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Preface

Preface to First Edition

The foundation of modern probability theory was done by A.N. Kolmogorov in
his monograph appeared as “Grundbegriffe der Wahrscheinlichkeitsrechtung” in
1933. Since that time we use the notion of a probability space (€2, F, P), where
€2 is an abstract set of elementary outcomes “w” of a random experiment, ¥ is a
family of events, and P is a probability measure, defined on #. In that book there is
a special remark about the property of independence as a specific feature of the
theory of probability. Due to this property one can use deterministic numerical
characteristics like mean and variance to describe the behavior of families of
random variables. It was later recognized that dynamics of random events can be
exhaustively determined considering t and “w” together and a random process as a
function of these two variables on the base of information flow F;, t > 0.

This fruitful idea was extremely important for a general theory of random
processes initiated in the middle of the 20th century. The central notion of this
theory is a stochastic basis (€2, 7, (F;), P), i.e. a probability space equipped with
an information flow or filtration (F}). In such a setting deterministic numerical char-
acteristics induced by the independence property are replaced by their conditional
versions with respect to filtration (F;). So that a predictability has appeared as a
driver of extension of stochastic calculus to the biggest possible class of processes
called semimartingales. These processes admit the full description in predictable
terms. Moreover, they unify processes with discrete and continuous time. As a
result, we arrive to a nice transformation of the theory of probability and stochastic
processes to a wider area which is called stochastic analysis.

The primary goal of the book is to deliver basic notions, facts and methods of
stochastic analysis using a unified methodology, sufficiently strong and complete,
and giving interesting and valuable implementations in mathematical finance and
statistics of random processes. There are a lot of examples considered to illustrate
theoretical concepts discussed in line with problems for students aligned with
material. Moreover, the list of supplementary problems with hints and solutions,
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covering both important theoretical statements and purely technical problems
intended to motivate deeper understanding of stochastic analysis is provided at
the end of the book. The book can be considered as a textbook for both senior
undergraduate and graduate courses on stochastic analysis/stochastic processes. It
certainly can be helpful for undergraduate and graduate students, instructors as well
as for experts in stochastic analysis and its applications.

The book is based on the lectures given by the author in different times in
Lomonosov Moscow State University, State University-Higher School of Eco-
nomics, University of Copenhagen and in the University of Alberta. The author
is grateful to his PhD students Ilia Vasilev and Andrey Pak at the Mathematical
Finance Program (University of Alberta) for their kind help in preparation of this
book.

Preface to Second Edition

The second edition presents a further development of the first edition with the aim
to incorporate to the textbook new findings of modern stochastics. As we know,
the assumption that the stochastic basis satisfies so-called usual conditions is a
foundation concept in the general theory of stochastic processes. This theory has
been instrumental in generating many important and even fundamental results in
mathematical finance and in the theory of stochastic processes itself. It is difficult
to conceive of a theory of stochastic processes without the usual conditions and
RCLL (right continuous with finite left limits) processes. However, it is not difficult
to give some examples of stochastic basis without the usual conditions. In 1975,
Dellacherie started to study the theory of stochastic processes without this standard
assumption, termed” unusual conditions.” Further developments of this theory were
carried on by Lepingle, Horowitz, Lenglart, and mostly by Galtchouk. We believe
that the theory optional processes developed in this framework will offer a natural
foundation and a versatile set of tools for modeling financial markets, statistics of
random processes as well as risk modeling.

The aim of the second edition of the book is to present the elements of the
theory of optional processes on unusual stochastic basis and bring its methods
to Mathematical Finance, Stochastic Regression Analysis, and Risk Theory. This
leading idea was realized in writing three additional Chaps. 12, 13, and 14 with
upgrading list of problems as Chap. 15. Chapter 12 presents foundation material
on optional processes and optional stochastic calculus. Chapter 13 introduces
stochastic exponentials and logarithms and their applications for financial modeling.
Chapter 14 describes how optional processes work for Regression Analysis and
Risk Theory. Chapter 15 presents the extended list of problems adapted to the main
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contents of the book and their solutions. The second edition of the book presents
the first exposition of this theory in textbooks. The author thanks his PhD student
Pouneh Mohammadi Nejad for her great help in preparation of the second edition
of the textbook.

Edmonton, AB, Canada Alexander Melnikov
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Chapter 1 ®
Probabilistic Foundations Chock or

In the first chapter, Kolmogorov’s axioms of the theory of probability are presented.
The choice of the system of the axioms is explained in context of the Caratheodory
theorem. Different probability spaces as well as probability distributions are
introduced too. The famous Kolmogorov consistency theorem is formulated, and
as a consequence, a brief construction of the Wiener measure is shown (see
[7, 12,13, 17, 28, 33, 55], and [62]).

1.1 Classical Theory and the Kolmogorov Axiomatics

Classical theory of probability deals with a finite probability space, i.e., it creates a
mathematical model for any random (stochastic) experiment with a finite number of
possible outcomes (elementary events, results) w € Q, |2] = N < oo, where Q2 is
the whole set of outcomes.

Any other events A, B, and C are simply called events. We cannot be certain
of the event A under consideration before a random experiment. Nevertheless, we
expect to have a quantitative measure of such a possibility. In classical probability,
the problem of finding this measure can be solved perfectly.

Denote wy, ..., oy elementary outcomes and define pq, ..., py corresponding
possibilities for them. Any other and more complicated event A can be reconstructed
with the help of wy, ..., wy. Hence, to determine a measure of possibility for event
A, one can put

P(A)= ) pi

i:w; €A

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026 1
A. Melnikov, A Course of Stochastic Analysis, CMS/CAIMS Books
in Mathematics 17, https://doi.org/10.1007/978-3-032-20482-0_1
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2 1 Probabilistic Foundations

The situation is different if Q2 is not finite. Consider the well-known random
experiment called infinite coin trial with outcomes H(head) and T(tail), and with
the probability of success (H) p, p € (0, 1).

It is quite clear that in this case the set €2 can be chosen as follows:

Q={w:w=(ay,ar,...), ag =0or 1}.

The natural question arises: How big is this set? Mathematically speaking, we
should find the power |€2| of this set.

It is well-known that any real number a € [0, 1) can be represented uniquely in
the form

a a
2 + 22

a = + ...,

and this representation provides a one-to-one correspondence between [0, 1) and €2:
ael0,1)© w=_(a,a,...) €.

If we follow to the classical probability theory, we should find the way to define
the probability for any elementary event w. It is equivalent to a random choice of a
point from the semi-interval [0, 1). Taking into account a symmetry of such trials,
we must conclude that all elementary events w are uniformly possible, and hence,

p = p(w) = const = c.
Further, we have

1 = 1[0, 1)| = Probability of Q2 = Z p(w) = o0

we

because the set €2 is not countable. So, we must define p(w) = ¢ = 0; however, this
choice is not satisfactory because, for example, for A = [0, 1/2) we have

1/2 = Probability of A = P(A) = Y _ p(w),

w€eA

and we arrive to a contradiction again.

Based on these considerations, one can conclude that the approach of classical
theory of probability must be seriously transformed:

The probability should be well-defined instead of elementary outcomes for a
reasonable collection of events of Q2.

The natural candidate for this type of collection is given in the following
definition.
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Definition 1.1 A collection A of subsets of given set €2 is called an algebra if the
following conditions are fulfilled:

1. QeA
2. A BeA=AUBeA ANBeA
3. AcA=A=A=Q\AeA

Using this definition we can realize the idea described above as follows.

Definition 1.2 A function u : A — [0, o] is a finite-additive measure on A, if for
any disjoint sets A, B € A :

(AU B) = (A) + n(B).

In case of 1 (2) < oo, this measure is called finite. In particular case w(2) = 1,
such a measure is called a (finite-additive) probability measure. If there is a partition
of @ = Up—192,, 2N Qy = B,k # m, QL € A such that u(2,) < oo,n =
1,2,..., then u is o-finite.

Based on these definitions, we arrive to the first probability model that will be
called a probability space of the first level:

(2, A, P), where Ais an algebra, and P is a probability (finite-additive measure
with P(2) = 1).

Assume that a finite-additive probability P on the probability space of the first
level (2, A, P) is countably additive (o -additive). It means that for any sequence
of disjoint events A, € A with U7 | A, € A the following equality holds:

P(USZ A) = ) P(Ap).
n=1

In this case, we call this measure a probability (probability measure). Let us count
a list of natural properties of probability:

1. ) e A= PW) =0.

2. A,Be A= P(AUB) = P(A)+ P(B) — P(AN B).

3. A,Be A ACB= P(A) < P(B).

4 Ap e An=1,2,...,U2 A, e A= P(UL,A) < Y22, P(Ay).

n=1

Problem 1.1 Prove the properties (1) to (4).

The idea of the proof is shown here in case of property (1): For any A € A, we have
# N A € A. Further, using the finite additivity of P and equality ¥ U Q = €, we
obtain

1=POUQ=Q)=PW) + P(Q) =P +1,

and, hence, P () = 0.
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The following theorem contains conditions under which a finite-additive proba-
bility measure is countable additive.

Theorem 1.1 Let P be a finitely additive set function on the algebra A with
P(2) = 1. Then the following sentences are equivalent:

1. P is a probability (o -additive).
2. P is continuous from below:
P(U2,A,) = lim P(A,) for Aj S Ay C ..., U2 A, € A
n—oo

3. P is continuous from above:

P(M21An) = lim P(A) for Ay 2 A22.... M2 A, € A

4. P is continuous at ¥:

lim P(A,) =0 for Ay 2 Ay D ...,N%°

n—00 n=14n = 1.
Proof We only show the implication (1) = (2) because the other statements can be
proved in a similar way.

Let us represent U;‘lozl Ay =A1U(A2\A1)U(A3\ A2)U... as aunion of disjoint
events. Therefore,

P(U;Z1An) = P(AD) + P(A2) = P(A)) + ... = Jm P (Ap).

O

The first probability model (€2, A, P) looks very constructive. But in the
framework of this model, we cannot operate with events which are combinations
of countable numbers of these events. To avoid the disadvantages of the probability
space of the first level, we introduce the following notions.

Definition 1.3 A system ¥ of subsets of Q2 is called a o-algebra (sigma-algebra)
if 7 is an algebra, and for any sequence A, € ¥, n = 1,2, ..., their unions and
intersections belong to F:

Ap € F= UX | Ayand N2, Ay € F.

The couple (€2, F) is called a measurable space. Let us investigate interconnections
of algebras and o-algebras. First, we note that

Fie = {0, Q) and F* = {A, A C Q} = {all subsets of Q}
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are both algebras and o -algebras. Second, we can fix a set A C 2 and define another
algebra (and a o -algebra also) ¥4 = {A, A, #, Q}, which is generated by event A.
This way of construction of algebras and o -algebras admits a natural generalization.

Lemma 1.1 Let & be a collection of sets in 2, and then there are the smallest
algebra and the smallest o -algebra containing &.

Idea of the Proof 1t is clear that & C F*. Therefore, there exist at least one algebra
and one o -algebra with the desirable property. Define o (&) and o (&) as a collection
of sets that belong to every algebra (correspondently, o -algebra) containing &. O

Definition 1.4 A collection of subsets of Q2 is called a monotonic class if for any
increasing (decreasing) sequence of events their union (intersection) belongs to this
class.

Denote (&) a minimal monotonic class containing &. It turns out an algebra A
is a o-algebra if and only if it is a monotonic class.

Idea of the Proof The direct implication of this statement is clear because o-
algebra is a monotonic class. The inverse implication can be proved as follows.
If (Ay)n=1,2,.. is an arbitrary sequence of subsets 2 from a monotonic class A,
we can define a monotonic class A, and a monotonic sequence (By)y=1,2,.. With
B, = U'_|A; € A, and then B, 1 UX,A; € A. Using this statement, we can
easily prove that u(A) = o (A) if A is an algebra. O

Example 1.1 (Borel Space) Let us take R = R! = (=00, 00) as €, and consider
subintervals

(a,b]={xe€eR:a<x<b}for —oco<a<b < oo.

Let A be a system of subsets A of the form:
n
A= (ai, bl =V (a, bil, n=1,2,...
i=1

Including to A the empty set @, we can see that A is an algebra. Moreover, we can
easily define a measure on A : [p(A) = Z?:l (bi — a;). In particular,

lo((a, b]) = b — a = the length of (a, b].
We also note that (A is not a o-algebra because A, = (0,1 — 1/n] € A, but the
union U® | A, = (0, 1) ¢ A.

Even in the framework of this example, the following problem arises:
Determine a minimal o-algebra B(R) containing A and a measure on the
measurable space (R, B(R)) which is called the Borel space.
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Problem 1.2 Prove that:

1. B(R) is equivalent to a minimal o -algebra containing all intervals (a, b].
2. B(R) contains (a, b), [a, b], {a}.

Existence of B(R) is obvious, but an extension of [y from A to B(R) is a real
mathematical problem, and its solution is the famous Lebesgue measure | on
(R, B(R)). To avoid real technical difficulties, we would like to get a solution of
this problem from the fundamental theorem of Caratheodory:

Theorem 1.2 If Q is a space with an algebra ‘A and with a o -additive measure i
on (2, A), then there exists a unique measure |1 on (2, o (A)) such that

WU(A) = puo(A) forall A € A.

Based on all these preparations and Theorems 1.1 and 1.2, one can arrive to the
following natural axioms proposed by Kolmogorov for definition of the probability
space of the second level (or simply, probability space):

An ordered triple (2, ¥, P) with 2 as a set of elements w, ¥ as a o-algebra on
2, P as a probability measure (probability) on 7.

To go further, we give some other examples of measurable spaces playing an
important role in many of our further constructions and statements.

Example 1.2 (R?, B(R?)) is a multidimensional (d > 1) Borel space.
Take aset I = ]_[fl:l I;, I = (a;, b;], i = 1,...,d, which is called a rectangle
with sides I;. The smallest o -algebra containing all such sets is denoted B(R9).

Instead of rectangles [/, one can consider the sets B = ]_[?:1 B;, B; €
B(Rl), i =1,2,...,d. The minimal o-algebra containing all such sets is

BRH=BRH®...® B(R".
d

Problem 1.3 Using an induction method, prove the above equality.

Example 1.3 Denote
R® ={x = (x1,x2,...), —00 < x; < +00},
ChHh=C)i x...xL))={x:x=(x1,x2,...),x1€1,...,x5 € I,,}}.
It is clear that the cylinders C satisfy the consistency property
Cix..xI,)=C(; x...xI, xR).

In this case, the system of the cylinders is an algebra. The smallest o-algebra con-
taining all cylinders is B(R®°), and we arrive to a measurable space (R, B(R)).
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Example 1.4 For T = [0, 0c0), we define RT the space of all real-valued functions
x,and Cyy, (1 X ..o x 1) = {x : xy € I1,...,x;, € I,}. The smallest o-
algebra containing all such cylinders is B(R”). So, we arrive to the measurable
space (RT, B(RT)). Let us note a structural property of this space: For any A €
B(RT), there exist t; < t» < ... and a Borel set B € B(R*®) such that

.....

A={x:(xy,Xs,...) € B}

1.2 Probabilistic Distributions and the Kolmogorov
Consistency Theorem

After these theoretical considerations and the examples given above, we can put the
problem:

How to construct a probability measure on given measurable space?

In the framework of Example 1.1, one can take a Borel set A € B(R) in the form

A= (—00,x], x € R,
and define the function
F(x) = P((—o0, x]),

where P is a probability measure on the Borel space.
We can note that the function FF = F(x) satisfies the following obvious
properties:

1. F is nondecreasing.
2. F(—o0) =limy_, o, F(x) = 0.
F(400) = limy_ 40 F(x) = 1.
3. F is aright-continuous function with finite left limits.
Such a function, i.e., satisfying (1)—(3), is called a distribution function.
It is now clear that the problem of a construction of the probability can be solved

if we have a distribution function F. In this case, we can define a finite-additive set
function Py on algebra A :

Po(A) =) (F(bi) — F(ap),

i=1

A= Z(ai, bi] € A.

i=1



8 1 Probabilistic Foundations

We can prove that Py is o-additive, and according to the Caratheodory theorem Py
admits a unique extension P to the whole space (R, B(RY)).

In particular, we can consider the measurable space ([0, 1], B([0, 1])) and the
distribution function

0, x<0O,
F(x)=13x, xel0,1],
1, x>1.

Then the set function [((a, b]) = F(b) — F(a) = b — a is the length of the interval
(a, b] presents the Lebesgue measure on this space.

Further, starting at the distribution function ' = F(x), which is a piecewise
constant with change in values at points x, x2, ..., AF(x;) > 0, we define

pi=P(xi) = AF(x) > 0, Y P({x;}) = 1.
i=1

This is a measure concentrated at x1, x2, . .., and usually, the sequence (p1, p2,...)
is called a discrete distribution. Sometimes, the table

PlL.-.-Pn-...

X1...Xp ...
is also called a discrete distribution. The corresponding distribution function F' is
also called discrete. Below we have the most well-known discrete distributions:

1. Uniform discrete distribution: Ao AN .
1/N...1/N

2. Bernoulli distribution: (’” 2 ) , pi4pr=1.
p1 P2

0...i...n
3. Binomial distribution with parameter p: ( . ) , pe(0,1).
P (M)pi(d = pyr-
4. Poisson distribution with parameter A: ) A > 0.
ﬁe

If the distribution function F admits the integral representation

F(x)=/ f(ydy,

where a nonnegative function (density) f(y) satisfies the integral condition
ffooo f(y)dy = 1, then the distribution and its distribution function are absolute
continuous.

Let us count the most important absolute continuous distributions as examples:
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1. Uniform distribution on [a, b] :

1
f(y):bT y € la, b].

)
a

2. Normal distribution with parameters p and o2 (N ~ (u, o)) :

2
f(y) = Q2ro?)exp {—@2—5)} ,weR, >0 yeR"
o
3. Gamma distribution:
ya_le_y/ﬂ
fO)==———,y>0, x>0, g>0.

[(a)B*

In particular, for 8 = 1/A, and « = 1, we get an exponential distribution with
parameter

A=0: f(y)=re ™, y=>0;
fora =n/2, and B = 2, we get the Chi-squared distribution with
f(y) =272y 272 T (n/2), y>0,n=1,2,....
4. Student distribution (t-distribution):

C((n+1)/2)

e Py L F Y m T ye R n=1.2,....

f) =

5. Cauchy distribution with parameter 9 :

foy) = yeR' 6>0.

0
w(y2+602)’

Besides discrete and absolute continuous distribution functions (measures, dis-
tributions), there are distribution functions which are continuous, but the set of their
points of increasing has the Lebesgue measure zero. These types of distributions
(measures) are called singular.

Let us explain it here with the help of the famous Cantor function. We define the
functions

linear function, between (0, 0) and (1/3, 1/2),
Fi(x)=11/2, x €[1/3,2/3],
linear function, between (2/3, 1/2) and (1, 1), x € [2/3, 1],
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linear function, between (0, 0) and (1/9, 1/4), x € [0, 1/9],
1/4, x €[1/9,2/9],
F>(x) = { linear function, between (2/9, 1/4) and (1/3, 1/2), x € (2/9, 1/3),
1/2, x €[1/3,2/3],
On (2/3,1) is similar to the interval (0, 1/3),

and so on. The sequence (F},) converges to a nondecreasing continuous function
Fc(x), called the Cantor function. We can calculate the length of intervals on which
Fc(x) is constant and find

I 2

Srotmte=in(3) =

~+= +—+

So, the Lebesgue measure /(N) = 0, where N is the set of points of increasing of
Fc.

Denote p the measure, generated by the Cantor function Fc, and find that
w(N) = 1 because u(N) = Fc(1) = 1. It means that i and [ are singular, and
this fact is denoted as /1 .

It is possible to give a general description of arbitrary distribution functions F :

F(x) = a1 F' (@) + a2 F?(x) + a3 F (),
where o; > 0, i = 1,2, and 3, Z?:l o =1, F1 is discrete, F? is absolutely
continuous, and F3 is singular.
Let us pay our attention to a d-dimensional Borel space (R?, B(R?)). If P is
a probability measure on this space, we can define the d-dimensional distribution
function:

Fi(x1,...,x3) = P((—00,x1] X ... X (—00, x4]) = P((—00, x]).

Problem 1.4 Prove that:
1. Fy(+o0,...,+00) = 1.
2. Fy(x1,...,xq) — 0if at least one of x1, ..., x4 converges to —oo.
3. Define operator (fori = 1,...,d, a; < b;)
ANgi i Falxr, oo xq) = Fa(xy, oo, biy oo xg) — Fa(xy, ..o, a6, .00, Xq),
and then

Aal,bl o Aad,bd Fd()C], ey xd) = P((d, b]),

where (a, b] = (a1, b1] x ... x (a4, bg].
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In fact, there is a one-to-one correspondence between d-dimensional distribution
functions and probabilities on the space (R, B(R?)).
Let us give some examples of multidimensional distribution functions:

1. If F!, .‘..,Fd are the distribution functions on R!, then Fa(x1...xq) =
H?:l F'(x;) defines a d-dimensional distribution function.
2. If
0, x; <0,
Flx)=1x;, 0<x <1,
1, Xi > 1,
then Fy(x1,...,x4) = X1...xq4 corresponds to the d-dimensional Lebesgue

measure.
3. A d-dimensional absolute continuous distribution function Fgy(xi...xg) is
defined by the same manner as in the real line case:

X1 X4
Fd(Xl,-.-,Xd)=/ f fa(yr...yadyr ... dya,
—o0 —0Q

where f; is the density function, i.e., fz = Oand [* ... [%0 fa(yi...ya)dyi ...
dys = 1.

The most important case is the multidimensional Normal distribution function. It
is defined by the density

(det A)Y/2 1
fd(X1---Xd)=WGXP —3 Z aij(x; — i) (xj —wj) g s
I<i,j<d

where A = (a;;) is the inverse matrix of a symmetric positive definite matrix B.
In particular, in case d = 2, we have

1 [(xl —u)?

falxi, x2) = ool — p2yiz P {_2(1 - p?) of

2
01072 (72

—2p (1 — ) (x2 — p2) . (2 — /Lz)z“ 7

where 1,00 > 0, uy, w2 € R', lp| < 1.
Now we need to consider the case of space (R*, B(R™)). Let us take a set
B € B(R") and consider a cylinder

C,(B)={x € R®:(x1,...,x,) € B).
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If P is a probability measure on (R*, B(R*)), we can define P,(B) =
P(C,(B)), n =1,2,...asequence of probability measures on space (R", B(R")).
By construction, we have

Py1(B x RY) = P,(B),

which is called the consistency condition. Now we can formulate the famous
theorem of Kolmogorov which is fundamental for foundations of probability theory.

Theorem 1.3 (Consistency Theorem of Kolmogorov) Let (Py)n=1.2.... be a sys-
tem of probability measures on (R", B(R")) correspondingly, n = 1,2,...,
satisfying the consistency property. Then there exists a unique probability measure
P on (R*, B(R*)) such that

P(Cn(B)) = Pu(B).

We can give an example how to construct this sequence (P,). To do this, we start
with the sequence of 1-dimensional distribution functions (F"(x)),=12,.., X € R
Further, we construct another sequence of distribution functions as follows:

Fi(x1) = F'(x1), x1 € R';  Fa(x1,x2) = F'(x1) - F>(x2), x1, %2 € R'; etc.

Denote P;, P, ... probability measures on (Rl, B(Rl)), (R2, B(Rz)), ..., which
correspond to the distribution functions Fi, F3, .. ..

We can also consider the space (R10-%9) B(RI0:>))) for which one can state a
version of consistency theorem in the same way as before. Using this theorem, one
can construct an extremely important measure, called the Wiener measure.

Denote (¢;(y|x)):>0 a family of Normal (Gaussian) densities of y for a fixed x :

1 (v —x)?
¢t(y|x)= (27Tl)1/2 exp{_ 27 },yGRl.

Foreacht; <t < ... <t,and B = ]_[:Zzl I;, I; = (a;, b;], a; < b;, we define
the measure

P ..., t,l)(B)=/---/¢t1(xl|0)¢rz—z1(x2|xl)-~-¢zn—z,,,1(xn|xn—1)dx1---dxn-
1 1,

Furthermore, the measure P on cylinder sets can be defined as follows:
P(Ct..ty(I1 X ... X Iy)) = Py .y (1 X ... X 1)),
The family of measures (P, ..1,))n=1,2,... is consistent. Hence, according to The-

orem 1.3, the measure P can be extended from cylinder sets to the whole space
(R10:20) B(RI0.00)),



Chapter 2 ®
Random Variables and Their ek
Quantitative Characteristics

In the second chapter, random variables are introduced and investigated in the
framework of axiomatic of Kolmogorov. It is shown a connection of probability
distributions and distributions of random variables as well as their distribution
functions. The notion of the Lebesgue integral is given in context of definition of
moments of random variables (see [7, 13, 17, 28, 33, 37, 55], and [62]).

2.1 Distributions of Random Variables

P. L. Chebyshev was the first who introduced the notion of random variables as
functions of elementary outcomes in the theory of probability. Here we develop this
topic in the framework of probability spaces of the second level.

Definition 2.1 Let (Q, 7, P) be a probability space and (R', B(R')) be a Borel
space. Consider a mapping

X :(Q,F) — (R', B(RY).

For a given set B € B(RY), the set X1 (B) = {w : X(w) € B} is called the inverse
image of B.

The mapping X is called a random variable (measurable function) if for any
B € B(RY) :

x~YB) eF 2.1

Let us note that it is useful to allow to X can take values +00. In this case, we call
a random variable as an extended random variable.
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The notion of random variables is very productive as illustrated in the following
example.

Example 2.1 Let us fix a set A € ¥ and define the indicator of A as follows:

1, weA,
0, we A°.

Iy(w) =

Definitely, /4 is a mapping from the space (Q, %) to (R!, B(R')). Then for any
Borel set B, we have

{w: Ix(w) € B} = A € Fif B contains 1 only,
{w: I4(w) € B} = A° € ¥ if B contains 0 only;

otherwise, we have ¢ or 2. Hence, the condition (2.1) is fulfilled for 74, and this
mapping is a random variable taking two values 0 and 1. Therefore, the set of all
random events is included to the set of random variables.

Problem 2.1 Assume Ay, ..., A, are disjoint events from ¥ such that U?_|A; =
ZL] A; = Q. Define a mapping X with values x1, ..., x, onthesets Ay, ..., A,,
correspondingly. Prove that X = ) | x; 1, is a random variable. Let us call X a
simple random variable.

Further, if X takes countable numbers of values xi, ..., x,,... on disjoint sets
Al ooy Ay, oo with Y[ xil4,, then X = > [ x; 1y, is called a discrete random
variable.

Condition (2.1) can be relaxed with the help of the next useful lemma.

Lemma 2.1 Assume & is a system of subsets such that o(E) = B(RY). Then
mapping X is a random variable if and only if

XY E) e Fforall E € &.

Proof The direct implication is trivial. To prove the inverse implication, we define
a system Y of those Borel sets I" for which X~! € 7. Further, we have equalities

X1 (UaTw) = Up (X H(Ty)),
X H(NaTe) = Ne (X7 (Ty)),
(X1 (Te)) = X71TY).

It follows from here that Y is a o-algebra and & C B(RY). Hence, B(RY) =5 (&) C
o (Y) = Y and Lemma is proved. O

Based on Lemma 2.1 and the previous description of the Borel space, we arrive
to the corollary.
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Corollary 2.1 The function X is a random variable < X ~'((—o0, x]) € Ffor all
x € R'. This statement is true if we replace (—o0, x| with (—o0, x).

Now we arrive to definition of the most important quantitative characteristic of
random variable X.

Definition 2.2 Probability measure Px on a Borel space (R!, B(R")) defined as
Px(B) = P(X"'(B)), B € B(R"), (22)

is called a distribution (probability distribution) of X.

Applying equality (2.2) to the set B = (—o0, x], x € R!, we arrive to the
distribution function (cumulative distribution function) of X:

Fx(x) = Plow: X(w) < x}. (2.3)

In the previous sections, we already studied arbitrary distributions on (R', B(R")).
A very similar illustration can be found in the context of random variables.

Example 2.2 1. For discrete random variable X :

Px(B)= Y p@). p(xi) = P(w: X(w) = x:) = AFx(x;), B € B(R").

i:x;eB

2. For continuous random variable X, its distribution function Fx (x) is continuous.
3. For absolute continuous random variable X, its distribution function Fy (x) has
an integral representation with the density fx (x):

fmm=/ Fr(dy.

Usually, any measurable function
¢ (R, B(R") — (R', B(R"))

is called Borelian. Using Borelian functions and a random variable, one can
construct many other random variables. This is the essence of the next important
lemma.

Lemma 2.2 Let ¢ be a Borelian function and X be a random variable on a
probability space (2, F, P), and then the mapping

Y =9oX=pX)

is a random variable.
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Proof For an arbitrary B € B(R'), we have
{w:Y(w) € B} ={w: (X (w)) € B} =
{w: X(w) e ' (B) eF.

O

It means that Y is a random variable. In particular, the functions x*, x~, |x|, etc.,
are random variables.

Let us note that there is a necessity to study multidimensional random variables
or random vectors.

The corresponding definition is straightforward. This is a measurable mapping

X:(Q,7) — (R, B(RY), d > 1.
In this case, we have
X(w) = Xi(0), ..., Xa(w)),

where X;,i = 1,...,d, are one-dimensional random variable. We can define a
distribution function of X as follows:

Fx(x1,...,x3) = P(w: X1(0) < x1,..., Xg(w) < xq).

Definition 2.3 We say that X1, ..., X; are independent if

d
Fx(x1,...,xq) = HFX,- (xi).
i=1

The following theorem is very important in providing many probabilistic construc-
tions.

Theorem 2.1 For any random variable (extended random variable) X, there exists
a sequence of simple random variables X1, X2, ..., |Xi| < |X| such that X, (®w) —
X(w) for all ® € 2. For a nonnegative X, such a sequence (X,)n=1.2,... can be
constructed as a nondecreasing sequence.

Proof Assume X > 0 and define for n = 1,2, ... simple random variables as
follows:
(A
Xn(@) =Y ——lin(@) + nlix(@yzn) @), 24)

i=1

where [;. = I{w:iz;n]SX(w)<2Ln}'
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The general case follows from here if we represent X = X+ — X~ O

Problem 2.2 Prove that for (extended) random variables X1, X», ... the mappings
sup,, X, inf, X,,, liminf, X,, limsup, X, are (extended) random variables.
As a hint to the corresponding solution, we note that for sup, X, we have

{a):suan>x}=Un{a):X,,>x}e7",xeRl.
n

Theorem 2.2 Let (X,),=1,2,... be a sequence of (extended) random variables. Then
X (w) = limy,_, 50 X, (w) is a (extended) random variable.

Proof Follows from Problem 2.2 and the next equalities: For any x € R!
{w: X(w) <x} ={lw: lim X,;,(w) < x}
n—oo
={w : limsup X, (w) = liminf X,,(w)} N {w : limsup X, (w) < x}
n n n
=Q N{w : limsup X, (w) < x}
n

={w : limsup X, (®) < x} € F.

O

Combining previous facts about limiting approximation of given (extended)
random variables X and Y with the help of sequences of simple random variables
(Xn)n=1,2,.. and (Y,),=1,2,... correspondingly, we can prove the following conver-
gence properties:

1. 1imy, s 00 (X, (@) % Yy (@) = X (0) £ Y (0), 0 € Q.

2. 1imy— 00 (X (@) - Y (@) = X (@) - Y (), w € Q.

3. 1m0 (Xp (@) - Y7 (@) = X () - Y~ (@), w € Q, where ¥, () = Yy () +
(0¥, (0)=0)-

Now, we focus on the question of how one random variable can be represented by
another.

Definition 2.4 For a given random variable X, the family of events

(w: X(w) € B))BEB(RI)

is called a o -algebra Fx generated by X.
Problem 2.3 Prove that Fy is a o-algebra.

Theorem 2.3 Assume a random variable Y is measurable with respect to o-
algebra Fx . Then there exists a Borelian function ¢ such that

Y=¢po0X.
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Proof Consider the set of Fx-measurable functions ¥ = Y (w). Denote i)x the set
of Fx-measurable functions of the form ¢ o X. It is clear that D x € Dyx. To prove
the inverse inclusion, Dy < D x, consider a set A € Fy and Y (w) = [4(w).

Note that A = X~ !1(B) for some B € B(R!), and Y = I4(0) = I3(X(w)) €
Dyx.

Further, we consider functions Y of the form Z:’I 1 Cila;, where ¢; € RY A; €
Fx, and find that Y € f)x.

For an arbitrary Fx-measurable function Y, we construct a sequence of simple
Fx-measurable functions Y, such that ¥ = lim, Y,,. We already know that ¥,, =
¢n (X) for some Borelian functions ¢, and ¢,(X) — Y(w) as n — oco. Now, we
take the set B = {x : lim,,—, o0 ¢, (x) exists} € B(R 1) and define a Borelian function

lim,, ¢, (x), x € B,

o) = 0, x ¢ B.

Then Y (w) = lim,— ¢, (X (w)) = ¢(X (w)) for all w € 2, and we obtain Dy C
Dx. O

2.2 Expectations of Random Variables

In this section, we provide a construction of another important and convenient
quantitative characteristic of a random variable X on a probability space (2, 7, P).
We start such a construction from the simplest case when

n n
X@) =Y xIg@), Yy Ai=Q, xi € R (2.5)
i=1 i=1

Definition 2.5 For the simple random variable X with representation (2.5), we
define its expected value (expectation) EX as follows:

EX = Xn:xiP(Ai).

i=1
Problem 2.4

a. For simple random variables X1, ..., X, and real numbers ay, ..., a,, we have
E> " aiX; =Y 1", a;EX; (linearity of expected values).

b. For two simple random variables X < Y, we have EX < EY (monotonicity of
expected values).

Let X be a nonnegative random variable. According to Theorem 2.1, one can

construct a sequence of simple random variables X ,(lw) — X(w), n — oo, for all
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w € 2. Further, due to Problem 2.4, the sequence of expected values (EX;),=12, ...
is nondecreasing, and therefore, lim,_, .c EX,, does exist (finite number or +00). It
gives a possibility to give the following definition.

Definition 2.6 The expected value (expectation) of a nonnegative random variable
X is defined as

EX = lim EX,,.

n—oo

Problem 2.5

1. If there exists another sequence of simple random variables X (@) T X(w), nt
00, w € 2, then lim,_ - EX,, = EX.
2. If0 < X(w) < Y(w) forall w € 2, then EX < EY.

There is a standard way of expected value extensions to random variables taking
both positive and negative values. We can represent X as difference of its positive
and negative parts: X = X — X~, where as usual X* = max(0, X) and X~ =
max(—X, 0). In this case, we say that EX does exist if EX'T or EX~ < oo and
EX =EXT —EX".

One can say that EX is finite if both EX* < 0o, and E|X| = EXt + X)) =
EX'T + EX~ < oo. In this case, we also call X integrable.

There is another denotation for expected values:

EX:/ XdP.
Q

This denotation came from functional analysis, where the notion of expected value
of a measurable function X is called the Lebesgue integral. As a matter of fact,
we note that the Lebesgue integral generalizes the Riemann integral at least in two
directions:

1. It is constructed on the measurable space without any metric structure.

2. It is well-defined for any measurable bounded function X. But construction
of the Riemann integral and its existence depends on the power of the set of
discontinuity Dy of X, and the set D, should have the Lebesgue measure zero.
A standard example of function “integrable by Lebesgue and non-integrable by
Riemann” is the Dirichlet function on [0, 1] :

1 ifweQ,

X(w):{
0 ifweR\DO,

where Q is the set of rational numbers.

Let us formulate several natural properties of expected values as a problem
because their proofs are straightforward.
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Problem 2.6

1. Ec- X = cEX if EX does existand ¢ € R.

2.EX <EYifX(w) <Y(w), we 2, EX > —c0corEY < o0.

3. |[EX| < E|X|if EX does exist.

4. If EX exists, then EX - 14 exists for each A € . Moreover, if EX is finite, then

EX 14 is finite too.
5. If X and Y are nonnegative or integrable, then E(X +Y) = EX + EY.

To formulate other important properties of expectations, we need the next
definition.

Definition 2.7 We say that a property holds almost surely (a.s.) if there exists a set
N € F such that:

(a) The property holds for every element w € Q \ N.
(b) P(N)=0.

6. If X =0 (a.s.), then EX = 0.

7. If X =Y (as.)and E|X| < oo, then E|Y| < co and EX = EY.

8. If X > 0and EX = 0, then X = 0 (a.s.).

9. If X and Y are integrable and EX - [y < EY - I4 forall A € #,then X <Y
(a.s.).

Let us give a solution of subproblem 8 in the above list of Problem 2.6:

Denote A = {w: X(w) >0} and A, = {w : X(w) > %} + Aasn — oo.

We note that 0 < X114, < XI4, and hence, EXI4, < EX = 0. Next, we
have 0 = EX1,, > %P(A,,). Hence, P(A,) = 0, n = 1,2,..., and P(A) =
lim, ,» P(A,) =0.

Another useful property is the formula of change of variables in the Lebesgue
integral. Let X be a random variable and ¢ be a Borelian function which is integrable
with respect to the distribution Px of X. Then for any B € B(R), the formula of

change of variables is true:
/ ¢(x)dPx = f (X (w)dP. (2.6)
B X~1(B)

In particular, the formula (2.6) for B = R! is reduced to the formula for calculation
of expectation of X :

o o
E¢(X)=/ ¢ (X)d P =/ ¢ (x)d Px =/ ¢ (x)dFx, (2.7
Q —00 —00
where Fy is a distribution function of X and the integral ffoooci)(x)dFX is the

Lebesgue-Stiltjes integral.
Scheme of the Proof of the formula (2.6) is below.
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Take ¢(x) = Ic(x), C € B(RY), and (2.6) is reduced to Px(B N C) =
P(X~'(B) N X~1(C)), which follows from the definition of Py and the equality:

x'Bnx'©c)=x""BnO).

Next steps are obvious: a nonnegative simple function ¢, etc. O

Ifop(x) = xk k=1,2,..., the expectation EX* is called the k-th moment of X
with the help of its distribution and its distribution function. Suppose EX = p and
¢ (x) = (x — w)*, and then corresponding moments are called centered moments.
The second centered moment is called the variance of X :

Var(X) = E(X — p)*,
and it is one of the key measures of the dispersion of values of X around the mean

value .
The other common measures of this type are

E(X — p)’
skewness = ————
(Var(x))3/?
and
 EX-—w?
kurtosis = ————.
(Var(X))?

Problem 2.7 Let X be a normal random variable with parameters x and o2. Find
EX, Var(X), skewness and kurtosis of X.



Chapter 3 )
Expectations and Convergence of oo
Sequences of Random Variables

In the third chapter, asymptotic properties of sequences of random variables are
studied. Lemma of Fatou and the Lebesgue dominated convergence theorem are
presented as permanent technical tools of stochastic analysis. It is also emphasized
the role of a uniform integrability condition of families of random variables.
Classical probabilistic inequalities of Chebyshev, Jensen, and Cauchy-Schwartz are
proved. It is shown how these inequalities work to investigate interconnections
between different types of convergence of sequences of random variables. In
particular, the large numbers law (LNL) is derived for the case of independent
identically distributed random variables (see [7, 13, 17, 28, 33, 55], and [62]).

3.1 Limit Behavior of Sequences of Random Variables
in Terms of Their Expected Values

One of the main questions here is how to take the limit under the sign of expectation.
The first result exploits a monotonicity assumption. That is why the corresponding
claim is called monotonicity convergence theorem.

Theorem 3.1 Let (X;,)n=1,2,... be a sequence of random variables; then we have:

yeee

1. If there are random variables X and Y such that X, > Y, EY > —oo, X, 1
X, n 1t oo, then EX, 1 EX, n 1 co.

2. If there are random variables X and Y such that X, < Y, EY < oo, X, |
X,n 1 oo, then EX,, | EX, n 1 oo.

Proof Let us only prove the first part of the theorem because the second part can
be derived in the same way. Consider only case Y > 0, and approximate X; for
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eachi = 1,2, ... by a sequence (X!'),;=1,,... of simple random variables. Define
X" = max;<;j<, X! and note that

X"l < X" = max X" < max X; = X,,.

1<i<n 1<i<n

Denote Z = lim,_, o X" and find that X = Z because X; < Z < X for all
i =1,2,.... This inequality follows from X} < X" < X,,,i =1, ..., n, by taking
the limit as n — 0o. The random variables (X"),=12,... are simple, and then

EX =EZ = lim EX" < lim EX,.

n—o00 n—o00

On the other hand, since X,, < X, 11 < X, we have that

EX > lim EX,,
n—>oo
and hence,
EX = lim EX,,.
n—oo

Problem 3.1 Give the proof in general case when X,, > Y and EY > —oo.

The next theorem is the most exploited result about taking the limit under the
expectation sign. It is called the Fatou Lemma.

Theorem 3.2

1. Assume X,, > Y and EY > —o0, and then
Eliminf X,, <liminfEX,,.
n—0oo n—0o0
2. Assume X, <Y and EY < oo, and then

limsupEX, < Elimsup X,,.

n—oo n— 00

3. Assume | X,| <Y and EY < o0, and then

Eliminf X, <liminfEX,, <limsupEX, < Elimsup X,,.

n—oo n—o00 n— 00 n— 00
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Proof In case (1), we define a sequence of random variables Z,, = inf,,>, X, and
find that Z,, 4 liminf,_, o X, = supinf,;,>, X, and Z,, > Y. Further we have that
liminf X,, = liminf X,,, = lim Z,,
n—o00 m=>n n—o00
and applying Theorem 3.1 we get the first claim of the theorem.

The case (2) is derived in a similar way. The case (3) is just a combination of (1)
and (2). O

Let us give the following definition of convergence of almost surely (a.s).

Definition 3.1 We say that sequence (X,),=1.2,... converges to a random variable
X almost surely (a.s.), if

P(w: X, (w) m) X(w)) = 1.

We introduce the following denotations in this case: X, S XorX, —>
n—oo n—oo
X (a.s.).
The following natural question arises here:
Under what conditions, one can provide convergence of expected values if X,, —
X(a.s.)?
The classical result is the dominated convergence theorem of Lebesgue.

Theorem 3.3 Assume that X, —— X (a.s.) and |X,,| < Y,EY < oo. Then

n—>oo
E|X| < oo, and EX,, — EX, n — oo. Moreover, the sequence (X,)n=12....

converges to X in space L', i.e., E| X, — X| = 0,n — oo0.

Proof Using the Fatou lemma, we obtain Eliminf,,_, », X,, = liminf,_, o EX, =
limsup,_,, EX, = Elimsup,_, . X, = EX. It is clear that |[X| < Y, and
therefore E|X| < oco. Taking into account inequality |X,, — X| < 2Y and applying
the Fatou lemma again, we obtain the last statement of the theorem. O

Now we introduce the weakest condition to provide the convergence of expected
values.

Definition 3.2 A sequence of random variables (X,),=1.2, .. is uniformly inte-

grable, if

supE| X, | I x,|>c; = 0, ¢ = oo. (3.1)
n

Problem 3.2 Ifasequenceof |X,| <Y, n=1,2,...,EY < oo, then (X,,),=12,...
is uniformly integrable.

Theorem 3.4 If a sequence (X,)n=1.2,... is uniformly integrable, then:

yene

1. Eliminf, ,« X, <liminf, . EX, <limsup,_, . EX, < Elimsup,_, ., X,.
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2. If also X;, — X (a.s.), n — oo, then E|X| < oo and EX,, — EX and
E| X, — X| —> 0, n — oo.

Proof To prove (1), we take ¢ > 0 and find that
EX, =EX, Iix,<—c) + EX, I1x,>—¢)- (3.2)
Using (3.1) for € > 0, we obtain

sup [EX, I{x, <—¢}| < €.
n

Let us apply the Fatou lemma to the second term of (2) and get

lirr}linfEX,,I{an_c} > Eliminf X, /1x,>_c). (3.3)
Taking into account that
Xnlix,>—c}y = Xn,
we obtain from (3.3) the following inequality
lin}linfEX,, > Elin}liann — €.

The proof of part (2) is similar to the proof of Theorem 3.3. O

Theorem 3.5 Assume the sequence of integrable nonnegative random variables
(Xn)n=1,2,... converges to a random variable X. Then EX,, — EX < 0o, n — o0,
if and only if (X,)n=1,2,... is uniformly integrable.

Proof The inverse implication follows from Theorem 3.4. To prove the direct
implication, we consider the set A = {a € R! : P(w : X(w) = a) > 0} and
find that

Xnlix,<a) = XIl{x<a), 1 —> 00,

foreach a € A and (X, I{x, <a})n=1,2,... is uniformly integrable.
By Theorem 3.4, we obtain

EXnI{X,,<a} g EXI{X<a}:
fora € A, and hence,
EX,Iix,>a) = EXI{x>4),

fora ¢ A.
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For each € > 0, we take ag ¢ A large enough that
EXIix>q) < €/2.
Choose Ny so large to provide inequalities (for all n > Ny):
EX, Iix,>a0) < EXIix>qa0) +€/2,

and EX, I{x,>q < €. Now we choose a; > ag large enough to have the following
inequality (for all n < Ny):

EX,Iix,>a) < €.
Finally, we obtain

SUpEX, I1x,>a) < €,
n

which means the condition (3.1). O
Let us note the following necessary condition of (3.1).

Problem 3.3 If the sequence (X;),=12,... is uniformly integrable, then

yeee

supE|X;| < oo.
n

The following problem provides a convenient sufficient condition for (3.1).
Problem 3.4 Let (X,),=12,... be a sequence of integrable random variables and

G = G(u), u > 0, be a nonnegative increasing function such that

. G(u
lim

u—o0o Yy

) = o0, supEG(|X,]) < oc.
n

Then (X;,)n=1,2,... is uniformly integrable.
Hint. Lete > O and G = sup, EG(X,). For large enough candt > ¢, G(t)/t >
G/e. Then E| X I{x,12c) < %EGGXnDI{\anzc} <e.

To conclude our discussion of the notion of uniform integrability, we represent a
necessary and sufficient condition in the following theorem.

Theorem 3.6 A sequence of random variables (X,)n=1,2,... is uniformly integrable
if and only if (3.3) is true and

supE| X, |I4 — 0as P(A) — 0. (3.4
n
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Proof The direct implication follows from the next considerations. For ¢ > 0, we
have

E|X,1a =E|X, [ an(x,12c) + ElXnllan( X, <c)
<E|XulI{x,|=c} + cP(A).

Taking c large enough, we obtain for a fixed e > 0 :

supE| X, [ Ian(x,1=¢c) < €/2. 3.5)
n

From (3.5) with P(A) < €/(2c), we get

supE|X, |14 < €,
n

which means (3.4). To prove the inverse implication, we take P(A) < § so that
E|X, |14 < € uniformly overn = 1, 2, .... Let us note that

E|X,| > EIXn“Aﬂ{\X,,lZc} >cP(|Xy| = 0).

Then

1
sup P(|Xn| = ¢) < —supE|X,,| = 0, ¢ = o0.
n C n

So, we can take as A = {|X,,| > c} for large enough ¢ and get

sup E| X, [ 1{|x,|>c) < €,
n
which is equivalent to (3.1). |
3.2 Probabilistic Inequalities and Interconnections Between
Types of Convergence of Random Variables

We start with some important and well-known probabilistic inequalities.
Chebyshev inequality: For a nonnegative random variable X,

EX
Plw: X(w)>¢e) < —, € >0.
€
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In particular, for arbitrary random variable X with finite EX and Var(X) :
EXx?

Pw: X(w)>¢€)< — and

€

Var(X)
Pw:|X(w) —EX|>¢) < a2

For the proof, we just note that
EX > EXIix>¢) > €Eljx>¢) = €P(w : X > €).

Cauchy-Schwartz Inequality Let X and Y be random variables which are integrable
in square: EX? < 0o, EY? < 00, i.e.,, X, Y € L?. Then E|XY| < oo and

E|XY| < (EX’EY?)!/2.

Proof Without loss of generality, we assume that EX? > 0 and EY? > 0. Consider
transformed random variables

Note that
21XY| < X>+ Y2,
and obtain
2E|XY| <EX?+EY?=2,
orE|XY| <1. O
Jensen Inequality Let a Borelian function g = g(x) be convex downward and

Eg(|X|) < oco. Then
g(EX) < Eg(X).

Proof Let us consider only the case of smooth function g € C? with g’(x) > 0 for
all x € R!. Using the Taylor decomposition at © = EX, we have

g0 (x — >

> , (3.6)

g(x) =g + g (W (x — ) +

where 6 is between x and pu.
Putting x = X and taking expectation in (3.6), we get the desirable inequality.
0
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In context of the Cauchy-Schwartz inequality, we want to emphasize one
important case when the inequality is transformed into equality.

Theorem 3.7 Let X and Y be integrable independent random variables, i.e.,
Fxy(x,y) = Fx(x) - Fy(y). Then E|XY| < 0o and

EXY = EXEY. 3.7

yene

(Yn)n=1,2,... of discrete random variables such that

o0
m
Xyp=) Ml oxyemiy 1=12,

m=0

(Y, is similar)

Xp=X, Y, =Y, |Xp—X| =

S| =
S| =

Y =Y =

Since X and Y are integrable, we get that EX,, — EX, EY, — EY, n —
oo, by the Lebesgue dominated convergence theorem. Due to the independence
assumption, we have

ml
EXoYn =)  ~ 3Bl xwy<mt it cy)<t2
m,l
ml
=2 2Bl cx @< Bl oy o)<t
m,l
—EX,EY,.

Let us note that forn =1, 2, ...

IEXY — EX,.Y,| < E|XY — X, Y,
<EX|IY = Yyl + E|Y,]1X — Xl
_EX B0 +1/n)

— Qasn — oo.
n n

Therefore,

EXY = limEX,Y, = imEX, limEY, = EXEY < oo.
n n n
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General case (3.7) can be treated in a similar way if we note equalities: X = X —
X, Y=Y"—Y , XY =X"YT—-X¥YT XYy +XY". O

The brilliant Chebyshev inequality has a lot of applications, and one of the most
important corollaries is the large numbers law (LNL).

Theorem 3.8 Let (Y,)n=12.... be a sequence of identically distributed independent
random variables with mean | and variance o%, and S, = Y i1 Yi. Then for any

€e>0
P(a)

The proof of (3.8) follows from the Chebyshev inequality and Theorem 3.6.

.Sn
==
n

> e) — 0, n — oo. 3.9)

Denoting Y; = Y; — p, i = 1,2, ..., we calculate
2
S, 2 "
E{—— = — i
(2-u) = (37
i=1
1 B n
o o~
== EZY,. +ZEY,Y]
| i=l1 i)
1 i ) -~ 2
:n_2 no +ZEY’YJ :7
L i#]

and obtain that

S,
P(a):‘—"—,u
n

Let us give the following definition.

2
E(%—M) o2
ZE> S ——

Definition 3.3 A sequence of random variables (X,),=1,2,... converges to a random
variable X in probability, if for any € > 0

Pw:|X,—X|>¢)— 0, n — oo. 3.9

. P P
We denote it as follows X,, - X or X,, — X, n — o0.
n

Using this definition, one can reformulate Theorem 3.8 as convergence in
probability of normed sums X,, = S,,/n to the constant . as n — 00.

We also introduce two types of convergence of random variables (X,),=12,... to
arandom variable X involving expected values.
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Definition 3.4 We say that (X,,) converges to X weakly (weak convergence), if for
any bounded continuous function f :

Ef(X,) — Ef(X), n — oo. (3.10)

Definition 3.5 Assume X,, n = 1,2,... and X belongs to the space L” with
finite p-moment, i.e., E|X,|? < oo, E|X|? < oco. We say that X,, converges to X

. . . . LP
in space L?, if E| X, — X|? — 0, n — oo. This convergence is denoted as X, —
n

LP
or X, —, n — oQ.

Now we are ready to discuss how the convergence (a.s.) (or convergence with
probability 1), defined before and these convergences are related to each other.

It is not difficult to construct a sequence (X, ),=1,2,... of random variables which
converges to X for all ® € €2, and hence, almost surely.

For example, if X is a random variable and (a,),=12,... is a sequence of positive
numbers converges to zero, then a sequence X, (w) = (1 — a,) X (w) converges to
X forall w € Q.

Further, convergence with probability one provides both convergence in proba-
bility and the weak convergence.

If X, > X (a.s.), n = oo, then |X,, — X| — 0 (a.s.), n — 00, and fore > 0
L x,—x1>¢) — 0 (a.s.) as well. Taking expectation, we obtain P(w : |X, — X| >
€) = Eljyx,—x|>¢) = 0, n — oo.

The weak convergence follows due to definition and the Lebesgue dominated
convergence theorem.

Convergence in space L? is failed when the moment of p-th order does not exist.

Convergence in probability implies the weak convergence.

To prove it, assume that X, i X, f is abounded continuous function, | f (x)| <
n
¢, x € R', € > 0. We can choose a big enough N such that P(|X| > N) < ¢/(4c).
Take § > Osothat | f(x) — f(y)] < €/(2c) for |x] < N and |x — y| < §. Then
[Ef(Xn) —Ef(X)] < Elf(Xy) — f (O] x,—X|>6)
+E|f(Xn) — f (X {o:x,-x|<8)- (3.11)
The first term in the right-hand side of (3.10) is dominated by 2cP(w : | X, — X| >
) — 0, n — oo.
E|f(Xn) — fF (O w1 x,—x1<8y =E|f (X0) — f (X jwr1x, - X|<6} {{w:] X|<N)}
+Elf(Xn) — f O o1 x, - x1<8} [{w:]X|> N}
<e+2cP(w:|X,— X| > 38) <2¢

for a large enough n.



Chapter 4 ®
Weak Convergence of Sequences oo
of Random Variables

This chapter is devoted in a systematic study of a weak convergence of sequences
of random variables. It is shown the equivalence between a weak convergence and
convergence in distribution. It is shown that a weak compactness and tightness for
families of probability distributions (Prokhorov’s theorem) is given. It is discussed a
connection between characteristic functions and distributions of random variables.
The method of characteristic functions is applied to prove the central limit theorem
(CLT) for sums of independent identically distributed random variables (see [12, 28,
37], and [55]).

4.1 Weak Convergence and Its Description in Terms
of Distributions

In the previous section, we recognized that weak convergence corresponds to the
word “weak” because all other types of convergence provide the weak one. It
turns out this type of convergence plays the most significant role in the theory of
probability. This is why we study it here in more details.

We start with the following considerations. Let (X,),=12.... be a sequence of
independent Bernoulli’s random variables taking values 1 and O with probabilities

p and g, p + g = 1, correspondingly. In this case, the law of large numbers
(Theorem 3.7) is reduced to the following
- S,
S, =25 pon 5 oo 4.1
n

Let us define distribution functions

I, x> p,

F,(x) = P(w: S, <x)and F(x) = x e R

0, x < p,
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We also know from the previous section that
Ef(Sy) — Ef(p),n — oo, (4.2)

for any bounded continuous function f.

Further, denote Pr, and P the distributions on (R, B(RY)) which correspond to
F, and F, respectively. Using formula of change of variables in expectations (2.7),
we can rewrite (4.2) in two equivalent forms:

/ F()dPy, — / F@)dPr, n — oo,
R! R!
423)

/ f(x)dF, —>/ f(x)dF, n — oo,
Rl Rl

for any bounded continuous function f.

The limit relations (4.3) allow to speak about the weak convergence of distribu-
tions Pr, and distribution functions F, to Pr and F in the sense (4.3).

We also note that

F,(x) > F(x), n > oo, “4.4)

for all x € R'\ {p}, and hence, the weak convergence can be characterized with the
help of distribution functions as their convergence (4.4) generalized in certain way.

Namely, for an arbitrary sequence of random variables (X, ),=1,2.... and a random
variable X with distribution functions (Fj),=1.2,.. and F, we may consider a
convergence

F,(x) > F(x), n > o0,

for all points of continuity of F, x € R'.
Such type of convergence of X, to X we will call a convergence in distribution

. d
or convergence in law and denote X,, — X, n — oo.

Theorem 4.1
w d
X, —> X, n—>0sX,—> X,n—> 0.

Proof We show the direct implication only. The inverse implication is the Helly’s
selection principle application. That is why we omit it here.
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For fixed x € R! and for each integer & > 1, we define two bounded continuous
functions

1, y =7,
Jo=Jfa) = {ax—y)+1, x<y<x+a_1,
0, x+a <y,
1, x—ailzy,
fo =faM=Jalx—y), x—al<y=<x,
0, x <y.

Functions f, and f,; admit the limits:
lim fo(y) = L(—oo,x](¥) and Lim f"(y) = I(—o0,x)(¥)- (4.5)
a—>00 o—> 00
Moreover, applying the Lebesgue dominated convergence theorem, we get
lim E fo(X) =El(—00.)(X) = P(@: X(@) < x) = F(x),
o—> 00

lim Ef;(X) =El(oo0(X) = P@: X(@) < x) = F(x-). (4.6)

Further, due to X, A x , h — 0o, we have for f, and f the limiting relations:
lim Efa(Xn) ZEfa(X)»
n—oo
lim Ef; (X,) =Ef; (X).
n—>oo
By construction of f, and f, , we obtain
Ef, (Xy) < Fu(x) < Efo(Xy).
Hence, for any @ > 1, the following inequalities are true:

Ef, (X) <liminf F,(x) < limsup F, (x) < Ef,(X). 4.7)

n—oo

Combining (4.5)-(4.7), we arrive to the inequalities

F(x—) <liminf F,,(x) < limsup F,(x) < F(x),
n—oo

n—oo

which provide convergence F,(x) — F(x), n — oo, if x is a point of continuity
of F. |
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Let us also pay a brief attention to a characterization of weak convergence of
probability distributions (Py),=1.... on space (R', B(R')).

We start with a very simple observation. Let P and P be two different probability
measures on (Rl, B(Rl)). Define a sequence of probability measures (P,)p=1,2,...
as follows:

P>, = P and Py, 41 = 13,

and we arrive to conclusion that such a sequence (P,),=1,2,... does not converge
weakly.

Another observation: We define a sequence of probability measures such that
P,({n}) = 1 and, hence, P,(R') = 1. On the other hand, lim,_, o, P,((a, b]) = 0
forany a < b € R,

What does it mean in terms of distribution functions?

Obviously, P, has the distribution function

1, x>n,
Fp(x) =
0, x<n,n=1,2,...,

and for every x € R!
lim F,(x) =G(x) =0.
n—o00

Therefore, the limit above is not a distribution function. It means that the set
of distribution functions is not compact. These observations lead us to the next
definitions.

Definition 4.1 A collection of probability measures (Py) is relatively compact,
if every sequence of measures from this collection admits a subsequence which
converges weakly to a probability measure.

