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Preface 

Preface to First Edition

The foundation of modern probability theory was done by A.N. Kolmogorov in 
his monograph appeared as “Grundbegriffe der W ahrscheinlichkeitsrechtung” in
1933. Since that time we use the notion of a probability space F, P )., w here

. is an abstract set of elementary outcomes “ω.” of a random experiment, F. is a 
family of events, and P is a probability measure, defined on F.. In that book there is 
a special remark about the property of independence as a specific feature of the 
theory of probability. Due to this property one can use deterministic numerical 
characteristics like mean and variance to describe the beha vior of families of
random variables. It was later recognized that dynamics of random events can be
exhaustively determined considering t and “ω.” together and a random process as a 
function of these two variables on the base of information flow Ft , t ≥ 0.. 

This fruitful idea was extremely important for a general theory of random 
processes initiated in the middle of t he 20th century. The central notion of this
theory is a stochastic basis F, (Ft ), P )., i.e. a probability space equipped with 
an information flow or filtration (Ft .). In such a setting deterministic numerical char-
acteristics induced by the independence property are replaced by their conditional
versions with respect to filtration (Ft .). So that a predictability has appeared as a 
driver of extension of stochastic calculus to the biggest possible class of processes 
called semimartingales. These processes admit the full description in predictable 
terms. Moreover, they unify processes with discrete and continuous time. As a
result, we arrive to a nice transformation of the theory of probability and stochastic
processes to a wider area which is called stochastic analysis.

The primary goal of the book is to deliver basic notions, facts and methods of 
stochastic analysis using a unified methodology, sufficiently strong and complete, 
and giving interesting and valuable implementations in mathematical finance and 
statistics of random processes. There are a lot of examples considered to illustrate
theoretical concepts discussed in line with problems for students aligned with
material. Moreover, the list of supplementary problems with hints and solutions,

v



vi Preface

covering both important theoretical statements and purely technical problems 
intended to motivate deeper understanding of stochastic analysis is provided at 
the end of the book. The book can be considered as a textbook for both senior 
under graduate and graduate courses on stochastic analysis/stochastic processes. It
certainly can be helpful for undergraduate and graduate students, instructors as well
as for experts in stochastic analysis and its applications.

The book is based on the lectures given by the author in different times in 
Lomonosov Moscow State University, State University-Higher School of Eco-
nomics, University of Copenhagen and in the University of Alberta. The author 
is grateful to his PhD students Ilia Vasilev and Andrey Pak at the Mathematical
Finance Program (University of Alberta) for their kind help in preparation of this
book.

Preface to Second Edition

The second edition presents a further development of the first edition with the aim 
to incorporate to the textbook new findings of modern stochastics. As we know, 
the assumption that the stochastic basis satisfies so-called usual conditions is a 
foundation concept in the general theory of stochastic processes. This theory has 
been instrumental in generating many important and even fundamental results in 
mathematical finance and in the theory of stochastic processes itself. It is difficult 
to conceive of a theory of stochastic processes without the usual conditions and 
RCLL (right continuous with finite left limits) processes. However, it is not difficult 
to give some examples of stochastic basis without the usual conditions. In 1975,
Dellacherie started to study the theory of stochastic processes without this standard
assumption, termed” unusual conditions.” Further developments of this theory were
carried on by Lepingle, Horowitz, Lenglart, and mostly by Galtchouk. We believe
that the theory optional processes developed in this framework will offer a natural
foundation and a versatile set of tools for modeling financial markets, statistics of
random processes as well as risk modeling.

The aim of the second edition of the book is to present the elements of the 
theory of optional processes on unusual stochastic basis and bring its methods
to Mathematical Finance, Stochastic Regression Analysis, and Risk Theory. This
leading idea was realized in writing three additional Chaps. 12, 13, and 14 with 
upgrading list of problems as Chap. 15. Chapter 12 presents foundation material 
on optional processes and optional stochastic calculus. Chapter 13 introduces 
stochastic exponentials and logarithms and their applications for financial modeling.
Chapter 14 describes how optional processes work for Regression Analysis and
Risk Theory. Chapter 15 presents the extended list of problems adapted to the main
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contents of the book and their solutions. The second edition of the book presents 
the first exposition of this theory in textbooks. The author thanks his PhD student
Pouneh Mohammadi Nejad for her great help in preparation of the second edition
of the textbook.

Edmonton, AB, Canada Alexander Melnikov
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Chapter 1 
Probabilistic F oundations

In the first chapter, Kolmogorov’s axioms of the theory of probability are presented. 
The choice of the system of the axioms is explained in context of the Caratheodory 
theorem. Different probability spaces as well as probability distributions are 
introduced too. The famous Kolmogorov consistency theorem is formulated, and
as a consequence, a brief construction of the Wiener measure is shown (see
[7, 12, 13, 17, 28, 33, 55], and [62]). 

1.1 Classical Theory and the K olmogorov Axiomatics

Classical theory of probability deals with a finite probability space, i.e., it creates a 
mathematical model for any r andom (stochastic) experiment with a finite number of
possible outcomes (elementary events, results) ω ∈ | | = N < ∞,. where . is 
the whole s et of outcomes.

Any other events A,B ., and C are simply called events. We cannot be certain 
of the event A under consideration before a random experiment. Nevertheless, we 
expect to have a quantitative measure of such a possibility. In classical probability,
the problem of finding this measure can be solved perfectly.

Denote ω1, . . . , ωN . elementary outcomes and define p1, . . . , pN . corresponding 
possibilities for them. Any other and more complicated event A can be reconstructed
with the help of ω1, . . . , ωN ..Hence, to determine a measure of possibility for event
A,. one can put

. P(A) =
i:ωi∈A

pi.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026 
A. Melnikov, A C ourse of Stochastic Analysis, CMS/CAIMS Books
in Mathematics 17, https://doi.org/10.1007/978-3-032-20482-0_1
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2 1 Probabilistic Foundations

The situation is different if . is not finite. Consider the well-known random 
experiment called infinite coin trial with outcomes H(head) and T(tail), and with
the probability of success (H) p, p ∈ (0, 1).. 

It is quite clear that in this case the set . can be chosen as follows:

. = {ω : ω = (a1, a2, . . .), ai = 0 or 1}.

The natural question arises: How big is this set? Mathematically speaking, we
should find the power | |. of this set.

It is well-known that any real number a ∈ [0, 1). can be represented uniquely i n
the form

. a = a1

2
+ a2

22
+ . . . ,

and this representation provides a one-to-one correspondence between [0, 1). and .: 

. a ∈ [0, 1) ⇔ ω = (a1, a2, . . .) ∈

If we follow to the classical probability theory, we should find the w ay to define
the probability for any elementary event ω .. It is equivalent to a random choice of a
point from the semi-interval [0, 1).. Taking into account a symmetry of such trials, 
we must conclude that all elementary events ω. are uniformly possible, and hence,

. p = p(ω) = const = c.

Further, we ha ve

. 1 = |[0, 1)| = Probability of =
ω∈

p(ω) = ∞

because the set . is not countable. So, we must define p(ω) = c = 0;. however, this 
choice is not satisfactory because, for example, for A = [0, 1/2). we hav e

. 1/2 = Probability of A = P(A) =
ω∈A

p(ω),

and we arrive to a contradiction again.
Based on these considerations, one can conclude that the approach of classical

theory of probability must be seriously transformed:
The probability should be well-defined instead of elementary outcomes for a 

reasonable collection of events of . 

The natural candidate for this type of collection is given in the following
definition.
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Definition 1.1 A collection A. of subsets of given set . is called an algebra if the 
follo wing conditions are fulfilled:

1. ∈ A. 

2. A, B ∈ A⇒ A ∪ B ∈ A, A ∩ B ∈ A. 

3. A ∈ A⇒ Ac = Ā = \ A ∈ A. 

Using this definition we can realize the idea described above as follows.

Definition 1.2 A function μ : A→ [0,∞]. is a finite-additive measure onA., if for  
any disjoint sets A,B ∈ A :. 

. μ(A ∪ B) = μ(A) + μ(B).

In case of ∞., this measure is called finite. In particular case = 1., 
such a measure is called a (finite-additive) probability measure. If there is a partition
of = ∪n=1 n k ∩ m = ∅, k n ∈ A. such that n) < ∞, n =
1, 2, . . . ,. then μ. is σ .-finite. 

Based on these definitions, we arrive to the first probability model that will be 
called a probability space of the first level:

A, P )., whereA. is an algebra, and P is a p robability (finite-additive measure
with = 1.). 

Assume that a finite-additive probability P on the probability space of the first
level A, P ). is countably additive (σ .-additive). It means that for any sequence 
of disjoint events An ∈ A. with ∪∞

n=1An ∈ A. the following equality holds:

. P(∪∞
n=1An) =

∞

n=1

P(An).

In this case, we call this measure a probability (probability measure). Let us count 
a list of natural properties of probability:

1. ∅ ∈ A⇒ P(∅) = 0.. 
2. A, B ∈ A⇒ P(A  ∪ B) = P(A) + P(B) − P(A ∩ B).. 

3. A, B ∈ A,  A  ⊆ B ⇒ P(A) ≤ P(B).. 

4. An ∈ A,  n  = 1, 2,  .  .  .  ,∪∞
n=1An ∈ A⇒ P(∪∞

n=1An) ≤ ∞
n=1 P(An).. 

Problem 1.1 Prove the properties (1) to (4).

The idea of the proof is shown here in case of property (1): For any A ∈ A., we have  
∅ ∩ A ∈ A.. Further, using the finite additivity of P and equality ∅ ∪ = ., we  
obtain 

. 1 = P(∅ ∪ = = P(∅) + = P(∅) + 1,

and, hence, P(∅) = 0..



4 1 Probabilistic Foundations

The following theorem contains conditions under which a finite-additive proba-
bility measure is countable additive.

Theorem 1.1 Let P be a finitely additive set function on the algebra A. with 
= 1.. Then the following sentences are equivalent:

1. P is a probability (σ .-additive). 
2. P is continuous fr om below:

. P(∪∞
n=1An) = lim

n→∞ P(An) f or A1 ⊆ A2 ⊆ . . . ,∪∞
n=1An ∈ A.

3. P is continuous fr om above:

. P(∩∞
n=1An) = lim

n→∞ P(An) f or A1 ⊇ A2 ⊇ . . . ,∩∞
n=1An ∈ A.

4. P is continuous at ∅.: 

. lim
n→∞ P(An) = 0 f or A1 ⊇ A2 ⊇ . . . ,∩∞

n=1An = ∅.

Proof We only show the implication (1) ⇒. (2) because the other statements can be 
proved in a s imilar way.

Let us represent ∪∞
n=1An = A1∪(A2 \A1)∪(A3 \A2)∪ . . .. as a union of disjoint 

events. Therefore,

. P(∪∞
n=1An) = P(A1) + P(A2) − P(A1) + . . . = lim

n→∞ P(An).

The first probability model A, P ). looks very constructive. But in the 
framework of this model, we cannot operate with events which are combinations 
of countable numbers of these events. To avoid the disadvantages of the probability
space of the first level, we introduce the following notions.

Definition 1.3 A syst  em F. of subsets o f . is called a σ .-algebra (sigma-algebra) 
if F. is an algebra, and for any sequence An ∈ F, n = 1, 2, . . . ,. their unions and 
intersections belong to F.: 

. An ∈ F⇒ ∪∞
n=1An and ∩∞

n=1 An ∈ F.

The couple F ). is called a measurable space. Let us inve stigate interconnections
of algebras and σ .-algebras. First, we note that

.F∗ = {∅ } and F ∗ = {A, A ⊆ } = {all subsets of }
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are both algebras and σ .-algebras. Second, we can fix a setA ⊆ . and define another 
algebra (and a σ .-algebra also) FA = {A,Ac,∅ },. which is generated by event A.. 

This way of construction of algebras and σ .-algebras admits a natural generalization.

Lemma 1.1 Let E. be a collection of sets in ., and then there are the smallest 
algebra and the smallest σ .-algebra containing E.. 

Idea of the Proof It is clear that E ⊆ F ∗..Therefore, there exist at least one algebra
and one σ .-algebra with the desirable property. Define α(E). and σ(E). as a collection 
of sets that belong to every algebra (correspondently, σ .-algebra) containing E.. 

Definition 1.4 A collection of subsets of . is called a monotonic class if for any 
increasing (decreasing) sequence of events their union (intersection) belongs to this
class.

Denote μ(E). a minimal monotonic class containing E.. It turns out an algebraA. 

is a σ .-algebra if and only if it i s a monotonic class.

Idea of the Proof The direct implication of this statement is clear because σ .-
algebra is a monotonic class. The inverse implication can be pro ved as follows.
If (An)n=1,2,... . is an arbitrary sequence of subsets . from a monotonic class A,. 

we can define a monotonic class A,. and a monotonic sequence (Bn)n=1,2,... . with 
Bn = ∪n

i=1Ai ∈ A,. and then Bn ↑ ∪∞
i=1Ai ∈ A.. Using this statement, we can 

easily prove that μ(A) = σ(A). if A. is an algebra.

Example 1.1 (Borel Space) Let us take R = R1 = (−∞, ∞). as ., and consider 
subinterv als

. (a, b] = {x ∈ R : a < x ≤ b} for − ∞ ≤ a < b < ∞.

Let A. be a system of subsets A of the form:

. A =
n

i=1

(ai, bi] = ∪n
i=1(ai, bi], n = 1, 2, . . .

Including to A. the empty set ∅,. we can see thatA. is an algebra. Moreover, we can 
easily define a measure onA : l0(A) = n

i=1(bi − ai).. In particular ,

. l0((a, b]) = b − a = the length of (a, b].

We also note that A. is not a σ .-algebra because An = (0, 1 − 1/n] ∈ A,. but the 
union ∪∞

n=1An = (0, 1) /∈ A.. 

Even in the framework of this example, the f ollowing problem arises:
Determine a minimal σ .-algebra B(R). containing A. and a measure on the 
measurable space (R,B(R)). which is called the Borel space.
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Problem 1.2 Prov e that:

1. B(R). is equivalent to a minimal σ .-algebra containing all intervals (a, b].. 
2. B(R). contains (a, b), [a, b], {a}.. 
Existence of B(R). is obvious, but an extension of l0 . from A. to B(R). is a real 
mathematical problem, and its solution is t he famous Lebesgue measure l on
(R,B(R)).. To avoid real technical difficulties, we would like to get a solution of 
this problem from the fundamental theorem of Caratheodory:

Theorem 1.2 If . is a space with an algebraA. and with a σ .-additive measure μ0 . 

on A),. then there exists a unique measure μ. on A)). such that 

. μ(A) = μ0(A) for all A ∈ A.

Based on all these preparations and Theorems 1.1 and 1.2, one can arrive to the 
following natural axioms proposed by Kolmogorov for definition of the probability 
space of the second level (or simply, probability space):

An ordered triple F, P ). with . as a set of elements ω,. F. as a σ .-algebra o n
. P as a probability measure (probability) on F.. 

To go further, we give some other examples of measurable spaces playing an 
important role in many of our further constructions and statements.

Example 1.2 (Rd , B (Rd)). is a multidimensional (d ≥ 1). Borel space. 
Take a set I = d

i=1 Ii, Ii = (ai, bi], i = 1, . . . , d,. which is called a r ectangle
with sides Ii .. The smallest σ .-algebra containing all such sets is denoted B(Rd).. 

Instead of rectangles I , one can consider the sets B = d
i=1 Bi, Bi ∈

B(R1), i = 1, 2, . . . , d.. The minimal σ .-algebra containing all s uch sets is

. B(Rd) = B(R1) ⊗ . . . ⊗ B(R1)

d

.

Problem 1.3 Using an induction method, prove the above equality.

Example 1.3 Denote

. R∞ = {x = (x1, x2, . . .),−∞ < xi < +∞},

. C(I) = C(I1 × . . . × In) = {x : x = (x1, x2, . . .), x1 ∈ I1, . . . , xn ∈ In}.

It is clear that the cylinders C satisfy the consistency property

. C(I1 × . . . × In) = C(I1 × . . . × In × R).

In this case, the system of the cylinders is an algebra. The smallest σ .-algebra con-
taining all cylinders is B(R∞),. and we arrive to a measurable space (R∞,B(R∞))..



1.2 Probabilistic Distributions and the Kolmogorov Consistency Theorem 7

Example 1.4 For T = [0,∞)., we define RT
. the space of all r eal-valued functions

x,. and Ct1,...,tn (I1 × . . . × In) = {x : xt1 ∈ I1, . . . , xtn ∈ In}.. The smallest σ .-
algebra containing all such cylinders is B(RT ).. So, we arrive to the measurable
space (RT ,B(RT )).. Let us note a structural property of this space: For any A ∈
B(RT )., there exist t1 < t2 < . . .. and a Borel set B ∈ B(R∞). such that 

. A = {x : (xt1 , xt2 , . . .) ∈ B}.

1.2 Probabilistic Distributions and the Kolmogor ov
Consistency Theorem

After these theoretical considerations and the examples given abov e, we can put the
problem:

How to construct a probability measure on given measurable space?
In the framework of Example 1.1, one can take a Borel set A ∈ B(R). in the f orm

. A = (−∞, x], x ∈ R1,

and define the function

. F(x) = P((−∞, x]),

where P is a probability measure o n the Borel space.
We can note that the function F = F(x). satisfies the following ob vious

properties:

1. F is nondecreasing.
2. F(−∞) = limx→−∞ F(x) = 0.. 

F(+∞) = limx→+∞ F(x) = 1.. 
3. F is a right-continuous function w ith finite left limits.

Such a function, i.e., satisfying (1)–(3), is called a distribution function. 
It is now clear that the problem of a construction of the probability can be solved

if we have a distribution function F.. In this case, we can define a finite-additive set
function P0 . on algebraA :. 

. P0(A) =
n

i=1

(F (bi) − F(ai)),

.A =
n

i=1

(ai, bi] ∈ A.
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We can prove that P0 . is σ .-additive, and according to the Caratheodory theorem P0 . 

admits a unique extension P to the whole space (R1,B(R1)).. 

In particular, we can consider the measurable space ([0, 1],B([0, 1])). and the 
distribution function

. F(x) =

⎧
⎪⎪⎨

⎪⎪⎩

0, x < 0,

x, x ∈ [0, 1],
1, x > 1.

Then the set function l((a, b]) = F(b) − F(a) = b − a . is the length of t he interval
(a, b]. presents the Lebesgue measure on this space. 

Further, starting at the distribution function F = F(x)., which is a piecewise 
constant with change in values at points x1, x2 i ) > 0,. we define 

. pi = P({xi}) = i ) > 0,
∞

i=1

P({xi}) = 1.

This is a measure concentrated at x1, x2, . . . ,.and usually, the sequence (p1, p2, . . . ). 

is called a discrete distribution. Sometimes, the table

. 
p1 . . . pn . . .

x1 . . . xn . . .

is also called a discrete distribution. The corresponding distribution function F is 
also called discrete. Belo w we have the most well-known discrete distributions:

1. Uniform discrete distribution: x1 . . . xN

1/N . . . 1/N
.. 

2. Bernoulli distribution: x1 x2

p1 p2
, p1 + p2 = 1.. 

3. Binomial distribution with parameter p:
0 . . . i . . . n

n
i

pi(1 − p)n−i , p ∈ (0, 1).. 

4. Poisson distribution with parameter λ.:
0 . . . i . . . n . . .

λi

i! e
−λ

, λ > 0.. 

If the distribution function F admits the integral representation

. F(x) =
x

−∞
f (y)dy,

where a nonnegative function (density) f (y). satisfies the integ ral condition∞
−∞ f (y)dy = 1,. then the distribution and its distribution function are absolute 
continuous. 

Let us count the most important absolute continuous distributions as examples:
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1. Uniform distribution on [a, b] :. 

. f (y) = 1

b − a
, y ∈ [a, b].

2. Normal distribution with parameters μ. and σ 2
. (N ∼ (μ, σ 2)) :. 

. f (y) = (2πσ 2)−1/2exp − (y − μ)2

2σ 2
, μ ∈ R1, σ > 0, y ∈ R1.

3. Gamma distribu tion:

. f (y) = yα−1e−y/β

α
, y ≥ 0, α > 0, β > 0.

In particular, for β = 1/λ., and α = 1,. we get an exponential d istribution with
parameter

. λ ≥ 0 : f (y) = λe−λy, y ≥ 0;

for α = n/2., and β = 2,. we get the Chi-squared distrib ution with

. f (y) = 2−n/2yn/2−1e−y/2 2), y ≥ 0, n = 1, 2, . . . .

4. Student distribution (t-distrib ution):

. f (y) = + 1)/2)

(nπ)1/2 2)
(1 + y2/n)−(n+1)/2, y ∈ R1, n = 1, 2, . . . .

5. Cauchy distribution with parameter θ :. 

. f (y) = θ

π(y2 + θ2)
, y ∈ R1, θ > 0.

Besides discrete and absolute continuous distribution functions (measures, dis-
tributions), there are distribution functions which are continuous, but the set of their 
points of increasing has the Lebesgue measure zero. These types of distributions 
(measures) are called singular.

Let us explain it here with the help of the famous Cantor function.We define the
functions

.F1(x) =

⎧
⎪⎪⎨

⎪⎪⎩

linear function, between (0, 0) and (1/3, 1/2),

1/2, x ∈ [1/3, 2/3],
linear function, between (2/3, 1/2) and (1, 1), x ∈ [2/3, 1],
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. F2(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

linear function, between (0, 0) and (1/9, 1/4), x ∈ [0, 1/9],
1/4, x ∈ [1/9, 2/9],
linear function, between (2/9, 1/4) and (1/3, 1/2), x ∈ (2/9, 1/3),

1/2, x ∈ [1/3, 2/3],
On (2/3, 1) is similar to the interval (0, 1/3),

and so on. The sequence (Fn). converges to a nondecreasing continuous function
FC(x),. called the Cantor function. We can calculate the length of intervals on which
FC(x). is constant and find

. 
1

3
+ 2

9
+ 4

27
+ . . . = 1

3

∞

n=0

2

3

n

= 1.

So, the Lebesgue measure l(N) = 0,. where N. is the set of points o f increasing of
FC.. 

Denote μ. the measure, generated by the Cantor function FC ., and find that
μ(N) = 1. because μ(N) = FC(1) = 1.. It means that μ. and l are singular, and 
this fact is denoted as l⊥μ.. 

It is possible to give a general description of arbitrary distribution functions F :. 

. F(x) = α1F
1(x) + α2F

2(x) + α3F
3(x),

where αi ≥ 0, i = 1, 2, and 3, 3
i=1 αi = 1, F 1

. is discrete, F 2
. is absolutely 

continuous, and F 3
. is singular. 

Let us pay our attention to a d-dimensional Borel space (Rd,B(Rd)).. If P is 
a probability measure on this space, we can define the d-dimensional distribution
function:

. Fd(x1, . . . , xd) = P((−∞, x1] × . . . × (−∞, xd ]) = P((−∞, x]).

Problem 1.4 Prov e that:

1. Fd(+∞,  .  .  .  ,+∞) = 1.. 
2. Fd(x1,  .  .  .  ,  xd) → 0. if at least one of x1, . . . , xd . converges to −∞.. 

3. Define operator (for i = 1, . . . , d, ai < bi). 

. ai ,bi
Fd(x1, . . . , xd) = Fd(x1, . . . , bi , . . . , xd) − Fd(x1, . . . , ai, . . . , xd),

and then 

. a1,b1 ad ,bd
Fd(x1, . . . , xd) = P((a, b]),

where (a, b] = (a1, b1] × . . . × (ad, bd ]..



1.2 Probabilistic Distributions and the Kolmogorov Consistency Theorem 11

In fact, there is a one-to-one correspondence between d-dimensional distribu tion
functions and probabilities on the space (Rd,B(Rd)).. 

Let us give some examples of multidimensional distribution functions:

1. If F 1, . . . , F d
. are the distribution functions on R1,. then Fd(x1 . . . xd) =

d
i=1 F i(xi). defines a d-dimensional distribu tion function.

2. If 

. F i(xi) =

⎧
⎪⎪⎨

⎪⎪⎩

0, xi < 0,

xi, 0 ≤ xi ≤ 1,

1, xi > 1,

then Fd(x1, . . . , xd) = x1 . . . xd . corresponds to the d -dimensional Lebesgue
measure.

3. A d-dimensional absolute continuous distribution function Fd(x1 . . . xd). is 
defined by the same manner as in the real line case:

. Fd(x1, . . . , xd) =
x1

−∞
. . .

xd

−∞
fd(y1 . . . yd)dy1 . . . dyd,

where fd . is the density function, i.e., fd ≥ 0. and ∞
−∞ . . .

∞
−∞ fd(y1 . . . yd)dy1 . . .

dyd = 1.. 
The most important case is the multidimensional Normal distribu tion function. It

is defined by the density

. fd(x1 . . . xd) = (detA)1/2

(2π)d/2 exp

⎧
⎨

⎩−1

2
1≤i,j≤d

aij (xi − μi)(xj − μj )

⎫
⎬

⎭ ,

where A = (aij ). is the inverse matrix of a symmetric positive definite matrix B.. 

In particular, in case d = 2,. we hav e

. f2(x1, x2) = 1

2πσ1σ2(1 − ρ2)1/2
exp − 1

2(1 − ρ2)

(x1 − μ1)
2

σ 2
1

−2ρ
(x1 − μ1)(x2 − μ2)

σ1σ2
+ (x2 − μ2)

2

σ 2
2

,

where σ1, σ2 > 0, μ1, μ2 ∈ R1, |ρ| < 1.. 
Now we need to consider the case of space (R∞,B(R∞)).. Let us take a set

B ∈ B(Rn). and consider a cylinder

.Cn(B) = {x ∈ R∞ : (x1, . . . , xn) ∈ B}.
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If P is a probability measure on (R∞,B(R∞)),. we can define Pn(B) =
P(Cn(B)), n = 1, 2, . . .. a sequence of probability measures on space (Rn,B(Rn)).. 

By construction, we ha ve

. Pn+1(B × R1) = Pn(B),

which is called the consistency condition. Now we can formulate the famous 
theorem of Kolmogor ov which is fundamental for foundations of probability theory.

Theorem 1.3 (Consistency Theorem of Kolmogorov) Let (Pn)n=1,2,... . be a sys-
tem of probability measures on (Rn,B(Rn)). correspondingly, n = 1, 2, . . . ,. 
satisfying the consistency property. Then there exists a unique probability measure
P on (R∞,B(R∞)). such that 

. P(Cn(B)) = Pn(B).

We can give an example how to construct this sequence (Pn)..To do this, we start 
with the sequence of 1-dimensional distribution functions (F n(x))n=1,2,..., x ∈ R1.. 

Further, we construct another sequence of distribu tion functions as follows:

. F1(x1) = F 1(x1), x1 ∈ R1; F2(x1, x2) = F 1(x1) · F 2(x2), x1, x2 ∈ R1; etc.

Denote P1, P2, . . .. probability measures on (R1,B(R1)), (R2,B(R2)), . . . ,. which 
correspond to the distribution functions F1, F2, . . ... 

We can also consider the space (R[0,∞),B(R[0,∞))). for which one can state a 
version of consistency theorem in the same way as before. Using this theorem, one 
can construct an extremely important measure, called the Wiener measure.

Denote (φt (y|x))t≥0 . a family of Normal (Gaussian) densities of y for a fixed x :. 

. φt (y|x) = 1

(2πt)1/2
exp − (y − x)2

2t
, y ∈ R1.

For each t1 < t2 < . . . < tn . and B = n
i=1 Ii, Ii = (ai, bi], ai < bi,. we define 

the measure

. P(t1,t2,...,tn)(B)=
I1

. . .
In

φt1(x1|0)φt2−t1(x2|x1) . . . φtn−tn−1(xn|xn−1)dx1 . . . dxn.

Furthermore, the measure P on cylinder sets can be defined as follows:

. P(Ct1...tn (I1 × . . . × In)) = P(t1...tn)(I1 × . . . × In)).

The family of measures (P(t1...tn))n=1,2,... . is consistent. Hence, according to The-
orem 1.3, the measure P . can be extended from cylinder sets to the whole space
(R[0,∞),B(R[0,∞))..



Chapter 2 
Random Variables and Their 
Quantitati ve Characteristics

In the second chapter, random variables are introduced and investigated in the 
framework of axiomatic of Kolmogorov. It is shown a connection of probability 
distributions and distributions of random variables as well as their distribution 
functions. The notion of the Lebesgue integral is given in context of definition of
moments of random variables (see [7, 13, 17, 28, 33, 37, 55], and [62]). 

2.1 Distributions of Random Variables

P. L. Chebyshev was the first who introduced the notion of random variables as 
functions of elementary outcomes in the theory of probability. Here we d evelop this
topic in the framework of probability spaces of the second level.

Definition 2.1 Let F, P ). be a probability space and (R1,B(R1)). be a Borel 
space. Consider a mapping

. X : F ) → (R1,B(R1)).

For a given set B ∈ B(R1)., the set X−1(B) = {ω : X(ω) ∈ B}. is called the inve rse
image of B.. 

The mapping X is called a random variable ( measurable function) if for any
B ∈ B(R1) :. 

.X−1(B) ∈ F. (2.1) 

Let us note that it is useful to allow to X can take values ±∞.. In this case, we call 
a random variable as a n extended random variable.
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The notion of random variables is very productive as illustrated in the following
example.

Example 2.1 Let us fix a set A ∈ F. and define the indicator of A as follows:

. IA(ω) = 1, ω ∈ A,

0, ω ∈ Ac.

Definitely, IA . is a mapping from the space F ). to (R1,B(R1)).. Then for any 
Borel set B , we have

. 
{ω : IA(ω) ∈ B} = A ∈ F if B contains 1 only,

{ω : IA(ω) ∈ B} = Ac ∈ F if B contains 0 only;

otherwise, we have ∅. or . Hence, the condition (2.1) is fulfilled for IA,. and this 
mapping is a random variable taking two values 0 and 1. Therefore, the set of all 
random events is included to the set of random variables.

Problem 2.1 Assume A1, . . . , An . are disjoint events from F. such that ∪n
i=1Ai =

n
i=1 Ai = .Define a mapping X with values x1, . . . , xn . on the sets A1, . . . , An,. 

correspondingly. Prove that X = n
i=1 xiIAi

. is a random variable. Let us call X a
simple random variable.

Further, if X takes countable numbers of values x1, . . . , xn, . . .. on disjoint sets
A1, . . . , An, . . .. with

∞
1 xiIAi

,. then X = ∞
1 xiIAi

. is called a discrete random 
variable.

Condition (2.1) can be relaxed with the help of the next useful lemma.

Lemma 2.1 Assume E. is a system of subsets such that σ(E) = B(R1).. Then 
mapping X is a random variable if and only if

. X−1(E) ∈ F for all E ∈ E.

Proof The direct implication is trivial. To prove the inverse implication, we define
a system Y. of those Borel sets . for which X−1 ∈ F.. Further, we hav e equalities

. X−1(∪α α) = ∪α(X−1
α)),

X−1(∩α α) = ∩α(X−1
α)),

(X−1
α))c = X−1 c

α).

It follows from here thatY. is a σ .-algebra and E ⊆ B(R1)..Hence, B(R1) = σ(E) ⊆
σ(Y) = Y. and Lemma is pro ved.

Based on Lemma  2.1 and the previous description of the Borel space, we arrive
to the corollary.
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Corollary 2.1 The function X is a random variable ⇔ X−1((−∞, x]) ∈ F. for a ll
x ∈ R1.. This statement is true if we replace (−∞, x]. with (−∞, x).. 

Now we arrive to definition of the most important quantitativ e characteristic of
random variable X.

Definition 2.2 Probability measure PX . on a Borel space (R1,B(R1)). defined as 

.PX(B) = P(X−1(B)), B ∈ B(R1), (2.2) 

is called a distribution (probability distribution) of X.. 

Applying equality (2.2) to the set B = (−∞, x], x ∈ R1,. we arrive to the 
distribution function (cumulative d istribution function) of X:

.FX(x) = P {ω : X(ω) ≤ x}. (2.3) 

In the previous sections, we already studied arbitrary distributions on (R1,B(R1)).. 

A very similar illustration can be found in the conte xt of random variables.

Example 2 .2 1. For discrete random variable X :. 

. PX(B) =
i:xi∈B

p(xi), p(xi) = P(ω : X(ω) = xi) = X(xi), B ∈ B(R1).

2. For continuous random variable X, its distribution function FX(x). is continuous. 
3. For absolute continuous random variable X, its distribution function FX(x). has 

an integral representation with the density fX(x).: 

. FX(x) =
x

−∞
fX(y)dy.

Usually, any measurable function

. ϕ : (R1,B(R1)) → (R1,B(R1))

is called Borelian. Using Borelian functions and a random variable, one can 
construct many other random variables. This is the essence of the next important
lemma.

Lemma 2.2 Let ϕ . be a Borelian function and X be a r andom variable on a
probability space F, P ),. and then the mapping

. Y = ϕ ◦ X = ϕ(X),

is a random variable.
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Proof For an arbitrary B ∈ B(R1)., we have  

. {ω : Y (ω) ∈ B} = {ω : ϕ(X(ω)) ∈ B} =

. {ω : X(ω) ∈ ϕ−1(B)} ∈ F.

It means that Y is a random variable. In particular, the functions x+, x−, |x|., etc., 
are random variables. 

Let us note that there is a necessity to study multidimensional random variables 
or r andom vectors.

The corresponding definition is straightforward. This is a measurable mapping

. X : F ) → (Rd,B(Rd)), d ≥ 1.

In this case, we have

. X(ω) = (X1(ω), . . . , Xd(ω)),

where Xi, i = 1, . . . , d,. are one-dimensional random variable. We can define a 
distribution function of X as follows:

. FX(x1, . . . , xd) = P(ω : X1(ω) ≤ x1, . . . , Xd(ω) ≤ xd).

Definition 2.3 We say that X1, . . . , Xd . are independent if

. FX(x1, . . . , xd) =
d

i=1

FXi
(xi).

The following theorem is very important in providing many probabilistic construc-
tions.

Theorem 2.1 For any random variable (extended random variable) X, there exists
a sequence of simple random variablesX1, X2, . . . , |Xi | ≤ |X|. such that Xn(ω) →
X(ω). for all ω ∈ . For a nonnegative X, such a sequence (Xn)n=1,2,... . can be 
constructed as a nondecr easing sequence.

Proof Assume X ≥ 0. and define for n = 1, 2, . . .. simple random variables as 
follows:

.Xn(ω) =
n·2n

i=1

i − 1

2n
Ii,n(ω) + nI{X(ω)≥n}(ω), (2.4) 

where Ii,n = I
ω: i−1

2n ≤X(ω)< i
2n

..
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The general case follows from here if we represent X = X+ − X−.. 

Problem 2.2 Prove that for (extended) random variables X1, X2, . . .. the m appings
supn Xn,. infn Xn,. lim infn Xn,. lim supn Xn . are (extended) random variables. 
As a hint to the corresponding solution, we note that for supn Xn . we hav e

. {ω : sup
n

Xn > x} = ∪n{ω : Xn > x} ∈ F, x ∈ R1.

Theorem 2.2 Let (Xn)n=1,2,... . be a sequence of (extended) random variables. Then
X(ω) = limn→∞ Xn(ω). is a (extended) r andom variable.

Proof Follows from Problem 2.2 and the next equalities: For any x ∈ R1
. 

. {ω : X(ω) < x} ={ω : lim
n→∞ Xn(ω) < x}

={ω : lim sup
n

Xn(ω) = lim inf
n

Xn(ω)} ∩ {ω : lim sup
n

Xn(ω) < x}

= ∩ {ω : lim sup
n

Xn(ω) < x}

={ω : lim sup
n

Xn(ω) < x} ∈ F.

Combining previous facts about limiting approximation of given (extended) 
random variables X and Y with the help of sequences of simple random variables
(Xn)n=1,2,... . and (Yn)n=1,2,... . correspondingly, we can prove the following con ver-
gence properties:

1. limn→∞(Xn(ω) ± Yn(ω)) = X(ω) ± Y (ω),  ω ∈ . 

2. limn→∞(Xn(ω) · Yn(ω)) = X(ω) · Y (ω), ω ∈ . 

3. limn→∞(Xn(ω) · Ỹ−1 
n (ω)) = X(ω) · Y−1(ω), ω ∈ . where Ỹn(ω) = Yn(ω) +

1
n
I{ω:Yn(ω)=0}.. 

Now, we focus on the question of how one random variable can be represented by
another.

Definition 2.4 For a given random variable X, t he family of events

. ((ω : X(ω) ∈ B))B∈B(R1)

is called a σ .-algebra FX . generated by X.. 

Problem 2.3 Prove that FX . is a σ .-algebra. 

Theorem 2.3 Assume a random variable Y is measurable with respect to σ .-
algebra FX.. Then there exists a Borelian function ϕ . such that 

.Y = ϕ ◦ X.
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Proof Consider the set of FX .-measurable functions Y = Y (ω).. Denote D̃X . the set 
of FX .-measurable functions of the form ϕ ◦ X.. It is clear that D̃X ⊆ DX.. To prove 
the inverse inclusion,DX ⊆ D̃X,. consider a set A ∈ FX . and Y (ω) = IA(ω).. 

Note that A = X−1(B). for some B ∈ B(R1),. and Y = IA(ω) = IB(X(ω)) ∈
D̃X.. 

Further, we consider functions Y of the form n
i=1 ciIAi

,. where ci ∈ R1, Ai ∈
FX,. and find that Y ∈ D̃X.. 

For an arbitrary FX .-measurable function Y , we construct a sequence of simple
FX .-measurable functions Yn . such that Y = limn Yn.. We already know that Yn =
ϕn(X). for some Borelian functions ϕn . and ϕn(X) → Y (ω). as n → ∞.. Now, we 
take the set B = {x : limn→∞ ϕn(x) exists} ∈ B(R1). and define a B orelian function

. ϕ(x) = limn ϕn(x), x ∈ B,

0, x /∈ B.

Then Y (ω) = limn→∞ ϕn(X(ω)) = ϕ(X(ω)). for all ω ∈ ., and we obtain D̃X ⊆
DX.. 

2.2 Expectations of Random Variables

In this section, we provide a construction of another important and convenient 
quantitative characteristic of a random variable X on a probability space F, P ).. 

We start such a construction from t he simplest case when

.X(ω) =
n

i=1

xi · IAi
(ω),

n

i=1

Ai = i ∈ R1. (2.5) 

Definition 2.5 For the simple random variable X with representation (2.5), we  
define its expected value (expectation) EX . as follo ws:

. EX =
n

i=1

xiP (Ai).

Problem 2.4 

a. For simple random variables X1, . . . , Xm . and real numbers a1, . . . , am ., we have  
E m

i=1 aiXi = m
i=1 aiEXi . (linearity of expected v alues).

b. For two simple random variables X ≤ Y ., we have EX ≤ EY . (monotonicity of 
expected v alues).

Let X be a nonnegative random variable. According to Theorem 2.1, one can 
construct a sequence of simple random variables X

(ω)
n → X(ω), n → ∞,. for all



2.2 Expectations of Random Variables 19

ω ∈ . Further, due to Problem 2.4, the sequence of expected values (EXn)n=1,2,... . 

is nondecreasing, and therefore, limn→∞ EXn . does exist (finite number or +∞.). It 
gives a possibility to giv e the following definition.

Definition 2.6 The expected value (expectation) of a nonnegative random variable
X is defined as

. EX = lim
n→∞EXn.

Problem 2.5 

1. If there exists another sequence of simple random variables X̃n(ω) ↑ X(ω), n ↑
∞, ω ∈ . then limn→∞ EX̃n = EX.. 

2. If 0 ≤ X(ω) ≤ Y (ω). for all ω ∈ . then EX ≤ EY.. 

There is a standard way of expected value extensions to random variables taking 
both positive and negative values. We can represent X as difference of its positive
and negative parts: X = X+ − X−,. where as usual X+ = max(0, X). and X− =
max(−X, 0).. In this case, we say that EX . does exist if EX+

. or EX− < ∞. and 
EX = EX+ − EX−.. 

One can say that EX . is finite if both EX± < ∞,. and E|X| = E(X+ + X−) =
EX+ + EX− < ∞.. In this case, we also call X integrable. 

There is another denotation for expected values:

. EX = XdP.

This denotation came from functional analysis, where the notion of expected value 
of a measurable function X is called the Lebesgue integral. As a matter of fact,
we note that the Lebesgue integral generalizes the Riemann integral at least in two
directions:

1. It is constructed on the measurable space without any metric structure.
2. It is well-defined for any measurable bounded function X.. But construction 

of the Riemann integral and its existence depends on the power of the set of
discontinuityDX . of X,. and the setDx . should have the Lebesgue measure zero. 
A standard example of function “integrable by Lebesgue and non-integrable by
Riemann” is the Dirichlet function on [0, 1] :. 

. X(ω) = 1 if ω ∈ Q,

0 if ω ∈ R \ Q,

where Q is the s et of rational numbers.

Let us formulate several natural properties of expected values as a problem
because their proofs are straightforward.
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Problem 2.6 

1. Ec · X = cEX . if EX . does exist and c ∈ R.. 

2. EX ≤ E Y . if X(ω) ≤ Y (ω), ω ∈ EX > −∞. or EY < ∞.. 

3. |EX| ≤  E|X |. if EX . does ex ist.
4. If EX . exists, then EX · IA . exists for each A ∈ F.. Moreover, if EX . is finite, t hen

EXIA . is finite too.
5. If X and Y are nonnegative or integrable, then E(X + Y ) = EX + EY.. 

To formulate other important properties of expectations, we need the next
definition.

Definition 2.7 We say that a property holds almost sur ely (a.s.) if there exists a set
N ∈ F. such that: 

(a) The property holds for every element ω ∈ \N.. 

(b) P(N) = 0 .. 

6. If X = 0. (a.s.), then EX = 0.. 
7. If X = Y . (a.s.) and E|X| < ∞,. then E|Y | < ∞. and EX = EY.. 

8. If X ≥ 0. and EX = 0,. then X = 0. (a.s.). 
9. If X and Y are integrable and EX · IA ≤ EY · IA . for all A ∈ F,. then X ≤ Y . 

(a.s.). 

Let us give a solution of subproblem 8 in the above list of Problem 2.6: 
Denote A = {ω : X(ω) > 0}. and An = {ω : X(ω) ≥ 1

n
} ↑ A. as n → ∞.. 

We note that 0 ≤ XIAn ≤ XIA,. and hence, EXIAn ≤ EX = 0.. Next, we 
have 0 = EXIAn ≥ 1

n
P (An).. Hence, P(An) = 0, n = 1, 2, . . . ,. and P(A) =

limn→∞ P(An) = 0.. 
Another useful property is the formula of change of variables in the Lebesgue 

integral. LetX be a random variable and φ .be a Borelian function which is integrable 
with respect to the distribution PX . of X.. Then for any B ∈ B(R)., the formula of 
change of variables is true:

.
B

φ(x)dPX =
X−1(B)

φ(X(ω))dP. (2.6) 

In particular, the formula (2.6) for B = R1
. is reduced to the formula for calculation 

of expectation of X :. 

.Eφ(x) = φ(X)dP =
∞

−∞
φ(x)dPX =

∞

−∞
φ(x)dFX, (2.7) 

where FX . is a distribution function of X and the integral ∞
−∞ φ(x)dFX . is the 

Lebesgue-Stiltjes i ntegral.

Scheme of the Proof of the formula (2.6) is below.
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Take φ(x) = IC(x), C ∈ B(R1),. and (2.6) is reduced to PX(B ∩ C) =
P(X−1(B) ∩ X−1(C))., which follows from the definition of PX . and the equality:

. X−1(B) ∩ X−1(C) = X−1(B ∩ C).

Next steps are obvious: a nonnegative simple function φ ., etc.  

If φ(x) = xk, k = 1, 2, . . . ,. the expectation EXk
. is called the k-th moment of X 

with the help of its distribution and its distribution function. Suppose EX = μ. and 
φ(x) = (x − μ)k,. and then corresponding moments are called centered moments. 
The second centered moment is called the variance of X :. 

. V ar(X) = E(X − μ)2,

and it is one of the key measures of the dispersion of v alues of X around the mean
value μ.. 

The other common measures of this type are

. skewness = E(X − μ)3

(V ar(x))3/2

and 

. kurtosis = E(X − μ)4

(V ar(X))2
.

Problem 2.7 Let X be a normal random variable with parameters μ. and σ 2.. Find 
EX,V ar(X), skewness . and kurtosis of X..



Chapter 3 
Expectations and Convergence of 
Sequences of Random Variables

In the third chapter, asymptotic properties of sequences of random variables are 
studied. Lemma of Fatou and the Lebesgue dominated convergence theorem are 
presented as permanent technical tools of stochastic analysis. It is also emphasized 
the role of a uniform integrability condition of families of random variables. 
Classical probabilistic inequalities of Chebyshev, Jensen, and Cauchy-Schwartz are 
proved. It is shown how these inequalities work t o investigate interconnections
between different types of convergence of sequences of random variables. In
particular, the large numbers law (LNL) is derived for the case of independent
identically distributed random variables (see [7, 13, 17, 28, 33, 55], and [62]). 

3.1 Limit Behavior of Sequences of Random Variables 
in Terms of Their Expected Values

One of the main questions here is how to take the limit under the sign of expectation. 
The first result exploits a m onotonicity assumption. That is why the corresponding
claim is called monotonicity convergence theorem.

Theorem 3.1 Let (Xn)n=1,2,... . be a sequence of random variables; then we have:

1. If there are random variables X and Y such that Xn ≥ Y, EY > −∞, Xn ↑
X, n ↑ ∞,. then EXn ↑ EX, n ↑ ∞.. 

2. If there are random variables X and Y such that Xn ≤ Y, EY < ∞, Xn ↓
X, n ↑ ∞,. then EXn ↓ EX, n ↑ ∞.. 

Proof Let us only prove the first part of the theorem because the second part can 
be derived in the same way. Consider only case Y ≥ 0,. and approximate Xi . for 
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each i = 1, 2, . . .. by a sequence (Xn
i )n=1,2,... . of simple random va riables. Define

Xn = max1≤i≤n Xn
i . and note t hat

. Xn−1 ≤ Xn = max
1≤i≤n

Xn
i ≤ max

1≤i≤n
Xi = Xn.

Denote Z = limn→∞ Xn
. and find that X = Z . because Xi ≤ Z ≤ X . for a ll

i = 1, 2, . . . ..This inequality follows from Xn
i ≤ Xn ≤ Xn, i = 1, . . . , n,. by taking 

the limit as n → ∞.. The random variables (Xn)n=1,2,... . are simple, and then

. EX = EZ = lim
n→∞EXn ≤ lim

n→∞EXn.

On the other hand, since Xn ≤ Xn+1 ≤ X ., we have that

. EX ≥ lim
n→∞EXn,

and hence, 

. EX = lim
n→∞EXn.

Problem 3.1 Give the proof in general case when Xn ≥ Y . and EY > −∞.. 

The next theorem is the most exploited result about taking the limit under the 
expectation sign. It is called the Fatou Lemma.

Theorem 3.2 

1. Assume Xn ≥ Y . and EY > −∞,. and then 

. E lim inf
n→∞ Xn ≤ lim inf

n→∞ EXn.

2. Assume Xn ≤ Y . and EY < ∞,. and then 

. lim sup
n→∞

EXn ≤ E lim sup
n→∞

Xn.

3. Assume |Xn| ≤ Y . and EY < ∞,. and then 

.E lim inf
n→∞ Xn ≤ lim inf

n→∞ EXn ≤ lim sup
n→∞

EXn ≤ E lim sup
n→∞

Xn.
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Proof In case (1), we define a sequence of random variables Zn = infm≥n Xm . and 
find that Zn ↑ lim infn→∞ Xn = sup infm≥n Xn . and Zn ≥ Y.. Further we hav e that

. lim inf
n→∞ Xn = lim inf

m≥n
Xm = lim

n→∞ Zn,

and applying Theorem 3.1 we get the first claim of the theorem. 
The case (2) is derived in a similar way . The case (3) is just a combination of (1)

and (2).

Let us give the following definition of converg ence of almost surely (a.s).

Definition 3.1 We say that sequence (Xn)n=1,2,... . converges to a random variable 
X almost surely (a.s.), if

. P(ω : Xn(ω) −−−→
n→∞ X(ω)) = 1.

We introduce the following denotations in this case: Xn 
a.s.−−−→

n→∞ 
X or Xn −−−→

n→∞ 
X  (a.s.).  

The following natural question arises here:
Under what conditions, one can provide convergence of expected values if Xn →
X(a.s.).? 
The classical result is the dominated conver gence theorem of Lebesgue.

Theorem 3.3 Assume that Xn −−−→
n→∞ X (a.s.). and |Xn| ≤ Y,EY < ∞.. Then 

E|X| < ∞,. and EXn → EX, n → ∞.. Moreover, the sequence (Xn)n=1,2,... . 

converges to X in space L1,. i.e., E|Xn − X| → 0, n → ∞.. 

Proof Using the Fatou l emma, we obtain E lim infn→∞ Xn = lim infn→∞ EXn =
lim supn→∞ EXn = E lim supn→∞ Xn = EX.. It is clear that |X| ≤ Y ., and 
therefore E|X| < ∞.. Taking into account inequality |Xn − X| ≤ 2Y . and applying 
the Fatou lemma again, we obtain t he last statement of the theorem.

Now we introduce the weakest condition to provide the conv ergence of expected
values.

Definition 3.2 A sequence of random variables (Xn)n=1,2,... . is uniformly inte-
grable , if

. sup
n

E|Xn|I{ω:|Xn|>c} → 0, c → ∞. (3.1) 

Problem 3.2 If a sequence of |Xn| ≤ Y, n = 1, 2, . . . ,EY < ∞,. then (Xn)n=1,2,... . 

is uniformly inte grable.

Theorem 3.4 If a sequence (Xn)n=1,2,... . is uniformly integrable , then:

1. E lim infn→∞ Xn ≤ lim infn→∞ EXn ≤ lim supn→∞ EXn ≤ E lim supn→∞ Xn..
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2. If also Xn → X (a.s.), n → ∞,. then E|X| < ∞. and EXn → EX . and 
E|Xn − X| → 0, n → ∞.. 

Proof To prove (1), we take c > 0. and find that

.EXn = EXnI{Xn<−c} + EXnI{Xn≥−c}. (3.2) 

Using (3.1) for  0., we obtain

. sup
n

|EXnI{Xn<−c}|

Let us apply the Fatou lemma to the second term of (2) and get

. lim inf
n

EXnI{Xn≥−c} ≥ E lim infXnI{Xn≥−c}. (3.3) 

Taking into account that

. XnI{Xn≥−c} ≥ Xn,

we obtain from (3.3) the follo wing inequality

. lim inf
n

EXn ≥ E lim inf
n

Xn −

The proof of part (2) is similar to the proof of Theorem 3.3. 

Theorem 3.5 Assume the sequence of integr able nonnegative random variables
(Xn)n=1,2,... . converges to a random variable X.. Then EXn → EX < ∞, n → ∞,. 

if and only if (Xn)n=1,2,... . is uniformly integr able.

Proof The inverse implication follows from Theorem 3.4. To prove the direct  
implication, we consider the set A = {a ∈ R1 : P(ω : X(ω) = a) > 0}. and 
find that

. XnI{Xn<a} → XI{X<a}, n → ∞,

for each a ∈ A. and (XnI{Xn<a})n=1,2,... . is uniformly integrable. 
By Theorem 3.4, we obtain

. EXnI{Xn<a} → EXI{X<a},

for a ∈ A., and hence,

. EXnI{Xn≥a} → EXI{X≥a},

for a /∈ A..
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For each 0., we take a0 /∈ A. large enough that

. EXI{X≥a0} 2.

Choose N0 . so large to provide inequalities (for all n ≥ N0 .): 

. EXnI{Xn≥a0} ≤ EXI{X≥a0} + 2,

and EXnI{Xn≥a0} ≤ . Now we choose a1 ≥ a0 . large enough to have the follo wing
inequality (for all n ≤ N0 .): 

. EXnI{Xn≥a1} ≤

Finally, we obtain

. sup
n

EXnI{Xn≥a1} ≤

which means the condition (3.1). 

Let us note the following necessary condition of (3.1). 

Problem 3.3 If the sequence (Xn)n=1,2,... . is uniformly inte grable, then

. sup
n

E|Xn| < ∞.

The following problem provides a convenient sufficient condition for (3.1). 

Problem 3.4 Let (Xn)n=1,2,... . be a sequence of integrable r andom variables and
G = G(u), u ≥ 0,. be a nonnegative increasing f unction such that

. lim
u→∞

G(u)

u
= ∞, sup

n
EG(|Xn|) < ∞.

Then (Xn)n=1,2,... . is uniformly integrable. 
Hint. Let 0. and G = supn EG(Xn)..For large enough c and t ≥ c, G(t)/t ≥

. Then E|Xn|I{|Xn|≥c} ≤
G
EG(|Xn|)I{|Xn|≥c} ≤ . 

To conclude our discussion of the notion of uniform integrability, we represent a 
necessary and sufficient condition in the following theorem.

Theorem 3.6 A sequence of random variables (Xn)n=1,2,... . is uniformly integrable 
if and only if (3.3) is t rue and

. sup
n

E|Xn|IA → 0 as P (A) → 0. (3.4)
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Proof The direct implication follows from the next considerations. For c > 0., we  
hav e

. E|Xn|IA =E|Xn|IA∩{|Xn|≥c} + E|Xn|IA∩{|Xn|<c}
≤E|Xn|I{|Xn|≥c} + cP (A).

Taking c large enough, we obtain for a fixed 0 :. 

. sup
n

E|Xn|IA∩{|Xn|≥c} ≤ 2. (3.5) 

From (3.5) with P(A) ≤ 2c)., we get

. sup
n

E|Xn|IA ≤

which means (3.4). To prove the inverse implication, we take P(A) < δ . so that 
E|Xn|IA ≤ . uniformly over n = 1, 2, . . . .. Let us note that

. E|Xn| ≥ E|Xn|IA∩{|Xn|≥c} ≥ cP (|Xn| ≥ c).

Then 

. sup
n

P (|Xn| ≥ c) ≤ 1

c
sup
n

E|Xn| → 0, c → ∞.

So, we can take as A = {|Xn| ≥ c}. for large enough c and get

. sup
n

E|Xn|I{|Xn|≥c} ≤

which is equivalent to (3.1). 

3.2 Probabilistic Inequalities and Interconnections Between 
Types of Conv ergence of Random Variables

We start with some important and well-known probabilistic inequalities.
Chebyshev inequality: For a nonnegative random variable X,

.P(ω : X(ω) ≥ ≤ EX
0.
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In particular, for arbitrary random variable X with finite EX . and V ar(X) :. 

. P(ω : X(ω) ≥ ≤ EX2

2 and

. P(ω : |X(ω) − EX| ≥ ≤ V ar(X)

2 .

For the proof, we j ust note that

. EX ≥ EXI{X≥ } ≥ EI{X≥ } = : X ≥

Cauchy-Schwartz Inequality Let X and Y be random va riables which are integrable
in square: EX2 < ∞, EY 2 < ∞,. i.e., X, Y ∈ L2.. Then E|XY | < ∞. and 

. E|XY | ≤ (EX2EY 2)1/2.

Proof Without loss of generality, we assume that EX2 > 0. and EY 2 > 0.. Consider 
transformed random variables

. X̃ = X/(EX2)1/2, Ỹ = Y/(EY 2)1/2.

Note that 

. 2|X̃Ỹ | ≤ X̃2 + Ỹ 2,

and obtain 

. 2E|X̃Ỹ | ≤ EX̃2 + EỸ 2 = 2,

or E|X̃Ỹ | ≤ 1.. 

Jensen Inequality Let a Borelian function g = g(x). be convex downwa rd and
Eg(|X|) < ∞.. Then 

. g(EX) ≤ Eg(X).

Proof Let us consider only the case of smooth function g ∈ C2
. with g (x) ≥ 0. for 

all x ∈ R1.. Using the Taylor decomposition at μ = EX,. we hav e

.g(x) = g(μ) + g (μ)(x − μ) + g (θ)(x − μ)2

2
, (3.6) 

where θ . is between x and μ.. 

Putting x = X . and taking expectation i n (3.6), we get the desirable inequality.
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In context of the Cauchy-Schwartz inequality, we want to emphasize one 
important case when the inequality is transformed into equality.

Theorem 3.7 Let X and Y be integrable independent random variables, i.e.,
FXY (x, y) = FX(x) · FY (y).. Then E|XY | < ∞. and 

.EXY = EXEY. (3.7) 

Proof We start with nonnegative X and Y,. constructing sequences (Xn)n=1,2,... . and 
(Yn)n=1,2,... . of discrete random va riables such that

. Xn =
∞

m=0

m

n
I{ m

n
≤X(ω)< m+1

n
}, n = 1, 2, . . .

( Yn . is similar) 

. Xn ≤ X, Yn ≤ Y, |Xn − X| ≤ 1

n
, |Yn − Y | ≤ 1

n
.

Since X and Y are inte grable, we get that EXn → EX, EYn → EY, n →
∞,. by the Lebesgue dominated convergence theorem. Due to the independence
assumption, we have

. EXnYn =
m,l

ml

n2
EI{ m

n
≤X(ω)< m+1

n
}I{ l

n
≤Y (ω)< l+1

n
}

=
m,l

ml

n2
EI{ m

n
≤X(ω)< m+1

n
}EI{ l

n
≤Y (ω)< l+1

n
}

=EXnEYn.

Let us note that for n = 1, 2, . . .. 

. |EXY − EXnYn| ≤ E|XY − XnYn|
≤ E|X||Y − Yn| + E|Yn||X − Xn|

≤ EX

n
+ E(Y + 1/n)

n
→ 0 as n → ∞.

Therefore, 

.EXY = lim
n

EXnYn = lim
n

EXn lim
n

EYn = EXEY < ∞.
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General case (3.7) can be treated in a similar way if we note equalities: X = X+ −
X−, Y = Y+ − Y−, XY = X+Y+ − X−Y+ − X+Y− + X−Y−.. 

The brilliant Chebyshev inequality has a lot of applications, and one of the m ost
important corollaries is the large numbers law (LNL).

Theorem 3.8 Let (Yn)n=1,2,... . be a sequence of identically distributed i ndependent
random variables with mean μ. and variance σ 2,. and Sn = n

i=1 Yi.. Then for any
0. 

.P ω : Sn

n
− μ ≥ → 0, n → ∞. (3.8) 

The proof of (3.8) follows from the Chebyshev inequality and Theorem 3.6. 
Denoting Ỹi = Yi − μ, i = 1, 2, . . . ,. we calculate 

. E
Sn

n
− μ

2

= 1

n2
E

n

i=1

Ỹi

2

= 1

n2

⎡

⎣E
n

i=1

Ỹ 2
i +

i j

EỸi Ỹj

⎤

⎦

= 1

n2

⎡

⎣nσ 2 +
i j

EỸi Ỹj

⎤

⎦ = σ 2

n

and obtain t hat

. P ω : Sn

n
− μ ≥ ≤

E Sn

n
− μ

2

2 = σ 2

2 → 0, n → ∞.

Let us give the following definition.

Definition 3.3 A sequence of random variables (Xn)n=1,2,... . converges to a random 
variable X in probability, if for any 0. 

.P(ω : |Xn − X| ≥ → 0, n → ∞. (3.9) 

We denote it as follows Xn
P−→
n

X . or Xn
P−→ X, n → ∞.. 

Using this definition, one can reformulate Theorem 3.8 as convergence in 
probability of normed sums Xn = Sn/n. to the constant μ. as n → ∞.. 

We also introduce two types of convergence of random variables (Xn)n=1,2,... . to 
a random variable X involving expected values.
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Definition 3.4 We say that (Xn). converges to X weakly (weak convergence), if f or
any bounded continuous function f :. 

.Ef (Xn) → Ef (X), n → ∞. (3.10) 

Definition 3.5 Assume Xn, n = 1, 2, . . .. and X belongs to the space Lp
. with 

finite p-moment, i.e., E|Xn|p < ∞, E|X|p < ∞.. We say that Xn . converges to X 
in space Lp,. if E|Xn −X|p → 0, n → ∞..This convergence is denoted as Xn

Lp−→
n

. 

or Xn
Lp−→, n → ∞.. 

Now we are ready to discuss how the convergence (a.s.) (or convergence with 
probability 1), defined before and these conver gences are related to each other.

It is not difficult to construct a sequence (Xn)n=1,2,... . of random variables which 
converges to X for all ω ∈ . and hence, almost surely. 

For example, if X is a random variable and (an)n=1,2,... . is a sequence of positive 
numbers converges to zero, then a sequence Xn(ω) = (1 − an)X(ω). converges to 
X for all ω ∈ . 

Further, convergence with probability one provides both convergence in proba-
bility and the weak convergence.

If Xn → X (a.s.), n → ∞,. then |Xn − X| → 0 (a.s.), n → ∞,. and for 0. 
I{ω:|Xn−X|≥ } → 0 (a.s.). as well. Taking e xpectation, we obtain P(ω : |Xn − X| ≥

= EI{ω:|Xn−X|≥ } → 0, n → ∞.. 

The weak convergence follows due to definition and the Lebesgue dominated 
con vergence theorem.

Convergence in space Lp
. is failed when the moment of p-th order does not exist. 

Convergence in probability implies t he weak convergence.

To prove it, assume that Xn
P−→
n

X, f . is a bounded continuous function, |f (x)| ≤
c, x ∈ R1 0.. We can choose a big enough N such that P(|X| > N) ≤ 4c).. 
Take δ > 0. so that |f (x) − f (y)| ≤ 2c). for |x| ≤ N . and |x − y| < δ.. Then 

. |Ef (Xn) − Ef (X)| ≤ E|f (Xn) − f (X)|I{ω:|Xn−X|>δ}
+ E|f (Xn) − f (X)|I{ω:|Xn−X|≤δ}. (3.11) 

The first term in the right-hand side of (3.10) is dominated by 2cP (ω : |Xn − X| >

δ) → 0, n → ∞.. 

. E|f (Xn) − f (X)|I{ω:|Xn−X|≤δ} =E|f (Xn) − f (X)|I{ω:|Xn−X|≤δ}I{ω:|X|≤N}
+ E|f (Xn) − f (X)|I{ω:|Xn−X|≤δ}I{ω:|X|>N}

≤ + 2cP (ω : |Xn − X| > δ) < 2

for a large enough n..



Chapter 4 
Weak Convergence of Sequences 
of Random Variables

This chapter is devoted in a systematic study of a weak convergence of sequences 
of random variables. It is shown the equivalence between a weak convergence and 
convergence in distribution. It is shown that a weak compactness and tightness for 
families of probability distributions (Prokhorov’s theorem) is given. It is discussed a 
connection between characteristic functions and distributions of random variables.
The method of characteristic functions is applied to prove the central limit theorem
(CLT) for sums of independent identically distributed random variables (see [12, 28, 
37], and [55]). 

4.1 Weak Convergence and Its Description in Terms
of Distributions

In the previous section, we recognized that weak convergence corresponds to the 
word “weak” because all other types of convergence provide the weak one. It 
turns out this type of convergence plays the most significant role in the theory of
probability. This is why we study it here in more details.

We start with the following considerations. Let (Xn)n=1,2,... . be a sequence of 
independent Bernoulli’s random variables taking v alues 1 and 0 with probabilities
p and q, p + q = 1,. correspondingly. In this case, the law of large numbers
(Theorem 3.7) is reduced to the following

.S̄n = Sn

n

P−→ p, n → ∞. (4.1) 

Let us define distribu tion functions

. Fn(x) = P(ω : S̄n ≤ x) and F(x) = 1, x ≥ p,

0, x < p,
x ∈ R1.
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We also know from the pre vious section that

.Ef (S̄n) → Ef (p), n → ∞, (4.2) 

for any bounded continuous function f.. 

Further, denote PFn .and PF . the distributions on (R1,B(R1)).which correspond to
Fn . and F , respectively. Using formula of change of variables in expectations (2.7), 
we can rewrite (4.2) in two equiv alent forms:

.
R1

f (x)dPFn →
R1

f (x)dPF , n → ∞,

R1
f (x)dFn →

R1
f (x)dF, n → ∞,

(4.3) 

for any bounded continuous function f.. 

The limit relations (4.3) allow to speak about the weak conve rgence of distribu-
tions PFn . and distribution functions Fn . to PF . and F in the sense (4.3). 

We also note that

.Fn(x) → F(x), n → ∞, (4.4) 

for all x ∈ R1 \ {p},. and hence, the weak convergence can be characterized with the 
help of distribution functions as their convergence (4.4) generalized in certain w ay.

Namely, for an arbitrary sequence of random variables (Xn)n=1,2,... .and a random 
variable X with distribution functions (Fn)n=1,2,... . and F , we may consider a 
convergence

. Fn(x) → F(x), n → ∞,

for all points of continuity of F, x ∈ R1.. 

Such type of convergence of Xn . to X we will call a convergence in distribution 
or convergence in law and denote Xn

d−→ X, n → ∞.. 

Theorem 4.1 

. Xn
w−→ X, n → ∞ ⇔ Xn

d−→ X, n → ∞.

Proof We show the direct implication only. The inverse implication is the Helly’s 
selection principle application. That is why we omit it here.
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For fixed x ∈ R1
. and for each integer α ≥ 1., we define two bounded continuous

functions

. fα = fα(y) =

⎧
⎪⎪⎨

⎪⎪⎩

1, y ≤ x,

α(x − y) + 1, x < y < x + α−1,

0, x + α−1 ≤ y,

. f −
α = f −

α (y) =

⎧
⎪⎪⎨

⎪⎪⎩

1, x − α−1 ≥ y,

α(x − y), x − α−1 < y ≤ x,

0, x ≤ y.

Functions fα . and f −
α . admit the limits:

. lim
α→∞ fα(y) = I(−∞,x](y) and lim

α→∞ f −
α (y) = I(−∞,x)(y). (4.5) 

Moreover, applying the Lebesgue dominated conver gence theorem, we get

. lim
α→∞Efα(X) =EI(−∞,x](X) = P(ω : X(ω) ≤ x) = F(x),

lim
α→∞Ef −

α (X) =EI(−∞,x)(X) = P(ω : X(ω) < x) = F(x−). (4.6) 

Further, due to Xn
w−→ X, n → ∞,. we have for fα . and f −

α . the limiting r elations:

. lim
n→∞Efα(Xn) =Efα(X),

lim
n→∞Ef −

α (Xn) =Ef −
α (X).

By construction of fα . and f −
α ., we obtain

. Ef −
α (Xn) ≤ Fn(x) ≤ Efα(Xn).

Hence, for any α ≥ 1., the following inequalities are true:

.Ef −
α (X) ≤ lim inf

n→∞ Fn(x) ≤ lim sup
n→∞

Fn(x) ≤ Efα(X). (4.7) 

Combining (4.5)–(4.7), we arrive to the inequalities

. F(x−) ≤ lim inf
n→∞ Fn(x) ≤ lim sup

n→∞
Fn(x) ≤ F(x),

which provide convergence Fn(x) → F(x), n → ∞,. if x is a point of continuity
of F..
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Let us also pay a brief attention to a characterization of weak convergence of
probability distributions (Pn)n=1,2,... . on space (R1,B(R1)).. 

We start with a very simple observation. Let P and P̃ . be two different probability 
measures on (R1,B(R1)).. Define a sequence of probability measures (Pn)n=1,2,... . 

as follo ws:

. P2n = P and P2n+1 = P̃ ,

and we arrive to conclusion that such a sequence (Pn)n=1,2,... . does not converge 
weakly. 

Another observation: We define a sequence of probability measures such that
Pn({n}) = 1. and, hence, Pn(R

1) = 1.. On the other hand, limn→∞ Pn((a, b]) = 0. 

for any a < b ∈ R1.. 

What does it mean in terms of d istribution functions?
Obviously, Pn . has the distribution function

. Fn(x) = 1, x ≥ n,

0, x < n, n = 1, 2, . . . ,

and for every x ∈ R1
. 

. lim
n→∞ Fn(x) = G(x) = 0.

Therefore, the limit above is not a distribution function. It means that the set 
of distribution functions is not compact. These observations lead us to the next
definitions.

