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A Visual Approach to Introductory Functional Analysis is designed to offer
a visual, geometric approach to functional analysis that bridges the gap between
elementary analysis and advanced Banach Space Theory.

The material is organized to build progressively from foundational topology to
the core structural theorems of the discipline. Commencing with the rigorous
formalization of metric spaces, topological neighborhoods, and the critical an-
alytical property of completeness, the text subsequently transitions to normed
and Banach spaces, formalizing the evaluation of linear operators and dual
spaces. This structural foundation culminates in the exposition of the “pillars”
of functional analysis: the Hahn-Banach Theorem, the Uniform Boundedness
Principle, the Open Mapping Theorem, the Closed Graph Theorem, and the
Banach-Alaoglu Theorem.

This book can serve as a concise textbook for an introductory functional analysis
course, or as a geometrically focused supplement to a more advanced treatment
of the subject.

Features

o Curated selections of exercises ending every chapter, designed to build topo-
logical reasoning and proof writing skills
e Numerous color figures and illustrative examples to aid comprehension.
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Preface

Functional analysis represents a profound synthesis of linear algebra, topology,
and classical real analysis. By abstracting the finite-dimensional concepts of
vectors and matrices into infinite-dimensional spaces of functions and operators,
it provides the essential mathematical machinery required to solve complex
differential equations, analyze quantum mechanical systems, and formalize
approximation theory.

This textbook is constructed as a rigorous introduction to the subject. The
primary objective is to bridge the conceptual gap between elementary analy-
sis and advanced operator theory. Students frequently encounter functional
analysis as a daunting landscape of abstract definitions and dense topolog-
ical proofs. To mitigate this, the text is structured to continuously anchor
abstract axiomatic concepts to their geometric intuitions. Throughout the
chapters, rigorous analytical proofs are paired directly with visual geometric
interpretations—from the strict topological boundaries of metric spaces to
the separating hyperplanes of the Hahn-Banach Theorem—ensuring that the
underlying spatial logic of the theorems remains central to the learning process.

The material is organized to build progressively from foundational topol-
ogy to the core structural theorems of the discipline. We commence with the
rigorous formalization of metric spaces, topological neighborhoods, and the
critical analytical property of completeness. The text subsequently transitions
to normed and Banach spaces, formalizing the evaluation of linear operators
and dual spaces. This structural foundation culminates in the exposition of the
‘pillars’ of functional analysis: the Hahn-Banach Theorem, the Uniform Bound-
edness Principle, the Open Mapping Theorem, the Closed Graph Theorem,
and the Banach-Alaoglu Theorem.

Each chapter is accompanied by a curated selection of exercises designed
not merely to test mechanical computation, but to challenge and refine the
reader’s topological reasoning and proof-writing capabilities.

It is my hope that this text serves as a clear, precise, and illuminating guide
through the elegant structural truths of infinite-dimensional spaces, equipping
the reader with both the analytical rigor and the geometric intuition necessary
for advanced mathematical applications.

Paul L. Dayao

vii
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CHAPTER ].

Metric Spaces

1.1 Definition of Metric Spaces

1.2 Metric Topology

1.3 Metric Subspaces

1.4 Continuous Mappings

DOI: 10.1201/9781003799948-1

HE transition from classical real analy-
T sis to functional analysis necessitates a
fundamental departure from finite-dimensional
Euclidean geometry. In this broader frame-
work, our primary mathematical objects are
no longer simple vectors, but complex, infinite-
dimensional entities such as continuous func-
tions, infinite sequences, and linear operators.
In this chapter, we establish the rigorous ar-
chitecture for quantifying proximity and con-
vergence between these abstract objects. By
generalizing the axiomatic properties of physi-
cal distance, we define the concept of a metric
space. We will survey the standard sequence
and function spaces that serve as the primary
domains of functional analysis, construct the
essential metric topology of open and closed
sets, and ultimately reframe the classical con-
cept of continuous mappings through a purely
topological perspective.
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2 B A Visual Approach to Introductory Functional Analysis

1.1 DEFINITION OF METRIC SPACES

In classical analysis and geometry, the concepts of limits, convergence, and
continuity rely upon the Euclidean distance between points in spaces such as
R? or R3. For any two given points, the standard Euclidean metric quantifies
their spatial separation.

Functional analysis broadens this topological framework. Our primary
objects of study are not restricted to finite-dimensional coordinate vectors;
rather, we investigate the structural properties of spaces whose elements are
infinite-dimensional entities. Consequently, we must formulate strict notions of
proximity for these abstract objects:

Functions: How is the deviation of a polynomial approximation P(t) from a
target continuous function f(t) quantified?

Sequences: By what measure do two infinite streams of data, (z,,) and (y),
become mathematically indistinguishable?

Sets: How is the separation between two distinct geometric regions or subsets
formally defined?

Abstract Elements: Can a robust theory of convergence be established for
abstract spaces lacking inherent visual representation?

To address these questions, the axiomatic properties of Euclidean distance
are extended to arbitrary sets. By treating a complex entity—such as a con-
tinuous function or an infinite sequence—as a single point within an abstract
space, geometric intuition can resolve analytical problems. This abstraction
culminates in the definition of a metric space: a pair (X,d), where X is a
set and d: X x X — R is the metric (or distance function). To constitute a
valid metric, d must satisfy four axioms that capture the algebraic behavior of
physical distance.

Definition 1.1 Metric Space

A metric space is a pair (X, d) consisting of a non-empty set X and a
mapping d : X x X — R, called a metric or distance function, which
satisfies the following axioms for all x,y, 2z € X:

(M1) Non-negativity The distance between any two points is a non-
negative real number:

d(z,y) 20
(M2) Identity of Indiscernibles The distance between two points is zero
if and only if the points are identical:

d(z,y) =0 < z=y

(M3) Symmetry The metric does not depend on the direction of mea-
surement:

d(z,y) = d(y,z)



Metric Spaces B 3

(M4) Triangle Inequality The distance between any two points is bounded
above by the sum of the distances through any intermediate point z:

d(z,y) < d(z,z) + d(z,y)

Regardless of their underlying mathematical structure, the elements of X
are conventionally referred to as points within the context of the metric space
(X, d).

Among the axioms, the triangle inequality (M4) is highly consequential
for analytical proofs. It derives its nomenclature from Euclidean geometry,
wherein the length of any side of a triangle is bounded by the sum of the
lengths of the remaining two sides as visualized in Figure 1.1.

e N The direct path is the shortest.

d(z,y)

FIGURE 1.1 The triangle inequality. The metric distance d(z,y) cannot
exceed the sum of the distances through an intermediate point z.

Example 1.2 The Standard Examples

The following examples establish the standard metric spaces utilized
throughout functional analysis. These spaces serve as prototypes for
geometric intuition and test cases for evaluating theorems in infinite-
dimensional settings.

The Real Line R
The set of real numbers R forms a metric space where the points are scalars.
The metric evaluates the absolute value of their difference:

d(z,y) = [z —y|
This metric satisfies the axioms, with the triangle inequality taking the form

[z —yl < |z —z[+]z—y|

The Euclidean Plane R?
The space R? consists of ordered pairs of real numbers. Denoting points as
vectors © = (x1,x2) and y = (y1,y2), the metric is defined by the Pythagorean
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formula:

d(z,y) = /(z1 — 11)% + (w2 — y2)°
This space establishes geometric frameworks for open balls and neighborhoods.
Euclidean Space R"

Generalizing to arbitrary finite dimensions, R™ consists of ordered n-tuples of
real numbers. The metric is the standard Euclidean distance:

Unitary Space C"

The complex analogue of Euclidean space is the Unitary Space C", consisting
of ordered n-tuples of complex numbers. To ensure the distance evaluates to a
non-negative real number, the metric squares the modulus:

The Space of All Sequences (s)

The space s consists of all sequences of complex numbers. Because unbounded
sequences exist in s, standard distance formulas diverge. A valid metric is
constructed by bounding the difference at each coordinate. For sequences
u = (uy) and v = (vy), the metric utilizes a weighted sum:

s 1 |uk—vk|
d =y -k K
(U,U) ;2k1+|uk_vk|

Since the rational term % is strictly bounded by 1, the factor 2% guarantees
the convergence of the infinite series. As visualized in Figure 1.2, distance in s
is primarily determined by the initial terms of the sequences.

The Space of Bounded Sequences (£°°)

The space £*° is a subspace of s consisting of all bounded sequences of complex
numbers (uy); a real constant M exists such that |ug| < M for all indices k.
The distance between sequences u and v is evaluated using the supremum over
all coordinates (see Figure 1.3):

d(u,v) = sup |ug — v
kEN

This formulation is termed the supremum metric, where convergence corre-
sponds to uniform convergence.
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Contribution to Distance The Damping Effect
1/2! Because the unweighted difference
is constrained by 1,
122 the weight 1/2% scales
the asymptotic contribution to zero.
1/2%

1723
1/2% 1796

FIGURE 1.2 The metric on s. The sequence terms are weighted by 1/2F,
defining the distance based on the initial coordinates.

Uk

Visualizing ¢~
The terms uy, are constrained within the interval [—M, M].

FIGURE 1.3 A bounded sequence evaluated in ¢°°.

The Space of Convergent Sequences (c¢)

The subspace ¢ C £*° consists of all sequences converging to a limit L. Because
every convergent sequence is bounded, ¢ resides within £°°. It is equipped with
the supremum metric.

The Space of Summable Sequences (¢7)

For a fixed real number p > 1, the space P consists of sequences u = (uy,)
satisfying > 7o | Jug[P < oo. The metric generalizes the Euclidean distance
formula to infinite sums:

oo 1/p
d(u,v) = (Z |ug — vk-|p>
k=1

The specific case where p = 2 designates the Hilbert sequence space £2.

The Function Space Cla, b]
The space Cla, b] consists of all continuous, real-valued functions f : [a,b] — R.
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The distance between functions f and g evaluates the maximum vertical
separation between their graphs over the interval (see Figure 1.4):

d(f,9) = max [f(t) — g(t)|

tela,b]

This is termed the uniform metric. Convergence in this metric guarantees that
the limit function is continuous.

ft)

|
|
|
|
|
1

a Z%m ax b

FIGURE 1.4 The metric in C|[a, b] evaluates the maximum vertical sepa-
ration between the functions.

The LP Spaces

For a fixed p > 1, the space LP[a,b] consists of all Lebesgue-measurable
functions f on the interval [a,b] such that the integral of | f|P is finite. The
metric evaluates the accumulation of differences across the interval (see Figure

1.5): ,
b P
d(f,g) = ( / ) — g dt)

The elements of LP are formulated as equivalence classes of functions. If
two functions f and g differ on a set of measure zero, the integral of their
difference evaluates to zero (d(f,g) = 0). To satisfy the Identity Axiom, such
functions constitute the same element in the space.

The Discrete Metric Space
On any non-empty set X, a metric is defined independent of coordinate

geometry:
=
R RS S
1 ifu#v

This function satisfies the metric axioms, inducing the discrete topology where
every subset is both open and closed, and convergent sequences are constant.
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In L?, distance evaluates the accumulation of the shaded area between the graphs.

FIGURE 1.5 The LP metric integrates the differences over the interval
domain.

EXERCISES

1. Testing the Axioms. Let X = R. Determine whether the following func-
tions d : R x R — R define a metric on R. If not, state which axiom
(M1-M4) is violated.

(@) dla,y) =z o

(b) d(z,y) = |2* — y?|

(c) d(z,y) = max{|zl, [y[}
(d) d(l’,y) = mln{|x - y|7 1}

2. The Reverse Triangle Inequality. Applying the Triangle Inequality (M4),
prove the following lower bound for the distance in any metric space
(X, d):

|d(z,2) — d(y, 2)| < d(z,y)
(Hint: Formulate d(z,z) < d(z,y) + d(y,z), rearrange the terms, and
evaluate the symmetry with x and y.)

3. Bounded Metrics. Let (X, d) be a metric space. Prove that the function

p defined by:
d(z,y)
T,Y) = —————
p(z,y) = 7 ()
constitutes a metric on X. (Hint: To establish the triangle inequality
for p, apply the property that the function f(t) = %—l-t is monotonically

increasing for t > 0.)

4. Product Metrics. Let (X,dx) and (Y, dy) be metric spaces. Define the
Cartesian product Z = X x Y, where points are structured as pairs
z1 = (z1,y1) and 2y = (w2, y2). Verify that the following function defines
a metric on Z:

d(z1,22) = dx(x1,22) + dy (Y1, y2)
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10.

1.2

Metrics on Sets. Let A and B be non-empty subsets of a metric space
(X,d). Define the distance between sets as D(A, B) = inf{d(a,bd) | a €
A,b € B}. Determine if D(A, B) satisfies the axioms of a metric on the
power set of X. (Hint: Evaluate the condition where A and B overlap,
or when A = (0,1) and B = (1,2) in R. Check Aziom M2.)

Comparing Metrics on R?. Consider the vectors u = (1,2) and v = (4, —2)
in R2. Calculate the distance d(u,v) using three distinct metrics:

(a) The Euclidean metric (dz).

(b) The taxicab metric (di(u,v) = > |u; — v4]).

(¢) The supremum metric (doo(u, v) = max |u; — v;]).
Sequence Spaces (P vs £>°). Consider the harmonic sequence u =
I

(a) Is u an element of £*° (bounded sequences)?

(b) Is u an element of ¢! (summable sequences)?

(c) Is u an element of ¢? (square-summable sequences)?

. . . . . 1
(Hint: Apply ?fhe cmlwergence properties of the harmonic series ) ¢
versus the series ) 13.)

. Function Space Metrics. Let X = C]0,1] be the space of continuous

functions on [0, 1]. Evaluate the functions f(t) =t and g(t) = t%.
(a) Calculate the distance doo(f, g) using the uniform metric. At what

coordinate t is the maximum separation achieved?

(b) Calculate the distance using the integral metric dy (f, g) = fol [f(t)—
g(t)| dt.

. The Shape of the Unit Ball. Sketch the unit ball B(0,1) = {u € R? |

d(u,0) < 1} in R? for the following metrics:
(a) The Euclidean metric (¢2).
(b) The Taxicab metric (¢£1).

(¢) The Supremum metric (£°°).

The Discrete Metric on Functions. Let X be the space of all real-valued
functions on [0, 1]. If X is equipped with the discrete metric, describe
the open ball B(f, }) centered at the function f(t) = sint. Identify the
specific functions it contains.

METRIC TOPOLOGY

Having established the axiomatic foundation of metric spaces, this section
examines the topological structure induced by the metric. To analyze concepts
such as convergence, continuity, and compactness, a formal framework classifies
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the spatial properties of subsets. Functional analysis formalizes geometric
notions through the abstraction of metric topology.

Topology evaluates spatial properties that remain invariant under continu-
ous transformations. Rather than relying on quantitative distance measure-
ments, analysis focuses on qualitative structural relationships: Is a given point
enveloped by a set? Does a sequence of elements within a set approach a limit
point outside of it?

The geometric construct utilized to evaluate these structural relationships
is the ball. Serving as the abstract generalization of the open interval (a,b) on
the real line R, the open ball acts as the primary analytical probe for evaluating
local properties. Constructing a neighborhood of radius » > 0 centered at
a given point determines whether that point resides within the interior of a
subset or upon its boundary.

Definition 1.3 Balls and Topological Sets

Let (X, d) be a metric space. For any point 29 € X and any real number
r > 0, the geometric neighborhoods are defined as follows:

1. The Geometry (Balls)
e The open ball B(xg, ) is the set of all points at a distance strictly
less than r from the center xg:

B(zg,r) ={z € X | d(z,x0) <1}

e The closed ball B(x,7) is the set of all points at a distance less
than or equal to r from x:

B(zo,r) ={r € X | d(z,z0) <1}

2. The Topology (Sets) Let S C X be an arbitrary subset.
e S is an open set if, for every point x € S, there exists a radius
r > 0 such that the open ball B(x,r) is contained in S.
e S is a closed set if its complement in X, denoted X \ S (or S°¢),
is an open set.

As visualized in Figure 1.6, the open ball serves as the primary building
block for the following topological definitions.
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Open Set U
The Open Ball B(xz,r) Lo N
PR e \
/” \\ ,"—‘— l/_~> !
' b ‘ &y
; AP \ '
[ - . - =\ J
1 | S 48 S !
1 .—)| - </
\ Zo r 1
\ 1
\ ’
\ ’
N //
Strict inequality: Safety Condition:
Boundary is excluded. For any z, there exists a ball

B(z,¢) contained within.

FIGURE 1.6 The geometry of openness. Left: The open ball B(xg, ).
Right: An Open Set U requires that every constituent point is surrounded
by an open ball contained in U.

Definition 1.4 Classification of Points and Sets

Let (X,d) be a metric space and S C X be a subset. For any point
x € X, its relationship to the subset S is classified based on the
intersection properties of its open neighborhoods B(x,r):

1. Classification of Points
e Interior Point: There exists a radius r > 0 such that the open ball

is contained in S.
B(z,r) C S

e Boundary Point: Every open ball centered at x contains at least
one point in S and at least one point in its complement, X \ S.

Vr >0, B(z,r)NS#0 and B(x,r)N(X\S)#0D

e Limit Point (Accumulation Point): Every open ball centered at z
contains a point of S distinct from .

Vr >0, (B(z,r)\{z})NS#0

2. Derived Sets Aggregating these classes of points yields the founda-
tional derived sets:
e The Interior (S° or int(.S)): The set of all interior points of S. This
constitutes the largest open set contained in S.

e The Boundary (95): The set of all boundary points of S.
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e The Closure (S): The union of S and all its limit points. Equiva-
lently, we define the closure as the intersection of all closed sets
K containing S:

S:H{KQX|KZ_)SandKisclosed}

It is the smallest closed set containing S.

Boundary Point
Ball hits both

« S and S°

Interior Poip#
Ball fully jn&i

\ Limit Point ’
\ Approached by ’
~ points of S -

FIGURE 1.7 Classification of points. The interior point z is contained in
the set, the boundary point y straddles the topological threshold, and
the limit point z is the destination of a convergent sequence of elements
in S.

Consider the half-open interval M = (0,1] equipped with the standard
Euclidean metric in R. The interior is to M° = (0,1) (the maximal open
interval contained within M), its closure is M = [0, 1] (incorporating the limit
point 0), and its boundary is 9M = {0, 1} (the topological extremities of the
subset).

Because the closure operation completes a set by appending all its limit
points, a set is closed if and only if it remains invariant under the closure
operation.

Theorem 1.5 Closure and Set Equality

A subset M of a metric space is closed if and only if M = M.

PROOF: The proof establishes mutual implication by using the definition of
closure as the intersection of all closed sets containing the subset.

(<) Assume that the set M equals its closure, M = M. By definition, the
closure of any subset is a closed set. Therefore, M itself must be closed.

(=) Assume M is a closed set. By definition, every set is contained within its
own closure, establishing the first inclusion: M C M.



12 m A Visual Approach to Introductory Functional Analysis

To establish equality, the reverse inclusion, M C M, must be proven. The
closure M is defined as the intersection of all closed sets containing M. Because
M is a closed set, M is a member of this collection.

Conclusion Because the intersection of sets is contained in each set, it follows

that M C M. Thus, M = M. |
EXERCISES
1. Calculating Topology. Consider the metric space X = R equipped with

the standard Euclidean metric. For each of the following subsets M,
determine its interior M°, its closure M, and its boundary OM.

(a) M =(0,1]

(b) M =Z (The set of integers)

(¢) M = Q (The set of rational numbers)

(d) M:{% | n € N}
(Hint: For Q, evaluate the property that every real number can be approz-
imated by rational numbers.)

Topology of the Discrete Metric. Let X be a non-empty set equipped
with the discrete metric (d(z,y) =1 if z # y).

(a) Describe the open ball B(z,0.5).

(b) Describe the open ball B(z,1.5).

(¢) Prove that every subset of X is an open set in this topology.
(d) Consequently, prove that every subset is a closed set.

Finite Sets Are Closed. Applying the definition of closed sets or open
sets, prove that any finite subset of a metric space is closed. (Hint: If
F ={x1,...,2,}, establish that its complement F° is open by formulating
a radius r around an arbitrary point y € F°¢ that excludes all points in

Unions and Intersections. The union of any collection of open sets is
open, and the intersection of any finite collection of open sets is open.
Construct a counter-example demonstrating that the infinite intersection
of open sets is not open. (Hint: FEvaluate the intersection of the open
intervals (—1, 1) in R as n — 00.)

Balls and Closures. Let B(xq,r) be an open ball in a metric space.
(a) Prove that the closed ball B(xq,r) = {z | d(z,79) <} is a closed
set.
(b) Formulate an example of a metric space where the closure of the

open ball, B(xg,7), is unequal to the closed ball B(xq, ).

(Hint: Evaluate the discrete metric space with radius r = 1. Determine
the open ball, determine its closure, and compare it to the closed ball.)
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1.3 METRIC SUBSPACES

In functional analysis, it is frequently necessary to focus on a specific subset of a
larger metric space (for instance, evaluating the closed interval [0, 1] within the
real line R). Upon restriction, the subset inherits the topological and geometric
structure of the ambient (original) space, constituting a metric subspace.
Within a subspace, the distance between any two elements is evaluated using
the metric defined for the ambient space.

Definition 1.6 Metric Subspace

Let (X,d) be a metric space and Y C X be a non-empty subset. The
induced metric dy on Y is defined by restricting the domain of the
original metric d to the Cartesian product Y x Y:

dy (u,v) = d(u,v) for all u,v €Y

The resulting pair (Y, dy) is termed a subspace of (X, d).

As visualized in Figure 1.8, the subspace Y operates strictly within the
confines of its inherited metric dy . Distances involving elements exterior to Y
are undefined within the subspace topology.

Metric Inheritance
For any u,v € Y:
dy (u,v) = d(u,v)

FIGURE 1.8 Visualization of a metric subspace. The subspace ¥ C X
inherently adopts the geometric structure of X. Distances incorporating
points external to Y (such as w) fall outside the domain of the subspace

metric dy.

The induced mapping dy satisfies the metric axioms because the origi-
nal metric d guarantees these properties for all elements in the space X. A
consequence of this restriction is that openness is relative to the space under
consideration. A subset A C Y is is open relative to X if, for every element
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u € A, there exists an open ball By (u,r) contained entirely in A. It is open
relative to Y if there exists an open ball By (u,r) contained entirely in A.

An open ball in the subspace Y is the intersection of an open ball from X
with the subset Y:

By (u,r) ={veY |d(u,v) <r}=Bx(u,r)NY

This relationship establishes the characterization of relative topology.

Theorem 1.7 Relative Open Sets

A subset A CY is open within the metric subspace (Y, dy) if and only
if there exists a subset GG, which is open in the space (X, d) such that:

A=Y NG

PROOF:

Subspace Openness Implies Intersection Assume that A is an open subset of
the metric subspace (Y, dy ). By definition, for every point y € A, there exists
ry > 0 such that By (y,r,) is in A. Consequently,

A= U BY(yary>
yeEA
Substituting the intersection identity:
A= Bx(y.r,)NY)
yeA

Applying the distributive property of set operations:

A=YnN U Bx (y,ry)
yeA

Define the set G = UyGA Bx (y,ry). Because G is a union of open balls in X,
G is an open set in X . Therefore, an open set G C X is constructed satisfying
A=Y NAG.
Intersection Implies Subspace Openness Assume there exists a subset G that is
open in (X, d) such that A =Y N G. It must be shown that A is in (Y, dy).
Let y be an arbitrary point in A. By the assumption, y € Y and y € G.
Because G is an open set in X, there exists » > 0 such that Bx(y,r) C G.
Taking the intersection of both sides with Y yields

Bx(y,r)NY CGNY

The left side defines a subspace open ball, and the right side equates to the
subset A, yielding
BY (ya T) g A

Thus, the subset A is open in (Y, dy). [ ]
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EXERCISES

1. Relative Open Sets. Let X = R be equipped with the standard metric.
Let Y = [0,2] be a subspace of X. Determine whether the set A = [0,1)
is open, closed, or neither:

(a) When considered as a subset of X.
(b) When considered as a subset of Y.

(Hint: For part (b), express A as the intersection of Y with an open
interval of R.)

2. Relative Closed Sets. A set A CY isopeninY if A=Y NG for some
open G C X. Prove the analogous theorem for closed sets: A set K C Y
is closed in the subspace Y if and only if there exists a set F' which is
closed in X such that:

K=YnNnF

3. The Discrete Subspace. Let X = R and let the subspace be the set of
integers Y = Z. Prove that in the subspace topology of Y, the singleton
set {0} is an open set. Consequently, prove that every subset of Y is
open in Y (i.e., Y induces the discrete topology), although Y inherits its
distance from the continuous line R.

4. Subspace of a Subspace. Let Z C Y C X be metric spaces. Prove the
transitivity of open sets: If A is open in the subspace Z, and Z is open in
the subspace Y, and Y is open in the full space X, then A is open in X.

5. Boundedness Is Absolute. A subset M is bounded if it is contained in an
open ball B(xzg,r). Let Y be a subspace of X and let M C Y. Prove that
M is bounded in Y if and only if M is bounded in X. (Note: Unlike the
topological property of openness, geometric boundedness does not depend
on the ambient space.)

1.4 CONTINUOUS MAPPINGS

In classical analysis, the continuity of a function is associated with the un-
interrupted trajectory of its graph. In the framework of metric spaces, this
concept is formalized through the topological lenses of limits and open sets.
The classical e-§ formulation adapts to arbitrary metric spaces by replacing
the one-dimensional absolute value with the metric functions of the abstract
spaces.

Definition 1.8 Continuous Mapping

Let (X,dx) and (Y, dy) be metric spaces. A mapping T : X — Y is
continuous at a point zg € X if, for every € > 0, there exists § > 0 such
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that
dx(z,m9) <0 = dy(Tx,Txg) <€

The mapping T is continuous on X if it is continuous at every point in
X.

While the e-§ definition provides a computational criterion for verifying
continuity at a localized point, its application is pointwise. Verifying this
condition across an infinite-dimensional space is frequently complex. Further-
more, relying exclusively on metric inequalities can obscure the topological
relationship between the spaces.

In functional analysis, a global perspective characterizes continuity directly
through the topology of the space, specifically via the behavior of its open
sets. The subsequent theorem establishes this connection. As visualized in
Figure 1.9, continuous functions are characterized by how they pull back the
topological structure of the codomain into the domain.

Theorem 1.9 Topological Continuity

A mapping T : X — Y is continuous on X if and only if the inverse
image of every open set in Y is an open set in X:

V openinY = T (V) open in X

Domain X Codomain Y

Topological Continuity
If an arbitrary target V' is open,
its pre-image T~ *(V) must be open.

FIGURE 1.9 Visualization of topological continuity. The continuous map-
ping T" pulls open sets from the codomain back to open sets in the
domain.

PROOF: The proof establishes mutual implication by bridging the local e-6
metric definition with the global open-set topological definition.
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Continuity Implies Topological Pullback (=) Assume T is continuous on X, and
let V' be an arbitrary open set in the codomain Y. It must be shown that the
pre-image T~1(V) is open in X. Let 2o be any point in T~(V) which means
that Txzo € V. Because V is open, there exists € > 0 such that By (Txo,€) is
contained in V:

By(TiL‘o, 6) Q \%

By continuity at g, there exists § > 0 such that for all x € X
dx(x,l‘o) <) = dy(T%,TZL‘o) <e€

This implies that T'(Bx(x¢,d)) C By (T'zo,€) C V. Taking the inverse image
of this relation yields
Bx(w0,0) ST H(V)

This proves z is an interior point of 7-(V). Thus, T~1(V) is an open set.

Topological Pullback Implies Continuity (<) Assume that T=!(V) is open in
X for every open subset V' C Y. It must be proven that T is continuous
at an arbitrary point zo € X. Let € > 0 be given. Consider the open ball
V = By (T'zg, €) in the codomain Y.

By assumption, the pre-image U = T—1(V) is open in X. Also zg € U
since T'xg is the center of V. Because U is an open set, there exists § > 0 such
that the open ball By (x,d) is contained in U. Thus:

reT V) = Tor eV = dy(Tx,Txo) < ¢
This satisfies the criteria of the e-J definition of continuity at z. |

This topological characterization possesses a dual formulation involving
closed sets. Because open and closed sets operate as exact complements,
and the set-theoretic inverse image operation preserves complements (i.e.,
T=YHY\ S) = X \T7Y(S)), the theorem can be restated as follows: a mapping
T is continuous if and only if the inverse image of every closed set in Y
constitutes a closed set in X.

EXERCISES

1. Closed Set Characterization. Prove: A mapping T : X — Y is continuous
on X if and only if the inverse image T-1(F) is a closed set in X
for every closed set F' in Y. (Hint: Utilize the set-theoretic identity
T-YY\F) = X\T~Y(F) and the definition of closed sets as complements
of open sets.)

2. Continuity of the Distance Function. Let (X, d) be a metric space and
fix a point a € X. Define the mapping f : X — R by f(z) = d(z,a).
Prove that f is a continuous mapping. (Hint: Apply the Reverse Triangle
Inequality to establish an upper bound for | f(x) — f(y)| and use the e-§
definition of continuity.)
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3. Lipschitz Continuity. A mapping T : X — Y is called Lipschitz continuous
if there exists a constant L > 0 such that for all xq, 25 € X:

dy (Tz1,Txe) < L-dx(x1,x2)

(a) Prove that every Lipschitz continuous mapping is continuous on X.

(b) Provide an example of a function f : R — R that is continuous
but fails to be Lipschitz continuous. (Hint: Consider the function
f(z) = /x on the interval [0,1].)

4. Composition of Continuous Mappings. Let X, Y, and Z be metric spaces.
Let T: X - Y and S : Y — Z be continuous mappings. Prove that the
composition ST : X — Z is a continuous mapping.

5. Isometries and Topological Equivalence. Let T : X — Y be an isometry
between two metric spaces.

(a) Prove that T is uniformly continuous on X.

(b) If T is bijective, prove that the inverse mapping T-!:Y — X is
also continuous.

(¢) Conclude that a bijective isometry is a homeomorphism (a continuous
bijection with a continuous inverse), ensuring that X and Y are
topologically indistinguishable.
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A NALYSIS is the study of limits. While the
previous chapter defined the static struc-
ture of metric spaces, this chapter explores the
dynamic behavior of sequences within them. We
begin by formalizing convergence, extending our
geometric intuition of ”getting closer” to ab-
stract environments where points may represent
continuous functions or infinite data streams.

We will investigate the fundamental concept of
completeness—the structural guarantee that a
space possesses no “topological gaps” and that
every sequence whose terms cluster together
(a Cauchy sequence) actually reaches a desti-
nation within the space. Along the way, we
introduce separability, identifying spaces that
can be efficiently approximated by countable
subsets. These concepts form the rigorous back-
bone required to ensure that mathematical ap-
proximations lead to actual, existing solutions.
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2.1 CONVERGENCE

Functional analysis relies upon the theory of approximation. Because exact
solutions to complex differential equations or continuous optimization problems
are frequently unattainable, a sequence of approximate solutions, denoted
(z5)22 4, is constructed to converge toward the exact solution. This necessitates
generalizing the classical definition of limits from real analysis to the abstract
framework of metric spaces.

Definition 2.1 Convergence

A sequence (x,,) in a metric space (X, d) is said to converge to a limit
x € X if
lim d(x,,z) =0

n— oo

Symbolically, this convergence is denoted as x,, — x or limx,, = z.
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FIGURE 2.1 Geometric visualization of metric convergence. For any pre-
scribed error tolerance € > 0, an index N exists such that all subsequent
terms x, (where n > N) are contained within the open ball B(z,€).

As visualized in Figure 2.1, this definition states that for any small error
tolerance € > 0, an index N exists in the sequence beyond which all subsequent
terms reside in an open ball of radius € centered at the limit z. A fundamental
prerequisite for convergence theory is that a sequence cannot simultaneously
converge to multiple distinct destinations.

Theorem 2.2 Uniqueness of Limits

If a sequence (z,,) converges in a metric space, its limit must be unique.
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PROOF: The proof proceeds by contradiction, leveraging the metric axioms—
specifically the triangle inequality—to demonstrate that assuming distinct
limits yields a logical impossibility.

Assumption of Distinct Limits Assume for contradiction that a sequence ()
converges to two distinct limits, x and y. Because x # y, the distance between
them must be positive. Let d(x,y) = ¢ > 0.

Application of Convergence Criteria By the definition of convergence, for any

e > 0, there exist indices N; and Ny such that d(x,,z) < € for all n > N; and

d(xn,y) < € for all n > Ny. By selecting N = max(Ny, N3), both conditions

hold for all n > N. Choose € = 3.

The Triangle Inequality Contradiction Applying the triangle inequality:
d(z,y) < d(z,r,) + d(zn,y)

Substituting the established bounds yields
6 90
d —+-=94
which is a contradiction. Therefore, the limit must be unique. |

EXERCISES

1. Convergence in the Discrete Metric. Let (X, d) be a metric space equipped
with the discrete metric. Prove that a sequence (z,,) in X converges to x
if and only if the sequence is eventually constant; demonstrate that there
exists an integer N such that x,, = x for all n > N. (Hint: Evaluate the
definition of convergence for the error tolerance ¢ = 0.5.)

2. Coordinate-wise Convergence. Let X = R? equipped with the standard
Euclidean metric. Let u, = (&,,7n,) be a sequence of vectors. Prove
that u, — v = (& n) in X if and only if the respective scalar sequences
converge: &, — £ and n,, — 7 in R.

3. Uniqueness of Limits in Pseudo-metrics. Theorem 2.2 establishes the
uniqueness of limits in a valid metric space. Consider a pseudo-metric
space where the identity of indiscernibles axiom (d(z,y) =0 <= = =y)
is relaxed to require only d(z,xz) = 0. Construct a counterexample
demonstrating that in a pseudo-metric space, a sequence can converge to
multiple distinct limits simultaneously. (Hint: Consider X = R? equipped
with the pseudo-metric d(u,v) = |& — n1|, which measures horizontal
deviation.)

4. Boundedness of Convergent Sequences. A subset M of a metric space is
defined as bounded if it is contained in an open ball B(xq,r). Prove that
if a sequence (x,,) converges to a limit x, then the underlying set of its
terms {z,, | n € N} is a bounded set. (Hint: Apply the formal definition
of convergence for e = 1 to bound the infinite tail of the sequence, and
evaluate the finite collection of preceding terms.)
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5. Topological Dependence of Convergence. Consider the sequence x,, = %

(a) Determine if this sequence converges in the metric space X = R.
(b) Determine if this sequence converges in the metric space Y = (0, 1)
equipped with the standard subspace metric.
Explain why this distinction requires explicitly specifying the ambient
topological space when evaluating sequence convergence.
6. Convergence of Functions: Pointwise vs. Uniform. Let X = C[0,1]

denote the space of continuous real-valued functions on the unit interval.
Consider the sequence of functions f,(t) = ¢".

(a) For each fixed ¢ € [0, 1], determine the pointwise limit lim,, oo fp(%).
Let this pointwise limit be denoted as the function f(¢).
(b) Evaluate if the pointwise limit function f(¢) is continuous on [0, 1].
(¢) Determine if the sequence (f,) converges to f within the metric
space (X, doo), where do (g, h) = maxycjo,1) |g(t) — h(t)|.
(d) Determine if the sequence (f,) converges to f within the metric
space (X, dy), where dy(g,h) = fol lg(t) — h(t)| dt.
(This exercise underscores how the limit of a functional sequence is
contingent upon the specific metric imposed upon the space.)

7. Coordinate-wise Convergence in Sequence Spaces. Let s denote the space
of all real sequences. Let d be the Fréchet metric defined by

o0

1§ —njl
d(x, y) — — By B
;23 1+ [ —
Consider a sequence of sequences denoted z(™, where z(™ =
(gi”),gg”), ...). Prove that (™ — z in (s,d) if and only if for every
fixed coordinate index j, the scalar sequence fj(-n) — & as n — o0.
8. Distance to a Set. Let M be a non-empty subset of a metric space
(X,d). For any point € X, the distance from x to M is defined as
dist(xz, M) = infycar d(z, y).

(a) Prove that if a sequence (x,,) in M converges to a limit € X, then
dist(z, M) = 0.

(b) Prove the converse: if dist(z, M) = 0, there exists a sequence (z,)
in M such that z, — x.

9. Continuity of the Metric Mapping. Let (X, d) be a metric space.

(a) Let (x,) and (y,) be two convergent sequences such that x,, —
and y,, — y. Prove that the sequence d(x,, y,) converges to d(z,y).
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(b) Provide a counterexample in R demonstrating that strict inequalities
are not preserved under metric limits. Identify sequences where
T, < yp for all n € N| yet the respective limits satisfy z = y.

10. Alternating Sequences and Metric Transformation. Let X = R equipped
with the standard Euclidean metric. Consider the alternating sequence
x, = (—=1)".

(a) Prove that (x,,) fails to converge under the standard metric.

(b) Construct an alternative metric d’ on R under which this alternating
sequence converges to 1.

(Hint: Construct a metric identifying 1 and —1 geometrically, such as
mapping via a quadratic function and evaluating their separation. Verify
that the proposed function satisfies the metric axioms.)

2.2 SEPARABILITY

In applied mathematics and numerical analysis, spaces such as R or Cfa, b] are
uncountable. Computational frameworks are restricted to finite or countable
discrete data structures, such as rational numbers or algebraic polynomials.
This operational constraint necessitates the concept of density. A subset M
is dense in X if element in X can be approximated to any precision using
elements from M.

Definition 2.3 Dense Set

A subset M of a metric space X is said to be dense in X if its closure
is the entire space: o
M=X

Equivalently, M is dense if for every x € X and every € > 0, there
exists a point y € M distinct from x such that d(z,y) < e.

As illustrated in Figure 2.2, a dense set permeates the whole space, ensuring
that every open neighborhood contains at least one of its elements. For instance,
the set of rational numbers Q is dense in R since any real number can be
approximated using a sequence of rational numbers. Similarly, the set of
polynomial functions is dense in Cla, b] since any continuous function can be
uniformly approximated by a polynomial sequence.’

While density ensures that a subset approximates the entire space, analysis
requires that this approximating set be countable. The synthesis of density
and countability is formalized by the concept of separability.

IThis is guaranteed by the Weierstrass Approzimation Theorem
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(approx € M‘\../Sb.xéX\M ':‘. 29
. cLter e, -. .\ 7 3O ¢ .Subset M

Visualizing Density
The set M (teal dots) is dense because
any arbitrary point x in the space
falls within the e-neighborhood of an element in M.

FIGURE 2.2 A dense set M approximates any element of the full space
X with arbitrary metric precision.

