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Preface

Bayesian methods are standard in various Ąelds of science including biology, engineering,
Ąnance and genetics, and thus they are an essential addition to an analystŠs toolkit. In this
book, we cover the material we deem indispensable for a practicing Bayesian data analyst.
The book covers the most common statistical methods including the t-test, multiple linear
regression, mixed models and generalized linear models from a Bayesian perspective and
includes many examples and code to implement the analyses. To illustrate the Ćexibility of
the Bayesian approach, the later chapters explore advanced topics such as nonparametric
regression, missing data and hierarchical models. In addition to these important practical
matters, we provide sufficient depth so that the reader can defend his/her analysis and
argue the relative merits of Bayesian and classical methods.

The book is intended to be used as a one-semester course for advanced undergraduate
and graduate students. At North Carolina State University (NCSU) this book is used for
a course comprising undergraduate statistics majors, non-statistics graduate students from
all over campus (e.g., engineering, ecology, psychology, etc.) and students from the Masters
of Science in Statistics Program. Statistics PhD students take a separate course that covers
much of the same material but at a more theoretical and technical level. We hope this
book and associated computing examples also serve as a useful resource to practicing data
analysts. Throughout the book we have included case studies from several Ąelds to illustrate
the Ćexibility and utility of Bayesian methods in practice.

It is assumed that the reader is familiar with undergraduate-level calculus including
limits, integrals and partial derivatives and some basic linear algebra. Derivations of some
key results are given in the main text when this helps to communicate ideas, but the vast
majority of derivations are relegated to the Appendix for interested readers. Knowledge
of introductory statistical concepts through multiple regression would also be useful to
contextualize the material, but this background is not assumed and thus not required.
Fundamental concepts are covered in detail but with references held to a minimum in favor
of clarity; advanced concepts are described concisely at a high level with references provided
for further reading.

The book begins with a review of probability in the Ąrst section of Chapter 1. A solid
understanding of this material is essential to proceed through the book, but this section
may be skipped for readers with the appropriate background. The remainder of Chapter 1
through Chapter 6 form the core of the book. Chapter 1 introduces the central concepts
of and motivation for Bayesian inference. Chapter 2 provides ways to select the prior dis-
tribution, which is the genesis of a Bayesian analysis. For all but the most basic methods,
advanced computing tools are required, and Chapter 3 covers these methods with the most
weight given to Markov chain Monte Carlo, which is used for the remainder of the book.
Chapter 4 applies these tools to common statistical models including multiple linear re-
gression, generalized linear models and mixed effects models. After cataloging numerous
statistical methods in Chapter 4, Chapters 5 and 6 treat the problems of testing hypotheses
and comparing models for a given dataset, and verifying and validating that the model Ąts
the data well. Chapter 7 introduces hierarchical modeling as a general framework to extend
Bayesian methods to complex problems, and illustrates this approach using detailed case

xi



xii Preface

studies. The Ąnal chapter investigates the theoretical properties of Bayesian methods, which
is important to justify their use but can be omitted if the course is intended for non-PhD
students.

The key addition to the second edition is the inclusion of emerging topics in the rapidly
evolving Ąeld of Bayesian statistics. The second edition expands the coverage of computa-
tional methods in Chapter 3. While MCMC remains the primary computational approach,
the second edition now includes advanced tools needed to handle large datasets and/or
complex models, including Approximate Bayesian Computing (ABC), Simulation-Based
Inference (SBI) and Variational Bayesian (VB) methods. Chapter 5 now includes descrip-
tions and examples of A/B and multiple testing. Most of the additions are in Chapter 8,
an entirely new chapter on Bayesian Machine learning. The chapter begins with methods
for high-dimensional data including linear regression with many covariates and graphical
models. The chapter then turns to advanced regression models including Bayesian Adap-
tive Regression Trees (BART) and deep learning. These methods are illustrated using an
example to improve short-term forecasts of hurricane intensity. After establishing these core
machine learning tools, the focus turns to applications of machine learning including causal
inference and equation learning. The chapter emphasizes the balance between predictive
accuracy and interpretable machine learning. These new concepts are introduced at a high-
level through examples, with the goal of showcasing the potential of Bayesian machine
learning and pointing readers to the rapidly-evolving literature for details.

The choice of software is crucial for any modern textbook or statistics course. We elected
to use R as the software platform due to its immense popularity in the statistics community,
and access to online tutorials and assistance. Fortunately, there are now many options within
R to conduct a Bayesian analysis, and we compare several including JAGS, BUGS, STAN and
NIMBLE. We selected the package JAGS as the primary package for no particularly strong
reason other than we have found it works well for the courses taught at our university. In
our assessment, JAGS provides the nice combination of ease of use, speed and Ćexibility for
the size and complexity of problems we consider. A repository of code and datasets used in
the book is available at

http://go.ncsu.edu/bsm2.

Throughout the book we use R/JAGS, but favor conceptual discussions over computational
details, and these concepts transcend software. The course webpage also includes homework
solutions and latex/beamer slides.

We wish to thank our NCSU colleagues Kirkwood Cloud, Rosemary Danaher, Qian
Guan, Margaret Johnson, Ryan Martin, Krishna PaciĄci and Ana-Maria Staicu for providing
valuable feedback. We also thank the students in Bayesian courses taught at NCSU for
their probing questions that helped shape the material in the book. Finally, we thank our
families and friends for their enduring support. We gratefully acknowledge the contribution
of Swagata Sarkar, whose distinctive mixed media artwork enriches and enhances the visual
appeal of the bookŠs front cover.
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1.1 Probability background

Understanding basic probability theory is essential to any study of statistics. Generally
speaking, the Ąeld of probability assumes a mathematical model for the process of interest
and uses the model to compute the probability of events (e.g., what is the probability of
Ćipping Ąve straight heads using a fair coin?). In contrast, the Ąeld of statistics uses data
to reĄne the probability model and test hypotheses related to the underlying process that
generated the data (e.g., given we observe Ąve straight heads, can we conclude the coin is
biased?). Therefore, probability theory is a key ingredient to a statistical analysis, and in
this section we review the most relevant concepts of probability for a Bayesian analysis.

Before developing probability mathematically, we brieĆy discuss probability from a con-
ceptual perspective. The objective is to compute the probability of an event, A, denoted
Prob(A). For example, we may be interested in the probability that the random vari-
able X (random variables are generally represented with capital letters) takes the speciĄc
value x (lower-case letter), denoted Prob(X = x), or the probability that X will fall in
the interval [a, b], denoted Prob(X ∈ [a, b]). There are two leading interpretations of this
statement: objective and subjective. An objective interpretation views Prob(A) as a purely

1



2 Bayesian Statistical Methods

mathematical statement. A frequentist interpretation is that if we repeated the experiment
many times and recorded the sample proportion of the times A occurred, this proportion
would eventually converge to the number Prob(A) ∈ [0, 1] as the number of samples in-
creases. A subjective interpretation is that Prob(A) represents an individualŠs degree of
belief, which is often quantiĄed in terms of the amount the individual would be willing to
wager that A will occur. As we will see, these two conceptual interpretations of probabil-
ity parallel the two primary statistical frameworks: frequentist and Bayesian. However, a
Bayesian analysis makes use of both of these concepts.

1.1.1 Univariate distributions

The random variable XŠs support S is the smallest set so that X ∈ S with probability one.
For example, if X is the number of successes in n trials then S = ¶0, 1, ..., n♢. Probability
equations differ based on whether S is a countable set: X is a discrete random variable if S is
countable, and X is continuous otherwise. Discrete random variables can have a Ąnite (rainy
days in the year) or an inĄnite (number of lightning strikes in a year) number of possible
outcomes as long as the number is countable, e.g., a random count X ∈ S = ¶0, 1, 2, ...♢ has
an inĄnite but countable number of possible outcomes and is thus discrete. An example of
a continuous random variable is the amount of rain on a given day, which can be any real
non-negative number and so S = [0,∞).

1.1.1.1 Discrete distributions

For a discrete random variable, the probability mass function (PMF) f(x) assigns a prob-
ability to each element of XŠs support, that is,

Prob(X = x) = f(x). (1.1)

A PMF is valid if all probabilities are non-negative, f(x) ≥ 0, and sum to one,
∑

x∈S f(x) =
1. The PMF can also be used to compute probabilities of more complex events by summing
over the PMF. For example, the probability that X is either x1 or x2, i.e., X ∈ ¶x1, x2♢, is

Prob(X = x1 or X = x2) = f(x1) + f(x2). (1.2)

Generally, the probability of the event that X falls in a set S ′ ⊂ S is the sum over elements
in S ′,

Prob(X ∈ S ′) =
∑

x∈S′

f(x). (1.3)

Using this fact deĄnes the cumulative distribution function (CDF)

F (x) = Prob(X ≤ x) =
∑

c≤x

f(c). (1.4)

A PMF is a function from the support of X to the probability of events. It is often
useful to summarize the function using a few interpretable quantities such as the mean and
variance. The expected value or mean value is

E(X) =
∑

x∈S
xf(x) (1.5)

and measures the center of the distribution. The variance measures the spread around the
mean via the expected squared deviation from the center of the distribution,

Var(X) = E¶[X − E(X)]2♢ =
∑

x∈S
[x− E(X)]2f(x). (1.6)
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The variance is often converted to the standard deviation SD(X) =
√

Var(X) to express
the variability on the same scale as the random variable.

The central concept of statistics is that the PMF and its summaries (such as the mean)
describe the population of interest, and a statistical analysis uses a sample from the popu-
lation to estimate these functions of the population. For example, we might take a sample
of size n from the population. Denote the ith sample value as Xi ∼ f (Ş∼Ť means Şis
distributed asŤ), and X1, ..., Xn as the complete sample. We might then approximate the
population mean E(X) with the sample mean X̄ = 1

n

∑n
i=1 Xi, the probability of an out-

come f(x) with the sample proportion of the n observations that equal x, and the entire
PMF f(x) with a sample histogram. However, even for a large sample, X̄ will likely not
equal E(X), and if we repeat the sampling procedure again we might get a different X̄
while E(X) does not change. The distribution of a statistic, i.e., a summary of the sample,
such as X̄ across random samples from the population, is called the statisticŠs sampling
distribution.

A statistical analysis to infer about the population from a sample often proceeds under
the assumption that the population belongs to a parametric family of distributions. This is
called a parametric statistical analysis. In this type of analysis, the entire PMF is assumed
to be known up to a few unknown parameters denoted θ = (θ1, ..., θp) (or simply θ if there
is only p = 1 parameter). We then denote the PMF as f(x♣θ). The vertical bar Ş♣Ť is read
as Şgiven,Ť and so f(x♣θ) gives the probability that X = x given the parameters θ. For
example, a common parametric model for count data with S = ¶0, 1, 2, ...♢ is the Poisson
family. The Poisson PMF with unknown parameter θ ≥ 0 is

Prob(X = x♣θ) = f(x♣θ) =
exp(−θ)θx

x!
. (1.7)

Clearly f(x♣θ) > 0 for all x ∈ S, and it can be shown that
∑∞

x=0 f(x♣θ) = 1, so this is a
valid PMF. As shown in Figure 1.1, changing the parameter θ changes the PMF, and so
the Poisson is not a single distribution but rather a family of related distributions indexed
by θ.

A parametric assumption greatly simpliĄes the analysis because we only have to es-
timate a few parameters and we can compute the probability of any x in S. Of course,
this assumption is only useful if the assumed distribution provides a reasonable Ąt to the
observed data, and thus a statistician needs a large catalog of distributions to be able to
Ąnd an appropriate family for a given analysis. Appendix A.1 provides a list of parametric
distributions, and we discuss a few discrete distributions below.

Bernoulli: If X is binary, i.e., S = ¶0, 1♢, then X follows a Bernoulli(θ) distribution.
A binary random variable is often used to model the result of a trial where a success is
recorded as a one and a failure as zero. The parameter θ ∈ [0, 1] is the success probability
Prob(X = 1♣θ) = θ, and to be a valid PMF we must have the failure probability Prob(X =
0♣θ) = 1 − θ. These two cases can be written concisely as

f(x♣θ) = θx(1 − θ)1−x. (1.8)

This gives mean

E(X♣θ) =
1∑

x=0

xf(x♣θ) = f(1♣θ) = θ (1.9)

and variance Var(X♣θ) = θ(1 − θ).
Binomial: The binomial distribution is a generalization of the Bernoulli to the case of

n ≥ 1 independent trials. SpeciĄcally, if X1, ..., Xn are the binary results of the n indepen-
dent trials each with success probability θ (so that Xi ∼ Bernoulli(θ) for all i = 1, ..., n)
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FIGURE 1.1
Poisson probability mass function. Plot of the PMF f(x♣θ) = exp(−θ)θx

x! for θ = 2
and θ = 4. The PMF is connected by lines for visualization, but the probabilities are only
deĄned for x = ¶0, 1, 2, ...♢.

and X =
∑n

i=1 Xi is the total number of successes, then XŠs support is S = ¶0, 1, ..., n♢
and X ∼ Binomial(n, θ). The PMF is

f(x♣θ) =

(
n

x

)
θx(1 − θ)n−x, (1.10)

where
(

n
x

)
is the binomial coefficient. This gives mean and variance E(X♣θ) = nθ and

Var(X♣θ) = nθ(1 − θ). It is certainly reasonable that the expected number of successes in n
trials is n times the success probability for each trial, and Figure 1.2 shows that the variance
is maximized with θ = 0.5 when the outcome of each trial is the least predictable. Appendix
A.1 provides other distributions with support S = ¶0, 1, ..., n♢ including the discrete uniform
and beta-binomial distributions.

Poisson: When the support is the counting numbers S = ¶0, 1, 2, ...♢, a common model
is the Poisson PMF deĄned above (and plotted in Figure 1.1). The Poisson PMF can be
motivated as the distribution of the number of events that occur in a time interval of length
T if the events are independent and equally likely to occur at any time with rate θ/T events
per unit of time. The mean and variance are E(X♣θ) = Var(X♣θ) = θ. Assuming that the
mean and variance are equal is a strong assumption, and Appendix A.1 provides alternatives
with support S = ¶0, 1, 2, ...♢ including the geometric and negative binomial distributions.

1.1.1.2 Continuous distributions

The PMF does not apply for continuous distributions with support S that is a subinterval
of the real line. To see this, assume that X is the daily rainfall (inches) and can thus be
any non-negative real number, S = [0,∞). What is the probability that X is exactly π/2
inches? Well, within some small range around π/2, T = (π/2−ϵ, π/2+ϵ) with say ϵ = 0.001,
it seems reasonable to assume that all values in T are equally likely, say Prob(X = x) = q
for all x ∈ T . But since there are an uncountable number of values in T when we sum the
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FIGURE 1.2
Binomial probability mass function. Plot of the PMF f(x♣θ) =

(
n
x

)
θx(1 − θ)n−x for

combinations of the number of trials n and the success probability θ. The PMF is connected
by lines for visualization, but the probabilities are only deĄned for x = ¶0, 1, ..., n♢.

probability over the values in T , we get inĄnity and thus the probabilities are invalid unless
q = 0. Therefore, for continuous random variables Prob(X = x) = 0 for all x, and we must
use a more sophisticated method for assigning probabilities.

Instead of deĄning the probability of outcomes directly using a PMF, for continuous
random variables we deĄne probabilities indirectly through the Cumulative Distribution
Function (CDF)

F (x) = Prob(X ≤ x). (1.11)

The CDF can be used to compute probabilities for any interval, e.g., in the rain example
Prob(X ∈ S) = Prob(X < π/2 + ϵ) − Prob(X < π/2 − ϵ) = F (π/2 + ϵ) −F (π/2 − ϵ), which
converges to zero as ϵ shrinks if F is a continuous function. DeĄning the probability of X
falling in an interval resolves the conceptual problems discussed above, because it is easy to
imagine the proportion of days with rainfall in an interval converging to a non-zero value
as the sample size increases.

The probability on a small interval is

Prob(x− ϵ < X < x+ ϵ) = F (x+ ϵ) − F (x− ϵ) ≈ 2ϵf(x) (1.12)

where f(x) is the derivative of F (x) and is called the probability density function (PDF).
If f(x) is the PDF of X, then the probability of X ∈ [a, b] is the area under the density
curve between a and b (Figure 1.3),

Prob(a ≤ X ≤ b) = F (b) − F (a) =

∫ b

a

f(x)dx. (1.13)

The distributions of random variables are usually deĄned via the PDF. To ensure that
the PDF produces valid probability statements we must have f(x) ≥ 0 for all x and∫∞

−∞ f(x)dx = 1. Because f(x) is not a probability, but rather a function used to com-
pute probabilities via integration, the PDF can be greater than one for some x so long as
it integrates to one.
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FIGURE 1.3
Computing probabilities using a PDF. The curve is a PDF f(x), and the shaded area

is Prob(1 < X < 5) =
∫ 5

1
f(x)dx.

The formulas for the mean and variance of a continuous random variable resemble those
for a discrete random variable except that the sum over the PMF is replaced with an integral
over the PDF,

E(X) =

∫ ∞

−∞
xf(x)dx

Var(X) = E¶[X − E(X)]2♢ =

∫ ∞

−∞
[x− E(X)]2f(x)dx.

Another summary that is deĄned for both discrete and continuous random variables (but
is much easier to deĄne in the continuous case) is the quantile function Q(τ). For τ ∈ [0, 1],
Q(τ) is the solution to

Prob[X ≤ Q(τ)] = F [Q(τ)] = τ. (1.14)

That is, Q(τ) is the value so that the probability of X being no larger than Q(τ) is τ .
The quantile function is the inverse of the distribution function, Q(τ) = F−1(τ), and
gives the median Q(0.5) and a (1 − α)% equal-tailed interval [Q(α/2), Q(1 − α/2)] so that
Prob[Q(α/2) ≤ X ≤ Q(1 − α/2)] = 1 − α.

Gaussian: As with discrete data, parametric models are typically assumed for contin-
uous data and practitioners must be familiar with several parametric families. The most
common parametric family with support S = (−∞,∞) is the normal (Gaussian) family. The
normal distribution has two parameters, the mean E(X♣θ) = µ and variance Var(X♣θ) = σ2,
and the familiar bell-shaped PDF

f(x♣θ) =
1√
2πσ

exp

[
− 1

2σ2
(x− µ)2

]
, (1.15)

where θ = (µ, σ2). The Gaussian distribution is famous because of the Central Limit Theo-

rem (CLT). The CLT applies to the distribution of the sample mean X̄n =

∑n

i=1
Xi

n , where
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FIGURE 1.4
Plots of the gamma PDF. Plots of the gamma density function f(x♣θ) = ba

Γ(a)x
a exp(−bx)

for several combinations of a and b.

X1, ..., Xn are independent samples from some distribution f(x). The CLT says that under
fairly general conditions, for large n the distribution of X̄n is approximately normal even
if f(x) is not. Therefore, the Gaussian distribution is a natural model for data that are
deĄned as averages, but can be used for other data as well. Appendix A.1 gives other con-
tinuous distributions with S = (−∞,∞) including the double exponential and StudentŠs
t-distributions.

Gamma: The gamma distribution has S = [0,∞). The PDF is

f(x♣θ) =

{
ba

Γ(a)x
a−1 exp(−bx) x ≥ 0

0 x < 0
(1.16)

where Γ is the gamma function and a > 0 and b > 0 are the two parameters in θ = (a, b).
Beware that the gamma PDF is also written with b in the denominator of the exponential
function, but we use the parameterization above. Under the parameterization in (1.16) the
mean is a/b and the variance is a/b2. As shown in Figure 1.4, a is the shape parameter
and b is the scale. Setting a = 1 gives the exponential distribution with PDF f(x♣θ) =
b exp(−bx) which decays exponentially from the origin and large a gives approximately a
normal distribution. Varying b does not change the shape of the PDF but only affects its
spread. Appendix A.1 gives other continuous distributions with S = [0,∞) including the
inverse-gamma distribution.

Beta: The beta distribution has S = [0, 1] and PDF

f(x♣θ) =

{
Γ(a+b)

Γ(a)Γ(b)x
a−1(1 − x)b−1 x ∈ [0, 1]

0 x < 0 or x > 1,
(1.17)

where a > 0 and b > 0 are the two parameters in θ = (a, b). As shown in Figure 1.5, the
beta distribution is quite Ćexible and can be left-skewed, right-skewed or symmetric. The
beta distribution also includes the uniform distribution f(x) = 1 for x ∈ [0, 1] by setting
a = b = 1.
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FIGURE 1.5
Plots of the beta PDF. Plots of the beta density function f(x♣θ) = Γ(a+b)

Γ(a)Γ(b)x
a−1(1−x)b−1

for several a and b.

TABLE 1.1
Hypothetical joint PMF. This PMF f(x1, x2) gives the probabilities that a patient has
a positive (X1 = 1) or negative (X1 = 0) primary health outcome and the patient having
(X2 = 1) or not having (X2 = 0) a negative side effect.

X2

0 1 f1(x1)
X1 0 0.06 0.14 0.20

1 0.24 0.56 0.80
f2(x2) 0.30 0.70

1.1.2 Multivariate distributions

Most statistical analyses involve multiple variables with the objective of studying relation-
ships between variables. To model relationships between variables we need multivariate
extensions of mass and density functions. Let X1, ..., Xp be p random variables, Sj be the
support of Xj so that Xj ∈ Sj , and X = (X1, ..., Xp) be the random vector. Table 1.1 de-
scribes the joint distribution between the p = 2 variables: X1 indicates that the patient has
the primary health outcome and X2 indicates the patient has a side effect. If all variables
are discrete, then the joint PMF is

Prob(X1 = x1, ..., Xp = xp) = f(x1, ..., xp). (1.18)

To be a valid PMF, f must be non-negative f(x1, ..., xp) ≥ 0 and sum to one∑
x1∈S1

, ...,
∑

xp∈S1
f(x1, ..., xp) = 1.

As in the univariate case, probabilities for continuous random variables are computed
indirectly via the PDF f(x1, ..., xp). In the univariate case, probabilities are computed as the
area under the density curve. For p > 1, probabilities are computed as the volume under the
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density surface. For example, for p = 2 random variables, the probability of a1 < X1 < b1

and a2 < X2 < b2 is ∫ b1

a1

∫ b2

a2

f(x1, x2)dx1dx2. (1.19)

This gives the probability of the random vector X = (X1, X2) lying in the rectangle deĄned
by the endpoints a1, b1, a2, and b2. In general, the probability of the random vector X falling
in region A is the p-dimensional integral

∫
A f(x1, ..., xp)dx1, ..., dxp. As an example, consider

the bivariate PDF on the unit square with f(x1, x2) = 1 for X with x1 ∈ [0, 1] and x2 ∈ [0, 1]

and f(x1, x2) = 0 otherwise. Then Prob(X1 < .5, X2 < .1) =
∫ 0.5

0

∫ 0.1

0
f(x1, x2)dx1dx2 =

0.05.

1.1.3 Marginal and conditional distributions

The marginal and conditional distributions that follow from a multivariate distribution are
key to a Bayesian analysis. To introduce these concepts we assume discrete random variables,
but extensions to the continuous case are straightforward by replacing sums with integrals.
Further, we assume a bivariate PMF with p = 2. Again, extensions to high dimensions are
conceptually straightforward by replacing sums over one or two dimensions with sums over
p− 1 or p dimensions.

The marginal distribution of Xj is simply the distribution of Xj if we consider only a
univariate analysis of Xj and disregard the other variable. Denote fj(xj) = Prob(Xj = xj)
as the marginal PMF of Xj . The marginal distribution is computed by summing over the
other variable in the joint PMF

f1(x1) =
∑

x2

f(x1, x2) and f2(x2) =
∑

x1

f(x1, x2). (1.20)

These are referred to as the marginal distributions because in a two-way table such as Table
1.1, the marginal distributions are the row and column totals of the joint PMF that appear
along the tableŠs margins.

As with any univariate distribution, the marginal distribution can be summarized with
its mean and variance,

µj = E(Xj) =
∑

xj∈Sj

xjfj(xj) =
∑

x1

∑

x2

xjf(x1, x2)

σ2
j = Var(Xj) =

∑

xj

(xj − µj)2fj(xj) =
∑

x1

∑

x2

(xj − µj)2f(x1, x2).

The marginal mean and variance measure the center and spread of the marginal distribu-
tions, respectively, but do not capture the relationship between the two variables. The most
common one-number summary of the joint relationship is covariance, deĄned as

σ12 = Cov(X1, X2) = E[(X1 − µ1)(X2 − µ2)] (1.21)

=
∑

x1

∑

x2

(x1 − µ1)(x2 − µ2)f(x1, x2).

The covariance is often hard to interpret because it depends on the scale of both X1 and
X2, i.e., if we double X1 we double the covariance. Correlation is a scale-free summary of
the joint relationship, ρ12 = σ12

σ1σ2
. In vector notation, the mean of the random vector X

is E(X) = (µ1, µ2)T , the covariance matrix is Cov(X) =

[
σ2

1 σ12

σ12 σ2
2

]
, and the correlation
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TABLE 1.2
Table of the Atlantic hurricanes that made landfall between 1990 and 2016.
The counts are tabulated by their maximum SaffirŰSimpson intensity category and
whether they made landfall in the US or elsewhere. The counts are downloaded from
http://www.aoml.noaa.gov/hrd/hurdat/.

(a) Counts

Category
1 2 3 4 5 Total

US 14 13 10 1 1 39
Not US 46 19 20 17 3 105
Total 60 32 30 18 4 144

(b) Sample proportions

Category
1 2 3 4 5 Total

US 0.0972 0.0903 0.0694 0.0069 0.0069 0.2708
Not US 0.3194 0.1319 0.1389 0.1181 0.0208 0.7292
Total 0.4167 0.2222 0.2083 0.1250 0.0278 1.0000

matrix is Cor(X) =

[
1 ρ12

ρ12 1

]
. Generalizing for p > 2, the mean vector becomes E(X) =

(µ1, ..., µp)T , and the covariance matrix becomes the symmetric p× p matrix with diagonal
elements σ2

1 , ..., σ
2
p and (i, j) off-diagonal element σij .

While the marginal distributions sum over columns or rows of a two-way table, the
conditional distributions focus only on a single column or row. The conditional distribution
of X1 given that the random variable X2 is Ąxed at x2 is denoted f1♣2(x1♣X2 = x2) or
simply f(x1♣x2). Referring to Table 1.1, the knowledge that X2 = x2 restricts the domain
to a single column of the two-way table. However, the probabilities in a single column do not
deĄne a valid PMF because their sum is less than one. We must rescale these probabilities
to sum to one by dividing by the column total, which we have previously deĄned as f2(x2).
Therefore, the general expression for the conditional distributions of X1♣X2 = x2, and
similarly X2♣X1 = x1, is

f1♣2(x1♣X2 = x2) =
f(x1, x2)

f2(x2)
and f2♣1(x2♣X1 = x1) =

f(x1, x2)

f1(x1)
. (1.22)

Atlantic hurricanes example: Table 1.2 provides the counts of Atlantic hurricanes
that made landfall between 1990 and 2016 tabulated by their intensity category (1Ű5) and
whether they hit the US or elsewhere. Of course, these are only sample proportions and not
true probabilities, but for this example we treat Table 1.2b as the joint PMF of location,
X1 ∈ ¶US,Not US♢, and intensity category, X2 ∈ ¶1, 2, 3, 4, 5♢. The marginal distribution of
X1 is given in the Ąnal column and is simply the row sums of the joint PMF. The marginal
probability of a hurricane making landfall in the US is Prob(X1 = US) = 0.2708, which is
the proportion calculation as if we had never considered the stormsŠ categories. Similarly,
the column sums are the marginal probability of intensity averaging over location, e.g.,
Prob(X2 = 5) = 0.0278.

The conditional distributions tell us about the relationship between the two variables.
For example, the marginal probability of a hurricane reaching category 5 is 0.0278, but

http://www.aoml.noaa.gov/hrd/hurdat/
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given that the storm hits the US, the conditional distribution is slightly lower, f2♣1(5♣US) =
Prob(X1 = US, X2 = 5)/Prob(X1 = US) = 0.0069/0.2708 = 0.0255. By deĄnition, the
conditional probabilities sum to one,

f2♣1(1♣US) =
0.0972

0.2708
= 0.3589, f2♣1(2♣US) =

0.0903

0.2708
= 0.3334

f2♣1(3♣US) =
0.0694

0.2708
= 0.2562, f2♣1(4♣US) =

0.0069

0.2708
= 0.0255

f2♣1(5♣US) =
0.0069

0.2708
= 0.0255.

Given that a storm hits the US, the probability of a category 2 or 3 storm increases, while
the probability of a category 4 or 5 storm decreases, and so there is a relationship between
landfall location and intensity.

Independence example: Consider the joint PMF of the primary health outcome (X1)
and side effect (X2) in Table 1.1. In this example, the marginal probability of a posi-
tive primary health outcome is Prob(X1 = 1) = 0.80, as is the conditional probability
f1♣2(1♣X2 = 1) = 0.56/0.70 = 0.80 given the patient has the side effect and the conditional
probability f1♣2(1♣0) = 0.24/0.30 = 0.80 given the patient does not have the side effect. In
other words, both with and without knowledge of side effect status, the probability of a
positive health outcome is 0.80, and thus side effect is not informative about the primary
health outcome. This is an example of two random variables that are independent.

Generally, X1 and X2 are independent if and only if the joint PMF (or PDF for contin-
uous random variables) factors into the product of the marginal distributions,

f(x1, x2) = f1(x1)f2(x2). (1.23)

From this expression it is clear that if X1 and X2 are independent then f1♣2(x1♣X2 = x2) =
f(x1, x2)/f2(x2) = f1(x1), and thus X2 is not informative about X1. A special case of joint
independence is if all marginal distributions are the same, fj(x) = f(x) for all j and x. In
this case, we say that X1 and X2 are independent and identically distributed (ŞiidŤ), which

is denoted Xj
iid∼ f . If variables are not independent then they are said to be dependent.

Multinomial: Parametric families are also useful for multivariate distributions. A com-
mon parametric family for discrete data is the multinomial, which, as the name implies,
is a generalization of the binomial. Consider the case of n independent trials where each
trial results in one of p possible outcomes (e.g., p = 3 and each result is either win, lose
or draw). Let Xj ∈ ¶0, 1, ..., n♢ be the number of trials that resulted in outcome j, and
X = (X1, ..., Xp) be the vector of counts. If we assume that θj is the probability of outcome
j for each trial, with θ = (θ1, ..., θp) and

∑p
j=1 θj = 1, then X♣θ ∼ Multinomial(n,θ) with

f(x1, ..., xp) =
n!

x1! · ... · xp!
θx1

1 · ... · θxp
p (1.24)

where n =
∑p

j=1 xj . If there are only p = 2 categories, then this would be a binomial
experiment X2 ∼ Binomial(n, θ2).

Multivariate normal: The multivariate normal distribution is a generalization of the
normal distribution to p > 1 random variables. For p = 2, the bivariate normal has Ąve
parameters, θ = (µ1, µ2, σ

2
1 , σ

2
2 , ρ): a mean parameter for each variable E(Xj) = µj , a

variance for each variable Var(Xj) = σ2
j > 0, and the correlation Cor(X1, X2) = ρ ∈ (−1, 1).

The density function is

f(x1, x2) =
1

2πσ1σ2

√
1 − ρ2

exp

[
−z2

1 − 2ρz1z2 + z2
2

2(1 − ρ2)

]
, (1.25)
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where zj = (xj − µj)/σj . As shown in Figure 1.6 the density surface is elliptical with
center determined by µ = (µ1, µ2) and shape determined by the covariance matrix Σ =[
σ2

1 σ1σ2ρ
σ1σ2ρ σ2

2

]
.

A convenient feature of the bivariate normal distribution is that the marginal and con-
ditional distributions are also normal. The marginal distribution of Xj is Gaussian with
mean µj and variance σ2

j . The conditional distribution, shown in Figure 1.7, is

X2♣X1 = x1 ∼ Normal

[
µ2 + ρ

σ2

σ1
(x1 − µ1), (1 − ρ2)σ2

2

]
. (1.26)

If ρ = 0, then the conditional distribution is the marginal distribution, as expected. If ρ > 0
(ρ < 0), then the conditional mean increases (decreases) with x1. Also, the conditional
variance (1 − ρ2)σ2

2 is less than the marginal variance σ2
2 , especially for ρ near −1 or 1, and

so conditioning on X1 reduces uncertainty in X2 when there is strong correlation.
The multivariate normal PDF for p > 2 is most concisely written using matrix notation.

The multivariate normal PDF for the random vector X with mean vector µ and covariance
matrix Σ is

f(X) = (2π)−p/2♣Σ♣−1/2 exp

[
−1

2
(X − µ)T Σ−1(X − µ)

]
(1.27)

where ♣A♣, AT and A−1 are the determinant, transpose and inverse, respectively, of the
matrix A. From this expression it is clear that the contours of the log PDF are elliptical. All
conditional and marginal distributions are normal, as are all linear combinations

∑p
j=1 wjXj

for any w1, ..., wp.

1.2 Bayes’ rule

As the name implies, BayesŠ rule (or BayesŠ theorem) is fundamental to Bayesian statistics.
However, this rule is a general result from probability and follows naturally from the deĄ-
nition of a conditional distribution. Consider two random variables X1 and X2 with joint
PMF (or PDF, the result holds for both discrete and continuous data) density function
f(x1, x2). The deĄnition of a conditional distribution gives f(x1♣x2) = f(x2, x1)/f(x2) and
f(x2♣x1) = f(x1, x2)/f(x1). Combining these two expressions gives BayesŠ rule

f(x2♣x1) =
f(x1♣x2)f(x2)

f(x1)
. (1.28)

This result is useful as a means to reverse conditioning from X1♣X2 to X2♣X1, and also
indicates the need to deĄne a joint distribution for this inversion to be valid.

1.2.1 Discrete example of Bayes’ rule

You have a scratchy throat, and so you go to the doctor who administers a rapid strep
throat test. Let Y ∈ ¶0, 1♢ be the binary indicator of a positive test; i.e., Y = 1 if the test
is positive for strep and Y = 0 if the test is negative. The test is not perfect. The false
positive rate p ∈ [0, 1] is the probability of testing positive if you do not have strep, and the
false negative rate q ∈ [0, 1] is the probability of testing negative given that you actually
have strep. To express these probabilities mathematically we must deĄne the true disease
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FIGURE 1.6
Plots of the bivariate normal PDF. Panel (a) plots the bivariate normal PDF for
µ = (0, 0), σ1 = 1, σ2 = 1 and ρ = 0. The other panels modify Panel (a) as follows: (b) has
µ = (1, 1) and σ1 = 2, (c) has µ = (1, 1) and ρ = 0.8, and (d) has µ = (1, 1) and ρ = −0.8.
The plots are shaded according to the PDF with white indicating the PDF near zero and
black indicating the areas with highest PDF; the white dot is the mean vector µ.
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FIGURE 1.7
Plots of the joint and conditional bivariate normal PDF. Panel (a) plots the bivariate
normal PDF for µ = (1, 1), σ1 = σ2 = 1 and ρ = 0.8. The plot is shaded according to the
PDF with white indicating the PDF near zero and black indicating the areas with highest
PDF; the vertical lines represent x1 = −1, x1 = 1 and x1 = 3. The conditional distribution
of X2♣X1 = x1 for these three values of x1 are plotted in Panel (b).

status θ ∈ ¶0, 1♢, where θ = 1 if you are truly infected and θ = 0 otherwise. This unknown
variable, which we hope to estimate, is called a parameter. Given these error rates and the
deĄnition of the model parameter, the data distribution can be written

Prob(Y = 1♣θ = 0) = p and Prob(Y = 0♣θ = 1) = q. (1.29)

Generally, the PMF (or PDF) of the observed data given the model parameters is called
the likelihood function.

To formally analyze this problem we must determine which components should be
treated as random variables. Is the test result Y a random variable? Before the exam,
Y is clearly random and (1.29) deĄnes its conditional distribution. This is aleatoric uncer-
tainty because the results may differ if we repeat the test. However, after learning of the
test results, Y is determined, and you must decide how to proceed given the value of Y at
hand. In this sense, Y is known and no longer random at the analysis stage.

Is the true disease status θ a random variable? Certainly θ is not a random variable in
the sense that it changes from second-to-second or minute-to-minute, and so it is reasonable
to assume that the true disease status is a Ąxed quantity for the purpose of this analysis.
However, because our test is imperfect, we do not know θ. This is epistemic uncertainty
because θ is a quantity that we could theoretically know, but at the analysis stage we do
not and cannot know θ using only noisy data. Despite our uncertainty about θ, we have to
decide what to do next and so it is useful to quantify our uncertainty using the language of
probability. If the test is reliable and p and q are both small, then in light of a positive test
we might conclude that θ is more likely to be one than zero. But how much more likely?
Twice as likely? Three times? In Bayesian statistics, we quantify uncertainty about
fixed but unknown parameters using probability theory by treating them as
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random variables. As (1.28) suggests, inversion of conditional probabilities requires we
treat both the data and parameters as random.

The probabilities in (1.29) provide the distribution of the test result given disease status,
Y ♣θ. However, we would like to quantify uncertainty in the disease status given the test
results; that is, we require the distribution of θ♣Y . Since this is the uncertainty distribution
after collecting the data this is referred to as the posterior distribution. As discussed above,
BayesŠ rule can be applied to reverse the order of conditioning,

Prob(θ = 1♣Y = 1) =
Prob(Y = 1♣θ = 1)Prob(θ = 1)

Prob(Y = 1)
, (1.30)

where the marginal probability Prob(Y = 1) is

1∑

θ=0

f(1, θ) = Prob(Y = 1♣θ = 1)Prob(θ = 1) + Prob(Y = 1♣θ = 0)Prob(θ = 0). (1.31)

To apply BayesŠ rule requires specifying the unconditional probability of having strep throat,
Prob(θ = 1) = π ∈ [0, 1]. Since this is the probability of infection before we conduct the
test, we refer to this as the prior probability. We can then compute the posterior using
BayesŠ rule,

Prob(θ = 1♣Y = 1) =
(1 − q)π

(1 − q)π + p(1 − π)
. (1.32)

To understand this equation consider a few extreme scenarios. Assuming the error rates p
and q are not zero or one, if π = 1 (π = 0), then the posterior probability of θ = 1 (θ = 0)
is one for any value of Y . That is, if we have no prior uncertainty then the imperfect data
does not update the prior. Conversely, if the test is perfect and q = p = 0, then for any
prior π ∈ (0, 1) the posterior probability that θ equals Y is one. That is, with perfect data
the prior is irrelevant. Finally, if p = q = 1/2, then the test is a random coin Ćip, and the
posterior probability is the prior probability Prob(θ = 1♣Y ) = π.

For a more realistic scenario we use the data in Table 1.3 taken from [51]. We plug in the
sample error rates from these data for p = 37/(37 + 610) = 0.057 and q = 48/(48 + 123) =
0.281. Of course these data represent only a sample, and the sample proportions are not
exactly the true error rates, but for illustration we assume these error rates are correct.
Then if we assume prior probability of disease is π = 0.5, the posterior probabilities are
Prob(θ = 1♣Y = 0) = 0.230 and Prob(θ = 1♣Y = 1) = 0.927. Therefore, beginning with a
prior probability of 0.5, a negative test moves the probability down to 0.230, and a positive
test increases the probability to 0.927.

Of course, in reality the way individuals process test results is complicated and subjec-
tive. If you have had strep many times before and you went to the doctor because your
current symptoms resemble previous bouts with the disease, then perhaps your prior is
π = 0.8, and the posterior is Prob(θ = 1♣Y = 1) = 0.981. On the other hand, if you went
to the doctor only at the urging of your friend and your prior probability is π = 0.2, then
Prob(θ = 1♣Y = 1) = 0.759.

This simple example illustrates a basic Bayesian analysis. The objective is to compute
the posterior distribution of the unknown parameters θ. The posterior has two ingredients:
the likelihood of the data given the parameters and the prior distribution. Selection of these
two distributions is thus largely the focus of the remainder of this book.

1.2.2 Continuous example of Bayes’ rule

Let θ ∈ [0, 1] be the proportion of the population in a county that has health insurance.
It is known that the proportion varies across counties following a Beta(a, b) distribution,
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TABLE 1.3
Strep throat data. Number of patients that are truly positive and tested positive in the
rapid strep throat test data taken from Table 1 of [51].

Truly positive, Truly positive, Truly negative, Truly negative,
test positive test negative test positive test negative

Children 80 38 23 349
Adults 43 10 14 261
Total 123 48 37 610

and so the prior is θ ∼ Beta(a, b). We take a sample of size n = 20 from your county and
assume that the number of respondents with insurance, Y ∈ ¶0, 1, ..., n♢, is distributed as
Y ♣θ ∼ Binomial(n, θ). Joint probabilities for θ and Y can be computed from

f(θ, y) = f(y♣θ)f(θ)

=

{(
n

y

)
θy(1 − θ)n−y

}{
Γ(a+ b)

Γ(a)Γ(b)
θa−1(1 − θ)b−1

}

= cθy+a−1(1 − θ)n−y+b−1

where c =
(

n
y

)
Γ(a+ b)/[Γ(a)Γ(b)] is a constant that does not depend on θ. Figure 1.8 plots

f(θ, y) and the marginal distributions for θ and Y . Given the way we have deĄned the
problem, the marginal distribution of θ, f(θ), is a Beta(a, b) PDF, which could also be
derived by summing f(θ, y) over y. The marginal distribution of Y plotted on the right

of Figure 1.8 is f(y) =
∫ 1

0
f(θ, y)dθ. In this case the marginal distribution of Y follows a

beta-binomial distribution, but as we will see, this is not needed in the Bayesian analysis.
In this problem we are given the unconditional distribution of the disease rate (prior)

and the distribution of the sample given the true proportion (likelihood). BayesŠ rule gives
the (posterior) distribution of the true proportion given the sample. Say we observe Y = 12
positive cases. The horizontal line in Figure 1.8 traces over the conditional distribution
f(θ♣Y = 12). The conditional distribution is centered around the sample proportion Y/n =
0.60 but has non-trivial mass from 0.4 to 0.8. More formally, the posterior is

f(θ♣y) =
f(y♣θ)f(θ)

f(y)

=

[
c

f(y)

]
θy+a−1(1 − θ)n−y+b−1

= CθA−1(1 − θ)B−1 (1.33)

where C = c/f(y), A = y + a, and B = n− y + b.
We note the resemblance between f(θ♣y) and the PDF of a Beta(A,B) density. Both

include θA−1(1 − θ)B−1 but differ in the normalizing constant, C, for f(θ♣y) compared to
Γ(A+B)/[Γ(A)Γ(B)] for the Beta(A,B) PDF. Since both f(θ♣y) and the Beta(A,B) PDF
are proper, they both integrate to one, and thus

∫ 1

0

CθA−1(1 − θ)B−1dθ =

∫ 1

0

Γ(A+B)

Γ(A)Γ(B)
θA−1(1 − θ)B−1dθ = 1 (1.34)

and so

C

∫ 1

0

θA−1(1 − θ)B−1dθ =
Γ(A+B)

Γ(A)Γ(B)

∫ 1

0

θA−1(1 − θ)B−1dθ (1.35)
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FIGURE 1.8
Joint distribution for the beta-binomial example. Plot of f(θ, y) for the example
with θ ∼ Beta(8, 2) and Y ♣θ ∼ Binomial(20, θ). The marginal distributions f(θ) (top) and
f(y) (right) are plotted in the margins. The horizontal line is the Y = 12 line.

and thus C = Γ(A+ B)/[Γ(A)Γ(B)]. Therefore, f(θ♣y) is in fact the Beta(A,B) PDF and
θ♣Y = y ∼ Beta(y + a, n− y + b).

Dealing with the normalizing constant makes posterior calculations quite tedious. For-
tunately this can often be avoided by discarding terms that do not involve the parameter
of interest and comparing the remaining terms with known distributions. The derivation
above can be simpliĄed to (using Ş∝Ť to mean Şproportional toŤ)

f(θ♣y) ∝ f(y♣θ)f(θ) ∝ θ(y+a)−1(1 − θ)(n−y+b)−1,

immediately concluding that θ♣Y = y ∼ Beta(y + a, n− y + b).
Figure 1.9 plots the posterior distribution for two priors and Y ∈ ¶0, 5, 10, 15, 20♢. The

plots illustrate how the posterior combines information from the prior and the likelihood.
In both plots, the peak of the posterior distribution increases with the observation Y .
Comparing the plots shows that the prior also contributes to the posterior. When we observe
Y = 0 successes, the posterior under the Beta(8,2) prior (left) is pulled from zero to the
right by the prior (thick line). Under the Beta(1,1), i.e., the uniform prior, when Y = 0 the
posterior is concentrated around θ = 0.

1.3 Introduction to Bayesian inference

A parametric statistical analysis models the random process that produced the data, Y =
(Y1, ..., Yn), in terms of Ąxed but unknown parameters θ = (θ1, ..., θp). The PDF (or PMF)
of the data given the parameters, f(Y♣θ), is called the likelihood function and links the
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FIGURE 1.9
Posterior distribution for the beta-binomial example. The thick lines are the beta
prior for success probability θ, and the thin lines are the posterior assuming Y ♣θ ∼
Binomial(20, θ) for various values of Y .

observed data with the unknown parameters. Statistical inference is concerned with the
inverse problem of using the likelihood function to estimate θ. Of course, if the data are
noisy, then we cannot perfectly estimate θ, and a Bayesian quantiĄes uncertainty about
the unknown parameters by treating them as random variables. Treating θ as a random
variable requires specifying the prior distribution, π(θ), which represents our uncertainty
about the parameters before we observe the data.

If we view θ as a random variable, we can apply BayesŠ rule to obtain the posterior
distribution

p(θ♣Y) =
f(Y♣θ)π(θ)∫
f(Y♣θ)π(θ)dθ

∝ f(Y♣θ)π(θ). (1.36)

The posterior is proportional to the likelihood times the prior, and quantiĄes the uncer-
tainty about the parameters that remain after accounting for prior knowledge and the new
information in the observed data.

Table 1.4 establishes the notation we use throughout for the prior, likelihood and pos-
terior. We will not adhere to the custom (e.g., Section 1.1) that random variables are
capitalized because in a Bayesian analysis more often than not it is the parameters that
are the random variables, and capital Greek letters, e.g., Prob(Θ = θ), are unfamiliar to
most readers. We will however follow the custom to use bold font to represent vectors and
matrices. Also, assume independence unless otherwise noted. For example, if we say Şthe
priors are θ1 ∼ Uniform(0, 1) and θ2 ∼ Gamma(1, 1),Ť you should assume that θ1 and θ2

have independent priors.
The Bayesian framework provides a logically consistent framework to use all available

information to quantify uncertainty about model parameters. However, to apply BayesŠ rule
requires specifying the prior distribution and the likelihood function. How do we pick the
prior? In many cases prior knowledge from experience, expert opinion or similar studies is
available and can be used to specify an informative prior. It would be a waste to discard this
information. In other cases where prior information is unavailable, then the prior should
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TABLE 1.4
Notation used throughout the book for distributions involving the parameter vector θ =
(θ1, ..., θp) and data vector Y = (Y1, ..., Yn).

Prior density of θ π(θ)
Likelihood function of Y given θ f(Y♣θ)
Marginal density of Y m(Y) =

∫
f(Y♣θ)π(θ)dθ

Posterior density of θ given Y p(θ♣Y) = f(Y♣θ)π(θ)/m(Y)

be uninformative to reĆect this uncertainty. For instance, in the beta-binomial example in
Section 1.2 we might use a uniform prior that puts equal mass on all possible parameter
values. The choice of prior distribution is subjective, i.e., driven by the analystŠs past ex-
perience and personal preferences. If a reader does not agree with your prior, then they are
unlikely to be persuaded by your analysis. Therefore, the prior, especially an informative
prior, should be carefully justiĄed, and a sensitivity analysis comparing the posteriors under
different priors should be presented.

How do we pick the likelihood? The likelihood function is the same as in a classical
analysis, e.g., a maximum likelihood analysis. The likelihood function for multiple linear
regression is the product of Gaussian PDFs deĄned by the model

Yi♣θ
indep∼ Normal


β0 +

p∑

j=1

Xijβj , σ
2


 (1.37)

where Xij is the value of the jth covariate for the ith observation and θ = (β0, ..., βp, σ
2)

are the unknown parameters. A thoughtful application of multiple linear regression must
consider many questions, including

• Which covariates should we include?

• Are the errors Gaussian? Independent? Do they have equal variance?

• Should we include quadratic or interaction effects?

• Should we consider a transformation of the response (e.g., model log(Yi))?

• Which observations are outliers? Should we remove them?

• How should we handle the missing observations?

• What p-value threshold should be used to deĄne statistical signiĄcance?

As with specifying the prior, these concerns are arguably best resolved using subjective
subject-matter knowledge. For example, while there are statistical methods to select covari-
ates (Chapter 6), a more reliable strategy is to ask a subject-matter expert which covariates
are the most important to include, at least as an initial list to be reĄned in the statistical
analysis. As another example, it is hard to determine (without a natural ordering as in
times series data) whether the observations are independent without consulting someone
familiar with the data collection and the study population. Other decisions are made based
on visual inspections of the data (such as scatter plots and histograms of the residuals) or
ad hoc rules of thumb (threshold on outliersŠ z-scores or p-values for statistical signiĄcance).
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Therefore, in a typical statistical analysis there are many subjective choices to be made,
and the choice of prior is far from the most important.

Bayesian statistical methods are often criticized as being subjective. Perhaps an objective
analysis that is free from personal preferences or beliefs is an ideal we should strive for (and
this is the aim of objective Bayesian methods, see Section 2.4), but it is hard to make
the case that non-Bayesian methods are objective, and it can be argued that almost any
scientiĄc knowledge and theories are subjective in nature. In an interesting article by [124],
the authors cite many scientiĄc theories (mainly from physics) where subjectivity played
a major role and they concluded, ŞSubjectivity occurs, and should occur, in the work of
scientists; it is not just a factor that plays a minor role that we need to ignore as a flaw..."
and they further added that, ŞTotal objectivity in science is a myth. Good science inevitably
involves a mixture of subjective and objective parts." The Bayesian inferential framework
provides a logical foundation to accommodate objective and subjective parts involved in
data analysis. Hence, a good scientiĄc practice would be to state upfront all assumptions
and then make an effort to validate such assumptions using the current data or preferable
future test cases. There is nothing wrong to have a subjective but reasonably Ćexible model
as long as we can exhibit some form of sensitivity analysis when the assumptions of the
model are mildly violated.

In addition to explicitly acknowledging subjectivity, another important difference be-
tween Bayesian and frequentist (classical) methods is their notion of uncertainty. While a
Bayesian considers only the data at hand, a frequentist views uncertainty as arising from
repeating the process that generated the data many times. That is, a Bayesian might give
a posterior probability that the population mean µ (a parameter) is positive given the data
we have observed, whereas a frequentist would give a probability that the sample mean Ȳ
(a statistic) exceeds a threshold given a speciĄc value of the parameters if we repeated the
experiment many times (as is done when computing a p-value).

The frequentist view of uncertainty is well-suited for developing procedures that have
desirable error rates when applied broadly. This is reasonable in many settings. For instance,
a regulatory agency might want to advocate statistical procedures that ensure only a small
proportion of the medications made available to the public have adverse side effects. In some
cases, however, it is hard to see why repeating the sampling is a useful thought experiment.
For example, [22] study the relationship between a regionŠs climate and the type of religion
that emerged from that region. Assuming the data set consists of the complete list of known
cultures, it is hard to imagine repeating the process that led to these data as it would require
replaying thousands of years of human history.

Bayesians can and do study frequentist properties. This is critical to build trust in
the methods. If a Bayesian weather forecaster gives the posterior predictive 95% interval
every day for a year, but at the end of the year these intervals included the observed
temperature only 25% of the time, then the forecaster would lose all credibility. It turns out
that Bayesian methods often have desirable frequentist properties, and Chapter 9 examines
these properties.

Developing Bayesian methods with good frequentist properties is often called calibrated
Bayes (e.g., [98]). According to Rubin [98, 133]: ŞThe applied statistician should be Bayesian
in principle and calibrated to the real world in practice – appropriate frequency calculations
help to define such a tie... frequency calculations are useful for making Bayesian statements
scientific, scientific in the sense of capable of being shown wrong by empirical test; here the
technique is the calibration of Bayesian probabilities to the frequencies of actual events.Ť

Bayesian inference is fundamentally about combining prior knowledge with observed
data to update our understanding of the underlying phenomenon or parameter values. This
process reduces uncertainty in a way that can be quantiĄed using concepts from information
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theory. The fundamental question is, Are we learning more by combining the information
brought by the data Y through f(Y♣θ) and the prior information brought by π(θ)?

In order to quantify the information gain/loss, we need a measure of information by
quantifying the uncertainty. Below we use the variance because it is a classic measure of
uncertainty, but the concepts can be extended to other metrics such as Fisher information.
For simplicity, we assume univariate θ with p = 1. It can be shown that

E¶Var(θ♣Y)♢ < Var(θ)

by using the well-known conditional variance identity Var(θ) = E¶Var(θ♣Y)♢+Var¶E(θ♣Y)♢,
as the second term is necessarily positive unless the marginal distribution of Y is degenerate
or uninformative. Thus, if reduction in variance is a key goal of Bayesian updating, indicating
increased precision in parameter estimation, then prior uncertainty is reduced in the light of
data on average. However, it is interesting to note that it is possible to construct examples
for which Var(θ♣Y) > Var(θ) for a pathological observed dataset.

This result extends to a sequential analysis where data arrives in batches, Y1, ...,YK .
DeĄning V0 = Var(θ) as the prior variance and Vk = E¶Var(θ♣Y1, ...,Yk)♢ as the expected
(over the data) posterior variance at step k, then

V0 > V1 > ... > VK . (1.38)

Thus, as we gather data, on average the posterior variance of θ decreases, as one would
expect, irrespective of the initial prior distribution used.

Through variance reduction, Bayesian inference systematically reduces uncertainty. The
prior contributes initial knowledge, the likelihood integrates new data, and the posterior
represents an updated understanding, which is more precise and information-rich than the
prior alone. This dynamic process aligns with the core goal of statistical inference: learning
and decision-making under uncertainty. Thus, instead of arguing about Bayesian versus
frequentist inference, it is probably more prudent to consider the integrative view of Bayesian
and frequentist inference by taking advantage of information gain brought by both the data
and prior information.

1.4 Summarizing the posterior

The Ąnal output of a Bayesian analysis is the posterior distribution of the model parameters.
The posterior contains all the relevant information from the data and the prior, and thus all
statistical inference should be based on the posterior distribution. However, when there are
many parameters, the posterior distribution is a high-dimensional function that is difficult
to display graphically, and for complicated statistical models the mathematical form of the
posterior may be challenging to work with. In this section, we discuss some methods to
summarize a high-dimensional posterior with low-dimensional summaries.

1.4.1 Point estimation

One approach to summarizing the posterior is to use a point estimate, i.e., a single value that
represents the best estimate of the parameters given the data and (for a Bayesian analysis)
the prior. The posterior mean, median and mode are all sensible choices. Thinking of the
Bayesian analysis as a procedure that can be applied to any dataset, the point estimator
is an example of an estimator, i.e., a function that takes the data as input and returns
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an estimate of the parameter of interest. Bayesian estimators such as the posterior mean
can then be seen as competitors to other estimators such as the sample mean estimator
for a population mean or a sample variance for a population variance, or more generally
as a competitor to the maximum likelihood estimator. We study the properties of these
estimators in Chapter 9.

A common point estimator is the maximum a posteriori (MAP) estimator, deĄned as
the value that maximizes the posterior (i.e., the posterior mode),

θ̂MAP = arg max
θ

log[p(θ♣Y)] = arg max
θ

log[f(Y♣θ)] + log[π(θ)]. (1.39)

The second equality holds because the normalizing constant m(Y) does not depend on the
parameters and thus does not affect the optimization.

If the prior is uninformative, i.e., mostly Ćat as a function of the parameters, then the
MAP estimator should be similar to the maximum likelihood estimator (MLE)

θ̂MLE = arg max
θ

log[f(Y♣θ)]. (1.40)

In fact, this relationship is often used to intuitively justify maximum likelihood estimation.
The addition of the log prior, log[π(θ)], in (1.39) can be viewed as a regularization or penalty
term to add stability or prior knowledge.

Point estimators are often useful as fast methods to estimate the parameters for purpose
of making predictions. However, a point estimate alone does not quantify uncertainty about
the parameters. Sections 1.4.2 and 1.4.3 provide more thorough summaries of the posterior
for univariate and multivariate problems, respectively.

1.4.2 Univariate posteriors

A univariate posterior (i.e., from a model with p = 1 parameter) is best summarized with
a plot because this retains all information about the parameter. Figure 1.10 shows a hypo-
thetical univariate posterior with PDF centered at 0.8 and most of its mass on θ > 0.4.

Point estimators such as the posterior mean or median summarize the center of the
posterior, and should be accompanied by a posterior variance or standard deviation to
convey uncertainty. The posterior standard deviation resembles a frequentist standard error
in that if the posterior is approximately Gaussian then the posterior probability that the
parameter is within two posterior standard deviation units of the posterior mean is roughly
0.95. However, the standard error is the standard deviation of the estimator (e.g., the sample
mean) if we repeatedly sample different data sets and compute the estimator for each data
set. In contrast, the posterior standard deviation quantiĄes uncertainty about the parameter
given only the single data set under consideration.

The interval E(θ♣Y)±2SD(θ♣Y ) is an example of a credible interval. A (1−α)% credible
interval is any interval (l, u) so that Prob(l < θ < u♣Y) = 1 − α. There are inĄnitely
many intervals with this coverage, but the easiest to compute is the equal-tailed interval
with l and u set to the α/2 and 1 − α/2 posterior quantiles. An alternative is the highest
posterior density interval which searches over all l and u to minimize the interval width u− l
while maintaining the appropriate posterior coverage. The HPD thus has the highest average
posterior density of all intervals of the form (l, u) that have the nominal posterior probability.
As opposed to equal-tailed intervals, the HPD requires an additional optimization step, but
this can be computed using the R package HDInterval.

Interpreting a posterior credible interval is fairly straightforward. If (l, u) is a posterior
95% interval, this means Şgiven my prior and the observed data, I am 95% sure that θ
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FIGURE 1.10
Summaries of a univariate posterior. The plot on the left gives the posterior mean
(solid vertical line), median (dashed vertical line) and 95% equal-tailed interval (shaded
area). The plot on the right shades the posterior probability of the hypothesis that θ > 0.5.

is between l and u.Ť In a Bayesian analysis we express our subjective uncertainty about
unknown parameters by treating them as random variables, and in this subjective sense
it is reasonable to assign probabilities to θ. This is in contrast with frequentist conĄdence
intervals which have a more nuanced interpretation. A conĄdence interval is a procedure
that deĄnes an interval for a given data set in a way that ensures the procedureŠs intervals
will include the true value 95% of the time when applied to random datasets.

The posterior distribution can also be used for hypothesis testing. Since the hypotheses
are functions of the parameters, we can assign posterior probabilities to each hypothesis.
Figure 1.10 (right) plots the posterior probability of the null hypothesis that θ < 0.5 (white)
and the posterior probability of the alternative hypothesis that θ > 0.5 (shaded). These
probabilities summarize the weight of evidence in support of each hypothesis, and can be
used to guide future decisions. Hypothesis testing, and more generally model selection, is
discussed in greater detail in Chapter 6.

Summarizing a univariate posterior using R: We have seen that if Y ♣θ ∼
Binomial(n, θ) and θ ∼ Beta(a, b), then θ♣Y ∼ Beta(A,B), where A = Y + a and
B = n − Y + b. Listing 1.1 speciĄes a data set with Y = 40 and n = 100 and summa-
rizes the posterior using R. Since the posterior is the beta density, the functions dbeta,
pbeta and qbeta can be used to summarize the posterior. The posterior median and 95%
credible set are 0.401 and (0.309, 0.498).

Monte Carlo sampling: Although univariate posterior distributions are best summa-
rized by a plot, higher dimensional posterior distributions call for other methods such as
Monte Carlo (MC) sampling and so we introduce this approach here. MC sampling draws
S samples from the posterior, θ(1), ..., θ(S), and uses these samples to approximate the pos-
terior. For example, the posterior mean is approximated using the mean of the S samples,
E(θ♣Y) ≈

∑S
s=1 θ

(s)/S, the posterior 95% credible set is approximated using the 0.025 and
0.975 quantiles of the S samples, etc. Listing 1.1 provides an example of using MC sampling
to approximate the posterior mean and 95% credible set.
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Listing 1.1
Summarizing a univariate posterior in R.

1 # Load the data

2 > n <- 100

3 > Y <- 40

4 > a <- 1

5 > b <- 1

6 > A <- Y + a

7 > B <- n - Y + b

8

9 # Define a grid of points for plotting

10 > theta <- seq(0,1,.001)

11

12 # Evaluate the density at these points

13 > pdf <- dbeta(theta,A,B)

14

15 # Plot the posterior density

16 > plot(theta,pdf,type="l",ylab="Posterior",xlab=expression(theta))

17

18 # Posterior mean

19 > A/(A + B)

20 [1] 0.4019608

21

22 # Posterior median (0.5 quantile)

23 > qbeta(0.5,A,B)

24 [1] 0.4013176

25

26 # Posterior probability P(theta<0.5|Y)

27 > pbeta(0.5,A,B)

28 [1] 0.976978

29

30 # Equal-tailed 95% credible interval

31 > qbeta(c(0.025,0.975),A,B)

32 [1] 0.3093085 0.4982559

33

34 # Monte Carlo approximation

35 > S <- 100000

36 > samples <- rbeta(S,A,B)

37 > mean(samples)

38 [1] 0.402181

39 > quantile(samples,c(0.025,0.975))

40 2.5% 97.5%

41 0.3092051 0.4973871
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Sensitivity analysis: Selecting a prior distribution (Chapter 2) is a key step in a
Bayesian analysis. As with any subjective decision, including the choice of the likelihood,
removal of outliers, variable transformations, etc., it is important to understand the impact
of prior choice on the results. A prior sensitivity analysis varies the prior distribution to
assess its impact on the posterior. This is an important step both if the prior is informative
or uninformative. If the prior is informative, then a sensitivity analysis can illustrate the
degree of reliance on the prior distribution, which is useful if there are questions about
the informative prior. If the prior is intended to be uninformative, a sensitivity analysis is
important because there is no unique uninformative prior, and ideally the choice of prior
has little impact.

Of course, drastic changes to the prior will always affect the posterior. Typically, a
sensitivity analysis studies the effect of small to moderate changes to the prior distribution
on the main Ąndings of the analysis. For the binomial example above with Y = 40 and
n = 100, say the objective is to determine if θ < 0.5. Under the Beta(a, b) prior with
a = b = 1, the posterior probability is Prob(θ < 0.5♣Y ) = 0.977. Repeating this with
(a, b) equal (5,1), (1,5) and (5,5) gives Prob(θ < 0.5♣Y ) equal to 0.941, 0.991 and 0.973,
respectively. In all cases, the conclusion is that θ is less than 0.5 with high probability, and
therefore the main Ąndings are not sensitive to the prior.

1.4.3 Multivariate posteriors

Unlike the univariate case, a simple plot of the posterior will not suffice, especially for
large p, because plotting in high dimensions is challenging. The typical remedy for this
is to marginalize out other parameters and summarize univariate marginal distributions
with plots, point estimates and credible sets, and perhaps plots of a few bivariate marginal
distributions (i.e., integrating over the other p− 2 parameters) of interest.

Consider the model Yi♣µ, σ iid∼ Normal(µ, σ2) with independent priors µ ∼
Normal(0, 1002) and σ ∼ Uniform(0, 10) (other priors are discussed in Section 4.1.1). The
likelihood

f(Y♣µ, σ) ∝
n∏

i=1

1

σ
exp

[
− (Yi − µ)2

2σ2

]
∝ σ−n exp

[
−
∑n

i=1(Yi − µ)2

2σ2

]
(1.41)

factors as the product of n terms because the observations are assumed to be independent.
The prior is f(µ, σ) = f(µ)f(σ) because µ and σ have independent priors and since f(σ) =
1/10 for all σ ∈ [0, 10], the prior becomes

π(µ, σ) ∝ exp

(
− µ2

2 · 1002

)
(1.42)

for σ ∈ [0, 10] and f(µ, σ) = 0 otherwise. The posterior is proportional to the likelihood
times the prior, and thus

p(µ, σ♣Y) ∝ σ−n exp

[
−
∑n

i=1(Yi − µ)2

2σ2

]
exp

(
− µ2

2 · 1002

)
(1.43)

for σ ∈ [0, 10]. Figure 1.11 plots this bivariate posterior assuming there are n = 5 observa-
tions: Y1 = 2.68, Y2 = 1.18, Y3 = −0.97, Y4 = −0.98, Y5 = −1.03.

The two parameters in Figure 1.11 depend on each other. If σ = 1.5 (i.e., the conditional
distribution traced by the horizontal line at σ = 1.5 in Figure 1.11) then the posterior of
µ concentrates between −1 and 1, whereas if σ = 3, the posterior of µ spreads from −3 to
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FIGURE 1.11
Bivariate posterior distribution. The bivariate posterior (center) and univariate

marginal posteriors (top for µ and right for σ) for the model with Yi
iid∼ Normal(µ, σ2),

priors µ ∼ Normal(0, 1002) and σ ∼ Uniform(0, 10), and n = 5 observations Y1 = 2.68,
Y2 = 1.18, Y3 = −0.97, Y4 = −0.98, Y5 = −1.03.

3. It is difficult to describe this complex bivariate relationship, so we often summarize the
univariate marginal distributions instead. The marginal distributions

p(µ♣Y) =

∫ 10

0

p(µ, σ♣Y)dσ and p(σ♣Y) =

∫ ∞

−∞
p(µ, σ♣Y)dµ. (1.44)

are plotted on the top (for µ) and right (for σ) of Figure 1.11; they are the row and
column sums of the joint posterior. By integrating over the other parameters, the marginal
distribution of a parameter accounts for posterior uncertainty in the remaining parameters.
The marginal distributions are usually summarized with point and interval estimates as in
Table 1.5.

The marginal distributions and their summaries above were computed by evaluating the
joint posterior (1.43) for values of (µ, σ) that form a grid (i.e., pixels in Figure 1.11) and
then simply summing over columns or rows of the grid. This is a reasonable approximation
for p = 2 variables but quickly becomes unfeasible as p increases. Thus, it was only with the
advent of more efficient computing algorithms in the 1990s that Bayesian statistics became
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TABLE 1.5
Bivariate posterior distribution. Summaries of the marginal posterior distributions for

the model with Yi
iid∼ Normal(µ, σ2), priors µ ∼ Normal(0, 1002) and σ ∼ Uniform(0, 10),

and n = 5 observations Y1 = 2.68, Y2 = 1.18, Y3 = −0.97, Y4 = −0.98, Y5 = −1.03.

Parameter Posterior mean Posterior SD 95% credible set
µ 0.17 1.31 (−2.49, 2.83)
σ 2.57 1.37 ( 1.10, 6.54)

feasible for even medium-sized applications. These exciting computational developments are
the subject of Chapter 3.

1.5 The posterior predictive distribution

Often the objective of a statistical analysis is to build a stochastic model that can be
used to make predictions of future events or impute missing values. Let Y ∗ be the future
observation we would like to predict. Assuming that the observations are independent given
the parameters and that Y ∗ follows the same model as the observed data, then given θ

we have Y ∗ ∼ f(y♣θ), and prediction is straightforward. Unfortunately, we do not know θ

exactly, even after observing Y. A remedy for this is to plug in a value of θ, say, the posterior
mean θ̂ = E(θ♣Y), and then sample Y ∗ ∼ f(Y ♣θ̂). However, this ignores uncertainty about
the unknown parameters. If the posterior variance of θ is small, then its uncertainty is
negligible; otherwise a better approach is needed.

For the sake of prediction, the parameters are not of interest themselves, but rather
they serve as vehicles to transfer information from the data to the predictive model. We
would rather bypass the parameters altogether and simply use the Posterior Predictive
Distribution (PPD)

Y ∗♣Y ∼ f∗(Y ∗♣Y). (1.45)

The PPD is the distribution of a new outcome given the observed data.
In a parametric model, the PPD naturally accounts for uncertainty in the model param-

eters; this is an advantage of the Bayesian framework. The PPD accounts for parametric
uncertainty because it can be written

f∗(Y ∗♣Y) =

∫
f∗(Y ∗,θ♣Y)dθ =

∫
f(Y ∗♣θ)p(θ♣Y)dθ, (1.46)

where f is the likelihood density (here we assume that the observations are independent
given the parameters, and so f(Y ∗♣θ) = f(Y ∗♣θ,Y), and p is the posterior density.

To further illustrate how the PPD accounts for parameteric uncertainty, we consider how
to make a sample from the PPD. If we Ąrst draw posterior sample θ∗ ∼ p(θ♣Y) and then a
prediction from the likelihood, Y ∗♣θ∗ ∼ f(Y ♣θ∗), then Y ∗ follows the PPD. A Monte Carlo
approximation (Section 3.2.1) repeats these steps many times to approximate the PPD.
Unlike the plug-in predictor, each predictive uses a different value of the parameters and thus
accurately reĆects parametric uncertainty. It can be shown that Var(Y ∗♣Y) ≥ Var(Y ∗♣Y,θ)
with equality holding only if there is no posterior uncertainty in the mean of Y ∗♣Y,θ.
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FIGURE 1.12
Posterior predictive distribution for a beta-binomial example. Plots of the posterior
predictive distribution (PPD) from the model Y ♣θ ∼ Binomial(n, θ) and θ ∼ Beta(1, 1). The

Şplug-inŤ PMF is the binomial density evaluated at the posterior mean θ̂, f(y♣θ̂). This is
compared with the full PPD for Y = 1 success in n = 5 trials (left) and Y = 4 successes in
n = 20 trials (right). The PMFs are connected by lines for visualization, but the probabilities
are only deĄned for y = ¶0, 1, ..., n♢.

As an example, consider the model Y ♣θ ∼ Binomial(n, θ) and θ ∼ Beta(1, 1). Given
the data we have observed (Y and n), we would like to predict the outcome if we repeat
the experiment, Y ∗ ∈ ¶0, 1, ..., n♢. The posterior of θ is θ♣Y ∼ Beta(Y + 1, n − Y + 1),

and the posterior mean is θ̂ = (Y + 1)/(n + 2). The solid lines in Figure 1.12 show the

plug-in prediction Y ∗ ∼ Binomial(n, θ̂) versus the full PPD (Listing 1.2) that accounts for
uncertainty in θ (which is a Beta-Binomial(n, Y +1, n+1) distribution). For both n = 5 and
n = 20, the PPD is considerably wider than the plug-in predictive distribution, as expected.

If the observation is Y ♣θ ∼ Binomial(n, θ) and the prior distribution is θ ∼ Beta(a, b),
then the posterior is θ♣Y ∼ Beta(A,B) for A = Y + a and B = n − Y + b. Now we wish
to predict a new observation from the model Y ∗♣θ ∼ Binomial(n∗, θ) with θ ∼ Beta(A,B).
Averaging over the posterior uncertainty for θ gives, by deĄnition (see the beta-binomial
distribution in Section 9.4), Y ∗♣Y ∼ BetaBinomial(n∗, A,B). The ratio of the variance of

Y ∗ from the PPD and the plug-in distribution Y ∗♣Y ∼ Binomial(n∗, θ̂) for θ̂ = A/(A+B)
is

n∗ + n+ a+ b

1 + n+ a+ b
,

which is large if both n (small dataset) and a+ b (uninformative prior) are small.

As a second example, say there are n observations Y1, ..., Yn♣µ iid∼ Normal(µ, σ2) with
variance σ2 that is known and Ąxed. The unknown mean parameter has prior distribution
µ ∼ Normal(0, σ2/m) so that if m is taken to be small, then the prior variance is large
and vice versa. It can be shown (Section 2.1) that the posterior distribution given the data
Y = (Y1, ..., Yn) is

µ♣Y ∼ Normal

(
µ̂,

σ2

n+m

)
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Listing 1.2
Summarizing a posterior predictive distribution (PPD) in R.

1 > # Load the data

2 > n <- 5

3 > Y <- 1

4 > a <- 1

5 > b <- 1

6 > A <- Y + a

7 > B <- n - Y + b

8

9 > # Plug-in estimator

10 > theta_hat <- A/(A+B)

11 > y <- 0:5

12 > PPD <- dbinom(y,n,theta_hat)

13 > names(PPD) <- y

14 > round(PPD,2)

15 0 1 2 3 4 5

16 0.19 0.37 0.30 0.12 0.02 0.00

17

18 > # Draws from the PPD, Y_star[i]~Binomial(n,theta_star[i])

19 > S <- 100000

20 > theta_star <- rbeta(S,A,B)

21 > Y_star <- rbinom(S,n,theta_star)

22 > PPD <- table(Y_star)/S

23 > round(PPD,2)

24 0 1 2 3 4 5

25 0.27 0.30 0.23 0.13 0.05 0.01
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for sample mean Ȳ =
∑n

i=1 Yi/n and posterior mean estimator µ̂ = nȲ /(n+m). Therefore,
the plug-in prediction would take and Y ∗♣Y ∼ Normal(µ̂, σ2). In contrast, the PPD that
accounts for both variability in the response given µ and uncertainty in µ can be shown to
be

Y ∗♣Y ∼ Normal

(
µ̂, σ2 +

σ2

n+m

)
.

This can be derived by writing Y ∗ = µ + ε where ε ∼ Normal(0, σ2), and applying the
property of the normal distribution that the sum of two independent normal random vari-
ables is also normal with the mean and variance as the sum of the componentsŠ means and
variances. Therefore, accounting for uncertainty in µ results in the addition of σ2/(n+m)
to the PPD variance, which could be substantial if both the data are limited (small n) and
the prior variance is large (small m).
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1.6 Exercises

1. If X has support X ∈ S = [1,∞], Ąnd the constant c (as a function of θ) that
makes f(x) = c exp(−x/θ) a valid PDF.

2. Argue that for continuous random variable X (e.g., normal), Prob(X = x) must
be zero for any single value of x.

3. Assume that X ∼ Uniform(a, b) so the support is S = [a, b], and the PDF is
f(x) = 1/(b− a) for any x ∈ S.

(a) Prove that this is a valid PDF.

(b) Derive the mean and variance of X.

4. Select an appropriate family of distributions for the following quantities. Justify
your choice.

(a) Time between entering Starbucks and having your order.

(b) Heart rate of a randomly selected patient.

(c) Number of hurricanes that make landfall in a given year.

(d) Number of the 100 patients in a clinical trial that experience an adverse event

(e) The data plotted in each of these histograms

(f) The data in this table

Failure Success
799 202

5. Expert knowledge dictates that a parameter must be positive and that its prior
distribution should have the mean 5 and variance 3. Find a prior distribution
that satisĄes these constraints.

6. X1 and X2 have joint PMF

x1 x2 Prob(X1 = x1, X2 = x2)
0 0 0.15
1 0 0.15
2 0 0.15
0 1 0.15
1 1 0.20
2 1 0.20

(a) Compute the marginal distribution of X1.

(b) Compute the marginal distribution of X2.

(c) Compute the conditional distribution of X1♣X2.

(d) Compute the conditional distribution of X2♣X1.
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(e) Are X1 and X2 independent? Justify your answer.

7. If (X1, X2) is bivariate normal with E(X1) = E(X2) = 0, Var(X1) = Var(X2) = 1,
and Cor(X1, X2) = ρ:

(a) Derive the marginal distribution of X1.

(b) Derive the conditional distribution of X1♣X2.

8. Assume (X1, X2) have support X1, X2 ∈ R and bivariate PDF

f(x1, x2) =
1

2π

(
1 + x2

1 + x2
2

)−3/2
.

(a) Plot the conditional distribution ofX1♣X2 = x2 for x2 ∈ ¶−3,−2,−1, 0, 1, 2, 3♢
(preferably on the same plot).

(b) Do X1 and X2 appear to be correlated? Justify your answer.

(c) Do X1 and X2 appear to be independent? Justify your answer.

9. According to insurance.com, the 2017 auto theft rate was 135 per 10,000 resi-
dents in Raleigh, NC compared to 214 per 10,000 residents in Durham/Chapel
Hill, NC. Assuming RaleighŠs population is twice as large as Durham/Chapel Hill
and a car has been stolen somewhere in the triangle (i.e., one of these two areas),
what the probability it was stolen in Raleigh?

10. Say 60% of the emails that arrive in your inbox are spam. Your account correctly
Ćags spam emails as spam with probability 95% and incorrectly Ćags other emails
as spam with probability 2%. Given that an email is Ćagged as spam, what is the
probability it is actually a spam email?

11. Your daily commute is distributed uniformly between 15 and 20 minutes if there
is no convention downtown. However, conventions are scheduled for roughly 1 in
4 days, and your commute time is distributed uniformly from 15 to 30 minutes if
there is a convention. Let Y be your commute time this morning.

(a) What is the probability that there was a convention downtown given Y = 18?

(b) What is the probability that there was a convention downtown given Y = 28?

12. Consider the problem of short-term weather forecasting. Describe (i) a potential
source of aleatoric uncertainty and (ii) a potential source of epistemic uncertainty.

13. For this problem pretend we are dealing with a language with a six-word dictio-
nary

¶fun, sun, sit, sat, fan, for♢.
An extensive study of literature written in this language reveals that all words
are equally likely except that Şfor" is α times as likely as the other words. Further
study reveals that:

i. Each keystroke is an error with probability θ.

ii. All letters are equally likely to produce errors.

iii. Given that a letter is typed incorrectly it is equally likely to be any other
letter.

iv. Errors are independent across letters.

https://insurance.com
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For example, the probability of correctly typing ŞfunŤ (or any other word) is
(1 − θ)3, the probability of typing ŞpunŤ or ŞfonŤ when intending to type is ŞfunŤ
is θ(1 − θ)2, and the probability of typing ŞfooŤ or ŞnnnŤ when intending to
type ŞfunŤ is θ2(1 − θ). Use BayesŠ rule to develop a simple spell checker for this
language. For each of the typed words ŞsunŤ, ŞtheŤ, ŞfooŤ, give the probability
that each word in the dictionary was the intended word. Perform this for the
parameters below:

(a) α = 2 and θ = 0.1.

(b) α = 50 and θ = 0.1.

(c) α = 2 and θ = 0.95.

Comment on the changes you observe in these three cases.

14. If Y follows the Zero-InĆated Poisson (ZIP) distribution, it can be written in terms
of two variables Y = UV , where U ∼ Bernoulli(p) independent of V ∼ Poisson(λ).

(a) Generate and plot a sample of size n = 10, 000 with p = 0.2 and λ = 4.

(b) What is a real-life example of a variable that might follow this distribution?
In your example, what are the interpretations of U and V ?

(c) What is the probability that Y = 0?

(d) What is the probability that Y = 4?

(e) What is the probability that U = 0 given that Y = 0?

(f) What is the probability that U = 0 given that Y = 4?

15. Let X1 ∼ Bernoulli(θ) be the indicator that a tree species occupies a forest and
θ ∈ [0, 1] denote the prior occupancy probability. The researcher gathers a sample
of n trees from the forest, and X2 belong to the species of interest. The model
for the data is X2♣X1 ∼ Binomial(n, λX1) where λ ∈ [0, 1] is the probability of
detecting the species given it is present. Give expressions in terms of n, θ and λ
for the following joint, marginal and conditional probabilities:

(a) Prob(X1 = X2 = 0).

(b) Prob(X1 = 0).

(c) Prob(X2 = 0).

(d) Prob(X1 = 0♣X2 = 0).

(e) Prob(X2 = 0♣X1 = 0).

(f) Prob(X1 = 0♣X2 = 1).

(g) Prob(X2 = 0♣X1 = 1).

(h) Provide intuition for how (d)-(g) change with n, θ and λ.

(i) Assuming θ = 0.5, λ = 0.1, and X2 = 0, how large must n be before we can
conclude with 95% conĄdence that the species does not occupy the forest?

16. In a study that uses Bayesian methods to forecast the number of species that will
be discovered in future years, [47] report that the number of marine bivalve species
discovered each year from 2010-2015 was 64, 13, 33, 18, 30 and 20. Denoting Yt

as the number of species discovered in year t and assuming Yt♣λ iid∼ Poisson(λ)
and λ ∼ Uniform(0, 100), plot the posterior distribution of λ.

17. Assume that (X,Y ) follow the bivariate normal distribution and that both X
and Y have marginal mean zero and marginal variance one. We observe six
independent and identically distributed data points: (−3.3,−2.6), (0.1,−0.2),
(−1.1,−1.5), (2.7, 1.5), (2.0, 1.9) and (−0.4,−0.3). Make a scatter plot of the
data, and, assuming the correlation parameter ρ has a Uniform(−1, 1) prior, plot
the posterior distribution of ρ.
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18. The normalized difference vegetation index (NDVI) is commonly used to classify
land cover using remote sensing data. Hypothetically, say that NDVI follows a
Beta(25, 10) distribution for pixels in a rain forest, and a Beta(10, 15) distribution
for pixels in a deforested area now used for agriculture. Assuming about 10% of
the rain forest has been deforested, your objective is to build a rule to classify
individual pixels as deforested based on their NDVI.

(a) Plot the PDF of NDVI for forested and deforested pixels, and the marginal
distribution of NDVI averaging over categories.

(b) Give an expression for the probability that a pixel is deforested given its
NDVI value, and plot this probability by NDVI.

(c) You will classify a pixel as deforested if you are at least 90% sure it is defor-
ested. Following this rule, give the range of NDVI that will lead to a pixel
being classiĄed as deforested.

19. Let n be the unknown number of customers who visit a store on the day of a
sale. The number of customers who make a purchase is Y ♣n ∼ Binomial(n, θ)
where θ is the known probability of making a purchase given the customer vis-
ited the store. The prior is n ∼ Poisson(5). Assuming θ is known and n is the
unknown parameter, plot the posterior distribution of n for all combinations of
Y ∈ ¶0, 5, 10♢ and θ ∈ ¶0.2, 0.5♢, and comment on the effect of Y and θ on the
posterior.

20. Last spring your lab planted ten seedlings, and two survived the winter. Let θ be
the probability that a seedling survives the winter.

(a) Assuming a uniform prior distribution for θ, compute its posterior mean and
standard deviation.

(b) Assuming the same prior as in (a), compute and compare the equal-tailed
and highest density 95% posterior credible intervals.

(c) If you plant another 10 seedlings next year, what is the posterior predictive
probability that at least one will survive the winter?

21. X1 and X2 are binary indicators of failure for two parts of a machine. Independent
tests have shown that X1 ∼ Bernoulli(1/2) and X2 ∼ Bernoulli(1/3). Y1 and Y2

are binary indicators of two system failures. We know that Y1 = 1 if both X1 = 1
and X2 = 1 and Y1 = 0 otherwise, and Y2 = 0 if both X1 = 0 and X2 = 0 and
Y2 = 1 otherwise. Compute the following probabilities:

(a) The probability that X1 = 1 and X2 = 1 given Y1 = 1.

(b) The probability that X1 = 1 and X2 = 1 given Y2 = 1.

(c) The probability that X1 = 1 given Y1 = 1.

(d) The probability that X1 = 1 given Y2 = 1.

22. The table below has the overall free throw proportion and results of free throws
taken in pressure situations, deĄned as ŞclutchŤ (https://stats.nba.com/), for
ten National Basketball Association players (those who received the most votes
for the Most Valuable Player Award) for the 2016Ű2017 season. Since the overall
proportion is computed using a large sample size, assume it is Ąxed, and analyze
the clutch data for each player separately using Bayesian methods. Assume a
uniform prior throughout this problem.

https://stats.nba.com
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Overall Clutch Clutch
Player proportion makes attempts
Russell Westbrook 0.845 64 75
James Harden 0.847 72 95
Kawhi Leonard 0.880 55 63
LeBron James 0.674 27 39
Isaiah Thomas 0.909 75 83
Stephen Curry 0.898 24 26
Giannis Antetokounmpo 0.770 28 41
John Wall 0.801 66 82
Anthony Davis 0.802 40 54
Kevin Durant 0.875 13 16

(a) Describe your model for studying the clutch success probability including the
likelihood and prior.

(b) Plot the posteriors of the clutch success probabilities.

(c) Summarize the posteriors in a table.

(d) Do you Ąnd evidence that any of the players have a different clutch percentage
than overall percentage?

(e) Are the results sensitive to your prior? That is, do small changes in the prior
lead to substantial changes in the posterior?

23. In the early twentieth century, it was generally agreed that Hamilton and Madison
(ignore Jay for now) wrote 51 and 14 Federalist Papers, respectively. There was
dispute over how to attribute 12 other papers between these two authors. In
the 51 papers attributed to Hamilton, the word ŞuponŤ was used 3.24 times per
1,000 words, compared to 0.23 times per 1,000 words in the 14 papers attributed
to Madison (for historical perspective on this problem, see [110]).

(a) If the word Şupon" is used three times in a disputed text of length 1, 000 words
and we assume the prior probability 0.5, what is the posterior probability the
paper was written by Hamilton?

(b) Give one assumption you are making in (a) that is likely unreasonable. Justify
your answer.

(c) In (a), if we changed the number of instances of ŞuponŤ to one, do you expect
the posterior probability to increase, decrease or stay the same? Why?

(d) In (a), if we changed the text length to 10, 000 words and number of instances
of ŞuponŤ to 30, do you expect the posterior probability to increase, decrease
or stay the same? Why?

(e) Let Y be the number of observed number of instances of ŞuponŤ in 1,000
words. Compute the posterior probability the paper was written by Hamilton
for each Y ∈ ¶0, 1, ..., 20♢, plot these posterior probabilities versus Y and give
a rule for the number of instances of ŞuponŤ needed before the paper should
be attributed to Hamilton.

24. Say n = 1, 000 high school students are randomly selected to enter a tutorial
program. It is known that 70% of the population from which they are drawn
graduate from high school. After the program, it is found that Y = 725 of the n
students graduate high school. DeĄning the true graduation rate for students in
the program as θ ∈ (0, 1), we wish to test the null and alternative hypotheses

Ho : θ ≤ 0.7 versus Ha : θ > 0.7.
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(a) Conduct a classical/frequentist test, and explain the results as if you are
presenting them to a non-statistician.

(b) List a few subjective decisions in the analysis in (a).

(c) Conduct a Bayesian test, and explain the results as if you are presenting
them to a non-statistician.

(d) DeĄne a p-value and posterior probability of the null hypothesis, and describe
how they are different.

25. The initial Moderna COVID-19 vaccine trial [9] produced the data in the table
below

Placebo Vaccine
Infected Participants Infected Participants

185 14073 11 14134

Let θ0 be the probability of getting infected under placebo and θ1 be the proba-
bility under vaccine.

(a) Can we say θ0 = 185/14073 = 0.01315 and θ1 = 11/14134 = 0.00078? Why
or why not?

(b) What prior distributions would you select for θ0 and θ1?

(c) Conduct a separate Bayesian analysis of the data from each treatment group.
Give the likelihood, priors and posterior, and summarize the results in a table
and a Ągure. Does it appear that the vaccine is effective?

(d) What are some key assumptions you are making, and how might you justify
them?

(e) Conduct a prior sensitivity analysis by comparing the results for 2-3 different
prior distributions. Are the results sensitive to the prior?
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One of the most controversial and yet crucial aspects of Bayesian analysis is the construc-
tion of a prior distribution. Often a user is faced with the questions like, ŞWhere does the
prior distribution come from?Ť or ŞWhat is the true or correct prior distribution?Ť and so
on. There is no concept of the Ştrue, correct or best" prior distribution, but rather the
prior distribution can be viewed as an initialization of a statistical (in this case a Bayesian)
inferential procedure that gets updated as the data accrue. The choice of a prior distribu-
tion is necessary (as you would need to initiate the inferential machine) but there is no
notion of the ŚoptimalŠ prior distribution. Choosing a prior distribution is similar in princi-
ple to initializing any other sequential procedure (e.g., iterative optimization methods like
NewtonŰRaphson, EM, etc.). The choice of such initialization can be good or bad in the
sense of the rate of convergence of the procedure to its Ąnal value, but as long as the pro-
cedure is guaranteed to converge, the choice of prior does not have a permanent impact.
As discussed in Section 9.2, the posterior is guaranteed to converge to the true value under
very general conditions on the prior distribution.

In this chapter we discuss several general approaches for selecting prior distributions.
We begin with conjugate priors. Conjugate priors lead to simple expressions for the pos-
terior distribution and thus illustrate how prior information affects the Bayesian analysis.
Conjugate priors are useful when prior information is available, but can also be used when
it is not. We conclude with default (objective) Bayesian priors that attempt to remove the

37
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subjectivity in prior selection through conventions to be adopted when prior information is
not available.

2.1 Conjugate priors

Conjugate priors are the most convenient choice. A prior and likelihood pair are conjugate
if the resulting posterior is a member of the same family of distributions as the prior.
Therefore, conjugacy refers to a mathematical relationship between two distributions and
not to a deeper theme of the appropriate way to express prior beliefs. For example, if we
select a beta prior, then Figure 1.5 shows that by changing the hyperparameters (i.e., the
parameters that deĄne the prior distribution, in this case a and b), the prior could be
concentrated around a single value or spread equally across the unit interval.

Because both the prior and posterior are members of the same family, the update from
the prior to the posterior affects only the parameters that index the family. This provides an
opportunity to build intuition about Bayesian learning through simple examples. Conjugate
priors are not unique. For example, the beta prior is conjugate for both the binomial and
negative binomial likelihood and both a gamma prior and a Bernoulli prior (trivially) are
conjugate for a Poisson likelihood. Also, conjugate priors are somewhat limited because not
all likelihood functions have a known conjugate prior, and most conjugacy pairs are for small
examples with only a few parameters. These limitations are abated through hierarchical
modeling (Chapter 7) and Gibbs sampling (Chapter 3), which provide a framework to build
rich statistical models by layering simple conjugacy pairs.

Below we discuss several conjugate priors and mathematical tools needed to derive the
corresponding posteriors. Detailed derivation of many of the posterior distributions is de-
ferred to Appendix A.3, and Appendix A.2 has an abridged list of conjugacy results.

2.1.1 Beta-binomial model for a proportion

Returning to the beta-binomial example in Section 1.2, the data Y ∈ ¶0, 1, ..., n♢ is the
number of successes in n independent trials, each with success probability θ. The likelihood
is then Y ♣θ ∼ Binomial(n, θ). Since we are only interested in terms in the likelihood that
involve θ, we focus only on its kernel, i.e., the terms that involve θ. The kernel of the
binomial PMF is

f(Y ♣θ) ∝ θY (1 − θ)n−Y . (2.1)

If we view the likelihood as a function of θ, it resembles a beta distribution, and so we
might suspect that a beta distribution is the conjugate prior for the binomial likelihood.
If we select the prior θ ∼ Beta(a, b), then (as shown in Section 1.2) this combination of
likelihood and prior leads to the posterior distribution

θ♣Y ∼ Beta(A,B), (2.2)

where the updated parameters are A = Y + a and B = n− Y + b. Since both the prior and
posterior belong to the beta family of distributions, this is an example of a conjugate prior.

The Beta(A,B) distribution has mean A/(A+B), and so the prior and posterior means
are

E(θ) = θ̂0 =
a

a+ b
and E(θ♣Y ) = θ̂1 =

Y + a

n+ a+ b
. (2.3)
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FIGURE 2.1
Posterior distributions from the beta-binomial model. Plot of the posterior of θ
from the model Y ♣θ ∼ Binomial(n, θ) and θ ∼ Beta(1, 1) for various n and Y .

