be the invariant .1-form on the formal multiplicative group .Gfor
m,R of the 

group scheme .Gm,R = Spec(R[t, t−1]) over .Spec(R). 
For .c ∈ {1, 2},  a  s .Ac is ordinary one has that the formal group.Afor

c is isomorphic 
to .(Gfor

m,R)g over . R;  see  [Maz], Lem. 4.27. Let .ζci ∈ Hom(Afor
c , G

for
m,R) be the image 

via the isomorphism 

.Tp( Ǎ0) Hom(Afor
c , G

for
m,R) (3.6) 

of the .i1 entry of the column basis .Tp(θ0)(e) of .Tp( Ǎ0). Defining 

. ωci := ζ ∗ci (dt/t),

we get an .R-basis .ωc = {ωc1, . . . , ωcg} of global .1-forms on .Afor
c which we identify 

with .1-forms on .Ac. We say that the .ωc is attached to the basis . e. 

Lemma 3.3.2 We assume that .M ∈ U0 and .Q2 = M−1 Q1 M†)t and we con-
sider the isogeny .u : A1→ A2 provided by Lemma3.3.1. If .[u] ∈ GLGLGLg(R) is such 
that .u∗(ω2) = [u]ω1, then we have .[u] = M†. 

Proof By the functoriality of the isomorphism of Diagram (3.6) we get that the 
following diagram is commutative: 

.

Tp( Ǎ0) Hom(Afor
1 , G

for
m,R)

Tp(ǔ0) ↑ ↑ (ufor)∗

Tp( Ǎ0) Hom(Afor
2 , G

for
m,R).

(3.7) 

Here .(ufor)∗(ζ ) = ζ ◦ ufor for all .ζ ∈ Hom(Afor
2 , G

for
m,R). Recalling the identities 

.M† = M†
u0
= Mu†

0
and using Diagram (3.7) we get that for all .i ∈ {1, . . . , g} we 

have an equality of formal homomorphisms 

. ζ2i ◦ ufor =
g

j=1
m†

i jζ1 j ,

hence 

. (ufor)∗(ζ ∗2i (dt/t)) =
g

j=1
m†

i jζ
∗
1 j (dt/t).

Thus we have .[u] = M† as one can see at the level of formal Lie groups. .
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3.4 Ordinary Crystalline .δ-Modular Forms 

We first recall from [BB], Sect. 4.1, the construction for each .r ∈ N of a Hecke 
covariant Siegel .δ-modular forms . f r

g,crys ∈ I
r
gg(φ

r , 1) which we refer to as the basic 
Siegel.δ-modular form of weight.(φr , 1). Then, generalizing a construction for. g = 1
in [Bar], Constr. 3.2, p. 248 (cf. also [Bu05], Sect. 8.4.3), we introduce an ordinary 
Hecke covariant Siegel .δ-modular form. f ∂

g,crys ∈ I
1
gg,ord(−φ, 1) which we refer to as 

the basic Siegel .δ-modular form of weight .(−φ, 1). 
Let . S and .MMMg(S) be as in Sect. 2.3.2,  le  t .(A, θ, ω) ∈MMMg(S) and consider the de 

Rham .S-modules .H 1
dR(A/S) and .H 1

dR( Ǎ/S). We recall from [FC], Ch. III, Sect. 9, 
paragraph before Prop. 9.1, that.H 1

dR(A/S) has a canonical submodule. F1H 1
dR(A/S)

canonically isomorphic to (and will be identified with) .H 0(A A/S) and such that 

. H 1
dR(A/S)/F1H 1

dR(A/S) H 1(A,O) H 0( Ǎ ∗
Ǎ/S

).

From loc. cit. we also get that there exists a canonical perfect pairing 

. , A : H 1
dR( Ǎ/S)× H 1

dR(A/S)→ S (3.8) 

which induces the canonical pairing between .F1H 1
dR(A/S) = H 0(A A/S) and 

.H 1
dR( Ǎ/S)/F1H 1

dR( Ǎ/S) = H 0(A ∗
A/S). In view of this compatibility, for all 

.(ω, ω ) ∈ H 0(A A/S)× H 0( Ǎ Ǎ/S) we have . ω ,ω A = 0. 
We claim that the pairing. , A is compatible with polarized isogenies in the sense 

that if .u : A1→ A2 is a polarized isogeny of principally polarized abelian schemes, 
then for all .α̌1 ∈ H 1

dR( Ǎ1/S) and .α2 ∈ H 1
dR(A2/S) the following formula holds: 

. α1, u∗α2 A1 u∗α̌1, α2 A2 . (3.9) 

To see this, working in the étale topology of .Spec(S), we can assume that there 
exists.N ≥ 3 relatively prime to. p and such that the two principally polarized abelian 
schemes over. S are endowed with symplectic similitudes level.N -structures. Consider 
the union .Ag,1,N ,R of all prime to . p Hecke correspondences on.Ag,1,N ,R parameter-
izing polarized isogenies that are compatible with the symplectic similitude level-. N
structures (see Appendix). Then .Ag,1,N ,R is a union of affine open subschemes that 
are spectra of integral domains which are smooth over. R and hence of characteristic 
. 0. So it is enough to check the claim for each integral domain . S of characteristic . 0. 
Again, by compatibility with base change and direct limits, we can assume . S is a 
finitely generated .Z-algebra. 

As every finitely generated .Z-algebra that is an integral domain of characteristic 
. 0 can be embedded into the complex field, we can assume.S = C. 

As .S = C, we use the analytic description of our objects as follows. If .V is a 
finite dimensional complex vector space and . ⊂ V is a lattice, then the first Betti 
homology group .H1(V Z) is naturally identified with . . Assume now .A is a
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complex abelian variety. Then by [GH], Ch. II, Sect. 6, pp. 327 and 328 we have 
canonical identifications of complex manifolds 

. A(C) = H 0(A ∗/H1(A(C), Z), Ǎ = H 1(A,O)/H1(A(C), Z)∗.

So the natural pairing 

.H1(A(C), Z)∗ × H1(A(C), Z)→ Z (3.10) 

induces a pairing on the Betti cohomology complex vector spaces: 

. H 1( Ǎ(C), C)× H 1(A(C), C)→ C.

The latter can be identified with the pairing in Diagram (3.8) under the natural 
identifications of the Betti and de Rham cohomologies complex vector spaces. 
Indeed, by [FC], Ch. III, Sect. 9, paragraph before Prop. 9.1, the (first) Chern 
class .c(L) ∈ H 2

dR(A × Ǎ/C) of the Poincaré line bundle .L on .A × Ǎ lies in 
.H 1

dR(A/C)⊗C H 1
dR( Ǎ/C) ⊂ H 2

dR(A × Ǎ/C) and it induces the perfect pairing of 
Diagram (3.8); on the other hand, using the analytic description of the Poincaré line 
bundle. L in [GH], Ch. II, Sect. 6, p. 328 one checks directly that the pairing between 
.H 1

dR(A/C) H 1(A(C), C) and .H 1
dR( Ǎ/C) H 1( Ǎ(C), C) induced by .c(L) coin-

cides with the paring in Diagram (3.10). Finally note that the pairing in Diagram 
(3.10) is compatible (in the obvious sense) with isogenies hence so is the pairing in 
Diagram (3.8). 

We consider the pullback isomorphism.θ∗ : H 1
dR( Ǎ/S)→ H 1

dR(A/S) induced by 
.θ : A→ Ǎ and define a bilinear map 

. , θ : H 1
dR(A/S)× H 1

dR(A/S)→ S

by the rule 
. α, β θ (θ∗)−1(α), β A,

where .α, β ∈ H 1
dR(A/S). By what was said above about the pairing . , A we get 

that the bilinear map. , θ is a perfect pairing and has .H 0(A 1) as an isotropic.S-
submodule. Clearly the formation of this paring commutes with base change.S→ S . 
Moreover, we have the following compatibility. 

Lemma 3.4.1 Let .u : A1→ A2 be a polarized isogeny between principally polar-
ized abelian schemes over .Spec(S) with principal polarizations . θ1 and . θ2 (respec-
tively). Let 

. u∗ : H 1
dR(A2/S)→ H 1

dR(A1/S), ut∗ : H 1
dR(A1/S)→ H 1

dR(A2/S)

be the induced isomorphisms. Then for all .α ∈ H 1
dR(A1/S) and .β ∈ H 1

dR(A2/S) we 
have
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. α, u∗(β) θ1 ut∗(α), β θ2 .

Proof Using Eq. (3.9) we compute 

. α, u∗(β) θ1 (θ∗1 )−1(α), u∗(β) A1 u∗ ◦ (θ∗1 )−1(α), β A2

. (θ∗2 )−1 ◦ ut∗(α), β A2 ut∗(α), β θ2 .

. 

Let now.S ∈ Ob(FilRingδ) and .(A, θ, ω) ∈MMMg(S0). Then for all integers .i ≥ 0, 
the crystalline theory provides .φ-linear maps (see [Bu00]  o  r [Bu05], Sect. 8.1.9): 

. : H 1
dR(A/S0)⊗S0 Si → H 1

dR(A/S0)⊗S0 Si+1.

Thus we have. x) = x) for each pair.(λ, x) ∈ Si × [H 1
dR(A/S0)⊗S0 Si ]. 

Following [BB], Sect. 4.1, for each integer .r ≥ 1 we have the .r -th iterates 
.

r : H 1
dR(A/S0)⊗S0 Si → H 1

dR(A/S0)⊗S0 Si+r of . and we define a Siegel .δ-
modular function . f r

g,crys of genus . g,  siz  e . g, and order .≤ r by the formula 

. f r
g,crys(A, θ, ω, S) := p−1 rω,ωt

θ ∈MatMatMatg(Sr ).

Writing .ω = (ω1 · · ·ωg)
t as a column vector of .1-forms, . rω,ωt

θ is the matrix 
whose each .i j entry is . r (ωi ), ω j θ ∈ Sr . 

Lemma 3.4.2 The rule . f r
g,crys defines a Hecke covariant Siegel .δ-modular function 

of genus . g, size . g, order .≤ r , and weight .(φr , 1), i.e., 

. f r
g,crys ∈ I

n
gg(φ

r , 1).

Proof This was proved in [BB], Sect. 4.1. Alternatively one can prove this by a direct 
computation using Lemma 3.4.1 (see the proof of Lemma 3.4.4 below for a similar 
computation). . 

Remark 3.4.3 By construction, the form. f 1g,crys vanishes at some.(A, θ, ω, R) if and 
only if the filtered .F-crystal over .Spec(k) of the abelian scheme . A over .Spec(R) is 
a direct sum of .2g filtered .F-crystals over .Spec(k) of rank . 1. Thus .(A, θ) is either 
the canonical lift of an ordinary principally polarized abelian variety .(Ak, θk) over 
.Spec(k) or, if.p = 2, one of the.2

g(g+1)
2 quasi-canonical lifts of the ordinary principally 

polarized abelian variety.(Ak, θk) over.Spec(k) (i.e., corresponds to a.Spf(R)-valued 
point of order . 2 of the formal torus of dimension . g(g+1)

2 over .Spf(R) of formal 
deformations of .(Ak, θk)). See [Me], App. and [V], Thm. 1.6.3 and Prop. 9.5.1. 

Assume now that .S ∈ Ob(FilRingδ) and .(A, θ, ω) ∈MMMg,ord(S0). Recall that, as 
. A is ordinary, we can consider the unit root subspace .U of.H 1

dR(A/S0),  see  [Ka73b], 
Thm. 4.1. Strictly speaking, loc. cit. is stated for the case when the reductions of .S0
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modulo powers of. p are smooth over the corresponding reductions of. R but working 
in the étale topology,.(A, θ) is the pullback of a principally polarized abelian scheme 
over the.p-adic completion of a smooth.R-algebra to which loc. cit. applies. The unit 
root subspace.U is a projective.S0-module which is a complement of . H 0(A A/S0)

in .H 1
dR(A/S0). Assume it is free on .S0 and pick an arbitrary column vector 

.η = (η1 · · · ηg)
t whose entries form an .S0-basis of . U . 

Consider the.g × g matrix.φ( η, ωt
θ )whose. i j entries are.φ( ηi , ω j θ ) ∈ S1 and 

the .g × g matrix .
t

θ whose .i j entries are . i , ω j θ ∈ S1. 
Then we consider the product of invertible matrices 

. f ∂
g,crys(A, θ, ω, S) := (φ( η, ωt

θ ))
−1 t

θ ∈ GLGLGLg(S1).

Lemma 3.4.4 The rule. f ∂
g,crys defines an ordinary Hecke covariant Siegel.δ-modular 

form of weight .(−φ, 1), size . g, and order . 1, i.e., 

. f ∂
g,crys ∈ I

1
gg,ord(−φ, 1).

In particular, its inverse is also an ordinary Siegel .δ-modular form 

. f∂,g,crys := ( f ∂
g,crys)

−1 ∈ I
1
gg,ord(−1, φ)

and their determinants are ordinary Siegel .δ-modular forms 

. det( f ∂
g,crys) ∈ I

1
g,ord(φ − 1),

. det( f∂,g,crys) = (det( f ∂
g,crys))

−1 ∈ I
1
g,ord(1− φ).

Proof The fact that . f ∂
g,crys has weight .(−φ, 1) follows from the following computa-

tion: 

. 

f ∂
g,crys(A, θ, λω, S) = (φ( η, ωtλt

θ ))
−1 tλt

θ

= ((φ(λ))t)−1 · f ∂
g,crys(A, θ, ω, S) · λt.

To check the Hecke covariance consider an object .S ∈ Ob(FilRingδ) and triples 
.(A1, θ1, ω1), (A2, θ2, ω2) ∈MMMg,ord(S0),  le  t.u : A1→ A2 be a polarized isogeny with 
.u∗ω2 = ω1,.uut = d ∈ N\pN, and we assume there exists a column vector.η1 whose 
entries form a basis of the unit root subspace of .A1. Then, using Lemma 3.4.1 we 
have: 

.

f ∂
g,crys(A1, θ1, ω1, S) = (φ( η1, ω

t
1 θ1))

−1
1, ω

t
1 θ1

= (φ( η1, u∗ωt
2 θ1))

−1
1, u∗ωt

2 θ1

= (φ( ut∗η1, ωt
2 θ2))

−1 ut∗
1, ω

t
2 θ2

= (φ( ut∗η1, ωt
2 θ2))

−1 ut∗η1, ωt
2 θ2

= f ∂
g,crys(A2, θ2, ω2, S).
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From this identity and Eq. (2.27), applied to .deg(−φ + 1) = 0, we get that 
. f ∂

g,crys ∈ I
1
gg,ord(−φ, 1). . 

Let us abbreviate . f ∂ := f ∂
g,crys and for an integer .b ≥ 1 we set 

. Nb := ( f ∂ )φ
b−1 · ( f ∂ )φ

b−2 · · · ( f ∂ )φ · f ∂ ∈ I
b
gg,ord(−φb, 1).

We also set .N0 := 1g , the identity matrix. 
Using the invertibility of . f ∂ we have the following consequences. 

Corollary 3.4.5 For all integers.a, b ≥ 0 and.r ≥ max{a, b}, the following.R-linear 
maps are isomorphisms: 

. 

I
r
gg,ord(φ

a, φb)→ I
r
gg,ord(1, 1), f N t

a · f · Nb,

I
r
gg,ord(−φa, φb)→ I

r
gg,ord(−1, 1), f N−1a · f · Nb,

I
r
gg,ord(φ

a,−φb)→ I
r
gg,ord(1,−1), f N t

a · f · (N t
b)
−1.

In particular, for each integer .a ≥ 1 we define recursively the form 

. f a = f a
g,crys := N t

a · ( f 1g,crys)
φa−1 · Na−1 ∈ I

a
gg(1, 1) (3.11) 

and its transpose, 
. f a t := ( f a

g,crys)
t ∈ I

a
gg(1, 1).

Also we define the form 

. f [a] = f [a]g,crys := N t
a · f a

g,crys ∈ I
a
gg(1, 1) (3.12) 

and its transpose 
. f [a]t := ( f [a]g,crys)

t ∈ I
a
gg(1, 1).

Corollary 3.6.18(c) below will check that . f a t = f a and . f [a] = f [a]t. 
The following identity is a direct consequence of definitions: 

. f a+1 = ( f ∂ )t · ( f a )φ · f ∂ . (3.13) 

Similar to the case of .δ-modular forms of size. g, we have the following result for 
.δ-modular forms of size . 1. 

Corollary 3.4.6 Let .w ∈ W (r). Let .w ∈ W be the unique element such that 

.(φ − 1)w = w − deg(w).
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Then the .R-linear map 

. I
r
g,ord(w)→ I

r
g,ord(deg(w)), f det( f ∂

g,crys)
−w · f,

is an isomorphism. 

We end by recording the following facts proved in [Bu05] based on [Bar] (see 
[Bu05], Thm. 8.83 which relies on [Bu05], Prop. 8.22). 

Lemma 3.4.7 The following properties hold. 

(a) We have .I
1
1(φ − 1) = I

1
1(1− φ) = 0. In particular, 

. f ∂
1,crys ∈ I

1
1,ord(φ − 1)\I11(φ − 1), f∂,1,crys ∈ I

1
1,ord(1− φ)\I11(1− φ).

(b) If .a, b ∈ N are distinct, then the .R-module .I
max{a,b}
1 (−φa − φb) has rank . 1. 

(c) For each .a ∈ N we have .I
a
1(−2φa) = 0. 

3.5 Serre–Tate Expansions 

Let .T = T (0), . . . , T (r) and their entries be as in Sect. 2.3.4.  Le  t

. Sr
big-for := R[[T, . . . , T (r)]] = R[[T (l)

i j |1 ≤ i ≤ j ≤ g, 0 ≤ l ≤ r ]],

and define 
. Sr
for := R[[T ]][T , . . . , T (r)]

similarly. So .S0
for = S0

big-for is as in Corollary 3.1.2. The rings 

. Sbig-for :=
r≥0

Sr
big-for and Sfor :=

r≥0
Sr
for

are naturally in .Ob(FilRingδ) with . δ defined by the rule: .δ(T (l)
i j ) = T (l+1)

i j for all 
integers .l ≥ 0 and .1 ≤ i ≤ j ≤ g. 

We consider the universal principally polarized abelian scheme .(AS0
for

, θS0
for

) over 
.Spec(S0

for) that lifts .(A0, θ0) and that is the algebraization of the formal principally 
polarized abelian scheme over.MA0,θ0 (see Corollary 3.1.2). Furthermore, we denote 
by .ζi ∈ Hom(Afor

S0
for

, G
for
m ) the image via the isomorphism (cf. Diagram (3.6)) 

.Tp( Ǎ0) Hom(Afor
S0
for

, G
for
m )
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of the .i1 entry of the column basis .Tp(θ0)(e) of .Tp( Ǎ0). Defining .ωi := ζ ∗i (dt/t), 
we get an.R-basis.ωS0

for
= {ω1, . . . , ωg} of global.1-forms on.Afor

S0
for
which we identify 

with .1-forms on .AS0
for
. 

Let .r ≥ 0 be an integer and let .w,w ,w ∈ W . 
For . f ∈ Mr

g(w) let 

. E( f ) = EA0,θ0,e( f ) = F(T, T , . . . , T (r)) := f (AS0
for

, θS0
for

, ωS0
for

, Sfor) ∈ Sr
for.

We call .E( f ) the Serre–Tate expansion of . f at .(A0, θ0, e). 
Similarly, for . f ∈ Mr

gg(w ,w ) we let 

. E( f ) = EA0,θ0,e( f ) = F(T, T , . . . , T (r)) ∈MatMatMatg(Sr
for) ⊂MatMatMatg(Sr

big-for)

be the matrix of formal power series obtained by evaluating . f at the quadruple 
.(AS0

for
, θS0

for
, ωS0

for
, Sfor) and we also call it the Serre–Tate expansion of . f . 

We obtain Serre–Tate expansion .R-linear maps 

.EA0,θ0,e : Mr
g(w)→ Sr

for (3.14) 

and 
.EA0,θ0,e : Mr

gg(w ,w )→MatMatMatg(Sr
for). (3.15) 

As .AS0
for

is ordinary, the .R-linear maps of Diagrams (3.14) and (3.15) extend to 
.R-linear maps 

.EA0,θ0,e : Mr
g,ord(w)→ Sr

for (3.16) 

and 
.EA0,θ0,e : Mr

gg,ord(w ,w )→MatMatMatg(Sr
for). (3.17) 

In what follows we would like to understand the restriction of these maps to Hecke 
covariant Siegel .δ-modular forms. 

For each matrix .M ∈ U0 (so .M M† = d · 1g with .d ∈ N\pN), and for every 
symmetric matrices .Q1, .Q2 ∈MatMatMatg(R) that satisfy .Q2 = M−1 Q1 M†)t,  le  t
.(A1, θ1) and .(A2, θ2) be the corresponding principally polarized abelian schemes 
over.Spec(R),  le  t.ω1 and.ω2 be column bases of.1-forms on.A1 and.A2 (respectively) 
attached to the column basis. e of.Tp(A0), and let .u : A1→ A2 be the corresponding 
isogeny (see Sect. 3.3). 

Let. f ∈ I
r
g,ord(w) be an ordinary Hecke covariant Siegel.δ-modular form of genus 

. g,  siz  e . 1, order .≤ r and weight .w ∈ W with .
g·deg(w)

2 ∈ Z;  so  Eq  . (2.24) holds for it. 
As .M has .Zp-coefficients, from Lemma 3.3.2 we get that 

. det([u])−w = det(M†)−deg(w).
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Also .det(M) det(M†) = dg = deg(u). Hence Eq. (2.24) becomes 

. f (A2, θ2, ω2, R) = det(M)deg(w) · d− g·deg(w)

2 · f (A1, θ1, ω1, R). (3.18) 

If. f ∈ I
r
gg,ord(φ

a, φb) is a Hecke covariant Siegel.δ-modular form of genus. g,  siz  e
. g, order .≤ r and weight .(φa, φb), then by Eq. (2.28)  we  hav  e:

. f (A2, θ2, ω2, R) = M† · f (A1, θ1, ω1, R) · (M t)−1. (3.19) 

If . f ∈ I
r
gg,ord(−φa, φb) is a Hecke covariant Siegel .δ-modular form of genus . g, 

size . g, order .≤ r and weight .(−φa, φb), then by Eq. (2.28)  we  hav  e:

. f (A2, θ2, ω2, R) = ((M†)t)−1 · f (A1, θ1, ω1, R) · (M†)t. (3.20) 

If . f ∈ I
r
gg,ord(φ

a,−φb) is a Hecke covariant Siegel .δ-modular form of genus . g, 
size . g, order .≤ r and weight .(φa,−φb), then by Eq. (2.28)  we  hav  e:

. f (A2, θ2, ω2, R) = (M†)t · f (A1, θ1, ω1, R) · ((M†)t)−1. (3.21) 

If. f ∈ I
r
gg,ord(−φa,−φb) is a Hecke covariant Siegel.δ-modular form of genus. g, 

size . g, order .≤ r and weight .(−φa,−φb), then by Eq. (2.28)  we  hav  e:

. f (A2, θ2, ω2, R) = ((M†)t)−1 · f (A1, θ1, ω1, R) · M. (3.22) 

Let .Zp[[T ]] := Zp[[Ti, j |1 ≤ i ≤ j ≤ g]] (recall that .Ti j = Tji ). For each 
.M ∈ U0, .M M† = d · 1g , .d ∈ N\pN, consider the .g × g matrix with coefficients 
in .Zp[[T ]] defined by 

. T M := M−1 Eg + T M†)t − Eg.

Here the . operation is again defined in terms of the (left and right) .Zp-module 
structure on the multiplicative abelian group .1+ Zp[[T ]]. Therefore if we write 
.M−1 = (m(−1)

i j )1≤i, j≤g , then the .i j entry of .T M is 

. (T M)i j =
g

ĩ=1

g

j̃=1
(1+ Tĩ j̃ )

m(−1)
i ĩ

m†
j j̃ − 1 ∈ Zp[[T ]].

For every .G ∈ Sr
big-for we define 

. G M := G(T M , δ(T M), . . . , δr (T M)) ∈ Sr
big-for.

Then for .F = (Fi j )1≤i, j≤g ∈MatMatMatg(Sr
big-for) we define
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. F M := (F M
i j )1≤i, j≤g ∈MatMatMatg(Sr

big-for).

Using the injectivity of the .R-algebra homomorphism in Diagram (2.3) it is easy 
to check that if a series .F = F(T, T , . . . , T (r)) ∈ Sr

for has the property that 

. F(pX, δ(pX), . . . , δr (pX)) = 0

for all symmetric .g × g matrices .X with coefficients in . R, then .F = 0; indeed it is 
enough to note that the map 

. X F(pX, δ(pX), . . . , δr (pX))

is a .δ-function (see Definition 2.1.10) on the set of symmetric .g × g matrices with 
entries in . R. Using this remark we get that for . f ∈ I

r
g,ord(w) we have an equality 

.E( f )M = det(M)deg(w) · d− g·deg(w)

2 · E( f ); (3.23) 

indeed, in view of Lemma 3.3.1 and Eq. (3.18) the difference between the right-hand 
side and the left-hand side of Eq. (3.23) vanishes whenever .T, . . . , T (r) are replaced 
by.pX, . . . , δr (pX) where.X is an arbitrary symmetric .g × g matrix with entries in 
. R. 

Similarly, from Eq. (3.19) we get that for . f ∈ I
r
gg,ord(φ

a, φb) we have 

.E( f )M = M† · E( f ) · (M t)−1. (3.24) 

Similarly, from Eq. (3.20) we get that for . f ∈ I
r
gg,ord(−φa, φb) we have 

.E( f )M = ((M†)t)−1 · E( f ) · (M†)t. (3.25) 

Similarly, from Eq. (3.21) we get that for . f ∈ I
r
gg,ord(φ

a,−φb) we have 

.E( f )M = (M†)t · E( f ) · ((M†)t)−1. (3.26) 

Similarly, from Eq. (3.22) we get that for . f ∈ I
r
gg,ord(−φa,−φb) we have 

.E( f )M = ((M†)t)−1 · E( f ) · M. (3.27) 

Let .s ∈ 1
2Z.  I  f .gs ∈ Z we consider the .R-module 

.Hr
g(U0, s) = Hr

g(U0, s)R := {F ∈ Sr
big-for|F M = det(M)−2sdgs · F for all M ∈ U0}.
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If .gs /∈ Z we set .Hr
g(U0, s) := 0. 

We define .R-modules 

. Hr
gg(U0) = Hr

gg(U0)R, Hr
gg(U0)

† = Hr
gg(U0)

†
R, Hr

gg(U0)
‡ = Hr

gg(U0)
‡
R

as follows: 

. Hr
gg(U0) := {F ∈MatMatMatg(Sr

big-for)|F M = M† · F · (M t)−1 for all M ∈ U0},

. Hr
gg(U0)

† := {F ∈MatMatMatg(Sr
big-for)|F M = ((M†)t)−1 · F · (M†)t for all M ∈ U0}.

. Hr
gg(U0)

‡ := {F ∈MatMatMatg(Sr
big-for)|F M = ((M†)t)−1 · F · M for all M ∈ U0}.

Due to Eqs. (3.23)–(3.27)  the  rul  e . f EA0,θ0,e( f ) defines .R-linear maps 

.EA0,θ0,e : Ir
g,ord(w)→ Hr

g(U0,−deg(w)

2
), (3.28) 

.EA0,θ0,e : Ir
gg,ord(φ

a, φb)→ Hr
gg(U0), (3.29) 

.EA0,θ0,e : Ir
gg,ord(φ

a,−φb)→ Hr
gg(U0)

†, (3.30) 

.EA0,θ0,e : Ir
gg,ord(−φa, φb)→ Hr

gg(U0)
†, (3.31) 

.EA0,θ0,e : Ir
gg,ord(−φa,−φb)→ Hr

gg(U0)
‡. (3.32) 

And by restriction we get .R-linear maps 

.EA0,θ0,e : Ir
g(w)→ Hr

g(U0,−deg(w)

2
), (3.33) 

.EA0,θ0,e : Ir
gg(φ

a, φb)→ Hr
gg(U0), (3.34) 

.EA0,θ0,e : Ir
gg(−φa, φb)→ Hr

gg(U0)
†, (3.35) 

.EA0,θ0,e : Ir
gg(φ

a,−φb)→ Hr
gg(U0)

†, (3.36) 

.EA0,θ0,e : Ir
gg(−φa,−φb)→ Hr

gg(U0)
‡. (3.37) 

The part (b) below is a ‘Serre–Tate expansion principle’. 

Proposition 3.5.1 (a) The .R-linear maps of Diagrams (2.41), (2.43), and (2.44) 
above are injective and have torsion free cokernels.



88 3 Proofs of the Main Results

(b) The .R-linear maps of Diagrams (3.14) to (3.17) and (3.28) to (3.37) above 
are injective and have torsion free cokernels. 

Proof For part (a) we only consider the case of the .R-linear map 

. Mr
g,ord(w)→ O(Jr (X));

the other cases follow from this case. 
Let. f ∈ Mr

g,ord(w) be such that we have. fX = 0 ∈ O(Jr (X)) (see Display (2.42)) 

for some affine open subscheme. X of.Xord = Ag,1,N ,R,ord with. X connected and with 
the property that there exists a column basis of .1-forms on the universal abelian 
scheme over. X . As the geometric fibers of the stack.Ag,1 over.Spec(Z) are irreducible 
(see [FC], Cor. 5.10), the geometric fibers of .Xk have their connected components 
permuted transitively by the group.GSpGSpGSp2g(Z/NZ).  So  i  f . C is an arbitrary connected 

component of .X (the .p-adic completion of . X ) it follows that . fSpf(C) = 0 for some 
nonempty affine open formal subscheme.Spf(C) of. C. Thus. f evaluated at the formal 
principally polarized abelian scheme over .Spf(C) endowed with a column basis of 
.1-forms vanishes, i.e., the element of .Jr (C) it defines is . 0. From the connectivity 
(hence irreducibility) of. C we get that. f similarly vanishes at each formal principally 
polarized abelian scheme obtained from the universal one over . C via a pullback and 
endowed with an arbitrary column basis of .1-forms. 

Now let .B ∈ Ob(FilRingδ). We want to prove that . f vanishes at each abelian 
scheme of relative dimension. g over.Spec(B0)which has a principal polarization and 
a column basis of .1-forms, i.e., the elements of .Br it defines are all . 0. There exists a 
finite flat étale homomorphism.B0 → C0 such that the resulting principally polarized 
abelian scheme over .Spec(C0) has a symplectic similitude level-.N structure. By 
[Bu05], Lem. 3.14, the union .C := r≥0(Br ⊗B0 C0) has a natural structure of an 

object in .FilRingδ and, as the .Br -homomorphisms 

.Br → Br ⊗B0 C0 (3.38) 

are faithfully flat (hence injective), we can assume (by replacing .B with . C) that 
the principally polarized abelian scheme over .Spec(B) has a symplectic similitude 
level-.N structure. Thus the desired vanishing property of . f (i.e., of the mentioned 
elements of.Br ) follows from the previous paragraph as. C was an arbitrary connected 
component of . X . 

The torsion freeness property for the cokernel is proved similarly by using the 
fact that the reduction modulo . p of the homomorphism of Diagram (3.38)  is  again  
faithfully flat and hence injecti ve.

For part (b) we only consider the case of the .R-linear map of Diagram (3.14): 
the cases of the other .R-linear maps can be treated similarly. Let . f ∈ Mr

g(w) be 
such that .E( f ) = 0.  Le  t .P0 ∈ X (k) correspond to the principally polarized abelian 
scheme .(A0, θ0) equipped with some symplectic similitude level-.N structure. Let 
.Spf(C) ⊂ C be an affine open formal subscheme that contains .P0 and sufficiently
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small so that column bases of .1-forms on the corresponding formal abelian scheme 
over .Spf(C) exist. As .Spf(C) is connected and formally smooth over .Spf(R),  th  e
.R-algebra homomorphism .C → S0

for that corresponds to the point .P0 is injective 
with torsion free cokernel and thus also the .R-algebra homomorphism 

. Jr (C)→ Sr
big-for

is injective with torsion free cokernel (see [Bu05], Prop. 4.43). Thus . f evaluated 
at the formal principally polarized abelian scheme over .Spf(C) endowed with a 
column basis of.1-forms, i.e., the element of.Jr (C) it defines is. 0 as.E( f ) is so. From 
part (a) we get that . f = 0. The assertion about the torsion free cokernel is proved 
similarly. . 

Let .I ∈ {Ig, Ig,ord} and similarly consider the rings .M, M (see Display (2.45)). 
From Proposition 3.5.1(b), we get directly the following consequences. 

Corollary 3.5.2 The following properties hold. 

(a) If . f1 ∈ I
r (w1) and . f2 ∈ I

r (w2) with .w1, w1 ∈ W are such that . f1 f2 is . 0
(respectively divisible by . p) in .I

r (w1 + w2), then either . f1 or . f2 is . 0 (respectively is 
divisible by . p in .I

r (w1) or .I
r (w2)). 

(b) The ring . I is a .p-adically separated integral domain and . p is a prime ele-
ment of it, hence the local ring .I(p) is a discrete valuation ring. Moreover, we have 
.I

r ∩ pI
r+1 = pI

r for all integers .r ≥ 0. 

(c) The endomorphism .φ : I→ I is injective with injective reduction modulo . p. 

(d) The analog statements (a) to (c) hold for the rings .M, M , MX in place of 
. I. Thus the rings .I, M, M , MX have natural structures of filtered integral .δ-graded 
rings. Moreover, the morphisms in Diagrams (2.41) and (2.44) are injective with 
injective reduction modulo . p. 

Property (a) of the next corollary says that no nonzero Siegel .δ-modular form of 
size . 1 can have an order smaller than the order of its weight. 

Corollary 3.5.3 For all .w ∈ W and integers .r ≥ 0 the following properties hold. 

(a) For all integers .s, r with .0 ≤ s < ord(w) ≤ r we have .Mr
g(w) ∩ Ms

g = 0. 

(b) The .R-algebra homomorphism .M
r
g = ⊕w∈W (r)M

r
g(w)→ Mr

g given by sum-
mation is injective. 

(c) For all . v ∈ W , if .0 F ∈ Ig(w) and .G ∈ Mr
g are such that .FG ∈ Ig(w + v), 

then .G ∈ I
r
g(v). 

(d) If . f ∈ I
r
g(w)\pI

r
g(w), then 

. (Ig, f )r = (Mg, f )r ∩ Ig, f .

(e) Properties (a) to (d) hold in the ordinary case as well.
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Proof We consider only the nonordinary case, i.e., the case of. Ig , etc., as the ordinary 
care, i.e., the case of .Ig,ord, etc., is similar. 

To prove part (a) we check that the assumption that there exists a nonzero 
. f ∈ Mr

g(w) ∩ Ms
g leads to a contradiction. For each .λ ∈ (S0

for)
× we have 

.Eλ( f ) := f (AS0
for

, θS0
for

, λωS0
for

, Sfor) ∈ Ss
for, (3.39) 

.E( f ) := f (AS0
for

, θS0
for

, ωS0
for

, Sfor) ∈ Ss
for. (3.40) 

As . f has weight . w,  we  have .Eλ( f ) = λ−gwE( f ),  see  Eq.  (2.22). As by the Serre– 
Tate expansion principle (Proposition 3.5.1 (b)) we have.E( f ) 0, we conclude that 
.λgw ∈ Frac(Ss

for).  But,  a  s .s < ord(w), this is clearly false, say, for .λ := 1g + T11. 
To prove part (b) we check that if .( fw)w∈W (r) ∈M

r
g = ⊕w∈W (r)Mr

g(w) and 
. w∈W (r) fw = 0 in .Mr

g , then . fw = 0 for all .w ∈ W (r). 
Using the notation in Displays (3.39) and (3.40)  we  have . w∈W (r) Eλ( fw) = 0

for all .λ ∈ R× hence . w∈W (r) λ−wE( fw) = 0 in .Sr
for. For each monomial . μ in the 

indeterminates.Ti j , Ti j , . . . , T (r)
i j with.i, j ∈ {1, . . . , g} let.aw,μ ∈ R be the coefficient 

of . μ in.E( fw). We get that . w∈W (r) aw,μλw = 0 for all . μ and all .λ ∈ R×. The latter 
easily implies that.aw,μ = 0 for all. μ and.w ∈ W (r), hence. fw = 0 for all.w ∈ W (r). 

For part (c) we use the fact that when checking the conditions defining weight 
and Hecke covariance it suffices to do so in the ‘universal situation’ in which case 
the filtered .δ-rings under consideration are integral domains. So it is enough to 
check the conditions for every quadruple.(A, θ, ω, S) with. S an integral domain and 
.F(A, θ, ω, S) 0. For every such quadruple and each .λ ∈ (S0)× we have 

. 

F(A, θ, λω, S)G(A, θ, λω, S) = (FG)(A, θ, λω, S)

= det(λ)−w−v F(A, θ, ω, S)G(A, θ, ω, S)

= det(λ)−v F(A, θ, λω, S)G(A, θ, ω, S).

As. S is an integral domain we can cancel the nonzero factor .F(A, θ, λω, S) and get 
that .G has weight . v. A similar argument shows that .G is Hecke covariant. 

To prove part (d) we consider.F/ f v = G/ f u ∈ (Mg, f )r ∩ Ig, f with.v, u ∈ W , 
.F ∈ Ig(wv), and.G, f u ∈M

r
g(wu). Then. f vG ∈ Ig(wu + wv). By part (c) we have 

.G ∈ Ig(wu), hence .G ∈ I
r
g(wu) and therefore .G/ f u ∈ (Ig, f )r . 

The proofs of parts (a) to (d) in the ordinary case are similar. . 

3.6 Comparison Maps: The Ordinary Case 

In this section we first define some new modules and algebras and basic ‘comparison 
maps’. ♠, . ♣, . ♦, and. ♥ between them. Then we will use these ‘comparison maps’, in
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conjunction with our Serre–Tate expansion maps. E and with the geometric invariant 
theory of multiple quadratic forms (see Sects. 4.1–4.3), to prove our basic computa-
tions for different dimensions of .K -algebras and dimensions of .K -vector spaces of 
ordinary Hecke covariant Siegel .δ-modular forms. 

3.6.1 Basic Modules of .δ-Modular Forms 

We start by considering some variants of prior modules of formal power series (and 
new modules, consisting of polynomials) over rings other than . R. 

First, if in the definition of 

. Hr
g(U0, s), Hr

gg(U0), Hr
gg(U0)

†, Hr
gg(U0)

‡

we replace. R by an arbitrary integral domain. B that contains.Zp, we get correspond-
ing .B-modules 

. Hr
g(U0, s)B, Hr

gg(U0)B, Hr
gg(U0)

†
B, Hr

gg(U0)
‡
B .

Next, for each polynomial 

. G ∈ B[T, . . . , T (r)] := B[Ti j , Ti j , . . . , T (r)
i j |1 ≤ i, j ≤ g]

(recall that we have .Ti j = Tji ) and each .M ∈ U0 we set 

. G M := G(M−1 · T · (M†)t, . . . , M−1 · T (r) · (M†)t).

Recall, here and below, . · is matrix multiplication. 
Let .s ∈ 1

2Z.  I  f .gs /∈ Z, then we set .Hr
g (U0, s)B := 0.  I  f .gs ∈ Z, then we define 

.B-modules 

. Hr
g (U0, s)B := {G ∈ B[T, . . . , T (r)]|G M = det(M)−2sdgs · G for all M ∈ U0},

. Hr
gg(U0)B := {G ∈MatMatMatg(B[T, . . . , T (r)])|G M = M† · G · (M t)−1 for all M ∈ U0},

. Hr
gg(U0)

†
B := {G ∈MatMatMatg(B[T, . . . , T (r)])|G M = ((M†)t)−1 · G · (M†)t for all M ∈ U0},

. Hr
gg(U0)

‡
B := {G ∈MatMatMatg(B[T, . . . , T (r)])|G M = ((M†)t)−1 · G · M for all M ∈ U0}.

If .D ⊂ B is a multiplicative set, then we have 

.Hr
g (U0, s)D−1B = D−1Hr

g (U0, s)B, Hr
gg(U0)D−1B = D−1Hr

gg(U0)B,
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. Hr
gg(U0)

†
D−1B = D−1Hr

gg(U0)
†
B, Hr

gg(U0)
‡
D−1B = D−1Hr

gg(U0)
‡
B .

Also, if .B ⊂ B is a field extension, then we have 

. Hr
g (U0, s)B = Hr

g (U0, s)B ⊗B B , Hr
gg(U0)B = Hr

gg(U0)B ⊗B B ,

. Hr
gg(U0)

†
B = Hr

gg(U0)
†
B ⊗B B , Hr

gg(U0)
‡
B = Hr

gg(U0)
‡
B ⊗B B .

Last two properties do not hold if .H is replaced by .H as we shall see below. 
For an infinite integral domain .B and for .s ∈ 1

2Z with .gs ∈ Z,  le  t .Hr
g(s)B be the 

.B-module of homogeneous polynomials .G in the ring .B[T, . . . , T (r)] of degree . gs
that satisfy 

.G(X · T · X t, . . . , X · T (r) · X t) = det(X)2s G (3.41) 

for all .X ∈MatMatMatg(B). Here the entries of the matrices .T, . . . , T (r) are given degree 
. 1. Note that .Hr

g(s)R coincides with the modules .Hr
g(s) introduced in Eq. (2.34). If 

.B is a field, then .Hr
g(s)B is the .B-vector space of .SLSLSLg(B)-invariant homogeneous 

polynomials of degree.gs in.B[T, . . . , T (r)] under the left action defined by the rule: 

. (X, F) F(X−1 · T · (X−1)t, . . . , X−1 · T (r) · (X−1)t).

Similarly, for an infinite integral domain. B let.Hr
gg(1)B be the.B-module of homo-

geneous matrices 
. G ∈MatMatMatg(B[T, . . . , T (r)])

of degree . 1 such that we have 

.G(X · T · X t, X · T · X t, . . . , X · T (r) · X t) = X · G(T, T , . . . , T (r)) · X t (3.42) 

for all .X ∈MatMatMatg(B). Again, for each multiplicative set .D ⊂ B we have 

. H
r
g(s)D−1B = D−1Hr

g(s)B and H
r
gg(1)D−1B = D−1Hr

gg(1)B .

Also, if .B ⊂ B is an extension of infinite fields, then 

. H
r
g(s)B = H

r
g(s)B ⊗B B and H

r
gg(1)B = H

r
gg(1)B ⊗B B .

In what follows we will repeatedly use conditions (UAX1) and (UAX2) introduced 
in Sect. 3.2. 

Lemma 3.6.1 Assume .(A0, θ0) satisfies condition (UAX1) and let . B be an integral 
domain that contains . Zp.
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(a) Each polynomial in .Hr
g (U0, s)B is homogeneous of degree . gs. In particular, 

we have .Hr
g (U0, s)B = 0 for all .s < 0 and .Hr

g (U0, 0)B = B. 

(b) Each matrix in .Hr
gg(U0)B is homogeneous of degree . 1. 

(c) We have.Hr
gg(U0)

†
B ⊂MatMatMatg(B), i.e., each matrix in.Hr

gg(U0)
†
B is homogeneous 

of degree . 0. 

(d) We have .Hr
gg(U0)

‡
B = 0. 

Proof As .(A0, θ0) satisfies condition (UAX1), there exists .λ ∈ U0 such that . λ/λ†

is not a root of unity. For .F ∈ Hr
g (U0, s), we write .F = n≥0 Fn , with each . Fn

homogeneous of degree . n, and we compute 

. Fλ2·1g =
n≥0

(λ/λ†)−2n · Fn.

On the other hand, as .F ∈ Hr
g (U0, s),  we  ha  ve

. Fλ2·1g = λ−4gsd2gs · F = (λ/λ†)−2gs · F =
n≥0

(λ/λ†)−2gs Fn.

From the two expressions of .Fλ2·1g we get that .Fn = 0 if .n gs. So part (a) holds. 
Parts (b), (c), (d) are checked similarly. . 

Proposition 3.6.2 Assume .(A0, θ0) satisfies conditions (UAX1) and (UAX2). Then 

. Hr
g (U0, s)Zp = H

r
g(s)Zp , Hr

gg(U0)Zp = H
r
gg(1)Zp , Hr

gg(U0)
†
Zp
= Zp · 1g

and hence for every integral domain . B that contains . Zp we have 

. Hr
g (U0, s)B = H

r
g(s)B, Hr

gg(U0)B = H
r
gg(1)B, Hr

gg(U0)
†
B = B · 1g.

Proof Let .G ∈ Hr
g (U0, s)Zp and we prove that .G ∈ H

r
g(s)Zp . (The converse is 

proved similarly.) We need to show that Eq. (3.41) holds for all .X ∈MatMatMatg(Zp).  By  
Lemma3.6.1(a), .G is homogeneous of degree .gs.  A  s .Z

×
(p) ·U0 is Zariski dense in 

.GLGLGLg,Zp , it is enough to show that Eq. (3.41) holds for all .X ∈ Z
×
(p) ·U0. By homo-

geneity of (3.41) it is enough to show that Eq. (3.41) holds for all .X ∈ U0. We know 
that we have 

.G(Y−1T (Y †)t, . . . , Y−1T (r)(Y †)t) = det(Y )−2sdgs · G(T, . . . , T (r)) (3.43) 

for all .Y ∈ U0. Write.Y Y † = d · 1g . We get .Y−1 = d−1Y †. From this and the homo-
geneity part of Lemma 3.6.1 (a), as .det(Y ) det(Y †) = dg , we get that the left-hand 
side of Eq. (3.43) equals 

. det(Y †)2s G(Y †T (Y †)t, . . . , Y †T (r)(Y †)t).
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Setting .X = Y † we get that Eq. (3.41) holds for all .X ∈ U0. 
Similarly, let .G ∈ Hr

gg(U0)Zp and let us prove that .G ∈ H
r
gg(1)Zp ; the converse 

is trivial (and does not need condition (UAX2)). Indeed, by Lemma 3.6.1(b), .G is 
homogeneous of degree . 1. We know that 

. G(M−1T (M†)t, . . . , M−1T (r)(M†)t) = M† · G · (M t)−1

holds for all .M ∈ U0. Using the fact that .M M† = d · 1g plus the homogeneity of 
.G and writing .X = M−1 we get that Eq. (3.42) holds for all .X ∈ Z

×
(p) ·U0.  Using  

condition (UAX2) we get that Eq. (3.42) holds for all .X ∈ GLGLGLg(Zp), so for all 
.X ∈MatMatMatg(Zp), hence .G ∈ H

r
gg(1)Zp . 

If .G ∈ Hr
gg(U0)

†
Zp
⊂MatMatMatg(Zp) (see Lemma 3.6.1(c)), we get that .G commutes 

with all matrices in the set .{(M†)t|M ∈ U0}. By condition (UAX2) we get that . G
commutes with all the elements of .GLGLGLg(Zp), hence .G ∈ Zp · 1g . . 

In what follows we consider integers .s, r ≥ 0.  Le  t

. g, r) := {(m0, . . . , mr ) ∈ Z
r+1
≥0 |m0 + · · · + mr = g}.

Let .B be an infinite integral domain. Note that .Hr
g(s)B contains all homogeneous 

polynomials of degree .gs which are products of . s polynomials of the form 

. m0,...,mr ∈ H
r
g(1)B for (m0, . . . , mr ) ∈ g, r) (3.44) 

that are defined by the identity 

. det(y0T + y1T + · · · + yr T (r)) =
(m0,...,mr )∈ g,r)

m0,...,mr ym0
0 ym1

1 . . . ymr
r

in which .y0, . . . , yr are indeterminates; so . m0,...,mr are partial polarizations 
of the invariant polynomial .det.  Fo  r .r = 1 the classical notation is . i = g−i,i for 
.0 ≤ i ≤ g;  s  o . 0 = det(T ). 

For an infinite field . B of characteristic .p ≥ 0 and .s ∈ 1
2Z, the dimension 

.Dp(g, r, s) := dimB(Hr
g(s)B), (3.45) 

depends (as we shall see) only on.g, r, s, p, and equals . 0 for .s < 0.  Fo  r . B an infinite 
integral domain consider the integral extension of .B-algebras 

. H
r
g,B :=

s∈Z
H

r
g(s)B ⊂ H

r
g,tot,B :=

s∈ 1
2Z

H
r
g(s)B .

For an infinite field . B set
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. D(g, r) := dim(Hr
g,B) = dim(Hr

g,tot,B),

which, as we shall see shortly, does indeed depend only on . g and . r . 
We have the following result (see Theorem 4.2.8(a)) which, at least in character-

istic . 0, is classical. 

Lemma 3.6.3 Let . B be an infinite field of characteristic .p ≥ 0, .p 2. The .B-
algebra.H

1
g,tot,B is generated by the algebraically independent elements. 0 g. 

Hence, for .s ∈ N ∪ {0}, we have 

. Dp(g, 1, s) = (g + s)!
g!s! and Dp(g, 0, s) = 1.

In addition .Dp(g, 1, s) = 0 if . g is even and .s /∈ Z. 

Also we have the following properties. 

Lemma 3.6.4 The following properties hold. 

(a) Let. B be either an infinite field or. R. Then for each integer. r ≥ 1, the.B-algebra 
.H

r
g,tot,B is finitely generated and a unique factorization domain. 

(b) For . B an infinite field we have 

. D(g, r) = (r + 1) · g(g + 1)

2
− g2 + 1.

(c) For a field . B of characteristic . 0 there exists a polynomial .Dg,r (x) ∈ Q[x] of 
degree 

. D(g, r)− 1 = g(rg + r − g + 1)

2

such that for all .s ∈ Z≥0 big enough we have 

. D0(g, r, s) = Dg,r (s).

Moreover, if . g is even, then there exists a polynomial .Dg,odd,r (x) ∈ Q[x] of degree 
at most .D(g, r)− 1 such that for all .s ∈ N big enough we have 

. D0(g, r,
1

2
+ s) = Dg,odd,r (s).

For detailed information on the numbers .D0(g, r, s) (not needed for the present 
chapter) we refer to results in Chap. 4 (e.g., Theorem 4.2.8, Proposition 4.2.10, and 
Corollaries 4.2.14 and 4.2.15). 

Proof If .B is an infinite field or . R, then, by Lemma 4.2.3(a) and (b) of Sect. 4.2.2, 
.H

r
g,tot,B is the .B-algebra of invariants .B[Ti j |1 ≤ i ≤ j ≤ g]SLSLSLg . To prove part (b)
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or part (a) in case .B is a field, we can assume .B is algebraically closed in which 
case we conclude by Corollary 4.2.4 of Sect. 4.2.3. It remains to prove part (a) in case 
.B = R. Recalling that the upper bar signifies the reduction modulo. p (or in the present 
context, tensoring with. k over. R), note that the homomorphism.H

r
g,tot,R → H

r
g,tot,k is 

injective because if. p times a polynomial is invariant then the polynomial is invariant. 
Hence . p is a prime element in .H

r
g,tot,R . 

As .Hr
g,tot,R ⊗R K = H

r
g,tot,K is a unique factorization domain it follows that 

.H
r
g,tot,R is a unique factorization domain (see [Mat], Thm. 20.2), and from a gen-

eral result on finite generation of rings of invariants over universally Japanese rings 
such as .R (see [Se], Thm. 2; cf. also Sect. 4.2.3) we get that .Hr

g,tot,R is a finitely 
generated .R-algebra. However, for convenience we include a direct argument. 

Let .Hr
g,tot,R be the .R-subalgebra of .Hr

g,tot,R generated by the elements in Dis-
play (3.44): it is of finite type over . R.  A  s .R is universally Japanese, the normal-
ization .B of .Hr

g,tot,R in .Frac(Hr
g,tot,R) is a finitely generated .R-algebra. The rings 

.H
r
g,tot,R and .Hr

g,tot,R are . 12Z≥0-graded. Then .B is a . 12Z≥0-graded .R-subalgebra of 
.H

r
g,tot,R as the latter is normal. From Theorem 4.2.13(a) of Sect. 4.2.8 we get that 

.B⊗R K = H
r
g,tot,K = H

r
g,tot,R ⊗R K and the image . B̃ of . B in .Hr

g,tot,R ⊂ H
r
g,tot,k is 

such that the .k-homomorphism .B̃→ H
r
g,tot,k is integral. Thus .Hr

g,tot,R is a finitely 
generated.k-algebra (being a submodule of the finite module.H

r
g,tot,k over the finitely 

generated.k-algebra. B̃). We pick a set of homogeneous generators for this.k-algebra, 
lift them to a set of homogeneous elements of .Hr

g,tot,R , and enlarge this set to 
generate a . 12Z≥0-graded .R-subalgebra .A of .Hr

g,tot,R with the properties that we 

have .A⊗R K = H
r
g,tot,K = H

r
g,tot,R ⊗R K and the .k-homomorphism . A→ H

r
g,tot,R

is surjective. We claim that .A = H
r
g,tot,R and this will complete the argument 

that .Hr
g,tot,R is a finitely generated .R-algebra. To check the claim, let . s ∈ 1

2Z≥0
and let .A(s) and .Hr

g,tot,R(s) be the corresponding graded .R-module pieces. Then 
.A(s) ⊂ H

r
g,tot,R(s) becomes an isomorphism after tensoring with .K and it becomes 

surjective after tensoring with . k.  A  s .A(s) is a finitely generated .R-module, we get 
that .A(s) = H

r
g,tot,R(s). As this is true for all .s ∈ 1

2Z≥0, we conclude that our claim 
holds. 

