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Preface

As the global energy transition accelerates, battery technology has become central
to achieving clean energy goals. The performance, safety, and longevity of batteries
are critical for the widespread adoption of new energy technologies. However, the
increasing complexity of battery systems presents significant challenges inmanag-
ing and optimizing their manufacturing, operation, and health status. Traditional
methods, while foundational, are limitedwhen dealingwith the complexity, noise,
and uncertainty inherent in modern battery systems. This book addresses this gap
by integrating advanced filtering techniques with artificial intelligence (AI) strate-
gies, driving the smart development of battery technology. We provide a unified
framework that combines data-driven algorithms with conventional battery man-
agement and state estimation technologies, offering new solutions for optimizing
the entire battery lifecycle.
The book covers key areas of batterymanufacturing andmanagement.We begin

with AI applications in battery grouping and manufacturing capacity forecast-
ing, introducing strategies based on genetic algorithms and Q-learning to improve
production efficiency and consistency. We then explore AI-driven optimization of
state of charge (SOC) estimation, even in the presence of significant noise, ensur-
ing greater accuracy and stability. As the book progresses, we delve into advanced
filteringmethods, including zonotopic Kalman filtering (ZKF) and particle swarm
optimization (PSO), which tackle the complexities of battery systems and improve
the precision of battery status analysis. The integration of AI and filtering tech-
niques for predicting remaining useful life (RUL) is also emphasized, demonstrat-
ing how hybrid models can accurately predict battery health and failure modes,
enabling predictive maintenance. These methods provide powerful support for
efficient and reliable battery management, even under challenging operational
conditions.
This book is primarily aimed at senior undergraduate students, graduate stu-

dents, and researchers in the fields of control theory, automation, intelligent man-
ufacturing, and related disciplines. Additionally, for engineers and technicians
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xviii Preface

involved in battery management system design and optimization, the theoretical
analysis and practical case studies presented in this book will also serve as valu-
able references.
It is hoped that this book will provide readers with new perspectives and ideas

in the research and practice of battery technology, state estimation, and health
management.

Ziyun Wang
Jiangnan University

Yan Wang
Jiangnan University

Zhicheng Ji
Jiangnan University
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Symbol Description

ℝ Set of real numbers
ℝn Set of n-dimensional real vector
Bn Unitary box in ℝn

AT Transpose of matrix A
Â Estimated value of matrix A
A−1 Inverse of matrix A
det(A) Determinant of matrix A
tr(A) Trace of matrix A
A > 0 General notation for strictly positive definite matrix A
A ≥ 0 General notation for positive definite matrix A
A < 0 General notation for strictly negative definite matrix A
A ≤ 0 General notation for negative definite matrix A
In Identity matrix in ℝn×n

0n Zeros matrix in ℝn×n

diag(a1, … , an) Diagonal matrix of dimension n
| ⋅ | Absolute value
‖ ⋅ ‖∞ Infinity norm
‖ ⋅ ‖P P-norm
‖ ⋅ ‖F Frobenius norm
s.t. Subject to
∈ Belongs to
∉ Not belongs to
⊂ Subset
⊃ Contained in
∩ Intersection
⊕ Minkowski sum
⊙ Linear mapping
conv(⋅) Convex hull
max Maximum value
min Minimum value
∅ Empty set
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1

Introduction

1.1 Research Background and Significance

The global transition toward carbon neutrality has spurred rapid advancements
in industries such as new energy vehicles, large-scale energy storage systems, and
smart grids, all of which rely heavily on high-performance, safe, and long-lasting
batteries [1]. Lithium-ion batteries (LIBs), renowned for their high energy den-
sity, long cycle life, and efficient rechargeability, have become indispensable for
these applications [2]. As the demand for energy storage and electric vehicles
(EVs) continues to surge, driven by both environmental concerns and technologi-
cal progress, the battery industry faces unprecedented pressure to meet the grow-
ing need for reliable and efficient power sources [3].
However, despite the significant progress in battery technologies, several persis-

tent challenges hinder the development and optimization of battery systems [4].
On the manufacturing side, the industry faces a fundamental mismatch between
the increasing demand for batteries and the inconsistency in manufacturing
processes. Battery production processes often struggle with issues such as low
efficiency, high production costs, and challenges in predicting manufacturing
capacity under nonstationary conditions, which can adversely affect both prod-
uct quality and operational performance [5]. Achieving high manufacturing con-
sistency and reliability is now one of the most pressing concerns in the battery
manufacturing sector. Additionally, the increasing complexity of battery designs,
such as those for EVs and large-scale energy storage, demands novel approaches
to manufacturing, such as more precise grouping methods and optimized produc-
tion forecasting [6].
From an operational perspective, ensuring the reliable performance of batter-

ies, accurately predicting their remaining useful life (RUL), and estimating their
state of charge (SOC) are critical challenges that have not been fully addressed by
traditional methods [7]. These issues are further complicated by environmental
variability, aging effects, and nonlinear degradation processes, which introduce
significant uncertainty. Traditional state estimation methods, such as those based
Advances in Battery Manufacturing and Operating Status Analysis: Filtering and Artificial
Intelligence Strategy, First Edition. Ziyun Wang, Yan Wang and Zhicheng Ji.
© 2027 The Institute of Electrical and Electronics Engineers, Inc. Published 2027 by
John Wiley & Sons, Inc. All rights reserved.
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2 1 Introduction

on Kalman filtering, typically rely on assumptions of Gaussian noise and known
system models, which are often incompatible with real-world applications where
noise is unknown and time-varying. This mismatch between theoretical assump-
tions and practical realities underscores the need for more robust and adaptive
estimation techniques capable of handling complex anduncertain battery systems.
To address these challenges, the integration of advanced filtering techniques and

artificial intelligence (AI) strategies offers promising solutions [8]. Filteringmeth-
ods, such as zonotopic filtering and particle filters (PFs), provide a solid framework
for dealing with uncertainties and noise in battery data. These methods enable
more accurate state estimation, particularly in scenarios where the underlying
system exhibits nonlinearities and noise cannot be assumed to follow a Gaussian
distribution. PFs, in particular, approximate the posterior probability distribution
of the system state by using a set of random samples (“particles”), making them
well-suited for complex and uncertain environments, such as those encountered
in battery systems [9]. In addition to filtering techniques, AI strategies, including
deep learning (DL) algorithms like long short-termmemory (LSTM) networks and
convolutional neural networks (CNNs), have been increasingly applied to battery
systems for tasks such as forecastingmanufacturing capacity, predicting RUL, and
improving SOC estimation [4, 10]. These AI-driven approaches are adept at cap-
turing nonlinear patterns and long-range dependencies in data, making them par-
ticularly effective for battery state estimation and performance prediction [11]. By
combining the strengths of advanced filtering andAI techniques, this book aims to
provide novel solutions to the key challenges faced by the battery industry, driving
the transition from traditional manufacturing methods to “smart manufacturing”
processes that are more efficient, reliable, and scalable.
The significance of this work lies not only in advancing the theoretical under-

standing of these techniques but also in providing practical insights that can be
applied to real-world battery systems. Through the integration of cutting-edge fil-
tering methods and AI strategies, this book offers a comprehensive approach to
enhancing battery performance and optimizing manufacturing processes, which
is crucial for meeting the increasing demand for high-quality, reliable batteries in
the face of growing global energy needs. Ultimately, this research contributes to
the long-term goal of creating smarter, more efficient battery systems that can sup-
port a sustainable future.

1.2 Battery Manufacturing

Battery manufacturing is a highly intricate process that encompasses the pro-
duction of various components, including electrodes, separators, and electrolytes,
which are subsequently assembled into functioning energy storage systems [5].
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1.2 Battery Manufacturing 3

The complexity of this process is further heightened by the stringent requirements
for uniformity, high performance, and safety, particularly in applications such as
EVs and large-scale energy storage systems. As the demand for advanced batteries
continues to rise, manufacturers face the challenge of maintaining high produc-
tion standards while simultaneously increasing production capacity and reducing
costs.
A primary concern in battery production is ensuring the uniformity of the cells.

Variations in materials and manufacturing processes, such as discrepancies in
electrode coating thickness, separator porosity, or electrolyte composition, can
lead to significant differences in battery performance, cycle life, and safety. Such
variations can also compromise the long-term reliability of the batteries, mak-
ing precise quality control essential throughout the entire manufacturing process.
Traditional methods of ensuring uniformity often rely on manual inspection and
empirical techniques, which are not only time-consuming but can also be prone to
error. As a result, there is an increasing interest in automating the manufacturing
process and applying more advanced techniques such as machine learning (ML)
and AI to achieve greater precision and consistency in production.
Another major challenge in battery manufacturing is predicting and optimizing

production capacity, particularly when the manufacturing environment is sub-
ject to variability. The production process is often nonstationary, meaning that
the data generated during production, such as temperature, pressure, and voltage,
can fluctuate over time due to factors like equipment aging, material degradation,
and environmental conditions. This variability complicates the task of forecasting
production efficiency and capacity. Traditional methods of capacity prediction are
ill-equipped to handle such fluctuations, leading to inefficiencies in production
scheduling and resource allocation. To address these issues, recent studies have
explored the use of data-drivenmodels, such as those incorporating trend filtering
segmentation under fuzzy information granulation, which can adapt to changes
in the production environment and provide more accurate predictions [6]. These
models allow for dynamic adjustments in response to variations in the production
process, thus enabling more reliable capacity forecasting.
Furthermore, the grouping of battery cells based on their characteristics, such

as voltage, capacity, and internal resistance, is a critical step in ensuring the opti-
mal performance of battery packs. Poorly matched cells can result in imbalanced
charge/discharge cycles, reduced capacity, and increased risk of thermal run-
away or other safety hazards.While traditional groupingmethods typically involve
manual sorting and empirical rules, these approaches are time-consuming and
often ineffective. Recently, AI-based algorithms, such as genetic algorithms and
active equalization methods based on clustering analysis, have been proposed to
automate the cell grouping process [12]. These methods improve the accuracy
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4 1 Introduction

and efficiency of grouping by using optimization techniques to identify the best
match between cells, thus enhancing the overall performance and longevity of the
battery pack.
In addition to these technical challenges, battery manufacturers also face

increasing pressure to meet both environmental and economic goals. As the
demand for EVs and renewable energy systems grows, manufacturers must adopt
cost-effective productionmethods that do not compromise quality or performance
[3]. This is especially critical in a highly competitive global battery market, where
cost reduction and environmental sustainability are key priorities. The integration
of advanced technologies such as AI-driven optimization, robotics, and automated
quality control systems is enabling manufacturers to improve efficiency, reduce
energy consumption, and minimize waste generation during production. These
innovations contribute to the environmental sustainability of the industry while
simultaneously enhancing the economic feasibility of battery manufacturing.
In conclusion, battery manufacturing remains a complex and evolving field,

with significant challenges related to production consistency, capacity forecast-
ing, and performance optimization. The application of advanced filtering tech-
niques, AI-driven models, and automation presents promising solutions to these
challenges, enabling manufacturers to meet the growing demand for high-
performance batteries. The future of batterymanufacturing will likely see the con-
tinued adoption of smart manufacturing techniques that leverage real-time data,
AI, and automation to optimize production efficiency and quality.

1.3 Battery Operating Status Analysis

The analysis of battery operating status plays a crucial role in ensuring the safe and
efficient operation of battery-powered systems, particularly in applications such as
EVs, renewable energy storage, and portable electronic devices. The primary goal
of battery status analysis is to estimate key parameters, such as the SOC, state-of-
health (SOH), and RUL, which are essential for monitoring the battery’s perfor-
mance and predicting potential failures [2]. These parameters are influenced by
various factors, including operational conditions, aging effects, and environmen-
tal influences, making their accurate estimation a challenging task.
One of the most critical parameters in battery operating status analysis is the

SOC, which indicates the remaining energy in the battery and is essential for
efficient operation. Accurate SOC estimation ensures that the battery operates
within safe limits, preventing overcharging or deep discharging, both of which
can significantly reduce the battery’s lifespan. However, SOC estimation is com-
plicated by the nonlinear behavior of batteries, which are influenced by factors
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1.3 Battery Operating Status Analysis 5

such as temperature, charge/discharge rates, and internal resistance. Traditional
SOC estimation techniques, including the open-circuit voltage (OCV)method and
coulomb counting, are often insufficient in dynamic environments where the bat-
tery’s behavior changes due to aging or external conditions.
Recent advances in battery state estimation have seen significant improve-

ments through robust filtering strategies. While Kalman filters (KFs) provide
recursive state estimation from noisy measurements, their assumption of linear
state-measurement relationships often proves inadequate for strongly nonlinear
battery dynamics. More flexible approaches like particle filtering approximate the
posterior probability distribution using random samples (“particles”) [9]. Beyond
probabilistic methods, set-membership filtering employing zonotopes—convex
polytopes efficiently representing multidimensional uncertainty sets—has
demonstrated particular strength in estimating SOC under unknown but bounded
(UBB) and time-varying noise conditions. Zonotopic filtering models state uncer-
tainty through a center vector and generator matrix, using linear mappings and
Minkowski sums for prediction and update steps without requiring specific noise
distributions. This framework not only provides point estimates but also computes
guaranteed state bounds, offering a computationally efficient and robust solution
for battery management systems (BMSs) operating under significant uncertainty.
Alongside SOC, SOH is another essential parameter that reflects the overall

condition of a battery. SOH is typically determined by factors such as internal
resistance, capacity fade, and voltage response, which change as the battery ages.
Accurate SOH estimation is vital for understanding the degradation of a battery
over time, as it helps predict when the battery will no longer perform at optimal
levels. Conventional methods of SOH estimation often rely on empirical models
or simplified battery aging models, which may fail to capture the complex degra-
dation processes occurring in real-world applications.
To overcome these limitations, more advanced techniques have been proposed,

combining both model-based and data-driven approaches. DL methods have
demonstrated the ability to estimate lithium-ion battery SOH without additional
degradation experiments [10]. Hybrid DL methods have also been developed for
the estimation of the SOH of LIBs, showing improved accuracy and robustness
[4]. Battery degradation prognosis and healthmanagement based on grey iterative
modeling provides another innovative approach to SOH estimation [13]. These
hybrid methods, which combine model-based and data-driven approaches, have
proven effective in improving SOH estimation by leveraging the strengths of both
techniques.
Finally, predicting the RUL of a battery is another critical aspect of battery

operating status analysis. RUL prediction is important for determining when a
battery will no longer be able to perform its intended function, thus enabling

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by alex jounh - O

regon H
ealth &

 Science U
niversity , W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



6 1 Introduction

timely maintenance or replacement. RUL prediction is particularly challenging
due to the complex and nonlinear nature of battery aging, which is influenced by
numerous factors such as charge/discharge cycles, temperature, and operating
stresses. Traditional RUL prediction models often fall short of capturing the time-
varying nature of the battery degradation process.
Recent advancements have significantly improved the accuracy of RUL predic-

tion. Techniques such as particle filtering and neural networks, especially LSTM
networks, have demonstrated exceptional performance in predicting RUL. Sur-
vival analysis combined with ML has emerged as a powerful framework for pre-
dicting Li-ion battery RUL [11]. These models are capable of learning complex
temporal dependencies and nonlinear patterns in the battery data, which is essen-
tial for predicting the RUL accurately. By training these models on large datasets,
they can effectively predict the remaining lifespan of a battery based on historical
data and operational conditions.
In conclusion, battery operating status analysis is fundamental for ensuring the

efficient and safe operation of battery systems across a wide range of applications.
The accurate estimation of SOC, SOH, and RUL is crucial for optimizing battery
performance, enhancing safety, and extending the battery’s lifespan. The integra-
tion of advanced methods, such as particle filtering, ML algorithms, and hybrid
techniques, provides robust solutions to the challenges of battery status analysis.
These methods not only improve the accuracy of status estimation but also enable
more effective monitoring and management of battery systems in real-world envi-
ronments.

1.4 Principle of Filter Design Methods

Filter designmethods are essential tools for addressing the challenges of state esti-
mation, particularly in systems characterized by uncertainty and noise. In battery
systems, these methods are crucial for accurately estimating parameters such as
SOC, SOH, and RUL, which are often affected by various disturbances and uncer-
tainties, including measurement noise, model inaccuracies, and environmental
factors. A filter is an algorithm that processes a sequence of noisy observations to
estimate the state of a dynamic system. The objective of filter design is to reduce
the uncertainty in the system’s state estimation by usingmathematicalmodels that
describe the system’s dynamics and measurement process.
The design of effective filters for battery systems involves several fundamental

principles that stem from various fields, including linear and nonlinear systems,
estimation theory, and statistical inference. These principles are broadly catego-
rized into linear filters, nonlinear filters, and robust filters, each offering different
advantages and applicable scenarios.
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1.4 Principle of Filter Design Methods 7

1.4.1 Linear Filters

Linear filters are among the most commonly used and simplest types of filters in
state estimation. They assume that the systemandmeasurementmodels are linear,
and that the noise affecting the system is Gaussian. TheKF is themost widely used
linear filter and is optimal in the sense that it minimizes the mean square error of
the state estimate, given the assumptions of Gaussian noise and linearity. In the
KF, the system’s state is updated iteratively using both the previous state estimate
and the new measurements, and it provides an estimate of the state along with a
covariance matrix that quantifies the uncertainty in the estimate.
The extended Kalman filter (EKF) is an extension of the KF that deals with sys-

tems exhibiting nonlinear behavior. It linearizes the system’s nonlinear dynamics
around the current estimate, enabling the use of KF principles for nonlinear sys-
tems. However, EKF has limitations in handling highly nonlinear systems, as it
may introduce errors in the linearization process.

1.4.2 Nonlinear Filters

While linear filters work well for systems with linear dynamics and Gaussian
noise, they are often inadequate for handling nonlinear systems, which are com-
mon in battery modeling due to the complex electrochemical processes involved.
PF, also known as sequential Monte Carlo (SMC) methods, represent a class of
filters that do not require linearity assumptions. PFs represent the system’s state
with a set of random samples, or “particles,” each of which has a weight based on
its likelihood. The filter updates the particles over time according to the system’s
dynamics and measurement model, and the state estimate is obtained by calculat-
ing the weighted average of the particles.
PFs are particularly well-suited for battery systems, as they can handle the non-

linearities and uncertainties associated with battery dynamics, such as tempera-
ture effects, varying charge/discharge rates, and aging processes [9]. Furthermore,
PFs can be used to estimate complex battery parameters, such as SOC and SOH, in
real-time under uncertain operating conditions. Novel approaches such as particle
flow filter frameworks with grey models have been developed to further enhance
the performance of PFs for RUL prediction [14].

1.4.3 Robust Filters

Robust filters are designed to address the limitations of traditional filters when
the noise characteristics are unknown or highly uncertain. In battery systems,
noise can often be non-Gaussian and time-varying, making traditional filtering
methods less effective. Zonotopic filtering, a robust filtering technique, uses geo-
metric structures called zonotopes to represent uncertainty in the system’s state.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by alex jounh - O

regon H
ealth &

 Science U
niversity , W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



8 1 Introduction

Zonotopes are convex polytopes that provide a way to represent sets of possible
states and measurement errors, making them useful for handling uncertainty in
both the state andmeasurementmodels. Thismethod is particularly advantageous
when dealing with non-Gaussian noise and systems with bounded uncertainty,
as it can efficiently estimate the state while taking into account the shape of the
uncertainty set.
Zonotopic filters can be combined with other estimation techniques, such as

Kalman filtering or particle filtering, to form hybrid filters that are both robust
and efficient. These hybrid methods can be tailored to the specific needs of battery
systems, where noise is often unknown and time-varying. Moreover, zonotopic
filtering can be used in conjunction with particle swarm optimization (PSO) to
further improve the robustness of the filter by adapting the filter’s parameters in
response to changes in the system’s behavior.

1.4.4 The Integration of Filters with AI

The integration of traditional filter design methods with AI techniques is an
emerging trend in the estimation of battery operating states. AI methods, such as
DL and reinforcement learning (RL), are particularly suited for handling the large
amounts of data generated by battery systems. By combiningAIwith filtering tech-
niques, it is possible to improve the accuracy and robustness of state estimation,
particularly in complex systems where the dynamics are not well understood or
difficult to model.
For example, LSTM networks, a type of recurrent neural network, have been

used to improve the estimation of SOC and SOH by learning the temporal
dependencies in the battery data. Similarly, domain-adapted frameworks such as
HybridoNet-Adapt combine DL with filtering techniques to enhance the accu-
racy of RUL prediction across different operating conditions [15]. RL techniques
can be used to optimize filter parameters and adapt the filter’s behavior in real-
time based on the changing operating conditions of the battery system. By lever-
aging the strengths of both filtering and AI methods, it is possible to achieve more
accurate and adaptive state estimation in battery systems.
Reviews of Bayesian-filtering-based techniques in RUL prediction for LIBs pro-

vide comprehensive insights into the integration of filtering methods with AI
strategies [16]. These approaches demonstrate how the combination of traditional
filtering principles with modern AI techniques can address the complex chal-
lenges of battery state estimation.
In conclusion, the design of effective filters for battery systems requires an

understanding of both traditional estimation techniques and modern approaches
that address the complexities of battery behavior. Linear, nonlinear, and robust fil-
ters each offer unique advantages depending on the nature of the system and the

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by alex jounh - O

regon H
ealth &

 Science U
niversity , W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



1.5 Artificial Intelligence Strategy 9

type of noise present. The integration of filtering methods with AI techniques fur-
ther enhances the capability to accurately estimate key battery parameters, provid-
ing a comprehensive solution to the challenges of battery operating status analysis.

1.5 Artificial Intelligence Strategy

AI has become a key strategy in advancing the capabilities of battery systems,
particularly in the fields of manufacturing, state estimation, and predictive main-
tenance [8]. The rapid development of AI techniques, including ML and DL,
has introduced powerful tools for improving battery performance, enhancing the
accuracy of SOC and SOH estimations, and optimizing the design and operation
of battery systems.
In battery manufacturing, AI techniques are employed to optimize production

processes, improve consistency, and predict manufacturing capacity. ML models
can process large volumes of sensor data from production lines, identifying pat-
terns that are not immediately apparent to human operators. These models are
capable of making real-time adjustments to the manufacturing process, ensur-
ing that production goals are met while maintaining high quality and efficiency.
For instance, AI models based on supervised learning techniques, such as regres-
sion analysis and classification, can predict production outcomes based on input
parameters, thus enhancing control over the manufacturing environment and
reducing waste.
For modern battery systems, AI has become an indispensable tool for state esti-

mation. Inferring the SOC, SOH, and RUL requires capturing strongly nonlin-
ear and time-varying behaviors that conventional modeling approaches struggle
to represent accurately. DL algorithms, particularly LSTM networks, are capa-
ble of learning temporal dependencies in battery data and can be trained to pre-
dict battery performance under various operating conditions [10]. PatchFormer, a
novel patch-based transformer, has been developed for accurate RUL prediction
of LIBs, demonstrating the potential of advanced AI architectures in this domain
[13]. These models are capable of handling large amounts of data generated by
battery systems and provide real-time updates of the state estimation, significantly
improving the accuracy of predictions compared to traditional methods.
Furthermore, AI strategies enable predictive maintenance by providing

advanced capabilities for forecasting battery degradation and predicting failure
points. By analyzing historical data on battery performance, AI models can iden-
tify early signs of deterioration and predict whenmaintenance or replacement will
be required. Survival analysis with ML has emerged as a particularly powerful
approach for predicting Li-ion battery RUL [11]. This is particularly valuable in
applications where battery failure can result in significant operational downtime
or safety concerns, such as in EVs or renewable energy storage systems.
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10 1 Introduction

Another application of AI in battery systems is in the optimization of BMSs. AI
techniques, including RL, can optimize the charging and discharging cycles of bat-
teries tomaximize their efficiency and lifespan. By continuously learning from the
battery’s behavior, RL algorithms can adapt to changes in the battery’s operating
conditions and adjust the control strategy accordingly. This leads to improved bat-
tery utilization and extended operational life, especially in systems with multiple
batteries connected in series or parallel.
Large language models are also being explored for battery prognostics, open-

ing up new possibilities for AI applications in battery health management. The
integration of stress-informed transfer learning approaches enables accelerated
battery life evaluation across diverse operating conditions and cell mechanisms,
further expanding the capabilities of AI in battery systems.
In conclusion, AI has proven to be an invaluable strategy in improving the per-

formance, reliability, and efficiency of battery systems. Through its application
in manufacturing, state estimation, predictive maintenance, and optimization, AI
provides the necessary tools to address the challenges posed by modern battery
systems. As AI techniques continue to evolve, their integration into battery man-
agement and manufacturing systems will undoubtedly play a key role in driving
the future of energy storage technologies.

1.6 Outlines

Although some progress has been made in the theory, methodology, and applica-
tion of filtering techniques in battery systems, there is still much to be done. This
book builds on the existing research, focusing on improving current methods and
integrating them with emerging technologies. The content of this book highlights
the continued development and application of state-of-the-art filtering methods
in battery manufacturing, operating status analysis, and fault diagnosis.
The overall layout of the book, including its principal contents and their order,

is summarized as follows: In Chapter 2, we present methods for optimizing
battery manufacturing processes and predicting manufacturing capacity using
data-driven models. Chapter 3 focuses on advanced state estimation techniques
for battery systems, including methods for forecasting battery health and per-
formance under various operational conditions. In Chapter 4, we explore the
integration of advanced filteringmethods with AI techniques for battery state esti-
mation, emphasizing their effectiveness in nonstationary environments. In Chap-
ter 5, we introduce advanced SOC estimation techniques using set-membership
filtering methods and optimization strategies. These methods address the chal-
lenges of accurately estimating battery state under bounded uncertainties.
Chapter 6 introduces methods for predicting the RUL of batteries, integrating
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1.6 Outlines 11

advanced filtering strategies with AI to enhance the accuracy and reliability of
RUL predictions. Finally, in Chapter 7, we summarize the research presented in
this book and outline the future directions for the development of battery sys-
tems, focusing on the role of filtering techniques and AI in advancing battery
technologies.
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2

Advances in Battery Grouping by Artificial Intelligence
Strategy

2.1 Introduction to Battery Grouping

Battery grouping is a critical process in battery manufacturing, particularly for
ensuring the consistent performance of battery packs used in applications such
as electric vehicles (EVs) and large-scale energy storage systems. Grouping refers
to the classification of individual battery cells based on key performance param-
eters such as capacity, internal resistance, and voltage. By grouping cells with
similar characteristics, manufacturers can ensure that the battery pack operates
efficiently, safely, and with a longer lifespan [17]. Traditional methods of bat-
tery grouping often rely on empirical rules or manual sorting, which may lead
to inconsistent performance and suboptimal grouping. These methods are time-
consuming and may fail to account for the complex interdependencies between
various battery parameters [18]. To address these challenges, more sophisticated
techniques, such as clustering algorithms, have been applied to automate the
grouping process and improve accuracy [19].
In recent years, optimization-based clusteringmethods, particularly those using

genetic algorithms (GA), have gained attention for their ability to efficiently group
batteries based on multiple parameters [12]. However, conventional GAs face sev-
eral limitations, such as low search efficiency and the risk of premature con-
vergence. To overcome these drawbacks, novel approaches have been developed,
such as the chaotic dual-population genetic algorithm (CDP-GA), which intro-
duces primary and secondary populations to enhance search accuracy and conver-
gence speed. This chapter introduces the principles of battery grouping, discusses
the limitations of traditional methods, and presents the application of advanced
clustering techniques, including the CDP-GA algorithm, for optimizing battery
grouping in manufacturing processes. The chapter highlights the importance of
minimizing differences in key battery parameters within a group, as well as ensur-
ing the consistency of battery packs to maximize performance and lifespan [20].

Advances in Battery Manufacturing and Operating Status Analysis: Filtering and Artificial
Intelligence Strategy, First Edition. Ziyun Wang, Yan Wang and Zhicheng Ji.
© 2027 The Institute of Electrical and Electronics Engineers, Inc. Published 2027 by
John Wiley & Sons, Inc. All rights reserved.
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14 2 Advances in Battery Grouping by Artificial Intelligence Strategy

2.2 Problem Formulation and Model Establishment

2.2.1 Problem Formulation

Consider a set of objects characterized by a series of technical parameters and
their correspondingweights. The objective of this study is to partition these objects
into several clusters according to given requirements, such that the similarity
among objects within the same cluster ismaximizedwhile the clustering structure
remains interpretable and computationally efficient.
The following sections begin with a discussion of the underlying classification

principles, uponwhichwe formulate fast classification criteria adapted to the con-
sidered application setting.

2.2.2 Model Establishment

To develop fast classification criteria, the following three requirements should be
simultaneously taken into account:

1. the overlap between different categories should be minimized;
2. the dispersion among samples within each category should be minimized;
3. the spatial extent occupied by each category should be consistent with the

probability of containing samples.

Therefore, the construction of fast classification criteria can be formulated as a
complex optimization problem, in which the objective function must comprehen-
sively reflect the aforementioned three aspects.
By incorporating these criteria, the mathematical model is expressed as:

⎧
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎩

𝐹(𝑏, 𝑧) = 𝐹1 + 𝐹2 + 𝐹3,

𝐹1 =
𝑍−1∑

𝑖=1

𝑍∑

𝑗=𝑖+1
𝑀𝑖𝑗 ,

𝐹2 =
Z∑

𝑧=1

√
√√√√

𝑛𝑧∑

𝑖=1

𝑚∑

𝑗=1

|||||𝑏𝑖𝑗 − 𝑏𝑗
|||||
2
,

𝐹3 =
𝑍−1∑

𝑖=1

𝑍∑

𝑗=𝑖+1
𝑃𝑖𝑗 ,

(2.1)

where𝑀𝑖𝑗 denotes the overlap between the minimum inclusion space of the 𝑖-th
category and that of the 𝑗-th category in the normalized feature space. The vari-
able 𝑏𝑖𝑗 is the 𝑗-th normalized feature value of the 𝑖-th classified object, and 𝑏̄𝑗 is
the average value of the 𝑗-th feature over all classified objects after normalization.
The scalar 𝑍 denotes the total number of categories, 𝑛𝑧 is the number of objects in
the 𝑧-th category, and 𝑃𝑖𝑗 quantifies the difference in density between the 𝑖-th and
𝑗-th categories.
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2.4 Crossover Modes Designing 15

On the basis of the aforementionedmodel, a clustering scheme is then designed
and implemented by means of a genetic-algorithm-based optimization procedure.
In this section, a CDP-GA is developed by specifying the chromosome encoding

scheme, the crossover strategies, the chaoticmutationmechanism, and the natural
selection procedure.

2.3 Chromosome Encoding

In the proposed CDP-GA, an integer-encoding scheme is adopted, where the
admissible integer range is determined by the prescribed number of classifica-
tion categories. Each population contains 𝑛 chromosomes. The coding sequence
of the 𝑖-th chromosome in the main population at the 𝑘-th iteration is denoted
by 𝐶0

𝑖 (𝑘) = [𝑐0𝑖1(𝑘), 𝑐
0
𝑖2(𝑘), … , 𝑐0𝑖𝑛(𝑘)], and the coding sequence of the 𝑖-th chro-

mosome in the secondary population at the 𝑘-th iteration is given by 𝐶1
𝑖 (𝑘) =

[𝑐1𝑖1(𝑘), 𝑐
1
𝑖2(𝑘), … , 𝑐1𝑖𝑛(𝑘)]. The chromosome length is denoted by 𝑠, and each gene

position on the chromosome corresponds to the category assignment of a specific
object. The fitness function is directly taken as 𝐹(𝑏, 𝑧) defined in (2.1).
During the initialization of the CDP-GA populations, a tent chaotic map is

employed to generate each chromosome [21]:

𝑐𝑖(0) = ceil(𝑧𝑗 × 𝑍), 𝑗 ∈ [1, 𝑠], 𝑖 ∈ [1, 𝑁],

𝑧𝑥+1 =

⎧
⎪
⎪

⎨
⎪
⎪
⎩

rand, 𝑥 = 0,
𝑧𝑥
𝑝 , 𝑥 ≠ 0, 𝑧 < 𝑝,

1 − 𝑧𝑥
1 − 𝑝 , 𝑥 ≠ 0, 𝑧 ≥ 𝑝,

(2.2)

where𝑁 denotes the number of individuals in each population, ceil(⋅) is the ceiling
function, rand is a random number uniformly distributed in (0, 1), and 𝑝 is the
chaotic control parameter.

2.4 Crossover Modes Designing

Two distinct crossover modes are designed in CDP-GA: an inter-population
crossover used in the early stages of the evolution and a non-inbreeding crossover
applied in the later stages. The crossover scheme for the secondary popula-
tion follows the conventional GA. The inter-population crossover serves as an
information-exchange mechanism between the two populations, where individ-
uals in the main population randomly select one of the two populations as a
crossover partner pool.
In the later evolutionary stage, the non-inbreeding crossover strategy focuses

on promoting diversity among individuals by encouraging crossover between
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16 2 Advances in Battery Grouping by Artificial Intelligence Strategy

chromosomes with low similarity. The decision of whether a given individual par-
ticipates in crossover is made by comparing a crossover operator 𝑎 with a pre-
scribed upper bound of the crossover probability, denoted by 𝑎𝑐𝑟. This operator 𝑎 is
constructed using the objective function and can be adaptively adjusted at a global
level. When the condition 𝑎 < 𝑎𝑐𝑟 is satisfied, the individual is allowed to undergo
crossover:

𝑎 =
(
1 − 𝑘

iter

)
×

𝑂𝑖(𝑘)
min(𝑂(𝑘))

× rand, (2.3)

where iter is the maximum number of iterations, 𝑘 is the current iteration index,
𝑂𝑖(𝑘) is the fitness value associated with the current chromosome, andmin(𝑂(𝑘))
is the fitness value of the best individual at iteration 𝑘.
The crossover operation is carried out as follows:

⎧
⎪
⎪

⎨
⎪
⎪
⎩

𝐶𝑖(𝑘) =
[
𝑐𝑖1(𝑘), 𝑐𝑖2(𝑘),⋯ , 𝑐𝑠(𝑘)

]T
,

𝐶′
𝑖 (𝑘) = (𝐸1 − 𝛼) 𝐶𝑖(𝑘) + 𝛼 𝐶̃𝑖(𝑘), 𝑖 ∈ [1, 𝑛],

𝛼 = diag
[
𝛼1, 𝛼2,⋯ , 𝛼𝑠

]
𝑠×𝑠
,

𝐼′1(𝑘) =
[
𝐶′
1(𝑘),⋯ , 𝐶′

𝑛(𝑘)
]
,

(2.4)

where 𝛼 is a random crossover matrix whose diagonal elements are drawn from
{0, 1}, 𝑠 is both the chromosome length and the number of objects, 𝐶′

𝑖 (𝑘) denotes
the chromosome 𝐶𝑖(𝑘) after crossover, 𝐸1 is the identity matrix, and 𝐼′1(𝑘) denotes
the newly generated population. The subpopulation 𝐼2(𝑘) performs crossover
according to the traditional GA procedure.

2.5 Population Mutations

For the main population, two mutation strategies are employed: a chaotic muta-
tion applied in the early and late stages of evolution, and a minimum-similarity
mutation adopted in the middle stage.
The basic idea of chaotic mutation is to replace conventional random numbers

with a chaotic map for pointwise mutation, thereby constructing a chaotic muta-
tion matrix 𝐶(𝑘):

𝐶(𝑘) = diag
[
ceil(𝑍 × 𝑧𝑗)

]
𝑠×1
, 𝑗 ∈ (1, 𝑠),

𝑧𝑥+1 =

⎧
⎪
⎪

⎨
⎪
⎪
⎩

rand, 𝑥 = 0,
𝑧𝑥
𝑝 , 𝑥 ≠ 0, 𝑧 < 𝑝,

1 − 𝑧𝑥
1 − 𝑝 , 𝑥 ≠ 0, 𝑧 ≥ 𝑝,

(2.5)
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2.5 Population Mutations 17

where 𝑍 is the number of categories, 𝑠 is the chromosome length, 𝑝 is the chaotic
control parameter, ceil(⋅) denotes the ceiling function, and rand generates a uni-
form random number in (0, 1).
Themutation operator 𝑏 plays a role analogous to that of the crossover operator.

It is compared with a mutation threshold (denoted by mut) to determine whether
the mutation is activated:

𝑏 =
(
1.5 − 𝑘

iter
)
×
min

(
𝑂(𝑘)

)

𝑂𝑖(𝑘)
× rand. (2.6)

Here, iter denotes the maximum number of iterations, 𝑘 indexes the current iter-
ation, 𝑂𝑖(𝑘) represents the fitness of the 𝑖-th chromosome at iteration 𝑘, and
min(𝑂(𝑘)) is the best fitness value achieved in the current generation.
Let 𝛽 be the mutation transformation matrix. When 𝑘 < iter∕2 or 𝑘 > 3 iter∕4,

the chaotic mutation strategy is applied:

⎧
⎪
⎪

⎨
⎪
⎪
⎩

𝐶′
𝑖 (𝑘) =

[
𝑐′𝑖1(𝑘), 𝑐

′
𝑖2(𝑘), … , 𝑐′𝑖𝑠(𝑘)

]T
,

𝐶′′
𝑖 (𝑘) =

(
𝐸1 − 𝛽

)
𝐶′
𝑖 (𝑘) + 𝛽 𝐶(𝑘),

𝛽 = diag
[
𝛽1, 𝛽2, … , 𝛽𝑠

]
𝑠×𝑠
,

𝐼′′1 (𝑘) =
[
𝐶′′
1 (𝑘), … , 𝐶′′

𝑛 (𝑘)
]
,

(2.7)

where 𝐶′′
𝑖 (𝑘) is the mutated chromosome, 𝐸1 is the identity matrix, and 𝐼′′1 (𝑘)

denotes the population after mutation.
When 𝑘 ∈ [iter∕2, 3 iter∕4], the minimum-similarity mutation strategy is

instead adopted:

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝐶′
𝑖 (𝑘) =

[
𝑐′𝑖1(𝑘), 𝑐

′
𝑖2(𝑘),⋯ , 𝑐′𝑖𝑠(𝑘)

]T
,

𝐶′′
𝑖 (𝑘) =

(
𝐸1 − 𝛽

)
𝐶′
𝑖 (𝑘) + 𝛽 𝐶𝑖(𝑘),

𝛽 = diag
[
𝛽1, 𝛽2,⋯ , 𝛽𝑠

]
𝑠×𝑠
,

𝐶𝑖(𝑘) =
[
𝑐𝑖1(𝑘), 𝑐𝑖2(𝑘),⋯ , 𝑐𝑖𝑠(𝑘)

]T
,

𝐼′′1 (𝑘) =
[
𝐶′′
1 (𝑘),⋯ , 𝐶′′

𝑛 (𝑘)
]
,

(2.8)

where 𝐶𝑖(𝑘) is constrained to differ from 𝐶′
𝑖 (𝑘) at a prescribed number of gene

positions; by default, at least half of the gene positions are inconsistent, thereby
enforcing a minimum degree of dissimilarity.
The natural selectionmechanism of CDP-GA is implemented in a randomman-

ner, such that each individual has the same probability of being passed to the
next generation. After natural selection, a chaotic micromutation with a very low
mutation probability is applied to further enhance population diversity. The corre-
sponding state-transitionmatrix for natural selection is denoted by𝑄, whereas the
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18 2 Advances in Battery Grouping by Artificial Intelligence Strategy

state-transition matrix for micromutation is denoted by𝑊. The final step consists
of a population-boosting operation: the most elite chromosome(s) in the subpop-
ulation are swapped with the least elite chromosome(s) in the main population.
If this boosting step is not executed, an elitism strategy is employed for the main
population. The associated state-transitionmatrix of this boosting (or elitism) step
is denoted by 𝑌. Consequently, the evolution of the main population can be sum-
marized as:

𝐼1(𝑘 + 1) = 𝑄𝑠𝑠 ⋅𝑊𝑠𝑠 ⋅ 𝑌𝑠𝑠 ⋅ 𝐼
′′
1 (𝑘), (2.9)

where 𝐼1(𝑘 + 1) denotes the updated main population at iteration 𝑘 + 1.

2.6 Convergence Analysis

The convergence analysis of the CDP-GA follows the same general framework as
traditional GAs. Let the crossover operator be represented by the matrix 𝐻, the
mutation operator by 𝑀, the natural selection operator by 𝐺, and the micromu-
tation operator by 𝑀1. The overall state transition induced by one generation of
CDP-GA can then be expressed as 𝑃1 =𝐻 ⋅𝑀 ⋅ 𝐺 ⋅𝑀1.
Let𝑉 denote the finite state space of all possible population chromosomes, inde-

pendent of the specific encoding scheme. The population configuration at each
iteration is regarded as a state in 𝑉. Let 𝑍(𝑘) represent the best individual in the
population at iteration 𝑘, and let 𝑓∗ represent the globally optimal solution asso-
ciated with the considered optimization problem. In this formulation, crossover,
mutation, micromutation, and natural selection correspond to random transfor-
mations that map the current state to a new state. The state-transition matrices
associated with 𝐻,𝑀, 𝐺, and𝑀1 depend only on the current state and are time-
invariant. Therefore, according to the Markov property, 𝐻, 𝑀, 𝐺, and 𝑀1 are
treated as randommatrices. Additionally, the new state-transitionmatrices𝑀 and
𝑀1 are entrywise positive randommatrices, while 𝐺 is a column-permissible ran-
dom matrix.

Theorem 2.1 Given a randommatrix𝐻, if 𝑀 and𝑀1 are entrywise positive ran-
dom matrices and 𝐺 is a column-permissible random matrix, then 𝑃1 =𝐻 ⋅𝑀 ⋅ 𝐺 ⋅
𝑀1 is an entrywise positive matrix.

Proof 2.1. Denote the (𝑖, 𝑗)-th elements of 𝐻, 𝑀, 𝐺, and 𝑀1 by ℎ𝑖𝑗 , 𝑚𝑖𝑗 , 𝑔𝑖𝑗 ,
and 𝑚1𝑖𝑗 , respectively. Since 𝑀 and 𝑀1 are entrywise positive random matri-
ces, the product 𝑋 =𝐻 ⋅𝑀 is a positive matrix. Furthermore, according to [22],
the matrix 𝑋 =𝐻 ⋅𝑀 is a positive matrix in the sense that all its entries are
strictly positive.
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2.6 Convergence Analysis 19

Next, consider a positive matrix 𝑋 and a column-permissible randommatrix 𝐺.
Let 𝑌 = 𝑋 ⋅ 𝐺. Then 𝑌 is also a positive matrix. Specifically,

∀𝑖, 𝑧, 𝑥𝑖𝑧 > 0, (2.10)

and, since 𝐺 is column-permissible, one has

∀𝑗, ∃𝑧 such that 𝑔𝑧𝑗 > 0 ⇒ ∀𝑖, 𝑗, 𝑦𝑖𝑗 =
𝑁∑

𝑧=1
𝑥𝑖𝑧𝑔𝑧𝑗 > 0, (2.11)

which implies that 𝑌 is a positive matrix and 𝑃1 = 𝑌 ⋅𝑀1.
Since 𝑌 is positive,

∀𝑖, 𝑧, 𝑦𝑖𝑧 > 0, (2.12)

and𝑀1 is an entrywise positive random matrix,

𝑚1𝑖𝑗 > 0, 𝑖, 𝑗 ∈ [1, 𝑁], (2.13)

it follows that

∀𝑖, 𝑧, 𝑦𝑖𝑧 > 0, ∀𝑧, 𝑗, 𝑚1𝑧𝑗 > 0 ⇒ ∀𝑖, 𝑗, 𝑝𝑖𝑗 =
𝑁∑

𝑧=1
𝑦𝑖𝑧𝑚1𝑧𝑗 > 0. (2.14)

Therefore, 𝑃1 = 𝑌 ⋅𝑀1 =𝐻 ⋅𝑀 ⋅ 𝐺 ⋅𝑀1 is an entrywise positive matrix.

Theorem 2.2 If the population boosting operation updates themain chromosome
population by exchanging elite individuals, then the CDP-GA converges to the opti-
mal solution.

Proof 2.2. Consider Goldberg’s model in [23] for analyzing the convergence of a
single-population evolutionary algorithm:

𝑦 = 𝑢 + 𝑣 ln𝑁, (𝑢 ≥ 0, 𝑣 > 0), (2.15)

where 𝑁 denotes the population size, and 𝑢, 𝑣 are constants determined by the
specific optimization problem.
In CDP-GA, extending (2.15) to the dual-population setting, let 𝑁 denote the

total population size, with𝑁 =
∑2

𝑖=1 𝑁𝑖 ,where𝑁𝑖 is the size of the 𝑖-th subpopula-
tion (𝑖 = 1, 2). Suppose the overall problem of establishing the fast grouping stan-
dard is denoted by𝑂. In viewof (2.1),𝑂 can be decomposed into three subproblems
𝑂1,𝑂2, and𝑂3. The constants 𝑢 and 𝑣 in (2.15) are determined by the fast grouping
problem 𝑂. Accordingly, (2.15) can be generalized to the dual-population case as:

𝑦′ =
2∑

𝑖=1

(
𝑢𝑖 + 𝑣𝑖 ln𝑁𝑖

)
, (𝑢𝑖 ≥ 0, 𝑣𝑖 > 0), (2.16)
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20 2 Advances in Battery Grouping by Artificial Intelligence Strategy

where 𝑢𝑖 and 𝑣𝑖 are determined by the subproblems associated with the 𝑖-th
population.
Let the search space of the fast grouping problem𝑂 be𝑅 = [𝑅1, 𝑅2], where𝑅1 and

𝑅2 are the search spaces corresponding to the main and secondary populations,
respectively. It is clear that ‖𝑅𝑖‖1 ≤ ‖𝑅‖1, 𝑖 = 1, 2.Moreover, since solving𝑂 ismore
complex than solving any of the subproblems 𝑂1, 𝑂2, or 𝑂3, one has

𝑢𝑖 ≥ 𝑢, 𝑣𝑖 > 𝑣, 𝑖 = 1, 2. (2.17)

Combining (2.15), (2.16), and (2.17), it follows that

𝑦′ ≥ 𝑘𝑢 + 𝑣
2∑

𝑖=1
ln𝑁𝑖 > 𝑘𝑢 + 𝑣 ln

2∑

𝑖=1
𝑁𝑖 = 𝑘𝑢 + (𝑦 − 𝑢), (2.18)

where 𝑘 > 1 denotes the number of subproblems (here 𝑘 = 2). From (2.18), it is
obtained that 𝑦′ > 𝑦, which implies that the convergence behavior of the dual-
population algorithmmodel is superior to that of a single-population GAwith the
same total population size. Consequently, the CDP-GA converges to the optimal
solution with probability 1.

Remark 2.1 When the algorithm is restricted to an elitist preservation strategy,
it can also converge to the global optimal solution.
Since 𝑃1 is a random matrix with all entries strictly positive, every non-global-

optimal solution has a convergence probability of 0. Hence, the probability of the
population being in the global optimum converges to 1, that is, as 𝑘→∞, one has
𝑃{𝑍(𝑘) = 𝑓∗}→ 1.

2.7 Case Study on Battery Grouping

In this section, the proposed CDP-GA algorithm is further examined through a
power battery grouping case study, which serves to verify its effectiveness. The
experimental data were collected from the production line of Tianneng Battery
Group (Zhejiang Province, China), and consist of capacity, internal resistance, and
voltage measurements from 228 cells. The corresponding assembly line layout is
illustrated in Figure 2.1.
The fast grouping standard obtained by the CDP-GA algorithm is depicted in

Figure 2.2. From the results, it is apparent that the proposedmethod partitions the
battery-indicator data space into three subspaces, each associated with one group-
ing standard that can be directly used for pack formation. For batteries located in
overlapping regions of these subspaces, multiple standards may be applied, pro-
viding additional flexibility for practical grouping decisions.
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2.7 Case Study on Battery Grouping 21

Figure 2.1 Battery assembly line.
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Figure 2.2 Standard rendering for fast grouping based on CDP-GA.

Figure 2.3 further compares the proposed CDP-GA with several benchmark
algorithms: the conventional GA, a dual-population genetic algorithm (DGA)
that incorporates inter-population crossover and population boosting, a chaotic
genetic algorithm (CGA) that employs chaotic mapping in both population ini-
tialization and mutation, and an improved genetic algorithm (IP-GA) that mod-
ifies the initialization procedure and introduces adaptive mutation as in [24].
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Figure 2.3 Rendering of the fast grouping results for different algorithms.

As shown in Figure 2.3, the CDP-GA achieves the best optimization performance
among all candidates, with a final objective value of 0.955769.

2.8 Concluding Remarks

This chapter presents a novel CDP-GA aimed at addressing the challenge of rapid
battery grouping. By introducing a primary–secondary dual-population structure
combined with a population boosting mechanism, the proposed algorithm signif-
icantly enhances convergence speed and global search accuracy. CDP-GA effec-
tively mitigates the common issues of premature convergence and low search
efficiency that are typically associated with traditional GAs. The results from
applying the algorithm to real-world power battery grouping tasks highlight its
superior performance, demonstrating faster convergence and greater accuracy in
global search compared to conventional methods. Ultimately, the proposed CDP-
GA not only improves the grouping process efficiency but also offers a promising
solution for optimizing the battery grouping process in the context of batteryman-
ufacturing and energy storage systems.
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3

Advances in Forecasting of Battery Manufacturing
Capacity by Artificial Intelligence Strategy

3.1 Introduction to Battery Manufacturing Capacity

In recent years, lithium-ion batteries have become one of the core components of
new-energy vehicles and large-scale energy-storage systems.With the rapid expan-
sion of the electric vehicle (EV) market and the continuous construction of large
“gigafactories,” battery manufacturers face growing pressure to ensure both high
product quality and stable manufacturing capacity. According to the IEA’s Global
EV Outlook 2024, global EV battery demand has continued to grow rapidly in
recent years [25]. Existing research on lithium-ion batteries has mainly focused
on product-level quality analysis, such as state-of-charge (SOC) estimation, state-
of-health (SOH) assessment, and remaining useful life prediction. These studies
emphasize electrical performance and degradation behaviors from the perspective
of a single cell or a battery pack. In contrast, the prediction and analysis of bat-
tery manufacturing capacity at the production-line level has not been extensively
investigated, despite its crucial importance for production planning and strategic
market deployment.
From the perspective ofmanufacturing systems, the capacity of a battery produc-

tion line can be described as the number of qualified batteries produced per unit
time under given process and resource constraints. This definition not only reflects
the physical throughput of the line, but also implicitly embeds quality considera-
tions through the notion of “qualified” products. In practical production, battery
manufacturing capacity is influenced by multiple factors, including the perfor-
mance of key equipment, process parameter settings, workforce andmaintenance
schedules, incoming material quality, and even external disturbances such as
order fluctuations and supply-chain disruptions. Reasonable forecasting of manu-
facturing capacity, therefore, plays a central role in production planning, inventory
management, and strategic capacity decisions in many high-tech manufacturing

Advances in Battery Manufacturing and Operating Status Analysis: Filtering and Artificial
Intelligence Strategy, First Edition. Ziyun Wang, Yan Wang and Zhicheng Ji.
© 2027 The Institute of Electrical and Electronics Engineers, Inc. Published 2027 by
John Wiley & Sons, Inc. All rights reserved.
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24 3 Advances in Forecasting of Battery Manufacturing Capacity by Artificial Intelligence Strategy

industries [26, 27]. As a result, the observed manufacturing capacity data usually
exhibit pronounced nonlinearity, nonstationarity, and multi-time-scale behavior,
which pose considerable challenges for accurate capacity forecasting.
Because the manufacturing capacity data are collected in chronological order

with a fixed sampling interval, forecasting the manufacturing capacity of lithium-
ion batteries can be naturally formulated as a time-series forecasting problem
[28, 29]. Classical time-series models, such as ARIMA and exponential smooth-
ing, have been widely used in industrial demand forecasting and process mon-
itoring [28, 29]. However, these traditional models often assume approximate
linearity and weak nonstationarity, which are not fully compatible with the
strongly nonlinear, mode-mixed, and noise-contaminated characteristics of mod-
ern battery manufacturing data. Consequently, directly applying such models to
capacity forecasting may lead to limited accuracy and poor robustness in the pres-
ence of complex fluctuations.
To handle complex nonstationary sequences, decomposition–reconstruction

strategies have attracted increasing attention. Variational mode decomposition
(VMD) is a powerful technique that adaptively decomposes a complex series into
a finite number of band-limited intrinsic mode functions (IMFs) by solving a
constrained variational optimization problem [30, 31]. Compared with empirical
mode decomposition and some traditional filtering methods, VMD offers better
mathematical grounding, reduced mode mixing, and flexible control of frequency
bandwidths. These properties make VMD particularly suitable for extracting hid-
den multi-scale patterns from manufacturing capacity data and converting the
original nonstationary series into several more regular subseries that are easier to
model and forecast. In recent industrial applications, VMD has been successfully
combined with deep neural networks to forecast nonstationary electricity load
and power demand series, achieving higher accuracy than single-model baselines
[32, 33].
However, the prediction performance of VMD-based methods highly depends

on the selection of key parameters, especially the number of decomposition lay-
ers 𝐾 and the penalty factor 𝜂. These parameters influence the center frequen-
cies and bandwidths of the IMFs, thus affecting the degree of mode separation
and the trade-off between decomposition accuracy and computational complexity
[34–36]. If 𝐾 is set too large, spurious modes and mode aliasing may occur, lead-
ing to redundant components and decreased interpretability. If 𝜂 is set too small,
each IMF becomes overly narrowband, which helps reduce mode aliasing but sig-
nificantly increases the time cost of the decomposition. In contrast, other param-
eters such as the discrimination accuracy 𝜀 and noise tolerance 𝜏 generally have
a less significant impact on the decomposition quality [35, 36]. Therefore, how to
reasonably and automatically choose𝐾 and 𝜂 for differentmanufacturing datasets
is a key issue in practical applications.
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3.1 Introduction to Battery Manufacturing Capacity 25

After the manufacturing capacity series is decomposed into multiple IMFs,
another important problem is how to construct accurate prediction models for
each component and then reconstruct the final capacity forecast. In recent years,
neural-network-based approaches have become widely adopted for time-series
forecasting owing to their strong nonlinear mapping capability and data-driven
learning nature [37, 38]. Among them, the LSTM network is particularly suit-
able for capturing long-range temporal dependencies and dealing with complex
dynamic patterns. For example, [39] successfully applied an LSTM-based model
to accurately forecast flood storage ponds, demonstrating its superiority over tra-
ditional models in handling nonlinear and nonstationary hydrological sequences.
Nevertheless, the performance of conventional LSTM models strongly depends

on the manual selection of hyperparameters, such as the number of hidden-layer
nodes, learning rate, and batch size [40, 41]. In many practical applications, these
hyperparameters are determined by trial-and-error or empirical tuning, which
makes themodeling process subjective andmay lead to suboptimal results. In par-
ticular, the number of hidden nodes has a decisive influence on both the repre-
sentation capacity and the generalization performance of the LSTM network. An
insufficient number of hidden nodes may cause underfitting, whereas an exces-
sively large number of nodes may increase the risk of overfitting and computa-
tional burden [40, 41].
Reinforcement learning, especially theQ-learning algorithm, provides a promis-

ing tool for data-driven decision optimization. By interactingwith an environment
and receiving scalar rewards, Q-learning adaptively updates a state–action value
table and gradually learns an optimal decision policy without requiring an explicit
model of the environment. Recent work has formulated hyperparameter tuning
of neural networks as a Markov decision process (MDP) and used Q-learning to
search for efficient hyperparameter configurations, achieving better performance
than traditional search methods [42]. This property makes Q-learning attractive
for hyperparameter optimization inmachine-learningmodels, where the environ-
ment is the training process and the reward can be defined based on prediction
errors or evaluationmetrics. In parallel, deep reinforcement learning (RL) has also
been applied to optimize capacity planning policies in complex manufacturing
environments, showing clear advantages over heuristic rules in terms of through-
put and cycle time [43].
Motivated by the aforementioned observations, this chapter focuses on the fore-

casting problem of lithium-ion battery manufacturing capacity with nonlinear
and nonstationary characteristics. The central idea is to integrate VMD and
LSTM within a reinforcement-learning-based optimization framework. First, an
MDP is constructed to describe the parameter-selection problem of VMD, and
a Q-learning strategy is designed to automatically search for the optimal num-
ber of decomposition layers 𝐾 and penalty factor 𝜂. The original manufacturing
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26 3 Advances in Forecasting of Battery Manufacturing Capacity by Artificial Intelligence Strategy

capacity series is then decomposed using VMD with these optimized parameters,
yielding IMFs that exhibit improvedmode separation and smoother temporal pat-
terns. Second, a new Q-learning-based method is developed to optimize the key
hyperparameters of the LSTM model, particularly the number of hidden-layer
nodes, thereby reducing the randomness and subjectivity of conventional LSTM
configuration. Based on the optimally decomposed IMFs and the optimally tuned
LSTM models, a Q-learning-based VMD and long short-term memory (Q-VMD-
LSTM) forecasting algorithm is finally constructed to enhance the prediction accu-
racy of nonstationary lithium-ion battery manufacturing capacity.

3.2 Problem Formulation

Analysis of the original battery manufacturing capacity data shows that the cor-
responding time series exhibits pronounced nonstationary behavior. To mitigate
the adverse impact of this nonstationarity on forecasting performance, the origi-
nal sequence is first decomposed, and each resulting component is subsequently
predicted. In this context, two key issues must be addressed:

1. how to optimally determine the number of decomposition layers and the
penalty factor in the VMDmethod;

2. how to enhance the prediction accuracy of the decomposed components
when using the LSTM algorithm.

Both issues can be reformulated as reinforcement-learning-based optimization
tasks for forecasting nonstationary battery manufacturing capacity, and can thus
be viewed as optimal parameter optimization problems.
For a given sequence 𝑋(𝑡), the marginal spectrum of each modal function 𝑢𝑘(𝑡)

is obtained via the Hilbert transform, and the center frequency exponent 𝑤𝑘 for
each mode is determined accordingly. By taking the gradient in the sense of the
Euclidean 2-norm, a constrained variational problem is derived. The bandwidths
of the 𝐾 modes are then obtained by solving

min
{𝑢𝑘 ,𝑤𝑘 }

{
𝐾∑

𝑘=1

‖‖‖‖‖‖‖
𝜕𝑡[(𝛿(𝑡) +

𝑗
𝜋𝑡 ) ∗ 𝑢𝑘(𝑡)𝑒

−𝑗𝑤𝑘 𝑡]
‖‖‖‖‖‖‖

2

2
}

s.t.
𝐾∑

𝑘=1
𝑢𝑘(𝑡) = 𝑋(𝑡),

(3.1)

where 𝑢𝑘 denotes the 𝑘-th modal component,𝑤𝑘 is its center frequency, the quan-
tity 𝑋(𝑡) stands for the original signal, 𝑗 stands for the imaginary unit, and 𝛿(𝑡)
represents the Dirac delta function.
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3.3 Q-learning Principle 27

3.3 Q-learning Principle

RL provides a general framework for learning decision-making policies through
interaction with the environment. In contrast to supervised learning, where
labeled input–output pairs are given in advance, an RL agent must choose actions,
observe the resulting state transitions and scalar rewards, and gradually improve
its behavior based on long-term return. Q-learning is one of the most widely used
value-based RL algorithms, and is particularly suitable for optimization problems
with discrete state and action spaces [44].

3.3.1 Markov Decision Process

The RL framework is commonly formulated on the basis of anMDP. A finite MDP
is represented by the tuple

M = ⟨S ,A, P , 𝑟, 𝛾⟩,

where S denotes the set of states,A denotes the set of actions,P(𝑠′ ∣ 𝑠, 𝑎) specifies
the probability of moving from state 𝑠 ∈ S to state 𝑠′ ∈ S when action 𝑎 ∈A is
chosen, 𝑟(𝑠, 𝑎) gives the immediate reward received by taking action 𝑎 in state 𝑠,
and 𝛾 ∈ [0, 1) is the discount factor that down-weights future rewards.
At each discrete time step 𝑡, the agent observes the current state 𝑆𝑡 ∈ S , selects

an action 𝐴𝑡 ∈A according to a policy, obtains an instantaneous reward 𝑅𝑡+1, and
the system evolves to the next state 𝑆𝑡+1. The aim of RL is to design a policy that
maximizes the expected long-term discounted return.
A (stochastic) policy𝜋maps each state to a probability distribution over actions,

so that

𝜋(𝑎 ∣ 𝑠) = Pr{𝐴𝑡 = 𝑎 ∣ 𝑆𝑡 = 𝑠}.