The prior and posterior means are both estimators of the population proportion, and thus
we denote them as θ̂0 and θ̂1, respectively. The prior mean θ̂0 is an estimator of θ before
observing the data, and this is updated to θ̂1 by the observed data. A natural estimator
of the population proportion θ is the sample proportion θ̂ = Y/n, which is the number of
successes divided by the number of trials. Comparing the sample proportion to the posterior
mean, the posterior mean adds a to the number of successes in the numerator and a+ b to
the number of trials in the denominator. Therefore, we can think of a as the prior number
of successes, a+ b as the prior number of trials, and thus b as the prior number of failures
(see Section 2.1.5 for a tie to natural conjugate priors).

Viewing the hyperparameters as the prior number of successes and failures provides
a means of balancing the information in the prior with the information in the data. For
example, the Beta(0.5, 0.5) prior in Figure 1.5 has one prior observation, and the uniform
Beta(1, 1) prior contributes one prior success and one prior failure. If the prior is meant
to reĆect prior ignorance, then we should select small a and b, and if there is strong prior
information that θ is approximately θ0, then we should select a and b so that θ0 = a/(a+ b)
and a+ b is large.

The posterior mean can also be written as

θ̂1 = (1 − wn)θ̂0 + wnθ̂ (2.4)

where wn = n/(n + a + b) is the weight given to the sample proportion and 1 − wn is
the weight given to the prior mean. This conĄrms the intuition that for any prior (i.e., for
any a and b), if the sample size n is small, the posterior mean is approximately the prior
mean, and as the sample size increases, the posterior mean becomes closer to the sample
proportion. Also, as a+ b → 0, wn → 1, so as we make the prior vague with large variance,
the posterior mean coincides with the sample proportion for any sample size n.

Figure 2.1 plots the posterior for various n and Y . This plot is meant to illustrate a
sequential analysis. In most cases the entire data set is analyzed in a single analysis, but in
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some cases data are analyzed as they arrive, and a Bayesian analysis provides a framework
to analyze data sequentially. In Figure 2.1, before any data are collected, θ has a uniform
prior. After 10 observations, there are three successes, and the posterior concentrates below
0.5. After an additional 40 samples, the posterior centers on the sample proportion 12/50.
As data accrues, the posterior converges to θ ≈ 0.2, and the posterior variance decreases.

Generalization to multiple categories: In the beta/binomial model, the outcome of
each experiment has two possibilities, 0 (failure) and 1 (success). This can be generalized
to an p outcomes, say p = 3 for win, lose or draw. The outcomes are gathered across the n
independent trials as Y = (Y1, ..., Yp) where Yj is the number of the n trials that resulted
in outcome j. The distribution of Y is determined by p probabilities θ = (θ1, ..., θp) with
θj equal to the probability that a given trial has outcome j. The conjugate prior for the
probabilities θ is the Dirichlet(a1, ..., ap) prior with PDF

π(θ1, ..., θp) ∝
p∏

j=1

θ
aj−1
j .

The Dirichlet distribution generalizes the beta distribution in the sense that if p = 2, then
θ1 ∼ Beta(a1, a2) and θ2 ∼ Beta(a2, a1). It can be shown that the posterior is

θ♣Y ∼ Dirichlet(Y1 + a1, ..., Yp + ap).

Note that if p = 2 and success and failure are coded as 1 and 2, then this is identical to the
beta/binomial result because θ1♣Y ∼ Beta(Y1 + a1, Y2 + a2) and Y2 = n− Y1.

2.1.2 Poisson-gamma model for a rate

The Poisson-gamma conjugate pair is useful for estimating the rate of events per unit of
observation effort, denoted θ. For example, an ecologist may survey N acres of a forest and
observe Y ∈ ¶0, 1, ...♢ individuals of the species of interest, or a company may observe Y
employee injuries in N person-hours on the job. For these data, we might assume the model
Y ♣θ ∼ Poisson(Nθ) where N is the known sampling effort and θ > 0 is the unknown event
rate. The likelihood is

f(Y ♣θ) =
exp(−Nθ)(Nθ)Y

Y !
∝ exp(−Nθ)θY . (2.5)

The kernel of the likelihood resembles a Gamma(a, b) distribution

π(θ) =
ba

Γ(a)
exp(−bθ)θa−1 ∝ exp(−bθ)θa−1 (2.6)

in the sense that θ appears in the PDF raised to a power and in the exponent. Combining
the likelihood and prior gives posterior

p(θ♣Y ) ∝ [exp(−Nθ)θY ] · [exp(−bθ)θa−1] ∝ exp(−Bθ)θA−1, (2.7)

where A = Y + a and B = N + b. The posterior of θ is thus θ♣Y ∼ Gamma(A,B), and the
gamma prior is conjugate for the Poisson likelihood.

A simple estimate of the expected number of events per unit of effort is the sample event
rate θ̂ = Y/N . The mean and variance of a Gamma(A,B) distribution are A/B and A/B2,
respectively, and so the posterior mean under the Poisson-gamma model is

E(θ♣Y ) =
Y + a

N + b
. (2.8)
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FIGURE 2.2
Posterior distributions for the NFL concussion example. Plot of the posterior of θ
from the model Y ♣θ ∼ Poisson(Nθ) and θ ∼ Gamma(a, b), where N = 256 is the number of
games played in an NFL season, Y is the number of concussions in a year, and a = b = 0.1
are the hyperparameters. The plot gives the posterior for years 2012Ű2015, which had 171,
152, 123, and 199 concussions, respectively.

Therefore, compared to the sample event rate we add a events to the numerator and b units
of effort to the denominator. As in the beta-binomial example, the posterior mean can be
written as a weighted average of the sample rate and the prior mean,

E(θ♣Y ) = (1 − wN )
a

b
+ wN

Y

N
, (2.9)

where wN = N/(N + b) is the weight given to the sample rate Y/N and 1 − wN is the
weight given to the prior mean a/b. As b → 0, wn → 1, and so for a vague prior with
large variance the posterior mean coincides with the sample rate. A common setting for the
hyperparameters is a = b = ϵ for some small value ϵ, which gives prior mean 1 and large
prior variance 1/ϵ.

NFL concussions example: Concussions are an increasingly serious concern in the
National Football League (NFL). The NFL has 32 teams and each team plays 16 regular-
season games per year, for a total of N = 32·16/2 = 256 games. According to Frontline/PBS
(http://apps.frontline.org/concussion-watch) there were Y1 = 171 concussions in
2012, Y2 = 152 concussions in 2013, Y3 = 123 concussions in 2014, and Y4 = 199 concussions
in 2015. Figure 2.2 plots the posterior of the concussion rate for each year assuming a = b =
0.1. Comparing only 2014 with 2015 there does appear to be some evidence of an increase
in the concussion rate per game; for 2014 the posterior mean and 95% credible interval
are 0.48 (A/B) and (0.40, 0.57), respectively, (computed using the Gamma(A,B) quantile
function), compared to 0.78 and (0.67, 0.89) for 2015. However, 2015 does not appear to be
signiĄcantly different than 2012 or 2013.

http://apps.frontline.org/concussion-watch
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2.1.3 Normal-normal model for a mean

Gaussian responses play a key role in applied and theoretical statistics. The t-test, ANalysis
Of VAriance (ANOVA), and linear regression all assume Gaussian responses. We develop
these methods in Chapter 4, but here we discuss conjugate priors for the simpler model

Yi♣µ, σ2 iid∼ Normal(µ, σ2) for i = 1, ..., n. This model has two parameters, the mean µ and
the variance σ2. In this subsection we assume that σ2 is Ąxed and focus on estimating µ; in
the following subsection we analyze σ2 given µ, and Chapter 4 derives the joint posterior
of both parameters.

Assuming σ2 to be Ąxed, a conjugate prior for the unknown mean µ is µ ∼
Normal(µ0, σ

2/m), where the prior variance is proportional to σ2 to express prior uncer-
tainty on the scale of the data. The hyperparameter m > 0 controls the strength of the
prior, with small m giving large prior variance and vice versa. Appendix A.3 shows that the
posterior is

µ♣Y ∼ N

(
wȲ + (1 − w)µ0,

σ2

n+m

)
(2.10)

where w = n/(n + m) ∈ [0, 1] is the weight given to the sample mean Ȳ =
∑n

i=1 Yi/n.
Letting m → 0 gives wn → 1 so the posterior mean coincides with the sample mean as the
prior variance increases.

The posterior standard deviation is σ/
√
n+m, which is less than the standard error of

the sample mean, σ/
√
n. The prior with hyperparameter m reduces the posterior standard

deviation by the same amount as adding an additional m observations, and this stabilizes
a Bayesian analysis. For Gaussian data analyses such as ANOVA or regression the prior
mean µ0 is often set to zero. In the normal-normal model with µ0 = 0 the posterior mean
estimator is E(µ♣Y) = wȲ . More generally, E(µ♣Y) = w(Ȳ − µ0) + µ0. This is an example
of a shrinkage estimator because the sample mean is shrunk towards the prior mean by the
shrinkage factor w ∈ [0, 1]. As will be discussed in Chapter 4, shrinkage estimators have
advantages, particularly in hard problems such as regression with many predictors and/or
small sample size.

Blood alcohol concentration (BAC) example: The BAC level is the percent of
your blood that is concentrated with alcohol. The legal limit for operating a vehicle is BAC
≤ 0.08 in most US states. Let Y be the measured BAC and µ be your true BAC. Of course,
the BAC test has error, and the error standard deviation for a sample near the legal limit
has been established in (hypothetical) laboratory tests to be σ = 0.01, so that the likelihood
of the data is Y ♣µ ∼ Normal(µ, 0.012). Your BAC is measured to be Y = 0.082, which is
above the legal limit.

Your defense is that you had two drinks, and that the BAC of someone your size after two
drinks has been shown to follow a Normal(0.05, 0.022) distribution depending on the personŠs
metabolism and the timing of the drinks. Figure 2.3 plots the prior µ ∼ Normal(0.05, 0.022),
i.e., with m = 0.25. The prior probability that your BAC exceeds 0.08 is 0.067. The posterior
distribution with n = 1, Y = 0.082, σ = 0.01 and m = 0.25 is

µ♣Y ∼ Normal(0.0756, 0.00892). (2.11)

Therefore, Prob(µ > 0.08♣Y ) = 0.311, and so there is considerable uncertainty about
whether your BAC exceeds the legal limit, and in fact the posterior odds that your BAC is
below the legal limit,

Prob(µ ≤ 0.08♣Y )

Prob(µ > 0.08♣Y )
,

are greater than two.
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FIGURE 2.3
Posterior distributions for the blood alcohol content example. Plot of the prior
and posterior PDF, with the prior (0.067) and posterior (0.311) probabilities of exceeding
the legal limit of 0.08 shaded.

2.1.4 Normal-inverse gamma model for a variance

Next we turn to estimating a Gaussian variance assuming the mean is Ąxed. As before,

the sampling density is Yi♣σ2 iid∼ Normal(µ, σ2) for i = 1, ..., n. With the mean Ąxed, the
likelihood is

f(Y♣σ2) ∝
n∏

i=1

1

σ
exp

[
− (Yi − µ)2

2σ2

]
∝ (σ2)−n/2 exp

(
−SSE

2σ2

)
(2.12)

where SSE =
∑n

i=1(Yi − µ)2. The likelihood has σ2 raised to a negative power and σ2 in
the denominator of the exponent. Of the distributions in Appendix A.1 with support [0,∞),
only the inverse gamma PDF has these properties. Taking the prior σ2 ∼ InvGamma(a, b)
gives

π(σ2) ∝ (σ2)−(a+1) exp

(
− b

σ2

)
. (2.13)

Combining the likelihood and prior gives the posterior

p(σ2♣Y) ∝ f(Y♣σ2)π(σ2) ∝ (σ2)−(A+1) exp

(
− B

σ2

)
, (2.14)

where A = n/2 + a and B = SSE/2 + b are the updated parameters, and therefore

σ2♣Y ∼ InvGamma (A,B) . (2.15)

The posterior mean (if n/2 + a > 1) is

E(σ2♣Y) =
SSE/2 + b

n/2 + a− 1
=

SSE + 2b

n− 1 + 2a− 1
. (2.16)
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Therefore, if we take the hyperparameters to be a = 1/2 + m/2 and b = ϵ/2 for small
m and ϵ, then the posterior-mean estimator is E(σ2♣Y) = (SSE + ϵ)/(n − 1 + m), and
compared to the usual sample variance SSE/(n − 1) the small values ϵ and m are added
to the numerator and denominator, respectively. In this sense, the prior adds an additional
m degrees of freedom for estimating the variance, which can stabilize the estimator if n is
small.

Conjugate prior for a precision: We have introduced the Gaussian distribution as
having two parameters, the mean and the variance. However, it can also be parameterized
in terms of its mean and precision (inverse variance), τ = 1/σ2. In particular, the JAGS

package used in this book employs this parameterization. In this parameterization, Y ♣µ, τ ∼
Normal(µ, τ) has PDF

f(Y ♣µ, τ) =
τ1/2

√
2π

exp
[
−τ

2
(Y − µ)2

]
. (2.17)

This parameterization makes derivations and computations slightly easier, especially for the
multivariate normal distribution where using a precision matrix (inverse covariance matrix)
avoids some matrix inversions.

Not surprisingly, the conjugate prior for the precision is the gamma family. If Yi
iid∼

Normal(µ, τ) then the likelihood is

f(Y♣τ) ∝
n∏

i=1

τ1/2 exp
[
−τ

2
(Yi − µ)2

]
∝ τn/2 exp

(
−τ

2
SSE

)
, (2.18)

and the Gamma(a, b) prior is π(τ) ∝ τa−1 exp(−τb). Combining the likelihood and prior
gives

p(τ ♣Y) ∝ f(Y♣τ)π(τ) ∝ τA−1 exp(−τB), (2.19)

where A = n/2 + a and B = SSE/2 + b are the updated parameters. Therefore,

τ ♣Y ∼ Gamma(A,B). (2.20)

The InvGamma(a, b) prior for the variance and the Gamma(a, b) prior for the precision
give the exact same posterior distribution. That is, if we use the InvGamma(a, b) prior for
the variance and then convert this to obtain the posterior of 1/σ2, the results are identical
as if we have conducted the analysis with a Gamma(a, b) prior for the precision. Throughout
the book we use the mean-variance parameterization except for cases involving JAGS code,
when we adopt their mean-precision parameterization.

2.1.5 Natural conjugate priors

We have thus far catalogued a series of popular sampling distributions and corresponding
choices of the conjugate family of priors. Is there a natural way of constructing a class of
conjugate priors given a speciĄc sampling density f(y♣θ)? It turns out that for many of these
familiar choices of sampling densities (e.g., exponential family) we can construct a class of
conjugate priors, and priors constructed in this manner are called natural conjugate priors.

Let Yi
iid∼ f(y♣θ) for i = 1, . . . , n, and consider a class of priors deĄned by

π(θ♣y0
1 , . . . , y

0
m,m) ∝

m∏

j=1

f(y0
j ♣θ) (2.21)

where y0
j are some arbitrary Ąxed values in the support of the sampling distribution for

j = 1, . . . ,m and m ≥ 1 is a Ąxed integer. The pseudo-observations y0
j can be seen as the
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hyperparameters of the prior distribution, and such a prior is a proper distribution if there
exists m such that

∫ ∏m
j=1 f(y0

j ♣θ) dθ < ∞. To see that the prior deĄned in (2.21) is indeed
conjugate notice that

p(θ♣Y) ∝ π(θ♣y0
1 , . . . , y

0
m,m)

n∏

i=1

f(Yi♣θ) ∝
M∏

j=1

f(y∗
j ♣θ) (2.22)

where M = m+ n and y∗
j = y0

j for j = 1, . . . ,m and y∗
j = Yj−m for j = m+ 1, . . . ,m+ n.

Thus, the posterior distribution belongs to the same class of distributions as in (2.21).
Below we revisit some previous examples using this method of creating natural conjugate

priors.
Bernoulli trials (Section 2.1.1): When Y ♣θ ∼ Bernoulli(θ), we have f(y♣θ) ∝ θy(1 −

θ)1−y and so the natural conjugate prior with the Ąrst s0 pseudo observations set to
y0

j = 1 and the remaining m − s0 pseudo-observations set to y0
j = 0 gives the prior

π(θ♣y0
1 , . . . , y

0
m,m) ∝ θs0(1 − θ)m−s0 , that is, θ ∼ Beta(s0 + 1,m − s0 + 1). This beta

prior is restricted to have integer-valued hyperparameters, but once we see the form, we can
relax the assumption that m and s0 are integer valued.

Poisson counts (Section 2.1.2): When Y ♣θ ∼ Poisson(θ), we have f(y♣θ) ∝ θye−θ, and
so the natural conjugate prior by using equation (2.21) is given by π(θ♣y0

1 , . . . , y
0
m,m) ∝

θs0e−mθ, where s0 =
∑m

j=1 y
0
j , and this naturally leads to a gamma prior distribution θ ∼

Gamma(s0 +1,m). Therefore, we can view the prior as consisting of m pseudo observations
with sample rate s0/m. Again, the restriction that m is an integer can be relaxed once it is
revealed that the prior is from the gamma family.

Normal distribution with fixed variance (Section 2.1.3): Assuming Y ♣θ ∼
Normal(µ, 1), we have f(y♣µ) ∝ exp¶−(y − µ)2/(2σ2)♢, and so the natural conjugate prior
is π(µ♣y0

1 , . . . , y
0
m,m) ∝ exp¶−∑m

j=1(y0
j − µ)2/(2σ2)♢ ∝ exp¶−m(µ − ȳ0)2/(2σ2)♢, where

ȳ0 =
∑m

j=1 y
0
j /m and this naturally leads to the prior θ ∼ Normal(ȳ0, σ2/m). Therefore,

the prior can be viewed as consisting of m pseudo-observations with mean ȳ0.
This systematic way of obtaining a conjugate prior takes away the mystery of Ąrst

guessing the form of the conjugate prior and then verifying its conjugacy. The procedure
works well when faced with problems that do not have a familiar likelihood and works even
when we have vector-valued parameters.

2.1.6 Normal-normal model for a mean vector

In Bayesian linear regression the parameter of interest is the vector of regression coefficients.
This is discussed extensively in Chapter 4, but here we provide the conjugacy relationship
that underlies the regression analysis. Although still a bit cumbersome, linear regression
notation is far more concise using matrices. Say the n-vector Y is multivariate normal

Y♣β ∼ Normal(Xβ,Σ). (2.23)

The mean of Y is decomposed as the known n× p matrix X and unknown p-vector β, and
Σ is the n× n covariance matrix. The prior for β is multivariate normal with mean µ and
p× p covariance matrix Ω,

β ∼ Normal(µ,Ω). (2.24)

As shown in Appendix A.3, the posterior of β is multivariate normal

β♣Y ∼ Normal
[
Σβ(XT Σ−1Y + Ω−1µ),Σβ

]
, (2.25)
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where Σβ = (X′Σ−1X + Ω−1)−1. In standard linear regression the errors are assumed
to be independent and identically distributed, and thus the covariance is proportional to
the identity matrix, Σ = σ2In. In this case, if the prior is uninformative with Ω−1 ≈ 0,
then the posterior mean reduces to the familiar least squares estimator (XT X)−1XT Y and
the posterior covariance reduces to the covariance of the sampling distribution of the least
squares estimator, σ2(XT X)−1.

2.1.7 Normal-inverse Wishart model for a covariance matrix

Say Y1, ...,Yn are vectors of length p that are independently distributed as multivariate
normal with known mean vectors µi and p×p unknown covariance matrix Σ. The conjugate
prior for the covariance matrix is the inverse Wishart prior. The inverse Wishart familyŠs
support is symmetric positive deĄnite matrices (i.e., covariance matrices), and reduces to
the inverse gamma family if p = 1. The inverse Wishart prior with degrees of freedom
ν > p− 1 and p× p symmetric and positive deĄnite scale matrix R has PDF

π(Σ) ∝ ♣Σ♣−(ν+p+1)/2 exp

[
−1

2
Trace(Σ−1R)

]
(2.26)

and mean E(Σ) = R/(ν − p − 1) assuming ν > p + 1. The prior concentration around
R/(ν−p−1) increases with ν, and therefore small ν, say ν = p−1+ ϵ for small ϵ > 0, gives
the least informative prior. An interesting special case is when ν = p+1 and R is a diagonal
matrix. This induces a uniform prior on each off-diagonal element of the correlation matrix
corresponding to covariance matrix Σ.

As shown in Appendix A.3, the posterior is

Σ♣Y ∼ InvWishartp

(
n+ ν,

n∑

i=1

(Yi − µi)(Yi − µi)
T + R


. (2.27)

The posterior mean is [
∑n

i=1(Yi − µi)(Yi − µi)
T + R]/[n + ν − p − 1]. For R ≈ 0 and

ν ≈ p+ 1, the posterior mean is approximately [
∑n

i=1(Yi − µi)(Yi − µi)
T ]/n, which is the

sample covariance matrix assuming the means are known and not replaced by the sample
means.

Marathon example: Figure 2.4 plots the data for several of the top female runners in
the 2016 Boston Marathon. Let Yij be the speed (minutes/mile) for runner i = 1, ..., n and
mile j = 1, ..., p = 26. For this analysis, we have discarded all runners with missing data (for
a missing data analysis see Section 7.1.4), leaving n = 59 observations Yi = (Yi1, ..., Yip)T .
We analyze the covariance of the runnersŠ data to uncover patterns and possibly strategy.

For simplicity we conduct the analysis conditioning on µij = Ȳj =
∑n

i=1 Yij/n, i.e., the
sample mean for mile j. For the prior, we take ν = p+1 and R = Ip/ν so that elements of the
correlation matrix have Uniform(−1, 1) priors. The code in Listing 2.1 generates S samples
from the posterior of Σ and uses the samples to approximate the posterior mean. To avoid
storage problems, rather than storing all S samples, the code simply retains the running
mean of the samples. However, Monte Carlo sampling produces the full joint distribution
of all elements of Σ. In particular, for each draw from the posterior, Listing 2.1 converts
the simulated covariance matrix to the corresponding correlation matrix, and computes the
posterior mean of the correlation matrix.

The estimated (posterior mean) variance (the diagonal elements of Figure 2.4b) increases
with the mile as the top runners separate themselves from the pack. The correlation between
speeds at different miles (Figure 2.4c) is high for all pairs of miles in the Ąrst half (miles 1Ű
13) of the race as the runners maintain a fairly steady pace. The correlation is low between
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FIGURE 2.4
Covariance analysis of the 2016 Boston Marathon data. Panel (a) plots the min-
ute/mile for each runner (the winner is in black), Panels (b) and (c) show the posterior
mean of the covariance and correlation matrices, respectively, and Panel (d) is shaded gray
(black) if the 95% (99%) credible interval for the elements of the precision matrix excludes
zero.
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Listing 2.1
Monte Carlo analysis of the Boston Marathon data.

1

2 # Hyperpriors

3

4 nu <- p+1

5 R <- diag(p)/(p+1)

6

7 # Process the data

8

9 Ybar <- colMeans(Y)

10 SSE <- sweep(Y,2,Ybar,"-")

11 SSE <- solve(t(SSE)%*%SSE)

12

13 # Monte Carlo settings from the posterior

14

15 S <- 10000

16 Sigma_mn <- Cor_mn <- Omega_pos <- 0

17

18 # Monte Carlo sampling

19

20 for(s in 1:S){

21 Omega <- rwish(n+nu,SSE+R)

22 Sigma <- solve(Omega)

23 Sigma_mn <- Sigma_mn + Sigma/S

24 Cor_mn <- Cor_mn + cov2cor(Sigma)/S

25 Omega_pos <- Omega_pos + (Omega>0)/S

26 }

27

28 # Evaluate significance of the precision matrix

29

30 Omega_sig <- ifelse(Omega_pos<0.025 | Omega_pos>0.975,

31 "gray","white")

32 Omega_sig <- ifelse(Omega_pos<0.005 | Omega_pos>0.995,

33 "black",Omega_sig)

34

35 # Plot some of the results

36

37 library(fields)

38 image.plot(1:p,1:p,Sigma_mn,

39 xlab="Mile",ylab="Mile",

40 main="Posterior mean covariance matrix")
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a runnerŠs Ąrst- and second-half mile times, and the strongest correlations in the second
half of the race are between subsequent miles.

Normal-Wishart model for a precision matrix: Correlation is clearly a central
concept in statistics, but it should not be confused with causation. For example, consider
the three variables that follow the distribution Z1 ∼ Normal(0, 1), Z2♣Z1 ∼ Normal(Z1, 1)
and Z3♣Z1, Z2 ∼ Normal(Z2, 1). In this toy example, the Ąrst variable has a causal effect on
the second, and the second has a causal effect on the third. The shared relationship with
Z2 results in a correlation of 0.57 between Z1 and Z3. However, if we condition on Z2, then
Z1 and Z3 are independent since the conditional distribution Z3 depends on Z2 but not Z1.

Statistical inference about the precision matrix (inverse covariance matrix) Ω = Σ−1 is
a step closer to uncovering causality than inference about the correlation/covariance matrix.
For a normal random variable Y = (Y1, ..., Yp)T ∼ Normal(µ,Ω−1), the (j, k) element of
the precision matrix Ω measures the strength of the correlation between Yj and Yk after
accounting for the effects of the other p − 2 elements of Y. We say that variables j and
k are conditionally correlated if and only if the (j, k) element of Ω is non-zero. Therefore,
association tests based on Ω rather than Σ eliminate spurious correlation (e.g., between
Z1 and Z3) induced by lingering variables (e.g., Z2). Assuming all variables relevant to
the problem are included in the p variables under consideration, then these conditional
correlations have causal interpretations.

The Wishart distribution is the conjugate prior for a normal precision matrix. If Σ ∼
InvWishart(ν,R−1), then Ω = Σ−1 ∼ Wishart(ν,R) and has prior density

π(Ω) ∝ ♣Ω♣(p−ν−1)/2 exp
[
−Trace

(
ΩR−1

)
/2
]
. (2.28)

Given a sample Y1, ...,Yn ∼ Normal(µ,Ω−1) and conditioning on the mean vectors µi, the
posterior is

Ω♣Y ∼ Wishart


n+ ν,


n∑

i=1

(Yi − µi)(Yi − µi)
T + R−1

]−1

 . (2.29)

Marathon example: Listing 2.1 computes and Figure 2.4d plots the conditional cor-
relations with credible sets that exclude zero for the Boston Marathon example. Many of
the non-zero correlations in Figure 2.4c do not have signiĄcant conditional correlations.
For example, if the paces of the Ąrst 25 miles are known, then only miles 20 and 25 have
strong conditional correlation with the Ąnal mile time. Therefore, despite the many strong
correlations between the Ąnal mile and the other 25 miles, for the purpose of predicting the
Ąnal mile time given all other mile times, using only miles 20 and 25 may be sufficient.

2.1.8 Mixtures of conjugate priors

A limitation of a conjugate prior is that restricting the prior to a parametric family limits
how accurately prior uncertainty can be expressed. For example, the normal distribution is
a conjugate prior for a normal mean, but a normal prior must be symmetric and unimodal,
which may not describe the available prior information. A mixture of conjugate priors
provides a much richer class of priors. A mixture prior is

π(θ) =
J∑

j=1

qjπj(θ) (2.30)

where q1, ..., qJ are the mixture probabilities with qj ≥ 0 and
∑J

j=1 qj = 1, and πj are valid
PDFs (or PMFs). Each term in the mixture can be thought of as the opinion of a different
expert. That is, with probability qj you select the prior from expert j, denoted πj .
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The posterior distribution under a mixture prior is

p(θ♣Y) ∝ f(Y♣θ)π(θ) ∝
p∑

j=1

qjf(Y♣θ)πj(θ) ∝
p∑

j=1

Qjpj(θ♣Y), (2.31)

where pj(θ♣Y) ∝ f(Y♣θ)πj(θ) is the posterior under prior πj and the updated mixture
weights Qj are positive and sum to one. The posterior mixture weights Qj are not the same
as the prior mixture weights qj and unfortunately have a fairly complicated form. However,
since each mixture component is conjugate, the pj belong to the same family as the πj .
Therefore, the posterior is also a mixture distribution over the same parametric family as
the prior, and thus the prior is conjugate.

ESP example: As discussed in [106], [14] presents the results of several experiments
on extrasensory perception (ESP). In one experiment (Experiment 2 in [14]), subjects were
asked to say which of two pictures they preferred before being shown the pictures. Unknown
to the subject, one of the pictures was a subliminally exposed negative picture, and the
subjects avoided this picture in 2, 790 of the 5, 400 trials (51.7%). Even more dramatically,
participants that scored high in stimulus seeking avoided the picture in Y = 963 of the
n = 1, 800 trials (53.5%).

The data are then Y ∼ Binomial(n, θ), and the objective is to test whether θ = 0.5,
and thus the subjects do not have ESP. A skeptical prior that presumes the subjects do
not have ESP should be concentrated around θ = 0.5, say π1 is the Beta(2000, 2000) PDF.
At the other extreme, if we approach the analysis with an open mind, then we may select
an uninformative prior, say π2 is the uniform Beta(1, 1) PDF. The mixture prior combines
these two extremes,

π(θ) = qπ1(θ) + (1 − q)π2(θ), (2.32)

as shown in Figure 2.5 (right) for q = 0.5. The mixture prior is simply the average of the
two beta prior PDFs in the left panel. The prior has a peak at 0.5 corresponding to π1, but
does not go completely to zero as θ departs from 0.5 because of the addition of the uniform
prior π2. The posterior distribution under the mixture prior (Figure 2.5, right) is also a
mixture of two beta distributions. The posterior is a weighted average of the two posterior
densities in the left panel. The posterior is bimodal with one mode near 0.51 corresponding
to the skeptical prior and a second mode near 0.53 corresponding to the uniform prior. This
shape of the density is not possible within the standard beta family.

Randomized clinical trials example: [159] analyze data from over 20,000 randomized
clinical trials (RCT) to formulate a prior distribution to be used in future trials. For RCT
i = 1, ..., n, they observed a treatment effect bi and standard error si: e.g., bi might be
the difference in sample means between treatment groups and si the associated standard
error from a two-sample t-test. Let βi be the true effect size for trial i and δi = βi/si be
the signal-to-noise ratio. [159] estimated the distribution of the δi across trials to be the
mixture distribution (Table 1 of [159])

π(δ) = 0.32ϕ(δ; 0.00, 1.172) + 0.31ϕ(δ; 0.00, 1.742) (2.33)

+ 0.30ϕ(δ; 0.00, 2.382) + 0.07ϕ(δ; 0.00, 5.732),

where ϕ(d;m, v) is the Gaussian PDF with mean m and variance v. This prior is plotted in
Figure 2.6 and is symmetric around δ = 0 and decreasing in δ.
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FIGURE 2.5
Prior and posterior distributions for the ESP example. The data are binomial
with Y = 963 successes in n = 1800 trials. The left panel plots the Beta(2000,2000) and
Beta(1,1) priors and resulting posteriors, and the right panel plots the mixture prior that
equally weights the two beta priors and the resulting posterior.

FIGURE 2.6
Mixture prior for a clinical trial. Four component (ŞCompŤ) mixture prior (2.33) for
the signal-to-noise ratio of a randomized clinical trial (see [159]).



52 Bayesian Statistical Methods

FIGURE 2.7
Hierarchical priors. The data (Yi and ni) depends on parameters (θi) whose priors depend
on two layers of hyperparameters (a and b and then e1 and e2).

2.2 Hierarchical priors

Most prior distributions for model parameters depend on other parameters, called hyperpa-
rameters. For example, if we select prior θ ∼ Gamma(a, b), then a and b are hyperparameters
that need to be speciĄed. Typically they are Ąxed based either on prior knowledge or to
give an uninformative prior with large variance. However, there are no ŞrightŤ values for
the hyperparameters, and this leads to a difficult and subjective decision.

There are several approaches to selecting hyperparameters. The most straightforward
is a sensitivity analysis where several hyperparameters are applied and the posterior is
compared across hyperparameters; if the posterior does not change substantially with the
hyperparameters, then we can be conĄdent that the subjective prior is not affecting the
results. Another approach is to avoid the subjective decision of selecting the prior altogether
using default (objective) priors described in Section 2.4. Below we describe a middle path
using hierarchical prior distributions.

Say Y ♣θ ∼ Binomial(n, θ) and θ ∼ Beta(a, b), but we do not know the hyperparameters
a and b. Following the central tenet of Bayesian analysis, if a and b are unknown, then we
should select prior distributions for them to reĆect this uncertainty. A hierarchical prior

is θ♣a, b ∼ Beta(a, b) and a, b
iid∼ Gamma(e1, e2) (of course, other families of distributions

could be used). This is called a hierarchical prior because it is deĄned in layers/stages with
the distribution of parameters in one stage depending on parameters from the previous
stage (see Figure 2.7 for an illustration under a more complex model). Because the prior is
built in stages, the joint distribution of θ, a and b is guaranteed to be a valid probability
distribution.
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A hierarchical model (the subject of Chapter 7) includes both the data model and
hierarchical prior, e.g.,

Y ♣θ, a, b ∼ Binomial(n, θ)

θ♣a, b ∼ Beta(a, b)

a, b ∼ Gamma(e1, e2).

In this hierarchical prior, we replace the task of selecting values for a and b with selecting
prior distributions for a and b to quantify our certainty. However, this only leads to the
obvious question of how to select the hyperparameters e1 and e2, which is arguably more
difficult because parameters in this layer are harder to interpret than those in layers closer
to the data.

While a hierarchical prior does not resolve the prior selection issue in the simple beta-
binomial model above, hierarchical priors are very useful for more complicated problems.
To illustrate this, say data are collected for M basketball players, similar to the NBA clutch
free throw data in Section 1.6. Player i makes ni attempts and is successful Yi ∈ ¶0, 1, ..., ni♢
times. If we let θi ∈ (0, 1) be the true success probability for player i, a hierarchical model
(Figure 2.7) is

Yi♣θi, a, b ∼ Binomial(ni, θi)

θi♣a, b ∼ Beta(a, b)

a, b ∼ Gamma(e1, e2).

The hyperparameters a and b determine the distribution of success probabilities across
players. The idea of a hierarchical prior is to leverage these data to estimate a and b by
giving them priors and studying their posteriors.

Is it possible to estimate a and b from the data? For that matter, is it possible to estimate
e1 and e2? The best case is a large number of attempts ni for all players so that θi can
be estimated with high precision. Further assuming many players M , then a and b can be
estimated to match the distribution of θ1, ..., θM across players. However, even the ideal
case that we know a and b exactly provides insufficient information to estimate e1 and e2

as there are many combinations of these hyperparameters that can Ąt the distribution of
the two points a and b. Therefore, these hyperparameters cannot be estimated and must be
Ąxed. As in the simple beta-binomial model, a sensitivity analysis or default priors could
be used.

DeĄning and interpreting hierarchical models requires concepts beyond the scope of
this section and will be revisited in the discussion of random effects (Section 4.4) and
hierarchical modeling (Chapter 7). Also, estimating parameters such as a and b requires
advanced computational tools that will be introduced in Chapter 3.

2.3 Improper priors

Section 1.1 introduced the concept of a probability density function (PDF). A proper PDF
is non-negative and integrates to one. If the prior is selected from a common family of
distributions as in Section 2.1 then the prior is ensured to be proper. In this chapter we
explore the possibility of using an improper prior, i.e., a function π(θ) that does not integrate
to one over the parameterŠs support.
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As a concrete example, assume that Y1, ..., Yn♣µ, σ2 iid∼ Normal(µ, σ2) with σ taken to be
Ąxed and µ is to be estimated. If we truly have no prior information, then it is tempting to
Ąt the model with prior π(µ) = c > 0 for all possible µ ∈ (−∞,∞). This can be viewed as
approximating either a uniform prior with bounds tending to inĄnity or a Gaussian prior
with variance tending to inĄnity. However, for any positive c,

∫∞
−∞ π(µ)dµ = ∞, and so the

prior is improper.
Despite the fact that the prior is not a proper PDF, it is still possible to use the density

function
p(µ♣Y) ∝ f(Y♣µ)π(µ) (2.34)

to summarize uncertainty about µ. That is, we can treat this product of the likelihood and
improper prior as a posterior distribution. Applying this rule for the normal mean example
gives µ♣Y ∼ Normal(Ȳ , σ2/n), which is a proper PDF as long as n ≥ 1.

As this example shows, using improper priors can lead to a proper posterior distribution.
However, improper priors must be used with caution. It must be veriĄed that the resulting
posterior distribution is proper; i.e., it must be mathematically proven that the posterior
integrates to one over the parameterŠs support. This step is not needed if the prior is proper
because any proper prior leads to a proper posterior. Also, from a conceptual perspective, it
is difficult to apply the subjective Bayesian argument that the prior and posterior distribu-
tions represent the analystŠs uncertainty about the parameters when the prior uncertainty
cannot be summarized by a valid PDF. One way to justify Bayesian inference with an im-
proper prior is to view the posterior under an improper prior as the limit of the posterior
for proper priors (with, say, the prior variance increasing to inĄnity) [146].

An obvious remedy to these concerns is to replace the improper prior with a uniform prior
with bounds that almost surely include the true value of a parameter. In fact, a uniform prior
was the original prior used by Laplace in his formulation of Bayesian statistics. While this
alleviates mathematical problems of ensuring a proper posterior and conceptual problems
with Bayesian interpretation, it raises a concern about invariance to parameterization. For
example, let θ ∈ (0, 1) be the probability of an event and r = θ/(1 − θ) > 0 be the
corresponding odds of the event. A Uniform(0,100) prior for the odds r appears to be
uninformative, but in fact the induced prior mean of θ = r/(1 + r) is 0.95, which is clearly
not uninformative for θ.

There are some cases when improper priors will necessarily lead to improper posteriors.
One such situation is the mixture distributions where Yi is Gaussian with mean 0 and
variance 1 with probability 1/2 and Gaussian with mean θ and variance 1 with probability
1/2. The PDF is

f(y♣θ) =
1

2
ϕ(y; 0, 1) +

1

2
ϕ(y; θ, 1),

where ϕ(y;µ, σ2) is the Gaussian PDF with mean µ and variance σ2. It can be shown that
if Y1, ..., Yn are independent and all follow this PDF, then an improper prior for θ always
leads to an improper posterior for any n. Again, we emphasize that improper priors must
be used with caution.

2.4 Default priors

In an idealized subjective Bayesian analysis, the system (physical, biological, economic, etc.)
is understood except for the values of a few parameters, and studies are conducted sequen-
tially to reĄne estimates of the unknown parameters. In this case, the ability to incorporate
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the current state of knowledge as prior information in the analysis of the current study is a
strength of the Bayesian paradigm and should be embraced. However, in many cases, there
is no prior information, leaving the analyst to select, say, conjugate uninformative priors in
an ad hoc manner.

In the absence of prior information, selecting the prior can be viewed as a nuisance
to be avoided if possible. Default priors, also called objective priors, offer a solution by
providing systematic approaches to formulate the prior. Berger [15] argues that objectivity
is essential in many analyses, such as obtaining approval from regulatory agencies, where
any apparent personal bias can be a huge red Ćag. Default methods also provide useful
baselines for comparison for subjective methods and make application of Bayesian methods
more approachable for non-statisticians [15]. Of course, eliminating the subjectivity of prior
selection is only part of the story; there remains subjectivity in selecting the data to be
analyzed, the inference to be conducted, the likelihood to be used, and indeed, the form of
the default prior. For this reason, we refer to this style of analysis as a ŞBayesian analysis
using default priorŤ rather than an Şobjective Bayesian analysisŤ.

In the remainder of this section we discuss several default approaches to setting priors.
Jeffreys prior (Section 2.4.1) is arguably the most common and so we describe this method
in the most detail. We provide only brief conceptual discussions for the other approaches
because deriving the exact expressions of the priors even in moderately complex cases often
requires tedious calculus.

2.4.1 Jeffreys prior

A Jeffreys prior (JP) is a method to construct a prior distribution that is invariant to
reparameterization. This is a necessary condition for a method to be objective. For example,
if one statistician places a prior on the standard deviation (σ), and another places a prior on
the variance (σ2), and the two get different results, then the method is subjective because
it depends on the choice of parameterization.

The univariate JP for θ is
π(θ) ∝

√
I(θ) (2.35)

where I(θ) is the expected Fisher information deĄned as

I(θ) = −E

(
d2 log f(Y♣θ)

dθ2

)
(2.36)

and the expectation is with respect to Y♣θ. The key feature of this construction is that it
is invariant to transformation. That is, say statistician one uses a JP on θ, denoted π1(θ),
and statistician two places a JP on γ = g(θ), denoted π2(γ). Using the change of variables
formula, the prior for γ induced by π1 is

π3(γ) = π1[h(γ)]

∣∣∣∣
dh(γ)

dγ

∣∣∣∣ (2.37)

where h(γ) = θ is the inverse of g (assuming g is invertable). It can be shown that π2 = π3,
that is, placing a JP on γ is equivalent to placing a JP on θ and then reparameterizing to
γ; this establishes invariance to reparameterization.

Once the likelihood function f has been determined, then the JP is determined; in this
sense the prior is objective because any two analysts working with the same likelihood will
get the same prior and thus the same posterior. An important point is that the prior does
not depend on the data, Y, because the expectation in I(θ) removes the dependence on the
data. Finally, the JP is often improper, and therefore before using JP in practice it must
be veriĄed that the posterior is a valid PDF that integrates to one (Section 2.3).
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JP can also be applied in multivariate problems. The multivariate JP for θ = (θ1, ..., θp)
is

π(θ) ∝
√

♣I(θ)♣ (2.38)

where I(θ) is the p× p expected Fisher information matrix with (i, j) element

−E

(
∂2 log f(Y♣θ)

∂θi∂θj

)
. (2.39)

As with the univariate JP, this prior is invariant to transformation and can be improper.
Binomial proportion: As a univariate example, consider the binomial model Y ∼

Binomial(n, θ). The second derivative of the binomial log likelihood is

d2 log f(Y♣θ)
dθ2

=
d2

dθ2
log

(
n

Y

)
+ Y log(θ) + (n− Y ) log(1 − θ)

=
d

dθ

Y

θ
− n− Y

1 − θ

= − Y

θ2
− n− Y

(1 − θ)2
.

The information is the expected value of the negative second derivative. Under the binomial
model, the expected value of Y is nθ, and since the second derivative is linear in Y , the
expectation passes into each term as

I(θ) =
E(Y )

θ2
+
n− E(Y )

(1 − θ)2
=
n

θ
+

n

1 − θ
=

n

θ(1 − θ)
. (2.40)

The JP is then

π(θ) ∝
√

n

θ(1 − θ)
∝ θ1/2−1(1 − θ)1/2−1, (2.41)

which is the kernel of the Beta(1/2,1/2) PDF. Therefore, the JP for the binomial proportion
is θ ∼ Beta(1/2, 1/2). In Section 2.1 we saw that a beta prior was conjugate, and the JP
provides an default way to set the hyperparameters in the beta prior.

Normal model: As a multivariate example, consider the Gaussian model Yi♣µ, σ2 iid∼
Normal(µ, σ2). As shown in Appendix A.3, the bivariate JP is

π(µ, σ2) ∝ 1

(σ2)3/2
. (2.42)

This is an improper prior but leads to a proper posterior as long as n ≥ 2. This prior
can be seen as the limit of the product of independent priors µ ∼ Normal(0, c2) and σ2 ∼
InvGamma(0.5, b) as c → ∞ and b → 0. The JP is Ćat for all values of µ and, similar to the
inverse gamma distribution with small shape parameter, the JP peaks at σ2 = 0 and drops
sharply away from the origin.

Multiple linear regression model: Linear regression (Section 4.2) estimates the
linear relationship between p covariates Xi1, ..., Xip on a response variable Yi. The model

is Yi♣β, σ2 indep∼ Normal(
∑p

j=1 Xijβj , σ
2), where the vector of p regression coefficients is

β = (β1, ..., βp) and the error variance is σ2. Appendix A.3 shows that the JP is

π(β, σ2) ∝ 1

(σ2)p/2+1
. (2.43)
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As in the mean-only model (which is a special case of the regression model), the JP is
improper, completely Ćat in the mean parameters β, and decays polynomially in the variance
with degree that depends on the number of covariates in the model.

For large p, this prior is heavily concentrated at σ2 near zero, which may be undesirable
in some settings. An alternative [89] is to treat β and σ2 as independent a priori and take
the joint JP as the product of the JP for β given σ2 and the JP for σ2 given β. This leads
to the prior

π(β, σ2) ∝ 1

σ2
(2.44)

that remains Ćat in β but has less mass near zero for σ2.

2.4.2 Reference priors

BernardoŠs reference prior (RP; [17]) is the prior that maximizes the expected difference
between the prior and posterior. This is certainly an intuitive deĄnition of an uninformative
prior, as it ensures that the prior does not overwhelm the data. To act on this conceptual
deĄnition requires a measure of the discrepancy between two density functions. [17] use
(ignoring technical problems that require studying sequences of priors) the KullbackŰLeibler
(KL) divergence between the prior π(θ) and the posterior p(θ♣Y), deĄned as the expected
difference in log densities,

KL(p, π♣Y) = E ¶log[p(θ♣Y)] − log[π(θ)]♢ , (2.45)

where the expectation is with respect to the posterior p(θ♣Y). The KL divergence depends
on the data and thus cannot be used to derive a prior. To remove the dependence on the
data, the RP is the prior density function π that maximizes the expected information gain∫
KL(p, π♣Y)m(Y)dY, where m(Y) is the marginal distribution of the data (Table 1.4).

Finding the RP is a daunting optimization problem because the solution is a prior
distribution and not a scalar or vector. In many cases, the RP differs from the JP. However, it
can be shown that if the posterior is approximately normal then the RP is approximately the
JP. The two are also equivalent in non-Gaussian cases; for example, if Y ∼ Binomial(n, θ),
the RP is θ ∼ Beta(1/2, 1/2).

2.4.3 Maximum entropy priors

A maximum entropy (MaxEnt) prior assumes that a few properties of the prior are known
and selects the prior with the most entropy in the class of priors with these properties. As
an example, say that θ has prior support θ ∈ ¶0, 1, 2, ...♢, and the prior mean is assumed to
be E(θ) = 1. There are inĄnitely many priors for θ that satisfy the constraint that E(θ) = 1,
e.g., θ ∼ Poisson(1), θ ∼ Binomial(2, 0.5) or θ ∼ Binomial(5, 0.2). The MaxEnt prior is the
prior that maximizes entropy over the priors with support ¶0, 1, 2, ...♢ and mean one.

In general, let the constraints be E[gk(θ)] = ck for functions gk (mean, variance, ex-
ceedance probabilities, etc.) and constants ck for k = 1, ...,K. The entropy for a discrete
parameter with prior π(θ) and discrete support S = ¶θ1, θ2, ...♢ is

E¶− log[π(θ)]♢ = −
∑

i∈S
log[π(θi)]π(θi). (2.46)

The MaxEnt prior is the value of ¶π(θ1), π(θ2), ...♢ that maximizes −
∑

i∈S log[π(θi)]π(θi)
subject to the K constraints

∑
i∈S gk(θi)π(θi) = ck. MaxEnt priors can be extended to

continuous parameters as well.
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2.4.4 Empirical Bayes

An empirical Bayesian (EB) analysis uses the data to set the priors. For example, consider

the model Yi♣θi
iid∼ Binomial(N, θi) for i = 1, ..., n, where each observationŠs success proba-

bility has prior θi♣a, b iid∼ Beta(a, b). The goal of this analysis is to estimate the individual
probabilities θi, and thus there are two types of parameters: the parameters of interest
θ = (θ1, ..., θn) and the nuisance parameters γ = (a, b). Without prior knowledge about γ,
a fully Bayesian analysis requires a prior for the nuisance hyperparameters. In contrast, an
EB analysis inspects the data to select γ, and then performs a Bayesian analysis of θ as if
γ was known all along. For example, in this problem it can be shown (Appendix A.1) that
marginally over θ, Yi♣γ ∼ Beta-Binomial(N, a, b). Therefore, an EB analysis might use the
MLE from the beta-binomial model to estimate γ and plug this estimate into the Bayesian
analysis for θ.

More formally, consider the model Y♣θ ∼ f(Y♣θ) and prior θ♣γ ∼ π(θ♣γ). The marginal
maximum likelihood estimator for the hyperparameter is

γ̂ = argmax
γ

∫
p(Y♣θ)π(θ♣γ)dθ. (2.47)

The EB analysis then conducts a Bayesian analysis of θ with γ set to γ̂, i.e., Y♣θ ∼ f(Y♣θ)
and θ♣γ = γ̂ ∼ π(θ♣γ̂). Although other forms of EB are possible (e.g., using γ̂ as the prior
mean for γ), this plug-in approach provides a systematic and objective way to set priors.

Consider the Gaussian model Yi♣µ, σ2 iid∼ Normal(µ, σ2) where µ has improper prior
π(µ) = 1 for all µ. The model has two parameters: the parameter of interest θ = µ and
the nuisance parameter γ = σ2. It can be shown that (2.47) gives σ̂2 =

∑n
i=1(Yi − Ȳi)

2/n.
An EB analysis proceeds with a univariate study of µ with the variance Ąxed at σ2 = σ̂2.
Applying (2.10) with m = 0 (and thus w = 1) corresponding to the improper prior, the EB
posterior is

µ♣Y, σ2 = σ̂2 ∼ Normal(Ȳ , σ̂2/n).

Similar to the Şplug-inŤ predictor in Figure 1.12, this posterior ignores uncertainty in σ2,
which ultimately underestimates uncertainty in µ. Graphically, the EB analysis would con-
sider only one horizontal slice (row) of Figure 1.11 rather than averaging over rows to com-
pute the marginal posterior of µ. As will be shown in Section 4.1, the marginal posterior of
µ averaging over uncertainty in σ2 (assuming conjugate prior) is a StudentŠs t-distribution
that has slightly larger variance than the normal EB posterior.

The disadvantage of EB is obvious: we are using the data twice and ignoring uncertainty
about γ. As a result, an EB analysis of θ will often have smaller posterior variances and
narrower credible intervals than a fully Bayesian analysis that puts a prior on γ, and thus
the statistical properties of the EB analysis can be questioned. Despite this concern, EB
remains a useful tool to stabilize computing in high-dimensional problems, especially when
it can be argued (e.g., for large data sets) that uncertainty in the nuisance parameters is
negligible.

2.4.5 Penalized complexity priors

The penalized complexity (PC) prior [141] is designed to prevent over-Ątting caused by
using a model that is too complex to be supported by the data. For example, consider the
linear regression model

Full model : Yi♣β, σ2 indep∼ Normal


β1 +

p∑

j=2

Xijβj , σ
2


 . (2.48)
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If the number of predictors p is large then the model becomes very complex. A PC prior
might shrink the full model to the base model with β2 = ... = βp = 0,

Base model : Yi♣β, σ2 iid∼ Normal
(
β1, σ

2
)
. (2.49)

Using uninformative priors for the βj in the full model puts almost no weight on this base
model, which could lead to over-Ątting if the true model is sparse with many βj = 0.

The PC prior is deĄned using the KL distance between the priors for the full and base
models,

KL =

∫
log

(
πfull(θ)

πbase(θ

)
πfull(θ)dθ. (2.50)

The prior on the distance between models is then
√

2KL ∼ Gamma(1, λ), i.e., an expo-
nential prior with rate λ which peaks at the base model with KD = 0 and decreases in
complexity KD. Technically this is not an objective Bayesian approach because the user
must specify the base model and either λ or a prior for λ. Nonetheless, the PC prior provides
a systematic way to set priors for high-dimensional models.

2.5 Exercises

1. Assume Y1, ..., Yn♣µ iid∼ Normal(µ, σ2) where σ2 is Ąxed and the unknown mean µ
has prior µ ∼ Normal(0, σ2/m).

(a) Give a 95% posterior interval for µ.

(b) Select a value of m, and argue that for this choice yourŚ 95% posterior credible
interval has frequentist coverage 0.95. That is, if you draw many samples of
size n and compute the 95% interval following the formula in (a) for each
sample, in the long-run 95% of the intervals will contain the true value of µ.

2. The Major League Baseball player Reggie Jackson is known as ŞMr. OctoberŤ for
his outstanding performances in the World Series (which takes place in October).
Over his long career he played in 2820 regular-season games and hit 563 home
runs in these games (a player can hit 0, 1, 2, ... home runs in a game). He also
played in 27 World Series games and hit 10 home runs in these games. Assuming
uninformative conjugate priors, summarize the posterior distribution of his home-
run rate in the regular season and World Series. Is there sufficient evidence to
claim that he performs better in the World Series?

3. Assume that Y ♣θ ∼ Exponential(θ), i.e., Y ♣θ ∼ Gamma(1, θ). Find a conjugate
prior distribution for θ, and derive the resulting posterior distribution.

4. A large factoryŠs objective is to keep the injury rate below 4 injuries per month.
In the past 6 months there have been 4, 5, 2, 7, 6 and 6 injuries. Conduct a
Bayesian analysis of these data and compute the posterior probability that the
injury rate exceeds four injuries per month.

5. Assume that Y ♣θ ∼ NegBinomial(θ,m) (see Appendix A.1) and θ ∼ Beta(a, b).

(a) Derive the posterior of θ.

(b) Plot the posterior of θ, and give its 95% credible interval assuming m = 5,
Y = 10, and a = b = 1.
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6. The distribution of true heart rate across a population is Gaussian with mean
64 beats per minute (bpm) and standard deviation 10 bpm. An individual mea-
surement is unbiased for the true heart rate, but has error standard deviation 5
bpm.

(a) Given that an individual has a (single) measured heart rate of y bpm, what
is the posterior distribution of their true heart rate? Plot the posterior mean
as a function of the observed value and comment on the regression to the
mean.

(b) Consider a study designed to test a new method to treat high heart rate.
To obtain a sample, they measure randomly-selected individuals from the
population and include them in the study if and only if their heart rate
exceeds 90 bpm. For these individuals, they apply the treatment and measure
their heart rate again. The estimate of the treatment effect is the difference
in mean heart rate before and after the treatment for the individuals in the
study. Assuming the new method has no actual effect on heart rate, compute
(using mathematical derivations or simulations) the expected difference in
the mean.

(c) How could the study in (b) be redesigned to avoid regression to the mean
bias?

7. Over the past 50 years California has experienced an average of λ0 = 75 large
wildĄres per year. For the next 10 years you will record the number of large Ąres
in California and then Ąt a Poisson/gamma model to these data. Let the rate of
large Ąres in this future period, λ, have prior λ ∼ Gamma(a, b). Select a and b
so that the prior is uninformative with prior variance around 100 and gives prior
probability approximately Prob(λ > λ0) = 0.5 so that the prior places equal
probability on both hypotheses in the test for a change in the rate.

8. An assembly line relies on accurate measurements from an image-recognition
algorithm at the Ąrst stage of the process. It is known that the algorithm is
unbiased, so assume that measurements follow a normal distribution with mean

zero, Yi♣σ2 iid∼ Normal(0, σ2). Some errors are permissible, but if σ exceeds the
threshold c, then the algorithm must be replaced. You make n = 20 measurements
and observe

∑n
i=1 Yi = −2 and

∑n
i=1 Y

2
i = 15 and conduct a Bayesian analysis

with InvGamma(a, b) prior. Compute the posterior probability that σ > c for:

(a) c = 1 and a = b = 0.1

(b) c = 1 and a = b = 1.0

(c) c = 2 and a = b = 0.1

(d) c = 2 and a = b = 1.0

For each c, compute the ratio of probabilities for the two priors (i.e. a = b = 0.1
and a = b = 1.0). Which, if any, of the results are sensitive to the prior?

9. In simple logistic regression, the probability of a success is regressed onto a single
covariate X as

p(X) =
exp(α+Xβ)

1 + exp(α+Xβ)
. (2.51)

Assuming the covariate is distributed as X ∼ Normal(0, 1) and the parameters
have priors α ∼ Normal(0, c2) and β ∼ Normal(0, c2), Ąnd a prior standard
deviation c so that the induced prior on the success probability p(X) is roughly
Uniform(0,1). That is, for a given c generate S (say S = 1, 000, 000) samples



From prior information to posterior inference 61

(X(s), α(s), β(s)) for s = 1, ..., S, compute the S success probabilities, and make a
histogram of the S probabilities. Repeat this for several c until the histogram is
approximately uniform. Report the Ąnal value of c and the resulting histogram.
Would you call this an uninformative prior for the regression coefficients α and
β?

10. The Mayo Clinic conducted a study of n = 50 patients followed for one year on
a new medication and found that 30 patients experienced no adverse side effects
(ASE), 12 experienced one ASE, 6 experienced two ASEs and 2 experienced ten
ASEs.

(a) Derive the posterior of λ for the Poisson/gamma model Y1, ..., Yn♣λ iid∼
Poisson(λ) and λ ∼ Gamma(a, b).

(b) Use the Poisson/gamma model with a = b = 0.01 to study the rate of adverse
events. Plot the posterior and give the posterior mean and 95% credible
interval.

(c) Repeat this analysis with Gamma(0.1,0.1) and Gamma(1,1) priors and dis-
cuss sensitivity to the prior.

(d) Plot the data versus the Poisson(λ̂) PMF, where λ̂ is the posterior mean of
λ from part (b). Does the Poisson likelihood Ąt well?

(e) The current medication is thought to have around one adverse side effect per
year. What is the posterior probability that this new medication has a higher
side effect rate than the previous medication? Are the results sensitive to the
prior?

11. A smoker is trying to quit and their goal is to abstain for one week because
studies have shown that this is the most difficult period. Denote Y as the number
of days before the smoker relapses, and θ as the probability that they relapse on
any given day of the study.

(a) Argue that a negative binomial distribution (Appendix A.1) for Y ♣θ is rea-
sonable. What are the most important assumptions being made, and are they
valid for this smoking cessation attempt?

(b) Assuming a negative binomial likelihood and Uniform(0, 1) prior for θ, what
is the prior probability the smoker will be smoke-free for at least 7 days?

(c) Plot the posterior distribution of θ assuming Y = 5.

(d) Given this attempt resulted in Y = 5 and that θ is the same in the second
attempt, what is the posterior predictive probability the second attempt will
result in at least 7 smoke-free days?

12. A smoking cessation study followed n = 20 patients until they relapsed to smok-
ing. The trial terminated after six weeks and so many patients did not relapse
during the observation period; i.e., their responses was censored. Seven patients
relapsed during the observation period at times 0.5, 0.9, 1.1, 2.4, 3.8, 4.0 and
5.2 weeks, and the rest were censored at 6 weeks. Assume the times to event

Y1, ..., Yn follow the survival analysis model Yi♣λ iid∼ Exponential(λ) with prior
λ ∼ Gamma(a, b).

(a) Show that the posterior distribution of λ is a gamma distribution (hint:
the likelihood contribution of a censored observation is Prob(Yi > 6♣λ) =
exp(−6λ)).

(b) Compute the posterior mean and 95% interval for λ for several values of a
and b. Are the results sensitive to the prior?
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13. You are designing a very small experiment to determine the sensitivity of a new
security alarm system. You will simulate Ąve robbery attempts and record the
number of these attempts that trigger the alarm. Because the dataset will be
small, you ask two experts for their opinion. One expects the alarm probability
to be 0.95 with standard deviation 0.05, and the other expects 0.80 with standard
deviation 0.20.

(a) Translate these two priors into beta PDFs, and plot the two beta PDFs and
the corresponding mixture of experts prior with equal weight given to each
expert.

(b) Now you conduct the experiment, and the alarm is triggered in every sim-
ulated robbery. Plot the posterior of the alarm probability under a uniform
prior, each expertsŠ prior, and the mixture of experts prior.

14. Let θ be the binomial success probability and γ = θ/(1 − θ) be the corresponding
odds of a success. Use Monte Carlo simulation (you can discard samples with
γ > 100) to explore the effects of parameterization on prior choice in this context.

(a) If θ ∼ Uniform(0, 1), what is the induced prior on γ?

(b) If θ ∼ Beta(0.5, 0.5), what is the induced prior on γ?

(c) If γ ∼ Uniform(0, 100), what is the induced prior on θ?

(d) If γ ∼ Gamma(1, 1), what is the induced prior on θ?

(e) Would you say any of these priors are simultaneously uninformative for both
θ and γ?

15. Say Y ♣µ ∼ Normal(µ, 1) and µ has improper prior π(µ) = 1 for all µ. Prove that
the posterior distribution of µ is a proper PDF.

16. Suppose that the likelihood f(Y♣θ) ≥ c(Y) for all θ. Show that an improper prior
on θ will yield an improper posterior.

17. Consider a sample of size n from the mixture of two normal densities given by
f(y♣θ) = 0.5ϕ(y) + 0.5ϕ(y − θ) where ϕ(z) denotes the standard normal density
function. Show that any improper prior for θ leads to an improper posterior.

18. Say a randomized clinical trial is conducted to compare the difference in the
mean response between two treatment groups. The effect size b is estimated as
the difference between the sample means of the two groups, and b has standard
error s, and thus the z-score is z = b/s. The true difference between treatment
group means is β, and the signal-to-noise ratio is δ = β/s. We Ąt the model
z♣δ ∼ Normal(δ, 1) and δ has mixture prior in (2.33).

(a) Plot the posterior distribution of δ if we observe z = 2.

(b) Compute the posterior probability that δ > 0 given z = 2.

(c) Compute the posterior probability that δ > 0 for value of z ∈ ¶0.0, 0.1, ..., 5.0♢
and plot the probabilities by z.

(d) Repeat these analyses using prior δ ∼ Normal(0, 1002), and comment on the
effect of the prior.

19. Say Y ♣λ ∼ Poisson(λ).

(a) Derive and plot the Jeffreys prior for λ.

(b) Is this prior proper?

(c) Derive the posterior, and give conditions on Y to ensure it is proper.

20. Say Y ♣λ ∼ Gamma(1, λ).
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(a) Derive and plot the Jeffreys prior for λ.

(b) Is this prior proper?

(c) Derive the posterior, and give conditions on Y to ensure it is proper.

21. Assume the model Y ♣λ ∼ Poisson(λ), and we observe Y = 10. Conduct a Bayesian
analysis of these data with default prior distribution.

22. The data in the table below are the result of a survey of commuters in 10 counties
likely to be affected by a proposed addition of a high occupancy vehicle (HOV)
lane.

County Approve Disapprove County Approve Disapprove
1 12 50 6 15 8
2 90 150 7 67 56
3 80 63 8 22 19
4 5 10 9 56 63
5 63 63 10 33 19

(a) Analyze the data in each county separately using the Jeffreys prior distribu-
tion, and report the posterior 95% credible set for each county.

(b) Let p̂i be the sample proportion of commuters in county i that approve of the
HOV lane (e.g., p̂1 = 12/(12 + 50) = 0.194). Select a and b so that the mean
and variance of the Beta(a, b) distribution match the mean and variance of
the sample proportions p̂1, ..., p̂10.

(c) Conduct an empirical Bayesian analysis by computing the 95% posterior
credible sets that results from analyzing each county separately using the
Beta(a, b) prior you computed in (b).

(d) How do the results from (a) and (c) differ? What are the advantages and
disadvantages of these two analyses?
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Computing is a key ingredient to any modern statistical application and a Bayesian analysis
is no different. As of the late 1980Šs, the application of Bayesian methods was limited to
small problems where conjugacy (Section 2.1) led to a simple posterior or the number of
parameters was low enough to permit numerical integration (e.g., Section 3.1.2). However,
with the advent of Markov Chain Monte Carlo (MCMC) methods (which were developed
in the 1950s through 1970s), the popularity of Bayesian methods exploded as it became
possible to Ąt realistic models to complex data sets. This chapter is dedicated to the core
Bayesian computational tools that led to this resurgence.

Bayesian methods are often associated with heavy computing. This is not an inher-
ent property of the Bayesian paradigm. Bayesian computing is designed to estimate the
posterior distribution, which is analogous to a frequentist estimation of the sampling dis-
tribution. Both problems are challenging, but frequentists often make use of large-sample
normal approximations to simplify the problem. There is nothing to prohibit a Bayesian
from making similar approximations, and this is the topic of Section 3.1.3. However, these
approximations are not common because MCMC produces much richer output, and the
accuracy of the approximation is not limited by the sample size of the data, but rather the
MCMC approximation can be made arbitrarily precise even for non-Gaussian posteriors by
increasing the computational effort.

65
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Bayesian computation boils down to summarizing a high-dimensional posterior distribu-
tion (Section 1.4). In this chapter we cover methods that span the spectrum from summaries
that are fast to compute (e.g., MAP estimation) but produce only a point estimate to slower
methods (e.g., MCMC) that permit full uncertainty quantiĄcation. Just as a user of max-
imum likelihood analysis need not be an expert on the theory and practice of iteratively
reweighted least squares optimization, there is software (Section 3.3) available to implement
most Bayesian analyses without the user possessing a deep understanding of the algorithms
being used under the hood. However, at a minimum, the user should have sufficient under-
standing of the underlying algorithms to properly inspect the output to determine if it is
sensible. In Sections 3.1 and 3.2.1, we outline the fundamental algorithms used in Bayesian
computing and work through a few small examples for illustration. However, for the remain-
der of the book, we will use the JAGS package introduced in Section 3.3 for computation to
avoid writing MCMC code.

3.1 Deterministic methods

3.1.1 Maximum a posteriori estimation

Most of the computational methods discussed in this chapter attempt to summarize the
entire posterior distribution. This allows for full quantiĄcation of uncertainty about the
parameters and leads to inferences such as the posterior probability that a hypothesis is
true. However, summarizing the full posterior distribution can be difficult and in some
settings unnecessary. For example, in machine-learning, statistical estimation is used as a
Ąltering process where the sole purpose is prediction of future values using estimates from
the current data; accounting for uncertainty and accessing statistical signiĄcance are not
high priorities. In this case, a single point estimate may be a sufficient summary of the
posterior.

The MAP (Section 1.4.1) point estimator is

θ̂MAP = arg max
θ

log[p(θ♣Y)] = arg max
θ

log[f(Y♣θ)] + log[π(θ)]. (3.1)

The MAP estimator requires optimization of the posterior, unlike the posterior mean which
requires integration. Typically optimization is faster than integration, especially in high-
dimensions, and therefore MAP estimation can be applied even to hard problems.

The MAP solution can be found using calculus or numerical optimization [117]. The
simplest optimization algorithm is gradient ascent (or gradient descent to minimize a func-

tion), which is an iterative algorithm that begins with an initial value θ(0) and updates the
parameters at iteration t using the rule

θ(t) = θ(t−1) + γ∇
(

θ(t−1)
)
,

where the step size γ is a tuning parameter and the gradient vector of the log posterior is
∇(θ) = [∇1(θ), ...,∇p(θ)]T for

∇j(θ) =
∂

∂θj
¶log[f(Y♣θ)] + log[π(θ)]♢ .
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FIGURE 3.1
Numerical integration and optimization. The small points are the grid points θj =
(µ∗

j , σ
∗
j ), and the color of the shading is the posterior density for the model Yi♣µ, σ ∼

Normal(µ, σ2) with Y = (2.68, 1.18,−0.97,−0.98,−1.03) and priors µ ∼ Normal(0, 1002)
and σ ∼ Uniform(0, 10). The large black dot is the approximate posterior mean found using
numerical integration, and the large white dot is the approximate posterior mode found
using numerical optimization.

This step is repeated until convergence, i.e., θ(t) ≈ θ(t−1). Gradient ascent is most effec-
tive when the posterior is convex, and typically requires several starting values to ensure
convergence.

There is a rich literature on optimization in statistical computing. Some other use-
ful methods include NewtonŠs method, the expectation-maximization (EM) algorithm, the
majorize-minimization (MM) algorithm, genetic algorithms, etc. R has many optimization
routines including the general-purpose algorithm optim, as illustrated in Listing 3.1 and

Figure 3.1 for the model Yi♣µ, σ iid∼ Normal(µ, σ2) with priors µ ∼ Normal(0, 1002) and
σ ∼ Unif(0, 10) and data Y = (2.68, 1.18,−0.97,−0.98,−1.03).

3.1.2 Numerical integration

Many posterior summaries of interest can be written as p-variate integrals over the posterior,
including the posterior means, covariances and probabilities of hypotheses. For example, for
θ1, the marginal posterior mean, variance and probability that θ1 exceeds constant c are

E(θ1♣Y) =

∫
θ1p(θ♣Y)dθ (3.2)

Var(θ1♣Y) =

∫
[θ1 − E(θ1♣Y)]2p(θ♣Y)dθ

Prob(θ1 > c♣Y) =

∫ ∞

c

∫
...

∫
p(θ♣Y)dθ1dθ2, ..., dθp.
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Listing 3.1
Numerical optimization and integration to summarize the posterior.

1 library(cubature)

2 Y <- c(2.68, 1.18, -0.97, -0.98, -1.03) # Data

3

4 # Evaluate the density on the grid for plotting

5 m <- 50

6 mu <- seq(-4,6,length=m)

7 sigma <- seq(0,10,length=m)

8 theta <- as.matrix(expand.grid(mu,sigma))

9 D <- dnorm(theta[,1],0,100)*dunif(theta[,2],0,10) # Prior

10 for(i in 1:length(Y)){ # Likelihood

11 D <- D * dnorm(Y[i],theta[,1],theta[,2])

12 }

13 W <- matrix(D/sum(D),m,m)

14

15 # MAP estimation

16 neg_log_post <- function(theta,Y){

17 log_like <- sum(dnorm(Y,theta[1],theta[2],log=TRUE))

18 log_prior <- dnorm(theta[1],0,100,log=TRUE)+

19 dunif(theta[2],0,10,log=TRUE)

20 return(-log_like-log_prior)}

21

22 inits <- c(mean(Y),sd(Y))

23 MAP <- optim(inits,neg_log_post,Y=Y,

24 method = "L-BFGS-B", # Since the prior is bounded

25 lower = c(-Inf,0), upper = c(Inf,10))$par

26

27 # Compute the posterior mean

28 post <- function(theta,Y){

29 like <- prod(dnorm(Y,theta[1],theta[2]))

30 prior <- dnorm(theta[1],0,100)*dunif(theta[2],0,10)

31 return(like*prior)}

32

33 g0 <- function(theta,Y){post(theta,Y)}

34 g1 <- function(theta,Y){theta[1]*post(theta,Y)}

35 g2 <- function(theta,Y){theta[2]*post(theta,Y)}

36 m0 <- adaptIntegrate(g0,c(-5,0.01),c(5,5),Y=Y)$int #constant m(Y)

37 m1 <- adaptIntegrate(g1,c(-5,0.01),c(5,5),Y=Y)$int

38 m2 <- adaptIntegrate(g2,c(-5,0.01),c(5,5),Y=Y)$int

39 pm <- c(m1,m2)/m0

40

41 # Make the plot

42 image(mu,sigma,W,col=gray.colors(10,1,0),

43 xlab=expression(mu),ylab=expression(sigma))

44 points(theta,cex=0.1,pch=19)

45 points(pm[1],pm[2],pch=19,cex=1.5)

46 points(MAP[1],MAP[2],col="white",cex=1.5,pch=19)

47 box()
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If these summaries are sufficient to describe the posterior, then numerical integration can
be used for Bayesian computing.

All of the summaries in (3.2) can be written as E[g(θ)] for some function g, e.g.,
Prob(θ1 > c♣Y) uses g(θ) = I(θ1 > c) where I(θ1 > c) = 1 if θ1 > c and zero other-
wise. Assume that a grid of points θ∗

1, ...,θ
∗
m covers the range of θ with non-zero posterior

density. Then

E[g(θ)] =

∫
g(θ)p(θ♣Y )dθ ≈

m∑

j=1

g(θj)Wj (3.3)

where Wj is the weight given to grid point j. To approximate the posterior mean of g(θ)
the weights should be related to the posterior PDF Dj = f(Y♣θ∗

j )π(θ∗
j ). The normalizing

constant m(Y) cannot be computed and so the posterior is normalized at the grid points
as Wj = Dj/

∑m
l=1 Dl.

This provides a very simple approximation to the posterior of θ. Of course, more precise
numerical integration can be used, including those in the R function adaptIntegrate as
illustrated in Listing 3.1 and Figure 3.1. However, we do not focus on these methods because
they do not scale well with the number of parameters, p. For example, if we use a grid of 20
points for each of the p = 10 parameters, then there are m = 2010 points in the expanded
grid, which is over a trillion points!

3.1.3 Bayesian central limit theorem (CLT)

The central limit theorem states that the sampling distribution of the sample mean for a
large sample is approximately normal even for non-Gaussian data. This can be extended
to the sampling distribution of the MLE. Many frequentist standard error and p-value
computations rely on the approximation

θ̂MLE ∼ Normal(θ0, Σ̂MLE), (3.4)

where θ0 is the true value and the p× p covariance matrix Σ̂MLE = (−H)−1 and the (j, k)
element of the Hessian matrix H is

∂2

∂θj∂θk
log[f(Y♣θ)]

∣∣∣∣
θ=

ˆθMLE

. (3.5)

To deĄne the analogous Bayesian approximation, suppose that Yi♣θ
indep∼ f(Yi♣θ) for

i = 1, ..., n and θ ∼ π(θ). Under general conditions (see Section 9.2.2), for large n the
posterior is approximately

θ♣Y ∼ Normal
(

θ̂MAP , Σ̂MAP

)
(3.6)

where Σ̂MAP = (−H)−1 is deĄned the same way as Σ̂MLE except that the Hessian H is

∂2

∂θj∂θk
log[p(θ♣Y)]

∣∣∣∣
θ=

ˆθMAP

, (3.7)

which will be similar to Σ̂MLE for large samples. Of course, this is not appropriate if the
parameters are discrete, but the Bayesian CLT can still be used in some cases where the
observations are dependent.
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FIGURE 3.2
Illustration of the Bayesian CLT. The exact Beta(Y +1/2, n+1/2) posterior versus the
Gaussian approximation for the model Y ♣θ ∼ Binomial(n, θ) with prior θ ∼ Beta(1/2, 1/2)
for various Y and n.

For example, consider the beta-binomial model Y ♣θ ∼ Binomial(n, θ) with Jeffreys prior

θ ∼ Beta(1/2, 1/2). The MAP estimate is θ̂MAP = A/(A+B), and the approximate poste-
rior variance is 

A

θ̂2
MAP

+
B

(1 − θ̂MAP )2

]−1

,

where A = Y − 0.5 and B = n− Y − 0.5. Of course, there is no need for an approximation
in this simple case because the exact posterior is θ♣Y ∼ Beta(Y + 1/2, n − Y + 1/2), but
Figure 3.2 illustrates that the Gaussian approximation works well for large n.

As discussed in Section 3.1.1, if the prior is uninformative, then the MAP and MLE
estimates are similar, and these approximations suggest that the entire posterior will be
similar. This is the Ąrst glimpse at a recurring theme: Bayesian and maximum likelihood
methods give similar results for large sample sizes irrespective of the prior.

Advantages of the Bayesian CLT approximation are that it replaces integration (Section
3.1.2) with differentiation, and is thus easier to compute, especially for large p, and the
method is deterministic rather than stochastic. A disadvantage is that approximation may
not be accurate for small or even moderate sample sizes. However, more elaborate approx-
imation methods have been proposed that combine numerical integration with Gaussian
approximations, such as the Integrated Nested Laplace Approximation (INLA) of [135]
(Appendix A.4). Alternatively, in variational Bayesian inference [85] the user postulates a
parametric (potentially non-Gaussian) posterior distribution and then solves for the param-
eters in the postulated posterior that give the best approximation to the true posterior.

3.1.4 Variational Bayesian (VB) Methods

The normal approximation to the joint posterior distribution motivated by the Bayesian
CLT is ideal when the sample size (n) is large and the model size (p) is small and Ąxed.
Under these conditions, the approximation is theoretically justiĄed and computationally
efficient. However, for small sizes and/or large models, the posterior may not be well ap-
proximated by a normal distribution leading to poor performance. Further, for large models
the approximate posterior covariance Σ̂MAP is slow to compute because there are on the
order of p2 elements to be computed; if p = 1, 000 then Σ̂MAP has 500,500 distinct elements.
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Variational Bayesian (VB) approximations address both of these limitations and have
thus emerged as one of the leading computational methods for high-dimensional problems.
As with the Bayesian CLT approximation, VB presumes the posterior resides in a parametric
family of distributions. However, this distribution need not be Gaussian or even the same
family for all parameters; e.g., it may be presumed that the posterior of a variance parameter
follows a gamma distribution and a mean parameter follows a normal distribution. To avoid
computing posterior covariance terms, it can be presumed that some or all parameters are
independent in the posterior. These assumptions can lead to massive computational savings
but should be applied carefully because gross violations lead to poor performance.

A VB analysis begins by specifying a variational posterior. The variational posterior
is the parametric family of distributions that is assumed to include a good approximation
to the true posterior. Denote the variational posterior density function as q(θ♣v), where
v = (v1, ..., vq) are the variational parameters. For example, if there is a single parameter
θ with support [0, 1], then we might select q(θ♣v) to be the Beta(v1, v2) PDF and assume
that for some value of v = (v1, v2), p(θ♣Y) ≈ q(θ♣v).

The assumption that the posterior resides in a parametric family, q, simpliĄes the prob-
lem down to Ąnding the values of the variational parameters, v, that give a close approxi-
mation. These parameters are chosen to minimize the discrepancy between the variational
and true posterior distributions. This requires a measure of the similarity between two dis-
tributions, and typically the KullbackŰLeibler divergence (KLD) is used (Figure 3.3). The
KLD is the

KLD(v) = Eq

[
log

{
q(θ♣v)

p(θ♣Y)

}]
=

∫
log

{
q(θ♣v)

p(θ♣Y)

}
q(θ♣v)dθ. (3.8)

The KLD is non-negative for any v and equals zero if the approximation is perfect and
q(θ♣v) = p(θ♣Y) for all θ. The VB approximation selects v to minimize KLD(v).

Similar to selecting a prior distribution, there is no single correct variational posterior
family (with the trivial exception of the true posterior distribution), but families with the
same support as the parameters are a good starting place. Especially for high-dimensional
problems, postulating a variational distribution that captures the dependence between pa-
rameters is difficult, and so the mean-Ąeld approximation that assumes the posterior distri-
butions of the parameters are independent is appealing,

q(θ♣v) =

p∏

j=1

qj(θj ♣vj).

Finding the optimal v requires computing or approximating the integral in (3.8) and then
optimizing it with respect to v. In some cases, the integral can be solved analytically using
similar techniques to Ąnd conjugate priors in Section 2.1, in others numerical approximation
is required (using algorithms mentioned in 3.1.2). Optimization can also achieved analyt-
ically in small problems and numerically (using algorithms mentioned in Section 3.1.1) in
most cases. Conjugate gradient descent which optimizes over single elements of v in sequence
is often used when v is high-dimensional.

To illustrate this approach, consider the global mean temperature anomaly (difference
between current year and the 1951-1980 average) data on the course website (downloaded
from https://data.giss.nasa.gov/gistemp/) in Figure 3.4. We analyze only the data in the
stable period prior to 1980 using a Ąrst-order autoregressive time series model. Since
the data are normalized, we assume the mean response is zero. The Ąrst observation is
Y1 ∼ Normal(0, σ2), and subsequent observations are Yt♣Yt−1 ∼ Normal(ρYt−1,

√
1 − ρ2σ2),

where ρ ∈ (0, 1) controls the temporal correlation and σ2 controls the variance. In this
model, the marginal distribution has mean zero and variance σ2 for all t and Cor(Yt, Yt+h) =

https://data.giss.nasa.gov/gistemp
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FIGURE 3.3
Illustration of the Kullback–Leibler divergence (KLD) The KLD between the (hy-
pothetical) true posterior (solid line) and the three beta distributions (dashed lines) are
0.74 for Beta(6,3), 0.31 for Beta(60,30) and 0.08 for Beta(55,33).

ρh. The Bayesian model is completed by specifying priors that match the parametersŠ sup-
port, σ2 ∼ InvGamma(a, b) and ρ ∼ Beta(c, d) with a = b = 0.1 and c = d = 1. The
posterior is

p(σ2, ρ♣Y) ∝ (σ2)−n/2−a−1(1 − ρ2)−(n−1) exp

(
−S(ρ)

2σ2

)
(3.9)

× (σ2)a−1 exp

(
− b

σ2

)
ρc−1(1 − ρ)d−1

where S(ρ) = Y 2
1 +

∑n
t=2(Yt − ρYt−1)2/(1 − ρ2).

To match the support of the two parameters, we take the variational posterior to be
σ2♣Y ∼ InvGamma(v1, v2) independent of ρ♣Y ∼ Beta(v3, v4). The variational posterior is
then

q(σ2, ρ♣v) =
vv1

2

Γ(v1)
(σ2)−(v1+1) exp(−v2/σ

2) (3.10)

× Γ(v3 + v4)

Γ(v3)Γ(v4)
ρv3−1(1 − ρ)v4−1.

Summarizing the posterior is then reduced to Ąnding the values of v = (v1, v2, v3, v4) so
that q in (3.10) approximates p in (3.9). The integral in the KLD is over both σ2 and ρ,
and can be taken analytically for σ2 but requires univariate numerical integration for ρ.

The true posterior plotted in the upper left panel of Figure 3.5 clearly shows dependence
between the two parameters, violating the mean Ąeld approximation of posterior indepen-
dence. As a result, the VB approximation in the top right is poor overall. Surely there are
richer variational families that would yield a better Ąt, but even for this simple mean-Ąeld
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FIGURE 3.4
Global mean temperature data. Global mean temperature anomaly (difference between
current year and the 1951-1980 average) by year.

approximation the marginal distributions in the bottom row of Figure 3.5 are centered near
the true posterior distribution, and thus the VB point estimates are similar to those from
the true posterior.

3.2 Stochastic methods

Monte Carlo (MC) methods are appealing to statisticians because they mirror the fun-
damental statistical concept of using a sample to make inferences about a population. A
canonical problem in statistics is to estimate a summary of the population, such as the pop-
ulation mean or standard deviation. In most cases (i.e., not a census) we cannot observe the
entire population to compute the mean or standard deviation directly, so instead we take
samples and use them to make inferences about the population. For example, we use the
sample mean to approximate the population mean, and, assuming the sample is sufficiently
large, the law of large numbers guarantees the approximation is reliable.

MC sampling from the posterior works the same way. In this analogy, the population
of interest is the posterior distribution. We would like to summarize the posterior using
its mean and variance, but in most cases these posterior summaries cannot be computed
directly, and so we take a sample from the posterior and use the MC sample mean to
approximate the posterior mean and the MC sample variance to approximate the posterior
variance. Assuming the MC sample is sufficiently large, then the approximation is reliable.
This holds for virtually any posterior distribution and any summary of the posterior, even
those that are high-dimensional integrals.

Assume that we have generated S posterior samples, θ(1), ...,θ(S) ∼ p(θ♣Y), where

sample s is θ(s) = (θ
(s)
1 , ..., θ

(s)
p ). These draws can be used to approximate any posterior

summary discussed in Section 1.4. For a univariate model with p = 1, we could approximate
the posterior density with a histogram of the S samples, the posterior mean with the MC

sample mean E(θ1♣Y) ≈ ∑S
s=1 θ

(s)
1 /S, the posterior variance with the MC sample variance
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FIGURE 3.5
Variational Bayesian analysis of the global temperature data. The top row shows
the exact and VB bivariate posterior distributions, and the bottom row shows the corre-
sponding marginal distributions.
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FIGURE 3.6
Convergence of a Monte Carlo approximation. Assuming θ(s) iid∼ Gamma(8.1, 10.1),

the plot below gives the sample mean
∑S

s=1 θ
(s)/S and sample proportion

∑S
s=1 I(θ(s) >

0.5)/S by the number of samples, S; the horizontal lines are the true values.

of the S samples, the probability that θ1 > 0 with the MC sample proportion with θ
(s)
1 > 0,

etc.
To illustrate convergence of MC sampling, consider the Poisson-gamma model Y ♣θ ∼

Poisson(Nθ) with prior θ ∼ Gamma(a, b). The posterior is then θ♣Y ∼ Gamma(Y +a,N+b).
Figure 3.6 assumes N = 10, Y = 8 and a = b = 0.1 and plots the approximate posterior
mean and probability that θ > 0.5 as a function of the number of MC iterations. The sample
mean and proportion are noisy for a small number of MC samples, but as the number of
samples increases, they converge to the true posterior mean and probability that θ > 0.5.

For multivariate models with p > 1 parameters, the samples θ
(1)
j , ..., θ

(S)
j follow the

marginal posterior distribution of θj , p(θj ♣Y). Critically, we do not need to analytically
integrate p(θj ♣Y) =

∫
f(θ♣Y)dθ1...dθj−1dθj+1...dθp. Because each sample consists of a ran-

dom draw from all parameters, MC sampling automatically produces samples from the
marginal distribution θj accounting for uncertainty in the other parameters.

In addition to the marginal distribution, MC sampling can be used to approximate
the posterior of parameters deĄned as transformations of the original parameters. For ex-
ample, we can approximate the posterior of γ = g(θ1) for a function g using the MC

samples γ(1), ..., γ(S) where γ(s) = g(θ
(s)
1 ); that is, we simply transform each sample, and

these transformed samples approximate the posterior distribution of γ. The posterior of
the transformed parameter is summarized like any other, e.g., E(γ♣Y) ≈ ∑S

s=1 γ
(s)/S. As

another example, say we want to test if ∆ = θ1 −θ2 > 0. The posterior of ∆ is approximated

by the S samples ∆(s) = θ
(s)
1 − θ

(s)
2 , and thus Prob(∆ > 0♣Y) is approximated using the

proportion of the S samples for which ∆(s) > 0.
Once we have posterior samples, summarizing the posterior or even complicated func-

tions of the posterior is straightforward, and this is one of the appeals of MC sampling.
However, generating valid samples from the posterior distribution is not always straightfor-
ward.
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3.2.1 MCMC sampling

We will focus on two sampling algorithms: Gibbs sampling and MetropolisŰHastings sam-
pling. Gibbs sampling is preferred when it is possible to directly sample from the conditional
distribution of each parameter. MetropolisŰHastings is a generalization to more complicated
problems. We also brieĆy mention other more advanced algorithms in Appendix A.4 includ-
ing delayed rejection and adaptive Metropolis (DRAM), the Metropolis-adjusted Langevin
algorithm, Hamiltonian MC (HMC) and slice sampling.

3.2.1.1 Gibbs sampling

As a motivating example, consider the Gaussian model

Y1, ..., Yn♣µ, σ2 iid∼ Normal(µ, σ2) (3.11)

where the priors are µ ∼ Normal(γ, τ2) and σ2 ∼ InvGamma(a, b). To study the posterior
of θ = (µ, σ2) we would like to make S draws from the joint posterior distribution p(θ♣Y).
Section 2.1.3 provides a means to sample from the posterior of µ with σ2 assumed known
since µ♣σ2,Y follows a Gaussian distribution, and Section 2.1.4 provides a means to sample
from the posterior of σ2 with µ assumed known since σ2♣µ,Y follows an inverse gamma
distribution. Gibbs sampling generates draws from the desired joint posterior of θ using
only these univariate conditional distributions.

Gibbs sampling (proposed by [59]) begins with initial values for both parameters and
proceeds by alternating between sampling µ♣σ2,Y and then sampling σ2♣µ,Y until S sam-
ples have been collected (for an extensive discussion about selecting S, see Section 3.4). For
example, we might begin by setting µ to the sample mean of Y and σ2 to the sample vari-
ance of Y (for an extensive study of initialization, see Section 3.4). Implementing successive
steps requires deriving the full conditional posterior distributions, i.e., the distribution of
one parameter conditioned on the data and all other parameters. Following Section 2.1.3
and 2.1.4 (with slight modiĄcation to the prior distributions), the full conditional posterior
distributions are

µ♣σ2,Y ∼ Normal

(∑n
i Yi/σ

2 + γ/τ2

n/σ2 + 1/τ2
,

1

n/σ2 + 1/τ2

)

σ2♣µ,Y ∼ InvGamma

(
n/2 + a,

n∑

i=1

(Yi − µ)2/2 + b


.

This results in S posterior samples θ(1), ...,θ(S) to summarize the posterior, where θ(s) =
(µ(s), σ2(s)). Listing 3.2 provides R code to perform these steps using the same data as in
Section 1.1.2. Figure 3.7 (bottom row) plots the draws from the joint posterior and marginal
density for µ, which both closely resemble Figure 1.11.

Algorithm 1 provides a general recipe for Gibbs sampling. The algorithm begins with an
initial value for the parameter vector, and each iteration consists of a sequence of updates
from each parameterŠs full conditional distribution. Because each step cycles through the
parameters and updates them given the current values of all other parameters, the samples
are not independent. All sampling is performed conditionally on the previous iterationŠs
value, and so the samples form a speciĄc type of stochastic process called a Markov chain,
hence the name Markov chain Monte Carlo (MCMC) sampling. There are MC samplers that
attempt to sample independent draws from the posterior (e.g., rejection sampling and ap-
proximate Bayesian computing (ABC) [100]), but MCMC is preferred for high-dimensional
problems.
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Listing 3.2
Gibbs sampling for the Gaussian model with unknown mean and variance.

1 # Load the data

2

3 Y <- c(2.68,1.18,-0.97,-0.98,-1.03)

4 n <- length(Y)

5

6 # Create an empty matrix for the MCMC samples

7

8 S <- 25000

9 samples <- matrix(NA,S,2)

10 colnames(samples) <- c("mu","sigma")

11

12 # Initial values

13

14 mu <- mean(Y)

15 sig2 <- var(Y)

16

17 # priors: mu ~ N(gamma,tau), sig2 ~ InvG(a,b)

18

19 gamma <- 0

20 tau <- 100^2

21 a <- 0.1

22 b <- 0.1

23

24 # Gibbs sampling

25

26 for(s in 1:S){

27 P <- n/sig2 + 1/tau

28 M <- sum(Y)/sig2 + gamma/tau

29 mu <- rnorm(1,M/P,1/sqrt(P))

30

31 A <- n/2 + a

32 B <- sum((Y-mu)^2)/2 + b

33 sig2 <- 1/rgamma(1,A,B)

34

35 samples[s,]<-c(mu,sqrt(sig2))

36 }

37

38 # Plot the joint posterior and marginal of mu

39 plot(samples,xlab=expression(mu),ylab=expression(sigma))

40 hist(samples[,1],xlab=expression(mu))

41

42 # Posterior mean, median and credible intervals

43 apply(samples,2,mean)

44 apply(samples,2,quantile,c(0.025,0.500,0.975))
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FIGURE 3.7
Summary of posterior samples from MCMC for the Gaussian model with un-
known mean and variance. The Ąrst row gives trace plots of the samples for µ and σ; the
second row shows the samples from the joint posterior of (µ, σ) and the marginal posterior
of µ.
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Algorithm 1 Gibbs Sampling

1: Initialize θ(0) = (θ
(0)
1 , ..., θ

(0)
p )

2: for s = 1, ..., S do
3: for j = 1, ..., p do

4: sample θ
(s)
j ∼ pj(θj ♣θ(s)

1 , ..., θ
(s)
j−1, θ

(s−1)
j+1 , ..., θ

(s−1)
p ,Y)

5: end for
6: end for

The beauty of this algorithm is that it reduces the difficult problem of sampling from a
multivariate distribution down to a sequence of simpler univariate problems. This assumes
that the full conditional distributions are easy to sample from, but as we will see in the
following examples, even for high-dimensional problems with large p, the full conditional
distributions often follow familiar conjugacy pairs (Section 2.1) which are conducive to
sampling.

Before continuing with other examples, we pause and discuss the theoretical properties of
this algorithm. Why does it work? That is, why does repeated sampling from full conditional
distributions lead to samples from the joint posterior distribution? Surely we cannot trust
that the initial value is a sample from the posterior because it is selected subjectively by the
user. It would also be dangerous to trust that the Ąrst random sample follows the posterior
distribution because it depends on the initial values, which might be far from the posterior.
Appendix A.3 provides an argument using stochastic process theory that (1) under general
conditions, the samples produced by the algorithm converge to the posterior distribution for
any choice of initial values, and (2) once a sample is drawn from the posterior, all subsequent
samples are also samples from the posterior.