Definition 2.4 Separable Space

A metric space X is said to be separable if it contains a countable subset
that is dense in X.

The real line R is separable because the countable set of rational numbers
Q is dense within it. Similarly, the sequence spaces (P (for 1 < p < o) are
separable because the set of sequences with finitely many non-zero rational
terms is both countable and dense. The space of bounded sequences £,
however, is non-separable as will be proven in the next theorem.

Theorem 2.5 Inseparability of />

The space £°° of bounded sequences is not separable. It contains no
countable subset that is dense within the supremum metric topology.

PROOF: We proceed by contradiction. The methodology constructs an un-
countable discrete subset within ¢°° where all elements are separated by a
constant distance.

Constructing an Uncountable Discrete Subset Consider the subset M C ¢
consisting of all sequences wherein every component is 0 or 1:

M ={u=(&,8,...)| & € {0,1} for all k € N}
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Every sequence in M is bounded by 1, confirming M C £°°. A bijection exists
between the elements of M and the binary representations of real numbers in
the interval [0, 1]. Because the interval [0, 1] is uncountable, the subset M is
uncountable.

Evaluating the Metric Distance Let u and v be two distinct elements of M. By
definition, they must differ in at least one coordinate index k. Because the
components are binary, the absolute difference at this coordinate is exactly
|ug — vi| = 1. The distance under the supremum metric evaluates to

d(u,v) =suplug —vg| =1 forallu#ve M
keN

This implies that open balls of radius 1/2 centered at every point in M are
mutually disjoint.

Contradiction with the Separability Hypothesis Assume for contradiction that
£° is separable. Under this assumption, there exists a countable dense subset
D = {wy,wa,...} C £>*. Because D is dense in {>°, every open ball B(u,1/2)
centered at u € M must contain at least one element w,, € D. Let a mapping
be defined that assigns each u € M to a corresponding w,, € D contained in
this 1/2-neighborhood.

Conclusion This mapping is injective. Suppose distinct elements u,v € M map
to the identical sequence w,, € D. Applying the triangle inequality

1 1
d(u,v) < d(u, wy,) + d(wy, v) < 3 + 5= 1
which is a contradiction. Thus, the mapping is injective. An injective mapping
from an uncountable set M into a countable set D is an impossibility. We
conclude that £° is not separable. |

EXERCISES

1. Density of Rationals in R?. The set Q is dense in R. Formally prove
that the Cartesian product Q? = {(q1,¢2) | ¢1,92 € Q} is dense in the
Euclidean plane R?. Demonstrate that for any vector u = (x,y) € R?
and any € > 0, there exists v € Q? such that d(u,v) < e.

2. Separability of Discrete Spaces. Let X be an uncountable set equipped
with the discrete metric. Prove that X is not separable. (Hint: Evaluate
the density requirement for subsets under the discrete topology.)

3. Separability of Subspaces. Any subspace of a separable metric space is
separable. Let X = R and consider its discrete subspace Y = Z. Identify
a countable dense subset of Y to verify its separability.

4. Continuous Maps Preserve Separability. Let X be a separable metric
space and T : X — Y be a continuous surjective mapping onto a metric
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10.

2.3

space Y. Prove that the image space Y is separable. (Hint: If D is a
countable dense subset of X, analyze the topological properties of the
image set T(D) within Y".)

Nowhere Dense Sets. A subset A C X is defined as nowhere dense if its
topological closure A possesses an empty interior ((A)° = 0).

(a) Prove that the set of integers Z is nowhere dense within R.

(b) Prove that the set of rational numbers Q is dense in R.

Separability of Cla,b]. Let X = C[a,b] be equipped with the uniform
metric. The Weierstrass Approximation Theorem establishes that the set
of all polynomials with rational coefficients, denoted Pg, is dense within

Cla,b].
(a) Demonstrate that the set Pg is countable.
(b) Deduce that Cfa,b] constitutes a separable metric space.

(¢) Determine whether Cfa,b] retains separability if equipped with the
integral metric d(f, g) f |f(t) — g(t)]dt.

The Space of Bounded Functions. Let B[O, 1] denote the space of all
bounded functions f : [0,1] — R, equipped with the supremum metric
d(f,g) = supcio,1) | f(t) —g(t)]. Prove that B[0, 1] is not separable. (Hint:
Construct an uncountable family of characteristic functions fs(t) = 1
if t = s and 0 otherwise, for s € [0,1]. Evaluate the uniform metric
distance d(fs, f.) for distinct parameters s # r.)

Separability and Bases. Let X be a normed vector space. A sequence
of vectors (e,,) is a Schauder Basis for X if every vector x € X admits
a unique representation as a convergent infinite series x = fo:l Q€.
Prove that the existence of a Schauder Basis guarantees the space X is
separable. (Hint: Construct a dense subset by considering the collection
of all finite linear combinations of the basis vectors restricted to rational
scalar coefficients.)

Separability of Product Spaces. Let (X, dx) and (Y, dy) be separable met-
ric spaces. Prove that the Cartesian product space Z = X X Y, equipped
with the sum metric d((z1,11), (22,92)) = dx (21, 22) + dy (y1,¥2), is a
separable metric space. (Hint: Evaluate the density of the product set
Dx x Dy, where Dx and Dy are countable dense subsets.)

Isometry and Topological Invariance. Let X and Y be metric spaces.
Assume there exists a surjective isometry T : X — Y. Prove that X is
separable if and only if Y is separable.

CAUCHY SEQUENCES

Having formalized the metric definition of limits, the analytical criteria required
to evaluate sequence convergence intrinsically are introduced. This investigation
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culminates in the topological property of completeness. Before formalizing
completeness, a bridge must be established between the static geometry of
closed sets and the dynamic behavior of sequences within a metric space.

Theorem 2.6 Sequences and Closure

Let M be a non-empty subset of a metric space (X,d). A point z
belongs to the closure M if and only if there exists a sequence (z,,) in
M that converges to z.

PRrROOF: The proof establishes mutual implication by linking the static definition
of accumulation points to the sequential construction of limits.

Closure Implies Sequential Convergence Assume z € M. A sequence in M
converging to x must be constructed. If x € M, the proposition is satisfied by
utilizing the limit constant sequence x,, = x for all n € N. If = ¢ M, then z
must be an accumulation point of M. Every open ball centered at x contains
at least one point from M distinct from x. For each integer n > 1, consider
the open ball B(z, %) Select a point x,, € M from this neighborhood. Since
d(x,, ) < %, the distance approaches zero as n — co. Thus, z,, — x.

Sequential Convergence Implies Closure Conversely, assume there exists a se-
quence (x,,) in M such that z,, — 2. It must be shown that x € M. If x € M,
limit the conclusion is immediate. If « ¢ M, it suffices to show that z is an
accumulation point. Consider any r > 0. By the definition of convergence,
there exists an index N such that for all n > N, d(z,,2) < r. Consequently,
every neighborhood of z contains points from M and therefore x € M. |

In applied analysis, the limit of a sequence is frequently unknown a priori.
Consequently, it is necessary to establish a criterion for convergence that relies
on the distances between terms, independent of the limit point.

Definition 2.7 Cauchy Sequence

A sequence (z,,) in a metric space (X,d) is a Cauchy sequence if, for
every € > 0, there exists an integer N such that

d(xp,zm) < e forall n,m >N

As differentiated in Figure 2.3, a convergent sequence requires elements
to accumulate around a limit, whereas in a Cauchy sequence the elements
eventually cluster close to one another.

The necessary condition linking convergence to the Cauchy property is
established next. If a sequence approaches a defined limit within a metric
space, its terms must satisfy this internal clustering criterion.
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Convergence Cauchy Property
d(Tn,Tm) < €
1 r3 Is Ta T2 /J\
——0 00— —0 — 00— 00—
x€ 1 x2 x3
Points accumulate The infinite tail of the sequence
around a limit x. clusters mutually together.

FIGURE 2.3 Geometric distinction between convergent and Cauchy se-
quences. A convergent sequence approaches a specific point, whereas a
Cauchy sequence requires mutual proximity.

Theorem 2.8 Convergence Implies Cauchy

Every convergent sequence within a metric space is necessarily a Cauchy
sequence.

PROOF: The proof leverages the triangle inequality to bound the mutual
distance between sequence terms.

Applying the Convergence Criterion Let () be a sequence in a metric space
(X, d) that converges to a limit x € X. Fix € > 0. Since x,, — x, there exists
an integer N such that for all n > N

d(zy,x) <

[NC e

Bounding the Mutual Distance Consider any two arbitrary indices n,m > N.
By applying the triangle inequality:

d(xp, ) < d(xp, x) + d(z, T0m)

Conclusion Substituting the convergence bound yields:
€

€
d(Tp, ) < §—|—§ =e

Since this holds for all n, m > N, the sequence (x,,) must be a Cauchy sequence.
|

EXERCISES

1. Boundedness of Cauchy Sequences. Every convergent sequence is bounded.
Prove that every Cauchy sequence in a metric space (X, d) is bounded,
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independent of the completeness of the underlying space. (Hint: Apply
the definition of a Cauchy sequence for € = 1, to bound the tail of the
sequence, then evaluate the finite collection of preceding terms alongside
the bounded tail.)

. Cauchy without Convergence. Consider the metric space X = (0,1]
equipped with the standard Euclidean metric d(x,y) = |z — y|. Let the
1

sequence be defined by x, = ;..

(a) Verify that (z,,) constitutes a Cauchy sequence within X.
(b) Demonstrate why (z,,) fails to converge to any valid limit x € X

. Cauchy Sequences in the Discrete Metric. Let (X, d) be a metric space
equipped with the discrete metric. Prove that a sequence (z,,) is Cauchy
if and only if it is eventually constant; demonstrate there exists an integer
N such that x, = z,, for all indices n,m > N.

. Convergence of Metric Distances. Let (z,,) and (y,) be two independent
Cauchy sequences within a metric space (X, d). Prove that the sequence
of real numbers defined by a, = d(z,,y,) converges in R. (Hint: To
establish that (ay,) is a Cauchy sequence in R, utilize repeated applications
of the triangle inequality to demonstrate that |d(xy, yn) — d(Tm, ym)| <
d(Tp, Tm) + d(Yns Ym)-)

. The Integers as a Metric Space. Let X = 7Z denote the set of inte-
gers equipped with the standard metric d(m,n) = |m — n|. Determine
the classification of all Cauchy sequences within X. Based upon this
classification, deduce whether the metric space Z is complete.

. Product of Cauchy Sequences. Let X = R be equipped with the standard
metric. Let (x,,) and (y,,) be two Cauchy sequences in X . Prove that their
term-wise product sequence (z,y,) is also a Cauchy sequence. (Hint:
Express the difference using the algebraic identity |T,yn — TmYm| =
|TnYn — TnYm + TulYm — TmYm| and apply the triangle inequality.)

. Equivalent Cauchy Sequences. Two Cauchy sequences (x,,) and (y,,) in
a metric space (X, d) are defined as equivalent (denoted (z,,) ~ (y,)) if

(a) Prove that ~ is a formal equivalence relation.

(b) Prove that if z,, — x and the sequences are equivalent ((x,,) ~ (y.)),
then y, — x.

. Subsequences of Cauchy Sequences. Let (z,,) be a Cauchy sequence in a
metric space X. Suppose that a specific subsequence (z,,) converges to
a limit « € X. Prove that the entirety of the sequence (z,) must also
converge to x.

. Contractive Sequences. A sequence (x,) is defined as contractive if
there exists a constant k € (0,1) such that the metric distance satisfies
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d(Xpi1,2n) < kd(2p,x,—1) for all n > 2. Prove that every contractive
sequence is a Cauchy sequence. (Hint: Utilize the sum of a geometric
series to establish a strict upper bound for d(x,,xm).)

10. Topological Preservation of the Cauchy Property. Let X and Y be metric
spaces, and let f: X — Y be a mapping between them.

(a) Prove that if f is uniformly continuous, it maps Cauchy sequences
in X to Cauchy sequences in Y.

(b) Construct a counterexample demonstrating that a mapping f which
is continuous (but not uniformly continuous) can map a Cauchy
sequence to a non-Cauchy sequence. (Hint: Consider the mapping
f(z) =21 defined on the open interval (0,1).)

2.4 COMPLETENESS

In the set of real numbers R, every Cauchy sequence converges. However,
this property is not shared among all metric spaces. Consider the space
of rational numbers Q equipped with the standard metric. The sequence
(1,1.4,1.41,1.414,...) consists entirely of rational elements. It satisfies the
Cauchy criterion but it converges to the irrational limit v/2 exterior to Q. This
sequence diverges because it lacks a limit point in Q.

Definition 2.9 Complete Metric Space

A metric space (X, d) is said to be complete if every Cauchy sequence
in X converges to a limit in X.

Completeness is an essential prerequisite for solving functional equations. It
guarantees that if an approximation sequence converges, a valid mathematical
solution exists in the prescribed topological space.

However, even when operating in a complete space, specific sub-domains
may fail to inherit this property. For instance, the open interval (0,1) is
incomplete because a Cauchy sequence can approach the boundary endpoints.

Before addressing the systematic completion of spaces, the precise condition
determining which subspaces preserve completeness must be established. In a
complete metric space, the property of subspace completeness is equivalent to
being a closed set.

Theorem 2.10 Subspace Completeness

Let X be a complete metric space and let Y C X be a subspace. The
subspace Y is complete if and only if Y is a closed set in X.
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PROOF: The proof establishes both necessity and sufficiency by linking Cauchy
convergence to the topological properties of closed sets.

Complete Implies Closed Assume that Y is a complete subspace. It must be
shown that Y =Y. Let y be a limit point in Y. By Theorem 2.6, there exists
a sequence (y,) in Y such that y, — y in X. This implies (y,,) is a Cauchy
sequence in Y. Since Y is complete, this sequence must converge to a limit in
Y. By uniqueness of limits, this limit must be also y. Therefore, y € Y. Thus,
Y C Y, proving that Y is closed.

Closed Implies Complete This direction is trivial and is left to the reader as an
exercise. |

Because spaces such as Q or Pla,b] are incomplete, the objective is to
embed such an incomplete space X into a complete space X. This topological
process is called completion. This necessitates the concept of isometry which is
a bijection between spaces that preserves distances.

Definition 2.11 Isometry

Let (X,dx) and (Y, dy) be metric spaces. A mapping 7' : X — Y is
called an isometry if it preserves metric distances:

dy (Tz,Ty) =dx(x,y) forall z,y € X

The spaces X and Y are termed isometric if there exists a bijective
isometry between them.

Isometric spaces are indistinguishable from the perspective of metric
geometry—they differ exclusively in the set-theoretic nature of their elements,
not in their topological structure. Every metric space admits a completion,
and this completion is unique up to isometry.

Theorem 2.12 Completion Theorem

For any metric space (X, d), there exists a complete metric space (X , cf)
which contains a subspace W that is:

1. Isometric to X.

2. Dense in X.
Furthermore, this complete space X is unique up to isometry.

PROOF: The construction of X relies on the property that the missing limit
points of an incomplete metric space can be represented by Cauchy sequences.
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Construction of X via Equivalence Classes Let C denote the set of all Cauchy
sequences in X. Distinct sequences may converge to the same limit; therefore,
C is partitioned into equivalence classes. An equivalence relation ~ is defined
on C: two Cauchy sequences z = (z,,) and y = (y,,) are equivalent (z ~ y) if

HILH;O d(xpn,yn) =0

The space X is defined as the set of all such equivalence classes. Let = € X
denote the class containing the representative sequence (zy,).

Defining the Metric on X The metric function d between two equivalence
classes z,9 € X is defined as the limit of the distances between their respective
sequence elements: R
d(i‘,:l)) = lim d(xvuyn)
n—oo
To ensure this is well-defined:
e FEuistence of the Limit: Because (z,) and (y,) are Cauchy sequences,
the sequence of real numbers a,, = d(z,, y,) is Cauchy in R. Since R is
complete, this limit exists.

e Independence of Representatives: If alternative representatives @’ ~ x
and 3’ ~ y are selected, the calculated limit remains invariant because
d(xy,z)) = 0 and d(yn,y),) — 0.

Isometry of the Original Space The original space X is embedded into X . For any
element b € X, consider the constant sequence (b, b, b, ...), which inherently
satisfies the Cauchy criterion. Let T': X — X be the mapping that assigns b
to the equivalence class [(b,b, ... )]~

d(T(b),T(c)) = lim d(b,c) = d(b,c)

Thus, T preserves metric distances. The corresponding image W = T'(X) forms
a subspace of X that is isometric to X.

Density of the Embedded Subspace It must be shown that W is dense in X,
as visualized in Figure 2.4. Let = € X be an arbitrary point represented by a
Cauchy sequence (z,,) in X. For any € > 0, the Cauchy property guarantees an
index N such that d(x,,zn) < €/2 for all n > N. The corresponding element
T(xy) is contained in W. Evaluating the distance yields

d(2,T(zx)) = lim d(zn,zy) <

n—r oo

<€

N

This implies that W = X.

Completeness of X It must be shown that an arbitrary Cauchy sequence in X
converges to a limit in X. Let (9x) be a Cauchy sequence in X. Because W is
a dense subspace, for each term g there exists an element z; € X such that

d(G, T(z1)) < %
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Complete Space X

An\it point 2 € X
,; 5 'f.- .'.A Caﬁ(?hy';.éq.i.n.)({:
*7*Original Space X s

e . e° ‘

X is embedded densely into X.
The topological completion formally constructs and
incorporates the limits of divergent Cauchy sequences.

FIGURE 2.4 Visualizing metric completion. The original space X per-
meates X as a dense subspace. The formal completion isolates and
integrates the requisite limit points to secure structural completeness.

As illustrated in Figure 2.5, because (7 ) satisfies the Cauchy criterion, the
derived sequence (zj) is intrinsically Cauchy in X. Let Z denote the equivalence
class of this sequence. By the triangle inequality

d(gr, 2) < d(Gr, T(zx)) + d(T(z), 2)

Since g — Z, both terms on the right side of the inequality approach zero as
k — oo. Thus, the Cauchy sequence (gy) converges to Z € X. Therefore, X is
a complete metric space.

FIGURE 2.5 Visualizing the convergence in X. To prove X is complete,
the Cauchy sequence in X is bounded by a correlated sequence in the
dense subspace W.
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Uniqueness up to Isometry Assume (X,J) is another complete metric space
containing a dense subspace W that is isometric to X. It follows that the
subspaces W and W are isometric to one another. It remains to show that
this isometry extends to the spaces X and X.

For any arbitrary points Z,y € X, the density of W guarantees the existence
of sequences (&) and (7,) in W such that Z,, — & and ¢, — 7. By the reverse
triangle inequality

d(2,§) — d(Zn, §n)| < d(Z,2,) + d(F, §n)

As n — oo, both terms on the right approach zero so that J(i,g) =
lim,, o0 J(fmyjn) Let J : W — W denote the isometry. For any Cauchy
sequences (Z,) and (g,) in W, define their respective image sequences in W
as (zn) = (J(Z)) and (yn) = (J(¥n)). The isometric property of J guarantees
metric equivalence:

dg(Tn,n) = dg(Tn,yn) forallneN

Because the spaces are completely defined by their closures (W X and
W = X) these sequences converge to limits #,§ € X and #,9 € X. The
continuity of the metric preserves the sequence of distances in the limit:

By defining the extension mapping J : X — X via the limit J(i) = &, the
derived equality becomes:

dg(2,79) = dg (J(), J(7))

This confirms J is a global isometry mapping X onto X. |

EXERCISES

1. Incomplete Subspaces. The real line R is a complete metric space.

(a) Prove that the interval X = (0,1) equipped with the standard
subspace metric is not complete.

(b) Construct an example of a Cauchy sequence in X that fails to
converge to any limit in X.

2. Completeness of Subspaces. Let X be a complete metric space and Y C X
be a subspace. Prove that Y is complete if and only if Y is a closed set in
X. (Hint: Utilize the sequential characterization of closed sets established
in Theorem 2.6.)

3. Cantor’s Intersection Theorem. Let (X, d) be a complete metric space.
Let (F,) be a nested sequence of non-empty closed sets (Fy D Fy D
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..) such that the diameter of F,, approaches zero (diam(F,) — 0 as
n — 00). Prove that intersection () -, F, contains exactly one point.
(Hint: Construct a sequence by selecting an arbitrary point x,, from
each respective set F,,, and demonstrate that (x,,) satisfies the Cauchy
criterion.)

4. Completion of Standard Spaces. Describe the topological completion of
the following metric spaces:

(a) The space of rational numbers Q equipped with the standard Eu-
clidean metric d(z,y) = |z — y|.

(b) The space Q equipped with the discrete metric.

(¢) The open interval X = (0, 1) equipped with the standard Euclidean
metric.

5. Isometry of Trivial Completions. The Completion Theorem establishes
that the completion X is unique up to isometry. Assume the original
metric space X is complete. Prove that its formal completion X is
isometric to X itself.

6. Completeness of C1[a,b]. Let X = C[a,b] denote the space of continu-
ously differentiable real-valued functions defined on the closed interval
[a,b]. Consider the composite norm || f|| = || f|lco + ||/ |lcc- Prove that
(X, -]) is a complete metric space. (Hint: Apply the theorem stating
that if a sequence of differentiable functions f, — f uniformly and their
derivatives f!, — g uniformly, then the limit function f is continuously
differentiable and ' = g.)

7. Incompleteness of Functions with Compact Support. Let X = C.(R)
denote the space of continuous functions possessing compact support.?
Equip X with the uniform supremum metric. Construct a Cauchy se-
quence in X that uniformly converges to a continuous function in C'(R)
that lacks compact support. Conclude that X is not a complete metric
space.

8. Intersection of Nested Balls (Open vs. Closed). Cantor’s Intersection
Theorem states that in a complete space, a nested sequence of closed
sets with diameters tending to zero possesses a non-empty intersection.
Construct a nested sequence of open intervals I, = (ay,,b,) in R such
that their respective lengths approach zero, yet the infinite intersection
is empty.

9. Density of Open Sets (Baire Category Lemma). Let X be a complete
metric space. Let U; and Us be open and dense subsets of X. Prove that
their intersection U; N Us is both open and dense in X.

2The support of a function f, denoted supp(f), is the closure of the set of points where
the function is non-zero: supp(f) = {z € X : f(x) # 0}.
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10. Completeness of Closed Balls. Let X be a complete metric space. Let

B = B(x,r) denote a closed ball in X. Prove that B itself, when
equipped with the inherited subspace metric, is a complete metric space.

2.5 COMPLETENESS PROOFS

In this section, the completeness of the standard functional spaces is estab-
lished. The analytical methodology for establishing completeness involves three
sequential stages:

1. Construct a Candidate: Utilize the inherent completeness of the underly-
ing scalar field (R or C) to isolate a potential limit point.

2. Verify Convergence: Prove the sequence analytically approaches this
candidate under the specific metric topology of the space.

3. Verify Membership: Prove the constructed candidate satisfies all defining
properties of the space (e.g., boundedness, continuity).

The completeness of the real line is directly leveraged to prove the com-
pleteness of finite-dimensional spaces:

Theorem 2.13 Completeness of R"

The Euclidean space R™ (and the unitary space C"), equipped with
the standard metric, is a complete metric space.

PROOF: Let (u,)2_; be a Cauchy sequence in R™. Each vector is expressed
in terms of its n coordinate components:

Um = (Qm1, Om.2s -+ s Amon)

Analyzing Components Because the sequence is Cauchy, the distance between
terms becomes arbitrarily small. For any € > 0, there exists an integer N such
that for all indices m,j > N

n
d(Up, uj) = Z |k — @ k]? <€
k=1
Thus, for any coordinate k (where 1 < k <mn)

|k — k] <€

This implies that the sequence of scalars (aq k, aak, ... ) is a Cauchy sequence
in R for each k.
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Constructing the Limit Because R is complete, these scalar sequences converge.
The limit components are defined:

ap = lim oy,
m—s0o ’

The candidate limit vector u = (ay, @a,...,q,) is constructed. Since it com-
prises an n-tuple of real numbers, it trivially holds that u € R™.

Metric Convergence Finally, it must be verified that u,, — u in the Euclidean
metric. Applying standard limit theorems for finite sums yields

n

n
Hm d(tm,u)® = m > fami —axl> =) 0=0
k=1

m—oo m—oo
k=1

Thus, the sequence u,, converges to u. |

Infinite-dimensional spaces equipped with the supremum metric share a
common property: pointwise Cauchy bounds translate to uniform topological
bounds.

Theorem 2.14 Completeness of />

The space £°° is a complete metric space.

PROOF: Let (u,,) be a Cauchy sequence in £°°. Each term represents an infinite
sequence of scalars:
Um = (am,h Qm, 2, Om 35 -+ - )

Pointwise Convergence Given an arbitrary € > 0, an index N exists such that
for all m,j > N:

AU, wj) = SUP [k — Cijp] < €
keN

If the supremum is bounded by ¢, then the absolute difference at any index k
is identically bounded:

lam i — o k| < e for every fixed k

Thus, for each k, the scalar sequence (&, k), is Cauchy in C and must converge.
The limit is defined component-wise:

ap = lim o,
m—oo ’

Let u = (aq,aa,...) denote the candidate limit sequence.

Uniform Convergence It must be shown that u,, — w in the supremum metric.
From the Cauchy condition, |ay, r — o x| < € for all k. Keeping m fixed and
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letting the index j — oo, the term o — . The strict inequality relaxes to
a weak inequality:
|tk — ax| <€

This bound holds for all indices k. Taking the supremum over all coordinates:

Sup [, — k] < €
keN

This confirms that d(u,,,u) < e proving uniform convergence.

Membership (Boundedness) It must be proven that the limit sequence u is
bounded. From the previous analysis, fix a sufficiently large index M such that
d(upr,u) < 1. Applying the triangle inequality:

sup o | < Sup ok — anr k| + sup o,k

The first term is bounded by 1. The second term is a finite constant (defined
as K) because up; € ¢°°. Thus, sup |ag| < 1+ K < oo, confirming u € (. B

The subspace of convergent sequences inherits this completeness directly
from the original space.

Theorem 2.15 Completeness of ¢

The space c¢ is a complete metric space.

PROOF: Let (uy,) be a Cauchy sequence in c.

The Candidate Limit Because ¢ C £°°, the sequence (u,,) is also Cauchy in £°°.
Theorem 2.14 guarantees the existence of a limit sequence u = (ay) such that
Uy, — w uniformly.

Membership It must be established that the limit sequence u belongs to c. This
requires proving that the scalar sequence (ay) converges as k — co. By the
triangle inequality

loj — ag| <oy — am | + |m j — @m k| + [mk — ol

For any € > 0: Fix m sufficiently large such that d(u,,u) < €/3. This bounds
the first and third terms. Fix j, k. Because u,, € ¢, its scalar components form
a convergent (and therefore Cauchy) sequence. For sufficiently large indices j
and k, the bound |ay, j — am k| < €/3 is obtained.

Summing these bounds yields |o; — ay| < e. Thus, (ay) is Cauchy in C
and must converge, verifying u € c. |

The space of continuous functions can be shown to be complete by a similar
proof by replacing the discrete index k with a continuous parameter ¢.
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Theorem 2.16 Completeness of C|a, b

The space C|a, b] is a complete metric space.

PRrROOF: Let (z,,) be a Cauchy sequence of functions in Cla,b]. Let x,,(t)
denote the evaluation of the m-th function at point .

Pointwise Limit Because R is complete, the candidate limit function x(t) is
defined pointwise:
x(t) = lm z,(t)

m—0o0

Uniform Convergence Let ¢ > 0. Because the sequence is Cauchy under the
uniform norm, for every fixed to € [a,b], the sequence of scalars (z,(t9))>_,
is Cauchy. There exists an index N such that d(z,,z;) < € for all m,j > N.
Consequently
[om(t0) = 25(t0)] < s [ (8) = ()] = (. < <
a,
Letting j — oo yields:
|zm () —2(t)] < €

Because this inequality holds for all ¢ independently of N, the convergence is
uniform: d(x,,,z) < e.

Membership (Continuity) A fundamental theorem of real analysis states that the
uniform limit of a sequence of continuous functions is continuous. Because each
X, 18 continuous and the convergence x,,, — x is uniform, x(t¢) is continuous.
Thus, z € Cla, b]. [ ]

Concluding with the spaces ¢, these diverge from the supremum metric
paradigm. Because the metric involves infinite series, the analytical technique
requires truncating the sums and utilizing Minkowski’s inequality.

Theorem 2.17 Completeness of ¢

The space ¢P is a complete metric space for 1 < p < oco.

PROOF: Let (u;,)_; be a Cauchy sequence in (P, where wu, =
(Oém71, Ozm72, e )
Constructing the Limit Candidate For any ¢ > 0, an index IV exists such that
for all m,j > N:

oo

[t = w15 =" lom i — vy if? < €
k=1
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For any index k, the individual term is bounded by the total sum. Thus,
|atm i — o k| < €, verifying pointwise Cauchy behavior. The component-wise
limit is defined:
o = lim Am k
m—»00 :
Let u = (ag, o, ... ).
Proving Convergence To manage the infinite sum in the Cauchy inequality, it is

restricted to an integer K:

K

D amp —ajilP <€
k=1

Allowing j — oo, the term «a; , — oyt

K

D ok — aplP < €
k=1

Since this bound holds independently of the limit K, letting K — oo yields:

oo

D Jom g — aplP < €
k=1

Thus, ||t —u|l, < €, confirming that u,, — w in the p-norm.

Membership Applying Minkowski’s inequality verifies u € £P:
lullp < llu—unllp + [lunllp

The first term is bounded by ¢, and the second is finite. Consequently, ||ul|, < oo.
|

EXERCISES

1. Completeness of the Space cy. Let ¢y be the set of all sequences of
complex numbers that converge to zero. This is a subspace of the bounded
sequences space £°°.

(a) Prove that ¢ is a closed subspace of £°°.

(b) Conclude from the Subspace Completeness Theorem that cg is
complete.

2. Incompleteness of C0,1] with Integral Norm. Let X be the vector space
of continuous functions C[0, 1]. Equip X with the L' metric defined by
the integral from 0 to 1 of the absolute difference between f(t) and g(t).
Consider the sequence of functions f,(t) defined as 0 for ¢ € [0,0.5), a
linear segment with slope n for ¢ € [0.5,0.5+1/n|, and 1 for t > 0.5+1/n.
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(a) Sketch the graph of f,(¢).
(b) Prove that (f,) is a Cauchy sequence in this metric.

(¢) Prove that (f,) does not converge to any continuous function in
X. (Hint: Fvaluate its approach toward a step function, which is
discontinuous and therefore exterior to the space.)

. Incompleteness of C[—1,1] with Uniform Norm. Let X be the vector
space of continuously differentiable functions on the closed interval [—1, 1].
Equip X with the uniform norm. Consider the sequence of functions

falt) =/ +1/n.
(a) Prove that (f,) converges uniformly to the absolute value function
12]-
(b) Establish why the absolute value function is not contained in the
space X.

(¢) Conclude that X under the uniform norm is not complete.

. Completeness of Bounded Functions. Let S be any non-empty set. Let
B(S) denote the set of all bounded real-valued functions defined on
S, equipped with the supremum metric over S. Prove that B(S) is a
complete metric space. (Hint: Analyze the structure of the proof for the
space of bounded sequences, noting that sequences are functions mapping
the natural numbers to the real numbers.)

. Incompleteness of Finite Support Sequences. Let coo denote the space of
all sequences possessing finitely many non-zero terms. Equip coo with
the supremum norm from £°°.

(a) Consider the sequence of vectors (™) defined by terms 1/k up to
index n, followed by zeros. Demonstrate that this sequence is in cqq.

(b) Prove that (z(™) is a Cauchy sequence.

(¢) Identify the limit in the space of bounded sequences and determine
if it possesses finitely many non-zero terms.

(d) Conclude that cgp is not a complete space.

. Completeness of Matrices. Let M, «, be the space of all real square
matrices of dimension n. Define a metric based on the maximum absolute
difference between corresponding scalar entries. Prove that this space is a
complete metric space. (Hint: Isometrically identify the matriz space with
Euclidean space of dimension n?, or construct a direct proof verifying
component-wise sequence convergence.)

. Space of Convergent Series. Let X be the subspace of absolutely
summable sequences /' consisting of all sequences whose infinite sum
evaluates to zero.

(a) Prove that X is a closed set in X.

(b) Using the theorem that a closed subset of a complete space is itself
complete, prove that X is a Banach space.
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3.1 VECTOR SPACES

Before defining a norm, the underlying structure must be established. The
object of study is the Vector Space. In functional analysis, the elements of a
vector space are often complex objects, such as infinite sequences or families
of continuous functions, rather than finite-dimensional coordinate tuples. A
vector space provides a framework where elements can be added together and
scaled by a field.

A Vector Space X over a field F (where F is usually R or C) is a non-empty
set of elements, called vectors, equipped with two operations:

1. Vector Addition: A mapping (u,v) — u + v from X x X into X.

2. Scalar Multiplication: A mapping (o, u) — au from F x X into X.
These operations satisfy the standard axioms: commutativity of addition,
associativity of addition and scalar multiplication, the existence of a unique zero
vector 0, the existence of unique additive inverses (—u), and the distributivity
of scalars over vector addition.

In this text, u, v, w denote vectors and Greek letters «, 5 denote scalars.
The geometric interpretation of these operations is shown in Figure 3.1.

U+ v

w i7"

1
2

Vector Operations
Vector addition satisfies the parallelogram identity.
Scalar multiplication scales the vector length.

FIGURE 3.1 The basic operations within a vector space.

We illustrate these definitions by examining the standard spaces used in
this text.

1. Euclidean Space R™: The space of all ordered n-tuples of real numbers

u= (U, us,...,Up).
e Addition: Component-wise, u + v = (ug + v1, Uz + Vo, ..., Uy + Up)-
e Scalar Multiplication: au = (quy, aua, . .., qu,).

e Zero Vector: 0 = (0,0,...,0).
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2. The Space of Continuous Functions Cla, b]: The space of continuous real-
valued or complex-valued functions u(t) defined on the closed interval

[a, b].
o Addition: (u+v)(t) = u(t) + v(t) for all t € [a, b].
o Scalar Multiplication: (au)(t) = ou(t).

The vector space axioms are satisfied pointwise.

3. The Space of All Sequences s: This space includes all infinite sequences of
complex numbers u = (u;)52,, regardless of convergence or boundedness.

o Addition: u+ v = (u; + vy, us + va,...).
e Scalar Multiplication: au = (quy, qus, . . . ).

4. The Space of Bounded Sequences ¢>°: A subset of s. If u and v are bounded
sequences (satisfying |u;| < M, and |v;| < M, for all j), their sum u+v
is bounded by M, + M, and any scalar multiple au is bounded by |a|M,,.
This closure confirms that ¢°° is a vector space.

Applications frequently restrict focus to specific subsets. A subset that is
closed under the operations of the space is a subspace.

A non-empty subset Y of a vector space X is a subspace if, for all vectors
u,v € Y and scalars «, 8 € F, the linear combination is in Y

au+ v ey

e In R3: Any plane intersecting the origin is a subspace. The sum of any
two vectors on the plane is also on the plane.

e In Cla,b]: The set of all polynomials is a subspace of the space of
continuous functions. The sum of two polynomials is a polynomial.

Vectors can be constructed using linear combinations.

Definition 3.1 Linear Combination

A vector w € X is a linear combination of a finite set of vectors
{uy,ug, ..., um} if there exist scalars ay, ..., a,, such that:

W= Q1U] + Uy + -+ + A Um

The set of all vectors constructed from a given subset is the span.

Definition 3.2 Span

The span of a set M C X, denoted by span(M), is the set of all finite
linear combinations of vectors in M:

k
span M = {Zaiui | u; € M, «; EIE‘,kEN}
i=1
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The span of any set M is a subspace of X. Furthermore, it is the smallest
subspace containing M.

The dimension of a subspace is determined by finding a minimal spanning
set of vectors, which requires the concept of linear independence. A set is
independent if no vector in the set can be derived from the others.

Definition 3.3 Linear Independence

A finite set of vectors {uy,usa,...,un} is linearly independent if the
equation

iUy + agug + -+ gy, =0
is satisfied only by the trivial solution oy = as = -+ = a,,, = 0. An

infinite set of vectors M is linearly independent if every finite subset of
M is linearly independent.

A subset that is linearly independent and spans the space is a basis. In
infinite-dimensional spaces, this algebraic basis is called a Hamel basis.

Definition 3.4 Hamel Basis and Dimension
A set B C X is a Hamel Basis for X if:
1. B is linearly independent.

2. Every vector u € X can be expressed as a linear combination of
a finite number of elements from B.

If B has a finite number of elements n, X is finite dimensional and
denoted dim X = n. If B is infinite, X is infinite dimensional.

The Basis Extension Theorem establishes that any linearly independent
set can be expanded to form a basis for the space.

Theorem 3.5 Basis Extension Theorem

Let X be a vector space.

1. If S is a linearly independent subset of X, then S can be extended
to form a basis for X.

2. If X is finite-dimensional and Y is a subspace of X, any basis for
Y can be extended to a basis for X.

PROOF:

Finite Dimensions The proof is constructive. If S does not span X, select
a vector v; € X \ span(S). The union S U {v;} remains independent. This
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iterative process is repeated. Because dim X is finite, the process terminates,
yielding a basis.

Infinite Dimensions In infinite-dimensional spaces, the addition of vectors may
not terminate. Proving the existence of a maximal linearly independent set
requires Zorn’s Lemma, an axiom explored in Chapter 5. |

To illustrate a Hamel basis, consider the canonical basis {(1,0,0),
(0,1,0),(0,0,1)} in R, In the space of all polynomials P, the infinite set
{1,t,#2,#3,...} is a Hamel basis. By definition, any polynomial has a finite
degree and therefore is a finite sum of these basis elements. The requirement
of finite summation is visualized in Figure 3.2.

PO QOO

Finite Jelection

[ P(t) = ap(1) + a1(t) + aa(t?) + a3(t®) ]

FIGURE 3.2 Visualizing a Hamel Basis. Within the infinite basis
{1,t,2 ...}, any single polynomial uses only a finite sequence of basis
vectors.

The requirement of finite summation restricts the usefulness of the Hamel
basis in complete infinite-dimensional spaces. For instance, in Cfa, b], the se-
quence of polynomials {1,#,¢2,...} is linearly independent but fails to span
the space, as transcendental functions (e.g., e!) require infinite series represen-
tations. A Hamel basis for Cfa,b] is guaranteed by Zorn’s Lemma, but it is
uncountable and non-constructive. Consequently, functional analysis prioritizes
the Schauder basis, which uses countably infinite bases.

It is a property of vector spaces that the dimension of a subspace is bounded
by the dimension of the space.