Definition 4.2 A collection of probability measures (Py) is tight, if for every € > 0
there exists a compact set K C R such that

sup PO[(R1 \ K) <e.
o

Similar definitions can be reproduced word by word for a collection of distribution
functions (Fy).

The classical Prokhorov theorem below speaks us that both these notions are
equivalent.

Theorem 4.2 Let (P,) be a family of probability measures on (R', B(R")). Then
this family is relatively compact if and only if it is tight.
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Proof We give the proof of the direct implication only. Assume that (Py) is not
tight. Hence, there exists ¢ > 0 such that for any compact K C R :

sup Py(R'\ K) > e.
o

Taking as K compact intervals I, = [—n,n], n = 1,2, ..., we arrive to a sequence
of measures (Py, ) such that Py, (R! \l)>e, n=1,2,....

Further, since (Py) is relatively compact, we can select from (P, ) a subsequence
(Py,,) such that (Py,,) = P, k — oo, where P is a probability measure on

(R', B(R")).
Now we have

€ < limsup Py, (R'\ I,) < P(R'\ I,),

k— o0

but it is not possible as n — oo and Pisa probability measure. O

4.2 Weak Convergence and Central Limit Theorem

We already know that distribution function F is a key quantitative characteristics
of a random variable on given probability space (2, F, P). Moreover, it is clear
from the Kolmogorov consistency theorem that there always exist such a probability
space and a random variable with given distribution. To be more illustrative, we
would like to describe a particular way how this procedure can be realized.

We assume for simplicity that F(x) is strictly increasing. Then we choose the
space ([0, 1], B([0, 1]), ) as a probability space. Let us define the following random
variable

F~ Y (w) ifwel0,1], w= F(x)

Oifw<Oorw > 1.

X(w) =

It is clear that X is B([0, 1])-measurable, and if @’ <> x’ and @ <> x, we obtain

P :X@)<x)=P : F &) <x) =
=P :0 <FXx)) =P :o <w)=F(Xx),
i.e., X has the distribution function F(x).

We also want to emphasize the following additional properties of expectations
and variances.
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Problem 4.1 Prove that:

1LEY 7 aiXi = Y|, ;EX; for integrable random variables X1, ..., X, and
real numbers ay, ...,a,, n=1,2,....

2. E[]i.; aiX; = []i_, a;EX; for independent random variables X1, ..., X,, n =
1,2,....

3. Var(aX + b) = a? Var(X) for a random variable X with well-defined variance
and real numbers a, b.

4. Var(Y!_aiXi) = Y al.zVar(X ;) for independent random variables
X1i,..., X, and real numbers ay,...,a,, n=1,2,....

Let us pay more attention to normal (or Gaussian) random variables. Denote

1 (x — )2
PO = () = o exp {_?}

the density of a normal random variable with parameters @ and 0% ie., N (u, 02).
We note the following:

1. If w = 0and o2 = 1, then the random variable Z = N (0, 1) is called standard.
2. The integral /7 e’ /24x = /27 is known as the Poisson integral. Therefore,
[e'e) 1 . . .
f_oo po.1(x)dx = \/TTT\/ 27 = 1, which means that po i is the density of some
probability distribution.
3. EZ = ffooo xpo,1(x)dx = 0 because h(x) = x is the odd function, and

foooo yZe_yz/zdy = /27 for the even function A (x) = x2.

Hence,
Var(Z) = EZ? — (EZ)? =EZ? = . / Y e gy — 1
ar = — = = — yoe™ y=1.
\/27[ —00

4. Standardization procedure.

A random variable X = N(u,02) = 6Z + u or, equivalently, Z = %
Hence, EX = E(0cZ + ) = cEZ + u = pand Var(X) = Var(o Z + ) =
o2Var(Z) = o2, and we get a nice probabilistic interpretation of parameters
and o2 as mean and variance of X.

5. Let X be a normal random variable with parameters y and o2. Consider
its exponential transformation ¥ = eX. This equality can be rewritten in a
logarithmic form X = InY.

In this case, Y is called log-normal, and its density has the form

( (Iny — p)?
expl —————

1) = —

1
N >y_1,y € (0, c0).
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Problem 4.2 Denote 1ty and a% the mean and variance of Y, respectively. Prove
that

uy =EY = exp(u + 02/2),
2 =V: _ 2 o?
oy =Var(Y) =expCu +0o°)(e” —1).
To give an alternative description of moments of a random variable and its
distribution function, we introduce the notion of characteristic function.

Definition 4.3 Let X be a random variable. Then the function ¢x (f) = Ee'X,i =
~/—1, is called a characteristic function of X.

To simplify our further considerations, we assume that the distribution function
Fx(x) = F(x) admits a density fx(x). Now we note the following:
First, the characteristics function does exist because of

E|e!™| =/ || fx (x)dx =/ fx()dx =1 < oo.

—00

Second, if E|X|" < oo, m = 1,2, ..., then the characteristic function admits m
continuous derivatives such that

EX = i¢}(0), EX? = —¢%(0), ..., EX" = i"¢{"(0). (4.8)

Relations (4.8) follow from direct calculations of the corresponding integrals:
oo .
Py (1) = / ixe'™ fx(x)dx
—0o0

and, hence,

o0
Py (0) =i / xe' O fy(x)dx = iEX etc.
—0Q

Example 4.1

1. For the Bernoulli random variable X taking values 1 and O with probabilities p
and ¢, respectively, p + g = 1, we have

¢x (1) =" +e"p=pe' +q.

Hence, ¢’ (t) = pe'’ -i and ¢, (0) = ip.
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2. For the Poisson random variable with parameter A > 0, we have

bx(t) = Ee'X = Z EMP(w: X(w) =m) =

m=0

) 0 i
. )\m _ ()\elt)m B
— § :eztm e - e A
m! m!
m=0 m=0

_ it it
—¢ Aeke zek(e 1)

and ¢ (0) = Ai.
3. For the normal random variable X with parameters ;v and o2, we have using
standardized random variable Z :

o 1 2
¢Z([) :/ ettx_e—x /2d.x

—00 2

_ o0 cos(tx)e_xz/zdx +i/oo Sin(tx)e_x2/2dx
—0 2w —00 2w
N/_1 / " cos(rve 49)
= cos(tx)e X. .
27'[ —00

Differentiating both sides of (4.9) and using the integration by parts, we obtain

8, () =—— / Y Cxsin(rxye=dx
SV T B

L [T tcosme 2 = —1,0)
= - cos(tx)e X =— .
\/27'[ —00 z
Hence,
7 () /PZ (1) = —t. (4.10)
Integrating Eq. (4.10), we get In¢z(t) = —12/2 + ¢, ¢ = const, and

therefore, ¢z (¢) = eCe™"/2 with ¢¢ = 1 due to ¢7(0) = 1. Finally, we have
pz() =2,

The case of arbitrary X = N (i1, o) is considered with the help of standardization
procedure X = u + o Z. As aresult, we arrive to the formula

t202
ox (1) = exp <itu — T) .
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Now we want to discuss a correspondence between weak convergence (convergence
in distribution, in law) and the convergence of characteristic functions.

There is a simple sufficient condition for convergence in distribution. Namely,
assume (f,)n=1.2,.. is a sequence of densities of random variables (X,)n=12,. .
such that f,(x) — f(x), n — oo, implies the convergence of their distribution
functions F, (x) — F(x), n — oo. In fact, this result from Calculus is true for any
bounded function A& (x) :

/00 h(x) fp(x)dx — /00 h(x) f(x)dx, n — oo.

Taking i (x) = ¢/* in (4.11), we get

ox, (1) = ¢x(t), n — oo.

The result (4.12) implies the convergence F,(x) — F(x), n — oo, too.
Summarizing all these findings, we arrive to the following methodology to prove
the central limit theorem (CLT) of the theory of probability.

Theorem 4.3 Let (X,)n=12,... be a sequence of independent identically distributed
(iid) random variables with EX,, = p and VarX, = o2. Denote

n
Sy —nu
SnZZXm, Yn:ng’ﬁ

m=1

Then
d
Y,—> Y, n— oo, “4.11)

where Y is a standard normal random variable N (0, 1).
This is a version of the CLT for iid random variables.

Proof First of all, we note that the characteristic function of the sum of independent
random variables is equal to the product of characteristic functions of these random
variables. Using this property, we have

oy, (1) =¢(Tl/z Zfﬁ,:l(Xm—M)(t) = (bz;zzl(x,,,fu)(f/g«/f_l)

=[] ¢2x,—u(t/ov/n)

m=1

=(@p(t/o/n)', n=1,2,.... (4.12)
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Further, E(X,, — n) =0, E(X,, — n)? = 02 and

¢’ (1) = iE(X,, — w)e'"Xn=1 - ¢/(0) =0,
¢”(l) =—-EX,, — M)2eit(Xm7p_)’ ¢//(0) _ _02.

Hence, we can expand ¢ in a Taylor expansion at point # = 0 and find that
o>,
¢t)=14+0-— T+t A1),
where A(t) — 0,1 — 0. Therefore, using (4.14), we get
2 2

by, (1) = ¢"(t/o/n) = exp(nlog ¢ (t /o /n)) = exp(n log(1 — ;—n n #A(m,

2/ 2 which is the characteristics function of N O, 1).

O

and hence lim,_, oo ¢y, (1)~

A more general version of the CLT is usually formulated under the Lindeberg
Condition (L).
Let (X,)n=1.2,.. be a sequence of independent random variables with EX, =
Un, VarX, = onz. We say that the sequence (X,),=12,... satisfies the condition
(L) if forany € > 0

n -1 p
2 / 2
o (x — pum)°dFx, (x) = 0, n - oo.
(mz—l m) mZ:l (x:lx—lleE(Z:'n:lo,ﬁ)l/z) "

Under the conditions above,

S, —ES, 4
W—)N(O,l), n— oo.

The proof of this version of the CLT is provided by the same method as the proof
of Theorem 4.3.



Chapter 5 ®
Absolute Continuity of Probability oo
Measures and Conditional Expectations

In this chapter, a special attention is devoted to the absolute continuity of measures.
It is shown how this notion and the Radon-Nikodym theorem work to define
conditional expectations. The list of properties of conditional expectations is given
here. In particular, it is emphasized the optimality in the mean-square sense of
conditional expectations (see [12, 28, 37], and [55]).

5.1 Absolute Continuity of Measures
and the Radon-Nikodym Theorem

Let (2, F, P) be a probability space and X be a random nonnegative variable.
Define a set function

P(A) = f XdP =EXI,, Ac¥F. (5.1)
A

Let us take A = U, A;, A; NA; = @,i # j. Using a linearity of expected
values, we find that P from (5.1) is a finite-additive measure. Further, with the help
of monotonic convergence theorem, we have

P(A) =EX1, = EXIyx 4, =
o0 [o/0] o0
=EY XIs, =Y EXIs, =) P(Ay),
n=1 n=1 n=1

and therefore, P is countable additive.
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In case of arbitrary random variable, we can use the standard representation X =
Xt — X~. Assume that one of expected values EX™ or EX ™ is finite. In such a
case, one can define the following signed measure

P(A) = f Xtdp —/ X dP =P (A)— P (A), AeF, (5.2)
A A

that satisfies the next property
P(A)=0= P(A) =0. (5.3)

The proof of (5.3) is standard. For simple random variable with values
Xiy ooy Xn, X =D 1 xi14,, we have

P(A)=EXIy =) xiP(AiNA)=0, P(A)=0.
i=1

For arbitrary random variable X, we monotonically approximate X by a sequence of
simple random variables X,, 1 X, n — oo, and take a limit according to monotonic
convergence theorem:

P(A) =EXI4 = lim EX, /4 = 0.

Definition 5.1 Relation (5.3) between two measures P and P (not necessarily
probability measures) is called the absolute continuity of P with respect to P, and
denoted P <« P. Moreover, if P <« P, then measures P and P are equivalent
(P ~ P).

It turns out one can characterize the absolute continuity property with the help of
relations (5.1)—(5.2). This fundamental fact is known as Radon-Nikodym theorem.

Theorem 5.1 Let (2, F) be a measurable space. Let (1 be a o-additive measure
and ) be a signed measure which is absolute continuous with respect to |, A =
A1 — Ao, where one of L1 or Ay is finite. Then there exists F-measurable function
Z = Z(w), w € Q, with values in [—o0, +00] such that

A(A) :/ Z(w)ydu, A e (54)
A

Moreover, the function Z is uniquely defined up to sets of u-measure zero.

In representation (5.4), the function Z is called the Radon-Nikodym density or
derivative and denoted Z = j—)‘.

As the first consequence of Theorem 5.1, we get a convenient rule of changing
of measure in expected values. Let X be a random variable on a probability space
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(Q,F, P) and P <« P with the Radon-Nikodym density Z. Then we formally
obtain

. . P
EX:/ XdP:/ Xd—dP:/ XZdP =EXZ.
Q Q@ dP Q

5.2 Conditional Expectations and Their Properties

Now we are ready to introduce the conditional expected value of random variable X
with respect to a o-algebra Y C . In this case, we also call Y sub-o-algebra of F.

Definition 5.2 Let X be a nonnegative random variable and Y be a sub-o -algebra
of F. Then a random variable E(X|Y) is called the conditional expectation of X
with respect to Y if E(X|Y) is Y-measurable and

EXI4 =EEX|Y)I4) (5.5)

forevery A € V.

In general case, we decompose X = X — X~ and assume that one of random
variables E(XT|Y) and E(X~|Y) is finite, and define

E(X|Y) =EXT|Y) - EX"|Y). (5.6)
Existence of E(X|Y) in (5.6) follows from the Radon-Nikodym theorem. To prove
it, we~deﬁne a (signed) measure P(A) = EX14 on a measurable space (€2, V) such

that P <« P. According to Theorem 5.1, there exists a unique Radon-Nikodym
density which can be denoted here E(X|Y):

P(A) = / E(X|Y)dP.
A

Let us note that the above equality coincides with (5.5).
Using definition of E(X|Y), we can easily define:
Conditional probability w.r.t. Y

P(BIY) =ElY), B €T,

conditional variance w.r. to Y

Var(X|Y) = E ((x _ E<X|y>)2|y) .
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It is often the o -algebra Y is generated by another random variable Y. Therefore,
we can define conditional expected value and conditional probability X w.r. to Y as
follows:

EX|Y) = EX|Y),P(B]Y) = P(B|Y), B € ¥,

where Y = Y.
Let us count the list of properties of conditional expectations:

If X =c(as.), then E(X|Y) = c (a.s.).
If X <Y (as.), then E(X|Y) < E(Y|Y) (as.).
E(X|Y)| < E(IX| |Y) (as.).

For random variables X and Y and constants a and b, we have

Sl o

E(aX + bY|Y) = aE(X|Y) + bE(Y|Y) (a.s.).

EX|7:) = EX (a.s.).

EX|F) = X (a.s.).

EE(X|Y) = EX.

If sub-o-algebras Y| C Y, then

o N W

E (EX|Y2)|Y1) = EX|Y) (a.s.).
9. If sub-o-algebras Y, C Y|, then
E (EX|Y)|Y1) = EX|Y>) (a.s.).

10. We say that two sub-o-algebras Y| and Y are independent, if for any By € Y
and By € Y, we have P(B; N By) = P(By)P(By).
For a random variable X and a sub-o-algebra Y, we say that X does not
depend on Y if Y X and Y are independent. In this case, we have

EX|Y) =EX (a.s.),

if EX is well-defined.
11. For random variables X and Y such that Y is Y-measurable, E|X| <
00, E|XY| < 0o, we have

E(XY|Y) = YE(X|Y) (a.s.).

12. For a (generalized) sequence of random variables (X,),=12,... such that | X, | <
Y,n=12,..., EY <ocoand X, —» X, n — o0, as. Then E(X,,|Y) —
EX|Y), (a.s.)n — .

13. If X, > Y, EY > —oc0cand X, ? X, n — o0, as., then E(X,|Y) 1
EX|Y), (a.s.)n — <.
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4. If X, <Y, EY < coand X, | X, n — 00, as., then E(X,|Y) |
EX|Y), (a.s.))n — oc.
15. If X,, > Y, EY > —o0, then

E(liminf X,|Y) < liminfE(X,|Y) (a.s.).
n—o00 n—oo

16. For nonnegative random variables (X,),=12,..., we have

yees

E <Z Xn|J/) =Y E(XulY) (@.s.).
n=1

n=1

Let us show ways of proof of such properties. In case 2), we have for any A € Y

that
/Xdef YdP.
A A

Therefore, we get from (5.5) that
/E(le)dPS/E(YIJ/)dP,
A A

which means that E(X|Y) < E(Y|Y) (a.s.).
In case (8), we have for any A € Y| C Y, that

/E(XIMQdP:/ XdP:/E(X|y2)=/E(E(XIMz)L%)dP,
A A A A

which certifies the statement in (8).

Below we provide some comments and detailed calculations about conditional
expectations.

Consider E(X|Y) for two (integrable) random variables X and Y. According to
our definition, E(X|Y) is Y Y -measurable, and by the representation theorem, there
exists a Borelian function ¢ (-) such that

¢ (Y (») = EX|Y)(0), w € Q. (5.7)

For A € Y, we get from (5.7):

/XdP:/E(X|Y)dP=/¢(Y)dP. (5.8)
A A A
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Further, taking A = Y ~!(B), B € B(R"), we have

/ $(¥)dP = / (»)d Py,
Y-1(B) B

and hence,

/ XdP:/qb(y)dPy. (5.9)
Y-1(B) B

Having equalities (5.7)-(5.9), we can take ¢ (y) = E(X|Y = y), y € R'.
To provide more details, one can consider a special case when the pair (X, Y)
admits a joint density fxy(x, y). In such a case, we can put

_ fxy(xa y)
fxy(xly) = TR
and find that for C € B(R")

P(XeClY =y) =/Cfxw(x|y)dx
and

E(X|Y = y) = fR xfxir ely)dx.

This is a reason that the function fxy(x|y) is called a density of a conditional
distribution (conditional density).

In case of discrete random variables X and Y with values xi,x2,... and
Y1, ¥2, ... correspondingly, denote Y = o(Y) = Yoand (0 : Y(w) = yi) =
D;,i=1,2,....8etsD;, i =1,2,...areatoms for P in the sense that P(D;) > 0
and any subset A € D; has a probability zero or its completion to D; (i.e., D; \ A)
has a probability zero. We can define

EXIp, .
E(X|D;) = Py’ i=1,2,....
l

Then the calculation of E(X|Y) is reduced to the claim:
E(X|Y) = E(X|Y") = E(X|D;) (a.s.)

ontheatom D;, i =1,2,....
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To connect these definitions and results to the general definition, we need to
check (5.5). In particular, we have

EE(X|Y) =) E(X|D;)P(D;)
i=1

=Y EXIp)=)> > xjP(X=x;.Y =)
i=1

i=1 j=1

o0
> DN P(X=xj ¥ =)

i=1

It

~.
I
_

o0 o0
Xj ZP(X =x;, Y =y)= ijP(X =Xj)

i=1 j=1

r”18

~.
I
—

=EX.

Let us take note of that calculations of E(X|Y7, ..., Y,) can be given in the same
way.

Finally, we demonstrate an important application of E(X|Y). We will interpret Y
as an observable variable and X as a non-observable. This is a typical situation in
many areas, including option pricing theory, where X is a pay-off of option and Y
is a stock price.

How can we estimate X based on observations of Y to provide the optimality of
the estimate?

A satisfactory solution of the problem can be given as follows.

Let ¢ = ¢(x), x € R', be a Borelian function. Taking ¢ (Y), we get an estimate
for X, and we should choose from a variety of such estimates an optimal estimate.
As criteria, we can take E(X — ¢>(Y))2 and define the optimal estimate ¢*(Y) as
follows:

E(X —¢*(Y))? = infE(X — P (1))?,

where we assume EX? < oo and E¢2(Y) < oo.

Theorem 5.2 The optimal estimate has the following representation ¢*(x) =
EX|Y = x).

Proof Taking ¢*(Y) = E(X|Y), we have for any other estimate ¢ :
E(X —¢(Y)* =E[(X — ¢*(¥)) + (¢* (V) — ¢>(Y))]2

= E(X — ¢*(1))? + 2E(X — ¢*(¥))(¢*(¥) — ¢(Y))
+E(¢*(Y) — ¢(Y))?
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=E(X — ¢*(1))* + E(¢*(Y) — ¢(¥))?
+2E[E ((X — ¢*(¥)(@*(Y) — ¢(¥))) |Y]

=E(X — ¢*(Y))> +E(@*(¥) — ¢(¥))?

> E(X — ¢*(Y))*.



Chapter 6 ®
Discrete Time Stochastic Analysis: Qe
Basic Results

This chapter is completely devoted to a discrete time stochastic analysis. It contains
the key notions adapted to discrete time like stochastic basis, filtration, pre-
dictability, stopping times, martingales, sub- and supermartingales, local densities
of probability measures, discrete stochastic integrals, and stochastic exponents. It
is stated the Doob decomposition for stochastic sequences, maximal inequalities,
and other Doob’s theorems. The developed martingale technique is further applied
to prove several asymptotical properties for martingales and submartingales (see
[7, 13, 15,17, 28, 55], and [62]).

6.1 Basic Notions: Stochastic Basis, Predictability,
and Martingales

We have seen already that a sequence of random variables X1, X», ..., X, can be
interpreted as a n-times repetition (realization) of the underlying random experi-
ment. One can note that the order of appearance of new information is important. For
example, such order and such information are valuable in stock exchange trading.
One can also observe that a numeration of X; may not be directly connected to
real (physical) time, because an operation time is often exploited instead of real
time in finance. As we know, to provide an accurate work with random variables,
we need to assume that these random variables are defined on some probability
space (€2, F, P). In this setting, for each fixed outcome w € €2, one can observe a
sequence of numbers X1 (w), X2(w), ..., Xp(w), ..., called a trajectory or sample
path. It may present a behavior of stock prices or indexes over given time interval.
So, thinking in this way, we must emphasize the difference between probability
theory and stochastic/random processes. It can be roughly explained as follows.
If theory of probability studies probabilities of occurrence of random events,
including the events connected to random variables, theory of stochastic processes
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considers probabilities of occurrence of trajectories and families of trajectories of
stochastic processes. Such a difference calls for a “supplementary equipment” of
given probability space with an information flow or filtration. It is a nondecreasing
family (¥,)n=0.1,... together with (2, ¥, (Fn)n=0.1...., P) called a stochastic basis.
Usually, the main o-algebra ¥ is determined by the filtration (%,)n=0.1,... in the
sense that oo = o (U,F,) = F. We sometimes will count that Fy is trivial, i.e.,
Fo = {¥, 2}. Filtration creates a new class of random variables, called stopping
times. A random variable T : @ — {0, 1,...,n, ..., oo} is called a stopping time if
foreachn =0,1, ...

{o:T(w) < n} eFyp,

i.e., each value n is taken based on information until time n without having
information from the future time.

We can interpret a stopping time t as a random time, and therefore we can speak
about information 7 before this time 7. It is formally realized as follows:

Fr={A € Foo: AN{w: 1(w) <n} e Fn},

and 7 is a o -algebra.

If two stopping times 7 and o are connected to each other through inequality
T <o (a.s.), then obviously F; C F,.

Now if (X,)n=0.,1.... is a sequence of random variables on (2, ¥, (Fn)n=0.1...., P)
with information flow (¥,) and X,, — F,-measurable for eachn = 0, 1, . ... In this
case, we will call (X,,) adapted to (F,)n=0.1...., OF stochastic.

For a stochastic sequence (X,),=0,1,... and a stopping time 7, we define

e¢]

Xr = Z an{tzn} + XOOI{T=OO}7
n=0

where X, may be a fixed constant or X, = lim,_, o, = X, (a.s.), if the limit does
exist.

The random variable X is a “superposition” of a stochastic sequence and t, and
hence, X —F;-measurable. We can go even further if we take a stochastic sequence
(Xn)n=o0.1,... and a nondecreasing sequence of stopping times (7, ),=0,1,... and define
a new sequence of random variables

Y, = Xr,,s Tn = Tn+l-

It is quite natural to call (t,,) as a time change and (Y},) as a time-changed sequence.
The idea of “time change” is very productive for stochastic analysis. For example,
in mathematical finance, this type of time change is often based on market volatility
and is called the “operation time.”



6.1 Basic Notions: Stochastic Basis, Predictability, and Martingales 53

Problem 6.1 Prove that:

. T is a stopping time if and only if {tr = n} € 7, for all n.
. Fr is a o-algebra, if 7 is a stopping time.

Fr € Fo if stopping times T < o (w) (a.s.).

. X is F¢-measurable if 7 is a stopping time.

. T A0 is a stopping time.

We can also consider (2,7, (¥,), P) as a system of probability spaces
(Q, Fo, Po), (2, F, P), ..., where Py on % is just a restriction of P to ¥y and so
on. In this framework, we can consider another probability measure P and P, asits

restriction to ¥,,. Assume that Pn L Py, n=0,1,..., and denote Z, = P” the
density of I~’n with respect to P,, n=0,1,.... The sequence (Z,),=o,1,... is called
a local density of P with respect to P, and for eachn =0, 1, ..., we have

EZn:/ ansz ZpdPy = Py(Q) = 1.
Q Q

Further, for any A € ¥,_1, we formally have that

/anP :/Z,,dPn =
A A

It means that (a.s.)

dPp,

= Bu(A) = Po_y(A) =/zn_1dP.
A A
E(Z,|Fn-1)=Zn1,n=12,.... (6.1)

We can also ask the question: y

Is it possible to calculate for some integrable random variable ¥ E(Y|¥,—_1) via
E(Y|Fn-1)?

Again, take A € F,_1 and find that

/E(anm,l)dp =/ YZ,dP =/ YdP,
A A A
_ f YdP,_ = f E(¥ |7 1)d Py
A A
= / E(Y|Fp_1)d Py = f E(Y|Fn—1)Zy-1dP,
A A

and hence,
E(Y|F— 1)—Z {EY Zy|Fu-1) (as.). (6.2)

Relation (6.2) is called a rule of change of probability in conditional expectations.
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Besides adapted sequences of random variables, we can introduce sequences of
random variables which are in between deterministic and stochastic sequences. We
say that an adapted sequence (A,)n=0.1,... is predictable, if A,-F,_1-measurable
forn = 1,2, .... We can also take the property (6.1) to introduce the whole class of
stochastic sequences called martingales. We say that an integrable adapted sequence
(My)n=0.1,... is a martingale, if

EWM,|Fn-1) = M,_1 (a.s.) forn=1,2,.... (6.3)

Relation (6.3) can be rewritten as follows E(M,, — M,,_1|¥,—1) = 0 (a.s.). It means
the sequence Y,, = M,, — M,,_ presents the so-called martingale difference.

We can also see that the local density (Z,),—o,1,... in (6.1) is a martingale
with respect to P. These two types of stochastic sequences is a natural basis
for many others. To demonstrate this claim, we consider an arbitrary integrable
stochastic sequence (X;),=o,1,... With Xo = 0 (a.s.) for simplicity. Define for each

yeee

n=1,2,..., AX, = X, — X,—1 and write an obvious equality
AX, = AX, — E(AX,,|7‘-,,_1) + E(AXn|7‘7:—1) =AM, + AAn, (64)
where

AM, = AXy — E(AX,|Fr-1),
AA, = E(AX,|Fu-1).
It is clear from (6.4) that forn =0, 1, ...,
Xn =M, + Ay, (6.5)
where M, = Ziin AM; and A, = Ziﬁn
martingale and (Ap)n=0,1,... is predictable.

Such a unique decomposition (6.5) is called the Doob decomposition of
(Xn)n=0.1,.... In particular, it is true for sequences (X, )n=0.1,... satisfying conditions

AA;, and therefore, (M,)n=0.1... 1S a

E(Xn|7:n—1) = Xn—l (a.s.)
and
E(X,|Fn-1) < Xn-1 (a-s.).

Such sequences are called submartingales and supermartingales, and in their
decompositions (6.5) AA, > 0and AA, <0(as.),n=1,2,..., correspondingly.

Remark 6.1 Given a martingale (X,),=0.1,..., there is a simple way of constructing
submartingales (supermartingales). Suppose ¢ is a convex downward measurable
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function such that E|¢(X,)| < 0o, n = 0, 1, .... Then Jensen’s inequality implies
that (¢ (X,))n=0.1,... is a submartingale.

Let us consider a martingale (M,),=o,1,... such that EMn2 <oo, n=01,...,
and then it is called square integrable. Further, due to the Jensen’s inequality, X, =
M,f is a submartingale. Using the Doob decomposition (6.5), one can conclude that

My =my,+ (M, M),, n=0,1,...,
where (mp)p=0.1,... is a martingale and ((M, M),)n=0,1,.. 1S a nondecreasing

predictable sequence called the quadratic characteristic (compensator) of M.
Moreover,

(M, M), =Y E(AM)YFiz1). (M. M)o =0,
i=1

and
E ((Mx — MIF7) =E(M] — MPIF0)
=E((M, M)y — (M, M)/|F1), | <k,
and EM,% =EM,M),, n =0,1,....Itis possible to define a measure of correla-

tion between two square-integrable martingales (M,),—o,1,... and (Ny)p=0.1,... :

(M,N), = %{(M+N,M+N),, —(M —N,M — N),},

n =0,1, ..., which is called the joint quadratic characteristic of (M;),=0.1,... and
(Nn)n=0,l,...'

It is almost obvious to show that the sequence (M, N, — (M, N)p)n=0.1,... 1S a
martingale, and if (M, N), = Oforalln = 0,1, ..., then such martingales are

called orthogonal.

Further, the following property that connects the martingale property and
absolute continuity of probability measures is related to formula (6.2) and can be
referred to as a discrete time version of the Girsanov theorem.

Let (My)n=0.1,..., Mo = 0, be a martingale with respect to the original measure
P and assume E|ZnZn__11AMn| < o0, n=1,2,....Define (M,,)nzo,l , Mo =0,
by relations

yeee

AM, = AM, — E(Z, Z,' \ AM,|Fuet), n=1,2,....
Using the rule of change of measure (6.2), we obtain

E(AM,|Fn—1) =E(AM, — E(Z, Z, ' | AM,|Fp— )| F 1)
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=E(AM,|Fn—1) — E(AM,|F0-1) =0 (a.s.),

which implies that (M,,),,:o,l,__ is a martingale with respect to P < P with the
local density (Z,)n=0.1.....

Let us use predictable and martingale stochastic sequences to construct more
complicated objects. For a predictable (H,),=0,1,... and a martingale (m,),=0.1....,
define a discrete stochastic integral

n
Hxm, =Y HiAm;. (6.6)
i=0

If martingale (m,),—o0,1.... is square integrable, sequence (H,),=o,1.... is predictable,
and EH,%A(m,m,)n < oo, n = 0,1,..., then (H % My)p=0.1,... is a square-
integrable martingale with quadratic characteristic

yees

n
(Hsm, Hxm), =Y H}A(m,m);.
i=0

Further, let (M,),=0.1,.. be a fixed square-integrable martingale, then one
can consider all square-integrable martingales (Nj)n=0.1,... that are orthogonal to
(My)n=0.1,.... Introduce a family of square-integrable martingale of the form

X, = M, + N,. 6.7)

On the other hand, any square-integrable martingale (X,),=0,1,.. can be written
in the form (6.7), where the orthogonal term (Nj)n=0.1,... satisfies (6.6) with the
martingale (m,),=o,1,... that is orthogonal to the given martingale (M,),=0.1.....
Such a version of decomposition (6.7) is referred to as the Kunita-Watanabe
decomposition.

Discrete stochastic integrals are related to discrete stochastic differential equa-
tions. Solutions of such equations are used in modeling the dynamics of asset prices
in financial markets.

Consider a stochastic sequence (Uy,)n=o0.1,.. With Uy = 0 and define a new
stochastic sequence (X,)n=0,1,... With Xo = 1 by

AX, =X,.1AU,, n=1,2,.... (6.8)

Solution of (6.8) has the form

X,,:l_[(1+AUi):8n(U), n=1,2,...,

i=1

and is called a stochastic exponential.
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One can consider a nonhomogeneous version of Eq. (6.8)
AX, = AN, + X,,-1AU,, Xo = Ny, (6.9)

where (N,)n=0.1,... 1 a given sequence.
Solution of (6.9) is determined with the help of stochastic exponential as follows:

Xy = Eu(U) |:N0 + ZS;I(U)AU,C| .

i=1
Let us list very helpful properties of stochastic exponentials:

- &, (U) = &,(—U"), where AUy = (284, AU, # —1.

. (En(U))n=0.1.... 1s a martingale if and only if (U, ),=0,1,... 1S a martingale.
.E,(U)=0(a.s.)forn > 19 =1inf( : & U) = 0).

. For two stochastic sequences (U,) and (V,), the next multiplication rule of

stochastic exponentials is true:

W=

En(U)En(V) =Ex(U +V +[U, V],

where A[U, V], = AU,AV,.

6.2 Martingales on Finite Time Interval

Here we study stochastic sequences on the interval [0, N] = {0, 1, ..., N}. The
first important theorem is devoted to an interesting characterization of the notion of
a martingale.

Theorem 6.1 Let (X,)n=0,1,....n be an integrable stochastic sequence on a stochas-
tic basis (2, F, (Fn)n=0.1,...N, P). Then the following statements are true:

.....

foralln =0,1,..., N.

2. If for all stopping times 7 the equality EX; = EXo is fulfilled, then
(Xn)n=0,1,....N 1s a martingale.
Proof

(a) For a direct implication, using the definition of conditional expectations and
their telescopic property, we have that (a.s.)

EXn|Fn=2) = EEXNIFN-DIFN-2) =EXn_1|FN-2) = Xy_2, etlc.
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For an inverse implication, we also use the definition and the telescopic property
and find that for all n (a.s.)

E(XnIFn-1) = EEXNIFNIFN-1) = E(XN|FN-1) = XN-1, etc.
(b) Forafixedn < N and A € ¥, we define the following stopping time:

n ifweA,

TA(w) = )
N ifo¢A.

According to the assumption, we have

EXo =EX.;, =EX;, Ia + EX;, Ixc
=EX, I + EXplIxc.
It means that E(Xy|F,) = X, (as.), and by (a), we conclude that

(Xn)n=0,1.....N 1s a martingale.
O

Theorem 6.1 gives us an understanding about a strong connection between martin-
gales and stopping times. The next statement which has a special name as “optional
sampling theorem” of Doob tells us more about these connections.

Theorem 6.2 Let (X,)n=0.1,...n be a martingale (submartingale, supermartin-
gale) and t1 < 13 (a.s.) are stopping times, and then

E(Xr2|¢r1) = Xrl (a.s.)

(E(Xy,|F7) = Xy and E(X4,|F7) < X (a.s.), respectively). In particular,

EX. =EX,,

Proof of this theorem, which generalizes the obvious property for deterministic
times, readily follows from next considerations.

For A € ¥7;,, n < N and B = AN {r; = n} in order to prove fA X,dP =
[ X<,d P, we need to prove that

/ X.,dP :/ XndP.
BN{12>n} BN{ry>n}

It follows from the next equalities

/ X,dP :/ X,dP +/ X,dP
BN{ty>n} BN{my=n} BN{ty>n}
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_ / X,dP + / E(Xy+1|F2)d P
BN{ry=n} BN{ry>n}

=/ X,,dP+/ Xpi1dP
BN{ty=n} BN{ry>n}

:[ XndP+/ Xpi2dP = ... =
BN{n<ty<n+1} BN{ry>n+2}

:/ Xp,dP.
BN{ra=n}

It turns out for martingales (submartingales, supermartingales) one can get inequal-
ities called maximal (or the Kolmogorov-Doob inequalities) which are stronger than
the Chebyshev inequality.

Theorem 6.3

1. If (Xn)n=0.1.... N is a submartingale, then for any . > 0 :

4
N

P(w:max X, > A) <
n<N

2. If (Xn)n=0.1.,....N is a supermartingale, then for any A > 0 :

EXo+ EX},
P(w:max X, > A1) < M.
n<N

3. If (Xu)n=0.1....,N IS a martingale, then for any A > 0 :

E[Xy|
—

P(w:max|X,| > A) <
n<N
Proof Let us define the following stopping time
t=inf{n <N : X, > A},

where we put T = N if the set in brackets above is 7.
Denote A = {w : max,<y X, > A} and find that

AN{t=n}={r =n} e F,,
if n < N and
AN{t =N} e Fn,

dueto A € Fy.
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Hence, A € ;.

To prove the statement (1) of the theorem, we derive from Theorem 6.2 that

EX. 1o <EXpyIy

because stopping time 7 < N.
If the event A occurs, then X; > A and X 14 > Al4. Therefore,

AP(A) <EXyIx <EXJ 14 <EXJ,

and we obtain (1).
Further, due to 0 < 7 < N, we have from Theorem 6.2

EXo>EX; =EX 14 + EX Igc > EX 4 + EXNIye.
Hence, we get statement (2) after next calculations

AP(A) <EX Iy <EXo—EXyIsc
=EXo+ E(—=Xn)1sc <EXo+E(=Xy)T14e
<EX" + EXj.

The last statement (3) is a combination of (1) and (2).

O

We finish this section by the well-known and helpful results of Doob about
estimation of the number of upcrossings (downcrossings) of given interval by

submartingales and supermartingales.
Let a < b be real numbers and (X,),=0,1
the following sequence of stopping times:

,,,,,

70 =0, 7y =inf{n > 0: X,, <a},
p=inf{n > 11 : X, = b}, ...,
Tom—1 =inf{n > 12 : X, < a},

Tom =inf{n > 1,1 : X, > b},

where 1, = N if the set in brackets above is .

N be a stochastic sequence. Define

It is clear that between 12,,—1 and 13, that is an upcrossing of the interval (a, b)

by the sequence (X,) occurs.
Define the following random variable

0, if m>N,
BL(N.,a,b)= ,f
max{m : Ty < N}, if 2 <N,
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which is called the number of upcrossings of (a, b) by the sequence (X,,) during the
time interval [0, NV].

Definition of notion of downcrossings is given in a similar way. Denote the
corresponding number of downcrossings by X (N, a, b).

Theorem 6.4 Let (X,)n=0.1,..8 be a submartingale and ﬁi((N,a,b) be the
number of upcrossings (downcrossings) of the interval (a, b). Then

A

EBY(N,a,b) SE();N%, (6.10)
— h)t+

EBY(N,a,b) 5%. (6.11)

Proof We prove only (6.10) in view a symmetry of formulas (6.10) and (6.11).
Let us reduce the initial problem to estimation of the number of upcrossings by
a nonnegative submartingale ((X, — a)+)n=0,l,.‘.,N of the interval (0,b — a).
Moreover, we can put a = 0 and prove that

EX
EBY(N,0,b) < —bN, (6.12)

for a nonnegative submartingale (X,),=0.1,2,...n, X0 =0.
Define fori = 1, 2, ... a sequence of random variables:

i =

1, iftm <i < 1,41 for some non-even m,
0, iftm <i < 141 for some even m.

It follows from definitions of S f (N, a, b) and ¢; that

N
bBY(N.0.b) <) ¢i(Xi — Xi ).

i=1
Let us note that
{¢i = 1} = Unon—cven m({Tm < i} & {tm+1 <i}) € Fi-1,
and therefore by properties of conditional expected values and submartingales

N
PEBY(N,0,b) <EY " ¢i(X; — X;—1)

i=1

N
=> | &Xi—Xi_1)dP
—1 7o)
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N
=Z/{ B~ Xii 7P
i=1 i

N
<Y EE(X; — X;1|Fi-1)
i=1

=(EX| —EXg) +(EX, —EX{)+...
+ (EXy —EXn-1) = EXy,

and we arrive to (6.12), and further to (6.10). |

Corollary 6.1 Let (X,)n=0.1...N~ be a supermartingale and af (N, a,b) be the
number of upcrossings of the interval (a, b). Then

E(a— Xy)*
EoX(N.a.b) < (“b—N). (6.13)
—da

Proof The inequality (6.13) follows from (6.11) because aﬂf(N,a,b) can be
interpreted as the number of downcrossings of the interval (—b, —a) by the
submartingale (—X,)n=0.1,.. N :

E(—Xy — (-a))*  E(a—Xy)"
(—a)—(=b) =~ b—a

EoX(N,a,b) = EB-*(N,—b, —a) <

6.3 Martingales on Infinite Time Interval

Here martingales (submartingales, supermartingales) are studied for Z, =
{0,1,...,n,...}. Statements of Theorems 6.3 and 6.4 are transformed by taking
the limits as N — oo, and we get the following list of inequalities (6.14)—(6.19):

sup, EX
P(w:supX, > A) < “F’T a0, (6.14)
n

for a submartingale (X,)n=0.1.... with sup, EX;F < oo;

EXo + sup, EX,;
A

P(w:supX, > 1) < , A>0, (6.15)
n
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for a supermartingale (X,),=o,1,... with sup, EX,” < o00;

E|X
w, A0, (6.16)

P(w:sup |Xp| = 1) <
n

for a martingale (X,,),=0,1,...ny With sup, E| X[, < oco;

,,,,,

sup,, E(XN - (l)+

EB(c0,a,b) < : 6.17
:3+ (00,a,b) < h—a ( )
for a submartingale (X, ),=0,1,... with sup, E(X,, — a)t < oo;
E(Xy —b)*
Ep¥ (c0,a, b) < SR BN = )T (6.18)
b—a
for a submartingale (X, ),=o.1,... with sup,, E(X, — bt < oo;
X sup, E(a — Xy)*
Eay (00, a,b) < (6.19)

b—a ’
for a supermartingale (X,),=o,1,... with sup, E(a — X)T < oo.

The Doob optional stopping (sampling) theorem admits a natural extension to
Z+ too.

Theorem 6.5 Let (X,)n=0.1,... be a uniformly integrable martingale (submartin-
gale, supermartingale) and t be a finite stopping time. Then E|X ;| < oo and

EX;: =EXo (EX; > EX(, EX; < EXj). (6.20)
Moreover, for finite stopping times T < o (a.s.):

EXs1F7) = X (as), EXs|F7) = X (as), EXs|F7) < X (a.s).
6.21)

Proof Both formulas (6.20) and (6.21) are proved with the help of limit arguments.
Let us only provide the proof of (6.20).
For a fixed N, denote Ty = t A N, which is a bounded stopping time, and by
Theorem 6.2, we have
EX) = EX.,. (6.22)
Let us note from (6.22) that

EX., =2EX} —EX., <2EX] —EX,. (6.23)
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Further, using (6.23) and a submartingale property of (X ,‘f )n=0.1,..., we obtain that

N
Ex} :ZEX;FI{TN:j}—i-/ X5dp
-0 {t>N}

N
< Z EX}“I{,sz} +EX} > n)
Jj=0

—EX}, < E|Xy| < supE|X,|,
n
and, hence,

E|X,,| <3supE[X,| < co. (6.24)
n

Using (6.24) and the Fatou lemma, we get

E|X;| <limsupE|X.,| <4supE|X,| < co.
N n

Let us note that for a finite stopping time t we have
lim E|X,|I{z>n =0, (6.25)
n— o0

because (X,),=0,1,... is uniformly integrable and P(w : t(w) > n) — 0, n — oo.
We can write a decomposition

Xr = XrAn + (Xr - Xn)l{r>n}
and its average
EX: =EXinp +EX [z — EXp I(r50). (6.26)

In Eq. (6.26), EX; A, = EXy, because (X;,) is a martingale.
The second term of (6.26)

(0.¢]
EXO)Iieony = Y EXiljz—i) > 0,n — o0,
i=n+1
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because the series
o0
EX,; = ZEXi I{z—;) converges.
i=0
The third term of (6.26) converges to zero because (6.25). O

Let us prove a key theorem of Doob about (a.s.)-convergence of submartingales.

Theorem 6.6 Let (X,)n=0.1.... be a submartingale satisfying condition

yeee

supE|X, | < oo. (6.27)
n
Then there exists an integrable random variable X oo = lim,— o X, (a.s.).
Proof Assume that this limit does not exist. It means that

P(w : limsup X, (w) > liminf X, (w)) > 0. (6.28)
n—>oo

n—oo

The set in (6.28) can be written as
{w : limsup X;, > liminf X,,}
n n

= Ug<h,a,beqlw : limsup X, > b > a > liminf X, }, (6.29)
n n

where Q C R! is the set of rational numbers.
It follows from (6.28)—(6.29) that for some rational numbers a < b we have

P(w :limsup X, > b > a > liminf X,;) > 0. (6.30)
n n

We also note that for eachn € Z
EX <E|X,| =2EX; — EX, <2EX;" —EX,
and find that for submartingale (X, ),ez the following conditions are equivalent:

supE|X,| < 0o & supEX;| < oo. (6.31)
n n

Applying (6.17) together with (6.31), we obtain

sup, EX;f +lal _

Ef(00,a,b) = —

(6.32)
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Condition (6.32) is a contradiction with the assumption (6.30) and (6.28). Hence,
there exists Xoo = lim,— oo X, (a.s.) which is integrable by the Fatou lemma and
E| X! < sup, E|X,| < o0. |

Corollary 6.2

(a) If (Xy)n=0,1,... is a nonnegative martingale, then sup, E|X,| = sup, EX, =
EXo < oo, and therefore, there exists integrable X oo = lim, 5 X, (a.5.).

(b) If (Xpn)n=0.1,... is a nonpositive submartingale, then there exists integrable
Xoo = limy— 00 Xy (a.5.) and (X, Fn)n=0.1,....00 is also submartingale, where

Foo = (U Fr).

Proof Statement (a) is obvious. In case (b), one can apply the Fatou lemma and get

EXy =Elim X, > limsupEX,, > EXg > —o0.
n n

The submartingale property follows from relations:

E(Xoo|Fm) = E(lim X, |F,,) > limsup E(X,,|F) = X (a.5.), m=0,1,....
n n

O

To study another type of convergence of martingales (submartingales, supermartin-
gales) which is L'-convergence, we give the following example.

Example 6.1 Let (Y,),—0.1,... be a sequence of independent random variables such
that

2 with probability 1/2,

0 with probability 1/2.

Y, =

Define X, = [['_yYi and 7, = o (Yo, ..., Yy). It is clear that (X,),=0,1,... is a
martingale with EX,, = 1, and hence, X,, > X = 0 (a.s.).

At the same time, we have E|X,, — Xo| = EX,, = 1, and therefore, this
martingale does not converge in space L'.

It means that the condition sup, E|X,| < oo, appeared in Doob’s theorem about
(a.s.)-convergence, is not enough to achieve L'-convergence.

Theorem 6.7 If (X,)n—0,1,... is a uniformly integrable submartingale, then there
exists an integrable random variable X, such that X, —— X (a.s.) in
n—0oo

space L.

Moreover, (Xn)n=0.1.....00 Will be a submartingale with respect to (F3)n=0.1.....00s
where Foo = o (Uy2  Fr).
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Proof Existence of X, and convergence (a.s.) follow from Theorem 6.6. Further,
take ¢ > 0 and represent

EX, =EX, Iix,<—c) + EX, I1x,>—¢)- (6.33)

For any € > 0 due to uniform integrability (X,,), we can choose ¢ > 0 large enough
to provide inequality

sup [EX, I{x,<—¢}| <, (6.34)
n

for the first term in (6.33).
We also note that

Xnlix,>—c} = X,
and by the Fatou lemma, we obtain that
lirr}linfEXnI{XnZ_c} >E lirr}1ian,,I{XnZ_C} >E lirrzliann.
Hence, due to (6.34), we get from the above inequalities
lin}linfEXn > E lin}liann — €.
We can prove in a similar way

limsupEX,, < Elimsup X,

n n

and further just repeat the same steps of the proof of the Lebesgue dominated
convergence theorem and find that E|X,, — X| — 0, n — o0.
To finish the proof, we take A € F,, and for m > n, we have

Els| X — Xool > 0, m — o0,
/deP—>/XoodP, m — 00,
A A

{[4 Xmd P}m=n is nondecreasing.
Hence, for any A € 7, we have

andP §/deP gfxoodp=/E(xoo|7—j,)dP,
A A A A

which certifies a submartingale property. O
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Corollary 6.3 Let (X,)n=0,1,.. be a submartingale with sup, E|X,|? < oo, p >
1. Then there exists an integrable random variable X o, such that X;, — Xoo, n —
00, (a.s.) and in L'.

Theorem 6.8 (Levy’s Theorem) Consider an integrable random variable X on
stochastic basis (2, F, (F)u=0.1...., P). Then

E(X|F,) — E(X|Fso) (a.s.)and in L.
n—>oo

Proof Denote X,, = E(X|¥,), n=0,1,...and find fora > 0 and b > 0 that

/ X, ldP sf E(|Xn||ﬂ)dP=/ IX|dP
{IXn|=a {IXnl=a {1 Xn|>a}

:f |X|dP+/ |X|d P
(1 Xal=a)N(1X,|<b) {1 Xal=a)N(|X, |>b)

<bP(|Xn| = a) +/ | X|d P
{1Xn|>b)

b
<—E|X] +f |X|dP.
a {(1Xa|>b)

So, taking b — oo and after a — oo, we get

lim supE|X,|Ijjx,|>q) = 0,
a—00 5,

which means that (X,),—o0,1,... is uniformly integrable. Applying Theorem 6.7, we
get the statement of this theorem. O

Corollary 6.4 A uniformly integrable stochastic sequence (X,)n=0.1.... on stochas-
tic basis (2, F, (Fn)n=0.1..., P) is a martingale & there exists an integrable
random variable X such that X, = E(X|F,), n=0,1,....

Proof The inverse implication < is just the Levy theorem (Theorem 6.8). The
direct implication = is just a consequence of Theorem 6.7 if we take X = Xo,. O

Problem 6.2 In Levy’s theorem, prove that

Xoo = E(X[Fo0).



Chapter 7 ®
Discrete Time Stochastic Analysis: Qe
Further Results and Applications

In this chapter, a characterization of sets of convergence of martingale is given
in predictable terms. As a consequence, the strong LNL for square-integrable
martingales is proved. This result is applied for derivation of strong consistency
of the least-squares estimates in the framework of regression model with martingale
errors. Moreover, the CLT for martingales is stated, and further this theorem together
with the martingale LNL is applied to derive the asymptotic normality and strong
consistency of martingale stochastic approximation procedures. A discrete version
of the Girsanov theorem is given here with its further application for derivation
of a discrete time Bachelier option pricing formula. In the last section, the notion
of a martingale is extended in several directions: from asymptotic martingales
and local martingales to martingale transforms and generalized martingales (see
[10, 15, 19, 20, 28, 43, 47, 49], and [55]).

7.1 Limiting Behavior of Martingales with Statistical
Applications

Let us investigate limiting behavior of martingales. We start with some facts about
sets of convergence of martingales and submartingales.

Definition 7.1 Let (X,),=0.1,.. be a stochastic sequence. Then we denote {w :
X, —} the set of those w € Q2 such that X, (w) converges to a finite limitas n — oo.

We alsosay that A € B € ¥ (a.s.),if P(ANB°) =0,and A = B (as.)ifAC B
(a.s.)and B C A (a.s.).
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Lemma 7.1 Let (X,)n=o0.1.... be a square-integrable martingale. Then (a.s.)
{w: (X, X)oo <0} C{w: X, —}. (7.1)
Proof For a positive a € R, we define a stopping time
T, = inf{n : (X, X)p41 = al,

assuming that inf{)} = oo. One can observe that (X, X),, < a and the stopped
sequence (X,Z”)nzo,l,,__ = (Xr,An)n=0,1,... 18 a square-integrable martingale such
that

E(X;,an)? = E(X[)? = E(X™, X™), = E(X, X)gan < a.

Tn

According to Theorem 6.6, P{w : X;* —} = 1. We also note that X = Xeomn =
X, ontheset {t, = o0} ={w: (X, X)oo < a}.

Further, (a.s.) {w : 1, = o0} C{w : X;, =} and U, {1y, = 00} C {w: X,, —}.
Hence, (a.s.)

{w: (X, X)oo < 00} = Ugsofw: (X, X))o < a)
=Ugsofw: 1 =00} C{w: X, =},

and we get (7.1). |

Lemma 7.2 (Stochastic Kronecker’s Lemma) Let (Ap)n=0.1..., Ao > 0, be a
predictable nondecreasing sequence, (My)n=0.1,... be a square-integrable martin-
gale and

n
No=) A7'AM;.
i=0
Then (a.s.)
Q ={w: A =00}N{w:N, >} {w: A M, ). (7.2)

Proof First of all, we note the following formula of “summation by parts”:

n n
AnXy=AoXo+ Y AiAXi+ ) Xi1AA;, (7.3)

i=1 i=1

for two stochastic sequences (A;),=o.1.... and (X,)n=0.1,....
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Applying the formula (7.3) to (A;)n=o0.1,... and (Ny)n=0.1,..., We represent

yees

n n
> AiAN; = AN, = Y Nio1AA;,

i=1 i=1

and using ) '_, A; AN; = M, we obtain

n n
AIM, = A1 ZA,-ANZ- =A;! |:AnNn — ZNi_lAAl-:|

i=1 i=1

n
=A;! Z(Nn — Ni_1AA,. (7.4)
i=1

Further, for € > 0, define

sup{i : |[Nooc — Ni_1| <€} ontheset {N, - Noo},
0, on Q\ {N, - Nso}.

Ne =
By (7.4), on the set {w : N, = N}, we have

n
A, M| =AY (N, — Ni)AA|

i=1
n

< AT (Na = Ni)) A4
i=1

nARe

n
<A Y T INe = NictlAAi + ) [INoo — Nyl
i=1

i=nAne

+[Noo — Ni—1[1 AA;]

5A;1 [const.AnE sup |N;| + const.A,|Noo — Np| + const.eAn:| .
i
(7.5)
Hence, for almost all w € ', one can find n/ (w) such that in (7.5) forn > n_ (o) :
IA,TIM,, (w)| < const.(w) - €, and therefore (7.2). O

Theorem 7.1 (Strong LNL for Martingales) Let (A;),—o0.1,.. be nonnegative
predictable nondecreasing sequence and (My)n—o,1,.., Mo = 0, be a square-
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integrable martingale such that (a.s.) Acoc = 00 and (a.s.)
o A(M, M),
Y — 5 <. (7.6)
Al’l

n=1
Then A;an — 0 (a.s.), n — oo.

Proof Due to assumptions (7.6) and Lemma 7.1, we observe in Lemma 7.2
P(2') = 1, and hence, we get the statement of the theorem. O

Corollary 7.1 (Strong LNL of Kolmogorov) Let (Y,)n=1.2... be a sequence of
independent random variables with EY,, = 0 and 0> = EY? such that

i 5 < 0. (7.7)

n=1

B
1NN

Then for a sequence X, = Y ;_, Y; the following strong large numbers law is true:
(a.s.) % — 0, n - oo.

Proof We put A,, = n, M, = X,, and find that the Kolmogorov variance condition
(7.7) is transformed into the condition (7.6) of Theorem 7.1 and we get the claim.
O

Let us give an interesting and valuable application of strong LNL for martingales to
regression analysis.

Example 7.1 Suppose the observations are performed at times n = 0, 1, ... and
obey the formula

Xn = fn0 + ey, (7.8)

where 0 € R is an unknown parameter, (e,),—0,1,... 1S a martingale difference, and
(fu)n=0.1,... is a predictable regressor.

One can consider a structural least-squares estimate (LS estimate) in the
framework of regression model (7.8):

n -1 n
6 = (Z f,?) > fixi. (7.9)
i=0 i=0

Denote D,, = E(63|Tn_1) and F, = Z?:o fi2 and assume that F,, — oo (a.s.),n —
00, and Z?io Fsz,- < 00 (a.s.). Then according to Theorem 7.1, LS estimate (7.9)
is strongly consistent in the sense that 6, — 6 (a.s.), n — 00.

Remark 7.1 If in the model (7.8) we take f, = x,_1, then we arrive to the first
order autoregression model for which the condition }"{° x? | = oo is well-known
in regression analysis as a standard guarantee for consistency of LS estimates.
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Below we give some additional facts about asymptotic behavior of martingales and
submartingales.

Definition 7.2 A stochastic sequence (X,),=0.1.... € C*, if for each 7, = inf{n >
0:X,>a},a>0:

E(Axtg)+l{w:ta<oo} < Q.

Problem 7.1 Prove that the condition C is true for any stochastic sequence with
Esup, |AX,| < co.

Theorem 7.2

(a) Assume a submartingale with its Doob decomposition X,, = Xo+A,+M,, n =
0,1, ..., belongs to a class C™t, and then (a.s.)

{X, =} ={supX, < oo} C{Ax < o0}

(b) Assume a submartingale X, = Xo + A, + M,,, n = 0, 1, ..., is nonnegative,
and then (a.s.)

{Aco < 00} C{X, =} C {sup X, < oo}

(c) If a nonnegative submartingale belongs to C™, then (a.s.)

{Aco < o0} ={X, =} = {sup X, < oo}

(d) Let (Yy)n=0,1,.. be a nonnegative stochastic sequence with the structure

Yo=Yo+ A, +M,—A2, n=0,1,...,

where (A))n=0.1.... and (Aﬁ),,zo,l,__ are nondecreasing predictable sequences
and (My)n=o,1.... is a martingale. Then (a.s.)

{AL, < 00} C (¥, =} = {sup A% < oo}.

Proof
(a) Itis clear that (a.s.) {X, —} < {sup, X, < oo}. To prove the inverse inclusion,

we have

T AR

supEXT | <a+EX] I, co0 < 2a + E(AX;,) Iz, <00) < 0.
n
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Hence, the stopped submartingale (X In=0,1,... = (Xg,An)n=0,1,... converges
(a.s.)asn — o0, and {t, = o0} C {X,, —} (a.s.).
Due to Ug~o{ts = 00} = {sup, X,, < oo}, we get

{sup X,, < oo} = {X,, =} (a.s.).

(b) Define o, = inf(n : Ay41 > a),a > 0, and get
EXn/\a,, = EAn/\oa <a.

Hence, sup, EX, s, < a < 00, and due to positivity of (X,),=o,1,..., We can
apply the Doob convergence theorem and find that

{Ax <a} C{o, =00} ={X, —} (a.s.),
and therefore,
{Aw < 00} = Ups0{Ax < a} S {X; =} (as.).

(c) is a combination of (a) and (b).

(d) Letusrewrite Y, = X,, — Aﬁ, n=0,1,...,where X, = Xo+ A}, + M,,.Xo =
Yo, is a nonnegative submartingale dueto 0 < Y, = X,, — Aﬁ, 0< Aﬁ < X,
(as.), and (a.s.) {AL, < oo} C {X, >} C {AgO < oo} by (b). Hence, (a.s.)
{Al, < o0} C{Y, =} N{AZ < oo}

O

Corollary 7.2 Assume a martingale (X,)n=0,1,... satisfies to condition E sup,, |AX,|

< 00. Then (a.s.)

Q ={X, -} U {liminf X, = —o0, limsup X, = +00}. (7.10)
n

n

Proof We apply Theorem 7.2 to +(X,,)n=0,1,... and get (a.s.)