The theoretical convergence arguments dictate how Gibbs sampling is used in practice.
The user follows the chain until it has converged, and discards all previous samples from this
burn-in period. Convergence is often assessed by visual inspection of the trace plots (i.e., the
a plot of the samples by iteration number), but formal measures are available (Section 3.4).
All remaining samples are used to summarize the posterior. It is important to remember
that unlike other optimization algorithms, we do not expect Gibbs sampling to converge to
a single optimal value. Rather, we hope that after burn-in the algorithm produces samples
from the posterior distribution. That is, we hope the samples generated by the algorithm
converge in distribution to the posterior, and do not get stuck in one place. Figure 3.8
provides idealized output where convergence clearly occurs around iteration 1000 for both
parameters and the remaining samples consistently draw from the same distribution after
this point and thus the trace plot resembles a Şbar codeŤ or Şcaterpillar.Ť

Bivariate normal example: We will use Gibbs sampling to make draws from posterior
distributions, but in fact it can be used to sample from any distribution (so long as we can
sample from the full conditional distributions). For example, say θ = (U, V ) is bivariate
normal with mean zero and variance 1 for both parameters and correlation ρ between
the parameters. This is not a posterior distribution because we are not conditioning on
data, but in this toy example we are using Gibbs sampling to draw from this bivariate
normal distribution to get a feel for the algorithm and how it converges to the target
distribution. As given in (1.26) (see Figure 1.7), the full conditional distributions are U ♣V ∼
Normal(ρV, 1−ρ2) and V ♣U ∼ Normal(ρU, 1−ρ2). Given initial values (U (0), V (0)), the Ąrst
three iterations are:

1a Draw U (1)♣V (0) ∼ Normal(ρV (0), 1 − ρ2)

1b Draw V (1)♣U (1) ∼ Normal(ρU (1), 1 − ρ2)

2a Draw U (2)♣V (1) ∼ Normal(ρV (1), 1 − ρ2)
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FIGURE 3.8
Gibbs sampling trace plots. These trace plots of the iteration number s by the posterior

samples θ
(s)
j for j = 1, 2 show convergence at iteration 1000, which is denoted with a vertical

line.

2b Draw V (2)♣U (2) ∼ Normal(ρU (2), 1 − ρ2)

3a Draw U (3)♣V (2) ∼ Normal(ρV (2), 1 − ρ2)

3b Draw V (3)♣U (3) ∼ Normal(ρU (3), 1 − ρ2).

The algorithm continues until S draws have been made.
It can be shown that the distribution after s iterations is

U (s) ∼ Normal(ρ2s−1V (0), 1 − ρ4s−2).

The true marginal distribution of U is Normal(0, 1), and since ρ2s−1 ≈ 0 and ρ4s−2 ≈ 0 for
large s, for any initial value the MCMC posterior is very close but never exactly equal to
the true posterior. Convergence is immediate if ρ = 0 and slow if ♣ρ♣ ≈ 1, illustrating how
cross-correlation between parameters can hinder MCMC convergence (e.g., Figure 3.11 and
the discussion of blocked Gibbs sampling below). Nonetheless, for any ρ and large S the
approximation is surely sufficient and can be made arbitrarily precise by increasing S.

Constructing a Gibbs sampler for NFL concussion data: In Section 2.1 we ana-
lyzed the NFL concussion data. The data consist of the number of concussions in the years
2012Ű2015, Y1 = 171, Y2 = 152, Y3 = 123, and Y4 = 199, respectively. In Section 2.1 we
analyzed the years independently, but here we analyze all years simultaneously with the
model

Yi♣λi
indep∼ Poisson(Nλi) λi♣γ

indep∼ Gamma(1, γ) γ ∼ Gamma(a, b) (3.12)

where N = 256 is the number of games per season. The model has Ąve unknown parameters
θ = (λ1, ..., λ4, γ) and posterior

p(λ1, ..., λ4, γ♣Y) ∝


4∏

i=1

f(Yi♣λi)π(λi♣γ)

]
π(γ), (3.13)
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where f is the Poisson PMF and π is the gamma PDF.
The Gibbs sampler requires the full conditional posterior for each of the Ąve parame-

ters. We Ąrst compute the full conditional of λ1 given all the other parameters. For this
computation, we only need to consider terms that depend on λ1, and all other terms can
be absorbed in the normalizing constant. For λ1 this gives

p(λ1, ♣λ2, λ3, λ4, γ,Y) ∝ f(Y1♣λ1)π(λ1♣γ). (3.14)

This is exactly the form of the posterior for the Poisson-gamma conjugacy pair studied in
Section 2.1, and so the full conditional of λ1 is Gamma(Y1 + 1, N + γ); the full conditionals
for the other λj are similar.

The terms in the likelihood f(Yi♣λi) do not depend on γ, and so the full conditional is

p(γ♣λ1, λ2, λ3, λ4,Y) ∝


4∏

i=1

π(λi♣γ)

]
π(γ). (3.15)

The Gamma(1, γ) prior is π(λi♣γ) = γ exp(−γλi). Therefore, the full conditional reduces to

p(γ♣λ1, λ2, λ3, λ4,Y) ∝


4∏

i=1

γ exp(−γλi)

]
γa−1 exp(−γb)

∝ γ4+a−1 exp


−γ
(

4∑

i=1

λi + b

]
,

and thus the update for γ is Gamma(4 + a,
∑4

i=1 λi + b). Note that the update does not
depend on the data, Y. However, the data are informative about γ indirectly because they
largely determine the posterior of the λj which in turn inĆuence the posterior of γ.

Listing 3.3 provides the code that generates the results in Figure 3.9. Convergence for
γ (left panel of Figure 3.9) is immediate (as it is for the λi, not shown), and so we do not
need a burn-in period, and all samples are used to summarize the posterior. The posterior
distribution from this analysis of all years (right panel of Figure 3.9) is actually quite similar
to the one-year-at-a-time analysis in Figure 2.2.

Constructing a blocked Gibbs sampler for a T. rex growth chart: [48] studies
growth charts for several tyrannosaurid dinosaur species, including the tyrannosaurus rex
(T. rex). There n = 6 T. rex observations with weights (kg) 29.9, 1761, 1807, 2984, 3230,
5040, and 5654 and corresponding ages (years) 2, 15, 14, 16, 18, 22, and 28, plotted in Figure
3.10 (top left). Non-linear models are likely more appropriate for growth curve data (Section
7.2.2), but we Ąt a linear model for illustration. We assume that Yi = β1 + xiβ2 + εi where
Yi is the weight of dinosaur i, xi is the age, β1 and β2 are the regression intercept and slope,

respectively, and εi
iid∼ Normal(0, σ2). We select uninformative priors βj

indep∼ Normal(0, τ)
and σ2 ∼ InvGamma(a, b) with τ = 10, 0002 and a = b = 0.1. Figure 3.10 (top right)
plots the posterior distribution of the three parameters θ = (β1, β2, σ). The error standard
deviation σ is not strongly dependent on the other parameters, but the regression coefficients
β = (β1, β2) have correlation Cor(β1, β2) = −0.91.

Gibbs sampling has trouble when parameters have strong posterior dependence. To
see this, consider the hypothetical example plotted in Figure 3.11. The two parameters
β = (β1, β2) follow a bivariate normal posterior with means equal to zero, variances equal

to one, and correlation equal −0.98. The initial values are β(0) = (0,−3). The Ąrst step is
to update β1 with β2 = −3. This corresponds to a draw along the bottom row of Figure
3.11, and so the sample is β1 ≈ 3. The next update is from the conditional distribution of
β2 given β1 ≈ 3. Since the two variables are negatively correlated, with β1 ≈ 3 we must
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Listing 3.3
Gibbs sampling for the NFL concussion data.

1 # Load data

2

3 Y <- c(171, 152, 123, 199)

4 n <- 4

5 N <- 256

6

7 # Create an empty matrix for the MCMC samples

8

9 S <- 25000

10 samples <- matrix(NA,S,5)

11 colnames(samples) <- c("lam1","lam2","lam2","lam4","gamma")

12

13 # Initial values

14

15 lambda <- log(Y/N)

16 gamma <- 1/mean(lambda)

17

18 # priors: lambda[i]|gamma ~ Gamma(1,gamma), gamma ~ InvG(a,b)

19

20 a <- 0.1

21 b <- 0.1

22

23 # Gibbs sampling

24

25 for(s in 1:S){

26 for(i in 1:n){

27 lambda[i] <- rgamma(1,Y[i]+1,N+gamma)

28 }

29 gamma <- rgamma(1,4+a,sum(lambda)+b)

30 samples[s,] <- c(lambda,gamma)

31 }

32

33 boxplot(samples[,1:4],outline=FALSE,

34 ylab=expression(lambda),names=2012:2015)

35 plot(samples[,5],type="l",xlab="Iteration",

36 ylab=expression(gamma))

37

38 # Posterior mean, median and credible interval

39 apply(samples,2,mean)

40 apply(samples,2,quantile,c(0.025,0.500,0.975))
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FIGURE 3.9
MCMC analysis of the NFL concussion data. The left panel plots the posterior
distribution of the concussion rate λi for each year, and the right panel is a trace plot of
the hyperparameter γ.

have β2 ≈ −3, and so β2 is only slightly changed from its initial value. These small updates
continue for the next four iterations, and β stays in the lower-right quadrant. This toy
example illustrates that with strong posterior dependence between parameters, the one-at-
a-time Gibbs sampler will slowly traverse the parameter space, leading to poor convergence.

One way to improve convergence is to update dependent parameters in blocks. Returning
to the T. rex example, since β1 and β2 are correlated with each other but not σ2 (Figure
3.10), we might set blocks θ1 = β and θ2 = σ2 and apply Algorithm 1 by alternating
between sampling from θ1♣θ2,Y and θ2♣θ1,Y. Since β is drawn from its joint posterior, it
will not get stuck in a corner as it might in one-at-a-time sampling, and thus convergence
is improved.

To derive the full conditional distributions of the blocks and MCMC code we use
matrix notation. Let the data vector be Y = (Y1, ..., Yn)T and X be an n × 2 covari-
ate matrix with the ith row equal to (1, xi). The linear regression model can be written
Y♣β, σ2 ∼ Normal(Xβ, σ2In). The full conditional distributions (derived in Appendix A.3
and discussed in Section 2.1.6) are

β♣σ2,Y ∼ Normal
(
P−1W,P−1

)

σ2♣β,Y ∼ InvGamma
(
n/2 + a, (Y − Xβ)T (Y − Xβ)/2 + b

)

where P = XT X/σ2 + I/τ and W = XT Y/σ2. Code to implement this model is given
in Listing 3.4. Figure 3.10 (bottom row) shows excellent convergence. If there were more
than one covariate, then X would have additional columns and β would have additional
elements, but the full conditionals and Gibbs sampling steps would be unchanged.
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FIGURE 3.10
Analysis of the T. rex growth chart. The data are plotted in the top left panel and
samples from the joint posterior of the three model parameters are plotted in the top right.
The second row gives trace plots of β1 and β2.
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Listing 3.4
Gibbs sampling for linear regression applied to the T-rex data.

1

2 library(mvtnorm)

3

4 # Load T-Rex data

5

6 mass <- c(29.9, 1761, 1807, 2984, 3230, 5040, 5654)

7 age <- c(2, 15, 14, 16, 18, 22, 28)

8 n <- length(age)

9 X <- cbind(1,age)

10 Y <- mass

11

12 # Create an empty matrix for the MCMC samples

13

14 S <- 10000

15 samples <- matrix(NA,S,3)

16 colnames(samples) <- c("Beta1","Beta2","Sigma")

17

18 # Initial values

19

20 beta <- lm(mass~age)$coef

21 sig2 <- var(lm(mass~age)$residuals)

22

23 # priors: beta ~ N(0,tau I_2), sigma^2 ~ InvG(a,b)

24

25 tau <- 10000^2

26 a <- 0.1

27 b <- 0.1

28

29 # Blocked Gibbs sampling

30

31 V <- diag(2)/tau

32 tXX <- t(X)%*%X

33 tXY <- t(X)%*%Y

34

35 for(s in 1:S){

36 P <- tXX/sig2 + V

37 W <- tXY/sig2

38 beta <- rmvnorm(1,solve(P)%*%W,solve(P))

39 beta <- as.vector(beta)

40

41 A <- n/2 + a

42 B <- sum((Y-X%*%beta)^2)/2 + b

43 sig2 <- 1/rgamma(1,A,B)

44

45 samples[s,]<-c(beta,sqrt(sig2))

46 }

47

48 pairs(samples)
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FIGURE 3.11
Gibbs sampling for correlated parameters. The background color represents the pos-
terior PDF (black is high, white is low) of a hypothetical bivariate posterior for β = (β1, β2),

and dots represent the starting value β(0) and Ąve hypothetical Gibbs sampling updates
β(1), ...,β(5).

3.2.1.2 Metropolis–Hastings (MH) sampling

Each step in Gibbs sampling requires taking a sample from the full conditional distribu-
tion of one parameter (or block of parameters) conditional on all other parameters. In the
examples in the previous section, all priors were conditionally conjugate, and so we were
able to show that the full conditionals were members of familiar families of distributions,
and therefore sampling was straightforward. However, it is not always possible to specify a
conditionally conjugate prior.

For example, returning to the NFL concussion data (Figure 3.12), suppose we select the
model

Yi♣β ∼ Poisson[N exp(β1 + β2i)] (3.16)

for year i = 1, ..., 4 so that the log concussion rate changes linearly in time. The likelihood
is then

f(Y♣β) ∝
4∏

i=1

exp[−N exp(β1 + β2i)] exp[Yi(β1 + β2i)]. (3.17)

The parameters appear in the exponential within another exponential, and there is no well-
known family of distributions for β with this feature. Therefore, the posterior will not belong
to a known distribution, and it is not clear how to directly sample from the posterior.

MH sampling [74] replaces draws from the exact full conditional distribution with a draw
from a proposal/candidate distribution followed by an accept/reject step. That is, the Gibbs

update of β1 is a simple sample β
(s)
1 ♣β(s−1)

2 ,Y, whereas an MH makes a candidate draw

β∗
1 ∼ q(β1♣β(s−1)

1 ) that is conditioned on the current value of β1 (and potentially β2 and/or
Y). Of course, the candidate cannot be blindly accepted because the candidate distribution
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FIGURE 3.12
Poisson regression for the NFL concussion data. The Ąrst panel plots the posterior
distribution of the mean values N exp(β1 + β2i) for each year (boxplots) and the observed
number of concussions, Yi (points); the remaining three panels are trace plots of the regres-
sion coefficients β1 and β2.



88 Bayesian Statistical Methods

may not be related to the posterior distribution. To correct for this, the candidate is accepted
with probability min¶1, R♢ where R is the ratio

R =
p(β∗

1 ♣β2,Y)

p(β
(s−1)
1 ♣β2,Y)

q(β
(s−1)
1 ♣β∗

1)

q(β∗
1 ♣β(s−1)

1 )
. (3.18)

Equivalently, the accept/reject step generates U ∼ Uniform(0, 1) and accepts the candidate
if U < R. Listing 2 formally describes the MH sampler, which can be justiĄed by following
the steps outlined in Appendix A.3 for Gibbs sampling.

Algorithm 2 MetropolisŰHastings Sampling

1: Initialize θ(0) = (θ
(0)
1 , ..., θ

(0)
p )

2: for s = 1, ..., S do
3: for j = 1, ..., p do

4: sample θ∗
j ∼ qj(θj ♣θ(s−1)

j )

5: set θ∗ =
(
θ

(s)
1 , ..., θ

(s)
j−1, θ

∗
j , θ

(s−1)
j+1 , ..., θ

(s−1)
p

)

6: set R =
f(Y♣θ∗

)π(θ
∗
)

f
(
Y♣θ(s−1)

)
π
(
θ(s−1)

) · qj

(
θ

(s−1)
j

♣θ∗
j

)

qj

(
θ∗

j
♣θ(s−1)

j

)

7: sample U ∼ Uniform(0, 1)
8: if U < R then
9: set θ

(s)
j = θ∗

j

10: else
11: set θ

(s)
j = θ

(s−1)
j

12: end if
13: end for
14: end for

The acceptance ratio R depends on the ratio of the posteriors of the candidate and cur-
rent values. For updating parameter θj , terms in the likelihood or prior that do not include
θj cancel and can thus be ignored. Crucially, this includes the often intractable normaliz-
ing constant m(Y). Other terms can cancel as well; for example, the entire likelihood for
the example in Listing 3.3 did not depend on one parameter (γ) and would cancel in the
posterior ratio for this parameter.

The MH sampler can be applied more generally than Gibbs sampling, but at the cost of
having to select and tune a candidate distribution for each parameter (or block of parame-
ters). A common choice is a random-walk Gaussian candidate distribution

θ∗
j ♣θ(s−1)

j ∼ Normal(θ
(s−1)
j , c2

j ) (3.19)

where cj is the candidate standard deviation. This is called a random-walk proposal distri-
bution because it simply adds Gaussian jitter to the current state of the chain. A Gaussian
candidate distribution can be used for any continuous parameter, even for those without
a Gaussian prior; however, this is not always ideal. For example, a Gaussian candidate for
a variance parameter may propose negative values which will automatically be discarded
because the prior density and thus acceptance probability will be zero. Alternatively, a pa-
rameter with bounded support (e.g., σ > 0) can be transformed to have support over the
whole real line (θ = log(σ)), and a Gaussian can be used in this transformed space. A Gaus-
sian candidate is not appropriate for a discrete parameter, however, because a Gaussian
draw would almost surely not be in the support of the discrete parameterŠs prior.
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The standard deviation of the candidate distribution, cj , is a tuning parameter. A rule
of thumb is to tune the algorithm so that it accepts 30-50% of the candidates. It is hard to
know which value of cj will lead to this acceptance rate before starting the sampling, and
so it is common to adapt cj based on batches of samples during the burn-in. For example, if
less than 30% of the last 100 candidates were accepted, then you might decrease cj by 20%,
and if more than 50% of the last 100 candidates were accepted then you might increase cj

by 20%. However, once the burn-in has completed, you must Ąx the candidate distribution
unless you consider more advanced methods (Appendix A.4).

Two beneĄts of the random-walk candidate distribution are that it does not require
knowledge about the form of the posterior, and that the acceptance ratio simpliĄes. If the
candidate PDF q is Gaussian,

q(θ
(s−1)
j ♣θ∗

j ) = qj(θ∗
j ♣θ(s−1)

j ) =
1√

2πcj

exp

(
−

(θ
(s−1)
j − θ∗

j )2

2c2
j


, (3.20)

the ratio of candidate distributions in the MH acceptance probabilities cancels. This is
called a symmetric candidate distribution. The MH algorithm reduces to the Metropolis
algorithm [104] in Algorithm 3 if the candidate distribution is symmetric.

Algorithm 3 Metropolis Sampling

1: Initialize θ(0) = (θ
(0)
1 , ..., θ

(0)
p )

2: for s = 1, ..., S do
3: for j = 1, ..., p do

4: sample θ∗
j ∼ qj(θj ♣θ(s−1)

j ) for symmetric qj

5: set θ∗ =
(
θ

(s)
1 , ..., θ

(s)
j−1, θ

∗
j , θ

(s−1)
j+1 , ..., θ

(s−1)
p

)

6: set R =
f(Y♣θ∗

)π(θ
∗
)

f
(
Y♣θ(s−1)

)
π
(
θ(s−1)

)

7: sample U ∼ Uniform(0, 1)
8: if U < R then
9: set θ

(s)
j = θ∗

j

10: else
11: set θ

(s)
j = θ

(s−1)
j

12: end if
13: end for
14: end for

Listing 3.5 gives R code for the Poisson regression model of NFL concussions. The Gaus-
sian candidate distributions were set to have standard deviation 0.1. Since the parameters
appear in the exponential function in the mean count, adding normal jitter with standard
deviation 0.1 is similar to a 10% change in the mean counts, which leads to acceptance
probability of 0.42 for β1 and 0.18 for β2. Further tuning might reduce the candidate stan-
dard deviation for β2 to increase the acceptance probability, but the trace plots in Figure
3.12 show good convergence. The top right panel of Figure 3.12 zooms in on the Ąrst few
samples of the Metropolis algorithm and shows how β2 stays constant for several iterations
before jumping to a new value when a candidate is accepted.

For the accept/reject step in Lines 40Ű41 of Listing 3.5 it is important to perform
computation on the log scale. For larger datasets, the ratio of posteriors is numerically
unstable because a small value in the denominator can cause the ratio to be numerically
inĄnite. Therefore, the ratio is replaced by the difference of the log scale. The original
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Listing 3.5
Metropolis sampling for the NFL concussion data.

1 # Load data

2

3 Y <- c(171, 152, 123, 199)

4 t <- 1:4

5 n <- 4

6 N <- 256

7

8 # Create an empty matrix for the MCMC samples

9

10 S <- 25000

11 samples <- matrix(NA,S,2)

12 colnames(samples) <- c("beta1","beta2")

13 fitted <- matrix(NA,S,4)

14

15 # Initial values

16

17 beta <- c(log(mean(Y/N)),0)

18

19 # priors: beta[j] ~ N(0,tau^2)

20

21 tau <- 10

22

23 # Prep for Metropolis sampling

24

25 log_post <- function(Y,N,t,beta,tau){

26 mn <- N*exp(beta[1]+beta[2]*t)

27 like <- sum(dpois(Y,mn,log=TRUE))

28 prior <- sum(dnorm(beta,0,tau,log=TRUE))

29 post <- like + prior

30 return(post)}

31

32 can_sd <- rep(0.1,2)

33

34 # Metropolis sampling

35

36 for(s in 1:S){

37 for(j in 1:2){

38 can <- beta

39 can[j] <- rnorm(1,beta[j],can_sd[j])

40 logR <- log_post(Y,N,t,can,tau)-log_post(Y,N,t,beta,tau)

41 if(log(runif(1))<logR){

42 beta <- can

43 }

44 }

45 samples[s,] <- beta

46 fitted[s,] <- N*exp(beta[1]+beta[2]*t)

47 }

48

49 boxplot(fitted,outline=FALSE,ylim=range(Y),

50 xlab="Year",ylab="Fitted values",names=2012:2015)

51 points(Y,pch=19)
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rejection step is to reject if U < f(θ∗♣Y)/f(θ(s−1)♣Y). Taking the log of each side gives the

equivalent inequality log(U) < log[f(θ∗♣Y)] − log[f(θ(s−1)♣Y)].
Random-walk Gaussian distributions can also be used for block updates. As with Gibbs,

updating dependent parameters simultaneously can improve convergence. Say the p param-
eters are partitioned into q blocks, θ = (θ1, ...,θq), and the candidate distribution for block

j is θ∗
j ∼ Normal(θ(s−1), cjVj). As before, the scalar cj must be tuned to give a reasonable

acceptance probability. The matrix Vj must also be tuned, which is difficult because it
involves the variance of each parameter and the correlation between each pair of parame-
ters, and all of these elements contribute to the single acceptance probability. A reasonable
choice is to set Vj to the posterior covariance of θj , but unfortunately this is unknown. A
common remedy is to use a short burn-in period and set Vj to the sample covariance of the
burn-in samples, and then tune the scalar cj to give reasonable acceptance. The proposal
distribution can also be adapted based on prior MCMC samples (Appendix A.4)

A drawback of the random walk candidate distribution is that it may be suboptimal
if it does not closely approximate the posterior. Using additional information can im-
prove convergence. For example, a Bayesian CLT (Section 3.1.3) approximation θ♣Y ≈
Normal(θ̂MAP , Σ̂MAP ) could be used to tune the sampler to match the candidate to the
posterior. Taking this to the extreme, if we can tune the candidate to be exactly the full
conditional distribution, then the candidate distribution is proportional to the posterior,

q(θ∗
j ♣θ(s−1)

j ) ∝ f(Y♣θ∗)π(θ∗), and the ratio in Line 6 of Algorithm 2 reduces to 1. This
algorithm then cycles through the parameters, samples each from their full conditional dis-
tribution, and keeps all draws. This is the Gibbs sampling algorithm in Algorithm 1! This
shows that Gibbs sampling is a special case of MH with careful selection of the candi-
date distributions. It also opens the door for mixing Gibbs and MH updates in the same
algorithm because the algorithm can be framed as an MH sampler with some well-tuned
candidates that lead to Gibbs steps.

Metropolis-within-Gibbs example: To illustrate this Metropolis-within-Gibbs sam-
pling algorithm, we use logistic regression, which is an extension of linear regression for
binary data. For binary data, E(Yi) = Prob(Yi = 1), and thus we cannot directly model
the mean as a linear combination of the covariates Xi = (1, Xi2..., Xip) because this linear
combination might not be between zero and one. The linear regression model is thus mod-
iĄed to Yi♣β ∼ Bernoulli(pi), where pi = 1/[1 + exp(−ηi)] for ηi = β1 +

∑p
j=2 βjXij , which

ensures that the mean response is between zero and one. We select an uninformative prior
for the intercept β1 ∼ Normal(0, 102), and for the slopes with j = 2, ..., p the prior is

βj ♣σ2 ∼ Normal(0, σ2) and σ2 ∼ InvGamma(a, b). (3.21)

The regression coefficients βj appear in the likelihood inside a non-linear function, and
so their normal prior is not conditionally conjugate. However, the prior variance σ2 has
conditionally conjugate inverse gamma prior and thus inverse gamma full conditional dis-
tribution. Therefore a Metropolis-within-Gibbs algorithm cycles through the βj and updates
them using Metropolis steps with a Gaussian candidate distribution, and applies a Gibbs
step to sample σ2 from its inverse gamma full conditional distribution.

This model has p+ 1 parameters, and the algorithm has different types of updates and
p tuning parameters. Due to its complexity, it should be interrogated before being used
for a real data analysis. A common method for validating code is a simulation study. In a
simulation study, we Ąx the values of the parameters and generate data using these values.
The synthetic data are then analyzed, and the posterior distributions are compared with
the true values. Unlike a real data analysis, since the true values are known, we can verify
that the algorithm is able to recover the true values.
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FIGURE 3.13
Logistic regression analysis of simulated data. The boxplots are the posterior distri-
bution of the βj , and the points are the true values used to simulate the data.

Listing 3.6 provides code to simulate the data, carry out the Metropolis-within-Gibbs
algorithm, and summarize the results. The results are plotted in Figure 3.13. The true values
of βj used to generate the data are included by the posterior distribution for all but one or
two coefficients, as expected. Therefore, it seems the algorithm is working well.

3.2.2 Approximate Bayesian Computing (ABC)

Metropolis-Hastings sampling is an incredibly versatile algorithm that can be applied to
any statistical model where the PDF/PMF of the likelihood and prior can be computed.
This covers the vast majority of, but not all, applications. As a counterexample, if the
data are assumed to arise as the solution to a stochastic differential equation such as a
population-dynamics model, then the likelihood may be too complicated to evaluate, leading
to an intractable likelihood. Approximate Bayesian Computing (ABC; [100]) Ąlls this gap.
ABC requires only the ability to generate random draws from the model and not that the
likelihood function can be evaluated.

As with MCMC, ABC produces S Monte Carlo draws θ(1), ...,θ(S) that can be used to
approximate the posterior exactly the same way as MCMC; that is, the sample mean of the
S ABC samples approximates the posterior mean, etc. Unlike a Markov chain, for ABC the
S samples are independent and identically distributed.

We consider only the most basic version of ABC and refer interested readers to the review
of [100] for extensions including combining ABC with MCMC. As sketched in Algorithm
4, ABC begins by sampling from the prior distribution, θ∗ ∼ π(θ), and then generating a
simulated dataset Y∗ given the parameters θ∗, Y∗♣θ∗ ∼ f(Y♣θ∗). The simulated dataset
should be the same size and design as the original dataset; e.g., in regression the observed
covariate values should be used to simulate data, so that observation i in the simulated data
corresponds to observation i in the real data. The simulated dataset is then compared to
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Listing 3.6
Metropolis-within-Gibbs sampling for simulated logistic regression data.

1 # Simulate data

2 n <- 100

3 p <- 20

4 X <- cbind(1,matrix(rnorm(n*(p-1)),n,p-1))

5 beta_true <- rnorm(p,0,.5)

6 prob <- 1/(1+exp(-X%*%beta_true))

7 Y <- rbinom(n,1,prob)

8

9 # Function to compute the log posterior

10 log_post_beta <- function(Y,X,beta,sigma){

11 prob <- 1/(1+exp(-X%*%beta))

12 like <- sum(dbinom(Y,1,prob,log=TRUE))

13 prior <- dnorm(beta[1],0,10,log=TRUE) + # Intercept

14 sum(dnorm(beta[-1],0,sigma,log=TRUE)) # Slopes

15 return(like+prior)}

16

17 # Create empty matrix for the MCMC samples

18 S <- 10000

19 samples <- matrix(NA,S,p+1)

20

21 # Initial values and priors

22 beta <- rep(0,p)

23 sigma <- 1

24 a <- 0.1

25 b <- 0.1

26 can_sd <- 0.1

27

28 for(s in 1:S){

29

30 # Metropolis for beta

31 for(j in 1:p){

32 can <- beta

33 can[j] <- rnorm(1,beta[j],can_sd)

34 logR <- log_post_beta(Y,X,can,sigma)-

35 log_post_beta(Y,X,beta,sigma)

36 if(log(runif(1))<logR){

37 beta <- can

38 }

39 }

40

41 # Gibbs for sigma

42 sigma <- 1/sqrt(rgamma(1,(p-1)/2+a,sum(beta[-1]^2)/2+b))

43

44 samples[s,] <- c(beta,sigma)

45

46 }

47

48 boxplot(samples[,1:p],outline=FALSE,

49 xlab="Index, j",ylab=expression(beta[j]))

50 points(beta_true,pch=19,cex=1.25)
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the actual dataset using a discrepancy measure

d∗ = D(Y,Y∗).

If d∗ is less than the threshold δ, then θ∗ is retained as a posterior sample; if not, then θ∗

is discarded. This process is repeated until S samples have been collected. The intuition is
that parameters that lead to data similar to the observations are more likely to be the true
value, which is similar to the intuition behind maximum likelihood estimation.

The choice of discrepancy measure and threshold are critical to the accuracy of the al-
gorithm. If samples θ∗ are retained if and only if Y∗ = Y, then the algorithm produces S
draws from the actual posterior without approximation. However, if the response is contin-
uous or n is large, then we cannot expect Y∗ to be exactly equal to Y (actually, all that is
required is that the sufficient statistics of Y∗ match those of Y, but this does not resolve
the problem). To sample from an approximate posterior distribution, we can retain samples
for which Y∗ ̸= Y but are similar as measured by the discrepancy function D. One option
is the mean squared differences, D(Y,Y∗) =

∑n
i=1(Yi − Y ∗

i )2/n. However, for large n it
is unlikely that Y∗ will be similar to Y for all n observations, and a discrepancy measure
more targeted at the parameters is more efficient. For example, if the parameters control
the mean and standard deviation of the response distribution, then the

D(Y,Y∗) = (Ȳ − Ȳ ∗)2 + w(s− s∗)2

targets these parameters, for sample means Ȳ and Ȳ ∗, sample standard deviations s and s∗,
and weight w chosen to reĆect the relative scale and importance of the two parameters. In
general, the discrepancy measure should include sufficient information to identify all model
parameters. This requires some creativity and may be difficult if there are many parameters,
which is a limitation of the method.

Listing 3.7 provides a worked example of ABC for simulated data. The n = 100 ob-
servations are simulated from the logistic regression model with Yi♣β ∼ Bernoulli(pi) with

pi = 1/[1 + exp(−ηi)] for ηi = β1 + β2Xi. The priors are β1, β2
iid∼ Normal(0, 1). Of course,

Metropolis-Hastings sampling could be applied for this model as above, but notice how
in the likelihood function and prior distribution need not be computed during ABC. The
true values used to generate the data are β = (2,−1) and Xi ∼ Normal(0, 1). Since this
model tracks the probability that Yi = 1 as a function of Xi, one possibility for D is to
bin the observations by Xi and compute the sample proportion of Yi in each bin. SpeciĄ-
cally, we create L = 4 bins formed by equally-spaced quantiles of Xi, denoted q1, ..., qL+1.
The sample proportion for bin l, Ȳl, is the sample mean of Yi over observations with
ql ≤ Xi < ql+1. The discrepancy measure is then the mean squared error between the bin
probabilities,

D(Y,Y∗) =
L∑

l=1

(Ȳl − Ȳ ∗
l )2/L.

Figure 3.14 (left) plots the mean of D(Y,Y∗) by β∗. The discrepancy is clearly lower
in areas around the true value of β, and thus draws with β∗ near the truth are more likely
to be retained. Figure 3.14 also plots the 95% credible sets as a function of the threshold,
δ. Smaller values of δ provide a better approximation to the posterior distribution, but the
proportion of sample retained drops to 0.02 for the smallest threshold of δ = 0.01.
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Algorithm 4 Approximate Bayesian Computing (ABC)

1: initialize s = 0
2: while s < S do
3: sample parameters from prior θ∗ ∼ π(θ)
4: sample data from likelihood Y∗♣θ∗ ∼ f(y♣θ∗)
5: compute the discrepancy measure d∗ = D(Y∗,Y)
6: if d∗ < δ then
7: set s = s+ 1
8: set θ(s) = θ∗

9: end if
10: end while

FIGURE 3.14
Illustration of ABC. The mean discrepancy D as a function of the simulated logistic
regression parameters β∗ (left), and the approximate posterior 90% credible intervals for
β1 and β2 as a function of the threshold δ; the true value of β = (2,−1) is represented by
the point in the left panel.



96 Bayesian Statistical Methods

Listing 3.7
ABC for logistic regression.

1 # Define the discrepancy measure

2 D <- function(X,Y_obs,Y_sim,q){

3 L <- length(q)-1

4 d <- 0

5 for(l in 1:L){

6 d <- d + (mean(Y_sim[X>=q[l] & X<q[l+1]]) -

7 mean(Y_obs[X>=q[l] & X<q[l+1]]))^2

8 }

9 d/L}

10

11 # Compute discrepancy

12 deviation

13 S <- 1000000 # Number of draws from the prior

14 b_sim <- matrix(rnorm(S*2),S,2) # Draw from prior

15 d <- rep(0,S)

16 q <- quantile(X,c(0.00,0.25,0.50,0.75,1.00))

17

18 for(s in 1:S){

19 set.seed(s)

20 eta <- b_sim[s,1]+b_sim[s,2]*X

21 p <- 1/(1+exp(-eta))

22 Y_sim <- rbinom(n,1,p)

23 d[s] <- D(X,Y,Y_sim,q)

24 }

25

26 # Plot d as a function of beta

27 quilt.plot(b_sim[,1],b_sim[,2],d,

28 xlab=expression(beta[1]),ylab=expression(beta[2]))

29

30 # Compute posterior approximation by delta

31 m <- 20

32 delta <- seq(0.01,0.10,length=m)

33 qb1 <- qb2 <- matrix(0,m,3)

34 for(i in 1:m){

35 qb1[i,] <- quantile(b_sim[d<delta[i],1],c(0.05,0.50,0.95))

36 qb2[i,] <- quantile(b_sim[d<delta[i],2],c(0.05,0.50,0.95))

37 }

38 matplot(delta,qb1,type="l",lty=c(2,1,2),col=1,lwd=2,

39 xlab=expression(delta),ylab=expression(beta[1]))

40 matplot(delta,qb2,type="l",lty=c(2,1,2),col=1,lwd=2,

41 xlab=expression(delta),ylab=expression(beta[2]))
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3.2.3 Simulation-based inference

Simulation-based inference (SBI; [37]) is closely related to ABC and also useful in settings
where the posterior is challenging to evaluate but sampling is straightforward. As with ABC,
SBI begins by sampling from the prior and then the data-generating process,

θ(s) ∼ π(θ) and Y(s)♣θ(s) ∼ f(Y♣θ(s))

for s ∈ ¶1, ..., S♢. SBI departs from ABC because rather than retaining a subset of the

samples θ(s) to approximate posterior, SBI uses all S samples and machine learning to
build an approximation to the posterior p(θ♣Y).

By construction, (θ(s),Y(s)) are samples from the joint distribution of the parameters

and the data. These samples can thus be used to build a statistical model to regress θ(s)

onto Y(s) to approximate the posterior, p(θ♣Y). For a univariate analysis with p = 1, a very
crude approximation is the linear regression

θ(s)♣Y(s) ∼ Normal

(
b0 +

n∑

i=1

Y
(s)

i bj , τ
2


.

With this (unrealistic) assumption, the S training samples are used to estimate b =

(b0, ..., bn) and τ2 using least squares, giving estimates b̂ and τ̂2, and then for the real

dataset, Y, the posterior is approximated as θ♣Y ∼ Normal
(
b̂0 +

∑n
i=1 Yib̂j , τ̂

2
)

. Note the

role reversal in this regression with the observed outcomes Yi used as predictors; this il-
lustrates that Bayesian parameter inference is an inverse problem rather than the usual
forward prediction problem.

As a toy example, consider Figure 3.15 that illustrates SBI for the model Y ♣θ ∼
Normal(θ, 1) with prior θ ∼ Normal(0, 1). As derived in Section 2.1, the exact posterior
is θ♣Y ∼ Normal(Y/2, 1/2). Figure 3.15 (left) plots S = 1, 000 samples from the joint den-
sity of (θ, Y ). To learn the posterior distribution without mathematical derivation, we Ąt the
simple linear regression model θ♣Y ∼ Normal

(
b0 + Y b1, τ

2
)

to these S samples. The least

squares analysis gives b̂0 = −0.045, b̂1 = 0.495 and τ̂2 = 0.488. Figure 3.15 (right) shows
that SBI provides a close approximation to the true posterior. This approximation is close
largely because it relies on the knowledge that the true posterior is Gaussian and linear in
the observations, which are both dubious assumptions in non-trivial problems. Therefore, in
practice, more Ćexible statistical modeling of the posterior and a larger number of samples
are required.

This approach is appealing to statisticians because it replaces advanced computing with
advanced statistical modeling, facilitated by an effectively unlimited number of samples, S.
Given this large dataset and presumed complex non-linear and non-Gaussian relationship
between the data and the parameters, machine learning, in particular deep learning (see
Section 8.3.4), is typically used to build a model to approximate the posterior rather than
the linear regression above. As in ABC or any statistical model-building exercise, summary
statistics can replace the full dataset in the approximate posterior and distributions other
than the prior can be used to generate the samples (although this must be accounted for
later in the analysis).

SBI is an example of amortized inference. That is, while it takes substantial effort to
simulate the S samples and build a model relating the parameters and data, once this is
completed, inference for a given dataset is immediate. This holds for any dataset gener-
ated from the model, not just the dataset that motivated the initial analysis, so the same
approximation could be used by any potential user. Thus, by learning the map from the
data to the posterior, future users could bypass the challenging computational steps and
immediately obtain approximate inference.
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FIGURE 3.15
Illustration of SBI. Samples from the joint distribution of (θ, Y ) (left) and the true (thick)
and approximate (thin) posterior distributions for three values of Y (right).

3.2.4 Sequential Monte Carlo (SMC) sampling

As with MCMC, ABC and SBI, Sequential Monte Carlo (SMC) sampling (also called par-
ticle Ąltering) approximates the posterior distribution using Monte Carlo sampling. SMC
resembles ABC in that samples are made from an initial distribution, often the prior dis-
tribution, and evaluated based on their Ąt to the data. However, SMC differs from ABC
in two important ways: the exact, not approximate, likelihood is used, and samples are
weighted rather than accepted or rejected. Although SMC can be used to analyze a single
static dataset, its name derives from the fact that it is conducive to a sequential analysis of
streaming data; e.g., each day a new batch of data is collected, and the Bayesian analysis
is updated based on this new information.

As with ABC, we present only the simplest version here; we refer to the rich literature
on SMC (e.g., [45]) for more advanced algorithms that include targeted initial particle
sampling and replacing errant particles. A simple SMC algorithm begins by drawing S
samples/particles from the prior distribution

θ(1), ...,θ(S) iid∼ π.

The particles are then assigned weights based on the likelihood function, u(s) = f(Y♣θ(s)),
and normalized to sum to one as

w(s) =
u(s)

∑S
t=1 u

(t)
.

Posterior quantities are then computed using weighted averages, e.g., E(θj ♣Y) ≈∑S
s=1 w

(s)θ
(s)
j and

Prob(θj > 0♣Y) ≈
S∑

s=1

w(s)I(θ
(s)
j > 0),
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i.e., the sum of the weights for particles with θ
(s)
j > 0. Note that particles that do not Ąt the

data well will have weight w(s) ≈ 0 and thus be ŞĄltered outŤ of the approximate posterior.
Therefore, this algorithm will be inefficient if the prior (or another initial distribution) is
too diffuse and most particles are Ąltered out.

The algorithm above approximates the posterior distribution using the entire dataset.
However, say the data arrive sequentially and are assumed to be independent over time.
Then the unnormalized weights after observing n observations are

u(s)
n =

n∏

i=1

f(Yi♣θ(s)).

When an additional observation arrives, the weights are updated as

u
(s)
n+1 = f(Yn+1♣θ(s))u(s)

n

and the normalized weights are w
(s)
n+1 = u

(s)
n+1/

∑S
t=1 u

(t)
n+1. Compared to reanalyzing the

data at each time step, this saves time and storage because we do not need to recompute
the likelihood for, or even store, the data from the Ąrst n observations to obtain the current
particle weights.

To see why this gives a valid posterior approximation, consider a discrete parameter
with support θ ∈ ¶θ1, ...,θK♢. The true posterior probability that θ = θk is

Prob(θ = θk♣Y) =
f(Y♣θk)π(θk)

∑K
l=1 f(Y♣θl)π(θl)

.

The SMC approximation is

Prob(θ = θk♣Y) ≈
S∑

s=1

wsI(θ(s) = θk) =

∑S
s=1 f(Y♣θ(s))I(θ(s) = θk)

∑S
s=1 f(Y♣θ(s))

.

Denoting pk as the proportion of the S terms with θ(s) = θk and collecting terms gives

Prob(θ = θk♣Y) ≈ f(Y♣θk)pk∑K
l=1 f(Y♣θl)pl

.

As the sample size S increases, pk converges to π(θk), and the approximate posterior prob-
ability converges to true probability. This argument extends to continuous parameters by
evaluating the probability that θ is in a small region.

SMC typically considers a large number of particles, S, but this only provided a good
approximation if many of the particles are supported by the posterior. For example, if
S = 10000 but only two of the weights are non-zero, then the effective sample size for the
posterior is two, not S. This intuition is formalized using the effective sample size statistic,

ESS =
(
∑S

s=1 ws)2

∑S
s=1 w

2
s

.

The ESS is between 1 and S; in the best case the particles are weighted equally, ws = w
for all s, and ESS = S; in the worst case ws = 1 for one s and ws = 0 for all other s, and
ESS = 1. Typically, S is increased until ESS is sufficiently large, say ESS = 1000.

Listing 3.8 and Figure 3.16 illustrate SMC for the beta-binomial model Y ♣θ ∼
Binomial(n, θ) and θ ∼ Beta(a, b) with Y = 10, n = 40 and a, b = 1. First, the poste-
rior is approximated using MCMC sampling (in this case just independent samples from
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FIGURE 3.16
Illustration of SMC versus MCMC. S = 50 equally-weighted samples from MCMC
(left) and weighted samples from SMC (right) for a beta-binomial model.

the beta posterior). This produces S samples that are all in the area with high posterior
mass and are weighted equally, ws = 1/S, when approximating the posterior mean. The
SMC samples, in contrast, are uniformly distributed across the parameter space following
the uniform prior and weighted highly for samples with high likelihood. Because many par-
ticles have low weight, the effective sample size of the S = 50 particles is only ESS = 9.7;
thus additional particles would be needed to provide a precise approximation.

Algorithm 5 Sequential Monte Carlo sampling

1: Sample particles from the prior, θ(s) iid∼ π(θ)

2: Compute weights us =
∏n

i=1 f(yi♣θ(s)) and ws = us/(
∑S

t=1 ut)

3: Approximate E¶g(θ♣Y)♢ ≈ ∑S
s=1 wsg(θ(s)).

3.3 MCMC software options in R

Writing MCMC code step-by-step is great practice and the only way to truly understand
the algorithms, and tailoring the code to a speciĄc model can improve speed and stability
for complex models. However, coding basic MCMC samplers becomes repetitive. For Gibbs
sampling, you must derive and encode the full conditional distribution of each parameter,
but there are only a few dozen known conjugacy pairs (e.g., Appendix A.2), and so writing a
Gibbs sampler is simply a matter of looking up the correct full conditional distribution and
entering this into R. If the parameterŠs full conditional distribution does not appear in the
table of conjugacy pairs, you might use a Metropolis update with Gaussian random walk
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Listing 3.8
MCMC versus SMC sampling for a beta-binomial model.

1 Y <- 10; n <- 40 # Data

2 a <- b <- 1 # Prior

3 t <- seq(0,1,length=1000) # Posterior

4 p <- dbinom(Y,n,t)*dbeta(t,a,b)

5 (Y+a)/(n+a+b) # True post mean

6 [1] 0.2619048

7

8 # MCMC

9 set.seed(919)

10 S <- 50 # Number of MC samples

11 theta <- rbeta(S,Y+a,n-Y+b)

12 w <- rep(1/S,S)

13

14 plot(t,p,type="l",xlab=expression(theta),ylab="Posterior")

15 points(theta,rep(0,S),cex=.6,pch=19)

16 lines(theta,w,type="h")

17 legend("topright",c(expression(theta^{(s)}),expression(w^{(s)})),

18 pch=c(19,NA),lty=c(NA,1),bty="n")

19

20 mean(theta) # Approximate E(theta|Y)

21 [1] 0.2634136

22

23 # SMC

24 set.seed(919)

25 theta <- rbeta(S,a,b) # Sample from prior

26 u <- dbinom(Y,n,theta) # Weight by likelihood

27 w <- u/sum(u)

28

29 plot(t,p,type="l",xlab=expression(theta),ylab="Posterior")

30 points(theta,rep(0,S),cex=.6,pch=19)

31 lines(theta,w,type="h")

32 legend("topright",c(expression(theta^{(s)}),expression(w^{(s)})),

33 pch=c(19,NA),lty=c(NA,1),bty="n")

34

35 sum(w*theta) # Approximate E(theta|Y)

36 [1] 0.2355692

37 ESS <- (sum(w)^2)/sum(w^2)

38 ESS

39 [1] 9.706214
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candidate distribution. Each Metropolis update consists of a Gaussian proposal followed by
computing the acceptance ratio, which requires only tuning the candidate standard devia-
tion and inserting the speciĄc likelihood and prior chosen for the model into the acceptance
ratio. But the tuning step is not model speciĄc, and most models are built using only a few
dozen distributions for the likelihood and prior (Appendix A.1), and so writing MH code
becomes simply a matter of coding the correct distributions.

Fortunately, this process has been automated! There are several general-purpose MCMC
packages that can be called from R, including Just Another Gibbs Sampler (JAGS), OpenBUGS

([148]), STAN ([28]), and NIMBLE ([42]), as well as libraries in python including pymc ([121])
and the SAS procedure PROC MCMC ([31]). These packages are not speciĄc to a single model;
rather they take a script specifying the likelihood and prior as input and use this information
to construct an MCMC sampler for the speciĄed model. The formats of these packages are
similar, and so with a solid understanding of MCMC sampling to interpret the results,
switching from one to another is fairly straightforward.

For the remainder of the book we will use JAGS to carry out MCMC sampling. Compared
to other packages, JAGS is relatively easy to code and sufficiently fast for the size and
complexity of models considered here. JAGS is a very general package that can be used to Ąt
all the models discussed in this book and many more. Of course, for a speciĄc application
there may be more focused and thus more efficient code. For example, the BLR package in R

surely performs better than JAGS for Bayesian linear regression. However, to avoid having
to learn dozens of packages for different models we simply use JAGS throughout.

JAGS must Ąrst be downloaded from http://mcmc-jags.sourceforge.net/, and in-
stalled on your computer. The R package rjags must be downloaded and installed to com-
municate with JAGS from R. An MCMC analysis using JAGS has Ąve steps:

(1) Specify the model as a character string in R;

(2) Upload the data, and compile the model using the function jags.model;

(3) Perform burn-in sampling using the function update;

(4) Generate posterior samples using the function coda.samples;

(5) Summarize the results using the functions summarize and plot.

Listing 3.9 contains the R code for simple linear regression applied to the T. rex growth
chart data, and the output of the plot command in the last line is given in Figure 3.17. A
few notes on this code:

• All of this code is run in R. You must install JAGS on your computer, but you never have
to open JAGS because the rjags library passes data and results back and forth between
R and JAGS.

• The model speciĄcation format resembles R code, but not all R commands are applicable in
JAGS, and some commands with the same syntax have different properties. For example,
dnorm in JAGS speciĄes the normal distribution via its mean and precision (inverse vari-
ance) unlike the R command by the same name that uses mean and standard deviation.
For a list of JAGS commands and their meaning see the user manual in [123].

• The symbol Ş∼Ť indicates that a variable follows the distribution given to the right of the
symbol, and deterministic operations are denoted by the left arrowŞ<-Ť.

• In the model deĄnition, the prior is placed on the precision tau, but each sample is
converted to the standard deviation sigma <- 1/sqrt(tau), and samples of sigma are

returned. That is, this line tells JAGS to compute σ(s) = 1/
√
τ (s) at each iteration and

return the samples σ(s).

http://mcmc-jags.sourceforge.net/
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Listing 3.9
JAGS code for linear regression applied to the T-rex data.

1 library(rjags)

2 # Load T-Rex data

3 mass <- c(29.9, 1761, 1807, 2984, 3230, 5040, 5654)

4 age <- c(2, 15, 14, 16, 18, 22, 28)

5 n <- length(age)

6 data <- list(mass=mass,age=age,n=n)

7

8 # (1) Define the model as a string

9 model_string <- textConnection("model{

10 # Likelihood (dnorm uses a precision, not variance)

11 for(i in 1:n){

12 mass[i] ~ dnorm(beta1 + beta2*age[i],tau)

13 }

14 # Priors

15 tau ~ dgamma(0.1, 0.1)

16 sigma <- 1/sqrt(tau)

17 beta1 ~ dnorm(0, 0.001)

18 beta2 ~ dnorm(0, 0.001)

19 }")

20

21 # (2) Load the data, specify initial values and compile the MCMC code

22 inits <- list(beta1=rnorm(1),beta2=rnorm(1),tau=rgamma(1,1))

23 model <- jags.model(model_string,data = data, inits=inits, n.chains=2)

24

25 # (3) Burn-in for 10000 samples

26 update(model, 10000, progress.bar="none")

27

28 # (4) Generate 20000 post-burn-in samples

29 params <- c("beta1","beta2","sigma")

30 samples <- coda.samples(model,

31 variable.names=params,

32 n.iter=20000, progress.bar="none")

33

34 # (5) Summarize the output

35 summary(samples)

36 1. Empirical mean and standard deviation for each variable,

37 plus standard error of the mean:

38

39 Mean SD Naive SE Time-series SE

40 beta1 2.512 31.61 0.1580 0.1580

41 beta2 52.763 39.21 0.1961 0.3727

42 sigma 2792.738 1177.88 5.8894 9.7678

43

44 2. Quantiles for each variable:

45

46 2.5% 25% 50% 75% 97.5%

47 beta1 -59.53 -18.87 2.601 23.57 64.61

48 beta2 -21.36 25.71 51.531 78.34 134.17

49 sigma 1083.16 1997.85 2601.864 3361.14 5622.69

50

51 plot(samples)
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• The object model contains the data, the code to update each parameter, and the current
state of each parameter in each chain.

• The initial values function can specify either random samples for initial values as is done
here, or give speciĄc values (e.g., beta1 = 0). If the inits argument in jags.model is
omitted, JAGS will set initial values automatically.

• The update function modiĄes the state of each parameter in each chain, but does not
store intermediate samples.

• The coda.samples function does retain all MCMC samples, but only for those parameters
listed in variable.names. The function outputs the samples into the object samples

which are in the format used by the coda package that can be used to study convergence.

• JAGS has built-in plot and summary functions that are used in Listing 3.9, but you can
make your own plots by extracting the S×p matrix of samples for chain c, samples[[c]].
All the samples can be put in one 2S × p matrix

samps_matrix <- rbind(samples[[1]],samples[[2]])

and, for example, the posterior quantiles could be computed as

apply(samps_matrix,2,quantile,

c(0.025,0.250,0.500,0.750,0.975))

• The summary function combines the samples across the chains and gives the sample mean,
standard deviation, and quantiles of the posterior samples.

• The posterior could be summarized using the posterior mean and 95% intervals of the
marginal posterior for each parameter given by the summarize function (i.e., the ŞMeanŤ
and Ş2.5%Ť and Ş97.5%Ť entries).

Listing 3.10 provides a second example of Ątting the Poisson-gamma model to the NFL
concussion data. The steps and code are very similar to the previous example, except that
instead of using the built-in summary and plot function, Listing 3.10 extracts the samples
from the rjags object samples and combines them into the 2S×4 matrix of samples samps.
This allows for more Ćexibility in the posterior summaries used to illustrate the results. For
example, Listing 3.10 computes the 90% posterior intervals.

In the remainder of the book we will use JAGS for all MCMC coding. We will often
show the model statement and summaries of the output, but we will not report the steps
of loading the data, generating the samples, etc., because these blocks of code are virtually
identical for all models.
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FIGURE 3.17
JAGS output for the T. rex analysis. This is the output of the plot function in JAGS
for the linear regression of the T. rex growth chart data. The two lines with different shades
of gray in the plots in the Ąrst columns are the samples from the two chains. The density
plots on the right summarize the marginal distribution of each parameter combining samples
across chains.
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Listing 3.10
JAGS code for the NFL concussion data.

1 library(rjags)

2 # Load the NFL concussion data

3 Y <- c(171, 152, 123, 199)

4 n <- 4

5 N <- 256

6

7 # (1) Define the model as a string

8 model_string <- textConnection("model{

9 # Likelihood

10 for(i in 1:n){

11 Y[i] ~ dpois(N*lambda[i])

12 }

13 # Priors

14 for(i in 1:n){

15 lambda[i] ~ dgamma(1,gamma)

16 }

17 gamma ~ dgamma(a, b)

18 }")

19

20 # (2) Load the data and compile the MCMC code

21 inits <- list(lambda=rgamma(n,1,1),gamma=1)

22 data <- list(Y=Y,N=N,n=n,a=0.1,b=0.1)

23 model <- jags.model(model_string,data = data, inits=inits, n.chains=2)

24

25 # (3) Burn-in for 10000 samples

26 update(model, 10000, progress.bar="none")

27

28 # (4) Generate 20000 post-burn-in samples

29 params <- c("lambda")

30 samples <- coda.samples(model,

31 variable.names=params,

32 n.iter=20000, progress.bar="none")

33

34 # (5) Compute 90% credible intervals

35 samps <- rbind(samples[[1]],samples[[2]]) #2S x 4 matrix of samples

36 apply(samps,2,quantile,c(0.05,0.95))

37

38 lambda[1] lambda[2] lambda[3] lambda[4]

39 2.5% 0.5722272 0.5035036 0.4005522 0.6717104

40 97.5% 0.7704071 0.6925751 0.5685348 0.8878783
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FIGURE 3.18
Convergence of three parallel chains. The three trace plots represent the samples
for one parameter from three MCMC chains run in parallel. The chains converge around
iteration 1,000.

3.4 Diagnosing and improving MCMC convergence

3.4.1 Selecting initial values

Theoretically, Gibbs and MetropolisŰHastings sampling should converge for any initial val-
ues, but in practice the choice of starting values is important. There are two schools of
thought on initialization: select initial values close to the posterior mode and run one long
chain or run several parallel chains with intentionally diffuse starting values to verify that
the algorithm has converged.

Selecting good starting values and running one long chain has the advantage of short-
ening or eliminating the burn-in period. A common method to select initial values is the
MLE or MAP estimates computed using numerical optimization, which is often easier to
compute than MCMC sampling. A disadvantage of this approach is that it is hard to rule
out the possibility that the chain is stuck in a local mode and is completely missing the
bulk of the posterior distribution.

On the other hand, starting multiple (typically 2Ű5) chains with diffuse starting values
requires more burn-in samples, but if all chains give the same results then this provides
evidence that the algorithm has properly converged. Figure 3.18 shows idealized conver-
gence of three chains around iteration 500. MCMC is not easily parallelizable because of
its sequential nature, but running several independent chains is one way to exploit parallel
computing to improve Bayesian computation.

Both single and parallel chains have their relative merits, but given the progress in
parallel computing environments, it is preferable to run at least two chains. Care should
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be taken up front to ensure that the starting values of each chain are sufficiently spread
across the posterior distribution so that convergence of the two chains necessarily represents
strong evidence of convergence.

3.4.2 Convergence diagnostics

Verifying that the MCMC chains have converged and run long enough to sufficiently explore
the posterior is often done informally by visual inspection of trace plots as in Figure 3.18.
However, many formal diagnostics have been proposed to diagnose non-convergence. In this
chapter, we focus on a few key diagnostics that are produced by JAGS via the coda package
in R.

Throughout this section we use two toy examples for illustration:

Poor convergence model Y ♣µ ∼ Poisson[exp(µ1 + µ2)]

Good convergence model Y1♣µ ∼ Poisson[exp(µ1)]

Y2♣µ ∼ Poisson[exp(µ2)].

In both models the priors are µj
iid∼ Normal(0, 1000). In the Ąrst model the two parameters

are unidentiĄed, and this leads to poor convergence, as shown in Listing 3.11 and Figure
3.19. In the second model the two parameters are related to separate observations, and so
both parameters are identiĄed, leading to good convergence as shown in Listing 3.12 and
Figure 3.20. The Ąrst model is ridiculous and would never be Ąt to data, but provides a
simple illustration of poor convergence. Of course, not all convergence problems are related
to unidentiĄed parameters, but this is a common source of problems.

The Ąrst diagnostic is to plot the trace plots and verify that the chains have all reached
the same distribution and have mixed properly. Figure 3.20 (top left) provides a good
example where the chains for both parameters look like a bar code, while Figure 3.19 (top
left) is a problematic case where the chains are mixing slowly and likely need many more
iterations to provide a good approximation to the posterior. In these small examples it
is possible to plot all chains for all parameters, but for more complex models it may be
necessary to inspect the chains for only a representative subset of the parameters.

Autocorrelation of the chains provides a numerical measure of how fast the chains are
mixing. Ideally, the iterations would be independent of each other, but the Markovian nature
of the sampler induces dependence between successive iterations. The lag-l autocorrelation
of the chain for parameter θj is deĄned as

ρj(l) = Cor(θ
(s)
j , θ

(s−l)
j ), (3.22)

and the function ρj(l) is called the autocorrelation function. The right panels of Figures
3.19 and 3.20 plot the sample autocorrelation functions for the two examples. Ideally we
Ąnd that ρj(l) ≈ 0 for all l > 0, but some correlation is expected. For example, the lag-1
autocorrelation for µ1 in Figure 3.20 is around 0.4, but the chain converges nicely.

Rather than reporting the entire autocorrelation function for each parameter, the lag-1
autocorrelation is typically sufficient. Another common one-number summary of the entire
function is the effective sample size (ESS). Recall that the sample mean of the MCMC
samples is only an estimate of the true posterior mean, and we can quantify the uncertainty
in this estimate with the standard error of the sample mean. If the samples are independent,
then the standard error of the sample mean is sdj/

√
S where sdj is the sample standard

deviation of the draws for θj and S is the number of samples. This is labelled Şnaive SEŤ in
the JAGS summary output as in Listing 3.9. However, this underestimates the uncertainty
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Listing 3.11
Toy example with poor convergence.

1 # Define the model as a string

2 > model_string <- textConnection("model{

3 > Y ~ dpois(exp(mu[1]+mu[2]))

4 > mu[1] ~ dnorm(0,0.001)

5 > mu[2] ~ dnorm(0,0.001)

6 > }")

7

8 # Generate MCMC samples

9 > inits <- list(mu=rnorm(2,0,5))

10 > data <- list(Y=1)

11 > model <- jags.model(model_string,data = data,

12 > inits=inits, n.chains=3)

13

14 > update(model, 1000, progress.bar="none")

15 > samples <- coda.samples(model,

16 > variable.names=c("mu"),

17 > n.iter=5000, progress.bar="none")

18

19 ># Apply convergence diagnostics

20

21 > # Plots

22 > plot(samples)

23 > autocorr.plot(samples)

24

25 > # Statistics

26 > autocorr(samples[[1]],lag=1)

27 , , mu[1]

28 mu[1] mu[2]

29 Lag 1 0.9948544 -0.9926385

30 , , mu[2]

31 mu[1] mu[2]

32 Lag 1 -0.9960286 0.9947489

33

34 > effectiveSize(samples)

35 mu[1] mu[2]

36 22.90147 22.71505

37

38 > gelman.diag(samples)

39 Point est. Upper C.I.

40 mu[1] 1.62 2.88

41 mu[2] 1.62 2.88

42

43 Multivariate psrf

44 1.48

45

46 > geweke.diag(samples[[1]])

47 mu[1] mu[2]

48 -0.6555 0.6424
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FIGURE 3.19
Convergence diagnostics for a toy example with poor convergence. The left panel
gives the trace plot for each parameter and each chain (distinguished by grayscale), and the
right panel gives the autocorrelation functions for the Ąrst chain.

in the posterior-mean estimate if the samples have autocorrelation. It can be shown that
the actual standard error accounting for autocorrelation is sdj/

√
ESSj where

ESSj =
S

1 + 2
∑∞

l=1 ρj(l)
. (3.23)

In practice the inĄnite sum must be truncated as
∑L

l=1 ρj(l) for a large L. Assuming the
autocorrelation function ρj(l) is non-negative for all l, then ESSj ≤ S and thus the sample
size is discounted to adjust for autocorrelation. The standard error sdj/

√
ESSj is labeled

ŞTime-series SEŤ in the JAGS summary output. One way to determine if the number of
samples is sufficient is to increase S until this standard error is acceptably low for all
parameters. Another method is to increase S until the effective sample size is acceptably
high for all parameters, say ESSj > 1000.

GewekeŠs diagnostic ([61]) is used to detect non-convergence. It tests for convergence
using a two-sample t-test to compare the mean of the chain between batches at the beginning
versus the end of the sampler. The default in coda is to test that the mean is the same for
the Ąrst 10% of the samples and the last 50% of the samples. Let θ̄jb and sejb be the sample
mean and standard error, respectively, for θj in batch b = 1, 2. The standard errors are
computed accounting for autocorrelation (as in (3.23)) in the chains. The Geweke statistic
is then

Z =
θ̄j1 − θ̄j2√
se2

j1 + se2
j2

. (3.24)

Under the null hypothesis that the means are the same for batches (and assuming each
batch has large ESS), Z follows a standard normal distribution, and so ♣Z♣ > 2 is cause
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Listing 3.12
Toy example with good convergence.

1 # Define the model as a string

2 > model_string <- textConnection("model{

3 > Y1 ~ dpois(exp(mu[1]))

4 > Y2 ~ dpois(exp(mu[2]))

5 > mu[1] ~ dnorm(0,0.001)

6 > mu[2] ~ dnorm(0,0.001)

7 > }")

8

9 # Generate MCMC samples

10 > inits <- list(mu=rnorm(2,0,5))

11 > data <- list(Y1=1,Y2=10)

12 > model <- jags.model(model_string,data = data,

13 > inits=inits, n.chains=3)

14

15 > update(model, 1000, progress.bar="none")

16 > samples <- coda.samples(model,

17 > variable.names=c("mu"),

18 > n.iter=5000, progress.bar="none")

19

20 ># Apply convergence diagnostics

21

22 > # Plots

23 > plot(samples)

24 > autocorr.plot(samples)

25

26 > # Statistics

27 > autocorr(samples[[1]],lag=1)

28 , , mu[1]

29 mu[1] mu[2]

30 Lag 1 0.359733 0.02112005

31 , , mu[2]

32 mu[1] mu[2]

33 Lag 1 0.002213494 0.2776712

34

35 > effectiveSize(samples)

36 mu[1] mu[2]

37 6494.326 8227.748

38 > gelman.diag(samples)

39

40 Point est. Upper C.I.

41 mu[1] 1 1

42 mu[2] 1 1

43 Multivariate psrf

44 1

45

46 > geweke.diag(samples[[1]])

47 mu[1] mu[2]

48 -0.5217 -0.2353
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FIGURE 3.20
Convergence diagnostics for a toy example with good convergence. The left panel
gives the trace plot for each parameter and each chain (distinguished by grayscale) and the
right panel gives the autocorrelation functions for the Ąrst chain.

for concern. In the two examples in Listings 3.11 and 3.12, ♣Z♣ is less than one, and so this
statistic does not detect non-convergence.

GewekeŠs statistic uses only one chain. A multi-chain extension is the GelmanŰRubin
statistic ([57]). The GelmanŰRubin statistic measures agreement in the means between C
chains. It is essentially an ANOVA test of whether the chains have the same mean, but
the statistic is scaled so that 1.0 indicates perfect convergence and values above 1.1 are
questionable. The statistic is

Rj =
S−1

S W +
(

1
S + 1

SC

)
B

W
(3.25)

where B is S times the variance of the C MCMC sample means for θj and W is the
average of the C MCMC sample variances for θj . The coda package plots the GelmanŰ
Rubin statistic as a function of the iteration, and so when the statistic reaches one this
indicates good mixing among the parallel chains and that the chains have possibly reached
their stationary distribution. The GelmanŰRubin statistics clearly distinguish between the
examples in Listing 3.11 and 3.12: Rj = 1.62 in the poor-convergence case and Rj = 1.00
for the good-convergence case.

3.4.3 Improving convergence

Armed with these diagnostic tools, if the user honestly inspects the sample output, poor
convergence can usually be detected. This leaves the more challenging problem of improving
convergence! There is no single step that always resolves convergence problems, but the list
below offers some suggestions:
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1. Increase the number of iterations: Theoretically MCMC algorithms should
converge and cover the posterior distribution as S goes to inĄnity. Of course, time
limits the number of samples that can be generated, but in some cases increasing
S can be faster than searching for other improvements. Nonetheless, this is not
the most satisfying solution to poor convergence, speciĄcally when the chains
move slowly due to high autocorrelation.

2. Tune the MH candidate distribution: The acceptance probability can be
tuned during burn-in to be around 30-50%, but as the chain evolves the ac-
ceptance probability can change. If groups of parameters have strong cross-
correlation then updating them in blocks can dramatically improve convergence.
Block steps must be carefully tuned however so the candidate correlation matrix
approximates the posterior correlation matrix.

3. Improve initial values: Often a sampler works well once it Ąnds the posterior
distribution, but the posterior PDF may be too Ćat away from the mode for
the sampler to Ąnd its center. One way to improve initial values is to use the
maximum likelihood estimates, θ(0) = θ̂MLE . Another option is to use simulated
annealing during burn-in. In simulated annealing, the MH acceptance rate is
raised to the power Ts ∈ (0, 1], i.e., RTs , where the temperature Ts increases to
one throughout the burn-in, e.g., Ts = s/B for s < B and Ts = 1 for s > B,
where B is the number of burn-in samples. The intuition behind this modiĄcation
is that by raising the acceptance ratio to a power the algorithm is more likely to
make big jumps during the burn-in and will slowly settle down in the heart of
the posterior as the burn-in period ends.

4. Use a more advanced algorithm: Appendix A.4 provides several advanced
algorithms that can be used for a particularly vexing problem. For example,
Hamiltonian Monte Carlo (HMC) is a Metropolis sampler that uses the gradi-
ent of the posterior to intelligently propose candidates and adaptive Metropolis
estimates allows the proposal distribution to evolve across iterations.

5. Simplify the model: Poor convergence often occurs when models are too
complex to be Ąt with the data at hand. Overly complex models often have
unidentiĄed parameters that cannot be estimated. For example, in a model with

Yi
iid∼ Normal(θ1 + θ2, σ

2), the two mean parameters are not identiĄed, meaning
that there are inĄnitely many combinations of the parameters that give the same
likelihood (e.g., θ = (−10, 10) or θ = (10,−10) give the same mean). Of course,
no one would Ąt such a blatantly unidentiĄed model, but in complex models with
dozens of parameters, unidentiĄability can be hard to detect. Convergence can be
improved by simplifying the model by eliminating covariates, removing non-linear
terms, reducing the covariance structure to independence, etc.

6. Pick more informative priors: Selecting more informative priors has a sim-

ilar effect to simplifying the model. For example, even in the silly model Yi
iid∼

Normal(θ1 + θ2, σ
2), the MCMC algorithm would likely converge quickly with

priors θ1 ∼ Normal(−3, 1) and θ2 ∼ Normal(3, 1). Even a weakly informative
prior can stabilize the posterior and improve convergence. As an extreme exam-
ple, an empirical Bayesian prior (Chapter 2) Ąxes nuisance parameters at their
MAP estimates, which can dramatically improve convergence at the expense of
suppressing some uncertainty.

7. Run a simulation study: Determining whether a chain has converged can be
frustrating for a real data analysis where the true values of the parameters are
unknown. Simulating data from the model and then Ątting the MCMC algorithm
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(as in Listing 3.6) for different sample sizes and parameter values can shed light
on the properties of the algorithm and build trust that the sampler is producing
reliable output.

3.4.4 Dealing with large datasets

Big data poses computational challenges to all statistical methods, but its effects are acutely
felt by MCMC because MCMC requires thousands of passes through the data. Fortunately,
recent years have seen a surge in Bayesian computing methods to handle massive datasets.
Likely the next few years will see further developments in this area, but below we outline
some of the most useful current approaches.

1. MAP estimation: MCMC is the gold standard for Bayesian computing be-
cause it returns estimates of the entire joint distribution of all of the parameters.
However, if the scope of the analysis is limited to prediction, then it is much
faster to simply compute the MAP estimate and ignore uncertainty in parameter
estimation.

2. Gaussian approximation: The Bayesian CLT states that the posterior is ap-
proximately normal if the sample size is large. Therefore, running a long MCMC
chain for, say, a logistic regression with n = 1, 000, 000 observations, p = 50
covariates and Ćat priors is unjustiĄable; it is much faster and equally accurate
to approximate the posterior as Gaussian, centered on the MAP estimate with
covariance determined by the information matrix. This computation can often
be carried out using MLE software, and thus the posterior will be very similar
to the approximate sampling distribution of the MLE, but the interpretation of
uncertainty remains Bayesian.

3. Variational Bayesian computing: Variational Bayesian approximations
(Section 3.1.4) an be even faster to compute than evoking the Bayesian CLT
if you target only the marginal distribution of each parameter. That is, if you
assume the posterior (not prior) is independent across parameters and use the
best approximation to the true posterior that has this form, the posterior can
be approximated without computing the joint distribution. This of course raises
questions about properly accounting for uncertainty, but does lead to impressive
computational savings.

4. Parallel computing: MCMC is inherently sequential; i.e., you generally cannot
update the second parameter until after updating the Ąrst. In special cases, steps
of the MCMC routine can be performed simultaneously in parallel on different
cores of a CPU or GPU cluster. For example, if parameters are (conditionally)
independent, then they can be updated in parallel. Alternatively, if the data are
independent and the likelihood factors as the product of n terms, then likeli-
hood calculations within each MCMC step can be done in parallel, e.g., n1 terms
computed on core 1, n2 terms computed on core 2, etc. While parallelization
can theoretically have huge beneĄts, the overhead associated with passing data
across cores can dampen the beneĄts of using multiple cores unless parallelization
is done carefully.

5. Divide and conquer: Divide and conquer methods provide an approximation to
the posterior that is embarrassingly parallelizable. Say we partition the data into
T batches Y1, ...,YT that are independent given the model parameters. Then the
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posterior can be written

p(θ♣Y) ∝ f(Y♣θ)π(θ) =
T∏

t=1

[
f(Yt♣θ)π(θ)1/T

]
. (3.26)

This decomposition suggests Ątting T separate Bayesian analyses (in parallel)
with analysis t using data Yt and prior π(θ)1/T and then combining the results.
Each of the T analyses uses the original prior π(θ) raised to the 1/T power
to spread the prior information across batches; e.g., if θ ∼ Normal(0, τ2) then
the prior to the 1/T power is Normal(0, T τ2). Scott et al. [140] discuss several
ways to combine the T posterior distributions. The simplest method is to assume
the posteriors are approximately Gaussian, and thus analysis t returns θ♣Yt ≈
Normal(Mt,Vt). In this case, the posteriors combine as

p(θ♣Y) ≈ Normal(V
T∑

t=1

V−1
t Mt,V) (3.27)

where V−1 =
∑T

t=1 V−1
t .

6. Sequential Monte Carlo: SMC methods were introduced in Section 3.2.4 for
streaming data with each additional new batch of data points modifying the
weights of the particles used to approximate the posterior. This approach can also
be applied for a large datasets by artiĄcially splitting the data into small (mini)
batches and analyzing the batches sequentially. An advantage of this approach
for large datasets is that only a single batch and the particle weights need to be
stored in memory.

7. Stochastic gradient MCMC: Splitting data into minibatchs can be extended
to MCMC methods [115]. As described in Section 9.4, Hamiltonian Monte Carlo
methods use the derivative of the posterior to optimize the candidate distribution
of the Metropolis-Hastings algorithm. Stochastic gradient MCMC uses only a ran-
dom subset of the dataset to approximate the gradient, which leads to impressive
gains for massive datasets.

3.5 Exercises

1. Give an advantage and a disadvantage of the following methods:

(a) Maximum a posteriori estimation

(b) Numerical integration

(c) Bayesian central limit theorem

(d) Gibbs sampling

(e) MetropolisŰHastings sampling

2. Assume that Yi♣µ
indep∼ Normal(µ, σ2

i ) for i ∈ ¶1, ..., n♢, with σi known and im-
proper prior distribution π(µ) = 1 for all µ.

(a) Give a formula for the MAP estimator for µ.

(b) We observe n = 3, Y1 = 12, Y2 = 10, Y3 = 22, σ1 = σ2 = 3 and σ3 = 10;
compute the MAP estimate of µ.
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(c) Use numerical integration to compute the posterior mean of µ.

(d) Plot the posterior distribution of µ, and indicate the MAP and the posterior
mean estimates on the plot.

3. Assume Yi♣λ
indep∼ Poisson(Niλ) for i = 1, ..., n.

(a) Identify a conjugate prior for λ, and derive the posterior that follows from
this prior.

(b) Using the prior λ ∼ Uniform(0, 20), derive the MAP estimator of λ.

(c) Using the prior λ ∼ Uniform(0, 20), plot the posterior on a grid of λ assuming
n = 2, N1 = 50, N2 = 100, Y1 = 12, and Y2 = 25, and show that the MAP
estimate is indeed the maximizer.

(d) Use the Bayesian CLT to approximate the posterior of λ under the setting of
(c), plot the approximate posterior, and compare the plot with the plot from
(c).

4. Consider the model Yi♣σ2
i

indep∼ Normal(0, σ2
i ) for i = 1, ..., n where σ2

i ♣b ∼
InvGamma(a, b) and b ∼ Gamma(1, 1).

(a) Derive the full conditional posterior distributions for σ2
1 and b.

(b) Write pseudocode for Gibbs sampling; i.e., describe in detail each step of the
Gibbs sampling algorithm.

(c) Write your own Gibbs sampling code (not in JAGS), and plot the marginal
posterior density for each parameter. Assume n = 10, a = 10 and Yi = i for
i = 1, ..., 10.

(d) Repeat the analysis with a = 1, and comment on the convergence of the
MCMC chain.

(e) Implement this model in (c) using JAGS, and compare the results with the
results in (c).

5. Consider the model Yi♣µ, σ2 ∼ Normal(µ, σ2) for i = 1, ..., n and Yi♣µ, δ, σ2 ∼
Normal(µ + δ, σ2) for i = n + 1, ..., n + m, where µ, δ ∼ Normal(0, 1002) and
σ2 ∼ InvGamma(0.01, 0.01).

(a) Give an example of a real experiment for which this would be an appropriate
model.

(b) Derive the full conditional posterior distributions for µ, δ and σ2.

(c) Simulate a dataset from this model with n = m = 50, µ = 10, δ = 1 and
σ = 2. Write your own Gibbs sampling code (not in JAGS) to Ąt the model
above to the simulated data, and plot the marginal posterior density for each
parameter. Are you able to recover the true values reasonably well?

(d) Implement this model using JAGS, and compare the results with the results
in (c).

6. Consider the model Y ♣θ, b ∼ Binomial(n, θ), θ♣b ∼ Beta¶exp(b), exp(b)♢ and b ∼
Normal(0, 1).

(a) Specify initial values for θ and b.

(b) What is the full conditional distribution of θ?

(c) The full conditional distribution of b does not have a nice form and thus
cannot be updated using Gibbs sampling. Sketch a Metropolis-within-Gibbs
sampler for the posterior of (θ, b).
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(d) Implement your Metropolis-within-Gibbs sampler with n = 100 and Y = 10,
and summarize the posterior.

7. Fit the following model to the NBA free throw data in the table in Exercise 22
in Chapter 1:

Yi♣θi ∼ Binomial(ni, θi) and θi♣m ∼ Beta[exp(m)qi, exp(m)(1 − qi)],

where Yi is the number of made clutch shots for player i = 1, ..., 10, ni is the
number of attempted clutch shots, qi ∈ (0, 1) is the overall proportion, and m ∼
Normal(0, 10).

(a) Explain why this is a reasonable prior for θi.

(b) Explain the role of m in the prior.

(c) Derive the full conditional posterior for θ1.

(d) Write your own MCMC algorithm to compute a table of posterior means
and 95% credible intervals for all 11 model parameters (θ1, ..., θ10,m). Turn
in commented code.

(e) Fit the same model in JAGS. Turn in commented code, and comment on
whether the two algorithms returned the same results.

(f) What are the advantages and disadvantages of writing your own code as
opposed to using JAGS in this problem and in general?

8. Assume the model Y ♣θ ∼ Gamma(θ, 1) and prior θ ∼ Uniform(0, 10). Say we
observe Y = 5. This is not a conjugate prior, and so you will use Metropolis-
Hastings sampling to approximate the posterior of θ.

(a) Plot the posterior of θ for reference, i.e. (in R),

> theta <- seq(0,10,0.01)

> plot(theta,dgamma(5,theta,1),type="l")

(b) What is a reasonable candidate distribution for θ?

(c) Give a formula for the acceptance probability (preferably in R code). How
will you handle candidates outside (0,10)?

(d) How will you tune the candidate distribution? Be speciĄc.

(e) Generate and plot samples from the posterior distribution, and compare re-
sults with the curve from (a)

9. Open and plot the galaxies data in R using the code below,

> library(MASS)

> data(galaxies)

> ?galaxies

> Y <- galaxies

> n <- length(Y)

> hist(Y,breaks=25)

Model the observations Y1, ..., Y82 using the StudentŠs t-distribution with lo-
cation µ, scale σ and degrees of freedom k. Assume prior distributions µ ∼
Normal(0, 100002), 1/σ2 = τ ∼ Gamma(0.01, 0.01) and k ∼ Uniform(1, 30).

(a) Give reasonable initial values for each of the three parameters.

(b) Fit the model using JAGS. Report trace plots of each parameter, and discuss
convergence.
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(c) Graphically compare the t distribution with parameters set to their posterior
mean with the observed data. Does the model Ąt the data well?

10. Download the galaxy data

> library(MASS)

> data(galaxies)

> Y <- galaxies

Suppose Yi♣θ iid∼ Laplace(µ, σ) for i = 1, . . . , n where θ = (µ, σ).

(a) Assuming the improper prior σ ∼ Uniform(0, 100000) and π(µ) = 1 for all
µ ∈ (−∞,∞), plot the joint posterior distribution of θ and the marginal
posterior distributions of µ and σ.

(b) Compute the posterior mean of θ from your analysis in (a), and plot the
Laplace PDF with these values against the observed data. Does the model
Ąt the data well?

(c) Plot the posterior predictive distribution (PPD) for a new observation Y ∗♣θ ∼
Laplace(µ, σ). How do the mean and variance of the PPD compare to the
mean and variance of the Şplug-inŤ distribution from (b)?

11. In Section 2.5 we compared Reggie JacksonŠs home run rate in the regular season
and World Series. He hit 563 home runs in 2820 regular-season games and 10
home runs in 27 World Series games (a player can hit 0, 1, 2, ... home runs
in a game). Assuming Uniform(0,10) priors for both home run rates, use JAGS

to summarize the posterior distribution of (i) his home run rate in the regular
season, (ii) his home run rate in the World Series, and (iii) the ratio of these
rates. Provide trace plots for all three parameters and discuss convergence of the
MCMC sampler including appropriate convergence diagnostics.

12. As discussed in Section 1.6, [47] report that the number of marine bivalve species
discovered each year from 2010-2015 was 64, 13, 33, 18, 30 and 20. Denote Yt as
the number of species discovered in year 2009 + t (so that Y1 = 64 is the count
for 2010). Use JAGS to Ąt the model

Yt♣α, β
indep∼ Poisson(λt)

where λt = exp(α + βt) and α, β
indep∼ Normal(0, 102). Summarize the posterior

of α and β and verify that the MCMC sampler has converged. Does this analysis
provide evidence that the rate of discovery is changing over time?

13. Write your own Metropolis sampler (i.e., not JAGS) for the previous problem.
Turn in commented code, report your candidate distribution for each parameters
and corresponding acceptance ratio, and use trace plots for each parameter to
show the chains have converged.

14. A clinical trial assigned 100 patients each to the placebo, the low dose of a new
drug, and the high dose of the new drug (for a total of 300 patients); the data
are given in the table below.

Treatment Positive outcome Negative outcome
Placebo 52 48
Low dose 60 40
High dose 54 46
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Conduct a Bayesian analysis using JAGS with uniform priors on the probability
of a patient having a positive outcome under each treatment.

(a) Report the posterior mean and 95% interval for the probability of a positive
outcome for each treatment group.

(b) Compute the posterior probability that the low dose is the best of the three
treatment options.

15. Consider the normal mixture model

Yi♣θ iid∼ f(y♣θ) =
1

2
[ϕ(y − θ) + ϕ(y)] ,

for i = 1, ..., n where θ ∈ R and ϕ(z) = exp¶−z2/2♢/
√

2π denotes the density of
a standard normal distribution. We have shown (Section 2.4, problem 14) that
an improper prior cannot be used for this likelihood. In this problem we explore
the use of vague but proper priors. Analyze data simulated in R as:

> set.seed(27695)

> theta_true <- 4

> n <- 30

> B <- rbinom(n,1,0.5)

> Y <- rnorm(n,B*theta_true,1)

(a) Argue that the R code above generates samples from f(y♣θ).
(b) Plot the simulated data, and plot f(y♣θ) for y ∈ [−3, 10] separately for θ =

¶2, 4, 6♢.

(c) Assuming prior θ ∼ Normal(0, 102), obtain the MAP estimate of θ and its
asymptotic posterior standard deviation using the following R code:

> nlp <- function(theta,Y){

> like <- 0.5*dnorm(Y,0,1)+

> 0.5*dnorm(Y,theta,1)

> prior <- dnorm(theta,0,10)

> neg_log_post <- -sum(log(like))-sum(log(prior))

> return(neg_log_post)}

> map <- optim(mean(Y),nlp,Y=Y,hessian=TRUE)

> map_est <- map$par

> map_sd <- 1/sqrt(map$hessian)

(d) Suppose the prior distribution is θ ∼ N(0, 10k). Plot the posterior density of
θ for k ∈ ¶0, 1, 2, 3♢, and compare these posterior densities with the asymp-
totic normal distribution in (c) (by overlaying all Ąve densities on the same
plot).

(e) Use JAGS to Ąt this model via its mixture representation Yi♣Bi, θ ∼
Normal(Biθ, 1), where Bi

iid∼ Bernoulli(0.5) and θ ∼ Normal(0, 102). Com-
pare the posterior distribution of θ with the results from part (d).

16. Let Y1, . . . , Yn be a random sample from a shifted exponential distribution with
density

f(y♣α, β) =

{
β exp−β(y−α) y ≥ α

0 y < α

where α > 0 and β > 0 are the parameters of interest. Assume prior distributions
α ∼ Uniform(0, c) and β ∼ Gamma(a, b).
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(a) Plot f(y♣α, β) for α = 2 and β = 3 and y ∈ [0, 5], give interpretations of α and
β, and describe a real experiment where this model might be appropriate.

(b) Give the full conditional distributions of α and β, and determine if they are
members of a common family of distributions.

(c) Write pseudo code for an MCMC sampler including initial values, full details
of each sampling step, and how you plan to assess convergence.

17. Using the data (mass and age) provided in Listing 3.9, Ąt the following non-linear
regression model:

massi ∼ Normal
(
µi, σ

2
)

where µi = θ1 + θ2ageθ3
i ,

with priors θ1 ∼ Normal(0, 1002), θ2 ∼ Uniform(0, 20000), θ3 ∼ Normal(0, 1),
and σ2 ∼ InvGamma(0.01, 0.01).

(a) Fit the model in JAGS and plot the data (age versus mass) along with the
posterior mean of µi to verify the model Ąts reasonably well.

(b) Conduct a thorough investigation of convergence.

(c) Give three steps you might take to improve convergence.

18. Assume the (overly complicated) model Y ♣n, p ∼ Binomial(n, p) with prior dis-
tributions n ∼ Poisson(λ) and p ∼ Beta(a, b). The observed data is Y = 10.

(a) Describe why convergence may be slow for this model.

(b) Fit the model in JAGS with λ = 10 and a = b = 1. Check convergence and
summarize the posterior of n, p and θ = np.

(c) Repeat the analysis in (b) except with a = b = 10. Comment on the effect of
the prior distribution of p on convergence for all the three parameters.

19. Consider the (overly complicated) model

Yi♣µi, σ
2
i ∼ Normal(µi, σ

2
i )

where µi
iid∼ Normal(0, θ−1

1 ), σ2
i ∼ InvGamma(θ2, θ3) and θj ∼ Gamma(ϵ, ϵ) for

j = 1, 2, 3. Assume the data are Yi = i for i = 1, ..., n.

(a) Describe why convergence may be slow for this model.

(b) Fit the model in JAGS with all four combinations of n ∈ ¶5, 25♢ and ϵ ∈
¶0.1, 10♢, and report the effective sample size for θ1, θ2 and θ3 for all four
Ąts.

(c) Comment on the effect of n and ϵ on convergence.
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Linear models form the foundation for much of statistical modeling and intuition. In this
chapter, we introduce many common statistical models and implement them in the Bayesian
framework. We focus primarily on Bayesian aspects of these analyses including selecting pri-
ors, computation and comparisons with classical methods. The chapter begins with analyses
of the mean of a normal population (Section 4.1.1) and comparison of the means of two
normal populations (Section 4.1.2), which are analogous to the classic one-sample and two-
sample t-tests. Section 4.2 introduces the more general Bayesian multiple linear regression
model including priors that are appropriate for high-dimensional problems. Multiple re-
gression is extended to non-Gaussian data in Section 4.3 via generalized linear models and
correlated data in Sections 4.4 and 4.5 via linear mixed models.
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4.1 Analysis of normal means

4.1.1 One-sample/paired analysis

In a one-sample study, the n observations are modeled as Yi♣µ, σ2 iid∼ Normal(µ, σ2) and
the objective is to determine if µ = 0. This model is often applied to experiments where
each unit i actually has two measurements taken under different conditions and Yi is the
difference between the measurements. For example, say student iŠs math scores before and
after a tutorial session are Z0i and Z1i, respectively, then testing if the (population) mean
of Yi = Z1i − Z0i is zero is a way to evaluate the effectiveness of the tutorial sessions.

A Bayesian analysis speciĄes priors for µ and σ2 and then summarizes the marginal
posterior of µ accounting for uncertainty in σ2. In this chapter we use the Jeffreys prior,
but conjugate normal/inverse gamma priors can also be used. In most cases it is sufficient to
plot the posterior density p(µ♣Y) and report the posterior mean and 95% interval. We will
also address the problem using a formal hypothesis test. In this chapter we will compute the
posterior probabilities of the one-sided hypotheses H1 : µ ≤ 0 and H2 : µ > 0; in Chapter
6 we test the point hypothesis H1 : µ = 0 versus H2 : µ ̸= 0.

Known variance: Conditional on σ2, µ has Jeffreys prior π(µ) ∝ 1. The posterior is

µ♣Y ∼ Normal
(
Ȳ , σ2

n

)
, and thus the 100(1 − α)% posterior credible interval for µ is

Ȳ ± zα/2
σ√
n
, (4.1)

where zτ is the τ quantile of the standard normal distribution (i.e., the normal distribution
with mean zero and variance one). This exactly matches the classic 100(1 −α)% conĄdence
interval. While the credible interval and conĄdence interval are numerically identical in this
case, they are interpreted differently. The Bayesian credible interval quantiĄes uncertainty
about µ given this dataset, Y, whereas the conĄdence interval quantiĄes the anticipated
variation in Ȳ if we were to repeat the experiment.

For the test of null hypothesis H1 : µ ≤ 0 versus the alternative hypothesis H2 : µ > 0,
the posterior probability of the null hypothesis is

Prob(H1♣Y) = Prob(µ < 0♣Y) = Φ(−Z) (4.2)

where Φ is the standard normal cumulative distribution function and Z =
√
nȲ /σ and thus

matches exactly with a frequentist p-value. By deĄnition, Φ(zτ ) = τ , and so the decision
rule to reject H1 in favor of H2 if the posterior probability of H1 is less than α is equivalent
to rejecting H1 if −Z < zα, or equivalently if Z > z1−α (−zα = z1−α due to the symmetry
of the standard normal PDF). Therefore, the decision rule to reject H1 in favor of H2 at
signiĄcance level α if Z > z1−α is identical to the classic one-sided z-test. However, unlike
the classical test, we can quantify our uncertainty using the posterior probability that the
hypothesis H1 (or H2) is true since we have computed Prob(H1♣Y).

Unknown variance: As shown in Section 2.4, the Jeffreys prior for (µ, σ2) is

π(µ, σ2) ∝
(

1

σ2

)3/2

. (4.3)

Appendix A.3 shows that the marginal posterior of µ integrating over σ2 is

µ♣Y ∼ tn
(
Ȳ , σ̂2/n

)
, (4.4)
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FIGURE 4.1
Comparison of the Gaussian and Student’s t-distributions. Below are the Gaussian
PDF with mean Ȳ and standard deviation σ/

√
n compared to the PDF of StudentŠs t-

distribution with location Ȳ , scale σ̂/
√
n, and n degrees of freedom. The plots assume

Ȳ = 10, σ = σ̂ = 2, and n ∈ ¶5, 25♢.

where σ̂2 =
∑n

i=1(Yi − Ȳ )2/nŠ i.e., the posterior is StudentŠs t-distribution with location
Ȳ , variance parameter σ̂2/n and n degrees of freedom. Posterior inference such as credible
sets or the posterior probability that µ is positive follow from the quantiles of StudentŠs
t-distribution. The credible set is slightly different than the frequentist conĄdence interval
because the degrees of freedom in the classic t-test is n− 1, whereas the degrees of freedom
in the posterior is n; this is the effect of the prior on σ2.

In classical statistics, when σ2 is unknown, the Z-test based on the normal distribution
is replaced with the t-test based on StudentŠs t-distribution. Similarly, the posterior distri-
bution of the mean changes from a normal distribution given σ2 to StudentŠs t-distribution
when uncertainty about the variance is considered. Figure 4.1 compares the Gaussian and t
density functions. The density functions are virtually identical for n = 25, but for n = 5 the
t-distribution has heavier tails than the Gaussian distribution; this is the effect of accounting
for uncertainty in σ2.