Theorem 3.6 Dimension of Subspaces

Let X be a vector space with a finite dimension n. Any subspace Y C X
has a finite dimension m < n. If dimY = dim X, then Y = X.

EXERCISES

1. Identifying Subspaces. Determine whether the following subsets Y are
subspaces of X = R3. If a subset is not a subspace, identify the axiom
that is violated.
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(a) Y ={u= (n,n2,m3) ER3 |1 +n2+n3 =0}

(b) Y ={u=(m,n2,n3) ER® | n1 - 12 = 0}

(c) Y ={u=(m,n2,m3) €R®[m =1}

. Intersection of Subspaces. Let Y and Z be subspaces of a vector space

X. Prove that their intersection W =Y N Z is a subspace of X. (Hint:
Show that if u,v € W, then any linear combination au + v is in W.)

. Linear Independence in Function Spaces. Consider the vector space
C[0,1]. Prove that the set of functions {1,¢,#?} is linearly independent.
(Hint: Consider the linear combination ay(1) + as(t) + as(t?) = 0. Since
this equation must hold for all t € [0, 1], evaluate the expression at distinct
values such as t = 0,0.5,1, or use differentiation.)

. Space of Matrices. Let X be the set of 2 x 2 real matrices.

(a) Verify that X is a vector space under matrix addition and scalar
multiplication.

(b) Construct a basis for X and find the dimension of the space.

. Union of Subspaces. Give a counterexample to show that the union of

two subspaces Y U Z is not always a subspace. (Hint: In X = R?, let Y

be the x-axis and Z be the y-axis. Consider the sum of a vector from 'Y
and a vector from Z.)

. Span and Linear Dependence. Let S = {v1,va,...,v,} be a set of vectors
in a vector space X. If v; is a linear combination of {va,...,v,}, prove
that:

span(S) = span($ \ {v1})

(This establishes the principle for reducing a spanning set to a basis.)

. Intersection of Infinite Subspaces. Let X be an infinite-dimensional vector
space. Let Y and Z be subspaces such that X =Y + Z (every z € X

can be written as = y + z). Prove that if Y is finite-dimensional, then
Z is infinite-dimensional.

. Quotient Spaces. Let Y be a subspace of a vector space X. The quotient
space X/Y is the set of cosets [x] = {z +y | y € Y'}. Addition is defined
by [u] + [v] = [u + v] and scalar multiplication by afu] = [au].
(a) Verify that these operations are well-defined (independent of the
choice of representative).
(b) Let X = R? and Y be the z-axis. Describe the geometry of X/Y
and find its dimension.

. Hamel Basis for Polynomials. Let X be the space of real polynomials.

(a) Prove that By = {1,¢,t2,...} is a Hamel basis for X.

(b) Determine whether the set By = {1,1+¢,1+t+%, ...} is a Hamel
basis.
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(c) Determine whether the set B = {1 +t,t+t2 12 +t3,...} is a basis
by verifying linear independence and spanning.

3.2 NORMED SPACES

We have established two mathematical structures: metric spaces, which measure
the distance d(u,v) between elements, and vector spaces, which provide the
operations of vector addition and scalar multiplication.

A normed space combines these concepts. It is a vector space equipped
with a function that assigns a non-negative length to each vector, called a
norm. By measuring the length of individual vectors, a norm induces a metric
to measure the distance between any two elements, allowing the simultaneous
use of limits and linear algebra. The norm is a generalization of Euclidean
length in R™ or the absolute value in R.

Definition 3.7 Norm

Let X be a vector space over a field F (where F is R or C). A norm on
X is a real-valued function, denoted by || - ||, satisfying the following
axioms for all u,v € X and scalars a € F:

(N1) Non-negativity: ||u|l >0

(N2) Definiteness: |jul| =0 < u =10

(N3) Homogeneity: |laul| = |a|ul|

(N4) Triangle Inequality: ||u + v|| < |Jull + ||v]]
The pair (X, | - ||) is called a normed space.

The Triangle Inequality (N4) is the defining geometric constraint of a
normed space, requiring that the length of a vector sum cannot exceed the
sum of the individual vector lengths. This principle is shown in Figure 3.3.

The definition of a norm measures the length of an isolated vector. To
evaluate convergence, we need a metric to measure the distance between vectors.
Every norm generates a metric.

Theorem 3.8 The Induced Metric

Every norm || - || on a vector space X induces a metric d on X, defined
by the distance function:

d(u,v) = [lu — ||

This mapping is called the induced metric. Consequently, every normed
space is a metric space.
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lu vl ol

[l

The Triangle Inequality
-+ oll < Jlull + o]

FIGURE 3.3 The norm axioms. The length of the resultant vector (purple)
cannot exceed the combined lengths of its components.

VERIFICATION OF METRIC AXIOMS: We confirm that the function d(u,v) =
||u — v|| satisfies the metric axioms by applying the norm axioms (N1)—(N4).
For all vectors u,v,w € X:

e (M1) Non-negativity By (N1), the distance is non-negative:
du,v) = Ju— v > 0

e (M2) Identity By (N2), the distance is zero if and only if the vectors are
identical:

d(u,v) =0 <= Jlu—v||=0
<— u—v=0
<~ u=vw

e (M3) Symmetry By (N3), extracting the scalar & = —1 preserves the

length:
d(u,v) = [lu — ||
= [[(=D)(v = v
=|=1][lv—ul
=d(v,u)

e (M4) Triangle Inequality By (N4), introducing an intermediate vector v
establishes the bound:

d(u, w) = [lu — w||
= [[(u =) + (v —w)|
< u =l + flv —wl
= d(u,v) + d(v,w)
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The relationship between the norm and the induced metric establishes a
lower bound for vector differences. Just as the Triangle Inequality establishes
an upper bound for a sum, the Reverse Triangle Inequality establishes a lower
bound for a difference.

Theorem 3.9 Reverse Triangle Inequality

For all vectors u, v in a normed space X:

[llall = lloll] < [lu = o]l

PRrROOF: We use the identity u = (u — v) + v. Applying the Triangle Inequality
yields
Jull < flu—vll+ vl = llul = llvll < [lu—wv]

Exchanging the roles of u and v:
[oll = llull < flv—ull = flu— |
Combining these two inequalities implies
—[lw = vl < flufl = llvf] < flu— vl

This compound inequality is equivalent to |||ul| — |[v[|| < ||lu — ]| [ |

A requirement for analysis is that the norm function preserves limits.

Theorem 3.10 Continuity of the Norm

The norm function | - || : X — R is continuous. That is, if a sequence
U, — w in the normed space (meaning ||u, — u|| — 0), then the scalar
sequence ||u,| — [|ul in R.

PROOF: Let (u,) be a sequence such that u, — u. Applying the Reverse
Triangle Inequality:
nll = llll] < flup — ull

As n — oo, the right side of the inequality approaches 0. Consequently, the
left side must approach 0, proving that lim,,—,« ||un| = |lu|- [ |

While every normed space is a metric space, the converse is false. For
example, the discrete metric (d(u,v) = 1 if u # v) cannot be induced by
a norm. If such a norm existed, evaluating the scalar multiple would yield
d(2u, 2v) = ||2u — 2v|| = 2|jJu — v|| = 2. However, the definition of the discrete
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metric requires that d(2u, 2v) = 1. This contradiction violates the homogeneity
axiom.

The axioms of a normed space determine the geometry of its unit ball. This
geometry is formalized through convexity.

Definition 3.11 Convex Set

A subset K of a vector space is convex if, for any two points z,y € K,
the line segment connecting them is in K:

(I1—t)z+tye K forallte|0,]1]

Convex Non-Convex

(I-t+tye K Segment ¢ K

FIGURE 3.4 The geometric interpretation of convexity. In a convex set
(left), any chord connecting two points lies entirely in the set. In a
non-convex set (right), at least one chord exists passes through the
exterior of the set.

Theorem 3.12 Convexity of the Unit Ball

In any normed space X, the closed unit ball B = {z : ||z|| < 1} is a
convex set.

PROOF: Let z,y € B (meaning ||z|| < 1 and [jy|| < 1) and let ¢ € [0,1]. We
evaluate the norm of the linear combination:

10— e+ tyll < (1= &)l + eyl < (1 - H)(1) +#(1) = 1

Thus, the segment remains within the unit ball. |
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EXERCISES

1.

The Discrete Metric vs. Norms. Let X be a vector space where X # {0}.
Prove that the discrete metric d, defined by

d(u,v) = 0 ifu=w
1 ifu#v

cannot be generated by a norm. (Hint: If d were induced by a norm, then
d(u,v) = ||u —v||. Evaluate the homogeneity axiom (N3) using o = 2.)

Continuity of Vector Addition. Using the Triangle Inequality, prove that
vector addition is continuous. Show that if (u,) and (v,) are sequences
in a normed space X such that u,, — v and v,, — v, then:

(un +vn) = (u+v)

The Tazicab Norm (¢* on R?). Consider the vector space R?. Verify that
the function defined by |lull1 = |&1] + |§2] (where u = (&1,&2)) satisfies
the axioms of a norm. Sketch the boundary of the unit ball for this norm,
defined by S = {u € R? : ||lu|; = 1}, and compare it with the Euclidean
unit ball.

Boundedness of Convergent Sequences. Apply the Reverse Triangle In-
equality to prove that every convergent sequence in a normed space is
bounded. (Hint: If u, — u, there exists an index N such that ||u, —u|| < 1
for all n > N. Use the inequality ||un| — ||ull] < |lun — | to find an
upper bound M for the scalar sequence ||uy]|.)

Translation Invariance. Let d be the metric induced by a norm on X.
Prove that distance is preserved under translation:

d(u+a,v +a) = d(u,v)

for any vectors u,v,a € X. Describe the geometric implications of this
invariance for an open ball B,.(a) relative to B;.(0).

Norm of Scalar Multiplication. In a normed space X, prove that scalar
multiplication is a continuous operation. If oy, — « in F and u, — u
in X, show that a,u, — au. (Hint: Use the identity apu, — au =
o (un — u) + (an — @)u and the theorem that convergent sequences are
bounded.)

The Maz Norm on R™. Prove that ||ul|. = maxi< <y, |{;| is a norm on
R™. Sketch the unit ball for this norm in R? and compare its boundaries
with those of the Euclidean and Taxicab norms.

Convezity of the Open Unit Ball. Let (X, || - ||) be a normed space. Prove
that the open unit ball B = {u € X : ||u|| < 1} is a convex set.
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9. Strict Inequality in the Triangle Inequality. In the Euclidean plane R?,
the equality ||u 4+ v|| = |Ju|| + ||v|| holds if and only if one vector is a
non-negative scalar multiple of the other. Provide a counterexample in
another normed space using two vectors u, v such that u is not a scalar
multiple of v, yet the equality holds. (Hint: Use the max norm on R>
with vectors w = (1,0) and v = (1,1).)

10. Distance between a Point and a Subspace. Let Y be a subspace of a
normed space X. For any vector x € X, define the distance to the
subspace as d(x,Y) = inf cy ||z — y||. Prove that for any scalar o # 0,
the distance scales according to the magnitude: d(az,Y) = |a|d(z,Y).

3.3 BANACH SPACES

The preceding sections established completeness in metric spaces—the guaran-
tee that Cauchy sequences converge—and algebraic structure in normed spaces.
A Banach Space integrates these properties. It is a normed vector space that
is complete with respect to the metric induced by its norm.

This stability is essential for functional analysis, ensuring that limits,
derivatives, and integrals of vectors evaluate to elements in the space. The
concept is named after Stefan Banach, who formalized these spaces in his 1932
treatise, Théorie des Opérations Linéaires.

Definition 3.13 Banach Space

A Banach Space is a normed space (X, || - ||) that is complete in the
metric induced by its norm. Equivalently, X is a Banach space if every
Cauchy sequence in X converges to a limit u € X.

Banach Space Incomplete Normed Space

4 \
O\ / v ..
o Limiit u ! 0 Exterior Limit
1
7

\

Cauchy Sequence

The limit is in X. The sequence is Cauchy,
but lacks a limit in the space.

FIGURE 3.5 The topological distinction between a general normed space
and a Banach space.

The completeness proofs from Chapter 2 classify the following functional
spaces as Banach spaces:
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1. Euclidean Space R™ (and C™): Equipped with the Euclidean norm |Ju|s =
(37 |ui]?)/?, these are finite-dimensional Banach spaces.

2. Sequence Spaces ? (1 < p < o0): The space of sequences u = (&;)
satisfying > [&;[? < oo is a Banach space under the norm |ul|, =

(1&g PP
3. Bounded Sequences ¢°°: The space of bounded sequences is a Banach
space under the supremum norm ||u/[ = sup; |§;].

4. Continuous Functions Cla,b]: The space of continuous functions on a
closed interval [a, ] is a Banach space when equipped with the uniform
norm ||ul|ee = Mmaxse(q,p) |u(t)].

Not every normed space is a Banach space. Consider the vector space of
all polynomials, P[0, 1], equipped with the uniform norm.

e A sequence of polynomials defined by p,(t) = >_}_, ’;c—k, satisfies the
Cauchy criterion because it converges uniformly to the exponential
function e?.

e However, the limit function e’ is not a polynomial.

Consequently, the limit is not in P[0, 1]. This space has a norm but lacks
completeness.

In applications, solutions are frequently sought within a subspace Y of a
Banach space X. A subspace inherits the operations of the space but does
not always inherit completeness. Because a Banach space is a complete metric
space, the condition as depicted in Figure 3.6, for subspace completeness is
identical to the condition established in Chapter 2.

Theorem 3.14 Subspace Completeness

Let X be a Banach space and let Y be a subspace of X. The subspace
Y is a Banach space if and only if Y is a closed set in X.

ProoF: By Theorem 2.10 (Subspace Completeness), a subset of a complete
metric space is complete if and only if it is closed. Because the metric on X is
induced by its norm, and Y is a subspace, Y is a complete normed space (a
Banach space) if and only if it is closed in X. [ |

Consider the space ¢*° of bounded sequences.

e The subspace ¢, consisting of convergent sequences, is closed in £*° because
the uniform limit of convergent sequences is convergent. Consequently, ¢
is a Banach space.

e The subspace cqg, consisting of sequences with finitely many non-zero
terms, is not closed. A sequence in ¢y can uniformly approximate the
harmonic sequence 1/n. Therefore, ¢ is not a Banach space. J
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X
Case 1: Closed Subspace Case 2: Not Closed
Closure guarantees Cauchy sequences converge
the limit is in Y. to limits outside Y.

FIGURE 3.6 Completeness within a subspace requires a closed boundary.

Operations frequently require evaluating infinite series. An infinite series
> ug in a normed space is evaluated as the limit of its partial sums.

Definition 3.15 Infinite Series

Let (ug) be a sequence of vectors in a normed space X. The sequence
of partial sums (s,,) is defined by:

n
Sp=U1 + U+ -+ Uy = E U
=

The infinite series 21211 ug converges to a sum s € X if the sequence
of partial sums converges to s:

lim ||s, —s|| =0
n—o0

Evaluating vector series limits directly is often difficult. A stronger condition
uses non-negative scalars. A series is absolutely convergent if the sum of the
vector norms converges in R:

o0
Dl < o0
k=1

In R, absolute convergence guarantees convergence. This property extends to
all Banach spaces and serves as a characterization of completeness.
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Theorem 3.16

Absolute Convergence and Completeness: A normed space X is a Banach
space if and only if every absolutely convergent series in X converges
to an element in X.

PROOF:

Absolute Convergence Implies Convergence Assume X is a Banach space. Let
> uy be an absolutely convergent series. We must prove that > uj has a
limit in X. By the Triangle Inequality, the distance between two partial sums
Sp =Y p_y wp and sy, = >y, up (where m > n) is bounded by the partial
sums of the norms:

m m
bom—sall = | 3wl < 3 el
k=n+1 k=n-+1

Because Y ||lug|| converges, it satisfies the Cauchy criterion for series in R.
Thus, for any € > 0, there exists an integer N such that for all m >n > N,

we have:
m

S el < ¢

k=n-+1

Thus, ||$m — $n|| < € for all m > n > N and so (s,) is a Cauchy sequence
in X. Because X is complete, (s,) converges to a limit s in X, therefore, the
original series converges.

§= Zioﬂ Uk

FIGURE 3.7 Visualizing absolute convergence. If the sum of individual
vector lengths is finite, the sequence of partial sums forms a Cauchy
sequence.

Convergence Implies Completeness Assume every absolutely convergent series
in X converges to an element in X. We must show X is complete. Let (z,,)
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be a Cauchy sequence. For each k € N, select an index ny such that for all
n,m > ng:
1
|7 — | < 9k
Require the indices to be increasing (n; < ng < ...). This extracts a subse-
quence (z,,) satisfying ||z, ,, — @n, || < 27%. Define a telescoping series Y uy,
by setting u; = z,, and u, = z,, — z,, , for k > 2. Evaluating absolute
convergence:

o0 e 9] oo 1
D Mull = llwm, ||+ D llmy = @y | < lzm 1+ o5
k=1

k=1 k=2
Because the geometric series converges, > uy is absolutely convergent. By
hypothesis, the series converges to a limit x € X. Because the k-th partial sum
of this series equals x,, , the subsequence (z,, ) converges to x. If a Cauchy
sequence has a convergent subsequence, the entire sequence must converge to
the same limit. Thus x,, — x, establishing that X is complete. |

If a vector series converges but does not converge absolutely (3 ||ux|| = 00),
it is classified as conditionally convergent. In finite dimensions (R™), the
Riemann Rearrangement Theorem proves that the terms of a conditionally
convergent series can be reordered to yield convergence to any vector. This
phenomenon persists in infinite-dimensional Banach spaces.

EXERCISES

1. Subspaces and Completeness (co vs. coo). Let X = £°° be the Banach
space of bounded sequences under the supremum norm. Consider the
following subspaces:

e ¢o: The subspace of sequences converging to zero.

e ¢oo: The subspace of sequences with finitely many non-zero terms.

(a) Prove that c¢g is a closed set in ¢>°. Conclude that ¢¢ is a Banach
space.

(b) Prove that cgg is not closed in £>° by constructing a sequence of
vectors in ¢gp that converges to an element in ¢g\coo. Conclude that
coo is not complete.

2. Absolute Convergence Test in C[0,1]. Let X = C[0,1] be equipped with
the uniform norm || f|lec = max;c(o,1)|f(f)]. Use the Absolute Conver-
gence Theorem to prove that the following series converges to a continuous

function: -
sin(n?t)
s(t) = 5
n=1

(Hint: Compute the supremum norm ||[un|leo for the term u,(t) =
Evaluate the absolute convergence of the resulting scalar series.)

sin(n?t)
n2
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3. Incompleteness of Polynomials. Let X be the space of polynomials on
[0, 1], equipped with the uniform norm.

(a) Verify that X satisfies the axioms of a normed vector space.

(b) Construct a sequence of polynomials (p,,) that is Cauchy in X but
fails to converge to a polynomial.

(c) Identify the completion X of this space.

(Hint: For part (b), use the Taylor series partial sums for the function
et.)
4. Equivalent Norms and Completeness. Two norms | - ||; and || - ||2 on a

vector space X are equivalent if there exist positive constants a,b > 0
such that for all x € X:

allzfly < flzfls < bl

Prove that if X is a Banach space with respect to || - ||1, it is also a
Banach space with respect to any equivalent norm || - ||2. (Hint: Prove
that a sequence is Cauchy under the first norm if and only if it is Cauchy
under the second norm.)

5. Schauder Basis Coefficients. Let (ey) be a Schauder basis for a Banach
space X. Prove that the coordinate functionals fi(z) = ai (where
the expansion is = Y . | ane,) are linear mappings. Specifically, if
z=> " ape, and y =Y | Bpen, prove that the coordinates of the
sum x + y are o, + SBp.

3.4 HILBERT SPACES

While a normed space quantifies vector magnitude and distance, the geometric
structure of a general normed space lacks the orthogonal properties of Euclidean
spaces. In R™, angles and orthogonal projections are defined via the dot product.
To extend this geometric structure to infinite-dimensional spaces, we introduce
the Inner Product Space.

Definition 3.17 Inner Product Space

Let X be a vector space over a scalar field K (R or C). An inner product
on X is a mapping (-,-) : X x X — K satisfying the following axioms
for all vectors z,y,z € X and scalars o, 5 € K:

(IP1) Linearity in the First Argument: The inner product distributes over
vector addition and scalar multiplication in the first coordinate.

(azx + By, z) = alz, 2) + B(y, 2)

(IP2) Conjugate Symmetry: Reversing the order of the vector arguments
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complex-conjugates the result.

(z,y) = (y, )

(Note: If the field is R, this reduces to standard symmetry (z,y) =
(y,z).)

(IP3) Positive Definiteness: The inner product of a vector with itself is a
real, non-negative scalar, equaling zero if and only if the vector is
the zero vector.

(z,z) >0 and (z,2)=0 <= =0

The pair (X, (-,-)) is an inner product space. Note that by combining (IP1)
and (IP2), it follows that the inner product is conjugate-linear in the second
argument. Consequently, the inner product distributes over vector addition in
both coordinates.

An inner product induces a norm via the relation ||z|| = y/(z, z). However,
showing that this function satisfies the Triangle Inequality requires the following
bounding inequality.

Theorem 3.18 Cauchy-Schwarz Inequality

For all vectors x,y in an inner product space:

[{z, 9)| < ll=[lllyll

Equality holds if and only if x and y are linearly dependent.

PROOF: The inequality holds if y = 0. Assume y # 0, which means ||y||*> =
(y,y) > 0.
Algebraic Expansion By positive definiteness, the inner product of any vector
with itself is non-negative. For any scalar A € K, we evaluate the squared norm
of © — \y:

0< ||z —My||* = (x — \y,z — \y)
Expanding this using linearity and conjugate symmetry yields:

0 < (z,2) — My, z) — Mz, y) + Ay, y)

Optimal Scalar Substitution We select a scalar A that minimizes this expression.

() _ ),
W) = TP

Let A = 2 . Consequently, the complex conjugate is A =

/\

Substltutlng X and \ produces:
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Algebraic Resolution Because (z,y)(y, z) = |(z,y)|?, the expression simplifies:
[z p)* [y | )P

0 < flzf? ~ +
llylI? llylI* lyll>
(=, y) |7

Rearranging the terms gives:
[z, 9)|?
e < la)?
lyll
[, y)* < Nz )yl
Taking the square root establishes the inequality:

(=, y)| < llz[lllyll

Condition for Equality Equality holds if and only if || z—Ay||?> = 0. By definiteness,
this means  — Ay = 0, or x = Ay, which implies x and y are linearly dependent.
|

A consequence of this inequality is the continuity of the inner product:
if , — 2 and y, — v, then the scalar sequence (z,,y,) — (z,y). This
guarantees that limit operations are preserved by the inner product.

Just as a Banach space is a complete normed space, a Hilbert space is a
complete inner product space.

Definition 3.19 Hilbert Space

A Hilbert Space H is an inner product space that is complete with
respect to the norm induced by its inner product.

Since every Hilbert space has an induced norm and is complete, every
Hilbert space is a Banach space. The converse is false.

Example 3.20

The following canonical spaces are complete under their induced norms.

Euclidean Space R™: Equipped with the standard inner product (x,y) =
Z?Zl x;1;, this space is a finite-dimensional Hilbert space.

Sequence Space ¢2: The space of square-summable sequences evaluated with
the inner product (z,y) = >°72, ;7; is the standard example of a separable
Hilbert space.
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Function Space L?[a, b]: The space of of square- -integrable functions evaluated with

the inner product (f, g) f f(t)g(t) dt provides the framework for quantum
mechanics. J

The utility of the inner product lies in its ability to formalize geometric
orthogonality using algebraic identities.

Definition 3.21 Orthogonality

Two vectors x,y € X are orthogonal (denoted = L y) if their inner
product is zero:
(z,y) =0

This definition formalizes the geometric property of perpendicularity. Or-
thogonal vectors satisfy the generalized Pythagorean identity.

Theorem 3.22 Pythagorean Theorem

Let X be an inner product space. If two vectors x,y € X are orthogonal,
then:

lz +yl* = ll=]1* + [ly))*

PRrROOF: We evaluate the squared norm by expanding its definition in terms of
the inner product, |lul|? = (u,u).

Algebraic Expansion By definition:
lz+ylI* = (& +y,2 +y)
Applying linearity to the first argument yields:
lz +yl? = (z.x +y) + (y, 2 +y)

Expanding via additivity in the second argument produces:
lz +ylI* = (2, 2) + (z,y) + (y.2) + (y,9)

Application of Orthogonality By definition, (z,z) = ||z|? and (y,y) = |y||*.
Furthermore, orthogonality implies (z,y) = 0. By conjugate symmetry, (y, z) =
0 = 0. Substituting these values yields:

lz +ylI* = lle]* + 0+ 0+ [lylf?
Consequently, ||z +y||* = [|=[|* + [[y]1*. u

Whereas the Pythagorean identity requires orthogonality, the Parallelogram
Law describes the geometry of any two vectors in an inner product space. This
identity states that the sum of the squared diagonal lengths equals the sum of
the squared side lengths, as shown in Figure 3.8.
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Theorem 3.23 The Parallelogram Law

A normed space is an inner product space if and only if its norm satisfies
the identity:

2+l + llz — ylI* = 2llll* + lly*)

PRrROOF: We expand both norm terms using the properties of the inner product.
Evaluating the Sum Diagonal
lz +ylI* = (z +y,z +y)
= [ll? + (2, y) + (y, 2) + [yl

Evaluating the Difference Diagonal Expanding the terms and preserving the
subtraction signs yields:

lz = ylI* = (z —y,2 —y)
= (z,2) = (z,y) = (v, 2) + (¥, —v)
= [l = (2. y) — (y. ) + [yl
Resolution Summing the equations eliminates the inner product terms:
Iz +yl* + o =yl = (l2]® + @, 9) + o) + [ly]1?)
+ (ll? = (2, y) = (v, 2) + lly[1?)
= 2||z||* + 2[|y||*

1yl

]

FIGURE 3.8 The parallelogram law. In a Hilbert space, the geometry of
vectors x and y satisfies this identity.
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EXERCISES

1. Violating the Parallelogram Law. Consider the Banach space C|0,1]
equipped with the uniform norm ||z = max¢jo 1) [#(t)|. Show that
this space is not a Hilbert space by constructing two functions z(¢) and
y(t) that violate the Parallelogram Law. (Hint: Evaluate the polynomial
functions z(t) =1 and y(t) =t.)

2. Continuity of the Inner Product. Let X be an inner product space. Assume
that the sequence (x,,) converges to x, and (y,,) converges to y. Prove that
the sequence of inner products converges: (x,, yn) — (z,y). (Hint: Apply
the identity (Tn, yYn) — (2,y) = (T, — T, Yn) + (T, Yn — Yy), followed by the
Cauchy-Schwarz inequality and the principle that convergent sequences
are bounded.)

3. The Polarization Identity. Let X be a complex inner product space.
Prove that the inner product can be reconstructed from the norm via
the Polarization Identity:

1 . . ) .
(y) =5 (lz +yl* = o = ylI* + ile + iyl* = ille — iyll*)

(Hint: Ezpand each of the four squared norm terms using the definition
|lull* = (u,u) and isolate (z,y).)

4. Orthogonal Complements. Let M be a non-empty subset of a Hilbert
space H. The orthogonal complement of M, denoted M*, is the set of
all vectors orthogonal to every element in M:

M+ ={zec H|(z,y)=0foralyc M}

Prove that M= is a closed subspace of H, regardless of whether M is a
subspace or closed. (Hint: To verify closure, assume a sequence x,, € M+
converges to an element x € H, and use the continuity of the inner
product to evaluate the limit of (x,,y) for an arbitrary vectory € M.)

5. Generalized Pythagorean Theorem. Let {x1,x2,...,z,} be a finite set of
mutually orthogonal vectors in a Hilbert space H (satisfying (x;,z;) =0
for all i # j). Prove by induction that:

2 n
=D llzl?
k=1

n

S

k=1

6. Cauchy-Schwarz in Sequence Spaces. Define the sequence space 2. For
sequences = (§;) and y = (n;) in £2, state the Cauchy-Schwarz inequal-
ity in its infinite series representation. Deduce from this inequality that
the series Z;’il %fj converges for any sequence x € (2. (Hint: Define y
as the harmonic sequence 1; = % and verify its membership in (% before
applying the inequality.)
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3.5 COMPLETION OF NORMED SPACES

Chapter 2 established that every metric space has a topological completion,
constructed using equivalence classes of Cauchy sequences. A question arises:
if the initial space is a normed space (possessing an algebraic structure), does
its completion preserve this normed structure?

The answer is affirmative. The vector operations—vector addition and
scalar multiplication—along with the norm, can be extended to the completed
space, structuring it as a Banach space. This process is visualized in Figure
3.9.

Theorem 3.24 Completion of Normed Spaces

Let X = (X, - [|) be a normed space. There exists a Banach space X
and an isometry T" mapping X onto a subspace W' of X such that W
is dense in X.

Metric Space X Banach Space X

(Incomplete) (Complete)

FIGURE 3.9 The completion theorem. The incomplete space X lacks
limits for specific Cauchy sequences. The isometric mapping 1" embeds
X into a complete space X where all topological limits (Z) are defined.
The resulting image T'(X) is dense in X.

CONSTRUCTION OF THE BANACH COMPLETION: Metric space theory guaran-
tees the existence of a complete metric space (X , cf) constructed from equiv-
alence classes of Cauchy sequences in X. To establish X as a Banach space,
vector addition, scalar multiplication, and a corresponding norm must be
defined on these equivalence classes.

Defining Vector Operations Let #,9 € X denote equivalence classes. Let (z,,)
be a Cauchy sequence representing &, and let (y,,) represent §. We define the
sum & + ¢ as the equivalence class containing the sequence (x,, + yn):

T+ 7= [(zn + Yn)]
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This definition is well-defined because the sum of two Cauchy sequences is a
Cauchy sequence. By the Triangle Inequality:

1(@n +yn) = (@m + ym) | < 20 = 2mll + Y0 — ym|

As the indices m,n — oo, the right side of the inequality approaches 0, implying
that the sequence (z,, + y,) is Cauchy. Similar logic applies to define scalar
multiplication, where af := [(axy,)].

Defining the Norm The norm on the complete space X is defined by taking the
limit of the norms of the representative sequence in X:

2

x = lim[lzn]lx
The existence of this limit is guaranteed. Because (z,,) is a Cauchy sequence,
the corresponding sequence of real numbers (||zy,||) forms a Cauchy sequence in
R, guaranteed by the Reverse Triangle Inequality (|||z, || —||zmll| < |20 —zm]|)-
Because R is complete, the limit exists.

Verification It is straightforward to verify that this defined norm induces the
metric generated during the initial completion process:

(&, 9) = & =9

%

Consequently, the metric completion of any normed space is a complete Banach
space. [ |

EXERCISES

L. Constructing the Completion (Abstract). Let X be an incomplete normed
space. Let X represent the set of equivalence classes of Cauchy sequences
derived from X.

(a) Verify that the vector addition operation, defined by [(z,)]4[(yn)] =
[(xn + yn)], is well-defined. (Prove that if (x,) ~ (x!,) and (y,) ~
(yl,), then the summation preserves equivalence: (zn + yn) ~ (2}, +
Yn))-

(b) Verify that the norm defined by ||#|| = limy,,— o ||y || is well-defined
and satisfies the triangle inequality in X.

2. Concrete Example: Polynomials. Let X be the space of polynomials on
[0, 1], equipped with the uniform norm. It is established that X lacks
completeness.

(a) Describe the completion X. (Identify the resulting function space).

(b) Describe the mapping 7' : X — X . Is this linear operator surjective?

(¢) Let p,(t) = ZZ:OA%. This constitutes a Cauchy sequence in X.
Which element in X does the equivalence class [(p,)] represent?
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3. Completion of Subspaces. Let X be a normed space and Y be a dense
subspace of X. Prove that the completion of Y is isometrically isomorphic
to the completion of X. (This theorem dictates that Q and R\ Q share
the same completion: R.)

4. Preservation of Identity. Assume X is a Banach space. Prove that its
completion X is isometric to X. (Hint: Construct the map T : X — X
that maps x to the constant sequence (x,x,...). Demonstrate that T is
surjective. )

5. Extension of Continuous Maps. Let X and Y be normed spaces, where
Y is a Banach space. Let T : D — Y be a bounded linear operator
defined on a dense subspace D C X. Prove that T" possesses a unique
continuous extension 7' : X — Y such that 7'(z) = T(x) for all z € D.
(This theorem, the BLT Theorem, serves as the functional equivalent of
topological completion: we complete the operator rather than the space.)

3.6 FINITE DIMENSIONAL SPACES

In elementary analysis and linear algebra, vector spaces exhibit topological
stability. Several properties presumed to be universal depend on the space
having a finite dimension.
Consider the finite-dimensional Euclidean space R™:
e Equivalence of Norms: Irrespective of the metric applied (e.g., the Eu-
clidean norm versus the taxicab norm), the topology remains invariant.
A sequence converging under one norm converges under all norms on the
space.

e Compactness: Any subset that is both closed and bounded is a compact
set. This property guarantees the existence of convergent subsequences
and ensures continuous operators attain extrema.

e Completeness: The space is complete; every Cauchy sequence converges
to a limit in the space.
In contrast, consider infinite-dimensional spaces such as the function space
Cla, b] or the sequence space £2:
e Divergence of Topologies: Distinct norms generate different topologies. A
sequence may converge under an integral norm while diverging under a
uniform norm.

e Failure of Compactness: A set may be closed and bounded (such as the
closed unit ball) yet fail to be compact, precluding the extraction of
convergent subsequences.

e Incompleteness of Subspaces: Linear subspaces may exhibit algebraic
closure without topological closure. For example, the subspace of poly-
nomials is topologically incomplete in C|a, b].

These structural disparities are visualized in Figure 3.10.
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Finite Dimensions (R?) Infinite Dimensions (¢?)
S €2
l/ \\
! \
1 \
« » €1
\ /‘
\ /
Rigid Topology Spacious Topology
Bounded + Closed = Compact Bounded + Closed =& Compact
All norms are equivalent. Unit ball supports isolated sequences.

FIGURE 3.10 The topological divergence between finite and infinite di-
mensions.

In the subsequent sections, these properties are established. We prove that
finite-dimensional normed spaces inherit the stability of Euclidean space R™.
This establishes the baseline against which infinite-dimensional phenomena
are evaluated.

Completeness of Finite Dimensional Spaces

Chapter 2 established that the Euclidean space R™ is complete. This property
is not exclusive to the Euclidean norm; it is intrinsic to the finite dimension of
the space.

To establish this completeness a bounding lemma is required. This lemma
links the norm of a vector to the magnitude of its coordinate scalars, permitting
the transfer of the Cauchy sequence property from the vector space X into
the complete scalar field K.

Lemma 3.25 Lower Bound Lemma

Let {e1,...,en} be a linearly independent set of vectors in a normed
space X . There exists a constant ¢ > 0 such that for any set of scalars
Qly...yOn’

n n
Yoagei| ze (Y layl
j=1 j=1
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PROOF: Let s = 3°7_ | [ay]. If s = 0, the inequality is satisfied. For s > 0,
normalize the coefficients by defining 5; = «;/s. Consequently, > |5, = 1.
The bounding inequality simplifies to:

n
> Biejl| = ¢
j=1

Assume, for contradiction, that no positive constant ¢ exists. This implies the

existence of a sequence of vectors (y,,) defined by y,,, = 2?21 B;m)e 5 satisfying
two conditions:

1. The coefficients maintain unit magnitude: 37, | ﬁ](.m)| =1 for all m.

2. The sequence norm vanishes: ||y, || = 0 as m — oo.

Extracting Convergent Coefficients Consider the first coordinate coefficient 5§m)

Because ) |B§m)| =1, the sequence |B§m)| is bounded by 1. By the Bolzano-
Weierstrass Theorem, this sequence has a convergent subsequence. Let this
limit be denoted by ;. This extraction process is iterated for each coefficient
j1=2,....n

Following n applications of the theorem, we derive a subsequence (retaining
the notation y,,) where every coordinate converges:

ﬂ(m)%ﬂ] asm — oo foreach j=1,....n

Evaluating the Limit Vector Because the sum Z?Zl \ﬁ§m)| =1 for all m, the
limit scalars must satisfy Z?zl |8;] = 1. This guarantees that the limit scalars
are not all zero. Construct the limit vector y = 2;21 Bje;j.

The Contradiction Evaluating the norm of the difference between v, and y:

n

lym = yll = || D8 —

J:
<318 = Byllles
j=1

As m — oo, the right side approaches 0 due to scalar convergence, establishing
Ym — y. However, by hypothesis, ||y,»| — 0, which implies y,,, — 0. By the
uniqueness of limits, y = 0, thus:

Zﬂjéj =0
j=1

Since the basis vectors {e;} are linearly independent, this sum is zero if and
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only if every coefficient 3; = 0. This contradicts the condition ) |3;| = 1.
Therefore, the constant ¢ > 0 exists. [ |

This lemma permits the proof of finite-dimensional completeness, visualized
in Figure 3.11.

Theorem 3.26 Completeness of Finite Dimensional Spaces

Every finite-dimensional normed space (X, || - ||) is complete. Conse-
quently, every finite-dimensional normed space is a Banach space.

Coordinate 2 (R)

A

q <

Q2 @ ---—-—-— -5 - or

€24

y e ¢ > Coordinate 1 (R)

FIGURE 3.11 Theorem 3.30. The finite-dimensional vector sequence con-
verges because its coordinate shadows converge within a complete field.

PROOF: Let X be a normed space characterized by dimension n. Let (z,,)
denote a Cauchy sequence in X.

Coordinate Representation Let {ej,...,e,} be a basis for X. Every vector z,,
admits a unique representation:

Tm = Qi 1€1 + Qm 2€2 + -+ Qo n€n
Coordinate-wise Cauchy Property Applying the Lower Bound Lemma, there
exists a constant ¢ > 0 such that for any indices m,p € N:

n n

|2m = 2pll = || (= api)ei|| =D |am,; — apjl

j=1 j=1

Because (z,,) satisfies the Cauchy criterion, for any e > 0, there exists an
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index N such that ||z, — z,| < ce for all m,p > N. Substituting this upper
bound:

n

e lamg = pl < llzm — 2 < ce
j=1

Dividing by ¢ yields > |am, j — o, j| < €. This implies that for each coordinate
index j:

o, — ap j| <€

Consequently, every sequence of coordinate scalars (v j, a2, j,...) indepen-
dently forms a Cauchy sequence in the scalar field K.