Definition 4.1 A collection of probability measures (Pα). is relatively compact, 
if every sequence of measures from this collection admits a s ubsequence which
converges weakly to a probability measure.

Definition 4.2 A collection of probability measures (Pα). is tight, if for every 0. 

there exists a compact set K ⊆ R1
. such that 

. sup
α

Pα(R1 \ K) ≤

Similar definitions can be reproduced word by word for a collection of distribution
functions (Fα).. 

The classical Prokhorov theorem below speaks us that both these notions are
equivalent.

Theorem 4.2 Let (Pα). be a family of probability measures on (R1,B(R1)).. Then 
this family is relatively compact if and only if it is tight.
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Proof We give the proof of the direct implication only. Assume that (Pα). is not 
tight. Hence, there exists 0. such that for any compact K ⊆ R1 :. 

. sup
α

Pα(R1 \

Taking as K compact intervals In = [−n, n], n = 1, 2, . . . ,. we arrive to a s equence
of measures (Pαn). such that Pαn(R

1 \ In = 1, 2, . . . .. 

Further, since (Pα). is relatively compact, we can select from (Pαn). a s ubsequence

(Pαnk
). such that (Pαnk

)
w−→ P̃ , k → ∞,. where P̃ . is a probability measure on

(R1,B(R1)).. 

Now we ha ve

. ≤ lim sup
k→∞

Pαnk
(R1 \ In) ≤ P̃ (R1 \ In),

but it is not possible as n → ∞. and P̃ . is a p robability measure.

4.2 Weak Convergence and Central Limit Theorem

We already know that distribution function F is a key quantitative characteristics 
of a random variable on given probability space F, P ).. Moreover, it is clear 
from the Kolmogorov consistency theorem that there always exist such a probability 
space and a random variable with given distribution. To be more illustrative, we
would like to describe a particular way how this procedure can be realized.

We assume for simplicity that F(x). is strictly increasing. Then we choose the
space ([0, 1],B([0, 1]), l). as a probability space. Let us define the following random
variable

. X(ω) = F−1(ω) if ω ∈ [0, 1], ω = F(x)

0 if ω < 0 or ω > 1.

It is clear that X is B([0, 1]).-measurable, and if ω ↔ x . and ω ↔ x,. we obtain 

. P(ω : X(ω ) ≤ x) = P(ω : F−1(ω ) ≤ x) =
= P(ω : ω ≤ F(x)) = P(ω : ω ≤ ω) = F(x),

i.e., X has the distribution function F(x).. 

We also want to emphasize the following additional properties of expectations
and variances.
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Problem 4.1 Prov e that:

1. E n 
i=1 aiXi = n 

i=1 aiEXi . for integrable random variables X1, . . . , Xn . and 
real numbers a1, . . . , an, n = 1, 2, . . ... 

2. E n 
i=1 aiXi = n 

i=1 aiEXi . for independent random v ariables X1, . . . , Xn, n =
1, 2, . . ... 

3. Var(aX + b) = a2 Var(X). for a random variable X with well-defined variance
and real numbers a, b.. 

4. Var( n 
i=1 aiXi) = n 

i=1 a
2
i Var(Xi). for independent random v ariables

X1, . . . , Xn . and real numbers a1, . . . , an, n = 1, 2, . . ... 

Let us pay more attention to normal (or Gaussian) random variables. Denote

. p(x) = pμ,σ 2(x) = 1√
2πσ

exp − (x − μ)2

2σ 2

the density of a normal random variable with parameters μ. and σ 2,. i.e., N(μ, σ 2).. 

We note the following:

1. If μ = 0. and σ 2 = 1,. then the random variable Z = N(0, 1). is called standar d.
2. The integral ∞

−∞ e−x2/2dx = √
2π . is known as the Poisson i ntegral. Therefore,

∞
−∞ p0,1(x)dx = 1√

2π

√
2π = 1,. which means that p0,1 . is the density of some 

probability distribution.
3. EZ = ∞ 

−∞ xp0,1(x)dx = 0. because h(x) = x . is the odd function, and
∞
−∞ y2e−y2/2dy = √

2π . for the even function h(x) = x2.. 

Hence, 

. Var(Z) = EZ2 − (EZ)2 = EZ2 = 1√
2π

∞

−∞
y2e−y2/2dy = 1.

4. Standardization procedure. 
A random variable X = N(μ, σ 2) = σZ + μ. or, equivalently, Z = Z−μ

σ
.. 

Hence, EX = E(σZ + μ) = σEZ + μ = μ. and Var(X) = Var(σZ + μ) =
σ 2Var(Z) = σ 2,. and we get a nice probabilistic interpretation of parameters μ. 

and σ 2
. as mean and variance of X.. 

5. Let X be a normal random variable with parameters μ. and σ 2.. Consider 
its exponential transformation Y = eX.. This equality can be rewritten in a 
logarithmic form X = ln Y.. 

In this case, Y is called log-normal, and its density has the form

.l(y) = 1√
2πσ

exp − (ln y − μ)2

2σ 2
y−1, y ∈ (0,∞).
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Problem 4.2 Denote μY . and σ 2
Y . the mean and variance of Y , respectiv ely. Prove

that

. μY =EY = exp(μ + σ 2/2),

σ 2
Y =Var(Y ) = exp(2μ + σ 2)(eσ 2 − 1).

To give an alternative description of moments of a random variable and its 
distrib ution function, we introduce the notion of characteristic function.

Definition 4.3 Let X be a random v ariable. Then the function φX(t) = EeiX, i =√−1,. is called a characteristic function of X.. 

To simplify our further considerations, we assume that the distribution function
FX(x) = F(x). admits a density fX(x).. Now we note the following: 

First, the characteristics f unction does exist because of

. E|eitx | =
∞

−∞
|eitx |fX(x)dx =

∞

−∞
fX(x)dx = 1 < ∞.

Second, if E|X|m < ∞, m = 1, 2, . . . ,. then the characteristic function admits m 
continuous deri vatives such that

.EX = iφX(0), EX2 = −φX(0), . . . , EXm = imφ
(m)
X (0). (4.8) 

Relations (4.8) follow from direct calculations of the corresponding integrals:

. φX(t) =
∞

−∞
ixeitxfX(x)dx

and, hence, 

. φX(0) = i
∞

−∞
xei·0·xfX(x)dx = iEX etc.

Example 4 .1

1. For the Bernoulli random variable X taking values 1 and 0 w ith probabilities p

and q, respectively, p + q = 1,. we hav e

. φX(t) = eit ·0q + eit ·1p = peit + q.

Hence, φX(t) = peit · i . and φX(0) = ip..
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2. For the Poisson random variable with parameter λ > 0., we have  

. φX(t) = EeitX =
∞

m=0

eitmP (ω : X(ω) = m) =

=
∞

m=0

eitm λm

m! e
−λ =

∞

m=0

(λeit )m

m! e−λ =

= e−λeλeit = eλ(eit−1)

and φX(0) = λi.. 

3. For the normal random variable X with parameters μ. and σ 2
., we have using  

standardized random variable Z :. 

. φZ(t) =
∞

−∞
eitx 1√

2π
e−x2/2dx

=
∞

−∞
cos(tx)√

2π
e−x2/2dx + i

∞

−∞
sin(tx)√

2π
e−x2/2dx

= 1√
2π

∞

−∞
cos(tx)e−x2/2dx. (4.9) 

Differentiating both sides of (4.9) and using the integration b y parts, we obtain

. φZ(t) = 1√
2π

∞

−∞
(−x sin(tx))e−x2/2dx

= − 1√
2π

∞

−∞
t cos(tx)e−x2/2dx = −tφZ(t).

Hence, 

.φZ(t)/φZ(t) = −t. (4.10) 

Integrating Eq. (4.10), we get ln φZ(t) = −t2/2 + c, c = const,. and 
therefore, φZ(t) = ece−t2/2

. with ec = 1. due to φZ(0) = 1.. Finally, we ha ve

. φZ(t) = e−t2/2.

The case of arbitrary X = N(μ, σ 2). is considered with the help o f standardization
procedure X = μ + σZ.. As a result, we arrive to the formula

.φX(t) = exp itμ − t2σ 2

2
.
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Now we want to discuss a correspondence between weak convergence (convergence 
in distribution, in law) and the convergence of characteristic functions. 

There is a simple sufficient condition for convergence in distribution. Namely,
assume (fn)n=1,2,... . is a sequence of densities of random variables (Xn)n=1,2,... . 

such that fn(x) → f (x), n → ∞,. implies the convergence of their distribution
functions Fn(x) → F(x), n → ∞.. In fact, this result from Calculus is true for any
bounded function h(x) :. 

. 

∞

−∞
h(x)fn(x)dx →

∞

−∞
h(x)f (x)dx, n → ∞.

Taking h(x) = eitx
. in (4.11), we get

. φXn(t) → φX(t), n → ∞.

The result (4.12) implies the convergence Fn(x) → F(x), n → ∞,. too. 
Summarizing all these findings, we arrive to the following methodology to prove 
the central limit theorem (CLT) of the theory of probability.

Theorem 4.3 Let (Xn)n=1,2,... . be a sequence of independent identically distribu ted
(iid) random variables with EXn = μ. and VarXn = σ 2.. Denote 

. Sn =
n

m=1

Xm, Yn = Sn − nμ

σ
√

n
.

Then 

.Yn
d−→ Y, n → ∞, (4.11) 

where Y is a standard normal random variable N(0, 1).. 

This is a version of the CLT for iid random variables.

Proof First of all, we note that the characteristic function of the sum of independent 
random variables is equal to the product of characteristic functions of these random
variables. Using this property, we have

. φYn(t) =φ 1
σ
√

n

n
m=1(Xm−μ)

(t) = φ n
m=1(Xm−μ)(t/σ

√
n)

=
n

m=1

φZXm−μ(t/σ
√

n)

=(φ(t/σ
√

n))n, n = 1, 2, . . . . (4.12)
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Further, E(Xm − μ) = 0, E(Xm − μ)2 = σ 2
. and 

. φ (t) = iE(Xm − μ)eit (Xm−μ), φ (0) = 0,

φ (t) = −E(Xm − μ)2eit (Xm−μ), φ (0) = −σ 2.

Hence, we can expand φ . in a Taylor expansion at point t = 0. and find that

. φ(t) = 1 + 0 − σ 2t2

2
+ t2

where → 0, t → 0.. Therefore, using (4.14), w e get

. φYn(t) = φn(t/σ
√

n) = exp(n log φ(t/σ
√

n)) = exp(n log(1 − t2

2n
+ t2

nσ 2

and hence limn→∞ φYn(t)e
−t2/2

., which is the characteristics function of N(0, 1).. 

A more  general version of the CLT is usually formulated under the Lindeberg
Condition (L.). 
Let (Xn)n=1,2,... . be a sequence of independent random variables with EXn =
μn, VarXn = σ 2

n .. We say that the sequence (Xn)n=1,2,... . satisfies the condition
(L). if for any 0. 

. 

n

m=1

σ 2
m

−1 n

m=1 x:|x−μm|≥ ( n
m=1 σ 2

m)
1/2

(x − μm)2dFXm(x) → 0, n → ∞.

Under the conditions abo ve,

. 
Sn − ESn

(VarSn)1/2
d−→ N(0, 1), n → ∞.

The proof of this version of the CLT is provided by the same method as the proof
of Theorem 4.3.



Chapter 5 
Absolute Continuity of Probability 
Measures and Conditional Expectations

In this chapter, a special attention is devoted to the absolute continuity of measures. 
It is shown how this notion and the Radon-Nikodym theorem work to define 
conditional expectations. The list of properties of conditional expectations is given
here. In particular, it is emphasized the optimality in the mean-square sense of
conditional expectations (see [12, 28, 37], and [55]). 

5.1 Absolute Continuity of Measures 
and the Radon-Nikodym Theorem

Let F, P ). be a probability space and X be a random nonnegativ e variable.
Define a set function

.P̃ (A) =
A

XdP = EXIA, A ∈ F. (5.1) 

Let us take A = ∪∞
i=1Ai, Ai ∩ Aj = ∅, i j.. Using a linearity of expected 

values, we find that P̃ . from (5.1) is a  finite-additive measure. Further, with the help 
of monotonic conve rgence theorem, we have

. P̃ (A) =EXIA = EXI∪∞
i=1Ai

=

=E
∞

n=1

XIAn =
∞

n=1

EXIAn =
∞

n=1

P̃ (An),

and therefore, P̃ . is countable additive .
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In case of arbitrary random variable, we can use the standard representation X =
X+ − X−.. Assume that one of expected values EX+

. or EX−
. is finite. In such a 

case, one can define the following signed measure

.P̃ (A) =
A

X+dP −
A

X−dP = P̃ +(A) − P̃ −(A), A ∈ F, (5.2) 

that satisfies the nex t property

.P(A) = 0 ⇒ P̃ (A) = 0. (5.3) 

The proof of (5.3) is standard. For simple random va riable with values
x1, . . . , xn, X = n

i=1 xiIAi
., we have  

. P̃ (A) = EXIA =
n

i=1

xiP (Ai ∩ A) = 0, P (A) = 0.

For arbitrary random variable X, we monotonically approximate X by a sequence of
simple random variables Xn ↑ X, n → ∞,. and take a limit according to monotonic 
convergence theorem:

. P̃ (A) = EXIA = lim
n→∞EXnIA = 0.

Definition 5.1 Relation (5.3) between two measures P and P̃ . (not necessarily 
probability measures) is called the absolute continuity of P̃ . with respect to P,. and 
denoted P̃ P .. Moreover, if P P̃ ., then measures P and P̃ . are equivalent 
(P ∼ P̃ .). 

It turns out one can characterize the absolute continuity property with the help of
relations (5.1)–(5.2). This fundamental fact is known as Radon-Nikodym theorem.

Theorem 5.1 Let F). be a measurable space. Let μ. be a σ .-additive measure 
and λ. be a signed measure which is absolute continuous with respect to μ,. λ =
λ1 − λ2,. where one of λ1 . or λ2 . is finite. Then there exists F.-measurable f unction
Z = Z(ω), ω ∈ . with values in [−∞,+∞]. such that 

.λ(A) =
A

Z(ω)dμ, A ∈ F. (5.4) 

Moreover, the function Z is uniquely defined up to sets of μ.-measure zer o.

In representation (5.4), the function Z is called the Radon-Nik odym density or
derivative and denoted Z = dλ

dμ
.. 

As the first consequence of Theorem 5.1, we get a convenient rule of changing 
of measure in expected values. Let  X be a random variable on a probability space
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F, P ). and P̃ P . with the Radon-Nikodym density Z.. Then we formally 
obtain

. ẼX = XdP̃ = X
dP̃

dP
dP = XZdP = EXZ.

5.2 Conditional Expectations and Their Properties

Now we are ready to introduce the conditional expected value of random variable X

with respect to a σ .-algebra Y ⊆ F.. In this case, we also call Y. sub-σ .-algebra of F.. 

Definition 5.2 Let X be a nonnegative random variable and Y. be a sub-σ .-algebra 
of F.. Then a random variable E(X|Y). is called the conditional expectation o f X

with respect to Y. if E(X|Y). is Y.-measurable and 

.EXIA = E (E(X|Y)IA) (5.5) 

for every A ∈ Y.. 

In general case, we decompose X = X+ − X−
. and assume that one of random

variables E(X+|Y). and E(X−|Y). is finite, and define

.E(X|Y) = E(X+|Y) − E(X−|Y). (5.6) 

Existence of E(X|Y). in (5.6) follows from the Radon-Nikodym theorem. To prove 
it, we define a (signed) measure P̃ (A) = EXIA . on a measurable space Y). such 
that P̃ P .. According to Theorem 5.1, there exists a unique Radon-Nikodym 
density which can be denoted here E(X|Y).: 

. P̃ (A) =
A

E(X|Y)dP .

Let us note that the above equality coincides with (5.5). 
Using definition of E(X|Y)., we can easily define: 
Conditional probability w.r.t. Y. 

. P(B|Y) = E(IB |Y), B ∈ F,

conditional variance w.r. to Y. 

.Var(X|Y) = E (X − E(X|Y))2|Y .
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It is often the σ .-algebra Y. is generated by another random variable Y..Therefore, 
we can define conditional expected value and conditional probability X w.r. to Y as
follows:

. E(X|Y ) = E(X|Y),P(B|Y ) = P(B|Y), B ∈ F,

where Y = YY .. 

Let us count the list of p roperties of conditional expectations:

1. If X = c. (a.s.), then E(X|Y) = c . (a.s.). 
2. If X ≤ Y . (a.s.), then E(X|Y) ≤ E(Y |Y). (a.s.). 
3. |E(X|Y)| ≤ E(|X| |Y). (a.s.). 
4. For random variables X and Y and constants a and b, we have

. E(aX + bY |Y) = aE(X|Y) + bE(Y |Y) (a.s.).

5. E(X|F∗) = EX  (a.s.).. 
6. E(X|F) = X  (a.s.).. 
7. EE(X|Y) = E X.. 

8. If sub-σ .-algebras Y1 ⊆ Y2 ., t hen

. E (E(X|Y2)|Y1) = E(X|Y1) (a.s.).

9. If sub-σ .-algebras Y2 ⊆ Y1 ., t hen

. E (E(X|Y2)|Y1) = E(X|Y2) (a.s.).

10. We say that two sub-σ .-algebras Y1 . and Y2 . are independent, if for any B1 ∈ Y1 . 

and B2 ∈ Y2 . we have P(B1 ∩ B2) = P(B1)P (B2).. 
For a random variable X and a sub-σ .-algebra Y., we say that X does not

depend on Y. if YX
. and Y. are independent. In this case, we have

. E(X|Y) = EX (a.s.),

if EX . is well-defined. 
11. For random variables X and Y such that Y is Y.-measurable, E|X| <

∞, E|XY | < ∞,. we hav e

. E(XY |Y) = YE(X|Y) (a.s.).

12. For a (generalized) sequence of random variables (Xn)n=1,2,... . such that |Xn| ≤
Y, n = 1, 2, . . . , EY < ∞. and Xn → X, n → ∞,. a.s. Then E(Xn|Y) →
E(X|Y), (a.s.) n → ∞.. 

13. If Xn ≥ Y, EY > −∞. and Xn ↑ X, n → ∞,. a.s., t hen E(Xn|Y) ↑
E(X|Y), (a.s.) n → ∞..
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14. If Xn ≤ Y, EY < ∞. and Xn ↓ X, n → ∞,. a.s., t hen E(Xn|Y) ↓
E(X|Y), (a.s.) n → ∞.. 

15. If Xn ≥ Y, EY > −∞., t hen

. E(lim inf
n→∞ Xn|Y) ≤ lim inf

n→∞ E(Xn|Y) (a.s.).

16. For nonnegative random variables (Xn)n=1,2,... ., we have  

. E
∞

n=1

Xn|Y =
∞

n=1

E(Xn|Y) (a.s.).

Let us show ways of proof of such properties. In case 2), we have for any A ∈ Y. 

that 

. 
A

XdP ≤
A

YdP.

Therefore, we get from (5.5) t hat

. 
A

E(X|Y)dP ≤
A

E(Y |Y)dP,

which means that E(X|Y) ≤ E(Y |Y) (a.s.).. 
In case (8), we have for any A ∈ Y1 ⊆ Y2 . that 

. 
A

E(X|Y1)dP =
A

XdP =
A

E(X|Y2) =
A

E (E(X|Y2)|Y1) dP,

which certifies the statement in (8). 
Below we provide some comments and detailed calculations about conditional

expectations.
Consider E(X|Y ). for two (integrable) random variables X and Y.. According to 

our definition, E(X|Y ). is YY
.-measurable, and by the representation theorem, there 

exists a Borelian function φ(·). such that 

.φ(Y (ω)) = E(X|Y )(ω), ω ∈ (5.7) 

For A ∈ YY
., we get from (5.7): 

.
A

XdP =
A

E(X|Y )dP =
A

φ(Y )dP. (5.8)
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Further, taking A = Y−1(B), B ∈ B(R1)., we have  

. 
Y−1(B)

φ(Y )dP =
B

φ(y)dPY ,

and hence, 

.
Y−1(B)

XdP =
B

φ(y)dPY . (5.9) 

Having equalities (5.7)–(5.9), we can take φ(y) = E(X|Y = y), y ∈ R1.. 

To provide more details, one can consider a special case when the pair (X, Y ). 

admits a joint density fXY (x, y).. In such a case, we can put

. fX|Y (x|y) = fxy(x, y)

fY (y)

and find that for C ∈ B(R1). 

. P(X ∈ C|Y = y) =
C

fX|Y (x|y)dx

and 

. E(X|Y = y) =
R1

xfX|Y (x|y)dx.

This is a reason that the function fX|Y (x|y). is called a density of a conditional 
distribution (conditional density). 

In case of discrete random variables X and Y with values x1, x2, . . .. and 
y1, y2, . . .. correspondingly, denote Y = σ(Y ) = YY

. and (ω : Y (ω) = yi) =
Di, i = 1, 2, . . ... SetsDi, i = 1, 2, . . .. are atoms for P in the sense that P(Di) > 0. 

and any subset A ⊆ Di . has a probability zero or its completion to Di . (i.e., Di \ A.) 
has a probability zero. We can define

. E(X|Di) = EXIDi

P (Di)
, i = 1, 2, . . . .

Then the calculation of E(X|Y ). is reduced to the claim:

. E(X|Y ) = E(X|YY ) = E(X|Di) (a.s.)

on the atom Di, i = 1, 2, . . ...
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To connect these definitions and results to the general definition, we need to
check (5.5). In particular, we h ave

. EE(X|Y) =
∞

i=1

E(X|Di)P (Di)

=
∞

i=1

E(XIDi
) =

∞

i=1

∞

j=1

xjP (X = xj , Y = yi)

=
∞

j=1

∞

i=1

xjP (X = xj , Y = yi)

=
∞

j=1

xj

∞

i=1

P(X = xj , Y = yi) =
∞

j=1

xjP (X = xj )

=EX.

Let us take note of that calculations of E(X|Y1, . . . , Yn). can be given in the same 
way. 

Finally, we demonstrate an important application of E(X|Y )..We will interpret Y 
as an observable variable and X as a non-observable. This is a typical situation in 
many areas, including option pricing theory, where X is a pay-off of option and Y 
is a stock price. 

How can we estimate X based on observations of Y to provide the optimality of
the estimate?
A satisfactory solution of the problem can be given as follows.

Let φ = φ(x), x ∈ R1,. be a Borelian function. Taking φ(Y )., we get an estimate
for X,. and we should choose from a variety of such estimates an optimal estimate.
As criteria, we can take E(X − φ(Y ))2 . and define the optimal estimate φ∗(Y ). as 
follo ws:

. E(X − φ∗(Y ))2 = inf
φ
E(X − φ(Y ))2,

where we assume EX2 < ∞. and Eφ2(Y ) < ∞.. 

Theorem 5.2 The optimal estimate has the following representation φ∗(x) =
E(X|Y = x).. 

Proof Taking φ∗(Y ) = E(X|Y )., we have for any other estimate φ :. 

.E(X − φ(Y ))2 = E (X − φ∗(Y )) + (φ∗(Y ) − φ(Y ))
2

= E(X − φ∗(Y ))2 + 2E(X − φ∗(Y ))(φ∗(Y ) − φ(Y ))

+ E(φ∗(Y ) − φ(Y ))2
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= E(X − φ∗(Y ))2 + E(φ∗(Y ) − φ(Y ))2 

+ 2E E (X − φ∗(Y ))(φ∗(Y ) − φ(Y ))  |Y 

= E(X − φ∗(Y ))2 + E(φ∗(Y ) − φ(Y ))2

≥ E(X − φ∗(Y ))2.



Chapter 6 
Discrete Time Stochastic Analysis: 
Basic Results

This chapter is completely devoted to a discrete time stochastic analysis. It contains 
the key notions adapted to discrete time like stochastic basis, filtration, pre-
dictability, stopping times, martingales, sub- and supermartingales, local densities 
of probability measures, discrete stochastic integrals, and stochastic exponents. It 
is stated the Doob decomposition for stochastic sequences, maximal inequalities,
and other Doob’s theorems. The developed martingale technique is further applied
to prove several asymptotical properties for martingales and submartingales (see
[7, 13, 15, 17, 28, 55], and [62]). 

6.1 Basic Notions: Stochastic Basis, Pr edictability,
and Martingales

We have seen already that a sequence of random variables X1, X2, . . . , Xn . can be 
interpreted as a n-times repetition (realization) of the underlying random experi-
ment. One can note that the order of appearance of new information is important. For 
example, such order and such information are valuable in stock exchange trading.
One can also observe that a numeration of Xi . may not be directly connected to 
real (physical) time, because an operation time is often exploited instead of real 
time in finance. As we know, to provide a n accurate work with random variables,
we need to assume that these random variables are defined on some probability
space F, P ).. In this setting, for each fixed outcome ω ∈ ., one can observe a 
sequence of numbers X1(ω),X2(ω), . . . , Xn(ω), . . . ,. called a trajectory or sample 
path. It may present a behavior of stock prices or indexes over given time interval. 
So, thinking in this way, we must emphasize the difference between probability 
theory and stochastic/random processes. It can be roughly explained as follows.
If theory of probability studies probabilities of occurrence of random events,
including the events connected to random variables, theory of stochastic processes

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026 
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considers probabilities of occurrence of trajectories and families of trajectories of 
stochastic processes. Such a difference calls for a “supplementary equipment” of 
giv en probability space with an information flow or filtration. It is a nondecreasing
family (Fn)n=0,1,... . together with F, (Fn)n=0,1,..., P ). called a stochastic basis. 
Usually, the main σ .-algebra F. is determined by the filtration (Fn)n=0,1,... . in the 
sense that F∞ = σ(∪nFn) = F.. We sometimes will count that F0 . is trivial, i.e.,
F0 = {∅ }.. Filtration creates a new class of random variables, called stopping
times. A random variable τ : → {0, 1, . . . , n, . . . , ∞}. is called a stopping time if
for each n = 0, 1, . . .. 

. {ω : τ(ω) ≤ n} ∈ Fn,

i.e., each value n is taken based on information until time n without having
information from the future time.

We can interpret a stopping time τ . as a random time, and therefore w e can speak
about information Fτ . before this time τ.. It is formally realized as follows:

. Fτ = {A ∈ F∞ : A ∩ {ω : τ(ω) ≤ n} ∈ Fn},

and Fτ . is a σ .-algebra. 
If two stopping times τ . and σ . are connected to each other through inequality

τ ≤ σ (a.s.)., then obviously Fτ ⊆ Fσ .. 

Now if (Xn)n=0,1,... . is a sequence of random variables on F, (Fn)n=0,1,..., P ). 

with information flow (Fn). and Xn − Fn .-measurable for each n = 0, 1, . . ... In this  
case, we will call (Xn). adapted to (Fn)n=0,1,...,. or stoc hastic.

For a stochastic sequence (Xn)n=0,1,... . and a stopping time τ ., we define

. Xτ =
∞

n=0

XnI{τ=n} + X∞I{τ=∞},

where X∞ . may be a fixed constant or X∞ = limn→∞ = Xn . (a.s.), if the limit does 
exist.

The random variable Xτ . is a “superposition” of a stochastic sequence and τ ., and 
hence, Xτ −Fτ .-measurable. We can go even further if we take a stochastic sequence
(Xn)n=0,1,... . and a nondecreasing sequence of stopping times (τn)n=0,1,... . and define 
a new sequence of random variables

. Yn = Xτn, τn ≤ τn+1.

It is quite natural to call (τn). as a time change and (Yn). as a time-changed sequence. 
The idea of “time change” is very productive for stochastic analysis. For example, 
in mathematical finance, this type of time change is often based on market volatility
and is called the “operation time.”
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Problem 6.1 Prov e that:

1. τ . is a stopping time if and only if {τ = n} ∈ Fn . for all n.. 

2. Fτ . is a σ .-algebra, if τ . is a s topping time.
3. Fτ ⊆ F σ . if stopping times τ ≤ σ(ω). (a.s.). 
4. Xτ . is Fτ .-measurable i f τ . is a s topping time.
5. τ ∧ σ . is a s topping time.

We can also consider F, (Fn), P ). as a system of probability spaces
F0, P0 F, P ), . . . ,. where P0 . on F0 . is just a restriction of P to F0 . and so 

on. In this framework, we can consider another probability measure P̃ . and P̃n . as its 
restriction to Fn.. Assume that P̃n Pn, n = 0, 1, . . .., and denote Zn = dP̃n

dPn
. the 

density of P̃n .with respect to Pn, n = 0, 1, . . . .. The sequence (Zn)n=0,1,... . is called 
a local density of P̃ . with respect to P,. and for each n = 0, 1, . . .., we have  

. EZn = ZndP = ZndPn = P̃n = 1.

Further, for any A ∈ Fn−1 ., we formally ha ve that

. 
A

ZndP =
A

ZndPn =
A

dP̃n

dPn

dPn = P̃n(A) = P̃n−1(A) =
A

Zn−1dP.

It means that (a.s.)

.E(Zn|Fn−1) = Zn−1, n = 1, 2, . . . . (6.1) 

We can also ask the question: 
Is it possible to calculate for some integrable random variable Y Ẽ(Y |Fn−1). via 

E(Y |Fn−1)?. 
Again, take A ∈ Fn−1 . and find that

. 
A

E(YZn|Fn−1)dP =
A

YZndP =
A

YdP̃n

=
A

YdP̃n−1 =
A

Ẽ(Y |Fn−1)dP̃n−1

=
A

Ẽ(Y |Fn−1)dPn−1 =
A

Ẽ(Y |Fn−1)Zn−1dP,

and hence, 

.Ẽ(Y |Fn−1) = Z−1
n−1E(YZn|Fn−1) (a.s.). (6.2) 

Relation (6.2) is called a rule of change of probability in conditional expectations.
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Besides adapted sequences of random variables, we can introduce sequences of 
random variables which are in between deterministic and stochastic sequences. We
say that an adapted sequence (An)n=0,1,... . is predictable, if An .-Fn−1 .-measurable 
for n = 1, 2, . . ... We can also take the property (6.1) to introduce the whole class of 
stochastic sequences called martingales. We say that an integrable adapted sequence
(Mn)n=0,1,... . is a martingale, if

.E(Mn|Fn−1) = Mn−1 (a.s.) f or n = 1, 2, . . . . (6.3) 

Relation (6.3) can be rewritten as follows E(Mn −Mn−1|Fn−1) = 0 (a.s.).. It means 
the sequence Yn = Mn − Mn−1 . presents the so-called martingale difference. 

We can also see that the local density (Zn)n=0,1,... . in (6.1) is a martingale 
with respect to P.. These two types of stochastic sequences is a natural basis 
for many others. To demonstrate t his claim, we consider an arbitrary integrable
stochastic sequence (Xn)n=0,1,... . with X0 = 0. (a.s.) for simplicity. D efine for each
n = 1, 2 n = Xn − Xn−1 . and write an ob vious equality

. n = n − E n|Fn−1) + E n|Fn−1) = n + n, (6.4) 

where 

. n = n − E n|Fn−1),

. n = E n|Fn−1).

It is clear from (6.4) that for n = 0, 1, . . .., 

.Xn = Mn + An, (6.5) 

where Mn = i≤n i . and An = i≤n i,. and therefore, (Mn)n=0,1,... . is a 
martingale and (An)n=0,1,... . is predictable. 

Such a unique decomposition (6.5) is called the Doob decomposition of
(Xn)n=0,1,... .. In particular, it is true for sequences (Xn)n=0,1,... . satisfying conditions 

. E(Xn|Fn−1) ≥ Xn−1 (a.s.)

and 

. E(Xn|Fn−1) ≤ Xn−1 (a.s.).

Such sequences are called submartingales and supermartingales , and in their
decompositions (6.5) n ≥ 0. and n ≤ 0. (a.s.), n = 1, 2, . . . ,. correspondingly. 

Remark 6.1 Given a martingale (Xn)n=0,1,... ., there is a simple way of constructing 
submartingales (supermartingales). Suppose φ . is a convex downward measurable



6.1 Basic Notions: Stochastic Basis, Predictability, and Martingales 55

function such that E|φ(Xn)| < ∞, n = 0, 1, . . ... Then Jensen’s i nequality implies
that (φ(Xn))n=0,1,... . is a submarting ale.

Let us consider a martingale (Mn)n=0,1,... . such that EM2
n < ∞, n = 0, 1, . . .., 

and then it is called square integrable. Further, due to the Jensen’s inequality, Xn =
M2

n . is a submartingale. Using the Doob decomposition (6.5), one can conclude that

. M2
n = mn M,M n, n = 0, 1, . . . ,

where (mn)n=0,1,... . is a martingale and ( M,M n)n=0,1,... . is a nondecreasing 
predictable sequence called the quadratic characteristic (compensator) of M.. 

Moreover, 

. M,M n =
n

i=1

E i )
2|Fi−1), M,M 0 = 0,

and 

. E (Mk − Ml)
2|Fl =E(M2

k − M2
l |Fl )

=E( M,M k M,M l |Fl ), l ≤ k,

and EM2
n = E M,M n, n = 0, 1, . . ... It is possible to define a measure of correla-

tion between two square-integrable martingales (Mn)n=0,1,... . and (Nn)n=0,1,... :. 

. M,N n = 1

4
M + N,M + N n M − N,M − N n},

n = 0, 1, . . . ,. which is called the joint quadratic characteristic of (Mn)n=0,1,... . and 
(Nn)n=0,1,... .. 

It is almost obvious to show that the sequence (MnNn M,N n)n=0,1,... . is a 
martingale, and if M,N n = 0. for all n = 0, 1, . . . ,. then such martingales are 
called orthogonal. 

Further, the following property that connects the martingale property and
absolute continuity of probability measures is related to formula (6.2) and can be 
referred to as a discrete time version of the Girsanov theorem.

Let (Mn)n=0,1,...,M0 = 0,. be a martingale with respect to the original measure
P and assume E|ZnZ

−1
n−1 n| < ∞, n = 1, 2, . . ... Define (M̃n)n=0,1,..., M̃0 = 0,. 

by relations 

. M̃n = n − E(ZnZ
−1
n−1 n|Fn−1), n = 1, 2, . . . .

Using the rule of change of measure (6.2), we obtain

.Ẽ M̃n|Fn−1) =Ẽ n − E(ZnZ
−1
n−1 n|Fn−1)|Fn−1)
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=Ẽ n|Fn−1) − Ẽ n|Fn−1) = 0 (a.s.),

which implies that (M̃n)n=0,1,... . is a martingale with respect to P̃ P . with the 
local density (Zn)n=0,1,..... 

Let us use predictable and martingale stochastic sequences to construct more
complicated objects. For a predictable (Hn)n=0,1,... . and a martingale (mn)n=0,1,... ., 
define a discrete stoc hastic integral

.H ∗ mn =
n

i=0

Hi i. (6.6) 

If martingale (mn)n=0,1,... . is square integrable, sequence (Hn)n=0,1,... . is predictable, 
and EH 2

n m,m, n < ∞, n = 0, 1, . . . ,. then (H ∗ Mn)n=0,1,... . is a square-
integrable martingale with quadratic characteristic

. H ∗ m,H ∗ m n =
n

i=0

H 2
i m,m i.

Further, let (Mn)n=0,1,... . be a fixed square-integrable martingale, then one 
can consider all square-integrable martingales (Nn)n=0,1,... . that are o rthogonal to
(Mn)n=0,1,... .. Introduce a family of square-integrable marting ale of the form

.Xn = Mn + Nn. (6.7) 

On the other hand, any square-integrable martingale (Xn)n=0,1,... . can be written 
in the form (6.7), where the orthogonal term (Nn)n=0,1,... . satisfies (6.6) with the 
martingale (mn)n=0,1,... . that is orthogonal to the given martingale (Mn)n=0,1,... .. 
Such a version of decomposition (6.7) is referred to as the Kunita-Watanabe 
decomposition. 

Discrete stochastic integrals are related to discrete stochastic differential equa-
tions. Solutions of such equations are u sed in modeling the dynamics of asset prices
in financial markets.

Consider a stochastic sequence (Un)n=0,1,... . with U0 = 0. and define a ne w
stochastic sequence (Xn)n=0,1,... . with X0 = 1. by 

. n = Xn−1 n, n = 1, 2, . . . . (6.8) 

Solution of (6.8) has the form

. Xn =
n

i=1

(1 + i ) = En(U), n = 1, 2, . . . ,

and is called a stochastic exponential.
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One can consider a nonhomogeneous version of Eq. (6.8) 

. n = n + Xn−1 n, X0 = N0, (6.9) 

where (Nn)n=0,1,... . is a given sequence. 
Solution of (6.9) is determined with the help of stochastic exponential as follows:

. Xn = En(U) N0 +
n

i=1

E−1
i i .

Let us list very helpful properties o f stochastic exponentials:

1. E−1 
n (U) = En(− U∗),. where ∗

n = n

1+ n
n = −1.. 

2. (En(U))n=0,1,... . is a martingale if and only if (Un)n=0,1,... . is a marting ale.
3. En(U) = 0. (a.s.) for n ≥ τ0 = inf(i : Ei (U) = 0).. 
4. For two stochastic sequences (Un). and (Vn)., the next multiplication rule of 

stochastic exponentials is true:

. En(U)En(V ) = En(U + V + [U,V ]),

where [U,V ]n = n n.. 

6.2 Martingales on Finite Time Interval

Here we study stochastic sequences on the interval [0, N ] = {0, 1, . . . , N}.. The 
first important theorem is devoted to an interesting characterization of the notion of
a martingale.

Theorem 6.1 Let (Xn)n=0,1,...,N .be an integrable stochastic sequence on a stochas-
tic basis F, (Fn)n=0,1,...,N , P ).. Then the following statements a re true:

1. The sequence (Xn)n=0,1,...,N . is a martingale if and only if Xn = E(XN |Fn). (a.s.) 
for all n = 0, 1, . . . , N.. 

2. If for all stopping times τ . the equality EXτ = EX0 . is fulfilled, then
(Xn)n=0,1,...,N . is a marting ale.

Proof 

(a) For a direct implication, using the definition of conditional expectations and 
their telescopic property, we have that (a.s.)

.E(XN |FN−2) = E (E(XN |FN−1)|FN−2) = E(XN−1|FN−2) = XN−2, etc.
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For an inverse implication, we also use the definition and the t elescopic property
and find that for all n (a.s.)

. E(XN |FN−1) = E (E(XN |FN)|FN−1) = E(XN |FN−1) = XN−1, etc.

(b) For a fixed n ≤ N . and A ∈ Fn ., we define the f ollowing stopping time:

. τA(ω) = n if ω ∈ A,

N if ω /∈ A.

According to the assumption, we have

. EX0 = EXτA
=EXτA

IA + EXτA
IAc

=EXnIA + EXNIAc .

It means that E(XN |Fn) = Xn . (a.s.), and by (a), we conclude that
(Xn)n=0,1,...,N . is a marting ale.

Theorem 6.1 gives us an understanding about a strong connection between martin-
gales and stopping times. The next statement which has a s pecial name as “optional
sampling theorem” of Doob tells us more about these connections.

Theorem 6.2 Let (Xn)n=0,1,...,N . be a martingale (submartingale, supermartin-
gale) and τ1 ≤ τ2 . (a.s.) are stopping times, and then

. E(Xτ2 |Fτ1) = Xτ1 (a.s.)

(E(Xτ2 |Fτ1) ≥ Xτ1 . and E(Xτ2 |Fτ1) ≤ Xτ1 . (a.s.), respectively). In particular,
EXτ1 = EXτ2 .. 

Proof of this theorem, which generalizes the obvious property for deterministic 
times, r eadily follows from next considerations.

For A ∈ Fτ1 , n ≤ N . and B = A ∩ {τ1 = n}. in order to pro ve
A

Xτ2dP =
A

Xτ1dP ., we need to pro ve that

. 
B∩{τ2≥n}

Xτ2dP =
B∩{τ2≥n}

XndP.

It follows from the next equalities

.
B∩{τ2≥n}

XndP =
B∩{τ2=n}

XndP +
B∩{τ2>n}

XndP
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= 
B∩{τ2=n} 

XndP + 
B∩{τ2>n} 

E(Xn+1|Fn)dP 

= 
B∩{τ2=n} 

XndP + 
B∩{τ2>n} 

Xn+1dP 

= 
B∩{n≤τ2≤n+1} 

XndP + 
B∩{τ2≥n+2} 

Xn+2dP = . . . =

=
B∩{τ2≥n}

Xτ2dP.

It turns out for martingales (submartingales, supermartingales) one can get inequal-
ities called maximal (or the Kolmogorov-Doob inequalities) which are stronger than
the Chebyshev inequality.

Theorem 6.3 

1. If (Xn)n=0,1,...,N . is a submartingale, then for any λ > 0 :. 

. P(ω : max
n≤N

Xn ≥ λ) ≤ EX+
N

λ
.

2. If (Xn)n=0,1,...,N . is a supermartingale, then for any λ > 0 :. 

. P(ω : max
n≤N

Xn ≥ λ) ≤ EX0 + EX−
N

λ
.

3. If (Xn)n=0,1,...,N . is a martingale, then for any λ > 0 :. 

. P(ω : max
n≤N

|Xn| ≥ λ) ≤ E|XN |
λ

.

Proof Let us define the f ollowing stopping time

. τ = inf{n ≤ N : Xn ≥ λ},

where we put τ = N . if the set in brackets above is ∅.. 

Denote A = {ω : maxn≤N Xn ≥ λ}. and find that

. A ∩ {τ = n} = {τ = n} ∈ Fn,

if n < N . and 

. A ∩ {τ = N} ∈ FN,

due to A ∈ FN..
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Hence, A ∈ Fτ .. 

To prove the statement (1) of the theorem, we derive from Theorem 6.2 that 

. EXτIA ≤ EXNIA

because stopping time τ ≤ N.. 

If the event A occurs, then Xτ ≥ λ. and XτIA ≥ λIA.. Therefore, 

. λP (A) ≤ EXNIA ≤ EX+
NIA ≤ EX+

N,

and we obtain (1). 
Further, due to 0 ≤ τ ≤ N ., we have from Theorem 6.2 

. EX0 ≥ EXτ = EXτIA + EXτIAc ≥ EXτIA + EXNIAc .

Hence, we get statement (2) a fter next calculations

. λP (A) ≤EXτIA ≤ EX0 − EXNIAc

=EX0 + E(−XN)IAc ≤ EX0 + E(−XN)+IAc

≤EX0 + EX−
N.

The last statement (3) is a combination of (1) and (2).

We finish this section by the well-known and helpful results of Doob about 
estimation of the number of upcrossings (do wncrossings) of given interval by
submartingales and supermartingales.

Let a < b. be real numbers and (Xn)n=0,1,...,N . be a stochastic sequence. Define 
the f ollowing sequence of stopping times:

. τ0 = 0, τ1 = inf{n > 0 : Xn ≤ a},
τ2 = inf{n > τ1 : Xn ≥ b}, . . . ,

τ2m−1 = inf{n > τ2m−2 : Xn ≤ a},
τ2m = inf{n > τ2m−1 : Xn ≥ b},

where τk = N . if the set in brackets above is ∅.. 

It is clear that between τ2m−1 . and τ2m . that is an upcrossing of the interval (a, b). 

by the sequence (Xn). occurs. 
Define the following random variable

.βX+ (N, a, b) = 0, if τ2 > N,

max{m : τ2m ≤ N}, if τ2 ≤ N,
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which is called the number of upcrossings of (a, b). by the sequence (Xn). during the 
time interval [0, N ].. 

Definition of notion of downcrossings is given in a similar way. Denote the
corresponding number of downcrossings by βX− (N, a, b).. 

Theorem 6.4 Let (Xn)n=0,1,...,N . be a submartingale and βX± (N, a, b). be the 
number of upcrossings (downcrossings) of the interval (a, b).. Then 

.EβX+ (N, a, b) ≤E(XN − a)+

b − a
, . (6.10) 

EβX− (N,  a,  b)  ≤E(XN − b) +

b − a
. (6.11) 

Proof We prove only (6.10) in view a symmetry of formulas (6.10) and (6.11). 
Let us reduce the initial problem to estimation of the number of upcrossings by
a nonnegative submartingale ((Xn − a)+)n=0,1,...,N . of the interval (0, b − a).. 

Moreover, we can put a = 0. and prove that

.EβX+ (N, 0, b) ≤ EXN

b
, (6.12) 

for a nonnegative submartingale (Xn)n=0,1,2,...,N , X0 = 0.. 
Define for i = 1, 2, . . .. a sequence of random variables:

. φi = 1, if τm < i ≤ τm+1 for some non-even m,

0, if τm < i ≤ τm+1 for some even m.

It follows from definitions of βX+ (N, a, b). and φi . that 

. bβX+ (N, 0, b) ≤
N

i=1

φi(Xi − Xi−1).

Let us note that

. {φi = 1} = ∪non−even m({τm < i} /∈ {τm+1 < i}) ∈ Fi−1,

and therefore by properties of conditional expected v alues and submartingales

.bEβX+ (N, 0, b) ≤E
N

i=1

φi(Xi − Xi−1)

=
N

i=1 {φi }
(Xi − Xi−1)dP
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= 
N 

i=1 {φi } 
E(Xi − Xi−1|Fi−1)dP 

≤ 
N 

i=1 
EE(Xi − Xi−1|Fi−1) 

=(EX1 − EX0) + (EX2 − EX1) + .  .  .  

+ (EXN − EXN−1) = EXN,

and we arrive to (6.12), and further to (6.10). 

Corollary 6.1 Let (Xn)n=0,1,...,N . be a supermartingale and αX+(N, a, b). be the 
number of upcrossings of the interval (a, b).. Then 

.EαX+(N, a, b) ≤ E(a − XN)+

b − a
. (6.13) 

Proof The inequality (6.13) follows from (6.11) because αX+(N, a, b). can be 
interpreted as the number of downcrossings of the interval (−b,−a). by the 
submartingale (−Xn)n=0,1,...,N :. 

. EαX+(N, a, b) = Eβ−X− (N,−b,−a) ≤ E(−XN − (−a))+

(−a) − (−b)
= E(a − XN)+

b − a
.

6.3 Martingales on Infinite Time Interval

Here martingales (submartingales, supermartingales) are studied for Z+ =
{0, 1, . . . , n, . . .}.. Statements of Theorems 6.3 and 6.4 are transformed by taking 
the limits as N → ∞,. and we get the following list of inequalities (6.14)–(6.19): 

.P(ω : sup
n

Xn ≥ λ) ≤ supn EX+
n

λ
, λ > 0, (6.14) 

for a submartingale (Xn)n=0,1,... . with supn EX+
n < ∞;. 

.P(ω : sup
n

Xn ≥ λ) ≤ EX0 + supn EX−
n

λ
, λ > 0, (6.15)
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for a supermartingale (Xn)n=0,1,... . with supn EX−
n < ∞;. 

.P(ω : sup
n

|Xn| ≥ λ) ≤ supn E|X|n
λ

, λ > 0, (6.16) 

for a martingale (Xn)n=0,1,...,N . with supn E|X|n < ∞;. 

.EβX+ (∞, a, b) ≤ supn E(XN − a)+

b − a
, (6.17) 

for a submartingale (Xn)n=0,1,... . with supn E(Xn − a)+ < ∞;. 

.EβX− (∞, a, b) ≤ supn E(XN − b)+

b − a
, (6.18) 

for a submartingale (Xn)n=0,1,... . with supn E(Xn − b)+ < ∞;. 

.EαX+(∞, a, b) ≤ supn E(a − XN)+

b − a
, (6.19) 

for a supermartingale (Xn)n=0,1,... . with supn E(a − Xn)
+ < ∞.. 

The Doob optional stopping (sampling) theorem admits a natural extension to
Z+ . too. 

Theorem 6.5 Let (Xn)n=0,1,... . be a uniformly integrable martingale (submartin-
gale, supermartingale) and τ . be a finite stopping time. Then E|Xτ | < ∞. and 

.EXτ = EX0 (EXτ ≥ EX0,EXτ ≤ EX0). (6.20) 

Moreover, for finite stopping times τ ≤ σ . (a.s.): 

. E(Xσ |Fτ ) = Xτ (a.s.), (E(Xσ |Fτ ) ≥ Xτ (a.s.), E(Xσ |Fτ ) ≤ Xτ (a.s.)).

(6.21) 

Proof Both formulas (6.20) and (6.21) are proved with the help of limit arguments. 
Let us only provide the proof of (6.20). 

For a fixed N , denote τN = τ ∧ N ., which is a bounded stopping time, and by
Theorem 6.2, we have  

.EX0 = EXτN
. (6.22) 

Let us note from (6.22) t hat

.EXτN
= 2EX+

τN
− EXτN

≤ 2EX+
τN

− EX0. (6.23)
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Further, using (6.23) and a submartingale property of (X+
n )n=0,1,... ., we obtain that

. EX+
τN

=
N

j=0

EX+
j I{τN=j} +

{τ>N}
X+

NdP

≤
N

j=0

EX+
j I{τN=j} + EX+

NI{τ>N}

=EX+
N ≤ E|XN | ≤ sup

n
E|Xn|,

and, hence, 

.E|XτN
| ≤ 3 sup

n
E|Xn| < ∞. (6.24) 

Using (6.24) and the Fatou lemma, we get

. E|Xτ | ≤ lim sup
N

E|XτN
| ≤ 4 sup

n
E|Xn| < ∞.

Let us note that for a finite stopping time τ . we hav e

. lim
n→∞E|Xn|I{τ>n} = 0, (6.25) 

because (Xn)n=0,1,... . is uniformly integrable and P(ω : τ(ω) > n) → 0, n → ∞.. 

We can write a decomposition

. Xτ = Xτ∧n + (Xτ − Xn)I{τ>n}

and its a verage

.EXτ = EXτ∧n + EXτI{τ>n} − EXnI{τ>n}. (6.26) 

In Eq. (6.26), EXτ∧n = EX0 ., because (Xτ∧n). is a martingale. 
The second term of (6.26) 

.E(Xτ )I{τ>n} =
∞

i=n+1

EXiI{τ=i} → 0, n → ∞,
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because the series

. EXτ =
∞

i=0

EXiI{τ=i} converges.

The third term of (6.26) converges to zero because (6.25). 

Let us prove a key theorem of Doob about (a.s.)-con vergence of submartingales.

Theorem 6.6 Let (Xn)n=0,1,... . be a submartingale s atisfying condition

. sup
n

E|Xn| < ∞. (6.27) 

Then there exists an integrable random variable X∞ = limn→∞ Xn . (a.s.). 

Proof Assume that this limit does not exist. It means that

.P(ω : lim sup
n→∞

Xn(ω) > lim inf
n→∞ Xn(ω)) > 0. (6.28) 

The set in (6.28) can be written as

. {ω : lim sup
n

Xn > lim inf
n

Xn}

= ∪a<b,a,b∈Q{ω : lim sup
n

Xn > b > a > lim inf
n

Xn}, (6.29) 

where Q ⊆ R
1
. is the set of rational numbers. 

It follows from (6.28)–(6.29) that for some rational numbers a < b. we hav e

.P(ω : lim sup
n

Xn > b > a > lim inf
n

Xn) > 0. (6.30) 

We also note that for each n ∈ Z. 

. EX+
n ≤ E|Xn| = 2EX+

n − EXn ≤ 2EX+
n − EX0

and find that for submartingale (Xn)n∈Z . the following conditions are equi valent:

. sup
n

E|Xn| < ∞ ⇔ sup
n

EX+
n < ∞. (6.31) 

Applying (6.17) together with (6.31), we obtain

.EβX+ (∞, a, b) ≤ supn EX+
n + |a|

b − a
< ∞. (6.32)
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Condition (6.32) is a contradiction with the assumption (6.30) and (6.28). Hence, 
there exists X∞ = limn→∞ Xn . (a.s.) which is integrable by the F atou lemma and
E|X∞| ≤ supn E|Xn| < ∞.. 

Corollary 6.2 

(a) If (Xn)n=0,1,... . is a nonnegative m artingale, then supn E|Xn| = supn EXn =
EX0 < ∞., and therefore, there exists integrable X∞ = limn→∞ Xn . (a.s.). 

(b) If (Xn)n=0,1,... . is a nonpositive submartingale, then there e xists integrable
X∞ = limn→∞ Xn . (a.s.) and (Xn,Fn)n=0,1,...,∞ . is also submartingale, where
F∞ = σ(∪∞

n=1Fn).. 

Proof Statement (a) is obvious. In case (b), one can apply the Fatou lemma and get

. EX∞ = E lim
n

Xn ≥ lim sup
n

EXn ≥ EX0 > −∞.

The submartingale property follows from relations:

. E(X∞|Fm) = E(lim
n

Xn|Fm) ≥ lim sup
n

E(Xn|Fm) ≥ Xm (a.s.), m = 0, 1, . . . .

To study another type of convergence of martingales (submartinga les, supermartin-
gales) which is L1

.-convergence, we give the f ollowing example.

Example 6.1 Let (Yn)n=0,1,... . be a sequence of independent random variables such
that

. Yn = 2 with probability 1/2,

0 with probability 1/2.

Define Xn = n
i=0 Yi . and Fn = σ(Y0, . . . , Yn).. It is clear that (Xn)n=0,1,... . is a 

martingale with EXn = 1,. and hence, Xn → X∞ = 0. (a.s.). 
At the same time, we have E|Xn − X∞| = EXn = 1., and therefore, this 

martingale does not converge in space L1.. 

It means that the condition supn E|Xn| < ∞,. appeared in Doob’s theorem about 
(a.s.)-convergence, is not enough to achieve L1

.-convergence. 

Theorem 6.7 If (Xn)n=0,1,... . is a uniformly integrable submartingale, then there 
exists an integrable random variable X∞ . such that Xn −−−→

n→∞ X∞ . (a.s.) in 
space L1.. 

Moreover, (Xn)n=0,1,...,∞ .will be a submartingale with respect to (Fn)n=0,1,...,∞,. 

where F∞ = σ(∪∞
n=1Fn)..
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Proof Existence of X∞ . and convergence (a.s.) follow from Theorem 6.6. Further, 
take c > 0. and represent 

.EXn = EXnI{Xn<−c} + EXnI{Xn≥−c}. (6.33) 

For any 0. due to uniform integrability (Xn)., we can choose c > 0. large enough 
to prov ide inequality

. sup
n

|EXnI{Xn<−c}| (6.34) 

for the first term in (6.33). 
We also note that

. XnI{Xn≥−c} ≥ Xn,

and by the Fatou lemma, w e obtain that

. lim inf
n

EXnI{Xn≥−c} ≥ E lim inf
n

XnI{Xn≥−c} ≥ E lim inf
n

Xn.

Hence, due to (6.34), we get from the above inequalities

. lim inf
n

EXn ≥ E lim inf
n

Xn −

We can prove in a similar way

. lim sup
n

EXn ≤ E lim sup
n

Xn

and further just repeat the same steps of the proof of the L ebesgue dominated
convergence theorem and find that E|Xn − X∞| → 0, n → ∞.. 

To finish the proof, we take A ∈ Fn,. and for m ≥ n., we have  

. EIA|Xm − X∞| → 0, m → ∞,

. 
A

XmdP →
A

X∞dP, m → ∞,

{
A

XmdP }m≥n . is nondecreasing. 
Hence, for any A ∈ Fn ., we have  

. 
A

XndP ≤
A

XmdP ≤
A

X∞dP =
A

E(X∞|Fn)dP,

which certifies a submartingale property.
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Corollary 6.3 Let (Xn)n=0,1,... . be a submartingale with supn E|Xn|p < ∞, p >

1.. Then there exists an integrable random variable X∞ . such that Xn → X∞, n →
∞,. (a.s.) and in L1.. 

Theorem 6.8 (Levy’s Theorem) Consider an integrable r andom variable X on
stochastic basis F, (F)n=0,1,..., P ).. Then 

. E(X|Fn) −−−→
n→∞ E(X|F∞) (a.s.) and in L1.

Proof Denote Xn = E(X|Fn), n = 0, 1, . . .. and find for a > 0. and b > 0. that 

. 
{|Xn|≥a

|Xn|dP ≤
{|Xn|≥a

E(|Xn||Fn)dP =
{|Xn|≥a}

|X|dP

=
{|Xn|≥a}∩{|Xn|≤b}

|X|dP +
{|Xn|≥a}∩{|Xn|>b}

|X|dP

≤bP (|Xn| ≥ a) +
{{|Xn|>b}

|X|dP

≤b

a
E|X| +

{{|Xn|>b}
|X|dP.

So, taking b → ∞. and after a → ∞., we get

. lim
a→∞ sup

n
E|Xn|I{|Xn|≥a} = 0,

which means that (Xn)n=0,1,... . is uniformly integrable. Applying Theorem 6.7, we  
get the statement of this theorem.

Corollary 6.4 A uniformly integrable stochastic sequence (Xn)n=0,1,... . on stochas-
tic basis F, (Fn)n=0,1,..., P ). is a martingale ⇔. there exists an integrable 
random variable X such that Xn = E(X|Fn), n = 0, 1, . . ... 

Proof The inverse implication ⇐. is just the Levy theorem (Theorem 6.8). The 
direct implication ⇒. is just a consequence of Theorem 6.7 if we take X = X∞.. 

Problem 6.2 In Levy’s theorem, p rove that

.X∞ = E(X|F∞).



Chapter 7 
Discrete Time Stochastic Analysis: 
Further R esults and Applications

In this chapter, a characterization of sets of convergence of martingale is given 
in predictable terms. As a consequence, the strong LNL for square-integrable 
martingales is proved. This result is applied for derivation of strong consistency 
of the least-squares estimates in the framework of regression model with martingale 
errors. Moreover, the CLT for martingales is stated, and further this theorem together 
with the martingale LNL is applied to derive the asymptotic normality and strong 
consistency of martingale stochastic approximation procedures. A discrete version 
of the Girsanov theorem is given here with its further application for derivation
of a discrete time Bachelier option pricing formula. In the last section, the notion
of a martingale is extended in several directions: from asymptotic martingales
and local martingales to martingale transforms and generalized martingales (see
[10, 15, 19, 20, 28, 43, 47, 49], and [55]). 

7.1 Limiting Behavior of Martingales with Statistical
Applications

Let us investigate limiting behavior of martingales. We start with some facts about 
sets of convergence of martingales and submartingales.

Definition 7.1 Let (Xn)n=0,1,... . be a stochastic sequence. Then we denote {ω :
Xn →}. the set of thoseω ∈ . such thatXn(ω).converges to a finite limit as n → ∞.. 

We also say that A ⊆ B ∈ F. (a.s.), if P(A∩Bc) = 0,. and A = B . (a.s.) if A ⊆ B . 

(a.s.) and B ⊆ A. (a.s.). 
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Lemma 7.1 Let (Xn)n=0,1,... . be a square-integrable martingale . Then (a.s.)

.{ω X,X ∞ < ∞} ⊆ {ω : Xn →}. (7.1) 

Proof For a positive a ∈ R., we define a stopping time

. τa = inf{n X,X n+1 ≥ a},

assuming that inf{∅} = ∞.. One can observe that X,X τa ≤ a . and the s topped
sequence (X

τa
n )n=0,1,... = (Xτa∧n)n=0,1,... . is a square-integrable martinga le such

that

. E(Xτa∧n)
2 = E(Xτa

n )2 = E Xτn,Xτn
n = E X,X τa∧n ≤ a.

According to Theorem 6.6, P{ω : X
τn
n →} = 1.. We also note that X

τn
n = Xτa∧n =

Xn . on the set {τa = ∞} = {ω X,X ∞ ≤ a}.. 
Further, (a.s.) {ω : τa = ∞} ⊆ {ω : Xn →}. and ∪a>0{τa = ∞} ⊆ {ω : Xn →}.. 

Hence, (a.s.) 

. {ω X,X ∞ < ∞} = ∪a>0{ω X,X ∞ ≤ a}
= ∪a>0{ω : τa = ∞} ⊆ {ω : Xn →},

and we get (7.1). 

Lemma 7.2 (Stochastic Kronecker’s Lemma) Let (An)n=0,1,..., A0 > 0,. be a 
predictable nondecreasing sequence, (Mn)n=0,1,... . be a square-integrable martin-
gale and

. Nn =
n

i=0

A−1
i i .

Then (a.s.) 

. = {ω : A∞ = ∞} ∩ {ω : Nn →} ⊆ {ω : A−1
n Mn →}. (7.2) 

Proof First of all, we note the following formula of “summation by parts”:

.AnXn = A0X0 +
n

i=1

Ai i +
n

i=1

Xi−1 i , (7.3) 

for two stochastic sequences (An)n=0,1,... . and (Xn)n=0,1,... ..
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Applying the formula (7.3) to (An)n=0,1,... . and (Nn)n=0,1,... ., we r epresent

. 

n

i=1

Ai i = AnNn −
n

i=1

Ni−1 i ,

and using n
i=1 Ai i = Mn ., we obtain

. A−1
n Mn = A−1

n

n

i=1

Ai i = A−1
n AnNn −

n

i=1

Ni−1 i

= A−1
n

n

i=1

(Nn − Ni−1 i . (7.4) 

Further, for 0., define 

. n = sup{i : |N∞ − Ni−1| ≤ } on the set {Nn → N∞},
0 \ {Nn → N∞}.

By (7.4), on the set {ω : Nn → N∞}., we have  

. |A−1
n Mn| = |A−1

n

n

i=1

(Nn − Ni−1 i |

≤ A−1
n |

n

i=1

(Nn − Ni−1 i |

≤ A−1
n

⎡

⎣
n∧n

i=1

|Nn − Ni−1| i +
n

i=n∧n

[|N∞ − Nn|

+|N∞ − Ni−1|] i]

≤A−1
n const.An sup

i

|Ni | + const.An|N∞ − Nn| + n .

(7.5) 

Hence, for almost all ω ∈ ., one can find n (ω). such that in (7.5) for n ≥ n (ω) :. 
|A−1

n Mn(ω)| ≤ const.(ω) · ., and therefore (7.2). 

Theorem 7.1 (Strong LNL for Martingales) Let (An)n=0,1,... . be nonnegative 
predictable nondecreasing sequence and (Mn)n=0,1,...,M0 = 0,. be a square-
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integrable martingale such that (a.s.) A∞ = ∞. and (a.s.) 

.

∞

n=1

M,M n

A2
n

< ∞. (7.6) 

Then A−1
n Mn → 0 (a.s.), n → ∞.. 

Proof Due to assumptions (7.6) and Lemma 7.1, we observe in Lemma 7.2 
) = 1,. and hence, we get the s tatement of the theorem.

Corollary 7.1 (Strong LNL of Kolmogorov) Let (Yn)n=1,2,... . be a sequence of 
independent random variables with EYn = 0. and σ 2

n = EY 2
n . such that 

.

∞

n=1

σ 2
n

n2
< ∞. (7.7) 

Then for a sequence Xn = n
i=1 Yi . the following strong large numbers l aw is true:

(a.s.) Xn

n
→ 0, n → ∞.. 

Proof We put An = n., Mn = Xn . and find that the Kolmogoro v variance condition
(7.7) is transformed into the condition (7.6) of Theorem 7.1 and we get the claim.

Let us give an interesting and valuable application of strong LNL f or martingales to
regression analysis.

Example 7.1 Suppose the observations are performed at times n = 0, 1, . . .. and 
obey t he formula

.xn = fnθ + en, (7.8) 

where θ ∈ R. is an unknown parameter, (en)n=0,1,... . is a martingale dif ference, and
(fn)n=0,1,... . is a predictable regressor. 

One can consider a structural least-squares estimate (LS estimate) in the
framework of regression model (7.8): 

.θn =
n

i=0

f 2
i

−1 n

i=0

fixi . (7.9) 

DenoteDn = E(e2n|Fn−1).and Fn = n
i=0 f 2

i .and assume that Fn → ∞. (a.s.), n →
∞,.and ∞

i=0 F−2
i Di < ∞. (a.s.). Then according to Theorem 7.1, LS estimate (7.9) 

is strongly consistent in the sense that θn → θ . (a.s.), n → ∞.. 

Remark 7.1 If in the model (7.8) we take fn = xn−1,. then we arrive to the first 
order autoregression model for which the condition ∞

1 x2
i−1 = ∞. is well-known 

in regression analysis as a standard guarantee for consistency of LS estimates.
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Below we give some additional facts about asymptotic behavior of martingales and
submartingales.

Definition 7.2 A stochastic sequence (Xn)n=0,1,... ∈ C+,. if for each τa = inf{n ≥
0 : Xn > a}, a > 0 :. 

. E τa )
+I{ω:τa<∞} < ∞.

Problem 7.1 Prove that the condition C+
. is true for any stochastic sequence with

E supn | n| < ∞.. 

Theorem 7.2 

(a) Assume a submartingale with its Doob decompositionXn = X0+An+Mn, n =
0, 1, . . .., belongs to a class C+,. and then (a.s.)

. {Xn →} = {sup
n

Xn < ∞} ⊆ {A∞ < ∞}.

(b) Assume a submartingale Xn = X0 + An + Mn, n = 0, 1, . . .., is nonnegative, 
and then (a.s.)

. {A∞ < ∞} ⊆ {Xn →} ⊆ {sup
n

Xn < ∞}.

(c) If a nonnegative submartingale belongs to C+,. then (a.s.) 

. {A∞ < ∞} = {Xn →} = {sup
n

Xn < ∞}.

(d) Let (Yn)n=0,1,... . be a nonnegative stochastic sequence with the structure

. Yn = Y0 + An + Mn − A2
n, n = 0, 1, . . . ,

where (An)n=0,1,... . and (A2
n)n=0,1,... . are nondecreasing predictable s equences

and (Mn)n=0,1,... . is a martingale. Then (a.s.)

. {A∞ < ∞} ⊆ {Yn →} = {sup
n

A2∞ < ∞}.

Proof 

(a) It is clear that (a.s.) {Xn →} ⊆ {supn Xn < ∞}..To prove the inverse inclusion, 
we have

. sup
n

EX+
τa∧n ≤ a + EX+

τa
Iτa<∞ ≤ 2a + E τa )

+I{τa<∞} < ∞.
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Hence, the stopped submartingale (X
τa
n )n=0,1,... = (Xτa∧n)n=0,1,... . converges 

(a.s.) as n → ∞,. and {τa = ∞} ⊆ {Xn →}. (a.s.). 
Due to ∪a>0{τa = ∞} = {supn Xn < ∞}., we get

. {sup
n

Xn < ∞} = {Xn →} (a.s.).

(b) Define σa = inf(n : An+1 > a), a > 0,. and get 

. EXn∧σa = EAn∧σa ≤ a.

Hence, supn EXn∧σa ≤ a < ∞,. and due to positivity of (Xn)n=0,1,... ., we can 
apply the Doob conve rgence theorem and find that

. {A∞ ≤ a} ⊆ {σa = ∞} = {Xn →} (a.s.),

and therefore, 

. {A∞ < ∞} = ∪a>0{A∞ ≤ a} ⊆ {Xn →} (a.s.).

(c) is a combination of ( a) and (b).
(d) Let us rewrite Yn = Xn − A2

n, n = 0, 1, . . .., w here Xn = X0 + An + Mn.X0 =
Y0,. is a nonnegative submartingale due to 0 ≤ Yn = Xn − A2

n, 0 ≤ A2
n ≤ Xn . 

(a.s.), and (a.s.) {A∞ < ∞} ⊆ {Xn →} ⊆ {A2∞ < ∞}. by (b). Hence, (a.s.)
{A∞ < ∞} ⊆ {Yn →} ∩ {A2∞ < ∞}.. 

Corollary 7.2 Assume a martingale (Xn)n=0,1,... . satisfies to conditionE supn | n|
< ∞.. Then (a.s.) 

. = {Xn →} ∪ {lim inf
n

Xn = −∞, lim sup
n

Xn = +∞}. (7.10) 

Proof We apply Theorem 7.2 to ±(Xn)n=0,1,... . and get (a.s.)

. {lim sup
n

Xn < ∞} = {sup
n

Xn < ∞} = {Xn →},

. {lim inf
n

Xn > −∞} = {inf
n

Xn > −∞} = {Xn →},

which leads to (7.10). 

We already studied the large numbers law for martingales and a very nice gener-
alization of the corresponding results for sums of independent random variables
observed.