As discussed in Section 2.4, an alternative Jeffreys prior is the product of univariate
priors, π(µ, σ2) ∝ 1/σ2. This leads to marginal posterior

µ♣Y ∼ tn−1

(
Ȳ , σ̂2/n

)
. (4.5)

With this prior, the posterior distribution matches the frequentist sampling distribution,
and thus credible intervals match conĄdence intervals, etc.
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4.1.2 Comparison of two normal means

The two-sample test compares the mean in two groups. For example, an experiment might
take the blood pressure of a random sample of n1 mail carriers that walk their route and
n2 mail carriers that drive their route to determine if these groups have different mean

blood pressure. Let Yi
iid∼ Normal(µ, σ2) for i = 1, ..., n1 and Yi

iid∼ Normal(µ + δ, σ2) for
i = n1 +1, ..., n1 +n2 = n, so that δ is the difference in means and the parameter of interest.
Denote the sample mean of the nj observations in group j = 1, 2 as Ȳj and the group-speciĄc

variance estimators as ŝ2
1 =

∑n1

i=1(Yi − Ȳ1)2/n1 and ŝ2
2 =

∑n1+n2

i=n1+1(Yi − Ȳ2)2/n2.
Conditional distribution with the variance fixed: Conditional on the variance and

Ćat prior π(µ, δ) ∝ 1 it can be shown that the posterior of the difference in means is

δ♣Y ∼ Normal

(
Ȳ2 − Ȳ1, σ

2

[
1

n1
+

1

n2

])
. (4.6)

As in the one-sample case, posterior intervals and probabilities of hypotheses can be com-
puted using the quantiles of the normal distribution. As in the one-sample case, the credible
set and rejection rule match the classic conĄdence interval and one-sided z-test numerically
but have different interpretations.

Unknown variance: The Jeffreys prior for (µ, δ, σ2) is (Section 2.4)

π(µ, δ, σ2) ∝ 1

(σ2)2
. (4.7)

Appendix A.3 shows (as a special case of multiple linear regression, see Section 4.2) the
marginal posterior distribution of δ integrating over both µ and σ2 is

δ♣Y ∼ tn

[
Ȳ2 − Ȳ1, σ̂

2

(
1

n1
+

1

n2

)]
, (4.8)

where σ̂2 = (n1ŝ
2
1 +n2ŝ

2
2)/n is a pooled variance estimator. As with the one-sample model,

the difference between the posterior for the known-variance versus unknown-variance cases is
that an estimate of σ2 is inserted in the posterior, and the Gaussian distribution is replaced
with StudentŠs t-distribution with n degrees of freedom. As in the one-sample case, using
the alternative Jeffreys prior π(µ, σ2) ∝ 1/σ2 gives posterior distribution that matches the
frequentist sampling distribution,

δ♣Y ∼ tn−2

[
Ȳ2 − Ȳ1, σ̂

2

(
1

n1
+

1

n2

)]
. (4.9)

In the Bayesian analysis we did not Şplug inŤ an estimate of σ2. Rather, by accounting
for its uncertainty and marginalizing over µ and σ2 the posterior for δ happens to have a
natural estimator of σ2 in δŠs scale. Listing 4.1 implements this method.

Unequal variance: If the assumption that the variance is the same for both groups is

violated, then the two-sample model can be extended as Yi
iid∼ Normal(µ1, σ

2
1) for i = 1, ..., n1

and Yi
iid∼ Normal(µ2, σ

2
2) for i = n1 + 1, ..., n1 + n2. Since no parameters are shared across

the two groups, we can apply the one-sample model separately for each group to obtain

µj ♣Y indep∼ tnj
(Ȳj , s

2
j/nj) (4.10)

for j = 1, 2, and the posterior of the difference in means δ = µ2 − µ1 follows. The posterior
of δ is the difference between two StudentŠs t-distributed random variables, which does not
in general have a simple form. However, the posterior can be approximated with arbitrary
precision using Monte Carlo sampling as in Listing 4.1.
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Listing 4.1
R code for comparing two normal means with the Jeffreys prior.

1 # Y1 is the vector of length n1 with data for group 1

2 # Y2 is the vector of length n2 with data for group 2

3

4 # Statistics from group 1

5 Ybar1 <- mean(Y1)

6 s21 <- mean((Y1-Ybar1)^2)

7 n1 <- length(Y1)

8

9 # Statistics from group 2

10 Ybar2 <- mean(Y2)

11 s22 <- mean((Y2-Ybar2)^2)

12 n2 <- length(Y2)

13

14 # Posterior of the difference assuming equal variance

15 delta_hat <- Ybar2-Ybar1

16 s2 <- (n1*s21 + n2*s22)/(n1+n2)

17 scale <- sqrt(s2)*sqrt(1/n1+1/n2)

18 df <- n1+n2

19 cred_int <- delta_hat + scale*qt(c(0.025,0.975),df=df)

20

21 # Posterior of delta assuming unequal variance using MC sampling

22 mu1 <- Ybar1 + sqrt(s21/n1)*rt(1000000,df=n1)

23 mu2 <- Ybar2 + sqrt(s22/n2)*rt(1000000,df=n2)

24 delta <- mu2-mu1

25

26 hist(delta,main="Posterior distribution of the difference in means")

27 quantile(delta,c(0.025,0.975)) # 95% credible set
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4.2 Linear regression

The multiple linear regression model with response (also called the dependent variable,
outcome or label) Yi and covariates (also called independent variables, predictors, features
or inputs) Xi1, ..., Xip is

Yi =

p∑

j=1

Xijβj + εi, (4.11)

where β = (β1, ..., βp)T are the regression coefficients and the errors (also called the residu-

als) are εi
iid∼ Normal(0, σ2). We assume throughout that Xi1 = 1 for all i so that β1 is the

intercept (i.e., the mean if all other covariates are zero).
The regression model assumes the response Yi is continuous, but can accommodate

either continuous or categorical variables as covariates. Categorical predictors are typically
included as binary dummy variables and can include the mean comparisons and Analysis
of Variance (ANOVA) models as special cases. With only the intercept term (p = 1) and
β1 relabeled as µ, the linear regression model simpliĄes to the one-sample mean model in
Section 4.1.1. The two-sample mean model in Section 4.1.2 is a special case with p = 2, Xi2

set to the binary dummy variable equal to one if observation i is from the second group and
zero otherwise, and the parameters relabelled as β1 = µ, and β2 = δ. Similarly, a categorical
variable with K levels can be included using an ANOVA framework with a different mean
for each level by setting with Xi1 = 1 and including K − 1 dummy variables Xi2, ..., XiK

with Xik equal 1 if observation i is from group k and zero otherwise.
The coefficient βj is the slope associated with the jth covariate. For the remainder of

this subsection we will assume that all p− 1 covariates (excluding the intercept term) have
been standardized to have mean zero and variance one so the prior can be speciĄed without
considering the scales of the covariates. That is, if the original covariate j, X̃ij , had sample
mean X̄j and standard deviation ŝj , then we set Xij = (X̃ij −X̄j)/ŝj . After standardization,
the slope βj is interpreted as the change in the mean response corresponding to an increase
of one standard deviation unit (ŝj) in the original covariate. Similarly, βj/ŝj is the expected
increase in the mean response associated with an increase of one in the original covariate.
The model actually has p + 1 parameters (p regression coefficients and variance σ2), but
we temporarily use p as the number of regression parameters and not the total number of
parameters in the model.

A key concept when selecting a regression model and interpreting results is collinearity.
Collinearity generally refers to correlation between the covariates Xij . Recall the interpre-
tation of βj is the effect of increasing Xij with all other covariates held Ąxed, but this is
hard to envision if Xij is strongly correlated with other covariates. Consider the extreme
case with temperature and heat index as covariates. Interpreting the slope for tempera-
ture requires envisioning the heat index held Ąxed while temperature increases, which is
counter-intuitive.

When the n observations of one of the covariates is exactly a linear combinations of the
n values of the other covariates, then the covariates are said to be linearly dependent. If
covariates are not linearly dependent, then they are said to be linearly independent. If the
number of predictors exceeds the number of observations, p > n, then the covariates will
automatically be linearly dependent. As discussed below, the methods that can be applied
differ based on whether the covariates are linearly independent.
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4.2.1 Classical approaches

Non-Bayesian estimators of β range from classical least squares for simple problems to
modern penalized regression methods for more complex settings. The Bayesian approaches
described in the following sections often give identical point estimators to penalized regres-
sion estimators with the prior distribution corresponding to the penalty term. Of course,
even in cases with identical point estimators the interpretation of uncertainty is different
between the Bayesian and classical approaches.

The classical estimator of β is the least squares estimator

β̂LS = arg min
β

n∑

i=1


Yi −

p∑

j=1

Xijβj




2

. (4.12)

This estimator is only valid when the covariates are linearly independent. The sampling dis-
tribution of β̂LS follows a normal distribution if σ2 is known and a StudentŠs t-distribution
when σ2 must be estimated, as is typical.

The likelihood function for the linear model with n observations is the product of n
Gaussian PDFs with means

∑p
j=1 Xijβj and variance σ2,

f(Y♣β, σ2) =
n∏

i=1

1√
2πσ

exp


− 1

2σ2


Yi −

p∑

j=1

Xijβj




2

 . (4.13)

Since maximizing the likelihood is equivalent to minimizing the negative log-likelihood, the
maximum likelihood estimator is identical to the least squares estimator, i.e., β̂MLE = β̂LS .

Penalized regression is often used for challenging problems with strong collinearity or a
large number of covariates. The ridge regression estimator [79] is

β̂R = arg min
β

n∑

i=1


Yi −

p∑

j=1

Xijβj




2

+ λ

p∑

j=2

β2
j . (4.14)

The addition of the penalty term λ
∑p

j=2 β
2
j encourages solutions with estimates near zero

and discourages/penalizes implausibly large estimates, thus adding stability. In fact, this
(and the LASSO below) solution is valid even if p > n and/or the covariates are linearly de-
pendent. The tuning parameter λ determines how strongly the estimator is shrunk towards
zero and can be chosen via cross validation.

While ridge regression adds stability, the elements of β̂R are never exactly zero, and thus
all covariates, even those with small effect estimates, are included in the predictive model.
The famous LASSO [155] penalized regression estimator simultaneously shrinks estimates

to zero and gives some estimates with β̂j set exactly to zero, and thus performs variable
selection simultaneously with estimation. The estimator is

β̂LASSO = arg min
β

n∑

i=1


Yi −

p∑

j=1

Xijβj




2

+ λ

p∑

j=2

♣βj ♣, (4.15)

where again the tuning parameter λ can be chosen using cross validation. The LASSO
estimator differs from the ridge estimator only in that the squared penalty is replaced by
the absolute penalty; however, the discontinuity of the absolute value at the origin gives
solutions with exact zeros and thus the properties of the LASSO regressions are quite
different than ridge regression.
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4.2.2 Prior distributions for Bayesian linear regression

The model assumptions and likelihood in a Bayesian linear regression are identical to clas-

sical linear regression, that is, Yi =
∑p

j=1 Xijβj + εi where εi
iid∼ Normal(0, σ2). A Bayesian

analysis requires prior distributions for the regression coefficients βj and variance σ2. This
section provides several options and discusses the scenarios that favor each option. We Ąrst
introduce the improper Jeffreys prior that, analogous to least squares in classical statistics,
is a default choice for regression with a small number of covariates. This is generalized to
the Gaussian priors which is useful in the presence of collinearity or for incorporating prior
information. Finally we discuss continuous shrinkage priors that are useful when there are
many covariates and the prior belief is that many are irrelevant with regression coefficients
near zero.

4.2.2.1 Jeffreys prior

Conditioned on σ2, the Jeffreys prior is π(β) ∝ 1. This improper prior leads to a proper
posterior under the same conditions required for the least squares estimator to be valid,
namely that the covariates are linearly independent. The posterior of β is multivariate
normal with mean β̂LS and covariance that depends on σ2 and the covariates Xij . In fact,
the posterior distribution of β is identical to the sampling distribution of the least squares
estimator. Therefore, the posterior credible intervals from this model will numerically match
the conĄdence intervals from a least squares analysis with known error variance.

With σ2 unknown, the Jeffreys prior is π(β, σ2) ∝ (σ2)−p/2−1 (Section 2.4). Under
this prior with n > p and linearly independent covariates, the marginal posterior of β

averaging over σ2 follows the p-dimensional StudentŠs t-distribution with location β̂LS and
covariance matrix that depends on σ̂2 and the covariates. As described in Section 4.2.3, the
estimator of σ2 and the degrees of freedom differ slightly from the least-squares procedure,
but these differences are small if n is much larger than p, and thus the credible intervals
approximate the least-squares conĄdence intervals in most cases. Alternatively, the product
of independent Jeffreys prior π(β, σ2) ∝ 1/σ2 gives

β♣Y ∼ tn−p

(
β̂LS , Σ̂

)
(4.16)

where Σ̂ is the estimated covariance of the sampling distribution of β̂LS used in least-squares
analysis (see (4.23) for details). That is, under this prior, the posterior distribution of β

matches the sampling distribution of β̂LS .

4.2.2.2 Gaussian prior

For high-dimensional cases with more predictors than observations, the improper Jeffreys
prior does not lead to a valid posterior distribution. Impropriety can be remedied using
a proper prior, which always leads to a proper posterior. Even in less extreme situations
with moderate p, a proper prior can stabilize the posterior and give better results than the
improper prior.

The conjugate prior (conditioned on σ2) for β is the multivariate normal distribution.
The most common approach assumes prior independence for the elements of β with β1♣σ2 ∼
Normal(µ1, σ

2ω2) for the intercept and βj ♣σ2 iid∼ Normal(µj , σ
2τ2) for the slopes with j > 1.

We include σ2 in the prior variance to account for the scale of the response, although this
is not required. This prior can be informative if ω and τ are small and the µj are selected
based on prior knowledge. However, typically the prior is uninformative with µj = 0 for all
j and ω and τ set to be large values or given uninformative prior distributions. Since µj = 0
is common, we assume the prior mean is zero unless otherwise noted.
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Listing 4.2
JAGS code for multiple linear regression with Gaussian priors.

1 # Likelihood, note that

2 # inprod(X[i,],beta[]) = X[i,1]*beta[1]+...+X[i,p]*beta[p]

3 for(i in 1:n){

4 Y[i] ~ dnorm(inprod(X[i,],beta[]),taue)

5 }

6 # Priors

7 beta[1] ~ dnorm(0,0.001) #X[i,1]=1 for the intercept

8 for(j in 2:p){

9 beta[j] ~ dnorm(0,taub*taue)

10 }

11 taue ~ dgamma(0.1, 0.1)

12 taub ~ dgamma(0.1, 0.1)

Under this prior with 1/ω2 = 0 and λ = 1/τ2, the posterior-mean (and MAP) estimator
is the ridge regression estimator [79]

E(β♣Y) = βR = arg min
β

n∑

i=1


Yi −

p∑

j=1

Xijβj




2

+ λ

p∑

j=2

β2
j . (4.17)

Ridge regression is often used to stabilize least squares problems when the number of pre-
dictors is large and/or the covariates are collinear. In ridge regression, the tuning parameter
λ can be selected based on cross-validation. In a fully Bayesian analysis, τ2 can either be
Ąxed to a large value to give an uninformative prior, or given a conditionally conjugate
inverse gamma prior as in Listing 4.2 to allow the data to determine how much to shrink
the coefficients towards zero. If τ2 (and thus λ = 1/τ2) is given a prior, then the intercept
term β1 should be given a different variance because it plays a different role than the other
regression coefficients.

A non-conjugate but more interpretable prior for τ2 is the R2 prior of [172] and [168].
They deĄne the proportion of the variance explained by the mean ηi =

∑p
j=1 Xijβj as

R2 =
Var(ηi)

Var(Yi)
=

Var(ηi)

Var(ηi) + σ2
. (4.18)

Assuming the response is standardized and thus β1 = 0, and the covariates are standardized
to have mean zero and variance one, then (see Appendix) the variance of µi, over both the
βj and the distribution of the covariates, is (p− 1)σ2τ2 and thus

R2 =
(p− 1)τ2

(p− 1)τ2 + 1
so that τ2 =

R2

(p− 1)(1 −R2)
.

The coefficient of determination R2 ∈ (0, 1) is a measure of model complexity with R2 = 0
and R2 = 1 corresponding to simple and complex models, respectively. Rather than placing
a prior on τ2, they assume a more interpretable prior R2 ∼ Beta(a, b). Since R2 is a one-to-
one transformation of τ2, this induces a prior on τ2. It can be shown that the induced prior
of τ2 is generalized beta prime distribution (deĄned in the Appendix). A reasonable default
choice is a = b = 1, which gives a uniform prior to R2 as in Listing 4.3. An alternative is
a = b = 0.5 which induces a half-Cauchy prior (see Appendix) on the standard deviation τ
as in [54].
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Listing 4.3
JAGS code for multiple linear regression with R2 prior.

1 # Likelihood

2 for(i in 1:n){

3 Y[i] ~ dnorm(inprod(X[i,],beta[]),taue)

4 }

5 # Priors

6 beta[1] ~ dnorm(0,0.001) #X[i,1]=1 for the intercept

7 for(j in 2:p){

8 beta[j] ~ dnorm(0,taub*taue)

9 }

10 taue ~ dgamma(0.1, 0.1)

11 taub <- (p-1)*(1-R2)/R2

12 R2 ~ dbeta(1,1)

4.2.2.3 Double exponential prior

In regressions with many predictors it is often assumed that most of the p predictors have
little effect on the response. The Gaussian prior can reĆect this prior belief with a small prior
variance, but a small prior variance has a negative side effect; it shrinks the posterior mean
of the important regression coefficients toward zero and and induces bias. An alternative
[120] is to use double exponential priors for the βj that have (Figure 4.2) a peak at zero
to reĆect the prior belief that most predictors have no effect on the response, but a heavy
tail to reĆect the prior belief that there are a few predictors with strong effects. Listing
4.4 provides JAGS code to implement this model (although the R package BLR [41] is likely
faster). This notion of prior distribution with concentration at zero is extended to other
distributions in Section 8.1.

Assuming the model Yi♣β, σ2 ∼ Normal(
∑p

j=1 Xijβj , σ
2) with improper prior for the

intercept and double exponential priors βj
iid∼ DE(λ/σ2) with PDF π(βj) ∝ exp

(
− λ

2σ2 ♣βj ♣
)
,

then the maximum a posterior (MAP) estimate is (since maximizing the posterior is equiv-
alent to minimizing twice the negative log posterior) is exactly the LASSO estimator in
(4.15) and thus the double exponential prior is often called the Bayesian LASSO prior. An

attractive feature of this estimator is that some of the estimates may have β̂j set exactly
to zero, and this then performs variable selection simultaneously with estimation. While
the posterior mode can be zero, the posterior mean is never zero. Also, because the prior
distribution is a continuous PDF, there is zero posterior probability that a coefficient is
exactly zero, and so every MCMC sample from this model will have exclusively non-zero
values.

4.2.3 Linear regression in matrix notation

The linear regression model is conveniently written in matrix notation. While matrix nota-
tion is not necessary to implement Bayesian linear regression, for Gaussian prior distribu-
tions this compact notation leads to a closed-form expression for the posterior distribution
and thus eliminates the need for MCMC. Let Y = (Y1, ..., Yn)T be the response vector
of length n and the design matrix X be the n × p matrix with the Ąrst column equal to
the vector of ones for the intercept and column j having elements X1j , ..., Xnj . The linear
regression model is then

Y ∼ Normal(Xβ, σ2In) (4.19)
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FIGURE 4.2
Comparison of the Gaussian and double exponential priors. Plotted are the stan-
dard normal and double exponential/BLASSO PDFs, both set to have the same interquartile
range.

Listing 4.4
JAGS code for the Bayesian LASSO.

1 # Likelihood

2 for(i in 1:n){

3 Y[i] ~ dnorm(inprod(X[i,],beta[]),taue)

4 }

5 # Priors

6 beta[1] ~ dnorm(0,0.001)

7 for(j in 2:p){

8 beta[j] ~ ddexp(0,taub*taue)

9 }

10 taue ~ dgamma(0.1, 0.1)

11 taub ~ dgamma(0.1, 0.1)
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Listing 4.5
R code for Bayesian linear regression under the full Jeffreys prior.

1 # This code assumes:

2 # Y is the vector of length n with the observations

3 # X is the n x p matrix of covariates

4 # The first column of X is all ones for the intercept

5

6 # Compute posterior mean and 95% interval

7 beta_mean <- solve(t(X)%*%X)%*%t(X)%*%Y

8 sig2_hat <- mean((Y-X%*%beta_mean)^2)

9 beta_cov <- sig2_hat*solve(t(X)%*%X)

10 beta_scale <- sqrt(diag(beta_cov))

11 df <- length(Y)

12 beta_025 <- beta_mean + beta_scale*qt(0.025,df=df)

13 beta_975 <- beta_mean + beta_scale*qt(0.975,df=df)

14

15 # Package the output

16 out <- cbind(beta_mean,beta_025,beta_975)

17 rownames(out) <- colnames(X)

18 colnames(out) <- c("Mean","Q 0.025","Q 0.975")

where In is the n × n identity matrix with ones on the diagonal (so all responses have
variance σ2) and zeros off the diagonal (so the responses are uncorrelated).

Classical approaches: The usual least squares estimator in matrix notation is

β̂LS = (XT X)−1XT Y. (4.20)

Note that the least squares estimator is unique only if XT X is full rank (i.e., p < n and
none of XŠs columns are redundant) and (XT X)−1, and thus the estimator is undeĄned if
XT X is not full rank. Assuming X is full rank and σ2 is known, the sampling distribution

is β̂LS ∼ Normal
(

β0, σ
2(XT X)−1

)
, where β0 is the true value. Typically σ2 is estimated

based on the residual variance, leading to the StudentŠs t-distribution for the sampling
distribution of β̂LS that is used to construct frequentist conĄdence intervals and p-values.

The ridge regression estimator can also be written in closed form

β̂R = (XT X + λD)−1XT Y (4.21)

where D is the p×p diagonal matrix with zero in the Ąrst diagonal element for the intercept
and one in the remaining diagonal elements. Given λ, the sampling distribution of β̂R is also
a StudentŠs t-distribution that can be used for uncertainty quantiĄcation. Unfortunately, the
LASSO estimator β̂LASSO does not have a closed form, and thus a sophisticated numerical
optimization routine is required for computation, and the sampling distribution is complex.

Jeffreys prior: Conditioned on σ2, the Jeffreys prior is π(β) ∝ 1. This improper prior
only leads to a proper posterior if XT X has full rank, which is the same condition needed
for the least squares estimator to be unique. Assuming this condition is met, the posterior
is

β♣Y, σ2 ∼ Normal
[
β̂LS , σ

2(XT X)−1
]
. (4.22)

The posterior mean is the least squares solution and the posterior covariance matrix is the
covariance matrix of the sampling distribution of the least squares estimator. Therefore, the
posterior credible intervals from this model will numerically match the conĄdence intervals
from a least squares analysis with known error variance.
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With σ2 unknown, the Jeffreys prior is π(β, σ2) ∝ (σ2)−p/2−1 (Section 2.4). Assuming

XT X has full rank, Appendix A.3 shows that β♣Y ∼ tn

[
β̂LS , σ̂

2(XT X)−1
]
, where σ̂2 =

(Y−Xβ̂LS)T (Y−Xβ̂LS)/n. That is, the marginal posterior of β follows the p-dimensional

StudentŠs t-distribution with location β̂LS , scale matrix σ̂2(XT X)−1, and n degrees of
freedom. Under the alternative Jeffreys prior π(β, σ2) ∝ 1/σ2 that is often preferred for
moderate to large p, the posterior is

β♣Y ∼ tn−p

[
β̂LS , σ̂

2(XT X)−1
]
. (4.23)

A property of the multivariate t distribution is that the marginal distribution of each
element is univariate t so that under the alternative Jeffreys prior

βj ♣Y ∼ tn−p(β̂j , s
2
j ) (4.24)

where β̂j is the jth element of β̂LS and s2
j is the jth diagonal element of σ̂2(XT X)−1 (the

degrees of freedom is n under the full Jeffreys prior). Therefore, the joint distribution of all
the regression coefficients as well as the marginal distribution of each regression coefficient
belong to a known family of distributions, and can thus be computed without MCMC
sampling. Listing 4.5 provides R code to compute the posterior mean and 95% intervals.

Gaussian priors: For high-dimensional cases with more predictors than observations
the improper Jeffreys prior does not lead to a valid posterior distribution, and thus a proper
prior is required. The conjugate prior (conditioned on σ2) for β is β♣σ2 ∼ Normal(µ, σ2Ω).
As above, we include σ2 in the prior variance to account for the scale of the response.
Typically the prior is centered around zero, and so from here on we set µ = 0. This prior,
combined with the likelihood Y♣β, σ2 ∼ Normal(Xβ, σ2In), gives posterior

β♣Y, σ2 ∼ Normal
[
(XT X + Ω−1)−1XT Y, σ2(XT X + Ω−1)−1

]
, (4.25)

which is a proper distribution as long as the prior is proper (Ω is positive deĄnite). As
with the Jeffreys prior, if σ2 is unknown and has a conjugate inverse gamma prior, the the
marginal posterior of β follows a StudentŠs t-distribution.

There are several choices for the prior covariance matrix Ω. The independent prior in
Section 4.2.2.2 is obtained by taking Ω as the diagonal matrix with diagonal elements
¶ω2, τ2, ..., τ2♢. The variance component τ2 can either be Ąxed at a large value or given a
prior distribution, such as the R2 prior of [172] and [168]. Alternatively, the form of the

posterior simpliĄes under ZellnerŠs g-prior [171] β♣σ2 ∼ Normal
[
0, σ2

g (XT X)−1
]

for g > 0.

The conditional posterior is then

β♣Y, σ2 ∼ Normal
[
cβ̂LS , cσ

2(XT X)−1
]
, (4.26)

where c = 1/(g + 1) ∈ (0, 1) is the shrinkage factor. This speeds up computation because

β̂LS and (XT X)−1 can be computed once outside the MCMC sampler. The shrinkage factor
c determines how strongly the posterior mean and covariance are shrunk towards zero. A
common choice is g = 1/n and thus c = n/(n + 1). Since FisherŠs information matrix for
the Gaussian distribution is the inverse covariance matrix, the prior contributes 1/nth the
information as the likelihood, and so this prior is called the unit information prior [88].

4.2.4 Linear regression prediction

One use of linear regression is to make a prediction for a new set of covariates, Xpred =
(Xpred

1 , ..., Xpred
p ). Given the model parameters, the distribution of the new response is
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Listing 4.6
JAGS code for linear regression predictions.

1 # Likelihood

2 for(i in 1:n){

3 Y[i] ~ dnorm(inprod(X[i,],beta[]),taue)

4 }

5 # Priors

6 for(j in 1:p){

7 beta[j] ~ dnorm(0,0.001)

8 }

9 taue ~ dgamma(0.1, 0.1)

10

11 # Predictions

12 for(i in 1:n_pred){

13 Y_pred[i] ~ dnorm(inprod(X_pred[i,],beta[]),taue)

14 }

15 # User must pass JAGS the covariates X_pred and integer n_pred

16 # JAGS returns PPD samples of Y_pred

Y pred♣β, σ2 ∼ Normal(
∑p

j=1 X
pred
j βj , σ

2). To properly account for parametric uncertainty,
we should use the posterior predictive distribution (Section 1.5) that averages over the
uncertainty in β and σ2. MCMC provides a means to sample from the PPD by making
a sample from the predictive distribution for each of the s = 1, ..., S MCMC samples of

the parameters, Y (s)♣β(s), σ2(s) ∼ Normal(
∑p

j=1 X
pred
j β

(s)
j , σ2(s)), and using the S draws

Y (1), ..., Y (S) to approximate the PPD. The PPD is then summarized the same way as other
posterior distributions, such as by the posterior mean and 95% interval. Similar approaches
can be used to analyze missing data as in Section 7.1.4.

Listing 4.6 gives JAGS code to generate linear regression predictions. This example uses
independent Gaussian priors, but the prediction step would be the same for other prior
distributions. The matrix of predictors Xpred must be passed to JAGS and JAGS will return
the predictions Ypred. Making predictions with JAGS can slow the sampler and consume
memory, and so it is often more efficient to Ąrst perform MCMC sampling for the parameters
using JAGS and then make predictions in R as in Listing 4.7.

4.2.5 Example: Factors that affect a home’s microbiome

We use the data from [12], downloaded from http://figshare.com/articles/1000homes/

1270900. The data are dust samples from the ledges above doorways from n = 1, 059 homes
(after removing samples with missing data; for missing data methods see Section 7.1.4)
in the continental US. Bioinformatics processing detects the presence or absence of 763
species (technically operational taxonomic units) of fungi. The response is the log of the
number of fungi species present in the sample, which is a measure of species richness. The
objective is to determine which factors inĆuence a homeŠs species richness. For each home,
eight covariates are included in this example: longitude, latitude, annual mean temperature,
annual mean precipitation, net primary productivity (NPP), elevation, the binary indicator
that the house is a single-family home, and the number of bedrooms in the home. These
covariates are all centered and scaled to have mean zero and variance one.

We apply the Gaussian model in Listing 4.2 Ąrst with βj
iid∼ Normal(0, 1002) (ŞFlat

priorŤ) and then with βj ♣σ2, τ2 iid∼ Normal(0, σ2τ2) with τ2 ∼ BP(1, 1) to give a uniform
distribution for the model R2 (ŞGaussian shrinkage priorŤ), and the Bayesian LASSO prior

http://figshare.com/articles/1000homes/1270900
http://figshare.com/articles/1000homes/1270900
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Listing 4.7
R code to use JAGS MCMC samples for linear regression predictions.

1 # INPUTS

2 # beta_samples := S x p matrix of MCMC samples (from JAGS)

3 # taue_samples := S x 1 matrix of MCMC samples (from JAGS)

4 # X_pred := n_pred x p matrix of prediction covariates

5

6 S <- nrow(beta_samples)

7 n_pred <- nrow(X_pred)

8 Y_pred <- matrix(NA,S,n_pred)

9 sigma <- 1/sqrt(taue_samples)

10

11 for(s in 1:S){

12 Y_pred[s,] <- X_pred%*%beta_samples[s,]+rnorm(n_pred,0,sigma[s])

13 }

14

15 # OUTPUT

16 # Y_pred := S x n_pred matrix of PPD samples

in Listing 4.4. For each of the three models we ran two MCMC chains with 10,000 samples
in the burn-in and 20,000 samples after burn-in. Trace plots (not shown) showed excellent
convergence, and the effective sample size exceeded 1,000 for all parameters and all models.

The results are fairly similar for the three priors (Figure 4.3). In all three models,
temperature, NPP, elevation, and single-family home are the most important predictors,
with the most richness estimated to occur in single-family homes with low temperature,
NPP, and higher elevation. In all three models, the sample with largest Ątted value (i.e.,
the posterior mean of Xβ) is a single-family home with three bedrooms in Montpelier, VT,
and the sample with the smallest Ątted value is a multiple-family home with two bedrooms
in Tempe, AZ.

Although the results are not that sensitive to the prior in this analysis, there are some
notable differences. For example, compared to the posterior under a Ćat prior, the posterior
of the slope for latitude (top right panel in Figure 4.3) is shrunk towards zero by the
Gaussian shrinkage model, and the posterior density concentrates even more around the
origin for the Bayesian LASSO prior. However, it is not clear from this plot which of these
three Ąts is preferred; model comparison is discussed in Chapter 6.

4.3 Generalized linear models

Multiple linear regression assumes that the response variable is Gaussian and thus the mean
response can be any real number. Many analyses do not conform to this assumption. For
example, in Section 4.3.1 we analyze binary responses with support ¶0, 1♢ and in Section
4.3.3 we analyze count data with support ¶0, 1, 2, ...♢. Clearly these data are not Gaussian,
and their mean cannot be any real number because the mean must be between zero and one
for binary data and positive for count data. The generalized linear model (GLM) extends
linear regression concepts to handle these non-Gaussian outcomes. There is a deep theory
of GLMs (exponential families, canonical links, etc; see [103]), but here we focus only on
casting the GLM in the Bayesian framework through a few examples.
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FIGURE 4.3
Regression analysis of the richness of a home’s microbiome. The Ąrst panel shows
the sample locations and the remaining panels plot the posterior distributions of the regres-
sion coefficients, βj . The three models are distinguished by their priors for βj : the Ćat prior

is βj ∼ Normal(0, 1002) (solid line), the Gaussian shrinkage prior is βj
iid∼ Normal(0, σ2τ2)

with τ2 ∼ BP(1, 1) (dashed line) to give a uniform distribution for the model R2, and the

Bayesian LASSO is βj
iid∼ DE(0, σ2τ2) with τ2 ∼ InvGamma(0.1, 0.1) (dotted line).
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The basic steps in selecting a GLM are (1) determine the support of the response and
select an appropriate parametric family and (2) link the covariates to the parameters that
deĄne this family. As an example, consider the Gaussian linear regression model in Section
4.2. If the support of the response is (−∞,∞), a natural parametric family is the Gaussian
distribution. Of course, there are other families with this support, and the Ąt of the Gaussian
family to the data should be veriĄed empirically. Once the Gaussian family has been selected,
the covariates must be linked to one or both of the parameters, i.e., the mean or the variance.
Let the linear combination of the covariates be

ηi =

p∑

j=1

Xijβj . (4.27)

The linear predictor ηi can take any value in (−∞,∞) depending on Xij . Therefore, to link
the covariates with the mean, we can simply set E(Yi) = ηi as in standard linear regression.
To complete the standard model we elect not to link the covariates with the variance, and
simply set Var(Yi) = σ2 for all i.

The function that links the linear predictor with a parameter is called the link function.
Say that the parameter in the likelihood for the response is θi (e.g., E(Yi) = θi or Var(Yi) =
θi); then the link function g is

g(θi) = ηi. (4.28)

The link function must be an invertible function that is well-deĄned for all permissible values
of the parameter. For example, in the Gaussian case the link function for the mean is the
identity function g(x) = x so that the mean can be any real number. To link the covariates
to the variance we must ensure that the variance is positive, and so natural-log function
g(x) = log(x) is more appropriate. Link functions are not unique, and must be selected by
the user. For example, the link function for the mean could be replaced by g(x) = x3, and
the link function for the variance could be replaced with g(x) = log10(x).

Bayesian Ątting of a GLM requires selecting the prior and computing the posterior
distribution. The priors for the regression coefficients discussed for Gaussian data in Section
4.2 can be applied for GLMs. If the number of observations is much larger than the
number of covariates, uninformative normal prior distributions can be selected for the βj .
Shrinkage prior distributions βj ♣τ2 ∼ Normal(0, τ2) with prior distribution assigned to τ2

are more stable with a large number of covariates. The prior for τ2 can be the conditionally
conjugate inverse gamma distribution or the more Ćexible generalized beta prime prior in
[168] (via the R package r2d2glmm) that leads to a beta distribution for the model R2 as in
Section 4.2.2.2. The posterior distributions for GLMs are usually too complicated to derive
the posterior in closed-form and prove that, say, a particular prior distribution leads to a
StudentŠs t-posterior distribution with interpretable mean and covariance. However, much
of the intuition developed with Gaussian linear models carries over to GLMs.

With non-Gaussian responses the full conditional distributions for the βj are usually
not conjugate, and Metropolis sampling must be used. Maximum likelihood estimates can
be used as initial values, and the corresponding standard errors can suggest appropriate
candidate distributions. In the examples in this chapter we use JAGS to carry out the MCMC
sampling. R also has dedicated packages for Bayesian GLMs, such as the MCMClogit package
for logistic regression (Section 4.3.1) that are likely faster than JAGS. With Ćat priors and a
large sample it is even more efficient to invoke the Bayesian central limit theorem (Section
3.1.3) and approximate the posterior as Gaussian (e.g., using the glm function in R) and
avoid MCMC altogether.
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Listing 4.8
Model statements for several GLMs in JAGS.

1

2 # (a) Logistic regression

3 for(i in 1:n){

4 Y[i] ~ dbern(q[i])

5 logit(q[i]) <- inprod(X[i,],beta[])

6 }

7 for(j in 1:p){beta[j] ~ dnorm(0,0.01)}

8

9 # (b) Probit regression

10 for(i in 1:n){

11 Y[i] ~ dbern(q[i])

12 probit(q[i]) <- inprod(X[i,],beta[])

13 }

14 for(j in 1:p){beta[j] ~ dnorm(0,0.01)}

15

16 # (c) Poisson regression

17 for(i in 1:n){

18 Y[i] ~ dpois(lambda[i])

19 log(lambda[i]) <- inprod(X[i,],beta[])

20 }

21 for(j in 1:p){beta[j] ~ dnorm(0,0.01)}

22

23 # (d) Negative binomial regression

24 for(i in 1:n){

25 Y[i] ~ dnegbin(q[i],m)

26 q[i] <- m/(m + lambda[i])

27 log(lambda[i]) <- inprod(X[i,],beta[])

28 }

29 for(j in 1:p){beta[j] ~ dnorm(0,0.01)}

30 m ~ dgamma(0.1,0.1)

31

32 # (e) Zero-inflated Poisson

33 for(i in 1:n){

34 Y[i] ~ dpois(q[i])

35 q[i] <- Z[i]*lambda[i]

36 Z[i] ~ dbern(p[i])

37 log(lambda[i]) <- inprod(X[i,],beta[])

38 logit(p[i]) <- inprod(X[i,],alpha[])

39 }

40 for(j in 1:p){beta[j] ~ dnorm(0,0.01)}

41 for(j in 1:p){alpha[j] ~ dnorm(0,0.01)}

42

43 # (f) Beta regression

44 for(i in 1:n){

45 Y[i] ~ dbeta(r*q[i],r*(1-q[i]))

46 logit(q[i]) <- inprod(X[i,],beta[])

47 }

48 for(j in 1:p){beta[j] ~ dnorm(0,0.01)}

49 r ~ dgamma(0.1,0.1)
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4.3.1 Binary outcome

Binary outcomes Yi ∈ ¶0, 1♢ occur frequently when the result of an experiment is recorded
only as an indicator of a success or failure. For example, in Section 1.2 the response was
the binary indicator that a test for HIV was positive. Binary variables must follow a
Bernoulli distribution. The Bernoulli distribution has one parameter, the success proba-
bility Prob(Yi = 1) = qi ∈ [0, 1]. Since the parameter is a probability, the link function
must have input range [0, 1] and output range [−∞,∞]. Below we discuss two such link
functions: logistic and probit.

Logistic regression: The logistic link function is

g(q) = logit(q) = log

(
q

1 − q

)
. (4.29)

This link function converts the event probability q Ąrst to the odds of the event, q/(1−q) > 0,
and then to the log odds, which can be any real number. The logistic regression model is
written

Yi
indep∼ Bernoulli(qi) and logit(qi) = ηi =

J∑

j=1

Xijβj . (4.30)

The inverse logistic (expit) function is g−1(x) = exp(x)/[1 + exp(x)] and so the model can

also be expressed as Yi
indep∼ Bernoulli (exp(ηi)/[1 + exp(ηi)]) . JAGS code for this model is

in Listing 4.8a.
Because the log odds of the event that Yi = 1 are linear in the covariates, βj is interpreted

as the increase in the log odds corresponding to an increase of one in Xj with all other
covariates held Ąxed. Similarly, with all other covariates held Ąxed, increasing Xj by one
multiplies the odds by exp(βj). Therefore if βj = 2.3, increasing Xj by one multiplies
the odds by ten, and if βj = −2.3, increasing Xj by one divides the odds by ten. This
interpretation is convenient for communicating the results and specifying priors. If a change
of one in the covariate is deemed a large change, then a standard normal prior may have
sufficient spread to represent an uninformative prior. The prior for the regression coefficients
can also be evaluated on the induced prior for the success probabilities, qi. Figure 4.4 shows
that prior standard deviation 10 gives a prior for qi that has most of its mass on zero and
one, which may be unrealistic in many problems. This is an example of prior predictive
checks, which will be discussed in Section 6.5

Probit regression: There are many possible link functions from [0, 1] to [−∞,∞]. In
fact, the quantile function (inverse CDF) of any continuous random variable with support
[−∞,∞] would suffice. The link function in logistic regression is the quantile function of the
logistic distribution. In probit regression, the link function is the Gaussian quantile function

Yi
indep∼ Bernoulli(qi) and qi = Φ(ηi), (4.31)

where Φ is the standard normal CDF (Listing 4.8b).
Unfortunately, the regression coefficients βj in probit regression do not have a nice in-

terpretation such as their log-odds interpretation in logistic regression. However, probit
regression is useful because it leads to Gibbs sampling and can be used to model depen-
dence between binary variables. Probit regression is equivalent to specifying latent variables

Zi
indep∼ Normal(ηi, σ

2) and assuming that observing Yi = 1 indicates that Zi exceeds the
threshold z. For example, Zi might represent a patientŠs blood pressure, and Yi is the cor-
responding binary indicator that the patient has high blood pressure (deĄned as exceeding
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FIGURE 4.4
Logistic regression prior. Prior distribution for success probability qi with logit(qi) =
β1 +Xiβ2 and Xi ∼ Normal(0, 1) and β1, β2 ∼ Normal(0, τ2); the prior is plotted for τ = 1
(solid), τ = 2 (dashed) and τ = 10 (dotted).

z). In this example, the probability that the patient has high blood pressure is

Prob(Yi = 1) = Prob(Zi > z)

= Prob[(Zi − ηi)/σ > (z − ηi)/σ]

= 1 − Φ[(z − ηi)/σ]

= Φ [(ηi − z)/σ]

= Φ






J∑

j=1

Xijβj − z


 /σ


 .

Since we never observe the latent variables Zi, we cannot estimate the threshold z or the
variance σ2. The threshold z is coupled with the intercept because adding a constant to the
threshold and subtracting the same constant from the intercept does not affect the event
probabilities qi. Therefore, the threshold is typically set to z = 0. Similarly, multiplying
by σ and dividing the slopes βj by the same constant do not affect the event probabilities,
and so the variance is typically set to σ2 = 1. This gives the usual probit regression model
qi = Φ(ηi).

In this formulation, the regression coefficients β have conjugate full conditional distri-
butions conditioned on the latent Zi. This leads to Gibbs sampling if the Zi are imputed
at each MCMC iteration [5]. Also, dependence between binary outcomes Yi can be induced
by a multivariate normal model for the latent variables Zi.

4.3.2 Categorical outcomes

Logistic and probit regression can be generalized to model categorical data with more
than two possible outcomes. Categorical data might arise if a survey asks customers which
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of R = 4 products they prefer, and their response is coded as Yi ∈ ¶1, ..., R♢, or how
strongly they agree with a statement (e.g., ŞstronglyŤ, Şvery stronglyŤ, etc.), again coded as
Yi ∈ ¶1, ..., R♢. Models differ depending on whether the response levels are ordered (strength
of agreement) or unordered (product choice), but in either case the main objectives are to
determine how covariates Xi affect the likelihood of each response and make predictions.

A natural model for unordered responses is the multinomial logistic regression model,

Prob(Yi = r♣β) =
exp(Xiβr)

∑R
k=1 exp(Xiβk)

(4.32)

for β = (β1, ...,βR). In this model, each of the R levels has a different set of regression
parameters, βr, that determine how the covariates inĆuence the probability of response r.
The linear predictors Xiβr are exponentiated to ensure the probabilities are positive and

the sum in the denominator ensures that
∑R

r=1 Prob(Yi = r♣β) = 1, giving a valid PMF for
all Xi and β.

This formulation maintains the log-odds interpretation that

log

{
Prob(Yi = r♣β)

Prob(Yi = s♣β)

}
= Xi(βr − βs).

As demonstrated by the log-odds above, only the differences between the regression coeffi-
cients are estimable. To avoid overparameterization, one of the R responses, say r = 1, is
set as the baseline with β1 = 0. With this restriction, the log-odds of category r compared

to the baseline is log
{

Prob(Yi=r♣β)

Prob(Yi=1♣β)

}
= Xiβr, and thus βr is interpreted as in logistic

regression with the caveat that all comparisons are with respect to the baseline response
(often chosen as the most common response). In fact, if there are only R = 2 categories
with Yi = 1 a failure and Yi = 2 a success, then the multinomial logistic regression model
reduces to the standard logistic regression model for binary data.

Ordinal data where Yi = r (agree) is in some sense between Yi = r − 1 (disagree)
and Yi = r + 1 (strongly agree) can be modeled as a sequence of logistic regressions.
The sequence of logistic regressions mimics the respondent Ąrst deciding whether to give
the Ąrst response; if not they decide whether to give the second, etc. Mathematically, the
Ąrst logistic regression is the probability of selecting the Ąrst category versus all others
log¶Prob(Yi = 1♣β)/Prob(Yi > 1♣β)♢ = Xiβ1. The second logistic regression is Ąt only using
data from observations with Yi > 1 and is log¶Prob(Yi = 2♣β)/Prob(Yi > 2♣β)♢ = Xiβ2.
This is repeated until all R−1 decisions have been made giving parameters β1, ...,βR−1. For
both the ordered and unordered logistic regression models, any of the priors for standard
logistic regression discussed in Section 4.3.1 can be applied, independently across the βr. If
R is large, then it may be beneĄcial to treat the βr as random effects following the methods
in Section 4.4.

Probit regression can also be applied to categorical data. One approach for ordinal data
is to assume that there is a latent continuous variable Zi♣β ∼ Normal(Xiβ, 1) for each
observation, and the response is determined by this latent value. In this model, if there are
R categories, there are R+ 1 breakpoints L0 < L1 < ... < LR with L0 = −∞ and LR = ∞,
and Yi = k if Lk−1 < Zi < Lk. This is visualized in Figure 4.5 where R = 4 and the shaded
probability is Prob(Yi = 3♣β) = Prob(L2 < Zi < L3♣β).

The appeal of this model is that it connects categorical data analysis back to the well-
understood Gaussian linear regression. For instance, say Zi is a continuous measure of a
respondentŠs view on a topic; then β summarizes the covariate effects on this continuous
measure. However, the Zi are not observed; rather the respondent is asked to rate the topic
as strongly unfavorable, unfavorable, favorable or strongly favorable, and these responses
are coded as Yi ∈ ¶1, ..., 4♢.
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FIGURE 4.5
Probit regression for categorical data. The curve is the PDF of Z♣β ∼ Normal(Xβ, 1)
with Xβ = 2. The vertical lines are at the cutpoints L1, L2 and L3, and the area under the
curve is the probability that Y = 3.

The probit regression model for categorical data is conducive to MCMC computing. As
with the probit regression model for binary data, the Zi can be imputed at each iteration,
and then β can be updated using Gibbs sampling. A complication is selecting the cutpoints,
Lk. They should be given priors so that Lk < Lk+1 for all k, and one of the cutpoints must
be Ąxed, e.g., L1 = 0, because increasing the intercept in β and increasing all the cutpoints
by the same amount gives the same bin probabilities (i.e., in Figure 4.5 the x-axis would
be shifted but the area of the shaded region would not be affected). An example is L1 = 0
and Lk = Lk−1 + δk for k > 1 with gamma prior distributions for the δk so the cutpoints
maintain proper ordering.

4.3.3 Count outcomes

Random variables with support Yi ∈ ¶0, 1, 2, ...♢ often arise as the number of events that
occur in a time interval or spatial region. For example, in Section 2.1 we analyze the number
of NFL concussions by season. In this chapter, we will focus on modeling the mean as a
function of the covariates. The link between the linear predictor and the mean must ensure
that E(Yi) = λi ≥ 0. A natural link function is the log link,

log(λi) =

p∑

j=1

Xijβj . (4.33)

In this model, the mean is multiplied by exp(βj) if Xj increases by one with all other
covariates remaining Ąxed. Unlike binary data, specifying the mean does not completely
determine the likelihood for count data. We discuss below two families of distributions for
the likelihood function: Poisson and negative binomial.
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Poisson regression: The Poisson regression model is

Yi♣λi
indep∼ Poisson(λi) where λi = exp




p∑

j=1

Xijβj


 . (4.34)

As with logistic regression, the regression coefficients β1, ..., βp can be given the priors
discussed in Section 4.2, and Metropolis sampling can be used to explore the posterior
(Listing 4.8c). A critical assumption of the Poisson model is that the mean and variance
are equal, that is,

E(Yi) = Var(Yi) = λi. (4.35)

The distribution of a count is over-dispersed (under-dispersed) if its variance is greater than
(less than) its mean. If over-dispersion is present, then the Poisson model is inappropriate
and another model should be considered so that the posterior accurately reĆects all sources
of variability.

Negative binomial regression: One approach to accommodating over-dispersion is to

incorporate gamma random variables ei
iid∼ Gamma(m,m) with mean 1 and variance 1/m.

Then

Yi♣ei, λi,m
indep∼ Poisson(λiei). (4.36)

Marginally over ei, Yi follows the negative binomial distribution,

Yi♣λi,m ∼ NegBinomial(qi,m) (4.37)

with probability qi = m/(λi +m) and size m. The size m need not be an integer, but if it is
and we envision a sequence of independent Bernoulli trials each with success probability qi,
then Yi can be interpreted as the number of failures that occur before the mth success. More
importantly for handling over-dispersion is that E(Yi) = λi and Var(Yi) = λi + λ2

i /m > λi.
The parameter m controls over-dispersion. If m is large, then ei ≈ 1, and the model reduces
to the Poisson regression model with Var(Yi) ≈ E(Yi); if m is close to zero, then ei has large
variance, and thus Var(Yi) > E(Yi). The over-dispersion parameter can be given a gamma
prior, as in Listing 4.8d.

Zero-inflated Poisson: Another common deviation from the Poisson distribution is
an excess of zeros. For example, say that Yi is the number of Ąsh caught by visitor i to a
state park. It may be that most of the Yi are zero because only a small proportion (say p)
of the visitors Ąshed, but the distribution of Yi for those that did Ąsh is Poisson with mean
λ. The probability of an observation being zero is then 1−p for the non-Ąshers plus p times
the Poisson probability at zero for the Ąshers. The PMF corresponding to this scenario is

f(y♣p, λ) =

{
(1 − p) + pfP (0♣λ) if y = 0

pfP (y♣λ) if y > 0
(4.38)

where fP is the Poisson PMF. This is equivalent to the two-stage model

Yi♣Zi, λ ∼ Poisson(Ziλ) and Zi ∼ Bernoulli(p)

where Zi is the latent indicator that visitor i Ąshed and thus the mean of Yi is zero for non-
Ąshers with Zi = 0. In this scenario, we do not observe the Zi, but this two-stage model
gives the equivalent model to (4.38) but uses only standard distributions. As a result, the
model can be coded in JAGS with covariates included in the mass at zero and the Poisson
rate as in Listing 4.8e.
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FIGURE 4.6
Logistic regression analysis of NBA free throws. The left panel shows the overall
percentage of free throws made versus the percentage for clutch shots made for each player
(denoted by the playerŠs initials). The solid line is the x = y lines and the dashed line is the
Ątted value from Model 2. The right plot is the posterior density for the slope and intercept
from Model 1 and the intercept from Model 2.

4.3.4 Example: Logistic regression for NBA clutch free throws

The table in Problem 17 of Section 1.6 gives the overall free-throw proportion (qi ∈ [0, 1]),
the number of clutch shots made (Yi), and the number of attempted clutch shots (ni)
for players i = 1, ..., 10. Figure 4.6 shows that most players have similar success rates in
clutch and non-clutch situations, but some players appear to have less success in pressure
situations. We Ąt logistic regression models to formally explore this relationship.

The support of the response is Yi ∈ ¶0, 1, ..., ni♢, and so we select a binomial likelihood
Yi♣pi ∼ Binomial(ni, pi) where pi is the probability of player i making a clutch shot. The
number of shots ni is known, and so we link the covariate to the success probability pi. The
two models are

1. logit(pi) = β1 + β2Xi

2. logit(pi) = β1 +Xi

where Xi = logit(qi) is the log odds of making a regular free throw. If β1 = 0 and β2 = 1 in
Model 1 or β1 = 0 in Model 2, then the clutch performance equals the overall performance.
To determine if this is the case, we Ąt the model using JAGS with two chains with burn-in
10,000 and 20,000 additional samples and with uninformative Normal(0, 100) priors for all
parameters. The model speciĄcation for Model 1 is

for(i in 1:10){

Y[i] ~ dbinom(p[i],n[i])

logit(p[i]) <- beta[1] + beta[2]*X[i]

}

beta[1] ~ dnorm(0,0.01)
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TABLE 4.1
Beta regression of microbiome data. Posterior median and 95% intervals for the re-
gression coefficients βj and concentration parameter r.

Median 95% Interval
Intercept −1.01 (−1.05, −0.96)
Longitude −0.21 (−0.28, −0.14)
Latitude −0.08 (−0.22, 0.05)
Temperature −0.15 (−0.30, −0.01)
Precipitation 0.03 (−0.04, 0.11)
NPP −0.04 (−0.10, 0.02)
Elevation −0.02 (−0.09, 0.05)
Single-family home 0.07 ( 0.02, 0.13)
Number of bedrooms −0.08 (−0.13, −0.03)
r 7.97 ( 7.34, 8.66)

beta[2] ~ dnorm(0,0.01)

The results are plotted in Figure 4.6. For Model 1, the slope is centered squarely on one,
and the intercept is centered slightly below zero, but both parameters have considerable
uncertainty, and so the model with pi = qi remains plausible. However, the intercept in
Model 2 is negative with posterior probability 0.96, so there is some evidence that even the
best players in the NBA underperform in pressure situations. The Ątted curve (dashed line)
in Figure 4.6 (left panel) is 1/[1 + exp(−β̄1 − Xi)], where β̄1 is the posterior mean, and
shows that the clutch performance can be several percentage points lower than the overall
percentage.

4.3.5 Example: Beta regression for microbiome data

In Section 4.2.5 we regressed the diversity of a sampleŠs microbiome onto features of the
home. Diversity was measured as the log of the number of the L = 763 species present in
the sample. However, this measure fails to account for the relative abundance of the species.
Let Ail ≥ 0 be the abundance of species l in sample i. Another measure of the diversity is
the proportion of the total abundance attributed to the most abundant species in sample i,

Yi =
max¶Ai1, ..., AiL♢

∑L
l=1 Ail

∈ [0, 1]. (4.39)

This measure is plotted in Figure 4.7 (top left).
Since Yi is between 0 and 1, Gaussian linear regression is inappropriate. One option is

to transform the response from support [0, 1] to (−∞,∞), e.g., Y ∗
i = logit(Yi), and model

the transformed data Y ∗
i using a Gaussian linear model. Another option is to model the

data directly using a non-Gaussian model. A natural model for a continuous variable with
support [0, 1] is the beta distribution. Since the mean must also be in [0, 1], a logistic link can
be used to relate the covariates to the mean response. Therefore, we Ąt the beta regression
model

Yi♣β, r ∼ Beta[rqi, r(1 − qi)] and logit(qi) = XT
i β. (4.40)

Yi♣β, r has mean qi and variance qi(1−qi)/(r+1), and so r > 0 determines the concentration
of the beta distribution around the mean qi.
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Using priors βj ∼ Normal(0, 100) and r ∼ Gamma(0.1, 0.1), we Ąt this model in JAGS

using the code in Listing 4.8e (although sampling would likely be faster using the betareg

package in R). Before Ątting the model, the covariates are standardized to have mean zero
and variance one. Convergence was excellent for all parameters (the bottom left panel of
Figure 4.7 shows the trace plot for r). The posterior distributions in Table 4.1 indicate that
there is more diversity (smaller Yi) on average in homes in cool regions in the east and in
multiple-family homes with many bedrooms.

4.4 Random effects

The standard linear regression model assumes all observations are independent. This as-
sumption is tenuous if data are collected in groups. For example, Figure 4.8 plots the jaw
bone density measurements of n = 20 children measured over the course of m = 4 visits.
Analyzing data from this repeated measures design requires accounting for likely correlation
between subsequent observations on the same child. This section introduces the concept of
a random effect to account for this and other settings with potential dependence between
observations. The random effects methods introduced here are a preview of hierarchical
modeling (Section 7.1), which is one of the most powerful applications of the Bayesian
framework.

These 20 children represent only a random sample from a much larger population, but
we can use these samples to make an inference about the larger population. If we let Yij

be the jth measurement for patient i, then (ignoring age as in the top right panel of Figure
4.8) the one-way random effects model is

Yij ♣αi
indep∼ Normal(αi, σ

2) where αi
iid∼ Normal(µ, τ2). (4.41)

The random effect αi is the true mean for patient i, and the observations for patient i
vary around αi with variance σ2. The αi are called random effects because if we repeated
the experiment with a new sample of 20 children, the αi would change. In this model, the
population of patient-speciĄc means is assumed to follow a normal distribution with mean
µ and variance τ2.

For the one-way random effects model, marginally over the random effects, the mean is
E(Yij) = µ for all observations, and the variance of the response is the sum of the random
effect and error variances, Var(Yij) = τ2 + σ2. The proportion of the variance attributed to
the random effects is

R2 =
Var(αi)

Var(Yij)
=

τ2

τ2 + σ2
.

Marginalizing over the random effects induces correlation between observations from the
same group. The marginal covariance is

Cov(Yij , Yuv) =





τ2 + σ2 i = u and j = v
τ2 i = u and j ̸= v
0 i ̸= u.

(4.42)

Since two observations from the same patient share a common random effect, they have
covariance τ2 and thus correlation τ2/(τ2 + σ2). Observations from different patients have
no common source of variability and are thus uncorrelated.

A Bayesian analysis of a random effects model requires priors for the population param-
eters. Unlike analyses such as linear regression where the main focus is on the mean and
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FIGURE 4.7
Beta regression for microbiome data. The top left panel shows the histogram of the
observed proportions of abundance allocated to the most abundant OTU, and the top right
panel plots this variable against the sampleŠs longitude. The second row gives the trace
plots (the two chains are different shades of gray) of the concentration parameter, r, and
the Ątted Beta[r̂q̂, r̂(1 − q̂)] density for three samples evaluated at the posterior mean for
all parameters.
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FIGURE 4.8
One-way random effect analysis of the jaw data. The dots in the top left panel show
bone density at the four visits for each patient (connected by lines), the top right panel
compares the observations (dots) and the posterior distribution of the subject random effect
αi (boxplot), the bottom left panel plots the posterior of the variance ratio τ2/(τ2 + σ2),
and the Ąnal panel compares the posterior density of the mean µ from the random effects

model versus the independence model Yij
iid∼ Normal(µ, σ2).
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Listing 4.9
The one-way random effects model in JAGS.

1 # Likelihood

2 for(i in 1:n){for(j in 1:m){

3 Y[i,j] ~ dnorm(alpha[i],sig2_inv)

4 }}

5

6 # Random effects

7 for(i in 1:n){alpha[i] ~ dnorm(mu,tau2_inv)}

8

9 # Priors

10 mu ~ dnorm(0,0.0001)

11 sig2_inv ~ dgamma(0.1,0.1)

12 tau2_inv ~ dgamma(0.1,0.1)

prediction of new observations, in random effects models the variance components (e.g., σ2

and τ2) are often the main focus of the analysis. Therefore it is important to scrutinize the
priors used for these parameters. The inverse gamma prior (Listing 4.9) is conjugate for
the variance parameters which often leads to simple Gibbs updates. However, as shown in
Figure 4.9, the inverse gamma prior with small shape parameter for a variance induces a
prior for the standard deviation with prior PDF equal to zero at the origin. This excludes
the possibility that there is no random effect variance, which may not be suitable in many
problems.

While the inverse gamma distribution is the only conjugate prior, there are many pos-
sibilities including:

1. Inverse gamma prior for the variance

2. Uniform prior for the standard deviation

3. Half-Cauchy prior for the standard deviation

4. Generalized beta-prime prior for the standard deviation/variance

As discussed in Section 2.4.1, selecting the parameterization is a key factor in determining a
prior distribution. The main choices here are the variance, τ2, or the standard deviation, τ .
Eliciting prior information is arguably easier for the standard deviation because it is on the
scale of the observations. The prior information that the standard deviation cannot exceed
τmax is encoded in the uniform prior τ ∼ Uniform(0, τmax). If the upper bound is justiĄed,
then this is a reasonable uninformative prior that adheres to this constraint; however, since
the prior probability above τmax is zero, the posterior probability above τmax will also be
zero regardless of the data, and so the choice of upper bound is critical.

As an alternative, [54] endorses a half-Cauchy (HC) prior for the standard deviation. The
HC distribution (see Appendix) is the StudentŠs t-distribution with one degree of freedom
restricted to be positive and has a Ćat PDF at the origin (Figure 4.9), which is usually
a more accurate expression of prior belief than the inverse gamma distribution. Listing
4.10 gives JAGS code for this prior. In this code the HC distribution is assigned directly to
the standard deviation, i.e., τ ∼ HC(1), which breaks the conjugacy relationships for the
variance components (this is easily handled by JAGS); conjugacy can be restored using a
two-stage model (Section 9.4). If we denote ω = 1/σ2 as the precision, then the scale-mixture
of gammas distribution

ω♣b ∼ Gamma(1/2, b) and b ∼ Gamma(1/2, 1) (4.43)
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FIGURE 4.9
Priors for a standard deviation. The half-Cauchy prior for σ and the prior induced for
σ by inverse gamma priors on σ2 with different shape parameters a (and scale parameter b
set to give median 1) and beta prime (BP) with different shape parameters. The left and
right panels differ by the range of σ being plotted.
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Listing 4.10
The one-way random effects model with half-Cauchy priors.

1 # Likelihood

2 for(i in 1:n){for(j in 1:m){

3 Y[i,j] ~ dnorm(alpha[i],sig2_inv)

4 }}

5

6 # Random effects

7 for(i in 1:n){alpha[i] ~ dnorm(mu,tau2_inv)}

8

9 # Priors

10 mu ~ dnorm(0,0.0001)

11 sig2_inv <- pow(sigma,-2)

12 tau2_inv <- pow(tau,-2)

13 sigma ~ dt(0, 1, 1)T(0,) # Half-Cauchy priors with

14 tau ~ dt(0, 1, 1)T(0,) # location 0 and scale 1

Listing 4.11
The one-way random effects model with half-Cauchy priors with a mixture of gammas
representation.

1 # Likelihood

2 for(i in 1:n){for(j in 1:m){

3 Y[i,j] ~ dnorm(alpha[i],sig2_inv)

4 }}

5

6 # Random effects

7 for(i in 1:n){alpha[i] ~ dnorm(mu,tau2_inv)}

8

9 # Priors

10 mu ~ dnorm(0,0.0001)

11 sig2_inv ~ dgamma(0.5,b1); b1 ~ dgamma(0.5,1) # sigma ~ HC(1)

12 tau2_inv ~ dgamma(0.5,b2); b2 ~ dgamma(0.5,1) # tau ~ HC(1)

induces a HC(1) prior on the standard deviation σ. This model is in Listing 4.11 which
is equivalent to Listing 4.10. This code assumes the HC scale parameter is Ąxed at one.
Because the Cauchy prior has a very heavy tail, this gives 0.99 prior quantile equal to 63.
Despite this wide prior range, the scale of the HC prior could be adjusted to the scale of
the data.

The generalized beta-prime (GBP) distribution has been proposed as a generalization
of the half-Cauchy prior [168, 10, 91, 172]. In Section 4.2, the beta-prime (BP) prior τ2 ∼
BP(a, b) was used in linear regression to induce a Beta(a, b) prior on the model R2. With
small a and b this gives an uninformative prior for the overall model Ąt. As discussed below,
the BP prior for random effects variance has a similarly appealing interpretation.

The GBP distribution extends the BP distribution by including a power parameter, c,
and scale parameter, d. If X ∼ BP(a, b) then

X∗ = dX1/c ∼ GBP(a, b, c, d)

with c = d = 1 reducing to the beta-prime distribution X∗ ∼ BP(a, b). The Ćexibility of
the power parameter allows the variance and standard deviation parameterizations to stay
in the same family because τ2 ∼ GBP(a, b, c, d) is equivalent to τ ∼ GPD(a, b, 2c, d1/2).
The Half-Cauchy prior is a special case with a = b = 1/2 and c = 1; that is, τ ∼ HC(σ) is
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Listing 4.12
The one-way random effects model with uniform prior on R2.

1 # Likelihood

2 for(i in 1:n){for(j in 1:m){

3 Y[i,j] ~ dnorm(alpha[i],sig2_inv)

4 }}

5

6 # Random effects

7 for(i in 1:n){alpha[i] ~ dnorm(mu,tau2_inv)}

8

9 # Priors

10 mu ~ dnorm(0,0.0001)

11 sig2_inv ~ dgamma(0.1,0.1)

12 R2 ~ dunif(0,1)

13 tau2_inv <- sig2_inv*(1-R2)/R2

equivalent to τ2 ∼ GBP(1/2, 1/2, 1, σ). However, as shown in Figure 4.9 the BP prior, and
thus the GBP prior, includes a wider range of shapes. For example, the PDF at zero can
be zero like the inverse gamma, Ąnite like the half-Cauchy or inĄnite.

If we select GBP prior τ2♣σ2 ∼ GBP(a, b, 1, σ2), then the proportion of variance ex-
plained by the random effects in the one-way random effects model, R2 = τ2/(τ2 + σ2),
follows a Beta(a, b) prior distribution. Setting a = b = 1 as in Listing 4.12 gives an uninfor-
mative uniform prior on the proportion of variance explained by the random effects, while
selecting a half-Cauchy prior with a = b = 1/2 is fairly diffuse, but has more prior mass for
R2 near zero and one. In contrast, the priors σ2, τ2 ∼ InvGamma(ϵ, ϵ) for small ϵ, induce
an unrealistic prior for R2 with half its mass at R2 ≈ 0 and the other half at R2 ≈ 1.

Returning to the bone density data, Figure 4.8 plots the posterior approximated with
two chains each with 30,000 samples and the Ąrst 10,000 discarded as burn-in assuming the
model in Listing 4.9. The posterior distribution of the proportion of the variance attributed
to the random effect τ2/(τ2 +σ2) ranges from 0.1 to 0.5 (bottom left panel). Accounting for
this correlation between observations from the same patient affects the posterior of the Ąxed
effect, µ (bottom right). The posterior variance of µ is larger for the random effects model

compared to the posterior of µ for the independence model Yij
iid∼ Normal(µ, σ2). This is

expected because there is less information about the mean in 4 repeated measurements for
20 patients than 80 measurements from 80 different patients.

To test for prior sensitivity, we reĄt the model using a half-Cauchy prior in Listing 4.10
and uniform R2 prior in Listing 4.12. In this case the prior for the variance components
had little effect on the results. The 95% posterior credible sets σ and τ are (1.24, 1.78) and
(1.75, 3.51) respectively using inverse gamma priors compared to (1.24, 1.77) and (1.72,
3.45) for the half-Cauchy priors and (1.25, 1.80) and (1.69, 3.35) for the R2 prior.

Marginal models: Inducing correlation by conditioning on random effects is equivalent
to a marginal model (Section 4.6) that does not include random effects but directly speciĄes
correlation between observations in the same group. For example, the one-way random
effects model

Yij ♣αi
indep∼ Normal(αi, σ

2) where αi
iid∼ Normal(µ, τ2) (4.44)

is equivalent to the marginal model

Yi ∼ Normal(µ,Σ), (4.45)

where Yi = (Yi1, ..., Yim)T is the data vector for group i, µ = (µ, ..., µ)T is the mean vector,
and Σ is the covariance matrix with τ2+σ2 on the diagonals and τ2 elsewhere. An advantage
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of the marginal approach is that we no longer have to estimate the random effects αi; a
disadvantage is that for large data sets and complex correlation structure the mean vector
and especially the covariance matrix can be large, which slows computation.

In the hierarchical representation, the elements of Yi are independent and identically
distributed given αi; in the marginal model the m observations from group i are no longer
independent, but they remain exchangeable; i.e., their distribution is invariant to permuting
their order. The concept of exchangeability plays a fundamental role in constructing hier-
archical models. The representation theorem by Bruno de Finetti states that any inĄnite
sequence of exchangeable variables can be written as independent and identically distributed
conditioned on some latent distribution. Therefore, this important type of dependent data
can be modeled using a simpler hierarchical model.

Bayesian random effects models can also describe structured (non-exchangeable) corre-
lation as in Section 4.6. For example, observations made over space and time may exhibit
correlation that decays with distance in space or lag in time.

4.5 Generalized linear mixed models

Multiple linear regression (Section 4.2) estimates the relationships between variables under
the assumption of independence between observations. The regression coefficients (β) are
the parameters of interest and apply to all observations in the analysis and for prediction for
other observations from the same population. In this sense, these parameters are fixed effects.
Random effects (Section 4.4) allow for different parameters (αi) in different subpopulations
and can be used to capture dependence. Fixed and random effects can of course be combined
in common model, which is then referred to as a linear mixed model. In this chapter we
introduce the linear mixed model for Gaussian data and the generalized linear mixed model
for non-Gaussian data.

As we will see, the same algorithms (e.g., Gibbs sampling) can be used for mixed mod-
els as for the other models we have considered. In fact, computationally there is no need
to distinguish between Ąxed and random effects (which can lead to confusion, [76]). Con-
ceptually, however, Ąxed and random effects are distinct because Ąxed effects describe the
population, and a random effect describes an individual from the population. A common
source of confusion is that Ąxed effects are treated as random variables in a Bayesian anal-
ysis. However, as with all parameters, the prior and posterior distributions for Ąxed effects
reĆect subjective uncertainty about the true values of these Ąxed but unknown parameters,
and not that they are a random sample from a larger population.

Linear mixed model: The linear mixed model extends the multiple regression model
(Section 4.2) by adding random effects to account for clustering of the observations. The
linear mixed model has Gaussian responses and both Ąxed and random effects. Returning
to the bone density example in Figure 4.8, the response Yij is the bone density for child
i ∈ ¶1, ..., 20♢ at visit j ∈ ¶1, ..., 4♢. There is an increasing trend in age, and so we may add
a Ąxed effect for the childŠs age at visit j, Xij . There is also clearly clustering/dependence
between the four observations for each child, so we include a random effect for child, giving
a linear mixed model with the one-way random effect,

Yij ♣αi
indep∼ Normal(µ+Xijβ + αi, σ

2) where αi
iid∼ Normal(0, τ2), (4.46)

where µ is the intercept and β is the Ąxed age trend. This model has the mean of the
random-effect distribution equal zero, which is equivalent to removing µ from the mean of
Yij and assuming the mean of αk is µ.



154 Bayesian Statistical Methods

In this model, the age trend is Ąxed in that it applies to all children in this dataset and
to all children in the population not included in the sample. The random effects αi each
apply to only one child. If the objective of the study is to learn about the population, then
the primary interest is not in the random effects for the children in the random sample, but
rather to generalized to the distribution across the population, parameterized by τ2.

A more general formulation of the linear mixed model with one type of random effect is

Yi♣β,α
indep∼ Normal

(
p∑

l=1

Xilβl +
K∑

k=1

Zikαk, σ
2


(4.47)

where αk
iid∼ Normal(0, τ2). The Ąxed component

∑p
l=1 Xilβl is identical to multiple linear

regression. The random component is now determined by the Zik, which are often binary
cluster indicators. The bone density model Ąts this format with Y1, ..., Y80 being the ob-
servations for the 20 children and 4 visits in a single vector and Zik = 1 if observation
i comes from child k and Zik = 0 otherwise. Writing the model this way allows it to be
expressed in matrix notation, extending (4.19) by including the n × K matrix Z to give
Y♣β,α ∼ Normal(Xβ + Zα, σ2In).

The Bayesian linear mixed model is completed with priors for β, τ2 and σ2. Priors

from previous sections can be adapted for the linear mixed model; e.g., the priors βj
iid∼

Normal(0, c2) and σ2, τ2 iid∼ InvGamma(a, b) for large c and small a and b are conjugate and
uninformative. The inverse gamma distributions can be replaced with Half-Cauchy or beta-
prime distributions (Section 4.4). As discussed in [168], the beta-prime prior can induce a
beta distribution on the overall model Ąt,

R2 =
Var

(∑p
j=1 Xijβj +

∑K
k=1 Zikαk

)

Var(Yi)
.

If the covariates are standardized and βj ∼ Normal¶0, q1σ
2W/(p−1)♢ and τ2 = q2σ

2W with
q1 + q2 = 1, then the prior W ∼ BP(a, b) gives the prior R2 ∼ Beta(a, b). The proportions
(q1, q2) determine the relative contribution of the Ąxed and random effects and can be Ąxed
or given a Dirichlet prior.

Two-way random effects: The model above assumes a linear time trend, which may
be overly restrictive. A more Ćexible model includes a separate parameter for the mean
response at each of the four time points, α21, ..., α24,

Yij ♣αi
indep∼ Normal(µ+Xijβ + α1i + α2j , σ

2)

where as before the child random effects are modeled as α1i
iid∼ Normal(0, τ2

1 ). Treating age
as a random effect is questionable, as the four ages under consideration are not a random
sample from a larger population of ages. One approach is to treat the α2j as Ąxed effects
with uninformative prior, effectively including four dummy variables for visit number as
covariates. This model is overparameterized as there are six parameters (µ, β, α21, ..., αj4)
to explain the population mean at the four ages, and so at least two parameters must be
removed.

An alternative is to model the age indicators as α2j
iid∼ Normal(0, τ2

2 ). In this model, the
α2j represent deviations from the linear trend, and the Gaussian priors add stability to avoid
overĄtting; i.e., small τ2 shrinks α2j ≈ 0, and the time trend is approximately linear with
slope β. This example illustrates how random effects can be used as a convenient modeling
device in Bayesian models that do not have the classical interpretation of a random effects
models [77].
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Listing 4.13
Random slopes model in JAGS.

1 # Likelihood

2 for(i in 1:n){for(j in 1:m){

3 Y[i,j] ~ dnorm(alpha[i,1]+alpha[i,2]*age[j],tau)

4 }}

5

6 # Random effects

7 for(i in 1:n){

8 alpha[i,1:2] ~ dmnorm(beta[1:2],OmegaInv[1:2,1:2])

9 }

10

11 # Priors

12 tau ~ dgamma(0.1,0.1)

13 for(j in 1:2){beta[j] ~ dnorm(0,0.0001)}

14

15 nvar <- 2 # Set the Wishart parameters so E(Omega) = I_nvar

16 nu <- (nvar+1) + 0.1

17 R[1,1] <- nu - (nvar+1)

18 R[1,2] <- 0

19 R[2,1] <- 0

20 R[2,2] <- nu - (nvar+1)

21

22 OmegaInv[1:2,1:2] ~ dwish(R[,],nu)

Random effects can also be used to capture complex dependence structure between ob-

servations. For the two-way random effects model with α2j
iid∼ Normal(0, τ2

2 ), the covariance
is

Cov(Yij , Yuv) =





σ2 + τ2
1 + τ2

2 i = u and j = v

τ2
1 i = u and j ̸= v

τ2
2 i ̸= u and j = v

0 i ̸= u and j ̸= v.

(4.48)

Therefore, the random effects induce correlation τ2
1 /(σ

2 + τ2
1 + τ2

2 ) between observations for
the same child at different visits and correlation τ2

2 /(σ
2 + τ2

1 + τ2
2 ) between observations for

the different children at the same visit time.
Random slopes model: The previous models for the bone growth data allow each child

to have a different intercept but assume the same trajectory across time for all children.
However, Figure 4.8 indicates that the rate of increase over time varies by child. Therefore
we could model the child-speciĄc slopes as random effects

Yij ♣αi
indep∼ Normal(αi1 + αi2Xj , σ

2) where αi
iid∼ Normal(β,Ω), (4.49)

and the random intercept and slope for patient i is αi = (αi1, αi2)T . The mean vector β

includes the population mean intercept and slope, and is thus a Ąxed effect. The 2 × 2
population covariance matrix Ω determines the variation of the random effects over the
population. To complete the Bayesian model we specify prior σ2 ∼ InvGamma(0.1, 0.1),
β ∼ Normal(0, 1002I2), and Ω ∼ InvWishart(3.1, I2/3.1). The inverse Wishart prior for
the covariance matrix has prior mean (which exists because we take ν = 3.1 > 2 + 1) I2,
the 2 × 2 identify matrix (see Appendix A.1). JAGS code for this random-slopes model is in
Listing 4.13.
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FIGURE 4.10
Mixed effects analysis of the jaw data. The observed bone density (points) for three
subjects versus the posterior median (solid lines) and 95% intervals (dashed lines) of the
Ątted value αi1 + αi2X for X ranging from 8Ű10 years, and 95% credible intervals (vertical
lines at Age=10) of the posterior predictive distributions for the measured response at age
X = 10.

The posterior mean of the population covariance matrix is

E(Ω♣Y) =

[
84.83 −9.36
−9.36 1.11

]
(4.50)

and the posterior 95% interval for the correlation Cor(αi1, αi2) = Ω12/
√

Ω11Ω22 is
(−0.986,−0.904). Therefore there is a strong negative dependence between the intercept
and slope, indicating that bone density increases rapidly for children with low bone density
at age 8, and vice versa.

Figure 4.10 plots the posterior distribution of the Ątted values αi1 +αi2X for X between
8 and 10 years for three patients. For each patient and each age, we compute the 95%

interval using the quantiles of the S posterior samples α
(s)
i1 + α

(s)
i2 X. We also plot the

Posterior Predictive Distribution (PPD) for the measured bone density at age 10. The PPD

is approximated by sampling Y
∗(s)

i ∼ Normal(α
(s)
i1 +α

(s)
i2 10, σ2(s)) at each iteration and then

computing the quantiles of the S predictions. The PPD accounts for both uncertainty in the
patientŠs random effect αi and measurement error with variance σ2. The intervals in Figure
4.10 suggest that uncertainty in the random effects is the dominant source of variation.

Generalized linear mixed models: Generalized linear mixed models (GLMMs) in-
clude random effects to the GLMs of Section 4.3 in the natural way. Recall that for GLMs
the mean (or other features of the distribution) response E(Yi) is related to the linear
predictor ηi via link function g as g¶E(Yi)♢ = ηi. For instance, in logistic regression the
binary response variable Yi was regression onto covariates Xi using the logistic link func-
tion logit¶E(Yi)♢ = ηi =

∑p
l=1 Xilβl. This link function ensures that the mean response is

between zero and one for ηi.
The GLMM adds random effects to the linear predictor. For example, consider the

one-way GLMM model where Yij is the ith observation in group j. The linear predictor
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g¶E(Yij)♢ = ηij includes both the Ąxed effect covariate Xij and random effect αj

ηij = µ+Xijβ + αj

with random effects distribution αj
iid∼ Normal(0, τ2). As with GLMs, different link function,

are appropriate for different response types; e.g., if Yij is binary then we might use a logistic
link function or if Yij is a count we might use a Poisson regression with log link function.
Also, the linear mixed model is a special case of the GLMM with identity link function and
Gaussian assumption for the response distribution.

The motivation for and interpretation of the random effects is the same for GLMMs as
for Gaussian linear mixed models. That is, the distribution of random effects is interpreted
as representing a variation across a population of sampling units. The statistical interest
is either in the population parameter τ2, or sometimes in identifying extreme units in the
sample with large or small αj .

Random effects are also used to account for dependence between observations in the
same cluster. Unlike in the Gaussian case, the correlation cannot be computed analytically,
but the insight that shared random effects leads to dependence remains. To see this, consider
the logistic model for binary data without Ąxed effects so logit¶Prob(Yij = 1♣αj)♢ = αj . The
mean is Prob(Yij = 1) = 0.5 marginally over the random effect for all τ . The table below
gives the joint PMF for two observations from the same cluster. These probabilities are
approximated using Monte Carlo sampling by Ąrst drawing αj ∼ Normal(0, τ2) and then
generating Y1j and Y2j independently given the draw of αj . With τ = 0, the observations
are independent, and the joint probabilities are the product of marginal probabilities. For
large τ the two observations are dependent with probability that they are equal converging
to one. This happens because for draws with large αj , both observations are likely one,
and for draws with small αj both observations are likely zero. Therefore, the random effect
induces positive dependence between these binary responses.

τ 0 5 10 15 20
Prob(Y1j = 0, Y2j = 0) 0.25 0.42 0.46 0.47 0.48
Prob(Y1j = 0, Y2j = 1) 0.25 0.08 0.04 0.03 0.02
Prob(Y1j = 1, Y2j = 0) 0.25 0.08 0.04 0.03 0.02
Prob(Y1j = 1, Y2j = 1) 0.25 0.42 0.46 0.47 0.48

In the example below, we use JAGS to Ąt a GLMM with binary outcomes and random
effects. JAGS is sufficiently fast for small and moderately-sized analyses such as this. How-
ever, we note that for larger analyses, packages dedicated for GLMMs such as brms [26]
may be preferable.

Childhood malaria example: Diggle et al. [44] study factors associated with childhood
malaria. The data are available in the geoR package and consist of n = 1, 332 children from
L = 65 villages (points in Figure 4.11) in the Gambia. The response variable is Yi = 1 if
child i tested positive for malaria, and Yi = 0 if child i tested negative. Let si ∈ ¶1, ..., L♢ be
the village number for child i. In addition to the village, observation i has seven covariates
(p = 8 including the intercept): the x-coordinate of the village, the y-coordinate of the
village, the childŠs age, an indicator of bed net use, an indicator of whether the bed net is
treated, the greenness of the village and an indicator of the health center in the village. All
covariates are standardized to have mean zero and variance one.

The objectives of the analysis are to estimate the covariate effects and to identify villages
with excess risk of malaria, i.e., high malaria rates that cannot be explained by the covari-
ates. We use the generalized logistic regression model with Ąxed effects for the covariates
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Listing 4.14
Random effects logistic regression for The Gambia data.

1 for(i in 1:n){

2 Y[i] ~ dbern(q[i])

3 logit(q[i]) <- X[i,1]*beta[1] + X[i,2]*beta[2] +

4 X[i,3]*beta[3] + X[i,4]*beta[4] +

5 X[i,5]*beta[5] + X[i,5]*beta[6] +

6 alpha[s[i]]

7 }

8 for(j in 1:6){ # Priors for the fixed effects

9 beta[j] <- dnorm(0,0.1)

10 }

11 for(k in 1:65){ # Village random effects

12 alpha[k] <- dnorm(0,tau2_inv)

13 }

14 tau2_inv <- (1-R2)/R2 # Beta-prime/Half-Cauchy prior

15 R2 ~ beta(0.5,0.5)

and a random effect for the village:

qi = Prob(Yi = 1♣β,α) and logit(qi) =

p∑

j=1

Xijβj + αsi
(4.51)

with random effects distribution αk
iid∼ Normal(0, τ2). The random effects are coded using

the village indicators si, so that if child i is from village l, then si = k and αsi
= αk.

The random effects both capture correlation between two children from the same village,
and also can be used to identify village with excess risk of malaria and αk > 0. Listing
4.14 gives JAGS code to Ąt this model with uninformative priors βj ∼ Normal(0, 10) and
τ2 ∼ BP(0.5, 0.5), i.e., τ ∼ HC(1).

Table 4.2 summarizes the posterior of the covariate effects. As expected, bed net use
and proximity to a health care center reduce malaria prevalence. The posterior mean of the
village effect standard deviation τ is 0.88. Figure 4.2b shows that the posterior mean of the
village random effects αk range from roughly −1.5 to 1.5. These values indicate considerable
variation in the positivity rate across villages even after accounting for the Ąxed effects. The
odds of testing positive for a child from a village with αk = 1.5 is exp(1.5) = 4.48 times
higher than a child from a village with the same covariates but αk = 0. Investigation of the
villages in the clusters with large αk in Figure 4.2b could be used to generate hypotheses
about missing factors that might explain disease prevalence in these areas.

To test for prior sensitivity, we reĄt the model with τ2 ∼ BP(a, b) for (a, b) set to (1, 1),
(5, 1), (5, 1) or (5, 5). The posterior mean of the random effect standard deviation τ ranged
from 0.84 to 0.94. Therefore, large changes to the prior produce moderate changes to the
posterior and there is slight sensitivity to the prior.

4.6 Linear models with correlated data

Section 4.4, speciĄcally (4.42), demonstrates that including random effects can capture de-
pendence between observations. In this approach, we included random effects to the model,
assumed conditional independence between the observations given the random effects, and
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FIGURE 4.11
Fitted values for the Gambia analysis. (a) Average of the posterior means of Ątted
probabilities qi for each village, (b) posterior mean of the village random effects αk and (c)
the posterior probability that αk > 0.

TABLE 4.2
Summary of the Gambia analysis. Posterior summaries for the Ąxed effects coefficients
(βj) and random effect standard deviation (τ).

Mean SD 95% Interval
Intercept −0.64 0.13 (−0.89, −0.39)
Age 0.29 0.05 ( 0.18, 0.39)
Net use −0.20 0.07 (−0.33, −0.05)
Treated −0.18 0.10 (−0.37, 0.01)
Greenness 0.32 0.12 ( 0.09, 0.55)
Health center −0.16 0.12 (−0.40, 0.08)
Random effect SD 0.88 0.11 ( 0.68, 1.12)
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studied the correlation induced by marginalizing over the random effects. Alternatively,
correlation between observations can be modeled directly without including random effects.
For example, rather than including random effects to capture dependence, the covariance
model in (4.48) could be used directly, and equivalently, to model dependence. For data
with a natural ordering such as spatial or temporal data, modeling the marginal correlation
directly as a function of distance in space or time is often the more intuitive approach. As
with random effects, there are many correlation models, and Ąnding a reasonable one is
important to obtain valid inference and make accurate predictions.

The Bayesian linear model with correlated errors is

Y♣β ∼ Normal(Xβ,Σ). (4.52)

The mean structure Xβ is interpreted the same as in a linear model with independent
errors; i.e., with all other covariates held Ąxed, increasing a covariate by one increases the
mean by the corresponding element in β; however, the posterior of β can be dramatically
affected by the choice of correlation (e.g., [78]). A Bayesian analysis of correlated data
hinges on correctly specifying the correlation structure to capture, say, spatial or temporal
correlation. Say observation i is taken at spatial location (longitude/latitude) si. Then we
might assume that the correlation between observations at locations si and sj decays with
distance between locations, dij = ♣♣si − sj ♣♣, as

Cor(Yi, Yj) = C(dij) = exp(−ϕdij)

where ϕ > 0 determines the rate of decay and is a parameter to be estimated. Then the
(i, j) element of Σ is σ2C(dij), so σ2 is the variance of Y.

Rather than explicitly modeling the correlation between each pair of observations, the
correlation is determined by the correlation function, C, which inputs a distance and out-
puts a correlation. The exponential correlation function is just one simple example, e.g.,
the squared exponential correlation function is C(d) = exp(−ϕd2), which is popular in ma-
chine learning (Section 8.3.2). The correlation function is typically selected from a list of
valid correlation functions that ensure than when used to populate Σ, Σ is guaranteed to
by symmetric and positive deĄnite. [38] provides a list of common spatial and temporal
correlation functions.

Given the correlation structure and priors for the correlation parameters (ϕ in the pre-
vious example), standard Bayesian computational tools can be used to summarize the pos-
terior. Correlation parameters usually will not have conjugate priors, and so MetropolisŰ
Hastings sampling is used. An advantage of the Bayesian approach for correlated data is
that using MCMC sampling, we can account for uncertainty in the correlation parameters
for prediction or inference on other parameters, whereas maximum likelihood analysis often
uses plug-in estimates of the correlation parameters and thus underestimates uncertainty.

Gun control example: The data for this analysis come from Kalesan et. al. (2016) [86].
The response variable, Yi, is the log Ąrearm-related death rate per 10,000 people in 2010 in
state i (excluding Alaska and Hawaii). This is regressed onto Ąve potential confounders: log
2009 Ąrearm death rate per 10,000 people; Ąrearm ownership rate quartile; unemployment
rate quartile; non-Ąrearm homicide rate quartile; and Ąrearm export rate quartile. The
covariate of interest is the number of gun control laws in effect in the state. This gives p = 6
covariates.

We Ąrst Ąt the usual Bayesian linear regression model

Yi = β0 +

p∑

j=1

Xiβj + εi (4.53)
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FIGURE 4.12
Effect of gun-control legislation on firearm-related death rate. Posterior distribu-
tion of the coefficient associated with the number of gun-control laws in a state from the
spatial and non-spatial model of the statesŠ Ąrearm-related death rates.

with independent errors εi
iid∼ Normal(0, σ2) and uninformative priors. The posterior density

of the regression coefficient corresponding to the number of gun laws is plotted in Figure
4.12. The posterior probability that the coefficient is negative is 0.96, suggesting a negative
relationship between the number of gun laws and the Ąrearm-related death rate.

The assumption of independent residuals is questionable because neighboring states may
be correlated. Spatial correlation may stem from guns being brought across state borders or
from missing covariates (e.g., attitudes about and use of guns) that vary spatially. Research
has shown that accounting for residual dependence can have a dramatic effect on regression
coefficient estimates [78].

We decompose the residual covariance Cov[(ε1, ..., εn)T ] = Σ as

Σ = τ2S + σ2In, (4.54)

where τ2S is the spatial covariance and σ2In is the non-spatial covariance. There are many
spatial correlation models (e.g., [11]) that allow the correlation between two states to decay
with the distance between the states. For example, a common model is to assume the
correlation between states decays exponentially with the distance between them. However,
quantifying the distance between irregularly shaped states is challenging, and so we model
spatial dependence using adjacencies. Let Aij = 1 if states i and j share a border and Aij = 0
if i = j or the states are not neighbors. The spatial covariance follows the conditionally
autoregressive model S = (M − ρA)−1, where A is the adjacency matrix with (i, j) element
Aij and M is the diagonal matrix with the ith diagonal element equal to the number
of states that neighbor state i. The parameter ρ ∈ (0, 1) is not the correlation between
adjacent sites, but determines the strength of spatial dependence with ρ = 0 corresponding
to independence.
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Listing 4.15
Random slopes model with autoregressive dependence in JAGS.

1 # Likelihood

2 for(i in 1:n){

3 Y[i,1:m] ~ dmnorm(mn[i,1:m],SigmaInv)

4 for(j in 1:m){mn[i,j] <- alpha[i,1]+alpha[i,2]*age[j]}

5 }

6 SigmaInv[1:m,1:m] <- inverse(Sigma[1:m,1:m])

7 for(j in 1:m){for(k in 1:m){

8 Sigma[j,k] <- pow(rho,abs(k-j))/tau

9 }}

10

11 # Random effects

12 for(i in 1:n){alpha[i,1:2] ~ dmnorm(beta[1:2],Omega[1:2,1:2])}

13

14 # Priors

15 tau ~ dgamma(0.1,0.1)

16 for(j in 1:2){beta[j] ~ dnorm(0,0.0001)}

17 rho ~ dunif(0,1)

18 Omega[1:2,1:2] ~ dwish(R[,],2.1)

19

20 R[1,1]<-1/2.1

21 R[1,2]<-0

22 R[2,1]<-0

23 R[2,2]<-1/2.1

The posterior mean (standard deviation) of the spatial dependence parameter ρ is 0.38
(0.25), and so the residual spatial dependence in these data is not strong. However, the
posterior of the regression coefficient of interest in Figure 4.12 is noticeably wider for the
spatial model than the non-spatial model. The posterior probability that the coefficient
is negative lowers from 0.96 under the non-spatial model to 0.93 for the spatial model.
Therefore, while accounting for residual dependence did not qualitatively change the results,
this example illustrates that the chosen model for the residuals can affect the posterior of
the regression coefficients.