Convergence of Coordinates Because the scalar fields R and C are complete,
every coordinate Cauchy sequence converges to a limit o;:

lim o, ; = «;

m—r oo

Define the candidate vector z € X using these scalar limits:
n
xr = Z ij ej
j=1

Verification of Norm Convergence Evaluating the limit of the vector sequence
(z) toward a:

n
m — ] = || > (m; — ay)e;
j=1

n
<Y Jam,; — aglle;]
j=1
Let M = maxi<j<y ||e;]|. Substituting this upper bound yields:
n
[@m — || < MZ |lam,j — ]
j=1

As m — oo, the scalar difference |, ; — a;| — 0 for each j. Because the

summation is finite, the overall norm converges to 0, establishing that z,, — z.
|

A critical corollary applies to finite-dimensional subspaces embedded within
arbitrary normed spaces.
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Theorem 3.27 Closure of Finite Dimensional Subspaces

Every finite-dimensional subspace Y contained in a normed space X is
closed in X.

x
'Y
\
. \
|z — y*|| \\/\
Y2
Y1 7 y* (Limit Point)
° Yn = Y”

FIGURE 3.12 Theorem 3.27. Because a finite-dimensional subspace Y is
complete, it contains all of its limit points, establishing closure.

ProOF: Consider the subspace Y equipped with the norm restricted from X.
Because dim Y is finite, Theorem 3.26 implies that Y is a complete normed
space. Let y be a limit point of Y. By definition, there exists a sequence (y;,)
in Y such that y, — y. Because this sequence converges in X, it satisfies the
Cauchy criterion. Because Y is complete, every Cauchy sequence in Y must
converge to a limit in Y. Because limits are unique, the limit point y must
belong to Y. Thus, Y contains all its limit points and is closed. |

Example 3.28

Theorem 3.27 is restricted to finite dimensions. Infinite-dimensional
linear subspaces frequently exhibit algebraic closure without satisfying
topological closure.

e Evaluate the space X = (0, 1] equipped with the uniform norm.

e Let the subspace Y C X consist of all polynomials of arbitrary
degree.

e The partial sums of the Taylor series form a sequence of polyno-

mials converging to the function e?.

e Because e! ¢ Y, the limit lies outside the subspace boundary,
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proving that the infinite-dimensional subspace Y is not closed
in C|0, 1].

The preceding section established the completeness of finite-dimensional
spaces. This stability originates from a geometric principle: in finite dimensions,
the choice of norm does not influence the convergence of sequences or the
topology of open sets.

In R2, distance can be evaluated using the Euclidean norm (||z||2) or the
taxicab norm (||z]|1). While the numerical magnitudes differ, the definitions
of convergence remain identical. A sequence converging under one norm must
converge under the other. We formalize this invariance through equivalent
norms.

Definition 3.29 Equivalent Norms

Two norms || - ||, and || - || on a vector space X are equivalent if there
exist positive constants ¢, C' > 0 such that for every vector x € X:

cllzlla < lzflo < Cllzfla

Geometrically, this condition implies that the unit ball corresponding to
one norm is bounded internally and externally by scaled evaluations of the unit
ball of the alternative norm, as visualized in Figure 3.13. Equivalent norms
generate the same topology. A set is open or bounded under || - ||, if and only
if it is open or bounded under || - ||p.

Geometric Equivalence

The unit ball By is circumscribed
by C'B, and inscribes cB,.
Topological convergence toward
the origin is preserved

across both metrics.

FIGURE 3.13 Equivalent norms on R?. The existence of bounding con-
stants ensures the topologies are indistinguishable.
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In infinite-dimensional spaces, norms frequently fail to be equivalent. For
instance, in C[0, 1], a sequence of functions may converge to zero under the
integral norm (L') while diverging under the uniform norm (L>°). However,
such divergence is impossible in finite dimensions.

Theorem 3.30 Equivalence in Finite Dimensions

On a finite-dimensional vector space X, any two norms are equivalent.

PROOF: This proof relies upon compactness. Let dim X = n and let {e1,...,e,}
be a basis for X. We introduce a comparative sum norm defined by:

n

n
Izl = Z laj|  where z = Zajej

Jj=1 Jj=1
To establish the theorem, it is sufficient to prove that any norm |- || is equivalent
to this sum norm | - ||;. General equivalence follows via transitivity.

Upper Bound (Continuity) Applying the Triangle Inequality (N4) and homo-
geneity (N3):

n n
lzll = || > aes || < D laylles
j=1 j=1

Define the constant K = max; ||e;||. This maximum exists because the basis
vectors form a finite set. Substituting this upper bound yields

lzll < K layl = Kzl

j=1

This inequality ||z| < K||z||; guarantees that the norm mapping = — ||z|| is
continuous with respect to the topology induced by || - ||1-

Lower Bound (Compactness) We must derive a constant ¢ > 0 satisfying
|z]] > ¢|jz|l1. Consider the unit sphere restricted to the sum norm:

S1={z e X | |z] =1}

Since the dimension is finite, S; is closed and bounded. By the Heine-Borel
Theorem, S7 is a compact set.

Consider the continuous mapping f : X — R defined by f(z) = |z|.
Because f evaluates a continuous function across a compact domain S, the
Extreme Value Theorem implies that f attains a minimum value ¢ at a
coordinate xg € Si:

¢ = mip 7] = o]

Since zy € Sy, its sum norm equals 1, ensuring zg # 0. By the norm axiom
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of definiteness (N2), ||xo|| > 0. Consequently, ¢ > 0. Therefore, for all € 5y,
the inequality ||z|| > ¢ is satisfied.
To evaluate an arbitrary non-zero vector y € X, scale it to intersect the
unit sphere Si:
Y
lyllx

Extracting the scalar via homogeneity:

ESl:H >c

y
lyllx

L

lyll = ¢ = llyll > cllylx
lylly

Synthesizing the upper and lower bounds establishes c||z|; < [|z| < K||z|/,. ®

In elementary analysis, compactness guarantees the convergence of subse-
quences and the existence of extrema for continuous functions. For subsets in
Euclidean space R™, the Heine-Borel Theorem establishes an equivalence: a
set is compact if and only if it is closed and bounded.

The extension of this theorem to abstract normed spaces depends on the
dimension of the space. To formalize this relationship, the sequential definition
of compactness must be established.

Definition 3.31 Compactness

A subset M of a normed space X is compact if every sequence in M
contains a convergent subsequence whose limit belongs to M. A subset
M is relatively compact if its closure M is compact.

The geometric distinction between finite and infinite dimensions is that
finite dimensions impose sufficient rigidity such that boundedness guarantees
sequential clustering, as visualized in Figure 3.14.

Theorem 3.32 Compactness in Finite Dimensions

Let X be a finite-dimensional normed space. A subset M C X is a
compact set if and only if M is closed and bounded.

PROOF:

Necessity (Compact implies Closed and Bounded) Assume M is compact. This
condition applies to all metric spaces, irrespective of dimension.

1. Boundedness: Assume M is unbounded. For any n € N, a vector x,, € M
can be selected satisfying ||z, || > n. The sequence (x,) diverges in norm
to infinity. Because convergent sequences are bounded, no subsequence
can converge. This contradiction implies that M must be bounded.
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FIGURE 3.14 Compactness in finite dimensions. A closed and bounded
boundary forces any infinite sequence to cluster around a limit point in
the set.

2. Closedness: Let = be a limit point of M. By definition, there exists a
sequence (z,,) in M converging to x. Because M is compact, this sequence
must possess a subsequence converging to a limit in M. Because the
original sequence converges to x, the uniqueness of limits forces the
subsequence to converge to x. Thus, € M, verifying closure.

Sufficiency (Closed and Bounded implies Compact) Assume M is closed and
bounded. This direction requires the space to have a finite dimension. Let
dim X = n and designate {e1,...,e,} as a basis. Let (u,,) denote a sequence
in M.

1. Coordinate Representation: Because X is finite-dimensional, each vector
Uy, admits a unique expansion:
Um = Oy, 1€1 + Qi 2€2 + -+ Qm, n€n
Since M is bounded, there exists a constant k satisfying ||u,|| < k for
all m.

2. Boundedness of Coordinates: Applying the Lower Bound Lemma, there
exists a constant ¢ > 0 such that:

n n
k> lumll = D ames|| = ¢ laml
j=1 j=1

This implies that for each j, the corresponding sequence (e, ;) is bounded
in K:

" k
|O‘m7j| < Z |O‘m,i| < -

i=1
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3. Extracting Convergent Subsequences: By repeatedly applying the Bolzano-
Weierstrass Theorem to each bounded coordinate sequence, we extract
nested subsequences until arriving at a final vector subsequence (v,,)
where every coordinate converges:

Uy —v; asm—o0, (j=1,...,n)

n

4. Norm Convergence and Closure: Define the limit vector u = Ej:l

Evaluating convergence in the metric space:

V€.

n n
[m = ull = ||> " Wm; = v)es|| <D loms —vjllles]
j=1 j=1

As m — oo, the coordinate differences converge to zero, forcing ||v,, —
ul| = 0. Because M is closed and the subsequence (v,,) resides in M,
the limit u belongs to M. Thus, M is compact. |

To evaluate compactness in infinite-dimensional spaces, a geometric mecha-
nism for constructing separated vectors is required. Riesz’s Lemma formalizes
the existence of a unit vector that maintains a minimum distance from any
proper closed subspace, as visualized in Figure 3.15.

Theorem 3.33 Riesz’s Lemma

Let W be a subspace of a normed space X, and Y a proper closed
subspace of W. For every real scalar t € (0,1), there exists a vector
w € W satisfying ||w|| = 1 such that:

lw—y|| >t forallyeY

PROOF:

Existence of a Topological Gap Because Y is a proper subspace, there exists a
vector v € W\ Y. Because Y is closed, the distance from v to the subspace YV
must be positive. Let d denote this distance:

d =dist(v,Y) = inf |[v —y|| >0
ist(v, Y) = inf flo—y|

Approximating the Infimum If ¢ € (0, 1), then d < d/t. By the definition of the
infimum, there must exist a vector yy € Y satisfying:

d
a< o=yl < $
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FIGURE 3.15 Riesz’s lemma. While infinite-dimensional spaces lack the
guarantee of orthogonal projections, one can construct a unit vector
w that approximates orthogonality, maintaining a minimum distance
t < 1 from the subspace Y.

Constructing the Candidate Vector Define w as the normalized vector connecting
Yo to v. Because v € W and yy € Y C W, the difference remains in W:

U —Yo

= — 2 eW
lv = oll

w

Note that by definition, ||w|| = 1.

Verifying the Distance Constraint To confirm that w maintains the required
distance t from all vectors y € Y, evaluate the norm:

=% _
lv = yoll

1
[w—yll = Y| = llv =90 — [lv — yollyll
v —yoll

Isolate the internal vector grouping:
v = (o + [[v—wolly)
—_—————
3%

Since Y is a linear subspace, the grouped term is equivalent to an alternative
vector ¢y’ € Y. By the initial definition of the infimum distance d, the inequality
[lv—y'|| > d is forced. Substituting this bound yields

d
lw =yl >
v = woll

From the infimum approximation, we established ||v — yo|| < d/t, which
algebraically inverts to m > %. Synthesizing these inequalities:

t
_ d-— =t
lw =yl >d- -
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Thus, the condition ||w — y|| > t is satisfied. |

This lemma is used to prove the theorem establishing that geometric
compactness is exclusively a finite-dimensional property.

Theorem 3.34 Compactness and Dimension

The closed unit ball B(0;1) of a normed space X is a compact set if
and only if X is finite-dimensional.

PROOF:

(«=) If X is finite-dimensional, the closed unit ball B(0; 1) is closed and bounded.
By Theorem 3.32, it is compact.

(=) We prove the contrapositive: If dim X = oo, the unit ball fails the criteria
for compactness. We construct a sequence (z,,) situated on the unit sphere,
from which no convergent subsequence can be extracted.

1. Select an initial vector z; satisfying |z1| = 1. Define the subspace
Y7 = span{z }. Because Y7 has a finite dimension, it is closed. Because
X is infinite-dimensional, Y7 is a proper subspace (Y7 # X).

2. Applying Riesz’s Lemma for ¢t = 1/2, there exists a unit vector x5 such
that ||zg — 21] > 1/2.

3. Define Y5 = span{x1, z2}. Applying Riesz’s Lemma to this closed, proper
subspace, there exists a unit vector xg such that ||z3 — y| > 1/2 for all
y € Ys. This guarantees ||z3 — 21| > 1/2 and [|z3 — x2f| > 1/2.

4. Tterating this geometric construction indefinitely yields an infinite se-
quence (x,,) satisfying ||z, — x| > 1/2 for all n # m.

This sequence violates the Cauchy criterion, guaranteeing that no extracted

subsequence can converge. Consequently, the unit ball in an infinite-dimensional

space cannot be compact. |

The topological stability of compact sets is preserved when mapped through
continuous operators. This preservation is essential for establishing the existence
of extrema in optimization theory.

Theorem 3.35 Preservation of Compactness

Let X and Y represent metric or normed spaces, and let T : X — Y
denote a continuous mapping. If M is a compact subset in X, its image
T(M) forms a compact subset in Y.
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PRrOOF: We execute the proof utilizing the sequential definition of compactness.
Let (y,) be a sequence contained in the image T'(M). By definition, there
exists a corresponding pre-image sequence (x,,) in M such that y, = T(x,,).

Since the domain M is compact, the sequence (z,,) possesses a subsequence
(zn, ) converging to a limit x € M:

Tp, T ask — o0
Since the operator T is continuous, limits are preserved across the mapping:
Yny, = T(xn,) = T(x)

Define the mapped limit y = T'(x). Because x is in M, the limit y is in T'(M).
Consequently, the sequence (y,,) yields a subsequence (y,, ) converging to an
element of T'(M), confirming that T'(M) is compact. [

Corollary 3.36 Extreme Value Theorem

A continuous mapping 7' from a compact domain M C X into the
scalar field R must attain a maximum and a minimum in M.

PROOF: By Theorem 3.35, the scalar image T'(M) is a compact subset of R.
By the Heine-Borel theorem for real numbers, T'(M) must be both closed and
bounded. Since the set is bounded, its supremum and infimum exist as finite
real numbers. Because the set is closed, it must contain these limit points. l

EXERCISES

1. A Concrete Closed Subspace. Consider the space X = R? equipped with
the standard Euclidean norm. Let Y represent the subspace mapping
the relation y = a:

Y ={(,6) eR*| £ €R}

(a) Let (y,) represent a sequence in Y converging to a vector z € R2.
Define y,, = ({n,&n) and z = (n1,72). Utilizing the definition of
convergence in RQ, prove that 1, = ns.

(b) Deduce that z € Y, proving that Y is closed.
2. The Polynomial Contrast (P, vs. P). Let X = C]0, 1] equipped with the

uniform norm.

(a) Let Y, denote the subspace of polynomials restricted to a maximum
degree n (possessing algebraic dimension n + 1). Is Y,, complete? Is
it a closed set in C[0,1]? Justify the result utilizing Theorem 3.27.
(b) Let Y represent the subspace of all polynomials of arbitrary degree.
The Weierstrass Approximation Theorem states that Y is dense in

C[0,1], that is, Y = X. Prove that because Y # X, Y is not closed.
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(c¢) Explain why the conditions of Theorem 3.27 fail to apply to the
subspace Y in part (b).

3. Ranges of Linear Operators. Let X and Y be normed spaces, and let
T : X — Y denote a bounded linear operator. Prove that if the domain
X is finite-dimensional, the range R(T) = {Tx | * € X} is a closed
subspace of Y. (Hint: Utilize linear algebraic principles to verify the
algebraic dimension of the image, then apply Theorem 3.27.)

4. Completeness of Matrixz Spaces. Let M,,«,, denote the vector space of
all n x n matrices over R. Identify the dimension of this vector space to
prove that M,,«,, constitutes a complete Banach space under any matrix
norm (e.g., the Frobenius norm).

5. Finite vs. Infinite Sums. Let Y be a subspace of a Banach space X.

(a) Show that if Y is finite-dimensional, it is closed, implying that any
convergent sequence y, — y (where y,, € Y) forces y € Y.

(b) Consider the space X = (2. Let Y be the subspace of sequences
possessing finitely many non-zero terms (the infinite linear span of
the basis vectors e,,). Prove that the sequence z = (1,1/2,1/4,...)
belongs to the closure Y but z ¢ Y. Explain why this exclusion
does not contradict Theorem 3.27.

6. Concrete Equivalence on R?. Let X = R? containing the vector x =
(€1,&). Consider the Euclidean norm ||z||y = (£ + £3)'/2? and the Max
norm ||z]|e = max(|¢1],]&2]). Derive the bounding constants ¢ and C
required to satisfy:

clzlloo < [lzfl2 < Cllzfloo

(Hint: Geometrically sketch the unit square and the unit circle. Deter-
mine the radius of the circle inscribed within the square, and the circle
circumscribing the square.)

7. Failure in Infinite Dimensions (C[0,1]). Consider the infinite-dimensional
space X = C[0,1]. Define || - ||; as the integral norm: ||f||; = fol [f(t)] dt.
Define || - || as the uniform norm: || f||cc = max;cjo17 | f()]-

(a) Prove that || f|j1 < ||fl|leo for all f € X. (This establishes the upper
bound of the equivalence relation).

(b) Prove that no positive constant ¢ > 0 exists satisfying ¢|| f|loc < ||f]1
for all f. (Hint: Construct a sequence of functions f, exhibiting
geometric properties akin to triangles possessing a height of n and
a base width of 1/n?. Demonstrate that the resulting integral area

converges to 0 while the mazimum magnitude diverges.)

8. Topological Equivalence. Assume || - ||, and || - || are equivalent norms on
a vector space X. Prove that a subset U C X is an open set with respect
to || - ||q if and only if it is an open set with respect to || - |[5-
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9. Matriz Norms. Let X denote the vector space of all n x n matrices, which
maps to the finite-dimensional space R™ . Utilizing the Equivalence The-
orem, justify why a sequence of matrices converging under the Frobenius

norm (||Allr = /2 |ai;|?) must converge under the induced Operator
norm (|| Allop = supygy=y [[Az]).

3.7 ROTUNDITY AND SMOOTHNESS

The topological properties of a normed space are determined by the shape of its
unit ball. While the triangle inequality guarantees that the closed unit ball of
every normed space forms a convex set, it does not prevent the boundary—the
unit sphere—from possessing flat facets.

To preclude these flat edges, analysis requires a stronger condition known
as strict convexity, historically referred to as rotundity.

Definition 3.37 Strict Convexity (Rotundity)

A normed space X is strictly convex (or rotund) if for any two distinct
vectors z,y € X residing on the unit sphere (||z]| = ||y|| = 1 and x # y),
the strict inequality holds:

Tty
2

| <

Geometrically this means that the midpoint of any chord connecting two
distinct points on the unit sphere must lie strictly in the interior of the open
unit ball. If the space is not strictly convex, distinct unit vectors can share a
midpoint that remains exactly on the boundary, indicating a flat edge.

The property of strict convexity is instrumental for optimization theory.
In a strictly convex space, every point outside a closed convex set possesses
exactly one unique closest point within that set.

Example 3.38 Convexity of Sequence Spaces

o Hilbert Spaces: The space £2 is strictly convex. The parallelogram
law forces the strict inequality for midpoints.

e The LP Spaces: For any 1 < p < oo, the spaces ¢ and LP[a, )]
are strictly convex.

e Non-Rotund Spaces: The space ¢! (the Taxicab norm) and £
(the supremum norm) fail to be strictly convex. Their unit balls
possess flat ”facets” that permit infinite sets of vectors to share
identical distances to external targets.
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Strictly Convex (e.g., (?) Not Strictly Convex (e.g., /')
x

y .

The midpoint falls strictly The midpoint remains
inside the unit ball. on the unit sphere.

FIGURE 3.16 Geometric comparison of rotundity. In a strictly convex
space, any convex combination of distinct unit vectors yields a vector
with a length strictly less than 1.

The geometric dual to strict convexity is smoothness. Where strict convexity
prohibits flat edges on the unit sphere, smoothness prohibits sharp corners.

In finite-dimensional calculus, a sharp corner on a curve implies that the
derivative is undefined at that specific location, permitting multiple distinct
tangent lines to touch the curve simultaneously. In functional analysis, a
”tangent line” generalizes to a supporting hyperplane, formalized by bounded
linear functionals.

Definition 3.39 Smoothness

A normed space X is smooth if at every point z on the unit sphere
(J|lz|| = 1), there exists a unique supporting hyperplane. That is, there
exists a unique bounded linear functional f € X* satisfying:

[fll=1 and f(z)=1

The Hahn-Banach Theorem (explored thoroughly in Chapter 5) guarantees
that at least one such norming functional exists for every point on the unit
sphere. Smoothness is the precise structural property dictating whether this
functional is unique.

The relationship between rotundity and smoothness highlights the elegant
duality of Banach spaces. If a Banach space X is strictly convex, its dual space
X* is smooth. Conversely, if X is smooth, its dual space X* is strictly convex.
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fa(u) =1

fi(u) =1

f3(u) =

fla) =1
Smooth Space Not Smooth
A single, unique functional The sharp corner permits
supports the sphere at z. infinitely many supporting functionals.

FIGURE 3.17 Geometric comparison of smoothness. The lack of smooth-
ness corresponds to points of non-differentiability on the norm’s surface,
allowing the Hahn-Banach extension to branch into multiple valid map-

pings.

Hilbert spaces (such as £2) hold a privileged position in functional analysis
because they are the only spaces whose geometry is perfectly balanced: they
are both strictly convex and smooth.

The geometric definition of smoothness—the existence of a unique sup-
porting hyperplane at every point on the unit sphere—requires a rigorous
analytical test. In finite-dimensional calculus, a unique tangent line corresponds
to the existence of a derivative. To apply this principle to infinite-dimensional
Banach spaces, the concept of differentiation must be generalized to directional
derivatives along abstract vectors.

This generalization is achieved through the Gateaux derivative, named
after René Gateaux.

Definition 3.40 The Gateaux Derivative

Let X be a normed space and let F': X — R be a continuous functional.
The Gateaux differential of F' at a point € X in the direction of a
vector h € X is defined as the limit:

dF(z; 1) = lim F(z +th) — F(z)
t—0 t

where t is a real scalar.
If this limit exists for all h € X, and if the mapping h — dF(z;h)
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is a bounded linear functional on X, then F is said to be Gateaux
differentiable at x. The corresponding linear functional is denoted as
F'(z), such that dF(x;h) = F'(z)h.

The Gateaux derivative measures the instantaneous rate of change of the
functional I’ as one moves away from z strictly along the straight-line path
determined by h. By defining ¢(t) = F(z+th), the Gateaux derivative simplifies
to the standard scalar derivative ¢'(0).

Not differentiable (% +th)

Smooth Functional

_. Unique limit dF'(z; h)

-
J - . . .
S and right limits
fail to match.

t (scalar step)

FIGURE 3.18 Visualizing the Gateaux derivative. The dashed line provides
the unique directional limit for the smooth functional, while the red
corner represents a divergence in directional limits.

The profound connection between calculus and Banach space geometry
emerges when the Gateaux derivative is applied directly to the norm function,
F(z) = ||z||. The existence of this derivative dictates the smoothness of the
unit sphere.

EXERCISES
1. Proving Failure of Rotundity. Let X = (> evaluated in R?. Consider the
vectors = (1,1) and y = (1, —1).
(a) Verify that both = and y reside on the unit sphere (||z|s = 1 and
[Ylloe = 1).
(b) Calculate the midpoint z = .

(¢) Show that ||z]|cc = 1, and conclude that £°° is not strictly convex.
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Not differentiable £'(z + th)

Smooth Functional

.- Unique limit dF(z; h)

-
#and right limits
fail to match.

t (scalar step)

FIGURE 3.19 Visualizing the Gateaux derivative. The dashed line provides
the unique directional limit for the smooth functional, while the red
corner represents a divergence in directional limits.

2. Rotundity of Fuclidean Space. Using the strict condition for equality
in the Cauchy-Schwarz inequality, prove that R" equipped with the
Euclidean metric (/2 norm) is strictly convex.

3. Failure of Smoothness. Let X = (' evaluated in R?. The unit sphere
forms a diamond.

(a) Locate the "corner” at the unit vector u = (1,0).

(b) Construct two distinct linear functionals f1, fo € (R?)* such that
/1]l = I f2]l = 1 and both functionals yield f;(u) = 1 and fa(u) = 1.
(Hint: Recall that the dual of £* is £>°. Select two distinct vectors
from the £°° unit square that yield a dot product of 1 with u.)

4. Gateaur Differentiability of Euclidean Space. Let X = R? equipped with
the standard Euclidean norm ||z||2 = /&2 + £3. Let = = (1,0) and select
an arbitrary direction vector h = (hy, he).

(a) Formulate the expression for || + thl|s.
(b) Calculate the Gateaux derivative d||- ||2(x; h) = lim;_yg M
using standard calculus limit techniques.

(c) Verify that the resulting expression is a linear functional with respect
to h, confirming that ¢2 is a smooth space.
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UNCTIONAL analysis is not merely the
F study of abstract spaces, but the study
of how these spaces interact through mappings.
Having established the “where” (metric and Ba-
nach spaces), we now turn our attention to the
“how”—the Linear Operators that transform one
space into another. These operators serve as the
high-dimensional generalizations of matrices,
representing fundamental analytical processes
such as differentiation and integration.
In this chapter, we bridge the gap between alge-
bra and topology by exploring the equivalence
between boundedness and continuity. We will in-
vestigate the structure of the Dual Space, where
the measurements we perform on vectors (func-
tionals) themselves become vectors in a new
space. Finally, we establish the theory of Ad-
joint Operators and Reflexivity, providing the
tools necessary to evaluate operator equations
and the convergence of operator sequences in a
rigorous framework.
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4.1 LINEAR OPERATORS

In linear algebra, matrices map R™ to R™. Functional analysis generalizes
this to linear operators, which map one normed space to another. Because
the points in these spaces are frequently functions, these operators represent
transformations such as differentiation, integration, or signal filtering. The
primary focus will be bounded operators, as boundedness is equivalent to
continuity for linear mappings.

Whereas calculus examines functions mapping real numbers to real numbers,
functional analysis evaluates mappings that preserve the algebraic structure of
the vector spaces they connect.

Definition 4.1 Linear Operator

A linear operator T' is a mapping defined such that:

1. The domain D(T') is a vector space X, and the range R(T) lies
in a vector space Y defined over the identical scalar field.

2. For all vectors u,v € D(T) and all scalars «, (3:

T(au+ pv) = aTu+ fTv

The linearity property encapsulates additivity (T'(v + v) = Tu + T'v) and
homogeneity (T'(au) = aTu). These fundamental axioms imply that a linear
operator maps the zero vector of the domain to the zero vector of the codomain:
T(0) =0.

Associated with every linear operator is the null space (or kernel) defined
as N(T) = {x € D(T) | Tx = 0}. As a consequence of operator linearity, the
null space is inherently a vector subspace of the domain D(T) as well as the
range R(T'). The proofs of these are left to the reader.

A linear operator T : X — Y is a homomorphism because it preserves vector
addition and scalar multiplication. If T is bijective (injective and surjective),
the inverse T~ ! exists and is linear. In this case, T is an isomorphism, and
the spaces X and Y are isomorphic. Algebraically, isomorphic spaces operate
identically under vector addition and scalar multiplication. Any n-dimensional
real vector space is isomorphic to R™.

Example 4.2

The following operators demonstrate the linearity property.

1. ldentity Operator: The operator Ix : X — X defined by Ixu = u for all
u € X is linear.

2. Zero Operator: The operator 0 : X — Y defined by Ou = 0 for all u € X
is linear.
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3. Differentiation Operator: Let X be the space of polynomials on [a,b].
Define T as: J
u

(Tu)() = =

Since the derivative of a linear combination is the linear combination of
the derivatives, T is linear.

4. Integration Operator: Let X = C'a, b]. Define T by:

(Tu)(t) = / u(r) dr

By the linearity of integration, T'(au + fv) = oTu + ST v.

5. Multiplication by ¢: In C[a,b], let T be defined by (T'w)(t) = tu(t). This
is linear because t(au(t) + fou(t)) = atu(t) + Sto(t).

6. Elementary Matrix Operators: Let A be a real m x n matrix. Define
T :R™ — R™ as the standard matrix-vector product. If u is a vector in
R™, then:

Tu= Au

Linearity follows from the distributive and associative properties of
matrix algebra: A(au + pv) = a(Au) + 5(Av). 4

The dimension of a vector space quantifies its degrees of freedom. When
a linear operator acts on a finite-dimensional space, the distribution of these
dimensions is established by the Rank-Nullity Theorem, visualized in Figure
4.1.

Theorem 4.3 Dimension of the Range

Let T : D(T) — Y be a linear operator with a finite-dimensional domain
D(T). Then the range R(T') is finite-dimensional, and its dimension
satisfies the identity:

dim D(T) = dim N (T) + dim R(T)

PRrOOF: Let dimD(T) = n and let the null space N (T') have dimension k. We
construct a basis for the domain that separates the vectors mapped to zero by
T from those preserved by T

Construction of the Basis Let {e1, e, ..., ex} be a basis for the null space N (7).
Because N (T) is a subspace of D(T), the Basis Extension Theorem permits
adding n — k vectors to form a complete basis for the domain D(T'):

{€1, s ekyChity. sent
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Codomain Y

Domain X
Image of fiber
N(T) °
Image of fiber
°
4 5 T(N(T)) = 0
Image of fiber
L ] ° ° Image of fiber
[ )

FIGURE 4.1 Rank-Nullity Visualization. The domain X decomposes into
fibers parallel to the Null Space. Each fiber in the domain corresponds
to a one point in the codomain. The Null Space (red) is the unique fiber
that collapses to the zero vector.

Mapping to the Range Let w; = T'e; for the indices j =k +1,...,n. We will
establish that the set {wg41,...,w,} forms a basis for the range R(T).

Spanning Property Take any vector w € R(T). By definition, w = Tu for
some u € D(T'). We represent u in the extended basis: u = .- | a;e;. By the
linearity of T":

n k n
w="1T (Z aiei> = Z o; Te; + Z o, Te;
i=1 i=1

i=k-+1
Since eq, ..., e, are in the null space, Te; = 0 for i < k. Thus:
n
w = E oG W;
i=k-+1

proving that {wg41,...,w,} spans R(T).

Linear Independence Assume Y_" , ; Biw; = 0. By linearity, T (3., ., Biei) =
0. This implies the vector v = > 71", | Bie; belongs to N(T). If v € N(T), it
must be representable as a combination of the first k basis vectors {eq, ..., ex}.
Because the set {eq,...,e,} is linearly independent, the only vector that can
be represented by both the first k£ vectors and the remaining n — k vectors is
the zero vector. Thus, 8; = 0 for all .

The set {wg41,...,w,} is therefore a basis for R(T). Its dimension is n — k.
We conclude:

dimR(T) =n —k=dimD(T) — dim N (T
Rearranging yields the identity. |
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The following theorem establishes the algebraic rule for inverting a com-
position of operators, formalizing the reversal of sequential operations, as
visualized in Figure 4.2.

Theorem 4.4 Inverse of a Product

Let X,Y, and Z be vector spaces. Let T: X - Y and S:Y — Z be
bijective linear operators. The product ST : X — Z is invertible, and
its inverse equals the product of the inverses in reverse order:

(ST)' =715t

ST

Space X —————> Space Y ———————> Space Z

(ST)"! =715~

FIGURE 4.2 The composition of operators and their inverses. The inverse
of the sequence maps backward through the intermediate space Y.

PRrROOF: To prove that T-1S~1! is the inverse of ST, it must be shown that
their composition yields the identity operator on the respective domains.

Existence Because T and S are bijective (injective and surjective), their com-
position ST is a bijection mapping X onto Z. Therefore, the inverse mapping
(ST)~! exists.

Left Inverse Property Apply the proposed inverse to the product ST'. For any

vector u € X:
(T_lS_l)(ST)u = T_l(S_l(S(Tu)))

By the associativity of operator multiplication, regroup the terms. Because
S~ is the inverse of S, S™1S is the identity operator Iy on space Y:

T S8 (Tu) = T~ (Iy)(Tu) = T~ (Tu)
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Because T~ 'T is the identity operator Ix on space X:
T Y Tu) = (T7'T)u=Ixu=u

Thus, (T71S71)(ST) = Ix.
Right Inverse Property The proof for the right inverse is analogous, establishing
(STY(T~1S7Y) =1I5.

Because the operator T-'S~! acts as both a left and right inverse to ST,
it is the unique inverse (S7T)~1. [ |

Since operator multiplication is generally non-commutative, the order of
factors must be preserved. When inverting transformations, the sequence of
inverted operators is reversed.

EXERCISES

1. Verifying Linearity. Determine whether the following mappings 7" are lin-
ear operators. If not, identify which property (additivity or homogeneity)
fails.

(a) Buclidean Translation: T : R? — R? defined by T'(u) = u+wvg where
vo # 0 is a fixed vector.

(b) Modulus: T : R? — R defined by T'(u) = |Jul|2.

(¢) Evaluation: T : Cla,b] — R defined by T'(u) = u(c) for a fixed
c € la,b].

(d) Squaring: T : Cla,b] — Cla,b] defined by (Tw)(t) = (u(t))?.

(e) Right Shift: T : £? — (% defined by T'(&1,&a,...) = (0,&1,&2,...).

2. Null Space and Range. Let X be the space of all polynomials. Consider
the differentiation operator D : X — X defined by Du(t) = u/(t) and
the integration operator J : X — X defined by Ju(t) = fot u(T)dr.

(a) Describe the null space V(D) and the range R(D).
(b) Describe the null space N'(J) and the range R(.J).
(c¢) Is D injective? Is J injective?

3. Commutativity of Operators. Let X be the space of polynomials. Let D
be the differentiation operator and M be the multiplication operator
defined by (Mu)(t) = tu(t).

(a) Calculate (DM)u and (M D)u for an arbitrary polynomial wu(t).
(b) Show that DM — M D = I (the identity operator).

4. Rank-Nullity Application. Let T : R® — R3 be a linear operator repre-
sented by a matrix A.

(a) What is the maximum possible dimension of the range R(7")?
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(b) If the dimension of the range is 3, what is the dimension of the null
space N (T')?

(¢) Can such an operator T ever be injective? Use Theorem 4.3 to
explain why or why not.

5. Inverse of a Translation. Consider the operator T : />° — (> defined by
T(fl,fg, e ) = (62,537 [N ) (the Left Shlft)
(a) Find a non-zero sequence u such that Tu = 0.
(b) Does T—! exist? Explain using the relationship between inverses
and null spaces.
6. Properties of the Null Space. Let S,T : X — Y be linear operators.
(a) Prove that N (T') C N(ST) is false in general. (Hint: Consider the
domains).
(b) Let T: X — Y and S :Y — Z. Prove that N(T') C N(ST).
(c) Prove that if S is injective, then N'(ST) = N(T).
7. Algebraic Reflerivity. Let T : X — Y be an invertible linear operator.
Prove the following algebraic identities:
(a) (T7) 1 =T.
(b) (¢T)~' = LT for any scalar ¢ # 0.
8. The Cayley-Hamilton Concept. Let T : R? — R? be defined by the matrix
A 1 2
—\0 3)°
(a) Calculate the operator 7% — 4T + 31.
(b) Verify that for any vector u € R?, (T? — 4T + 31)u = 0.

9. Finite vs. Infinite Dimensions. Let T : X — X be a linear operator.

(a) If X is finite-dimensional, prove that T is injective if and only if it
is surjective.

(b) Let X be the space of polynomials. Let D be the differentiation
operator. Is D surjective? Is it injective? Does this contradict part

(a)?

4.2 BOUNDED AND CONTINUOUS OPERATORS

Section 4.1 analyzed linear operators from an algebraic standpoint, treating
vector spaces as structures defined by addition and scalar multiplication.
Functional analysis unifies algebra and topology. The analysis extends beyond
whether a mapping preserves vector operations to whether it respects the
geometry of the space.
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In finite-dimensional spaces (e.g., R™), geometry and algebra are linked:
every linear operator is continuous. If a sequence of vectors w,, approaches a
limit u, the transformed sequence T'u,, approaches Tu.

In infinite-dimensional spaces, this stability is not guaranteed. A linear
operator can map a convergent sequence to a divergent one, or map a bounded
vector to one of infinite length. To classify stable operators, we define bound-
edness.

Definition 4.5 Bounded Linear Operator

Let X and Y be normed spaces. A linear operator T': D(T) — Y is
bounded if there exists a real number ¢ > 0 such that for all vectors
u e D(T):

[Tu]] < cf|ull

If such a constant exists, the operator is bounded. Otherwise, we say
the operator is unbounded.

The inequality ||[Tu|| < ¢||lu|| provides a geometric constraint: T maps
bounded sets in the domain to bounded sets in the codomain. If a set M C D(T)
is contained in a ball of radius r, its image T'(M) must be contained in a ball
of radius cr.

If an operator is bounded, numerous constants ¢ satisfy the boundedness
inequality. The norm is the infimum of these constants.

Definition 4.6 Norm of an Operator

The norm of a bounded linear operator T', denoted by ||T||, is defined

as:
[Tl

weD(T) [l
u#0

1T =

This definition establishes the bounding inequality:
[Tull < TNl

Applying the homogeneity of the norm (||au|| = |«|||ul), the definition is
reformulated to evaluate vectors exclusively on the unit sphere, as visualized
in Figure 4.3.

1T = sup || Tull
ueD(T)
[lul=1
This formulation means that the norm of T is the radius of the minimal ball
in Y containing the image of the unit sphere from X.
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Domain X Codomain Y
/\ 7 \\
z / 17|
\
! \ Max Length
1 ' sup [|Tz||

IBound sphere

Unit Ball " Tmage Ball -

FIGURE 4.3 The operator norm. The operator T" maps the unit ball of X
into an ellipsoid in Y. The norm ||7'|| is the length of the longest vector
in this image.

Example 4.7

To evaluate boundedness, we examine operators using the uniform
norm |ju|| = max |u(t)| for function spaces.

1. The Identity Operator (I): Let I : X — X be defined by ITu = u.
[ulf = flull

Comparing this to the inequality ||Tu|| < ¢||lu||, the constant ¢ = 1
satisfies the bound. Because a vector exists where equality holds, the
norm is equal to 1.

1] =1

2. The Zero Operator (0): Let 0 : X — Y be defined by Ou = 0.
10ull = [0 = 0 < 0 [ull

Thus, the zero operator is bounded with norm ||0]| = 0.

3. The Differentiation Operator (Unbounded): Let X be the space of poly-
nomials on [0, 1] equipped with the uniform norm. Let T" be defined by
Tu(t) = u/'(t).