A natural question arises.
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Is it possible to get a similar version of the central limit theorem (CLT) for 
martingales? 

The nex t theorem gives a positive answer to this question.

Theorem 7.3 Let (Xn)n=0,1,... . be a martingale difference suc h that (a.s.)
E(X2

n|Fn−1) = 1. and E(|Xn|3|Fn−1) ≤ C < ∞.. Then for a martingale
Mn = n

i=1 Xi ., the CLT i s true:

. Yn = Mn√
n

d−−−→
n→∞ Z ∼ N(0, 1).

Proof Here, as in Chap. 4 for a random variable X, w e define its characteristic
function φX(t) = Eeitx, t ∈ R,. and denote 

. φn,j (t) = E e
it

Xj√
n |Fj−1 .

Let us write the Taylor decomposition

.e
it

Xj√
n = 1 + it

Xj√
n

− t2

2n
X2

j − it3

6n3/2
X̄3

j , (7.11) 

with a random reminder bounded as follows 0 ≤ X̄j ≤ |Xj |.. 
Taking the conditional expectation in (7.11) and exploiting a martingale differ-

ence assumption, we obtain the corresponding representation for φn,j (t).: 

.φn,j (t) = 1 + it
E(Xj |Fj−1)√

n
− t2

2n
E(X2

j |Fj−1) − it3

6n3/2
E(X̄3

j |Fj−1). (7.12) 

It follows from (7.12) t hat

. φn,j (t) − 1 − t2

2n
= t3

6n3/2
E(X̄3

j |Fj−1).

Hence, for m ≤ n., we obtain from (7.10) t hat

.

Ee
it

Mm√
n = Ee

it
Mm−1√

n e
it

Xm√
n =E e

it
Mm−1√

n E e
it

Xm√
n |Fm−1

=Ee
it

Mm−1√
n φn,m(t)

=Ee
it

Mm−1√
n 1 − t2

2n
− it3

6n3/2
X̄3

j .

(7.13)
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Let us rewrite (7.11) as f ollows:

.E e
it

Mm√
n − 1 − t2

2n
e
it

Mm−1√
n = Ee

it
Mm−1√

n
it3

6n3/2
X̄3

j . (7.14) 

Using the boundedness of the third moment of (Xn)n=0,1,... ., we derive from (7.13) 
that 

. E e
it

Mm√
n − 1 − t2

2n
e
it

Mm−1√
n

≤ E e
it

Mm−1√
n

|t |3
6n3/2

E |Xm|3|Fm−1 ≤ c
|t |3
6n3/2

. (7.15) 

Let us fix t ∈ R. and choose large enough n ≥ t2

2 . to provide the follo wing
inequality 0 ≤ 1 − t2/2n ≤ 1.. 

For such t and n, we obtain from (7.13)–(7.15) t hat

. 1 − t2

2n

n−m

Ee
it

Mm−1√
n − 1 − t2

2n

n−m+1

Ee
it

Mm−1√
n ≤ c

|t |3
6n3/2

. (7.16) 

Let us note that

. Ee
it

Mm√
n − 1 − t2

2n

n

=
n

m=1

1 − t2

2n

n−m

Ee
it

Mm−1√
n − (1 − t2

2n
)n−m+1Ee

it
Mm−1√

n . (7.17) 

Relations (7.16)–(7.17) for n ≥ t2/2. lead to the f ollowing inequality

. Ee
it

Mm√
n − 1 − t2

2n

n

≤ nC
|t |3
6n3/2

= C
|t |3
6
√

n
. (7.18) 

Due to the right-hand side of (7.18) tends to zero, now one can conclude that

. lim
n→∞Ee

it
Mm√

n = e−t2/2, (7.19) 

where we used the well-kno wn fact that

. lim
n→∞ 1 − t2

2n

n

= e−t2/2.
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Relation (7.19) shows that characteristic functions of Yn . converge to the character-
istic function of N(0, 1).. Hence, Yn

d−−−→
n→∞ Z ∼ N(0, 1).. 

Another area of applications of a martingale LNL and a martingale CLT is 
stochastic approximation algorithms. The classical theory o f stochastic approxima-
tion is concerned with the problem to construct a stochastic sequence (θn)n=0,1,... . 

that converges in some probabilistic sense to a unique root θ . of the reg ression
equation

.R(θ) = 0, θ ∈ R, (7.20) 

where R is a regression function. 
An approximate solution of (7.20) is given by the Robbins-Monro procedure

.θn = θn−1 − γnyn, (7.21) 

with the sequence (yn). satisfying to equation

.yn = R(θn−1) + en, (7.22) 

where (en)n=0,1,... . are errors of observations usually modeled by a sequence 
of independent random v ariables with mean zero and bounded variance, and
(γn)n=0,1,... . is a sequence of positive real numbers converging to 0. 

The convergence of the procedure (7.21)–(7.22) for a continuous linearly 
bounded regression function R(x).with R(x)(x −θ) > 0. for all x ∈ R. is guaranteed 
by the f ollowing classical conditions:

.

∞

1

γk = ∞, (7.23) 

.

∞

1

γ 2
k < ∞. (7.24) 

Let us demonstrate how the martingale technique and convergence work here and 
how classical stochastic approximation results are extended to models (7.21)–(7.22) 
with martingale errors (en)n=0,1,... . and predictable sequences (γn)n=0,1,..... 

Example 7.2 We consider for simplicity the case of linear function R(x) = β(x −
θ), β > 0,. assuming in (7.22) that (en)n=0,1,... . is a martingale dif ference with
Een = 0. and E(e2n|Fn−1) ≤ ξ < ∞. (a.s.). Regarding (γn)., we assume that (γn). 

is predictable, 0 < γn ≤ β−1
. (a.s.), and conditions (7.23)–(7.24) are fulfilled 

almost surely. One can rewrite the algorithm (7.21)–(7.22) as follows: (θ = 0. for 
simplicity) 

. n = −γnβθn−1 − γnen. (7.25)
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Moreover, (7.25) can be rewritten in the form of an inhomogeneous linear stochastic
differential equation (6.9) with Xn = θn n = −γnen n = −βγn ., and 
En(−βγ ). is a stochastic exponential of sequence (Un).. 

In these denotations, the solution of (7.25) is expressed as follows:

. θn = Xn =En(U)X0 + En(U)

n

1

E−1
i i

=En(−βγ )θ0 + En(−βγ )

n

1

E−1
i (−βγ )γiei . (7.26) 

According to the assumption γn < β−1
. (a.s.), the stochastic exponential

En(−βγ ) = n
1(1 − βγi). is positive (a.s.) if (7.23) is fulfilled (a.s.). 

Further, the first term of the right-hand side of (7.26) tends to zero (a.s.), n → ∞,. 

because En(−βγ ) → 0 (a.s.), n → ∞.. 

The structure of the second term of the right-hand side of (7.26) is exactly (see
Theorem 7.1) as in the strong LNL for martingales with A−1

n = En(−βγ ). and 
Mn = n

1 E
−1
i (−βγ )γiei .. 

So, we have to check the condition (7.6) in t his case:

. 

∞

1

A−2
n M,M n =

n

1

E2n(−βγ )E−2
n (−βγ )γ 2

nE(e2n|Fn−1)

≤ ξ

∞

1

γ 2
n < ∞ (a.s.).

Applying Theorem 7.1, we get the convergence θn → θ . (a.s.), n → ∞.. 

Let us show how the martingale CLT (see Theorem 7.3) works to study asymptotic 
normality properties of algorithms (7.21)–(7.22). Under some reasonable simplifi-
cations, we will show it to avoid technical difficulties.

Example 7.3 We consider the linear model (7.21)–(7.22) a ssuming γn = α
n
, α >

0, en ∼ N(0, σ 2). and independent, and n must be greater than αβ . to provide a 
positivity of En(−βγ ).. 

Problem 7.2 Prove that under the assumptions above

.En(−βγ ) ≡ En(−βα) ∼ n−βα, n → ∞. (7.27) 

To derive an asymptotic normality of the procedure (θn)., we multiply (7.26) by  n1/2 . 
and obtain 

.
√

nθn = √
nEn(−βα)θ0 − √

nEn(−βα)

n

1

α

k
E−1

k (−βα)ek. (7.28)
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It follows from (7.27) that
√

nEn(−βα) ∼ n1/2−βα,. and, hence, under additional
assumption 2βα > 1., we find the first term of the right side of (7.28) tends to zero
(a.s.), n → ∞.. The second term of (7.28) has a normal distribution. Therefore, we 
need to calculate its limiting variance.

As n → ∞., we have  

.nE2n(−βα)

n

1

E−2
k (−βα)

α2σ 2

k2
→ α2σ 2

(2βα − 1)
. (7.29) 

Thus we obtain from (7.29) t hat

. 
√

nθn
d−−−→

n→∞ N 0,
α2σ 2

2βα − 1
.

Remark 7.2 One can develop this approach to a nonlinear regression function
R(x) = β(x − θ) + U(x),. where U(x) = O((x − θ)2),. and prove both strong 
consistency and asymptotic normality of stochastic approximation procedures
(7.21)–(7.22). We also note that Lemma 7.2 works for such e xtension.

7.2 Martingales and Absolute Continuity of Measures. 
Discrete Time Girsano v Theorem and Its Financial
Application

We start this section with a martingale characterization o f absolute continuity of
a probability measure P̃ . with respect to measure P on gi ven stochastic basis
F, (Fn)n=0,1,..., P ).. It was already shown in Sect. 6.1 that under assumption 

of “local absolute continuity” P̃ loc P . the corresponding local density Zn = dP̃n

dPn
. 

is a martingale w.r.t. P.. The next theorem states conditions under which a “local 
absolute continuity” is transformed into “absolute continuity” of P̃ . w.r.t. P.. 

Theorem 7.4 Assume that P̃ loc P . and (Zn)n=0,1,..., Z0 = 1,. is a l ocal density
dP̃n

dPn
.. Then the following statements a re equivalent:

(1) P̃ P .. 
(2) (Zn)n=0,1,... . is uniformly integr able.
(3) P̃ (ω  : supn Zn < ∞ ) = 1.. 

Proof (1) ⇒. (3): According to Theorem 6.6, there exists Z∞ = limn→∞ Zn . P -a.s. 
Due to P̃ P ., such a limit does exist P̃ .-a.s.. Hence, P̃ (ω : supn Zn < ∞) = 1.. 

(3) ⇒. (2): For a constant c > 0., we have  

.EZnI{ω:Zn>c} = P̃ (ω : Zn > c) ≤ P̃ (ω : sup
i

Zi > c) → 0, c → ∞.
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(2) ⇒. (1): Due to the uniform integrability of (Zn)n=0,1,... ., we can apply
Theorem 6.7 and find the existence Z∞ = limn→∞ Zn P .-a.s., and E|Zn − Z∞| →
0, n → ∞.. 

Further, for any A ∈ Fm . and for n ≥ m,. we can write a marting ale property of
(Zn)n=0,1,... . as follo ws:

.P̃ (A) = EIAZm = EIAZn. (7.30) 

It follows from L1
.-convergence that one can take a limit as n → ∞. in the 

equality (7.30) and obtain

. P̃ (A) = EIAZ∞,

i.e., Z∞ = dP̃
dP

.. 

Now we show a method of construction of probability measure P̃ . and its (local) 
density w.r.t. P.. Aiming it, we formulate one of the simplest versions of the
Girsanov theorem.

Suppose n)n=0,1,... . is a sequence of independent random variables n ∼
N(0, 1).. Define F0 = {∅ }, Fn = 1 n}, n = 1, 2, . . . ,. a bounded 
predictable sequence (αn)n=0,1,... . and Z0 = 1,. 

.Zn = exp −
n

1

αk k − 1

2

n

1

α2
k , n = 1, 2, . . . (7.31) 

Problem 7.3 Prove that (Zn)n=0,1,... . is a martingale with EZn = 1.. 

Theorem 7.5 Define a new probability measure P̃N (A) = EIAZN, A ∈ FN..Then 
˜n = αn+ n, n = 1, . . . , N,. is a sequence of independent standard normal r andom
variables w.r.t. P̃N .. 

Proof For real numbers (λn)n=1,...,N ., we are using the rule of changing of measures, 
properties of conditional expectations, and the form of characteristic function for
standard normal random variables:

. ẼNei N
1 λn ˜n =EZNei N

1 λn ˜n

=E ei N−1
1 λn ˜nZN−1E eiλN (αN+ N)+αN N−α2

N/2|FN−1

=E ei N−1
1 λn ˜nZN−1 e−λ2N/2 = . . . = e−1/2 N

1 λ2n .

It means that characteristic function of N
1 λn ˜n . is a product of characteristic 

functions of standard normal random variables, and we get the statement of the
theorem.
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Remark 7.3 One can extend Theorem 7.5 to infinite the time interva l. According
to Theorem 7.4, we need to provide a condition to guarantee that (Zn)n=0,1,... . is 
uniformly integrable. Usually, it is achieved with the help o f the Novikov type
condition E exp(1/2 ∞

1 α2
n) < ∞.. 

Let us give an example of application of this theorem to Mathematical Finance.

Example 7.4 We assume that financial market consists of two assets (Bn)n=0,1,...,N . 

and (Sn)n=0,1,...,N . (bank account and stock prices relatively). W e put for simplicity
that Bn ≡ 1. (interest rate is zero) and

. n = Sn − Sn−1 = αn + n, S0 > 0, n = 1, . . . , N. (7.32) 

We consider a standard financial contract “call option” with a strike K . The holder 
of the contract has the right to buy a stock share by the price K at the maturity date
N . In terms of having the right, he/she must pay a premium CN . at time 0. The basic 
problem here is to determine CN.. 

The market (7.32) can be considered as the discrete time Bachelier model with 
unit volatility. It is well established that the premium must be calculated to avoid
arbitrage. According to this financial no-arbitrage principle, CN . is determined as 
expected value of payoff (SN − K)+ . w.r.t. a risk-neutral measure P̃N . given in the 
Girsano v theorem.

To provide concrete calculations, we formulate an auxiliary fact for a Normal
distribution as a problem.

Problem 7.4 Prov e that

.E(a + + = − bφ(a/b), (7.33) 

where ∼ N(0, 1), a ∈ R, b > 0, φ = φ(x). is a standard normal density and
= x

−∞ φ(y)dy.. 

To calculate CN ., we apply (7.33) and obtain the following discrete time formula
of Bachelier

.CN =ẼN(SN − K)+ = ẼN S0 +
N

1

αi +
n

1

i − K

+

=E S0 − K +
N

1

i

+
= E(S0 − K + √ +

=(S0 − S0 − K√
N

+ √
Nφ

S0 − K√
N

.
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7.3 Asymptotic Martingales and Other Extensions
of Martingales

We start with an idea to avoid conditional expected values to extend the notion
of martingale. Let us assume that F, (Fn)n=0,1,..., P ). be a stochastic basis on 
which all stochastic sequences are considered. Denote Tb . the set of all bounded 
stopping times on this stochastic basis. W e defined before that two stopping times
τ ≤ σ . if τ(ω) ≤ σ(ω). (a.s.). With this definition, the set Tb . is a directed set filtering 
to the right.

Definition 7.3 A stochastic sequence of integrable random variables (Xn)n=0,1,... . 

is called an asymptotic martingale (amart), if the family (net) (EXτ )τ∈Tb
. converges. 

Remark 7.4 It follows from the definition of amart (Xn)n=0,1,... . that the s et
(EXτ )τ∈Tb

. is bounded. It is also clear that a linear combination of amarts is an
amart.

According to these definitions and Theorems 6.6 and 6.7, we can conclude that 
martingales belong to the class of asymptotic martingales. In this case, a natural 
question arises: 

“What elements of previously deve loped martingale theory can be extended to a
wider class of asymptotic martingales?”
If another filtration (Gn)n=0,1,... . is included to filtration (Fn)n=0,1,... ., i.e., Gn ⊆
Fn, n = 0, 1, . . . ,. then each stopping time w.r.t. (Gn). will be a stopping time w.r.t.
(Fn).. Therefore, every amart (Xn)n=0,1,... .w.r.t. (Fn).will be amart w.r.t. (Gn). if it is 
adapted to (Gn)..Moreover, from every (Fn).-amart (Xn)., one can construct a (Gn).-
amart (Yn). if we put Yn = E(Xn|Gn), n = 0, 1, . . .., because of EXτ = EYτ . for a ll
τ ∈ Tb.. 

Further, we have seen the role of “maximal inequalities” in martingale theory. It 
turns out such inequality can be stated in more general setting.

Lemma 7.3 Assume that a stochastic sequence (Xn)n=0,1,... . such that supτ∈Tb
E|Xτ |

< ∞.. Then for λ > 0 :. 

.P sup
n

|Xn| > λ ≤ λ−1 sup
τ∈Tb

E|Xτ |. (7.34) 

Proof For a fixed number N , we define the set A = {ω : sup0≤n≤N |Xn| > λ}. and 
a bounded stopping time

.σ(ω) = inf(n ≤ N : |Xn(ω)| > λ) if ω ∈ A,

N if ω /∈ A.
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Then 

. sup
τ∈Tb

E|Xτ | ≥ E|Xσ | ≥ λP (A). (7.35) 

Taking the limit in (7.35) as N → ∞., we get (7.34). 

Lemma 7.4 If (Xn)n=0,1,... . and (Yn)n=0,1,... . are L1
.-bounded amarts, t hen

(max(Xn, Yn))n=0,1,... . and (min(Xn, Yn))n=0,1,... . are a marts.

Proof We consider only the case of Zn = max(Xn, Yn). due to a symmetry. First of 
all, we prove that the net (EZτ )τ∈Tb

. is bounded. To do it, take an arbitrary τ ∈ Tb . 

and choose n ≥ τ.. Define 

. τX = τ, if Xτ ≥ 0,

n, if Xτ < 0.

. τY = τ, if Yτ ≥ 0,

n, if Yτ < 0.

Find that 

. EZτ ≤EXτI{Xτ ≥0} + EYτ I{Yτ ≥0}
=EXτX

− EXnI{Xτ <0} + EYτY
− EYnI{Yτ <0}

≤ sup
σ∈Tb

EXσ + sup
m

E|Xm| + sup
σ∈Tb

EYσ + sup
m

E|Ym|,

and we arrive to the conclusion. 
Let us prove now that (Zn)n=0,1,... . is an amart. For 0., we can choose τ0 ∈ Tb . 

such that 

.|EXσ − EXτ | |EYσ − EYτ | (7.36) 

for σ, τ ≥ τ0.. Further, due to the boundedness of (EZτ )τ∈Tb
., one can choose

τ1 ≥ τ0 . such that if σ ≥ τ0,. then 

.EZσ ≤ EZτ1 + (7.37) 

For a bounded stopping time σ ≥ τ1 ., we define A = {Xτ1 < Yτ1}. and σ1 ∈ Tb . 

as follo ws:

.σ1 = τ1 on A,

σ on Ac.
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Then we obtain

.EXτ1 =EZτ1IAc + EXτ1IA, . (7.38) 

EXσ1 =EXσ IAc + EXτ1IA. (7.39) 

Subtracting (7.38) from (7.37), we get with the help of (7.35) t hat

.EZτ1IAc = EXσ IAc + EXτ1 − EXσ1 ≤ EZσ IAc + (7.40) 

We can write the same relations as (7.38) and (7.39) for  (Yn) :. 

. EYτ1 =EZτ1IAc + EYτ1IA,

EYσ1 =EYσ IAc + EYτ1IA,

and find 

.EZτ1IA = EYσ IA + EYτ1 − EYσ1 ≤ EZσ IA + (7.41) 

Combining (7.40) and (7.41), we obtain inequality

. EZτ1 ≤ EZσ + 2

which leads together with (7.36) t hat

. |EZσ − EZτ1 | ≤ 2

and, hence, the net (EZτ )τ∈Tb
. is the Cauch y net.

Applying Lemmas 7.3 and 7.4, we arrive to t he following theorem.

Theorem 7.6 Let (Xn)n=0,1,... . be amart with supn E|Xn| < ∞.. Then: 

(1) Its positive (negative) parts X+
n (X−

n ). and its absolute value |Xn|. are L1
.-

bounded amarts. 
(2) For each λ ≥ 0., the sequence

. Xλ
n = sign(Xn)λI|Xn|>λ + XnI|Xn|≤λ.

(3) supτ∈Tb E|Xτ | < ∞. and supn |Xn| < ∞. (a.s.). 

The next statement can be considered as a version of the optional sampling
theorem.

Theorem 7.7 Let (Xn)n=0,1,... . be an amart for (Fn)n=0,1,... . and let (τm)m=0,1,... . 

be a nondecreasing sequence of bounded stopping times for (Fn)n=0,1,..... Then 
(Xτm)m=0,1,... . is an amart for (Fτm)m=0,1,.....
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Proof For fixed 0., we can choose N such that |EXτ − EXτ | . for all 
bounded stopping times τ . and τ ≥ N.. Denote τ∞ = limm→∞ τm . (a.s.) and find 
that Xτm∧N → Xτ∞∧N . (a.s.), m → ∞,. and 

. E sup
m

|Xτm∧N | ≤ Emax(|X1, |, . . . , |XN |) < ∞.

Therefore, by the dominated convergence theorem, the sequence (Xτm∧N)m=0,1,... . 

is an amart. Taking a big enough M so that |EXτσ ∧N − EXτσ ∧N |. for all bounded 
stopping times σ . and σ ≥ M . for (Fτm)m=0,1,... ., we have  

. |EXτσ − EXτσ
| ≤ |EXτσ ∨N − EXτσ ∨N | + |EXτσ ∧N − EXτσ ∧N | ≤ + = 2

Example 7.5 An integrable stochastic sequence (Xn)n=0,1,... . is called a quasi-
martingale if

.

∞

n=0

E|Xn − E(Xn+1|Fn)| < ∞. (7.42) 

Condition (7.42) is trivial in case of a martingale. In view (7.42) for given 0., 
one can find a b ig enough N such that

.

∞

n=N

E|Xn − E(Xn+1|Fn)| ≤ (7.43) 

Taking τ ∈ Tb . such that N ≤ τ ≤ M ., we have  

.|EXτ − EXM | =
M

m=N

E(Xm − XM)I{τ=m}

=
M

m=N

M−1

n=m

E(Xn − Xn+1)I{τ=m}

=
M−1

n=N

n

m=N

E |Xn − E(Xn+1|Fn))| I{τ=m}

≤
∞

n=N

E|Xn − E(Xn+1|Fn)| ≤



86 7 Discrete Time Stochastic Analysis: Further Results and Applications

If τ1, τ2 ≥ N,. then choose M ≥ τ1 ∨ τ2 . and get 

. |EXτ1 − EXτ2 | ≤ |EXτ1 − EXM | + |EXτ2 − EXM | ≤ 2

Hence, the net (EXτ )τ∈Tb
. is Cauchy and converges. 

So, any quasimarting ale is an amart.

The definition of amarts is certainly directed to provide their asymptotic behavior 
similar to martingales. Below we confirm these expectations.

Lemma 7.5 Let (Xn)n=0,1,... . be a stochastic L1
.-bounded sequence. Then the 

following are equivalent:

(1) (Xn)n=0,1,... . converges ( a.s.).
(2) (Xn)n=0,1,... . is an amart.

Proof The implication (1) ⇒. (2) follows from the dominated convergence theorem. 
To prove that (2) ⇒. (1), we put X∗ = lim supXn . and X∗ = lim infn Xn.. Then 

we can find sequences τn, σn ∈ Tb . with τn ↑ ∞, σn ↑ ∞. such that Xτn → X∗
. 

(a.s.) and Xσn → X∗ . (a.s.). Applying again the dominated convergence theorem,
we obtain that

. E(X∗ − X∗) = lim
n

E(Xτn − Xσn) = 0.

It means X∗ = X∗ . (a.s.). 

Theorem 7.8 Let (Xn)n=0,1,... . be an amart with supn E|Xn| < ∞.. Then 
(Xn)n=0,1,... . converges ( a.s.).

Proof By Theorem 7.6, supn |Xn| < ∞. (a.s.), and therefore P {ω : supn |Xn| >

λ}. is arbitrary small if λ. is big enough. By Theorem 7.7, Xλ
n . is an amart, and by

Lemma 7.5, it converges (a.s.). Taking λ ↑ ∞., we get (a.s.)-convergence of (Xn).. 

In the end of this section, we would like to mention some other extensions of the
notion of martingales.

Definition 7.4 A stochastic sequence (Xn)n=0,1,..., X0 = 0,. is a local martingale 
if there exists a sequence of stopping times (τm)m=1,2,... . increasing to +∞. such that 
(Xτm∧n)n=0,1,... . is a martingale for each m = 1, 2, . . . .. The sequence (τm). is called 
a localizing sequence.

Definition 7.5 A stochastic sequence (Xn)n=0,1,..., X0 = 0,. is a generalized 
martingale if (a.s.)

. {ω : E(X+
n |Fn−1) < ∞} ∪ {ω : E(X−

n |Fn−1) < ∞} =
and for n = 1, 2, . . .. 

.E(Xn|Fn−1) = Xn−1 (a.s.).
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Definition 7.6 A stochastic sequence (Xn)n=0,1,..., X0 = 0,. is a martingale 
transform (stochastic integral) if i t admits the following representation

. Xn =
n

m=0

Hm m,

where (Mn)n=0,1,..., M0 = 0,. is a martingale, (Hn)n=0,1,... . is predictable, H0 =
0 = M0 = 0.. 

All these generalizations are directed to relax the condition of integrability of 
stochastic sequences. All these classes of stochastic sequences coincide. We omit
the proof of this statement here.



Chapter 8 
Elements of Classical Theory 
of Stochastic Processes

This chapter contains a general notion of random processes with continuous time. It 
is given in context of the Kolmogorov consistency theorem. The notion of a Wiener 
process with a variety of its properties is also presented here. Its existence is stated 
by two ways: with the help of the Kolmogorov theorem as well as with the help 
of orthogonal functional systems. Besides the Wiener process as a basic process 
for m any others, the Poisson process is also considered here. Stochastic integration
with respect to wiener process is developed for a class of progressively measurable
functions. It leads to the Ito processes, the Ito formula, the Girsanov theorem, and
representation of martingales (see [11, 12, 27, 31, 37, 50, 57], and [61]). 

8.1 Stochastic Processes: Definitions, Pr operties,
and Classical Examples

In classical theory, the notion of a stochastic process is a ssociated with a family
of random variables (Xt ). on a probability space F, P ). with values in space
R

d , d ≥ 1,. where parameter t ∈ [0,∞) = R+.. Usually, for simplicity, w e put
d = 1.. It is supposed that for time parameter t ∈ R+ ., we have a random variable
Xt(ω), ω ∈ . On the other hand, one can fix ω ∈ . and get a function X.(ω) :
R+ → R

d ,. which is called a trajectory. This point of view opens up the possibility 
of studying stochastic processes that have been exhaustively determined by their
distributions as probability measures on the functional space (R[0,∞),B[0,∞)).. 

Usually, a family of finite dimensional distributions Pt1,...,tn (B1, . . . , Bn), 0 ≤ t <

t1 < t2 < . . . < tn < ∞, Bi ∈ B(Rd), i = 1, . . . , n,. is exploited as the basic 
probabilistic characteristic of a stochastic process. A natural question arises in this
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regard. Is there a stochastic process (Xt (ω)). such that P(Xt1 ∈ B1, . . . , Xtn ∈
Bn) = Pt1,...,tn (B1, . . . , Bn).. As it was noted in Chap. 1, this question is solved 
with the help of the Kolmogorov theorem if for the system (Pt1,...,tn ). the following 
consistency conditions are fulfilled:

1. Pt1,...,tn (B1,  .  .  .  ,  Bi−1, ·,  Bi+1, . . . , Bn), i = 1, 2, . . . , n,. is a probability mea-
sure on (Rd ,B(Rd).. 

2. Pt1,...,tn (B1,  .  .  .  ,  Bn) = Pti1 ,...,tin
(Bi1 , . . . , Bin),. where (i1, . . . , in). is arbitrary 

permutation of numbers (1, 2, . . . , n).. 

3. Pt1,...,tn−1,tn (B1,  .  .  .  ,  Bn−1, Rd ) = Pt1,...,tn−1(B1, . . . , Bn−1).. l In such a case, 
there exists a probability measure PX . in the functional space (R[0,∞),B[0,∞))., 
and the process (Xt (ω)). is constructed as Xt(ω) = ωt ,. where ωt . is the value 
of function ω. ∈ R[0,∞)

. at time t.. Measure PX . will be a distribution of (Xt (ω)). 

which has Pt1,...,tn . as a system of finite dimensional distrib utions of this process.

After these necessary explanations, we introduce the notion of a Wiener process
or Brownian motion.

Definition 8.1 A stochastic process (Wt )t≥0 . such that: 

(1) W0 = 0 (a.s.),. 

(2) W.(ω) ∈ C[0,∞). for almost all ω ∈ . 

(3) P(Wt1 ∈ B1,  .  .  .  ,  Wtn ∈ Bn) = 
B1 

.  .  .  
Bn 

p(t, 0,  x1)p(t2−t1,  x  1, x2) . . . p(tn−
tn−1, xn−1, xn)dx1 . . . dxn ., 
for arbitrary 0 < t1 < t2 < . . . tn, B1, . . . , Bn ∈ B(R),. where p(t, x, y) =

1√
2πt

exp − (x−y)2

2t . is called a W iener process.

It follows directly from the definition that Wt ∼ N(0, t). for every fixed t ∈ R+.. 

Let us formulate the first properties of the process (Wt )t≥0 :. 
(1) EWtWs = s ∧ t . for arbitrary s, t ∈ R+.. 

(2) E(Wt − Ws)
2 = |t − s|.. 

(3) E(Wt − Ws)
4 = 3(t − s)2.. 

We only prove (2), leaving (1) and (3) as problems.

Problem 8.1 Prove properties (1) and (3) of (Wt)t≥0.. 

Assume that s < t . and find that

.EWsWt =
∞

−∞

∞

−∞
xyp(s, 0, x)p(t − s, x, y)dxdy

=
∞

−∞
xp(s, 0, x)

∞

−∞
yp(t − s, x, y)dy dx

=
∞

−∞
xp(s, 0, x)

∞

−∞
(x + u)p(t − s, x, x + u)du dx
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= 
∞ 

−∞ 
xp(s, 0,  x)  

∞ 

−∞ 
(x + u)p(t − s, 0,  u)du  dx 

= 
∞ 

−∞ 
xp(s, 0,  x)  x 

∞ 

−∞ 
p(t − s, 0,  u)du  

+u 
∞ 

−∞ 
p(t − s, 0,  u)  du dx

=
∞

−∞
xp(s, 0, x) (x + 0) dx

=
∞

−∞
x2p(s, 0, x)dx = s.

Now we calculate for s < t . and B ∈ B(R).. 

. P(Wt − Ws ∈ B) =
{(x,y):y−x∈B}

p(s, 0, x)p(t − s, x, y)dxdy

=
∞

−∞
p(s, 0, x)

{y:y−x∈B}
p(t − s, x, y)dy dx

=
∞

−∞
p(s, 0, x)

B

p(t − s, x, x + u)du dx

=
∞

−∞
p(s, 0, x)

B

p(t − s, 0, u)du dx

=
∞

−∞
p(s, 0, x)dx

B

p(t − s, 0, u)du =
B

p(t − s, 0, u)du,

and we obtain that Wt − Ws ∼ N(0, t − s).. 

As a result, we arrive at the fourth property of Wt :. 
(4) For 0 =t 0 < t1 < . . . < tn ., the increments Wt1 − Wt0, . . . ,Wtn − Wtn−1 . of a 

Wiener process are independent random variables.

Proof By “normality” of increments, we need to prove that they are uncorrelated.
Let us take r < s < t < u. and find that

. E(Wu − Wt) = EWuWs − EWtWs − EWuWr + EWtWr = s − s − r + r = 0.

To go further, we introduce filtration, generated by a Wiener process Ft =
σ(Ws, s ≤ t)..We assume that Ft . is complete, i.e., it contains all sets of P−.measure 
zero.
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Definition 8.2 A process (Mt)t≥0 . satisfying conditions 

(1) Mt − F t .-measurable, 
(2) Mt . is inte grable,
(3) E(Mt |Fs) = M s . (a.s.) for all s < t ., 

is called a martingale.

After this definition, we formulate the martingale property of a Wiener process. If 
in (3) the equality is related by the inequality ≥ (≤)., then (Mt). is a submartingale 
(supermarting ale).

(5) Processes (Wt )t≥0 . and (W 2
t − t)t≥0 . are martingales w.r.to (F)t≥0.. 

Remark 8.1 In fact, the inverse statement to (5) is well-known as Levy’s charac-
terization of a Wiener process.

(6) The Doob maximal inequality for a Wiener process (Wt )t≥0 . has the following 
form: For t > 0., 

.Emax
s≤t

|Ws |2 ≤ 4E|Wt |2. (8.1) 

To prove it, we consider a subdivision of the interval [0, t]. as of the i nterval
[0, t]. as t

(n)
k = kt

2n , 0 ≤ k ≤ 2n
. and define a square integrable marting ale with

discrete time

. Mk = Mn
k = W kt

2n
,Fn

k = F kt
2n

, 0 ≤ k ≤ 2n.

For (|Mk|)., we have, using its submarting ale property that,

.E(max
k

|Mk|)2 =2
∞

0
yP (max

k
|Mk| > y)dy

≤2
∞

0
E|M2n |I(maxk |Mk |≥y)dy

=2
∞

0 (maxk |Mk |≥y)

|M2n |dP dy

=2 |Mk
2n

maxk |Mk |

0
dy dP

=2 |M2n |max
k

|Mk|dP = 2E|M2n |max
k

|Mk|

≤2(E(M2n)2)1/2 E(max
k

|Mk|)2
1/2

.
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As a result, we obtain that

. (E(max
k

|Mk|)2)1/2 ≤ 2(E(M2n)2)1/2,

and, hence, 

.Emax
k

|Mn
k |2 ≤ E(max

k
|Mn

k |)2 ≤ 4E(M2n)2 = 4E|Wt |2. (8.2) 

Taking the limit as n → ∞. in (8.2) and using the continuity of trajectories 
of a Wiener process, we arrive to inequality (8.1). 

(7) For any positive constant c the process Wc
t = c−1Wc2t . is a Wiener process. 

This property of a Wiener process is called self-similarity. 
To prove the self-similarity of a Wiener process, one can use the Levy

characterization of this process.
(8) Existence of a Wiener process follows from the consistency t heorem of

Kolmogorov (see Chap. 1). However, such a reference is incomplete because 
this theorem guarantees existence of this process only in space (R[0,∞),B[0,∞)).. 

To make the proof complete, one can use another theorem of Kolmogorov:
Suppose (Xt )t≥0 . is a stochastic process satisfying t he following condition

. E|Xt − Xs |α ≤ C|t − s|1+β for all t, s ≥ 0,

and for some α > 0, β > 0, 0 < C < ∞.. Then the process (Xt ). admits a 
continuous modification, i.e., there exists a continuous process (Yt ). such that 
P(Xt = Yt ) = 1. for all t ∈ R+.. 

Property (3) of a Wiener process (Wt ). means that this theorem can be 
applied, and, therefore, the process (Wt ). can be identified with its continuous
modification.

(9) Now we give some other characterizations of trajectories of (Wt )t≥0.. The 
continuity property brings an element of a regularity of trajectories. But this 
description of sample paths properties is clearly incomplete as it is shown
below.

Let us analyze the first question of differentiability of trajectories of (Wt )t≥0.. We 
take t ≥ 0. and consider the ratio RW(t) = Wt+ −Wt ,. where → 0.. One can 
easily observ e that

. ERW(T ) = EWt+ − EWt = 0,

and 

.VarRW(t) = −2Var(Wt+ − Wt) = −2 = −1 → ∞ → 0.
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It shows that W. . is not differentiable in the L2−.sense. Moreover, one can prove 
that almost all trajectories of W are non-differentiable. 

Let us analyze the second question of how vary the trajectories of (Wt )t≥0 . are. 
This property is characterized with the help of the notion o f p-variation of given
function f : [0, T ] → R, p ≥ 1 :. 

We say t hat

. lim sup
→0

n

i=1

|f (ti) − f (ti−1)|p, 0 = t0 < t1 < . . . < tn = T

is a p−.variation of f on [0, T ].. 
Usually, the first and second variations are most important in this regard. 
For the second variation of (Wt )t≥0,.we have the following observations. In view 

of independent increments, we obtain for 0 = t0 < t1 < . . . < tn = T . that 
E n

i=1(Wti − Wti−1)
2 = n

i=1 E(Wti − Wti−1)
2 = n

i=1 Var(Wti − Wti−1) =
n
i=1(ti − ti−1) = T .. 

Further, with the help o f (3),

. Var
n

i=1

(Wti − Wti−1)
2 =

n

i=1

Var(Wti − Wti−1)
2

=
n

i=1

E(Wti − Wti−1)
4 − E(Wti − Wti−1)

2
2

=
n

i=1

3(ti − ti−1)
2 − (ti − ti−1)

2

=2
n

i=1

(ti − ti−1)
2.

Therefore, 

. E
n

i=1

(Wti − Wti−1)
2 − T

2

= Var
n

i=1

(Wti − Wti−1)
2

=2
n

i=1

(ti − ti−1)
2 ≤ 2T max

0<i≤n
(ti − ti−1) → 0,

and we conclude that the second variation of (Wt ). on [0, T ]. converges to the 
length of this interval in L2

.sense, and hence in the sense of convergence in 
probability. To investigate the first variation of (Wt )., we consider the probability
P(ω : n

i=1 |Wti − Wti−1 | > N).. First of all, we note that E n
i=1 |Wti − Wti−1 | =
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2 
π 

n 
i=1 

√
ti − ti−1 → ∞. as max(ti − ti−1) → 0,. and 

. Var
n

i=1

|Wti − Wti−1 | =
n

i=1

1 − 2

π
(ti − ti−1) = 1 − 2

π
T .

Further, for E n
i=1 |Wti −Wti−1 | > n.with the help of the Chebyshev inequality,

we get

. P ω :
n

i=1

|Wti − Wti−1 | ≤ N

≤ P(ω :
n

i=1

|Wti − Wti−1 | − E
n

i=1

|Wti − Wti−1 | ≥ E
n

i=1

|Wti − Wti−1 | − N)

≤ Var
n

i=1

|Wti − Wti−1 | / E
n

i=1

|Wti − Wti−1 | − N

2

→ 0,

as max(ti − ti−1) → 0.. 
It means that the first variation of (Wt ). converges in probability to ∞.. 

Remark 8.2 It is possible to prove that all mentioned results are t rue in the sense
of (a.s.)-convergence.

Another process that plays an important role in both t heory and applications is a
Poisson process.

Definition 8.3 The process (Nt )t≥0 . is called a Poisson p rocess with parameter λ >

0,. if the following conditions are satisfied:

(1) N0 = 0.. (a.s.).  
(2) Its increments Nt1 −Nt0 , . . . , Ntn −Ntn−1 . are independent random variables for 

any subdivision 0 ≤ t0 < t1 < . . . < tn < ∞.. 

(3) Nt − N s . is a random variable that has a Poisson distribution with parameter
λ(t − s) :. 

. P(ω : Nt − Ns = i) = e−λ(t−s) (λ(t − s))i

i! , 0 ≤ s ≤ t < ∞, i = 0, 1, . . . .

Let us present some properties of sample paths of this process.
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First of all, we note that its almost all t rajectories are nondecreasing, because for
s ≤ t . 

. P(ω : Nt − Ns ≥ 0) =
∞

i=0

P(ω : Nt − Ns = i) =
∞

i=0

e−λ(t−s) (λ(t − s))i

i!

= e−λ(t−s)
∞

i=0

(λ(t − s))i

i! = e−λ(t−s)eλ(t−s) = 1.

The process (Nt )t≥0 . is stochastically continuous: in the sense Nt → Ns . in 
probability as t → s.. This property is an obvious consequence of the application of 
the Chebyshev inequality. It is an interesting effect when a jumping process satisfies 
a continuity property. Moreover, one can say something about a differentiability of
trajectories of (Nt )t≥0 . in the sense of convergence in probability, i.e.,

.
Nt+ − Nt p−−−→→0

0. (8.3) 

Problem 8.2 Prove relation (8.3). 

Further, one can derive from P(ω : Ns ≤ Nt) = 1. for all s ≤ t . that there is a right-
continuous modification of (Nt ),. almost all trajectories of which are nondecreasing 
integer-valued functions with unit j umps.

Let us note a martingale property of (Nt )t≥0.. To do this, we i ntroduce a natural
filtration (Ft )t≥0 ., generated by (Nt )t≥0 . and completed by sets of P−.measure zero. 
We note that

. ENt =
∞

i=0

iP (ω : Nt = i) =
∞

i=0

ie−λt (λt)i

i!

=(λt)e−λt
∞

i=1

(λt)i−1

(i − 1)! = (λt)e−λt eλt = λt.

Let us define a new process Mt = Nt − λt . and find that for s ≤ t . by independence 
(Nt − Ns). of Fs :. 

. E(Mt |Fs) =E(Nt − λt |Fs) = E(Nt − Ns + Ns − λt |Fs)

× E(Nt − Ns |Fs) + Ns − λt

=E(Nt − Ns) + Ns − λt = λ(t − s) + Ns − λt = Ns − λs = Ms.

Hence, (Mt)t≥0 . is a martingale w.r.to (Ft )t≥0..
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We have seen that both processes (Wt )t≥0 . and (Nt ). are stochastically continuous 
with independent increments. The following example shows why a consideration of 
stochastic processes with independent values is not productive.

Example 8.1 Let (Xt )t≥0 . be a family of independent random v ariables with the
same density f = f (x) ≥ 0, ∞

−∞ f (x)dx = 1.. Then for a fixed s ≥ 0., and 
t 0. we have that

.P(ω : |Xt − Xs | ≥ =
|x−y|≥

f (x)f (y)dxdy. (8.4) 

The integral on the right-hand side of equality (8.4) converges (as → 0.) to  

.
x y

f (x)f (y)dxdy =
∞

−∞

∞

−∞
f (x)f (y)dxdy. (8.5) 

The relation (8.5) shows that for some 0. the probability on the l eft-hand side
of (8.4) does not converge to zero as t → s.. It means the process with independent 
values is not stochastically continuous even.

The existence of a Wiener process was derived from the Kolmogorov consistency 
theorem. Such a derivation does not look constructive. That is why we want to 
demonstrate a direct way of construction of a Wiener process, based on orthogonal
systems of functions of Haar and Schauder, and sequences of independent normal
random variables.

Let us define a system of functions (Hk(t))k=1,2,..., t ∈ [0, 1],. called the Haar 
system:

. H1(t),H2(t) = I[0,2−1](t) − I(2−1,1](t), . . . ,

. Hk(t) = 2n/2 I(an,k, an,k + 2−n−1] − I(an,k+2−n−1,an,k+2−n](t),

where wn < k ≤ 2n+1, an,k = 2−n(k − 2n − 1), n = 1, 2, . . . .. 
In the space L2([0, 1],B(0, 1), dt). with the s calar product f, g

1
0 fsgsds, f, g ∈ L2,. the system (Hk(t))k=1,2... . is complete and orthogonal.
Hence,

. f =
∞

k=1

f,Hk Hk, g =
∞

k=1

g,Hk Hk, f, g

∞

k=1

f,Hk g,Hk .

Using the system (Hk(t))k=1,2,... ., one can construct the Schauder system
(Sk(t))k=1,2,... . as follo ws:

.Sk(t) =
t

0
Hk(y)dy I[0,t],Hk , t ∈ [0, 1].
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Lemma 8.1 If a sequence of real numbers ak = O(k ), k → ∞,. for s ome ∈
(0, 1/2),. then the series ∞

k=1 akSk(t). converges uniformly on [0, 1],. and, hence, it 
is a continuous function.

Proof DenoteRm = supt k>2m |ak|Sk(t), m = 1, 2, . . . ,.and note that |ak| ≤ ck . 

for all k ≥ 1. and some constant c > 0.. Therefore, for all t and n = 1, 2, . . .., we  
obtain t hat

. 

2n<k<2n+1

|ak|Sk(t) ≤c2(n+1

2n<k<2n+1

Sk(t)

≤c2(n+1 2−n/2−1

≤c2 −n(1/2− . (8.6) 

It follows from here that Rm ≤ c2 n≥m 2−n(1/2− → 0. as m → ∞.. 

Lemma 8.2 Let (ξk)k=1,2,... . be a sequence of standard normal random variable 
on a complete probability space F, P ).. Then for every constant c >

√
2. and 

almost all ω ∈ ., there exists a number N0 = N0(ω, c). such that |ξk(ω)| < c
√
ln k . 

for all k ≥ N0.. 

Proof For a standard normal random variable ξ ∼ N(0, 1). and x > 0., we have that

. P(ω : ξ ≥ x) =(2π)−1/2
∞

x

e−y2/2dy

=(2π)−1/2
∞

x

− 1

y
de−y2/2

=(2π)−1/2 x−1e−x2/2 −
∞

x

y−2e−y2/2dy

≤x−1(2π)−1/2(x−1e−x2/2) (8.7) 

and, hence, 

. P(ω : |ξ | ≥ x) ≤ x−1(2π)1/2e−x2/2.

Applying the above inequality, we can estimate the series as follows:

. 

k≥2

P ω : |ξk| ≥ c(ln k)1/2 ≤ c−1(2/π)1/2

k≥2

k−c2/2(ln k)−1/2 < ∞,

and the statement of Lemma 8.2 follows from the Borel-Cantelli lemma.
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Theorem 8.1 Let (ξk)k=1,2,... . be a sequence of independent standar d normal
random variables F, P ).. Define a stochastic process Wt = W(t, ω) =

∞
k=1 ξk(ω)Sk(t), t ∈ [0, 1], ω ∈ . Then (Wt )t∈[0,1] . is a Wiener process.

Proof First of all, we note that (Wt). has continuous trajectories by Lemmas 8.1 
and 8.2. 

Denote Zn(t) = n
k=1 ξkSk(t), t ∈ [0, 1],. and find that

. E|Zn+m(t) − Zn(t)|2 =E
n+m

k=n+1

ξkSk(t)

2

=
n+m

k=n+1

n+m

l=n+1

Sk(t)Sl(t)Eξkξl

=
n+m

k=n+1

S2
k (t). (8.8) 

Further, ∞
k=1 S2

k (t) ≤ ∞
k=1 2−k/2−1 2

< ∞,. and, hence, by the completeness
of L2 F, P )., we arrive at the conclusion that there exists a limit Z(t). of Zn(t). in 
this space such that

. E|Zn(t) − Z(t)|2 → 0, n → ∞, t ∈ [0, 1].

This limit Z(t). coincides with Wt . up to equivalence and Zn(t)
t−→ Wt . in L2−.sense. 

Now by EZn(t) = 0., we obtain that

. |EWt | = |EWt − EZn(t)| ≤ E|Wt − Zn(t)|2
1/2 −−−→

n→∞ 0,

which means that EWt = 0.. 
Using a continuity property of the s calar product, we find that

. Zn(s), Zn(t) L2 Ws,Wt L2 = EWsWt = Cov(Ws,Wt ), s, t ∈ [0, 1].

On the other hand, we can use the independence of (ξk)k=1,2,... . and Eξk = 0, Eξ2k =
1. and observe that

. Zn(s), Zn(t) L2 = EZn(s)Zn(t) =
n

k=1

Sk(s)Sk(t)Eξ2k

→
∞

k=1

Sk(t)Sk(t), n → ∞.
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Applying the Parseval equality for scalar products, we finally derive that

. 

∞

k=1

Sk(s)Sk(t) =
∞

k=1

Hk, I[0,s] Hk, I[0,t] I[0,s], I[0,t]

= min(s, t) = Cov(Ws,Wt ).

Let us prove that (Wt )t∈[0,1] . is a Gaussian process. T ake μ = (μ1, . . . , μn) ∈
R

n, t1, . . . , tn ∈ [0, 1]. and define Y = n
m=1 μmWtm.. We have now that

. Y =
n

m=1

μm

∞

k=1

ξkSk(tm) =
∞

k=1

bkξk,

where bk = bk(μ1 . . . μn, t1, . . . , tn) = n
m=1 μmSk(tm).. Consider YN =

N
k=1 bkξk ∼ N(0, σ 2

N), σ 2
N = N

k=1 b2k . and find that

. EY 2
N = σ 2

N → EY 2 = σ 2, N → ∞,

in the sense of L2
. Therefore, we also have the conver gence in distribution

YN −→
d

Y, N → ∞.. Hence, we have that the con vergence of

. φY (λ) = exp(−σ 2
Nλ2/2) → exp(−σ 2λ2/2) = φY (λ), λ ∈ R,

i.e., Y ∼ N(0, sσ 2).. 

Finally, we can extend this construction from the unit time interval to the whole
[0,∞). as follo ws:

. W(t, ω) = Wt = W(t, ω) = W1(t, ω), t ∈ [0, 1),
k
j=1 Wj(1, ω) + Wk+1(t − k, ω), t ∈ [k, k + 1), k = 1, 2, . . . ,

where Wn = (Wn(t))t∈[0,1] . is a sequence of independent W iener processes.

8.2 Stochastic Integrals with Respect to a Wiener Process

Let F, P ). be a complete probability space, (Wt )t≥0 . be a Wiener process, and
(Ft )t≥0 . be a complete filtration generated by this process.

We describe here a scheme of construction of a stochastic integral

.I (f ) =
∞

0
fs(ω)dWs (8.9)
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for any Ft .-adapted and B(0,∞)×F.-measurable random function/process ft (ω) =
f (t, ω). integrable in square with respect to dt × dP :. 

.E
∞

0
f 2

s ds < ∞. (8.10) 

The class of these random functions is denoted by S2,. and the stochastic 
integral (8.9) must be a linear and isometric operator from L2(R+ × B(R+) ×
F, dt × dP ). to L2 F, dP ).. We start its construction from the class of step
functions f ∈ S2

0 ⊆ S2.. For each function f , there e xists a subdivision 0 = t0 ≤
t1 ≤ . . . ≤ tn < ∞. such that fti .-Fti .- measurable and square-integrable, and ft = fti . 

for t ∈ [ti , ti+1), i ≤ n,. whereas ft = 0. for t ≥ tn.. Hence, the w eighted sum

.

n−1

i=0

fti I[ti ,ti+1)(t) = ft (ω). (8.11) 

For function ft (ω),. defined by (8.11), we introduce a stochastic integral I (f ). as 
follo ws:

.I (f ) =
∞

0
fSdWs =

n−1

i=0

fti (Wti+1 − Wti ). (8.12) 

It is almost obvious that the definition of I (f ). in (8.12) does not depend on changes 
of subdivisions (ti),. and it is a linear mapping from S2

0 . to L2 F, P ),. i.e., 

.I (αf + βg) = αI (f ) + βI (g), (8.13) 

where α, β ∈ R, f, g ∈ S2
0 .. 

Using properties (1), (2), and (4) of a Wiener process (Wt )t≥0 . and properties of 
conditional expected values, we obtain that

. EI 2(f ) =E

⎡

⎣
n−1

i=0

f 2
ti
(Wti+1 − Wti )

2 + 2
j<i

ftj (Wtj+1 − Wtj )fti (Wti+1 − Wti )

⎤

⎦

=E
n−1

i=0

f 2
ti
E (Wti+1 − Wti )

2|Fti

+2
j<i

ftj (Wtj+1 − Wtj )ftiE (Wti+1 − Wti )|Fti

⎤

⎦

=
n−1

i=0

Ef 2
ti
(ti+1 − ti ) = E

∞

0
f 2

s ds. (8.14)
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The isometry relation (8.14) means that the norms ||I (f )||L2 F,P ) . and 
||f ||L2(R+× B(R+)×F,dtdP ) . coincide. Using similar reasoning as in proving (8.14), 
one can derive for f, g ∈ S2

0 . that 

.EI (f )I (g) = E
∞

0
fsgsds. (8.15) 

Equalities (8.13)–(8.15) show that the stochastic integral defined in (8.12) is a 
linear and isometric operator.

For function f ∈ S2
0 ., we define a stochastic integral over interval [0, t), t > 0,. 

as follo ws:

.It (f ) = I (I[0,t)f ) =
t

0
fsdWs. (8.16) 

It turns out that (It (f ))t≥0 . is a martingale with respect to (Ft )t≥0.. 

To prove it, we fix t > 0., and for simplicity, assume that t = tk .. 
Then we ha ve
I[0,t)fs = n−1 

i=0 fti I[ti ,ti+1)(t). and It (f ) = n−1
i=0 fti (Wti+1 − Wti ),. which a re

Ft−.measurable. Further, if s ≤ t . and s = tu . and t = tk,. then 

. E(It (f ) − Is(f )|Fs) =
k−1

i=u

E ftiE(Wti+1 − Wti |Fti )|Fs = 0.

For function f ∈ S0 ., one can rewrite

. It (f ) =
n−1

i=0

fti (Wti+1∧t − Wti∧t ),

and notice that the process (It (f ))t≥0 . is continuous. 
Now we take a monotonic sequence (sj ). such that 0 ≤ s0 ≤ s1 ≤ . . . ≤

sm < ∞.. Then the sequence (Isj (f ),Fj )j=0,...,m . is a martingale for which the 
Doob inequality is true

.E sup
0≤j≤m

I 2sj (f ) ≤ 4EI 2sm(f ) ≤ 4E
sm

0
f 2

t dt ≤ 4E
∞

0
f 2

t dt. (8.17) 

Considering (sj ). rational and using the continuity of the trajectories of It (f ),. we 
arrive at the Doob inequality for f ∈ S2

0 . taking sup over t ∈ R+ . in (8.17): 

.E sup
t

I 2t (f ) ≤ 4E
∞

0
f 2

t dt. (8.18)
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One can extend the operator It (f ). from S2
0 . to its closure S2.. Any function f ∈ S2

. 

can be approximated by a sequence fn ∈ S2
0 .. 

A concrete construction of such a sequence (fn)n=1,2,... ∈ S2
0 . can be provided as 

follows. For any function f ∈ S2
., we define

. fn(t) =

⎧
⎪⎪⎨

⎪⎪⎩

n
k/n

(k−1)/n f (s)ds, for t ∈ [k/n, (k + 1)/n), k = 1, 2, . . . , n2 − 1,

n = 1, 2, . . .

0, otherwise.

Using the Jensen inequality, w e can find that

. 

(k+1)/n

k/n

|fn(t)|2dt = n
k/n

(k−1)/n

f (t)dt

2

≤
k/n

(k−1)/n

|f (t)|2dt, k = 1, 2, . . .

Hence, (a.s.) ∞
0 |fn(t)|2dt ≤ ∞

0 |f (t)2dt < ∞,. 

. 

∞

0
|f (t) − fn(t)|2dt ≤ 2

∞

0
|f (t)|2 + |fn(t)|2 dt ≤ 4

∞

0
|f (t)|2dt < ∞.

Now, for arbitrary N = 1, 2, . . .., we easily observ e that E n

0 |f − fn(t)|2dt →
0, n → ∞,. by construction of (fn)n=1,2,..... Further, we ha ve

. 

∞

0
|f (t) − fn(t)|2dt =

N

0
|f (t) − fn(t)|2dt +

∞

N

|f (t) − fn(t)|2dt

≤
N

0
|f (t) − fn(t)|2dt + 2

∞

N

|f (t)|2 + |fn(t)|2 dt

≤
N

0
|f (t) − fn(t)|2dt

+ 2
∞

N

|f (t)|2 +
∞

N−1/n

|fn(t)|2 dt

≤
N

0
|f (t) − fn(t)|2dt + 2

∞

N−1
|f (t)|2dt. (8.19) 

The term ∞
N−1 |f (t)|2dt → 0. as N → ∞,. and by the dominated conv ergence

theorem, E ∞
0 |f (t) − fn(t)|2dt → 0. as n → ∞.. 

Then for m and n ∈ Z+ ., we have  

.||I (fm) − I (fn)||L2 = ||I (fm − fn)||L2 = ||fm − fn||S2 .
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It means that (I (fn))n≥1 . is a fundamental sequence in a complete space
L2 F, P ).. Hence, it converges to some element of this space:

.I (f ) = lim
n→∞ I (fn), (8.20) 

and we call I (f ). a stochastic integral of f ∈ S2.. We also define for t ≥ 0. 

.

t

0
fsdWs =

∞

0
I[0,t)(s)fsdWs, (8.21) 

and we prove that the stochastic integral (8.21) admits a continuous modification.
To prove it, we take a sequence fn = fn(t, ω) ∈ S2

0 . such that 

. E
∞

0
|f (s) − fn(s)|2ds ≤ 2−n, n = 1, 2, . . . .

For each t ≥ 0., we have in space L2(R+ × B(0,∞) × F, dtdP ). that 

.I[0,t)(s)(f ) = I[0,t)(s)f1 + . . . + I[0,t)(s)(fn+1 − fn) + . . . . (8.22) 

The equality (8.22) by continuity in the sense of this space is transformed to the next
one

.

t

0
f (s)dWs =

t

0
f1(s)dWs + . . . +

t

0
|fn+1(s) − fn(s))dWs + . . . . (8.23) 

On the right-hand side of (8.23), each term is continuous as functions fn ∈ S2
0 .. 

Therefore, to prove the continuity of stochastic integral (8.21), it is enough to 
provide a uniform convergence (a.s.) of series (8.21). First, by the Doob inequality ,
we obtain that

.E sup
t≥0

t

0
(fn+1 − fn(s)) dWs

2

≤4E
∞

0
(fn+1(s) − fn(s))

2 ds. (8.24) 

≤16 · 2−n. (8.25) 

Second, combining (8.24) with the Chebyshev inequality, we get

.P sup
t

t

0
(fn+1(s) − fn(s)) dWs ≥ n−2 ≤ 16n42−n. (8.26) 

Application o f (8.25) together with the Borel-Cantelli lemma certifies that the
series (8.23) converges (a.s.).



8.2 Stochastic Integrals with Respect to a Wiener Process 105

Finally, we can conclude that the extension of It (f ). from space S2
0 . to S2

. leaves 
its basic properties:

(1) Linearity 
(2) Isometry 
(3) Martingality 
(4) Continuity of trajectories

Before starting to state other properties of stochastic integrals, we introduce a 
special class of random variables needed here.

Let τ . be a random variable taking values in [0,∞].. We call it a  stopping time 
on a stochastic basis F, (F)t≥0, P ),. generated by a Wiener process (Wt )t≥0,. if 
{ω : τ(ω) ≤ t} ∈ Ft . for every t ∈ R+.. 

A natural example is the first hitting time of the point a by Wt :. 

. τ =τa = inf{t : Wt ≥ a},
τ =∞, if the set in brackets {.} is empty.

Indeed, one can observ e that

.{ω : τ(ω) ≤ t} = \ {ω : τ(ω) > t}. (8.27) 

Further, we have a relation

.{ω : τ(ω) > t} = {ω : max
s≤t

Ws(ω) < a}. (8.28) 

Let us note that

.max
s≤t

Ws = sup
r≤t,r∈Q

Wr, (8.29) 

where Q. is the set of rational numbers, and hence maxs≤t Ws . is Ft−.measurable. 
Using continuity of trajectories of Wt . and relations (8.27)–(8.29), we arrive at the  
conclusion that {ω : τ(ω) ≤ t} ∈ Ft .. 

Let us connect a stochastic integral It (f ) = Xt = t

0 fsdWs, f ∈ S2,. and a 
stopping time τ.. We have the two following equalities w hich are very useful:

.Xτ =
∞

0
Is<τ fsdWs =

∞

0
Is≤τ fsdWs (a.s.), (8.30) 

.E
τ

0
f sdWs

2

= E
τ

0
f 2

s ds (Wald’s identity). (8.31) 

To prove (8.30), we start with a stopping time τ . taking discrete values t1, t2, . . .. 

and find that Is<tkfs = Is<τ fs . on the set {ω : τ = tk}..
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On each such set (a.s.),

. Xτ = Xtk =
∞

0
I(s<tk)fsdWs =

∞

0
I(s<τ)fsdWs.

Hence, it is true (a.s.) on = ∪k{τ = tk}.. To prove (8.30) for an arbitrary s topping
time τ ., we approximate τ . by a sequence of discr ete stopping times

. τn = 2−2[2nτ ] + 2−n,

such that τ ≤ τn . and τn − τ ≤ 2−n.. Further, by a continuity of Xt ., we get 
convergence Xτn → Xτ . (a.s.) and by the dominated con vergence theorem

. E
∞

0
I{s<τ }fsdWs −

∞

0
Is<τnfsdWs

2

= E
∞

0
I{τ≤s<τn}f 2

s ds → 0, n → ∞.

Therefore, we obtain (8.30), and using isometry property, we get (8.31): 

. EX2
τ = E

∞

0
Is<τ f

2
s ds = E

τ

0
f 2

s ds.

It turns out that a certain extension of the notion of a stochastic integral with 
respect to a Wiener process can be done using the following localization procedure.
It is given with the help of stopping times.

Consider the set of B(0,∞) × F−.measurable adapted random functions f =
ft (ω). such that 

.

T

0
f 2

s ds < ∞ (a.s.) for all T ∈ R+. (8.32) 

The family of such functions satisfying (8.32) is denoted by S.. 

We define a sequence of stopping time (τn)n=1,2,... . such that 

. τn = inf t :
t

0
f 2

s ds ≥ n .

One can easily observ e that (a.s.)

.

τn

0
f 2

s ds ≤ n and τn ↑ ∞, n ↑ ∞, and I{t<τn}f ∈ S2 for b = 1, 2, . . . .
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It follows from here that

. Xn
t =

t

0
I{s<τn}fsdWs

is well defined for n = 1, 2, . . ... One can also note that

. Xn
t (ω) = Xm

t (ω),

for m ≥ n, 0 ≤ t ≤ τn(ω). and ω ∈ ) = 1.. 
Moreover, the sequence (Xn

t )n=1,2,... . converges uniformly on finite time inter-
vals. 

All arguments above give a possibility to define a stochastic integral for each
f ∈ S . as follo ws:

.

t

0
fsdWs = lim

n→∞
t

0
Is<τnfsdWS. (8.33) 

Stochastic integral (8.33) for f ∈ S . admits a continuous modification and saves a 
linearity property. But it is not a martingale an ymore. Nevertheless, the martingale
property is fulfilled locally:

. 

t∧τn

0
fsdWs

t≥0
is a square-integrable martingale for n = 1, 2, . . .

Remark 8.3 Let us make a remark regarding finite-dimensional processes.
We say that (Wt ). is a d−.dimensional Wiener process if Wt = (W 1

t , . . . , Wd
t ),. 

where (Wi
t ), i = 1, . . . , d,. is a one-dimensional independent Wi ener process.

For d−.dimensional random function ft = (f 1
t , . . . , f d

t ). with components from 
S, we define

. 

t

0
fsdWs =

d

i=1

t

0
f i

s dWi
s .

As far as a stochastic integration of m atrix-valued random functions is concerned,
σt = (σ i

t ), i = 1, . . . , d, j = 1, . . . , d,. and σ ij ∈ S ., we define t

0 σsdWs . as a 
d−.dimensional process with the i−.th coordinate d

j=1
t

0 σ
ij
s dW

j
s .. 

Remark 8.4 The construction of a stochastic integral developed in this section was 
given by K. Ito. That is why this integral is often called the Ito integral. A similar
construction was given by R. Stratonovich who proposed to use a different class of
integral sums:
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. 

N−1

i=0

f (t∗i )(Wti+1 iWti ),

where t∗i = 1
2 (ti+1 + ti ).. 

The corresponding stochastic integral is called the Str atonovich integral.

Remark 8.5 It is well-known that the construction of the Rieman integral as a 
limit of the integral sums does not depend on the choice of intermediate points
inside of subdivision intervals. It was shown in Remark 8.4 that the construction 
of a stochastic integral is not invariant with respect to such a choice. Let us give
another example of this type. Take f (t) = W(t) = Wt . and consider a s ubdivision
of [0, T ] :. 

. 0 = t0 < t1 < . . . < tn = T , tj = Tj

n
, j = 1, . . . , n.

For this subdivision, we define two integral s ums as follows:

. I
(n)
1 =

n

i=1

Wti−1(Wti − Wti−1) and I
(n)
2

n

i=1

Wti (Wti − Wti−1).

For two real numbers a and b, we note that a(b − a) = 1
2 (b

2 − a2) − 1
2 (a − b)2 . 

and b(b − a) = 1
2 (b

2 − a2) + 1
2 (a − b)2.. 

Applying these elementary equalities to the integral sums, we obtain that

. I
(n)
1 = 1

2

n

i=1

(W 2
ti

− W 2
ti−1

) − 1

2

n

i=1

(Wti − Wti−1)
2 = 1

2
W 2

T − 1

2

n

i=1

(Wti − Wti−1)
2,

. I
(n)
2 = 1

2

n

i=1

(W 2
ti

− W 2
ti−1

) − 1

2

n

i=1

(Wti − Wti−1)
2 = 1

2
W 2

T + 1

2

n

i=1

(Wti − Wti−1)
2.

Hence, 

. EI
(n)
1 = 1

2
T − 1

2
E

n

i=1

(Wti − Wti−1)
2 → T

2
− T

2
= 0, n → ∞,

EI
(n)
2 = 1

2
T + 1

2
E

n

i=1

(Wti − Wti−1)
2 → T

2
+ T

2
= T , n → ∞,

and we observe that L2
.-limits of integral sums are different.
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Remark 8.6 It is very often another type of measurability of f is exploited in the 
definition of stochastic integrals, i.e., f is progressively measurable in the sense: for
each t ,

. f : ([0, t] × B(0, t) × Ft ) → (R,B(R)).

Without loss of generality, we can count S2
0 , S

2, S . as classes of progressively 
measurable random functions.

8.3 The Ito Processes: Formula of Changing of Variables, 
Theorem of Girsanov, and Representation of Martingales

Let us take two progressively measurable (or Ft−.adapted and B(0,∞) ×
F−.measurable) (bt (ω))t≥0 . and (σt (ω))t≥0 . satisfying the next integrability 
conditions: for each T > 0. (a.s.), 

.

T

0
|bs(ω)|ds < ∞,

T

0
|σs(ω)|2ds < ∞. (8.34) 

Conditions (8.34) imply a possibility to define a new stochastic process

.Xt = X0 +
t

0
bsds +

t

0
σsdWs, (8.35) 

where X0 . is a finite (a.s.) random variable, and (Wt )t≥0 . is a Wiener process 
generating filtration (Ft )t≥0.. 

The process (Xt )t≥0 . is called the Ito process. It is v ery convenient to write
equality (8.35) in the following diff erential form:

.dXt = btdt + σtdWt . (8.36) 

In the above representation (8.36), we can speak about dXt . as a stochastic 
differential of (Xt )t≥0.. 

We will study the class of the Ito processes using both form (8.35) and (8.36). As  
the first result playing a very important role in Stochastic Analysis is the formula of 
changing of variables (the Ito formula) for the class of smooth functions F(t, x),. 

having one continuous derivative ∂F
∂t

. and two continuous derivatives ∂F
∂x

. and ∂2F
∂x2

,. 

i.e., F ∈ C1,2..
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We start with the ne xt lemma.

Lemma 8.3 Let (Wt )t≥0 . be a Wiener process, then for each t ≥ 0. (a.s.), 

.W 2
t = 2

t

0
WsdWs + t. (8.37) 

Proof Without loss of generality, we consider only t = 1. and find that in the sense 
of convergence in probability (P−.lim) 

. 

t

0
WsdWs = lim

n→∞
k<n

Wk
n

Wk+1
n

− Wk
n

= lim
n→∞

k<n

1

2
Wk+1

n
+ Wk

n
Wk+1

n
− Wk

n

−
k<n

1

2
Wk+1

n
− Wk

n

2
. (8.38) 

It is clear that as n → ∞. 

. k<n
1
2 Wk+1

n
+ Wk

n
Wk+1

n
− Wk

n
= 1

2 k<n W 2
k+1
n

− W 2
k
n

→ 1
2W

2
1 ,

k<n Wk+1
n

− Wk
n

2 → 1
2 .

Hence, we can get from (8.38) the equality (8.37). 

The next step is the formula for the p roduct of two Ito’s processes (Xi
t )t≥0, i =

1, 2,. with coefficients bi, σ i
. correspondingly. 