Jaw bone density example: A possible correlation structure for the longitudinal data
in Figure 4.8 (top left) is to assume that correlation decays with the time between visits. A
Ąrst-order autoregression correlation structure is Cor(Yij , Yik) = ρ♣j−k♣. Denoting the vector
of m observations for patient i as Yi = (Yi1, ..., Yim)T , the m×m covariance matrix Σ has
(j, k) element equal to σ2ρ♣j−k♣. The random slope model for the mean in matrix notation
is E(Yi♣αi) = Xαi, where X is the m× 2 matrix with the Ąrst column equal to the vector
of ones for the intercept and the second column equal to the ages X1, ..., Xm for the slope.
The likelihood is then

Yi♣αi
indep∼ Normal(Xαi,Σ) (4.55)

with random effects distribution αi
iid∼ Normal(β,Ω). The correlation parameter is given

prior ρ ∼ Uniform(0, 1) and all other priors are the same as other Ąts. JAGS code is given
in Listing 4.15.

The posterior median of the correlation parameter ρ is 0.85, and the posterior 95%
interval is (0.46, 0.96), so there is evidence of correlation that cannot be explained by the
patient-speciĄc linear trend. Including autoregressive correlation has only a modest effect
on the posterior distribution of the Ąxed effects: the 95% posterior intervals for the random
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effect model with independent errors are (29.9, 38.3) for β1 and (1.33, 2.38) for β2 compared
to (30.0, 37.3) for β1 and (1.45, 2.31) for β2 for the autoregressive model.

This model with random intercept, random slope and autoregressive correlation struc-
ture is now very complex. There are almost as many parameters as observations and multiple
explanations of dependence (random effects and residual correlation). Perhaps in this case
all of these terms are necessary and can be estimated from this relatively small data set, but
a simpler yet adequate model is preferred for computational purposes and because simpler
models are easier to explain and defend. Model comparisons and tests of model adequacy
are the topics of Chapter 6.

4.7 Exercises

1. A clinical trial gave six subjects a placebo and six subjects a new weight loss
medication. The response variable is the change in weight (pounds) from baseline
(so −2.0 means the subject lost 2 pounds). The data for the 12 subjects are:

Placebo Treatment
2.0 −3.5

−3.1 −1.6
−1.0 −4.6

0.2 −0.9
0.3 −5.1
0.4 0.1

Conduct a Bayesian analysis to compare the means of these two groups. Would
you say the treatment is effective? Is your conclusion sensitive to the prior?

2. Load the classic Boston Housing Data in R:

> library(MASS)

> data(Boston)

> ?Boston

The response variable is medv, the median value of owner-occupied homes (in
$1,000s), and the other 13 variables are covariates that describe the neighborhood.

(a) Fit a Bayesian linear regression model with uninformative Gaussian priors
for the regression coefficients. Verify the MCMC sampler has converged, and
summarize the posterior distribution of all regression coefficients.

(b) Perform a classic least squares analysis (e.g., using the lm function in R).
Compare the results numerically and conceptually with the Bayesian results.

(c) ReĄt the Bayesian model with double exponential priors for the regression
coefficients, and discuss how the results differ from the analysis with unin-
formative priors.

(d) Fit a Bayesian linear regression model in (a) using only the Ąrst 500 ob-
servations and compute the posterior predictive distribution for the Ąnal
6 observations. Plot the posterior predictive distribution versus the actual
value for these 6 observations, and comment on whether the predictions are
reasonable.
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3. Download the 2016 Presidential Election data from the bookŠs website. Perform
Bayesian linear regression with the response variable for county i being the dif-
ference between the percentage of the vote for the Republican candidate in 2016
minus 2012 and all variables in the object X as covariates.

(a) Fit a Bayesian linear regression model with uninformative Gaussian priors
for the regression coefficients, and summarize the posterior distribution of all
regression coefficients.

(b) Compute the residuals Ri = Yi − Xiβ̂ where β̂ is the posterior mean of the
regression coefficients. Are the residuals Gaussian? Which counties have the
largest and smallest residuals, and what might this say about these counties?

(c) Include a random effect for the state, that is, for a county in state l = 1, ..., 50,

Yi♣αl ∼ Normal(Xiβ + αl, σ
2)

where αl
iid∼ Normal(0, τ2) and τ2 has an uninformative prior. Why might

adding random effects be necessary? How does adding random effects affect
the posterior of the regression coefficients? Which states have the highest and
lowest posterior mean random effect, and what might this imply about these
states?

4. Download the US gun control data from the bookŠs website. These data are
taken from the cross-sectional study in [86]. For state i, let Yi be the number of
homicides and Ni be the population.

(a) Fit the model Yi♣β ∼ Poisson(Niλi) where log(λi) = Xiβ. Use uninformative
priors and p = 7 covariates in Xi: the intercept, the Ąve confounders Zi, and
the total number of gun laws in state i. Provide justiĄcation that the MCMC
sampler has converged and sufficiently explored the posterior distribution
and summarize the posterior of β.

(b) Fit a negative binomial regression model, and compare with the results from
Poisson regression.

(c) For the Poisson model in (a), compute the posterior predictive distribution
for each state with the number of gun laws set to zero. Repeat this with the
number of gun laws set to 25 (the maximum number). According to these
calculations, how would the number of deaths nationwide be affected by these
policy changes? Do you trust these projections?

5. Download the titanic dataset from R,

library("titanic")

dat <- titanic_train

?titanic_train

Let Yi = 1 if passenger i survived and Yi = 0 otherwise. Perform a Bayesian
logistic regression of the survival probability onto the passengerŠs age, gender
(dummy variable) and class (two dummy variables). Summarize the effect of each
covariate.

6. The T. rex growth chart data plotted in Figure 3.10 has n = 6 observations
with weights (kg) 29.9, 1761, 1807, 2984, 3230, 5040, and 5654 and corresponding
ages (years) 2, 15, 14, 16, 18, 22 and 28. Since weight must be positive, the
gamma family of distributions is a reasonable model for these data. Describe
a model with gamma likelihood and log mean that increases linearly with age.
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Approximate the posterior using MCMC, summarize the posterior distribution
of all model parameters, and plot the data versus the Ątted mean curve.

7. Consider the one-way random effects model Yij ♣αi, σ
2 ∼ Normal(αi, σ

2) and αi ∼
Normal(0, τ2) for i = 1, ..., n and j = 1, ...,m. Assuming conjugate priors σ2, τ2 ∼
InvGamma(a, b), derive the full conditional distributions of α1, σ2 and τ2, and
outline (but do not code) an MCMC algorithm to sample from the posterior.

8. Load the Gambia data in R:

> library(geoR)

> data(gambia)

> ?gambia

The response variable Yi is the binary indicator that child i tested positive for
malaria (pos), and the remaining seven variables are covariates.

(a) Fit the logistic regression model

logit[Prob(Yi = 1)] =

p∑

j=1

Xijβj

with uninformative priors for the βj . Verify that the MCMC sampler has
converged, and summarize the effects of the covariates.

(b) In this dataset, the 2,035 children reside in L = 65 unique locations (deĄned
by the x and y coordinates in the dataset). Let si ∈ ¶1, ..., L♢ be the label
of the location for observation i. Fit the random effects logistic regression
model

logit[Prob(Yi = 1)] =

p∑

j=1

Xijβj + αsi
where αl

iid∼ Normal(0, τ2)

and the βj and τ2 have uninformative priors. Verify that the MCMC sampler
has converged; explain why random effects might be needed here; discuss and
explain any differences in the posteriors of the regression coefficients that
occur when random effects are added to the model; plot the posterior means
of the αl by their spatial locations, and suggest how this map might be useful
to malaria researchers.

9. Download the babynames data in R, and compute the log odds of a baby being
named ŞSophiaŤ each year after 1950:

library(babynames)

dat <- babynames

dat <- dat[dat$name=="Sophia" &

dat$sex=="F" &

dat$year>1950,]

yr <- dat$year

p <- dat$prop

t <- dat$year - 1950

Y <- log(p/(1-p))

Let Yt denote the sample log-odds in year t+ 1950. Fit the following time series
(auto-regressive order 1) model to these data:

Yt = µt + ρ(Yt−1 − µt−1) + εt
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where µt = α+βt and εt
iid∼ Normal(0, σ2). The priors are α, β ∼ Normal(0, 1002),

ρ ∼ Uniform(−1, 1), and σ2 ∼ InvGamma(0.1, 0.1).

(a) Give an interpretation of each of the four model parameters: α, β, ρ, and σ2.

(b) Fit the model using JAGS for t > 1, verify convergence, and report the pos-
terior mean and 95% interval for each parameter.

(c) Plot the posterior predictive distribution for Yt in the year 2020.

10. The global mean temperature anomaly (difference between current year and the
1951-1980 average) data on the course website and plotted in Figure 3.4. Let
Xi and Yi be the year and temperature anomaly (C) for observation i. We will
analyze these data using a nonparametric regression model Yi = g(Xi) + εi as in
Section 8.3, where g is modeled as a linear combination of J = 15 B-spline basis
functions.

(a) Fit the model, and plot the data along with the posterior mean and 95%
posterior interval of g(Xi) for each value Xi.

(b) Summarize and interpret the posterior distribution of ∆ = g(2020)−g(1980).

(c) Summarize and interpret the posterior distribution for δi = g(Xi) − g(Xi−1)
for each i > 1.

11. Consider an ecological study where the response, Yi, is a measure of marine
biodiversity at location i = 1, ..., n. The covariates Xi1, ..., Xip are summaries
of the environment of location i, such as water depth, distance to shore, Ąshing
regulations, etc. Assume the multiple linear regression model Yi = β0 +Xi1β1 +
... + Xipβp + εi. Give a scenario where the following priors for the βj might be
useful:

(a) Jeffreys prior

(b) Bayesian LASSO prior

(c) An informative prior βj ∼ Normal(mj , v) for small v

Your scenarios should include both numerical summaries such as n and p and
scientiĄc objectives.

12. In a study of the genetic determinants of depression, researchers gathered informa-
tion from 1000 patients. The response variable is the (continuous) CES-D survey
score and the predictors 10,000 genetic markers. The objective is to determine if
any of the markers are associated with depression.

(a) Describe and justify a model and prior for these data

(b) How would you summarize the results?

13. Open and plot the galaxies data in R using the code below,

> library(MASS)

> data(galaxies)

> ?galaxies

> Y <- galaxies

> hist(Y,breaks=25)

Model the observations Y1, ..., Y82 using a mixture of K = 3 normal distributions.
For each of the S MCMC iterations evaluate the density function on the grid
y ∈ ¶5000, 5100, ..., 40000♢ (351 points in the grid), giving an S × 351 matrix of
posterior samples. Plot the posterior median and 95% credible set of the density
function at each of the 351 grid values. Does this mixture model Ąt the data well?
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14. A group of 10 ecologists is surveying a forest for Red Cockaded Woodpeckers
(RCP). Each ecologist will walk along a different path and make 25 stops. At
each stop, they will record local conditions (tree density, elevation, etc.) and
whether they see or hear an RCP. The objective is to build a model for the types
of habitat that are the most favorable to the RCP.

(a) Describe and justify a model and prior for these data

(b) How would you summarize the results?
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Statistical hypothesis testing is a key ingredient of the scientiĄc method. Hypothesis testing
provides a rigorous comparison of experimental conditions or populations. Thus far, we have
performed tests informally. For example, in Figure 1.10 we compared two interval hypotheses
for a binomial proportion θ. The null hypothesis was H1 : θ < 0.5, and the alternative
hypothesis was H2 : θ > 0.5. We used the posterior probability of each hypothesis as a
measure of evidence for each, but we did not discuss how to use these probabilities to arrive
at a decision. As another example, for multiple regression in Section 4.2 we computed 95%
intervals for regression coefficient βj and reached conclusions based on whether the interval
included zero. A more formal test would set the null hypothesis to be that H1 : βj = 0, i.e.,
a point hypothesis versus H2 : βj ̸= 0. However, under a continuous prior distribution such
as the Gaussian distribution, the posterior probability of a single point such as βj = 0 is
always zero, and thus new methods are needed to formalized this hypothesis test.

In this chapter, we introduce fundamental Bayesian hypothesis testing concepts such
as decision theory and the Bayes factors. We also cover more advanced topics including
multiple, A/B and sequential testing, and sample size calculations.

5.1 Bayes factors

Bayes factors [87] provide a formal summary of the evidence that the data support one
statistical model over another. In hypotheses testing, the two models correspond to the
null hypothesis H1 and the alternative hypothesis H2; therefore, below we use the terms
hypotheses and models exchangeably. Although not necessary for the computation of Bayes
factors, most testing problems can be framed so that both hypotheses are nested in a

common model and distinguished by the model parameters. The full model might be Yi♣µ iid∼
normal(µ, σ2), with H1 deĄned by µ ≤ 0 and H2 deĄned by µ > 0.

In a Bayesian analysis, the unknown parameters are treated as random variables. If the
hypotheses are stated as functions of the parameters, then they are also random variables;
i.e., the posterior probability Prob(µ ≤ 0♣Y) = Prob(H1♣Y) is the posterior probability of
the null hypothesis and Prob(µ > 0♣Y) = Prob(H2♣Y). These posterior probabilities are
the most intuitive summaries of uncertainty.

169
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A common mistake in a frequentist hypothesis testing is to confuse the p-value with the
probability that the null hypothesis is true; from a frequentist perspective, the parameters
and thus the hypotheses are Ąxed quantities and not random variables, and therefore it is
not sensible to assign them probabilities. From the Bayesian perspective however giving the
posterior probability of each hypothesis is a legitimate summary of uncertainty.

Posterior probabilities of hypotheses incorporate information from both the data and
the prior. Bayes factors remove the effect of the prior and quantify the dataŠs support of
the hypotheses. The Bayes factor (BF) of H2 relative to H1 is the ratio of posterior odds
to prior odds,

BF =
Prob(H2♣Y)/Prob(H1♣Y)

Prob(H2)/Prob(H1)
. (5.1)

If the prior probability of the two hypotheses are equal, then the BF is simply the posterior
odds Prob(H2♣Y)/Prob(H1♣Y). In this case, rejecting H1 if BF > c is equivalent to
rejecting H1 if the posterior probability of the alternative hypothesis is high, Prob(H2♣Y) >
c/(c+ 1).

Hypothesis tests are usually designed to be conservative so that the null model is rejected
in favor of the alternative only if the data strongly support this model. A rule of thumb
[87] is that BF > 10 provides strong evidence of the alternative hypothesis compared to
the null hypothesis, and BF > 100 is decisive evidence.

Bayesian decision theory provides a way to use posterior probabilities of hypotheses to
make decisions. We defer a full discussion of decision theory to Section 9.1, but introduce
the concepts needed for hypothesis testing here. Decision theory requires specifying the loss
incurred for each type of error. For hypothesis testing there are two types of losses: a Type
I error rejects the null hypothesis when it is in fact true, and a Type II error fails to reject
the null hypothesis when it is in fact false. DeĄne the loss of a Type I error as λI . To be
conservative, we might assume the loss of a Type I error is c times the loss of a Type II
error, so λI = cλII with c set to a large value, say c = 10 or c = 100.

The risk of a particular decision is deĄned as the expected value of the loss under the
decision, which is the product of the probability of the decision being wrong and the loss
associated with this error. The risk for the decision to reject the null hypothesis is

R2 = Prob(H1♣Y)λI = Prob(H1♣Y)cλII ,

and the risk for the decision to not reject the null hypothesis is

R1 = Prob(H2♣Y)λII .

Risk is minimized by rejecting the null hypothesis if R2/R1 < 1, i.e.,

Prob(H2♣Y)

Prob(H1♣Y)
> c,

or equivalently rejecting the null hypothesis if the posterior probability of the alternative
hypothesis exceeds Prob(H2♣Y) > c/(1 + c). To be concrete, if we assume a Type I error is
c = 9 times as costly as a Type II error, then we reject the null if the posterior probability
of the alternative exceeds 0.9. If the prior probabilities of the hypotheses are equal, then
the posterior odds are the Bayes factors, and we should reject if BF > c.

This formulation using decision theory shows that labelling hypotheses as ŞnullŤ versus
ŞalternativeŤ has no special role in Bayesian testing. That is, the results for the test of
H1 : θ < 0 versus H2 : θ > 0 with relative loss c are identical to the test of H1 : θ > 0
versus H2 : θ < 0 with relative loss 1/c. This symmetry is in contrast with classical testing,
where the p-value is computing as if the null hypothesis is true and so changing the labels
of the hypotheses can change the results.
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Computing BFs for problems with many parameters can be challenging. In general,
model selection can be framed as treating the model as an unknown random variable H ∈
¶H1,H2♢ with prior probability Prob(H = Hj) = qj . Conditioned on model j, i.e., H = Hj ,
the remainder of the Bayesian model is

Y ∼ f(Y♣θ; Hj) and θ ∼ π(θ♣Hj). (5.2)

The BF requires the marginal posterior of the model integrating over uncertainty in the
parameters,

Prob(H = Hj ♣Y) =

∫
p(θ,H = Hj ♣Y)dθ. (5.3)

Unfortunately, marginalizing over the parameters (as in m in Table 1.4) is rarely possible.
Also, the marginal distribution of H is not deĄned for improper priors. Therefore, BFs
cannot be used with improper priors. Even with proper priors, BFs can be very sensitive
to the choice of hyperparameters as shown by the examples below. Partial or fractional
Bayes factors [118] adapt the Bayes factor for improper priors. These methods have two
stages. Part of the dataŠs information is analyzed in the Ąrst stage, and the posterior from
the Ąrst stage is used as a proper prior for the second-stage analysis of the remaining data
and computing the Bayes factor.

MCMC provides a means of approximating BFs in special cases. The BF for nested
models deĄned by intervals of the parameters is straightforward to compute using MCMC.

For example, in the model above with Yi♣µ iid∼ Normal(µ, σ2) and µ ∼ Normal(0, 102), and
models H1 deĄned by µ ≤ 0 and H2 deĄned by µ > 0, the posterior probability of Model
1 (2) can be approximated by generating samples from the posterior of the full model
and recording the proportion of the samples for which µ is negative (positive). Section 6.2
provides a more general computational strategy for computing model probabilities.

MCMC can also be used for point-null hypotheses. If the hypotheses to be tested are H1 :
µ = 0 and H2 : µ ≠ 0, then the Bayes factor can be approximated by using MCMC by Ątting

the model Yi♣µ iid∼ normal(µ, σ2) with µ = γδ and prior distributions γ ∼ Bernoulli(0.5) and
δ ∼ Normal(0, 102). MCMC samples with δ = 0 correspond to H1, and samples with δ = 1
correspond to H2, therefore the posterior probability that δ = 1 approximates the posterior
probability of H2 which can be used to compute the Bayes factor. Section 6.2 expands on
this idea in the context of multiple regression.

A Ąnal note on Bayes factors is that they resemble the likelihood ratio statistic, which is
commonly used in frequentist hypothesis testing. Assuming equal priors, the Bayes factor
is

BF =

∫
f(Y♣θ; H2)π(θ♣H2)dθ∫
f(Y♣θ; H1)π(θ♣H1)dθ

, (5.4)

i.e., the ratio of marginal distribution of the data under the two models. This resembles the
likelihood ratio from classical hypothesis testing,

LR =
f(Y♣θ̂2)

f(Y♣θ̂1)
, (5.5)

where θ̂j is the MLE under hypothesis j = 1, 2. Therefore, both measures compare hypothe-
ses based on the ratio of their likelihood, but the BF integrates over posterior uncertainty
in the parameters, whereas the likelihood ratio statistic plugs in point estimates.

Beta-binomial example: To build intuition about BFs, we begin with the uni-
variate binomial model and test whether the success probability equals 0.5. Let Y ♣θ ∼
Binomial(n, θ), and consider two hypotheses:

H1 : θ = 0.5 versus H2 : θ ̸= 0.5 and θ ∼ Beta(a, b). (5.6)



172 Bayesian Statistical Methods

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

Pr
io

r P
D

F

a=1, b=1
a=0.5, b=0.5
a=50, b=50
a=50, b=1

Y
Ba

ye
s 

fa
ct

or
0 5 10 15 20

0.
01

0.
1

1
10

10
0

10
00

a=1, b=1
a=0.5, b=0.5
a=50, b=50
a=50, b=1

FIGURE 5.1
Bayes factor for the beta-binomial model. (left) Beta(a, b) prior PDF for several
combinations of a and b and (right) observed data Y versus the Bayes factor comparing
the beta-binomial model Y ♣θ ∼ Binomial(n, θ) and θ ∼ Beta(a, b) versus the null model
Y ∼ Binomial(n, 0.5) for n = 20 and several combinations of a and b.

The null hypothesis has no unknown parameters, and for H2 the parameter θ can be in-
tegrated out giving the beta-binomial model for Y (see Appendix A.1). Therefore, these
hypotheses about θ correspond to two different models for the data

H1 : Y ∼ Binomial(n, 0.5) versus H2 : Y ∼ Beta-Binomial(n, a, b). (5.7)

Assuming priors Prob(Hj) = qj and observed data Y = y,

BF (y) =
fBB(y;n, a, b)

fB(y;n, 0.5)
(5.8)

where fBB and fB are the beta-binomial and binomial PMFs, respectively.
Figure 5.1 plots BF (y) for n = 20 and different hyperparameters a and b. Assuming

the uniform prior (a = b = 1) or Jeffreys prior (a = b = 0.5), the BF exceeds 10 for y < 5
or y > 15 successes, and exceeds 100 for y < 4 or y > 16 successes; these scenarios give
strong and decisive evidence, respectively, against the null hypothesis that θ = 0.5 in favor
of the alternative that θ ̸= 0.5. The BF is less than 10 for all possible y for the strong prior
centered on 0.5 (a = b = 50). Under this prior the two hypotheses are similar, and it is
difficult to distinguish between them. Finally, under the strong prior that θ is close to one
(a = 50 and b = 1), the BF exceeds 10 only for y > 16 successes; in this case y near zero is
even less likely under the alternative than under the null that θ = 0.5.

Normal-mean example: Say there is a single observation Y ♣µ ∼ Normal(µ, 1), and
the objective is to test whether µ = 0. The competing hypotheses are

H1 : µ = 0 versus H2 : µ ̸= 0 and µ ∼ Normal(0, τ2). (5.9)
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Given that we observe Y = y, it can be shown that the BF of H2 relative to H1 is

BF (y) =
(
1 + τ2

)−1/2
exp

[
y2

2

(
τ2

1 + τ2

)]
. (5.10)

For Ąxed τ , BF (y) increases to inĄnity as y2 increases as expected because data far from
zero contradict H1 : µ = 0. However, for any Ąxed y, BF (y) converges to zero as the prior
variance τ2 increases. Therefore, even if the observation is 10 standard deviation units above
zero, the BF favors the null model with µ = 0 if the prior variance is sufficiently large. This
is an example of LindleyŠs paradox [97] where Bayesian tests can perform poorly depending
on the prior. For the normal means problem, this odd result occurs because with large τ
these data are unlikely under both models. For example, the probability of ♣Y ♣ ∈ [9, 11]
is very small under the null hypothesis that µ = 0, but under the alternative hypothesis
this probability converges to zero as τ increases because the marginal distribution of Y
(averaging over µ) becomes increasingly diffuse.

BFs are not deĄned with improper priors, and this example suggests that they can have
strange properties for uninformative priors. It has been argued [16] that the standard half-
Cauchy prior µ ∼ t1(0, 1) is preferred to the large-variance normal prior because this prior
is diffuse without having a variance parameter to tune. In general, prior selection has more
impact for hypothesis testing than estimation, making it imperative to report Bayes factors
for multiple priors to illuminate this sensitivity.

LindleyŠs paradox is more pronounced for tests of point null hypotheses such as H1 :
µ = 0 than for one-sided tests such as

H1 : µ ≤ 0 versus H2 : µ > 0.

To compute the BF for these hypotheses we simply Ąt the Bayesian model Y ♣µ ∼
Normal(µ, 1) and µ ∼ Normal(0, τ2) and compute Prob(H2♣Y ) = Prob(µ > 0♣Y ) using
the results in Section 2.1.3. This test is stable as the prior variance increases because the
BF converges to Φ(y)/[1 − Φ(y)] > 0, where Φ is the standard normal CDF. Since 1 − Φ(y)
is the p-value for the classical one-sided z-test, the BF test with large variance is equivalent
to the frequentist test.

Tests based on credible sets are another remedy to LindleyŠs paradox. That is, we simply
Ąt a Bayesian model Y ♣µ ∼ Normal(µ, 1) and µ ∼ Normal(0, τ2) as in Section 4.1 and reject
the null hypothesis that µ = 0 if the posterior credible set for µ excludes zero. As the prior
variance increases, this rule has the same frequentist operating characteristics as the classic
two-sided z-test (or t-test with unknown error variance). Therefore, this approach is not
sensitive to the prior and has appealing frequentist properties including controlling Type I
error.

5.2 Multiple testing

Traditional experiments are designed to test a single hypothesis. However, modern data
analyses often present many variables and thus many possible tests. Consider a genetic
study where m genetic markers are used as predictors of a patientŠs health outcome. We
might Ąt the multiple regression (Section 4.2) Yi =

∑m
j=1 Xijβj + εi where Xij is the

expression at marker j for subject i and βj is the effect of marker j on the health outcome.
This leads to m potential tests,

H1j : βj = 0 versus H2j : βj ̸= 0,
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for j ∈ ¶1, ...,m♢. For genetic studies, the number of tests m is often in the thousands, and
thus new testing procedures are required to avoid being overwhelmed with spurious results.
As an extreme case, if m = 10, 000 and in fact none of the markers have any effect on the
health response, then a method that incorrectly rejects H1j with probability 0.05 will result
in an average of 500 false positives, which is clearly unacceptable.

A global test is a potential remedy for this multiple testing problem. The global test
replaces the m individual tests with the single test of hypotheses

H1 : βj = 0 for all j versus H2 : βj ̸= 0 for at least one j.

Since this reduces the problem to a single test comparing two models, standard methods can
be used such as cross-validation or computing the posterior probability of H1 and rejecting
H1 if its probability is small.

If we assume the global null hypothesis is false and return to multiple testing, the
challenge is identifying the subset of the m tests that should be rejected. To formalize this
problem, we establish notation for our decision (rj) and the true status (δj) of test j. Let
rj = 1 if we reject H1j in favor of H2j and rj = 0 if we do not reject. Ideally, the decisions
rj align with the true status of the hypotheses δj = 0 if H1j is true and δj = 1 if H2j is
true. For a set of decisions r1, ..., rm, the number of ŞdiscoveriesŤ is

∑m
j=1 rj . However, some

of these discoveries may be false, i.e., rj = 1 but in reality δj = 0 or equivalently 1 − δj = 1.
The number of false discoveries is then

∑m
j=1 rj(1 − δj) and the false discovery proportion

is

FDP =

∑m
j=1 rj(1 − δj)
∑m

j=1 rj
.

A multiple testing procedure might want to control this proportion to be small, say FDP ≈
α = 0.1.

Unfortunately, FDP cannot be computed because we do not know the true status of
the hypotheses, δj . The Bayesian false discovery rate [147] evaluates the posterior mean of
FDP averaging over the posterior distribution of the δj . The posterior mean is

BFDR =

∑m
j=1 rj(1 − qj)
∑m

j=1 rj

where qj is the posterior probability of H2j (as computed by MCMC for example). For any
given set of decision r1, ..., rm, we can compute BFDR and thus select the decision that
gives the most discoveries with BFDR ≈ 0.1.

To make this search practical for large problems, the decision rule can be simpliĄed to
thresholding the posterior probabilities. That is, we reject the null hypothesis H1j if the
posterior probability of the alternative is high and let rj(t) = 1 if qj > t and rj(t) = 0
otherwise. Then the BFDR is a function of t (as in the right panel of Figure 5.2), and we
can search for the t so that

BFDR(t) =

∑m
j=1 rj(t)(1 − qj)
∑m

j=1 rj(t)
≈ α,

which requires a search over only t ∈ (0, 1) (Listing 5.1 and Figure 5.2).
Extreme streamflow application: To illustrate this method, we analyze the data in

[99]. The data are posted on the course website and originate from the USGS Hydro Climatic
Data Network (https://water.usgs.gov/GIS/metadata/usgswrd/XML/hcdn.xml), which
is designed to measure changes in Ćood risk not due to human development (damns, etc).
Let Yij be the log annual maximum (i.e., the largest daily value for the year) streamĆow in

https://water.usgs.gov/GIS/metadata/usgswrd/XML/hcdn.xml
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Listing 5.1
R code to identity the Bayesian false discovery rate threshold.

1 # q is a vector of the posterior probabilities

2 # of the alternative hypothesis, H_2

3 alpha <- 0.1

4 t <- seq(0,1,0.01)

5 BFDR <- t

6 for(i in 1:length(t)){

7 rej_t <- q>t[i]

8 BFDR[i] <- sum(rej_t*(1-q))/sum(rej_t)

9 }

10 t_alpha <- t[which.min(abs(BFDR-alpha))]

11

12 plot(t,BFDR,type="l",xlab="t",ylab="BFDR(t)")

13 abline(alpha,0,lty=2) # The desired FDR

14 abline(v=t_alpha) # The selected threshold

year i ∈ ¶1, ...,m♢ at monitoring station j ∈ ¶1, ..., n♢. After removing missing observations
there are n = 236 stations and m = 72 years. The objective is to determine whether (and if
so where) the likelihood of extreme streamĆow is increasing over time so we regress Yij onto
Xi = (ti − 1985)/10 where ti is the year of observation Yij . The simple linear regression
model is

Yij = β0j +Xiβ1j + εij

where β1j is the increase in the mean log streamĆow per decade at station j. For illustration,
we ignore spatial and temporal correlation; for a spatial treatment of multiple testing, see
[151].

The competing hypotheses for station j are

H1j : β1j ≤ 0 versus H2j : β1j > 0.

The regressions return the posterior probabilities of the alternative hypotheses qj =
Prob(β1j > 0♣Y) for j = 1, ..., n. We declare that Ćood risk is increasing in time if qj > t
where the threshold t is selected so that the BFDR is controlled at α = 0.1. Figure 5.2 plots
the posterior probabilities of an increase, qj , for each station and the estimated BFDR as
a function of the threshold, t. This analysis suggests that rejecting the null hypothesis if
qj > t = 0.74 controls the false discovery rate at 0.1. Using this rejection rule, the locations
with a detected change are primarily in Washington and the Midwest (Missouri, Illinois and
Indiana).

5.3 A/B testing and the Bayesian bandit

The term A/B testing was popularized by the technology sector, but the testing methods
apply to many other settings. The task is to conduct an experiment to compare several
experimental conditions and identify which gives the best performance. For example, a
marketing company may run three versions of an advertising campaign to determine which
is optimal. This task does not Ąt the classic frequentist hypothesis testing framework since
there is no natural control group or null hypothesis. The Bayesian approach is intuitively
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Bayesian false discovery rate control for multiple testing. (top) Posterior probability
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on BFDR control at each station and (bottom) Bayesian false discovery rate as a function
of the threshold (t).
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appealing because it returns the posterior probability that each condition is optimal and
thus directly addresses the study objectives.

Let nj be the number of observations made under condition j ∈ ¶1, ..., J♢ and Yij be the
response for observation i ∈ ¶1, ..., nj♢ in group j. A/B testing can be applied to continuous
(time spent on a website), count (number of clicks) or binary (purchase or not) data. The
most basic models for these data types are Gaussian, Poisson and Bernoulli, respectively.
Assuming independence, for Poisson and Bernoulli observations we can aggregate across
observations giving Yj =

∑nj

i=1 Yij . The likelihoods for these models are

• Continuous response: Yij ♣θ indep∼ Normal(θj , σ
2
j ),

• Count response: Yj ♣θ indep∼ Poisson(njθj),

• Binary response: Yj ♣θ indep∼ Binomial(nj , θj).

A default prior in this case in the objective Jeffreys prior (Section 4.2.2.1), but informative
priors can also be used if this information is available.

The objective of the analysis is to compare θj across the J conditions and compute the
posterior probability that each has the largest mean, i.e.,

pj = Prob(θj = max¶θ1, ..., θJ♢♣Y),

which can often be computed analytically for two groups and approximated using Monte
Carlo sampling in other cases. The groups can also be weighted by cost. For example, if
proĄt of a sale is P and advertising campaign j costs Cj units per user and gives probability
of purchase θj , then the value of campaign j is Vj = Pθj − Cj , and we might compute

pj = Prob(Vj = max¶V1, ..., VJ♢♣Y),

which is also straightforward to approximate using Monte Carlo sampling if P and Cj are
known.

These two posterior distributions are plotted in Figure 5.3. Although the retention rates
are similar for both groups, there is a slight preference for Level 30 with (computed via
Monte Carlo sampling from the posterior beta distributions above) Prob(θ1 > θ2♣Y1, Y2) =
0.96. With such a large dataset, the results are not sensitive to the prior with Prob(θ1 >
θ2♣Y1, Y2) remaining 0.96 for a = b equal 0.1, 1 or 10.

Bayesian gambit: A/B testing is used to identify the optimal strategy to be used in
practice. Conducting an experiment and analyzing the data are crucial to decision making,
but time spent experimenting is time lost implementing the optimal strategy. This is a
basis of the so-called multi-armed bandit problem [142], where the objective is take actions
sequentially to optimize overall results while accounting for uncertainty in the reward of
the potential actions. Thompson sampling [154, 136] is a Bayesian approach that balances
experimentation and optimization. Thompson sampling randomly assigns the strategy to
use at a given time point based on posterior probabilities determined using all information
collected up to the decision point.

Consider the following application. We are designing a mobile heath app that sends
reminders to users to take an action. There are J = 3 treatment strategies under consid-
eration: (1) text message, (2) email and (3) both text message and email. Let θj be the
probability that a user takes the desired action when given a reminder following strategy
j ∈ ¶1, 2, 3♢. An initial A/B test is conducted with nj = 100 observations in each group.
The model is Yj ♣θj ∼ Binomial(nj , θj) and prior θj ∼ Beta(0.5, 0.5). The posterior distri-
butions of this test are plotted in Figure 5.4 (top left); it appears that the text and email
combination is preferred, but the probability it is optimal is only 0.68.
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FIGURE 5.3
A/B testing of the Cookie Cats data. Posterior density of the retention rates of the
two designs.

To continue accumulating data while favoring the seemingly optimal strategy, the team
conducts Thompson sampling for 1000 additional users. At any point in the experiment,
denote nj as the (cumulative) number of users that have been given treatment j and Yj

be the number of these users that took the desired action. At a given time, the posterior
distributions are θj ♣Yj ∼ Beta(Yj + 0.5, nj − Yj + 0.5). Each day, the treatment is assigned
to treatment j with probability equal to the posterior probability that θj = max¶θ1, ..., θJ♢,
which can be implemented by taking a sample from θ1, θ2 and θ3 from their current posterior
distributions and assigning the strategy corresponding to the largest sample. The userŠs
action is recorded, and the posteriors are updated for the next step. The algorithm is given
in Algorithm 5.4.

Algorithm 6 Thompson sampling for binary data

1: Initialize Yj = nj = 0 for j ∈ ¶1, ..., J♢ and a = b = 0.5
2: for t = 1, ..., T do

3: Sample θ∗
j

indep∼ Beta(Yj + a, nj − Yj + b) for j ∈ ¶1, ..., J♢
4: Assign the next observation treatment k if θ∗

k = max¶θ∗
1 , ..., θ

∗
J♢

5: Set nk = nk + 1
6: If the observation is a success set Yk = Yk + 1
7: end for

The intuition behind this algorithm is that early in the experiment all treatment options
are plausibly optimal, and all are included in the randomization. This experimentation
accrues information about the effectiveness of the strategies. As the experiment continues,
it becomes clear which strategy is optimal, and it is assigned with increasing probability
until eventually it is the only one assigned to optimize performance. As shown in Figure
5.4 (bottom left), by the end of the 1000 additional samples the vast majority of users are
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Illustration of Thompson sampling. Posterior distribution of the θj after the initial
A/B test (top left) and after 1000 iterations of Thompson sampling (top right), and the
sample size nj (bottom left) and posterior mean of θj (bottom right) at each iteration of
Thompson sampling.
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being given the combination strategy as the posterior of θ3 separates from θ1 and θ2 (top
right).

5.4 Sample size and power calculations

Thus far we have considered methods to test hypotheses given an observed dataset, but
have ignored decisions in data collection. Although other decisions can be considered (see
[125] for a review), a critical design criterion is selecting the sample size, n. Selecting the
sample size poses a trade-off between gathering sufficient information to reliably conduct
inference with the expense of collecting data. In this section, we discuss methods to select
the sample size that acknowledge this trade-off.

To Ąx ideas, consider the simple experiment where n independent trials will be con-
ducted, each with success probability θ. The data is then generated as Y ♣θ ∼ Binomial(n, θ).
Below we refer to the prior distribution that will be used to analyze the data as the analysis
prior, which for this example is taken to be the conjugate Jeffreys prior θ ∼ Beta(a, b)
with a = b = 0.5. The posterior is then θ♣Y ∼ Beta(Y + a, n − Y + b). The Bayes factor,
BF (Y ), for testing the null hypotheses that θ = θ0 versus the alternative that θ ̸= θ0 and
follows prior θ ∼ Beta(a, b) is given in (5.8), and we reject the null hypothesis in favor of
the alternative if BF (Y ) > c.

There is nothing in this analysis that requires frequentist notions of probability because
it is conducted conditioned on an observed dataset. However, in the design stage before
the data is collected, we must necessarily consider the data to be random and thus both
Bayesian (random θ) and frequentist (random Y ) notions of probability and uncertainty. To
illustrate this, say the sample size n is selected so that the posterior variance is sufficiently
small. For the binomial model, the posterior variance is

V (Y ) =
(Y + a)(n− Y + b)

(n+ a+ b)2(n+ a+ b+ 1)
,

which depends on Y and can thus not be computed at the design stage. To account for this
uncertainty about Y , we could view Y as random and select n so the expected value (over
Y ) of V (Y ) is sufficiently small.

Treating Y as random to compute the mean of V (Y ) requires specifying its distribution.
It is reasonable to use the binomial model, but to complete the speciĄcation requires select-
ing θ or its distribution, referred to as the design prior [137]. The design prior need not be
the same as the analysis prior, which is often set to be diffuse or even improper to reĆect
prior ignorance, and is often chosen to be a range of values that are plausible and reĆect
scientiĄcally-meaningful differences. For example, if the study is designed to determine if θ
differs from 0.50, then the design prior might be θ ∼ Uniform(0.55, 0.65)An advantage of
the Bayesian approach to sample size calculation is the ability to incorporate results from
preliminary data or other sources into the design prior distribution.

If the analysis will be a hypothesis test of the null hypothesis that θ = θ0 versus the
alternative that θ ̸= θ0, then the design is typically based on frequentist properties of the
test including:

• The Type-I error rate is the probability of mistakenly rejecting the null hypothesis
assuming data are generated under the null hypothesis with θ = θ0 and a Bayesian test
is performed on the observed data.
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FIGURE 5.5
Illustration of sample size computations. The model is Y ♣θ ∼ Binomial(n, θ), the
analysis prior is θ ∼ Beta(0.5, 0.5) and the design prior is θ ∼ Uniform(0.55, 0.65). For
a sequence of samples sizes, n, the plots give the sampling distribution of the posterior
standard deviation (left) and probability of rejecting the null hypothesis H1 : θ = 0.5 using
credible intervals and Bayes factors (right).

• The power is the probability of correctly rejecting the null hypothesis assuming data are
generated under the alternative hypothesis/design prior and a Bayesian test is performed
on the observed data.

A Bayesian experimental design for this test selects the sample size, n, and other design
factors including the Bayes-factor threshold to reject the null hypothesis, c, to control Type
I error and/or power.

Listing 5.2 provides three ways to select n for the beta-binomial example via Monte Carlo
simulation. Many of these quantities could be computed mathematically without sampling
for this simple case [34], but in general, Monte Carlo sampling provides a Ćexible and reliable
way to approximate design quantities of interest [160]. The Ąrst approach selects n so that
the posterior standard deviation is sufficiently small. Many datasets are generated from the
design prior, and for each dataset the posterior standard deviation is computing. Figure 5.5
(left) plots the sampling distribution of the posterior standard deviation as a function of
the sample size. If the objective is to have the posterior standard deviation no larger than
0.05, then the sample size should be at least n = 100.

The remaining two approaches select n to control the power of the test of the null
hypothesis that θ = 0.5 at 0.80. The Ąrst test simply computes the posterior 95% credible
interval and rejects the null if θ0 is outside the interval. The Type I error of this test is
controlled between 0.049 and 0.066 depending on n, and n = 300 gives power exceeding 0.8
(Figure 5.5, right). The Ąnal design rejects the null hypothesis if BF (Y ) > c. The threshold
c (which depends on n) is selected to Ąx the Type I error at 0.05 by simulating data from
the null hypothesis and setting c to the 0.95 quantile of the sampling distribution of BF (Y ).
With c Ąxed, the power is computed and also results in a sample size of n = 300 to control
power at 0.80.
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Listing 5.2
R code for sample size computations.

1 library(VGAM)

2 a1 <- 0.55 # Design prior, Unif(a1,b1)

3 b1 <- 0.65

4 a2 <- 0.50 # Analysis prior, Beta(a2,b2)

5 b2 <- 0.50

6 t0 <- 0.50 # Null values, theta0

7

8 n <- seq(50,500,50)

9 S <- 100000 # Number of Monte Carlo simulations

10 SD <- matrix(0,S,length(n))

11 PowCI <- TypeICI <- rep(0,length(n))

12 PowBF <- TypeIBF <- rep(0,length(n))

13

14 for(i in 1:length(n)){

15

16 # Generate data under the null

17 Y1 <- rbinom(S,n[i],t0) # Gen data under the null

18 A1 <- Y1 + a2 # Post theta|Y1 ~ Beta(A1,B1)

19 B1 <- n[i] - Y1 + b2

20

21 theta <- runif(S,a1,b1) # Gen from design prior

22 Y2 <- rbinom(S,n[i],theta) # Gen data under the alt

23 A2 <- Y2 + a2 # Post theta|Y2 ~ Beta(A2,B2)

24 B2 <- n[i] - Y2 + b2

25

26 # Posterior standard deviation

27 SD[,i] <- sqrt(A2*B2)/((A2+B2)*sqrt(A2+B2+1))

28

29 # Test via credible intervals

30 L1 <- qbeta(0.025,A1,B1)

31 U1 <- qbeta(0.975,A1,B1)

32 TypeICI[i] <- mean((L1>t0) | (U1<t0))

33

34 L2 <- qbeta(0.025,A2,B2)

35 U2 <- qbeta(0.975,A2,B2)

36 PowCI[i] <- mean((L2>t0) | (U2<t0))

37

38 # Test via Bayes factors

39 BF1 <- dbetabinom.ab(Y1,n[i],a2,b2)/dbinom(Y1,n[i],t0)

40 BF2 <- dbetabinom.ab(Y2,n[i],a2,b2)/dbinom(Y2,n[i],t0)

41 c <- quantile(BF1,0.95)

42 PowBF[i] <- mean(BF2>c)

43 }

44

45 boxplot(t(SD)~n,ylab="Posterior Standard Deviation")

46

47 plot(n,PowCI,type="l",ylab="Power",ylim=0:1)

48 lines(n,PowBF,lty=2)
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5.5 Exercises

1. Assume that Y ♣λ ∼ Poisson(Nλ) and λ ∼ Gamma(0.1, b). The null hypothesis is
that λ ≤ 1, and the alternative is that λ > 1. Select b so that the prior probability
of the null hypothesis is 0.5. Using this prior, compute the posterior probability
of the alternative hypothesis and the Bayes factor for the alternative relative to
the null hypothesis for (a) N = 10 and Y = 12; (b) N = 20 and Y = 24; (c)
N = 50 and Y = 60; (d) N = 100 and Y = 120. For which N and Y is there
deĄnitive evidence in favor of the alternative?

2. Data from the initial Moderna vaccine trial in [9] are given in the table below.

Group Infected (Y ) Total participants (n)
Placebo 185 14073
Vaccine 11 14134

Using a Bayes factor, test the hypotheses that H1: the infection rate is lower in
the placebo group versus H2: the infection rate is lower in the vaccine group.
Describe and justify your model and prior and test for sensitivity to the prior
choice.

3. Use the ŞMr. OctoberŤ data (Section 2.5) Y1 = 563, N1 = 2820, Y2 = 10, and
N2 = 27. Compare the two models using Bayes factors:

H1: Y1♣λ1 ∼ Poisson(N1λ1) and Y2♣λ2 ∼ Poisson(N2λ2)

H2: Y1♣λ0 ∼ Poisson(N1λ0) and Y2♣λ0 ∼ Poisson(N2λ0).

Assume the Uniform(0,c) prior for all λj and compare the results for c = 1 and
c = 10.

4. Researchers in Brazil are studying the effect of two intervention strate-
gies to reduce deforestation. Their observational data consists of n1 =
7 regions under strategy 1 and n2 = 9 regions under strategy 2.
Each observation was matched with a similar control region and the
response is the difference in deforestation percent between the treated
and control regions. The 16 differences are given in the table below.

Strategy Differences (%)
1 −11.5 −8.4 −6.8 −5.6 −0.4 1.9 2.8
2 −7.0 −4.3 −3.0 −3.0 −0.1 0.0 2.2 4.3 10.8

(a) Let Yij be the ith observation under strategy j. The model is Yij ♣µj , σj
indep∼

Normal(µj , σ
2
j ). Select and justify uninformative priors, compute the poste-

rior probabilities of the hypotheses H1 : µ1 < µ2 versus H2 : µ2 < µ1, and
summarize the results of the test.

(b) Compare strategies using a simple linear regression for all the i = 1, ..., n = 16

observations. The likelihood is Yi♣β, σ2 indep∼ Normal(β1 + β2Xi, σ
2) where

Xi = 0 if the observation came from strategy 1 and Xi = 1 if it came from
strategy 2. Select and justify uninformative priors, compute the 95% credible
interval for β2, and use this to compare strategies.

(c) Assume the regression model in (b) except set β2 = γδ with priors γ ∼
Bernoulli(0.5) and δ ∼ Normal(0,Wσ2). Select and justify uninformative
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priors (try 2-3 values of W ), compute the posterior probabilities of the hy-
potheses H1 : µ1 = µ2 versus H2 : µ1 ̸= µ2, and summarize the results of the
test.

(d) Comment on the pros and cons of these three tests.

5. Equation 5.10 gives the Bayes factor for a test of a normal mean.

(a) For τ = 1, plot the Bayes factor as a function of the observed value y and
give a range of values of y that will lead to rejecting the null hypothesis.

(b) Repeat (a) with τ = 10, and comment on the differences.

6. You are on the design team for a mobile health app. Your team is considering
three new designs labelled A, B and C. To identify the optimal design, n = 100
users were randomly selected to be given each design and followed for a month.
The table below gives the number of users in each treatment arm that opened the
app y times for y between 0 and 6 (the maximum number of times the app was
opened). For example, 100 users were given design A, and 40 of the 100 opened
the app exactly once.

Design 0 1 2 3 4 5 6 Total
A 37 40 15 7 1 0 0 100
B 12 29 28 16 8 6 1 100
C 27 49 18 5 0 1 0 100

(a) Assuming the observations are Poisson counts, specify a likelihood and an
objective Bayesian prior.

(b) Perform an A/B test. Plot the posterior distribution of the Poisson rate
parameter (i.e., the mean response) for each group, and compute the posterior
probability that each of the three designs is optimal.

7. The national average rate of new thyroid cancer cases is around 13 per 100,000
people. An epidemiological study is monitoring certain regions for rates exceeding
the national rate. The population size (N) and the number of new cases (Y ) for
each region for the most recent year are:

Region N Y Region N Y
1 179611 20 11 30557 5
2 125453 18 12 81858 15
3 41646 7 13 103475 12
4 98826 22 14 166203 14
5 68642 10 15 52032 12
6 71844 6 16 85767 15
7 67702 9 17 145591 20
8 45954 9 18 139176 15
9 96325 18 19 87842 24
10 200201 27 20 97930 11

Separately for each region i, Ąt the model Yi♣λi ∼ Poisson(Niλi) with prior
λ ∼ Gamma(a, b), and compute the posterior probability that the regionŠs rate
λi exceeds the national average λ0 = 13/100000, denoted qi = Prob(λi > λ0♣Yi).

(a) Select a and b so that (approximately) the prior probability that λ1 > λ0 is
0.5, and the prior 0.95 quantile is 10λ0.
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(b) Assuming that you will conclude the rate in region i exceeds the national
average if qi > t, select t to control the Bayesian false discovery rate at 10%.
With this value, summarize the results.

8. Assume the model Yi♣λ ∼ Poisson(λ) for i = 1, ..., n and improper prior π(λ) ∝ 1.
The objective is to test the null hypothesis H1 : λ ≤ 1 versus the alternative
hypothesis H2 : λ > 1, and the test is to reject the null hypothesis if Prob(λ >
1♣Y1, ..., Yn) > 0.95.

(a) Assuming n is Ąxed at 10, compute the probability of rejecting the null
hypothesis for true λ ranging from 1 to 2.

(b) Assuming the true value of λ is 1, compute the Type I error of the test for n
ranging from 10 to 100.

(c) Assuming the true value of λ is 1.5, compute the power of the test for n
ranging from 10 to 100.

(d) How might you modify the test to guarantee that the Type I error is exactly
0.05?

9. Download the Boston Housing Data in R from the Boston dataset. The response
is medv, the median value of owner-occupied homes, and the other 13 variables are
covariates that describe the neighborhood. Use stochastic search variable selection
(SSVS) to compute the most likely subset of the 13 covariates to include in the
model and the marginal probability that each variable is included in the model.
Clearly describe the model you Ąt including all prior distributions.
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A statistical model is a mathematical representation of a system that includes errors and
biases in the observation process, and therefore lays bare the assumptions being made in
the analysis. Of course, no statistical model is absolutely correct; in reality, functional rela-
tionships are not linear, errors are not exactly Gaussian, residuals are not independent, etc.
Nonetheless, slight deviations in Ąt are a small price to pay for a simple and interpretable
representation of reality that allows us to probe for important relationships, test scientiĄc
hypotheses and make predictions. On the other hand, if a modelŠs assumptions are bla-
tantly violated then the results of the analysis cannot be trusted. Therefore, selecting an
appropriate model that is as simple as possible while Ątting the data reasonably well is a
key step in any parametric statistical analysis.

In this chapter we discuss Bayesian model selection and goodness-of-Ąt measures. For
model selection, we assume there is a Ąnite collection of candidate models denoted as
M1, ...,MM . For example, we might compare Gaussian and StudentŠs t-distribution models,

M1 : Yi
iid∼ Normal(µ, σ2) versus M2 : Yi

iid∼ tν(µ, σ2) (6.1)

or whether or not to include a covariate

M1 : Yi
indep∼ Normal(β1, σ

2) versus M2 : Yi
indep∼ Normal(β1 +Xiβ2, σ

2). (6.2)

The methods we discuss are general and can be used for other model-selection tasks, in-
cluding selecting a random effects structure, a link function, etc.

Sections 6.1Ű6.4 introduce techniques for comparing and selecting statistical models.
Section 6.1 begins with cross validation, which is a Ćexible and intuitive way to compare
methods. For a more formal Bayesian treatment of model selection and assessment of model
uncertainty, Section 6.2 provides computational tools to approximate Bayes factors when
many linear models are under consideration. An attractive feature of Bayes factors is that
rather than selecting a single model, uncertainty about the model is captured using posterior
probabilities. Section 6.3 uses these posterior probabilities to make predictions that appro-
priately average over model uncertainty. While Bayes factors are appealing, they typically
require extensive derivation or computation and are sensitive to the prior, and so Section
6.4 provides less formal but more broadly applicable model selection criteria. In virtually
any analysis, none of the M models will be Şright;Ť rather we are simply searching for the
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one that Ąts the Şbest.Ť Therefore, Section 6.5 provides goodness-of-Ąt tools to verify that
a selected model captures the important features of a dataset.

6.1 Cross validation

Arguably the most intuitive way to compare models is based on out-of-sample prediction
performance. Ideally an independent validation set is available and used to evaluate perfor-
mance. For example, for streaming data one might train the M models on data available
at the time of the analysis and use data collected after the analysis to measure predictive
performance. This is often infeasible as data are not collected sequentially, and so internal
cross validation (CV) is used instead. In K-fold CV, each observation is randomly assigned
to one of the K folds, with gi ∈ ¶1, ...,K♢ denoting the group assignment for observation i.
Denote the subset of the data in fold k as Yk = ¶Yi; gi = k♢ and the data in all other folds
as Y(k) = ¶Yi; gi ̸= k♢. The model is then Ąt K times, with the kth model Ąt using Y(k)

to train the model and make predictions for Yk. In this way, a prediction is made for each
observation using an analysis that excludes the observation, approximating out of sample
prediction performance.

Bayesian prediction is based on the Posterior Predictive Distribution (PPD) of the test
set observations Yk given the training data Y(k) (Section 1.5). An advantage of this method
of prediction is that it naturally averages over uncertainty in the model parameters. Gener-
ating samples from the PPD averaging over parameter uncertainty is straightforward using

MCMC. Let Y
(s)

i be the prediction made at MCMC iteration s for test set observation

Yi; then Y
(1)

i , ..., Y
(S)

i can be used to approximate the PPD. For example, we might com-

pute the Monte Carlo sample mean Ŷi =
∑S

s=1 Y
(s)

i /S, median Ỹi, and τ -quantile qi(τ) to
approximate the posterior predictive mean, median and quantiles respectively.

Many metrics are available to summarize the accuracy of the predictions from each
model [64]. The most common measures of point prediction are bias, mean squared error
and mean absolute deviation,

BIAS =
1

n

n∑

i=1

(Ŷi − Yi)

MSE =
1

n

n∑

i=1

(Ŷi − Yi)
2

MAD =
1

n

n∑

i=1

♣Ỹi − Yi♣,

with MSE being more sensitive to large errors than MAD. While MSE provides a natural
ranking of models, it can be difficult to interpret without knowledge of the scale of the data.
A scale-free measure of prediction performance is the correlation between Yi and Ỹi,

R =

∑n
i=1(Ỹi − M̃)(Yi −M)√

Ṽ V

where M̃ and Ṽ are the mean and variance of Ỹ1, ..., Ỹn and M and V are the mean and
variance of Y1, ..., Yn. The squared correlation, R2, can also be reported.
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Performance of credible intervals can be summarized using empirical coverage and av-
erage width of prediction intervals

COV =
1

n

n∑

i=1

I [qi(α/2) ≤ Yi ≤ qi(1 − α/2)]

WIDTH =
1

n

n∑

i=1

[qi(1 − α/2) − qi(α/2)] ,

where I(A) = 1 if the statement A is true and zero otherwise. A measure of Ąt to the entire
distribution is the log score,

LS =
1

n

n∑

i=1

log[f(Yi♣θ̂i)] (6.3)

where θ̂i is the parameter estimate based on the fold that excludes observation i. The log
score is the average log likelihood of the test set observations given the parameter estimates
from the training data.

Based on these measures, we might discard models with COV far below the nominal 1−α
level and from the remaining models, choose the one with small MSE, MAD and WIDTH
and large LS. It is essential that the evaluation is based on out-of-sample predictions rather
than within-sample Ąt. Overly complicated models (e.g., a linear model with too many
predictors) may replicate the data used to Ąt the model but be too unstable to predict well
under new conditions.

Cross validation can be motivated by information theory. Suppose the ŞtrueŤ data gen-

erating model has PDF f0 so that in reality Yi
iid∼ f0. Of course, we cannot know the true

model and so we choose between M models with PDFs f1, ..., fM . Our objective is to select
the model that is in some sense the closest to the true model. A reasonable measure of the
difference between the true and postulated model is the KullbackŰLeibler divergence

KL(f0, fj) = E

{
log

[
fj(Y )

f0(Y )

]}
= E ¶log[f0(Y )]♢ − E ¶log[fj(Y )]♢ ,

where the expectation is with respect to the true model Y ∼ f0. The term E ¶log[f0(Y )]♢
is the same for all j = 1, ...,M and therefore ranking models based on KL(f0, fj) is equiv-
alent to ranking models based on their log score LSj = E ¶log[fj(Y )]♢. Since the data are
generated from f0, the cross validation log score in (6.3) is a Monte Carlo estimate of the
true log score LSj , and therefore ranking models based on their cross validation log score
is an attempt to rank them based on similarity to the true data-generating model.

6.2 Stochastic search variable selection

In Section 5.1, Bayes factors were used to summarize the dataŠs support for two hypotheses.
This concept can be generalized to many models based on the inclusion of different subsets
of covariates. For example, in the linear regression model with p = 2 covariates, Yi =
β0 + X1iβ1 + Xi2β2 + εi, there are four models: M1 : β1 = β2 = 0, M2 : β1 = 0, β2 ̸= 0,
M3 : β1 ̸= 0, β2 = 0 and M4 : β1 ̸= 0, β2 ̸= 0. The posterior probability of each model can
be used to determine which model to select. However, in many applications, the number
of models under consideration is large, and enumerating all models and computing each
posterior probability is unfeasible. For example, in linear regression with p parameters
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FIGURE 6.1
Spike and slab prior. PDF (left) and CDF of β under the spike and slab prior β = γδ
where γ ∼ Bernoulli(0.5) and δ ∼ Normal(0, 1).

there are M = 2p potential models formed by including subsets of the predictors; with
p = 30 this is over a billion potential models. A classical way to overcome searching over all
combinations of covariates is to employ a systematic search such as forward, backward or
stepwise selection. In this section we discuss a stochastic alternative that randomly visits
models according to their posterior probability.

Stochastic search variable selection (SSVS; [60]) approximates model probabilities using
MCMC. SSVS introduces dummy variables to encode the model and then computes poste-
rior probabilities of the dummy variables to approximate the posterior model probabilities.
For example, consider the linear regression model

Yi♣β, σ2 indep∼ Normal




p∑

j=1

Xijβj , σ
2


 . (6.4)

The M = 2p models formed by subsets of the predictors can be encoded by γ = (γ1, ..., γp)
where γj = 1 if covariate j is included in the model and γj = 0 if covariate j is excluded from
the model, so that γ = c(1, 0, 1, 0, 0, ...) corresponds to the model E(Yi) = Xi1β1 +Xi3β3.

A common prior over models is to Ąx γ1 = 1 for the intercept and γj ♣q iid∼ Bernoulli(q)
for j > 1, where q is the prior inclusion probability. Given the model γ, the regression coef-
Ącients that are included in the model can have independent normal priors (other priors are
possible, [131]) βj ♣γj = 1 ∼ Normal(0, σ2τ2). The inclusion probability and regression coeffi-
cient variance can be Ąxed or have a prior such as q ∼ Beta(a, b) and τ2 ∼ InvGamma(ϵ, ϵ).
As with Bayes factors (Section 5.1), the posterior for this model can be sensitive to the
prior, and multiple priors should be compared to understand sensitivity.

The prior for βj induced by this model is plotted in Figure 6.1. The prior is a mixture
of two components: a peak at βj = 0 corresponding to samples that exclude (γj = βj = 0)
covariate j and a Gaussian curve corresponding to samples that include (γj = 1 so βj = δj)
βj . Because of this distinct shape, this prior is often called the spike-and-slab prior.
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All M models can simultaneously be written as the supermodel

Yi♣β, σ2 indep∼ Normal




p∑

j=1

Xijβj , σ
2




βj = γjδj

γj ∼ Bernoulli(q)

δj ∼ Normal(0, τ2σ2).

MCMC samples from this model include different subsets of the covariates. Posterior samples
with γj = 0 have βj = 0 and thus covariate j excluded from the model. This supermodel
can be Ąt a once and gives approximations for all M posterior model probabilities. Since
the search over models is done within MCMC, this is a stochastic search as opposed to
systematic searches such as forward or backward regression. An advantage of a stochastic
search is that models with low probability are rarely sampled and so more of the computing
time is spent on high-probability models.

With many possible models, no single model is likely to emerge as having high probabil-
ity. Therefore, with large M extremely long chains can be needed to give accurate estimates
of model probabilities. More stable summaries of the model space are the marginal inclu-
sion probabilities MIPj = E(γj = 1♣Y) = Prob(βj ̸= 0♣Y). MIPj is the probability that
covariate j is included in the model, averaging over uncertainty in the subset of the other
variables that are included in the model, and can be used to compute the Bayes factor for
the models that do and do not include covariate j, BFj = [MIPj/(1 −MIPj)]/[q/(1 − q)].
In fact, [13] shows that if a single model is required for prediction, the model that includes
covariates with MIPj greater than 0.5 is preferred to the highest probability model.

Childhood malaria example: Diggle et al. [44] analyze data from n = 1, 332 children
from the Gambia. The binary response Yi is the indictor that child i tested positive for
malaria. We use Ąve covariates in Xij :

• Age: Age of the child, in days

• Net use: Indicator variable denoting whether (1) or not (0) the child regularly sleeps under
a bed-net (coded 1 if yes, 0 otherwise)

• Treated: Indicator variable denoting whether the bed-net is treated (coded 1 if yes, 0
otherwise)

• Green: Satellite-derived measure of the greenness of vegetation in the immediate vicinity
of the village (arbitrary units)

• PCH: Indicator variable denoting the presence (1) or absence (0) of a health center in the
village

All Ąve covariates are standardized to have mean zero and variance one. We use the logit
regression model

logit[Prob(Yi = 1)] = α+

p∑

j=1

Xijβj . (6.5)

The spike-and-slab prior for βj is βj = γjδj where γj ∼ Bernoulli(0.5) and δj ∼
Normal(0, τ2). Listing 6.1 gives JAGS code to Ąt this model.

Table 6.1 gives the model probabilities, i.e., the proportion of the MCMC samples with
γ corresponding to each model. Only three models have posterior probability greater than
0.01. All three models include age, net use and greenness, and differ based on whether they
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Listing 6.1
JAGS code for SSVS.

1 for(i in 1:n){

2 Y[i] ~ dbern(pi[i])

3 logit(pi[i]) <- alpha + X[i,1]*beta[1] +

4 X[i,2]*beta[2] + X[i,3]*beta[3] +

5 X[i,4]*beta[4] + X[i,5]*beta[5]

6 }

7 for(j in 1:5){

8 beta[j] <- gamma[j]*delta[j]

9 gamma[j] ~ dbern(0.5)

10 delta[j] ~ dnorm(0,tau)

11 }

12 alpha ~ dnorm(0,0.01)

13 tau ~ dgamma(0.1,0.1)

TABLE 6.1
Posterior model probabilities for the Gambia analysis. All other models have pos-
terior probability less than 0.01.

Covariates Probability
Age, Net use, Greenness, Treated 0.42
Age, Net use, Greenness, Treated, Health center 0.37
Age, Net use, Greenness, Health center 0.20

TABLE 6.2
Marginal posteriors for the Gambia analysis. Posterior inclusion probabilities (i.e.,
Prob(βj ̸= 0♣Y)) and posterior median and 90% intervals for the βj .

Covariate Inclusion Prob Median 95% Interval
Age 1.00 0.26 ( 0.19, 0.34)
Net use 1.00 −0.25 (−0.34, −0.17)
Greenness 1.00 0.29 ( 0.21, 0.37)
Treated 0.79 −0.13 (−0.24, 0.00)
Health center 0.56 −0.05 (−0.19, 0.00)
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FIGURE 6.2
Posterior distribution for the SSVS analysis. Posterior distribution for the regression
coefficients βj for age and proximity to a health center.

include bed-net treatment, the health center indicator, or both. The marginal inclusion
probabilities MIPj in Table 6.2 exceed 0.5 for all covariates, and therefore the best single
model for prediction likely includes all covariates [13]. The posterior density for the regres-
sion coefficient corresponding to age (Figure 6.2) is bell-shaped because it escapes the prior
spike at zero; however the posterior for proximity to a health center retains considerable
mass at zero and thus the spike-and-slab shape.

6.3 Bayesian model averaging

A main advantage of the Bayesian approach is the ability to properly handle uncertainty in
model parameters when making statistical inference and predictions. In Section 1.5 (Figure
1.12) we explored the effect of accounting for parameter uncertainty in prediction. The pos-
terior predictive distribution (PPD) for observation Y ∗ given the observed data Y averages
over uncertainty in the parameters according to their posterior distribution,

p(Y ∗♣Y) =

∫
p(Y ∗,θ♣Y)dθ =

∫
p(Y ∗♣θ,Y)p(θ♣Y)dθ. (6.6)

In addition to parametric uncertainty, with many potential models no single model is likely
to emerge as the only viable option, and it is important to account for model uncertainty in
prediction. Denoting the posterior probability of model m as Prob(M = Mm♣Y) = wm(Y),
the PPD of Y ∗ averaging over posterior model uncertainty is

p(Y ∗♣Y) =
M∑

m=1

wm(Y)p(Y ∗♣Y,Mm) (6.7)
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where p(Y ∗♣Y,Mm) is the PPD from model Mm. Making an inference that accounts for
model uncertainty using posterior model probabilities is called Bayesian model averaging
(BMA; [80]).

SSVS (Section 6.2) via MCMC provides a convenient way to perform model-averaged
predictions. Draws from the SSVS model include dummy indicators for different models as
unknown parameters, and thus naturally average over models according to their posterior
probability. Therefore, if a sample of Y ∗ is made at each MCMC iteration, then these
samples follow the Bayesian model averaged PPD, as desired.

In addition to prediction, BMA can be used for inference on parameters common to all
models. For example, if parameter βj has posterior distribution p(βj ♣Y,Mm) under model

Mm, then the BMA posterior is p(βj ♣Y) =
∑M

m=1 wm(Y)p(βj ♣Y,Mm). However, BMA
results for parameters must be carefully scrutinized because the interpretation of parameters
can change considerably across models, and so it is not always clear how to interpret an
average over models. As an extreme case, in a regression analysis with collinearity the sign
of βj might change depending on the other covariates that are included, and so it is not
obvious that results should be combined across models.

6.4 Model selection criteria

Cross validation and Bayes factors are both difficult to compute for large datasets and/or
complicated models; cross validation requires Ątting each model K times, and Bayes fac-
tors require difficult integration. Model-Ąt criteria provide a useful alternative. The criteria
considered in this chapter are deĄned via the deviance (twice the negative log likelihood)
of the data given the parameters,

D(Y♣θ) = −2 log[f(Y♣θ)]. (6.8)

In this chapter, we compare only models with the same deviance function but different mod-
els/priors for the parameters so that the deviance is a comparable measure of Ąt across
models. For some models, e.g., the random effect models in Section 4.4 which have equiva-
lent representations conditional on and marginal over the random effects, the deĄnition of
the likelihood and thus deviance are not unique, but for most models for independent data
the deĄnition of the deviance is clear.

The Bayesian Information Criteria (BIC) is one such criteria, deĄned as

BIC = D(Y♣θ̂MLE) + log(n)p (6.9)

where θ̂MLE is the maximum likelihood estimate, n is the sample size, and p is the number
of parameters in the model. BIC is split into two terms: D(Y♣θ̂MLE) is small for models
that Ąt the data well and log(n)p is small for simple low-dimensional models. Since simple
models with good Ąt are desirable, models with smaller BIC are preferred.

BIC was originally motivated as an approximation to the Bayes factor. However, BIC
has undesirable features from the Bayesian perspective. First, estimating θ using the MLE
does not use prior information and is not available from MCMC output. Second, quanti-
fying model complexity with the number of parameters p does not account for informative
priors. For example, if two models have the same number of parameters, but one has very
informative priors, and the other does not, then the model with informative priors should
be regarded as simpler because it has fewer effective degrees of freedom.
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The deviance Information Criteria (DIC; [145]) resolves these issues. From a Bayesian
perspective, the deviance D(Y♣θ) is a random variable since it is a function of the random
variables θ, therefore D(Y♣θ) has a posterior distribution that can be summarized using its
posterior mean D̄. Model complexity is summarized by the effective number of parameters,

pD = D̄ − D̂, (6.10)

where D̂ = D(Y♣θ̂) and θ̂ is the posterior mean of θ. As shown by example below, pD is
typically not an integer because prior shrinkage can result in partial degrees of freedom.
Both D̄ and θ̂ can be approximated using MCMC output by computing D (Y♣θ) and θ at
each iteration and taking the mean over iterations. Therefore, DIC is straightforward to
compute given MCMC output.

The criteria is then
DIC = D̄ + pD = D(Y♣θ̂) + 2pD. (6.11)

This resembles the Akaike Information Criterion (AIC) [4] AIC = D(Y♣θ̂MLE) + 2p but
with the posterior mean and effective degrees of freedom replacing the MLE and the total
number of parameters, respectively. As with AIC and BIC, the actual value of the criteria
is hard to interpret, but it can be used to rank models with models having small DIC
being preferred (a loose rule of thumb is that a difference of 5 is substantial, and 10 is
deĄnitive, but it is difficult to establish statistical signiĄcance using DIC). The intuition
is that models with small DIC are simple (small pD) and Ąt well (small D̄). The effective
number of parameters pD is generally less than the number of parameters p if the prior are
strong, as desired. Unfortunately pD can be outside [0, p] in pathological cases, typically
where the posterior mean of θ is not a good summary of the posterior as is the case in
mixture models with multimodal priors and posteriors.

The motivation of pD as a measure of model size is complex, but intuition can be
built using a few examples. In multiple linear regression with Y♣β ∼ Normal(Xβ, σ2In)
and ZellnerŠs prior β ∼ Normal(0, cσ2(XT X)−1), the effective number of parameters is
pD = c

c+1p. In this case, the effective number of parameters increases from zero with tight
prior (c = 0) to p with uninformative prior (c = ∞). Also, in the one-way random effects
model (Section 4.4)

Yij ♣µj ∼ Normal(µj , σ
2) and µj ∼ Normal(0, cσ2), (6.12)

for i = 1, ..., n replications within each of the j = 1, ..., p groups and Ąxed variance compo-
nents σ2 and c. The effective number of parameters is pd = c

c+1/np, which also increases

from 0 to p with the prior variance c.
The WatanabeŰAkaike (also known as the widely applicable) information criteria

(WAIC; [55]) is an alternative to DIC. WAIC is proposed as an approximation to n-
fold (i.e., leave-one-out) cross validation. Rather than the posterior mean of the deviance,
WAIC computes the posterior mean and variance of the likelihood and log likelihood. The
criterion is

WAIC = −2
∑

i=1

log¶f̄i♢ + 2pW (6.13)

where Ąt for observation i is measured by the posterior mean of the likelihood,

f̄i = E[f(Yi♣θ)♣Y] (6.14)

and model complexity is measured by

pW =
n∑

i=1

Var[log(f(Yi♣θ))♣Y], (6.15)
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deĄned as the sum of posterior variance of the log likelihood functions. Therefore, as with
BIC and DIC, models with small WAIC are preferred because they are simple and Ąt
well.

Selecting a random effect model for the Gambia data: As in Section 6.2, the
binary response Yi indicates that child i tested positive for malaria, and we consider covari-
ates for age, bed-net use, bed-net treatment, greenness and health center. In this analysis we
also consider child iŠs village vi ∈ ¶1, ..., 65♢ to account for dependence in the malaria sta-
tus of children from the same village (Figure 6.3 plots the location and number of children
sampled from each village). We use the random effects logistic regression model

logit[Prob(Yi = 1)] = α+

p∑

j=1

Xijβj + θvi , (6.16)

where θv is the random effect for village v. We compare three models for the village random
effects via DIC and WAIC:

1. No random effects: θv = 0

2. Gaussian random effects: θv ∼ Normal(0, τ2)

3. Double-exponential random effects: θv ∼ DE(0, τ2)

In all models, the priors are α, βj ∼ Normal(0, 100) and τ2 ∼ InvGamma(0.1, 0.1).
Code for Model 3 is given in Listing 6.2. DIC is computed using the dic.samples

function in JAGS, although this unfortunately requires extra MCMC sampling. There is
no analogous function for WAIC in JAGS and so it must be computed outside of JAGS. In
Listing 6.2 the extra line in the likelihood like[i] instructs JAGS to return posterior samples
of the likelihood function f(Yi♣θ) which in this model is the binomial PMF (dbin in JAGS).

<25 children 25−35 children >35 children

FIGURE 6.3
Gambia data. The location and number of children sampled from each village.
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Listing 6.2
JAGS code to compute WAIC and DIC for the random effects model.

1 mod <- textConnection("model{

2 for(i in 1:n){

3 Y[i] ~ dbern(pi[i])

4 logit(pi[i]) <- beta[1] + X[i,1]*beta[2]

5 + X[i,2]*beta[3] + X[i,3]*beta[4]

6 + X[i,4]*beta[5] + X[i,5]*beta[6]

7 + theta[village[i]]

8 like[i] <- dbin(Y[i],pi[i],1) # For WAIC computation

9 }

10 for(j in 1:6){beta[j] ~ dnorm(0,0.01)}

11 for(j in 1:65){theta[j] ~ ddexp(0,tau)}

12 tau ~ dgamma(0.1,0.1)

13 }")

14

15 data <- list(Y=Y,X=X,n=n,village=village)

16 model <- jags.model(mod,data = data, n.chains=2,quiet=TRUE)

17 update(model, 10000, progress.bar="none")

18 samps <- coda.samples(model, variable.names=c("like"),

19 n.iter=50000, progress.bar="none")

20

21 # Compute DIC

22 DIC <- dic.samples(model,n.iter=50000,progress.bar="none")

23

24 # Compute WAIC

25 like <- rbind(samps[[1]],samps[[2]]) # Combine the two chains

26 fbar <- colMeans(like)

27 Pw <- sum(apply(log(like),2,var))

28 WAIC <- -2*sum(log(fbar))+2*Pw

After MCMC sampling, the posterior mean of like[i] is computed as the approximation to
f̄i and the posterior variance of log(like[i]) is computed to approximate pW .

The WAIC and DIC results are in Table 6.3. Both measures show strong support
for including village random effects, but cannot distinguish between Gaussian and double-
exponential random-effect distributions. Since the Gaussian model is more familiar, this is
probably the preferred model for these data.

2016 Presidential Election example: The data for this analysis come from Tony
McGovernŠs very useful data repository 1. The response variable, Yi, is the percent increase
in Republican (GOP) support from 2012 to 2016, i.e.,

100

(
% in 2016

% in 2012
− 1

)
, (6.17)

in county i = 1, ..., n (Figure 6.4a). The election data are matched with p = 10 county-level
census variables (Xij) obtained from Kaggle via Ben Hamner2:

1. Population, percent change Ű April 1, 2010 to July 1, 2014

2. Persons 65 years and over, percent, 2014

3. Black or African American alone, percent, 2014

1https://github.com/tonmcg/County_Level_Election_Results_12-16
2https://www.kaggle.com/benhamner/2016-us-election

https://github.com/tonmcg/County_Level_Election_Results_12-16
https://www.kaggle.com/benhamner/2016-us-election
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TABLE 6.3
Model selection criteria for the Gambia data. DIC (pD) and WAIC (pW ) for the
three random effects models.

Random-effects model DIC (pD) WAIC (pW )
None 2526 (6.0) 2525 (6.0)
Gaussian 2333 (55.1) 2333 (53.4)
Double-exponential 2334 (57.1) 2333 (54.3)

4. Hispanic or Latino, percent, 2014

5. High school graduate or higher, percent of persons age 25+, 2009Ű2013

6. BachelorŠs degree or higher, percent of persons age 25+, 2009Ű2013

7. Homeownership rate, 2009Ű2013

8. Median value of owner-occupied housing units, 2009Ű2013

9. Median household income, 2009Ű2013

10. Persons below poverty level, percent, 2009Ű2013.

All covariates are centered and scaled (e.g., Figure 6.4b). The objective is to determine the
factors that are associated with an increase in GOP support. Also, following the adage that
Şall politics is local,Ť we explore the possibility that the factors related to GOP support
vary by state.

For a county in state s, we assume the linear model

Yi = β0s +

p∑

j=1

Xiβsj + εi, (6.18)

where βjs is the effect of covariate j in state s and εi
iid∼ Normal(0, σ2). We compare three

models for the βjs

1. Constant slopes: βjs ≡ βj for all counties

2. Varying slopes, uninformative prior: βjs
iid∼ Normal(0, 102)

3. Varying slopes, informative prior: βjs
indep∼ Normal(µj , σ

2
j )

In all models, the prior for the error variance is σ2 ∼ InvGamma(0.1, 0.1). In the Ąrst model
the slopes have uninformative priors βj ∼ Normal(0, 102). In the Ąnal model, the mean µj

and variances σ2
j are given priors µj ∼ Normal(0, 102) and σ2

j ∼ InvGamma(0.1, 0.1) and
estimated from the data so that information is pooled across states via the prior. The three
methods are compared using DIC and WAIC as in Listing 6.3 for the constant slopes model.

We Ąrst study the results from Model 1 with the same slopes in all states. Table 6.4 shows
that all covariates other than home-ownership rate are associated with the election results.
GOP support tended to increase in counties with decreasing population, high proportion
of seniors and high school graduates, low proportions of African Americans and Hispanics,
high income but low home value and high poverty rate.

The DIC (D̄, pD) for the three models are 21312 (21300, 12) for Model 1 with constant
slopes, 18939 (18483, 455) for Model 2 with varying slope and uninformative priors, and
18842 (18604, 238) for Model 3 with varying slopes and informative priors. The Ąrst model
is not rich enough to capture the important trends in data and thus has high D̄ and DIC.



Model selection and diagnostics 199

[−44.4�to�−1.9)

[−1.9�to�2.3)

[2.3�to�5.3)

[5.3�to�8.0)

[8.0�to�11.4)

[11.4�to�16.9)�

[16.9�to�61.7]�

NA

(a)�Percent�increase�in�GOP�support

[−1.8763�to�−0.8680)

[−0.8680�to�−0.6188)

[−0.6188�to�−0.3582)

[−0.3582�to�−0.0977)

[−0.0977�to�0.2762)�

[0.2762�to�0.9898)

[0.9898�to�6.1896]

(b)�Bachelor's�degree�or�higher,�percent�of�persons�age�25+,�2009−2013

FIGURE 6.4
2016 Presidential Election data. Panel (a) plots the percentage change in Republican
(GOP) support from 2012 to 2016 (Yi) and Panel (b) plots the percent of counties with a
bachelorŠs degree or higher (standardized to have mean zero and variance one; Xi7).



200 Bayesian Statistical Methods

Listing 6.3
JAGS code to compute DIC for the constant slopes model.

1 model_string <- "model{

2 for(i in 1:n){

3 Y[i] ~ dnorm(Xb[i],taue)

4 Xb[i] <- inprod(X[i,],beta[])

5 like[i] <- dnorm(Y[i],Xb[i],taue) # For WAIC

6 }

7 for(j in 1:p){beta[j] ~ dnorm(0,0.01)}

8 taue ~ dgamma(0.1,0.1)

9 }"

10

11 # Put the data and model statement JAGS format

12 dat <- list(Y=Y,n=n,X=X,p=p)

13 init <- list(beta=rep(0,p),tau=1)

14 model <- jags.model(textConnection(model_string),n.chains=2,

15 inits=init,data = dat)

16

17 # Burn-in samples

18 update(model, 10000, progress.bar="none")

19

20 # Compute DIC

21 dic <- dic.samples(model1,n.iter=50000)

22

23 # Compute WAIC

24 samp <- coda.samples(model, variable.names=c("like"),

25 n.iter=50000)

26 like <- rbind(samps[[1]],samps[[2]]) # Combine the two chains

27 fbar <- colMeans(like)

28 Pw <- sum(apply(log(like),2,var))

29 WAIC <- -2*sum(log(fbar)) + 2*Pw

TABLE 6.4
2016 Presidential Election multiple regression analysis. Posterior mean (95% inter-
val) for the slopes βj for the model with the same slopes in each state.

Covariate Median 95% interval
Population change −1.14 (−1.46, −0.81)
Percent over 65 0.93 ( 0.54, 1.32)
Percent African American −1.56 (−1.89, −1.23)
Percent Hispanic −2.06 (−2.40, −1.72)
Percent HS graduate 1.75 ( 1.25, 2.26)
Percent bachelorŠs degree −6.19 (−6.71, −5.67)
Home-ownership rate 0.01 (−0.39, 0.41)
Median home value −1.52 (−1.99, −1.06)
Median income 1.88 ( 1.13, 2.61)
Percent below poverty 1.48 ( 0.91, 2.04)



Model selection and diagnostics 201

The second model has the best Ąt to the observed data (smallest D̄), but is too complicated
(large pD). The Ąnal model balances model complexity and Ąt and has the smallest DIC.
WAIC gives similar results, with WAIC (pW ) equal to 21335 (20), 18971 (406) and 18909
(259) for Models 1Ű3, respectively.

Inspection of the posterior of the variances σ2
j from Model 3 shows that the covariate

effect that varies the most across states is the proportion of the county with a dachelorŠs
degree. Figure 6.5 maps the posterior mean and standard deviation of the state-level slopes,
βs7. The association between the proportion of the population with a bachelorŠs degree and
change in GOP support is the strongest (most negative) in New England and the Midwest.
The posterior standard deviation is the smallest in Colorado and Texas, possibly because
these states have high variation in the covariate across counties.

Simulation study to evaluate the performance of DIC and WAIC: In these
examples DIC and WAIC gave similar results. However, in practice there will obviously
be cases where they differ, and the user will have to choose between them and defend their
choice. Also, when applied to real data as above the ŞcorrectŤ model is unknown, and so
we cannot say for certain that either method selected the right model. One way to build
trust in these criteria (or any other statistical method) is to evaluate their performance for
simulated data where the correct model is known (see Section 9.3 for more discussion of
simulation studies).

The data for this simulation experiment are generated to mimic the Gambia data. The
response Yi is binary and generated from the random effects logistic regression model

logit[Prob(Yi = 1)] = α+Xiβ + θvi ,

where vi is the village index of observation i and θv ∼ Normal(0, σ2) is the random effect
for village v. Data are generated with n = 100 observations, ten villages each with ten

observations, α = 0, β = 1 and Xi
iid∼ Normal(0, 1). We vary the random effect variance σ2

to determine how large it must be before the model selection criteria consistently favor the
random effects model.

For each value of σ we generate N = 100 datasets. For each simulated data set we Ąt
two models: (1) the model without random effects (i.e., θv = 0) and (2) the full model
with random effects and θv ∼ Normal(0, σ2). The priors are α, β ∼ Normal(0, 100) and
σ2 ∼ InvGamma(0.1, 0.1). For each model and each simulated data set we generate two
MCMC chains of length 10,000 (after a burn-in of 1,000) iterations and compute both
DIC and WAIC. Say DICmj and WAICmj are the criteria for model m ∈ ¶1, 2♢ for
simulated dataset j ∈ ¶1, ..., N♢. Figure 6.6 plots the N samples of DIC2j − DIC1j (left)
and WAIC2j − WAIC1j (right). The random effects model is selected if these differences
are negative, and so the proportion of samples that are negative is the estimated probability
of selecting the random effects model. The percentage of the datasets for which the random
effects model is selected is given above each boxplot in Figure 6.6.

When data are generated with σ = 0, then the correct model is the simple model
without random effects. In this case, both metrics on average have larger values for the
overly complex random effects model and select the random effects model for only 10Ű20%
of the simulated datasets. For data generated with σ > 0 the random effects model is correct,
and both methods reliably select it with probability that increases with σ. Therefore, both
methods reliably select the correct model for data generated to mimic the Gambia data.
For this particular setting DIC returns the correct model with slightly higher probability
than WAIC, but of course we cannot generalize this result to other settings.



202 Bayesian Statistical Methods

[−8.73�to�−7.58)

[−7.58�to�−6.54)

[−6.54�to�−6.17)

[−6.17�to�−5.38)

[−5.38�to�−4.95)

[−4.95�to�−3.79)

[−3.79�to�−3.22]

NA

(a)�Effect�of�college�graduates�−�posterior�mean

[0.548�to�0.747)

[0.747�to�0.845)

[0.845�to�0.902)

[0.902�to�0.948)

[0.948�to�1.004)

[1.004�to�1.150)

[1.15�to�1.66]

NA

(b)�Effect�of�college�graduates�−�posterior�SD

FIGURE 6.5
Results of the 2016 Presidential Election analysis. Posterior mean and standard
deviation of the effect of the bachelorŠs degree rate on GOP support (βs7) for the model
with a different slope in each state and informative prior.
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FIGURE 6.6
Simulation to evaluate selection criteria. Boxplots of the difference in DIC (left) and
WAIC (right) comparing random effects logistic regression with simple logistic regression
for N = 100 simulated datasets generated with random effect standard deviation σ. Each
boxplot represents the distribution of the difference over N datasets simulated with σ ∈
¶0.00, 0.25, 0.50, 0.75, 1.00♢, and the numbers above the boxplots are the percentage of the
N datasets for which the difference was negative, and thus the criteria favored the random
effects model.

6.5 Goodness-of-fit checks

Thus far we have discussed methods to choose from a prespeciĄed set of models. This model
selection step is crucial but cannot guarantee that the selected model actually Ąts the data
well. For example, if all models considered are Gaussian but the data are not, then even the
best Ątting model is inappropriate. Therefore, in addition to comparing models, diagnostics
should be performed to determine if the models capture the important features of the data.

Standard diagnostic tools are equally important to a Bayesian or non-Bayesian analysis.
For example, in a linear regression, normality (e.g., residual qq-plot), linearity (e.g., added
variable plots), inĆuential points (e.g., CookŠs D), etc., should be scrutinized. Many of these
classic tools are based on least-squares residuals and therefore are not purely Bayesian, but
they remain valuable as informal goodness-of-Ąt measures.

Another way to critique a model is out-of-sample prediction performance. Say the data
are split into a training set Y and a test set Y∗ = (Y ∗

1 , ..., Y
∗

m). Section 1.5 discusses the
Posterior Predictive Distribution (PPD) of the test set observation i given the training data
(and averaging over uncertainty in model parameters), f∗

i (y♣Y). Comparing the test-set data
to the PPD is a way to verify the model Ąts well. The PPD evaluated at the observed test
observation,

CPOi = f∗
i (Y ∗

i ♣Y), (6.19)

is called the conditional predictive ordinate (CPO) [52, 122]. Test set observations with
small CPO do not Ąt the model well and are potentially outliers.

A more interpretable diagnostic is to check that roughly 95% of the test-set observations
fall in the 95% posterior prediction intervals. For continuous data, the Probability Integral
Transform (PIT) statistic [40] provides a measure of Ąt for the entire predictive distribution
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rather than just the 95% intervals. The PIT is the posterior predictive probability below
the test set value, Y ∗

i ,

PITi =

∫ Y ∗
i

−∞
f∗

i (y♣Y)dy. (6.20)

This integral looks daunting, but can be easily approximated as the proportion of the MCMC
samples from the PPD that are below the test-set value. Typically PITi is computed for each
test-set observation, and these statistics are plotted in a histogram. If the model Ąts well,
then the PIT statistics should follow a Uniform(0,1) distribution and the PIT histogram
should be Ćat.

An important consideration when interpreting diagnostic measures is that even a model
that appears to be perfectly calibrated (say with uniform PIT statistics) is not necessarily
the true model (if there is such a thing). For example, say the data are generated as Y ♣X ∼
Normal(X, 1) with X ∼ Normal(0, 1); then the model Y ∼ Normal(0, 2) will Ąt the data
perfectly well, but is clearly inferior to a model that includes X as a predictor. Therefore,
both model selection and goodness-of-Ąt testing are important.

Posterior predictive checks: Rather than focusing on predicting individual test set
observations, posterior predictive checks (e.g., [58]) evaluate Ąt using summaries of the
dataset. Let θ̃ be a posterior sample of the model parameters and Ỹ be a replicate dataset
drawn from the model given θ̃. To facilitate comparisons, the replicate dataset should have
the same dimensions as the observed data. For example, in the linear regression model
Y ∼ Normal(Xβ, σ2I), the parameters are θ̃ = (β̃, σ̃2), and we would sample

Ỹ♣θ̃ ∼ Normal(Xβ̃, σ̃2I) (6.21)

using the same covariates X as in the original dataset.
Assume that MCMC produces S posterior samples θ(1), ...,θ(S) and we generate S repli-

cate datasets Ỹ1, ..., ỸS where Ỹs♣θ(s) ∼ p(y♣θ(s)). If the model Ąts well, then Y and the
Ỹs should follow the same distribution, and thus comparing Y to the distribution of Ỹs

provides an evaluation of whether the proposed data-generating model is valid. Summariz-
ing Ąt for an entire multivariate distribution such as the distribution of Y is challenging,
and so we restrict comparisons to one-number summaries of the data set, D(Y). For ex-
ample, D(Y) could be the mean or maximum value of the dataset, or any other measure
of interest. A visual goodness-of-Ąt check plots the predictive distribution of the summary
statistics, D(Ỹ1), ..., D(ỸS), as a histogram and compares the observed measure D(Y) to
this distribution; if the observed value falls far from the center of the distribution, then this
is evidence the model does not Ąt well.

Selecting the summary measure D is clearly important. The most effective summary
measures are those that verify modeling assumptions. For example, when Ątting the model
Y ∼ Normal(µ, σ2), the mean and variance of the data should fall in the predictive dis-
tribution of the mean and variance because there are parameters in the model for these
summaries. Therefore, selecting D to be the sample mean or variance is not informative.
However, the normal model assumes the distribution is symmetric, and there are no param-
eters in the model to capture asymmetry. Therefore, taking D to be the skewness provides
a useful veriĄcation that this modeling assumption holds.

The Bayesian p-value is a more formal summary of the posterior predictive check. The
Bayesian p-value is the probability under repeated sampling from the Ątted model of ob-
serving a summary statistic at least as large as the observed statistic. This probability can
be approximated using MCMC output as the proportion of the S draws D(Ỹ1), ..., D(ỸS)
that are greater than D(Y). A Bayesian p-value near zero or one indicates that in at least
one aspect the model does not Ąt well.
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The Bayesian p-value resembles the p-value from classical hypothesis testing in that
they both quantify the probability under repeated sampling of observing a statistic at
least as large as the observed statistic. An important difference is that the classical p-value
assumes repeated sampling under the null hypothesis, whereas the Bayesian p-value assumes
repeated sampling from the Ątted Bayesian model. Another important difference is that for
the Bayesian p-value, probabilities near either zero or one provide evidence against the Ątted
model.

Gun control example: Kalesan et al. (2016) [86] study the relationship between state
gun laws and Ąrearm-related death rates. The response variable, Yi, is the number of Ąrearm-
related deaths in 2010 in state i. The analysis includes Ąve potential confounders (Zij): 2009
Ąrearm death rate per 10,000 people; Ąrearm ownership rate quartile; unemployment rate
quartile; non-Ąrearm homicide rate quartile and Ąrearm export rate quartile. The covariates
of interest in the study are status of gun laws in the state. Let Xil indicate that state i
has law l. In this example, we simply use the number of laws Xi =

∑
l Xil as the covariate.

Setting aside correlation versus causation issues, the objective of the analysis is to determine
if there is a relationship between the number of gun laws in the state and its Ąrearm-related
death rate. Our objective in this section is to illustrate the use of posterior predictive checks
to verify that the model Ąts well.

We check the Ąt of two models. The Ąrst is the usual Poisson regression model

Yi ∼ Poisson(λi) where λi = Ni exp


α+

5∑

j=1

Zijβj +Xiβ6


 (6.22)

and Ni is the stateŠs population. A concern with the Poisson model is that because the
mean equals the variance, it may not be Ćexible enough to capture large counts. Therefore,
we also consider the negative binomial model with mean λi and over-dispersion parameter
m

Yi ∼ NB

(
m

λi +m
,m

)
. (6.23)

The priors for the Ąxed effects are α, βj ∼ Normal(0, 10) and for the negative-binomial
model m ∼ Gamma(0.1, 0.1). Code to Ąt the negative-binomial model is given in Listing
6.4.