{limsup X, < oo} = {sup X;, < oo} = {X,, —},
n n

{liminf X,, > —o0} = {inf X,, > —o0} = {X,, =},
n n

which leads to (7.10). O

We already studied the large numbers law for martingales and a very nice gener-
alization of the corresponding results for sums of independent random variables
observed.

A natural question arises.
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Is it possible to get a similar version of the central limit theorem (CLT) for
martingales?
The next theorem gives a positive answer to this question.

Theorem 7.3 Let (X,)n=0.1... be a martingale difference such that (a.s.)
E(X3|F-1) = 1 and E(X,|}|F1) < C < oc. Then for a martingale
M, =Y"}_, Xi, the CLT is true:

M, 4
Y,=— —— Z~N(QO,1).

ﬁ n—00

Proof Here, as in Chap.4 for a random variable X, we define its characteristic
function ¢y (1) = Ee'’™, t € R, and denote

L X
(1) =E (e”ﬁm-_l).

Let us write the Taylor decomposition

X, 2, it
¢ f_1+ztﬁ—%xj—6n3/zxj, (7.11)

with a random reminder bounded as follows 0 < X; < |X;].
Taking the conditional expectation in (7.11) and exploiting a martingale differ-
ence assumption, we obtain the corresponding representation for ¢, ; (¢):

EXj|F-) ir?
b, (1) =1 +n# - %E(X?W:j_l) » 3/2E(X3|T] . (7.12)
It follows from (7.12) that
2 3 5
PO —1= o= g/zE(X |Fj-1).

Hence, for m < n, we obtain from (7.10) that

it Mm ip M=t tt zt—M’”*l it Xm
Ee'' Vi =R Vi ¢'Vr =E vi Ele v |Fp-i

.My,
it

—Ee" VT g (0) (7.13)

M,

2 23
i M= t i’
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Let us rewrite (7.11) as follows:

E it% 1 12 izM:"M‘I _EitM'"f;l ir3 i3 714
e — ™ e = Ee PRI (7.14)

Using the boundedness of the third moment of (X,),=0.1,..., we derive from (7.13)

that
. Mp 2 7
E(' Vi — l—t— e
2n

I ; I
A (X P ) ) = e (7.15)

yeee

Let us fix + € R and choose large enough n > % to provide the following

inequality 0 < 1 — t2/2n < 1.
For such ¢ and n, we obtain from (7.13)—(7.15) that

l2 n—m itM””l t2 n—m+1 itMm’l |l|3
(1—-) Ee'' v —(1 ) E' VT | < . (1.16)

2 = “onir2

n [2 n—m - My [2 - M1
- - — Ee' Vi — (1 — —)r g o |, (7.17)
2n

Relations (7.16)—(7.17) for n > t2/2 lead to the following inequality

it M " 1’ j1?
Ee vi —(1— — =nC—z=C—Fr. (7.18)
2n 6n3 ~ " 6yn

Due to the right-hand side of (7.18) tends to zero, now one can conclude that

l'tMJ
lim Ee V7

n—oo

=12, (7.19)

where we used the well-known fact that

t2 " 2
lim <1——> =e /2,
n— 00 2n
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Relation (7.19) shows that characteristic functions of Y, converge to the character-
istic function of N (0, 1). Hence, Y, —“— Z ~ N(0, 1). O
n—oo

Another area of applications of a martingale LNL and a martingale CLT is
stochastic approximation algorithms. The classical theory of stochastic approxima-
tion is concerned with the problem to construct a stochastic sequence (6,)n=0.1....
that converges in some probabilistic sense to a unique root 6 of the regression
equation

RO) =0, 6 eR, (7.20)

where R is a regression function.
An approximate solution of (7.20) is given by the Robbins-Monro procedure

On = On—1 — Yn Y, (7.21)
with the sequence (y;) satisfying to equation
Yn = R(h-1) + en, (7.22)

where (e;)n=0.1.... are errors of observations usually modeled by a sequence
of independent random variables with mean zero and bounded variance, and
(Yn)n=0.1,... 1s a sequence of positive real numbers converging to 0.

The convergence of the procedure (7.21)—(7.22) for a continuous linearly
bounded regression function R(x) with R(x)(x —6) > 0 for all x € R is guaranteed
by the following classical conditions:

o
> = o0, (7.23)
1

o0
Zﬁ<m. (7.24)
1

Let us demonstrate how the martingale technique and convergence work here and
how classical stochastic approximation results are extended to models (7.21)—(7.22)
with martingale errors (e;),—0,1,... and predictable sequences (y,)n=0.1,....

Example 7.2 We consider for simplicity the case of linear function R(x) = B(x —
0), B > 0, assuming in (7.22) that (e,)n=0,1,... is a martingale difference with
Ee, = 0 and E(e%|?‘,,_1) < & < oo (a.s.). Regarding (y;,), we assume that (y;,)
is predictable, 0 < y, < ,3_1 (a.s.), and conditions (7.23)—(7.24) are fulfilled
almost surely. One can rewrite the algorithm (7.21)—(7.22) as follows: (8 = 0 for
simplicity)

Aby = —VYuBOu—1 — Vuen. (7.25)
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Moreover, (7.25) can be rewritten in the form of an inhomogeneous linear stochastic
differential equation (6.9) with X,, = 6,, AN, = —yue,, AU, = —By,, and
&, (—py) is a stochastic exponential of sequence (U,,).

In these denotations, the solution of (7.25) is expressed as follows:

n
On = Xu =E,(U)X0 +E,(U) )& (U)AN;
1

=& (=BY)00 + Ei(—BY) Y_ & (—By)viei. (7.26)
1

According to the assumption y, < B~! (as.), the stochastic exponential
En(—=By) =T11(1 — By:) is positive (a.s.) if (7.23) is fulfilled (a.s.).

Further, the first term of the right-hand side of (7.26) tends to zero (a.s.), n — 00,
because &,(—By) — 0 (a.s.), n — oo.

The structure of the second term of the right-hand side of (7.26) is exactly (see
Theorem 7.1) as in the strong LNL for martingales with A, I'= 8,(—By) and

M, =31 &7 (=ByIvie;.
So, we have to check the condition (7.6) in this case:

Y AAM, My =Y E(—PNE (—BY) VB Fu 1)
1 1

o0

<& Zy,,z <00 (a.s.).

1
Applying Theorem 7.1, we get the convergence 6,, — 6 (a.s.), n — 00.

Let us show how the martingale CLT (see Theorem 7.3) works to study asymptotic
normality properties of algorithms (7.21)—(7.22). Under some reasonable simplifi-
cations, we will show it to avoid technical difficulties.

Example 7.3 We consider the linear model (7.21)—(7.22) assuming y,, = % o >

0, e, ~ N(O, 02) and independent, and n must be greater than «f to provide a
positivity of E,(—By).

Problem 7.2 Prove that under the assumptions above
En(=By) = En(—pa) ~n~ P n — co. (7.27)

To derive an asymptotic normality of the procedure (6,), we multiply (7.26) by n'/?
and obtain

by = /nEy(—Pa)y — nEy(—or) Y %Sk_l(_ﬁa)ek- (7.28)
1
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It follows from (7.27) that \/n&, (—Ba) ~ n'/2=B% and, hence, under additional
assumption 28« > 1, we find the first term of the right side of (7.28) tends to zero
(a.s.), n — oo. The second term of (7.28) has a normal distribution. Therefore, we
need to calculate its limiting variance.

As n — oo, we have

n 2
2 -2 oo
n&, (—pa) El & (—Ba) SR a1 (7.29)

Thus we obtain from (7.29) that

2.2

d oa~o
) N (o0, .
Vb ( 2/3a—1>

Remark 7.2 One can develop this approach to a nonlinear regression function
R(x) = B(x —6) + U(x), where U(x) = O((x — 0)?), and prove both strong
consistency and asymptotic normality of stochastic approximation procedures
(7.21)—(7.22). We also note that Lemma 7.2 works for such extension.

7.2 Martingales and Absolute Continuity of Measures.
Discrete Time Girsanov Theorem and Its Financial
Application

We start this section with a martingale characterization of absolute continuity of
a probability measure P with respect to measure P on given stochastic basis
(Q,F, Fn)n=0.1...., P). It was already shown in Sect. 6.1 that under assumption
of “local absolute continuity” P «‘°¢ P the corresponding local density Z, = %
is a martingale w.r.t. P. The next theorem states conditions under which a “local

absolute continuity” is transformed into “absolute continuity” of P w.r.t. P.

Theorem 7.4 Assume that P <joc P and (Zy)n=0.1..., Zo = 1, is a local density
Z?Z . Then the following statements are equivalent:

(1) P < P.
(2) (~Z,,)n:0,1,“_ is uniformly integrable.
(3) P(w:sup,Z, <oo)=1.

Proof (1) = (3): According to Theorem 6.6, there exists Zoo = lim,— o0 Z, P-a.s.
Due to P < P, such a limit does exist P-a.s.. Hence, P(w : sup,, Z, < 00) = 1.
(3) = (2): For a constant ¢ > 0, we have

EZ,liw:2,5c} = ﬁ(a) 1 Zy>c) < f’(a) ssupZ; >¢) —> 0, ¢ > oo.
i
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(2) = (1): Due to the uniform integrability of (Z,),=0.1,.., we can apply
Theorem 6.7 and find the existence Zo, = lim,, oo Z, P-a.s.,and E|Z,, — Z| —
0, n — oo.

Further, for any A € ¥, and for n > m, we can write a martingale property of
(Zn)n=0.1,... as follows:

P(A) =EIsZ,, =EIsZ,. (7.30)

It follows from L'-convergence that one can take a limit as n — oo in the
equality (7.30) and obtain

P(A) =ElsZoo,

QU
"?l"tﬂx

ie., Zoo = |

Now we show a method of construction of probability measure P and its (local)
density w.r.t. P. Aiming it, we formulate one of the simplest versions of the
Girsanov theorem.

Suppose (€n)n=0.1,... 1S a sequence of independent random variables €, ~
N, 1). Define Fo = {0, R}, F, = o(€y,...,€,}, n = 1,2,..., a bounded
predictable sequence (¢;),=0,1.... and Zg = 1,

n n
1
Zp = exp —§ akek—EE a,%},n:l,z,... (7.31)
1 1

Problem 7.3 Prove that (Z,),—0,1,... is a martingale with EZ,, = 1.

Theorem 7.5 Define a new probability measure ﬁN (A) =EIsZy, A€ Fn.Then
€ =ay+e€,, n = 1,..., N, isasequence of independent standard normal random
variables w.r.t. Py.

Proof For real numbers (A,),=1,... N, We are using the rule of changing of measures,
properties of conditional expectations, and the form of characteristic function for
standard normal random variables:

Bye S Al —EZye' S A
—E I:ei Z{V71 An€n ZNflE (ei)\N(aN+€N)+aN5N_a%//2|7_‘N71)]
B[ T Mz | < = R
It means that characteristic function of Zf’ An€n is a product of characteristic

functions of standard normal random variables, and we get the statement of the
theorem. o
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Remark 7.3 One can extend Theorem 7.5 to infinite the time interval. According

yees

uniformly integrable. Usually, it is achieved with the help of the Novikov type
condition Eexp(1/2 3 7° a2) < oo.

Let us give an example of application of this theorem to Mathematical Finance.

,,,,,

and (Sn)rz:O,l ,,,,,
that B,, = 1 (interest rate is zero) and

AS, =S —Si—1=ap+¢€,,5%>0n=1,...,N. (7.32)

We consider a standard financial contract “call option” with a strike K. The holder
of the contract has the right to buy a stock share by the price K at the maturity date
N. In terms of having the right, he/she must pay a premium Cy at time 0. The basic
problem here is to determine Cy .

The market (7.32) can be considered as the discrete time Bachelier model with
unit volatility. It is well established that the premium must be calculated to avoid
arbitrage. According to this financial no-arbitrage principle, Cy is determined as
expected value of payoff (Sy — K)™ w.r.t. a risk-neutral measure Py given in the
Girsanov theorem.

To provide concrete calculations, we formulate an auxiliary fact for a Normal
distribution as a problem.

Problem 7.4 Prove that
E(a + be)™ = a®(a/b) — bp(a/b), (7.33)

where ¢ ~ N(0,1), a € R, b > 0, ¢ = ¢(x) is a standard normal density and
d(x) = [T p(n)dy.

To calculate Cy, we apply (7.33) and obtain the following discrete time formula
of Bachelier

N n +
Cy =Enx(Sy — K)T =Ey (SO+2051' +Z€i - K)
| |

N +
=E (So — K—i—Ze,-) =E(S)— K ++vV/Ne)t

1

—(So— K)® (SOJNK) + VN (SOJNK).




82 7 Discrete Time Stochastic Analysis: Further Results and Applications

7.3 Asymptotic Martingales and Other Extensions
of Martingales

We start with an idea to avoid conditional expected values to extend the notion
of martingale. Let us assume that (2, ¥, (F1)n=0.1...., P) be a stochastic basis on
which all stochastic sequences are considered. Denote T} the set of all bounded
stopping times on this stochastic basis. We defined before that two stopping times
T <o if 1(w) < o(w) (a.s.). With this definition, the set T is a directed set filtering
to the right.

Definition 7.3 A stochastic sequence of integrable random variables (X,),=0.1,...
is called an asymptotic martingale (amart), if the family (net) (EX;).e7, converges.

Remark 7.4 It follows from the definition of amart (X,),=o,1,.. that the set
(EX<t)zeT, is bounded. It is also clear that a linear combination of amarts is an
amart.

According to these definitions and Theorems 6.6 and 6.7, we can conclude that
martingales belong to the class of asymptotic martingales. In this case, a natural
question arises:

“What elements of previously developed martingale theory can be extended to a

wider class of asymptotic martingales?”
If another filtration (G,),=0.1.... is included to filtration (,)n=0.1,..., i.€., G, <
Fn, n =0, 1, ..., then each stopping time w.r.t. (G,) will be a stopping time w.r.t.
(Fn). Therefore, every amart (X,),=o0,1,... W.I.t. () will be amart w.r.t. (G,) if itis
adapted to (G,). Moreover, from every (¥,)-amart (X, ), one can construct a (G)-
amart () if we put ¥, = E(X,,|G,), n =0, 1, ..., because of EX; = EY; for all
teTy.

Further, we have seen the role of “maximal inequalities” in martingale theory. It
turns out such inequality can be stated in more general setting.

Lemma 7.3 Assume that a stochastic sequence (X,)n=0.1,... Such that SUp,e7, E|X:|
< 00. Then for A > 0 :

P {suplX,,| > A} <27 sup E|X¢|. (7.34)
n

teTy

Proof For a fixed number N, we define the set A = {w : supy, <y [X»| > A} and
a bounded stopping time

{inf(n < N:|Xp(@)|>2 ifweA,
o(w) =

if wé A.
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Then
sup E|X;| = E|X;| = AP(A). (7.35)
teTy

Taking the limit in (7.35) as N — oo, we get (7.34). |

Lemma 7.4 If (Xp)n=0.1,.. and (Yp)n=o01.. are L'-bounded amarts, then
(max(Xn, Yn))n=0.1,... and (min(X,, Yn))n=0,1,... are amarts.

yenn

Proof We consider only the case of Z, = max(X,, ¥,,) due to a symmetry. First of
all, we prove that the net (EZ;).c7, is bounded. To do it, take an arbitrary v € T}
and choose n > 1. Define

T? lf X'L’ 207
X =
n, if X <0.

Ta lf Y‘[ 205
Ty =
n, ifYr<O.

Find that
EZ, <EX.Iix,>0; + EY:I{y,>0

=EX:, —EX,[ix, <0y + EYy, — EY, L1y, <o)
< sup EX; +supE|X,,| + sup EY; + supE|Y,]|,

oely m oeTy m

and we arrive to the conclusion.
Let us prove now that (Z,,),—0,1,... is an amart. For € > 0, we can choose 1o € T},
such that

|[EX, —EX,| <€, [EY, —EY,| <¢ (7.36)

for o, T > 7¢. Further, due to the boundedness of (EZ;).c7;,, one can choose
71 > 719 such that if ¢ > 10, then

EZ, <EZ, +e. (7.37)

For a bounded stopping time o > 71, we define A = {X, < Yy} and oy € T},
as follows:

T, on A,
o] =
o on A°€.
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Then we obtain
EX; =EZ; Isc + EX 1y, (7.38)
EXy =EXolpc +EX 4. (7.39)
Subtracting (7.38) from (7.37), we get with the help of (7.35) that
EZ  Isc =EXslpc +EX; —EX, <EZ;Isc +€. (7.40)
We can write the same relations as (7.38) and (7.39) for (Y},) :
EY: =EZ; Isc + EY; 14,
EY,; =EY;Ipc + EY; 14,
and find
EZ Is =EY;Is +EY; —EY; <EZ;Is +e€. (7.41)
Combining (7.40) and (7.41), we obtain inequality
EZ. <EZ, + 2¢,
which leads together with (7.36) that
[EZ, — EZq| < 2,

and, hence, the net (EZ;)¢7, is the Cauchy net. O
Applying Lemmas 7.3 and 7.4, we arrive to the following theorem.

Theorem 7.6 Let (X;)n=0,1

yenn

be amart with sup, E|X,| < oo. Then:

(1) Its positive (negative) parts X;© (X)) and its absolute value |X,| are L'
bounded amarts.
(2) Foreach ) > 0, the sequence

X = sign(Xp)Mx, =1 + Xl x, <1

(3) sup;er, ElX:| < 0o and sup, |X,| < oo (a.s.).

The next statement can be considered as a version of the optional sampling
theorem.

Theorem 7.7 Let (X,)n=0.1,... be an amart for (F,)n=0.1,... and let (Ty)m=0.1,...
be a nondecreasing sequence of bounded stopping times for (Fy)n=o0.1,.... Then
(X7, )m=0.1.... is an amart for (¥z, )m=0.1.....

yeee
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Proof For fixed € > 0, we can choose N such that |[EX; — EX/| < € for all
bounded stopping times t and t" > N. Denote Tt = lim,;— oo Ty (a.s.) and find
that X v — X an (as.), m — 0o, and

Esup X7, av| < Emax(| X1, |, ..., [Xn|) < co.
m

Therefore, by the dominated convergence theorem, the sequence (X, An)m=0,1,...
is an amart. Taking a big enough M so that |[EX, ,y — EX /AN for all bounded
stopping times o and ¢’ > M for (¥7,,)m=0.1,..., we have

|EXT(, - EXTG/| =< |EX1:(,\/N - EXTU/\/N| + |EXTU/\N - EXIG/AN| <e+4e=2.

O

Example 7.5 An integrable stochastic sequence (X;)n=0,1
martingale if

is called a quasi-

yeee

o0
> _ElXy = EXui1|F2)] < co. (7.42)
n=0

Condition (7.42) is trivial in case of a martingale. In view (7.42) for given € > 0,
one can find a big enough N such that

oo
D EIX, —E(Xu|F)| <e. (7.43)
n=N

Taking 7 € Tp such that N < v < M, we have

M:

|EX‘[ _EXM| E(Xm _XM)I{r=m}
m=N
M M-1
Z Z E(Xn - Xn+1)1{r =m}
m=N n=m
M—-1 n
= E (1X, — E(Xur11F))| Liz=m})
n=N m=N

M

E|X, —EXu1|F0)| < e

3
I
=
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If 1, o0 > N, then choose M > 71 V 15 and get
[EX:, — EXq,| < [EXy, — EXy| + |[EXs, — EXy| < 2¢.

Hence, the net (EX;);¢7, is Cauchy and converges.
So, any quasimartingale is an amart.

The definition of amarts is certainly directed to provide their asymptotic behavior
similar to martingales. Below we confirm these expectations.

Lemma 7.5 Let (X,)n=0.1,.. be a stochastic L'-bounded sequence. Then the
following are equivalent:

(1) (Xp)n=0.1.... converges (a.s.).
(2) (Xn)n=o0.1.... is an amart.

Proof The implication (1) = (2) follows from the dominated convergence theorem.

To prove that (2) = (1), we put X* = limsup X, and X, = liminf, X,. Then
we can find sequences t,, 0, € T with 7, 1 0o, o, 1 oo such that X, — X*
(a.s.) and X,;, — X. (a.s.). Applying again the dominated convergence theorem,
we obtain that

E(X* — X,) = limE(X;, — X,,) = 0.
n

It means X* = X, (a.s.). O

Theorem 7.8 Let (X,)n=0,1,.. be an amart with sup,E|X,| < oo. Then
(Xn)n=0,1,... converges (a.s.).

Proof By Theorem 7.6, sup,, |X,| < oo (as.), and therefore P{w : sup, |X,| >

A} is arbitrary small if A is big enough. By Theorem 7.7, X* is an amart, and by

Lemma 7.5, it converges (a.s.). Taking A 1 oo, we get (a.s.)-convergence of (X;,).
|

In the end of this section, we would like to mention some other extensions of the
notion of martingales.

Definition 7.4 A stochastic sequence (X;)n=0.1..., Xo = 0, is a local martingale
if there exists a sequence of stopping times (7,;)m=1,2,... increasing to 4+-oo such that
(X<, An)n=0,1,... is a martingale for each m =1, 2, .. .. The sequence (t,,) is called

a localizing sequence.

Definition 7.5 A stochastic sequence (Xp)n=01.., Xo = 0, is a generalized
martingale if (a.s.)

{0 : E(X; |Fa1) < 00} Ufw: E(X, |Fae1) < 00} = €,

andforn=1,2,...

EXu|Fn-1) = Xu-1 (a.s.).
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Definition 7.6 A stochastic sequence (X,)n=0.1,.., Xo = 0, is a martingale
transform (stochastic integral) if it admits the following representation

n
X, = Z H,AM,,,
m=0

where (M;)n=0.1,..., Mo = 0, is a martingale, (H,),—o,1,... is predictable, Hy =
AMy= My =0.

All these generalizations are directed to relax the condition of integrability of
stochastic sequences. All these classes of stochastic sequences coincide. We omit
the proof of this statement here.



Chapter 8 ®
Elements of Classical Theory Qe
of Stochastic Processes

This chapter contains a general notion of random processes with continuous time. It
is given in context of the Kolmogorov consistency theorem. The notion of a Wiener
process with a variety of its properties is also presented here. Its existence is stated
by two ways: with the help of the Kolmogorov theorem as well as with the help
of orthogonal functional systems. Besides the Wiener process as a basic process
for many others, the Poisson process is also considered here. Stochastic integration
with respect to wiener process is developed for a class of progressively measurable
functions. It leads to the Ito processes, the Ito formula, the Girsanov theorem, and
representation of martingales (see [11, 12, 27, 31, 37, 50, 57], and [61]).

8.1 Stochastic Processes: Definitions, Properties,
and Classical Examples

In classical theory, the notion of a stochastic process is associated with a family
of random variables (X;) on a probability space (2, ¥, P) with values in space
RY,d > 1, where parameter t € [0, 00) = R.. Usually, for simplicity, we put
d = 1. It is supposed that for time parameter t € R, we have a random variable
X:(w), w € . On the other hand, one can fix w € Q and get a function X (w) :
R4 — R?, which is called a trajectory. This point of view opens up the possibility
of studying stochastic processes that have been exhaustively determined by their
distributions as probability measures on the functional space (RI%:° 8l0.2))
Usually, a family of finite dimensional distributions P;, ., (Bi,..., B,;),0 <t <
H<hb<..<1tl <00, B € B(Rd), i =1,...,n, is exploited as the basic
probabilistic characteristic of a stochastic process. A natural question arises in this
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regard. Is there a stochastic process (X;(w)) such that P(X;, € Bj,...,X;, €
B,) = Py, .1, (B1,...,By). As it was noted in Chap. 1, this question is solved
with the help of the Kolmogorov theorem if for the system (7, .. ;) the following
consistency conditions are fulfilled:

.....

1. Py, .t,(B1,...,Bi—1,-, Biy1,...,By), i =1,2,...,n, is a probability mea-
sure on (R?, B(R? ).

2. Py.t,(B1,...,By) = Pti,,.‘-,ti,, (Biy, ..., Bi,), where (i1, ..., i,) is arbitrary
permutation of numbers (1,2, ..., n).

3. Pyotyytn(Bly ooy By, RY = P (Bi,..., By—1). 11In such a case,
there exists a probability measure Py in the functional space (RI%-°), Bl0.00))
and the process (X;(w)) is constructed as X;(w) = w;, where w; is the value
of function w. € RI%%) at time 7. Measure Py will be a distribution of (X;(w))
which has Py, ;, as a system of finite dimensional distributions of this process.

.....

After these necessary explanations, we introduce the notion of a Wiener process
or Brownian motion.

Definition 8.1 A stochastic process (W;);>0o such that:

(1) Wo=0(a.s.),

2) W.(w) € C[0, co) for almost all w € €2,

3) P(W,, €By,...,W;, € By = fBl anp(t,O,xl)p(tz—tl,xl,xg)...p(t”—
fn1, Xn—1, Xp)dx1 .. dxn,
for arbitrary 0 < t; < t» < ...y, By,..., B, € B(R), where p(t,x,y) =

AN :
\/21? exp (— (x 2[y) ) is called a Wiener process.

It follows directly from the definition that W; ~ N (0, ¢) for every fixed t € R...
Let us formulate the first properties of the process (W;);>o :

(1) EW,;W; = s At for arbitrary s, € R.
(2) E(W, — Wy)? =t —s|.
3) E(W, — W)* =3( — )2

We only prove (2), leaving (1) and (3) as problems.
Problem 8.1 Prove properties (1) and (3) of (W;);>o.

Assume that s < ¢ and find that

o o
EW,W; :/ / xyp(s,0, x)p( — s, x, y)dxdy
—00 —00

= /00 xp(s, 0, x) (/00 yp(t —s, x, y)dy) dx

:/OO xp(s, 0, x) (/Oo(x+u)p(t—s,x,x+u)du>dx

—0o0 —0o0
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:/00 xp(s, 0, x) (/00 x+u)p(t—s,0, u)du) dx

—00 —00

o o0
:/ xp(s, 0, x) (x/ pt —s,0,u)du
—00 —00

o0
+uf pt —s,0, u)du> dx

—00

2/ xp(s,0,x) (x +0)dx

—00

o
:/ x2p(s,0,x)dx =s.

—00

Now we calculate for s < t and B € B(R).

P(W; — W, € B) =/ p(s,0,x)p(t —s,x,y)dxdy
{(x,y):y—xeB}

foo p(s, 0, x) (/ p(t —S,X,y)dy) dx
—00 {y:y—xeB}
/OO p(sﬂoa'x) (/ P(t—S,X,X-Fu)dM)dx
—00 B
=/‘°° p(s,0,x) (/ pt —s,0, u)du) dx

—00 B

[o)0]
=/ p(s, 0, x)dx/ pt —s,0,u)du = / pt —s,0,u)du,
B B

—0o0

and we obtain that W, — Wy, ~ N(0, t — s).
As a result, we arrive at the fourth property of W, :

(4) For0 =, 0 <t < ... < ty, the increments W;,, — W, ..., W;, — W, , ofa
Wiener process are independent random variables.

Proof By “normality” of increments, we need to prove that they are uncorrelated.
Letus take r < s <t < u and find that

EW, - W) =EW,Wy, —EW, W, —EW,W, + EW;W, =5 —s —r +r =0.

O

To go further, we introduce filtration, generated by a Wiener process 7; =
o (Wy, s <t). We assume that F; is complete, i.e., it contains all sets of P—measure
zZero.
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Definition 8.2 A process (M;),>o satisfying conditions

(1) M; — F;-measurable,

(2) M; is integrable,

3) E(M,;|F5) = M, (as.) forall s < ¢,
is called a martingale.

After this definition, we formulate the martingale property of a Wiener process. If
in (3) the equality is related by the inequality > (<), then (M;) is a submartingale
(supermartingale).

(5) Processes (W;);>0 and (Wt2 — t);>0 are martingales w.r.to (¥);>0.

Remark 8.1 In fact, the inverse statement to (5) is well-known as Levy’s charac-
terization of a Wiener process.

(6) The Doob maximal inequality for a Wiener process (W;);>o has the following
form: Fort > 0,

E max |W,|* < 4E| W, . (8.1)
s<

To prove it, we consider a subdivision of the interval [0, #] as of the interval
[0, t] as t,f") = % 0 < k < 2" and define a square integrable martingale with
discrete time

MkzM/'g=Wﬁ,?Z =Fu,0<k<2".
2” 2}1
For (|My|), we have, using its submartingale property that,

o0
Emax [My])? =2 f ¥ P(max | My| > )y
0

'S}
52/ E|M2"|1(maxk|Mk|2y)dy
0

o0
=2/ </ |M2n|dP> dy
0 (maxy |Mg|>y)
maxy |My|
:2[ | M5, (/ dy) dp
Q 0

:2/ |M2n|m]flx|Mk|dP = 2E|M2n|m’§1x|Mk|
Q

12
<2(E(Mp)H'/? (E(m}gx |Mk|)2> :
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take ¢+ > 0 and consider the ratio RXV 1) =
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As a result, we obtain that

(E(max MDDV < 2(E(Man)?)'/2,

and, hence,

Em]?x |M} ) < E(m]flx IM})? < 4E(Man)? = 4E|W;|?. (8.2)

Taking the limit as n — o0 in (8.2) and using the continuity of trajectories
of a Wiener process, we arrive to inequality (8.1).
For any positive constant ¢ the process WS = ¢~!W,, is a Wiener process.
This property of a Wiener process is called self-similarity.

To prove the self-similarity of a Wiener process, one can use the Levy
characterization of this process.
Existence of a Wiener process follows from the consistency theorem of
Kolmogorov (see Chap. 1). However, such a reference is incomplete because
this theorem guarantees existence of this process only in space (R[->?) 810:50)),
To make the proof complete, one can use another theorem of Kolmogorov:

Suppose (X;);>0 is a stochastic process satisfying the following condition

E|X; — X, <C|t —s|'TP forallz,s > 0,

and for some @ > 0,8 > 0, 0 < C < oo. Then the process (X;) admits a
continuous modification, i.e., there exists a continuous process (Y;) such that
P(X;=Y;) =1forallr e Ry.

Property (3) of a Wiener process (W;) means that this theorem can be

applied, and, therefore, the process (W;) can be identified with its continuous
modification.
Now we give some other characterizations of trajectories of (W;);>o. The
continuity property brings an element of a regularity of trajectories. But this
description of sample paths properties is clearly incomplete as it is shown
below.

Let us analyze the first question of differentiability of trajectories of (W;);>0. We

W’%’;W’, where At — 0. One can

easily observe that

EW,a — EW,

=0,
At

ERY(T) =

and

VarRY (1) = (A1) >Var(Wyyar — Wy) = (AD2At = (A~ — coas At — 0.
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It shows that W_is not differentiable in the L2 —sense. Moreover, one can prove
that almost all trajectories of W are non-differentiable.

Let us analyze the second question of how vary the trajectories of (W;);>0 are.
This property is characterized with the help of the notion of p-variation of given
function f : [0, T]—> R, p>1:

We say that

n
limsupZ|f(t,-) — fG_DIP,0=tg <ty <...<t,=T
At—0 i=1

is a p—variation of f on [0, T'].

Usually, the first and second variations are most important in this regard.

For the second variation of (W;);>0, we have the following observations. In view
of independent increments, we obtain for 0 = 7y < t; < ... < t, = T that
EZ?:I(WH - Wfi—1)2 = Z?:lE(Wti - Wfi—1)2 = Z?:lvar(wfi - Wi =
Yo ti—ti)=T.

Further, with the help of (3),

n n
Var Y (W, — W, )2 =) Var(W, — W,_,)>
i=1 i=1

— Xn: [3(;,» — )=t — [i—l)z]
i=1

n
=2 Z(h’ — 1)
i=1

Therefore,

n 2 n
E |:Z(Wt,. - W, ) - T:| = Var (Z(Wn - Wti1)2>
i=1

i=1

n
=2) (6 —ti-1)* < 2T max (4 —ti—1) = 0,

: O<i<n
i=1

and we conclude that the second variation of (W;) on [0, T] converges to the
length of this interval in L’sense, and hence in the sense of convergence in
probability. To investigate the first variation of (W;), we consider the probability
P(w:Y ! | IW, —W, | > N).Firstof all, we note that EY_"_| |W,, — W;,_,| =
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2
\/;Z?:l Jti —ti—1 — oo asmax(t; — ti—_1) — 0, and

n n 2 2
Var ) (W, = W, =) -~ )@ -t =(1-~)T.
i=1

i=1

Further, for EY ", |W;, —W,,_,| > n with the help of the Chebyshev inequality,
we get

n
P (a) : Z|W,,, —W,_,| < N)
i=1

n n n
<SP@: ) Wy =Wy | —EY W, =W, |>E> W, —W,_,|—N)

i=1 i=1 i=1
n n 2

< Var <Z W, — w,i_1|) / (EZ Wi, — Wiy | — N) -0,
i=1 i=1

as max(t; —t;—_1) — 0.
It means that the first variation of (W;) converges in probability to co.

Remark 8.2 It is possible to prove that all mentioned results are true in the sense
of (a.s.)-convergence.

Another process that plays an important role in both theory and applications is a
Poisson process.

Definition 8.3 The process (N;);>o is called a Poisson process with parameter A >
0, if the following conditions are satisfied:

(1) No =0. (as.).

(2) Itsincrements Ny, — Ny, ..., N, — N;,_, are independent random variables for
any subdivision0 <ty <t < ... <t, < 00.

(3) N; — N; is a random variable that has a Poisson distribution with parameter
At —s):

o MI=9) (At — S))i

P(a)Nt_NYZZ)I l’

,0<s<t<o0,i=0,1,....

Let us present some properties of sample paths of this process.



96 8 Elements of Classical Theory of Stochastic Processes

First of all, we note that its almost all trajectories are nondecreasing, because for
s <t

o0 o0
P(a):Nt—NSzO):ZP(a):Nt—sti)zz
i=0 i=0

o MI=9) (At — S))i
i!

o0 i
——Ai-9) (A(t —5)) _—A(t=s) A(t—s) __
=e Z — = e e =1.
i=0
The process (N;);>0 is stochastically continuous: in the sense N; — Nj in
probability as ¢ — s. This property is an obvious consequence of the application of
the Chebyshev inequality. It is an interesting effect when a jumping process satisfies

a continuity property. Moreover, one can say something about a differentiability of
trajectories of (NV;);>o in the sense of convergence in probability, i.e.,

Nigar —N:  p
At At—0

0. (8.3)

Problem 8.2 Prove relation (8.3).

Further, one can derive from P(w : Ny < N;) = 1 for all s < ¢ that there is a right-
continuous modification of (Ny), almost all trajectories of which are nondecreasing
integer-valued functions with unit jumps.

Let us note a martingale property of (N;);>o. To do this, we introduce a natural
filtration (¥;);>0, generated by (N;);>0 and completed by sets of P —measure zero.
We note that

oo oo

A i
EN, =l§ip(w ‘N, =i) = gie—“%
00 i—1
=()e Y ((l“_) D= (A)e e = at.

i=1

Let us define a new process M; = N, — At and find that for s < ¢ by independence
(Ny — Ny) of 5

E(M;|Fs) =E(N; — At|Fs) = E(N; — Ny + Ny — Mt|Fy)
X E(Nt - Ns|7:s) + Ns — M
=E(N; — N;) + Ny — At = A(t —s) + Ny — At = Ny — As = M.

Hence, (M;);>0 is a martingale w.r.to (F;)>0.
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We have seen that both processes (W;);>0 and (/N;) are stochastically continuous
with independent increments. The following example shows why a consideration of
stochastic processes with independent values is not productive.

Example 8.1 Let (X;);>0 be a family of independent random variables with the
same density f = f(x) > 0, ffooo f(x)dx = 1. Then for a fixed s > 0, and
t #s, € > 0 we have that

P:|X,—Xs|>¢€) =f/| | fx) f(y)dxdy. (8.4)
xX—y|=€

The integral on the right-hand side of equality (8.4) converges (as € — 0) to

f/;é f(x)f(y)dxdy=/ / F) f(y)dxdy. (8.5)
x#y —00 J —00

The relation (8.5) shows that for some € > 0 the probability on the left-hand side
of (8.4) does not converge to zero as t — s. It means the process with independent
values is not stochastically continuous even.

The existence of a Wiener process was derived from the Kolmogorov consistency
theorem. Such a derivation does not look constructive. That is why we want to
demonstrate a direct way of construction of a Wiener process, based on orthogonal
systems of functions of Haar and Schauder, and sequences of independent normal
random variables.

Let us define a system of functions (Hy(?))i=1.2
system:

€ [0, 1], called the Haar

yees

Hi (1), Hy(1) = Ijg o-11(t) — Lp-1 3 (0), ...,
H(t) = 2/ (I(an,k, g+ 27" N = Iy saort s (O, )

where w" < k <2"! a,; =27k =2"—-1), n=1,2,....

In the space L%([0, 11, B(0, 1), dr) with the scalar product (f,g) =
fol fsgsds, f, g € L2, the system (Hg(t))r=1,2.. is complete and orthogonal.
Hence,

o0

oo oo
f=> {f H)Hi, g =Y (g. Hi)Hy, (f.8) = Y _(f. Hi)(g. Hi).
k=1 k=1

k=1

Using the system (Hy(f))g=12..., one can construct the Schauder system
(Sk(2))k=12,... as follows:

t
Si(t) = /o Hi(Ydy = (0.1, Hi), t € [0, 1].
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Lemma 8.1 If a sequence of real numbers ay = O(k€), k — o0, for some € €
(0, 1/2), then the series Z,(:il ar Sy (t) converges uniformly on [0, 1], and, hence, it
is a continuous function.

Proof Denote R, = sup, D ;- om lak|Sk(t), m = 1,2, ..., and note that |ax| < ck®
for all kK > 1 and some constant ¢ > 0. Therefore, forall t andn = 1,2, ..., we
obtain that

Dl Sk =2V N 51

oM < <2n+l oM <f<2n+l

<cz(n+1)e 2—n/2—1
<c2e1/2=6) (8.6)

It follows from here that R,, < ¢2¢ Zan 2-11/2=€) 5 0asm — oo. O

Lemma 8.2 Let (§)r=12... be a sequence of standard normal random variable
on a complete probability space (2, F, P). Then for every constant ¢ > /2 and
almost all w € Q, there exists a number Ng = No(w, c) such that |&; (w)| < c/Ink
forall k > Ny.

Proof For a standard normal random variable & ~ N (0, 1) and x > 0, we have that

e 2
P(w: &> x) =(2n)_1/2/ eV 2dy

X
oo
:(271)_1/2/ (—l> de "2
x y
—1/2 =1 _—x2/2 * 5 —y2/2
=(2m) x e — y ‘e dy
X
<) P le ) (8.7)
and, hence,
P(w: |E] > x) < x~L2m) /2" /2,
Applying the above inequality, we can estimate the series as follows:

> P (016l = cink)'?) = 7 @/m Yk Rk T < oo,

k>2 k>2

and the statement of Lemma 8.2 follows from the Borel-Cantelli lemma. m|
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Theorem 8.1 Let (§k)k=1.2... be a sequence of independent standard normal
random variables (2, F, P). Define a stochastic process Wy, = W(t,w) =
Z,fil E(@)Sk(1), t €0, 1], w € Q. Then (W;)se(0,1] is a Wiener process.

Proof First of all, we note that (W;) has continuous trajectories by Lemmas 8.1
and 8.2.
Denote Z, (1) = Y x_; &k Sk(t), t € [0, 1], and find that

n—+m 2

Y aso

k=n+1

E|Zym(t) = Zy(1)* =E

n+m n+m

D) SOSnEEE

k=n+1I1=n+1

n—+m

= > Si). (8.8)

k=n+1

Further, ) /2, S,%(t) <>, (2_k/2_1)2 < 00, and, hence, by the completeness
of L2(2, F, P), we arrive at the conclusion that there exists a limit Z(r) of Z,(¢) in
this space such that

E|Z,(t) — Z(t)]> = 0, n — oo, t € [0, 1].

This limit Z(#) coincides with W; up to equivalence and Z,, () LN W, in L2—sense.
Now by EZ, () = 0, we obtain that

172
EW:| = [EW, —EZ,(0)] < (EIW: = Z,)1?) " ——0,

n—o0

which means that EW; = 0.
Using a continuity property of the scalar product, we find that

(Zn(s), Zn() 20y = (Ws, Wi) 20y = EWs W, = Cov(Wy, Wy), 5,1 € [0, 1].

On the other hand, we can use the independence of (§;)r=1,2.... and E&§ = 0, Eékz =
1 and observe that

(Za(5). Zu(®) 20y = BZu($)Zn (1) = Y S(s) Sk (1)EE?
k=1

N ZSk(t)Sk(t), n— 00.
k=1
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Applying the Parseval equality for scalar products, we finally derive that

e ¢]

oo
D Sk)Sk@) =Y (H, o.s1)(Hi To.n)) = {To.s1, To.n1)
k=1 k=1

=min(s,t) = Cov(W,, W;).

Let us prove that (W;)c[0,1] is a Gaussian process. Take u = (1,..., Up) €
R", t1,....t, € [0, 1] and define Y = )"} _| um W, . We have now that

n o0 o0
Y=t Y &Sklm) = ) bii.
m=1 k=1 k=1

where by = bp(t1.. M.t tn) = Yom_i UmSk(tm). Consider Yy =
S gk ~ N(0,02), 03 = Y i, b? and find that

EY%IO‘K,—)EYZZOJ, N — oo,

in the sense of L2(2). Therefore, we also have the convergence in distribution
Yn 7 Y, N — oo. Hence, we have that the convergence of

¢y (1) = exp(—ojAa?/2) — exp(—a?A?/2) = py(A), L € R,
ie.,Y ~ N(O,sa?).

Finally, we can extend this construction from the unit time interval to the whole
[0, c0) as follows:

Wl:W(tvw):WI(tsw)7 te[091)1

Wt o) =1_,
YA Wi o)+ Wen(t —k o), telkk+1), k=12, ..,

where W, = (W, (£)):¢[0,1] is a sequence of independent Wiener processes. m|

8.2 Stochastic Integrals with Respect to a Wiener Process

Let (2, #, P) be a complete probability space, (W;);>0 be a Wiener process, and
(F1)r>0 be a complete filtration generated by this process.
We describe here a scheme of construction of a stochastic integral

1) = fo Fu@)dW, 8.9)
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for any F;-adapted and B(0, oo) x F-measurable random function/process f; (w) =
f(t, w) integrable in square with respect to dt X dP :

o0
E/ f2ds < oo. (8.10)
0

The class of these random functions is denoted by S2. and the stochastic
integral (8.9) must be a linear and isometric operator from LZ(R+ x Q,B[Ry) x
F,dt x dP) to LZ(Q, F,dP). We start its construction from the class of step
functions f € S(% C S2. For each function f, there exists a subdivision 0 = 7y <
1 < ... <t, < oosuchthat f;-F; - measurable and square-integrable, and f; = f;,
fort € [t;, ti+1), i < n, whereas f; = 0 for ¢t > t,,. Hence, the weighted sum

n—1

> filin s O = filw). 8.11)

i=0

For function f;(w), defined by (8.11), we introduce a stochastic integral 7 (f) as
follows:

00 n—1
1= [ rsaWi= 3 5 Wy = W, (8.12)
i=0

It is almost obvious that the definition of 7 (f) in (8.12) does not depend on changes
of subdivisions (#;), and it is a linear mapping from Sé to Lz(Q, F, P),ie.,

I(af +Bg) =al(f) + BI(g), (8.13)

where o, B € R, f, g € 2.
Using properties (1), (2), and (4) of a Wiener process (W;);>¢ and properties of
conditional expected values, we obtain that

_n—l
EF(f)=E | Y fZWi = Wi)> 2> fi, (Wi — W) fi (Wi, — W)
i=0

j<i

n—1

—E|Y fE ((th - W,,)zlﬂ)

Li=0

2 i, (Wi, = W) B (Wi, — Wi |F7)

j<i

n—1 00
=Y Efl(tiy1—t;) = E/ fids. (8.14)
i=0 0
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The isometry relation (8.14) means that the norms [|[/(f)|l 2 #p) and
N f1L2@®, xQ,8(R)xFdrapy cOIncide. Using similar reasoning as in proving (8.14),

: 2
one can derive for f, g € §; that

EI(f)1(g) = E/O fs8sds. (8.15)

Equalities (8.13)—(8.15) show that the stochastic integral defined in (8.12) is a
linear and isometric operator.

For function f € S2, we define a stochastic integral over interval [0, ¢), t > O,
as follows:

t
L) = Ion f) = /0 FdW;. (8.16)

It turns out that (I;(f));>0 is a martingale with respect to (%;);>0.

To prove it, we fix ¢ > 0, and for simplicity, assume that ¢ = #;.

Then we have

o fs = 200 fuliyn(® and L(f) = Y10 fu(Wy,, — Wy,), which are
F:;—measurable. Further, if s <t ands = ¢, and t = 1, then

k—1
E((f) = Is(DIF) = Y E(fEW,,, — W, |F)IF) =0,

i=u
For function f € Sy, one can rewrite

n—1

It(f) = Z ftl'(Wti+1/\t - Wl,-/\t)’

i=0

and notice that the process (I;(f))s>0 is continuous.

Now we take a monotonic sequence (s;) such that 0 < 5o < s1 < ... <
sm < oo. Then the sequence (ISJ (f), Fj)j=0,..,m is a martingale for which the
Doob inequality is true

,,,,,

Sm

o0
E sup 12 (f) <4EI} (f) <4E 2dr < 4E /O fRdr. (8.17)

0<j<m

Considering (s;) rational and using the continuity of the trajectories of I;(f), we
arrive at the Doob inequality for f € Sg taking sup over t € Ry in (8.17):

Esup I2(f) < 413/oo fidr. (8.18)
t 0



8.2 Stochastic Integrals with Respect to a Wiener Process 103

One can extend the operator I, ( f) from Sg to its closure S2. Any function f € §2
can be approximated by a sequence f;, € Sg.

A concrete construction of such a sequence (f;;)n=1,2.... € Sg can be provided as
follows. For any function f € 2, we define

n (12/_"1)/" f(s)ds, fortelk/n,(k+1)/n), k=1,2,...,n%—1,
Su@) = n=12,...
0, otherwise.

Using the Jensen inequality, we can find that

(k+1)/n k/n
/ | fu()12dt = n / Fldr
k (

/n k—1)/n

2 k/n
s/ Lf()2dt, k=1,2, ...
¢

k—1)/n

Hence, (a.s.) [y~ | fu(®)12dt < [37 | f(1)?dt < oo,

| 1o = fwrar <2 [T (i5@R +14,0R) <4 [ iroPar <.
0 0 0

Now, for arbitrary N = 1,2, ..., we easily observe that E [ | f — f,(1)|?dt —
0, n — oo, by construction of (f;),=1,2,.... Further, we have

e’} N %)
/O 1) = fuOPdt = /0 0 = fuO)Pdi + fN £ () — fult) Pt
N o0
< [ 1= hoPd2 [ (5OP+ 10 dr
0 N
N
< /0 £ @) — fult) Pt
+2/ <If(t)|2+/ |fn(r)|2)dt
N N—1/
N [’}
< fo |f() — fu®)*dt +2 / llf(t)lzdt. (8.19)
N7

The term |, 130_ L (1)|>dt — 0as N — oo, and by the dominated convergence

theorem, E [° | £ (1) — f,(t)]*dt — Oasn — oo.
Then for m and n € Z, we have

W Cfm) = TSl 2@y = M (fn = S)llL2@) = 1 fm = Jalls2-
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It means that (/(f;))»>1 is a fundamental sequence in a complete space
LZ(Q, ¥, P). Hence, it converges to some element of this space:

I(f) = lim I(f), (8.20)

and we call I (f) a stochastic integral of f € S?. We also define for r > 0

t 00
/0 fvdWs Z[) I[O,l)(s)fsdws’ (8.21)

and we prove that the stochastic integral (8.21) admits a continuous modification.
To prove it, we take a sequence f,, = f,(t, ®) € S(% such that

E/OQIf(S) — fu)Pds <27 n=1,2,....
0

For each t > 0, we have in space L2(R+ x 2, B(0, 00) x F, dtd P) that

Loy (f) = LonG) fi+ ..+ Lo ) (fax1 — fu) + e (8.22)

The equality (8.22) by continuity in the sense of this space is transformed to the next
one

t t t
/Of(S)dWs=/O fl(s)dWs+...+/() | frt1(s) = fu(s))dWs +.... (8.23)

On the right-hand side of (8.23), each term is continuous as functions f, € S(%.
Therefore, to prove the continuity of stochastic integral (8.21), it is enough to
provide a uniform convergence (a.s.) of series (8.21). First, by the Doob inequality,
we obtain that

E sup

t>0

2 00
<4E fo usi(s) — fu()?ds  (8.24)

t
/O st — Fu(s)) dW,s

<16-27". (8.25)

Second, combining (8.24) with the Chebyshev inequality, we get

P (sup
t

Application of (8.25) together with the Borel-Cantelli lemma certifies that the
series (8.23) converges (a.s.).

t
/0 a1 (5) = fuls)) AW,

> n2> <16n*27". (8.26)
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Finally, we can conclude that the extension of I,(f) from space Sg to S? leaves
its basic properties:

(1) Linearity

(2) Isometry

(3) Martingality

(4) Continuity of trajectories

Before starting to state other properties of stochastic integrals, we introduce a
special class of random variables needed here.

Let t be a random variable taking values in [0, co]. We call it a stopping time
on a stochastic basis (2, 7, (F);>0, P), generated by a Wiener process (W;);>o, if
{w:t(w) <t} e F foreveryt € Ry.

A natural example is the first hitting time of the point a by W, :

T =1, = inf{t : W; > a},

T =00, if the set in brackets {.} is empty.
Indeed, one can observe that
{w:t(w) <t} =Q\{w: t(w) > t}. (8.27)

Further, we have a relation

{w:1(w) >t} ={w: mgtx Wi (w) < a}. (8.28)
s<
Let us note that
max Wy = sup W,, (8.29)
s=t r<t,reQ

where Q is the set of rational numbers, and hence max;<; W is ¥; —measurable.
Using continuity of trajectories of W; and relations (8.27)—(8.29), we arrive at the
conclusion that {w : T(w) <t} € F;.

Let us connect a stochastic integral I;(f) = X; = fot fsdWs, f € $2 and a
stopping time 7. We have the two following equalities which are very useful:

o0 o0
X, = /0 Iyee fyd W, = /O L= fsdW, (@.5.), (8.30)

T 2 T
E ( / fdeS> ) / £2ds (Wald’s identity). 8.31)
0 0

To prove (8.30), we start with a stopping time t taking discrete values 1, t2, . . .
and find that I, ;, fs = Iy fs; onthe set {w : T = f}.
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On each such set (a.s.),

00 'S}
X = th =/ I(s<tk)f¥dWs Z/ I(s<r)fvdWs-
0 0

Hence, it is true (a.s.) on 2 = Ug{t = #}. To prove (8.30) for an arbitrary stopping
time t, we approximate t by a sequence of discrete stopping times

7, = 272" ]+ 27",

such that T < 71, and 7, — v < 27". Further, by a continuity of X,, we get
convergence X, — X, (a.s.) and by the dominated convergence theorem

oo 0o 2
E (/ I{s<r}fsdvvs - f Is<r,, fvdvvs)
0 0

o
= E/ Ifr<s<z,) f2ds — 0, n — oo.
0
Therefore, we obtain (8.30), and using isometry property, we get (8.31):
o T
EX? = E/ Iyor f2ds = E/ fids.
0 0

It turns out that a certain extension of the notion of a stochastic integral with
respect to a Wiener process can be done using the following localization procedure.
It is given with the help of stopping times.

Consider the set of 8(0, c0) x F—measurable adapted random functions f =
ft(w) such that

T
f f2ds < oo (as.)forall T € Ry. (8.32)
0

The family of such functions satisfying (8.32) is denoted by S.
We define a sequence of stopping time (t,,),=1,2,... such that

!
T, = inf(t : / fszds > n)
0

One can easily observe that (a.s.)

r}‘l
/ f2ds <nand 7, 1 00, n 1 oo, and Ijy—q,) f € S* forb=1,2,....
0
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It follows from here that

t
X? :/ 1{s<r,,}f:vde
0

is well defined forn = 1, 2, . ... One can also note that
X (0) = X" (w),

form>n, 0<t<t,(wandw e Q, P(Q)=1.

Moreover, the sequence (X}'),=1,2,... converges uniformly on finite time inter-
vals.

All arguments above give a possibility to define a stochastic integral for each
f € § as follows:

13 t
/ fidWy = lim / Lior, frdWs. (8.33)
0 n— oo 0

Stochastic integral (8.33) for f € S admits a continuous modification and saves a
linearity property. But it is not a martingale anymore. Nevertheless, the martingale
property is fulfilled locally:

AT,
( / fsd WS) is a square-integrable martingale forn = 1,2, ...
0 t>0

Remark 8.3 Let us make a remark regarding finite-dimensional processes.

We say that (W;) is a d—dimensional Wiener process if W; = (W,‘, el W,d),
where (W,i), i=1,...,d, is a one-dimensional independent Wiener process.

For d —dimensional random function f; = ( f,‘, ceey ftd) with components from
S, we define

t d ‘
f fd W =Z/ fldwi.
0 =170

As far as a stochastic integration of matrix-valued random functions is concerned,
o =(0/),i=1,..,dj=1...d ando" € S, we define [j o, dW; as a
d—dimensional process with the i —th coordinate Y"9_, f5 oy’ d W .
Remark 8.4 The construction of a stochastic integral developed in this section was
given by K. Ito. That is why this integral is often called the Ifo integral. A similar

construction was given by R. Stratonovich who proposed to use a different class of
integral sums:
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N—1

D FE W, iW),

i=0

where 1/ = %(tlurl + ;).
The corresponding stochastic integral is called the Stratonovich integral.

Remark 8.5 It is well-known that the construction of the Rieman integral as a
limit of the integral sums does not depend on the choice of intermediate points
inside of subdivision intervals. It was shown in Remark 8.4 that the construction
of a stochastic integral is not invariant with respect to such a choice. Let us give
another example of this type. Take f(z) = W(t) = W; and consider a subdivision
of [0, T]:

O=n<ti<...<tp,=T, t,-:—J, j=1,...,n.
n

For this subdivision, we define two integral sums as follows:

n n
11(n) _ Z Wi (W, —W,,_,) and 12(") Z Wi, (Wi — Wi, _)).
i=1

i=1

For two real numbers a and b, we note that a(b — a) = %(b2 —a?) — %(a — b)?
and b(b — a) = L(b* — a®) + $(a — b)?.
Applying these elementary equalities to the integral sums, we obtain that
W _ 1N w2 w2 5 2 1o 15 2
0 =5 We =W )= 2 3 (Wi = Wy )? = Wi — =2 3 (W, = Wy )%,

i=1 i=1 i=l1
(n) I ¢ 2 2 1 ¢ 2 1 2 |+ 2
i=l1 i=1 i=l1

Hence,

g™ =Ly 1EXH:(W W, )2 — L I
= -/ — — . — X —— =—=0U,n s
1 2 2 P ti ti—1 2 2

1 1« T T
() 2
Elzn =§T+§El§_l(”t,«_ ”Ti—l) > E‘FE:T, n— 0o,

and we observe that L>-limits of integral sums are different.
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Remark 8.6 It is very often another type of measurability of f is exploited in the
definition of stochastic integrals, i.e., f is progressively measurable in the sense: for
each ¢,

f (0,1l x 2,80,1) x F) = R, BR)).

Without loss of generality, we can count Sg, $2, S as classes of progressively
measurable random functions.

8.3 The Ito Processes: Formula of Changing of Variables,
Theorem of Girsanov, and Representation of Martingales

Let us take two progressively measurable (or #;—adapted and $B(0, 00) x
F—measurable) (b;(w));>0 and (o;(w));>0 satisfying the next integrability
conditions: foreach T > 0 (a.s.),

T T
/ |bs (w)|ds < o0, / los(w)|>ds < . (8.34)
0 0

Conditions (8.34) imply a possibility to define a new stochastic process

t t
X, = Xo + / byds + / osd W, (835)
0 0

where X is a finite (a.s.) random variable, and (W;);>¢ is a Wiener process
generating filtration (%;);>0.

The process (X;);>0 is called the Ito process. It is very convenient to write
equality (8.35) in the following differential form:

dXt = btdt + thWt' (836)

In the above representation (8.36), we can speak about d X, as a stochastic
differential of (X;);>0.

We will study the class of the Ito processes using both form (8.35) and (8.36). As
the first result playing a very important role in Stochastic Analysis is the formula of
changing of variables (the Ito formula) for the class of smooth functions F'(z, 2)c),
aF OF and OF

having one continuous derivative o and two continuous derivatives Gy and S-7,

ie., FecCl?
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‘We start with the next lemma.

Lemma 8.3 Let (W;);>0 be a Wiener process, then for each t > 0 (a.s.),
t
w2 = 2/ WedWs + 1. (8.37)
0

Proof Without loss of generality, we consider only ¢ = 1 and find that in the sense
of convergence in probability (P —lim)

t
[ e = tim ST w (s e )

k<n
1
= Jim, [Z 3 (W # W) (Was =)
k<n
1 2
~ Y5 (W —wi) | (8.38)
k<n ! !

It is clear that as n — oo
Ticr (e 4 93) (Wi = W) = 15 (W - W2) 4w

2
Zk<n (Wknil - W%) - %

Hence, we can get from (8.38) the equality (8.37). O

The next step is the formula for the product of two Ito’s processes (X f),zo, i=
1, 2, with coefficients b*, o' correspondingly.

Lemma 8.4 Foreacht > 0 (a.s.),
dX!X? = X}dX? + X}dX} + ooldr. (8.39)

Proof Dividing [0, ¢] with the help of a subdivision (f)x<, with the diameter
maxy<y |ty — tki—1| — 0, n — 00, we can reduce the proof to the “small” intervals
(tx, trx+1) of this subdivision.

For such small enough interval, we have a discrete analog of (8.39):

X2

Tkt

Xl

Tk+1

Tk+1
— X\ x2 :/ x! [bfds + ades]
179

trt1 Tk+1
—i—/ x?2 [b;ds + asldWS] + / ololds,
I

13
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where we can think about b, ¢?, i = 1,2 as constants. Therefore, the problem is
reduced to the following four cases:

X' =t X?=1t.

Q)X =t,X>=w,.

B X =w, X? =1

@ X =w, X2 =Ww,.

Case (1) is the usual differentiation case.

Case (4) is Lemma 8.3.