Evaluate the sequence of polynomials u, (t) = t™.
e Input Size: The maximum of [t"| on [0, 1] is 1. Thus, ||u,| = 1.
e Output Action: The derivative is u, (t) = nt" L.

e Output Size: The maximum of |[nt"~!| on [0,1] occurs at t = 1,
simplifying to n. Thus, [|[Tu,| = n.
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The ratio of output to input is:

[Tunll _n

lunll 1

=N

Since n can be arbitrarily large, no finite constant ¢ bounds this ratio.
Consequently, differentiation is an unbounded operator on this space.

4. The Integration Operator (Bounded): Let X = ([0, 1] with the uniform
norm. Define T' by Tu(t) = fot u(r)dr. We evaluate the bound of the

output: . .
|Tu<t>' [ wtrir| < [ futrar

Since |u(7)] < max|u(t)| = ||ul|, substituting the bound yields

t
Tu(®)] < [ Juldr = Jul -
Since ¢ € [0, 1], the maximum value is bounded by ||ul|:

Tul| = Tu(t)] <
[Tul = max [Tu(®) < [u]

This establishes ||Tu|| < 1 - ||u||. Thus T is bounded and ||T]| < 1.
(u(t) = 1 implies | T|| = 1). N

In general topology, determining continuity requires evaluating limits at
every point in the domain. However, because linear operators preserve vector
addition and scalar multiplication, their local behavior determines their global
behavior. The following theorem establishes that for linear operators, bound-

edness and continuity are equivalent, a geometric relationship visualized in
Figure 4.4.

Theorem 4.8 Equivalence of Boundedness and Continuity

Let X and Y be normed vector spaces, and let T': X — Y be a linear
operator. The following statements are equivalent:

1. T is continuous at the origin (0).
2. T is bounded (||| < o0).

3. T is uniformly continuous on the space X.

PROOF: We prove the implications in the circular order (1) = (2) =
3) = (D).

Continuity at Origin implies Boundedness Assume 7' is continuous at 0. By
definition, for € = 1, there exists a § > 0 such that for all u € X:

Jul| <6 = [[Tull <1
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Restrict the operator on the unit sphere. Let v be a vector with ||v|| = 1. Define
the scaled vector u = dv. Because ||u|| = d, the bound is satisfied:

IT(0v)] <1

By the linearity of T and the homogeneity of the norm, the scalar § is extracted:

1
STl <1 = ] < 5

Since this holds for any unit vector v, the operator norm is finite: || =
supyj =1 [T0]| < 5 < oo

Boundedness Implies Uniform Continuity Assume T is bounded with ||7']| < oo.
For any two vectors u,w € X:

[Tu = Tw|| = T(w = w)|| < [T[llu—w]|

Given any € > 0, define 6 = €/||T|| (assuming ||T|| > 0). Substituting this
limit:

lu—w|| <d = ||[Tu—Tw| < ||T] - <H;H) =€
Since 0 depends exclusively on the constant ||T|| and e (independent of the
position of u), T is uniformly continuous.

Uniform Continuity Implies Continuity at Origin If 7" is uniformly continuous on
X, it is continuous at every specific point, including the origin v = 0. |

Domain X Codomain Y
/[_* o T
Scale down ) // w
| | Il < Bt

N

d-ball Unit ball

FIGURE 4.4 Continuity at the origin guarantees that small vectors (w)
map to bounded vectors (Tw). By linearity, this bound scales up to
arbitrary vectors (v), proving global boundedness.

The null space N (T) of a linear operator is a vector subspace. When the
operator is bounded, this subspace is automatically closed.
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Corollary 4.9

Let T : X — Y be a bounded linear operator defined on a normed
space X. The null space N (T') is a closed subspace of X.

PROOF: The proof uses the definition of continuity regarding preimages.

Identify the Preimage The null space is the set of vectors mapping to the zero
vector:
NT)={ue X |Tu=0}

In set-theoretic terms, this is the inverse image (preimage) of the singleton set

{0}:
N(T)=T""({0})

Evaluate the Target Set In any normed space, a singleton set consisting of a
single point (such as {0}) is a closed set.

Apply Continuity Because T is a bounded linear operator, Theorem 4.8 estab-
lishes that 7" is continuous. The inverse image of a closed set under a continuous
mapping is closed. Thus, the preimage T-({0}) = N(T) is closed. |

This corollary provides a method to establish that an operator is unbounded.
If a sequence of vectors (u,) satisfies the following conditions:

1. Each w, is in the null space (T'u,, = 0),
2. The sequence converges to a limit v (u,, — u),

3. The limit « is not in the null space (T'u # 0),

then the null space is not closed. By the contrapositive of Corollary 4.9, the
operator 7" is not bounded. J

Differentiation acts on the infinite-dimensional space of polynomials and is
an unbounded operator. In a finite-dimensional domain, the geometric structure
prevents unbounded behavior. The existence of a finite basis forces every linear
operator to be bounded, as visualized in Figure 4.5.

Theorem 4.10 Boundedness in Finite Dimensions

Let X be a finite-dimensional normed space and Y be any normed
space. Every linear operator 7' : X — Y is bounded.

PROOF: Let dim X = n and let {e,ea,...,e,} be a basis for X.

Bound the Basis Images Because the basis is finite, the set of norms of the
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Domain X (Dim n) Codomain Y
T61
€1
‘i T
—_—
TEQ
€2

Since there are n basis vectors,
their images have a maximum length K.
This K bounds the operator.

FIGURE 4.5 In finite dimensions, the operator is determined by a finite
set of images T'e;, preventing unbounded scaling.

image vectors {||Te1||, || Tezl,-..,||Ten|} is a finite set of real numbers. Let
K denote the maximum of these lengths:

K = max ||Te,|
1<j<n

Basis Expansion and Linearity Consider an arbitrary vector v € X. Expand u
uniquely in terms of the basis:

n
u = E Q€4
j=1

Calculate the norm of the image || Tu|| by applying linearity:

n n
ITul = T | D aje; ||| =D ai(Te))
j=1

Jj=1

Apply the Triangle Inequality Applying the Triangle Inequality isolates the scalar
coeflicients:

n n
D ai(Te)|| <oyl Te
j=1 j=1

Substitute the maximum bound K:

ITull < K)oy

j=1

Relate Coefficients to the Norm We relate the sum of coefficients ) |c;| to the
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norm of the vector ||u||. On a finite-dimensional space, all norms are equivalent.
Consider the ¢!-style norm defined by |lull; = 3" |a;|. Because || - ||; and the
given norm || - || are equivalent on X, a constant m > 0 exists such that:

L 1
Z o] < %Ilul\
j=1

Final Inequality Substituting this equivalence into the estimate yields
K
[Tull < —[ull
m

Defining ¢ = K/m satisfies the condition ||Tu|| < c||u|| for all w. Thus, T is
bounded. n

In analysis, defining an operator on a dense subset (such as polynomials or
smooth functions) and extending it to the entire space is a standard procedure.
The following theorem, visualized in Figure 4.6, guarantees that if the operator
is bounded, it can be uniquely extended without increasing its norm.

Theorem 4.11 Bounded Linear Extension

Let T': D(T) — Y be a bounded linear operator where D(T) is a dense
subset of a normed space X, and Y is a Banach space. There exists a
unique bounded linear extension 7' : X — Y such that:

1. Tu = Tu for all u € D(T).
2. The norm is preserved: || T = ||T.

PROOF: The proof is constructive, defining T explicitly using limits.

Construction of T' Let z be a vector in X. Because D(T) is dense, there exists
a sequence (uy,) in D(T) such that u, — x. Consider the sequence of images
(Tuy,) in Y:

[Tun = Tl = T (un = wm) || < [ T[[lun = wm

Since (u,,) converges, it forms a Cauchy sequence in X . The bounding inequality
establishes that (T'w,) forms a Cauchy sequence in Y.

Use Completeness of Y Because Y is a Banach space, every Cauchy sequence
converges. Therefore, (T'u,) possesses a limit y € Y. Define the extension by
this limit:
Tz =y= lim Tu,
n—oo

Well-definedness Assume (v,,) is an alternative sequence in D(T') converging to
2. It must be verified that lim Tv,, equals lim T'u,,.

[Tun = Tonll = T (un — va) | < [T[[[tn — onl|
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Normed Space X Banach Space Y

Extension by Continuity
Because un — z, the images T'up converge.
The completeness of Y ensures the limit Tz exists.

FIGURE 4.6 The bounded linear extension theorem defines the operator
on the topological gaps (red dot) by evaluating the limit of the dense
subset sequence (black dots).

Since u,, — = and v, — =, the difference ||u, — v,| — 0. The limits are
identical, confirming 7" is well-defined.

Linearity of T Let z,z € X. Select sequences u,, — = and w,, — z. The linear
combination converges: (au, + fw,) — (ax + 52).

T(ax + Bz) = lim T(au, + pwy,)
n—oo
Applying the linearity of 7"
= lim (aTu, + fTw,) = alimTu, + flimTw, = aTz + BTz
n—oo

Preservation of Norm Evaluating the limit as n — oo and applying the continuity
of the norm:

[Tz = lim || Tun || < ([T [[un ) = [T]/]2]|
This establishes ||| < ||T'||. Conversely, because T is an extension of T" acting
on an expanded domain, its supremum cannot decrease. Thus, || T|| = ||T|.
Uniqueness Assume S is an alternative continuous extension. For any x € X,

construct u, — x where u,, € D(T'). Because S is continuous:

Sx = lim Su,
n—oo

Since u,, lies in the original domain, Su,, = Tu,. Thus:

Sz = lim Tu, =Tz

n—r oo

Therefore, S = T. |



Linear Operators and Functionals B 101

EXERCISES
1. Matriz Norms on R2. Let T : R?2 — R? be defined by the matrix
A (20
—\0 3)°
(a) Calculate | T'u|| where v = (1,0) and u = (0, 1) using the Euclidean
norm.

(b) Show that ||T|| = 3.

(c) If the norm on R? is changed to the sum norm |lul; = [&] + [,
what is the new operator norm ||T||;?

N

The Integration Operator Norm Let T : C[O 1] — C10, 1] be the integra-
tion operator defined by (T'u)( fo
(a) Tt was established that ||T || < 1. Consider the constant function
u(t) = 1. Calculate ||Tu|| and ||ul|.
(b) Does this prove that ||T|| = 17 Explain Why
(c) Consider the operator S defined by (Su)( fo 7)dr. Show that
IS] = 1.

3. Unboundedness of Differentiation. Consider the space of polynomials
P[0, 1] equipped with the uniform norm. Let D be the differentiation
operator.

(a) Find a sequence of polynomials (u,) such that |lu,| = 1 for all n,
but || Duy,|| — oc.

(b) Does this imply D is discontinuous everywhere, or exclusively at
specific points? (Refer to Theorem 4.8).

4. Multiplication Operator. Let X = C|0,1]. Define T : X — X by (Tu)(t) =
t2u(t).
(a) Show that T is linear.

(b) Prove that T is bounded and calculate the norm ||7'||. (Hint: Evalu-
ate the maximum of 2 on [0, 1]).

5. Shift Operators on £>°. Let X = £ (the space of bounded sequences).
(a) Right Shift: R(&1,&2,...) =(0,&1,&2,...). Show that ||R|| = 1.
(b) Left Shift: L(&1,&,...) = (£2,&5,...). Show that ||L|| = 1.
(c) Is the Left Shift operator injective? Is the Right Shift operator
surjective?

6. Norm of a Composition. Let T : X — Y and S : Y — Z be bounded
linear operators.

(a) Prove that the composition ST is bounded.
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10.

11.

4.3

B A Visual Approach to Introductory Functional Analysis
(b) Prove the sub-multiplicative inequality:
ST < [[SIIIT

(¢) Provide an example where strict inequality holds (||[ST|| < [|S|IIIT])-
(Hint: Use projection matrices on R?).

. Space Dependence of Boundedness. Let X be the space of sequences

possessing finitely many non-zero terms. Let T : X — X be defined by
T(&k) = (k&k).
(a) If X is equipped with the sup-norm ||- ||, show that 7" is unbounded.

(b) Can a weighted norm be defined on X such that T becomes
bounded?

. Closedness of the Kernel. Let T : Cla,b] — R be the functional defined

by T'(u) = u(a).

(a) Show that T is a bounded linear operator.

(b) Describe the null space N (T).

(c) Explain why the set of functions vanishing at x = a is a closed

subspace of Cla, b].

Extension of Functionals. Let X be the space of polynomials on [0,1] (a
dense subspace of C[0,1]). Let T : X — R be defined by T'(u) = fol u(t)dt.
(a) Show that T" is bounded on the subspace of polynomials.
(b) According to the Bounded Linear Extension Theorem, what is the

unique extension T of this operator to the full space C [0,1]7

Operator Limit. Let T, : > — (% be defined by T,(&1,8&,...) =
(&1,&2,...,£,,0,0,...) (the truncation operator).

(a) Show that each T, is a bounded linear operator.

(b) Does the sequence of operators (T,) converge to the identity operator

I in the operator norm? (i.e., does ||T,, — I|| — 07)

Fized Point Concept. Let T : X — X be a bounded linear operator
satisfying ||T]| < 1.

(a) Prove that for any u € X, the sequence defined by z,1 = Tz,
converges to 0.

(b) Why is the condition ||T'|| < 1 required? What occurs if T = T
(where ||T|| =1)?

DIRECT SUMS AND PROJECTIONS

In functional analysis, the decomposition of a vector space into independent,
complementary subspaces is a core structural operation. Unlike elementary
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linear algebra, where algebraic independence is sufficient, decompositions in
infinite-dimensional normed spaces must preserve the topology to ensure that
limits remain well-defined across the subspaces.

Topological Direct Sums

A normed space admits a direct sum decomposition if it can be partitioned
into two complementary subspaces such that the projection between them is
continuous.

Definition 4.12 Topological Direct Sum

Let X be a normed space, and let Y and Z be subspaces of X. The
space X is the topological direct sum of Y and Z, denoted by X =Y & 7,
if it satisfies two criteria:

1. Algebraic Decomposition: Every vector x € X admits a unique
representation as a sum:

r=y+2z whereyeY and z€ Z

(This uniqueness implies that the intersection is trivial: Y N Z =
{0}).

2. Topological Stability: The linear projection operator P : X — Y,
defined by P(y + z) = v, is a continuous (bounded) mapping.

The operator P characterizes the projection of X onto the subspace Y
parallel to the subspace Z. A property of any projection is idempotence,
meaning iterative applications of the operator yield no further alteration
(P? =P).

Evaluating a vector x = y + 2, the initial projection yields:

Pr=Ply+z2)=y

Since the vector y lies in Y, its subsequent decomposition is y = y + 0.
Consequently, evaluating the operator a second time resolves to

P(Pz)=P(y)=Py+0)=y

Since P(Px) = Px holds for all vectors in the space, the operator is idempotent.

While the definition of a topological direct sum requires the continuity of
the projection P, direct verification is frequently difficult. In Banach spaces,
the algebraic decomposition of the space into closed subspaces is sufficient to
guarantee the continuity of the projection. We only state this result. The proof
uses the Bounded Inverse Theorem and so is reserved in the Appendix.
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Theorem 4.13 The Decomposition Theorem

Let X be a complete Banach space. If X is the algebraic direct sum
of two closed subspaces Y and Z (X =Y @ Z), then the projection
operator P mapping X onto Y along Z is continuous.

A one-to-one correspondence exists between algebraic direct sum decompo-
sitions and idempotent projection operators.

Theorem 4.14 Projections and Direct Sums

Let X denote a vector space.
1. If P: X — X is a linear operator satisfying idempotence (P? =
P), then X decomposes into the algebraic direct sum of the range

and the null space of P:

X =R(P)®N(P)

2. Conversely, if X = Y @ Z, there exists a unique idempotent
projection P satisfying R(P) =Y and N (P) = Z.

PROOF OF (1):

Existence of Decomposition For an arbitrary vector = € X, construct the
identity:
x = Px+ (z — Px)

Define the components y = Pz and z = x — Px. By definition, y € R(P). To
verify the placement of z, apply the operator P:

Pz = P(z — Px) = Pz — P’z

Since P is idempotent (P? = P), this evaluates to Pz = 0, guaranteeing
z € N(P). Thus, z admits a valid decomposition.

Uniqueness of Decomposition Assume = permits two distinct decompositions:
T=y1+ 21 =yY2+ 22

where y1,y2 € R(P) and 21,22 € N(P). Algebraic rearrangement yields
Y1 — Y2 = 22 — 21. Define the vector v = y; — yo2 = 29 — z1. Because R(P) and
N (P) are linear subspaces, v belongs to both the range and the null space.
Since v € R(P), there exists a vector u such that Pu = v. Consequently,
Pv = P(Pu) = P?>u = Pu = v. Because v € N(P), the operator dictates
Pv = 0. Synthesizing these evaluations forces v = 0, ensuring y; = y» and
z1 = z3. The decomposition is unique. |
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Null Space Z = N(P)

y = Px

Range Y = R(P)

FIGURE 4.7 The mapping of a direct sum X =Y @ Z. The idempotent
operator P projects onto the range Y along the trajectory of the null
space Z.

Complemented Subspaces

A subspace Y is complemented in X if it can be isolated from the space via a
decomposition that preserves the topology.

Definition 4.15 Complemented Subspace

Let X denote a normed space. A subspace Y C X is complemented
if there exists a closed subspace Z C X, defined as the topological
complement, such that X forms the direct sum of Y and Z:

X=YaZ

The existence of topological complements highlights a geometric variance
between finite and infinite-dimensional spaces:
e Finite Dimensions: Every subspace is complemented. A basis for the
subspace can be extended to span the space.

e Hilbert Spaces: Every closed subspace is complemented. The geometry
ensures the existence of an orthogonal complement (Z = Y1).

e Banach Spaces: In general complete normed spaces, closed subspaces
frequently fail to be complemented. For example, the subspace ¢q is
closed in ¢*° yet theory dictates that no continuous projection maps £*°
onto cg.
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EXERCISES

1.

The Complementary Projection. Let X be a vector space and let P :
X — X be an idempotent projection operator (P? = P). Define the
complementary operator () = I — P, where [ is the identity operator.

(a) Prove that @ is also an idempotent projection operator.

(b) Prove that the range of @ equals the null space of P (R(Q) = N (P)),
and the null space of @ equals the range of P (N (Q) = R(P)).

(¢) Verity that PQ = QP = 0.

Bounded Projections and Closed Subspaces. Let X be a Banach space
and P : X — X be a bounded projection operator. Prove that both the
range R(P) and the null space N'(P) are closed subspaces of X. (Hint:
For the null space, evaluate the continuity of P acting on a convergent
sequence x,, — x where Px,, = 0. For the range, apply the same principle
to the bounded complementary projection I — P.)

Decomposition of Continuous Functions. Let X = C[—1,1] be the space
of continuous functions on [—1,1] equipped with the uniform norm.
Define Y as the subspace of even functions (f(—t) = f(t)) and Z as the
subspace of odd functions (f(—t) = —f(t)).

(a) Prove that X is the algebraic direct sum of Y and Z (X =Y & Z)
by constructing the unique decomposition of an arbitrary function
feX.

(b) Define the projection operator P : X — Y. Prove that P is a
continuous linear operator.

(c¢) Conclude that X is the topological direct sum of Y and Z.

. Product Space Norms. Let Y and Z be complete Banach spaces. Construct

the product space W =Y x Z. Prove that W is a Banach space when
equipped with the maximum norm:

1(y, 2)[lw = max([[y]ly, l|z]lz)

(This establishes that the choice between the sum norm ||y|| + ||z|| utilized
in the text and the mazimum norm yields equivalent topological spaces.)

Orthogonal Complements in Hilbert Spaces. Let H be a Hilbert space and
Y a closed subspace of H. The Projection Theorem for Hilbert spaces
dictates that any vector x € H possesses a unique closest point y € Y,
and the difference vector z = x — y is orthogonal to Y (z € Y'1). Utilize
this theorem to prove that H is the topological direct sum of Y and Y*:

H=YaoY"

Finite-Dimensional Complements. Let X be a normed space and Y a
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closed subspace. Assume Z is a finite-dimensional subspace of X such
that Y N Z = {0}. Prove that the algebraic direct sum Y & Z is a closed
subspace of X. (Hint: Utilize the Lower Bound Lemma to establish the
continuity of projections on the finite-dimensional component.)

44 LINEAR FUNCTIONALS

Sections 4.1 and 4.2 considered linear operators T : X — Y where Y is an
arbitrary vector space. In this section, Y is restricted to a scalar field (either
R or C).

These operators function as measurement tools, compressing an object—a
function, a sequence, or a vector—into a scalar. These mappings are called
linear functionals. They form the foundation of the dual space.

Definition 4.16 Linear Functional

A linear functional f is a linear operator with domain D(f) in a vector
space X and range in the scalar field K of X.

f:D(f) =K
Thus, for all vectors u,v € D(f) and scalars «, (:

flau+ Bv) = af (u) + Bf(v)

As with general operators, linear functionals are classified as bounded or
unbounded.

Definition 4.17 Bounded Linear Functional

A linear functional f is bounded if there exists a real number ¢ such
that for all uw € D(f):

[f(w)] < cffuf

The norm of a bounded linear functional is defined identically to the
operator norm, evaluating the norm in the range as the absolute value:

v
7= s = up )
weD(f) [l ueD(f)

U0 lull=1

For every vector u € X, the bounding inequality applies:

LF )] < ([ FIlull

Since a linear functional is a specific type of linear operator, the equivalence
of boundedness and continuity applies.
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Example 4.18

The following examples evaluate linear functionals across different
spaces to determine the norm || f||, representing the maximum scaling
factor of the functional.

1. The Dot Product Functional. Let X = R" equipped with the Euclidean
norm |jul] = (3 u?)l/z. Fix a vector a = (ay,...,a,) € R™. Define the
linear functional f : X — R by the dot product:

flu)y=u-a= i:ujaj
j=1

Applying the Cauchy-Schwarz Inequality estimates the absolute value of
the output:

1/2 1/2

n n n
F)] = e < [ D3 > a
j=1 j=1 j=1

In vector notation, this evaluates to |f(u)| < |Jull||a||, establishing the
bound || f]| < |lal|. To evaluate if the supremum achieves this bound, let
a # 0 and set u = a:

fa)=a-a=|a|?

The ratio of output to input evaluates to

@] a2
Tal ~ fa = e

Since the supremum cannot be less than this value, and the upper bound
is ||a||, it follows that ||f|] = ||a||. In Euclidean space, the norm of the
linear functional equals the length of its defining vector.

2. The Sequence Functional (Space £?). Let X = (2 (the space of square-
summable sequences). Fix a sequence a = (a;) € (2. Define f: (> - R
by:

flu) =" uja;
j=1

Applying the Holder Inequality (the sequence generalization of Cauchy-
Schwarz):

1/2 1/2

[eS) S
)l = > ujag| < [ DIl > lagl?
j=1 j=1

— - =1
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This establishes | f(u)| < ||ul|||a||, yielding the bound || f]| < ||a|]. Choos-
ing the input u = a evaluates to f(a) = ||al|?, establishing the ratio as
lall. Thus, [|f[| = ||l

. The Definite Integral (Space Cl[a,b]). Let X = CJa,b] be the space of
continuous functions on [a, b], equipped with the uniform norm |ul| =
maxye(q,p) [u(t)]. Define f by:

b
flu) = / u(t) dt
Evaluate the bound of the integral:

/abu(t) dt| < /ab lu(t)] dt

Because |u(t)| < max |u(t)| = ||u| for all ¢:

[f(u)] =

b b
/ ()| dt < / lul dt = [[ull(b — a)

This establishes |f(u)| < (b — a)||u|, yielding the bound || f|| < b— a. To
maximize the integral, evaluate the constant function ug(t) = 1. The
norm is |jug|| = 1, and the functional evaluates to:

b
f(uo):/ ldt=b-a

The ratio is (b — a)/1. Therefore, || f|| = b — a.

. The Evaluation Functional/Dirac Delta (Space C|[a,b]). Let X = C|a,b]
with the uniform norm. Fix a coordinate ty € [a, b]. Define f by evaluating
the function at that specific coordinate:

f(u) = ulto)

For any function u, the value at a single coordinate is bounded by the
maximum value across the interval:

[f ()] = [u(to)| < max fu(t)] = [|u]
tela,b]
This establishes | f(u)] < 1-||u||, yielding || f|] < 1. Evaluating the constant

function ug(t) = 1 yields |lug|| =1 and f(uo) = 1. Thus, || f]| = 1.

. An Unbounded Functional (Space of Polynomials). Let X be the space of all
polynomials on [0, 1] equipped with the uniform norm |u| = max |u(t)].
Define f as the derivative evaluated at ¢t = 1:

flu) =/ (1)

Evaluate the sequence of polynomials u, (t) = t™.
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o Input Size: |Juy|| = max,cp 1 [t"] = 1.
e Action: The derivative is u/,(t) = nt" 1.
o Output: f(u,) =u,(1) =n(1)""t =n.

The ratio |f(un)|/||unl] = n/1 = n. Because n diverges, no constant ¢
satisfies | f(u)| < ¢|lu||. Thus, this functional is unbounded. 4

EXERCISES FOR SECTION 4.3

1. Verifying Linearity. Determine whether the following mappings f : X —
R are linear functionals.

(a) On X =R3: f(u) = & + 26 — 3&3.

(b) On X =R’ f(u ) ||§H
(c) On X =C[0,1]: f fo
(d) On X = CI0,1]: f fo t)sintdt.

(e) On X =R™*" (matnces). f(A) = tr(A) (the trace).
2. Calculating Norms in Finite Dimensions. Let X = R2. Consider the
functional f(u) = 2&; — 3&,. Find the norm || f]| if X is equipped with:
(a) The Euclidean norm ||ul|s = (&7 + £3)'/2.
(b) The sum norm ||ul|; = |&1] + |€2]-
(¢) The max norm |jul|ec = max(|&1],[&2]).

3. Weighted Integral Functional. Let X = C10,1] with the uniform norm.
Fix a continuous function g € C[0, 1]. Define f by:

f(u) = / u(t)g(t) di

Show that || f]| = ﬁ) lg(t)| dt. (Hint: To maximize the integral, define ()
to align with the sign of g(¢ ))

4. FEvaluation on Different Spaces. Consider the evaluation functional f(u) =
u(0).

(a) Tt is established that f is bounded on C[—1, 1] equipped with the
uniform norm.

(b) Consider the subspace of continuous functions inside L?[—1,1]
(equipped with the L? norm). Show that f is unbounded in this
setting. (Hint: Construct a sequence of functions that spike at 0
while the integral area converges to 0).

5. The Sum Functional. Let X = (! (absolutely summable sequences).

Define f(u) = ZJO; &
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(a) Show that f is a bounded linear functional.
(b) Calculate ||f].
(c) Does this functional remain bounded if defined on ¢2?

6. The Geometric Series Functional. Let X = (> (bounded sequences).

Define f(u) = 2%, &

j=1127"
(a) Prove that |f(u)| < ||u/|eo for all u.
(b) Find the norm || f||.

4.5 DUAL SPACES

Previous examples established two classes of linear functionals: bounded (e.g.,
the definite integral) and unbounded (e.g., differentiation). This distinction
requires specifying the functional collection under evaluation.

Evaluating a vector space X from an algebraic perspective—excluding
distance, convergence, or continuity—yields the set of all linear functionals
defined on X, as visualized in Figure 4.8.

Definition 4.19 Algebraic Dual Space X’

The Algebraic Dual Space, denoted by X', is the vector space consisting
of all linear functionals f: X — K.

The Dual Space X’ Tar%‘et K

_______________

Input Domain

X E

FIGURE 4.8 The algebraic dual X’. The dual space contains the function-
als (f and g) that map vectors into scalars. The same vector u yields
distinct scalar limits depending on the functional evaluating it.
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The space X’ is a vector space because functionals satisfy pointwise addition
and scalar multiplication:

(f +9)(x) = f(z) + g(x)
(af)(x) = af ()

In algebra, X’ is the exclusive dual space. In analysis, X’ frequently contains
discontinuous functionals that violate topological structure. Consequently,
analysis restricts evaluation to bounded (continuous) functionals.

Definition 4.20 Topological Dual Space X*

The Topological Dual Space (or the Dual Space), denoted by X*, is the
vector space consisting of all bounded linear functionals defined on X.

In functional analysis and its applications, the term “dual space” defaults
to X*. The relationship between X’ and X* depends on the dimension of the

domain X.

On a finite-dimensional space, every linear operator is bounded. Con-
sequently, the algebraic and topological duals are identical (X' = X*). In
infinite-dimensional spaces, unbounded functionals exist. These functionals
belong to the algebraic dual X’ but are excluded from the topological dual X*.
The topological dual X* forms a proper subspace of the algebraic dual X’.

In finite-dimensional linear algebra, an operator A possesses a transpose A7 .
In abstract Banach spaces, this concept is generalized as the adjoint operator,
visualized in Figure 4.9.

Definition 4.21 The Adjoint Operator

Let X and Y be normed spaces and let T': X — Y be a bounded linear
operator. The adjoint operator 7% : Y* — X is defined by the identity:

(T*y*)(z) = y*(Tx)

for all functionals y* € Y* and all vectors = € X.

Elements of the dual space Y* are denoted as y*. Because y* is a functional:
e y*(Tx) denotes the functional y* evaluated at the vector Tx.

o (T*y*)(x) denotes the new functional (T*y*) evaluated at the vector .
While T maps vectors forward from X to Y, the adjoint 7™ maps functionals

backward from Y™ to X*.
The adjoint operator preserves the geometry of the original operator.
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Space X I > Space Y

T Tx

Scalars K

FIGURE 4.9 The adjoint operator T makes the diagram commute. The
evaluation can proceed by mapping the vector forward (7') and measur-
ing (y*), or mapping the measurement backward (7*) to evaluate the
original vector directly.

Theorem 4.22 Isometry of the Adjoint

The adjoint operator 7% is bounded, linear, and preserves the norm of

the original operator:
1T = |7

The proof requires a corollary of the Hahn-Banach Theorem and so is
reserved in the Appendix. |

Because X* is a Banach space, it possesses a dual space, denoted X** =
(X*)*. This is the space of functionals that evaluate functionals. Vectors in X
can be structured as elements of this double dual.

If a vector x € X is fixed, it defines a function .J, that acts on elements of
the dual space:

Jo(27) = 2" (z)
The perspective shifts from x* evaluating x to x evaluating x*. This mapping
is visualized in Figure 4.10.

Definition 4.23 Canonical Embedding

The canonical mapping (or evaluation map) J : X — X** is defined by
mapping a vector z to the functional J, € X** defined by:

(Jp)(z¥) = a™(x) for all z* € X™.

Because J is a linear isometry, X is structurally a subspace embedded
within X** as shown in Figure 4.11. If the image J(X) is the entirety of X**,
we say that X is reflexive.
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@ Functional in X™*

Space X Spacé X**
s t ~
I Input to J,
1
1
! Scalar Output
7 Y
: -~ X
T > Jy x*(x)
(Canonical Map) L\ J
Vector
\ J

FIGURE 4.10 The canonical embedding. The embedding J assigns each
vector x to a functional J, in the double dual. This functional acts by
evaluating elements of the dual space X* at the point x.

Definition 4.24 Reflexive Space

A normed space X is reflexive if the canonical mapping J is surjective.

J(X) = X**

Examples of reflexivity include:
e Every finite-dimensional space is reflexive.

e (P spaces (1 < p < 00) are reflexive.

e (! and ¢ are not reflexive.

Theorem 4.25 Reflexivity implies Completeness

If a normed space X is reflexive, it must be a Banach space (complete).

ProOF: The double dual X** is the dual of the normed space X*. Dual
spaces are complete. The space X is isometric to X** in a reflexive space (see

Appendix). Therefore, X is complete.
[ |

EXERCISES

1. Null Space Geometry. Let f be a non-zero bounded linear functional on
a normed space X.

(a) Prove that the null space N'(f) is a subspace of codimension 1 (a
hyperplane).
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Double Dual X**

s ~
e ~

N
4 ®cxtra element in X**

Non-Reflexive Space (¢}, c)
X is only a subset of X**.

FIGURE 4.11 Reflexivity. In a reflexive space, X** is identically mapped
to X. In non-reflexive spaces, the double dual contains functionals that
do not correspond to any original vector.

(b) If f(u) = ¢ defines a level set parallel to the null space, calculate
the distance from the origin to this hyperplane in terms of ¢ and

I1f1]-
2. Continuity of Coefficients. Let X be a finite-dimensional space with
basis {e1,...,e,}. Any vector can be written u = ) a;e;. Define the

coordinate functionals f;(u) = «;. Prove that each f; is a continuous
linear functional. (This establishes that coordinates depend continuously
on the vector).

3. Annihilators. Let S be a subset of a normed space X. The annihilator
S+ is defined as the set of all bounded linear functionals f such that
f(u) =0 for all u € S.

(a) Prove that S is a vector subspace of the dual space.
(b) If S is dense in X, prove that S+ = {0}.
4. Composition. Let T : X — Y be a bounded linear operatorand g : ¥ — K
be a bounded linear functional on Y. Define f(u) = g(Tu).
(a) Show that f is a bounded linear functional on X.
(b) Prove that || f]| < [[g[[[[T]-
5. Matriz Transpose. Let X = R" and ¥ = R™. Let T : X — Y be
represented by the matrix A. Show that the matrix representing the

adjoint T* : Y* — X* (with respect to the dual bases) is the transpose
AT,



116

7.

Ne]

10.

11.

12.

13.

14.

15.

B A Visual Approach to Introductory Functional Analysis

The Shift Adjoint. Let X = (2. Let R be the Right Shift operator:
R(&1,&,...) = (0,&1,&, ... ). Identify the adjoint operator R*. (Hint:
Evaluate a functional satisfying (R*y*)(x) = y*(Rx)).

Properties of the Adjoint. Prove the following algebraic properties:
(a) (S+T)"=85*+T~

(b) (aT)* = aT™.

(¢) (ST)* =T*S*.

Annihilators and Ranges. Let T : X — Y be a bounded operator. Prove
that the null space of the adjoint is the annihilator of the range:

N(T*) = R(T)*

Subspaces of Reflexive Spaces. Prove that a closed subspace of a reflexive
space is reflexive.

Separability and Reflexivity. Assume the theorem: If X* is separable,
then X is separable.

(a) Utilize this theorem to prove that ¢! is not reflexive. (Hint: ¢! is
separable. Its dual is £>°, which is not separable. If ¢! were reflexive,
X** would be isomorphic to X, generating a contradiction).

Adjoint of a Dense Operator. Let T : X — Y be a bounded linear
operator. Prove that if the range R(T) is dense in Y (R(T) =Y), then
the adjoint operator T* : Y* — X* is injective. (Hint: If T*y* = 0, then
y*(Tx) =0 for all x. Apply the density of Tx to establish that y* is the
zero functional.)

Adjoint of a Surjection. Prove the condition: If T': X — Y is surjective
(onto), then T* is injective and bounded below (||T*y*|| > ¢||y*| for a
constant ¢ > 0).

The Double Adjoint Identity. Consider the second adjoint 7** : X** —
Y** . Let Jx : X - X* and Jy : Y — Y™ be the canonical embeddings.
Prove the commutative relation:

T Jx = JyT

Reflexivity is an Invariant. Let X and Y be isomorphic Banach spaces
(establishing a linear homeomorphism exists between them). Prove that
X is reflexive if and only if Y is reflexive.

The James Space. The James Space (J) is a Banach space isometric to its
double dual J**, yet the canonical map Jx : J — J** is not surjective.
Explain why Definition 4.24 requires the canonical map, rather than an
arbitrary isometry, to establish reflexivity.
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4.6 OPERATORS ON FINITE-DIMENSIONAL SPACES

This section considers the application of general operator theory to finite-
dimensional spaces, establishing matrix representations and defining the dual
basis to compute coordinates.

Matrix Representation of Linear Operators

While operators are denoted algebraically as y = Tz, finite-dimensional analysis
evaluates these mappings via matrices.

Let X and Y be finite-dimensional vector spaces over the field K, with
dim X = n and dimY = m. Establishing numeric representation requires
defining bases:

e Basis for X: E = {ey,e2,...,¢,}

e Basis for Y: B = {by,ba,...,bn}

Because {e;} forms a basis, the operator 7' is determined by its action on
these n vectors. The image T'e; is a vector in the codomain Y, formulated as
a unique linear combination of the basis vectors of Y:

m

Tej = Z Tijbi
i=1

The scalar coefficients 7;; are collected to form a rectangular array, yielding
the matrix of the operator.
Definition 4.26 Matrix Representation

The matrix representation Ty defining the operator 1" with respect to
bases E/ and B is the m X n matrix with entries 7;;:

T11 T12 Tin

T21 T22 T2n
T = )

Tm1 Tm2 “°° Tmn

The j-th column of this matrix consists of the coordinates of the image
vector Te;.

The standard algorithm for matrix multiplication is derived from the
linearity property. Let x € X be a vector formulated with coordinates §;: =
Z?:l &jej. Let y = Tz denote the image vector formulated with coordinates

Nty = Y Nibs.
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Evaluate y by applying T' to the expansion of x:

y=T() =T &e
Jj=1

§i(Tej)

H'M:

j=1

“Sols)

Interchanging the summations (permitted for finite sums):

3

=> D & | b

i=1 \j=1

Equating this result to the coordinate expression y = > n;b; identifies the

coefficients:
n
n; = E uns
=1

This establishes that the i-th coordinate of the output equals the dot product of
the i-th row of the matrix and the coordinate vector of z. The linear mapping
y = Tx aligns directly with the matrix product y = Tgx.

Linear Functionals and the Dual Basis

On an n-dimensional space X, every linear functional is bounded. The algebraic
dual X’ and topological dual X* are equivalent. For every basis of X, a
corresponding basis exists for the dual space.

Theorem 4.27 The Dual Basis

Let {ey,...,en} be a basis for X. There exists a unique basis
{f1,..., fn} for the dual space X* satisfying:

1 ifj=k

fi(er) = 050 = {o £ £k

The set {f;} is the Dual Basis of X* relative to the basis {e;}.
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PROOF:

Construction For any vector € X, construct the expansion z = 22:1 Erer.
Define the functional f; as the mapping extracting the j-th coefficient:

fi(x)=§;

This mapping is linear. Evaluating the defining condition, the expansion of
the basis vector e, is 1 - ej, (all alternative coefficients equal 0). Therefore:

1 ifj =k
fj(e’“):{o ifj’;«ék

Linear Independence Assume a linear combination yields the zero functional:

Zajfj =0
j=1

Apply this functional to the basis vector ey:

Z%‘fj (ex) = O(ex)

> ajfiler) =0
=1

Applying the property f;(ex) = d;i, the single non-zero term occurs where
7 =k:

ap-1=0 = arp =0
Since this holds for all £k = 1...n, all coefficients «y equal zero. The set is
linearly independent.