Lemma 8.4 For each t ≥ 0. (a.s.), 

.dX1
t X

2
t = X1

t dX2
t + X2

t dX1
t + σ 1

t σ 2
t dt. (8.39) 

Proof Dividing [0, t]. with the help of a subdivision (tk)k≤n . with the d iameter
maxk≤n |tk − tk−1| → 0, n → ∞,. we can reduce the proof to the “small” intervals
(tk, tk+1). of this subdivision. 

For such small enough interval, we have a discrete analog of (8.39): 

.X1
tk+1

X2
tk+1

− X1
tk
X2

tk
=

tk+1

tk

X1
s b2s ds + σ 2

s dWs

+
tk+1

tk

X2
s b1s ds + σ 1

s dWs +
tk+1

tk

σ 1
s σ 2

s ds,
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where we can think about bi, σ i, i = 1, 2. as constants. Therefore, the problem is 
reduced to the following four cases:

(1) X1
t = t, X2

t = t.. 

(2) X1
t = t, X2

t = Wt.. 

(3) X1
t = Wt, X2

t = t.. 

(4) X1
t = Wt, X2

t = Wt.. 

Case (1) is the usual differentiation case. 
Case (4) is Lemma 8.3. 
Cases (2) and (3) are equivalent, and we need to show that for each t ≥ 0. (a.s.), 

. tWt =
t

0
Wsds +

t

0
sdWs,

which is true according to the following obvious relation: for t = 1., 

. 1 · W1 =P − lim
n→∞

k<n

k + 1

n
Wk+1

n
− k

n
Wk

n

=P − lim
n→∞

k<n

k

n
Wk+1

n
− Wk

n
+

k<n

1

n
Wk+1

n
.

So, we arrive at the equality (8.39). 

Lemma 8.5 For any polynomial function Pn(x). of degree n = 1, 2, . . .., we have

.dPn(Wt) = Pn(Wt)dWt + 1

2
Pn (Wt)dt. (8.40) 

Proof It is sufficient to prove (8.40) for Pn(x) = xn.. We can use the induction 
method to prove that

.dWn
t = nWn−1

t dWt + n(n − 1)

2
Wn−2

t dt. (8.41) 

For n = 1., the formula (8.41) is trivial. Further, we take X1
t = Wn

t . and X2
t = Wt ;. 

use Lemma 8.4 with 

.b1t = n(n − 1)

2
Wn−1

t , σ 1
t = nWn−2

t , b2t = 0, σ 2
t = 1,
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and obtain (8.41): 

. dWn+1
t =Wn

t dWt + Wt nWn−1
t dWt + n(n − 1)

2
Wn−2

t dt

+ nWn−1
t dt

=(n + 1)Wn
t dWt + n(n + 1)

2
Wn−1

t dt.

Corollary 8.1 If F = F(x). is a continuously differentiable function w ith continu-
ous derivatives F (x). and F (x),. then for t ≥ 0. (a.s.), 

.dF(Wt) = F (Wt)dWt + 1

2
F (Wt)dt. (8.42) 

To prove (8.42), we uniformly (on compact intervals) approximate F(x). by a 
sequence of polynomials Pn . such that 

. F(x) = lim
n→∞ Pn(x), F (x) = lim

n→∞ Pn(x), F (x) = lim
n→∞ Pn (x)

and take the limit in the formula (8.40). 

Corollary 8.2 Assume F : R+ × R→ R. is a function of class C1,2,. then for t ≥ 0. 
(a.s.), 

.dF(t,Wt ) = ∂F

∂t
(t,Wt ) + 1

2

∂2F

∂x2
(t,Wt ) dt + ∂F

∂x
(t,Wt )dWt . (8.43) 

The first step of the proof is the case F(t, x) = F1(t)F2(x).. Then (8.43) follows 
from Lemma 8.4 and Corollary 8.1. The general case of F can be deri ved by approx-
imation of F(t, x).by a sequence of functions Fn(t, x) = k≤n F1,n(t)F2,n(x).with 
∂Fn

∂t
, ∂Fn

∂x
, ∂2Fn

∂x2
. converging uniformly on compact sets.

Remark 8.7 Let us define the local time of W at the level a during [0, t].: 

. lW (t, a) = lim→0

1

2

t

0
I(a− + (Ws)ds,

which exists (a.s.) and in the sense of L2
.-space. Using this notion, one can get a 

version of the Ito formula for non-differentiable functions, say, F(x) = |x| :. 

.|Wt − a| − |W0 − a| =
t

0
sgn(Ws − a)dWs + lW (t, a),
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where 

. sgn(x) =

⎧
⎪⎪⎨

⎪⎪⎩

1, x > 0,

0, x = 0,

−1, x < 0.

Such a formula is called as the Tanaka formula.

The final formula (for Ito’s processes) is given in the next theorem.

Theorem 8.2 Assume F ∈ C1,2
. and 

. dXt = bt (ω)dt + σt (ω)dWt .

Then for t ≥ 0. (a.s.), 

. dF(t,Xt ) = ∂F

∂t
(t, Xt ) + bt

∂F

∂x
(t, Xt ) + σ 2

t

2

∂2F

∂x2 (t, Xt ) dt

+ σt

∂F

∂x
(t, Xt )dWt . (8.44) 

The formula (8.44) admits a generalization to a multidimensional case. Namely,
assume F : R+ × Rk → R. of class C1,2;. the process (Xt ). in (8.35) is defined by a 
vector function bt (ω) = b(t, ω) = (b1t (ω, . . . , bk

t (ω)). and a m atrix-value function

σt (ω) = σ(t, ω) = (σ
ij
t (ω))i≤k,j≤d .: 

. Xi
t = Xi

0 +
t

0
bi
sds +

t

0

d

j=1

σ
ij
s dW

j
s , i = 1, . . . , k,

and Wt = (W 1
t , . . . ,Wd

t ). is a d−.dimensional Wiener process. Then for t ≥ 0. (a.s.), 

.dF(t,Xt ) = ∂F

∂t
(t, Xt ) +

k

i=1

∂F

∂xi
(t, Xt )b

i
t + 1

2

k

i,j=1

∂2F

∂xi∂xj

(t, Xt ). (8.45) 

× 
d 

l=1 
σ il 

t σ lj t dt + 
d 

j=1 

k 

i=1 

∂F 
∂xi

(t, Xt )σ
ij
t dW

j
t . (8.46) 

Example 8.2 (Stochastic Exponential) Consider the Ito process (8.35). Define the 
process

.Et (X) = exp Xt − 1

2

t

0
σ 2

s ds . (8.47)
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Applying the Ito formula to function F(t, x) = e− σ2
2 t ex, (t, x) ∈ R+ × R,. we find 

that

.dEt (X) = Et (X)dXt , E0(X) = 1. (8.48) 

We will call (Et (X))t≥0 . a stochastic exponent of process (Xt ).. 

Let us count the following properties of stochastic exponentials (8.47) and (8.48). 

Problem 8.3 

1. Et (X) > 0. (a.s.), t ∈ R+.. 

2. 1 
Et (X) = Et ( ˜ X),. (a.s.) t ∈ R+.. 

3. If bt = 0. a.s., t ∈ R+,. then (Et (X))t≥0 . is a (local) m artingale.
4. Et (X

1)Et (X
2) = Et X1 + X2 + [X1, X2] . (a.s.), t ∈ R+,. where dXi

t =
bi
t dt + σ idWt ,. d[X1, X2]t = σ 1

t σ 2
t dt, i = 1, 2,. and this property is called 

a multiplication rule of stochastic exponentials.

We already demonstrated how important and useful the Ito formula is. The next 
consideration has an incredible meaning for stochastic analysis and its applications.
Let us consider a d−.dimensional random function bt = (b1t , . . . , b

d
t ). belonging to 

the space S (or S2
.) and define a n ew process

. Zt = exp
t

0
bsdWs − 1

2

t

0
|bs |2ds

= exp
d

i=1

t

0
bi
sdWi

s − 1

2

d

i=1

t

0
bi
s

2
ds , (8.49) 

Z0 =1 .

The process (8.49) satisfies the follo wing properties:

(1) dZt = ZtbtdWt ,  Z0 = 1.. 
(2) (Zt )t≥0 . is a supermartingale, which is a martingale, if (bt )t≥0 . is bounded or

EZt = 1, t ∈ R+ .. 
(3) if EZT = 1. for some T > 0,. then (Zt )t≤T . is a martingale, and for any sequence

bn ∈ S(S2). with the property T

0 |bn − b|2ds → 0, n → ∞,. (a.s.) the 
corresponding sequence ZT (bn). converges to ZT (b). in the space L1.. 

To prove (1), we just apply the Ito formula. For the p roof of (2), we consider a
sequence of stopping times

.τn = inf t :
t

0
|bs |2Z2

s ds ≥ n
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and find that the process

. 

t

0
I(s<τn)bsZsdWs

t≥0

is a martingale, as well as (Zt∧τn)t≥0.. 

For t1 ≤ t2 ., we have (a.s.)  

. E Zt2∧τn |Ft1 = Zt1∧τn, n=1,2,...,

and as n → ∞., we get by Fatou’ s Lemma that

. E(Zt2 |Ft1) ≤ Zt1 (a.s.),

which certifies that (Zt )t≥0 . is a supermartingale, and therefore

.E exp
t

0
bsdWs − 1

2

t

0
|bs |2ds ≤ 1. (8.50) 

To prove (3), we first note that for |bs | ≤ K < ∞., we derive from (8.50) that 

. E
t

0
|bs |2Z2

s ds ≤K2E
t

0
Z2

Sds

=K2
t

0
EZ2

s (2b) exp
t

0
|bu|2du ds

≤K2
t

0
eK2sds < ∞

and conclude that t

0 bsZsds
t≥0

. and (Zt )t≥0 . are martingales. 

The claim (3) follows from claim (2) above, where EZT (b) = 1. and ZT (bn)
P−→

ZT (b), n → ∞.. Also, E|ZT (bn) − ZT (b)| → 0, n → ∞,. and hence Zt(b
n) =

E(ZT (bn)|Ft ), t ≤ T ,. a.s. Taking the limit in the above equality as n → ∞., we  
get the martingale property of (Zt (b))t≤T .. 

Now we are ready to formulate a beautiful Girsanov Theorem.

Theorem 8.3 Assume (Wt )t≤T . is a Wiener process on a probability space
F, P ).. Let b be a random function from space S (or S2

.) such that EZT = 1.. 
Define the process Xt = Wt − t

0 bsds.. Then 

(1) A random variable ZT . defines a new probability measure P̃ ,. equivalent to P,. 

i.e., P̃ << P . and P << P . with the density ZT = dP̃
dP

.. 

(2) The process (Xt ). is a Wiener process with respect to P̃ ..
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Proof For simplicity, consider a bounded function (bt ).. For 0 ≤ t0 ≤ t1 ≤ . . . ≤
tn = T . and fixed (λj )j=0,...,n−1 . from Rd

., we define the process λs . as iλj . on 
[tj , tj+1).. Further, we obtain that

. Ẽ exp

⎧
⎨

⎩i

n−1

j=0

λj (Xtj+1 − Xtj )

⎫
⎬

⎭ =E exp
T

0
λsdWs −

T

0
λsbsds ZT (b)

=EZT (λ + b) exp
1

2

T

0
λ2s ds

=e1/2
T
0 λ2s ds,

which corresponds to a Gaussian distribution. Taking into account X0 = 0,. we 
arrive at the claim (2) o f the theorem.

To finish this section, we study the structure of any martingale (Mt)t≥0 . on 
stochastic basis F, (Ft = FW

t )t≥0, P ).. It turns out that the set of all martingales 
on the stochastic basis, generated by a Wiener process (Wt )t≥0 ., is determined by 
stochastic integrals. Namely, any square integrable martingale (Mt)t≥0 ., M0 = 0., 
admits 

.Mt =
t

0
φsdWs (a.s.), t ≥ 0, (8.51) 

where (φt )t≥0 . is uniquely defined progressively measurable function from space S2.. 

The relation (8.51) is called a martingale representation. Let us prov e it for a finite
interval [0, T ].. For a deterministic function β ∈ L2(0, T )., we define the G irsanov
exponent

. Zt = Zt(β) = exp
t

0
βudu − 1

2

t

0
β2

udu ,Z0 = 1

Let us note that

. Z2
t (β) = Zt(2β) exp

t

0
β2

udu ,

and EZt(2β) ≤ 1. for all t ≤ T .. 
Hence, we obtain

. EZ2
t (β) ≤ exp

t

0
β2

udu < ∞.

Let X2
. be a class of random variables X from the space L2 = L2 F =

FW
T , P ) = L2

. such that X = T

0 φsdWs . with a progressively measurable φ .
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and T

0 Eφ2
s ds < ∞.. Further, if Y is an arbitrary random variable from L2

. 

such that EY = 0. and Y ⊥ X2
. in the L2

.-sense, then EY.ZT (β) = 0. for a ll
β ∈ L2(0, T ).. Therefore, taking an arbitrary subdivision (ti), i = 1, . . . , n. of the 
interval [0, T ]. and constructing an arbitrary step function with (ti)., we obtain that
E(Y |Wt1, . . . ,Wtn) = 0.. Hence, Y = 0. (a.s.) as FT = FW

T .. The last step of the 
proof is clear. We take MT . as X ∈ X2

. and using the martingale and stochastic 
integral properties, we obtain

.Mt = E(MT |Ft ) =
t

0
φsdWs.



Chapter 9 
Stochastic Differential Equations, 
Diffusion Processes, and Their
Applications

The chapter presents stochastic differential equations (SDEs) and their connections 
with diffusion processes and partial differential equations (PDEs). The existence 
and uniqueness of solutions of SDEs are proved under Lipschitz’s conditions. 
Two important processes geometric Brownian motion (GBM) and the Ornstein-
Uhlenbeck process are constructed on this theoretical base. The difference between 
ordinary differential equations and SDEs is discussed. As a part of this discussion, 
the existence of a solution (weak solution) of any SDE with measurable bounded 
drift coefficient and unit diffusion is proved with the help of the miracle Girsanov 
theorem. Moreover, it is shown by mean of the method of monotonic approxi-
mations that such a solution will be strong if the grift coefficient is a bounded 
piece-wise smooth function. Diffusion processes are defined as Markov processes 
for which their transition densities satisfy the asymptotic properties o f Kolmogorov.
The backward and forward equations of Kolmogorov are derived. A connection
between SDEs and PDEs are stated with the help of the Feynman-Kac theorem.
Absolute continuity of distributions of diffusion processes is studied with the help
of the Girsanov theorem. A special attention is paid to the class of controlled
diffusion processes for which the Hamilton-Jacobi-Bellman optimality equation is
derived. It is shown how the theory of diffusion processes and SDEs are helpful
in mathematical finance (Bachelier and Black-Scholes models) and in statistics of
random processes (see [9, 11, 27, 31, 36, 37, 39, 40, 44, 47, 50, 56, 57, 59], and [61]). 

9.1 Stochastic Differ ential Equations

Let b(t, x). and σ(t, x). be (t, x)−.measurable locally bounded functions from R+ ×
R → R,. i.e., these functions are bounded on each compact set of R+ × R.. 
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If a continuous Ft .-adapted process X(t, ω) = Xt(ω). such that for all t ≥ 0. (a.s.), 

.Xt(ω) = X0(ω) +
t

0
b(s,Xs)ds +

t

0
σ(s,Xs)dWs, (9.1) 

where X0(ω). is a finite random variable, measurable w.r. to F0, (Wt )t≥0 . is a Wiener 
process, then it is called a solution of (9.1). We rewrite (9.1) in an equivalent 
diff erential form

.dXt = bt (Xt )dt + σt (Xt )dWt . (9.2) 

We say that such a solution is unique if for any other solution (X̃t )., we have  

.P(ω : sup
t

|Xt(ω) − X̃t (ω)| > 0) = 0. (9.3) 

Theorem 9.1 Assume that coefficients b(t, x). and σ(t, x). of stochastic equations
(9.1) and (9.2) satisfy the conditions:

1) For each T ≥ 0., there exists a constant kT . such that 

. |b(t, x)| + |σ(t, x)| ≤ kT (1 + |x|)

for (t, x) ∈ [0, T ] × R.. 

2) For all c > 0., there exists a constant lc > 0. such that 

. |b(t, x) − b(t, y)| + |σ(t, x) − σ(t, y)| ≤ lc|x − y|

for all (t, x) ∈ [0, c] × [−c, c].. 
Then the E qs. (9.1) and (9.2) admits one and only one solution.

Proof First, we note that conditions 1) and 2) of this theorem are called a linear 
growth and a local Lipsc hitz conditions, correspondingly. Second, we give the proof
for a standard Lipschitz condition (lc = l). and for a finite time interval [0, T ],. and 
for X0(ω) = x ∈ R.. 

Let us prove the uniqueness of solutions. Assume X(t, ω). and X̃(t, ω). are two 
solutions with the initial condition X(0, ω) = X̃(0, ω) = x.. Then we ha ve

.X̃(t) − X(t) =
t

0
b(s, X̃(s)) − b(s,X(s)) ds

+
t

0
σ(s, X̃(s)) − σ(s,X(s)) dWs.
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Further, using the Cauchy-Schwartz inequality and the isometry p roperty, we obtain
for each t ∈ [0, T ]. that 

.E|X̃(t) − X(t)|2 ≤2E
t

0
b(s, X̃(s)) − b(s,X(s)) ds

2

. (9.4) 

+ 2E 
t 

0 
σ(s,  X̃(s)) − σ(s,  X(s))  dWs 

2 

≤2tE 
t 

0 
b(s, X̃(s)) − b(s, X(s)) 

2 
ds 

+ 2E 
t 

0 
σ(s,  X̃(s)) − σ(s,  X(s))  

2
ds

≤2(t + 1)l2
t

0
E|X̃(s) − X(s)|2ds. (9.5) 

To continue, we need the following Gronwall lemma:
If φ(t) ≥ 0. is an integrable function satisfying inequality for all t ≥ 0. and fixed 

constants A and B,. 

.φ(t) ≤ A + B
t

0
φ(s)ds. (9.6) 

Then φ(t) ≤ AeBt
. for all t ≥ 0.. 

To prove Growwall lemma, we just differentiate the log arithm of the right-hand
side of (9.6): 

. ln A + B
t

0
φ(s)ds = Bφ(t)

A + B
t

0 φ(s)ds
≤ B,

ln A + B
t

0
φ(s)ds ≤ ln A + Bt,

A + B
t

0
φ(s)ds ≤ AeBt .

In relations (9.5), the function φ(t) = E|X̃(t)−X(t)|2 . and A = 0, B = 2(T +1)l2.. 

Hence, by the Gronwall lemma, we obtain E|X̃(t) − X(t)|2.. We derive from here 
that for the set QT . of rational numbers of [0, T ]. that 

.P sup
t∈QT

|X̃(t) − X(t)| = 0 = 1.
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By the continuity of processes X(t). and X̃(t)., we have  

. 1 = P(sup
QT

|X̃(t) − X(t)| = 0) = P( sup
t∈[0,T ]

|X̃(t) − X(t)| = 0),

which means that X and X̃ . are equivalent. 
To prove the existence of a solution of (9.1) and (9.2), we apply the Picard method 

of successive approximations:

.

X0(t) =x,

Xn(t) =x +
t

0
b(s,Xn−1(s))ds +

t

0
σ(s,Xn−1(s))dWs.

(9.7) 

For the sequence of approximations (9.7), we get for t ∈ [0, T ]. that 

. |Xn(t)|2 ≤ 3|x|2 + 3
t

0
b(s,Xn−1(s))ds

2

+ 3
t

0
b(s,Xn−1(s)dWs

2

.

(9.8) 
Inequality (9.8) implies for t ≤ T . that 

.E|Xn(t)|2 ≤ 3|x|2 + LT

t

0
E|Xn−1(s)|2ds, (9.9) 

where LT . depends on kT .. 

Taking supk≤n . in (9.9), we derive from Gronwall’ s Lemma that

. sup
k≤n

E|Xk(t)|2 ≤ 3|x|2eT LT , t ∈ [0, T ]. (9.10) 

Further, we have that

. Xn+1(t) − Xn(t) = x +
t

0
b(s,Xn(s)) − b(s,Xn−1(s)) ds

+
t

0
σ(s,Xn(s)) − σ(s,Xn−1(s)) dWs,

and applying a similar estimation as the proof of uniqueness, we get for t ≤ T ,. 

.E|Xn+1(t) − Xn(t)|2 ≤ KT

t

0
E|Xn(s) − Xn−1(s)|2ds, . (9.11) 

E|X1(t) − X0(t)|2 ≤ E 
t 

0 
b(s, x))ds + 

t 

0 
σ(s,  x)dWs

2

≤ CT t, (9.12) 

with some constants CT . and KT ..
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Using the induction, we derive from (9.11) and (9.12) that 

.E|Xn+1(t) − Xn(t)|2 ≤ CT Kn
T

tn+1

(n + 1)! . (9.13) 

From (9.13), we conclude that the series

. X0(t) +
∞

n=0

Xn+1(t) − Xn(t)

converges uniformly to continuous process X(t). in the L2
.-sense. 

To prove that this process is a solution of (9.1) and (9.2), we note for t ∈ [0, T ]. 
that 

. E
t

0
b(s,X(s)) − b(s,Xn(s)) ds +

t

0
σ(s,X(s)) − σXn(s)) dWs

2

≤ KT

T

0
E|X(s) − Xn(s)|2ds.

Using this inequality, we obtain that

. E X(t) − x −
t

0
b(s,X(s))ds +

t

0
σ(s,X(s))dWs

2

≤2E|X(t) − Xn(t)|2

+ 2E
t

0
b(s,Xn−1(s))ds +

t

0
σ(s,Xn−1(s))dWs

−
t

0
b(s,X(s))ds −

t

0
σ(s,X(s))dWs

2

≤wE|X(t) − Xn(t)|2 + 2KT E|X(t) − Xn−1(t)|2 → 0,

as n → ∞.. 

Remark 9.1 To emphasize a dependence of the limit of successive approximations 
from an initial point x (correspondently, y), denote it by Xx(t, ω). (correspondently, 
Xy(t, ω).). Similar to inequality (9.10), one can derive for t ∈ [0, T ] :. 

. E|Xx(t) − Xy(t)|2 ≤ const (T )|x − y|2et ·const (T ),

E|Xx(t) − Xx(t + |2 ≤ const (T )|1 + |x|2|2et ·const (T ).

Due to these inequalities, the function Xx(t). can be chosen measurable w.r. to x..
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Example 9.1 Consider a linear SDE

.dXt = μXtdt + σXtdWt , (9.14) 

where X0isF0 .-measurable finite random variable. According to Theorem 8.1, the
Eq. (9.14) has a unique solution. To find a concrete formula for Xt ., we rewrite (9.1) 
in the f orm

.dXt = (c + σ 2/2)Xtdt + σXtdWt , (9.15) 

where c = μ − σ 2/2.. Applying the Ito formula to X0 exp{ct + σWt } = X̃t .. 

Applying the Ito formula to X0 exp{ct + σWt } = X̃t ., we find that

. dX̃t =d X0e
ct+σWt

= cX0e
ct+σWt + σ 2

2
X0e

ct+σWt dt + σX0e
ct+σWt dWt

= c + σ 2

2
X̃tdt + σX̃tdWt .

So, using the uniqueness of solution of (9.14), we arrive at t he conclusion that Xt =
X̃t . (a.s.) for all t ≥ 0.. Hence, 

.Xt = X0e
ct+σWt = X0e

(μ−σ 2/2)t+σWt , (9.16) 

which is called a geometric Brownian motion (GBM). The GBM (9.16) is exploited 
as a stock price model in mathematical finance.

Example 9.2 Consider another linear stochastic differential equation

.dXt = −αXtdt + σdWt ; (9.17) 

X0 . is F0 .-measurable finite random variable, α ∈ R.. 

Let us transform (Xt ). with the help of function f (t, x) = eαt .x, x ∈ R.. By the 
Ito formula, we can find a stochastic differential of Yt = f (t,Xt ) :. 

. dYt =(ft − αXtfx + 1

2
σ 2fxx)dt + σfxdWt

= αeαtXt − αeαtXt dt + σeαtdWt = σeαtdWt .

It leads to Yt = X0 + σ
t

0 eαsdWs . and hence 

.Xt = e−αtYt = e−αtX0 + σe−αt
t

0
eαsdWs.
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This is a famous Ornstein-Uhlenbeck process, which is called a Vasicek model for
interest rate modeling in mathematical finance.

We observed here that for SDEs with Lipschitz-type coefficients, existence and 
uniqueness of solutions are stated in a similar way as for ordinary differential 
equations. A natural question arises: Are there new results in this theory, which
are different from the deterministic theory?

We start our answer with the following nice result of Girsanov.

Theorem 9.2 Let b(t, x), (t, x) ∈ [0, T ] × R
d , d ≥ 1,. be a bounded measurable 

function. Then there exists a probability space F, P ),. a continuous pr ocess
(Xt )., and a Wiener process on this space such that (Xt )t≤T . is a solution of the
SDE:

.dXt = b(t, Xt )dt + dWt , X0 = 0, t ≤ T . (9.18) 

Proof Take any probability space F, P̃ ). with a Wiener process (Xt )t≤T .. Define 
another process

.Wt = Xt −
t

0
b(s,Xs)ds (9.19) 

and a new probability measure P with the density w.r.to P̃ .: 

. 
dP

dP̃
= exp

T

0
b(s,Xs)dXs − 1

2

T

0
|b(s,Xs)|2ds.

By the Girsanov theorem, the process (Wt )t≤T . is a Wiener process on the probability
space F, P ).. Hence, if we rewrite the equality (9.19) as 

. Xt =
t

0
b(s,Xs)ds + Wt, t ≤ T ,

we arrive at the conclusion that (Xt )t≤T . is a solution of (9.18). 

Remark 9.2 The result of Theorem 9.2 guarantees the existence of a solution
of (9.18) for any bounded measurable function b(t, x).. It is well-known that the 
ordinary differential equation dxt = b(t, xt )dt . does not admit a solution for an y
bounded measurable function b(t, x).. 

Remark 9.3 Comparing solutions in Theorems 9.1 and 9.2, we can observe the 
following difference. The solution in Theorem 9.1 was constructed on given 
probability space. On the other hand, the solution in Theorem 9.2 was built on some 
probability space. They are naturally called strong and weak solutions, respectively, 
because any strong solution will be also a weak solution, but not vice versa.
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Example 9.3 Let (βt ). be a Brownian motion (BM) with β0 = y ∈ R.. Define a 
process Bt = t

0 sgn(βS)dβs,. where 

. sgn(x) = 1, x > 0,

−1, x ≤ 0.

The process (Bt ). is a BM by the Levy characterization. Further, we note that by a
property of stochastic integral

. y +
t

0
sgn(βs)dBs =y +

t

0
(sgn(βs))

2dβs

=y +
t

0
dβs = y + βt − y = βt .

Hence, (βt ). solves the S DE

.dXt = sgn(Xt )dBt ,X0 = y, (9.20) 

in the "weak" sense. Moreover, any other solution will be again a BM, and in the 
sense o f its distribution, such a solution is unique (weak uniqueness). But taking
y = 0., we find that (βt ). and (−βt ). solve the Eq. (9.20) with some BM (Bt ). and 
X0 = 0.. It means there is no uniqueness as (9.5). 

Let us develop the method of monotonic approximations, which is powerful enough 
to prove the existence of strong solutions without the Lipschitz conditions. We start
with the simplest version of the comparison theorem of strong solutions of SDEs.

Lemma 9.1 Assume that bi = bi(x), x ∈ R, i = 1, 2,. are bounded continuous 
functions, and Xi, i = 1, 2,. are strong (continuous) solutions of the equations

. dXi
t = bi(Xi

t )dt + dWt , Xi
0 = 0, t ≥ 0.

Then the inequality b1(x) < b2(x). for all x ∈ R. implies that X1
t (ω) ≤ X2

t (ω). for 
almost all ω ∈ . and all t ≥ 0.. 

Proof For each ω ∈ ˜ ˜ = 1,. we define 

. θ = inf{t > 0 : X1
t (ω) = X2

t (ω)},
∞ otherwise.

Note that X2
t (ω) − X1

t (ω) = t

0 b2(X2
s (ω)) − b1(X1

s (ω)) ds = t (ω).. By the 
continuity of bi(x),. Xi

t (ω), i = 1, 2,. and assumption b1(x) < b2(x), x ∈ R,. 

we find that 0(ω) > 0 t (ω). is continuous and t (ω) > 0. for all t < θ(ω).. 

If θ(ω) = ∞,. then X2
t (ω) = X1

t (ω),. and Lemma is proved. Otherwise, we have
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θ(ω) < ∞. and θ (ω) = X2
θ − X1

θ = 0.. It gives a possibility to reproduce for θ . 

the same consideration as for t = 0. and find that X2
t (ω) − X1

t (ω) = t (ω) > 0. 

for a neighborhood of θ(ω),. etc. Therefore, X1
t (ω) − X1

t (ω) = t (ω) > 0. for a ll
t ≥ 0.. 

Theorem 9.3 Consider a homogeneous SDE (9.18) and suppose that the d rift
coefficient bt (x) = b(x). satisfies the f ollowing conditions:

(1) b(x). has a finite number of points of discontinuity {x1, . . . , xN }.. 
(2) b(x). is piece-wise smooth, i.e., for any x ∈ R\{x1, . . . , xN }. the derivative b (x). 

exists. 
(3) |b(x)|. and |b (x)| ≤ K < ∞.. 

Then the E q. (9.18) has a str ong solution.

Proof The first step is to show that b(x). can be approximated by a sequence of
functions bn(x). such that a strong solution o f the equations

.dXn(t, ω) = bn(Xn(t, ω))dt + dW(t, ω), (9.21) 

. Xn(0, ω) = 0, t ∈ [0, T ], n = 1, 2, . . .

does exist and is unique. Then the properties of these solutions are s tudied with
the aim to show that the sequence (Xn(t, ω))n=1,2,... . converges to a continuous
Ft−.adapted process X∞(t, ω)., which is the desired solution o f the limit equation
(9.18). 

To construct the auxiliary sequence of functions (bn(x))n=1,2,... ., we take neigh-
borhoods Vr(xi). of the points x1 < . . . < xN . of radius r ≤ 1

4 min1≤i≤N−1 |xi+1 −
xi |. and set 

. b̃n(x) = b(x),

x ∈ R \ ∪N
i=1Vr(xi).

It suffices now to build b̃n(x). in the neighborhood Vr(xi), i = 1, 2, . . . , N.. 

Consider Vr(xi). and let b(xi−) > b(xi+). for limits from the left and right side
of xi . correspondingly. 

It follows from the smoothness of b(x). that there exists a deterministic sequence
(αi

n)n=1,2,... . such that αi
n ∈ Vr(xi), α

i
n > xi, αi

n ↓ xi . as n → ∞,. while the 
continuous function b̃n(x). is determined as follows:

. b̃n(x) =b(x) for x ∈ Vr(xi) ∩ (xi−1, xi) ∪ [αi
n, xi+1) ,

b̃n(xi) =b(xi−);

b̃n(x). is linear on [xi, α
i
n]. satisfying the condition b̃n(x) ≥ b(x), x ∈ (xi, α

i
n)..
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If b(xi−) < b(xi+),. the construction of b̃n(x). in Vr(xi). is analogous. Finally, 
we define bn(x) = b̃n(x) + 1/n, n = 1, 2, . . . ,. with desirable properties f or us:

. bn(x) > bn+1(x), x ∈ R,

bn(x) ↓ b(x) as n → ∞, x ∈ R \ {x1, . . . , xN };

bn(x). satisfies a Lipschitz condition and simultaneously for n = 1, 2, . . .., 

. |bn(x)| ≤ K + 1 < ∞.

Applying Theorems 9.1 to (9.21) with bn(x),. constructed above, we get the 
existence (and uniqueness) of strong solutions Xn(t),. which are continuous and
Ft−.adapted. 

Further, according to Lemma 9.1, we obtain the system of inequalities

. X1(t, ω) ≥ X2(t, ω) ≥ . . . ≥ Xn(t, ω) ≥ . . . (a.s.), t ≤ T .

Therefore, there exists a Ft .-adapted process X∞(t, ω). such that X∞(t, ω) =
limn→∞ Xn(t, ω). (a.s.), t ∈ [0, T ].. 
Lemma 9.2 The family of continuous functions (Xn(·, ω))n=1,2,..., ω ∈
˜ ˜ = 1,. is uniformly bounded and equicontinuous.

Proof For each ω. from ˜ ˜ = 1,. we have for all n = 1, 2, . . .. that 

.|Xn(t, ω)| ≤
t

0
bn(Xn(s, ω))ds + |W(t, ω)|. (9.22) 

≤ 
t 

0 
|bn(Xn(s, ω))|ds + |W(t, ω)|. (9.23) 

≤(K + 1)T + max 
0≤t≤T 

|W(t, ω)|, (9.24) 

which means that (Xn(·, ω))n=1,2,... . is uniformly bounded. 
Further, for ω ∈ ˜ ˜ = 1, δ > 0,. we obtain 

. ωXn(·,ω)(δ) = sup
s,t,|t−s|<δ

|Xn(t, ω) − Xn(s, ω)|

≤ sup
s,t,|t−s|<δ

t

s

bn(Xn(u, ω)du + |Wn(t, ω) − W(s, ω)|

≤(K + 1)δ + ωW(·,ω)(δ).

Hence, for almost all ω ., we have as  δ → 0. that supn ωXn(·,ω)(δ) ≤ (K + 1)δ +
ωW(·,ω)(δ) → 0..
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In view of Lemma 9.2 and the Ascoli-Arzela test, there exists (for ω ∈
˜ ˜ = 1.) a subsequence n (ω). such that 

. sup
0≤t≤T

|Xn (ω)(t, ω) − X∞(t, ω)| → 0, n (ω) → ∞,

and therefore almost all paths of X∞(t, ω). are continuous on [0, T ].. 
Now we put φn(t, ω) = bn(W(t, ω)), n = 1, 2, . . . , φ∞(t, ω) = b(W(t, ω)). 

and define probability measures (Pn)n=1,2,... . and P∞ . with the help of the Girsanov
exponents:

. 
dPn

dP
= exp

T

0
φn(s, ω)dW(s, ω) − 1

2

T

0
φ2

n(s, ω)ds ,

dP∞
dP

= exp
T

0
φ∞(s, ω)dW(s, ω) − 1

2

T

0
φ2∞(s, ω)ds .

Problem 9.1 Prove that for y ∈ R. and t ∈ [0, T ]., 

.Pn(ω : W(t, ω) ≤ y) = P(ω : Xn(t, ω) ≤ y), . (9.25) 

Pn(ω : W(t,  ω)  ≤ y) −−−→
n→∞ 

P(ω  : W(t, ω) ≤ y), . (9.26) 

Pn(ω : Xn(t, ω) ≤ y) → P(ω  : X∞(t, ω) ≤ y). (9.27) 

Relations (9.25)–(9.27) yield 

.P(ω : X∞(t, ω) ≤ y) → P∞(ω : W(t, ω) ≤ y). (9.28) 

Lemma 9.3 If A is a Borel set in R. with the Lebesgue measure zero (l(A) = 0),. 

then 

.P(ω : l(t ∈ [0, T ] : X∞(t, ω) ∈ A) = 0) = 1. (9.29) 

Proof For fixed 0., we first apply Chebyshev’s inequality and Fubini’ s theorem,
and then we use (9.28) to derive t hat

.P(ω : l(t ∈ [0, T ] : X∞(t, ω) ∈ ≤ −1
E

T

0
I(t :X∞(t,ω)∈A)dt

= −1
T

0
EI(t :X∞(t,ω)∈A)dt

= −1
T

0
I(t :X∞(t,ω)∈A)dP dt
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= −1 
T 

0 
I(t :X∞(t,ω)∈A)dP∞ dt 

= −1 
T 

0 
P∞(ω : W(t, ω) ∈ A)dt = 0.

Since 0. is arbitrary, we obtain (9.29). 

Let us now define the following process

. X(t, ω) =
t

0
b(X∞(s, ω))ds + W(t, ω)

and consider the d ifference

. Xn(t, ω) − X(t, ω) =
t

0
bn(Xn(s, ω))ds −

t

0
b(X∞(s, ω))ds.

Applying Lemma 9.3 with A = {x1, . . . , xN }., we find for almost all t ∈ [0, T ]. 
w.r.to the Lebesgue measure and almost all ω ∈ . that 

. lim
n→∞ bn(Xn(t, ω)) = b(X∞(t, ω)).

Further, we derive from here by using the Lebesgue dominated convergence theorem
that

. 

t

0
bn(Xn(s, ω))ds −−−→

n→∞
t

0
b(X∞(s, ω))ds,

and, hence, for t ∈ [0, T ]. and P -a.s.

. X(t, ω) = X∞(t, ω),

which completes the proof of Theorem 9.3. 

9.2 Diffusion Processes and Their Connection with SDEs
and PDEs

A general conception of a Markov process (Xt )t≥0 . on the given stochastic basis
F, (Ft )t≥0, P ). can be described as follows. The characteristic (Markov) prop-

erty of such adapted process means that

.P(ω : X(t, ω) ∈ B|Fs) = P(ω : X(t, ω) ∈ B|X(s, ω)) (9.30) 

for every B ∈ B(R). and all s < t..
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It is convenient to treat (9.30) with the help of a tr ansition probability function
P(s, x, t, B). satisfying conditions: 

(1) It is a measurable function of x ∈ R.. 

(2) It is a probability measure on R,B(R). such that P(s, x, s, B) = IB(x).. 

(3) 

.P(s, x, u, B) = P(s, x, t, dy)P (t, y, u, B) (9.31) 

for x ∈ R, B ∈ B(R), 0 ≤ s < t < u.. 

Equation (9.31) is called the Kolmogorov-Chapman equation, and the pro-
cess (Xt )t≥0 . is a Markov random function (in a r estricted sense). Substituting x

by X(s, ω). into (9.30) and using properties of conditional e xpectations, we get

. P(s,X(s, ω), u, B) = E(P (t, X(t, ω), u, B)|Fs)

= P(t, y, u, B)P (s,X(s, ω), t, dy),

which coincides with (9.31) under x = X(s, ω).. 
We know that many properties of stochastic processes can be described using 

their finite-dimensional distributions. Let us derive the formula of a finite-
dimensional distribution of (X(t)). in terms of its transition probability function.
Putting Ik = IBk

(X(tk, ω)), 0 ≤ t1 < t2 < . . . < tk < . . . tn, Bk ∈ B(R)., we  
obtain by backward i ntegration:

.

P(ω : X(t1, ω) ∈ B1, . . . , X(tn, ω) ∈ Bn)

= EI1 . . . In−1E(In|Ftn−1)

= EI1 . . . In−1
Bn

P (tn−1, X(tn−1, ω), tn, dyn)

= EI1 . . . In−1
Bn−1

P(tn−2, X(tn−2, ω), tn−1, dyn−1)

×
Bn

P (tn−1, X(tn−1, ω), tn, dyn)

= EI1
B2

P(t1, X(t1, ω), t2, dy2) × . . .

×
Bn

P (tn−1, X(tn−1, ω), tn, dyn).

(9.32)
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In the expression above, w e can treat

.
B2

P(t1, X(t1, ω), t2, dy2) . . .
Bn

P (tn−1, X(tn−1, ω), tn, dyn) (9.33) 

as a conditional expectation

. P(ω : X(t2, ω)) ∈ B2, . . . , X(tn, ω) ∈ Bn|X(t1, ω) = x1).

The expressions (9.32) and (9.33) present a consistent system of finite-dimensional 
distributions of the process X(t, ω). for fixed t1 . and x1.. So, to provide a full 
description of this system, it is reasonable t o have a family of probability spaces
F, Pt,x).. So, in the case of (9.32) and (9.33), we arrive at the probabilities

Pt,x(ω : X(t2, ω) ∈ B2, . . . , X(tn, ω) ∈ Bn). expressed with the help of
P(s, x, t, B).. We can also see that the process X(t, ω). can be started at each t ∈ R+ . 

from each point x ∈ R.. The process (X(t, ω)). in such a framework is called 
a Markov family, but we will also call it a Markov process. All these arguments 
show that in the theory of Markov processes, it is necessary to describe the class of
transition probability functions.

Before further steps in developments of this theory, we give some examples and
problems.

First of all, (Wt )t≥0 . presents an example of a Markov process, because its 
finite-dimensional distributions were giv en in its definition via transition probability
function.

Problem 9.2 Prove that (|Wt |)t≥0 . is a Markov process.

Hint: Its transition f unction is

. P(s, x, t, B) = 1√
2π(t − s) B

e
− (y−x)2

2(t−s) + e
(y+x)2

2(t−s) dy.

Example 9.4 Let (Yn)n=1,2,... . be a sequence of independent random variables with
a positive density p(x).. Define X0 = 0, X1 = Y+

1 , X2 = (Y1 + Y2)
+, . . .. The 

process (Xn)n=0,1,... . is non-Markov. To show it, we take x > 0. and consider the 
ne xt conditional probability

. P(ω : X3 > 0|X2 = 0, X1 = x) =
0

−∞

∞

0
p(y − x)p(z − y)dydz.

This probability depends on x,., and therefore the process (Xn). cannot be Marko v.

Problem 9.3 Let (Yn)n=1,2,... . be a sequence of independent r.v. ’s with the density
p(x) > 0, x ∈ R.. Define the process (Y0 = 0). 

. Xt = (Y1 + . . . + Yk)(t − k) + (Y1 + . . . + Yk+1)(k + 1 − t)

for k ≤ t ≤ k + 1, t ≥ 0.. Prove that such a process is not Markov.
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Remark 9.4 The transition probability function P(s, x, t, B). is homogeneous, i  f
P(s +h, x, t +h,B) = P(s, x, t, B). for any positive h.. Hence, P(·, ·, ·, ·). depends 
on the difference (t−s). only, and one can use another transition probability function
P(t, x, B). for which the Kolmogorov-Chapman equation has the form

. P(t + s, x, B) =
R

P(t, x, dy)P (s, y, B).

Definition 9.1 Markov process X(t, ω). with its transition p robability function
P(s, x, t, B). satisfying the properties (1)–(3) is called a diffusion process, if there
exist measurable functions b(t, x). and σ 2(t, x), (t, ) ∈ R+ × R. such that for 0. 

and V = {y ∈ R : |y − x| }. 

. lim
h→0

1

h
P (t, x, t + h, V ) = 0, . (9.34) 

lim 
h→0 

1 
h |y−x|≤ 

(y − x)P (t, x, t + h, dy) = b(t, x), . (9.35) 

lim 
h→0 

1 
h |y−x|≤ 

(y − x)2P(t,  x,  t  + h, dy) = σ 2(t, x). (9.36) 

Functions b(t, x). and σ 2(t, x). are called drift and diffusion coefficients .
It turns out relations (9.34)–(9.36) admit an adequate characterization with the 

help of the following differential operator (generator of X(t, ω).): 

.Ltφ(x) = a(t, x)
∂φ(x)

∂x
+ 1

2
σ(t, x)

∂2φ(x)

∂x2
, (9.37) 

in class of twice continuously differentiable functions φ.. 

Lemma 9.4 For all bounded functions φ . described abo ve

.
R

|φ(y) − φ(x)|P(t, x, t + h, dy) = hLtφ(x) + o(h) (9.38) 

is fulfilled ⇐⇒. (9.34)–(9.36). 

Proof To prove (9.38), we decompose function φ . at point x :. for |y − x| . 

. 
R

|φ(y) − φ(x)|P(t, x, t + h, dy) = α (h) + hLtφ(x) + hγ ,

where Lt . is defined by (9.37), α (h)h−1 → 0 0,. and γ → 0. as → 0.. 

Hence, we get (9.38). To prove the direct implication, we take the func-
tion φx0(x) = 1 − exp −|x − x0|4 . and find that ∂

∂x
φx0(x)|x=x0 = 0. and 

∂2

∂x2 φx0(x)|x=x0 = 0.. It implies (9.34).
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Now we take the function φx0(y) = y − x0 . for |y − x0| < 1., extending this 
function to be a bounded twice continuously differentiable function. For such a
function and 0 1., we get

.
|y−x0|≤

(y − x0)P (t, x0, t + h, dy) = a(t, x)h + o(h) (9.39) 

and hence (9.35). To prove (9.36), we take a square of function i n the previous
construction (9.39). 

Let us find differential equations for transition probabilities of diffusion processes, 
known as the Kolmogorov bac kward and forward equations.

For some bounded continuous function φ(x). and T > 0., we define the f ollowing
function:

. uT (t, x) =
R

φ(y)P (t, x, T , dy).

Theorem 9.4 Assume that (9.34)–(9.36) are uniformly satisfied on bounded time 
intervals with continuous functions b(t, x). and σ 2(t, x).. Let function uT (t, x). be 
(t, x).-continuous together with derivatives ∂uT

∂x
. and ∂2uT

∂x2 .. Then uT (t, x). has the 
derivative w.r.to t and satisfies the equation

.
∂uT (t, x)

∂t
+ LtuT (t, x) = 0, (9.40) 

with the boundary condition uT (T , x) = φ(x).. 

Proof The boundary condition is fulfilled by (9.34). Further, for h > 0., we have by  
Lemma 8.4 that

. uT (t − h, x) =
R

uT (t, y)P (t − h, x, t, dy)

=uT (t, x) +
R

[uT (t, y) − uT (t, x)] P(t − h, x, t, dy)

=hLt−huT (t, x) + uT (t, x) + o(h),

whence 

. 
1

h
[uT (t − h, x) − uT (t, x)] = Lt−huT (t, x) + o(h)

h
.

This implies (9.40). 

In fact, E q. (9.40) can be called as the Kolmogorov backward equation. But usually, 
it is formulated as the equation for the density p(s, z, t, y). of the transition
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probability function p(s, x, t, B) :. 

. p(s, x, t, y)dy = P(s, x, t, dy).

So, we arrive at the backward Kolmogorov equation for p(s, x, t, y) :. 

.
∂p(s, x, t, y)

∂s
+ b(s, x, )

∂p(s, x, t, y)

∂x
+ σ 2(s, x)

2

∂2p(s, x, t, y)

∂x2 = 0. (9.41) 

On the other hand, one can also write the forward Kolmogoro v equation or the
Fokker-Plack equation:

. 
∂p(s, x, t, y)

∂t
+ ∂

∂y
(b(t, y)p(s, x, t, y)) − σ 2

2∂y2
σ 2(t, y)p(s, x, t, y) = 0.

(9.42) 

So, the same function p(s, x, t, y). plays the role of a fundamental solution for t wo
differential equations:

Equation (9.41) as the function of (s, x). and 
Equation (9.42) as the function of (t, y).. 

Let us come back to the stochastic differential equation (9.1) and its solution
X(t). derived under the Lipschitz conditions in Theorem 9.1. Applying the same 
reasoning as in Theorem 9.1 we can prove that there exists a unique solution Xs,x(t). 

of the equation (t ≥ s) :. 

.Xs,x(t) = x +
t

s

b(u,Xs,x(u))du +
t

s

σ (u,Xs,x(u))dWu. (9.43) 

Putting for B ∈ B(R). 

.P(s, x, t, B) = P(Xs,x(t) ∈ B), (9.44) 

we arrive at the conclusion that the solution X(t). of (9.1) is a Markov process with 
the transition probability function (9.44). 

To prove this claim, we note that Xs,X(s)(t). is a solution of (9.43). We just note
from (9.1) and Remark 9.1 that 

. X(t, ω) − X(s, ω) =
t

s

b(u,X(u, ω)du +
t

s

σ (u,X(u, ω)dWu.

Thus, X(t, ω) = Xs,X(s,ω)(t).. Further, the σ .-algebra Fs . is generated by Wu, u ≤ s.. 

Let us take arbitrary bounded Fs .-measurable r.v . θ.. Then for any bounded function
g(x)., we obtain that

.Eθg(X(t, ω)) =Eθg Xs,X(s,ω)(t)

=EθE g Xs,x(t) x=X(s,ω)
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=Eθ 
R 

g(y)P (s, x, t, dy) 
x=X(s,ω) 

=Eθ 
R 

g(y)P (s, X( s, ω), t, dy),

where we used the independence of Xs,x(t). and Fs . because Xs,x(t). depends on 
W(u) − W(s). for u ≥ s . only. Hence, 

. E(g(X(t, ω))|Fs) =
R

g(y)P (s,X(s, ω), t, dy),

and we get the claim.

Remark 9.5 As a methodological result, one can conclude that diffusion processes 
are described in two ways: as a class of Markov processes with transition proba-
bilities determined by the drift and diff usion coefficients and as solutions of SDEs.
Let us discuss other interesting connections. We consider a stochastic differential
equation with coefficients b = b(t, x). and σ = σ(t, x) :. 

. dXt = b(t, Xt )dt + σ(t,Xt )dWt .

As before, we define the following differential operator based on functions b and
σ :. 

. Lφ = 1

2
σ 2 ∂2φ

∂x2 + b
∂φ

∂x
.

Having a smooth function F ∈ C1,2
., we can transform (Xt ). with the help of the Ito 

formula as follows:

.F(Xt) = F(X0)+
t

0

∂F

∂s
+ LF(Xs) ds+

t

0
σ(s,Xs)

∂F

∂x
(Xs)dWs. (9.45) 

Equality (9.45) is a smooth transformation of the diffusion process (Xt ).. Such a 
problem was first formulated and solved by Ko lmogorov in 1931: a new process
Yt = F(Xt). will be again a diffusion process with the drift bY = ∂F

∂t
+LF(Xt). and 

the diffusion coefficient σY = σ ∂F
∂x

(Xt ).. Putting together both these formulas, we 
arrive at the Ito formula in the form (9.45). That is why the formula (9.45) can also 
be called the Kolmogor ov-Ito formula.

Remark 9.6 We can also put the Cauchy problem for the parabolic differential
equation: Find a smooth function v = v(t, x) : [0, T ] × R → R. such that 

. 
∂v

∂t
+ Lv = 0, (t, x) ∈ [0, T ] × R

with v(T , x) = f (x), x ∈ R..
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This boundary value problem is solved in the theory of partial differential equa-
tions (PDEs) under wide conditions. It turns out that one can write a p robabilistic
form of this solution using the theory of diffusion processes. We take a diffusion
process (Xt ). with a generator L and

.v(t, x) = Et,xf (XT ), Xt = x. (9.46) 

To get formula (9.46), called the Feynman-Kac representation, we apply the Ito
formula to v(t, Xt ). and obtain t hat

. dv(t, Xt ) = ∂v

∂t
+ Lv dt + σ

∂v

∂x
dWt .

It is clear that v(t, Xt ). is a martingale, and therefore

. v(t, Xt ) = E(f (Xt )|Ft ) = Et,xf (XT )
x=Xt

.

Let us investigate absolute continuity of distributions of diffusion processes. We 
shall do it i n the form of solutions of stochastic differential equations.

Assume (X(t))t≤T . is a continuous random process o n a probabilistic space
F, P ).. Denote C[0, T ]. as the space of continuous functions on [0, T ]., andB[0,t]

. 

is a σ .-algebra in this space, generated by cylinders. We define a distribution of
(X(t))t≤T . as the measure on (C[0, T ],B[0,T ]). 

. μX(B) = P {ω : X(·, ω) ∈ B}.
It means that the measure μX . is just an image of P under mapping

. X(·, ω) : → C[0, T ].

Assume, there is a probability measure P̃ << P,. i.e., for A ∈ F., 

. P̃ (A) =
A

Z(ω)dP,

where Z is a measurable nonnegative random variable such that

. Z(ω)dP = 1.

We can consider the process (Xt )t≤T .under a new measure P̃ .and denote this p rocess
by (X̃t )t≤T .. Then 

.
dμ

X̃

dμX

(X(·, ω)) = E(Z(ω)|FX), (9.47)
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where FX
. is a σ .-algebra, generated by the process (Xt )t≤T .. The equality (9.47) is 

almost obvious because for A ∈ B[0,T ]
., we have  

. μ
X̃
(A) =P̃ (ω : X(·, ω) ∈ A)

=
A

Z(ω)dP

=EZ(ω)IA(X(·, ω))

=EIA(X(·, ω))E(Z(ω)|FX)

=
A

E(Z(ω)|FX)μX(dx).

Assume that two diffusion processes (Xi(t))t≤T , i = 1, 2,. satisfy the following 
stochastic dif ferential equations:

.

dXt (t) =bi(t, Xi(t))dt + σ(t,Xi(t))dWt ,

Xi(0) =x ∈ R.
(9.48) 

Theorem 9.5 Assume the coefficients of Eqs. (9.48) are bounded and satisfy the 
Lipschitz conditions, and there exists a bounded continuous function θ = θ(t, x). 

such that σ(t, x) > 0. and 

. b2(t, x) − b1(t, x) = θ(t, x)σ (t, x),

(t, x) ∈ [0, T ] × R.. Then μX2 << μX1 . and 

. 
dμX2

dμX1

(X1(·, ω)) = exp
T

0
θ(s,X1(s))dWs − 1

2

T

0
θ2(s,X1(s))ds .

(9.49) 

Proof Obviously, we can apply the Girsanov theorem here with the measure P̃ . and 

. Z(ω) = dP̃

dP
= exp

T

0
θ(s,X1)dWs − 1

2

T

0
θ2(s,X1)ds

and by boundedness of coefficients EZ(ω) = 1.. 

Hence, ˜ = 1. and the p rocess

. W̃ (t) = W(t) −
t

0
θ(s,X1(s))ds

is a Wiener process w.r. to P̃ ..



9.2 Diffusion Processes and Their Connection with SDEs and PDEs 139

Let us rewrite the process (X1(t))t≤T . as follows, using (9.5): 

. 

X1(t) − x =
t

0
b1(s,X1)ds +

t

0
σ(s,X1)dWs

=
t

0
b1(s,X1)ds +

t

0
σ(s,X1) dW̃s + θ(s,X1)ds

=
t

0
[b1(s,X1) + θ(s,X1)σ (s,X1)] ds +

t

0
σ(s,X1)dW̃s

=
t

0
b2(s,X1)ds +

t

0
σ(s,X1)dW̃s .

.

(9.50) 

Representation (9.50) certifies that (X1(t))t≤T . coincides with the solution o f the
equation

. dX̃2(t) = b2(t, X̃2(t))dt + σ(t, X̃2(t))dW̃t

on the space F, P̃ ).. Hence, distributions μ
X̃2

. and μX2 . are the same, and
applying (9.47), we obtain

.
dμX2

dμX1

(X1(·, ω)) = E Z(ω)|FX1 . (9.51) 

Let us prove that Z(ω). is FX1 .-measurable and therefore the formula (9.49) is 
fulfilled. To establish it, we represent θ(t, x). as follo ws

. θ(t, x) = b2(t, x) − b1(t, x)

σ (t, x)

by the assumption σ(t, x) > 0. for (t, x) ∈ [0, T ] × R.. Further, for a s ubdivision
0 = s0 < s1 < . . . < sn = t ., we have (in the sense of con vergence in probability)
that

. Wt = lim
n→∞

n−1

i=0

σ−1(si, X1(si)) X1(si+1) − X1(si) −
si+1

si

b1(s,X1(s))ds .

(9.52) 
The relation (9.52) from observation t hat

.

n−1

i=0

σ−1(si, X1(si)) X1(si+1) − X1(si) −
si+1

si

b1(s,X1(s))ds

=
n−1

i=0

σ−1(si, X1(si))σ (s,X1(s))dWs,
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which by the continuity of coefficients tends to Wt . in probability as maxi i → 0. 

by properties of s tochastic integrals.

Example 9.5 Consider processes Wt, Xt = 10 + Wt . and Yt = 3Wt, t ∈ [0, 1].. 
Let us define a functional on C[0, 1], f (x(·)) = x(0).. For the process Xt ., this  
functional takes value 10 with probability 1, but for other processes Wt . and Yt ., this  
functional takes value 0 with probability one. Hence, μX . is singular w.r.to μW . and 
μY .. We also note that μW . and μY . are singular too. It follows from the fact that in
probability n

i=1(Wti − Wti−1)
2 → 1. as the diameter of subdivision 0 = t0 < t1 <

. . . < tn = 1. tends to 1. A similar limit for (Yt ). will be equal to 9.

Remark 9.7 As it was noted in Remark 8.3 for Ito’s processes, a similar theory 
of stochastic differential equations with a multidimensional Wiener process, a 
vector-valued coefficient b and a matrix-valued coefficient σ . can be developed. 
Respectively, it is connected with diffusion processes with a v ector-valued drift
b, a matrix-valued diffusion a = σσ ∗

., and a generator Lu = i bi ∂u
∂xi +

1
2 i,j aij ∂2u

∂xi∂xj .. 

9.3 Applications to Mathematical Finance and Statistics 
of Random Processes

In financial context, a Wiener process was mathematically introduced and developed 
by L. Bachelier. His model of price evolution of stocks has the following simple
form:

.St = S0 + μt + σWt , t ≤ T , (9.53) 

where μ ∈ R, σ > 0,. and (Wt ). is a Wiener process on the gi ven stochastic basis
F, (FW

t ), P ).. 

Besides price dynamics of a risky asset (9.53), we assume for simplicity that 
evolution of non-risky asset (bank account) is trivial, i.e., Bt = 1.. 

One of the main subjects of mathematical finance is option pricing. We consider 
only standard and the most exploited contracts which are called call and put options. 
These derivative securities (or simply, deri vatives) give the right to the holder to
buy (call option) and to sell (put option) a stock at maturity time T .. To get such a 
derivative, it is necessary to buy it by some price at time t ≤ T .. Denote such prices 
for call and put options for t = 0. by CT . and PT ., correspondently. It is convenient to 
identify these options with their pay-off functions at maturity time as (ST −K)+ . and 
(K −ST )+.. The problem is to find the so-called fair price CT (PT ). in the be ginning
(t = 0). of the contract period. According to the theory o f option pricing, such a
price CT (PT ). is calculated as E∗(ST − K)+ . (correspondingly, E∗(K − ST )+ .), 
where E∗

. is the expectation with respect to a measure P ∗
. such that the process
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(St )t≤T . is a P ∗
.-martingale. In the case of model (9.53), such martingale measure

P ∗
. is determined by the G irsanov exponent

. Z∗
T = exp −μ

σ
WT − 1

2

μ

σ

2
T ,

and according to the Girsanov t heorem, the process

. W ∗
t = Wt + μ

σ
t

is a Wiener process w.r. to P ∗.. Hence, for distributions LawP ∗ . and LawP . w.r. to 
measures P ∗

. and P relatively, we h ave equality

.LawP ∗(S0 + μt + σWt ; t ≤ T ) = LawP (S0 + σWt ; t ≤ T ). (9.54) 

Theorem 9.6 In the framework of the Bachelier model (9.53), the initial price of a 
call option is determined by the formula

.CT = (S0 − S0 − K

σ
√

T
+ σ

√
T φ

S0 − K

σ
√

T
, (9.55) 

where = x

∞ φ(y)dy, φ(x) = 1√
2π

e−x2/2.. 

In particular, for S0 = K ., we have CT = σ T
2π

.. 

To prove (9.55), we use  (9.54) and self-similarity property of (Wt ). and re write
CT . as follo ws:

.

CT =E∗(ST − K)+ = E∗(S0 + μT + σWT − K)+ =
=E∗(S0 + σWT − K)+ = E∗(S0 + σ

√
T W1 − K)+

=E∗(S0 − K + σ
√

T ξ)+,

(9.56) 

where W1 = ξ ∼ N(0, 1).. 

Denote a = S0 − K . and b = σ
√

T . and obtain from (9.56) that 

.CT =E(a + bξ)+ =
∞

−a/b

(a + bx)φ(x)dx

= + b
∞

−a/b

xφ(x)dx

= − b
∞

−a/b

dφ(x)
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= + bφ(a/b) 

=(S0 − S0 − K 
σ
√

T
+ σ

√
T  φ  

S 0 − K

σ
√

T
.

Moreover, using the Markov property of (St )., we can find the p rice of call option
C(t, St ). at any time t ≤ T . taking conditional expected value of (ST − K)+ . with 
respect to Ft :. 

. C(t, St ) =E∗ (ST − K)+|Ft

=E∗ (ST − K)+|St

=Et,x(ST − K)+
St=x

=E(at + bt ξ)+

=at t /bt ) + btφ(at/bt ),

where at = St − K, b = σ
√

T − t.. 

Therefore, 

.C(t, St ) = (St − St − K

σ
√

T − t
+ σ

√
T − tφ

St − K

σ
√

T − t
. (9.57) 

Applying the Ito formula to (9.57) and using a martinga le property of E∗((ST −
K)+|Ft )., we arriv e at

. dC(t, St ) = ∂C

∂St

dSt + ∂C

∂t
+ 1

2
σ 2 ∂2

C

∂S2
t

dt

and a PDE  

.
∂C

∂t
(t, x) + 1

2
σ 2 ∂2

C(t, x)

∂x2
= 0, (9.58) 

with the boundary condition

. C(T , x) = (x − K)+.

Equation (9.58) gives the opportunity to apply methods of PDEs in pricing of option.

Remark 9.8 As far as the put price PT . is often considered, it follows from the 
put-call parity: for r = 0., 

.CT = PT + S0 − K. (9.59)
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The parity (9.59) follows from the next elementary equality

.(x − K)+ = (K − x) + x − K, x, K ≥ 0. (9.60) 

Putting ST . instead of x into (9.60) and taking expected value w.r.to P ∗
., we arriv e at

(9.59). 

The Bachelier model (9.53) has at least one disadvantage that prices can 
take negative values that contradicts their financial sense. To make a reasonable
improvement of the model, P. Samuelson (1965) proposed to transform (9.53) with 
the help of an exponential f unction. The resulting model

.St = S0 exp (μ − σ 2/2)t + σWt (9.61) 

became the name of geometric Brownian motion (GBM). 
Applying the Ito formula to (9.61), we get

.dSt = St (μdt + σdWt), S0 > 0. (9.62) 

The model of financial market in the form (9.62) is called the Black-Scholes 
model. As in the case of the Bachelier model, we assume here Bt = 1. for simplicity. 
As in the case of the Bachelier model, we use the G irsanov theorem with the same
Girsanov exponent Z∗

T ,. the martingale measure P ∗
., and a Wiener process W ∗

t . w.r. 
to P ∗

.. Thus, we can conclude that

. LawP ∗(σWt , t ≤ T ) = LawP ∗(σW ∗
t , t ≤ T ) = LawP (σWt , t ≤ T )

and, hence, 

. LawP ∗(St ; t ≤ T ) = LawP S0e
−σ 2/2t+σWt ,t≤T .

It gives a possibility to calculate the price CT . of a call option (ST − K)+ . in the 
model (9.62), taking the expected value w.r. to P ∗ :. 

.

CT =E∗(ST − K)+ = E(S0e
−σ 2/2T +σWT − K)+

=E(S0e
−σ 2/2T +σ

√
T W1 − K)+

=E(aebξ−b2/2 − K)+

= ln( a
K

) + 1
2b2

b
− ln( a

K
) − 1

2b2

b
,

(9.63) 

where ξ ∼ N(0, 1), a = S0, andb = σ
√

T ..



144 9 Stochastic Differential Equations, Diffusion Processes, and Their Applications

The formula (9.63) is the famous formula of Black and Scholes for call option. 
A similar formula for put option is derived with the help of put-call parity.

Example 9.6 To recognize how close the prices of call options in the model 
of Bachelier and the model of Black and Scholes are, we consider the simplest
equations for them:

. dSB
t =S0σdWt ,

dSBS
t =SBS

t σdWT , t ≤ T , σ > 0.

We put S0 = K,. and in this case, we compare prices CB
T . and C

BS
T ,. for w hich

.0 ≤ C
B
T − C

BS
T ≤ S0

12
√

2π
σ 3T 3/2 = O((σ

√
T )3). (9.64) 

To prove (9.64), we note the following inequalities: ey ≥ 1+y . for all y,. and, hence, 
y2/2 ≥ 1 − e−y2/2

. for all y.. Using these inequalities, we obtain that

. 0 ≤ C
B
T − C

BS
T = S0√

2π
x − S0

x

2
− −x

2 x=σ
√

T

= S0√
2π

x/2

−x/2
1 − e−y2/2 dy

x=σ
√

T

≤ S0√
2π

x/2

−x/2
y2/2dy

x=σ
√

T

= S0√
2π

x3/12
x=σ

√
T

= S0

12
√

2π
σ 3T 3/2 = O((σ

√
T )3).

Assuming σ
√

T << 1. in (9.64), we can observe that call prices in both models 
are pretty close to each other. In particular, for T = 1/2. and σ = 2.4%., we obtain
(σ

√
T )3 5 · 10−7

. and, therefore, S0

12
√

2π
− 5 · 10−7 1.6 · 10−8S0.. 

Let us show how methods of stochastic processes work in solving statistical 
problems. 

Assume that the observation process has the following structure:

.Xt =
t

0
fsdsθ + Wt, (9.65) 

where (ft )t≥0 . is a progressively measurable p rocess for which P(ω : t

0 f 2
s ds <

∞) = 1, t ≥ 0, θ ∈ R. is an unknown parameter to be estimated based on 
observations of the process (Xt )t≥0,. and (Wt )t≥0 . is a Wiener process.
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The model (9.65) is a continuous time version of a regression model in discrete 
time. So, it is quite natural to use the least-squares estimates for the estimation of
θ.. In the case of model (9.65), such estimate has the following structure:

. θt =
t

0
f 2

s ds

−1 t

0
fsdXs.

We need to investigate some properties of estimates (9.3). We demonstrate it in 
the form o f the following example.

Example 9.7 Assume that (a.s.)

.0 < c2 ≤ f 2
t (ω) ≤ C2 < ∞, (9.66) 

for every t > 0.. We can provide a stochastic representation of θt . using (9.65) as 
follo ws:

. θt =
t

0
f 2

s ds

−1 t

0
fsdXS

=
t

0
f 2

s ds

−1 t

0
f 2

s dsθ +
t

0
f 2

s ds

−1 t

0
fsdWs

and find that

.θt − θ =
t

0
f 2

s ds

−1 t

0
fsdWs. (9.67) 

Using representation (9.67), condition (9.66), and the Chebyshev inequality, w e
obtain for 0. that 

. P(ω : |θt − θ | ≥ ≤ −2
E

t

0
f 2

s ds

−1 t

0
fsdWs

2

≤ −2c−4t−2E
t

0
fsdWs

2

= −2c−4t−2E
t

0
f 2

s ds

≤ −2c−4t−2C2t

= −2 C2

c4 t−1 → 0, t → ∞.

It means that θt . is a consistent estimate of parameter θ..



146 9 Stochastic Differential Equations, Diffusion Processes, and Their Applications

Example 9.8 The least-squares estimate (9.3) is consistent, as was shown in the 
previous example, but it does not explain the accuracy of these estimates. One can 
modify them with the help of a specially chosen stopping times to get an estimate
with fixed accuracy. To do this, we fix a positive number H and define

. τH = inf t :
t

0
f 2

s ds ≥ H .

Assume t

0 f 2
s ds → ∞. (a.s.) as t → ∞. to prove that

. P(ω : τH (ω) < ∞) = 1.

Further, define a sequential l east-squares estimate

.θ̂H = H−1
τH

0
fsdXs. (9.68) 

It follows from (9.68) that 

. Eθ̂H =H−1E
τH

0
fsdXs

=H−1E
τH

0
f 2

s dsθ + H−1E
τH

0
fsdWs

=H−1Hθ + H · 0 = θ.

So, the estimate θ̂H . is unbiased. 
To estimate the accuracy of θ̂H ., we use its variance:

.

Varθ̂H =E(θ̂H − θ)2

=E H−1
τH

0
fsdXs − θ

2

=H−2E
τH

0
fsdWs

2

=H−2E
τH

0
f 2

s ds

=H−2 · H = H−1.

(9.69) 

The relation (9.69) shows that the accuracy of the estimate θ̂H . can be controlled 
with the help of the level H..
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9.4 Controlled Diffusion Processes and A pplications
to Option Pricing

Suppose there is a family of diffusion processes Xt = Xα
t . satisfying a stochastic 

dif ferential equation

.dXt := dXα
t = bα(t, Xα

t )dt + σα(t, Xα
t )dWt , X0 = x. (9.70) 

Here, bα . and σα . are functions satisfying some reasonable conditions for existence 
and uniqueness of solutions of (9.70). Parameter α . is a control process adapted to
filtration (Ft )t≥0.. Equation (9.70) is also called a stochastic control system. W e will
call the process (Xt ). a controlled diffusion pr ocess.