Given a fixed policy 𝜋, the return starting from time 𝑡 is defined as:

𝐺𝑡 =
∞∑

𝑘=0
𝛾𝑘𝑅𝑡+𝑘+1, (3.2)

and the associated state-value function 𝑣𝜋(𝑠) and action-value function 𝑞𝜋(𝑠, 𝑎)
are defined by

𝑣𝜋(𝑠) = 𝔼𝜋 [𝐺𝑡 ∣ 𝑆𝑡 = 𝑠], (3.3)
𝑞𝜋(𝑠, 𝑎) = 𝔼𝜋 [𝐺𝑡 ∣ 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎], (3.4)

where the expectation is evaluated over the trajectories distribution generated by
policy 𝜋 under the MDP dynamics. These definitions coincide with the standard
discounted MDP formulation used in RL.
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28 3 Advances in Forecasting of Battery Manufacturing Capacity by Artificial Intelligence Strategy

3.3.2 Bellman Optimality Equation and Q-function

Among all policies, an optimal policy 𝜋∗ achieves the maximal expected return
for every state. The corresponding optimal state-value function 𝑣∗(𝑠) and optimal
action-value function 𝑞∗(𝑠, 𝑎) are defined as:

𝑣∗(𝑠) = max
𝜋

𝑣𝜋(𝑠), (3.5)

𝑞∗(𝑠, 𝑎) = max
𝜋

𝑞𝜋(𝑠, 𝑎). (3.6)

These optimal value functions satisfy the Bellman optimality equations. In partic-
ular, the optimal action-value function 𝑞∗(𝑠, 𝑎) satisfies:

𝑞∗(𝑠, 𝑎) = 𝔼
[
𝑅𝑡+1 + 𝛾max

𝑎′∈A
𝑞∗(𝑆𝑡+1, 𝑎′)

|||| 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎
]
. (3.7)

Once 𝑞∗(𝑠, 𝑎) is known, an optimal policy can be obtained by selecting, at each
state 𝑠, any action that maximizes 𝑞∗(𝑠, 𝑎):

𝜋∗(𝑠) ∈ arg max
𝑎∈A

𝑞∗(𝑠, 𝑎). (3.8)

Therefore, many RL algorithms aim at learning an approximation of 𝑞∗ directly
from interaction data.

3.3.3 Tabular Q-learning Algorithm

Q-learning belongs to the class of model-free RL algorithms and incremen-
tally learns the optimal action-value function 𝑞∗(𝑠, 𝑎) using temporal-difference
updates. In the tabular setting, a Q-table 𝑄(𝑠, 𝑎) is maintained for all state–action
pairs (𝑠, 𝑎) ∈ S ×A. At each time step 𝑡, after executing action 𝐴𝑡 in state 𝑆𝑡,
observing reward 𝑅𝑡+1 and the next state 𝑆𝑡+1, the Q-table is updated according to:

𝑄𝑡+1(𝑆𝑡, 𝐴𝑡) = (1 − 𝛼)𝑄𝑡(𝑆𝑡, 𝐴𝑡) + 𝛼
[
𝑅𝑡+1 + 𝛾max

𝑎′∈A
𝑄𝑡(𝑆𝑡+1, 𝑎′)

]
, (3.9)

where 𝛼 ∈ (0, 1] is the learning rate and 𝛾 is the discount factor. The term in brack-
ets is the temporal-difference target, composed of the immediate reward and the
discounted estimate of the optimal future value. The update in (3.9) can be inter-
preted as a stochastic approximation to the Bellman optimality Eq. (3.7), and is
known as the Q-learning rule.
During learning, the agent must balance exploration and exploitation. A widely

used strategy is the 𝜀-greedy policy: with probability 1 − 𝜀, the agent selects the
action with the highest current Q-value, 𝐴𝑡 = arg max𝑎∈A 𝑄𝑡(𝑆𝑡, 𝑎), and with
probability 𝜀, it chooses an action uniformly at random from A. The explo-
ration rate 𝜀 is often decreased gradually as learning progresses, so that the policy
becomes more deterministic when the Q-table has converged.
Under suitable technical conditions (finite state and action sets, sufficiently

small but nonvanishing learning rate, and adequate exploration), tabular
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3.4 Variational Mode Decomposition 29

Q-learning is guaranteed to converge to the optimal action-value function 𝑞∗

with probability one. In practice, Q-learning is simple to implement and does not
require explicit knowledge of the transition probabilitiesP , whichmakes it attrac-
tive for data-driven optimization problems.

3.3.4 Formulation for Parameter Optimization

In this chapter, the Q-learning algorithm is employed as a discrete search
mechanism for hyperparameter optimization. The selection of algorithmic param-
eters (such as the number of VMD decomposition layers and the LSTM hidden-
layer size) is formulated as an MDP, where each state represents a current
candidate parameter configuration, each action corresponds to adjusting one or
several parameters, and the reward is defined based on the decomposition quality
or prediction error. By iteratively updating the Q-table according to (3.9) and fol-
lowing an 𝜀-greedy exploration strategy, the learning agent can gradually identify
parameter combinations that yield better forecasting performance. The detailed
design of the state, action, and reward for the batterymanufacturing capacity fore-
casting problem will be presented in Section 3.6.

3.4 Variational Mode Decomposition

As discussed in Section 3.1, the original manufacturing capacity sequence of a
lithium-ion battery production line usually exhibits strong nonlinearity and non-
stationarity. Directly building a forecasting model on such data often leads to poor
accuracy. To alleviate this problem, this book adopts VMD to separate the original
sequence into a finite number of IMFs with relatively narrow bandwidths before
prediction [29, 30, 40, 41]. Each IMF mainly occupies a limited frequency band
around a certain center frequency, which makes it easier to capture the underly-
ing temporal patterns with subsequent learning models.

3.4.1 Constrained Variational Formulation

Consider an observed real-valued signal𝑋(𝑡), which in this chapter represents the
batterymanufacturing capacity series. VMDassumes that𝑋(𝑡) can be decomposed
into 𝐾 modes 𝑢𝑘(𝑡), each of which is an amplitude-modulated and frequency-
modulated (AM–FM) component with center frequency 𝜔𝑘. For a given set of
modes {𝑢𝑘(𝑡)}

𝐾
𝑘=1 and center frequencies {𝜔𝑘}

𝐾
𝑘=1, the analytic signal of each mode

is obtained by applying the Hilbert transform, i.e.,
(
𝛿(𝑡) +

𝑗
𝜋𝑡

)
∗ 𝑢𝑘(𝑡),

where 𝛿(𝑡) is the Dirac delta and 𝑗 is the imaginary unit. After frequency shifting
by 𝑒−𝑗𝜔𝑘 𝑡, VMD measures the bandwidth of each mode by the squared 𝓁2-norm
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30 3 Advances in Forecasting of Battery Manufacturing Capacity by Artificial Intelligence Strategy

of the gradient of the demodulated analytic signal. Summing over all modes, the
constrained variational problem can be written as:

min
{𝑢𝑘 }, {𝜔𝑘 }

𝐾∑

𝑘=1

‖‖‖‖‖‖‖
𝜕𝑡 [

(
𝛿(𝑡) +

𝑗
𝜋𝑡

)
∗ 𝑢𝑘(𝑡)] 𝑒−𝑗𝜔𝑘 𝑡

‖‖‖‖‖‖‖

2

2

s.t.
𝐾∑

𝑘=1
𝑢𝑘(𝑡) = 𝑋(𝑡),

(3.10)

where 𝜕𝑡 denotes the time derivative. The constraint in (3.10) enforces that the
sum of all modal components reconstructs the original signal.
To solve (3.10), a penalty factor 𝜂 > 0 and a Lagrange multiplier 𝜆(𝑡) are intro-

duced, leading to the following augmented Lagrangian:

𝐿({𝑢𝑘}, {𝜔𝑘}, 𝜆) = 𝜂
𝐾∑

𝑘=1

‖‖‖‖‖‖‖
𝜕𝑡 [

(
𝛿(𝑡) +

𝑗
𝜋𝑡

)
∗ 𝑢𝑘(𝑡)] 𝑒−𝑗𝜔𝑘 𝑡

‖‖‖‖‖‖‖

2

2

+
‖‖‖‖‖‖‖‖‖
𝑋(𝑡) −

𝐾∑

𝑘=1
𝑢𝑘(𝑡)

‖‖‖‖‖‖‖‖‖

2

2

+
⟨
𝜆(𝑡), 𝑋(𝑡) −

𝐾∑

𝑘=1
𝑢𝑘(𝑡)

⟩
,

(3.11)

where ⟨⋅, ⋅⟩ denotes the inner product. The penalty factor 𝜂 controls the balance
between narrowband enforcement and reconstruction fidelity, and its value has a
significant influence on the decomposition result [40, 41].

3.4.2 Iterative Solution by ADMM

The augmented Lagrangian (3.11) is minimized by an alternating direction
method of multipliers (ADMM) scheme. In practice, it is convenient to work in
the frequency domain. Let 𝑓(𝜔), 𝑢̂𝑘(𝜔), and 𝜆̂(𝜔) denote the Fourier transforms
of 𝑋(𝑡), 𝑢𝑘(𝑡), and 𝜆(𝑡), respectively, and let the superscript 𝑛 denote the iteration
index. The updates of the modal components, center frequencies, and Lagrange
multiplier are given by

𝑢̂ 𝑛+1
𝑘 (𝜔) =

𝑓(𝜔) −
∑

𝑖≠𝑘
𝑢 𝑛
𝑖 (𝜔) +

1
2𝜆

𝑛(𝜔)

1 + 2𝜂
(
𝜔 − 𝜔 𝑛

𝑘

)2 , (3.12)

𝜔 𝑛+1
𝑘 =

∫∞
0 𝜔||||𝑢̂

𝑛+1
𝑘 (𝜔)||||

2
𝑑𝜔

∫∞
0
||||𝑢̂

𝑛+1
𝑘 (𝜔)||||

2
𝑑𝜔

, (3.13)

𝜆̂ 𝑛+1(𝜔) = 𝜆̂ 𝑛(𝜔) + 𝜏[𝑓(𝜔) −
𝐾∑

𝑘=1
𝑢 𝑛+1
𝑘 (𝜔)], (3.14)
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3.5 Long Short-term Memory 31

where 𝜏 > 0 is a step-size parameter for updating the Lagrange multiplier.
Equations (3.12)–(3.14) are iteratively applied to all modes until convergence.
In numerical implementation, the convergence of the VMD iteration is mon-

itored by the relative change of the modes between two successive iterations.
Specifically, the iteration is terminated when

𝐾∑

𝑘=1

‖‖‖‖𝑢
𝑛+1
𝑘 − 𝑢 𝑛

𝑘
‖‖‖‖
2

2
‖‖‖‖𝑢

𝑛
𝑘
‖‖‖‖
2

2

< 𝜀, (3.15)

where 𝜀 > 0 is a small tolerance controlling the decomposition accuracy. Once
(3.15) is satisfied, the current estimates {𝑢𝑘(𝑡)}

𝐾
𝑘=1 are taken as the final IMFs of

the original signal.

3.4.3 Remarks on Parameter Selection

The VMD algorithm described earlier depends on several parameters, among
which the number of modes 𝐾 and penalty factor 𝜂 are the most critical [40, 41].
If 𝐾 is chosen too small, important oscillatory components may be merged; if 𝐾
is excessively large, mode splitting and aliasing can occur. A small 𝜂 yields very
narrowbandmodes but increases computation time, whereas a large 𝜂may lead to
insufficient separation. Other parameters, such as the noise-tolerance factor 𝜏, ini-
tialization of the center frequencies, and convergence threshold 𝜀, normally have
a less pronounced impact on the decomposition result and can be set to commonly
used default values.
In this chapter, the determination of 𝐾 and 𝜂 is treated as an optimiza-

tion problem and will be carried out by a Q-learning-based search strategy.
A decomposition-quality index, defined later in Section 3.6, is adopted as the opti-
mization objective to automatically select an appropriate combination of 𝐾 and 𝜂
for the nonstationary battery manufacturing capacity sequence.

3.5 Long Short-term Memory

As discussed in Section 3.1, once the original manufacturing capacity series has
been decomposed into several IMFs by VMD, it is necessary to build accurate
forecasting models for each IMF and then reconstruct the final capacity predic-
tion. Owing to their strong nonlinear mapping capability and ability to capture
long-range temporal dependencies, LSTM networks have been widely adopted in
time-series forecasting problems [37, 38]. For example, [39] demonstrated that an
LSTM-basedmodel can effectively forecast complex hydrological sequences, high-
lighting its suitability for nonlinear and nonstationary signals.
An LSTM network can be interpreted as a particular form of recurrent neural

network that incorporates gatingmechanisms. At each time step 𝑡, given the input
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32 3 Advances in Forecasting of Battery Manufacturing Capacity by Artificial Intelligence Strategy

vector 𝒙𝑡, the previous hidden state𝒉𝑡−1, and the previous cell state 𝒄𝑡−1, the LSTM
cell computes

𝒇𝑡 = 𝜎
(
𝑊𝑓𝒙𝑡 +𝑈𝑓𝒉𝑡−1 + 𝒃𝑓

)
,

𝒊𝑡 = 𝜎 (𝑊𝑖𝒙𝑡 +𝑈𝑖𝒉𝑡−1 + 𝒃𝑖),

𝒄̃𝑡 = tanh(𝑊𝑐𝒙𝑡 +𝑈𝑐𝒉𝑡−1 + 𝒃𝑐),

𝒄𝑡 = 𝒇𝑡 ⊙ 𝒄𝑡−1 + 𝒊𝑡 ⊙ 𝒄̃𝑡,

𝒐𝑡 = 𝜎 (𝑊𝑜𝒙𝑡 +𝑈𝑜𝒉𝑡−1 + 𝒃𝑜),

𝒉𝑡 = 𝒐𝑡 ⊙ tanh(𝒄𝑡),

(3.16)

where𝒇𝑡, 𝒊𝑡, and 𝒐𝑡 denote the forget, input, and output gates, respectively; 𝒄̃𝑡 is the
candidate cell state;𝑊. and𝑈. areweightmatrices;𝒃. are bias vectors;⊙ stands for
element-wise multiplication; the functions 𝜎(⋅) and tanh(⋅) correspond to the sig-
moid and hyperbolic tangent functions, respectively. Through these gated opera-
tions, the LSTM cell can selectively retain or discard historical information, which
alleviates the gradient-vanishing problem and enhances its capability to model
long-term dependencies.
In the context of batterymanufacturing capacity forecasting, each IMF obtained

from VMD is treated as a relatively regular subseries. For each IMF, an LSTM-
based forecastingmodel is constructed by feeding a slidingwindowof past samples
as the input sequence and predicting the next (ormultiple future) values as the out-
put. The hidden-layer state dimension, learning rate, and other hyperparameters
significantly affect the representation ability and generalization performance of
the LSTM network [40, 41]. In particular, too few hidden units may lead to under-
fitting, whereas too many hidden units may increase overfitting risk and compu-
tational burden. To reduce the subjectivity of manual hyperparameter tuning, this
chapter employs the Q-learning strategy introduced in Section 3.3 to adaptively
search for suitable LSTM configurations. The detailed design of the Q-learning-
based VMD-LSTM forecasting framework will be presented in Section 3.6.

3.6 Design of the Forecasting Method

We first reformulate Eq. (3.1) through the introduction of the penalty factor 𝜂
together with the Lagrange multiplier 𝜆(𝑡), leading to the augmented functional

𝐿(𝑢𝑘, 𝑤𝑘, 𝜆) = 𝜂
𝐾∑

𝑘=1

‖‖‖‖‖‖‖
𝜕𝑡[(𝛿(𝑡) +

𝑗
𝜋𝑡 ) ∗ 𝑢𝑘(𝑡)𝑒

−𝑗𝑤𝑘 𝑡]
‖‖‖‖‖‖‖

2

2

+
‖‖‖‖‖‖‖‖‖
𝑋(𝑡) −

𝐾∑

𝑘=1
𝑢𝑘(𝑡)

‖‖‖‖‖‖‖‖‖

2

2

+
⟨
𝜆(𝑡), 𝑋(𝑡) −

𝐾∑

𝑘=1
𝑢𝑘(𝑡)

⟩
.

(3.17)
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3.6 Design of the Forecasting Method 33

The updates of 𝑢𝑘 and 𝑤𝑘 in Eq. (3.17) are given by

𝑢̂𝑛+1𝑘 (𝑡) =
𝑓(𝑡) −

∑𝐾

𝑖=1
𝑢𝑖(𝑡) +

𝜆(𝑡)
2

1 + 2𝜂(𝑡 − 𝑡𝑘)
2 , (3.18)

𝑤𝑛+1
𝑘 =

∫∞
0 𝑤|𝑢̂𝑘(𝑡)|

2𝑑𝑡

∫∞
0 |𝑢̂𝑘(𝑡)|

2𝑑𝑡
, (3.19)

and the Lagrange multiplier is updated as:

𝜆̂𝑛+1(𝑡) = 𝜆̂𝑛(𝑡) + 𝜏(𝑓(𝑡) −
𝐾∑

𝑘=1
𝑢𝑛+1𝑘 (𝑡)) , (3.20)

where 𝜏 denotes the step size of the multiplier update.
Convergence of the decomposition is checked by verifying whether the follow-

ing condition is satisfied:

𝐾∑

𝑘=1

‖‖‖‖𝑢
𝑛+1
𝑘 − 𝑢𝑛𝑘

‖‖‖‖
2

2
‖‖‖‖𝑢

𝑛
𝑘
‖‖‖‖
2

2

< 𝜀, (3.21)

in which case the iterative process terminates, and all modal components are
output.
Under complex manufacturing conditions for lithium-ion batteries, the

nonstationarity of the time-series data can significantly deteriorate prediction
performance. To address this issue, a Q-learning-based RL scheme is adopted to
optimize the key parameters of the VMD algorithm, thereby ensuring an appropri-
ate decomposition of the original series. Specifically, the penalty factor 𝜂 and the
number of decomposition layers𝐾 are treated as decision variables to be optimized
by the Q-learning algorithm, and the optimal parameter pair (𝜂∗, 𝐾∗) is obtained
through training. Based on this idea, a Q-VMD-LSTM framework is constructed,
as illustrated in Figure 3.1.
Starting with data acquisition, the manufacturing capacity of the lithium-ion

battery is first correlated with the qualification rate, production volume, and
production time, and the raw data are preprocessed to form a suitable manufac-
turing capacity dataset. For datasets with pronounced nonstationary characteris-
tics, the VMD algorithm is then employed to perform mode decomposition. The
Q-learning algorithm is used to adaptively select the optimal values of the VMD
key parameters, and the resulting optimizedVMD scheme is applied to decompose
the original sequence intomultiple components. Each component is subsequently
predicted by an LSTMmodel, whose key parameters are also tuned via Q-learning.
Finally, the predicted components are recombined to reconstruct the forecast of
the original sequence, and the proposed Q-VMD-LSTM algorithm is further eval-
uated through a simulation study designed to verify its effectiveness.
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34 3 Advances in Forecasting of Battery Manufacturing Capacity by Artificial Intelligence Strategy

Pass rate
Production
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Optimization
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Action

Agent
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Environment
Envelope
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results
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ε-greedy
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modal decomposition

Environment

Figure 3.1 Structure of the Q-VMD-LSTM algorithm.

The operational procedure of the proposed Q-VMD-LSTM algorithm proceeds
according to the following steps:
Step 1: Based on the qualified rate, production quantity, and production time

collected from the production line, the manufacturing capacity of qualified batter-
ies per unit time is used to construct the battery manufacturing capability index.
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3.6 Design of the Forecasting Method 35

The originalmanufacturing capacity sequence𝑋(𝑡) is defined as𝑋(𝑡) = 𝑄(𝑡) × 𝑅(𝑡)
𝑇

,
where 𝑄(𝑡) denotes the number of batteries produced per unit time, 𝑅(𝑡) denotes
the production pass rate, and 𝑇 is the corresponding time interval.
Step 2: The VMD algorithm is employed to process the lithium-ion battery

sequence 𝑋(𝑡), which exhibits complex features such as nonstationarity, to obtain
amodal decomposition. AQ-learning algorithm is then employed to search for the
optimal parameter set (𝜂, 𝐾) of the VMD algorithm, where 𝜂 is the penalty factor
and 𝐾 is the number of decomposition modes.
In the Q-learning framework, an index must be specified as the optimization

objective. In this study, the minimization of the VMD-based envelope entropy 𝐸𝑝
is chosen as the optimization target. The envelope entropy reflects the uniformity
of the probability distribution: themore concentrated the distribution, the smaller
𝐸𝑝. It is computed as:

⎧
⎪
⎪

⎨
⎪
⎪
⎩

𝑝𝑗 =
𝑎(𝑗)

∑𝑁

𝑗=1
𝑎(𝑗)

,

𝐸𝑝 = −
𝑁∑

𝑗=1
𝑝𝑗 lg 𝑝𝑗 ,

(3.22)

where 𝑎(𝑗) is the envelope signal obtained by demodulating 𝑋(𝑗) via the Hilbert
transform, and 𝑝𝑗 is the normalized envelope.
The optimization of the VMD parameter pair (𝜂, 𝐾) is abstracted as an MDP,

for which the state set 𝑆, action set 𝐴, loss function 𝐿, and reward function 𝑅 are
designed as follows. Since the objective is to determine the parameter combination
that yields the most accurate VMD decomposition, the state matrix is defined as:

𝑆1 = [𝜂, 𝐾]. (3.23)

The agent seeks to minimize the envelope entropy, and the action matrix is
chosen as:

𝐴1 = [∆𝐾, ∆𝜂], (3.24)

which represents the incremental adjustment of the state 𝑆1 by fixed steps in
𝐾 and 𝜂.
The loss function of the Q-learning algorithm is consistent with Eq. (3.22), since

the goal is to minimize 𝐸𝑝:

𝐿1 = 𝐸𝑝 = −
𝑁∑

𝑗=1
𝑝𝑗 lg 𝑝𝑗 . (3.25)
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36 3 Advances in Forecasting of Battery Manufacturing Capacity by Artificial Intelligence Strategy

To encourage the agent to explore state–action pairs that reduce the envelope
entropy, the reward function is defined by

𝑅1 =
1
𝐸𝑝

× 100 = 1

−
∑𝑁

𝑗=1
𝑝𝑗 lg 𝑝𝑗

× 100. (3.26)

During learning, the Q-learning agent continuously updates the Q-table by iter-
ating over state–action pairs, and ultimately converges to the optimal action pol-
icy for each state according to the expected Q-values. The Q-value update rule
is given by

𝑄(𝑠, 𝑎)← (1 − 𝛼)𝑄(𝑠, 𝑎) + 𝛼𝛾max
𝑎′

𝑄(𝑠′, 𝑎′) + 𝛼𝑅1,

where 𝛼 is the learning rate, 𝛾 is the discount factor, 𝑠′ is the next state, and 𝑎′ is a
candidate action in state 𝑠′.
After sufficient iterations, the agent yields a converged Q-table. By inspecting

this table, the optimal action under each state (𝜂, 𝐾) can be identified, and thus the
optimal penalty factor 𝜂 and number of decomposition layers𝐾 that minimize the
envelope entropy are obtained. In this way, the VMD algorithm is endowed with
an adaptive parameter-selectionmechanism that achieves an improved decompo-
sition effect.
Step 3: Using the optimized VMD parameters, the original sequence 𝑋(𝑡) is

decomposed into𝐾 intrinsic components,𝑋1(𝑡), 𝑋2(𝑡), … , 𝑋𝐾(𝑡), each of which
captures a different oscillatory mode of the manufacturing capacity series.
Step 4:A second Q-learning stage is used to optimize the structure of the LSTM

predictor by tuning the number of hidden-layer nodes ℎ. The optimization proce-
dure is analogous to that in Step 2. Specifically, the state is chosen as 𝑆2 = [ℎ], and
the actionmatrix is defined as𝐴2 = [−∆𝑥, ∆𝑥],where∆𝑥 denotes the step size for
adjusting the number of hidden nodes. The objective is to improve the predictive
accuracy of the LSTMmodel, and thus the root-mean-square error (RMSE) of the
LSTM prediction is adopted as the loss function:

𝐿2 =

√
√√√ 1

𝑇

𝑇∑

𝑡=1

(
𝑦𝑡 − 𝑦𝑡

)2
, (3.27)

where 𝑦𝑡 and 𝑦̂𝑡 denote the true and predicted values at time 𝑡, respectively, and 𝑇
is the prediction horizon.
The corresponding reward function is defined by

𝑅2 =
1
𝐿2

= 1
√

1

𝑇

∑𝑇

𝑡=1

(
𝑦𝑡 − 𝑦𝑡

)2
,

(3.28)
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3.7 Case Study on Forecasting of Battery Manufacturing Capacity 37

so that smaller RMSE values lead to higher rewards. The Q-value update rule is
then

𝑄(𝑠, 𝑎)← (1 − 𝛼)𝑄(𝑠, 𝑎) + 𝛼𝛾max
𝑎′

𝑄(𝑠′, 𝑎′) + 𝛼𝑅2.

Through iterative updates, the optimal number of hidden-layer nodes ℎ is
obtained, and the corresponding LSTMmodel is adopted as the final predictor.
Step 5: The optimized LSTM model is used to forecast each decomposed com-

ponent obtained in Step 3. The individual component forecasts are then superim-
posed to reconstruct the final prediction of the original manufacturing capacity
sequence.
Step 6: Finally, three statistical indicators, RMSE, mean absolute error (MAE),

andmean absolute percentage error (MAPE), are then calculated to assess the pre-
diction performance. These metrics are used to assess the effectiveness of the pro-
posed Q-VMD-LSTM algorithm for forecasting the nonstationary lithium battery
manufacturing capacity.

3.7 Case Study on Forecasting of Battery Manufacturing
Capacity

In this study, the production data collected from the 18650 battery workshop of
Zhejiang Tianneng Battery Co., Ltd. are employed to assess the performance of
the proposed algorithm. As this workshop is still in trial operation, the data trans-
mission is not yet fully stable, and the resulting manufacturing capacity measure-
ments exhibit pronounced nonstationarity.

3.7.1 Model Parameter Setting

Except for the key parameters—the penalty factor𝛼 and the number of decomposi-
tionmodes𝐾, which are determined adaptively by the Q-learning algorithm—the
remaining VMD parameters are configured as summarized in Table 3.1. The three
parameters listed are commonly used defaults and do not have a significant impact
on the decomposition performance.

Table 3.1 VMD parameter settings.

Argument Parameter meaning Parameter value

𝜏 Noise tolerance 0
init Uniform initialization of omegas 1
tol DC-free component 1 × 10−7
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38 3 Advances in Forecasting of Battery Manufacturing Capacity by Artificial Intelligence Strategy

Table 3.2 Q-learning parameter settings.

Argument Parameter meaning Parameter value

𝜀 Greedy rate 0.9
𝛾𝑚 Learning rate of rewards and punishments 0.1
𝛾𝑚 Discount factor 0.9

The LSTM model is implemented using the LSTM toolbox in MATLAB, which
encapsulates the internal logic of the LSTM algorithm and exposes only the key
hyperparameters for tuning. In this work, the number of hidden-layer nodes is
treated as the main optimization target. The Q-learning algorithm is introduced
to optimize both the VMD and LSTMmodel parameters, and its general hyperpa-
rameters are selected as shown in Table 3.2.

3.7.2 Algorithm Comparative Analysis

By iteratively updating the Q-table, the optimal VMD parameters are obtained as
penalty factor 𝜂 = 3000 and number of decomposition layers 𝐾 = 8. These values
are then used as the VMD model parameters to decompose the original manu-
facturing capacity sequence. The resulting modal components (IMF1–IMF8) are
shown in Figure 3.2.
After decomposing the original sequence into IMF1–IMF8, each component is

predicted using an LSTM model, where the number of hidden-layer nodes ℎ is
again optimized by the Q-learning algorithm. Before running Q-learning, a rea-
sonable search range for ℎ is specified with reference to existing literature, and the
optimization is then carried out within this range.
Through this procedure, the Q-learning-guided optimization of the LSTM struc-

ture yields an optimal hidden-layer size of ℎ = 500. The optimized LSTM model
is used to predict each decomposed component, and the component-wise predic-
tions are recombined to obtain the final forecast. To assess the effectiveness of the
proposed Q-VMD-LSTM approach for forecasting nonstationary manufacturing
capacity, two benchmarkmodels are considered for comparison: a standard LSTM
model and a VMD-LSTMmodel. A total of 89 data points are used for performance
comparison, and the prediction outcomes obtained by all three models are shown
in Figure 3.3.
In this study, three error indices were employed to quantify the prediction per-

formance for nonstationary battery manufacturing capacity: RMSE, MAE, and
MAPE. The corresponding values for each model are listed in Table 3.3.
As seen from Table 3.3, the proposed Q-VMD-LSTM algorithm achieves signif-

icantly lower RMSE, MAE, and MAPE values than the two benchmark models.
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Figure 3.2 VMD decomposition result (IMF1–IMF8).

The error profiles of Q-VMD-LSTM versus VMD-LSTM and Q-VMD-LSTM ver-
sus LSTM are further compared in Figures 3.4 and 3.5, respectively.
In summary, the proposed Q-VMD-LSTM method employs Q-learning to

optimize the VMD parameters for modal decomposition and, subsequently, to
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Figure 3.3 Comparison of lithium-ion battery manufacturing capacity prediction models.

Table 3.3 Prediction error of battery manufacturing capacity for different models.

Prediction
model

RMSE/
quantity

MAE/
quantity

MAPE

LSTM 428.3117 345.165 2.85%
VMD-LSTM 322.4758 274.278 2.29%
Q-VMD-LSTM 165.1213 129.337 1.08%
Note: The bold values indicate the best prediction performance among the three
compared models. Specifically, the Q-VMD-LSTMmodel achieves the lowest RMSE,
MAE, and MAPE, demonstrating its superior accuracy in predicting nonstationary
battery manufacturing capacity.

adaptively tune the LSTM predictionmodel, thereby forming an integrated hybrid
forecasting scheme. Relative to the conventional VMD-LSTM algorithm, the
RMSE is reduced from 322.4758 to 165.1213, which clearly indicates that the pro-
posed Q-VMD-LSTM algorithm is both effective and superior to the alternatives
in predicting nonstationary lithium battery manufacturing capacity.
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3.8 Concluding Remarks

This chapter presents the Q-VMD-LSTM hybrid prediction algorithm, which
is specifically designed for forecasting nonstationary battery manufacturing
capacity. The proposed methodology integrates the strengths of the Q-learning
algorithm with the VMD decomposition technique, optimizing the VMD param-
eters adaptively to enhance the decomposition process. By leveraging the modal
components extracted from the optimized VMDmodel, the Q-learning algorithm
is then employed to fine-tune the hyperparameters of the LSTM model, which
includes penalty parameters and kernel functions. This adaptive tuning signifi-
cantly improves the prediction accuracy of the LSTM model for manufacturing
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42 3 Advances in Forecasting of Battery Manufacturing Capacity by Artificial Intelligence Strategy

capacity forecasting. The effectiveness of the proposed Q-VMD-LSTM framework
is validated through a comprehensive comparison with several competitive algo-
rithms, highlighting its superior performance in terms of error indices. Moreover,
due to its capability to handle nonstationary and periodic data, this hybrid frame-
work shows great potential for application in other forecasting tasks, such as wind
power prediction, offering a flexible and robust solution for various time-series
forecasting scenarios.
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4

Advances in Battery Operating Status Analysis
by Zonotopic Filtering

4.1 Introduction to Battery Operating Status Analysis

As the core energy storage unit in electric vehicles and large-scale energy storage
systems, the operational state of electrochemical batteries, particularly lithium-
ion batteries, directly determines overall system performance, safety, and reli-
ability. The analysis of battery operational states constitutes a comprehensive
technical framework aimed at obtaining internal key state parameters through
real-time monitoring, estimation, and diagnosis. These state parameters, serving
as “hidden variables” that describe the system’s internal dynamics, cannot be
directly measured by physical sensors, yet they are the cornerstone for efficient
battery management, lifespan prediction, and proactive safety assurance.
The core of battery operational state analysis lies in the accurate online identi-

fication and tracking of the following key state variables:

• State of Charge (SOC): Characterizes the remaining usable capacity of the
battery. It is the direct input for energy management, range estimation, and
charge–discharge strategy formulation. Accurate SOC estimation is funda-
mental to preventing overcharge or over-discharge, thereby ensuring the bat-
tery operates within its safe voltage window.

• State ofHealth (SOH): Quantifies the battery’s degradation level and its cur-
rent maximum available capacity. It is a critical metric for assessing remain-
ing useful life, making end-of-life decisions, and planning for second-life
applications. The slow time-varying nature of SOH poses a persistent chal-
lenge to the long-term accuracy of SOC estimation.

• State of Power (SOP): Defines the maximum charge and discharge power
that the battery can sustainably deliver over a specific time horizon. It directly
impacts vehicle dynamic performance (e.g., acceleration, regenerative brak-
ing) and the capability to provide grid services.

Advances in Battery Manufacturing and Operating Status Analysis: Filtering and Artificial
Intelligence Strategy, First Edition. Ziyun Wang, Yan Wang and Zhicheng Ji.
© 2027 The Institute of Electrical and Electronics Engineers, Inc. Published 2027 by
John Wiley & Sons, Inc. All rights reserved.
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44 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

• Internal States and Faults (e.g., thermal state, incipient internal short cir-
cuit): Monitor the internal electrochemical and thermodynamic conditions
of the battery. This layer is crucial for preventing catastrophic failures such
as thermal runaway and enabling early safety warnings.

A battery is a nonlinear, time-varying dynamic system. Its internal character-
istics are influenced by coupled factors, including operating current, ambient
temperature, aging history, and C-rate, and are accompanied by significant uncer-
tainties. These uncertainties primarily stem from two sources: (i) stochastic
uncertainties that can be modeled as random processes but with imperfectly
known statistics, and (ii) bounded uncertainties for which only bounds are
known, not probability distributions. Traditional state-estimation methods (e.g.,
Kalman filter families based onBayesian theory) rely heavily on prior assumptions
about noise distributions, which are often difficult to satisfy in complex, real-world
battery systems, leading to degraded accuracy or even divergence.
To overcome these limitations, set-membership estimation (SME) has gained

considerable attention as a robust state-estimation paradigm. This approach only
requires the assumption that system noises and disturbances are unknown but
bounded (UBB). Its objective is to find a feasible set that contains all system
states compatible with the model and measurements. This feasible set is typically
approximated by simple geometric shapes, with mainstream methods including:

• Interval Algorithms: Simple in structure but often conservative in their
wrapping, leading to slow convergence.

• Ellipsoidal Algorithms: Relatively simple to compute and iterate, sharing
structural similarities with the Kalman filter. However, the inherent conser-
vatism of ellipsoids in describing multidimensional uncertainty sets results
in significant wrapping redundancy.

• Zonotopic Algorithms: Defined by a center and a generator matrix, zono-
topes are symmetric convex polytopes that can wrap the feasible set more
tightly and flexibly. They offer a superior trade-off between computational
complexity and estimation accuracy, positioning them at the forefront of
advanced BMS algorithm research.

This chapter adopts these principles to address the core challenges of bat-
tery systems—nonlinearity, time variance, dual uncertainties, and hard operat-
ing constraints—while naturally leading to the methodological developments in
the subsequent sections. First, a baseline zonotopic filter (ZF) is formulated on
the equivalent-circuit/electrothermalmodel under UB disturbances. Next, for sys-
tems subjected tomixed uncertainties (Gaussian plus UB), a zonotopic–Gaussian
fusion introduces an optimal weighting to balance mean-square accuracy with
set tightness. For linear parameter-varying (LPV) scenarios, an orthotope–search–
expansion (OSE) strategy determines the evolution direction of time-varying
parameters via measurement-strip constraints, enabling parameter–state joint
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4.2 Problem Formulation 45

estimation without the conservatism of global expansion. Finally, for nonlinear
systems with explicit physical constraints (e.g., voltage and temperature bounds),
a constrained zonotopic approach employs interpolation-based linearization with
explicit error bounding and transforms constraints intomeasurement strips so that
intersections with the predicted zonotope remain physically feasible.
Through comprehensive numerical simulations and experiments based on

electrothermal lithium-ion models, this family of zonotopic filtering algorithms
demonstrates notable advantages in estimation accuracy, computational effi-
ciency, and robustness, outperforming traditional benchmarks such as ellipsoidal
filtering.
In summary, the analysis of battery operational states forms the foundation for

intelligent battery management systems (BMSs). The advanced state estimation
methods based on zonotopic theory, systematically elaborated in this work, pro-
vide a rigorous and practical theoretical framework and solution suite for address-
ing the core challenges inherent to battery systems—nonlinearity, time-variance,
dual uncertainties, and state constraints. This contribution holds substantial the-
oretical significance and practical value for advancing the technology of highly
reliable, long-lasting BMSs.

4.2 Problem Formulation

The efficacy of a BMS is fundamentally contingent upon its ability to accurately
perceive the internal key state parameters of the battery. However, the state esti-
mation of lithium-ion batteries, which are complex electrochemical systems, faces
significant challenges stemming from nonlinear dynamics, time-varying param-
eters, and multiple sources of uncertainty. To address these challenges system-
atically, this section aims to establish a unified problem formulation framework,
laying the theoretical groundwork for the advanced zonotopic estimators intro-
duced subsequently.
Battery state estimation is typically based on equivalent circuit models (ECM),

which simulate the electrochemical behavior of batteries using circuit elements.
The battery’s ECM can be categorized into first-order and second-order models.
Before discussing the second-ordermodel, we first introduce the first-ordermodel.

4.2.1 First-order ECM

According to the Thevenin theorem, the ECM of the battery can be obtained, and
the electricmodel is shown in Figure 4.1. Themathematical model is expressed as:

⎧

⎨
⎩

𝑈 = 𝑈𝑜𝑐 −𝑈𝑝 − 𝐼𝑐𝑅0,

𝑈̇𝑝 = −
𝑈𝑝

𝑅𝑝 × 𝐶𝑝
+ 1
𝐶𝑝

,
(4.1)

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by alex jounh - O

regon H
ealth &

 Science U
niversity , W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



46 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

R0

Rp

Cp

U

U

Ic

Up
+

+

–

–oc

Figure 4.1 Schematic diagram of the first-order Thevenin model of Li-ion battery.
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Figure 4.2 Schematic diagram of the second-order Thevenin model of Li-ion battery.

where 𝑅𝑝 and 𝐶𝑝 are used to describe the electrochemical polarization resistance
and polarization capacitance, which vary with the battery temperature during
charging and discharging, and are time-varying parameters.

4.2.2 Second-order RC ECM

Starting from the second-order RC equivalent circuit depicted in Figure 4.2, the
system admits the following continuous-time dynamic equations:

𝑈 =𝑈𝑜𝑐 − 𝑅𝑜𝐼 −𝑈1 −𝑈2,

⎧
⎪

⎨
⎪
⎩

𝑈̇1 = − 1
𝑅1𝐶𝑝1

𝑈1 +
1
𝐶𝑝1

𝐼,

𝑈̇2 = − 1
𝑅2𝐶𝑝2

𝑈2 +
1
𝐶𝑝2

𝐼,
(4.2)

where 𝑈 is the terminal voltage of the battery, 𝑈1 and 𝑈2 represent the elec-
trochemical polarization voltage and concentration polarization voltage, respec-
tively,𝑈𝑜𝑐(⋅) is the open-circuit voltage, typically a function of SOC, 𝐼 is the battery
current (positive for discharge), 𝑅0 is the ohmic internal resistance, 𝑅1, 𝐶𝑝1, and
𝑅2, 𝐶𝑝2 are the resistances and capacitances of the two RC networks, respectively,
𝜂 is the coulombic efficiency, and 𝑄 is the battery capacity.
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4.2 Problem Formulation 47

Discretizing the above continuous-timemodel (with sampling period∆𝑇) yields
the discrete-time state-space equation:

⎡
⎢
⎢
⎢
⎣

𝑈1,𝑘

𝑈2,𝑘

SOC𝑘

⎤
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑒
− ∆𝑇
𝑅1𝐶1 0 0

0 𝑒
− ∆𝑇
𝑅2𝐶2 0

0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑈1,𝑘−1

𝑈2,𝑘−1

SOC𝑘−1

⎤
⎥
⎥
⎥
⎦

+

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑅1(1 − 𝑒
− ∆𝑇
𝑅1𝐶1 )

𝑅2(1 − 𝑒
− ∆𝑇
𝑅2𝐶2 )

−
𝜂∆𝑇
𝑄

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝐼𝑘 + 𝑤𝑘,

𝑈𝑘 =𝑈𝑜𝑐(SOC𝑘) −𝑈1,𝑘 −𝑈2,𝑘 − 𝑅0𝐼𝑘 + 𝑣𝑘,
(4.3)

where 𝑤𝑘 stands for process noise, while 𝑣𝑘 stands for measurement noise.

4.2.3 Battery Electrothermal Coupling Model

When considering thermal dynamics, the battery system can be modeled as an
electrothermal coupling system. Using a first-order thermal model as an exam-
ple, the dynamics of core temperature 𝑇𝑐 and surface temperature 𝑇𝑠 can be
described as:

𝐶𝑐𝑇̇𝑐 = 𝑄gen +
𝑇𝑠 − 𝑇𝑐
𝑅𝑐

,

𝐶𝑠𝑇̇𝑠 =
𝑇𝑒 − 𝑇𝑠
𝑅𝑢

−
𝑇𝑠 − 𝑇𝑐
𝑅𝑐

,
(4.4)

where 𝐶𝑐 and 𝐶𝑠 represent the thermal capacities associated with the battery core
and surface, respectively, while 𝑅𝑐 is the thermal resistance from the core to the
surface and 𝑅𝑢 is the thermal resistance from the surface to the surrounding envi-
ronment, 𝑇𝑒 is the ambient temperature, and 𝑄gen is the heat generation rate, typ-
ically composed of Joule heating and reaction heat:

𝑄gen = 𝐼(𝑈𝑜𝑐 −𝑈) = 𝐼(𝑅𝑜𝐼 +𝑈1 +𝑈2). (4.5)

Once the electrothermal coupling model is discretized, its state-space form can
be written as:

⎡
⎢
⎣

𝑇𝑐,𝑘
𝑇𝑠,𝑘

⎤
⎥
⎦
=
⎡
⎢
⎢
⎢
⎣

1 − ∆𝑇
𝑅𝑐𝐶𝑐

∆𝑇
𝑅𝑐𝐶𝑐

∆𝑇
𝑅𝑐𝐶𝑠

1 − ∆𝑇
𝑅𝑐𝐶𝑠

− ∆𝑇
𝑅𝑢𝐶𝑠

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎣

𝑇𝑐,𝑘−1
𝑇𝑠,𝑘−1

⎤
⎥
⎦
+
⎡
⎢
⎢
⎢
⎣

∆𝑇
𝐶𝑐

0

0 ∆𝑇
𝑅𝑢𝐶𝑠

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎣

𝑄gen,𝑘−1

𝑇𝑒,𝑘−1

⎤
⎥
⎦
+ 𝑤𝑘,

𝑦𝑘 =
⎡
⎢
⎣

1 0

0 1

⎤
⎥
⎦

⎡
⎢
⎣

𝑇𝑐,𝑘
𝑇𝑠,𝑘

⎤
⎥
⎦
+ 𝑣𝑘.

(4.6)
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48 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

Based on the integration of the specific battery models discussed above, a uni-
fied and abstract discrete-time state-space representation can be distilled to cover
various state estimation scenarios ranging from simple linear to strongly nonlin-
ear systems. The general nonlinear form is given by:

⎧

⎨
⎩

𝑥𝑘+1 = 𝑓(𝑥𝑘) + 𝑤𝑘,

𝑦𝑘+1 = ℎ(𝑥𝑘+1) + 𝑣𝑘+1.
(4.7)

When the battery model is linear and explicitly includes inputs, it specializes to
the common discrete linear system:

⎧

⎨
⎩

𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢𝑘 + 𝑤𝑘,

𝑦𝑘 = 𝐶𝑥𝑘 + 𝑣𝑘,
(4.8)

where 𝑥𝑘 ∈ℝ𝑛 represents the system state, 𝑢𝑘 ∈ℝ𝑟 denotes the input, and 𝑦𝑘 ∈ℝ𝑝

is the measured output. The matrices 𝐴, 𝐵, and 𝐶 are assumed to be known. The
terms 𝑤𝑘 and 𝑣𝑘 model the process disturbance and measurement noise, respec-
tively, satisfying the UBB condition: element-wise |𝑤𝑘| ≤ 𝑤̃ and |𝑣𝑘| ≤ 𝑣̃, where 𝑤̃
and 𝑣̃ are known bounds; their dimensions are compatible with the state/output
equations. The functions 𝑓(⋅) and ℎ(⋅) are discrete nonlinear mappings, reducing
to the linear case in Eq. (4.8).
Concurrently, the SOH,which characterizes the battery’s degradation, is equally

critical. The dynamic evolution of SOH and its core coupling relationship with
SOC admits the following mathematical description:

𝑥ℎ,𝑘 = 𝑥ℎ,𝑘−1 + 𝛾𝑘,

𝑑𝑘 = Soc𝑘 − Soc𝑘−1 +
𝜂𝐼∆𝑇

𝑄𝑁𝑥ℎ,𝑘−1
+ 𝜀𝑘.

(4.9)

Here, 𝑥ℎ,𝑘 = Soh𝑘 ∈ [0, 1] represents the SOH, 𝑑𝑘 is an indirect measurement
related to capacity, 𝑄𝑁 is the nominal capacity, and 𝜂 is the coulombic efficiency.
Various unknown disturbances and measurement noises within the system are
key factors affecting estimation accuracy and can be primarily categorized into two
types: UBB noise, where the magnitude range is known but the distribution is
unknown, such as𝑤𝑘 ∈W = ⟨0, 𝑊⟩, 𝑣𝑘 ∈ V = ⟨0, 𝑉⟩, 𝛾𝑘 ∈ ⟨0, Γ⟩, and 𝜀𝑘 ∈ ⟨0, Ξ⟩ in
the equations; and stochastic (Gaussian) noise, with known statistical proper-
ties, often modeled as 𝑑𝑘 ∼N (0, 𝑄), 𝑒𝑘 ∼N (0, 𝑅). Practical systems often exhibit
a mixture of these uncertainties, placing higher demands on the robustness of the
estimator.
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4.3 Zonotopic Filter 49

4.3 Zonotopic Filter

4.3.1 Preliminaries

This section collects several basic notions and notations that will be used through-
out this section. An interval set is written as 𝑋 = [𝑎, 𝑏] = {𝑥 ∶ 𝑎 ≤ 𝑥 ≤ 𝑏}, where
𝑎 and 𝑏 denote the lower and upper bounds, respectively. The special case 𝐁 =
[−1, 1] is referred to as the unit interval, and 𝐁𝑚 denotes the𝑚-dimensional unit
box obtained as the Cartesian product of 𝑚 such intervals. For two sets 𝑋 and
𝑌, their Minkowski sum is defined by 𝑋 ⊕ 𝑌 = {𝑥 + 𝑦 ∶ 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌}. Using this
notation, a zonotope can be written in the form 𝒑⊕𝐺𝐁𝑚 = {𝒑 + 𝐺𝑧 ∶ 𝑧 ∈ 𝐁𝑚},
where 𝒑 ∈ℝ𝑛 is called the center and 𝐺 ∈ℝ𝑛×𝑚 is the generator matrix. The
integer 𝑚 is referred to as the order of the zonotope, and 𝐼𝑚 stands for the 𝑚-
dimensional identity matrix.
Several formal definitions and basic properties of zonotopes are summarized

below.

Definition 4.1 [45] Given a center vector 𝒑 ∈ℝ𝑛 and a collection of generator
vectors 𝑮 = {𝐠1, 𝐠2, … , 𝐠𝑚} ∈ℝ𝑛×𝑚 with𝑚 ≥ 𝑛, the zonotope Z is defined as:

Z = 𝒑 +
𝑚∑

𝑖=1
𝛼𝑖𝐠𝑖 = 𝒑⊕𝐺𝐁𝑚 ≜ ⟨𝒑, 𝐺⟩, (4.10)

where 𝛼𝑖 ∈ [−1, 1]. In this notation, 𝒑 is the center of Z and 𝐺 is its generator
matrix.

Property 1 [46] LetZ1 = 𝒑1 ⊕𝐺1𝐁𝑟1 ⊂ℝ𝑛1 andZ2 = 𝒑2 ⊕𝐺2𝐁𝑟2 ⊂ℝ𝑛2 be two
zonotopes. Their Minkowski sum is again a zonotope and can be written as:

Z =Z1 ⊕Z2 = (𝒑1 + 𝒑2)⊕
[
𝐺1 𝐺2

]
𝐁𝑟1+𝑟2 . (4.11)

Property 2 [46] Consider a zonotope Z = 𝒑⊕𝐺𝐁𝑟 ⊂ℝ𝑛 and a matrix 𝐾. The
image of Z under the linear map 𝐾 is again a zonotope and is given by

𝐾 ⊗Z = (𝐾 ⊗ 𝒑)⊕ (𝐾 ⊗ 𝐺)𝐁𝑟. (4.12)

Lemma 4.1 [47] For a zonotopeZ = 𝒑⊕𝐺𝐁𝑚, the smallest axis-aligned bound-
ing box is given by

□Z = 𝒑⊕ 𝑟𝑠(𝐺)𝐁𝑛, (4.13)

where the diagonal matrix 𝑟𝑠(𝐺) is defined componentwise as:

𝑟𝑠(𝐺)𝑖𝑖 =
𝑚∑

𝑗=1
|𝐺𝑖𝑗|, 𝑖 = 1, … , 𝑛. (4.14)
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50 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

Lemma 4.2 [48] Consider a zonotope Z = 𝒑⊕𝐺𝐁𝑟 ⊂ℝ𝑛 and an integer 𝑠 with
𝑛 < 𝑠 < 𝑟. Rearrange the columns of 𝐺 in nonincreasing order of their Euclidean
norms and denote the resulting matrix by 𝐺̃. Using Lemma 2.1, one can construct an
outer approximation of Z such that

Z ⊆ 𝒑⊕
[
𝐺̃𝑇 𝑄

]
𝐁𝑠,

where 𝐺̃𝑇 consists of the first 𝑠 − 𝑛 columns of 𝐺̃, and𝑄 ∈ℝ𝑛×𝑛 is a diagonal matrix
defined by

𝑄𝑖𝑖 =
𝑟∑

𝑗=𝑠−𝑛+1
|𝐺̃𝑖𝑗|, 𝑖 = 1, … , 𝑛. (4.15)

Lemma 4.3 [48] Let Z = 𝒑⊕𝐺𝐁𝑟 ⊂ℝ𝑛 be a zonotope, and consider the strip

S = {𝑥 ∈ℝ𝑛 ∶ |𝒄T𝑥 − 𝑑| ≤ 𝜎},

together with a vector 𝝀 ∈ℝ𝑛. There exists a zonotope, parameterized by 𝝀, that
bounds the intersection Z ∩ S , namely

Z ∩ S ⊆ Ẑ = 𝒑̂⊕ 𝐺̂𝐁𝑟+1, (4.16)

where

𝒑̂ = 𝒑 + 𝝀(𝑑 − 𝒄T𝒑),

𝐺̂ =
[
(𝐼 − 𝝀𝒄T)𝐺 𝜎𝝀

]
.

If 𝝀 is chosen to minimize the size of Ẑ , the optimal parameter 𝝀∗ is given by

𝝀∗ = 𝐺̄ 𝐺̄T𝒄
𝒄T𝐺̄ 𝐺̄T𝒄 + 𝜎2

. (4.17)

4.3.2 Zonotopic Filtering-based Operating State Estimation

The overall framework of the proposed zonotopic filtering-based operating state
estimation for power batteries is illustrated in Figure 4.3. The first part of this
framework is established upon the ECM of the battery. Initially, the circuit inputs
are collected, and appropriate initial values for SOC and SOH are assigned. From
Eqs. (4.3) and (4.9), it can be observed that SOC and SOH exhibit mutual cou-
pling effects. Therefore, the estimation of SOC and SOH must be performed syn-
chronously to ensure consistency and accuracy in the state estimation process.
According to Eq. (4.3), the battery model can be represented as a linear discrete-
time system in (4.8).
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4.3 Zonotopic Filter 51

xc,k = Acxc,k–1+ Bcuc,k +wk

yc,k = Ccxc,k + vk

xc,k:=k+1

Inputs

(current, voltage)

Equivalent circuit model

Initial states

State estimation process of SOC

State estimation process of SOH

Prediction step of

SOC

Update step of

SOC

Prediction step of

SOH

Update step of

SOH

SOCk

ph,kph,k–1

Gh,k–1

SOHk

pc,k–1

Gc,k–1

I,

SOCk

SOHk

Gh,k

pc,k

Gc,k

x0

Q0

R1

R0
U1Uoc

U2
U

I

C1 C2

R2

+
–

SOHk:=k+1

SOHk = SOHk–1 + γk 

dk = SOCk – SOCk–1 +
SOHk–1

+ εk

ηIΔt

Figure 4.3 Zonotopic filtering framework for power battery state estimation at 𝑘.

4.3.2.1 Prediction Step
The prediction of the state set in zonotopic filtering can be efficiently obtained
through matrix operations without approximation. The process disturbance is
assumed to be bounded by a centered zonotopeW = 𝐹𝐁𝑛𝑥 , where 𝐹 denotes the
generator matrix of the disturbance.
If the state at time 𝑘 − 1 is enclosed within the zonotope X̂𝑘−1 = ⟨𝒑̂𝑘−1, 𝐺̂𝑘−1⟩,

the predicted state set at time 𝑘 is also a zonotope:

X̄𝑘 = 𝒑̄𝑘 ⊕ 𝐺̄𝑘𝐁𝑟+𝑛𝑥 , (4.18)

where the center and generator matrix are computed as:

𝒑𝑘 = 𝐴𝒑̂𝑘−1 + 𝐵𝑢𝑘,

𝐺𝑘 =
[
𝐴𝐺̂𝑘−1 𝐹

]
.

For the SOC model described in Eq. (4.3), the state, input, and output vectors
are defined as:

𝑥𝑐,𝑘 =
⎡
⎢
⎢
⎢
⎣

𝑈1,𝑘

𝑈2,𝑘

SOC𝑘

⎤
⎥
⎥
⎥
⎦

, 𝑢𝑘 = 𝐼, 𝑦𝑐,𝑘 =𝑈𝑘,
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52 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

and their corresponding matrices are

𝐴𝑐 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑒
−∆𝑇
𝜏1 0 0

0 𝑒
−∆𝑇
𝜏2 0

0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

𝐵𝑐 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑅1(1 − 𝑒
−∆𝑇
𝜏1 )

𝑅2(1 − 𝑒
−∆𝑇
𝜏2 )

𝜂∆𝑇
SOH𝑘𝑄𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, 𝐶𝑐 =
[
−1 −1 𝑎

]
.

The relationship between𝑈𝑂𝐶 and SOC can be experimentally derived through
multiple charge–discharge cycles, from which the OCV–SOC curve can be fitted
into an approximate linear expression.
On the basis of Eq. (4.18) together with the state-space representation intro-

duced above, the prediction step for the SOC-related zonotope yields the following
center and generator matrix:

𝒑𝑐,𝑘 = 𝐴𝑐𝒑̂𝑐,𝑘−1 + 𝐵𝑐𝑢𝑐,𝑘

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑒
−∆𝑇
𝜏1 0 0

0 𝑒
−∆𝑇
𝜏2 0

0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝑥𝑐,𝑘−1 +

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑅1(1 − 𝑒
−∆𝑇
𝜏1 )

𝑅2(1 − 𝑒
−∆𝑇
𝜏2 )

𝜂∆𝑇
SOH𝑘𝑄𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝐼, (4.19)

𝐺̄𝑐,𝑘 =
[
𝐴𝑐𝐺̂𝑐,𝑘−1 𝐹𝑐

]

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑒
−∆𝑇
𝜏1 0 0

0 𝑒
−∆𝑇
𝜏2 0

0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝐺̂𝑐,𝑘−1 𝐹𝑐

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (4.20)

where the initial zonotopic center and generator for the SOC subsystem are chosen
as 𝒑̂𝑐,0 =

[
𝑈1,0 𝑈2,0 SOC0

]T
and 𝐺̂𝑐,0 = 𝐼3𝑔𝑐, with 𝑔𝑐 being a prescribed constant.

For the SOH dynamics in Eq. (4.9), the state and output variables are taken as
𝑥ℎ,𝑘 = SOH𝑘 and 𝑦ℎ,𝑘 = 𝑑𝑘, respectively, with the corresponding matrices 𝐴ℎ = 1
and 𝐶ℎ =

𝜂𝐼∆𝑇

SOH2
𝑘−1

. Accordingly, the prediction step for the SOH zonotope leads to
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4.3 Zonotopic Filter 53

𝑝̄ℎ,𝑘 = SOH𝑘−1, (4.21)

𝐺̄ℎ,𝑘 =
[
𝐺̂ℎ,𝑘−1 𝐹ℎ

]
, (4.22)

where the initial center and generator are specified as 𝑝̂ℎ,0 = SOH0 and 𝐺̂ℎ,0 = 𝑔ℎ,
and 𝑔ℎ denotes a constant parameter.

4.3.2.2 Update Step
The correction (update) step makes use of a zonotopic over-approximation of the
intersection between a zonotope and a strip. The measurement noise is modeled
as a symmetric interval V = 𝜎𝐁1 with 𝜎 ∈ℝ+. Consequently, the measurement at
time 𝑘 can be formulated as 𝑑 = 𝒄T𝑥𝑘 + 𝑣𝑘, where 𝑑 denotes the output and 𝒄T is
the corresponding row vector.
By applying Lemma 4.3, the predicted SOC zonotope is updated through the

measurement strip. The updated zonotopic center and generator for SOC are
obtained as:

𝒑̂𝑐,𝑘 = 𝒑𝑐,𝑘 + 𝝀𝑐(𝑑𝑐 − 𝒄T𝑐𝒑𝑐,𝑘)

= 𝒑𝑐,𝑘 + 𝝀𝑐(𝑦𝑐,𝑘 − 𝐶𝑐𝒑𝑐,𝑘)

= 𝒑𝑐,𝑘 + 𝝀𝑐
(
𝑈𝑘 −

[
−1 −1 𝑎

]
𝒑𝑐,𝑘

)
, (4.23)

𝐺̂𝑐,𝑘 =
[
(𝐼𝑐 − 𝝀𝑐𝒄T𝑐 )𝐺𝑐,𝑘 𝜎𝑐𝝀𝑐

]

=
[
(𝐼𝑐 − 𝝀𝑐𝐶𝑐)𝐺̂𝑐,𝑘 (𝑦𝑐,𝑘 − 𝐶𝑐𝑥𝑐,𝑘 + 𝐼𝑅0 − 𝑏)𝝀𝑐

]

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⎡
⎢
⎢
⎢
⎣

1 0 0

0 1 0

0 0 1

⎤
⎥
⎥
⎥
⎦

− 𝝀𝑐
[
−1 −1 𝑎

]
𝐺̂𝑐,𝑘

(
𝑈𝑘 −

[
−1 −1 𝑎

]
𝑥𝑐,𝑘 + 𝐼𝑅0 − 𝑏

)
𝝀𝑐

⎤
⎥
⎥
⎥
⎥
⎥
⎦

T

, (4.24)

with

𝝀𝑐 =
𝐺̄𝑐,𝑘𝐺̄T

𝑐,𝑘𝒄𝑐
𝒄T𝑐 𝐺̄𝑐,𝑘𝐺̄T

𝑐,𝑘𝒄𝑐 + 𝜎2𝑐

=
𝐺̄𝑐,𝑘𝐺̄T

𝑐,𝑘𝐶
T
𝑐

𝐶𝑐𝐺̄𝑐,𝑘𝐺̄T
𝑐,𝑘𝐶

T
𝑐 + 𝜎2𝑐

=
𝐺̄𝑐,𝑘𝐺̄T

𝑐,𝑘

[
−1 −1 𝑎

]T

[
−1 −1 𝑎

]
𝐺̄𝑐,𝑘𝐺̄T

𝑐,𝑘

[
−1 −1 𝑎

]T
+ 𝜎2𝑐

.

(4.25)
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54 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

Similarly, the SOH zonotope is updated as:

𝑝̂ℎ,𝑘 = 𝑝ℎ,𝑘 + 𝜆ℎ(𝑑ℎ − 𝑐Tℎ𝑝ℎ,𝑘)

= 𝑝ℎ,𝑘 + 𝜆ℎ(𝑑ℎ − 𝐶ℎ𝑝ℎ,𝑘)

= 𝑝ℎ,𝑘 + 𝜆ℎ (𝑑𝑘 −
𝜂𝐼∆𝑇

SOH2
𝑘−1

𝑝ℎ,𝑘) , (4.26)

𝐺̂ℎ,𝑘 =
[
(𝐼ℎ − 𝜆ℎ𝑐Tℎ)𝐺ℎ,𝑘 𝜎ℎ𝜆ℎ

]

=
[
(𝐼ℎ − 𝜆ℎ𝐶ℎ)𝐺ℎ,𝑘 𝜀𝑘𝜆ℎ

]

=
⎡
⎢
⎢
⎣

(1 − 𝜆ℎ𝐶ℎ)𝐺ℎ,𝑘

(𝑑𝑘 − SOC𝑘 + SOC𝑘−1 −
𝜂𝐼∆𝑇
SOH𝑘−1

)𝜆ℎ

⎤
⎥
⎥
⎦

T

, (4.27)

with

𝜆ℎ =
𝐺̄ℎ,𝑘𝐺̄T

ℎ,𝑘𝑐ℎ
𝑐Tℎ𝐺̄ℎ,𝑘𝐺̄T

ℎ,𝑘𝑐ℎ + 𝜎2ℎ

=
𝐺̄ℎ,𝑘𝐺̄T

ℎ,𝑘𝐶
T
ℎ

𝐶ℎ𝐺̄ℎ,𝑘𝐺̄T
ℎ,𝑘𝐶

T
ℎ + 𝜎2ℎ

=
𝐺̄ℎ,𝑘𝐺̄T

ℎ,𝑘(
𝜂𝐼∆𝑇

SOH2𝑘−1
)
T

𝜂𝐼∆𝑇

SOH2𝑘−1
𝐺̄ℎ,𝑘𝐺̄T

ℎ,𝑘(
𝜂𝐼∆𝑇

SOH2𝑘−1
)
T
+ 𝜎2ℎ

.