Spanning Since dim X* = dim X = n, the n linearly independent vectors form

a basis for X*. |
Any linear functional f € X* is formulated as an expansion of the dual
basis:
n
f= Z v fi
j=1

Applying f to the primal basis vector e isolates the coefficient ~y:
n n
flex) = Z%‘fg‘(ek) = Z'Yj(sjk =Yk
j=1 J=1
Thus, the expansion evaluates to

F=> fe)f;

j=1
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EXERCISES

1.

Matriz Representation Calculation. Let X = R2. Let E = {e1, e2} be the
standard basis e; = (1,0),e2 = (0,1). Let B = {by,b2} be an alternative
basis where by = (1,1) and by = (1, —1). Let T': X — X be the operator
defined by T(gl, 52) = (251, 52)
(a) Determine the matrix T representing T relative to the standard
basis E.
(b) Determine the matrix Ts representing T relative to the basis B.

Differentiation Matriz. Let X be the space of polynomials of degree at
most 3 (P3). Let the basis be E = {1,t,t*,t3}. Let D : X — X be the
differentiation operator Du = u'.

(a) Determine the matrix representing D in the basis F.
(b) Using this matrix, evaluate the derivative of u(t) = 3 + 2t — 3.

(¢) Determine if D is invertible by calculating the determinant of the
matrix.

Dual Basis Calculation. Let X = R?. Consider the basis E = {ej,e2}
where e; = (1,0) and es = (1,1). Let {f1, fa} be the dual basis of X’.

(a) Formulate explicit equations for fi(z) and fo(z) where z = (&1, &2).
(Hint: Apply the conditions f;(e;) = d;;).

(b) Verify that if x = (3,4), the expansion is x = f1(x)e1 + fa(x)es.

The Trace Functional. Let X = R™*™ be the space of square matrices.
Define the trace functional f(A4) = tr(A) = > | as.

(a) Prove that f is a linear functional.

(b) If the standard basis for matrices is {E;;} (where E;; has a 1 at
position (4,7) and 0 elsewhere), determine the coefficients of f in
the corresponding dual basis.

Anmnihilator Dimension. Let X be an n-dimensional vector space. Let
M be a subspace of X with dim M = m. The annihilator M is the
set of all functionals f € X’ such that f(x) = 0 for all z € M. Prove
that dim M®* = n — m. (Hint: Extend a basis of M to a basis of X and
determine the dual basis).

Change of Dual Basis. Let {e1,ea} be a basis for X and {fi, fo} be
the corresponding dual basis. Let an alternative basis be defined by
u; = e + ey and ug = e; — es. Determine the dual basis {g1,¢92}
corresponding to {u1,us} formulated in terms of f; and fs.

Double Dual Evaluation. Let X = R3. Let x = (1,2,3). Let J : X — X**
be the canonical mapping. Let F' = J(x). Evaluate the functional F' on
the dual vector f € X’ defined by f(&1,&2,83) = &1 — &2 + 2&5.
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8. Non-Reflexive Example Constraints. Establish why a non-reflexive finite-
dimensional space cannot exist, referencing Definition 4.24.

9. Operator Transpose. Let T : X — Y be a linear operator. The dual

operator (or transpose) T* : Y’ — X' is defined by (T*g)(z) = g(Tx)
forall g € Y and # € X. Let X = Y = R? with the standard basis.

:1)) Z) Prove that the matrix of the dual

operator T relative to the dual basis is the transpose AT.

Let T have the matrix A = (

10. Evaluating the Norm of a Functional. Let X = R? with the Euclidean
norm. Consider the functional f formulated with coordinates (3, —4) in
the standard dual basis.

(a) Formulate the explicit equation for f(x).

(b) Calculate || f]].
(¢) Find a vector u satisfying ||u|| = 1 such that f(u) = || f]|.

4.7 NORMED SPACES OF OPERATORS

Previous sections evaluated a linear operator 7' as a mapping between spaces.
This section considers operators as elements within a geometric space. This
framework enables the analytical evaluation of the operators:

e Measuring the distance between two operators.

e Evaluating the convergence of a sequence of operators T7,T5,... to a
limit.
e Evaluating the existence of an infinite series of operators > T,.
Let X and Y be normed spaces. The set of all bounded linear operators
mapping X into Y is denoted by B(X,Y).

Theorem 4.28 The Vector Space B(X,Y)

The set B(X,Y") forms a normed vector space subject to the operations:
1. Vector Addition: (71 + T5)x = Thz + Tox

2. Scalar Multiplication: (aT)z = a(Tx)

3. Norm: The operator norm ||T'[| = supj =1 [|Tz||-

To establish B(X,Y") as a normed space, the operator norm must satisfy
the four axioms (N1-N4).

(N1) Positivity: ||T'|| > 0 is established because norms of vectors ||Tz|| are
non-negative.

(N2) Definiteness: Assume ||T|| = 0. By definition, SUP|4)|=1 |ITx|| = 0. This
implies ||Tz|| = 0 for every vector on the unit sphere. By homogeneity, T2 = 0
for all x € X. Thus, T simplifies to the zero operator (T' = 0).
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(N3) Homogeneity:

[T} = SuP, [(@T)z| = P, le(T)|| = Sup || Tz]| = |afl|T|

(N4) Triangle Inequality: Applying the Triangle Inequality of the target
space Y, for any unit vector x:

I(Ty + To)al| = [ The + Tox|| < ||Tre| + [ Tox||
By definition, || Tiz| < ||T1]] and ||Tzz|| < ||T3]|. Thus:
I(Ty + To)x|| < [[Ta| + || 2|

Since this bound holds for all unit vectors x, the supremum satisfies the
inequality
1Ty + To|| < T3] + (172

In analysis, exact operators are frequently approximated by a sequence.
Establishing that approximations converge to a valid operator requires com-
pleteness. The completeness of the operator space B(X,Y) is independent of
the domain X; it depends exclusively on the completeness of the target space
Y, a convergence behavior visualized in Figure 4.12.

Theorem 4.29 Completeness of B(X,Y)

If Y is a Banach space, then B(X,Y) is a Banach space.

PROOF: Assume Y is complete. Let (7),) be a Cauchy sequence in B(X,Y).
The proof constructs a limit operator T and establishes it belongs to B(X,Y).

Construct the Candidate Limit (Pointwise) Because (T5,) is Cauchy in the operator
norm, for every € > 0, an N exists such that for n,m > N:

T, — Tl < e
Fix a vector x € X. Consider the sequence of image vectors (T,x) in Y
[Tnz = Tonz|| = (T = Twm)zl| < [[Tn = Tonl|2]]

Since || T;, — Ton|| — 0, the scalar coefficient converges to zero. Thus, (T,,z) is a
Cauchy sequence of vectors in Y. Because Y is a Banach space, this sequence
converges. Define the limit operator T' pointwise:

Tr = lim T,x
n—oo
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;T +e
', T (Limit)
T — ¢

7

Visualizing Operator Convergence
For large n, the operator 7T;,, must reside entirely within the
e-tube around 7T for all unit vectors x.

FIGURE 4.12 Uniform operator convergence. Evaluating convergence
requires the entire mapping function 7;, to approach 1" uniformly across
the domain.

Verify Linearity The limit of linear maps preserves linearity. For scalars «, 8
and vectors wu, v:
T(au+ Bv) = lim T, (au + Sov)
n—oo

Applying the linearity of T},:
= nanolo(aTnu + BT,v)
Applying the continuity of vector operations in Y:
=qalimT,u+ limT,v=aTu+ Tv
Verify Boundedness Because (T,) is a Cauchy sequence, the sequence of real

numbers |7, is bounded. Let K = sup,, ||T,||. For any z, the bound evaluates
to |[Tnz|| < [|Th]ll|z]] < K| z|. Evaluating the limit as n — oco:

IT2]l = lim [Toz] < K]z

This establishes that T is bounded (||T|| < K), concluding T' € B(X,Y).

Verify Convergence in Operator Norm The operator T" was constructed such
that T,,x — T for each x. Uniform convergence (||7,, — T'|| — 0) must be
established. Returning to the Cauchy condition: given € > 0, an IV exists such
that for all n,m > N:

[T — Tl <€
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For any vector x satisfying ||z| = 1:
[T — Tzl <€

Evaluating the limit as m — oo, where T,z — Tx, the strict inequality
transitions to a non-strict bound:

[T —Tz|| <e

This inequality is satisfied for every unit vector x simultaneously (for a fixed
n > N). Therefore, the supremum is bounded:

sup || The —Tz|| <e = ||T,, —T| <e
flzll=1

Thus, T;, — T in the operator norm. |

This theorem applies to linear functionals. The dual space is formulated as
X* = B(X,K), where the scalar field K evaluates to either R or C. Because
the real line R and complex plane C act as complete metric spaces, the target
space Y = K is complete. Theorem 4.29 guarantees B(X,K) is complete.

Corollary 4.30 Completeness of the Dual Space

The dual space X* of a normed space X is a Banach space.

This property holds independently of the completeness of the domain X.
The stability of the dual space is derived entirely from the stability of the
scalar field.

EXERCISES

1. Completeness Logic. Theorem 4.29 establishes that if Y is a Banach
space, B(X,Y) is a Banach space.

(a) Assume X is not complete (e.g., the space of polynomials). Is
B(X,R) complete? Detail the conditions.

(b) Converse: Prove that if B(X,Y) is a Banach space and X # {0},
then Y must be a Banach space. (Hint: Construct an operator T
mapping a specific vector xqg to an arbitrary y € Y, and apply the
completeness of the operator space to evaluate limits in'Y).

2. Pointwise vs. Uniform Convergence. Let X = (2. Let P,, be the projection
operator targeting the first n coordinates:

P.(&1,8,...) = (&1,..-,81,0,0,...)

Let I be the identity operator.
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(a) Prove that for any fixed vector z € £, P,z — Iz as n — oo.
(b) Calculate the operator norm || P, — I|.

(¢) Determine if the sequence (P,) converges to I uniformly in the
operator norm.

. Series of Operators. Let X be a Banach space. Let T' € B(X, X) be an
operator satisfying ||T'|] < 1. Consider the series of operators > >~ T"
(where TV = T).

(a) Prove that the sequence of partial sums S, = ZZ:O T" forms a
Cauchy sequence in B(X, X).

(b) Conclude that the limit sum exists (i.e., the operator (I —7T)~!
exists). This establishes the Neumann Series.

. Closed Subspaces of Operators. Let X be a Banach space. Fix a bounded
operator S € B(X,X). Let M be the set of all operators commuting
with S:

M={T e B(X,X)|TS=25T}

Prove that M forms a closed subspace of B(X,X). (Hint: Evaluate
sequential limits. If T, = T and T,,S = ST,,, does TS = ST?).
. Finite Dimensions. Let X =R"™ and Y = R"™.

(a) Explain why B(X,Y) is isomorphic to the space of m x n matrices.

(b) Because finite-dimensional spaces are complete, B(X,Y") is a Ba-
nach space. Explain the implications for matrix convergence. (If a
sequence of matrices converges entry-wise, does it converge in the
operator norm?).

. Multiplication Operator Norm. Let X = C10, 1] equipped with the uni-
form norm. Let g € C[0, 1] act as a fixed function. Define the multiplica-
tion operator My : X — X by (Mgu)(t) = g(t)u(t).

(a) Prove that M, is a bounded linear operator.

(b) Prove that ||Mg| = [|gllcc = max;c(o,17|9(t)]-
. Double Dual Embeddings. Let X be a normed space.

(a) X' is established as complete. Evaluate if X" = (X’)’ is inherently
complete.

(b) If X is not complete, determine if it can be reflexive. (Reference
the canonical mapping J : X — X**).

. Continuity of Composition. Let X,Y, Z be normed spaces. Let T,, = T
in B(X,Y) and S, — S in B(Y, Z). Prove that the composition S, T,
converges to ST in B(X, Z). (Hint: Apply the substitution S, T, — ST =
Sn(Tn —T)+ (S, — S)T).
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10.
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Unbounded Codomain. The completeness of B(X,Y) relies on Y. Let
X =R (complete). Let Y be the space of polynomials equipped with the
uniform norm (incomplete). Prove that B(X,Y) is not complete. (Hint:
Show that B(R,Y') is isomorphic to 'Y ).

Equivalent Norms. Let || - |1 and || - |2 act as equivalent norms on a
vector space X (satisfying allz||; < ||z[l2 < bljz|l1). Let T: X — X be a
linear operator. Prove that T is bounded relative to || - ||; if and only if
it is bounded relative to || - [|2-
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UNCTIONAL analysis rests upon four foun-

dational results often referred to as the
“Four Pillars”: the Hahn-Banach Theorem, the
Uniform Boundedness Principle, the Open Map-
ping Theorem, and the Closed Graph Theo-
rem. Together, these theorems provide the es-
sential bridge between algebraic manipulation
and topological stability in infinite-dimensional
spaces.
In this chapter, we first equip ourselves with
Zorn's Lemma to handle existence proofs where
geometric intuition alone fails. We then estab-
lish the rigorous extension of linear functionals,
the structural thickness of complete spaces via
the Baire Category Theorem, and the auto-
matic continuity of inverse mappings. These
results form the rigorous backbone of the sub-
ject, ensuring that our mathematical models
remain stable and predictable in the realm of
Banach spaces.
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5.1 ZORN'S LEMMA

To establish the Hahn-Banach theorem and several existence proofs in infinite-
dimensional spaces, a set-theoretic tool known as Zorn’s Lemma is needed.
While logically equivalent to the Axiom of Choice, it is formulated to identify
maximal configurations in analysis.

Definition 5.1 Partially Ordered Set

A partially ordered set (or poset) is a set P equipped with a binary
relation < such that for all p,q,r € P:

1. Reflexivity: p < p.
2. Antisymmetry: If p < ¢ and ¢ < p, then p = q.
3. Transitivity: If p < g and ¢ X 7, then p < r.

In a poset, it is not required that every pair of elements be comparable.
If neither p < ¢ nor ¢ < p holds, the elements are classified as incomparable.
This partial structure is visualized via a Hasse diagram in Figure 5.1.

1. Comparable

Connected by arrows

) . e.g,a—by —c
3. Partial Order—( bNOT RELATED »
b1 A b2
bz 2 b1 2. Transitivity

Implied path: a — ¢

Diagram Convention
Upward movement indicates <.

FIGURE 5.1 Visualizing a Partially Ordered Set (Hasse Diagram). The
elements by and b are situated on separate branches, rendering them
incomparable. The order is ”partial” because not every pair of elements

can be compared.

Definition 5.2 Chains and Bounds

1. A chain C C P is a subset in which every pair of elements is
comparable (a totally ordered subset).
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2. An upper bound for a subset S C P is an element s € P such that
z < sforall z €8S.

3. A maximal element of P is an element m € P such that if m < x
for some x € P, then x = m.

The structural relationship between chains, upper bounds, and maximal
elements is illustrated in Figure 5.2.

Upper Bound — @ + Maximal

(Greater than all ¢;) \ (No element is
strictly greater)

The Chain C )/ @\)
(Totally Ordered) <C2
@

FIGURE 5.2 Visualizing chains and bounds. The highlighted nodes form
a chain. The node u serves as an upper bound for the chain. The node

m is maximal because no subsequent elements strictly succeed it.

To conceptualize the utility of Zorn’s Lemma, the following standard
examples distinguish between different topological orderings.

Example 5.3 The Real Line (Total Ordering)

Let P = R with the relation < defined as the standard inequality <.

Comparability Any two elements are comparable (e.g., 2 < 5). Therefore, the
set P is a chain.

Maximality This set lacks a maximal element, as for any x € R, there exists an
element = + 1 satisfying x < = + 1.
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Example 5.4 Power Sets (Partial Ordering)

Let X be a set containing at least two elements, and P = 2% denote
its power set. Let the relation be A < B if A C B.

Incomparability This constitutes a partial order because if X = {1,2}, the
specific subsets {1} and {2} remain incomparable.

Maximality The set X itself acts as the maximal element (and in this specific
formulation, the unique maximum).

Example 5.5 Proper Subsets

Let M be the collection of all proper subsets of X = {a, b, ¢}, ordered
by inclusion.

Maximal Elements The subsets {a, b}, {a,c}, and {b, ¢} are identically classified
as maximal elements.

Upper Bounds If the chain is defined as C = {0, {a}, {a,b}}, an upper bound
for this chain within P is the element {a, b}. J

Zorn’s Lemma is an axiom equivalent to the Axiom of Choice. In functional
analysis, it is utilized to facilitate the construction of bases and functional
extensions across infinite-dimensional spaces.

Theorem 5.6 Zorn’s Lemma

Let P # 0 be a partially ordered set. If every chain C C P possesses an
upper bound in P, then P contains at least one maximal element.
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The POSET P

Conclusion:
Peaks Exist!
. -7 (At least one element
\ lacking subsequent
’ 5 outward paths)

w1 lis maximal

T v Further progression yields...
\

. 4

Chain Cy C’T‘)

Chain Cg

00 ~@

Chain Cy

The Hypothesis Is Satisfied

Every vertical trajectory (Chains C1,C2,Cs...)
is bounded by a “ceiling” (Upper Bounds u1,u2,us...).

FIGURE 5.3 Visualizing Zorn’s lemma with multiple chains. The hy-
pothesis dictates that every possible chain (teal paths) possesses an
upper bound (blue nodes). Because every upward trajectory is locally
bounded, the lemma ensures the overarching structure contains at least
one ultimate maximal element (purple nodes mq,ms).

Example 5.7

Let V be a vector space. Let P be the collection of all linearly inde-
pendent subsets of V', ordered by inclusion (C).

Chains This structure forms a poset. A chain C within this poset constitutes a
nested collection of independent sets.

Upper Bounds The union of all sets within such a chain is itself an independent
set, serving as the upper bound.
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Conclusion By Zorn’s Lemma, P contains a maximal element. This maximal
independent set defines a Hamel Basis.

Zorn’s lemma is invoked to establish that a mathematical process can be
advanced to its absolute limit across an infinite set. For example, verifying
whether every vector space possesses a basis requires Zorn’s Lemma when
evaluating infinite-dimensional spaces.

Theorem 5.8 Existence of Hamel Basis

Every vector space V' # {0} possesses a Hamel basis.

PROOF: Let V be a non-zero vector space. A Hamel basis is defined as a maximal
linearly independent subset of V. The existence of such a set is proven by
constructing a poset of independent sets and applying Zorn’s Lemma.

Construct the Poset Let Z denote the collection of all linearly independent
subsets of V. Because V' # {0}, a non-zero vector v € V exists, and the isolated
set {v} is linearly independent. Consequently, Z is non-empty. Z is ordered by
set inclusion. For A, B € Z, the relation is defined as A < B if A C B.

Verify the Chain Condition Let C be an arbitrary chain in Z (a totally ordered
collection of independent sets). The union of these sets is an upper bound for
C, and it belongs to Z because the union of any chain of linearly independent
sets is linearly independent.

Apply Zorn's Lemma Because every chain in Z possesses an upper bound, Zorn’s
Lemma guarantees the existence of a maximal element M.

Conclusion The set M is linearly independent by definition. It must be shown
that M spans V. Assume, for contradiction, that span M # V. A vector v € V'
must exist such that v ¢ span M. Evaluate the set M’ = M U {v}. Because
v is not a linear combination of vectors in M, the set M’ remains linearly
independent. However, M C M’ strictly, which contradicts the established fact
that M is a maximal element of Z. Therefore, span M = V', confirming M is
a Hamel basis. |

EXERCISES

1. Basis of R. Consider R as a vector space over the field Q. Prove that a
Hamel basis for this space must be uncountable.

2. Total Ordering. A poset is defined as totally ordered if it consists of
a single chain. Determine whether the poset (R, <) is totally ordered.
Determine whether the power set (P(R), C) is totally ordered.

3. Visualizing Chains. Within the power set of {a, b, ¢, d}, construct a chain
of maximum possible length.
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4. Mazximality. Construct a poset (P, =) possessing exactly two distinct
maximal elements.

5. The Real Line. Consider the set of all bounded closed intervals [a,b] C R
ordered by the inclusion relation D. Determine if every chain within this
poset possesses an upper bound.

6. Validity of Partial Orders. Determine whether the following relations de-
fine a partial order on the complex numbers C. If a relation fails to define
a partial order, identify the violated axiom (Reflexivity, Antisymmetry,
Transitivity).

(a) 21 X 2o if |21]| < |22).
(b) z1 % 22 if Re(z1) < Re(zz2) and Im(z1) < Im(zs).

7. The Eztension Principle. Zorn’s Lemma facilitates the extension of a
fundamental structure into a maximal configuration. Let V' be a vector
space and S be a linearly independent subset of V. Apply Zorn’s Lemma
to prove the existence of a Hamel basis B for V such that S C B.
(Hint: Modify the poset utilized in Theorem 5.8 to consist exclusively of
independent sets containing S.)

8. Basis of R over Q. Consider the real numbers R evaluated as a vector
space over the field of rational numbers Q.

(a) Prove that {1,v/2} constitutes a linearly independent set in this
space.

(b) Analytically demonstrate the existence of a Hamel basis for this
space using Zorn’s Lemma.

(¢) Prove that any such basis must be uncountable. (Hint: Evaluate
the cardinality of R under the assumption of a countable basis.)

9. Minimal Elements. Zorn’s Lemma possesses a dual formulation. Prove
that if P is a poset where every chain possesses a lower bound, then P
contains at least one minimal element. (Hint: Define a reversed order
x Ly <= y <z and apply the standard formulation of Zorn’s Lemma.)

10. Mazimal Ideals in Function Rings. Let C]0,1] denote the ring of con-
tinuous real-valued functions defined on [0, 1]. An ideal is a subspace I
such that if f € I and g € C[0, 1], then fg € I. A proper ideal satisfies
I # C[0,1]. Apply Zorn’s Lemma to prove that every proper ideal is con-
tained strictly within a maximal ideal. (Note: This algebraic application
structurally mirrors the Hahn-Banach extension logic.)

5.2 THE HAHN-BANACH THEOREM

The Hahn-Banach Theorem constitutes a foundational theorem in the theory
of Banach spaces. While Zorn’s Lemma furnishes the set-theoretic machinery
for existence, the theorem guarantees that linear functionals can be extended
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from a subspace to the entire space without losing their essential bounding
properties. This theorem establishes that sufficient continuous linear functionals
exist on a vector space to distinguish between different vectors, enabling the
structural study of the space via its dual.

Before analyzing norms and continuity, the theorem is established in a
purely algebraic setting. A generalized notion of length, termed a sublinear
functional, is required.

Definition 5.9 Sublinear Functional

Let X be a real vector space. A functional f : X — R is called sublinear
if it satisfies:

1. Subadditivity: f(z +y) < f(z) + f(y) for all z,y € X.
2. Positive Homogeneity: f(ax) = af(z) for all a > 0.

A norm || - || constitutes a sublinear functional, but a sublinear functional
need not be symmetric (p(—z) need not equal p(z)) nor strictly non-negative.

Theorem 5.10 Hahn-Banach Theorem (Real Vector Spaces)

Let X be a real vector space and p be a sublinear functional on X. Let
f be a linear functional defined on a subspace Z C X such that:

f(z) <p(z) foralzeZ

Then, there exists a linear extension f defined on the entire space X
such that:

1. f(z) = f(x) for all z € Z (Extension).
2. f(x) < p(z) for all z € X (Domination).

PROOF: The proof proceeds in two stages: first, it is proven that the functional
can be extended by a single dimension; second, Zorn’s Lemma is utilized
to extend the functional across the entire infinite-dimensional space. The
geometric intuition for this extension is visualized in Figure 5.4.

The One-Step Extension Assume Z is a proper subspace of X and y; € X \ Z.
Consider the subspace Z; spanned by Z and y;:

Zy={z+ay |z€Z,acR}

Because y; ¢ Z, the representation of any vector in Z; as z + ay; is unique.
Any linear extension f on Z; is determined entirely by the value assigned to
y1. Let f(y1) = c. By linearity, for any = z + ay, it must hold that

F(2) = f(2) + ac
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o
x0 & Z
'Y

|
| Exténding to

Extension f

I ngw dimeng

Subspace Z

FIGURE 5.4 The Hahn-Banach extension. A linear functional defined on
a subspace Z is extended to the entire space X while remaining strictly
dominated by the sublinear functional p.

A real number ¢ must be selected such that the domination condition f(z) <
p(z) holds for all z € Z;. That is,

fE)+ac<plz+ay) forallze Z,aeR

This inequality is analyzed for positive and negative scalar values of a:

e Case a > 0: Dividing by « the inequality becomes
fz/a) +c<p(z/a+uy)

Letting v = z/a (which represents an arbitrary element of Z), an upper
bound for ¢ is derived:

c<p(v+y)— f(v) forallveZ (A)
e Case a < 0: Let @« = —f where 3 > 0. The inequality becomes
f(2) = Be < p(z — By1)
Dividing by S yields
f(z/B) —c<p(z/B —y1)

Letting w = 2/ (an arbitrary element of Z), a lower bound for ¢ is

derived:
c> flw)—plw—y) forallwe Z (B)

For a valid scalar ¢ to exist, the lower bound (B) must remain less than or
equal to the upper bound (A) for any arbitrary choice of w,v € Z:

f(w) = plw —y1) %p(v +y1) — f(v)
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Rearranging the algebraic terms yields

f(w) + f(v) <p(v+y1) +p(w—y1)

This is verified by applying the linearity of the functionals and the domination
of f by pon Z:

fw) + f(v) = f(w+v) < plw+v) =plw—y1 +v+1y1)
By the subadditivity property of p
plw—y1 +v+y1) <plw—y1)+pv+uy)

This confirms the inequality holds. Therefore, the supremum and infimum
are defined as

m = sup[f(w) = p(w — )}, M= inf[p(v+ ) — f(0)]
weZ veE

Since m < M, any ¢ € [m, M] can be selected so that the extension f satisfies

f(z) < p(x) across Z;.

Maximal Extension via Zorn's Lemma Let £ define the set of all pairs (g, Dy),
where D, is a subspace containing Z, and g is a linear extension of f defined
on D, satisfying g < p. The set € is ordered by extension: (g, Dy) < (h, Dy) if
Dy C Dy and hlp, = g.

e Upper Bound. Let C = {(ga,Dqs)} be a chain in €. The union of the
respective domains, D = J D, constitutes a subspace. A functional g is
defined on this union by setting g(z) = go(z) for any x € D,,. Because
C is a chain, any two domains within it are comparable, ensuring g is
well-defined. Furthermore, the domination condition g < p holds on D.
Thus, the pair (g, D) € &£ serves as an upper bound for the chain C.

e Maximality: By Zorn’s Lemma, £ possesses a maximal element (f, Dinaz)-

e Conclusion: Claim that Dy, = X. If not, a vector y € X \ Dy, exists.
Utilizing the one-step extension, f could be extended to D,,q, P spany,
thereby creating a proper extension. This contradicts the maximality of
f. Thus, f must be defined on all of X. [ |

A fundamental application of the Hahn-Banach theorem occurs in normed
spaces, where the sublinear functional constitutes the norm scaled by a constant.

Theorem 5.11 Hahn-Banach Theorem (Normed Spaces)

Let X be a normed space (real or complex) and f be a bounded linear
functional defined on a subspace Z C X. Then there exists a bounded
linear functional f defined on X such that:

1. f(2) = f(z) for all z € Z.
2. Iflx = IIfllz-
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PROOF:

Construct the Sublinear Functional The functional p(z) = || f||z - ||z]| is defined.
This is a valid sublinear functional because the norm is subadditive and
positively homogeneous.

Verify Domination on Z For any arbitrary z € Z, linearity and geometric
boundedness dictate:

fE) <A@ fllzN21 = p(2)
Thus, the fundamental condition of Theorem 5.10 is satisfied.

Apply Extension By the real Hahn-Banach theorem, there exists a linear exten-
sion f defined on X such that f(z) < p(z) = ||f]|z||z| for all x € X.

Verify Norm Preservation It must be verified that the norm of f has not
increased during the extension process. It is established that f(z) < || f]|z |||
To establish the corresponding lower bound, the linearity of f is applied:

—f(2) = f(=a) < p(=2) = |If 2] = 2l = | fll 2]l
Thus, f(z) > —|/flz|lz|. Combining these dual inequalities yields the absolute
bound: B
If @) < [ fllzl=
This inequality implies that || fllx < |Ifllz. Because f is an extension of f, the

supremum || f|| x over the entire space cannot be less than the supremum || f||z
over the subspace. Therefore, the norms are equivalent: || f||x = || f]|z. [ |

The Hahn-Banach theorem serves as the guarantee that the dual space X*
is sufficiently robust to detect every topological nuance of the original space
X.

The Norming Functional
For every non-zero vector xg € X, there exists a bounded linear func-
tional f € X* such that:

Ifl =1 and f(zo) = |0l

PrOOF: Construct a one-dimensional subspace Z = span{x(}. Define a func-
tional f on Z by specifying its action on the basis vector: f(xg) = ||zol|. For
any vector z = axg € Z:

[f(2)] = [f(ezo)| = [ell|zoll = [lazoll = |||

Thus, restricted to the subspace Z, the norm is || f| = 1. By the Hahn-
Banach Theorem, f can be extended to a functional f defined on X such that

£l =1/l =1 and f(z0) = |0l u
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Separation of Points

If 2 and y are distinct vectors in X, then there exists a bounded linear
functional f € X* that separates them:

fx) # fy)

PROOF: Because x # y, the difference vector xg = & — y is non-zero. By the
preceding corollary, a functional f exists such that f(z¢) = ||z — y|| # 0. By
linearity:

flx—y)=f2) = fly) #0 = f(z) # f(y)

Geometric Separation by Hyperplanes

Let K be a closed convex set in a normed space X, and let zg be a
point outside K. Then, there exists a non-zero functional f € X* and
a real scalar « such that the hyperplane H = {z : f(x) = a} strictly
separates o from K.

As visualized in Figure 5.5, this separation relies on utilizing the kernel of
the functional to act as an impenetrable topological boundary.

FIGURE 5.5 Visualization of the strict separation of an external point
from a closed convex set. The kernel of the functional establishes the
separating hyperplane.

PROOF: The proof converts the convex structure into a sublinear functional in
order to apply the Hahn-Banach theorem.
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Create an Open Convex Neighborhood Because K is closed and zy ¢ K, the
distance d = dist(zo, K) > 0. An open convex set U is constructed K:

U={ye X :dist(y,K) < d/2}
The point xg remains outside the set U.

Shift to the Origin An internal point ug € U is fixed. The coordinate space
is translated such that wu;,; establishes the new origin. Let C' = U — uy.
Consequently, 0 € C, and zg = zg —ug ¢ C.

The Minkowski Functional The Minkowski Functional (or gauge) p: X — R is
defined for the set C:

p(z) =inf{\ > 0: 2 € \C}

Because C' is both convex and open, p satisfies all criteria for a sublinear
functional. Since zg ¢ C, p(zp) > 1.

Apply Hahn-Banach Define g on Z = span{zy} by g(tz9) = tp(z0).
e For t > 0: g(tzg) = p(tzo) (dominated by p).

e For ¢t <0: g(tzo) < p(tzo) (satisfied trivially, because p > 0).
By the real Hahn-Banach Theorem, g can be extended to a functional f on
X such that f(x) < p(z). Since C' contains an open ball around the origin, p
is bounded. The condition f(z) < p(x) thus ensures f is also bounded, that
is, f € X* (see Appendix). The condition f(x) < p(x) thus ensures f is also
bounded, that is, f(z) € Xx.

Now any coordinate = € C, p(xz) < 1, guaranteeing f(x) < 1. Also zo,
f(z0) = p(20) > 1. Thus, f separates zo from C. Translating back to the
original coordinates yields the hyperplane separating xy from K. |

While the real formulation of the Hahn-Banach theorem is fundamental,
numerous spaces in functional analysis (such as Hilbert spaces and C") are
complex. The theorem is now extended to complex vector spaces.

The strategy is to treat the complex vector space as a real vector space,
applying the real Hahn-Banach theorem to the real component of the functional,
and utilizing the complex algebraic structure to reconstruct the complete
complex functional.

Theorem 5.15 Hahn-Banach Theorem (Complex)

Let X be a complex vector space and p be a seminorm on X. Let f be
a linear functional defined on a subspace Z C X such that:

|f(2)] < p(z) forall z€ Z

Then there exists a linear extension f defined on X such that:
1. f(z) = f(z) for all z € Z.

2. |f(z)| < p(x) for all z € X.
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PRrROOF: The complex functional can be decomposed into real components, the
real part extended, and the full complex functional reconstructed.

Decomposition into Real and Imaginary Parts Let f(z) = w(z) + iv(z) where
u(z) = Re f(z) and v(z) = Im f(z) which are real-valued functionals. Because
f is linear, v and v are linear with respect to real scalars. However, u and v
are not independent. Because f is complex-linear, the identity f(iz) =if(z)
must hold:

o f(iz) = u(iz) +iv(iz)

o if(2) = i(u(z) + iv(2)) = —v(2) + iu(2)
Equating the real components yields the identity u(iz) = —v(z), or v(z) =
—u(iz). Thus, the imaginary part v is entirely determined by the real part u
and we can write

f(z) =u(z) —iu(iz)

Extension of the Real Part From the hypothesis |f(z)| < p(z), and since the
real component cannot exceed the modulus:

u(z) =Re f(2) <|f(2)| <p(z) forallzeZ

Thus, u acts as a linear functional on the real subspace Z that is dominated
by the sublinear functional p (a seminorm is inherently sublinear). By the real
Hahn-Banach Theorem, there exists a real-linear extension % defined on X
such that @(z) < p(z) for all z € X.

Reconstruction and Verification The candidate extension f is defined on X by
substituting u with its extension «:

f(z) = u(x) —a(ix)

VERIFICATION:

Extension Property For z € Z, because u extends u, the evaluation yields:

F(2) = () — iitiz) = u(z) — iu(iz) = f(2)

Complex Linearity Because @ is real-linear, f is inherently additive. It remains
to verify homogeneity for complex scalars & = a + b. First, f(iz) is computed:
ix) —au(i(ix)) = uliz) —iu(—x)
ir) + 1u(z) (because 4 is real-linear)

=i(u(z) — ia(iz)) = if(z)
Subsequently, f((a+ib)z) = af(x)+bif(x) = (a+ib)f(x). Thus, f is complex-

linear.



Fundamental Theorems for Normed and Banach Spaces B 141

Norm Condition (Domination) It must be shown that |f(z)] < p(z) for allz € X.
If f(x) = 0, the inequality holds trivially because p(z) > 0. Assume f(x) # 0.
The complex number f(x) is expressed in polar form:
flw) = |f(w)[e”
where 6 represents the argument of f(z). From this formulation:
[f(@)| = e " f(x) = fe "“x)
Define the vector y = e~*?z. Two properties of y are noted:
1. p(y) = ple ?z) = |[e=¥|p(x) = p(x) (because p constitutes a seminorm).
2. f(y) is real-valued (it is equal to |f(z)]).
Because f (y) is real, it equals its real part:

f(y) =Re fly) =u(y)

Applying the domination property yields @(y) < p(y). Chaining these equalities
produces the final bound:

[f(@)] = f(y) = aly) < ply) = p(z)
Thus, the extension is valid and norm-preserving. |
The normed space version is a direct corollary of the preceding theorem.

Corollary 5.16 Hahn-Banach (Complex Normed Spaces)

Let X be a complex normed space and f be a bounded linear functional
on a subspace Z C X. There exists a bounded linear extension f defined
on X such that:

1. f(z) = f(z) for all z € Z.
2. I flx =£llz-

PRrOOF: The proof applies the complex vector space formulation of the theorem
by constructing a suitable seminorm capturing the boundedness of f.

Construct the Seminorm Define the constant K = || f]|z. The functional p :
X — R is defined by p(z) = K||z|. This functional p fulfills the requisite
properties of a seminorm:

e Subadditivity: p(z +y) = Kllz +y[| < K(||z]| + [lyl}) = p(=) + p(y).
e Homogeneity: p(ax) = K||laz|| = K|a|||z| = |a|p(z).

Verify the Domination Condition on Z For any z € Z:

[F ) < fllzllzll = Kllz] = p(2)
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Apply Extension Theorem There exists a complex-linear extension f defined on
X such that |f(x)| < p(z) = K||z|| for all z € X.

Verify Norm Preservation It must be established that the extension preserves
the magnitude of the functional.
e Upper Bound: The inequality |f(z)| < K||«| dictates that f is bounded,

and: -
7 |/ ()]
[fllx =sup == < K = f||z
o Lower Bound: Because f is an extension of f: ||f|lx > |Ifl|z
These two inequalities confirm that || f||x = ||.f]z- [

A fundamental inquiry in functional analysis is whether the dual space X’
is sufficiently robust to distinguish between distinct vectors within X. The
subsequent result guarantees that if a vector remains undetected by the dual
space, it must be the zero vector.

Norm and the Zero Vector

Let X be a normed space and let z € X. If f(z) = 0 for every bounded
linear functional f € X*, then x = 0.

PROOF: The proof proceeds by contradiction to establish that the dual space
contains a functional that can detect any non-zero vector.

Assume Non-Zero Vector Assume that = # 0 so that ||z| > 0.

Invoke Hahn-Banach Extension The corollary of the Hahn-Banach Theorem
regarding the existence of functionals at a point is utilized. For any non-zero
vector x, a bounded linear functional f € X™* exists satisfying:

Ifl =1 and f(z) = ||

Establish Contradiction Because ||| > 0, a functional f can be constructed

such that f(z) # 0. This contradicts the assumption that f(z) = 0 for all
feX™ |

EXERCISES FOR SECTION 6.2

1. Properties of Sublinear Functionals. Let p be a sublinear functional on a
real vector space X. Prove the following elementary properties:

(a) p(0) = 0.
(b) p(—x) > —p(x) for all x € X.

(¢) If p constitutes a seminorm (i.e., symmetric p(—z) = p(z)), then
p(z) > 0 universally for all .
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. Concrete Extension in R?. Let X = R? be equipped with the Euclidean
norm. Let Z be the subspace spanned by v = (1,1). Define f on Z by
the formula f(a(1,1)) = a.

(a) Calculate the norm | f]|z.

(b) Apply the Hahn-Banach theorem to formally extend f to a func-
tional f defined on R? such that ||f||x = ||f]z-

(¢) Determine whether this extension is uniquely defined. (Hint: Evalu-
ate the strict convexity of the unit ball.)