For estimating the quality of control α ., we introduce a function f α(t, x), (t, x) ∈
R+ × R.. The process α . takes values in a domain D ⊆ R.. Function f α

. can be 
interpreted as the density of the value flow. Then the total value on the interval [0, t]. 
will be identified with t

0 f α(Xα
s )ds ., which is assumed to be well-defined.

Let us put the problem and provide some heuristic explanations of its solution
for a time homogeneous stochastic control system (9.70). D enoting

. vα(x) = E0,x

∞

0
f α(Xα

s )ds = Ex

∞

0
f α(Xα

s )ds ,

we define the optimal control α∗,. if 

.v(x) = sup
α

vα(x) = vα∗(x), x ∈ R. (9.71) 

In the theory of controlled diffusion processes, the following Hamilton-Jacobi-
Bellman principle of optimality is exploited to determine v(x) :. 

.v(x) = sup
α

Ex

t

0
f α(Xα

s )ds + v(Xα
t ) . (9.72) 

Let us explain a motivation for using (9.72). We rewrite the total value using strategy
(control) α . on [0,∞). as follo ws:

.

∞

0
f α(Xα

s )ds =
t

0
f α(Xα

s )ds +
∞

t

f α(Xα
s )ds. (9.73) 

If this strategy was used only up to moment t,. then the first term on the right-hand
side of (9.73) represents the value on the interval [0, t].. Suppose the controlled 
process Xα

t = Xt . has the value y = Xt . at time t.. If we wish to continue the 
control process after time t with the goal of maximization of t he value over the

whole time interval [0,∞),. then we have to maximize Ey
t

0 f α(Xα
s )ds ,. where
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α . also denotes the continuation of the control process to [t,∞).. Changing va riable
s = t + u, u ≥ 0,. and using independence and stationarity of increments o f the
Wiener process W,. we obtain 

. EXt

∞

0
f α(Xα

s )ds = vα(Xt ) ≤ v(Xt ).

Thus, a strategy that is optimal after time t gives t he average value such that

.Ex

t

0
f α(Xα

s )ds ≥ vα(x). (9.74) 

One can choose αs, s ≤ t,. so that the corresponding value is close enough to 
the average value. Therefore, taking supremum of both sides (9.74), we arrive at  
the Hamilton-Jacobi-Bellman (HJB)-principle of optimality (9.72), and we will call
v(x). the value function .

Moreover, one can rewrite (9.72) in a differential form if the value function is 
smooth enough. Applying the Ito formula, we obtain

. v(Xt ) = v(x) +
t

0

∂v

∂x
bα(Xs) + 1

2
σ 2

α

∂2v

∂x2
(Xs) ds +

t

0
σα

∂v

∂x
(Xs)dWs.

(9.75) 

Since the last term on the right-hand side of (9.75) is a martingale, w e get from
(9.72) that 

. v(x) = sup
α

Ex

t

0

∂v

∂x
bα(Xs) + σ 2

α

2

∂2v

∂x2 (Xs) + f α(Xs) ds + v(x) ,

and hence 

. sup
α

Lαv(x) + f α(x) = 0, (9.76) 

where Lαv = bα
∂v
∂x

+ 1
2σ 2

α
∂2v
∂x2 .. 

Equation (9.76) is usually referred to as HJB-dif ferential equation.
Keeping in mind an adequate application of stochastic control theory in option 

pricing, we would like t o reformulate it for the inhomogeneous case and for a finite
interval time [0, T ].. We consider the following stochastic control system

.

dXs =bα(s,Xs)ds + σα(s,Xs)dWs,

Xt =x, s ∈ [t, T ], (9.77)
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where α . is a D-valued adapted process. Then the optimal control pr oblem is to
maximize (minimize) the value function

.

vα(t, x) =Et,x

T

t

f α(s,Xs)ds + g(XT ) ,

v(t, x) = sup
α

vα(t, x),

(9.78) 

where Xs = Xα
s . satisfies (9.77) and function g determines the t erminal value.

For syste m (9.77) with the value function (9.78), the corresponding HJB-
equation is deriv ed in the form

.

∂v(t, x)

∂x
+ sup

α
Lαv(t, x) = 0,

v(T , x) = g(x), x ∈ R.

(9.79) 

Let us show how this mathematical technique works for option pricing. We start 
with the Bachelier model with stochastic volatility (with interest rate r = 0.): 

.St = S0 + μt + σtWt , t ∈ [0, T ], (9.80) 

where S0, σ
2
t = σ 2 + (−1)Nt δσ 2, δσ 2 < σ 2, (Nt )t≤T . is a Poisson process with

intensity λ > 0.. 

It is well-known that pricing of option with pay-off function g leads to the 
interval of non-arbitrage prices of option with end points

.C∗ = inf
P ∗ E

∗g(ST ) and C
∗ = sup

P ∗
E∗g(ST ), (9.81) 

where P ∗
. runs a family of martingale measures for the model (9.80). 

Number C∗ . and C
∗
. are called (initial) lower and upper price of option, 

respectively. For arbitrary time t before maturity date T , such prices are determined
as follows:

.

v(t, St ) = sup
P ∗

E∗(g(ST )|Ft ) and

u(t, St ) = inf
P ∗ E

∗(g(ST )|Ft ).
(9.82) 

By the Markov property of the process (Xt ). from (9.80) and a parametrization of 
martingale measures P ∗ = P ∗(α), α2

t = σ 2 + (−1)Nt δσ 2,. formulas (9.81) and 
(9.82) can be rewritten as

.

v(t, St ) = sup
α

E∗(g(ST )|St ) and

u(t, St ) = inf
α
E∗(g(ST )|St ).

(9.83)
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Let us consider v(t, St ). only because the case of the lower price u(t, St ). (9.83) can 
be treated in the same way. Now we rewrite model (9.80) via P ∗(α) :. 

.dSt = α(t, St )dW ∗
t , (9.84) 

where W ∗
. is a Wiener process w.r. to P ∗.. 

According the Ito formula, we obtain

. dv(t, St ) = ∂v(t, St )

∂t
+ 1

2

∂2v(t, St )

∂x2 α2 dt + α
∂v(t, St )

∂x
dW ∗

t .

Hence, the equality (9.83) can be rewritten as

.v(t, St ) = sup
α

Et,St v(t, St ) +
T

t

∂v

∂s
+ α2

2

∂2v

∂x2 +
T

t

α
∂v

∂x
dW ∗

s . (9.85) 

Using the martingale property of the last term of (9.85), we arrive at the equation

.0 = sup
α

E∗
t,St

T

t

∂v

∂s
+ α2

2

∂2v

∂x2
ds . (9.86) 

Dividing both sides of (9.86) by T − t . and letting T → t ., we get

.0 = sup
α

∂v(t, St )

∂t
+ α2

2

∂2v(t, St )

∂x2
. (9.87) 

Similarly, we can obtain that

.0 = inf
α

∂u(t, St )

∂t
+ α2

2

∂2u(t, St )

∂x2 . (9.88) 

Putting (9.87) and (9.88) into α2 = σ 2 + (−1)Nt δσ 2,. we determine D = (σ 2 −
δσ 2, σ 2 + δσ 2). and 

. 0 =∂v(t, St )

∂t
+ 1

2

∂2v(t, St )

∂x2 σ 2 + sgn
∂2v

∂x2 (t, St ) δσ 2

0 =∂u(t, St )

∂t
+ 1

2

∂2u(t, St )

∂x2 σ 2 − sgn
∂2u

∂x2 (t, St ) δσ 2 .

So, we arrive at the following theorem of pricing of a call option in the model (9.80).
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Theorem 9.7 The bounds of non-arbitrage prices of a call option for any t ≤ T . 

are calculated as solutions of the HJB-equations:

.

∂v(t, St )

∂t
+ 1

2
σ 2 ∂2v(t, St )

∂x2 + 1

2

∂2v

∂x2 δσ 2 = 0,

v(T , x) = (x − K)+;
. (9.89) 

∂u(t, St ) 
∂t 

+ 
1 
2 
σ 2 ∂

2u(t, St ) 
∂x2 − 

1 
2 

∂2u 
∂x2 δσ 2 = 0,

u(T , x) = (x − K)+.

(9.90) 

The next theorem shows how Eqs. (9.89) and (9.90) can be solved approximately 
by means of the small perturbations method.

Theorem 9.8 Assume that δσ 2 << σ 2;. then the initial upper and lower prices of 
a call option with strik e price K admit approximations given by the formulas

.Ĉ
∗ = (S0 − S0 − K

σ
√

T
+ σ

√
T φ

S0 − K

σ
√

T
+ δσ 2

2σ

√
T φ

S0 − K

σ
√

T
, . 

(9.91) 

Ĉ∗ = (S0 − S0 − K 
σ
√

T 
+ σ

√
T  φ  

S0 − K 
σ
√

T
− 

δσ 2 

2σ 
√

T φ
S0 − K

σ
√

T
,

(9.92) 

where φ(x) = 1√
2π

e−x2/2 = x

−∞ φ(y)dy.. 

Proof Both formulas (9.91) and (9.92) are derived in the same way using the 
method of small perturbations from the PDE theory. Deriving only (9.91), we  
represent v(t, x). as follo ws:

.v(t, x) = v0(t, x) + v1(t, x)δσ 2 + v2(t, x)(δσ 2)2 + . . . (9.93) 

Let us make a change of variable θ = σ 2(T − t). and obtain v(t, x) = V (θ, x). 

and ∂v
∂t

= −σ 2 ∂V
∂θ

.. 

Hence, the HJB-equation (9.89) is transformed to the f ollowing one:

.
∂V

∂θ
= 1

2

∂2V

∂x2
+ δσ 2

2σ 2

∂2V

∂x2
, V (0, x) = (x − K)+. (9.94) 

To solv e (9.94), we rewrite (9.93) in new variables ignoring terms of the order
greater one:

.V (θ, x) = V0(θ, x) + V1(θ, x)δσ 2 + o(δσ 2).. (9.95)
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Plugging (9.95) into Eq. (9.94), we get equations for V0 . and V1 :. 

.

∂V0

∂θ
=1

2

∂2V0

∂x2 , V0(0, x) = (x − K)+,

∂V1

∂θ
=1

2

∂2V1

∂x2
+ 1

2σ 2

∂2V0

∂x2
, V1(0, x) = 0.

(9.96) 

The first equation in (9.96) is exactly the Bachelier equation, and we kno w its
solution (see, for example, (9.57)). Moreover, we have for derivatives of V0 . that 

. 
∂V0

∂x
= x − K√

θ
+ (x − K)φ

x − K√
θ

1√
θ

+ (x − K)φ
x − K√

θ

−x + K√
θ

= x − K√
θ

,

∂2V0

∂x2 =φ
x − K√

θ

1√
θ

≥ 0.

Therefore, the second equation in (9.96) is transformed to the n ext one

. 
∂V1

∂θ
= 1

2

∂2V1

∂x2 + 1

2σ 2
√

θ
φ

x − K√
θ

,

for which we find that V1(θ, x) =
√

θ

2σ 2 φ(θ, x).. 

Finally, we arrive at conclusion that

. v(0, S0) ≈ V (σ 2T , S0) = (S0 − S0 − K

σ
√

T
+ σ

√
T φ

S0 − K

σ
√

T

+ δσ 2

2σ

√
T φ

S0 − K

σ
√

T
,

which proves the formula (9.91). 

Problem 9.4 Consider the Black-Scholes model with stochastic volatility and zero
interest rate

.

dSt =St (μdt + σtdWt) , S0 > 0,

σ 2
t =sσ 2 + (−1)Nt δσ 2, δσ 2 < σ 2, t ∈ [0, T ].

(9.97)
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Using a similar reasoning as in Theorem 9.7, derive the following HJB-equations 
for the upper and lower call option prices

. 
∂v

∂t
+ 1

2
σ 2x2 ∂2v

∂x2 + 1

2

∂2v

∂x2 x2δσ 2 = 0,

v(T , x) = (x − K)+;
∂u

∂t
+ 1

2
σ 2x2 ∂2u

∂x2 − 1

2

∂2u

∂x2 x2δσ 2 = 0,

u(T , x) = (x − K)+.

Problem 9.5 Assuming in the model (9.97) that δσ 2 << σ 2
., find the first-

order approximations for initial lower and upper prices C∗ . and C∗
. of call option, 

respecti vely:

.Ĉ
∗ = S0

ln S0/K + σ 2T/2

σ
√

T
− ln S0/K − σ 2T/2

σ
√

T

+ Kδσ 2

2σ 2 σ
√

T φ
ln S0/K − σ 2T/2

σ
√

T
,

Ĉ∗ = S0
ln S0/K + σ 2T/2

σ
√

T
− ln S0/K − σ 2T/2

σ
√

T

− Kδσ 2

2σ 2 σ
√

T φ
ln S0/K − σ 2T/2

σ
√

T
.



Chapter 10 
General Theory of Stochastic Processes 
Under “Usual Conditions”

Chapter 9 is devoted to a systematic exposition of a continuous time version 
of stochastic analysis under “usual conditions” with its standard notions like a 
stochastic basis, filtration, stopping times, random sets, predictable and optional 
sigma-algebras, etc. It is shown how the discrete time martingale theory and a pure 
continuous time theory of diffusion processes are generalized for so-called cadlag 
processes. Using the predictable notion of a compensator, the fundamental Doob-
Meyer theorem is formulated for the class of sub- and supermartingales of class 
D. The full version of stochastic integration of predictable processes with respect 
to square-integrable martingale is developed. Moreover, different decompositions 
of such martingales are proved as well as the Kunuta-Watanabe inequality. It is
shown how the theory can be extended with the help of localization procedures
(local martingales, processes with locally integrable variation, semimartingales).
The Ito formula is proved for semimartingales. Stochastic differential equations
(SDEs) with respect to semimartingales are studied including the existence and
uniqueness of solutions of such equations with the Lipschitz coefficients (see
[15, 16, 30, 32, 35, 43, 48, 51], and [52]). 

10.1 Basic Elements of Martingale Theory

We will operate here with a complete probability space F, P ). equipped with a 
nondecreasing family of σ .-algebras Ft ⊆ F. satisfying the “usual conditions”:

(1) Fs ⊆ Ft ,  s  ≤ t,Ft = Ft+ = ∩ 0Ft+ .. 

(2) Ft . contains all the P -null sets of F.. 

Let us call such a stochastic basis F, (F)t≥0, P ). standard. 
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In stochastic analysis, a special place is occupied by the set of stopping times. 
That is why we study this notion in a more general setting as before.

Definition 10.1 A nonnegative random variable τ : → R+ ∪ {∞}. is a stopping 
time, if for any t ≥ 0,. 

. {ω : τ(ω) ≤ t} ∈ Ft .

We also define a σ .-algebra 

. Fτ = A ∈ F∞ = σ ∪t≥0Ft : A ∩ {τ ≤ t} ∈ Ft

as a set of all events occurred before τ .. 

Let us formulate some properties of stopping times (s.t.) as the following problem.

Problem 10.1 

(1) If τ . and σ . are s.t.’s, t hen

. τ ∨ σ = max{τ, σ } and

. τ ∧ σ = min{τ, σ } are s.t.’s.

(2) If (τn)n=1,2,... . is a monotone sequence of s.t. ’s, then

. τ = lim
n→∞ τn is an s.t.

(3) If τ . is an s.t., then Fτ . is a σ .-algebra. 
(4) For two s.t.’s τ ≤ σ . we have Fτ ⊆ Fσ .. 

(5) Let τ . be an s.t. and A ∈ Fτ ,. then 

. τA = τ on A,

∞ on Ac

is an s.t.
(6) Let τ . be an s.t., then there exists a monotonic sequence of s.t.’s τn > τ . such 

that limn→∞ τn = τ . (a.s.). 

Definition 10.2 An s.t. τ . is called predictable, if there e xists a nondecreasing
sequence (τn)n=1,2,... . of s.t.’s such that

. lim
n→∞ = τ (a.s.), τn < τ (a.s.) on {τ > 0}.

In this case, we say that (τn)n=1,2,... . announces τ.. Moreover, we denote Fτ− =
σ ∪∞

n=1Fτn . as a collection of events occurring strictly before τ..
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Problem 10.2 

(1) If A ∈ Fτ−,. then τA . is a predictable s.t.
(2) If a.s. σ < τ,. then 

. Fσ ⊆ Fτ− ⊆ Fτ .

Definition 10.3 For an s.t. τ ., we define a subset of R+ × . 

. τ = {(t, ω) : t = τ(ω) < ∞}

as the graph of τ.. 

Definition 10.4 If the graph τ . can be embedded to a countable union of graphs of 
predictable s.t.’s, then an s.t. τ . is accessible. It means that = ∪nAn,. and on each 
element An . of such partition, τ . is announced by a sequence of s.t.’s (τn,m)m=1,2,..... 

So, an s.t. τ . will be predictable if the sequence (τn,m). can be chosen without 
dependence on n.. 

If an s.t. τ . such that P(ω : τ = σ < ∞) = 0. for every predictable s.t. σ,. then τ . 

is totally inaccessible .

Let us note that every s.t. τ . can be decomposed as follows. There exists a unique 
(up to zero probability) set A ∈ Fτ . such that τA . is accessible and τAc . is totally 
inaccessible, A ⊆ {ω : τ(ω) < ∞}.. 

We need to connect these notion with the notion of a stochastic process. We
understand a stochastic process X = Xt(ω) = X(t, ω). as a m apping

. X : R+ × → R
d .

For simplicity, we consider the case d = 1.. Another stochastic process Y is a
modification of X,. if for arbitrary t ≥ 0,. 

. P {ω : Xt Yt } = 0.

Two stochastic processes X and Y are indistinguishable, if

. P {ω : Xt(ω) = Yt (ω) for all t} = 1.

Example 10.1 To demonstrate a difference between the notion “modification” and 
“indistinguishability,” we give a standard example. Take Xt := 0. and 

. Yt = 0, t τ,

1, t = τ,

where an r.v. τ . is exponentially distributed with parameter λ > 0.. Then for fixed t0 ., 
we have P(Xt0 = Yt0) = P(τ t0) = 1,. but P(Xt = Yt . for all t) = 0..
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Definition 10.5 If X is a measurable mapping from (R+ × B(R+) × F). to 
(R,B(R)),. then such a stochastic process is measurable.

If for t ∈ R+ . an r.v. Xt . is Ft .-measurable, then the process X is adapted (to
filtration (Ft ).). 

For each t ≥ 0., we can consider a restriction of X to the set [0, t] × . If such 
restriction is B([0, t]) × Ft .-measurable, then the process X is called progressively 
measurable. A family of sets A ⊆ R+× . such that the i ndicator process X(t, ω) =
IA(t, ω). is progressively measurable is a σ .-algebra of progressively m easurable
set . 

In the case of a progressively measurable process X, we h ave the following
important property: Xτ . is Fτ .-measurable for any s.t. τ,. where X∞ . must be F∞ .-
measurable . 

Let us note that for any progressively measurable set A, a random variable

. DA(ω) = inf{t : (t, ω) ∈ A};

DA(ω) = ∞. if the set {·} = ∅. is a stopping time which is called the debut of A.. 

One can note that every adapted and measurable process X admits a progres-
sively measurable modification. It is convenient to operate with a stochastic process 
X, almost all trajectories of which are right-continuous and admit left limits at 
each time. Such processes are called cadlag. It turns out that such adapted cadlag
process X is progressively measurable. This fact follows from the next standard
considerations. For t > 0, n = 1, 2, . . . , i = 0, 1, . . . , 2n − 1, s ≤ t ., we put
X

(n)
0 (ω) = X0(ω).: 

.X(n)
s (ω) = X(i+1)t

2n
(ω) for

it

2n
< s ≤ i + 1

2n
t. (10.1) 

According to (10.1), we get X(n)
. which is B(0, t) × Ft .-measurbale, and by the 

right continuity limn→∞ X
(n)
s (ω) = Xs(ω). for (s, ω) ∈ [0, t] × .. Hence, X is 

progressively measurable. 
Further, define the random variables

. 

τ1,0 = 0, τ1,1 = inf(t > 0 : | t | ≥ 1), τ1,2 = inf(t > τ1,1 : | t | ≥ 1), . . .

τk,0 = 0, . . . , τk,n = inf t > τk,n−1 : 1

k
≤ | t | <

1

k − 1
, . . . ,

(10.2) 

where as usual t = Xt − Xt−..
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These random variables are stopping times because (Xt ). and (Xt−). are progres-
sively measurable. Moreover, the set

. U = {(t, ω) : t (ω) 0} ⊆ ∪k≥1,n≥1 τk,n

and even can be embedded to the union of graphs σn . and τn ., where (σn). are 
predictable s.t.’s, (τn). are totally inaccessible s.t.’s such that P(σn = σm < ∞) = 0. 

and P(τn = τm < ∞) = 0, n m.. 

Besides ., we need to introduce two additional σ .-algebras on the space [0,∞)×
. We shall do it with the help of the notion of stochastic intervals. These a re

examples of random set related to the stopping times σ . and τ :. 

. σ, τ = {(t, ω) : σ(ω) ≤ t < τ(ω)},
σ, τ = {(t, ω) : σ(ω) ≤ t ≤ τ(ω) < ∞},

and so on, and also their graphs σ = σ, σ ,. τ = τ, τ .. 

The filtration (Ft )t≥0 . induces in [0,∞) × . besides . the predictable and the
optional σ .-algebras P. and O :. 

. P =σ { 0A , 0, τ : A ∈ F0, τ is an s.t.}, 0A = {0} × A,

O =σ { 0, τ : τ is an s.t.}.

The processes which are measurable w.r. toP. (respectively, O.) are called predictable 
(optional).

Problem 10.3 Let (τi). be a nondecreasing sequence of s.t.’ s and bounded random
functions φ∗

0 . and φi . be F0 . and Fτi
.-measurable, respectively. Define a stochastic

process

.Xt(ω)φ∗
0 (ω)I{0}(t) +

n−1

i=0

φi(ω)I τi ,τi+1
(t, ω). (10.3) 

Prove that P. is generated by all processes of type (10.3). 

Remark 10.1 One can prove that P. is generated by processes of type (10.3) with 
deterministic τi = ti .. Moreover, P. is generated by all left-continuous (continuous) 
adapted processes. 

It is clear that for the left-continuous process X and a predictable s.t. τ .XτI{τ<∞} .-
Fτ− .-measurable, and therefore such a statement will be true for all predictable
processes and times.

Remark 10.2 If A is a predictable set (A ∈ P),. then its debut is an s.t. Moreover,
DA . is predictable and A \ DA,∞ ∈ P,. if DA ⊆ A..
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Remark 10.3 As far as the tim  es τk,n . of the n-th jump of size | t | ∈ 1
k
, 1

k−1 ,. 

for an adapted predictable process X (see (10.2)) they a re predictable, U =
∪n≥1,k≥1 τk,n ,. and Xτn,k

.-Fτn,k− .-measurable, according to Remark 10.1. 

To go further, we will study two classes of stochastic processes: processes with finite
variation and martingales.

Definition 10.6 

(1) The process A = (At )t≥0 . is increasing, if A0 = 0. (a.s.), adapted and cadlag,
As ≤ At . (a.s.) for s ≤ t.. 

(2) The process B = (Bt )t≥0 . is the process with finite variation, if B0 = 0. (a.s.), 
adapted and cadlag; for each ω ∈ . the trajectory B·(ω). has finite variation on 
each compact interval.

Each process with finite variation can be decomposed into difference of two 
increasing processes and vice ve rsa. For any bounded (nonnegative) Borel function
f (s)., one can define the Lebesgue-Stieltjes integral t

0 f (s)dBs(ω).. We denote 
t

0 f (s)|dBs |. as the integral of f under the variation of B,. and t

0 |dBs |. will be 
equal to the variation of B on [0, t].. 
Definition 10.7 We call an increasing process A integrable if E t

0 dAs < ∞.. Sim-
ilarly, a process B has integrable variation if E ∞

0 |dBs | < ∞.. The corresponding 
classes of such processes are denoted byA+

. and A.. 

The process B with finite variation can be decomposed as follows:

.Bt = Bc
t +

s≤t

s , (10.4) 

where Bc
. is a continuous process with finite variation and s≤t | s | ≤

t

0 |dBs | < ∞.. 

Moreover, in decomposition (10.4), its discontinuous part s≤t s =
n≥1 τnI{τn≤t} . with some sequence of s.t.’s (τn)n≥1.. If the process B is

predictable, then τn . are predictable too, and τn − Fτn− .-measurable. Hence, 
any predictable process with finite variation admits the form (10.4) as 

.Bt = Bc
t +

n≥1

φnI{τn≤t}, (10.5) 

where φn − Fτn− .-measurable and n≥1 |φn|I{τn≤t} . exist for all t ∈ R+.. 

In fact, if B satisfies (10.5), then it is a predictable process with finite variation.

Definition 10.8 A martingale is an adapted integrable process M = (Mt)t≥0 . such 
that 

.E(Mt |Fs) = Ms (a.s.) f or all t ≥ s ≥ 0. (10.6)
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If in (10.6) the “ =.” is changed by “≥.” (respectively, “≤.”), then we have a 
submartingale (supermartingale).

Without loss of generality, we can always count these processes cadlag, because 
under “usual conditions,” every submartingale admits the right-continuous modifi-
cation if and only if its expected value is right-continuous.

We can transform any martingale (Mt)t≥0 . to a submartingale (φ(Mt))t≥0 . with 
the help of a convex function φ . such that E|φ(Mt)| < ∞, t ∈ R+,. using Jensen’s 
inequality. 

As in discrete time, we can define for the given process X = (Xt )t≥0 . the 
following notions. Let a < b. be real numbers and F be a finite subset of R+.. For 
each (restricted to F ) trajectory of process (Xt (ω))t≥0 ., one can define the number
of upcrossings UF (a, b,X·(ω)). of the interval [a, b].. To do it, we take

. τ1(ω) = inf(t ∈ F : Xt(ω) ≤ a) and for j = 1, 2, . . .

σj (ω) = inf(t ∈ F : t ≥ τj (ω),Xt (ω) > b),

τj+1(ω) = inf(t ∈ F : t ≥ σj (ω),Xt (ω) < a)

and define UF (a, b,X·(ω)). the largest j such that σj (ω) < ∞.. 

For an infinite set G ⊆ R+ ., one can define

. UG(a, b,X·(ω)) = sup{UF (a, b,X·(ω)) : F ⊆ G, F is finite}.

Let us formulate the following Doob inequalities for continuous time submartin-
gales.

Theorem 10.1 Assume X = (Xt )t≥0 . is a submartingale, [t1, t2] ⊆ R+, λ > 0.. 

Then 

(1) P ω : supt1≤t≤t2 Xt ≥ λ ≤ 
E X+

t2
λ

.. 

(2) P ω : inft1≤t≤t2 Xt ≤ −λ ≤ 
EX+

t2
EXt1
λ

.. 

(3) EU[t1,t2](a,  b,  X·(ω)) ≤ 
EX+

t2
+|a |

b−a
.. 

(4) E supt1≤t≤t2 Xt 
p ≤ p 

p−1 EX
p
t2
, p > 1,. 

for a nonnegative (Xt ). with EX
p
t < ∞.. 

The derivation of inequalities of the above theorem is based on limiting arguments, 
right-continuity of X, and discrete time versions of these results.

Let us pay attention to other important results of martingale theory.

Theorem 10.2 If X = (Xt )t≥0 . is a submartingale with supt≥0 EX+
t < ∞,. then 

there exists an r.v. X∞ − F∞ .-measurable and integrable suc h that X∞(ω) =
limt→∞ Xt(ω). (a.s.).
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Proof For n = 1, 2, . . .. and a < b ∈ R., we have from Theorem 9.1 that 

.EU[0,n](a, b,X·(ω)) ≤ EX+
n + |a|

b − a
. (10.7) 

Taking the limit as n → ∞. in (10.7), we get

.EU[0,∞[(a, b,X·(ω)) ≤ supt EX+
n + |a|

b − a
. (10.8) 

Denote Aa,b = {ω : U[0,∞)(a, b,X·(ω)) = ∞}. and find from (10.8) that 
P(Aa,b) = 0.. Hence, P(A) = P(∪a,b∈QAa,b) = 0.. The set A contains the set
{ω : lim supt→∞ Xt(ω) > lim inft→∞ Xt(ω)}.. 

Now, for ω ∈ \ A., there e xists

. X∞(ω) = lim
t→∞ Xt(ω) (a.s.)

By E|Xt | = 2EX+
t − EXt ≤ 2 supt EX+

t − EX0 . and Fatou’s lemma, we obtain that
E|X∞| < ∞.. 

Corollary 10.1 Let X = (Xt )t≥0 . be a martingale. Then the f ollowing statements
are equivalent:

(1) (Xt )t≥0 . is uniformly integr able.
(2) Xt . converges to X∞ . in L1.. 

(3) There exists X∞ ∈ L1
. such that Xt = E(X∞|Ft ).. 

Corollary 10.2 Let X = (Xt )t≥0 . be a nonnegative supermartingale. Then there 
exists an integrable r.v. X∞ = limt→∞ Xt . (a.s.). 

Corollary 10.3 Let X = (Xt )t∈[0,∞] . be a submartingale on e xtended real line
R+ ∪ {∞}.. Then for stopping times, σ ≤ τ . 

.E(Xτ |Fσ ) ≥ Xσ (a.s.) (10.9) 

Proof Consider the following sequence of discrete stopping times:

. σn(ω) = σ(ω), σ = ∞,

kn
2 , k−1

2n ≤ σ(ω) < k
2n .

Similar sequence is constructed for τ,. and by construction and conditions of the
theorem, σn ≤ τn, n = 1, 2, . . . .. Applying (10.9) with σn . and τn,. we deriv e (10.9) 
by taking the limit as n → ∞..
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Corollary 10.4 Let X = (Xt )t≥0 . be a submartingale and σ ≤ τ . be stopping times. 
Then

(1) (Xτ∧t )t≥0 . is a submartingale w.r.to (Ft ).. 

(2) E(Xτ∧t |Fσ ) ≥ Xσ∧ t . (a.s.) for all t ≥ 0.. 

Corollary 10.5 If M = (Mt)t≥0 . is a uniformly integrable martingale and τ . is a 
predictable stopping time, then E τ |Fτ−) = 0.. 

To prove it, we consider a sequence of stopping times (τn)n=1,2,... . announcing τ.. 
Applying Theorem 10.2 to this sequence, we get Mτn = E(M∞|Fτn) = E(Mτ |Fτn).. 

Taking the limit in this equality, we obtain (a.s.):

. Mτ− = lim
n→∞ Mτn = lim

n→∞ E(Mτ |Fτn) = E(Mτ |Fτ−).

Denote byM. the class of uniformly integrable martingales.
Assume M ∈M.and A ∈ A+;. then the process X = M−A. is a supermartingale, 

satisfying the condition (D), i.e., the class of random variables {XτI{τ<∞} : τ . is an 
s.t.}. is uniformly integrable. Hence, such a construction l eads to a supermartingale
X ∈ D.. The inverse statement is the famous Meyer’s theorem :

Any supermartingale X ∈ D . admits the following decomposition of Doob-
Meyer: for t ≥ 0. (a.s.), 

.Xt = Mt − At, (10.10) 

where M ∈M. and A is a predictable process fromA+.. The decomposition (10.10) 
is unique in the class of predictable increasing processes.

Remark 10.4 If a supermartingale X ∈ D . and B is the predictable increasing 
process from the Doob-Meyer decomposition, then we can calculate the jumps of 
B as follows. First of all, the moments of jumps of B are predictable. For any such
a moment τ ., we can apply Corollary 10.4 with the uniformly integrable m artingale
X = M + B . and get 

. 0 = E τ |Fτ−) = E τ + τ |Fτ−) = E τ |Fτ−) + τ ,

and hence τ = −E τ |Fτ−).. 

Let us note that for every A ∈ A+
., the process (−A). is a supermartingale of class

(D).. 

Applying to (−A). its Doob-Meyer decomposition, we find a unique predictable
process B ∈ A+

. such that B − A ∈M.. 

Definition 10.9 The process B is called the compensator of A.. 

These considerations can be extended to the classV. of processes with integrable 
variation. Let A ∈ V,. then there exists a unique predictable process B ∈ V. with 
the property B − A ∈M.. We will call B the compensator of A..
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Remark 10.5 

(a) If τ . is a totally inaccessible stopping time and φ . is an integrable Fτ .-measurable 
function, then the compensator of At = φI{τ≤t} . is a continuous process from
classV.. 

(b) If τ . is predictable and φ . is an integrable Fτ .-measurable function, then the 
compensator of At = φI{τ≤t} . is the process Bt = E(φ|Fτ−)I{τ≤t}.. 

The rest of this section is devoted to square-integrable martingales.

Definition 10.10 A martingale M is square integrable if supt EM2
t < ∞.. The class 

of such martingales is denoted ofM2.. 

We count some properties of such martingales i n the following theorem.

Theorem 10.3 Let M ∈M2;. then the next properties a re fulfilled:

(1) (M2 
t )t≥0 . is a s ubmartingale.

(2) There exists M∞ = limt→∞ Mt . (a.s.) and in L2.. 

(3) E supt M
2 
t ≤ 4 supt EM2 

t = 4EM2∞.. 

(4) E t t )
2 ≤ lim inf(t1<...<tn) E (Mti − Mti−1)

2 = EM2∞ < ∞.. 

Proof Statements (1)–(3) come from Jensen’s inequality and Theorems 10.1 
and 10.2. The last one 4) follows from the Fatou lemma, where liminf i s provided
via directed sets if subdivisions (t1 < . . . < tn).. 

Let us note that by the Doob inequality, M2
. is a submartingale from class (D), and 

hence by the Doob-Meyer decomposition, there exists a unique predictable A ∈ A+
. 

such that M2 − A ∈M.. 

The process A is denoted by M,M . and is called a quadratic char acteristic
(compensator) of M ∈M2.. 

Remark 10.6 We can cover the jumps of M ∈ M2
. by a sequence of predictable 

s.t.’s (τn)n=1,2,... . and a sequence of totally inaccessible s.t.’s (σn)n=1,2,... . 

For each n = 1, 2, . . .. we define processes Cn
t = τnI{τn≤t} . and Dn

t =
σnI{σn≤t}.. 

By Remark 10.5 in the case of Cn
t ., we have  E τn |Fτn−)I{τn≤t} = 0 ·

I{τn≤t} = 0,. and hence it is a square integrable martingale. Another process Dn
t . 

has a compensator D̃n
t ., which is a continuous process w ith integrable variation. So,

D̂n
t = Dn

t − D̃n
t ∈M. and D̂n

σn
= σn .. 

To investigate the structure of classM2
., we need several auxiliary facts, which 

we formulate as Lemmas.

Lemma 10.1 Let A and B ∈ A, A − B . be a martingale, and φ . be a bounded 
(nonnegative) pr edictable function. Then

.E
∞

0
φsd(A − B)s = 0. (10.11)
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Proof It is clear that relation (10.11) is fulfilled for the step function (see (10.3) and 
Remark 10.1) 

. φt = φ(t) = φ∗
0I

(t)
{0} +

n−1

i=0

φi(ω)I(ti ,ti+1](t),

and extension to predictable bounded functions is straightforward.

Lemma 10.2 If a : R+ → R+ . is the right-continuous incr easing function,
a(0) = 0,. and c(s) = inf(t : a(t) > s),. then c(s). is the increasing right-continuous 
satisfying the equality

.

∞

0
f (s)da(s) =

∞

0
f (c(s))I{c(s)<∞}ds (10.12) 

for any bounded (nonnegative) measurable function f.. 

Again, the proof is standard. We check (10.12) for f (s) = I(0,t](s). and so on.

Lemma 10.3 For any bounded martingale M and process A ∈ A., the following 
equality is true:

.EA∞M∞ = E
∞

0
MsdAs. (10.13) 

Proof Using (10.12) with A and c, we obtain (10.13) from the following chain of
equalities:

. E
∞

0
MsdAs =E

∞

0
Mcs I{cs<∞}ds

=
∞

0
EMcs I{cs<∞}ds

=
∞

0
E M∞I{cs<∞} ds

=E
∞

0
M∞I{cs<∞}ds

=E
∞

0
M∞dAs

=EM∞dA∞.

The claim of the next Lemma was proved before for discrete time martingales.
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Lemma 10.4 Let (Lt )t∈[0,∞] . be an uniformly integrable process, L0 = 0.. If 
ELσ = 0. for any stopping time σ,. then L is a martingale.

Proof We define an s.t.

. σ = t on A,

∞ on Ac,

where A is a fixed set from Ft .. Then we obtain that
A

LtdP +
Ac L∞dP = 0,. 

which can be transformed for σ = ∞. to the equality
A

L∞dP +
Ac L∞dP,. i.e., 

(Lt ). is a marting ale.

Lemma 10.5 For M ∈ M2
. and any predictable s.t. τ ., the pr ocess t =

τ I{τ≤t} ∈M2,. and for any N ∈M2
., the pr ocess

. Lt = CtNt − τ τ I{τ≤t} ∈M.

Proof The first claim follows from Remark 10.6. Further, for the process (Lt )., we  
hav e

. sup
t

|Lt | ≤ sup
t

|Ct | sup
t

|Nt | + | τ || τ | ∈ L1,

and for any s.t. σ . and Nt∧σ = Nσ
t . by Lemma 10.3 

. EC∞Nσ∞N =ECσ Nσ = E
∞

0
Nσ

s dCs = ENσ
τ τ

=E σ
τ τ = E τ τ I{σ≤τ },

where the equality ENτ
σ− σ = E Nτ

σ−E σ |Fσ−) = 0.was used. We arrive at 
the conclusion that ELτ = 0. for any s.t. τ..Now the claim follows from Lemma 10.4. 

Lemma 10.6 Let M ∈M2
. and σ . be a totally inaccessible s.t. Let Dt = σ I{σ } . 

with compensator D̃t . and D̂t = Dt − D̃t .. Then: 

(1) The process D̂ ∈M2
. and ED̂2∞ ≤ 5E σ )2.. 

(2) For any N ∈M2
., the pr ocess

.Lt = DtNt − σ σ I{σ≤t} ∈M.
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Proof 

(1) It is sufficient to consider Dt = φI{σ≤t} . with nonnegative function φ, Fσ .-
measurable and from L2.. Otherwise, one can consider separately +

σ . and 
−
σ .. For function |φ| ≤ a ., we have  

. ED̃2∞ =2E
∞

0
D̃sdD̃s = 2E

t

0
D̃sdDs

≤2E
∞

0
D̃∞dDs = 2EφD̃∞ ≤ 2aED̃∞ < ∞,

where the formula f 2(∞) = 2 ∞
0 f (s)df (s). is used. Hence, D̃∞ ∈ L2

. and 
ED̃2∞ ≤ 2EφD̃∞ ≤ 2||φ||L2 ||D̃∞||L2 . and ED̃2∞ ≤ 4Eφ2

. for a nonnegative 
bounded function φ.. 

In general case, we consider φn = φ ∧ n. and processes D̃n
t . and Dn

t =
φnI{σ≤t}.. Similarly, D̃n+1

t −D̃n
t . is the compensator of the increasing continuous 

process; we have

.E(D̃n∞)2 ≤ 4E(φn)2 ≤ 4Eφ2 < ∞. (10.14) 

The nondecreasing sequence D̃n∞ . converges, and according to (10.14), the  
limit B∞ . will be in L2,. as in case Bt = limn D̃n

t .. Each sample function D̃n
t (ω). 

converges to Bt(ω). uniformly, as 0 ≤ D̃n+
t − D̃n

t ≤ D̃n+1∞ − D̃n∞.. Hence, the 
process Bt . is continuous, and by taking the limit in L1

. in the equality E(Dn
t −

D̃n
t |Fs) = Dn

s − D̃n
s , s ≤ t,. we arrive at the conclusion that Dt − Bt ∈ M.. 

Therefore, Bt = D̃t ,. and ED̃2∞ = EB2∞ ≤ 4Eφ2 < ∞. and the marting ale
D̂ = D − D̃ ∈M2.. 

(2) As in Lemma 10.5, the process L is uniformly integrable. Taking a stopping
time τ . and applying Lemma 10.3 to D̂ . and Nτ ,. we obtain 

. E(Dτ − D̃τ )Nτ =E
∞

0
Nτ

t d(D − D̃)t = ENτ
σ σ − E

∞

0
Nτ

t dD̃t

=ENτ
σ σ − E

∞

0
Nτ−

t− dD̃t = E σ σ I{σ≤t} .

Finally, applying Lemma 10.4, we show that L is a martingale.

Definition 10.11 A martingale M ∈M2
. is called purely discontinuous, if M0 = 0,. 

and if for any continuous martingale N ∈M2
., their product M · N . is a marting ale.

Let us denoteM2,c
. andM2,d

. subclasses ofM2
. of continuous and purely discon-

tinuous martingales. Now we are ready to formulate the key theorem for square
integrable martingales.
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Theorem 10.4 Any martingale M ∈ M2
. admits the following unique decomposi-

tion:

.M = Mc + Md, (10.15) 

where Mc ∈M2,c
. and Md ∈M2,d .. 

Let us call Mc
. in (10.15) the continuous part of M and Md

. the compensated 
sum of the jumps of M or the purely discontinuous part of M.. 

Proof Using Remark 10.6 with Lemmas 10.5 and 10.6, we can see that
CnD̂n, CnD̂m, CnCm, D̂nD̂m (m m). are martingales. Denote for N =
1, 2, . . . , YN

t = N
1 Cn

t + N
1 D̂n

. and find from Lemmas 10.5 and 10.6 that 
for N ≤ N . 

. E(YN∞ − YN∞)2 = E

⎡

⎣
N

N+1

(Cn∞)2 +
N

N+1

(D̂n∞)2

⎤

⎦

≤ 5E

⎡

⎣
N

N+1

τn)
2 + σn)

2

⎤

⎦ . (10.16) 

It follows from (10.16) and Theorem 9.4 that 

. E sup
t

(YN
t − YN

t )2 ≤ 5E

⎡

⎣
N

N+1

τn)
2 + σn)

2

⎤

⎦ .

It implies N E supt |YN+1
t − YN

t |2 < ∞. for some subsequence (YN),. which we 
denoted by YN

. again. By the Borel-Cantelli lemma, there exists Yt = limN YN
t . 

(a.s.) uniformly over t,. and it is a limit in L2
. too. So, the process Yt . is cadlag with 

the same jumps as M,. and Y ∈M2.. 

Now for a continuous martingale X ∈M2
., the process XYN

. is a martingale by
Lemmas 10.5 and 10.6. The convergence YN

t . to Yt . in L2
. implies a conve rgence

XtY
N
t . to XtYt . in L1.. Hence, it is a martingale, and Md = Y . is a purely 

discontinuous martingale. Finally, Mc = M − Md
. is a continuous martingale, and

we get (10.15). 
To prove the uniqueness of such decomposition, we assume that there are two

decompositions M = Mc + Md = M̄c + M̄d,. and Mc − M̄c = M̄d − Md
. is 

continuous and purely discontinuous. Hence, (Md
t − M̄d

t )2 = E(Md
0 − M̄d)2 = 0. 

for all t ≥ 0.. 

Definition 10.12 Let M ∈ M2, M0 = 0, Mc
. and Md

. are its continuous and 
purely discontinuous parts of M.. Define [M,M]t Mc,Mc

t + s≤t s )
2
. 

and call it a quadratic brackets of M..
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We can note that (Mc
t )2 Mc,Mc

t , (Md
t )2− s≤t s )

2
. and McMd

. belong 
to M.. Hence, M2 − [M,M] ∈M,. and M,M . is the compensator of [M,M].. 
Remark 10.7 If M0 0,. then we can think of M0 . as the jump of M at t = 0. and 
define 

. [M,M Mc − M0,M
c − M0 M2

0 +
s≤t

s )
2.

Remark 10.8 Let us list some properties such as quadratic characteristics o f square
integrable martingales.

Define for M,N ∈ M,M0, N0 = 0,. their joint quadratic characteristics 
(brackets, compensators):

. M,N t =1

2
( M + N,M + N t M,M t N,N t ) ,

[M,N ]t =1

2
([M + N,M + N ]t − [M,M]t − [N,N]t ) .

(1) The process M,N . is the unique predictable p rocess such that MN M,N

M.. 

(2) For any stopping time τ ., we have  

. Mτ,N M,Nτ Mτ ,Nτ M,N τ ,

and similar equalities are true for the quadratic brackets.
(3) [M, N Mc ,  Nc 

s≤t s s .. 

(4) MN − [M, N ] ∈  M.. 

Analyzing class M. of square integrable martingales, we observe that a W iener
process W does not belong to M,. because EW 2

t = t → ∞. as t → ∞.. In the 
next section, it will be shown how to extend M. to include this key process to a 
bigger class for which a very nice theory can be developed.

10.2 Extension of Martingale Theory by L ocalization
of Stochastic Processes

We start with the following localization procedure. Let H. be a class of stochastic
processes X = (Xt )t≥0.. Define Hloc . the set of stochastic processes Y = (Yt )t≥0 . 

such that for each of them, we can find a sequence of stopping times τn ↑ ∞, n →
∞,. such that the process Y τn = (Yt∧τn)t≥0 . is in H. for any n = 1, 2, . . . .. The 
sequence (τn)n=1,2,... . is called localizing (fundamental) for the process Y.. For
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example, in the case of classes Mloc . and M2
loc ., we will call the corresponding 

processes local martingales and locally square-integrable martingales.

Definition 10.13 We say that an s.t. τ . reduces M ∈Mloc . if Mτ ∈M.. 

Problem 10.4 Prove that for M ∈Mloc ., the following statements are true:

(1) An s.t. σ . reduces M ⇔ Mσ ∈ D.. 

(2) If an s.t. τ . reduces M and an s.t. σ ≤ τ,. then σ . reduces M.. 

(3) If s.t.’ s σ . and τ . reduce M,. then max(σ, τ ) = σ ∨ τ . reduces M.. 

Hint: to prove (3), one can use the equality

. Mσ∨τ = Mσ + Mτ − Mσ∧τ .

The next theorem shows that the localization does not e xpand the class of local
martingales.

Theorem 10.5 If M is locally a local martingale, then M is a local martingale.

Proof Denote a localizing sequence (τn)n=1,2,... . such that Mτn . is a local martingale. 
Denote by R. the set of all stopping times τ . reducing M , and γ = esssupτ∈R)τ.. 

There exists a sequence σn ∈ R., which converges to γ . almost surely. Let us mak e
the sequence (σn)n=1,2,... . nondecreasing with the help of (3) of Problem 10.4. By  
definition, γ . majorates τn → ∞ (n → ∞),. and, hence, γ = ∞. (a.s.), and (σ )n≥1 . 

is fundamental for M.. 

Problem 10.5 

(1) Let B be a process with locally integrable variation, i.e., B ∈ Aloc.. Prove that 
there exists a unique predictable process A ∈ Aloc . such that B − A ∈ Mloc.. 

We call A a compensator of B.. 

(2) Prove that the predictable process B with finite v ariation has a locally bounded
variation.

(3) A process with finite variation has a compensator ⇔. its variation is l ocally
integrable.

Remark 10.9 There is a simple way to check that the variation is locally integrable. 
Namely, if for the process A with finite variation there exists a localizing sequence
(τn). such that E sups≤τn

| s | < ∞, n = 1, 2, . . . ,. then the variation of A is 
locally integrable. To verify this test, we define a sequence of s.t.’s

. σn = τn ∧ inf t :
t

0
|dAs | ≥ n , n = 1, 2, . . .

and find that

.
0,σn

|dAs | ≤ n + | σn | ≤ n + sup
s≤τn

| s | ∈ L1.
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The next result plays a key role in many constructions for local martingales. That 
is why it is called a fundamental lemma in the literature.

Lemma 10.7 Let M ∈Mloc,. then 

(1) M∗
t = sups≤t |Mt | ∈ A+ 

loc.. 

(2) Mt = Ut + Vt ,. where U ∈Mloc, | t | ≤ 1, t ≥ 0, V ∈Mloc ∩V.. 

Proof 

(1) Take a localizing sequence of s.t.’s (σn)n=1,2,... . for M , and make elements of 
this sequence finite as follows σn → σn ∧ n, n = 1, 2, . . . .. Further, define s.t. ’s

. σ̃n = σn ∧ inf{t : |Mt | ≥ n} ≤ σn, n = 1, 2, . . . ,

and obtain that Mσ̃n
. is integrable by the uniform integrability of (Mσn∧t )t≥0 .. On  

stochastic interval 0, σ̃n ., we have |Mt | ≤ n., and M∗
σ̃n

≤ n + |Mσ̃n
|. belongs 

to L1.. Hence, (M∗
t )t≥0 . is locally inte grable.

(2) Denote (At ) = s≤t sI{| s |>1/2} ., which is finite for almost all ω.. Using 
this process and (σ̃n),. we define a new sequence of s.t.’s

. τn = σ̃n ∧ inf{t :
t

0
|dAs | ≥ n} ≤ σn, n = 1, 2, . . . .

It is a localizing s equence such that

. 
0,τn

|dAt | ≤ n + | τn | ≤ n + 2M∗
τn

∈ L1.

Therefore, there is a compensator B for A,. and V = A−B ∈Mloc ∩V.. Because of 
predictability of B,. its jumps happen at predictable times τ . only. Stopping processes 
by sequence σ̃n ., we get now

. | σ̃n
τ | = E σ̃n

τ |Fτ−

= E σ̃n
τ − σ̃n

τ I{| τ |<1/2}|Fτ− ≤ 0 + 1/2.

Hence, the jumps of Ut = Mt − Vt . verify the follo wing inequalities:

. | t | ≤ | − A)t | + | t | ≤ 1.

Moreover, the sequence of stopping times defined as τ̃n = inf{t : |Ut ≥ n}. is 
localizing, and |Uτ̃n

t | ≤ n + 1, n = 1, 2, . . . ..
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Below, we use this fundamental lemma to prove a decomposition of any 
local martingale into the sum of continuous and purely discontinuous if for any
continuous local martingale N ∈Mloc ., their product MN ∈Mloc.. 

Lemma 10.8 Let M ∈Mloc ∩V.. Then: 

(1) Vt s≤t s . is a process with locally inte grable variation and Mt = Vt −
Ṽt , t ≥ 0.. 

(2) For any bounded continuous martingale N,. the product MN ∈Mloc.. 

Proof By Lemma 10.7, the process M∗
t ∈ A+

loc.. By Remark 10.9, the variation 
of the process V is locally integrable. Therefore, there is a compensator Ṽ . for V,. 

and the local martingale M − (V − Ṽ ). is continuous, and its variation is l ocally
integrable according to Lemma 10.7 and Remark 10.9. It means M − (V − Ṽ ). 

admits a compensator, but by the continuity of M − (V − Ṽ )., it has to be zero as
M − (V − Ṽ ) ∈Mloc.. As a result, M = V − Ṽ .. 

(2) Let N be a bounded continuous martingale and let the variations of V and Ṽ . be 
already integrable (otherwise, we can choose a localizing sequence of s.t.’s and 
work with stopped processes). For an s.t. τ . with the help of Lemmas 10.1 and 
10.3, we obtain

. EMτNτ =EM∞Nτ∞ = E
∞

0
Nτ

s dMs

=E
∞

0
Nτ

s dVs − E
∞

0
Nτ

s dṼs

=E
∞

0
Nτ

s dVs − E
∞

0
Nτ

s dVs

=0.

By Lemma 10.4, we arrive at the conclusion that MN is a martingale.

Theorem 10.6 Let M ∈Mloc;. then 

.Mt = Mc
t + Md

t , (10.17) 

where Mc ∈ Mc
loc . (continuous local martingales) and Md ∈ Md

loc . (a class of 
purely discontinuous local martingales). The decomposition (10.17) is unique .

Proof According to the fundamental lemma, we represent M = N + U . with a 
locally bounded local martingale N and a martingale with finite variation U.. Taking 
a localizing sequence of s.t.’s (τn)., we get Nτn . as a bounded martinga le for each
n = 1, 2, . . . .. Applying Theorem 10.5, we obtain Nτn = (Nτn)c + (Nτn)d,. and
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using the uniqueness of such decomposition, we obtain that (Nτn)c = (Nτn+1)c . on 
0, τn .. Now putting 

. Nc =
∞

n=1

(Nτn)cI τn−1,τn
,

we get a continuous local martingale and a purely discontinuous local martingale
Nd = N − Nc.. As a result, we arrive at the following decomposition M = Nc +
(Nd +U),.where Nd +U . is a purely discontinuous local martingale by Lemma 10.8. 

As far as the uniqueness of (10.17) is concerned, we can assume that M = Xc +
Xd = Mc + Md.. Then the equality Mc − Xc = Xd − Md

. leads to conclusion t hat
locally Mc − Xc = Xd − Md = 0. by Theorem 10.5. 

Remark 10.10 For M ∈M ∈M2
loc ., we can apply the Doob-Meyer decomposition

(for M2
.) locally and construct its compensator M,M A∗

loc,.which is p redictable
and M2 M,M Mloc.. In particular, such compensator is well-defined for an y
continuous local martingale becauseMc

loc ⊆M2
loc.. 

The exact extension of this approach to the whole class of local martinga les
is not possible. Nevertheless, one can define for M ∈ Mloc . a similar quadratic 
characterization [M,M]. as follo ws:

. [M,M]t Mc,Mc
t +

s≤t

s )
2,

where Mc
. is a continuous part of M.. 

The formula (10.2) shows that the process [M,M]. is increasing, M2 −[M,M] ∈
Mloc,. but it is not predictable anymore. 

To provide the correctness of the definition of process [M,M]. by formula (10.2), 
we need to prove that s≤t s )

2
. converges for a ll t.. 

Again, we use the fundamental lemma to represent M = U + V.. Further, 
s≤t | s |. converges, and therefore s≤t | s |2 . converges too. Taking a l ocaliz-

ing sequence (τn). for U , we obtain that E s≤τn
| s |2 < ∞., and for a lmost all

ω., 

. 

s≤τn

| s | ≤ 2
s≤τn

| s |2 + 2
s≤τn

| s |2

converges. 
Let us join together classes of local martingales and processes with finite 

va riation to create a bigger family of stochastic processes.

Definition 10.14 A process X is called a semimartingale, if

.X = X0 + M + A, (10.18) 

where X0 . is a F0 .-measurable r.v., M ∈Mloc, A ∈ V..
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The next auxiliary result explains when the semimartingale admits a unique
representation in its definition.

Lemma 10.9 Assume X is a semimartingale with bounded jumps | t | ≤ a < ∞.. 

Then X can be represented in a unique way as

.X = X0 + M + A, (10.19) 

where X0 . is an F0 .-measurable r.v., M ∈Mloc,.A is a predictable process with finite
variation.

Proof Let us write the semimartingale X = X0+N+B . with N ∈Mloc . and B ∈ V. 

and with the uniquely defined r.v. X0 .-F0 .-measurable. We can estimate the jumps o f
B as follows:

. | t | ≤ | t | + | t | ≤ 2N∗
t + a, t ≥ 0.

So, the increasing process Yt = sups≤t | s | ∈ A+
loc,. and by Remark 10.9, the  

variation of B is also locally integrable, and, hence, there exists its compensator A.. 

Let us put M = N +B −A ∈Mloc . and find that X = X0 +M +A.. If there are tw o
representations (10.19) for X = X0 +M +A = X0 +M +A ,. then A−A ∈Mloc ., 
and therefore A . is a compensator of A and by predictability A = A .. 

Now we are ready to prove that the class of semimartinga les cannot be extended
by localization procedures.

Theorem 10.7 Any stochastic process X which is locally a semimartingale is a
semimartingale.

Proof Denote by (τn)n=1,2,... . a localizing sequence of stopping times, i.e., Xτn . is a 
semimartingale for each n = 1, 2, . . .. Define the process Yt = s≤t sI{ s |≥1 . 

and note that Y has finite variation. Therefore, the difference Xτn − Y τn . is a 
semimartingale with jumps bounded by one. Let us use Lemma 10.9 and write the 
unique representation Xτn −Y τn = X0 +M(n) +A(n)

. with M(n) ∈Mloc, A(n) ∈ V. 

and predictable. Further, using the uniqueness of s uch representation, we obtain on
0.τn . that 

. A(n) = A(n+1) and M(n) = M(n+1).

So, we get the processes A = n A(n)I τn−1,τn
. and M = n M(n)I τn−1,τn

.. 

The process A is predictable process with finite variation, M is locally a local
martingale, and according to Theorem 10.6, it belongs to class Mloc.. As a result, 
we conclude that X is a semimartingale. 

Another result of this type is presented in the following theorem.
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Theorem 10.8 Let X be a cadlag adapted process, and ther e exists a sequence of
s.t.’s (τn). and a sequence of semimartingales Y (n)

. such that: 

(1) limn→∞ τn = ∞. (a.s.). 
(2) X = Y (n)

. on 0, τn , n = 1, 2, . . ... 

Then X is a semimartingale.

Proof For each n = 1, 2, . . .. we hav e

. Xt∧τn = Y
(n)
t∧τn

− Y (n)
τn

I{τn≤t} + XτnI{τN≤t},

and therefore Xτn . is a semimartingale. Now, if we can transform (τn). to an 
increasing sequence, then we prove a semimarting ale property of X according to
Theorem 10.8. The trick to make it is standard. If τ . and σ . are s.t.’s, and Xσ

. and 
Xτ

. are semimartingales, then Xσ∧τ
. and Xσ∨τ = Xσ + Xτ − Xσ∧τ

. are both 
semimartingales too.

Representation (10.18) for a semimartingale X may not be unique. Nevertheless, 
there is a continuous martingale component of X which does not depend on such 
representation. It gives a possibility to define a quadratic bracket of X that is a
very helpful characteristic and tool for semimartingales. It is provided by the next
theorem.

Theorem 10.9 Let X be a semimartingale with representation (10.18). 
Then: 

(1) Mc
. in (10.18) does not depend on the particular representation (10.18). 

(2) s≤t s )
2
. converges a.s. for all t ≥ 0.. 

Proof (1) Indeed, if X = X0 +M +A = X0 +N +B . with M,N ∈Mloc, A,B ∈
V,. then the difference M − N ∈Mloc ∩V,. and according to Lemma 10.8, M − N . 

is purely discontinuous and (M − N)c = 0.. Therefore, Mc = Nc
., and we denote 

this component Xc
. and call it the continuous local martingale part of X.. The proof 

of (2) is provided in the same w ay as for local martingales.

Definition 10.15 Let X be a semimartingale. T hen the increasing process

.[X,X]t Xc,Xc
t +

s≤t

s )
2, t ≥ 0 (10.20) 

is well-defined and is called the quadratic bracket of X.. If we have another 
semimartingale Y = (Yt )t≥0,. we can define a j oint bracket

.[X, Y ]t Xc, Y c
t +

s≤t

s s (10.21) 

with similar properties.
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Example 10.2 Let X be a supermartingale, then it is a semimartinga le. To show it,
we use Lemma 10.9. We consider the s tepped supermartingale Xn

t = Xt∧n, n =
1, 2, . . .., which can be represented as follows:

. Xn
t = E(Xn|Ft ) + Xn

t − E(Xn|Ft ) = E(Xn|Ft ) + Zt ,

where Z is a nonnegative supermartingale. For arbitrary s.t. σ ., we obtain E|Zσ | <

∞.. Moreover, define s.t. ’s

. τn = inf(t : Z∗
t ≥ n) ∧ n, Z∗

t = sup
s≤t

|Zs |

and on o, τn ., we have Z∗
t ≤ n + |Zτn | ∈ L1,. which certifies that Z ∈ D,. and 

by the Doob-Meyer decomposition, (10.10) can be rewritten as Z = M − A. with 
a martingale M and a predictable process A with finite variation. Hence, Z is a
semimartingale, and X is also a semimartingale.

Example 10.3 Assume X is a cadlag pr ocess with independent increments. Then
Zt = s≤t sI{ s |≥1} . is the process with independent increments and with
finite variation. Define Y = X − Z . and observe that it has jumps bounded by one, 
and again, the process with independent increments. Hence, Yt −EYt . is a martingale, 
and we arrive at the conclusion: X is a semimartingale if and only if EYt . has the 
finite v ariation.

Example 10.4 Let X be an integrable right-continuous adapted process defined on
[0,∞].. We call it a quasimartingale on [0,∞],. if 

. Var(X) = sup
0≤t0<...<tn≤∞

E
n

0

E(Xti+1 − Xti |Fti ) < ∞.

The quasimartingale X admits the Fisk decomposition X = M + Y − Z,. where M 
is a martingale, and Y and Z are nonnegative supermartingales on [0,∞].. Hence, it 
is a s emimartingale.

Now we will discuss the question about semimartingales and change of equiva-
lent probability measures.

Theorem 10.10 If P and Q are equivalent probability measures on a measurable
space F),. then each semimartingale with respect to P will be a semimartingale
w.r. to Q.. 

Proof is based on the following lemmas.

Lemma 10.10 Let N be a positive local martingale w.r. to Q.. Then N−1
. is a 

semimartingale w.r. to Q.. 

Proof If Nt ≥ a > 0,. then N−1
t ≤ a−1,. and therefore EN−1

t < ∞, t ≥ 0.. Note 
that x−1

. is convex. By the Jensen inequality, N−1
t . will be a submartingale, and,
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hence, it is a semimartingale w.r. to Q by Example 10.2. In the general case, we 
consider a sequence of convex functions fn(x). such that fn(x) = 1

x
. on [1/n,∞). 

and [0, 1/n]. the graph of fn . is the tangent to the curve y = 1/x . at the point 1/n.. 

For each t ≥ 0., we have Efn(Nt ) < ∞,. which implies that Yn = fn(N). is a 
submartingale w.r. to Q for each n = 1, 2, . . . .. Taking s.t.’s τn = inf(t : Nt ≤ 1/n)., 
we get a localizing sequence such that Yn = 1/N . on 0, τn .. So, by Theorem 10.9, 
1/N . is a semimarting ale.

Lemma 10.11 The product of semimartingales is a semimartingales.

Proof Let us prove it (it is enough) for X2.. We use X = M + V,. where M is a 
locally bounded martingale, and V is a process with finite va riation, as stated in the
fundamental lemma.

Taking a localizing sequence (τn)n=1,2,... ., we get Mτn . as a bounded marting ale,
V τn . with bounded variation on 0, 1/n .. Let us show that (Mτn + Bτn)2

. is a 
semimartingale. The term (Mτn)2

. is a submartingale. As far as (V τn)2
. is concerned, 

we consider a subdivision 0 ≤ t0 < t1 < . . . < tn = t . of [0, t]. and find that

. 

i

(V
τn
ti+1

)2 − (V
τn
ti

)2 =
i

V
τn
ti+1

+ V
τn
ti

V
τn
ti+1

− V
τn
ti

≤2
t

0
dV τn

s

i

V
τn
ti+1

− V
τn
ti

≤2
t

0
dV τn

s

2

.

To treat the term MτnV τn,. we note that M
τn
t = E(M+

τn
|Ft )− E(M−

τn
|Ft ). and V τn . 

is the difference of two increasing processes. It means that we can consider only
the case of nonnegative Mτn . and V τn.. The p rocess M

τn
t V

τn
t − τnI{τn≤t} =

M
τn
t Un

t . is a submartingale, and MτnV τn = MτnUn
. on 0, τn .. The application o f

Theorem 10.9 completes the proof of Lemma.

Let us come back to the proof of Theorem. Denote Z∞ = dQ
dP

. on F). and find 
that Zt = EP (Z∞|Ft ). is a martingale w.r. to P and Z∞ . is positive P and Q-a.s. 
Obviously, X is a local martingale w.r. to P ⇔ XZ−1

. is a local martingale w.r. to Q.. 

Writing X as the product X
Z

Z ., we get the statement from Lemmas 10.10 and 10.11. 

Remark 10.11 We defined [X,X]. by (10.20). It turns out that one can prove that
[X,X]t = P − limn

n
1(Xti − Xti−1)

2,. and it is invariant regarding equivalent 
changes of measures. Similar fact is true also for [X, Y ]. (see (10.21)).
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10.3 On Stochastic Calculus f or Semimartingales

We extend here Ito’s calculus to bigger classes of p rocesses defined on a standard
stochastic basis F, (Ft )t≥0, P ).. A scheme of such extension will be presented 
sequentially for square-intgerable martingales, local martingales, and semimartin-
gales.

As we know (see, for example, Corollary 10.1 and Remark 10.7), any M ∈M2
. 

is described as Mt = E(M∞|Ft ),. where M∞ ∈ L2 F, P ).. It creates a possibility 
to think aboutM2

. as a Hilbert space with the scalar product (M,N) = EM∞N∞ . 

and the norm ||M|| = (EM2∞)1/2
. for M,N ∈M2.. 

Let us fix M ∈M2
. and define 

. S2(M) = φ : φ is predictable , E
∞

0
φ2

s d[M,M]s < ∞

with the norm ||φ||S2(M) = E ∞
0 φ2

s d[M,M]s 1/2
.. 

In this space, we consider a subspace S2
step(M). of predictable processes of the

form

. φ = φ∗
0I{0} +

n−1

i=1

φiI(ti ,ti+1,

where φ∗
0 − F0 .-measurable, φi − Fti .-measurable, i = 1, 2, . . . , n.. 

For φ ∈ S2
step(M)., we define the stochastic integral of φ . w.r. to M as the process

ofM2 :. 

.(φ ◦ M)t =
∞

0
I(s,t](s)φsdMs =

n

i=1

φi(Mti+1∧t − Mti∧t ), t ≥ 0. (10.22) 

Using relation (10.22), we can easily obtain the following properties of φ ◦ M :. 
(1) Isometry: ||φ ◦ M|| = ||φ||S2(M).. 

(2) Continuity of (φ ◦ M)t . if M is continuous.
(3) Indistinguishability of jumps ◦ M)t . and φt t , t > 0.. 

The subspace S2
step(M). is dense in S2(M),. and as in the case of stochastic 

integration w.t. to a Wiener process, one can extend the definition of φ ◦ M . to the 
whole space S2(M). with the properties (1)–(3) above. 

Now we want to provide a more tight connection of φ◦M . with quadratic brackets 
of M and φ ◦ M.. Creating such a connection, the following Kunite-Watanabe
inequality is useful.
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Lemma 10.12 Let M and N ∈ M2,. and φ . and ψ . be bounded measurable 
pr ocesses. Then

. 

∞

0
|φs ||ψs ||d[M,N ]s | ≤

∞

0
φ2

s d[M,M]s
1/2 ∞

0
ψ2

s d[N,N ]s
1/2

.

(10.23) 

To prove (10.23), which is an analog of the Cauchy-Schw artz inequality, we
consider for λ ∈ R. and s ≤ t . the dif ference

. [M + λN,M + λN]t − [M + λN,M + λN]s .

It is nonnegative, and, hence,

. |[M,N ]t − [M,N ]s |2 ≤ ([M,M]t − [M,M]s) ([N,N ]t − [N,N]s) .

Take φ = n
i=1 φiI(ti ,ti+1], ψ = m

j=1 ψjI(tj ,tj+1] . with bounded r.v.’s φi . and 
ψj ,. we obtain from the above inequality for brackets (10.23). After this, we 
extend (10.23) to the class of all bounded measurable functions φ . and ψ . using limit 
arguments, as usual.

Theorem 10.11 For M ∈ M2
. and φ ∈ S2(M). the stochastic integral φ ◦ M . is a 

unique L ∈M2
. such that for any N ∈M2

. and any predictable bounded ψ .: 

(1) [L, N ] =  φ ◦ [  M,N ]. 
(2) ψ ◦ [φ ◦ M, N ] =  ψφ  ◦ [M, N ] = [ψφ ◦ M,N ]. and ψ ◦ (φ ◦ M) = ψφ ◦ M . 

(3) (φ ◦ M)c = φ ◦ Mc ,  (φ  ◦ M)d = φ ◦ Md.. 