Cases (2) and (3) are equivalent, and we need to show that for each ¢ > 0 (a.s.),

t t
tW,:/ Wsds+/ sdWs,
0 0

which is true according to the following obvious relation: for ¢ = 1,

k+1 k
1-W; =P — lim Z [LWM - —Wk]
n— oo n n n n

k<n
=P — lim | )" (w w Lw
== fim |30 (We = We) + 30 W |
k<n k<n
So, we arrive at the equality (8.39). O
Lemma 8.5 For any polynomial function P,(x) of degreen = 1,2, ..., we have
1
dP,(Wy) = P,(Wy)dW; + EP,:’(Wt)dt. (8.40)

Proof 1t is sufficient to prove (8.40) for P,(x) = x". We can use the induction
method to prove that

1
AW = nW =l aw, + %

W' 2dr. (8.41)
For n = 1, the formula (8.41) is trivial. Further, we take X,1 = W/ and th =W
use Lemma 8.4 with

_ nn—1)

b
! 2

wrl ol =aw' 2 b2 =0, 07 =1,
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and obtain (8.41):
-1
AW =wraw, + W, |:nW,"_1th + ”(”—Z)W,"—"’dz]
+ nth_ldt
1
=(n+ H)W'dW, + wwt"—ldt.

2
a

Corollary 8.1 If F = F(x) is a continuously differentiable function with continu-
ous derivatives F'(x) and F"(x), then fort > 0 (a.s.),

1
dF(W,) = F'(W)dW, + EF”(W,)dt. (8.42)

To prove (8.42), we uniformly (on compact intervals) approximate F(x) by a
sequence of polynomials P, such that

F(x) = lim P,(x), F'(x) = lim P(x), F"(x) = lim P;(x)

and take the limit in the formula (8.40).

Corollary 8.2 Assume F : Ry x R — R is a function of class C'2, then fort > 0

(a.s.),

oF 190%F oF
dF @, W) = | — (@, W) + 5—— @, W) | dt + —(t, W)dW;. (8.43)
ot 2 0x 0x

The first step of the proof is the case F(t,x) = F;(¢)F2(x). Then (8.43) follows
from Lemma 8.4 and Corollary 8.1. The general case of F can be derived by approx-
imation of F (¢, x) by a sequence of functions F; (¢, x) = Zkﬁn F1,0(t) F2 ,(x) with

dF, dF, 9°F . .
i aa g2 converging uniformly on compact sets.

Remark 8.7 Let us define the local time of W at the level a during [0, ¢]:

.1
lw(t,a) = elg% Z/O I(a—e,a-i—e)(vvs)ds’

which exists (a.s.) and in the sense of L2-space. Using this notion, one can get a
version of the Ito formula for non-differentiable functions, say, F(x) = |x| :

t
Wi —al —|Wo —al =/ sgn(Ws —a)dWs + 1w (1, a),
0
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where
1, x >0,
sgn(x) =10, x=0,
-1, x <0O.

Such a formula is called as the Tanaka formula.
The final formula (for Ito’s processes) is given in the next theorem.

Theorem 8.2 Assume F € C'2 and
dXt = bt(a))dl‘ + U,(a))th
Then fort > 0 (a.s.),
oF o} d’F
dF(t, X;) = (t Xz)-l-bz (l Xz)+ —— (t, Xy) | dt
2 0x
oF
+0,a—(t, X)dW;. (8.44)
X

The formula (8.44) admits a generalization to a multidimensional case. Namely,
assume F : Ry x RF > R of class C1'2; the process (X;) in (8.35) is defined by a
vector function b;(w) = b(t, w) = (b (w,..., bf (w)) and a matrix-value function

or(w) =0, w) = (Oz (C‘)))z<k j<d-:

t rd o
X;=x5+/0 b;ds+/0 Y odwl, i=1,... k
j=1

and Wy = (th, e, W[d) is a d—dimensional Wiener process. Then fort > 0 (a.s.),

k 2

1 32 F
dF(t, X;) = |:—(t X,)+Z o l(x X)b + Z T, ——— (1. X)) (849)

xZol’lo,l]]dt—i-Z [Z—(r X))o, }dW,j. (8.46)
1=

Example 8.2 (Stochastic Exponential) Consider the Ito process (8.35). Define the
process

t
EH(X) =exp {X, - %/(; Gszds} . (8.47)
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o2
Applying the Tto formula to function F(t,x) = e~ 2 'e*, (t,x) € Ry x R, we find
that

d&(X) = E(X)dX,, Ep(X) = 1. (8.48)

We will call (&;(X));>0 a stochastic exponent of process (X;).
Let us count the following properties of stochastic exponentials (8.47) and (8.48).

Problem 8.3

& (X) > 0(s), 1 € Ry.

) ‘ﬁ =&(X), (as.)t € Ry.

.Ifb, =0as.,t € Ry, then (&/(X)):>0 is a (local) martingale.

CEXNEXD) = & (X'+ X2+ X', X)) (as), t € Ry, where dX! =
bidt + o'dW,, d[X', X?, = ololdt, i = 1,2, and this property is called
a multiplication rule of stochastic exponentials.

RIS S

We already demonstrated how important and useful the Ito formula is. The next
consideration has an incredible meaning for stochastic analysis and its applications.
Let us consider a d —dimensional random function b; = (b,l, R bf ) belonging to
the space S (or %) and define a new process

t 1 t
Z,=exp{/ bdeS——/ |bs|2ds}
0 2 Jo
dopm 1A, 02
—exp Zfo b;dw;—EZfo (b;) ds . (8.49)
i=1 i=1
Zo =1.

The process (8.49) satisfies the following properties:

) dZ; = Z;bydW,, Zy = 1.

(2) (Z;)r>0 1s a supermartingale, which is a martingale, if (b;);>¢ is bounded or
EZ, =1, teRy.

(3) if EZ7 = 1forsome T > 0, then (Z;);<7 is a martingale, and for any sequence
b, € S(S%) with the property /OT |b, — bl’ds — 0, n — oo, (as.) the
corresponding sequence Z7 (b,,) converges to Zr (b) in the space L.

To prove (1), we just apply the Ito formula. For the proof of (2), we consider a
sequence of stopping times

t
1, = inf (r : / bs|*Z2ds > n)
0



8.3 The Ito Processes: Formula of Changing of Variables, Theorem of. .. 115

and find that the process

1
(/ I(s<r,,)bszdes>
0 t>0

is a martingale, as well as (Z;az,)r>0-
For t; < tp, we have (a.s.)

E (Zt2A7n|Ttl) = Ztl/\fn, n=1,2,...»
and as n — oo, we get by Fatou’s Lemma that
E(le|7:ll) =< le (a.S.),

which certifies that (Z;);>0 is a supermartingale, and therefore

t 1 t
ECXP </ bsdWy — _/ |bs|2dS> <1 (850)
0 2 Jo

To prove (3), we first note that for |by| < K < 00, we derive from (8.50) that

t t
E / bs|>Z2ds <K°E / Z3ds
0 0

t t
=K? /0 EZ2(2b) exp ( /0 |bu|2du) ds

t
2
§K2/ K 5ds < 0
0

and conclude that ([0[ by Zxds) o and (Z;);>0 are martingales.

1>

The claim (3) follows from claim (2) above, where EZ7(b) = 1 and Z7 (b") L
Zr(b),n — oo. Also, E|Z7 (") — Zy(b)| — 0,n — o0, and hence Z;(b") =
E(Zr(0")|F:), t < T, a.s. Taking the limit in the above equality as n — oo, we
get the martingale property of (Z;(b));<7.

Now we are ready to formulate a beautiful Girsanov Theorem.

Theorem 8.3 Assume (W;);<r is a Wiener process on a probability space
(2, F, P). Let b be a random function from space S (or S%) such that EZy = 1.
Define the process X; = W; — fot byds. Then

(1) A random variable Zt defines a new probability measure P, equivalent to P,
ie., P << Pand P << P with the density Zt = Z—g.
(2) The process (X;) is a Wiener process with respect to P.
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Proof For simplicity, consider a bounded function (b;). For0 < <t < ... <
t,, = T and fixed (X;);—o,...n—1 from R?, we define the process Ag as iA; on
[#j,tj+1). Further, we obtain that

—1 T T

Eexp iz)»j(xzjﬂ —Xy;) ¢ =Eexp {/ Asd Wy —/ Asbsds} Zr(b)
; ’ 0 0
j=0

1 T
=EZ7 (A + b) exp (5 / Afds)
0

T 2
/2]y 23ds,

which corresponds to a Gaussian distribution. Taking into account Xo = 0, we
arrive at the claim (2) of the theorem. |

To finish this section, we study the structure of any martingale (M;);>o on
stochastic basis (2, F, (F; = Ttw )t>0, P). It turns out that the set of all martingales
on the stochastic basis, generated by a Wiener process (W;);>¢, is determined by
stochastic integrals. Namely, any square integrable martingale (M;);>0, Mo = O,
admits

t
M, = / $sdWy (@.s),1 = 0, 851)
0

where (¢;)>0 is uniquely defined progressively measurable function from space S 2,

The relation (8.51) is called a martingale representation. Let us prove it for a finite
interval [0, T']. For a deterministic function 8 € L?(0, T), we define the Girsanov
exponent

1

Zt=Z,(,B)=exp{/t,3udu——/Z,B,fdu},Z():l
0 2 Jo

Let us note that

t

Z2(B) = Z:(2B) exp { /0 ﬂidu} ,

and EZ;(28) < lforallt <T.
Hence, we obtain

1
EZIZ(,B) <exp {/ ﬁidu} < 0.
0

Let X2 be a class of random variables X from the space L> = L*(Q,F =
FV,P) = L? such that X = fOT ¢sdW, with a progressively measurable ¢
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and fOT Eq)gds < oo. Further, if Y is an arbitrary random variable from L?
such that EY = 0 and ¥ 1 X2 in the L2-sense, then EY.Z7(B) = O for all
B € L?(0, T). Therefore, taking an arbitrary subdivision (¢;),i = 1, ..., n of the
interval [0, T'] and constructing an arbitrary step function with (#;), we obtain that
E(Y|W,...,W,;) = 0. Hence, Y = 0 (a.s.) as Fr = T}V. The last step of the
proof is clear. We take M7 as X € X2 and using the martingale and stochastic
integral properties, we obtain

t
M; = E(MT|(/rt) = / ¢S‘dWY
0



Chapter 9 )
Stochastic Differential Equations, Qe
Diffusion Processes, and Their

Applications

The chapter presents stochastic differential equations (SDEs) and their connections
with diffusion processes and partial differential equations (PDEs). The existence
and uniqueness of solutions of SDEs are proved under Lipschitz’s conditions.
Two important processes geometric Brownian motion (GBM) and the Ornstein-
Uhlenbeck process are constructed on this theoretical base. The difference between
ordinary differential equations and SDEs is discussed. As a part of this discussion,
the existence of a solution (weak solution) of any SDE with measurable bounded
drift coefficient and unit diffusion is proved with the help of the miracle Girsanov
theorem. Moreover, it is shown by mean of the method of monotonic approxi-
mations that such a solution will be strong if the grift coefficient is a bounded
piece-wise smooth function. Diffusion processes are defined as Markov processes
for which their transition densities satisfy the asymptotic properties of Kolmogorov.
The backward and forward equations of Kolmogorov are derived. A connection
between SDEs and PDEs are stated with the help of the Feynman-Kac theorem.
Absolute continuity of distributions of diffusion processes is studied with the help
of the Girsanov theorem. A special attention is paid to the class of controlled
diffusion processes for which the Hamilton-Jacobi-Bellman optimality equation is
derived. It is shown how the theory of diffusion processes and SDEs are helpful
in mathematical finance (Bachelier and Black-Scholes models) and in statistics of
random processes (see [9, 11,27, 31,36, 37,39, 40, 44,47, 50, 56,57, 59], and [61]).

9.1 Stochastic Differential Equations

Let b(¢, x) and o (¢, x) be (¢, x)—measurable locally bounded functions from R x
R — R, i.e., these functions are bounded on each compact set of Ry x R.
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If a continuous F;-adapted process X (t, w) = X;(w) such that for all # > 0 (a.s.),
t t
Xi(@) = Xo(@) + [ b6, Xds + [ 065, X)W, ©.1)
0 0

where Xo(w) is a finite random variable, measurable w.r. to o, (W;);>0 is a Wiener
process, then it is called a solution of (9.1). We rewrite (9.1) in an equivalent
differential form

dX; = bi(X)dt + o1(X:)dW;. 9.2)

We say that such a solution is unigue if for any other solution (f( ¢), we have

P(w : sup | X; (@) — X, (w)| > 0) =0. 9.3)
t

Theorem 9.1 Assume that coefficients b(t, x) and o (t, x) of stochastic equations
(9.1) and (9.2) satisfy the conditions:

1) For each T > 0, there exists a constant kt such that
[b(t, x)| + o, x)| < kr(1+|x])

for (t,x) € [0, T] x R.
2) For all ¢ > 0, there exists a constant I > 0 such that

forall (t,x) € [0, c] x [—c, c].
Then the Egs. (9.1) and (9.2) admits one and only one solution.

Proof First, we note that conditions 1) and 2) of this theorem are called a linear
growth and a local Lipschitz conditions, correspondingly. Second, we give the proof
for a standard Lipschitz condition (/. = /) and for a finite time interval [0, T'], and
for Xo(w) = x € R.

Let us prove the uniqueness of solutions. Assume X (7, w) and X (t, w) are two
solutions with the initial condition X (0, @) = X (0, @) = x. Then we have

(1) — X(1) = /l [b(s, R(s)) — b(s. X(s))] ds
0

t
+/ [U(s, R(s)) — o (s, X(s))] dw,.
0
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Further, using the Cauchy-Schwartz inequality and the isometry property, we obtain
for each ¢ € [0, T] that

2

t
E|X(t) — X(1)? <2E <f [b(s, X(s)) — b(s. X(s))] ds> (9.4)
0
t 2
+2F (/ [o(s, R(s)) — o (s, X(s))] dWS>
0
t - 2
52:13/ [b(s, X(s))—b(s,X(s))] ds
0
1 ~ 2
+2E/ [o(s, X(s))—a(s,X(s))] ds
0

t
<2(t + 1)12/ E|X(s) — X (s)|?ds. 9.5)
0

To continue, we need the following Gronwall lemma:
If ¢(#) > 0 1is an integrable function satisfying inequality for all # > 0 and fixed
constants A and B,

t
(1) < A+ B/ ¢ (s)ds. (9.6)
0

Then ¢ (1) < AeB! forallr > 0.
To prove Growwall lemma, we just differentiate the logarithm of the right-hand

side of (9.6):
! ’ B¢ (1)
1 A+ B d -  —r~7 B
(n< i /o e S)) A+ B [y ¢(s)ds =

t
In <A+B/ ¢>(s)ds> <InA + B,
0
t
A+B/ P (s)ds < AeP'.
0

In relations (9.5), the function ¢ (t) = E| X (1) —X(®)*and A =0, B =2(T + D).
Hence, by the Gronwall lemma, we obtain E|X (1) — X (f)|>. We derive from here
that for the set Q7 of rational numbers of [0, T'] that

P <sup 1X (1) — X ()| :0) =1.
teQr
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By the continuity of processes X () and X (1), we have

1= P(sup|X(t) — X(1)] = 0) = P( sup |X(1) — X(1)| = 0),
Qr t€[0,T]

which means that X and X are equivalent.
To prove the existence of a solution of (9.1) and (9.2), we apply the Picard method
of successive approximations:

X%(r) =x,

. , 9.7)
X"(1) :x—i—/ b(s, X”*](s))ds—i—/ o (s, X"~ 1(s)dW;.
0 0

For the sequence of approximations (9.7), we get for ¢ € [0, T'] that

t 2
+3(/ b(s,X”l(s)dWs> )
0

t 2
X" ) < 3|x]® +3 '/ b(s, X"\ (s))ds
0

Inequality (9.8) implies for ¢t < T that o
EIX"(t)* <3|x* + Lt /Ot E|IX""!(s)|%ds, (9.9)
where L7 depends on kr.
Taking supy -, in (9.9), we derive from Gronwall’s Lemma that
supE|X*(1))? < 3|x)%eTtT, 1 €0, T]. (9.10)

k<n

Further, we have that

t

X" () = X() = x + / [b(s, X" (s)) — b(s. X”_l(s))] ds
0

t
+ / (065, X" (5)) = 05, X" (5| aWs,
0
and applying a similar estimation as the proof of uniqueness, we get for¢t < T,

t
EX"' ) - X" < KT/ E|X"(s) — X" '(»)ds,  (9.11)
0

t t 2
EX'(t)- X°0))> <E <f b(s, x))ds +/ a(s,x)dWs) < Crt, 9.12)
0 0

with some constants C7 and K7.
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Using the induction, we derive from (9.11) and (9.12) that

n+1

EX"'¢) - X"0O) < Cr K ——.
I ®) o =< TT(n+1)!

(9.13)

From (9.13), we conclude that the series
o
X0+ Y (X - X))
n=0

converges uniformly to continuous process X (¢) in the L>-sense.
To prove that this process is a solution of (9.1) and (9.2), we note for ¢ € [0, T']
that

2

t t
E </ [b(s, X (s)) — b(s, X"(s))] ds +f [U(S, X(s)) — oX”(s))] dWs>
0 0
T
< KT/ E[X (s) — X"(s)|*ds.
0

Using this inequality, we obtain that

t
E(X(t)—x—/ b(s,X(s))ds-l—/
0 0

<2E[X (1) — X"(1)|?

t

2
o(s, X(s))dWS>

t t
+2FE (/ b(s, X" 1 (s))ds +/ a(s, X" (s)dW,
0 0

2

' '
—/ b(s, X(s))ds —/ a(s,X(s))dWX>

0 0
<wE|X(#) — X"(t)|2 +2K7E|X (1) — X”_l(t)|2 — 0,

asn — oQ. O

Remark 9.1 To emphasize a dependence of the limit of successive approximations
from an initial point x (correspondently, y), denote it by X (¢, w) (correspondently,
X, (t, w)). Similar to inequality (9.10), one can derive fort € [0, T] :

E|X,(t) — Xy(t)|2 < const(T)|x — y|2€t‘consz(T)’

E|X,(t) — X, (t + AD|?> < const(T)|1 + |x|?|2e"comst(TD),

Due to these inequalities, the function X (#) can be chosen measurable w.r. to x.
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Example 9.1 Consider a linear SDE
dXt ZMXtdt+UXtth, (914)

where Xois%o-measurable finite random variable. According to Theorem 8.1, the
Eq. (9.14) has a unique solution. To find a concrete formula for X;, we rewrite (9.1)
in the form

dX; = (c+0%/2)X,dt + o X, dW;, (9.15)

where ¢ = u — o'2/2. Applying the Ito formula to Xoexpfct + oW} = X;.
Applying the Ito formula to Xg exp{ct + o W;} = X,, we find that

d}?[ —d (Xoect+a’W,>

2
o
= <cx0e”+"Wf + 5 XoeC’“L"W’) dt + o Xoe" T dw,

()'2 ~ ~
= (C+ 7) Xtdt +UXtdW;.

So, using the uniqueness of solution of (9.14), we arrive at the conclusion that X; =
X; (a.s.) forall + > 0. Hence,

X, = Xoe' oW = Xpelt=07/Dt+o W, (9.16)

which is called a geometric Brownian motion (GBM). The GBM (9.16) is exploited
as a stock price model in mathematical finance.

Example 9.2 Consider another linear stochastic differential equation

Xy is Fo-measurable finite random variable, o € R.
Let us transform (X,) with the help of function f(z, x) = ¢*'.x, x € R. By the
Ito formula, we can find a stochastic differential of Y; = f (¢, X;) :

Sl
dY, =(f] —aX, f. + Eazf;;)dr + o fldW,

= (e X; —ae® X;)dt + 0™ dW, = o™ dW;.

Itleadsto ¥, = Xg+ o fot e**d Wy and hence

t
X, =e ™Y, =e X, —i—oe_m/ e“ dW;.
0
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This is a famous Ornstein-Uhlenbeck process, which is called a Vasicek model for
interest rate modeling in mathematical finance.

We observed here that for SDEs with Lipschitz-type coefficients, existence and
uniqueness of solutions are stated in a similar way as for ordinary differential
equations. A natural question arises: Are there new results in this theory, which
are different from the deterministic theory?

We start our answer with the following nice result of Girsanov.

Theorem 9.2 Lez b(t, x), (¢,x) € [0, T] x R, d > 1, be a bounded measurable
function. Then there exists a probability space (2, F, P), a continuous process
(X:), and a Wiener process on this space such that (X;);<t is a solution of the
SDE:

dX; =b(t, X;)dt +dW;, Xo=0,t <T. (9.18)

Proof Take any probability space (2, F, P) with a Wiener process (X;);<7. Define
another process

t
W, = X; —[ b(s, Xs)ds 9.19)
0

and a new probability measure P with the density w.r.to P:

ap /Tb( X)dX ]/T|b( X)|*d
— = ¢€ s - = s .
ap _ OP\J, AR T ) P AT

By the Girsanov theorem, the process (W;);<r is a Wiener process on the probability
space (€2, F, P). Hence, if we rewrite the equality (9.19) as

t
X, =/ b(s, X,)ds + Wi, t < T,
0

we arrive at the conclusion that (X;);<7 is a solution of (9.18). O

Remark 9.2 The result of Theorem 9.2 guarantees the existence of a solution
of (9.18) for any bounded measurable function b(z, x). It is well-known that the
ordinary differential equation dx; = b(¢, x;)dt does not admit a solution for any
bounded measurable function b(¢, x).

Remark 9.3 Comparing solutions in Theorems 9.1 and 9.2, we can observe the
following difference. The solution in Theorem 9.1 was constructed on given
probability space. On the other hand, the solution in Theorem 9.2 was built on some
probability space. They are naturally called strong and weak solutions, respectively,
because any strong solution will be also a weak solution, but not vice versa.
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Example 9.3 Let (8;) be a Brownian motion (BM) with 8y = y € R. Define a
process B; = f()l sgn(Bs)dpBs, where

1, x >0,

-1, x<0.

sgn(x) = {

The process (B;) is a BM by the Levy characterization. Further, we note that by a
property of stochastic integral

t t
vt /0 sgn(By)dBy =y + /0 (sgn(By))2dB,

t
=y+f dfs =y + B —y =5
0
Hence, (8;) solves the SDE
dX; =sgn(X;)dB;, Xo =y, (9.20)

in the "weak" sense. Moreover, any other solution will be again a BM, and in the
sense of its distribution, such a solution is unique (weak uniqueness). But taking
y = 0, we find that (8;) and (—p;) solve the Eq. (9.20) with some BM (B;) and
Xo = 0. It means there is no uniqueness as (9.5).

Let us develop the method of monotonic approximations, which is powerful enough
to prove the existence of strong solutions without the Lipschitz conditions. We start
with the simplest version of the comparison theorem of strong solutions of SDEs.

Lemma 9.1 Assptme that b = bt x),x € R,i = 1,2, are bounded continuous
functions, and X*',i = 1, 2, are strong (continuous) solutions of the equations

dX! = b (X})dt +dW,, X{=0,1>0.
Then the inequality bl(x) < b*(x) for all x € R implies that th (w) < th(a)) for
almostall w € Qand all t > 0.

Proof Foreach w € Q, P(fl) = 1, we define

inf{r > 0: X (0) = X*(w)},

00 otherwise.

Note that X2(w) — X} (@) = [ [P*(X2(@)) — b' (X ())]ds = A;(o). By the
continuity of b’ (x), X!(w), i = 1,2, and assumption b!(x) < b*(x), x € R,
we find that Ag(w) > 0, A;(w) is continuous and A;(w) > 0 for all r < 6 (w).
If 6(w) = oo, then th(a)) =X ,1 (w), and Lemma is proved. Otherwise, we have
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O(w) < oo and Agy(w) = Xg — Xé = 0. It gives a possibility to reproduce for 0
the same consideration as for + = 0 and find that X,2 (w) — X tl (w) = Aj(w) > 0
for a neighborhood of 6(w), etc. Therefore, X ,1 (w) — X ,1 (w) = Ay(w) > 0 for all
t > 0. a

Theorem 9.3 Consider a homogeneous SDE (9.18) and suppose that the drift
coefficient b;(x) = b(x) satisfies the following conditions:

(1) b(x) has a finite number of points of discontinuity {x1, ..., xn}.
(2) b(x) is piece-wise smooth, i.e., for any x € R\{xy, ..., xy} the derivative b’ (x)
exists.

(3) |b(x)| and |b'(x)| < K < oc.
Then the Eq. (9.18) has a strong solution.

Proof The first step is to show that b(x) can be approximated by a sequence of
functions b, (x) such that a strong solution of the equations

dX,(t, w) = bp(Xa(t, w))dt +dW(t, w), 9.21)
Xn(0,0)=0,€[0,T], n=1,2,...

does exist and is unique. Then the properties of these solutions are studied with
the aim to show that the sequence (X, (f, w)),=1,2,.. converges to a continuous
F:—adapted process Xoo(f, ), which is the desired solution of the limit equation
(9.18).

To construct the auxiliary sequence of functions (b, (x)),=1,2,..., we take neigh-
borhoods V- (x;) of the points x; < ... < xy of radius r < %minlsiSN,l [Xit1 —
x;| and set

ba(x) = b(x),
x e R\ UMV, (x).
It suffices now to build l;n(x) in the neighborhood V,(x;), i = 1,2,..., N.
Consider V,(x;) and let b(x;—) > b(x;+) for limits from the left and right side
of x; correspondingly.

It follows from the smoothness of b(x) that there_ exists a deterministic sequence
(a})n=1,2,.. such that ), € V.(x;), e}, > x;, o), | x; asn — oo, while the
continuous function 15,1 (x) is determined as follows:

b (x) =b(x) for x € V,(x) 0 { (xim1 %) U e, xie) |
by (xi) =b(x;—);

by (x) is linear on [x;, 0‘2] satisfying the condition bp(x) > b(x), x € (xi, afl).
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Ifb(xi—) < b(xl +), the construction of 15,1 (x) in V,(x;) is analogous. Finally,
we define b, (x) = b,(x) + 1/n, n = 1,2, ..., with desirable properties for us:

bn('x) > bn+1(x), X € R?
by(x) | b(x)asn — oo, x e R\ {x1,...,xn};
by, (x) satisfies a Lipschitz condition and simultaneously forn = 1,2, ...,
|bp(x)] < K +1 < o0.
Applying Theorems 9.1 to (9.21) with b,(x), constructed above, we get the
existence (and uniqueness) of strong solutions X, (¢), which are continuous and
F:—adapted.

Further, according to Lemma 9.1, we obtain the system of inequalities

Xit,w) > Xot,w)>...> X,,(t,w) > ... (as5.),t <T.

Therefore, there exists a ¥;-adapted process X (¢, w) such that X (f, )
lim, 00 X, (¢, w) (a.s.),t € [0, T]. m|

I:,emmfl 9.2 The family of continuous functions (Xp(-,w))p=12., ©® €
Q, P(2) = 1, is uniformly bounded and equicontinuous.

Proof For each w from Q, P(Q) =1, wehaveforalln =1, 2, ... that

t
| X, (t, w)| < / by (X (s, w))ds| + |W(t, w)| (9.22)

0

t
- / lbu (X (s, o))|ds + W (2, )] 9.23)

0
<(K+ DT +0maxT |W(t, w)], (9.24)
<t<

which means that (X~n(-, a))N),,: 1,2,... is uniformly bounded.
Further, for w € 2, P(2) =1, > 0, we obtain

0x,(.0)(®) = sup [X,(, ®) — Xu(s, 0)|

s,t,|t—s| <8

< sup + [Wa(t, w) — W(s, 0)|

s,t,|t—s|<§8

<(K 4+ 1)8 + ow(.w) ().

t
/ b, (X, (u, w)du

Hence, for almost all w, we have as § — 0 that sup, wx, (,»)(6) < (K + 1) +
ww(.,w)((S) — 0.
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3 In Yiew of Lemma 9.2 and the Ascoli-Arzela test, there exists (for w €
Q, P(2) = 1) a subsequence n’(w) such that

sup | X /() (1, @) — Xoo(t, @)| = 0, n'(w) — o0,
OSIST

and therefore almost all paths of X, (¢, ) are continuous on [0, T].

Now we put ¢, (t, w) = b,(W(t,w)),n = 1,2,..., ¢oo(t,w) = b(W(t, w))
and define probability measures (Py,)n=12,... and P, with the help of the Girsanov
exponents:

‘Z) =exp {fOTd)n(s, @)dW (s, w) — %/OT@%(s,w)ds} :
T —exp {/OT%O(s,w)dwm,w) - %/Oquéo(s,w)ds}.
O
Problem 9.1 Prove that for y e Rand ¢ € [0, T],
Po(@: W(t,w) < y) = P(@: Xu(t, ) < ), (9.25)
Pa(@: W(t,0) < y) — P(@: W(t.0) < y), (9.26)
Po(@: Xyt @) <) > P(@: Xoo(t, ) < ). 9.27)
Relations (9.25)—(9.27) yield
P(@: Xoot, ) < y) = Pool@: W(t, 0) < y). (9.28)

Lemma 9.3 If A is a Borel set in R with the Lebesgue measure zero (I(A) = 0),
then

Plw:l(te[0,T]: Xeo(t,w) € A) =0) = 1. (9.29)

Proof For fixed € > 0, we first apply Chebyshev’s inequality and Fubini’s theorem,
and then we use (9.28) to derive that

T
Plw:l(te[0,T]: Xoo(t,w) € A) > €) SE_IIE/ I(t:Xoo(t,w)eA)dt
0

T
= ! / El¢:xo(t,0)en)dt
0

T
=6_1/ |:/ I(IZXoo(f,w)EA)dPi| dt
0 Q
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T
=€_1/ [/ I(I:Xoo(t,w)eA)dPooi| dt
0 Q

T
=e_1/ Poo(w: W(t,w) € A)dt = 0.
0

Since € > 0 is arbitrary, we obtain (9.29). m]

Let us now define the following process
t
X(tw) = / b(Xoo(s. 0))ds + W(t, )
0
and consider the difference
t t
X, (1, 0) — X (1, ) = / b (X (5. 0))ds — / b(Xoo (s, 0))ds.
0 0

Applying Lemma 9.3 with A = {x1,...,xy}, we find for almost all r € [0, T]
w.r.to the Lebesgue measure and almost all w € 2 that

im by (X, (1, @) = b(Xoo (1, ).

Further, we derive from here by using the Lebesgue dominated convergence theorem
that

t t
/ b, (X, (s, w)ds ——> / b(X (s, w))ds,
0 n—oo 0

and, hence, forr € [0, T] and P-a.s.
X(t,w) = Xoolt, w),

which completes the proof of Theorem 9.3.

9.2 Diffusion Processes and Their Connection with SDEs
and PDEs

A general conception of a Markov process (X;);>0 on the given stochastic basis
(2, F, (F1)i>0, P) can be described as follows. The characteristic (Markov) prop-
erty of such adapted process means that

P(w: X(t,w) € B|fs) = P(w: X(t,w) € B|X(s, w)) (9.30)

forevery B € B8(R) and all s < .
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It is convenient to treat (9.30) with the help of a transition probability function
P(s, x,t, B) satisfying conditions:

(1) Itis a measurable function of x € R.
(2) Itis a probability measure on R, B(R) such that P(s, x, s, B) = Ip(x).
3)

P(s,x,u,B):/P(s,x,t,dy)P(t,y,u,B) 9.31)

forx e R,Be B(R),0<s <t <u.

Equation (9.31) is called the Kolmogorov-Chapman equation, and the pro-
cess (X;);>0 is a Markov random function (in a restricted sense). Substituting x
by X (s, w) into (9.30) and using properties of conditional expectations, we get

P(s, X(s,w),u, B) =E(P(t, X(t, w), u, B)|Fy)
= / P(t,y,u, BYP(s, X (s, w), t, dy),

which coincides with (9.31) under x = X (s, w).

We know that many properties of stochastic processes can be described using
their finite-dimensional distributions. Let us derive the formula of a finite-
dimensional distribution of (X (¢)) in terms of its transition probability function.
Putting Iy = Ip (X (%, 0)),0 <11 <tp < ... <t < ...ty, Br € B(R), we
obtain by backward integration:

Plw: X(t;,w) € By,...,X(t,,w) € By)

=EL...LL1E(|F, )
=E11...In,1/ P(ty—1, X(th—1, 0), ty, dyn)
By
=El... I, / P(ty—2, X(th—2, ®), th—1, dyn—1)
Bn—1 (9.32)
X / P(ty—1, X(th—1, w), tn, dyy)
By

=E11/ P(t1, X(t1, w), t2,dyz) X ...
B

X / P(tn—lsX(tn—l,w)»tn,dyn)~
By
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In the expression above, we can treat

/ P(tlvx(tlsw)atz»dy2)/ P(tn—l»X(ln—lya))atnsd)’n) (933)
B

By

as a conditional expectation
Plw: X(n,w)) € Ba, ..., X(ty, ) € By| X (11, ®) = x1).

The expressions (9.32) and (9.33) present a consistent system of finite-dimensional
distributions of the process X (z, w) for fixed #; and x;. So, to provide a full
description of this system, it is reasonable to have a family of probability spaces
(2, F, Prx). So, in the case of (9.32) and (9.33), we arrive at the probabilities
Piy(w : X(,w) € Ba,...,X(t,,w) € By) expressed with the help of
P (s, x, t, B). We can also see that the process X (¢, w) can be started ateachr € R
from each point x € R. The process (X(¢, w)) in such a framework is called
a Markov family, but we will also call it a Markov process. All these arguments
show that in the theory of Markov processes, it is necessary to describe the class of
transition probability functions.

Before further steps in developments of this theory, we give some examples and
problems.

First of all, (W;);>0 presents an example of a Markov process, because its
finite-dimensional distributions were given in its definition via transition probability
function.

Problem 9.2 Prove that (|W;|);>0 is a Markov process.

Hint: Its transition function is

_g=? o go?
P(s,x,t,B) = e W 42 |dy.

1
2 (t —5) fg |:
Example 9.4 Let (Y,),=1.2,... be a sequence of independent random variables with
a positive density p(x). Define Xo = 0, X, = Y;", X, = (Y1 + Y2)*,... The
process (X,)n=0,1,... is non-Markov. To show it, we take x > 0 and consider the
next conditional probability

0 00
Pw:X3>0|X2=0,X; =x) =/ /0 p(y —x)p(z — y)dydz.
—0o0

This probability depends on x,, and therefore the process (X,,) cannot be Markov.

Problem 9.3 Let (Y;),=1.2,.. be a sequence of independent r.v.’s with the density
p(x) > 0, x € R. Define the process (Yo = 0)

Xi=M+..+Yet-b+X+...+ )k +1—-1)

fork <t <k+ 1, t > 0. Prove that such a process is not Markov.
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Remark 9.4 The transition probability function P(s, x, ¢, B) is homogeneous, if
P(s+h,x,t+h,B) = P(s, x,t, B) for any positive i. Hence, P(, -, -, -) depends
on the difference (f —s) only, and one can use another transition probability function
P(t, x, B) for which the Kolmogorov-Chapman equation has the form

P(t+s,x,B) = / P(t,x,dy)P(s,y, B).
R

Definition 9.1 Markov process X (¢, w) with its transition probability function
P(s, x, t, B) satisfying the properties (1)—(3) is called a diffusion process, if there
exist measurable functions b(¢, x) and o2(¢, x), (t,) € R4+ x R such that fore > 0
and Ve ={yeR:|y—x|>¢€}

1
Jim o P(t,x,1+h, Vo) =0, (9.34)
1
lim — (y—=—x)P(t,x,t + h,dy) = b(t, x), (9.35)
h=0h Jiy—x|<e
1
lim — (y —x)?P(t, x,t + h,dy) = o2(t, x). (9.36)

h=0h Jiy—x|<e

Functions b(z, x) and o2(z, x) are called drift and diffusion coefficients.
It turns out relations (9.34)—(9.36) admit an adequate characterization with the
help of the following differential operator (generator of X (¢, w)):

Ip(x) 1 3% (x)

L =a(t,x)—— + <o(t, , 9.37
&) = alt, ) ==+ 70, X)—7 9.37)
in class of twice continuously differentiable functions ¢.
Lemma 9.4 For all bounded functions ¢ described above
/ lp(y) —p()|P(t,x,t +h,dy) =hLi¢p(x)+ o(h) (9.38)
R

is fulfilled <= (9.34)—(9.36).

Proof To prove (9.38), we decompose function ¢ at point x : for |y — x| < €
fR lp(y) —p(X)|P(t, x,t +h,dy) = ac(h) + hL;$p(x) + hye,

where L; is defined by (9.37), ac(Mh~!' >0, € >0, and Ye > 0ase — 0.
Hence, we get (9.38). To prove the direct implication, we take the func-
tion ¢y, (x) = 1 — exp(—|x — xo/*) and find that ;-¢y (x)|x=y, = O and

2 . .
L g (X) | x=xo = 0. Tt implies (9.34).
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Now we take the function ¢,,(y) = y — xo for |y — xo| < 1, extending this
function to be a bounded twice continuously differentiable function. For such a
function and 0 < € < 1, we get

/ (y —x0)P(t, x0,t + h,dy) =a(t,x)h + o(h) (9.39)
ly—xol<e

and hence (9.35). To prove (9.36), we take a square of function in the previous
construction (9.39). |

Let us find differential equations for transition probabilities of diffusion processes,
known as the Kolmogorov backward and forward equations.

For some bounded continuous function ¢ (x) and 7 > 0, we define the following
function:

uT(z,x)=/R¢(y)P<r,x,T,dy).

Theorem 9.4 Assume that (9.34)—(9.36) are uniformly satisfied on bounded time
intervals with continuous functions b(t, x) and o2, x). Let function ur(t, x) be

2
(t, x)-continuous together with derivatives 3{;4_; and 33)':[ . Then ur(t, x) has the
derivative w.r.to t and satisfies the equation
our(t, x
—a(t ) 4 Lur(t,x) =0, (9.40)

with the boundary condition ur (T, x) = ¢ (x).

Proof The boundary condition is fulfilled by (9.34). Further, for # > 0, we have by
Lemma 8.4 that

ur(t —h, x) =/ ur(t, y)P(t —h,x,t,dy)
R

=ur(t,x)+ / [ur(t,y) —ur(t,x)] P(t —h,x,t,dy)
R
=hLT*huT(t’ x) + MT(t7 x) + O(h)’

whence

1 o(h)
E [MT(t - hv-x) - MT(t,.x)] = Ll‘—huT(tv -x) + T

This implies (9.40). |

In fact, Eq. (9.40) can be called as the Kolmogorov backward equation. But usually,
it is formulated as the equation for the density p(s,z,t,y) of the transition
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probability function p(s, x, ¢, B) :

p(s,x,t,y)dy = P(s,x,t,dy).
So, we arrive at the backward Kolmogorov equation for p(s, x,t,y) :

ap(s, x,t,y) (s, x,t,y)  o%(s,x) 3*p(s,x,t,y)
- ~ b 9 b =
ds +0(s, %) dx + 2 9x2

0. 9.41)

On the other hand, one can also write the forward Kolmogorov equation or the
Fokker-Plack equation:

ap(s,x,t,y) d o2 2 _
T gy GG x ) = 5o (P pGs ) =0

(9.42)

So, the same function p(s, x, ¢, y) plays the role of a fundamental solution for two
differential equations:

Equation (9.41) as the function of (s, x) and

Equation (9.42) as the function of (¢, y).

Let us come back to the stochastic differential equation (9.1) and its solution
X (t) derived under the Lipschitz conditions in Theorem 9.1. Applying the same
reasoning as in Theorem 9.1 we can prove that there exists a unique solution X , (¢)
of the equation (¢ > s) :

t t
Xs,x(t)=x+/ b(u,Xs,x(u))du—i—/ o(u, Xs x(m)dw,. (9.43)

S

Putting for B € B(R)
P(s,x,t,B) = P(X,(t) € B), (9.44)

we arrive at the conclusion that the solution X (¢) of (9.1) is a Markov process with
the transition probability function (9.44).

To prove this claim, we note that X x()(¢) is a solution of (9.43). We just note
from (9.1) and Remark 9.1 that

t t
X(t,w)—X(s,w):f b(u,X(u,w)du+/ o(u, X(u, w)dw,.

Thus, X (t, w) = X x(s,w)(t). Further, the o-algebra ¥ is generated by W,,, u < s.
Let us take arbitrary bounded ¥;-measurable r.v. 6. Then for any bounded function
g(x), we obtain that

E0g(X (1, ®)) =E0g (X x(5.0) (1))
=EJE (g (Xs,x (t)))x=X(s,a))
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—E§ (/ g(y)P(s,x,t,dy))

R x=X(s,w)
:EQ/g(y)P(s,X(s,w),t,dy),

R

where we used the independence of X, ,(f) and ¥, because X, ,(f) depends on
W (u) — W(s) for u > s only. Hence,

E(g(X(t, w)|Fs) = /Rg(y)P(s, X(s,w),t,dy),

and we get the claim.

Remark 9.5 As a methodological result, one can conclude that diffusion processes
are described in two ways: as a class of Markov processes with transition proba-
bilities determined by the drift and diffusion coefficients and as solutions of SDEs.
Let us discuss other interesting connections. We consider a stochastic differential
equation with coefficients b = b(t,x) and o = o (¢, x) :

Xm = b(t, X[)dt +G(t, X[)th

As before, we define the following differential operator based on functions b and
o

1 ,3% 3¢
Lp = -0>— +b—.
¢ 2° 8x2+ ax

Having a smooth function F € C1-2, we can transform (X;) with the help of the Ito
formula as follows:

'ToF ! oF

F(X;) = F(Xo)—i—/ — + LF(Xy) ds—}-/ o(s, X)) — (Xs)dWs.  (9.45)
0 as 0 ox

Equality (9.45) is a smooth transformation of the diffusion process (X;). Such a

problem was first formulated and solved by Kolmogorov in 1931: a new process

Y; = F(X;) will be again a diffusion process with the drift by = 03_1; + LF(X;) and

the diffusion coefficient oy = o %(X ¢). Putting together both these formulas, we

arrive at the Ito formula in the form (9.45). That is why the formula (9.45) can also
be called the Kolmogorov-Ito formula.

Remark 9.6 We can also put the Cauchy problem for the parabolic differential
equation: Find a smooth function v = v(¢, x) : [0, T] x R — R such that

ov

o TLv=0. (L0 €l0.TIxR

withv(T, x) = f(x), x e R.
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This boundary value problem is solved in the theory of partial differential equa-
tions (PDEs) under wide conditions. It turns out that one can write a probabilistic
form of this solution using the theory of diffusion processes. We take a diffusion
process (X;) with a generator L and

v(t,x) =E; x f(X7), X =x. (9.46)

To get formula (9.46), called the Feynman-Kac representation, we apply the Ito
formula to v(¢, X;) and obtain that

0 0
dv(t, X,) = [—” + Lv] dt + o 22 aw,.
ot 0x
It is clear that v(#, X;) is a martingale, and therefore
v(t, X;) = E(f(X)|F:) = Et,xf(XT)‘x_X :
—Aat

Let us investigate absolute continuity of distributions of diffusion processes. We
shall do it in the form of solutions of stochastic differential equations.

Assume (X (#));<r is a continuous random process on a probabilistic space
(2, 7, P). Denote C[0, T] as the space of continuous functions on [0, T'], and Bl0-11
is a o-algebra in this space, generated by cylinders. We define a distribution of
(X (®))¢<r as the measure on (C[0, T], BlO.T1y

px(B) = Plw: X(-, w) € B}.
It means that the measure px is just an image of P under mapping
X(¢,w):Q— C[0,T].

Assume, there is a probability measure P << P,ie., for A € F,

P(A) = / Z(w)dP,
A

where Z is a measurable nonnegative random variable such that

/ Z(w)dP = 1.
Q

We can consider the process (X;);<r under a new measure P and denote this process
by (X;):<r. Then

d -
d_MX (X(-, @) = E(Z()|F5), (9.47)
wx
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where 7% is a o-algebra, generated by the process (X i<t The equality (9.47) is
almost obvious because for A € BIO’T], we have

1z (A) =P(@: X(-, 0) € A)

=/ Z(w)d P
A
=EZ(0)1A(X (-, ®))

—EI,(X(-, ®))E(Z()|FX)

= /A E(Z(w)|F*)pex (dx).

Assume that two diffusion processes (X;(¢));<r,i = 1,2, satisfy the following
stochastic differential equations:

dX,(t) =b;(t, X;(t))dt + o (t, X; (t))dW;,
X;(0) =x € R.

(9.48)

Theorem 9.5 Assume the coefficients of Egs. (9.48) are bounded and satisfy the
Lipschitz conditions, and there exists a bounded continuous function 6 = 6(t, x)
such that o (t, x) > 0 and

bz(tv-x) - bl(tv-x) = e(ts x)a(tvx)v
(t,x) € [0, T] x R. Then pux, << ux, and

dux, r Lt 2
—(X1(-, w)) = exp 0(s, X1(s)dW; — = 0°(s, X1(s))ds ¢ .
dpx, 0 2 Jo

(9.49)

Proof Obviously, we can apply the Girsanov theorem here with the measure P and

Z( ) = i = eXp / 9( X )dW ! f 92( X )d
w /P 0 s A s > y A

and by boundedness of coefficients EZ(w) = 1.
Hence, P(€2) = 1 and the process

t
W(t) = W(t)—/ 0(s, X1(s))ds
0

is a Wiener process w.r. to P.
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Let us rewrite the process (X1(¢));<r as follows, using (9.5):
t t
Xl(t)—x=/ bl(s,Xl)dS-i-/ o (s, X1)dW;

0 0
t t -

=f bl(s,xl>ds+f o (s, X1) [dWy + 65, X1)ds |
0 0
t t o

=/ [b1(s, X1) +0(s, X1)o (s, Xl)]ds+/ o (s, X1)dW;
0 0

t t
=/ bz(s,Xl)ds~|—/ o (s, X1)dWs.
0 0
(9.50)

Representation (9.50) certifies that (X1(¢));<r coincides with the solution of the
equation

dX)(t) = by(t, Xo(1))dt + o (t, X2(2))dW,

on the space (L2, ¥, 15). Hence, distributions Ky, and py, are the same, and
applying (9.47), we obtain

dl‘LXZ
dpx,

(Xi(.w) =E (Z(w)l?"xl) . 9.51)

Let us prove that Z(w) is X1 _measurable and therefore the formula (9.49) is
fulfilled. To establish it, we represent 6(z, x) as follows

b1, x) — by (1, )

o(t, x) -

by the assumption o (¢, x) > 0 for (¢, x) € [0, T] x R. Further, for a subdivision
0=s0 <51 <...<s, =t,we have (in the sense of convergence in probability)
that

n—1

1 Si+1
Wi =nlgrolozo_ (si» X1(s1)) [Xl(Si+1) — X1(si) —/ b1(s,X1(S))dS]-
i=0 Si

(9.52)
The relation (9.52) from observation that

n—l Si+1
D o7 (i Xa(si) [Xl(s,-m—xl(sl-)— / b1<s,xl(s>)ds}
i=0 §i

n—1

=Y o s, Xis))o (s, Xi(s)dWs,
i=0
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which by the continuity of coefficients tends to W; in probability as max; As; — 0
by properties of stochastic integrals. O

Example 9.5 Consider processes Wy, X; = 10+ W, and Y; = 3W;, t € [0, 1].

Let us define a functional on CI[0, 1], f(x(-)) = x(0). For the process X;, this

functional takes value 10 with probability 1, but for other processes W; and Y3, this

functional takes value O with probability one. Hence, @ x is singular w.r.to uw and

1y . We also note that wyw and py are singular too. It follows from the fact that in

probability Z?:l (W, — W,H)2 — 1 as the diameter of subdivision 0 =1y < #] <
. < t, = 1tends to 1. A similar limit for (¥;) will be equal to 9.

Remark 9.7 As it was noted in Remark 8.3 for Ito’s processes, a similar theory
of stochastic differential equations with a multidimensional Wiener process, a
vector-valued coefficient » and a matrix-valued coefficient o can be developed.
Respectively, it is connected with diffusion processes with a vector-valued drift

b, a matrix-valued diffusion a = oo0*, and a generator Lu = Zi piow 4

) Axt
1 ij _07u
2 Zi»] A oxTaxs

9.3 Applications to Mathematical Finance and Statistics
of Random Processes

In financial context, a Wiener process was mathematically introduced and developed
by L. Bachelier. His model of price evolution of stocks has the following simple
form:

Ss=So+ut+oW, t <T, (9.53)

where © € R, o > 0, and (W;) is a Wiener process on the given stochastic basis
Q.7 (7). P).

Besides price dynamics of a risky asset (9.53), we assume for simplicity that
evolution of non-risky asset (bank account) is trivial, i.e., B, = 1.

One of the main subjects of mathematical finance is option pricing. We consider
only standard and the most exploited contracts which are called call and put options.
These derivative securities (or simply, derivatives) give the right to the holder to
buy (call option) and to sell (put option) a stock at maturity time 7. To get such a
derivative, it is necessary to buy it by some price at time ¢ < T. Denote such prices
for call and put options for = 0 by C7 and Pr, correspondently. It is convenient to
identify these options with their pay-off functions at maturity time as (St — K)™* and
(K — S7)™. The problem is to find the so-called fair price C (IPr) in the beginning
(t = 0) of the contract period. According to the theory of option pricing, such a
price Cr (P7) is calculated as E*(S7 — K)™ (correspondingly, E*(K — S7)™),
where E* is the expectation with respect to a measure P* such that the process
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(S1)¢<r is a P*-martingale. In the case of model (9.53), such martingale measure
P* is determined by the Girsanov exponent

1z L N2
Zk = ——W‘——(—)T
T eXp{ o T2 \s

and according to the Girsanov theorem, the process

W =W, + 5t
o

is a Wiener process w.r. to P*. Hence, for distributions Lawp+ and Lawp w.r. to
measures P* and P relatively, we have equality

Lawp«(So+ut + oWt <T)= Lawp(So+oW;;t <T). (9.54)

Theorem 9.6 In the framework of the Bachelier model (9.53), the initial price of a
call option is determined by the formula

So— K So— K
Cr=(Sy—K)® T , 9.55
r=(SH )(aﬁ>+o~/_¢<gﬁ> (9.55)

where ®(x) :];o d(dy, ¢p(x) = ﬁe—xz/z'

In particular, for So = K, we have Cr = o,/ %

To prove (9.55), we use (9.54) and self-similarity property of (W;) and rewrite
Cr as follows:

Cr =E*St — K)t =E*(So+ul +oWr — K)" =
—E*(Sy + oWy — K)T = E*(Sy + o /TW; — K)* (9.56)
=E*(So — K + oV/T&)T,

where W) =& ~ N(0, 1).
Denote a = Sy) — K and b = o+/T and obtain from (9.56) that

CT=Ew+b9+=/m)m+bm¢@Mx
—a/b
=a®(a/b) + b/OO x¢p(x)dx
—a/b

oo

=a®(a/b) —b/ do(x)

—a/b
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=a®d(a/b) + bp(a/b)

- (358 e (557

Moreover, using the Markov property of (S;), we can find the price of call option
C(t, S;) at any time ¢t < T taking conditional expected value of (S7 — K)™ with
respect to ¥ :

C(t, S =E* ((Sr - K)*I77)
=E* (S — K)71S;)

—E, . (Sr — K)*

Si=x

=E(a; + b,§)"
=a;®(a;/b;) + bip(as/b;),

wherea; = S; — K, b=0o+T —t.

Therefore,

C(t, S) = (S, — + 0T — qb( — K ) (9.57)

e <US¢T—> T

Applying the Ito formula to (9.57) and using a martingale property of E*((S7 —
K)T|F;), we arrive at

aC aC 1 ,9%C
dC(t, S;) = ﬁds, + (— + -0? )d;
t

ot 2 3S?
and a PDE
1 ,0%C(s
(t X) + ZJ —0, (9.58)
2 ax2

with the boundary condition
C(T,x)=(x—K)*.

Equation (9.58) gives the opportunity to apply methods of PDEs in pricing of option.

Remark 9.8 As far as the put price Pr is often considered, it follows from the
put-call parity: forr = 0,

Cr=Pr+ S8 —K. (9.59)
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The parity (9.59) follows from the next elementary equality
x—K)r=K-=-x)+x—K, x, K>0. (9.60)

Putting S7 instead of x into (9.60) and taking expected value w.r.to P*, we arrive at
(9.59).

The Bachelier model (9.53) has at least one disadvantage that prices can
take negative values that contradicts their financial sense. To make a reasonable
improvement of the model, P. Samuelson (1965) proposed to transform (9.53) with
the help of an exponential function. The resulting model

S, = Soexp ((M — o2/t + aw,) 9.61)

became the name of geometric Brownian motion (GBM).
Applying the Ito formula to (9.61), we get

dS; = S;(udt +odW;), Sy > 0. (9.62)

The model of financial market in the form (9.62) is called the Black-Scholes
model. As in the case of the Bachelier model, we assume here B; = 1 for simplicity.
As in the case of the Bachelier model, we use the Girsanov theorem with the same

Girsanov exponent Z7., the martingale measure P*, and a Wiener process W;* w.r.
to P*. Thus, we can conclude that

Lawp«(cW;,t <T) = Lawp«(cW',t <T)= Lawp(cW;, t <T)
and, hence,

Lawp«(S;;t <T) = Lawp (Soefaz/zwaw”tST) .

It gives a possibility to calculate the price C7 of a call option (S7 — K)™ in the
model (9.62), taking the expected value w.r. to P* :

Cr =E*(Sp — K)* = E(Spe~ 0 /2T+oWr _ g+
ZE(S06_62/2T+GﬁW1 _ K)-‘r

:E(aebssz/z — Kt (9.63)

a 1 a 1
=a® (.1“(F)b+ 2”2) — Ko (—]n(f)b_ ij) :

where € ~ N(0, 1), a = So, andb = o/T.
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The formula (9.63) is the famous formula of Black and Scholes for call option.
A similar formula for put option is derived with the help of put-call parity.

Example 9.6 To recognize how close the prices of call options in the model
of Bachelier and the model of Black and Scholes are, we consider the simplest
equations for them:

dSE =Syadw;,
dSES =sBSadwr, t < T,0 > 0.

We put Sp = K, and in this case, we compare prices C? and (C?S , for which

S
0<CB_CBS < ﬁcﬁTWz = 0((cvT)3). (9.64)

To prove (9.64), we note the following inequalities: ¢” > 14y for all y, and, hence,
y2/2>1-— e’/ for all y. Using these inequalities, we obtain that

o<ct-cp=(Jx-sfo(d)-o(-)])

SO [/X/Z 2 ]
=— 1—e™/?)dy
V2 L —x)2 ( ) x=o/T

So x/2 5
<20 2d ‘
V2w —x/2y/ yngﬁ
= 12
«/271x / x=ovT
So 353/2
= 37132 =0 O’ﬁ 3.
W (( )7

Assuming 0+/T << 1 in (9.64), we can observe that call prices in both models
are pretty close to each other. In partlcular for T = 1/2 and o0 = 2.4%, we obtain
(0+/T)? ~ 51077 and, therefore, > F —5.1077 ~ 1.6-10785,.

Let us show how methods of stochastic processes work in solving statistical
problems.
Assume that the observation process has the following structure:

1
X = / fsdsO + W, (9.65)
0

where (f);>0 is a progressively measurable process for which P(w : fot ffds <
o) =1, t = 0,6 € R is an unknown parameter to be estimated based on
observations of the process (X;);>0, and (W;);>¢ is a Wiener process.
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The model (9.65) is a continuous time version of a regression model in discrete
time. So, it is quite natural to use the least-squares estimates for the estimation of
6. In the case of model (9.65), such estimate has the following structure:

6, = (/Ot ffds>_1/0t fidXs.

We need to investigate some properties of estimates (9.3). We demonstrate it in
the form of the following example.

Example 9.7 Assume that (a.s.)

0<c®< fHw) < C? < oo, (9.66)
for every + > 0. We can provide a stochastic representation of 6; using (9.65) as
follows:

t -1 Lt
6, = (/ ffds) / fsdXs
0 0
t -1 t t -1 t
([ )" [ o ([ ) [
0 0 0 0
and find that

t =1
0, —0 = < f ffds) / fodW. 9.67)
0 0

Using representation (9.67), condition (9.66), and the Chebyshev inequality, we
obtain for € > 0 that

t =1 2
P(w: |6 —0] >¢€) <e’E ((/ fszdS) / f?de>
0 0
t 2
<€ 2cH’E ( / fde5>
0

t
= 2c%’E f flds

0
<e2cM72C%H
— 0, t— oo.

It means that 6, is a consistent estimate of parameter 6.
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Example 9.8 The least-squares estimate (9.3) is consistent, as was shown in the
previous example, but it does not explain the accuracy of these estimates. One can
modify them with the help of a specially chosen stopping times to get an estimate
with fixed accuracy. To do this, we fix a positive number H and define

t
tH=inf<t:/ fszdszH).
0

Assume fot ffds — 00 (a.s.) as t — oo to prove that
P(w: tg(w) < o00) =1.
Further, define a sequential least-squares estimate
A rH
Oy = H_I/ fidX;. (9.68)
0
It follows from (9.68) that
A TH
Efy =H—1Ef fedX;
0
TH TH
=H‘1Ef f2dso +H‘1E/ fsd W,
0 0
=H 'HO+H-0=06.

So, the estimate 6y is unbiased.
To estimate the accuracy of 0y, we use its variance:

Varfy =E(@y — 0)*

TH 2
=E (H—l / fedXg — 0)
0
T 2
_HE ( f ! fdeVS> (9.69)
0

TH
:H’ZE/ fids
0
=H - H=H"

The relation (9.69) shows that the accuracy of the estimate Oy can be controlled
with the help of the level H.
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9.4 Controlled Diffusion Processes and Applications
to Option Pricing

Suppose there is a family of diffusion processes X; = X7 satisfying a stochastic
differential equation

dX; = dX® = by(t, X¥)dt + 04 (t, X*)dW,;, Xo = x. (9.70)

Here, b, and o, are functions satisfying some reasonable conditions for existence
and uniqueness of solutions of (9.70). Parameter « is a control process adapted to
filtration (¥;);>0. Equation (9.70) is also called a stochastic control system. We will
call the process (X;) a controlled diffusion process.

For estimating the quality of control &, we introduce a function f(¢, x), (¢, x) €
R4+ x R. The process « takes values in a domain D C R. Function f can be
interpreted as the density of the value flow. Then the total value on the interval [0, #]
will be identified with fot f¥(X¢)ds, which is assumed to be well-defined.