(4.28)

4.3.2.3 Operating State Estimation
Let Z𝑘−1 = ⟨𝒑𝑘−1, 𝐺𝑘−1⟩ be the prior zonotope; after the update one obtains Z𝑘 =
⟨𝒑𝑘, 𝐺𝑘⟩. The state vector is enclosed in the axis-aligned box Box(X ) = [𝑥−, 𝑥+],
whose 𝑖th upper and lower bounds are computed as:

⎧
⎪

⎨
⎪
⎩

𝑥+(𝑖) = 𝒑(𝑖) +
𝑚∑

𝑗=1

||||𝐺(𝑖, 𝑗)
||||, 𝑖 = 1, … , 𝑛,

𝑥−(𝑖) = 𝒑(𝑖) −
𝑚∑

𝑗=1

||||𝐺(𝑖, 𝑗)
||||, 𝑖 = 1, … , 𝑛,

(4.29)

where 𝒑(𝑖), 𝑥+(𝑖), and 𝑥−(𝑖) are the 𝑖th components of 𝒑, 𝑥+, and 𝑥−, respectively,
and 𝐺(𝑖, 𝑗) denotes the (𝑖, 𝑗) entry of 𝐺.
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4.3 Zonotopic Filter 55

For the SOC at time 𝑘, which corresponds to the third component of 𝑥𝑐,𝑘, the
resulting bounds take the form

⎧
⎪
⎪

⎨
⎪
⎪
⎩

SOC+𝑘 = 𝒑𝑐,𝑘(3) +
4𝑘+3∑

𝑗=1

||||𝐺𝑐,𝑘(3, 𝑗)
||||,

SOC−𝑘 = 𝒑𝑐,𝑘(3) −
4𝑘+3∑

𝑗=1

||||𝐺𝑐,𝑘(3, 𝑗)
||||.

(4.30)

In a similar manner, the SOH bounds read

⎧
⎪
⎪

⎨
⎪
⎪
⎩

SOH+
𝑘 = 𝑝ℎ,𝑘 +

2𝑘+1∑

𝑗=1

||||𝐺ℎ,𝑘(𝑗)
||||,

SOH−
𝑘 = 𝑝ℎ,𝑘 −

2𝑘+1∑

𝑗=1

||||𝐺ℎ,𝑘(𝑗)
||||.

(4.31)

When the generator order becomes excessive, Lemma 4.3 can be invoked to per-
form order reduction prior to interval extraction. The resulting upper and lower
envelopes constitute robust bounds for the operating states of the power battery
over time.

4.3.3 Conclusion

In this section, we develop a ZF-based state estimation framework that enables
the joint estimation of both SOC and SOH of power battery systems. By employ-
ing the ECM, the method leverages ZFs to estimate the states while also calculat-
ing their upper and lower boundaries. The zonotopic filtering method offers an
efficient and accurate approach, characterized by its low computational complex-
ity, and can robustly handle measurement noise and disturbances. The proposed
method addresses the challenges associated with estimating both SOC and SOH
simultaneously, providing an effective solution for power battery management.
Furthermore, its application extends beyond battery systems, showing promise for
solving state estimation problems in other industries, such as chemical processes.
The design of the ZF, along with its ability to tightly bound the state estimates,
ensures reliable performance under real-world conditions. In addition to SOC and
SOHestimation, the proposedmethod can be exploited for fault diagnosis in power
battery systems [49–51] and more broadly for addressing state estimation prob-
lems arising in chemical processes.
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56 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

4.4 Zonotope and Gaussian Kalman Filters

4.4.1 Preliminaries

This section introduces the mathematical preliminaries, notations, and problem
setup adopted throughout the study.
First, several basic symbols are defined. The symbols ℝ𝑛 and ℝ𝑛×𝑚 denote the

𝑛-dimensional real vector space and the space of 𝑛 ×𝑚 real matrices, respectively.
For a matrix 𝐴, 𝐴T denotes its transpose and tr(𝐴) its trace. For two compatible
matrices 𝐴 and 𝐵, the trace satisfies tr(𝐴𝐵) = tr(𝐵T𝐴T). For matrix expressions of
the form 𝐴𝑋 and 𝐴𝑋𝐵𝑋T, we make use of the standard identities

𝜕tr(𝐴𝑋)
𝜕𝑋

= 𝐴T,
𝜕tr(𝐴𝑋𝐵𝑋T)

𝜕𝑋
= 𝐴𝑋𝐵 + 𝐴T𝑋𝐵T.

The operator diag(𝐴) extracts the diagonal entries of 𝐴 and forms a diagonal
matrix. The Frobenius norm of a matrix 𝐴 is defined by ‖𝐴‖𝐹 =

√
tr(𝐴T𝐴).

If a scalar random variable 𝑋 satisfies 𝑋 ∼N (𝜇, 𝜎2), then 𝑋 is Gaussian with
mean 𝜇 and variance 𝜎2. For two independent Gaussian random variables 𝑋 ∼
N (𝜇1, 𝜎21) and 𝑌 ∼N (𝜇2, 𝜎22), their sum is again Gaussian and obeys

𝑋 + 𝑌 ∼N (𝜇1 + 𝜇2, 𝜎21 + 𝜎22).

A zonotope ⟨𝑝, 𝐺⟩ ⊂ℝ𝑛 is defined as the image of the unit hypercube 𝐁𝑠 =
[−1, +1]𝑠 under an affine transformation,where𝑝 ∈ℝ𝑛 is the center and𝐺 ∈ℝ𝑛×𝑠

is the generator matrix. Given two zonotopes Z1(𝑝1, 𝐺1) and Z2(𝑝2, 𝐺2), their
Minkowski sum is another zonotope, given by

⟨𝑝1, 𝐺1⟩⊕ ⟨𝑝2, 𝐺2⟩ = ⟨𝑝1 + 𝑝2, [𝐺1 𝐺2]⟩.

The linear image of a zonotope Z(𝑝, 𝐺) ⊂ℝ𝑛 under a transformation matrix
𝑀 ∈ℝ𝑞×𝑛 is defined as:

𝑀 ⊗ ⟨𝑝, 𝐺⟩ = ⟨𝑀𝑝, 𝑀𝐺⟩.

Consider the linear discrete-time system affected simultaneously by UBB dis-
turbances and stochastic noises:

𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢𝑘 + 𝑤𝑘 + 𝑑𝑘,

𝑦𝑘 = 𝐶𝑥𝑘 + 𝑣𝑘 + 𝑒𝑘,
(4.32)

where 𝑥𝑘 ∈ℝ𝑛, 𝑢𝑘 ∈ℝ𝑟, and 𝑦𝑘 ∈ℝ𝑝 denote the state, input, and measured out-
put, respectively. Thematrices𝐴,𝐵, and𝐶 are known and have compatible dimen-
sions. The vectors 𝑤𝑘, 𝑑𝑘 ∈ℝ𝑛 represent process disturbances, whereas 𝑣𝑘, 𝑒𝑘 ∈
ℝ𝑝 account for measurement noises.
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4.4 Zonotope and Gaussian Kalman Filters 57

The disturbance 𝑤𝑘 and the measurement noise 𝑣𝑘 are modeled as UBB signals
satisfying |𝑤𝑘| ⩽ 𝑤 and |𝑣𝑘| ⩽ 𝑣, respectively. Equivalently, they are assumed to lie
in the following zonotopic sets:

𝑤𝑘 ∈ ⟨𝟎, 𝑊⟩, 𝑣𝑘 ∈ ⟨𝟎, 𝑉⟩,

with𝑊 = diag(𝑤) and 𝑉 = diag(𝑣).
In addition, 𝑑𝑘 and 𝑒𝑘 are modeled as zero-mean Gaussian random noises,

𝑑𝑘 ∼N (𝟎, 𝑄), 𝑒𝑘 ∼N (𝟎, 𝑅),

where 𝑄 and 𝑅 denote the covariance matrices of the stochastic process and mea-
surement noises, respectively.
Let 𝑥̂𝑘+1|𝑘 and 𝑥̂𝑘+1 denote the a priori and a posteriori state estimates, respec-

tively. The a priori estimate represents the predicted state based on the process
model at time 𝑘, while the a posteriori estimate combines the prediction and the
newmeasurement at time 𝑘 + 1. Considering both stochastic and UBB uncertain-
ties, these estimates can be decomposed as:

𝑥̂𝑘+1|𝑘 = 𝑐𝑘+1|𝑘 + 𝑔̂𝑘+1|𝑘 + 𝑧̂𝑘+1|𝑘, (4.33)
𝑥̂𝑘+1 = 𝑐𝑘+1 + 𝑔̂𝑘+1 + 𝑧̂𝑘+1, (4.34)

where 𝑐𝑘+1|𝑘 and 𝑐𝑘+1 are the point estimates, 𝑔̂𝑘+1|𝑘 ∼N (𝟎, 𝑃𝑘+1|𝑘) and 𝑔̂𝑘+1 ∼
N (𝟎, 𝑃𝑘+1) denote the stochastic error components, and 𝑧̂𝑘+1|𝑘 ∈Z(𝟎, 𝐻𝑘+1|𝑘),
𝑧̂𝑘+1 ∈Z(𝟎, 𝐻𝑘+1) represent the UBB components of the estimation error.
The initial state 𝑥0 can be similarly decomposed as:

𝑥0 = 𝑐0 + 𝑔̂0 + 𝑧̂0, (4.35)

where 𝑐0 is the nominal state, 𝑔̂0 ∼N (𝟎, 𝑃0), and 𝑧̂0 ∈Z(𝟎, 𝐻0), with 𝑃0 and 𝐻0
known.
For a zonotope Z(𝑝, 𝐺) ⊂ℝ𝑛, the interval hull Box(Z) = [𝑧−, 𝑧+] gives compo-

nentwise upper and lower bounds, which are computed as:

⎧
⎪

⎨
⎪
⎩

𝑧−(𝑖) = 𝑝(𝑖) −
𝑠∑

𝑗=1
|𝐺(𝑖, 𝑗)|, 𝑖 = 1, … , 𝑛,

𝑧+(𝑖) = 𝑝(𝑖) +
𝑠∑

𝑗=1
|𝐺(𝑖, 𝑗)|, 𝑖 = 1, … , 𝑛.

(4.36)
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58 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

For a random variable 𝑋 ∼N (𝜇, 𝜎2), its confidence interval can be determined
using the 3𝜎 criterion:

⎧

⎨
⎩

𝑋− = 𝜇 − 3𝜎,

𝑋+ = 𝜇 + 3𝜎,
(4.37)

where 𝑋− and 𝑋+ denote the lower and upper confidence bounds, respectively.
Consequently, the initial state estimate 𝑥̂0 admits the following lower and upper

bounds:

⎧

⎨
⎩

𝑥̂−0 = 𝑐0 + 𝑔̂−0 + 𝑧̂−0 ,

𝑥̂+0 = 𝑐0 + 𝑔̂+0 + 𝑧̂+0 ,
(4.38)

where 𝑔̂−0 and 𝑔̂+0 are obtained from the 3𝜎 criterion, while 𝑧̂−0 and 𝑧̂+0
denote the lower and upper bounds associated with the zonotopic component,
respectively.
The central objective of this study is to construct a hybrid state-estimation frame-

work that integrates a polyhedron representation with Gaussian Kalman filtering.
By fusing these two descriptions, the approach enables accurate and robust state
estimation for linear discrete-time systems subjected simultaneously to stochastic
noise and UBB disturbances.

4.4.2 Main Results

This section develops a state estimation algorithm based on the zonotope–
Gaussian Kalman filter (ZGKF). The ZGKF operates in two main stages: predic-
tion and filtering. In the prediction stage, starting from the a posteriori estimate
at the previous step, the a priori state at the next step is propagated according to
system (4.32), while explicitly accounting for the zonotopic bounds of the UBB
disturbances, the covariance of the Gaussian noises, and the known input. In the
filtering stage, the currentmeasurement is incorporated to update the a priori esti-
mate, yielding the a posteriori state and the associated optimal gain.

4.4.2.1 Prediction
At time 𝑘 + 1, suppose that the a posteriori state estimate at time 𝑘 is available and
written as:

𝑥̂𝑘 = 𝑐𝑘 + 𝑔̂𝑘 + 𝑧̂𝑘, (4.39)

where 𝑔̂𝑘 ∼N (𝟎, 𝑃𝑘), 𝑧̂𝑘 ∈Z(𝟎, 𝐻𝑘), and the matrices 𝑃𝑘 and𝐻𝑘 are known.
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4.4 Zonotope and Gaussian Kalman Filters 59

By the state transition in (4.32), the a priori estimate at time 𝑘 + 1 is given by

𝑥̂𝑘+1∣𝑘 = 𝐴𝑥̂𝑘 + 𝐵𝑢𝑘 + 𝑤𝑘 + 𝑑𝑘. (4.40)

The decomposition of 𝑥̂𝑘+1∣𝑘 is characterized by the following theorem.

Theorem 4.1 Consider (4.32). Suppose 𝑥̂𝑘 is known at time 𝑘. Then the a priori
estimate at time 𝑘 + 1 admits the decomposition

𝑥̂𝑘+1∣𝑘 = 𝑐𝑘+1∣𝑘 + 𝑔̂𝑘+1∣𝑘 + 𝑧̂𝑘+1∣𝑘, (4.41)

where
𝑐𝑘+1∣𝑘 = 𝐴𝑐𝑘 + 𝐵𝑢𝑘, (4.42)
𝑔̂𝑘+1∣𝑘 ∼N

(
𝟎, 𝑃𝑘+1∣𝑘

)
, (4.43)

𝑧̂𝑘+1∣𝑘 ∈Z
(
𝟎, 𝐻𝑘+1∣𝑘

)
, (4.44)

𝑃𝑘+1∣𝑘 = 𝐴𝑃𝑘𝐴T + 𝑄, (4.45)
𝐻𝑘+1∣𝑘 = [𝐴𝐻𝑘 𝑊] . (4.46)

Proof 4.1. Given 𝑥̂𝑘 , we have

𝑥̂𝑘+1∣𝑘 = 𝐴𝑥̂𝑘 + 𝐵𝑢𝑘 + 𝑤𝑘 + 𝑑𝑘
= 𝐴(𝑐𝑘 + 𝑔̂𝑘 + 𝑧̂𝑘) + 𝐵𝑢𝑘 + 𝑤𝑘 + 𝑑𝑘
= 𝑐𝑘+1∣𝑘 + 𝑔̂𝑘+1∣𝑘 + 𝑧̂𝑘+1∣𝑘,

(4.47)

with
𝑐𝑘+1∣𝑘 = 𝐴𝑐𝑘 + 𝐵𝑢𝑘, (4.48)
𝑔̂𝑘+1∣𝑘 = 𝐴𝑔̂𝑘 + 𝑑𝑘, (4.49)
𝑧̂𝑘+1∣𝑘 = 𝐴𝑧̂𝑘 + 𝑤𝑘. (4.50)

Since 𝑔̂𝑘 ∼N (𝟎, 𝑃𝑘) and 𝑑𝑘 ∼N (𝟎, 𝑄), it follows that

𝑔̂𝑘+1∣𝑘 ∼N
(
𝟎, 𝑃𝑘+1∣𝑘

)
, (4.51)

𝑃𝑘+1∣𝑘 = 𝐴𝑃𝑘𝐴T + 𝑄. (4.52)

Moreover, from 𝑧̂𝑘 ∈Z(𝟎, 𝐻𝑘)and𝑤𝑘 ∈Z(𝟎, 𝑊)and the closure of zonotopes under
linear maps and Minkowski sums,

𝑧̂𝑘+1∣𝑘 = 𝐴𝑧̂𝑘 + 𝑤𝑘

∈ ⟨𝟎, 𝐴𝐻𝑘⟩⊕ ⟨𝟎, 𝑊⟩

=Z
⟨
𝟎, 𝐻𝑘+1∣𝑘

⟩
,

(4.53)

where𝐻𝑘+1∣𝑘 = [𝐴𝐻𝑘 𝑊].
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60 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

4.4.2.2 Filtering
Having obtained 𝑥̂𝑘+1∣𝑘, we next fuse the new measurement 𝑦𝑘+1 to form the a
posteriori estimate 𝑥̂𝑘+1.

Theorem 4.2 The a posteriori estimate admits the form 𝑥̂𝑘+1 = 𝑐𝑘+1 + 𝑔̂𝑘+1 +
𝑧̂𝑘+1, where

𝑐𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑐𝑘+1∣𝑘 + 𝐾𝑘+1𝑦𝑘+1, (4.54)
𝑔̂𝑘+1 ∼N (𝟎, 𝑃𝑘+1), (4.55)
𝑧̂𝑘+1 ∈Z(𝟎, 𝐻𝑘+1), (4.56)

𝑃𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑃𝑘+1∣𝑘(𝐼 − 𝐾𝑘+1𝐶)
T + 𝐾𝑘+1𝑅𝐾T

𝑘+1, (4.57)
𝐻𝑘+1 =

[
(𝐼 − 𝐾𝑘+1𝐶)𝐻𝑘+1∣𝑘 𝐾𝑘+1𝑉

]
. (4.58)

Proof 4.2. By the standard innovation update,

𝑥̂𝑘+1 = 𝑥̂𝑘+1∣𝑘 + 𝐾𝑘+1(𝑦𝑘+1 − 𝐶𝑥̂𝑘+1∣𝑘)

= (𝐼 − 𝐾𝑘+1𝐶)𝑥̂𝑘+1∣𝑘 + 𝐾𝑘+1𝑦𝑘+1
= (𝐼 − 𝐾𝑘+1𝐶)(𝑐𝑘+1∣𝑘 + 𝑔̂𝑘+1∣𝑘 + 𝑧̂𝑘+1∣𝑘)

+𝐾𝑘+1(𝐶𝑥𝑘+1 + 𝑣𝑘+1 + 𝑒𝑘+1)

= 𝑐𝑘+1 + 𝑔̂𝑘+1 + 𝑧̂𝑘+1,

(4.59)

where 𝐾𝑘+1 is the gain and

𝑐𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑥̂𝑘+1∣𝑘 + 𝐾𝑘+1𝐶𝑥𝑘+1, (4.60)
𝑔̂𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑔̂𝑘+1∣𝑘 + 𝐾𝑘+1𝑒𝑘+1, (4.61)
𝑧̂𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑧̂𝑘+1∣𝑘 + 𝐾𝑘+1𝑣𝑘+1. (4.62)

Since 𝑐𝑘+1 represents the point estimate, 𝑣𝑘+1 and 𝑒𝑘+1 are set to zero therein, yielding

𝑐𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑐𝑘+1∣𝑘 + 𝐾𝑘+1𝑦𝑘+1. (4.63)

With 𝑔̂𝑘+1∣𝑘 ∼N (𝟎, 𝑃𝑘+1∣𝑘) and 𝑒𝑘+1 ∼N (𝟎, 𝑅), the stochastic part satisfies

𝑔̂𝑘+1 ∼N(𝟎, 𝑃𝑘+1) , (4.64)

𝑃𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑃𝑘+1∣𝑘(𝐼 − 𝐾𝑘+1𝐶)
T + 𝐾𝑘+1𝑅𝐾T

𝑘+1. (4.65)

Finally, using 𝑧̂𝑘+1∣𝑘 ∈Z(𝟎, 𝐻𝑘+1∣𝑘), 𝑣𝑘+1 ∈Z(𝟎, 𝑉) and zonotope closure,

𝑧̂𝑘+1 = (𝐼 − 𝐾𝑘+1𝐶)𝑧̂𝑘+1∣𝑘 + 𝐾𝑘+1𝑣𝑘+1
∈ ⟨𝟎, (𝐼 − 𝐾𝑘+1𝐶)𝐻𝑘+1∣𝑘⟩⊕ ⟨𝟎, 𝐾𝑘+1𝑉⟩

=Z⟨𝟎, 𝐻𝑘+1⟩,

(4.66)

with𝐻𝑘+1 =
[
(𝐼 − 𝐾𝑘+1𝐶)𝐻𝑘+1∣𝑘 𝐾𝑘+1𝑉

]
.
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4.4 Zonotope and Gaussian Kalman Filters 61

To improve the accuracy of the state estimate, it is essential to design an appro-
priate gain factor𝐾𝑘+1. Analogous to the standardKF derivation, we compute𝐾𝑘+1
by minimizing the mean-square error (MSE) of the a posteriori estimate. For sys-
tem (4.32), the MSE consists of a stochastic term and a UBB-uncertainty term:

E
[
‖𝑥̂𝑘+1 − 𝑥𝑘+1‖

2] = E
[‖‖‖‖∆

stoc
𝑘+1

‖‖‖‖
2]
+ ‖‖‖‖∆

UBB
𝑘+1

‖‖‖‖
2
. (4.67)

For the stochastic term E
[‖‖‖‖∆

stoc
𝑘+1

‖‖‖‖
2]
, the MSE is captured by the trace of the

covariance matrix 𝑃𝑘+1. For the UBB component
‖‖‖‖∆

UBB
𝑘+1

‖‖‖‖
2
, an upper bound on the

squared error is provided by the Frobenius norm of the generator matrix 𝐻𝑘+1.

Hence, E
[‖‖‖‖∆

stoc
𝑘+1

‖‖‖‖
2]
= tr(𝑃𝑘+1) and

‖‖‖‖∆
UBB
𝑘+1

‖‖‖‖
2
= ‖𝐻𝑘+1‖

2
𝐹 = tr

(
𝐻T
𝑘+1𝐻𝑘+1

)
.

Define the composite objective

𝐽 = (1 − 𝜂𝑘+1)𝐽𝑔 + 𝜂𝑘+1𝐽𝑧, (4.68)

where 𝐽𝑔 = tr(𝑃𝑘+1) and 𝐽𝑧 = tr
(
𝐻T
𝑘+1𝐻𝑘+1

)
. The weight 𝜂𝑘+1 ∈ [0, 1] balances the

relative emphasis on 𝐽𝑔 and 𝐽𝑧 and thereby determines the gain𝐾𝑘+1. For instance,
𝜂𝑘+1 =

1
2
assigns equal weight; 𝜂𝑘+1 = 1 corresponds to a purely UBB setting;

𝜂𝑘+1 = 0 recovers the purely stochastic case.

Theorem 4.3 Given 𝑃𝑘+1 in (4.57), 𝐻𝑘+1 in (4.58), and 𝐽 in (4.68), the optimal
gain 𝐾𝑘+1 is

𝐾𝑘+1 =
[
(1 − 𝜂𝑘+1)𝑃𝑘+1𝑘𝐶T − 𝜂𝑘+1𝑀𝑘+1𝑎𝑘+1

]
[(1 − 𝜂𝑘+1)𝑅

+ (1 − 𝜂𝑘+1)𝐶𝑃𝑘+1𝑘𝐶T + 𝜂𝑘+1𝑎T𝑘+1𝑎𝑘+1
]−1

,
(4.69)

where𝑀𝑘+1 = [𝐻𝑘+1∣𝑘 𝟎], 𝑎T𝑘+1 = [−𝐶𝐻𝑘+1∣𝑘 𝑉], and

𝜂𝑘+1 =
tr
(
𝐻T
𝑘𝐻𝑘

)

tr(𝑃𝑘) + tr
(
𝐻T
𝑘𝐻𝑘

) . (4.70)

Proof 4.3. Minimizing 𝐽 yields

𝜕𝐽
𝜕𝐾𝑘+1

= (1 − 𝜂𝑘+1)
𝜕𝐽𝑔
𝜕𝐾𝑘+1

+ 𝜂𝑘+1
𝜕𝐽𝑧
𝜕𝐾𝑘+1

= 0. (4.71)

Substituting (4.57) into 𝐽𝑔:

𝐽𝑔 = tr
[
(𝐼 − 𝐾𝑘+1𝐶)𝑃𝑘+1∣𝑘(𝐼 − 𝐾𝑘+1𝐶)

T + 𝐾𝑘+1𝑅𝐾T
𝑘+1

]

= tr(𝑃𝑘+1∣𝑘 − 𝑃𝑘+1∣𝑘𝐶T𝐾T
𝑘+1 − 𝐾𝑘+1𝐶𝑃𝑘+1∣𝑘

+𝐾𝑘+1𝐶𝑃𝑘+1∣𝑘𝐶T𝐾T
𝑘+1 + 𝐾𝑘+1𝑅𝐾T

𝑘+1),

(4.72)
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62 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

and the trace-derivative identities give

𝜕𝐽𝑔
𝜕𝐾𝑘+1

= 2𝐾𝑘+1𝐶𝑃𝑘+1∣𝑘𝐶T + 2𝐾𝑘+1𝑅 − 2𝑃𝑘+1∣𝑘𝐶T. (4.73)

Similarly, with the decomposition

𝐻𝑘+1 =𝑀𝑘+1 + 𝐾𝑘+1𝑎T𝑘+1, (4.74)

where𝑀𝑘+1 = [𝐻𝑘+1∣𝑘 𝟎] and 𝑎T𝑘+1 = [−𝐶𝐻𝑘+1∣𝑘 𝑉], we have

‖𝐻𝑘+1‖
2
𝐹 =

‖‖‖‖𝑀𝑘+1 + 𝐾𝑘+1𝑎T𝑘+1
‖‖‖‖
2

𝐹

= tr
[(
𝑀𝑇

𝑘+1 + 𝑎𝑘+1𝐾T
𝑘+1

) (
𝑀𝑘+1 + 𝐾𝑘+1𝑎T𝑘+1

)]

= tr
(
𝑀T

𝑘+1𝑀𝑘+1
)
+ tr

(
𝑎𝑘+1𝐾T

𝑘+1𝑀𝑘+1
)

+tr
(
𝑀T

𝑘+1𝐾𝑘+1𝑎T𝑘+1
)
+ tr

(
𝑎𝑘+1𝐾T

𝑘+1𝐾𝑘+1𝑎T𝑘+1
)

= 2𝐾T
𝑘+1𝑀𝑘+1𝑎𝑘+1 + 𝑎T𝑘+1𝑎𝑘+1𝐾

T
𝑘+1𝐾𝑘+1 + tr

(
𝑀T

𝑘+1𝑀𝑘+1
)
.

(4.75)

so that
𝜕𝐽𝑧
𝜕𝐾𝑘+1

= 2𝑀𝑘+1𝑎𝑘+1 + 2𝐾𝑘+1𝑎T𝑘+1𝑎𝑘+1. (4.76)

Combining (4.73) and (4.76) and setting 𝜕𝐽∕𝜕𝐾𝑘+1 = 0 gives

𝜂𝑘+1
(
2𝑀𝑘+1𝑎𝑘+1 + 2𝐾𝑘+1𝑎T𝑘+1𝑎𝑘+1

)

+ (1 − 𝜂𝑘+1)
(
2𝐾𝑘+1𝐶𝑃𝑘+1∣𝑘𝐶T + 2𝐾𝑘+1𝑅 − 2𝑃𝑘+1∣𝑘𝐶T) = 0,

(4.77)

fromwhich (4.69) follows directly. The adaptive weight (4.70) balances the stochastic
and UBB contributions.

Finally, the interval bounds of 𝑥̂𝑘+1 are obtained as:

⎧

⎨
⎩

𝑥̂−𝑘+1 = 𝑐𝑘+1 + 𝑔̂−𝑘+1 + 𝑧̂−𝑘+1,

𝑥̂+𝑘+1 = 𝑐𝑘+1 + 𝑔̂+𝑘+1 + 𝑧̂+𝑘+1.
(4.78)

For system (4.32), the complete ZGKF-based state estimation procedure is out-
lined in Algorithm 1.
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4.4 Zonotope and Gaussian Kalman Filters 63

Algorithm 1: ZGKF algorithm

Require: Initial values: 𝑐+0 , 𝑃0,𝐻0,𝑊, 𝑉, 𝑄, 𝑅
1: 𝑁← Constant1
2: for 𝑘 = 1 ∶𝑁 do
3: Acquire input 𝑢𝑘−1 and measurement 𝑦(𝑘)
4: Propagate the a priori quantities:

𝑐𝑘∣𝑘−1 = 𝐴𝑐𝑘−1 + 𝐵𝑢𝑘−1
𝑃𝑘∣𝑘−1 = 𝐴𝑃𝑘−1𝐴T + 𝑄

𝐻𝑘∣𝑘−1 = [𝐴𝐻𝑘−1 𝑊]

5: Update the weight

𝜂𝑘 =
tr
(
𝐻T
𝑘−1𝐻𝑘−1

)

tr(𝑃𝑘−1) + tr
(
𝐻T
𝑘−1𝐻𝑘−1

)

6: Determine the optimal gain 𝐾𝑘 using (4.69)
7: Form the a posteriori quantities:

𝑐𝑘 = (𝐼 − 𝐾𝑘𝐶)𝑐𝑘∣𝑘−1 + 𝐾𝑘𝐶𝑥𝑘
𝑃𝑘 = (𝐼 − 𝐾𝑘𝐶)𝑃𝑘∣𝑘−1 + 𝐾𝑘𝑅𝐾T

𝑘

𝐻𝑘 =
[
(𝐼 − 𝐾𝑘𝐶)𝐻𝑘∣𝑘−1 𝐾𝑘𝑉

]

8: Compute the interval of 𝑥̂𝑘:

⎧

⎨
⎩

𝑥̂−𝑘 = 𝑐𝑘 + 𝑔̂−𝑘 + 𝑧̂−𝑘 ,

𝑥̂+𝑘 = 𝑐𝑘 + 𝑔̂+𝑘 + 𝑧̂+𝑘

9: return 𝑐𝑘, 𝑃𝑘,𝐻𝑘
10: end for

4.4.3 Conclusion

In this section, a hybrid state estimation scheme has been developed in which a
zonotopic description of UBB disturbances is combined with a Gaussian Kalman
filter for stochastic noises. The resulting ZGKF operates by propagating, at each
step, both a stochastic covariance and a polyhedral (zonotopic) uncertainty set,
and by designing a gain that simultaneously accounts for the two noise types. In
particular, the gain is obtained by minimizing a performance index that includes
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64 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

themean-square error term associatedwith the covariancematrix and a termmea-
suring the size of the zonotopic set, so that the estimator balances accuracy in the
probabilistic sense with tightness of the feasible region.
The proposed ZGKF framework yields a tighter andmore informative character-

ization of the system state than classical purely stochastic filters, because it exploits
prior bounds on UBB disturbances while retaining the advantages of Gaussian
Kalman filtering. At the same time, the algorithm preserves a moderate computa-
tional burden, making it suitable for real-time implementation in linear discrete-
time systems subject to mixed stochastic and UBB uncertainties. Although the
method is illustrated on the battery-related example in this chapter, the underly-
ing formulation is generic and can be transferred to other applications that require
robust state estimation under dual uncertainty, such as radar tracking, integrated
navigation, and related fields [52].

4.5 OSE-based Extended Zonotopic Kalman Filter

4.5.1 Preliminaries and Problem Description

4.5.1.1 Preliminaries

Definition 4.2 The symbol ⊕ denotes the Minkowski sum. The matrix 𝐼𝑛 ∈
ℝ𝑛×𝑛 denotes the identity of order 𝑛.

Definition 4.3 Let Z = 𝑝 ⊕ 𝐺𝐁𝑠 ⊂ℝ𝑛 be an 𝑠-order zonotope. A reduction
operator produces a lower-dimensional outer approximation

Z = ⟨𝑝, 𝐺⟩ ⊆ ⟨𝑝, 𝐺↓𝑞 ⟩, (4.79)

where 𝐺↓𝑞 limits the number of columns to at most 𝑞 to reduce complexity.
Sorting the columns of 𝐺 in nonincreasing order of their Euclidean norms pro-

duces the matrix 𝐺̃. For any integer 𝑞 satisfying 𝑛 ⩽ 𝑞 ⩽ 𝑠, a reduced generator
matrix 𝐺↓𝑞 is constructed as 𝐺↓𝑞 = [ 𝐺̃𝑇 , 𝑄 ]𝐁𝑠, where 𝐺̃𝑇 contains the first 𝑠 − 𝑛
columns of 𝐺̃ and 𝑄 is a diagonal matrix defined in [48] by

𝑄(𝑖, 𝑖) =
𝑠−𝑛+1∑

𝑗=1

|||||𝐺̃(𝑖, 𝑗)
|||||, 𝑖 = 1, … , 𝑛. (4.80)

When 𝑞 = 1, the reduced generator 𝐺↓1 degenerates to a single column and
satisfies

𝑝 ⊕ 𝐺𝐁𝑠 ⊆ 𝑝 ⊕ 𝐺↓1𝐁
1, (4.81)

where 𝐺↓1𝐁
1 defines a line segment, and its 𝑖th component is given by

𝐺↓1(𝑖) =
𝑠∑

𝑗=1

|||||𝐺(𝑖, 𝑗)
|||||, 𝑖 = 1, … , 𝑛. (4.82)
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4.5 OSE-based Extended Zonotopic Kalman Filter 65

Definition 4.4 The zonotopeZ = 𝑝 ⊕ 𝐺𝐁𝑠 ⊂ℝ𝑛 admits a smallest axis-aligned
bounding box [50]:

Z ⊆□Z = [ 𝑧, 𝑧 ] = ⟨𝑝, 𝐺↓𝑛 ⟩, (4.83)

where 𝑧 and 𝑧 stand for the upper and lower endpoints of the interval box □Z ,
and the diagonal matrix 𝐺↓𝑛 is specified by

𝐺↓𝑛 (𝑖, 𝑖) =
𝑠∑

𝑗=1

|||||𝐺(𝑖, 𝑗)
|||||, 𝑖 = 1, … , 𝑛. (4.84)

Definition 4.5 The Frobenius radius is used to characterize the spatial size of
a zonotope Z = 𝑝 ⊕ 𝐺𝐁𝑠 ⊂ℝ𝑛 and is defined in [53] as:

‖⟨𝑝, 𝐺⟩‖𝐹 = ‖𝐺‖𝐹 =
√
tr(𝐺T𝐺) =

√
tr(𝐺𝐺T). (4.85)

A weighted Frobenius radius can be introduced as ‖𝐺‖𝐹,𝑀 =
√
tr(𝐺T𝑀𝐺), where

𝑀 ∈ℝ𝑛×𝑛 is a symmetric positive definite weighting matrix.

Definition 4.6 For a vector 𝑝 ∈ℝ𝑛 or a matrix 𝐺 ∈ℝ𝑛×𝑠, the operator [⋅]+

denotes the componentwise absolute value [54], that is,

[𝑝]+(𝑖) = |𝑝(𝑖)|, 𝑖 = 1, … , 𝑛, (4.86)

[𝐺]+(𝑖, 𝑗) = |𝐺(𝑖, 𝑗)|, 𝑗 = 1, … , 𝑠. (4.87)

Property 3 For compatible matrices 𝐴, 𝐵, 𝑋, the following identities hold [55]:

tr(𝐴) = tr
(
𝐴T) , (4.88)

tr(𝐴𝐵) = tr
(
𝐵T𝐴T) , (4.89)

𝜕 tr(𝐴𝑋)
𝜕𝑋

= 𝐴T, (4.90)

𝜕 tr
(
𝐴𝑋𝐵𝑋T)

𝜕𝑋
= 𝐴𝑋𝐵 + 𝐴T𝑋𝐵T. (4.91)

Definition 4.7 For intervals [𝑎, 𝑏] and [𝑐, 𝑑], the arithmetic operations are
defined as [56]:

[𝑎, 𝑏] + [𝑐, 𝑑] = [𝑎 + 𝑐, 𝑏 + 𝑑], (4.92)
[𝑎, 𝑏] − [𝑐, 𝑑] = [𝑎 − 𝑑, 𝑏 − 𝑐], (4.93)
[𝑎, 𝑏] × [𝑐, 𝑑] = [min(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑), max(𝑎𝑐, 𝑎𝑑, 𝑏𝑐, 𝑏𝑑)], (4.94)
[𝑎, 𝑏]
[𝑐, 𝑑]

= [𝑎, 𝑏] ×
[ 1
𝑑
, 1𝑐

]
, 0 ∉ [𝑐, 𝑑]. (4.95)
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66 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

4.5.1.2 Problem Description
Owing to the main electrical parameters of the battery model (such as 𝑅0, 𝑅1, 𝐶1)
are not constant but vary significantly with operating conditions, temperature and
aging, a fixed-parameter model is no longer sufficient. To capture these variations,
we adopt an LPV description with dual noise terms:

⎧

⎨
⎩

𝑥(𝑘 + 1) = 𝐴(𝜃(𝑘))𝑥(𝑘) + 𝐵(𝜃(𝑘))𝑢(𝑘) + 𝐸𝑤(𝑘),

𝑦(𝑘) = 𝐶𝑥(𝑘) + 𝐹𝑣(𝑘),
(4.96)

where𝑥(𝑘) ∈ℝ𝑛𝑥 and 𝑦(𝑘) ∈ℝ𝑛𝑦 denote the state vector and themeasured output,
respectively, and 𝑢(𝑘) ∈ℝ𝑢 is the known input of the LPV system. The matrices 𝐸
and 𝐹 are known. The signals𝑤(𝑘) and 𝑣(𝑘) satisfy the UBB conditions |𝑤(𝑘)|∞ ⩽
𝑤 ∈ℝ𝑛𝑥 and |𝑣(𝑘)|∞ ⩽ 𝑣 ∈ℝ𝑛𝑦 . The matrices 𝐴(𝜃(𝑘)) and 𝐵(𝜃(𝑘)) depend on a
time-varying parameter vector 𝜃(𝑘); their dimensions are fixed, but their entries
are functions of 𝜃(𝑘) and are assumed to be identifiable.
The evolution of the parameter vector and its measurement model are

described by

⎧

⎨
⎩

𝜃(𝑘) = 𝜃(𝑘 − 1) + 𝛿(𝑘),

ℎ(𝑘) = 𝜑T(𝑘)𝜃(𝑘) + 𝑒(𝑘),
(4.97)

where 𝜃(𝑘) ∈ℝ𝑛𝜃 collects the unknown parameters, 𝜑(𝑘) ∈ℝ𝑛𝜃 is the regression
vector, 𝑒(𝑘) denotes the identification noise with |𝑒(𝑘)|∞ ⩽ 𝜎, and 𝛿(𝑘) describes
the variation of the time-varying parameters with |𝛿(𝑘)|∞ ⩽ 𝛾.
Since the identification noise is bounded, the admissible parameter values at

time 𝑘 are confined to a strip,

𝑆(𝑘) =
{
𝜃(𝑘) ∶ |ℎ(𝑘) − 𝜑T(𝑘)𝜃(𝑘)| ⩽ 𝜎

}
, (4.98)

which can be interpreted as the region between two parallel hyperplanes in the
parameter space:

𝑆1(𝑘) =
{
𝜃(𝑘) ∶ ℎ(𝑘) = 𝜑T(𝑘)𝜃(𝑘) − 𝜎

}
,

𝑆2(𝑘) =
{
𝜃(𝑘) ∶ ℎ(𝑘) = 𝜑T(𝑘)𝜃(𝑘) + 𝜎

}
.

(4.99)

The feasible parameter set at time 𝑘 is then described by the polyhedral set

Θ(𝑘) = {𝜃 ∈ℝ𝑛𝜃 ∶ 𝛼𝑘𝜃 ⩽ 𝛽𝑘, 𝑘 = 1, … , 𝑁}, (4.100)

where 𝛼𝑘 ∈ℝ𝑛×𝑛𝜃 and 𝛽𝑘 ∈ℝ𝑛 specify the linear inequality constraints. To obtain
the smallest orthotope 𝑂(𝑘) that contains Θ(𝑘), one has to solve 2𝑛𝜃 linear pro-
gramming problems. The admissible range of the parameter variation is deter-
mined by the bound 𝛾 ∈ℝ+.
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4.5 OSE-based Extended Zonotopic Kalman Filter 67

From (4.96), the initial state 𝑥0 and the noise sequences 𝑤𝑘 and 𝑣𝑘 are UBB.
Using the zonotope representation, these quantities are enclosed in the following
sets:

𝑥(0) ∈Z0 = ⟨𝑝(0), 𝐵(0)⟩, 𝑤(𝑘) ∈𝑊 = ⟨0, 𝐺𝑤⟩, 𝑣(𝑘) ∈ 𝑉 = ⟨0, 𝐺𝑣⟩,
(4.101)

where Z0 is the initial state zonotope; 𝑊 = diag(𝑤) and 𝑉 = diag(𝑣) are known
diagonal matrices, and 𝐺𝑤, 𝐺𝑣 are the corresponding generator matrices defining
the zonotopes𝑊 and 𝑉.
The observer-based estimator associated with system (4.96) is chosen as:

𝑥̂(𝑘 + 1) = 𝐴(𝜃(𝑘))𝑥̂(𝑘) + 𝐵(𝜃(𝑘))𝑢(𝑘) + 𝐿
[
𝑦(𝑘) − 𝐶𝑥̂(𝑘) − 𝐹𝑣(𝑘)

]
, (4.102)

where 𝑥̂(𝑘) ∈ℝ𝑛𝑥 denotes the state estimate and 𝐿 is the estimator gain to be
designed.
The aim of this section is to construct a state-estimation scheme for the

discrete-time LPV system (4.96) based on set-membership principles. The pro-
posed approach relies on designing an optimal orthotopic region for the param-
eter vector together with an extended zonotopic Kalman filter (EZKF). The
uncertain parameters are confined within orthotopic linear programs, and all
uncertain states are enclosed by optimally tightened zonotopes, thereby reducing
the impact of parameter variability on the estimation performance.

4.5.2 Main Results

In this section, we investigate the identification of uncertain parameters in
discrete-time LPV systems and develop an orthotopic spatial search expansion
algorithm. Building on the orthotopic sets generated by this procedure, an optimal
EZKF is subsequently constructed.

4.5.2.1 OSE-algorithm-based Time-varying Parameter Identification

Lemma 4.4 Computing the minimum orthotope 𝑂𝑘 requires solving 2𝑛𝜃 linear
constraint equations via linear programming. A generic linear constraint problem is
formulated as [57]:

max 𝑐T𝜃,

s.t.

𝛼𝜃 ⩽ 𝛽,

𝜃 ∈O =
{
𝜃 ∶ 𝑎T𝑖 𝜃 ⩽ 𝛽, 𝑖 ∈ I

}
,
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68 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

where 𝑎T𝑖 denotes the 𝑖th row of the matrix 𝛼, and O is the corresponding bounding
set.

Starting from the orthotopic description in (4.100), an enclosing orthotope𝑂𝑘 for
the feasible parameter set is obtained by solving 2𝑛𝜃 linear programs. The ortho-
tope is written as:

𝜃(𝑘) ∈ 𝑂(𝜃̄(𝑘), 𝑑(𝑘)) =
{
𝜃(𝑘) ∶ 𝜃(𝑘) = 𝜃̄(𝑘) + diag(𝑑(𝑘))𝜔, ‖𝜔‖∞ ⩽ 1

}
,
(4.103)

where 𝜃̄(𝑘) ∈ℝ𝑛𝜃 is the center, 𝑑(𝑘) ∈ℝ𝑛𝜃 collects the half-widths, 𝜔 ∈ℝ𝑛𝜃 is an
auxiliary vector, and diag(𝑑(𝑘)) is the diagonal matrix whose diagonal entries are
𝑑𝑖(𝑘), 𝑖 = 1, … , 𝑛𝜃. The 2𝑛𝜃 linear optimization problems are formulated as:

𝑑𝑖(𝑘) = arg max 𝑐T𝑖 𝜃,

s.t.

𝜃 ∈O(𝑘),

(4.104)

𝑑
𝑖+𝑛𝜃

(𝑘) = arg min 𝑐T𝑖 𝜃,

s.t.

𝜃 ∈O(𝑘),

(4.105)

with

O(𝑘) =
2𝑛𝜃⋂

𝑖=1
O𝑖(𝑘), (4.106)

where 𝑑𝑖(𝑘) and 𝑑𝑖+𝑛𝜃 (𝑘) are, respectively, the maximal and minimal values of
the objective over the bounding set,O𝑖(𝑘) denotes the constraint-induced feasible
region, and 𝑐𝑖 is the 𝑖-th column of the objective directionmatrix, 𝑖 = 1, … , 𝑛𝜃. The
resulting minimal orthotope is

𝑂∗
𝑘 =

(
𝜃̄∗(𝑘), 𝑑∗(𝑘)

)
, (4.107)

where 𝜃̄∗(𝑘) =
𝑑𝑖(𝑘) + 𝑑

𝑖+𝑛𝜃
(𝑘)

2
and 𝑑∗(𝑘) =

𝑑𝑖(𝑘) − 𝑑
𝑖+𝑛𝜃

(𝑘)

2
.

Since the parameters evolve with time, this orthotopic set must be suitably
enlarged by modifying the constraints so as to capture the admissible uncertainty
range, taking into account the initial parameter set, the measurement strips, the
bound on parameter variations, and the expansion direction of the orthotope.

Theorem 4.4 Consider the identification model in (4.97). Suppose that at time
𝑘 − 1 the parameter vector satisfies 𝜃(𝑘 − 1) ∈ 𝑂̂𝑘−1 = (𝜃̄∗(𝑘 − 1), 𝑑∗(𝑘 − 1)) and
that the parameter variation obeys |𝜃(𝑘) − 𝜃(𝑘 − 1)| ⩽ 𝛾. For themeasurement ℎ(𝑘),
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4.5 OSE-based Extended Zonotopic Kalman Filter 69

define the strip 𝑆𝑘 =
{
𝜃(𝑘) ∶ |ℎ(𝑘) − 𝜑T(𝑘)𝜃(𝑘)| ⩽ 𝜎

}
. Then the predicted orthotopic

set enclosing the parameter estimates at time 𝑘 is

𝜃(𝑘) ∈ 𝑂̂𝑘 = {𝜃(𝑘) ∶ 𝜃(𝑘) = 𝜃
∗
(𝑘) + diag(𝑑∗(𝑘))𝜔, ‖𝜔‖∞ ⩽ 1}, (4.108)

where

𝑑𝑖(𝑘) = arg max 𝑐T𝑖 𝜃,

s.t.

𝜃 ∈ 𝑂̃𝑘
⋂

𝑆𝑘,

(4.109)

𝑑
𝑖+𝑛𝜃

(𝑘) = arg min 𝑐T𝑖 𝜃,

s.t.

𝜃 ∈ 𝑂̃𝑘
⋂

𝑆𝑘,

(4.110)

and

𝑂̃𝑘 = (𝜃̃(𝑘), 𝑑(𝑘)), (4.111)

𝜃̃(𝑘) =
𝑑𝑖(𝑘) + 𝑑

𝑖+𝑛𝜃
(𝑘)

2 , (4.112)

𝑑(𝑘) =
𝑑𝑖(𝑘) − 𝑑

𝑖+𝑛𝜃
(𝑘)

2 , (4.113)

𝑑𝑖(𝑘) = 𝑑∗(𝑘 − 1) + Γ𝑘𝛾, (4.114)

𝑑
𝑖+𝑛𝜃

(𝑘) = 𝑑∗(𝑘 − 1) + (Γ𝑘 − 𝐼)𝛾, (4.115)

Γ𝑘 = diag(𝑟𝑖), 𝑟𝑖 ∈ {0, 1}, (4.116)

where 𝛾 = [𝛾1, 𝛾2,⋯ , 𝛾𝑛𝜃 ]
T, and Γ𝑘 is a diagonal matrix encoding the expansion

direction of the orthotope.

Proof 4.4. In the LPV model (4.97), each parameter either increases or decreases
from time 𝑘 − 1 to 𝑘. Hence, given the orthotope at time 𝑘 − 1, we examine 2𝑛𝜃
spatial expansion directions to bound the unknown parameters at time 𝑘:

𝑂̃(𝑗)
𝑘 = (𝜃̃(𝑗)(𝑘), 𝑑(𝑗)(𝑘)), (4.117)

𝑑
(𝑗)

𝑖 (𝑘) = 𝑑∗(𝑘 − 1) + Γ(𝑗)𝑘 𝛾, (4.118)

𝑑(𝑗)
𝑖+𝑛𝜃

(𝑘) = 𝑑∗(𝑘 − 1) + (Γ(𝑗)𝑘 − 𝐼𝑛𝜃 )𝛾, (4.119)
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70 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

Γ(𝑗)𝑘 = diag(𝑟(𝑗)𝑖 ), 𝑟(𝑗)𝑖 ∈ {0, 1}, (4.120)

𝛾 = [𝛾1, 𝛾2,⋯ , 𝛾𝑛𝜃 ]
T, (4.121)

where 𝑖 = 1, … , 𝑛𝜃, 𝑗 = 1, … , 2𝑛𝜃 , 𝐼𝑛𝜃 is the identity matrix, and Γ ∈ℝ𝑛𝜃×𝑛𝜃 is
the coefficient matrix for the expansion direction. Here diag(𝑟𝑖) is diagonal with
entries in {0, 1}: if 𝜃𝑖 increases, thenΓ𝑖,𝑖 = 𝑟𝑖 = 1; otherwise,Γ𝑖,𝑖 = 𝑟𝑖 = 0. For 𝑛𝜃 = 2,
the four extended spaces are illustrated in Figure 4.4.
Among the 2𝑛𝜃 directions, only one contains the true parameters. To improve

directional accuracy, the correct expansion direction is determined via the inter-
section between the expanded orthotopes and the measurement strips.
Suppose that, at time 𝑘𝛾 ∈

{
𝑘, 𝑘 + 1,⋯ , 𝑘 + 𝑛𝛾

}
, a measurement strip is avail-

able and the orthotope is expanded 𝑛𝛾 times. Based on these 𝑛𝛾 expansions and 𝑛𝛾
strips, multiple orthotopic outer bounds for the intersections are obtained:

𝑂̂(𝑗)
𝑘𝛾
= (𝜃̂(𝑗)(𝑘𝛾), 𝑑(𝑗)(𝑘𝛾)), (4.122)

𝑑
(𝑗)

𝑖 (𝑘𝛾) = arg max 𝑐T𝑖𝑗𝜃,

s.t.

𝜃 ∈ 𝑂̃(𝑗)
𝑘𝛾

⋂
𝑆𝑘𝛾

(4.123)

𝑑
(𝑗)

𝑖
(𝑘𝛾) = arg min 𝑐T𝑖𝑗𝜃.

s.t.

𝜃 ∈ 𝑂̃(𝑗)
𝑘𝛾

⋂
𝑆𝑘𝛾 .

(4.124)

The hypervolume associated with the 𝑗-th orthotopic outer approximation is
defined as:

V (𝑗) ∗ 𝑘 ∗ 𝛾 =
𝑛𝜃∏

𝑖=1

(
𝑑
(𝑗)

∗ 𝑖(𝑘 ∗ 𝛾) − 𝑑
(𝑗)
∗ 𝑖(𝑘 ∗ 𝛾)

)
. (4.125)
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Figure 4.4 Process of orthotope spatial extension when 𝑛𝜃 = 2.
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4.5 OSE-based Extended Zonotopic Kalman Filter 71

Among all candidate expansions, those that actually enclose the unknown param-
eters over time usually yield the largest accumulated hypervolume. Therefore, the
optimal expansion direction Γ𝑘 is chosen by

Γ𝑘 = arg max
𝑘𝛾+1∑

𝑖=1
V (𝑗) ∗ 𝑘 ∗ 𝛾, (4.126)

and the identification orthotope 𝑂̂𝑘 at time 𝑘 is then constructed by intersecting
the orthotope 𝑂̂𝑘−1 (expanded along the correct direction Γ𝑘) with the measure-
ment strip 𝑆(𝑘), yielding (4.108)–(4.116).

Remark 4.1 For discrete-time LPV systems, parameter variations are often
unidirectional over a time window. To reduce computation, once Γ𝑘 is determined
by (4.126), it can be retained as the expansion direction at times 𝑘, 𝑘 + 1,⋯ , 𝑘 +
𝑛 − 1, with the bounding set refined by intersecting with the corresponding strips.
If at time 𝑘 + 𝑛 an empty intersection occurs, i.e., 𝑂̃𝑘+𝑛

⋂
𝑆𝑘+𝑛 =∅, this indicates

a change in the variation direction. A new Γ𝑘+𝑛 is then determined using the strips
at 𝑘 + 𝑛, 𝑘 + 𝑛 + 1,⋯ , 𝑘 + 𝑛 + 𝑛𝛾.

Remark 4.2 Consider a discrete-time LPV system whose parameters evolve
monotonically in a known direction, while the exact variation amplitude is
unknown. If two consecutive estimates satisfy 𝜃̄∗(𝑘) − 𝜃̄∗(𝑘 − 1) < 𝜆 ≪ 𝛾, the
identification interval can be further tightened by shrinking the expansion bound
in (4.114) and (4.115). In particular, the attenuated bounds are chosen as:

𝑑𝑖(𝑘) = 𝑑∗(𝑘 − 1) + 𝜆Γ𝑘𝛾, (4.127)
𝑑
𝑖+𝑛𝜃

(𝑘) = 𝑑∗(𝑘 − 1) + 𝜆(Γ𝑘 − 𝐼𝑛𝜃 )𝛾, (4.128)

where the scalar 𝜆 ∈ (0, 1) acts as an attenuation factor thatmoderates the amount
of orthotope expansion.

Remark 4.3 Based on (4.122)–(4.126), let us illustrate themechanism for select-
ing the expansion direction by considering the simple case 𝑛𝜃 = 2 and 𝑛𝛾 = 2.
Figure 4.5 depicts the procedure: the solid rectangle represents the orthotopic set
𝑂̂𝑘−1 at time instant 𝑘 − 1. At times 𝑘 + 𝑛, 𝑘 + 𝑛 + 1, and 𝑘 + 𝑛 + 2, the orthotope
is propagated in four candidate directions and, in each case, intersected with the
corresponding measurement strips. Panel (a) shows the geometric expansion of
𝑂̂𝑘−1 when the direction matrix is chosen as Γ = diag([0, 0]); under this choice,
the predicted orthotopes used for time-varying parameter identification—subject
to the strip constraints—are indicated by the dashed rectangles. The hypervolume
of the outer orthotope in each candidate direction is evaluated via (4.125). Sim-
ilarly, panels (b)–(d) present the expansions along the remaining directions and
the associated hyperspaces. According to the selection rule in (4.126), one obtains
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72 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering
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(4)

kÕ

Figure 4.5 Process of determining the orthotope expansion direction.

that 𝑂̃(1)
𝑘 is the orthotope that contains the true parameters, and the corresponding

expansion direction at time 𝑘 is Γ = diag([0, 0]).

4.5.2.2 Optimal OSE-EZKF Design for the Discrete-time LPV System
Based on the orthotopic identification of the time-varying parameters in (4.97),
the uncertain systemmatrices𝐴(𝜃(𝑘)) and𝐵(𝜃(𝑘)) can be embedded in orthotopic
sets as follows:

𝐴(𝜃(𝑘)) ∈A𝑘 = {𝐴(𝑘) ∈ℝ𝑛𝑥×𝑛𝑥 ∶ 𝐴(𝑘) = 𝐴̄(𝑘) + diag(𝑑𝐴(𝑘))𝜔, ‖𝜔‖∞ ⩽ 1}

= {𝐴(𝑘) ∈ℝ𝑛𝑥×𝑛𝑥 ∶ 𝐴(𝑘) = 𝐴̄(𝑘) + ∆𝐴(𝑘), ∆𝐴(𝑘) = diag(𝑑𝐴(𝑘))𝜔}

= (𝐴̄(𝑘), 𝑑𝐴(𝑘)),
(4.129)

𝐵(𝜃(𝑘)) ∈ B𝑘 = {𝐵(𝑘) ∈ℝ𝑛𝑢 ∶ 𝐵(𝑘) = 𝐵̄(𝑘) + diag(𝑑𝐵(𝑘))𝜔, ‖𝜔‖∞ ⩽ 1}

= {𝐵(𝑘) ∈ℝ𝑛𝑢 ∶ 𝐵(𝑘) = 𝐵̄(𝑘) + ∆𝐵(𝑘), ∆𝐵(𝑘) = diag(𝑑𝐵(𝑘))𝜔}

= (𝐵̄(𝑘), 𝑑𝐵(𝑘)).
(4.130)
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4.5 OSE-based Extended Zonotopic Kalman Filter 73

With these orthotopic bounds on the parametermatrices of the LPVmodel (4.96)
at hand, we proceed to design the state estimator. The state equation can be rewrit-
ten as:

⎧

⎨
⎩

𝑥(𝑘 + 1) = (𝐴̄(𝑘) + ∆𝐴(𝑘))𝑥(𝑘) + (𝐵̄(𝑘) + ∆𝐵(𝑘))𝑢(𝑘) + 𝐸𝑤(𝑘),

𝑦(𝑘) = 𝐶𝑥(𝑘) + 𝐹𝑣(𝑘),
(4.131)

where 𝐴̄(𝑘) is the identified nominal matrix and ∆𝐴(𝑘) captures the parametric
uncertainty.
For the uncertain discrete system (4.131), the proposed OSE-EZKF is con-

structed on the following observer:

𝑥̂(𝑘 + 1) = (𝐴̄(𝑘) + ∆𝐴(𝑘))𝑥̂(𝑘) + (𝐵̄(𝑘) + ∆𝐵(𝑘))𝑢(𝑘) + 𝐸𝑤(𝑘)

+ 𝐿(𝑘)
(
𝑦(𝑘) − 𝐶𝑥̂(𝑘) − 𝐹𝑣(𝑘)

)
.

(4.132)

Theorem4.5 Suppose that, at time 𝑘, the state satisfies 𝑥(𝑘) ∈ 𝑋̂𝑘 = ⟨𝑝̂(𝑘), 𝐺̂(𝑘)⟩,
with 𝑝̂(𝑘) ∈ℝ𝑛𝑥 and 𝐺̂(𝑘) ∈ℝ𝑛𝑥×𝑠 . Then, at time 𝑘 + 1, the estimated state is
enclosed by the zonotope

𝑥̂(𝑘 + 1) ∈ 𝑋̂(𝑘 + 1) = ⟨𝑝̂(𝑘 + 1), 𝐺̂(𝑘 + 1)⟩, (4.133)
𝑝̂(𝑘 + 1) = (𝐴̄(𝑘) − 𝐿(𝑘)𝐶)𝑝̂(𝑘) + 𝐵̄(𝑘)𝑢(𝑘) + 𝐿(𝑘)𝑦(𝑘), (4.134)
𝐺̂(𝑘 + 1) = [(𝐴̄(𝑘) − 𝐿(𝑘)𝐶)𝐺̂(𝑘)𝑀1(𝑘)𝑀2(𝑘) 𝐸𝐺𝑤 − 𝐿(𝑘)𝐹𝐺𝑣], (4.135)

where 𝑀1 ∈ℝ𝑛𝑥 and 𝑀2 ∈ℝ𝑛𝑢 are column vectors determined by ∆𝐴(𝑘) and
∆𝐵(𝑘), respectively, and satisfy

𝑀1(𝑖) = |𝜙1(𝑖, 𝑗)|, 𝑖 = 1, … , 𝑛𝑥, (4.136)
𝑀2(𝑖) = |𝜙2(𝑖)|, 𝑖 = 1, … , 𝑛𝑢, (4.137)

with 𝜙1 = [𝑑𝐴(𝑘)𝑝(𝑘)]
+ + [𝑑𝐴(𝑘)𝐺↓1(𝑘)]

+ and 𝜙2 = [𝑑𝐵(𝑘)𝑢(𝑘)]
+.