Part (c) follows from Corollary 4.2.14 of Sect. 4.2.10. . 

For explicit formulas for .D2,2(t), .D2,3(t) and .D2,4(t) see Corollary 4.3.8 (a), (b) 
and (c) (respectively) of Sect. 4.3.4. 

We continue by providing a construction of elements in some of the modules 
introduced above. Let 

. ψ(t, t ) := 1

p
log

1+ t p + pt

(1+ t)p
∈ R[[t, t ]],

where .t, t as above are two indeterminates. Let 

. ∈MatMatMatg(R[[t, t ]])
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be such that its .i j entry is 

. i j := ψ(Ti j , Ti j ) =
log(

1+T φ

i j

(1+Ti j )p )

p

and set 
. F := det ∈ R[[t, t ]].

Then .F satisfies 
. FM = det(M)−2dg · F

and thus.F ∈ H1
g(U0, 1) = H1

g(U0, 1)R . On the other hand, recall that. K = Frac(R)

and consider the logarithm of the multiplicative formal group 

. f(t) := log(1+ t) =
∞

n=1
(−1)n+1 tn

n
∈ K [[t]].

Let .f(T ) := (f(Ti j ))1≤i, j≤g ∈MatMatMatg(K [[t]]). Then .F̃ := det(f(T )) satisfies 

. F̃M = det(M)−2dg · F̃

for all .M ∈ U0 and thus .F̃ ∈ H0
g(U0, 1)K ⊂ Hr

g(U0, 1)K for all integers .r ≥ 0.  But  

for all integers .r ≥ 0 we have .F̃ /∈ Hr
g(U0, 1)R . 

More generally, consider the formal power series 

. m0,m1,...,mr ∈ K [[T, . . . , T (r)]] := K [[T (l)
i j |1 ≤ i ≤ j ≤ g, 0 ≤ l ≤ r ]]

defined by the equality 

. det(z0f(T )+ z1 + z2
φ + · · · + zr

φr−1
)

. =
(m0,...,mr )∈ g,r)

zm0
0 zm1

1 . . . zmr
r m0,m1,...,mr

in which .z0, . . . , zr are .r + 1 indeterminates. In other words 

. m0,m1,...,mr := m0,m1,...,mr (f(T φr−1
),

where . m0,m1,...,mr ∈ H
r
g(1) was defined right after Display (3.44). Then clearly 

. m0,m1,...,mr ∈ Hr
g(U0, 1)K .

Note that, in the notation above, we also have
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.
φ φr−1 ∈ Hr

gg(U0)R, (3.46) 

.f(T ) ∈ Hr
gg(U0)K \Hr

gg(U0)R . (3.47) 

3.6.2 The Maps . ♠, . ♣,  an  d . ♥

Proposition 3.6.5 There exist well-defined .K -linear maps 

. ♠ : Hr
g(s)K → Hr

g(U0, s)K

given by the formula 

. F F♠ := F(f(T φr−1
).

Proof This follows using Displays (3.46) and (3.47) via a computation similar to 
the one in the proof of Proposition 3.6.2. . 

In order to define our next ‘comparison map’ .♣ we need some preparation. 

Lemma 3.6.6 Let.n ∈ N. Let.a1, . . . , an ∈ Zp and.x = {x1, . . . , xn} be a set of inde-
terminates. Then for every integer .r ≥ 0 the following identity holds 

. δr (

n

m=1
am xm)−

n

m=1
am x (r)

m ∈ (x, x , . . . , x (r))2

in the ring .Zp[x, x , . . . , x (r)] := Zp[xm, xm, . . . , x (r)
m |1 ≤ m ≤ n]. 

The proof of the lemma is an easy induction on .n ∈ N. 
For the universal symmetric .g × g matrix .T and an integer .r ≥ 0 we get the 

following result. 

Lemma 3.6.7 For all .M ∈ U0 we have an equality of .g × g matrices 

. δr (T M) = M−1 · T (r) · (M†)t + CM
2 ,

where the ‘correction factor’ .CM
2 is such that all its entries belong to the squared 

ideal.(T (l)
i j |1 ≤ i ≤ j ≤ g, 0 ≤ l ≤ r)2 of the.Zp-subalgebra.Zp[[T, . . . , T (r)]] (i.e., 

.Zp[[T (l)
i j |1 ≤ i ≤ j ≤ g, 0 ≤ l ≤ r ]]) of .Sr

big-for. 

For each commutative ring . B, integer .a ≥ 0, and formal power series .F in 
.B[[T, . . . , T (r)]] := B[[T (l)

i j |1 ≤ i ≤ j ≤ g, 0 ≤ l ≤ r ]],  let  the  degree . a compo-
nent .Fa of .F be the sum of all terms of .F of total degree . a.  I  f .F 0, the initial 
component .F♣ of .F will be the nonzero component of .F which is of smallest total
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degree, and we set .0♣ := 0. More generally, for .F a matrix whose entries are for-
mal power series in .B[[T, . . . , T (r)]],  le  t .Fa be the matrix whose entries are the 
.a-components of the entries of the matrix . F , and we define .F♣ similarly. 

Directly from Lemma 3.6.6 we get the following properties. 

Lemma 3.6.8 For an integral domain. B that contains. Zp and all.s ∈ 1
2Z with. gs ∈ Z

the following properties hold. 

(a) If .F ∈ Hr
g(U0, s)B, then .F♣ ∈ Hr

g (U0, s)B. 

(b) If .F ∈ Hr
gg(U0)B, then .F♣ ∈ Hr

gg(U0)B. 

(c) If .F ∈ Hr
gg(U0)

†
B, then .F♣ ∈ Hr

gg(U0)
†
B. 

(d) If .F ∈ Hr
gg(U0)

‡
B, then .F♣ ∈ Hr

gg(U0)
‡
B. 

From Lemmas 3.6.1 and 3.6.8 we get the following properties. 

Corollary 3.6.9 Assume.(A0, θ0) satisfies condition (UAX1) and let. B be an integral 
domain that contains . Zp. Then for all .s ∈ 1

2Z with .gs ∈ Z the following properties 
hold. 

(a) For each nonzero .F ∈ Hr
g(U0, s)B, the polynomial .F♣ ∈ Hr

g (U0, s)B is the 
component of degree . gs of . F (i.e., .deg(F♣) = gs). Thus the .B-linear map 

. ♣ : Hr
g(U0, s)B → Hr

g (U0, s)B, F F♣

is injective and hence.Hr
g(U0, s)B has finite rank bounded by the rank of.Hr

g (U0, s)B; 
in particular, we have.Hr

g(U0, s)B = 0 for.s < 0 and.Hr
g(U0, 0) has rank.≤ 1. More-

over, for every .F1 ∈ Hr
g(U0, s1)B and .F2 ∈ Hr

g(U0, s2)B we have the properties that 

.F1F2 ∈ Hr
g(U0, s1 + s2)B and .(F1F2)

♣ = F♣1 F♣2 . 

(b) For each nonzero.F ∈ Hr
gg(U0)B, the matrix.F♣ ∈ Hr

gg(U0)B is the component 
of degree . 1 of . F (i.e., we have .deg(F♣) = 1). Thus the .B-linear map 

. ♣ : Hr
gg(U0)B → Hr

gg(U0)B, F F♣

is injective and hence .Hr
gg(U0)B has finite rank bounded by the rank of .Hr

gg(U0)B. 

(c) For each .F ∈ Hr
gg(U0)

†
B, the matrix .F♣ ∈ Hr

gg(U0)
†
B is the component of 

degree . 0 of . F. Thus the .B-linear map 

. ♣ : Hr
gg(U0)

†
B → Hr

gg(U0)
†
B, F F♣

is injective. 
(d) We have . Hr

gg(U0)
‡
B = 0.

As we shall see later, the.B-linear map.Hr
g(U0, s)B → Hr

g (U0, s)B is not surjective 
in general (even if .g = 1). 

From Propositions 3.5.1(b) and 3.6.2 and Corollary 3.6.9(a) we get directly the 
following consequence.
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Corollary 3.6.10 Let . w ∈ W . If .deg(w) > 0, then .Ir
g,ord(w) = 0. If .deg(w) = 0, 

then .Ir
g,ord(w) has rank at most . 1. For .w ∈ W (r), if .s := −deg(w)/2 ∈ 1

2N and 
.gs ∈ Z, then we have a natural injective .R-linear map 

. ♥ : Ir
g,ord(w)

E→ Hr
g(U0, s)

♣→ H
r
g(s)

and thus the rank of the free .R-module .I
r
g,ord(w) is less or equal to .D0(g, r, s). 

We recall that, by definition, .Ir
g,ord(w) = 0 if . g·deg(w)

2 /∈ Z,  see  Remark  s 2.3.9 (d) 
and 2.3.16. 

Lemma 3.6.11 For .s ∈ 1
2N with .gs ∈ Z and .r ≥ 1 an integer, the composite .K -

linear map 

. H
r
g(s)K

♠→ Hr
g(U0, s)K

♣→ H
r
g(s)K

is given by the formula 

. F (F♠)♣ = F(T, T − T, p(T − T ), . . . , pr−1(T (r) − T (r−1))).

In particular, this composite is injective, hence a .K -linear isomorphism. Thus the 
.K -linear maps . ♣ and . ♠ are isomorphisms. 

Proof This follows from the fact that the linear part of .f(T ) is . T and the linear part 
of . φi

equals .pi (T (i+1) − T (i)). . 

The following lemma on ‘elimination of logarithms’ will play a key role later on. 

Lemma 3.6.12 Let .r ≥ 1 be an integer. Let .F ∈ R[T, . . . , T (r)] be a homogeneous 
polynomial such that we have 

.F(f(T φ φr−1
) ∈ Sr

big-for ⊗R K . (3.48) 

Then .F ∈ R[T , . . . , T (r)] := R[T (l)
i j |1 ≤ i ≤ j ≤ g, 1 ≤ l ≤ r ]. 

Proof Let .Sr be the set of all homogeneous polynomials 

. F ∈ R[T, . . . , T (r)]\R[T , . . . , T (r)]

such that Display (3.48) holds. We want to show .Sr = ∅. Assume .Sr = ∅ for some 
.r ≥ 1 and seek a contradiction. Let . r be the minimum of all positive integers for 
which .Sr = ∅ and let .F ∈ Sr have degree 

. deg(F) = c := min{deg(G)|G ∈ Sr }.

Write .F = F0 + F1 where .F0 ∈ R[T , . . . , T (r)] and .F1 is in the ideal .(T ) of 
.R[T, . . . , T (r)] generated by the entries of. T .  A  s.F ∈ Sr we get that.F1 ∈ Sr . Replac-
ing. F by.F1 we can assume that, in addition,.F ∈ (T ).  Fo  r.1 ≤ i, j ≤ g we compute
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. 

∂

∂T (r)
i j

φr−1
i j ) = 1

p · ∂

∂T (r)
i j

log
1+T φr

i j

(1+T φr−1
i j )p

= 1
p ·

1+T φr

i j

(1+T φr−1
i j )p

−1
· ∂

∂T (r)
i j

1+T φr

i j

(1+T φr−1
i j )p

= 1
p · (1+ T φr

i j )−1 · ∂

∂T (r)
i j

(T φr

i j )

= pr−1 · (1+ T φr

i j )−1.

Hence 

. 
∂

∂T (r)
i j

(F(f(T φr−1
)) = ∂ F

∂T (r)
i j

(f(T φr−1
) · pr−1 · (1+ T φr

i j )−1.

As the right hand side of the above equality belongs to .Sr
big-for ⊗R K it follows that 

. 
∂ F

∂T (r)
i j

(f(T φr−1
) ∈ Sr

big-for ⊗R K .

As. ∂ F
∂T (r)

i j

is homogeneous of degree .c − 1, by the minimality of . F ,  we  must  h  ave

. 
∂ F

∂T (r)
i j

∈ R[T , . . . , T (r)].

On the other hand, as .r ≥ 1 and .F ∈ (T ) we also have 

. 
∂ F

∂T (r)
i j

∈ (T ) ⊂ R[T, . . . , T (r)].

We conclude that for all integers .1 ≤ i, j ≤ g we have 

. 
∂ F

∂T (r)
i j

= 0.

If .r ≥ 2 we get .F ∈ Sr−1, contradicting the minimality of the positive integer . r .  I  f
.r = 1 we get .F ∈ R[T ].  A  s .F(f(T )) ∈ R[[T ]] ⊗R K it follows that 

. 
∂

∂Ti j
(F(f(T ))) = ∂ F

∂Ti j
(f(T )) · (1+ Ti j )

−1 ∈ R[[T ]] ⊗R K .

Hence
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. 
∂ F

∂Ti j
(f(T )) ∈ R[[T ]] ⊗R K .

By the minimality of . c we get 

. 
∂ F

∂Ti j
∈ R[T ] ∩ R[[T ]] = R,

hence.c = 1.  S  o.F(f(T )) = λi j f(Ti j ) = λi j log(1+ Ti j ) ∈ R[[T ]] ⊗R K , with 
.λi j ∈ R, hence .F = 0, a contradiction. . 

3.6.3 Applications to .δ-Modular Forms of Size . g

Next we briefly turn our attention to.δ-modular forms of size. g.  Fo  r. B an infinite inte-
gral domain we recall that.H0

gg(1)B is the.B-module of all matrices. F ∈MatMatMatg(B[T ])
such that for every .X ∈MatMatMatg(B),  insid  e .MatMatMatg(B[T ]) we have an identity 

.F(XT X t) = X · F(T ) · X t. (3.49) 

Lemma 3.6.13 Let. B be a field of characteristic. 0. Then the.B-vector space. H
0
gg(1)B

has dimension . 1 with basis the matrix . T . 

Proof We can assume that .B is algebraically closed. Setting .T = 1g and taking 
.X ∈ OOOg(B) = {X ∈MatMatMatg(B)|X X t = 1g} in Eq. (3.49), we get 

. F(1g) = X · F(1g) · X−1.

So.F(1g) is a matrix that commutes with all matrices in.OOOg(B). We claim that. F(1g)

must be a scalar matrix. Indeed the matrix .F(1g) induces an endomorphism of the 
.OOOg(B)-module .Bg . This module is known to be simple; this is trivial to check for 
.g ∈ {1, 2} while for .g ≥ 3 this follows from the fact that the .sososog,B-module .Bg is 
simple (for instance, see [FH], Thms. 19.2 and 19.4). Then our claim follows from 
Schur’s Lemma. 

In view of our claim we can write .F(1g) = λ · 1g with .λ ∈ B. Setting .T = 1g in 
Eq. (3.49), we get that for all .X ∈ GLGLGLg(B) we have 

. F(X X t) = λX X t.

By Sylvester’s theorem, each symmetric matrix in.GLGLGLg(B) can be written in the form 
.X X t for some.X ∈ GLGLGLg(B). It follows that .F(Y ) = λY for every symmetric matrix 
.Y ∈ GLGLGLg(B) hence .F = λ · T . . 

Proposition 3.6.14 Assume . B is a field of characteristic . 0. Then .Hr
gg(1)B has a 

basis consisting of the matrices .T, T , . . . , T (r).
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Proof Let .G ∈ H
r
gg(1)B ;  so,  for  a  ll .M ∈ GLGLGLg(B),  Eq.  (3.42) holds. As .G is homo-

geneous of degree . 1 we have 

.G(T, T , . . . , T (r)) = G(T, 0, . . . , 0)+ G(0, T , 0, . . . , 0)+ · · · + G(0, 0, . . . , T (r)). (3.50) 

Setting all but one of the matrices .T, T , . . . , T (r) in Eq. (3.42) equal to . 0,  from  
Lemma3.6.13 we get that the terms in the right-hand side of Equation (3.50)  have  
the form .b0T, b1T , . . . , br T (r) respectively, with .b0, . . . , br ∈ B, and we are done 
by Eq. (3.50). . 

Corollary 3.6.15 Assume conditions (UAX1) and (UAX2) hold. Then for every inte-
ger .r ≥ 0 the .R-module .Hr

gg(U0)R has rank . r and hence for each element . F in it 
there exists a nonzero element .λ ∈ R such that .λF is an .R-linear combination of 
.

φ φr−1
. 

Proof The elements .f(T ψr−1
of the .K -vector space .Hr

gg(U0)K are lin-
early independent. By Corollary 3.6.9(b) we have 

. dimK (Hr
gg(U0)K ) ≤ dimK (Hr

gg(U0)K ).

By Proposition 3.6.2 we have 

. dimK (Hr
gg(U0)K ) = dimK (Hr

gg(1)K ).

By Proposition 3.6.14 we have 

. dimK (Hr
gg(1)K ) = r + 1.

So.f(T ψr−1
is a basis of.Hr

gg(U0)K .  Le  t.F ∈ Hr
gg(U0)R . Then there exists 

a nonzero .λ ∈ R and there exist .λ0, . . . , λr ∈ R such that 

. λF = λ0f(T )+ λ1 + · · · + λr
φr−1

.

So.λ0f(T ) ∈ S0
for. This clearly implies .λ0 = 0 which ends our proof. . 

Assumption on notation. From now on throughout the monograph, we will assume, 
for simplicity, that .(A0, θ0, e) is as in Display (3.3) and . e is chosen such that 
.EE0,θ0,e( f 11,crys) = ψ . This is possible by [Bu05], Sect.8.1, pp.239–240. In particular 
conditions (UAX1) and (UAX2) hold. 

For the next result we note that, if. t is an indeterminate, then the base change of the 
universal formal abelian scheme of relative dimension . g over the formal spectrum 
.Spf(Rg/(Ti j − Tji |1 ≤ i < j ≤ g)) which lifts .(A0, θ0) via the morphism 

.Spf(R[[t]])→ Spf(Rg/(Ti j − Tji |1 ≤ i < j ≤ g))
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induced by .Ti j t · δi j is the .g-fold product of the universal formal elliptic curve 
over .Spf(R[[t]]) which lifts .E0 with its product polarization. Then substituting 

.(T, T , . . . , T (r)) by (t · 1g, t · 1g, . . . , t (r) · 1g) (3.51) 

in the Serre–Tate expansion matrix .EA0,θ0,e( f r
g,crys), where .t , t , . . . are indetermi-

nates that play the role of .T , T , . . . for .g = 1, we get 

. EE0,θ0,e( f r
1,crys) · 1g ∈MatMatMatg(R[[t, t , . . . , t (r)]]).

Theorem 3.6.16 For all integers .r ≥ 1 the following properties hold. 

(a) The form . f r
g,crys ∈ I

r
gg(φ

r , 1) has the Serre–Tate expansion 

. EA0,θ0,e( f r
g,crys) = φr−1 + p φr−2 + · · · + pr−1

(b) The free .R-modules .I1gg(φ, 1) and .I1gg,ord(φ, 1) are equal and have rank . 1, 
with basis . f 1g,crys. 

Proof Part (a) was proved for .g = 1 in [Bu05], Prop. 8.61. For arbitrary .g ≥ 1, 
from Corollary 3.6.15 we get that there exists .λ0, . . . , λr ∈ R, such that we have an 
equality 

. EA0,θ0,e( f r
g,crys) = λ0 + · · · + λr

φr−1
.

Making the substitution of Display (3.51) in this equality we get that 

. EA0,θ0,e( f r
1,crys) = λ0ψ + · · · + λrψ

φr−1
.

By the genus . 1 case of the theorem we get that 

. (λ0, . . . , λr ) = (pr−1, . . . , p, 1),

from which part (a) follows. 
To prove part (b) we note that, by Corollary 3.6.15, .H1

gg(U0) has rank . 1 and we 
conclude by Proposition 3.5.1(b) and part (a). . 

Similarly we have the following basic properties.
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Theorem 3.6.17 The following properties hold. 

(a) The Serre–Tate expansion of . f ∂
g,crys ∈ I

1
gg,ord(−φ, 1) equals . 1g. 

(b) The free .R-module .I
1
gg,ord(−φ, 1) has basis . f ∂

g,crys. 

(c) Moreover for all .a, b ∈ {0, 1, . . . , r} we have the following rank results: 

(c.i) the .R-module .I
r
gg,ord(φ

a, φb) has rank . r; 

(c.ii) the .R-modules .I
r
gg,ord(−φa, φb) and .I

r
gg,ord(φ

a,−φb) have rank . 1; 

(c.iii) the .R-module .I
r
gg,ord(−φa,−φb) is . 0. 

Proof From Propositions 3.5.1(b) and 3.6.2 and Corollary 3.6.15 we get that the 
free.R-module.I

1
gg,ord(−φ, 1) has rank at most. 1. As it contains. f ∂

g,crys, by the torsion 
freeness part in Proposition 3.5.1(b) we get that it is equal to.I

1
gg(−φ, 1) and this latter 

.R-module has rank . 1. Also, as .H1
gg(U0)

† contains . 1g , by Propositions 3.5.1(b) and 
3.6.2 plus Corollary 3.6.9(c), we have.H1

gg(U0)
† = R1g . So the Serre–Tate expansion 

of . f ∂
g,crys equals .η · 1g for some.η ∈ R. We claim that .η = 1. It suffices to check this 

for.g = 1, and this was checked in [Bu05], Prop. 8.59. So parts (a) and (b) are proved. 
Part (c.i) can be proved by a similar argument: one notes that, by Corollary 3.6.15, 

.Hr
gg(U0) has rank . r and one concludes by Proposition 3.5.1(b), Corollary 3.4.5, and 

Theorem 3.6.16(a). 
Part (c.ii) follows similarly by combining part (a), Propositions 3.5.1(b) and 3.6.2, 

Corollary 3.6.9(c), and Lemma 3.4.4. 
Part (c.iii) follows similarly by combining Proposition 3.5.1(b) and Corol-

lary 3.6.9(d). . 

Corollary 3.6.18 For all integers .a ≥ 1, with the forms . f a and . f [a] as in Displays 
(3.11) and (3.12), the following properties hold. 

(a) The Serre–Tate expansion of . f a equals .
φa−1

. 

(b) The Serre–Tate expansion of . f [a] equals .
φa−1 + p φa−2 + · · · + pa−1 . 

(c) The identities . f a t = f a and . f [a]t = f [a] hold. 

(d) If .a ≥ 2, then we have an equality 

. f [a] = f a + p f a−1 + · · · + pa−1 f 1 .

Proof Parts (a) and (b) follow from Theorems 3.6.16(a) and 3.6.17(a). 
To check part (c), note that the forms . f a t and . f a both belong to . Ia

gg(1, 1)
and have the same Serre–Tate expansion due to part (a) and the symmetry of the 
matrix. = i j )1≤i, j≤g . We conclude that part (c) holds by the Serre–Tate expansion 
principle (Proposition 3.5.1(b)). The same argument applies to . f [a]. 

Part (d) follows from parts (a) and (b) and the Serre–Tate expansion 
principle. .
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3.6.4 The Maps . ♦ and . 

For all integers .r ≥ 0 we recall the .R-algebra of homogeneous invariants 
.H

r
g,tot = s∈ 1

2Z
H

r
g(s), and we consider the .R-algebra 

. I
r,Z
g,ord :=

s∈ 1
2Z

I
r
g,ord(−2s) =

m∈N∪{0}
I

r
g,ord(−m).

Denoting .R[T, T , T , . . .] := ∪r≥0R[T, . . . , T (r)], we consider the .R-algebra 
monomorphism 

. σ : R[T, T , T , . . .] → R[T, T , T , . . .], F Fσ ,

where 
. T σ := T , (T )σ := T , etc., aσ := a, a ∈ R,

and the .Zp-algebra automorphism 

. τ : R[T, T , T , . . .] → R[T, T , T , . . .], F F τ ,

where 
. T τ := T, (T )τ := T , etc., aτ := φ(a), a ∈ R;

so for all integers .l ≥ 0 and .1 ≤ i ≤ j ≤ g we have identities .σ(T (l)
i j ) = T (l+1)

i j and 

.τ(T (l)
i j ) = T (l)

i j . Thus.στ = τσ . Moreover, for.r ≥ 1we have induced.Zp-linear maps 

.H
r−1
g (s)→ H

r
g(s), F Fσ , (3.52) 

.H
r−1
g (s)→ H

r−1
g (s), F F τ . (3.53) 

and a .Zp-bilinear map 

. H
r−1
g (s)×H

r−1
g (s)→ H

r
g((p + 1)s),

defined by 
. (F, G)→ {F, G}σ,τ := Gστ F p − Fστ G p.

Proposition 3.6.19 For all integers .r ≥ 1 and all .s ∈ 1
2Z the following properties 

hold. 

(a) We have a well-defined .R-linear map 

.♦ : Hr−1
g (s)→ I

r
g,ord(−2s), F F♦ := F( f 1 , . . . , f r ).



3.6 Comparison Maps: The Ordinary Case 107

(b) For .F ∈ H
r−1
g (s) we have the following formula: 

.(F♦)φ = det( f ∂ )−2s · (Fστ )♦. (3.54) 

(c) For .F, G ∈ H
r−1
g (s) we have the following formula: 

.({F, G}σ,τ )
♦ = p · det( f ∂ )2s · {F♦, G♦}δ (3.55) 

(see the part after Definition2.1.15 of Sect.2.1 for the notation .{F♦, G♦}δ). 

Proof The expression .F( f 1 , . . . , f r ) is well-defined as . f 1 , . . . , f r are sym-
metric, see Corollary 3.6.18(c). This expression is trivially seen to define an element 
in .I

r
g,ord(−2s). Thus part (a) holds. 
Equation (3.54) reads 

.F( f 1 , . . . , f r )φ = det( f ∂ )−2s · F τ ( f 2 , . . . , f r+1 ); (3.56) 

as Eq. (3.56) follows from Eq. (3.13), part (b) holds. 
Part (c) holds as Eq. (3.55) follows directly from Eq. (3.54). . 

Theorem 3.6.20 For all .r ∈ N and all .s ∈ 1
2Z the .R-linear map 

. ♦ : Hr−1
g (s)→ I

r
g,ord(−2s)

is injective and has a torsion cokernel. In particular, the following properties hold. 

(a) For . w ∈ W , if .s := −deg(w)/2, then we have 

. rankR(Ir
g,ord(w)) = D0(g, r − 1, s).

(b) The .R-algebra homomorphism 

. ♦ : Hr−1
g,tot → I

r,Z
g,ord

is injective and it induces a .K -algebra isomorphism 

. ♦ : Hr−1
g,tot ⊗R K → I

r,Z
g,ord ⊗R K .

Proof We have the following diagram of .R-linear maps: 

. 

H
r−1
g (s)K

σ→ H
r
g(s)K

♠→ Hr
g(U0, s)K

♣→ H
r
g(s)K

α ↑ β ↑ γ ↑
H

r−1
g (s)

♦→ I
r
g,ord(−2s)

E→ Hr
g(U0, s)

♣→ H
r
g(s)

where. α,. γ and. β are inclusions. As the.R-linear maps on the upper row are injective 
it follows that .♦ on the lower row is injective.
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Now for each . f ∈ I
r
g,ord(−2s) we have that 

. β(E( f )) ∈ Sr
big-for.

As. ♠ is an.R-linear isomorphism (see Lemma 3.6.11), there exists.F ∈ H
r
g(s)K such 

that.F♠ = β(E( f )). By Lemma 3.6.12 we must have.F ∈ R[T , . . . , T (r)]. But then, 
clearly.F = Fσ

0 for some.F0 ∈ H
r−1
g (s)K . We conclude that the image of the injective 

.R-linear map .β ◦ E is contained in the image of the .R-linear map .♠ ◦ σ . Hence we 
have an inequality 

. dim(Ir
g,ord(−2s)⊗R K ) ≤ dim(Hr−1

g (s)K )

which, as .♦ is injective, is an equality. So the cokernel of .♦ is torsion. This proves 
part (b). Part (a) follows from part (b), Display (3.45), and Corollary 3.4.6. . 

Corollary 3.6.21 For each . n ∈ N,  th  e .R-modules .I
1
g(−nφ − n) and . I

1
g,ord

(−nφ − n) coincide and are free of rank . 1 with basis .(det( f 1g,crys))
n. 

Proof Theorem 3.6.20(a) and Lemma 3.6.3 imply that the statement is true after 
tensorization with. K . So to prove the corollary it is enough to check that. (det( f 1g,crys))

n

is not divisible by. p in.I
1
g,ord(−nφ − n). The latter condition follows from the torsion 

freeness part of the Serre–Tate expansion principle (see Proposition 3.5.1(b)) and the 
fact that the Serre–Tate expansion of .(det( f 1g,crys))

n equals . 1. . 

For ordinary Hecke covariant Siegel .δ-modular forms of size . g we have the fol-
lowing consequence. 

Corollary 3.6.22 For all integers .a, b ≥ 0 and .r ≥ max{a, b}, the .R-module 
.I

r
gg,ord(φ

a, φb) has rank . r . 

Proof Recall that by Corollary 3.6.15 the .R-module .Hr
gg(U0)R has rank . r . Hence 

by Proposition 3.5.1(b) the .R-module .Ir
gg,ord(1, 1) has rank .≤ r .  A  s . f 1 , . . . , f r

belong to the latter module and are.R-linearly independent (as their Serre–Tate expan-
sions are, see Corollary 3.6.18(a)) it follows that.Ir

gg,ord(1, 1) has rank. r . We conclude 
by Corollary 3.4.5. . 

By Theorem 3.6.20(a) the .R-linear maps .♦ : Hr−1
g (s)→ I

r
g,ord(−2s) become 

surjective after inverting . p; but they are not surjective in general (see Proposi-
tion 3.6.24(b) below for a more precise statement). 

Indeed let us consider the torsion .R-modules 

. V
r
g(s) :=

I
r
g,ord(−2s)

♦(Hr−1
g (s))

, V
r
g :=

I
r,Z
g,ord

♦(Hr−1
g,tot)
=

s∈ 1
2Z≥0

V
r
g(s).

Denote by .Vr
g(s)[p] the set of all elements of .Vr

g(s) annihilated by . p.  S  o . V
r
g(s)[p]

has a natural structure of a.k-vector space. We denote by.V
r
g(s)[p]τ the.k-vector space



3.6 Comparison Maps: The Ordinary Case 109

obtained from .Vr
g(s)[p] by restricting the scalars via the Frobenius automorphism 

of . k. 
Consider the .Zp-bilinear map 

. : Hr−1
g (s)×H

r−1
g (s)→ V

r+1
g ((p + 1)s)[p]

defined (see Proposition 3.6.19(c)) by: 

. 

F, G) := (det( f ∂ ))2s{F♦, G♦}δ +♦(Hr
g((p + 1)s))

= 1
p ({F, G}σ,τ )

♦ + ♦(Hr
g((p + 1)s)).

Clearly, the map . induces an antisymmetric .k-bilinear map 

. : Hr−1
g (s)×H

r−1
g (s)→ V

r+1
g ((p + 1)s)[p]τ .

For instance, additivity in the first argument follows from the formula (see Proposi-
tion 3.6.19(b)): 

. {F♦1 + F♦2 , G♦}δ = {F♦1 , G♦}δ + {F♦2 , G♦}δ − det( f ∂ )−2s(Gστ · C p(F1, F2))
♦.

To state our next result and for future use we introduce the following definition. 

Definition 3.6.23 Let .U, V be two vector spaces over an arbitrary field. A bilin-
ear antisymmetric map . : U ×U → V is called totally nondegenerate if for all 
.x, y ∈ U ,  we  have . x, y) = 0 if and only if . x and . y are linearly dependent. 

Proposition 3.6.24 For an integer .r ≥ 2 and .s ∈ 1
2Z≥0 the following properties 

hold. 

(a) The above bilinear map . is totally nondegenerate. 

(b) We have an inequality 

. dimk(V
r+1
g ((p + 1)s)[p]) ≥ 2D0(g, r − 1, s)− 3.

In particular, if .D0(g, r − 1, s) ≥ 2, then the map 

. ♦ : Hr
g((p + 1)s)→ I

r+1
g,ord(−2(p + 1)s)

is not surjective. 

(c) The annihilator of the .R-module . V
r
g is . 0. 

Proof To prove part (a) assume .F, G ∈ H
r−1
g (s) and . F, G) = 0; we need to 

show that .F and .G are .k-linearly dependent. We have . F, G) = 0 so there exists 
.H ∈ H

r
g((p + 1)s) such that .({F, G}σ,τ )

♦ = pH♦. By the injectivity of . ♦ we have



110 3 Proofs of the Main Results

.{F, G}σ,τ = pH . This implies that either .G = 0 (in which case we are done) or 

.G 0 and.(F/G)στ = (F/G)p in the field.k(T, . . . , T (r)). The latter clearly implies 

.F/G ∈ k and we are done again. 
To check part (b) note that by part (a) plus a general fact of linear algebra (see 

Lemma 3.6.25 below) the .k-linear span of the image of . has dimension at least 

.2 dimk(H
r−1
g (s))− 3. We then conclude by the fact that 

. dimk(H
r−1
g (s)) = dimK (Hr−1

g (s)K ) = D0(g, r − 1, s).

To check part (c) note that, by part (b), .Vr
g[p 0 hence there exists a prime 

element .F of the unique factorization domain .Hr−1
g,tot with .

F
p ∈ I

r,Z
g,ord\♦(Hr−1

g,tot).  For  

each.n ∈ N the image of . Fn

pn in .Vg has annihilator .pn R in . R. Thus the annihilator of 
.Vg in . R is contained in .∩n≥1 pn R = 0, hence it is . 0. . 

In the above proof we applied over . k the following general fact. 

Lemma 3.6.25 Let . U and . V be finite dimensional vector spaces over an alge-
braically closed field . B and let .b : U ×U → V be a .B-bilinear antisymmetric map. 
Assume . b is totally nondegenerate. Then the following inequality holds: 

. dimB(Span(Im(b))) ≥ 2 dimB(U )− 3.

Proof Let.u1, . . . , un be a basis of. U and set.vi j := b(ui , u j ) ∈ V for.1 ≤ i < j ≤ n. 
Let . L be the vector space over . B of all .(n2 − n)/2-tuples 

. c := (ci j )(i, j)∈{1,...,n}2\{(l,l)|l∈{1,...,n}}, i< j ∈ B(n2−n)/2

and let 
. L := {c ∈ L|

1≤i< j≤n

ci jvi j = 0}.

For.c ∈ L\{0} let .[c] ∈ P(L) := (L\{0})/B× be the corresponding point in the pro-
jective space; similarly, for .λ := (λi )1≤i≤n ∈ Bn\{0} let .[λ] ∈ P(Bn) be the corre-
sponding point. Let 

. ϕ : (P(Bn)× P(Bn))\ → P(L)

be the morphism 
. ϕ([λ], [μ]) := [(λiμ j − μiλ j )1≤i< j≤n],

where . is the diagonal of .P(Bn)× P(Bn). The image .Im(ϕ) is the Grassman-
nian of .2-planes in an .n-dimensional vector space, so .dim(Im(ϕ)) = 2n − 4.  If  
there exists .[(ci j )] ∈ Im(ϕ) ∩ P(L ), then we have .ci j = λiμ j − λ jμi for some 
.(λi )1≤i≤n, (μi )1≤i≤n ∈ Bn\{0} and for .x := n

i=1 λi ui and .y := n
i=1 μi ui we get 

that . x and . y are .B-linearly independent and .b(x, y) = 0, a contradiction. Thus we 
have .Im(ϕ) ∩ P(L ) = ∅ and hence
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. dimB(L ) ≤ dimB(L)− 1− dim(Im(ϕ)) ≤ n(n − 1)

2
− 2n + 3,

which implies that the lemma holds. . 

Remark 3.6.26 Lemma 3.6.25 is optimal in the sense that for every vector space 
.U over .B of dimension at least . 2 there exists a vector space .V and a totally non-
degenerate antisymmetric bilinear map .b : U ×U → V such that the inequality of 
Lemma 3.6.25 is an equality. To construct such a .V and . b fix a basis . u1, u2, . . . , un

of .U with .n ≥ 2,  le  t . L and . ϕ be as in the above proof, let .L ⊂ L be a subspace of 
dimension.

n(n−1)
2 − 2n + 3 such that .P(L ) ∩ Im(ϕ) = ∅ (such an .L exists because 

.dim(Im(ϕ))+ n(n−1)
2 − 2n + 3 ≤ dimB(L)− 1) and take .V := (∧2U )/U where 

.U is the subspace of .∧2U consisting of all expressions of the form. i< j ci j ui ∧ u j

with .(ci j )1≤i< j≤n ∈ L . Finally take .b to be the natural quotient composition 
.U ×U → ∧2U → V . 

In what follows we consider the rings: 

. Hg,tot :=
∞

r=0
H

r
g,tot, I

Z

g,ord :=
∞

r=0
I

r,Z
g,ord.

In view of Lemma 3.6.4(b), we get the following consequence. 

Corollary 3.6.27 For all integers .r ≥ 2 we have 

. tr.degR(I
r,Z
g,ord) = r

g(g + 1)

2
− g2 + 1.

From the last corollary we get directly the following consequence. 

Corollary 3.6.28 We have 

. asy.tr.deg(IZg,ord) =
g(g + 1)

2
.

On the other hand recall the rings.Ir
g,ord and their union.Ig,ord. Also recall the filtered 

.δ-ring .Ig,ord,((p)).  Fo  r .r ∈ N let .z<r := {z0, . . . , zr−1} be a set of indeterminates and 
we consider the.R-algebra monomorphism between rings of Laurent polynomials in 
the set of indeterminates .z<r , 

. H
r−1,torus
g,tot := H

r−1
g,tot[z<r ,

1

z0 · · · zr−1
] → I

r,Z
g,ord[z<r ,

1

z0 · · · zr−1
],

that is induced by. ♦ and sends. zi to. zi for all.i ∈ {0, . . . , r − 1}. The ring of Laurent 
polynomials 

.H
torus
g,tot := ∪r≥1Hr−1,torus

g,tot
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in the set of indeterminates.z := ∪r∈Nz<r is a filtered.W -graded ring with the grading 
defined by letting the elements of.Hr

g(s) have weight.−2s and letting. zi have weight 
.φi+1 − φi for each integer .i ≥ 0, see Sect. 2.3.4. 

Theorem 3.6.29 The following properties hold. 

(a) For all integers .r ≥ 1 we have an .I
r,Z
g,ord-algebra isomorphism 

. I
r,Z
g,ord[z<r ,

1

z0 · · · zr−1
I

r
g,ord,

and hence monomorphisms of .R-algebras, 

. ♦ : Hr−1,torus
g,tot → I

r
g,ord, ♦ : Htorus

g,tot → Ig,ord,

whose cokernels are torsion. 

(b) For all integers .r ≥ 2 we have 

. tr.degR(Ir
g,ord) = r

g(g + 1)

2
− g2 + 1+ r.

(c) We have 

. asy.tr.deg(Ig,ord) = g(g + 1)

2
+ 1.

(d) We have an equality .Ig,ord,((p)) = I
Z

g,ord,((p)). In particular, we have 

. asy.tr.deg(Ig,ord,((p))) = g(g + 1)

2
.

(e) We have 

. φ−tr.deg(Ig,ord) = g(g + 1)

2
+ 1.

(f) We have 

. φ−tr.deg(Ig,ord,((p))) = g(g + 1)

2
.

(g) The field .Frac(Ig,ord) is .φ-generated over . K by a finite set of elements in .I
4
g,ord. 

(h) For each integer . r ≥ 1, the form .det( f r
g,crys) belongs to the image of the .R-

algebra monomorphism .♦ : Hr−1,torus
g → I

r
g,ord. 

Proof To check part (a) we define a .I
r,Z
g,ord-algebra homomorphism 

.I
r,Z
g,ord[z<r ,

1

z0 · · · zr−1
] → I

r
g,ord
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by the rule 

. zi det( f ∂
g,crys)

φi ∈ I
r
g,ord(φ

i (φ − 1)), i ∈ {0, . . . , r − 1}.

Hence, for .s ∈ 1
2Z, . f ∈ I

r
g,ord(−2s), and .w = r−1

i=0 aiφ
i ∈ W we have 

. f · za0
0 · · · zar−1

r−1 f · ( f ∂
g,crys)

w ∈ I
r
g,ord(w),

where 
. w := −2s + (φ − 1)w ∈ W, deg(w) = −2s.

By Corollary 3.4.6, we have an induced .R-linear isomorphism 

. I
r
g,ord(−2s) · za0

0 · · · zar−1
r−1 I

r
g,ord(w).

Based on this, as . w determines the pair .(s, w ), we conclude that the part (a) and the 
first sentence of part (d) hold. 

Part (b) follows from part (a) and Corollary 3.6.21. 
Part (c) follows from part (b). 
The second sentence of part (d) follows from part (c). 
For the proof of parts (e) and (f) recall our convention (see the beginning of 

Sect. 2.2) on algebraically independent families. Furthermore, by the cardinality of 
a family .(xi )i∈I we will mean the cardinality of the set .{xi |i ∈ I}. Also, by the 
union of two families.(xi )i∈I and.(y j ) j∈J we will understand the family.(zk)k∈I J , 
indexed by the coproduct .I J in the category of sets where, if . κ1 : I → I J
and .κ2 : J → I J are the natural injections, then .zκ1(i) := xi for all .i ∈ I and 
.zκ2( j) := y j for all . j ∈ J . 

In order to check parts (e) and (f), based on part (d), Inequality (2.7) and 
Remark 2.2.9(a) it suffices to check that.Ig,ord contains.

g(g+1)
2 + 1 elements that are.φ-

algebraically independent. To check this we use the fact that, by Corollary 4.2.19(a) 
of Sect. 4.2, the ring.Hg contains homogeneous polynomials.F1, . . . , Fg(g+1)

2
of degree 

.gs,  for  som  e .s ∈ N, with coefficients in . Z, such that the family 

. (σ j Fi )(i, j)∈{1,..., g(g+1)
2 }×(N∪{0})

is algebraically independent over . Q, therefore over . K . In particular, . σ and . τ act as 
the identity on the coefficients of these polynomials. Hence, for each integer.N ≥ 0, 
the family 

. ((Fσ j

i )♦)(i, j)∈{1,..., g(g+1)
2 }×{0,...,N }

of elements in .Ig,ord is algebraically independent over . K . By Proposition 3.6.19(b), 
for each integer . j ≥ 1,  we  have
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.(Fσ j

i )♦ = (det( f ∂ ))2s(1+φ+···+φ j−1) · ((Fi )
♦)φ

j
. (3.57) 

Thus the family of elements of weight . −2s

. (det( f ∂ ))2s(1+φ+···+φ j−1) · ((Fi )
♦)φ

j

(i, j)∈{1,..., g(g+1)
2 }×{0,...,N }

(3.58) 

is algebraically independent over . K . By weight considerations one easily sees that 
the union of Family (3.58) with Family 

.(det( f ∂ )φ
j
) j∈{0,...,N−1} (3.59) 

is algebraically independent over . K . We claim that the union of Family (3.59) with 
Family 

.(((Fi )
♦)φ

j
)(i, j)∈{1,..., g(g+1)

2 }×{0,...,N } (3.60) 

is algebraically independent over . K . This follows from the following two facts. 

(i) The .K -algebra generated by the members of the union of Families (3.58) 
and (3.59) is contained in the .K -algebra generated by the members of the union of 
Families (3.60) and (3.59). 

(j) The cardinality of the union of Families (3.58) and (3.59) is the same as the 
cardinality of the union of Families (3.60) and (3.59). 

Hence Family 
.(bi )i∈{0,..., g(g+1)

2 } (3.61) 

where 
. b0 := det( f ∂ ), b1 := (F1)

♦, . . . , b g(g+1)
2
:= (Fg(g+1)

2
)♦,

is .φ-algebraically independent and parts (e) and (f) follow. 
To check part (g), we note that by Corollary 4.2.19 (b) and (d) of Sect. 4.2, the 

field .Frac(H3
g,tot,K) contains elements .G1, . . . , G N3 such that Family 

.(Gσ j

i )(i, j)∈{1,...,N3}×(N∪{0}) (3.62) 

generates the field .Frac(Hg,tot,K) over . K. By enlarging .N3 ∈ N we can assume that 
.G1, . . . , G N3 are homogeneous elements of .H3

g,tot,Q. Then Family (3.62) generates 
the field .Frac(Hg,tot,Q) over .Q and hence the field .Frac(Hg,tot) over . K .  A  s . σ acts 
trivially on the coefficients of .Gi we get that Eq. (3.57) holds with .Fi replaced by 
.Gi . We conclude that the ordinary Hecke covariant Siegel .δ-modular forms 

. det( f ∂ ), (G1)
♦, . . . , (G N3)

♦ ∈ I
4
g,ord

and their images via .φ j , . j ≥ 0, generate the field .Frac(Ig,ord) over . K .
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Part (h) follows from the fact that .det( f r
g,crys) equals a .W -power of . det( f ∂

g,crys)

times.det( f [r ]) and thus (see Corollary 3.6.18(d) and Display (3.44)) times a.Z-linear 
combination of elements of the form. m0,...,mr ( f 1 , . . . , f r ). . 

Corollary 3.6.30 We have an inequality 

. tr.degk(I
r
g,ord ⊗R k) ≤ r

g(g + 1)

2
− g2 + 1+ r.

Proof As . p is a prime element in the ring .Ir
g,ord (see Corollary 3.5.2(a)), it follows 

by Cohen’s ‘dimension inequality’ in [Ma], Thm. 15.5 applied to the extension 
.R ⊂ I

r
g,ord and to the prime ideal .pI

r
g,ord that .tr.degk(I

r
g,ord ⊗R k) ≤ tr.degR(Ir

g,ord). 
We conclude by Theorem 3.6.29(b). . 

Corollary 3.6.31 The following properties hold. 

(a) For each integer . r ≥ 1, the .K -algebra .Ir
g,ord ⊗R K is finitely generated, 

Cohen–Macauley, unique factorization domain, hence Gorenstein, and moreover 
.I

r
g,ord is a unique factorization domain. 

(b) If . g is odd, then for all .w ∈ W with .deg(w) odd we have .I
r
g,ord(w) = 0. 

(c) If. g is even, then there exists.r ∈ {0, 1, 2, 3, 4} and.w ∈ W (r) such that. deg(w)

is odd and .I
r
g,ord(w) 0. 

(d) We have .I
r
g,ord(w) = 0 for all .w ∈ W with .deg(w) = −1. 

(e) Let .w ∈ W (r) with .deg(w) = 0, so .w ∈ (φ − 1)W . Then the .R-module 
.I

r
g,ord(w) is free of rank . 1 with basis .det( f ∂

g,crys)
w

φ−1 . 

(f) All nonzero elements in .Ig,ord(−2)⊗R K generate prime ideals in the ring 
.Ig,ord ⊗R K . 

(g) Every two .K -linearly independent elements in .Ig,ord(−2)⊗R K generate two 
distinct ideals in .Ig,ord ⊗R K . 

Proof As we have a .K -algebra isomorphism .Hr−1,torus
g,tot ⊗R K I

r
g,ord ⊗R K (see 

Theorem 3.6.29(a)) to prove the .K -algebra statement of part (a) it suffices to show 
that .Hr−1

g,tot ⊗R K has all the desired properties and this follows from Lemma 4.2.3. 
To prove that .Ir

g,ord is a unique factorization domain, we first recall that . p is a 
prime element of .Ir

g,ord (see Corollary 3.5.2(b)) and we will use this to check that 
we have an identity .Ir

g,ord = I
r
g,ord[ 1p ] ∩ (Ir

g,ord)(p) between subrings of .Frac(Ir
g,ord). 

The inclusion ‘. ⊂’ is clear and for the reversed inclusion we consider an ele-
ment .x ∈ I

r
g,ord[ 1p ] ∩ (Ir

g,ord)(p).  Le  t .i ∈ N ∪ {0} be the smallest integer such that for 

.y := pi x we have .y ∈ I
r
g,ord. It suffices to show that the assumption that . i > 0

leads to a contradiction. As .x ∈ (Ir
g,ord)(p), there exists .a ∈ I

r
g,ord\pI

r
g,ord such that 

.z := sx ∈ I
r
g,ord. From the identity.pi z = sy between elements of.Ir

g,ord,  a  s .i > 0 we 
get that . p divides . sy. So, as . p is a prime element of .Ir

g,ord which does not divide 
. s, we get that . p divides . y and therefore .pi−1x = y

p ∈ I
r
g,ord which contradicts the 

minimality property of .i > 0.
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As .Ir
g,ord[ 1p I

r
g,ord ⊗R K is a unique factorization domain, it is a Krull ring. 

Moreover, .(Ir
g,ord)(p) is a discrete valuation ring (see Corollary 3.5.2(b)). From the 

last two sentences and the prior paragraph we get that .Ir
g,ord is a Krull ring (see [Sa], 

Cor. (a) after Prop. 4.1). Based on this and [Sa], Cor. after Thm. 6.3 we get that . Ir
g,ord

is a unique factorization domain. Thus part (a) holds. 
Part (b) follows from Lemma 4.2.3(a) of Sect. 4.2.2, part (c) follows from Corol-

lary 4.2.19(c) of Sect. 4.2.11 and part (d) follows from Proposition 4.2.6 of Sect. 4.2.4, 
these references being applied over an algebraic closure of . K . 

Part (e) follows directly from the proof of Theorem 3.6.29(a). 
To check part (f), let . f ∈ I

r
g,ord(−2)⊗R K be a nonzero element. By the 

unique factorization property in part (a), it is enough to check that. f is irreducible in 
.I

r
g,ord ⊗R K .  But  i  f. f is reducible in.I

r
g,ord ⊗R K , it is easy to see that we have a prod-

uct decomposition. f = f f with. f ∈ I
r
g,ord(w )⊗R K and. f ∈ I

r
g,ord(w )⊗R K

for some .w ,w ∈ W and . f , f nonunits of .Ir
g,ord ⊗R K . Therefore we have 

.deg(w )+ deg(w ) = −2.  A  s .deg(w ) and .deg(w ) are .≤ 0 (see Corollary 3.6.10) 
it follows by part (d) that either .deg(w ) or .deg(w ) is . 0.  But  fo  r .deg(w) = 0 the 
.K -vector space .Ig,ord(w)⊗R K is one dimensional with basis an invertible element 
of .Ig,ord ⊗R K , see part (e). So either . f or . f is invertible in .I

r
g,ord ⊗R K , a contra-

diction. 
Finally part (g) follows from the fact that .Ig,ord(0)⊗R K = K . . 

Remark 3.6.32 (a) Now we can explicitly compute the Serre–Tate expansions of 
all elements of the .R-module .Ir

g,ord(w), .w ∈ W . Indeed, by the proof of Theo-
rem 3.6.29(a), each element in .I

r
g,ord(w) is a .K -multiple of a product 

. f := F♦ · det( f ∂ )w (3.63) 

for some .F ∈ H
r−1
g (s), where .s := −deg(w)/2 and .w := w+2s

φ−1 ∈ W . On the other 
hand it follows by Theorems 3.6.16(a) and 3.6.17(a) that the Serre–Tate expansion 
of . f is given by the formula: 

. EA0,θ0,e( f ) = F φ φr−1
).

(b) For .w ∈ W , each element of .Ig,ord(w) vanishes at every ordinary .CMR-point 
of .Xord:  it  is an . f as in Eq. (3.63) and .F♦ vanishes at every ordinary .CMR-point by 
Proposition 3.6.19(a) and Remark 3.4.3. In particular, for all linear systems. fof weight 
. w in.Ig,ord the set of.f-unstable points.Xord(R)uf in.Xord(R) contains the set of ordinary 
.CMR-points. More generally, we can describe the set of .f-unstable points . Xord(R)uf
in terms of the unstable locus of .SLSLSLg acting on spaces of multiple quadratic forms 
as follows. The .K -algebra .Hr−1

g,tot ⊗R K is known (by classical geometric invariant 
theory) to be finitely generated. Let .s ∈ 1

2N be such that if .F1, . . . , FD0(g,r−1,s) is a 
.K -basis of the homogeneous component .Hr−1

g (s)K , then the radical ideal generated 
by .F1, . . . , FD0(g,r−1,s) in .H

r−1
g ⊗R K contains a set of generators of the .K -algebra 

.H
r−1
g ⊗R K .
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We can assume .F1, . . . , FD0(g,r−1,s) ∈ H
r
g(s), i.e., the coefficients of the . Fi s  are  

in . R. With the notation of Sect. 2.3.4,  le  t .VVVr
g,R := Spec(R[T, T , . . . , T (r−1)]) and 

we consider the closed subscheme . r
SLSLSLg

of .VVVr
g,R defined by .F1, . . . , FD0(g,r−1,s); 

for an algebraic closure .K of . K ,  th  e .K-valued points of . r
SLSLSLg

, are precisely the 
unstable points for the action of .SLSLSLg(K) on.VVVr

g,R(K) in the sense of [MFK], App. to 
Ch. I, Sect. B, Def. By the proof of Theorem 3.6.29(a), a basis of the .K -linear space 
.I

r
g,ord(−2s) is given by the forms 

. F♦1 , . . . , F♦D0(g,r−1,s).