In particular, for an s.t. τ . and process ψ = I 0,τ ., we have equalities

. (φ ◦ M)τ =
τ

0
φsdMs = (ψ ◦ (φ ◦ M))∞ = ((ψφ) ◦ M)∞

=
∞

0
I 0,τ φsdMs.

Proof By the properties of φ ◦ M . and Lemma 10.12, the mapping φ →
E (φ ◦ M)∞N∞ − ∞

0 φsd[M,N ]s . is continuous on S2(M). for any N ∈M2.. 

Further, It = (φ ◦ M)tNt − t

0 φsd[M,N ]s . is an uniformly integrable process, 
and for any s.t. τ, EIτ = 0.. Hence, by Lemma 10.4, the process (It ). is a martingale, 
and we arrive at the statement (1). As far as the uniqueness, assume L and L ∈M2

. 

and [L,N ] = φ ◦ [M,N ]. for any N ∈ M.. Then we have [L − L ,N ] = 0. and 
[L − L ,L − L ] = 0.. Hence, (L − L )2

. is a martingale, and we obtain equality
L = L .. Other statements (2) and (3) are almost obvious.
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Now we show the way of construction of stochastic integral for M ∈ Mloc . and 
a locally bounded predictable process φ,. i.e., φτnI(τn>0) . is bounded for a localizing 
sequence of s.t.’s (τn)n=1,2,..... 

To define such a stochastic integral φ ◦M ., we use the f undamental lemma, when
M = U + V . with U ∈M2

loc; V . is a local martingale with bounded variation. Then
for a localizing sequence (τn)n=1,2,... . for φ,U, V ., we define

. (φ ◦ M)t =
t

0
φτn

s dUτn
s +

t

0
φτn

s dV τn
s

on 0, τn .. To continue the construction, we need the following lemma.

Lemma 10.13 

(1) If V is a martingale with integrable variation and φ . is predictable w ith
E ∞

0 |φs |dVs | < ∞,. then the Lebesgue-Stieltjes integral t

0 φsdVs ∈M.. 

(2) If V ∈ M2
. and φ . is bounded, then the Stochastic integral (φ ◦ V )t . and the 

Lebesgue-Stieltjes integral t

0 φsdVs . are indistinguishable .

Proof We prove statement (1) only because second statement can be prov ed
in a similar manner. Define S (V ). the set of predictable processes φ . such that 
E ∞

0 |φs |dVs | < ∞.. Then ||φ||S (V ) = E ∞
0 |φs ||dVs |. defines the norm of t his

space. If ||φn − φ||S (V ) → 0, n → ∞,. then 

. E sup
t

t

0
φn

s dVs −
t

0
φsdVs ≤E

∞

0
|φn

s − φs ||dVs |

≤||φn − φ||S (V ) → 0, n → ∞.

Using these findings, we make a transition from s tep-predictable functions to all
functions of space S (V ).. 

Coming back to the definition of φ ◦ M . by relation (10.3), one can conclud with 
the help of Lemma 10.13 that φ ◦ M ∈Mloc . and its definition do not depend on the
decomposition M = U + V.. Moreover, we arrive at statements which are similar to
(1)–(3) of Theorem 10.11 if we replace classM2

. byMloc.. 

The final step of construction of stochastic integral is the case of semimartingale.
Assume φ . is a predictable locally bounded process and X is a semimartingale of the
form

.X = X0 + M + A, (10.24) 

where X0 . is a finite F0 .-random variable (r.v.), M ∈Mloc, A ∈ V..
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Let us define

.(φ ◦ X)t = (φ ◦ M)t +
t

0
φsdAs, (10.25) 

where t

0 φsdAs . is the Lebesgue-Stieltjes integral. 
According to Lemma 10.13, the definition (10.25) of (φ ◦X). does not depend on 

the decomposition (10.24). As a result, let us formulate the list of natural properties
of φ ◦ X :. 
(1) φ ◦ X . is a semimarting ale.
(2) (φ ◦ X)c = φ ◦ Xc.. 

(3) jumps ◦ X)t . and φt t . are i ndistinguishable.
(4) (φ ◦ X)τ = ∞ 

0 I 0,τ φsdXs = τ

0 φsdXs . for any finite s.t. τ.. 

Remark 10.12 It is interesting to note that there is no hope to go beyond semi-
martingales in extension of stochastic integration.

Let X1, . . . , Xd
. be d semimartingales taking the values in R.. It is convenient 

to collect them to a d-dimensional process Xt = (X1
t , . . . , X

d
t ),. called a d-valued 

semimarting ale.

Let F : E = R
d → R, d ≥ 1,. be a twice continuously differentiable function. 

Then one can transform X with the help o f this smooth function. It turns out that the
transformed process F(Xt).will be a semimartingale, satisfying the next g eneralized
Ito’s formula:

.

F(Xt) = F(X0) +
d

i=1

t

0
DiF(Xs−)dXi,c

s

+1

2
1≤i,j,≤d

t

0
DiDjF (Xs−)d[Xi,c, Xj,c]s

+
s≤t

F (Xs) − F(Xs−) −
d

i=1

DiF(Xs− i
s ,

(10.26) 

where DiF(x) = ∂F (x)
∂i

= ∂F (x1,...,xd )
∂xi

,. DiDjF (x) = ∂2F(x)

∂xi∂xj , i, j = 1, . . . , d.. 

Remark 10.13 Let us note that processes DiF(Xs−). and DiDjF (Xs−). are pre-
dictable and locally bounded, and therefore all integrals in (10.26) are w ell-defined.

Defining the localizing sequence τn = inf{t : |Xt | ≥ n},. we obtain
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that |Xt |. and |Xt− ≤ n. on o, τn , n = 1, 2, . . . . Further, l etting Kn =
sup|x|≤n i,j |DiDjF (x)|,. we get with the help of t he Taylor decomposition
that

. |
s<τn

(F (Xs) − F(Xs−) −
d

i=1

DiF(Xs− i
s)| ≤ Kn

2
i sτn

| i
s |2.

Hence, for almost all ω ., both s eries

. 

s<τn

|F(Xs) − F(Xs−) −
d

i=1

DiF(Xs− i
s)|

and 

. 

s≤τn

|F(Xs) − F(Xs−) −
d

i=1

DiF(Xs− i
s)|

converge, and we can conclude that

. 

s≤t

|F(Xs) − F(Xs−) −
d

i=1

DiF(Xs− i
s)|

converges for all t > 0.. 

This observation generates the idea that the formula (10.26) can be proved 
without big technical difficulties in between moments of jumps, i.e., in a pur e
continuous case.

This is the reason that we prove (10.26) for a one-dimensional continuous semi-
martingale Xt = X0+Mt+At, M ∈Mc

loc, A ∈ V..Using a localization procedure, 
we can reduce the proof to the case when continuous processes M,A, [M,M]. are 
bounded as well as X0, F, F . and F ,. and the upper bound for |F |, |F |, |F |. is 
denoted by C.. 

Let us use the Taylor decomposition

. F(y) − F(x) = (y − x)F (x) + 1

2
(y − x)2F (x) + o(x, y),

where o(x, y) ≤ |y − x|)|y − x|2 . and . is a nondecreasing f unction with
limt→0 = 0.. 

Take a > 0. and define a sequence of s.t.’s (τn)n=0,1,... . as follo ws:

.τ0 = 0, . . . , τi+1 = t ∧ (τi + a) ∧ inf{s > τi : Ms − Mτi
> a,

[M,M]s − [M,M]τi
> a or |As − Aτi

| > a}, . . .
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Obviously, for each ω : τi(ω) = t . except for a finite number of i, and we can 
write the follo wing equality using the Taylor formula above:

. 

F(Xt) − F(X0) =
i

F (Xτi+1 − F(Xτi
)

=
i

F (Xτi
)(Xτi+1 − Xτi

) + 1

2
F (Xτi+1)(Xτi+1 − Xτi

)2

+o(Xτi
, Xτi+1) .

(10.27) 

For the martingale part of (10.27), we have  

.

E
t

0
F (Xs)dMs −

i

F (Xτi
)(Mτi+1 − Mτi

)

2

=E
i

τi+1

τi

F (Xs) − F (Xτi
)

2
d[M,M]s

≤E sup
i

|F (Xs) − F (Xτi
|2 · [M,M]t → 0

(10.28) 

as a → 0.. 

The term o f (10.27) with process A can be treated similarly, and i F (Xτi
)

(Aτi
− Aτi

). converges to t

0 F (Xs)dAs . in L1
.-sense. 

The second term in (10.27), we represent as a sum of three components. 
For t he first component, we have

.

|
i

F (Xτi
)(Aτi+1 − Aτi

)2| ≤ C sup
i

|Aτi+1 − Aτi
|

t

0
|dAs |

≤ Ca
t

0
|dAs | → 0, a → .

(10.29) 

For the second component, we obtain

. 

|
i

F (Xτi
)(Aτi+1) − Aτi

)(Mτi+1 − Mτi
)| ≤ C sup

i

|Mτi+1 − Mτi
|

t

0
|dAs |

≤ Ca
t

0
|dAs | → 0, a → 0.

(10.30)
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Taking into account that M2 − [M,M]. is a martingale, we get for the third
component that

. 

E

⎡

⎣
i

F (Xτi
)(Mτi+1 − Mτi

)2 −
i

F (Xτi
)([M,M]τi+1 − [M,M]τi

)

2
⎤

⎦

=
i

E (F (Xτi
))2 (Mτi+1 − Mτi

)2 − ([M,M]τi+1 − [M,M]τi
)

2

≤2C2E sup
i

|Mτi+1 − Mτi
|2M2

t

+ 2C2E sup
i

|[M,M]τi+1 − [M,M]τi
| · [M,M]t

≤2C2a2EM2
t + 2C2aE[M,M]t → 0, a → 0.

(10.31) 

The remaining term in (10.27) can be treated as follows:

. 

E
i

o(Xτi
, Xτi+1) ≤E

i

(Xτi+1 − Xτi
)2 |Xτi+1 − Xτi

|)

≤E 2 2a)

i

(Aτi+1 − Aτi
)2 + 2 2a)

i

(Mτi+1 − Mτi
)2

≤2 2a)E a
t

0
|dAs | + M2

t → 0, a → 0.

(10.32) 

Putting together relations (10.28)–(10.32), we complete the proof. 
Now we are ready to consider stochastic differential equations with respect to 

semimarting ale. The main result is contained in the next theorem.

Theorem 10.12 Let N = M +A. be a semimartingale, M ∈Mloc, A ∈ V.. Assume 
that the function F : R+ × × R → R. satisfies the conditions:

(1) f  (s,  ω  , ·). is a Lipschitz function with a constant K.. 

(2) f  (s, · , x). is Fs .-measurable. 
(3) f  (·,  ω  , ·). is a continuous function.

Then the stochastic differential equation (SDE) w .r. to N

.Xt(ω) = X0(ω) +
t

0
f (s, ω,Xs−(ω))dNs(ω) (10.33)
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has a unique solution as a cadlag adapted process with the initial value X0(ω)−F0 .-
measurable finite random variable.

Proof Obviously, (1)–(3) guarantee that the integral o n the right-hand side
of (10.33) is well-defined. The proof includes a couple of steps. We start with
the assumption that processes

.[M,M]t and
t

0
|dAs | are bounded by b > 0 (10.34) 

and 

.|f (t, ω, 0)| ≤ c for all t, ω. (10.35) 

Let H be a class of cadlag processes X such that X∗ = supt |Xt | ∈ L2, X0 = 0.. 

Define the norm in this space ||X|| = ||X∗||L2 .. 

Denote for x ∈ H . 

. U(X)t =
t

0
f (s, ω,Xs−)dNs.

Lemma 10.14 The process U(x) ∈ H . if X ∈ H.. Moreover, for processes X and
Y ∈ H ., we have

.||U(X) − U(Y )|| ≤ h||X − Y ||, h = K(2
√

b + b). (10.36) 

Proof For zero process, we have

. U(0)t =
t

0
f (s, ω, 0)dMs +

t

0
f (s, ω, 0)dAs = Lt + Vt .

Process L ∈Mloc,. and by (10.34) and (10.35) 

.[L,L]∞ =
∞

0
f 2(s, ω, 0)d[M,M]s ≤ c2b, (10.37) 

and E(L∗)2 ≤ 4c2b. by Doob’s i nequality.

For process Vt ., we get from (10.34)–(10.35) that 

.V ∗ ≤
∞

0
|dVs | ≤

∞

0
|f (s, ω, 0)||dAs | ≤ cb, (10.38)
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and hence E(V ∗)2 ≤ c2b2.. Relations (10.37) and (10.38) show that U(X) ∈ H.. 

Further, denote Z = X − Y . and find that

. U(X)t − U(Y )t =
t

0
(f (Xs−) − f (Ys−))dMs +

t

0
(f (Xs−) − f (Ys−))dAs

=Lt + Vt , L ∈Mloc, V ∈ V.

Using similar reasonings as in (10.37) and (10.38), we obtain for processes L . and 
V . that 

.[L ,L ]∞ =
∞

0
(f (Xs− − f (Ys−))2d[M,M]s ≤ K2b(Z∗)2, (10.39) 

. E((L )∗)2 ≤ 4K2bE(Z∗)2 and

.V ∗ ≤
∞

0
K|Zs ||dAs | ≤ KbZ∗. (10.40) 

It follows from (10.39) and (10.40) that 

. ||U(X) − U(Y )|| ≤ K||X − Y ||(b + 2
√

b),

and we get (10.36). 

Lemma 10.15 Assume conditions (10.34) and (10.35) are satisfied, and h =
K(b + 2

√
b) < 1.. Then there exists a unique cadlag adapted process X solving

the equation

. Xt =
t

0
f (s, ω,Xs−)dNs.

Proof By h < 1., there exists a unique solution X from space H.. Let us note from 
conditions (1) and (2) of the theorem that

. | s | ≤ | s | + | s | = [M,M]s)1/2 + | s | ≤ √
2b + b.

So, if Z is a cadlag adapted process, Zt = t

0 f (s, ω,Zs−)dNs,. we can define 
stopping times τZ

n = inf(t : |Zt | ≥ n), n = 1, 2, . . . ,. and get 

. τZ
n

=f (τZ
n , Zτz

n− τZ
n

and

| τZ
τn

| ≤(c + nK)(2b + √
2b).

Hence, the process Z is locally bounded and locally in space H.. By uniqueness in 
H , we obtain Z = X..
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Lemma 10.16 Assume that condition (10.34) is fulfilled and h = K(b+2
√

b) < 1,. 

then there exists a unique cadlag adapted process X solving equation

. Xt =
t

0
f (s, ω,Xs−)dNs.

Proof Let τn = inf(t : |f (t, ω, 0)| ≥ n), n = 1, 2, . . .. and fn(t, ω, x) =
f (t, ω, x)I{0<t≤τn}.. Obviously, functions fn . satisfy (10.35) with c = n,. and each 
equation Yn

t = t

0 fn(s, ω, Y n
s−)dNs . has a unique solution. By fn+1 = fn . on 

0, τn ., we have Yn = Yn+1
. on 0, τn .. 

Further, an adapted process X solves the equation Xt = t

0 f (s, ω,Xs−)dNs ⇔. 

for each τn ., we have X
τn
t = t

0 f (s, ω,X
τn
s−N

τn
s .. Let us define now the process X as

follows: X = Yn
. on 0, τn ,X0 = 0,. and find the unique solution.

Lemma 10.17 Assume a semimartingale N has jumps | t | ≤ b/4. and both 
b, h = K(b + 2

√
b) < 1.. Then the equation Xt = t

0 f (s, ω,Xs−)dNs . has one 
and only one solution.

Proof Under the conditions of Lemma, we can write N = M+A, M ∈Mloc .and A 
is a predictable process with locally bounded variation. W ithout loss of generality,
we can assume that M ∈ M. and predictable process A has inte grable variation.
Then

. | τ | = |E τ |Fτ−) − E τ |Fτ−)| = |E τ |Fτ−)| ≤ b/4,

and we have a boundedness of [M,M]t = T )2
. and | t |. by b/4.. Denote 

Dt = t

0 |dAs |. and put τ0 = 0, . . . , τn = inf(t > τn−1 : Dt − Dτn−1 ≥ b/2).. We 
have

τn,τn+1
d[M,M]s ≤ b. and

τn,τn+1
|dAs | ≤ b. for all n = 1, 2, . . .. 

By Lemma 10.16, there is one and only one solution on 0, τ1 ,.; denote it by X1.. 

At the interval τ1, τ2 ., we hav e equation

. Xt = X1
τ1

+
τ1,t

f (s, ω,Xs−)dNs.

Obviously, X solv es (10.3) ⇔ Y = X − X1
τ1

. is a solution of the equation

. Yt =
t

0
f (s, ω, Ys− + X1

τ1
)dNs.

So, we get a unique solution X2
. at this interval and so on.
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Let us come back to the proof of the theorem. We assume that b as in
Lemma 10.17, and we have a nondecreasing s equence of s.t.’s τ1 ≤ τ2 ≤ . . . ≤
τn ≤ . . .. at which t | > b/4.. Construct the following semimarting ale:

. N1
t = MtI(t<τ1) + Nτ1−I(t≥τ1).

A cadlag process X is a solution of (10.33) on 0, τ1 ⇔. the p rocess
X1

t = XtI(t<τ1) + Xτ1−I(t≥τ1) . is a solution on 0, τ1 . of the equation X1
t =

X0
t

0 f (s, ω,X1
s−)dN1

s .. On the interval 0, τ1 ., the process N1
. satisfies the 

conditions of Lemma 10.17, and hence the last SDE has a unique cadlag adapted
solution X1

. on 0, τ1 .. We can continue this construction on τ1, τ2 . and so on.

Example 10.5 Let us consider the linear SDE:

.Zt = 1 +
t

0
Zs−dNs. (10.41) 

We know from Theorem 10.12 that a unique solution of the Eq. (10.41) exists. It 
turns out that it admits a special form, which is similar to the Girsanov exponent:

.Zt = exp Nt − 1

2
[Nc,Nc]t

s≤t

(1 + s)e
− s . (10.42) 

The form of solution in (10.42) is called a stochastic exponent or the Doleans
exponent, denoted by Et (N).. To prove this, we denote Yt = Nt − 1

2 [Nc,Nc]t . and 
Xt = s≤t (1 + s)e

− s ,. and apply Ito’s formula t o the function F(Yt ,Xt ) =
exp(Yt )Xt .. 

Problem 10.6 Prove the properties of stochastic exponents w.r. t o semimartin-
gales:

(1) Let Et (N). be a stochastic exponent w.r. to a semimartingale N with t

−1, t ≥ 0.. Then 1
Et (N)

= Et (−N∗),. where N∗
t = Nt − [Nc,Nc]t −

s≤t
s )

2

1+ s
.. stochastic exponent w.r. to a s emimartingale N with t

−1, t ≥ 0.. Then 1
Et (N)

= Et (−N∗),. where N∗
t = Nt − [Nc,Nc]t −

s≤t
s )

2

1+ s
.. 

(2) If N inMloc,. then Et (N) ∈Mloc.. 

(3) Et (N) = 0. for (t, ω) ∈ τ,∞ ,. where τ = inf(t : t = −1).. 

(4) Et (U)Et (V ) = Et (U +V +[U,V ]),. where U and V are semimartingales. This 
property is called the rule of multiplication of stochastic exponents.

Remark 10.14 Equation (10.33) admits further generalizations. One can prov e an
analog of Theorem 10.12 for equation 

.dXt (ω) = b(t, ω,Xt−dAt + σ(t, ω,Xt−)dMt , (10.43)
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where M ∈Mloc, A ∈ V,. both coefficients b and σ . are Lipschitz’s functions, and
b(t, ω, x). is optional and σ(t, ω, x). is predictable as functions of (t, ω).. 

Let us note that the Eq. (10.43) can also be considered for a multidimensional
semimartingale X = A + M . and for matrix-valued coefficients b and σ.. 

Remark 10.15 Equation (10.33) admits further important results. One can pro ve
an analog of comparison Lemma 9.1 for stochastic differential equations (10.43) 
with a predictable increasing process A = (At )t≥0 .. 

Moreover, the Ito’s formula (10.26) admits a further generalization to a class 
of convex functions F . The corresponding formula is similar to (10.26) where the 
second term on the right-hand side is replaced by a continuous process V from V.. 
The process V admits a representation with the help of a local time of X.

10.4 The Doob-Meyer Decomposition: Proof and Related
Remarks

The leading idea of this short book as it was stated in preface dictates the way of 
exposition avoiding too long proofs and too man y technical details. That is why
the proof of the Doob-Meyer decomposition was omitted in Sect. 10.1. However, 
the proof of this fundamental fact of stochastic analysis must be presented in an
appropriate manner.

It is necessary to note that the initial Doob-Meyer decomposition in continuous 
time was given by Meyer in the form

.Xt = X0 + Mt + At, t ≥ 0, (10.44) 

where X = (Xt )t≥0 . is a submartingale of class (D)., M = (Mt)t≥0 ., M0 = 0., is a  
martingale, and A = (At )t≥0 ., A0 = 0., is a “natural” i ncreasing process.

The notion “natural” means that for eve ry bounded cadlag martingale m =
(mt )m≥0 . on a standard stochastic basis t )t≥0, P )., the following equality 
is satisfied

.E
t

0
msdAs = E

t

0
ms−dAs. (10.45) 

This characterization of A looks very artificial in comparison with discrete time, 
where A is predictable. Nevertheless, since that time, there were several proofs 
of the Doob-Meyer decomposition in these terms, including the proof of Rao 
who used the limiting arguments for transition from discrete time to continuous
time decomposition. Doleans was the first to note that the notions “natural” and
“predictable” are equivalent in (10.44). 

This section is devoted to the proof of (10.44) in such a new fashion, and as in 
many other books, we work with this form only. Nevertheless, before providing the
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proof which is based on the paper [8], we want to compare notions “natural” and
“predictable”.

First of all, one can show that EmtAt = E t

0 msdAs ., and therefore t he
condition (10.45) is equivalent to the n ext one:

.EmtAt = E
t

0
ms−dAs. (10.46) 

Problem 10.7 Prove (for discrete time) that an increasing process A is natural ⇐⇒. 

A is predictable, i.e., An .-Fn−1 .-measurable, n ≥ 1.. 

Hint: We rewrite (10.46) for the discrete time case a s follows:

. EmnAn = E
n

1

mk−1 k.

It follows from this condition that Emn(An − E(An|Fn−1)) = 0. and ev en E|An −
E(An|Fn−1) = 0., which leads to predictability of A. 

The opposite implication follows from the equality E n
1 Ak k = 0. and the 

representation

. 

n

1

Ak k = Anmn − mn−1 n − mn−2 n−1−, . . .

which leads to EAnmn = E n
1 mk−1 k .. 

Let us show that the decomposition (10.44) is unique in the class of natural 
processes A. To prove it, we assume that there exist two such decompositions for
X with martingales M ., M . and with the natural increasing processes A ., and A .. 
Hence, Mt +At = Mt +At . for all t ≥ 0.. Define process Nt = At −At = Mt −Mt ., 
which is a martingale with finite variation. 

Further, for every bounded martingale m = (mt )t≥0 ., we have by  (10.46) that 

. Emt .(At − At ) = E
t

0
ms−dNs = lim

n→∞ E
kn

j

m
t
(n)
j−1

(N
t
(n)
j

− N
t
(n)
j−1

),

where (t
(n)
k )k=0,...,kn . is a sequence of subdivision of (0, T ]. with diameter (n)

k →
0, n → ∞. . Obviously, Em

t
(n)
j−1 t

(n)
j

= 0., and, hence, Emt .(At − At ) = 0., t ≥ 0.. 
To finish the proof, we take an arbitrary integrable random variable ζ . and define a 
martingale ζt = E(ζ |Ft).. Then Eζ.(At − At ) = 0. for every such random variable, 
which leads to the conclusion that At = At . (a.s) for all t . 

Let us prove the Doob-Meyer decomposition (10.44) assuming for s implicity that
t ∈ [0, 1]..
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Denote by D = {D1,D2, . . . , Dn, . . .}., w here n = 1, 2, . . . ,Dn =
{0, 1

2n , 2
2n , . . . ,

j

2j , . . .}., the dyadic numbers of the interval [0, 1].. 
Consider the process X = (Xt )t≥0 . on this discrete time, and write the D oob-

Meyer decomposition for t ∈ Dn .: 

.Xt = Mn
t + An

t , (10.47) 

. An
t − An

t− 1
2n

= E(Xt − X
t− 1

2n
|F

t− 1
2n

),

. Mn
t = Xt − An

t .

Here, Mn = (Mn
t )t∈Dn . is a martingale, and An = (An

t )t∈Dn . is increasing and 
predictable with respect to (Ft )t∈Dn .. 

The idea is to take a limit in (10.47) and, as a result, to obtain (10.44). 
To make such limiting transition carefully, w e need the following lemma.

Lemma 10.18 Assume (fn)n≥1 . is a uniformly integrable sequence of random 
variables on the probability space .. Then there exists gn ∈
conv{fn, fn+1, . . .}., which converges in space L1

.. 

We will use a version of the Komlos Lemma here:
If (fn)n≥1 . is a bounded sequence on a Hilbert space, then for each n, one can

pick gn ∈ conv{fn, fn+1, . . .}. such that (gn)n≥1 . will converge in the norm . 2 . of 
this space. 

To Prove this lemma, we define the finite number

. a = sup
n

inf g 2 : g ∈ conv{fn, fn+1, . . .}}.

For each n, we can take some gn ∈ conv{fn, fn+1, . . .}. with the norm gn 2 ≤
a + 1

n
.. For a fixed  ε > 0., and a big enough n, we obtain for all m, k ≥ n. that 

. (gk + gm)/2 2 > a − ε.

We get that (gn). is fundamental by

. (gk − gm) 2
2 = 2 gk

2
2 + 2 gm

2
2 (gk + gm) 2

2 ≤ 4(a + 1

n
)2 − 4 (a − ε)2 ,

and therefore this sequence conver ges.
Proof of Lemma 10.18: We truncate fn . and denote truncated functions by f

(i)
n =

fn.I{|fn|≤i} ., n = 1, 2, . . ... Then for every i, we get a bounded sequence (f
(i)
n )n≥1 . 

for which the Komlos lemma can be applied in the following manner.
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Problem 10.8 For each n = 1, 2, . . .. there exist convex weights (λn
n, . . . , λ

n
Nn

). such 
that Nn

j=n λn
jf

(i)
j . converge on space L2

. for each i = 1, 2, . . ... 

Hint: Use the Komlos lemma to find convex weights λn
n, . . . , λ

n
Nn

. with the conver-

gent sum Nn

j=n λn
jf

(i)
j . as n → ∞. for i = 1, 2, . . . , m. and apply a diagonalization 

procedure to get a desirable r esult.
Now using uniform integrability of (fn)., we obtain that f

(i)
n . converges uniformly 

in n to fn . in L1
. as i → ∞. and therefore uniformly in n:

. 

Nn

j=n

λn
jf

(i)
j →

Nn

j=n

λn
jfj in L1 as i → ∞.

Lemma 10.19 The sequence (Mn
1 )n≥1 . is uniformly integr able.

Proof Without loss of generality, we can put X1 = 0. and Xt ≤ 0. for t ≤ 1., because 
there is an obvious transition from Xt . to Xt −E(X1|Ft).. In such a case, Mn

1 = −An
1 . 

and 

.Xn
τ = −E(An

1|Fτ ) + An
τ (10.48) 

for every s.t. τ . w.r. to (Ft )t∈Dn .. 
Let us derive from assumption X ∈ (D). that (An

1)n≥1 . is uniformly integrable. 
Define the following s.t.:

. τn(c) = inf{(j − 1)/2n : An
j

2n

> c} ∧ 1, c > 0,

and note 

. {τn(c) < 1} ⊆ {τn

c

2
< 1}, An

τn(c) ≤ c.

It follows from (10.48) that 

. Xτn(c) ≤ −E(An
1|Fτn(c)) + c.

Thus, 

.

EAn
1 .I{An

1>c} =EE(An
1|Fτn(c)).I{τn(c)<1}

≤c.P (τn(c) < 1) − EXτn(c).I{τn(c)<1}
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and by (10.48), 

. 

E(−Xτn( c
2 )).I{τn( c

2 )<1} =E(An
1 − An

τn( c
2 )

).I{τn( c
2 )<1}

≥E(An
1 − An

τn( c
2 )

).I{τn(c)<1}

≥ c

2
P {τn(c) < 1}.

These inequalities i mply that

.EAn
1 .I{An

1>c} ≤ −2EXn
τn( c

2 )
.I{τn(c)<1} − EXn

τn(c).I{τn(c)<1}. (10.49) 

We also note

. P {τn(c) < 1} = P {An
1 > c} ≤ 1

c
EAn

1 = −1

c
E(Mn

1 ) = −1

c
EX0

and conclude that

. lim
c→∞ P(τn(c) < 1) = 0 uniformly in n.

Assumption X ∈ (D). together with (10.49) implies that (An
1)n≥1 . is uniformly 

integrable as well as (Mn
1 )n≥1 = (X1 − An

1)n≥1 .. 
Now we are ready for a limiting transition as n → ∞. in (10.47). 
First, we extend Mn

. to the whole interval [0, 1]. by setting Mn
t = E(Mn

1 |Ft).. 
According to Lemmas 10.18 and 10.19, there exist M ∈ L1 . and convex weights
(λn

j )j=n,...,Nn . such that Mn
1 (λ) = Nn

j=n λn
jM

j

1 . converges to M on space L1
.. 

Moreover, by Jensen’s inequality for each t ∈ [0, 1]., 

. Mn
t (λ) → Mt = E(M1|Ft) as n → ∞.

Second, we extend An
. to [0, 1].by setting An = t∈Dn

An
t .I(t−− 1

2n ,t] ., t ∈ [0, 1]., n =
1, 2, . . .., and denote An(λ) = Nn

j=n λn
jA

j
.. 

Then the cadlag process

. At = Xt − Mt, where t ∈ [0, 1],

satisfies the follo wing relations

. An
t (λ) = (Xt − Mn

t (λ)) → (Xt − Mt) = At in L1 for t ∈ D,n → ∞.

So, we find a subsequence A
nk
t (λ) → At . (a.s.), which we identify with An

t (λ) → At . 

(a.s.). These standard considerations lead us to conclude that A is (a.s.) increasing 
on D and therefore on the whole interval [0, 1]. by its right-continuity.
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Lemma 10.20 Process A is predictable.

Proof: In fact, we can restrict ourself by the proof that for all t ∈ [0, 1]. (a.s.), 

. lim
n

sup An
t (λ) = At, (10.50) 

because the process An
. and An(λ). are left-continuous and adapted, and hence they

are predictable.

Problem 10.9 Let fn . and f be increasing functions from [0, 1]. to R1
. such that f . is 

right-continuous and f (t) = limn→∞ fn(t)., t ∈ D .. Prove th at

. lim
n

sup fn(t) ≤ f (t) for all t ∈ [0, 1], (10.51) 

. lim
n

fn(t) = f (t), if f is continuous at t ∈ [0, 1]. (10.52) 

Hint: By the right-continuity (tk ∈ D, tk > t)., 

. f (t) = lim
k→∞ f (tk) = lim

k→∞( lim
n→∞ fn(tk)) ≥ lim

n
sup fn(t),

since limn sup fn(tk) ≥ limn sup fn(t).. 
By (10.51) and (10.52), the relation (10.50) can be broken at discontinuity points 

of A only. The process A is cadlag, and, as was shown in Sect. 10.1, the points of 
jumps of A can be exhausted by a countable sequence of stopping times (see (10.2) 
and related remarks). So, it is sufficient for (10.50) that limn sup An

τ (λ) = Aτ . for all 
s.t. τ .. 

By (10.51), limn
τ (λ) ≤ Aτ . and An

τ (λ) ≤ An
1(λ). which converges to A, o n space

L1
.. Hence, by Fatou’ s lemma

. lim
n

inf EAn
τ ≤ lim

n
sup EAn

τ (λ) ≤ E lim
n

sup An
τ (λ) ≤ EAτ .

To prove that limn EAn
τ = EAτ . we set σn = inf{t ∈ Dn : t ≥ τ }.. Then σn ↓ τ . as 

n → ∞. and An
τ = An

σn
.. 

The process X belongs to class (D). and therefore 

. EAn
τ = An

σn
= EXσn − EM0 → EXτ − EM0 = EAτ .

Lemma 10.20 is proved, and hence the decomposition (10.44) is true with a 
martingale M and an increasing predictable process A.



Chapter 11 
General Theory of Stochastic Pro cesses
in Applications

The main goal of this chapter is to show how the general theory developed 
before can be applied to mathematical finance and statistics of random processes. 
In the area of mathematical finance, a semimartingale financial market model is 
introduced. Applying to this general model the technique of stochastic exponents, 
the fundamental questions of arbitrage and completeness of such a market are 
studied. These results have a number of corollaries for modeling and option pricing 
(Black-Scholes model and formula, Cox-Ross-Rubinstein model and formula, etc.). 
In the area of statistics of random processes, the technique developed above gives a 
possibility to introduce semimartingale models. It is shown that classical discrete
time and continuous time models of stochastic approximation are embedded in
a semimartingale scheme. Moreover, it is proved that semimartingale stochastic
approximation procedures are strong consistent and asymptotically normal under
very wide conditions. In case of semimartingale regression, the structural least-
squares estimates are strong consistent and their sequential versions satisfy the
important fixed accuracy property (see [9, 10, 18, 20, 32, 39, 47, 49], and [60]). 

11.1 Stochastic Mathematical Finance

Suppose that besides the original measure on a stochastic basis F, (Ft )t≥0, P ),. 

we are given a measure P̃ . locally equivalent to P and with local density (Zt )t≥0.. 

The equivalence implies strict positivity of Zt . (P -a.s.), t ≥ 0.. Therefore, one can 
define a local martingale N = (Nt )t≥0 . with respect to P as a stochastic integral 
to P as a stochastic integral Nt = t

0 Z−1
s−dZs.. It leads to a stochastic exponent

form of Zt = Et (N).. We already know that a local martingale is transformed into 
a semimartingale (not a l ocal martingale) under an equivalent change of measure.
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The next lemma contains a result of this type. To formulate it, we denoteMloc(P ). 

andMloc(P̃ ). classes of local martingales w.r.t. P and P̃ . correspondently. 

Lemma 11.1 Let X = (Xt )t≥0 . be a semimartingale on F, (Ft )t≥0, P ),. and 
then 

.XZ ∈Mloc(P ) ⇒ X ∈Mloc(P̃ ). (11.1) 

The proof of Lemma 11.1 can be given using a standard scheme. First, it is proved 
for martingales. Second, using localization, one can extend it to local martingales. 
The first step is given with the help of change of probability in conditional 
expectations, which was stated before for a discrete time. A continuous time version
of such change of measure is proved in the same way.

In fact, we prove (11.1) below in the framework of a semimartingale model 
of financial markets. We define a (B, S).-market as a collection of two positive 
semimartingales B and S on given stochastic basis F, (Ft )t≥0, P ).. The values 
of Bt . and St . are interpreted as the prices of a non-risky a sset B and a risky asset
S.. A pair πt = (βt , γt )t≥0 . of stochastic processes with a predictable second 
component is defined as a portfolio of in vestment strategy. The portfolio has a
capital Xπ

t = Xπ
t (x) = βtBt + γtSt ,. where Xπ

0 = β0B0 + γ0S0 = x ∈ R, t ≥ 0.. 

The ratio Xt = St

Bt
. is called the discounted price of S,. and the ratio Xπ

t

Bt
. is called 

the discounted capital of the strategy π . at the time t ≥ 0.. 
In the set of all strategies, we distinguish those portfolios π . such that 

.
Xπ

t

Bt

= Xπ
0

B0
+

t

0
γud

S

B u

. (11.2) 

We call them self-financing and denote their collection SF.. We say that (B, S).-
market admits an arbitrage at time T > 0. if there exists π̃ ∈ SF . such that Xπ̃

0 =
0, Xπ̃

t ≥ 0, t ≤ T , P .-a.s., and P(ω : Xπ̃
T (ω) > 0) > 0.. Such a strategy π̃ . is called 

the arbitrage strategy. Any probability measure P̃ . locally equivalent to P is called 
a local martingale measure, if the discounted price St

Bt
∈Mloc(P̃ ).. 

Denote the set of such measures M(X, P ).. It is well-known that for a semi-
martingale (B, S).-market the absence of arbitrag e is characterized asM(X, P )

∅.. 

By a contingent claim with exercise time T ,.we understand any nonnegative FT .-
measurable random variable f..We remark that if such a claim f represents a payoff 
of an option, then the option is called a European option. A strategy π ∈ SF . is 
said to be a hedge (hedging strategy) for f (for the option with the payoff f ) if
Xπ

T (x) ≥ f . (a.s.) for some initial capital x.. If in some class o f hedging strategies
π,. there is a strategy π∗

. such that Xπ∗
t ≤ Xπ

t . (a.s.) for all t ∈ [0, T ],. then π∗
. is 

called a minimal hedge (in this class). Usually, the minimal hedge coincides with a
replicating strategy π∗

. for whichXπ∗
T = f . (a.s.). In this case, f is called attainable.

The (B, S).-market is said to be complete if any contingent claim is attainable.
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For many financial markets, this notion is equivalent to the uniqueness of a local
martingale measure P ∗,. i.e., M(X, P ) = {P ∗}.. Otherwise, the market is called 
incomplete. Correspondingly, pricing of an option with payoff f in complete and 
incomplete marke ts is achieved with the help of martingale measures as follows:

.C(f ) = E∗ f

BT

and C
∗(f ) = sup

P̃∈M(X,P )

Ẽ
f

B
, (11.3) 

where C(f ). is the fair price and C
∗(f ). is the so-called upper price of such an 

option. 
So, we can see that an investigation of conditions under which P̃ ∈M(X, P ). is 

extremely important for mathematical finance. Let us show how it can be done for
a semimartingale (B, S).-market. 

Suppose that a (B, S).-market is determined by the two equations

.

Bt =B0 +
t

0
Bu−dhu u > −1,

St =S0 +
t

0
Su−dHu u > −1,

(11.4) 

where h and H are given semimartingales. 
Using stochastic exponents, we can rewrite (11.4) as follo ws:

. Bt = B0Et (h) and St = S0Et (H).

The problem in the model (11.4) is to determine conditions under which a measure
P ∗

. equivalent to P takes the process X = S
B

. into a local marting ale, i.e.,

.P ∗ ∈M(X, P ) ⇔ X = S

B
∈Mloc(P

∗). (11.5) 

Let us check first when measure P is a martingale one for the market (11.4). Using  
the properties of stochastic e xponents, we have

. Xt = X0Et (H)E−1
t (h) = X0Et (H)Et (−h∗)

= X0E H − h hc, hc
2

1 + Hc, hc

1 +

= X0Et H − h hc, hc − Hc −
1 + . (11.6)
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Denote 

. t (h,H) = HT − ht hc, hc − Hc
t +

s≤t

−
1 +

and rewrite (11.6) in the form of the following stochastic differential equation:

.Xt = X0 +
t

0
Xs− s(h,H). (11.7) 

Hence, X ∈ Mloc(P ). if ∈ Mloc(P ).. These considerations generate the 
idea how to find conditions to provide that X ∈ Mloc(P

∗). for a local marting ale
measure P ∗

. with the l ocal density

. Zt = dP ∗
t

dPt

= Et (N), Nt =
t

0
Z−1

s−dZs ∈Mloc(P ).

We just need to recognize when XZ = XE(N) ∈ Mloc(P ),. and apply (11.1) of 
Lemma 11.1. 

In vie w (11.6)–(11.7), we have  

. XtEt (N) = X0Et Et (N),

and by the properties of stochastic exponents, obtain that

.XtEt (N) = X0Et (11.8) 

where 

. t (h,H,N) = Ht − ht + Nt (h − N)c, (h − H)c t

+
s≤t

s − s s − s)

1 + s

.

Using relation (11.8), we arrive to t he following theorem.

Theorem 11.1 Let X = S
B

. in the model (11.4). Then the following claims are
true:

(1) If ∈Mloc(P ),. then X ∈Mloc(P ).. 

(2) If ∈Mloc(P ),. then X ∈Mloc(P
∗).. 

The above theorem presents a convenient methodology of finding of martingale
measures for the model (11.4). Let us demonstrate this methodology for s everal
partial cases of (11.4).



11.1 Stochastic Mathematical Finance 199

Example 11.1 The B lack-Scholes model:

.

dBt =rBtdt, B0 = 1,

dSt =St (μdt + σdWt), S0 > 0,
(11.9) 

where r, μ ∈ R+, σ > 0,W = (Wt )t≥0 . is a Wiener process. 
In the model (11.9), ht = rt, Ht = μt + σWt .. Due to W is the sole source of 

randomness, we take N in the form Nt = φWt .. To use Theorem 11.1, we find that

. =μt + σWt − rt + φWt + φσ t

=(μ − r + φσ)t + (σ + φ)Wt .

Therefore, the condition (2) of Theorem 11.1 is satisfied if μ − r + φσ = 0. or 
φ = −μ−r

σ
,. and we can construct the local density

.Zt = dP ∗
t

dPt

= Et (N) = exp −μ − r

σ
Wt − 1

2

μ − r

σ

2

t . (11.10) 

Using the Girsanov exponent (11.10), we find the martingale measure P ∗
. under 

which W ∗
t = Wt + μ−r

σ
t . will be a Wiener process by the Girsanov theorem. So, if

f = (ST − K)+ . is a contingent claim, then its initial price C(f ). can be calculated 
as follows:

.C(f ) = E∗ (ST − K)+

erT
= S0 +) − Ke−rT −), (11.11) 

d± = ln(S0/K)+(r±σ 2/2)T
σ
√

T
,. and we again arrive to the Black-Scholes formula.

Example 11.2 The M erton model:

.

dBt =rBtdt, B0 = 1,

dSt =St−(μdt − t ),
(11.12) 

where r, μ ∈ R+, ν < 1 = t )t≥0 . is a Poisson process with parameter λ > 0.. 
In the model (11.12) ht = rt, Ht = μt − t ,. and the martingale Nt . will be 

chosen as Nt = t − λt).. Further, 

. =μt − t − rt + t − λt) − t

=(μ−r − νλ−ψνλ)t− t − λt) + t − λt) − t − λt).

Hence, the condition (2) of Theorem 11.1 is fulfilled if μ − r − νλ − ψνλ = 0. 
or ψ = μ−r

νλ
− 1. is the unique solution. The uniqueness means that a martingale
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measure P ∗
. is also unique, and its local density has the following exponential form

.Zt = dP ∗
t

dPt

= Et (N) = exp (λ − λ∗)t + (ln λ∗ − ln t , (11.13) 

where λ∗ = μ−r
ν

. is a parameter of t . under measure P ∗.. 
Using (11.13), we calculate a call option price C. in the model (11.12) as follo ws.

. C = E∗ (ST − K)+

erT
.

It is clear that

. 
ST

BT

= S0

B0
exp − T + νλ∗T

t≤T

(1 − t )e
t

= S0

B0
exp T ln(1 − ν) + νλ∗T . (11.14) 

Using (11.14), we find that

. C =E∗ ST

BT

− K

BT

+

=
∞

n=0

e−λ∗T (λ∗T )n

n! S0e
n ln(1−ν)+νλ∗T − B−1

T K
+

. (11.15) 

Denote 

. n0 = inf n : S0e
n ln(1−ν)+νλ∗T ≥ K

BT

= ln(K/S0) − μT

ln(1 − ν)
,

. p(x, y) =
∞

n=x

e−y yn

n! ,

and find from (11.15) that 

.

C =S0

∞

n=n0

e−λ∗T +λ∗νT en ln(1−ν) (λ
∗T )n

n! − Ke−rT
p(n0, λ

∗T )

=S0

∞

n=n0

e−λ∗(ν−1)T (λ∗(1 − ν)T )n

n! − Ke−rT
p(n0, λ

∗T )

=S0 p(n0, λ
∗(1 − ν)T ) − Ke−rT

p(n0, λ
∗T ).

(11.16)
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Formula (11.16) is called the Merton formula for the price of a call option in the
model (11.12). 

Putting together models (11.9) and (11.12), we get a jump-diffusion market
model:

.

Bt =rBtdt, B0 = 1,

dSt =St− (μdt + σdWt − t ) , S0 > 0.
(11.17) 

To calculate process . in this case, we choose Nt = φWt + t . and 
find that

. t (h,H,N) = (μ − r − νλ + φσ − ψλ)t + martingale.

Hence, μ − r + φσ − λν(1 + ψ) = 0. to make . a martingale. But 
this equation has infinitely many solutions (φ,ψ),. and therefore, the model (11.15) 
admits infinitely many martingale measures, i.e., the market (11.17) is incomplete .

Let us consider a discrete time model, called a binomial market or the Cox-Ross-
Rubinstein model. We show that such a model is embedded in the model (11.4). 

Example 11.3 The model we are talking represents a kind of Binomial random
walk:

.
n =Bn − Bn−1 = rBn−1, B0 > 0,

n =Sn − Sn−1 = ρnSn−1, S0 > 0,
(11.18) 

where (ρn)n=1,2,... . is a sequence of independent random va riables taking two values
b > a . with probabilities p and q = 1 − p, p ∈ (0, 1).. 

Assume also that −1 < a < r < b.. Putting Bt = Bn . on [n, n + 1). (we do 
the same with St ,Ft , . . .),. we transform (11.18) to the model (11.4). This standard 
procedure allows us to apply the theory developed for the semimartingale model.

In the case under consideration,

. n = n = ρn n = ψn(ρn − μ), μ = Eρn,

and 

. (1 + n(h,H,N) = n − n + n + n n.

Hence, the martingality property n . means that 

.E(ρn − r + ψn(ρn − μ) + ψn(ρn − μ)ρn|Fn−1) = 0,
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which leads to

. ψn = −μ − r

σ 2 ,

where σ 2 = Var(ρn).. 

As a result, we can construct a local density of a martingale measure P ∗
. here in 

the form of stochastic exponent

.Zn = En −μ − r

σ 2
(ρn − μ) . (11.19) 

As in previous examples, we want to derive the price of a call option (SN −K)+,. 

where N ≥ 1.. According to the general theory, the price C. can be calculated as

.

C =E∗(1 + r)−N(SN − K)+

=(1 + r)−NE∗(SN − K)+

=(1 + r)−NEEN −μ − r

σ 2 (ρk − μ) (SN − K)I{SN>K},

(11.20) 

where we used  (11.19). 
Define k0 = min k ≤ N : S0(1 + b)k(1 + a)N−k > K . and find that k0 ln(1 +

b) + (N − k0) ln(1 + a) > ln K
S0

. or k0 = ln K
S0(1+a)N

ln 1+b
1+a

+ 1,. where [x]. is 
an integer part of x ∈ R.. 

Denote p∗ = r−a
b−a

. and derive for the term with K in (11.20) using elementary 
equalities μ = p(b − a) + a,. σ 2 = (b − a)2p(1 − p). that 

. (1 + r)−NEEN −μ − r

σ 2 (ρk − μ) KI{SN>K}

= K(1 + r)−N
N

k=k0

N

k
1 − μ − r

σ 2 (b − μ)

k

× pk 1 − μ − r

σ 2 (a − μ)

N−k

(1 − p)N−k

= K(1 + r)−N
N

k=k0

N

k

p∗

p

k

pk 1 − p∗

1 − p

N−k

(1 − p)N−k

= K(1 + r)−N
N

k=k0

N

k
(p∗)k(1 − p∗)N−k. (11.21)
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To calculate the term with SN = S0EN( ρk). in (11.20), we use a multiplication 
rule of stochastic exponents:

. (1 + r)−NEEN −μ − r

σ 2 (ρk − μ) SNI{SN>K}

=S0(1 + r)−NEEN −μ − r

σ 2
(ρk − μ) + ρk

−μ − r

σ 2 (ρk − μ)ρk I{SN>K}

=S0(1 + r)−N
N

k=k0

N

k
1 − μ − r

σ 2 (b − μ) + b − μ − r

σ 2 (b − μ)b

k

pk

× 1 − μ − r

σ 2 (a − μ) + a − μ − r

σ 2 (a − μ)a

N−k

(1 − p)N−k

=S0(1 + r)−N
N

k=k0

N

k

p∗

p
(1 + b)

k

× pk 1 − p∗

1 − p
(1 + a)

N−k

(1 − p)N−k

=S0(1 + r)−N
N

k=k0

N

k
p∗ 1 + b

1 + r

k

(1 − p∗)1 + a

1 + r

N−k

.

(11.22) 

Introducing the notations p̃ = 1+b
1+r

p∗
. and B(j,N, p) = N

k=j
N
k

pk(1 − p)N−k
. 

and putting together (11.21)–(11.22), we get from (11.20) the Cos-Ross-Rubinstein 
formula for the initial p rice of a call option

. C = S0B(k0, N, p̃) − K(1 + r)−N
B(k0, N, p∗).

11.2 Stochastic Regr ession Analysis

Proposed and developed below an extension of classical regression models and 
techniques is based on those theoretical findings that were delivered in the previous
chapter, and can be called a stochastic regression analysis.

We start with the classical problem of stochastic approximation. It consists of a
construction of a stochastic sequence θn . or a stochastic process θt . that converges in
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some probabilistic sense to unique root θ ∈ R. of the reg ression equation

.R(θ) = 0, (11.23) 

where R is a r egression function.
In classical theory, a solution to (11.23) is given by the Robbins-Monro procedure

.θn = θn−1 − γnyn, n = 1, 2, . . . , (11.24) 

where the sequence of observations yn . is such that

.yn = R(θn−1) + ξn, (11.25) 

(ξn)n=1,2,... . is a sequence of independent random variables or marting ale differ-
ences, and (γn)n=1,2,... . is a numerical positive sequence conver ging to zero.

The convergence (a.s.) of the procedure (11.24)–(11.25) for a continuous linearly 
bounded regression function R(x). such that 

. R(x)(x − θ) > 0 for all x θ

is guaranteed by finiteness of the variance (conditional v ariance) of observation
errors ξn . and the follo wing conditions:

.

∞

n=1

γn = ∞, . (11.26) 

∞ 

n=1 
γ 2 
n < ∞. (11.27) 

Diffusion analogues of (11.24)–(11.25) and (11.26)–(11.27) are 

.dθt = −γtR(θt )dt − γtdWt , , . (11.28) 
∞ 

0 
γsds = ∞, , . (11.29) 

∞ 

0 
γ 2 
s ds < ∞, (11.30) 

where Wt . is a Wiener process and γt . is a positive deterministic function t ending to
zero as t → ∞.. 

Under conditions (11.29)–(11.30), the procedure θt . converges to θ . as t → ∞.. 

The leading idea to generalize (11.24)–(11.25) and (11.28) consists in the 
possibility of describing such stochastic algorithms as strong solutions of some 
special classes of stochastic differential equations with respect to semimartingales.
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It leads to a generalized Robbins-Monro procedure as a process θt . satisfying the 
stochastic dif ferential equation

.θt = θ0 −
t

0
γsR(θs−)das −

t

0
γsdms, (11.31) 

where θ0 . is a finite F0 .-measurable random variable, a p redictable process a ∈
A+

loc, m ∈M2
loc,. and γ . is a predictable process decreasing to zero (a.s.) as t → ∞.. 

To simplify the demonstration how martingale methods work here, we consider
a linear case only: R(x) = β(x − θ), β > 0.. 

In this case, (11.31) is reduced to

.θt − θ = θ0 − θ −
t

0
γsβ(θs− − θ)das −

t

0
γsdms. (11.32) 

Let us assume that (a.s.)

.

∞

0
γsdas = ∞, . (11.33) 

∞ 

0 
γ 2 
s d m,m s < ∞. (11.34) 

Define the following stochastic exponent

. Et (−βγ · a) = Et −β γsdas ,

and assume that βγt t < 1. to provide that Et (−βγ · a) > 0. (a.s.). 
Applying the Ito formula to E−1

t (−βγ · a)(θt − θ)., we arrive from  (11.32) to 

.θt − θ = Et (−βγ · a)(θ0 − θ) −Et (−βγ · a)
t

0
γsE−1

s (−βγ · a)dms. (11.35) 

The first term in the right-hand side of (11.35) converges to zero (a.s.) as t → ∞. 

because of Et (−βγ · a) → 0. (a.s.), t → ∞.. Second term in (11.35) is treated by 
the arguments of the large numbers law for square-integrable martingales. Using
(11.34), we have t hat (a.s.)

. 

∞

0
E2s (−βγ · a)γ 2

s E2s (−βγ · a)d m,m s =
∞

0
γ 2
s d m,m s < ∞.

Hence, the second term of (11.35) converges to zero (a.s.) as t → ∞..As a result, 
we get the convergence (a.s.) θt → θ . as t → ∞.. 

To investigate an asymptotic normality of the procedure (11.32), we simplify 
the situation assuming that at . is a deterministic function and mt . is a Gaussian
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martingale satisfying conditions:

. m,m t = σ 2at , σ 2 > 0, γt = α

1 + at

, α > 0, βα < 1,

at ↑, t → ∞,

0<s<∞

s

1 + as

2

< ∞.

Under these conditions, we h ave

. Et (−βγ · a) = Et (−βα) ∼ (1 + at )
−βα as t → ∞.

Multiplying (11.35) by (1 + at )
1/2

., we obtain

. (1 + at )
1/2(θt − θ) = (1 + at )

1/2Et (−βα)(θ0 − θ)

− (1 + at )
1/2Et (−βα)

t

0

α

1 + as

E−1
s (−βα)dms. (11.36) 

Let us note that

. (1 + at )
1/2Et (−βα) ∼ (1 + at )

1/2−βα as t → ∞,

and therefore, under 2βα > 1., we obtain that the first term of (11.36) converges to 
zero (a.s.) as t → ∞.. 

The second term of (11.36) has a Gaussian distribution, and hence, we need to 
calculate the asymptotic v alue of the variance of this term:

.(1 + at )E2t (−βα)
t

0
E2s (−βα)

α2σ 2

1 + as

das → α2σ 2

2βα − 1
as t → ∞. (11.37) 

Finally, we can arrive to conclusion that

.(1 + at )
1/2(θt − θ)

d−−−→
t→∞ N 0,

α2σ 2

2βα − 1
. (11.38) 

As a consequence of (11.38), we get the well-known classical results from the theory 
of stochastic approximation for discrete and continuous time (11.24)–(11.25) and 
(11.28): 

.n1/2(θn − θ)
d−−−→

n→∞ N 0,
α2σ 2

2βα − 1
,

t1/2(θt − θ)
d−−−→

t→∞ N 0,
α2σ 2

2βα − 1
.
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Another important problem of regression analysis is the problem of estimation 
of the unknown parameter of a linear regression function.

Suppose we observe the process Xt . having the follo wing structure

.Xt =
t

0
fsdasθ + Mt, (11.39) 

where a ∈ A+
loc . and predictable, M ∈ M2

loc,. a predictable function ft . such that 
t

0 f 2
s das = Ft < ∞. (a.s.), t ≥ 0, θ ∈ R. is an unknown parameter.
Define the following structural least-squares estimate as follows:

.θt = F−1
t

t

0
fsdXs, (11.40) 

where we assume that Ft > 0. (a.s.) and Ft ∈ A+
loc . and predictable. 

Assuming that Ft → ∞. (a.s.) as t → ∞,. we rewrite (11.40): 

.

θt =F−1
t

t

0
f 2

s dasθ + F−1
t

t

0
fsdMs

=θ + F−1
t

t

0
fsdMs.

(11.41) 

Obviously, we can study the asymptotic behavior of θt . with the help of the large 
numbers law. To apply such LNL, we find from (11.41) that (a.s.) 

.

∞

0
F−2

s d
t

0
fsdMs,

t

0
fsdMs =

∞

0
F−2

s f 2
s d M,M, s < ∞. (11.42) 

So, if Ft → ∞. (a.s.), t → ∞,. and (11.42) is fulfilled, then θt → θ . (a.s.) t → ∞.. 

Let us continue our study of estimates (11.40), by considering their sequential 
analog. To do this in the model (11.39), we a ssume that

.
d M,M t

dat

≤ ξγt , (11.43) 

. 

t

0
γ −1
s f 2

s das ∈ A+
loc and predictable,

where ξ . is a positive r.v. and γt . is a positive predictable process.
Next, for H > 0., we put

. τH = inf t :
t

0
γ −1
s f 2

s das ≥ H

with τH = ∞. if the set in {·}. is empty.
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On the set {τH < ∞}., we define a random variable βH . by the r elation

.
(0,τH )

γ 1
s f 2

s das + βH γ −1
τH

f 2
τH τH

= H, (11.44) 

and we put βH = 0. on the set {τH = ∞}.. Then βH ∈ [0, 1)., and it is a FτH− .-
measurable random v ariable.

Let us define the follo wing sequential least-squares estimate

.θ̂H = H−1

(0,τH )

γ −1
s fsdXs + βH γ −1

τH
fτH τH

. (11.45) 

The next theorem shows a nice property of θ̂H . called a fixed accur acy.

Theorem 11.2 Suppose (11.43)–(11.45) are fulfilled, Eξ < ∞., and ∞
0 γ −1

s f 2
s das

= ∞. (a.s.). Then P {ω : τH < ∞} = 1, Eθ̂H = θ,. and 

.Varθ̂H ≤ H−1Eξ. (11.46) 

Proof The finiteness (a.s.) of τH . follows from the relation {τH ≤ T } =
ω : T

0 γ −1
s f 2

s das ≥ H .. Using (11.45), we find that

.θ̂H = θ + H−1NτH
, (11.47) 

where Nt = t

0 I(s<τH )γ
−1
s fsdMs + I{t=τH }βH γ −1

τH
fτH τH

.. 

Since the process Nt . is a stochastic integral with respect to M ∈ M2
loc,. by the 

properties of stochastic inte grals, we obtain that

. N,N t =
t

0
I(s<τH )γ

−1
s f 2

s d M,M, s + I{t=τH }β2
H γ −2

τH
f 2

τH
M,M τH

.

(11.48) 
Hence, by (11.44), we get

. N,N τH
= ξ

(0,τH )

γ −1
s f 2

s das + βH γ −1
τH

f 2
τH τH

= ξH,

and consequently, Nt∧τH
∈M ∩M2

. and 

. ENτH
= 0, EN2

τH
= HEξ,

which leads to (11.46).
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Example 11.4 Let us consider the fi rst order autoregression model:

. xt = θxt−1 + et , x0 = 0, t = 1, 2, . . . ,

where (et )t=1,2,... . is a martingale difference w.r.t. (Ft ). and E(e2t |Ft−1) ≤ ξ, Eξ <

∞.. 

Then (11.43) is fulfilled with γt = 1,. and the estimate θ̂H . takes the form

. θ̂H =H−1
τH −1

k=1

xkxk−1 + βH xτH
xτH −1 ,

τH = inf n :
n

k=1

x2
k−1 ≥ H ,

βH =x−2
τH

H −
τH −1

k=1

x2
k .

Embedding the present model in the general model (11.39) in a standard way, we
get

.Eθ̂H = θ, Varθ̂H ≤ H−1Eξ.



Chapter 12 
Basic Elements of Optional Stochastic
Analysis

This chapter provides an overview of optionality and predictability, general stopping 
times, processes of finite variations, optional martingales and semimartingales, 
along with their integration with respect to random measures. The chapter is ended
by the canonical decomposition of optional semimartingales and the change of
variables formulas (see [1, 14, 24, 26, 41, 42], and [38]). 

12.1 Building Blocks of Optional Stochastic Analysis

Let a triplet F,P). be a complete probability space, i.e., if A ⊆ B ∈ F. and 
P(B) = 0., then A ∈ F.. This probability space equipped with a nondecreasing
family of σ .-algebras (filtration/information flow) F = (Ft )t∈[0,∞),. where Ft ⊆
F, Fs ⊆ Ft , s ≤ t,. forms a stochastic basis—a fundamental notion in stochastic 
analysis. Usually, the following conditions on the filtration F.: 

• F. is right-continuous, i.e., Ft = Ft+ . for a ll t,. where Ft+ = ∩t<sFs . 

• F. is complete, i.e., each Ft . contains P -null sets of F. 

are collectively known as “usual conditions” on the filtration F.. 

The theory of stochastic processes is well-developed under “usual conditions.” 
This theory is widely applied in different areas such as mathematical finance, 
mathematical statistics, risk theory, stochastic differential equations, and others. 
Although “usual conditions” are considered as a golden standard in stochastic
analysis, one can easily give an example illustrating the existence of a stochastic
basis where such assumptions do not hold.
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Example 12.1 Suppose

. Xt = 1t>t01A,

where A is F.-measurable with 0 < P(A) < 1.. Let Ft . be a natural filtration of X,. 

Ft = σ(Xs, s ≤ t).. 

Then F. is not right-continuous at t0,. i.e., A /∈ Ft0,. but A ∈ Ft0+,. and it is not 
possible to make it r ight-continuous in a useful way.

A reasonable question arises: Why are “usual conditions” so predominant in the 
studying of random processes? The majority of important results in the stochastic 
analysis are proved under “usual conditions,” and for many o f them, these conditions
are vital. Here we provide a brief introduction to stochastic analysis without “usual
conditions.”

Let us introduce O(F). and P(F). as the optional and predictable σ .-algebras 
on ( [0,∞))., respectively. O(F). is generated by all F.-adapted processes whose 
trajectories are right-continuous and have left limits (or cadlag, RCLL). P(F). is 
generated by all F.-adapted processes whose trajectories are left-continuous and hav e
right limits.

A random process X = (Xt )., t ∈ [0,∞)., is said to be  optional if it is O(F).-
measurable. In general, an optional process has right and left limits bu t is not
necessarily right- or left-continuous in F.. 

A random process (Xt ), t ∈ [0,∞)., is predictable if X . is P(F).-measurable. 
As well, in general, a predictable process has right and left limits bu t may not
necessarily be right- or left- continuous in F.. 

Denote P. and O. sets of predictable and optional processes, respectively. For 
either optional or predictable processes, the following processes can be defined:
X− = (Xt−)t≥0 . and X+ = (Xt+)t≥0 ., = t )t≥0 . such that t = Xt −Xt− . 

and +X = +Xt)t≥0 . such that +Xt = Xt+ − Xt .. 
Since the random processes that we are going to work with possibly have left and 

right limits only, it is necessary to introduce the following definition.

Definition 12.1 A random process (Xt ), t ∈ [0,∞)., is called strongly pr edictable
if X is P(F).-measurable and X+ . is O(F).-measurable. Denote a space of strongly
predictable processes Ps .. 

Since in general F F+ = (Ft+)t≥0,. where Ft+ = ∩t<sFs ,. there are two 
distinct notions of stopping times (s.t.’s) with respect to F. and F+ . on unusual 
stochastic basis, i.e., on a s tochastic basis without “usual conditions.”

Definition 12.2 The random variable T : → [0,∞]. is a stopping time (s.t.) if
the set {T ≤ t} ∈ Ft . for all t ∈ [0,∞).. 

Definition 12.3 The random variable T : → [0,∞]. is a wide (broad) sense 
stopping time if the set {T ≤ t} ∈ Ft+ . for all t ∈ [0,∞).. 

As on a usual stochastic basis, there are notions of predictable and totally
inaccessible stopping times on an unusual stochastic basis.
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Definition 12.4 A stopping time T is called predictable if there exists a sequence
of wide sense stopping times (Sn), n ∈ N,. such that lim Sn = T . a.s. and Sn < T . a.s. 
on the set {T > 0}. for all n ∈ N.. Correspondently, a wide sense stopping time T is 
called totally inaccessible wide sense s.t. if P(S = T < ∞) = 0. for every stopping 
time S.. 

Analogously, it is possible to define predictable wide sense stopping times, but it 
turns out that this is unnecessary because the set of predictable s .t.’s and the set of
predictable wide sense s.t.’s are equal. Denote by T. and T+ . a set of s.t.’s and a set 
of wide sense s.t.’s, respectively; Tp,Ti ,Ti+ .—the set of predictable s.t.’s, the set of 
totally inaccessible s.t.’s, and totally inaccessible wide sense s .t.’s, respectively. It is
immediately seen that Tp ⊆ T ⊆ T+.. 

On unusual stochastic basis, defined above three canonical types of stopping 
times have the following properties. Predictable stopping times, S ∈ Tp

., are such 
that (S ≤ t). is Ft− . measurable for all t ; totally inaccessible stopping times, T ∈ T., 
are such that (T ≤ t). is Ft . -measurable for all t . However, we note that (T < t). 

is not necessarily Ft .-measurable since Ft . is not right-continuous; finally, totally 
inaccessible stopping times in the broad sense, U ∈ T+ ., are such that (U ≤ t). is 
Ft+ .-measurable for all t,. but since Ft+ . is right-continuous, and (U < t). is also 
Ft+ .-measurable. 

Definition 12.5 Suppose S and T are maps → [0,∞]. and S ≤ T . a.s. The 
stochastic interval denoted by [S, T [. is the s et

. {(t, ω) ∈ [0,∞[× : S(ω) ≤ t < T (ω)}.

The stochastic intervals [S, T ], ]S, T ]. and ]S, T [. are defined similarly. 
The s tochastic interval

. [T , T ] = {(t, ω) ∈ [0,∞[× : T (ω) = t}

is denoted by [T ]. and is called the graph of T ..We use the notation introduced above 
for wide sense stopping times. Whenever we use this notation f or the deterministic
times, we mean a usual interval of real numbers.

Definition 12.6 The sequence of (Tn)n∈N ⊂ T+ . exhausts the jumps of the process
(Xt )t∈[0,∞) . if for any T ∈ T+ . for which the set [T ] ∩ (∪n[Tn]) = ∅. we hav e

T = +XT = 0. a.s. on {t < ∞}.. 
Below, a fundamental result that gives foundations for many results in the optional 
stochastic analysis is presented. In particular, i t is used in the canonical decomposi-
tion of optional semimartingales.

Theorem 12.1 Suppose X = (Xt )t∈[0,∞) . is an optional process whose paths have 
left and right limits a.s. (rlll or ladlag). Then there exist sequences (Sn),. (Tn)., and 
(Un), n ∈ N,. of predictable s.t.’s, totally inaccessible s.t.’s, and totally inaccessible 
wide sense s.t.’s, respectively, exhausting all jumps of the process X and having the
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following properties: The graphs of these s.t.’s are mutually noninter secting within
each sequence.

Let us consider the processes which do not vary a lot, i.e., processes h aving paths
of finite variation for almost all ω.. We begin with the definitions of seve ral spaces
of such processes.

Definition 12.7 A process A = (At )., t ∈ R+ ., is of finite variation if it has finite 
variation on every segment [0, t], t ∈ R+ . a.s., that is, Var(A)t < ∞., for all t ∈ R+ . 

a.s. where 

. Var(A)t =
0≤s<t

| +As | +
]0,t]

|dAr
s |.

Denote byV. the set of all F.-adapted processes of finite variation.

A process A = (At )t≥0 . is increasing if it is nonnegative, F.-adapted, and its 
trajectories do not decrease. Let V+

. be the collection of increasing processes, and
hence, V+ ⊂ V.. Further, an increasing process A is integrable if EA∞ < ∞.. 

The collection of such processes is denoted by A+.. Correspondently, a process
A = (At )t≥0 . of finite variation belongs to the spaceA. of integrable finite variation 
processes if E [Var(A)∞] < ∞.. 

A processX = (Xt )t≥0 .belongs to the spaceJloc . if there is a localizing sequence 
of wide sense s.t.’s, (Rn)., n ∈ N., Rn ∈ T+ ., Rn ↑ ∞. a.s. such that X1[0,Rn] ∈ J. for 
all n, where J. is a space of processes and Jloc . is an extension of J. by localization. 

In general, the spaces V, A, A+
. can be extended to Vloc, Aloc, A+

loc ., 
respectively, by localization. It is well-known thatV = Vloc ., and the relationships
A ⊆ Aloc ⊆ V. andA+ ⊆ A+

loc ⊆ V+
. hold. 

A finite variation process A can be decomposed toA = Ar +Ag = Ac+Ad +Ag
. 

where Ac
. is continuous, Ar

. is right-continuous, Ad
. is discrete right-continuous, and

Ag
. is discrete left-continuous such that

. Ad
t =

0<s≤t

s and A
g
t =

0≤s<t

+As,

where the series converg e absolutely.