We interrogate the models using posterior predictive checks with the following six test
statistics:

1. Minimum count: D1(Y) = min¶Y1, ..., Yn♢
2. Maximum count: D2(Y) = max¶Y1, ..., Yn♢
3. Range of counts: D3(Y) = max¶Y1, ..., Yn♢ − min¶Y1, ..., Yn♢
4. Minimum rate: D4(Y) = min¶Y1/N1, ..., Yn/Nn♢
5. Maximum rate: D5(Y) = max¶Y1/N1, ..., Yn/Nn♢
6. Range of rates: D6(Y) = max¶Y1/N1, ..., Yn/Nn♢ −

min¶Y1/N1, ..., Yn/Nn♢
We use test statistics related to the range of the counts and rates because the main concern
here is properly accounting for large counts. Figure 6.7 plots the PPD for both models
and all six test statistics. The PPD from the Poisson model does not capture the largest
counts or the range of counts observed in the dataset. The Bayesian p-value is close to zero
or one for all four test statistics involving either the maximum or the range. As expected,
the negative-binomial model gives much wider prediction intervals and thus less extreme



206 Bayesian Statistical Methods

Listing 6.4
JAGS code for the over-dispersed Poisson regression model.

1 # Likelihood

2 for(i in 1:n){

3 Y[i] ~ dnegbin(q[i],m)

4 q[i] <- m/(m+N[i]*lambda[i])

5 log(lambda[i]) <- alpha + inprod(Z[i,],beta[1:5]) + X[i]*beta[6]

6 }

7

8 #Priors

9 for(j in 1:6){

10 beta[j] ~ dnorm(0,0.1)

11 }

12 alpha ~ dnorm(0,0.1)

13 m ~ dgamma(0.1,0.1)

14

15 # Posterior predictive checks

16 for(i in 1:n){

17 Y2[i] ~ dnegbin(q[i],m)

18 rate[i] <- Y2[i]/N[i]

19 }

20

21 D[1] <- min(Yp[])

22 D[2] <- max(Yp[])

23 D[3] <- max(Yp[])-min(Yp[])

24 D[4] <- min(rate[])

25 D[5] <- max(rate[])

26 D[6] <- max(rate[])-min(rate[])
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FIGURE 6.7
Bayesian p-values for the gun control example. The density curves show the posterior
predictive distribution of the six test statistics for the Poisson and negative-binomial (NB)
models, and the vertical lines are the test statistics for the observed data. The Bayesian
p-value is given in the legendŠs parentheses.

Bayesian p-values. Therefore, while the Poisson model is not appropriate for this analysis,
the negative-binomial model appears to be adequate based on these (limited) tests. However,
in both analyses the coefficient associated with the number of gun laws (β6) is negative with
high probability (95% interval (−0.017,−0.011) for the Poisson model and (−0.026, −0.008)
for the negative-binomial model), and so the conclusion that there is a negative association
between the number of gun laws in a state and its Ąrearm-related mortality is robust to
this modeling assumption.

6.6 Exercises

1. Download the airquality dataset in R. Compare the following two models using
5-fold cross validation:

M1: ozonei ∼ Normal(β1 + β2solar.Ri, σ
2)

M2: ozonei ∼ Normal(β1 + β2solar.Ri + β2tempi + β3windi, σ
2).
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Specify and justify the priors you select for both models.

2. Fit model M2 to the airquality data from the previous problem, and use pos-
terior predictive checks to verify that the model Ąts well. If you Ąnd model mis-
speciĄcation, suggest (but do not Ąt) alternatives.

3. Use the ŞMr. OctoberŤ data (Section 2.5) Y1 = 563, N1 = 2820, Y2 = 10, and
N2 = 27. Compare the two models:

M1: Y1♣λ1 ∼ Poisson(N1λ1) and Y2♣λ2 ∼ Poisson(N2λ2)

M2: Y1♣λ0 ∼ Poisson(N1λ0) and Y2♣λ0 ∼ Poisson(N2λ0).

using DIC and WAIC. Assume the Uniform(0,c) prior for all λj , and compare
the results for c = 1 and c = 10.

4. Consider the regression of the (continuous) CES-D survey score of depression onto
p genetic markers. The p covariates for subject i, Xi1, ..., Xip, are aligned along
a chromosome giving strong collinearity with the correlation between markers j
and k being ρ♣j−k♣ for ρ = 0.99.

(a) Say that p = 3 and that these generic markers are in fact very important
predictors of depression. What do you anticipate the results of Bayesian linear
regression with uninformative priors will be?

(b) Write a stochastic search variable selection model for these data, and describe
how you would summarize the results.

(c) Assuming the scenario in (a), what do you anticipate the posterior probability
of the 2p models and the p marginal inclusion probabilities will be?

(d) Repeat (d) except with p = 1, 000. How would you summarize these results?

5. Use DIC and WAIC to compare logistic and probit links for the gambia data in
the R package geoR using the Ąve covariates in Listing 6.2 and no random effects.

6. Fit logistic regression model to the gambia data in the previous question and
use posterior predictive checks to verify the model Ąts well. If you Ąnd model
misspeciĄcation, suggest (but do not Ąt) alternatives.

7. For the NBA free throw data in Section 1.6, assume that for player i, Yi♣pi ∼
Binomial(ni, pi) where Yi is the number of clutch makes, ni is the number of
clutch attempts, and pi is the clutch make probability. Use leave-one-out cross
validation to compare the models:

M1: logit(pi) = β1 + logit(qi)

M2: logit(pi) = β1 + β2logit(qi),

where qi is the overall free throw percentage.

8. Fit model M2 to the NBA data in the previous question, and use posterior
predictive checks to verify the model Ąts well. If you Ąnd model misspeciĄcation,
suggest (but do not Ąt) alternatives.

9. Download the WWWusage dataset in R. Using data from times t = 5, ..., 100 as
outcomes (earlier times may be used as covariates), Ąt the autoregressive model

Yt♣Yt−1, ..., Y1 ∼ Normal(β0 + β1Yt−1 + ...+ βLYt−L, σ
2)

where Yt is the WWW usage at time t. Compare the models with L = 1, 2, 3, 4,
and select the best time lag L.
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10. Using the WWWusage dataset in the previous problem, Ąt the model with L = 2
and use posterior predictive checks to verify that the model Ąts well. If you Ąnd
model misspeciĄcation, suggest (but do not Ąt) alternatives.

11. For the one-way random effects model in (6.12), explain how you would select a
prior for c so the pD has roughly a uniform prior on pD.

12. The global mean temperature anomaly (difference between current year and the
1951-1980 average) data on the course website are downloaded from https://

data.giss.nasa.gov/gistemp/ and plotted below.
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Let Xi and Yi be the year and temperature anomaly (C) for observation i. We
will analyze these data using a nonparametric regression model Yi = g(Xi) + εi

as in Section 8.3, where g is modeled as a linear combination of J B-spline basis
functions.

(a) Select J using DIC and WAIC.

(b) Select J using cross-validation.

(c) For the selected value of J , check model Ąt using posterior predictive checks.

13. Open and plot the galaxies data in R using the code below,

> library(MASS)

> data(galaxies)

> ?galaxies

> Y <- galaxies

> n <- length(Y)

> hist(Y,breaks=25)

Model the observations Y1, ..., Y82 using the StudentŠs t-distribution with lo-
cation µ, scale σ and degrees of freedom k. Assume prior distributions µ ∼
Normal(0, 100002), 1/σ2 = τ ∼ Gamma(0.01, 0.01) and k ∼ Uniform(1, 30).

(a) Use posterior predictive checks to evaluate whether the t distribution cap-
tures the mean, variance, skewness and kurtosis of the data.

(b) Repeat this analysis with a Gaussian model.

https://data.giss.nasa.gov/gistemp/
https://data.giss.nasa.gov/gistemp/
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14. For each model selection approach below, give an advantage and a limitation of
the approach and a hypothetical situation where it would be a good option.

(a) Bayes factors

(b) Stochastic search variable selection

(c) Cross validation

(d) DIC/WAIC
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7.1 Overview of hierarchical modeling

Thus far we have introduced Bayesian ideas in the context of standard statistical models.
However, one of the primary beneĄts of Bayesian methodology is Ćexibility to handle non-
standard cases with irregularities such as missing values, censored data, variables measured
with error, multiple data sources each with distinct biases and errors, subpopulations with
different properties, etc. Incorporating all of these features in an analysis may seem daunt-
ing, but can often be accomplished by breaking the large model into manageable layers
and combining the layers in a hierarchical model. Hierarchical modeling (also known as a
multilevel modeling) is thus an essential model-building tool.

To see how building a model for complex data can be simpliĄed by thinking hierarchi-
cally, say our objective is to specify the joint distribution of three variables X, Y and Z.
Directly Ątting a multivariate joint distribution can be challenging, especially if the three
variables have different supports. However, any trivariate distribution can be written

f(x, y, z) = f(x)f(y♣x)f(z♣x, y). (7.1)

By ordering the three variables and specifying the univariate marginal distribution of X
and then the univariate conditional distributions for Y ♣X and Z♣X,Y , the multivariate
problem is reduced to three univariate problems. Because the variables are ordered and each
conditional distribution depends only on the previous variables in the ordering, the resulting
joint distribution is guaranteed to be valid. Also, since any multivariate distribution can be
decomposed this way, there is no loss of Ćexibility by taking this approach.

211
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FIGURE 7.1
Directed acyclic graphs (DAGs). Panel (a) shows the DAG for the model f(X,Y, Z) =
f(X)f(Y ♣X)f(Z♣X,Y ) and Panel (b) shows the DAG for the model f(X,Y, Z) =
f(X)f(Y ♣X)f(Z♣Y ).

The trivariate model is represented as a Directed Acyclic Graph (DAG) in Figure 7.1a.
A DAG (also called a Bayesian network) represents the model as a graph with each ob-
servation and parameter as a node (i.e., the points that deĄne the graph) and edges (i.e.,
connections between the nodes) to denote conditional dependence. To deĄne a valid stochas-
tic model the graph must be directed and acyclic. A directed graph associates each edge
with a direction; an arrow from X to Y indicates that the hierarchical model is deĄned
by modeling the conditional distribution of Y as a function of X. The absence of an ar-
row from X to Z in Figure 7.1b conveys the choice that conditioned on Y , Z does not
depend on X, i.e., f(z♣x, y) = f(z♣y); in contrast, Figure 7.1a is the DAG for the model
with conditional dependence between X and Z given Y . The graph must also be acyclic,
meaning that it is impossible to follow directed edges from a node through the graph
and return to the original node. These two conditions rule out building models such as
p(x, y, z) = p(x♣y, z)p(y♣z)p(z♣y), which may not be a valid joint distribution.

Hierarchical models can take many forms, but a general way to build a model is through
creating a data layer, a process layer and a prior layer. Model building should begin with the
process layer that contains the underlying scientiĄc processes of interest and the unknown
parameters. Building this layer is ideally done in consultation with domain experts. Once
this layer is deĄned, the statistical objectives can be articulated, for example, to estimate a
particular parameter or test a speciĄc hypothesis. Ideally these objectives dictate the data
to be collected for the analysis. The data layer relates (via the likelihood function) the data
to the process and encodes bias and error in the data collection procedure, which requires
knowledge of how the data were collected. Finally the prior layer quantiĄes uncertainty
about the model parameters at the onset of the analysis.

Building a model hierarchically is convenient, but not fundamentally different than mod-
els we have considered previously. In fact, we have already encountered many hierarchical
models such as the random effects models in Section 4.4. This means that the computational
methods to approximate the posterior described in Chapter 3 apply to hierarchical models,
as do the graphical and numerical methods used to summarize the posterior and check Ąt.
Below we discuss several categories of hierarchical models and the application of Bayesian
methods in each case. We then illustrate these concepts with several case studies in Section
7.2.
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7.1.1 Mathematical/statistical models

In many scientiĄc disciplines, the process of interest is described mathematically as a set
of differential equations. Differential-equation models use the current state of all variables
and the physical or biological laws to determine the dynamics of the system. Mathematical
models are fundamental to many applications, including the

• track of a hurricane through the Atlantic ocean,

• strength of a bridge under a given design,

• formation and spread of cancer cells,

• population dynamics of an endangered species.

Ideally, it can be assumed that the mathematical model is a reasonable representation of
the system, but is imperfect due to discretization or simpliĄcation, and there is uncertainty
because the initial and current states of the system and model parameters are not known
precisely.

Consider modeling the spread of a wildland Ąre [49]. The mathematical/differential equa-
tions model would describe the dispersion of the Ąre as a function of the topology, terrain,
meteorology, etc. There are many reasons forecasts from the model will have error. Even if
the equations perfectly describe the systemŠs dynamics, which is unlikely, in practice they
would need to be discretized because of computational limitations or the spatial resolution
of model inputs such as satellite imagery. Also, the equations are contingent on the current
state of the system including the location and intensity of the Ąre, the condition of the sur-
rounding vegetation and the current wind speed and direction. The model also depends on
unknown parameters, such as the likelihood of spread into a high-elevation pine-dominant
forest. Neither the current state nor model parameters can be known exactly.

Statistical analyses that account for model bias, unknowns and error are called uncer-
tainty quantiĄcation (UQ; [143]). A UQ analysis can improve predictions by calibrating
mathematical models with real-world data, communicate uncertainty to stakeholders to im-
prove decision making, improve efficiency by optimizing future data collection for model
reĄnement and formally test for differences between future scenarios while accounting for
all sources of uncertainty. A Bayesian approach [90] is natural for these tasks because it
is able to seamlessly incorporate prior knowledge when available and account for multiple
sources of uncertainty.

As an introduction, consider the simple disease progression model below to illustrate the
model-building process. Let St and It be the number of susceptible and infected individuals
in a population, respectively, at time t. ScientiĄc understanding of the disease is used to
model disease propagation. The change of St and It over time can be described by differen-
tial equations [23]. Since our data are discretized to daily counts, we consider a difference
equation. Many compartmental models have been proposed including the SIER model, but
in consultation with an epidemiologist, we might select the simple ReedŰFrost model [3]:

Process layer: It+1♣St, It ∼ Binomial
[
St, 1 − (1 − q)It

]

St+1 = St − It+1

where it is assumed that all infected individuals are removed from the population before
the next time step and q is the probability of a non-infected person coming into contact
with and contracting the disease from an infected individual.

The epidemiological process-layer model expresses the disease dynamics up to a few
unknown state variables, I1 and S1, and an unknown parameter, q. To estimate these
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FIGURE 7.2
Directed acyclic graph for the ReedŰFrost infectious disease model.

unknowns, the number of cases at time t, denoted Yt, is collected. The data layer models
our ability to measure the process It. For example, after discussing the data collection
procedure with domain experts, we might assume there are no false positives (uninfected
people counted as infected) but potentially false negatives (uncounted infected individuals)
and thus

Data layer: Yt♣It ∼ Binomial(It, p) (7.2)

where p is the probability of detecting an infected individual. The Bayesian model is com-
pleted using priors for the unknown state variables and parameters

Prior layer: I1 ∼ Poisson(λ1), S1 ∼ Poisson(λ2)

p, q ∼ beta(a, b).

Figure 7.2 plots the DAG corresponding to this model.
The Reed-Frost model is very simple and unlikely to provide a perfect representation

of the systemŠs dynamics. If diagnostics call the Ąt of the model into question, a remedy is
to select a more sophisticated model, such as the SIER model mentioned above. However,
we can almost never be certain that the chosen model has complete Ądelity to the true
dynamics; thus we should allow for this bias in the hierarchical model. Discrepancy terms
can enter either in the data or process layers. Here we add the discrepancy term, dt > 0, to
the data layer

Data layer with discrepancy: Yt♣It, dt ∼ Binomial(Itdt, p). (7.3)

In this parameterization, dt = 1.1 means that the number of infected individuals is 10%
higher at time t in reality than in the current state of the model. Of course, if the discrepancy
terms are allowed to vary freely across t then it will absorb all the signal in the data and true
number of infected individuals cannot be estimated. IdentiĄability concerns can be lessened
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by taking log(dt) =
∑K

k=0 αkt
k as a low-order polynomial function of t and estimating the

discrepancy parameters αk in the Bayesian hierarchical model.
The Reed-Frost model is simple, and an analysis of these data using Bayesian meth-

ods can utilize standard MCMC methods. However, more complex mathematical models
that are deĄned as the solution to a set of differential equations pose computational chal-
lenges because evaluating the model even a single time can take several hours. Section 8.6.5
shows how machine learning tools can be used to improve computation and thus facilitate
a Bayesian analysis of complex mathematical models. This section also discusses Bayesian
machine learning tools to learn the equations that govern the process from data rather than
specifying models based on domain knowledge.

7.1.2 State-space models

State-space models (SSMs) are a class of hierarchical models that are used to study the
evolution of processes over time and make short-term forecasts. The process layer deĄnes
the evolution of latent (unobserved) states that are related to the observations in the data
layer. Below we discuss two examples of SSMs: the Dynamic Linear Model (DLM) and the
Hidden Markov Model (HMM). Both models are described assuming time is discretized, so
that the process is deĄned only at times t ∈ ¶1, . . . , n♢, and the latent space variables follow
a Markov process where the distributions of the states are independent of their history
given the previous value. Extensions to continuous time and richer temporal dynamics are
available, but more complex. The nature of the latent states distinguishes the two models
with the DLM modeling them as continuous random variables whereas in HMM models the
latent states as discrete random variables.

Dynamic linear models: In the DLM [163], the q latent states at time t, Xt =
(Xt1, ..., Xtq), evolve following the linear model

Xt = AXt−1 + ut

where A (q× q) determines the evolution of the latent states and ut
iid∼ Normal(0,Σu). The

latent variables are related to the p response variables, Yt = (Yt1, ..., Ytp), as

Yt = BXt + vt

where B (p× q) links the latent states with the outcome and vt
iid∼ Normal(0,Σv).

As a concrete example, say the responses are p stock prices that are thought to be driven
by q latent economic factors. As another example, say the outcomes are a patientŠs vital
signs (heart rate, blood pressure, etc.) and the latent factors are facets of heart function. In
both cases, it is assumed that the responses are correlated over time and with each other,
and most of this correlation can be explained by variation in the latent factors. An advantage
of modeling dependence between the outcomes using the latent variables is the efficiency
gain that comes if a small number of latent factors (q < p) can explain the dependence.

If data are available through time n, sampling from the posterior prediction distri-
bution (PPD) of Yn+1 is straightforward using MCMC. Let the values for iteration s

be denoted with a superscript, e.g., X
(s)
t . Then a sample from the PPD is generated as

X
(s)
t+1 ∼ Normal

(
A(s)X

(s)
t ,Σ(s)

u

)
and then Y

(s)
t+1 ∼ Normal

(
B(s)X

(s)
t+1,Σ

(s)
v

)
. The distri-

bution of the samples Y
(1)
t+1, ...,Y

(S)
t+1 account for uncertainty in the latent states as well as

the parameters (A, B, etc). While MCMC provides a straightforward method for short-
term prediction, it can be slow because sampling requires updating the latent process Xt

for all n training observations. More efficient methods are available, including the Kalman
Ąlter [32].
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Label switching [83] poses a challenge when Ątting and interpreting SSMs (both DLMs
and HMMs). Unless there is some prior knowledge to distinguish the latent factors, changing
the labels of the model has no effect on Ąt. As an example, say q = 2 and Xt = (Xt1, Xt2)
is changed to Xt = (Xt2, Xt1) and the corresponding rows of A, B and Σu are swapped;
then the posterior is not changed. One way to resolve the label-switching problem is to
insert known or artiĄcial constraints to ensure the latent states are identiĄed. In the casino
example below, the distribution of one of the two latent states is known, and this information
resolves label switching. If nothing is known about the latent states, then elements of A, B
or Σu can be Ąxed. A common constraint is that A is lower-triangular with positive diagonal
elements. Another challenge is selecting the number of latent states; model-Ąt criteria such
as DIC, WAIC or cross validation can be used.

Hidden Markov models: HMMs [174] have a similar structure and interpretation as
DLMs except for the key difference that the latent process Xt ∈ ¶1, ..., q♢ is discete with
only q levels. This adds the interpretation that the latent state represents different modes of
behaviour. For example, in animal movement modeling where Yt is the speed and direction
of an animal at time t, the latent state may have q = 3 levels: Xt = 1 indicates the animal
is resting, Xt = 2 that they are hunting and Xt = 3 that they are in transit. Clearly the
distribution of the response will differ based on the current state. The objectives of an
HMM analysis include identifying the latent states and understanding the temporal process
in each state.

The latent state Xt is assumed to be a Markov process; that is, given all previous states
X1, ..., Xt−1, Xt depends only on Xt−1. Under this assumption, its distribution is completely
determined by the q × q transition probability matrix with elements

Pij = Prob(Xt = j♣Xt−1 = i).

Given the previous state is Xt−1 = i, the PMF of the current state is given by the q prob-
abilities Pi = (Pi1, ..., Piq). The conjugate prior for a vector of probabilities is a Dirichlet
prior (Section 2.1) Pi ∼ Dirichlet(ai1, ..., aiq). Alternatively, if there are external covariates
that are thought to affect the transition probabilities, then Pi can be modeled using a
multinomial logistic regression model (Section 4.3.2).

The parameters in the response distribution are determined by the current state. If the
data have support on the real line, then the simplest model is

Yt♣Xt = k
indep∼ Normal(µk,Σ)

where µk = (µk1, ..., µkp)T and Σ is the p×p covariance matrix. This model can be extended
in many ways, including a state-speciĄc covariance, covariates in the mean with state-speciĄc
regression coefficients, dependence in the response over time (called a regime-switching
model), or a generalized linear model with state-speciĄc coefficients for non-Gaussian data.
If the number of states is small, then it is reasonable to use uninformative priors for the
state-speciĄc parameters; they can also be treated as random effects if the number of latent
states is large.

Dishonest casino example: The Şdishonest casinoŤ data are from the R package aphid

[164]. The data consist of n = 300 rolls of a die. The assumption is that there are q = 2
latent states: one is a fair die with equal probability on all six outcomes, and the other is
a rigged die with unequal (and unknown) probabilities. The dealer switches in the rigged
die at times during the game, and the goal is to compute the posterior probability that
the rigged die is being used at a given time. The data are plotted in Figure 7.3 (top). The
sample proportions of the six outcomes are 0.13, 0.14, 0.16, 0.12, 0.14 and 0.30, so there is
a substantially higher proportion of sixes than expected under a fair die.
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FIGURE 7.3
Hidden Markov Model for the “dishonest casino”. Plot of the results (1-6) of each
roll of the die and (bottom) the posterior probability of being in the rigged state. The
results are plotted as solid circles for roll number with at least 0.5 probability of being in
the rigged state.

Let Yt ∈ ¶1, ..., 6♢ be the result of roll number t ∈ ¶1, ..., n♢. The HMM is deĄned
through the latent state at time t that takes values Xt = 1 if the fair die is in play and
Xt = 2 if the rigged die is in play. The distribution of Yt is Prob(Yt = y♣Xt = 1) = 1

6
under the fair die and Prob(Yt = y♣Xt = 2) = py under the rigged die. The dis-
tribution of the latent states is determined by the transition probability matrix with
Pij = Prob(Xt = j♣Xt−1 = i). Uninformative Dirichlet priors are given to the rigged
die probabilities (p1, ..., p6) ∼ Dirichlet(1/6, ..., 1/6) and the rows of the transition probabil-
ity matrix (P11, P12) ∼ Dirichlet(1/2, 1/2) and (P21, P22) ∼ Dirichlet(1/2, 1/2). Note that
since there are only two states and one (fair die) has known data distribution, the model
does not suffer from the label-switching issue discussed above.

Under the rigged state, the posterior mean (standard deviation) of the probability of
rolling a six is 0.80 (0.13) and less than 0.10 for the other Ąve outcomes, so the rigged die
appears to be weighted towards a six. The posterior probabilities of being in the rigged
state at time t, Prob(Xt = 2♣Y1, ..., Yn), are plotted in Figure 7.3 (bottom). There are
some intervals, e.g., around roll number 60, with a high proportion of sixes and thus a high
likelihood of the rigged die being in play. The posterior mean (standard deviation) of the
elements of the transition probability matrix are

(
0.89 (0.05) 0.11 (0.05)
0.44 (0.18) 0.56 (0.18)

)
.

Therefore, given the current state is fair, the probability of transitioning to the rigged die
in the next roll is estimated to be 0.11, and given the current state is rigged, the probability
of transitioning back to a fair die is 0.44. In summary, the analysis reveals that there is a
second die weighted toward sixes that is used for shorter intervals in the game.
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Listing 7.1
JAGS model statement for the HMM analysis of the dishonest casino data (p2 is a vector
with elements 1/2; p6 is a vector with elements 1/6).

1 # Distribution of the data given the latent state

2 for(i in 1:n){

3 Y[i] ~ dcat(die_probs[state[i],1:6])

4 }

5

6 # Prior for the latent state

7 state[1] ~ dcat(p2[1:2])

8 for(i in 2:n){

9 state[i] ~ dcat(trans_probs[state[i-1],1:2])

10 }

11

12 #Prior distributions

13 die_probs[1,1:6] <- p6[1:6] # Probs for fair die

14 die_probs[2,1:6] ~ ddirch(p6[1:6]) # Probs for loaded die

15

16 trans_probs[1,1:2] ~ ddirch(p2[1:2]) # Probs from fair state

17 trans_probs[2,1:2] ~ ddirch(p2[1:2]) # Probs from rigged state

7.1.3 Multilevel statistical models

In many applications, physical models of the system of interest are unavailable and are
replaced with purely statistical models built on simple relationships, such as linear trends
and correlations. Hierarchical modeling is also useful for building rich statistical models.
The general idea of building a hierarchical model through the data, process and prior layers
remains valid, but with a statistical instead of physical view of the process layer. For ex-
ample, a purely statistical model to replace the Reed-Frost process in the infectious disease
analysis above is It+1x♣St, It ∼ Binomial(St, qt) with logit(qt) = β0 + β1It. This process
layer lacks the physical interpretation of the Reed-Frost model, but is a valid statistical
model that may perform well in practice.

A general idea for building a multilevel model is to split the data into homogeneous
groups and then pool information across the groups via the prior distribution. The random
slopes model for the jaw bone density data (plotted in Figure 4.8) discussed in Section 4.4
is an example of a hierarchical model built this way. The model is

Data layer : Yij ♣βi ∼ Normal(Xjβi, σ
2)

Process layer : βi♣µ,Σ ∼ Normal(µ,Σ)

Prior layer : µ ∼ Normal(0, c2I2),Σ ∼ InvWishart(ν,Ω)

for i = 1, ..., n = 20 and j = 1, ...,m = 4. Each of the 20 patients gets their own simple linear
regression model, and these regressions are combined in the process layer that speciĄes the
distribution of the regression coefficients across individuals in the patient population.

This model is visualized as a DAG in Figure 7.4. The DAG shows how information
moves through the hierarchical model. For example, how does the data from patient 1 help
us predict the bone density for patient 2Šs next visit? To traverse the DAG from Y1 to Y2

requires going through the population parameters µ and Σ. That is, Y1 informs the model
about β1 which shapes the random effects distribution that enters the model for β2 and
thus Y2. If we only had data from patient 2, then we would likely resort to an uninformative
prior for β2 and with only a few observations for patient 2 the posterior would be unstable.



Case studies using hierarchical modeling 219

Prior layer

Process layer

Data layer

Y11 Y14 Y21 Y24 Yn1 Yn4

1 2 n

c

FIGURE 7.4
Directed acyclic graph. Visual representation of the random slopes model Yij ♣βi ∼
Normal(Xjβi, σ

2) for i = 1, ..., n and j = 1, ..., 4 with random effect distribution βi♣µ,Σ ∼
Normal(µ,Σ) and priors µ ∼ Normal(0, c2I2) and Σ ∼ InvWishart(ν,Ω).

However, the hierarchical model allows us to borrow strength across patients to stabilize
the results.

MCMC is a natural choice for Ątting hierarchical models; just as hierarchical models
build complexity by layering simple conditional distributions, MCMC samples from the
complex posterior distribution by sequentially updating parameters from simple full con-
ditional distributions. In fact, displaying the hierarchical model as a DAG not only helps
us understand the model but it also aids in coding the MCMC sampler because the full
conditional distribution for a parameter depends only on terms with an arrow to or from
the parameterŠs node in the DAG. From Figure 7.4 it is clear that the full conditional distri-
bution for β2 depends only on the data-layer terms for Y21, ..., Y2m♣β2 and the process-layer
term for β2♣µ,Σ. If we view the model only through these terms then it is immediately
clear that the full conditional distribution of β2 is exactly the full conditional distribution
of the regression coefficients in standard Bayesian linear regression (Section 4.2).

When to stop adding layers? The hierarchical models in this section have three
levels: data, process and prior. However, it is likely the values that deĄne the prior layer
will not be known exactly, and it is therefore tempting to add a fourth (and a Ąfth, etc.)
layer to explain this uncertainty. A general rule of thumb is to stop adding layers when
there is no replication to estimate parameters. For example, referring to the DAG in Figure
7.4, it is reasonable to add a layer to estimate the random effect mean µ and covariance Σ
because there are repeated random effects β1, ...,βn that can be leveraged to estimate these
parameters. However, adding an additional layer to estimate prior mean Ω of the random
effect covariance Σ would not be reasonable because there is only one covariance Σ in the
model, and even if we knew Σ exactly, we would not be able to estimate its distribution
from a single sample.
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7.1.4 Hierarchical models for missing and censored data

Missing data and censoring are complicating factors in many analyses. A Bayesian analysis
seamlessly handles these irregularities by treating the missing or censored variables in the
same way as unknown parameters. As with parameters, this requires assigning prior distri-
butions for the missing values. For missing or censored responses, their distribution is the
same as the observed responses and thus no additional assumptions are needed, except that
the data are missing/censored at random. Handling missing or censored covariate values,
e.g., the covariates in a linear regression, does require a new prior distribution for the miss-
ing values because distributional assumptions are not required for covariates in standard
analyses. Assuming reasonable distributions can be identiĄed and modeling assumptions
are met, a Bayesian analysis with missing data proceeds as usual and has the beneĄt of ac-
counting for uncertainty in the missing values when summarizing the posterior distribution
of the parameters or predictions of interest.

Missing data: The easiest resolution to the missing-data problem is to simply discard
observations with missing data and proceed with a complete-case linear regression. However,
this can dramatically reduce the size of the dataset and discard useful information in the
partially-observed responses. Another simple approach is to impute the missing values using
a regression with the other variables as covariates. A drawback of single imputation is that
it does account for uncertainty in the missing observations, and thus the resulting posterior
inference is questionable. Multiple imputation techniques are also available [134] (and are
often motivated using Bayesian ideas).

A Bayesian analysis using a hierarchical model is a natural way to handle missing data.
The Bayesian approach handles missing data in the same way as unknown parameters; we
represent our uncertainty about them by treating them as random variables in a hierarchical
Bayesian model. As with an unknown parameter, posterior inference on an unknown missing
covariate requires assigning it a prior distribution. As an example, consider the multiple
linear regression model in Section 4.2,

Yi♣Xi ∼ Normal(Xiβ, σ
2) where Xi ∼ Normal(µ,Σ) (7.4)

where µ is the mean vector of length p and Σ is the p×p covariance matrix of the covariates.
In the absence of subject-matter prior information, the hyperparameters µ and Σ are given
priors and estimated as part of the Bayesian analysis, resembling a random-effects model. In
this way, the complete cases inform the model about the distribution of the covariates across
observations (via µ and Σ), and this information is used to impute the missing values.

Of course, this approach requires a reasonable model for the covariate distribution. This
is challenging when p is large and/or the covariates are non-Gaussian. For example, if the
covariates are a mix of continuous and binary variables, sufficiently capturing their joint
distribution is difficult. A simple approach is to model the p covariates with independent
priors. This is inefficient but at least supplies a reasonable approximation in many situations.
More sophisticated modeling, such as the methods outlined in Chapter 8, may improve this
aspect of the analysis. A crucial (and often unveriĄable) assumption is that there are no
systematic biases in the missing data; i.e., they are missing completely at random. If the
probability that Xij is missing depends on Yi, then assuming the Xij are missing at random
would likely result in a biased estimator for βj .

Assuming that the covariate model is correct, a hierarchical Bayesian analysis appro-
priately accounts for uncertainty in the missing values. A Gibbs sampler would update
each parameter (β, σ, etc.) and then cycle through the missing observations (Yi, Xij) and
update them from their full conditional distributions, treating them exactly the same as
the model parameters. Therefore, each sample of the regression coefficient β is updated
using a complete set of covariates, but the imputed covariates vary across iterations follow-
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Listing 7.2
JAGS model statement for the missing data analysis of the marathon data.

1 # Likelihood

2 for(i in 1:n){

3 Y[i] ~ dnorm(alpha + inprod(X[i,],beta[]),taue)

4 }

5

6 # Missing-data model

7 for(i in 1:n){

8 X[i,1] ~ dnorm(0,tau1)

9 for(j in 2:p){

10 X[i,j] ~ dnorm(rho*X[i,j-1],tau2)

11 }

12 }

13

14 # Priors

15 alpha ~ dnorm(0,0.01)

16 for(j in 1:p){

17 beta[j] ~ dnorm(0,0.01)

18 }

19 taue ~ dgamma(0.1, 0.1)

20 tau1 ~ dgamma(0.1, 0.1)

21 tau2 ~ dgamma(0.1, 0.1)

22 rho ~ dnorm(0, 0.01)

ing their posterior distribution. The missing values are thus effectively treated as nuisance
parameters, and the analysis produces both the posterior predictive distribution of the
missing values but more importantly the posterior distribution of the regression coefficients
marginally over the uncertainty in the missing observations, as desired.

Marathon example with missing data: In this analysis of the 2016 Boston Marathon
data from Section 2.1.7, we build a linear regression model to predict the speed (minutes
per mile) of the Ąnal mile (mile 26) of the top female runners as a function of their speeds
in the Ąrst 25 miles. Let Yi be the speed of mile 26 for runner i = 1, ..., n = 149 and
Xij be the speed for runner i in mile j = 1, ..., p = 25. Approximately 8% of the speed
measurements are missing: the number of missing observations ranges from 0 to 19 across
runners, and the percentage of missing observations ranges from 0% to 55% (miles 6 and
7) across miles (Figure 7.5a). Discarding observations with at least one missing Xij would
reduce the sample size from 149 runners to 58. Given that most of the missing values are
for miles 6 and 7 and these covariates are likely not important predictors of the response,
it would be wasteful to discard all of these observations from the analysis.

In Section 2.1.7, we modeled the covariance of the covariates (Σ) using an inverse
Wishart model. This model did not assume any structure among the miles, but the poste-
rior mean of the covariance matrix revealed that subsequent miles are highly correlated.
Therefore, here we model the standardized (to have mean zero and variance one) co-
variates using the Ąrst-order autoregressive time series model Xi1 ∼ Normal(0, σ2

1) and
Xij+1♣Xij ∼ Normal(ρXij , σ

2
2) for j ≥ 1. JAGS code for this model is given in Listing 7.2.

All hyperparameters have uninformative priors.
Figure 7.5b plots the observed covariates (dots) and the posterior distribution of the

missing covariates (boxplots) for two representative runners. Because of the time series
model for the missing covariates, the posterior distributions of the missing Xij are close
to the speeds of the adjacent miles for both runners. The posterior distributions of the
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FIGURE 7.5
Missing data analysis of the 2016 Boston Marathon data. Panel (a) shows the
missing (black) and non-missing (white) Xij by runner (i) and mile (j). Panel (b) plots the
observed (points) standardized covariates (Xij) and the posterior distributions (boxplots)
of the missing covariates for two runners. Panels (c) and (d) plot the posterior distribution
of each regression coefficient, βj , for the missing-data model and complete-case analysis,
respectively.
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covariates, βj , are plotted in Figure 7.5c. Only miles 24 and 25 appear to be useful predictors
of the speed in the Ąnal mile. The posterior variances in this missing-data analysis are much
smaller than the posterior variances in the complete-case analysis with n = 58 in Figure
7.5d, illustrating the beneĄt of the missing data model.

Covariate measurement error: Error-in-variables models, also called measurement-
error models [66], are used to handle covariates that are not missing, but are measured with
error. For example, say controlled experiments show that an environmental contaminant
measured in a personŠs blood has error standard deviation τ . Then a regression of a personŠs
health status, measured by Yi, onto their level of exposure to the contaminant, Xi, would
suffer from covariate measurement error.

If the variance of the covariate measurement error is known and a distribution of the
error can be assumed (which are strong assumptions), then a Bayesian hierarchical model
can address this error. A joint model is

Yi♣β, X∗
i ∼ Normal(β0 + β1X

∗
i , σ

2) and Xi♣X∗
i ∼ Normal(X∗

i , τ
2),

where X∗
i is the true value of the covariate and has prior X∗

i ∼ Normal(µ, σ2
X). In MCMC,

the true value handled like missing data, i.e., is imputed for each observation at each iter-
ation, and all other parameters (β and σ2) are updated as in regular linear regression.

Censored data: A censored observation is known partially but not exactly. Typically
a censored observation is known to have occurred in an interval, say Yi ∈ Ii = (Li, Ui).
Special cases of interval censoring include: if Ii = (−∞, Ui), then it is left-censored; if
Ii = (Li,∞), then it is right-censored; if Ii = (−∞,∞), then it is missing; and if Li = Ui,
then it is uncensored. The canonical example of censored data is survival analysis (e.g.,
[82]), where Yi represents the time from patient i entering the study to an event occurring
(e.g., developing a disease). Right-censoring results from patients being lost to follow-up or
events occurring only after trial completion. In this case, a patient who experienced an event
during the trial is not censored and Li = Ui = Yi, and a patient known to have survived
until Li but who was then lost to follow-up is right-censored with Ui = ∞.

A convenient model for right-censored data is Yi♣λ iid∼ Exponential(λ) with conjugate
prior λ ∼ Gamma(a, b). The contribution of observation i to the likelihood is the PDF
λ exp(−λYi) if it is uncensored and the survival time Prob(Yi > Li♣λ) = exp(−λiLi) if it is
right censored at Li. If we denote δi = 0 and Ti = Li if observation i is censored and δi = 1
and Ti = Yi otherwise, then

λ♣δ1, ..., δn, T1, ..., Tn ∼ Gamma

(
n∑

i=1

δi + a,

n∑

i=1

Ti + b


.

Under this model inference does not require MCMC sampling. However, the exponential
model is usually too restrictive, and adding covariates, e.g., log(λi) = Xiβ breaks conjugacy.
Therefore, more Ćexible models are needed.

An attractive model to include convariates is the accelerated failure time model [25] that
regresses the log time to event, Zi = log(Yi), onto covariates, Zi = Xiβ + εi. Under this
model, if covariate j increases by one, then the median (or any other quantile) time until

event in multiplied by exp(βj). If there is no censoring and εi
iid∼ Normal(0, σ2), then this

reduces to standard multiple regression as in Section 4.2. Further, selecting conditionally
conjugate priors for β and σ2 leads to Gibbs sampling.

However, if Zi is censored to the interval [Li, Ui], then conjugacy is bro-
ken. Assuming normality for εi, Zi follows a truncated normal distribution Zi ∼
TruncatedNormal(µi, σ

2, Li, Ui) with µi = Xiβ and density function

1

σ
√

2π
exp

[
− (Zi − µi)

2

2σ2

]
1

Φ[(Ui − µi)/σ] − Φ[(Li − µi)/σ]
(7.5)
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where Φ is the standard normal CDF. Since β is included (via µi) inside the normal CDF,
its posterior is not conjugate.

Conjugacy is restored by treating the censored value Zi using Bayesian imputation in-
side MCMC (see Listing 7.3 for a simple example). For each iteration, the censored value
Zi is drawn from the truncated normal distribution Zi ∼ TruncatedNormal(µi, σ

2, Li, Ui)
which has support [Li, Ui] and thus retains the censoring information. After imputation, the
responses are complete, and updates of the regression coefficients and variance can be per-
formed using the same Gibbs sampling methods as in usually multiple linear regression. As
with missing data, new samples of the censored observations are generated for each MCMC
iteration, and so this Bayesian imputation approach is equivalent to Ątting the model with
the likelihood function composed of terms such as (7.5). Also, Bayesian multiple imputation
ensures that uncertainty about the censored values is incorporated in the posterior distri-
bution of the regression parameters. This method of imputation is very general, and can
thus be applied to the Ćexible regression methods in Chapter 8 to relax assumptions about
normality and linearity.

7.2 Case studies

The remainder of this chapter is formatted as a sequence of case studies in hierarchical
modeling. The three case studies each pose different challenges:

1. Species distribution mapping via data fusion: Combining information from
multiple data streams while accounting for their bias and uncertainty

2. Tyrannosaurid growth curves: Pooling information across subpopulations
(species) and quantifying uncertainty in non-linear models with a small number
of observations

3. Climate reconstruction using proxy data: Accounting for bias and uncer-
tainty in proxy data to reconstruct the temperature distribution in the recent
past

In these analyses we demonstrate the Ćexibility of hierarchical modeling, and also illustrate
complete Bayesian analyses including model and prior speciĄcation, model comparisons,
and presentation of the results.

7.2.1 Species distribution mapping via data fusion

The data for this case study come from [119]. The objective is to map the spatial distribution
of a small song bird, the brown-headed nuthatch (BHNU; Sitta pusilla), in the southeastern
US. There are two data sources, each with different strengths. The Ąrst data source is the
Breeding Birds Survey (BBS). BBS is a network of hundreds of routes surveyed by thousands
of volunteers that has been active since 1966 [138]. Data are collected systematically by
trained volunteers, and sites are visited annually to monitor for changes. However, even
with this immense sampling effort, there are spatial and temporal gaps in BBS coverage.
An emerging line of research is to supplement systematic survey data with massive citizen
science data such as the Cornell Lab of OrnithologyŠs eBird database [150], which consists
of millions of data points from thousands of citizen scientists each year. These data are not
collected by trained birders, but have far greater spatial and temporal coverage.
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Listing 7.3
Sketch of an Gibbs sampler with censoring.

1 # The model is Z[i] ~ Normal(mu,sigma^2).

2 # Observations with delta[i]=1 are observed

3 # Observations with delta[i]=0 are censored to (L[i],U[i])

4 # The improper prior for mu is pi(mu) = 1

5 # Prior for sigma^2 ~ InvGamma(a,b)

6

7 # Lung cancer survival data from the survival package

8

9 Z <- log(lung$time) # Final visit time

10 n <- length(Z)

11 delta <- lung$status-1 # status is 1 for censored, 2 for died

12 L <- Z # Data are right censored on (L[i],U[i])

13 U <- rep(Inf,n)

14

15 # Initial values

16

17 mu <- mean(Z[delta==1])

18 s2 <- var(Z[delta==1])

19 keep_mu <- rep(0,10000) # Store the samples

20 a <- b <- 0.1 # Prior for s2

21

22 # Gibbs sampling

23 library(truncnorm)

24

25 for(s in 1:10000){

26

27 # Impute censored values

28 for(i in 1:n){if(delta[i]==0){

29 Z[i] <- rtruncnorm(1,L[i],U[i],mu,sqrt(s2))

30 }}

31

32 # Update parameters using the ‘‘complete’’ data

33 mu <- rnorm(1,mean(Z),sqrt(s2/n))

34 s2 <- 1/rgamma(1,a+n/2,b+sum((Z-mu)^2)/2)

35

36 # Store the results

37 keep_mu[s] <- mu

38 }
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For this analysis, the southeast US is partitioned into n = 741, 0.25×0.25 degree lat/lon
cells, and we analyze data from 2012. Let N1i be the number of BBS sampling occasions in
cell i and Y1i ∈ ¶0, 1, ..., N1i♢ be the number of occasions with a sighting of the BHNU. Many
cells do not have a BBS route and thus N1i = Yi1 = 0. Similarly, for cell i deĄne N2i as the
number of hours logged by eBird citizen scientists and Y2i as the number of BHNU eBird
sightings. Figure 7.6 maps the data. The BBS sampling effort is fairly uniform, whereas
the eBird effort is more concentrated in populated areas. Both maps show more BHNU
sightings in Alabama, Georgia and the Carolinas.

The true process of interest in cell i is the abundance λi ≥ 0, deĄned as the expected
number of birds present in the region during one unit of surveying effort. For a cell that
is not inhabited by the BHNU λi = 0. The data layer relates the process to the observed
data, and requires careful consideration of the strengths of the two data sources. First we
make the assumption that the BBS and eBird datasets are independent given λi. This seems
reasonable as most eBird users are not following BBS updates. The BBS data are gathered
by expert birders, and thus we assume that there are no false positives or negatives (although
more Ćexible models are available and likely preferable; see [119] for example). If the number
of birds present during a survey is distributed as Poisson(λi), then the probability that
there is at least one bird present is 1 − exp(−λi), and so we model the BBS data as
Yi1♣λi ∼ Binomial[N1i, 1 − exp(−λi)].

For the eBird data, we do allow for false positives and false negatives. The mean is N2iλ̃i

with rate λ̃i = θ1λi + θ2, where θ1 > 0 controls the difference between observation rates by
BBS observers and eBird observers and θ2 > 0 is the eBird false positive rate, so that if the
cell is truly uninhabited and λi = 0, then E(Y2i) = N2iθ2. To allow for over-dispersion we
Ąt the model

Y2i♣λi,θ ∼ NegBinomial(qi,m) (7.6)

with probability qi = m/(λ̃i + m) and size m. Combining these two contributions to the
likelihood, the data layer is

Data layer : Y1i♣λi, θ1, θ2 ∼ Binomial[N1i, 1 − exp(−λi)]

Y2i♣λi, θ1, θ2 ∼ NegBinomial(qi,m).

The latent process of interest is the abundance in each cell, λi. It is difficult to model all
the λi without prior knowledge because some cells do not have BBS data. In the absence of
other prior knowledge, we may simply assume that nearby cells have similar abundance. This
is a reasonable assumption if the underlying factors that drive abundance (climate, habitat,
etc.) vary spatially and allows us to pool information locally to estimate abundance. Many
spatial models can be used for model abundance [53], but here we use spline regression
as in Section 8.3. The log abundance (we use a log transformation to ensure λi is non-
negative) is a smooth function of the grid cellŠs spatial location, si = (s1i, s2i). Since this
is a two-dimensional function, we use spline basis expansions in both the longitude and
latitude,

Process layer : log(λi) =
J∑

j=1

K∑

k=1

Bj(si1)Dk(si2)βjk (7.7)

where Bj are B-spline basis functions of longitude, Dk are B-spline basis functions of lati-

tude, and βjk
iid∼ Normal(β0, σ

2) (here we use different notation for the basis function in the
latitude and longitude directions because they have a different number of basis functions
and thus a different form). Some of the products Bj(si1)Dk(si2) are near zero for all si in
the domain and are discarded. Since the spatial domain spans a wider range of longitudes
than latitudes, we take K = 2L and J = L for a total of p = 2L2 terms of the form
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FIGURE 7.6
2012 Brown-headed nuthatch data. Panels (a) and (b) plot the number of BBS sampling
occasions (N1i) and number of BBS sightings (Y1i); Panels (c) and (d) plot the square root
of Ebird effort (

√
N2i) and the square root of the number of Ebird sightings (

√
Y2i). Panel

(e) plots the posterior mean abundance, λi, and Panel (f) plots the posterior probability
that the occupancy probability exceeds 0.01, i.e., Prob[1 − exp(−λi) > 0.01♣Y].
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Listing 7.4
Spatial data fusion model for BHNU abundance.

1 # Data layer

2 for(i in 1:n){

3 Y1[i] ~ dbin(phi[i],N1[i]) # BBS

4 phi[i] <- 1-exp(-lam[i])

5

6 Y2[i] ~ dnegbin(q[i],m) # eBird

7 q[i] <- m/(m+N2[i]*(theta1*lam[i]+theta2))

8 }

9

10 # Process layer

11 for(j in 1:p){beta[j]~dnorm(beta0,tau)}

12 for(i in 1:n){

13 log(lam[i]) <- inprod(X[i,],beta[])

14 }

15

16 # Prior layer

17 theta1 ~ dgamma(0.1,0.1)

18 theta2 ~ dgamma(0.1,0.1)

19 m ~ dgamma(0.1,0.1)

20 tau ~ dgamma(0.1,0.1)

21 beta0 ~ dnorm(0,1)

Xl = Bj(si1)Dk(si2) and select L using DIC. To complete the Bayesian hierarchical model,
we specify uninformative priors

Prior layer : θ1, θ2,m, σ
−2 ∼ Gamma(0.1, 0.1) and β0 ∼ Normal(0, 100). (7.8)

JAGS code to implement this model is given in Listing 7.4.
Two chains are run, each with a burn-in of 10,000 iterations and 50,000 post-burn-in

samples. The samples are thinned by 5 leaving 20,000 samples to approximate the posterior.
The DIC (pD) is 3107 (30) for L = 4, 3056 (58) for L = 6, 3015 (89) for L = 8, 2999 (127)
for L = 10, 3014 (177) for L = 12 and 3009 (209) for L = 14, and so we proceed with
L = 10. With L = 10, the effective sample size is greater than 1,000 for all βjk, indicating
the sampler has mixed well and sufficiently explored the posterior.

Table 7.1 presents the posterior distributions of the hyperparameters. Of note, the eBird
false positive rate, θ2, is estimated to be near zero, and thus the eBird data appears to be
a reliable source of information. The posterior mean of λi and the posterior probability
that cells are occupied (i.e., at least one individual is present) are mapped in Figures 7.6e
and 7.6f, respectively. As expected, the estimated abundance is the largest in Georgia and
the Carolinas, but the occupancy probability is also high farther west in Louisiana and
Arkansas. The occupancy probabilities would be lower in these western states if the eBird
data were excluded.

7.2.2 Tyrannosaurid growth curves

We analyze the data from 20 fossils to estimate the growth curves of four tyrannosaurid
species: Albertosaurus, Daspletosaurus, Gorgosaurus and Tyrannosaurus. The data are
taken from Table 1 of [48] and plotted in Figure 7.7. The objective is to establish the
growth curve, i.e., expected body mass by age, for each species. The data exhibit non-



Case studies using hierarchical modeling 229

TABLE 7.1
Posteriors for the BHNU analysis. Posterior median and 95% intervals mean for the
Ąnal Ąt with L = 10.

Median 95% Interval
Scaling factor, θ1 11.5 ( 9.2, 14.4)
False positive rate, θ2 0.00 ( 0.00, 0.00)
Over-dispersion parameter, m 0.45 ( 0.37, 0.55)
Mean abundance parameter, β0 −5.81 (−6.69, −4.86)
Spline standard deviation, σ 5.58 ( 4.52, 7.03)

linear relationships between age and mass, and there are commonalities between species.
We therefore pursue a non-linear hierarchical model.

The original analysis of these data used non-linear least squares (Ątted curves shown in
the left panel of Figure 7.7). Quantifying uncertainty in this Ąt is challenging. The sam-
pling distribution of the estimator does not have a closed form due to the non-linear mean
structure, and with only a handful of observations to estimate roughly the same number of
parameters, large-sample normal approximations are not valid, and resampling techniques
such as the bootstrap may have insufficient data to approximate the sampling distribu-
tion. As shown below, a Bayesian analysis powered by MCMC fully quantiĄes posterior
uncertainty.

Let Yij and Xij be the body mass and age, respectively, of sample i from species j =
1, ..., 4. We model the data as

Yij = fj(Xij)ϵij , (7.9)

where fj is the true growth curve for species j and ϵij > 0 is multiplicative error with
mean one. We use multiplicative error rather than additive error because variation in
the population likely increases with mass/age. Assuming the errors are log-normal with
log(ϵij) ∼ Normal(−σ2

j /2, σ
2
j ), then E(ϵij) = 1 as required, and the model becomes

log(Yij) ∼ Normal
(
log[fj(Xij)] − σ2

j /2, σ
2
j

)
, (7.10)

with E(Yij) = fj(Xij), where σ2
j controls the error variance for species j.

The data in Figure 7.7 (left) clearly exhibit nonlinearity. However, after taking a log
transformation of both mass and age, their relationship becomes fairly linear (Figure 7.7,
right). Therefore, one model we consider is the log-linear model

log[fj(X)] = aj + bj log(X) (7.11)

where aj and bj are the intercept and slope, respectively, for species j. On the original scale,
the corresponding growth curve is fj(X) = exp(aj)Xbj . If as expected bj is positive, then
the growth curve increases indeĄnitely, which may not be realistic. Therefore, we compare
the log-linear model with the logistic growth curve

fj(X) = aj + bj
exp[dj(x− cj)]

1 + exp[dj(x− cj)]
, (7.12)

where x = log(X). This model has four parameters:

1. aj is the expected mass at age 0.

2. bj is the expected lifetime gain in mass.
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FIGURE 7.7
Tyrannosaurid growth curve data. The left panel gives scatter plots of the estimated
age and body mass (kg) of 20 samples of four tyrannosaurid species; the right panel plots
the same data after a log transformation of both variables. The curves plotted in the left
panel are the Ątted logistic curves from [48], and the lines in the right panel are least squares
Ąts.

3. log(cj) is the age at which the species reaches half its expected gain.

4. dj > 0 determines the rate of increase with age.

The form of the curve is increasing (assuming bj > 0) and plateaus at aj + bj rather
than continuing to increase with age. This is the same function Ąt by [48], except that we
transform to log age.

In addition to comparing these two forms of growth curves, we also compare two priors.
The Ąrst prior (ŞunpooledŤ) Ąts each species separately using uninformative priors. For
the log-linear model the priors are aj , bj ∼ Normal(0, 10) and σ2

j ∼ InvGamma(0.1, 0.1),
and for the logistic model the priors are log(aj), log(bj), cj , log(dj) ∼ Normal(0, 10) and
σ2

j ∼ InvGamma(0.1, 0.1). The normal prior is replaced with the log-normal prior for aj , bj

and dj to ensure these parameters are positive, and thus fj(X) is positive and increasing for
allX. The second prior (ŞpooledŤ) is a Bayesian hierarchical model that borrows information
across the four species. In the pooled analysis we assume the variance is the same for all
species, σ2

j = σ2, and has uninformative prior σ2 ∼ InvGamma(0.1, 0.1). For the log-linear

model priors for the intercepts are aj ∼ Normal(µa, σ
2
a), where µa ∼ Normal(0, 10) and

σ2
a ∼ InvGamma(0.1, 0.1). The same hierarchical model is applied to the log(aj), log(bj), cj

and log(dj) in the logistic model. The JAGS code for this model is given in Listing 7.5.
This hierarchical model treats the parameters across the four species as random effects,

and learning about the random effects distribution (i.e., µa and σ2
a) stabilizes the posterior

by providing additional information via the priors. It is debatable whether these parameters
are truly random effects, i.e., whether there is an inĄnite distribution of exchangeable species
from which these four were randomly selected for the study. However, analyzing the data
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Listing 7.5
JAGS code for hierarchical growth curve modeling.

1 # n is the total number of observations for all species

2 # x[i] is the log age of individual i

3 # y[i] is the log mass of individual i

4 # sp[i] is the species number (1, 2, 3, or 4) of individual i

5

6 # Data layer

7 for(i in 1:n){

8 y[i] ~ dnorm(muY[i],taue)

9 muY[i] <- log(a[sp[i]] + b[sp[i]]/(1+exp(-part[i])) - 0.5/taue

10 part[i] <- (x[i]-c[sp[i]])/d[sp[i]]

11 }

12

13 # Process layer

14 for(j in 1:N){

15 a[j] <- exp(alpha[j,1])

16 b[j] <- exp(alpha[j,2])

17 c[j] <- alpha[j,3]

18 d[j] <- exp(alpha[j,4])

19

20 for(k in 1:4){alpha[j,k] ~ dnorm(mu[k],tau[k])}

21 }

22

23 # Prior layer

24 for(k in 1:4){

25 mu[k] ~ dnorm(0,0.1)

26 tau[k] ~ dgamma(0.1,0.1)

27 }

28 taue ~ dgamma(0.1,0.1)
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FIGURE 7.8
Fitted log-linear growth curves – unpooled. Observations (points) versus the posterior
mean (solid lines) and 95% intervals (dashed lines) of the tyrannosaurid growth curves for
the unpooled log-linear model.

from these four species using a random effects model clearly improves the results (as shown
below) by pooling information across species to reduce uncertainty.

We Ąt the model with log-linear and logistic growth curves, each separate by species
(unpooled) and using a hierarchical model (pooled). DIC (pD) for the four Ąts are: 29 (25)
for log-linear unpooled, −3 (9) for log-linear pooled, 64 (41) for logistic unpooled and −2
(12) for logistic pooled. The pooled models reduce model complexity (as measured by pD),
and this leads to smaller (better) DIC. DIC for the log-linear and logistic growth curves
are similar.

Figures 7.8Ű7.10 plot the posterior mean and pointwise 95% credible interval for fj for
each model and each species (the interval estimates are for fj and not Yij , so they should
not include 95% of the observations). The posterior means of the four methods are fairly
similar, and all Ąt the data well. The main difference between the Ąts is that by borrowing
information across species, the pooled analyses have narrower credible sets. Visually, the
log-linear Ąts in Figure 7.10 appear to sufficiently model the growth curves. However, given
that the logistic curve Ąts nearly as well and possesses the intuitive property of plateauing at
an advanced age, this model is arguably preferable when considering the entire life course.

7.2.3 Climate reconstruction

This analysis uses the data of [39] and a simpliĄed version of the statistical approach of
[27] to reconstruct past annual precipitation in Brisbane, AU. The analysis is challenging
because it combines several data types in a hierarchical model, and each data type has
a high proportion of missing values. The rainfall index (RFI) is measured (in mm) from
1889-2017 and plotted in Figure 7.12. Proxy data, e.g., ice cores and tree rings, dating as
far back as 1612 are used to reconstruct RFI prior to 1889. Let Yt be the observed RFI
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FIGURE 7.9
Fitted log-linear growth curves – pooled. Observations (points) versus the posterior
mean (solid lines) and 95% intervals (dashed lines) of the tyrannosaurid growth curves for
the pooled (hierarchical) log-linear model.
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FIGURE 7.10
Fitted log-linear growth curves – logistic, unpooled. Observations (points) versus the
posterior mean (solid lines) and 95% intervals (dashed lines) of the tyrannosaurid growth
curves for the unpooled logistic model.
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FIGURE 7.11
Fitted log-linear growth curves – logistic, pooled. Observations (points) versus the
posterior mean (solid lines) and 95% intervals (dashed lines) of the tyrannosaurid growth
curves for the pooled (hierarchical) logistic model.

in year t + 1611 (so Y1 corresponds to year 1612). The autoregressive time-series model is
Y1 ∼ Normal(µ0, σ

2
0) and

Yt♣Yt−1 ∼ Normal(µ0 + ϕ0(Yt−1 − µ0), (1 − ϕ2
0)σ2

0),

where µ0 is the mean, σ2
0 is the variance and ϕ0 controls the temporal dependence. The

form of the mean and variance are such that the marginal (over the Yj for j ̸= t) mean and
variances are E(Yt) = µ0 and Var(Yt) = σ2

0 for all t.
Unfortunately, precipitation is measured only for the past 129 years. To impute these

missing observations, we use several proxy variables shown in Figure 7.13. The proxy vari-
ables also have a high proportion of missing values; however, there is some overlap between
the years with proxies and RFI measurements, and the correlation between RFI and the
proxies is as high as 0.40 depending on the proxy. Therefore, the relationships between
precipitation and the proxies can be exploited to impute RFI back to 1612. A hierarchical
Bayesian model is a natural way to handle this task because of the large number of param-
eters and missing data, and thus uncertainty, that can be propagated through to the Ąnal
analysis of precipitation across time.

Denote proxy variable j in year t+1611 as Xtj . One option is to use these proxy variables
as covariates in the model for the observed precipitation. However, a hierarchical model that
better matches physical reality is to have precipitation be a covariate in the mean of the
proxy variables because in reality precipitation is thought to be a driver of these proxy
variables. The proxy variables are related to precipitation using a linear relationship

E(Xjt) = µjt = αj + βjYt
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FIGURE 7.12
Climate reconstruction rainfall index data. The left panel shows all values of the
rainfall index (RFI), and the right panel shows the data and posterior median and 90%
interval for years 1850-1950.

where the intercept αj and slope βj account for additive and multiplicative bias. To account
for temporal dependence, we use another autoregressive model with Xj1 ∼ Normal(µj1, σ

2
j )

and
Xjt♣Xjt−1 ∼ Normal(µjt + ϕj(Xjt−1 − µjt−1), (1 − ϕ2

j )σ2
j ).

JAGS code is given in Listing 7.6.
Since the proxies are on very different scales, before the analysis they are standardized

separately to have mean zero and variance one (see Figure 7.13). The Bayesian model is
completed with uninformative priors (see Listing 7.6). Both Yt and Xjt have missing values,
which is handled naturally using Bayesian multiple imputation as described in Section 7.1.4.
Therefore, the resulting posterior distribution of Yt for years with missing data accounts for
uncertainty in the parameters as well as missing values in the RFI and proxy data.

Because of the large number of missing values, we run long MCMC chains. We Ąt two
MCMC chains in JAGS, each with burn-in of 20,000 iterations followed by 100,000 iterations
thinned by 10. The effective sample size is between 845 and 2626 across parameters and
imputed RFI values. MCMC sampling takes around 7 minutes on an ordinary PC.

The strength of the relationship between proxy j and RFI is controlled by βj . The
posterior median (standard deviation) of βj for the six proxy variables are 0.00077
(0.00026), 0.00135 (0.00034), −0.00008 (0.00023), 0.00089 (0.00030), 0.00100 (0.00030),
0.00156 (0.00033). Therefore, all but the third proxy have a 90% interval that excludes
zero. All posterior medians are small, but this is because the proxy data are standardized
while RFI remains unstandardized and ranges from 0 to 2000. The right panel of Figure
7.12 shows the Ątted value of Yt for a subset of the years in the study. As expected, the
variability increases moving back in time, but even in the mid-1800Šs there is considerable
variation in the estimated RFI across years due to the Ątted relationship with the proxy
data.
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Listing 7.6
JAGS model statement for the Brisbane climate reconstruction.

1 # RFI observation model

2 Y[1] ~ dnorm(mu0,tau0)

3 for(t in 2:n){

4 Y[t] ~ dnorm(mu0+phi0*(Y[t-1]-mu0),tauAR0)

5 }

6

7 phi0 ~ dunif(0,1)

8 mu0 ~ dnorm(0,0.001)

9 tau0 ~ dgamma(0.1, 0.1)

10 tauAR0 <- tau0/(1-phi0*phi0)

11

12 # Proxy model

13 for(j in 1:6){

14 mu[1,j] <- Alpha[j] + Beta[j]*Y[1]

15 X[1,j] ~ dnorm(mu[1,j],tau[j])

16 for(t in 2:n){

17 mu[t,j] <- Alpha[j] + Beta[j]*Y[t]

18 X[t,j] ~ dnorm(mu[t,j] + phi[j]*(X[t-1,j]-mu[t-1,j]),

19 tauAR[j])

20 }

21 Alpha[j] ~ dnorm(0, 0.1)

22 Beta[j] ~ dnorm(0, 0.1)

23 phi[j] ~ dunif(0,1)

24 tau[j] ~ dgamma(0.1, 0.1)

25 tauAR[j] <- tau[j]/(1-phi[j]*phi[j])

26 }
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TABLE 7.2
Posterior distributions of the average RFI in Brisbane by time period. Posterior
mean, standard deviation and 90% intervals of the mean RFI Ȳk by time period and the
posterior probability that each periodŠs mean RFI is higher than the RFI of the present
period (2000-2017).

Period Mean SD 90% interval Prob > present
1612-1649 809 213 ( 455, 1129) 0.42
1650-1699 685 151 ( 399, 888) 0.09
1700-1749 731 149 ( 460, 946) 0.17
1750-1799 533 173 ( 203, 746) 0.00
1800-1849 600 164 ( 305, 806) 0.02
1850-1899 923 95 ( 759, 1074) 0.78
1900-1949 860 0 ( 860, 860)
1950-1999 938 0 ( 938, 938)
2000-2017 851 0 ( 851, 851)

Year-to-year variation in RFI is high, so studying changes over time is more reliable
using average RFI over time periods. Below we study average RFI over periods 1612-1649,
1650-1699, ... ,1950-1999 and 2000-2017. Letting Pk be the indices of the nk years that
are included in period k, the average precipitation in period k is Ȳk =

∑
t∈Pk

Yt/nk. The

posterior of Ȳk is approximated using MCMC by computing Ȳk for each MCMC iteration
using the imputed values, which produces posterior draws of Ȳk.

Table 7.2 summarizes the posterior distribution of Ȳk for each period, and gives the
posterior probability that each Ȳk is larger than Ȳk for 2000-2017. For recent periods, there
are no missing data, and thus Ȳk has no uncertainty, whereas for distant periods Ȳk is based
solely on dependence with the proxy data and thus has large uncertainty. The present pe-
riod, 2000-2017, is drier than the previous period, 1950-1999. However, there is considerable
variation across periods in the posterior mean, and due to missing data the posterior stan-
dard deviations are also large. There are even two historical periods spanning 1750-1850
with probability near one of being drier than the present period.
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7.3 Exercises

1. Since full conditional distributions are used in many MCMC algorithms, it is
tempting to specify the model via its conditional distributions. For example,
consider the conditional distributions:

Y ♣X ∼ Normal(aX, 1) and X♣Y ∼ Normal(bY, 1).

(a) Select values of a and b so that these full conditional distributions are in-
compatible; i.e., there is no valid joint distribution for X and Y that gives
these full conditional distributions. Argue, but do not formally prove, your
assertion that the full conditional distributions are incompatible.

(b) Explain why building a model that produces a valid DAG will always lead
to a valid joint distribution.

2. Draw a DAG for the hierarchical model in Section 7.2.3.

3. In this problem we will conduct a meta analysis, i.e., an analysis that combines
the results of several studies. The data are from the rmeta package in R:

> library(rmeta)

> data(cochrane)

> cochrane

name ev.trt n.trt ev.ctrl n.ctrl

1 Auckland 36 532 60 538

2 Block 1 69 5 61

3 Doran 4 81 11 63

4 Gamsu 14 131 20 137

5 Morrison 3 67 7 59

6 Papageorgiou 1 71 7 75

7 Tauesch 8 56 10 71

The data are from seven randomized trials that evaluate the effect of corticos-
teroid therapy on neonatal death. For trial i ∈ ¶1, ..., 7♢ denote Yi0 as the number
of events in the Ni0 control-group patients and Yi1 as the number of events in the
Ni1 treatment-group patients.

(a) Fit the model Yij ♣θj
indep∼ Binomial(Nij , θj) with θ0, θ1 ∼ Uniform(0, 1). Can

we conclude that the treatment reduces the event rate?

(b) Fit the model Yij ♣θij
indep∼ Binomial(Nij , θij) with logit(θij) = αij and

αi = (αi0, αi1)T iid∼ Normal(µ,Σ), µ ∼ Normal(0, 102I2), and Σ ∼
InvWishart(3, I2). Summarize the evidence that the treatment reduces the
death rate.

(c) Discuss the advantages and disadvantages of both models.

(d) Which model is preferred for these data?

4. Download the marathon data of Section 6.4 from the course webpage. Let Yij be
the speed of runner i in mile j. Fit the hierarchical model Yi1 ∼ Normal(µi, σ

2
0)

and
Yij ♣Yij−1 ∼ Normal(µi + ρi(Yij−1 − µi), σ

2
i ),

where µi
iid∼ Normal(θ1, θ2), ρi

iid∼ Normal(θ3, θ4), and σ2
i

iid∼ InvGamma(θ5, θ6).
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(a) Draw a DAG for this model, and give an interpretation for each parameter
in the model.

(b) Select uninformative prior distributions for θ1, ..., θ6.

(c) Fit the model in JAGS using three chains each with 25,000 iterations, and
thoroughly assess MCMC convergence for the θj .

(d) Are the data informative about the θj? That is, are the posterior distributions
more concentrated than the prior distributions?

(e) In light of (c) and (d), are there any simpliĄcations you might consider, and
if so, how would you compare the full and simpliĄed models?

5. Download the lung data from the survival package in R. Let Yi be the survival
time (days) for subject i ∈ ¶1, ..., n♢. We will make the unrealistic assumption
that the survival times follow an exponential distribution, Yi♣λ ∼ Exponential(λ).
The study runs from time 0 to time T , with patient i joining the study at time
T−Ti so that they are part of the study for Ti days. The analysis is complicated by
censoring; i.e., some patients have not experienced their event at the conclusion
of the study. An event is observed if Yi < Ti and censored if Yi > Ti, with
δi = I(Yi > Ti) denoting the binary indicator that the event is censored. For
uncensored patients with δi = 0, the contribution to the likelihood function is the
exponential PDF, λ exp(−λyi); for censored patients with δi = 1, the contribution
to the likelihood function is the probability that they survive beyond Ti days,
exp(−λTi).

(a) Write the likelihood function in terms of the parameter λ and the data
(Y1, T1, δ1), ..., (Yn, Tn, δn).

(b) Derive a conjugate prior distribution for λ, and propose hyperparameters
that lead to an uninformative prior distribution.

(c) Using the full dataset, summarize the posterior distribution of λ under a few
conjugate priors (i.e., different hyperparameters). Are the results sensitive to
the prior?

(d) Using an uninformative conjugate prior, analyze the data separately for men
and women, and test whether the survival distribution varies by sex.

6. Download the Gambia data

> library(geoR)

> data(gambia)

> ?gambia

The data consist of 2,035 children that live in 65 villages. For village v ∈
¶1, ..., 65♢, denote nv as the number of children in the sample, Yv as the num-
ber of children that tested positive for malaria, and pv as the true probability
of testing positive for malaria. We use the spatial model αv = logit(pv), where
α = (α1, ..., α65)T follows a multivariate normal distribution with mean E(αv) =
µ, variance Var(αv) = σ2 and correlation Cor(αu, αv) = exp(−duv/ρ), where duv

is the distance between villages u and v. For priors assume µ ∼ Normal(0, 102),
σ2 ∼ InvGamma(0.1, 0.1), and ρ ∼ Uniform(0, d∗) where d∗ is the maximum
distance between villages.

(a) Specify the data layer, process layer and prior layer for this hierarchical
model.

(b) Fit the model using JAGS and assess convergence.
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(c) Summarize the data and results using Ąve maps: the sample size nv, the sam-
ple proportion Yv/nv, the posterior means of the pv, the posterior standard
deviations of the pv, and the posterior probabilities that pv exceeds 0.5.
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A classic Bayesian analysis strives for a fairly simple statistical model with a handful of
interpretable parameters. This is ideal for testing speciĄc hypotheses or understanding the
main drivers of the process of interest. This approach requires careful model building and
checking to ensure that the chosen model Ąts the data well and collaboration with domain
experts to ensure the model is scientiĄcally plausible. Due to this need for supervision, it is
difficult to deploy at scale.

As a concrete example, consider the linear regression model in Section 4.2. The multiple
linear regression model for response Yi and covariates Xi1, ..., Xip is Yi =

∑p
j=1 Xijβj + εi,

where the errors are εi
iid∼ Normal(0, σ2). Fitting this model requires Ąrst selecting the

response variable and the p covariates to include and then verifying four key assumptions:

(1) Linearity: The mean of Yi♣Xi is linear in Xi1, ..., Xip.

(2) Equal variance: The residual variance (σ2) is the same for all i.

(3) Normality: The errors εi are Gaussian.

(4) Independence: The errors εi are independent.

In real analyses, most if not all of these assumptions will be violated to some extent. Minor
violations will not invalidate statistical inference, but glaring model misspeciĄcations should
be addressed.
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Machine learning (ML) is a branch of statistics that attempts to automate this process by
introducing robust statistical procedures that are less dependent on expert knowledge and
make fewer statistical assumptions that require empirical veriĄcation. In this chapter, we
discuss ML approaches to generalizing the Bayesian linear regression model. The Ąrst step in
Ątting a linear model is to select the covariates to be included. A classical analysis proceeds
by Ątting models sequentially and comparing their Ąts in combination with graphical checks.
ML alternatives presented in Section 8.1 gather a large collection of covariates and Ąt a single
Bayesian model that simultaneously selects important covariates and estimates their effects.
This is generalized in Section 8.2 to identify the relationships between a large number of
variables using graphical models. The linearity assumption is relaxed in Section 8.3 with
a collection of methods that specify a prior for the mean response that is potentially a
non-linear functions of the covariates. Moving from the mean to the residuals, Section 8.4
introduces models for the residual distribution that are non-Gaussian and depend on the
covariates.

These ML methods are closely related to Bayesian nonparametrics [62]. The classic
model is called a parametric model because it assumes the only unknowns are a small
number of parameters, and all other aspects of the model including linearity, Gaussian
residuals, etc. are given. To avoid making invalid assumptions, a Bayesian nonparametric
analysis speciĄes priors on functions (i.e., inĄnitely-many parameters) rather than the few
parameters that determine the functions. For example, rather than assuming the residuals
follow a Gaussian distribution with unknown variance σ2, a nonparametric analysis speciĄes
a model for the residual distribution function that allows the distribution to be any valid
continuous distribution function, encompassing left-skewed, right-skewed or even multi-
modal distributions.

Combined with large datasets, Bayesian ML/nonparametric models often give better
Ądelity to the data and more accurate out-of-sample predictions than parametric models.
However, a consequence of selecting a complicated approach is that the results are less in-
terpretable. In the extreme, the statistical model becomes essentially a Şblack boxŤ that
produces accurate predictions but does not enhance scientiĄc understanding of the relation-
ships between variables. To close this gap, Section 8.5 provides several techniques to extract
scientiĄc meaning from Ątted ML models.

Armed with these Bayesian ML methods, Section 8.6 demonstrates several applications
ranging from causal inference to equation learning. In most of these applications, the ML
methods are not used merely as black-box prediction algorithms, but rather they are in-
corporated in analyses to uncover information about biological or physical systems such
as determining the causal effect of a treatment or the most important drivers of extreme
hurricane winds.

Bayesian ML/nonparametric methods offer several advantages over optimization-based
ML. These are largely the same advantages discussed in previous chapters for parametric
models. The most important advantage is uncertainty quantiĄcation. Frequentist uncer-
tainty quantiĄcation (p-values, conĄdence intervals) often relies on asymptotic arguments
with the sample size far exceeding the number of parameters, which does not apply to non-
parametric methods with inĄnitely-many parameters. Bayesian uncertainty quantiĄcation
methods (posterior probabilities, credible intervals) maintain their validity even in nonpara-
metric problems. Another advantage is the potential for incorporating prior information.
ML methods are Ćexible but require large datasets for training for their potential to be
realized. Prior distributions that center ML models on simple parametric models, or incor-
porate information from related datasets (see transfer learning methods in Section 8.6.4)
can supplement ML methods when training data is lacking. One limitation of Bayesian ML
methods is computation. Therefore, in this section we largely move away from JAGS in
favor of tailored ML packages.
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8.1 High-dimensional linear regression

In classic linear regression, the sample size n is much larger than the number of covariates
p. In this case, the likelihood overwhelms the prior, and Bayesian results mirror those from
least squares (Section 4.2). However, many modern applications use high-throughput data
and have p on the order of n or even much larger than n. As an example, consider the
data from [94] that can be downloaded from the course webpage. In this study, n = 60
mice (31 female) were sampled, and the physiological phenotype stearoyl-CoA desaturase 1
(SCD1) is taken as the response to be regressed onto the expression levels of 22,575 genes.
Following [19] and [172], we use only the p = 1, 000 genes with highest pairwise correlation
with the response as predictors in the model. Even after this simpliĄcation, this leaves a
high-dimensional problem with p > n.

The regression coefficients cannot all be estimated in high-dimensional problems without
strong assumptions. In a Bayesian analysis, assumptions are encoded in the prior distribu-
tion. A common assumption is sparsity, which presumes that many of the regression coeffi-
cients are equal to or at least close to zero, and thus only a small subset of the covariates are
needed to predict the response. In Section 4.2.2.3 the assumption of sparsity was induced
by the Bayesian LASSO prior. This prior is a continuous PDF with a peak at the origin.
While this prior gives probability zero to the regression coefficients being exactly zero, the
peak shrinks parameter estimates towards zero. The Stochastic Search Variable Selection
(SSVS) prior in Section 6.2 goes further by adding discrete point-mass distribution so that
the regression coefficients have positive probability of being exactly zero. In this chapter,
we more thoroughly discuss continuous and discrete shrinkage priors for high-dimensional
regression.

Continuous shrinkage priors: The multiple linear regression model is

Yi♣β, σ2 ∼ Normal




p∑

j=1

Xijβj , σ
2


 .

Denote the prior for the regression coefficients as βj ∼ π(β) for j = 2, ..., p. Continuous
shrinkage priors assume that π is a continuous function of β, but with a large peak at zero
to encourage sparsity and heavy tails to allow signals to emerge. One example is the double
exponential prior in Figure 8.1, which leads to the posterior mode being the LASSO solution
(4.15).

The double exponential prior is just one example of a shrinkage prior with peak at zero
and heavy tails. The horseshoe prior [30] is

βj ♣τj , σ
2 ∼ Normal(0, σ2τ2

0 τ
2
j ) and τj

iid∼ HC(1) (8.1)

where τ2
0 is global variance common to all regression coefficients and τj is a local prior

standard deviation speciĄc to βj . The local standard deviations are given half-Cauchy priors
(i.e., StudentŠs t-distribution with location 0, scale 1 and one degree of freedom, restricted
to being positive). The prior derives its name from the special case with Yi♣βi, σ

2 ∼
Normal

(
βi, σ

2
)

for i ∈ ¶1, ..., p♢ and τ0 = 1. In this case, the posterior mean given τi

is E(β♣Yi) = ¶1 − κ(τi)♢Yi for κ(τi) = 1/(1 + τ2
i ). Shrinkage is controlled by κ(τi), with

κ(τi) = 0 giving E(β♣Yi) = Yi and no shrinkage and κ(τi) = 1 giving E(β♣Yi) = 0 and
complete shrinkage. Under the half-Cauchy prior for τi, κ(τi) ∼ Beta(1/2, /1/2) which is
shaped like a horseshoe with mass near zero and one, allowing for no shrinkage and complete
shrinkage.
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FIGURE 8.1
Comparison of the Gaussian and shrinkage priors. Plotted are the standard normal,
double exponential/BLASSO and horseshoe PDFs, all set to have the same interquartile
range.

The inclusion of local shrinkage parameters allows the global-local skrinkage prior the
Ćexibility to shrink null coefficients towards zero by having small variance while the true
signals to have uninformative priors with large variance. The marginal distribution of βj

over τj has a complicated expression,

πj(β♣σ2, τ0) =

∫ ∞

0

ϕ(β, 0, σ2τ2
0 τ

2
j )h(τj)dτj

where ϕ is the Gaussian PDF and h is the half-Cauchy PDF. However, Figure 8.1 shows
that the marginal horseshoe prior gives more (actually inĄnite) mass at zero and in the tails
than the Bayesian LASSO prior.

The DirichletŰLaplace prior [18] gives even more shrinkage towards zero by supple-
menting the Bayesian LASSO with local shrinkage parameters and a Dirichlet prior on the
shrinkage parameters. The R2D2 prior [172] is another global-local shrinkage prior for the
regression coefficients that is constructed so that the modelŠs coefficient of determination
(i.e., R-squared) has a beta prior as in (4.18). The R2D2 prior has the most mass at zero
and heaviest tail among these priors.

To illustrate the use of continuous shrinkage priors for high-dimensional regression, we
analyze the genetic data described above using the horseshoe prior as in Listing 8.1. Recall
that if τ ♣b ∼ Gamma(1/2, b) and b ∼ Gamma(1/2, 1), then σ = 1/

√
τ ∼ HC(1). Therefore,

conveniently, with the parameterization in Listing 8.1 the MCMC can be entirely Gibbs
sampling. We compare the results using the horseshoe prior with Gaussian and BLASSO
priors. The posterior distribution of selected βj are plotted in Figure 8.2. It is difficult to plot
the posterior for all p = 1, 000 regression coefficients, so only the 50 with smallest (left) and
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Listing 8.1
JAGS code for regression with horseshoe priors.

1 for(i in 1:n){

2 Y[i] ~ dnorm(mu[i],taue)

3 mu[i] <- alpha + inprod(X[i,],beta[])

4 }

5 for(j in 1:p){ # Horseshoe priors

6 beta[j] ~ dnorm(0,prec[j])

7 prec[j] <- taue*tau0*tau[j]

8 tau[j] ~ dgamma(1/2,b[j]); b[j] ~ dgamma(1/2, 1)

9 }

10 alpha ~ dnorm(0, 0.01)

11 taue ~ dgamma(1/2,be); be ~ dgamma(1/2, 1)

12 tau0 ~ dgamma(1/2,b0); b0 ~ dgamma(1/2, 1)

FIGURE 8.2
Comparison of shrinkage priors for the genetic data. For each methods, the posterior
distribution (boxplot) is plotted for the 50 regression coefficients βj with smallest (left) and
largest (right) absolute posterior mean.

largest (right) absolute posterior mean are shown in Figure 8.2. The Gaussian and BLASSO
methods result in posterior distribution centered near zero and similar posterior variances
for all βj ; therefore these methods are unable to isolate important predictors and separate
them for null predictors. In contrast, the horseshoe prior results in many coefficients with
posterior mean and variance near zero, effectively removing these covariates from the model.
Despite this aggressive shrinkage for some of the parameters, the effects of other covariates
have large posterior mean and variance and credible sets that exclude zero. In this example,
the global-local shrinkage prior results in a more satisfactory sparse solution.

Stochastic search variable selection: While continuous shrinkage priors provide ex-
cellent estimation and prediction, they do not exactly set regression coefficients to zero, and
technically all covariates are included in the model with probability one, even if their effects
are negligible. Therefore, selecting a single reduced model requires some post-processing
([19, 71]). On the other hand, SSVS does set coefficients exactly to zero which allows for in-
tuitive posterior summaries such as the most likely model or the probability that a covariate
is included in the model.
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FIGURE 8.3
High-dimensional regression example. Marginal inclusion probabilities (MIPj =
Prob(βj ̸= 0♣Y)) under three priors: (1) q ∼ Beta(1, 1) and τ2 ∼ InvGamma(0.1, 0.1),
(2) q ∼ Beta(1, 2) and τ2 ∼ InvGamma(0.1, 0.1), and (3) q ∼ Beta(1, 1) and τ2 ∼
InvGamma(0.5, 0.5).

The linear regression model with SSVS prior is

Yi ∼ Normal




p∑

j=1

Xijβj , σ
2


 (8.2)

βj = γjδj for j > 1

γj ∼ Bernoulli(q)

δj ∼ Normal(0, σ2τ2).

Because p is large, it is possible to learn about the hyperparameters q and τ2. We select priors
q ∼ Beta(1, 1) and σ2, τ2 ∼ InvGamma(0.1, 0.1) (Prior 1) and present the marginal inclusion
probabilities Prob(βj ̸= 0♣Y ) as a measure of variable importance. In high-dimensional
problems, sensitivity to the prior is especially concerning. Therefore, we also reĄt with
priors q ∼ Beta(1, 2) (Prior 2) and τ2 ∼ InvGamma(0.5, 0.5) (Prior 3). The models are Ąt
using Gibbs sampling with 200,000 iterations, a burn-in of 20,000 iterations discarded and
the remaining samples thinned by 20. This MCMC code requires 1Ű2 hours on an ordinary
PC.

Applied to the genetic data above, only two genes have inclusion probability greater
than 0.5 (Figure 8.3). The ordering of the marginal inclusion probabilities is fairly robust
to the prior, but the absolute value of the marginal inclusion probabilities varies with the
prior. The posterior median (95% interval) of the number of variables included in the model
pin =

∑p
j=2 γj are 33 (12, 535) for Prior 1, 28 (12, 392) for Prior 2 and 20 (11, 64) for

Prior 3. In this analysis, the results are more sensitive to the prior for the variance than the
inclusion probability.
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8.2 Graphical models

In contrast with linear regression where one variable is designated as the response variable
of interest and the others are deemed covariates, in a graphical model, the objective is to
uncover relationships between p variables without prespeciĄed roles. In this sense, graphical
models are less structured and thus truer to the machine learning paradigm than linear
regression.

Let Y = (Y1, ..., Yp)T be the vector of outcomes; e.g., Y may include the activity levels
of p brain regions, and the objective is to uncover functional relationships between the
regions. If the interest is primarily in region j, then we would perform a linear regression
with outcome Yj and p− 1 covariates Yk for k ̸= j,

Yj ♣Yk for k ̸= j ∼ Normal


∑

k ̸=j

Ykβjk, σ
2
j


 .

However, in a graphical analysis, the goal is to uncover relationships among all the variables.
This could be accomplished with p regressions, one with each variable as the outcome and
the other as the responses. However, this might lead to incoherent results, that is, since the
regressions are Ąt separately, there may not be a valid joint distribution for all p variables
that gives the Ątted conditional distributions.

The simplest graphical model is the multivariate normal model Y ∼ Normal(0,Σ). Since
the goal is to study relationships between the p variables, we focus on the p× p covariance
matrix Σ and assume the data have been centered to have mean zero. This coherent joint
model gives interpretable conditional distributions in terms of the precision matrix Ω = Σ−1

with (j, k) element Ωjk,

Yj ♣Yk for k ̸= j ∼ Normal


∑

k ̸=j

Ykbjk, τ
2
j


 ,

where bjk = −Ωjk/Ωjj and τ2
j = 1/Ωjj . The conditional mean is linear in the other Yk with

bjk determining the effect of Yk on Yj after accounting for the effects of the other p − 2
variables. Therefore, Ątting a multivariate normal model to Y is effectively equivalent to
Ątting p linear regressions but with restrictions that the models are coherent.

The interpretation of the elements of Σ and Ω in the Gaussian graphical model are subtly
different. If the (j, k) element of Σ is zero, then Yj and Yk are marginally independent; i.e.,
they are independent when ignoring the effects of the other variables. In contrast, if the
(j, k) element of Ω is zero, then Yj and Yk are conditionally independent; i.e., they are
independent after removing the effects of the other p− 2 variables. Formally, Yj and Yk are
said to be conditionally (on the other p − 2 variables) independent if and only if Ωjk = 0,
so testing whether elements of Ω are zero gives a test of conditional independence.

Under some conditions, conditional dependence can be interpreted as causal relation-
ships (see Section 8.6.1) rather than simply correlation. To see this, say a particular
brain activity is caused by region 1 sending a signal to region 2 that is then passed
to region 3 then region 4. This could be encoded in the model Y1 ∼ Normal(0, 1) and
Yj ♣Yj−1 ∼ Normal(Yj−1, 1) for j ∈ ¶2, 3, 4♢, giving covariance and precision matrices

Σ =




1 1 1 1
1 2 2 2
1 2 3 3
1 2 3 4


 and Ω =




2 −1 0 0
−1 2 −1 0

0 −1 2 −1
0 0 −1 1


 .
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Since there are no zeros in Σ, all four regions are correlated. However, the pattern of zeros in
Ω reĆects the causal pathway through the four regions. Therefore, viewing the variables as
nodes that are connected by edges if the corresponding elements of Ω are non-zero produces
a graph of the relationship between the variables, hence the term Şgraphical modelŤ.

While the Gaussian graphical model provides a more comprehensive understanding of
the relationship between variables than a linear regression model, this comes at the expense
of having to estimate the p(p − 1)/2 elements in the covariance matrix as opposed to the
p linear regression coefficients. Therefore, a prior distribution that encodes sparsity with
many elements of Ω shrunk towards zero to avoid over-Ątting is even more critical here
than in linear regression. The conjugate prior for Ω is the Wishart prior (Section 2.1.7);
however, this does not encode sparsity. The ingenious prior of [161] for Ω implies a Bayesian
LASSO prior on the off-diagonal elements of Ω and thus encourages sparsity and permits
Gibbs sampling updates for the elements of Ω.

8.3 Nonparametric regression

Linear regression is one of the most successful tools in all of statistics owing to its stability,
ease of implementation and convenient interpretation. However, when the linear assumption
is grossly violated, the linear model can suffer from poor prediction and inferential proper-
ties. In this chapter, we introduce a rich collection of models for the mean of the response
distribution. The model is assumed to be

Yi = g(Xi) + εi. (8.3)

As before, we use Gaussian errors εi
iid∼ Normal(0, σ2). However, the mean response, denoted

as E(Y ♣X) = g(X) = g(X1, ..., Xp), is now allowed to be an arbitrarily complex function of
the covariates including non-linear effects and interactions between covariates. We describe
the models for g for an arbitrary covariate vector X = (X1, ..., Xp) but continue to use
Xi = (Xi1, ..., Xip) to describe a speciĄc covariate vector for a speciĄc observation.

Of course, the linear model remains appealing for its simplicity and transparency, and
thus it is important to consider simple modiĄcations to the linear model before launching
into a more sophisticated analysis. For example, if a linear model is found to be unsatisfac-
tory, an alternative could be the second-order model

g(X) =

p∑

j=1

Xjβj +

p∑

j=1

X2
j αj +

∑

j<k

XjXkγjk (8.4)

that includes linear (with effects βj), non-linear/quadratic (with effects αj) and interaction
(with effects γjk) terms.

For small p, the second-order model is tidy and stable. However, for even a moderately-
sized problem with p = 10, the full second-order model has 65 parameters, and interpre-
tation with quadratic and interaction effects is not straightforward. It is possible to trim
the model by adding only the non-linear and interaction terms that are motivated by ex-
ploratory analysis or scientiĄc insights, but this is somewhat subjective. It is also possible to
employ statistical model building tools to prune the model, such as stochastic search variable
selection (Section 8.1), but this is now of comparable sophistication to the non-parametric
regression models that are the focus of this chapter.
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A fully nonparametric model allows for any continuous function g. That is, the target
changes from a Ąnite number of parameters (e.g., β) in a parametric analysis to a function
(e.g., a curve or surface g) in a nonparametric analysis. A model this Ćexible requires
inĄnitely many parameters. We will primarily focus on semiparametric models that specify
the mean function in terms of a Ąnite number of parameters in a way that increasing the
number of parameters can approximate any function g. For example, if there is only p = 1
covariate (X), we could Ąt a J th order polynomial function

g(X) =
J∑

j=0

Xjβj . (8.5)

This model has J + 1 parameters, and by increasing J the polynomial function can approx-
imate any continuous function g.

We explore many Bayesian semiparametric/nonparametric regression models, including
regression splines [36], Gaussian process regression [126], Bayesian adaptive regression trees
[33] and neural networks [114]. While generalizations to non-Gaussian data are available
(using similar tools to generalized linear mixed model in Section 4.5), we restrict our atten-
tion to the Gaussian case in (8.3). In this case, twice the negative log likelihood function is
an irrelevant constant plus

1

σ2

n∑

i=1

¶Yi − g(Xi)♢2
.

Therefore, point-estimators, particularly the maximum a posteriori estimator, have simi-
larity with optimization-based machine learning algorithms that use squared-error loss as
the objective function. However, as with connection between LASSO and Bayesian LASSO
regression in Section 4.2, the interpretation and uncertainty quantiĄcation of the Bayesian
methods differs from optimization-based approaches.

Hurricane wind forecasting application: We illustrate and compare nonparametric
regression methods using the data in [6, 35]. The data consist of forecasted and observed
tropical cyclone intensity, deĄned as the maximum 1-min average 10-m wind speed (knots),
for 120 storms in the Atlantic and PaciĄc Oceans from 2014 to 2017. Two baseline methods
are available for comparison. The Ąrst is the Hurricane Weather Research and Forecasting
(HWRF) prediction. HWRF is a physics-based numerical model that takes current condi-
tions as inputs and predicts the path and intensity of the storm. The second baseline is the
forecast from the National Hurricane Center (NHC). Both predictions are made for lead
times (hours) l ∈ ¶3, 6, ..., 48♢, i.e., the prediction made on one day for the same time the
following day is the 24-hour lead-time prediction. Excluding missing observations, across
storm and lead time there are 37,207 observations. Figure 8.4 plots the mean absolute error∑n

i=1 ♣Yi − Ŷi♣/n for each baseline method and lead time; as expected the error increases
with lead time.