Let .X ⊂ Xord be an affine open subscheme with .X connected and such that the 
universal polarized abelian scheme .(AX , θX ) has a column basis .ωX of .1-forms on 
.AX and consider the map 

. f 1,...,r : X (R)→ VVVr
g,R(R)

which maps .P ∈ X (R) to 

. ( f 1 (P), . . . , f r (P)) := ( f 1 (AP , θP , ωP , R), . . . , f r (AP , θP , ωP , R))

where.AP , θP , ωP over.Spec(R) are as usual induced by.AX , θX , ωX via base change 
by.P : Spec(R)→ X . Then, one can check, by directly using the definitions, that the 
set.Xord(R)uf of.f-unstable points for. f defined by an arbitrary.R-basis of.Ir

g,ord(−2s), 
such as the one above, is given by the formula 

. Xord(R)uf = ( f 1,...,r )−1 r
SLSLSLg

(R)).

(c) In the proof of Theorem 3.6.29(e) and (f) we considered elements of .Ig,ord, 
.b0 = det( f ∂ ) of weight.φ − 1 and.bi = (Fi )

♦ for.i ∈ {1, . . . , g(g+1)
2 } of weight. −2s

for some.s ∈ N, and we checked that the Family (3.61)  i  s.φ-algebraically independent 
over . R. Based on this, the argument in the proof of Remark 2.2.9(a) implies that the 
family 

. (b̃i )i∈{0,..., g(g+1)
2 }

of elements of the same weight .−sg(g + 1), 

. b̃0 := b1b2 · · · b g(g+1)
2

, b̃1 := b2s
0 bφ

1 b2 · · · b g(g+1)
2

, . . . , b̃ g(g+1)
2
:= b2s

0 b1b2 · · · bφ
g(g+1)

2

,

is .φ-algebraically independent. 

The following is a direct consequence of Lemma 3.6.3 and Theorem 3.6.29(a). 

Corollary 3.6.33 We have a .K [ 0]-algebra isomorphism 

.K [ 0, z0, z−10 I
1
g,ord ⊗R K .
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that maps . z0 to .det( f ∂
g,crys) and that extends to a .K [ 0 g]-algebra isomor-

phism 

. K [ 0 g, z0, z1,
1

z0z1
I
2
g,ord ⊗R K ,

which maps . z1 to .det( f ∂
g,crys)

φ . 

The structure of .Ir
g,ord ⊗R K is more complicated as .r ≥ 3 increases. A ‘good 

picture’ of what happens in this case can be obtained by combining Theorem 3.6.29 
(a) with the results of Sects. 4.2 and 4.3; we leave this to the reader. 

In view of Theorem 3.6.29(a) (and the work in Sect. 4.2) the structure of the 
.R-algebra .Ir

g,ord is more or less well understood. By contrast, the structure of the 
.R-algebras.Ir

g remains somewhat mysterious. We will address these rings in the next 
two sections. Before that, we record the following generalization of Lemma 3.4.7(a). 

Corollary 3.6.34 We have .I
1
g(φ − 1) = I

1
g(1− φ) = 0 and thus .Ig Ig,ord. 

Proof We only show that the assumption .I1g(φ − 1) 0 leads to contradiction; 
the case of .I1g(1− φ) is similar (in fact easier) and is left to the reader. As the 
.R-module .I1g,ord(φ − 1)/I

1
g(φ − 1) is torsion free (see Proposition 3.5.1(b)), from 

Corollary 3.6.31(e) and our assumption we get that the following relation holds: 
.det( f ∂

g,crys) ∈ I
1
g(φ − 1) = I

1
g,ord(φ − 1). 

Let.Y ⊂ Y1(N ) be an affine open subset of the affine modular curve of level. 1(N )

over .Spec(R) with.N ≥ 3 not divisible by. p, such that the reduction modulo. p of . Y
is not contained in the ordinary locus of the reduction modulo . p of .Y1(N ). 

Let .EY be the universal elliptic curve over . Y ,  le  t .θEY be the Abel–Jacobi map 
(polarization) of .EY and let .ωEY be a column basis of .1-forms on .EY . 

Let .(E1,R, θ1), . . . , (Eg−1,R, θg−1) be ordinary elliptic curves over . Spec(R)

endowed with their Abel–Jacobi maps (polarizations) such that by evaluating we 
have. f ∂

1,crys(Ei,R, θi , ωi , R) ∈ R× for.i ∈ {1, . . . , g − 1}, where each.ωi is a column 
basis of .1-forms on .Ei,R . 

Let .(Ei,Y , θi,Y , ωi,Y ) := (Ei,R, θi , ωi )×Spec(R) Y . Let the following quadruple 
.(AY , θAY , ωAY ) ∈MMMg(O(Y )) be defined by 

. (AY , θAY ) := (EY , θEY )×Y (E1,Y , θ1,Y )×Y · · · ×Y (Eg−1,Y , θg−1,Y )

and by the column basis of .1-forms on.AY whose.11 entry is the pullback of .ωY and 
whose .i1 entry for .i ∈ {2, . . . , g} is the pullback of .ωi−1,Y . We have that 

. det( f ∂
g,crys)(AY , θAY , ωAY ,O∞(Y )) ∈ O(J 1(Y )).



3.6 Comparison Maps: The Ordinary Case 119

On the other hand the above element equals 

. f ∂
1,crys(EY , θEY , ωEY ,O∞(Y )) ·

g−1

i=1
f ∂
1,crys(Ei,R, θi , ωi , R).

So we have 
. fY := f ∂

1,crys(EY , θEY , ωEY ,O∞(Y )) ∈ O(J 1(Y )).

For a prime . that does not divide .pN ,  le  t .Y1(N be the curve over .Spec(R) that 
parametrizes isogenies of degree. between elliptic curves with level. 1(N ) structure 
that respect the level . 1(N ) structures. We consider the two canonical projections 
.π1, π2 : Y1(N → Y1(N ) and the intersection .Y := π−11 (Y ) ∩ π−12 (Y ). 

Let .Yord ⊂ Y and .Y ord ⊂ Y be the open subschemes which over .K are isomor-
phisms and whose fibers over . k are ordinary loci. For .i ∈ {1, 2} let .π∗i EY /Y be the 
pullback of .EY /Y via .π∗i : Y → Y and consider the .1-forms .π∗i ωEY on .π∗i EY .  Le  t

. λ := u∗(π∗1ωEY )

π∗2ωEY

∈ O(Y )×

with.u : π∗2 EY → π∗1 EY the ‘universal isogeny’ over. Y ; hence.λφ−1 ∈ O(J 1(Y ))×. 
By the Hecke covariance of . f ∂

1,crys we have the following equality in .O(J 1(Y ord)): 

.π∗2 fY = λφ−1 · π∗1 fY . (3.64) 

By the injectivity of the .R-algebra homomorphism .O(J 1(Y ))→ O(J 1(Y ord)), 
Eq. (3.64) holds in .O(J 1(Y )). The existence of such a function . fY in . O(J 1(Y ))

contradicts [Bu05], Thm. 8.83 3). . 

Remark 3.6.35 It may be reasonable to expect that .Ir
g(w) = 0 for all .w 0 with 

.deg(w) = 0. By Corollary 3.6.31(e) this is equivalent to the statement that 

. det( f ∂
g,crys)

w
φ−1 /∈ I

r
g(w) (3.65) 

for all such. w. Corollary 3.6.34 gives a partial result in this direction. One can show 
that Statement (3.65) holds for.g = 1 provided.w = r

i=0 aiφ
i ∈ W with. a0, . . . , ar

integers such that . r
i=0 ai = 0 and . r

i=0 ai pi < 0. This follows from the fact that 
the reduction modulo . p of . f ∂

1,crys is the Hasse invariant, see [Bu05], Prop. 8.57. On 
the other hand note that we do not know, for instance, if Statement (3.65) holds even 
for.g = 1 and.w = n(φ − 1), with.n ≥ 2 an integer. This is so as, for.n ≥ 2, from the 
fact that . f ∂

1,crys /∈ I
1
1(φ − 1) it does not follow a priori that .( f ∂

1,crys)
n /∈ I

1
1(n(φ − 1)). 

Concretely, the following phenomenon occurs. Let . S be a smooth .R-algebra, let 
.h ∈ S\pS, and let . f ∈ Sh be such that . f n ∈ S for some .n ≥ 2; then in general it 
does not follow that . f ∈ S. We include a simple example. Let .S := R[x] with . x an 
indeterminate, let .n ≥ 2 be an integer that does not divide . p, and let .h := x .  The  
equation .yn = xn−1(x − p) in . y has a solution
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. z := x − p/n +
∞

m=2
pm zm ∈ R[x, x−1],

with each .zm ∈ R[x, x−1].  We  have .zn = xn−1(x − p) ∈ R[x] but .z /∈ R[x]. 

3.7 Comparison Maps: The Nonordinary Case 

In this section we define some further new modules and algebras and we introduce 
some further ‘comparison maps’, . , . , between them. We will use these maps, in 
conjunction with our Serre–Tate expansion maps. E and with the geometric invariant 
theory of multiple endomorphisms (see Sects. 4.1.1, 4.1.5 and 4.1.6), to derive our 
basic estimates from below for the dimensions of.K -vector spaces of Hecke covariant 
Siegel .δ-modular forms. 

3.7.1 The Maps . 

Let .n ∈ N and let .X1 = (X1, jl)1≤ j,l≤g, . . . , Xn = (Xn, jl)1≤ j,l≤g be universal . g ×
g matrices whose entries are indeterminates. Let .B be an integral domain which 
is a .Zp-algebra. Consider the left action of .GLGLGLn(B) on the polynomial .B-algebra 
.B[X1, . . . , Xn] := B[Xi, jl |1 ≤ i ≤ n, 1 ≤ j, l ≤ g] defined by the rule: 

. (M, F) F(M−1X1M, . . . , M−1Xn M).

We denote by .H
n
g,conj,B the .B-subalgebra of .B[X1, . . . , Xn] formed by all .GLGLGLg(B)-

invariant polynomials. Clearly 

. H
n
g,conj,D−1B = H

n
g,conj ⊗B D−1B

for each multiplicative set .D ⊂ B.  Als  o

. H
n
g,conj,B = H

n
g,conj ⊗B B

for each extension .B ⊂ B of infinite fields. Moreover, we have an identity 

. H
n
g,conj,R = H

n
g,conj.

For. B an algebraically closed field and.n ≥ 2we have the formula (see Theorem 4.1.2 
of Sect. 4.11): 

.tr.degR(Hn
g,conj,B) = Dconj(g, n) := (n − 1)g2 + 1.
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Also recall that the ‘first main theorem’ in this setting (see Theorem 4.1.20 of 
Sect. 4.1.6) implies that if .B an infinite field, then the .B-algebra .Hn

g,conj,B is gen-
erated by finitely many polynomials of the form 

. τ j;i1,i2,...,iN := c j (Xi1 Xi2 · · · XiN )

where . j ∈ {1, . . . , g}, .N ∈ N, and .i1, . . . , iN ∈ {1, . . . , n}, and where for a matrix 
.M ∈MatMatMatg(C) with . C a ring, we let .c0(M), . . . , cg(M) ∈ C[t] be such that 

. det(t · 1g − M) =
g

j=0
(−1) j c j (M)t g− j ∈ C[t]

is its characteristic polynomial; henceforth .c0(M) = 1, .c1(M) is the trace .Tr(M) of 
. M , and .cg(M) = det(M). The relations between these generators provided by the 
‘second main theorem’ (see [P], Introd.) will not be used in what follows. 

Note that the natural .k-algebra homomorphisms 

. H
n
g,conj,R ⊗R k → H

n
g,conj,k

are isomorphisms. Indeed they are surjective by the first main theorem and they are 
injective because for.F ∈ R[X1, . . . , Xn],  i  f.pF is.GLGLGLg(R)-invariant, then. F itself is 
.GLGLGLg(R)-invariant. By Nakayama’s Lemma applied to .R-modules of homogeneous 
components of .Hn

g,conj,R it follows that the latter .R-algebra is generated by finitely 
many elements of the form .τ j;i1,i2,...,iN ; we will refer to this statement as the ‘first 
main theorem over . R’. 

More generally, let .x1, . . . , xn+2, ξ1, . . . , ξn+2 be indeterminates and view 

. R[X1, . . . , Xn, x1, ξ1, . . . , xn+2, ξn+2] := R[X1, . . . , Xn][x1, ξ1, . . . , xn+2, ξn+2]
(3.66) 

as a .W -graded .R-algebra by letting 

. deg(xi ) := −φi−1 − φi and deg(ξi ) := −1− φi for all i ∈ {1, . . . , n + 2}
and 

. deg(Xi, jl ) := −1− φi − φi+1 − φi+2 for all i ∈ {1, . . . , n} and all j, l ∈ {1, . . . , g}.

Then by definition 
. H

n
g,conj[x1, . . . , xn+2, ξ1, . . . , ξn+2]

is a .W -graded .R-subalgebra of Display (3.66). We will prove the following result. 

Theorem 3.7.1 For all integers .n ≥ 2 there exists a natural homomorphism 

. = n : Hn
g,conj[x1, . . . , xn+2, ξ1, . . . , ξn+2] → I

n+2
g ,
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of .W -graded .R-algebras whose image satisfies 

. tr.degR(Im( )) ≥ (n − 1)
g(g + 1)

2
+ n + g + 1.

The homomorphisms. n in the above theorem will be compatible as.n ≥ 2 varies 
and will be entirely explicit, as we will see shortly. 

Corollary 3.7.2 The following properties hold. 

(a) For all integers .r ≥ 4 we have inequalities 

. (r − 3)
g(g + 1)

2
+ r + g − 1 ≤ tr.degR(Ir

g) ≤ r · g(g + 1)

2
− g2 + 1+ r.

(b) We have an inequality 

. tr.deg
Ig
(Ig,ord) ≤ g(g + 1)

2
+ 2.

(c) We have equalities 

. asy.tr.deg(Ig) = φ−tr.deg(Ig) = g(g + 1)

2
+ 1.

(d) We have an equality 

. φ−tr.deg(Ig,((p))) = g(g + 1)

2
.

Proof Part (a) follows from Theorems 3.7.1 and 3.6.29(b). 
To check part (b) note that the difference between the upper and the lower bounds 

for .tr.degR(Ir
g) in part (a) equals .

g(g+1)
2 + 2. From this and Theorem 3.6.29(b) we 

get that 

. tr.deg
Ir

g
(Ir

g,ord) = tr.degR(Ir
g,ord)− tr.degR(Ir

g) ≤
g(g + 1)

2
+ 2

for all.r ≥ 4. Thus part (b) follows from the part of Remark 2.2.6 after Display (2.8). 
The equality .asy.tr.deg(Ig) = g(g+1)

2 + 1 in part (c) follows from part (a). The 

equality .φ-tr.deg(Ig) = g(g+1)
2 + 1 in part (c) follows from the implication in Dis-

play (2.8) plus Theorem 3.6.29(c); alternatively one can use part (b) plus Theo-
rem 3.6.29(c) and the additivity of the .φ-transcendence degree (see Eq. (2.6)). 

Part (d) follows from part (c) and Remark 2.2.9 (a). . 

Remark 3.7.3 (a) By an argument similar to the one in the proof of Corollary 3.6.30 
we have that
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. tr.degk(I
r
g ⊗R k) ≤ tr.degR(Ir

g).

(b) By Remark 3.6.32 it follows that for all linear systems . f weight .w ∈ W in 
.Ig,ord the set of. f -unstable points.X (R)uf in.X (R) contains the set of ordinary.CMR-
points. 

3.7.2 Cyclic Products and the Maps . 

In order to proceed with our proof we need to recall (and slightly extend) the 
cyclic product construction from [BB], Sect. 4.2. Recall our basic .δ-modular forms 
. f r = f r

g,crys ∈ I
r
gg(φ

r , 1), .r ∈ N. For integers .a > b ≥ 0 we set 

. f ab := φb f a−b ∈ I
a
gg(φ

a, φb) and f ba := ( f ab)t ∈ I
a
gg(φ

b, φa). (3.67) 

Let .Cycr be the set of all .2s-tuples .(a1, a2, . . . , a2s−1, a2s) of arbitrary even length 
.2s ∈ 2N, such that the following properties hold: 

(i) for all .i ∈ {1, . . . , 2s},  we  have .ai ∈ {0, 1, . . . , r}; 
(ii) for all .i ∈ {1, . . . , 2s − 1},  we  have .ai ai+1; 
(iii) we have .a2s a1. 

For each .(a1, a2, . . . , a2s−1, a2s) ∈ Cycr we define the matrix cyclic product 

. Fa1,a2,...,a2s−1,a2s ∈ Mr
gg =MatMatMatg(Mr

g)

by the formula 

.Fa1,a2,...,a2s−1,a2s := f a1a2( f a3a2)∗ f a3a4( f a5a4)∗ · · · f a2s−1a2s ( f a1a2s )∗ (3.68) 

(recall that for a square matrix . M , .M∗ is its adjugate). 
Note that for each.S ∈ Ob(FilRingδ) and every triple.(x1, x2, u) ∈MMMg(S0), where 

.x1 = (A1, θ1, ω1),.x2 = (A2, θ2, ω2),.uut = d ∈ N\pN, the following equality holds 
(see Eq. (2.28)): 

.Fa1,...,a2s (x2, S) = d−gs(det([u]))−w[u]φa1 Fa1,...,a2s (x1, S)([u]φa1
)−1, (3.69) 

where .w := − 2s
i=1 φai ∈ W and .[u] ∈ GLGLGLg(R) is defined by the usual identity 

.u∗ω2 = [u]ω1. Then, for . j ∈ {1, . . . , g} we define the (scalar) cyclic products 

. f j;a1,a2,...,a2s−1,a2s := c j (Fa1,a2,...,a2s−1,a2s ) ∈ Mr
g .

For . j = 1 we abbreviate
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. fa1,a2,...,a2s−1,a2s := f1;a1,a2,...,a2s−1,a2s := Tr(Fa1,a2,...,a2s−1,a2s ) ∈ Mr
g . (3.70) 

Note that, for .a ∈ N we have 

. f0,a = Tr(F0,a) = Tr( f 0a( f 0a)∗) = Tr(det( f 0a) · 1g) = g · det( f a).

Clearly the .K -algebra generated by the members of the family 

. ( f j;a1,a2,...,a2s−1,a2s )( j,(a1,a2,...,a2s−1,a2s ))∈{1,...g}×Cycr

is the same as the .K -algebra generated by the members of the family 

. ( fa1,a2,...,a2s−1,a2s )(a1,a2,...,a2s−1,a2s )∈Cycr

(as this last family is stable under powers); however, the .R-algebras generated by 
the members of these two families are distinct if .p ≤ g.  By  Eq  . (3.69)  we  ha  ve

. f j;a1,a2,...,a2s−1,a2s ∈ I
r
g(− j (

2s

i=1
φai )). (3.71) 

On the other hand, for each integer .r ≥ 1 we consider the .R-subalgebra 

. R[Q(1), . . . , Q(r)] ⊂ Sr
for

generated by the entries of the matrices 

.Q(s) := φs−1 ∈MatMatMatg(Sr
for), s ∈ N (3.72) 

(see Displays (2.35) and (2.36)). The entries of these symmetric matrices that are 
above and on the diagonal are (distinct and) algebraically independent over . R
(because, by definition, the same is true for the matrices . r−1 and, on 
the other hand, the .K -algebra generated by the entries of .Q(1), . . . , Q(r) coincides 
with the .K -algebra generated by the entries of . r−1 ); we will view 
these entries of .Q(1), . . . , Q(r) as indeterminates over .R and also as indeterminates 
in the ring .R[Q(1), . . . , Q(r)]/(p). 

We consider the reduction modulo . p homomorphism 

. R[Q(1), . . . , Q(r)] → k[Q(1), . . . , Q(r)] := R[Q(1), . . . , Q(r)]/(p), G G .

We note that the natural .k-algebra homomorphism 

. k[Q(1), . . . , Q(r)] → Sr
for ⊗R k = k[[T ]][T , . . . , T (r)]

is not injective.
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For each .(a1, a2, . . . , a2s−1, a2s) ∈ Cycr we define a matrix with entries in the 
ring .R[Q(1), . . . , Q(r)] by the formula 

. Ya1,a2,...,a2s−1,a2s := Q(m1)(Q(m2))∗Q(m3)(Q(m4))∗ . . . Q(m2s−1)(Q(m2s ))∗,

where 

. m1 := max{a1, a2}, m2 := max{a2, a3}, . . . , m2s := max{a2s, a1}.

For each such matrix and . j ∈ {1, . . . , g} we define a polynomial 

. y j;a1,a2,...,a2s−1,a2s := c j (Ya1,a2,...,a2s−1,a2s ) ∈ R[Q(1), . . . , Q(r)]

and we set 
. ya1,a2,...,a2s−1,a2s := y1;a1,a2,...,a2s−1,a2s .

Lemma 3.7.4 For each .(a1, a2, . . . , a2s−1, a2s) ∈ Cycr we have 

. (EA0,θ0,e( f j;a1,a2,...,a2s−1,a2s )) = y j;a1,a2,...,a2s−1,a2s
0.

Proof This follows directly from Theorem 3.6.16(a). . 

With . 0 r as indeterminates, let the polynomial algebras 

. R[Q(1), . . . , Q(r)
0 r ] := R[Q(1), . . . , Q(r)][ 0 r ],

. k[Q(1), . . . , Q(r)
0 r ] := k[Q(1), . . . , Q(r)][ 0 r ].

We extend the homomorphism . above to a reduction modulo . p homomorphism 
between these polynomial algebras 

. R[Q(1), . . . , Q(r)
0 r ] → k[Q(1), . . . , Q(r)

0 r ],

by setting . j := j . 

Remark 3.7.5 For .F1, . . . , Fm ∈ R[Q(1), . . . , Q(r)
0 r ],  i  f . F1 , . . . , Fm

are algebraically independent in.k[Q(1), . . . , Q(r)
0 r ], then.F1, . . . , Fm are 

algebraically independent in .R[Q(1), . . . , Q(r)
0 r ]. 

We define 

. z j;a1,a2,...,a2s−1,a2s := y j;a1,a2,...,a2s−1,a2s
j
a1

j
a2 · · · j

a2s−1
j
a2s

,

. za1,a2,...,a2s−1,a2s := z1;a1,a2,...,a2s−1,a2s .

So for .E = EA0,θ0,e we have



126 3 Proofs of the Main Results

.(E( f j;a1,a2,...,a2s−1,a2s
j
a1 · · · j

a2s
) = z j;a1,a2,...,a2s−1,a2s

. (3.73) 

Lemma 3.7.6 Consider the unique .R-algebra homomorphism 

. : R[X1, . . . , Xn, x1, . . . , xn+2, ξ1, . . . , ξn+2] → Mn+2
g , F F ,

defined by the rules 

. 

Xi := F0,i,i+1,i+2, i ∈ {1, . . . , n},

xi := fi−1,i , i ∈ {1, . . . , n + 2},

ξi := f0,i , i ∈ {1, . . . , n + 2}.

Then . induces a .W -graded .R-algebra homomorphism 

. : Hn
g,conj[x1, . . . , xn+2, ξ1, . . . , ξn+2] → I

n+2
g .

Proof By the ‘first main theorem over . R’ it is enough to check that for all 
.i1, . . . , iN ∈ {1, . . . , g} the element.τ j;i1,...,iN

belongs to.I
n+2
g (w), where.w ∈ Z[φ] is 

the sum of the degrees of .Xi1 , . . . , XiN ; but this follows from the fact that 

. τ j;i1,...,iN
= f j;0,i1,i1+1,i1+2,0,i2,i2+1,i2+2,...,0,iN ,iN+1,iN+2.

. 

Proof of Theorem 3.7.1. Consider the polynomial .k-algebra 

. k[X1, . . . , Xn, x1, . . . , xn+2]

in the indeterminates .x1, . . . , xn+2 and the entries of the matrices .X1, . . . , Xn . Con-
sider the .k-algebra homomorphism 

.k[X1, . . . , Xn, x1, . . . , xn+2] → k[Q(1), . . . , Q(n+2)], F F, (3.74) 

defined by 
. Xi := Q(i)(Q(i+1))∗ ∈MatMatMatg(Si+1

for ), i ∈ {1, . . . , n},

. xi := det(Q(i)), i ∈ {1, . . . , n + 2}.

Let .Hn
g,conj,k be the image of .Hn

g,conj,k under the .k-algebra homomorphism of Dis-
play (3.74). For .n ≥ 2, by Theorem 4.1.4 applied to the following correspondance 
.(Q(1), . . . , Q(n+1))←→ (Q0, . . . , Qn)  we  ha  ve

. dim(Hn
g,conj,k) = (n − 1)

g(g + 1)

2
+ g. (3.75)
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By Eq. (3.75) there exists a set 

. I ⊂
∞

N=1
({1, . . . , g} × {1, . . . , n}N )

whose cardinality .|I | is given by 

.|I | = (n − 1)
g(g + 1)

2
+ g (3.76) 

such that Family 

.(c j (Q(i1)(Q(i1+1))∗ · · · Q(iN )(Q(iN+1))∗))( j,i1,...,iN )∈I , (3.77) 

is algebraically independent over. k in the ring.k[Q(1), . . . , Q(n+1)]. But the members 
of Family (3.77) can be written as 

. 
c j (Q(i1)(Q(i1+1))∗Q(i1+2)(Q(i1+2))∗ · · · Q(iN )(Q(iN+1))∗Q(iN+2)(Q(iN+2))∗)

det(Q(i1+2)) j · · · det(Q(iN+1)) j det(Q(iN+2)) j

which in their turn can be written as 

. 
y j;0,i1,i1+1,i1+2,0,i1,i1+1,i1+2,...,0,iN ,iN+1,iN+2

(yi1+1,i1+2 · · · yiN+1,iN+2) j
, ( j, i1, . . . , iN ) ∈ I.

So if we consider the two Families 

.(yi−1,i )i∈{1,...,n+2}, (3.78) 

.(y j;0,i1,i1+1,i1+2,...,0,iN ,iN+1,iN+2)( j,i1,...,iN )∈I , (3.79) 

then the members of Family (3.78). ∪(3.79) generate a field extension of . k of tran-
scendence degree .≥ |I |. If we consider Family 

. i )i∈{0,...,n+2}, (3.80) 

we get that the field extension of .k generated by the members of Family 
(3.78). ∪(3.79). ∪(3.80) has transcendence degree .≥ |I | + n + 3. Consider the four 
Families 

.(z j;0,i1,i1+1,i1+2,...,0,iN ,iN+1,iN+2)( j,i1,...,iN )∈I , (3.81) 

.(zi−1,i )i∈{1,...,n+2}, (3.82) 

.(z0,i )i∈{2,...,n+2}, (3.83)



128 3 Proofs of the Main Results

. i )i∈{0,n+2}. (3.84) 

We claim that the field extension of . k generated by the members of Family 
(3.81). ∪(3.82). ∪(3.83). ∪(3.84) has transcendence degree .≥ |I | + n + 3. To check 
this, we note that the field extension of . k generated by the members of Family 
(3.78). ∪(3.79). ∪(3.80) is contained in the field extension of . k generated by the mem-
bers of Family (3.81). ∪(3.82). ∪(3.83). ∪(3.84); if .i ∈ {1, . . . , n + 2} then we have 
.max{0, i} = max{i − 1, i} = i ,  s  o .Y0,i = Q(i)(Q(i))∗ = Yi−1,i , hence .y0,i = yi−1,i , 
and thus 

. i−1 = 0
zi−1,i
z0,i

.

So the field extension of. k generated by the members of Family (3.81). ∪(3.82). ∪(3.83) 
has transcendence degree .≥ |I | + n + 1. Consider the three Families 

.(E( f j;0,i1,i1+1,i1+2,...,0,iN ,iN+1,iN+2
j
0 · · · j

iN+2)( j,i1,...,iN )∈I , (3.85) 

.(E( fi−1,i i−1 i )i∈{1,...,n+2}, (3.86) 

.(E( f0,i 0 i )i∈{2,...,n+2}. (3.87) 

By Eq. (3.73) and Remark 3.7.5 it follows that the field extension of .K gener-
ated by the members of Family (3.85). ∪(3.86). ∪(3.87) has transcendence degree 
.≥ |I | + n + 1. By the Serre–Tate expansion principle (Proposition 3.5.1(b)) the .R-
algebra homomorphism 

. 

w≤0
I

n+2
g (w)→ R[[T, . . . , T (n+2)]][ 0 n+2]

defined by 

. f E( f ) · c0
0 · · · cn+2

n+2, f ∈ I
n+2
g (w), w = −

n+2

j=0
c jφ

j ≤ 0,

is injective. Consider the three Families 

.( f j;0,i1,i1+1,i1+2,...,0,iN ,iN+1,iN+2)( j,i1,...,iN )∈I , (3.88) 

.( fi−1,i )i∈{1,...,n+2}, (3.89) 

.( f0,i )i∈{2,...,n+2}. (3.90) 

The field extension of.K generated by the members of Family (3.88). ∪(3.89). ∪(3.90) 
has transcendence degree .≥ |I | + n + 1 and we conclude by Eq. (3.76). .
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3.7.3 Applications to Some Loci in . Ag,1,N,R

We end by showing that certain remarkable Zariski dense loci in .Ag,1,N ,R are con-
tained in zero loci of Hecke covariant Siegel .δ-modular forms. 

We say that two matrices .M1, M2 ∈MatMatMatg(R) pseudo-commute if there exists 
a unit .c ∈ R× such that .M1M2 = cM2M1.  Fo  r .(A, θ, ω) ∈MMMg(R), we recall 
that .End(A, θ)(p) is the subring of .End(A) generated by all polarized isogenies 
.u : A→ A. Consider the map 

. [ ]ω : End(A, θ)(p)→MatMatMatg(R)

defined by the rule .u → [u]ω, where the matrix .[u]ω is uniquely determined by 
the identity .u∗ω = [u]ωω. We claim that .[ ]ω is a ring monomorphism. Indeed, 
embedding .R into the complex field . C we are reduced to checking the claim for . R
replaced by . C; however, in this case, our claim follows from the fact that for each 
abelian variety .A over . C, the endomorphism ring .End(A) is the ring of .C-linear 
endomorphisms of .H 0(A(C ∗ that send the lattice .H1(A(C), Z) into itself. 

Lemma 3.7.7 Let .Fa1,...,a2s be an arbitrary matrix cyclic product and recall 
that . fa1,...,a2s ∈ I

r
g(−(

2s
i=1 φai )) is its trace (see Display (3.71)). Then for every 

.(A, θ, ω) ∈MMMg(R) the following properties hold. 

(a) The matrix .Fa1,...,a2s (A, θ, ω) ∈MatMatMatg(R) pseudo-commutes with each matrix 
of the form .Mφa1 with .M ∈ Im([ ]ω). 

(b) If. fa1,...,a2s (A, θ, ω) 0, then part (a) holds with ‘pseudo-commutes’ replaced 
by ‘commutes’. 

Proof Part (a) follows from Eq. (3.69). 
Part (b) also follows by taking traces in Eq. (3.69) and using part (a). . 

Theorem 3.7.8 For each integer .s ≥ 2 and every nonnegative distinct integers 
.a1, . . . , a2s there exists a nonzero .δ-modular form 

. Da1,...,a2s ∈ Ig(−(g2 − g + 1)
2s

i=1
φai )

such that for all .(A, θ, ω) ∈MMMg(R), if we have .Da1,...,a2s (A, θ, ω) 0, then the ring 
.End(A, θ)(p) is commutative. 

Proof For a monic polynomial .C(t) = t g + c1t g−1 + · · · + cg ∈ B[t] with coeffi-
cients in a ring .B let .Disc0g(C(t)) := Discg(1, c1, . . . , cg) ∈ B, where .Discg is the 
discriminant of the generic binary (i.e., in. 2 indeterminates) form of degree. g.  Also  for  
a  matrix.M ∈MatMatMatg(B) we let .χM(t) := det(t · 1g − M) ∈ B[t] be its characteristic 
polynomial. We can assume that .a1 < · · · < a2s . 

Define
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. Da1,...,a2s := Disc0g(χFa1 ,...,a2s (t)) ∈ Mg

where .Fa1,...,a2s is the corresponding matrix cyclic product. Note that the coeffi-
cients .c1, . . . , cg of .χFa1 ,...,a2s (t) belong to .Mg and, by Newton’s formulas, for each 
. j ∈ {1, . . . , g}, .c j multiplied by a suitable power of . p is a weighted homogeneous 
polynomial of degree . j , with integer coefficients, in the forms .Tr((Fa1,...,a2s )a), 
.a ∈ {1, . . . , j}, with respect to the weights .1, . . . , j . Thus for each . j we have 
.c j ∈ Ig(− j 2s

i=1 φai ).  Als  o .Disc0g is a weighted homogeneous polynomial of 
degree .g(g − 1), with respect to the weights .1, . . . , g. Therefore, it follows that 
.Da1,...,a2s ∈ Ig(−g(g − 1) 2s

i=1 φai ). Set 

. Da1,...,a2s := fa1,...,a2s Da1,...,a2s .

Note that, by Lemma 3.7.7(b), if .Da1,...,a2s does not vanish at some triple 
.(A, θ, ω) ∈MMMg(R), then every element of .φa1(Im([ ]ω)) commutes with the matrix 
.Fa1,...,a2s (A, θ, ω) that has distinct eigenvalues. Hence .φa1(Im([ ]ω)) is contained in 
an abelian.R-subalgebra of.MatMatMatg(R). In order to conclude the proof we need to check 
that .Da1,...,a2s 0. It suffices to show that the image .E(Da1,...,a2s ) of . E(Da1,...,a2s )

via the reduction modulo . p homomorphism between rings of polynomials 

. R[Q(1), . . . , Q(2s)] → k[Q(1), . . . , Q(2s)]

is nonzero. But, by Theorem 3.6.16(a), we have 

. E( f r
g,crys) ≡ φr−1

mod p

hence, using Displays (3.67), (3.68), (3.70), and (3.72) and the equalities 

. max{a1, a2} = a2, . . . ,max{a2s−1, a2s} = max{a2s, a1} = a2s

we get that the mentioned image equals the polynomial 

. Disc0g(χQ(a2)(Q(a3))∗···Q(a2s−2)(Q(a2s−1))∗Q(a2s )(Q(a2s ))∗(t)).

As .s ≥ 2, evaluating the matrices of indeterminates .Q(a3), . . . , Q(a2s ) at .1g we get 
the nonzero polynomial .Disc0g(χQ(a2) (t)),  s  o .Da1,...,a2s 0. . 

Theorem 3.7.9 Let .s ≥ 2 be an integer and let 

. a1 < · · · < a2s and b1 < · · · < b2s

be nonnegative integers such that .a1 = b1 and .{a2, a3} ∩ {b2, b3} = ∅. Define 

.mg :=
g−1

j=1
j

g

j
, wa :=

2s

i=1
φai , wb :=

2s

i=1
φbi .
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Then there exists a nonzero .δ-modular form 

. G ∈ Ig(−(mg + 1)(wa + wb))

such that for all.(A, θ, ω) ∈MMMg(R) with.G(A, θ, ω) 0, the polarized isogeny class 
of .(A, θ) is indecomposable. 

Proof For a ring . C ,  matri  x .M ∈MatMatMatg(C) and integer . j ∈ {1, . . . , g − 1} let 
.M∧ j ∈MatMatMat(g

j)
(C) be the matrix representation of the . j-th wedge power of the .C-

linear endomorphism of .Cg defined by .M with respect to the standard basis 

. {ei1 ∧ · · · ∧ ei j |1 ≤ i1 < · · · < i j ≤ g}

of . j Cg ordered lexicographically, where .{e1, . . . , eg} is the standard basis of .Cg . 
For .M1, M2 ∈MatMatMatg(C) we have .(M1M2)

∧ j = M∧ j
1 M∧ j

2 and we set 

. j (M1, M2) := det(M∧ j
1 M∧ j

2 − M∧ j
2 M∧ j

1 ) ∈ C.

Consider the matrix cyclic products 

. Fa := Fa1,...,a2s , Fb := Fb1,...,b2s .

As.a1 = b1 the products .Fa Fb and .Fb Fa are also matrix cyclic products: 

. Fa Fb = Fa1,...,a2s ,b1,...,b2s , Fb Fa = Fb1,...,b2s ,a1,...,a2s .

Define .G j := j (Fa, Fb) ∈ Ig , . j ∈ {1, . . . , g − 1}.  Using  Eq.  (2.28) one easily 
checks that 

. G j ∈ Ig(− j
g

j
(wa + wb)).

Thus . g−1
j=1 G j ∈ Ig(−mg(wa + wb)). From this and Display (3.71) we get: 

. G := fa1,...,a2s fb1,...,b2s

g−1

j=1
G j ∈ Ig(−(mg + 1)(wa + wb)).

We claim that . G has the desired properties. We first prove that . G is nonzero. It is 
enough to check that each .G j is nonzero. 

As in the proof of Theorem 3.7.8 it is enough to show that the image .E(G j ) of 
.E(G j ) in the ring .k[Q(1), . . . , Q(max{a2s ,b2s })] is nonzero. Evaluating the matrices of 
indeterminates .Q(a4), . . . , Q(a2s ) and .Q(b4), . . . , Q(b2s ) at .1g one gets the expression 

.G j := j (Q(a2)(Q(a3))∗, Q(b2)(Q(b3))∗).
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As .{a2, a3} ∩ {b2, b3} = ∅ the entries of the symmetric matrices .Q(a2), .(Q(a3))∗, 
.Q(b2), .(Q(b3))∗ that are above and on the diagonal are algebraically independent. 
So it is enough to find symmetric matrices .A2, A3, B2, B3 ∈MatMatMatg(k) such that 
. j (A2 A∗3, B2B∗3 ) 0. Each diagonalizable matrix in .GLGLGLg(k) is a product of two 
symmetric matrices (see Remark 4.1.19). So it is enough to find two diagonal-
izable matrices .D1, D2 ∈ GLGLGLg(k) such that . j (D1, D2) 0. This follows from 
Lemma 4.1.14 and from the fact that the set of diagonalizable matrices is Zariski 
dense in the set of all matrices. 

To end our proof we need to show that if the polarized isogeny class .(A, θ) is 
decomposable then .G(A, θ, ω) = 0 for all . ω. By Hecke covariance we may assume 
.(A, θ) = (A1, θ1)×Spec(R) (A2, θ2) and we may take.ω = (pr∗1(ω1), pr∗2(ω2))

t where 
.pr1, pr2 are the projections of .A onto .A1, A2 (respectively) and .ω1, ω2 are column 
bases of .1-forms on.A1, A2 (respectively). For .m ∈ Z let .[m]i : Ai → Ai , . i ∈ {1, 2}
be the multiplication by .m on .Ai . Then we may consider the polarized isogenies, 

. [1]1 × [1]2, [1]1 × [−1]2 : A→ A.

Their sum .u := [2]1 × [0]2 belongs to .End(A, θ)(p).  Le  t .g1 and .g2 be the relative 
dimensions of .A1 and .A2 so the relative dimension of .A is .g = g1 + g2. Note that 

the matrix .[u]ω of . u with respect to . ω has the block form .
2 · 1g1 0g1×g2
0g2×g1 0g2×g2

where, 

for .i, j ∈ {1, 2}, we denoted by .0gi×g j the .gi × g j matrix with zero entries. By 
Lemma 3.7.7(b) this matrix commutes with .Fa(A, θ, ω) and .Fb(A, θ, ω) hence the 

latter matrices have entries in . R and a block form .
0

0
so the endomorphisms 

over .K defined by these matrices have a common invariant subspace of dimension 
.g1 ∈ {1, . . . , g − 1}. By Lemma 4.1.15 we get . j (Fa(A, θ, ω), Fb(A, θ, ω)) = 0, 
hence .G(A, θ, ω) = 0. . 

3.8 On . p-Adic Approximation 

In this section we show how to.p-adically approximate elements of.Ir
g,ord by quotients 

of elements in . I
r
g . We begin by introducing some new notation and concepts. 

Let 
. Weven(r) := {w ∈ W (r)|deg(w) ∈ 2Z}

and let .D ⊂ Ig be a multiplicative set such that the following two conditions hold. 

(1) We have .D ⊂ ∪∞r=1 ∪w∈Weven(r) I
r
g(w)\pI

r
g(w). 

(2) We have .D
φ ⊂ D. 

Definition 3.8.1 An element. f ∈ D
−1

Ig is said to have weight.w ∈ W if there exist 
.r ∈ N, .v ∈ Weven(r), .F ∈ I

r
g(v + w), and .G ∈ D ∩ I

r
g(v), such that . f = G−1F .
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We denote by .(D−1Ig)(w) the .R-submodule of .D−1Ig of elements of weight . w. 

Definition 3.8.2 An element . f ∈ D
−1

Ig,ord is said to have weight .w ∈ W if there 
exist .r ∈ N, .v ∈ Weven(r), .F ∈ I

r
g,ord(v + w), and .G ∈ D ∩ I

r
g,ord(v), such that 

. f = G−1F . 

We denote by.(D−1Ig,ord)(w) the.R-submodule of.D−1Ig,ord of elements of weight 
. w. Note that if a nonzero element of .D−1Ig or .D−1Ig,ord has a weight . w, then .w is 
uniquely determined. 

Definition 3.8.3 Fix a pair .(w ,w ) ∈W ×W . We say that a quotient .δ-modular 
function . f ∈ D

−1Mgg has weight .(w ,w ) if there exists .r ∈ N and a triple 

. (w, F, G) ∈ Weven(r)× Mr
gg × (Ir

g(w)\pI
r
g(w))

such that the following two conditions hold: 

(i) we have . f = G−1F ; 

(ii) for each .S ∈ Ob(FilRingδ), for all .(A, θ, ω) ∈MMMg(S0) and all .λ ∈ GLGLGLg(S0) we 
have 

. F(A, θ, λω, S) = det(λ)−w · χw (λ) · F(A, θ, ω, S) · χw (λ)t.

Note that if conditions (i) and (ii) hold and .(w̃, F̃, G̃) is another triple in the set 
.Weven(r)× Mr

gg × (Ir
g(w)\pI

r
g(w)) such that condition (i) holds for .(F̃, G̃), then 

condition (ii) holds for .(w̃, F̃). 
We denote the .R-submodule of .D−1Mgg of all elements of weight .(w ,w ) by 

. (D−1Mgg)(w ,w ).

Similar definitions can be made for .D−1Mgg,ord in place of .D−1Mgg .  As  in  the  
case of Definition2.3.12,  fo  r .g ≥ 2 a nonzero element of .D−1Mgg or . D−1Mgg,ord

could theoretically have two different weights .(w ,w ) and we do not know if the 
sum.w + w is uniquely determined. 

If . f ∈ (D−1Mgg)(w ,w ) ∩ (D−1Mgg)
×, then . f −1 ∈ (D−1Mgg)(−w ,−w ). 

Definition 3.8.4 Let .n ∈ N.  Le  t .{ f1, . . . , fn} be a set of elements in . (D−1Mgg,ord)
×

that have weights in .W ×W and let .(w ,w ) ∈W ×W .  By  a  coherent product of 
elements in .{ f1, . . . , fn} of weight .(w1, w2) we mean a product of the form 

. f •1 f •2 · · · f •N ∈ (D−1Mgg,ord)(w ,w ) ∩ (D−1Mgg,ord)
×

for which the following two conditions hold: 

(i) for each .i ∈ {1, . . . , N } there exist . j ∈ {1, . . . , n} and an integer .s ≥ 0 with the 
property that . f •i equals either . f φs

j or .( f φs

j )t;
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(ii) for each.i ∈ {1, . . . , N } there exists.(wi , wi ) ∈W ×W such that the form. f •i has 
weight .(wi , wi ) and moreover .w1 = w , .wN = w , and for all . i ∈ {1, . . . , N − 1}
we have .wi + wi+1 = 0. 

Note that if . f1, . . . , fn ∈ (D−1Mgg)
×, then, in the notation above, we have: 

. f •1 f •2 · · · f •N ∈ (D−1Mgg)(w ,w ) ∩ (D−1Mgg)
×.

Definition 3.8.5 Let .n ∈ N.  Le  t .{ f1, . . . , fn} be a set of elements in . (D−1Mgg,ord)
×

that have weights in.W ×W and let.(w ,w ) ∈W ×W .  Le  t. π belong to the.p-adic 

completion .D
−1Mgg,ord. 

(a) We say .π is a coherent combination of elements in .{ f1, . . . , fn} of weight 
.(w ,w ) if we have a series representation.π = ∞

i=0 aiπi where the sequence. (ai )i≥0
in .R converges to . 0 in the .p-adic topology and each .πi ∈ D

−1Mgg,ord(w ,w ) is a 
coherent product of elements in .{ f1, . . . , fn} of weight .(w ,w ). 

(b) We say that . π is regular if in a series representation of it as in part (a) we can 
choose .a0 /∈ mR and .ai ∈ mR for all .i ≥ 1. 

(c) We say that . π is finite if in a series representation of it as in part (a) we can 
choose .ai = 0 for all but finitely many . i . 

If . f1, . . . , fn belong to .(D−1Mgg)
×, then . π comes from an element in .D−1Mgg; 

if, in addition, . π is finite, then . π comes from an element in .D
−1Mgg. 

In the notation above we have the following result. 

Lemma 3.8.6 We assume .n ≥ 2. Let . π1 be a coherent product of elements in the set 

. := { f2, . . . , fn, f −12 , . . . , f −1n },

of weight .(w ,w ), and let . π2 be a coherent combination of elements in the set 
. ∪ { f1}, of the same weight .(w ,w ). Then 

. (π1 + p · π2)
−1 = π−11 + p · π3

where . π3 is a coherent combination of elements in the set . ∪ { f1}, of the same  
weight .(−w ,−w ) as .π−11 . In particular, .(π1 + p · π2)

−1 is regular. 

Proof Based on the identity 

. (π1 + p · π2)
−1 =

∞

i=0
(−p)i (π−11 π2)

iπ−11 ,

we can take .ai := (−p)i for .i ∈ N ∪ {0} and the lemma follows. . 

For the remaining part of this section we set . f r := f r
g,crys for .r ∈ N and assume, 

in addition to the conditions (1) and (2) above, that the multiplicative set .D also 
satisfies the third condition:
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(3) We have .det( f 1), det( f 2) ∈ D. 

For instance, as . D we could take the minimal set 

.Dmin := {det( f 1)w det( f 2)w |w ,w ∈ W+} (3.91) 

(contained in the image of the .R-algebra monomorphism .♦ : Htorus
g → Ig,ord,  see  

Theorem3.6.29(h)) or the maximal set 

. Dg := ∪∞r=1 ∪w∈Weven(r) (Ir
g(w)\pI

r
g(w)).

The key fact in what follows is that we have the equality in .I
r
g,ord(w): 

. f 2 = ( f 1)φ · f ∂ + p · ((( f ∂ )φ)−1)t · f 1. (3.92) 

Indeed, by Theorems 3.6.16(a) and 3.6.17(a), the Serre–Tate expansions of the left 
and right hand sides of Eq. (3.92) coincide. On the other hand the two sides have the 
same weight. So the equality in Eq. (3.92) holds by the Serre–Tate expansion principle 
(Proposition 3.5.1(b)). In particular, by setting . f∂ := ( f ∂ )−1,  i  n .D

−1Mgg,ord we get 
an equality 

. f ∂ = (( f 1)φ)−1 · f 2 − p · (( f 1)φ)−1 · (( f∂ )
φ))t · f 1 (3.93) 

where .(( f 1)φ)−1 · f 2 is a coherent product of elements in the set 

. := { f 1, ( f 1)−1, f 2, ( f 2)−1} (3.94) 

of weight .(−φ, 1) and .(( f 1)φ)−1 · (( f∂ )φ))t · f 1 is a coherent product of elements 
in the set 

. := { f∂ , f 1, ( f 1)−1, f 2, ( f 2)−1} = ∪ { f∂} (3.95) 

of the same weight. In particular, by Lemma 3.8.6,  i  n .D
−1Mgg,ord we have 

. f∂ = ( f 2)−1( f 1)φ + pπ1, (3.96) 

where.( f 2)−1( f 1)φ is a coherent product of elements in the set. and.π1 is a coherent 
combination of elements in the set . , both of them having weight .(−1, φ). 

Lemma 3.8.7 For every integer .n ≥ 2 there exist a finite regular coherent combi-
nation .ηn ∈ D

−1Mgg of elements in . above (see Display (3.94)) and a coherent 

combination .πn ∈ D
−1Mgg,ord of elements in . above (see Display (3.95)), both of 

weight .(−1, φ), such that in .D
−1Mgg,ord we have an identity 

. f∂ = ηn + pnπn. (3.97)
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Proof We proceed by induction on. n. The base of the induction for.n = 2 holds due 
to the Eq. (3.96). Assuming that the Eq. (3.97) holds for some.n ≥ 2, the passage from 
. n to .n + 1 is achieved by substituting all occurrences of . f∂ in .πn in that equation 
by the right-hand side of Eq. (3.96) and regrouping the terms to get the desired 
expression. . 

Corollary 3.8.8 For every integer .n ≥ 2 there exist a finite regular coherent com-
bination .η∂

n ∈ D
−1Mgg of elements in . above (see Display (3.94)) and a coherent 

combination .π∂
n ∈ D

−1Mgg,ord of elements in . above (see Display (3.95)), both of 

weight .(−φ, 1), such that in .D
−1Mgg,ord we have an identity 

. f ∂ = η∂
n + pnπ∂

n .

Proof Replace . f∂ in the right-hand side of Eq. (3.93) by the right-hand side of 
Eq. (3.97). . 

Recall the forms. f a from Display (3.11) indexed by.a ∈ N; then Corollary 3.8.8 
implies the following consequence. 

Corollary 3.8.9 For all integers .a ≥ 1 and .n ≥ 2 there exist a finite regular coher-
ent combination .η(a)

n ∈ D
−1Mgg of elements in . above (see Display (3.94)) and 

a coherent combination .π(a)
n ∈ D

−1Mgg,ord of elements in . above (see Display 

(3.95)), both of weight .(1, 1), such that in .D
−1Mgg,ord we have an identity 

. f a = η(a)
n + pnπ(a)

n .

Recall that we have .R-algebra monomorphisms 

. H
torus
g,tot

♦→ Ig,ord→ D
−1

Ig,ord→ D
−1Mg,ord→ D

−1Mg,ord

which, for .s ∈ 1
2Z, induce .R-linear maps 

. Hg(s)→ Ig,ord(−2s)→ (D−1Ig,ord)(−2s)→ D
−1

Ig,ord,

where 
. Hg(s) :=

r≥1
H

r
g(s), Ig,ord(−2s) :=

r≥1
I

r
g,ord(−2s).

Also, we have .R-algebra homomorphisms 

. D
−1

Ig → D
−1

Ig,ord→ D
−1Mg,ord→ D

−1Mg,ord,

that induce for each .w ∈ W the .R-linear maps 

.(D−1Ig)(w)→ (D−1Ig,ord)(w)→ D
−1Mg,ord.
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Lemma 3.8.10 For every .w0 ∈ W the reductions of the homomorphism 

. (D−1Ig,ord)(w0)→ D
−1Mg,ord

modulo powers of . p are injective. 

Proof Let .n ∈ N and let .G−1F ∈ (D−1Ig,ord)(w0) where .G ∈ D ∩ Ig(w) and 
.F ∈ Ig,ord(w + w0) with .w ∈ W of even degree. We assume that the image of 

.G−1F in .D−1Mg,ord belongs to the submodule .pn
D
−1Mg,ord. Then the image of 

.G−1F in .D−1Mg,ord belongs to .pn
D
−1Mg,ord. So there exist .G1 ∈ D ∩ Ig(w1), 

.H ∈ D ∩ Ig(v) for some .v,w1 ∈ W of even degree, and .F1 ∈ Mg,ord such that the 
image of .H G1F in .Mg,ord equals the image of .pn H F1G. By the flatness over 

.R condition in the definition of the objects of .FilRingδ (see Definition 2.1.8), as 

.H G1F is Hecke covariant of weight .v + w + w1 + w0, we get that .H F1G is also 
Hecke covariant of the same weight. By Corollary 3.5.3(c) we conclude that . F1

is Hecke covariant of weight .w1 + w0.  So  we  have .G−11 F1 ∈ (D−1Ig,ord)(w0).  A  s
.H G1F and.pn H G F1 coincide in .Mg,ord, they coincide in .Ig,ord(v + w + w1 + w0). 
So .G−1F = pnG−11 F1 ∈ pn(D−1Ig,ord)(w0). . 

The proof of the following elementary lemma is left as an exercise. 

Lemma 3.8.11 Let .C ⊂ B be an extension of flat .Z(p)-algebras whose reduction 
modulo . p, .C/pC → B/pB, is injective. If .b ∈ B is such that there exists . N ∈ N

with the property that .pN b belongs to the .p-adic closure of . C in . B, then . b itself 
belongs to the .p-adic closure of . C in . B. 