Proof 4.5. From (4.131) and zonotope properties, the OSE-EZKF update reads

𝑥̂(𝑘 + 1) = (𝐴̄(𝑘) + ∆𝐴(𝑘))𝑥̂(𝑘) + (𝐵̄(𝑘) + ∆𝐵(𝑘))𝑢(𝑘) + 𝐸𝑤(𝑘)

+ 𝐿(𝑘)
(
𝑦(𝑘) − 𝐶𝑥̂(𝑘) − 𝐹𝑣(𝑘)

)

= (𝐴̄(𝑘) + ∆𝐴(𝑘) − 𝐿(𝑘)𝐶)𝑥̂(𝑘) + (𝐵̄(𝑘) + ∆𝐵(𝑘))𝑢(𝑘)

+𝐸𝑤(𝑘) + 𝐿(𝑘)𝑦(𝑘) − 𝐿(𝑘)𝐹𝑣(𝑘)

∈
(
(𝐴̄(𝑘) + ∆𝐴(𝑘) − 𝐿(𝑘)𝐶)⊙ ⟨𝑝̂(𝑘), 𝐺̂(𝑘)⟩

)
⊕
(
(𝐵̄(𝑘) + ∆𝐵(𝑘))𝑢(𝑘)

)

⊕
(
𝐸 ⊙ ⟨0, 𝐺𝑤(𝑘)⟩

)
⊕
(
𝐿(𝑘)𝑦(𝑘)

)
⊕
(
− 𝐿(𝑘)𝐹 ⊙ ⟨0, 𝐺𝑣(𝑘)⟩

)
,
(4.138)
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74 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

where

(𝐴̄(𝑘) + ∆𝐴(𝑘))⊙ ⟨𝑝̂(𝑘), 𝐺̂(𝑘)⟩

= 𝐴̄(𝑘)𝑝̂(𝑘)⊕ 𝐴̄(𝑘)𝐺̂(𝑘)𝐁𝑠 ⊕
(
∆𝐴(𝑘)⊙ ⟨𝑝̂(𝑘), 𝐺̂(𝑘)⟩

)
,

(4.139)

(𝐵̄(𝑘) + ∆𝐵(𝑘))𝑢(𝑘) = 𝐵̄(𝑘)𝑢(𝑘) + ∆𝐵(𝑘)𝑢(𝑘). (4.140)

From (4.129) to (4.130),

∆𝐴(𝑘) = diag(𝑑𝐴(𝑘))𝜔, ∆𝐵(𝑘) = diag(𝑑𝐵(𝑘))𝜔, ‖𝜔‖∞ ⩽ 1. (4.141)

By Definition 4.3, the generator matrix satisfies

𝑝̂(𝑘)⊕ 𝐺̂(𝑘)𝐁𝑠 ⊆ 𝑝̂(𝑘)⊕ 𝐺̂(𝑘)↓1(𝑘)𝐁
1. (4.142)

Hence,

∆𝐴(𝑘)⊙ ⟨𝑝̂(𝑘), 𝐺̂(𝑘)⟩ ⊆𝑀1(𝑘)𝐁1, (4.143)

𝑀1(𝑘) = [max(∆𝐴(𝑘))𝑝̂(𝑘)]+ + [max(∆𝐴(𝑘))𝐺̂↓1(𝑘)]
+

= [𝑑𝐴(𝑘)𝑝̂(𝑘)]
+ + [𝑑𝐴(𝑘)𝐺̂↓1(𝑘)]

+
,

(4.144)

∆𝐵(𝑘)𝑢(𝑘) ⊆𝑀2(𝑘)𝐁1, (4.145)

𝑀2(𝑘) = [max(∆𝐵(𝑘))𝑢(𝑘)]+ = [𝑑𝐵(𝑘)𝑢(𝑘)]
+, (4.146)

where𝑀1(𝑘) ∈ℝ𝑛𝑥 and𝑀2(𝑘) ∈ℝ𝑛𝑢 are column vectors.
Substituting (4.139)–(4.146) into (4.138) yields

𝑥̂(𝑘 + 1) ∈ 𝑋̂(𝑘 + 1) = ⟨𝑝̂(𝑘 + 1), 𝐺̂(𝑘 + 1)⟩

= [(𝐴̄(𝑘) − 𝐿(𝑘)𝐶)𝑝̂(𝑘) + 𝐵̄(𝑘)𝑢(𝑘) + 𝐿(𝑘)𝑦(𝑘)]

⊕[(𝐴̄(𝑘) − 𝐿(𝑘)𝐶)𝐺̂(𝑘) 𝑀1(𝑘) 𝑀2(𝑘) 𝐸𝐺𝑤 − 𝐿(𝑘)𝐹𝐺𝑣]𝐁𝑠+𝑛𝑥+𝑛𝑦+2.

According to the above derivation, each iteration increases the order of the
zonotopic set 𝑋̂ by 𝑛𝑥 + 𝑛𝑦 + 2. As the iterations proceed, this order may become
computationally intractable. To control complexity, we apply the dimensionality
reduction operator to 𝐺̂(𝑘 + 1); then, by (4.133),

𝑋̂(𝑘 + 1) = ⟨𝑝̂(𝑘 + 1), 𝐺̂(𝑘 + 1)⟩ ⊆ ⟨𝑝̂(𝑘 + 1), 𝐺̂↓𝑠 (𝑘 + 1)⟩. (4.147)
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4.5 OSE-based Extended Zonotopic Kalman Filter 75

To obtain a tight zonotopic enclosure, the gain 𝐿(𝑘) is selected so as to minimize
the Frobenius radius of 𝑋̂(𝑘 + 1). Invoking Definitions 4.3–4.7, this leads to the
following result.

Theorem 4.6 For the zonotope in (4.133), minimizing ‖⟨𝑝̂(𝑘 + 1), 𝐺̂(𝑘 + 1)⟩‖𝐹,𝑀
yields

𝐿(𝑘) = 𝐴̄(𝑘)𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T
[
𝐶𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T + 𝐹𝐺𝑣𝐺T

𝑣𝐹T
]−1

. (4.148)

Proof 4.6. By Definition 4.5, the F–radius of 𝑋̂(𝑘 + 1) is

‖𝑋̂(𝑘 + 1)‖𝐹,𝑀 = ‖𝐺̂(𝑘 + 1)‖𝐹,𝑀 =
√
tr
(
𝐺̂T(𝑘 + 1)𝑀𝐺̂(𝑘 + 1)

)
. (4.149)

Let 𝐽𝐹,𝑀(𝑘 + 1) = ‖𝐺̂(𝑘 + 1)‖2𝐹,𝑀 = tr
(
𝐺̂T(𝑘 + 1)𝑀𝐺̂(𝑘 + 1)

)
. Then

𝐽𝐹,𝑀 = tr
[
𝑀(𝐴̄(𝑘) − 𝐿(𝑘)𝐶)𝐺̂(𝑘)𝐺̂T(𝑘)(𝐴̄(𝑘) − 𝐿(𝑘)𝐶)T +𝑀𝑀1𝑀T

1

+𝑀𝑀2𝑀T
2 +𝑀𝐸𝐺𝑤𝐺T

𝑤𝐸T +𝑀𝐿(𝐾)𝐹𝐻𝑣𝐻T
𝑣𝐹T𝐿T(𝑘)

]

= tr
[
𝑀
(
𝐿(𝑘)𝐶𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T𝐿T(𝑘) − 𝐿(𝑘)𝐶𝐺̂(𝑘)𝐺̂T(𝑘)𝐴̄T(𝑘)

− 𝐴̄(𝑘)𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T𝐿T(𝑘) + 𝐿(𝐾)𝐹𝐻𝑣𝐻T
𝑣𝐹T𝐿T(𝑘)

)]

+ tr
[
𝑀
(
𝑀1𝑀T

1 +𝑀2𝑀T
2 +𝑀𝐸𝐺𝑤𝐺T

𝑤𝐸T
)]
.

(4.150)

Setting 𝜕𝐿(𝑘)𝐽𝐹,𝑀(𝑘 + 1) = 0 gives the minimizing condition (hence the minimum
F–radius and an optimal zonotope), namely

𝜕𝐿(𝑘) 𝐽𝐹,𝑀(𝑘 + 1)

= 𝜕𝐿(𝑘)tr
[
𝑀
(
𝐿(𝑘)𝐶𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T𝐿T(𝑘) + 𝐿(𝐾)𝐹𝐻𝑣𝐻T

𝑣𝐹T𝐿T(𝑘)

−2𝐴̄(𝑘)𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T𝐿T(𝑘)
)]
= 0,

(4.151)

𝜕𝐿(𝑘)tr
[
𝑀
(
𝐿(𝑘)𝐶𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T𝐿T(𝑘) + 𝐿(𝐾)𝐹𝐻𝑣𝐻T

𝑣𝐹T𝐿T(𝑘)
)]

= 2 𝜕𝐿(𝑘)tr
[
𝑀
(
𝐴̄(𝑘)𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T𝐿T(𝑘)

)]
,

(4.152)

where𝑀 is a symmetric positive definite weighting matrix. Hence,

𝐿(𝑘)
[
𝐶𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T + 𝐹𝐻𝑣𝐻T

𝑣𝐹T
]
= 𝐴̄(𝑘)𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T, (4.153)

and, since 𝐿(𝑘) is assumed to be full rank, it follows that

𝐿(𝑘) = 𝐴̄(𝑘)𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T[𝐶𝐺̂(𝑘)𝐺̂T(𝑘)𝐶T + 𝐹𝐺𝑣𝐺T
𝑣𝐹T

]−1
. (4.154)
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76 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

Given the optimal zonotope 𝑋̂(𝑘 + 1) = ⟨𝑝̂(𝑘 + 1), 𝐺̂↓𝑠 (𝑘 + 1)⟩, the true state
𝑥(𝑘 + 1) is contained in the axis-aligned box □ 𝑋̂(𝑘 + 1) = [ 𝑥̂—(𝑘 + 1), 𝑥̂(𝑘 + 1)],
whose components are

𝑥̂(𝑘 + 1) = 𝑝̂𝑖(𝑘 + 1) −
𝑠∑

𝑗=1

||||𝐺↓𝑠 (𝑘 + 1)||||𝑖,𝑗 , 𝑖 = 1, … , 𝑛𝑥, (4.155)

𝑥̂(𝑘 + 1) = 𝑝̂𝑖(𝑘 + 1) +
𝑠∑

𝑗=1

||||𝐺↓𝑠 (𝑘 + 1)||||𝑖,𝑗 , 𝑖 = 1, … , 𝑛𝑥, (4.156)

where 𝑥̂(𝑘 + 1) and 𝑥̂(𝑘 + 1) denote, respectively, the lower and upper bounds of
𝑥(𝑘 + 1).

4.5.3 Conclusion

This section presented a state-estimation framework for discrete-time LPV sys-
tems affected simultaneously by stochastic disturbances and UBB uncertainties.
The method combines an orthotope–search–expansion (OSE) mechanism with
an EZKF. The OSE step exploits a sequence of measurement strips to iteratively
adjust an orthotopic region in the parameter space, yielding compact bounds
on the time-varying parameter vector, which are then mapped to the uncertain
matrices 𝐴(𝜃(𝑘)) and 𝐵(𝜃(𝑘)). Within this bounded-parameter description, the
EZKF augments the classical Kalman recursion with a zonotopic enclosure, so
that both covariance information and set-membership bounds are propagated in
time. By minimizing the Frobenius radius of the predicted zonotope, an optimal
gain matrix is obtained that balances the impact of stochastic noise and UBB dis-
turbances, leading to tight state intervals and accurate estimates. The resulting
algorithm is suitable for real-time implementation and shows clear robustness
advantages over purely stochastic or purely set-membership filters. Beyond the
LPV case studied here, the same OSE-EZKF idea can be extended to applica-
tions such as electric power systems, multi-sensor security-fusion estimation, and
ground vehicle dynamics, and, with zonotopic linearization, to nonlinear systems
operating under mixed uncertainties.

4.6 Constrained Zonotopic Kalman Filtering

4.6.1 Preliminaries

In this subsection, we briefly recall the notation related to zonotopes and intro-
duce some basic concepts of difference-of-convex (DC) programming, which will
be used to formulate the gain computation of the constrained zonotopic Kalman
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4.6 Constrained Zonotopic Kalman Filtering 77

filter as a DC optimization problem. And the fundamental definitions and prop-
erties of zonotopes, including their representation, Minkowski sums, and linear
images, have already been introduced in the previous subsections. Inwhat follows,
wewill directly use this notation and only recall additional results when necessary.
Based on the aforementioned zonotopic notation, the basic notions of DC pro-

gramming are introduced as follows.

Definition 4.8 A real-valued mapping 𝑓 ∶ 𝑋→ℝ, with 𝑋 ⊆ℝ𝑛, is said to be
a DC function on 𝑋 if there exist two convex functions 𝑔, ℎ ∶ 𝑋→ℝ such that
𝑓(𝑥) = 𝑔(𝑥) − ℎ(𝑥) for all 𝑥 ∈ 𝑋.

Definition 4.9 The subdifferential of a convex function 𝑓 ∶ 𝑋→ℝ at a point
𝑥0 ∈ 𝑋 is defined by

𝜕𝑓(𝑥0) =
{
𝑢0 ∈ℝ𝑛 ∶ 𝑓(𝑥) ≥ 𝑓(𝑥0) + 𝑢T0 (𝑥 − 𝑥0), ∀𝑥 ∈ 𝑋

}
,

where, in the differentiable case, 𝑢0 = (𝜕∕𝜕𝑥) 𝑓(𝑥0) coincides with the usual gra-
dient of 𝑓 at 𝑥0.

Assume that the initial state and the UBB noises in system (4.7) belong to the
zonotopic sets

𝑥0 ∈X0 = 𝑝0 ⊕𝐺0𝐁𝑠 = ⟨𝑝0, 𝐺0⟩, 𝑤𝑘 ∈W = ⟨0, 𝑊⟩, 𝑣𝑘+1 ∈ V = ⟨0, 𝑉⟩,

with 𝐺0 = diag(𝑥̃0), 𝑊 = diag(𝑤̃), and 𝑉 = diag(𝑣̃). For the nonlinear system in
(4.7), the state trajectory is further constrained by

‖𝑙(𝑥𝑘)‖ ⩽ 𝜉, 𝑙(𝑥𝑘) = 𝐷𝑘 − 𝐿𝑘𝑥𝑘. (4.157)

Since the dynamics must evolve inside the constraint set (4.157), a central prob-
lem is how to exploit this information to contract the feasible state region encoded
by the above zonotopes. The aim of this work is therefore to construct a zonotopic
filtering scheme that performs state estimation for nonlinear systems while rigor-
ously incorporating such state constraints.

4.6.2 Main Results

4.6.2.1 Bounding the Linearization Error
Classical linearization via Taylor expansion requires continuous differentiability
and explicit Jacobian/Hessian evaluations at each point, which can be computa-
tionally demanding. In this work, the Stirling interpolation formula is employed to
approximate the nonlinear mappings. For the nonlinearity 𝑓(𝑥𝑘) in (4.7), we write

𝑓(𝑥𝑘) = 𝑓(𝑥̂𝑘) + 𝐹𝑘(𝑥𝑘 − 𝑥̂𝑘) +𝐻.𝑂.𝑇1
= 𝑓𝐿(𝑥𝑘) +𝐻.𝑂.𝑇1,

(4.158)
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78 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

ℎ(𝑥𝑘+1) = ℎ
(
𝑥̂𝑘+1,𝑘

)
+𝐻𝑘+1

(
𝑥𝑘+1 − 𝑥̂𝑘+1,𝑘

)
+𝐻.𝑂.𝑇2

= ℎ𝐿(𝑥𝑘+1) +𝐻.𝑂.𝑇2,
(4.159)

where

𝐹𝑘 =
1
2𝑙

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(
𝑓(𝑥̂𝑘 + 𝑙𝑒1) − 𝑓(𝑥̂𝑘 − 𝑙𝑒1)

T)

(
𝑓(𝑥̂𝑘 + 𝑙𝑒2) − 𝑓(𝑥̂𝑘 − 𝑙𝑒2)

T)

⋮
(
𝑓(𝑥̂𝑘 + 𝑙𝑒𝑛) − 𝑓(𝑥̂𝑘 − 𝑙𝑒𝑛)

T)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

, (4.160)

𝐻𝑘 =
1
2𝑙

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(
ℎ
(
𝑥̂𝑘+1,𝑘 + 𝑙𝑒1

)
− ℎ

(
𝑥̂𝑘+1,𝑘 − 𝑙𝑒1

)T)

(
ℎ
(
𝑥̂𝑘+1,𝑘 + 𝑙𝑒2

)
− ℎ

(
𝑥̂𝑘+1,𝑘 − 𝑙𝑒2

)T)

⋮
(
ℎ
(
𝑥̂𝑘+1,𝑘 + 𝑙𝑒𝑛

)
− ℎ

(
𝑥̂𝑘+1,𝑘 − 𝑙𝑒𝑛

)T)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

, (4.161)

𝐻.𝑂.𝑇1 and 𝐻.𝑂.𝑇2 denote higher-order terms arising from linearization, 𝑙 is
the finite-difference step, 𝑥̂𝑘 denotes the a posteriori state estimate at time
𝑘, while 𝑥̂𝑘+1,𝑘 represents the corresponding a priori prediction. The vectors
𝑒𝑖 ∈ℝ𝑛, 𝑖 = 1, … , 𝑛, are the canonical basis of ℝ𝑛, i.e., 𝑒1 = [1, 0, … , 0]T𝑛×1, 𝑒2 =
[0, 1, … , 0]T𝑛×1, … , 𝑒𝑛 = [0, 0, … , 1]T𝑛×1.
To bound the linearization errors, we employ a nonlinear programming (NLP)

approach to obtain compact interval enclosures. From (4.158) to (4.159), the errors
read

∆𝑓(𝑥𝑘) = 𝑓(𝑥𝑘) − 𝑓𝐿(𝑥𝑘), (4.162)
∆ℎ(𝑥𝑘+1) = ℎ(𝑥𝑘+1) − ℎ𝐿(𝑥𝑘+1). (4.163)

Their ranges are represented as interval vectors

𝐻.𝑂.𝑇1 = ∆𝑓(𝑥𝑘) = [∆𝑓min(𝑥𝑘), ∆𝑓max(𝑥𝑘)], (4.164)
𝐻.𝑂.𝑇2 = ∆ℎ(𝑥𝑘+1) = [∆ℎmin(𝑥𝑘+1), ∆ℎmax(𝑥𝑘+1)]. (4.165)

We construct the following NLP to compute the linearization-error bounds:

min ∆𝑓𝑖𝑘
s.t. 𝑥𝑖𝑘 ∈ 𝑋𝑖

𝑘, 𝑖 = 1, … , 𝑛,
(4.166)

where the superscript 𝑖 indexes the 𝑖-th component of the state vector, and 𝑋𝑘
denotes the feasible set of 𝑥𝑘, which is enclosed by the zonotope X𝑘+1.
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4.6 Constrained Zonotopic Kalman Filtering 79

To recast the above problem within a DC programming framework, the nonlin-
earity 𝑓(𝑥𝑘) is written as a DC functions, 𝑓(𝑥𝑘) = 𝑔1(𝑥𝑘) − 𝑔2(𝑥𝑘), where 𝑔1(𝑥𝑘) =
𝑓(𝑥𝑘) + 𝛼𝑥T𝑘𝑥𝑘 and 𝑔2(𝑥𝑘) = 𝛼𝑥T𝑘𝑥𝑘 with 𝛼 > 0. The subgradients of 𝑔1 and 𝑔2
at 𝑥̂𝑘 are

𝑢1 =
𝜕𝑔1(𝑥̂𝑘)
𝜕𝑥

, 𝑢2 =
𝜕𝑔2(𝑥̂𝑘)
𝜕𝑥

. (4.167)

By convex subdifferential calculus, the linear under-estimators satisfy

𝑔1(𝑥𝑘) ≥ 𝑔̄1(𝑥𝑘), 𝑔2(𝑥𝑘) ≥ 𝑔̄2(𝑥𝑘), (4.168)

with

𝑔̄1(𝑥𝑘) = 𝑔1(𝑥̂𝑘) + 𝑢T1 (𝑥𝑘 − 𝑥̂𝑘), (4.169)
𝑔̄2(𝑥𝑘) = 𝑔2(𝑥̂𝑘) + 𝑢T2 (𝑥𝑘 − 𝑥̂𝑘). (4.170)

Hence, the linearization-error bounds can be written as:

∆𝑓(𝑖)min(𝑥𝑘) = min
𝑥𝑘∈𝑋𝑘

{
𝑔(𝑖)1 (𝑥𝑘) − 𝑔

(𝑖)
2 (𝑥𝑘) − 𝑓(𝑖)𝐿 (𝑥𝑘)

}
,

∆𝑓(𝑖)max(𝑥𝑘) = max
𝑥𝑘∈𝑋𝑘

{
𝑔
(𝑖)
1 (𝑥𝑘) − 𝑔(𝑖)2 (𝑥𝑘) − 𝑓(𝑖)𝐿 (𝑥𝑘)

}
.

(4.171)

Consequently, global lower and upper bounds are obtained by evaluating the func-
tion at every vertex of the zonotope Z𝐹,𝑘. We then compute the center and shape
matrix of the zonotope Z𝐹,𝑘 that bounds the linearization error:

𝑝𝐹,𝑘 = {
∆𝑓(1)min + ∆𝑓(1)max

2 ,
∆𝑓(2)min + ∆𝑓(2)max

2 ,⋯ ,

∆𝑓(𝑛)min + ∆𝑓(𝑛)max

2 }

T

,

𝐺𝐹,𝑘 = diag {
∆𝑓(1)max − ∆𝑓(1)min

2 ,
∆𝑓(2)max − ∆𝑓(2)min

2 ,⋯ ,

∆𝑓(𝑛)max − ∆𝑓(𝑛)min

2 } .

(4.172)

4.6.2.2 Prediction Step
After the linearization procedure, the state dynamics of the nonlinear system (4.7)
can be rewritten as:

𝑥𝑘+1 = 𝑓𝐿(𝑥𝑘) +𝐻.𝑂.𝑇1 + 𝑤𝑘, (4.173)

where 𝑓𝐿(𝑥𝑘) denotes the linearized component of 𝑓(𝑥𝑘) and can be regarded as a
linear affine transformation of the feasible state set𝑋𝑘, i.e., 𝑓𝐿(𝑥𝑘) ∈Z𝐿,𝑘. In addi-
tion, the higher-order term satisfies 𝐻.𝑂.𝑇1 ∈Z𝐹,𝑘 = ⟨𝑝𝐹,𝑘, 𝐺𝐹,𝑘⟩ and the process
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80 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

disturbance lies in 𝑤𝑘 ∈W = ⟨0, 𝑊⟩. Consequently, the prediction 𝑥̂𝑘+1,𝑘 belongs
to

𝑥̂𝑘+1,𝑘 ∈ X̄𝑘+1 =Z𝐿,𝑘 ⊕Z𝐹,𝑘 ⊕W . (4.174)

Theorem 4.7 Given 𝑥𝑘 ∈X𝑘 = ⟨𝑝̂𝑘, 𝐺̂𝑘⟩, the one-step prediction at time 𝑘 + 1 is
enclosed by the zonotope

𝑥̂𝑘+1,𝑘 ∈ X̄𝑘+1 = ⟨𝑝̄𝑘+1, 𝐺̄𝑘+1⟩,

where

𝑝̄𝑘+1 = 𝑓(𝑝̂𝑘) + 𝑝𝐹,𝑘, (4.175)

𝐺𝑘+1 =
[
𝐹𝑘𝐺̂𝑘 𝐺𝐹,𝑘 𝑊

]
. (4.176)

Proof 4.7. Using standard properties of zonotopes, one obtains

𝑥̂𝑘+1,𝑘 ∈ Z
(
𝑝𝑘+1, 𝐺𝑘+1

)
=Z𝐿,𝑘 ⊕Z𝐹,𝑘 ⊕W

=
(
𝑓(𝑝̂𝑘) + [𝐹𝑘 ⊗

⟨
𝑝̂𝑘, 𝐺̂𝑘

⟩
] − 𝐹𝑘𝑝̂𝑘

)
⊕
⟨
𝑝𝐹,𝑘, 𝐺𝐹,𝑘

⟩
⊕ ⟨0, 𝑊⟩

= 𝑓(𝑝̂𝑘)⊕
⟨
0, 𝐹𝑘𝐺̂𝑘

⟩
⊕
⟨
𝑝𝐹,𝑘, 𝐺𝐹,𝑘

⟩
⊕ ⟨0, 𝑊⟩

=
⟨
𝑓(𝑝̂𝑘) + 𝑝𝐹,𝑘,

[
𝐹𝑘𝐺̂𝑘 𝐺𝐹,𝑘 𝑊

]⟩
=
⟨
𝑝𝑘+1, 𝐺𝑘+1

⟩
.

4.6.2.3 Update Step
After linearization, the measurement equation associated with (4.7) can be
written as:

𝑦𝑘+1 = ℎ𝐿(𝑥𝑘+1) +𝐻.𝑂.𝑇2 + 𝑣𝑘+1, (4.177)

where ℎ𝐿(𝑥𝑘+1) denotes the linearized component of ℎ(𝑥𝑘+1), the higher-order
term satisfies 𝐻.𝑂.𝑇2 ∈ [∆ℎmin(𝑥𝑘+1), ∆ℎmax(𝑥𝑘+1)], and 𝑣𝑘+1 ∈ V = ⟨0, 𝑉⟩ is the
bounded measurement noise.
To embed the state constraint into the measurement model, we augment

(4.177) as:

𝑦𝑘+1 =
⎡
⎢
⎣

ℎ(𝑥̂𝑘+1,𝑘)

0𝑑

⎤
⎥
⎦
+𝐻𝑘+1𝑥𝑘+1 −

⎡
⎢
⎣

𝐻𝑘+1𝑥̂𝑘+1,𝑘
0𝑑

⎤
⎥
⎦

+
⎡
⎢
⎣

𝐻.𝑂.𝑇2
0𝑑

⎤
⎥
⎦
+ 𝑣𝑘+1,

(4.178)
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4.6 Constrained Zonotopic Kalman Filtering 81

with

𝑦̄𝑘+1 =
⎡
⎢
⎣

𝑦𝑘+1
𝐷𝑘+1

⎤
⎥
⎦
, 𝐻̄𝑘+1 =

⎡
⎢
⎣

𝐻𝑘+1

𝐿𝑘+1

⎤
⎥
⎦
, 𝑣̄𝑘+1 =

⎡
⎢
⎣

𝑣𝑘+1
𝜉𝑘+1

⎤
⎥
⎦
,

where |𝑣̄𝑘| ⩽ ̃̄𝑣, 𝑉̄ = diag( ̃̄𝑣), 𝜉𝑘+1 ∈ ⟨0, 𝜉 ⋅ 𝐼𝑝×𝑑⟩, and 𝐷𝑘 ∈ℝ𝑑.
As a consequence, the state 𝑥𝑘+1 must satisfy the strip constraint 𝒮 given by

𝑆 =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑥𝑘+1 ∈ℝ𝑛 ∶
|||||||||||||||||||||

𝐻𝑘+1𝑥𝑘+1 − 𝑦𝑘+1 −
⎡
⎢
⎣

𝐻𝑘+1𝑥̂𝑘+1,𝑘
0𝑑

⎤
⎥
⎦

+
⎡
⎢
⎣

ℎ
(
𝑥̂𝑘+1,𝑘

)

0𝑑

⎤
⎥
⎦
+
⎡
⎢
⎣

𝐻.𝑂.𝑇2
0𝑑

⎤
⎥
⎦

|||||||||||||||||||||

⩽ 𝑣̃

⎫
⎪
⎪
⎪

⎬
⎪
⎪
⎪
⎭

.

Using the bounds 𝐻.𝑂.𝑇2 ∈ [∆ℎmin(𝑥𝑘+1), ∆ℎmax(𝑥𝑘+1)], the strip 𝒮 can be
equivalently rewritten as:

𝒮 =

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑥𝑘+1 ∈ℝ𝑛 ∶
|||||||||||||||||||||||

𝐻𝑘+1𝑥𝑘+1 − 𝑦𝑘+1 −
⎡
⎢
⎣

𝐻𝑘+1𝑥̂𝑘+1,𝑘
0𝑑

⎤
⎥
⎦

+
⎡
⎢
⎣

ℎ
(
𝑥̂𝑘+1,𝑘

)

0𝑑

⎤
⎥
⎦
+
⎡
⎢
⎣

𝑠

0𝑑

⎤
⎥
⎦

|||||||||||||||||||||||

⩽
⎡
⎢
⎣

𝑣̃ + 𝜎

𝜉

⎤
⎥
⎦

⎫
⎪
⎪
⎪

⎬
⎪
⎪
⎪
⎭

,

where

𝑠 =
∆ℎmax(𝑥𝑘+1) + ∆ℎmin(𝑥𝑘+1)

2 , 𝜎 =
∆ℎmax(𝑥𝑘+1) − ∆ℎmin(𝑥𝑘+1)

2 .

By intersecting the prediction zonotope with this strip, we obtain 𝑥𝑘+1 ∈ X̄𝑘+1 ∩
𝒮. According to Lemma, this intersection is outer-bounded by an updated zono-
tope X𝑘+1(𝜆𝑘+1) =

⟨
𝑝̂𝑘+1(𝜆𝑘+1), 𝐺̂𝑘+1(𝜆𝑘+1)

⟩
, referred to as the update zonotope of

𝑥𝑘+1, where

𝑝̂𝑘+1 =
(
𝐼 + 𝜆𝑘+1𝐻𝑘+1

)−1(
𝑝𝑘+1 + 𝜆𝑘+1

(
𝑦𝑘+1

−
⎡
⎢
⎣

ℎ
(
𝑥̂𝑘+1,𝑘

)

0𝑑

⎤
⎥
⎦
+
⎡
⎢
⎣

𝐻𝑘+1𝑥̂𝑘+1,𝑘
0𝑑

⎤
⎥
⎦
−
⎡
⎢
⎣

𝑠

0𝑑

⎤
⎥
⎦

⎞
⎟
⎠

⎞
⎟
⎠
,

(4.179)

𝐺̂𝑘+1 = [(𝐼𝑛+𝑑 − 𝜆𝑘+1𝐻̄𝑘+1)𝐺̄𝑘+1 𝜆𝑘+1𝐷𝑣], (4.180)

with 𝐷𝑣 = diag
⎛
⎜
⎝

⎡
⎢
⎣

𝑣̃ + 𝜎

𝜉

⎤
⎥
⎦

⎞
⎟
⎠
and 𝜆𝑘+1 denoting the filter-gain matrix.
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82 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

To design 𝜆∗𝑘+1, we adopt the Frobenius norm of the generator 𝐺̂𝑘+1(𝜆𝑘+1) as an
optimality criterion, so that the “size” of the updated zonotopeX𝑘+1(𝜆𝑘+1) is min-
imized. The resulting optimal gain is characterized in the following.

Theorem 4.8 For 𝑥𝑘+1 with

𝑥𝑘+1 ∈X𝑘+1(𝜆𝑘+1) = ⟨𝑝̂𝑘+1(𝜆𝑘+1), 𝐺̂𝑘+1(𝜆𝑘+1)⟩,

the optimal filter gain is

𝜆∗𝑘+1 = 𝐺̄𝑘+1𝐺̄T
𝑘+1H̄

T
𝑘+1

(
𝐻̄𝑘+1𝐺̄𝑘+1𝐺̄T

𝑘+1H̄
T
𝑘+1 + 𝐷𝑣𝐷T

𝑣
)−1

. (4.181)

Proof 4.8. Decompose 𝐺̂𝑘+1(𝜆𝑘+1) as

𝐺̂𝑘+1(𝜆𝑘+1) =𝑀 + 𝜆𝑘+1𝑎T, (4.182)

where

𝑀 =
[
𝐺̄𝑘+1 0(𝑛+𝑑)×(𝑣+𝑑)

]
, 𝑎T =

[
−𝐻̄𝑘+1𝐺̄𝑘+1 𝐷𝑣

]
.

Then
‖‖‖‖𝐺̂𝑘+1(𝜆𝑘+1)

‖‖‖‖
2

𝐹
= ‖𝑀 + 𝜆𝑘+1𝑎T‖

2
𝐹

= tr
((
𝑀T + 𝑎𝜆T𝑘+1

)(
𝑀 + 𝜆𝑘+1𝑎T

))

= tr
(
𝑀T𝑀

)
+ 2 tr

(
𝑀T𝜆𝑘+1𝑎T

)
+ tr

(
𝑎𝜆T𝑘+1𝜆𝑘+1𝑎

T) ,

(4.183)

where tr(⋅) denotes the matrix trace and tr(𝑋𝑌) = tr(𝑌T𝑋T). Minimization with
respect to 𝜆𝑘+1 yields

𝜆∗𝑘+1 = −𝑀𝑎(𝑎T𝑎)−1 = 𝐺̄𝑘+1𝐺̄T
𝑘+1𝐻̄

T
𝑘+1

(
𝐻̄𝑘+1𝐺̄𝑘+1𝐺̄T

𝑘+1𝐻̄
T
1 + 𝐷𝑣𝐷𝑇

𝑣
)−1

.

4.6.3 Conclusion

This section has developed a zonotopic Kalman filtering framework for nonlin-
ear systems subject to explicit state constraints. The method first employs Stirling
interpolation to obtain a locally linear representation of the nonlinear dynam-
ics and lifts the state constraints into the output space of the linearized model.
The uncertainty caused by linearization is quantified via DC programming, and
the resulting approximation error is embedded into zonotopes. The overall pro-
cedure comprises two stages: a prediction phase, in which the prior feasible set
is propagated by computing Minkowski sums of zonotopes, and an update phase,
in which the predicted zonotope is intersected with a measurement-induced strip
and then outer-approximated by a new zonotope. In this way, accurate and robust
state estimates are obtained for constrained nonlinear systems, even in situations
where classical stochastic filters are difficult to apply due to strong nonlinearities
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4.7 Case Study on Battery Operating Status Analysis 83

and hard bounds. Furthermore, the same idea can be extended beyond pure state
estimation to applications such as fault diagnosis and fault-tolerant control of non-
linear plants. Owing to its flexibility in handling constraints and modeling uncer-
tainties, the proposed approach provides a useful tool for the analysis and control
of complex dynamical systems.

4.7 Case Study on Battery Operating Status Analysis

4.7.1 Case 1: Zonotopic Filter

To assess the performance and estimation accuracy of the proposed approach,
simulations were performed using an electrothermal-coupled battery model, as
described in Section 4.2. The electrical parameters of the ECM adopted in the sim-
ulations are listed in Table 4.1.
To extend the discharge duration and emulate the aging process of the power bat-

tery, the discharge current was set to 1 A, driving the battery from a fully charged
state to complete depletion. This configuration enables the observation of varia-
tions in the operating state throughout the entire charge–discharge cycle.

4.7.1.1 State of Charge Simulation
As the number of charge–discharge cycles increases, the internal structure of the
battery gradually deteriorates, leading to capacity fade and performance degra-
dation. During this aging process, the rated capacity 𝑄𝑁 continuously decreases,
causing deviations in the SOC estimation. Under normal operating conditions,
capacity fading progresses rather slowly; therefore, over a limited number of
charge–discharge cycles, the resulting SOC estimation error remains modest.
In the simulation study, the initial state and zonotopic parameters are chosen

as 𝑥𝑐,0 = [5, 5, 1]T, 𝒑𝑐,0 = [0, 0, 1]T, and 𝐺𝑐,0 = 0.01𝐼3. During the recursive compu-
tation, the number of columns of the generator matrix 𝐺𝑐 is gradually compressed
to six so as to limit the computational burden. The process disturbance and mea-
surement noise satisfy |𝑤𝑘|∞ ≤ 10−4 and |𝑣𝑘|∞ ≤ 10−3, respectively. The sampling
period is set to ∆𝑇 = 5 s. With these settings, the corresponding system matrices
are obtained as follows:

Table 4.1 Parameters of the ECM.

𝑹𝟎∕𝛀 𝑹𝟏∕𝛀 𝑹𝟐∕𝛀 𝑪𝟏∕𝑭 𝑪𝟐∕𝑭 𝑰∕𝑨 𝑸𝑵∕𝑨𝒉

0.52 0.03 0.04 1531.2 20.21 1 205
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84 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

𝐴𝑐 =
⎡
⎢
⎢
⎢
⎣

0.9105 0 0

0 0.0016 0

0 0 1

⎤
⎥
⎥
⎥
⎦

, 𝐵𝑐 =
⎡
⎢
⎢
⎢
⎣

0.0027

0.0381

−0.02

⎤
⎥
⎥
⎥
⎦

, 𝐶𝑐 =
[
−1 −1 0.5158

]
.

Figure 4.6 compares the SOC estimation results obtained using the zonotopic
and ellipsoidal filtering methods. The true SOC trajectory is represented by the
solid line, while the dashed and dotted lines correspond to the estimation bounds
of the zonotope and ellipsoid, respectively. 𝑋max and 𝑋min denote the upper and
lower bounds estimated by the ZF,whereas𝑍max and𝑍min represent those obtained
from the ellipsoidal approach. It can be observed that the ZF yields tighter and
more accurate estimation bounds compared with the ellipsoidal method.
Figure 4.7 illustrates the state estimation results of both filters. Here,𝑈1 denotes

the voltage across the polarization resistance and capacitance corresponding to
the first branch, and 𝑈2 represents that of the second branch. The star markers
mark the true states, while the solid and dashed lines indicate the estimated states
obtained by the zonotopic and ellipsoidal filters, respectively. Because 𝑈1 and 𝑈2
exhibit exponential dynamics, their variations are initially rapid and gradually sta-
bilize as 𝑘 increases. To provide an intuitive visualization, pairs of the three state
variables are plotted in two-dimensional subfigures, illustrating how the zono-
topic and ellipsoidal sets enclose the true state trajectory. As shown in Figure 4.7,
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Figure 4.6 Bounds of the SOC estimation.
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4.7 Case Study on Battery Operating Status Analysis 85

U1/V

0

0.002

0.004

0.006

0.008

U
2

/V

k = 200

U2/V

0.84

0.86

0.88

0.9

0.92

0.94

0.96

S
O

C

k = 50

U1/V

0.54

0.56

0.58

0.6

0.62

0.64

0.66

S
O

C

k = 200

U2/V

0.54

0.56

0.58

0.6

0.62

0.64

0.66

S
O

C

k = 200

U1/V

0

0.002

0.004

0.006

0.008

U
2

/V

k = 100

U1/V

0.74

0.76

0.78

0.8

0.82

0.84

0.86

S
O

C

k = 100

U2/V

0.74

0.76

0.78

0.8

0.82

0.84

0.86

S
O

C

k = 100

U1/V

0

0.002

0.004

0.006

0.008

U
2

/V

k = 50

–0.01 –0.005 0 0.005 0.01 0.015

0   0.002 0.004 0.006 0.008

–0.01 –0.005 0 0.005 0.01 0.015 0   0.002 0.004 0.006 0.008

–0.01 –0.005 0 0.005 0.01 0.015 –0.01 –0.005 0 0.005 0.01 0.015 0.02 0   0.002 0.004 0.006 0.008

0.04 0.045 0.05 0.055 0.06 0.065 0.04 0.045 0.05 0.055 0.06 0.065 0.07

U1/V

0.85

0.9

0.95

S
O

C

k = 50

Figure 4.7 Comparison between actual states and estimated states obtained by the two
algorithms.

the zonotopic approach achieves a more compact and tighter enclosure of the true
state compared with the ellipsoidal method, confirming its superior estimation
precision.

4.7.1.2 State of Health Simulation
SOH is adopted as a scalar indicator describing the degradation level of the bat-
tery. For a fresh cell, SOH is set to 100% and then decreases gradually as charge–
discharge cycling and calendar aging proceed. The loss of SOH is accompanied
by observable changes in macroscopic electrical behavior, most prominently an
increase in ohmic/internal resistance and a reduction in the maximum usable
capacity.
In the proposed model, SOH is treated as a one-dimensional state variable. For

the numerical study, the initial state and zonotopic parameters are chosen as
𝑥ℎ,0 = 50, 𝑝ℎ,0 = 50, and 𝐺ℎ,0 = 1. The process disturbance 𝛾𝑘 and measurement
noise 𝜀𝑘 are assumed to be UBB, satisfying |𝛾𝑘|∞ ≤ 4 × 10−4 and |𝜀𝑘|∞ ≤ 4 × 10−6,
respectively. The discrete-time SOH dynamics are parameterized by 𝐴ℎ = 1 and
𝐶ℎ = 4 × 10−5.
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Figure 4.8 Bounds of the SOH estimation.

Figure 4.8 compares the SOH estimation obtained by the zonotopic and ellip-
soidal filters. The solid line denotes the true SOH trajectory, while the dashed
and dotted lines correspond to the estimation bounds produced by the zonotope-
and ellipsoid-based methods, respectively. Specifically, 𝑋max and 𝑋min denote the
upper and lower bounds from the ZF, and 𝑍max and 𝑍min are those from the ellip-
soidal filter. As shown in Figure 4.8, the zonotopic approach yields tighter bounds
and higher estimation accuracy than the ellipsoidal counterpart.

4.7.2 Case 2: Zonotope and Gaussian Kalman Filters

Li-ion batteries arewidely used energy storage units that play essential roles across
numerous applications; thus, accurate temperature estimation is of significant
importance. In this section, the proposed zonotope and Gaussian Kalman filter
(ZGKF) is implemented on the electrothermal Li-ion battery model specified in
(4.2) and (4.4). The physical meanings and nominal values of the electrical param-
eters are reported in Table 4.2, while the corresponding thermal parameters are
collected in Table 4.3.
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4.7 Case Study on Battery Operating Status Analysis 87

Table 4.2 Electric model parameters.

Parameters Physical meanings Values

𝐼 Current 5 A
𝑅𝑜 Internal resistance 0.0501 Ω
𝑅1 Electrochemical polarization resistance 0.0298 Ω
𝑅2 Concentration polarization resistance 0.03819 Ω
𝐶1 Electrochemical polarization capacity 1789.7 F
𝐶2 Concentration polarization capacity 5.26 F

Table 4.3 Thermal model parameters.

Parameters Physical meanings Values

𝐶𝑐 Core concentrated heat capacity 63.5 J ⋅ K−1

𝐶𝑠 Surface concentrated heat capacity 4.5 J ⋅ K−1

𝑅𝑐 Electrochemical polarization resistance 1.98 K ⋅W−1

𝑅𝑢 Concentration polarization resistance 1.718 K ⋅W−1

By defining the state vector as 𝑥 = [𝑇𝑐, 𝑇𝑠]
T and the input as 𝑢 = [𝑄gen, 𝑇𝑒]

T, the
electrothermal-coupled model can be discretized as:

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑥𝑘+1 =
⎡
⎢
⎢
⎢
⎣

1 − ∆𝑡
𝑅𝑐𝐶𝑐

∆𝑡
𝑅𝑐𝐶𝑐

∆𝑡
𝑅𝑐𝐶𝑠

1 − ∆𝑡
𝑅𝑐𝐶𝑠

− ∆𝑡
𝑅𝑢𝐶𝑠

⎤
⎥
⎥
⎥
⎦

𝑥𝑘 +
⎡
⎢
⎢
⎢
⎣

∆𝑡
𝐶𝑐

0

0 ∆𝑡
𝑅𝑢𝐶𝑠

⎤
⎥
⎥
⎥
⎦

𝑢𝑘,

𝑦𝑘 =
⎡
⎢
⎣

1 0

0 1

⎤
⎥
⎦
𝑥𝑘.

(4.184)

Substituting the parameter values into the above expressions and selecting a
sampling interval of ∆𝑡 = 1 s yields

𝐴 =
⎡
⎢
⎣

0.992 0.0080

0.112 0.758

⎤
⎥
⎦
, 𝐵 =

⎡
⎢
⎣

0.0157 0

0 0.1293

⎤
⎥
⎦
.

In the simulation study, the initial state vector is set to 𝑥0 = [25, 25]T, and
the ambient temperature is fixed at 𝑇𝑒 = 25 ◦C. The process noise 𝑑𝑘 is mod-
eled as a zero-meanGaussian sequence, 𝑑𝑘 ∼N (0, 𝑄), with covariance𝑄 = 0.12𝐼2,
while the measurement noise 𝑒𝑘 follows 𝑒𝑘 ∼N (0, 𝑅) with 𝑅 = 0.052𝐼2. In addi-
tion, the UBB disturbances are assumed to satisfy |𝑤𝑘| ≤ [0.01, 0.01]T and |𝑣𝑘| ≤
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88 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

[0.01, 0.01]T, which specify the admissible ranges of the non-stochastic perturba-
tions acting on the system.
Figures 4.9 and 4.10 illustrate the evolution of the estimated core and surface

temperatures, along with their corresponding interval bounds. The dash-dotted
curves denote the true temperature trajectories. As shown, the ZGKF algorithm
yields interval estimates that closely track the true core and surface temperatures.
In comparison with the SMKF and EZGKF schemes, the ZGKF yields markedly
narrower state–estimation intervals for both 𝑇𝑐 and 𝑇𝑠, which reflects a clear
improvement in estimation precision. Although the SMKF results approach those
of the ZGKF, noticeable deviations remain due to the wrapping effects accumu-
lated when intersecting ellipsoidal sets.
Figure 4.11 compares the estimation intervals at selected sampling instants.

The ZGKF intervals, shown by solid boundaries, remain consistently narrower
than those obtained by the SMKF and EZGKF algorithms. Overall, the simulation
results demonstrate that the proposed ZGKFmethod provides superior estimation
accuracy and stronger convergence properties for electrothermal state estimation
in Li-ion batteries.
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Figure 4.9 Bounds of 𝑇𝑐 estimated by different algorithms.
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Figure 4.10 Bounds of 𝑇𝑠 estimated by different algorithms.

4.7.3 Case 3: OSE-based Extended Zonotopic Kalman Filter

To evaluate the proposedOSE-EZKF, it is employedhere as a state-of-charge (SOC)
estimator for a power battery represented by an LPVmodel. The cell dynamics are
described by a first-order Thevenin-type equivalent circuit, whose mathematical
form is given in (4.1). In this RC network, the electrochemical polarization resis-
tance 𝑅𝑝 together with the polarization capacitance 𝐶𝑝 captures the polarization
behavior of the battery. Since these parameters change with battery temperature
and operating conditions along the charge–discharge process, they are modeled
as time-varying quantities. The physical interpretation and nominal values of all
electrical parameters are reported in Table 4.4.
The mathematical model (4.1) can be rewritten in the transfer-function form

𝐺(𝑠) =
𝑈𝑜𝑐(𝑠) −𝑈(𝑠)

𝐼𝑐(𝑠)
= 𝑅0 +

𝑅𝑝
𝜏𝑝𝑠 + 1 , (4.185)
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Figure 4.11 State estimation interval comparison at different sampling instants.

Table 4.4 Equivalent model parameters.

Parameter Physical meaning Value

𝐼𝑐 Current 1 A
𝑅0 Internal resistance 0.52 Ω
𝑅𝑝(0) Electrochemical polarization resistance 0.03 Ω
𝐶𝑝(0) Electrochemical polarization capacity 980.3 F
𝑄0 Full capacity of the battery 205 A⋅h
𝜂 Coulomb efficiency 0.6
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4.7 Case Study on Battery Operating Status Analysis 91

where 𝑅0 denotes the ohmic resistance and 𝜏𝑝 = 𝑅𝑝𝐶𝑝 is the time constant. Under
constant-current charge/discharge conditions, the first-order backward-difference
method leads to the following discrete-time equation:

ℎ(𝑘) = 𝜑T(𝑘)𝜃(𝑘) + 𝑒(𝑘), (4.186)

with

ℎ(𝑘) =𝑈𝑜𝑐(𝑘) −𝑈(𝑘), 𝜑(𝑘) =
[
ℎ(𝑘 − 1), 𝐼𝑐(𝑘)

]T
,

𝜃(𝑘) = [
𝜏𝑝(𝑘)

𝜏𝑝(𝑘) + 𝑇
,
(𝑅0 + 𝑅𝑝(𝑘))𝑇
𝜏𝑝(𝑘) + 𝑇

]
T

, (4.187)

where 𝑒(𝑘) ∈ [−0.001, 0.001] denotes a bounded additive perturbation and 𝑇 =
0.5 s is the sampling interval. With this sampling period, the true time-varying
parameters are prescribed as 𝑅𝑝(𝑘) = 0.03 + 10−4𝑘 and 𝐶𝑝(𝑘) = 980.3 + 0.2𝑘. The
identification procedure uses the current and terminal-voltage data recorded dur-
ing the charge/discharge process to estimate these parameters. Typical identifi-
cation results are presented in Figure 4.12: the star markers indicate the actual
parameter trajectories, whereas the solid rectangles represent the estimated ortho-
topes. As the iteration index 𝑘 increases, changes in the slope of the measure-
ment strip lead to a gradual rotation of the orthotope. It can be seen that the

11
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Figure 4.12 Parameter identification of 𝜃1(𝑘).
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92 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

computed orthotopic bounds tightly cover the true parameter curves, demon-
strating the capability of the proposed estimator to enclose the real parameter
evolution.
From (4.1), the model can be equivalently expressed in the discrete-time state-

space form:

⎧
⎪
⎪

⎨
⎪
⎪
⎩

⎡
⎢
⎣

SOC(𝑘 + 1)

𝑈𝑝(𝑘 + 1)

⎤
⎥
⎦
=
⎡
⎢
⎢
⎣

1 0

0 𝑒
− 𝑇
𝜏𝑝 (𝑘)

⎤
⎥
⎥
⎦

⎡
⎢
⎣

SOC(𝑘)
𝑈𝑝(𝑘)

⎤
⎥
⎦
+
⎡
⎢
⎢
⎢
⎣

−
𝜂𝑇
𝑄0

(1 − 𝑒
− 𝑇
𝜏𝑝 (𝑘) )𝑅𝑝(𝑘)

⎤
⎥
⎥
⎥
⎦

𝐼𝑐(𝑘) + 𝑤(𝑘),

𝑈(𝑘) =𝑈𝑜𝑐(SOC(𝑘)) −𝑈𝑝(𝑘) − 𝐼𝑐(𝑘)𝑅0 + 𝑣(𝑘),

(4.188)

where the open-circuit voltage satisfies

𝑈𝑜𝑐(SOC(𝑘)) = 𝑎𝑜𝑐SOC(𝑘) + 𝑏𝑜𝑐 = 0.53 SOC(𝑘) + 5.58.

This model corresponds to (4.96), with time-varying matrices expressed as:

𝐴(𝜃(𝑘)) =
⎡
⎢
⎢
⎣

1 0

0 𝑒
− 𝑇
𝜏𝑝 (𝜃(𝑘))

⎤
⎥
⎥
⎦

, 𝐵(𝜃(𝑘)) =
⎡
⎢
⎢
⎢
⎣

−
𝜂𝑇
𝑄0

(1 − 𝑒
− 𝑇
𝜏𝑝 (𝜃(𝑘)) )𝑅𝑝(𝜃(𝑘))

⎤
⎥
⎥
⎥
⎦

,

with

𝜏𝑝(𝜃(𝑘)) =
𝑇𝜃1(𝑘)
1 − 𝜃1(𝑘)

, 𝑅𝑝(𝜃(𝑘)) =
𝜃2(𝑘)(𝜏𝑝(𝑘) + 𝑇)

𝑇 − 𝑅0.

For the numerical experiment, the state vector is initialized as 𝑥(0) = [1, 5]T and
the initial generator matrix is chosen as 𝐺(0) = 0.12𝐼2. The UBB process distur-
bance is constrained by |𝑤(𝑘)|∞ ≤ 10−5, while the measurement noise is assumed
to satisfy |𝑣(𝑘)|∞ ≤ 10−2.
Figure 4.13 illustrates the state–estimation intervals obtainedwith the zonotopic

and ellipsoidal filtering schemes. The solid-line zonotopes correspond to the pro-
posed OSE-EZKF, while the dashed ellipses are generated by the EF benchmark.
In the two-dimensional state plane, the zonotopic regions follow the true state tra-
jectory much more closely and with visibly narrower bands, indicating that OSE-
EZKF attains higher estimation accuracy. Taken together, these simulation results
show that the proposedmethod yields tighter uncertainty bounds andmore favor-
able convergence behavior than the EF-based approach.

4.7.4 Case 4: Constrained Zonotopic Kalman Filtering

To evaluate the performance of the proposed constrained zonotopic Kalman filter
(CZKF), we adopt a lithium-ion cell described by an electrothermal coupledmodel
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Figure 4.13 Comparison of true and estimated states using the two algorithms.

as the simulation case study and carry out real-time temperature estimation.
A Li-ion battery can be viewed as an integrated electrochemical device in which
electrical, chemical, and thermal processes interact. The resulting dynamics are
highly nonlinear and strongly influenced by the surrounding environment. In
addition, the cell temperature is naturally restricted to a safe operating window by
physical and safety considerations. These featuresmake state–estimationmethods
that explicitly handle constraints, such as the CZKF, particularly attractive for bat-
tery applications. In this work, the electrothermal coupledmodel is constructed by
combining the second-order Thevenin equivalent circuit with a lumped thermal
model [58, 59].
By merging the second-order Thevenin model (4.2) with the thermal dynamics

(4.4), the coupled system can be written in the following discrete-time state-space
form:

⎧
⎪

⎨
⎪
⎩

𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢𝑘 + 𝑤𝑘,

𝑦𝑘 =
⎛
⎜
⎝

ℎ(𝑥1,𝑘)

𝑥2,𝑘

⎞
⎟
⎠
+ 𝑣𝑘,

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by alex jounh - O

regon H
ealth &

 Science U
niversity , W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



94 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

where 𝑥𝑘 = [𝑇𝑐,𝑘, 𝑇𝑠,𝑘]
T collects the core and surface temperatures, 𝑢𝑘 =

[𝑄gen,𝑘, 𝑇𝑒,𝑘]
T contains the heat-generation rate and ambient temperature, and

𝑦𝑘 = [𝑦1,𝑘, 𝑦2,𝑘]
T represents the measured surface and core temperatures, respec-

tively. The terms 𝑤𝑘 and 𝑣𝑘 denote UBB process and measurement disturbances,
and ∆𝑡 is the sampling interval. The corresponding system matrices are given by

𝐴 =
⎡
⎢
⎢
⎢
⎣

1 − ∆𝑡
𝑅𝑐𝐶𝑐

∆𝑡
𝑅𝑐𝐶𝑐

∆𝑡
𝑅𝑐𝐶𝑠

1 − ∆𝑡
𝑅𝑐𝐶𝑠

− ∆𝑡
𝑅𝑢𝐶𝑠

⎤
⎥
⎥
⎥
⎦

,

𝐵 =
⎡
⎢
⎢
⎢
⎣

∆𝑡
𝐶𝑐

0

0 ∆𝑡
𝑅𝑢𝐶𝑠

⎤
⎥
⎥
⎥
⎦

, ℎ(𝑥1,𝑘) = 1.1 + 3.4 𝑒−0.08𝑇𝑐,𝑘 .

The nominal parameters used in the simulation are listed in Table 4.5.
Under normal operating conditions, the cell is kept in a near–steady thermal

state, so the temperature gap between the core and surface remains small and
the core temperature varies only slightly. Experimental measurements show that,
when the ambient temperature is 𝑇𝑒 = 25 ◦C, the core–surface temperature dif-
ference is maintained at 5.82 ± 0.05 ◦C and the core temperature satisfies 𝑇𝑐 ∈
[35.8 ◦C, 35.9 ◦C]. On this basis, the state constraint parameters are chosen as:

𝜉 =
⎡
⎢
⎣

0.05

0.05

⎤
⎥
⎦
, 𝐷𝑘 =

⎡
⎢
⎣

−5.82

−35.85

⎤
⎥
⎦
,

𝐿𝑘 =
⎡
⎢
⎣

−1 1

−1 0

⎤
⎥
⎦
.

For the simulation study, the initial state is set to 𝑥0 = [25, 25]T, and the initial
zonotope is initialized with center 𝑝0 = [25, 25]T and generator matrix 𝐺0 = 0.1𝐼4.
The process and measurement disturbances are assumed to satisfy |𝑤𝑘|∞ ≤ 0.001

Table 4.5 Parameters of the electrothermal coupled model.

𝑹𝟎∕𝛀 𝑹𝟏∕𝛀 𝑹𝟐∕𝛀 𝑪𝒑𝟏∕F 𝑪𝒑𝟐∕𝑭 𝑰∕𝐀

0.0501 0.0298 0.03819 1789.7 5.26 5

𝑪𝒄∕(𝐉 ⋅𝐊−𝟏) 𝑪𝒔∕(𝐉 ⋅𝐊−𝟏) 𝑹𝒖∕(𝐊 ⋅𝐖−𝟏) 𝑹𝒄∕(𝐊 ⋅𝐖−𝟏)

63.5 4.5 1.718 1.98
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4.7 Case Study on Battery Operating Status Analysis 95

and |𝑣𝑘|∞ ≤ 0.1, respectively.With a sampling interval of∆𝑡 = 1 s, the correspond-
ing discrete-time system matrices are

𝐴 =
⎡
⎢
⎣

0.992 0.0080

0.112 0.758

⎤
⎥
⎦
, 𝐵 =

⎡
⎢
⎣

0.0157 0

0 0.1293

⎤
⎥
⎦
.

To highlight the benefits of the proposed CZKF scheme, its performance
is benchmarked against the center-difference zonotopic set-membership fil-
ter (CDZSMF) in [60]. The corresponding simulation results are reported in
Figures 4.14–4.16.
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Figure 4.14 Feasible state sets at selected sampling instants.
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Figure 4.15 Core temperature and corresponding estimation intervals.

FromFigure 4.14, it can be observed that both CZKF andCDZSMFkeep the true
core and surface temperatures inside their corresponding feasible state regions
throughout the simulation. Once the system enters the quasi–steady regime, how-
ever, the zonotopic region produced by the CZKF shrinks to a much smaller vol-
ume than that obtained with CDZSMF, indicating a tighter description of the
admissible states and a markedly lower level of conservatism.
Figures 4.15 and 4.16 depict the evolution of the interval estimates for the core

and surface temperatures. In both cases, the estimated envelopes follow the real
temperature trajectories and continue to cover the actual states. Nevertheless, dur-
ing steady-state operation the intervals generated by the CZKF are considerably
narrower than those of the CDZSMF, highlighting the superior estimation accu-
racy and improved convergence behavior of the proposed filter.
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Figure 4.16 Surface temperature and corresponding estimation intervals.

4.8 Concluding Remarks

In this chapter, we introduced a series of advanced state estimation techniques for
battery systems, focusing on zonotopic filtering and its various extensions. These
algorithms have been designed to tackle the internal states of batteries, such as
the SOC and SOH in systems under uncertainty, offering robust solutions for real-
timemonitoring and control in BMSs. Through the integration of zonotopic filter-
ing with state-of-the-art Kalman filter algorithms, a robust framework has been
established for estimating the operational state of batteries under uncertain con-
ditions. By applying these methods, we can effectively handle noise and system
uncertainties, ensuring precise estimation of state parameters even in the presence
of complex disturbances and nonlinear dynamics.
Several advanced filtering strategies based on the ZF were proposed and

evaluated. The ZF provides a straightforward yet efficient approach for state
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98 4 Advances in Battery Operating Status Analysis by Zonotopic Filtering

estimation by utilizing zonotopes to bound the uncertainty of the system’s state,
ensuring that the estimation process is computationally efficient and robust
against noise. Building on this, the ZGKF integrate the zonotopic approach with
the Gaussian Kalman filter, enabling better handling of linear systems with both
process and measurement noise, thus enhancing the accuracy of state estima-
tion. The OSE-EZKFmethod further extends the zonotopic Kalman filter by intro-
ducing orthotope-based expansion to address time-varying parameters, which
improves estimation accuracy and robustness. Finally, the CZKF incorporates
state constraints into the zonotopic Kalman filter framework, ensuring that the
estimates remain within physically feasible boundaries, which is particularly
important for applications such as BMSs. Thesemethods collectively provide accu-
rate state estimation, enable real-time monitoring, and ensure proactive main-
tenance, making them indispensable tools for enhancing the performance and
longevity of battery systems.
The research discussed in this chapter lays the groundwork for future advance-

ments in BMSs, where filtering techniques and artificial intelligence (AI) will play
an increasingly prominent role. As battery technology continues to evolve, the
integration of these methods into smart, adaptive systems will undoubtedly con-
tribute to the advancement of energy storage solutions in various sectors, includ-
ing electric vehicles and large-scale energy storage systems. In conclusion, the
zonotopic filtering techniques covered in this chapter offer a comprehensive solu-
tion for state estimation and fault diagnosis in battery systems. They pave the
way for future innovations in battery management and contribute to the ongoing
improvement of energy storage technologies.
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5

Advances in Battery Operating Status Analysis
by Filtering and Artificial Intelligence

5.1 Problem Formulation

The state of charge (SOC) is a key indicator for assessing the remaining power of
lithium-ion batteries, and its accurate estimation is essential for ensuring the reli-
ability and safety of battery management systems. Since SOC cannot be directly
measured, it must be inferred from measurable electrical quantities such as volt-
age and current. To this end, a practical charge–discharge platform based on
18650 lithium-ion cells was constructed, as shown in Figure 5.1. The platform is
built around an 18650 lithium-ion cell, where SOC and OCV are considered the
key indicators. A constant-current charging/discharging controller ensures stable
operation, producing reliable SOC data. The system includes a real-time moni-
toring interface to display current, terminal voltage, and SOC variation, while an
upper computer records and processes the measured data for subsequent analysis.