In addition to the forecasted intensity, the HWRF model has many other state variables
that describe the storm including the spatial location, sea-surface temperature, humidity,
speed of the storm, current intensity, etc. [35] used both the HWRF forecast and these
state variables as covariates (see Table 1 in [35]) in a machine learning model to reĄne the
HWRF prediction, and showed that this improved forecasting precision, especially for rapid
intensiĄcation events.

In this chapter, we revisit these data and model storm intensity (Y ) based on p = 18
state variables (X). The covariates are all standardized. In all analyses, models are trained
separately by lead time using data from 2014-2016, and evaluated using data from 2017. As
an initial analysis, including these state variables in a Bayesian linear regression improves
predictions compared to the HWRF model alone (Figure 8.4) for all forecast lags. The
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FIGURE 8.4
Hurricane intensity forecast error. Mean absolute prediction error by lead time for
the Hurricane Weather Research and Forecasting (HWRF) model, the National Hurricane
Center (NHC) and Bayesian linear regression (BLR) using HWRF state variables.

objectives in this chapter are to use nonparametric regression methods to reduce mean
absolute error and access which covariates are driving the predictive model.

8.3.1 Spline regression and additive models

As an introduction, consider the mcycle data from the MASS R package plotted in Figure
8.5a. The predictor, Xi, is the time since a motorcycle makes impact (scaled to the unit
interval) and the response, Yi, is the acceleration of a monitor on the head of a crash test
dummy. Clearly, a linear model will not Ąt these data well as the mean is Ćat for the Ąrst
quarter of the experiment, then dramatically dips, rebounds, and then plateaus until the
end of the experiment.

In spline regression, we construct non-linear functions of the original covariates and use
these constructed covariates as the predictors in multiple linear regression. We begin by
assuming a single covariate, i.e., p = 1. From this single covariate, we construct J covariates
B1(X), ..., BJ(X) to capture non-linearity. In polynomial regression above, Bj(X) = Xj ,
but there are many other choices. For example, Figure 8.5b plots J = 10 B-spline basis
functions. These functions are appealing because they are smooth and local, i.e., non-zero
only for some values of X.

After constructing new covariates, the model is simply multiple linear regression model
(Section 4.2),

Yi♣β
indep∼ Normal

{
g(Xi), σ

2
}

and g(Xi) = β0 +
J∑

j=1

Bj(Xi)βj .
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FIGURE 8.5
Nonparametric regression for the motorcycle data. Panel (a) plots the time since
impact (scaled to be between 0 and 1) and the acceleration (g) along with the posterior
median and 95% interval for the mean function from the homoskedastic Ąt; Panel (b) shows
the J = 10 spline basis functions Bj(X).

Note that each basis function in Figure 8.5b has Bj(0) = 0, and so an intercept (β0) is
required.

Selecting the number of basis function, J , is a critical step in Ątting a spline model. By
increasing J , any smooth mean function can be approximated as a linear combination of
the B-spline basis functions, but large J risks over-Ątting. One approach to selecting J is to

assume uninformative priors, βj
iid∼ Normal(0, σ2τ2) with τ2 a large Ąxed constant, and then

compare several J using model selection criteria such as cross-validation, DIC or WAIC.
Another approach is to set J to be large, e.g., J = n/2, and allow the prior distribution
for the βj to prevent over-Ątting via τ ∼ HC(1). Especially when J is large, over-Ątting
can be guarded against by specifying a prior distribution that smooths across the splines
coefficients,

βj ♣βj−1 ∼ Normal(ϕβj−1, σ
2τ2)

where ϕ ∈ (0, 1) and τ2 are both given prior distributions to allow the data to determine
the amount of prior shrinkage.

Motorcycle example: To Ąt the mean curve to the data plotted in Figure 8.5a,
we use J = 10 B-spline basis functions and priors βj ∼ Normal(0, τ2σ2) and σ2, τ2 ∼
InvGamma(0.1, 0.1). The model is Ąt using MCMC with the code in Listing 4.2. In this
code, the basis functions have been computed using the bs package in R and passed to JAGS

as Xij = Bj(Xi). For each iteration, we compute g(Xi) for all i = 1, ..., n as a function
of that iterationŠs posterior sample of β. This produces the entire posterior distribution of
the mean function g for all n sample points (or any other X we desire), and Figure 8.5a
plots the posterior median and 95% interval of g at each sample point. The Ątted model
accurately captures the main trend including the valley around X = 0.4.
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Monotonic regression: Nonparametric regression is used when the true form of the
mean function is unknown. However, it can also incorporate partial knowledge. For example,
if X is the dose of drug and Y is the response, then we might expect the dose-response curve
E(Y ♣X) = g(X) to be an increasing function of X. Monotonicity is easily accommodated
using Bayesian splines regression. Using a B-spline basis expansion for g, the mean curve
is increasing so that g(X + ϵ) > g(X) for all X and ϵ > 0 if (though not only if) the
regression coefficients are increasing, β1 < ... < βJ . This restriction is straightforward to
implement by reparameterizing the coefficients as βj = βj−1 + δj for j > 1 and specifying
a prior distribution for the δj with positive support, e.g., a gamma or truncated normal
distribution. A Bayesian analysis including uncertainty quantiĄcation proceeds as usual,
although depending on the prior distribution for δj a Metropolis-Hastings step may be
required. Other shape-restricted regression models are available [105] to model curves that
are decreasing, convex, unimodal, etc.

Generalized additive models: There are many ways to generalize spline regression
to the multivariate case with p > 1 covariates. The most straightforward to implement and
interpret is the generalized additive model (GAM) [166]. The main-effects-only GAM model
represents the mean as the sum of p nonlinear functions,

g(X) = β0 +

p∑

j=1

gj(Xj) (8.6)

where gj is a non-linear function the jth covariate. The non-linear function is interpreted
analogously to linear regression coefficients; with all other covariates Ąxed, the mean re-
sponse increases following gj(Xj) as Xj increases.

Each curve can be modeled using a spline basis expansion,

gj(Xj) =
J∑

k=1

Bjk(Xj)βjk (8.7)

where Bj1, ..., BjJ are spline basis functions and βjk
indep∼ Normal(0, σ2τ2

j ) are the basis
coefficients. Inserting (8.7) into (8.6) gives a standard Bayesian linear regression with con-
structed covariates Bjk(Xj) and regression coefficients βjk. The covariate-speciĄc variance
components, τ2

j , allow for a differential amount of smoothing by covariate and can be given
inverse gamma or half-Cauchy prior distributions. If p is large, Bayesian variable selec-
tion methods can be applied to simplify the model by shrinking irrelevant covarates. For
example, [162] use a continuous shrinkage priors with differential shrinkage by covariate.

The main-effects-only GAM model includes non-linear effects, but not interactions. Fol-
lowing (8.4), the GAM model can be extended to include interactions

g(X) = β0 +

p∑

j=1

gj(Xj) +
∑

j<l

gjl(Xj , Xl) (8.8)

where gjl is the interaction function for covariates j and l. The interaction function is a
surface, rather than a curve, because it returns a value for any combination of the two co-
variates. The interaction surfaces can be modeled as outer products of spline basis functions

gjl(Xj , Xl) =
J∑

k=1

J∑

h=1

Bjk(Xj)Blh(Xl)βjlkh
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Listing 8.2
GAM model in JAGS. B are the spline basis functions and term[l]=j indicates that column
l of B corresponds to covariate j.

1 for(i in 1:n){

2 Y[i] ~ dnorm(g[i],taue)

3 g[i] <- beta0 + inprod(B[i,1:q],beta[1:q])

4 }

5 for(l in 1:q){

6 beta[l] ~ dnorm(0,taue*taub[term[l]])

7 }

8 for(j in 1:p){

9 # Half-Cauchy priors

10 taub[j] ~ dgamma(0.5,b[j]); b[j] ~ dgamma(0.5,1)

11 }

12 taue ~ dgamma(0.5,be); be ~ dgamma(0.5,1)

13 beta0 ~ dnorm(0,0.01)

with prior distribution βjlkh ∼ Normal(0, σ2τ2
jl). As the number of basis functions increase,

any smooth two-dimensional surface can be approximated using this representation. Exten-
sions to three-way interactions and higher are possible, but are computationally demanding.

With the basis functions serving as covariates, both the main-effects or interactions
models can be Ąt using standard MCMC algorithms including Gibbs updates. Posterior
uncertainty about the curves gj naturally follows from MCMC by computing the gj at
covariate values of interest at each MCMC iteration, and then summarizing the samples
as in Figure 8.5. However, computation can be challenging for even moderate p. First, the
number of parameter can be large, with roughly pJ parameters for the main effects and on
the order of p2J2 for interactions. The computational burden can be eased by reducing the
number of basis functions for the interaction terms or including only a subset of covariates for
the interaction terms. Another complication is separating the effect of different covariates.
If the basis functions are Ąxed at zero for some value of the covariates (see Figure 8.5b) then
technically the curves can be identiĄed. However, concurvity, a functional generalization of
collinearity, makes estimation difficult. For example, if J is large than either g1 or g2 can
effectively interpolate the observations. Therefore, even if the correlation between X1 and
X2 is moderate, g1(X1) and g2(X2) compete to explain the same signal in the data and so
their posterior distributions can be highly correlated.

Analysis of the hurricane intensity data: We Ąt the Ąrst-order GAM model in
(8.6)-(8.7) with J = ¶3, 5♢. Listing 8.2 gives the JAGS code to implement this model, but for
faster computation we use the R package mgcv [165] with Metropolis sampling. The results
are similar for different number of basis functions, so we focus on J = 5. Including the state
variables reduces MAE compared to using HWRF directly for most prediction lead times,
with the largest reductions for lead times 3-12 hours. For lead times greater 36 hours, the
GAM model actually has smaller MAE than HWRF or NHC.

To understand the covariate effects, Figure 8.7 plots the mean and 90% intervals for
gj(X) for three covariates and two lead times. The three covariates are: sea surface temper-
ature (SST), the hurricane intensity forecast from HWRF (HWRF) and the intensity of the
storm at the time of the forecast (VMAX_T0). SST does not appear to be an important
predictor since its credible interval includes zero for all X. The effect of the current intensity
is negative for large intensities. That is, if the storm is currently intense, the GAM model
reduces the predicted intensity resembling a regression towards the mean. Finally, as might
be expected, the effect for the HWRF prediction is an increasing, nearly-linear function.
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FIGURE 8.6
Hurricane intensity forecast error using a GAM. Mean absolute prediction error
by lead time for the Hurricane Weather Research and Forecasting (HWRF) model, the
National Hurricane Center (NHC) and Bayesian generalized additive models (GAM) using
3 and 5 basis functions per covariate.

8.3.2 Gaussian process regression

The spline regression model Yi♣β
indep∼ Normal¶g(Xi), σ

2♢ with g(Xi) =
∑J

j=1 Bj(Xi)βj

and βj
iid∼ Normal(0, τ2) resembles the random effects model with the βj serving as ran-

dom effects. As discussed in Section 4.4, the random effects induce dependence between
observations. Averaging over the prior distribution of the βj with p = 1 covariate,

Cov(Yi, Yk) = τ2
J∑

j=1

Bj(Xi)Bj(Xk). (8.9)

Therefore, spline regression can be viewed as a model for the dependence between observa-
tions with different covariate values, and the choice of basis functions determines the form
of the covariance. As an example, if Bj(X) = exp¶−(X−vj)2♢ for a sequence of Ąxed values
vj covering the range of X, then the sum in (8.9) is

Cov(Yi, Yk) ∝
J∑

j=1

exp
{

−(Xi − vj)2
}

exp
{

−(Xk − vj)2
}
,

which for large J converges to

Cov(Yi, Yk) ∝
∫

exp
{

−(Xi − v)2
}

exp
{

−(Xk − v)2
}
dv

∝ exp
{

−η(Xi −Xk)2
}
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FIGURE 8.7
Hurricane intensity forecast main effects. Posterior mean (solid) and 90% intervals
(dashed) for the main effects gj(Xj) for sea surface temperature (SST), current storm
intensity (VMAX) and the Hurricane Weather Research and Forecasting (HWRF) intensity
for lead times 3 and 24 hours. All covariates are standardized.
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for some constant η. The correlation between two observations thus decays with the distance
between their covariate values.

Gaussian process (GP) regression [126] views g as a stochastic process over covariate
space. That is, it is not approximated using a Ąnite number of basis functions, but rather it
can be viewed as the process that arises in the limit as the number of basis function tends
to inĄnity for a speciĄc sequence of basis functions. This is accomplished by modeling its
covariance directly as in Section 4.6. The function g is modeled as a GP, deĄned as a process
such that for any N covariate values X1, ...,XN the random vector g = ¶g(X1), ..., g(XN )♢T

follows a multivariate normal distribution. The deĄnition that a GP applies to any set of
locations is key because in practice we will deĄne a joint model for the n observed data
points and an unknown set of N − n prediction points.

The Gaussian process is deĄned by the mean and covariance functions used to determine
the mean vector and covariance matrix of g. The simplest mean function is E¶g(Xi)♢ = µ
for all Xi, although it can also be a linear function of the covariates. Similar to the spatial
and temporal covariance functions in Section 4.6, the covariance functions is deĄned by
distance between the covariate vectors of two observations, dik = ¶∑p

j=1(Xij −Xkj)2♢1/2.
Since this distance weights all p covariates equally it is said to be isotropic; an anisotropic
extension is dik = ¶∑p

j=1 wj(Xij − Xkj)2♢1/2 where wj > 0 are weights and can be given
prior distributions to allow the data to determine the best weighting scheme. The simplest
covariance function is the Gaussian (squared exponential) covariance function

Cov¶g(Xi), g(Xk)♢ = τ2 exp
{

−(dik/ϕ)2
}
,

where τ2 is the variance (since τ2 exp¶−(d/ϕ)2♢ = τ2 if d = 0) and ϕ > 0 determines the
decay of the correlation as a function of the distance between Xi and Xk. Other covariance
functions are available including the Matérn function [38].

The mean and covariance functions deĄne the joint distribution of g. Assuming the con-
stant mean and isotropic Gaussian covariance function (as we do throughout), the marginal
distribution of g(Xi) is Normal(µ, τ2) for all i and the joint distribution is

g♣µ,Σ ∼ Normal(µ,Σ) (8.10)

where µ = (µ, ..., µ)T is the mean vector of length n and Σ is the n× n covariance matrix
with (i, k) element equal to τ2 exp¶−(dik/ϕ)2♢.

The Bayesian model is completed with priors for hyperparameters. The mean and
variance parameters can be given prior distributions as in linear mixed models, e.g.,
µ ∼ Normal(0, c2) for large scale parameter c and σ, τ ∼ HC(1) or σ2, τ2 ∼ InvGamma(ϵ, ϵ).
The prior for the spatial range parameter ϕ depends on the scale of the dik. That is, if the
units of distance change, so should the prior for ϕ. One way to account for this is the prior
ϕ ∼ Uniform(0, dmax) where dmax = max¶dik♢ is the maximum of the observed distances
between observations.

Given the likelihood Yi♣g
indep∼ Normal¶g(Xi), σ

2♢ and prior in (8.10), MCMC can be
used to sample from the posterior distribution of g and the parameters θ = (µ, σ2, τ2, ϕ).
Assuming conjugate priors, the updates for g, µ, σ2 and τ2 are simple Gibbs updates;
however, since ϕ appears inside the covariance matrix there is no conjugate prior and a
Metropolis step is required. While the algorithm used to draw samples is familiar, MCMC is
notoriously slow for GP regression even with moderate n (say n > 1, 000) because each step
requires manipulating the covariance matrix Σ. This bottleneck can be alleviated by Ąxing
ϕ (e.g., using maximum likelihood methods) in advance so that all matrix manipulation can
be done outside of the MCMC algorithm. Even after this concession, GP regression is slow
and requires large memory allocation for large n (say n > 10, 000).
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In some cases, the objective of the analysis is to estimate the mean g and MCMC can
return samples of g for this purpose. However, if the goal of the analysis is to estimate the
parameters θ to make predictions, then g can be marginalized over to give the distribution
of the observed data Y = (Y1, ..., Yn)T given θ as the likelihood function. The marginal
distribution of Y is

Y♣θ ∼ Normal(µ,ΣY ) (8.11)

where ΣY = Cov(Y♣θ) = σ2In + Σ. MCMC then proceeds using (8.11) as the likelihood
function and gives the same posterior for θ but often converges faster than the algorithm
that includes g since there are fewer parameters to estimate.

One of the main advantages of GP regression is provably optimal predictions. Denote
Y0 as the prediction for an observation with covariate X0. Then the mean and covariance
functions can be used to deĄne the n+ 1 dimensional multivariate normal distribution for
Y0 and Y, and the properties of the multivariate normal distribution give the prediction
distribution

Y0♣Y,θ ∼ Normal
{
µ+ ΣT

0 Σ−1
Y (Y − µ), σ2 + τ2 − ΣT

0 Σ−1
Y Σ0

}
, (8.12)

where Σ0 is the vector of length n with ith element equal Cov(Y0, Yi) = τ2 exp¶−(di0/ϕ)2♢.
A similar expression gives the posterior distribution for only the mean at X0,

g(X0)♣Y,θ ∼ Normal
{
µ+ ΣT

0 Σ−1
Y (Y − µ), τ2 − ΣT

0 Σ−1
Y Σ0

}
, (8.13)

which is identical to (8.12) except the error variance σ2 is excluded from the prediction vari-
ance. The mean of the prediction distribution in (8.12) is known as the Kriging prediction,
and is the best linear unbiased predictor assuming the mean and covariance functions are
correct. Of course, in practice the mean and covariance functions will be unknown and so
there is no guarantee the predictor is optimal, but this result at least gives a path forward:
using exploratory analysis or model comparisons we try to identify a reasonable covariance
function and then use Kriging for theoretically-justiĄed prediction.

Figure 8.8 plots a synthetic dataset with p = 1 covariate and n = 25 observations along
with GP predictions and prediction intervals (connected by lines) for a sequence of X0

covering the range of the observed Xi. Here the parameters are set to µ = 10, σ2 = 0.2,
τ2 = 2 and ϕ = 0.05. The predicted values effectively smooth over the observed responses,
and the prediction intervals are wider where there is less data. In a real data analysis, the
parameters θ would be unknown and rather than make prediction for one Ąxed value of θ

we would make a prediction for each MCMC sample of θ, thereby averaging over parametric
uncertainty and giving the posterior predictive distribution p(Y0♣Y).

8.3.3 Bayesian additive regression trees

The GAM approach of Section 8.3.1 represents the regression function g as a linear com-
bination of simple spline basis functions. However, to capture non-linearity and interaction
effects requires a huge number of basis functions which is prohibitive for large datasets.
Bayesian adaptive regression trees (BART) [33] also represents g as the sum of simple func-
tions, but with BART these simple functions are trees with parameters that adapt to the
data so that fewer terms are required to give a sufficient approximation.

The fundamental unit of BART is a regression tree. Trees are relatively simple structures
that can capture non-linear relationships and interaction effects. The covariate space is
partitioned into intervals (Şterminal nodesŤ) and each interval has a different mean response.
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FIGURE 8.8
Illustration of Gaussian process regression. The data are show as points and the
predicted values and 95% intervals for the true mean function g and test set observations
Y are plotted as lines for a sequence of X covering (0,1).

For example, the tree on the left of Figure 8.9 is deĄned mathematically as

tree(X;T,µ) =





µ1 x3 < c1 and x7 < c2

µ2 x3 < c1 and x7 > c2

µ3 x3 > c1.

(8.14)

The tree is a function of the tree structure, T , that includes the number of branches (m = 3)
and the variables (x3 and x7) and cutpoints (c1 and c2) used to deĄne each branch, and the
values at each of the m terminal nodes, µ = (µ1, ..., µm). Although the notation to precisely
deĄne T is complicated, the ideas is that the function is deĄned sequentially through simple
ŞsplitsŤ determined by a covariate and a cutpoint, such as x3 > c1. Each split results in
two ŞbranchesŤ, and when splits are deĄned sequentially the branches form the tree. When
a covariate vector X is evaluated, based on the splits it falls in one of the terminal nodes
where it is a assigned a value from µ. To Ąt the data well, both T and µ must be learned
from the data.

Unlike GP regression or even GAMs, the tree structure is appealing because the entire
mean function can be written in a simple form and visualized as in Figure 8.9. However, it is
unlikely that a single tree provides a good Ąt for complex data, i.e., the tree above takes only
m = 3 values which is too simple for practical application. However, it has been shown that
taking the average over several trees (Şweak learnersŤ) gives a rich modeling framework. The
most common approach for aggregating trees in the machine learning literature is random
forest regression; below we describe BART.
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FIGURE 8.9
Regression trees. Two hypothetical regression trees to be used in BART.

The BART model for the mean response function aggregates over J trees

g(X) =
J∑

j=1

tree(X;Tj ,µj), (8.15)

where Tj is the structure of the jth tree and µj is the collection of mean values for each
of the mj terminal nodes in Tj . BART is a fully-Bayesian model and thus requires prior
distributions for Tj and µj . The prior distributions are independent across the J trees. The
prior for the number of branches is deĄned sequentially; as the tree grows, the probability
that each branch splits into two is α(1 + d)−β where d is the depth of the tree and α and
β are hyperparameters. The covariate that deĄnes each split has Uniform(¶1, ..., p♢) prior
and the cutpoint cj has uniform prior over the observed covariate values. Finally, the mean
parameters µj have Gaussian priors with mean zero and variance chosen based on the scale
of the data.

BART is Ąt using MCMC with Tj and µj as the unknown parameters. An advantage of
using MCMC is that posterior draws can be used to obtain posterior credible intervals for
g(X) and prediction intervals that account for both the error variance σ2 and uncertainty
in g(X). BART also performs variable selection in a similar fashion as stochastic search
variable selection (Section 6.2). A variable is excluded from the model if it is not included
in any of the splits for any of the trees, and MCMC returns an approximation of the
posterior probability of this event. An alternative is the proportion of the trees that include
the variable, and MCMC also returns the posterior distribution of this variable importance
measure.
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FIGURE 8.10
Hurricane intensity forecasting with BART. Mean absolute prediction error by lead
time for the Hurricane Weather Research and Forecasting (HWRF) model, the National
Hurricane Center (NHC) and BART using 20 or 100 trees (left) and variable importance
for all covariates by lead time (gray) with emphasis of HWRF, sea surface temperature
(SST) and intensity (VMAX) at the time of the forecast.

Analysis of the hurricane intensity data: We Ąt the BART model to the hurricane
forecasting problem using the wbart function in the BART package [144]. We use the default
settings except for the number of trees is set to either J = 20 or J = 100. The MAE by lead
time in Figure 8.10 (left) is similar to GAM, with larger reductions compared to HWRF
for early lead times. The number of trees does not have a large impact on the results, so for
simplicity we use J = 20 to summarize covariate effects.

Figure 8.10 (right) plots the posterior mean of the number of trees that include each
covariate. The three covariates evaluated in the GAM analysis are highlighted. SST is
unimportant for all lead times. As expected, the HWRF prediction is one of the most
inĆuential covariates for all lead times. Surprisingly, for short-term forecasts with 3-hour
lead time, the current intensity is actually a stronger predictor than the HWRF forecast
according to this measure of variable importance.

8.3.4 Deep learning

Deep learning has revolutionized ML with its ability to process large datasets and analyze
and generate complex data structures such as images and text [65]. In this section, we will
introduce the basic concepts of deep learning through the nonparametric regression problem
in (8.3). The common deep learning model for this task is a feed-forward neural network
(FFNN) (also known as multi-layer perceptron). After introducing the FFNN, we focus on
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Bayesian implementation and its advantages [114] including proper uncertainty quantiĄca-
tion for prediction and variable importance. We then very brieĆy discuss extensions to more
complex data structures such as text and images.

One way to approach DL is as a generalization of GAMs in Section 8.3.1. In the main
effects GAM model in (8.6) is g(X) = β0 +

∑p
j=1 gj(Xj). The functions gj are interpretable

as the effect of Xj with all other covariates held Ąxed. While interpretable, this makes the
tenuous assumption that the mean response is additive in the covariates and breaks down
with large p because estimating p non-linear functions requires many parameters.

A simple way to avoid the curse of dimensionality is the single-index model [29]. As in
linear regression, the covariates are reduced to a single index, b+

∑p
j=1 XjWj , that enters

the mean through a non-linear function A,

g(X) = β0 +A


b+

p∑

j=1

XjWj


 (8.16)

where A can be modeled using spline basis functions as in a GAM. This is efficient
because adding an additional covariate requires adding only one additional element to
W = (W1, ...,Wp). Obviously, if A is the identity function, then the model reduces to
Bayesian linear regression with regression coefficients Wj .

Despite its efficiency, the single-index model has limitations. The Ąrst is identiĄbility
caused by needing to estimate both A and W. For example, doubling W and replacing
A(x) with A(x/2) gives the function g(X). This is usually resolved by restricting the shape
and scale of A (via restrictions on the spline basis function coefficients as discussed in Section
8.3.1). More critically, this model is not nonparametric because not all mean functions can
be expressed in terms of a single index.

A multiple-index model generalizes the single-index model to have L indices each with
a different set of regression coefficients

Zl(X) = Al


b1l +

p∑

j=1

XjW1lj


 .

Since it is difficult to estimate all L non-linear functions, they can all be taken to be the
same, Al = A for all l. Further, to avoid complications in estimating A with (restricted)
spline regression, it can be taken as a simple known function, e.g., the RectiĄed Linear Unit
(ReLU) function A(x) = (x)+, i.e., A(x) = x if x is positive and A(x) = 0 otherwise (Figure
8.11). The mean is then linear in the indices to allow them to have differential importance,

g(X) = b2 +
L∑

l=1

Zl(X)W2l (8.17)

Zl(X) = A


b1l +

p∑

j=1

XjW1lj


 for l ∈ ¶1, ..., L♢ (8.18)

This is in fact a single-layer feed-forward neural network.
An interpretation of this model is that the original covariates Xj are transformed to

Zl before entering the linear model. This interpretation resembles the arguments for spline
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FIGURE 8.11
Deep learning activation functions. ReLU activation function A(b+WX) = (b+WX)+

for several b and W (left) and approximation to the true curve g(X) = (1 + X) cos(2πX)
using a linear combination of L neurons.

basis functions Bj(X) in (8.6) and (8.7). A key difference is that in the FFNN the Bayesian
model simultaneously learns the transformed variables (via the b1l and W1lj) and their effect
(via b2 and W2l), making the FFNN more efficient for high-dimensional problems.

Terminology is often a stumbling block in connecting neural network and statistical
models. In statistical linear regression, the parameters b2 and W2l in (8.17) can be referred
to as the intercept and slopes, respectively. However, when non-linear activation functions
are introduced as in (8.18), this linear terminology is misleading, and so the terms (in both
layers) b are referred to as biases and the terms W are referred to as weights. Also, in a
statistical model A and L might be referred to as the basis function and the number of
basis functions, but in deep learning they are called the activation function and number of
neurons. This stems from a neuroscience analogy. If we take the activation function to be the
ReLU function then we can think of Zl(X) as the output of a neuron that Ąres in response
to a particular stimulus, and the information from this stimulus in the data as measured
b1l +

∑p
j=1 XjW1lj . If the information is negative, the neuron does not Ąre and Al(X) = 0,

but once the information exceeds zero, the neuron Ąres with strength proportional to the
information.

According to the universal approximation theorem [81], under general conditions the
model in (8.17)-(8.18) can approximate any smooth function g(X) for large enough L,
and is thus a nonparametric model. This is illustrated by Figure 8.11, which plots the
true mean function g(X) = (1 + X) cos(2πX) by single input X (so p = 1). This smooth
curve is approximated by a deep FFNN with L neurons and ReLU activation function. For
illustration, the input layer weights are set to Wlj = 1, and biases are a grid of L values
spanning [−1, 1], so −1 = b1 < ... < bL = 1, and the output layer parameters b0 and W0l are
set to least squares estimates; of course, in reality all of these parameters would be estimated
using MCMC. The Ątted curves are piecewise linear functions, and it is clear that increasing
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L and selecting the weights and biases appropriate any smooth curve can be approximation
by a curve with form (8.17)-(8.18). Further, for large L and assuming the weights W0l are
Gaussian, arguments similar to those below (8.9) suggest that g approximates a Gaussian
process with covariance function that depends on the activation function [95].

While a single-layer FFNN in (8.17)-(8.18) is nonparametric in that it possesses the
universal approximation property, it has been found that empirical performance can be
improved by adding more layers, making it a deep learning model. This is a familiar concept
in Bayesian methods where layers are often added to hierarchical models to add Ćexibility
(Sections 2.2 and 7.1). Adding another layer gives

g(X) = b3 +

L2∑

k=1

Z2k(X)W3k (8.19)

Z2k(X) = A

(
b2k +

L1∑

l=1

Z1l(X)W2kl


for k ∈ ¶1, ..., L2♢ (8.20)

Z1l(X) = A


b1l +

p∑

j=1

XjW1jl


 for l ∈ ¶1, ..., L1♢. (8.21)

In this model, (8.21) is called the input layer because it is the initial transformation of
the inputs, X. The Ąnal layer (8.19) is called the output layer because it gives the Ąnal
output of the network. The middle layer (8.20) is called the hidden layer because it does
not directly involve either the covariates or response. Additional hidden layers can be added
in the obvious way.

As with any Bayesian analysis, the model parameters must be given prior distributions
(for an extensive review, see [50]). Selecting informative prior distributions for the weights
and biases is challenging because these parameters not interpretable. For example, in (8.19),
the weights W3k resemble linear regression effects of the covariates Z2k, but the Z2k are
actually obscure combinations of the original p covariates. Further, the parameters are
invariant to label switching; e.g., if Z21(X) and W31 are exchanged with Z22(X) and W32,
the function g(X) is unchanged.

Given that the individual parameters are not of interest, but rather represent a distribu-
tion of weights, it is natural to model them (and similarly for the biases) as random effects

(Section 4.4): W3k
iid∼ Normal(0, τ2

3 ), W2kl
iid∼ Normal(0, τ2

2 ) and W1jl
iid∼ Normal(0, τ2

1 ). Al-
though the individual weights are not interpretable, it is still possible to perform Bayesian
variable selection because covariate j is removed from the model if W1j1 = 0 for all l. This
motivates a grouped discrete or continuous shrinkage priors such as the horseshoe prior [63]

with W1jl
iid∼ Normal(0, τ2

1j) and τ1j ∼ HC(1). Discrete priors can be constructed similarly,
with τ1j having a prior with positive mass at τ1j = 0. Variable selection priors can also be
used to select the number of neurons per layer, since if W3k = 0 for some k, then the effective
number of neurons in the output layer is reduced by one. However, using cross-validation
to select the number of layers and neurons is more common.

Computation is also challenging for neural networks due to the large number of pa-
rameters and label-switching. Fortunately, the gradient of the posterior with respect to the
parameters is straight-forward to compute. This enables Hamiltonian Monte Carlo (Section
9.4) for moderately-sized datasets. For large datasets, more advanced methods are required
such as stochastic gradient MCMC and variational Bayesian methods (discussed brieĆy in
Section 3.4.4).

Despite these computational challenges, the Bayesian approach has advantages over
frequentist approach in terms of uncertainty quantiĄcation. Prediction uncertainty follows
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FIGURE 8.12
Hurricane intensity forecasting with FFNN. Mean absolute prediction error by lead
time for the Hurricane Weather Research and Forecasting (HWRF) model, the National
Hurricane Center (NHC) and FFNN using 10 or 20 neurons (left) and variable importance
for all covariates by lead time (gray) with emphasis on HWRF, sea surface temperature
(SST) and intensity (VMAX) at the time of the forecast.

trivially from MCMC output, as each iteration produces a different posterior sample of g
and draw of the response given g, and thus the posterior predictive distribution accounts
for both epistemic and aleatoric uncertainty. Also, with the full posterior distribution of
g, it is possible to quantify the relative importance of the each covariate and make careful
probabilistic statements about which variables are the most important (see Section 8.5). It
is also possible to incorporate information from other Ątted networks [1], although this is
more complicated than for parametric models.

Our discussion has been limited to FFNN for the classic nonparametric regression case
with a scale response variable and p scalar predictors. As we have seen, there are connections
between the FFNN and GAM and GP regressions, and so there is no clear choice between
these methods in practice. However, deep learning uniquely excels in settings where the data
are not scalars and have more complex structure such as images or paragraphs of text. In
these cases, different layers of the network are able to extract and combine features of the
data in a computationally efficient manner. These neural networks are sophisticated with
many layers and ingenious ways to process information, but the basic approach to applying
Bayesian methods to analyze them is similar to the FFNN, and so we leave this as future
reading.

Analysis of the hurricane intensity data: The Bayesian neural network model is
Ątted using one hidden layer as in (8.17)-(8.18) using the ReLU activation function and
the horseshoe prior for all standard deviation parameters. We compare L = 10 and L = 20
neurons in the hidden layer. MCMC uses Gibbs sampling for the variance and output-layer
parameters, and HMC (20 leapfrog steps and step-size tuned to give 80% acceptance rate)
for the input-layer parameters bl and Wlj for l ∈ ¶1, ..., L♢. The results are shown in Figure
8.12.
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As with the other semiparametric regression methods, the feed-forward neural network
reduces MAE compared to HWRF for shorter lead times with mixed results for longer lead
times. Figure 8.12 (right) plots the posterior mean of σw for each covariate and lead time
as a crude measure of variable importance. As with other analyses, sea surface temperature
is less important than the HWRF prediction and current storm intensity; see Section 8.5
for a more formal analysis of variable importance for this neural network model.

8.4 Models for the residual distribution

The focus of nonparametric regression is a Ćexible model for the mean response. If the
objective is merely a point prediction, then an accurate estimate of the mean function is
likely sufficient. However, if the objective is to perform statistical inference on parameters
or provide valid prediction intervals, then a model for the residual distribution is required.
Checking that the assumed residual distribution Ąts well is part of any standard analysis. If
a plot of the residuals from the estimated mean function are clearly non-Gaussian, then a
transformation of the response could be performed or a non-Gaussian error distribution (e.g.,
StudentŠs t-distribution) could be Ąt. In the spirit of machine learning, this chapter discusses
two approaches to automating this process. In Section 8.4.1, we extend the nonparametric
repression approach from the mean function to the Gaussian variance function. Section
8.4.2 dispenses with the Gaussian, or any other parametric error distribution, in favor of
modeling the error distribution semiparametrically.

8.4.1 Heteroskedastic models

The standard linear regression analysis in Section 4.2 assumes a homoskedastic variance
Var(εi) = σ2 for all i. A more Ćexible heteroskedastic model allows the covariates to affect
both the mean and the variance. A natural approach is to build a linear model for the
variance as a function of the covariates so that Var(εi) = σ2(Xi). Since the variance is
positive, we must transform the linear predictor to be positive before linking to the variance.
For example,

σ2(Xi) = exp




p∑

j=1

Xijαj


 . (8.22)

The parameter αj determines the effect of the covariate j on the variance and must be
estimated. JAGS code for this model is in Listing 8.3. The variance model does not need to
be a log-linear function of covariates, and any of the nonparametric regression models for
the mean can be applied to the variance. For example, in the example below we use spline
regression for the variance.

Motorcycle example: The variance of the observations about the mean trend in Figure
8.5a clearly depends on X, with small variance at the beginning of the experiment and large
variance in the middle. To capture this heteroskedasticity in a Ćexible way, we model the
log variance using the same J B-spline basis functions used for the mean,

g(X) = β0 +

p∑

j=1

Bj(X)βj and log[σ2(X)] = α0 +

p∑

j=1

Bj(X)αj , (8.23)

where βj ∼ Normal(0, σ2
b ) and αj ∼ Normal(0, σ2

a). The hyperparameters have uninforma-
tive priors σ2

a, σ
2
b ∼ InvGamma(0.1, 0.1).
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Listing 8.3
JAGS model statement for heteroskedastic Gaussian regression.

1 for(i in 1:n){

2 Y[i] ~ dnorm(mu[i],prec[i])

3 mu[i] <- inprod(x[i,],beta[])

4 prec[i] <- 1/sig2[i]

5 sig2[i] <- exp(inprod(x[i,],alpha[]))

6 }

7 for(j in 1:p){beta[j] ~ dnorm(0,taub)}

8 for(j in 1:p){alpha[j] ~ dnorm(0,taua)}

9 taub ~ dgamma(0.1,0.1)

10 taua ~ dgamma(0.1,0.1)

FIGURE 8.13
Nonparametric regression for the motorcycle data. Panel (a) plots the time since
impact (scaled to be between 0 and 1) and the acceleration (g) along with the posterior
median and 95% interval for the mean function from the heteroskedastic Ąt; Panel (d) shows
the posterior median and 95% intervals for the variance functions from the heteroskedastic
model.
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The pointwise 95% intervals of σ2(X) in Figure 8.13b suggest that the variance is indeed
small at the beginning of the experiment and increases with X. Comparing the posterior
distributions of the mean trend g(X) for the homoskedastic (Figure 8.5a) and heteroskedas-
tic (Figure 8.13a) models, the posterior means are similar but the heteroskedastic model
produces more realistic 95% intervals with widths that vary according to the pattern of the
error variance. Therefore, it appears that properly quantifying uncertainty about the mean
trend requires a realistic model for the error variance.

8.4.2 Bayesian density estimation

Most Bayesian regression models assume Gaussian errors, but more Ćexible methods are
easily constructed. For example, to accommodate heavy tails, the errors could be modeled
using a StudentŠs t- or double-exponential (Laplace) distribution. To further allow for asym-
metry, generalizations such as the skew-t and asymmetric Laplace distributions would be
used. Listing 8.4a provides code for regression with StudentŠs t-distribution errors.

In most analyses, a suitable parametric distribution can be found. However, this pro-
cess is subjective and difficult to automate. Just as a mixture of conjugate priors (Section
2.1.8) can be used to approximate virtually any prior distribution, the mixture-of-normals
distribution can be used to approximate virtually any residual distribution. The mixture-
of-normals density for ε is

f(ε) =
K∑

k=1

πkϕ(ε; θk, σ
2), (8.24)

where K is the number of mixture components, πk ∈ (0, 1) is the probability on mixture
component k, and ϕ(ε; θ, τ2) is the Gaussian PDF with mean θ and variance τ2. This model
is equivalent to the clustering model where

Yi♣gi ∼ Normal




p∑

j=1

Xijβj + θgi
, σ2


 (8.25)

and gi ∈ ¶1, ...,K♢ is the cluster label for observation i with Prob(gi = k) = πk. By letting
the number of mixture components increase to inĄnity, any smooth distribution can be
approximated, and by selecting priors that are Gaussian, inverse gamma, and Dirichlet
priors for θk, σ2, τ2 and (π1, ..., πK), respectively, all full conditional distributions for all
parameters are conjugate permitting Gibbs sampling (Listing 8.4b).

For a Ąxed number of mixture components (K), the mixture-of-normals model is a
semiparametric estimator of the density f(ε). There is a rich literature on nonparametric
Bayesian density estimation [62]. The most common model is the Dirichlet process mixture
model that has inĄnitely many mixture components and a particular model for the mixture
probabilities.

Density regression: The most Ćexible model for a residual distribution combines the
heteroskedastic and mixture-of-normal models, giving Bayesian density regression (e.g.,
[46]). The idea is to develop a framework so that the distribution can deviate arbitrarily
from normality and across the covariates. For instance, the distribution might be left-skewed
for one range of the covariates but right-skewed for another. If this model can be Ąt, then
it provides a complete understanding of the covariatesŠ effects on the response distribution.
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Listing 8.4
Model statement for Gaussian regression with non-normal errors.

1

2 # (a) Regression with Student’s t-distribution errors

3 for(i in 1:n){

4 Y[i] ~ dt(mu[i],tau,df)

5 mu[i] <- inprod(X[i,],beta[])

6 }

7 for(j in 1:p){beta[j] ~ dnorm(0,taub)}

8 tau ~ dgamma(0.1,0.1)

9 df ~ dgamma(0.1,0.1)

10

11

12 # (b) Regression with mixture-of-normals errors

13 for(i in 1:n){

14 Y[i] ~ dnorm(mu[i]+theta[g[i]],tau1)

15 mu[i] <- inprod(X[i,],beta[])

16 g[i] ~ dcat(pi[])

17 }

18 for(k in 1:K){theta[k] ~ dnorm(0,tau2)}

19 for(j in 1:p){beta[j] ~ dnorm(0,tau3)}

20 tau1 ~ dgamma(0.1,0.1)

21 tau2 ~ dgamma(0.1,0.1)

22 tau3 ~ dgamma(0.1,0.1)

23 pi[1:K] ~ ddirch(alpha[1:K])

The mixture-of-normals model in (8.24) has three types of parameters: mixture proba-
bilities (π), means (θ) and variances (σ2). Any or all of these parameters could theoretically
depend on the covariates, but conceptually the easiest approach is to allow the covariates
to affect the mixture means

f(ε♣X) =
K∑

k=1

πkϕ
{
ε; θk(X), σ2

}
. (8.26)

The mean functions θk can be modeled using linear regression, θk = Xαk, with different
regression coefficients (αk) in each mixture component or using nonparametric regression
methods such as spline regression. If the mean is sufficiently modeled in density regression,
then the overall mean g(X) can be removed.

To illustrate the Ćexibility of this model, Figure 8.14 plots the distribution for p = 1
covariate and K = 3 mixture components with π1 = 0.5, π2 = 0.3, π3 = 0.2, σ = 0.5 and
the mean functions θk(X) given in the left panel. Even with this fairly simple model, the
distribution varies from symmetric to left- and right-skewed over X.

Assuming a moderately-complex speciĄcation for the θk, the model can be Ąt using
code similar to Listing 8.4b. However, care must be taken to monitor convergence due
potential label-switching. That is, the model with θ1(X) and θ2(X) relabeled as θ2(X) and
θ1(X) gives an identical Ąt, and so without restrictions, the individual parameters will not
converge to unique values. Instead of monitoring convergence of individual parameters, it is
better to monitor convergence of the distribution f(ε♣X) for a few X because this quantity
is invariant to label switching.
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FIGURE 8.14
Illustration of Bayesian density regression. Panel (a) plots the mean functions θk(X);
Panel (b) shows the distribution of ε♣X.

8.5 Interpretable machine learning

Machine learning models are designed to be Ćexible and when trained with large datasets
often provide more accurate predictions than classical statistical methods. However, in many
cases, accurate predictions alone are insufficient, and understanding of factors that that
drive the predictive model are required in order to understand and trust the prediction
algorithm. More fundamentally, understanding the relationships between variables is how
science advances. Balancing predictive power with understanding the Ątted model is the
objective of interpretable machine learning (e.g., [108]).

One approach to interpretable machine learning is to select a transparent model such
as linear or logistic regression. However, if the transparent model Ąts poorly, the result-
ing analysis is questionable. Another approach is to Ąt a robust machine learning model
and post-process the Ątted model to elucidate the covariate effects. This is the topic of
the chapter. The Bayesian approach is natural for this task. MCMC produces samples
from the model parameters, and these parameters can be transformed to any quantity that
summarizes the Ąt of the model and automatically gives the posterior distribution of this
quantity. Viewed this way, interpetable machine learning is simply the analyst using the
Ątted Bayesian model to creatively examine relationships between variables.

Before discussing general methods for interpreting machine learning models, we Ąrst
examine the trade-off between Ątting a simple but incorrect linear regression model versus
a complicated but robust machine learning model. Consider the synthetic data in Figure
8.15 (left). The data are generated with a cubic relationship between the single covariate and
the response, but is only slightly non-linear and perhaps close enough to linear that a simple
linear regression model is an appealing choice. Fitting this model results in a one-number
summary of the covariate effect (the slope) and a simple test of statistical signiĄcance
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FIGURE 8.15
Simulation study comparing linear and non-linear regression. The left panel plots
a synthetic dataset generated with true mean equal to g(X) = X3; the right panel shows
the sampling distribution of the posterior mean of ∆ = g(1) − g(0) for a Bayesian linear
model and Bayesian spline regression model with J = 5 basis function (coverage of 95%
intervals is given below the boxplots).

(e.g., a Bayes factor). Alternatively we could Ąt a spline regression model which would
likely give a better Ąt, but require tuning (selecting the number of basis functions), and
results in a model with many parameters and a curve, rather than a scalar, to describe the
covariate effect. However, with some post-processing of the posterior, we can still describe
the covariate effect with a single value, such as the slope of the mean curve evaluated at the
two endpoints, ∆ = [g(1) − g(0)]/[1 − 0]. In a Bayesian analysis, MCMC produces the full
posterior of this interpretable quantity without having to assume the true model is linear.
So, which approach to choose, Ąt a linear model or Ąt a non-linear model and summarize
the posterior using interpretable quantities?

We conduct a simulation study to answer this question. For each of 1000 simulated

datasets, we generate n = 100 observations from the true model Xi
iid∼ Uniform(0, 1) and

Yi♣Xi ∼ Normal(X3
i , 0.252). We then Ąt each dataset twice using the default settings in the

BLR package [41], once using a linear and once using a semiparameteric spline model:

• Linear: Yi♣β ∼ Normal(β0 +Xiβ1, σ
2)

• Spline: Yi♣β ∼ Normal(β0 +
∑5

j=1 Bj(Xi)βj , σ
2)

where Bj are B-spline basis functions. For the linear model ∆ = β1 and for the spline model
∆ = β5 because for X = 1 all basis functions are zero except the last one which is B5(1) = 1
(Figure 8.5b).

The linear model is clearly incorrect, and the spline model includes the cubic mean
function as a special case but also includes many irrelevant terms. For each simulated
dataset, we approximate the posterior mean and 95% interval of the parameter of interest,
∆, and Figure 8.15 reports the sampling distribution of the posterior mean and coverage
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probability of the credible intervals. The incorrectly speciĄed linear model exhibits negative
bias and undercoverage. On the other hand, the spline regression model is unbiased with
valid coverage, but at the expense of increased variability. We elaborate on this bias/variance
trade-off in Chapter 9, but for now note that Ątting the incorrect linear model has poor
statistical properties.

As with selecting the prior distribution, there is no single best way to summarize the
Ąt of a machine learning model. One general approach is to use properties of the Ątted
model to summarize covariate effects, such as the proportion of the trees that include each
covariate in BART. While these model-speciĄc summaries are valuable, here we focus on
model-agnostic summaries that view the mean function g(X) as a black box and can thus
be applied to virtually any nonparametric regression model.

Accumulated local effects and variable importance: The accumulated local effects
(ALE) method [8] summarizes the effect of a covariate using the partial derivatives of the
mean function g(X). Let the partial derivative of g(X) with respect to the jth covariate
equal

dj(X) =
∂

∂Xj
g(X).

Under the linear model, g(X) =
∑p

j=1 Xjβj , dj(X) = βj reduces to the usual summary of
a covariate effect in linear regression.

If g(X) is non-linear or has interactions, then dj(X) is interpreted as the local (in
covariate space) linear effect of Xj . That is, with all other variables Ąxed at X, dj(X) is the
effect of slightly increasing Xj . Since the local effect of Xj depends on the value of all other
covariates, dj(X) is a complex and uninterpretable function. To reduce the complexity of
this function, the local effect (LE) simply average of these local linear effects across the
distribution of the other covariates,

LEj(x) = E¶dj(X)♣Xj = x♢

where the expectation is with respect to the distribution of X given Xj = x. A plot of
LEj(x) versus x summarizes the importance of Xj ; if LEj(x) ≈ 0 for all x then Xj on
average does not affect the mean response. A limitation of this summary measure is that if
Xj has a positive effect for some X and a negative effect for others, then these effects could
offset and LEj(x) ≈ 0 even though Xj impacts the mean response.

To plot the covariate effects on the original scale rather than the derivative scale, the
local effects are integrated (accumulated) giving the accumulated local effect (ALE)

ÃLEj(x) =

∫ x

lj

LEj(x′)dx′,

where the support of Xj is [lj , uj ]. Since the ALE is a function of only gŠs derivative, it is
invariant to an additive constant. Therefore, the ALE is centered around zero by subjecting
the mean given the Ąnal, centered, version

ALEj(x) = ÃLEj(x) − E
{
ÃLEj(Xj)

}
(8.27)

where the expectation is with respect to the distribution of X. A plot ofXj versus ALEj(Xj)
summarizes the main effect of Xj on the mean response; if dj(x) ≈ 0 and ALEj(x) is
Ćat, then this indicates that covariate j is, averaging over covariate space, null. The ALE
summarizes the main effect of covariate j on the mean response, similar to the main effect
in the GAM model in Section 8.3.1. A conceptual distinction is that the ALE plot does
not build a model assuming an additive structure; rather it summarizes the mean function
Ątted from a Ćexible model using the idea of a main effect.
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ALE can also be computed for categorical predictors and interactions. Quantifying inter-
action effects using ALE is very similar to the main effects. The local effect of the interaction
between Xj and Xk is

djk(Xj , Xk) =
∂2

∂Xj∂Xk
g(X).

This local effect is then converted to the ALEjk(xj , xk) by taking its expected value with
respect to X given Xj = xj and Xk = xk, then using bivariate integration and centering.
The ALE can then be viewed as a surface over Xj and Xk. Higher-order interaction terms
can be computed following similar steps, but are difficult to compute and interpret. For
categorical variables, derivatives are replaced with the difference between g(X) evaluated
for different categories.

While the ALEs are useful measures of covariate effects, they are curves or surfaces,
and it useful to further distill this information down to a single number to rank variables in
terms of their overall importance. Intuitively, if ALEj(x) is variable across x but ALEk(x)
is Ćat, then Xj is a more important predictor than Xk. This intuition leads to using the
standard deviation of ALEj(x) as a measure of variable importance [68],

V Ij = SD¶ALEj(Xj)♢ (8.28)

where the standard deviation is computed with respect to the distribution of Xj . A similar
formula applies to interaction effects, but for categorical predictors the standard deviation
is replaced by one fourth of the range across categories.

Computing the ALE and VI measures require differentiation and integration, which is
challenging for black-box prediction methods and large datasets. Fortunately, [8] derive
an efficient algorithm to approximate the ALE and VI, and the methods are available
in the R package ALEplot [7]. While the details of this approximation are beyond the
scope of this chapter, a key idea is that a Bayesian implementation can quantify posterior
uncertainty about ALEj and V Ij . The mean function g, and thus the derived quantities
ALEj and V Ij , are functions of unknown parameters (e.g., the basis function coefficients
in GAM). Therefore, posterior uncertainty about ALEj and V Ij can be quantiĄed using
MCMC output. As with any summary of the parameters, if ALEj and V Ij are computed
at several MCMC iterations, then these samples approximate their posterior distributions.
These samples can then be used to give credible bands for each ALEj and credible intervals
and posterior rankings of the V Ij .

Analysis of the hurricane intensity data: Figure 8.16 shows the variable importance
and ALE measures for the neural network with M = 10 neurons for three-hour lead time as
described in Section 8.3.4. Perhaps due to the horseshoe prior, a few covariates dominate
the variable importance. In fact, the posterior probability that HWFI is the most important
variable is 0.97 (i.e., the proportion of the MCMC samples for which its VI is the largest).
The posterior uncertainty provided by the Bayesian analysis shows that there is deĄnitive
separation between variable importances.

The centered ALE plots in Figure 8.16 show the effects of three predictors. Although
conceptually different, the ALE plots resemble the GAM main effect plots in Figure 8.7
(left). SST is not important, HWRF has an increasing effect, and the current intensity has
a more quadratic effect.
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FIGURE 8.16
Covariate effects in the neural network model of hurricane intensity. The top
left panel plots the posterior of the variable importance measures V Ij , and the remaining
panels show the posterior of ALEj(X) for the HWRF prediction, sea surface temperature
and current intensity (VMAX_T0), all for the three-hour lead time.
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8.6 Applications of Bayesian machine learning

The core machine-learning/nonparametric methods introduced above are designed to make
predictions and quantify prediction uncertainty. However, these powerful methods have been
creatively used for many other statistical tasks. Below we give a Ćavor of these applications
and emphasise the strengths of the Bayesian approach in terms of quantifying uncertainty
and ease of interpretation.

8.6.1 Causal inference

The ultimate goal of most scientiĄc inquiry is to understand causal relationships between
variables. Only a causal understanding leads to a reliable intervention strategy. The gold-
standard approach for establishing causality is a controlled experiment that often relies
on randomization. In a carefully-designed experiment, methods such as the Bayesian two-
sample t-test (Section 4.1.2) are sufficient, and there is little need for advanced statistical
modeling. However, due to ethical or Ąnancial considerations, not all questions can be
answered with controlled experiments, and in these cases observational data is used in lieu
of an experiment. This introduces many sources of potential bias and can never result in a
deĄnitive causal conclusion. However, methods from causal inference can be used to reduce
bias and clearly state the assumptions needed to interpret a relationship as causal. This
does require advanced statistical analysis, often incorporating machine learning methods.
In this role, machine learning is not used as a black-box prediction tool; on the contrary, it
is a key component of the foundational task of understanding causal mechanisms.

In this chapter, we largely follow [96] to give an overview of causal inference via the
Rubin causal framework [132] and Bayesian machine learning. This framework begins with
potential outcomes. Each unit (e.g., patient) is associated with a different potential outcome
under two treatments that we refer to as treatment and control. For unit i = 1, ..., n with
covariates Xi, let Yi(0) be the potential outcome if the unit is given the control and Yi(1) be
the potential outcome if the unit is given the treatment. If both of these potential outcomes
were observed, then the average of Yi(1) − Yi(0) over the n units would be the causal effect
estimate,

∆ =
n∑

i=1

¶Yi(1) − Yi(0)♢/n.

However, we only observe one of the two potential outcomes and the challenge is estimating
the causal effect using the available data, denoted as outcome Yi and treatment indicator
Ai ∈ ¶0, 1♢, where Ai = 0 indicates control and Ai = 1 indicates treatment.

There are several quantities of interest in a causal analysis. Ideally, we would estimate
the treatment for individual units through the individual treatment effect ITEi = Yi(1) −
Yi(0) because this could guide interventions. This is generally too difficult because only
one potential outcome is observed, so instead we might average over units with the same
covariate values giving the conditional (on the covariates) average treatment effect

CATE(x) = E¶Yi(1) − Yi(0)♣Xi = x♢ = g1(x) − g0(x)

where ga(x) is the expected value of Yi(a) given Xi = x. Similar to nonparametric regression,
g0 and g1 are complex functions that might be difficult to interpret. A one-number summary
of the overall treatment effect is the population average treatment effect

PATE = E¶CATE(X)♢,
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where the expectation is with respect to the distribution of the covariates X and can be
approximated as the mixed average treatment effect MATE =

∑n
i=1 CATE(Xi)/n.

To connect potential outcome with standard Bayesian methods, say m = n/2 observa-
tions are assigned to the treatment group and the rest to the control group. These data
could be analyzed using the Bayesian two-sample t-test in Section 4.1.2. The posterior
mean estimator in (4.8) is the difference between group means, Ȳ1 − Ȳ0 for group means
Ȳ1 =

∑n
i=1 AiYi/m and Ȳ0 =

∑n
i=1(1 −Ai)Yi/m. To connect this estimator back to the po-

tential outcomes, we assume that the observed treatment assignment dictates the potential
outcome that is observed; i.e., if Ai = 0, then Yi = Yi(0), and if Ai = 1, then Yi = Yi(1).
Then (recalling 1/m = 2/n)

Ȳ1 − Ȳ0 =
2

n

n∑

i=1

AiYi(1) + (1 −Ai)Yi(0).

Further assumptions are needed to relate this estimator to the causal effect.
The most robust way to estimate the casual effect is a randomized trial. Say the m units

given the treatment are a complete random sample from ¶1, ..., n♢ so that E(Ai) = 1/2 for
all i. Then the simple difference in sample means is an unbiased estimator of the causal
effect because the expected value (where the treatment allocation A = (A1, ..., An) is the
random variable) of the difference is

E(Ȳ1 − Ȳ0) = ∆ =
n∑

i=1

¶Yi(1) − Yi(0)♢/n.

The difference in means estimator does not use the covariates, Xi. The precision of the es-
timator can be increased by incorporating covariate information, but randomization breaks
the dependence between covariates and treatment assignment, so simply treating the co-
variates as unobserved error is sufficient to obtain an unbiased estimator.

Treatments are not randomized in observational studies, and this can lead to systematic
bias. Consider the extreme scenario that units are given treatment Ai = 1 if Yi(1) > Yi(0)
and Ai = 0 otherwise. This obviously induces positive bias in the estimation of the treatment
effect. While this is a pathological case, similar factors may be lurking in a study where Ai

is an indicator that subject i has a particular diet and Yi is a measure of their health. In an
observational study, the subject chooses their own diet, and they may have experimented
with different diets and settled on the one they found personally optimal, so that Ai is
more likely to be one if Yi(1) > Yi(0). The goal of causal inference is to mitigate biases in
observational studies to the extent possible.

Mitigating bias requires some information about its source. The most common method
for dealing with bias is to assume it is explained by measured confounding variables in Xi.
A variable is a confounding variable if is correlated with both the treatment variable and
the response. In this approach, a causal inference can only be achieved if all confounding
variables are included in the model, and thus careful consideration of the sampling design
and biasing mechanism is crucial. Therefore, the Ąrst and most important step in a causal
inference is to understand the problem and select appropriate confounding variables. Given
that the appropriate confounding variables have been identiĄed, they can be included in
the statistical model as covariates in a linear regression or machine learning models, as
described below.

To illustrate the effects of confounding variables, the two datasets in Figure 8.17 are
generated from the models:

• Linear: Yi(a) ∼ Normal(a+Xi, 0.1
2)
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• Non-linear: Yi(a) ∼ Normal(0.1a+ aX2
i +X2

i , 0.1
2).

In both cases, 100 observations have Ai = 0, and 100 have Ai = 1, and the single covariate is
generated as Xi♣Ai ∼ Beta(Ai + 0.5, 1.5 −Ai). The observed response is set to the potential
outcome determined by Ai, so Yi = Yi(Ai). The true CATE is CATE(x) = 1 for the linear
model and CATE(x) = 0.1 + x2 for the non-linear model.

The treatment is dependent on the covariate, and thus ignoring the covariate leads to
bias. For the linear model, the mean response is 0.22 for observations with Ai = 0 and 1.72
for observations with Ai = 1; therefore a crude estimate of the treatment effect ignoring
the covariate is 1.72 − 0.22 = 1.50, which is much larger than the true value of one. This
discrepancy arises because the mean of Xi is smaller for Ai = 0 than Ai = 1, and Xi is
correlated with the response (top left of Figure 8.17).

To link the observed data and the potential outcomes and establish the role of confound-
ing variables requires assumptions about the data-generating model. Common assumptions
include:

(A1) Stable unit treatment value assumption (SUTVA): For each unit, the observed
response equals the potential outcome dictated by the observed treatment assignment,
Yi = Yi(Ai).

(A2) No unmeasured confounders: Given Xi, the treatment Ai is independent of the
potential outcomes Yi(0) and Yi(1).

(A3) Covariate overlap: The propensity score e(x) = Prob(Ai = 1♣Xi = x) is bounded
away from 0 and 1 for all i, 0 < e(Xi) < 1.

Assumption A1 seems trivial, but it is key to relating the potential outcomes to the observed
data. A common violation is interference/spillover, which occurs if the response for unit i
is affected by the treatment status of other units, such as another unit that is close to unit
i in space. Assumption A2 states that the observed covariates are sufficient to explain all
non-random sampling of the treatment variable, so that if the covariates are incorporated
correctly the results can resemble the results of a randomized experiment. Assumption A3
is required for estimation of the CATE; e.g., if e(x) = 0, then all observations with Xi = x
have Ai = 0, so g1(x) cannot be estimated without extrapolation. Generally, Assumptions
A1 and A2 are not veriĄable with observed data, but provide a basis to evaluate the validity
of causal claims; Assumption A3 can and should be checked using the observed data.

A special case of Assumption A2 that we adopt throughout is

Yi(a)♣Xi
indep∼ Normal

{
ga(Xi), σ

2
}
,

so that confounding variables determine the mean but not the variance or other aspects of
the potential outcome distribution. With Assumption A1 and this special case of Assump-
tion A2, the model for the observed data is

Yi♣Ai,Xi
indep∼ Normal

{
(1 −Ai)g0(Xi) +Aig1(Xi), σ

2
}
. (8.29)

Assumption A3 implies that both g0(Xi) and g1(Xi) can be estimated because both Ai = 0
and Ai = 1 are possible for all observed Xi. Therefore, under these assumptions, if we Ąt a
Bayesian model to estimate the parameters in (8.29), these estimates relate directly to the
treatment effects CATE and MATE deĄned by the potential outcomes. An advantage of
the Bayesian approach is that summaries of posterior uncertainty about causal effects are
directly available from MCMC sampling. SpeciĄcally, the JAGS code in Listing 8.5 returns
estimates of the full posterior distribution of CATE and MATE.
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FIGURE 8.17
Illustration of confounding variables in causal inference. The top row plots data and
Ątted values for a linear model and the true and estimated conditional average treatment
effect (CATE); the bottom row repeats this for a non-linear example. This Ągure is adopted
from Figure 1 of [96].
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Listing 8.5
JAGS model for causal inference. B includes an intercept and spline basis functions of the
covariate Xi.

1 # mn[i] = mn0[i] if A[i]=0 and mn1[i] if A[i]=1

2 for(i in 1:n){

3 Y[i] ~ dnorm(mn[i],tau)

4 mn[i] <- (1-A[i])*mn0[i] + A[i]*mn1[i]

5 mn0[i] <- inprod(B[i,1:5],beta[1:5])

6 mn1[i] <- inprod(B[i,1:5],beta[6:10])

7 CATE[i] <- mn1[i] - mn0[i]

8 }

9 for(j in 1:10){beta[j] ~ dnorm(0,0.01)}

10 tau ~ dgamma(0.1,0.1)

11 MATE <- mean(CATE[1:n])

Returning to the data in Figure 8.17 (top left), we could estimate the causal effect using
a Bayesian analysis of (8.29). Visual inspection of the data suggests that linear models
are sufficient for both treatment groups, so ga(x) = αa + γax for a = 0, 1. Rearranging
terms gives a linear model that includes Ai, Xi and their interaction, i.e., with E(Yi♣β) =
β1 + β2Ai + β3Xi + β4AiXi. If the model assumptions are correct, this removes the effect
of Xi and isolates the true treatment effect (top right of Figure 8.17). Averaging over Xi,
the true MATE is one, and the posterior median and 95% interval are 0.98 and (0.94,1.02),
so after adjusting for the confounder variable, the Bayesian linear regression returns a good
estimate of the causal effect.

Turning to the non-linear example in Figure 8.17 (lower left), Ątting a linear model
is clearly inappropriate for these data. Any of the nonparameteric regression models in
Section 8.3 could be used to model the mean functions g0 and g1. [75] and [72] recommend
BART. Listing 8.5 gives JAGS code for a spline regression with Ąve basis functions for
each treatment group. By using a Ćexible machine learning model, the covariate effects are
properly accounted for, and the CATE (lower right of Figure 8.17) is estimated fairly well.
The true MATE is

∑n
i=1(0.1 +X2

i )/n = 0.45, and the posterior mean (95% interval) of the
MATE is 0.47 (0.28, 0.64), so the method provides an accurate estimate of the causal effect.

In this example, the covariate overlap assumption is questionable because Xi is never less
than 0.1 for Ai = 1 or greater than 0.9 for Ai = 0. However, in the linear example, because
a simple linear model is assumed (and in this simulated example justiĄed) the variability is
not too large for extrapolation, and the variance of the CATE is only slightly larger near the
boundary of XiŠs support. In contrast, for the nonlinear example the violation of the overlap
assumptions leads to huge varability in the CATE near the boundaries which propagates to
large posterior variance for the MATE.

Of course, the discussion of Bayesian casual inference merely scratches the surface of this
rich and rapidly-evolving area. Some other notable approaches are to include the propensity
score in the analysis, either by Ąrst Ątting the propensity score model using logistic regres-
sion and then using it as a covariate, or using a joint Bayesian analysis of the propensity
score and the response [173]. Another current thread is accounting for dependence between
observations, such as spatiotemporal dependence [128].

8.6.2 Precision medicine

Assuming a causal relationship is established, either through a randomized experiment or
a careful observational study, then the results can be used for decision making. If a study
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establishes that the MATE of a treatment versus control is statistically signiĄcant, then
one might recommend using this treatment. Rather than a single decision applying to the
entire population, precision medicine [93] devises targeted recommendations (medication,
dose, frequency, etc.) for speciĄc patients or subgroups of patients deĄned by covariates,
e.g., treatment if the patient is over 65 years old and control otherwise.

The target for precision medicine is a decision rule that recommends an action based on
the covariates. Let D(X) be the decision rule for a patient with covariate X. The rule can be
either deterministic or stochastic. If there are two treatments, and the rule is deterministic,
then D(X) = 1 assigns the patient to treatment, and D(X) = 0 assigns the patient to
control. If the rule is stochastic, then D(X) could be the probability of assigning the patient
to the treatment. The decision rule differs from the distribution of the treatments assigned
in the training data, A1, ..., An. In causal inference, it is assumed that the covariate effects
on treatment assignment are captured in the propensity score, Prob(Ai = 1♣Xi) = e(Xi).
In precision medicine, we use these training data to estimate the causal effect, and then
assign future treatment following the optimal decision rule, i.e., Prob(An+1 = 1♣Xn+1) =
D(Xn+1).

The treatment effect for a patient with covariates X is summarized by the conditional
average treatment effect, CATE(X), introduced in Section 8.6.1. Assuming a large value of
the response variable is desirable, then all things being equal (cost, side effects, etc.), the
treatment is beneĄcial compared to control for a patient with covariates X if CATE(X) > 0
and not beneĄcial if CATE(x) ≤ 0. In the hypothetical nonlinear example in Figure 8.17
(bottom right), the posterior mean of CATE(X) is positive for all X, but the treatment
appears to be more beneĄcial for patients with X between 0.5 and 0.8. This Bayesian
analysis powered by MCMC returns not only an estimate of the CATE, but also the full
posterior distribution including the posterior probability that CATE(X) is positive, denoted
pCATE+(X).

The decision rule that assigns the treatment most likely to have the optimal CATE
is D0(X) = 1 if pCATE+(X) > 0.5 and D0(X) = 0 otherwise. This rule is optimal in
the sense that it maximizes the probability that patients are given the optimal treatment.
Thompson sampling (Section 5.3) is a stochastic version of this rule and assigns treatment 1
with probability pCATE+(X). With a single covariate, the CATE (and thus these decision
rules) can be visualized as in Figure 8.17. However, if the treatment depends on multiple
variables and is Ąt using a machine learning model such as BART, then it is difficult to
understand and implement such a complex treatment rule.

Interpretable machine learning can be used explain the operating characteristics of a
complicated decision rule, or to develop a new and simpler rule that approximates the
complicated rule. Since the decision rule D(X) is a function of the covariates just like
the nonlinear mean function g(X) in Section 8.3, methods such as the accumulated local
effect in Figure 8.15 can be used to understand the effects of individual covariates on the
decision rule and rank covariates in terms of importance. An alternative to interpreting a
complex rule is to devise a simpler and more interpretable rule. For example, a regression
tree (Section 8.3.3) might approximate the complicated decision rule D0, e.g.,

D0(X) ≈ DT (X) =

{
1 x3 < c1 and x7 < c2

0 Otherwise
(8.30)

where the thresholds cj and variables to include in the rule (x2 and x7) are selected to give
the best approximation. One way to Ąt the tree is to compute D0(X) for the n training
observations and then regress D0(X1), ..., D0(Xn) onto X1, ...,Xn using the rpart package
[153] in R. The decision rule can also be approximated with logistic regression to give a
linear treatment rule.
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Markov decision process: Thus far we have considered a simple case where each
patient in the training data produces a single data point and there is a single decision
to be made for each potential patient. Optimal decision making is more challenging when
data are collected and decisions are made longitudinally. This occurs routinely in medical
settings where a patient visits a doctor periodically to decide whether to switch medications
or change the dose of their current medication.

To formalize the problem, say training patient i ∈ ¶1, ..., n♢ enters the study with co-
variates Xi that do not evolve over time. They return for regular visits, and at visit number
t their health response is Yit, and they are assigned treatment Ait. Treatment assignment
for the training data could be observational and inĆuenced by the covariates or the pa-
tientŠs health status and past treatments. The patientŠs history going back m time points
is denoted as Hit = ¶Xi, Yit−m, ..., Yit, , Ait−m, ..., Ait−1♢.

The decision problem is to devise a rule to assign treatment given Hit. This is an example
of a Markov decision process [152], where decisions are made based on available data. A
Bayesian analysis begins with Ątting a model for future responses given the history Hit and
the current treatment Ait using the training data. The model could be

Yit+1♣Hit, Ait
indep∼ Normal

{
g(Hit, Ait), σ

2
}
, (8.31)

where g is modeled using a machine learning model such as the causal inference model with
BART in Section 8.6.1. This model can be Ąt using standard machine learning techniques.
Because the distribution of Yit+1 depends on Yit, this accounts for longitudinal dependence.
Assuming m is sufficiently large, this model can even capture treatment lag effects where
the treatment at time t has no immediate effect but does impact future health responses.
Further complicating the problem is that future performance depends on the allocation of
future treatments, which may depend on yet-to-be-observed changes in health status.

Policy search is a general strategy for optimizing a treatment assignment rule that max-
imizes performance across the population [116]. Although not necessary, an interpretable
approach is a parametric policy that depends only on a few tuning parameters. For example,
D(Hit) = 1 with probability η(Hit) and

logit¶η(Hit)♢ = α0 +
P∑

j=1

Hitjαj

where Hitj are the P elements in Hit and α = (α0, ..., αP ) are the parameters that determine
the policy. We assume that all treatments, both at the current time and at all future time
steps, are assigned following this rule. This assumption makes it possible to compute the
expected health response in the future and for unobserved patients.

With the assumed parametric model established, policy search boils down to Ąnding
the value of α that optimizes future health status. DeĄning an ŞoptimalŤ policy requires
deĄning a metric of success, i.e., the reward function. This is of course case- and user-
speciĄc, but we give an example below. Say the data consist of n patients, each measured at
times ¶1, 2, ..., T♢. Then we might want to select the policy α that maximizes the average
value over the next L time steps

R(α) = E

(
1

nL

n∑

i=1

T +L∑

t=T +1

Yit



where the expectation is with respect to future realizations of Yit from the posterior pre-
dictive distribution with treatment assigned according to the policy parameters α. That is,
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we envision realizations of the (8.31) with Ait assigned following the policy determined by
α.

The reward function R(α) generally cannot be computed analytically, but, as we have
seen repeatedly (Section 1.5), sampling from the posterior predictive distribution is straight-
forward using MCMC, so a Monte Carlo approximation of R(α) can be computed for any
α. The optimal policy then searches for the value of α that maximizes the reward function.
However, since the reward function is approximated using Monte Carlo (stochastic) sam-
pling for each candidate α, methods from stochastic optimization [73] must be used to Ąnd
the optimal α.

8.6.3 Quantile regression

Multiple linear regression models the effect of covariates on the mean response. While this
leads to beautiful mathematical results that form the basis of our understanding of statistical
methods, restricting the analysis to the mean response could miss important trends including
covariate effects on the spread of the distribution or the likelihood of extreme values. The
heteroskedastic model (Section 8.4.1) extends mean regression to allow covariates to affect
the variance, but quantile regression goes even further. Quantile regression allows for a
potentially different relationship between the covariates and each quantile of the response
distribution. For example, a covariate can have a positive effect on the median (the 0.5
quantile) but a negative effect on the spread (the interquartile range is the difference between
the 0.75 and 0.25 quantiles) and extreme values (the 0.99 quantile). Therefore, quantile
regression offers a systematic and comprehensive way to study covariate effects.

For τ ∈ (0, 1), the τ quantile given covariates X is deĄned as the value q(τ ; X), so that

Prob¶Y < q(τ ; X)♢ = τ.

For instance, setting τ = 0.5 gives the median of Y given X. Linear quantile regression
assumes q(τ ; X) = Xβτ , so that βτ gives the effects of the covariates on the τ quantile, which
is allowed to vary by quantile level. A typical analysis estimates the regression coefficients
separately for several quantile levels, e.g., τ ∈ ¶0.1, 0.2, ..., 0.9♢ to study how the covariate
varies by quantile level.

Classical linear quantile regression (e.g., [92]) is framed as an optimization problem. The
estimator for quantile level τ ∈ (0, 1) is the minimizer of the check loss

β̂τ = argmin
β

n∑

i=1

ρτ (Yi − Xiβ) (8.32)

where ρτ (x) = τx if x ≥ 0 and ρτ (x) = (τ − 1)x if x < 0. An informative special case is
median regression with τ = 0.5, which simpliĄes to

β̂0.5 = argmin
β

n∑

i=1

♣Yi − Xiβ♣. (8.33)

Analogous to the robustness of the median compared to the mean as an estimator of the
center of a distribution, quantile regression can be shown to be more robust to outliers than
mean regression.

This idea can be extended to the Bayesian setting [170] by assuming the observations
follow the asymmetric Laplace distribution (see Appendix A.1). The model is

Yi♣βτ
indep∼ ASL(Xiβτ , σ, τ), (8.34)
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where βτ and σ > 0 are parameters to be estimated and τ is Ąxed. This distribution is a
convenient choice for Bayesian quantile regression because both the mode and τ -quantile
level are Xiβτ . The connection with classical quantile regression is that assuming a Ćat
prior, the maximum a posteriori estimator of βτ is exactly (8.32). However, unlike the
classical estimator, this Bayesian approach speciĄes a full likelihood, and therefore it is
important to check the Ąt of the model before trusting the results.

Applying the model in (8.34) for several values of τ can give the posterior distribution of
several βτ and can shed light on the covariate effects at different quantile levels. However,
it is unlikely that the asymmetric Laplace distribution Ąts well for all quantile levels (it
is right skewed for τ < 0.5 and left skewed for τ > 0.5), and a separate analysis by τ
does not preserve quantile ordering that Xβτ1

< Xβτ2
if τ1 < τ2. Another option is to Ąt

the quantile function simultaneously for all quantile levels with Xβτ and βτ modeled using
splines or a Gaussian process that assures quantile ordering ([127, 169]). However, this leads
to computational challenges, and assuming all quantiles are linear in the covariates is likely
too restrictive.

Rather than assume a linear quantile regression model, the Semi-Parametric Quantile
Regression (SPQR) approach of [167] Ąts a density regression model similar to (8.26) that
makes no assumptions about the structure of the quantiles, and then uses ideas from inter-
pretable machine learning (Figure 8.15) to estimate quantile effects. This approach gives a
Ćexible model that separates model Ątting from interpretation and automatically preserves
quantile ordering. This approach is appealing because it avoids strong assumptions about
the data-generating models and provides a comprehensive study of covariate effects across
quantile levels with full Bayesian uncertainty quantiĄcation.

The density regression model is

f(y♣X) =
K∑

k=1

πk(X)Bk(y) (8.35)

where the the mixture weights πk are modeled using a neural network and the Bk are
m-spline basis functions. The simplest network is a one-layer FFNN for the probabilities
πk(X),

πk(X) =
exp¶b2k +

∑L
l=1 W2klZl(X)♢

∑K
h=1 exp¶b2h +

∑L
l=1 W2hlZl(X)♢

with ReLU activation function Zl(X) = (b1l +
∑p

j=1 W1ljXj)+. This formulation ensures

that the probabilities are positive and sum to one,
∑K

k=1 πk(X) = 1, and since the m-spline
basis functions are proper density functions, f(y♣X) is a proper density for any value of the
weights and biases. Letting the number of basis functions K and the width of the neural
network L increase, this density function can approximate any continuous density function
of Y ♣X. This gives an arbitrarily Ćexible model from the quantile function q(τ ; X), which
can be computed from (8.35).

The effects of coviarates on the quantile function are measured using the accumulated
local effects and variable importance metrics introduced in Figure 8.15. For a given quantile
level τ , these measures are computed for q(τ ; X) (i.e., g(X) = q(τ ; X) is taken as the
function to be summarized). This is repeated for several quantile levels of interest, giving
estimates with posterior uncertainty of each covariateŠs effect on each quantile level.

Semi-Parametric Quantile Regression example: We illustrate SPQR with a small
simulated dataset. The n = 1000 observations plotted in Figure 8.18 are generated from the

model X1, X2
iid∼ Uniform(−1, 1) and Y ♣X1, X2 ∼ Beta¶2, exp(3X2

1 )♢. The Ąrst covariate
affects the entire response distribution with a more prominent effect on the upper than
lower tail. The second covariate is irrelevant.
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FIGURE 8.18
Semi-parametric quantile regression. Simulated data (points) and posterior mean
(solid lines) and 90% interval (dashed lines) of the conditional 0.1 (bottom) and 0.9 (top)
quantile functions.

We Ąt the SPQR model using Hamiltonian Monte Carlo with K = 20 basis functions and

L = 25 neurons and priors bjk,Wjkl♣τ iid∼ Normal(0, τ2) and τ ∼ HC(1). For each MCMC
draw of the model parameters bjk and Wjkl, we numerically compute the quantile function
q(τ ; X), giving draws of the posterior for the quantile function to be used to summarize
covariate effects.

We Ąrst Ąt the data with only the Ąrst covariate. Figure 8.18 plots the Ątted τ = 0.1
and τ = 0.9 quantile functions by X1. The semi-parametric model Ąts the data well. For
both quantile levels, the quantile function increases for X1 near zero and decreases in the
extremes.

In a second analysis, we include both covariates and study their effects using ALE and
VI measures by quantile levels. Figure 8.19 conĄrms that X1 has a signiĄcant effect on the
response because the credible bands for its quantile function exclude zero for some values
of X1. This plot also conĄrms that the effect is larger for the 0.9 than 0.1 quantiles. In
contrast, X2 has ALE near zero for both quantile levels and is thus deemed insigniĄcant.
Table 8.1 gives the posterior distribution of the variable importance measure by quantile
level. As in the ALE plots, it is clear that X1 is more important than X2 and that X1 has
a larger impact on high than low quantiles.

8.6.4 Transfer learning

Machine learning via nonparametric regression provides greater Ćexibility than traditional
parametric modeling, but often requires large datasets for adequate training. Transfer learn-
ing (TL) is a possible remedy. In TL, the information from a related analysis (or analy-
ses) with ample data (called the source) are leveraged to improve the analysis of interest
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FIGURE 8.19
SPQR ALE plots for density regression. 90% credible intervals for the accumulated
local effects for the 0.1 and 0.9 quantile level, for the two covariates in the simulated SPQR
example.

TABLE 8.1
Variable importance by quantile level. Posterior median and 95% intervals of variable
importance from SPQR by covariate and quantile level (τ) for the simulated example.

Quantile level X1 X2

0.1 1.4 (0.9,1.9) 0.5 (0.3, 1.3)
0.2 1.8 (1.0,2.5) 0.6 (0.4, 1.5)
0.3 1.7 (1.2,2.8) 0.6 (0.4, 1.5)
0.4 1.9 (1.3,2.8) 0.6 (0.4, 1.6)
0.5 2.0 (1.5,2.9) 0.7 (0.4, 1.6)
0.6 2.1 (1.6,3.0) 0.7 (0.4, 1.5)
0.7 2.2 (1.3,3.0) 0.7 (0.4, 1.6)
0.8 2.4 (1.3,3.3) 0.7 (0.4, 1.6)
0.9 2.7 (1.0,3.6) 0.8 (0.4, 1.6)
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with sparse data (called the target). Canonical examples include using data from a large
metropolitan hospital to supplement data from a small rural hospital, or using classiĄers
trained on images from ImageNet [43] to assist in tumor classiĄcation for a rare type of
cancer. The Bayesian framework is natural for transfer learning. Informative priors are an
obvious way to incorporate the results from related analyses, and hierarchical models for
multiple datasets are a means of borrowing information. In this section, we brieĆy deĄne TL
notation and terminology and discuss some methods for TL with Bayesian deep learning.

Although TL can be used for other tasks, for simplicity we restrict our discussion to
regression with a single source dataset. We adopt the notation of [149], who deĄne a re-
gression of X onto Y by its domain and task: the domain, D = ¶X , P♢, consists of the
support X so that X ∈ X and the distribution of X, P ; the task, T = ¶Y, g♢, consists of
the support of Y so that Y ∈ Y, and g is the true regression function g(X) = E(Y♣X). TL
borrows information from the source domain and task, D1 = ¶X1, P1♢ and T1 = ¶Y1, g1♢,
to the target domain and task, D0 = ¶X0, P0♢ and T0 = ¶Y0, g0♢.

The simplest example is linear regression with the same domains but different regression
functions, gj(X) = Xβj , with β1 and β0 the true regression coefficients in the source and
target distributions. An obvious two-stage approach is to use the source data to estimate
β1 and then use this estimate as the prior mean for β0; [2] show that adopting a continuous
shrinkage prior centered on the source-task estimator can lead to improvements over using
only the target data.

TL is more complex when the domain and/or task differ between the source and target.
Returning to the hospital example, say the metropolitan and rural hospitals have the same
p covariates, so X0 = X1 = Rp, but the metropolitan hospital has a continuous measure
of the health outcome, so Y1 = R, and the task is linear regression g1(X) = Xβ1, but
the rural hospital has a binary response, so Y0 = ¶0, 1♢, and the task is logistic regression
logit¶g0(X)♢ = Xβ0. How to combine these two disparate data sources? There is not a
single path forward, and the analyst must use subject-matter knowledge and model-building
techniques to arrive at a suitable approach. One possibility is a stochastic search variable
selection model (as in Section 8.1) that analyzes both datasets simultaneously with the
same binary inclusion indicators but different non-zero coefficients for the source and target
models. TL is even more challenging when the two hospitals have different covariates and
thus X0 ̸= X1. Unless there is some common structure between the two domains, this may
be beyond the scope of TL.

Deep learning is one of the most common applications of TL because these models have
many parameters and thus require large training data. Consider the feed-forward neural
network in (8.19) with the same domains, but potentially different parameters (weights and
biases), for the source and target. A two-stage approach might Ąrst compute a point esti-

mate, say MAP estimates (see (1.39)) for the parameters using the source data, denoted W̃

(and similar for the biases), and then use these estimates as priors W3k
iid∼ Normal(W̃3k, τ

2
3 ),

W2kl
iid∼ Normal(W̃2kl, τ

2
2 ), and W1jl

iid∼ Normal(W̃1jl, τ
2
1 ). This reduces the problem to spec-

ifying the variances τ2
l or their priors. One approach is to freeze certain layers by setting

some of the τ2
l = 0. For example, Ątting τ2

1 = τ2
2 = 0 sets W1jl = W̃1jl and W2kl = W̃2kl,

leaving only the output-layer parameters W3k to be Ąt using the target data. This assump-
tion that the latent structure of the regression model is shared across tasks reduces the TL
problem to the linear regression model above.

Freezing layers is a drastic simpliĄcation, but it is unlikely that the latent structure
is identical in the source and target, and so it may be preferable to specify priors for the
variances. The prior should have some mass near zero to retain the information from the
source data, but it is challenging to determine an appropriate prior for deep learning be-
cause of the large number of uninterpretable parameters. [1] propose a penalized complexity
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prior (Section 2.4.5) that treats the source model as the base model and places an expo-
nential prior on the KL divergence between the target and source models. However, this is
computationally intensive, and so it may be preferable to simply select the prior based on
cross-validation or some other measure of Ąt.

Transfer learning is an emerging Ąeld with novel methods developing for the challenging
cases of transferring information between regressions with different domains and tasks. In
this chapter we have only scratched the surface. We refer to [149] for a comprehensive
review.

8.6.5 Equation learning

Thus far we have used ML methods to estimate statistical quantities including the mean
function in a regression model. In this context, ML models are often described as black
boxes that provide excellent predictions but do not contribute to scientiĄc understanding
of the relationship between variables. However, ML methods are increasingly being used in
science and engineering to study, and even uncover, the mathematical equations that govern
physical and biological systems, thus bringing new scientiĄc insights.

A classic example is an engineer designing a wind turbine to maximize efficiency. The
mathematical model (i.e., differential equations based on physical laws) might depend on
some independent variables, X, such as the height of the turbine and length of the blades,
and some unknown parameters, θ, such as average wind speed in the region or the strength
of one of the turbineŠs components. Given these values, the efficiency of the turbine is
a deterministic function g(X,θ) that follows from a set of trusted differential equations.
The engineer may use this model to predict performance in a new setting, estimate the
parameters θ that cannot be directly measured, or Ąnd the design values X that optimize
performance.

In some cases, data is collected to learn about unknown parameters θ or to evaluate
and correct for an imperfect model g. A Bayesian analysis is appealing for this task because
uncertainty in the parameters or the true physical model can be propagated to the Ąnal
prediction, but standard MCMC methods are prohibitive because it would require thousands
of evaluations of g. Say n observations are collected with (Xi, Yi). A model for these data
is [90]

Yi = g(Xi,θ) + d(Xi) + ϵi (8.36)

where g is the mathematical model output, d is the discrepancy/bias between the model and

the data and ϵi
iid∼ Normal(0, σ2) is measurement error. The unknowns to be learned from

the data are the model parameters θ, the discrepancy function d and the error variance σ2.
Prior distributions for θ and σ2 are ideally based on scientiĄc knowledge, but can also be
uninformative. The discrepancy term d is a function and this is modeled using nonparametric
regression, e.g., a Gaussian process prior.

If the model g were easy to compute, then Bayesian inference could proceed as usual
with, say, MCMC to estimate the unknown parameters. If a Metropolis update is used for
θ, then each iteration would propose a candidate for θ and then evaluate the model g(Xi,θ)
for all n observations to compute the acceptance probability. However, if each evaluation of
g takes hours, then this algorithm is prohibitively expensive.

An alternative is to approximate g using machine learning. This is often called a sta-
tistical emulator or surrogate model of a mathematical model [67]. To train this model,

the analyst would select m training cases (X̃1, θ̃1), ..., (X̃m, θ̃m) and evaluate the model at

these m values, Zj = g(X̃j , θ̃j). The statistical model is

Zj = g̃(X̃j , θ̃j) + εj (8.37)
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where g̃ is an approximation for g and εj is approximation error. Since it is presumed that
the mathematical model is a complex function of its inputs, a nonparametric regression
model such as Gaussian process regression is selected for the function g̃. The idea is that it
may take a long time to produce the m training observations and Ąt the machine learning
model to estimate g̃, but once this work is completed, it is easy to evaluate g̃ for a new set
of inputs. An advantage of a fully Bayesian analysis involving emulators is that uncertainty
about the emulatorŠs accuracy can be measured and propagated to the Ąnal output.

The emulator can be used for Bayesian optimization. That is, if the objective is to Ąnd
the input X that maximizes the function g, that can be done quickly by instead maximizing
the surrogate function, i.e.,

Xopt = arg max
X

g(X,θ) ≈ arg max
X

g̃(X,θ). (8.38)

While evaluating g̃ is fast, optimization is complicated by the fact that g̃ is a statistical
prediction and thus is a random function, requiring advanced methods from stochastic
optimization [73].

The emulator can also be included in the model for the observations to learn about
unknown parameter and model error. The model in (8.36) then becomes

Yi = g̃(Xi,θ) + d(Xi) + ϵi. (8.39)

With the fast statistical prediction g̃ replacing the cumbersome mathematical model solution
g, standard Bayesian computational tools such as MCMC can be used to estimate the
parameters θ and discrepancy function d.

Equation learning: Methods that emulate the g are useful for improving computational
efficiency, and modeling the discrepancy term d can shed some light on model performance.
However, an emerging area of research [20, 139, 24] is to replace specifying g based on
physical laws and instead learn the underlying equations that dictate g. This method then
replaces mathematical modeling based on physical or biological laws with machine learning
based on training data and statistical analysis.

To understand this approach, consider the problem of mathematically modeling for
the spread of an infectious disease brieĆy discussed in Section 7.1. A standard model in
epidemiology is the SIR model, where the number of susceptible, infected and recovered
individuals evolve over time through the equations

dS(t)

dt
= −βS(t)I(t),

dI(t)

dt
= βS(t)I(t) − γI(t), and

dR(t)

dt
= γI(t).

The model has two parameters, θ = (β, γ). Say the output of interest is g(t; θ) = I(t); then
a reasonable analysis is to use the observed number of infected individuals at time t, Y (t),
to Ąt the model Y (t) = g(t,θ) + d(t) + ε(t) and learn the parameters θ while accounting
for model error d and measurement error ε.

If the mathematical model (8.40) is approximately correct, then learning the parameters
θ and making forecasts from the model is an effective approach, even for scenarios beyond
the range of data. However, if these equations are incorrect, which is almost certain for a
process as complicated as the spread of an infectious disease, then no amount of data can
correct for this model misspeciĄcation. An alternative is to model the derivatives using ML,
e.g.,

dS(t)

dt
= gS¶S(t), I(t), R(t)♢ (8.40)

where gS , and similarly gI and gR for derivatives of the infected and recovered classes, is
modeled using a nonparametric regression (Section 8.3) such as GAMs or deep learning
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[101, 109, 157, 158, 102, 111]. This approach has the advantages of being able to learn
equations from the data without strict assumptions. However, as with any statistical model,
prediction outside the range of the training data is questionable.

Another option is symbolic regression, where the goal is to uncover the parametric
form of the equations along with the unknown parameters. Symbolic regression assumes
the differential equations can be constructed using basic operations of the state variables,
such as polynomials, products and trigonometric functions. A simple model that would be
effective for the SIR model is to assume the second-order polynomial model

gS¶S(t), I(t), R(t)♢ = b0 + S(t)b1 + I(t)b2 +R(t)b3 (8.41)

+ S(t)2b4 + I(t)2b5 +R(t)2b6 (8.42)

+ S(t)I(t)b7 + S(t)R(t)b8 + I(t)R(t)b9. (8.43)

This simple model includes the true process with b7 = −β and bj = 0 for all j ̸= 7, so
Bayesian variable selection methods such as stochastic search variable selection (Section 6.2)
may be able to select the true model. Tree-based approaches similar to Bayesian adaptive
regression trees (Section 8.3.3) can also be used [84]. Of course, this approach relies on
including the necessary basic operations to be considered, which cannot be guaranteed in a
real application.

If observations are available at times t1, ..., tn, then the Ątted model could be

S(ti+1) − S(ti)

ti+1 − ti
= gS¶S(ti), I(ti), R(ti)♢ + εi (8.44)

and similar for the other two classes. The prior for gS(S, I,R) could be centered on the
parametric model, e.g., a Gaussian process with mean −βSI, and standard deviation with
mass near zero such as a Cauchy prior and correlation that decays with distance in (S, I,R).
Further modeling could add biological constraints, such as S(t) + I(t) +R(t) being Ąxed at
the population size and gS(S, I,R) = 0 if I = 0 since with no infected individuals there can
be no new cases and thus no change in the number of susceptible individuals. The modeling
opportunities are endless, making this a promising area of future research.

8.7 Exercises

1. Say Y ♣β ∼ Normal(β, σ2) and β ∼ Normal(0, τ2σ2).

(a) Prove that the posterior mean of β is E(β♣Y ) = ¶1 − κ(τ)♢Y for κ(τ) =
1/(1 + τ2).

(b) Discuss how small and large τ lead to different degrees of shrinkage.

(c) Prove that if τ ∼ HC(1) (as in the horseshoe prior), then κ(τ) ∼
Beta(1/2, 1/2).

(d) Argue that κ(τ) ∼ Beta(1/2, 1/2) is a reasonable shrinkage prior.

2. In Section 6.2, we used stochastic search variable selection (SSVS) to analyze
childhood malaria data.

(a) Fit the model in (6.5) using horseshoe priors for the regression coefficients,
and verify MCMC convergence.

(b) Compare the results using horseshoe regression with the SSVS results in
Table 6.2.
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(c) In general, what are some pros and cons of SSVS versus horseshoe regression?