Here by the ‘.p-adic closure of . C in . B’ we mean the closure of . C in . B where the 
latter is equipped with its .p-adic topology. 

Lemma 3.8.12 The following properties hold. 

(a) The .R-algebra homomorphism 

. D
−1

Ig → D
−1

Ig,ord

is injective and its reduction modulo . p is injective. 

(b) The .R-algebras .D−1Ig and .D−1Ig,ord are .p-adically separated integral 
domains having . p as a prime element. 

Proof Part (a) follows from the Serre–Tate expansion principle (Proposition 3.5.1(b)) 
via localization which is an exact functor. 

Part (b) follows directly from Corollary 3.5.2(b). . 

In view of Lemma 3.8.12(a) we speak about inclusions .D−1Ig ⊂ D
−1

Ig,ord and 

.D
−1

Ig ⊂ D
−1

Ig,ord. Here are our main approximation results.
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Theorem 3.8.13 Recall that the multiplicative set . D satisfies the conditions (1) to 
(3) of this section. Then the following properties hold. 

(a) For every rational number .s ∈ 1
2Z with .gs ∈ Z, the image of the .R-linear map 

.Hg(s)→ (D−1Ig,ord)(−2s) is contained in the .p-adic closure of the image of the 

.R-linear map 
. (D−1Ig)(−2s)→ (D−1Ig,ord)(−2s).

(b) For every.w ∈ W , the image of.det( f ∂ )w ∈ Ig,ord((φ − 1)w) in the localization 
.(D−1Ig,ord)((φ − 1)w) is contained in the .p-adic closure of the image of 

. (D−1Ig)((φ − 1)w)→ (D−1Ig,ord)((φ − 1)w).

(c) We have 

. D
−1

Ig = D
−1

Ig,ord.

Proof We start by proving part (a). Part (b) can be proved by an entirely similar 
argument. 

In view of Lemma 3.8.10 and Theorem 3.6.20(b) it is enough to show that the 

image in .D−1Mg,ord of each element of .Ir
g,ord(−2s) of the form .F( f 1 , . . . , f r ), 

where .F ∈ H
r−1
g (s),  is a .p-adic limit of images of elements in .(D−1Ig)(−2s). 

Fix such an .F and an integer .n ≥ 1. We seek an element . F[n] ∈ (D−1Ig)(−2s)

whose image in the ring .D−1Mg,ord differs from the image of .F( f 1 , . . . , f r ) by 

an element in .pn
D
−1Mg,ord. 

By Corollary 3.8.9 there exist finite regular coherent combinations 

. η(1)
n , . . . , η(r−1)

n ∈ D
−1Mgg =MatMatMatg(D

−1Mg)

of elements in . above (see Display (3.94)) of weight .(1, 1) such that 

.F( f 1 , . . . , f r−1 ) ≡ F(η(1)
n , . . . , η(r−1)

n ) mod pn (3.98) 

in the ring .D
−1Mg,ord. The elements .η(a)

n can be written as 

.η(a)
n = G−1 n,a (3.99) 

where .G ∈ Dmin (see Eq. (3.91)) is of some weight .w ∈ W of even degree and 
. n,a ∈ Mgg are such that they satisfy the following two conditions. 

(i) For each triple.(S, (A, θ, ω), λ) ∈ Ob(FilRingδ)×MMMg(S0)×GLGLGLg(S0) we have: 

. n,a(A, θ, λω, S) = det(λ)−w · λ · n,a(A, θ, ω, S) · λt. (3.100)



3.9 Flows on Affine Ordinary Loci 139

(ii) For each .S ∈ Ob(FilRingδ) and every triple .(x1, x2, u) ∈MMMg(S0), where 
.x1 = (A1, θ1, ω1),.x2 = (A2, θ2, ω2),.uut = d ∈ N\pN, and.u∗ω2 = ω1, the follow-
ing equality holds: 

. n,a(A2, θ2, ω2, S) = d−1+
g·deg(w)

2 · n,a(A1, θ1, ω1, S). (3.101) 

Condition (i) follows from the fact that . f 1 and . f 2 have weights .(φ, 1) and .(φ2, 1), 
respectively. Condition (ii) follows from the Hecke covariance of . f 1 and . f 2 (see 
Eq. (2.23)). As .F is homogeneous of degree .gs,  by  Eq  . (3.99) we get that 

.F(η(1)
n , . . . , η(r−1)

n ) = (Ggs)−1 := F n,1 n,r−1) ∈ Mg. (3.102) 

Using Eq. (3.100) we get that for every triple .(S, (A, θ, ω), λ) as in condition (i) 
above we have 

. A, θ, λω, S) = det(λ)2s−gsw · A, θ, ω, S).

Thus. has weight .gsw − 2s. Also, by Eq. (3.101), for every . S and.(x1, x2, u) as in 
condition (ii) above we have 

. A2, θ2, ω2, S) = dgs(−1+ g·deg(w)

2 ) A1, θ1, ω1, S).

By Eq. (2.23) we get that. ∈ I
r
g (gsw − 2s) for some.r ∈ N. (Note that a priori one 

cannot take .r = r .) Thus we have .(Ggs)−1 ∈ (D−1Ig)(−2s). Then the element 
.F[n] := F(η(1)

n , . . . , η(r−1)
n ) has the desired properties in view of Eqs. (3.98) and 

(3.102). 
By parts (a) and (b), the image .Im(Htorus

g,tot → D
−1

Ig,ord) (see Theorem 3.6.29(a)) 
is contained in the .p-adic closure of .D−1Ig in .D−1Ig,ord. By Lemmas 3.8.11 and 
3.8.12(a), we get that every element of .D−1Ig,ord is contained in the .p-adic closure 
of .D−1Ig in .D−1Ig,ord.  Now,  by  Lemma3.8.12(a) again, each Cauchy sequence in 
.D
−1

Ig,ord which is contained in .D−1Ig is as well a Cauchy sequence in .D−1Ig .  We  

conclude that every element of .D
−1

Ig,ord that belongs to .D−1Ig,ord is contained in 

.D
−1

Ig . This implies that part (c) holds. . 

3.9 Flows on Affine Ordinary Loci 

In this section we show that the form . f 1g,crys induces .δ-flows in the sense recalled 
below on affine open subschemes of.Xord whose reductions modulo. p are nonempty; 
the main result (see Theorem 3.9.12) will be used to prove in the next section a 
Reciprocity Theorem for .CLR points for every .g ≥ 1.
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Definition 3.9.1 Let .X be an affine smooth scheme over .Spec(R) and let . J 1(X)

be its first .p-jet space. Following [Bu17], Ch. 3, Sect. 3.6, Def. 3.122, an ideal . a of 
.O(J 1(X)) is called a .δ-flow on .X if the composite projection 

. Z1(a) := Spf(O(J 1(X))/a) ⊂ J 1(X)→ X

is an isomorphism. 

By the universal property of .p-jet spaces, giving a .δ-flow on .X is equivalent to 
giving a .p-derivation on .O(X). (The notion of .δ-flow was suggested by the analogy 
between .p-derivations and vector fields which was in the background of [Bu95a, 
Bu05].) 

Remark 3.9.2 If . a is a .δ-flow on . X , then for all integers .n ≥ 1 the projection 

. Zn(a) := Spf(O(J n(X))/(a, δa, . . . , δn−1a)) ⊂ J n(X)→ X

is an isomorphism. To check this we show that the .R-algebra homomorphism 
.O(X)→ O(Zn(a)) is an isomorphism. To check the injectivity we note that, 
by the universal property of .p-jet spaces, the .p-derivation on .O(X) defines a 
right inverse (retraction) .O(J n(X))→ O(X) of the .R-algebra homomorphism 
.O(X)→ O(J n(X)); but clearly this right inverse factors through an .R-algebra 
homomorphism.O(Zn(a))→ O(X)which is a right inverse for.O(X)→ O(Zn(a)). 
Hence.O(X)→ O(Zn(a)) is injective. We check that the.R-algebra homomorphism 
.O(X)→ O(Zn(a)) is surjective by induction on .n ∈ N. The case .n = 1 is our .δ-
flow hypothesis. Now assume the statement for some .n ≥ 1 and take an element 
. u of .O(Zn+1(a)).  S  o . u is a .p-adic limit of elements of the form . v and .δw with 
.v,w ∈ O(Zn(a)). By the induction hypothesis . v and .w come from elements of 
.O(X). Hence .δw comes from an element of .O(Z1(a)). By case .n = 1, .δw comes 
then from an element of .O(X). Thus . u comes from an element of .O(X). This ends 
the induction. 

Our next purpose is to show that Hecke covariant Siegel .δ-modular forms of 
weight .(φ, 1) naturally define .δ-flows on .Xord ⊂ X . We first introduce a few extra 
concepts on .δ-flows. 

Let. X be a smooth affine scheme over.Spec(R) of relative dimension. d. Assume. X̄
is irreducible. Let . f = ( f1, . . . , fd) ∈ O(J 1(X))d . Assume furthermore there exist 
étale coordinates .τ = (τ1, . . . , τd) ∈ O(X)d , i.e., their corresponding morphism of 
.R-schemes .τ : X → A

d
R is étale. 

For a .d-tuple of indeterminates .τ := (τ1, . . . , τd),  le  t

. O(X)[τ ] := O(X)[τ1, . . . , τn]

be the polynomial .O(X)-algebra in the entries of . τ ; we also view .τ as an element 
of .O(X)[τ ]d .  By [Bu95a], Prop. 1.4 we have an .O(X)-algebra isomorphism
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. O(X)[τ ] O(J 1(X))

that maps .τi to .δτi for .i ∈ {1, . . . , d}. 
Definition 3.9.3 We say . f is quasi-linear with respect to . τ if there exist 

. (Li j )1≤i, j≤d ∈ GLGLGLd(O(X)), (E1, . . . , Ed) ∈ O(X)d , (J1, . . . , Jd) ∈ O(J 1(X))d

such that for all .i ∈ {1, . . . , d},  insid  e .O(J 1(X)) we have 

. fi =
d

j=1
Li jτ j + Ei + p Ji . (3.103) 

Next consider a point .P ∈ X (R), .P : Spec(R)→ X , and an isomorphism 
between the completion of .X along the image of .P (i.e., the completion of the 
local ring of. X at its.k-valued closed point defined by. P) and the formal power series 
ring.R[[z]] := R[[z1, . . . , zd ]]where.z := (z1, . . . , zd) is a.d-tuple of indeterminates 
to be called formal coordinates at. P . For simplicity we view this isomorphism as an 
identification. 

We also assume that the image of .P under the map .τ(R) : X (R)→ A
d(R) is 

.0 ∈ A
d(R).  Le  t .R[[z]][z ] := R[[z]][z1, . . . , zd ] where .z := (z1, . . . , zd) is a .d-

tuple of new indeterminates. We have an .R-algebra isomorphism (which we view 
also as an identification) .R[[τ ]] := R[[τ1, . . . , τd R[[z]] induced by the com-
posite.R-algebra homomorphism.R[τ1, . . . , τd ] → O(X)→ R[[z]];  le  t. Si ∈ R[[τ ]]
be the image of .zi for .i ∈ {1, . . . , d}.  Le  t .R[[τ ]][τ ] := R[[τ ]][τ1, . . . , τd ] and let 
.δ : R[[τ ]] → R[[τ ]][τ ] be the unique.p-derivation relative to the inclusion such that 
.δτi = τi for .i ∈ {1, . . . , d}. So we have a natural .R-algebra composite homomor-
phism 

.O(J 1(X))→ O(X)[τ ] → R[[τ ]][τ ] → R[[z]][z ] (3.104) 

where the first and the third homomorphisms are isomorphisms, the inverse of the 
last isomorphism mapping .zi to .δSi for .i ∈ {1, . . . , d}; it is injective as .J 1(X) is 
irreducible and smooth over . k. 

Definition 3.9.4 We say . f is formally quasi-linear at . P with respect to . z if there 
exist 

. (ui j )a≤i, j≤d ∈ GLGLGLd(R[[z]]), (V1, . . . , Vd) ∈ R[[z]]d , (W1, . . . , Wd) ∈ R[[z]][z ]d

such that for all .i ∈ {1, . . . , d} we have the following equality in the ring.R[[z]][z ]: 

. fi =
d

j=1
ui jτ j + Vi + pWi .
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Our terminology comes from the analogy with classical differential equations 
where quasi-linearity means ‘linearity in the derivatives’. 

Clearly, if . f is quasi-linear with respect to . τ , it is also formally quasi-linear at . P
with respect to. z. We have the following partial converse of this which is an extension 
of [BPII], Lem. 4.66. 

Lemma 3.9.5 Let .X, P, f, τ, z be as above. Assume . f is formally quasi-linear at . P
with respect to . z. Then there exists an affine open subscheme . Y of . X that contains . P
and such that the image of . f in .O(J 1(Y ))d is quasi-linear with respect to the image 
of . τ in .O(Y )d . 

Proof We view the.R-algebra monomorphism.O(J 1(X))→ R[[z]][z ] as an inclu-
sion (see Diagram (3.104)). For.α = (α1, . . . , αd) ∈ Z

d
≥0 and. b = (b1, . . . , bd) ∈ Bd

with . B a ring, we write .bα := bα1
1 · · · bαd

d ∈ B.  Fo  r .i ∈ {1, . . . , d} we write 

. Si := Si (τ ) = zi =
α∈Zd

≥0

cαiτ
α ∈ R[[τ ]],

where each .cαi ∈ R.  Le  t .τ p := (τ
p
1 , . . . , τ

p
d ) ∈ O(X)d and consider the .d-tuple 

.τ p + pτ ∈ O(X)[τ ]d . Then 

. zi =
1

p

⎡

⎢⎣
α∈Zd≥0

cφ
αi (τ

p + pτ )α −
⎛

⎜⎝
α∈Zd≥0

cαi τ
α

⎞

⎟⎠

p⎤

⎥⎦ =
d

j=1
(∂Si /∂τ j )

pτ j + ai + pbi

for some .ai ∈ R[[τ ]] and .bi ∈ R[[τ ]][τ ]. Denoting by . f̄i the reduction modulo . p
of . fi , we get the identity 

. f i =
d

j=1
li jτ j + ai (3.105) 

in.k[[τ ]][τ ], where.ai ∈ k[[τ ]] is the reduction modulo. p of.ai and for the reduction 

. (ui j )1≤i, j≤d ∈ GLGLGLd(k[[z]]) = GLGLGLd(k[[τ ]])

of .(ui j )1≤i, j≤d modulo . p, we denote 

. li j :=
d

m=1
uim · (∂Sm/∂τ j )

p ∈ k[[τ ]].

Here.∂Sm/∂τ j ∈ k[[τ ]] is the reduction modulo. p of.∂Sm/∂τ j ∈ R[[τ ]]. On the other 
hand we have 

. f i ∈ O(X)[τ ] ⊂ k[[τ ]][τ ].
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As .li j , ai ∈ k[[τ ]], from Eq. (3.105) we get that 

. li j , ai ∈ O(X).

Choose.Li j , Ei ∈ O(X) that lift.li j , ai respectively. Then Eq. (3.103) holds for some 
.Ji ∈ O(J 1(X)) as .O(J 1(X))→ k[[τ ]][τ ] is a .k-algebra monomorphism. As the 
matrices 

. (ui j (0))1≤i, j≤d , ((∂Si/∂τ j )(0))1≤i, j≤d ∈MatMatMatd(R)

are invertible so is .(Li j (P))1≤i, j≤d ∈MatMatMatd(R). We conclude by taking . Y to be the 
nonzero locus of the determinant of the matrix .(Li j )1≤i, j≤d ∈MatMatMatd(O(X)). . 

Remark 3.9.6 With.X, f, τ as in the part preceding Lemma 3.9.5, we consider addi-
tional étale coordinates .τ̃ = (τ̃1, . . . , τ̃d) ∈ O(X)d .  I  f . f is quasi-linear with respect 
to . τ̃ , then it is also quasi-linear with respect to . τ . To check this, let .P ∈ X (R). 
Compositing .τ and .τ̃ with translations of .Ad we may assume that the maps 
.X (R)→ A

d(R) = Rd induced by . τ and . τ̃ map .P into . 0. Then we take .[z] such 
that we have .R[[z]] = R[[τ̃ ]] := R[[τ̃1, . . . , τ̃d ]].  A  s . f is quasi-linear with respect 
to . τ̃ , it is formally quasi-linear at .P with respect to . z at . P . Based on the proof of 
Lemma 3.9.5 we have.Ȳ = X̄ , as the matrix.(l̄i j )1≤i, j≤n ∈MatMatMatd(O(X̄)) is invertible. 

The link between quasi-linearity and .δ-flows is given by the following lemma. 

Lemma 3.9.7 Let .X, f, τ be as in the part preceding Lemma3.9.5. Assume . f is 
quasi-linear with respect to. τ . Then the ideal . a of.O(J 1(X)) generated by the entries 
of . f is a .δ-flow on . X. 

Proof Recall that.Z1(a) = Spf(O(J 1(X)/a)) and that. means the reduction mod-
ulo . p of . . It is enough to check that the projection 

. Z1(a) ⊂ J 1(X)→ X

is an isomorphism; but this is clear from the definition of quasi-linearity. . 

We denote by .(AX , θX ) the universal principally polarized abelian scheme over 
.X = Ag,1,N ,R . For a scheme .X over . X ,  le  t .(AX , θX ) := X ×X (AX , θX ). Until 
Sect. 3.10 we let .d := g(g+1)

2 be the relative dimension of .X over . R. 
For each ring . B and matrix .M = (mi j )1≤i, j≤g ∈MatMatMatg(B), we define the .d-tuple 

. 
−−→
Mupp := (m11, m12, . . . , m1g, m22, . . . , m2g, m33, . . . , mgg) ∈ Bd

whose entries .mi j with .1 ≤ i ≤ j ≤ g are listed in the lexicographic order.
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Lemma 3.9.8 There exists an affine open subscheme .Y ⊂ X which admits étale 
coordinates . τ , for which . Y is nonempty, for which the abelian scheme .AY has a 
column basis .ωY of .1-forms on .AY/Y and such that for the matrix 

. fY := f 1g,crys(AY , θY , ωY ,O∞(Y)) ∈MatMatMatg(O(J 1(Y)))

the following properties hold. 

(a) The .d-tuple .
−−→
f upp
Y ∈ O(J 1(Y))d is quasi-linear with respect to . τ . 

(b) The ideal . a generated by the entries of the matrix . fY is equal to the ideal . aupp

generated by the entries of the .d-tuple .
−−→
f upp
Y .2 

(c) The ideal . a is a .δ-flow on . Y . 

Proof We recall that .(A0, θ0, e) is as in Display (3.3). Equipping .(A0, θ0) with 
a symplectic similitude level-.N structure, we get a .k-valued point .P0 of . X .  Le  t
.P ∈ X (R) be the.R-valued point which is the canonical lift of .P0, i.e., is defined by 
the canonical lift .AP of .A0. 

We take .X ⊂ X to be an affine open subscheme that admits étale coordi-
nates . τ and contains . P . We denote .T11, T12, . . . , T1g, T22, . . . , T2g, T33, . . . , Tgg by 
.z1, . . . , zd and for .1 ≤ j < i ≤ g we will use as before .Ti j := Tji ;  s  o .T t = T and 
.R[[z]] = R[[T ]] = S0

for is as before. Let .ωS0
for
be the column basis of .1-forms on the 

corresponding abelian scheme .AS0
for

/Spec(S0
for) that is attached to . e. The restriction 

.ωP of .ωS0
for
to .AP is obtained from.ωS0

for
by setting .T = 0. Replacing .X by  a  smaller  

open subscheme we can assume there exists a column basis.ωX of.1-forms on. AX/X
whose restriction to .AP equals .ωP .  So  we  h  ave

. ωX = λ · ωS0
for

, λ = λ(T ) ∈ GLGLGLg(S0
for), λ(0) = 1g.

Write .λ = (λi j )1≤i, j≤g , .λi j = λi j (T ). Replacing . f by a .R×-multiple of it and using 
the homogeneity property of . f = f 1g,crys and Theorem 3.6.16(a), we get that 

. fX := f (AX , θX , ωX ) = λ · f (AS0
for

, θS0
for

, ωS0
for

) · (λt)φ = λ · · (λt)φ.

We have 

. 
−−→
f uppX = ( fX,11, fX,12, . . . , fX,1g, fX,22, . . . , fX,2g, fX,33, . . . , fX,gg),

where for .1 ≤ i, j ≤ g we have (recall that . is symmetric)

2 It is also equal to the ideal generated by the entries of the symmetric matrix. f 1
g,crys(AY , θY , ωY ), 

provided. Y modulo. p is contained in the ordinary locus. 
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. 

fX,i j = g
m,s=1 λim msλ

φ

s j

= 1≤m<s≤g(λimλ
φ

s j + λisλ
φ

mj ms + g
s=1 λisλ

φ

s j ss .

The .d-tuple .
−−→upp is easily seen to be formally quasi-linear at .P with respect to . z. 

Recall the ring .S1
for := S0

for[T ] in Sect. 2.3.5 and write 

. 
−−→
f uppX = Q · −−→upp, Q = (qi j,ms)1≤i≤ j≤g,1≤m≤s≤g ∈MatMatMatd(S1

for),

where a .d-tuple is identified with a matrix of size .d × 1 and 

. 

qi j,ms := λimλ
φ

s j + λisλ
φ

mj for m < s,

qi j,ss := λisλ
φ

s j .

Claim 3.9.9 We have .Q = Q0 + pQ1, .Q0 ∈ GLGLGLd(S0
for) and .Q1 ∈MatMatMatd(S1

for). 

Indeed the reduction .qi j,ms ∈ S1
for = k[[T ]][T ] of .qi j,ms modulo . p is actually in 

.S0
for = k[[T ]], so we can write.qi j,ms = qi j,ms(T ) and, using the Kronecker delta, we 

have 
. qi j,ms(0) = δimδ js + δisδ jm for m < s,

and 
. qi j,ss(0) = δisδ js .

So .qi j,ms(0) = 0 for .(i, j) (m, s) and .qms,ms = 1; in other words, the reduction 

modulo . p of the matrix .Q has entries in .S0
for and its evaluation at . 0 is the identity 

matrix. This proves Claim 3.9.9. 

By Claim 3.9.9 and the fact that.
−−→upp is formally quasi-linear at . P with respect to 

. z it follows that.
−−→
f uppX is formally quasi-linear at. P with respect to. z. By Lemma 3.9.5 

there exists an affine open subscheme.Y ⊂ X as in the part (a) of the lemma, and we 

let . fY and .
−−→
f uppY be the analogs of . fX and .

−−→
f uppX (respectively). 

We prove part (b) of the lemma. Clearly .aupp ⊂ a. Thus we have closed embed-
dings 

. Z1(a) = Spf(O(J 1(Y))/a) ⊂ Z1(aupp) = Spf(O(J 1(Y))/aupp) ⊂ J 1(Y)

between formal schemes. By part (a), the projection 

.Z1(aupp) ⊂ J 1(Y)→ Y
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is an isomorphism. To prove that .a = aupp it is enough to show that the closed 
embedding .Z1(a) ⊂ Z1(aupp) is an isomorphism, hence that the closed embedding 
.Z1(a) ⊂ Z1(aupp) is an isomorphism. As .Y is reduced it is enough to show that the 
image of the composite homomorphism 

.Z1(a) ⊂ Z1(aupp)→ Y (3.106) 

contains a Zariski open sense subset. Now the ordinary locus .Yord of . Y is open and 
dense. Let.P0 ∈ Yord(k) be a.k-valued point and let.P ∈ Y(R) be the.R-valued point 
that defines the canonical lift of the abelian variety over .Spec(k) that corresponds to 
.P0.  Le  t .J

1(P ) ∈ J 1(Y)(R) be the first jet of .P . Then all the components . fY,i j of 

.
−−→
f uppY vanish at .J 1(P ) hence .J 1(P ) ∈ Z1(a)(k), and thus .J 1(P ) maps to .P0.  This  
shows that the image of the composite homomorphism (3.106) contains a dense open 
subscheme which ends our proof of part (b). 

Part (c) follows from parts (a) and (b) plus Lemma 3.9.7. . 

Lemma 3.9.10 Let .π : X → X be an étale morphism between affine smooth 
schemes over .Spec(R) and let .a ⊂ O(J 1(X)). Let .a := a ·O(J 1(X )). If . a is a 
.δ-flow on . X then . a is a .δ-flow on . X . The converse also holds provided . π is surjec-
tive. 

Proof As. π is étale, based on [Bu95a], Prop. 1.4, we have an isomorphism 

. J 1(X ) J 1(X)×X X .

Hence .Z1(a ) Z1(a)×X X . Clearly, if .Z1(a)→ X is an isomorphism, then 
.Z1(a )→ X is an isomorphism; the converse also holds if . π is surjective because 
then . π is faithfully flat. . 

Corollary 3.9.11 Let .X1, X2, Y be affine smooth schemes over .Spec(R) and let 

. X1
π1←− Y

π2−→ X2

be étale morphism with .π1 surjective. For .m ∈ N let .g(1) ∈ O(J 1(X1))
m and 

.g(2) ∈ O(J 1(X2))
m be .m-tuples of elements (viewed as .m × 1 matrices) such that 

we have 
. π∗1 g(1) = M12 · π∗2 g(2)

for some matrix .M12 ∈ GLGLGLm(O(J 1(Y ))). Let . a1 and . a2 be the ideals in . O(J 1(X1))

and .O(J 1(X2)) generated by the entries of .g(1) and .g(2) (respectively). If . a2 is a 
.δ-flow on . X2, then . a1 is a .δ-flow on . X1. 

Proof This follows directly from Lemma 3.9.10 applied to .π2 and . π1. . 

If .X is an affine open subscheme of .X such that there exists a column basis . ωX

of .1-forms on .AX/X , then the ideal .aX of .O(J 1(X)) generated by the entries of
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. fX := f 1g,crys(AX , θX , ωX ,O∞(X)) ∈MatMatMatg(O(J 1(X)))

does not depend on the choice of the basis .ωX . 
We now take .X to be an arbitrary affine open subscheme of . X . For each affine 

cover .X = ∪Xα with every.Xα such that there exists a column basis .ωXα
of.1-forms 

on.AXα
/Xα , the ideals.aXα

glue together to give a well-defined ideal.aX in. O(J 1(X))

that does not depend on the affine cover. 

Theorem 3.9.12 Let . X be an affine open subscheme of . X whose reduction modulo 
. p is nonempty and contained in the ordinary locus .X ord of . X . Then the ideal . aX is 
a .δ-flow on . X. 

Proof Let.Y ⊂ X and.ωY be as in Lemma 3.9.8 and its proof. It suffices to show that 
.X can be covered with affine open subschemes .Xα such that .aXα

is a .δ-flow on .Xα . 
So we can assume that there exists a column basis .ωX of .1-forms on .AX/X and it 
suffices to show that each point.P0 ∈ X (k) is contained in an affine open subscheme 
.X0 of .X such that .aX0 is a .δ-flow on .X0. 

Let. be a prime that does not divide.pN . By the density of the. -power polarized 
isogeny classes of ordinary points (see [Cha], Thm. 2) there exists an isogeny 

. u0 : AP0 → AP0
,

where .(AP0 , θP0) is the principally polarized abelian variety over .Spec(k) that cor-
responds to.P0 and where.(AP0

, θP0
) is the principally polarized abelian variety over 

.Spec(k) that corresponds to some point.P0 ∈ Y(k), such that.u0 preserves the princi-
pal polarizations up to multiplication by.

s0 for some.s0 ∈ N ∪ {0} (i.e., the pullback 
of .θP0

by .u0 equals .θP0 times . s0 ). Thus .deg(u0) = 2gs0 is prime to . p. 
Let 

. X π1← X π2→ X

be the Hecke correspondence that parameterizes pairs of principally polarized abelian 
schemes of relative dimension .g with symplectic similitude level-.N structures 
together with an isogeny of degree .

2gs0 which preserves the principal polarizations 
up to multiplication by .

s0 and let 

. uX : π∗1 AX → π∗2 AX

be the corresponding universal isogeny of abelian schemes over.X (compatible with 
the principal polarizations). 

It is well-known that .X is smooth and that the two projections .π1, π2 are finite 
étale.3 We recall the argument for this. 

We fix a perfect alternating form .ψ2g : Z2g × Z
2g → Z . Working in the finite 

étale topology of. X , we can assume that there exists a level-. s0 structure on.AX .  But

3 For the case of the stack of polarized isogenies of degree a power of. (with. p a prime) over 
the stack.Ag,1,Z(p)

see [FC], Ch. 7, Sect. 3, p. 252. 
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in this case .X is the disjoint union of copies of .X indexed by .Z -lattices . L of . Q2g

which satisfy the following property. 

(i) We have.
s0Z

2g ⊂ L ⊂ −s0Z
2g ,. s0 is the smallest whole number with this property 

and we get a perfect alternating form .
mψ2g : L× L→ Z for a suitable .m ∈ Z. 

Moreover, the two projections .π1 and .π2 induce isomorphisms when restricted to 
each .X copy of .X . 

We view.u0 : AP0 → AP0
as a .k-valued point of .X . Setting 

. X := π−11 (X) ∩ π−12 (Y) ⊂ X

we have that.u0 belongs to.X (k).  A  s.π1 is flat,.π1(X ) is open in. X . Hence there exists 
an affine open subscheme.X0 of.π1(X ) that contains.P0. Setting.X0 := π−11 (X0) we 
have a diagram 

. X0
1← X0

2→ Y

with . 1 2 induced by .π1, π2, respectively, and an induced isogeny 

. u X0
: ∗

1 AX0 → ∗
2 AY

of abelian schemes over .X0. Consider the matrix 

. fX0 := f 1g,crys(AX0 , θX0 , ωX0 ,O∞(X0)) ∈MatMatMatg(O(J 1(X0)))

where .θX0 is induced by .θX . By Hecke covariance we have 

. 
∗
1 fX0 = β1 · ∗

2 fY · β2

for some.β1, β2 ∈ GLGLGLg(O(J 1(X0))). We apply Corollary 3.9.11 by taking the quadru-
ple .(X1, X2, Y, m) to be equal to .(X0,Y, X0, g2) and with 

. Q12 ∈ GLGLGLg2(O(J 1(X0)))

as the matrix representation (with respect to some standard bases) of the.O(J 1(X0))-
linear automorphism defined by the rule.γ β1 · γ · β2,.γ ∈MatMatMatg(O(J 1(X0)));  as  
the ideal .aY generated by the entries of . fY is a .δ-flow on. Y (see Lemma 3.9.8(c)), it 
follows that the ideal .aX0 generated by the entries of . fX0 is also a .δ-flow on.X0. . 

3.10 Reciprocity for Canonical Lifts 

The purpose of this section is to derive an application of our flow theorem (see 
Theorem 3.9.12) which extends to arbitrary genus. g and all primes. p the ‘Reciprocity 
Theorem for CL points’ in [BPII], Thm. 3.5.
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Definition 3.10.1 Consider a finite normal extension .R of .Zp contained in .R and 
.A an abelian scheme over . R .  Le  t .pν be the cardinality of the field .R /pR and let 
. A be the abelian scheme over. R obtained from.A via base change. We say that .A is 
nondegenerate if the following two conditions, thought as nondegeneration axioms, 
hold. 

(NAX1) The characteristic polynomial of the.pν-power Frobenius endomorphism 
of .A has simple roots only. 

(NAX2) The Serre–Tate matrix .q(A) := (qA(ei , ě j ))1≤i, j≤d of . A with respect to 
some (equivalently every) bases .e1, . . . , ed and .ě1, . . . , ěd of .Tp(A0) and . Tp( Ǎ0)

respectively satisfies the condition 

. det p−1(q(A)− Ed) ≡ 0 mod p

(recall that .Ed is the .d × d matrix all of whose entries are . 1). 

For .A and .A as above we denote by .A(Zur
p ) the set .A (Zur

p ) of .Zur
p -points of . A

where .Zur
p is the maximal unramified extension extension of .Zp in . R; this makes 

sense as .R ⊂ Z
ur
p . We identify .R = Zur

p . Note that the set .A (Zur
p ) is independent of 

the choice of the model .A /R of .A/R. This is so as the pullback functor from the 
category of abelian schemes over .Spec(Zur

p ) to the category of abelian schemes over 
.Spec(R) is full faithful. 

Recall that .Xord denotes the ordinary locus of .X := Ag,1,N ,R with .N ≥ 3.  Le  t
.CLR ⊂ Xord(R) be the set of canonical lift points (see Remark 2.4.11). Also, for an 
abelian group . we denote by . tors its torsion subgroup. 

The main result of this section is the following one. 

Theorem 3.10.2 Assume we are given morphisms of schemes over . R

. : Y → X : Y → A

with.X ⊂ Xord affine,. Y affine,. étale, and. A an abelian scheme of relative dimension 
. d. Assume that .X, Y, A descend to corresponding objects . X , Y , A
defined over a finite normal extension . R of .Zp contained in . R and assume . A is 
nondegenerate. Then there exists a morphism of .p-adic formal schemes 

. 
+ : Y → Gd

a

such that for all integers .n ≥ 1, all points .P1, . . . , Pn ∈ −1(CLR) ⊂ Y (R) and all 
integers .m1, . . . , mn ∈ Z, the following equivalence holds 

. 

n

i=1
mi Pi ) ∈ A(R)tors ⇐⇒

n

i=1
mi

+(Pi ) = 0 ∈ Rd .

Above, the three maps . R) : Y (R)→ X (R), . R) : Y (R)→ A(R), and 
.
+(R) : Y (R) = Y (R)→ Gd

a(R) = Rd were denoted simply by . , . , and . +
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(respectively); here .Y (R) denotes, as usual, the set of .Spf(R)-points of . Y .  A  map  
such as. + above was called in [BPII]  a  reciprocity map; we refer to [BPII], Rmk. 3.7 
for comments on this terminology. In particular we get the following consequence. 

Corollary 3.10.3 In the situation of Theorem3.10.2 assume in addition that there 
exists .Q ∈ −1(CLR) such that . Q) /∈ A(R)tors. Then the image of the map 

.
−1(CLR) ∩ −1(A(R)tors)→ Y (R)→ Y (k) (3.107) 

is not Zariski dense in . Y . (Here the first arrow in Diagram (3.107) is the inclusion 
and .Y (k) = Y (k).) 

Proof Taking .n = 1 and .m1 = 1 in Theorem 3.10.2 we get that for every valued 
point .P ∈ −1(CLR) ⊂ Y (R) we have 

. P) ∈ A(R)tors ⇐⇒ +(P) = 0. (3.108) 

By the existence of .Q there exists an index . j ∈ {1, . . . , d} such that the . j th 
component . +j ∈ O(Y ) of . + is nonzero. Write . +j = pN +

j,0 with .N ≥ 0 and 

.
+
j,0 ∈ O(Y )\pO(Y ). Hence the image . +j,0 of . +j,0 in .O(Y ) is nonzero. By the 

equivalence in Display (3.108) the image of the composite of maps in Diagram 
(3.107) is contained in the zero locus of . +j,0 ∈ O(Y ). . 

In order to prove Theorem 3.10.2 recall from [Bu95a], Introd. that a .δ-character 
of order.≤ r of an abelian scheme. A over. R is a.δ-function. ψ : A(R)→ R = Ga(R)

of order .≤ r in the sense of Definition 2.1.10 which is also a group homomorphism. 
We need the following result from [Bu97], Cor. 1.7. 

Theorem 3.10.4 Consider a finite normal extension . R of .Zp contained in . R, a  
nondegenerate abelian scheme . A over . R of relative dimension . d, and the abelian 
scheme . A over . R obtained from . A via base change. Then there exist .δ-characters 
.ψ1, . . . , ψd : A(R)→ R of order .≤ 2 such that the map 

. ψ := (ψ1, . . . , ψd) : A(R)→ Rd = G
d
a(R)

is surjective and satisfies 

. A(Zur
p ) ∩ Ker(ψ) = A(Zur

p )tors.

The theorem above can be viewed as an arithmetic analog of Manin’s Theorem 
of the Kernel [Man], Sect. 5, Thm. 2. 

Proof of Theorem 3.10.2. Let .ψ1, . . . , ψd be as in Theorem 3.10.4. For  
. j ∈ {1, . . . , d} we consider the .δ-function .ψ j ◦ on .Y (R), identified with an ele-
ment of.O(J 2(Y )). On the other hand, by Theorem 3.9.12 the ideal.aX ⊂ O(J 1(X))



3.10 Reciprocity for Canonical Lifts 151

is a.δ-flow on. X . By Lemma 3.9.10 the ideal.aX ·O(J 1(Y )) (generated by the image 
of .aX via the homomorphism . ∗ : O(J 1(X))→ O(J 1(Y )) induced by . )  i  s a
.δ-flow on . Y . By Remark 3.9.2 the algebra homomorphism 

. O(Y )→ O(J 2(Y ))/(aX , δaX )

is an isomorphism which, for simplicity, we view as an identity. Thus for every 
. j ∈ {1, . . . , d} we have an equality of functions .Y (R)→ R, 

.ψ j ◦ = +
j +

M

m=1
a j,m · (ϕ j,m ◦ +

M

m=1
b j,m · (δ ◦ ϕ j,m ◦ (3.109) 

with . +j ∈ O(Y ), .M ∈ N, where for .m ∈ {1, . . . , M} .a j,m, b j,m ∈ O(J 2(Y )) are 
identified with functions .Y (R)→ R and .ϕ j,m ∈ aX is identified with a function 
.X (R)→ R. These identifications are obtained by viewing the injective .R-algebra 
homomorphism of Diagram (2.3) as an inclusion. Also the dots in Eq. (3.109) denote 
usual multiplication of.R-valued functions. Consider the morphism of.p-adic formal 
schemes 

. 
+ := +

1
+
d ) : Y → Gd

a .

The functions .ϕ j,m ◦ vanish on every point .P ∈ −1(CLR). So for each such . P
we have 

.ψ j P)) = +
j (P). (3.110) 

Assume now that .P1, . . . , Pn ∈ −1(CLR) and .m1, . . . , mn ∈ Z. 

Claim 3.10.5 We have .P1, . . . , Pn ∈ Y (Zur
p ). 

Indeed as . is étale it is sufficient to show that for each . j ∈ {1, . . . , n},  the  
image. Pj ) ∈ X (R) in fact belongs to.X (Zur

p ). Recall now the Shimura–Taniyama 
theorem that abelian varieties with complex multiplication over an algebraically 
closed field of characteristic . 0 are defined over number fields (for instance, see 
[CCO], Thm. 1.7.2.1). Note that all polarizations and symplectic similitude level-
.N structures on such abelian varieties are then also defined over (possibly larger) 
number fields. We deduce that . Pj ) ∈ X (F) for some finite extension .F of the 
fraction field of.R contained in an algebraic closure of. K .  A  s.F ∩ R ⊂ Z

ur
p our claim 

follows. 
By Claim 3.10.5,  we  have . P1 Pn) ∈ A(Zur

p ). By Theorem 3.10.4, and 
by the fact that .ψ j are group homomorphisms, the condition 

. 

n

i=1
mi Pi ) ∈ A(R)tors

is equivalent to the system of equation
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.

n

i=1
miψ j Pi )) = 0 for j ∈ {1, . . . , d}. (3.111) 

By Eq. (3.110) we get that System of Eqs. (3.111) is equivalent to the equation 

. 

n

i=1
mi

+(Pi ) = 0.

. 

3.11 Some Computations of Cohomology Groups 

In this section we present a few basic computations of cohomology groups of some 
simple ss-.δ-spaces that appeared naturally in our monograph. We will not pursue 
here more general cases. 

Proposition 3.11.1 For .P
1
δ := Projδ(S1, (z0, z1)) we have 

. H 0(P1
δ) = R and φ-rankR(H 1(P1

δ)) = ∞.

In what follows we use the forms . f r in Display (2.62). 

Proposition 3.11.2 For .Zδ,n := Projδ(I1,ord, ( f 1 , . . . , f n )), .n ≥ 2 we have 

. H 0(Zδ,n) = I1,ord, f n and H d(Zδ,n) = 0 for d ≥ 1.

Theorem 3.11.3 For .λ = (λi j )1≤i, j≤2 ∈ GLGLGL2(R) set .
f λ
1

f λ
2
:= λ · f 1

f 2 and 

. Zλ
δ,2 := Projδ(I1,ord, ( f λ

1 , f λ
2 )).

If all entries . λi j of . λ are nonzero, then we have 

. H 0(Zλ
δ,2) = R and φ-rankR(H 1(Zλ

δ,2)) = ∞.

To state a partial generalization of Theorem 3.11.3 we first recall the maps 
.σ, τ : Hg(s)→ Hg(s) in Displays (3.52) and (3.53) and . ♦ : Hg(s)→ Ig,ord(−2s)
in Proposition 3.6.19(a). 

Definition 3.11.4 The elements of the sets 

. Hg(1)\σ(Hg(1)) and ♦(Hg(1)\σ(Hg(1)))

are called primitive.
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Proposition 3.11.5 Assume.f = ( f0, . . . , fn) is a linear system of weight. −2 in. Ig,ord

such that . f0 and . f1 are primitive and .R-linearly independent. Then we have 

. H 0(Projδ(Ig,ord, f)) = R.

For .Ig we have the following property. 

Proposition 3.11.6 There exists a linear system .(ϕ1, ϕ2) of the following weight 
.−1− φ − φ2 − φ3 in . Ig such that 

. H 0(Projδ(Ig, (ϕ1, ϕ2))) = R.

To prove Proposition 3.11.2 we first need the following lemma. 

Lemma 3.11.7 Let . B be an integral .δ-graded ring. For .w ∈ W and .n ∈ N let 
. f0, . . . , fn ∈ B(w)\pB(w). If there exist units .g1, . . . , gn ∈ B× such that we have 
. fi = gi (̇ f0)φ

i
for all .i ∈ {1, . . . , n}, then for .Zδ := Projδ(B, ( f0, . . . , fn)) we have 

. H 0(Zδ) = B fn and H d(Zδ) = 0 for d ≥ 1.

Proof The hypotheses imply that for all integers .d ≥ 1 and . 0 ≤ i0 < · · · < id ≤ n
we have 

. B fi0 ··· fid
= B fi0

⊃ · · · ⊃ B fid
,

and this implies that .H 0(Zδ) = B fn .  Now  le  t .(ai0···id )0≤i0<···<id≤n be a cocycle in 

. Bd :=
0≤i0<···<i•≤d

B fi0 ··· fi• .

For integers .0 ≤ i0 < · · · < id−1 ≤ n define 

. bi0···id−1 := ai0···id−1n if id−1 < n,

. bi0···id−1 := 0 if id−1 = n.

One easily checks, using the cocycle condition for .(ai0···id )0≤i0<···<id≤n , that the 
latter is the image by .∂d−1 : Bd−1→ Bd of .(bi0···id−1)0≤i0<···<id−1≤n ∈ Bd−1 hence 
.H d(Zδ) = 0. . 

Proof of Proposition 3.11.2. This follows from Lemma 3.11.7 applied to the.n + 3-
tuple .(B, n, f0, . . . , fn) equal to .(I1,ord, n − 1, f 1 , . . . , f n ). This is possible as 

.n ≥ 2 and for.i ∈ {2, . . . , n}we have. f i = ( f ∂ )
φi+φi−1−2

φ−1 ( f 0 )φ
i−1

by Eq. (2.62) and 

. f ∂ = f ∂
1,crys and hence also.( f ∂ )

φi+φi−1−2
φ−1 is a unit of.I1,ord by Theorem 2.4.5(b) which 

follows from Theorem 2.4.5(a) proved in Theorem 3.6.17(a) and (b).
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The following lemma will be used in the proofs of Proposition 3.11.1 and Theo-
rem 3.11.3. 

Lemma 3.11.8 Let . B be an integral .δ-graded ring with .B(0) = R and with . p
as a prime element. Let .w ∈ W and let .( fi )i∈{0,...,n} be a family of elements of 
.B(w)\pB(w). Assume that the principal ideals generated in .B ⊗R K by each of 

the members of the family .( f φ j

i )(i, j)∈{0,1}×(N∪{0}) are prime and distinct. Then, for 
.Zδ := Projδ(B, ( f0, . . . , fn)) we have .H 0(Zδ) = R. 

Proof Every element in .H 0(Zδ) can be written as 

. 
F0

f w0
0

= F1

f w1
1

with .wi ∈ W+ and .Fi ∈ B(wwi ) for .i ∈ {0, 1}. Clearing out the denominators we 
get that . f w0

0 divides .F0 in .B ⊗R K hence in .B (because . f0 is not divisible in .B by 
the prime element . p). So 

. 
F0

f w0
0

∈ B(0) = R.

. 

For the proof of Proposition 3.11.1 we will need the following extra lemma. 

Lemma 3.11.9 Let .(x1), (y1), (x2), (y2) be distinct principal ideals of an integral 
domain . B such that .y1x2 /∈ (x1, y2) and let . f1, f2 ∈ B. Then for all nonnegative 
integers .n1, m1, n2, m2 we have 

. 
y1x2
x1y2

f1
xn1
1 ym1

1

− f2
xn2
2 ym2

2

.

Proof We show that the assumption that there exist . n1, m1, n2, m2 ∈ N ∪ {0}
such that . y1x2

x1 y2
= f1

x
n1
1 y

m1
1
− f2

x
n2
2 y

m2
2

leads to a contradiction. We can assume the sum 

.n1 + m1 + n2 + m2 is minimal. Clearing out the denominators and using the fact 
that the principal prime ideals .(x1), (y1), (x2), (y2) are distinct, we get that .n1 = 1, 
.m1 = 0,.n2 = 0,.m2 = 1, hence.y1x2 = y2 f1 − x1 f2 ∈ (x1, y2), a contradiction. . 

We view Lemma 3.11.9 as an abstraction of the fact that if .B is a field and 
.P, Q ∈ P

1
B(B) are two distinct points, then we have .H 1(X,OX ) 0 for 

. X := (P1
B × P

1
B)\{(P, Q), (Q, P)}.

Proof of Proposition 3.11.1. Its identity .H 0(P1
δ) = R follows from Lemma 3.11.8 

applied to .B = S1.  Fo  r .H 1(P1
δ) it is enough to check that there exists no nontrivial 

.R-linear combination
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.

b,a∈Z,b>a≥0
λab

zφa

1 zφb

0

zφa

0 zφb

1

∈ S1, z0z1 , λab ∈ R, (3.112) 

which can be written as a difference 

.
F0

zw0
0

− F1

zw1
1

, F0 ∈ S1(w0), F1 ∈ S1(w1), w0, w1 ∈ W+. (3.113) 

To check this, we assume there exists an equality 

. 

b,a∈Z,b>a≥0
λab

zφa

1 zφb

0

zφa

0 zφb

1

= F0

zw0
0

− F1

zw1
1

between the elements appearing in Displays (3.112) and (3.113) such that we 
have .λa0b0 = 0 for some integers .b0 > a0 ≥ 0. We view this equality as an iden-
tity between rational functions in the indeterminates .zφc

i and substitute .zφc

i by . 1 for 
.c ∈ (N ∪ {0})\{a0, b0} and.i ∈ {0, 1} in this identity. Under this substitution, if. (a, b)

is a pair of integers with .b > a ≥ 0 and .(a, b) (a0, b0), then the term . λab
zφa

1 zφb

0

zφa

0 zφb

1

becomes .λa0b
zφa0
1

zφa0
0

if .a = a0, becomes .λab0
zφb0
0

zφb0
1

if .b = b0, and becomes .λab if . a a0

and .b b0. Moreover, the difference . F0

z
w0
0
− F1

z
w1
1

becomes a difference . F0

z
w0
0

− F1

z
w1
1

in 

which 
. F0, F1 ∈ R[zφa0

0 , zφb0

0 , zφa0

1 , zφb0

1 ]

and.w0, w1 are linear combinations of .φa0 and .φb0 with nonnegative integers coeffi-
cients . We get an equality 

. 
zφa0

1 zφb0

0

zφa0

0 zφb0

1

= G0

zv0
0

− G1

zv1
1

where .v0 := w0 + φa0 , .v1 := w1 + φb0 , 

. G0 := λ−1a0b0
zv0
0

⎛

⎝ F0

z
w0
0

−
b b0

λa0b
zφa0

1

zφa0

0

−
a a0,b b0

λab

⎞

⎠ ∈ K [zφa0

0 , zφb0

0 , zφa0

1 , zφb0

1 ],

. G1 := λ−1a0b0
zv1
1

⎛

⎝ F1

z
w1
1

+
a a0

λab0
zφb0

0

zφb0

1

⎞

⎠ ∈ K [zφa0

0 , zφb0

0 , zφa0

1 , zφb0

1 ].

We get a contradiction based on Lemma 3.11.9 applied to
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. (B, x1, y1, x2, y2) := (S1, zφa0

0 , zφb0

0 , zφa0

1 , zφb0

1 ).

. 

Proof of Theorem 3.11.3. By Theorem 3.6.29 (a), we have 

. I1,ord ⊗R K = K [ f 1 , f 2 , f 3 , . . . , f ∂ , ( f ∂ )−1, ( f ∂ )φ, ( f ∂ )−φ, ( f ∂ )φ
2
, ( f ∂ )−φ2

. . .],

where the ordinary Siegel.δ-modular forms. f 1 , f 2 , f 3 , . . . , f ∂ , ( f ∂ )φ, ( f ∂ )φ
2
, . . . are 

.K -algebraically independent. For all integers .a ≥ 0 and .i ≥ 1 we have 

. ( f i )φ
a = ( f ∂ )

−2 φa−1
φ−1 · f i+a .

Setting . fi := f λ
i for .i ∈ {1, 2} and 

. uia := λ
φa

i1 f a+1 + λ
φa

i2 f a+2

we have 
. f φa

i = ( f ∂ )
−2 φa−1

φ−1 · uia .

Claim 3.11.10 The classes in .H 1(Zλ
δ ) of the elements 

. ηab := f φa

2 f φb

1

f φa

1 f φb

2

= u2au1b

u1au2b
∈ I1,ord, f1 f2 , 0 ≤ a < b,

are .R-linearly independent; in other words, no nontrivial .R-linear combination of 
the elements .ηab can be written as a difference of the type 

.
F1

f w1
1

− F2

f w2
2

(3.114) 

with .wi ∈ W and .Fi ∈ I1,ord(−2wi ) for .i ∈ {1, 2}. 
Claim 3.11.10 implies the equality .φ-rankR(H 1(Zλ

δ,2)) = ∞ of Theorem 3.11.3. 
To prove Claim 3.11.10 assume there exists a nontrivial .R-linear combination of 

the elements.ηab which are differences as in Display (3.114) and seek a contradiction. 
Fix a pair .(a0, b0) of integers with .0 ≤ a0 < b0 such that the coefficient of .ηa0b0 in 
this linear combination is nonzero. We take 

. B := K [ f n |n ∈ N]

and let . ⊂ B be the multiplicative monoid generated by all .uic with .i ∈ {1, 2} and 
integers .c ≥ 0, .c /∈ {a0, b0}. Setting.( f ∂ )φ

j = 1 in.F1, F2 for all . j ∈ N ∪ {0} we get 
(exactly as in the proof of Proposition 3.11.1) an equality in the ring of fractions 
.
−1B of the form
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. 
u2a0u1b0

u1a0u2b0

= H1

un1
1a0u

m1
1b0

− H2

un2
2a0u

m2
2b0

where .n1, m1, n2, m2 ∈ N ∪ {0} and .H1, H2 ∈ −1B. By Lemma 3.11.9 we get a 
contradiction if we prove the next claim. 

Claim 3.11.11 For .0 ≤ a < b the following properties hold. 

(a) The principal ideals .(u1a), (u1b), (u2a), (u2b) of . −1B are prime and distinct. 

(b) We have .u1bu2a /∈ (u1a, u2b) · −1B. 

It is an easy exercise to show that Claim 3.11.11 follows from the following last 
claim. 

Claim 3.11.12 For .O := {1, 2} × Z≥0 the following properties hold. 

(a) The principal ideals .(ui j ) of . B indexed by .(i, j) ∈ O are prime and pairwise 
distinct. 

(b) For every two distinct pairs .(i1, j1), (i2, j2) ∈ O the ideal .(ui1 j1 , ui2 j2)B is 
prime in . B. 

(c) For every three distinct pairs.(i1, j1), (i2, j2), (i3, j3) ∈ O we have the property 
that .ui3 j3 /∈ (ui1 j1 , ui2 j2)B. 

Indeed Part (a) in Claim 3.11.12 clearly implies Part (a) in Claim 3.11.11. Fur-
thermore Parts (b) and (c) in Claim 3.11.12 imply Part (b) in Claim 3.11.11; indeed, 
if .u1bu2a ∈ (u1a, u2b) · −1B then a product of . us times .u1bu2a belongs to ideal 
.(u1a, u2b) in . B. As the latter is a prime ideal by Part (b) in Claim 3.11.12 we get a 
contradiction by Part (c) in Claim 3.11.12. 