In order to establish the mapping between OCV and SOC, a constant-current
charge–discharge experiment was conducted at 25 ◦C. During the test, the battery
was periodically discharged in 10% SOC intervals, and after each interval, the cell
was rested to record the corresponding OCV value until the cutoff voltage was
reached. The resulting OCV–SOC data were then fitted using a polynomial regres-
sion, yielding an empirical function

𝑈OCV = 𝑓(SOC), (5.1)

which serves as the fundamental relationship for model identification and SOC
estimation, providing a direct basis for characterizing the SOC from measurable
voltage data.

Building on this static mapping, the overall behavior of the experimental plat-
form can be further described by the first-order Thevenin equivalent circuit
model [61], which provides a compact yet effective representation of the bat-
tery’s electrochemical dynamics. In this model, the state vector is defined by the

Advances in Battery Manufacturing and Operating Status Analysis: Filtering and Artificial
Intelligence Strategy, First Edition. Ziyun Wang, Yan Wang and Zhicheng Ji.
© 2027 The Institute of Electrical and Electronics Engineers, Inc. Published 2027 by
John Wiley & Sons, Inc. All rights reserved.
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100 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

Host computer
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Voltage and current

display screen

Constant current
charge-discharge

controller

18650 lithium-ion battery

Figure 5.1 Experimental platform for SOC analysis of lithium-ion batteries.

polarization voltage 𝑈𝑝,𝑘 and the SOC𝑘, while the terminal voltage 𝑈𝑘 serves as
the measurement output. The continuous-time model is expressed as:

⎧

⎨
⎩

𝑈𝑘 = 𝑈OCV − 𝐼𝑘𝑅0 −𝑈𝑝,𝑘,

𝑈𝑝,𝑘 = 𝑒
− ∆𝑡
𝑅𝑝𝐶𝑝 𝑈𝑝,𝑘−1 +

(
1 − 𝑒

− ∆𝑡
𝑅𝑝𝐶𝑝

)
𝑅𝑝𝐼𝑘,

(5.2)

where 𝑅0 denotes the ohmic resistance, the polarization resistance and capaci-
tance are indicated by 𝑅𝑝 and 𝐶𝑝 , and 𝜏𝑝 = 𝑅𝑝𝐶𝑝 defines the polarization time
constant. The parameters 𝑄 and 𝜂 represent the nominal capacity and Coulombic
efficiency, respectively, while ∆𝑡 is the sampling interval.

By selecting SOC𝑘 and 𝑈𝑝,𝑘 as the state variables and 𝑈𝑘 as the measur-
able output, the system is discretized and expressed in the following state-space
representation:

⎧
⎪
⎪

⎨
⎪
⎪
⎩

⎡
⎢
⎣

SOC𝑘+1

𝑈𝑝,𝑘+1

⎤
⎥
⎦
=
⎡
⎢
⎢
⎣

1 0

0 𝑒
− ∆𝑡
𝑅𝑝𝐶𝑝

⎤
⎥
⎥
⎦

⎡
⎢
⎣

SOC𝑘

𝑈𝑝,𝑘

⎤
⎥
⎦
+
⎡
⎢
⎢
⎢
⎣

−
𝜂∆𝑡
𝑄

(1 − 𝑒
− ∆𝑡
𝑅𝑝𝐶𝑝 )𝑅𝑝

⎤
⎥
⎥
⎥
⎦

𝐼𝑘 + 𝑤𝑘,

𝑈𝑘 = 𝑈OCV,𝑘 −𝑈𝑝,𝑘 − 𝐼𝑘𝑅0 + 𝑣𝑘,

(5.3)
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5.2 Introduction to Particle Filter and Particle Swarm Optimization 101

where 𝑈OCV,𝑘 denotes the mapping between open-circuit voltage (OCV) and SOC
obtained from experimental data. And𝑤𝑘 and 𝑣𝑘 denote the process and measure-
ment noise, both assumed to be unknown but bounded (UBB).

Abstracting from the above case, the SOC estimation problem can be embedded
into a general discrete-time state-space framework. For linear dynamics with UBB
uncertainties, the model takes the form:

⎧

⎨
⎩

𝑥𝑘+1 = 𝐴𝑥𝑘 + 𝐵𝑢𝑘 + 𝑤𝑘,

𝑦𝑘 = 𝐶𝑥𝑘 + 𝑣𝑘,
(5.4)

where 𝑥𝑘 ∈ℝ𝑛𝑥 denotes the system state, 𝑢𝑘 ∈ℝ𝑛𝑢 is the system input, and
𝑦𝑘 ∈ℝ𝑛𝑦 represents the output at time step 𝑘. Matrices 𝐴, 𝐵, and 𝐶 are sys-
tem parameters with appropriate dimensions. The uncertainties include process
noises 𝑤𝑘 ∈ℝ𝑛𝑤 and measurement errors 𝑣𝑘 ∈ℝ𝑛𝑣 , both modeled under the UBB
assumption.

For generality, the initial state 𝑥0, process disturbances 𝑤𝑘, and measurement
noises 𝑣𝑘 can be enclosed within zonotopes as 𝑥0 ∈ ⟨𝑝0, 𝐺0⟩, 𝑤𝑘 ∈ ⟨0, 𝑊⟩, 𝑣𝑘 ∈
⟨0, 𝑉⟩. Here, 𝑊 and 𝑉 serve as the corresponding generator matrices.

More generally, for nonlinear dynamics, the system can be expressed as:

⎧

⎨
⎩

𝑥𝑘+1 = 𝑓(𝑥𝑘, 𝑢𝑘) + 𝑤𝑘,

𝑦𝑘 = ℎ(𝑥𝑘, 𝑢𝑘) + 𝑣𝑘,
(5.5)

with 𝑥𝑘 ∈ℝ𝑛 denotes the state vector, 𝑦𝑘 ∈ℝ𝑝 is the measurement output.
Assume that 𝑓(⋅) and ℎ(⋅) are continuous differentiable nonlinear equations [62],
and 𝑓(⋅) and ℎ(⋅) are both DC functions [63]. This unified abstraction allows the
SOC estimation problem to be rigorously studied within the broader framework
of discrete-time systems subject to UBB disturbances.

5.2 Introduction to Particle Filter and Particle Swarm
Optimization

5.2.1 Particle Filter

5.2.1.1 Problem Setting
For the discrete-time nonlinear state-space model

⎧

⎨
⎩

𝑥𝑘 = 𝑓(𝑥𝑘−1) + 𝑤𝑘−1,

𝑦𝑘 = ℎ(𝑥𝑘) + 𝑣𝑘,
(5.6)
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102 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

where 𝑥𝑘 ∈ℝ𝑛 is the state, 𝑦𝑘 ∈ℝ𝑧 is the measurement, and 𝑤𝑘−1, 𝑣𝑘 denote the
process and measurement disturbances, respectively. They can be modeled prob-
abilistically (with densities) or specified only through bounds. Given observations
𝑌𝑘 = {𝑦1, … , 𝑦𝑘}, filtering seeks the posterior 𝑝(𝑥𝑘 ∣ 𝑌𝑘).

5.2.1.2 Bayesian Recursion
Writing the transition and likelihood induced by (5.6) as 𝑝(𝑥𝑘 ∣ 𝑥𝑘−1) and
𝑝(𝑦𝑘 ∣ 𝑥𝑘), the standard predict–update relations are [64]:

𝑝(𝑥𝑘 ∣ 𝑌𝑘−1) =∫ 𝑝(𝑥𝑘 ∣ 𝑥𝑘−1) 𝑝(𝑥𝑘−1 ∣ 𝑌𝑘−1) d𝑥𝑘−1, (5.7)

𝑝(𝑥𝑘 ∣ 𝑌𝑘) =
𝑝(𝑦𝑘 ∣ 𝑥𝑘) 𝑝(𝑥𝑘 ∣ 𝑌𝑘−1)

𝑝(𝑦𝑘 ∣ 𝑌𝑘−1)
. (5.8)

For nonlinear/non-Gaussian cases, the integrals in (5.7) and (5.8) are intractable;
PF approximates them by importance sampling.

5.2.1.3 Particle Approximation and Importance Weighting
The posterior is represented by a weighted empirical measure

𝑝(𝑥𝑘 ∣ 𝑌𝑘) ≈
𝑁∑

𝑖=1
𝑤(𝑖)
𝑘 𝛿

(
𝑥𝑘 − 𝑥(𝑖)𝑘

)
, (5.9)

where {𝑥(𝑖)𝑘 , 𝑤
(𝑖)
𝑘 }

𝑁

𝑖=1
are particles and normalized weights. Given a proposal (impor-

tance) density 𝑞(𝑥𝑘 ∣ 𝑥
(𝑖)
0∶𝑘−1, 𝑌

𝑘), the unnormalized weight recursion is

𝑤̃(𝑖)
𝑘 = 𝑤(𝑖)

𝑘−1

𝑝
(
𝑦𝑘 ∣ 𝑥

(𝑖)
𝑘

)
𝑝
(
𝑥(𝑖)𝑘 ∣ 𝑥(𝑖)𝑘−1

)

𝑞
(
𝑥(𝑖)𝑘 ∣ 𝑥(𝑖)0∶𝑘−1, 𝑌𝑘

) , 𝑤(𝑖)
𝑘 =

𝑤̃(𝑖)
𝑘

∑𝑁

𝑗=1
𝑤̃(𝑗)
𝑘

. (5.10)

A widely used special case is the bootstrap PF, which chooses the proposal as the
transition prior [65], 𝑞(⋅) = 𝑝(𝑥𝑘 ∣ 𝑥𝑘−1). Then

𝑤̃(𝑖)
𝑘 = 𝑤(𝑖)

𝑘−1 𝑝
(
𝑦𝑘 ∣ 𝑥

(𝑖)
𝑘

)
. (5.11)

Point estimates follow directly from (5.9), e.g., 𝑥̂𝑘 =
∑𝑁

𝑖=1 𝑤
(𝑖)
𝑘 𝑥

(𝑖)
𝑘 .

5.2.1.4 Degeneracy and Resampling
Weight collapse is monitored by the effective sample size

𝑁ef f = (
𝑁∑

𝑖=1
(𝑤̄𝑖

𝑘)
2
)

−1

. (5.12)
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5.2 Introduction to Particle Filter and Particle Swarm Optimization 103

When 𝑁ef f < 𝜏 (with a user-chosen threshold 𝜏), resampling (e.g., multinomial,
systematic, stratified, residual) is performed and resampled particles typically start
with uniform weights 1∕𝑁.

5.2.1.5 Canonical PF Recursion
1. Draw particles 𝑥𝑖𝑘 from 𝑞(𝑥𝑘 ∣ 𝑥𝑖0∶𝑘−1, 𝑌𝑘).
2. Compute weights via (5.10) (or (5.11)) and normalize.
3. If 𝑁ef f < 𝜏, resample and continue with uniform weights.
4. Form the estimate, e.g., 𝑥̂𝑘 =

∑𝑁
𝑖=1 𝑤̄

𝑖
𝑘𝑥

𝑖
𝑘.

5.2.2 Particle Swarm Optimization

5.2.2.1 Background and Motivation
Particle swarm optimization (PSO) is a gradient-free, population-level search algo-
rithm modeled on the collective dynamics of flocking birds. In PSO, the search
space is analogized to a forest, where each particle represents an individual bird
searching for food. The optimization process is simulated as particles exploring
the search space and updating their positions by sharing information with oth-
ers, thereby mimicking the cooperative behavior of bird flocks in locating the area
with the most abundant food sources. Through this mechanism of social informa-
tion exchange and self-exploration, PSO enables the swarm to converge efficiently
toward the global optimum without relying on gradient information.

5.2.2.2 Algorithmic Formulation
Consider an 𝑚-dimensional search space. Initialize a swarm of 𝑁 particles
with velocity 𝑉𝑖 = [𝑣𝑖1, … , 𝑣𝑖𝑚]

⊤ ∈ℝ𝑚 and position 𝑋𝑖 = [𝑥𝑖1, … , 𝑥𝑖𝑚]
⊤ ∈ℝ𝑚

(𝑖 = 1, … , 𝑁). For each particle, record its individual best position
𝑃𝑖 = [𝑝𝑖1, … , 𝑝𝑖𝑚]

⊤, and let 𝐺 = [𝑔1, … , 𝑔𝑚]
⊤ denote the best position discovered

by the swarm. At iteration 𝑞, the velocity and position are updated by [66]:

𝑉 𝑞+1
𝑖 = 𝜔 𝑉 𝑞

𝑖 + 𝑐1 𝑟1
(
𝑃 𝑞
𝑖 − 𝑋 𝑞

𝑖

)
+ 𝑐2 𝑟2

(
𝐺 𝑞 − 𝑋 𝑞

𝑖

)
, (5.13)

𝑋 𝑞+1
𝑖 = 𝑋 𝑞

𝑖 + 𝑉 𝑞+1
𝑖 , (5.14)

where 𝜔 is the inertia weight, 𝑐1 and 𝑐2 are learning factors, and 𝑟1, 𝑟2 ∈ (0, 1) are
uniformly distributed random numbers. The random numbers 𝑟1 and 𝑟2 are resam-
pled at each iteration and may be applied as scalars or componentwise. When-
ever 𝑓(𝑋 𝑞

𝑖 ) improves upon 𝑓(𝑃 𝑞
𝑖 ), set 𝑃 𝑞

𝑖 ← 𝑋 𝑞
𝑖 ; 𝐺 𝑞 is updated analogously using

the best value over all particles. Unless otherwise stated, we use 𝑁 = 30, either a
decaying inertia 𝜔 ∶ 0.9→0.4 or the constriction setting 𝑐1 = 𝑐2 = 2.05 (𝜒 ≈ 0.729);
velocities are clamped by |𝑣𝑖,𝑗| ≤ 0.2 (𝑈𝑗 − 𝐿𝑗), and positions are clipped to [𝐿, 𝑈],
and reflection is optional.
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104 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

Equations (5.13) and (5.14) constitute the core PSO iteration used throughout
this chapter; additional choices such as velocity clamping, topology, or constriction
can be incorporated without changing the basic form.

5.2.2.3 Initialization and Stopping
Initialize positions and velocities componentwise on the search box [𝐿, 𝑈]:

𝑋0
𝑖 ∼ U([𝐿, 𝑈]), 𝑉0

𝑖 ∼ U([−𝑣max , 𝑣max]),

with 𝑣max = 𝛼 (𝑈 − 𝐿) and 𝛼 ∈ [0.1, 0.3]. Set 𝑃0𝑖 = 𝑋0
𝑖 and

𝐺0 = arg min
𝑖=1,…,𝑁

𝑓(𝑃0𝑖 ).

Terminate when one of the following holds: (i) 𝑞 ≥ 𝑄max ; (ii) no improvement,
|𝑓(𝐺𝑞) − 𝑓(𝐺𝑞−𝜏)| ≤ 𝜀 for 𝜏 iterations; (iii) target achieved, 𝑓(𝐺𝑞) ≤ 𝑓⋆.

Here [𝐿, 𝑈] ∈ℝ𝑑 are the boundary values defining the search interval, and
U([𝐿, 𝑈]) denotes independent uniform sampling on this box. The velocity cap is
𝑣max = 𝛼 (𝑈 − 𝐿) (applied per coordinate), with a user-chosen scale 𝛼 ∈ [0.1, 0.3].
𝑄max represents the upper limit on iteration count (positive integer). 𝜏 is the
patience window for the no–improvement check . 𝑓⋆ is an optional target objec-
tive; if specified, the run stops once 𝑓(𝐺𝑞) ≤ 𝑓⋆. Other symbols follow earlier def-
initions of the swarm: 𝑋𝑞

𝑖 , 𝑉
𝑞
𝑖 , 𝑃

𝑞
𝑖 , 𝐺

𝑞 and the particle count 𝑁.

5.3 PSO-based Orthometric Hyperparallel Space Filtering

5.3.1 Preliminaries

This subsection establishes several fundamental definitions and properties, and
formulates the discrete-time state-space model together with the bounded uncer-
tainty descriptions.

Definition 5.1 Let𝑝 ∈ℝ𝑛 be a nonzero vector and 𝑐 ∈ℝ. The (unit-width) strip
associated with (𝑝, 𝑐) is the set

𝑆(𝑝, 𝑐) =
{
𝜃 ∈ℝ𝑛 ∶ |𝑝⊤𝜃 − 𝑐| ≤ 1

}
. (5.15)

Definition 5.2 [67] The nonempty intersection of 𝑛 nonparallel 𝑛-dimensional
strips is referred to as a parallelotope, which can be expressed as:

P =
𝑛⋂

𝑖=1

𝑆(𝑝𝑖 , 𝑐𝑖) =
{
𝜃 ∈ℝ𝑛 ∶ ∥ 𝑃(𝜃 − 𝜃𝑐) ∥ ∞

≤ 1
}
, (5.16)

where 𝑃 = [𝑝⊤1 ; … ; 𝑝⊤𝑛 ] ∈ℝ𝑛×𝑛 is the shape matrix of the parallelepiped P with 𝑃
being invertible, and 𝜃𝑐 = [𝑐1, … , 𝑐𝑛]

⊤ ∈ℝ𝑛 denotes the center of P .
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5.3 PSO-based Orthometric Hyperparallel Space Filtering 105

By letting𝑇 = 𝑃−1, an equivalent representation of the parallelepiped is obtained
as:

P(𝜃𝑐, 𝑇) =
{
𝜃 ∶ 𝜃 = 𝜃𝑐 + 𝑇𝛼, ‖𝛼‖∞ ≤ 1

}
, (5.17)

where𝑇 = [𝑡1, … , 𝑡𝑛] ∈ℝ𝑛×𝑛 is the generator matrix of the parallelepipedP(𝜃𝑐, 𝑇).

5.3.2 Orthometric Hyperparallel Space Filtering Based on Particle
Swarm Optimization

5.3.2.1 Construction of the Orthometric Hyperparallel Particle Search Space
For a linear state-space model in discrete time similar to 5.4, during the predic-
tion phase of the hyperparallel space filter, starting from the hyperparallel space
P(𝜃𝑐,𝑘, 𝑇𝑘) that contains the true state at time 𝑘, the estimated predicted hyper-
parallel space at instant 𝑘 + 1, expressed as P(𝜃̂𝑐,𝑘+1, 𝑇̂𝑘+1), is obtained as:

𝜃̂𝑐,𝑘+1 = 𝐴𝜃𝑐,𝑘 + 𝐵𝑢𝑘, (5.18)
𝑇̂𝑘+1 = 𝐴𝑇𝑘. (5.19)

In the update phase, the measurement equation at instant 𝑘 + 1 induces the
measurement strip 𝑆𝑘+1:

𝑆𝑘+1 =
{
𝜃 ∶ ||||𝑦𝑘+1 − 𝐶𝜃|||| ≤ 𝑉

}
, (5.20)

where𝑉 is the diagonal matrix composed of the maximum magnitudes of the mea-
surement noise. The strip (5.20) is equivalently represented through the intersec-
tion of 𝑛𝑦 independent strips:

𝑛𝑦⋂

𝑎=1
𝑆𝑘+1,𝑎 =

𝑛𝑦⋂

𝑎=1

{
𝜃 ∶ |𝐶𝑎𝜃 − 𝑦𝑘+1,𝑎| ≤ 𝑟𝑣,𝑎

}

=
𝑛𝑦⋂

𝑎=1

{
𝜃 ∶ |𝑝T𝑘+1,𝑎𝜃 − 𝑐𝑘+1,𝑎| ≤ 1

}

=
𝑛𝑦⋂

𝑎=1
𝑆(𝑝𝑘+1,𝑎, 𝑐𝑘+1,𝑎),

(5.21)

where 𝑝𝑘+1,𝑎 = (𝑟𝑣,𝑎−1𝐶𝑎)
T, 𝑐𝑘+1,𝑎 = 𝑟−1𝑣,𝑎𝑦𝑘+1,𝑎, 𝐶𝑎 and 𝑦𝑘+1,𝑎 denote the 𝑎-th com-

ponents of𝐶 and 𝑦𝑘+1, respectively, and 𝑟𝑣,𝑎 is the maximum magnitude of the cor-
responding measurement noise, 𝑎 = 1, 2, … , 𝑛𝑦 . Hence, the updated feasible set
can be written as the intersection obtained from the predicted hyperparallel space
and strips:

P(𝜃̂𝑐,𝑘+1, 𝑇̂𝑘+1)
⋂( 𝑛𝑦

∩
𝑎=1

𝑆(𝑝𝑘+1,𝑎, 𝑐𝑘+1,𝑎)
)
, (5.22)

and 𝑡𝑘+1,𝑖𝑝 denotes the 𝑖𝑝-th column of the generator matrix 𝑇̂𝑘+1 (𝑖𝑝 = 1, 2, … , 𝑛𝑥).
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106 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

However, since the measurement set 𝑆𝑘+1 is typically an irregular polytope, a
closed-form recursive expression of the intersection in (5.22) is difficult to obtain
directly. Lemma 5.1 provides a recursive minimum-volume outer-bounding par-
allelotope construction to address this issue.

Lemma 5.1 [68] Assume that the measurement strip 𝑆(𝑝𝑘+1,𝑎, 𝑐𝑘+1,𝑎) intersects
the predicted hyperparallel space P(𝜃̂𝑐,𝑘+1, 𝑇̂𝑘+1). If 𝑝T𝑘+1,𝑎𝑡𝑘+1,𝑖𝑝 < 0, replace 𝑡𝑘+1,𝑖𝑝
by −𝑡𝑘+1,𝑖𝑝 . Then the minimum-volume hyperparallel space that outer–bounds the
intersection, P(𝜃̄𝑐,𝑘+1, 𝑇̄𝑘+1), is given by

P(𝜃̄𝑐,𝑘+1, 𝑇̄𝑘+1) =
⎧

⎨
⎩

P(𝜃𝑐,𝑘+1, 𝑇𝑘+1), if 𝑖∗ = 0,

P(𝜃∗𝑐,𝑘+1, 𝑇
∗
𝑘+1), if 𝑖∗ ≠ 0,

(5.23)

where

𝑖∗ = arg max
𝑏=0,…,𝑛𝑥

𝑝T𝑘+1,𝑎 𝑡̃𝑘+1,𝑏, (5.24)

𝑡̃𝑘+1,0 = 𝑝𝑘+1,𝑎∕∥ 𝑝𝑘+1,𝑎∥
2
, (5.25)

and

𝜃∗𝑐,𝑘+1 = 𝜃𝑐,𝑘+1 +
1

𝑝T𝑘+1,𝑎 𝑡̃𝑘+1,𝑖∗
𝑡̃𝑘+1,𝑖∗

(
𝑐𝑘+1,𝑎 − 𝑝T𝑘+1,𝑎𝜃𝑐

)
, (5.26)

𝑡∗𝑘+1,𝑖𝑝 =

⎧
⎪

⎨
⎪
⎩

𝑡̃𝑘+1,𝑖𝑝 −
𝑝T𝑘+1,𝑎 𝑡̃𝑘+1,𝑖𝑝
𝑝T𝑘+1,𝑎 𝑡̃𝑘+1,𝑖∗

, 𝑖𝑝 ≠ 𝑖∗,

1
𝑝T𝑘+1,𝑎 𝑡̃𝑘+1,𝑖∗

𝑡̃𝑘+1,𝑖∗ , 𝑖𝑝 = 𝑖∗,
(5.27)

𝜃𝑐,𝑘+1 = 𝜃̂𝑐,𝑘+1 +
𝑛𝑥∑

𝑖𝑝=1

𝑟+𝑖𝑝 − 𝑟−𝑖𝑝
2 𝑡̂𝑘+1,𝑖𝑝 , (5.28)

𝑡̃𝑘+1,𝑖𝑝 =
𝑟+𝑖𝑝 + 𝑟−𝑖𝑝

2 𝑡𝑘+1,𝑖𝑝 . (5.29)

In (5.26) and (5.29),

𝑝𝑘+1,𝑎 =
2

𝑟+0 + 𝑟−0
𝑝𝑘+1,𝑎, (5.30)

𝑐𝑘+1,𝑎 =
2

𝑟+0 + 𝑟−0
(𝑐𝑘+1,𝑎 +

𝑟+0 − 𝑟−0
2 ) , (5.31)
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5.3 PSO-based Orthometric Hyperparallel Space Filtering 107

𝑟±𝑖𝑝 =
⎧

⎨
⎩

min
(
1,

1 ∓ 𝜖∓0
𝑝T𝑘+1,𝑎𝑡𝑘+1,𝑖𝑝

− 1
)
, 𝑝T𝑘+1,𝑎𝑡𝑘+1,𝑖𝑝 ≠ 0,

1, 𝑝T𝑘+1,𝑎𝑡𝑘+1,𝑖𝑝 = 0,
(5.32)

where 𝑟+0 =min
(
1, 𝜖+0

)
and 𝑟−0 =min

(
1, −𝜖−0

)
, with

𝜖+0 = (𝑝T𝑘+1,𝑎𝜃̂𝑐,𝑘+1 − 𝑐𝑘+1,𝑎) +
𝑛𝑥∑

𝑖=1
𝑝T𝑘+1,𝑎 𝑡̂𝑘,𝑖𝑝 ,

𝜖−0 = (𝑝T𝑘+1,𝑎𝜃̂𝑐,𝑘+1 − 𝑐𝑘+1,𝑎) −
𝑛𝑥∑

𝑖=1
𝑝T𝑘+1,𝑎 𝑡̂𝑘,𝑖𝑝 .

(5.33)

By Lemma 5.1, the computation in (5.22) can be carried out as a sequence of
𝑛𝑦 intersections between a strip and a hyperparallel space: after each iteration,
the resulting hyperparallel space is intersected with the next strip; after 𝑛𝑦 such
iterations, the final minimum-volume hyperparallel space that contains the true
state at instant 𝑘 + 1 is denoted by P(𝜃𝑐,𝑘+1, 𝑇𝑘+1).

Since the particle swarm must be initialized within a hyperparallel space but the
coordinate-wise ranges inside a general parallelotope geometry are not explicit,
the set P(𝜃𝑐,𝑘+1, 𝑇𝑘+1) cannot be used directly as the PSO search domain. A practi-
cal remedy is to construct an orthometric hyperparallel space that shares the same
lower and upper bounds in every dimension; its orthogonality renders the coordi-
nate ranges explicit for particle initialization and subsequent iterations.

Theorem 5.1 The orthometric hyperparallel spaceP(𝜃𝑜𝑐,𝑘+1, 𝑇
𝑜
𝑘+1) that shares the

same lower and upper bounds with P(𝜃𝑐,𝑘+1, 𝑇𝑘+1) can be expressed as:

𝜃̂𝑜𝑐,𝑘+1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜇max1,𝑘+1 + 𝜇min1,𝑘+1

2
𝜇max2,𝑘+1 + 𝜇min2,𝑘+1

2

⋮
𝜇max𝑛𝑥 ,𝑘+1

+ 𝜇min𝑛𝑥 ,𝑘+1

2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (5.34)

𝑇̂𝑜𝑘+1 = diag{
𝜇max1,𝑘+1 − 𝜇min1,𝑘+1

2 ,
𝜇max2,𝑘+1 − 𝜇min2,𝑘+1

2 , ⋯ ,
𝜇max𝑛𝑥 ,𝑘+1

− 𝜇min𝑛𝑥 ,𝑘+1

2 }, (5.35)

where 𝜇max𝑑,𝑘+1 and 𝜇
min
𝑑,𝑘+1 denote the extremal bounds of P(𝜃𝑐,𝑘+1, 𝑇𝑘+1) in the 𝑑-th

dimension, for 𝑑 = 1, 2, … , 𝑛𝑥 .
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108 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

Proof 5.1. According to Definition 5.2, the hyperparallel space P(𝜃𝑐,𝑘+1, 𝑇𝑘+1)
that contains the true state at time 𝑘 + 1 admits the generator representation

P(𝜃𝑐,𝑘+1, 𝑇𝑘+1) =
{
𝜃 ∶ 𝜃 = 𝜃𝑐,𝑘+1 + 𝑇𝑘+1𝛼, ‖𝛼‖∞ ≤ 1

}
. (5.36)

Let 𝑡𝑖𝑝 denote the 𝑖𝑝-th column vector of the generator matrix 𝑇𝑘+1, where
𝑖𝑝 = 1, 2, … , 𝑛𝑥. Then the generator matrix in (5.35) can be expressed as:

𝑇𝑘+1 = [𝑡1, 𝑡2, … , 𝑡𝑛𝑥 ] ∈ℝ𝑛𝑥×𝑛𝑥 . (5.37)

Accordingly, each vertex 𝑧𝑖𝑧 of the hyperparallel space can be written as:

𝑧𝑖𝑧 = 𝜃𝑐,𝑘+1 +
𝑛𝑥∑

𝑖𝑝=1
𝑡𝑖𝑝𝛼𝑖𝑝 ∈ℝ𝑛𝑥 , (5.38)

where 𝑖𝑧 = 1, 2, … , 2𝑛𝑥 and 𝛼𝑖𝑝 ∈ {−1, 1}. Collecting all vertices at instant 𝑘 + 1
gives:

𝑍𝑘+1 = [𝑧1,𝑘+1, 𝑧2,𝑘+1, … , 𝑧2𝑛𝑥 ,𝑘+1] ∈ℝ𝑛𝑥×2𝑛𝑥 . (5.39)

The extremal values of the 𝑑-th row of 𝑍𝑘+1 yield the bounds of P(𝜃𝑐,𝑘+1, 𝑇𝑘+1) in
the 𝑑-th dimension:

⎧

⎨
⎩

𝜇max𝑑,𝑘+1 =max
(
𝑍𝑘+1(𝑑, 𝑖𝑧)

)
,

𝜇min𝑑,𝑘+1 =min
(
𝑍𝑘+1(𝑑, 𝑖𝑧)

)
,

(5.40)

where 𝑍𝑘+1(𝑑, 𝑖𝑧) denotes the 𝑖𝑧-th element in the 𝑑-th row of 𝑍𝑘+1 (𝑑 =
1, 2, … , 𝑛𝑥).

Based on the extrema in (5.40), the center 𝜃̂𝑜𝑐,𝑘+1 and generator matrix 𝑇̂𝑜𝑘+1 of
P(𝜃̂𝑜𝑐,𝑘+1, 𝑇̂

𝑜
𝑘+1) can be obtained as:

𝜃̂𝑜𝑐,𝑘+1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜇max1,𝑘+1 + 𝜇min1,𝑘+1

2
𝜇max2,𝑘+1 + 𝜇min2,𝑘+1

2

⋮
𝜇max𝑛𝑥 ,𝑘+1

+ 𝜇min𝑛𝑥 ,𝑘+1

2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

𝑇̂𝑜𝑘+1 = diag{
𝜇max1,𝑘+1 − 𝜇min1,𝑘+1

2 ,
𝜇max2,𝑘+1 − 𝜇min2,𝑘+1

2 , … ,
𝜇max𝑛𝑥 ,𝑘+1

− 𝜇min𝑛𝑥 ,𝑘+1

2 },
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5.3 PSO-based Orthometric Hyperparallel Space Filtering 109

and each vertex 𝑧𝑜𝑖𝑧 of the orthometric hyperparallel space satisfies

𝑧𝑜𝑖𝑧 = 𝜃̂𝑜𝑐,𝑘+1 +
𝑛𝑥∑

𝑖𝑝=1
𝑡𝑜𝑖𝑝𝛼𝑖𝑝

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜇max1,𝑘+1 + 𝜇min1,𝑘+1

2
𝜇max2,𝑘+1 + 𝜇min2,𝑘+1

2

⋮
𝜇max𝑛𝑥 ,𝑘+1

+ 𝜇min𝑛𝑥 ,𝑘+1

2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

+

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜇max1,𝑘+1 − 𝜇min1,𝑘+1

2

0

⋮

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝛼𝑖𝑝

+

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
𝜇max2,𝑘+1 − 𝜇min2,𝑘+1

2

⋮

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝛼𝑖𝑝 +⋯ +

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

⋮
𝜇max𝑛𝑥 ,𝑘+1

− 𝜇min𝑛𝑥 ,𝑘+1

2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝛼𝑖𝑝

(5.41)

where 𝑡𝑜𝑖𝑝 denotes the 𝑖𝑝-th column of 𝑇̂𝑜𝑘+1. Consequently, the upper and lower
bounds of P(𝜃̂𝑜𝑐,𝑘+1, 𝑇̂

𝑜
𝑘+1) are

⎧
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎩

𝑧𝑜,max𝑖𝑧
=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝜇max1,𝑘+1

𝜇max2,𝑘+1

⋮

𝜇max𝑛𝑥 ,𝑘+1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, 𝛼𝑖𝑝 = 1,

𝑧𝑜,min𝑖𝑧
=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝜇min1,𝑘+1

𝜇min2,𝑘+1

⋮

𝜇min𝑛𝑥 ,𝑘+1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, 𝛼𝑖𝑝 = −1.

(5.42)

Therefore, from (5.40) and (5.42), the constructed orthometric hyperparallel
space P(𝜃̂𝑜𝑐,𝑘+1, 𝑇̂

𝑜
𝑘+1) and the original hyperparallel space P(𝜃𝑐,𝑘+1, 𝑇𝑘+1) share

identical lower and upper bounds in every dimension.

Based on Theorem 5.1, space P(𝜃̂𝑜𝑐,𝑘+1, 𝑇̂
𝑜
𝑘+1) possesses the boundary values as

P(𝜃𝑐,𝑘+1, 𝑇𝑘+1). Since each dimension of the orthometric hyperparallel space can
be regarded as an interval, the coordinate range of every particle 𝑋𝑖 within the
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110 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

swarm, during both random initialization and subsequent iterative optimization,
can be described as:

𝜇min𝑑,𝑘+1 ≤ 𝑥𝑖,𝑑 ≤ 𝜇max𝑑,𝑘+1, (5.43)

where 𝑥𝑖,𝑑 denotes the 𝑑-th component of particle 𝑋𝑖 .

5.3.2.2 PSO Update Based on Orthometric Hyperparallel Space
After obtaining P(𝜃̂𝑜𝑐,𝑘+1, 𝑇̂

𝑜
𝑘+1) and using it as the particle search space, there is

a need to establish a new fitness function to evaluate the quality of the particles.
Meanwhile, since the particle swarm after iterations typically forms an irregular
region, it cannot be directly employed as the new state space for recursive filter-
ing. Therefore, we derive the updated orthometric hyperparallel space during the
filtering iterations.

Theorem 5.2 Suppose that the particles
{
𝑋𝑘+1
𝑖,0

}𝑛
𝑖=1

are randomly initialized at
time 𝑘 + 1 within the orthometric hyperparallel space P(𝜃̂𝑜𝑐,𝑘+1, 𝑇̂

𝑜
𝑘+1) that contains

the true state. After iterative optimization, the orthometric hyperparallel space that
encloses the updated swarm

{
𝑋𝑘+1
𝑖

}𝑛
𝑖=1

could be formulated as:
{
𝑋𝑘+1
𝑖

}𝑛
𝑖=1

∈ P(𝜃
𝑜
𝑐,𝑘+1, 𝑇

𝑜
𝑘+1)

= {𝜃 ∶ 𝜃 = 𝜃
𝑜
𝑐,𝑘+1 + diag(𝑇

𝑜
𝑘+1)𝛼, ‖𝛼‖∞ ≤ 1},

(5.44)

where

𝜃
𝑜,𝑑
𝑐,𝑘+1 =

max 𝑒T𝑑𝑋 +min 𝑒T𝑑𝑋
2 ,

𝑠.𝑡. 𝑋 ∈
{
𝑋𝑖,𝑘+1

}𝑛
𝑖=1
, (5.45)

𝑇
𝑜,𝑑
𝑘+1 =

max 𝑒T𝑑𝑋 −min 𝑒T𝑑𝑋
2 ,

𝑠.𝑡. 𝑋 ∈
{
𝑋𝑖,𝑘+1

}𝑛
𝑖=1
, (5.46)

with 𝑒𝑑 denoting the 𝑑-th column of the identity matrix 𝐼𝑛𝑥 , for 𝑑 = 1, 2, … , 𝑛𝑥 .

Proof 5.2. In order for the particles to eventually scatter around the true state,
a fitness function must be defined to obtain both the individual best and global
best values used for updating particle positions. At the 𝑙-th iteration, each par-
ticle’s location corresponds to a potential estimate of the system state at the
present instant. The predicted measurement associated with each particle can be
written as:

𝑦̂𝑖,𝑙𝑘+1 = 𝐶𝑋𝑙
𝑖,𝑘+1 + 𝑣̂𝑘, (5.47)
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5.3 PSO-based Orthometric Hyperparallel Space Filtering 111

where 𝑣̂𝑘 is a random variable selected from the hyperparallel space P(0, 𝑉) and
serves as an estimate of the system noise. Since the true state is unknown and
cannot be directly employed for particle evaluation, the measured output—which
contains information about the true state—is incorporated to form the fitness
function at 𝑘 + 1 instant:

fitness(𝑘 + 1) = exp[−(𝑦𝑘+1 − 𝑦̂𝑖,𝑙𝑘+1)
2], (5.48)

where 𝑦𝑘+1 refers to the true measurement at 𝑘 + 1 time, while 𝑦̂𝑖,𝑙𝑘+1 indicates the
predicted measurement of 𝑖-th particle.

Each particle’s velocity and location are then updated from iteration 𝑙 to 𝑙 + 1 as:

𝑉𝑙+1
𝑖,𝑘+1 = 𝜔𝑉𝑙

𝑖,𝑘+1 + 𝑐1𝑟1
(
𝑃best𝑙𝑘+1 − 𝑋𝑙

𝑖,𝑘+1

)
+ 𝑐2𝑟2

(
𝐺best𝑙𝑘+1 − 𝑋𝑙

𝑖,𝑘+1

)
, (5.49)

𝑋𝑙+1
𝑖,𝑘+1 = 𝑋𝑙

𝑖,𝑘+1 + 𝑉𝑙
𝑖,𝑘+1, (5.50)

where 𝑃best𝑙𝑘+1 and 𝐺best𝑙𝑘+1 denote the individual and global best positions,
respectively.

If the 𝑖-th particle exceeds the boundary of exploration space in dimension 𝑑,
that is,

𝑋𝑙+1
𝑖,𝑘+1 ∉ P

(
𝜃̂𝑜𝑐,𝑘+1, 𝑇̂

𝑜
𝑘+1

)
, (5.51)

its position must be updated accordingly:

1. If 𝑥𝑑,𝑙+1𝑖,𝑘+1 > 𝜇max𝑑,𝑘+1,

𝑥𝑑,𝑙+1𝑖,𝑘+1,new = 𝑥𝑑,𝑙𝑖,𝑘+1 +
(
𝜇max𝑑,𝑘+1 − 𝑥𝑑,𝑙𝑖,𝑘+1

)
× rand,

2. If 𝑥𝑑,𝑙+1𝑖,𝑘+1 < 𝜇min𝑑,𝑘+1,

𝑥𝑑,𝑙+1𝑖,𝑘+1,new = 𝑥𝑑,𝑙𝑖,𝑘+1 +
(
𝜇min𝑑,𝑘+1 − 𝑥𝑑,𝑙𝑖,𝑘+1

)
× rand,

where 𝑥𝑑,𝑙+1𝑖,𝑘+1 denotes the 𝑑-th component of particle 𝑋𝑙+1
𝑖,𝑘+1, 𝑥

𝑑,𝑙+1
𝑖,𝑘+1,new is the cor-

rected value, 𝜇max𝑑,𝑘+1 and 𝜇min𝑑,𝑘+1 define the bounding values of the 𝑑-th dimension,
𝑑 = 1, 2, … , 𝑛𝑥, and rand denotes a uniformly sampled random variable over [0, 1].

After ensuring that each particle remains inside P
(
𝜃̂𝑜𝑐,𝑘+1, 𝑇̂

𝑜
𝑘+1

)
, the fitness val-

ues of the updated particles are recomputed, and the individual and global bests
are updated accordingly. The iterations proceed until the swarm’s optimal fitness
value meets the stopping threshold 𝛿, at which point the resulting particle set

𝐴(𝑘 + 1) = {𝑋1,𝑘+1, 𝑋2,𝑘+1, … , 𝑋𝑛,𝑘+1}, (5.52)

is considered to be distributed around the true state.
However, the region of high probability formed by the scattered particles is

irregular, and a traditional hyperparallel space cannot easily enclose all of them.
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112 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

To overcome this limitation, a new orthometric hyperparallel space enclosing
the entire swarm is constructed by solving 2𝑛𝑥 linear programs to determine its
bounds:

𝛽𝑑𝑘+1 =max 𝑒T𝑑𝑋, s.t. 𝑋 ∈ 𝐴(𝑘 + 1), (5.53)

𝛽𝑑+𝑛𝑥𝑘+1 =min 𝑒T𝑑𝑋, s.t. 𝑋 ∈ 𝐴(𝑘 + 1), (5.54)

where 𝛽𝑑𝑘+1 and 𝛽𝑑+𝑛𝑥𝑘+1 represent the extremal bounds of the 𝑑-th state estimate,
and 𝑒𝑑 is the 𝑑-th column of the identity matrix. The enclosing orthometric hyper-
parallel space is then given by

P
(
𝜃̄𝑜𝑐,𝑘+1, 𝑇̄

𝑜
𝑘+1

)
=
{
𝜃 ∶ 𝜃 = 𝜃̄𝑜𝑐,𝑘+1 + diag

(
𝑇̄𝑜𝑘+1

)
𝛼, ‖𝛼‖∞ ≤ 1

}
, (5.55)

with center and generator defined as:

𝜃̄𝑜,𝑑𝑐,𝑘+1 =
𝛽𝑑𝑘+1 + 𝛽𝑑+𝑛𝑥𝑘+1

2 , (5.56)

𝑇̄𝑜,𝑑𝑘+1 =
𝛽𝑑𝑘+1 − 𝛽𝑑+𝑛𝑥𝑘+1

2 . (5.57)

Figure 5.2, taking the two-dimensional case for demonstration, illustrates the
process of updating the orthometric hyperparallel space at instant 𝑘 + 1using PSO.
Within the space P(𝜃̂𝑜𝑐,𝑘+1, 𝑇̂

𝑜
𝑘+1), the swarm is first randomly initialized. Based on

the fitness function fitness, both the individual best and global best particles are
selected, which guide the swarm to move toward the optimal particle. As a result,
after iterations, the final swarm is distributed around the true state. The updated
orthometric hyperparallel space is then obtained according to the distribution of
the swarm.

In summary, the proposed PSO-based orthometric hyperparallel space filtering
(PSO–OHSF) algorithm proceeds as follows:

Step 1: Set 𝑘 = 1, initialize the hyperparallel space P(𝜃𝑐,1, 𝑇1), and define the
total sampling horizon 𝐾;

Step 2: Use (5.23) to derive the intersection formed by the predicted parallelo-
tope set and the strips, yielding P(𝜃𝑐,𝑘, 𝑇𝑘) that contains the true state;

Step 3: Apply (5.34) and (5.35) to construct the orthometric hyperparallel set
P(𝜃̂𝑜𝑐,𝑘, 𝑇̂

𝑜
𝑘) that shares the same bounds as P(𝜃𝑐,𝑘, 𝑇𝑘), and use it as the

search space for swarm initialization and optimization;
Step 4: Initialize 𝑛 particles within P(𝜃̂𝑜𝑐,𝑘, 𝑇̂

𝑜
𝑘), compute their fitness values

using (5.48), select the individual and global best particles, and then
update particle velocity and position using (5.49) and (5.50), obtaining a
swarm {𝑋𝑘

𝑖 }
𝑛

𝑖=1
distributed around the true state;
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5.3 PSO-based Orthometric Hyperparallel Space Filtering 113

real state

particle

real state

particle

 
  
 (θc,k+1, Tk+1)ο

 
 
 (θc,k+1 , T k+1)

ο ο

 
  
 (θc,k+1 , Tk+1)ο

 
 
 (θc,k+1, T k+1)

ο ο

 
  
 (θc,k+1, Tk+1)

ο
 

 
 (θc,k+1, T k+1)

ο ο

ο
 

 
 (θc,k+1,T k+1)

ο ο
(a) (b)

(d) (c)

Figure 5.2 Process of particle swarm updating the orthometric hyperparallel space.
(a) Initial particle generation, (b) particle iterative optimization, (c) particle optimization
finished, and (d) orthogonal hyperparallel space after construction and update.

Step 5: Perform linear programming on {𝑋𝑘
𝑖 }
𝑛

𝑖=1
using (5.53), (5.54), and com-

pute the space P(𝜃̄𝑜𝑐,𝑘, 𝑇̄
𝑜
𝑘) that encloses all particles using (5.56) and

(5.57);
Step 6: Update 𝑘 = 𝑘 + 1 and repeat from Step 2. Once 𝑘 = 𝐾, the iteration ter-

minates, and the extremal bounds together with the orthometric hyper-
parallel space’s center are output as the final state estimation results.

5.3.3 Conclusion

In this subsection, a PSO–OHSF algorithm is developed to address the state esti-
mation problem under uniformly bounded but unknown (UBB) noise. The key
concept is to construct an orthometric hyperparallel space that shares the same
bounds as the feasible hyperparallel space derived from system dynamics and mea-
surement constraints, thereby offering a geometrically regular domain that guides
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114 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

the initialization and evolution of the particle swarm. A fitness function, rigor-
ously formulated from system observations and model residuals, is employed to
evaluate the likelihood of each particle representing the true system state. Through
iterative position and velocity updates, the swarm is adaptively steered toward
regions with higher probability of containing the true state, ensuring convergence
while preventing premature stagnation.

To account for the irregular spatial distribution of optimized particles, a refined
orthometric hyperparallel space is reconstructed via a linear programming proce-
dure, which circumscribes the optimized particles within a compact region and
defines a reduced feasible domain with minimal conservatism. Consequently, the
method realizes an equilibrium between conservative stability and estimation pre-
cision: the compactness of hyperparallel spaces ensures bounded-error resilience,
while the adaptiveness of PSO enhances the tracking precision of the true state.

Beyond the linear system framework considered in this study, the proposed
PSO–OHSF approach provides a generalizable foundation for robust estimation
in broader engineering applications, particularly in scenarios characterized by
bounded uncertainties and nonlinear or time-varying dynamics, such as fault-
tolerant control, battery state monitoring, and networked system security, thereby
highlighting its versatility and potential for future extensions.

5.4 Improved Particle Filter Algorithm Based
on the Parallelotope

5.4.1 Preliminaries

For clarity, essential notations and properties are provided as follows. The nota-
tions used in this paper are explained below: ℝ𝑛 denotes 𝑛-dimensional real
spaces. det(𝐴) refers to the determinant of a matrix 𝐴. 𝛼 represents a vector, and
the matrix diag {𝛼} indicates a diagonal matrix with the entries of 𝛼 along its
diagonal. | ⋅ | signifies the absolute value, ∥ ⋅ ∥2 refers to the Euclidean norm and
∥ ⋅ ∥∞ to the infinite norm. A⋂ B represents the intersection between A and B.

Definition 5.3 [69] Given a real constant 𝑐 and a nonzero vector 𝑝, an
𝑛-dimensional strip is defined as:

𝑆(𝑝, 𝑐) =
{
𝜃 ∶ |𝑝T𝜃 − 𝑐| ≤ 1

}
, (5.58)

where 𝑝 ∈ℝ𝑛 is a normal vector of the hyperplanes that bound the strip and 𝑐 ∈ℝ
indicates their displacement from the origin, 𝜃 represents the point that satisfies
𝜃 ∈ 𝑆(𝑝, 𝑐) in Eq. (5.58).
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5.4 Improved Particle Filter Algorithm Based on the Parallelotope 115

Definition 5.4 [70] An 𝑛-order zonotope arises from the nonempty intersection
of 𝑚 ≥ 𝑛 strips, which can be defined as:

Z(𝜃𝑐, 𝑇) = {𝜃 ∶ 𝜃 = 𝜃𝑐 + 𝑇𝛼, ∥ 𝛼 ∥∞≤ 1}, (5.59)

with 𝑇 ∈ℝ𝑛×𝑚 the generator matrix and 𝜃𝑐 ∈ℝ𝑛 its center. Specially, when
𝑚 = 𝑛, the resulting polytope reduces to a parallelotope that can be represented in
its generator as:

P(𝜃𝑐, 𝑇) = {𝜃 ∶ 𝜃 = 𝜃𝑐 + 𝑇𝛼, ‖𝛼‖∞ ≤ 1}, (5.60)

where 𝑇 ∈ℝ𝑛×𝑛 and 𝜃𝑐 ∈ℝ𝑛.

Definition 5.5 [63] The function 𝑓 is the difference of convex (DC) function,
and there are two convex functions 𝑔1 and 𝑔2 that satisfies

𝑓(𝑥) = 𝑔1(𝑥) − 𝑔2(𝑥). (5.61)

Definition 5.6 The symbol 𝐶𝑛
𝑚(𝑛 < 𝑚) is given by:

𝐶𝑛
𝑚 =

𝑚(𝑚 − 1)(𝑚 − 2)⋯ (𝑚 − 𝑛 + 1)
𝑛(𝑛 − 1)(𝑛 − 2)⋯ 1

. (5.62)

Property 4 [70] The Minkowski sum of zonotopeZ(𝜃1, 𝑇1) andZ(𝜃2, 𝑇2) yields
another zonotope, expressed as:

Z(𝜃1, 𝑇1)⊕Z(𝜃2, 𝑇2) =Z(𝜃1 + 𝜃2, [𝑇1 𝑇2]). (5.63)

In particular, when the generator matrices 𝑇1 and 𝑇2 of the two parallelotopes
are diagonal matrices with same dimensions, Eq. (5.63) can be expressed as:

P(𝜃1, 𝑇1)⊕ P(𝜃2, 𝑇2) = P(𝜃1 + 𝜃2, 𝑇1 + 𝑇2). (5.64)

Property 5 [63] If 𝑓 is a DC function, then every part 𝑓𝑖(𝑖 = 1, 2,⋯ , 𝑛) of the
𝑓 = [𝑓1, 𝑓2,⋯ , 𝑓𝑛]T is a DC function.

5.4.2 Design of the Improved Particle Filter Based on the Parallelotope

5.4.2.1 Prediction
For the nonlinear system described in Eq. (5.5), 𝑁 initial particles of the state are
sampled from initial-state probability density function 𝑝(𝑥0), denoted as

{
𝑥𝑖,+0

}𝑁
𝑖=1

.
The prior particles 𝑥𝑖,−𝑘 are then obtained by

𝑥𝑖,−𝑘 = 𝑓(𝑥𝑖,+𝑘−1) + 𝑤𝑖
𝑘−1, (𝑖 = 1,⋯ , 𝑁). (5.65)
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116 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

The objective of the prediction step is to construct a parallelotope that encloses
all feasible prior particles, achieved through the parallelotope set-membership fil-
tering algorithm.

When applying the parallelotope algorithm to nonlinear systems, the procedure
resembles that of the extended Kalman filter (EKF). Specifically, this model is first
linearized, after which the linear set-membership filtering algorithm—comprising
prediction and update steps—is directly applied to the linearized system. Lineariz-
ing 𝑥̂𝑘−1 yields the following approximation:

𝑓(𝑥𝑘−1) = 𝑓(𝑥̂𝑘−1) + 𝐴𝑘(𝑥𝑘−1 − 𝑥̂𝑘−1) + 𝑒𝑘−1
= 𝑓𝐿(𝑥𝑘−1) + 𝑒𝑘−1,

(5.66)

where 𝐴𝑘 denotes the Jacobian matrix of the nonlinear function 𝑓 =
[𝑓1, 𝑓2,⋯ , 𝑓𝑛]

T, and 𝑒𝑘−1 represents the linearization error of the state equation.
For the function 𝑓, each component 𝑓𝑖 must be considered individually in order
to determine the corresponding error interval 𝑒𝑘−1. For illustrative purposes, only
a single component 𝑓𝑖 is explicitly derived.

According to Property 5 and Definition 5.5, the two convex functions 𝑔1,𝑖 and 𝑔2,𝑖
take the expressions:

𝑔1,𝑖(𝑥) = 𝑓𝑖(𝑥) + 𝛼𝑥T𝑥, 𝑔2,𝑖(𝑥) = 𝛼𝑥T𝑥, (5.67)

and by linearizing 𝑔1,𝑖 and 𝑔2,𝑖 at the current state estimate 𝑥̂𝑘−1, one obtains

𝑔1,𝑖(𝑥𝑘−1) = 𝑔1,𝑖(𝑥̂𝑘−1) + 𝑣T1 (𝑥𝑘−1 − 𝑥̂𝑘−1) ≤ 𝑔1,𝑖(𝑥𝑘−1), (5.68)
𝑔2,𝑖(𝑥𝑘−1) = 𝑔2,𝑖(𝑥̂𝑘−1) + 𝑣T2 (𝑥𝑘−1 − 𝑥̂𝑘−1) ≤ 𝑔2,𝑖(𝑥𝑘−1), (5.69)

where 𝑣1 and 𝑣2 denote the subgradients of 𝑔1 and 𝑔2, respectively, which can be
computed as:

𝑣1 =
𝜕𝑔1,𝑖(𝑥̂𝑘−1)

𝜕𝑥
, 𝑣2 =

𝜕𝑔2,𝑖(𝑥̂𝑘−1)
𝜕𝑥

. (5.70)

Referring to Eq. (5.66), the linearization error 𝑒𝑖𝑘−1 can be bounded by DC pro-
gramming, leading to

𝑒𝑖𝑘−1,min = min
𝑥̂𝑘−1∈𝑉P

{
𝑔1,𝑖(𝑥𝑘−1) − 𝑔2,𝑖(𝑥𝑘−1) − 𝑓𝑖,𝐿(𝑥𝑘−1)

}
, (5.71)

𝑒𝑖𝑘−1,max = max
𝑥̂𝑘−1∈𝑉P

{
𝑔1,𝑖(𝑥𝑘−1) − 𝑔2,𝑖(𝑥𝑘−1) − 𝑓𝑖,𝐿(𝑥𝑘−1)

}
, (5.72)

with 𝑉P representing the hyperparallel domain of the state at 𝑘 − 1. After evalu-
ating 𝑓𝑖 , the error interval is given as:

𝑒𝑘−1 = [𝑒𝑘−1,min, 𝑒𝑘−1,max]

=
{
𝑒𝑘−1 ∈ℝ𝑛 |||| 𝑒

𝑖
𝑘−1,min ≤ 𝑒𝑖𝑘−1 ≤ 𝑒𝑖𝑘−1,max

}
,

(𝑖 = 1,⋯ , 𝑛),

(5.73)
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5.4 Improved Particle Filter Algorithm Based on the Parallelotope 117

which can further be reformulated into the parallelotope representation

P(𝜃𝑒𝑘−1 , diag{𝑟𝑒𝑘−1 }) =
{
𝜃 ∶ 𝜃 = 𝜃𝑒𝑘−1 + diag{𝑟𝑒𝑘−1 }𝛼, ‖𝛼‖∞ ≤ 1

}
, (5.74)

where 𝜃𝑒𝑘−1 = (𝑒𝑘−1,min + 𝑒𝑘−1,max)∕2 ∈ℝ𝑛, 𝑟𝑒𝑘−1 = (𝑒𝑘−1,max − 𝑒𝑘−1,min)∕2, and
diag{𝑟𝑒𝑘−1 } ∈ℝ𝑛×𝑛.

According to the nonlinear system in Eq. (5.5) and its linearized form in
Eq. (5.66), at 𝑘, the system state takes the form

𝑥𝑘 = 𝑓𝐿(𝑥𝑘−1) + 𝑒𝑘−1 + 𝑤𝑘−1. (5.75)

This expression indicates that the prediction of the system state is composed
of three components: (i) the linearization function 𝑓𝐿, which yields the hyper-
parallel space P(𝑓(𝑥̂𝑘−1), 𝐴𝑘𝑇𝑘−1); (ii) the hyperparallel space associated with the
linearization error, P(𝜃𝑒𝑘−1 , diag{𝑟𝑒𝑘−1}); and (iii) the hyperparallel space corre-
sponding to the process noise, P(0, diag{𝑟𝑤}). By applying the Minkowski sum
operation together with Property 4, one obtains

Z(𝑥̂𝑘,𝑘−1, 𝑇𝑘,𝑘−1) = P(𝑓(𝑥̂𝑘−1), 𝐴𝑘𝑇𝑘−1)⊕ P(𝜃𝑒𝑘−1 , diag{𝑟𝑒𝑘−1})⊕ P(0, diag{𝑟𝑤})
= Z

(
𝑓(𝑥̂𝑘−1) + 𝜃𝑒𝑘−1 ,

[
𝐴𝑘𝑇𝑘−1 diag{𝑟𝑒𝑘−1 + 𝑟𝑤}

])
.

(5.76)

Lemma 5.2 [71] For the zonotope Z(𝜃𝑐, 𝑇), the half-space representation of its
associated polytope is given by

𝐻𝑥 ≤ 𝑘, 𝐻 =
⎡
⎢
⎣

𝐻+

−𝐻+

⎤
⎥
⎦
, 𝑘 =

⎡
⎢
⎣

𝑘+

𝑘−
⎤
⎥
⎦
. (5.77)

where

𝐻+
𝑙 =

Θ(𝕋)T

∥ Θ(𝕋) ∥2
, 𝑙 = 1,⋯ , 𝐶𝑛−1

𝑚 , (5.78)

Θ(𝑇) = [⋯ , (−1)ℎ+1 det(𝑇ℎ),⋯]
T
, ℎ = 1,⋯ , 𝑛, (5.79)

𝑘+𝑙 =𝐻+
𝑙 𝜃𝑐 + ∆𝑘𝑙, 𝑘−𝑙 = −𝐻+

𝑙 𝜃𝑐 + ∆𝑘𝑙, (5.80)

∆𝑘𝑙 =
𝑚∑

𝑣=1

||||𝐻
+
𝑙 𝑡𝑣

||||, (5.81)

and 𝕋 denotes a matrix consisting of 𝑚 − 𝑛 + 1 vectors arbitrarily selected from 𝑇.
Here,𝐻+

𝑙 is the 𝑙-th row of 𝐻+, and 𝑘𝑙 is the 𝑙-th element of 𝑘.

Because the computation of the zonotope in the update step is intricate,
the minimal-volume parallelotope enclosing Z(𝑥̂𝑘,𝑘−1, 𝑇𝑘,𝑘−1) can be determined
using Theorem 5.3.
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118 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

Theorem 5.3 Given the zonotope Z(𝜃𝑐, 𝑇), the minimal-volume parallelotope
that wraps Z(𝜃𝑐, 𝑇) can be expressed as:

P(𝜃𝑐, 𝐺) =
{
𝜃 ∶ 𝜃 = 𝜃𝑐 + 𝐺𝛼, ∥ 𝛼 ∥∞≤ 1

}
, (5.82)

where

𝐺 = ([𝜑1,⋯ , 𝜑𝑛]
T
)
−1
, (5.83)

𝜑𝑖 =𝐻+
𝑣𝑚𝑖∕∆𝑘𝑣𝑚𝑖 . (5.84)

Proof 5.3. According to Lemma 5.2, the zonotope Z(𝜃𝑐, 𝑇) with 𝜃𝑐 ∈ℝ𝑛 and 𝑇 ∈
ℝ𝑛×𝑚 can be reformulated as the half-space representation of its corresponding
polytome

{𝑥 ∈ℝ𝑛 ∶𝐻𝑥 ≤ 𝑘}.

This polytope is bounded by 2𝐶 𝑛−1
𝑚 half-spaces. For each half-space {𝐻+

𝑙 𝑥 ≤ 𝑘+𝑙 },
there exists a parallel half-space {−𝐻+

𝑙 𝑥 ≤ 𝑘−𝑙 }. Together, these two parallel half-
spaces define a strip 𝑆(𝜑𝑙, 𝑑𝑙), expressed as:

𝑆(𝜑𝑙, 𝑑𝑙) = {𝑥 ∶ −𝑘−𝑙 ≤𝐻+
𝑙 𝑥 ≤ 𝑘+𝑙 }

= {𝑥 ∶𝐻+
𝑙 𝜃𝑐 − ∆𝑘𝑙 ≤𝐻+

𝑙 𝑥 ≤𝐻+
𝑙 𝜃𝑐 + ∆𝑘𝑙}

= {𝑥 ∶ |𝐻+
𝑙 𝑥 −𝐻+

𝑙 𝜃𝑐| ≤ ∆𝑘𝑙}

= {𝑥 ∶ |𝜑T𝑙 𝑥 − 𝑑𝑙| ≤ 1}, 𝑙 = 1,⋯ , 𝑢,

(5.85)

where 𝜑T𝑙 =𝐻+
𝑙 ∕∆𝑘𝑙, 𝑑𝑙 =𝐻+

𝑙 𝜃𝑐∕∆𝑘𝑙, and 𝑢 = 𝐶 𝑛−1
𝑚 .