. Non-Uniqueness of Extensions. Let X = R? be equipped with the max-
norm: ||(z1, 22)||co = max(|a1|, |22|). Let Z denote the subspace spanned
by (1,0) (the x-axis). Define f on Z by f(«,0) = a.

(a) Verify analytically that ||f||z = 1.

(b) Prove that f1(m1,x2) = x; constitutes a valid norm-preserving
extension.

(¢) Prove that fg(xl,xg) = 1 + 2 constitutes an alternative valid
norm-preserving extension. (Hint: Verify that the condition | fo(z)| <
lx]|o is satisfied).

(d) Conclude that Hahn-Banach extensions inherently lack uniqueness
in spaces that fail to qualify as Hilbert spaces.

. Distance to a Subspace. Let Y be a closed subspace of a normed space
X, and let g € X \' Y. Let d = infycy ||zg — y|| denote the topological
distance from xg to Y. Prove there exists a bounded linear functional f
defined on X satisfying:

(a) [fll=1.
(b) f(y)=0forally €Y (ie., Y Cker(f)).
(c) flzo) =d.

(Hint: Define f on the subspace spanned by Y and xq utilizing the formula
fly + axg) = ad, verify the operator norm, and subsequently apply the
extension theorem.)

. Banach Limits. Let £>° denote the space of bounded real sequences.
The Hahn-Banach theorem facilitates the definition of a generalized
limit for divergent sequences. Prove that there exists a linear functional
L : {>° — R satisfying:

(a) If © € ¢ (the space of convergent sequences), then L(x) =
lim,, s o0 Ty -

(b) L operates as shift-invariant: L(z1,2a,...) = L(xa,23,...).

(¢) liminfz, < L(z) < limsup z,,.

. Separation of Convex Sets (Geometric Hahn-Banach). Let K be a closed
convex subset of a real normed space X, and let g € X \ K. Prove
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that there exists a bounded linear functional f defined on X and a real
constant ¢ satisfying:

flxo) >c> f(k) forall ke K

(Note: This establishes that the geometric hyperplane H = {x | f(z) = ¢}
strictly separates the point xo from the convex set K.)

. Supporting Hyperplanes. Let xy be a point residing exactly on the bound-

ary of the closed unit ball S = {z € X | ||z|| < 1}. Prove that there
exists a bounded linear functional f satisfying:

(a) [IfIl = 1.
(b) f(zo) = 1.
(¢) f(z)<lforalaxes.

. Biorthogonal Systems. Let {x1,22,...,2,} constitute a linearly indepen-
dent set of vectors within a normed space X. Prove the existence of
specific linear functionals f1, fo, ..., fn € X’ satisfying:

1 ifi=y
i(zj) = d0i5 =
fi(zy) J {O i+

(Hint: Define f1 on the specific subspace spanned by {x1,...,z,} by
establishing fi(x1) =1 and fi(z;) = 0 for j # 1. Subsequently, extend
the functional employing the Hahn-Banach Theorem.)

. Uniqueness of Extension from Dense Subspaces. The Hahn-Banach theo-

rem guarantees abstract existence, excluding uniqueness; however, the
specified domain dictates constraints. Let Z be a dense subspace of a
normed space X. Let f be a bounded linear functional defined on Z.
Prove that the Hahn-Banach extension of f evaluated on X is strictly
unique. (Hint: Utilize the uniform continuity of f in conjunction with
the topological reality that any element x € X operates as the limit of a
sequence defined in Z.)

The Canonical Embedding (Reflexivity Intro). For any fixed vector z € X,
a corresponding functional g, is defined on the dual space X’ through
evaluation: g, (f) = f(x).

(a) Prove that g, operates as a linear functional defined on X’.

(b) Applying the Hahn-Banach theorem, rigorously prove that the
operator norm equates identically: ||g.| = ||z

(¢) Conclude that the geometric map = +— g, establishes an isometric
embedding of X directly into its bidual X”.

Real vs Complex. Let X = C be evaluated strictly as a real vector space.
Define the functional f(z) = Re(z). This constitutes a real-linear func-
tional. Attempt to extend it to a complex-linear functional. Determine
the analytical result of applying the explicit formula f(z) —if(iz).
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Ezxtension from Real Line. Let X = C evaluated as a complex space.
Let the subspace be Z = R (the real axis). Let f(x) = z exclusively
for € R. Determine if f qualifies as linear over the field C. Evaluate
whether the Hahn-Banach theorem can be applied directly without real-
part decomposition.

The Conjugate Linear Case. Within physics, anti-linear (conjugate linear)
functionals are frequently utilized. Formulate a rigorous version of the
Hahn-Banach theorem specifically adapted for anti-linear functionals
satisfying f(ax) = af(zx).

Norm of the Real Part. Let f be a bounded linear functional defined
on a complex normed space X, and let u(z) = Re f(z) define its real
component.

(a) Prove that [Jul] < ||f]-

(b) Utilizing the polar decomposition technique (f(x) = |f(x)le?),
demonstrate that for any x, a complex scalar « exists with || =1
such that the relation |f(z)| = u(ax) is satisfied.

(¢) Conclude that the specific norms are strictly identical: |Ju| = || f]|.

Concrete Extension in C2. Let X = C? be equipped with the standard
Euclidean norm ||z]|2 = /|z1|? + |22]?. Let Z define the specific subspace
spanned by the complex vector v = (1,1). Define a functional f defined
on Z via the mapping f(A(1,1)) = A.

(a) Calculate the explicit operator norm || f|z.

(b) Formulate an extension f defined on all of C? such that the geometric
relation || f||x = ||f|lz is strictly maintained.

(¢) Determine if this specific complex extension evaluates uniquely.

Real vs. Complex Hyperplanes. Within a real vector space, the kernel of
a non-zero linear functional inherently possesses a codimension of 1 (a
hyperplane).

(a) Let f be a linear functional defined on a complex space X. Prove
that the kernel ker(f) = {x | f(z) = 0} establishes a complex
subspace possessing exactly codimension 1.

(b) Prove that the specific set ker(Re f) constitutes a real subspace
possessing codimension 1.

(¢) Explain geometrically why a complex functional f fundamentally
defines a subspace possessing a real codimension of 2.

Boundedness of the Imaginary Part. Let f(z) = u(z) + iv(x) constitute
a linear functional defined on a complex normed space. Prove that if the
real component u is demonstrably bounded, the imaginary component v
must concurrently be bounded, establishing explicitly that ||v| = ||ul|.
(Hint: Apply the complex identity v(z) = —u(ix).)
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18. Eaxtension from cq to £>° (Complex). Let the domain X = £°° represent
complex bounded sequences and the subspace Z = ¢ represent complex
sequences converging asymptotically to 0. Consider the functional defined
strictly on Z by the infinite sum:

f@) =35
n=1

(a) Prove that f evaluates as bounded on the subspace Z and calculate
its precise norm.

(b) Apply the Hahn-Banach theorem to mathematically guarantee an
explicit extension f spanning £°°.
(c¢) Explicitly construct such an extension if analytically possible, or

formally explain how the extended functional relates strictly to the
dual space (£°°)*.

5.3 THE UNIFORM BOUNDEDNESS PRINCIPLE

The proof of uniform boundedness relies upon a topological framework estab-
lished by the Baire Category Theorem. This theorem states that a complete
metric space possesses too much topological ”thickness” to be completely
covered by a countable collection of topologically ”thin” sets.

Definition 5.18 Rare and Meager Sets

Let X be a metric space and M C X.
1. M is nowhere dense (or rare) if its closure has an empty interior:
(AT)° = 0.

2. M is meager (or of the first category) if it is a countable union of
nowhere dense sets: M = J7—_; M,.

3. If M is not meager, it is designated as a space of the second
category.

Theorem 5.19 Baire Category Theorem

A complete metric space X is a non-meager set.

Equivalent Formulation: If a complete metric space X is the union of a
sequence of closed sets X = U,:il Ay, then at least one component set
Ay must possess a non-empty interior.
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PROOF: The equivalent formulation is proven: if X = |J A; where each Ay is
closed, at least one Ay contains an open ball. The proof proceeds by contradic-
tion. Assume X = (J;-; Ay, where each Ay, is closed and possesses an empty
interior (i.e., is nowhere dense). A point © € X will be constructed that avoids
every set Ay, contradicting the assumption that the sets cover X.

Escaping A; Because A; is closed and possesses an empty interior, it cannot
contain any open ball. Therefore, its complement A is open and dense in X.
A center point z1 and a radius 7y < 1/2 can be selected such that the resulting
closed ball lies exterior to A;:

B(J?l;rl) ﬂAl :Q)

Escaping Ay Consider the open ball B(x1;r1). Because Ay possesses an empty
interior, it cannot contain this ball. Thus, the open set B(z1;71) \ Az is non-
empty. A subsequent point x5 and a smaller radius ro < 1/4 can be selected
such that

B(wa;72) C B(zy;r1) and  B(wa;re) N Ay =)

This geometric nesting is visualized in Figure 5.6.

Ay Space X

oe o o/,

FIGURE 5.6 Visualization of the Baire category theorem proof. A nested
sequence of centers x1,xo, ... and shrinking radii is constructed. The
limit point  must exist because the space is complete, and lies outside
every nowhere dense set A,,.

The Inductive Construction An inductive construction is utilized. Assume z,,
and 7, have been selected. Because A, 11 is nowhere dense, the open ball
B(zy;ry) contains points not located in A, ;1. A subsequent center z,, and
radius 7,41 < 1/2""1 can be chosen satisfying:

B(ny1;mn41) C B(@n;rn) and B(2pg1;rng1) N Apgr =0
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This generates a nested sequence of closed balls:

B(z1;71) D Bwg; ) D B(ws;rs). ..

Completeness The sequence of centers (x,,) is Cauchy. For any index values
n,m > N:
1
d(l‘n7ﬂ7m) <ry < 27]\[ —0
Because X is a complete metric space, lim,,_,~, z, converges to a point z € X.

Contradiction Because the balls are closed and nested, the limit x is contained
in B(xy;ry,) for all n. However, the n-th ball is disjoint from A,,:

€ B(zn;m) = ¢ A,
Since this holds for all n: -
x ¢ U A,
n=1

This contradicts the assumption that X = |J A4,. Consequently, at least one
subset A,, must have a non-empty interior. |

The second foundational pillar of functional analysis is the Uniform Bound-
edness Principle (or the Banach-Steinhaus Theorem). It addresses a subtle
question regarding the convergence of functional operators:

If a sequence of operators is bounded at every single point individually, is it
necessarily bounded uniformly across the entire space?

In finite dimensions, the answer is trivially affirmative. In infinite dimen-
sions, without the property of completeness, the answer is negative. The
following theorem guarantees that in a Banach space pointwise boundedness
necessitates uniform boundedness. This result is indispensable for proving the
rigorous convergence of numerical schemes (e.g., quadrature formulas) and
infinite Fourier series.

Theorem 5.20 Uniform Boundedness Theorem

Let X be a Banach space and Y be a normed space. Let {7}, },,cs be a
family of bounded linear operators from X to Y. Assume the family is
pointwise bounded, meaning for every arbitrary = € X, there exists a
finite real constant ¢, satisfying:

Tzl <c, forallnel

Then the family is uniformly bounded, that is, there exists a constant
C such that
IT.||<C forallnel
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Pointwise Bounded Only Uniformly Bounded
[T | [T |
Violated
Bound C7 Universal Bound C
x T

FIGURE 5.7 Visualization detailing the uniform boundedness theorem.
If the evaluated domain is complete, functional ”spikes” that increase
indefinitely (left) cannot manifest without violating boundedness at a
specific geometric point; the operators must uniformly stabilize (right).

PROOF:

Constructing the Closed Sets For each integer £ > 1 let
A ={x e X ||| Thz| <k for all n € I}

Since the map x — || T, is continuous, the set {z | [|T,z| < k} is closed
since it is the inverse image of the closed interval [0, k]. Thus, Aj must also be
closed since is the intersection of closed sets.

Applying the Baire Category Theorem By assumption, the functional values
|T;,x|| are bounded by a scalar ¢, for every x € X. Choosing k > ¢, guarantees
that € Ag. This implies that every vector in X belongs to some set Ay.
Consequently,

oo
X =4
k=1
Because X is a Banach space, by the Baire Category Theorem an index kg
exists such that Ay, has a non-empty interior.

Geometry of the Interior (Shifting the Ball) Because Ay, has an interior, there is
an open ball B(zg;r) C Ay, (refer to Figure 5.8). Thus, for any vector z with
lz]| < r, the translated point z¢ + z lies inside Ay,. By the definition of Ay,:

||Tn($o + Z)H <ky foralln

Applying linearity:
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FIGURE 5.8 Geometric interpretation of the translation vector z. Es-
tablishing an explicit bound on the ball B(xg;7) C Ay, translates the
problem to a centralized ball of equivalent radius r anchored at the
geometric origin.

Applying the Triangle Inequality yields
[Tnz]| < Tz + 2) || + 1 Tnol

The initial term is bounded by ko (because z¢ + z € Ay,). The subsequent
term is bounded by ko (because the center xy € Ay, ). Hence,

Tz < ko+ ko =2ko forall ||z]] <7

The bound has been successfully shifted from an arbitrary location to a ball
centered at the origin (detailed in Figure 5.8).

Establishing the Operator Norm Bound
-

Let u be any non-zero in X and z = 5-qru. It is evident that Izl =7r/2 <.

|
o)
2|ull

By homogeneity of the linear operator

Substitution yields

r

| Tl < 2ko
2][ul

Solving this inequality to isolate ||T},u|| produces
4kq

[Tnul| <
.

il

This inequality holds for all vectors u € X and all indices n € I. By the
definition of the operator norm, |7, || < %. By choosing C' = @, it is proven
that |7, || < C for all n. [ |
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EXERCISES

1. Incompleteness Counter-Example. Let X denote the space of polyno-
mials P[0, 1] evaluated with the uniform norm. (This specified space is
demonstrably not complete). Let T}, : X — R be functionally defined by
Ta(p) = np(1/n).

(a) Prove that for any specific polynomial p, the generated sequence
|T,.(p)| evaluates as bounded.

(b) Prove mathematically that ||T,,|| = n.

(¢) Provide a rigorous explanation detailing why this result contradicts
the conclusion of the Uniform Boundedness Theorem, specifying
the precise hypothesis that is violated.

2. Resonance Theorem. An applied variation of the theorem is termed the
”Resonance Theorem.” Let X be a complete Banach space and let T,
represent bounded operators. If sup,, |T,] = oo, prove that a dense
topological set of vectors x € X must exist such that sup,, ||T,,z|| = co.
(Note: This establishes that if the operators fundamentally diverge, they
diverge practically almost everywhere across the space).

3. Weak Convergence and Boundedness. A specific sequence (z,,) in X is
defined as weakly convergent to x if f(z,) — f(x) evaluates true for
every bounded linear functional f € X'.

(a) Evaluate the specific operators T;, : X’ — F defined functionally by
(b) Prove that for each rigidly fixed functional f, the sequence |T,,(f)]
evaluates as structurally bounded.

(¢) Apply the Uniform Boundedness Theorem to conclusively prove
that the specific sequence of norms ||z, || must inherently evaluate
as bounded.

4. The Limit Operator. Let X be a complete Banach space and Y a des-
ignated normed space. Let (T},) define a sequence of bounded linear
operators mapping from X to Y. Assume the defined sequence converges
strictly pointwise; i.e., for every vector z € X, the sequence (7, ) math-
ematically converges to a specific limit y € Y. Define the target operator
T: X — Y functionally by Tz = lim,,_, T\, z.

(a) Prove that the derived T' constitutes a mathematically linear opera-
tor.

(b) Applying the Uniform Boundedness Theorem, prove that 7' struc-
turally evaluates as a bounded operator.

(¢) Prove analytically that ||T|| < liminf,, . || 70|

5. Separate vs. Joint Continuity. Let X and Y define complete Banach
spaces. Let b: X x Y — R dictate a bilinear functional (strictly linear
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evaluated in each variable independently). Assume the functional b
evaluates as separately continuous, defined strictly as:

e For every rigidly fixed € X, the mapping y — b(z,y) evaluates
continuous.

e For every rigidly fixed y € Y, the mapping = — b(z,y) evaluates
continuous.

Apply the Uniform Boundedness Principle to mathematically prove that
b is jointly continuous (topologically bounded). Specifically, prove the
existence of a real scalar M > 0 such that the geometric inequality
|b(x,y)| < M|z||||y|| evaluates true for all elements z,y. (Hint: Analyt-
ically evaluate the family of specific functionals f.(y) = b(x,y) defined
strictly for x constrained within the geometric unit ball.)

6. Convergence of Quadrature Formulas. Let X = C]0,1] be strictly
equipped with the uniform norm. Applied numerical integration uti-
lizes discrete quadrature formulas defined mathematically as:

Qn(x) = Z anx(tnk)
k=1

where t,,; € [0, 1] represent specified coordinate nodes and ¢, dictate
applied scalar weights. Assume that for every evaluated polynomial
p(t), the limit evaluates identically: lim,, ., Qn(p) = fol p(t)dt. Prove

rigorously that the identity lim,, o Qn(x) = fol x(t)dt evaluates true for
all continuous functions x € X if and only if a specific scalar constant
M exists such that:

Z lenk] < M for all indices n
k=1

7. Pointwise Divergence. Let the specific space evaluate to X = ¢!. Evaluate
the particular sequence of linear functionals f,(z) = na, (where z,
dictates the strictly n-th coordinate component of the evaluated sequence

(a) Prove analytically that f,(z) — 0 for every specific vector z € X
possessing strictly finitely many non-zero structural terms.

(b) Prove that the specific geometric set of elements x where f, ()
evaluates bounded constitutes a dense subset in X.

(¢) Prove conclusively that the operator sequence physically diverges:
| fall = oo

(d) Evaluate whether the identity f,(z) — 0 holds universally for all
vectors & € X. (Apply the Uniform Boundedness Theorem directly

to conclusively dictate the analytical answer without manually con-
structing a specific mathematical counter-example).
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54 THE OPEN MAPPING THEOREM

The third pillar of functional analysis is the Open Mapping Theorem. It
addresses the analytical stability of solutions to linear equations Tx = y. If
an operator T is continuous and bijective, a unique solution x = Ty is
established algebraically. The Open Mapping Theorem provides the topological
guarantee that this inverse map 7! is continuous,

Definition 5.21 Open Mapping

Let X and Y be metric spaces. A map 7 : X — Y is an open mapping
if for every open set U C X, the corresponding image T(U) is as an
open set in Y.

Not every bounded linear operator T': X — Y is an open mapping. The
following theorem establishes the guarantee that for complete Banach spaces,
surjectivity alone is sufficient to ensure this topological property.

Theorem 5.22 Open Mapping Theorem

Let X and Y be Banach spaces. If T': X — Y is a surjective bounded
linear operator, then 7" is an open mapping. That is, for every open set
U C X, the image T'(U) is open in Y.

PROOF: The proof combines topological mechanisms (the Baire Category
Theorem) with analytical sequences (geometric series). It must be proven that
if T: X — Y is a surjective bounded linear operator between Banach spaces,
then T maps open sets to open sets.

The Baire Category Argument The space X is systematically covered with
expanding geometric balls:

X = U By, where By, = B(0; k).
k=1

Because the operator T is surjective, the images of these geometric balls must
cover the target space Y':

Y =T(X) =] T(B).
k=1

Because Y is a Banach space, it is complete. The Baire Category Theorem
states that a complete metric space cannot be a countable union of nowhere
dense sets (subsets whose topological closure has empty interior). Therefore, at
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least one of the sets, say T(By,), must have non-empty interior. Furthermore,
by the linearity of T, the set T(By,) is just the set T(Bj) scaled by ko:

T(By,) = ko - T(B1)

Scaling a set does not eliminate its interior. Thus, T'(B) has a non-empty
interior.

Shifting to the Origin Thus, T'(B;) contains an open ball V(yp;€). It must
be shown that it contains an open ball centered at 0. Since By is symmetric
and convex, so is T'(By). Since V(yo;€) C T(By), symmetry gives V(—yo;€) C
T(By) (see Appendix). For y € V(0;¢), the vectors y £ yg lie in these respective
balls. By convexity, their midpoint 1(y + yo) + 2(y — yo) = v is in T(By),
implying V' (0;¢) C T'(By) (visualized in Figure 5.9).

By scaling, for any constant k > 0

[V(0,k6) C T(By)]
where the scalar 0 = ¢/2.

s ~
.
.+ T(By) N
/, A
\
’
\
’ > - \
4 -7 V(yo,€) \
’ _ 1 ) \
1
\
1 g \
§ 1
1
1
1 P ]
\ 7 1
\} _ i< 1
\ ¢ V(0, €) /
A ‘
A ’
A ’
\ Yy y
A .
N ’
A, .
~
~ . . .
S V(—vyo, €) By symmetry, V(—yqg;e€) is contained in
NS Up =, the closure. By convexity, the midpoint y

< of any two points y + yg and y — yq is also
~ contained in the closure, anchoring a new
- ball at the origin.

FIGURE 5.9 Translation of the topological interior to the origin. By
leveraging the symmetry and convexity of the set, taking the midpoint
of elements in the mirrored neighborhoods proves that a ball centered
at the origin is contained within the closure of the image.

The Successive Approximation It will now be proven that V' (0;/2) C T'(By).
Let y € Y define an arbitrary target vector satisfying |ly|| < /2. A rigorous
sequence of approximations will be constructed.

1. Since y € Vj /2, by linearity, V(0;6/2) C T'(By2). Because y is in the closure
of the image, there exists a vector z; in the ball By, such that

]
ly—Tar] < 5
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Let y1 = y — Txy define the error (visualized in Figure 5.10).

2. Since V4 C T(B1)4), there exists xo € By /4 such that

]
s = Taall <

Let yo = y1 — Tao =y — (Txy + Txs).

Image Space Y

FIGURE 5.10 Visualization of the successive approximation stage. Because
the image evaluates as dense, any target vector y can be approached via
a sequence of mapped images. Because the ambient space is complete
(Banach), the sum of the pre-images z,, converges, eliminating the error
gap completely.

3. By induction, there exists a vector x,, € By pn satisfying

" )
ly — ZT%H < ont1
k=1

Convergence Thus, the series Y~ | x,, is absolutely convergent since Y ||z, || <
> 2% = 1. Because X is a Banach space, this series converges to a limit z € X.
Additionally, the bound ||z|| < 1 holds, confirming = € B;. Because T is

continuous:
N

N
pu 1 = 1. T =
Thus, an element x € By is found such that Tx = y. This conclusively proves
that V' (0;0/2) C T(By).

Conclusion The primary theorem is now established. It must be shown that for
any arbitrary open set A C X, the corresponding image T(A) is open in Y. Let
y € T(A). This implies y = Tz for some vector € A. Because A is an open
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set, a radius r > 0 exists such that B(z;r) C A. This implies  + B(0;7) C A,
or equivalently
B(0;r) C A—=.

By linearity, the relation T'(B(0;7)) C T(A) — Tz holds. This relation can be
scaled. Because T(B(0;7)) = rT(By), the condition becomes

rT(By) C T(A) —y.

By the successive approximation argument established previously, 7'(B1) con-
tains an open ball V' centered at 0. Therefore, the scaled set rV is an open
ball centered at 0 contained in T'(A) — y. Shifting the coordinate frame back
by vy, it is established that T'(A) contains an open ball centered at y. Thus,
the set T'(A) is open.

Consequently, if T is bijective, 7! must exist. The continuity of 77! is
equivalent to the requirement that the inverse image of any open set under
T~ is open. Because the identity (7-!)~1(U) = T(U), which is open, the
inverse mapping 7! must be continuous. |

The Bounded Inverse Theorem

The most practical corollary of the Open Mapping Theorem is the guaranteed
continuity of the inverse operator.

Theorem 5.23 Bounded Inverse Theorem

Let X and Y be Banach spaces. If T : X — Y acts as a bounded
linear operator that is bijective, then the algebraic inverse operator
T~!':Y — X is bounded (continuous).

PROOF: The proof translates the definition of general continuity into a struc-
tural mapping problem that can be solved applying the Open Mapping Theo-
rem.

Existence of the Inverse Because T : X — Y is bijective, the operator T~ :
Y — X exists. The objective is to prove that this inverse is bounded, which,
for linear functional operators, is equivalent to proving continuity.

The Topological Criterion The topological characterization of continuity is
utilized: a mapping is continuous if and only if the inverse image of every open
set in the codomain is open in the domain.

Mapping Analysis Let U C X represent an open set in the domain of T'. By
definition of an inverse mapping,

(T=H~(U) =T(U)

Invoking the Open Mapping Theorem Because T is a continuous and surjective
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linear operator between the complete Banach spaces X and Y, the Open
Mapping Theorem is applies. The theorem guarantees that the image of the
open set U is an open in Y.

Conclusion Because T'(U) is open in Y for every open set U C X, the inverse
image of every open set under 7! is open. Therefore, 77! is continuous and,
consequently, bounded. |

EXERCISES

1. Incomplete Spaces. Let X = C[0, 1] be equipped with the || - ||c norm
(Banach). Let Y = C[0, 1] be equipped with the | -||; norm (Not Banach).
Let I : X — Y define the identity map Iz = x.

(a) Prove that I is bounded (continuous).

)
(b)
)
)

Prove that I is bijective.

(c) Prove that the inverse operator I=! is unbounded (discontinuous).

(d) Provide an explanation detailing why this result does not contradict
the Bounded Inverse Theorem.

2. FEquivalent Norms. Let X denote a vector space equipped with two distinct
norms, ||-||1 and || - ||2. Assume X is complete with respect to both norms.
Assume there exists a scalar constant C' such that ||z|; < C||z||2 holds
for all z. Prove that the norms are equivalent (implying the existence of
an alternative constant ¢ such that the geometric inequality ||z||2 < ¢||z|1
holds). (Hint: Apply the Bounded Inverse Theorem directly to the identity
mapping I : (X, - 2) = (X, |- [1).)

3. Closed Graph Preview. Let T : X — Y define a general linear op-
erator. The formal graph of T represents the geometric subspace
GT) ={(x,Tz) |z € X} C X xY.If X and Y are Banach spaces,
prove that if T' is bounded, the graph G(T') is a closed subspace of X x Y.

5.5, THE CLOSED GRAPH THEOREM

The final pillar of the fundamental theory is the Closed Graph Theorem. It
provides a practical criterion for determining the continuity of an operator.
Typically, verifying continuity requires proving that if z,, — x, then Tx,, — Tx.
The Closed Graph Theorem permits a stronger assumption: it is assumed that
Tx, converges to a specific limit y, reducing the task to verifying that y
converges to Tz.
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Definition 5.24 Closed Linear Operator

Let X and Y be normed spaces. A linear operator T: D(T) C X — Y
is closed if its graph

G(T)={(z,Tx) |z € D(T)}

is a closed subspace of X x Y.
Sequential Criterion: T' is closed if and only if for any sequence (z,,) in
D(T) satistying
1. z, =z (in X), and
2. Txp, —» y (inY),
it follows that € D(T') and Tz = y.

Theorem 5.25 Closed Graph Theorem

Let X and Y be Banach spaces. If T': X — Y is a closed linear operator,
then 7T is bounded.

The geometric interpretation of this theorem is visualized in Figure 5.11.

Banach Space Y

A

Limit (z,y) - (1)

» Banach Space X

FIGURE 5.11 Visualization of the closed graph. The graph is a subspace
within the product space X x Y. If a sequence of points on the line
converges to a limit point in the plane, that point must lie on the line.
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PROOF: The proof relies on the Bounded Inverse Theorem. The problem is
shifted from evaluating the operator T' directly to evaluating the projection
map on its graph.

Setup The product space X x Y is equipped with the norm

(@ o)l = llellx + lylly

Since X and Y are Banach spaces, the product X x Y is complete. Because T'
is a closed operator, G(T) is a closed subspace of a Banach space. Therefore,
G(T) is a Banach space under the norm inherited from X x Y.

Define the Projection Map The mapping P : G(T) — X is defined by:

Pz, Tz) ==
This maps a point located on the graph directly to its respective z-coordinate.
The operator P is also linear.

Verify Continuity of P For any element z = (z,Tz) € G(T):
I1P()x = llzllx < llzlx +1Tzly = [[(z, Tx)|| xxy = [|2]]

Since ||P(z)|| < 1-]#| holds, the operator P is bounded and thus continuous.

Verify Bijectivity of P It must be shown that P is a bijection from G(T') onto X.
Since the domain of T is the entire space X, for every € X, a corresponding
pair (z,Tz) € G(T) exists. Thus, the range of P is all of X, confirming
surjectivity.

Assume P(z,Tz) = 0. This implies © = 0. Since T is linear, 7'(0) = 0.
Thus, the designated element is uniquely (0,0) and so the kernel of P is trivial,
confirming injectivity. Therefore, P is a continuous bijection between two
Banach spaces, G(T) and X.

Apply the Bounded Inverse Theorem By the Bounded Inverse Theorem, the map
P~': X — G(T) is bounded. The inverse mapping is

P Y(z) = (2,Tx)

Deduce the Boundedness of 7" Since P~ is bounded, a scalar C' > 0 exists such
that for all z € X
[P~ @) xxy < Cllzllx

Thus,
lzllx + | Tzlly < Cllzllx

This inequality is rearranged to isolate the norm involving 7"
[Tzlly < Cllz]lx — [lzllx = (C = 1)]zlx

This proves that T is a bounded linear operator. |
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Example 5.26

The differentiation operator is the standard counter-example that an
operator can be closed without being continuous, provided the domain
is not a Banach space.

Let X = C[0, 1] define the space of continuous functions equipped with
the uniform norm || f{|c = supseo 1) |f(#)]. The differentiation operator 7' :
D(T) C X — X is defined by

() =f
The domain is D(T) = C'[0,1] (functions possessing continuous derivatives).

T is Unbounded. The norm of the function is || fn|lcc = sup [¢t"] = 1 and
its derivative, T'f,,(t) = nt"~!. Thus, the norm of the image is equal to
ITfrllcoc = n. Thus, T is unbounded (discontinuous).

T Is Closed. A sequence (f,) in the domain is considered such that f, — f
uniformly in X and f] — ¢ uniformly in X. A foundational theorem of classical
analysis states that if functional derivatives converge uniformly, the limit of
the functions must be differentiable, and the derivative of the limit equals the
limit of the derivatives:
/
(fim fu) = lm (1) = f'=g
n—roo n—oo

Thus, the graph is closed. This does not contradict the Closed Graph Theorem
because the theorem requires the domain D(T') to be a Banach space. The
space D(T) = C'[0,1] equipped with the uniform norm || - ||« fails to be
complete. This geometric leakage is visualized in Figure 5.12.

The analytical norm defined on the domain can be altered to the graph
norm:

fller =1 lloo + 11 oo

Under this metric, the functional space is complete (a Banach space). Subject
to this norm:

1T flloe = 1 llse < N flloe + 1 Nl = I fllcr

The designated operator is trivially bounded (C = 1), satisfying the prerequi-
sites of the Closed Graph Theorem. J

EXERCISES

1. Differentiation Example. Let X = C|0, 1] be defined with the uniform
norm. Let T be the differentiation operator on D(T) = C*[0, 1].

(a) Prove that T is unbounded by analyzing the sequence x,,(t) = t™.
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T f=lt—05

Sequence f,, € C*

(f Not in C")

~
~

FIGURE 5.12 The formal differentiation operator is defined on smooth
functions. However, smooth functions possess the capacity to converge
(evaluated in the uniform norm) to non-smooth functions. Because the
topological domain ”leaks” specific limits, the Closed Graph Theorem
is inapplicable.

(b) Prove that T is closed. (Hint: Apply the theorem stating that if
fn = [ uniformly and f! — g uniformly, then f is differentiable
and f'' =g).

(¢) Explain why this does not contradict the Closed Graph Theorem.

2. Inverse of Closed Operators. Let T : D(T') C X — Y be a closed linear
operator. Assume T is injective (one-to-one). Prove that the inverse
operator T~! : R(T) — X is closed. (Hint: Analyze the graph of T—*
in the product space Y x X, noting it functions as the transposition of
G(T)).

3. The Direct Sum Decomposition. Let X be a Banach space. Let M and
N be closed subspaces satisfying X = M @ N (so that every z possesses
a mathematically unique representation x = m + n). Let P be the
projection onto M along N, defined by P(m + n) = m.

(a) Prove that P is a linear operator in X.

(b) Prove that P is a closed operator. (Hint: Establish x; — x and
Pz — y. Exploit the closedness of M and N to determine the
limits).

(¢) Conclude that P must be continuous.

4. The Graph Norm. Let T : D(T) C X — Y denote a closed linear operator
between Banach spaces. While T' may be unbounded with respect to
the norm defined on X, an alternative norm can be used on the domain
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D(T), designated as the Graph Norm:
[zl == llzllx + Ty

(a) Prove that D(T') equipped with the graph norm || - |1 is a Banach
space.

(b) Prove that T is continuous with respect to this norm (specifically,
analyzing it as a mapping from (D(T),| - ||7) to (Y, |- |y))-

5. Hellinger-Toeplitz Theorem. Let H be a Hilbert space and let T': H — H
be a linear operator. Assume 7' is symmetric, defined by

(Tz,y) = (x,Ty) for all vectors x,y € H

(a) Apply the definition of symmetry to prove that T is a closed operator.
(Hint: Show x,, — x and Tz, — z. Compule the inner product (z,y)
using limits).

(b) Apply the Closed Graph Theorem to conclude that T is bounded.

6. Product of Closed Operators. Let S and T be closed linear functionals
on a Banach space X.

(a) Determine if the algebraic sum S + T is a closed operator. (Hint:
Consider the specific operators T and S = —T).
(b) Determine if the composition 7S is closed.

(¢) Assuming T is closed and S is bounded, prove that the sum 7"+ S
must be closed.
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N the study of Banach spaces, the standard norm

topology often contains “too many” open sets,
making compactness a rare and restrictive property.
To bypass the limitations of the norm topology in
infinite-dimensional spaces, functional analysis in-
troduces weakened topological structures. By defin-
ing convergence through the lens of bounded linear
functionals rather than distance, we construct the
weak and weak™ topologies.
This chapter establishes the topological foundations
necessary to work with these concepts. It begins
by reviewing general topological spaces and basis
generation, ensuring a rigorous framework before
extending these ideas to vector spaces, dual spaces,
and the powerful theorems that govern their geom-
etry.
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6.1 TOPOLOGY AND NETS

Throughout the previous chapter, reliance has been placed extensively on the
norm topology of Banach spaces. However, in infinite-dimensional normed
spaces, the closed unit ball is intrinsically never compact under the standard
norm topology. This poses a significant limitation for mathematical optimiza-
tion, existence proofs, and establishing limits for sequences of operators.

The Banach-Alaoglu Theorem circumvents this fundamental limitation. By
shifting the analytical perspective to the dual space and equipping it with
a “weaker” topology—one defined by fewer open sets—it becomes feasible
for sequences to converge and for specific sets to attain compactness. To
establish this framework, the concept of a topological space must first be
defined, generalizing the notion of open sets independent of metric distance
functions.

This section reviews the fundamental axioms that govern general topological
spaces, local bases, and subbases.

Definition 6.1 Topological Space

A topology on a given set X is defined as a family T of subsets of X
that satisfies three foundational axioms:

(1) The trivial subsets, namely the empty set () and the entire space
X, are elements of T.

(2) The collection is closed under arbitrary unions: if {U,} is any
subcollection of sets in T, their union |JU, must also be an
element of T.

(3) The collection is closed under finite intersections: if Uy, Us, ..., U,
are sets in T, their intersection ﬂ:-l:l U; must also be an element
of T.

The paired structure (X, T) constitutes a topological space. Whenever
the topology T is unambiguously understood from context, we simply
refer to the space as X. The sets within T are designated as open sets.

Technically, the first axiom is a natural consequence of the latter two. By
standard set-theoretic convention, the union of an empty collection of subsets
of X is the empty set (), and the intersection of an empty collection of subsets
of X is the entire space X.

Specifying every open set in a complex topology is practically impossible.
Instead, topologies are defined via smaller, generating collections of sets. The
most direct method of generating a topology is through a local or global basis.
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Definition 6.2 Local Basis

Let 2 be an arbitrary point within a topological space (X, T). A local
basis (or neighborhood basis) at « is a subcollection B, C T of open sets,
each containing x, characterized by the following absorption property:
for any arbitrary open set U € T containing z, there exists at least one
basis element B € B, such that

ze BCU.
This strict nesting property is visualized in Figure 6.1, which illustrates
how the local basis elements provide a system of neighborhoods that fit inside

any arbitrarily complex open set containing the point.

Topological Space X

FIGURE 6.1 Geometry of a local basis: The local basis B, provides a
localized “coordinate system” of neighborhoods. No matter how the
target open set U is deformed, a basic open set B can always be found
nested entirely within it, capturing the point x.

Definition 6.3 Topological Basis

A collection B of subsets of a set X qualifies as a basis for a topology
on X provided it meets two geometric criteria:

(1) The collection covers the space: | J{B: B € B} = X.

(2) Given any two sets Bi, B, € B and a point z situated in their
intersection (z € By N Bsy), there must exist a third basic set
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B3 € B nested entirely within that intersection:

x € B3 C B1NBs.

If these conditions are satisfied, the topology generated by the basis B,
denoted T, is constructed by taking all possible arbitrary unions of the
sets in B.

In certain scenarios, even verifying the intersection property of a basis
is cumbersome. In such cases, we can drop all structural requirements and
generate a topology from an arbitrary collection of sets, known as a subbasis.

Definition 6.4 Subbasis

Let S be an arbitrary collection of subsets of X . The topology generated
by the subbasis S is constructed in a two-step process:
1. First, form a basis Bg by taking all possible intersections of finitely
many sets from S.

2. Second, generate the topology T by taking all possible arbitrary
unions of the sets in Bs.

Because the empty intersection of sets in S is the entire space X, the
intermediate collection Bg is guaranteed to cover X, ensuring it functions as a
valid basis.

Several fundamental properties emerge directly from the preceding defini-
tions of bases and subbases. Most evidently, any collection that qualifies as a
basis trivially serves as a subbasis for the same topology, and any member of a
basis or subbasis is, by definition, an open set within the topology it generates.

Furthermore, we can characterize a basis entirely through its relationship
with open sets: a collection B of subsets of X acts as a basis for a topology T if
and only if every element of B is in T, and every set in T can be expressed as a
union of elements from B. Equivalently, localized to individual points, this holds
true if and only if for every point x € X, the subcollection {B € B: z € B} is
a local basis for T at x.