Let us put the problem and provide some heuristic explanations of its solution
for a time homogeneous stochastic control system (9.70). Denoting

V¥ (x) = Eo.x [ / ” f“(X?‘)ds] _E, [ / ” f“(X?)ds} ,
0 0

we define the optimal control a*, if

v(x) = supv¥(x) = v**(x), x € R. (9.71)

In the theory of controlled diffusion processes, the following Hamilton-Jacobi-
Bellman principle of optimality is exploited to determine v(x) :

t
v(x) = supE, [/ FEXds + v(Xf‘)] . (9.72)
o 0

Let us explain a motivation for using (9.72). We rewrite the total value using strategy
(control) & on [0, 0co) as follows:

o t o0
/ FAX%ds = / FAX%ds + / FE(XYds. (9.73)
0 0 t

If this strategy was used only up to moment ¢, then the first term on the right-hand
side of (9.73) represents the value on the interval [0, ¢]. Suppose the controlled
process XY = X; has the value y = X, at time ¢. If we wish to continue the
control process after time ¢ with the goal of maximization of the value over the

whole time interval [0, 00), then we have to maximize E, [ fé feUx f‘)ds] , where
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« also denotes the continuation of the control process to [#, 00). Changing variable
s =t +u, u> 0, and using independence and stationarity of increments of the
Wiener process W, we obtain

Ex,/O FEXHds = v (Xy) < v(Xo).

Thus, a strategy that is optimal after time ¢ gives the average value such that

t
E. / fAXS)ds > v* (x). (9.74)
0

One can choose o5, s < f, so that the corresponding value is close enough to
the average value. Therefore, taking supremum of both sides (9.74), we arrive at
the Hamilton-Jacobi-Bellman (HJB)-principle of optimality (9.72), and we will call
v(x) the value function.

Moreover, one can rewrite (9.72) in a differential form if the value function is
smooth enough. Applying the Ito formula, we obtain

1 ,9%

X,) = lava X, |d "0 2 xaw
v( t)—v(x)+/()|: ( )+2 . —( s)i| S+/00aa( s)dW.

9.75)

Since the last term on the right-hand side of (9.75) is a martingale, we get from
(9.72) that

9 d“v
v(x) = SUpEx {/ |:_vba(xs) + = 2
o 0 ox

2 92
o
20

(X )+ fO(Xs )] ds + v(X)}
and hence

sup [Lqv(x) + f*(x)] =0, (9.76)

where Lqv = bo 3% + %633272.

Equation (9.76) is usually referred to as HJB-differential equation.

Keeping in mind an adequate application of stochastic control theory in option
pricing, we would like to reformulate it for the inhomogeneous case and for a finite
interval time [0, T']. We consider the following stochastic control system

dXs =bu(s, X5)ds + o4(s, Xs)d Wy,
X, =x, se|[t,T],

(9.77)
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where o is a D-valued adapted process. Then the optimal control problem is to
maximize (minimize) the value function

T
v (t, x) =E; [/ fe s, Xy)ds + g(XT)} ,
' (9.78)

v(t, x) =sup v*(¢, x),
o

where X; = X¢ satisfies (9.77) and function g determines the terminal value.
For system (9.77) with the value function (9.78), the corresponding HJIB-
equation is derived in the form

du(t, x)

+sup Lyv(t, x) =0,
o (9.79)

v(T,x)=gx), x eR.

Let us show how this mathematical technique works for option pricing. We start
with the Bachelier model with stochastic volatility (with interest rate r = 0):

S =So+ut+oW, te€l[0,T], (9.80)

where So, otz =02+ (=1)Nso2, §02 < o2, (Ny)i<r is a Poisson process with
intensity A > 0.

It is well-known that pricing of option with pay-off function g leads to the
interval of non-arbitrage prices of option with end points

Cy = illple*g(ST) and C* = sup E*g(S7), (9.81)
* p*

where P* runs a family of martingale measures for the model (9.80).

Number C, and C* are called (initial) lower and upper price of option,
respectively. For arbitrary time ¢ before maturity date 7', such prices are determined
as follows:

v(t, S;) =sup E*(g(S7)|¥7) and
P*

(9.82)
u(t, ) =ilgle*(g(Sr)I7‘?)-

By the Markov property of the process (X;) from (9.80) and a parametrization of
martingale measures P* = P*(a), ot,z = 02 + (=1)M 02, formulas (9.81) and
(9.82) can be rewritten as

v(t, S;) =sup E*(g(S7)|S;) and
o

(9.83)
u(t, ;) =infE*(g(S7)IS0).
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Let us consider v(t, S;) only because the case of the lower price u(z, S;) (9.83) can
be treated in the same way. Now we rewrite model (9.80) via P*() :

ds; = a(t, Sp)dw;, (9.84)

where W* is a Wiener process w.r. to P*.
According the Ito formula, we obtain

v, S 18%v(, S, (s, S
v(t, ) 4o v( l)az]dt—}-a v( t)dW*

dot, &) = [ o1 27 ox2 ox P

Hence, the equality (9.83) can be rewritten as

T 2 a2 T
v a“d‘v v .
(. 8) = supEy 5 [v(t, S;)-i—/l [ng?a?} +/t aadWs]. (9.85)

Using the martingale property of the last term of (9.85), we arrive at the equation

TTov a2 9%
0= E* — 4+ ——|ds|. 9.86
sgp rs, |:/t |:8s + 7 3x2:| s] (9.86)

Dividing both sides of (9.86) by T — ¢ and letting T — ¢, we get

@, S)  a?d%v(, S;)
0= A hANT LA LA 9.87
o [ o 2 ax? ©-87)
Similarly, we can obtain that
0 inf ult, Sy) N o? 0%u(t, S;) 0.88)
= 1n _— _ . .
o ot 2 ax2

Putting (9.87) and (9.88) into a> = 0> + (—1)M 852, we determine D = (0> —
802,02 + 802) and

v, S 10%v(, S, 92
0= U( l‘) + = U( l‘) (o_z +Sgn (a_Z(t7 St)) 60_2)
X

dt 2 9x?
ut,S) 13%u(,S) ( , 3%u )
0= ” + 3 a2 o —sgn ﬁ(t’ S)) ) do“ ).

So, we arrive at the following theorem of pricing of a call option in the model (9.80).
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Theorem 9.7 The bounds of non-arbitrage prices of a call option for anyt < T
are calculated as solutions of the HIB-equations:

dv(t, ) L1 28 v, ) | 1 1|9% 502 = 0
ot 27 T a2 2 | 9x2 (9.89)

U(T, x) = (_x - K)+7
outt,S) | 150 S)  1|%u), o
o1 2 9x2 2 |9x2 (9.90)

w(T,x)=x—-K)".

The next theorem shows how Egs. (9.89) and (9.90) can be solved approximately
by means of the small perturbations method.

Theorem 9.8 Assume that 86> << o2; then the initial upper and lower prices of
a call option with strike price K admit approximations given by the formulas

:(So—K)CD(S:;f >+ f¢< a«/_1<)+802ﬁ¢<sg:/;()9’91)

:(so—Km(ng >+ */_‘b( adf) %ﬁqs(io’:/{z;z)

where ¢ (x) = e /2 d(x) = f d(y)dy.

Proof Both formulas (9.91) and (9.92) are derived in the same way using the
method of small perturbations from the PDE theory. Deriving only (9.91), we
represent v(t, x) as follows:

v(t, x) = vo(t, x) + v1 (£, x)80% + va(t, x)(802)* + . .. (9.93)

Let us make a change of variable 6 = o2(T — t) and obtain v(¢, x) = V (8, x)
and & = 22V
ot 30

Hence, the HIB-equation (9.89) is transformed to the following one:

V. 102V 8a? |97V

90 209x2 7|5z VO =6-K. (9.94)

To solve (9.94), we rewrite (9.93) in new variables ignoring terms of the order
greater one:

V0, x) = Vo, x) + Vi(0, x)86> + o(85).. (9.95)
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Plugging (9.95) into Eq. (9.94), we get equations for Vp and V; :

vy 132V
—— = —— V5(0,x) = (x — K)T,
59 =3 522 0(0,x) = (x )
(9.96)
vy 182V1+ 1 8%V, Vi x) = 0
—_— == — == ,x)=0.
30 2 ox2 202 |ox2 | !

The first equation in (9.96) is exactly the Bachelier equation, and we know its
solution (see, for example, (9.57)). Moreover, we have for derivatives of Vj that

%—@D(X_K)Hx—m(p(x_l()L
ax NG NCRYARNG]
—I—(x—K)qb(x_K) —x—i—K:cD(x—K),

Vo Vo G
Vo _ (x—K\ 1 _
()

Therefore, the second equation in (9.96) is transformed to the next one

Vi 107V, 1 x—K
00 2 3ax2 2020 N

for which we find that V (0, x) = ML‘ZQS(G, X).
Finally, we arrive at conclusion that

So— K So— K
0 A 2 = (S — K)®
(0, So) ~ V (02T, So) = (So — K) <Gﬁ>+aﬁ¢(aﬁ)

8o So— K
+——~T¢ ( . > :
20 o \/T
which proves the formula (9.91). |
Problem 9.4 Consider the Black-Scholes model with stochastic volatility and zero

interest rate

ds; =S, (udt + o dW;), So > 0,
9.97)
02 =so* 4+ (=1)Nso?, 86 <% 1€[0,T].
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Using a similar reasoning as in Theorem 9.7, derive the following HIB-equations
for the upper and lower call option prices

1 5 ,3%  1]3%] 5. ,

— 4 0P + = | = | x%80? =0,
ar 27 e T lae| N

o(T,x) = (x = K)T;

du 1 5 ,3%u  1|3%u

g°X —

it 2 0xz  2|0x2

w(T,x)=x—-K)".

12802 = 0,

Problem 9.5 Assuming in the model (9.97) that 802 << o2, find the first-
order approximations for initial lower and upper prices C, and C* of call option,
respectively:

. InSo/K +02T/2) <lnSo/K —O’zT/2>
C* = Sy@ —K®

‘ ( oNT o T

K802 InSy/K —o2T)2

+ 53 aﬁ¢( T )
A In So/K +02T/2) (m So/K —aZT/2>
Cy = So® —K®
Fe ( oNT oNT

Kéo? InSo/K — a2T/2
_ —202 aﬁ(l) < aﬁ ) .



Chapter 10 ®
General Theory of Stochastic Processes oo
Under ““Usual Conditions”

Chapter 9 is devoted to a systematic exposition of a continuous time version
of stochastic analysis under “usual conditions” with its standard notions like a
stochastic basis, filtration, stopping times, random sets, predictable and optional
sigma-algebras, etc. It is shown how the discrete time martingale theory and a pure
continuous time theory of diffusion processes are generalized for so-called cadlag
processes. Using the predictable notion of a compensator, the fundamental Doob-
Meyer theorem is formulated for the class of sub- and supermartingales of class
D. The full version of stochastic integration of predictable processes with respect
to square-integrable martingale is developed. Moreover, different decompositions
of such martingales are proved as well as the Kunuta-Watanabe inequality. It is
shown how the theory can be extended with the help of localization procedures
(local martingales, processes with locally integrable variation, semimartingales).
The Ito formula is proved for semimartingales. Stochastic differential equations
(SDEs) with respect to semimartingales are studied including the existence and
uniqueness of solutions of such equations with the Lipschitz coefficients (see
[15, 16, 30, 32, 35, 43, 48, 51], and [52]).

10.1 Basic Elements of Martingale Theory

We will operate here with a complete probability space (2, ¥, P) equipped with a
nondecreasing family of o-algebras #; C ¥ satisfying the “usual conditions”:

M) Fs<SFr, s<t,Fr = Fre = ﬁe>07_-1‘+e~
(2) ¥, contains all the P-null sets of F.

Let us call such a stochastic basis (2, 7, (F);>0, P) standard.
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In stochastic analysis, a special place is occupied by the set of stopping times.
That is why we study this notion in a more general setting as before.
Definition 10.1 A nonnegative random variable 7 : 2 — Ry U {oo} is a stopping
time, if for any ¢ > 0,
{w:t(w) <t} eFy.
We also define a o -algebra

Fr={A € Foo =0 (Ux0F1) : AN{T <t} € 71}

as a set of all events occurred before 7.
Let us formulate some properties of stopping times (s.t.) as the following problem.
Problem 10.1

(1) If r and o are s.t.’s, then
T Vo = max{r,o}and
T Ao = min{t, o} are s.t.’s.
(2) If (t4)n=12.... is a monotone sequence of s.t.’s, then

T = lim 7, is an s.t.
n—>oo

(3) If ris an s.t., then 77 is a o -algebra.

(4) Fortwos.t’s T < o we have ¥; C ¥,.
(5) Lett beans.t.and A € ¢, then

T onA,
TA =
oo on A€

is an s.t.
(6) Let 7 be an s.t., then there exists a monotonic sequence of s.t.’s 7, > 7 such
that lim,, o 7, = 7 (a.s.).

Definition 10.2 An s.t. t is called predictable, if there exists a nondecreasing
sequence (T,)n=1,2,... of s.t.’s such that

lim =1 (a.s.), T, <7t (a.s.) on {tr > 0}.
n— o0

In this case, we say that (1,),=12,... announces t. Moreover, we denote F-_ =
o (U;’l"zl?}”) as a collection of events occurring strictly before t.
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Problem 10.2

(1) If A € F,_, then 74 is a predictable s.t.
(2) Ifa.s. o < 1, then

Fo €S Fe S Fr.
Definition 10.3 For an s.t. T, we define a subset of R x Q
[t] = ((t.w) : 1 = T(w) < o)

as the graph of .

Definition 10.4 If the graph [t] can be embedded to a countable union of graphs of
predictable s.t.’s, then an s.t. T is accessible. It means that Q2 = U, A,, and on each
element A, of such partition, 7 is announced by a sequence of s.t.’s (T, )m=1.2....
So, an s.t. T will be predictable if the sequence (T, ) can be chosen without
dependence on n.

If an s.t. T such that P(w : T = 0 < 00) = 0 for every predictable s.t. o, then t
is totally inaccessible.

Let us note that every s.t. T can be decomposed as follows. There exists a unique
(up to zero probability) set A € F; such that 74 is accessible and t4¢ is totally
inaccessible, A C {w : T(w) < 00}.

We need to connect these notion with the notion of a stochastic process. We
understand a stochastic process X = X;(w) = X (¢, w) as a mapping

X:R+XQ—>Rd.

For simplicity, we consider the case d = 1. Another stochastic process Y is a
modification of X, if for arbitrary ¢t > 0,

Plw: X; #£Y:} =0.
Two stochastic processes X and Y are indistinguishable, if
Plw: X;(w) = Y;(w) forall t} = 1.

Example 10.1 To demonstrate a difference between the notion “modification” and
“indistinguishability,” we give a standard example. Take X, := 0 and

0, t+#r,

1, t=r1,

Yt:

where an r.v. T is exponentially distributed with parameter A > 0. Then for fixed 7o,
we have P(Xy, = Yy) = P(t #19) =1, but P(X; =Y; forall ) = 0.
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Definition 10.5 If X is a measurable mapping from (R} x 2, B(R;) x F) to
R, B(R)), then such a stochastic process is measurable.

If for t € R4 an r.v. X; is F;-measurable, then the process X is adapted (to
filtration (%;)).

For each ¢+ > 0, we can consider a restriction of X to the set [0, ] x 2. If such
restriction is B([0, ¢]) x F;-measurable, then the process X is called progressively
measurable. A family of sets A € R x 2 such that the indicator process X (f, w) =
14(t, w) is progressively measurable is a o-algebra of progressively measurable
set I1.

In the case of a progressively measurable process X, we have the following
important property: X; is ¥r-measurable for any s.t. T, where Xo, must be Foo-
measurable .

Let us note that for any progressively measurable set A, a random variable

Dj(w) = inf{t : (1, w) € A};

D4 (w) = oo if the set {-} = @ is a stopping time which is called the debut of A.

One can note that every adapted and measurable process X admits a progres-
sively measurable modification. It is convenient to operate with a stochastic process
X, almost all trajectories of which are right-continuous and admit left limits at
each time. Such processes are called cadlag. It turns out that such adapted cadlag
process X is progressively measurable. This fact follows from the next standard
considerations. For t > O,n = 1,2,..., i = 0,1,...,2" — 1,5 < ¢, we put
X (@) = Xo(o):

it i+1
X @) = X @ for 7 <5 < = oy

According to (10.1), we get X ™) which is B(0, r) x F;-measurbale, and by the
right continuity lim,_, X§n)(a)) = Xs(w) for (s,w) € [0,7] x Q. Hence, X is
progressively measurable.

Further, define the random variables

710=0, t1,1 =inf(t > 0: |AX;| > 1), T12 =1inf(t > 711 : |AX | > 1), ...

1
<|AX) < ——]),...,
k—1
(10.2)

. 1
%o0=0,..., Ty = inf (t > Tpp—1 ! %

where as usual AX; = X; — X;_.
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These random variables are stopping times because (X;) and (X;_) are progres-
sively measurable. Moreover, the set

U={(t o) : AX/(®0) # 0} C Ugz1n>1[Tk,n]

and even can be embedded to the union of graphs [o,] and [t,], where (o,,) are
predictable s.t.’s, (1,,) are totally inaccessible s.t.’s such that P (o, = 0, < 00) =0
and P(t, =1, <00) =0, n#m.

Besides IT, we need to introduce two additional o -algebras on the space [0, 00) x
2. We shall do it with the help of the notion of stochastic intervals. These are
examples of random set related to the stopping times o and 7 :

lo.t[={(t, 0) : 0() <t < T(w)},

[o, 7] ={(t,w) : 0(w) <t < T(w) < 00},

and so on, and also their graphs [o] = [0, o], [t] = [z, t]-
The filtration (F;);>0 induces in [0, c0) x €2 besides II the predictable and the
optional o-algebras P and O :

P =0{[04], [0, 7] : A € Fo, risans.t.}, [04] = {0} x A,

O =o{[0, t[: t is an s.t.}.

The processes which are measurable w.r. to P (respectively, O) are called predictable
(optional).

Problem 10.3 Let (7;) be a nondecreasing sequence of s.t.’s and bounded random
functions ¢; and ¢; be Fo and ¥, -measurable, respectively. Define a stochastic
process

n—1

X (@)$§(@) 0y (1) + D $i(@) g, 1,1t @) (10.3)

i=0
Prove that P is generated by all processes of type (10.3).

Remark 10.1 One can prove that P is generated by processes of type (10.3) with
deterministic t; = t;. Moreover, P is generated by all left-continuous (continuous)
adapted processes.

It is clear that for the left-continuous process X and a predictable s.t. T X; I{; <o0)-
F._-measurable, and therefore such a statement will be true for all predictable
processes and times.

Remark 10.2 If A is a predictable set (A € P), then its debut is an s.t. Moreover,
D, is predictable and A \ [Dy, oof€ P, if [D4] € A.
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L
=1)°

for an adapted predictable process X (see (10.2)) they are predictable, U =
Un>1k=1[Tk.n], and X, ,-F, ,—-measurable, according to Remark 10.1.

Remark 10.3 As far as the times i, of the n-th jump of size |AX;| € [%,

To go further, we will study two classes of stochastic processes: processes with finite
variation and martingales.

Definition 10.6

(1) The process A = (A;)s>0 1S increasing, if Ao = 0 (a.s.), adapted and cadlag,
Ay < A; (as) fors <t.

(2) The process B = (B;);>0 is the process with finite variation, if By = 0 (a.s.),
adapted and cadlag; for each w € 2 the trajectory B.(w) has finite variation on
each compact interval.

Each process with finite variation can be decomposed into difference of two
increasing processes and vice versa. For any bounded (nonnegative) Borel function
f(s), one can define the Lebesgue-Stieltjes integral fot f(s)dBs(w). We denote

fot f(s)|dBy| as the integral of f under the variation of B, and fot |d Bs| will be
equal to the variation of B on [0, ¢].

Definition 10.7 We call an increasing process A integrable if E fé dAs < 00. Sim-
ilarly, a process B has integrable variation if E fooo |d Bg| < oo. The corresponding
classes of such processes are denoted by AT and A.

The process B with finite variation can be decomposed as follows:

B, = Bf + ) _AB;, (10.4)

s<t

IA

where B¢ is a continuous process with finite variation and )  _, |AB|
5 1dBy| < <.

Moreover, in decomposition (10.4), its discontinuous part ZKI AB;, =
Zn>1 ABy, Iz, <;y with some sequence of s.t’s (7;),>1. If the pr(_)cess B is
predictable, then 7, are predictable too, and AB; — ¥,_-measurable. Hence,
any predictable process with finite variation admits the form (10.4) as

B, =Bf + Y ¢uliz,<i). (10.5)

n>1

where ¢, — Fr, —-measurable and - |¢n|l{z,<s) exist forall # € R

In fact, if B satisfies (10.5), then it is a predictable process with finite variation.
Definition 10.8 A martingale is an adapted integrable process M = (M;);>o such
that

E(M:|Fs) = M (a.s.) forallt >s > 0. (10.6)
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tL)

If in (10.6) the “=" is changed by “>" (respectively, “<”), then we have a
submartingale (supermartingale).

Without loss of generality, we can always count these processes cadlag, because
under “usual conditions,” every submartingale admits the right-continuous modifi-
cation if and only if its expected value is right-continuous.

We can transform any martingale (M;);>0 to a submartingale (¢ (M;));>0 with
the help of a convex function ¢ such that E|¢ (M;)| < oo, t € Ry, using Jensen’s
inequality.

As in discrete time, we can define for the given process X = (X;);>0 the
following notions. Let a < b be real numbers and F be a finite subset of R . For
each (restricted to F) trajectory of process (X;(w));>0, one can define the number
of upcrossings Ur(a, b, X.(w)) of the interval [a, b]. To do it, we take

T1(w) =inf(t € F : Xy(w) <a)andfor j =1,2,...
oj(w)=inf(t € F :t > 1j(w), X;(w) > b),
Tir1(w) =inf(t € F 1 t > 0j(w), X;(w) < a)

and define Uf(a, b, X.(w)) the largest j such that o;(w) < oo.
For an infinite set G € R, one can define

Ug(a,b, X.(w)) = sup{Ur(a, b, X.(w)) : F € G, F is finite}.

Let us formulate the following Doob inequalities for continuous time submartin-
gales.

Theorem 10.1 Assume X = (X;);>0 is a submartingale, [t1, 2] € R4, A > 0.
Then

EX;
(1) P{o:sup, <<, Xy = A} < =2,
. EX;;EX,I
(2) P {(z) . lnftlSISIZ X[ < —)\.} < -

;
(3) EUy, 11(a, b, X.(w)) < w
' —a

(4) E(sup, -, X;)" < (%) EX?, p>1,
for a nonnegative (X;) with EX' < oo.

The derivation of inequalities of the above theorem is based on limiting arguments,
right-continuity of X, and discrete time versions of these results.
Let us pay attention to other important results of martingale theory.

Theorem 10.2 If X = (X,);>0 is a submartingale with sup, EX,Jr < 00, then
there exists an rv. Xoo — Foo-measurable and integrable such that X (w) =
lim; oo X;(w) (a.s.).
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Proof Forn =1,2,...and a < b € R, we have from Theorem 9.1 that

EX’
EUon(a, b, X.()) < b—““' (10.7)
Taking the limit as n — oo in (10.7), we get
sup, EX;| + |a|
EUjp,o[(a. b, X (0)) £ —————. (10.8)

b—a

Denote Asp = {w : Up,o0)(a, b, X.(w)) = oo} and find from (10.8) that
P(Aqp) = 0. Hence, P(A) = P(Ug peqAa,p) = 0. The set A contains the set
{w : limsup,_, o, X;(w) > liminf; o X;(w)}.

Now, for w € Q \ A, there exists

Xoo(w) = tl_i}go X (w) (a.s.)

By E|X,| = 2EX;" —EX, < 2sup, EX;" — EX and Fatou’s lemma, we obtain that
E|Xo0| < 0o. o

Corollary 10.1 Let X = (X;);>0 be a martingale. Then the following statements
are equivalent:

(1) (Xi)i>0 is uniformly integrable.
(2) X; convergesto X in L.
(3) There exists Xoo € L' such that X = EXwo|F?).

Corollary 10.2 Let X = (X;)t>0 be a nonnegative supermartingale. Then there
exists an integrable rv. Xoo = limy_, oo X; (a.s.).

Corollary 10.3 Let X = (X/)ic[0,00] be a submartingale on extended real line
R4 U {oo}. Then for stopping times, 0 < t

E(X:|F5) = Xs(a.s.) (10.9)

Proof Consider the following sequence of discrete stopping times:

o(w), o =00,
on(®) =14, k=1 _
5 T So(w) <5

Similar sequence is constructed for t, and by construction and conditions of the
theorem, 0, < 1,, n =1,2,.... Applying (10.9) with o,, and 7,,, we derive (10.9)
by taking the limit as n — oo. O
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Corollary 10.4 Let X = (X;);>0 be a submartingale and o < T be stopping times.
Then

(1) (Xzar)i=0 is a submartingale w.r.to (¥;).
(2) E(Xinr|Fo) = Xoar (a.s.) forallt > 0.

Corollary 10.5 If M = (M;);>0 is a uniformly integrable martingale and T is a
predictable stopping time, then E(AM;|F7_) = 0.

To prove it, we consider a sequence of stopping times (7,),=1,2,... announcing t.
Applying Theorem 10.2 to this sequence, we get M, = E(M«|F7,) = E(M.|F=,).
Taking the limit in this equality, we obtain (a.s.):

M;_ = lim M, = lim E(M.|%;,) = E(M;|%_).
n— o0 n—od

Denote by M the class of uniformly integrable martingales.

Assume M € Mand A € A*; then the process X = M — A is a supermartingale,
satisfying the condition (D), i.e., the class of random variables {X; Iz <o) : T iSan
s.t.} is uniformly integrable. Hence, such a construction leads to a supermartingale
X € D. The inverse statement is the famous Meyer’s theorem:

Any supermartingale X € D admits the following decomposition of Doob-
Meyer: fort > 0 (a.s.),

X =M; — Ay, (10.10)

where M € M and A is a predictable process from A*. The decomposition (10.10)
is unique in the class of predictable increasing processes.

Remark 10.4 If a supermartingale X € D and B is the predictable increasing
process from the Doob-Meyer decomposition, then we can calculate the jumps of
B as follows. First of all, the moments of jumps of B are predictable. For any such
a moment t, we can apply Corollary 10.4 with the uniformly integrable martingale
X = M + B and get

0=E(AM:|Fr-) = E(AX: + AB{|F7-) = E(AX{|F:-) + AB,

and hence AB; = —E(AX;|F7;-).

Let us note that for every A € AT, the process (—A) is a supermartingale of class
(D).

Applying to (—A) its Doob-Meyer decomposition, we find a unique predictable
process B € A" such that B — A € M.

Definition 10.9 The process B is called the compensator of A.

These considerations can be extended to the class V of processes with integrable
variation. Let A € V, then there exists a unique predictable process B € V with
the property B — A € M. We will call B the compensator of A.
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Remark 10.5

(a) If 7 is a totally inaccessible stopping time and ¢ is an integrable ¥+ -measurable
function, then the compensator of A; = ¢1li-<s is a continuous process from
class V.

(b) If 7 is predictable and ¢ is an integrable ¥;-measurable function, then the
compensator of A; = ¢liz<;y is the process B; = E(¢|F7-) [1r<s)-

The rest of this section is devoted to square-integrable martingales.

Definition 10.10 A martingale M is square integrable if sup, EMt2 < 00. The class
of such martingales is denoted of M.

We count some properties of such martingales in the following theorem.
Theorem 10.3 Let M € M?; then the next properties are fulfilled:

(1) (M,z)tzo is a submartingale.

(2) There exists Moo = lim;_, oo My (a.s.) and in L2

(3) Esup, M? < 4sup, EM? = 4EM2..

(4) EY ,(AM,)? <liminfy - ;) EY (M, — M,_,)*> = EM2 < oo.

Proof Statements (1)—(3) come from Jensen’s inequality and Theorems 10.1
and 10.2. The last one 4) follows from the Fatou lemma, where liminf is provided
via directed sets if subdivisions (1] < ... < t;;). a

Let us note that by the Doob inequality, M? is a submartingale from class (D), and
hence by the Doob-Meyer decomposition, there exists a unique predictable A € AT
such that M2 — A e M.

The process A is denoted by (M, M) and is called a quadratic characteristic
(compensator) of M € M.

Remark 10.6 We can cover the jumps of M € M? by a sequence of predictable
s.t.’s (Tn)n=12,... and a sequence of totally inaccessible s.t.’s (0,),=12....

For each n = 1,2,... we define processes C}' = AM;, I{,<;) and D} =
AMo, I, <)

By Remark 10.5 in the case of C;', we have E(AMy,|F,-)iz,<ry = 0 -
Iiz,<ny = 0, and hence it is a square integrable martingale. Another process D}
has a compensator D?*, which is a continuous process with integrable variation. So,
D} = D! — D! e Mand AD? = AM,,.

To investigate the structure of class Mz, we need several auxiliary facts, which
we formulate as Lemmas.

Lemma 10.1 Let A and B € A, A — B be a martingale, and ¢ be a bounded
(nonnegative) predictable function. Then

E/oo ¢sd(A — B); = 0. (10.11)
0
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Proof 1tis clear that relation (10.11) is fulfilled for the step function (see (10.3) and
Remark 10.1)

n—1
¢ = ¢(0) = BIG + Y i (@) ;.10
i=0
and extension to predictable bounded functions is straightforward. O

Lemma 10.2 If a : Ry — Ry is the right-continuous increasing function,
a(0) =0, and c(s) = inf(z : a(t) > s), then c(s) is the increasing right-continuous
satisfying the equality

/0 f()da(s) = /0 FeE) Te(s)<s)ds (10.12)

for any bounded (nonnegative) measurable function f.
Again, the proof is standard. We check (10.12) for f(s) = I(,;)(s) and so on.

Lemma 10.3 For any bounded martingale M and process A € A, the following
equality is true:

o
EAcoMs = E/ M,dAs,. (10.13)
0

Proof Using (10.12) with A and ¢, we obtain (10.13) from the following chain of
equalities:

00 o
E/ MrdAs ZEf MCsI{Cs<00}dS
0 0
o0
:/ EMCSI{CS<OO}dS
0
oo
:/ E(MQOI{CS<OO}) ds
0
o
=E/ Mool{cx<oo}ds
0

o
—E / Mood Ay
0
—EMsod Ace.

O

The claim of the next Lemma was proved before for discrete time martingales.
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Lemma 10.4 Let (L;):c[0,00] be an uniformly integrable process, Lo = 0. If
EL, = 0 for any stopping time o, then L is a martingale.

Proof We define an s.t.

t onA,
o =
oo on A€,

where A is a fixed set from #;. Then we obtain that [, L;dP + [,c Locd P = 0,
which can be transformed for ¢ = oo to the equality [, Lood P + [, Lood P, i.e.,
(Ly) is a martingale. O

Lemma 10.5 For M € M? and any predictable s.t. T, the process AC; =
AM:Ijz<y € M2, and for any N € Mz, the process

Lt == CtNt - ACtANtI{‘[SI} € M

Proof The first claim follows from Remark 10.6. Further, for the process (L;), we
have

sup |L;| < sup|C;|sup |N;| + |AC||AN,| € L',
t t t
and for any s.t. 0 and N;r, = N/ by Lemma 10.3

o0
EC NN =EC,N, =E / N?dC; = EN? AC,
0
=EAN? AC; = EAN; AC; Ijp<).

where the equality EN:_AC, = E [N;_E(AC,7 |7—}7)] = 0 was used. We arrive at
the conclusion that EL; = 0O for any s.t. 7. Now the claim follows from Lemma 10.4.
O

Lemma 10.6 Let M € M? and o be a totally inaccessible s.t. Let D; = AMy I(4)
with compensator l~)t and ﬁt = D; — Dt. Then:

(1) The process D e M? and Eﬁgo < 5SE(AM,)3.
(2) Forany N € M2, the process

L[ = D[Nt - ADO-ANUI{O-ft} (S M
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Proof

(1) It is sufficient to consider D; = ¢I(;<;) with nonnegative function ¢, F,-
measurable and from L?. Otherwise, one can consider separately AM} and
AM_ . For function |¢| < a, we have

[ee] t
EDZ, :ZE/ DydDg = ZE/ D,d Dy
0 0

0
§2E/ DoodDs = 2E¢ Doy < 2aEDq < 00,
0

where the formula f2(c0) = 2f0°° f(s)df (s) is used. Hence, Doo € L% and
Eﬁgo < 2E¢Dy, < 2||¢||L2||Doo||L2 and Eﬁgo < 4E¢? for a nonnegative
bounded function ¢.

In general case, we consider ¢" = ¢ A n and processes D! and D! =
¢" 116 <y. Similarly, D? i Dt" is the compensator of the increasing continuous
process; we have

E(D%)* < 4E(¢")? < 4E¢” < 0. (10.14)

The nondecreasing sequence Dgo converges, and according to (10.14), the
limit Bo, will be in L2, as in case B, = lim, ﬁ;’. Each sample function ﬁ;’ (w)
converges to B;(w) uniformly, as 0 < D? — D;l < D’gj _ ﬁgo Hence, the
process B, is continuous, and by taking the limit in L' in the equality E(D! —
l~)f|7-}) = D} — ﬁ?, s < t, we arrive at the conclusion that D, — B; € M.
Therefore, B; = 13,, and Elago = EBgO < 4E¢>2 < oo and the martingale
D=D-De M.
(2) As in Lemma 10.5, the process L is uniformly integrable. Taking a stopping
time t and applying Lemma 10.3 to D and N7, we obtain

oo o0
E(D; — D;)N; =E U NFd(D — b),] =ENIAD, — E/ NdD,
0 0
0 ~
=EN!AD, —E U Nf_dD,] =E[AN;ADgIi5<y] .
0

Finally, applying Lemma 10.4, we show that L is a martingale. O

Definition 10.11 A martingale M € M is called purely discontinuous, if My = 0,
and if for any continuous martingale N € M2, their product M - N is a martingale.

Let us denote M> and M>? subclasses of M? of continuous and purely discon-
tinuous martingales. Now we are ready to formulate the key theorem for square
integrable martingales.
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Theorem 10.4 Any martingale M € M admits the following unique decomposi-
tion:

M =M+ M, (10.15)

where M€ € M>€ and M9 € M>“.

Let us call M€ in (10.15) the continuous part of M and M¢ the compensated
sum of the jumps of M or the purely discontinuous part of M.

Proof Using Remark 10.6 with Lemmas 10.5 and 10.6, we can see that
c'D", C"D™, C"C™,D"D™ (m # m) are martingales. Denote for N =

1,2,..., YN = YV ¢7 + 3V D" and find from Lemmas 10.5 and 10.6 that
for N < N’
N’ N’
EYY Y8 =E| ) (CL)* + ) (DL
N+1 N+l
N/
<sE| Y ((AMTn)Z + (AM(,”)2> . (10.16)
N+1

It follows from (10.16) and Theorem 9.4 that

N/
Esup(v) — ¥ <SE| 3 ((AM5)? + (AM,,)?)
t
N+1
It implies ) E sup, |Y,N+l - Y,le < oo for some subsequence (YV), which we

denoted by YV again. By the Borel-Cantelli lemma, there exists ¥; = limy Y,N
(a.s.) uniformly over ¢, and it is a limit in L2 too. So, the process ¥; is cadlag with
the same jumps as M, and Y € M2, O

Now for a continuous martingale X € M2, the process XYV is a martingale by
Lemmas 10.5 and 10.6. The convergence Y;" to Y, in L? implies a convergence
X,YN to X,Y, in L'. Hence, it is a martingale, and M? = Y is a purely
discontinuous martingale. Finally, M¢ = M — M? is a continuous martingale, and
we get (10.15).

To prove the uniqueness of such decomposition, we assume that there are two
decompositions M = M + MY = M¢ + MY, and M€ — M¢ = MY — M9 is
continuous and purely discontinuous. Hence, (M,d — M,d)z = E(Mg —MH2 =0
forallz > 0.

Definition 10.12 Let M ¢ Mz, My = 0, M€ and M4 are its continuous and
purely discontinuous parts of M. Define [M, M]; = (M°, M), + ngt(AMS)2
and call it a quadratic brackets of M.
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We can note that (Mf)z— (M€, M€);, (Mfl)z—zsfl(AMs)2 and M<M< belong
to M. Hence, M? — [M, M] € M, and (M, M) is the compensator of [M, M].

Remark 10.7 If My # 0, then we can think of M as the jump of M at¢t = 0 and
define

[M, M] = (M€ — My, M — Mo) + M + Z(AMS)Z.

s<t

Remark 10.8 Let us list some properties such as quadratic characteristics of square
integrable martingales.

Define for M,N € M, My, N0 = 0, their joint quadratic characteristics
(brackets, compensators):

(M,N); = ((M+N,M+N) —(M,M); —(N,N);),

[M,N];=-(M+N,M+ N — [M,M]; — [N, N]).

= N =

(1) The process (M, N) is the unique predictable process such that MN —(M, N) €
M.

(2) For any stopping time t, we have
(M*,N)=(M,N") = (M*,N%) = (M, N)",

and similar equalities are true for the quadratic brackets.
(3) [M,N]= (M, N) + Y, _, AM;AN;.
(4 MN —[M,N]le M.

Analyzing class M of square integrable martingales, we observe that a Wiener
process W does not belong to M, because EW,2 =1t —> ooast — oo. In the
next section, it will be shown how to extend M to include this key process to a
bigger class for which a very nice theory can be developed.

10.2 Extension of Martingale Theory by Localization
of Stochastic Processes

We start with the following localization procedure. Let H be a class of stochastic
processes X = (X;);>0. Define Hj,. the set of stochastic processes ¥ = (¥)s>0
such that for each of them, we can find a sequence of stopping times t, 1 co, n —
oo, such that the process Y™ = (Yiar,)i>0 is in H for any n = 1,2, .... The
sequence (7,;)n=12.... is called localizing (fundamental) for the process Y. For

yees
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example, in the case of classes M;,. and M,zvc, we will call the corresponding
processes local martingales and locally square-integrable martingales.

Definition 10.13 We say that an s.t. T reduces M € M, if MT € M.
Problem 10.4 Prove that for M € M;,., the following statements are true:

(1) Ans.t.o reduces M < M? € D.
(2) If ans.t. T reduces M and an s.t. 0 < 7, then o reduces M.
(3) If s.t’s o and t reduce M, then max(o, ) = o V T reduces M.

Hint: to prove (3), one can use the equality
MUV‘[ — MO’ +M‘E _ MO’/\‘[‘

The next theorem shows that the localization does not expand the class of local
martingales.

Theorem 10.5 If M is locally a local martingale, then M is a local martingale.

Proof Denote alocalizing sequence (t,),=1,2,... such that M ™ is a local martingale.
Denote by R the set of all stopping times t reducing M, and y = esssupreR)T.
There exists a sequence o, € R, which converges to y almost surely. Let us make
the sequence (0y),=1,2,... nondecreasing with the help of (3) of Problem 10.4. By
definition, y majorates 7, — oo (n — 00), and, hence, y = oo (a.s.), and (0),>1
is fundamental for M. m|

Problem 10.5

(1) Let B be a process with locally integrable variation, i.e., B € Aj,.. Prove that
there exists a unique predictable process A € Aj,e such that B — A € M,,.
We call A a compensator of B.

(2) Prove that the predictable process B with finite variation has a locally bounded
variation.

(3) A process with finite variation has a compensator <> its variation is locally
integrable.

Remark 10.9 There is a simple way to check that the variation is locally integrable.
Namely, if for the process A with finite variation there exists a localizing sequence
(ta) such that Esup,_, |[AAs| < oo, n = 1,2,..., then the variation of A is
locally integrable. To verify this test, we define a sequence of s.t.’s

t
anzrnAinf<t:/ |dAS|zn>,n=1,2,...
0

and find that

S=T,

/ ldAs| < n+|AA,,| <n+ sup |AAg| € L.
[[O,U,,
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The next result plays a key role in many constructions for local martingales. That
is why it is called a fundamental lemma in the literature.

Lemma 10.7 Let M € M,,., then

(1) M = sup,, M| € A,
(2) Mt = Ul + V[, where U € Mloc: |AU{| < l,t > O, Ve M[()C nuY.

Proof

(1) Take a localizing sequence of s.t.’s (0)n=1,2,... for M, and make elements of
this sequence finite as follows 0, — o, An,n = 1,2, .... Further, define s.t.’s

op = oy ANinf{t : [ M| > n} <o,, n=1,2,...,

and obtain that M5, is integrable by the uniform integrability of (Mg, As)r>0. On
stochastic interval [0, 6, [, we have |M;| < n, and M < n+|Ms,| belongs

to L'. Hence, (M[)s>0 is locally integrable.
(2) Denote (A;) = D ., AM;I{jam,|>1/2), Which is finite for almost all w. Using
this process and (6,,), we define a new sequence of s.t.’s

t
T =6n/\inf{t:/ |dAs| >n} <o, n=1,2,....
0
It is a localizing sequence such that
/ [dA;| <n+|AAg,| <n+2MF e L'
10,7,

Therefore, there is a compensator B for A, and V = A— B € M;,.NV. Because of
predictability of B, its jumps happen at predictable times t only. Stopping processes
by sequence G,,, we get now

|AB%| = (E (AAfnw—;,)‘
= ‘E (AMf” - AM?"I{|AMT|<1/2}|7‘}—)‘ <0+1/2.
Hence, the jumps of U; = M; — V; verify the following inequalities:
AU < |AM — A)/| +|AB;| < 1.

Moreover, the sequence of stopping times defined as 7, = inf{r : [U; > n} is
localizing, and|U,T”| <n+1l,n=12,.... m]
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Below, we use this fundamental lemma to prove a decomposition of any
local martingale into the sum of continuous and purely discontinuous if for any
continuous local martingale N € M,, their product MN € M,c.

Lemma 10.8 Let M € M, N V. Then:

(1) V; Zs <t AM; is a process with locally integrable variation and M; = V; —
V,, t > 0.

(2) For any bounded continuous martingale N, the product MN € M.

Proof By Lemma 10.7, the process M} € ﬂltc. By Remark 10.9, the variation

of the process V is locally integrable. Therefore, there is a compensator V for V,

and the local martingale M — (V — ‘7) is continuous, and its variation is locally

integrable according to Lemma 10.7 and Remark 10.9. It means M — (V — V)

admlts a compensator, but by the continuity of M — (V — V), it has to be zero as
—(V=V) € M. Asaresul, M =V — V.

(2) Let N be a bounded continuous martingale and let the variations of V and V be
already integrable (otherwise, we can choose a localizing sequence of s.t.’s and
work with stopped processes). For an s.t. T with the help of Lemmas 10.1 and
10.3, we obtain

EM.N; =EM,,N, _E/ NTdM,

—Ef N dvg — / N dVS
:E/ NdeS—E/ NTdV,
0 0

By Lemma 10.4, we arrive at the conclusion that M N is a martingale. O

Theorem 10.6 Let M € M,,.; then
M; = M¢ + M?, (10.17)

where M€ € M;,. (continuous local martingales) and M? e Mfoc (a class of
purely discontinuous local martingales). The decomposition (10.17) is unique.

Proof According to the fundamental lemma, we represent M = N + U with a
locally bounded local martingale N and a martingale with finite variation U. Taking
a localizing sequence of s.t.’s (t,), we get N™ as a bounded martingale for each
n = 1,2,.... Applying Theorem 10.5, we obtain N™ = (N™)¢ 4 (Nrn)d, and
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using the uniqueness of such decomposition, we obtain that (N™)¢ = (N™+1)¢ on
[0, 7,]. Now putting

00
N¢ = Z(Nrn)cl]]fnfl,fn]] ,

n=1

we get a continuous local martingale and a purely discontinuous local martingale
N4 = N — N€. As a result, we arrive at the following decomposition M = N°¢ +
(NY+U), where N? 4+ U is a purely discontinuous local martingale by Lemma 10.8.

As far as the uniqueness of (10.17) is concerned, we can assume that M = X 4
X4 = M€ + M?. Then the equality M° — X¢ = X¢ — M? leads to conclusion that
locally M¢ — X¢ = X4 — M? = 0 by Theorem 10.5. O

Remark 10.10 For M € M € M2, , we can apply the Doob-Meyer decomposition
(for M?) locally and construct its compensator (M, M) € A ., whichis predictable
and M? — (M, M) € Mjoc. In particular, such compensator is well-defined for any
continuous local martingale because M;j,. < M120c~

The exact extension of this approach to the whole class of local martingales
is not possible. Nevertheless, one can define for M € M;,. a similar quadratic
characterization [M, M] as follows:

[M, M1, = (M, M), + ) _(AM,)?,

s<t

where M€ is a continuous part of M.

The formula (10.2) shows that the process [M, M] is increasing, M 2_[M,M]e
Mioc, but it is not predictable anymore.

To provide the correctness of the definition of process [M, M] by formula (10.2),
we need to prove that ) . _, (AM;)? converges for all .

Again, we use the fundamental lemma to represent M = U + V. Further,
> < |AVq| converges, and therefore ), [AV; |2 converges too. Taking a localiz-
ing sequence (t,) for U, we obtain that E>_
w,

s<t, |AUs|?> < oo, and for almost all

DUIAM <2 Y AU +2 ) AV

S<1, S<T1, S<1,

converges.
Let us join together classes of local martingales and processes with finite
variation to create a bigger family of stochastic processes.

Definition 10.14 A process X is called a semimartingale, if
X=Xo+M+A, (10.18)

where X is a Fo-measurable r.v., M € M;,., A € V.



174 10 General Theory of Stochastic Processes Under “Usual Conditions”

The next auxiliary result explains when the semimartingale admits a unique
representation in its definition.

Lemma 10.9 Assume X is a semimartingale with bounded jumps |AX;| < a < oo.
Then X can be represented in a unique way as

X=Xo+M+A, (10.19)

where X is an Fo-measurable r.v., M € Mi,., A is a predictable process with finite
variation.

Proof Let us write the semimartingale X = Xo+ N+ B with N € Mj,. and B € V
and with the uniquely defined r.v. Xo-Fo-measurable. We can estimate the jumps of
B as follows:

|AB;| < |AN{| + |AX/| 2N/ +a, t > 0.
t

O

So, the increasing process Y; = sup,, |[ABy| € 3{;;6, and by Remark 10.9, the
variation of B is also locally integrable, and, hence, there exists its compensator A.
Letusput M = N+ B — A € M, and find that X = Xo+ M + A. If there are two
representations (10.19) for X = Xo+ M +A = Xo+M'+ A’, then A— A" € My,
and therefore A’ is a compensator of A and by predictability A = A’.

Now we are ready to prove that the class of semimartingales cannot be extended
by localization procedures.

Theorem 10.7 Any stochastic process X which is locally a semimartingale is a
semimartingale.

Proof Denote by (1,),=1,2.... a localizing sequence of stopping times, i.e., X is a
semimartingale for each n = 1,2, ... Define the process ¥; = Y ., AXI{ax,|>1
and note that ¥ has finite variation. Therefore, the difference X™ — Y™ is a
semimartingale with jumps bounded by one. Let us use Lemma 10.9 and write the
unique representation X — Y™ = Xo4+M®™ + A®™ with M®™ e M;,., AW eV
and predictable. Further, using the uniqueness of such representation, we obtain on
[0.7,] that

AW — A0+D g0 g — p@+D.

So, we get the processes A = ), A(”)Iﬂfnfl’rn]] andM =), M(n)l]]fn—l’fn]]' o

The process A is predictable process with finite variation, M is locally a local
martingale, and according to Theorem 10.6, it belongs to class Mj,.. As a result,
we conclude that X is a semimartingale.

Another result of this type is presented in the following theorem.
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Theorem 10.8 Ler X be a cadlag adapted process, and there exists a sequence of
5.t.’s (t,) and a sequence of semimartingales Y such that:

(1) lim,_ 00 T = 00 (a.s.).
(2) X = Y(”) on [[0, Tn[[s n = ]’2,”“

Then X is a semimartingale.

Proof Foreachn =1,2,... we have
Xt/\fn = Yt(/l\l‘)[n - Y‘[(:)I{fnfl} + th I{TNSt}’

and therefore X™ is a semimartingale. Now, if we can transform (z,) to an
increasing sequence, then we prove a semimartingale property of X according to
Theorem 10.8. The trick to make it is standard. If T and o are s.t’s, and X¢ and
X7 are semimartingales, then X°"* and X°V® = X% + X" — X7 are both
semimartingales too. O

Representation (10.18) for a semimartingale X may not be unique. Nevertheless,
there is a continuous martingale component of X which does not depend on such
representation. It gives a possibility to define a quadratic bracket of X that is a
very helpful characteristic and tool for semimartingales. It is provided by the next
theorem.

Theorem 10.9 Ler X be a semimartingale with representation (10.18).
Then:

(1) M€ in (10.18) does not depend on the particular representation (10.18).
(2) X:Sﬁ(AXS)2 converges a.s. forall t > 0.

Proof (1)Indeed,if X = Xo+M+A=Xo+N+BwithM,N € My, A, B €
V, then the difference M — N € M, NV, and according to Lemma 10.8, M — N
is purely discontinuous and (M — N)¢ = 0. Therefore, M¢ = N€, and we denote
this component X¢ and call it the continuous local martingale part of X. The proof
of (2) is provided in the same way as for local martingales. O

Definition 10.15 Let X be a semimartingale. Then the increasing process

[X, X = (X<, X) + ) (AX)?, 120 (10.20)

s<t

is well-defined and is called the quadratic bracket of X. If we have another
semimartingale Y = (¥;);>0, we can define a joint bracket

[X. Y] = (X9, Y) + ) AX AY, (10.21)

s<t

with similar properties.
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Example 10.2 Let X be a supermartingale, then it is a semimartingale. To show it,
we use Lemma 10.9. We consider the stepped supermartingale X} = X;x,, n =
1,2, ..., which can be represented as follows:

Xi =EXulF) + X{ — E(Xa|F1) = E(XalF2) + Zs,

where Z is a nonnegative supermartingale. For arbitrary s.t. o, we obtain E|Z,| <
00. Moreover, define s.t.’s

1, = inf(s : Z > n) An, Z] =sup|Z|

s<t

and on [o, 7,], we have Z* < n +|Z,,| € L', which certifies that Z € D, and
by the Doob-Meyer decomposition, (10.10) can be rewritten as Z = M — A with
a martingale M and a predictable process A with finite variation. Hence, Z is a
semimartingale, and X is also a semimartingale.

Example 10.3 Assume X is a cadlag process with independent increments. Then
Z; = Zs < AX I{ax,>1) is the process with independent increments and with
finite variation. Define ¥ = X — Z and observe that it has jumps bounded by one,
and again, the process with independent increments. Hence, Y; —EY; is a martingale,
and we arrive at the conclusion: X is a semimartingale if and only if EY; has the
finite variation.

Example 10.4 Let X be an integrable right-continuous adapted process defined on
[0, oo]. We call it a quasimartingale on [0, oo], if

n

Var(X) = sup E Z |E(X,., — X4 |F)] | < o0
0<tp<...<t, <00 0

The quasimartingale X admits the Fisk decomposition X = M + Y — Z, where M

is a martingale, and Y and Z are nonnegative supermartingales on [0, co]. Hence, it

is a semimartingale.

Now we will discuss the question about semimartingales and change of equiva-
lent probability measures.

Theorem 10.10 If P and Q are equivalent probability measures on a measurable
space (2, F), then each semimartingale with respect to P will be a semimartingale
w.r. to Q.

Proof is based on the following lemmas.

Lemma 10.10 Let N be a positive local martingale w.r. to Q. Then N™' is a
semimartingale w.r. to Q.

Proof If N, > a > 0, then Nt_1 < a~!, and therefore EN,_1 < 00, t > 0. Note
that x~! is convex. By the Jensen inequality, N,_1 will be a submartingale, and,
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hence, it is a semimartingale w.r. to Q by Example 10.2. In the general case, we
consider a sequence of convex functions f,(x) such that f,(x) = )% on [1/n, 00)
and [0, 1/n] the graph of f, is the tangent to the curve y = 1/x at the point 1/n.
For each + > 0, we have Ef,,(N;) < oo, which implies that ¥, = f,(N) is a

submartingale w.r. to Q foreachn = 1,2, .... Taking s.t.”s 7, = inf(¢ : N; < 1/n),
we get a localizing sequence such that ¥, = 1/N on [0, 7,]. So, by Theorem 10.9,
1/N is a semimartingale. O

Lemma 10.11 The product of semimartingales is a semimartingales.

Proof Let us prove it (it is enough) for X*>. We use X = M + V, where M is a
locally bounded martingale, and V is a process with finite variation, as stated in the
fundamental lemma.

Taking a localizing sequence (7,),=12,.., we get M™ as a bounded martingale,
V™ with bounded variation on [0, 1/n]. Let us show that (M™ + B™)? is a
semimartingale. The term (M™)? is a submartingale. As far as (V™)? is concerned,
we consider a subdivision 0 <1y <t; < ... <t, =t of [0, ] and find that

t
2 ool (v, - v
12

)
<2 (/Ot |dVn >2.

To treat the term M™ V%, we note that M," = E(M;: |F1) —E(M_ |#;) and V™
is the difference of two increasing processes. It means that we can consider only
the case of nonnegative M™ and V™. The process M," (V,T” — AV, I, S,}) =
M/"U!" is a submartingale, and M™ V% = M™U" on [0, t,]. The application of
Theorem 10.9 completes the proof of Lemma. O

P AR A B B AN AL I ANEA
i i

Let us come back to the proof of Theorem. Denote Zo, = % on (2, ) and find
that Z, = EP(Zo|F;) is a martingale w.r. to P and Z is positive P and Q-a.s.
Obviously, X is a local martingale w.r. to P < X Z~! is alocal martingale w.r. to Q.
Writing X as the product %Z , we get the statement from Lemmas 10.10 and 10.11.

Remark 10.11 We defined [X, X] by (10.20). It turns out that one can prove that
[X,X], = P — lim, Y1 (X, — X;_,)?, and it is invariant regarding equivalent
changes of measures. Similar fact is true also for [X, Y] (see (10.21)).
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10.3 On Stochastic Calculus for Semimartingales

We extend here Ito’s calculus to bigger classes of processes defined on a standard
stochastic basis (2, F, (F:)r>0, P). A scheme of such extension will be presented
sequentially for square-intgerable martingales, local martingales, and semimartin-
gales.

As we know (see, for example, Corollary 10.1 and Remark 10.7), any M € M?
is described as M; = E(M|F;), where My, € L2(Q2, F, P). It creates a possibility
to think about M as a Hilbert space with the scalar product (M, N) = EMyNso
and the norm ||M|| = (EMgo)l/2 for M, N € M.

Let us fix M € M? and define

SZ(M) = {q& 1@ is predictable,E/ ¢>fd[M, Ml < oo}
0

. 12
with the norm [|@|| 523y = (E [ pZd[M, M) 2.

In this space, we consider a subspace S, (M) of predictable processes of the

step
form
n—1
¢ =Ly + D biluiis
i=1
where ¢; — Fo-measurable, ¢; — F,-measurable, i = 1,2, ..., n.

For ¢ € Ssztep(M ), we define the stochastic integral of ¢ w.r. to M as the process
of M? :

00 n
(poM), = f L5, (8)psd My = Z¢i(Mti+1At — M), t = 0. (10.22)
0 i=1

Using relation (10.22), we can easily obtain the following properties of ¢ o M :

(1) Isometry: ||¢p o M|| = |}l s2(pr)-
(2) Continuity of (¢ o M), if M is continuous.
(3) Indistinguishability of jumps A(¢p o M), and ¢; AM;, t > 0.

The subspace Sf,ep(M ) is dense in S?(M), and as in the case of stochastic
integration w.t. to a Wiener process, one can extend the definition of ¢ o M to the
whole space S2(M) with the properties (1)—(3) above.

Now we want to provide a more tight connection of ¢ o M with quadratic brackets
of M and ¢ o M. Creating such a connection, the following Kunite-Watanabe
inequality is useful.
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Lemma 10.12 Ler M and N € M2, and ¢ and y be bounded measurable
processes. Then

00 00 1/2 00 1/2
/0 |¢s||ws||d[M,N]s|s<fO ¢§d[M,M15> (fo wfd[N,N1s> .
(10.23)

To prove (10.23), which is an analog of the Cauchy-Schwartz inequality, we
consider for A € R and s < t the difference

[M +AN, M + AN];, — [M + AN, M + AN];.
It is nonnegative, and, hence,
IIM, N1, — [M, NIs|* < (IM, M1, — [M, M],) (IN, N1, — [N, N1;) .

Take ¢ = >\ $ilun01 ¥ = 271 ¥ilu;e;.0) With bounded rv’s ¢; and
V¥, we obtain from the above inequality for brackets (10.23). After this, we
extend (10.23) to the class of all bounded measurable functions ¢ and v using limit
arguments, as usual.

Theorem 10.11 For M € M* and ¢ € S*(M) the stochastic integral ¢ o M is a
unique L € M such that forany N € M2 and any predictable bounded r:

(1) [L,N]=¢o[M,N]
(2) YolpoM,Nl=vy¢o[M,Nl=[¢poM,Nlandyo(poM)=ypoM
(3) (oM =¢poMC, (poM)? =¢oMi.

In particular, for an s.t. T and process Y = Ijg ], we have equalities
T
@0 M): = [ budb = 0 @ 0 M) = (W) 0 M

=/(; I]](),r]]‘f’des-

Proof By the properties of ¢ o M and Lemma 10.12, the mapping ¢ —
E (¢ o M)ooNoo — 5 ¢sd[M, N1y) is continuous on S>(M) for any N € M.
Further, I; = (¢ o M);N; — fé ¢sd[M, N]; is an uniformly integrable process,
and for any s.t. 7, EI; = 0. Hence, by Lemma 10.4, the process (I;) is a martingale,
and we arrive at the statement (1). As far as the uniqueness, assume L and L’ € M?
and [L, N] = ¢ o [M, N] for any N € M. Then we have [L — L', N] = 0 and
[L—L,L—L'l=0.Hence, (L — L')?isa martingale, and we obtain equality
L = L’. Other statements (2) and (3) are almost obvious. |
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Now we show the way of construction of stochastic integral for M € M, and
a locally bounded predictable process ¢, i.e., ¢, I(1,~0) is bounded for a localizing
sequence of S.t.’s (Ty)n=12,....

To define such a stochastic integral ¢ o M, we use the fundamental lemma, when
M=U+V withU € Ml2oc§ V is a local martingale with bounded variation. Then
for a localizing sequence (t,),=1.2,... for ¢, U, V, we define

t t
@ouy = [ gravy+ [ gravy
0 0

on [0, t,]. To continue the construction, we need the following lemma.
Lemma 10.13

(1) If V is a martingale with integrable variation and ¢ is predictable with
Efooo |ps|dVs| < 00, then the Lebesgue-Stieltjes integral fot ¢sdVy € M.

(2) IfV € M? and ¢ is bounded, then the Stochastic integral (¢ o V); and the
Lebesgue-Stieltjes integral f(; ¢sdV are indistinguishable.