To check Claim 3.11.12 we view .B = K [ f n |n ∈ N] as a graded .K -algebra by 
giving. f n degree. 1 for all.n ≥ 1. Parts (a) and (b) of Claim 3.11.12 are clear because 
.ui j are pairwise.K -linearly independent linear forms in. B; here we are using that all 
entries of the matrix . λ are nonzero. 

Now using the grading on. B we see that part (c) of Claim 3.11.12 is equivalent to 
showing that for all three distinct pairs.(i1, j1), (i2, j2), (i3, j3) ∈ O the linear forms 
.ui1 j1 , ui2 j2 , ui3 j3 are.K -linearly independent. Let. be the.3×∞matrix whose.(k, l)-
entries are the coefficients of. f l in.uik jk . We have to show that. has a nonzero. 3× 3
minor. We may assume . j1 ≤ j2 ≤ j3. As the case . j1 = j2 = j3 does not occur (as 
.i1, i2, i3 ∈ {1, 2}) are not distinct), the .3× 3 minor corresponding to the columns 
.l1, l2, l3 is nonzero, where, depending on the three disjoint possible cases, the triple 
.(l1, l2, l3) is as follows: 

Case 1:  I  f . j1 < j2 < j3, then .(l1, l2, l3) := ( j1 + 1, j2 + 1, j3 + 1). 

Case 2:  I  f . j1 = j2 < j3, then .(l1, l2, l3) := ( j1 + 1, j2 + 2, j3 + 2). 

Case 3:  I  f . j1 < j2 = j3, then .(l1, l2, l3) := ( j1 + 1, j2 + 1, j3 + 2). 

In all three cases we used, again, the fact that all entries of the matrix 
.λ are nonzero. At this point Claim 3.11.12 is proved. So the first identity
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.H 0(Zλ
δ,2) = R in Theorem 3.11.3 is proved. The second identity 

.φ-rankR(H 1(Zλ
δ,2)) = ∞ in Theorem 3.11.3 follows from Lemma 3.11.8 and 

Claim 3.11.12(a). . 

Proof of Proposition 3.11.5. Let . fi := (Fi )
♦, .i ∈ {0, 1}, .Fi ∈ Hg(1) primitive. Let 

.B := Ig,ord. By Lemma 3.11.8 it is enough to show that the principal ideals generated 

in .B ⊗R K by each of the members of the family .( f φ j

i )(i, j)∈{0,1}×(N∪{0}) are prime 
and distinct. By Eq. (3.54) it is enough to show that the principal ideals 

. ai j = ((F τ j σ j

i )♦)

generated in .B ⊗R K by the members of Family 

.((F τ j σ j

i )♦)(i, j)∈{0,1}×(N∪{0}) (3.115) 

are prime and distinct. By Corollary 3.6.31(e) and (f) the ideals .ai j are prime and it 
is enough to show that the members of Family (3.115) are pairwise .R-linear inde-
pendent. Assume this is not the case. As the .Zp-algebra monomorphism.σ ◦ τ fixes 
no polynomial of degree .≥ 1 and as .♦ is a .Zp-algebra monomorphism, there exist 
two indices . j0, j1 ∈ N ∪ {0} with . j1 ≥ j0 and .λ ∈ K such that 

. F τ j0σ j0

i0 = λ · F τ j1σ j1

i1 = (φ− j1(λ) · Fi1)
τ j1σ j1

where .{i0, i1} = {0, 1}.  So  we  h  ave

. Fi0 = (φ− j1(λ) · Fi1)
τ j σ j

where . j := j1 − j0 ≥ 0.  A  s .F0 and .F1 are primitive we get . j = 0. But then .F0 and 
.F1 are .K -linearly dependent, a contradiction. . 

In order to prove Proposition 3.11.6 we need the following lemma in which we 
use the forms . f [a] introduced in Display (3.12). 

Lemma 3.11.13 The forms .det( f [1]), det( f [2]) ∈ Ig,ord(−2) are primitive and .R-
linearly independent. 

Proof The linear independence follows from the Serre–Tate expansion principle, 
see Corollary 3.6.18(b). To prove that .det( f [1]) and .det( f [2]) are primitive, recall 
(cf. Display (3.44)) the definition of the partial polarizations . 0 g ∈ Hg(1)
of the invariant polynomial .det via the identity 

. det(y0T + y1T ) =
g

i=0
i (T, T )yg−i

0 yi
1
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and (see Corollary 3.6.18(d)) the formula . f [2] = p f 1 + f 2 . Consider the poly-
nomial . [2] := g

i=0 pg−i
i (T, T ).  A  s .det( f [1]) = 0( f 1 , 0) = 0(T, 0))♦, 

.det( f [1]) is primitive. On the other hand we have: 

. det( f [2]) = det(p f 1 + f 2 ) =
g

i=0
f 1 , f 2 )pg−i = [2])♦.

So we are left to check that . [2] is primitive. But the coefficient of the monomial 
.T11 · · · Tg−1,g−1Tgg in . i (T, T ) is . 1 if .i = 1 and . 0 if .i ∈ {0, 2, . . . , g}.  S  o . 

[2] /∈
R[T ] which ends our proof. . 

Proof of Proposition 3.11.6. For .ϕ1 := det( f 1)1+φ2
, .ϕ2 := det( f 2)1+φ we have 

. R ⊂ H 0(Zδ, (ϕ1, ϕ2)) = Ig, ϕ1 ∩ Ig, ϕ2 ⊂ Ig,ord, ϕ1 ∩ Ig,ord, ϕ2

. ⊂ Ig,ord, det( f 1) ∩ Ig,ord, det( f 2) ⊂ Ig,ord, det( f [1]) ∩ Ig,ord, det( f [2]) = R,

where the last equality follows from Proposition 3.11.5 and Lemma 3.11.13. .



Chapter 4 
Background and Required Results 
in GIT 

We recall that this chapter is completely self-contained and contains results in geo-
metric invariant theory (GIT). The results are often used and cited in the prior chap-
ters, this chapter being a prerequisite for them. In fact, the four chapters form a 
continuous and integrated sequence, with the first three chapters being a main moti-
vation for the last one while the last one is an indispensable and powerful tool for 
the first three ones. As such, a few references to prior chapters are also made in what 
follows as comments or remarks. 

The aim of the chapter is to study the structure of algebras of invariants of the 
group .SLSLSLg acting on tuples of quadratic forms and on tuples of endomorphisms 
in arbitrary (mixed) characteristics. Though this theory has classical roots, unless 
explicitly stated, all results in this chapter are new. 

We start, in Sect. 4.1, by giving formulas (see Sect. 4.1.1) for the (Krull) dimen-
sions of algebras of invariants of .SLSLSLg acting on tuples of quadratic forms (see The-
orem 4.1.1) and on tuples of endomorphisms (see Theorem 4.1.2); these formulas 
may be classical but we could not find a reference for them. We continue by giving 
an estimate (see Theorem 4.1.4) for the dimensions of the images of certain basic 
homomorphisms between the two types of algebras of invariants; this estimate plays 
a key role in our applications to Chaps. 2 and 3. The basic tool in the proofs of 
the above three theorems carried on respectively in Sects. 4.1.3–4.1.5 is a study of 
Hilbert–Mumford stability in the corresponding contexts (see Sect. 4.1.2). 

Section 4.2 offers a detailed study of the invariants of .SLSLSLg acting on tuples of 
quadratic forms for arbitrary . g. In particular we introduce some special ‘. and . ϒ
invariants’ (see Sect. 4.2.6) and we compare the algebras of all invariants with the 
algebras generated by the. invariants (see, for instance, Theorems 4.2.8 and 4.2.13 
and Corollary 4.2.23). We deduce information on the Hilbert series of the algebras of 
invariants (see Corollaries 4.2.14 and 4.2.15), the smallest number of homogeneous 
generators (see Proposition 4.2.10(a)), and transcendence bases (see Theorem 4.2.17 
and Corollary 4.2.19(b)). 
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Section 4.3 gives finer results in the case .g = 2 on Hilbert series (see Proposi-
tion 4.3.4 and Corollary 4.3.8), the smallest number of homogeneous generators (see 
Proposition 4.3.3), and relations (see Corollary 4.3.6). 

In Sect. 4.4 we prove a general result about the .σ-finite generation of algebras of 
invariants for arbitrary reductive groups. 

Throughout this chapter we adopt some general notation as follows. 
Let .B× be the group of units of a unital commutative ring . B. 
Let. K be an arbitrary algebraically closed field. Let.p := char(K); so either. p = 0

or .p > 0 is a prime number. Product of schemes over .Spec(K) are denoted by . ×. 
All semisimple groups over .Spec(K) are assumed connected. 

For a finite dimensional vector space .V over . K,  le  t

. VVV := Spec(Sym(V ∗)),

where .O(VVV) := Sym(V ∗) is the symmetric algebra of the dual .V ∗ of . V . Thus, for a 
.K-algebra . B we have .VVV(B) = B ⊗K V , and in particular .VVV(K) = V . 

Let .r ∈ N ∪ {0}.  Le  t .V r+1 be the direct sum of .r + 1-copies of . V . 
Let .g ∈ N.  Le  t .GLGLGLg := GLGLGLg,K be the reductive group over .Spec(K) of . g × g

invertible matrices. Let.SLSLSLg := SLSLSLg,K be the semisimple group over.Spec(K) which 
is the kernel of the determinant homomorphism.det : GLGLGLg → Gm,K.  Le  t .SOSOSOg be the 
closed subgroup scheme of .SLSLSLg of orthogonal matrices of determinant . 1.  I  f .p = 2, 
then .SOSOSOg is smooth if and only if .g = 1.  I  f .p 2, then .SOSOSO1 is trivial, .SOSOSO2 Gm,K, 
and.SOSOSOg is semisimple for .g ≥ 3.  Le  t .GTGTGTg be the standard maximal torus of .GLGLGLg of 
invertible diagonal matrices. Thus .TTTg := GTGTGTg ∩ SLSLSLg is the standard maximal torus 
of .SLSLSLg .  Le  t .1g be the identity element of .GLGLGLg(K) and of its subgroups. 

Let .G be a reductive group over .Spec(K).  Le  t .G0 be the connected 
component of its identity element and let .Z(G) be its center. Each .G-module . V
is a finite dimensional left .G-module given by a representation .ρV : G → GLGLGLV . 
Thus .V ∗ is also a .G-module given by the (composite homomorphism) represen-

tation .ρV ∗ : G inv−→ G
ρV−→ GLGLGLV GLGLGLV ∗ , where .G

inv−→ G is the involutory inverse 
antiisomorphism and .GLGLGLV GLGLGLV ∗ is the canonical antiisomorphism. For a triple 
.(h, v, w) ∈ G(K) × V × V ∗,  we  have .(h · w)(v) = w(h−1 · v) ∈ K. 

4.1 Stable Points and Dimensions of Quotients 

Let .Matg be the .K-vector space of .g × g matrices with entries in . K, and let 

. Vg := {M ∈ Matg|M t = M} ⊂ Matg

be its subspace of symmetric matrices, where the upper right index . t stands for 
transpose. Let.Zg be the subspace of.Vg of all diagonal matrices. For. λ1, . . . ,λg ∈ K

let



4.1 Stable Points and Dimensions of Quotients 163

. Diag(λ1, . . . ,λg) ∈ Zg

be such that for .i ∈ {1, . . . , g} its . i i entry is . λi .  Le  t

. Lg := K1g × Zg ⊂ Z2
g ⊂ V2

g;

we have.dimK(Lg) = g + 1. We recall that.M ∈ Matg is called alternate if. M t = −M
and, in case.p = 2, all its diagonal entries are. 0. As such, if .p = 2,.Q ∈ Vg is called 
nonalternate if at least one of its diagonal entries is nonzero. 

Let .Tr : Matg → K be the trace .K-linear map. 
By our convention above we have 

. ZZZg = Spec(Sym(Z∗
g)) ⊂ VVVg = Spec(Sym(V∗

g)) ⊂ MatMatMatg = Spec(Sym(Mat∗g)).

In1 what follows by .SLSLSLg-module we mean a left .SLSLSLg-module. 
We view.Matg as an .SLSLSLg-module via the classical congruence action 

. SLSLSLg ×MatMatMatg
cong−−→ MatMatMatg

given on .K-valued points by the rule: . M) M t. Then .Vg is an .SLSLSLg-
submodule of.Matg and thus.Vr+1

g and its dual.(Vr+1
g )∗ = (V∗

g)
r+1 naturally become 

.SLSLSLg-modules. 
We also consider the classical conjugation action of.SLSLSLg on.Matg (when not clear 

from context, we specify which one of the two structures of .Matg as an.SLSLSLg-module 
is used). We view.Matg as a left .SLSLSLg-module via the action 

. SLSLSLg ×MatMatMatg
conj−−→ MatMatMatg

given on .K-valued points by the rule: . M) M −1. Then .Matr+1
g naturally 

becomes an .SLSLSLg-module isomorphic to its dual .(Mat∗g)r+1. 

4.1.1 Main Results on Dimensions of Quotients 

Our first goal is to prove the following formula which is likely to be classical but for 
which we could not find a reference. 

Theorem 4.1.1 For all integers .r ≥ 1 we have 

. dim(Sym((Vr+1
g )∗)SLSLSLg ) = (r + 1) · g(g + 1)

2
− g2 + 1.

1 In Chaps. 1–3,.MatMatMatg is a ring scheme over.Spec(Z), but in this section,.MatMatMatg is a shorter notation 
for.MatMatMatg,K viewed just as a vector group variety over.Spec(K). 
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We prove the following formula which, also, is likely to be classical. 

Theorem 4.1.2 For all integers .r ≥ 1, for the conjugation action we have 

. dim(Sym((Matr+1
g )∗)SLSLSLg ) = r · g2 + 1.

Let .n ∈ N. We consider now the morphism 

.πππn : VVVn+1
g → MatMatMatng (4.1) 

given on .K-valued points by the map 

. πn := πππn(K) : Vn+1
g → Matng, πn(Q0, . . . , Qn) = (Q0Q

∗
1, Q1Q

∗
2, . . . , Qn−1Q

∗
n),

(4.2) 

where we recall that .M∗ ∈ Matg denotes the adjugate of .M ∈ Matg;  we  ha  ve
.M∗M = MM∗ = det(M)1g . The morphism of Display (4.2)  i  s .SLSLSLg-equivariant 
(with .SLSLSLg acting on .Vg by congruence and on .Matg by conjugation) and hence 
induces a .K-algebra homomorphism 

. Sym((Matng)
∗)SLSLSLg → Sym((Vn+1

g )∗)SLSLSLg

whose image we denote by Sym((Matn g)
∗)SLSLSLg .

Remark 4.1.3 With. q a  prime,  l  et.K be the field of fractions of the ring of.q-typical 
Witt vectors with coefficients in an algebraic closure of .Fq . In Chaps. 2 and 3,  the  
analogs of .K-algebras 

. Sym((Matng)
∗)SLSLSLg and Sym((Matng)

∗)SLSLSLg

for .p = 0, in which the field .K is replaced by the field . K , were denoted by 

. H
n
g,conj,K and H

n
g,conj,K

(respectively, and the prime . q was also denoted differently, by . p) 

We prove the following formula used in Theorem 3.7.1. 

Theorem 4.1.4 For all integers .n ≥ 2 we have 

. dim(Sym((Matng)
∗)SLSLSLg ) = (n − 1)

g(g + 1)

2
+ g.

For the proofs of Theorems 4.1.1, 4.1.2 and 4.1.4 we need to first recall from 
[MFK] some basic facts of geometric invariant theory.
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4.1.2 Stable Points 

Throughout this subsection we fix a .G-module . V . We recall that a point 
.v ∈ V = VVV(K) is called stable if its.G-orbit.G · v is closed and its stabilizer. StabG(v)

is finite (see [MFK], App. to Ch. I, Sect. B, Def.). Recall that the.K-algebra of invari-
ant homogeneous polynomials .O(VVV)G is finitely generated (see [MFK], App. to 
Ch. I, Sect. A, Thm. A.1.0) and normal; if in addition .G is semisimple, .O(VVV)G is a 
unique factorization domain. 

Let .VVV/G := Spec(O(VVV)G) and let 

. : VVV → VVV/G

be the morphism of affine.K-schemes which is the spectrum of the injective.K-algebra 
homomorphism that is the inclusion .O(VVV)G ⊂ O(VVV).2 

If .p = 0, then . is submersive and a universal categorical quotient by [MFK], 
Ch. I, Sect. 2, Thm. 1.1. If .p > 0, then . is submersive and (only) a uniform cat-
egorical quotient by [MFK], App. to Ch. I, Sect. C, Thm. A.1.1. In what follows, 
whenever for a statement independent on . p two references to [MFK] are required, 
one for .p = 0 and one for .p > 0, they are both quoted but without mentioning that 
the first one is for .p = 0 and the second one is for .p > 0. 

Let .V s ⊂ V be the set of stable points. Then .V s is the set of .K-valued points 
of a .G-invariant and open (possibly empty) subscheme .VVVs of .VVV which is also .K×-
invariant (see [MFK], App. to Ch. I, Sect. B, Def.). If. XXX is a locally closed subscheme 
of . VVV,  le  t .XXXs := XXX ∩VVVs. 

Lemma 4.1.5 The following properties hold. 

(a) For each .v ∈ V s = VVVs(K), the reduced fiber .( −1( (v)))red is .G · v and is a 
closed subscheme of . VVV of dimension .dim(G) − dim(StabG(v)) = dim(G). 

(b) The image . (VVVs) is an open subvariety of .VVV/G. 

Proof Clearly, .dim(G) − dim(StabG(v)) = dim(G) and .( −1( (v)))red is closed 
in. VVV.  A  s. is a categorical quotient, we have.G · v ⊂ −1( (v)). Thus to prove part 
(a) it suffices to show that the assumption that.( −1( (v)))red\G · v has a.K-valued 
point .v leads to a contradiction. 

The Zariski closure .G · v of .G · v in .VVV is contained in 
.( −1( (v)))red.  I  f .G · v ∩ G · v = ∅, then .dim(G · v ) > dim(G · v) = dim(G), 
a contradiction. So .G · v ∩ G · v = ∅. From this and [MFK], Ch. I, Sect. 2, Cor. 1.2 
and App. to Ch. I, Sect. C, Cor. A.1.3 we get that there exists a global function on 
.VVV/G which is . 0 on .G · v = G · v and is . 1 on .G · v . This contradicts the fact that 
.G · v ∪ G · v maps to . (v) ∈ (VVV/G)(K). So part (a) holds. 

From the first part we get that . −1( (VVVs)) = VVVs.  S  o .
−1( (VVVs)) is open in . VVV. 

As . is submersive, we get that . (VVVs) is open in .VVV/G.

2 In the literature one also uses the notation.VVV//G in place of.VVV/G; for simplicity we stick here to 
the notation.VVV/G. 
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For uniform or universal geometric quotients we refer to [MFK], Ch. 0, Defs. 0.6 
and 07. 

Lemma 4.1.6 Let .WWW be a nonempty open subvariety of . (VVVs). Then the following 
properties hold. 

(a) The morphism .
−1(WWW) → WWW induced by . is a uniform geometric quotient. 

(b) We have .dim(VVV/G) = dimK(V ) − dim(G). 

(c) If .p = 0, then the morphism .
−1(WWW) → WWW is a universal geometric quotient. 

Proof For parts (a) and (c) we can assume that.WWW is affine and this case is a particular 
case of [MFK], Ch. I, Sect. 2, Amplific. 1.3 as the geometric fibers of. −1(WWW) → WWW
are closed (see Lemma 4.1.5);  see  also [MFK], Ch. I, Prop. 1.9 or Thm. 1.10 for the 
‘uniform’ part. 

Part (b) follows from the dimension formula for the generic fibers of the dominant 
morphism.

−1(WWW) → WWW (see [E], Part II, Cor. 14.6), these fibers having dimension 
.dim(G) by Lemma 4.1.5(a). 

Definition 4.1.7 A.G-invariant homogeneous polynomial .F ∈ O(VVV) is called a .G-
separating polynomial on .V (or on . VVV)  i  f .F 0 and for all .v ∈ V = VVV(K) with 
.F(v) 0 the stabilizer .StabG(v) is finite. 

We have the following interpretation of stable points in terms of .G-separating 
polynomials on .V which is a slight improvement of a particular case of [MFK], 
Ch. 1, Amplific. 1.11. 

Proposition 4.1.8 The following properties hold. 

(a) The stable locus .V s is nonempty if and only if there exists a .G-separating 
polynomial .F on . V . More precisely, for a point .w ∈ V the following two statements 
are equivalent. 

(a.i) We have .w ∈ V s. 

(a.ii) There exist a .G-separating polynomial .F on .V such that .F(w) 0. 

(b) If .F is a .G-separating polynomial on .V and .D(F) = (VVV/G)\Z(F) is its 
principal open of .VVV/G (so .Z(F) is the zero locus of .F in .VVV/G), then we have an 
open embedding .

−1(D(F)) ⊂ VVVs. 

(c) With .F as in part (b), the morphism .
−1(D(F)) → D(F) is a uniform geo-

metric quotient. 

(d) If .V s is nonempty, then we have .dim(VVV/G) = dimK(V ) − dim(G). 

(e) If .p = 0 and .F is as in part (b), then the morphism .
−1(D(F)) → D(F) is 

a universal geometric quotient.
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Proof For part (a), we first prove that .(a.i i) ⇒ (a.i).  Le  t . v ∈ −1(D(F))(K)

and we consider .v ∈ V = VVV(K) in the Zariski closure of the orbit .G · v. Then 
.F(v ) = F(v) 0 and thus .StabG(v ) is finite; therefore the orbits .G · v and . G · v

have the same dimension equal to .dim(G). This forces .v ∈ G · v, i.e., the orbit 
.G · v is closed and we get that .v ∈ V s. Thus . −1(D(F)) ⊂ VVVs, hence .w ∈ V s, i.e., 
.(a.i i) ⇒ (a.i). 

Next we prove that.(a.i) ⇒ (a.i i).  I  f.w ∈ V s, then the closed.G-invariant subsets 
.G · w and .VVV\VVVs of . VVV are disjoint. From this and [MFK], Ch. I, Sect. 2, Cor. 1.2 and 
App. to Ch. I, Sect. C, Cor. A.1.3 we get that there exists a global function. F of. VVV/G
which is . 1 on.G · w and is . 0 on.VVV\VVVs. Clearly .F 0.  A  s .VVV\VVVs is .K×-invariant, we 
can assume that. F is homogeneous. If.v ∈ V is such that.F(v) 0, then.v ∈ V s and 
thus .F is a .G-separating polynomial on .V with .F(w) 0, i.e., .(a.i) ⇒ (a.i i). 

For part (b), the inclusion .
−1(D(F)) ⊂ VVVs follows from part (a). 

Parts (c)–(e) follow respectively from this inclusion and Lemma 4.1.6(a)–(c). 

We have the following trivial functorial property which is also a particular case 
of [MFK], Ch. 1, Prop. 1.18 and App. to Ch. I, end of Sect. C. 

Lemma 4.1.9 Let . f : V → V be a surjective morphism of .G-modules. Let 
.F ∈ O(VVV ) be a .G-separating polynomial on .V . Then .F ◦ f ∈ O(VVV) is a .G-
separating polynomial on .V (equivalently, we have . f −1((V )s) ⊂ V s). 

Lemma 4.1.10 We assume that .V is a faithful .G-module such that under the closed 
embedding homomorphism .ρV : G → GLGLGLV we have .ρV (G0) ⊂ SLSLSLV . Then there 
exists .m ∈ {1, . . . , dimK(V )} such that .(Vm)s is nonempty. 

Proof As the sets .(Vm)s do not change if .G is replaced by .G0, we can assume 
that .G = G0 ⊂ SLSLSLV .  Le  t .d := dimK(V ). We identify .V = K

d , .SLSLSLV = SLSLSLd and 
.V d = Matd as .SLSLSLd -modules acted upon via left multiplications. 

Let . ∈ V d = Matd be such that it has determinant . 1. The orbit .SLSLSLd · is the 
closed subset of .MatMatMatd formed by all matrices of determinant . 1 and the stabilizers 
.StabSLSLSLd and .StabG are trivial. Thus the orbit .G · inside .SLSLSLd · can be 
identified with the closed subgroup.G of.SLSLSLd and thus it is closed. So. ∈ (V d)s. 

4.1.3 Proof of Theorem 4.1.1 

To prove Theorem 4.1.1 we can assume that.g ≥ 2 and we first review a few classical 
facts for .g ≥ 2 (which for .g = 1 are trivial). 

Lemma 4.1.11 Let .Q0 ∈ Vg be invertible. If .p = 2, we assume .Q0 is nonalternate. 
Then for each element .ν ∈ K such that .νg = det(Q0), .Q0 is .SLSLSLg-equivalent to . ν1g
(i.e., .Q0 ∈ SLSLSLg · ν1g).
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Proof As .Q0 is nonalternate (no matter what .p is), it is congruent to a diago-
nal matrix (see [A], Thm. 6). As .Q0 is invertible and .K is algebraically closed, 
we get that .Q0 is congruent to . 1g . Thus .Q0 is .SLSLSLg-equivalent to .λ1g for some 
.λ ∈ K such that .λg = det(Q0). We can assume .ν λ.  A  s .λg = νg , .λ1g and . ν1g
belong to the same .TTTg-orbit but not to the same .SOSOSOg-orbit and not necessarily to 
the same .Z(SLSLSLg)-orbit: concretely, if .a := 2g ν

λ
∈ K

×, then .ag ∈ {−1, 1} and for 
. ∈ {a1g,Diag(−a, a, . . . , a)} ∩TTTg(K) we have . λ1g t = ν1g . 

Proposition 4.1.12 Let the pair .(Q0, Q1) ∈ V2
g be such that .Q0 is invertible and 

.Q−1
0 Q1 has . g distinct eigenvalues. If .p = 2 we also assume that .Tr(Q−1

0 Q1) 0. 
Then .(Q0, Q1) is .SLSLSLg-equivalent to a pair .(λ1g, D1) ∈ Lg with .λ ∈ K

×. 
Proof We first show that the assumption that .p = 2 and .Q0 is alternate leads to a 
contradiction. As the rank of an alternate matrix is even and as .Q0 is invertible, this 
assumption implies that. g is even and from [A], Thm. 4 we get that.Q0 is congruent to 
a block diagonal matrix .Jg := Diag(J , . . . ,J ) whose .g/2 diagonal blocks are the 

elementary matrix .J := 0 1
1 0

of type I. Thus .Q0 is .SLSLSLg-equivalent to .νJg with 

.ν ∈ K
× such that .νg = det(Q0) and as such we can assume that .Q0 = νJg .  Fo  r

.a, b, c ∈ K we have.Tr J a b
b c

= 2b = 0. From this, as .Q1 is symmetric and. g

is even, decomposing.Q1 = (qi j )1≤i, j≤g/2 into blocks.qi j = q t
j i ∈ Mat2 we compute 

.Tr(Q−1
0 Q1) = ν−1 g/2

i=1 Tr(J qii ) = 0, contradiction.3 

Thus, if .p = 2, then .Q0 is nonalternate, and from Lemma 4.1.11 we get that 
we can assume that .Q0 = λ1g for some .λ ∈ K

×.  Thus,  a  s .Q−1
0 Q1 has . g distinct 

eigenvalues, the same holds for.Q1. We write.Q1 = 2D2
−1
2 , where. 2 ∈ GLGLGLg(K)

and.D2 ∈ Zg has. g distinct eigenvalues. As.Q1 ∈ Vg , from the identity.Qt
1 = Q1 we 

easily get that. t
2 2 commutes with.D2 and hence, as.D2 has. g distinct eigenvalues, 

.
t
2 2 ∈ Zg is diagonal and we write . t

2 2 = t
1 1 with . 1 ∈ GLGLGLg(K) ∩ Zg .  Fo  r

. := 1
−1
2 ∈ SOSOSOg(K) we compute 

. D1 := Q1
t = Q1

−1 = 1
−1
2 Q1 2

−1
1 = 1D2

−1
1 ∈ Zg.

Thus the pair .(Q0, Q1) is .SLSLSLg-equivalent to . · (Q0, Q1) = (λ1g, D1). 

We recall that if 

. 0 g ∈ O(VVV2
g)

SLSLSLg = O(VVV2
g/SLSLSLg)

are the partial polarizations of the invariant polynomial .det defined by the identity 

. det(y0Q0 + y1Q1) =
g

i=0

yg−i
0 yi1 i (Q0, Q1), (4.3)

3 As. Q0
t)−1 Q1

t = t)−1Q−1
0 Q1

t, the trace of.Q−1
0 Q1 only depends on the.SLSLSLg-orbit 

of.(Q0, Q1). 
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where .y0, y1 are two indeterminates, then the Cayley’s tact-invariant (see [Dol], 
Sect. 2.3.2, Thm. 2.3.12) is 

. J := Discg 0 g) ∈ O(VVV2
g)

SLSLSLg = O(VVV2
g/SLSLSLg),

where .Discg is the discriminant of the generic binary form of degree . g;  s  o .Discg is 
a homogeneous polynomial in .g + 1 indeterminates with coefficients in .K and of 
degree .2g − 2 (by convention, for .g = 1 it is the constant polynomial . 1). 

Proof of Theorem 4.1.1. Based on Proposition 4.1.8(d), to prove Theorem 4.1.1,  it  
suffices to prove the following claim.

Claim 4.1.13 If .r ≥ 1, then .(V r+1
g )s is nonempty. 

To prove this claim we can assume that .r = 1 by Lemma 4.1.9.  I  f .p 2,  le  t
.F1 := 1.  I  f .p = 2,  le  t .F1 := 1. Based on Proposition 4.1.8(a), to end the proof it 
suffices to prove that 

. F0 := 0 · F1 · J ∈ O(VVV2
g)

SLSLSLg = O(VVV2
g/SLSLSLg)

is an .SLSLSLg-separating polynomial on .V2
g . 

To check this, let.(Q0, Q1) ∈ V2
g be such that.F0(Q0, Q1) 0, i.e., . det(Q0) 0

and .J (Q0, Q1) 0 and, in case .p = 2, . 1(Q0, Q1) 0. We have to show that 
.StabSLSLSLg ((Q0, Q1)) is finite. If .p = 2, then . Tr(Q−1

0 Q1) = det(Q0)
−1

1

(Q0, Q1) 0. The pair .(Q0, Q1) is .SLSLSLg-equivalent to a pair . (λ1g, D1) ∈ Lg ⊂ V2
g

with .λ ∈ K
× (see Proposition 4.1.12). 

As .J (λ1g, D1) = J (Q0, Q1) 0 and 

. det(y01g + y1λ
−1D1) = λ−g

g

i=0

yg−i
0 yi1 i (λ1g, D1), (4.4) 

we get that .λ−1D1 has distinct eigenvalues. Thus .D1 has distinct diagonal entries 
and hence its centralizer in .SLSLSLg is .TTTg . Therefore we have.StabSOSOSOg (D1) = SOSOSOg ∩TTTg . 
As .StabSLSLSLg ((Q0, Q1)) is .SLSLSLg(K)-conjugate to 

. StabSLSLSLg ((λ1g, D1)) = StabStabSLSLSLg (λ1g)(D1) = StabSOSOSOg (D1) = SOSOSOg ∩TTTg μμμ
g−1
2,K ,

we get that .StabSLSLSLg ((Q0, Q1)) is a finite group scheme over .Spec(K). Hence .F0 is 
an .SLSLSLg-separating polynomial on .V2

g . Thus the claim and Theorem 4.1.1 hold.
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4.1.4 Proof of Theorem 4.1.2 

To prove Theorem 4.1.2 we need a few preparations. Let .e1 := (1 0 0 · · · 0)t, 
.. . . , eg := (0 0 0 · · · 1)t be the standard ordered basis of .Kg .  Fo  r .M ∈ Matg and 
.q ∈ {1, . . . , g − 1} let .M∧q ∈ Mat(gq) denote the matrix of the .q-th wedge power 
of the endomorphism of .Kg defined by .M with respect to the standard basis 
.{ei1 ∧ · · · ∧ eiq |1 ≤ i1 < · · · < iq ≤ g} ordered lexicographically. 

For .D := Diag(λ1, . . . ,λg), .D∧q ∈ Z(gq)
has diagonal entries .λi1 · · · λiq s with 

indices.1 ≤ i1 < · · · < iq ≤ g.  Fo  r.M0, M1 ∈ Matg we have. (M0M1)
∧q = M∧q

0 M∧q
1

and we set 
. q(M0, M1) := det(M∧q

0 M∧q
1 − M∧q

1 M∧q
0 ).

We recall that .SLSLSLg acts on .Mat2g by conjugation. 

Lemma 4.1.14 For every .q ∈ {1, . . . , g − 1}, . q(M0, M1) is a nonzero .SLSLSLg-
invariant homogeneous polynomial in the entries of .M0, M1. 

Proof The only nonobvious thing is that . q 0. To check that . q 0, it suffices 
to find . 0 1 ∈ GLGLGLg(K) such that 

. det ∧q
0 − 1 0

−1
1 )∧q) 0.

We take. 0 ∈ Zg such that.
∧q
0 has distinct nonzero eigenvalues and. 1 to be the per-

mutation matrix attached to the.g-cycle.(1 · · · g). With these choices,. 1 0
−1
1 )∧q

becomes a diagonal matrix obtained from.
∧q
0 by permuting its diagonal entries via 

a permutation without fixed points, hence.
∧q
0 − 1 0

−1
1 )∧q ∈ Z(gq)

has nonzero 
entries on the diagonal and thus is invertible. To give a concrete example of such a 
. 0,  le  t .N ≥ 2g be an integer not divisible by . p,  le  t . ζ be a primitive .N -th root of 
unity in . K, and choose 

. 0 := Diag(ζ2
0
, ζ2

1
, ζ2

2
, . . . , ζ2

g−1
) ∈ Zg.

Lemma 4.1.15 Let .q ∈ {1, . . . , g − 1} and let .M0, M1 ∈ Matg be such that they 
have a common invariant subspace .W of dimension . q. Then . q(M0, M1) = 0. 

Proof As each nonzero vector.wq of the line.
q
(W ) of. q

(Kg) = K
(gq) is an eigen-

vector of both .M∧q
0 and .M∧q

1 ,  we  ha  ve

. (M∧q
0 M∧q

1 − M∧q
1 M∧q

0 )wq = 0.

This implies that . q(M0, M1) = 0. 

Proof of Theorem 4.1.2.  Th  e .SLSLSLg-invariant homogeneous polynomial
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. M0, M1) :=
g−1

q=1

q(M0, M1) ∈ O(MatMatMat2g)

is nonzero (see Lemma 4.1.14). Similar to the proof of Theorem 4.1.1, by Propo-
sition 4.1.8(a), (b) and (d) and Lemma 4.1.9, to prove Theorem 4.1.2 it suffices to 
prove that . is an .SLSLSLg-separating polynomial on .Mat2g .  Le  t .(M0, M1) ∈ Mat2g with 
. M0, M1) 0. We know that.M0 and.M1 do not have a common nontrivial invariant 
subspace, see Lemma 4.1.15.  I  f . ∈ StabSLSLSLg ((M0, M1))(K), then each eigenspace 
of . , being .M0-invariant and .M1-invariant, must be .K

g . This implies that 

. StabSLSLSLg ((M0, M1))(K) = Z(SLSLSLg)(K) μμμg(K)

is finite. Thus . is indeed an .SLSLSLg-separating polynomial on .Mat2g . 

4.1.5 Proof of Theorem 4.1.4 

As there exists an .SLSLSLg-separating polynomial on .MatMatMat2g , .(MatMatMat2g)
s is a nonempty open 

subscheme of.MatMatMat2g by Proposition 4.1.8(b). But to prove Theorem 4.1.4 we need that 
in fact the closed subscheme .VVV2

g and the two open subschemes .GLGLGL2
g and .(MatMatMat2g)

s of 
.MatMatMat2g have a nonempty intersection. 

Lemma 4.1.16 We have .(GLGLGL2g)
s ∩ (ZZZg ×VVVg) = ∅. 

Proof If .p = 0 let .K0 be the algebraic closure of .Q in .K and let .K1 := C.  I  f . p > 0
let.K0 be the algebraic closure of.Fp in. K and let.K1 be the completion of an algebraic 
closure of.K0((x)) with respect to its standard topology (here. x is an indeterminate). 
The lemma holds for .K if and only if it holds for .K0 and if and only if it holds for 
.K1. Thus we can assume that .K = K1 is complete with respect to an absolute value. 
The set of .K-valued points of a variety over .K has a natural topology induced from 
that on .K to be referred as the metric topology. 

For .ν1, . . . , νg ∈ K
× distinct let .D0 := Diag(ν1, . . . , νg) ∈ GLGLGLg(K). Also, let 

.Eg ∈ Matg be the matrix whose .g2 entries are all . 1.  Fo  r .λ ∈ K the condition that 

.λEg + D0 is an invertible matrix with . g distinct eigenvalues is expressed by . λ not 
being a zero of a polynomial .χ(x) ∈ K[x].  A  s .χ(0) 0, there exists .a ∈ K

× such 
that .χ(a) 0. This implies that the matrix .Q1 := Eg + a−1D0 is invertible and has 
. g distinct eigenvalues. 

Let . o be the closure in .MatMatMat2g of the .SLSLSLg-orbit . o of .(D0, Q1). We note that 
.(D0, Q1) ∈ GLGLGL2

g(K) ∩ (Zg × Vg).  A  s .StabSLSLSLg (D0) = TTTg we compute 

. StabSLSLSLg ((D0, Q1)) = StabTTTg (Q1) = StabTTTg (Eg) = Z(SLSLSLg) μμμg,K.

Thus .(D0, Q1) ∈ (Mat2g)
s if and only if .o = o. Hence to prove the lemma it suffices 

to check that .o = o.  Le  t .(Q0, Q1) ∈ o(K). We check that there exists . ∈ SLSLSLg(K)
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such that . D0
−1 Q1

−1) = (Q0, Q1). The characteristic polynomials of . Q0

and .D0 are the same and hence .Q0 is similar to .D0. Thus to prove the existence of 
. we can assume that .Q0 = D0. 

Let. n)n≥1 be a sequence in.SLSLSLg(K) such that. nD0
−1
n nQ1

−1
n ) converges 

in the metric topology to .(D0, Q1). Its existence can be checked by considering an 
irreducible closed affine curve .C ⊂ o that passes through .(D0, Q1) and such that 
the intersection.C ∩ (o\o) is finite and using the fact that the complement of finitely 
many points in .C̃(K), where .C̃ is the normalization of . C , is dense in .C̃(K) in the 
metric topology. 

If.UUU+
g (resp..UUU−

g ) is the unipotent subgroup of.SLSLSLg of upper (resp. lower) triangular 
matrices with all diagonal entries . 1, then the product morphism 

. UUU−
g ×UUU+

g ×TTTg → SLSLSLg

is an open embedding (by the standard Bruhat decomposition, see [Bore], Ch. IV, 
Sect. 14, Sect. 14.12, Thm. (a)) and thus we can identify .UUU−

g ×UUU+
g with an open 

subscheme of the quotient scheme .QQQq := SLSLSLg/TTTg .  A  s . nD0
−1
n converges to .D0, 

. nTTT]g ∈ QQQg(K) converges to .TTTg ∈ QQQg(K). Thus there exists .N ∈ N such that for 
each.n ≥ N there exists. n ∈ (UUU−

g ×UUU+
g )(K) ⊂ SLSLSLg(K)with the properties that we 

have . nTTTg = nTTTg and the sequence . n)n≥N converges to . 1g . 
For .n ≥ N ,  le  t .Dn := −1

n n;  we  have .Dn ∈ TTTg(K).  A  s . nDnD0D−1
n

−1
n , 

. nDnQ1D−1
n

−1
n )n≥N converges to .(D0, Q1) and both . n)n≥N and . −1

n )n≥N

converge to . 1g , the sequence .(DnD0D−1
n , DnQ1D−1

n )n≥N is equal to the sequence 
.(D0, DnQ1D−1

n )n≥N and converges to .(D0, Q1). 
As .Z(GLGLGLg) centralizes .Q1, by translating the .Dns by invertible scalar matri-

ces and by not requiring any more that they are in .TTTg(K ), we can assume 
they are in .GTGTGTg(K) and their .11 entries are . 1. Thus for .n ≥ N there exists 
.Dn = Diag(1,λ2,n, . . . ,λg,n) ∈ GTGTGTg(K) such that .(DnQ1D−1

n )n≥N converges to 
.Q1. For an integer .1 < i ≤ g,  th  e .i1 entry of .DnQ1D−1

n is .λi,n and thus 
.(λi,n)n≥N converges to the .i1 entry .λi of .Q1. Similarly, .(λ−1

i,n )n≥N converges to 
the .1i entry of .Q1. The last two sentences imply that .λi = 0. We conclude that 
the sequence .(Dn)n≥N converges to the matrix . D := (1,λ2, . . . ,λg) ∈ GTGTGTg(K)

and therefore .DQ1D−1 = Q1. Defining . := g det(D−1)D ∈ TTTg(K),  we  ha  ve
. D0

−1 Q1
−1) = (D0, Q0). This implies that .o = o. 

For the next two lemmas we recall the morphism.πππn in Diagram (4.1). 

Lemma 4.1.17 We assume that .n ≥ 2. Then there exist invertible symmetric matri-
ces 
.Q0, . . . , Qn ∈ Vg such that we have .πn(Q0, . . . , Qn) ∈ (GLGLGLng)

s(K). 

Proof By Lemma 4.1.16 we can find invertible symmetric matrices 
.Q0, Q1 ∈ Vg such that .(Q0, Q1) ∈ (Mat2g)

s.  Le  t .Q1 := 1g . Write .Q1 = Q∗
2, 

so .Q2 ∈ Vg . By Proposition 4.1.8(a) there exists an .SLSLSLg-separating homogeneous 
polynomial. F on.Mat2g such that.F(Q0, Q1) = F(Q0Q∗

1, Q1Q∗
2) 0. The function
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.Matng → K defined by .(M0, . . . , Mn−1) F(M0, M1) is a separating polynomial 
(see Lemma 4.1.9) and does not vanish at a point of the form. πn(Q0, Q1, Q2, . . . , Qn)

with .Q3, . . . , Qn ∈ Vg . Hence the latter points are stable by Proposition 4.1.8(a) 
and thus belong to .(GLGLGLn

g)
s(K) provided .Q3, . . . , Qn are also invertible. 

Lemma 4.1.18 We assume that .n ≥ 2. There exists a Zariski dense open subscheme 
.WWWg,n of .GLGLGLn+1

g ∩VVVn+1
g such that for each point .(Q0, . . . , Qn) in .WWWg,n(K) the fiber 

.πππ−1
n (πππn(Q1, . . . , Qn+1)) has dimension . 1. 

Proof Let .(Q0, . . . , Qn) ∈ Vn+1
g and .λ ∈ K

×.  Le  t .λn,λn−1, . . . ,λ0 ∈ K
× be 

defined recursively by .λn := λ and .λi := λ
1−g
i+1 for .i ∈ {n − 1, n − 2, . . . , 0}. Then 

we have 
. πn(Q0, . . . , Qn) = πn(λ0Q0, . . . ,λnQn);

hence .πππ−1
n (πππn(Q0, . . . , Qn)) has dimension .≥ 1 if .(Q0, . . . , Qn) is not the zero 

vector of .Vn+1
g and it is easy to see that the same holds even if .(Q0, . . . , Qn) is the 

zero vector of .Vn+1
g . 

We claim that there exists 

. (Q0, . . . , Qn) ∈ GLGLGLn+1
g (K) ∩ Vn+1

g

such that.πππ−1
n (πππn(Q0, . . . , Qn)) has dimension.≤ 1 and thus has dimension. 1;  as  the  

dimension of fibers of .πππn is upper semicontinuous on the source (see [E], Part II, 
Thm. 14.8), this holds for all .K-valued points .(Q0, . . . , Qn) of a Zariski dense open 
subscheme.WWWg,n of .GLGLGLn+1

g ∩VVVn+1
g . 

To check our claim, recall from Lemma 4.1.16 that we have a non-identity 
.(GLGLGL2

g)
s ∩VVV2

g = ∅.  Le  t .Q0 := 1g ,  le  t .(Q1, Q2) ∈ (GLGLGL2
g)

s(K) ∩ V2
g , and, if .n ≥ 3,  le  t

.(Q3, . . . , Qn) ∈ (GLGLGLn−2
g )(K) ∩ Vn−2

g .  Le  t .Q0, . . . , Qn ∈ Vg be such that 

. πn(Q0, . . . , Qn) = πn(Q0, . . . , Qn).

We have 
.Qi Q

∗
i+1 = Qi Q

∗
i+1 for all i ∈ {0, . . . , n − 1}. (4.5) 

It follows that the matrices .Q0, . . . , Qn−1 are invertible and thus there exist unique 
matrices . 0 n ∈ GLGLGLg(K) such that we have identities .Q0 = Q0 0 = 0, 
.Q1 = Q1 1, . . ., .Qn = Qn n .  From  Eq  . (4.5) we get that 

. i
∗
i+1 = 1g for all i ∈ {0, . . . , n − 1}. (4.6) 

As .Q0 = 0 is symmetric, by induction on .i ∈ {0, . . . , n} we get from 
Eq. (4.6) that . i ∈ Vg .  A  s .Q1, Q2 ∈ Vg ,  we  have .Q1 1 = (Q1 1)

t = 1Q1 and 
.Q2 2 = (Q2 2)

t = 2Q2. Thus . 1 commutes with .Q1 and . 2 commutes with 
.Q2. Hence.

−1
2 commutes with.Q2 and thus so does. 1. Therefore. 1 is a.K-valued 

point of the one dimensional subvariety.Z(GLGLGLg)StabSLSLSLg ((Q1, Q2)) of.GLGLGLg and thus,
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as . 0 2 n are determined by . 1 up to a finite number of possibilities by 
Eq. (4.6) and the fact that . ∈ GLGLGLg(K ) is determined by its adjugate . ∗ up to a 
scalar multiple by a .(g − 1)-th root of unity in . K, our claim is proved. 

Remark 4.1.19 The morphism.πππ1 : VVV2
g → MatMatMatg is dominant and thus for a generic 

point.(Q0, Q1) ∈ V2
g ,.πππ

−1
1 (πππ1(Q0, Q1)) has dimension. g. Even more is true, namely: 

the morphism .VVV2
g → MatMatMatg ×Spec(K) A

1
K

defined on .K-valued points by the rule 
.(Q0, Q1) (Q0Q∗

1, det(Q0)) is dominant. To check this it suffices to show that for 
each pair . λ) ∈ GLGLGLg(K) × K

× with . diagonalizable there exist . Q0, Q1 ∈ Vg

such that .Q0Q∗
1 = and .det(Q0) = λ. We write . = 1D

−1
1 , where . D ∈ Zg

is invertible and .det 1) = 1.  Le  t .ν := g√
λ. Then we can write . = Q0Q2, where 

.Q0 := ν · 1
t
1,.Q2 := ν−1 · −1

1 )tD −1
1 . Clearly.Q0, Q2 ∈ Vg are invertible and 

.det(Q0) = νg = λ. We can write.Q2 = Q∗
1, where.Q1 ∈ Vg (as it is a scalar multiple 

of .Q−1
2 ), so .Q0Q∗

1 = .4 

Proof of Theorem 4.1.4. Consider the morphisms 

. VVVn+1
g

πππn−→ MatMatMatng
n−→ MatMatMatng/SLSLSLg,

the Zariski closure.XXXn of.πππn(VVVn+1
g ) in.MatMatMatng , and the Zariski closure.YYYn of. n(XXXn) (or 

of.( n ◦ πππn)(VVVn+1
g ))  i  n.MatMatMatng/SLSLSLg . By Lemma 4.1.18 and the dimension formula for 

the generic fibers of the dominant morphism.VVVn+1
g → XXXn (see [E], Part II, Cor. 14.6) 

we have 

. dim(XXXn) = (n + 1)
g(g + 1)

2
− 1.

By Lemma 4.1.17, .XXXn ∩ (MatMatMatng)
s = ∅.  A  s .XXXn is .SLSLSLg-invariant and all fibers of 

.(MatMatMatng)
s n−→ (MatMatMatng)

s/SLSLSLg are .SLSLSLg-orbits of dimension .g2 − 1, based on the same 
dimension formula we get that 

. dim(YYYn) = dim(XXXn) − (g2 − 1) = (n + 1)
g(g + 1)

2
− g2 = (n − 1)

g(g + 1)

2
+ g.

This equality implies that Theorem 4.1.4 holds. 

4.1.6 On ‘Main Theorems’ 

We recall the ‘first main theorem’ for the conjugation action of .SLSLSLg on . MatMatMatr+1
g

(conjectured by Artin, proved for .p = 0 in [G], Thm. 17.4 and [P], Thm. 1.3, and 
for .p > 0 in [Don92, Don93]; cf. also [DCP], Thm. 1.10). For a .K-algebra . B and 
.M ∈ MatMatMatg(B), the characteristic polynomial

4 We have.Matg = (Vg ∩GLGLGLg(K)) · Vg (the proof of [Bos], Thm. 1 works for all square matrices 
with entries in a ring which are similar to a Jordan matrix). 
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. χM(x) := det(x · 1g − M) =
g

j=0

(−1) j c j (M)xg− j ∈ B[x]

satisfies .c0(M) = 1, .c1(M) = Tr(M), and .cg(M) = det(M). We identify 

. Sym((Matr+1
g )∗) = K[X0, . . . , Xr ],

where .K[X0, . . . , Xr ] := K[Xl,i j |l ∈ {0, . . . , r} and i, j ∈ {1, . . . , g}] with each 
.Xl = (Xl,i j )1≤i, j≤g a .g × g matrix with indeterminates as entries. Here we view 
every .Xl,i j as the element of .(Matr+1

g )∗ that sends each .(M0, . . . , Mr ) ∈ Matr+1
g to 

the .i j entry of .Ml . 
As the identifications .Xl,i j = Xl,i j (X0, . . . , Xr ) make sense for all . 1 ≤ i, j ≤ g

and all .l ∈ {0, . . . , r},  fo  r .F ∈ Sym((Matr+1
g )∗) we can write 

. F = F(X0, . . . , Xr ) = F(X0,11, X0,12, . . . , Xr,gg)

and we can similarly evaluate .F at elements of .Matr+1
g ⊗K Sym((Matr+1

g )∗). 
The action of . ∈ SLSLSLg(K) on .F is given by the rule 

. · F)(X0, . . . , Xr ) := F −1X0
−1Xr

To check this we can assume .r = 0 and .F = X0,i j . We need to check that . · X0,i j

is the .i j entry of . −1X0 . But this follows from the fact that for all .M ∈ Matg , 
. · X0,i j )(M) is the .i j entry of the matrix .

−1M , confirm the very definition of 
the duals of .SLSLSLg-modules. 

The ‘first main theorem’ is the following one. 

Theorem 4.1.20 The .K-algebra .Sym((Matr+1
g )∗)SLSLSLg is generated by the following 

set of homogeneous polynomials: 

. {c j (Xl1 · · · XlN )| j ∈ {1, . . . , g}, N ∈ N, l1, . . . , lN ∈ {0, . . . , r}}.

If .p g!, then the .K-algebra .Sym((Matr+1
g )∗)SLSLSLg is generated by the subset defined 

by . j = 1, i.e., by .{c1(Xl1 · · · XlN )|N ∈ N, l1, . . . , lN ∈ {0, . . . , r}}.5 

5 If .p = 0, one can take .N ∈ {1, . . . , 2g − 1} (see [P], Thm. 3.4(a)). Also, there exists a ‘second 
main theorem’ (see [P], Thm. 4.5(a) for .p = 0 and [DCP], Introd. for .p > 0) which describes the 
relations among these generators but it is not used in the monograph.
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Remark 4.1.21 We recall the following general result (see [MFK], App. to Ch. I, 
Sect. F, Thm.) If. G is semisimple and acts on.XXX = Spec(B)with. B a finitely generated 
.K-algebra which is a unique factorization domain, then the following two statements 
are equivalent. 

(1) There exists a nonempty .G-invariant open subscheme . YYY of . XXX such that for each 
.x ∈ YYY(K), the orbit of . x is closed in . XXX. 

(2) There exists a nonempty .G-invariant open subscheme . SSS of . XXX such that for each 
.x ∈ SSS(K), the reduced stabilizer of . x in .G is reductive. 

This result can be used to get less explicit proofs of Theorems 4.1.1 and 4.1.2.  Our  
explicit proofs of Theorems4.1.1 and 4.1.2 helped in proving Theorems 2.4.21 and 
4.1.4 and are repeatedly used in what follows. 

4.2 General Results on Quadratics for Arbitrary . g ≥ 1

We return to the geometric invariant theory of quadratic forms. 