Definition 12.8 A process M = (Mt)t≥0 . is an (square integrable) optional 
martingale (supermartingale, submartingale) if:

• M is O(F).-measurable. 
• There exists an (square) integrable F∞ .-measurable random variable M̂ . such that 

. MT = E[M̂|FT ]

(respectively, MT ≥ E[M̂|FT ],. MT ≤ E[M̂|FT ].) a.s. on the set (T < ∞). for 
any T ∈ T..
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Let M. (resp.M2
.) denote the set of optional martingales (resp. square-inte grable

optional martingales). The space M. is extended to a space of local optional
martingale,Mloc,. and the spaceM2

. is extended to a space locally square-inte grable
optional martingales,M2

loc,. respectively. 

Definition 12.9 A process M = (Mt)t≥0 . is called an optional local (locally 
square integrable) martingale if there exists a sequence (Rn,M

(n)), n ∈ N,. where 
Rn ∈ T+, Rn ↑ ∞. a.s. and M(n)

. is a (square integrable) optional marting ale, such
that M = M(n)

. on the stochastic interval [0, Rn]. and the random variable MRn+ . is 
integrable for any n ∈ N.. 

If M ∈Mloc ., then it can be decomposed into

. M = Mr + Mg where Mr = Mc + Md,

Mc
. is continuous, Md

. is right-continuous, and Mg
. is left-continuous optional local 

martingales. Md
. and Mg

. are orthogonal to each other and to any continuous (local) 
martingale. Moreover, Md

. and Mg
. can be written as

. Md
t =

0<s≤t

s and M
g
t =

0≤s<t

+Ms.

Now, we discuss the extension of the quadratic variation process f or the square-
integrable optional martingales.

Lemma 12.1 

(1) Suppose X ∈M2..There exists a unique increasing strongly p redictable process
X A. such that EX2

T = E X T . for every s.t. T ,. or, equivalently , X2 X

M,. where X Xg Xc Xd .. 

(2) If X, Y ∈M2,. then there exists a unique strongly p redictable process X, Y

A. such that XY X, Y M,. where 

. X, Y
1

2
X + Y X Y .

Suppose X ∈ M2
. and Xc

. is its continuous part. We define [X,X]. to be the 
process

. [X,X]t Xc
t +

s≤t

s )
2 +

s<t

+Xs)
2, t ∈ R+.

It is not difficult to show that [X,X]. is increasing, F.-adapted and integrable, and
that X2 − [X,X] ∈M.. Moreover, we define

.[X, Y ] = 1

2
([X + Y,X + Y ] − [X,X] − [Y, Y ])
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for X, Y ∈M2,. with XY − [X, Y ] ∈M.. Further, we get that

. [X, Y ]t Xc, Y c
t +

s≤t

s s +
s<t

+Xs
+Ys.

Lemma 12.2 A nonnegative optional local martingale X is a supermartingale.

Proof Let X ∈ Mloc, X ≥ 0.. Then by definition of optional local marting ale,
there exist Xn ∈ M, Xn ≥ 0,. and Rn ∈ T+, Rn ↑ ∞. a.s. such that for any
n ≥ 1 : X = Xn1[0,Rn].. Next, for any t ≥ s . and A ∈ Fs ., we have  

. EXt1A = lim
n→∞EXt1A1(t≤Rn)

= lim
n→∞EXn

t 1A1(t≤Rn)

≤ lim
n→∞EXn

t 1A1(s≤Rn)

= lim
n→∞EXn

s 1A1(s≤Rn)

=EXs1A.

Hence, the process Xt . is a nonnegative supermartingale (in usual sense).

On an unusual stochastic basis, the most general processes that have good 
properties to work with are optional semimartingales. Optional semimartingales 
are linear combinations of finite variation processes and local optional martingales. 
Since local optional marting ales and processes of finite variation are in general
neither right-continuous nor left-continuous, optional semimartingales possess the
same continuity characteristics. Therefore, their structure is complicated.

Definition 12.10 The stochastic process X is called an optional semimartingale if

. X = X0 + M + A,

where M ∈ Mloc, A ∈ V, A0 = M0 = 0. and X0 . is an F0 .-measurable finite 
random variable. Moreover, an optional semimartingale X is called special optional 
semimartingale if the above decomposition exists with a strongly predictable
process A ∈ Aloc .. 

Let S. denote the set of optional semimartingales and Sp . the set of special 
optional semimartingales. If X ∈ Sp ., then the semimartingale decomposition 
is unique. By the optional martingale decomposition and the decomposition of
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predictable processes, we can decompose a semimarting ale as follows:

.

X =X0 + Xr + Xg, with

Xr =Ar + Mr,

Mr =Mc + Md,

Ar =Ac + Ad,

Xg =Ag + Mg,

(12.1) 

where Ac,Ad,. and Ag
. are finite variation processes that are continuous, discrete 

right-continuous, and discrete left-continuous, respectively; Mc ∈ Mc
loc, Md ∈

Md
loc, Mg ∈Mg

loc . is a continuous, a discrete right-continuous and a left-continuous 
local martingale, respectively. This decomposition is useful for defining integration
with respect to optional semimartingales.

12.2 Optional Stochastic Calculus

A stochastic integral with respect to optional semimartingale is defined as

. ϕ ◦ Xt =
[0,t]

ϕsdXs =
]0,t]

ϕs−dXr
s +

[0,t[
ϕsdX

g
s+ , where

]0,t]
ϕs−dXr

s =
]0,t]

ϕs−dAr
s +

]0,t]
ϕs−dMr

s and

[0,t[
ϕsdX

g
s+ =

[0,t[
φsdA

g
s+ +

[0,t[
φsdM

g
s+.

The stochastic integral with respect to the finite variation p rocesses or strongly
predictable processes Ar

. over ]0, t]. and Ag
. over [0, t[. is interpreted as usual, in 

the Lebesgue sense. The integral ]0,t] ϕs−dMr
s . over ]0, t]. is the usual stochastic 

integral with respect to cadlag local martingale, whereas [0,t[ φsdM
g
s+ . over [0, t[. 

is the Gal’chuk stochastic integral with respect to left-continuous local martingale. 
In general, the stochastic integral with respect to optional semimartingale X can be
defined as a bilinear form (ϕr , ϕg) ◦ Xt, ϕ

r ∈ P. and ϕg ∈ O. such that 

.Yt = (ϕr , ϕg) ◦ Xt = ϕr · Xr
t + ϕr X

g
t ,

ϕr · Xr =
]0,t]

ϕr
s dXr

s , ϕg Xg =
[0,t[

ϕ
g
s dX

g
s+,
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where Y is again an optional semimartingale. Note that the stochastic integral 
over optional semimartingales is defined on a much larger space of integrands, the
product space of predictable and optional processes, P × O.. From now on, we are 
going to use the operator “◦.” to denote the stochastic optional inte gral, the operator
“·.” to denote the regular stochastic integral with respect to RCLL semimartingales,
and the operator “ .” for the Galchuk stochastic integral g Xg

.with respect to left-
continuous semimartingales.

The properties of optional stochastic integral are the followings.
First, isometry is satisfied with

. f 2 · Xr,Xr
1/2 ∈ Aloc and g2 Xg,Xg

1/2 ∈ Aloc.

The quadratic variations are defined as

. [X,X] = Xr,Xr + Xg,Xg where

Xr,Xr
t
= Xc,Xc

t
+

0<s≤t

( s)
2 and

Xg,Xg
t
=

0≤s<t

+Xs
2 ;

linearity is also satisfied with (f 1+f 2, g1+g2)◦Xt = (f 1, g1)◦Xt +(f 2, g2)◦Xt . 

for any (f 1, g1).and (f 2, g2). in the spaceP(F)×O(F).; +Xg
. isO(F+).-measurable 

with its martingale part satisfying E +M
g
T 1(T <∞)|FT = 0. a.s. for any stopping 

time T in the broad sense and r
. is O(F).-measurable with its martinga le part

satisfying E r
T 1(T <∞)|FT = 0. a.s. for any stopping time T .

Moreover, orthogonality is as such that Xr ⊥ Xg
. are orthogonal, in the sense 

that their product is an optional local martingale. Also, differentials are independent:
= r

. and +Y = +Xg
.; lastly, for any semimartingale Z, t he quadratic

projection is [Y,Z] = f · [Xr,Zr ] + g [Xg,Zg].. 
Consider the space (E,E)., where E = R \ {0}. and E = B(E). is the B orel

σ .-algebra in E.. Define the s paces

. = × R+ × E, E = R+ × E, E = B(R+) × E
Õ(F) = O(F) × E, O(F+) = O(F+) × E, P = P× E.

Definition 12.11 A nonnegative random set function ∈ ∈ E,. is 
called a random measure on E. if μ(· ∈ F. for any ∈ E . and μ(ω, ·). is a σ .-finite 
measure on (E,E). for each ω ∈ . 

A random measure is called integer-valued if ∈ {0, 1, . . . ,+∞}. and 
0 ≤ μ(ω, {t} × E) ≤ 1. for all .
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For a nonnegative function f ∈ F × E. and measure μ., let us form the process
f ∗ μ,. where 

. f ∗ μt =
[0,t]×E

f (ω, s, x)μ(ω, ds, dx), t < ∞.

The random measure μ. is O(F+).-optional if the process f ∗μ. is O(F+).-measurable 
for any nonnegative O(F).-measurable f.. Similarly, the random measure μ. is O(F).-
optional (for brevity, optional) if f ∗ μ ∈ O. for any nonnegative O(F).-measurable 
f.. The random measure μ. is predictable if f ∗ μ ∈ P. for any nonnegative P.-
measurable f.. 

Let μ. be an optional measure. On the space ( O(F))., we consider

. Ef ∗ μ∞, f ∈ O(F), f ≥ 0.

Lemma 12.3 Let the optional measure μ. be such that the measure Ef ∗ μ∞ . is 
P.-σ .-finite (i.e., the restriction of Ef ∗ μ∞ . to ( P). is σ .-finite). Then there exists a 
unique (up to indistinguishability) predictable measure ν = ν(ω, dt, dx). such that 
for any function f ∈ P, f ≥ 0,. one has Ef ∗ μ∞ = Ef ∗ ν∞.. 

The measur e ν . can be written in the form ν(ω, dt, dx) = dAt (ω)K(ω, t, dx),. 

where A is an increasing predictable right-continuous process, and K(ω, t, dx). is 
the kernel of the space × R+,P). into (E,E).. 

If the measure μ. does not load any predictable s.t.’s whatever, then the same is
true for ν,. and the process f ∗ ν . is continuous for any f ∈ P, f ≥ 0.. Moreover, for 
any S ∈ Tp

. and any f ∈ P, f ≥ 0,. on (S < ∞),. 

. E
E

f (S, x)μ({S}, dx) FS− =
E

f (S, x)ν({S}, dx).

The process f ∗ ν . is the dual projection for the process f ∗ μ, f ∈ P , f ≥ 0.. If 
f ∗ μ ∈ Aloc,. then the p rocess

. f ∗ μ − f ∗ ν ∈Mloc.

In the case of integer-valued μ,.outside a set of P -null measure, 0 ≤ ν(ω, {t}×E) ≤
1. for all t ∈ R+.. 

The measure ν . is called the compensator of the measure μ.. 

Let η . be an O(F+).-optional measure. On the space O(F+) ., we consider

.Ef ∗ μ∞, f ∈ O(F+), f ≥ 0.
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Lemma 12.4 Let the O(F+).-optional measur e η . be such that the measure Ef ∗η∞ . 

is O.-σ .-finite. Then: 

(a) There exists a unique (up to indistinguishability) optional measure λ =
λ(ω, dt, dx). such that for any function f ∈ O(F), f ≥ 0,. one has Ef ∗ η∞ =
Ef ∗ λ∞.. 

The measur e λ.can be written in the form λ(ω, dt, dx) = dAt (ω)K(ω, t, dx),. 

where A is an increasing optional right-continuous process, and K(ω, t, dx). is 
the kernel of the space × R+,O). into (E,E).. 

(b) If the measure η . does not load any s.t.’s whatever, then the same is true for λ,. 

and the process f ∗ λ. is continuous for any f ∈ O(F), f ≥ 0.. 
(c) The pr ocess

. f ∗ λ+ =
[0,t]×E

f λ(ds, dx)

is the dual optional projection f or the process

. f ∗ η+ =
[0,t]×E

f η(ds, dx)

for f ∈ O(F), f ≥ 0.. In particular, for any T ∈ T. and any f ∈ O(F), f ≥ 0. 
on (T < ∞). 

. E
E

f (T , x)η({T }, dx) FT = E
E

f (T , x)λ({T }, dx) FT a.s..

If f ∗ η+ ∈ Aloc,. then the p rocess

. f ∗ ηt − f ∗ λt =
[0,t[×E

f η(ds, dx) −
[0,t[×E

f λ(ds, dx) ∈Mloc.

(d) If the measure η . is integer-valued, then there exists a modification of the
measure λ. such that outside a set of P -null measure, 0 ≤ λ(ω, {t}×E) ≤ 1. for 
any t ∈ R+.. 

The measure λ. is called the compensator of the O(F+).-optional measure η.. 

Let Y be a one-dimensional optional semimartingale and (Sn)n 1 ., (Tn)n 1 ., 
(Un)n 1 . be sequences of predictable, totally inaccessible stopping times and totally 
inaccessible wide sense stopping times, respectively, e xhausting all jumps of the
process Y , i.e., the set { 0} ∪ { +Y 0},. such that the graphs of 
these stopping times do not intersect within each sequence. Define integer random
measures on (R+ × E, Ẽ). 

.μd =
n 1

1 (Tn, β
d
Tn

), μg =
n 1

1 (Un, β
g
Un

),
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pd = 
n 1 

1 (Sn,  βd 
Sn ), pg = 

n 1 
1 (Sn,  β  g 

Sn 
), 

=
n 1

1 (Tn, β
g
Tn

),

where 1 (·). is an indicator function of a set ∈ Ẽ,. βd
t = t . if t 0. and 

βd
t = δ . if t = 0, β

g
t = +Yt . if +Yt 0, βg

t = δ . if +Yt = 0, t > 0.. 
Under the unusual conditions on probability space admits the following canoni-

cal decomposition:

. Yt = Y0 + at + mt +
]0,t]×E

u1(|u|≤1)d(μd − νd) +
[0,t[×E

u1(|u|≤1)d(μg − νg)

+
]0,t]×E

u1(|u|>1)dμd +
[0,t[×E

u1(|u|>1)dμg

+
]0,t]×E

udpd +
[0,t[×E

udpg +
[0,t[×E

udη

or in short notation

. Y = Y0+a +m+
j=r,g

u1(|u|≤1) ∗ (μj − νj ) + u1(|u|>1) ∗ μj + u ∗ pj + u ∗ η,

(12.2) 

where Y0 . is F0 .-measurable random variable, a ∈ Aloc, a0 = 0,. and m ∈
M2

loc, m0 = 0. (a and m are both continuous); νj
. are the compensators of μj

.. 
The Ito’s formula is a basic instrument in stochastic calculus. In optional settings, 

we have a generalization of t he Ito’s formula which will be called also a change of
variables formula.

Theorem 12.2 Suppose X is an n-dimensional optional semimartingale, i.e.,

. X = (X1, ..., Xn),

where Xi
. is an optional semimartingale, i = 1, ..., n., and f (x) = f (x1, ..., xn). 

is a twice continuously differentiable function on R
n
.. Then the process f (x). is an 

optional semimartingale, and for all t ∈ R+ . 

.f (Xt ) =f (X0) +
n

i=1 ]0,t]
∂f

∂xi

(Xs−)d(Air + Mir)s
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+ 
1 
2 

n 

i,j=1 ]0,t] 
∂2f 

∂xi∂xj 
f  (Xs−)d Mic ,  Mjc  

s 

+ 
0<s≤t 

f  (Xs) − f  (Xs−) −
n

i=1

∂f

∂xi

(Xs− i
s (12.3) 

+ 
n 

i=1 [0,t[ 
∂f 
∂xi 

(Xs)d(Aig + Mig )s+ 

+ 
0≤s<t 

[f  (Xs+) − f  (Xs) − 
n 

i=1

∂f

∂xi

(Xs
+Xi

s],

where Air ,Mir ,Mic, Aig,. and Mig
. are from the decomposition of Xi

. in (12.1). 

After comparing Ito’s formula with the above changing of variables formula, we 
can notice that there are two additional last terms in (12.3) that appeared due to 
jumps from the right. 

Let us no w consider the following optional semimartingale:

. X = X0+f · a +g · m+
j=r,g

Uhj ∗ (μj − νj )+ (kj + lj ) ∗ pj + (r +w) ∗ η,

(12.4) 

where X0 . is F0 .-measurable random variable; U = U(u) = 1(|u|≤1)(u).; a ∈ Aloc . 

is continuous increasing, m,μj , νj , pj , η . as in (12.2). Further, for convenience, 
we use the notation f = f (ω, t, x)., g = g(ω, t, x)., hd = h(ω, t, u, x)., 
hg = h(ω, t, u, x). and similarly for kj , lj , w . and r whenever this does not lead 
to confusion.

Assume the following:

• For j = r, g,. 

.|f (X)| · a ∈ Aloc,

g(X) m Aloc,

|h(X)|2 ∗ νj ∈ Aloc,

|lj (X)| ∗ pj ∈ Aloc,

|kj (X)|2 ∗ pj
1/2 ∈ Aloc,

|r(X)| ∗ η ∈ Aloc,

|w(X)|2 ∗ η
1/2 ∈ Aloc,
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and E[kr(S, βd
S ,X0)|FS−] = 0. a.s. for any predictable s topping time S on

{S < ∞}. and E[kg(T , β
g
T ,X0)|FT ] = 0, E[w(T , β

g
T ,X0)|FT ] = 0. a.s., for 

any stopping time T on {T < ∞}.. 
• f  (ω,  s, x). and g(ω, s, x). are defined on ×R+×R). andP×B(R).-measurable. 
• Uhd(ω,  s,  u, x). is defined on ×R+×E∩(|u| ≤ 1)×R). and P×B(E∩(|u| ≤

1)) × B(R).-measurable. 
• Uhg(ω,  s,  u, x). is defined on ×R+×E∩(|u| ≤ 1)×R). and O×B(E∩(|u| ≤

1)) × B(R).-measurable. 
• kd(ω,  s,  u,  x),  ld (ω, s, u, x). are defined on × R+ × E × R). and P̃× B(R).-

measurable. 
• kg(ω,  s,  u,  x),  lg(ω,  s,  u,  x),  r(ω, s, u, x), w(ω, s, u, x). are defined on ×

R+ × E × R). and Õ× B(R).-measurable. 

These integrability and measurability assumptions guarantee well-posedness o f the
integrals in (12.4). 

Theorem 12.3 Let X be an optional semimartingale given in (12.4). Let f (x) =
f (x1, ..., xn). be a twice continuously differentiable function on R

n
.. Then the 

process f (x). is an optional semimartingale, and for all t ∈ R+ ., it has the f ollowing
representation

.f (Xt ) =f (X0) +
n

i=1 ]0,t]
∂f

∂xi

(Xs−)d(ai + mi)s

+ 1

2

n

i,j=1 ]0,t]
∂2f

∂xi∂xj

f (Xs−)d m,m s

+ [f (X− + hd) − f (X−)]U ∗ (μd − νd)t

+ f (X + hg) − f (X) U ∗ (μg − νg)t

+ f (X− + hd) − f (X−) −
n

i=1

∂f

∂xi

(Xs−)hi
d U ∗ νd

t

+ f (X + hg) − f (X) −
n

i=1

∂f

∂xi

(Xs)h
i
g U ∗ ν

g
t

+ [f (X− + (kd + ld )) − f (X−)] ∗ pd
t

+ f (X + (kg + lg)) − f (X) ∗ p
g
t

+ [f (X + (r + w)) − f (X)] ∗ ηt .



Chapter 13 
Optional Stochastic Differential 
Equations a nd Their Applications

This chapter is devoted to study existence and uniqueness of solutions of SDEs w.r.t. 
optional semimartingales as well as their comparison property. A special attention 
is paid to linear SDEs and their solutions as stochastic exponents and logarithms.
It is shown how this technique is exploited for financial modeling and pricing (see
[1, 4, 21, 25, 29], and [34]). 

13.1 Existence and Uniqueness of Solutions of Optional SDEs

Let us begin with a short exposition of results on e xistence and uniqueness of
solutions of optional SDEs.

Let F, P ). be a complete probability space equipped with a filtration F =
(Ft )t≥0 ., which is not complete, right- or left-continuous.

Let Y be a one-dimensional optional semimartinga le which has the representation
(12.2). Consider the following SDE w ith respect to Y :

. X = X0 + f (X) · a + g(X) · m + (r + w)(X) ∗ η

+
j=r,g

Uhj (X) ∗ (μj − νj ) + (kj + lj )(X) ∗ pj , (13.1) 

where X0 . is F0 .-measurable random variable; U = U(u) = 1(|u|≤1)(u).; a ∈ Aloc . 

is continuous increasing, m,μj , νj , pj , η . as in (12.2). Further, for convenience, 
we use the notation f (X) = f (ω, t, Xt−)., g(X) = g(ω, t, Xt−)., hd(X) =
h(ω, t, u,Xt−)., hg(X) = h(ω, t, u,Xt ). and similarly for kj , lj , w . and r whenever 
this does not lead to confusion.

To guarantee well-posedness of the integrals in (13.1), we make t he following.
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Assumption A 
• For j = r, g,. 

. |f (X)| · a ∈ Aloc,

(g(X))2 m Aloc,

|h(X)|2 ∗ νj ∈ Aloc,

|lj (X)| ∗ pj ∈ Aloc,

|kj (X)|2 ∗ pj
1/2 ∈ Aloc,

|r(X)| ∗ η ∈ Aloc,

|w(X)|2 ∗ η
1/2 ∈ Aloc,

and E[kr(S, βd
S ,X0)|FS−] = 0. a.s. for any predictable s topping time S on

{S < ∞}. and E[kg(T , β
g
T ,X0)|FT ] = 0, E[w(T , β

g
T ,X0)|FT ] = 0. a.s., for 

any stopping time T on {T < ∞}.. 
• f  (ω,  s, x). and g(ω, s, x). are defined on × R+ × R). and are P × B(R).-

measurable. 
• hd(ω,  s,  u,  x),  kd(ω,  s,  u, x), ld(ω, s, u, x). are defined on × R+ × E × R). 

and P̃× B(R).-measurable. 
• hg(ω,  s,  u,  x),  kg(ω,  s,  u,  x), lg(ω, s, u, x),. r(ω, s, u, x),. w(ω, s, u, x). are 

defined on × R+ × E × R). and Õ× B(R).-measurable. 
For convenience, we state here sufficient conditions for the existence and the

uniqueness of the strong solution of (13.1). Suppose Assumption A holds. We s ay
that the functions f, g, hj ,. kj , lj , r, w . in (13.1) satisfy the L(Y,X0). conditions if: 

(L1) There exist nonnegative functions F,G,Hj , Lj ,Kj , R,W, j = r, g,. such 
that: 

a. F(ω,  s),  G(ω,  s). are P.-measurable; Hd(ω, s, u). is P×B(E ∩ (|u| ≤ 1)).-
measurable; 

Hg(ω, s, u). is O× B(E ∩ (|u| ≤ 1)).-measurable; 
Ld(ω, s, u),Kd(ω, s, u). are P̃.-measurable; 
Lg(ω, s, u),Kg(ω, s, u), R(ω, s, u),W(ω, s, u). are Õ.-measurable. 

b. F ·at +G m t + j=r,g Hj U ∗ νj + (Kj + L j ) ∗ λj +(R+W)∗ζ <

∞. a.s. for any t > 0,. where λj
. and ζ . are compensators of pj

. and η,. 

respectively. 
c. For any x, y ∈ R, s ∈ R+ . and j = r, g,. 

.|f (x) − f (y)| · at ≤ (F |x − y|) · at

(g(x) − g(y))2 m t ≤ G|x − y|2 m t



13.1 Existence and Uniqueness of Solutions of Optional SDEs 227

|hj (x) − hj (y)| ∗ ν j t ≤ Hj |x − y| ∗ ν j t , 

|lj (x) − lj (y)| ∗  λ j t ≤ Lj |x − y| ∗ λ j t , 

|kj (x) − kj (y)|2 ∗ λ j t ≤ Kj |x − y|2 ∗ λ j t , 

|r(x) − r(y)| ∗ ζ t ≤ (R|x − y|) ∗ ζt ,

|w(x) − w(y)|2 ∗ ζt ≤ W |x − y|2 ∗ ζt .

(L2) 

. (g(X0))
2 m t + f (X0) · at + r(X0) + (w(X0))

2 ∗ ζ

+
j=r,g

(hj (X0))
2U ∗ νj + (kj (X0))

2 + lj (X0) ∗ λj < ∞

a.s. for any t > 0.. 

Theorem 13.1 Let Y be an optional semimartingale and suppose that
f, g, hj , kj , lj , r, w . satisfy the L(Y,X0). conditions. Then the strong solution of
(13.1) exists and is unique.

Remark 13.1 Results in Theorem 13.1 can be easily generalized to Eq. (13.1) with 
an additional term 1(|u|>1)hj ∗ μj

. due to its simple structure.

Let us study the comparison theorem for solutions of optimal SDEs. For the sake 
of brevity, here we w ant to compare solutions of the following SDEs in the form of

. Xi
t =Xi

0 + f i(Xi) · at + gi(X
i) · mt +

j=r,g

Uhi
j (X

i) ∗ (μj − νj )t , i = 1, 2,

(13.2) 

with initial condition Xi
0 = xi

0 .. 
Denote 

.Fi(z) :=
z

xi
0

dx

gi(x)
,

f̃ i(z) :=f i(z)

gi(z)
− 1

2
gi(z)α −

j=r,g E

hi
j (z, u)

gi(z)
Uν̃j (du),

h̃i
j (z) :=

z+hi
j (z)

z

dx

gi(x)
,
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where α . and ν̃j
. are given below in Assumption B:

(B1) (Structural conditions): There e xist densities

. α = d m t

dat

,

νd(ω, (0, t] =
t

0+
ν̃d

s ,

νg(ω, [0 =
t−

0
ν̃g

s+.

(B2) gi i = 1 , 2,. is positive and continuously differentiable in z such that for any
s ∈ R+,. z ∈ R. 

.F1(s, z) ≥ F2(s, z). (13.3) 

(B3) For any s ∈ R+, u ∈ E, z, y ∈ R, y ≥ z. 

. f̃ 1(s, z) ≤ f̃ 2(s, y),

h̃1j (s, u, z) ≤ h̃2
j (s, u, y),

z + h̃2j (s, u, z) ≤ y + h̃2j (s, u, y).

(B4) f̃ 2(z ). and h̃2j (z). are Lipschitz continuous.

Theorem 13.2 Suppose that f i, gi, h
i
j . in (13.2) satisfy L(Y,Xi

0), i = 1, 2,. and 
Assumption B holds. Then there exist unique strong solutions X1

. and X2
., and X1 ≤

X2
.. 

Proof We transform the processes Xi
. with the help of the change of v ariables

formula and structural conditions, i = 1, 2.: 

.X̃i
t :=

Xi
t

xi
0

dx

gi(x)

=f i(Xi
t−)

gi(X
i
t−)

· at + mt − 1

2
gi(X

i
t−) m t

+
Xi

t−+hi
d (Xi

t−)

Xi
t−

dx

gi(x)
U ∗ μd

t +
Xi

t +hi
g(Xi

t )

Xi
t

dx

gi(x)
U ∗ μ

g
t

− hi
d(Xi

t−)

gi(X
i
t−)

U ∗ νd
t − hi

g(X
i
t )

gi(X
i
t )

U ∗ ν
g
t

=f̃ i (F−1
i (X̃i

t−)) · at + mt + h̃i
d (F−1

i (X̃i
t−))U ∗ μd

t + h̃i
g(F

−1
i (X̃i

t ))U ∗ μ
g
t .
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From the condition (B2), it follows that F−1
1 (z) ≤ F−1

2 (z)., and, consequently, for 
any Z

.f̃ 1(F−1
1 (z)) ≤ f̃ 2(F−1

2 (z)), . (13.4) 

h̃1 
j (F

−1 
1 (z)) ≤ h̃2 

j (F
−1
2 (z)). (13.5) 

z + h̃2 
j (s,  u,  z)  ≤ y + h̃2j (s, u, y), (13.6) 

by applying (B3). 
Functions f̃ 2(F−1

2 (x)).and h̃2j (F
−1
2 (x)).are obviously Lipschitz continuous since

F−1
2 . is continuously differentiable transformation and (B4).
Because

. ̃h1j (F
−1
1 (z)) h̃2j (F

−1
2 (z)),

in general, we notice that

. Y+ :=(X̃1
t − X̃2

t )
+

=1Y−>0 f̃ 1(F−1
1 (X̃1

t−)) − f̃ 2(F−1
2 (X̃1

t−))

+ f̃ 2(F−1
2 (X̃1

t−)) − f̃ 2(F−1
2 (X̃2

t−)) · at

+ Y + h̃1d(F−1
1 (X̃1

t−)) − h̃2d(F−1
2 (X̃2

t−))
+ − Y+ U ∗ μd

t

+ Y + h̃1g(F
−1
1 (X̃1

t )) − h̃2g(F
−1
2 (X̃2

t ))
+ − Y+ U ∗ μ

g
t

=I1 + I2 + I3.

By (13.4) and Lipschitz continuity, I1 ≤ const.Y+ · at .. Next, using (13.5), (13.6), 
and Lipschitz continuity, we get I2 ≤ const.Y+U ∗ μd

t . and I3 ≤ const.Y+U ∗ μ
g
t .. 

Consequently, by Gronwall Lemma, we prove that X̃1 ≤ X̃2.. 

This, together with (B2), i mplies that

. 

X1
t

x20

dx

g2(x)
≤

X1
t

x10

dx

g1(x)
≤

X2
t

x20

dx

g2(x)
.

Since g2(x) > 0., we conclude that X1 ≤ X2
..
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Remark 13.2 Proceeding with the same technique for jump measures as in the
above proof, Theorem 13.2 can be directly extended to solutions of (13.1). 

Let us give a n example.

Example 13.1 Let X1
. and X2

. follow E q. (13.2) with mt = Wt, at = t .. For  A ∈
B(R+). and ∈ E., the Poisson random measures μd

. and μg
. are defined as

. μd (A × ) : = # d
t ∈ A × |t > 0 d

t = 0

μg (A × ) : = # +L
g
t ∈ A × |t > 0 +L

g
t = 0 ,

where L1
t . and L2

t . are a Poisson process and a left-continuous modification of a
Poisson process with constant intensities γ d = 1. and γ g = 2., respectively, and 
compensators νd = γ dt . and νg = γ gt .. Furthermore, we assume that L1

. and L2
. are 

independent. We h ave

. f 1(z) = 0, g1(z) = 1, x1
0 = 0;

f 2(z) = 0.15cos(z)

(1 − 0.3sin(z))3
, g2(z) = (1 − 0.3sin(z))−1, x2

0 = 0.

Firstly, we consider the case with no jumps, i.e., hi
j = 0, i = 1, 2.. It is easy to 

check that all assumptions of Theorem 13.2 hold, and, thus, X1 ≤ X2.. 

Next, let us assume that hi
j = 1, i = 1, 2.. By adding the compensated jumps 

with the same magnitude, we anticipate the same result as in the continuous case.
However, condition (B3) of Theorem 13.2 is clearly not satisfied. Therefore, X1 ≤
X2

. is not necessarily true. 
Finally, assume that h1j = 0.7, h2j = 1. and f 1(z) = −1.8., and other functions 

stay the same. Since

. f̃ 1(z) = −3.9,

f̃ 2(y) = −3(1 − 0.3sin(y))

h̃1j (z) =
z+0.7

z

dx

1
= 0.7,

h̃2j (y) =
y+1

y

dx

(1 − 0.3sin(x))−1
= 1 + 0.3cos(y + 1) − 0.3cos(y),

then (B3) holds. In addition, f̃ 2
. and h̃2j . are obviously Lipschitz continuous. T hus,

by Theorem 13.2, we obtain that X1 ≤ X2..
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13.2 Optional Stochastic Exponents and Logarithms

For optional semimartingales X ∈ S(F,P)., we define a linear optional SDE with
respect to X:

.Zt = Z0 + Z ◦ Xt = Z0 +
t

0+
Zs− dX r

s +
t−

0
Zs dX

g
s+. (13.7) 

The next is the theorem that shows the existence and uniqueness of solution of
Eq. (13.7) and gives a formula o f such solution.

Theorem 13.3 There exists a unique (up to indistinguishability) semimartingale
Z ∈ S. satisfying t o (13.7). 

The process Z is given by the formula

.Zt = Z0 · εt (X), (13.8) 

where 

. εt (X) = exp Xt − 1

2
Xc,Xc

0<s≤t

(1+ s)e
− s

0≤s<t

(1+ +Xs)e
− +Xs ,

and E(X) = (Et (X))t≥0 . is called a stochastic optional e xponential of X.

Proof Set U0 = Z0 ., V0 = 1., 

. Ut = Z0

0<s≤t

(1 + s)e
− s , Vt =

0≤s<t

(1 + +Xs)e
− +Xs t > 0,

and let us show that these products converge absolutely a.s. for any t ∈ R+ .. 
Since there are almost surely a finite number of jumps of the form | | > 1/2., 

| +X| > 1/2. on any time segment, the processes

. 

0<s≤t

(1 + s1(Ac
s)e

− s1(Ac
s ),

0≤s<t

(1 + +Xs1(Bc
s )e

− +Xs1(Bc
s )

have a.s. finite variation on any segment, where Ac
s ., Bc

s . are the complements of the
sets

. As = {| s | > 1
2 }, Bs = {| +Xs | ≤ 1

2 }.

Set 

.Ut =
0<s≤1

(1+ s1(As))e
− s1(As), Vt =

0≤s<t

(1+ +Xs1(Bs))e
− +Xs1(Bs).
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Since the products contain strictly positive quantities, one can take their loga-
rithm:

. logUt =
0<s≤t

log(1 + s1(As)) − s1(As) ,

. logV i
t =

0≤s<t

log(1 + +Xs1(Bs) − +Xs1(Bs) .

These series a.s. converge absolutely since they are majorized by the series
c 0<s≤t s )

2
., c 0≤s<t

+Xs)
2
.. Let us set

. Kt = Xt − 1
2 Xc,Xc

t , F (x, y, z) = exyz,

and apply the change of variables formula t o F . We have

. Zt = F(Kt , Ut , Vt ) = Z0 +
]0,t]

Zs−d Xr
s − 1

2 Xc,Xc
s + eKs−Vs−dUs

+ 1
2 ]0,t]

Zs− d Xc,Xc
s +

[0,t[
Zs dX

g
s+ +

[0,t[
eKs UsdVs+

+
0<s≤t

Zs − Zs− − Zs− s − eKs−Vs− s

+
0≤s<t

Zs+ − Zs − Zs
+Xs − eKs Us

+Vs . (13.9) 

Reducing similar terms and noting that

. 
]0,t]

eKs−Vs− dUs =
0<s≤t

eKs−Vs− s ,

[0,t[
eKs UsdVs+ =

0≤s<t

eKs Us
+Vs,

and also that t = Zt− t
+Zt = Zt

+Xt ., we see that (13.9) coincides 
with (13.7). 

Uniqueness. Let Z̃ ∈ S. be yet another solution of (13.7), Z̃ = Z0 .. Put Yt =
e−Kt Z̃t .. From the change of variables formula, reducing similar terms, we get

.Yt = Z0 +
0<s≤t

e−Ks Z̃s − e−Ks− − Z̃s− +
0<s≤t

e−Ks+Z̃s+ − e−Ks Z̃s ,
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or 

. Yt = Z0 +
0<s≤t

s +
0≤s<t

+Ys,

where the series converge absolutely a.s. It follows that Y has a.s. finite variation on
any segment [0, t].. 

Since 

. s = Ys− e− +Xs (1 + s) − 1 +Ys = Ys e− +Xs (1 + +Xs) − 1 ,

the process Y is a solution of the equation

. Yt = Z0 +
0,t

Ys−dAr
s +

0,t
YsdA

g
s+,

where 

. Ar
t =

0<s≤t

e− s (1 + s) − 1 , A
g
t =

0≤s<t

e− +Xs (1 + +Xs) − 1 .

(13.10) 
are processes a.s. of bounded variation on a ny segment. The equations

. Y = Y r
0 +

0,t
Ys− dAr

s , Y = Y
g

0 +
0,t

Ys dA
g
s+,

have at most one solution. Consequently, Eq. (13.10) has at most one solution. It 
follows that Eq. (13.7) also has at most one solution.

Two useful properties of stochastic exponentials are the inverse and product
formulas.

Problem 13.1 For X, Y ∈ S., the product of stochastic e xponent is calculated as

. E(X)E(Y ) = E(X + Y + [X, Y ]) .

Hint. Using the change of variables formula and the definition of stochastic
exponent, we obtain

. 

E(X)E(Y ) = 1 + E(X) ◦ E(Y ) + E(Y ) ◦ E(X) + [E(X),E(Y )]
= 1 + E(X)E(Y ) ◦ Y + E(X)E(Y ) ◦ X + E(X)E(Y ) ◦ [X, Y ]
= 1 + E(X)E(Y ) ◦ (X + Y + [X, Y ])
= E(X + Y + [X, Y ]).

Lemma 13.1 The inverse of stochastic exponent for the semimartingale X is

.E−1(X) = E(−X∗),
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where 

. X∗
t = Xt Xc,Xc

t −
0<s≤t

s )
2

1 + s

−
0≤s<t

+Xs)
2

1 + +Xs

.

Proof Let X∗
. be such that E(−X∗)E(X) = E(X − X∗ − [X,X∗]) = 1.. Hence, 

X − X∗ − [X,X∗] = 0. and 

. 

X∗ = X Xc
t +

s≤t

s )
2 +

s<t

+Xs)
2

= X Xc
t +

0<s≤t

s )
2 + s)

3

1 + s

+
0≤s<t

+Xs)
2 + +Xs)

3

1 + +Xs

= X Xc
t +

0<s≤t

s )
2

1 + s

+
0≤s<t

+Xs)
2

1 + +Xs

.

The sum of 3/(1 + . is zero. To see this, consider

. 

3

1 + =
2

1 + , = 0

and as well, for +X)3/(1 + +X).. H ence,

. X∗ = X Xc
t +

0<s≤t

s )
2

1 + s

+
0≤s<t

+Xs)
2

1 + +Xs

.

The optional stochastic logarithm is defined as follows. 
Let Y be a real-valued optional semimartingale such that the processes Y− . and Y 

do not vanish, and then the process

.Xt = 1

Y
◦ Yt =

t

0+
1

Ys−
dY r

s +
t−

0

1

Ys

dY
g
s+, X0 = 0, (13.11) 

also denoted by X = Log(Y )., called the stochastic logarithm of Y . It is t he unique
semimartingale X such that Y = Y0E(X).. Moreover, if = −1. and +X = −1., 
we also ha ve

. LogYt = log | Yt

Y0
| + 1

2Y 2
Y c, Y c

t −
0<s≤t

log |1 + s

Ys− | − s

Ys−

−
0<s<t

log 1 + +Ys

Ys
− +Ys

Ys
. (13.12)
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It is important to note that the process Y does not need to be positive for Log(Y ). 

to exist, in accordance with the fact that the stochastic exponential E(X). may take 
negative values. 

The assumption that Y− . and Y do not v anish implies that Sn = inf{t : |Yt | ≤
1
n
} ↑ ∞.; hence, 1/Y− . is locally bounded; likewise, Tn = inf{t : |Yt | ≤ 1

n
} ↑ ∞.; 

hence, 1/Y . is also locally bounded and the stochastic integral in (13.11) makes 
sense. Let Ỹ = Y/Y0 ., then Ỹ0 = 1., and by (13.11), X = (1/Ỹ ) ◦ Ỹ .. Thus, 

. 1 + Ỹ ◦ X = 1 + Ỹ ◦ 1

Ỹ
◦ Ỹ = 1 + 1

Ỹ
◦ Ỹ = Ỹ ,

or Ỹ = E(X).. Furthermore, = − = −1. and = +Y/Y = −1.. 
Let X̃ . be any other semimartingale satisfying Y = E(X̃).. With Ỹ = Y/Y0 . yields 
Ỹ = E(X̃).. So, Ỹ = 1 + Ỹ ◦ X̃ . or Y = Y0 + Ỹ ◦ X̃ .. Since X0 = 0., we have  

. X̃ = Ỹ

Ỹ
◦ X̃ = 1

Ỹ
◦ (Y − Y0) = 1

Ỹ
◦ Y = X,

and we get uniqueness. 
To prove representation (13.12), we apply the change of variable f ormula to

optional semimartingale log |Y |.. Since the log explodes at 0, we consider: For each
n, the C2

. function fn . on R., with fn(x) = log |x|. when |x| ≥ 1/n.. Then for a ll n

and t < Tn . and t < Sn ., we have  

. log |Yt | = log |Y0| + 1

Y
◦ Yt − 1

2Y 2 Y c, Y c
t +

0<s≤t

log |Ys | − s

Ys−

+
0≤s<t

+ log |Ys | −
+Ys

Ys

.

This, together with (13.11), yields (13.12) for  t < Tn . and t < Sn .. Since Tn ↑ ∞. 

and Sn → ∞., then we obtain (13.12) eve rywhere.

Now, we present some of the properties o f stochastic logarithms.

Lemma 13.2 

(a) If X is a semimartingale satisfying = −1. and +X = −1., t hen
Log(E(X)) = X − X0 .. 

(b) If Y is a semimartingale such that Y and Y− . do not vanish, then E(Log(Y )) =
Y/Y0 .. 

(c) For any two optional semimartingales X and Z, w e get the following identities:

.Log(XZ) = LogX +LogZ + [LogX,LogZ],
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and 

. Log
1

X
= 1 −Log(X) − X, 1

X
.

Proof 

(a) 

. Log(E(X)) = E(X)−1 ◦ E(X) = E(X)

E(X)
◦ X = X − X0.

(b) Let Z = E(Log(Y )).; then by (a) w e find that

. Log(Z) = Log(E(Log(Y ))) = Log(Y ) −Log(Y0) = Log(Y/Y0).

Therefore, Z = Y/Y0 .. 
(c) By the integral representation of the stochastic logarithm, we find

. Log(XZ) = 1

XZ
◦(X◦Z+Z◦X+[X,Z]) = LogX+LogZ+[LogX,LogZ].

Using integration by parts and the integral definition o f the stochastic
logarithm,

. Log
1

X
= X ◦ 1

X
= 1 − 1

X
◦ X − X,

1

X
= 1 −Log(X) − X,

1

X
.

A generalization of the stochastic exponential integral equation (13.7) is the  
nonhomogeneous linear stochastic equation, X = G + X ◦ H .. This equation 
has a natural application in finance: G is a stochastic cash flow, H is the interest 
rate of the money market account, and X is the time value of the cash flow 
accumulated in the money marke t account. Here we will give the solution of the
nonhomogeneous linear stochastic integral equation to the case where G and H are
optional semimartingales.

Theorem 13.4 Consider the nonhomogeneous linear stochastic equation:

.Xt = Gt +
t

0
Xs dHs = Gt +

t

0+
Xs− dHr

s +
t−

0
Xs dH

g
s+, (13.13) 

where G = (Gt )t≥0 ∈ S(F, P ). is an optional semimartingale. The solution
of (13.13) admits the f orm

.Xt = Et (H) G0 +
t

0
Es(H)−1 dG̃s , (13.14)
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where 

. dG̃t = dGt − G, H̃
t
, Ht = Hc

t +
0<s≤t

s

1 + s

+
0≤s<t

+Hs

1 + +Hs

.

Proof Let us consider a solution of the following form Xt = Et (H)Zt ., where Zt . is 
related to Gt .. The differential of Xt . is 

.dXt = d Et (H)Zt = XtdHt + Et (H){dZt + d[H,Z]t }. (13.15) 

Comparing Eqs. (13.13) to (13.15), we find that

. dGt = Et (H){dZt + d[H,Z]t }.

To solve this equation for Zt ., we choose

. H̃t = Hc
t +

0<s≤t

s

1 + s

+
0≤s<t

+Hs

1 + +Hs

and compute the quadratic variation of G with H̃ .. The quadratic variation for 
optional processes belongs to the spaceAloc . and is defined as

. [G, H̃ ]t Gc, H̃ c
t +

0<s≤t

s H̃s +
0≤s<t

+Gs
+H̃s .

Hence, 

.

d[G, H̃ ]t = Et (H) d[Z, H̃ ]t + d[H,Z], H̃ ]t

= Et (H) d[Zc,Hc]t + t t

1 + t

+
+Ht

+Zt

1 + +Ht

+ t )
2

1 + t
t +

+Ht)
2

1 + +Ht

+Zt

= Et (H) d[Zc,Hc]t + t t

1 + t

1 + t

+ +Ht
+Zt

1 + +Ht

1 + +Ht

= Et (H) d[Zc,Hc]t + + +Ht
+Zt

= Et (H)d[Z,H ]t .
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Then we calculate Z in the following way:

. dGt = Et (H){dZt + d[H,Z]t },

. Et (H)−1dGt = dZt + d[H,Z]t ,

. = dZt + Et (H)−1d[G, H̃ ]t ,

. dZt = Et (H)−1 dGt − d[G, H̃ ]t .

Note that 

. [H,Z], H̃ = Hc,Zc

s≤.

+
s<.

+ +Z, H̃

= Hc,Zc , H̃ +
s≤.

, H̃ +
s<.

+ +Z , H̃

Hc, Zc , H̃ ] = 0. because Hc,Zc
. is continuous locally bounded v ariation

processes and H̃ . is a semimartingale. Then,

. [H,Z], H̃ =
s≤.

, H̃ +
s<.

+ +Z , H̃

=
s≤t

s )
2

s +
s<t

+Hs)
2 +Zs.

Another important application of stochastic exponent is the Gronwall lemma. 
In stochastic analysis, the Gronwall lemma is essential, and many extensions 

have been proposed. Here we will extend the Gronwall lemma to optional semi-
martingales in unusual probability spaces.

Lemma 13.3 Let X be an optional process and H be an optional increasing
process and Ct . a constant suc h that

. Xt ≤ Ct +
t

0
Xs dHs = Ct +

t

0+
Xs− dHs +

t−

0
Xs dHs+

for all t ∈ [0,∞).. 
Then, 

.Xt ≤ Ct Et (H).



13.3 Financial Modeling Using Optional Semimartingales 239

Proof Let 

. Nt = Ct +
t

0
Xs dHs − Xt,

and then Nt ≥ 0. for all t . Therefore,

. Xt = Ct − Nt +
t

0
Xs dHs

is a nonhomogeneous stochastic integral equation whose solution is given by

.Xt = Et (H) G0 +
t

0
Es(H)−1 dG̃s , (13.16) 

where 

. Gt = Ct − Nt, G̃t = Gt − [G, H̃ ]t ,

. H̃t = Hc
t +

0<s≤t

s

1 + s

+
0≤s<t

+Hs

1 + +Hs

.

Since H is increasing, then s ≥ 0. and +Hs ≥ 0., and therefore, H̃ . is 
increasing. Hence, [G, H̃ ] = 0., Gt = Gt − Nt ≤ Ct . for all t , since Nt ≥ 0.. 

Knowing all this, we can write (13.16) as 

. Xt =Et (H) G0 +
t

0
Es(H)−1 dG̃s

=Et (H) G0 +
t

0
Es(H)−1 dGs

≤CtEt (H),

where t

0 Es(H)−1dGs ≤ 0. and G0 ≤ C0.. 

13.3 Financial Modeling Using Optional Semimartingales

Consider a market on unusual probability space F,F = (Ft )t≥0, P ).. Let us also 
introduce the filtration F+ = (Ft+)t≥0 . and its completion under P , F∗ = (FP

t )t≥0 .. 
Our market consists of two types of securities x and X and a portfolio π = (η, ξ). 

which is composed of theoptional processes η . and ξ .. η . is the volume of the reference
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asset x, while ξ . is the volume of the security X. Suppose xt > 0. and Xt ≥ 0. for a ll
t ≥ 0. and write the ratio process Rt = Xt/xt .. Then, the value of the portfolio is

.Yt = ηt + ξtRt . (13.17) 

Y ∈ O(F ). is a real-valued optional semimartingale that is r .l.l.l. Furthermore, we
restrict the portfolio, π ., to be self-financing; that is, we must have

.Yt = Y0 + ξ ◦ Rt . (13.18) 

Reconciling Eqs. (13.17) and (13.18), we get

. Ct = ηt + Rt ◦ ξt + [ξ, R]t = C0,

where Ct . is the consumption process with its initial value C0 .. Since the ratio process 
R is an optional semimartingale, then ξ . evolves in the space P(F) × O(F). with the 
predictable part determining the volume of Rr

. and the optional part determining the 
volume of Rg

.. Rr
. is the right-continuous part of X/x . and Rg

. is its left-continuous 
part. Also, η . belongs to the space O(F).. Furthermore, for the integral in Eq. (13.18) 
to be well-defined, ξ . must be R-inte grable,

. 

∞

0
ξ2s d[R,R]s ∈ Aloc.

In addition to the process Y , let Y+ = (Yt+)t≥0 ., which is O(F∗).. Y+
. is r.c.l.l. 

semimartingale on F,F∗, P ).. The role of Y+
.will be discussed when we discuss 

no free lunch in optional markets.

Remark 13.3 It is also possible to write the market portfolio as

. Zt = ηtxt + ξtXt ,

where Y = Z/x .. However, in this case, the volume of the reference asset, η ., is  
a process that also evolves in P(F) × O(F).. Therefore, a variety of portfolios are 
possible o n unusual financial markets.

Here we present methods for finding local martingale deflators for these markets. 
A local martingale deflator is a strictly positive supermartingale multiplier used 
to transform the value process of a portfolio to a supermartingale (i.e., a local 
martingale). It is important for finding local martingale measures and hence fair
prices and hedging strategies for contingent claims.

Suppose that the dynamics of securities in our market follow the stochastic
exponentials

.Xt = X0Et (H), xt = x0Et (h),
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where x0 . and X0 . are F0 .-measurable r.v.s, and h = (ht )t≥0 . and H = (Ht )t≥0 . are 
optional semimartingales admitting the representations

.ht = h0 + at + mt, Ht = H0 + At + Mt, (13.19) 

with respect to P . Processes a = (at )t≥0 . and A = (At )t≥0 . are locally bounded 
variation and predictable, and m = (mt )t≥0 . and M = (Mt)t≥0 . are optional local 
martingales. 

First, we shall study, when the ratio process, R, is a local optional martingale
with respect to the initial measure P , i.e., when R ∈ Mloc(F, P ).. For  t ≥ 0.. The  
ratio R in exponential form can be written as

. Rt = Xt

xt

= R0E(H)tE−1(h)t ,

and using the properties of stochastic exponentials, we find

. Rt = R0E(Ht )E−1
t (ht ) = R0E H − h∗

t − [H,h∗]t ,

where 

.

Ht − h∗
t − [H,h∗]t = Ht − ht hc, hc

t +
0<s≤t

s )
2

1 + s

+
0≤s<t

+hs)
2

1 + +hs

Hc, hc
t −

0<s≤t

s
∗
s −

0<s≤t

+Hs
+h∗

s

= Ht − ht hc, hc
t +

0<s≤t

s )
2

1 + s

+
0<s<t

+hs)
2

1 + +hs

Hc, hc
t −

0<s≤t

s
s

1 + s

−
0≤s<t

+Hs

+hs

1 + s

= Ht − ht hc, hc − Hc
t +

0<s≤t

s s − s)

1 + s

+
0≤s<t

+hs
+hs − +Hs)

1 + +hs

.
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Let 

. J g =
0≤s<t

+hs
+hs − +Hs)

1 + +hs

, J d =
0<s≤t

s s − s)

1 + s

,

and write 

. t , Ht ) = Ht − ht hc, hc − Hc
t + J d

t + J
g
t .

Then the ratio R satisfies

. Rt = R0 +
t

0+
Rs− s +

t

0
Rs s+.

Considering the properties of stochastic integrals, we get

. ∈Mloc(P,F) ⇒ R ∈Mloc(P,F),

and if + = −1. and = −1., t hen

. ∈Mloc(P,F) ⇔ R ∈Mloc(P,F).

Given the decomposition (13.19) of h and H , one can write

. =(A − a) mc,mc − Mc (M − m) + J d + J g

=(A − a) mc,mc − Mc J̃ d + J̃ g + (M − m)

+(J g − J̃ g) + (J d − J̃ d ), (13.20) 

where (M − m) + J g − J̃ g + J d − J̃ d ∈ Mloc(P,F).. Thus, ∈
Mloc(P,F). if and only if

. (A − a) mc,mc − Mc J̃ d + J̃ g = 0.

If . is a local optional martingale, then R is a local optional martingale, and 
we are done. Otherwise, we have to find a strictly positive transformation Z ∈
Mloc(P,F). that will render ZR ∈Mloc(P,F).. Z is known as the local martingale 
transform (deflator). Since our market ratio process R is positive by definition, it 
w ould not make financial sense to search for a local martingale transform Z that
leads to ZtRt ≤ 0. for some t when Rt > 0. for all t . Therefore, we will restrict 
ourselves to a set of possible local marting ale transforms that are strictly positive,
i.e., Z > 0. a.s. P . For a strictly positive Z, we can define N ∈ Mloc(P,F). with
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N = Log(Z) = Z−1 ◦ Z . or Z = E(N).). To find N , we have t he following theorem
to so:

Theorem 13.5 Given R = R0Et ., where . is as in Eq. (13.20), 
and Z = E(N)., where Z,N ∈Mloc(P,F). and Z > 0., we have ZR ∈Mloc(P,F). 

is a local optional martingale i f and only if

. (A − a) mc − Nc, mc − Mc K̃d + K̃g = 0,

where K̃d, K̃g
. are the compensators of t he processes

. Kd =
0<s≤t

s − s s − s)

1 + s

,

Kg =
0≤s<t

+hs − +Ns
+hs − +Hs)

1 + +hs

.

Proof Suppose Zt = E(N)t ∈ Mloc(P,F), Zt > 0. for all t such that ZR ∈
Mloc(P,F).; t hen

. ZR = R0 E(N)E = E N + + [ ]
= R0 Et ,

where 

.

= Nt + Ht − ht hc, hc − Hc
t + J d

t + J
g
t

+ [N,H ] − [N, h] + [N, J d ] + [N, J g]
= Nt + Ht − ht hc, hc − Hc

t + J d
t + J

g
t

Nc,Hc
t +

0<s≤t

s s +
0≤s<t

+Ns
+Hs

Nc, hc
t −

0<s≤t

s s −
0<s<t

+Ns
+hs

+
0<s≤t

s
s s − s)

1 + s

+
0≤s<t

+Ns

+hs
+hs − +Hs)

1 + +hs

.



244 13 Optional Stochastic Differential Equations and Their Applications

Hence, 

. 

= Nt + Ht − ht hc − Nc, hc − Hc
t

+
0<s≤t

s s − s)

1 + s

+ s s − s)

+ s
s s − s)

1 + s

+
0<s≤t

+hs
+hs − +Hs)

1 + +hs

+ +Ns
+Hs − +hs)

+ +Ns

+hs
+hs − +Hs)

1 + +hs

.

Therefore, 

. 

= Nt + Ht − ht hc − Nc, hc − Hc
t

+
0<s≤t

s − s s − s)

1 + s

+
0<s≤t

+hs − +Ns
+hs − +Hs)

1 + +hs

.

Let 

. Kd =
0<s≤t

s − s s − s)

1 + s

,

Kg =
0≤s≤t

+hs − +Ns
+hs − +Hs)

1 + +hs

,

and write 

. = Nt + Ht − ht hc − Nc, hc − Hc
t + Kd + Kg.

So, if ∈ Mloc(P,F)., then ZR ∈ Mloc(P,F)..  And  if
+ = −1. and = −1., t hen ∈
Mloc(P,F) ⇔ ZR ∈ Mloc(P,F).. Now, let us take into consideration the 
decomposition of H and h and write

. = (A − a) + (M − m + N) (m − N)c, (m − M)c Kd + Kg.
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So, . is a local optional martinga le under P if

.(A − a) mc − Nc,mc − Mc K̃d + K̃g = 0, (13.21) 

where K̃d
. and K̃g

. are the compensators of Kd
. and Kg

., respectively .

By finding all N ∈ Mloc(P,F). such that the above Eq. (13.21) is v alid and
E(N) > 0., we find the set of all appropriate local optional martingale deflators Z 
such that ZR is a local optional martingale. Note that if Z is a l ocal martingale
deflator such that ZR is a local martingale, then it is true for all self-financing
strategies π .. 

Theorem 13.6 If Z is a local martingale transform of R, t hat is, ZR is a local
optional martingale, and π = (η, ξ). is a self-financing portfolio which is R -
integrable, then ZYπ

t . is a local optional martingale .

Proof Let Z be a local martingale deflator of R, Z > 0., and let π = (η, ξ). be self-
financing and R-integrable, and then Yπ

t = Y0 + ξ ◦ Rt ,. and ZtY
π
t . can be written 

as

. 

d(ZtY
π
t ) = ZtdYπ

t + dZtY
π
t + d[Zt , Y

π
t ]

= ZtξtdRt + dZt (ηt + ξtRt ) + d[Zt , Y
π
t ]

= ZtξtdRt + dZtξtRt + dZtηt + ξtd[Zt , Rt ]
= ξt (ZtdRt + dZtRt + d[Zt , Rt ]) + dZtηt

= ξtd(ZtRt ) + dZtηt .

This leads us to the following result

. ZtY
π
t = ξ ◦ ZtRt + η ◦ Zt .

η ◦ Zt . and ξ ◦ ZtRt . are local optional martingales. Therefore, their sum ZtY
π
t . is 

a well-defined local optional martingale. Note that we ha ve implicitly used the fact
that η. is bounded, i.e., comes from the fact that π . is a self-financing and also that

. 

∞

0
ξ2s d[ZR]s ∈ Aloc.

Remark 13.4 On the other hand, if we know that there exist a Z such that ZYπ
. 

is a local optional martingale, then what can we say about the portfolio π . and the 
product ZR? It is reasonable to suppose that Z = E(N) > 0., π . self-financing, ξ . is 
R-integrable and η . is bounded. In this case, ξ ◦ ZtRt = ZtY

π
t − η ◦ Zt . is a sum of 

two local optional martingales and therefore a l ocal optional martingale itself, for
any optional process ξ ., in particular, for ξ = 1.; therefore, ZR is a local optional
martingale.
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Remark 13.5 If Z ∈ Mloc(P,F). and Z > 0., then one can define P̃= ZtdPt . is 
a new measure equivalent to P , i.e., P̃

loc∼ P ., and Zt = dP̃t

dPt
.. 

Now, is there a way to construct N knowing Eq. (13.21). We make an educated 
guess, choosing N as

.N = [αc αd αg] ◦ [mc md mg]T + [βc βd βg] ◦ [Mc Md Mg] , (13.22) 

where αc, βc, αd, βd ∈ P(F). and αg, βg ∈ O(F).. Note, with α .’s and β .’s, the 
local optional martingales (m,M). span a subspace of the local optional martingales
spaceMloc(P,F).. So if  N takes the representation above (13.22), then what is the 
solution of Eq. (13.22)? Substituting for N in (13.21) by Eq. (13.22), we get

. 

mc − Nc,mc − Nc (1 − 2αc + α2
c ) mc,mc β2

c Mc,Mc ,

Kd =
0<s≤t

((1 − αr
r
s − βr

r
s

r
s − r

s )

1 + r
s

,

Kg =
0<s≤t

(1 − αg
g
s − βg

g
s

+m
g
s − +M

g
s )

1 + +m
g
s

.

The compensator (K̃d , K̃g).of Kd,Kg
. is not easy to compute in general and will 

have to be evaluated on a problem-by-problem basis. 
Here we demonstrate how the coparison property of solutions of optional SDE’s 

works to find boundries of option prices in case of the constant elasticity of variance 
(CEV) market model. We extend it to a jump-diffusion CEV model. CEV mode 
is often used in mathematical finance to capture leverage effects and stochasticity
of volatility. It is also widely used by practitioners in the financial industry for
modeling equities and commodities. Consider a version of the jump-diffusion CEV
model, where the stock price is said to satisfy the following stochastic integral
equation:

. St =ρ
t

0
Ss−ds + σSα · Wt + St−U ∗ μ1 − ν1

t
+ StU ∗ μ2 − ν2

t
,

S0 =s, (13.23) 

where ρ . and σ . are constants. Wt . is a Wiener process, μ1 − ν1 . is a compensated 
measure of left jumps, and μ2 − ν2 . is a compensated measure of r ight jumps. For
B ∈ B(R+). and ∈ E., the jump measures are defined as follows:

.μ1 (B × ) : = # 1
t ∈ B × |t > 0 1

t = 0

μ2 (B × ) : = # +L2
t ∈ B × |t > 0 +L2

t = 0 ,
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where L1
t . and L2

t . are a Poisson process and a left-continuous modification of a
Poisson process with constant intensities γ 1

. and γ 2
., respectively, and L1

. and L2
. 

are independent. Hence, ν1 = γ 1t . and ν2 = γ 2t .. 
Consider the function

. F(x) = 1

σ

x

s

u−αdu = x1−α − s1−α

σ (1 − α)
, and find

F (x) = x−α

σ
, F (x) = −αx−α−1

σ
,

where 0 < α < 1.. 
Denote Xt = F(St ). and apply the change of variables formula. We have

. Xt =F (S) ρ
t

0
Ss−ds + σSα · Wt +

t

0

σ 2

2
F (Ss−)S2α

s−ds

+ [F(2St−) − F(St−)]U ∗ (μ1 − ν1)t

+ [F(2St ) − F(St )]U ∗ (μ2 − ν2)t

+ F(2St−) − F(St−) − St−F (St−) U ∗ ν1t

+ F(2St ) − F(St ) − StF (St ) U ∗ ν2t

=
t

0
kS1−α

s− − σα

2
Sα−1

s− ds + Wt

+ cS1−α
t− U ∗ (μ1 − ν1)t + cS1−α

t U ∗ (μ2 − ν2)t

=
t

0
k Xs−σ(1 − α) + s1−α − σα

2
Xs−σ(1 − α) + s1−α

−1
ds + Wt

+ c Xt−σ(1 − α) + s1−α U ∗ (μ1 − ν1)t

+ c Xtσ (1 − α) + s1−α U ∗ (μ2 − ν2)t ,

where k := ρ
σ

+ (21−α − 1 − 1
σ
)λ1U + (21−α − 1 − 1

σ
)λ2U . and c := 21−α−1

σ(1−α)
.. 

With the comparison theorem, we can give an estimate of the process Xt . from 
above by a new process Yt ., satisfying t he equation,

.Yt =
t

0
k Ys−σ(1 − α) + s1−α ds + Wt

+c Yt−σ(1 − α) + s1−α U ∗ (μ1 − ν1)t

+c Ytσ (1 − α) + s1−α U ∗ (μ2 − ν2)t ,

Y0 = 0.
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The process Y is an Ornstein-Uhlenbeck process with left and right jumps. The  
explicit solution for the above nonhomogeneous linear stochastic equation is given
by the following formula:

. Yt = Et (H) E(H)−1G̃t ,

where E. is an optional stochastic exponent and

. Ht = kσ(1 − α)t + (21−α − 1)U ∗ (μ1 − ν1)t + (21−α − 1)U ∗ (μ2 − ν2)t ,

G̃t = s1−α k − c(1 − 2α−1)γ 1U − c(1 − 2α−1)γ 2U t

+c(s2)1−αU ∗ (μ1 − ν1)t + (μ2 − ν2)t + Wt.

Applying the comparison theorem to Xt . and Yt . yields that Yt ≥ Xt = F(St ). a.s. 
Since F(x). is monotonically increasing function, we have

.St ≤ F−1(Yt ) a.s. (13.24) 

Now let us consider a function f with an option payoff f (ST )., where f is 
increasing. Assuming zero interest rates, the price of such option is given by Ẽf (ST ). 

for an appropriate martingale measure P̃ .. Using inequality (13.24), we hav e that
Ẽf (ST ) ≤ Ẽf (F−1(YT ))., and thus we obtain an estimate f or the option price for
which Ẽf (F−1(YT )). is easier to compute. 

In the remaining part of this section, we briefly discuss the uniform Doob-
Meyer decomposition (UDMD), commonly known as the optional decomposition. 
It is a fundamental result in stochastic analysis, which is e xploited in the area of
mathematical finance for the construction of superhedging strategies in incomplete
markets. It asserts that if, for a non-empty set, Q(X)., of equivalent local martingale 
measures for the semimartingale with respect to all measures in Q(X)., then there 
exists a unique predictable stochastic integrated ϕ . such that the difference Y −ϕ ·X . 

is a decreasing optional process for all measures inQ(X).. In contrast to the classical 
Doob-Meyer decomposition, the process Y − ϕ · X . is optional and is not uniquely 
determined. Moreover, UDMD is universal, m eaning that it holds simultaneously
for all probability measures in Q(X).. Formally, it can be presented as the following
theorem.

Theorem 13.7 Let X be an R
d
.-valued r.l.l.l. optional semimartingale on t he

unusual stochastic basis F,F = (Ft ), P ).. LetQ(X). be the set of all p robability
measures Q ∼ P . such that X is a Q-local optional martingale. Suppose that
Q(X) = ∅. and Y is a nonnegative process. Then Y is a Q-local optional
supermartingale for each Q ∈ Q(X). if and only if there exists a unique optional
process ϕ . integrable with respect to X and an adapted optional increasing process
C with C0 = 0. such that Y = Y0 + ϕ ◦ X − C . for each Q ∈ Q(X)..



Chapter 14 
Optional Semimartingales for Stochastic 
Regression Analysis and Risk Theory

This chapter shows how optional processes work in the area of regression analysis 
and risk theory. We introduce an optional regression model and study the LS-
estimates and sequential least-squares (LS)-estimates in this framework. We derive a 
very general estimate of the ruin probability for an insurer company when its capital
is formally on the base of an optional semimartingale. We show how these general
results work for several classical models of regression analysis and risk theory (see
[5, 6, 53], and [58]). 

14.1 Optional Regr ession Analysis

Suppose that on the fixed stochastic basis F,F = (Ft )t≥0,P). without “usual 
conditions”, we observe a one-dimensional process X.

Suppose the process X has the following form:

.Xt = f ◦ atθ + Mt, (14.1) 

where f ◦ at . is an optional stochastic inte gral such that

. f ◦ at =
]0,t]

f r
s dar

s +
[0,t[

f
g
s da

g
s+.

a = ar + ag ∈ A+
loc ∩ Ps , M ∈ Mloc, ft . is a b ilinear pair ft = (f r

t , f
g
t ), f r

t ∈
P, f

g
t ∈ O,. and θ ∈ R. is the unknown parameter which we need to estimate.

As the estimator of θ . in the model (14.1), we consider the statistic

.θt = F−1
t (f ◦ Xt) , (14.2) 
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where Ft := f 2 ◦ at ∈ A+
loc ∩ Ps . is assumed to be nonzero (a.s.). This assumption 

is not restrictive because further we suppose that Ft → ∞. (a.s.) to provide strong 
consistency of θt .. 

The structure of the estimator (14.2) is similar to estimator obtained by the 
method of least squares (LS) in classical regression analysis. Therefore, θt . will be 
called the structural LS-estimator of θ .. It is well-known how to study its asymptotic 
behavior with the help of the strong law of large numbers (SLLN). Here we 
develop a very general form of SLLN for optimal local martingales using an optimal
stochastic Kronecker’s Lemma.

To prove Kronecker’s Lemma in optional setting, we need the following result 
on sets of convergence of optional martingales. In what follows, we denote D . the 
compensator of some increasing process D.

Lemma 14.1 If Y ∈Mloc ., t hen

. (D∞ < ∞) ⊆ (Y →) a.s.,

where 

.Dt Y c
t +

0<s≤t

s )
2

1 + | s | +
0≤s<t

+Ys)
2

1 + | +Ys | , (14.3) 

and (Y →). is the set, on which there e xists a finite random variable Y∞(ω) =
limt→∞ Yt (ω) < ∞.. 