By Definition 5.4, the zonotope Z admits the representation as the intersection
of 𝑢 strips:

Z =
𝑢⋂

𝑙=1

𝑆(𝜑𝑙, 𝑑𝑙). (5.86)

Selecting any 𝑛 strips from the set of 𝑢 strips, the intersection of these 𝑛 strips
yields a parallelotope P that encloses Z :

Z ⊂ P =
𝑛⋂

𝑙=1
𝑆(𝜑𝑙, 𝑑𝑙)

= {𝑥 ∶ ‖𝐹𝑗(𝑥 − 𝜃𝑐)‖∞ ≤ 1}, 𝑗 = 1,⋯ , 𝐶𝑛
𝑢 ,

(5.87)

where 𝐹𝑗 is a matrix composed of 𝑛 rows 𝜑T𝑙 selected arbitrarily from the columns
of 𝜑 = [𝜑1,⋯ , 𝜑𝑢]

T, such that

𝐹𝑗 = [𝜑𝑔1(𝑞),⋯ , 𝜑𝑔𝑛(𝑞)]
T
𝑗
∈ℝ𝑛×𝑛.
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5.4 Improved Particle Filter Algorithm Based on the Parallelotope 119

Here, 𝜑T𝑔𝑖(𝑞) corresponds to different possible selections of 𝑛 columns from 𝜑, with
1 ≤ 𝑔𝑖(𝑞) ≤ 𝑢, 𝑖 = 1,⋯ , 𝑛, and 𝑞 = 1,⋯ , 𝑢.

From Definition 5.4, the strips generated by Z form a nonempty intersection.
Consequently, any selection of 𝑛 distinct strips also produces a nonempty inter-
section, implying that 𝐹𝑗 is invertible.

To compute the volume of the parallelotope, one must first determine its gener-
ation matrix 𝐺𝑗 of the parallelotope. Substituting 𝐺𝑗 = 𝐹−1𝑗 , we get:

P(𝜃𝑐, 𝐺𝑗) =
{
𝑥 ∶ 𝑥 = 𝜃𝑐 + 𝐺𝑗𝛼, ∥ 𝛼 ∥∞≤ 1

}
. (5.88)

The generation matrix with the smallest parallelotope volume is denoted as:

𝐺∗ = arg min
𝑗=1,⋯,𝐶𝑛𝑢

2𝑛| det(𝐺𝑗)| (5.89)

and we can obtain the minimal-volume wrap parallelotope in its generator repre-
sentation as:

P(𝜃𝑐, 𝐺∗) = {𝑥 ∶ 𝑥 = 𝜃𝑐 + 𝐺∗𝛼, ∥ 𝛼 ∥∞≤ 1} , (5.90)

where

𝐺∗ = 𝐹∗
−1
= ([𝜑1,⋯ , 𝜑𝑛]

T
)
−1
. (5.91)

Suppose the 𝜑T𝑙 selected for the minimal volume of the parallelotope that wraps
Z(𝜃𝑐, 𝑇) are 𝜑T𝑣𝑚1 ,⋯ , 𝜑T𝑣𝑚𝑛 , we can obtain:

[𝜑1,⋯ , 𝜑𝑛]
T
= [𝜑𝑣𝑚1 ,⋯ , 𝜑𝑣𝑚𝑛 ]

T, (5.92)
𝜑𝑖 =𝐻+

𝑣𝑚𝑖∕∆𝑘𝑣𝑚𝑖 . (5.93)

Figure 5.3 illustrates the procedure for selecting the bounding parallelotope of
minimal volume in a two-dimensional state space. For instance, when 𝑛 = 2 and
𝑚 = 4, we obtain 𝑢 = 𝐶 𝑛−1

𝑚 = 4 and max(𝑗) = 𝐶𝑛
𝑢 = 6. This implies that Z is deter-

mined by four strips
{
𝑆(𝜑𝑙, 𝑑𝑙)

}4
𝑙=1

, which can be combined to construct a parallelo-
tope enclosing Z . By applying Theorem 5.3, the minimal bounding parallelotope
is derived.

According to Theorem 5.3, when setting 𝐺∗
𝑘,𝑘−1 = 𝐺̂𝑘,𝑘−1, the minimal-volume

parallelotope that encloses Z(𝑥̂𝑘,𝑘−1, 𝑇𝑘,𝑘−1) is expressed as:

P(𝑥̂𝑘,𝑘−1, 𝐺̂𝑘,𝑘−1) =
{
𝑥𝑘,𝑘−1 ∶ 𝑥𝑘,𝑘−1 = 𝑥̂𝑘,𝑘−1 + 𝐺̂𝑘,𝑘−1𝛼,

‖𝛼‖∞ ≤ 1},
(5.94)

where P(𝑥̂𝑘,𝑘−1, 𝐺̂𝑘,𝑘−1) represents the feasible region of the state space that con-
tains all admissible prior particles generated in the prediction step.
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Figure 5.3 Selection of the minimal bounding parallelotope in the two-dimensional
state space.

5.4.2.2 Update
During this phase, the feasible domain of particles must be further contracted
by incorporating the measurement set. To construct this set, the measurement
equation is linearized and reformulated via DC programming in a manner anal-
ogous to the state prediction step. After linearization, the measurement equation
takes the form:

ℎ(𝑥𝑘) = ℎ(𝑥̂𝑘,𝑘−1) + 𝐵𝑘(𝑥𝑘 − 𝑥̂𝑘,𝑘−1) + 𝑜𝑘, (5.95)

where 𝐵𝑘 represents the Jacobian matrix of the function ℎ, and 𝑜𝑘 represents the
linearization error. Following Eqs. (5.67)–(5.73), the bounding parallelotope of the
linearization error 𝑜𝑘 is given by P(𝜏𝑜𝑘 , diag{𝑟𝑜𝑘 }). Subsequently, by evaluating
the Minkowski sum of 𝑜𝑘 with the measurement noise 𝑣𝑘, we introduce an auxil-
iary variable 𝜈 = 𝑜𝑘 + 𝑣𝑘. Consequently, we have

𝜈 ∈ P(𝜏𝑜𝑘 , diag{𝑟𝑜𝑘 })⊕ P(0, diag{𝑟𝑣})
= P(𝜏𝑜𝑘 , diag{𝑟𝑜𝑘 + 𝑟𝑣}),

(5.96)
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5.4 Improved Particle Filter Algorithm Based on the Parallelotope 121

where 𝑟𝑣 denotes the measurement noise bound as introduced in Eq. (5.5).
Therefore, at time step 𝑘, the measurement set is formulated as:

𝑆𝑘 =
{
𝑥 ∶ ||||𝐵𝑘𝑥𝑘 −

(
𝑦𝑘 − ℎ(𝑥̂𝑘,𝑘−1) + 𝐵𝑘𝑥̂𝑘,𝑘−1 − 𝜏𝑜𝑘

)||||
≤ diag{𝑟𝑜𝑘 + 𝑟𝑣𝑘 }

}
.

(5.97)

Equation (5.97) admits an equivalent representation as the intersection of 𝑧
independent strips:

𝑆𝑘 =
𝑧⋂

𝑖=1

𝑆𝑘,𝑖 =
𝑧⋂

𝑖=1

{
𝑥 ∶ ||||𝐵𝑘,𝑖𝑥 − 𝑦𝑎𝑘,𝑖

|||| ≤ 𝑟𝑎𝑖
}
, (5.98)

where 𝑦𝑎𝑘,𝑖 and 𝑟𝑎𝑖 (𝑖 = 1,⋯ , 𝑧) are the components of 𝑦𝑘 − ℎ(𝑥̂𝑘,𝑘−1) + 𝐵𝑘𝑥̂𝑘,𝑘−1 −
𝜃𝑜𝑘 and diag{𝑟𝑜𝑘 + 𝑟𝑣𝑘 }, respectively. Finally, according to Definition 5.3, the mea-
surement set can be normalized as:

𝑆𝑘 =
𝑧⋂

𝑖=1

𝑆𝑘,𝑖 =
𝑧⋂

𝑖=1

{
𝑥 ∶ ||||𝑝

T
𝑘,𝑖𝑥 − 𝑐𝑘,𝑖

|||| ≤ 1
}
. (5.99)

The intersectionP(𝑥̂𝑘,𝑘−1, 𝐺̂𝑘,𝑘−1) ∩ 𝑆𝑘 generally results in a complex and irregu-
lar polytope, which is not suitable for iterative computation within the algorithm.
To simplify the procedure, this work adopts a sequential strategy in which only
one strip 𝑆𝑘,𝑖 is intersected with the parallelotope at a time. At each step, the min-
imal bounding parallelotope is obtained, and the process is repeated sequentially
until all strips 𝑆𝑘,1,⋯ , 𝑆𝑘,𝑧 have been considered.

As an illustrative example, consider P(𝑥̂𝑘,𝑘−1, 𝐺̂𝑘,𝑘−1) ∩ 𝑆(𝑐𝑘,1, 𝑝𝑘,1). Following
an approach similar to the recursive optimal hyperparallel outbounding (ROPO)
algorithm in [72], the initial parameters are set as:

𝜃𝑐,𝑘 = 𝑥̂𝑘,𝑘−1, 𝑇𝑘 = [𝑡𝑘,1,⋯ , 𝑡𝑘,𝑛] = 𝐺̂𝑘,𝑘−1, 𝑝0 = 𝑝𝑘,1, 𝑐0 = 𝑐𝑘,1.

If 𝑝T0 𝑡𝑘,𝑖 < 0, then 𝑡𝑘,𝑖 is replaced with−𝑡𝑘,𝑖 until the condition 𝑝T0 𝑡𝑘,𝑖 ≥ 0 is satisfied.
Two scalars are then defined as:

⎧
⎪

⎨
⎪
⎩

𝜖+0 = (𝑝T0𝜃𝑐,𝑘 − 𝑐0) +
𝑛∑

𝑖=1
𝑝T0 𝑡𝑘,𝑖 ,

𝜖−0 = (𝑝T0𝜃𝑐,𝑘 − 𝑐0) −
𝑛∑

𝑖=1
𝑝T0 𝑡𝑘,𝑖 .

(5.100)

To enforce a tighter overlap between the measurement strip and the parallelo-
tope, the strip is contracted as:

𝑝0 =
2

𝑟+0 + 𝑟−0
𝑝0, 𝑐0 =

2
𝑟+0 + 𝑟−0

(𝑐0 +
𝑟+0 − 𝑟−0

2 ) , (5.101)
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122 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

where 𝑟+0 =min(1, 𝜖+0 ) and 𝑟−0 =min(1, −𝜖−0 ).
Subsequently, by scaling the vectors 𝑡𝑘,𝑖 , the non-overlapping region between

𝑆(𝑐0, 𝑝0) and P(𝜃𝑐,𝑘, 𝑇𝑘) is reduced. The resulting contracted parallelotope is
defined for 𝑖 = 1,⋯ , 𝑛 as:

⎧
⎪

⎨
⎪
⎩

𝜃̄𝑐 = 𝜃𝑐,𝑘 +
𝑛∑

𝑖=1

𝑟+𝑖 − 𝑟−𝑖
2 𝑡𝑘,𝑖 ,

𝑡𝑖 =
𝑟+𝑖 + 𝑟−𝑖

2 𝑡𝑘,𝑖 ,

(5.102)

with

𝑟±𝑖 =

⎧
⎪

⎨
⎪
⎩

min (1,
1 ∓ 𝜖∓0
𝑝T0 𝑡𝑘,𝑖

− 1), if 𝑝T0 𝑡𝑘,𝑖 ≠ 0,

1, if 𝑝T0 𝑡𝑘,𝑖 = 0.
(5.103)

Since the intersection P(𝜃𝑐, 𝑇) ∩ 𝑆(𝑐0, 𝑝0) is characterized by 𝑛 + 1 strips, there
exist 𝑛 + 1 candidate parallelotopes enclosing this intersection. The one with min-
imal volume is determined by

𝑖∗ = arg max
𝑗=0,⋯,𝑛

𝑝
T
0 𝑡𝑗 , 𝑡0 =

𝑝0
|𝑝0|2

. (5.104)

The minimal volume out bounding parallelotope can be obtained by

P𝑘(𝜃̂𝑘, 𝑇̂𝑘) =
⎧

⎨
⎩

P(𝜃̄𝑐, 𝑇̄), if 𝑖∗ = 0,

P(𝜃∗𝑐 , 𝑇∗), otherwise,
(5.105)

where

𝜃∗𝑐 = 𝜃̄𝑐 +
1

𝑝̄T0 𝑡𝑖∗
𝑡𝑖∗(𝑐0 − 𝑝̄T0 𝜃̄𝑐),

𝑡∗𝑖 =

⎧
⎪

⎨
⎪
⎩

𝑡𝑖 −
𝑝̄T0 𝑡𝑖
𝑝̄T0 𝑡𝑖∗

, if 𝑖 ≠ 𝑖∗,

1
𝑝̄T0 𝑡𝑖∗

𝑡𝑖∗ , otherwise.

(5.106)

After repeating the above algorithm 𝑧 times, the minimal outbounding paral-
lelotope P(𝑥𝑘,𝑘, 𝐺𝑘,𝑘) can be obtained, where 𝑥𝑘,𝑘 = 𝜃̂𝑘 and 𝐺𝑘,𝑘 = 𝑇̂𝑘.

After obtaining P(𝑥𝑘,𝑘, 𝐺𝑘,𝑘), the feasible space of the particles is the state space
limited by the P(𝑥𝑘,𝑘, 𝐺𝑘,𝑘), and then the preservation and abandonment of prior
particles can be completed by Theorem 5.4.
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5.4 Improved Particle Filter Algorithm Based on the Parallelotope 123

Theorem 5.4 Assume that the set of prior particles generated at time 𝑘 is
𝑋−
𝑘 =

[
𝑥1,−𝑘 , 𝑥2,−𝑘 ,⋯ , 𝑥𝑁,−𝑘

]
, and that the feasible particle domain is referred to as

P(𝑥𝑘,𝑘, 𝐺𝑘,𝑘). Theweight of particles lying outside this feasible domain is assigned as:

𝑤𝑖
𝑘 = 0, 𝑖𝑓 𝑃𝑘(𝑥

𝑖,−
𝑘 − 𝑥̂𝑘,𝑘) > 1, (5.107)

where 𝑃𝑘 = 𝐺
−1
𝑘,𝑘 . The retained particles are denoted as 𝑥𝑖,−𝑘,𝑟 , while those discarded are

denoted as 𝑥𝑖,−𝑘,𝑑 .
To preserve the total number of particles 𝑁, new effective particles 𝑥𝑖,−𝑘,new are gen-

erated through the solution of the following optimization problem:

min
𝑥𝑖,−𝑘,new∈P(𝑥̄𝑘,𝑘 ,𝐺̄𝑘,𝑘)

−
(
lg
[
𝑝𝑥𝑒𝑘 (𝑥

𝑖,−
𝑘,new − 𝑥𝑖,−𝑘 )

]
+ lg

[
𝑝𝑣𝑘 (𝑦𝑘 − ℎ(𝑥𝑖,−𝑘,new))

])
,

(5.108)

where 𝑥𝑒𝑘 represents the estimation error with distribution 𝑝𝑥𝑒𝑘 , and 𝑣𝑘 denotes the
measurement noise with distribution 𝑝𝑣𝑘 . Thus, the posterior particle set is expressed
as:

𝑋+
𝑘 =

[
𝑥1,−𝑘,𝑟 ,⋯ , 𝑥𝛾,−𝑘,𝑟 , 𝑥

1,−
𝑘,new ,⋯ , 𝑥𝜂,−𝑘,new

]
, 𝛾 + 𝜂 =𝑁,

and the weights of the posterior particles are updated according to

𝑤𝑖
𝑘 = 𝑤𝑖

𝑘−1 𝑝(𝑦𝑘 ∣ 𝑥
𝑖,+
𝑘 ).

Proof 5.4. According to Eqs. (5.100)–(5.106), at time 𝑘, the minimal-volume
hyperparallel feasible domain of particles is defined as:

P(𝑥𝑘,𝑘, 𝐺𝑘,𝑘) =
{
𝑥 ∶ 𝑥 = 𝑥𝑘,𝑘 + 𝐺𝑘,𝑘𝛼, ‖𝛼‖∞ ≤ 1

}
. (5.109)

However, this formulation is not convenient for screening valid particles. By
invoking Definition 5.4 and substituting 𝐺𝑘,𝑘 = 𝑃−1𝑘 , an alternative representation
of P(𝑥𝑘,𝑘, 𝐺𝑘,𝑘) is written as:

P(𝑥𝑘,𝑘, 𝐺𝑘,𝑘) =
{
𝑥 ∶ 𝑥 = 𝑥𝑘,𝑘 + 𝑃−1𝑘 𝛼, ‖𝛼‖∞ ≤ 1

}

=
{
𝑥 ∶ ‖𝑃𝑘(𝑥 − 𝑥𝑘,𝑘)‖∞ ≤ 1

}
.

(5.110)

When all prior particles𝑋−
𝑘 , sampled at time 𝑘 according to the importance den-

sity function, are evaluated using Eq. (5.110), the validity condition is obtained as:

𝑤𝑖
𝑘 = 0, if 𝑃𝑘(𝑥𝑖,−𝑘 − 𝑥𝑘,𝑘) > 1. (5.111)

Here, the retained particles are denoted as 𝑥𝑖,−𝑘,𝑟 , while the discarded ones are
denoted as 𝑥𝑖,−𝑘,𝑑. To maintain a constant total number of particles 𝑁, new effective

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by alex jounh - O

regon H
ealth &

 Science U
niversity , W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



124 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

particles 𝑥𝑖,−𝑘,new must be generated. The maximum a posteriori (MAP) criterion is
adopted to project particles lying outside the feasible domain back into the feasible
region, thereby preserving their correlation with the underlying model. The state
𝑥̂𝑘 is selected as the target parameter, and 𝑌𝑘 denotes the measurement dataset.
From Eq. (5.8), the posterior probability density function of 𝑥̂𝑘 is 𝑝(𝑥𝑘 ∣ 𝑌𝑘). Based
on the MAP criterion, the state estimation 𝑥̂𝑘 is expressed as:

𝑥̂𝑘 = arg max
𝑥𝑘

𝑝(𝑥𝑘 ∣ 𝑌𝑘) ∝ arg max
𝑥𝑘

𝑝(𝑦𝑘 ∣ 𝑥𝑘)𝑝(𝑥𝑘 ∣ 𝑌𝑘−1)

= arg max
𝑥𝑘

{
𝑝𝑣𝑘 [𝑦𝑘 − ℎ(𝑥𝑘)]

}
𝑝𝑥𝑒𝑘 (𝑥𝑘 − 𝑥−𝑘 ),

(5.112)

where 𝑝𝑣𝑘 and 𝑝𝑥𝑒𝑘 denote the distributions of measurement noise 𝑣𝑘 and estima-
tion error 𝑥𝑒𝑘, respectively.

Accordingly, the particle feasible domain P(𝑥𝑘,𝑘, 𝐺𝑘,𝑘) serves as the constraint
region for prior particles 𝑥𝑖,−𝑘 . Substituting Eq. (5.112), the following constrained
optimization problem is obtained:

min
𝑥𝑖,−𝑘,new∈P(𝑥̄𝑘,𝑘 ,𝐺̄𝑘,𝑘)

−
(
lg[𝑝𝑥𝑒𝑘 (𝑥

𝑖,−
𝑘,new − 𝑥𝑖,−𝑘 )]

+ lg{𝑝𝑣𝑘 [𝑦𝑘 − ℎ(𝑥𝑖,−𝑘,new)]}
)
,

s.t. 𝑥𝑖,−𝑘,new = 𝑥𝑖,−𝑘 + 𝑥𝑒𝑘,

𝑦𝑘 = ℎ(𝑥𝑖,−𝑘,new) + 𝑣𝑘,

𝑥𝑖,−𝑘,new ∈ P(𝑥̄𝑘,𝑘, 𝐺̄𝑘,𝑘),

(5.113)

where 𝑥𝑒𝑘 is the estimation error that follows the distribution 𝑝𝑥𝑒𝑘 , and measure-
ment noise 𝑣𝑘 follows the distribution 𝑝𝑣𝑘 . So posterior particles can be repre-
sented as:

𝑋+
𝑘 =

{
𝑥𝑖,+𝑘

}𝑁
𝑖=1

=
[
𝑥1,−𝑘,𝑟 ,⋯ , 𝑥𝛾,−𝑘,𝑟 , 𝑥

1,−
𝑘,new ,⋯ , 𝑥𝜂,−𝑘,new

]
, 𝛾 + 𝜂 =𝑁,

and the weights of posterior particles are updated as, and the posterior particle
weights are updated according to 𝑤𝑖

𝑘 = 𝑤𝑖
𝑘−1𝑝(𝑦𝑘|𝑥

𝑖,+
𝑘 ).

5.4.2.3 Summary of the P-IPF
The proposed improved particle filter algorithm based on the parallelotope (P-IPF)
can be summarized as Figure 5.4.

5.4.3 Conclusion

In summary, the parallelotope-based improved particle filter (P-IPF) embeds the
set-membership paradigm into the conventional particle filtering framework,

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by alex jounh - O

regon H
ealth &

 Science U
niversity , W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



5.4 Improved Particle Filter Algorithm Based on the Parallelotope 125
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Figure 5.4 Flow chart of the P-IPF algorithm.

thereby strengthening both estimation accuracy and computational efficiency in
nonlinear dynamic systems. The central idea is to generate, at each prediction and
update stage, a minimal-volume parallelotope that tightly encloses the admissi-
ble state trajectories under bounded disturbances and measurement errors. This
hyperparallel representation substitutes traditional probabilistic noise assump-
tions with deterministic set constraints, ensuring that the feasible domain always
remains consistent with system uncertainties.

Within this bounded domain, the resampling and selection of particles are per-
formed under an MAP strategy, which discards particles of low relevance while
retaining and duplicating those that carry significant information. This mecha-
nism preserves particle diversity, mitigates degeneracy, and guarantees that pos-
terior samples remain confined within a physically meaningful feasible region.
Moreover, the recursive construction of outward parallelotope bounds, combined
with efficient feasibility verification, reduces the computational demand relative
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126 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

to classical set-membership particle filters and polytope-based approaches, with-
out sacrificing robustness.

As a result, the P-IPF framework achieves a balanced trade-off between preci-
sion and scalability. By unifying hyperparallel set representations with particle-
based inference, it provides a practical and reliable tool for state estimation in
scenarios characterized by bounded uncertainties, and establishes a methodologi-
cal basis that can be readily extended to high-dimensional or time-varying systems.

5.5 Projected Particle-confinement-based Zonotopic
Space Filtering

5.5.1 Preliminaries

Several preliminary concepts are introduced as the foundation for subsequent
analysis. An interval set 𝑋 = {𝑥 ∈ℝ ∶ 𝑎 ≤ 𝑥 ≤ 𝑏} is equivalently represented by
𝑋 = [𝑎, 𝑏], which contains all real numbers 𝑥 within the closed interval bounded
by 𝑎 and 𝑏. Among these interval sets, the unit interval is denoted by 𝐁 = [−1, 1].
Furthermore, let 𝐁𝑟 denote an 𝑟-dimensional unit box, constructed by the Carte-
sian product of 𝑟 unit intervals. A zonotope is an affine transformation of the unit
hypercube, and its fundamental properties are summarized as follows.

Definition 5.7 Consider a vector 𝑝 ∈ℝ𝑛 and a matrix 𝐻 = {ℎ1, ℎ2, … , ℎ𝑟} ∈
ℝ𝑛×𝑟 (𝑟 ≥ 𝑛), a common representation of an 𝑟-dimensional zonotope Z is

Z = 𝑝 +
𝑟∑

𝑖=1
𝛽𝑖ℎ𝑖 = 𝑝 ⊕𝐻𝐁𝑟 ≜ ⟨𝑝, 𝐻⟩, (5.114)

where −1 ≤ 𝛽𝑖 ≤ 1, 𝑝 is called the center, 𝐻 is the generator matrix of Z .

Property 6 Given a zonotope Z = 𝑝 ⊕𝐻𝐁𝑟 ⊂ℝ𝑛 and a state transition matrix
𝑀, standard matrix multiplication yields

𝑀 ⊗Z = (𝑀 ⊗𝑝)⊕ (𝑀 ⊗𝐻)𝐁𝑟. (5.115)

Lemma 5.3 [73] Consider a zonotopeZ = 𝑝 ⊕𝐻𝐁𝑟 ⊂ℝ𝑛 with an interval 𝑠 (𝑛 <
𝑠 < 𝑟), the columns of 𝐻 are reordered in non-increasing order of their Euclidean
norms, and the resulting matrix is denoted as 𝐻̂. The preceding 𝑠 − 𝑛 columns are
then denoted as 𝐻̂𝑇 . During iterative updates, we obtain

Z ⊆ 𝑝 ⊕
[
𝐻̂𝑇 𝑟𝑠(𝑄)

]
𝐁𝑠 ⊂ℝ𝑛, (5.116)
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5.5 Projected Particle-confinement-based Zonotopic Space Filtering 127

with 𝑟𝑠(𝑄) being a diagonal matrix defined as:

𝑟𝑠(𝑄)𝑖,𝑖 =
𝑟∑

𝑗=𝑠−𝑛+1
|𝐻̂𝑖,𝑗|, 𝑖 = 1, … , 𝑛. (5.117)

Lemma 5.4 [74] Consider a zonotope Z = 𝑝 ⊕𝐻𝐁𝑟 ⊂ℝ𝑛, together with a strip
𝑆 =

{
𝑥 ∈ℝ𝑛 ∶ |𝑐⊤𝑥 − 𝑑| ≤ 𝜎

}
, and a vector 𝜆 ∈ℝ𝑛, the smallest zonotopic boundary

Ẑ that contains the intersection of Z and 𝑆 can be determined as:

Z ∩ 𝑆 ⊆ Ẑ = 𝑝̂ ⊕ 𝐻̂𝐁𝑟+1, (5.118)

where

𝑝̂ = 𝑝 + 𝜆(𝑑 − 𝑐⊤𝑝), 𝐻̂ =
[
(𝐼 − 𝜆𝑐⊤)𝐻 𝜎𝜆

]
. (5.119)

To minimize the 𝐹-norm of 𝐻̂, the optimal 𝜆 is chosen as:

𝜆∗ = 𝐻̂𝐻̂⊤𝑐
𝑐⊤𝐻̂𝐻̂⊤𝑐 + 𝜎2

. (5.120)

Lemma5.5 [75] Given a zonotopeZ = 𝑝 ⊕𝐻𝐁𝑟 ⊂ℝ𝑛 that contains the real state
𝑥, the state is enclosed in the Box(X ) interval X = [𝑥−, 𝑥+], where the bounds 𝑥+
and 𝑥− can be calculated using the center 𝑝 and generator matrix 𝐻 as follows:

⎧
⎪

⎨
⎪
⎩

𝑥+𝑖 = 𝑝𝑖 +
𝑟∑

𝑗=1
|𝐻(𝑖, 𝑗)|, 𝑖 = 1, … , 𝑛,

𝑥−𝑖 = 𝑝𝑖 −
𝑟∑

𝑗=1
|𝐻(𝑖, 𝑗)|, 𝑖 = 1, … , 𝑛,

(5.121)

where𝐻(𝑖, 𝑗) denotes the element of 𝐻 in the 𝑖-th row and the 𝑗-th column.

Lemma 5.6 [76] Randomly initialize a particle swarm {𝑃𝑖,𝑘}
𝑁
𝑖=1, which consists

of 𝑁 particles in an𝑚-dimensional search space. In the context of already searched
individual optimal solution vector 𝑝𝑘best,𝑖 ∈ℝ𝑚 and group optimal solution 𝑔𝑘best ∈
ℝ𝑚, the subsequent speed 𝑉𝑘+1

𝑖 ∈ℝ𝑚 and the position 𝑋𝑘+1
𝑖 ∈ℝ𝑚 of the 𝑖th particle

are computed through the rule seen in (5.13) and (5.14).

5.5.2 Design of Projected Particle-confinement-basedZonotopic Space
Filtering Algorithm

In this subsection, a zonotopic observer is constructed to derive a zonotope that
contains the true state, which is established as the initial search space for the par-
ticle swarm. Particles are generated in this space and iteratively optimized, caus-
ing the particle swarm to scatter around the true state. The minimum zonotopic
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128 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

space enclosing all the particles after all iterations is then obtained, which leads
to a more precise estimate of the state bounds.

5.5.2.1 Establishment of the Zonotopic Search Space
The zonotopic algorithm is incorporated into the set-membership filtering frame-
work to approximate the system state vector at the initial step. Based on this, the
feasible set derived from the zonotope, which encloses the system state vector, is
utilized as the initial search domain for the particle swarm initialization.

According to Lemma 5.3, for the system in (5.4), the predicted vector 𝑥𝑘|𝑘+1 of
𝑥𝑘+1 from time 𝑘 to 𝑘 + 1 is predicted as:

𝑥𝑘|𝑘+1 = 𝐴𝑥𝑘 ⊕ 𝐵𝑢𝑘 ⊕𝑤𝑘

= 𝐴(𝑝𝑘 ⊕𝐻𝑘𝐵𝑟)⊕ 𝐵𝑢𝑘 ⊕𝑊𝐵𝑛𝑤

= 𝐴𝑝𝑘 ⊕ 𝐵𝑢𝑘 ⊕𝐴𝐻𝑘𝐵𝑟 ⊕𝑊𝐵𝑛𝑤

= 𝐴𝑝𝑘 ⊕ 𝐵𝑢𝑘 ⊕ [𝐴𝐻𝑘 𝑊]𝐵𝑟+𝑛𝑤 .

(5.122)

We can then obtain the particle swarm prediction zonotopic space

𝑍𝑘|𝑘+1 = ⟨𝑝𝑘|𝑘+1, 𝐻𝑘|𝑘+1⟩, (5.123)

where

𝑝𝑘|𝑘+1 = 𝐴𝑝𝑘 ⊕ 𝐵𝑢𝑘, 𝐻𝑘|𝑘+1 = [𝐴𝐻𝑘 𝑊]. (5.124)

Next, the predicted zonotopic space is updated according to the system output
equation. This can be expressed in the form of a measurement strip

𝑆𝑘+1 =
{
𝜃 |||| |𝐶𝑥𝑘+1 − 𝑦𝑘+1| ≤ 𝑉

}
. (5.125)

According to Lemma 5.4, intersecting 𝑍𝑘|𝑘+1 with the measurement strip 𝑆𝑘+1
yields a smaller region that contains 𝑥𝑘+1 and determines its smallest zonotopic
boundary 𝑍𝑘+1 = ⟨𝑝𝑘+1, 𝐻𝑘+1⟩:

𝑍𝑘|𝑘+1 ∩ 𝑆𝑘+1 ⊆ 𝑍𝑘+1 = 𝑝𝑘+1 ⊕𝐻𝑘+1𝐵𝑟+1 (5.126)

with

𝑝𝑘+1 = 𝑝𝑘|𝑘+1 + 𝜆∗(𝑦𝑘+1 − 𝐶𝑥𝑘+1)
= 𝐴𝑝𝑘 ⊕ 𝐵𝑢𝑘 + 𝜆∗(𝑦𝑘+1 − 𝐶𝑥𝑘+1), (5.127)

𝐻𝑘+1 =
[
(𝐼 − 𝜆∗𝐶)𝐻𝑘|𝑘+1 𝑉𝜆∗

]

=
[
(𝐼 − 𝜆∗𝐶)𝐴𝐻𝑘 (𝐼 − 𝜆∗𝐶)𝑊 𝑉𝜆∗

]
, (5.128)

𝜆∗ =𝐻𝑘|𝑘+1𝐻𝑇
𝑘|𝑘+1𝐶

𝑇
(
𝐶𝐻𝑘|𝑘+1𝐻𝑇

𝑘|𝑘+1𝐶
𝑇 + 𝑉2

)−1
. (5.129)
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5.5 Projected Particle-confinement-based Zonotopic Space Filtering 129

From this derivation, we obtain the zonotopic space 𝑍𝑘+1 that contains 𝑥𝑘+1,
which is then established as the search space for subsequent initialization and
iterative optimization of the particle swarm.

5.5.2.2 Projected Particle-confinement-based Zonotopic Space Update
Upon acquiring the zonotopic space 𝑍𝑘+1, the particle swarm engages in an itera-
tive optimization search centered around the actual state 𝑥𝑘+1 within it at the 𝑘 + 1
time step before initializing and starting optimization search of particle swarm
{𝑃𝑖,𝑘+1}

𝑁
𝑖=1 at each iteration. To ensure that the particle does not exceed the search

space after initialization and before each iteration optimization, a feasible method
must be studied.

Theorem5.5 For the known zonotopic search space𝑍𝑘+1 = ⟨𝑝𝑘+1, 𝐻𝑘+1⟩ at 𝑘 + 1,
at the beginning of iteration 𝑞 of the particle swarm {𝑃𝑖,𝑘+1}

𝑁
𝑖=1, the judgment condi-

tion that the 𝑖-th particle’s coordinate 𝑃𝑞𝑖,𝑘+1 in the particle swarm exceeds the search
space in the search process is

‖𝑑𝑘+1‖ ≤ (
𝑑𝑘+1
‖𝑑𝑘+1‖

)
𝑇

𝑝𝑘+1 +
𝑟∑

𝑗=1

||||||||
(
𝑑𝑘+1
‖𝑑𝑘+1‖

)
𝑇

ℎ𝑗
||||||||
, (5.130)

where

𝑑𝑘+1 = 𝑃𝑞𝑖,𝑘+1 − 𝑝𝑘+1, (5.131)

and

𝐻𝑘+1 = [ℎ1, ℎ2, … , ℎ𝑟]. (5.132)

Proof 5.5. According to the related concepts of support functions in convex opti-
mization problems, if a direction vector 𝑢 is given, the expression for the sup-
port function for zonotope 𝑍𝑘+1 = {𝑥 | 𝑥 = 𝑝𝑘+1 +𝐻𝑘+1𝐁𝑟, 𝐁 = [−1, 1]} can be
expressed as:

ℎ𝑍(𝑢) = sup
𝑥∈𝑍𝑘+1

(𝑢 ⋅ 𝑥) = sup
𝛽∈𝐁

⟨𝑢 ⋅ 𝑝𝑘+1 +𝐻𝑘+1𝛽𝑟⟩, (5.133)

where ⟨𝑢 ⋅ 𝑝𝑘+1 +𝐻𝑘+1𝛽𝑟⟩ represents the inner product of the direction 𝑢 and vec-
tor 𝑝𝑘+1 +𝐻𝑘+1𝛽𝑟.

For any direction vector 𝑢, the support function ℎ𝑍(𝑢) calculates the maximum
value of the zone in that direction. The problem can thus be reformulated into the
following optimization form:

max ⟨𝑢 ⋅ 𝑝𝑘+1 +𝐻𝑘+1𝛽𝑟⟩

s.t. 𝛽 ∈ [−1, 1].
(5.134)
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130 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

To simplify this optimization problem, the inner product can be expanded as:

⟨𝑢 ⋅ 𝑝𝑘+1 +𝐻𝑘+1𝛽𝑇⟩ = ⟨𝑢 ⋅ 𝑝𝑘+1⟩ + ⟨𝑢 ⋅𝐻𝑘+1𝛽𝑇⟩

= ⟨𝑢 ⋅ 𝑝𝑘+1⟩ +
⟨
𝑢 ⋅

𝑟∑

𝑗=1
𝛽𝑗ℎ𝑗

⟩

= ⟨𝑢 ⋅ 𝑝𝑘+1⟩ +
𝑟∑

𝑗=1
𝛽𝑗⟨𝑢 ⋅ ℎ𝑗⟩,

(5.135)

where ⟨𝑢, 𝑝𝑘+1⟩ is a constant that does not affect the optimization. Therefore, the
convex optimization problem in 5.134 can be simplified as:

max
𝑟∑

𝑗=1
𝛽𝑗⟨𝑢 ⋅ ℎ𝑗⟩

s.t. 𝛽𝑗 ∈ [−1, 1].

(5.136)

Because each 𝛽𝑗 lies within the interval [−1, 1], the optimization can be sepa-
rated across dimensions. Thus, the solution of 5.136 is

sup
𝛽𝑗∈𝐵

𝛽𝑗⟨𝑢 ⋅ ℎ𝑗⟩ =
𝑟∑

𝑗=1

||||⟨𝑢 ⋅ ℎ𝑗⟩
||||. (5.137)

We can therefore rewrite the support function ℎZ (𝑢) as:

ℎZ (𝑢) = ⟨𝑢 ⋅ 𝑝𝑘+1⟩ +
𝑟∑

𝑗=1

||||⟨𝑢 ⋅ ℎ𝑗⟩
||||

= 𝑢𝑇𝑝𝑘+1 +
𝑟∑

𝑖=1

||||𝑢
𝑇ℎ𝑖

||||,
(5.138)

which specifies the distance from the center 𝑝𝑘+1 to the farthest boundary of Z𝑘+1
along the direction 𝑢.

For particle 𝑃𝑞𝑖,𝑘+1, we select the direction as:

𝑢 =
𝑑𝑘+1
‖𝑑𝑘+1‖

=
𝑃𝑞𝑖,𝑘+1 − 𝑝𝑘+1
‖𝑃𝑞𝑖,𝑘+1 − 𝑝𝑘+1‖

. (5.139)

Therefore, the condition for 𝑃𝑞𝑖,𝑘+1 to remain inside Z𝑘+1 is equivalent to requir-
ing the length of vector 𝑑𝑘+1 not to exceed the value of the support function
ℎZ (𝑑𝑘+1), expressed as:

‖𝑃𝑞𝑖,𝑘+1 − 𝑝𝑘+1‖ = ‖𝑑𝑘+1‖ ≤ ℎZ(
𝑑𝑘+1
‖𝑑𝑘+1‖

)

= (
𝑑𝑘+1
‖𝑑𝑘+1‖

)
𝑇

𝑝𝑘+1 +
𝑟∑

𝑖=1

||||||||
(
𝑑𝑘+1
‖𝑑𝑘+1‖

)
𝑇

ℎ𝑗
||||||||
.

(5.140)
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5.5 Projected Particle-confinement-based Zonotopic Space Filtering 131

Thus, we can utilize Theorem 1 to ascertain whether the particle surpasses the
search space following initialization and throughout each iteration of optimiza-
tion. Furthermore, when the 𝑖-th particle’s coordinate 𝑃𝑞𝑖,𝑘+1 exceeds the confines
of the search space, as:

𝑃𝑞𝑖,𝑘+1 ∉Z𝑘+1 = ⟨𝑝𝑘+1, 𝐻𝑘+1⟩, (5.141)

we may proceed to update and modify its coordinates as follows.

Theorem 5.6 Given 𝑑𝑘+1 in 5.131, the optimal updated position of 𝑃
𝑞
𝑖,𝑘+1 that

satisfies the property of not exceeding the search boundary Z𝑘+1 while preserving its
original position as much as possible is given by

𝑃𝑞𝑖,𝑘+1
′ = 𝑝𝑘+1 +𝐻𝑘+1𝛽𝑟∗. (5.142)

where 𝛽𝑟∗ is derived by addressing the quadratic programming problem:

min 𝑑𝑇𝑘𝑑𝑘 − 2𝑑𝑇𝑘𝐻𝑘+1𝛽𝑟 + 𝛽𝑟𝑇𝐻𝑇
𝑘+1𝐻𝑘+1𝛽𝑟

𝑠.𝑡. 𝛽 ∈ [−1, 1].
(5.143)

Proof 5.6. First, we can construct an optimization problem to minimize the dis-
tance between 𝑃𝑞𝑖,𝑘+1 and points in Z𝑘+1:

min
𝛽∈[−1,1]

‖𝑝𝑘+1 +𝐻𝑘+1𝛽 − 𝑃𝑞𝑖,𝑘+1‖
2. (5.144)

Because 𝑑𝑘+1 = 𝑃𝑞𝑖,𝑘+1 − 𝑝𝑘+1, the objective function becomes

‖𝑑𝑘+1 +𝐻𝑘+1𝛽𝑟‖2 = (𝑑𝑘+1 +𝐻𝑘+1𝛽𝑟)
𝑇(𝑑𝑘+1 +𝐻𝑘+1𝛽𝑟)

= 𝑑𝑇𝑘𝑑𝑘 − 2𝑑𝑇𝑘𝐻𝑘+1𝛽𝑟 + 𝛽𝑟𝑇𝐻𝑇
𝑘+1𝐻𝑘𝛽𝑟.

(5.145)

In summary, the entire optimization problem can be reformulated as:

min 𝑑𝑇𝑘𝑑𝑘 − 2𝑑𝑇𝑘𝐻𝑘+1𝛽𝑟 + 𝛽𝑟𝑇𝐻𝑇
𝑘+1𝐻𝑘+1𝛽𝑟

s.t. 𝛽 ∈ [−1, 1].
(5.146)

The optimal solution 𝛽∗ for 𝛽 is acquired through solving the above optimization
problem. Then, by substituting the optimal solution into the definition of Z𝑘+1,
the optimal projection position 𝑃𝑞𝑖,𝑘+1

′ in Z𝑘+1 can be obtained as follows:

𝑃𝑞𝑖,𝑘+1
′ = 𝑝𝑘+1 +𝐻𝑘+1𝛽𝑟∗. (5.147)

Constraint 𝛽 ∈ [−1, 1]𝑟 ensures that the projected point 𝑃𝑞𝑖,𝑘+1
′ falls within the

defined range of Z𝑘+1, thereby ensuring the validity and correctness of the projec-
tion results, thus preserving the characteristics of its original position as much as
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132 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

possible and avoiding excessive correction of particle positions during the projec-
tion process.

We take the real state as the optimal solution that the PSO algorithm needs to
find and take the position of each particle as the potential solution of the state.

During iteration 𝑞, each potential solution 𝑃𝑞𝑖,𝑘+1 of the particle swarm {𝑃𝑞𝑖,𝑘+1}
𝑁

𝑖=1
can serve as a possible estimate of the current system state, and by substituting it
into the system equation, the corresponding system observation estimate 𝑦̂𝑞𝑖,𝑘+1 for
each potential solution can be obtained as:

𝑦̂𝑞𝑖,𝑘+1 = 𝐶𝑃𝑞𝑖,𝑘+1 + 𝑣̂𝑘, (5.148)

where 𝑣̂𝑘 is a random quantity in ⟨0, 𝑉⟩.
Because 𝑦̂𝑞𝑖,𝑘+1 and the real system output 𝑦𝑘+1 are known quantities containing

𝑃𝑞𝑖,𝑘+1 and 𝑥𝑘+1, respectively, a fitness function is defined as follows to evaluate the
quality of unknown particles:

fitness(𝑃𝑞𝑖,𝑘+1) = exp
[
−‖‖‖‖𝑦𝑘+1 − 𝑦̂𝑞𝑖,𝑘+1

‖‖‖‖
2

2

]
. (5.149)

The position where the 𝑖-th particle has the highest corresponding fitness func-
tion that has occurred is recorded as 𝑃𝑘best,𝑖 , and the position with the highest cor-
responding fitness function that has occurred among all particles is denoted as
𝑔𝑘best. During the 𝑞-th to (𝑞 + 1)-th iterations of the particle swarm, according to
Lemma 5.6, the velocity and position of each particle are updated as follows:

𝑉𝑞+1
𝑖,𝑘+1 = 𝜔𝑉𝑞

𝑖,𝑘+1 + 𝑐1𝑟1
(
𝑃𝑘best,𝑖 − 𝑃𝑞𝑖,𝑘+1

)
+ 𝑐2𝑟2

(
𝑔𝑘best − 𝑃𝑞𝑖,𝑘+1

)
, (5.150)

𝑃𝑞+1𝑖,𝑘+1 = 𝑃𝑞𝑖,𝑘+1 + 𝑉𝑞+1
𝑖,𝑘+1. (5.151)

According to Theorems 5.5 and 5.6, we can ensure that particles do not exceed
the search space boundary before each iteration. After each state update, particles
must reevaluate their fitness values and compare them with the best-known values
of 𝑃𝑘best,𝑖 and 𝑔𝑘best. Based on actual requirements, an iteration termination thresh-
old 𝛿 can be set for the particle swarm. When the global optimal value reaches
or surpasses the preset iteration termination threshold, the particle swarm is dis-
tributed near the actual state. The particle swarm at this instant is recorded as:

{𝑃𝑖,𝑘+1}
𝑁
𝑖=1 = {𝑃1,𝑘+1, 𝑃2,𝑘+1,⋯ , 𝑃𝑁,𝑘+1}. (5.152)

In order to enhance the precision of state estimation, we aim to more tightly
encapsulate the true state 𝑥𝑘+1 and the entire particle swarm, thereby narrowing
Z𝑘+1. We denote this narrowed Z𝑘+1 as Z̄𝑘+1, representing the more precise feasi-
ble set for the zonotopic algorithm at time 𝑘 + 1. In this study, we further explore
a method for determining the center and generative matrix of Z̄𝑘+1.
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5.5 Projected Particle-confinement-based Zonotopic Space Filtering 133

Theorem 5.7 Given that the randomly initialized particle swarm {𝑃0𝑖,𝑘+1}
𝑁

𝑖=1
gen-

erated at 𝑘 + 1 is scattered within a zonotopic spaceZ𝑘+1 = ⟨𝑝𝑘+1, 𝐻𝑘+1⟩ containing
the true state, after iterative optimization, the corresponding estimation bounds of
𝑥𝑘+1 are calculated as follows:

⎧
⎪

⎨
⎪
⎩

𝑥+𝑘+1(𝑖) = 𝑝𝑘+1(𝑖) +
𝑟∑

𝑗=1
|𝐻̄𝑘+1(𝑖, 𝑗)|, 𝑖 = 1, … , 𝑁,

𝑥−𝑘+1(𝑖) = 𝑝𝑘+1(𝑖) −
𝑟∑

𝑗=1
|𝐻̄𝑘+1(𝑖, 𝑗)|, 𝑖 = 1, … , 𝑁,

(5.153)

where

𝐻̄𝑘+1 = {ℎ̄1, ℎ̄2, … , ℎ̄𝑟}, (5.154)

ℎ̄𝑗 =
ℎ𝑗

1 + step𝑗 ∥ ℎ𝑗 ∥
, 𝑗 = 1, 2, … , 𝑟, (5.155)

step𝑗 =min{𝑑𝑘+1pos , 𝑑𝑘+1neg }, (5.156)

𝑑𝑘+1pos =min
⎧

⎨
⎩

|||||ℎ
𝑇
𝑗 (𝑃𝑖,𝑘+1 − 𝑝𝑘+1) − 1

|||||
∥ ℎ𝑗 ∥

⎫

⎬
⎭

, 𝑖 = 1, 2, … , 𝑁, (5.157)

𝑑𝑘+1neg =min
⎧

⎨
⎩

|||||ℎ
𝑇
𝑗 (𝑃𝑖,𝑘+1 − 𝑝𝑘+1) + 1

|||||
∥ ℎ𝑗 ∥

⎫

⎬
⎭

, 𝑖 = 1, 2, … , 𝑁. (5.158)

Proof 5.7. For a zonotopic space Z𝑘+1 defined by the center point 𝑝𝑘+1 and the
generator matrix𝐻𝑘+1 = {ℎ1, ℎ2, … , ℎ𝑟}, its boundary is composed of the following
2𝑟 hyperplanes:

{ℎ𝑇𝑗 𝑥 = ℎ𝑇𝑗 𝑝𝑘+1 + 1, ℎ𝑇𝑗 𝑥 = ℎ𝑇𝑗 𝑝𝑘+1 − 1}
𝑟

𝑗=1
, (5.159)

where each pair of hyperplanes is symmetric about 𝑝𝑘+1 and can be divided into a
positive hyperplane ℎ𝑇𝑗 𝑥 = ℎ𝑇𝑗 𝑝𝑘+1 + 1 and a negative hyperplane ℎ𝑇𝑗 𝑥 = ℎ𝑇𝑗 𝑝𝑘+1 −
1. The general vector ℎ𝑗 serves as their normal vector.

For the particle swarm {𝑃𝑖,𝑘+1}
𝑁
𝑖=1 and a pair of hyperplanes, the distances from

each particle 𝑃𝑖,𝑘+1 to the positive and negative hyperplanes are given as:

𝑑pos =
|ℎ𝑇𝑗 (𝑃𝑖,𝑘+1 − 𝑝𝑘+1) − 1|

‖ℎ𝑗‖
, (5.160)

𝑑neg =
|ℎ𝑇𝑗 (𝑃𝑖,𝑘+1 − 𝑝𝑘+1) + 1|

‖ℎ𝑗‖
. (5.161)
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134 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

Therefore, for the same set of hyperplanes, the particle closest to the positive
hyperplane and the particle closest to the negative hyperplane can be determined.
The minimum distances corresponding to these two particles are:

𝑑𝑘+1pos =min{
|ℎ𝑇𝑗 (𝑃𝑖,𝑘+1 − 𝑝𝑘+1) − 1|

‖ℎ𝑗‖
}, 𝑖 = 1, 2, … , 𝑁, (5.162)

𝑑𝑘+1neg =min{
|ℎ𝑇𝑗 (𝑃𝑖,𝑘+1 − 𝑝𝑘+1) + 1|

‖ℎ𝑗‖
}, 𝑖 = 1, 2, … , 𝑁. (5.163)

Once these distances are determined, one can move the set of hyperplanes along
the normal vector ℎ𝑗 toward the center point 𝑝𝑘+1, and select the moving step
size as:

step𝑗 =min{𝑑𝑘+1pos , 𝑑𝑘+1neg }, (5.164)

which ensures that the overall particle swarm remains confined between the posi-
tive and negative hyperplanes. If one scales the normal vectors of 𝑟 pairs of hyper-
planes enclosed inZ𝑘+1 in this manner, the scaled normal vector is represented as:

ℎ̄𝑗 =
ℎ𝑗

1 + 𝑠𝑡𝑒𝑝𝑗‖ℎ𝑗‖
, 𝑗 = 1, 2, … , 𝑟. (5.165)

The shifted 𝑟 pairs of hyperplanes form a zonotopic space Z̄𝑘+1 that more tightly
encloses {𝑃𝑖,𝑘+1}

𝑁
𝑖=1 and the real state 𝑥𝑘+1. Because each pair of positive and nega-

tive hyperplanes moves in equal steps, the center of Z̄𝑘+1 is consistent with 𝑝𝑘+1,
and the generation matrix is composed of the scaled generator vectors ℎ̄𝑗 , denoted
as:

{𝑃𝑖,𝑘+1}
𝑁
𝑖=1 ∈ Z̄𝑘+1 = ⟨𝑝̄𝑘+1, 𝐻̄𝑘+1⟩, (5.166)

where

𝑝̄𝑘+1 = 𝑝𝑘+1, (5.167)
𝐻̄𝑘+1 = {ℎ̄1, ℎ̄2, … , ℎ̄𝑟}. (5.168)

Z̄𝑘+1 is a more compact zonotopic space containing the particle swarm
{𝑃𝑖,𝑘+1}

𝑁
𝑖=1. According to Lemma 5.5, the bounds of the state estimation 𝑥𝑘+1 are

determined as follows:

⎧
⎪

⎨
⎪
⎩

𝑥+𝑘+1(𝑖) = 𝑝𝑘+1(𝑖) +
𝑟∑

𝑗=1
|𝐻̄𝑘+1(𝑖, 𝑗)|, 𝑖 = 1, … , 𝑁,

𝑥−𝑘+1(𝑖) = 𝑝𝑘+1(𝑖) −
𝑟∑

𝑗=1
|𝐻̄𝑘+1(𝑖, 𝑗)|, 𝑖 = 1, … , 𝑁,

(5.169)
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5.5 Projected Particle-confinement-based Zonotopic Space Filtering 135

where 𝐻̄𝑘+1(𝑖, 𝑗) corresponds to the element of 𝐻̄𝑘+1 located at the 𝑖-th row and
𝑗-th column.

By taking the two-dimensional space as an illustrative example, Figure 5.5
demonstrates the process of optimizing and updating the zonotopic search space
at 𝑘 + 1 using the PPC-ZSF algorithm. Initially, particles are uniformly distributed
inside the zonotopic search space Z𝑘+1 = ⟨𝑝𝑘+1, 𝐻𝑘+1⟩ and subjected to boundary
checks, where boundary projection is applied if any particles exceed the feasible
region to ensure all particles remain confined within it. Guided by the fitness func-
tion, particles subsequently adjust their velocities and positions through both indi-
vidual and group experiences during each iteration, thereby gradually converging
toward the global optimal solution. After multiple iterations, the particle swarm
approaches the true optimal state, marking the completion of the optimization
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Figure 5.5 Process of optimizing and updating the zonotopic search space at time 𝑘 + 1
using the projected particle-confinement-based zonotopic space filtering (PPC-ZSF)
algorithm. (a) Particle initialization and transboundary particle projection, (b) particle
swarm optimization iteration, (c) particle swarm optimization completed, and (d) shrink
the zonotopic search space.
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136 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

process. Finally, by scaling the normal vector to adjust the hyperplane, the opti-
mized and updated zonotopic search space Z̄𝑘+1 = ⟨𝑝𝑘+1, 𝐻̄𝑘+1⟩ is generated,
which significantly improves the precision of state estimation.

In summary, the PPC- ZSF algorithm could be outlined through the following
steps:
Step 1: Initialize 𝑘 = 0 with the initial search space Z0 = ⟨𝑝0, 𝐻0⟩, and set the

total sample time 𝐾.
Step 2: Use (5.124) to compute the predicted state space Z𝑘|𝑘+1 =

⟨𝑝𝑘|𝑘+1, 𝐻𝑘|𝑘+1⟩, then compute the intersection with the measurement set 𝑆𝑘+1
using (5.126) to obtain the updated search space Z𝑘+1, which serves as the basis
for particle swarm initialization and optimization.
Step 3: Initialize a particle swarm with 𝑛 particles in Z𝑘+1. Check the bound-

ary conditions using (5.130) before each swarm update. If any particles exceed the
search space, perform boundary projections by solving the quadratic programming
problem in (5.142).
Step 4: For each particle within the search space, compute its fitness and update

the velocity and position using (5.150) and (5.151). This yields the particle swarm
{𝑃𝑞𝑖,𝑘+1}

𝑁

𝑖=1
distributed near the true state.

Step 5: Move each pair of hyperplanes as shown in (5.159) to form the search
space, with the movement step size of each pair determined from (5.162) to (5.164).
Record the scaling factor of the normal vectors of these hyperplanes, as given in
(5.165), and then use (5.167) and (5.168) to calculate the compressed zonotopic
search space Z̄𝑘+1.
Step 6: Repeat Step 2 for each iteration until 𝑘 = 𝐾, and output the extremal

bounds together with the center of the zonotopic space, which serve as the system
state estimation result.

5.5.3 Conclusion

In summary, the proposed PPC-ZSF algorithm effectively integrates set-
membership filtering with PSO to achieve robust and accurate state estimation
under UBB disturbances. By constructing a zonotopic feasible region as the parti-
cle search space, the method ensures that all particles are initialized and iteratively
updated within bounded geometric constraints. A boundary detection and projec-
tion mechanism is employed to identify and optimally re-map out-of-bound par-
ticles back into the zonotopic region, thereby preserving feasibility and avoiding
particle loss. Furthermore, a hyperplane contraction strategy based on scaled nor-
mal vectors adaptively adjusts the boundaries of the zonotope, resulting in tighter
feasible regions and reduced estimation conservatism. This mechanism maintains
geometric rigor while enhancing the compactness of the estimated state set. Mean-
while, the swarm dynamics guided by fitness functions exploit both local and
global information, accelerating convergence toward accurate state estimates.
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5.6 Zonotopic Feasible Set Optimized Filter Based on Differential Evolution 137

Overall, the PPC-ZSF algorithm achieves a balanced trade-off between robust-
ness and precision. It guarantees that particles remain confined within the zono-
topic feasible region throughout the optimization process, reduces redundant
search volume, and improves the efficiency of state estimation. These features
highlight its potential applicability to high-dimensional and dynamically varying
systems where reliable state estimation is critical.

5.6 Zonotopic Feasible Set Optimized Filter Based
on Differential Evolution

5.6.1 Preliminaries

This subsection introduces notations and fundamental properties. The real num-
bers set is represented by ℝ, while ℝ𝑑 indicates the 𝑑-dimensional Euclidean
space.

Definition 5.8 [77] A zonotope Z ⊂ℝ𝑑 with order 𝑞 and dimension 𝑑 (𝑑 ≤ 𝑞)
is described as:

Z = 𝑝 ⊕ 𝐺𝐵𝑞 = {𝑧 ∈ℝ𝑑 ∣ 𝑧 = 𝑝 + 𝐺𝛽, 𝛽 ∈ 𝐵𝑞}, (5.170)

where 𝐵𝑞 = [−1, 1]𝑞 defines a 𝑞-dimensional box, 𝑝 ∈ℝ𝑑 is the center, 𝐺 ∈ℝ𝑑×𝑞

is the generator matrix. The interval hull of Z = ⟨𝑝, 𝐺⟩ is

Z𝐼 = [𝑧−, 𝑧+] = {𝑧 ∈ℝ𝑑 ∶ 𝑧− ≤ 𝑧 ≤ 𝑧+}. (5.171)

Definition 5.9 [77] The Minkowski sum of Z1 = ⟨𝑝1, 𝐺1⟩ and Z2 = ⟨𝑝2, 𝐺2⟩ is
given by

Z1 ⊕Z2 = ⟨𝑝1 + 𝑝2, [𝐺1 𝐺2]⟩, (5.172)

and a linear transformation 𝐿 ∈ℝ𝑑×𝑞 applied to Z yields

𝐿 ⊗ ⟨𝑝, 𝐺⟩ = ⟨𝐿𝑝, 𝐿𝐺⟩. (5.173)

Definition 5.10 [78] The 𝑖-th component of the interval is

𝑧−𝑖 = 𝑝𝑖 −
𝑞∑

𝑗=1
|𝐺𝑖,𝑗|, 𝑧+𝑖 = 𝑝𝑖 +

𝑞∑

𝑗=1
|𝐺𝑖,𝑗|, (5.174)

where 𝑧−𝑖 , 𝑧+𝑖 , and 𝑝𝑖 denote the 𝑖-th entries of 𝑧−, 𝑧+, and 𝑝, separately.

Definition 5.11 [78] A zonotope Z = ⟨𝑝, 𝐺⟩ ⊂ℝ𝑑 (𝑑 ≤ 𝑠 ≤ 𝑞) may be repre-
sented through an approximation using a lower-order zonotope:

Z ≈ ⟨𝑝, 𝐺↓𝑠⟩, (5.175)
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138 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

where columns of 𝐺 are sorted by norm in descending order, and split into 𝐺≥
(largest 𝑠 − 𝑑 columns) and𝐺< (remaining columns).𝐺< is replaced with its ortho-
metric projection 𝑞𝑠(𝐺<), to yield:

𝐺↓𝑠 = [𝐺≥, 𝑞𝑠(𝐺<)] ∈ℝ𝑑×𝑠. (5.176)

Definition 5.12 [78] Some useful quantities of the zonotopic space analysis
include:

• The Frobenius radius of Z = ⟨𝑝, 𝐺⟩ is

‖⟨𝑝, 𝐺⟩‖𝐹 = ‖𝐺‖𝐹 =
√
tr(𝐺𝑇𝐺) =

√
tr(𝐺𝐺𝑇). (5.177)

When considering a weighting matrix 𝑀, it becomes

‖𝐺‖𝑀𝐹 =
√
tr(𝐺𝑇𝑀𝐺). (5.178)

• The covariance of Z is

cov(𝑝, 𝐺) = 𝐺𝐺𝑇 . (5.179)

Property 7 Trace operator properties [79]:

tr(𝐴) = tr(𝐴T),

tr(𝐴𝐵) = tr(𝐵𝐴),
𝜕tr(𝐴𝑋T𝐵)

𝜕𝑋
= 𝐴T𝐵T,

𝜕tr(𝐴𝑋𝐵𝑋T𝐶)
𝜕𝑋

= 𝐵T𝑋T𝐶𝐴 + 𝐵T𝑋T𝐴T𝐶T.

(5.180)

5.6.1.1 Differential Evolution Algorithm
Differential evolution (DE) is an evolutionary algorithm and operates on a popula-
tion that iteratively refines candidate solutions through mutation, crossover, and
selection [80].
a) Mutation: In each generation, a mutant vector is generated by combining

three distinct individuals from the population. Specifically, the difference of two
vectors is scaled and added to the third:

𝑣𝑖 = 𝑥𝑟1 + 𝛼 ⋅ (𝑥𝑟2 − 𝑥𝑟3), (5.181)

where 𝑥𝑟1 , 𝑥𝑟2 , 𝑥𝑟3 are randomly chosen distinct individuals, and 𝛼 ∈ [0.5, 1] is the
mutation factor.
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5.6 Zonotopic Feasible Set Optimized Filter Based on Differential Evolution 139

b) Crossover: A trial vector 𝑢𝑖 is constructed by mixing the mutant vector 𝑣𝑖
with the current individual 𝑥𝑖 . Each element of 𝑢𝑖 is selected from 𝑣𝑖 with proba-
bility 𝐶𝑅, and from 𝑥𝑖 otherwise:

𝑢𝑖,𝑗 =
⎧

⎨
⎩

𝑣𝑖,𝑗 , if rand𝑗 < 𝐶𝑅,

𝑥𝑖,𝑗 , otherwise,
(5.182)

where rand𝑗 denotes a random variable uniformly drawn from interval [0, 1].
c) Selection: The trial vector 𝑢𝑖 is evaluated against the current individual 𝑥𝑖 . If

𝑢𝑖 yields better fitness than 𝑥𝑖 , then 𝑢𝑖 replaces 𝑥𝑖; otherwise, 𝑥𝑖 is retained.