4.2.1 The .SLSLSLg-Module . Vg

Let .εg ∈ {0, 1} be the remainder of the division of .g by . 2.  As  we  h  ave

.Ker(SLSLSLg → GLGLGLVg ) μμμ
1−εg
2,K ,  we  u  se .Wεg , where 

. W0 := 1

2
Z≥0 and W1 := Z≥0.

Let .τg : SLSLSLg SLSLSLg be the involutory automorphism which on .K-valued points 
is given by the rule: . t)−1.  I  f .g ≥ 3, then .τg is the ‘standard’ outer auto-
morphism of .SLSLSLg . For a finite dimensional .SLSLSLg-module.V given by a representation 
.ρV : SLSLSLg → GLGLGLV ,  le  t.τ ∗

g (V ) be the.SLSLSLg-module given by the representation.ρV ◦ τg; 
thus we have .τ ∗

g (V ) = V as .K-vector spaces. If .g = 2, then .τ2 is an inner automor-
phism of .SLSLSL2 and therefore .τ ∗

2 (V ) and .V are isomorphic .SLSLSL2-modules. 
We consider the standard.g-dimensional.SLSLSLg-module.Wg := K

g , where the action 
.SLSLSLg ×WWWg → WWWg is given on .K-valued points by the rule: . · v. 

If .p > 0, we recall that .W(p)
g is the .SLSLSLg-module given on .K-valued points 

by the rule: . [p] · v where . [p] ∈ SLSLSLg(K) is the matrix obtained from 
. ∈ SLSLSLg(K) by replacing each entry by its .p-th power. 

Let .{e∗
1, . . . , e

∗
g} be the standard basis of .W∗

g: it is the dual of the standard 
basis .{e1, . . . , eg} of .Wg . Using the Kronecker delta, for .i, j ∈ {1, . . . , g} we have 
.e∗

j (ei ) = δi j . The standard basis of the .K-vector space 

.Matg = HomK(Wg,Wg) = Wg ⊗K W∗
g
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is .{ei ⊗ e∗
j |1 ≤ i, j ≤ g}.  Fo  r .m ∈ {1, . . . , g} we have .(ei ⊗ e∗

j )(em) = δ jmei .  The  
standard basis of .Vg is 

. {ei ⊗ e∗
i |1 ≤ i ≤ g} ∪ {ei ⊗ e∗

j + e j ⊗ e∗
i |1 ≤ i < j ≤ g}.

For .g ≥ 2 and .i, j ∈ {1, . . . , g} distinct let 

. i, j ∈ SOSOSOg(K) (4.7) 

be such that it maps.(ei , e j ) to.(e j ,−ei ) and fixes each.ei with.i ∈ {1, . . . , g}\{i, j}. 
If .p = 2,  we  have . i, j = j,i . 

The classification of finite dimensional simple modules over a simply connected 
semisimple group.G over. K in terms of weights associated to a maximal torus.TG of 
.G (see [Ja], Part II, Chs. 2 and 5) implies the following property. 

(. ) If .V and .V are two finite dimensional .G-modules which are isomorphic as .TG-
modules, then they are isomorphic as.G-modules provided either both are semisimple 
.G-modules or one is a simple .G-module. 

If.p = 2,  le  t.Valt
g be the.K-vector subspace of.Vg of alternating symmetric matrices 

and let .VDiag
g := Vg/Valt

g ;  we  ha  ve

. dimK(Valt
g ) = g(g − 1)

2
and dimK(VDiag

g ) = g.

The .K-vector subspace . g ⊂ Matg of upper triangular matrices is a direct supple-
ment of .Valt

g in .Matg and we have a canonical .K-linear isomorphism 

. g → Matg/V
alt
g .

The.K-linear map.Matg → Vg defined by the rule .M M + M t is surjective if 
and only if .p 2:  i  f .p = 2, the image is .Valt

g . 
We now study the short exact sequence .0 → Vg → Matg → Matg/Vg → 0 of 

.SLSLSLg-modules under the congruence action. 

Lemma 4.2.1 If .p = 2, then the following properties hold. 

(a) We have a short exact sequence of .SLSLSLg-modules 

. 0 → Valt
g → Vg → VDiag

g → 0.

(b) The .SLSLSLg-module .VDiag
g is simple and isomorphic to .W(2)

g . 

(c) The .SLSLSLg-module .Valt
g is simple (if .g = 2, then .Valt

2 = KJ = K
0 1
1 0

is a 

trivial simple .SLSLSL2-module).
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(d) The short exact sequence of part (a) does not split. 

(e) The .SLSLSLg-modules .Valt
g , . 2

(Wg) and .Matg/Vg are isomorphic. 

(f) The .SLSLSLg-module .Vg is not isomorphic to either .V∗
g or .τ

∗
g (V∗

g). 

(g) The .SLSLSLg-modules .Vg and .Sym2(Wg) are not isomorphic. 

(h) The only .SLSLSLg-submodules of .Matg are . 0, .Valt
g , .Vg and .Matg. 

(i) The .SLSLSLg-modules .Mat∗g and .τ ∗
g (Matg) are isomorphic. 

(j) The .SLSLSLg-modules .Matg/Valt
g and .τ ∗

g (V∗
g) are isomorphic. 

Proof Part (a) holds as from [A], Thm. 1 we get that .Valt
g is an .SLSLSLg-submodule of 

.Vg . 
Part (b) follows from (. ) applied to .G = SLSLSLg as we have a natural identification 

.VDiag
g = W(2)

g of .TTTg-modules. 
To prove parts (c) and (d), we first remark that the .SLSLSLg-submodule .VM

g of . Matg
generated by a nonzero.M ∈ Matg is the.K-span of the congruence class of. M .  As  the  
congruence relation on .Valt

g \{0} has precisely . g
2 congruence classes given by the 

(even) rank (see [A], Thm. 4), it is easy to see that for .Q ∈ V alt
g we have .VQ

g = Valt
g . 

From this part (c) follows. If .Q ∈ Vg is nonalternate, then .VQ
g ∩ Zg 0 (see [A], 

Thm. 6) and using this we easily get that.Zg ⊂ VQ
g and thus (again based on loc. cit.) 

.Vg\Valt
g ⊂ VQ

g . This implies that .VQ
g = Vg and that (d) holds. 

Part (e) follows from (. as the .TTTg-modules .Valt
g , . 2

(Wg) and .Matg/Vg are iso-
morphic. Part (f) follows from parts (a) to (d) and their duals. 

As we have an .SLSLSLg-invariant epimorphism .Sym2(Wg) → 2
(Wg), part (g) fol-

lows from parts (d) and (e). 
Based on parts (a) to (d) (or on the proof of parts (c) and (d)), to prove part 

(h) it suffices to show that if .M ∈ Matg\Vg , then .VM
g = Matg . Based on parts (c) 

and (e), we have an .SLSLSLg-invariant epimorphism .VM
g → Matg/Vg . Thus we can 

assume that .M ∈ Vg + Ke1 ⊗ e∗
2. Writing .Vg + Ke1 ⊗ e∗

2 as a direct sum of 
.TTTg-modules on which .TTTg acts via one character, we can assume that in fact 
.M = νe2 ⊗ e∗

1 + (e1 ⊗ e∗
2) with .ν ∈ K\{1}.  A  s

. (1g + e2 ⊗ e∗1)M(1g + e2 ⊗ e∗1)t = (M + e2 ⊗ e∗2)(1g + e1 ⊗ e∗2) = M + (1 + ν)(e2 ⊗ e∗2)

is in.VM
g , we get that.(1 + ν)(e2 ⊗ e∗

2) ∈ V M
g ∩ (Zg\{0}) and from the proof of parts 

(c) and (d) we get that.VM
g contains.Vg . From this, as.VM

g surjects onto.Matg/Vg ,  we  
conclude that .VM

g = Matg . Thus part (h) holds. 
Part (i) follows from the fact that the nondegenerate trace bilinear map 

. Matg × τ ∗
g (Matg) → K

is .SLSLSLg-invariant, i.e., for . ∈ SLSLSLg(K) and .M1, M2 ∈ Matg ,  we  ha  ve

.Tr M1
t t)−1M2

−1) = Tr M1M2
−1) = Tr(M1M2).
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The dual .Mat∗g → V ∗
g of the .SLSLSLg-invariant monomorphism .Vg → Matg induces 

an .SLSLSLg-invariant epimorphism .τ ∗
g (Mat∗g) → τ ∗

g (V ∗
g ) which, based on part (i), can 

be viewed as an .SLSLSLg-invariant epimorphism .Matg → τ ∗
g (V ∗

g ). Thus, based on part 
(h) and reasons of dimensions, we get that .τ ∗

g (V ∗
g ) is isomorphic to the quotient 

.Matg/Valt
g of .Matg . Thus part (j) holds. 

Lemma 4.2.2 If .p 2, then the following properties hold. 

(a) The .SLSLSLg-modules .Vg and .Sym2(Wg) (resp. .V∗
g and .Sym2(W∗

g)) are simple and 
isomorphic. 

(b) The .SLSLSLg-modules .Vg and .τ ∗
g (V∗

g) (or .τ
∗
g (Vg) and .V∗

g) are isomorphic. 

Proof We only prove part (a) for .Vg and .Sym2(Wg) as the proof for .V∗
g and 

.Sym2(W∗
g) is the same. The .TTTg-modules .Vg and .Sym2(Wg) are isomorphic under 

the natural .K-linear map that maps .ei ⊗ e∗
j + e j ⊗ e∗

i to the image of the element 
.ei ⊗ e j ∈ Wg ⊗K Wg into .Sym2(Wg) for all .1 ≤ i ≤ j ≤ g. The proof of Lemma 
4.2.1 (c) and (d) can be easily adapted to give that.Vg is a simple.SLSLSLg-module. From 
the last two sentences and (. ) we get that the .SLSLSLg-modules .Vg and .Sym2(Wg) are 
isomorphic. Thus part (a) holds. 

Part (b) follows from part (a) as the two .SLSLSLg-modules .Wg and .τ ∗
g (W∗

g) are iso-
morphic. 

4.2.2 Rings and Vector Spaces of Invariants: The .K Case 

With arbitrary characteristic.p ≥ 0, we begin by giving an explicit description of the 
.SLSLSLg(K)-action on the .K-algebra .Sym((Vr+1

g )∗).  Le  t .Ti j ∈ V∗
g be defined by letting 

.Ti j (Q) be the .i j entry of .Q ∈ Vg . Hence the set .{Ti j |1 ≤ i ≤ j ≤ g} is a basis of 

.V∗
g . We write 

. Sym((Vr+1
g )∗) = K[T, . . . , T (r)] := K[Ti j , . . . , T (r)

i j |1 ≤ i ≤ j ≤ g],

where .T = T (0) = (Ti j )1≤i, j≤g = (T (0)
i j )1≤i, j≤g, . . . , T (r) = (T (r)

i j )1≤i, j≤g are 
symmetric matrices of indeterminates of size .g × g and for every .l ∈ {0, . . . , r}, 
the set .{T (l)

i j |1 ≤ i ≤ j ≤ g} is .{Ti j |1 ≤ i ≤ j ≤ g} but viewed as a .K-basis of 

the .l-th factor .V∗
g of .(Vr+1

g )∗. As the identifications . T (l)
i j = T (l)

i j (T, . . . , T (r))

make sense for all .1 ≤ i ≤ j ≤ g and all .l ∈ {0, . . . , r}, for every polynomial 
.F ∈ K[Ti j , . . . , T (r)

i j |1 ≤ i ≤ j ≤ g] we can write 
. F = F(T, . . . , T (r)) = F(T11, T12, . . . , T

(r)
gg )

as well as we can similarly evaluate .F at elements of .Vg ⊗K Sym((Vr+1
g )∗). 

Recall the .SLSLSLg-action on .Vg given by the rule . Q) Q t, with 
. ∈ SLSLSLg(K) and .Q ∈ Vg . We claim that we have an identity
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. · F)(T, . . . , T (r)) = F −1T −1)t −1T (r) −1)t).

To check this we can assume .r = 0 and .F = Ti j and we need to prove that . · Ti j
is the .i j entry of the symmetric matrix .

−1T −1)t. But this follows from the fact 
that for all .Q ∈ Vg , . · Ti j )(Q) is the .i j entry of the matrix . −1Q −1)t,  by  the  
very definition of the duals of .SLSLSLg-modules. 

For .l ∈ {0, . . . , r} we have the matrix identity 

. · T (l)
i j )1≤i≤ j≤g = −1T (l) −1)t. (4.8) 

Recalling the notation in Display (4.7), for .g ≥ 2 and .i, j ∈ {1, . . . , g} distinct we 
have 

. i j · T (l)
i j = −T (l)

i j i j · T (l)
i i = T (l)

j j and i j · T (l)
j j = T (l)

i i . (4.9) 

For .g ≥ 3, .i, j ∈ {1, . . . , g} distinct, and .i , j ∈ {1, . . . , g}\{i, j} we have 

. i j · T (l)
i j = T (l)

i j . (4.10) 

For .g ≥ 3 and .i, j, i ∈ {1, . . . , g} distinct we have 

. i j · T (l)
j i = −T (l)

i i and i j · T (l)
i i = T (l)

j i . (4.11) 

Equations (4.9)–(4.11) can be all read out from the following matrix identity 

. 

⎛

⎝
0 −1 0
1 0 0
0 0 1

⎞

⎠

⎛

⎝
T11 T12 T13
T12 T22 T23
T13 T23 T33

⎞

⎠

⎛

⎝
0 1 0

−1 0 0
0 0 1

⎞

⎠ =
⎛

⎝
T22 −T12 −T23

−T12 T11 T13
−T23 T13 T33

⎞

⎠ .

We view 
. Sym((Vr+1

g )∗) = ⊕s∈Z≥0Sym((Vr+1
g )∗)s

as a.Z≥0-graded.K-algebra by declaring each.T (l)
i j with.0 ≤ l ≤ r and. 1 ≤ i ≤ j ≤ g

to be homogeneous of degree . 1. For a nonzero polynomial . h ∈ Sym((Vr+1
g )∗)s

we speak about its .T -degree . s. If for each .l ∈ {0, . . . , r}, . h has partial homoge-
neous degree . sl in the upper index . (l), then we also say that . h has partial .T -degree 
.(s0, . . . , sl);  we  have .s = r

l=0 sl . 
We consider the .K-monomorphisms (inclusions) 

. Sym((V1
g)

∗) ⊂ Sym((V2
g)

∗) ⊂ · · · ⊂ Sym((Vr
g)

∗) ⊂ Sym((Vr+1
g )∗) ⊂ · · · ;

they correspond to natural projections .· · · → Vr+1
g → Vr

g → · · · → V2
g → V1

g on 
first coordinates and induce .Z≥0-graded .K-monomorphisms (inclusions) 

.Sym((V1
g)

∗)SLSLSLg ⊂ Sym((V2
g)

∗)SLSLSLg ⊂ · · · ⊂ Sym((Vr
g)

∗)SLSLSLg ⊂ · · · . (4.12)
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As .SLSLSLg is semisimple, the rings in Display (4.12) are unique factorization domains 
with .K

× as their groups of units. 
For .s ∈ Wεg let 

. H
r
g(s)K := Sym((Vr+1

g )∗)SLSLSLg
gs .

Thus we get a .Wεg -graded .K-algebra 

. H
r
g,tot,K :=

s∈Wεg

H
r
g(s)K

contained in .Sym((Vr+1
g )∗) and a .Z≥0-graded .K-algebra 

. H
r
g,K :=

s∈Z≥0

H
r
g(s)K

contained in either .Hr
g,tot,K or .Sym((Vr+1

g )∗). 
If . g is even, we consider the .H

r
g,K -module 

. H
r,⊥
g,K :=

s∈W0\Z≥0

H
r
g(s)K =

s∈ 1
2 +Z≥0

H
r
g(s)K.

Lemma 4.2.3 The following properties hold. 

(a) If . g is odd, then we have .H
r
g,K = H

r
g,tot,K = Sym((Vr+1

g )∗)SLSLSLg . 

(b) We assume that . g is even. Then we have .Hr
g,tot,K = Sym((Vr+1

g )∗)SLSLSLg and the 
square of each homogeneous polynomial of .Hr

g,tot,K belongs to .Hr
g,K and hence the 

.K-monomorphism (inclusion).Hr
g,K → H

r
g,tot,K is integral. Moreover,.Hr

g,K is normal 
and exactly one of the following possibilities holds: 

(b.i) either .Hr,⊥
g,K = 0, i.e., we have an identity .H

r
g,K = H

r
g,tot,K; 

(b.ii) or .Hr,⊥
g,K 0 and then .[Frac(Hr

g,tot,K) : Frac(Hr
g,K)] = 2 and there exists a 

homogeneous prime element 
. hg,r,odd ∈ H

r,⊥
g,K

of the smallest .T -degree such that we have three identities 

.

Frac(Hr
g,tot,K) = Frac(Hr

g,K) ⊕ Frac(Hr
g,K)hg,r,odd

= Frac(Hr
g,K)[x]/[x2 − h2g,r,odd],

Frac(Hr
g,tot,K) ⊗H

r
g,K

H
r,⊥
g,K = Frac(Hr

g,tot,K)hg,r,odd,
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hence the finite field extension .Frac(Hr
g,K) → Frac(Hr

g,tot,K) is separable if and only 
if .p 2. 

(c) If .Hr
g,tot,K is Cohen–Macaulay, then .Hr

g,K is also Cohen–Macaulay and 
.H

r
g,tot,K is in fact Gorenstein. 

(d) If .p = 0, then .H
r
g,tot,K is Cohen–Macaulay. 

Proof If there exists a nonzero polynomial .h ∈ Sym((Vr+1
g )∗)SLSLSLg

s , then for a .K-
algebra . B, an element .λ ∈ μμμg(B) = Z(SLSLSLg)(B) acts on . h as the multiplication by 
.λ2s = 1 and thus . g divides . 2s. From this the part (a) and the first two parts of (b) 
follow. 

As .SLSLSLg is semisimple, from [HR], Cor. 1.9 (see [Mur], Thm. for the Gorenstein 
conclusion) we get that part (d) holds and part (c) holds for .Hr

g,tot,K. Thus parts (b) 
and (c) hold if .Hr

g,K = H
r
g,tot,K. 

To end the proof it suffices to show that if .Hr
g,K H

r
g,tot,K (so . g is even), then 

.[Frac(Hr
g,tot,K) : Frac(Hr

g,K)] = 2, there exists .hg,r,odd ∈ H
r,⊥
g,K such that (b.ii) holds, 

.H
r
g,K is normal, and, if .Hr

g,tot,K is Cohen–Macaulay, so is .Hr
g,K. 

Let .hg,r,odd ∈ H
r,⊥
g,K be a nonzero homogeneous element of the smallest (posi-

tive) .T -degree. As all prime divisors of .hg,r,odd in the unique factorization domain 
.H

r
g,tot,K are homogeneous of positive.T -degree, from the smallest.T -degree property 

of .hg,r,odd, we get that .hg,r,odd is a prime element of .Hr
g,tot,K. 

As .Hr
g,tot,K is an integral domain, . 1 and .hg,r,odd generate an .Hr

g,K-submodule of 
.H

r
g,tot,K which is free of rank . 2.  If  the .K-algebra .Hr

g,tot,K is generated by homoge-

neous elements .h1, . . . , hm ∈ H
r
g,K and .hg,r,odd, h⊥

1 , . . . , h⊥
m⊥ ∈ H

r,⊥
g,K, then the .K-

algebra .Hr
g,K is generated by .h1, . . . , hm and by products of two elements in the 

set .{hg,r,odd, h⊥
1 , . . . , h⊥

m⊥}, and moreover .hg,r,odd, h⊥
1 , . . . , h⊥

m⊥ ∈ H
r,⊥
g,K are homoge-

neous generators of the .H
r
g,K-module .H

r,⊥
g,K. Thus, as 

. h2g,r,odd, hg,r,oddh
⊥
1 , . . . , hg,r,oddh

⊥
m⊥ ∈ H

r
g,K,

the three identities of part (b) follow from the identities 

.

Frac(Hr
g,tot,K) = Frac(Hr

g,K)(hg,r,odd, h⊥
1 , . . . , h⊥

m)

= Frac(Hr
g,K)(hg,r,odd)

= Frac(Hr
g,K)[x]/(x2 − h2g,r,odd)

= Frac(Hr
g,K) ⊕ Frac(Hr

g,K)hg,r,odd.

(4.13) 

As .H
r
g,tot,K = H

r
g,K ⊕ H

r,⊥
g,K is normal (being a unique factorization domain) and 

as each nonzero element of .Hr,⊥
g,K belongs to .Frac(Hr

g,K)hg,r,odd, .Hr
g,K equals to its 

normalization in .H
r
g,tot,K and hence is normal.
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We use standard equivalent definitions of the notion Cohen–Macaulay ring for 
finitely generated.Z≥0-graded algebras over fields (see [Cho], Thm. 1). As.Hr

g,tot,K is 

Cohen–Macaulay of dimension.(r + 1) g(g+1)
2 − g2 + 1 (see (a) and Theorem 4.1.1), 

there exists a homogeneous system of parameters .h1, . . . , h(r+1) g(g+1)
2 −g2+1 which is 

a regular sequence of .Hr
g,tot,K. 

Part (b) implies that.h21, . . . , h
2
(r+1) g(g+1)

2 −g2+1
is a homogeneous system of param-

eters which is a regular sequence of .Hr
g,K, hence .H

r
g,K is Cohen–Macaulay. 

4.2.3 Rings and Vector Spaces of Invariants: The General 
Case 

To list more applications needed in Chaps. 2 and 3,  le  t

. H
r,Z
g,tot := H

r
g,tot,C ∩ (Z[T, . . . , T (r)]) and H

r,Z
g := H

r
g,C ∩ (Z[T, . . . , T (r)]).

For .s ∈ Wεg let .Hr,Z
g,tot(s) := H

r
g,tot(s)C ∩ H

r,Z
g,tot.  Also,  fo  r .s ∈ Z≥0 we define 

.H
r,Z
g (s) := H

r
g(s)C ∩ H

r,Z
g = H

r,Z
g,tot(s). We have direct sum decompositions 

. H
r,Z
g = ⊕s∈Z≥0H

r,Z
g (s) ⊂ H

r,Z
g,tot = ⊕s∈Wεg

H
r,Z
g,tot(s).

For an arbitrary .Z-algebra . B we set 

. H
r,Z
g,tot,B := H

r,Z
g,tot ⊗Z B, H

r,Z
g,tot(s)B := H

r,Z
g,tot(s) ⊗Z B, H

r,Z
g,B := H

r,Z
g ⊗Z B and

. H
r,Z
g (s)B := H

r,Z
g (s) ⊗Z B.

We get direct sum decompositions 

. H
r,Z
g,B = ⊕s∈Z≥0H

r,Z
g (s)B ⊂ H

r,Z
g,tot,B = ⊕s∈Wεg

H
r,Z
g,tot(s)B .

From [Se], Thm. 2 we get that the.Z-algebra.Hr,Z
g,tot is finitely generated and arguments 

similar to the ones of the proof of Lemma 4.2.3(a) and (b) show that the same holds 
for .Hr,Z

g . Thus the .B-algebras .Hr,Z
g,tot,B and .H

r,Z
g,B are finitely presented. 

Moreover, if . B is a field of characteristic. 0, then the.B-algebras.Hr,Z
g,tot,B and. H

r,Z
g,B

are Cohen–Macaulay unique factorization domains and hence Gorenstein (see [HR], 
Cor. 1.9) and their groups of units are .B×. 

If .p = 0, then we have canonical identifications 

.H
r
g,tot,K = H

r,Z
g,tot,K and H

r
g,K = H

r,Z
g,K (4.14)
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compatible with the gradings but for .p > 0 we only have canonical inclusions (.K-
algebra monomorphisms compatible with the gradings) 

.H
r,Z
g,tot,K ⊂ H

r
g,tot,K and H

r,Z
g,K ⊂ H

r
g,K. (4.15) 

Based on the last two paragraphs, we can set 

. D(g, r) := (r + 1)
g(g + 1)

2
− g2 + 1,

. 

Dp(g, r, s) := dimK(Hr
g(s)K) for s ∈ Wεg ,

D(g, r, s) := D0(g, r, s) for s ∈ Wεg .

For instance, .D(1, r) = r + 1, .Hr
1,K is a polynomial .K-algebra in .r + 1 indetermi-

nates of degree . 1 and therefore .Dp(1, r, s) = r+s
s for all .s ∈ Z≥0. Similarly, for 

.g ≥ 2 we have .H
0
g,K = K. From the inclusions of Display (4.15) we get that 

. Dp(g, r, s) ≥ D(g, r, s).

Once an identity .Dp(g, r, s) = D(g, r, s) is proved, afterwards we use the simpler 
notation .D(g, r, s) instead of .Dp(g, r, s). 

From Theorem 4.1.1 and Lemma 4.2.3(a) and (b) we get directly the following 
consequence. 

Corollary 4.2.4 For all integers .r ≥ 1 we have 

. dim(Hr
g,tot,K) = dim(Hr

g,K) = D(g, r).

4.2.4 The Case . s = 1
2

To compute the numbers .Dp(g, r, s) in the case .s = 1
2 we recall the computation of 

all .TTTg-invariants of .Sym((Vr+1
g )∗) = K[T, . . . , T (r)]. 

Remark 4.2.5 The torus .TTTg leaves invariant the .K-span of each monomial 

.μ :=
1≤i≤ j≤g

r

l=0

(T (l)
i j )ni j,l
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in the .T (l)
i j s, where each .ni j,l ∈ N ∪ {0}.  Fo  r .m ∈ {1, . . . , g},  le  t

. Indexm(μ) :=
1≤i≤ j≤g

r

l=0

ni j,l(δmi + δmj ).

We have 

.

g

m=1

Indexm(μ) = 2deg(μ). (4.16) 

For.λ ∈ K
×\{1}, the matrix. := λ−1Diag(1, . . . , 1,λg, 1, . . . , 1) ∈ TTTg(K)with 

.λg−1 as the.mm entry, maps. μ to.λgIndexm (μ)−2deg(μ)μ. Thus, as.TTTg(K) is generated by 
such . s, the monomial . μ is .TTTg-invariant if and only if .Indexm(μ) is independent on 
.m ∈ {1, . . . , g}, in which case it is denoted simply as .Index(μ) and from Eq. (4.16) 
we get that 

. 2deg(μ) = gIndex(μ);

thus, if . g is even, we have .deg(μ) = g
2 if and only if .Index(μ) = 1. 

Proposition 4.2.6 If . g is even, then we have .Dp(g, r,
1
2 ) = 0. 

Proof If .g = 2,  we  have .H
r
2(

1
2 )K ⊂ ⊕r

l=0KT (l)
12 (see Remark 4.2.5) and .T (l)

12 is not 
an .SLSLSL2-invariant (for .p = 2, see Lemma 4.2.1(a)–(d) in the dual context or see 
Lemma 4.2.1(j)). Thus .Hr

2(
1
2 )K = 0 and .Dp(2, r, 1

2 ) = 0. 
For.g ≥ 4 we show that the assumption that there exists.h ∈ H

r
g(

1
2 )K\{0} leads to 

a contradiction. We know. h is in the.K-span of monomials.
g
2
m=1 T

(lm )
im , jm

with.im < jm , 
.{i1, j1, . . . , i g

2
, j g

2
} = {1, . . . , g} and .l1, . . . , l g

2
∈ {0, . . . , r},  see  Remar  k 4.2.5.  We  

fix such a monomial .μ :=
g
2
m=1 T

(lm )
im , jm

which appears with a nonzero coefficient . c
in . h. 

For .p 2, the coefficient of . μ in . i1, j2 · h is .−c (see Eqs. (4.9)–(4.11)) which 
contradicts the fact that . h is an .SLSLSLg-invariant. 

If .p = 2,  le  t . ∈ SLSLSLg(K) be such that it normalizes .Span({ei1 , e j1}), fixes each 
.ei with .i ∈ {1, . . . , g}\{i1, j1} and (by the case .g = 2) does not fix .T (l1)

i1, j1
. Based 

on Eq. (4.8), similar to Eqs. (4.9)–(4.11) we argue that for each .l ∈ {0, . . . , r}, . 
leaves invariant .Span({T (l)

i1,i1
, T (l)

i1, j1
, T (l)

j1, j1
}) and fixes each indeterminate .T (l)

i j with 
.i, j ∈ {1, . . . , g}\{i1, j1}. From the last two sentences we get that . · h h which 
contradicts the fact that . h is an .SLSLSLg-invariant. 

4.2.5 The Case . r = 1

To compute the numbers .Dp(g, r, s) in the case .r = 1 and .p 2 we first recall the 
following well-known result.
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Lemma 4.2.7 Let .y0, . . . , yg be indeterminates. Let .σ0(y1, . . . , yg) := 1 and 

. σ1(y1, . . . , yg) :=
g

m=1

ym, · · · , σg(y1, . . . , yg) :=
g

m=1

ym

be the elementary symmetric polynomials in the indeterminates .y1, . . . , yg. Then the 
.K-algebra endomorphism 

. θg : K[y0, . . . , yg] → K[y0, . . . , yg]

given for .m ∈ {0, . . . , g} by the rule 

. θg(ym) := yg−m
0 σm(y1, . . . , yg)

becomes integral after inverting.y0 (i.e., the induced.K-algebra endomorphism. (θg)y0
of .K[y0, . . . , yg]y0 is integral). 
Proof Let .z1 := y−1

0 y1, . . . , zg := y−1
0 yg ∈ K[y0, . . . , yg][y−1

0 ].  The .K-algebra 
monomorphism.K[σ1(z1, . . . , zg), . . . ,σg(z1, . . . , zg)] → K[z1, . . . , zg] is integral 
as .z1, . . . , zg are roots of the monic polynomial 

. 

g

m=0

(−1)mzg−mσm(z1, . . . , zm)

in the indeterminate . z, and thus by tensoring it with .K[y0, y−1
0 ] over .K we get that 

.(θg)y0 is integral. 

The .p = 0 case of the next theorem is classical (for instance, it is proved in [T], 
Ch. 20, Sect. 6, p. 304). 

Theorem 4.2.8 Let .H1
g,K be the .K-subalgebra of .H1

g,tot,K generated by the polyno-
mials . 0 g of Eq. (4.3). Then the following properties hold. 

(a) The polynomials . 0 g are algebraically independent over . K, i.e., . H1
g,K

is a polynomial .K-algebra in .g + 1 indeterminates. 

(b) If .p 2, then we have 

. H
1
g,K = H

1
g,K = H

1
g,tot,K = Sym((V2

g)
∗)SLSLSLg = O(VVV2

g)
SLSLSLg

(thus, if . g is even, we have .H1,⊥
g,K = 0 and .Dp(g, 1, s) = 0 if .s ∈ W0\Z≥0) and 

.Dp(g, 1, s) = g+s
s for all .s ∈ Z≥0. 

(c) If .p = 2, then the .K-monomorphisms .H1
g,K → H

1
g,K → H

1
g,tot,K are integral 

and purely inseparable (but .H1
g,K → H

1
g,K is not an isomorphism for .g > 1).
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Proof With .F0 ∈ H
1
g,K as in the proof of Theorem 4.1.1, we claim that by invert-

ing .F0 the .K-algebra monomorphism .H1
g,K,F0

→ H
1
g,tot,K,F0

is integral and purely 
inseparable for .p = 2 and is an isomorphism if .p 2. 

The fibers of the morphism . F0 : Spec(K[T, T (1)]F0) → Spec(H1
g,K,F0

) were in 
essence computed in the proof of Theorem 4.1.1. To explain this we consider a point 
.P ∈ Spec(H1

g,K,F0
)(K) given by a surjective.K-homomorphism.H

1
g,K,F0

→ Kwhich 
for.i ∈ {0, . . . , g} maps. i to some.νi ∈ K.  Le  t .λ0 ∈ K be such that.λg

0 = ν0 and let 
.λ1, . . . ,λg ∈ K be such that (see Eq. (4.4)) 

. ν0

g

i=1

(x − λi ) =
g

i=0

xg−iνi .

As .F0(ν0, . . . , νg) 0, .λ0 0, .λ1, . . . ,λg are distinct, and, if .p = 2,  we  
hav e .

g
i=1 λi 0.  Le  t .D0 := λ01g , .D1 := Diag(λ0λ1, . . . ,λ0λg) ∈ Zg . The pair 

.(D0, D1) defines a .K-valued point of . −1
F0

(P) and let . o be its orbit in .VVV2
g;  it  is  a  

smooth, closed subscheme of .VVV2
g of dimension .g2 − 1.  We  have an .SLSLSLg-invariant 

closed embedding .o ⊂ −1
F0

(P). 
In this paragraph we check that .o = ( −1

F0
(P))red, i.e., we have an identity 

.o(K) = ( −1
F0

(P))(K). It suffices to show that if .λ0,λ1, . . . ,λg ∈ K are such that 
.(λ0)

g = ν0 = λ
g
0 and.{λ0λ1, . . . ,λ0λg} = {λ0λ1, . . . ,λ0λg}, then.(D0, D1) is .SLSLSLg-

equivalent to .(λ01g,Diag(λ0λ1, . . . ,λ0λg)). Based on the proof of Theorem 4.1.1, 
we can assume that.λ0 = λ0 and it suffices to show that.D1 and. Diag(λ0λ1, . . . ,λ0λg)

are .SOSOSOg-equivalent. But this follows by repeatedly applying the fact that for . g ≥ 2
and integers .1 ≤ i < j ≤ g, similarly to Eq. (4.9) we get that . i j · D1 is obtained 
from.D1 by interchanging its . i i and . j j entries. 

To prove that . −1
F0

(P) = o is reduced if .p 2, it suffices to show that if 
.B := K[x]/(x2) = K ⊕ K , with . := x + (x2), then the injection 

. o(B) → −1
F0

(P)(B)

is in fact a bijection. To check this, it suffices to show that if . (D0, D1) ∈ B ⊗K Vg

is such that modulo . is .(D0, D1), .det(D0) = det(D0) and .(D0)
−1D1 has eigenval-

ues .λ1, . . . ,λg , then there exists . ∈ Ker(SLSLSLg(B) → SLSLSLg(K)) such that we have 
. D0 )t D1 )t) = (D0, D1). To check this we note that, as .p 2, each 
.Q ∈ Vg of trace zero is of the form.λ0(M0 + M t

0) with.M0 ∈ Matg of trace zero (for 
instance, we can take .M0 = 1

2λ0
Q) and thus we can assume that .D0 = D0.6 

We show that there exists . ∈ Ker(SOSOSOg(B) → SOSOSOg(K)) such that we have 
. D1 )t = D1 )−1 = D1.  A  s .D1 and .D1 have the same distinct eigenval-
ues, there exists a matrix .M ∈ Matg such that 

.D1 = (1g + M)D1(1g − M) = D1 + (MD1 − D1M)

6 If .g ≥ 2,  fo  r .p = 2 we cannot assume that.D0 = D0. 
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As .MD1 − D1M and .D1 are symmetric, .D1 commutes with .M + M t.  A  s . D1 ∈ Zg

has distinct eigenvalues, we get that .M + M t ∈ Zg . This implies that there exists 
.M1 ∈ Matg with .M t

1 + M1 = 0 (so .M1 ∈ Lie(SOSOSOg)) such that .M − M1 ∈ Zg .  We  
hav e .MD1 − D1M = M1D1 − D1M1 and hence we can take . = 1g + M1. 

The morphism.Spec(H1
g,tot,K,F0

) → Spec(H1 F0
g,K ) induces a bijection at the level 

of .K-valued points and has generically reduced fibers if .p 2 by the previous 
paragraph. This implies that this morphism is finite, purely inseparable if .p = 2 and 
birational if.p 2, and from Zariski’s Main Theorem we get that it is an isomorphism 
if .p 2, i.e., the claim holds. 

From previous paragraph and Corollary 4.2.4 we get that we have an equal-
ity .dim(H

1
g,K) = g + 1.  A  s .H

1
g,K is a quotient of a polynomial .K-algebra in 

.dim(H
1
g,K) = g + 1 indeterminates, it is a polynomial.K-algebra in.g + 1 indetermi-

nates and. 0 g are algebraically independent over. K. Thus.H1
g,K ⊂ H

1
g,tot,K is 

an inclusion between two noetherian unique factorization (hence normal) domains 
such that for .p 2 we have .Frac(H1

g,K) = Frac(H1
g,tot,K). 

Recall that .Lg = K1g × Zg ⊂ V2
g and we consider the composite morphism 

. θ∗
g : LLLg → VVV2

g → (VVV2
g)

SLSLSLg = Spec(Hr
g,tot,K) → Spec(K[ 0 g]).

As for .(D0, D1) := (λ01g,Diag(λ1, . . . ,λg)) ∈ Lg and .m ∈ {1, . . . , g} we have 
. m(D0, D1) = λ

g−m
0 σm(λ1, . . . ,λg) (see Eq. (4.3)), the notation matches with 

the one of Lemma 4.2.7, i.e., .θ∗
g can be identified with the morphism between 

spectra defined by . θg . From this and Lemma 4.2.7, as we have inclusions 
.H

1
g,K 0

⊂ H
1
g,tot,K 0

⊂ Frac(H1
g,K 0

), we get an integral .K-algebra monomor-

phism.H
1
g,K 0

→ H
1
g,tot,K 0

which for.p = 2 is purely inseparable and for.p 2 is 

an isomorphism as we know it is birational (see previous paragraph) and as.H1
g,K 0

is 
normal. Switching the roles of .T (0) and.T (1), we similarly get an integral .K-algebra 
monomorphism .H1

g,K g
→ H

1
g,tot,K g

which for .p = 2 is purely inseparable and 

for .p 2 is an isomorphism. Thus .H1
g,tot,K ⊂ H

1
g,K 0

∩ H
1
g,K g

= H
1
g,K if .p 2. 

Hence .H
1
g,K = H

1
g,tot,K if .p 2 from which part (a) follows. 

If .p = 2, then for the normalization .H
1 n
g,K of .H1

g,K in .H
1
g,tot,K we have the iden-

tity .H
1 n
g,K = H

1 n
g,K 0

∩ H
1 n
g,K g

and similarly we argue that .H1 n
g,K = H

1
g,tot,K from 

which part (b) follows. 

4.2.6 Basic .SLSLSLg-Invariants: . s  an  d . ϒs 

In order to present a generalization of Theorem 4.2.8(a) we first introduce the index 
set 

. g, r) := {(m0, . . . ,mr ) ∈ Z
r+1
≥0 |

r

i=0

mi = g}



4.2 General Results on Quadratics for Arbitrary g ≥ 1 189

that indexes polynomials generalizing . 0 g .  I  f

. 
+1(g, r) := {(n0, . . . , nr ) ∈ N

r+1|
r

i=0

ni = g + r + 1},

then the rule .(m0, . . . ,mr ) → (m0 + 1, . . . ,mr + 1) defines a bijection 

. g, r) → +1(g, r).

It is well-known that . +1(g, r) has as many elements as the number of ways of 
inserting . r commas among the .g + r spaces (places) between two consecutive . 1s 
of the sequence .1 1 · · · 1 1 formed by .g + r + 1 numbers . 1, and thus it is equal to 
.
g+r
r . For instance, the.4-tuple.(1, 2, 1, 2) ∈ +1(2, 3) corresponds to the following 

insertion of commas .1, 1 1, 1, 1 1. We conclude that . g, r) has . g+r
r elements. 

For .r ∈ {1, 2} or .g = 1 we have . g+r
r = D(g, r) and for .r ≥ 3 and .g ≥ 2 we 

have .
g+r
r > D(g, r). Moreover, for .r ≥ 3 we have 

. lim
g→∞

g+r
r

D(g, r)
= ∞.

We define polynomials 

. m0,...,mr ∈ H
r,Z
g (1) ⊂ H

r,Z
g ⊂ H

r,Z
g,tot

indexed by .(m0, . . . ,mr ) ∈ g, r) via the identity 

. det(
r

i=0

yi Qi ) =
(m0,...,mr )∈ g,r)

(

r

i=0

ymi
i m0,...,mr (Q0, Q2, . . . , Qr ),

where.y0, . . . , yr are.r + 1 indeterminates; so the. m0,...,mr s are partial polarizations 
of the invariant polynomial .det. 

We also denote by . m0,...,mr its image in .O(VVVr+1
g )SLSLSLg = O(VVVr+1

g /SLSLSLg).  Note  
that for a ll .i ∈ {0, . . . , g} we have . i = g−i,i (see Eq. (4.3)) and for .r ≥ 2 inside 
.O(VVVr+1

g )SLSLSLg we identify it as well with. g−i,i,0,0,...,0 (the number of . 0s being.r − 1), 
via the inclusions of Display (4.12). 

Let .Hr
g be the .Z≥0-graded .Z-subalgebra of .Hr,Z

g (or .Hr,Z
g,tot) generated by all 

. m0,...,mr s with .(m0, . . . ,mr ) ∈ g, r) (the case .r = 1 was first introduced and 
used in Theorem 4.2.8). For a .Z-algebra . B, we define its . -rings of invariants 
.H

r
g,B := H

r
g ⊗Z B.  We  ha  ve.B-algebra monomorphisms compatible with the grad-

ings 
.H

r
g,B ⊂ H

r,Z
g,B ⊂ H

r,Z
g,tot,B . (4.17)
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For an integer .l ≥ 0,  le  t

. c(T (l)) := (T (l)
11 T (l)

12 · · · T (l)
1g T (l)

22 T (l)
23 · · · T (l)

gg )t

be the column vector whose entries are .T (l)
i j with .1 ≤ i ≤ j ≤ g listed increas-

ingly in the lexicographic order of the indexes . i j . If the inequality . r ≥ g(g+1)
2 − 1

holds, then for each increasing sequence .q1 < q2 < · · · < q g(g+1)
2

of integers in the 
set .{0, 1, . . . , r},  le  t

. ϒq1,...,q g(g+1)
2

:= det([c(T (q1))| · · · |c(T (q g(g+1)
2

)
)]).

If . g is odd, then .
g(g+1)

2 ∈ g
2Z and hence we have 

. ϒq1,...,q g(g+1)
2

∈ H

q g(g+1)
2

g (
g(g + 1)

2
)K ⊂ H

q g(g+1)
2

g,K ⊂ H
r
g,K.

If . g is even, then .
g(g+1)

2 /∈ g
2Z and hence we have 

. ϒq1,...,q g(g+1)
2

∈ Sym((V
1+q g(g+1)

2
g )∗)SLSLSLg

g(g+1)
2

⊂ H

q g(g+1)
2

,⊥
g,K ⊂ H

r,⊥
g,K.

For instance, if .g = 2 (so .r ≥ 2), then we can take .h2,r,odd = ϒ0,1,2. 
The number of such .ϒq1,...,q g(g+1)

2

with .q g(g+1)
2

≤ r is . r+1
g(g+1)

2
(which makes sense 

even when .r <
g(g+1)

2 − 1, being . 0 in such a case). 

Remark 4.2.9 As for given integers .r > l ≥ 1 the .SLSLSLg-invariant projections 
.Vr+1

g → Vl+1
g admit .SLSLSLg-invariant sections, for the .Z≥0-graded.K-monomorphisms 

of Display (4.12) we have retractions.Hr
g,tot,K → H

l
g,tot,K which map.H

r
g,K onto. H

l
g,K

and .Hr
g,K onto .Hl

g,K. Thus, if .H
r
g,K = H

r
g,tot,K, then we also have .H

l
g,K = H

l
g,tot,K. 

Similarly, if .Hr
g,K = H

r
g,K, then we also have .H

l
g,K = H

l
g,K, and if .H

r
g,K = H

r
g,tot,K, 

then we also have .H
l
g,K = H

l
g,tot,K. 

4.2.7 The Case . s = 1

Let. p(g, r) (resp.. p(g, tot, r)) be the smallest number of homogeneous generators 
of the .Z≥0-graded .K-algebra .H

r
g,K (resp. .Wεg -graded .K-algebra .H

r
g,tot,K).
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Proposition 4.2.10 For all .g, r ∈ N the following properties hold. 

(a) We have an inclusion 

. H
r
g(1)K ⊃ Span({ m0,...,mr |(m0, . . . ,mr ) ∈ g, r)})

as well as inequalities 

. min{ p(g, r p(g, tot, r)} ≥ Dp(g, r, 1) ≥ g + r

r
≥ D(g, r). (4.18) 

Thus, for .r ≥ 3 we have 

. lim
g→∞

min{ p(g, r p(g, tot, r)}
D(g, r)

= ∞.

(b) If .p g!, then we have 

. H
r
g(1)K = Span({ m0,...,mr |(m0, . . . ,mr ) ∈ g, r)})

as well as 

. Dp(g, r, 1) = g + r

r
.

Proof As . m0,...,mr has partial .T -degree .(m0, . . . ,mr ), the set of polynomials 
.{ m0,...,mr |(m0, . . . ,mr ) ∈ g, r)} has . g+r

r elements and is linearly independent 
over. K. Thus the inclusion of part (a) holds and we have.Dp(g, r, 1) ≥ g+r

r . Refer-
ring to Inequalities (4.18), its first inequality is obvious and its last inequality was 
checked above. So to end the proof of both parts (a) and (b) it suffices to show that 
.Dp(g, r, 1) ≤ g+r

r if .p g!. 
To check this, it suffices to show that for all .(m0, . . . ,mr ) ∈ g, r),  th  e .K-

vector space of polynomials in .Hr
g,tot,K of partial .T -degree .(m0, . . . ,mr ) is one 

dimensional (generated by . m0,m1,...,mr ). Equivalently, we have to show that for all 
.(m0, . . . ,mr ) ∈ g, r),.(⊗r

l=0Sym
ml (V ∗

g ))SLSLSLg has dimension at most. 1.  As  we  ha  ve
natural .SLSLSLg-epimorphisms 

. (V ∗
g )⊗ml → Symml (V ∗

g )

which admit sections (as .ml , if nonzero, is invertible in . K) it suffices to show that 
.dimK(((V ∗

g )⊗g)SLSLSLg ) ≤ 1 (recall that . r
l=0 ml = g). 

The case.g = 1 is trivial and hence we can assume.g ≥ 2. This implies that.p 2. 
Therefore we can identify canonically .Vg = Sym2(Wg) (see Lemma 4.2.2(a)) with 
the direct summand of .Wg ⊗ Wg formed by vectors fixed by the natural ‘sym-
metrization’ action of the group .(Z/2Z) on .Wg ⊗ Wg (which interchanges the 
two factors). Taking duals we can also identify .V∗

g = Sym2(W∗
g) with the direct 

summand of .W∗
g ⊗ W∗

g fixed by the natural ‘symmetrization’ action of the group
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.(Z/2Z) on .W∗
g ⊗ W∗

g . Implicitly, we identify .(V∗
g)

⊗g with the direct summand of 
.(W∗

g ⊗K W∗
g)

⊗g formed by elements fixed by the natural diagonal action of the group 
.(Z/2Z)g on .(W∗

g ⊗K W∗
g)

⊗g . 
It is well-known that we can identify (see [HR], Sect. 1, Applic. (a), Case (ii) and 

Ex. after Cor. 1.9) 

. Sym((W∗
g)

2g) = K[x1, . . . , x2g] := K[x j,i |1 ≤ i ≤ g, 1 ≤ j ≤ 2g]

with .x j := (x j,1 x j,2 · · · x j,g)
t, in such a way that .Sym((W∗

g)
2g)SLSLSLg is the .K-

subalgebra generated by the determinants.d j of the.g × gmatrices.x j whose columns 
are.x j1 , . . . , x jg , where. j = ( j1, . . . , jg) is an arbitrary.g-tuple of integers satisfying 
.1 ≤ j1 < j2 < · · · < jg ≤ 2g. 

Let .∇(g) be the set with .
2g
g elements formed by such .g-tuples 

. j = ( j1, j2, . . . , jg).  Le  t .∇1(g) be the subset of .∇(g) formed by all .g-

tuples . j = ( j1, j2, . . . , jg) with . j1 = 1; it has . 2g−1
g elements. For . j ∈ ∇1(g), 

let . j = ( j1, j2, . . . , jg) ∈ ∇(g) be such that .
g
i=1{ ji , ji } = {1, . . . , 2g}.  Le  t

. j
0

:= (1, 3, . . . , 2g − 1) ∈ ∇1(g). 
We know that 

. ((W∗
g ⊗K W∗

g)
⊗g)SLSLSLg = {

j∈∇1(g)

c jd jd j |c j ∈ K for all j ∈ ∇1(g)}.

An element .ε = (ε1, . . . , εg) ∈ (Z/2Z)g acts naturally on .((W∗
g ⊗K W∗

g)
⊗g)SLSLSLg via 

the .K-automorphism .ιε of .K[x1, . . . , x2g] which interchanges .x2l−1 ←→ x2l for 
every . l with .εl = 1 + 2Z and which fixes both .x2l−1 and .x2l if .εl = 2Z. To end the 
proof it suffices to show that the .K-vector space 

. (((W∗
g ⊗K W∗

g)
⊗g)SLSLSLg )(Z/2Z)g

has dimension at most . 1. 
If .θ = j∈∇1(g)

c jd jd j ∈ (((W∗
g ⊗K W∗

g)
⊗g)SLSLSLg )(Z/2Z)g , then clearly we have 

.c j = 0 if there exists .l ∈ {1, 2, . . . , g} such that both .2l − 1 and .2l are entries of 
either. j or. j ; we call such a. j ∈ ∇1(g) unmixed. As the set of products.d jd j indexed 
by all mixed (i.e., not unmixed) . j ∈ ∇1(g) is permuted transitively by .(Z/2Z)g ,  we  
get that . θ is uniquely determined by .c j

0
, hence .(((W∗

g ⊗K W∗
g)

⊗g)SLSLSLg )(Z/2Z)g has 
dimension at most . 1.
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4.2.8 On Singular Loci 

We call a subspace .W of .Vg singular if for all .C ∈ W we have .det(C) = 0. 

Lemma 4.2.11 Let .Q1, Q2 ∈ Vg be such that .Span({Q1, Q2}) is singular. Then 
the intersection .Ker(Q1) ∩ Ker(Q2) is nontrivial (i.e., it is not . 0) and there exists 
.Q ∈ Span({Q1, Q2}) such that .Ker(Q) = Ker(Q1) ∩ Ker(Q2). 

Proof We define .d0 := dimK(Ker(Q1) ∩ Ker(Q2)), .d1 := dimK(Ker(Q1)), and 
.d2 := dimK(Ker(Q2)). We have the following relations .d1, d2 ∈ {1, . . . , g} and 
.d0 ∈ {0, 1, . . . ,min{d1, d2}}. We can assume that .d1 < g as the case .d1 = g, i.e., 
.Q1 = 0, is trivial. 

Up to .SLSLSLg-equivalence, we can assume that .Q1 = Diag(0, . . . , 0, 1, . . . , 1) (the 
number of . 0s being . d1), that 

. Ker(Q2) = Span({e1, . . . , ed0 , ed1+1, . . . , ed1+d2−d0}),

and that .Q2 has four (possible empty) diagonal blocks which are .0d0 , .1d1−d0 , .0d2−d0 , 
.1g−d1−d2+d0 , where .0m denotes the zero matrix of size .m × m. 

If.d0 = 0, then.det(y1Q1 + Q2) is a monic polynomial in.y1 of degree. g − d1 > 0
and thus there exists .y1 ∈ K such that .y1Q1 + Q2 is nonsingular. This contradicts 
the fact that .Span({Q1, Q2}) is singular. Therefore .d0 > 0, i.e., the intersection 
.Ker(Q1) ∩ Ker(Q2) is nontrivial. 

If .M is the matrix obtained from a square .g × g matrix .M by removing its first 
.d0 rows and columns, then a similar argument shows that there exist .y1 ∈ K such 
that .y1Q1 + Q2 is a nonsingular matrix of size .(g − d0) × (g − d0) and therefore 
the rank of .Q := y1Q1 + Q2 is .g − d0, i.e., .Ker(Q) has dimension .d0 and is equal 
to .Ker(Q1) ∩ Ker(Q2) = Span({e1, . . . , ed0}). 
Proposition 4.2.12 Let .(Q0, . . . , Qr ) ∈ Vr+1

g = VVVr+1
g (K) be such that the .K-vector 

subspace .Span({Q0, . . . , Qr }) of .Vg is singular. Then the following properties hold. 

(a) The intersection .∩r
i=0Ker(Qi ) is nontrivial. 

(b) The closure in .VVVr+1
g of the .SLSLSLg-orbit of .(Q0, . . . , Qr ) contains the zero vector 

of .Vr+1
g = VVVr+1

g (K). 

Proof We first prove (a). As the case .r = 0 is trivial we can assume that .r > 0. 
We prove by induction on. j ∈ {1, . . . , r} that there exists. Q j ∈ Span({Q0, . . . , Q j })
such that we have .0 Ker(Q j ) = ∩ j

i=0Ker(Qi ). The base of the induction for 
. j = 1 follows from Lemma 4.2.11 applied to .Q0, Q1 ∈ Vg . For  
. j ∈ {1, . . . , r − 1}, assuming that .Q j exists, from Lemma 4.2.11 applied 
to .Q j , Q j+1 ∈ Vg , it follows that there exists a suitable symmetric matrix 
.Q j+1 ∈ Span({Q j , Q j+1}) ⊂ Span({Q0, . . . , Q j+1}) such that we have an identity 
.0 Ker(Q j+1) = Ker(Q j ) ∩ Ker(Q j+1) = ∩ j+1

i=0 Ker(Qi ). This ends the induction. 
Part (a) follows from the existence of .Qr .
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To prove part (b), as.∩r
i=0Ker(Qi ) is nontrivial, up to an.SLSLSLg-equivalence, we can 

assume that.eg ∈ ∩r
i=0Ker(Qi ). This implies that the last rows (and columns) of each 

.Qi are . 0.  Fo  r .λ ∈ K
×, for the diagonal matrix 

. λ := Diag(λ,λ, . . . ,λ,λ−g+1) ∈ SLSLSLg(K)

we compute 

. λ · (Q0, . . . , Qg) = λQ0
t
λ λQg

t
λ) = (λ2Q0, . . . ,λ

2Qg),

and by taking .λ → 0 we conclude that part (b) holds. 