Proof We prove statement (1) only because second statement can be proved
in a similar manner. Define S’(V) the set of predictable processes ¢ such that
E [77 1¢s1d V| < oo. Then |||ls:vy = E [ |¢s]|d V| defines the norm of this
space. If [|¢" — ¢||s'(vy = 0, n — oo, then

t t
[ #rave [ g.av.
0 0

Using these findings, we make a transition from step-predictable functions to all
functions of space S'(V). |

E {sup
t

}sEfO 167 — ¢slId V]

<|l¢" — ¢lls vy = 0,n — o0.

Coming back to the definition of ¢ o M by relation (10.3), one can conclud with
the help of Lemma 10.13 that ¢ o M € M, and its definition do not depend on the
decomposition M = U + V. Moreover, we arrive at statements which are similar to
(1)-(3) of Theorem 10.11 if we replace class M? by Mioc.

The final step of construction of stochastic integral is the case of semimartingale.
Assume ¢ is a predictable locally bounded process and X is a semimartingale of the
form

X =Xo+M+ A, (10.24)

where X is a finite Fo-random variable (r.v.), M € M;,., A € V.
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Let us define
t
(poX) = (poM) +/ ¢sdAs, (10.25)
0

where fot ¢sd Ay is the Lebesgue-Stieltjes integral.

According to Lemma 10.13, the definition (10.25) of (¢ o X) does not depend on
the decomposition (10.24). As a result, let us formulate the list of natural properties
ofpo X :

(1) ¢ o X is a semimartingale.

(2) (@oX) =¢oX".

(3) jumps A(¢ o X); and ¢; A X; are indistinguishable.

@) (poX)= [y Ho,¢sdX;s = Jo ¢sdX; for any finite s.t. 7.

Remark 10.12 It is interesting to note that there is no hope to go beyond semi-
martingales in extension of stochastic integration.

Let X!, ..., X4 be d semimartingales taking the values in R. It is convenient
to collect them to a d-dimensional process X; = (X tl, e, Xtd), called a d-valued
semimartingale.

Let F: E=RY — R, d > 1, be a twice continuously differentiable function.
Then one can transform X with the help of this smooth function. It turns out that the
transformed process F'(X;) will be a semimartingale, satisfying the next generalized
1to’s formula:

d t
F(X,) = F(Xo) + Z/O D'F(X;_)dX"e
i=1

1 to ) .
+5 > foD’DfF(XS_)d[X"C,X”]S (10.26)

1=<i,j,=d

d
+) (F(Xs) ~F(Xs2) =) D"F(Xs_)AX;') :

s<t i=1

where DI F(x) = 20 = 8Pt pipipe) = £E0 G i1, .. 4.

0x; AxioxJ’

Remark 10.13 Let us note that processes D' F(X,_) and D' D/ F(X,_) are pre-
dictable and locally bounded, and therefore all integrals in (10.26) are well-defined.

Defining the localizing sequence 1, = inf{t : |X,| > n}, we obtain
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that |X;| and [X,— < n on [o,t,[, n = 1,2,... Further, letting K, =
SUP|x|<n Zi’ jID'DVF(x)|, we get with the help of the Taylor decomposition
that

d
(R — F(X,) = Y0 DX OAXD] < = 30 Y IAXIP

§S<Tp i=1 i STy

Hence, for almost all w, both series

d
Y IF(Xo) = F(X,-) = Y D' F(Xs-)AXD)|

S<Tp i=1

and

d
Y IF(Xo) = F(X,o) = Y D' F(Xs-)AXD)|

S<T, i=1

converge, and we can conclude that

d
Y IF(X;) = F(X;2) = Y D'F(X;-)AXD)|

s<t i=1

converges for all ¢ > 0.

This observation generates the idea that the formula (10.26) can be proved
without big technical difficulties in between moments of jumps, i.e., in a pure
continuous case.

This is the reason that we prove (10.26) for a one-dimensional continuous semi-
martingale X; = Xo+M;+A;, M € M;j,., A € V. Using alocalization procedure,
we can reduce the proof to the case when continuous processes M, A, [M, M] are
bounded as well as Xg, F, F’ and F”, and the upper bound for |F|, |F’|, |F"| is
denoted by C.

Let us use the Taylor decomposition
1
F(y) = F(x)=(y—x)F(x) + SO - X)7F"(x) + o(x, y),

where o(x,y) < €(ly — x])|y — x|*> and € is a nondecreasing function with
lim; ,ge(t) =0.
Take a > 0 and define a sequence of s.t.’s (t,)n=0,1,... as follows:
190=0,...,5i41 =t A(ti +a) Ainfl{s > 7; : My — My, > a,

M, M]s — [M,M];, >aor|A; — Ag| >a},...
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Obviously, for each w : 7;(w) = t except for a finite number of i, and we can
write the following equality using the Taylor formula above:

F(X) — F(Xo) =Y _ (F(Xq,, — F(Xy))

1

1
=2 [F%Xf,»xxr,-ﬂ — Xo) 4 5 F (X ) Xy = Xo)?
i

+0(X‘L’,' ’ X‘L’,‘Jrl )] .

(10.27)
For the martingale part of (10.27), we have

, 2

E [ /0 F'(X)dM =) F'(X5) (M., — M@}
i
Tit+1

=E [Z f (F'(Xs) = F'(X))* dIM, M]s} (1028)

i v

<E (sup |F'(X) = F'(Xq* - [M, ML) —0
i

asa — 0.

The term of (10.27) with process A can be treated similarly, and ), F'(X;)
(Ay; — Ay,) converges to fot F'(X,)d A, in L'-sense.

The second term in (10.27), we represent as a sum of three components.

For the first component, we have

t
13 (X)) (A, — Ag)?] < CsuplAq,, — Ag| / dA,|
X i 0
i l (10.29)
t
§Ca/ |dAg] —> 0, a — .
0

For the second component, we obtain

t
|3 PO (Ar) = An) (M, = Mo)| = Csup M, — M| [ 1dAd
X i 0

1

t
§Ca/ |[dAg| — 0, a — 0.
0
(10.30)
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Taking into account that M?> — [M, M] is a martingale, we get for the third
component that

2
E (Z F'(Xe) (M, — M) =Y F'(Xe)(IM, My, — [M, M]f,.>)
" 2 2 2
=Y E [(F Xe)? ((Mey = M) = (IM, Mg, — M, M) }

<2C°E {sqp My, — M, |2M,2}
l

+2C2E{Sup|[M, M]fi+] - [Ma M]‘[j' : [M’ M]I}
1

<2C?a*EM? 4+ 2C*aE[M, M]; — 0, a — 0.
(10.31)

The remaining term in (10.27) can be treated as follows:
EY o(Xy, Xy,,) <E [Z(xw — Xe)e(|Xg,, — Xo, |)}
i i
<E |:26(2a) D (Agy, — A)* +26Qa) Yy (My,, — Mt,.)Z}
i i

t
<2¢(2a)E {a/ |dAg| + M,Z} — 0, a— 0.
0
(10.32)
Putting together relations (10.28)—(10.32), we complete the proof.

Now we are ready to consider stochastic differential equations with respect to
semimartingale. The main result is contained in the next theorem.

Theorem 10.12 Let N = M + A be a semimartingale, M € Mioc, A € V. Assume
that the function F : R4 x Q x R — R satisfies the conditions:

(1) f(s,w, ") is a Lipschitz function with a constant K .
(2) f(s,-, x)is Fs-measurable.
(3) f(,w,") is a continuous function.

Then the stochastic differential equation (SDE) w.r. to N

t
Xi(w) = Xo(w) +/ s, 0, Xy (w))dNg(w) (10.33)
0
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has a unique solution as a cadlag adapted process with the initial value Xo(w) —Fo-
measurable finite random variable.

Proof Obviously, (1)-(3) guarantee that the integral on the right-hand side
of (10.33) is well-defined. The proof includes a couple of steps. We start with
the assumption that processes

t
[M, M]; and / |dAg| are bounded by b > 0 (10.34)
0

and
|f(t, w,0)| <cforallt, w. (10.35)
Let H be a class of cadlag processes X such that X* = sup, |X;| € L%, Xo=0.

Define the norm in this space || X|| = || X*||,2.
Denote forx € H

t
U(X)z=/ f(s, @, Xg)dN;.
0

O

Lemma 10.14 The process U(x) € H if X € H. Moreover, for processes X and
Y € H, we have

HU(X) —U@)|| < hl|X =Y/, h:K(Z\/l_)+b). (10.36)
Proof For zero process, we have
' t
U (0), :/ f(s, w,0)dM; —1—/ f(s,w,0)dAs = Ly + V;.
0 0
Process L € M,¢, and by (10.34) and (10.35)

[L, Lo =/ F2(s, w, 0)d[M, M]s < ¢?b, (10.37)
0

and E(L*)?> < 4¢*b by Doob’s inequality. |
For process V;, we get from (10.34)—(10.35) that

o0 o0
v < / v, < / £ (5. @, 0)[|dAy| < cb, (10.38)
0 0
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and hence E(V*)2 < ¢2b2. Relations (10.37) and (10.38) show that U(X) € H.
Further, denote Z = X — Y and find that

t t
UX) =U@ ) =/0 (f (Xs-) = f(Ys-))dMs +/O (f (Xs-) = f(Ys-))d As
=L;+V/, L' € Mipe, V' €V.

Using similar reasonings as in (10.37) and (10.38), we obtain for processes L" and
V’ that

(L', L']oo = / Oo(f(Xs— — f(Ys_))?d[M, M]s < K*b(Z%)?, (10.39)
0
E(L)*)?* < 4K?bE(Z*)? and
I’& 5/ K|Z||dAs| < KbZ*. (10.40)
0

It follows from (10.39) and (10.40) that
IUX) = UM)|| < K|IX = Y[|(b+2VD),

and we get (10.36).

Lemma 10.15 Assume conditions (10.34) and (10.35) are satisfied, and h =
K (b + 23/b) < 1. Then there exists a unique cadlag adapted process X solving
the equation

t
X,:/ f(s, w, Xs—)dN;.
0

Proof By h < 1, there exists a unique solution X from space H. Let us note from
conditions (1) and (2) of the theorem that

|AN;| < |AM,| + |AAg| = (AIM, M15)"/? + |AA;| < V2b + b.

So, if Z is a cadlag adapted process, Z; = f(; f(s,w, Zs_)dN;, we can define
stopping times th =inf(¢ : |Z;| > n),n=1,2,..., and get

AZ.z =f(t}, Z;_)AN,z and

|AZ, 2| <(c +nK)(2b + V2b).

Hence, the process Z is locally bounded and locally in space H. By uniqueness in
H, we obtain Z = X. d
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Lemma 10.16 Assume that condition (10.34) is fulfilled and h = Kb+2vb) < 1,
then there exists a unique cadlag adapted process X solving equation

t
X, = / F (5, @, Xs)dN;.
0

Proof Let 1, = inf(t : |f(t,w,0)] > n), n = 1,2,... and f,(t,w,x) =
f(t, w, x)Ij0<s<z,). Obviously, functions f, satisfy (10.35) with ¢ = n, and each
equation Y;! = fot fu(s, w, Y] )dN; has a unique solution. By f,4+1 = f, on
10, ], we have ¥" = Y"*+! on [0, 7,].

Further, an adapted process X solves the equation X; = fot f(s,w, X;—)dN; &

for each 1,,, we have X" = fé f(s, w, X" Ng". Let us define now the process X as
follows: X = Y" on [0, 7,], Xo = 0, and find the unique solution. O

Lemma 10.17 Assume a semimartingale N has jumps |AN;| < b/4 and both
b, h = K(b +2Vb) < 1. Then the equation X; = fé f(s,w, Xs—)dNg has one
and only one solution.

Proof Under the conditions of Lemma, we can write N = M+A, M € M, and A
is a predictable process with locally bounded variation. Without loss of generality,

we can assume that M € M and predictable process A has integrable variation.
Then

|AA7| = [E(AN:|Fr-) — E(AM|F7-)| = [EAN|[F7-)| < b/4,
and we have a boundedness of A[M, M|, = (AMT)2 and |AA;| by b/4. Denote

Dy = [y|dAs|andput 9 = 0, ..., 7, = inf(t > Ty—1 : D; — Dy, > b/2). We
have f]]rn,rn+1]] d[M,M]s < b and f}]rn,rnﬂﬂ |dAg| < bforallnm=1,2,...

By Lemma 10.16, there is one and only one solution on [0, 7;],; denote it by X 1
At the interval ] 71, 72], we have equation

X=X+ / £ (s, w, Xs—)dNj.
]]‘L’l,l
Obviously, X solves (103) & Y = X — Xll is a solution of the equation
t
Y, :/ f(s, @, Yo+ X1)dN;.
0

So, we get a unique solution X2 at this interval and so on. O
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Let us come back to the proof of the theorem. We assume that b as in
Lemma 10.17, and we have a nondecreasing sequence of s.t’s 71 < 1p < ... <
T, < ...at which AN;| > b/4. Construct the following semimartingale:

Ntl =M I;<z)) + Noy—I1>1)).

A cadlag process X is a solution of (10.33) on [0,7;] < the process
X! = Xl4<z;) + X¢y—Iy>7,) is a solution on [0, 7;] of the equation X! =
Xo f(; f(s, o, X;_)dNSI. On the interval [0, 7;], the process N! satisfies the
conditions of Lemma 10.17, and hence the last SDE has a unique cadlag adapted
solution X! on [0, 71]. We can continue this construction on [z, 2] and so on.

Example 10.5 Let us consider the linear SDE:
t
Z, =1 +/ Zs_dN;. (10.41)
0

We know from Theorem 10.12 that a unique solution of the Eq.(10.41) exists. It
turns out that it admits a special form, which is similar to the Girsanov exponent:

|
Z, = exp {N, - E[N‘, N‘],} [+ ANpe 2Ns. (10.42)
s<t

The form of solution in (10.42) is called a stochastic exponent or the Doleans
exponent, denoted by &, (N). To prove this, we denote ¥; = N; — %[N ¢ N€¢; and
X, = [1,<,(1 + ANs)e2Ns | and apply Ito’s formula to the function F(Y;, X;) =
exp(Y)) X;.

Problem 10.6 Prove the properties of stochastic exponents w.r. to semimartin-
gales:

(1) Let &(N) be a stochastic exponent w.r. to a semimartingale N with AN; #
—1, 1 = 0. Then g5 = &(—N*), where Nj = N, — [N, N, —

> <t %. stochastic exponent w.r. to a semimartingale N with AN,
—1, 1 = 0. Then gix5 = &(—N*), where N; = N, — [N, N°], —
e S04
s<t T+AN;"

(2) If N inM,e, then E(N) € Miye.

3) &(N) =0 for (¢, w) € [r, oof, where T = inf(¢ : AN; = —1).

@) &W)E(V)=EU+V+[U, V], where U and V are semimartingales. This
property is called the rule of multiplication of stochastic exponents.

Remark 10.14 Equation (10.33) admits further generalizations. One can prove an
analog of Theorem 10.12 for equation

dX,(®) = b(t,w, X,—dA; + o (t, , X,_)dM,, (10.43)
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where M € Mj,., A € V, both coefficients b and o are Lipschitz’s functions, and
b(t, w, x) is optional and o (¢, w, x) is predictable as functions of (¢, ®).

Let us note that the Eq. (10.43) can also be considered for a multidimensional
semimartingale X = A 4+ M and for matrix-valued coefficients b and o.

Remark 10.15 Equation (10.33) admits further important results. One can prove
an analog of comparison Lemma 9.1 for stochastic differential equations (10.43)
with a predictable increasing process A = (A;):>0.

Moreover, the Ito’s formula (10.26) admits a further generalization to a class
of convex functions F. The corresponding formula is similar to (10.26) where the
second term on the right-hand side is replaced by a continuous process V from V.
The process V admits a representation with the help of a local time of X.

10.4 The Doob-Meyer Decomposition: Proof and Related
Remarks

The leading idea of this short book as it was stated in preface dictates the way of
exposition avoiding too long proofs and too many technical details. That is why
the proof of the Doob-Meyer decomposition was omitted in Sect. 10.1. However,
the proof of this fundamental fact of stochastic analysis must be presented in an
appropriate manner.

It is necessary to note that the initial Doob-Meyer decomposition in continuous
time was given by Meyer in the form

X;=Xo+M + A4, t>0, (10.44)

where X = (X;);>0 is a submartingale of class (D), M = (M;);>0, Mp = 0, is a
martingale, and A = (A;);>0, Ao = 0, is a “natural” increasing process.

The notion “natural” means that for every bounded cadlag martingale m =
(m:)m>0 on a standard stochastic basis (2, F, (F;)s>0, P), the following equality
is satisfied

t t
E/ mydAy = E/ my_dAs. (10.45)
0 0

This characterization of A looks very artificial in comparison with discrete time,
where A is predictable. Nevertheless, since that time, there were several proofs
of the Doob-Meyer decomposition in these terms, including the proof of Rao
who used the limiting arguments for transition from discrete time to continuous
time decomposition. Doleans was the first to note that the notions “natural” and
“predictable” are equivalent in (10.44).

This section is devoted to the proof of (10.44) in such a new fashion, and as in
many other books, we work with this form only. Nevertheless, before providing the
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proof which is based on the paper [8], we want to compare notions “natural” and
“predictable”.

First of all, one can show that Em;A; = E fot mgdAg, and therefore the
condition (10.45) is equivalent to the next one:

1
EmtAt = E/ ms_dAs. (1046)
0

Problem 10.7 Prove (for discrete time) that an increasing process A is natural <
A is predictable, i.e., A,-F,_1-measurable, n > 1.

Hint: We rewrite (10.46) for the discrete time case as follows:

n
Em, A, = Ezmk,lAAk.
1

It follows from this condition that Em,(A,, — E(A,|F,—1)) = 0 and even E|A,, —
E(A,|F,—1) = 0, which leads to predictability of A.

The opposite implication follows from the equality E Y| AxAm; = 0 and the
representation

n
ZAkAmk =A,my, —my_1AA, —my_2AA,_1—, ...
1

which leads to EA,m, = EY ] myg_1 AAg.

Let us show that the decomposition (10.44) is unique in the class of natural
processes A. To prove it, we assume that there exist two such decompositions for
X with martingales M’, M” and with the natural increasing processes A’, and A”.
Hence, M+ A; = M;'+ A} forallr > 0. Define process N, = A;— A/ = M- M/,
which is a martingale with finite variation.

Further, for every bounded martingale m = (m;);>0, we have by (10.46) that

t kn
Em,.(A, — A) = E/ my_dNy = lim EY "mw (Nw — Nw ),
0 j j—1 J j—1

n—o0

,,,,,

0,n — oo . Obviously, Em » AN, = 0, and, hence, Em;.(A, — A7) =0,1t > 0.
0 .
To finish the proof, we take/an arbijtrary integrable random variable ¢ and define a

martingale ¢ = E(¢|F;). Then E¢.(A; — A7) = 0 for every such random variable,
which leads to the conclusion that A; = A/ (a.s) for all 7.

Let us prove the Doob-Meyer decomposition (10.44) assuming for simplicity that
t €[0, 1].
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Denote by D = {Dy,Ds,...,Dp,...}, where n = 1,2,...,D, =
{0, 2%,, 21,,, el %, ...}, the dyadic numbers of the interval [0, 1].

Consider the process X = (X;);>0 on this discrete time, and write the Doob-
Meyer decomposition for t € D,:

X, =M + A}, (10.47)
Al —A" | =EX, - X,_1|F,_1),
0 b n
Here, M" = (M]):cp, is a martingale, and A" = (A});ep, is increasing and

predictable with respect to (F;);ep, -
The idea is to take a limit in (10.47) and, as a result, to obtain (10.44).
To make such limiting transition carefully, we need the following lemma.

Lemma 10.18 Assume (f,)n>1 is a uniformly integrable sequence of random
variables on the probability space (2, F, P). Then there exists g, €
conv{fy, fut1, ...}, which converges in space LI(Q, F, P).

We will use a version of the Komlos Lemma here:

If (fi)n>1 is a bounded sequence on a Hilbert space, then for each n, one can
pick g, € conv{fy, fa+1, ...} such that (g,),>1 will converge in the norm ||.||2 of
this space.

To Prove this lemma, we define the finite number

a =supinf{|ig|2 : g € conv{fu, fut1... . }}.
n

For each n, we can take some g, € conv{f,, fu+1,...} with the norm |g,l2 <
a—+ % For a fixed ¢ > 0, and a big enough n, we obtain for all m, k > n that

gk + &m)/2ll2 > a —e.

We get that (g, ) is fundamental by

1
gk — gm)I13 = 2ligkll3 + 2ligmll3 — I(gk + gm)lI3 < 4(a + ;)2 —4(a—¢)?,

and therefore this sequence converges.
Proof of Lemma 10.18: We truncate f;,, and denote truncated functions by fn(') =

JuIyf<iy» n = 1,2,.... Then for every i, we get a bounded sequence (fn(i))nzl
for which the Komlos lemma can be applied in the following manner.
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Problem 10.8 Foreachn =1, 2, ... there exist convex weights (A}, .. ., k’]’vn) such
that Z;.V;n )L;'. fj(i) converge on space Lz(Q) foreachi =1,2,....
Hint: Use the Komlos lemma to find convex weights A7, .. ., )»'I’VH with the conver-

gent sum Ziv;n )»’]’. f j(i) asn — oofori =1,2,...,m and apply a diagonalization

procedure to get a desirable result.
Now using uniform integrability of ( f;;), we obtain that f,,(l) converges uniformly
innto f, in L'(2) asi — oo and therefore uniformly in n:

N)l Nll
ZA’}fj(’)aZA’}fj in L'(Q) as i— oo.

j=n j=n

Lemma 10.19 The sequence (M7),>1 is uniformly integrable.

Proof Without loss of generality, we can put X1 = 0 and X; < 0 for¢ < 1, because
there is an obvious transition from X; to X; — E(X{|F;). In such a case, Mi’ = —A'l’
and
X! = -E(A|F;) + A} (10.48)
for every s.t. T w.r. to (Ft)sep,-
Let us derive from assumption X € (D) that (A"),> is uniformly integrable.

Define the following s.t.:

T (c) =inf{(j — 1)/2" : A", >c}Al, ¢>0,
2"

and note
C ¢ n
(mE@ <Bcin(5) <1 A =e
It follows from (10.48) that
Xr,,(c) =< _E(A7|Fr,,(c)) +c.
Thus,

EAT.I ar~c) =EE(AY|Fr, (0) Iz, (0)<1)

<c.P(ty(c) < 1) —EXqp, o) L{g,(0)<1)
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and by (10.48),
E(=Xq,)- I, 5)<1) =EAT = AT ) Iz, (5)<1)
>E(A] — A’;n(%))-[{r,l(c)<l}
C
ZEP{TH(C) <1}
These inequalities imply that
EAT Larse) = =2BXT o) A (r, <1y = EXT (o Az, 0)<1)- (10.49)
We also note
n 1 n 1 n 1
P{t,(c) < 1} = P{A] > ¢} < —EA] = ——E(M}) = —-EXj
c c c
and conclude that

lim P(t,(c) < 1) =0 uniformly in 7.
c—> 00

Assumption X € (D) together with (10.49) implies that (Arf)nz 1 is uniformly
integrable as well as (M{),>1 = (X1 — A])n>1.

Now we are ready for a limiting transition as n — oo in (10.47).

First, we extend M" to the whole interval [0, 1] by setting M}' = E(M{|F,).
According to Lemmas 10.18 and 10.19, there exist M € L1(£2) and convex weights
(A’;)] =n,...N, such that M{(A) = Zjv;n A?M{ converges to M on space L!(Q).
Moreover, by Jensen’s 1nequa11ty foreacht € [0, 1],

Ml (x) - M; =E(M|F;) as n — oo.

Second, we extend A" to [0, 1] by setting A" =, ., A}.]

1,2, ..., and denote A"(\) = Z} = )J}AJ
Then the cadlag process

t €0, 1],n =

1
(t—— i1’

Ay =Xy — M;, where te]0,1],
satisfies the following relations
AV =X — ML) > (Xy — M) = A in LY(Q) for teD,n— .
So, we find a subsequence A7* (L) — A, (a.s.), which we identify with Al(A) = A

(a.s.). These standard considerations lead us to conclude that A is (a.s.) increasing
on D and therefore on the whole interval [0, 1] by its right-continuity. O
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Lemma 10.20 Process A is predictable.

Proof: In fact, we can restrict ourself by the proof that for all ¢ € [0, 1] (a.s.),
limsup A} (A) = Ay, (10.50)
n

because the process A" and A" ()) are left-continuous and adapted, and hence they
are predictable.

Problem 10.9 Let f, and f be increasing functions from [0, 1] to R! such that f is
right-continuous and f(t) = lim,—« f,(#),t € D. Prove that

lir{nsup fa@) < f() forall te][0,1], (10.51)
li’{n fa(t) = f(t), if f iscontinuousat ¢ € [0, 1]. (10.52)
Hint: By the right-continuity (#x € D, t; > t),
f@) = lim f() = lim (lim f,(%)) = limsup £, (),

since lim,, sup f; (tx) > lim, sup f,(¢).

By (10.51) and (10.52), the relation (10.50) can be broken at discontinuity points
of A only. The process A is cadlag, and, as was shown in Sect. 10.1, the points of
jumps of A can be exhausted by a countable sequence of stopping times (see (10.2)
and related remarks). So, it is sufficient for (10.50) that lim,, sup A7 (1) = A, for all
s.t. T.

By (10.51), lim7 (1) < A; and A7(%) < A(A) which converges to A, on space
L'(R). Hence, by Fatou’s lemma

h,fn infEA? < lir{n supEAT () <E lir{n sup AZ(L) < EA;.

To prove that lim, EA? = EA; we seto, = inf{t € D, : t > t}. Theno, | T as
n — ooand A7 = Ag .
The process X belongs to class (D) and therefore
EA7 = A} =EX,;, —EMy— EX; —EM, = EA;,.

Lemma 10.20 is proved, and hence the decomposition (10.44) is true with a
martingale M and an increasing predictable process A.



Chapter 11 ®
General Theory of Stochastic Processes oo
in Applications

The main goal of this chapter is to show how the general theory developed
before can be applied to mathematical finance and statistics of random processes.
In the area of mathematical finance, a semimartingale financial market model is
introduced. Applying to this general model the technique of stochastic exponents,
the fundamental questions of arbitrage and completeness of such a market are
studied. These results have a number of corollaries for modeling and option pricing
(Black-Scholes model and formula, Cox-Ross-Rubinstein model and formula, etc.).
In the area of statistics of random processes, the technique developed above gives a
possibility to introduce semimartingale models. It is shown that classical discrete
time and continuous time models of stochastic approximation are embedded in
a semimartingale scheme. Moreover, it is proved that semimartingale stochastic
approximation procedures are strong consistent and asymptotically normal under
very wide conditions. In case of semimartingale regression, the structural least-
squares estimates are strong consistent and their sequential versions satisfy the
important fixed accuracy property (see [9, 10, 18, 20, 32, 39, 47, 49], and [60]).

11.1 Stochastic Mathematical Finance

Suppose that besides the original measure on a stochastic basis (2, ¥, (%;)r>0, P),
we are given a measure P locally equivalent to P and with local density (Z;);>0.
The equivalence implies strict positivity of Z; (P-a.s.), t > 0. Therefore, one can
define a local martingale N = (N;);>0 with respect to P as a stochastic integral
to P as a stochastic integral N; = fé Zs__ld Z. It leads to a stochastic exponent
form of Z; = &,(N). We already know that a local martingale is transformed into
a semimartingale (not a local martingale) under an equivalent change of measure.
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The next lemma contains a result of this type. To formulate it, we denote M;,.(P)
and My, (P) classes of local martingales w.r.t. P and P correspondently.

Lemma 11.1 Let X = (X;);>0 be a semimartingale on (2, ¥, (F1)i>0, P), and
then

XZ € Mipe(P) = X € Mipe(P). (11.1)

The proof of Lemma 11.1 can be given using a standard scheme. First, it is proved
for martingales. Second, using localization, one can extend it to local martingales.
The first step is given with the help of change of probability in conditional
expectations, which was stated before for a discrete time. A continuous time version
of such change of measure is proved in the same way.

In fact, we prove (11.1) below in the framework of a semimartingale model
of financial markets. We define a (B, S)-market as a collection of two positive
semimartingales B and S on given stochastic basis (2, F, (¥;):>0, P). The values
of B; and §; are interpreted as the prices of a non-risky asset B and a risky asset
S. A pair m; = (B, vi)r>0 of stochastic processes with a predictable second
component is defined as a portfolio of investment strategy. The portfolio has a
capital XT = X”(x) = B B; + v;S;, where X{ = BoBo + y0So =x € R, t > 0.

The ratio X; = Br is called the discounted price of S, and the ratio )1; is called
the discounted capital of the strategy 7 at the time ¢ > 0.

In the set of all strategies, we distinguish those portfolios 7 such that

X7 xg+/r a3 (11.2)
Bf_BO Oyu B u. )

We call them self-financing and denote their collection SF. We say that (B ,~S)-
market admits an arbitrage at time T > 0 if there exists 7 € SF such that X{ =

0, X” >0,7<T, P-as.,and P(w: X~ 7 (@) > 0) > 0. Such a strategy 7 is called
the arbitrage strategy. Any probability measure P locally equivalent to P is called
a local martingale measure, if the discounted price ) € MIOC(P)

Denote the set of such measures M(X, P). It is well known that for a semi-
martingale (B, S)-market the absence of arbitrage is characterized as M(X, P) #
.

By a contingent claim with exercise time T, we understand any nonnegative ¥-
measurable random variable f. We remark that if such a claim f represents a payoff
of an option, then the option is called a European option. A strategy w € SF is
said to be a hedge (hedging strategy) for f (for the option with the payoff f) if
X7(x) > f (as.) for some initial capital x. If in some class of hedging strategies
7, there is a strategy 7™ such that Xf* < X7 (as.) forall t € [0, T], then 7* is
called a minimal hedge (in this class). Usually, the minimal hedge coincides with a
replicating strategy * for which X ’;* = f (a.s.). In this case, f is called attainable.
The (B, S)-market is said to be complete if any contingent claim is attainable.
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For many financial markets, this notion is equivalent to the uniqueness of a local
martingale measure P*, i.e., M(X, P) = {P*}. Otherwise, the market is called
incomplete. Correspondingly, pricing of an option with payoff f in complete and
incomplete markets is achieved with the help of martingale measures as follows:
iamd(:*(f) = sup f«:i, (11.3)
Br PeM(X,P)

C(f)=E

where C(f) is the fair price and C*(f) is the so-called upper price of such an
option.

So, we can see that an investigation of conditions under which Pe M(X, P) is
extremely important for mathematical finance. Let us show how it can be done for
a semimartingale (B, S)-market.

Suppose that a (B, S)-market is determined by the two equations

t
B =Bo+/ Bu_dhy, Ahy > —1,
. (11.4)
S, =so+/ S, dH, AH,>—I,
0

where h and H are given semimartingales.
Using stochastic exponents, we can rewrite (11.4) as follows:

Bt = B()(St (]’l) and Sl‘ = Soat (H)

The problem in the model (11.4) is to determine conditions under which a measure
P* equivalent to P takes the process X = % into a local martingale, i.e.,

feMX,P)& X = % € Mipe(P¥). (11.5)

Let us check first when measure P is a martingale one for the market (11.4). Using
the properties of stochastic exponents, we have

X; = Xo& (H)E ' (h) = Xo& (H)E (—h™)

(Ah)? AHAI
=XoS|H—h+ (h, h
0 < o +21+Ah Z )

o : Ah(Ah — AH
:X08,<H—h+(h‘,h°—H‘>+Z (1+Ah )) (11.6)
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Denote

Ah(Ah — AH)

WV, (h, H)=Hr — h h¢, h¢ — H°
t(h, H) T —hi +{ )i+ T+ AR

s<t

and rewrite (11.6) in the form of the following stochastic differential equation:
t
X, =X0+/ Xs—dVg(h, H). (11.7)
0

Hence, X € Mjy.(P) if W(h, H) € M,-(P). These considerations generate the
idea how to find conditions to provide that X € M;,.(P*) for a local martingale
measure P* with the local density

_dP;

Z =
dP,

t
=&(N), N,:/ 27147, € Mie(P).
0

We just need to recognize when XZ = XE(N) € Mj,(P), and apply (11.1) of
Lemma 11.1.
In view (11.6)—(11.7), we have
X:1&(N) = Xo& (W (h, H)E;(N),
and by the properties of stochastic exponents, obtain that
X:1&i(N) = Xo& (W (h, H, N)), (11.8)

where

Wi (h, H,N) = H; — h; + N, + ((h = N)*, (h — H)"),

(Ahg — ANg)(Ahg — AHy)
+2 1+ Ah )

s<t

Using relation (11.8), we arrive to the following theorem.

Theorem 11.1 Ler X = % in the model (11.4). Then the following claims are
true:

(]) If\p(/’l, H) € Mloc(P), then X € MI{)C(P).
(2) If V(h, H, N) € Mjpc(P), then X € Mo (P*).

The above theorem presents a convenient methodology of finding of martingale
measures for the model (11.4). Let us demonstrate this methodology for several
partial cases of (11.4).
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Example 11.1 The Black-Scholes model:

dBt :}’Btdt, B() = 1,
dS[ :S[(/Ldt +GdW1), S() > 0,

(11.9)

wherer, u € Ry, 0 > 0, W = (W;);>0 is a Wiener process.
In the model (11.9), h; = rt, H; = p; + o W;. Due to W is the sole source of
randomness, we take N in the form N; = ¢ W;. To use Theorem 11.1, we find that

W(h,H N) =ut +ocW; —rt + ¢W; + ¢pot
=(u —r + ¢o)t+ (o + P)W;.

Therefore, the condition (2) of Theorem 11.1 is satisfied if u — r + ¢o = 0 or

¢ =— “;r , and we can construct the local density
ap; w—r 1/ —r\>
Z; = —L =&(N) = - W; — = tt. 11.10
t P,  (N) exp{ o t 2( pu ) ( )

Using the Girsanov exponent (11.10), we find the martingale measure P* under
which W} = W, + ?t will be a Wiener process by the Girsanov theorem. So, if
f = (St — K)™T is a contingent claim, then its initial price C(f) can be calculated
as follows:

(St = K)*

R

= So®(dy) — Ke " Td(d), (11.11)

dy = In(So/K)+(r+a?/2)T

, and we again arrive to the Black-Scholes formula.
oT

Example 11.2 The Merton model:

dBt =rB,dt, BO = 1,
dSt ZSI_([,Ldt — Udnt),

(11.12)

wherer, u € R4, v < 1, IT = (I1;);>0 is a Poisson process with parameter A > 0.
In the model (11.12) h; = rt, H; = ut — vIl;, and the martingale N; will be
chosen as N; = ¢ (I1; — At). Further,

W(h, H N) =ut — vIl; —rt + ¢ (Il — At) — Y vIl;
=(u—r —vA—vyvA)t—v(II; — At) + Y (I1; — At) — Yv(I1; — At).

Hence, the condition (2) of Theorem 11.1 is fulfilled if 4 — r — vA — YvA =0

ory = L& U_Ar — 1 is the unique solution. The uniqueness means that a martingale
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measure P* is also unique, and its local density has the following exponential form

_ap;

Z
dPp,

=& (N) =exp[(A — A")t + (InA* — In )T, ], (11.13)

where A* = £ ;r is a parameter of I, under measure P*.
Using (11.13), we calculate a call option price C in the model (11.12) as follows.

St — K)*t
_ *
C=E — T
It is clear that
Sr _S exp [—vIl7 + vA*T| 1_[(1 — VATL,)e" ATl
Br By
t<T
So N
=5 exp [HTln(l — V) +vA T]. (11.14)
0
Using (11.14), we find that
S K\
C=E*(2L_—>
Br Br
o0
s (AT * +
Zze—x T% (Soenln(l—v)+v,\ T _ BT_IK) . (11.15)
n!
n=0

Denote

no =inf|n : Soenln(l—u)—i-vA*T > £
Br

~ [IH(K/SO) - MTi|

In(1 —v)
oo yn
— -y
Wple,y) =) e
n=x
and find from (11.15) that
oo
—_— AT
C=Sy Yy e+ T grini—n 7" ,) — Ke "W, (ng, A*T)
n!
n=ng

o0 *
L5y 30 ewompr GHAZ 0T (11.16)

— Ke "TW,(ng, A*T)

n=ng

=SoW, (no, A*(1 —v)T) — Ke™"TW,(ng, A*T).
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Formula (11.16) is called the Merton formula for the price of a call option in the
model (11.12).

Putting together models (11.9) and (11.12), we get a jump-diffusion market
model:

Bt ZFBtdt, B() = 1,
dSt :St— (/,Ldt + Gth - vdH,) 5 SO > 0.

(11.17)

To calculate process W (h, H, N) in this case, we choose N; = ¢ W; 4+ ¥ I1; and
find that

W, (h, H N) = (W — 1 — VA + ¢po — Y A)t 4+ martingale.

Hence, w — r + ¢o — Av(1 + ) = 0 to make W(h, H, N) a martingale. But
this equation has infinitely many solutions (¢, ¥), and therefore, the model (11.15)
admits infinitely many martingale measures, i.e., the market (11.17) is incomplete.

Let us consider a discrete time model, called a binomial market or the Cox-Ross-
Rubinstein model. We show that such a model is embedded in the model (11.4).

Example 11.3 The model we are talking represents a kind of Binomial random
walk:

AB, =B, — By—1 =rBy—1, Bp >0,
ASy =Sy — Sp—1 = PnSn—1, So >0,

(11.18)

where (p,)n=1,2,... is a sequence of independent random variables taking two values
b > a with probabilities pandg =1 — p, p € (0, 1).

Assume also that —1 < a < r < b. Putting B, = B, on [n,n + 1) (we do
the same with S;, 7;, ...), we transform (11.18) to the model (11.4). This standard
procedure allows us to apply the theory developed for the semimartingale model.

In the case under consideration,

Ahp =71, AHy = pn, ANy = Yn(pn — 1), 0 = Epn,
and
(1 +7r)AY, (h, H,N) = AH, — Ah, + AN, + AN, AH,.
Hence, the martingality property W, means that

E(on — 7 + ¥n(on — ) + ¥n(on — ) pon|Fn-1) =0,
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which leads to

where o2 = Var(p,).
As a result, we can construct a local density of a martingale measure P* here in
the form of stochastic exponent

n—r
Zy =& (— — Zw—m) (11.19)

As in previous examples, we want to derive the price of a call option (Sy — K)™T,
where N > 1. According to the general theory, the price C can be calculated as

C=E*(1+r NSy -K)"
=(14+r)VE*(Sy — K)T (11.20)
"

=(1+r)VE&y (— 0_2 ’ Z(Pk - M)) Sy = K)Iisy>k)»

where we used (11.19).
Define ko = min {k < N : So(1 + b)*(1 + @) > K} and find that ko In(1 +

b) + (N — ko) In(1 +a) > 1nsﬁ0 orkg = [lnm/lnii—fz} + 1, where [x] is

an integer part of x € R.

Denote p* = ;=% and derive for the term with K in (11.20) using elementary

equalities u = p(b — a) + a, 02 =(b—a)’p(l — p) that

7

—r
(14+r)"VEEy (— 2 Z(,Ok - M)) KIisy>k)

N N _ k
— K1+ VY <k> (1 - “Gzr(b—m>

k=ko
w—r N—k
x pk (1 - (a — M)) (1 —pN*
N k N—k
- N\ (p" 1-p* -
srart 2 () (5) (25 o
k=kg
Y (N
=KA+n" ) <k>(p*>"<1 -V (11.21)

k=ko
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To calculate the term with Sy = SoEn (O px) in (11.20), we use a multiplication
rule of stochastic exponents:

"

—-r
) > ok - M)) SNI(sy>kK)

=So(1 + 1) VEEy (—“ LY — Y

o2

1 +r)NE&y (—

w—r
2 > (o - M)pk) Iisy>k)

N N N w—r w—r k k
st Y (V) (1= A5 0w o= 2o - on)

2
o o
k=ko

o2 o2

N % k
=So(1+rV )" (2’) (%(1 +b))

k=ko

N—k
><(I—M_r(a—u)Jra—M_r(a—u)a) (1—p)N*

x p* ( -t +a>) (- pV*

N k N—k
N 145 1
=So(1+r)"N )" (k)(p*li—i%) <(1—P*)1i(:> -

k=ko

(11.22)

Introducing the notations p = %p* and B(j, N, p) = Z,I{v:j (IZ)pk(l — p)N-k
and putting together (11.21)—(11.22), we get from (11.20) the Cos-Ross-Rubinstein
formula for the initial price of a call option

C = SoB(ko, N, p) — K(1 +r) " VB(ko, N, p*).

11.2 Stochastic Regression Analysis

Proposed and developed below an extension of classical regression models and
techniques is based on those theoretical findings that were delivered in the previous
chapter, and can be called a stochastic regression analysis.

We start with the classical problem of stochastic approximation. It consists of a
construction of a stochastic sequence 6, or a stochastic process 6, that converges in
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some probabilistic sense to unique root 6 € R of the regression equation
R(0) =0, (11.23)

where R is a regression function.
In classical theory, a solution to (11.23) is given by the Robbins-Monro procedure

Op =60p—1— Vuyn, n=1,2,..., (11.24)
where the sequence of observations y, is such that
Yyn = R(Op—1) + &n, (11.25)
(1)n=1.2,... 1s a sequence of independent random variables or martingale differ-
ences, and (), ),=1,2,... 1S a numerical positive sequence converging to zero.

The convergence (a.s.) of the procedure (11.24)—(11.25) for a continuous linearly
bounded regression function R(x) such that

R(x)(x —0) > Oforallx #6

is guaranteed by finiteness of the variance (conditional variance) of observation
errors &, and the following conditions:

o0
> =00, (11.26)
n=l1
o0
Zy,f < . (11.27)
n=1

Diffusion analogues of (11.24)—(11.25) and (11.26)—(11.27) are

do; = =yt R(6))dt — yid Wy, , (11.28)
o0
/ ysds = 00, , (11.29)
0
o
/ y2ds < oo, (11.30)
0

where W, is a Wiener process and y; is a positive deterministic function tending to
zero as t — 0.
Under conditions (11.29)—(11.30), the procedure 6; converges to 6 as t — 0.
The leading idea to generalize (11.24)—(11.25) and (11.28) consists in the
possibility of describing such stochastic algorithms as strong solutions of some
special classes of stochastic differential equations with respect to semimartingales.
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It leads to a generalized Robbins-Monro procedure as a process 6; satisfying the
stochastic differential equation

t t
et=eo—/0 nR(es_)das—fo yydms, (1131)

where 6y is a finite Fp-measurable random variable, a predictable process a €
ﬂ;;c, m e Mlzgc, and y is a predictable process decreasing to zero (a.s.) as t — 00.
To simplify the demonstration how martingale methods work here, we consider
a linear case only: R(x) = f(x —60), 8 > 0.
In this case, (11.31) is reduced to

t t
9,—9:90—9—/ yS,B(Q_—Q)daS—/ ysdms. (11.32)
0 0

Let us assume that (a.s.)
o0
/ ysdas = 00, (11.33)
0

o0
/ y2d(m, m)s < oo. (11.34)
0

Define the following stochastic exponent

E(=By -a) =& (—/3 / )/sdas> ,

and assume that Sy Aa; < 1 to provide that & (—By - a) > 0 (a.s.).
Applying the Ito formula to 8,_1 (—=By -a)(6; — 0), we arrive from (11.32) to

t
0r —0 =& (=By -a)(O —0) — E(—By 'a)/o & (—By -a)dm,.  (11.35)

The first term in the right-hand side of (11.35) converges to zero (a.s.) as t — 00
because of & (—By - a) — 0 (as.),t — oo. Second term in (11.35) is treated by
the arguments of the large numbers law for square-integrable martingales. Using
(11.34), we have that (a.s.)

/ Ooa§<—ﬁy @) y2EL(—By - a)d(m, m)s = / ” yid(m, m); < oo.
0 0

Hence, the second term of (11.35) converges to zero (a.s.) as t — 00. As a result,
we get the convergence (a.s.) 6; — 6 ast — oo.

To investigate an asymptotic normality of the procedure (11.32), we simplify
the situation assuming that a; is a deterministic function and m; is a Gaussian
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martingale satisfying conditions:

(m,m); = o%a,, 0> >0, y, = ,a>0, fa <1,

o
l—i—at

Aag 2
az T, t — 00, Z m < Q.
s

0<s<oo

Under these conditions, we have
E(=By -a) =E(—Ba) ~ (1 +a) P¥ast — oo.
Multiplying (11.35) by (1 4 a,)'/2, we obtain

(14 a)' %0, — 0) = (1 4+ a) &, (—Ba) (B0 — 0)

o
1+ ay

t
— (1 +a)'?&(—pa) / & (=Baydm,. (1136
0

Let us note that
(A +a)' & (=Ba) ~ 1+ a)'?P*as 1 — o0,

and therefore, under 28« > 1, we obtain that the first term of (11.36) converges to
zero (a.s.) as t — oo.

The second term of (11.36) has a Gaussian distribution, and hence, we need to
calculate the asymptotic value of the variance of this term:

oo’ o’o?
dag > ——
1+ ag 2o — 1

t
(I+ at)a?(_ﬂa)/ E2(—Ba) ast — 00. (11.37)
0

Finally, we can arrive to conclusion that

2.2
(1 +a)'26, —0) —— N (0, X7 _). (11.38)
t—00 2Ba — 1

As a consequence of (11.38), we get the well-known classical results from the theory
of stochastic approximation for discrete and continuous time (11.24)—(11.25) and
(11.28):

2.2
n1/2(9n —0) Loo) N (0, 2;5—01) ,
n— o —

2.2
120, —0) 1 N0, X7 ).
>0 2Ba — 1
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Another important problem of regression analysis is the problem of estimation
of the unknown parameter of a linear regression function.
Suppose we observe the process X; having the following structure

t
X, =f fsdas6 + M;, (11.39)
0

where a € A;} and predictable, M € M2 ., a predictable function f; such that

fot fszdas = F; < oo (as.), t > 0,6 € R is an unknown parameter.
Define the following structural least-squares estimate as follows:

t
6, = F! / fodXs, (11.40)
0

where we assume that F; > 0 (a.s.) and F; € ﬂ;:c and predictable.
Assuming that F; — oo (a.s.) as t — 0o, we rewrite (11.40):

t t
6, =F ! / fPdag6 + F! / frd M
0 0 (11.41)

t
=0 + F! / fsd M.
0

Obviously, we can study the asymptotic behavior of 6; with the help of the large
numbers law. To apply such LNL, we find from (11.41) that (a.s.)

o0 t t o0
/ F;2d</ fdes,/ deMS>=/ F2f2d(M, M, )y <oco. (11.42)
0 0 0 0

So, if F; — oo (a.s.), t — o0, and (11.42) is fulfilled, then 6; — 6 (a.s.) t — o0.
Let us continue our study of estimates (11.40), by considering their sequential
analog. To do this in the model (11.39), we assume that

d(M, M),
——— <&y, (11.43)
dat
t
/ vy ' fida, € Al and predictable,
0

where £ is a positive r.v. and y; is a positive predictable process.
Next, for H > 0, we put

t
Ty = inf{t :/ ys_l Szdas > H}
0

with ty = oo if the set in {-} is empty.
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On the set {ty < oo}, we define a random variable Sy by the relation
122 -1 22 _
/ Vs fydas + Buye, fi,Aar, = H, (11.44)
O,7H)

and we put By = 0 on the set {ty = oo}. Then By € [0,1), and itis a F, -
measurable random variable.
Let us define the following sequential least-squares estimate

Oy = H™! [ /(0 )y;lfstS + ﬂﬂy;)fmAfo} : (11.45)
sTH

The next theorem shows a nice property of Oy called a fixed accuracy.

Theorem 11.2 Suppose (11.43)—(11.45) are fulfilled, E€ < oo, and fooo ys_l fszdas
= o0 (a.s.). Then P{w : Tty < 00} =1, EéH =0, and

Varfy < H 'Et. (11.46)

Proof The finiteness (a.s.) of 7y follows from the relation {ry < T} =
{a) [Tyt f2dag > H} . Using (11.45), we find that

by =60+ H 'Ny,, (11.47)
where N; = f(; I(KTH))/S_lfdes + I{,:TH}ﬂHyTZI Jeu AM,.

Since the process N; is a stochastic integral with respect to M € M,zoc, by the
properties of stochastic integrals, we obtain that

t
(NN}, = /O Fscom ¥ F2AUM. M. Y + Lo Bh v 2 £, MM, M)y

(11.48)
Hence, by (11.44), we get

(N.N)y =& [/«) : o fidas + Buvs, 12, Aa,H:| —&H,
sTH

and consequently, Niar, € MN M? and
EN;, =0, EN} = HEE,

which leads to (11.46). d
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Example 11.4 Let us consider the first order autoregression model:
Xt =0xi_1+e, x0=0,t=1,2,...,

where (e;);=12,... is a martingale difference w.r.t. (¥;) and E(e,2|7—'t,]) <§&, E£ <
o0

Then (11.43) is fulfilled with y; = 1, and the estimate éH takes the form

yoee

ty—1
Oy =H" [Z Xk Xg—1 +ﬂtherH1:| :

k=1

n
TH =inf{n : Zx,%_l > H} ,
k=1
tp—1
BH =)C;H2 |:H - Z x,%:| .
k=1

Embedding the present model in the general model (11.39) in a standard way, we
get

Efy =6, Varfy < H™'E&.



Chapter 12 ®
Basic Elements of Optional Stochastic oo
Analysis

This chapter provides an overview of optionality and predictability, general stopping
times, processes of finite variations, optional martingales and semimartingales,
along with their integration with respect to random measures. The chapter is ended
by the canonical decomposition of optional semimartingales and the change of
variables formulas (see [1, 14, 24, 26, 41, 42], and [38]).

12.1 Building Blocks of Optional Stochastic Analysis

Let a triplet (2, 7, P) be a complete probability space, i.e.,if A € B € ¥ and
P(B) = 0, then A € 7. This probability space equipped with a nondecreasing
family of o-algebras (filtration/information flow) F = (¥;)/¢[0,00), Where F; C
F. Fs € F;, s < t, forms a stochastic basis—a fundamental notion in stochastic
analysis. Usually, the following conditions on the filtration F:

e Fisright-continuous, i.e., ¥; = ;4 for all , where ¥4+ = Ny T
e Fis complete, i.e., each F; contains P-null sets of ¥

are collectively known as “usual conditions” on the filtration F.

The theory of stochastic processes is well-developed under “usual conditions.”
This theory is widely applied in different areas such as mathematical finance,
mathematical statistics, risk theory, stochastic differential equations, and others.
Although “usual conditions” are considered as a golden standard in stochastic
analysis, one can easily give an example illustrating the existence of a stochastic
basis where such assumptions do not hold.
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Example 12.1 Suppose
X; = 1t>t0 La,

where A is F-measurable with 0 < P(A) < 1. Let F; be a natural filtration of X,
Fr=0(Xs, 5 <t).

Then F is not right-continuous at #g, i.e., A ¢ ¥, but A € F4,1, and it is not
possible to make it right-continuous in a useful way.

A reasonable question arises: Why are “usual conditions” so predominant in the
studying of random processes? The majority of important results in the stochastic
analysis are proved under “usual conditions,” and for many of them, these conditions
are vital. Here we provide a brief introduction to stochastic analysis without “usual
conditions.”

Let us introduce O(F) and P(F) as the optional and predictable o-algebras
on (£2, [0, 00)), respectively. O(F) is generated by all F-adapted processes whose
trajectories are right-continuous and have left limits (or cadlag, RCLL). P(F) is
generated by all F-adapted processes whose trajectories are left-continuous and have
right limits.

A random process X = (X;), t € [0, 00), is said to be optional if it is O(F)-
measurable. In general, an optional process has right and left limits but is not
necessarily right- or left-continuous in F.

A random process (X;), t € [0, 00), is predictable if X is P (F)-measurable.
As well, in general, a predictable process has right and left limits but may not
necessarily be right- or left- continuous in F.

Denote # and O sets of predictable and optional processes, respectively. For
either optional or predictable processes, the following processes can be defined:
X_ = (X;-)0and Xy = (X4)i>0, AX = (AX;)s>0 such that AX;, = X; — X, _
and ATX = (A1 X,);>0 such that ATX, = X, — X,.

Since the random processes that we are going to work with possibly have left and
right limits only, it is necessary to introduce the following definition.

Definition 12.1 A random process (X;), t € [0, 00), is called strongly predictable
if X is P(F)-measurable and X is O(F)-measurable. Denote a space of strongly
predictable processes Ps.

Since in general F # F, = (¥;4);>0, Where ;4 = N;F;, there are two
distinct notions of stopping times (s.t.’s) with respect to F and F on unusual
stochastic basis, 1.e., on a stochastic basis without “usual conditions.”

Definition 12.2 The random variable T : 2 — [0, oo] is a stopping time (s.t.) if
the set {T <t} € F, forall ¢ € [0, 00).

Definition 12.3 The random variable T : Q — [0, oo] is a wide (broad) sense
stopping time if the set {7 <t} € F; forall ¢ € [0, 00).

As on a usual stochastic basis, there are notions of predictable and totally
inaccessible stopping times on an unusual stochastic basis.
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Definition 12.4 A stopping time T is called predictable if there exists a sequence
of wide sense stopping times (S,),n € N, such thatlim S, = T a.s.and S, < T a.s.
on the set {T > 0} for all n € N. Correspondently, a wide sense stopping time T is
called totally inaccessible wide sense s.t. if P(S = T < oo) = 0 for every stopping
time S.

Analogously, it is possible to define predictable wide sense stopping times, but it
turns out that this is unnecessary because the set of predictable s.t.’s and the set of
predictable wide sense s.t.’s are equal. Denote by 7 and 7 a set of s.t.”s and a set
of wide sense s.t.’s, respectively; 77, T, ‘7"'+—the set of predictable s.t.’s, the set of
totally inaccessible s.t.’s, and totally inaccessible wide sense s.t.’s, respectively. It is
immediately seen that 77 C 7 C 7.

On unusual stochastic basis, defined above three canonical types of stopping
times have the following properties. Predictable stopping times, S € 77, are such
that (S < t) is F;— measurable for all #; totally inaccessible stopping times, T € 7,
are such that (T <) is ¥; -measurable for all z. However, we note that (T < t)
is not necessarily F;-measurable since ¥; is not right-continuous; finally, totally
inaccessible stopping times in the broad sense, U € 7, are such that (U <1t) is
F:4+-measurable for all 7, but since F;4 is right-continuous, and (U < t) is also
F:+-measurable.

Definition 12.5 Suppose S and T are maps 2 — [0,00] and S < T a.s. The
stochastic interval denoted by [S, T'[ is the set

{(t,w) € [0,00[xQ2: S(w) <t < T(w)}.

The stochastic intervals [S, T'], 1S, T] and ]S, T'[ are defined similarly.
The stochastic interval

[T, T]={(t,w) € [0, 00[xQ2: T(w) =t}

is denoted by [7'] and is called the graph of 7. We use the notation introduced above
for wide sense stopping times. Whenever we use this notation for the deterministic
times, we mean a usual interval of real numbers.

Definition 12.6 The sequence of (7},),en C 7+ exhausts the jumps of the process
(X1)te[0,00) if for any T € 7 for which the set [T] N (U,[7,]) = ¥ we have
AX7 = ATX7 =0as. on {t < oo}

Below, a fundamental result that gives foundations for many results in the optional
stochastic analysis is presented. In particular, it is used in the canonical decomposi-
tion of optional semimartingales.

Theorem 12.1 Suppose X = (X;)ie[0,00) IS an optional process whose paths have
left and right limits a.s. (vlll or ladlag). Then there exist sequences (Sy,), (T,), and
(Uy), n € N, of predictable s.t.’s, totally inaccessible s.t.’s, and totally inaccessible
wide sense s.t.’s, respectively, exhausting all jumps of the process X and having the
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following properties: The graphs of these s.t.’s are mutually nonintersecting within
each sequence.

Let us consider the processes which do not vary a lot, i.e., processes having paths
of finite variation for almost all @. We begin with the definitions of several spaces
of such processes.

Definition 12.7 A process A = (A;), t € Ry, is of finite variation if it has finite
variation on every segment [0, 7], # € R} a.s., thatis, Var(A); < oo, forallt € Ry
a.s. where

Var(A), = Y |A+As|+/0 |dA”|.
1]

0<s<t 10,

Denote by V the set of all F-adapted processes of finite variation.

A process A = (A;)>0 1s increasing if it is nonnegative, F-adapted, and its
trajectories do not decrease. Let VT be the collection of increasing processes, and
hence, ‘Vt < V. Further, an increasing process A is integrable if EAs, < o0.
The collection of such processes is denoted by A™. Correspondently, a process
A = (A;)s>0 of finite variation belongs to the space A of integrable finite variation
processes if E [Var(A)] < oo.

A process X = (X;):>0 belongs to the space [, if there is a localizing sequence
of wide sense s.t.’s, (R,),n € N, R, € T4, R, 1 0o a.s. such that X1jo g, € J for
all n, where 7 is a space of processes and 7, is an extension of J by localization.

In general, the spaces V, A, A" can be extended to Ve, Aoc, ﬂfgc,
respectively, by localization. It is well-known that V = V., and the relationships
AC Appe €Vand AT € A < VT hold.

A finite variation process A can be decomposedto A = A” + A% = A+ A9 4 A8
where A€ is continuous, A" is right-continuous, A9 is discrete right-continuous, and
A8 is discrete left-continuous such that

Ad = Z AAs and A = Z At A,
O<s<t O<s<t
where the series converge absolutely.

Definition 12.8 A process M = (M;);>0 is an (square integrable) optional
martingale (supermartingale, submartingale) if:

¢ M is O(F)-measurable. .
* There exists an (square) integrable Fo,-measurable random variable M such that

My = E[M|F7]

(respectively, M7 > E[MlTT], Mr < E[Ml?’r]) a.s. on the set (T < o0) for
any T € 7.
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Let M (resp. M?) denote the set of optional martingales (resp. square-integrable
optional martingales). The space M is extended to a space of local optional
martingale, M;,., and the space M is extended to a space locally square-integrable
optional martingales, Mlzow respectively.

Definition 12.9 A process M = (M;);>0 is called an optional local (locally
square integrable) martingale if there exists a sequence (R,, M™),n € N, where
R, € T4, R, 1 oo as.and M™ is a (square integrable) optional martingale, such
that M = M ™ on the stochastic interval [0, R,] and the random variable M Ry 18
integrable for any n € N.

If M € Mj,, then it can be decomposed into
M =M"+ M8 where M" = M + M¢,

M¢€ is continuous, M? is right-continuous, and MS$ is left-continuous optional local
martingales. M? and M are orthogonal to each other and to any continuous (local)
martingale. Moreover, M9 and M3 can be written as

M= %" AM; and Mf =Y A*M,.

O<s<t 0<s<t
Now, we discuss the extension of the quadratic variation process for the square-
integrable optional martingales.