5.6.2 Main Conclusion

5.6.2.1 Design of the Zonotopic Kalman Filter
To achieve accurate state estimation of system (5.4) under UBB noise disturbances,
a zonotopic Kalman filter (ZKF) is designed as:

𝑥̂(𝑘 + 1) = 𝐴𝑥̂(𝑘) + 𝐵𝑢(𝑘) + 𝐷𝑤(𝑘) + 𝐿(𝑘)
[
𝑦(𝑘) −𝐻𝑥̂(𝑘) − 𝐸𝑢(𝑘) − 𝐹𝑣(𝑘)

]
,

(5.183)

where 𝐿(𝑘) denotes the optimal zonotopic Kalman gain matrix, and 𝑥̂(𝑘) is the
estimated state at 𝑘 instant.

Assume that at instant 𝑘, the predicted state is contained within 𝐗̂(𝑘) =
⟨𝑝̂(𝑘), 𝐺̂(𝑘)⟩. Then, from (5.183), we obtain:

𝑥̂(𝑘 + 1) = (𝐴 − 𝐿(𝑘)𝐻)𝑥̂(𝑘) + 𝐵𝑢(𝑘) + 𝐷𝑤(𝑘)

−𝐿(𝑘)𝐸𝑢(𝑘) − 𝐿(𝑘)𝐹𝑣(𝑘)

∈ (𝐴 − 𝐿(𝑘)𝐻)
⟨
𝑝̂(𝑘), 𝐺̂(𝑘)

⟩
⊕ 𝐵𝑢(𝑘)⊕𝐷W(𝑘)

⊕ (−𝐿(𝑘)𝐹)V(𝑘)

⊆
⟨(𝐴 − 𝐿(𝑘)𝐻)𝑝̂(𝑘) + 𝐵𝑢(𝑘) + 𝐿(𝑘)𝑦(𝑘) − 𝐿(𝑘)𝐸𝑢(𝑘),

(𝐴 − 𝐿(𝑘)𝐻) ↓ 𝐺̂(𝑘)⊕𝐷𝐺𝑤 ⊕ (−𝐿(𝑘)𝐹) ↓ 𝐺𝑣

⟩
,

(5.184)

where the updated center and generator matrices are given by:

𝑝̂(𝑘 + 1) = (𝐴 − 𝐿(𝑘)𝐻)𝑝̂(𝑘) + 𝐵𝑢(𝑘) + 𝐿(𝑘)
(
𝑦(𝑘) − 𝐸𝑢(𝑘)

)
,

𝐺̂(𝑘 + 1) =
[
(𝐴 − 𝐿(𝑘)𝐻) ↓ 𝐺̂(𝑘) 𝐷𝐺𝑤 − 𝐿(𝑘)𝐹𝐺𝑣

]
.

The volume of the updated zonotope 𝐗̂(𝑘 + 1) can be quantified through the
trace of its shape matrix. Accordingly, the objective function for estimation error
covariance is formulated as:

𝐽𝑀(𝑘 + 1) = tr
(
𝐺̂T(𝑘 + 1)𝑀𝐺̂(𝑘 + 1)

)
, (5.185)
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140 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

where 𝑀 is a positive semi-definite weighting matrix. To determine the optimal
gain 𝐿(𝑘), the partial derivative of 𝐽𝑀(𝑘 + 1) with respect to 𝐿(𝑘) is set to zero:

𝜕𝐽𝑀(𝑘 + 1)
𝜕𝐿(𝑘)

= 0. (5.186)

After simplification, the derivative is written as:

𝜕𝐽𝑀(𝑘 + 1)
𝜕𝐿(𝑘)

= 𝜕
𝜕𝐿(𝑘)

tr
(
𝑀𝐿(𝑘)𝐻𝑃̃(𝑘)𝐻T𝐿(𝑘)T +𝑀𝐿(𝑘)𝑄𝑣𝐿(𝑘)T

)
. (5.187)

Setting the derivative to zero yields:

𝜕
𝜕𝐿(𝑘)

tr
(
𝑀
(
𝐿(𝑘)𝐻𝑃̃(𝑘)𝐻T𝐿(𝑘)T + 𝐿(𝑘)𝑄𝑣𝐿(𝑘)T

))

= 2 𝜕
𝜕𝐿(𝑘)

tr
(
𝑀𝐴𝑃̃(𝑘)𝐻T𝐿(𝑘)T

)
.

(5.188)

Thus, the optimal gain matrix is obtained as:

𝐿(𝑘)𝑆(𝑘) = 𝐴𝑅(𝑘), (5.189)

where 𝑆(𝑘) =𝐻𝑃̃(𝑘)𝐻T + 𝑄𝑣, 𝑅(𝑘) = 𝑃̃(𝑘)𝐻T.

5.6.2.2 DE-ZKF-based Generator Matrix Optimization
As discussed in Section 5.6.2.1, the conventional ZKF filter often exhibits conserva-
tiveness, producing zonotopes with overly wide boundaries. This leads to reduced
estimation accuracy and weaker responsiveness to disturbances and noise.

To mitigate this issue, a differential evolution (DE) algorithm is integrated to
optimize the generator matrix 𝐺̂(𝑘), thereby achieving effective boundary com-
pression and reducing redundancy. The population at each time step 𝑘 could be
represented by:

Pop(𝑘) = {𝐺𝑖(𝑘) | 𝑖 = 1, 2, … , 𝑁} , (5.190)

where 𝑁 denotes the population size, and each individual 𝐺𝑖(𝑘) corresponds to a
candidate generator matrix.

Each individual is initialized by perturbing the current generator matrix:

𝐺𝑖(𝑘) = 𝐺̂(𝑘) + 𝛿𝑖 , (5.191)

where 𝛿𝑖 is a perturbation drawn from a standard normal distribution:

𝛿𝑖 = randn
(
size(𝐺̂(𝑘))

)
× 𝜎, (5.192)

with 𝜎 being the perturbation scaling factor. The operator randn
(
size(𝐺̂(𝑘))

)
gen-

erates a standard normal random matrix of the same dimensions as 𝐺̂(𝑘).
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5.6 Zonotopic Feasible Set Optimized Filter Based on Differential Evolution 141

During each generation of DE, the fitness of every generator matrix 𝐺𝑖,𝑡(𝑘) is
evaluated. The fitness function jointly considers the zonotope volume, coverage
error, and a penalty term to ensure compactness and accuracy. The zonotope vol-
ume is approximated by the Frobenius norm:

Vol(𝐺𝑖,𝑡(𝑘)) = ‖𝐺̂𝑖,𝑡(𝑘)‖𝐹 , (5.193)

where the Frobenius norm ‖ ⋅ ‖𝐹 is employed to measure the overall magnitude
of the generator matrix. The coverage error characterizes the deviation between
the estimated and true outputs, thereby reflecting estimation accuracy. Under the
ZKF framework, the estimated value 𝑦̂(𝑘) associated with 𝑥̂(𝑘) satisfies:

𝑦̂(𝑘) = 𝐻𝑥̂(𝑘) + 𝐵𝑢(𝑘) + 𝐹𝑣(𝑘)

= (𝐻⟨𝑝̂(𝑘), 𝐺̂(𝑘)⟩)⊕ 𝐵𝑢(𝑘)⊕ (𝐹 ⊙ ⟨0, 𝐺𝑣⟩)

⊆ ⟨𝐻𝑝̂(𝑘) + 𝐵𝑢(𝑘), [𝐻𝐺̂(𝑘) 𝐹𝐺𝑣]⟩

= ⟨𝑝̂𝑦(𝑘), 𝐺̂𝑦(𝑘)⟩,

(5.194)

where the center is 𝑝̂𝑦(𝑘) =𝐻𝑝̂(𝑘) + 𝐵𝑢(𝑘), and the generator 𝐺̂𝑦(𝑘) =
[𝐻𝐺̂(𝑘) 𝐹𝐺𝑣] accounts for output uncertainty.

For the 𝑖-th individual, the coverage error is formulated as:

𝑒(𝐺̂𝑖,𝑡(𝑘)) = 𝑚𝑎𝑥{
‖‖‖‖‖‖‖‖‖
𝑦(𝑘) − (𝑝̂𝑦(𝑘) +

𝑞∑

𝑙=1
𝐺𝑦,𝑖(∶, 𝑙))

‖‖‖‖‖‖‖‖‖1
,

‖‖‖‖‖‖‖‖‖
𝑦(𝑘) − (𝑝̂𝑦(𝑘) −

𝑞∑

𝑙=1
𝐺𝑦,𝑖(∶, 𝑙))

‖‖‖‖‖‖‖‖‖1
},

𝑖 = 1, 2, … , 𝑁,

(5.195)

with 𝐺̂𝑦,𝑖(∶, 𝑙) indicating the 𝑙-th column of 𝐺̂𝑦,𝑖 and the ‖ ⋅ ‖1 norm measures abso-
lute deviation.

To maintain consistency under varying noise levels, the coverage error is nor-
malized as:

𝑒(𝐺̂𝑖,𝑡(𝑘)) =
𝑒(𝐺̂𝑖,𝑡(𝑘))

max(1 × 10−6, ‖𝑦(𝑘)‖)
.

The penalty term is formulated as:

Pen(𝐺̂𝑖,𝑡(𝑘)) = 𝑚𝑎𝑥
(
0, 𝑦̂upper,𝑖(𝑘) − 𝑦(𝑘)

)

+𝑚𝑎𝑥
(
0, 𝑦(𝑘) − 𝑦̂lower,𝑖(𝑘)

)
,
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142 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

where

𝑦̂upper,𝑖(𝑘) = 𝑝̂𝑦(𝑘) +
𝑞∑

𝑙=1

||||𝐺𝑦,𝑖(∶, 𝑙)
||||,

𝑦̂lower,𝑖(𝑘) = 𝑝̂𝑦(𝑘) −
𝑞∑

𝑙=1

||||𝐺𝑦,𝑖(∶, 𝑙)
||||.

Thus, the fitness evaluation for the 𝑖-th candidate is defined as:

𝐹(𝐺̂𝑖,𝑡(𝑘)) = 𝜆1 ⋅ Vol(𝐺̂𝑖,𝑡(𝑘)) + 𝜆2 ⋅ 𝑒(𝐺̂𝑖,𝑡(𝑘)) + 𝜆3 ⋅ Pen(𝐺̂𝑖,𝑡(𝑘)),

where 𝜆1, 𝜆2, and 𝜆3 are weighting coefficients. 𝜆3 is typically set large to enforce
strict feasibility, while 𝜆1 and 𝜆2 can be tuned for balance. If an individual exceeds
the feasible region after mutation and crossover, it is replaced randomly.

To improve diversity, mutation introduces new candidates. An elitist strategy
ensures that the best individual 𝐺̂best,𝑡(𝑘) is preserved. The mutation scaling factor
𝛼1(𝑡) is adaptively defined as:

𝛼1(𝑡) = 𝛼min + (𝛼max − 𝛼min) ⋅ [exp(
𝑡
𝑇 ln 2) − 1]

⋅(12 +
𝐹𝑘,𝑖 − 𝐹min
𝐹max − 𝐹min

⋅ 12) ,
(5.196)

where 𝑡 is the generation index, 𝑇 is the maximum evolutionary iterations, and
𝐹𝑘,𝑖 , 𝐹min, 𝐹max denote the fitness of the individual, as well as the minimum and
maximum fitness values, respectively. Another scaling factor 𝛼2(𝑡) is defined ran-
domly in [0, 1].

The mutation rule is given by:

𝐺̂′
𝑖,𝑡(𝑘) = 𝐺̂𝑖,𝑡(𝑘) + 𝛼1(𝑡)

(
𝐺̂best,𝑡(𝑘) − 𝐺̂𝑖,𝑡(𝑘)

)

+𝛼2(𝑡)
(
𝐺̂𝑟1 ,𝑡(𝑘) − 𝐺̂𝑟2 ,𝑡(𝑘)

)
,

(5.197)

where 𝐺̂𝑟1 ,𝑡(𝑘) and 𝐺̂𝑟2 ,𝑡(𝑘) are two randomly selected individuals.
Crossover then mixes information from 𝐺̂′

𝑖,𝑡(𝑘) and 𝐺̂𝑖,𝑡(𝑘) to form the offspring,

𝐺̂new
𝑖,𝑘 (𝑗, 𝑙) =

⎧

⎨
⎩

𝐺̂′
𝑖,𝑘(𝑗, 𝑙), if 𝑟𝑗,𝑙 ≤ 𝐶𝑅,

𝐺̂𝑖,𝑘(𝑗, 𝑙), otherwise,
(5.198)

where 𝑟𝑗,𝑙 is a random number, and 𝐶𝑅 is the crossover probability. To enhance
adaptability, 𝐶𝑅 is defined as:

𝐶𝑅 = 𝐶𝑅min + (𝐶𝑅max − 𝐶𝑅min)(2 − exp(− 𝑡
𝑇 ln 2))

⋅(12 +
𝐹𝑘,𝑖 − 𝐹min
𝐹max − 𝐹min

⋅ 12).
(5.199)

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by alex jounh - O

regon H
ealth &

 Science U
niversity , W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



5.7 Case Study on Battery Operating Status Analysis 143

By adaptively tuning 𝛼1(𝑡), 𝛼2(𝑡), and 𝐶𝑅, the algorithm balances local exploita-
tion in the early phase and global exploration in the subsequent phase, thereby
accelerating convergence toward the global optimum. After each generation, the
better individual between 𝐺̂new

𝑖,𝑘 and 𝐺̂𝑖,𝑡(𝑘) is retained.

5.6.3 Conclusion

The DE-based zonotopic feasible set filter (DE-ZKF) is proposed to mitigate the
intrinsic conservativeness typically encountered in standard zonotopic Kalman fil-
tering. The central innovation lies in embedding an adaptive optimization mech-
anism, whereby the generator matrix of the zonotope is continuously refined
through a DE procedure. This evolutionary update dynamically reshapes the fea-
sible set, leading to tighter state-bounding regions and a significant reduction of
redundant directions.

The optimization process simultaneously accounts for multiple performance
indices, such as the minimization of zonotope volume, the reduction of coverage
error with respect to admissible trajectories, and the incorporation of penalty terms
to enforce consistency. These objectives collectively guarantee that the estimated
bounds remain both compact and resilient against bounded disturbances. Fur-
thermore, the introduction of elitist preservation ensures that the best-performing
candidate solutions are retained across generations, while adaptive adjustment of
evolutionary parameters promotes a balanced search dynamic, combining global
exploration with local exploitation. Such design features facilitate stable conver-
gence toward near-optimal feasible sets without excessive computational burden.

In essence, the DE-ZKF framework enhances state estimation by provid-
ing enclosures that are simultaneously accurate, robust, and computationally
tractable. By unifying zonotopic set representations with DE optimization, it
establishes a systematic and generalizable approach for reliable estimation under
bounded uncertainties, with potential applicability to high-dimensional, nonlin-
ear, and time-varying systems.

5.7 Case Study on Battery Operating Status Analysis

To assess the applicability and performance of the newly introduced filtering and
optimization methods in battery state-of-charge (SOC) estimation, this section
conducts algorithm verification using a self-developed experimental platform for
lithium-ion battery SOC analysis.
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144 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

5.7.1 Case 1: PSO–OHSF

This case is based on the linear battery SOC estimation problem introduced in 5.1,
where the cell dynamics are described by the Thevenin equivalent circuit model.
The PSO–OHSF presented in 5.3 is applied to this system.

Based on the experimental platform described in 5.1, a series of charge–
discharge tests were carried out to extract the OCV–SOC characteristics of the
lithium-ion cell. The acquired data, summarized in Table 5.1, were then pro-
cessed using MATLAB’s polyfit function to perform polynomial regression,
from which the following empirical OCV–SOC relationship was derived:

𝑈OCV = 𝑓(SOC) = 0.5293 × SOC + 3.5821. (5.200)

The state-space representation for SOC estimation is formulated as:

⎧
⎪
⎪

⎨
⎪
⎪
⎩

⎡
⎢
⎣

SOC𝑘+1

𝑈𝑝,𝑘+1

⎤
⎥
⎦
=
⎡
⎢
⎢
⎣

1 0

0 𝑒
− ∆𝑡
𝑅𝑝𝐶𝑝

⎤
⎥
⎥
⎦

⎡
⎢
⎣

SOC𝑘

𝑈𝑝,𝑘

⎤
⎥
⎦
+
⎡
⎢
⎢
⎢
⎣

−
𝜂∆𝑡
𝑄

(1 − 𝑒
− ∆𝑡
𝑅𝑝𝐶𝑝 )𝑅𝑝

⎤
⎥
⎥
⎥
⎦

𝐼𝑘 + 𝑤𝑘,

𝑈𝑘 = 0.5293 × SOC + 3.5821 −𝑈𝑝,𝑘 − 𝐼𝑘𝑅0 + 𝑣𝑘,

(5.201)

where 𝑅0 = 0.0415 Ω, 𝑅𝑝 = 0.3068 Ω, 𝐶𝑝 = 2372.2 𝐹, and 𝜏𝑝 = 𝑅𝑝𝐶𝑝 denotes the
polarization time constant. The sampling interval is ∆𝑡 = 5 𝑠, and the nominal
capacity is 𝑄 = 1.5 Ah. The initial feasible set is P(𝜃𝑐,0, 𝑇0) with 𝜃𝑐,0 = [5, 1]T and
𝑇0 = diag{0.1, 0.1}. 𝑤𝑘 and 𝑣𝑘 are bounded as 𝑤𝑘,𝑖 ∈ [−0.001, 0.001], 𝑖 = 1, 2, and
𝑣𝑘 ∈ [−0.001, 0.001].

To emphasize the superiority of the presented PSO–OHSF algorithm, com-
parisons are made with the ellipsoidal set-membership filter (ESMF) [81] and
the orthometric hyperparallel space set-membership filter (OHSSMF) [67]. The
results are illustrated in Figures 5.6–5.8.

In Figure 5.6, the dotted boundary represents the feasible set enclosed by ESMF,
the dashed boundary corresponds to OHSSMF, and the solid boundary denotes
the proposed PSO–OHSF approach. The star marker indicates the true state. All
three methods successfully enclose the true state and exhibit progressive contrac-
tion during system evolution, thereby demonstrating their effectiveness in main-
taining bounded-error estimation. However, ESMF shows the highest degree of
redundancy, which stems from the conservative nature of ellipsoidal bounds and

Table 5.1 OCV–SOC data table.

SOC/% 0 10 20 30 40 50 60 70 80 90 100

OCV/V 2.78 3.63 3.71 3.76 3.79 3.83 3.87 3.94 4.01 4.09 4.19
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Figure 5.6 Comparison of feasible set domains produced by different algorithms at
various time instants.

leads to looser feasible domains even at later iterations. By contrast, OHSSMF
displays noticeable fluctuations at the early stages of iteration before achieving
convergence. The proposed PSO–OHSF produces substantially more compact
enclosures, reflecting reduced redundancy and enhanced conservativeness. This
behavior confirms that swarm-assisted initialization and adaptive hyperparallel
reconstruction enable PSO–OHSF to achieve both stability and efficiency in con-
fining the feasible set close to the true state trajectory.

Figures 5.7 and 5.8 depict the estimated trajectories of SOC and 𝑈𝑝, together
with their corresponding extremal bounds. It is clearly observed that the PSO–
OHSF achieves faster convergence and higher accuracy in estimating both polar-
ization voltage and SOC under UBB noise. In both figures, the magenta dashed
lines illustrate that the ESMF generates overly broad bounds as a consequence
of its ellipsoidal representation, which leads to excessive conservativeness and
degraded estimation precision. The OHSSMF provides a certain improvement over
ESMF by tightening the enclosures, but it still requires more iterations before
reaching stable performance. In contrast, the PSO–OHSF, by embedding PSO
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Figure 5.7 SOC state estimation comparison.

within the hyperparallel framework, constructs compact orthometric enclosures
that significantly reduce conservativeness and yield feasible regions much closer
to the true state trajectory. As a result, PSO–OHSF not only improves the esti-
mation accuracy of SOC and 𝑈𝑝, but also demonstrates enhanced robustness and
efficiency compared with the other two approaches.

5.7.2 Case 2: P-IPF

Based on the SOC model and the nonlinear system described in 5.1, the Improved
particle filter algorithm based on the parallelotope introduced in 5.4 is applied. In
this method, the parallelotope structure is used to approximate the feasible region,
which enhances robustness against parameter variations.

In an environment with 25 ◦C, the fully charged battery was discharged at a
constant current of 0.5C. The obtained experimental data is shown in Figure 5.9.
According to the OCV–SOC correspondence recorded every 10% SOC (Table 5.2),
parameters are identified using least squares as 𝑅0 = 0.0415 Ω, 𝑅𝑝 = 0.03068 Ω,
and 𝐶𝑝 = 2372.2 F.
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Figure 5.8 𝑈𝑝 state estimation comparison.

StateEstimation:Based on the OCV–SOC data in Table 5.2, a cubic polynomial
is fitted, leading to the nonlinear measurement model:

𝑈𝑘 = 5.83 SOC3
𝑘 − 9.27 SOC2

𝑘 + 5.20 SOC𝑘 + 2.943

−𝑈𝑝,𝑘 − 𝐼𝑘𝑅0 + 𝑣𝑘.
(5.202)

The system is initialized with the state vector 𝑥0 = [1 0.1]T, with feasible set
P(𝑥̂0, 𝐺0) where 𝑥̂0 = [1 0.1]T and 𝐺0 = diag{0.03, 0.01}. The sampling period is
∆𝑡 = 5 s. 𝑤𝑘 and 𝑣𝑘 are both bounded as |𝑤𝑘,𝑖| ≤ 0.01 (𝑖 = 1, 2) and |𝑣𝑘| ≤ 0.01.

The root-mean-square error (RMSE) is adopted:

RMSE =

√
√√√√ 1

𝑆

𝑆∑

𝑠=1

(
𝑥𝑠𝑘 − 𝑥𝑠𝑘

)2
, (5.203)
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Figure 5.9 OCV curve.

Table 5.2 OCV–SOC correspondence data.

SOC(%) 0 10 20 30 40 50 60 70 80 90 100

OCV(V) 2.78 3.63 3.71 3.76 3.79 3.83 3.87 3.94 4.01 4.09 4.19

where 𝑆 denotes the number of Monte Carlo runs. The non-Gaussian noise follows
the mixed distribution [82]:

PDFnoise = 𝜆 ⋅ 1
√
2𝜋𝜎2

exp(−
(𝑥 − 𝜇)2

2𝜎2
)

+ (1 − 𝜆) ⋅ 1
𝑏 − 𝑎

, 𝑥 ∈ [𝑎, 𝑏],
(5.204)

with 𝜆 = 0.5, variance 𝜎2 = 0.0001, and uniform bounds 𝑎 = −0.01, 𝑏 = 0.01.
Figure 5.10 shows the feasible domains obtained by extended set membership

particle filter (ESMPF) [83] and P-PF. It indicates that both approaches success-
fully enclose the true states, as marked by the star markers, thereby validating
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Figure 5.10 Comparison of feasible particle domains of ESMPF and P-IPF. Star markers
denote true states; dashed ellipses indicate ellipsoidal feasible regions (ESMPF); solid
quadrilaterals indicate parallelotope feasible regions (P-IPF).

their effectiveness in bounding the estimation error. However, the ellipsoidal fea-
sible regions produced by ESMPF are relatively conservative and lead to redundant
enclosures, whereas the parallelotope representation adopted in P-IPF generates a
more compact domain. This tighter bounding not only reduces conservatism but
also improves the fidelity of the state approximation, which translates into higher
estimation accuracy and enhanced robustness against parameter variations.

In Figure 5.11, the solid line corresponds to the true state obtained from
the constant-current discharge experiment. The EKF algorithm provides satis-
factory filtering performance under the Gaussian noise assumption. However,
when the noise is UBB, EKF fails to accurately estimate the state, as illustrated
by the solid line with diamond markers. In contrast, the maximum correla-
tion entropy criterion adaptive extended Kalman filter (MCC-AEKF) algorithm
[82] achieves more accurate estimation in the presence of non-Gaussian noise,
as indicated by the dashed line with circle markers. The dashed line with tri-
angle markers corresponds to the extended parallelotope set membership filter
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Figure 5.11 Comparison of state estimation results.

(EPSMF) algorithm [62], which estimates the state by constructing a parallelo-
tope space that encloses the true trajectory, with the center of this space taken
as the estimate. Although this approach yields better performance than EKF
and PF in the UBB noise case, its accuracy remains slightly lower than that
of MCC-AEKF. As summarized in Table 5.3, both EKF and PF achieve lower
computation times but suffer from larger RMSE values. Among the PF-based
methods with 𝑁 = 20, the ESMPF algorithm improves robustness by employing
an ellipsoidal feasible region to mitigate particle degradation. Compared with
EPSMF, ESMPF increases computation time by 0.44 s but reduces the RMSE
of SOC and 𝑈𝑝 by 34.7% and 25.1%, respectively. Its RMSE is comparable to
MCC-AEKF, though at the cost of an additional 1.01 s runtime. The proposed
P-IPF algorithm further enhances estimation accuracy: while its computation time
rises by 0.29 s relative to MCC-AEKF, the RMSE of SOC and 𝑈𝑝 are reduced by
36.4% and 26.9%, respectively. These results demonstrate that the P-IPF algorithm
effectively balances computational cost and estimation accuracy, providing a clear
improvement over existing approaches.

The bold values indicate the best performance for each evaluation metric. Specif-
ically, the bold values “0.00319” and “0.000703” denote the smallest estimation
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5.7 Case Study on Battery Operating Status Analysis 151

errors achieved by the P-IPF algorithm. The bold value “5.47” denotes the shortest
computation time achieved by the EKF algorithm.

As illustrated in Figure 5.12, the feasible domain area rapidly converges within
approximately eight iterations, indicating that the parallelotope representation
stabilizes after only a few updates. In addition, the dash-dotted lines in Figure 5.11
show that the confidence region consistently encloses the true state throughout
the estimation horizon, which demonstrates that P-IPF is capable of maintain-
ing particles within a bounded feasible set of nearly constant scale. This behavior
highlights that the algorithm not only ensures reliable state containment but also

Table 5.3 Comparison of RMSE and computation time of six algorithms.

EKF MCC-AEKF EPSMF PF ESMPF P-IPF

RMSE of SOC 0.0175 0.00502 0.00736 0.00879 0.00480 0.00319
RMSE of 𝑈𝑝 0.00264 0.000962 0.00135 0.00169 0.00101 0.000703
Running time (s) 5.47 7.36 8.13 6.21 8.57 7.65
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Figure 5.12 Convergence of parallelotope area.
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effectively suppresses particle dispersion, thereby improving both stability and
estimation accuracy in the presence of bounded uncertainties.
Analysis of the Influence of SOC Initial Value on Estimation Accuracy:

The correctness of the initial battery SOC value has a significant impact on deter-
mining the precision of the estimation results. For evaluating the algorithm’s
robustness against uncertainty or errors in the initial SOC specification, two ref-
erence cases are considered: one with an accurate initial SOC of 1.0, and another
with an inaccurate initial SOC of 0.7. The estimation process is performed under
an environment characterized by UBB noise.

The corresponding estimation trajectories and error curves are presented in
Figure 5.13. It can be observed that, despite the presence of a substantial initial
SOC deviation, the P-IPF algorithm quickly drives the estimates toward the true
value once the battery operation commences. This behavior demonstrates that
P-IPF is capable of effectively correcting initialization errors, thereby ensuring
robustness against uncertain conditions and maintaining high accuracy through-
out the estimation horizon.
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Figure 5.13 Estimation results and errors of the P-IPF algorithm under different initial
SOC values.
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5.7 Case Study on Battery Operating Status Analysis 153

5.7.3 Case 3: PPC-ZSF

The case focuses on the application of the PPC-ZSF presented in 5.5. This
approach augments the basic zonotopic filtering scheme by introducing confine-
ment and projection mechanisms, which effectively suppress particle divergence
and enforce tighter bounds on the SOC trajectory.

A fully charged lithium-ion battery was subjected to constant-current discharge,
and the OCV was recorded at every 10% decrement in SOC. The sampled OCV
and SOC values are shown in Table 5.4. As summarized in Table 5.4, OCV remains
relatively stable within the SOC range of 10–90%. To quantitatively describe this
relationship, MATLAB’s polyfit function was used to perform a first-order lin-
ear regression, yielding the empirical expression

𝑈OCV = 𝑓(SOC) = 0.5293 × SOC + 3.5821. (5.205)

The state-space equation that characterizes the relationship between SOC𝑘 and
𝑈𝑘 can be expressed as:
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⎪
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⎪
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𝑅𝑝𝐶𝑝 )𝑅𝑝

⎤
⎥
⎥
⎥
⎦

𝐼𝑘 + 𝑤𝑘,

𝑈𝑘 = 0.5293 × SOC𝑘 + 3.5821 −𝑈𝑝,𝑘+1 − 𝐼𝑘+1𝑅0 + 𝑣𝑘,

(5.206)

where the circuit parameters are summarized in Table 5.5.

Table 5.4 Corresponding relationship between
OCV and SOC.

SOC (%) OCV (V) SOC (%) OCV (V)

0 2.782 60 3.873
10 3.629 70 3.938
20 3.711 80 4.012
30 3.758 90 4.088
40 3.792 100 4.193
50 3.826

Table 5.5 Parameters of the first-order Thevenin equivalent circuit.

𝑹𝟎 (𝛀) 𝑹𝒑 (𝛀) 𝑰 (A) 𝑪𝒑 (F) 𝚫𝒕 (s) 𝑸real (Ah) 𝜼

0.0421 0.03112 1 2369.8 5 1200 0.9
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Based on prior knowledge of battery characteristics and historical data, the sys-
tem initial state together with process and measurement noise are represented by
the following zonotopes:

⎡
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SOC0
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⟩
, (5.207)
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,
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⎢
⎣
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0 0.001

⎤
⎥
⎦

⟩
, 𝑣𝑘 ∈ (0, 0.001). (5.208)

For performance validation, the SOC estimation results of the PPC-ZSF
approach are contrasted with those obtained by the ESMF [84] and the zonotopic
set-membership filter (ZSMF) [85].

Figure 5.14 shows the feasible state regions generated by ESMF, ZSMF, and
the proposed PPC-ZSF at different time instants. All three methods ensure that
the actual state remains within the corresponding feasible region and that the
regions are consistently updated as the system evolves. Nevertheless, the ellip-
soidal domains produced by ESMF are considerably large, reflecting substantial
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Figure 5.14 Comparison of SOC real state and feasible estimation sets for different
algorithms. The dotted, dashed, and solid contours represent feasible sets derived by
ESMF, ZSMF, and the proposed PPC-ZSF, respectively, at 𝑘 = 50, 100, 150, 200.
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5.7 Case Study on Battery Operating Status Analysis 155

redundancy and insufficient compactness. The ZSMF alleviates this drawback
by providing more compact enclosures with reduced redundancy, yet the result-
ing feasible sets are still relatively expansive. In contrast, the PPC-ZSF consis-
tently delivers smaller and more compact feasible regions across iterations, tightly
enclosing the true state trajectory. This property not only minimizes redundancy
but also enhances the fidelity of the state approximation, leading to higher estima-
tion accuracy and improved robustness against bounded disturbances.

Figures 5.15 and 5.16 display the comparison of estimation bounds for SOC and
polarization voltage 𝑈𝑝, respectively. As shown, the feasible regions generated by
all three algorithms successfully encapsulate the true trajectories of the estimated
variables, ensuring bounded-error consistency. Nevertheless, the ESMF method
produces the widest bounds and exhibits pronounced fluctuations during periods
of rapid state variation, suggesting that it imposes weaker restrictions on the feasi-
ble search space under dynamic UBB noise and thereby compromises estimation
precision. The ZSMF algorithm alleviates part of this limitation by providing mod-
erately tighter bounds, yet its conservative adjustment strategy leads to broader
ranges during fast transitions and prevents full utilization of system dynamics.
In contrast, the proposed PPC-ZSF consistently produces narrower and more com-
pact feasible sets that closely adhere to the true state evolution. This improved
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Figure 5.15 Comparison of SOC’s real state and estimation bounds for different
algorithms.
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Figure 5.16 Comparison of 𝑈𝑝 ’s real state and estimation bounds for different
algorithms.

performance stems from its integration of PSO-based global search with spatial
constraint enforcement, which together reduce redundancy in the search space by
guiding particle behavior and penalizing infeasible deviations. As a result, PPC-
ZSF achieves stable and accurate estimation even under strongly dynamic operat-
ing conditions.

5.7.4 Case 4: DE-ZKF

This case examines the integration of the SOC estimation model from 5.1 with the
advanced filtering strategy presented in 5.6. In this case, an adaptive mechanism
is incorporated into the zonotopic space filter to dynamically adjust the uncer-
tainty bounds, aiming to improve estimation accuracy under varying operating
conditions.

Using a constant-current discharge test on a fully charged lithium-ion battery,
the OCV was recorded at intervals of 10% SOC reduction. The resulting measure-
ment data are presented in Table 5.6. By applying MATLAB’s polyfit function
to the OCV–SOC data, a linear approximation is obtained:
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5.7 Case Study on Battery Operating Status Analysis 157

𝑈OCV = 𝑓(SOC) = 1.0798 ⋅ SOC + 3.0657, (5.209)

where 𝑓(⋅) denotes the regression function. Accordingly, the discrete-time model
derived from (5.2) is expressed as (5.3).

where 𝑈𝑝, 𝑘 and 𝑈𝑘 denote the polarization voltage and terminal voltage,
respectively; 𝜏𝑝 = 𝑅𝑝𝐶𝑝 is the polarization time constant, and 𝑇𝑠 = 0.9 s is the sam-
pling period. The system is initialized with 𝑝(0) = [1 5]T with covariance matrix
𝐺(0) = 0.12𝐼2. The process noise is bounded by ∥ 𝑤(𝑘) ∥∞≤ 10−3, while the mea-
surement noise is constrained by ∥ 𝑣(𝑘) ∥∞≤ 10−3. The number of steps is 𝑁 = 20
with a time horizon of 𝑇 = 20. The parameters characterizing the experimental
platform are provided in Table 5.7.

Table 5.6 Relationship between OCV
and SOC under experimental
conditions.

SOC (%) OCV (V) SOC (%) OCV (V)

0 2.70 55 3.76
5 2.89 60 3.78
10 3.03 65 3.80
15 3.17 70 3.83
20 3.27 75 3.86
25 3.45 80 3.89
30 3.52 85 3.91
35 3.58 90 3.93
40 3.60 95 3.96
45 3.65 100 4.11
50 3.74

Table 5.7 Battery
parameters.

Parameter Value

𝐼𝑐 1 A
𝑅0 0.0415 Ω
𝑅𝑝 0.03068 Ω
𝐶𝑝 480.3 F
𝑄 205 Ah
𝜂 0.6
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158 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

To highlight the behavior of the proposed DE-ZKF, it is benchmarked against
ESMF [86], ZSMF [87], and the standard ZKF [88]. The results are illustrated in
Figures 5.17–5.19.

Figures 5.17 and 5.18 present the evolution of SOC and 𝑈𝑝 together with esti-
mation bounds obtained from four different algorithms. Among them, the ESMF
method generates the widest intervals, which reflects its inherent conservative-
ness and results in looser state enclosures. The ZSMF and ZKF algorithms pro-
vide moderately improved performance with somewhat tighter bounds, yet they
still display noticeable conservatism, particularly during dynamic variations. In
contrast, the DE-ZKF demonstrates rapid convergence toward the true state and
consistently produces significantly narrower bounds. This behavior indicates that
DE-ZKF effectively reshapes the feasible sets to achieve higher compactness while
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Figure 5.17 Comparison of SOC bounds at different times.
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Figure 5.18 Comparison of 𝑈𝑝 bounds at different times.
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Figure 5.19 Comparison of feasible set spaces obtained by four algorithms at different
times.

maintaining accurate tracking of the state trajectory, thereby combining robust-
ness with improved estimation precision.

Figure 5.19 provides a detailed comparison of feasible sets at several repre-
sentative time instants. The solid curve indicates the true state trajectory, while
the dotted, dashed, solid, and dash-dotted contours correspond to ESMF, ZSMF,
ZKF, and DE-ZKF, respectively. It is evident that all four approaches successfully
enclose the true state within their feasible regions, confirming their validity under
bounded uncertainties. However, the sets produced by ESMF, ZSMF, and ZKF
remain relatively large and exhibit varying degrees of spatial redundancy, reflect-
ing conservative approximations of the admissible domain. In contrast, the DE-
ZKF consistently produces the smallest feasible volumes across iterations, thereby
reducing redundancy and achieving more compact state enclosures. This improve-
ment highlights its ability to provide higher estimation precision and enhanced
robustness in dynamic operating conditions.
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160 5 Advances in Battery Operating Status Analysis by Filtering and Artificial Intelligence

5.8 Concluding Remarks

This chapter has focused on the problem of lithium-ion battery SOC estimation
from the standpoint of set-membership filtering and its algorithmic extensions.
The state dynamics were represented by a Thevenin-type equivalent circuit model,
and the OCV–SOC curve was experimentally identified through constant-current
charge–discharge tests. On this foundation, the SOC estimation task was reformu-
lated within a zonotopic framework, allowing the feasible set of states to be recur-
sively propagated through prediction and correction steps.

Several advanced filtering strategies were proposed and comparatively analyzed.
The PSO-based orthometric hyperparallel space filter (PSO–OHSF) improved
the initialization of the feasible region and mitigated search-space expansion by
employing a geometrically regular orthometric construction. The parallelotope-
based improved particle filter (P-IPF) enhanced resilience to parameter vari-
ations by bounding the admissible state trajectories with a minimal-volume
parallelotope, thereby maintaining reliable state enclosures. The projected
particle-confinement zonotopic space filter (PPC-ZSF) effectively counteracted
particle divergence and ensured tighter SOC bounds under rapid transient con-
ditions. Finally, the DE-based zonotopic Kalman filter (DE-ZKF) adaptively
reshaped generator matrices and tuned uncertainty bounds via evolutionary opti-
mization, striking a balance between compactness and robustness in the estima-
tion process.

Extensive simulations validated that these methods consistently yield accu-
rate and reliable SOC estimation while offering distinct trade-offs among com-
putational burden, estimation precision, and robustness against uncertainty. In
particular, swarm-assisted strategies such as PSO–OHSF and projection-driven
approaches like PPC-ZSF provided markedly tighter bounds without compromis-
ing stability, whereas geometry-based schemes such as P-IPF and optimization-
driven designs like DE-ZKF demonstrated strong robustness and adaptability.
Overall, the findings highlight that integrating physics-informed battery modeling
with set-membership filtering and intelligent metaheuristic optimization consti-
tutes a powerful and practical framework for achieving accurate, robust, and effi-
cient SOC estimation in real-world battery management systems.
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6

Advances in Battery Remaining Useful Life Analysis
by Filtering and Artificial Intelligence

6.1 Introduction to Battery Remaining Useful Life Analysis

6.1.1 Definition and Significance of Remaining Useful Life

Lithium-ion batteries, serving as the cornerstone of modern energy storage sys-
tems, are widely deployed in a spectrum of applications ranging from electric
vehicles and portable electronics to renewable energy integration and aerospace
systems, owing to their high energy density, long cycle life, and low self-
discharge rate. However, these electrochemical devices are subject to intricate and
irreversible degradation mechanisms during repeated charge–discharge cycles.
Internal processes such as the continuous growth and reconstruction of the solid
electrolyte interphase (SEI) film, loss of active lithium inventory, and structural
degradation of electrode materials collectively contribute to a gradual yet persis-
tent deterioration of battery performance [89, 90].
Within the framework of prognostics and health management (PHM), the

concept of remaining useful life (RUL) has emerged as a pivotal metric. RUL is
quantitatively defined as the number of remaining charge–discharge cycles or
the duration of service time from the current moment until the battery’s perfor-
mance degrades to a predefined end-of-life (EOL) threshold, beyond which it can
no longer meet the operational requirements of the specific application [89]. A
widely adopted failure criterion is the point at which the battery’s actual capacity
fades to 70–80% of its nominal rated capacity [91].
Accurate prediction of RUL is of paramount importance for ensuring:

• Safety: It enables the early warning of potential battery failures, such as
thermal runaway, thereby preventing catastrophic accidents and enhancing
operational safety, particularly in critical systems like electric vehicles and
aircraft.

Advances in Battery Manufacturing and Operating Status Analysis: Filtering and Artificial
Intelligence Strategy, First Edition. Ziyun Wang, Yan Wang and Zhicheng Ji.
© 2027 The Institute of Electrical and Electronics Engineers, Inc. Published 2027 by
John Wiley & Sons, Inc. All rights reserved.
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162 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

• Reliability: It provides a quantitative basis for maintenance scheduling,
replacement decisions, and system redundancy management, ensuring the
continuous and reliable operation of battery-powered systems.

• Economic Efficiency: It facilitates the implementation of predictive mainte-
nance strategies, minimizing unscheduled downtime. Furthermore, precise
RULassessment is fundamental for enabling the second-life use of retired bat-
teries in less demanding applications, thus maximizing their lifecycle value
and promoting a circular economy.

6.1.2 Challenges and Current Research Limitations in RUL Prediction

Despite its critical importance, achieving accurate and robust RUL prediction
remains a formidable challenge due to the inherent complexities of battery degra-
dation and practical operational constraints. The primary difficulties and corre-
sponding limitations in current research are summarized as follows:

1. Highly Nonlinear and Time-varying Degradation Trajectory: Battery capac-
ity decay often exhibits complex nonlinear behavior, which may not follow
a fixed pattern. The degradation rate can dynamically change over cycles,
potentially showing phases of rapid fade followed by slower decay or even
sudden “knee-point” behavior. This strong nonlinearity poses significant
challenges to the generalization capability of prediction models, as simplistic
linear or single-mode empirical models often fail to capture the entire degra-
dation process accurately.

2. Complex Internal States and “Black-Box” Characteristics: The internal states
of a battery (e.g., lithium-ion concentration, side reaction rates) are not
directly measurable and must be inferred indirectly from external parame-
ters such as voltage, current, and temperature. This “gray-box” or “black-box”
nature makes precise modeling based on first principles extremely difficult.
Moreover, model parameters themselves often evolve with aging, complicat-
ing the task of state tracking and parameter identification [92].

3. Capacity Regeneration Phenomena and Noise Interference: A notable chal-
lenge is the occurrence of capacity regeneration, where the measured capac-
ity exhibits temporary, slight recoveries during long-term cycling, attributed
to temporary redistributions of ions or relaxation effects. This phenomenon,
coupled with measurement noise and fluctuations in operational conditions,
severely obscures the underlying long-term degradation trend and can easily
lead to erroneous predictions if not properly handled [93].

4. Dual Uncertainty in Models and Data: RUL prediction is inherently an exer-
cise in managing uncertainty. This encompasses: (i) Process noise reflecting
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6.1 Introduction to Battery Remaining Useful Life Analysis 163

model inaccuracies; (ii) Measurement noise from data acquisition systems;
and (iii) Parameter uncertainty, including unknown initial states and noise
statistics. Traditional stochastic filters often assume Gaussian noise distri-
butions, an assumption that frequently fails in real-world complex environ-
ments, leading to biased estimates and overconfident predictions.

5. Computational Efficiency Versus Real-time Requirements: High-fidelity
models or sophisticated algorithms are often computationally intensive, mak-
ing them unsuitable for real-time online prediction on resource-constrained
hardware like embedded battery management systems (BMS). Striking a bal-
ance between prediction accuracy and computational tractability is a key bot-
tleneck for practical deployment [94].

To address these challenges, the subsequent sections of this chapter will
introduce innovative solutions that synergistically combine advanced filtering
techniques and artificial intelligence (AI) strategies. These approaches aim to
overcome the current limitations in RUL prediction by incorporating more robust
noise handling mechanisms, enhancing algorithmic efficiency through dynamic
complexity reduction (DCR) and improved resampling strategies, and leveraging
hybrid frameworks that integrate signal processing with deep learning.

6.1.3 Principal Technical Routes and Chapter Focus

To address the aforementioned challenges, the research community has devel-
oped a variety of RUL prediction methodologies, which can be broadly catego-
rized into three principal technical routes, each with distinct characteristics and
applicability.

1. Model-based Approaches: These approaches rely on mathematical models
that describe the battery’s degradation dynamics, encompassing physics-
based electrochemical models, equivalent circuit models, or empirical decay
models, such as the double exponential model. Algorithms such as the
Kalman filter and its variants, including extended Kalman filter, unscented
Kalman filter, or the particle filter, are employed to recursively update
the model states and parameters based on incoming measurement data.
The updated model is then extrapolated to the failure threshold to estimate
the RUL [89, 90]. The primary strength of model-based methods lies in their
incorporation of physical insights, providing interpretable predictions. How-
ever, their accuracy is contingent upon the fidelity of the underlying model,
and they often face a trade-off between model complexity and computational
feasibility for real-time applications.

2. Data-driven Approaches: Data-driven methods circumvent the need for
explicit physical or empirical models by treating the battery as a “black-box.”
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164 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

They directly learn themapping fromhistorical operational data, such as volt-
age, current, temperature, and capacity sequences, to the degradation trend
and RUL. With their powerful capability for automatically extracting tempo-
ral features andmodeling complex nonlinearities, AI techniques, particularly
deep learningmodels like the long short-termmemory (LSTM) network, have
become predominant in this category [95, 96]. While these methods often
demonstrate high accuracy and adaptability to diverse operating conditions,
they typically require substantial amounts of high-quality training data and
may lack physical interpretability.

3. Hybrid and Fusion Approaches: Recognizing the complementary strengths
and limitations of model-based and data-driven methods, hybrid or fusion
strategies have emerged as a promising direction. These approaches aim to
synergistically combine the prior knowledge embedded in mechanistic or
empirical models with the adaptive learning capacity of data-driven mod-
els. Prominent fusion paradigms include coupling filtering algorithms with
neural networks for joint state estimation and prediction, employing sig-
nal processing techniques, such as ensemble empirical mode decomposition
(EEMD), to preprocess raw data and enhance input quality for data-driven
models, and using optimization algorithms to fine-tune model parameters
[97, 98]. The core objective is to achieve more robust, accurate, and general-
izable RUL predictions by leveraging the best of both worlds.

Building upon this technical landscape, this chapter focuses specifically on
the forefront of RUL prediction research, where advanced filtering techniques
and AI strategies are being synergistically integrated. The subsequent sections
will delve into innovative methodologies that exemplify this trend, demonstrating
how such integrations effectively enhance prediction accuracy, robustness, and
computational efficiency, thereby addressing the critical challenges outlined in
Section 6.1.2.

6.2 Dynamic Complexity Reduction Zonotopic Kalman Filter

In this section, a dynamic complexity reduction zonotopic Kalman filter (DCR-
ZKF) is developed for the joint estimation of state-of-charge (SOC) and state-
of-health (SOH) in lithium-ion batteries. The key innovation of the proposed
approach lies in its ability to dynamically optimize the zonotopic representa-
tions associated with voltage and current, thereby enhancing both the robustness
and accuracy of the estimation compared with conventional zonotopic filtering
methods.
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6.2 Dynamic Complexity Reduction Zonotopic Kalman Filter 165

6.2.1 Preliminaries and Problem Formulation

6.2.1.1 Preliminaries
This section summarizes the notation and fundamental concepts used through-
out the chapter. The symbol ℝ denotes the set of real numbers, and 𝐼𝑚 represents
the𝑚-dimensional identity matrix. The set 𝐵𝑚 = [−1, 1]𝑚 denotes the unit hyper-
cube, while the Minkowski sum of sets X and Y is defined as X ⊕ Y = {𝑥 + 𝑦 ∶
𝑥 ∈X , 𝑦 ∈ Y}. The operator tr(⋅) stands for the matrix trace. Several essential
definitions, properties, and lemmas are recalled below to support the subsequent
developments.

Definition 6.1 An 𝑛-dimensional zonotope of order 𝑚 is any set Z ⊂ℝ𝑛 that
can be written as the affine image of the unit hypercube 𝐵𝑚 (with 𝑚 ≥ 𝑛) [99],
namely

Z = 𝑝 ⊕𝐻𝐵𝑚 = { 𝑝 +𝐻𝑧 ∶ 𝑧 ∈ 𝐵𝑚 } ≜ ⟨𝑝, 𝐻⟩, (6.1)

where𝑝 ∈ℝ𝑛 is referred to as the center ofZ and𝐻 ∈ℝ𝑛×𝑚 is its generator (shape)
matrix.

Property 8 Let Z1 = ⟨𝑝1, 𝐻1⟩ ⊂ℝ𝑛 and Z2 = ⟨𝑝2, 𝐻2⟩ ⊂ℝ𝑛 be two zonotopes.
Their Minkowski sum is again a zonotope [99], given explicitly by

Z1 ⊕Z2 =
⟨
𝑝1 + 𝑝2, [𝐻1 𝐻2 ]

⟩
. (6.2)

Property 9 Consider a zonotope Z = ⟨𝑝, 𝐻⟩ ⊂ℝ𝑛 and a matrix 𝐾 ∈ℝ𝓁×𝑛. The
image of Z under the linear map 𝑥↦ 𝐾𝑥 is still a zonotope [99], denoted by

𝐾 ⊙Z = ⟨𝐾𝑝, 𝐾𝐻⟩. (6.3)

Lemma 6.1 Consider a zonotope Z = ⟨𝑝, 𝐻⟩ ⊂ℝ𝑛. The operator ↓𝑠 𝐻 performs
a complexity reduction on the generator matrix 𝐻, producing a lower-order repre-
sentation such that ⟨𝑝, 𝐻⟩ ⊆ ⟨𝑝, ↓𝑠 𝐻⟩. Here, 𝑠 denotes the target reduced order. The
procedure begins by sorting the columns of 𝐻 in descending order according to their
Euclidean norms. The reduced generator matrix is then partitioned as:

↓𝑠 𝐻 = {𝐻𝑎 𝐻𝑏}, (6.4)

where 𝐻𝑎 ∈ℝ𝑛×(𝑠−𝑛) contains the first 𝑠 − 𝑛 dominant columns, and 𝐻𝑏 ∈ℝ𝑛×𝑛 is
a diagonal matrix whose entries are defined as ℎ𝑖𝑖 =

∑𝑚
𝑗=𝑠−𝑛+1 |𝐻𝑖𝑗| for 𝑖 = 1, … , 𝑛.

The term 𝐻𝑖𝑗 denotes the (𝑖, 𝑗)-th element of 𝐻.
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166 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

Lemma 6.2 Let Z = ⟨𝑝, 𝐻⟩ ⊂ℝ𝑛 be an 𝑛-dimensional, 𝑚-order zonotope.
Any point 𝑥 = [𝑥1, … , 𝑥𝑛]

𝑇 ∈Z is enclosed within the minimal axis-aligned
bounding box

Box(Z) = { 𝑥 ∶ 𝑧−𝑖 ≤ 𝑥𝑖 ≤ 𝑧+𝑖 , 𝑖 = 1, … , 𝑛 },

whose bounds are computed as:

⎧
⎪

⎨
⎪
⎩

𝑧−𝑖 = 𝑝𝑖 −
𝑚∑

𝑗=1
|𝐻𝑖,𝑗|,

𝑧+𝑖 = 𝑝𝑖 +
𝑚∑

𝑗=1
|𝐻𝑖,𝑗|.

(6.5)

Here,𝐻𝑖𝑗 denotes the (𝑖, 𝑗)-th entry of 𝐻, and [𝑝1, … , 𝑝𝑛]
𝑇 is the center of Z .

6.2.1.2 Problem Formulation
The degradation behavior of lithium-ion batteries is commonly characterized
using the dual-polarization equivalent circuit model, expressed as:

⎧
⎪
⎪

⎨
⎪
⎪
⎩

𝑉(𝑡) = 𝑉ocv(SOC(𝑡)) − 𝑖(𝑡)𝑅0 − 𝑉𝑎𝑝(𝑡) − 𝑉𝑐𝑝(𝑡),

𝑉𝑎𝑝(𝑡) = 𝑖(𝑡)𝑅𝑎𝑝 − 𝜏𝑎𝑝
𝑑𝑉𝑎𝑝(𝑡)
𝑑𝑡

,

𝑉𝑐𝑝(𝑡) = 𝑖(𝑡)𝑅𝑐𝑝 − 𝜏𝑐𝑝
𝑑𝑉𝑐𝑝(𝑡)
𝑑𝑡

,

(6.6)

where𝑉(𝑡) denotes the terminal voltage, and𝑉ocv(SOC(𝑡)) is the open-circuit volt-
age (OCV) as a function of the SOC. The terms 𝑉𝑎𝑝(𝑡) and 𝑉𝑐𝑝(𝑡) represent the
Ohmic and concentration polarization voltages, respectively. The applied current
is denoted by 𝑖(𝑡),𝑅0 is the internal resistance, and the time constants 𝜏𝑎𝑝 = 𝑅𝑎𝑝𝐶𝑎𝑝
and 𝜏𝑐𝑝 = 𝑅𝑐𝑝𝐶𝑐𝑝 correspond to the polarization brancheswith resistances𝑅𝑎𝑝, 𝑅𝑐𝑝
and capacitances 𝐶𝑎𝑝, 𝐶𝑐𝑝.
The SOC evolution is described by the Coulomb counting relation

SOC(𝑡) = SOC(0) −
𝜂
𝐶𝑠

∫
𝑡

0
𝑖(𝜏) 𝑑𝜏, (6.7)

where 𝜂 is the Coulombic efficiency, 𝐶𝑠 denotes the available capacity, and SOC(0)
is the initial SOC. The dual-polarization circuit representation is illustrated in
Figure 6.1.
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6.2 Dynamic Complexity Reduction Zonotopic Kalman Filter 167
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Figure 6.1 Dual-polarization equivalent circuit model of lithium battery degradation.

For constant-current operation, a discrete-time model with sampling period 𝑇𝑠
is obtained via zero-order-hold discretization, yielding the state update

⎡
⎢
⎢
⎢
⎣

SOC𝑘
𝑉𝑎𝑝,𝑘

𝑉𝑐𝑝,𝑘

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

1 0 0

0 𝑒−𝑇𝑠∕𝜏𝑎𝑝 0

0 0 𝑒−𝑇𝑠∕𝜏𝑐𝑝

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

SOC𝑘−1
𝑉𝑎𝑝,𝑘−1

𝑉𝑐𝑝,𝑘−1

⎤
⎥
⎥
⎥
⎦

+

⎡
⎢
⎢
⎢
⎢
⎣

−
𝜂𝑇𝑠
𝐶𝑠

𝑅𝑎𝑝
(
1 − 𝑒−𝑇𝑠∕𝜏𝑎𝑝

)

𝑅𝑐𝑝
(
1 − 𝑒−𝑇𝑠∕𝜏𝑐𝑝

)

⎤
⎥
⎥
⎥
⎥
⎦

𝐼 + 𝑤𝑘,

(6.8)

where 𝑤𝑘 is the process noise.
The terminal voltage at time 𝑘 is modeled as:

𝑉𝑘 = 𝑎 SOC𝑘 + 𝑏 − 𝑉𝑎𝑝,𝑘 − 𝑉𝑐𝑝,𝑘 − 𝐼𝑅0 + 𝑣𝑘, (6.9)

with constants 𝑎, 𝑏 obtained from a linear approximation of the 𝑉ocv–SOC curve,
and 𝑣𝑘 denoting the measurement noise.
The SOH is defined as:

SOH𝑘 =
𝐶𝑠,𝑘
𝐶𝑛

× 100%, (6.10)

where 𝐶𝑛 is the nominal-rated capacity and 𝐶𝑠,𝑘 represents the time-varying avail-
able capacity, which monotonically decreases due to degradation. Since it is not
directly measurable, we model the capacity evolution as:

𝐶𝑠,𝑘 = 𝐶𝑠,𝑘−1 + 𝑜𝑘, (6.11)

where 𝑜𝑘 denotes the capacity degradation process noise.
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168 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

Discretizing (6.7) and substituting the SOC relation into the voltage expression,
the output model becomes

𝑉𝑘 = 𝑎(SOC𝑘−1 −
𝜂𝐼𝑇𝑠
𝐶𝑠,𝑘

) + 𝑏 − 𝑉𝑎𝑝,𝑘 − 𝑉𝑐𝑝,𝑘 − 𝐼𝑅0 + 𝑣𝑘. (6.12)

The objective of this study is to develop a DCR-ZKF for estimating the
degradation-related states of lithium-ion batteries. The approach assumes that the
uncertainties 𝑤𝑘, 𝑣𝑘, and 𝑜𝑘 are bounded and represented by the zonotopic sets
𝑤𝑘 ∈W = ⟨0, 𝐻𝑤⟩, 𝑣𝑘 ∈ V = ⟨0, 𝐻𝑣⟩, 𝑜𝑘 ∈O = ⟨0, 𝐻𝑜⟩, where 𝐻𝑤, 𝐻𝑣, and 𝐻𝑜 are
known generator matrices associated with the respective noise processes.

6.2.2 Design of the DCR-ZKF for State Estimation of Lithium
Battery Degradation

To jointly estimate SOC and SOH in lithium-ion batteries, this work introduces
a zonotopic Kalman filtering framework enhanced with a dynamic complexity-
reduction mechanism. Since battery capacity evolves slowly over extended
charge–discharge cycles, while SOC varies rapidly at each sampling instant, adopt-
ing an identical sampling rate for both SOC and SOH leads to large fluctuations
in the estimated capacity and ultimately degrades estimation accuracy. To over-
come this limitation, a dual-time-scale structure is employed: a short time scale is
used for SOC estimation, whereas SOH is updated on a slower time-scale consis-
tent with its long-term degradation dynamics.