4.2.9 On . -Rings of .SLSLSLg-Invariants 

The following theorem complements and extends Theorem 4.2.8. 

Theorem 4.2.13 For all integers .r ≥ 1 the following properties hold. 

(a) The .Wεg -graded .K-algebra 

. J
r
g,K := H

r
g,tot,K m0,...,mr |(m0, . . . ,mr ) ∈ g, r))

is local artinian and therefore we have integral .K-monomorphisms 

. H
r
g,K → H

r
g,tot,K and H

r
g,K → H

r
g,K.

(b) The .K-algebra monomorphisms of Display (4.15) are integral. 

(c) There exists a subset with .D(g, r) elements 

. T0 ⊂ H
r
g(1)K = Span({ m0,...,mr |(m0, . . . ,mr ) ∈ g, r)})

which is algebraically independent, i.e., the .K-subalgebra 

. K[T0] := K[ | ∈ T0]

of .Hr
g,K is a polynomial .K-algebra in .D(g, r) indeterminates, and for which the 

.K-monomorphisms .K[T0] → H
r
g,tot,K and .K[T0] → H

r
g,K are finite. 

(d) Referring to part (b), if .Hr
g,tot,K is Cohen–Macaulay, then the .K[T0]-modules 

.H
r
g,tot,K and .H

r
g,K are free of finite rank. 

(e) If .r ∈ {1, 2}, then we have .Hr
g,K = K[T0] and thus .Hr

g,K is a polynomial .K-
algebra (equal for .r = 1 and .p 2 with .H

1
g,K = H

1
g,tot,K, see Theorem 4.2.8(b)).
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Proof We recall that .VVVr+1
g = Spec(K[T, T , . . . , T (r)]) and we define 

. B
r
g,K := K[T, T , . . . , T (r)] m0,...,mr |(m0, . . . ,mr ) ∈ g, r)),

. N
r
g,K := Ker(Jrg,K → B

r
g,K).

We consider the .SLSLSLg-invariant closed subscheme 

. VVVr+1
g := Spec(Br

g,K) ⊂ VVVr+1
g .

If .p = 0, then, as .VVVr+1
g → VVVr+1

g /SLSLSLg is a universal categorical quotient, we have 
.(VVVr+1

g )SLSLSLg = Spec(Jrg,K) and thus .Nr
g,K = 0. 

If.p > 0, then, as.VVVr+1
g → VVVr+1

g /SLSLSLg is surjective (being submersive), the natural 
morphism.VVVr+1

g → Spec(Jrg,K) is also surjective and therefore .N
r
g,K is a nilpotent 

ideal of .Jrg,K. 
Note that if .(Q0, . . . , Qr ) ∈ VVVr+1

g (K) ⊂ Vr+1
g , then, with .y0, . . . , yr as inde-

terminates, we have .det( r
i=0 yi Qi ) = 0, and hence the .K-vector subspace 

.Span({Q0, . . . , Qr }) of .Vg is singular. Therefore, if .h ∈ J
r
g,K and if .ν ∈ K is its 

value at the zero vector of .VVVr+1
g (K) ⊂ Vr+1

g , from Proposition 4.2.12(b) we get 
that .h − ν has value . 0 at each .(Q0, . . . , Qr ) ∈ VVVr+1

g (K) and thus its image in 
.J
r
g,K/N

r
g,K ⊂ B

r
g,K is a nilpotent element, hence .h − ν itself is a nilpotent element. 

This implies that part (a) holds. 
Part (b) follows from part (a) and inclusions of Display (4.17) with .B = K. 
As the field. K is infinite and all. m0,...,mr s are homogeneous of the same.T -degree 

. g, from part (a) and the homogeneous form of Noether’s normalization theorem (see 
[E], Part II, Thm. 13.3), we get that part (c) holds. 

If .Hr
g,tot,K is Cohen–Macaulay, then so is .Hr

g,K (see Lemma 4.2.3(c)) and this 
implies that the .K[T0]-modules .Hr

g,tot,K and .H
r
g,K are free (see either [Ke], Cor. 4.2, 

or [Cho], Thm.). Thus part (d) holds. 
For .r ∈ {1, 2} we have .D(g, r) = D(g, r, 1) = g+r

r and therefore we have 
.H

r
g,K = K[T0]; hence part (e) follows from part (c). 

4.2.10 Applications of the Cohen–Macaulay Property 

We recall that the partially-ordered semiring of Hilbert (Poincaré) series is the 
semiring .Z≥0[[x]] endowed with the following partial order . : for two series 
.℘1(x), ℘2(x) ∈ Z≥0[[x]]we say that.℘1(x) ℘2(x) if there exists. ℘0(x) ∈ Z≥0[[x]]
such that .℘2(x) = ℘1(x) + ℘0(x). 

Corollary 4.2.14 Let .g, r ∈ N. We assume that .Hr
g,tot,K is Cohen–Macaulay. Then 

the following properties hold.
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(a) There exists a uniquely determined nondecreasing sequence 

. (cp(g, r, l))
−
p (g,r)

l=1

of integers .≥ 2 with .
−
p (g, r) ∈ N ∪ {0} such that the Hilbert series 

. ℘p(g, r)(x) :=
∞

s=0

Dp(g, r, s)x
s =

∞

s=0

dimK(Hr
g(s)K)xs

of .Hr
g,K is the rational polynomial function 

. 
1 + [Dp(g, r, 1) − D(g, r)]x + −

p (g,r)
l=1 xcp(g,r,l)

(1 − x)D(g,r)
.

Thus 

. ℘p(g, r)(x)
1 + [Dp(g, r, 1) − D(g, r)]x

(1 − x)D(g,r)
=: ℘p(g, r; 1)(x)

. 
1 + g+r

r − D(g, r) x

(1 − x)D(g,r)
=: ℘0(g, r; 1)(x),

and the equality .℘p(g, r; 1)(x) = ℘0(g, r; 1)(x) holds if .p g!. Moreover, for all 
integers .s ≥ max{0, cp(g, r, −

p (g, r)) − D(g, r) + 1} we have an inequality 

. Dp(g, r, s) − D(g, r) + s − 1

D(g, r) − 1
− Dp(g, r, 1) − D(g, r)

D(g, r) + s − 2

D(g, r) − 1
≥ 0

whose left-hand side is equal to the sum 

. 

−
p (g,r)

l=1

D(g, r) + s − 1 − cp(g, r, l)

D(g, r) − 1
.

(b) Let 
. p(g, r) := 1 + −

p (g, r) + Dp(g, r, 1) − D(g, r) ∈ N.

If .Hr,⊥
g,K 0, then there exists a uniquely determined nondecreasing sequence 

. (cp(g, odd, r, l))
p(g,r)

l=1

of integers .≥ 1 such that the Hilbert series (in .Z≥0[[x 1
2 ]])
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. ℘p(g, tot, r)(x
1
2 ) :=

s∈W0

Dp(g, r, s)x
s =

s∈W0

dimK(Hr
g(s)K)xs

of .Hr
g,tot,K is the rational polynomial function in . x

1
2

. ℘p(g, r)(x) + x
1
2

p(g,r)
l=1 xcp(g,odd,r,l)

(1 − x)D(g,r)
.

Proof Let the subset .T0 = {h1, . . . , hD(g,r)} ⊂ H
r
g(1)K be such that the 

.K-homomorphism .K[T0] = K[h1, . . . , hD(g,r)] → H
r
g,tot,K is integral by 

Theorem 4.2.13(c). Let .hD(g,r)+1, . . . , hDp(g,r,1) ∈ H
r
g(1)K be such that 

.{hl |1 ≤ l ≤ Dp(g, r, 1)} is a .K-basis of .Hr
g(1)K. We take the nondecreasing 

sequence .(cp(g, r, l))
−
p (g,r)

l=1 in .N\{1} such that there exist nonzero polynomials 

. hDp(g,r,1)+l ∈ H
r
g(cp(g, r, l))K

indexed by.l ∈ {1, . . . , −
p (g, r)}, with the property that we have a direct sum decom-

position of .Z≥0-graded .K[T0]-modules 

.H
r
g,K = K[T0] ⊕

⎛

⎝
Dp(g,r,1)+ −

p (g,r)

l=D(g,r)+1

K[T0]hl
⎞

⎠ , (4.19) 

by the proof of [Ke], Cor. 4.2 or [Cho], Thm. 1 and the fact that .Hr
g,K is Cohen– 

Macaulay (see Lemma 4.2.3(c)). 
If.Hr,⊥

g,K 0, i.e.,. g is even and.[Frac(Hr
g,tot,K) : Frac(Hr

g,K)] = 2, then the.K[T0]-
module.H

r,⊥
g,K is also free (by the Quillen–Suslin’s theorem, see [La], Ch. XXI, Sect. 

3, Thm. 3.5) and it has the same rank . p(g, r) as .Hr
g,K (see Eqs. (4.13)) and thus 

there exist nonzero homogeneous polynomials 

. hDp(g,r,1)+ −
p (g,r)+1 ∈ H

r
g(
1

2
+ cp(g, odd, r, 1))K ⊂ H

r,⊥
g,K, . . . ,

. hDp(g,r,1)+ −
p (g,r)+ p(g,r) ∈ H

r
g(
1

2
+ cp(g, odd, r, p(g, r)))K ⊂ H

r,⊥
g,K

such that we have a direct sum decomposition 

.H
r
g,tot,K = K[T0] ⊕

⎛

⎝
Dp(g,r,1)+ −

p (g,r)+ p(g,r)

l=D(g,r)+1

K[T0]hl
⎞

⎠ (4.20) 

of .W0-graded .K[T0]-modules. 
The corollary follows from [Ke], Cor. 4.2 and the last two direct sum decomposi-

tions.
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From Eqs. (4.19) and (4.20) and from Theorem 4.2.13(d) and (e) we get directly 
the following consequence (for .r = 1, cf. also Theorem 4.2.8(b), and for .r = 2,  cf.  
also Proposition4.2.10(b)). 

Corollary 4.2.15 For all.g, r ∈ N,  i  f.Hr
g,tot,K is Cohen–Macaulay, then the following 

properties hold. 

(a) The integers. −
p (g, r) ≥ 0 and. p(g, r) ≥ 1 of Corollary 4.2.14 have the prop-

erty that for each .K-algebra .K[T0] as in Theorem 4.2.13(c) we have 

. p(g, r) = rankK[T0](H
r
g,K) = 1 + Dp(g, r, 1) − D(g, r) + −

p (g, r).

If .p 2 or .g = 1, then for .r = 1 we have 

. p(g, 1) = rank
H

1
g,K

(H1
g,K) = 1.

If moreover .p g!, then for .r = 2 we have 

. p(g, 2) = rank
H

2
g,K

(H2
g,K) = 1 + −

p (g, 2).

(b) If . g is even and .H
r
g,tot,K H

r
g,K, then we have 

. rankK[T0](H
r
g,tot,K) = 2rankK[T0](H

r
g,K) = 2rankK[T0](H

r,⊥
g,K) = 2 p(g, r).

If moreover .p g!, then for .r = 2 we have 

. rank
H

2
g,K

(H2
g,tot,K) = 2rank

H
2
g,K

(H2
g,K) = 2 p(g, 2) = 2 + 2 −

p (g, 2).

4.2.11 Transcendence Bases 

It is convenient to work this subsection with 

. SLSLSLg := SLSLSLg/Ker(SLSLSLg → GLGLGLVg )

instead of with .SLSLSLg . This is so as the induced homomorphism .SLSLSLg → GLGLGLVg is a 
faithful representation (closed embedding). If . g is odd we have .SLSLSLg = SLSLSLg and if . g
is even we have a short exact sequence.1 → μμμ2,K → SLSLSLg → SLSLSLg → 1. So the order 
of .Ker(SLSLSLg → SLSLSLg) is .2

1−εg . 
Let .(VVVr+1

g /SLSLSLg)sm be the largest open subscheme of .VVVr+1
g /SLSLSLg with the property 

that the quotient morphism.VVVr+1
g → VVVr+1

g /SLSLSLg is smooth above it, i.e., if we denote 
by .VVVr+1

g,sm the inverse image of .(VVVr+1
g /SLSLSLg)sm in .VVVr+1

g , then the induced morphism 
.VVVr+1

g,sm → (VVVr+1
g /SLSLSLg)sm is smooth. As .Frac(Hr

g,tot,K) is equal to its purely insepa-
rable closure in .Frac(K[T, . . . , T (r)]) (see [DK], Thm. 2.3.12), the field extension
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.Frac(Hr
g,tot,K) → Frac(K[T, . . . , T (r)]) is separably generated (see [Mat], Thm. 26.2 

and 26.4). From this and the fact that.(Vr+1
g )s is nonempty if.r ≥ 1 (see Claim 4.1.13), 

we get that .(VVVr+1
g /SLSLSLg)sm is nonempty if .r ≥ 1. 

We recall that .(VVVr+1
g,sm)s is the stable locus of .VVVr+1

g,sm and we have an identity 

.VVVr+1
g,sm/SLSLSLg = (VVVr+1

g /SLSLSLg)sm.  Le  t.F0 = 0 · F1 · J ∈ O(VVV2
g)

SLSLSLg = O(VVV2
g/SLSLSLg) be as 

in the proof of Theorem 4.1.1. 

Lemma 4.2.16 For integers .r ≥ l ≥ 2 we consider the natural .SLSLSLg-morphism 

. 
r+1,l
g : VVVr+1

g → VVVl
g ×(VVVl

g/SLSLSLg)
(VVVr+1

g /SLSLSLg).

The following properties hold. 

(a) The .SLSLSLg-morphism .
3,2
g is generically finite of degree .2g−2+εg and it is gener-

ically étale if and only if .p 2. 

(b) If .l ≥ 3, then the .SLSLSLg-morphism .
r+1,l
g is generically finite of degree . 1.  More  

precisely, i f .XXXl
g is the intersection of .(VVV

l
g,sm)s with the nonempty .SLSLSLg-invariant open 

subscheme of .(VVVl
g)

s whose .K-valued points are those .l-tuples 

. (Q0, . . . , Ql−1) ∈ Vl
g = VVVl

g(K)

for which .F0(Q0, Q1) 0 and the group .StabSLSLSLg
((Q0, . . . , Ql−1)) is trivial, and 

if .XXXl
g ×VVVr+1−l

g is the open subscheme of .VVVr+1
g which is the pullback of .XXXl

g via the 
projection morphism .VVVr+1

g → VVVl
g, then the .SLSLSLg-morphism 

. 
r+1,l,−
g : XXXl

g ×VVVr+1−l
g → XXXl

g ×(VVVl
g/SLSLSLg)

(VVVr+1
g /SLSLSLg)

induced naturally by .
r+1,l
g is an isomorphism.7 

(c) If .l ≥ 3, the field extension .Frac(VVVl
g/SLSLSLg) → Frac(VVVr+1

g /SLSLSLg) (induced natu-
rally by the projection morphism .VVVr+1

g → VVVl
g) is purely transcendental of transcen-

dence degree equal to .(r + 1 − l) g(g+1)
2 . Moreover, a subset of .Frac(VVVr+1

g /SLSLSLg) with 

.(r + 1 − l) g(g+1)
2 elements is a generating transcendence basis (resp. a transcen-

dence basis) of .Frac(VVVr+1
g /SLSLSLg) over .Frac(VVV

l
g/SLSLSLg) if and only if it is a generating 

transcendence basis (resp. a transcendence basis) of .Frac(K[T, T , . . . , T (r)]) over 
.Frac(K[T, T , . . . , T (l)]). 
Proof If .P2 := (Q0, Q1, Q2) ∈ (VVV3

g,sm)s(K) maps to a .P1 := (Q0, Q1) in 
.(VVV2

g,sm)s(K) with .F0(Q0, Q1) 0, then the fiber .( 3,2
g )−1( 3,2

g (P2)) is naturally 
identified with the quotient group scheme

7 The .SLSLSLg-invariant morphism .XXXl
g → XXXl

g/SLSLSLg is a geometric quotient (see Lemma 4.1.6(a)) and 

the .SLSLSLg-action on .XXXl
g is free. Thus [MFK], Ch. 0, Prop. 0.9 implies that .XXXl

g → XXXl
g/SLSLSLg is a fiber 

bundle in the sense of [MFK],  Ch.  0,  Def.  0.1  0.
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. StabSLSLSLg
(P1)/StabSLSLSLg

(P2) StabSLSLSLg (P1)/StabSLSLSLg (P2).

Based on the proof of Theorem 4.1.1 we can assume that .P1 is in .K1g × Zg with 
.StabSLSLSLg (P1) μμμ

g−1
2,K . But choosing .Q2 to be generic (such as all its .i j entries with 

.1 ≤ i ≤ j ≤ g are nonzero), we have.StabSLSLSLg
(P2) = Spec(K), equivalently we have 

.StabSLSLSLg (P2) = Ker(SLSLSLg → GLGLGLVg ) μμμ
1−εg
2,K . We conclude that for such generic .Q2, 

the fiber.( 3,2
g )−1( 3,2

g (P2)) is naturally identified with.μμμ
g−2+εg
2,K from which part (a) 

follows. 
Let .Pr = (Q0, . . . , Qr ) ∈ (XXXl

g ×VVVr+1−l
g )(K);  s  o .Pl−1 := (Q0, Q1, . . . , Ql−1) is 

in .(XXXl
g)(K).  I  f .Pr ∈ (VVVr+1

g,sm)s(K), then the fiber .( r+1,l
g )−1( r+1,l

g (Pr )) is naturally 
identified with the quotient group scheme .StabSLSLSLg

(Pl)/StabSLSLSLg
(Pr ) and thus it is 

.Spec(K). 
Similarly, if .Pr /∈ (VVVr+1

g,sm)s(K), then .[( r+1,l
g )−1( r+1,l

g (Pr ))]red is .Spec(K). 
From the last two paragraphs we get that the morphism.

r+1,l,−
g is birational and 

induces a bijection at the level of.K-valued points. As the target of. r+1,l,−
g is normal, 

being smooth over the normal scheme .(VVVr+1
g )/SLSLSLg , from Zariski’s Main Theorem 

we get that . r+1,l,−
g is an isomorphism. Thus part (b) holds. 

Part (c) is a standard ‘descent and vector bundle’ consequence of part (b). We 
only recall the ‘descent and vector bundle’ argument for the first part of part (c). 
Let .Hl ∈ H

l−1
g,tot,K be such that the pullback to .VVVl

g of the principal open .D(Hl) of 

.Spec(Hl−1
g,tot,K) = VVVl

g/SLSLSLg is contained in .XXXl
g and thus it is .(XXXl

g)Hl . Inverting .Hl , 

the .H
l−1
g,tot,K,Hl

-algebra .H
r
g,tot,K,Hl

is .Z≥0-graded by the total degree in just the upper 
indexes .(l), . . . , (r). The fact that this .Z≥0-graded structure makes the morphism 

. Spec(Hr
g,tot,K,Hl

) → Spec(Hl−1
g,tot,K,Hl

)

get the structure of a locally free vector bundle over .Spec(Hl−1
g,tot,K,Hl

) follows after 

pullback via the (smooth) faithfully flat morphism.(XXXl
g)Hl → Spec(Hl−1

g,tot,K,Hl
) from 

part (b). This implies that the first part of (c) holds. 

For an integer .r ≥ 2, we define the sets 

. 3(g,r) := {(m0, . . . ,mr ) ∈ g, r)|∃i ∈ {2, . . . , r} such that mi = g − m0 − m1},
∗
3(g, r) := {(m0, . . . ,mr ) ∈ g, r)|mr = g − m0 − m1 > 0}.

Clearly, . ∗
3(g, r) ⊂ 3(g, r) ⊂ g, r) and . 3(g, 2) = g, 2). 

To ease the notation, we denote an arbitrary element of . 3(g, r) by an .r + 1-
tuple .(a, b, 0, . . . , 0, . . . , 0, c, 0, . . . , 0), where .(a, b, c) ∈ g, 2) and . c is on the 
.i-th position with.i ∈ {2, . . . , r} arbitrary. Similarly, we denote an arbitrary element 
of . ∗

3(g, r) by an .r + 1-tuple .(a, b, 0, . . . , 0, . . . , 0, c), where . (a, b, c) ∈ g, 2)
with .c > 0 (equivalently, where .(a, b, c) ∈ ∗

3(g, 2)).
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As we have a bijection .
∗
3(g, r)

g−1
i=0 i, 1),  the  se  t . ∗

3(g, r) has .
g(g+1)

2 ele-
ments. Similarly, as we have a bijection . 3(g, r) → 3(g, 2) r

l=3
∗
3(g, 2) × {l}, 

the set . 3(g, r) has .
(g+1)(g+2)

2 + (r − 2) g(g+1)
2 = D(g, r) elements. 

Theorem 4.2.17 Let .r ≥ 2 be an integer. Then the set 

. Tg,r := { a,b,0,...,0,...,0,c,0,...,0|(a, b, 0, . . . , 0, . . . , 0, c, 0, . . . , 0) ∈ 3(g, r)}

is a transcendence basis of .Frac(Hr
g,tot,K) over . K. 

Proof As .D(g, 2) = D(g, 2, 1) = g+2
2 is the number of elements of the set 

. 3(g, 2) = g, 2),  fo  r.r = 2 we have.Span(Tg,r ) = Span(T0) and the theorem fol-
lows from Theorem 4.2.13(c). 

We assume now that .r > 2. The finite field extension 

.η1 := Frac(H1
g,tot,K) ⊃ K 0 1 g) = K g,0 g−1,1 0,g) (4.21) 

is an isomorphism if .p 2 (see Theorem 4.2.8(b)). Let .η2 := Frac(H2
g,tot,K).  As  the  

theorem holds for .r = 2, the field extension 

. η1 a,b,c|(a, b, c) ∈ ∗
3(g, 2)) → η2

is finite. From this and Lemma 4.2.16(a), by denoting for . 2 ≤ l ≤ r

. κl := K(Ti j , T
(1)
i, j |1 ≤ i ≤ j ≤ g a,b,0,...,0,c|(a, b, 0, . . . , 0, c) ∈ ∗

3(g, l)),

we get a finite field extension 

. κ2 → K(Ti j , T
(1)
i j , T (2)

i j |1 ≤ i ≤ j ≤ g) = Frac(O(VVV3
g)).

Replacing the index.
(2) by the index.

(l) with.2 < l ≤ r , we get a finite field extension 

. κl → K(Ti j , T
(1)
i j , T (l)

i j |1 ≤ i ≤ j ≤ g).

From the last two sentences, if . κ denotes the composite field of .κ2, . . . ,κr , we get 
a finite field extension 

. κ → K(Ti j , T
(1)
i j , . . . , T (r)

i j |1 ≤ i ≤ j ≤ g).

As. κ is.K(Ti j , T
(1)
i, j |1 ≤ i ≤ j ≤ g)-generated by the family of.(r − 1) g(g+1)

2 polyno-
mials . ) r

l=2
∗
3(g,l), by reasons of transcendence degrees we get that this family 

is algebraically independent over .K(Ti j , T
(1)
i, j |1 ≤ i ≤ j ≤ g) and thus also over . η1. 

So the family of .(r − 2) g(g+1)
2 polynomials . ) r

l=3
∗
3(g,l) is algebraically over 

. κ2. From this and Lemma 4.2.16(c) applied to .l = 3 we get that the theorem holds 
for .r > 2.
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We define 

. Kg,r := Frac(Hr
g,tot,K) ⊃ Frac(Hr

g,K) =: Kg,even,r ,

. Kg,∞ :=
r≥1

Kg,r ⊃
r≥1

Kg,even,r =: Kg,even,∞,

. Hg,tot,K :=
r≥1

H
r
g,tot,K and Hg,K :=

r≥1

H
r
g,K,

the unions being taken inside the field of fractions of 

. Tg :=
r≥0

K[T (0), T (1), . . . , T (r)].

We consider the shift .K-monomorphism 

. σ : Tg → Tg

that sends.σ(T (r)) = T (r+1) for all integers.r ≥ 0 (i.e., .σ(T (r)
i j ) = T (r+1)

i j for all inte-
gers .1 ≤ i ≤ j ≤ g and .r ≥ 0). 

Definition 4.2.18 Let . κ be a subfield of .Kg,∞ that contains . K. A subset . κ is 
said to .σ-generate . κ or is called a .σ-generating set of . κ if the subset 

. κ ∩ {σi (h)|i ≥ 0, h

generates . κ over . K.8 In such a case, we also say that . κ is .σ-generated by . . 

Corollary 4.2.19 The following properties hold. 

(a) The set of distinct polynomials 

. {σi
a,b,c)|(a, b, c) ∈ ∗

3(g, 2), i ≥ 0} ⊂ Tg

is algebraically independent over . K, i.e., its subset .{ a,b,c)(a,b,c)∈ ∗
3(g,2)} is .σ-

algebraically independent in the sense of Sect. 2.2. 

(b) The ‘big field’ .Kg,∞ is .σ-generated by a finite subset of .Kg,3, i.e., there exists 
.N ∈ N and .h1, . . . , hN ∈ Kg,3 such that we have 

. Kg,∞ = K(σi (h j )|1 ≤ j ≤ N , i ≥ 0).

(c) If . g is even, then we have .H
3,⊥
g,K 0.

8 This is a more general notion than the ‘.φ-generate’ notion of Sect. 2.2 as we do not requite that 
.σ(κ) ⊂ κ. 
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(d) The ‘big even field’ .Kg,even,∞ is .σ-generated by a finite subset of .Kg,even,4, i.e., 
there exists .Ñ ∈ N and .h̃1, . . . , h̃ Ñ in .Kg,even,4 such that we have 

. Kg,even,∞ = K(σi (h̃ j )|1 ≤ j ≤ Ñ , i ≥ 0).

Proof For part (a) it suffices to show that for all integers . i ≥ 0

. {σi
a,b,c)|(a, b, c) ∈ ∗

3(g, 2)} = { 0,0,...,0,a,b,c|(a, b, c) ∈ ∗
3(g, 2)}

(where the number of consecutive . 0s  i  s . i) is a transcendence basis of .Kg,i+2 over 
.Kg,i+1.  Fo  r .i = 0 this follows from Theorem 4.2.17 applied to .r = 2 and Display 
(4.21). For .i ≥ 2, by considering a .K-automorphism.ι0,1;i+1,i+2 of 

. K[T (0), T (1), . . . , T (i+2)]

which interchanges .T (0)
i j ←→ T (i)

i j and .T (1)
i j ←→ T (i+1)

i j and which fixes each . T (l)
i j

with .l ∈ {2, 3, . . . , i − 1, i + 2}, it suffices to show that, when inserting. i consecutive 
. 0s, the family of polynomials 

. a,b,0,...,0,c)(a,b,c)∈ ∗
3(g,2) = (ι0,1;i+1,i+2 0,...,0,a,b,c))(a,b,c)∈ ∗

3(g,2)

is a transcendence basis of.Kg,i+2 over.Kg,i+1, but this follows from Theorem 4.2.17 
applied to.r ∈ {i + 1, i + 2}.  Fo  r.i = 1, the same argument applies but by considering 
the .K-automorphism .ι0,1,2 of .K[T (0), T (1), T (2), T (3)] that fixes .T (3)

i j and circularly 

maps .T (0)
i j → T (1)

i j → T (2)
i j → T (0)

i j for each index . i j . 
To prove part (b), let.{h1, . . . , hN } ⊂ Kg,2 be a.σ-generating set of.Kg,2.  We  ta  ke

.N ∈ {N , . . . , N + g(g+1)
2 } to be the smallest number such that there exists a gener-

ating transcendence basis.T3 of.Kg,3 over.Kg,2 which is the union of. {hN +1, . . . , hN }
and 

. 

N + g(g+1)
2

q=N+1

{σiq (h jq )|(iq , jq) ∈ {0, 1, 2, 3} × {1, . . . , N }} ∩ Kg,3.

The fact that .{h1, . . . , hN } ⊂ Kg,3 is a .σ-generating set of .Kg,∞ follows from the 
fact (see Lemma 4.2.16(c)) that for each integer .i ≥ 0, .σi (T3) is a generating tran-
scendence basis of .Kg,3+i over .Kg,2+i . 

Let now . g be even. Part (c) follows from the inclusion .{h1, . . . , hN } ⊂ Kg,3 and 

the fact that .H
−1+ g(g+1)

2 ,⊥
g,K 0 (by the existence of .ϒ1,2,..., g(g+1)

2
). 

To prove part (d), based on part (c), let .r ∈ {3, 4} be the smallest integer such 
that .Hr−1,⊥

g,K 0.  Le  t .{h̃1, . . . , h̃ Ñ } ⊂ H
r−1
g,K be a .σ-generating set of .Frac(Hr−1

g,K). 
A ‘descent and vector bundle’ argument similar to the one of the proof of 
Lemma 4.2.16(c) shows that for each integer.i ≥ 0,  a  s.Kg,r+i−1 → Kg,r+i is a purely 
transcendental field extension, the field extension .Frac(Hr−1+i

g,K ) → Frac(Hr+i
g,K) is 

also purely transcendental, and a subset of.Frac(Hr+i
g,K)with.

g(g+1)
2 elements is a gen-



204 4 Background and Required Results in GIT

erating transcendence basis (or a transcendence basis) over.Frac(Hr−1+i
g,K ) if and only 

if it is so over .Kg,r+i−1. The rest of the argument is as in the proof of part (b) and 
gives that we can choose .Ñ ∈ {Ñ , . . . , Ñ + g(g+1)

2 }. 
Remark 4.2.20 The fact that the ‘big field’ and the ‘big even field’ of Corol-
lary 4.2.19(b) and (d) are .σ-finitely generated follows from the following general 
fact of difference algebra applied to the subfields .Kg,∞ and .Kg,even,∞ of . Frac(Tg)

(see [Le], Ch. 4, Thm. 4.4.1): each .σ-subfield of a .σ-finitely generated field is .σ-
finitely generated. The novel part of Corollary 4.2.19(b) and (d) are the bounds. 3 and 
. 4 for the ‘order’ of the .σ-generating set of .Kg,∞ and .Kg,even,∞ (respectively). 

4.2.12 Additional Invariants 

Similar to Lemma 4.2.16,  fo  r .p 2 we consider the natural .SLSLSLg-morphism 

. θ3,2g : VVV3
g → VVV2

g ×(VVV2
g/SLSLSLg) Spec(H

2
g,K).

This makes sense as (see Theorem 4.2.8(b)) .VVV2
g/SLSLSLg = Spec(H1

g,K) = Spec(H1
g,K). 

From Theorem 4.2.13(c) and Lemma 4.2.16(a) we get that .θ3,2g is generically finite 
of some degree 

. bp(g, 2) ∈ N,

which we can compute in many cases as follows. 

Lemma 4.2.21 We assume that .p g! and .p 2.  I  f .H2
g,tot,K is Cohen–Macaulay, 

then the following properties hold. 

(a) If . g is odd or if . g is even but .H2,⊥
g,K 0, then we have .bp(g, 2) = 2g−1

p(g, 2). 

(b) If . g is even and .H2,⊥
g,K = 0 (so .g ≥ 4 as .ϒ1,2,3 ∈ H

2,⊥
2,K is nonzero), then we 

have .bp(g, 2) = 2g−2
p(g, 2). 

Proof We have .bp(g, 2) = 2g−2+εg rank
H

2
g,K

(H2
g,tot,K), see Lemma 4.2.16(a). From 

this and Corollary 4.2.15(a) and (b) applied to .r = 2 we get that lemma holds. 

For .p 2, if the finite field extension .Frac(H2
g,K) → Frac(H2

g,K) is separable, 
then we can interpret .bp(g, 2) as follows.9 

9 One can introduce the separable version .bsepp (g, r) of .bp(g, r) which is a divisor of . bp(g, r)

and then with no assumption on the finite field extension .Frac(H2
g,K) → Frac(H2

g,K) we get the 

same interpretation for .bsepp (g, r). Moreover, by considering the smooth locus of the morphism 

.Spec(Z[T, . . . , T (r)]) → Spec(Hr,Z
g,tot), it is a standard piece of algebraic geometry to get that for 

.p >> 1 we have.bp(g, r) = bsepp (g, r).
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For each triple .(D0, D1, D2) ∈ K
×1g × Zg × Vg such that .F0(D0, D1) 0 (see 

proof of Theorem 4.1.1 for .F0), .D1 = Diag(ν1, . . . , νg) is generic in a sense which 
can be made precise (mainly just that . g

i=1 νi 1≤i< j≤g(νi + ν j ) 0), and .D2 is 
also generic in a sense which can be made precise, then .bp(g, 2) is the number of 
.K-valued points of 

. (θ3,2g )−1(θ3,2g (D0, D1, D2))

and thus it is the number of solutions .Q2 ∈ Vg of the system of equations 

. a,b,c(D0, D1, Q2) = a,b,c(D0, D1, D2) for all (a, b, c) ∈ g, 2).

This system of equations is equivalent to the fact that the identity 

. det(y0D0 + y1D1 + y2Q2) = det(y0D0 + y1D1 + y2D2) (4.22) 

holds for all .y0, y1, y2 ∈ K. This equation clearly holds if .y2 = 0 and thus we can 
assume that .y2 = 0 and we denote .λ0 := y0y

−1
2 and .λ1 := y0y

−1
2 . 

Equation (4.22) is equivalent to the characteristic polynomials equation 

.χλ1D1+Q2(x) = χλ1D1+D2(x) for all λ1 ∈ K, (4.23) 

which implies the equation 

.Tr((λ1D1 + Q2)
i ) = Tr((λ1D1 + D2)

i ) for all i ∈ {1, . . . , g}. (4.24) 

If moreover .p g!, then in fact Systems of Eqs. (4.23) and (4.24) are equivalent. 
Writing 

. Tr((λ1D1 + Q2)
v) =

v

m=0

λm
1 Pg,v,m(ν1, . . . , νg, Q2),

each .Pg,v,m(w1, . . . , wg, T (2)) = Pg,v,m(w1, . . . , wg, T
(2)
11 , . . . , T (2)

gg ) is a homoge-

neous polynomial in.g + g(g+1)
2 indeterminates of total degree. v and of partial degree 

.v − m in the index . 
(2).  Fo  r .m = v we have 

. Pg,v,v(w1, . . . , wg, T
(2)
11 , . . . , T (2)

gg ) =
g

i=1

wv
i .

System of Eqs. (4.24) is equivalent to the system 

.Pg,v,m(ν1, . . . , νg, T
(2)) = Pg,v,m(ν1, . . . , νg, D2) for all 0 ≤ m < v ≤ g (4.25) 

of . g(g+1)
2 equations in the .

g(g+1)
2 indeterminates .T (2)

i j with .1 ≤ i ≤ j ≤ g.
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Theorem 4.2.22 If .p = 0, then the following properties hold. 

(a) For .g ≤ 3 we have . b0(g, 2) = g
i=1 i

1+g−i .

(b) We have . 0(3, 2) = 3 and . 0(2, 2) = 1. 

Proof As .g ≤ 3,  i  f .D2 is the zero matrix .0g of size .g × g, it is easy to see that 
System of Eqs. (4.25) has the unique solution .Q2 = 0g . This implies that System of 
Eqs. (4.25) has the same number of .K-valued points as the projective scheme in the 
.1 + g(g+1)

2 indeterminates .T (2)
00 and .T (2)

i, j with .1 ≤ i ≤ j ≤ g which is given by the 
system of homogeneous equations 

. Pg,v,m(ν1, . . . , νg, T
(2)) = (T (2)

00 )v−m Pg,v,m(ν1, . . . , νg, D2) for all 0 ≤ m < v ≤ g.
(4.26) 

Choosing .D2 to be generic so that the scheme .(θ3,2g )−1(θ3,2g (D0, D1, D2)) is étale 
isomorphic to .Spec(Kb0(g,2)), from Bézout’s Theorem (for instance, see [F], Ch. 12, 
Thm. 12.3 or see [H], Ch. 1, Thm. 7.7 applied repeatedly), we get that .b0(g, 2) is 
the product of the degrees in the index .(2) of the homogeneous forms of System of 
Equations (4.26) and thus part (a) holds. 

Part (b) follows from part (a) and Lemma 4.2.21. 

Corollary 4.2.23 Let .r ≥ 2 be a natural number. Then the finite morphism 
.Spec(Hr

3,K) → Spec(Hr
3,K) is not an isomorphism and thus we have an inequality 

. p(3, r) > D(3, r, 1). 

Proof We first assume that .p = 0.  We  have . 0(3, 2) = 3 (see Theorem 4.2.22(b)). 
For .r = 2 we have .Hr

3,K = K[T0] (see Theorem 4.2.13(e)) and thus the case . r = 2
follows from Eq. (4.19). The passage from.r = 2 to.r > 2 follows from Remark 4.2.9. 

The case.p > 0 follows from the previous paragraph, Eq. (4.14) and the existence 
of the second .K-algebra monomorphism of Display (4.15). 

Example 4.2.24 We assume that.g = 3. Our six polynomials in the nine indetermi-
nates .w1, .w2, .w3, .T

(2)
11 , .T (2)

12 , .T (2)
13 , .T (2)

22 , .T (2)
23 , and .T (2)

33 are: 

.

P3,1,0 = T (2)
11 + T (2)

22 + T (2)
33 = Tr(T (2)),

P3,2,0 = Tr((T (2))2),

P3,2,1 = 2(w1T
(2)
11 + w2T

(2)
22 + w3T

(2)
33 ),

P3,3,0 = Tr((T (2))3),

P3,3,1 = 3w1[(T (2)
11 )2 + (T (2)

12 )2 + (T (2)
13 )2] + 3w2[(T (2)

12 )2 + (T (2)
22 )2 + (T (2)

23 )2]

+3w3[(T (2)
13 )2 + (T (2)

23 )2 + (T (2)
33 )2],

P3,3,2 = 3(w2
1T

(2)
11 + w2

2T
(2)
22 + w2

3T
(2)
33 ).
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We check that if .D2 = (di j )1≤i, j≤3 is generic, then for .p /∈ {2, 3}, System of 
Eqs. (4.25) has .12 solutions. As . ν1, . ν2, and .ν3 are distinct, the Vandermonde . 3 × 3
matrix .Vν1,ν2,ν3 whose .i j entry for .1 ≤ i, j ≤ 3 is .ν j−1

i is invertible. Thus, as the . 3
equations in . Q2 = (qi j )1≤i, j≤3 ∈ Vg

. P3,1+i,i (ν1, ν2, ν3, Q2) = P3,1+i,i (ν1, ν2, ν3, D2)

for .i ∈ {0, 1, 2} can be substituted (as .p /∈ {2, 3}) by one matrix identity 

. (q11 q22 q33)Vν1,ν2,ν3 = (d11 d22 d33)Vν1,ν2,ν3 ,

we conclude that .q11 = d11, .q22 = d22 and .q33 = d33. We are left to show 
that by denoting .α := d12 = d21, .β := d13 = d31, .γ := d23 = d32, .x := q12 = q21, 
.y := q13 = q31, and .z := q23 = q32, the system of . 3 equations 

.x2 + y2 + z2 = α2 + β2 + γ2, (4.27) 

.ν1(y
2 + z2) + ν2(x

2 + z2) + ν3(x
2 + y2) = ν1(β

2 + γ2) + ν2(α
2 + γ2) + ν3(α

2 + β2), (4.28) 

.2xyz − d33x
2 − d22y

2 − d11z
2 = 2αβγ − d33α

2 − d22β
2 − d11γ

2 (4.29) 

in the .3 indeterminates . x , .y and .z has .12 solutions. Note that here we 
have reinterpreted the equations .P3,i,0(ν1, ν2, ν3, Q2) = P3,i,0(ν1, ν2, ν3, D2) for 
.i ∈ {0, 1, 2} as a single polynomial identity .χQ2(x) = χD2(x) and accordingly 
we have replaced the equation .P3,3,0(ν1, ν2, ν3, Q2) = P3,3,0(ν1, ν2, ν3, D2) by 
the equation .det(Q2) − q11q22q33 = det(D2) − d11d22d33 (in view of the identities 
.q j j = d j j for . j ∈ {1, 2, 3}).  Based  on  Eqs  . (4.27) and (4.28) can be replaced by the 
equation 

.y2 + νz2 = β2 + νγ2, (4.30) 

where .ν := (ν3 − ν1)(ν2 − ν1)
−1 ∈ K\{0, 1}. Based on Eqs. (4.27) and (4.30), by 

taking.D2 generic so that the.d11,.d22, .d33 are distinct, the Eq. (4.29) can be replaced, 
after a scalar multiplication of.(x, y, z,α,β, γ) by an element of.K×, by the equation 

.xyz − z2 = αβγ − γ2. (4.31) 

By denoting 
. P := xyz,

the system of . 3 Eqs. (4.27), (4.30), and (4.31) gives identities 

. z2 = P − αβγ + γ2,

.y2 = −νP + ναβγ − νγ2 + β2, (4.32)
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.x2 = (ν − 1)P + α2 + αβγ(1 − ν) + νγ2 (4.33) 

and thus .P is a root of the polynomial 

.w2 − (w − αβγ + γ2)[−νw + ναβγ − νγ2 + β2][(ν − 1)w + α2 + αβγ(1 − ν) + νγ2], (4.34) 

which is a polynomial of degree . 3 in .w as .ν ∈ K
×\{0, 1}. It is easy to see that 

for generic . α, . β, . γ, .ν ∈ K, the polynomial of Diagram (4.34) has . 3 distinct and 
nonzero solutions and that Eqs. (4.33) and (4.32) and .z = (xy)−1P produce . 4 solu-
tions for each value of . P.  Fo  r .p = 0, this implies that .b0(3, 2) = 12. From this and 
Lemma 4.2.16(a) we get that for .p = 0 the integral .K-monomorphism 

. H
2
3,K → H

2
3,K = H

2
3,tot,K = Sym((V3

3)
∗)SLSLSL3

induces at the level of field of fractions a field extension of degree .3 = 12/4 (which 
also follows from Theorem 4.2.22(2)). 

4.3 Finer Results on Quadratics for the Case . g = 2

In this section we assume that .g = 2. After we exemplify all prior notions, we 
include generalizations of the polynomials. 2,0 1,1, 0,2, ϒ0,1,2 in order to present 
a more detailed description of the .K-algebra monomorphism .Hr

2,K → H
r
2,tot,K for 

each integer .r ≥ 1. 

Example 4.3.1 In this paragraph we assume .p 2. The three polynomials in the 
five indeterminates . ν1, . ν2, .T

(2)
11 , .T (2)

12 , .T (2)
22 of the proof of Theorem 4.2.22 (a) are: 

. P2,1,0 = T (2)
11 + T (2)

22 = Tr(T (2)),

. P2,2,0 = (T (2)
11 )2 + 2(T (2)

12 )2 + (T (2)
22 )2 = Tr((T (2))2) = Tr(T (2))2 − 2 det(T (2)),

. P2,2,1 = 2(ν1T
(2)
11 + ν2T

(2)
22 ).

Thus, if .D2 = (di j )1≤i, j≤2 is generic in the sense that .d12 = d21 0, then System 
of Eqs. (4.25) has. 2 solutions.Q2 = (qi j )1≤i, j≤2 ∈ V2 given by.q11 = d11,.q22 = d22, 
and.q12 = q21 ∈ {√d12,−√

d12}. We get that .b0(2, 2) = 2.10 As.0 ϒ0,1,2 ∈ H
2,⊥
2,K, 

the .K-monomorphism.H
2
2,K → H

2
2,tot,K is not birational (see Lemma 4.2.3(b)). 

In this paragraph we assume .p = 0. From the last property and the equality 
.b0(2, 2) = 2 we get that the integral .K-monomorphism .H2

2,K → H
2
2,K is birational 

and thus (as .H2
2,K is normal being a polynomial .K-algebra, see Theorem 4.2.13(e)) 

it is an isomorphism, i.e., we have

10 More generally, we get that.bsepp (2, 2) = 2 for.p > 2. 
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.H
2
2,K = H

2
2,K = K[ 2,0,0 1,1,0 1,0,1 0,2,0 0,1,1 0,0,2]. (4.35) 

As .H
2,⊥
2,K 0, its rank as a free .H

2
2,K-module is also . 1 (see Corollary 4.2.15(b)) and 

thus is generated by each nonzero homogeneous polynomial of the smallest degree, 
i.e., we have 

. H
2,⊥
2,K = H

2
2,Kϒ0,1,2 = H

2
2,Kϒ0,1,2.

This implies that we have 

. H
2
2,tot,K = H

2
2,K ⊕ H

2
2,Kϒ0,1,2 = H

2
2,K ⊕ H

2
2,Kϒ0,1,2.

As we have .σ 2,0,0) = 0,2,0, .σ2
2,0,0) = 0,0,2 and .σ 1,1,0) = 0,1,1,  the  

set .{ 2,0,0 1,1,0 1,0,1} is a .σ-generating set of .K2,even,2. The proof of Corol-
lary 4.2.19(d) for .g = 2 gives that we can actually take .Ñ = 4 as it is easy to 
check that .{ 1,0,0,1,σ 1,0,1),σ

2
1,1)} is a generating transcendence basis of 

.Frac(K[T, T , T , T ]) over .Frac(K[T, T , T ]). 

4.3.1 Singular Loci and Homogeneous Rings 
of Grassmannians 

We consider the singular locus .Sr+1
2 := r

l=0 S
(l)
2 of .VVVr+1

2 .  We  ha  ve

. S(l)
2 = Spec(K[T (l)

11 , T (l)
22 , T (l)

12 ]/(T (l)
11 T

(l)
22 − (T (l)

12 )2)) = Spec(K[u2l , v2
l , ulvl]),

where .u0, v0, u1, v1, . . . are indeterminates and where the identification 

.K[T (l)
11 , T (l)

22 , T (l)
12 ]/(T (l)

11 T
(l)
22 − (T (l)

12 )2) = K[u2l , v2
l , ulvl] (4.36) 

is given by First Isomorphism Theorem applied to the .K-homomorphism 

. jl : K[T (l)
11 , T (l)

22 , T (l)
12 ] → K[ul, vl ]

that maps.T (l)
11 , T (l)

22 , T (l)
12 respectively to.u2l , v

2
l , ulvl . We recall that we have an iden-

tity .T (l)
11 T

(l)
22 − (T (l)

12 )2 = (0,...,0,2,0,...,0), where the . 2 in the .r + 1-tuple lower index 
.(0, . . . , 0, 2, 0, . . . , 0) is on the.l + 1-th position. The group.SLSLSL2 acts on.K[ul , vl ] via 
its action on .Span(ul , vl) given by the rule: . ∈ SLSLSL2(K) maps .(ul vl)

t to . ul vl)
t. 

We consider the .Z≥0-graded .K-algebra 

.Yr := K[u0, v0, . . . , ur , vr ],
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where the degree of each .ul and.vl is . 1. The total degree is called the .uv-degree and 
we speak about the partial .uv-degree .(m0,m1, . . . ,mr ) of nonzero polynomials in 
the .K-span of monomials . r

l=0 u
al
l v

ml−al
l with each .al ∈ {0, . . . ,ml}. 

Equation (4.36)  i  s.SLSLSL2-invariant and when. l varies they combine together to induce 
a finite .SLSLSL2-morphism of degree . 2r+1

. Spec(Yr ) → Sr+1
2 = Spec(Yall-even

r )

that identifies .Sr+1
2 with the spectrum of the .Z≥0-graded .K-subalgebra .Yall-even

r of 
.K[u0, v0, . . . , ur , vr ] generated by homogeneous polynomials whose partial .uv-
degrees are .r + 1-tuples of .(2Z≥0)

r+1 and that is associated to the image of the 
.K-homomorphism 

. j : K[T, . . . , T (r)] → Yr

which extends each. jl with.l ∈ {0, . . . , r} and which maps homogeneous polynomials 
of partial .T -degree.(m0, . . . ,mr ) to homogeneous polynomials of partial .uv-degree 
.(2m0, . . . , 2mr ).  We  have .Ker(j) = (det(T ), . . . , det(T (r))). 

For distinct integers .i, j ∈ {0, . . . , r},  le  t

. yi, j := uiv j − vi u j ∈ Yr .

Thus .yi, j = −y j,i .  I  f .0 ≤ i < j ≤ r ,  th  e .K-homomorphism. j maps 

. (0,...,1,0,...,0,1,0,...,0) = T (i)
11 T

( j)
22 + T (i)

22 T
( j)
11 − 2T (i)

12 T
( j)
12 ,

where the. 1s  i  n.(0, . . . , 1, 0, . . . , 0, 1, 0, . . . , 0) are on the.i + 1 and. j + 1 positions, 
to 

. u2i v
2
j + v2

i u
2
j − 2uivi u jv j = y2i j .

We define 
. Ir := {(i, j) ∈ Z

2|0 ≤ i < j ≤ r},

. Jr := {(i, j, n, s) ∈ Z
4|0 ≤ i < j < n < s ≤ r},

. Det2,r := {det(T (i))|i ∈ {0, . . . , r}} and

. I 2,r) := { m0,...,mr |(m0, . . . ,mr ) ∈ 2, r)}.

We get an identity of .Z≥0-graded .K-algebras induced by . j : 

.K[T, . . . , T (r)]/(I 2,r)) = Y
all-even
r /(y2i, j |(i, j) ∈ Ir ). (4.37) 

It is well-known that the .K-subalgebra .YSLSLSL2
r of .Yr is generated by the .yi, j s and 

is the homogeneous ring of the Grassmannian .Gr(2, r + 1) of .P1
K
lines in .Pr

K
(see
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[HR], Sect 1., Applic. (a), Case (ii) and Ex. after Cor. 1.9). From this and the Plücker 
relations we get that 

. Y
SLSLSL2
r = K[yi, j |(i, j) ∈ Ir ] = K[Yi, j |(i, j) ∈ Ir ]/(Yi, j,n,s |(i, j, n, s) ∈ Jr ),

where .Yi, j s are indeterminates, where for all .(i, j, n, s) ∈ Jr we define 

. Yi, j,n,s := Yi, j Yn,s − Yi,nY j,s + Yi,sY j,n,

and where .yi, j = Yi, j + (Yi , j ,n,s |(i , j , n, s) ∈ Jr ) for all .(i, j) ∈ Ir .  It  is  conve-
nient to add extra indeterminates .Yi,i for all .i ∈ {0, . . . , r}. We speak about (total) 
.Y -degrees: each .Yi, j has .Y -degree . 1. Hence each .Yi, j,n,s has .Y -degree . 2. 

4.3.2 Basic .SLSLSL2-Invariants: . s  an  d . ξs 

For .g = 2 to generalize the homogeneous polynomials . 2,0 1,1, 0,2, ϒ0,1,2 we 
first introduce the appropriate indexing sets. 

For an integer. m such that.2 ≤ m ≤ r + 1 let.Cr,m be the set of all.m-cycles of the 
permutation group .Perm({0, . . . , r}). Also, let .Cr := ∪r+1

m=2Cr,m . We call an .m-cycle 
.ω = (q1, . . . , qm) ∈ Cr,m increasing or unimodular if when viewed as a permutation 
of the set .{q1, . . . , qm} it has exactly .m − 1 inversions, i.e, if up to circular rear-
rangement we have.q1 < q2 < · · · < qm .  Le  t .Cuni

r,m be the subset of.Cr,m formed by all 
increasing.m-cycles. Let .Cuni

r := ∪r+1
m=2Cuni

r,m .  Le  t .Cuni,even
r be the subset of .Cuni

r formed 
by all cycles of even orders (lengths) and let .Cuni,odd

r be the subset of .Cuni
r formed by 

all cycles of odd orders (lengths). The inclusion .Cuni
r,m ⊂ Cr,m is an equality precisely 

when .m = 2. 
Let .Pr be the power set of .{0, . . . , r} and let .Pr,m be its subset formed by all 

subsets with .m elements. We have a natural bijection .Pr,m → Cuni
r,m which maps 

a subset .{q1, q2, . . . , qm} ∈ Pr,m with .q1 < q2 < · · · < qm to the increasing .m-
cycle .(q1, . . . , qm). This implies that .Cuni

r,m has . r+1
m elements and that .Cuni

r has 

.
r+1
m=2

r+1
m = 2r+1 − r − 2 elements. 

We now introduce the special . invariants.  Fo  r .ω = (q1, . . . , qm) ∈ Cr,m and 
.qm+1 := q1, we check that there exists a unique homogeneous polynomial 

. ω ∈ H
r
2,tot,K ⊂ K[T, . . . , T (r)]

which is of partial .T -degree .(m0, . . . ,mr ) with each .ml ∈ {0, 1}, .ml being . 1 if and 
only if.l ∈ {q1, . . . , qm} (hence it is of.T -degree. m), such that the element. ω) ∈ Yr

is the circular product 

.ξω := −
m

i=1

(uqi vqi+1 − vqi uqi+1) = −
m

i=1

yqi ,qi+1 ∈ (Yall-even
r )SLSLSL2 .
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The uniqueness follows from the fact that the ideal .(Det2,r ) = Ker(j) contains no 
element of partial .T -degree .(m0, . . . ,mr ). 