Lemma 12.1

(1) Suppose X € M. There exists a unique increasing strongly predictable process
(X) € A such that EX% = E(X)7 for every s.t. T, or, equivalently, X* — (X) €
M, where (X) = (X8) 4+ (X€) + (X9).

(2) IfX,Y € M2, then there exists a unique strongly predictable process (X,Y) €
A such that XY — (X, Y) € M, where

1
(X.7) = S[X+7Y) —(X) = (¥)].

Suppose X € M? and X¢ is its continuous part. We define [X, X] to be the
process

[X, X1 = (X + ) _(AX)*+ ) (AYX))?, 1Ry,

s<t s<t

It is not difficult to show that [ X, X] is increasing, F-adapted and integrable, and
that X2 — [X, X] € M. Moreover, we define

1
[X,Y]=5([X+Y,X+Y]—[X,X]—[Y,Y])
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for X, Y € M?, with XY — [X, Y] € M. Further, we get that

[X, Y] = (X, Y, + Z AX;AY, + Z AT X ATY,.

s<t s<t

Lemma 12.2 A nonnegative optional local martingale X is a supermartingale.

Proof Let X € M., X > 0. Then by definition of optional local martingale,
there exist X" € M, X" > 0, and R, € 74, R, 1 oo a.s. such that for any
n>1: X = X"1jo,g,]. Next, forany t > s and A € ¥, we have

= lim EX?1A1(1<RVL)
n—oo -

< lim EthlAl(ngn)

n—oo

= lim EX{141(<k,)
=EX,1,.

Hence, the process X; is a nonnegative supermartingale (in usual sense). O

On an unusual stochastic basis, the most general processes that have good
properties to work with are optional semimartingales. Optional semimartingales
are linear combinations of finite variation processes and local optional martingales.
Since local optional martingales and processes of finite variation are in general
neither right-continuous nor left-continuous, optional semimartingales possess the
same continuity characteristics. Therefore, their structure is complicated.

Definition 12.10 The stochastic process X is called an optional semimartingale if
X=Xo+M+A,

where M € Mjpe, A € V, Ag = My = 0 and X is an Fp-measurable finite
random variable. Moreover, an optional semimartingale X is called special optional
semimartingale if the above decomposition exists with a strongly predictable
process A € Ajpe-

Let S denote the set of optional semimartingales and S, the set of special
optional semimartingales. If X € S, then the semimartingale decomposition
is unique. By the optional martingale decomposition and the decomposition of
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predictable processes, we can decompose a semimartingale as follows:

X =Xo+ X" + X8, with

X' =A" + M,
M"=M°¢+ M, (12.1)
AT =A€ 4 A,
X8 =A% 4+ M¢,

where A€, A4, and A¢ are finite variation processes that are continuous, discrete
right-continuous, and discrete left-continuous, respectively; M¢ € M;, ., MY €
ML M8 e MG _is a continuous, a discrete right-continuous and a left-continuous
local martingale, respectively. This decomposition is useful for defining integration

with respect to optional semimartingales.

12.2 Optional Stochastic Calculus

A stochastic integral with respect to optional semimartingale is defined as

poX; = f psd X :/ ps—dX; +f (pstf_‘_ , where
[0,7] 10,71 [0,¢1

[ ps—dX;, :/ <ps_dA§+/ @s—dM; and
10,7] 10,7] 10,7]

/ psd X5, =/ ¢sdA§++/ psd M.
0,1 0,1 [0,1]

The stochastic integral with respect to the finite variation processes or strongly
predictable processes A” over ]0, ¢t] and AS over [0, ¢[ is interpreted as usual, in
the Lebesgue sense. The integral f]o,t] @s—dM; over 0, t] is the usual stochastic
integral with respect to cadlag local martingale, whereas f[o. i ¢def . over [0, ¢[
is the Gal’chuk stochastic integral with respect to left-continuous local martingale.
In general, the stochastic integral with respect to optional semimartingale X can be
defined as a bilinear form (¢", ¢8) o X;, ¢" € P and @8 € O such that

Yt=(€0r»§0g)oxt=(ﬂr'xtr+(pr®xf,

7 ¢ =/ ped Xy, ¢g®Xg=/ pfdX5,,
10,¢] [0,¢]
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where Y is again an optional semimartingale. Note that the stochastic integral
over optional semimartingales is defined on a much larger space of integrands, the
product space of predictable and optional processes, £ x O. From now on, we are
going to use the operator “o” to denote the stochastic optional integral, the operator
“.” to denote the regular stochastic integral with respect to RCLL semimartingales,
and the operator “©®” for the Galchuk stochastic integral g © X& with respect to left-
continuous semimartingales.

The properties of optional stochastic integral are the followings.

First, isometry is satisfied with

1/2 1/2
(F2 [ x77) " € A and (2 0[X5,X]) 7 € A
The quadratic variations are defined as

[X, X]=[X", X"] + [X%, X8] where

[X7. X7], = (X, X),+ Y_ (AXy)? and

O<s<t

[x<.x8], = 37 (a%x,)":

0<s<t

linearity is also satisfied with (' + f2, g'+g2) o X, = (f', gD o X, +(f%, g»)o X,
forany (f!, g') and (2, g?) in the space P(F) xO(F); At X8 is O(F, )-measurable
with its martingale part satisfying E [A* M7 17 o) |F7 ] = 0 a.s. for any stopping
time 7 in the broad sense and AX" is O(F)-measurable with its martingale part
satisfying E [AM;I(TQO) ITT] = 0 a.s. for any stopping time 7.

Moreover, orthogonality is as such that X" 1 X# are orthogonal, in the sense
that their product is an optional local martingale. Also, differentials are independent:
AY = fAX" and ATY = gATX8; lastly, for any semimartingale Z, the quadratic
projectionis [Y, Z] = f - [X", Z"]1 4+ g © [X8, Z8].

Consider the space (E, &), where E = R \ {0} and & = B(E) is the Borel
o-algebra in E. Define the spaces

Q=QxR.xE, E=R, xE, E=8R,)x&
OF) =0F) x &, OFL)=0F;)xE P=PxE.
Definition 12.11 A nonnegative random set function w,T),w e @2, T € 8 is

called a random measure on Eif u(, Iy eFforany I € E and w(w, -) is a o-finite
measure on (E , 8) for each w € Q.

A random measure is called integer-valued if u(w,I') € {0,1,..., 400} and
0 < u(w, {t} x E) <1forall (w, I').
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For a nonnegative function f € F x & and measure W, let us form the process
f * u, where

f*uz=/ f@, s, O, ds, dx), 1 < oo,
[0,t1x E

The random measure u is O(F_)-optional if the process f * u is O(F)-measurable
for any nonnegative O (F)-measurable f- Similarly, the random measure u is O(F)-
optional (for brevity, optional) if f * 1 € O for any nonnegative O(F)-measurable
f. The random measure p is predictable if f % u € P for any nonnegative P-
measurable f. -

Let x be an optional measure. On the space (EZ, O(F)), we consider

Ef % jico, f € OF), f=0.

Lemma 12.3 Let the optional measure ju be such that the measure Ef * oo is
P-o -finite (i.e., the restriction of E f x i to (SZ P) is o-finite). Then there exists a
unique (up to zndzstzngmshablllty) predictable measure v = v(w, dt, dx) such that
for any function f € P, f >0, onehasEf * jtoc = Ef * V.

The measure v can be written in the form v(w, dt,dx) = dA;(w)K (w, t, dx),
where A is an increasing predictable right-continuous process, and K (w, t, dx) is
the kernel of the space (2 x R, P) into (E, &E).

If the measure . does not load any predictable s.t’s whatever, then the same is
true for v, and the process_f * v is continuous for any f € P, f > 0. Moreover, for
any S € TP andany f € P, f >0, on (S < o0),

E[ /E f(S,X)u({S},dX)’?”s—} _ fE F(S. 0)v((S). dx).

The process f = v is the dual projection for the process [ * u, f € P, f=0.1
f * € Ajpe, then the process

fxpu— fxve Mpyc.

In the case of integer-valued 1, outside a set of P-null measure, 0 < v(w, {t} X E) <
1forallt € R;.

The measure v is called the compensator of the measure j.
Let n be an O(F)-optional measure. On the space (Q ()(F+)) we consider

Ef % too, f € OF4), f>0.
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Lemma 12.4 Let the O(F.)-optional measure 1 be such that the measure E f oo
is O-o -finite. Then:

(a) There exists a unique (up to indistinguishability) optional measure
Mw, dt, dx) such that for any function f € O(F), f >0, one has Ef x oo =
Ef * Aoo-

The measure A can be written in the form M(w, dt, dx) = dA;(w)K (w, t, dx),
where A is an increasing optional right-continuous process, and K (w, t, dx) is
the kernel of the space (2 x Ry, O) into (E, &).

(b) If the measure n does not load any s.t’s whatever, then the same is true for X,
and the process f % A is continuous for any f € OF), f > 0.
(c) The process

f*Ap = </ fidds, dx))
[0,/1xE

is the dual optional projection for the process

fxny = (/ fndds, dx)>
[0,t1xE

for f € 5(F), f = 0. In particular, forany T € T and any f € (~)(F), f=0
on (T < 00)

E [/ f(T,x)n({T},dx)‘ﬁ} _E U T 0T, dx>]ﬂ] as.
E E
If f *ny € Ajge, then the process
o= f o = / fds, dx) — / Fi(ds,dx) € Mie.
[0,¢[xE [0,/[XE

(d) If the measure n is integer-valued, then there exists a modification of the
measure A such that outside a set of P-null measure, 0 < A(w, {t} x E) <1 for
anyt € Ry.

The measure A is called the compensator of the O(F.)-optional measure 7.

Let Y be a one-dimensional optional semimartingale and (S;)n>1, (Tn)n>1,
(Un)n>1 be sequences of predictable, totally inaccessible stopping times and totally
inaccessible wide sense stopping times, respectively, exhausting all jumps of the
process Y, ie., the set {AY # 0} U {ATY # 0}, such that the graphs of
these stopping times do not intersect within each sequence. Define integer random
measures on (R x E, é)

pd () =Y 1r (T, B7,). uE) =Y 1r(Un, B,

n>1 n>1



12.2  Optional Stochastic Calculus 221

p () = 1r(Su, B5), pEI) = 1r(Su. BS).
n>1 n>1
n(0) =Y 1r(T, B7,),
n>1

where 11 (-) is an indicator function of a set T’ € &, ﬂ,d = AY; if AY; # 0 and
Bl =8if AY, =0, B8 = ATY, if ATY, #£0, 88 =8if ATY, =0, t > 0.

Under the unusual conditions on probability space admits the following canoni-
cal decomposition:

Ye=Yo+a; +m + / ul gu<nyd(u? = v?) + / ulu<nd(p — v¥)
10,/1x E [0,([x E

+ / ul(u)=1ydp + / ul(u)>ndu®

10.7]xE [0,/[xE
+ / udp® + / udp® + / udn
10,/1x E [0,/[xE [0.¢/[xE

or in short notation

Y=Yo+ta+m+ Z I:MI(MS]) * (,bLj - l)j) + ulqu>1) * l,Lj +u * pj] +u*n,
j=r.g
(12.2)

where Y is Fo-measurable random variable, a € Ajpc,ap = 0, and m €
M2, mo = 0 (a and m are both continuous); v/ are the compensators of /.

The Ito’s formula is a basic instrument in stochastic calculus. In optional settings,
we have a generalization of the Ito’s formula which will be called also a change of
variables formula.

Theorem 12.2 Suppose X is an n-dimensional optional semimartingale, i.e.,
X=X ..., xm,
where X' is an optional semimartingale, i = 1,...,n, and f(x) = f(xl, XM

is a twice continuously differentiable function on R". Then the process f(x) is an
optional semimartingale, and for all t € R4

F(X0) =f(Xo) + Z f ] B—(X (AT 4 M),
0,t
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ic jc
+5 Z / . axlax]f(Xs_)d(M L M),

n 3f )
+ (Xs) — f(Xs2) = ) = (Xs-)AX] (12.3)
P R o
+Z[ —(X )A(ATS + Mi8),
Ot[
~ of +yi
+ D0 L Xap) = F(X) = 3 S (XA,
O<s<t i=1 !

where A" M, M¢, A€ and M'¢ are from the decomposition of X' in (12.1).

After comparing Ito’s formula with the above changing of variables formula, we
can notice that there are two additional last terms in (12.3) that appeared due to
jumps from the right.

Let us now consider the following optional semimartingale:

X=Xo+f-atg-m+ Y [Uhj * (! —Uj)+(kj+lj)*pj]+(r+W)*n,
j=rg
(12.4)

where X is Fo-measurable random variable; U = U (u) = 1qu<1)(1); a € Alpe
is continuous increasing, m, /ﬂ v, pj ,n as in (12.2). Further, for convenience,
we use the notation f = f(w,t,x), g = glw,t,x), hy = h(w,t,u,x),
hg = h(w,t,u,x) and similarly for k;,/;, w and r whenever this does not lead
to confusion.

Assume the following:

e Forj=rg,

[f(X)|-a € Ape,
g(X) N <m> € ﬂloc:
(X)) % v/ € Appe,
1;(X)| % p! € Apge,

5 9172
(16O p7 | € A,

[r(X)] * 1 € Ao,

172
[[wCOR 0] " € Aoe,
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and E[k, (S, ﬁg, X0)|Fs—] = 0 as. for any predictable stopping time S on
{S < oo} and Elkg(T, ﬁ?, Xo)|Fr] = 0, E[w(T, ,3;, Xo)|Fr]l = 0 as., for
any stopping time 7 on {T < oo}.

f(w, s, x)and g(w, s, x) are defined on (2 x R4 xR) and P x B(R)-measurable.
Uhg(w, s, u,x)isdefinedon (xR x EN(Ju] < 1) xR) and Px B(EN(lu] <
1)) x B(R)-measurable.

Uhg(w,s,u, x)isdefinedon (2 xRy x EN(Ju| < 1) xR) and Ox B(EN(Ju| <
1)) x B(R)-measurable.

ka(w,s,u,x), lg(w, s, u, x) are defined on (2 x Ry x E x R) and P x B(R)-
measurable.

ke(w,s,u,x), lg(w,s,u,x), r(w,s,u,x), w(w,s,u,x) are defined on (2 x
R4+ x E x R) and O x B(R)-measurable.

These integrability and measurability assumptions guarantee well-posedness of the
integrals in (12.4).

Theorem 12.3 Let X be an optional semimartingale given in (12.4). Let f(x) =
f(x', ...,x™) be a twice continuously differentiable function on R™. Then the
process f(x) is an optional semimartingale, and for all t € Ry, it has the following
representation

FX0) —f(xo>+Z/ —(X Dd(@ +mb),

+ = Z / axlaxjf(XS_)al<m,m>s

+[f(X= +ha) — F(XOIU * (u — v,
+[f(X +he) = FO]U x (u8 —v8),

n P '
+ [f(X +ha)— f(X)= ) 8—){()(‘?_)%} U

i=1 !
= 3f i g
n [ (X +hy)— fFX) = 8—)@(&)@} U # v
i=1
F (X + (kg +12) — F(X)]* p?
F X+ kg + 1) — FXO] * pf
FIFX + (r+w)) — FX)] .



Chapter 13 )
Optional Stochastic Differential oo
Equations and Their Applications

This chapter is devoted to study existence and uniqueness of solutions of SDEs w.r.t.
optional semimartingales as well as their comparison property. A special attention
is paid to linear SDEs and their solutions as stochastic exponents and logarithms.
It is shown how this technique is exploited for financial modeling and pricing (see
[1, 4,21, 25, 29], and [34]).

13.1 Existence and Uniqueness of Solutions of Optional SDEs

Let us begin with a short exposition of results on existence and uniqueness of
solutions of optional SDEs.

Let (2, F, P) be a complete probability space equipped with a filtration F =
(F+)r>0, which is not complete, right- or left-continuous.

Let Y be a one-dimensional optional semimartingale which has the representation
(12.2). Consider the following SDE with respect to Y:

X=Xo+f(X)-a+gX) - m+r+w)(X)*xn

+ Z I:Uhj(X)*(/Lj—Uj)+(kj +lj)(X)*pj], (13.1)
J=r.g

where X is Fo-measurable random variable; U = U(u) = 1y <1)(1); a € Ajye
is continuous increasing, m, uf v/, pj ,n as in (12.2). Further, for convenience,
we use the notation f(X) = f(w,t, X;—), g(X) = glw,t, X;-), hg(X) =
h(w,t,u, X;_), hg(X) = h(w, t, u, X;) and similarly for k;, /;, w and r whenever
this does not lead to confusion.

To guarantee well-posedness of the integrals in (13.1), we make the following.
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Assumption A
e Forj=r,g,

£ (X)] - a € Ape,
(8(X))* - (m) € Ay,
RGO % v/ € Ajge,
IL;(X)| % p! € Ao

) 172
(16 COR 5 p] " € Foe,
Ir(X)| % n € Ao,

172
[wCOR 0] " € Aoe.

and E[k,(S, ﬁg, X0)|Fs—] = 0 as. for any predictable stopping time S on
{S < oo} and Elkg(T, ﬁ?, Xo)|Fr] = 0, E[w(T, ,Bi, Xo)|Fr]l = 0 a.s., for
any stopping time 7 on {T < oo}.
* f(w,s,x) and g(w, s, x) are defined on (2 x Ry x R) and are P x B(R)-
measurable.
e hg(w,s,u,x), kg(w,s,u,x), lgj(w, s, u, x) are defined on (2 x Ry x E x R)
and P x B(R)-measurable.
* hg(w,s,u,x), kg(w,s,u,x), lg(w,s,u,x), r(w,s,u, x), ww, s, u, x) are
defined on (2 x R4 x E x R) and O x B(R)-measurable.
For convenience, we state here sufficient conditions for the existence and the
uniqueness of the strong solution of (13.1). Suppose Assumption A holds. We say
that the functions f, g, h;, kj, 1, r, win (13.1) satisfy the L(Y, X¢) conditions if:

(L1) There exist nonnegative functions F, G, HI, L/, K/, R, W, j =r, g, such
that:

a. F(w,s), G(w, s) are P-measurable; HY (w, s, u) is P x B(E N (Jul < 1))-
measurable;
HE(w,s,u)is O x B(E N (Ju| < 1))-measurable;
Ld(a), s, u), Kd(w, s, u) are ¢—measurable; ~
L8(w, s, u), K8(w, s, u), R(w, s, u), W(w, s, u) are O-measurable.

b. F-a,+G~(m)t+Zj:r,g [HjU xv/ + (KJ + L)) *Aj]—i—(R—i—W)*; <
oo a.s. for any + > 0, where A/ and ¢ are compensators of p/ and 7,
respectively.

c. Foranyx,yeR, seRyand j =1, g,

F@) = FO-ar < (Flx = yD) -
(8(x) = g+ m); = (Gl = yI) - (m)y
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i @) = ) v] < (Hx = y1) %],
1500 = L] 4] = (L7

x—yo*ﬁ,
ey ) = kP w2 = (K = yI2) %2,
(o) = r(1 & < (Rlx = yI) &,

W) — w6 = (Whx = yP) &

L2)

(§(X0)) - (m)s + [ (Xo) - a + [ r(Xo) + (w(X0))?] ¢

+ 3 [0 X020 T+ [ (XD +1(Xo) | +47] < o

Jj=r.g

a.s. forany r > 0.
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Theorem 13.1 Let Y be an optional semimartingale and suppose that
fig hj ki, lj,r,w satisfy the L(Y,Xy) conditions. Then the strong solution of

(13.1) exists and is unique.

Remark 13.1 Results in Theorem 13.1 can be easily generalized to Eq. (13.1) with

an additional term 1|~ 1)h’j %/ due to its simple structure.

Let us study the comparison theorem for solutions of optimal SDEs. For the sake
of brevity, here we want to compare solutions of the following SDEs in the form of

X =Xo+ (XD a+ g (XD mi+ Y [Uh;<xf)*(u-" —v-")t], i=12,

j=rsg
with initial condition X}, = x{.

Denote
Fi(o) /‘Z dx
i(Z) ‘= 5
' xé gi(x)

8i(2) 8i(2)

hi.
ﬁi.(z) _ /z+ Y@ dx ’
z gi(x)

_ i hi (. .
@ :=f_(Z)—%{ Z/[ @ :|Uf)f(du),

(13.2)
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where o and 7/ are given below in Assumption B:
(B1) (Structural conditions): There exist densities

d(m),
da[ ’

t

v (@, (0,1],T) = / 7(w, s, T)das,
0+

t7
v¥(w, [0,1),T) = / Ve (w, s, Mdag.
0

(B2) gi i = 1,2, is positive and continuously differentiable in z such that for any
S € R+, Z € R

Fi(s,z2) = F2(s, 2). (13.3)
(B3) Foranys e R, ueE, z,yeR,y >z
s, < 26,0,
hi(s,u,2) <h%(s,u,y),

215, u,2) < y+R5(s,u, ).

(B4) f 2(z) and ﬁ? (z) are Lipschitz continuous.

Theorem 13.2 Suppose that f', gi, h'; in (13.2) satisfy L(Y,X}),i = 1,2, and

Assumption B holds. Then there exist unique strong solutions X' and X?, and X' <
X2

Proof We transform the processes X' with the help of the change of variables
formula and structural conditions, i = 1, 2:

.. X\ dx
X; ::/
X &gi(x)

0

X)) 1, i
= a;,+m — =g (X} ) -(m
gi(Xé_) t t 281( t ) - (m);
XI_+hy(X[D) gy y Xi+hh (XD gy
—|—/_ U*,ut—i—/‘ U*,u‘tg
X 8i(x) X 8i(x)
hi(XE_ Rt (X1)
— —d( ! )U * ld— g1 s

gi(X]_) gi(X})
=N XIL)) - ap +my + By(F7 N R)U * 1 + R (F7N XU # uif.
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From the condition (B2), it follows that F’ l_l(z) < F; l(z), and, consequently, for
any Z

LT @) < PR @), (13.4)
i (F (2) < h5(F5 () (13.5)
2R3 u.2) <y +h5(s.u.y), (13.6)

by applying (B3). 3
Functions f 2(F{ ! (x)) and h% (Fy ! (x)) are obviously Lipschitz continuous since

Fy Lis continuously differentiable transformation and (B4).
Because

Ry (F' () # 15 (Fy ' (),
in general, we notice that
Yt =X - x3*
=ty o F1ETT R - PO R L)
+ FAE RO = P R
+ [(y +hYFTNX) - ﬁ5<F2‘1<X?_>>)+ -~ Yﬂ U s
+ [(Y +hy(F7N(X))) - ﬁg(F;I(f(?))f - Y+] U * b
=L+ L+ L.
By (13.4) and Lipschitz continuity, I; < const.Y™ - a,. Next, using (13.5), (13.6),
and Lipschitz continuity, we get I, < const. YU % /Ltd and Iz < const.YTU % /Lf’.

Consequently, by Gronwall Lemma, we prove that X! < X2.
This, together with (B2), implies that

[th dx /‘Xfl dx /‘th dx
=< =< .
2 &) xé g1(x) xg g2(x)

0

Since g>(x) > 0, we conclude that x! < x2 m]



230 13 Optional Stochastic Differential Equations and Their Applications

Remark 13.2 Proceeding with the same technique for jump measures as in the
above proof, Theorem 13.2 can be directly extended to solutions of (13.1).

Let us give an example.

Example 13.1 Let X! and X? follow Eq.(13.2) with m; = W;,a; = t. For A €
B(R,) and I' € &, the Poisson random measures u¢ and p$ are defined as

ud (AxT): =#{(r, AL?) € A x T|t > 0such that ALY ;éo}

u8 (AxT):=#{(r, AYLf) € A x T'|t > 0 such that ATL} +# 0},

where L) and L? are a Poisson process and a left-continuous modification of a
Poisson process with constant intensities y¢ = 1 and y¢ = 2, respectively, and
compensators v¢ = y?t and v8 = y&t. Furthermore, we assume that L' and L? are
independent. We have

i@ =0, g1 =1, x4 =0;
0.15cos(z)

03y’ S@=0- 03sin(z)~",  xZ=0.

) =

Firstly, we consider the case with no jumps, i.e., h’] =0,7 =1,2. It is easy to
check that all assumptions of Theorem 13.2 hold, and, thus, X < x2,

Next, let us assume that 4, = 1, i = 1, 2. By adding the compensated jumps
with the same magnitude, we anticipate the same result as in the continuous case.
However, condition (B3) of Theorem 13.2 is clearly not satisfied. Therefore, X I <
X2 is not necessarily true.

Finally, assume that h} = 0.7, h? = 1 and fl(z) = —1.8, and other functions
stay the same. Since

flz) = -39,
F2(y) = =3(1 = 0.3sin(y))

5 z40.7 dx
1 _ —
hj(z)—/ =07
b4

i - dx 1403 1)—03
) —A (1= 03sinG))—1 +0.3cos(y + 1) — 0.3cos(y),

then (B3) holds. In addition, f 2 and ﬁ% are obviously Lipschitz continuous. Thus,
by Theorem 13.2, we obtain that x! < x2
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13.2 Optional Stochastic Exponents and Logarithms

For optional semimartingales X € S(IF, P), we define a linear optional SDE with
respect to X:

t r—
Zi = Zo+Zo X, = zo+f zs_dxg+/ ZydX$,. (13.7)
0+ 0

The next is the theorem that shows the existence and uniqueness of solution of
Eq. (13.7) and gives a formula of such solution.

Theorem 13.3 There exists a unique (up to indistinguishability) semimartingale
Z € S satisfying to (13.7).
The process Z is given by the formula

Z, = Zo - (X)), (13.8)

where

1
&(X) = exp (Xt - §<XC,XC>> [T a+ax0e 2% T a+atxpe 2%,

O<s<t 0<s<t

and E(X) = (E/(X)):>o0 is called a stochastic optional exponential of X.
Proof SetUy = Zo, Vo =1,

U=20 [ A+ax0e™%, vi= [ A+atx)e ™ 150,

O<s<t O<s<t

and let us show that these products converge absolutely a.s. for any ¢t € R...
Since there are almost surely a finite number of jumps of the form |AX]| > 1/2,
|[ATX| > 1/2 on any time segment, the processes

[T a+axaa9e 2510 TT a4+ atx1B)e 1)

O<s<t 0<s<t

have a.s. finite variation on any segment, where A§

sets

, BS are the complements of the

Ay ={|AX,| > 3}, By ={ATX,] < }}.
Set

U= [] +AX1(A)e 2140 y/= TT (+ AT X 1(By))e 2 Xe1B),

O<s<l 0<s<t
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Since the products contain strictly positive quantities, one can take their loga-
rithm:

logU/ = Y [log(l + AX,1(Ay)) — AX,1(Ay)],

O<s<t

logV/ = Z [log(1 + ATX,1(By) — ATX,1(By)].

0<s<t

These series a.s. converge absolutely since they are majorized by the series
¢ ges<t (DX €Y 0=y (ATX)? Let us set

K =X, — (X", X, F(x,y,2) =e'yz,

and apply the change of variables formula to . We have

Zi= PR U V) = Zo+ [ (Zeed(X5 = 10X X9) + 5 viaus)

0.1
41 / Zo d{X°. XY, + / ZodX8, + f KUV,
10,7] [0,¢] [0,2[
+ Y [zs — 7 — 7, AX, — K- VS,AUS]
O<s<t
+ ) [ZH — Zy— ZAT X, — USA+Vs]. (13.9)
O<s<t

Reducing similar terms and noting that

/ eKs-v,_du, = Z K- v_ AU,
10,11

O<s<t

f eKSUster = Z gKSUsA-i_Vs’
[0,2]

0<s<t

and also that AZ, = Z,_AX,, ATZ, = Z,AtX,, we see that (13.9) coincides

with (13.7). y 3
Uniqueness. Let Z € S be yet another solution of (13.7), Z = Zy. Put ¥; =
e~ X1 Z,. From the change of variables formula, reducing similar terms, we get

Y, = Zo+ Z [eXZy—e X —Z, ]+ Z [e7 X+ Zyy —e 5 Z4],

O<s<t O<s<t
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or

Yo=Zo+ Y AYi+ Y Aty

O<s<t 0<s<t

where the series converge absolutely a.s. It follows that Y has a.s. finite variation on
any segment [0, ¢].
Since

AY, =Y, [e 250 +ax) —1], Aty =v[e 20+ atx) 1],

the process Y is a solution of the equation
Y, =Zo+ f Y,—dAL + / Y,dAS,,
0,t 0,1

where

A= 3 [ a+ax)—1], A=Y [N+ aTx) - 1],
O<s<t O<s<t

(13.10)
are processes a.s. of bounded variation on any segment. The equations

Y=Y(§+/ Y,_dA%, Y=Y§+/ Y, dAS,,
0.t 0,1

have at most one solution. Consequently, Eq. (13.10) has at most one solution. It
follows that Eq. (13.7) also has at most one solution. |

Two useful properties of stochastic exponentials are the inverse and product
formulas.

Problem 13.1 For X, Y € S, the product of stochastic exponent is calculated as
EX)EX)=8E8X+Y +[X,Y]).

Hint. Using the change of variables formula and the definition of stochastic
exponent, we obtain

EX)EY) =1+ E(X) 0 EY) +EXY) 0 EX) + [E(X), EX)]
=14+8X)EX) oY +EX)EY) 0 X +EX)EY) o [X, Y]
=1+EX)EY) o (X +Y +[X, Y]
=&X +Y +[X,Y)).

Lemma 13.1 The inverse of stochastic exponent for the semimartingale X is

EN(X) = &(=X"),
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where

(AX;)? (AT X,)?
* — X _ XC, XC _
! r= i Z 1+ AX, Z 1+A+X

O<s<t

X

Proof Let X* be such that E(—X*)E(X) = &(X — X* — [X, X*]) = 1. Hence,
X —X*—[X,X*]=0and

X* =X — (X 4+ ) _(AX)* + ) (ATX,)?

s<t s<t
CESS (AX0)? + (AX,)? 3 (ATX,)? +(ATX,)
! 1+ AX, 1+ ATX,
O<s=t 0<s<t
(AX9)* (ATX,)?
— (XY, = 2]
T iraxt D Teax
<s<t O<s<t

The sum of (AX)3/(1 + AX) is zero. To see this, consider
3 (AX)* 3 (AX)? Y ax| =0
1+ AX 1+ AX’ N

and as well, for (AT X)3/(1 + AT X). Hence,

AX,)? (ATX;,)?
X* =X — (X¢ S - ¥
( )’+21+Ax+zl+A+Xs

O<s<t O<s<t

The optional stochastic logarithm is defined as follows.
Let Y be a real-valued optional semimartingale such that the processes Y_ and Y
do not vanish, and then the process

1 o |
X,=—oY = —dys,, Xo =0, 13.11
t YO t /()+ v, s +/0 Y, St 0 ( )

also denoted by X = Log(Y), called the stochastic logarithm of Y. It is the unique
semimartingale X such that ¥ = Yo&(X). Moreover, if AY # —1and ATX #£ —1,
we also have

Y 1 Y AYV
Lothzloglyl+ﬁo(YC Y€y, — Z<10g|1+y |- )

O<s<t

= 2 (log (14 45%) — &3, (13.12)

O<s<t
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It is important to note that the process Y does not need to be positive for Log(Y)
to exist, in accordance with the fact that the stochastic exponential £&(X) may take
negative values.

The assumption that Y_ and Y do not vanish implies that S, = inf{t : |¥;| <
}l} 1 oo; hence, 1/Y_ is locally bounded; likewise, T,, = inf{r : |¥;| < %} 1 0o;
hence, 1/Y is also locally bounded and the stochastic integral in (13.11) makes
sense. Let Y = Y /Y, then Yo = 1, and by (13.11), X = (1/Y) o Y. Thus,

- - 1 - 1 - -
l+YoX=l+Yo(ToY>=l+<T)oY=Y,
v 7

or Y = &(X). Furthermore, AX = AY/Y_ # —land AX = ATY)Y # —1.
Let X be any other semimartingale satisfying ¥ = E(X). With Y = Y /Yy yields
Y =8X).S0,Y =14+YoXorY =Yy+ Y oX.Since Xo = 0, we have

- 1 1
X=—0X==o0 —-Y)=—=o0Y =X,
Y Y

~<a| =<

and we get uniqueness.

To prove representation (13.12), we apply the change of variable formula to
optional semimartingale log |Y|. Since the log explodes at 0, we consider: For each
n, the C? function f, on R, with f,(x) = log|x| when |x| > 1/n. Then for all n
andt < T, and t < S,,, we have

1 1 AY,
log|¥;| =log Yol + 5 0 ¥y = 25 0 (Y, Y*), + > (Alog|Ys|— v )

Y _
O<s<t §

ATY,
b3 (atropmi- A1),

0<s<t §
This, together with (13.11), yields (13.12) fort < T, and t < S,,. Since T;, 1 o0
and S, — oo, then we obtain (13.12) everywhere. m|
Now, we present some of the properties of stochastic logarithms.
Lemma 13.2

(a) If X is a semimartingale satisfying AX # —1 and AYX # —1, then
Log(E(X)) = X — Xo.

(b) If' Y is a semimartingale such that Y and Y_ do not vanish, then &(Log(Y)) =
Y/Yo.

(c) For any two optional semimartingales X and Z, we get the following identities:

Log(XZ) = LogX + LogZ + [LogX, LogZ],
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and
Log<§> =1- Log(X)—[X. +]
Proof
(a)
Log(E(X)) =&X) ' 0 E(X) = 282 o X =X — Xo.

(b) Let Z = &(Log(Y)); then by (a) we find that
Log(Z) = Log(E(Log(Y))) = Log(Y) — Log(Yo) = Log(Y/Yp).

Therefore, Z = Y/ Y.
(c) By the integral representation of the stochastic logarithm, we find

1
Log(XZ) = ﬁo(XoZ+ZoX+[X, Z)) = LogX+LogZ+[LogX, LogZ].

Using integration by parts and the integral definition of the stochastic
logarithm,

N N R

O

A generalization of the stochastic exponential integral equation (13.7) is the
nonhomogeneous linear stochastic equation, X = G + X o H. This equation
has a natural application in finance: G is a stochastic cash flow, H is the interest
rate of the money market account, and X is the time value of the cash flow
accumulated in the money market account. Here we will give the solution of the
nonhomogeneous linear stochastic integral equation to the case where G and H are
optional semimartingales.

Theorem 13.4 Consider the nonhomogeneous linear stochastic equation:

t

t r—
X, =Gt+/ X dHj =Gt+f Xs_dHS’+/ X,dHE,, (13.13)
0 0 0

4

where G = (G;);>0 € S(F, P) is an optional semimartingale. The solution
of (13.13) admits the form

t
X,:S,(H)[Go—i-/ &(H)‘d(‘;s}, (13.14)
0
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where

~ - . AH ATH,
4Gy =dG,~[G. A, H=H+ Y oot Y o
: t

O<s<t O<s<

Proof Let us consider a solution of the following form X; = &, (H)Z;, where Z, is
related to G;. The differential of X, is

dX, =d(&(H)Z,) = X;dH; + & (H){dZ, + d[H, Z],}. (13.15)
Comparing Eqs. (13.13) to (13.15), we find that
dG; =&/ (H){dZ; + d[H, Z];}.
To solve this equation for Z;, we choose
+
H=Hi+ ), 1?11}13 + 2 17?;}13
O<s<t 0<s<t

and compute the quadratic variation of G with H. The quadratic variation for
optional processes belongs to the space Aj,. and is defined as

[G. Hl, = (G, H) + Y AGAH, + Y ATG,AYH;.

O<s<t 0<s<t
Hence,

d[G, A, = SI(H){d[Z, Al +d[H. 2], ﬁ]t}

AH,AZ, ATHAYZ,
1+AH, ' 1+AHH,

=8z(H){d[ZC, H +

AH,)? AT H)?
(AH)) AZ;—}—( 1) A+Z[}

+1+AH, 1+ ATH,

l+AHt>

— & (H)d[z¢. H® AHAZ(—
/ ( ){[ It + t t TN

1+ A*H,
+A+H,A+zt( + ’)}

1+ ATH,
_ St(H){d[ZC, HSl, + AHAZ + A+H1A+Zl}

=&/(H)d[Z, H];.
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Then we calculate Z in the following way:
dG, = & (H){dZ; +d[H, Z),},
E(H)'dG, =dz, +d[H, 71,
=dZ, + & (H) 'd[G, H],,
dz, = &(H) ' [dG, — dIG, H),].

Note that

[(H, Z1, ] =[(HC, ZY+ Y AHAZ+Y ATHA'Z, H}

s<. s<.

:[(H”, z°), H] + [(Z: AHAZ), Hi| + [(ZA*Hﬂz), H]

[(H€, Z°), H] = 0 because (H¢, Z¢) is continuous locally bounded variation

’

processes and H is a semimartingale. Then,

[[H, 7], H] = [(Z AHAZ), H} + [Z (A+HA+Z>, Al
=D (AH)’AZ+ ) (ATH)* AT Z,.

s<t s<t

Another important application of stochastic exponent is the Gronwall lemma.

In stochastic analysis, the Gronwall lemma is essential, and many extensions
have been proposed. Here we will extend the Gronwall lemma to optional semi-
martingales in unusual probability spaces.

Lemma 13.3 Let X be an optional process and H be an optional increasing
process and C; a constant such that

t

t r—
Xt = Ct +/ Xs de = Ct +/ Xx— de +/ Xs dHH—
0 0 0

+

forallt € [0, 00).
Then,

X, < C & (H).
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Proof Let
t
Ny =Ct+f XydH; — X,,
0

and then N; > O for all ¢. Therefore,

t

XtZCt_Nt+f Xy dH;
0

is a nonhomogeneous stochastic integral equation whose solution is given by
t ~
X, :8,(H)|:Go+/ E(H)™! dcs] (13.16)
0

where

G, =C~—-N, G =G, —I[G, HI,

N , AHj AT H;

H, = Hf e N =

=H{+ ) 1+AHS+ 2 1+ ATH,
O<s<t 0<s<t

Since H is increasing, then AH; > 0 and ATH; > 0, and therefore, H is

increasing. Hence, [G, I:I] =0,G; = G; — N; <, for all t, since N; > 0.
Knowing all this, we can write (13.16) as

t
X, =5x(H)[G0 + / & (H)™! dés}
0
t
=&<H>[Go + f & (H)"! dcs}
0

<C:&(H),

where [j & (H)~'dG, < 0and Gy < Cp. O

13.3 Financial Modeling Using Optional Semimartingales

Consider a market on unusual probability space (2, ¥, F = (¥;);>0, P). Let us also
introduce the filtration F = (74 );>0 and its completion under P, F* = (T’,P )i>0-
Our market consists of two types of securities x and X and a portfolio # = (n, &)
which is composed of theoptional processes 1 and €. ) is the volume of the reference
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asset x, while £ is the volume of the security X. Suppose x; > 0 and X, > 0 for all
t > 0 and write the ratio process R; = X, /x;. Then, the value of the portfolio is

Yi = n: +&R;. (13.17)

Y € O(IF) is a real-valued optional semimartingale that is r.1.L.1. Furthermore, we
restrict the portfolio, 7, to be self-financing; that is, we must have

Y; =Yy+E&oR;. (13.18)
Reconciling Egs. (13.17) and (13.18), we get
Ci =0+ Ry 0§ +[§, R], = Co,

where C; is the consumption process with its initial value Cy. Since the ratio process
R is an optional semimartingale, then & evolves in the space P(IF) x O(F) with the
predictable part determining the volume of R” and the optional part determining the
volume of R$. R" is the right-continuous part of X/x and R$ is its left-continuous
part. Also, n belongs to the space O(FF). Furthermore, for the integral in Eq. (13.18)
to be well-defined, £ must be R-integrable,

o0
/0 £2d[R, R]s € Aoe.

In addition to the process Y, let YT = (¥;4);>0, which is O(F*). Y is r.c.L.L
semimartingale on (2, 7, F*, P). The role of ¥ will be discussed when we discuss
no free lunch in optional markets.

Remark 13.3 Tt is also possible to write the market portfolio as
Zy = mxe + & Xy,

where ¥ = Z/x. However, in this case, the volume of the reference asset, n, is
a process that also evolves in P(IF) x O(F). Therefore, a variety of portfolios are
possible on unusual financial markets. O

Here we present methods for finding local martingale deflators for these markets.
A local martingale deflator is a strictly positive supermartingale multiplier used
to transform the value process of a portfolio to a supermartingale (i.e., a local
martingale). It is important for finding local martingale measures and hence fair
prices and hedging strategies for contingent claims.

Suppose that the dynamics of securities in our market follow the stochastic
exponentials

X = Xo& (H), x; = x0& (h),
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where xo and X are Fo-measurable r.v.s, and & = (h;);>0 and H = (H;);>0 are
optional semimartingales admitting the representations

h[:l’l0+a[+m[, Hl:H0+At+M[, (1319)

with respect to P. Processes a = (a;);>0 and A = (A;);>0 are locally bounded
variation and predictable, and m = (m;);>0 and M = (M;);>0 are optional local
martingales.

First, we shall study, when the ratio process, R, is a local optional martingale
with respect to the initial measure P, i.e., when R € M, (F, P). For t > 0. The
ratio R in exponential form can be written as

X, 4
R; = x_ = ROS(H)t8 (h)tv
t

and using the properties of stochastic exponentials, we find

R = RoE(H)E; ' (hy) = RoE(H — h¥ — [H, h*],),

where
(Ahy)* (AThy)?
H —h* —[H,h*], = H —h -
' VL e = He = B Yt D 1+ Ahy 1+ A*h
O<s<t O<s<t
—(H h%) = Y AH,ARY — > AYH AR
O<s<t O<s<t

(Ahy)* (AT hy)?
—h (h, h¢) _
o Z 14+ Ahy Z<[1+A+hs

O<s<t

+hy
B - 2 AH; 1+Ah _Z 1+A;z

O<s<t

Ahs(Ahs - AHS‘)
1 + Ahy

= Hy—hi+ (h° b = H) + )
O<s<t
+ Z A+hs(A+hs - A+Hv)
14+ Athy

0<s<t
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Let
75— Z AThg(Athy — AT Hy) Jd _ Z Ahg(Ahg — AHy)
1+ Ath ’ 1+ Ahg ’
0<s<t O<s<t
and write

W(h;, Hy) = Hy — hy 4 (h€, h¢ — HS), + J¢ + JE.

Then the ratio R satisfies

t t
R, =Ry +/ Ry_d W, +/ Ryd W, .
0+ 0

Considering the properties of stochastic integrals, we get
W(h, H) € Mipe(P,F) = R € Mjpc(P,TF),
and if AtYW £ —1 and AW # —1, then
W(h, H) e Mipe(P,F) & R e My (P,F).
Given the decomposition (13.19) of 4 and H, one can write

W(h, H) =(A —a) + (m€,m¢ — M) + (M —m) + J¢ + J8
=(A—a)+ (mS,m¢ — M)+ J + J¢ + (M —m)
+(J8 = T8 + (J4— T, (13.20)

where (M — m) + (J8 — J¢) + (J¢ — J%) € Mype(P,F). Thus, W(h, H) €
Mioe (P, TF) if and only if

(A—a)+ (m,m¢ =M +J9+J¢=0.

If W is a local optional martingale, then R is a local optional martingale, and
we are done. Otherwise, we have to find a strictly positive transformation Z €
Mioe(P, TF) that will render ZR € Mo (P, F). Z is known as the local martingale
transform (deflator). Since our market ratio process R is positive by definition, it
would not make financial sense to search for a local martingale transform Z that
leads to Z;R; < O for some t when R, > O for all ¢t. Therefore, we will restrict
ourselves to a set of possible local martingale transforms that are strictly positive,
ie., Z > 0 a.s. P. For a strictly positive Z, we can define N € M;,.(P, F) with
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N = Log(Z) = Z "o Z or Z = &N)). To find N, we have the following theorem
to so:

Theorem 13.5 Given R = Ry&E;(V (h, H)), where ¥ (h, H) is as in Eq. (13.20),
and Z = E(N), where Z, N € Mijoc(P,F) and Z > 0, we have ZR € M,.(P,F)
is a local optional martingale if and only if

(A—a)+ (m° — N, m“ — MY+ K¢+ K8 =0,

where K¢, K$ are the compensators of the processes

’

xd — Z (Ahg — ANg)(Ahg — AHy)

O<s<t 1 + Ahs
Ke— Z (Athy — ATN)(AThy — AT Hy)
O<s<t I+ A+hs ‘

Proof Suppose Z;, = EN); € M (P,F),Z, > 0 for all ¢ such that ZR €
Mioe (P, TF); then

ZR = RoEN)EW(h, H)) = E(N + W (h, H) + [N, ¥ (h, H)])
= Ro&(V(h, H,N)),
where
W(h, H,N) = N; + H, — h; + (h¢, h¢ — H), + J¢ + J¢
+ [N, H] — [N, k] + [N, J*1 + [N, J¢]
=N;+ H; —h; + (h°, h¢ — HE), + JE + I

NS H) + ) AN;AHy+ ) | ATN,ATH,

O<s<t 0<s<t
— (N€, h€), — Z ANgAhg — Z AT N ATy
O<s<t O<s<t

Ahg(Ahg — AHy)
AN.
+ Z s 1 + Ahg

O<s<t

Athy(Athy — AT H,)
ATN s s s
+ Z s 1+ Athy

0<s<t
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Hence,

W(h,H,N) = N, + H; — h; + <hc — N h — HC)t
Ahg(Ahy — AH;)

ANg(AHy — Ah
+ ) an +ANS(Hs = Ahy)
O<s<t
Ahg(Ahg — AH)
AN,
+ AN 1+ Ahy
A+hs(A+h‘v - A+Hv) + + +
> TATh. + ATN{(ATHy — AT hy)

O<s<t
A+hs (A+hs - A+Hv)

+ ATN,
! 1+ Athy

Therefore,

W(h, H,N) = N; + H; — hy + (h* = N, b — H®),
(Ahy — ANy)(Ahg — AHy)
t 2

O<s<t I+ Ahs
n Z (Athy — ATN)(AThy — AT Hy)
O<s<t I+ A+hx .

Let
xd — Z (Ahg — ANg)(Ahs — AHy)
Ocest 1+ Ahg )
Ke= Y (Athy — ATNy)(AYhy — AT Hy)
0<s<t I+ A+h5 7
and write

W(h, H,N) = N, + H; — by + (h° = N, h* = H°); + K* + K®.

So, if W(h,H,N) € M(P,F), then ZR € M (P,F). And if
AW, H N) # —1 and AV, H,N) # —1, then W(h, H,N) ¢
Mipe(P,F) & ZR € My(P,F). Now, let us take into consideration the
decomposition of H and % and write

Wh,H N)=(A—a)+ (M —m+ N)+ ((m — N)°, (m — M)°) + K¢ + K.
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So, W(h, H, N) is a local optional martingale under P if
(A—a)+ (m° — N, m" — M)+ K?+ K& =0, (13.21)

where K¢ and K¢ are the compensators of K¢ and K8, respectively. O

By finding all N € M,.(P, ) such that the above Eq.(13.21) is valid and
E(N) > 0, we find the set of all appropriate local optional martingale deflators Z
such that ZR is a local optional martingale. Note that if Z is a local martingale
deflator such that ZR is a local martingale, then it is true for all self-financing
strategies 7.

Theorem 13.6 If Z is a local martingale transform of R, that is, ZR is a local
optional martingale, and m = (n,%) is a self-financing portfolio which is R-
integrable, then ZY[ is a local optional martingale. O

Proof Let Z be a local martingale deflator of R, Z > 0, and let 7 = (7, &) be self-
financing and R-integrable, and then Y* = Yy + & o Ry, and Z, Y[ can be written
as

d(ZYT) = Z,dYT +dZYT +d(Z, Y]
= Z:&dR; +dZ,(n + &Ry) + d[Z;, Y]]
= Z,&dR, + dZ,& R, +dZm; + &d[Z,, R,
= &(Z,dR, + dZ,R, + d[Z;, R/]) + dZn,
= &d(ZRy) +dZn,.

This leads us to the following result
ZIY;T = E o Zth + no Zt~

noZ; and & o Z; R, are local optional martingales. Therefore, their sum Z; Y/ is
a well-defined local optional martingale. Note that we have implicitly used the fact
that 7 is bounded, i.e., comes from the fact that 7 is a self-financing and also that

o0
/ £2d[ZR]s € Alpe-
0

Remark 13.4 On the other hand, if we know that there exist a Z such that ZY”™
is a local optional martingale, then what can we say about the portfolio = and the
product ZR? It is reasonable to suppose that Z = E(N) > 0, m self-financing, & is
R-integrable and 7 is bounded. In this case, & o Z; R; = Z; Y[ — 1 o Z; is a sum of
two local optional martingales and therefore a local optional martingale itself, for
any optional process &, in particular, for & = 1; therefore, ZR is a local optional
martingale. |
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Remark 13.5 If Z € M;,.(P,F) and Z > 0, then one can define P_ fQ Z:dP; is

_ dp

. . ~ loc
a new measure equivalent to P,ie., P ~ P,and Z; = ap.-

O
Now, is there a way to construct N knowing Eq. (13.21). We make an educated
guess, choosing N as

N = [ac ag aglo[m® m? m81T + [Be Ba Bgl o [MS MY ME]T, (13.22)

where ac, B¢, aq, Ba € P(F) and oy, B, € O(F). Note, with a’s and B’s, the
local optional martingales (m, M) span a subspace of the local optional martingales
space Mi,.(P, F). So if N takes the representation above (13.22), then what is the
solution of Eq. (13.22)? Substituting for N in (13.21) by Eq. (13.22), we get

(m® = N, m = N) = (1 = 2ac + o) (m", m®) + BZ(M°, M€),
K _ Z (I —a)Amiy — B AM?)(Am; — AMY)

O<s<t I+ Am§
Ki= Y (1 — ag) Am§ — Bg AMS (ATm§ — AT M)
O<s<t 1+ A+m§

The compensator (K9, K8) of K4, K¢ is not easy to compute in general and will
have to be evaluated on a problem-by-problem basis.

Here we demonstrate how the coparison property of solutions of optional SDE’s
works to find boundries of option prices in case of the constant elasticity of variance
(CEV) market model. We extend it to a jump-diffusion CEV model. CEV mode
is often used in mathematical finance to capture leverage effects and stochasticity
of volatility. It is also widely used by practitioners in the financial industry for
modeling equities and commodities. Consider a version of the jump-diffusion CEV
model, where the stock price is said to satisfy the following stochastic integral
equation:

S, =p /Ot Ss_ds +0S% - W, + S,_U % (,ﬁ - vl)t 1 S,U « (,ﬂ - v2) ,

t

So =s, (13.23)

where p and o are constants. W, is a Wiener process, 1! — v! is a compensated

measure of left jumps, and u* — v? is a compensated measure of right jumps. For
B € B(Ry) and I' € &, the jump measures are defined as follows:

W (BxT): =#{(r, AL}) € B x T'|t > 0such that AL 7&0}

,u2 (BxT): =#{(l, A+L12> € B xI'|t > 0such that A+Lt2 ;éO] ,
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where L) and L? are a Poisson process and a left-continuous modification of a
Poisson process with constant intensities ! and 2, respectively, and L' and L?
are independent. Hence, v! = y!r and v2 =2

Consider the function

-« 1-«

1 r* —
Fx) = —/ wdu="""2 _ andfind
o Jg o(l —a)
x ¢ —ax—ol
F'(x) = , F'(x)y = —,
o o

where 0 < o < 1.
Denote X; = F(S;) and apply the change of variables formula. We have

t t 2
X; =F'(S) |:p/0 Ss_ds +08%- W,] +/O %F”(Ss_)Sffds
+FQ2Si-) = F(SO1U * (u' =y,
+[FQ2S) = F(SHIU * (u* — v,
+[F2S8i-) = F(S-) = S,-F'($)] U % v/
+[FQS) — F(S) — S F'(S)] U * v}
t
- / [ksize - %Sf‘__l] ds + W,

0

+ cSII:“U w(u' — vl + cStl_“U * (W2 —v2),

:/0’ [k (XS_G(I - ) +517a> _ % (XS_G(l — ) +s1a>—1:| ds 4 W,

+c (X,_a(l —a) +sl_°‘> Ux ' —vh,

te (X,a(l o)+ s““) U s (2 —v?),,

where k 1= £ + 2% — 1 — 1)U + @' — 1 = HsU and ¢ := 27551

With the comparison theorem, we can give an estimate of the process X; from
above by a new process Y;, satisfying the equation,

Y, = fot [k (Ys_a(l o)+ s‘*“)] ds + W,
+c (Y,_a(l —a) +s1_“) Ux ' —vh,

+c (Y,a(l —a)+ sl_"‘> U x (u? — vy,

Yo = 0.
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The process Y is an Ornstein-Uhlenbeck process with left and right jumps. The
explicit solution for the above nonhomogeneous linear stochastic equation is given
by the following formula:

n:amﬂam*é&
where & is an optional stochastic exponent and
H =ko(1—a)t+ Q"7 — DU x (' =), + @17 — DU * (1 —v?),,
Gt::ﬁ‘“(k—w{l—Z“_UleF—cﬂ-—2“_5y2U)t
+dﬂﬂwU*DﬂL—ﬁh+Uf—v%]+Wp

Applying the comparison theorem to X; and Y, yields that Y; > X, = F(S;) a.s.
Since F(x) is monotonically increasing function, we have

S, <F 'Y as. (13.24)

Now let us consider a function f with an option payoff f(S7), where f is
increasing. Assuming zero interest rates, the price of such option is given by E f(ST)
for an appropriate martingale measure P. Using inequality (13.24), we have that
Ef(ST) < Ef(F_l(YT)), and thus we obtain an estimate for the option price for
which l:Zf(F_l (Yr)) is easier to compute.

In the remaining part of this section, we briefly discuss the uniform Doob-
Meyer decomposition (UDMD), commonly known as the optional decomposition.
It is a fundamental result in stochastic analysis, which is exploited in the area of
mathematical finance for the construction of superhedging strategies in incomplete
markets. It asserts that if, for a non-empty set, Q(X), of equivalent local martingale
measures for the semimartingale with respect to all measures in Q(X), then there
exists a unique predictable stochastic integrated ¢ such that the difference Y — ¢ - X
is a decreasing optional process for all measures in Q(X). In contrast to the classical
Doob-Meyer decomposition, the process ¥ — ¢ - X is optional and is not uniquely
determined. Moreover, UDMD is universal, meaning that it holds simultaneously
for all probability measures in Q(X). Formally, it can be presented as the following
theorem.

Theorem 13.7 Let X be an R-valued rlll optional semimartingale on the
unusual stochastic basis (2, 7, F = (), P). Let Q(X) be the set of all probability
measures Q ~ P such that X is a Q-local optional martingale. Suppose that
QX)) # ¥ and Y is a nonnegative process. Then Y is a Q-local optional
supermartingale for each Q € Q(X) if and only if there exists a unique optional
process ¢ integrable with respect to X and an adapted optional increasing process
C with Cy =0 such thatY =Yg+ ¢ o X — C for each Q € Q(X). m|



Chapter 14 ®
Optional Semimartingales for Stochastic oo
Regression Analysis and Risk Theory

This chapter shows how optional processes work in the area of regression analysis
and risk theory. We introduce an optional regression model and study the LS-
estimates and sequential least-squares (LS)-estimates in this framework. We derive a
very general estimate of the ruin probability for an insurer company when its capital
is formally on the base of an optional semimartingale. We show how these general
results work for several classical models of regression analysis and risk theory (see
[5, 6, 53], and [58]).

14.1 Optional Regression Analysis

Suppose that on the fixed stochastic basis (2, 7, F = (F)r>0, P) without “usual
conditions”, we observe a one-dimensional process X.
Suppose the process X has the following form:

X,:foa,@—i—M,, (141)

where f o a; is an optional stochastic integral such that

foa :/ f;da§+f fédal,.
10,¢] [0,¢[

a=a" +aseA NPy, M€ My, fisabilinear pair f; = (f/, £5), f €
P, ff €O, and 6 € R is the unknown parameter which we need to estimate.
As the estimator of 6 in the model (14.1), we consider the statistic

6 =F ' (foX), (14.2)
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where F; := f2 oas € ﬂ;‘oc N P is assumed to be nonzero (a.s.). This assumption
is not restrictive because further we suppose that F; — oo (a.s.) to provide strong
consistency of 6;.

The structure of the estimator (14.2) is similar to estimator obtained by the
method of least squares (LS) in classical regression analysis. Therefore, 6, will be
called the structural LS-estimator of 6. It is well-known how to study its asymptotic
behavior with the help of the strong law of large numbers (SLLN). Here we
develop a very general form of SLLN for optimal local martingales using an optimal
stochastic Kronecker’s Lemma.

To prove Kronecker’s Lemma in optional setting, we need the following result
on sets of convergence of optional martingales. In what follows, we denote D the
compensator of some increasing process D.

Lemma 14.1 IfY € My, then
(500 <) (Y —»)a.s.,

where

(AY)* (A1Y,)?
(Y°), e — 14.3
" Z T IAv ZM 4 [AFY] (149

and (Y —) is the set, on which there exists a finite random variable Yoo (@) =
lim;_, o Y;(w) < 00. |

Now we present the following generalization of Kronecker’s Lemma.

Lemma 14.2 For processes N € Mjo. and A € VT NPy, the following relation
holds

(A = 00) N (Y; =) C (AN, = 0) (a.s.) (t — 00),
where
Y, =/ (1+AS)*‘dN;+/ (1+ Agp) 'aNg,. (14.4)
10,2] [0,¢]
Proof From (14.4), it is easy to see that
/ (14 A)dY’ +/ (14 Asp)dYE = N: — No. (14.5)
10.1] 0,1

Using integration by parts formula, we obtain

(I+A)Y; = /

(H—As)dYS’—i—/ (1+AS+)dY§++[ YS_dA§—|—f YodAS, .
10,¢] [0,2] 10,7] [0,2]



14.1 Optional Regression Analysis 251

Then from (14.5), we conclude that

Nl‘ _N()+Yt 1

= + AY—/ Y,dA’—/ Y,dAS)).
1+ A, 1+ A 1+Az(” 1001 o w+)

Since sup;~|Y:| < oo on the set (Ao = 00) N (¥ —), we have that (1 +
ANy + ¥,) = Oas. as t — oo. On the other hand, we have foru < ¢, v < ¢

1
ArYy —/ Y,_dA] —/ YSdAf_,’_
10,7] [0,7]

1+ A,
1
= Y—Y_dA’+f Y, — Y)dAS
vy /]o,r]( r — Yy )dA; [0,1[( r — Yy)dAS
< (/ IYt—Ys—IdAZ-i-/ (Yoo = Yi| 4+ Yoo — Ys_d A
I+ A\ Jjo,u] lu,t]

+/ 1Y, — Y,ldAS, +f (Yoo = il + Yoo - Ys|)dA§+>
[0,v[ [v,t[

<2sup |Ys|(1 4+ A) " (AL + AS) + |Yoo — Vi

5s>0

+d +A1)”/

Ju,1]

Yoo — Yo_[dAT + (1 + A" / Yoo — Y[dAS,.
[v,1]
(14.6)

Using the fact that sup;.o|Ys| < oo on the set (Y —), we can choose for
sufficiently large ¢ appropriate values u and v on the set (Axx = 00) N (Y —)
to make the right side of (14.6) tend to zero. |

Remark 14.1 We proved Lemma 14.2 for the process N € M;,, but the proof
also works for optional semimartingales under related conditions. O

We will show now that the estimator 6; in (14.2) is strongly consistent. The proof
of the strong consistency is based on the SLLN in optional case.
Let N € Mj,. and

Ne=net [ wd v [ [ sdws v a4
10,00] Y Rg [0,00[ /Ry

be the canonical decomposition of N, where Ry = R \ {0}, N be a continuous part
of N, u” and u® be random measures of right and left jumps of N, and V" and v8
be their respective compensators.
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Theorem 14.1 Let A € V™ NP, and Ay, = o0 a.s. If N € M. and for some
e[l,2]

/ / / 11+ A4 |x|7dV"
0,00] (1+A) 10,001 /Ry

+/ / 11+ Asq |79 x])9dvE, < oo, (14.8)
[0.00[ JRg

then
At_th — Oa.s.ast — oo.