3. Download the airquality dataset in R. Fit the model

ozonei ∼ Normal¶f(solar.Ri), σ
2♢

where the function f is approximated using spline basis functions.

(a) Use model selection tools to select the number of spline basis functions.

(b) Make a scatterplot of solar radiation (x-axis) versus ozone (y-axis) and over-
lay the Ątted curve f with a 95% interval for f for each value of solar radia-
tion. Visually, does the estimated curve Ąt the data well? Can you conclude
that there is a statistically signiĄcant relationship between these two vari-
ables?

(c) Do 95% of the observations fall in the 95% credible interval in part (b)? Is
this a concern? If not, why? If so, how would you address this concern?

(d) Looking at the data, does it appear that f is monotonically increasing? How
would you modify your analysis to incorporate the restriction that f is a
strictly increasing function of solar radiation?

4. Using the airquality data from the previous question with response ozone
and solar radiation, wind speed and temperature as the covariates, Ąt the het-
eroskedastic linear model

Yi♣β,α ∼ Normal





p∑

j=1

Xijβj , exp




p∑

j=1

Xijαj





 .

(a) ConĄrm that the MCMC chains have converged.

(b) Summarize the covariate effects on the mean and variance.

(c) Does the heteroskedastic Ąt better than the usual model with constant vari-
ance?

5. Using the airquality data, Ąt the GAM model

ozonei = f1(solor.Ri) + f2(wind.speedi) + f3(tempi) + εi

where εi
iid∼ Normal(0, σ2) and f1, f2 and f3 are each modeled using B-spline

basis expansions with Ąve knots. Which are important predictors of ozone, and
which appear to have non-linear effects?

6. Given a strength and a weakness for each of the following approaches:

(a) Generalized additive modeling

(b) Gaussian process regression

(c) Deep learning

(d) Bayesian additive regression trees

(e) Quantile regression

7. Fit a semiparametric model to the mcycle data from the MASS package with the
time since a motorcycle makes impact as the only predictor and acceleration as
the outcome using the wbart function in the BART package.

(a) Describe the role of the tuning parameters ntree, power and k.



292 Bayesian Statistical Methods

(b) Fit the model and plot the Ątted values for several values of these tuning
parameters. Are the results sensitive to these tuning parameters? If so, which
ones?

(c) In practice, how would you select these tuning parameters in a computation-
ally efficient way?

8. Download the daily bike sharing data from the book webpage. The response
variable is the daily count (cnt) of bike rentals (the Ąrst three values are 985, 801
and 1349), which we model as Gaussian.

(a) Describe and justify how you process the other variables to be used as pre-
dictors.

(b) Regress cnt onto the predictors from (a), and determine the most important
predictors from your model.

(c) Use Ąve-fold cross-validation to compare BART and multiple linear regression
in terms of mean squared prediction error and coverage of 95% prediction
intervals.

9. Simulate 100 observations from (8.29) with response Y , treatment A and potential
confounders X using the following R code:

set.seed(919)

X <- matrix(runif(500),100,5)

A <- rbinom(100,1,X[,1])

g0 <- 2 + cos(10*X[,3])

g1 <- 1 + 2*X[,2] + cos(10*X[,3])

Y <- rnorm(100,(1-A)*g0+A*g1,1)

(a) Assuming this model is known, what is the optimal decision rule? That is,
for an observation with a given value of X, which value (0 or 1) of A would
maximize the Ątted mean response? Express the optimal rule as an equation,
e.g., g1 > g0 if X2 > X3.

(b) Fit a Bayesian machine learning model to these data, and summarize the
Ątted model.

(c) Using the Ątted model, for each of the 100 observations in the training data,
which value of the treatment maximizes the mean response? For what pro-
portion of the observations does this match the optimal treatment rule from
(a)?

(d) Give the main assumptions needed to have a casual interpretation of these
results.

10. Load the black_politicians dataset from the causaldata package. To simplify
the problem, we will analyze only data with treat_out equal to one. The data
consist of the results of emails sent to legislators from black voters from outside the
legislatorŠs district. The response variable is the binary indicator of whether the
legislator responded to the email, responded. The treatment variable is whether
the legislator is black, leg_black, and the remaining 11 variables are used as
potential confounders.

(a) Perform a Bayesian logistic regression that includes only the treatment vari-
able as a predictor. Summarize the treatment effect. What are some potential
sources of bias in this analysis?
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(b) Perform a Bayesian logistic regression that includes both the treatment vari-
able and the confounders (as linear terms), and summarize the treatment
effect. Are the results affected by including the potential confounders?

(c) Perform a semiparametric Bayesian logistic regression using the function
lbart in the package BART. Compute the posterior distribution of the mixed
average treatment effect (MATE), and summarize the results.

11. Use the R package covid19.analytics to generate data from the SIR model
similar to (8.40) for Uruguay as

data <- covid19.data("ts-confirmed")

SIR <- generate.SIR.model(data,"Uruguay",

tot.population=3500000)

Assume that you observe noisy (with multiplicative gamma errors) versions of
the number of susceptible and infected,

set.seed(1)

S <- SIR$model$S*rgamma(90,100,100)

I <- SIR$model$I*rgamma(90,100,100)

Fit a Bayesian equation learning model that regresses dI(t)/dt onto S(t) and I(t),
and summarize the disease dynamics you learn from the data.
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In this chapter we brieĆy discuss some of the most important concepts of statistical theory
as they relate to Bayesian methods. This book is primarily dedicated to the practical appli-
cation of Bayesian statistical methods, and thus this chapter can be skipped on Ąrst read.
However, even an applied statistician should be familiar with statistical theory at least at
a high level to plan and defend their work.

As an example, consider the problem of estimating a normal mean, θ. An estimator is a
function that takes the data as input and returns an estimate of the parameter of interest.
An estimator of the parameter θ is denoted θ̂(Y). A natural estimator of a normal mean

is the sample mean, θ̂(Y) =
∑n

i=1 Yi/n. However, there are other estimators including the
sample median or the trimmed mean. In Section 2.1.3 we discussed Bayesian estimators
such as the posterior mean θ̂(Y) = E(θ♣Y) =

∑n
i=1 Yi/(n+m). How does one justify that

the Bayesian estimator is a better estimator than the sample mean? In what sense is an
estimator optimal? Questions such as these motivate the development of statistical theory.

In addition to investigating the properties of speciĄc estimators and determining the
settings for which they are preferred, much of statistical theory is dedicated to develop-
ing general procedures for deriving estimators with good properties. General estimation
procedures include maximum likelihood estimation, the method of moments, estimating
equations, and of course, Bayesian methods. Comparisons of these statistical frameworks
are often made using frequentist criteria. As we will see, even if the objective if to generate
a procedure with good frequentist properties, Bayesian methods often perform well.

In Section 9.1 we focus on Bayesian methods and optimally summarizing the posterior
distribution. In Sections 9.2 and 9.3 we study the frequentist properties of Bayesian methods
using mathematical and computational tools, respectively.

9.1 Decision theory

One of the primary goals of collecting data is to make decisions about the scientiĄc prob-
lem. The decision can be devising the Şbest" estimate of a population level summary
or the parameter θ based on the observed data D = (y1, y2, . . . , yn). It can also be of

295
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interest to test a hypothesis about the parameter θ; for example if θ = (θ1, θ2), we may
be interested to test the null hypothesis H0 : θ1 ≤ θ2 based on the observed data D. All
of these cases can be considered within the general notion of Decision Theory Framework
that consists of a loss function L(θ, d) which measures the price one would pay if θ is the
true (but unobserved) value of the parameter, and we take a decision d based on the data D.

Point Estimation: Suppose we would like to compare two estimators T1(D) and T2(D),
which are some functions of the data D, to estimate a real-valued parameter θ, how would
we compare their performances? Consider a loss function (known as squared error loss)
given by L(θ, T ) = (T − θ)2. Clearly, we canŠt directly compare the values Lj = L(θ, Tj(D)
for j = 1, 2 for two obvious reasons: (i) Lj is random as it depends on the observed data D;
and (ii) Lj Šs depend on θ, which is not known in the Ąrst place. This is exactly where the
solutions obtained by frequentist and Bayesian methods differ and has been the subject of
controversy over many decades if not centuries!

Frequentist solutions to resolve the two issues have been the following: (i) as Lj Šs are
random, average out the loss function over all possible data that could have been observed,
and consider the risk function given by R(θ, T ) = Eθ[L(θ, T (D)], where the expectation Eθ

is taken with respect to the sampling distribution of D given θ, viz., f(D♣θ). This clearly
takes care of the Ąrst problem, and thereŠs no controversy about this step. The difference
(between frequentist and Bayesian methods) arises on how the second problem (ii) is re-
solved. Clearly, R(θ, Tj)Šs of the two estimators T1 and T2 are still not comparable directly
as these risks still depend on θ.

The Minimax approach: One popular approach in frequentist theory (known as the min-
imax method) has been to Ąnd an estimator that would minimize the maximum risk,
Rmax(T ) = supθ R(θ, T ). E.g., if we have two competing estimators T1 and T2, we can
choose the one with smaller Rmax(Tj) for j = 1, 2. In theory, the minimax approach may
sound reasonable, but in practice it can be often infeasible, e.g., Rmax(T ) may not be Ąnite:
if Yi ∼ N(θ, θ2) and we use T = Ȳ , then R(θ, T ) = θ2/n and Rmax(T ) = ∞ for any Ąxed
sample size n. Moreover, there might be possibilities like R(θ, T1) < R(θ, T2) for all θ ̸= θ0

but Rmax(T1) = R(θ0, T1) = R(θ0, T2) = Rmax(T2), thus making T1 and T2 not comparable,
and yet T1 may have signiĄcantly smaller risk than that of T2, except perhaps at the point
θ = θ0, at which the maximum risk is attained by both estimators. These types of problems
are not uncommon in practice and led frequentist methods to consider alternative solutions.

Minimum Variance Unbiased Estimators: The primary idea is to work with a smaller class
of estimators by restricting the class of possible estimators to the class of so-called unbiased
estimators satisfying Eθ[T (D)] = θ for all values of θ; it tries to Ąnd the estimator with
minimum variance among the class of all unbiased estimators, which leads to so-called
minimum variance unbiased estimators (MVUE). The problem with this approach is often
that for simple problems, there might not exist any unbiased estimator for a Ąxed sample
size n. E.g., if Yi ∼ Poisson(θ) and we want to estimate the population standard deviation√
θ, there is no (Ąnite sample) unbiased estimator of

√
θ and hence no MVUE!

Thus, both minimax and MVUE approaches are not practically feasible for a broader
class of problems (especially when θ itself is of higher dimensions). The way out of these
theoretical problems has been to consider asymptotic methods as n → ∞ and Ąnd the
Şbest" estimator that has the smallest asymptotic risk, which leads to the popular maximum
likelihood estimator deĄned as θ̂MLE = arg maxθ L(θ;D), has been shown to have the least
possible asymptotic risk.

However, a Ąnite sample solution to the point estimation has remained illusive and un-
satisfactory from a frequentist point of view, and so the Ąnal alternative is to consider a
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Bayesian approach which eliminates the problem of non-comparable risk functions R(θ, T )
by considering the average risk r(T ) = Eπ[R(θ, T )] where the expectation Eπ is taken with
respect to a prior distribution π(θ), which can be viewed as a weighting function.

Bayes risk: The Bayes risk of an estimator T = T (D) corresponding to a loss function
L(θ, T ) is deĄned as

r(T ) = E[L(θ, T (Y ))] =

∫ ∫
L(θ, T (y))f(y♣θ)π(θ)dy dθ (9.1)

where the expectation is taken with respect to the joint distribution of the data and param-
eter, (Y, θ) given by f(y♣θ)π(θ). Clearly, the Bayes risk for two estimators (using the same
prior π(θ)) are directly comparable, and the Bayes estimator is the one that minimizes the
Bayes risk among all estimators T = T (D). For many standard loss functions, the Bayes
estimators can be derived explicitly. E.g., for the squared error loss L(θ, T ) = ♣♣θ − T ♣♣2
which measures the squared Euclidean distance between θ and T , the Bayes estimator is
given by θ̂B = E[θ♣Y ], the posterior mean of θ given the data Y .

The main point of controversy lies in the choice of the prior density function π(θ) as the
Bayes estimators do depend on such a (subjective) choice. However, both frequentist and
Bayes estimators also depend on the (subjective) choice of the sampling density f(y♣θ) and
also the loss function L(θ, T ). It can be argued that thereŠs no way out of such subjective
choices in making a statistical inference or any other scientiĄc method, and the completely
objective inference is more of a myth than a real objective!

We provide a simple example of estimating a proportion θ based on the observations
Y = (y1, . . . , yn) and derive the frequentist and Bayes estimators.

Twin Birth Example: Suppose we would like to predict the chance of a twin birth for
the next day given that no twin birth was observed over the last 30 days in given city
(e.g., in Raleigh, NC). What is the best estimate of θ = Pr[Twin birth] given the data
D = (y1 = 0, y2 = 0, . . . , yn = 0), where yi is a binary variable taking a value of 1 if thereŠs
a twin birth on day i and the value of 0 otherwise.

For this example, as the childbirths can be regarded as independent events, we may

assume Yi♣θ iid∼ Ber(θ), for i = 1, . . . , n, where Ber(θ) denotes the Bernoulli distribution
with parameter θ ∈ [0, 1]. Thus, in this case, f(y♣θ) = θy(1 − θ)1−y for y ∈ ¶0, 1♢, and the
likelihood function is given by L(θ;D) = θS(1 − θ)n−S , where S =

∑n
i=1 yi denotes total

number of twin births in a sample of n observations.
Notice that for the twin birth example, we have S = 0, and hence it follows that the

Şbest" frequentist estimate (MVUE or MLE) of θ is given by θ̂ = S/n = 0. The difficulty lies

with the fact that the estimated standard error of the estimator is given by θ̂(1 − θ̂)/n = 0.
So, we are almost absolutely certain that the chance of a twin birth for next day is zero!!
But is this really reasonable?

How about using the available background information based on historical data? A
simple ŞGoogle search" will reveal that the chance of a twin birth is only about 1 in 30,
and could we not possibly use such ŚpriorŠ information? E.g., we could use the prior θ ∼
Beta(1, 29) as a prior distribution, which assures E[θ] = 1/30, and the posterior distribution

is θ♣S ∼ Beta(1 + S, 30 + n − S), and the Bayes estimator is θ̂ = 1/60 ≈ 0.017, which is
small but positive.

Before studying the frequentist properties of Bayesian estimators, we discuss how to
optimally summarize the posterior distribution. An appealing feature of a Bayesian analysis
is that it produces the full posterior distribution of each parameter. However, in many
cases a point estimate (i.e., a single-number estimator) is desired. Common one-number
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summaries of the posterior used as point estimators are the posterior mean, median or mode.
Rather than arbitrarily choosing one of these posterior summaries as the estimator, Bayesian
decision theory provides a formal way to select the optimal Bayesian point estimator.

DeĄning the optimal point estimator requires deĄning the measure of estimation accu-
racy that is to be optimized. If θ is the true value of the parameter and θ̂(Y) is the estimator,

then the loss function is deĄned as l(θ, θ̂(Y)). For example, we might choose squared error

loss, l(θ, θ̂(Y)) = [θ − θ̂(Y)]2, or absolute loss l(θ, θ̂(Y)) = ♣θ − θ̂(Y)♣.
The loss function depends on the true value of the parameter, and therefore cannot be

evaluated in a real data analysis. From the Bayesian perspective, given the data, uncertainty
about the Ąxed but unknown parameter θ is quantiĄed by its posterior distribution. In this
view, θ, and thus l(θ, θ̂(Y)), are random variables. The Bayesian risk is the expected (with

respect to the posterior distribution of θ) loss, R(θ̂(Y)) = E[l(θ, θ̂(Y))♣Y]. The Bayes’ rule

is the estimator θ̂(Y) that minimizes Bayesian risk.
For example, assume squared error loss and deĄne the posterior mean as θ̄ = E(θ♣Y).

The Bayesian risk is

R(θ̂(Y)) = E[l(θ, θ̂(Y))♣Y]

= E¶[θ − θ̂(Y)]2♣Y♢
= E¶[(θ − θ̄) − (θ̂(Y) − θ̄)]2♣Y♢
= E¶(θ − θ̄)2♣Y♢ − 2E¶(θ − θ̄)(θ̂(Y) − θ̄)♣Y♢ + E¶[θ̂(Y) − θ̄]2♣Y♢
= Var(θ♣Y) − 2(θ̂(Y) − θ̄)E(θ − θ̄♣Y) + [θ̂(Y) − θ̄]2

= Var(θ♣Y) + [θ̂(Y) − θ̄]2.

In the last equation, E(θ − θ̄♣Y) = E(θ) − θ̄ = 0 by deĄnition. The estimator θ̂(Y) does
not affect the posterior variance Var(θ♣Y), and so under squared error loss, the posterior

mean θ̂(Y) = θ̄ minimizes Bayesian risk and is the Bayes rule estimator. This justiĄes the
use of the posterior mean to summarize the posterior in cases where squared error loss is
reasonable.

Different loss functions give different Bayes rule estimators. Absolute loss gives the
posterior median as the Bayes rule estimator. More generally, if over-estimation and under-
estimation are weighted differently, a useful loss function is the asymmetric check-loss func-
tion

l(θ, θ̂(Y)) =

{
(1 − τ)(θ̂(Y) − θ) if θ̂(Y) > θ

τ(θ − θ̂(Y)) if θ̂(Y) < θ
(9.2)

for τ ∈ (0, 1). In this loss function, if τ is close to zero, then over-estimation (top row) is
penalized more than under-estimation (bottom row). The Bayes rule for this loss function
is the τ th posterior quantile. If θ is a discrete random variable, then the MAP estimator
θ̂(Y) = arg maxθf(θ♣Y) is the Bayes rule under zero-one loss l(θ, θ̂(Y)) = I[θ ̸= θ̂(Y)].

Decision theory can also formalize Bayesian hypothesis testing. Let H ∈ ¶0, 1♢ denote
the true state, with H = 0 if the null hypothesis is true and H = 1 if the alternative
hypothesis is true. A Bayesian analysis produces posterior probabilities Prob(H = h♣Y)
for h = ¶0, 1♢ (see Section 5.1). The decision to be made is which hypothesis to select.
Let d(Y) = 0 if we select the null hypothesis and d(Y) = 1 if we select the alternative
hypothesis.

To determine the Bayes rule for d(Y) we must specify the loss incurred if we select the
wrong hypothesis. If we assign a Type I error the loss λ1 and a Type II error the loss λ2,
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the loss function can be written

l(H, d(Y)) =





0 if H = d(Y)

λ1 if H = 0 and d(Y) = 1

λ2 if H = 1 and d(Y) = 0.

(9.3)

The Bayesian risk is

R(d(Y)) =

{
λ1Prob(H = 0♣Y) if d(Y) = 1

λ2Prob(H = 1♣Y) if d(Y) = 0.
(9.4)

Therefore, the Bayes rule is to reject the null hypothesis and conclude that the alternative is
true; i.e., select d(Y) = 1, if the posterior probability of the alternative hypothesis exceeds

Prob(H = 1♣Y) >
λ1

λ1 + λ2
. (9.5)

Note that unlike classical hypothesis testing, if we swap the roles of the hypotheses, the
decision rule remains the same. Often the loss of a Type 1 error is assumed to be larger
than a Type II error, e.g., λ1 = 10λ2, so that the null hypothesis is rejected only if the
posterior probability of the alternative hypothesis is near one.

These decision-theory results hold for prediction as well. For example, if predictions
are evaluated using squared-error prediction loss, then the mean of the posterior pre-
dictive distribution is the Bayes rule. Also, if the response is binary, then the Bayes
rule for classiĄcation is to predict Y pred = 1 if the posterior predictive probability
Prob(Y pred = 1♣Y) > λ1/(λ1 + λ2), where λ1 is the loss for a false positive and λ2 is
the loss of a false negative. In this case, it might be reasonable to set λ1 = λ2 and predict
Y pred = 1 if Prob(Y pred = 1♣Y) > 0.5.

9.2 Frequentist properties

Comparison and evaluation of statistical procedures proposed for general use are commonly
evaluated using frequentist criteria. A frequentist evaluation of an estimator focuses on
its sampling distribution, i.e., the distribution of θ̂(Y) over repeated samples of the data
Y. The distribution of the data of course depends on the true value of θ, denoted in this

discussion of frequentist properties as θ0. For example, if Yi
iid∼ Normal(θ0, σ

2), then the

sample mean θ̂(Y) =
∑n

i=1 Yi/n is an estimator of θ, and its sampling distribution is

θ̂(Y) ∼ Normal(θ0, σ
2/n).

There are many ways to compare the sampling distributions of two estimators. For
example, we could study the bias

Bias[θ̂(Y)] = E[θ̂(Y)] − θ0. (9.6)

If the bias is positive, this means that on average the estimator over-estimates the parameter
and vice versa. With all else equal, an unbiased estimator with bias equal to zero is pre-
ferred. However, the bias only evaluates the center of the sampling distribution and ignores
its spread. Therefore we also study the variance of the sampling distribution Var[θ̂(Y)]. For
two estimators that are unbiased, we prefer low variance because this means the sampling
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FIGURE 9.1
Hypothetical sampling distributions. Of the four hypothetical sampling distributions,
the Ąrst two are unbiased and the last two are biased, and the Ąrst and third have small
variance while the second and fourth have large variance. The true value θ0 is denoted with
the vertical line at θ = 0.5. The mean squared errors of the four estimators are 0.01, 0.25,
0.26 and 0.50, respectively.

distribution is concentrated around the true parameter; on the other hand, a small vari-
ance can be undesirable for biased estimators (Figure 9.1). The most common method of
comparison is mean squared error

MSE[θ̂(Y)] = E[θ̂(Y) − θ0]2 = Bias[θ̂(Y)]2 + Var[θ̂(Y)], (9.7)

which combines bias and variance into a single measure.
Evaluating estimators using bias, variance and MSE is complicated by the fact that these

summaries depend on the true parameter value, θ0, and the sample size, n. For example, it
may be that an estimator performs well if θ0 is close to zero and the sample is small, but
performs poorly in other settings. Therefore it is important to evaluate the procedure over
a range of settings. To deal with the sample size, we often consider asymptotic arguments
with n → ∞. A method is asymptotically unbiased if its bias converges to zero as the sample
size goes to inĄnity. An estimator is said to be consistent if it converges in probability to
the true value, i.e., the probability of the estimator being within ϵ (for any ϵ) of the true
value increases to one as the sample size increases to inĄnity. An asymptotically unbiased
estimator is consistent if its variance decreases to zero with the sample size.

Frequentist evaluation of statistical methods extends to interval estimation and testing.
For Bayesian credible intervals we evaluate their frequentist coverage probability, i.e., the
probability that they include the true value when applied repeatedly to many datasets.
Similarly, for a Bayesian testing procedure we compute the probability of making Type I
and Type II errors when the test is applied to many random datasets.
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TABLE 9.1
Bias-variance tradeoff for a normal-mean analysis. Assuming Yi, ..., Yn

iid∼
Normal(θ, σ2), this table gives the bias, variance and mean squared error (MSE) of the

estimators θ̂1(Y) = Ȳ and θ̂2(Y) = cȲ , where c = n/(n + m) ∈ [0, 1] and θ0 is the true
value.

Estimator Bias Variance MSE

θ̂1(Y) 0 σ2

n
σ2

n

θ̂2(Y) (c− 1)θ0
c2σ2

n (c− 1)2θ2
0 + c2σ2

n

9.2.1 Bias-variance tradeoff

For difficult problems such as analyses with many parameters or regression with correlated
predictors, adding prior information can stabilize the statistical analysis by reducing the
variance of the estimator. On the other hand, if the prior information is erroneous, then
this can lead to bias. The balance between these two consequences of incorporating prior
information can be formalized by studying the bias/variance trade-off. Recall that the mean
squared error is the sum of the variance and the squared bias,

MSE[θ̂(Y)] = Bias[θ̂(Y)]2 + Var[θ̂(Y)]. (9.8)

Therefore it is possible for a biased estimator to have smaller MSE than an unbiased esti-
mator if the reduction in variance is large enough to offset the squared bias.

The optimal estimator as given by the bias-variance tradeoff often depends on the true
value of the parameter and the sample size. As a concrete example, consider the simple

case with Y1, ..., Yn
iid∼ Normal(θ, σ2). For mathematical simplicity we assume σ is Ąxed. We

compare two estimators:

(1) θ̂1(Y) = 1
n

∑n
i=1 Yi = Ȳ

(2) θ̂2(Y) = 1
n+m

∑n
i=1 Yi = cȲ

where c = n/(n+m) ∈ [0, 1]. The Ąrst estimator is the usual sample mean (i.e., the MLE or
posterior mean under Jeffreys prior) and the second is the posterior mean assuming prior
θ ∼ Normal(0, σ2/m).

Table 9.1 gives the bias, variance and MSE of the two estimators. The sample mean is
unbiased but always has larger variance than the Bayesian estimator. The relative MSE is

RMSE =
MSE[θ̂2(Y)]

MSE[θ̂1(Y)]
=
nm2(θ0/σ)2 + n2

(n+m)2
. (9.9)

The Bayesian procedure is preferred when this ratio is less than one. When the prior mean
is θ0 = 0, then the ratio is less than one for all n and m. That is, when the prior mean
is the true value, the Bayesian estimator is preferred over the sample mean. The Bayesian
estimator can be preferred even if the prior mean is not exactly the true value. As long as
the true value is close to zero,

♣θ0♣ < σ

√
1

n
+

2

m
= B(n,m), (9.10)
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the Bayesian estimator is preferred. The bound B(n,m) shrinks to zero as the sample size
increases and so in this case the advantage of the Bayesian approach speciĄcally applies for
small datasets. As n → ∞ or m → 0 the RMSE converges to one, and thus for large sample
sizes or uninformative priors, the two estimators perform similarly.

9.2.2 Asymptotics

In Section 3.1.3 we discussed the Bayesian central limit theorem that states that under gen-
eral conditions the posterior converges to a normal distribution as the sample size increases.
It can also be shown that under these conditions, and assuming the prior includes the true
value, that the sampling distribution of the posterior mean θ̂B = E(θ♣Y) converges (as
n → ∞) to the sampling distribution of the maximum likelihood estimator

θ̂B ∼ Normal
(

θ0, Σ̂MLE

)
(9.11)

where θ0 is the true value and Σ̂MLE is deĄned in Section 3.1.3. Therefore, the posterior
mean is asymptotically unbiased. Further, it follows from classic results for maximum like-
lihood estimators that its variance decreases to zero as the sample size increases, and thus
the posterior mean is a consistent estimator for θ under essentially the same conditions as
the maximum likelihood estimator.

An asymptotic property that is uniquely Bayesian is posterior consistency. For a given
dataset Y, the posterior probability that θ is within ϵ of the true value is

Prob(♣♣θ − θ0♣♣ < ϵ♣Y). (9.12)

A Bayesian procedure is said to possess posterior consistency if this probability is assured
to converge to one as the sample size increases (Figure 9.2). Appendix A.3 provides a
proof that the posterior distribution is consistent for parameters with discrete support
under very general conditions on the likelihood and prior, and posterior consistency has
been established for most Ąnite-dimensional problems and many Bayesian nonparametric
methods. For a more thorough discussion of posterior consistency see [62].

Both the Bayesian CLT and the posterior consistency result in Appendix A.3 hold
for any prior as long as the prior does not change with the sample size and has positive
mass/density around the true value. This confirms the argument that for large datasets,
any reasonable prior distribution should lead to the same statistical inference and that the
resulting posterior will converge to the true value.

9.3 Simulation studies

For simple models such as the normal mean example in Section 9.2.1 it is possible to derive
the frequentist properties of an estimator using algebra. However, for more complicated
models, a purely mathematical study is impossible. Especially in these complicated settings,
it is important to understand the operating characteristics of a statistical procedure, and a
simulation study is a general way to carry out this evaluation.

Just as MCMC is used to approximate complicated posterior distributions, simulation
studies use Monte Carlo sampling to approximate complicated sampling distributions. To
approximate, say, the mean squared error of an estimator, we generate S independent and
identically distributed datasets given the true parameter value θ0 and sample size n, and
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FIGURE 9.2
Illustration of posterior consistency. The data are generated as Yi, ..., YN

iid∼
Normal(θ0, 1) with N = 2, 500 and θ0 = 1, and we Ąt the Bayesian model with Ćat
(improper) prior for the mean and variance Ąxed at one using the Ąrst n observations
Yn = (Y1, ..., Yn). The left panel plots the posterior f(θ♣Yn) by n, and the right panel plots
the corresponding posterior probability Pn = Prob(♣θ − θ0♣ < ϵ♣Yn).

then compute the estimator for each simulated dataset. If we denote the S simulated datasets
as Y1, ...,YS , then θ̂(Y1), ..., θ̂(YS) are S draws from the sampling distribution of the

estimator θ̂(Y). The mean squared error is then approximated as

MSE[θ̂(Y)] ≈ 1

S

S∑

s=1

[θ̂(Ys) − θ0]2. (9.13)

Other summaries of the sampling distribution such as bias and coverage are computed
similarly. Of course, this is only a Monte Carlo estimate of the true MSE, and a different
simulation experiment will give a different estimate. Therefore, the approximation should be
accompanied by a standard error, sMSE/

√
S, where sMSE is the sample standard deviation

of the S squared errors, [θ̂(Y1) − θ0]2, ..., [θ̂(YS) − θ0]2.
A typical simulation study will generate data from a few values of θ0 and n to understand

when the method performs well and when it does not. Note that if θ̂(Y) is a Bayesian

estimator, say the posterior mean, then computing each θ̂(Ys) may require MCMC and
thus Bayesian simulation experiments may need many applications of MCMC and can be
time consuming (running the S chains in parallel is obviously helpful). For a thorough
description of simulation studies, see [21] (Chapter 9).

Bayesian LASSO simulation study: As an example, we conduct a simulation study
to compare ordinary least squares (OLS) regression with Bayesian LASSO regression (BLR;
Section 4.2). The sampling distribution of the OLS estimator is known (multivariate
StudentŠs t-distribution) but the sampling distribution of the posterior mean under the
BLR model is quite complicated and difficult to study without simulation. We generate

Xij
iid∼ Normal(0, 1) and Yi♣Xi ∼ Normal(

∑p
j=1 Xijβj0, σ

2
0). The data are generated with
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Listing 9.1
R simulation study code.

1 # Set up the simulation

2 library(BLR)

3 n <- 25 # Sample size

4 p_null <- 15 # Number of null covariates

5 p_act <- 5 # Number of active covariates

6 nsims <- 100 # Number of simulated datasets

7 sigma <- 1 # True value of sigma

8 beta <- c(rep(0,p_null),rep(1,p_act)) # True beta

9

10 # Define matrices to store the results

11 p <- p_null + p_act

12 EST1 <- VAR1 <- matrix(0,nsims,p)

13 EST2 <- VAR2 <- matrix(0,nsims,p)

14

15 # Start the simulation

16 for(sim in 1:nsims){

17 set.seed(sim*1234)

18 # Generate a dataset

19 X <- matrix(rnorm(n*p),n,p)

20 Y <- X%*%beta+rnorm(n,0,sigma)

21

22 # Fit ordinary least squares

23 ols <- summary(lm(Y~X))$coef[-1,]

24 EST1[sim,] <- ols[,1]

25 VAR1[sim,] <- ols[,2]^2

26

27 # Fit the Bayesian LASSO

28 blr <- BLR(y=Y,XL=X)

29 EST2[sim,] <- blr$bL

30 VAR2[sim,] <- blr$SD.bL^2

31 }

32

33 # Compute the results

34 E <- sweep(EST1,2,beta,"-")

35 MSE <- mean(E^2)

36 BIAS <- mean(E)

37 VAR <- mean(VAR1)

38 COV <- mean(abs(E/sqrt(VAR1))<2)

39

40 E <- sweep(EST2,2,beta,"-")

41 MSE <- c(MSE,mean(E^2))

42 BIAS <- c(BIAS,mean(E))

43 VAR <- c(VAR,mean(VAR2))

44 COV <- c(COV,mean(abs(E/sqrt(VAR2))<2))

45

46 out <- cbind(BIAS,VAR,MSE,COV)
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TABLE 9.2
LASSO simulation study results. The simulation study compares ordinary least squares
(ŞOLSŤ) with Bayesian LASSO regression (ŞBLRŤ) for estimating regression coefficients in
terms of bias, variance, mean squared error (ŞMSEŤ) and coverage of 95% intervals (all
metrics are averaged over covariates and datasets). The simulations vary based on the
sample size (n), the number of null covariates (p0) and the number of active covariates (p1).
All values are multiplied by 100.

Bias Variance MSE Coverage
n p0 p1 OLS BLR OLS BLR OLS BLR OLS BLR
40 20 0 −1.65 −0.08 5.59 0.19 5.40 0.03 94.7 100.0

15 5 0.63 −3.14 5.38 3.47 5.71 3.45 93.8 96.0
0 20 −0.88 −11.71 5.59 7.09 5.40 9.47 93.7 91.6

100 20 0 −0.43 −0.04 1.28 0.09 1.17 0.02 95.8 100.0
15 5 0.44 −0.56 1.22 1.02 1.27 0.98 94.5 95.5
0 20 0.11 −1.27 1.33 1.36 1.22 1.26 96.0 95.6

true values σ0 = 1, and the Ąrst p0 elements of β0 equal to zero, and the Ąnal p1 elements
equal to one, so that p = p0 + p1 = 20. We generate S = 100 datasets each from six combi-
nations of n, p0 and p1 using the R code in Listing 9.1. Each dataset is analyzed using least
squares (the lm function in R) and Bayesian LASSO (the BLR function in R with default val-

ues). For dataset s = 1, ..., S, let β̂js be the estimate of βj (either the least squares solution
for OLS or the posterior mean for BLR) and vjs its estimated variance (either the squared
standard error for OLS or the posterior variance for BLR). Methods are compared using

Bias =
1

Sp

S∑

s=1

p∑

j=1

(β̂js − βj0)

Variance =
1

Sp

S∑

s=1

p∑

j=1

vjs

MSE =
1

Sp

S∑

s=1

p∑

j=1

(β̂js − βj0)2

Coverage =
1

Sp

S∑

s=1

p∑

j=1

I(♣β̂js − βj0♣ < 2
√
vjs).

For coverage, we approximate the posterior distribution as Gaussian to avoid saving all
posterior samples. Results are averaged across covariates, and standard errors are omitted
to make the presentation concise. It may also be interesting to study these coefficients
separately, in particular, to evaluate performance separately for null and active covariates.

Table 9.2 shows the results. For the small sample size (n = 40), the Bayesian method
gives a large reduction in variance and thus mean squared error in the Ąrst two cases with
more null covariates than active covariates. In these cases the prior information that many
of the coefficients are near zero is valid and improves the stability of the algorithm. However,
when this prior information is wrong and all covariates are active, as in case three, the BLR
method has larger bias and MSE than OLS, and the empirical coverage of the Bayesian
credible sets dips below the nominal level. For the large samples size cases (n = 100), these
same trends are apparent but, the differences between methods are smaller, as expected.
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Variational Bayesian simulation study: This simulation study examines the fre-
quentist properties and a (naive) variational Bayesian (VB) analysis of a linear model.
The data-generating model is the same multiple linear regression as the Bayesian LASSO
simulation. For this simulation, we set n = 1000, p = 500 and σ2

0 = 1. The covari-
ates are drawn from a multivariate normal distribution with mean zero, variance one and
Cor(Xij , Xik) = 0.9♣j−k♣ to give strong collinearity. The model is not sparse with true
parameters drawn (differently for each dataset) βj0 ∼ Normal(0, 0.052). We generate and
analyze 100 datasets from this model.

The simulated data are analyzed using the conjugate prior βj
iid∼ Normal(0, τ2) with

τ2 = 10 and error variance Ąxed at the true value. With this model, the posterior has a
closed form,

β♣Y ∼ Normal
{

(R + gIp)
−1

Rβ̂, σ2 (R + gI)
−1
}
,

where g = σ2/τ2, R = XT X has diagonal elements Rj =
∑n

i=1 X
2
ij and β̂ = (XT X)−1XT Y.

Of course, we do not need a VB approximation in this case, but we implement a naive VB
approximation to illustrate how one might evaluate the properties of an approximation in
more challenging settings. If we select the multivariate normal posterior distribution for
β with unknown mean and covariance matrix, then the VB posterior would be the exact
posterior. However, we use a mean-Ąeld approximation

βj ♣Y indep∼ Normal(mj , uj).

It can be shown that the posterior mean estimators, mj , are the exact posterior mean, but
the posterior variances are uj = σ2/(Rj + g), which are generally smaller than the exact
posterior variance.

Since the point estimates are the same for both the exact and VB posteriors, we com-
pare methods using only the average variance and coverage (deĄned as in Table 9.2). The
average posterior variance is 0.019 for the exact posterior compared to 0.001 for the VB
approximation. This leads to poor coverage, 39%, for the VB method compared to 95%
for the exact posterior. Therefore, in this case with strong collinearity, the mean-Ąeld ap-
proximation does not give reliable frequentist uncertainty quantiĄcation and thus a better
approximation to the posterior (i.e., a richer parametric model for the posterior) should be
considered.

9.4 Exercises

1. Assume Y ♣µ ∼ Normal(µ, 2) and µ ∼ Normal(0, 2) (i.e., n = 1). The objective
is to test the null hypothesis H0 : µ ≤ 0 versus the alternative hypothesis that
H1 : µ > 0. We will reject H0 if Prob(H1♣Y ) > c.

(a) Compute the posterior of µ.

(b) What is the optimal value of c if Type I and Type II errors have the same
costs?

(c) What is the optimal value of c if a Type I error costs ten times more than a
Type II error?

(d) Compute the Type I error rate of the test as a function of c.

(e) How would you pick c to control Type I error at 0.05?
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2. Given data from a small pilot study, your current posterior probability that the
new drug your company has developed is more effective than the current treat-
ment is θ ∈ [0, 1]. Your company is considering to run a large clinical trial to
conĄrm that your drug is indeed preferred. If you run the trial it will cost $X.
If in fact your drug is better, then the probability that you will conĄrm this in
the trial is 80%; if in fact your drug is not better there is still a 5% chance the
trial will conclude it is better. If the trial suggests your drug is preferred, you will
make $cX. For which values of θ and c would you initiate the trial?

3. Assume Y ♣θ ∼ Binomial(n, θ). Consider two estimators of θ: the sample pro-

portion θ̂1(Y ) = Y/n and the posterior mean under the Jeffreys prior θ̂2(Y ) =
(Y + 1/2)/(n+ 1).

(a) Compute the bias, variance and MSE for each estimator, and comment on
the bias-variance tradeoff.

(b) In terms of n and the true value θ0, when is θ̂2(Y ) preferred?

4. Assume Y1, ..., Yn♣σ2 iid∼ Normal(0, σ2) and σ2 ∼ InvGamma(a, b).

(a) Give an expression for two estimators of σ2: the posterior mean and the
posterior mode.

(b) Plot the posterior density functions, and then give the two estimators for a
sample with n = 10 and

∑n
i=1 Y

2
i = 200 and a = b = 0.001.

(c) Argue that both estimators are consistent (i.e., their MSE goes to zero as n
increases) for any a and b.

5. Assume Y ♣θ ∼ Binomial(n, θ) and θ ∼ Beta(1/2, 1/2). Use a simulation study
to compute the empirical coverage of the equal-tailed 95% credible set for n ∈
¶1, 5, 10, 25♢ and true value θ0 ∈ ¶0.05, 0.10, ..., 0.50♢. Comment on the frequentist
properties of the Bayesian credible set.

6. A paper reports the results of a logistic regression analysis using maximum like-
lihood estimation. They estimate β1 to be β̂1 = 1.8, with the 95% conĄdence
interval (0.42, 3.17). Further, the p-value for the test that H0 : β1 = 0 versus
H1 : β1 ̸= 0 is 0.01. Conduct a Bayesian analysis using only this information and
asymptotic arguments.

7. You are designing a study to estimate the success probability of a new marketing
strategy. When the data have been collected, you will analyze them using the
model Y ♣θ ∼ Binomial(n, θ) and θ ∼ Uniform(0, 1). Before collecting any data,
you suspect (based on past studies) that θ ≈ 0.4. Which value of n should be
used to ensure the posterior standard deviation will be approximately 0.01?

8. Suppose Y1, ..., Yn
iid∼ f(y♣η) where f is the canonical exponential family

f(y♣η) ∝ exp¶yη − ψ(η)♢

for some known function ψ. We are interested in estimating the parameter θ =
E(Yi♣η) = dψ(η)/dη.

(a) Show that the Gaussian density with variance Ąxed at one and the Poisson
density can be written in this form.

(b) Obtain the maximum likelihood estimator of θ. Is it unbiased for θ?
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(c) Find a class of conjugate priors for η.

(d) Obtain the Bayes estimator of θ using a conjugate prior and squared error
loss.

(e) Is there any (proper) conjugate prior for which the Bayes estimator that you
obtained in (d) is unbiased? Justify your answer.
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A.1: Probability distributions

Univariate discrete

In the following plots the probability mass functions for several combinations of parameters
are denoted with points; lines connect the points for visualization, but the probability is
non-zero only at the points.

Beta-binomial

Notation: X ∼ BetaBinomial(n, a, b)
Support: X ∈ ¶0, 1, ..., n♢
Parameters: n ∈ ¶1, 2, ...♢, a, b > 0

PMF: Γ(n+1)Γ(x+a)Γ(n−x+b)Γ(a+b)
Γ(x+1)Γ(n−x+1)Γ(n+a+b)Γ(a)Γ(b)

Mean: na/(a+ b)
Variance: nab(a+ b+ n)/[(a+ b)2(a+ b+ 1)]
Notes: If X♣θ ∼ Binomial(n, θ) and θ ∼ Beta(a, b), then
X ∼ BetaBinomial(n, a, b). If a = b = 1 then X ∼
DiscreteUniform(0, n).

Binomial

Notation: X ∼ Binomial(n, θ)
Support: X ∈ ¶0, 1, ..., n♢
Parameters: n ∈ ¶1, 2, ...♢, θ ∈ [0, 1]
PMF:

(
n
x

)
θx(1 − θ)n−x

Mean: nθ
Variance: nθ(1 − θ)
Notes: If X is the number of successes in n inde-
pendent trials each with success probability θ, then
X ∼ Binomial(n, θ); if n = 1 then X ∼ Bernoulli(θ).
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Discrete uniform

Notation: X ∼ DiscreteUniform(a, b)
Support: X ∈ ¶a, a+ 1, ..., b♢
Parameters: a, b ∈ ¶...,−1, 0, 1, ...♢ with a < b
PMF: 1/(b− a+ 1)
Mean: (a+ b)/2
Variance: [(b− a+ 1)2 − 1]/12
Notes: The discrete uniform can be applied to any Ąnite
set. For example, we could say that X is distributed
uniformly over the set ¶1/10, 2/10, ..., 10/10♢.

Negative Binomial

Notation: X ∼ NegBinomial(θ,m)
Support: X ∈ ¶0, 1, 2, ...♢
Parameters: m > 0, θ ∈ [0, 1]
PMF:

(
x+m−1

x

)
θm(1 − θ)x

Mean: m(1 − θ)/θ
Variance: m(1 − θ)/θ2

Notes: In a sequence of independent trials each with
success probability θ, if X is the number of failures
that occur before the mth success (assuming m is an
integer), then X ∼ NegBinomial(θ,m); if m = 1 then
X ∼ Geometric(θ). (The distribution can also be de-
Ąned with m as the number of failures, but we use the
JAGS parameterization.)

Poisson

Notation: X ∼ Poisson(θ)
Support: X ∈ ¶0, 1, 2, ...♢
Parameters: θ > 0
PMF: θx exp(−θ)

x!
Mean: θ
Variance: θ
Notes: If events occur independently and uniformly
over time (space) with the expected number of events
in a given time interval (region) equal to θ, then the
number of events that occur in the interval (region)
follows a Poisson(θ) distribution.
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Multivariate discrete

Multinomial

Notation: X = (X1, ..., Xp) ∼ Multinomial(n,θ)
Support: Xj ∈ ¶0, 1, ..., n♢ with

∑p
j=1 Xj = n

Parameters: θ = (θ1, ..., θp) with θj ∈ [0, 1] and
∑p

j=1 θj = 1

PMF: n!∏p

j=1
xj !

∏p
j=1 θ

xj

j

Mean: E(Xj) = nθj

Variance: Var(Xj) = nθj(1 − θj)
Covariance: Cov(Xj , Xk) = −nθjθk

Marginal distributions: Xj ∼ Binomial(n, θj)
Notes: If n independent trials each have p possible outcomes with the probability of
outcome j being θj and Xj is the number of the trials that result in outcome j, then
X = (X1, ..., Xp) ∼ Multinomial(n,θ).
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Univariate continuous

Asymmetric Laplace distribution

Notation: X ∼ ASL(µ, σ, p)
Support: X ∈ (−∞,∞)
Parameters: location µ ∈ (−∞,∞),
scale σ > 0, shape p ∈ (0, 1)

PDF: 2p(1−p)
σ exp

(
−2

ρp(x−µ)
σ

)

where ρp(x) = px if x ≥ 0 and
ρp(x) = (p− 1)x if x < 0
Mode: µ
Quantile: the p quantile is µ
Notes: if p = 0.5, then X ∼ DE(µ, σ).

Beta

Notation: X ∼ Beta(a, b)
Support: X ∈ [0, 1]
Parameters: a > 0, b > 0

PDF: Γ(a+b)
Γ(a)Γ(b)x

a−1(1 − x)b−1

Mean: a
a+b

Variance: ab
(a+b)2(a+b+1)

Notes: If a = b = 1 then X ∼ Uniform(0, 1); 1 − X ∼
Beta(b, a); X/(1 −X) ∼ BP(a, b).

Beta prime

Notation: X ∼ BP(a, b)
Support: X ∈ [0,∞]
Parameters: shapes a, b > 0

PDF: Γ(a+b)
Γ(a)Γ(b)x

a−1(1 + x)−a−b

Mean: a/(b− 1) for b > 1

Variance: a(a+b−1)
(b−2)(b−1)2 for b > 2

Notes: X/(1 + X) ∼ Beta(a, b); dX1/c ∼
GPB(a, b, c, d).
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Gamma

Notation: X ∼ Gamma(a, b)
Support: X ∈ [0,∞]
Parameters: shape a > 0, scale b > 0
PDF: ba

Γ(a)x
a−1 exp(−bx)

Mean: a/b
Variance: a/b2

Notes: cX ∼ Gamma(a, b/c); if a = 1 then X ∼
Exponential(b); if a = ν/2 and b = 1/2 then X ∼
Chi-squared(ν); 1/X ∼ InvGamma(a, b).

Generalized beta prime

Notation: X ∼ GBP(a, b, c, d)
Support: X ∈ (0,∞)
Parameters: shapes a, b, c > 0 and scale d > 0

PDF: c
d

Γ(a+b)
Γ(a)Γ(b) ( x

d )ac−1
{

1 +
(

x
d

)c}−a−b

Mean: d(α+1/c)Γ(b−1/c)
Γ(a)Γ(b) if bc > 1

Notes: If a = b = 1/2 and c = 1 then
√
X ∼ HC(

√
d).

Half Cauchy

Notation: X ∼ HC(σ)
Support: X ∈ (0,∞)
Parameters: scale σ > 0
PDF: 2

πσ (1 + x2/σ2)−1

Mode: 0
Notes: cX ∼ HC(cσ); if Y ∼ t1(0, σ), then ♣Y ♣ ∼
HC(σ).
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Inverse gamma

Notation: X ∼ InvGamma(a, b)
Support: X ∈ [0,∞]
Parameters: shape a > 0, scale b > 0
PDF: ba

Γ(a)x
−a−1 exp(−b/x)

Mean: b
a−1 (if a > 1)

Variance: b2

(a−1)2(a−2) (if a > 2)

Notes: cX ∼ InvGamma(a, cb); 1/X ∼ Gamma(a, b).

Laplace/Double exponential

Notation: X ∼ DE(µ, σ)
Support: X ∈ (−∞,∞)
Parameters: location µ ∈ (−∞,∞), scale σ > 0

PDF: 1
2σ exp

(
− ♣x−µ♣

σ

)

Mean: µ
Variance: 2σ2

Notes: c+ dX ∼ DE(c+ dµ, dσ).

Logistic

Notation: X ∼ Logistic(µ, σ)
Support: X ∈ (−∞,∞)
Parameters: location µ ∈ (−∞,∞), scale σ > 0

PDF: 1
σ

exp[−(x−µ)/σ]

¶1+exp[−(x−µ)/σ]♢2

Mean: µ
Variance: π2σ2/3
Notes: c + dX ∼ Logistic(c + dµ, dσ); if U ∼
Uniform(0, 1), then µ+ σlogit(U) ∼ Logistic(µ, σ).



Appendices 315

Normal/Gaussian

Notation: X ∼ Normal(µ, σ2)
Support: X ∈ (−∞,∞)
Parameters: location µ ∈ (−∞,∞), scale σ > 0

PDF: 1√
2πσ

exp
[
− (x−µ)2

2σ2

]

Mean: µ
Variance: σ2

Notes: c+dX ∼ Normal(c+dµ, d2σ2); if µ = 0 and σ2 =
1 then X follows the standard normal distribution.

Student’s t

Notation: X ∼ tν(µ, σ2)
Support: X ∈ (−∞,∞)
Parameters: location µ ∈ (−∞,∞), scale σ > 0, de-
grees of freedom ν > 0

PDF:
Γ( ν+1

2 )

Γ(ν/2)
√

νπσ

[
1 + (x−µ)2

νσ2

]−(ν+1)/2

Mean: µ (if ν > 1)
Variance: σ2 ν

ν−2 (if ν > 2)

Notes: c+ dX ∼ tν(c+ dµ, d2σ2); if µ = 0 and σ2 = 1,
then X follows the standard t distribution; if Z ∼
Normal(0, 1) independent of W ∼ Gamma(ν/2, 1/2),
then µ + σZ/

√
W/ν ∼ tν(µ, σ2); if ν = 1, then X

follows the Cauchy distribution; X is approximately
Normal(µ, σ2) for large ν.

Uniform

Notation: X ∼ Uniform(a, b)
Support: X ∈ [a, b]
Parameters: −∞ < a < b < ∞
PDF: 1

b−a
Mean: (a+ b)/2
Variance: (b− a)2/12

Notes: If X1, X2
iid∼ Uniform(0, 1), then√

−2 log(X1) cos(2πX2) ∼ Normal(0, 1); if X ∼
Uniform(0, 1) and F is a continuous CDF, then
F−1(X) has CDF F .
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Multivariate continuous

Dirichlet

Notation: X = (X1, ..., Xp) ∼ Dirichlet(θ)
Support: Xj ∈ [0, 1] with

∑p
j=1 Xj = 1

Parameters: θ = (θ1, ..., θp) with θj > 0

PDF:
Γ(
∑p

j=1
θj)∏p

j=1
Γ(θj)

∏p
j=1 x

θj−1
j

Mean: E(Xj) = θj/(
∑p

k=1 θk)

Variance: Var(Xj) =
θj(
∑

k ̸=j
θk)

(
∑p

k=1
θk)2(1+

∑p

k=1
θk)

Covariance: Cov(Xj , Xk) =
−θjθk

(
∑p

k=1
θk)2(1+

∑p

k=1
θk)

Marginal distributions: Xj ∼ Beta(θj ,
∑

k ̸=j θk)

Notes: If Wj
indep∼ Gamma(θj , b) and Xj = Wj/(

∑p
k=1 Wk), then X = (X1, ..., Xp) ∼

Dirichlet(θ).

Inverse Wishart

Notation: X ∼ InvWishart(ν,Ω)
Support: X = ¶Xjk♢ is a p× p symmetric positive deĄnite matrix
Parameters: degrees of freedom ν > p − 1 and p × p symmetric positive deĄnite matrix
Ω = ¶Ωjk♢
PDF: ♣Ω♣ν/2

2pν/2Γp(ν/2)
♣X♣−(ν+p+1)/2 exp[−trace(ΩX−1)/2]

Mean: E(Xjk) = 1
ν−p−1 Ωjk (for ν > p+ 1)

Variance: Var(Xjk) =
(ν−p+1)Ω2

kk+(ν−p−1)ΩjjΩkk

(ν−p)(ν−p−1)2(ν−p−3) (for ν > p+ 3)

Marginal distributions: Xjj ∼ InvGamma((ν − p+ 1)/2,Ωjj/2)
Notes: If Y ∼ Wishart(ν,Ω−1) then Y−1 ∼ InvWishart(ν,Ω); if ν = p + 1 and Ω is a
diagonal matrix then the correlation Xjk/

√
XjjXkk ∼ Uniform(−1, 1).

Multivariate normal

Notation: X = (X1, ..., Xp)T ∼ Normal(µ,Σ)
Support: Xj ∈ (−∞,∞)
Parameters: mean vector µ = (µ1, ..., µp) with µj ∈ (−∞,∞) and p × p positive deĄnite
covariance matrix Σ
PDF: (2π)−p/2♣Σ♣−1/2 exp[− 1

2 (X − µ)T Σ−1(X − µ)]
Mean: E(Xj) = µj

Variance: Var(Xj) = σ2
j where σ2

j is the (j, j) element of Σ
Covariance: Cov(Xj , Xk) = σjk where σjk is the (j, k) element of Σ
Marginal distributions: Xj ∼ Normal(µj , σ

2
j )

Notes: For q-vector a and q × p matrix b, a + bX ∼ Normal(a + bµ,bΣbT ).
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Multivariate Student’s t

Notation: X = (X1, ..., Xp)T ∼ tν(µ,Σ)
Support: Xj ∈ (−∞,∞)
Parameters: location µ = (µ1, ..., µp) with µj ∈ (−∞,∞), p× p positive deĄnite matrix Σ
and degrees of freedom ν > 0

PDF: Γ(ν/2+p/2)
Γ(ν/2)(νπ)p/2 ♣Σ♣−1/2

[
1 + 1

ν (X − µ)T Σ−1(X − µ)
]−(ν+p)/2

Mean: E(Xj) = µj (if ν > 1)
Variance: Var(Xj) = ν

ν−2σ
2
j where σ2

j is the (j, j) element of Σ (if ν > 2)
Covariance: Cov(Xj , Xk) = ν

ν−2σjk where σjk is the (j, k) element of Σ (if ν > 2)

Marginal distributions: Xj ∼ tν(µj , σ
2
j )

Notes: For q-vector a and q× p matrix b, a + bX ∼ tν(a + bµ,bΣbT ); X is approximately
Normal(µ,Σ) for large ν; if X♣W ∼ Normal(µ,Σ/W ) and W ∼ Gamma(ν/2, ν/2), then
X ∼ tν(µ,Σ).

Wishart

Notation: X ∼ Wishart(ν,Ω)
Support: X = ¶Xjk♢ is a p× p symmetric positive deĄnite matrix
Parameters: degrees of freedom ν > p − 1 and p × p symmetric positive deĄnite matrix
Ω = ¶Ωjk♢
PDF: 1

2pν/2♣Ω♣ν/2Γp(ν/2)
♣X♣(ν−p−1)/2 exp[−trace(Ω−1X)/2] where Γp is the multivariate

gamma function
Mean: E(Xjk) = νΩjk

Variance: Var(Xjk) = ν(Ω2
jk + ΩjjΩkk)

Marginal distributions: Xjj ∼ Gamma(ν/2,Ωjj/2)

Notes: If ν is an integer and Z1, ...,Zν
iid∼ Normal(0,Ω), then

∑ν
i=1 ZiZ

T
i ∼ Wishart(ν,Ω).
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A.2: List of conjugacy pairs

Below is a partial list of conjugacy pairs. In these derivations, all parameters not assigned
a prior are assumed to be Ąxed.

1. Binomial proportion

Likelihood: Y ♣θ ∼ Binomial(n, θ)
Prior: θ ∼ Beta(a, b)
Posterior: θ♣Y ∼ Beta(a+ Y, b+ n− Y )

2. Negative-binomial proportion

Likelihood: Y ♣θ ∼ NegBinomial(θ,m)
Prior: θ ∼ Beta(a, b)
Posterior: θ♣Y ∼ Beta(a+m, b+ Y )

3. Multinomial probabilities

Likelihood: Y = (Y1, ..., Yp)♣θ ∼ Multinomial(n,θ)
Prior: θ ∼ Dirichlet(α) with α = (α1, ..., αp)
Posterior: θ♣Y ∼ Dirichlet(α + Y)

4. Poisson rate

Likelihood: Y1, ..., Yn♣λ indep∼ Poisson(Niλ) with Ni Ąxed
Prior: λ ∼ Gamma(a, b)
Posterior: λ♣Y ∼ Gamma(a+

∑n
i=1 Yi, b+

∑n
i=1 Ni)

5. Mean of a normal distribution

Likelihood: Y1, ..., Yn♣µ iid∼ Normal(µ, σ2)
Prior: µ ∼ Normal(θ, σ2/m)

Posterior: µ♣Y ∼ Normal
(

nȲ +mθ
n+m , σ2

n+m

)
for Ȳ =

∑n
i=1 Yi/n

6. Variance of a normal distribution

Likelihood: Y1, ..., Yn♣σ2 indep∼ Normal(µi, σ
2)

Prior: σ2 ∼ InvGamma(a, b)
Posterior: σ2♣Y ∼ InvGamma(a+ n/2, b+

∑n
i=1(Yi − µi)

2/2)

7. Precision of a normal distribution

Likelihood: Y1, ..., Yn♣τ2 indep∼ Normal(µi, 1/τ
2)

Prior: τ2 ∼ Gamma(a, b)
Posterior: τ2♣Y ∼ Gamma(a+ n/2, b+

∑n
i=1(Yi − µi)

2/2)

8. Mean vector of a multivariate normal distribution

Likelihood: Y1, ...,Yn♣µ indep∼ Normal(Xiµ,Σi)
Prior: µ ∼ Normal(θ,Ω)
Posterior: µ♣Y ∼ Normal(VM,V) with V = (

∑n
i=1 XT

i Σ−1
i Xi + Ω−1)−1 and

M =
∑n

i=1 XT
i Σ−1

i Yi + Ω−1θ

Special case: If Xi = I and Σi = Σ for all i, then V = (nΣ−1 + Ω−1)−1 and
M = nΣ−1Ȳ + Ω−1θ

9. Covariance matrix of a multivariate normal distribution

Likelihood: Y1, ...,Yn♣Σ indep∼ Normal(µi,Σ)
Prior: Σ ∼ InvWishart(ν,R)
Posterior: Σ♣Y ∼ InvWishart (n+ ν,S + R), where S =

∑n
i=1(Yi−µi)(Yi−µi)

T
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10. Precision matrix of a multivariate normal distribution

Likelihood: Y1, ...,Yn♣Ω indep∼ Normal(µi,Ω
−1)

Prior: Ω ∼ Wishart(ν,R)

Posterior: Ω♣Y ∼ Wishart
(
n+ ν,

[
S + R−1

]−1
)

, where S =
∑n

i=1(Yi−µi)(Yi−
µi)

T

11. Scale parameter of a gamma distribution

Likelihood: Y1, ..., Yn♣µ iid∼ Gamma(ai, wib)
Prior: b ∼ Gamma(u, v)
Posterior: b♣Y ∼ Gamma(

∑n
i=1 ai + u,

∑n
i=1 wiYi + v)

12. Arbitrary parameter with discrete prior

Likelihood: Y1, ...,Yn♣θ indep∼ fi(Yi♣θ)
Prior: Prob(θ = θk) = πk for θ ∈ ¶θ1, ...,θm♢
Posterior: Prob(θ = θk♣Y) = Lk/[

∑m
j=1 Lj ] where Lk = πk

∏n
i=1 fi(Yi♣θk)
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A.3: Derivations

Normal-normal model for a mean

Say Yi♣µ iid∼ Normal(µ, σ2) for i = 1, ..., n with σ2 known and prior µ ∼ Normal(θ, σ2/m).
Since the Y1, ..., Yn are independent, the likelihood factors as

f(Y♣µ) =

n∏

i=1

f(Yi♣µ) =

n∏

i=1

1√
2πσ

exp

[
− (Yi − µ)2

2σ2

]
.

Discarding constants that do not depend on µ and expressing the product of exponentials
as the exponential of the sum, the likelihood is

f(Y♣µ) ∝ exp


−

n∑

i=1

(Yi − µ)2

2σ2

]
∝ exp

[
−1

2

(
−2

nȲ

σ2
µ+

n

σ2
µ2

)]

where Ȳ =
∑n

i=1 Yi/n. The last equality comes from multiplying the quadratic terms,
collecting them as a function of their power of µ, and discarding terms without a µ. Similarly,
the prior can be written

π(µ) ∝ exp

[
−m(µ− θ)2

2σ2

]
∝ exp

[
−1

2

(
−2

mθ

σ2
µ+

m

σ2
µ2

)]
.

Because both the likelihood and prior are quadratic in µ, they can be combined as

p(µ♣Y) ∝ f(Y♣µ)π(µ)

∝ exp

[
−1

2

(
−2

nȲ +mθ

σ2
µ+

n+m

σ2
µ2

)]

∝ exp

[
−1

2

(
−2Mµ+

1

V
µ2

)]
,

where M = (nȲ +mθ)/σ2 and V = σ2/(n+m). The exponent of the posterior is quadratic
in µ, and we have seen that a Gaussian PDF is quadratic in the exponent. Therefore, we
rearrange the terms in the posterior to reveal its Gaussian PDF form. Completing the square
in the exponent (and discarding and/or adding terms that do not depend on µ) gives

p(µ♣Y) ∝ exp

[
−1

2

(
−2Mµ+

1

V
µ2

)]
∝ exp

[
− (µ− VM)2

2V

]
.

Therefore, the posterior is µ♣Y ∼ N(VM,V ). Plugging in the above expressions for M and
V gives

µ♣Y ∼ N

(
wȲ + (1 − w)θ,

σ2

n+m

)

where w = n/(n+m).
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Normal-normal model for a mean vector

The model is
Y♣β ∼ Normal(Xβ,Σ) and β ∼ Normal(µ,Ω).

As with the normal-normal model in Section 9.4, we proceed by expressing the exponential of
the posterior as a quadratic form in β and then comparing this expression to a multivariate
normal to determine the posterior. Using precision matrices U = Σ−1 and V = Ω−1, the
posterior is

p(β♣Y) ∝ f(Y♣β)π(β)

∝ exp

[
−1

2
(Y − Xβ)T U(Y − Xβ)T

] [
−1

2
(β − µ)T V(β − µ)T

]

∝ exp

{
−1

2

[
−2(YT UX + µT V)β + β(XT UX + V)β

]}

∝ exp

[
−1

2

(
−2WT β + βT Pβ

)]

where W = XTUY + Vµ and P = XT UX + V. If β♣Y ∼ Normal(M,S) for some mean
vector M and covariance matrix S, then its PDF can be written

p(β♣Y) ∝ exp

[
−1

2
(β − M)T S−1(β − M)

]

∝ exp

[
−1

2

(
−2MT S−1β + βT S−1β

)]
.

To reconcile these two expressions of the posterior, we must have posterior covariance S =
P−1 and S−1M = W and thus M = SW = P−1W. Inserting the expressions for W and
P and replacing precision matrices with covariance matrices gives the posterior

β♣Y ∼ Normal
[
Σβ(XT Σ−1Y + Ω−1µ),Σβ

]
,

where Σβ = (X′Σ−1X + Ω−1)−1

Normal-inverse Wishart model for a covariance matrix

The model for the p-vectors Y1, ...,Yn given the p× p covariance matrix Σ is

Yi
indep∼ Normal(µi,Σ) and Σ ∼ InvWishartp(ν,R).
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Using the facts that for arbitrary matrices A, B and C, Trace(A+B) = Trace(A)+Trace(B)
and Trace(ABC) = Trace(BCA), the likelihood can be written

f(Y♣Σ) ∝
n∏

i=1

♣Σ♣−1/2 exp

[
−1

2
(Yi − µi)

T Σ−1(Yi − µi)

]

∝ ♣Σ♣−n/2 exp


−1

2

n∑

i=1

(Yi − µi)
T Σ−1(Yi − µi)

]

∝ ♣Σ♣−n/2 exp

{
−1

2

n∑

i=1

Trace
[
(Yi − µi)

T Σ−1(Yi − µi)
]
}

∝ ♣Σ♣−n/2 exp

{
−1

2

n∑

i=1

Trace
[
Σ−1(Yi − µi)(Yi − µi)

T
]
}

∝ ♣Σ♣−n/2 exp

{
−1

2
Trace


n∑

i=1

Σ−1(Yi − µi)(Yi − µi)
T

]}

∝ ♣Σ♣−n/2 exp

{
−1

2
Trace


Σ−1

n∑

i=1

(Yi − µi)(Yi − µi)
T

]}

∝ ♣Σ♣−n/2 exp

[
−1

2
Trace(Σ−1W)

]

where W =
∑n

i=1(Yi − µi)(Yi − µi)
T . The inverse Wishart prior is

π(Σ) ∝ ♣Σ♣−(ν+p+1)/2 exp

[
−1

2
Trace(Σ−1R)

]
.

Combining the likelihood and prior, the posterior is

p(Σ♣Y) ∝ f(Y♣Σ)π(Σ)

∝ ♣Σ♣−(n+ν+p+1)/2 exp

{
−1

2
Trace[Σ−1(W + R)]

}
.

Therefore, Σ♣Y ∼ InvWishartp(n+ ν,
∑n

i=1(Yi − µi)(Yi − µi)
T + R).

Jeffreys prior for a normal model

The Gaussian model is Yi
iid∼ Normal(µ, σ2). Denote τ = σ2. The log likelihood is

log f(Y♣µ, τ) = −n

2
log(τ) − 1

2τ

∑

i=1

(Yi − µ)2.

The information matrix depends on both second derivatives and the cross derivative. The
second derivatives are

∂2 log f(Y♣µ, τ)

∂µ2
=

∂

∂µ

1

τ

∑

i=1

(Yi − µ) = −n

τ

and

∂2 log f(Y♣µ, τ)

∂τ2
=

∂

∂τ

−n
2τ

+
1

2τ2

∑

i=1

(Yi − µ)2

=
n

2τ2
− 1

τ3

∑

i=1

(Yi − µ)2.
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The cross derivative is

∂2 log f(Y♣µ, τ)

∂µ∂τ
=

∂

∂τ

1

τ

∑

i=1

(Yi − µ) = − 1

τ2

∑

i=1

(Yi − µ)

Since E(Yi) = µ and E(Yi − µ)2 = τ , the elements of the information matrix are

−E

(
∂2 log f(Y♣µ, τ)

∂µ2

)
=

n

τ

−E

(
∂2 log f(Y♣µ, τ)

∂τ2

)
= − n

2τ2
+
nτ

τ3
=

n

2τ2

−E

(
∂2 log f(Y♣µ, τ)

∂µ∂τ

)
= 0.

The determinant of the 2 × 2 information matrix is thus

♣I(µ, τ)♣ =
(n
τ

)( n

2τ2

)
− 02 =

n2

2τ3
,

and the JP is

π(µ, σ2) ∝
√

n2

2τ3
∝ 1

(σ2)3/2
.

Jeffreys prior for multiple linear regression

Assume Y♣β, σ2 ∼ Normal(Xβ, σ2In), and denote τ = σ2. The log likelihood is

log f(Y♣β, τ) = −n

2
log(τ) − 1

2τ
(Y − Xβ)T (Y − Xβ).

The second derivative with respect to τ is

∂2 log f(Y♣β, τ)

∂τ2
=

∂

∂τ

−n
2τ

+
1

2τ2
(Y − Xβ)T (Y − Xβ)

=
n

2τ2
− 1

τ3
(Y − Xβ)T (Y − Xβ).

Taking derivatives with respect to β requires using matrix calculus identities including the
formula for the derivative of a quadratic form,

∂2 log f(Y♣β, τ)

∂β2 =
∂

∂β

1

τ
XT (Y − Xβ) = − 1

τ
XT X.

The cross derivative is

∂2 log f(Y♣β, τ)

∂β∂τ
=

∂

∂τ

1

τ
XT (Y − Xβ) = − 1

τ2
XT (Y − Xβ).

Since E(Y) = Xβ and E(Y−Xβ)T (Y−Xβ) = nτ , the elements of the information matrix
are

−E

(
∂2 log f(Y♣µ, τ)

∂β2

)
=

1

τ
XT X

−E

(
∂2 log f(Y♣µ, τ)

∂τ2

)
= − n

2τ2
+
nτ

τ3
=

n

2τ2

−E

(
∂2 log f(Y♣β, τ)

∂µ∂τ

)
= 0.
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The determinant of the (p+ 1) × (p+ 1) block-diagonal information matrix is thus

♣I(β, τ)♣ =

∣∣∣∣
1

τ
XT X

∣∣∣∣
n

2τ2
=

n

2τp+2
♣XT X♣,

and the JP is

π(β, σ2) ∝
√

n

2τp+2

∣∣∣XT X
∣∣∣ ∝ 1

(σ2)p/2+1
.

Convergence of the Gibbs sampler

Here we provide: (1) a proof that the Gibbs sampler generates posterior samples after
convergence and (2) a discussion of the theory of Markov processes that ensures that Gibbs
sampler converges to the posterior distribution.

Part (1): The proof of (1) is equivalent to showing that the posterior distribution is the
stationary distribution of this Markov chain. That is, if we make a draw from the posterior
distribution and then iterate the Gibbs sampler forward one iteration from this starting
point, the next iteration also follows the posterior distribution. To make the derivations
tractable, we restrict the proof to the bivariate case with p = 2 and thus θ = (θ1, θ2) and
denote the posterior density as p(θ1, θ2) = p(θ♣Y), the full conditional density as p(θ1♣θ2) =
p(θ1♣θ2,Y), and the marginal density as p(θ1) =

∫
p(θ1, θ2)dθ2 =

∫
p(θ1♣θ2)p(θ2)dθ2. As-

sume we have reached convergence and so one draw in the chain is a realization from the
posterior distribution, say θ∗ = (θ∗

1 , θ
∗
2) ∼ p(θ1, θ2). We would like to show that the subse-

quent sample also follows the posterior distribution. By recursion, this shows that once the
algorithm has converged, all samples follow the posterior.

The next sample, (θ′
1, θ

′
2), drawn from Gibbs sampling has density

q(θ′
1, θ

′
2♣θ∗

1 , θ
∗
2) = p(θ′

1♣θ∗
2)p(θ′

2♣θ′
1),

where the two elements of the product represent the updates of the two parameters from
their full conditional distribuitons given the current value of the parameters in the chain.
We want to show that the marginal distribution of (θ′

1, θ
′
2) integrating over (θ∗

1 , θ
∗
2) follows

the posterior. The marginal distribution is

g(θ′
1, θ

′
2) =

∫ ∫
q(θ′

1, θ
′
2♣θ∗

1 , θ
∗
2)f(θ∗

1 , θ
∗
2)dθ∗

1dθ
∗
2 .

The integral reduces to

g(θ′
1, θ

′
2) =

∫ ∫
p(θ′

1♣θ∗
2)p(θ′

2♣θ′
1)p(θ∗

1 ♣θ∗
2)p(θ∗

2)dθ∗
2dθ

∗
1

= p(θ′
2♣θ′

1)

∫
p(θ′

1♣θ∗
2)p(θ∗

2)

[∫
p(θ∗

1 ♣θ∗
2)dθ∗

1

]
dθ∗

2

= p(θ′
2♣θ′

1)

∫
p(θ′

1♣θ∗
2)p(θ∗

2)dθ∗
2

= p(θ′
2♣θ′

1)

∫
p(θ′

1, θ
∗
2)dθ∗

2

= p(θ′
2♣θ′

1)p(θ′
1) = p(θ′

1, θ
′
2),

as desired. The proof for p > 2 similar but involves higher-order integration.
Part (2): Part (1) shows (for a special case) that the stationary distribution of the

Gibbs sampler is the posterior distribution. The proof that the Gibbs sampler converges to
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its stationary (posterior) distribution draws heavily from Markov chain theory. Given that
the posterior distribution is the stationary distribution, [156] proves that a Gibbs sampler
converges to the posterior distribution if the chain is aperiodic and p-irreducible. A chain
is aperiodic if for any partition of the posterior domain of θ, say ¶A1, ...,Am♢, so that each
subset has positive posterior probability, then the probability of the chain transitioning from
Ai to Aj is positive for any i and j. A chain is p-irreducible if for any initial value θ(0) in
the support of the posterior distribution and set A with positive posterior probability, i.e.,
Prob(θ ∈ A) > 0, there exists an s so that there is a positive probability that the chain will
visit A at iteration s. Proving convergence then requires showing that the Gibbs sampler is
aperiodic and p-irreducible, which is discussed, e.g., in [156] and [130]. A sufficient condition

is that for any set A with positive posterior probability and any initial value θ(0) in the
support of the posterior distribution, the probability under the Gibbs sampler that θ(1) ∈ A
is positive. This condition is met in all but exotic cases where support of full conditional
distributions depends on the values of other parameters, in which case convergence should
be studied carefully.

Marginal distribution of a normal mean under Jeffreys prior

Assume Yi
iid∼ Normal(µ, σ2) and Jeffreys prior π(µ, σ2) ∝ (σ2)−3/2. Denoting τ = σ2, the

joint posterior is

p(µ, τ ♣Y) ∝
{
τ−n/2 exp

[
−
∑n

i=1(Yi − µ)2

2τ

]}{
τ−3/2

}

∝ τ−(n+1)/2−1 exp

[
−
∑n

i=1(Yi − µ)2

2τ

]

∝ τ−A−1 exp

[
−B

τ

]
,

where A = (n + 1)/2 and B =
∑n

i=1(Yi − µ)2/2. As a function of τ , the joint distribution
resembles an InvGamma(A,B) PDF. Integrating over τ gives

p(µ♣Y) ∝
∫
p(µ, τ ♣bY )dτ

∝
∫
τ−A−1 exp(−B/τ)dτ

∝ Γ(A)

BA

∫
BA

Γ(A)
τ−A−1 exp(−B/τ)dτ

∝ Γ(A)

BA

∝


n∑

i=1

(Yi − µ)2

]−(n+1)/2

.

The marginal PDF is a quadratic function of µ raised to the power −(n+1)/2, suggesting
that the posterior is a t distribution with n degrees of freedom. DeĄning σ̂2 =

∑n
i=1(Yi −
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Ȳ )2/n =
∑n

i=1 Y
2

i /n− Ȳ 2 and completing the square gives

n∑

i=1

(Yi − µ)2 =

n∑

i=1

Y 2
i − 2

n∑

i=1

Yiµ+ nµ2

= n


n∑

i=1

Y 2
i /n− 2Ȳ µ+ µ2

]

= n


n∑

i=1

Y 2
i /n− Ȳ 2 + Ȳ 2 − 2Ȳ µ+ µ2

]

= n


n∑

i=1

Y 2
i /n− Ȳ 2 + (µ− Ȳ )2

]

= n
[
σ̂2 + (µ− Ȳ )2

]
.

Inserting this expression back into the marginal posterior gives

p(µ♣Y) ∝


n∑

i=1

(Yi − µ)2

]−(n+1)/2

∝
[
σ̂2 + (µ− Ȳ )2

]−(n+1)/2

∝


1 +
1

n

(
µ− Ȳ

σ̂/
√
n

)2
]−(n+1)/2

.

This is StudentŠs t-distribution with location parameter Ȳ , scale parameter σ̂/
√
n, and n

degrees of freedom.

Marginal posterior of the regression coefficients under Jeffreys prior

Assume Y♣β, σ2 ∼ Normal(Xβ, σ2In) and Jeffreys prior π(β, σ2) ∝ (σ2)−p/2−1. Denoting
τ = σ2, the joint posterior is

p(β, τ ♣Y) ∝
{
τ−n/2 exp

[
− 1

2τ
(Y − Xβ)T (Y − Xβ)

]}
τ−p/2−1

∝ τ−A−1 exp

[
−B

τ

]
,

where A = (n+ p)/2 and B = (Y − Xβ)T (Y − Xβ)/2. Marginalizing over σ2 gives

p(β♣Y) =

∫
p(β, τ ♣Y)dτ

∝ Γ(A)

BA

∫
BA

Γ(A)
τ−A−1 exp

[
−B

τ

]
dτ

∝ B−A

∝
[
(Y − Xβ)T (Y − Xβ)

]−(n+p)/2
.
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The quadratic form is factored as

(Y − Xβ)T (Y − Xβ) = YT Y − 2YT Xβ + βT Wβ

= YT Y − 2β̂
T

Wβ + βT Wβ

= YT Y − β̂
T

Wβ̂ + β̂
T

Wβ̂ − 2β̂
T

Wβ + βT Wβ

= nσ̂2 + (β − β̂)T W(β − β̂)

where W = XT X, β̂ = (W)−1XT Y is the usual least squares estimator, and nσ̂2 =

(Y − Xβ̂)T (Y − Xβ̂) = YT Y − β̂
T

Wβ̂. Therefore,

p(β♣Y) ∝
[
(Y − Xβ)T (Y − Xβ)

]−(n+p)/2

∝
[
nσ̂2 + (β − β̂)T W(β − β̂)

]−(n+p)/2

∝
[
1 +

1

nσ̂2
(β − β̂)T W(β − β̂)

]−(n+p)/2

.

The marginal posterior of β is thus the p-dimensional t-distribution with location vector β̂,
scale matrix σ̂2(XT X)−1, and n degrees of freedom.

The two-sample t-test in Section 4.1.2 is a special case. If we parameterize the means
as µ for the Ąrst group and µ + δ for the second group, then XŠs Ąrst column has all ones
and its second column is n1 zeros followed by n2 ones, and β = (µ, δ)T . This gives the least

squares estimator as β̂ = (Ȳ , Ȳ2 − Ȳ1)T and σ̂2 = (n1σ̂
2
1 + n2σ̂

2
2)/(n1 + n2) and

(XT X)−1 =

[
n1 + n2 n2

n2 n2

]−1

=
1

n1n2

[
n2 −n2

−n2 n1 + n2

]
=

[ 1
n1

− 1
n1

− 1
n1

1
n1

+ 1
n2
.

]
.

This gives the components of the joint posterior distribution of β, and since the marginal

distributions of multivariate t are univariate, we have δ♣Y ∼ tn

[
Ȳ2 − Ȳ1, σ̂

(
1

n1
+ 1

n2

)]

A Gamma scale-mixture is half-Cauchy

Say τ ♣b ∼ Gamma(0.5, b) and b ∼ Gamma(0.5, 1). Then the marginal distribution of τ is

f(τ) =

∫ ∞

0

f(τ ♣b)f(b)db

∝
∫ {

b1/2τ−1/2 exp(−bτ)
}{

b−1/2 exp(−b)
}
db

∝ τ−1/2

∫
exp¶−b(τ + 1)♢db

∝ τ−1/2(τ + 1)−1.

Transforming to σ = τ−1/2 so τ = σ−2 gives

f(σ) ∝ (σ−2)−1/2(σ−1 + 1)−1

∣∣∣∣
dτ

dσ

∣∣∣∣

∝ (σ−2)−1/2(σ−2 + 1)−1σ−3

∝ (1 + σ2)−1

which is the kernel of the HC(1) PDF.
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Variance derivation for the R
2 prior

Assuming the set-up in (4.18) of Section 4.2,

Var(ηi) = E



Var




p∑

j=1

Xijβj ♣Xi





+ Var



E




p∑

j=1

Xijβj ♣Xi







= E





p∑

j=1

X2
ijVar (βj ♣Xi)



+ Var





p∑

j=1

XijE (βj ♣Xi)





=

p∑

j=2

E
(
X2

ij

)
σ2τ2,

since β1 is Ąxed, and for j > 1 the βj are independent with E(βj ♣Xi) = 0 and Var(βj ♣Xi) =
σ2τ2. If we further assume that the covariates are standardized with Xij having mean 0
and variance 1, then E(X2

ij) = 1 and Var(ηi) = (p− 1)σ2τ2.

Proof of posterior consistency

Here we prove posterior consistency in the general but simple case with independent data
and parameter with discrete support. Assume that:

(A1) Yi
iid∼ f(y♣θ) for i = 1, ..., n

(A2) The support is discrete, θ ∈ ¶θ1,θ2, ...♢ = S
(A3) The prior is proper and the true value θ0 ∈ S has positive prior probability,

π(θ0) > 0

(A4) The Kullback-Leibler divergence

KL(θ) = EY ♣θ0

[
log

(
f(Y ♣θ0)

f(Y ♣θ)

)]

satisĄes KL(θ) > 0 for all θ ̸= θ0.

Assumption (A4) ensures that the parameter is identiĄable by asserting that on average
the likelihood is higher for true value and any other value.

Theorem 1 Assuming (A1)-(A4), Prob(θ = θ0♣Y1, ..., Yn) → 1 as n → ∞.

Proof 1 For any θ ∈ S,

log

[
p(θ♣Y)

p(θ0♣Y)

]
= log

[
π(θ)

π(θ0)

]
+

n∑

i=1

log

[
f(Yi♣θ)

f(Yi♣θ0)

]
.

By the law of large numbers, 1
n

∑n
i=1 log

[
f(Yi♣θ)

f(Yi♣θ0)

]
→ −KL(θ), and thus

log

[
p(θ♣Y)

p(θ0♣Y)

]
≈ log

[
π(θ)

π(θ0)

]
− nKL(θ).

Therefore, as n → ∞, p(θ♣Y)/p(θ0♣Y) → 0 for any θ ̸= θ0, and Prob(θ = θ0♣Y) converges
to one.

This proof can be generalized to continuous parameters by discretizng the support and
making additional assumptions about the smoothness of the likelihood and prior density
functions.
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A.4: Computational algorithms

Integrated nested Laplace approximation (INLA)

INLA [135] is a deterministic approximation to the marginal posterior of each parameter
that combines many of the ideas discussed in Section 3.1. The method is most Ątting in the
special but common case where the parameter vector θ = (α,β) can be divided into a low-
dimensional α and a high-dimensional β whose posterior is approximately Gaussian. For
example, in a random effects model (Section 4.4) α might include the variance components,
and β might include all of the Gaussian random effects.

Evoking the Bayesian CLT (i.e., Laplace approximation) in Section 3.1.3, assume that
the conditional posterior of β conditioned on α is approximately

β♣α,Y ∼ Normal (µ(α),Σ(α)) ,

and denote the corresponding density function as ϕ (β;µ(α),Σ(α)). We Ąrst use this
approximation for the marginal distribution of the low-dimensional parameter α. Since
p(α,β♣Y) = p(β♣α,Y)p(α♣Y), the marginal posterior of α can be written

p(α♣Y) =
p(α,β♣Y)

p(β♣α,Y)
.

Expanding around the MAP estimate β = µ(α) and using the Laplace approximation for
the denominator gives the approximation

p(α♣Y) ≈ f(Y♣α,β)π(α,β♣Y)

ϕ(β;µ(α),Σ(α))

∣∣∣∣
β=µ(α)

.

This low-dimensional distribution and can be evaluated using the methods in Section 3.1,
e.g., grid approximations or numerical integration.

The Laplace approximation can also be used to approximate the marginal distribution of
each element of β. Let β−i be the elements of β excluding βi. Following arguments similar
to the approximation of the posterior of α,

p(βi♣α,Y) ∝ f(Y♣α,β)π(α,β)

p(β−i♣βi,α,Y)
.

This can be approximated using a Laplace approximation for p(β−i♣βi,α,Y) around its
posterior mode ([135] also consider faster approximations). Finally, to obtain p(β−i♣Y)
requires numerical integration over α, and therefore the Laplace approximation is nested
within numerical integration.

Metropolis–adjusted Langevin algorithm

MetropolisŰHastings sampling (Section 3.2.1.2) is a Ćexible algorithm but depends on Ąnd-
ing a reasonable candidate distribution. A Gaussian random walk distribution for the can-
didate θ∗ = (θ∗

1 , ..., θ
∗
p) given the current value at the onset of iteration s, θ(s−1), is

θ∗♣θ(s−1) ∼ Normal(θ(s−1), c2Ip),
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where c > 0 is a tuning parameter. This candidate is easy to code, very general and surpris-
ingly effective. However, convergence can be improved by tailoring the candidate distribution
to the problem at hand. We saw in Section 3.2.1 that if the candidate distribution is taken
to be the full conditional distribution, MetropolisŰHastings sampling becomes Gibbs sam-
pling. While Gibbs sampling is free from tuning parameters and is thus easier to implement,
it requires derivation of full conditional distributions which can be tedious and is not always
possible.

The Metropolis-adjusted Langevin (MALA) algorithm [129] balances the strengths of
random-walk Metropolis and Gibbs sampling. Rather than simply centering the candidate
distribution on the current value, MALA uses the gradient of the posterior to push the
candidate distribution towards the center of the distribution. This requires computing the
gradient of the posterior, and thus the algorithm is more complex than a random walk,
but the gradient is typically easier to derive and more generally available than the full
conditional distribution required for Gibbs sampling.

DeĄne the gradient vector of the log posterior as ∇(θ) = [∇1(θ), ...,∇p(θ)]T where

∇j(θ) =
∂

∂θj
¶log[f(Y♣θ)] + log[π(θ)]♢

is the partial derivative with respect to the jth parameter. The candidate is

θ∗♣θ(s−1) ∼ Normal

(
θ(s−1) +

c2

2
∇(θ(s−1)), c2Ip

)
.

Unlike the random-walk candidate distribution, the MALA candidate distribution is asym-
metric and requires including the candidate distribution in the acceptance ratio,

R =
f(Y♣θ∗)π(θ∗)

f(Y♣θ(s−1))π(θ(s−1))

∏p
j=1 ϕ¶θ(s−1)

j ; θ∗
j + c2

2 ∇j(θ∗), c2♢
∏p

j=1 ϕ¶θ∗
j ; θ

(s−1)
j + c2

2 ∇j(θ(s−1)), c2♢

where ϕ(y;µ, σ2) is the Gaussian density function with mean µ and variance σ2.
As with the standard Metropolis algorithm, the tuning parameter c should be adjusted

to give reasonable acceptance probability. Roberts and Rosenthal [129] argue that 0.574 is
the optimal acceptance probability, but they claim that acceptance probabilities between 0.4
and 0.8 work well. In this chapter we have assumed that the candidate standard deviation c
is the same for all p parameters and that the candidates are independent across parameters.
Convergence can often be improved by adapting the candidate covariance to resemble the
posterior covariance. Finally, we note that since MALA is simply a special type of MH
sampling, it can be used within a larger Gibbs sampling algorithm just like MH sampling
steps.

Hamiltonian Monte Carlo (HMC)

MALA improves on random-walk Metropolis sampling by Ątting the candidate distribution
to the posterior by incorporating the gradient of the log posterior. However, for highly
irregular posterior distributions (e.g., a U-shaped or donut-shaped posterior), one step along
the gradient may not be sufficient to traverse the posterior. Hybrid Monte Carlo (HMC;
also called Hamiltonian Monte Carlo) sampling [113] generalizes MALA to take multiple
random steps guided by the gradient. The simple version in Algorithm 7 has two tuning
parameters: the step size c and the number of steps L. If L = 1, then this algorithm reduces
to MALA with c as the candidate standard deviation. Motivation, extensions and tuning of
this algorithm are beyond the scope of this text but form the basis for the software STAN
[28].
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Algorithm 7 Hamiltonian MCMC

1: Initialize θ(0) = (θ
(0)
1 , ..., θ

(0)
p )

2: for s = 1, ..., S do
3: sample z ∼ Normal(0, Ip)

4: set θ∗ = θ(s−1)

5: set z∗ = z + c∇(θ∗)/2
6: for l = 1, ..., L do
7: set θ∗ = θ∗ + cz∗

8: set z∗ = z∗ + c∇(θ∗)
9: end for

10: set z∗ = z∗ − c∇(θ∗)/2

11: set R =
f(Y♣θ∗

)π(θ
∗
)

f
(
Y♣θ(s−1)

)
π
(
θ(s−1)

) · exp(−z∗T z∗/2)
exp(−zT z/2)

12: sample U ∼ Uniform(0, 1)
13: if U < R then
14: θ(s) = θ∗

15: else
16: θ(s) = θ(s−1)

17: end if
18: end for

Delayed rejection and adaptive Metropolis

Delayed Rejection and Adaptive Metropolis (DRAM, [69]) is a combination of two ideas:
delayed rejection Metropolis [107] and adaptive Metropolis [70]. Adaptive Metropolis allows
the covariance of the candidate distribution to evolve across iterations. The intuition is
that if the posterior is irregularly shaped, then a different proposal distribution is needed
depending on the current state of the chain. Assuming a Gaussian random-walk candidate

distribution, θ∗♣θ(s−1) ∼ Normal
(

θ(s−1),V(s−1)
)

, the user sets an initial p× p covariance

matrix V(0) that is then adapted as

V(s) = c
(

V̂
(s)

+ δI
)

where V̂
(s)

is the sample covariance of the previous samples θ(1), ...,θ(s−1), δ > 0 is a small
constant to avoid singularities and c = 2.42/p [56].

Delayed rejection Metropolis replaces the standard single proposal in MetropolisŰ
Hastings sampling with multiple proposals considered sequentially. The Ąrst stage is a

usual MetropolisŰHasting step with candidate θ∗♣θ(s−1) ∼ q
(

θ∗♣θ(s−1)
)

and acceptance

probability

R
(

θ∗,θ(s−1)
)

= min



1,

p (θ∗♣Y) q
(

θ(s−1)♣θ∗
)

p
(

θ(s−1)♣Y
)
q
(

θ∗♣θ(s−1)
)



 .

If the Ąrst candidate is rejected, a second candidate is proposed as θ′♣θ∗,θ(s−1) ∼
Q
(

θ′♣θ∗,θ(s−1)
)

and accepted with probability

min



1,

p
(
θ′♣Y

)
q
(
θ′♣θ∗)Q

(
θ′♣θ∗,θ(s−1)

) [
1 −R

(
θ′,θ∗)]

p
(

θ(s−1)♣Y
)
q
(

θ(s−1)♣θ∗
)
Q
(

θ(s−1)♣θ∗,θ′
) [

1 −R
(

θ(s−1),θ∗
)]



 .
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The notation becomes cumbersome, but this can be iterated beyond two candidates. DRAM
combines these two ideas by using adaptive Metropolis to tune the Gaussian candidate
distributions used for q and Q.

Slice sampling

Slice sampling [112] is a clever way to apply Gibbs sampling when the full conditional
distributions do not belong to known parametric families of distributions. Slice sampling
introduces an auxiliary variable (i.e., a variable that is not an actual parameter) U > 0 and
draws samples from the joint distribution

p∗(θ, U) = I[0 < U < p(θ♣Y)].

By construction, under p∗ the marginal distribution of θ is
∫
I[0 < U < p(θ♣Y)]dU = p(θ♣Y),

and therefore if samples of (θ, U) are drawn from p∗, then the samples of θ follow the
posterior distribution. Also, Gibbs sampling can be used to draw samples from p∗ since the
full conditional distributions are both uniform

1. U ♣θ,Y ∼ Uniform on [0, p(θ♣Y)]

2. θ♣U,Y ∼ Uniform on P (U) = ¶θ; p(θ♣Y) > U♢.

Therefore, slice sampling works by drawing from the joint distribution of (θ, U), discarding
the samples of U and retaining the samples from θ. The most challenging step is to make
a draw from P (U) (see the Ągure below). For some posteriors P (U) has a simple form, and
samples can be drawn directly. In other cases, θ can be drawn from a uniform distribution
with a domain that includes P (U) until a sample falls in P (U).

Illustration of slice sampling. The curve is the posterior density p(θ♣Y), the horizontal
line represents the auxiliary variable U (i.e., the ŞsliceŤ), and the bold interval is P (U) =
¶θ; p(θ♣Y) > U♢.
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