For .p = 0, the existence of . ω follows from the fact that .VVVr+1
2 → VVVr+1

2 /SLSLSL2 is a 
universal categorical quotient (see Sect. 4.1.2) which implies that 

.(Yall-even
r )SLSLSL2 = {K[T, . . . , T (r)]/(Det2,r )}SLSLSL2 = H

r
2,tot,K/(Det2,r ). (4.38) 

Taking. K to be an algebraic closure of. Q, due to its uniqueness,. ω is fixed by the 
Galois group of .Q and thus, with the notation of Sect. 4.2.3,  we  have . ω ∈ H

r,Z
2,tot,Q. 

Considering the . Z version 

. jZ : Z[T, . . . , T (r)] → Y
Z

r := Z[u0, v0, . . . , ur , vr ]

of.j : K[T, . . . , T (r)] → Yr , the only homogeneous polynomials of . Q[T, . . . , T (r)]
of partial .T -degree .(m0, . . . ,mr ) which map to .YZ

r are the ones of .Z[T, . . . , T (r)]. 
This implies that we have. ω ∈ H

r,Z
2,tot. Hence, based on Display (4.15), using scalar 

extensions we get that . ω exists even if .p > 0. 
For instance, as an explanation of the choice of sign in the .ξws, we have 

. (0,1) = 1,1 and (0,1,2) = − (0,2,1) = ϒ0,1,2

as well as 
. ξ(0,1) = y20,1 and ξ(0,1,2) = −ξ(0,2,1) = y0,1y1,2y0,2.

For .ω = (q1, . . . , qm) ∈ Cr,m ,  le  t

. ξYω := −
m

i=1

Yqi ,qi+1 ∈ K[Yi, j |(i, j) ∈ Ir ].

It is easy to see that a monomial in the .yi j s has a partial .uv-degree in . (2Z≥0)
r+1

if and only if, up to sign, it is a monomial in the . ξωs with .ω ∈ Cr . From this we get 
that 

.

(Yall-even
r )SLSLSL2 = K[ξω|ω ∈ Cr ] = K[y2i, j , ξω|(i, j) ∈ Ir ,ω ∈ Cr\Cr,2].

= K[ξYω |ω ∈ Cr ]/{(Yi, j,n,s |(i, j, n, s) ∈ Jr ) ∩ K[ξYω |ω ∈ Cr ]}.
(4.39) 

From Eqs. (4.37) and (4.39) we get natural .K-algebra homomorphisms 

. 
H

r
2,tot,K/(I 2,r))

ζ−→ K[ξω|ω ∈ Cr ]/(y2i, j |(i, j) ∈ Ir )
= K[ξYω |ω ∈ Cr ]/{[(Y 2

i, j |(i, j) ∈ Ir ) + (Yi, j,n,s |(i, j, n, s) ∈ Jr )] ∩ K[ξYω |ω ∈ Cr ]}.
(4.40)
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As for .ω = (q1, . . . , qm) ∈ Cr,m we have. ω ∈ H
r
2,tot,K, . ζ is an epimorphism. More-

over, if .p = 0, then from universal categorical quotient property of the morphism 
.VVVr+1

2 → VVVr+1
2 /SLSLSL2, we get that . ζ is an isomorphism. 

Let .ξ̄ω ∈ H
r
2,tot,K/(I 2,r)) be the image of . ω;  s  o .ζ(ξ̄ω) is the image of . ξω . 

Lemma 4.3.2 Let .m ≥ 4 be an integer. The following properties hold. 

(a) For an integer .r ≥ 3, .{q1, . . . , qm} ∈ Pr,m, and .s ∈ {3, . . . ,m − 1} we have 
an identity 

. ξ(q1,q2,...,qm ) + ξ(q1,qs+1,qs+2,...,qm )ξ(q2,q3,...,qs ) = (−1)sξ(q1,qs ,qs−1,...,q3,q2,qs+1,...,qm−1,qm ).

(b) If . r and the set .{q1, . . . , qm} are as in part (a), then for each .p 2 we have 
an identity .ζ(ξ̄(q1,q2,q3,q4,...,qm )) = 0. 

(c) If .r ≥ 2 is an integer and .{q1, q2, q3}, {q1, q2, q3} ∈ Pr,3, then for .p 2 we 
have an identity .ζ(ξ̄(q1,q2,q3)ξ̄(q1,q2,q3)) = 0. 

Proof Part (a) just translates in the language of . ξs the fact that 

. (yq1,q2 yqs+1,qs − yq1,qs+1 yq2,qs + yq1,qs yq2,qs+1)yq2,q3 · · · yqs−1,qs yqs+1,qs+2 · · · yqm ,q1 = 0.

For parts (b) and (c), from part (a) by taking .s = 3 and working modulo . I 2,r)

and .(y2i, j |(i, j) ∈ Ir ) and from the identity .ξ̄(q2,q3) = 0 we get that 

.ζ(ξ̄(q1,q2,q3,q4,...,qm )) = −ζ(ξ̄(q1,q3,q2,q4,...,qm )). (4.41) 

Applying Eq. (4.41) repeatedly by shifting .q2 we get that: 

. ζ(ξ̄(q1,q2,q3,q4,...,qm )) = −ζ(ξ̄(q1,q3,q2,q4,...,qm )) = · · · = (−1)m−1ζ(ξ̄(q1,q2,q3,q4,...,qm )).

(4.42) 
If .m is even, as .p 2, from Eq. (4.42) we get that .ζ(ξ̄(q1,q2,q3,q4,...,qm )) = 0. 

If .m ≥ 5 is odd, then from part (a) by taking .s = 4, by working modulo 
.I 2,r) and .(y2i, j |(i, j) ∈ Ir ), and by using that part (b) holds in the even case 
(so.ζ(ξ̄(q1,q5,q6,...,qm )) = 0), we get that. ζ(ξ̄(q1,q2,q3,q4,...,qm )) = ζ(ξ̄(q1,q4,q3,q2,q5,q6,...,qm )).

From Eq. (4.41) applied thrice we get that 

. ζ(ξ̄(q1,q4,q3,q2,q5,q6,...,qm )) = −ζ(ξ̄(q1,q2,q3,q4,...,qm )).

Thus, as .p 2, we get that .ζ(ξ̄(q1,q2,q3,q4,...,qm )) = 0. Therefore part (b) holds. 
To prove (c), we can assume that .r ≥ 5 and the set .{q1, q2, q3, q1, q2, q3} has . 6

elements. Not to carry the upper indexes. ,  to  prove  (c)  we  take.m = 6 and it suffices 
to check that .ζ(ξ̄(q1,q5,q6)ξ̄(q2,q3,q4)) = 0. But this follows from part (a) applied to 
.(s,m) = (4, 6) and part (b) applied to .m = 6. Thus part (c) holds.
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4.3.3 Generators 

Proposition 4.3.3 If .Hr
2,tot,K/(I 2,r))

ζ−→ K[ξω|ω ∈ Cr ]/(y2i, j |(i, j) ∈ Ir ) is an iso-
morphism and .p 2 (for instance, if .p = 0), then the following properties hold. 

(a) The smallest number of homogeneous generators of the.Z≥0-graded.K-algebra 
.H

r
2,tot,K is 

. p(2, tot, r) = (r + 1)(r2 + 2r + 6)

6
.

More precisely, the set 

. { m0,...,mr |(m0, . . . ,mr ) ∈ 2, r)} ∪ { ω|ω ∈ Cuni
r,3 }

is a minimal homogeneous set of generators of .Hr
2,tot,K. 

(b) The set .{ m0,...,mr |(m0, . . . ,mr ) ∈ 2, r)} is a minimal homogeneous set of 
generators of .Hr

2,K, i.e., we have .H
r
2,K = H

r
2,K and (with the notation of Proposi-

tion 4.2.10) . p(2, r) = D(2, r, 1) = r+2
2 . 

Proof The case.r = 1 follows from Theorem 4.2.8 and the fact that.Cuni
r,3 is the empty 

set. Thus we can assume that .r ≥ 2. 
The set . 2, r) has .D(2, r, 1) = r+2

2 elements and the set .Cuni
r,3 has . r+1

3 ele-

ments. Thus the union of part (a) has . (r+1)(r2+2r+6)
6 elements. 

We get a minimal homogeneous set . min of generators of .Hr
2,tot,K as follows. 

We write . min
∞
s=0 min,s , where . min,s is the subset of . min formed by all 

homogeneous elements of .T -degree . s and is obtained (constructed) inductively 
as follows. First, . min,1 is a basis of .Sym((Vr+1

2 )∗)SLSLSL2
1 and thus is the empty set 

(see Proposition 4.2.6). Second, once . min,1 min,s are obtained (constructed), 
. min,s+1 is a basis of a subspace of.Sym((Vr+1

2 )∗)SLSLSL2
s+1 which is a direct supplement in 

.Sym((Vr+1
2 )∗)SLSLSL2

s+1 of the intersection.Sym((Vr+1
2 )∗)SLSLSL2

s+1 ∩ K
s
i=1 min,s]. Thus. min,2

is a basis of 

. Sym((Vr+1
2 )∗)SLSLSL2

2 = H
r
2(1)K = Span({ m0,...,mr |(m0, . . . ,mr ) ∈ 2, r)})

(see Proposition 4.2.10 (b) and the fact that .p 2 does not divide .2! = 2) and 
therefore it has . r+2

2 elements. From Diagram (4.40) we get that we can assume 
that . min,s ⊂ { ω|ω ∈ Cr,s}. From this and Lemma 4.3.2(b) and (c) we get that 
for .s > 3 we have . min,s = ∅ (this is automatically so if .r = 2). As we have 
. (q1,q2,q3) = − (q1,q3,q2), we get that . min,3 ⊂ { ω|ω ∈ Cuni

r,3 }. Clearly, the natural 
.K-linear map from.Span({ξYω |ω ∈ Cuni

r,3 }) to 

.K[ξYω |ω ∈ Cr ]/{[(Y 2
i, j |(i, j) ∈ Ir ) + (Yi, j,n,s |(i, j, n, s) ∈ Jr )] ∩ K[ξYω |ω ∈ Cr ]}
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is injective. From this and Diagram (4.40) we get that . min,3 = { ω|ω ∈ Cuni
r,3 }.  So  

part (a) holds.
Part (b) follows from part (a) and Lemma 4.3.2(c). 

For each.(i, j) ∈ Ir let .(i, j) ∈ 2, r) be the unique.r + 1-tuple which has. 1 on 
the.i + 1 and. j + 1 positions and let. Y

(i, j) be an indeterminate of degree. 1. For each 
.i ∈ {0, . . . , r} let .i ∈ 2, r) be the unique .r + 1-tuple which has . 2 on the . i + 1
position and let . Y

i be an indeterminate of degree . 1. 

If .Hr
2,tot,K/(I 2,r))

ζ−→ K[ξω|ω ∈ Cr ]/(y2i, j |(i, j) ∈ Ir ) is an isomorphism and 
.p 2 (for instance, if .p = 0), then from Proposition 4.3.3(b) we get that we have a 
surjective homomorphism 

. qr : K[ Y
i |i ∈ {0, . . . , r} ∪ Ir ] → H

r
2,K

of.Z≥0-graded.K-algebras that maps each.
Y
i to. i . We speak about the.

Y -degrees 
of homogeneous elements of .K[ Y

i |i ∈ {0, . . . , r} ∪ Ir ]. 

4.3.4 On Hilbert Series 

We refer to Corollary 4.2.14 for the uniquely determined nondecreasing sequence 

.(cp(2, r, l))
−
p (2,r)

l=1 of integers .≥ 2 with .
−
p (2, r) ∈ N ∪ {0} and for . p(2, r) ∈ N.  We  

recall that . 0(2, 2) = 1 if .p = 0, see Theorem 4.2.22(b). 

Proposition 4.3.4 With the notation of Corollary 4.2.14, for all integers .r ≥ 3 the 
following properties hold for .p = 0. 

(a) We have 

. 0(2, r) = 2r−1(r − 2)−1 2r − 3

r
− 1 − r − 1

2

(thus . 0(2, 3) = 2, . 0(2, 4) = 16, and . 0(2, 5) = 105). 

(b) We have 

. 

(1 + x3)[1 + (r−1)(r−2)x2

2 + −
0 (2,r)

l=1 x2c0(2,r,l)] r+1
2

a=0
r+1
2a xa

(1 − x2)2r−1

. 

(1+x)2r−1

r−1
r−1
j=1

r−1
j

r−1
j−1 x j−1

(1 − x2)2r−1
.

(c) We have inequalities
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. c0(2, r, (2, r) − 1)
3r − 4

2
and c0(2, r, (2, r))

3(r − 1)

2

(thus .c0(2, 3, 1) = 2, .c0(2, 3, 2) ∈ {2, 3}, .c0(2, 4, 16) ≤ 4, .c0(2, 5, 104) ≤ 5, and 
.c0(2, 5, 105) ≤ 6). 

Proof Let.T0 be as in Theorem 4.2.13(c); so it is a subset with.D(2, r) = 3r elements 
of .H

r
2(1)K = Span({ m0,...,mr |(m0, . . . ,mr ) ∈ 2, r)}) which is algebraically 

independent and for which the two .K-monomorphisms .K[T0] → H
r
2,tot,K and 

.K[T0] → H
r
2,K are integral and flat, i.e., the .Z≥0-graded quotient .K-algebra 

.H
r
2,tot,K/(T0) has dimension . 0 (equivalently, it is a local artinian ring). Based on 

Corollary 4.2.15(b) and the identities 

. D(2, r, 1) − D(2, r) = r + 2

2
− 3r = r − 1

2
,

to prove part (a) it suffices to show that 

.rankK[T0](H
r
2,tot,K) = 2r (r − 2)−1 2r − 3

r
. (4.43) 

To check this, we first check that we can assume that we have 

. T0 ⊃ D0 := Det2,r = { i |i ∈ {0, . . . , r}} = {det(T (i))|i ∈ {0, . . . , r}}.

As.p = 0, .VVVr+1
2 → VVVr+1

2 /SLSLSL2 is a universal categorical quotient, hence: 

. Spec(Hr
2,tot,K/(D0)) = Spec((Sym((Vr+1

2 )∗)/(D0))
SLSLSL2) = (Sr+1

2 )SLSLSL2 .

Recall that .dim((Sr+1
2 )SLSLSL2) is equal to 

. dim(K[u2l , ulvl, v2
l |l ∈ {0, . . . , r}]SLSLSL2) = dim(YSLSLSL2

r ) = 2(r + 1) − 3 = 2r − 1

(one can easily check this based on Lemma 4.1.6(b)). From this and Theo-
rem 4.2.13(a) we get that there exists a subset.E0 with.2r − 1 elements of.Hr

2(1)K such 
that by taking.T0 = D0 ∪ E0,  th  e .Z≥0-graded.K-algebra.H

r
2,tot,K/(T0) has dimension 

. 0; so the proof of Theorem 4.2.13(c) applies to give us that the chosen .T0 has the 
desired properties. 

We identify.K[T0]/(D0) = K[E0]. Based on the previous paragraph, to prove that 
Eq. (4.43) holds it suffices to show that 

.rankK[E0](H
r
2,tot,K/(D0)) = 2r (r − 2)−1 2r − 3

r
. (4.44) 

We consider the reductive group
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. GGG2,r := [SLSLSL2 × (Z/2Z)r+1
K

]/(Z/2Z)K

over .Spec(K), where .(Z/2Z)K is embedded diagonally in the center of the product 
.SLSLSL2 × (Z/2Z)r+1

K
. It acts naturally on.Yr , with the nontrivial element of the.l + 1-th 

factor of .(Z/2Z)r+1
K

mapping .(ul, vl) to .(−ul ,−vl) and fixing each .ui and .vi with 
.i ∈ {0, . . . , l − 1, l + 1, . . . , r}. The identity 

. Y
(Z/2Z)r+1

K

r = K[u2l , ulvl , v2
l |l ∈ {0, . . . , r}]

induces new identifications 

. Y
GGG2,r
r = (YSLSLSL2

r )(Z/2Z)r
K = (Y

(Z/2Z)r+1
K

r )PGLPGLPGL2

. = (Yall-even
r )SLSLSL2 = H

r
2,tot,K/(D0),

where we identify.(Z/2Z)r
K
with the quotient of.(Z/2Z)r+1

K
by its diagonal. (Z/2Z)K

subgroup. We have a natural direct sum decomposition 

.Y
SLSLSL2
r = ⊕χ∈Hom((Z/2Z)r ,{−1,1})YSLSLSL2

r,χ , (4.45) 

where the abstract group .(Z/2Z)r = (Z/2Z)r
K
(K) acts on .YSLSLSL2

r,χ via the character 
. χ. We translate this decomposition in terms of the parity of the entries of partial 
.uv-degrees as follows. For .a ∈ {0, . . . , r+1

2 ,  le  t .Parr,a be the set of .r + 1-tuples 
.(o0, . . . , or ) ∈ {even, odd}r+1 with the property that the number of times.odd shows 
up in the sequence .o0, . . . , or is exactly .2a; it has . r+1

2a elements. The set 

. Parr :=
r+1
2

a=0

Parr,a

has exactly .

r+1
2

a=0
r+1
2a = 2r elements. For .o = (o0, . . . , or ) ∈ Parr ,  le  t

. Y
SLSLSL2
r,o

be the direct summand of .YSLSLSL2 formed by homogeneous polynomials of partial 
.uv-degree .(m0, . . . ,mr ) such that for each index .l ∈ {0, . . . , r}, the parity of .ml is 
exactly. ol . Then for each.χ ∈ Hom((Z/2Z)r , {−1, 1}), there exists a unique element 
.oχ ∈ Parr such that we have 

. Y
SLSLSL2
r,χ = Y

SLSLSL2
r,oχ

.

For instance, if .χ0 ∈ Hom((Z/2Z)r , {−1, 1}) is the trivial character, then we have 
.oχ0 = (even, even, even, . . . , even) and 

.H
r
2,tot,K/(D0) = Y

SLSLSL2
r,χ0

= Y
SLSLSL2
r,(even,even,...,even).
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Each .Y
SLSLSL2
r,χ is a nonzero torsion free .H

r
2,tot,K/(D0)-module. For instance, 

. 0
a−1

i=0

y2i,2i+1 ∈ Y
SLSLSL2
r,(odd,odd,...,odd,even,...,even),

where .odd shows up exactly .2a times, and there exist no homogeneous elements of 
.Y

SLSLSL2
r,(odd,odd,...,odd,even,...,even) of positive.uv-degree less than.2a (equivalently, .Y -degree 

less than . a). This implies that 

. dimFrac(Hr
2,tot,K/(D0))(Frac(H

r
2,tot,K/(D0)) ⊗H

r
2,tot,K/(D0) Y

SLSLSL2
r,χ ) = 1. (4.46) 

Quillen–Suslin’s theorem implies that each .YSLSLSL2
r,χ is a free .K[E0]-module. From this 

and Eq. (4.46) we get that for .χ ∈ Hom((Z/2Z)r , {−1, 1}) we have 

.rankK[E0](H
r
2,tot,K/(D0)) = rankK[E0](Y

SLSLSL2
r,χ ). (4.47) 

Let .q(r) := rankK[E0](YSLSLSL2
r ).  From  Eqs  . (4.45) and (4.47) we get that 

. q(r) = 2r rankK[E0](H
r
2,tot,K/(D0)).

Thus to prove that Eq. (4.44) holds it suffices to show that we have 

. q(r) = 22r (r − 2)−1 2r − 3

r
.

To check this we recall (see [GW], Sect. 6 and [Br], Thm. 1) that the Hilbert series 
of the .Z≥0-graded.K-algebra .Y

SLSLSL2
r which is the homogeneous coordinate ring of the 

Grassmannian .Gr(2, r + 1) and in which all .yi, j s with .0 ≤ i < j ≤ r are of degree 
. 1 (to be called as well .Y -degree), is 

.℘1(2, r)(x) :=
r−1
j=1(r − 1)−1 r−1

j
r−1
j−1 x j−1

(1 − x)2r−1
. (4.48) 

The composite .K-monomorphism .K[E0] → H
r
2,tot,K/(D0) → Y

SLSLSL2
r is integral and 

thus the.K[E0]-module.YSLSLSL2
r is free (see [Ke], Cor. 4.2). If we have an ordered.K[E0]-

basis.w1, . . . , wq(r) of.YSLSLSL2
r formed by homogeneous elements such that the sequence 

.(deg(wl))1≤l≤q(r) of .Y -degrees is nondecreasing, then we have 

.℘1(2, r)(x) =
q(r)
l=1 xdeg(wl )

(1 − x2)2r−1
. (4.49) 

[We recall that for .(i, j) ∈ Ir we have . (i j)) = y2i j , and thus each element of . E0
has .Y -degree . 2; also, it has .T -degree . 2.]
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From Eqs. (4.48) and (4.49) we get that 

.

q(r)

l=1

xdeg(wl ) =
⎡

⎣
r−1

j=1

(r − 1)−1 r − 1

j

r − 1

j − 1
x j−1

⎤

⎦ (1 + x)2r−1. (4.50) 

By taking .x = 1 in this equation we get that 

. q(r) = 22r−1(r − 1)−1

⎛

⎝
r−1

j=1

r − 1

j

r − 1

j − 1

⎞

⎠ = 22r [2(r − 1)]−1 2(r − 1)

r
,

where  we  used  that .
r−1
j=1

r−1
j

r−1
j−1 = r−1

j=1
r−1
j

r−1
r− j is the coefficient of . xr

in the product .(1 + x)r−1(1 + x)r−1 = (1 + x)2(r−1) and hence it is . 2(r−1)
r . Thus 

.q(r) = 22r (r − 2)−1 2r−3
r , i.e., Eq. (4.43) holds. So part (a) holds. 

To check that parts (b) and (c) hold, we first remark that the leading 
term of the right-hand side of the Eq. (4.50)  i  s .x2r−1xr−2 = x3r−3. Therefore 
.deg(wq(r)) = 3r − 3 and .deg(wq(r)−1) ≤ 3r − 4. 

As .Perm({0, . . . , r}) acts naturally on .Yr in such a way that for every element 
.a ∈ {0, . . . , r+1

2 it permutes transitively .Parr,a and the set .{YSLSLSL2
r,χ |oχ ∈ Parr,a},  i  f

.oχ ∈ Parr,a , then the Hilbert series .℘1,a(2, r)(x) of .YSLSLSL2
r,χ depends, as the notation 

suggests, only on . a. We conclude that: 

. ℘1(2, r)(x) =
r+1
2

a=0

r + 1

2a
℘1,a(2, r)(x).

If.oχ ∈ Parr,a , then each element of a homogeneous.K[E0]-basis of.YSLSLSL2
r,χ has.Y -degree 

at least . a and therefore, we have 

.xa℘1,0(2, r)(x) ℘1,a(2, r)(x), (4.51) 

where .℘1,0(2, r)(x) is defined as follows. The Hilbert series of .Hr
2,K/(D0) when 

viewed as a .2Z≥0-graded .K-algebra (as the .y2i, j s  hav  e .Y -degree . 2 or equivalently as 
the. s  hav  e.T -degree. 2)  i  s.(1 − x2)r+1℘0(2, r)(x2). The Hilbert series. ℘1,0(2, r)(x)
is the Hilbert series of .Hr

2,tot,K/(D0) (viewed with the .T -degree grading which is 
compatible with the one just mentioned for .Hr

2,K/(D0)) and thus is the sum of 

.(1 − x2)r+1℘0(2, r)(x2) and of the Hilbert series .℘⊥
1,0(2, r)(x) of .Hr,⊥

2,K/D0H
r,⊥
2,K . 

Similarly to Inequality (4.51) we argue that 

.x3(1 − x2)r+1℘0(2, r)(x
2) ℘⊥

1,0(2, r)(x). (4.52) 

Combining Eq. (4.50) and Inequalities (4.51) and (4.52) with Corollary 4.2.14 we 
get that part (b) holds.
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From part (b) and the two relations .deg(wq(r)) = 3r − 3 and 
.deg(wq(r)−1) ≤ 3r − 4 we get the inequalities .2c0(2, r,

−
0 (2, r)) ≤ 3r − 3 and 

.2c0(2, r,
−
0 (2, r) − 1) ≤ 3r − 4; so part (c) holds.11 

Example 4.3.5 We take .r = 3 and continue to assume that .p = 0.  As  we  h  ave
.dim(H3

2,K) = 9 and.H
3
2,K is generated (see Proposition 4.3.3(b)) by the.10 polynomi-

als . (m0,m1,m2,m3) ∈ H
3
2(1)K indexed by the elements .(m0,m1,m2,m3) of . 2, 3), 

the .K-epimorphism.qr induces an identification 

. H
3
2,K K[ Y

(m0,m1,m2,m3)
|(m0,m1,m2,m3) ∈ 2, 3)] 4(0, 1, 2, 3))

where . 4(0, 1, 2, 3) is a homogeneous polynomial in the .10 indeterminates of . Y -
degree equal to.rank

H
3
2,K

(H3
2,K) = 2 + 0(2, 3) = 4, uniquely determined up to mul-

tiplication by elements of .K×. Thus, for .r = 3 we get that 

. Ker(q3) = 4(0, 1, 2, 3)).

The Hilbert series of a hypersurface of degree . 4 in .P
9
K
is 

. λ(2, 3)(x) = 1 − x4

(1 − x)10
= 1 + x + x2 + x3

(1 − x)9

and thus we have .c0(2, 3, 1) = 2 and .c0(2, 3, 2) = 3 (as suggested by Proposi-
tion 4.3.4(b)). 

Corollary 4.3.6 For all integers .r ≥ 3 and .m ∈ {4, . . . , r + 1} the following two 
types of relations hold for .p = 0. 

(a) (. cyclic relations) For all .({q1, . . . , qm}, s) ∈ Pr,m × {3, . . . ,m − 1} we 
have the following identity 

. (q1,q2,...,qm ) + (q1,qs+1,qs+2,...,qm ) (q2,q3,...,qs ) = (−1)s (q1,qs ,qs−1,...,q2,qs+1,qs+2,...,qm )

between elements of .Hr
2,tot,K. 

(b) (. Plücker relations) For .(i, j, n, s) ∈ Jr ,  le  t .
(2)
4 (i, j, n, s) be 

. 
Y
(i, j))

2 Y
(n,s))

2 + Y
(i,n))

2 Y
( j,s))

2 + Y
(i,n))

2 Y
( j,s))

2

and let . (4)
4 (i, j, n, s) be 

.2 Y
(i, j)

Y
(i,n)

Y
(n,s)

Y
( j,s) + 2 Y

(i, j)
Y
(i,n)

Y
(n,s)

Y
( j,n) + 2 Y

(i,n)
Y
(i,s)

Y
( j,s)

Y
( j,n).

11 Due to the presence of the denominator .(1 − x2)2r−1 in part (b), one cannot conclude that the 
inequality .2c0(2, r,

−
0 (2, r)) + 3 r+1

2 3r − 3 holds, and in fact this inequality is false if 
.r ∈ {3, 4}. 
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Then there exists a homogeneous polynomial 

. 
det
4 (i, j, n, s) ∈ Y

i
Y
j

Y
n

Y
s )

of the same partial degrees as . (2)
4 (i, j, n, s) or . (4)

4 (i, j, n, s) and such that 

. 4(i, j, n, s) := (2)
4 (i, j, n, s) + (4)

4 (i, j, n, s) + det
4 (i, j, n, s) ∈ Ker(qr ).

Proof Part (a) follows from Lemma 4.3.2(a). 
Part (b) is a direct consequence of the Plücker relations. More precisely, starting 

from the Plücker relation .yi, j yn,s − yi,n y j,s + yi,s y j,n = 0 we first get that 

. y2i,n y
2
j,s = y2i, j y

2
n,s + 2yi, j yn,s yi,s y j,n + y2i,s y

2
j,n,

and second that 

. 4y2i, j y
2
n,s y

2
i,s y

2
j,n = (y2i,n y

2
j,s − y2i, j y

2
n,s − y2i,s y

2
j,n)

2,

and thus finally that 

. y4i, j y
4
n,s + y4i,n y j,s + y4i,n y j,s − 2y2i, j y

2
i,n y

2
n,s y

2
j,s − 2y2i, j y

2
i,n y

2
n,s y j,n − 2y2i,n y

2
i,s y

2
j,s yq1,n = 0.

To prove part (b) we can assume that .r = 3;  s  o .(i, j, n, s) = (0, 1, 2, 3).  Fo  r
.r = 3, part (b) follows once we recall that .y2i , j = ξ(i , j ) which implies that the sum 

.
(2)
4 (i, j, n, s) + (4)

4 (i, j, n, s)modulo the ideal. Y
0

Y
1

Y
2

Y
3 ) + Ker(q3) is. 0

(cf. also Eqs. (4.38) and (4.39)). 

Example 4.3.7 We take.r ≥ 3.  Let  th  e . 4(i, j, n, s)s with .(i, j, n, s) ∈ Jr be as in 
Corollary 4.3.6(b): their .T -degrees are . 8, their partial .T -degrees .(m0, . . . ,mr ) are 
such that .ml ∈ {0, 2}, and .ml is . 0 if and only if .l ∈ {0, . . . , r}\{i, j, n, s}, and their 
.

Y -degrees are . 4.  A  s .Ker(q3) = 4(0, 1, 2, 3)), it follows that .Ker(qr ) contains 
no nonzero homogeneous polynomials of .T -degree . 4 (so of . Y -degree . 2) and all 
homogeneous polynomials of .T -degree. 6 or . 8 (so of . Y -degrees . 3 or . 4) must either 
involve . 5 indeterminates among the .T (i)s with .i ∈ {0, . . . , r} or must belong to the 
.K-vector space.Span({ 4(i, j, n, s)|(i, j, n, s) ∈ Jr }).  This  implies  that  for all. r ≥ 3
we have 

. D(2, r, 2) = 1 + (r+1)(r+2)
2

2
,

. D(2, r, 3) ≤ 2 + (r+1)(r+2)
2

3
,

.D(2, r, 4) ≤ 3 + (r+1)(r+2)
2

4
− r + 1

4
.
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In particular, as . 0(2, 4) = 16 and .c0(2, 4, 16) ≤ 4 (see Proposition 4.3.4(c)) 
and as .D(2, 4, 1) = 15, .D(2, 4, 2) = 120, .D(2, 4, 3) = 680 − α, and moreover 
.D(2, 4, 4) = 3, 055 − β, with .α,β ∈ N ∪ {0}, we easily get that 

. ℘0(2, 4)(x) = 1 + 3x + 6x2 + (10 − α)x3 + αx4

(1 − x)12
,

and thus .c0(2, 4, 1)=· · ·= c0(2, 4, 6) = 2, c(2, 4, 7)=· · ·=c0(2, 4, 16 − α) = 3, 
.c0(2, 4, 17 − α) = · · · = c0(2, 4, 16) = 4, .α ∈ {0, 1, . . . , 10} and .β = 10 + 11α. 

Representation theory gives an explicit way to compute Hilbert series. For 
instance, [DK], Cor. 4.6.9 and Rmk. 4.6.10 allow us to compute .℘0(2, r)(x2) as the 
even part of the coefficient of .z0 of the fraction 

. 
1 − z2

(1 − xz−2)r+1(1 − x)r+1(1 − xz2)r+1

and thus of the fraction 

. 

∞
i=0[x2i r+i

i

2 − x2i+1 r+i
i

r+i+1
i+1 ]

(1 − x)r+1
.

A simple calculation shows that for .r = 4 this fraction is a Hilbert series which 
modulo .x9Z≥0[[x]] is equal to 

. 1 + 15x2 + 10x3 + 12 − x4 + 126x5 + 680x6 + 855x7 + 3, 045x8.

In other words, we have .α = 0, .β = 10, and 

. ℘0(2, 4)(x) = 1 + 3x + 6x2 + 10x3

(1 − x)12
.

As .β = 10, for each .(q0, q1; q2, q3, q4) with .{q0, . . . , q4} = {0, 1, 2, 3, 4}, 
.q0 < q1, .q2 < q3 < q4, there exists a nonzero homogeneous polynomial 

. 4(q0, q1; q2, q3, q4) ∈ Ker(q5)

of partial .T -degrees .(m0,m1,m2,m3,m4) such that we have .mq0 = mq1 = 1 and 
.mq2 = mq3 = mq4 = 2. 

By combining Corollary 4.2.14 with Proposition 4.3.4(a) and (c), the equality 
.

−
0 (2, 2) = 0 (see Eq. (4.35)), and Examples 4.3.5 and 4.3.7, we get directly the fol-

lowing consequences. 

Corollary 4.3.8 The following properties hold. 

(a) For all integers .s ≥ 0 we have .D(2, 1, s) = s+2
2 and
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. D(2, 2, s) = s + 5

5
= (s + 1)(s + 2)(s + 3)(s + 4)(s + 5)

120
.

(b) For all integers .s ≥ 0 we have .D(2, 3, s) = 8
i=5

s+i
8 and thus 

. D(2, 3, s) = (s + 1)(s + 2)(s + 3)(s + 4)(s + 5)(s3 + 9s2 + 46s + 84)

2(7!) .

(c) For all integers .s ≥ 0 we have 

. D(2, 4, s) = s + 11

11
+ 3

s + 10

11
+ 6

s + 9

11
+ 10

s + 8

11

. = [ 8
i=1(s + i)](20s3 + 103s2 + 535s + 990)

11! .

(d) Let .r ≥ 5 be an integer. Then for all integers .s ≥ 0, .D(2, r, s) is 

. 
3r + s − 1

3r − 1
+ r − 1

2

3r + s − 2

3r − 1
+

−(2,r)

l=1

3r + s − 1 − cl(2, r)

3r − 1

and the rational number 

. 
D(2, r, s) − 3r+s−1

3r−1 − r−1
2

3r+s−2
3r−1

2r−1

(r−2)
2r−3
r − 1 − r−1

2

belongs to the interval of the real line 

. 

3r
2 s + 1

3r − 1
,

3r + s − 3

3r − 1
.

Thus the unique polynomial .D2,r (x) ∈ Q[x] such that for all integers .s ≥ 0 we have 

.D(2, r, s) = D2,r (s), is divisible by .
3r−1 3(r−1)

2
i=1 (x + i), has leading coefficient 

.
2r−1

(r−2)(3r−1)!
2r−3
r , and satisfies .D2,r (0) = 1 and .D2,r (1) = r+1

2 . 

4.4 A General Result on .σ-Finite Generation 

For the sake of future references we generalize Theorem 4.2.17 and Corollary 4.2.19 
as follows. Let .d ∈ N and let 

.x := x (0) := (x1 · · · xd)t, x := x (1) := (x1 · · · xd)t, . . . , x (r) := (x (r)
1 · · · x (r)

d )t, . . .
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be a sequence of column vectors with entries indeterminates of degree. 1. We consider 
the polynomial .Z≥0-graded .K-algebras 

. X := ∪r≥0Xr , Xr := K[x (l)
i |1 ≤ i ≤ d, 0 ≤ l ≤ r ].

We consider the shift .K-algebra monomorphism 

. σ : X → X

that sends .x (l)
i to .x (l+1)

i for all .(i, l) ∈ {1, . . . , d} × Z≥0. 
If .G is a reductive group over .Spec(K) equipped with a faithful representation 

.ρ : G → GLGLGLd,K,  we  l  et .G act on . X via the matrix rules .(h, x (l)) ρ(h)x (l) for all 

.(h, l) ∈ G(K) × Z≥0; it restricts to an action of .G on .Xr for each .r ∈ Z≥0. Clearly, 
if .ϑ ∈ X

G , then .σ(ϑ) ∈ X
G . 

For . j, t ∈ Z≥0, we consider the .G-invariant .K-automorphism 

. ι j; j+t : X → X

that for .i ∈ {1, . . . , d} fixes each .x (l)
i with .l ∈ Z≥0\{ j, j + t} and interchanges 

.x ( j)
i ←→ x ( j+t)

i ; each .ι j; j is the identity automorphism of . X. 

Theorem 4.4.1 We assume there exists .m ∈ N such that we have a .G-separating 
polynomial on .Vm (i.e., the stable locus .(Vm)s is nonempty).12 Let .T0 be an arbi-
trary transcendence basis of .Frac(XG

m−1) over . K. Let .T = {ϑ1, . . . ,ϑd} ⊂ X
G
m be 

an arbitrary transcendence basis of .Frac(XG
m) over .Frac(XG

m−1). Then the following 
properties hold. 

(a) For each .l ∈ Z≥0 the union .T0 ∪ l
j=0 ιm;m+ j (T ) is a transcendence basis 

of .Frac(XG
m+l) over . K. 

(b) The set .T is .σ-algebraically independent over . K, i.e., the set 

. {σ j (ϑi )|(i, j) ∈ {1, . . . , d} × Z≥0} = ∪ j≥0σ
j (T )

of polynomials of .XG is algebraically independent over . K. 

(c) The field .Frac(XG) is .σ-generated by a finite subset of .Frac(XG
m+1). 

(d) We assume that for each integer .l ≥ 0 we have a direct sum decomposition 

. X
G
m+l−1 = X

G
m+l−1,even ⊕ X

G
m+l−1,odd

that corresponds to homogeneous degrees in .2aZ≥0 and .a(2N − 1) (respectively), 
where .a ∈ N is fixed. We also assume that for .l >> 1, .XG

m+l−1,odd 0. Then 
.X

G
m+1,odd 0 and the field

12 If the identity component of.G is semisimple, then.m ∈ {1, . . . , d} exists by Lemma 4.1.10. 
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. Frac(XG
even) := ∪l≥0Frac(X

G
m+l−1,even)

is .σ-generated by a finite subset of .Frac(XG
m+2,even). 

Proof As the representation .ρ : G → GLGLGLd,K is faithful, for a generic 
.m + 1-tuple .(v0, . . . , vm) ∈ Vm+1 with .(v0, . . . , vm−1) ∈ (Vm)s, the stabilizer 
.StabG((v0, . . . , vm)) is trivial. Based on this, the proof of the theorem is the same 
as the proofs of Theorem 4.2.17 and Corollary 4.2.19. We include here only details 
of the arguments of the last two results which used concrete notation specific to 
quadratic forms. 

As in the proof of Lemma 4.2.16(b) and (c) one checks that for all integers 
. j > t ≥ 0 we have the following property: 

(i) the natural .G-morphism 

. ρm+ j,m+t : VVVm+ j → VVVm+t ×(VVVm+t/G) (VVVm+ j/G)

is generically finite. For .t > 0, .ρm+ j,m+t is generically finite of degree . 1, the field 
extension.Frac(XG

m+t−1) → Frac(XG
m+ j−1) is purely transcendental of transcendence 

degree .d( j − t), and a subset with .d( j − t) elements of .Frac(XG
m+ j−1) is a gen-

erating transcendence basis (resp. a transcendence basis) of .Frac(XG
m+ j−1) over 

.Frac(XG
m+t−1) if and only if it is a generating transcendence basis (resp. transcendence 

basis) of .Frac(Xm+ j−1) over .Frac(Xm+t−1). 

As in the proof of Theorem 4.2.17 we check that the following properties hold: 

(ii) for all integers .l ≥ 0,  the  se  t .ιm;m+l(T ) is a transcendence basis of 

. Frac((Km−1[x (m+l)
1 , . . . , x (m+l)

d ])G)

over .Frac(XG
m−1); 

(iii) the union .T ∪ ( t≥1 ιm;m+t (T )) is an algebraically independent subset of 
.Frac(X) over .Frac(Xm−1); so it is a transcendence basis of .Frac(XG) over 
.Frac(XG

m−1). 

For a pair .(t, r) ∈ N × Z≥0 let .ι0,1,...,t−1;t+r,t+r+1,...,2t−1+r be the .G-invariant .K-
automorphism of .X that for each .i ∈ {1, . . . , d} fixes each .x (l)

i with . l in the dif-
ference set.Z≥0\{0, 1, . . . , t − 1, t + r, t + r + 1, . . . , 2t − 1 + r} and interchanges 
.x (l)
i ←→ x (l+t+r)

i for all .l ∈ {0, . . . , t − 1}. 
From the property (iii) we first get that part (a) holds and second that (as in the 

proof of Corollary 4.2.19): 

(iv) for each integer .t ≥ m, .σt (T ) = ι0,1,...,m−1;t,t+1,...,m+t−1(ιm;m+t (T )) is a tran-
scendence basis of .Frac(XG

m+t ) over .Frac(X
G
m+t−1); 

(v) if .t ∈ {1, . . . ,m − 1}, then .σt (T ) = ιπm+t (ιm;m+t (T )) is a transcendence basis 
of .Frac(XG

m+t ) over .Frac(XG
m+t−1), where .πm+t is the shift by . t permutation of
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.{0, . . . ,m + t − 1} with the property that .πm+t (l) is congruent to .l + t modulo 

.m + t and where .ιπm+t is the .G-invariant .K-automorphism of .X which for each 

.i ∈ {1, . . . , d} maps .x (l)
i to .x (πm+t (l))

i for all .l ∈ {0, . . . ,m + t − 1} and fixes .x (l)
i for 

all integers .l ≥ m + t . 

Part (b) follows from the property (iv). 
From the second part of the property (i) we get that the proofs of Corol-

lary 4.2.19(b)–(d) apply entirely to give us that parts (c) and (d) hold as well. 

Remark 4.4.2 The fact that the fields in parts (c) and (d) of the theorem above 
are .σ-finitely generated follows, again, from the general fact of difference algebra 
in [Le], Ch. 4, Thm. 4.4.1. The novel part of parts (c) and (d) is, again, the bounds 
.m + 1 and .m + 2 (respectively) for the ‘order’ of the .σ-generating set.



Appendix: Abelian Schemes and Hecke 
Correspondences 

In this appendix we review basic definitions pertaining to moduli schemes of princi-
pally polarized abelian schemes over.Z(p)-schemes and their Hecke correspondences 
that are being used throughout our monograph. The standard references for this mate-
rial are [MFK],  Ch.  7  , [FC],  Ch.  1,  and [D]. 

Throughout this appendix we let .g ∈ N, . p a  prime  , .N ≥ 3 an integer prime to 
. p, and .R a .Z(p)-algebra. Let .L := Z

2g .  Le  t .ψ : L ⊗Z L → Z be a fixed perfect 
alternating form on. L . We denote by.ψN the reduction of. ψ modulo. N . For a scheme 
.X over .R let .μμμN ,X be the finite flat étale group scheme over .X that represents .N -th 
roots of unity. Let.(L/NL)X and.(Z/NZ)X be the finite flat étale commutative group 
scheme over .X defined by the finite abelian groups .L/NL and .Z/NZ. 

For étale and smooth morphisms of schemes we refer to [BLR], Ch. 2, Sect. 2.2. 
In particular, a morphism.X → Y of schemes is smooth (resp. étale) iff it is locally 
of finite presentation and for each .Y -scheme . Z which is affine and for every closed 
subscheme .Z0 of .Z defined by a sheaf of ideals of .OZ of square . 0, the canonical 
map .HomY (Z , X) → HomY (Z0, X) is surjective (resp. bijective) (see [BLR], Ch. 
2, Sect. 2.2, Prop. 6). 

Abelian schemes. An abelian scheme over .X is a group scheme .A → X which 
is smooth, proper, with connected geometric fibers (e.g., see [FC], Ch. I, Def. 1.1). 
So the relative dimension of .A over .X is well-defined provided .X is connected. If 
.X = Spec(S) we simply say that . A is an abelian scheme over . S. 

The dual of an abelian scheme. A (e.g., see [FC], Ch. I, p. 3) is denoted by . Ǎ. 
A principal polarization of . A is an isomorphism.θ : A → Ǎ which locally in the 

étale topology is defined by some relatively ample invertible sheaf (in the sense of 
[FC],  Ch.  I,  pp.  3  t  o 6).

An abelian variety .A over an algebraically closed field . κ of characteristic . p is 
called ordinary if its .p-torsion group of .κ-valued points .A[p](κ) is isomorphic to 
.(Z/pZ)dim(A). As an extrapolation, an abelian scheme .A over .X is called ordinary 
if all its geometric fibers over points of .X ×Spec(Z) Spec(Fp) are ordinary abelian 
varieties over fields. 
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An isogeny .u : A1 → A2 of abelian schemes over .X is a finite faithfully flat 
homomorphism. If .X is connected, then .A1 and .A2 have the same relative dimen-
sion over . X . Assume now that .A1 and .A2 have relative dimension . g over . X .  Le  t
.d ∈ N. We say that . u is a polarized isogeny with respect to principal polarizations 
.θ1 and .θ2 on .A1 and .A2, respectively (a polarized isogeny between the polarized 
abelian schemes.(A1, θ1) and.(A2, θ2)), of degree.dg , if the composite endomorphism 
.A2 → Ǎ2 → Ǎ1 → A1 → A2 is the multiplication by. d, where.ǔ : Ǎ2 → Ǎ1 is the 
isogeny dual to. u and for.i ∈ {1, 2}, the homomorphisms.Ai → Ǎi and. Ǎi → Ai are 
.θi and its inverse; equivalently, if the pull back of .θ2 by. u is .dθ1. E.g., see [FC], Ch. 
VII, Def. 3.1, for the case when . d is a power of . p. 

A level-.N structure on .A is an isomorphism .l : (L/NL)X → A[N ] between 
finite flat group schemes over .X (see [MFK],  Ch.  7,  Def.  7.1). If .θ : A → Ǎ is 
a principal polarization of . A, then . θ restricts to an isomorphism .A[N ] → Ǎ[N ]. 
Using it and the Weil pairing .A[N ] ×X Ǎ[N ] → μμμN ,X , we get a perfect pairing 
.ψA,θ,N : A[N ] ⊗X A[N ] → μμμN ,X which is known to be alternating. 

One says that . l is a symplectic similitude level-.N structure1 on .(A, θ) if locally 
in the étale topology of .X there exists an isomorphism.ζN ,X : μμμN ,X → (Z/NZ)X of 
finite flat group schemes over .X such that . l induces an isomorphism 

. (L/NL ,ψN )X → (A[N ],ψA,θ,N )

of symplectic spaces over . X , where .ψA,θ,N : A[N ] ⊗Y A[N ] → (Z/NZ)X is the 
composite of .ψA,θ,N with .ζN ,X . 

Moduli schemes of abelian schemes. We denote by .Ag,1,N ,R,classic Mumford’s 
moduli scheme of principally polarized abelian schemes of relative dimension . g
endowed with a level-.N structure over .R-schemes (see [MFK],  Ch.  7,  Thm.  7.9).2 

It is a quasi-projective smooth scheme over . R. 
We denote by .Ag,1,N ,R the moduli scheme of principally polarized abelian 

schemes of relative dimension. g endowed with a symplectic similitude level-.N struc-
ture over .R-schemes. It is an open closed subscheme of .Ag,1,N ,R,classic. 

Hecke correspondences. For .d ∈ N relatively prime to . p,  a  prime t o .p Hecke 
correspondence on.Ag,1,N ,R defined by polarized isogenies of degree.dg is a smooth 
scheme.Ag,1,N ,R,d over. R that represents the functor that attaches to every.R-algebra 
. S the set of isomorphism classes of polarized isogenies.(A1, θ1) → (A2, θ2)of degree 
.dg between principally polarized abelian schemes .(A1, θ1) and .(A2, θ2) over . S of 
relative dimension . g endowed with symplectic similitude level-.N structures . l1 and 
. l2 such that . u is compatible with . l1 and . l2.

1 Often, for the sake of simplicity, it is called in literature shortly as level-.N structure. This is not 
done here as [MFK] is quoted extensively in this monograph and one would like to avoid any 
terminology conflict with [MFK],  Ch.  7,  Def.  7  .1.
2 It is Serre’s lemma of [Mum], Ch. IV, Sect. 21, Thm. 5 which allows to apply [MFK], Ch. 7, Thm. 
7.9 with.N ≥ 3 and not just with.N > 6g

√
g!. 
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To explain the latter compatibility assume first that . S is an algebraically closed 
field and there exists a prime . different from . p such that both .N and . d are powers 
of . .  I  f .T (Ai ) is the . -adic Tate module of .Ai and if isomorphisms 

. μμμ m ,Spec(S) → (Z m
Z)Spec(S)

are chosen for each .m ∈ N in a compatible way, then, similar to .ψA,θ,N above, we 
obtain a perfect alternating form.ψi : T (Ai ) ⊗Z T (Ai ) → Z .3 The. li is defined by 
an orbit .o(hi ) of the natural right action of the group 

. L N := {M ∈ GSp(L ,ψ)(Z )|M modulo N is the identity matrix}

on the set of symplectic similitude isomorphisms .(L ,ψ) ⊗Z Z → (T (Ai ),ψi );  s  o
.hi : (L ,ψ) ⊗Z Z → (T (Ai ),ψi ) is a symplectic similitude isomorphism. The com-
patibility of . u with . l1 and . l2 means that the injective .Z -linear map 

. T (u) : T (A1) → T (A2)

defined by . u induces a symplectic similitude isomorphism 

. T (u) ⊗ 1Q : (T (A1),ψ1) ⊗Z Q → (T (A2),ψ2) ⊗Z Q .

We emphasize that, if.d > 1, then the compatibility of. uwith. l1 and. l2 is not expressed 
by a commutative diagram between finite flat group schemes over .Spec(S).4 More 
precisely, it is expressed by a natural compatibility between. h1, .h2 and.T (u) ⊗ 1Q : 
there exists .h ∈ GSp(L ,ψ)(Q ) such that the composite .Q -linear isomorphism 

. (T (u) ⊗ 1Q ) ◦ (h1 ⊗ 1Q ) ◦ h

maps .L ⊗Z Z onto .T (A2) and defines . h2. 
The case when . S is an algebraically closed field and .N , d are arbitrary requires 

the usage of the ring of finite adéles with the.p-component omitted (or at least of the 
product of the .Q s indexed by prime divisors . of . N ) instead of only the .Q in the 
previous paragraph. In characteristic . 0, this is detailed in [D], Sects. 4.12 and 4.16. 

For a general. S, the compatibility of a polarized isogeny with symplectic similitude 
level-.N structures means compatibility over all geometric points of .Spec(S). 

Taking the disjoint union of all prime to . p Hecke correspondences 

. Ag,1,N ,R := ∪d∈N\pNAg,1,N ,R,d

we obtain a correspondence

3 The language of ‘symplectic similitudes’ makes the mentioning of such compatible isomorphisms 
unnecessary and hence they are not mentioned again in this monograph. 
4 In general, this is possible if .N and. d are relatively prime. 



230 Appendix: Abelian Schemes and Hecke Correspondences

. Ag,1,N ,R ⇒ Ag,1,N ,R

in the category of schemes over.Spec(R). The categorical quotient of this correspon-
dence (exists and) is .Spec(R). 

Moduli stacks of abelian schemes. We denote by .Ag,1,R the stack of principally 
polarized abelian schemes of relative dimension. g over.R-schemes (for instance, see 
[FC], Ch. I, Def. 4.3, p. 19). This is an algebraic stack over .Spec(R) in the sense 
of [FC],  Ch.  I,  Def.  4.6,  p.  20 (see [FC], Ch. I, Sect. 4.11).5 In particular it has an 
étale cover that is a smooth scheme over .Spec(R) and hence it has a well-defined 
relative dimension which equals to . g(g+1)

2 . The stack .Ag,1,R induces a functor we 
still denote by .Ag,1,R from the category .Ring of .R-algebras to the category .Set of 
sets: for each.R-algebra. S, .Ag,1,R(S) is the set of isomorphism classes of principally 
polarized abelian schemes over . S of relative dimension. g. If in the above discussion 
one takes ordinary abelian schemes instead of abelian schemes, then one obtains a 
functor .Ag,1,ord,R from.Ring to .Set. 

Similar to the correspondence .Ag,1,N ,R → Ag,1,N ,R , we have a correspondence 
.Ag,1,R → Ag,1,R of stacks, where .Ag,1,R is the union of prime to . p Hecke corre-
spondences on.Ag,1,R . So, for each.R-algebra. S,.Ag,1,R(S) is the set of isomorphism 
classes of quintuples.(A1, θ1, A2, θ2, u), where.(A1, θ1) and.A(A2, θ2) are principally 
polarized abelian schemes of relative dimension . g over .Spec(S) and . u : A1 → A2

is a polarized isogeny with respect to principal polarizations .θ1 and .θ2 of degree 
prime to. p. Restricting the correspondence.Ag,1,R → Ag,1,R to.Ag,1,ord,R , we obtain 
its ordinary version, i.e., the correspondence .Ag,1,R,ord → Ag,1,R,ord of stacks. 

Some of the definitions in this Appendix are repeated in the body of the monograph 
for convenience. Moreover, various properties of the objects defined here are being 
reviewed in Chaps. 1–3 as needed.

5 In the more modern terminology, it is a Deligne–Mumford stack. 
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