Proof Using the fact that

x2

< x4, g €[1, 2],
1er_ll q €[1,2]

we get for g € [1, 2]

(AY)2 (ATY,)?
Doo = (Yoo a8 Ik
o +Zl+|AY| Zl+|A+YS|

—_~—

Voo + D (AYD)T + D (ATY)1,

s<00 §<00

where Y as defined in (14.4). Thus, from (14.8), it follows that

b 5/ f /|1+A|q|x|qdv
> oOo<1+A>2 10.00] JRo

+/ / 11+ Asp |79 Ix)9dv§, < o0
[0,00[ Y Rg

By Lemma 14.2, A;lN, — Oas.ast — oo. m|

Theorem 14.2 Suppose for the model (14.1) that Fs, = 00 and for some q € [1, 2]

2d Mc
f (f)—2 / / [1+ FSITIf 1 x| T dvg
10.00] (14 Fy) 10,001 JRg
+/ / L4+ FE79 fE19x9dvE, < o0,  (14.9)
O‘OO[ RO

Then 6; — 0 (a.s.) ast — 0. m|
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Proof 1t is sufficient to note that
6 —0 =A'N,
where A; := F; and N; := f o M;. By Theorem 14.1, we obtain the statement of

the theorem. o
Let us consider the model (14.1) with M € MIZO -(R). We assume that there exists
a nonnegative random variable £ such that
d(M),
d a;

<& floa e AL NPy (14.10)

Next, for fixed H, we define
g =inf{r: fZoa, > H}, (14.11)
with Ty = oo if the corresponding set is empty. We assumed that processes f” €

P, f& €0, and a € Py, consequently, and hence 7y is a wide sense stopping time.
On the set {ty < oo}, we define a random variable Sy by the relation

F2oan,— + b (1, A, + (f5,) Abay, ) = H, (14.12)
and on ty = oo, we put g = 0. Then Sy € [0, 1] and is a ¥, -measurable

random variable.
We consider the following statistic as an estimator of 6

by =H [f2 o Xey— + Bu ((f,rH)ZAX,H + (ffH)2A+X,H)] . (14.13)
The next theorem shows that the statistic defined by means of (14.10)—(14.13)

is an unbiased estimator of # and has the property of guaranteed accuracy, i.e.,
bounded variance.

Theorem 14.3 Suppose that assumptions (14.10) hold, E€ < oo, and
P{f2 0as = o0} = 1. (14.14)
Then for all H > 0,
Pty <oo} =1, Efy =6, Vardy < H 'E&.
Proof First,

P{ty = oo} = P{f? 0 as < H)}
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1 —P{f?oac > H}

1 —P{f? 0 doo = 0}
1-1=0.

IA

Thus,
P{ty <0} =1—-—P{tg =0} = 1.
Next, using (14.1) and (14.13), we obtain
G = H [ 20 Xey + B (1,028 X, + (5,704 Xe, )|
= H7'[(f* 005,06 + Bu ((f5,)* ey, + (5,2 A ag, ) 6
1% 0 Mey + it ((f5,)° Moy, + (£5,P A My, ) |

=60+ H Ny,

where
Ni = Ve £2 0 My + Vomag) Bt (£, AMe, + (£5,)2 A7 M, )
Since the process N; is a stochastic integral with respect to the optional square

integrable local martingale M, by the properties of optional stochastic integrals, we
have

(NY = Lyaagy f2 0 (M); + V=) BR ((f:,,>2A<M>rH + ( §H>2A+<M>TH) :

Hence, by (14.10) and (14.12), we get

(N)ey = & [ 20 ary + Bu ((f5,)? Az + (15)? A ar, )| = 1.
Consequently, Ny, is an optional square integrable martingale, and therefore
EN;, =0, EN} < HEE,

which proves the theorem. O
Let us illustrate our findings with examples.

Example 14.1 (Risk Process) Consider the following risk process:

X;=c-t+oW, —aN/ +bNf (14.15)
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where ¢, 0, a, b are positive constants, W is a Wiener process, and N" and N¢ are a
Poisson process and left-continuous modification of a Poisson process, respectively.
The constant ¢ usually represents premium payments in risk theory, whereas a and b
describe average value of claims and positive gains, respectively. The process o W;
is a random perturbation.

We can rewrite the process X; as follows:

Xt - 91‘ + Mlv
where 6 := ¢ —a\” +bAS, M; := oW, —a(N] — A"t) + b(N{ — A81), A" and A8
are jump intensities of N7 and N}, respectively.

The structural LS-estimator of € in the model (14.15) is

o=~ (14.16)

The condition (14.9) of Theorem 3.2, i.e.,

d
02/ - +aqﬂ/ (1+5)"%ds < oo,
10,00] (1 +5) 10,00]

holds for any ¢ € (1, 2]. Thus, the estimator (14.16) is strongly consistent.
The sequential LS-estimators have the following form:

. X,
by = 25
H="g

All assumptions of Theorem 14.3 are obviously satisfied, and £ = o2 +a?A” +b?A8.
Consequently,

o2+ a®\ 4+ b8

P{ty <oo}=1, Efy =6, Varfy < o

We usually want the process X; to be positive, so the estimator §; = c—al” +bA8 >
0. This assertion is called a net profit condition in risk theory.

Example 14.2 (Ornstein-Uhlenbeck Process) Let wus consider Ornstein-
Uhlenbeck processes

t
X, = / (1 — X,_)ds6 + M,,
0

where 4 is a positive constant, and M € M7, ..
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‘We assume that

<é.

t d(M
F, = / (1 — Xs-)ds € A} NPy and <dt )i
0

Then, the structural LS-estimator of 6 is

o = (=X oX,

= T X (14.17)

and its sequential version has the following form:
by = H™" [0 = X, )0 Xgy- |

If the following condition

/ (1 — Xs=)2d(MC)s
10,00]

14+ F 7 u— Xs_|9x|9dv] < o0

holds for some g € [1, 2] and F,x = o0, then by Theorem 3.2, the estimator (14.17)
is strongly consistent.
Furthermore, by Theorem 14.3, we have

Pty <oo} =1, Efy =0, Varfy < H 'Et.

Example 14.3 Consider a regression model with the centered Gaussian martingale
M e Mlza . and a deterministic function f;:

t
X,:/ fodsO + M,. (14.18)
0

Then, the LS-estimator of 6 is

_ foX;
o f2ds

(14.19)

t

It can be shown that strong consistency of (14.19) in (14.18) follows only from the
assumption of [;° f2ds = oo.
We assume that

d{M)
dt

<&,

where £ is constant. Note that in the case of centered Gaussian martingales, (M), =
EM? < oo is a deterministic function. Then sequential LS-estimators have the
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following form:
by =H™" [0 Xy

If, in addition,

P{fooofszds:oo}zl,

then, by Theorem 14.3, we have

P{ty <oo} =1, Eby =0, Varfy < H 't

14.2 Optional Risk Model and Estimation of Ruin
Probability

Let (Q, F.F = (F)i>0, P) be an unusual probability space on which we consider
a risk process. Elements of this process are the following components: premium
payments, returns on investments, and payments of liabilities, costs, and claims.
These elements are inherently random. So, let us consider a risk process whose flow
can be summarized by the following equation:

Rt =M+Bt+Nt+Dt+Lt, (1420)

where u > 0 is the initial capital and By = Wy = Dy = Lo = 0.

The process B is a predictable process of finite variation characterizing a stable
flow of income payments including premiums and other sources, N is a continuous
local martingale representing a random perturbation, D and L are right-continuous
and left-continuous jump processes, respectively. The process L may model, for
example, the dividend payments or capital injections. The process D includes a sum
of negative jumps representing accumulated claims. In addition, D may also consist
of jumps formed by any non-anticipated shocks such as, for example, shocks related
to the currency risk. Note also that the jump processes D and L are not restricted
by their sign and can have positive or negative jumps in general. All these processes
are optional and adapted to the filtration 7.

Let us consider a particular case of (14.20) is a capital process of some company
at time ¢, and

N/ N
Ri=u+ct+oW; +2Yk — ZZi,
k=1 i=1
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where ¢ and o are some constant parameters, W is a Wiener process, N” and N§
are a Poisson process and left-continuous modification of a Poisson process with
intensities A" and A$, respectively, and Z; and Y; denote the left and right jump
sizes, respectively, with some specified distribution. In this case, the process ct is
included in the income process B, N; = o W;, while L, = ZZN:’K] Z; and Z,ivil Yi
is a part of the process D.

Let 4 (w, dt, dx) and ué(w, dt, dx) be random measures that describe jumps of
the process D; and L,, respectively. We assume that

/ / xdu” € Ajye and / / xdud € Ape.
10,1] JRo [0,¢[ JRo

This assumption implies that the processes

/ / xd(u” —v") and / / xd(ué —v8)
10,11 JRg [0,2[ JRo

are optional local martingales, where v", v8 are compensators of u”, u, respec-
tively.

To find an upper bound of probability of ruin, we first obtain the martingale
characterization of optional semimartingales by means of stochastic exponents.
Consider an optional semimartingale X (e.g., risk process) with the local charac-
teristics (a, (X€), v", v8) and the following representation:

X,=u+at+Xf+/ / xd(y,r—vr)+/ / xd(u® —v8)
10,11 J1x|<1 [0,¢] J]x|<1

+/ / xdur—i—/ / xdusf, (14.21)
10,¢] J|x|>1 [0, /|x]|>1

where a;, € Ps, X; € M, f]o,t] |x|51xd(/ﬂ -y e M

g
Joat Jix<1 x4 = v8) € My,
In particular, for the risk process R,

at:Bt+/ / xdvr—f-/ / xdv8, <X")t:<N)t_
10,11 Jx|<1 [0,7[ J1x[<1

We introduce an optional cumulant function for X:

;‘()C and

2
Z . —

Gi(z) = —za, + = (X°), +/ (e7™ — 1+ zx1gy<py)dvg
2 10,1 /R

+f (™ — 1+ zxly<)dvs,  (14.22)
(0,11 JRo

with the corresponding optional stochastic exponent (E(G(z2)) = &,(G(2)))r=0.
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Let us discuss when the optional stochastic cumulant function G,(z) in (14.22)
is well-defined. Let

oo
Iy =/ / (€7 = 14 zx1x<n)dvy,
10,¢]1 /O

0
I_ = / / (e -1 +Zx1(‘x|51))dv§.
10,¢] /—o0

Using Taylor’s formula, we have

0 -1
I_ < / / le™** — 1 4 zx|dvg +/ / le™** — 1|dvg
10.1]1 /-1 10,1 J —o0
22 0 -1
< —/ / x2dv! —i—/ / e “dvg;
2
10,11 /—1 10,¢] J —o0
1 00
Iy < / / le™™* — 14 zx|dv} +/ / le”** — 1|dvy
10,11 J0 10,61 /1

2 1
< '—/ / x%dv! + ] ([1, +00)).
10,¢] JO

The same inequalities hold for the integral fio ; Jg,(€™% — 1 + zx1(xj<1)dvi,
in (14.22). We can see that G,(z) is well-defined, if, in addition to the assumption
v/ ([1, +00)) < 00, j =r, g, there exists zg > 0 such that

-1 -1
/ / e dv < oo, / / e “dvd < o0 (14.23)
10,t] /o0 [0,¢[ /-0

almost surely for all # > 0 and 0 < z < zp.
Denote

T(z) = inf(t : |E(G(2))| = 0)
and
Z; = e X8 (G (@)1, 6))1>0)-

The next theorem contains a key technical result for ruin probability estimation.

Theorem 14.4 For every z € [0, zol, the process Z(z) = (Zia1(2))i>0 is an
optional local martingale. O

The following lemmas present some technicalities from optional stochastic
analysis.
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Lemma 14.3 Let X be an O(F4.)-measurable process. There exists a unique (up to
indistinguishability) process U € Mfo . With the property AU = X if and only if
the following conditions are satisfied:

(a) The O(F)-optional projection of X is zero.
(b) the process (3, X212 e A |

Lemma 144 Let M € Mfac andY € VNO. Then

ZA*YSMMS =/ AYYdM,, .
[0.1]

s<t

Proof We use a simple fact:

ATU = At Z ATY, AT M, — / AtY,dM, | =0.
s<t 0.1]
Notice that integral in the above expression is well-defined. Let X := ATU as in
the Lemma 14.3. It is easily seen that all sufficient conditions of Lemma 14.3 are
satisfied and, thus, U € Mfoc. On the other hand, since ATU = 0, it follows that U

is continuous. Therefore, U = 0 or

ZA+YSA+MS =/ AYYdM,, .
[0,1]

s<t
O

Lemma 14.5 If X is a semimartingale and Y™ € VNP and Y8 € V N O, then
(X, Y] = [, AYsdX] + fi,  ATYsdX], and

YS+de++/ X,dYE,

X,_dY! + /
[0.11

X[Y[ - X()Y() == /
[0,

YidX; +/
10.1]

10,]

Proof First, we obtain by Lemma 14.4
[X, Y] =) AY;AX,+ ) ATYVATX,
s<t s<t
=D AV AM + A+ Y ATV AT (ME + A%,

s<t s<t

=/ AYSdM;Jr/ AYdA]
10,¢] 10,7]

+f A+ndM§++/ ATY,dAS,
[0,¢] [0,¢]
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=/ Andx;+/ ATYdXx8,.
10,7] [0,z[

Next, using integration by parts, we get

X[Y[ - X()Y() :/

Y, dX! + / X,_dY’
10,¢] 10,¢]

+/ stX§++/ X,dY$ +[X, Y
(0.1 [0.1]

=/ stxg+/ X, dY!
10,¢] 10,7]

+f Ys+de++/ X,dY$, .
[0,¢[ [0,2]

O

Proof of Lemma 14.4 1n all considerations below, we will fix the parameter z and
write T, G,... instead of T(z), G(z),... In addition, we define t := t A T for
convenience.
Next,
2, = e HXE(6),

where

—1 dGj dG¥,
G =exp|— [ |
10,1 1+ AG; 0, 1+ ATGs
AT Gy

AGy ATG,
1+AGs 1- — 1+A1Gy |
X H( 1+AGS>6 H( 1+A+Gs>e

O<s<t O<s<t

By this representation, it follows that &; ! (G) is the solution of Doleans equation:

dG”, dG#
8—1G=1—/ a—jG—‘—/ &G —— 14.24
! ( ) 10,¢] $ ( )1+AGS [0, $ ( )1+A+G5 ( )

Using (14.21), (14.22) and change of variables formula for optional semimartin-
gales, we get

Lt Ze—rz(X,—X())

=1+/ LS_ng—i—/ LydG§, —z/ Ls_dX¢
10,1] (0,11 10,11
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+/ f Ly (e7* = Dd(u" —v")g
10.11 /Ro

+ / / Ly(e™™ — Dd(ué — %)y (14.25)
[0,¢[ JRo

By (14.24) and (14.25) and Lemma 14.5, we find
Z, = L& 1(G)

=1+/ 8;1(G)dL;+/ Ly_d(&;1(G)"
10,¢] 10,1]

+ / ENGYLE, + f Lyd(E71(G))®
[0,z] [0,¢]

&1(G)
=1 = L dG" — 7L dX¢ L (= —Dd(u — "
+\/]‘0’t]1+AGS|: K K Ihlg S+/1‘QO s (e ) (H’ U)Si|

&1(6G) / _
= 7 | L, dGé Li(e ™ — Dd(ué — 8
+/M Faeg, L0 [ e a0 v

r

dG dG?
- / &G Ly —2— — / &G Ly——2E—
10,¢1 1+ AGs [0.1] 1+ ATGy
Z _ . Z _ —IX __ 1
=1—z/ ;dXH/ / 2 2D g vy,
0. 1+ AG; 0.0J/ry 1+ AGs

Zi(e™** = 1)
——d(u® —v8¥)..
'/‘Ot[/RO 1+ A+G, (n V85t

This implies (Z;A7):>0 18 an optional local martingale (for each z € [0, zo]). m|

Along with the stochastic exponent of the cumulant process &(G), there is a usual
exponent of the cumulant process ¢©. We know that if AG > —1 and A*G > —1,
then E(G) can be represented as

&1(G) = exp { Gi+ ) (log(1+AGy) — AGy)

O<s<t

+ ) (log(l + A*TGy) — A+Gs.)}

0<s<t

From the above, we observe that if AG = 0 and ATG = 0, or equivalently, G is a
continuous process, then

EG) = €°.
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Let us present sufficient conditions for the cumulant process G to be continuous.
Lemma 14.6

(1) If AXT = 0 a.s. on the set {T < oo} for every predictable time T, i.e., T € T7?,
then AG = 0.

(2) If At Xt = 0 a.s. on the set {T < oo} for every totally inaccessible time T,
ie, T €T, then ATG = 0.

Now we are prepared to study probability of ruin of the optional semimartingale
R introduced by formula (14.20). Given R, our main goal is to evaluate the ruin
probability P(t < 00), where T = inf{r > 0: R, < 0}.

We assume that condition (14.23) holds and note that such risk process R is
called as a process with light-tailed negative jumps.

Let us define the optional cumulant process for the risk process R: for all ¢ > 0
and z € (0, zo],

2
G/(2) = —zB, + = (N), +f (e=% — 1)dv' +f (e — Ddv¥.
2 10,11 JRo [0,:[ JRo

Define a process
M;(2) = exp[—z(R, — w)1&; (G(2)). (14.26)

It follows from Theorem 14.4 that the process M;(z) in (14.26) is an optional local
martingale for every z in [0, zo], if AG > —1 and ATG > —1. With the help of the
Fatou Lemma, we can easily derive that a nonnegative optional local martingale is
an optional supermartingale. Thus, since My(z) = 1, it follows that

1 > E(Mrp(2))
= EWM: (D) 1e< + M (2)175))
> E(M:(2)1: <)
=EWM: (@t <t)P(r <1)

for every z in [0, zo] and ¢t > O.
Hence, for all z € [0, z¢],

Pt <t) s —
EM:|t <1)

1
T E(e R0 (GR)lt < 1)
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Since R; < 0on {t <1}, we get

e—ZM

Pr<i)<—— ,
E@E; ' [G@]lt <1)

(14.27)

for all z € [0, zo].

If we want to find a better estimate of the upper bound of the ruin probability
in (14.27), we are required to impose additional assumptions.

First, suppose that

~G.(0) = B, +/ f xdv§+/ / xdvs, > 0. (14.28)
10,71 JRg [0,7[ /Ry

Note that differentiation with respect to z under the integral sign with respect to
v, j =r,g,in (14.28) is possible because zero is an interior point in the range of
z-values for which the integral exists.

If we assume that AG = 0 and ATG = 0, then

& (G(2)) = exp(G+(2)). (14.29)

Now, using (14.29) and Jensen’s inequality, we get from (14.27) that

P(r <t)<e [E (S;I[G(z)]lr < t)]71
< e “E(&[G@)]lt <1)
= E(exp[—zu + G (2)]|]t < 1), (14.30)

forall z € [0, zp] and ¢ > 0.

The function G;(z) is a strictly convex function of z with G;(0) = 0. Further,

by the assumption (14.28), the function E(exp[—zu + G, (z)]|t < t) is a strictly

convex function of z decreasing from 1 at z = 0. Furthermore, under assumption

(14.29) with zg = oo, the function E(exp[—zu + G (2)]|t < t) increases to +00 as

z — 00. Hence, there exists a unique z* € [0, zg] for which this function attains its
minimum, and by (14.30), we obtain

e

P(r <1 < .

E(exp[-G:(z9)]lTt < 1)

u

(14.31)

It seems the estimate (14.31) is the best upper bound for ruin probability obtained
from (14.27).

We can find a more explicit estimate of the ruin probability if we can choose
z-value z; > 0, for which the denominator of (14.27) equals one. Let us note that
this z-value is not necessarily unique, and it often depends on 7. In this case, we get

P(t <t) <e ",
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Further, if z; exists for all # > 0 and if Z = lim,_, o, z; exists, then
P(r < 00) < e 4,

Finally, we summarize our results in the following theorem.

Theorem 14.5 Given the optional risk model (14.20), suppose assumptions (14.2)
hold.

1. If AG > —1 and AYG > —1 then

e—ZLl

EE G <1)

P(z <1 <

forall z € [0, zo] and t > 0.
2. IfG.(0) <0, AG =0and AT G = 0, then there exists a unique 7* € [0, zo] for
which the right-hand side of

%
eZu

P(r <1 <
E(exp[-G: ()]t = 1)

attains its minimum.
3. If z; > 0O exists for which E(S;I[G(zt)]h <t)=1, then

P(t <1t) <e ",
Moreover, if z; exists for all t > 0 and if 7 = lim,_,  z; exists, then
P(t < 00) < e 2, (14.32)
Remark 14.2 Notice that the inequality (14.32) is an analog of the classical
Cramer-Lundberg bound obtained in a very general optional setting.

Moreover, if the process D represents the accumulated claims (all jumps are
downwards) while the process L = 0, then the condition (14.28) becomes

0
—G;(O):B,—i—/ / xdv" >0 forallt >0
10,7] / —o0

and is known as net-profit condition in risk theory. This means that the insurance
company adopts the wise premium policy such that premiums follow the claims’
intensity. O



Chapter 15 ®
Supplementary Problems Qe

The list below contains problems which are related to all chapters of the book. Some
of them are numerical and some others are pure theoretical, but in any case, they are
help both students and instructors. Students can improve their understanding and
scope. Instructors can transform most of the problems for teaching and examination
purposes. The following references might be useful to create detailed solutions (see
[7,11,13,17,18, 20, 27, 28,30-32, 36, 37, 39, 40, 45-48, 50, 52, 60, 61], and [62]).

Problem 15.1 Let X be a standard normal random variable and Y be a Bernoulli
random variable such that P(Y = 1) = P(Y = —1) = %, and X,Y are
independent. Prove that

(a) Z=YX ~ N(,1).
(b) Z and X are uncorrelated, but they are not independent.

Solution The claim (a) is obvious. To prove (b), we calculate cov(X, Z) =
E(XZ) =EX?EY =1-0=0.Further, P(X > 1,Z>1D)=PX >1,Y=1) =
PX=>1)-P¥=1= %P(X >1D.But P(X > 1)- P(Z>1) = (P(X > 1))?
and P(X > 1) ~ 0.1587, and, hence, 1 P(X > 1) £ (P(X > 1))2. [ |

Problem 15.2 Assume that stochastic process X; = eVt where W = (Wi)i>o is
a standard Wiener process. Calculate the drift and diffusion coefficients of process
X = (X)r=0:

b(x) = lim h™' [E(Xr1 — XX, = 2],
h—0
2 1 —1 _ 2 _
o(x) = lim h [E ((Xt+h X% X, —x>]

fort,xeRi_ O
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Hint: Use the fact that

Wigh — Wy ~ N©O,vh), h>0

|
Problem 15.3 Let X; ~ N(ui,07),i = 1,2,and X; + X2 ~ N(u1 + po, 07 +
022 + 2p0103). Then cov(X1, X2) = pojor and corr (X1, X2) = p. O
Hint: Use the formula for bivariate normal distribution. |

Problem 15.4 (Theorem of Slutsky) Letr.v’s X, L> X and the sequence of
n—oo

d d
real numbers a,, — a € R!. Then X,, + @, —> X +a and ay, X, —— aX. O
n—oo n—0oo

Solution Let us note for Ve > 0, x € R!, that

P(Xp+a, <x)=P(X,+a,<x,la, —a|l<e) + P(X, +a, <x,|a, —al > ¢)
<PX,<x—a+¢e)+ P(lay —al > ¢).

It follows from here for all points x — a + ¢ of continuity of distribution function
F, that

limsup Fyx, 4q,(x) < Fy(x —a +¢).
n
So, by the arbitrary choice of ¢ > 0, we derive
M Fx, a, (¥) = Fx(x — @) = Fx4a(x)

for all x at which Fy ., is continuous.

The second claim is proved in the same way. ]
Problem 15.5 Let X, ~ N(un,0?2) and u, — p,02 — o%,n — oo. Then
X, — X ~ N(u, o2). O

n—oo

Solution Denote Z, = @ ~ N(0, 1) and, hence, Z, L Z ~ N(,1).
n n—o0

Using Problem 15.4, we obtain that

d
X,,:o,,Z,,—l—/anXzoZ—i—,u.
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Problem 15.6 (Borel-Cantelli Lemma) Let (A,),=12,. .. be a sequence of events,

o
andC = (| U A,. Then

m=1n=m

1. P(C)=0,if %o: P(A,) < o0.

n=1

o0
2. P(C) = 1,if (Ay)p=1.2... are independent and Y P(A,) = oo.

n=1

Solution

o o0
(a) Wehave P(C) < P<U An) < > P(A,)foreachn =1,2,...Takee > 0

n=m n=m

o
and find N, big enoughthat Y  P(A,) < . Hence, forall N > N,, we obtain

n=N;g
P(C) <.
00 00 m+M
(b) Letusnote that P((|J An)°) < P(J AS) < P( U AS) forany M > 0.
n=m n=m n=m

00 m+M
But (A,) are independent, and, hence, P(( | An)°) < [] (1 — P(A,)) <

n=m n=m
m+M
exp {— > P(A,,)}, where we used the inequality 1 —x < e~ forx € [0, 1]. The

n=m
claim follows from the inequality above for probabilities. |

o0
Problem 15.7 Letpu = ) ay Py, where (P,) and («,) are sequences of probability

n=1
o
measures and positive numbers, respectively. Define v = ) 8,0,, where (Q,)
n=1
and (B,) are sequences of probability measures Q, < P, and nonnegative numbers.
Prove that v < . (I

o0
Solution For any A with u(A) = 0, we have > «, P, = u(A) = 0 and, hence,
1

o
P,(A) = 0 for all n. So, Q,(A) = 0 and therefore v(A) = Y 8,0, = 0, and we
n=1

getv < U. |

Problem 15.8 Let ([0, 1], B(0, 1), ]) be a Borel space with the Lebesgue probabil-
ity measure /, and X and Y be random variables: X () = 2w?* and

0, wel0, 5]
Y(@) =12, wel} 3]
I, wel3 1]
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Find E(X|Y). O

xdP

S —ui—

Solution For » € [0, {1, we have E(X|Y)(w) =

1
1 r3 2 _ 2

P([0,%])
Values of E(X|Y) on other sets [%, %] and [%, 1] can be determined in the same

way: % and ;—g, correspondingly. ]

Problem 15.9 Let (e,),=12..~n be a sequence of independent random
variables with values +1 and —1 taking with probability % Define X, =
(=D cos (n ZZ:I 8k) , =1,2,..., N and prove that (X,),=1..5 1S a martingale
with respect to a natural filtration 7, = 7% = 7. 0

Solution We represent the sequence (X,,) as follows:
Xn = (—1)"% [eiﬂZ'fek +e*i’f2’f€k], 1= +~1
Using independence of (¢,,)1...y, we have
E(XulFn-1) = %(—1)" [Eeim" el Yl e + e i7en . o=im o ek] .

Further, applying an obvious relation Ee!™#" = %(ei” + 7™y = —1, we obtain

_1\yn—1 . e ‘ .
B 17 = T [ g ]
n—1
= (=1)""'cos (Jr ZSk) = Xp-1.
1
]

Problem 15.10 Values and joint distribution of random variables X and Y are given
in the table

Find marginal distributions of X and Y, average of Y, and E(Y | X). [l
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Solution We have from the table above that

P(X=-02)=0.1404=0.5.
P(X=01)=034+01401=05
P(Y=-01)=0.1403=04.
P(Y=0)=0.1, P(Y=0.1)=044+0.1=0.5,

which give us marginal distributions. We also derive from the above equalities that

EY =-0.1-0440.1-0.5=0.01.
To calculate the conditional expectation E(Y|X), we write

E(Y|X) =EYI|X =—-0.2) - I{x=—02) + EY|X =0.1) - Iix=0.1.
Calculating

EY|X=-02)=-0.1-P(Y=-0.1|1X=-02)4+0.1- P(Y =0.11X = -0.2)

_—0.1-0.1+0.1-0.4

= 0.06,
0.5

and similarly

—0.1-0.340.1-0.1
E(Y|X =0.1) = OJSF — —0.04,

we obtain
E(Y|X)=0.06-Iix=—02) —0.04 - I{x—0.1}-

Problem 15.11 Let (X,),=12,... be a sequence of independent random variables
such that P(X, = 1) = p, PX, = -1)=1—-p,1 < p < % Show that the
following stochastic sequences are martingales with respect to a natural filtration
(Fn)n=12.... generated by (X,):

(a) M, = iXk—n-(Zp—l).
k=1
(b) Y, = M2 —4np(1 — p).

© Zo=(=0)y X
1

Hint: Check the martingale property. |
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Problem 15.12 Let X be a random variable such that P(Xg = 2) = P(Xy =
0) = 3. Define X, =n-X,_1, n=1,2,--- and M, = X, — EX,,. Prove that

(M,) is not a martingale with respect to the natural filtration (7). O
Solution We observe that E(M,,|F,,—1) = E(X,|Fn-1) —n! =n-X,—1 —n! =
nXp1—m—=1D)=n-M,_1 # M,_. n
Problem 15.13 Find a stochastic differential for the process X; = (v/ 123+ %WZ)Z,
where (W;) is a Wiener process. O

Solution Here X; = f(W;) with the function f(x) = (/123 + %x)z. The first

and second derivatives of this function are f/(x) = 2(x/123 + %x), f"(x) = 1.
Therefore, using the Ito formula, the stochastic differential of (X;) is

1
dX; =f' (Wp)dW; + Ef”(Wt)df
1 1
=2(v123 + EWt)sz + Edl‘.

Problem 15.14 Let (N;);>0 be a Poisson process with intensity A = 1. Prove that
(N; — 1)® — t is a martingale with respect to natural filtration generated by (N;).

3 4
Calculate E [ N;dt - [ Nydt O
1 2

Hint: In the first case, check the martingale property. In the second case, the answer
is 341, [ ]
3

Problem 15.15 Check whether the processes are martingales:

(@) X, =W —3tw,.
(b) X; = W, +2871.
(c) X; =e2sin(W;),

where (W;);>¢ is a Wiener process. [l
Solution (a) We have here X; = f(z, W;) with the function f(¢,x) = x> — 3tx.

This function has the partial derivatives

321 (1, x) _

ax2

3
a—f(t, x) = 3x% — 3t, 6x,
X

a
Ef(t, x) = —3x.
Therefore, using the Ito formula, we derive
1
dX, = 3W? = 31)dW, + (—3W, + §(6Wt)) dt = BW} — 3t)dW,.

Therefore, (X,) is a martingale as a stochastic integral has a martingale property.
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In the case of (b), we have EX( = 0 and, for instance, EX| = 287. This implies
that (X;) cannot be a martingale, since martingales have constant expectations.

For (c), we have X; = f (¢, W;) with function f (¢, x) = el -sin(x) and its partial
derivatives:

d ! 32 f, !
—f(t,x) =e2-cos(x), M = —eZ - sin(x),
dx 9x2

1 .
e? -sin(x).

N =

0
— t, —
8tf( x)
Using the Ito formula, we get
: I L
dX; =e2 -cos(W)dW, + |:§ez -sin(W;) + 5(—e2 . sm(W[))i| dt =

—el. cos(Wy))dW;,

which certifies that (X;) is a martingale. |

Problem 15.16 Provide a condition on the mapping ¢ : R! — R! under which
¢(7) remains a stopping time, where 7 is a stopping time. ]

Solution Suppose the mapping ¢ meets the following conditions:

(a) ¢ is injective.
(®) ¢([0, 00)) = [0, c0).
(c) ¢ order-preserving and t < ¢(t) for all ¢ € [0, 00).

Condition (a) ensures that the inverse mapping ¢! : p(R!) — R! is defined.
Condition (b) ensures that ¢~ !(¢) is well-defined and positive for all 1 > 0.
Condition (c) together with the previous two conditions (a) and (b) gives that
whenever 7 is a stopping time

o) <ty ={t <9~ ) € Fprr(y S F.

For instance, if ¢ : [0, 00) —> [0, 00) is a strictly increasing function satisfying
t < @(t) forall + > 0 and g is differentiable with ¢’(z) > 1 for all ¢, ¢(0) = 0, then
by the mean value theorem, we get ¢(r) > ¢'(c) - t > ¢, and the above holds. |

Problem 15.17 Consider the function p(¢, x, y) = \/21? exp i— (xgty)z} , X,y €

Rt e R,], representing the transition density of a Wiener process (W;). Prove the
p(t, x, y) satisfies the PDE:

ot 3) = S e x )
g P T g gy PR Y
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Solution On one side, we have

) 2
5 P X, y) = plt.x.y) [—2—t+%]

On the other hand, differentiating with respect to y, we get

S PG DL
RN S x’ — _— (==
9y? p y)=p p p p
(x—y* 1
= tv k) - — |-
p(t, x,y) [ ; ;
Then it is clear that p(¢, x, y) satisfies the above differential equation. |
Problem 15.18 Prove that every nonnegative local martingale is a supermartingale.
O
Hint: Apply the Fatou lemma. |

Problem 15.19 Let (X;)n=0.1,.. .~ be a submartingale with E(X;)p <oo,p> 1.
Prove the Doob inequality

E(max X;)? < (—— ) EXH",  XF =max(0, Xy).
n p—

Solution Denote X 7\, = max,<y X ; and note that
AP(Xy > 1) < EXy.dixi-2), A >0.

Multiplying the above inequality by A?~2 and integrating over (0, 00), we obtain

00 X*
1

/ ATIP(XE > Mda < EX;./ AP 2d) < —1EX+ (X"

0 0 p

By [(PAPTIP(XE, > Mdi = lfo APAP(XE, < A), we get E(X%)P <
—EXJr (X3P~ I and with the help of the Holder-inequality, we derive

EX . (X3P ! < (E(X;)P)%(E(X;;)PY’%
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and hence

p

EXi)?P <
(Xy) P

EXHNTEXH)T .

It leads to the desirable inequality. |

Problem 15.20 Give an example of a non-right-continuous filtration and a martin-
gale which is not right-continuous. (]

Solution For a positive real number a > 0, define Q = {a, —a}, P(a) = P(—a) =
%, and the Bernoulli random variable

P with probability %
—a with probability %
0 ift<t, @, Q ift <t,
Define X; = ift=to ,t >0,and F; = { } ift=to . Process
X ift>n Fx=0(X) ift>r1

(X;) is a martingale w.r. to (). Both (X;) and (F;) are not right-continuous. W

Problem 15.21 Let (A,),>0 be a predictable (d x d)-matrix-valued sequence of
random variables such that AA, = A, — A,_1 is positive-defined, n > 1, and
A min(A) and A max(A) are minimal and maximal eigenvalues of A, respectively.
Let (M,),>0 be a d-dimensional square-martingale with the quadratic characteristic
<< MM >>,= ({M',M/),); j=1, . 4. Prove an analog of lemma 7.1 for d-
dimensional case: (a.s.)

A ma

X
—(Ap) < 00}
A min

{w: Amin(Axo) =00} N{w : N =} N {w : limsup

Clw: A 'M, — 0}.

Hint: Adapt the proof of lemma 7.1 to this multidimensional case. ]

Problem 15.22 Let (A,) and (M,,) be as in the previous problem, A min(A,) — oo

(a.s.), lim,, sup })‘\ﬁ?ﬁ (A,) < oo (a.s.), and (a.s.).

o0
Ztr((A;l)A<< M, M >>n(A,:1)) < 0.
n=1
Then (a.s.) An_an — 0,n —> oo.
Hint: Adapt the proof of theorem 7.1 to this multidimensional case. ]

Problem 15.23 Let us consider a polynomial transformation P, (¢).Q,,(w;) of a
Wiener process (w;);>0, where P, and Q,, are polynomials of degrees n and m
relatively. Determine when this transformation leads to a martingale.

Hint: Use the Ito formula. |
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Problem 15.24 Let (X,),=12,.. be a sequence of independent random variables
with the density
e ifx=>0,

Jalx) = 0 if x <0.

Find the parameter a to provide that Z, = [[/_, X; is a martingale w.r. to a natural
filtration (FnX)nsz,_i_.

Hint: Use the conditions fooo fa(x)dx =1and EX, = 1. |
L

Problem 15.25 Assume X, ~ N(un, 0,%), n=1,2,...,and X, = X, n — 0.

Then X ~ N(u, 02), where © = limy,— o0 Un, ol = limy, s o0 anz.

Solution It follows from the L,-convergence that u, - w = EX and VarX, —
VarX = o2, n — 00. Hence, for an arbitrary A € R!, we obtain

2 2
. . . [ ) . 2
Ee™X = lim Ee**r = lim /'~ 34 = o7
n—oo n—0oo

Problem 15.26 Let b = b(x) and o = o (x) be bounded functions from R! to R!
such that b € C! (Rl), o€ CZ(RI). Assume (W;);>0 is a wiener process. Then the
Ito process

can be rewritten in the form of the Stratonovich stochastic integral
1
dX; = (b(X;) — EU(Xz)U/(Xt))df + 0 (X:).dW;.

Also, that for X;, = W; and F € CZ(RI), the Ito formula F(X;) — F(Xp) =
fot F'(X\)dX+ % f(; F"(X)ds admits the following form in terms of Stratonovich

integral F(X,) — F(Xo) = [y F'(X,).dX;.
Hint: Use definitions of these integrals. ]
Problem 15.27 Let us consider the exponential transformation of a probability
measure Py, T > 0 to a measure function P*} such that

dP7.

— eaWT +bT+c _ zr,
dPr

where (W;);<7 is a Wiener process. Determine parameters a, b, and ¢ under which
P’ will be a probability measure.

Hint: Use the condition EZ7 = 1. |
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Problem 15.28 Prove that the first and second variations of a Wiener process
(W;)r>0 converge (a.s.) to infinity and to the length of time interval correspondingly.

Solution For a fixed T > 0, we define a subdivision ¢! =i7.27",i <2",n > 1of
the interval [0, T']. Define

2"—1 2"—1

FV"= 3" Wy =Wl =) [AW|
i=0 i=0

and

2"—1
SV =" (AWp)? n= 1.
i=0

For SV using properties of (W;), we have

2" —1 2
2
ESV' —T)?=E Y ((AW,';) - T.z—")
i=0
2"—1 2

- ; E((AW,';)2 - T.2—")

=22 (T.27")?
=2.T?27"

and

o o
I D 1SV =T, <D ISV" =Tz,
n=1 n=1

o0
S\/iT. Z 27 < oo.

n=1

Hence, SV"* — T (a.s.) asn — oo by ZZOZI |[SV* — T| < o0 (a.s.).
Regarding FV" for each w € 2, we have SV"(w) < (max; |Athn (w)]). lelal
|AW,in (w)]| < (max; |Athn (w)]).FV"(w). It follows from this inequality for paths

of (W;);>0 that lim,,_, o, inf F V" (w) cannot be finite; otherwise SV —— 0. W
= n—>oo

Problem 15.29 Let (M;);>0 be a continuous square integrable martingale with a
finite first variation F'V;(M). Show that M, = My (a.s.) for all t > 0.
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Hint: Let (t;’) be a finite partition of [0, ] with max ; At;l — 0asn — oo. Then

(a.s.)
> |AMI7|2 < FV(M(@)). max |AMy )| = 0, n — o0,
X J k
J

and
<M,M>=0 (a.s.).

Hence, M; = My (a.s.). |

Problem 15.30 Let M = (M;);>0 be a continuous local martingale and
1
ZI(M)ZeXp{Ml_§<M’M>I}a te[o?oo]
Assume that (Krylov’s condition)
.. 1—¢
lim infe. log E exp{ —— (M, M)} < 0.
£—0 2

Prove that EZ, (M) = 1, i.e., the exponential local martingale (Z,(M));>0 is
uniformly integrable. Show that the condition above is wider than the Novikov

M, M)

.. 1
condition Ee2 ¢ ®© < 0. O

Hint: First of all, we note that EZ,,(M) <1 as a consequence of a supermartingale
property of (Z;(M)) and the Fatou lemma. Using the Holder inequality, we can
derive for a constant ¢ > 0 that

_ 1 (1—¢e)e
1 = EZxo((1 — &)M) =Ee! 78 Moc=2 (M- Moo) o == (M- Moo 40 4ry )

_ _1 (1—e)e
FEe(18) Moo 3 (M. M)oo) o852 (M Mo g

—&)E &
<(BZoo(M)' ™ (Be MM 1y 1y )
1—¢ A2 p1 My \©
(B Zoo (M)-T((b1 o)~ (e 7 M0 )
By taking the limit when ¢ — 0 in the above inequality, we arrive at
1 S EZyo(M) + const EZoo (M) . I{(p, M) >c)-

Taking the limit as ¢ — oo, we get EZ (M) > 1. |

Problem 15.31 Show that every process (A;) with finite variation can be repre-
sented as the difference of two increasing processes.
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Hint: Use the representation
1 1
Ay = §(|A|z + A — E(|A|[ - Ay)),

where |A|; is the variation of A on [0, ¢]. |

Problem 15.32 Let (X;);>0 be a semimartingale and let (A;) be a process of finite
variation. Prove that

[X, Al =) (AX)(AA).

s<t

In particular, [X, A] = 0, if (A;) or (X;) is continuous.

Hint: Use the limiting arguments dividing [0, ¢] by a subdivision t;’ =jr2™", j =
0,....,2",n>1. [ |

Problem 15.33 Prove the Levy characterization of a Wiener process (Remark 8.1).

Solution Let us prove that the following three statements are equivalent for a
continuous martingale (X;);>0, Xo = 0:

(1) Process (X;) is a standard Wiener process on the underlying stochastic basis.
(2) Process (Xl2 — t);>0 1S a martingale.
(3) Process (X;);>0 has a quadratic variation [X, X]; = .

To prove (1) = (2), we just observe that E|X’,2 — t| < oo for each r > 0 and for

s < t, E(X? —1|Fy) = E((X? — X)) + X2 — (t —s) — 5|F,) = X2 — s by the

properties of a Wiener process (X;).

For the proof of the second implication (2) = (3), we note that (X,z),zo is a

submartingale with the Doob-Meyer decomposition X tz = (th — t) + t. Hence,

(X, X]; =< X, X >=t.

The third implication (3) = (1) can be stated as follows. First, we prove that
12

increments of (X;);>o are Gaussian. Applying the Ito formula to et

f(t,x),t > 0,and A > 0, we obtain

2

0 d 10
af(t, X;) = Ef(t’ Xp)dt + af(f» X)dX; + Eﬁf(t’ X)d[X, X1,

2
:%Azf(t, X)dt +irf(t, X,)dX, + (—%)f(t, X,)dt
=irf(t, X)dX;,

and, therefore, (f (¢, X;)):>0 is a martingale. Further,

. 142 . 1452
E(el)»Xri-z)u t|F&‘) — el}»XS-‘rz)u S’
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and
Eeik(xt—Xx) — E(E(eik(X,—XS)lFS)) _ e—%kz(t—s),

which means that X; — X, ~ N(0,t — s),t > s.

To finish the proof, we show that the increments X;, — X;,, ..., X;, — X;,_1 are
independent for any subdivision of time 0 <t} <t <3 < ... <ty < t,. We
have
. . . *% 1,2
E(el)"X’I +ida (X1 — Xy, )+...+u\n(x,,,—X,,l,1)) — o T w x e 2 hnlta—tn-1)

which states independence of increments of (X;). So, (X;);>0 is a Wiener process.
|

Problem 15.34 Prove that any submartingale X = (X;);>0 on a standard stochastic
basis (2, F, (Fy);>0, P) admits the right-continuous modification, if EX; is right-
continuous.

Hint: Using limiting arguments together with a submartingale property, we have
X; < E(Xi4|Fy) (as), t < 0. But F; = Fyy; hence, X; < X4 (a.s.), and from
EX, = EX,+, we get the result. |

Problem 1535 Let M = (M;);>0 be a martingale on a stochastic basis
(2, F, (Fy)r>0, P). Show that a predictability property for the process ¢ = (¢;) is
vital in getting the martingale property for a stochastic integral fé osdM;.

Hint: Take a rich enough probability space (2, F, P) to accommodate two random
variables: T > 0 with P(t <) =t A 1 and a Bernoulli random variable Y such
that P(Y =1)=P(Y =—-1) = % Define M; = Y.I{z<; and filtration F; = FZM.
In this case, fé Md M; is not a martingale. |

Problem 15.36 Let continuous processes A € ?‘70 . and M € M, are defined
on a standard stochastic basis (R, F, (F;);>0, P). Assume that b = b'(x), x €
R!, i = 1,2, are bounded continuous functions and X?, i = 1,2, are (strong)
continuous solutions of the stochastic differential equations w.r. to a semimartingale
Y, =A, + M, Yy=0:

dXi =b'(X)dA, +dM,,

where Xf) =x eR
Prove that the inequality b'(x) < b%(x) forall x € R! implies th (w) < X?(a))
(a.s.) forallr > 0.

Hint: Apply the method of proof similar to Lemma 9.1. ]
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Problem 15.37 Consider a stochastic differential equation as in problem 15.36:
Xm = b(X[)dAl + dMl,

where Xg = x € RLf<T.
Assume that b = b(x), x € R! satisfies conditions of Theorem 9.3 and A <<
(M, M). Prove that this equation admits at least one (strong) solution.

Hint: Adapt the method of proof of Theorem 9.3 for this case. |

Problem 15.38 Let dX; = udt + odW; + vdN;, where W and N be a Wiener
process and a Poisson process, respectively, with intensity A > 0, 11, o, v € R!. Let
(1;) be the moments of the jumps of N. Prove the Ito formula for F € C2:

t 1 [t Ny
FoX) = POt + [ Fooax,+ 5 [ Fiotds = 30 P ax,
0 0 i=1

Ny
+ Y (F(Xg) — F(Xg,).
i=1
Hint: Adapt the Ito formula for semimartingales in this case. ]

Problem 15.39 Let N = (N;);>0 be a Poisson process with intensity A > 0 and
o = (a;) be a bounded deterministic function.
Define the process

t t
L = exp{/ asd(Ng — As) +/ (1 4+ oy — e*)Ads}
0 0

and prove that L = (L9)zzo is a martingale satisfying the equation
st = L,,(ea’ — 1)d(N[ — )\.t)

Hint: Use the Ito formula. |

Problem 15.40 Let Z be a normal random variable N(0,2) on a probability
space (2, 7, P). Construct a probability Q such that Z is a normal random variable
N(c,02),c eR.

Solution Note that under probability Q, the random variable Z must have a density
L (z=0o?
N { 202

}. So, we have

z—o? _ _dQ
NP exp{— 752 }=dQ = ﬁdP.
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Let us note that

(z—¢)? 22 —2cz+c2 72 cz — %62
exp{— 252 } = eXP{—T} = eXP{—m}ﬁXP{T}’
_
and we arrive at the conclusion that ‘;% = exp{cza—zz}. |

Problem 15.41 Let (wf)tz(), i = 1,2, be two independent Wiener processes. For

the given constant —1 < p < 1, construct the process X; = ,owtl + 1 - pzwtz. Is
it a Wiener process?
Hint: Check the definition of Wiener process.

Problem 15.42 Let (wf)zzo be a Winner process on a probability space (€2, 7, P),
and t, = inf( : w; = a),a > 0. Prove a specific form of the so-called reflection
principle for a Wiener process wy:

1
plwr > alt, <t} = 5
Hint: We note that

p(w; > a) =p(w, > alty <1).p(tg <t)+ p(w; > altg > 1).p(tg > 1)

and find
p(wy = a) = p(w; = alty).p(ta < 1).
Therefore,
pw; > alty <t) =p(w, = alwg, =a,74 <t) = p(w, —we, 207, <1) = %
|

Problem 15.43 Let (g,),=1,2... be a sequence of independent standard random
variables, ¢, ~ N(0,1). Define a new sequence (Y;),=1,2,.. as follows: ¥, =
h W. Prove that lim,,_, o, ¥;; = 0 in probability, but Y;, does not converge
(a.s.).

Hint: First, we note that in the sense of distribution

4  ner e
Jnloglogn  \/loglogn’

Y,
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and, hence, Y, 250 Second, using the iterated logarithm law, we have (a.s.)
n— o0

lim sup Y, = v2and lim Y, = V2.

n— 00 n— o0 inf

[ |
Problem 15.44 Let (¢,),=1.2,.. be a sequence of independent random variables

taking values O or 1 on (2, ¥, P). Prove the following relations:

P —limeg, =0« P(e, =1) >0 (n— o0),
n

g, —>0 (n—>o00) (as.) & ZP(E,, =1) < o0,

n=1

]
Pley ——0)=0& ) Ple,=1) = o0,
n=1

Hint: Use the Borel-Cantelli lemma. We also note in the context of this problem
that the sequence (&,),=1,2,.. which chosen as follows P(s, = 1) = % will
converge in probability, but not almost surely.

Problem 15.45 Let (X]');>0,n = 1,2, ..., be strong solutions of the stochastic
differential equations

dX" = —n>X'dt +ndW;, Xg =0,

where (W;);>¢ is a Wiener process. Show that (X}') converges to zero in space L
asn — o0o.
Hint: Using a general formula for the Orsntein-Ulenback process, we obtain that

3 g 3
X} =ne™" ’/ e dWy,
0
and, hence, EX} = 0. Further, applying the isometric property of the Ito stochastic
integral, we get

; ! 1 3 1
E(X?)zznze_Z"%’E(/ e”S‘YdWS)2=n2.e_2"3’—.62"%’ =— >0 (n—> ).
0 2n3 2n

Problem 15.46 Show the way how to construct a predictable stopping time (s.t.)
on the stochastic basis (2, ¥, (F:)r>0, P) without usual conditions.
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Hint: Let o be a wide sense stopping time and 7 be a ¥,+-measurable r.v. such
that 0 < 7 on {o < oo}. Then 7 is a desirable stopping time since the sequence
T, =nA (%o + "n;lr) foretells t.

Problem 15.47 Let t be a stopping time Show that ¥, < ¥; and o is Fy_-
measurable.

Hint: Take a set B such that BN{o < t} € F; for all z. So, we have either B € F
orB=AN{o >u},u>0,A€F,.

Problem 15.48 Leté&, &, ..., &, be nonnegative random variables on a probability
space (2, 7, P) such that &1 + & + --- + &, > £. Prove the following useful
inequality: for n > 0,

PE>m=Y P> .

i=1

Hint: Use an induction method or the following inclusion {& > n} € U!_,{& >
%}. This exercise can be used to bound the probability that a sum of random
variables exceeds an amount in terms of the individual components of the sum.

|
Problem 15.49 In the framework of Problem 15.42, prove that the density of t, is

3 2
equal to J%t_f exp(—%—t) and, hence,

2 [ y2
P(max WS‘ 2 a) = P(‘Cg S t) = T/ eXp(—;)dy,
N2 J o
NG

0<s<t
Hint: Use the reflection principle for (W;):
1
PWi z a)=ZP(ta =1).

Problem 15.50 Let £ be a standard normal random variable. Prove that E&* = 3,
and, hence, skewness and kurtosis of £ are 0 and 3, correspondingly.
Hint: Use the direct calculations.
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Poisson, 8
uniform, 8, 9
Doleans exponent, 188
Doob decomposition, 54
Doob inequalities, 161
Doob-Meyer decomposition, 163
Downcrossing, 61
Drift coefficient, 127
Dual projection, 216

E

Elementary event, outcome, 1
Equivalence of measures, 115
Existence of a solution, 122
Expectation, 18

Extended random variable, 13

F
Fair price, 140
Fatou lemma, 24
Feynman-Kac representation, 137
Filtration, 52
Financial market, 81, 143
Finite-additive measure, 3
Finite-dimensional

process, 107
Finite-dimensional distribution, 131
First variation, 94
Fisk decomposition, 176
Fixed accuracy property, 195
Fokker-Plank equation, 135
Formula

Bachelier, 81

Ito, 109

Merton, 201
Function

Borel, 15

Cantor, 9

characteristic, 39

Dirichlet, 19
Functional space, 89
Fundamental sequence, 104

G

Galchuk integral, 218

Gaussian process, 100

Generalized martingale, 86

General theory of stochastic processes,
155

Generator, 133

Geometric Brownian motion (GBM), 124, 143

Girsanov theorem, 80
Graph, 157
Gronwall lemma, 121, 229

H
Haar system, 97

Hamilton-Jacobi-Bellman (HJB) equation, 153
Hamilton-Jacobi-Bellman (HJB) principle, 147

Helly principle, 34

I
Incomplete market, 197
Independent random variables, 16
Indicator, 14
Indistinguishable processes, 157
Inequality
Cauchy-Schwartz, 29
Chebyshev, 28
Jensen, 29
Kolmogorov-Doob, 59
Kunite-Watanabe, 178
Information flow, 52
Integrable, 19
Integral
Lebesgue, 19
Interval of non-arbitrage prices, 149
Inverse image, 13
Isometric property, 102
Ito formula, 109
Ito process, 109
Ito stochastic integral, 107

J

Jensen inequality, 29

Joint quadratic characteristic, 55
Jump-diffusion model, 201

K
Kolmogorov
backward, forward equation, 134
consistency theorem, 6
variance condition, 72
Kolmogorov-Chapman equation, 131
Kolmogorov-Doob inequality, 59
Kunita-Watanabe
decomposition, 56
inequality, 178
Kurtosis, 21
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L
Ladlag process, 212
Large numbers law (LNL), 31
Least-squares (LS) estimate, 72
Lebesgue
dominated convergence theorem, 25
integral, 19
Lebesgue measure, 6
Levy theorem, 68
Lindeberg condition, 42
Lipschitz condition, 120
Localization, 106
Localizing sequence, 86
Local Lipschitz conditions, 120
Locally square-integrable martingale, 170
Local martingale, 86, 170
Local martingale deflator, 245
Lower option price, 149

M
Markov process, 130
Martingale, 54

generalized, 86

local, 86, 170

locally square-integrable, 170

square integrable, 55
Martingale difference, 54
Martingale measure, 141
Martingale representation, 116
Mathematical finance, 124, 140
Maturity time, 140
Measurable

mapping, 16
Measurable space, 4
Measure, 1

finite-additive, 3

Lebesgue, 6

Martingale, 141

Wiener, 12
Merton formula, 201
Method of monotonic approximations,

126

Modification

continuous, 93

right-continuous, 96
Monotonic class, 5
Multiplication rule, 203

N
Normal distribution, 9
Novikov condition, 81

(0]
Optimal control, 147
Option
call, 81
Optional
local martingales, 231
martingales, 239
semimartingales, 239
stochastic analysis, 211
stochastic calculus, 217
stochastic differential equations, 225
stochastic exponent, 231
stochastic logarithm, 231
stochastic process, 211
Optional decomposition, 250
Optional processes, 212
Optional regression analysis, 250
Optional risk theory, 257
Optional sampling theorem, 58
Optional sigma-algebra, 159
Ornstein-Uhlenbeck process, 125

P

Parseval identity, 100

Partial differential equation (PDE), 137
Poisson distribution, 8

Polynomial, 112

Predictable measure, 214

Predictable process, 159

Predictable sequence, 55

Predictable sigma-algebra, 159
Predictable stopping time, 157
Principle of optimality, 147
Probability measure, 3

Probability space, 3, 6

Process with finite variation, 160
Progressively measurable, 109
Prokhorov theorem, 36

Purely discontinuous martingale, 167
Put-call parity, 142

Q
Quadratic bracket, 168

Quadratic characteristic, 55, 169
Quasimartingale, 85

R

Radon-Nikodym
density/derivative, 44
theorem, 44

Random measure, 213
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Random set, 159
Random variable, 13
extended, 13
uniformly integrable, 25
Regression
analysis, 72
function, 77
Regression model, 72
Relative compactness, 36
Replicating strategy, 196
Risk process, 257
Ruin probability, 257

S
Sample path, 51
Scalar product, 97
Schauder system, 97
Semimartingale, 173
Sequential estimate, 146
Sigma-algebra, 4

optional, 159

predictable, 159
Singular distribution, measure, 9
Skewness, 21
Small perturbations method, 151
Step function, 101
Stochastically continuous process, 96
Stochastic analysis, 52
Stochastic approximation, 77,203
Stochastic basis, 57
Stochastic calculus, 178
Stochastic differential equation (SDE), 119
Stochastic exponential, 56, 188

multiplication rule, 188
Stochastic interval, 159
Stochastic Kronecker’s Lemma, 70
Stochastic regression analysis, 203
Stochastic volatility, 149
Stock price, 49, 124
Stopped process, 172
Stopping time, 52

accessible, 157

graph, 157

predictable, 157

totally inaccessible, 157
Stopping time in wide sense, 212
Strategy, 196
Stratonovich integral, 108

Index

Strongly predictable process, 211
Strong solution, 125

Structural condition, 227
Structural LS-estimator, 255
Subdivision, 92

Submartingale, 54
Supermartingale, 54

T
Theorem
Caratheodory, 6
CLT, 41
comparison, 126
Girsanov, 79
Kolmogorov consistency, 7
Lebesgue dominated convergence, 30
Levy, 68
optional sampling, 58
Prokhorov, 36
Radon-Nikodym, 44
Theory of probability, 1
Tightness, 36
Totally inaccessible stopping time, 157
Transition probability function, 131

U

Uniform distribution, 9

Uniform Doob-Meyer decomposition, 259
Uniformly integrable random variable, 25
Uniqueness of solutions, 125, 147
Unusual stochastic basis, 211

Upcrossing, 60

Upper option price, 149

Usual conditions, 155, 161

A%
Value function, 148
Variance, 21

w

‘Wald identity, 105
Weak convergence, 41
Weak solution, 125
Wiener measure, 12
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