Now we present the following generalization o f Kronecker’s Lemma.

Lemma 14.2 For processes N ∈ Mloc . and A ∈ V+ ∩ Ps ., the following r elation
holds

. (A∞ = ∞) ∩ (Yt →) ⊆ (A−1
t Nt → 0) (a.s.) (t → ∞),

where 

.Yt =
]0,t]

(1 + As)
−1dNr

s +
[0,t[

(1 + As+)−1dN
g
s+. (14.4) 

Proof From (14.4), it is easy t o see that

.
]0,t]

(1 + As)dY r
s +

[0,t[
(1 + As+)dY

g
s+ = Nt − N0. (14.5) 

Using integration by parts formula, we obtain

.(1+At)Yt =
]0,t]

(1+As)dY r
s +

[0,t[
(1+As+)dY

g
s++

]0,t]
Ys−dAr

s+ [0,t[
YsdA

g
s+.
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Then from (14.5), we conclude that

. 
Nt

1 + At

= N0 + Yt

1 + At

+ 1

1 + At

(AtYt −
]0,t]

Ys−dAr
s −

[0,t[
YsdA

g
s+).

Since supt≥0 |Yt | < ∞. on the set (A∞ = ∞) ∩ (Y →)., we have that (1 +
At)

−1(N0 + Yt ) → 0. a.s. as t → ∞.. On the other hand, we have for u < t, v < t . 

. 
1

1 + At

AtYt −
]0,t]

Ys−dAr
s −

[0,t[
YsdA

g
s+

= 1

1 + At ]0,t]
(Yt − Ys−)dAr

s +
[0,t[

(Yt − Ys)dA
g
s+

≤ 1

1 + At ]0,u]
|Yt − Ys−|dAr

s +
]u,t]

(|Y∞ − Yt | + |Y∞ − Ys−|)dAr
s

+
[0,v[

|Yt − Ys |dA
g
s+ +

[v,t[
(|Y∞ − Yt | + |Y∞ − Ys |)dA

g
s+

≤2 sup
s≥0

|Ys |(1 + At)
−1(Ar

u + Ag
v) + |Y∞ − Yt |

+ (1 + At)
−1

]u,t]
|Y∞ − Ys−|dAr

s + (1 + At)
−1

[v,t[
|Y∞ − Ys |dA

g
s+.

(14.6) 

Using the fact that sups≥0 |Ys | < ∞. on the set (Y →)., we can choose for 
sufficiently large t appropriate values u and v on the set (A∞ = ∞) ∩ (Y →). 

to make the right side of (14.6) tend to zero.

Remark 14.1 We proved Lemma 14.2 for the process N ∈ Mloc ., but the proof 
also works for optional semimarting ales under related conditions.

We will show now that the estimator θt . in (14.2) is strongly consistent. The proof 
of the strong consistency is based on the SLLN in optional case.

Let N ∈Mloc . and 

.Nt = Nc
t +

]0,∞] R0

xd(μr − νr)s +
[0,∞[ R0

xd(μg − νg)s+ (14.7) 

be the canonical decomposition of N , where R0 = R \ {0},. Nc
. be a continuous part 

of N , μr
. and μg

. be random measures of right and left jumps of N , and νr
. and νg

. 

be their respective compensators.
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Theorem 14.1 Let A ∈ V+ ∩ Ps . and A∞ = ∞. a.s. If N ∈ Mloc . and for s ome
q ∈ [1, 2]. 

. 
]0,∞]

d Nc
s

(1 + As)2
+

]0,∞] R0

|1 + As |−q |x|qdνr
s

+
[0,∞[ R0

|1 + As+|−q |x|qdν
g
s+ < ∞, (14.8) 

then 

. A−1
t Nt → 0 a.s. as t → ∞.

Proof Using the f act that

. 
x2

1 + |x| ≤ |x|q, q ∈ [1, 2],

we get for q ∈ [1, 2]. 

. D̃∞ Y c ∞ +
s≤∞

s)2

1 + | s | +
s<∞

+Ys)2

1 + | +Ys |

Y c ∞ +
s≤∞

s)q +
s<∞

+Ys)q,

where Y as defined in (14.4). Thus, from  (14.8), it follo ws that

. D̃∞ ≤
]0,∞]

d Nc
s

(1 + As)2
+

]0,∞] R0

|1 + As |−q |x|qdνr
s

+
[0,∞[ R0

|1 + As+|−q |x|qdν
g
s+ < ∞.

By Lemma 14.2, A−1
t Nt → 0 a.s. as t → ∞.. 

Theorem 14.2 Suppose for the model (14.1) that F∞ = ∞. and for some q ∈ [1, 2]. 

. 
]0,∞]

(f r
s )2d Mc

s

(1 + Fs)2
+

]0,∞] R0

|1 + F r
s |−q |f r

s |q |x|qdνr
s

+
[0,∞[ R0

|1 + F
g
s |−q |f g

s |q |x|qdν
g
s+ < ∞. (14.9) 

Then θt → θ . (a.s.) as t → ∞..
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Proof It is sufficient to note that

. θt − θ = A−1
t Nt ,

where At := Ft . and Nt := f ◦ Mt .. By Theorem 14.1, we obtain the statement of
the theorem.

Let us consider the model (14.1) with M ∈M2
loc(R).. We assume that there exists 

a nonnegative random variable ξ . such that 

.
d M t

dat

≤ ξ, f 2 ◦ at ∈ A+
loc ∩ Ps . (14.10) 

Next, for fixed H , we define

.τH = inf{t : f 2 ◦ at ≥ H }, (14.11) 

with τH = ∞. if the corresponding set is empty. W e assumed that processes f r ∈
P, f g ∈ O., and a ∈ Ps ., consequently, and hence τH . is a wide sense stopping time. 

On the set {τH < ∞}., we define a random variable βH . by the r elation

.f 2 ◦ aτH − + βH (f r
τH

)2 τH
+ (f g

τH
)2 +aτH

= H, (14.12) 

and on τH = ∞., we put βH = 0.. Then βH ∈ [0, 1]. and is a FτH
.-measurable 

random variable. 
We consider the following statistic as an estimator of θ . 

.θ̂H = H−1 f 2 ◦ XτH − + βH (f r
τH

)2 τH
+ (f g

τH
)2 +XτH

. (14.13) 

The next theorem shows that the statistic defined by means of (14.10)–(14.13) 
is an unbiased estimator of θ . and has the property of guaranteed accuracy , i.e.,
bounded variance.

Theorem 14.3 Suppose that assumptions (14.10) hold, Eξ < ∞,. and 

.P{f 2 ◦ a∞ = ∞} = 1. (14.14) 

Then for all H > 0., 

. P{τH < ∞} = 1, Eθ̂H = θ, Varθ̂H ≤ H−1Eξ.

Proof First, 

.P{τH = ∞} = P{f 2 ◦ a∞ < H }
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= 1 − P{f 2 ◦ a∞ ≥ H } 
≤ 1 − P{f 2 ◦ a∞ = ∞}
= 1 − 1 = 0.

Thus, 

. P{τH < ∞} = 1 − P{τH = ∞} = 1.

Next, using (14.1) and (14.13), we obtain

. θ̂H = H−1 f 2 ◦ XτH − + βH (f r
τH

)2 τH
+ (f g

τH
)2 +XτH

= H−1 (f 2 ◦ aτH −)θ + βH (f r
τH

)2 τH
+ (f g

τH
)2 +aτH

θ

+ f 2 ◦ MτH − + βH (f r
τH

)2 τH
+ (f g

τH
)2 +MτH

= θ + H−1NτH
,

where 

. Nt = 1{t<τH }f 2 ◦ Mt + 1{t=τH }βH (f r
τH

)2 τH
+ (f g

τH
)2 +MτH

Since the process Nt . is a stochastic integral with respect to the optional square 
integrable local martingale M , b y the properties of optional stochastic integrals, we
have

. N t = 1{t<τH }f 2 M t + 1{t=τH }β2
H (f r

τH
)2 M τH

+ (f g
τH

)2 + M τH
.

Hence, by (14.10) and (14.12), we get

. N τH
≤ ξ f 2 ◦ aτH − + βH (f r

τH
)2 τH

+ (f g
τH

)2 +aτH
= ξH.

Consequently, Nt∧τh
. is an optional square integrable m artingale, and therefore

. ENτH
= 0, EN2

τH
≤ HEξ,

which proves t he theorem.

Let us illustrate our findings with examples.

Example 14.1 (Risk Process) Consider the following risk process:

.Xt = c · t + σWt − aNr
t + bN

g
t (14.15)
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where c, σ, a, b. are positive constants, W is a Wiener process, and Nr
. and Ng

. are a 
Poisson process and left-continuous modification of a Poisson process, respectively. 
The constant c usually represents premium payments in risk theory, whereas a and b 
describe average value of claims and positive gains, respectively. The process σWt . 

is a random perturbation. 
We can rewrite the process Xt . as follo ws:

. Xt = θt + Mt,

where θ := c − aλr + bλg, Mt := σWt − a(Nr
t − λr t) + b(N

g
t − λgt),. λr

. and λg
. 

are jump intensities of Nr
t . and N

g
t ., respectively. 

The structural LS-estimator of θ . in the model (14.15) is 

.θt = Xt

t
. (14.16) 

The condition (14.9) of Theorem 3.2, i.e., 

. σ 2

]0,∞]
ds

(1 + s)2
+ aqλr

]0,∞]
(1 + s)−qds < ∞,

holds for any q ∈ (1, 2].. Thus, the estimator (14.16) is strongly consistent. 
The sequential LS-estimators hav e the following form:

. θ̂H = XτH

H
.

All assumptions of Theorem 14.3 are obviously satisfied, and ξ = σ 2+a2λr +b2λg
.. 

Consequently ,

. P{τH < ∞} = 1, Eθ̂H = θ, Varθ̂H ≤ σ 2 + a2λr + b2λg

H
.

We usually want the processXt . to be positive, so the estimator θt = c−aλr +bλg >

0.. This assertion is called a net profit condition in risk theory.

Example 14.2 (Ornstein-Uhlenbeck Process) Let u s consider Ornstein-
Uhlenbeck processes

. Xt =
t

0
(μ − Xs−)dsθ + Mt,

where μ. is a positive constant, and M ∈M2
loc ..
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We assume that

. Ft :=
t

0
(μ − Xs−)2ds ∈ A+

loc ∩ Ps and
d M t

dt
≤ ξ.

Then, the structural LS-estimator of θ . is 

.θt = (μ − X−) ◦ Xt

t

0 (μ − Xs−)2ds
, (14.17) 

and its sequential version has the following form:

. θ̂H = H−1 (μ − Xs−)2 ◦ XτH − .

If the follo wing condition

. 
]0,∞]

(μ − Xs−)2d Mc
s

(1 + Fs)2
+

]0,∞] R0

|1 + F r
s |−q |μ − Xs−|q |x|qdνr

s < ∞

holds for some q ∈ [1, 2]. and F∞ = ∞., then by Theorem 3.2, the estimator (14.17) 
is strongly consistent. 

Furthermore, by Theorem 14.3, we have  

. P{τH < ∞} = 1, Eθ̂H = θ, Varθ̂H ≤ H−1Eξ.

Example 14.3 Consider a regression model with the centered Gaussian martingale
M ∈M2

loc . and a deterministic function ft .: 

.Xt =
t

0
fsdsθ + Mt. (14.18) 

Then, the LS-estimator of θ . is 

.θt = f ◦ Xt

t

0 f 2
s ds

. (14.19) 

It can be shown that strong consistency of (14.19) in (14.18) follows only from the 
assumption of ∞

0 f 2
s ds = ∞.. 

We assume that

. 
d M t

dt
≤ ξ,

where ξ . is constant. Note that in the case o f centered Gaussian martingales, M t =
EM2

t < ∞. is a deterministic function. Then sequential LS-estimators have the
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following form: 

. θ̂H = H−1 f 2 ◦ XτH − .

If, in addition,

. P
∞

0
f 2

s ds = ∞ = 1,

then, by Theorem 14.3, we have  

. P{τH < ∞} = 1, Eθ̂H = θ, Varθ̂H ≤ H−1ξ.

14.2 Optional Risk Model and E stimation of Ruin
Probability

Let F,F = (Ft )t≥0 ,P . be an unusual probability space on which we consider 
a risk process. Elements of this process are the following components: premium 
payments, returns on investments, and payments of liabilities, costs, and claims. 
These elements are inherently random. So, let us consider a risk process whose flow
can be summarized by the following equation:

.Rt = u + Bt + Nt + Dt + Lt , (14.20) 

where u > 0. is the initial capital and B0 = W0 = D0 = L0 = 0.. 
The process B is a predictable process of finite variation characterizing a stable 

flow of income payments including premiums and other sources, N is a continuous 
local martingale representing a random perturbation, D and L are right-continuous 
and left-continuous jump processes, respectively. The process L may model, for 
example, the dividend payments or capital injections. The process D includes a sum 
of negative jumps representing accumulated claims. In addition, D may also consist 
of jumps formed by any non-anticipated shocks such as, for example, shocks related
to the currency risk. Note also that the jump processes D and L are not restricted
by their sign and can have positive or negative jumps in general. All these processes
are optional and adapted to the filtration Ft .. 

Let us consider a particular case of (14.20) is a capital process of some compan y
at time t , and

.Rt = u + ct + σWt +
Nr

t

k=1

Yk −
N

g
t

i=1

Zi,
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where c and σ . are some constant parameters, W is a Wiener process, Nr
. and Ng

. 

are a Poisson process and left-continuous modification of a Poisson process with
intensities λr

. and λg
., respectively, and Zi . and Yk . denote the left and right jump 

sizes, respectively, with some specified distribution. In this case, the process ct . is 
included in the income process B, Nt = σWt ., while Lt = N

g
t

i=1 Zi . and
Nr

t

k=1 Yk . 

is a part of t he process D.
Let μr(ω, dt, dx). and μg(ω, dt, dx). be random measures that describe j umps of

the process Dt . and Lt ., respectively. We assume that

. 
]0,t] R0

x dμr ∈ Aloc and
[0,t[ R0

x dμg ∈ Aloc.

This assumption implies that the processes

. 
]0,t] R0

xd(μr − νr) and
[0,t[ R0

xd(μg − νg)

are optional local martingales, where νr , νg
. are compensators of μr, μg

., respec-
tively .

To find an upper bound of probability of ruin, we first obtain the martingale 
characterization of optional semimartingales by means of stochastic exponents.
Consider an optional semimartingale X (e.g., risk process) with the local charac-
teristics (a, Xc , νr , νg). and the follo wing representation:

. Xt = u + at + Xc
t +

]0,t] |x|≤1
xd(μr − νr) +

[0,t[ |x|≤1
xd(μg − νg)

+
]0,t] |x|>1

xdμr +
[0,t[ |x|>1

xdμg, (14.21) 

where at ∈ Ps , Xc
t ∈ Mc

loc, ]0,t] |x|≤1 xd(μr − νr) ∈ Mr
loc . and 

[0,t[ |x|≤1 xd(μg − νg) ∈Mg
loc.. 

In particular, for the risk process R,

. at = Bt +
]0,t] |x|≤1

xdνr +
[0,t[ |x|≤1

xdνg, Xc
t
= N t .

We introduce an optional cumulant function for X:

. Gt(z) = −zat + z2

2
Xc

t
+

]0,t] R0

(e−zx − 1 + zx1(|x|≤1))dνr
s

+
[0,t[ R0

(e−zx − 1 + zx1(|x|≤1))dν
g
s+ (14.22) 

with the corresponding optional stochastic exponent (E(G(z)) = Et (G(z)))t≥0 ..
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Let us discuss when the optional stochastic cumulant function Gt(z). in (14.22) 
is well-defined. Let

. I+ =
]0,t]

∞

0
(e−zx − 1 + zx1(|x|≤1))dνr

s ,

. I− =
]0,t]

0

−∞
(e−zx − 1 + zx1(|x|≤1))dνr

s .

Using Taylor’s formula, we have

. I− ≤
]0,t]

0

−1
|e−zx − 1 + zx|dνr

s +
]0,t]

−1

−∞
|e−zx − 1|dνr

s

≤ z2

2 ]0,t]

0

−1
x2dνr

s +
]0,t]

−1

−∞
e−zxdνr

s ;

I+ ≤
]0,t]

1

0
|e−zx − 1 + zx|dνr

s +
]0,t]

∞

1
|e−zx − 1|dνr

s

≤ z2

2 ]0,t]

1

0
x2dνr

s + νr
t ([1,+∞)).

The same inequalities hold for the integral [0,t[ R0
(e−zx − 1 + zx1(|x|≤1))dν

g
s+ . 

in (14.22). We can see that Gt(z). is well-defined, if, in addition t o the assumption
ν

j
t ([1,+∞)) < ∞, j = r, g ., there exists z0 > 0. such that 

.
]0,t]

−1

−∞
e−zxdνr < ∞,

[0,t[

−1

−∞
e−zxdνg < ∞ (14.23) 

almost surely for all t > 0. and 0 < z ≤ z0 .. 
Denote 

. T (z) = inf(t : |Et (G(z))| = 0)

and 

. Zt = e−z(Xt−X0)E−1
t (G(z))1(|Et (G(z))|>0).

The next theorem contains a key technical result for ruin probability estimation.

Theorem 14.4 For every z ∈ [0, z0]., the process Z(z) = (Zt∧T (z))t≥0 . is an 
optional local martingale .

The following lemmas present some technicalities from optional stochastic
analysis.
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Lemma 14.3 Let X be an O(F+).-measurable process. There exists a unique (up to
indistinguishability) process U ∈ Mg

loc . with the property +U = X . if and only if 
the following conditions are satisfied:

(a) The O(F).-optional projection of X is zero.
(b) the process ( s≤t X2

s )
1/2 ∈ Aloc .. 

Lemma 14.4 Let M ∈Mg
loc . and Y ∈ V ∩ O.. Then 

. 

s<t

+Ys
+Ms =

[0,t[
+YsdMs+.

Proof We use a s imple fact:

. 
+U := +

s<t

+Ys
+Ms −

[0,t[
+YsdMs = 0.

Notice that integral in the above expression is well-defined. Let X := +U . as in 
the Lemma 14.3. It is easily seen that all sufficient conditions of Lemma 14.3 are 
satisfied and, thus, U ∈Mg

loc .. On the other hand, since +U = 0., it follows that  U 
is continuous. Therefore, U = 0. or 

. 

s<t

+Ys
+Ms =

[0,t[
+YsdMs+.

Lemma 14.5 If X is a semimartingale and Y r ∈ V ∩ P. and Yg ∈ V ∩ O., t hen
[X, Y ] = ]0,t] sdXr

s + [0,t[
+YsdX

g
s+ . and 

. XtYt − X0Y0 =
]0,t]

YsdXr
s +

]0,t]
Xs−dY r

s +
[0,t[

Ys+dX
g
s+ +

[0,t[
XsdY

g
s+

Proof First, we obtain by Lemma 14.4 

.[X, Y ]t =
s≤t

s s +
s<t

+Ys
+Xs

=
s≤t

s
r + Ar)s +

s<t

+Ys
+(Mg + Ag)s

=
]0,t]

sdMr
s +

]0,t]
r
s

+
[0,t[

+YsdM
g
s+ +

[0,t[
+YsdA

g
s+
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= 
]0,t] 

sdXr 
s + 

[0,t[ 
+Y sdX

g
s+.

Next, using integration by parts, we get

. XtYt − X0Y0 =
]0,t]

Ys−dXr
s +

]0,t]
Xs−dY r

s

+
[0,t[

YsdX
g
s+ +

[0,t[
XsdY

g
s+ + [X, Y ]t

=
]0,t]

YsdXr
s +

]0,t]
Xs−dY r

s

+
[0,t[

Ys+dX
g
s+ +

[0,t[
XsdY

g
s+.

Proof of Lemma 14.4 In all considerations below, we will fix the parameter z and
write T ,G., . . .. instead of T (z),G(z),.. . .. In addition, we define t := t ∧ T . for 
convenience. 

Ne xt,

. Zt = e−z(Xt−X0)E−1
t (G),

where 

. E−1
t (G) = exp −

]0,t]
dGr

s

1 + s

−
[0,t[

dG
g
s+

1 + +Gs

×
0<s≤t

1 − s

1 + s

e
s

1+ s

0≤s<t

1 −
+Gs

1 + +Gs

e

+Gs
1+ +Gs .

By this representation, it follows that E−1
t (G). is the solution of Doleans equation:

.E−1
t (G) = 1 −

]0,t]
E−1

s−(G)
dGr

s

1 + s

−
[0,t[
E−1

s (G)
dG

g
s+

1 + +Gs

(14.24) 

Using (14.21), (14.22) and change of variables formula for optional semimartin-
gales, we get

.Lt =e−rz(Xt−X0)

=1 +
]0,t]

Ls−dGr
s +

[0,t[
LsdG

g
s+ − z

]0,t]
Ls−dXc

s
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+ 
]0,t] R0 

Ls−(e−zx − 1)d(μr − νr )s 

+ 
[0,t[ R0 

Ls(e
−zx − 1)d(μg − νg)s+. (14.25) 

By (14.24) and (14.25) and Lemma 14.5, we find

. Zt = LtE−1
t (G)

= 1 +
]0,t]
E−1

s (G)dLr
s +

]0,t]
Ls−d(E−1

s (G))r

+
[0,t[
E−1

s+(G)dL
g
s+ +

[0,t[
Lsd(E−1

s+(G))g

= 1+
]0,t]

E−1
s−(G)

1 + s

Ls−dGr
s −zLs−dXc

s +
R0

Ls−(e−zx −1)d(μr −νr)s

+
[0,t[

E−1
s (G)

1 + +Gs

LsdG
g
s+ +

R0

Ls(e
−zx − 1)d(μg − νg)s+

−
]0,t]
E−1

s−(G)Ls−
dGr

s

1 + s

−
[0,t[
E−1

s (G)Ls

dG
g
s+

1 + +Gs

= 1 − z
]0,t]

Zs−
1 + s

dXc
s +

]0,t] R0

Zs−(e−zx − 1)

1 + s

d(μr − νr)s

+
[0,t[ R0

Zs(e
−zx − 1)

1 + +Gs

d(μg − νg)s+.

This implies (Zt∧T )t≥0 . is an optional local martingale (for each z ∈ [0, z0].). 
Along with the stochastic exponent of the cumulant process E(G)., there is a usual 

exponent of the cumulant process eG
.. We know that if −1. and +G > −1., 

then E(G). can be represented as

. Et (G) = exp Gt +
0<s≤t

(log(1 + s) − s)

+
0≤s<t

(log(1 + +Gs) − +Gs.)

From the above, we observe that if = 0. and +G = 0., or equivalently, G is a
continuous process, then

.E(G) = eG.
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Let us present sufficient conditions for the cumulant process G to be continuous.

Lemma 14.6 

(1) If T = 0. a.s. on the set {T < ∞}. for every predictable time T , i.e., T ∈ Tp
., 

then = 0.. 
(2) If +XT = 0. a.s. on the set {T < ∞}. for every totally inaccessible time T ,

i.e., T ∈ T., then +G = 0.. 

Now we are prepared to study probability of ruin of the optional semimartingale
R introduced by formula (14.20). Given  R,. our main goal is to eva luate the ruin
probability P(τ < ∞)., where τ = inf {t > 0 : Rt < 0}.. 

We assume that condition (14.23) holds and note that such risk process R is 
called as a process with light-tailed negative jumps. 

Let us define the optional cumulant process for the risk process R: for all t > 0. 

and z ∈ (0, z0]., 

. Gt(z) = −zBt + z2

2
N t +

]0,t] R0

(e−zx − 1)dνr +
[0,t[ R0

(e−zx − 1)dνg.

Define a p rocess

.Mt(z) = exp[−z(Rt − u)]E−1
t (G(z)). (14.26) 

It follows from Theorem 14.4 that the process Mt(z). in (14.26) is an optional local 
martingale for every z in [0, z0]., if −1. and +G > −1.. With the help of the 
Fatou Lemma, we can easily derive that a nonnegative optional local martingale is
an optional supermartingale. Thus, since M0(z) = 1., it follo ws that

. 1 ≥ E(Mτ∧t (z))

= E(Mτ (z)1τ≤t + Mt(z)1τ>t )

≥ E(Mτ (z)1τ≤t )

= E(Mτ (z)|τ ≤ t)P(τ ≤ t)

for every z in [0, z0]. and t > 0.. 
Hence, for all z ∈ [0, z0]., 

.P(τ ≤ t) ≤ 1

E(Mτ |τ ≤ t)

= 1

E(e−z(Rτ −u)E−1
τ (G(z))|τ ≤ t)

.



264 14 Optional Semimartingales for Stochastic Regression Analysis and Risk Theory

Since Rτ ≤ 0. on {τ ≤ t}., we get

.P(τ ≤ t) ≤ e−zu

E(E−1
τ [G(z)]|τ ≤ t)

, (14.27) 

for all z ∈ [0, z0].. 
If we want to find a better estimate of t he upper bound of the ruin probability

in (14.27), we are required to impose additional assumptions.
First, suppose that

. − Gτ (0) = Bτ +
]0,τ ] R0

xdνr
s +

[0,τ [ R0

xdν
g
s+ > 0. (14.28) 

Note that differentiation with respect to z under the i ntegral sign with respect to
νj , j = r, g,. in (14.28) is possible because zero is an interior point in the range of 
z-values for which the integral exists.

If we assume that = 0. and +G = 0., t hen

.Et (G(z)) = exp(Gt (z)). (14.29) 

Now, using (14.29) and Jensen’s inequality, we get from (14.27) that 

. P(τ ≤ t) ≤ e−zu E E−1
τ [G(z)]|τ ≤ t

−1

≤ e−zuE(Eτ [G(z)]|τ ≤ t)

= E(exp[−zu + Gτ(z)]|τ ≤ t), (14.30) 

for all z ∈ [0, z0]. and t > 0.. 
The function Gτ(z). is a strictly convex function of z with Gτ (0) = 0.. Further, 

by the assumption (14.28), the function E(exp[−zu + Gτ (z)]|τ ≤ t). is a strictly 
convex function of z decreasing from 1 at z = 0.. Furthermore, under assumption
(14.29) with z0 = ∞., the function E(exp[−zu+Gτ (z)]|τ ≤ t). increases to +∞. as 
z → ∞.. Hence, there exists a unique z∗ ∈ [0, z0]. for which this function attains its
minimum, and by (14.30), we obtain

.P(τ ≤ t) ≤ e−z∗u

E(exp[−Gτ(z∗)]|τ ≤ t)
. (14.31) 

It seems the estimate (14.31) is the best upper bound for r uin probability obtained
from (14.27). 

We can find a more explicit estimate of the ruin probability if we can choose
z-value zt > 0., for which the denominator of (14.27) equals one. Let us note that 
this z-value is not necessarily unique, and it often depends on t . In this case, we get

.P(τ ≤ t) ≤ e−uzt .
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Further, i f zt . exists for all t > 0. and if ẑ = limt→∞ zt . exists, t hen

. P(τ < ∞) ≤ e−uẑ.

Finally, we summarize our results in the following theorem.

Theorem 14.5 Given the optional risk model (14.20), suppose assumptions (14.2) 
hold. 

1. If −1. and +G > −1. then 

. P(τ ≤ t) ≤ e−zu

E(E−1
τ [G(z)]|τ ≤ t)

for all z ∈ [0, z0]. and t > 0.. 
2. If Gτ(0) < 0., = 0. and +G = 0., then there exists a unique z∗ ∈ [0, z0]. for 

which the right-hand side of

. P(τ ≤ t) ≤ e−z∗u

E(exp[−Gτ (z∗)]|τ ≤ t)

attains its minimum.
3. If zt > 0. exists for which E(E−1

τ [G(zt )]|τ ≤ t) = 1., t hen

. P(τ ≤ t) ≤ e−uzt .

Moreover, i f zt . exists for all t > 0. and if ẑ = limt→∞ zt . exists, t hen

.P(τ < ∞) ≤ e−uẑ. (14.32) 

Remark 14.2 Notice that the inequality (14.32) is an analog of the classical 
Cramer-Lundberg bound obtained in a very general optional setting. 

Moreover, if the process D represents the accumulated claims (all jumps are
downwards) while the process L = 0., then the condition (14.28) becomes 

. − Gt(0) = Bt +
]0,t]

0

−∞
xdνr > 0 f or all t > 0

and is known as net-profit condition in risk theory. This means that the insurance 
company adopts the wise premium policy such that premiums follow the claims’
intensity.



Chapter 15 
Supplementary Pr oblems

The list below contains problems which are related to all chapters of the book. Some 
of them are numerical and some others are pure theoretical, but in any case, they are 
help both students and instructors. Students can improve their understanding and
scope. Instructors can transform most of the problems for teaching and examination
purposes. The following references might be useful to create detailed solutions (see
[7, 11, 13, 17, 18, 20, 27, 28, 30–32, 36, 37, 39, 40, 45–48, 50, 52, 60, 61], and [62]). 

Problem 15.1 Let X be a standard normal random variable and Y be a Bernoulli
random variable such that P(Y = 1) = P(Y = −1) = 1

2 ., and X, Y . are 
independent. Prov e that

(a) Z = YX  ∼ N(0, 1).. 
(b) Z and X are uncorrelated, but t hey are not independent.

Solution The claim (a) is obvious. To p rove (b), we calculate cov(X,Z) =
E(XZ) = EX2

EY = 1 · 0 = 0.. Further , P(X ≥ 1, Z ≥ 1) = P(X ≥ 1, Y = 1) =
P(X ≥ 1) · P(Y = 1) = 1

2P(X ≥ 1).. But P(X ≥ 1) · P(Z ≥ 1) = (P (X ≥ 1))2
. 

and P(X ≥ 1) 0.1587., and, hence, 1
2P(X ≥ 1) (P (X ≥ 1))2

.. . 

Problem 15.2 Assume that stochastic process Xt = eWt ., where W = (Wt )t≥0 . is 
a standard Wiener process. Calculate the drift and dif fusion coefficients of process
X = (Xt )t≥0 .: 

. b(x) = lim
h→0

h−1 [E(Xt+h − Xt |Xt = x)] ,

σ 2(x) = lim
h→0

h−1 E (Xt+h − Xt)
2|Xt = x

for t, x ∈ R1+ . . 
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Hint: Use the f act that

. Wt+h − Wt ∼ N(0,
√

h), h > 0

. 

Problem 15.3 Let Xi ∼ N(μi, σ
2
i ), i = 1, 2., and X1 + X2 ∼ N(μ1 + μ2, σ

2
1 +

σ 2
2 + 2ρσ1σ2).. Then cov(X1, X2) = ρσ1σ2 . and corr(X1, X2) = ρ .. . 

Hint: Use the formula for bivariate normal distribution. . 

Problem 15.4 (Theorem of Slutsky) Let r.v’s Xn
d−−−→

n→∞ X . and the sequence of 

real numbers an −→ a ∈ R1
.. Then Xn + an

d−−−→
n→∞ X + a . and anXn

d−−−→
n→∞ aX .. . 

Solution Let us note for ∀ε > 0, x ∈ R1
., t hat

. P(Xn + an ≤ x) =P(Xn + an ≤x, |an − a|<ε) + P(Xn + an ≤ x, |an − a| ≥ ε)

≤P(Xn ≤ x − a + ε) + P(|an − a| ≥ ε).

It follows from here for all points x − a + ε . of continuity of distribu tion function
Fx . that 

. lim
n

sup FXn+an(x) ≤ Fx(x − a + ε).

So, by the arbitrary choice of ε > 0., we deri ve

. lim
n→∞ FXn+an(x) = FX(x − a) = FX+a(x)

for all x at which FX+a . is continuous. 
The second claim is proved in the same way. . 

Problem 15.5 Let Xn ∼ N(μn, σ
2
n ). and μn → μ, σ 2

n → σ 2, n → ∞.. T hen

Xn
d−−−→

n→∞ X ∼ N(μ, σ 2).. . 

Solution Denote Zn = Xn−μn

σn
∼ N(0, 1). and, hence, Zn

d−−−→
n→∞ Z ∼ N(0, 1).. 

Using Problem 15.4, we obtain that

. Xn = σnZn + μn
d−−−→

n→∞ X = σZ + μ.

.
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Problem 15.6 (Borel-Cantelli Lemma) Let (An)n=1,2,... . be a sequence of e vents,

and C =
∞

m=1 n=m

An .. T hen

1. P(C)  = 0., if
∞

n=1
P(An) < ∞.. 

2. P(C)  = 1., if (An)n=1,2,... . are independent and
∞

n=1
P(An) = ∞.. 

. 

Solution 

(a) We have P(C) ≤ P
∞

n=m

An ≤
∞

n=m

P (An). for each n = 1, 2, . . .. Take ε > 0. 

and find Nε . big enough that
∞

n=Nε

P (An) < ε .. Hence, for all N > Nε ., we obtain

P(C) < ε .. 

(b) Let us note that P((
∞

n=m

An)
c) ≤ P(

∞

n=m

Ac
n) ≤ P(

m+M

n=m

Ac
n). for any M > 0.. 

But (An). are independent, and, hence, P((
∞

n=m

An)
c) ≤

m+M

n=m

(1 − P(An)) ≤

exp −
m+M

n=m

P (An) ., where we used the inequality 1−x ≤ e−x
. for x ∈ [0, 1].. The  

claim follows from the inequality above for probabilities. . 

Problem 15.7 Let μ =
∞

n=1
αnPn ., where (Pn).and (αn).are sequences of probability 

measures and positive numbers, respectively. Define ν =
∞

n=1
βnQn ., where (Qn). 

and (βn).are sequences of probability measures Qn Pn .and nonnegative numbers. 
Prove that ν μ.. . 

Solution For any A with μ(A) = 0., we have
∞

1
αnPn = μ(A) = 0. and, hence, 

Pn(A) = 0. for all n. So, Qn(A) = 0. and therefore ν(A) =
∞

n=1
βnQn = 0., and we 

get ν μ.. . 

Problem 15.8 Let ([0, 1],B(0, 1), l). be a Borel space with the Lebesgue probabil-
ity measure l, and X and Y be random variables: X(ω) = 2ω2

. and 

.Y (ω) =

⎧
⎪⎪⎨

⎪⎪⎩

0, ω ∈ [0, 1
3 ]

2, ω ∈ [ 1
3 , 2

3 ]
1, ω ∈ [ 2

3 , 1]
.
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Find E(X|Y ).. . 

Solution For ω ∈ [0, 1
3 ]., we have E(X|Y )(ω) =

1
3

0
xdP

P ([0, 1
3 ]) = 1

1
3

1
3

0 2ω2dω = 2
27 .. 

Values of E(X|Y ). on other sets [ 1
3 , 2

3 ]. and [ 2
3 , 1]. can be determined in the same

way: 14
27 . and 38

27 ., correspondingly. . 

Problem 15.9 Let (εn)n=1,2,...,N . be a sequence of independent random 
variables with values +1. and −1. taking with probability 1

2 .. D efine Xn =
(−1)n cos π

n
k=1 εk , = 1, 2, . . . , N . and prove that (Xn)n=1···N . is a martingale 

with respect to a natural filtration Fn = Fε
n = FX

n .. . 

Solution We represent the sequence (Xn). as follo ws:

. Xn = (−1)n
1

2
eiπ n

1 εk + e−iπ n
1 εk , ı = √−1.

Using independence of (εn)1···N ., we have  

. E(Xn|Fn−1) = 1

2
(−1)n Eeiπεn · eiπ n−1

1 εk + Ee−iπεn · e−iπ n−1
1 εk .

Further, applying an obvious relation Eeiπεn = 1
2 (eiπ + e−iπ ) = −1., we obtain

. E(Xn|Fn−1) = (−1)n−1

2
eiπ n−1

1 εk + e−iπ n−1
1 εk

= (−1)n−1cos π

n−1

1

εk = Xn−1.

. 

Problem 15.10 Values and joint distribution of random variables X and Y are given
in the table

X 
Y −0.1 0 0.1 

−0.2 0.1 0 0.4 
0.1 0.3 0.1 0.1 

Find marginal distributions of X and Y , average of Y , and E(Y |X).. .
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Solution We have from the table above that

. P(X = −0.2) = 0.1 + 0.4 = 0.5.

P (X = 0.1) = 0.3 + 0.1 + 0.1 = 0.5

P(Y = −0.1) = 0.1 + 0.3 = 0.4.

P (Y = 0) = 0.1, P (Y = 0.1) = 0.4 + 0.1 = 0.5,

which give us marginal distributions. We also derive from the above equalities that
EY = −0.1 · 0.4 + 0.1 · 0.5 = 0.01.. 

To calculate the conditional expectation E(Y |X)., we w rite

. E(Y |X) = E(Y |X = −0.2) · I{X=−0.2} + E(Y |X = 0.1) · I{X=0.1}.

Calculating 

. E(Y |X = −0.2) = − 0.1 · P(Y = − 0.1|X = − 0.2) + 0.1 · P(Y = 0.1|X = −0.2)

=−0.1 · 0.1 + 0.1 · 0.4

0.5
= 0.06,

and similarly 

. E(Y |X = 0.1) = −0.1 · 0.3 + 0.1 · 0.1

0.5
= −0.04,

we obtain 

. E(Y |X) = 0.06 · I{X=−0.2} − 0.04 · I{X=0.1}.

. 

Problem 15.11 Let (Xn)n=1,2,··· . be a sequence of independent random variables
such that P(Xn = 1) = p ., P(Xn = −1) = 1 − p ., 1 < p < 1

2 .. Show that the 
following stochastic sequences are martinga les with respect to a natural filtration
(Fn)n=1,2,··· . generated by (Xn).: 

(a) Mn = 
n 

k=1 
Xk − n · (2p − 1).. 

(b) Yn = M2 
n − 4np(1 − p).. 

(c) Zn = ( 1−p 
p ) 

n 

1
Xk .. 

. 

Hint: Check the martingale property. .
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Problem 15.12 Let X0 . be a random variable such that P(X0 = 2) = P(X0 =
0) = 1

2 .. Define Xn = n · Xn−1, n = 1, 2, · · · . and Mn = Xn − EXn .. Prove th at
(Mn). is not a martingale with respect to the natural filtration (Fn).. . 

Solution We observ e that E(Mn|Fn−1) = E(Xn|Fn−1) − n! = n · Xn−1 − n! =
n(Xn−1 − (n − 1)!) = n · Mn−1 Mn−1 .. . 

Problem 15.13 Find a stochastic differential for the process Xt = (
√

123+ 1
2Wt)

2
., 

where (Wt ). is a Wiener process. . 

Solution Here Xt = f (Wt). with the function f (x) = (
√

123 + 1
2x)2

.. The first 
and second derivatives of this function are f (x) = 2(

√
123 + 1

2x), f (x) = 1.. 
Therefore, using the Ito formula, the stochastic differential of (Xt ). is 

. dXt =f (Wt)dWt + 1

2
f (Wt)dt

= 2(
√

123 + 1

2
Wt)dWt + 1

2
dt.

. 

Problem 15.14 Let (Nt )t≥0 . be a Poisson process with intensity λ = 1.. Prove th at
(Nt − t)2 − t . is a martingale with respect to natural filtration generated by (Nt ).. 

Calculate E
3

1
Ntdt ·

4

2
Ntdt . . 

Hint: In the first case, check the martingale property. I n the second case, the answer
is 34 1

3 .. . 

Problem 15.15 Check whether the processes are martingales:

(a) Xt = W 3 
t − 3tWt .. 

(b) Xt = Wt + 287t .. 
(c) Xt = e 

t 
2 sin(Wt )., 

where (Wt )t≥0 . is a Wiener process. . 

Solution (a) We have here Xt = f (t,Wt ). with the function f (t, x) = x3 − 3tx .. 
This function has the partial derivatives

. 
∂

∂x
f (t, x) = 3x2 − 3t,

∂2f (t, x)

∂x2 = 6x,

∂

∂t
f (t, x) = −3x.

Therefore, using the Ito formula, w e derive

. dXt = (3W 2
t − 3t)dWt + −3Wt + 1

2
(6Wt) dt = (3W 2

t − 3t)dWt .

Therefore, (Xt ). is a martingale as a stochastic integral has a martingale property.
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In the case of (b), we have EX0 = 0. and, for instance, EX1 = 287.. This i mplies
that (Xt ). cannot be a martingale, since martingales have constant expectations. 

For (c), we have Xt = f (t,Wt ). with function f (t, x) = e
t
2 ·sin(x). and its partial 

deriv atives:

. 
∂

∂x
f (t, x) = e

t
2 · cos(x),

∂2f (t, x)

∂x2
= −e

t
2 · sin(x),

∂

∂t
f (t, x) = 1

2
e

t
2 · sin(x).

Using the Ito formula, we get

. dXt = e
t
2 · cos(Wt )dWt + 1

2
e

t
2 · sin(Wt ) + 1

2
(−e

t
2 · sin(Wt )) dt =

= e
t
2 · cos(Wt )dWt ,

which certifies that (Xt ). is a martingale. . 

Problem 15.16 Provide a condition on the mapping ϕ : R1 −→ R
1
. under which 

ϕ(τ). remains a stopping time, where τ . is a stopping time. . 

Solution Suppose the mapping ϕ . meets the follo wing conditions:

(a) ϕ . is injectiv e.
(b) ϕ([0,∞)) = [0,∞ ).. 
(c) ϕ . order-preserving and t ≤ ϕ(t). for all t ∈ [0,∞).. 

Condition (a) ensures that the inverse mapping ϕ−1 : ϕ(R1) −→ R
1
. is defined. 

Condition (b) ensures that ϕ−1(t). is well-defined and positive for all t ≥ 0.. 
Condition (c) together with the previous two conditions (a) and (b) gives that
whenever τ . is a s topping time

. {ϕ(τ) ≤ t} = {τ ≤ ϕ−1(t)} ∈ Fϕ−1(t) ⊆ Ft .

For instance, if ϕ : [0,∞) −→ [0,∞). is a strictly increasing f unction satisfying
t ≤ ϕ(t). for all t ≥ 0. and ϕ . is differentiable with ϕ (t) ≥ 1. for all t , ϕ(0) = 0., then 
by the mean value theorem, we get ϕ(t) ≥ ϕ (c) · t ≥ t ., and the above holds. . 

Problem 15.17 Consider the function p(t, x, y) = 1√
2πt

exp − (x−y)2

2t
, x, y ∈

R
1, t ∈ R1

t ., representing the transition density of a Wiener process (Wt ).. Prove t he
p(t, x, y). satisfies the P DE:

. 
∂

∂t
p(t, x, y) = 1

2

∂2

∂y2
p(t, x, y).

.
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Solution On one side, we have

. 
∂

∂t
p(t, x, y) = p(t, x, y) − 1

2t
+ (x − y)2

2t
.

On the other hand, differentiating with respect to y, we get

. 
∂2

∂y2
p(t, x, y) =p · (x − y)2

t
+ p · (−1

t
)

=p(t, x, y)
(x − y)2

t
− 1

t
.

Then it is clear that p(t, x, y). satisfies the above differential equation. . 

Problem 15.18 Prove that every nonnegative local martinga le is a supermartingale.
. 

Hint: Apply the Fatou lemma. . 

Problem 15.19 Let (Xn)n=0,1,...,N . be a submartingale with E(X+
N)p < ∞., p > 1.. 

Prove the D oob inequality

. E(max
n

X+
n )

p ≤ (
p

p − 1
)
p

E(X+
N)

p
, X+

N = max(0, XN).

. 

Solution Denote X∗
N = maxn≤N X+

N . and note t hat

. λ.P(X∗
N > λ) ≤ EX+

N.I{X∗
N>λ}, λ > 0.

Multiplying the above inequality by λp−2
. and integrating over (0,∞)., we obtain

. 

∞

0
λp−1P(X∗

N > λ)dλ ≤ EX+
N.

X∗
N

0
λp−2dλ ≤ 1

p − 1
EX+

N.(X∗
N)

p−1.

By ∞
0 λp−1P(X∗

N > λ)dλ = 1
p

∞
0 λpdP(X∗

N ≤ λ)., we get E(X∗
N)p ≤

p
1−p

EX+
N.(X∗

N)p−1
., and with the help of the Hölder -inequality, we derive

.EX+
N.(X∗

N)p−1 ≤ (E(X+
N)p)

1
p (E(X∗

N)p)
p−1
p
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and hence 

. E(X∗
N)p ≤ p

p − 1
(E(X+

N)p)
1
p (E(X∗

N)p)
p−1
p .

It leads to the desirable inequality. . 

Problem 15.20 Give an example of a non-right-continuous filtration and a martin-
gale which is not right-continuous. . 

Solution For a positive real number a > 0., define = {a,−a}., P(a) = P(−a) =
1
2 ., and the Bernoulli random variable

. X = a with probability 1
2 ,

−a with probability 1
2 .

Define Xt = 0 if t ≤ t0,

X if t > t0
. , t ≥ 0., and Ft = {∅ } if t ≤ t0,

FX = σ(X) if t > t0
.. P rocess

(Xt ). is a martingale w.r. to (Ft ).. Both  (Xt ). and (Ft ). are not right-continuous. . 

Problem 15.21 Let (An)n≥0 . be a predictable (d × d).-matrix-valued sequence of 
random variables such that n = An − An−1 . is positive-defined, n ≥ 1., and 
λ min(A). and λ max(A). are minimal and maximal eigenvalues of A, respectively.
Let (Mn)n≥0 . be a d-dimensional square-martingale with the quadratic characteristic
<< M,M >>n= ( Mi,Mj

n)i,j=1,..,d .. Prove an analog of lemma 7.1 for d-
dimensional case: (a.s.)

. {ω : λmin(A∞) = ∞} ∩ {ω : N →} ∩ {ω : lim
n

sup
λ max

λ min
(An) < ∞}

⊆ {ω : A−1
n Mn → 0}.

Hint: Adapt the proof of lemma 7.1 to this multidimensional case. . 

Problem 15.22 Let (An). and (Mn). be as in the previous problem, λ min(An) → ∞. 

(a.s.), limn sup λ max
λ min (An) < ∞. (a.s.), and (a.s.).

. 

∞

n=1

tr (A−1
n n(A

−1
n ) < ∞.

Then (a.s.) A−1
n Mn → 0., n → ∞.. 

Hint: Adapt the proof of theorem 7.1 to this multidimensional case. . 

Problem 15.23 Let us consider a polynomial transformation Pn(t).Qm(wt ). of a 
Wiener process (wt )t≥0 ., where Pn . and Qm . are polynomials of degrees n and m 
relatively. Determine when this transformation leads to a martingale.

Hint: Use the Ito formula. .
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Problem 15.24 Let (Xn)n=1,2,... . be a sequence of independent random v ariables
with the density

. fa(x) = e−ax if x ≥ 0,

0 if x < 0.

Find the parameter a . to provide that Zn = n
i=1 Xi . is a martingale w.r. to a natural

filtration (FX
n )n=1,2,... .. 

Hint: Use the conditions ∞
0 fa(x)dx = 1. and EXn = 1.. . 

Problem 15.25 Assume Xn ∼ N(μn, σ
2
n )., n = 1, 2, . . .., and Xn

L2−→ X ., n → ∞.. 
Then X ∼ N(μ, σ 2)., where μ = limn→∞ μn ., σ 2 = limn→∞ σ 2

n .. 

Solution It follows from the L2 .-convergence that μn → μ = EX . and V arXn →
V arX = σ 2

., n → ∞.. Hence, for an arbitrary λ ∈ R1
., we obtain

. EeiλX = lim
n→∞EeiλXn = lim

n→∞ eiμnλ− σ2
n
2 λ2 = eiμλ− σ2

2 λ2
.

. 

Problem 15.26 Let b = b(x). and σ = σ(x). be bounded functions from R1
. to R1

. 

such that b ∈ C1(R1)., σ ∈ C2(R1).. Assume (Wt )t≥0 . is a wiener process. Then the
Ito process

. dXt = b(Xt )dt + σ(Xt ).dWt

can be rewritten in the form of the Stratonovich stochastic integral

. dXt = (b(Xt ) − 1

2
σ(Xt )σ (Xt ))dt + σ(Xt ).dWt .

Also, that for Xt = Wt . and F ∈ C2(R1)., the Ito formula F(Xt) − F(X0) =
t

0 F (Xs)dXs + 1
2

t

0 F (Xs)ds . admits the following form in terms o f Stratonovich
integral F(Xt) − F(X0) = t

0 F (Xs).dXs .. 

Hint: Use definitions of these integrals. . 

Problem 15.27 Let us consider the exponential t ransformation of a probability
measure PT ., T > 0. to a measure function P∗

T . such that 

. 
dP∗

T

dPT

= eaW−
T +bT +c = ZT ,

where (Wt )t≤T . is a Wiener process. Determine parameters a, b, and c under which
P∗

T . will be a p robability measure.

Hint: Use the condition EZT = 1.. .
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Problem 15.28 Prove that the first and second v ariations of a Wiener process
(Wt )t≥0 . converge (a.s.) to infinity and to the length o f time interval correspondingly.

Solution For a fixed T > 0., we define a subdivision tni = iT .2−n
., i ≤ 2n

., n ≥ 1. of 
the interval [0, T ].. D efine

. FV n =
2n−1

i=0

|Wtni+1
− Wtni

| =
2n−1

i=0

| tni
|

and 

. SV n =
2n−1

i=0
tni

)2, n ≥ 1.

For SV n
. using properties of (Wt )., we have  

. 

E(SV n − T )
2 =E

2n−1

i=0

n
ti
)
2 − T .2−n

2

=
2n−1

i=0

E n
ti
)
2 − T .2−n

2

=2n.2.(T .2−n)
2

=2.T 2.2−n

and 

. 

∞

n=1

|SV n − T |
L2

≤
∞

n=1

SV n − T L2

≤√
2T .

∞

n=1

2
−n
2 < ∞.

Hence, SV n → T . (a.s.) as n → ∞. by ∞
n=1 |SV n − T | < ∞. (a.s.). 

Regarding FV n
. for each ω ∈ ., we have  SV n(ω) ≤ (maxi | tni

(ω)|). 2n−1
i=0| tni

(ω)| ≤ (maxi | tni
(ω)|).FV n(ω).. It follows from this inequality for paths

of (Wt )t≥0 . that limn→∞ inf FV n(ω). cannot be finite; otherwise SV n −−−→
n→∞ 0.. . 

Problem 15.29 Let (Mt)t≥0 . be a continuous square integrable martingale with a
finite first variation FVt (M).. Show that Mt = M0 . (a.s.) for all t ≥ 0..
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Hint: Let (tnj ). be a finite partition of [0, t]. with maxj
n
j → 0. as n → ∞.. Then 

(a.s.)

. 

j

| tnj
|2 ≤ FVt (M(ω)). max

j
| tnj (ω)| → 0, n → ∞,

and 

. < M,M >t= 0 (a.s.).

Hence, Mt = M0 . (a.s.). . 

Problem 15.30 Let M = (Mt)t≥0 . be a continuous local marting ale and

. Zt(M) = exp{Mt − 1

2
M,M t }, t ∈ [0,∞].

Assume that (Krylov’ s condition)

. lim
ε→0

inf ε. logE exp{1 − ε

2
M,M ∞} < ∞.

Prove that EZ∞(M) = 1., i.e., the exponential local martingale (Zt (M))t≥0 . is 
uniformly integrable. Show that the condition above is wider than the Novikov

condition Ee
1
2 M,M ∞ < ∞.. . 

Hint: First of all, we note that EZ∞(M) ≤.1 as a consequence of a s upermartingale
property of (Zt (M)). and the Fatou lemma. Using the Hölder inequality, we can
derive for a constant c > 0. that 

. 

1 = EZ∞((1 − ε)M) =Ee(1−ε)(M∞− 1
2 M,M ∞).e

(1−ε)ε
2 M,M ∞ .I M,M ∞≤c}

+Ee(1−ε)(M∞− 1
2 M,M ∞).e

(1−ε)ε
2 M,M ∞ .I M,M ∞>c}

≤(EZ∞(M))1−ε. Ee
(1−ε)ε

2 M,M ∞ .I M,M ∞≤c}
ε

+(EZ∞(M).I M,M ∞>c})1−ε. Ee
(1−ε)ε

2 M,M ∞
ε

.

By taking the limit when ε → 0. in the above inequality, we a rrive at

. 1 ≤ EZ∞(M) + const.EZ∞(M).I M,M ∞>c}.

Taking the limit as c → ∞., we get EZ∞(M) ≥ 1.. . 

Problem 15.31 Show that every process (At ). with finite variation can be repre-
sented as the difference of two increasing processes.
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Hint: Use t he representation

. At = 1

2
(|A|t + At − 1

2
(|A|t − At)),

where |A|t . is the variation of A on [0, t].. . 

Problem 15.32 Let (Xt )t≥0 . be a semimartingale and let (At ). be a process of finite 
va riation. Prove that

. [X,A]t =
s≤t

t s ).

In particular, [X,A] = 0., if  (At ). or (Xt ). is continuous. 

Hint: Use the limiting arguments dividing [0, t]. by a subdivision tnj = j t2−n
., j =

0, . . . , 2n
., n ≥ 1.. . 

Problem 15.33 Prove the Levy characterization of a Wiener process (Remark 8.1). 

Solution Let us prove that the following three statements are equi valent for a
continuous martingale (Xt )t≥0 ., X0 = 0.: 

(1) Process (Xt ). is a standard Wiener process on t he underlying stochastic basis.
(2) Process (X2

t − t)t≥0 . is a marting ale.
(3) Process (Xt )t≥0 . has a quadratic variation [X,X]t = t .. 

To prove (1) ⇒ (2)., we just observe that E|X2
t − t | < ∞. for each t ≥ 0. and for 

s ≤ t ., E(X2
t − t |Fs) = E (X2

t − X2
s ) + X2

s − (t − s) − s|Fs = X2
s − s . by the 

properties of a Wiener process (Xt ).. 
For the proof of the second implication (2) ⇒ (3)., we note that (X2

t )t≥0 . is a 
submartingale with the Doob-Meyer decomposition X2

t = (X2
t − t) + t .. H ence,

[X,X]t =< X,X >t= t .. 
The third implication (3) ⇒ (1). can be stated as follows. First, we p rove that

increments of (Xt )t≥0 . are Gaussian. Applying the I to formula to eiλx+ λ2
2 t =

f (t, x)., t ≥ 0., and λ > 0., we obtain

. 

df (t,Xt ) = ∂

∂t
f (t, Xt )dt + ∂

∂x
f (t, Xt )dXt + 1

2

∂2

∂x2
f (t,Xt )d[X,X]t

=1

2
λ2f (t,Xt )dt + iλf (t, Xt )dXt + (−λ2

2
)f (t, Xt )dt

=iλf (t, Xt )dXt ,

and, therefore, (f (t, Xt ))t≥0 . is a martingale. Further,

.E(eiλXt+ 1
2 λ2t |Fs) = eiλXs+ 1

2 λ2s ,
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and 

. Eeiλ(Xt−Xs) = E(E(eiλ(Xt−Xs)|Fs)) = e− 1
2 λ2(t−s),

which means that Xt − Xs ∼ N(0, t − s)., t ≥ s .. 
To finish the proof, we show that the increments Xt2 − Xt1 , . . . , Xtn − Xtn−1 . are 
independent for any subdivision of time 0 ≤ t1 < t2 < t3 < . . . < tn−1 < tn .. We  
hav e

. E(eiλ,Xt1 +iλ2(Xt2−Xt1 )+...+iλn(Xtn−Xtn−1)) = e− λ2
1
2 t1 × . . . × e− 1

2 λ2
n(tn−tn−1),

which states independence of increments of (Xt ).. So, (Xt )t≥0 . is a W iener process.
. 

Problem 15.34 Prove that any submartingale X = (Xt )t≥0 . on a standard s tochastic
basis t )t≥0, P ). admits the right-continuous modification, if EXt . is right-
continuous.

Hint: Using limiting arguments together with a submartingale property , we have
Xt ≤ E(Xt+|Ft). (a.s.), t ≤ 0.. But Ft = Ft+ .; hence, Xt ≤ Xt+ . (a.s.), and from
EXt = EXt+ ., we get the result. . 

Problem 15.35 Let M = (Mt)t≥0 . be a martingale on a stochastic basis
t )t≥0, P ).. Show that a predictability property for the process φ = (φt ). is 

vital in getting the martingale property for a stochastic integral t

0 φsdMs .. 

Hint: Take a rich enough probability space . to accommodate two random 
variables: τ ≥ 0. with P(τ ≤ t) = t ∧ 1. and a Bernoulli random va riable Y such
that P(Y = 1) = P(Y = −1) = 1

2 .. Define Mt = Y.I{τ≤t} . and filtration Ft = FM
t .. 

In this case, t

0 MsdMs . is not a martingale. . 

Problem 15.36 Let continuous processes A ∈ A+
loc . and M ∈ Mloc . are defined 

on a standard stochastic basis t )t≥0, P ).. Assume that bi = bi(x)., x ∈
R

1
., i = 1, 2., are bounded continuous functions and Xi

., i = 1, 2., are (strong) 
continuous solutions of the stochastic differential equations w .r. to a semimartingale
Yt = At + Mt ., Y0 = 0 :. 

. dXi
t = bi(Xi

t )dAt + dMt ,

where Xi
0 = x ∈ R1

.. 
Prove that the inequality b1(x) < b2(x). for all x ∈ R1

. implies X1
t (ω) ≤ X2

t (ω). 

(a.s.) for all t ≥ 0.. 

Hint: Apply the method of proof similar to Lemma 9.1. .
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Problem 15.37 Consider a stochastic differential equation as in problem 15.36: 

. dXt = b(Xt )dAt + dMt ,

where X0 = x ∈ R1
., t ≤ T .. 

Assume that b1 = b(x)., x ∈ R1
. satisfies conditions of Theorem 9.3 and A <<

M,M .. Prove that this equation admits at least one (strong) solution.

Hint: Adapt the method of proof of Theorem 9.3 for this case. . 

Problem 15.38 Let dXt = μdt + σdWt + νdNt ., where W and N be a Wiener 
process and a Poisson process, respectively, with intensity λ > 0., μ, σ, ν ∈ R1

.. Let  
(τi). be the moments of the jumps of N . Prove the Ito formula for F ∈ C2

.: 

. F(Xt) = F(X0) +
t

0
F (Xs)dXs + 1

2

t

0
F (Xs−)σ 2ds −

Nt

i=1

F (Xτi− τi

+
Nt

i=1

(F (Xτi
) − F(Xτi−)).

Hint: Adapt the Ito formula for semimartingales in this case. . 

Problem 15.39 Let N = (Nt )t≥0 . be a Poisson process with intensity λ > 0. and 
α = (αt ). be a bounded deterministic function. 

Define the process

. Lt = exp{
t

0
αsd(Ns − λs) +

t

0
(1 + αs − eαs )λds}

and prove that L = (L0
t )t≥0 . is a martingale satisfying the equation

. dLt = Lt−(eαt − 1)d(Nt − λt).

Hint: Use the Ito formula. . 

Problem 15.40 Let Z be a normal random variable N(0, σ 2). on a p robability
space F,P).. Construct a probability Q. such that Z is a normal random variable
N(c, σ 2)., c ∈ R.. 

Solution Note that under probability Q., the random variable Z must have a density
1√

2πσ
{− (z−c)2

2σ 2 }.. So, we ha ve

.
1√

2πσ
exp{− (z − c)2

2σ 2
} = dQ = dQ

dP
dP.
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Let us note that

. exp{− (z − c)2

2σ 2
} = exp {−z2 − 2cz + c2

2σ 2
} = exp {− z2

2σ 2
}. exp {cz − 1

2c2

σ 2
},

and we arrive at the conclusion that dQ
dP

= exp{ cz− c2
2

σ 2 }.. . 

Problem 15.41 Let (wi
t )t≥0 ., i = 1, 2., be two independent Wiener processes. For 

the given constant −1 < ρ < 1., construct the process Xt = ρw1
t + 1 − ρ2w2

t .. Is  
it a Wiener process? 

Hint: Check the definition of Wiener process.

. 

Problem 15.42 Let (wi
t )t≥0 . be a Winner process on a probability space F,P)., 

and τa = inf(t : wt = a), a > 0.. Prove a specific form of the so-called r eflection
principle for a Wiener process wt .: 

. p{wt ≥ a|τa ≤ t} = 1

2
.

Hint: We note that

. p(wt ≥ a) = p(wt ≥ a|τa ≤ t).p(τa ≤ t) + p(wt ≥ a|τa > t).p(τa > t)

and find 

. p(wt ≥ a) = p(wt ≥ a|τa).p(τa ≤ t).

Therefore, 

. p(wt ≥ a|τa ≤ t) = p(wt ≥ a|wτa = a, τa ≤ t) = p(wt − wτa ≥ 0|τa ≤ t) = 1

2
.

. 

Problem 15.43 Let (εn)n=1,2,... . be a sequence of independent standard random
variables, εn ∼ N(0, 1).. Define a new sequence (Yn)n=1,2,... . as follo ws: Yn =

n
i=1

εi√
n log log n

.. Prove that limn→∞ Yn = 0. in probability, but Yn .does not converge 
(a.s.). 

Hint: First, we note that in the sense of distribution

.Yn
d=

√
nε1√

n log log n
= ε1√

log log n
,
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and, hence, Yn
p−−−→

n→∞ 0.. Second, using the iterated logarithm law, we have (a.s.)

. lim sup
n→∞

Yn = √
2and lim

n→∞ inf
Yn = −√

2.

. 

Problem 15.44 Let (εn)n=1,2,... . be a sequence of independent random variables 
taking values 0 or 1 on F,P).. Prove the f ollowing relations:

. P − lim
n

εn = 0 ⇔ P(εn = 1) → 0 (n → ∞),

. εn → 0 (n → ∞) (a.s.) ⇔
∞

n=1

P(εn = 1) < ∞,

. P(εn −−−→
n→∞ 0) = 0 ⇔

∞

n=1

P(εn = 1) = ∞.

Hint: Use the Borel-Cantelli lemma. We also note in the context of this problem
that the sequence (εn)n=1,2,... . which chosen as follows P(εn = 1) = 1

n
. will 

converge in probability, but not almost surely.

. 

Problem 15.45 Let (Xn
t )t≥0, n = 1, 2, . . .., be strong solutions of the s tochastic

differential equations

. dXn
t = −n3Xn

t dt + ndWt , Xn
0 = 0,

where (Wt )t≥0 . is a Wiener process. Show that (Xn
t ). converges to zero in space L2 . 

as n → ∞.. 
Hint: Using a general formula for the Orsntein-Ulenback process, we obtain that

. Xn
t = n.e−n3t

t

0
en3sdWs,

and, hence, EXn
t = 0.. Further, applying the isometric property of the I to stochastic

integral, we get

. E(Xn
t )2 =n2e−2n3tE(

t

0
en3sdWs)

2 =n2.e−2n3t 1

2n3
.e2n3t = 1

2n
→ 0 (n → ∞).

. 

Problem 15.46 Show the way how to construct a predictable s topping time (s.t.)
on the stochastic basis F, (Ft )t≥0,P). without usual conditions.
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Hint: Let σ . be a wide sense stopping time and τ . be a Fσ+ .-measurable r.v. s uch
that σ < τ . on {σ < ∞}.. Then τ . is a desirable stopping time s ince the sequence
τn = n ∧ ( 1

n
σ + n−1

n
τ ). foretells τ .. 

. 

Problem 15.47 Let τ . be a stopping time Show that Fτ− ≤ Fτ . and σ . is Fσ− .-
measurable. 

Hint: Take a set B such that B∩{σ ≤ t} ∈ Ft . for all t . So, we have either B ∈ F0 . 

or B = A ∩ {σ > u}, u ≥ 0., A ∈ Fu .. 

. 

Problem 15.48 Let ξ, ξ1, . . . , ξn . be nonnegative random variables on a probability
space F,P). such that ξ1 + ξ2 + · · · + ξn ≥ ξ .. Prove the following useful 
inequality: for η ≥ 0., 

. P(ξ > η) ≤
n

i=1

P(ξi >
η

n
).

Hint: Use an induction method or the following inclusion {ξ > η} ⊆ ∪n
i=1{ξi >

η
n
}.. This exercise can be used to bound the probability that a sum of random 

variables exceeds an amount in terms of the individual components of the sum.

. 

Problem 15.49 In the framework of Problem 15.42, prove that the density of τa . is 
equal to a√

2π
t− 3

2 exp(− a2

2t
). and, hence, 

. P( max
0≤s≤t

Ws ≥ a) = P(τa ≤ t) = 2√
2π

∞
a√
t

exp(−y2

2
)dy.

Hint: Use the reflection principle for (Wt ).: 

. P(Wt ≥ a) = 1

2
P(τa ≤ t).

. 

Problem 15.50 Let ξ . be a standard normal random variable. Prove that Eξ4 = 3., 
and, hence, skewness and kurtosis of ξ . are 0 and 3, correspondingly. 

Hint: Use the direct calculations.
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local, 86, 170 
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Martingale difference, 54 
Martingale measure, 141 
Martingale representation, 116 
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Maturity time, 140 
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mapping, 16 
Measurable space, 4 
Measure, 1 

finite-additive, 3 
Lebesgue, 6 
Martingale, 141 
Wiener, 12 

Merton formula, 201 
Method of monotonic approximations,

126 
Modification 

continuous, 93 
right-continuous, 96 

Monotonic class, 5 
Multiplication rule, 203 

N 
Normal distribution, 9 
Novikov condition, 81 
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call, 81 
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Ornstein-Uhlenbeck process, 125 
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Predictable stopping time, 157 
Principle of optimality , 147 
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Process with finite variation, 160 
Progressively measurable, 109 
Prokhorov theorem, 36 
Purely discontinuous martingale, 167 
Put-call parity , 142 

Q 
Quadratic brack et, 168 
Quadratic characteristic, 55, 169 
Quasimartingale, 85 

R 
Radon-Nikodym 

density/derivative, 44 
theorem, 44 

Random measure, 213
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Random set, 159 
Random variable, 13 

extended, 13 
uniformly integrable, 25 

Regression 
analysis, 72 
function, 77 

Regression model, 72 
Relative compactness, 36 
Replicating strategy , 196 
Risk process, 257 
Ruin probability , 257 

S 
Sample path, 51 
Scalar product, 97 
Schauder system, 97 
Semimartingale, 173 
Sequential estimate, 146 
Sigma-algebra, 4 

optional, 159 
predictable, 159 

Singular distribution, measure, 9 
Skewness, 21 
Small perturbations method, 151 
Step function, 101 
Stochastically continuous process, 96 
Stochastic analysis, 52 
Stochastic approximation, 77, 203 
Stochastic basis, 57 
Stochastic calculus, 178 
Stochastic differential equation (SDE), 119 
Stochastic exponential, 56, 188 

multiplication rule, 188 
Stochastic interv al, 159 
Stochastic Kronecker’s Lemma, 70 
Stochastic regression analysis, 203 
Stochastic volatility , 149 
Stock price, 49, 124 
Stopped process, 172 
Stopping time, 52 

accessible, 157 
graph, 157 
predictable, 157 
totally inaccessible, 157 

Stopping time in wide sense, 212 
Strategy, 196 
Stratonovich integral, 108 

Strongly predictable process, 211 
Strong solution, 125 
Structural condition, 227 
Structural LS-estimator , 255 
Subdivision, 92 
Submartingale, 54 
Supermartingale, 54 

T 
Theorem 

Caratheodory, 6 
CLT, 41 
comparison, 126 
Girsanov, 79 
Kolmogorov consistency , 7 
Lebesgue dominated convergence, 30 
Levy, 68 
optional sampling, 58 
Prokhorov, 36 
Radon-Nikodym, 44 

Theory of probability , 1 
Tightness, 36 
Totally inaccessible stopping time, 157 
Transition probability function, 131 

U 
Uniform distribution, 9 
Uniform Doob-Meyer decomposition, 259 
Uniformly integrable random variable, 25 
Uniqueness of solutions, 125, 147 
Unusual stochastic basis, 211 
Upcrossing, 60 
Upper option price, 149 
Usual conditions, 155, 161 

V 
Value function, 148 
Variance, 21 

W 
Wald identity , 105 
Weak convergence, 41 
Weak solution, 125 
Wiener measure, 12
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