6.2.2.1 SOC Estimation on the Short Time Scale
Let the SOC-related state vector be defined as 𝑥𝑐,𝑘 = [SOC𝑘, 𝑉𝑎𝑝,𝑘, 𝑉𝑐𝑝,𝑘]T, with
input 𝑢𝑘 = 𝐼 and output 𝑦𝑘 = 𝑉𝑘. Starting from the batterymodel described in (6.3)
and (6.4), the corresponding discrete-time state-space form can be written as:

⎧

⎨
⎩

𝑥𝑐,𝑘+1 = 𝐴𝑐𝑥𝑐,𝑘 + 𝐵𝑐𝑢𝑘 + 𝑤𝑘,

𝑦𝑘 = 𝐶𝑐𝑥𝑐,𝑘 + 𝑣𝑘,
(6.13)

where 𝑤𝑘 ∈W = ⟨01×3, ℎ𝑤𝐼3⟩ and 𝑣𝑘 ∈ V = ⟨0, ℎ𝑣⟩ denote the process and mea-
surement noises, respectively. The system matrices are

𝐴𝑐 =
⎡
⎢
⎢
⎢
⎣

1 0 0

0 𝑒−𝑇𝑠∕𝜏𝑎𝑝 0

0 0 𝑒−𝑇𝑠∕𝜏𝑐𝑝

⎤
⎥
⎥
⎥
⎦

, 𝐵𝑐 =

⎡
⎢
⎢
⎢
⎢
⎣

−
𝜂𝑇𝑠
𝐶𝑠

𝑅𝑎𝑝(1 − 𝑒−𝑇𝑠∕𝜏𝑎𝑝 )

𝑅𝑐𝑝(1 − 𝑒−𝑇𝑠∕𝜏𝑐𝑝 )

⎤
⎥
⎥
⎥
⎥
⎦

,

𝐶𝑐 =
[
𝑎 −1 −1

]
.
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6.2 Dynamic Complexity Reduction Zonotopic Kalman Filter 169

Given the posterior zonotope estimate at time 𝑘 − 1, 𝑥̂𝑐,𝑘−1|𝑘−1 ∈
⟨𝑝̂𝑐,𝑘−1|𝑘−1, 𝐻̂𝑐,𝑘−1|𝑘−1⟩, the predicted (a priori) zonotope at time 𝑘 is

𝑥̂𝑐,𝑘|𝑘−1 ∈ X̂𝑐,𝑘|𝑘−1 = ⟨𝑝̂𝑐,𝑘|𝑘−1, 𝐻̂𝑐,𝑘|𝑘−1⟩,

where

𝑝̂𝑐,𝑘|𝑘−1 = 𝐴𝑐𝑝̂𝑐,𝑘−1|𝑘−1 + 𝐵𝑐𝑢𝑘, (6.14)

𝐻̂𝑐,𝑘|𝑘−1 =
[
𝐴𝑐𝐻̂𝑐,𝑘−1|𝑘−1 ℎ𝑤𝐼3

]
. (6.15)

At the measurement-update step, incorporation of the voltage measurement
refines the estimate to the posterior zonotope

X̂𝑐,𝑘|𝑘 = ⟨𝑝̂𝑐,𝑘|𝑘, 𝐻̂𝑐,𝑘|𝑘⟩, (6.16)

with update equations

𝑝̂𝑐,𝑘|𝑘 = 𝑝̂𝑐,𝑘|𝑘−1 + 𝐾𝑐,𝑘

(
𝑦𝑘 − 𝐶𝑐𝑝̂𝑐,𝑘|𝑘−1

)
, (6.17)

𝐻̂𝑐,𝑘|𝑘 =
[
(𝐼3 − 𝐾𝑐,𝑘𝐶𝑐)𝐻̂𝑐,𝑘|𝑘−1 ℎ𝑣𝐾𝑐,𝑘

]
. (6.18)

The zonotopic Kalman gain is determined by

𝐾𝑐,𝑘 =
𝐻̂𝑐,𝑘|𝑘−1𝐻̂T

𝑐,𝑘|𝑘−1𝐶
T
𝑐

𝐶𝑐𝐻̂𝑐,𝑘|𝑘−1𝐻̂T
𝑐,𝑘|𝑘−1𝐶

T
𝑐 + ℎ2𝑣

. (6.19)

To maintain computational tractability, a dynamic complexity-reduction mech-
anism is introduced. The relative change in the trace of the generator matrix is
defined as:

∆𝑆𝑘 =

||||| tr
(
↓𝑠 𝐻̂T

𝑐,𝑘|𝑘 ↓𝑠 𝐻̂𝑐,𝑘|𝑘

)
− tr

(
𝐻̂T
𝑐,𝑘|𝑘𝐻̂𝑐,𝑘|𝑘

)|||||
tr
(
𝐻̂T
𝑐,𝑘|𝑘𝐻̂𝑐,𝑘|𝑘

) , (6.20)

where ↓𝑠 𝐻̂𝑐,𝑘|𝑘 is the reduced-order generator matrix according to Lemma 2, and
𝑠 denotes the target reduced complexity.
To avoid excessive generator growth across iterations, reduction is triggered

whenever the number of generators exceeds a prescribed limit 𝑑𝑚. The updated
generator matrix is selected as:

𝐻̂∗
𝑐,𝑘 =

⎧

⎨
⎩

𝐻̂𝑐,𝑘|𝑘, if ∆𝑆𝑘 ≥ 𝜀 or𝑚 > 𝑑𝑚,

↓𝑠 𝐻̂𝑐,𝑘|𝑘, if 0 < ∆𝑆𝑘 < 𝜀,
(6.21)
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170 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

where 𝑚 is the current number of generators and 𝜀 is a threshold balancing esti-
mation accuracy and computational effort.
According to Lemma 2, SOC bounds at time 𝑘 can be extracted from the refined

zonotope via interval analysis,

⎧
⎪

⎨
⎪
⎩

𝑆𝑂𝐶+
𝑘 = 𝑝̂𝑐,𝑘|𝑘(1) +

𝑚∑

𝑗=1

|||||𝐻̂
∗
𝑐,𝑘(1, 𝑗)

|||||,

𝑆𝑂𝐶−
𝑘 = 𝑝̂𝑐,𝑘|𝑘(1) −

𝑚∑

𝑗=1

|||||𝐻̂
∗
𝑐,𝑘(1, 𝑗)

|||||,
(6.22)

where𝑚 denotes the number of columns in the reduced generator matrix 𝐻̂∗
𝑐,𝑘.

6.2.2.2 SOH Estimation on the Long Time Scale
The nonlinearity introduced by the reciprocal term 1

𝐶𝑠,𝑘−1
in the voltage model

complicates direct estimation of the available capacity. To obtain a tractable linear
form, a first-order Taylor expansion around the previous estimate 𝐶̂𝑠,𝑘−1 is applied,
yielding the linearized measurement equation

𝑉𝑘 = 𝑎 (SOC𝑘−1 −
𝜂𝐼𝑇𝑠
𝐶𝑠,𝑘−1

) − 𝑉𝑎𝑝,𝑘 − 𝑉𝑐𝑝,𝑘 + 𝑏 − 𝐼𝑅0 + 𝑣𝑘

≈ −
𝑎𝜂𝐼𝑇𝑠
𝐶̂𝑠,𝑘−1

+
𝑎𝜂𝐼𝑇𝑠
𝐶̂2
𝑠,𝑘−1

(
𝐶𝑠,𝑘−1 − 𝐶̂𝑠,𝑘−1

)
− 𝑉𝑎𝑝,𝑘 − 𝑉𝑐𝑝,𝑘 + 𝑏 − 𝐼𝑅0 + 𝑣𝑘.

(6.23)

Let the long time-scale state be defined as 𝑥ℎ,𝑘 = 𝐶𝑠,𝑘, with measurement
𝑦𝑘 = 𝑉𝑘. The corresponding discrete-time state-space model is

⎧

⎨
⎩

𝑥ℎ,𝑘+1 = 𝐴ℎ𝑥ℎ,𝑘 + 𝑜𝑘,

𝑦𝑘 = 𝐶ℎ𝑥ℎ,𝑘 + 𝑣𝑘,
(6.24)

where 𝑜𝑘 ∈O = ⟨0, ℎ𝑜⟩ and 𝑣𝑘 ∈ V = ⟨0, ℎ𝑣⟩. For SOH estimation, the system
matrices are 𝐴ℎ = 1, 𝐶ℎ =

𝑎𝜂𝐼𝑇𝑠
𝐶̂2
𝑠,𝑘−1

.

Assume that, at time instant 𝑘 − 1, the posterior state set is represented
by the zonotope 𝑥ℎ,𝑘−1|𝑘−1 ∈ ⟨𝑝̂ℎ,𝑘−1|𝑘−1, 𝐻̂ℎ,𝑘−1|𝑘−1⟩, the prediction and update
steps—analogous to those in Section 6.2.2.1—yield the posterior zonotope

X̂ℎ,𝑘|𝑘 = ⟨𝑝̂ℎ,𝑘|𝑘, 𝐻̂ℎ,𝑘|𝑘⟩, (6.25)
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6.2 Dynamic Complexity Reduction Zonotopic Kalman Filter 171

where

𝑝̂ℎ,𝑘|𝑘 = 𝐴ℎ𝑝̂ℎ,𝑘−1|𝑘−1 + 𝐾ℎ,𝑘

(
𝑦𝑘 − 𝐶ℎ𝐴ℎ𝑝̂ℎ,𝑘−1|𝑘−1

)
,

𝐻̂ℎ,𝑘|𝑘 =
⎡
⎢
⎢
⎢
⎣

(1 − 𝐾ℎ,𝑘𝐶ℎ)𝐴ℎ𝐻̂ℎ,𝑘−1|𝑘−1

(1 − 𝐾ℎ,𝑘𝐶ℎ)ℎ𝑜
𝐾ℎ,𝑘ℎ𝑣

⎤
⎥
⎥
⎥
⎦

T

.
(6.26)

The zonotopic Kalman gain is computed as:

𝐾ℎ,𝑘 =
𝐻̂ℎ,𝑘|𝑘−1𝐻̂T

ℎ,𝑘|𝑘−1𝐶
T
ℎ

𝐶ℎ𝐻̂ℎ,𝑘|𝑘−1𝐻̂T
ℎ,𝑘|𝑘−1𝐶

T
ℎ + ℎ2𝑣

. (6.27)

The upper and lower bounds of SOH at time 𝑘 are extracted through interval
analysis of the zonotope:

⎧
⎪

⎨
⎪
⎩

SOH+
𝑘 =

(
𝑝̂ℎ,𝑘|𝑘 +

𝑚∑

𝑖=1
|𝐻̂ℎ,𝑘|𝑘(𝑖)|

)
∕𝐶𝑛,

SOH−
𝑘 =

(
𝑝̂ℎ,𝑘|𝑘 −

𝑚∑

𝑖=1
|𝐻̂ℎ,𝑘|𝑘(𝑖)|

)
∕𝐶𝑛,

(6.28)

where𝑚 is the number of generators in 𝐻̂ℎ,𝑘|𝑘.
The complete DCR-ZKF architecture performing joint SOC and SOH estimation

is illustrated in Figure 6.2.
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Figure 6.2 Structure of the proposed DCR-ZKF for SOC and SOH estimation in lithium
batteries.
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6.2.3 Conclusion

In this section, we presented a DCR-ZKF for the joint estimation of SOC and SOH
in lithium batteries. The proposed algorithm utilizes a dual time-scale framework,
with a short time scale for SOC estimation and a longer one for SOH estimation,
effectively decoupling the fast-varying SOC and slow-varying SOH dynamics. This
structure minimizes the interference between the two estimations, ensuring that
the accuracy of SOC estimation does not degrade the estimation of SOH. TheDCR-
ZKF also incorporates an adaptive complexity reduction strategy that optimizes
the zonotope’s shape generator matrix, balancing computational load and estima-
tion accuracy. This allows the algorithm to efficiently process data while main-
taining high precision in both state estimations.
The proposed method demonstrates several advantages over traditional zono-

topic filtering approaches, particularly in terms of robustness against noise and
the accuracy of both SOC and SOH estimates. By dynamically adjusting the com-
plexity of the zonotope representations, the DCR-ZKF reduces computational
overhead without compromising the estimation performance. In conclusion, the
DCR-ZKF provides an effective solution for the joint estimation of SOC and SOH,
making it a promising tool for BMSs, particularly in applications where high accu-
racy and computational efficiency are required. Further research can explore its
integration with other advanced filtering techniques and its application to various
industrial systems requiring state estimation under uncertain conditions.

6.3 Double Exponential Empirical Particle Filter

In this section, a double exponential empirical particle filter (DEE-PF) algorithm
is developed by integrating an improved resampling strategy with the DEE degra-
dation model. The enhanced resampling mechanism effectively alleviates particle
degeneracy in the PF, while the DEE model provides a more accurate description
of the capacity-fading behavior. By combining these two components, the pro-
posed DEE-PF method significantly improves the prediction accuracy of the RUL
of lithium-ion batteries. The architecture of the DEE-PF model is schematically
depicted in Figure 6.3.

6.3.1 Main Results

6.3.1.1 DEE-PF Model
The DEE model has demonstrated strong capability in capturing the nonlinear
degradation behavior of lithium-ion battery capacity [91]. Derived from extensive
empirical data, the DEE model is expressed as:

𝑄(𝑘) = 𝑎(𝑘) exp
(
𝑏(𝑘)𝑘

)
+ 𝑐(𝑘) exp

(
𝑑(𝑘)𝑘

)
+ 𝑣(𝑘), (6.29)
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Figure 6.3 Model framework of the proposed DEE-PF algorithm.

Here, the coefficients 𝑎 and 𝑐 characterize the internal impedance behavior, while
𝑏 and 𝑑 describe the corresponding degradation rates; 𝑘 denotes the cycle index
and𝑄(𝑘) is the measured capacity. The disturbance term 𝑣(𝑘) is modeled as Gaus-
sian white noise with zero mean and variance 𝜎𝑣, i.e., 𝑣(𝑘) ∼N (0, 𝜎𝑣).
In the DEE forecasting model, the state vector is chosen as:

𝑋(𝑘) =
[
𝑎(𝑘) 𝑏(𝑘) 𝑐(𝑘) 𝑑(𝑘)

]
, (6.30)

and each state component is assumed to evolve according to a random-walk
process,

⎧
⎪
⎪

⎨
⎪
⎪
⎩

𝑎(𝑘) = 𝑎(𝑘 − 1) + 𝑤𝑎(𝑘 − 1) ∼N (0, 𝜎𝑎),

𝑏(𝑘) = 𝑏(𝑘 − 1) + 𝑤𝑏(𝑘 − 1) ∼N (0, 𝜎𝑏),

𝑐(𝑘) = 𝑐(𝑘 − 1) + 𝑤𝑐(𝑘 − 1) ∼N (0, 𝜎𝑐),

𝑑(𝑘) = 𝑑(𝑘 − 1) + 𝑤𝑑(𝑘 − 1) ∼N (0, 𝜎𝑑),

(6.31)

where 𝑤𝑎(𝑘 − 1), 𝑤𝑏(𝑘 − 1), 𝑤𝑐(𝑘 − 1), and 𝑤𝑑(𝑘 − 1) denote the corresponding
process noise terms, and 𝜎𝑎, 𝜎𝑏, 𝜎𝑐, 𝜎𝑑 are their variances, respectively.
From Eq. (6.29), it is evident that once the evolution of parameters 𝑎, 𝑏, 𝑐, and 𝑑

is accurately inferred, the future capacity trajectory𝑄(𝑘) can be readily predicted.
In recent studies, particle filtering has become a widely used technique for

nonlinear state estimation. PF approximates the posterior density of a stochas-
tic system using a set of discrete weighted samples, replacing integral operations
with sample means to obtainminimum-variance state estimates [100]. A standard
particle filtering procedure usually comprises the following stages: initialization,
importance sampling, weight computation and normalization, resampling, and
state estimation. Among these steps, the design of the importance density and the
resampling mechanism has a particularly strong influence on filter performance
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174 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

[101]. Common resampling strategies includemultinomial, random, residual, and
systematic resampling.
A well-known drawback of the standard PF is particle degeneracy, where after

several iterations, only a few particles retain significant weight while most con-
tribute negligibly. This results in loss of particle diversity during resampling,
reducing estimation accuracy. Consequently, numerous improved PF variants
focus on designing more effective resampling schemes.
A general discrete-time nonlinear system is formulated as follows [94]:

𝑥𝑘 = 𝑓𝑘(𝑥𝑘−1, 𝑣𝑘−1), (6.32)

𝑧𝑘 = ℎ𝑘(𝑥𝑘, 𝑢𝑘), (6.33)

representing the state transition model and observation model, respectively.
The fundamental principle of PF is to approximate the posterior state distribu-

tion. The posterior probability density at time 𝑘may be approximated by a particle
set as:

𝑝̂(𝑥0∶𝑘|𝑍𝑘) =
1
𝑁

𝑁∑

𝑖=1
𝛿(𝑥0∶𝑘 − 𝑥𝑖0∶𝑘), (6.34)

where 𝛿(⋅) is the Dirac delta function. Direct sampling from the true posterior
is generally infeasible; hence, an auxiliary distribution 𝑞(𝑥0∶𝑘|𝑍𝑘), known as the
importance density, is introduced to facilitate tractable sampling.
The main stages of the improved particle filtering algorithm are summarized as

follows.
Step 1: Initialization. Generate the initial particle set {𝑥𝑖0∶𝑘 ∣ 𝑍𝑘} and assign

equal weights {𝑤𝑖
0}𝑖=1,…,𝑁 = {1∕𝑁} according to the known prior distribution 𝑝(𝑥0).

Set the cycle index 𝑘 = 1, where 𝑁 denotes the total number of particles.
Step 2: Importance sampling. Draw samples from the importance density

function: 𝑥𝑖𝑘 ∼ 𝑞(𝑥𝑘 ∣ 𝑥0∶𝑘−1, 𝑍𝑘), 𝑖 = 1, … , 𝑁.
Step 3: Weight update and normalization. Upon receiving a new observa-

tion, update the particle weights as:

𝑤𝑖
𝑘 ∝ 𝑤𝑖

𝑘−1

𝑝(𝑍𝑘 ∣ 𝑥𝑖𝑘) 𝑝(𝑥
𝑖
𝑘 ∣ 𝑥

𝑖
𝑘−1)

𝑞(𝑥𝑖𝑘 ∣ 𝑥
𝑖
0∶𝑘−1, 𝑍𝑘)

, (6.35)

followed by normalization:

𝑤̃𝑖
𝑘 =

𝑤𝑖
𝑘

∑𝑁

𝑖=1
𝑤𝑖
𝑘

. (6.36)
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6.3 Double Exponential Empirical Particle Filter 175

Instead of Eq. (6.35), a Gaussian function is employed to compute particle
weights:

𝑤(𝑖, 𝑘) =
exp(−

(
𝑍(𝑘) − 𝑍𝑚(𝑖, 𝑘)

)2
)

2𝑅 , (6.37)

where 𝑖 is the particle index, 𝑅 is the observation noise covariance, 𝑍(𝑘) is the
measured battery capacity at cycle 𝑘, 𝑍𝑚(𝑖, 𝑘) is the predicted capacity associated
with particle 𝑖, and𝑤(𝑖, 𝑘) is the resultingweight. The posterior probability density
is then approximated by

𝑝(𝑥𝑘 ∣ 𝑍𝑘) =
𝑁∑

𝑖=1
𝑤𝑖
𝑘𝛿(𝑥𝑘 − 𝑥𝑖𝑘). (6.38)

Step 4: Improved resampling. To mitigate particle degeneracy, an enhanced
resampling strategy using two thresholds 𝑝1 and 𝑝2 is adopted. Particles with
𝑤(𝑖) > 𝑝1 are duplicated; those with 𝑤(𝑖) < 𝑝2 are discarded; particles satisfying
𝑝2 ≤ 𝑤(𝑖) ≤ 𝑝1 are preserved.
The procedure consists of:
1) Sorting the particle set in descending order of weight.
2) Selecting thresholds 𝑝1 and 𝑝2 such that 𝑝1 > 𝑝2.
3) Updating the particle set according to

𝑋𝑚(𝑖) =

⎧
⎪

⎨
⎪
⎩

𝐴, if 𝑤(𝑖) > 𝑝1,

𝑋𝑚(𝑖), if 𝑝2 ≤ 𝑤(𝑖) ≤ 𝑝1,

𝐵, if 𝑤(𝑖) < 𝑝2,

(6.39)

where 𝑋𝑚(𝑖) denotes the state of the 𝑖-th particle, 𝐴 denotes duplication, and 𝐵
denotes elimination.
4) Updating the PF estimate using the average of the𝑀 retained particles:

𝑋𝑝𝑓(𝑘) =
1
𝑀

𝑀∑

𝑖=1
𝑋𝑚(𝑖, 𝑘), (6.40)

where 𝑋𝑝𝑓(𝑘) represents the state estimate at cycle 𝑘.
Step 5: State estimation. The posterior filtering density can be represented by

an empirical distribution of equally weighted particles,

𝑝̂(𝑥𝑘 ∣ 𝑍𝑘) =
1
𝑁

𝑁∑

𝑖=1
𝛿(𝑥𝑘 − 𝑥̃𝑖𝑘), (6.41)
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176 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

from which the state estimate is computed as the sample mean

𝑥̃𝑘 = 𝐸(𝑥)𝑝̂(𝑥𝑘 ∣𝑍𝑘) =∫ 𝑥𝑝̂(𝑥𝑘 ∣ 𝑍𝑘) 𝑑𝑥 =
1
𝑁

𝑁∑

𝑖=1
𝑥̃𝑖𝑘. (6.42)

Step 6: Iteration. Increase the time index by one, i.e., set 𝑘← 𝑘 + 1, and repeat
the procedure from Step 2. After 𝑘 reaches 𝑁, the estimated trajectories of the
parameters 𝑎, 𝑏, 𝑐, and 𝑑 are obtained. Finally, using Eq. (6.29), the corresponding
capacity prediction 𝑄(𝑘) is evaluated.

6.3.1.2 Prediction Steps
In the proposed algorithm, the capacity data of a lithium-ion battery over 𝑁
charge–discharge cycles are utilized. The first 𝑆 samples are used for model train-
ing, and the remaining 𝑁 − 𝑆 samples are employed for prediction and compari-
son with the ground truth.
Input: Battery capacity measurements over 𝑁 charge–discharge cycles.
Output: Predicted battery capacities for the last 𝑁 − 𝑆 cycles.
Step 1: Use the battery capacity 𝑄 as the quantitative index of RUL, and scale

the initial capacity such that the normalized starting value equals 1.
Step 2: Fit the measured capacity-fade trajectory with the DEEmodel and, from

this regression, obtain the initial parameter estimates 𝑎0, 𝑏0, 𝑐0, and 𝑑0 for the
parameter vector (𝑎, 𝑏, 𝑐, 𝑑).
Step 3: Set up the PF framework by defining the particle set 𝑋𝑚, the filter state

𝑋𝑝𝑓 , the capacity measurement sequence 𝑍, the particle-level capacity predictions
𝑍𝑚, the filter-level predicted capacity 𝑍𝑝𝑓 , and the particle weights𝑊. The set 𝑋𝑚
contains 𝑀 particles indexed by 𝑚 = 1, 2, … , 𝑀. The PF recursion is performed
until the iteration counter 𝑘 reaches 𝑁. The initial particles are generated by per-
turbing the nominal parameters 𝑎0, 𝑏0, 𝑐0, and 𝑑0 with process noise.
Step 4: Initialize the PF cycle index with 𝑘 = 2. At cycle 𝑘, draw or propagate the

𝑀 particles, substitute each particle state into the DEE model to obtain the cor-
responding capacity prediction, compute the importance weight of every particle
according to the prediction error, and finally normalize the weight set𝑊.
Step 5:Apply the improved resampling schemewith thresholds 𝑝1 and 𝑝2 (with

𝑝1 > 𝑝2): duplicate particles whose weights exceed 𝑝1, discard particles whose
weights are below 𝑝2, and retain the remaining particles. After replication, elimi-
nation, and retention, update the PF state 𝑋𝑝𝑓 , and use this updated state to com-
pute the filtered capacity prediction 𝑍𝑝𝑓 .
Step 6: Increase the cycle counter by one, i.e., set 𝑘← 𝑘 + 1, and iterate Steps

4–5 until 𝑘 =𝑁. After this recursion is completed, the PF state 𝑋𝑝𝑓 and the corre-
sponding filtered capacity sequence 𝑍𝑝𝑓 over all observed cycles are obtained.
Step 7:Define the starting index of the prediction horizon as 𝑆 =𝑁 − FC, where

FC is the number of cycles to be forecast and 𝑁 is the total number of measured
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Figure 6.4 Algorithm flowchart of the proposed DEE-PF prediction procedure.

cycles. Using the final PF state 𝑋𝑝𝑓 from Step 6, identify the DEE model parame-
ters 𝑎, 𝑏, 𝑐, and 𝑑. The DEE-PF model is then run forward from cycle 𝑆 over the
prediction horizon to generate the capacity predictions 𝑍𝑝𝑓 , from which the RUL
of the lithium-ion battery is evaluated.
The overall algorithm flowchart is depicted in Figure 6.4.

6.3.2 Conclusion

In this section, we introduced the DEE-PF algorithm, a robust method for pre-
dicting the RUL of lithium-ion batteries. The DEE-PF algorithm combines the
strengths of the PF approach with a DEE degradation model, addressing key chal-
lenges in predicting battery life. The key contribution of theDEE-PFmethod lies in
the novel resampling strategy, which mitigates particle degradation and enhances
particle diversity, leading to more accurate state estimation. By incorporating the
DEEmodel, which simplifies the computation of battery degradation parameters,
the DEE-PF algorithm maintains high predictive accuracy while requiring fewer
parameters compared to other methods.
Themethod is particularly advantageous in dealingwithnon-Gaussian andnon-

linear systems, where traditional algorithms often struggle. Moreover, it achieves
better prediction performance by maintaining particle diversity and improving
the resampling process. The proposed algorithm is computationally efficient,
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178 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

offering a balance between accuracy and complexity, making it suitable for practi-
cal applications in BMSs. In conclusion, the DEE-PF algorithm presents a promis-
ing approach for RUL prediction in lithium-ion batteries, providing both high
accuracy and computational feasibility. Future work can explore the integration
of this method with other advanced filtering techniques to further enhance its
robustness in various real-world applications.

6.4 Anti-aliasing Filter and LSTM

In this section, a novel RUL prediction framework for power batteries is devel-
oped by integrating an anti-aliasing filter with a LSTM network. Building on exist-
ing research, the proposed method introduces two main innovations within a
unified modeling pipeline: (i) the SOH time series of the power battery is first
decomposed into local fluctuation components and a global degradation trend
using EEMDand correlation analysis; for the high-frequency components (HFCs),
an anti-aliasing filter is applied prior to resampling, and the resampled sequence
is then predicted by an LSTM model, which reduces the effective fluctuation
frequency and significantly alleviates the low prediction accuracy traditionally
associated with HFCs; (ii) before the resampling step, a Monte Carlo-based pre-
processing procedure is employed on the HFC data to suppress the influence of
outliers, thereby further enhancing the prediction accuracy of this component and
improving the overall robustness of the RUL prediction framework.

6.4.1 Problem Formulation

In this section, the SOH sequence is first decomposed into a global degradation
trend and multiple fluctuation components using EEMD combined with correla-
tion analysis [102]. The low-frequency component is directly predicted using an
LSTM network, whereas the HFCs require additional processing to improve pre-
diction accuracy. Specifically, the HFCs are first preprocessed to constrain outliers
within a reasonable range. The preprocessed sequence is then resampled using
an anti-aliasing filter to reduce its fluctuation frequency before being predicted
by the LSTM. After LSTM prediction, inverse resampling and inverse preprocess-
ing are applied to recover the original frequency characteristics. Finally, the pre-
dicted SOH is obtained by integrating the reconstructed HFCs with the predicted
main degradation trend. The overall RUL prediction framework based on the anti-
aliasing filter and LSTM is shown in Figure 6.5.

6.4.1.1 HFC Prediction Model
HFCs typically contain outliers, and direct resampling may amplify their adverse
influence on prediction performance. Therefore, it is necessary to preprocess the
HFCs prior to the resampling operation.
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Figure 6.5 Prediction framework of power battery RUL based on anti-aliasing filtering
and LSTM.

To begin, an interval threshold is initialized for each fluctuation component
as threshold(𝑘), 𝑘 = 1, 2, … , 𝐾, where 𝐾 denotes the number of fluctuation
components. Then, the corresponding interval boundaries boundary are com-
puted to satisfy

boundary(𝑘, 1) = −boundary(𝑘, 2), (6.43)
𝑝(𝑘) = threshold(𝑘), (6.44)

where boundary(𝑘, 1) and boundary(𝑘, 2) denote the lower and upper bounds of
the 𝑘-th fluctuation sequence, respectively, and 𝑝(𝑘) is the proportion of points
lying within the interval. Outliers are then identified and processed according to
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180 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

𝑊𝑘(error𝑘) ∉ [boundary(𝑘, 1), boundary(𝑘, 2)], (6.45)

𝑊′
𝑘(error𝑘) =

𝑊𝑘(error𝑘)
max(𝑘)

× boundary(𝑘, 2), (6.46)

where error𝑘 is the outlier vector andmax(𝑘) denotes themaximumabsolute value
of𝑊𝑘 in the 𝑘-th fluctuation component.
HFCs are difficult for neural networks to predict accurately due to their rapid

variability [103]. To address this challenge, an anti-aliasing filter is employed
to resample the HFCs and lower their effective frequency, which significantly
improves the prediction performance of the LSTM model. The resampling proce-
dure consists of: (i) Up-sampling: inserting 𝑝 − 1 zeros between consecutive sam-
ples of the original signal; (ii) Filtering: convolving the up-sampled sequence 𝑦1
with an anti-aliasing filterℎ; (iii)Down-sampling: retaining one sample every 𝑞 − 1
points.
The up-sampling operation effectively stretches the time domain and com-

presses the spectrum, producing mirrored components. During down-sampling,
the sampling rate decreases; if it falls below twice the maximum signal frequency,
aliasingwill occur. The anti-aliasing filter therefore serves the dual purpose of sup-
pressing aliasing and eliminating spectral mirroring.
An LSTM network is then applied to predict the resampled HFCs. LSTM, as a

specialized recurrent neural network, effectively handles long-term dependencies
[95, 96]. Its structure is shown in Figure 6.6, and its forward propagation is given
by Eqs. (6.47)–(6.52).

𝑓𝑡 = 𝜎
(
𝑊𝑓[ℎ𝑡−1, 𝑥𝑡] + 𝑏𝑓

)
, (6.47)

𝑖𝑡 = 𝜎(𝑊𝑖[ℎ𝑡−1, 𝑥𝑡] + 𝑏𝑖), (6.48)
𝐶𝑡 = tanh(𝑊𝑐[ℎ𝑡−1, 𝑥𝑡] + 𝑏𝑐), (6.49)
𝐶𝑡 = 𝑓𝑡 ⊙𝐶𝑡−1 + 𝑖𝑡 ⊙𝐶𝑡, (6.50)
ℎ𝑡 = 𝑜𝑡 ⊙ tanh(𝐶𝑡), (6.51)
𝑜𝑡 = 𝜎(𝑊𝑜[ℎ𝑡−1, 𝑥𝑡] + 𝑏𝑜), (6.52)

Xt–1

ht–1

Xt Xt+1

ht+1ht

A A

×

×

σ σ σ

tanh

tanh

×

+

Figure 6.6 Structure of the LSTM network.
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6.4 Anti-aliasing Filter and LSTM 181

where ℎ𝑡 and 𝐶𝑡 denote the short-term and long-term memory states, 𝐶𝑡 is the
candidate cell state, and 𝑥𝑡 is the current input vector. The matrices𝑊𝑓 ,𝑊𝑖 , and
𝑊𝑜 are associated with the forget, input, and output gates, respectively, and 𝑏𝑓 , 𝑏𝑖 ,
𝑏𝑜 are the corresponding bias vectors.
Since the LSTM predictions do not match the original frequency characteristics

and processed outliers must be restored, inverse resampling and inverse prepro-
cessing are necessary to obtain the final predictedHFCs. Inverse resampling swaps
the stretching factor 𝑝 and compression factor 𝑞, restoring the original frequency
scale. Inverse preprocessing restores outlier amplitudes via

𝑊̂𝑘(error𝑘) =
𝑊̂𝑘(error𝑘)

boundary(𝑘, 2)
× max(𝑘). (6.53)

6.4.1.2 Monte Carlo-based Optimization of Interval Thresholds
The interval thresholds used in the outlier preprocessing stage can, in prin-
ciple, be selected empirically. However, the prediction of the fluctuation
components is highly sensitive to these thresholds, and experience-based tun-
ing introduces substantial uncertainty, which can significantly degrade prediction
accuracy. To address this issue, a Monte Carlo strategy is adopted to optimize the
interval thresholds:

𝑇𝐻𝑖 = random
[
𝑁(𝜇, 𝜎2)

]
, (6.54)

[𝑇𝐻𝑜,1, … , 𝑇𝐻𝑜,𝑛] = arg min 𝑓(𝑇𝐻1, … , 𝑇𝐻𝑛), (6.55)

RMSE =

√
√√√√ 1

𝑁

𝑁∑

𝑖=1
(𝑦𝑖 − 𝑦𝑖)

2, (6.56)

where 𝑇𝐻𝑖 denotes the candidate interval threshold, 𝑓(⋅) is the root-mean-error
(RMSE) of the Monte Carlo-based resampled LSTM (MC-R-LSTM) model corre-
sponding to a given set of thresholds, and 𝑇𝐻𝑜,𝑖 represents the optimal interval
threshold.
Since empirically chosen thresholds are neither systematic nor guaranteed to be

optimal, they may significantly compromise the prediction performance. In con-
trast, determining the optimal thresholds viaMonte Carlo search allows themodel
tomore accurately capture the fluctuation characteristics, thereby further improv-
ing the prediction accuracy of the RUL of power batteries.
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182 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

6.4.1.3 SOH and RUL Prediction
The final SOH prediction at time 𝑡 is obtained by combining the predicted main
trend (MT) and the reconstructed fluctuation components:

̂SOH(𝑡) =
𝐾∑

𝑘=1
𝑊𝑘(𝑡) + 𝑀̂(𝑡), (6.57)

where 𝑀̂(𝑡) is the predicted MT component, 𝑊̂𝑘(𝑡) is the predicted fluctuation
component of the 𝑘-th group, and 𝐾 denotes the total number of fluctuation com-
ponents.
When the SOHdecays to a predefined failure threshold, the power battery is con-

sidered to have reached its EOL. The RUL is defined as the time interval between
the current SOH and the failure threshold. Specifically, RUL is given by where 𝑇1
is the cycle index at which the battery hits the failure threshold, and 𝑇2 is the cur-
rent cycle index.

6.4.2 Conclusion

In this section, we introduced a novel prediction model for the RUL of power bat-
teries, integrating an anti-aliasing filterwithLSTMnetworks. Themodel addresses
the challenges of HFCs in the battery’s SOH time series, which often lead to
poor prediction accuracy when handled by traditional neural network methods.
By employing ensemble empirical mode decomposition (EEMD) and correlation
analysis, we effectively decomposed the SOH time series into MT and fluctua-
tion components. The low-frequency MT component was predicted directly using
LSTM, while the high-frequency fluctuation component was preprocessed using
the Monte Carlo method and resampled through an anti-aliasing filter. This dual
approach allowed for improved prediction accuracy by reducing the fluctuation
frequency and mitigating the impact of outliers. The final prediction of the SOH
and RUL was obtained by integrating the predicted results of both the MT and
fluctuation components. This method not only enhances the prediction accuracy
of the power battery RUL but also provides a robust framework for dealing with
nonlinear and nonstationary data typical of battery degradation.
In conclusion, the proposed anti-aliasing filter and LSTM-based prediction

model significantly improve the accuracy and reliability of RUL predictions for
power batteries. The method’s ability to handle complex, high-frequency fluctua-
tions in the SOH time series makes it an effective tool for BMSs. Future work may
focus on extending this approach to other areas of predictive maintenance, such
as wind speed forecasting and power plant output prediction, where similar chal-
lenges exist.
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6.5 Case Study on Battery Remaining Useful Life Analysis 183

6.5 Case Study on Battery Remaining Useful Life Analysis

6.5.1 Case 1: DCR-ZKF

To demonstrate the performance and validity of the proposed DCR-ZKF scheme,
simulation experiments were conducted using the dual-polarization equivalent
circuit model. The associated model parameters are summarized in Table 6.1. The
sampling interval is set to 𝑇𝑠 = 5 s, and the linearized relationship between the
OCV and SOC is approximated as 𝑉ocv(SOC(𝑡)) = 7.17 SOC(𝑡) + 4.12.
A representative discharge interval is selected to evaluate the SOC estimation

performance. To further illustrate the superiority of the proposed method, com-
parisons are also carried out with a traditional complexity-reduced zonotopic
filter and a standard ellipsoidal filter. The initial state, input, and uncertainty
descriptions are specified as 𝑥𝑐,0 = [1, 5, 5]T, 𝑢𝑘 = 1, 𝑥̂𝑐,0 ∈ X̂𝑐,0 = ⟨𝑝̂𝑐,0, 𝐻̂𝑐,0⟩ =
⟨[1, 5, 5]T, 10−1𝐼3⟩, 𝑤𝑘 ∈ ⟨0, 𝐻𝑤⟩ = ⟨[0, 0, 0]T, 10−3𝐼3⟩, and 𝑣𝑘 ∈ ⟨0, 𝐻𝑣⟩ = ⟨0, 10−4⟩.
The system matrices for SOC estimation are

𝐴𝑐 =
⎡
⎢
⎢
⎢
⎣

1 0 0

0 0.8969 0

0 0 0.0021

⎤
⎥
⎥
⎥
⎦

, 𝐵𝑐 =
⎡
⎢
⎢
⎢
⎣

−0.0244

0.0031

0.0399

⎤
⎥
⎥
⎥
⎦

, 𝐶𝑐 =
[
7.17 −1 −1

]
.

Figure 6.7 compares the SOC estimates obtained by the proposed DCR-ZKF, the
traditional zonotopic filter, and the ellipsoid filter. The true SOC trajectory is plot-
ted as a solid line, while the dashed, dotted, and dash-dotted curves correspond
to the DCR-ZKF, zonotopic filter, and ellipsoid filter, respectively. As shown in
Figure 6.7, the DCR-ZKF consistently achieves the highest accuracy, demonstrat-
ing superior tracking capability.
Figure 6.8 compares the estimation bounds at time steps 𝑘 = 50, 100, and 200.

The true state is marked by a star. As illustrated in Figure 6.8, the DCR-ZKF pro-
vides significantly tighter bounds than both the traditional zonotopic filter and the
ellipsoidal filter, highlighting the benefit of DCR.

Table 6.1 Equivalent circuit parameters.

Symbol Physical meaning Value

𝑅0 Ohmic internal resistance 0.52 Ω
𝑅𝑎𝑝 Activation polarization resistance 0.03 Ω
𝑅𝑐𝑝 Concentration polarization resistance 0.04 Ω
𝐶𝑎𝑝 Activation polarization capacitance 1531.2 F
𝐶𝑐𝑝 Concentration polarization capacitance 20.21 F
𝐶𝑛 Nominal capacity 205 A ⋅ h
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Figure 6.7 Comparison of the bounds of SOC obtained using different filters.

For SOH estimation, the initial conditions are chosen as 𝑥ℎ,0 = 102.5 and
𝑥̂ℎ,0 ∈ X̂ℎ,0 = ⟨102.5, 4.1⟩. The zonotopic uncertainty bounds are set as 𝑜𝑘 ∈
⟨0, 10−3⟩ and 𝑣𝑘 ∈ ⟨0, 10−4⟩, and the system parameters are given by 𝐴ℎ = 1 and
𝐶ℎ = 35.85∕𝑝̂2𝑠,𝑘−1|𝑘−1.
Figure 6.9 presents the SOH estimation results from the three filters. Although

the performance improvement of DCR-ZKF is less pronounced for SOH than for
SOC—owing to the inherently slow-varying nature of capacity degradation—it
still outperforms the ellipsoid filter and provides slightly tighter bounds than the
conventional zonotopic filter. The improved SOC accuracy achieved by DCR-
ZKF indirectly enhances SOH estimation quality, confirming the benefit of the
integrated dual-time-scale design.

6.5.2 Case 2: DEE-PF

The experimental validation in this study was carried out using lithium-ion
battery capacity degradation data measured under laboratory conditions at the
University of Maryland. The dataset contains four groups of charge–discharge
records, labeled A3, A5, A8, and A12. The corresponding capacity fading trajecto-
ries are shown in Figure 6.10, where the end of life is defined as the point at which
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Figure 6.8 Comparison of actual states and estimated states by different filters (dotted
boundary: ellipsoid filter; dashed boundary: zonotopic filter; solid boundary: DCR-ZKF;
star: true state).
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Figure 6.9 Comparison of the bounds of SOH obtained using different filters.
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Figure 6.10 Battery capacity attenuation for four cells (A3, A5, A8, and A12).
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6.5 Case Study on Battery Remaining Useful Life Analysis 187

the capacity drops to 70% of its initial value. The initial DEE model parameters
𝑎0 = −0.0000083499, 𝑏0 = 0.055237, 𝑐0 = 0.90097, and 𝑑0 = −0.00088543 are
obtained by fitting three sets of experimental data.
For a detailed assessment, the capacity degradation over 200 cycles of cell A12

is used as the sample sequence. The initial 180 cycles are employed to train the
model, whereas the subsequent 20 cycles are reserved for prediction and valida-
tion. After performing parameter identification with the PF-based scheme, the
time-varying trajectories of theDEEparameters 𝑎, 𝑏, 𝑐, and 𝑑 are obtained, as illus-
trated in Figure 6.11. The resulting DEE-PF capacity prediction for A12 is illus-
trated in Figure 6.12, where the predicted trajectory closely follows the measured
capacity, indicating small prediction errors and satisfactory tracking performance.
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Figure 6.11 Temporal evolution of DEE model parameters a, b, c, and d.
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Figure 6.12 Prediction results of A12 battery capacity using the DEE-PF method.

To further quantify the performance, the proposed DEE-PF algorithm is com-
pared with two benchmark PFs using random resampling and polynomial resam-
pling, respectively. Each method is executed 100 times, and for each run the mean
absolute error (MAE) and RMSE between the predicted and measured capacities
are recorded. The statistical results are summarized in Figures 6.13 and 6.14. It is
evident that both MAE and RMSE of DEE-PF are consistently lower than those of
the two benchmark resampling schemes.
From Table 6.2 and Figures 6.12 to 6.14, it can be concluded that the proposed

DEE-PFmethod provides accurate RUL prediction for lithium-ion batteries. Com-
pared with random resampling, the DEE-PF achieves lower MAE, RMSE, and
maximum error (ME), with relative improvements of 19.79%, 18.34%, and 60%,
respectively. Relative to polynomial resampling, the corresponding improvements
are 25%, 25.68%, and 77.24%. These results demonstrate that, in the context of
capacity fade prediction, the DEE-PF-based approach can substantially enhance
prediction accuracy compared with conventional PF resampling schemes.
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Figure 6.13 MAE comparison.

6.5.3 Case 3 MC-R-LSTM

To evaluate the performance of the algorithm developed in Section 6.4, simula-
tion experiments are carried out using the NASA lithium-ion battery dataset. The
dataset consists of several groups of measurements from cells with a rated capac-
ity of 2 A ⋅ h, including charge, discharge, and impedance curves collected at room
temperature.
Here, Battery #5 is selected to illustrate the complete algorithmic workflow

and prediction performance. The discharge-capacity sequence of Battery #5 is
extracted as the SOH degradation series, from which the SOH values are com-
puted. The proposed MC-R-LSTM method is evaluated and compared against
three benchmark methods: LSTM, MT, and Resample-LSTM (R-LSTM).

6.5.3.1 SOH Decomposition
The SOH sequence is first decomposed into intrinsic mode functions (IMFs) and a
residual trend component using EEMD. The decomposition results are presented
in Figure 6.15.
After EEMD processing, the SOH is decomposed into six IMFs and one resid-

ual component. IMFs 1–4 exhibit distinct oscillatory behavior, whereas IMFs
5–6 showweaker fluctuations, and the residual component captures the long-term
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Figure 6.14 RMSE comparison.

Table 6.2 Comparison of prediction errors.

Metrics DEE-PF Random Polynomial

MAE 0.0096 0.0115 0.0122
RMSE 0.0109 0.0129 0.0137
ME 0.0435 0.0696 0.0771

degradation trend. Pearson correlation analysis is then conducted between each
IMF and the original SOH sequence, with the results summarized in Table 6.3.
Given the correlation threshold of 0.3931, IMFs 1–4 are identified as fluctua-

tion components, while IMFs 5–6, together with the residual form the MT com-
ponent. This decomposition ensures the effective separation of global degradation
and local oscillations, mitigating the adverse effect of mode mixing on the predic-
tion of the underlying SOH degradation trend.

 D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/ by alex jounh - O

regon H
ealth &

 Science U
niversity , W

iley O
nline L

ibrary on [22/09/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



6.5 Case Study on Battery Remaining Useful Life Analysis 191

2
1
0

2
1
0

2
1
0

4
2
0

0.01
0.005

0

0.01
0.005

0

2
1
0

0

0.8re
s

IM
F

6
IM

F
5

IM
F

4
IM

F
3

IM
F

2
IM

F
1

1

10
5
0

–5

–0.02

–0.01

0.01

0

0

–0.01

–5

–0.02

0.02

0.7

o
ri

g
in

a
l 
d

a
ta

0.8
0.9

0

0
5

10

0.01

0

0.02

50 100

time/s

150 200 0 0.1 0.2 0.3

Frequency/Hertz

0.4 0.5

1
0.5

× 10–3

× 10–3

× 10–3

× 10–3

× 10–3

× 10–3

0

Figure 6.15 EEMD decomposition of the SOH sequence.

Table 6.3 Pearson correlation coefficients between IMFs
and SOH.

IMFs 1 2 3 4 5 6

𝑟 0.0150 0.0622 0.1246 –0.1702 0.5730 0.8709

Table 6.4 Parameters of the LSTM network.

Input Output Cell Rate Iteration

1 1 20 0.01 500

6.5.3.2 Main Trend Prediction
The LSTM network used to predict the MT component is configured according to
the parameters listed in Table 6.4. Specifically, the first 60% of the MT sequence
is used as the training set, and the remaining 40% is reserved as the test set. The
LSTM model is trained on the training set with the settings in Table 6.4, and its
prediction performance is subsequently evaluated on the test set.
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192 6 Advances in Battery Remaining Useful Life Analysis by Filtering and Artificial Intelligence

The prediction results are shown in Figure 6.16. The MT exhibits a smooth
downward trajectory, and the LSTM-based prediction closely follows this behav-
ior. This indicates that the LSTMmodel achieves a high-quality fit to the underly-
ing degradation trend and that its forecasts are largely consistent with the actual
long-term SOH evolution.

6.5.3.3 Fluctuation Component Prediction
The mean 𝑢 and standard deviation 𝜎 used for generating candidate interval
thresholds via the normal distribution are listed in Table 6.5.
For each candidate interval threshold set generated by the Monte Carlo proce-

dure, the corresponding RMSE is computed, and the set yielding the minimum
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Figure 6.16 Prediction results of the MT component.

Table 6.5 Parameters of the normal
distribution.

Number of HFCs 1 2 3 4

𝑢 0.4 0.6 0.8 0.99
𝜎 0.05 0.05 0.05 0.05
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6.5 Case Study on Battery Remaining Useful Life Analysis 193

Table 6.6 Interval threshold sets.

Number of HFCs 1 2 3 4

R-LSTM 0.5 0.6 0.7 0.8
MC-R-LSTM 0.22 0.43 0.60 0.98

RMSE is selected as the optimal threshold configuration. Table 6.6 compares the
interval thresholds obtained by the proposedMC-R-LSTMmethodwith those used
in the baseline R-LSTMmodel.
After outlier preprocessing, each fluctuation component is compressed into the

interval defined by its optimized threshold. During resampling, the time-domain
amplification factor is set to 𝑝 = 5 and the time-domain compression factor to
𝑞 = 1. Consequently, the original sequence is stretched by a factor of five in time,
reducing its effective frequency by the same factor. An anti-aliasing filter is then
applied to obtain a resampled, lower-frequency sequence. In the reverse resam-
pling stage, the factors are switched to 𝑝 = 1 and 𝑞 = 5, restoring the original fre-
quency characteristics by compressing the prediction in time by a factor of five.
The resampled fluctuation components are predicted using an LSTM network,

with the first 60% of the samples used for training and the remaining 40% for test-
ing. After prediction, the outlier values are restored via inverse preprocessing, and
the recovered sequence represents the final predicted fluctuation component. The
prediction results and errors under different models are shown in Figures 6.17
and 6.18.
As shown in Figure 6.18, the prediction errors of both R-LSTM and MC-R-

LSTM predominantly remain within the interval [−0.005, 0.005]. Notably, the
MC-R-LSTM model produces fewer deviations beyond this range, whereas the
LSTM method exhibits more substantial errors, with some values even exceed-
ing the interval [−0.01, 0.01]. These results underscore the superiority of the pro-
posed MC-R-LSTM method in accurately predicting high-frequency fluctuation
components.

6.5.3.4 Prediction of SOH and RUL
By combining the predicted MT and the reconstructed fluctuation components,
the final SOH prediction is obtained. The corresponding results are presented in
Figures 6.19 and 6.20.
As shown in Figure 6.19, the MT and LSTM methods exhibit noticeable devia-

tions at several time points, yielding significantly larger overall errors compared
with R-LSTM and MC-R-LSTM. Between the two resampling-based approaches,
MC-R-LSTM achieves the smallest overall prediction error, demonstrating
superior accuracy.
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Figure 6.18 Error comparison of the fluctuation component under different models.
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The evaluation metrics ME, MAE, MAPE, and RMSE are computed according
to Eqs. (6.58)–(6.60) and Eq. (6.56):

ME= 1
𝑁

𝑁∑

𝑖=1
(𝑦𝑖 − 𝑦𝑖), (6.58)

MAE = 1
𝑁

𝑁∑

𝑖=1
|𝑦𝑖 − 𝑦𝑖|, (6.59)

MAPE = 100%
𝑁

𝑁∑

𝑖=1

|||||||
𝑦𝑖 − 𝑦𝑖
𝑦𝑖

|||||||
. (6.60)

The comparison of SOH prediction errors for the four models is provided in
Table 6.7.
From Table 6.7, R-LSTM improves SOH prediction accuracy by 36.2%,

35.6%, 34.2%, and 31.1% relative to LSTM in terms of ME, MAE, MAPE, and
RMSE, respectively. Compared with the MT method, the improvements reach
14.3%, 13.6%, 11.9%, and 15.0%. Furthermore, MC-R-LSTM achieves an additional
30.0%, 23.7%, 23.1%, and 21.6% improvement over R-LSTM for the same four met-
rics. These results clearly demonstrate thatMC-R-LSTMprovidesmarkedly higher
accuracy and stronger robustness in SOH prediction.
In the NASA battery dataset, the end of life is defined as the point where the

battery capacity drops to 70% of its rated capacity [102]. For the battery consid-
ered here with a rated capacity of 2 A ⋅ h, failure occurs when the capacity reaches
1.38 A ⋅ h. Based on this degradation threshold, the RUL is computed.
For the RUL prediction task, the MT, LSTM, and R-LSTM models produce pre-

diction errors of 1 cycle, 3 cycles, and 1 cycle, respectively. Although each of these
methods exhibits noticeable deviation, MC-R-LSTM accurately predicts the RUL
with zero deviation. This further confirms the high prediction accuracy and strong
reliability of the proposed MC-R-LSTM framework.

Table 6.7 Comparison of SOH prediction errors
under different models.

Evaluation MT LSTM R-LSTM MC-R-LSTM

ME 0.0035 0.0047 0.0030 0.0021
MAE 0.0044 0.0059 0.0038 0.0029
MAPE 0.0059 0.0079 0.0052 0.0040
RMSE 0.0060 0.0074 0.0051 0.0040
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6.6 Concluding Remarks 197

6.6 Concluding Remarks

This chapter has explored advanced approaches for the prediction of the RUL of
batteries, with a particular emphasis on the integration of filtering techniques and
AI. These techniques aim to improve both the precision and robustness of state
estimation, while coping with the complex, time-varying and uncertain operating
conditions that characterize modern battery systems. The DCR-ZKF was intro-
duced as an effective strategy for state estimation, adept at managing the uncer-
tainties inherent in battery performance. By reducing computational complexity
while maintaining high levels of estimation accuracy, the DCR-ZKF offers a prac-
tical solution for real-time battery management. The DEE-PF) was proposed as
an innovative method for RUL prediction, combining particle filtering with the
double exponential model to better capture the degradation processes of lithium-
ion batteries. This approach addresses the nonlinear nature of battery degradation
more effectively than traditional models, providing more accurate RUL estimates.
Furthermore, the integration of anti-aliasing filters with LSTM networks was pre-
sented as a hybrid approach to RUL prediction. This combination enables more
robust handling of high-frequency fluctuations and noise within battery degrada-
tion data, leading to enhanced prediction performance. By mitigating the influ-
ence of outliers and smoothing HFCs, this method provides a refined and reliable
framework for estimating RUL.
The techniques discussed herein offer valuable contributions to the ongoing

refinement of BMSs, particularly in the context of improving the performance and
longevity of energy storage systems. These advancements provide both theoretical
insights and practical tools that are critical for applications ranging from electric
vehicles to large-scale energy storage solutions. As battery technologies evolve,
these methods are poised to be of central importance to advancing the capabilities
of future BMSs. In conclusion, the integration of filtering methods and AI-driven
techniques outlined in this chapter lays a robust foundation for further research
and development in battery state estimation. The application of thesemethodswill
be key in advancing the efficiency, safety, and longevity of energy storage systems,
contributing to the broader goal of sustainable energy solutions.
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7

Summary and Future Outlook

7.1 Summary

As the world moves towards carbon neutrality, battery technology plays an
increasingly critical role in applications such as new energy vehicles, renew-
able energy storage, and smart grids. Lithium-ion batteries, known for their high
energy density, long cycle life, and efficient rechargeability, have become the cor-
nerstone of energy storage and electric transportation. However, despite the signif-
icant advancements in battery technology, several challenges remain in areas such
as manufacturing, state estimation, and fault diagnosis. In particular, in the man-
ufacturing process, addressing the issues of non-stationary environments, improv-
ing production capacity, forecasting accuracy, and ensuring product consistency
have become pressing concerns in the battery industry. Additionally, accurate pre-
diction of battery state of health (SOH) and remaining useful life (RUL) contin-
ues to be a challenge, particularly due to the complex degradation processes and
environmental variables involved. Traditional methods often assume Gaussian
noise and known system models, but battery systems typically exhibit high non-
linearity and complex noise characteristics, making these methods inadequate for
real-world applications. Therefore, the integration of advanced filtering tech-
niques and artificial intelligence (AI) strategies has become a key solution to these
challenges.
This book combines set-membership filtering techniques and AI approaches

to provide innovative solutions to key problems in battery manufacturing and
state estimation. Specifically, through set-membership filtering methods, such as
zonotope filtering, Kalman filtering, and particle filtering, this book addresses
the uncertainties and complex noise environments present in battery systems,
enhancing the accuracy and robustness of state estimation for key parameters such
as state of charge (SOC), SOH, and RUL. These methods are capable of providing
more accurate and reliable state estimations in the face of nonlinear degradation
processes, time-varying environmental conditions, and unknown noise, which are
typical in battery systems.
Advances in Battery Manufacturing and Operating Status Analysis: Filtering and Artificial
Intelligence Strategy, First Edition. Ziyun Wang, Yan Wang and Zhicheng Ji.
© 2027 The Institute of Electrical and Electronics Engineers, Inc. Published 2027 by
John Wiley & Sons, Inc. All rights reserved.
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200 7 Summary and Future Outlook

In the field of battery manufacturing, this book proposes a data-driven model
for optimizing manufacturing capacity predictions. By combining Q-learning
and variational mode decomposition (VMD), the key parameters involved in the
production process are dynamically adjusted, ensuring high precision in manu-
facturing capacity forecasting even in non-stationary production environments.
The introduction of Q-learning allows the model to adapt to frequently changing
environmental conditions in the manufacturing process, optimizing the model‘s
performance in real-time. For example, when combined with VMD, the proposed
Q-VMD-LSTM method achieves highly accurate capacity predictions in the pres-
ence of production fluctuations. This method not only forecasts capacity effec-
tively based on the fluctuations in the manufacturing process but also provides
precise data for production scheduling, resource allocation, and capacity planning.
This innovative method is particularly beneficial in adapting to the uncertain-
ties and fluctuations present in battery production, helping manufacturers meet
the increasing market demand while ensuring production efficiency and product
quality.
In the area of battery state analysis, this book emphasizes the combination

of AI techniques and set-membership filtering methods. By utilizing zonotopic
filtering, the method is able to perform high-precision SOC and SOH estimation
in uncertain and noisy environments. Zonotopic filtering uses geometric sets to
represent uncertainties in the system‘s state, allowing it to handle the nonlinear-
ity and noise fluctuations that are characteristic of battery systems. This method
enables real-time capture of the complex behaviors of batteries during charging
and discharging processes, particularly in the presence of temperature variations
or aging effects. For example, in the health management of electric vehicle (EV)
batteries, zonotopic filtering provides real-time monitoring of the battery‘s charge
state and health status, offering reliable data support for battery management sys-
tems. Additionally, by incorporating particle swarm optimization (PSO) and clus-
tering optimization techniques, the precision of health statusmonitoring and fault
diagnosis has been further improved, providing powerful tools for fault detection,
maintenance, and prediction. Through PSO, the system can adaptively adjust its
state estimation process to the dynamically changing environment, ensuring long-
term stable monitoring of battery states.
For RUL prediction, this book introduces methods such as the dynamic com-

plexity reduction zonotopic Kalman filter (DCR-ZKF) and double exponential
empirical particle filter (DEE-PF). These methods dynamically capture nonlin-
ear features in the battery‘s degradation process, accurately predicting the RUL
of the battery. The DCR-ZKF method achieves a balance between short-term
and long-term predictions through multi-scale analysis, effectively tracking the
battery‘s degradation trajectory, thus avoiding overestimations or underestima-
tions of the RUL. Furthermore, the DEE-PF method, using a double-exponential
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7.2 Future Outlook 201

model, accurately predicts both short-term and long-term battery states through
a reverse update algorithm, further enhancing the accuracy of RUL predictions.
These methods are valuable for making timely maintenance decisions, preventing
battery failures during critical usage stages, and extending the battery‘s lifespan.
The contributions of this book not only enrich the theoretical framework for bat-

tery health management and fault diagnosis but also provide innovative solutions
for practical applications inmanufacturing and operational management. By inte-
grating set-membership filtering techniques with AI strategies, this work drives
the intelligent advancement of battery systems in manufacturing, state analysis,
and fault diagnosis, serving as a springboard for the further development of smart
batterymanagement systems. Looking ahead, with the continuous progress of bat-
tery and AI technologies, the integration of intelligent filtering methods will play
an increasingly significant role in the production, maintenance, andmanagement
of battery systems, promoting the sustainable development of energy storage and
electric transportation technologies.
In conclusion, this book provides innovative perspectives andmethods for intel-

ligent battery manufacturing and health management. It not only improves the
accuracy of performance predictions but also guides the optimization and intel-
ligent development of battery systems. As new technologies continue to emerge,
intelligent battery management will become a key trend in the development
of battery systems, driving the transformation and upgrading of global energy
technologies.

7.2 Future Outlook

Despite the significant progress made in this book regarding state estimation,
health management, and fault diagnosis in battery systems, there are still certain
limitations. The primary limitation lies in the fact that this research focusesmainly
on linear systems and simple nonlinear systems that are linearized for processing.
However, in real-world production and applications, many battery systems exhibit
highly complex nonlinear behaviors that are not fully addressed by current meth-
ods. For example, the electrochemical processes in batteries, material degrada-
tion characteristics, and various operating environmental factors all contribute to
nonlinear changes in battery behavior. The existingmethods often fail to fully cap-
ture these complex nonlinearities. Therefore, future research can focus on further
advancing nonlinear modeling techniques, particularly by integrating research in
battery electrochemistry and material characteristics, to achieve more accurate
modeling and state estimation of battery systems. By incorporatingmore advanced
nonlinear dynamicmodelingmethods, such as deep learning-based nonlinear sys-
tem modeling, chaos theory, and adaptive nonlinear filtering approaches, it is
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202 7 Summary and Future Outlook

possible to improve the adaptability and prediction accuracy of existing methods
in complex battery systems.
Moreover, while AI methods such as deep learning and reinforcement learning

have achieved significant results in battery healthmonitoring, degradation predic-
tion, and other areas, these methods still rely heavily on large volumes of histori-
cal data for training. In real-world applications, especially for new or less common
types of batteries and operational environments, there may be insufficient data
for model training. Therefore, future research should consider using more flexible
data augmentation techniques and transfer learning methods, enabling effective
training with smaller datasets and improving the model‘s generalization ability.
For instance, combining virtual simulation data with real experimental data and
applying transfer learning to adapt models for different working environments
or battery types will help improve the real-time performance and robustness of
battery management systems.
In the domain of battery manufacturing, the challenges remain. The battery

production process is highly complex and subject to material quality fluctuations,
manufacturing process instability, and other factors that lead to inconsistency
in battery performance. These issues directly impact battery lifespan and safety.
Thus, ensuring consistency throughout the production process, optimizingmanu-
facturing capacity forecasting, and improving quality control are crucial for future
research. Real-time data analysis and intelligent optimization techniques will play
a key role in overcoming these challenges. By integrating advanced data-driven
methods with physical models, the ability to dynamically adjust key parameters
during themanufacturing process will improve production efficiency and product
quality.
Regarding battery health status estimation, future research could combinemore

complex electrochemical models with AI-driven data models to further improve
the accuracy of SOH and RUL predictions. While current methods are effective in
predicting battery health, they are still limited when faced with complex degrada-
tion patterns under different battery materials and operational environments. For
example, the degradation modes of solid-state batteries differ significantly from
those of liquid-state batteries, and current models may fail to capture the degrada-
tion behavior of solid-state batteries under specific conditions. Therefore, future
research could combine electrochemical models, material degradation models,
and deep learning-based multimodal learning methods to enable precise predic-
tions for different types of batteries.
Another key area for future research lies in the environmental adaptability of

battery systems during real-world operation. Current battery health management
methods are primarily based on theoretical models and data analysis under labo-
ratory conditions, lacking the ability to adapt to changes in temperature, humid-
ity, charge/discharge rates, and other environmental variables. Future research
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7.2 Future Outlook 203

should focus on integrating environmental sensing systems with battery manage-
ment systems to dynamically monitor the impact of environmental changes on
battery performance. For example, by incorporating real-time environmental data,
the charging and discharging strategies of batteries can be adjusted dynamically,
thereby extending battery lifespan and improving battery safety and reliability
under extreme conditions.
In summary, while this book provides innovative insights into intelligent

battery manufacturing and health management, there are still many challenges to
overcome. Future research should focus on enhancing the integration of nonlinear
modeling, electrochemical processes, andmaterial characteristics to achievemore
accurate battery system state estimation. By combining advanced filtering tech-
niques, AI, and nonlinear dynamic modeling, future research will enable better
optimization of battery systems, leading to more efficient, safer, and sustainable
energy storage solutions. As battery technologies and intelligent management sys-
tems continue to evolve, future battery systems will become more powerful, safe,
and efficient, providing strong support for global energy transitions.
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