Additionally, the topology Ts generated by a subbasis S is characterized
by an important minimality condition. If T is any other valid topology on X
that contains the subbasis (S C T), it must necessarily contain the generated
topology as well (Ts C T). In other words, the topology generated by a subbasis
is the absolute coarsest (or smallest) topology that includes every set in that
subbasis.
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Definition 6.5 The Product Topology

Let {X, : « € I} represent an arbitrary family of topological spaces
indexed by a set /. Consider the Cartesian product [ ], .; Xo. We define
a subbasis S comprised of subsets of the Cartesian product that take
the form [],.; Ua, subject to two conditions:

1. Each U, is an open set in its respective component space X,,.

2. For all but at most one index « € I, the set U, is the entire space
Xa-
The topology generated by this specific subbasis S is defined as the
product topology on [],.; Xo. Consequently, the Cartesian product
endowed with this topology is referred to as the topological product of
the given family of spaces.

It is crucial to examine the structure of the basis B that is constructed from
finite intersections of the subbasis S defined above. Taking finite intersections
of these subbasic elements yields basic open sets of the form ], .; Us, where
each U, is open in X, and the condition U, # X, occurs for only a finite
number of indices a € I. Because this topology behaves so well with respect
to continuity and limits, it is the standard convention in functional analysis
that whenever a Cartesian product of topological spaces is introduced without
an explicitly defined topology, the product topology is automatically assumed.

Finally, we consider the degenerate, albeit theoretically necessary, case
where the index set [ is entirely empty. In this scenario, the Cartesian product
[Iocr Xao reduces to a set containing a single element: the empty set, interpreted
functionally as the empty mapping from I into (J,.; Xo. If S and B represent
the subbasis and basis for the product topology in this empty-index case, they
trivially collapse into a single collection:

S—B_{HXQ}—{{V)}}

acl

To establish a lexicon for our study of general and weak topologies, we
formalize several classes of topological properties. We categorize them into:
fundamental operations, separation axioms, variations of compactness, and
sequential convergence.

Definition 6.6 Subspaces and Boundary Operators

Let X be a topological space. The operations on open sets generate the
following structures for any subset S C X:
e Closed Sets and Neighborhoods: A subset is closed if its complement
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X \ S is open. A neighborhood of a point z € X is an open set U
that contains x.

e Relative Topology: The relative topology (or induced/inherited
topology) on S is the collection of all intersections S N U, where
U ranges over all open sets in X.

e Interior (S°): The interior is the largest open set contained in S,
formed by the union of all open subsets of S.

e Closure (S): The closure is the smallest closed set containing S,
formed by the intersection of all closed sets containing S.

e Boundary (05): The boundary consists of points that are close to
both S and its complement, defined as 95 = S \S°, or equivalently,
SNX\S.

e Limit Points: A point z € X is a limit point (or cluster/accumula-
tion point) of S if every neighborhood of  intersects S at a point
distinct from .

e Density: A subset D C X is dense in S if S is contained in the
closure of D, meaning D C S C D.

The ability to distinguish points or disjoint closed sets via open neighbor-
hoods characterizes a topological space. These constraints are formalized via
the separation axioms.

Definition 6.7 T0 Space

A topological space X is a Ty space if, for any two distinct points
x,y € X, there exists an open set that contains exactly one of these
points.

This minimal separation ensures distinct points can be topologically distin-
guished, though they need not possess disjoint neighborhoods. As illustrated
in Figure 6.2, an open set U captures x while excluding y.

Definition 6.8 T1 Space

A topological space X is a T; space if, for any two distinct points
x,y € X, there exists an open set containing = but not y, and another
open set containing y but not x.

This condition is equivalent to requiring that every singleton set {z} is
closed. In a T space, each point possesses a neighborhood excluding the other,
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<o

FIGURE 6.2 Tj separation: The open set U contains x but not y, providing
minimal distinguishability.

as shown in Figure 6.3. However, these separating open sets U and V may still
intersect.

FIGURE 6.3 T} separation: Each point is contained in an open set that
excludes the other, though the sets U and V are not required to be
disjoint.

Definition 6.9 T2 Space (Hausdorff)

A topological space X is a Ty space, or a Hausdorff space, if any two
distinct points x,y € X can be separated by disjoint neighborhoods.

There exist open sets U containing x and V' containing y such that
unv =40.

Figure 6.4 illustrates this strong separation, which is a standard feature of
metric spaces, guaranteeing that convergent sequences have unique limits.
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FIGURE 6.4 Ty (Hausdorff) separation: The points z and y are isolated
within completely disjoint open neighborhoods U and V.

Definition 6.10 T3 Space (Regular)

A topological space X is a T3 space, or a regular space, if it is a T} space
and any point x € X and closed set F' C X not containing = can be
separated by disjoint open sets. There exist open sets U containing x
and V containing F such that U NV = ().

This elevates the separation capability from point-point to point-set, as
visualized in Figure 6.5.

FIGURE 6.5 T35 (Regular) separation: The point x and the disjoint closed
set F' are separated by non-overlapping open sets U and V.

Definition 6.11 T3.5 Space (Tychonoff)

A topological space X is a T3% space, or a completely regular space, if it
is a T space and any point € X and closed set F' C X not containing
x can be separated by a continuous function. There exists a continuous
map f: X — [0,1] such that f(z) =0 and f(y) =1 for all y € F.
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Figure 6.6 demonstrates this functional separation, ensuring the topology
supports non-trivial continuous real-valued functions.

[ 0]

Re

o1

FIGURE 6.6 T35 (Tychonoff) Separation: The point x and the closed set
F are separated by a continuous function f mapping them to distinct
endpoints of the unit interval.

Definition 6.12 T4 Space (Normal)

A topological space X is a Ty space, or a normal space, if it is a T} space
and any two disjoint closed sets E, F' C X can be separated by disjoint
open sets. There exist open sets U containing E and V' containing F'

such that U NV = (.

Through Urysohn’s Lemma, normal spaces also guarantee functional sepa-
ration between disjoint closed sets. Figure 6.7 visualizes this set-set isolation.

v U v

FIGURE 6.7 Ty (Normal) separation: Any two completely disjoint closed
sets E and F' can be contained within mutually disjoint open sets U

and V.

It is a standard exercise to demonstrate that a space satisfies the T} axiom
if and only if every single-element subset (singleton) is closed. Also these
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separation axioms form a logical hierarchy:
T4:>T3%:>T3:>T2:>T1:>TQ

In metric spaces, compactness can be characterized via sequences or open
covers. However, in abstract topological spaces, compactness divides into
several non-equivalent concepts.

Definition 6.13 Varieties of Compactness

Let S be a subset of a topological space X. We define the following
stability properties:
e Compact: Every open cover of S admits a finite subcover.

e Locally Compact: Every point z € X possesses a compact neigh-
borhood (i.e., there exists a compact set K, such that x € K).

e Countably Compact: Every countable open cover of S admits a
finite subcover.

e Limit Point Compact (Fréchet Compact): Every infinite subset of
S possesses at least one limit point in S.

e Sequentially Compact: Every sequence contained in S possesses a
convergent subsequence whose limit is in S.

For each of the compactness variations defined above, a set S is termed
relatively compact (e.g., relatively sequentially compact) if its closure S satisfies
the respective compactness condition. In these relative cases, the limit points
or subsequential limits are only required to be in S, not necessarily in S.

The equivalencies between these compactness conditions depend on the
underlying topology. Compactness implies countable compactness, which in
turn implies limit point compactness. If the space is Hausdorff (75), count-
able compactness and limit point compactness are equivalent. However, even
in Hausdorff spaces, sequential compactness is independent of these other
forms. Only in a metric space do these definitions—compactness, limit point
compactness, and sequential compactness—become equivalent.

Finally, while sequences are sufficient for analyzing metric topologies, we
must formalize their behavior before demonstrating their inadequacies in weak
topologies.

Definition 6.14 Sequential Convergence and Closure

Let (z,,) be a sequence in a topological space X.
e Convergence: The sequence converges to a limit « € X (de-
noted z, — z) if the sequence is eventually captured by every
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neighborhood of x. Formally, for every open set U containing x,
there exists an integer N such that x,, € U for all n > N.

e Sequential Closure: The sequential closure of a subset S is the
collection of all limit points generated exclusively by sequences
whose terms lie in S.

e Sequentially Closed/Dense: A set is sequentially closed if it contains
all its sequential limits (i.e., it equals its sequential closure). A
set D is sequentially dense in S if S is contained in the sequential
closure of D.

Unless a topological space is known to be Hausdorff (7%), limits of sequences
are not guaranteed to be unique. In a non-Hausdorff space, a single sequence
might converge simultaneously to multiple distinct points. For this reason,
the notation x,, — x is preferred over lim,, . z,, = x, as the latter implies
equality between potentially distinct limit points.

Definition 6.15 Continuity and Mappings

Let X and Y be topological spaces, and let f : X — Y be a function.
We define the following topological properties for f:
e Local Continuity: The function f is continuous at a point zg €
X if, for every neighborhood V of f(xg) in Y, there exists a
neighborhood U of xy in X such that f(U) C V.

e Global Continuity: The function f is continuous on X if the preim-
age f~1(V) of every open set V C Y is open in X.

e Sequential Continuity: The function f is sequentially continuous at
x if for every sequence (z,,) converging to xo in X, the image se-
quence (f(z,)) converges to f(zp) in Y. It is globally sequentially
continuous if this condition holds for all points in X.

e Open Mapping: The function f is open if the image f(U) of every
open set U C X is open in Y.

e Homeomorphism: The function f is a homeomorphism if it is a
bijection of X onto Y where both f and its inverse f~! are
continuous. Equivalently, f is a continuous, open bijection.

A function from one topological space to another is globally continuous if
and only if it is continuous at every point in its domain. The same pointwise-
to-global relationship applies to sequential continuity. Furthermore, continuity
at a point always implies sequential continuity at that point.

The converse, however, requires specific topological conditions. To under-
stand when sequences are sufficient to determine continuity, we recall the first
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countability axiom. A topological space satisfies this axiom if every point in
the space possesses a countable local basis. Metric spaces rational satisfy this
condition; the collection of open balls centered at a point with radii decreasing
to 0 forms a countable local basis.

In any topological space satisfying the first countability axiom, sequences
possess enough resolution to capture the topology. In these spaces, a function
is continuous at a point if and only if it is sequentially continuous at that
point, making global continuity and global sequential continuity equivalent.
Similarly, a subset of such a space is closed if and only if it is sequentially
closed. The methods for proving these equivalences mirror standard metric
space arguments.

In broader topological contexts, straightforward sequential testing fails. It
is possible to construct spaces—including Hausdorff spaces—containing subsets
that are sequentially closed but not closed. Because sequences are indexed by
the natural numbers, they cannot always navigate the neighborhood structures
of more complex topologies. To recover the analytical power of limit operations
in these general spaces, the sequential methods useful in metric spaces must
be replaced by nets.

Definition 6.16 Directed Sets and Nets

A directed set is a non-empty set I equipped with a binary relation =
satisfying the following conditions for all o, 3,y € I:

(1) Reflexivity: o < .
(2) Transitivity: If & < § and 8 < v, then a < 7.

(3) Upper Bound: There exists an element § € I such that o < ¢ and
B 6.
A non-empty set satisfying conditions (1) and (2) is a preordered set.
A directed set is a preordered set satisfying condition (3). A net in a
set X is a function from a directed set I into X. The set I serves as
the index set for the net.

The geometric intuition for net convergence mirrors that of sequences, but
replaces the linear number line with a branching directed set as shown in
Figure 6.8.

Certain developments of net theory require the relation < to be a partial
order, imposing the condition of anti-symmetry: if @« < § and 8 < «, then
« = 3. The theory of topological convergence functions consistently with or
without this axiom.

If f: 1 — X is a net, the image f(a) for an index « € I is conventionally
denoted by . The entire net is denoted by (z4)aes or simply (z,). Borrowing
terminology from sequences, we state that x, precedes g when a < . This
extends the language of sequences to generalized index sets.
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FIGURE 6.8 Visualization of net convergence in a general topological
space. The net may branch across an uncountable directed set, but it is
eventually captured completely within any open neighborhood of the
limit x.

Example 6.17 Sequences and Reals as Nets

Every sequence is a net. The directed set is the set of natural numbers
N, equipped with its standard numerical order <. Similarly, the set of
real numbers R, equipped with its standard order <, forms a directed
set. Consequently, any function mapping R into a space X is a net.
However, unlike sequences indexed by N, a term in an R-indexed net
can be preceded by infinitely many terms, and the net lacks a first
term.

Example 6.18 The Neighborhood Net

A specific net construction is fundamental to topological arguments.
Let X be a topological space and = € X. Let the index set I be the
collection of all neighborhoods of x. We direct I by reverse inclusion:
U XV it U O V. Under this relation, I is a directed set (the intersec-
tion of any two neighborhoods provides the required upper bound). By
selecting a point xy € U for each neighborhood U € I, the resulting
function (xy) forms a net in X (see Figure 6.9).

A sequence in a topological space converges to a point if, for every neighbor-
hood of that point, all terms of the sequence eventually lie in that neighborhood.
This concept translates directly to nets.
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Directed by Reverse Inclusion:

Since U D V O W, the indices follow U <V < W.
As the index “increases,” the neighborhood shrinks,
forcing the choice points xv, zv, xw closer to x.

FIGURE 6.9 The Neighborhood net: The collection of neighborhoods of x
forms a directed set under reverse inclusion. By choosing a point inside
each neighborhood, the resulting net (xy) is topologically trapped and
must converge to x.

Definition 6.19 Net Convergence

Let (x4 )acr be a net in a topological space X, and let z € X. The net
converges to x (and x is a limit of the net) if for every neighborhood U
of x, there exists an index oy € I such that z, € U whenever ay < a.
We denote this convergence by writing z, — = or lim, z, = .

When verifying net convergence to a point z, it is sufficient to check the
convergence condition against a basis (or subbasis) for the local neighborhood
system of z.

Theorem 6.20 Subbasic Convergence

Let S be a subbasis for the topology on a space X. A net (z4)acr
converges to a point x € X if and only if every subbasic open set U € S
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containing = eventually captures the net. That is, for each U € S with
x € U, there exists an index ay € I such that z, € U for all o = ayp.

PROOF: If the net converges to x, the convergence condition holds for all open
neighborhoods of x, which includes all sets in the subbasis.

For the converse, assume the net is eventually captured by every subbasic set
containing x. A basic open neighborhood of x is formed by a finite intersection
of subbasic sets Uy, Us,...,U,, each containing x. By assumption, for each
index k € {1,...,n}, there exists an index «y, € I such that z, € Uy whenever
« = «ay. Because the index set I is directed, it contains an upper bound v such
that v = «a, for all k. Consequently, for all = v, the term z, € (;_, Uy.
Since these finite intersections form a local basis at x, the net converges to x.

The preceding proof highlights a fundamental utility of directed sets:
if a finite collection of conditions each hold eventually, they must all hold
simultaneously eventually. This principle simplifies the analysis of convergence
in product spaces.

Theorem 6.21 Convergence in Product Spaces

Let {X, : v € T'} be a family of topological spaces, and let X =
[I,er X5 be their topological product. A net (za)aer in X converges
to a point x € X if and only if it converges coordinate-wise. That is, for
every v € I, the projection net (24 ~)acr converges to the coordinate
2~ in the component space X,.

PRrROOF: Let S denote the standard subbasis for the product topology. The
members of S are sets where a single coordinate is restricted to an open set
U, C X, while all other coordinates remain unconstrained.

Applying the previous theorem, the net (z,) converges to z in X if and
only if it is eventually captured by every such subbasic set containing x. This
requires that for any v € I' and any open neighborhood U, of x.,, the coordinate
Za,y is eventually in U,. This condition is the definition of coordinate-wise
convergence for each projection of the net. J

Recall that in a Hausdorff space, a convergent sequence has a unique limit.
For nets, this property provides a complete characterization of the Hausdorff
separation axiom among all topological spaces.

Theorem 6.22 Uniqueness of Net Limits

A topological space X is a Hausdorff (75) space if and only if every
convergent net in X possesses exactly one limit.
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PROOF: The proof establishes mutual implication by linking the existence of
disjoint neighborhoods to the behavior of the directed index set.

Hausdorff Implies Unique Limits Assume X is a Hausdorff space. Let (24 )acr
be a net in X converging to a limit z. Assume, for the sake of contradiction,
that the net also converges to a distinct limit y (z # y).

Because X is Hausdorff, there exist disjoint open neighborhoods U contain-
ing  and V containing y (U NV = ()). By the definition of net convergence,
the net must eventually be in U. Thus, there exists an index ay € I such
that z,, € U for all a > ay. Simultaneously, the net must eventually be in V,
meaning there exists an index ay € I such that x, € V for all a > ay .

Because I is a directed set, it possesses an upper bound for any pair of
indices. Therefore, there exists an index v € [ satisfying both v > ay and
v = ay. Consequently, the element z, must be in both U and V, implying
24 € UNV. This contradicts U and V' being disjoint. Thus, the limit must be
unique.

Unique Limits Implies Hausdorff We proceed by contraposition. Assume X is not
a Hausdorff space. There must exist two distinct points ,y € X (x # y) that
cannot be separated by disjoint neighborhoods. Consequently, for every open
neighborhood U of x and every open neighborhood V' of y, the intersection is
non-empty (U NV # ().

We construct a directed set to form a net. Let N, and Ny denote the
collections of all open neighborhoods of x and y, respectively. Define the index
set I as the Cartesian product N, x N,. We direct I by reverse inclusion:
(Uy,V1) <X (U, V2) if and only if Uy C Uy and V, C V7.

For each index pair (U, V) € I, select a point z(y,) from the non-empty
intersection U N' V. This selection defines a net (2(y,v)) indexed by 1.

We now verify convergence. Let Uy be an arbitrary neighborhood of x, and
let V be an arbitrary neighborhood of y. For any index (U, V) = (Uy, V), the
construction guarantees U C Up. Because zy,yy € UNV C U C Uy, the net is
eventually contained in Uy, proving z(y,y) — @. By identical logic applied to
the second coordinate, z(y,vy — y.

Because a single net converges simultaneously to two distinct limits, the
condition of unique limits is violated. Therefore, if every net possesses a unique
limit, the space must be Hausdorff. |

In metric spaces, sequential continuity provides a complete test for global
continuity. Because sequences fail to capture the neighborhood structure of
arbitrary topological spaces, this operational test must be upgraded to utilize
nets.

Theorem 6.23 Net Characterization of Continuity

Let X and Y be topological spaces. A mapping f : X — Y is continuous
at a point € X if and only if, for every net (z,)qacr converging to x
in X, the image net (f(z4))acr converges to f(x) in Y.
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PROOF: We establish mutual implication by linking the convergence of the
directed index set to the topological pullback of open neighborhoods.

Necessity (Continuity Implies Net Convergence) Assume f is continuous at z,
and let (x,) be a net converging to z. We must show that f(zo) — f(x). Let
V' be an arbitrary open neighborhood of f(z) in Y. Because f is continuous
at z, there exists an open neighborhood U of x in X such that f(U) C V.
Because the net (z,,) converges to x, it must eventually be in U. Thus, there
exists an index ay € I such that x, € U for all @ = ay. Mapping these points
through f guarantees that f(z,) € f(U) C V for all @ = ay. Because the
image net is eventually captured by the arbitrary neighborhood V', it converges

to f(z).

Sufficiency (Net Convergence Implies Continuity) We proceed by contraposition.
Assume f is not continuous at x. Consequently, there exists an open neighbor-
hood V of f(z) in Y such that no neighborhood U of z satisfies f(U) C V. This
dictates that for every open neighborhood U containing x, the set U \ f~1(V)
is non-empty.

We construct a directed set I consisting of all open neighborhoods of =,
directed by reverse inclusion (U; < Uy <= Us C Uj). For each neighborhood
U € I, select a point xyy € U\ f~1(V). This selection generates a net (zy)yer-
By the exact logic of the standard neighborhood net, (/) converges to .
However, the construction guarantees that f(zy) ¢ V for all U € I. Because
the image net never enters the neighborhood V', it cannot converge to f(x).
Thus, a failure of continuity guarantees a failure of net convergence. |

To extend the concept of sequential compactness to arbitrary topological
spaces, we require a generalization of a subsequence. A subsequence extracts
an infinite subset of terms while preserving their original chronological order.
For nets, this extraction is formalized via a mapping between directed sets.

Definition 6.24 Subnet

Let (z4)aer be a net in a topological space X. A net (yg)ges is a subnet
of (z4) if there exists a function h : J — I mapping the directed set J
into the directed set I such that:

1. Composition: yg = xp ) for all 3 € J.

2. Cofinality: For every index o € I, there exists an index Sy € J
such that h(8) = ap whenever 8 = fp.

The cofinality condition ensures that the subnet does not become “trapped”
in a bounded region of the original index set [I; it must push arbitrarily deep
into the topological tail of the original net. This mechanism is visualized in
Figure 6.10.
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Cofinal Mapping:
For any target threshold ag in I, there exists a threshold Bp in J
such that the entire tail of J maps strictly beyond ag.

FIGURE 6.10 Visualizing the subnet mapping. The function h extracts a
generalized subsequence by ensuring the new directed set J successfully
drives the indices deep into the original directed set 1.

The utility of subnets lies in their ability to completely characterize com-
pactness in abstract topological spaces, generalizing the Bolzano-Weierstrass
theorem beyond metric boundaries.

Theorem 6.25 Compactness via Subnets

A topological space X is compact if and only if every net in X possesses
a convergent subnet whose limit is in X.

This theorem establishes the analytical machinery required to prove exis-
tence theorems in the weak topology. Rather than verifying open covers, one
constructs a bounded net and extracts a convergent subnet.

The capstone of this topological foundation is the behavior of compact
spaces under Cartesian products. If we take an infinite product of compact
intervals (such as [0,1]), does the resulting multi-dimensional cube remain
compact? In the metric-induced box topology, the answer is definitively no.
However, under the coarse constraints of the product topology, compactness is
preserved. This result, proven by Andrey Tychonoff in 1930, relies heavily on
the Axiom of Choice (often via Zorn’s Lemma or ultrafilters) and serves as
the linchpin for the Banach-Alaoglu theorem.
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Theorem 6.26 Tychonoff’s Theorem

Let {X, } er be an arbitrary family of compact topological spaces. The
Cartesian product

X:HX7

yel

is strictly compact when equipped with the product topology.

Because the weak* topology on the dual space X* is formally equivalent
to the subspace topology inherited from the Cartesian product of scalar fields,
Tychonoft’s Theorem provides the exact topological guarantee required to
prove that the closed unit ball of the dual space is weak* compact.

EXERCISES

1.

Subbasis of the Real Line. Let X = R. Consider the collection of sets
S ={(—00,a):a € R} U{(b,00) : b € R}. Prove that S forms a subbasis
for the standard topology on R. (Hint: Detail the finite intersections
required to construct arbitrary open intervals (a,b).)

Singletons in Ty Spaces. Prove that a topological space X is a T; space
if and only if for every point = € X, the singleton set {z} is a closed set.

. Finite Subsets as a Directed Set. Let X be an infinite set. Let I be the

collection of all finite subsets of X. Define a relation on I by A <X B if
and only if A C B. Verify that [ satisfies the three axioms of a directed
set.

Subnet Convergence. Let (z4)acr be a net in a topological space X
that converges to a limit x. Prove that every subnet (yg)secs must also
converge to x.

Compactness of Closed Subsets. Utilizing the net characterization of
compactness (Theorem 6.25), prove that any closed subset F' of a compact
topological space X is itself compact.

Product Topology and Pointwise Convergence. Let X = RI%1 denote the
space of all functions f(¢) mapping the interval [0, 1] to R. Equip X with
the product topology. Let (fo)acr be a net of functions in X. Prove that
fa — f in the product topology if and only if f,(t) — f(t) in R for every
fixed t € [0,1].

Hausdorff Spaces and Compact Sets. Prove that a compact subset K
of a Hausdorff space X is always a closed set. (Hint: Let a net (z,)
in K converge to a limit x € X. Apply the subnet characterization of
compactness to show that x must belong to K.)
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8. Fuailure of Sequential Convergence. Let X be an uncountable set equipped
with the cocountable topology, where a subset U C X is open if and only
if U = 0 or its complement X \ U is countable.

(a) Prove that the only convergent sequences in X are those that are
eventually constant.

(b) Deduce why sequences are insufficient to characterize the closure
of subsets in this specific topology, demonstrating the necessity of
nets.

6.2 THE WEAK TOPOLOGY

In a normed space X, the standard norm induces a refined topological structure,
commonly referred to as the strong topology. Because the open balls generated
by the norm restrict movement in every dimension simultaneously, strong open
sets are confined. Consequently, bounded sets in infinite-dimensional spaces
stretch outward without ever achieving the density required for compactness.

To recover compactness, we must construct a topology with fewer open
sets—a coarser topology. We achieve this by redefining proximity. Rather than
measuring the geometric distance between vectors, we measure their separation
through the lens of bounded linear functionals.

Defining the Weak Topology

Let X be a normed space and X* be its continuous dual space. Every functional
f € X* is continuous with respect to the strong (norm) topology. Our objective
is to strip away superfluous open sets from X, retaining only the minimum
required to ensure that every functional in X™* remains continuous.

A function is continuous if and only if the preimage of every open set is
open. For a linear functional f : X — K, the basic open sets in the scalar field
K are open balls (or intervals) B(c,e) = {A € K: |A — ¢| < €}. The preimage
of such an interval under f forms a strip or slab in the vector space X.

Definition 6.27 The Weak Topology o(X, X*)

Let X be a normed space. For any point ¢y € X, any functional f € X*,
and any real scalar e > 0, we define the subbasic neighborhood:

U(zo, fre) ={z € X :|f(z) — f(z0)| < €}

The weak topology on X, denoted by o (X, X*), is the topology generated
by taking the collection of all such sets for all zg € X, f € X*, and
€ > 0 as a subbasis.
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Because it is generated directly from this subbasis, the weak topology is
the coarsest topology on X such that every bounded linear functional f € X*
remains continuous.

To construct a local basis at xy for the weak topology, we take finite
intersections of these subbasic strips. Thus, a standard basic weak neighborhood
of zo takes the form:

W(zo, f1,.-s fn,€) ={z € X :|fi(z) — fi(xo)] <eforalli=1,...,n}

where {f1,..., fn} is a finite subset of X*.

[fi(z)] < e ; ’

A Basic Weak Neighborhood
The intersection of finitely many unbounded strips forms the neighborhood W.
In infinite dimensions, this intersection always contains an infinite-dimensional subspace,
confirming that weak open sets are geometrically “massive” compared to norm open balls.

FIGURE 6.11 Visualizing the weak topology. A basic weak neighborhood
is formed by the finite intersection of subbasic functional strips.

Weak Convergence

Because the weak topology is constructed from a specific subbasis, we can
leverage the net convergence theorems established in Section 6.1 to analyze
sequential limits. A net converges in a topology if and only if it eventually
enters every subbasic neighborhood of the limit.

Theorem 6.28 Characterization of Weak Convergence

Let (24 )aer be a net in a normed space X. The net converges weakly
to a limit x € X, denoted by z, — z, if and only if for every bounded
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linear functional f € X*:

lim f(za) = f() in K

PRrROOF: The net x, — z in the weak topology if and only if for every subbasic
set U(z, f,€) containing x, the net is eventually in U. This requires that for
any f € X* and any € > 0, there exists an index ag such that for all a = ag:

o €U, fre) = |f(za) — f(2)| <€

This condition is the definition of the scalar net f(z,) converging to f(z) in
the field K. ]

Because strong (norm) convergence (||z, — x| — 0) implies that f(xz,) —
f(z) via the continuity bound |f(zs)— f(x)| < || f|/|[za—2]||, strong convergence
always implies weak convergence. The converse, however, fails in infinite-
dimensional spaces.

The weak topology possesses fewer open sets than the strong topology. By
the definition of closed sets as the complements of open sets, the weak topology
must also possess fewer closed sets. Every weakly closed set is strongly closed,
but a strongly closed set is not guaranteed to be weakly closed.

However, when geometry is constrained by convexity, this topological gap
vanishes. Stanistaw Mazur proved that for convex sets, the two topologies are
indistinguishable regarding closure.

Theorem 6.29 Mazur’s Theorem

Let X be a normed space and let C' C X be a convex subset. The set
C' is closed in the weak topology if and only if it is closed in the strong
(norm) topology.

PROOF:

Weak Closure Implies Strong Closure This direction is trivial and independent
of convexity. Because the weak topology is coarser than the strong topology
(0(X,X*) C Tnorm ), any set that is open in the weak topology is open in the
strong topology. By taking complements, any weakly closed set is strongly
closed.

Strong Closure Implies Weak Closure (requires Convexity) Assume C' is convex
and strongly closed. We must prove it is weakly closed. We proceed by showing
its complement X \ C is weakly open. Let xg ¢ C. Because C is strongly
closed and convex, we can apply the strict separation form of the Hahn-Banach
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Theorem (established in Chapter 5). There exists a bounded linear functional
f € X* and a real scalar ¢ € R such that:
Re(f(z0)) < ¢ < inf Re(f(x))
zeC

Define the open half-space V = {y € X : Re(f(y)) < c}. Because f is a
continuous functional in the weak topology, the set V' (being the continuous
preimage of the open scalar interval (—oo,¢)) is a weakly open set in X. By
construction, xzy € V, and because all elements x € C satisfy Re(f(z)) > ¢,
the intersection V' N C = (. Thus, V is a weakly open neighborhood of xg
contained in the complement X \ C. Because every point outside C' possesses
such a weak neighborhood, X \ C is weakly open, confirming C' is weakly
closed. |

Corollary 6.30

If a sequence (x,,) converges weakly to x (x,, — x), then there exists a
sequence of convex combinations of the elements (x,,) that converges
strongly (in norm) to x.

EXERCISES FOR SECTION 6.2

1. Uniqueness of Weak Limits. Prove that the weak topology o(X, X*)
on a normed space X is a Hausdorff (T3) space. (Hint: If x # y, ap-
ply a corollary of the Hahn-Banach Theorem to find a bounded linear
functional f € X* that separates x and y, then construct disjoint weak
neighborhoods.)

2. Weak vs. Strong Convergence. Let (z,,) be a sequence in a normed space
X. Prove that if x,, — x in the strong (norm) topology, then x,, — x in
the weak topology.

3. Weak Convergence of Operators. Let X and Y be normed spaces, and let
T:X — Y be a bounded linear operator. Prove that if a sequence (z,,)
converges weakly to z in X, then the image sequence (T'z,,) converges
weakly to Tz in Y. (Hint: For any functional g € Y*, consider the
composition g o T and verify it belongs to X*.)

4. Constructing Strong Convergence from Weak Convergence. Recall the
example demonstrating that the standard basis vectors (e, ) in £2 converge
weakly to 0 but fail to converge in norm. Mazur’s Theorem (Corollary
6.30) guarantees the existence of a sequence of convex combinations of
(en) that converges to 0 in the strong topology. Define the sequence of

arithmetic means:
1 n
Yn = — § (&3
n
k=1

(a) Verify that y,, is a convex combination of the basis vectors.
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(b) Calculate the norm ||y,|l2 and show that y, — 0 in the strong
topology.

5. Weak Convergence in finite dimensions. Prove that if X is a finite-
dimensional normed space, weak convergence is equivalent to strong
convergence. (Hint: Let dim(X) = k with basis {b1,...,b;}. Use the
dual basis {f1,..., fr} in X* to show that weak convergence implies
coordinate-wise convergence, which ensures convergence in norm.)

6. Lower Semicontinuity of the Norm. Prove that the norm function =
|lz|| is weakly sequentially lower semicontinuous. Specifically, show that
if z,, — x in X, then:

Jall < limin 2,
n—roo

(Hint: By the Hahn-Banach Theorem, choose a functional f € X* such
that || f|| = 1 and f(x) = ||z||. Apply the functional to the weakly conver-
gent sequence.)

7. Boundedness of Weakly Convergent Sequences. Prove that if a sequence
(z,,) converges weakly to x in a Banach space X, then the sequence
of norms (||x,||) is bounded in R. (Hint: Treat each x, as an evalua-
tion functional J,, operating on X*. Apply the Uniform Boundedness
Principle.)

8. Schur’s Property in ¢'. While infinite-dimensional spaces generally con-
tain sequences that converge weakly but not strongly, the space ¢! is
a rare exception. It possesses Schur’s property, meaning weak sequen-
tial convergence implies strong sequential convergence. Let (z,) be a
sequence in ¢! such that x,, — 0. Explain why testing this weak con-
vergence against the specific functionals in ¢y (a subspace of £>°) forces
coordinate-wise convergence.

6.3 THE WEAK* TOPOLOGY

Because the continuous dual space X™* is a vector space equipped with the
operator norm, it constitutes a Banach space in its own right. Consequently,
we can equip X* with its own weak topology. Following the construction
established in the previous section, the standard weak topology on the dual
space, denoted o(X*, X**), is generated by all bounded linear functionals
operating on X *. These functionals reside in the bidual space, X **.

However, unless the space is reflexive, the bidual X** is larger than the
original space X. Utilizing all functionals in X** generates a topology that
often possesses too many open sets to permit compactness. To construct a
coarser topology, we must restrict the generating functionals. Rather than
using the entire bidual X**, we use only the original space X.

To utilize elements of X as functionals acting on X*, we must establish a
mechanism that reverses their roles. Normally, a functional f € X* operates
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on a vector € X to produce a scalar f(z). We can invert this perspective by
fixing the vector x and allowing the functional f to vary.

Definition 6.31 The Canonical Evaluation Map

For every fixed vector x € X, we define a mapping J, : X* — K by the
evaluation rule:

Jo(f) = f(x) forall fe X*

The mapping J, is a bounded linear functional on X*, meaning J, €
X**. The transformation J : X — X** defined by x — J, is called the
canonical embedding of X into its bidual.

By the Hahn-Banach Theorem, the operator norm of J,, equals the norm of
(2]l = ||=]|). Therefore, the canonical embedding is an isometric isomorphism
onto its image J(X) C X**. By identifying X with its image J(X), we treat
X as a subspace of X™**.

Defining the Weak* Topology

We are now positioned to define the weak™® topology. Instead of requiring
continuity for every functional in the vast bidual X**, we require continuity

only for the specific evaluation functionals J, generated by the original space
X.

Definition 6.32 The Weak* Topology o(X*, X)

Let X be a normed space and X* be its dual. For any functional
fo € X*, any vector x € X, and any real scalar € > 0, we define the
subbasic neighborhood:

U(fo,z,€) ={f € X*: |f(z) = fo(2)| < €}

The weak* topology on X*, denoted by o(X*, X), is the topology
generated by taking the collection of all such sets for all fy € X*,
r € X, and € > 0 as a subbasis.

The weak* topology is the coarsest topology on X* such that for every
x € X, the evaluation map f +— f(x) is continuous.

A standard basic weak™ neighborhood of fj is formed by the finite inter-
section of these subbasic sets. For a finite collection of vectors {z1,...,2,} in
X and a scalar € > 0, the basic neighborhood is:

W(f()»xla"'axnve) :{fGX* : |f(xl)7f0(‘£l)| <eforalli= ]_,...,TL}
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Topological Hierarchy and Convergence

Because J(X) C X**, the collection of subbasic sets generating the weak*
topology is a subcollection of the sets generating the weak topology on X*.
Consequently, the weak® topology contains fewer open sets than the weak
topology. This establishes a strict hierarchy of topologies on the dual space.

Because the weak™® topology is coarse, it is the easiest topology in which to
achieve convergence. A net of functionals must only converge pointwise on the
original space X.

Theorem 6.33 Characterization of Weak* Convergence

Let (fa)acr be a net in the dual space X*. The net converges weak™
to a limit f € X*, denoted by f, —* f, if and only if for every vector
T e X:

lim fo () = f(z) K

PROOF: The net f, — f in the weak* topology if and only if for every subbasic
set U(f,x,€) containing f, the net eventually is in U. This requires that for
any x € X and any € > 0, there exists an index ag such that for all a = ag:

fa € U(f,2,6) = |falz) = f(z)] <e€

This condition is the precise definition of the scalar net f,(x) converging to
f(z) in K. |

This pointwise convergence reveals why the weak™* topology is so prevalent
in applications: to verify that a sequence of measurement tools (functionals)
converges, one must only verify that their measurements align on every test
object (vectors in X).

The distinction between weak and weak* convergence is profound in non-
reflexive spaces. A sequence of functionals can easily converge in the weak™
topology without converging in the weak topology.

EXERCISES FOR SECTION 6.3

1. Isometry of the Canonical Embedding. Let J : X — X** be the canonical
embedding defined by J,(f) = f(x) for all f € X*.

(a) Prove that J, is a bounded linear functional on X* with operator
norm [|Jo[| < |-

(b) Using the Hahn-Banach Theorem, prove that there exists a func-
tional fo € X* with || fo|| = 1 such that fo(z) = ||z|. Use this to
conclude that ||.J,.|| = ||z||, proving .J is an isometry.
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2. Hausdorff Property of the Weak* Topology. Prove that the weak* topology
o(X*,X) on the dual space X* is a Hausdorff () space. (Hint: If
frg € X* are distinct, there exists a vector x € X such that f(x) # g(x).
Use this vector to construct disjoint subbasic open sets in the weak*
topology.)

3. Boundedness of Weak* Convergent Sequences. Let X be a Banach space.
Assume (f,,) is a sequence in X* that converges in the weak™ topology
to a limit f € X*. Prove that the sequence of norms (|| f,||) is bounded.
(Hint: Weak* convergence implies that for every x € X, the scalar
sequence f,(x) converges and is therefore bounded. Apply the Uniform
Boundedness Principle.)

4. Weak* Convergence of Dirac Functionals. Let X = C[0, 1] be the space
of continuous functions on the interval [0, 1] equipped with the supremum
norm. For any point ¢ € [0,1], define the evaluation functional (Dirac
measure) §; € X* by d6:(g) = g(t). Let (¢,) be a sequence of points in
[0, 1] converging to a limit ¢ in the standard topology of R.

a) Prove that §; —* 4, in the weak* topology of X*.
n gy

(b) Prove that ||d;, — d¢|] = 2 for any t,, # t. Deduce that the sequence
of functionals does not converge in the strong (norm) topology.

5. Coincidence of Topologies in Reflexive Spaces. A Banach space X is
reflexive if the canonical embedding J(X) equals the entire bidual X**.
Prove that if X is reflexive, the weak topology o(X*, X**) and the weak*
topology o(X™*, X) on the dual space X* are the same topology.

6. Weak* Closed Hyperplanes. Let X be a Banach space and F' : X* — K be
a linear functional defined on the dual space (meaning F' € (X*)* = X**).
Prove that the kernel (null space) of F' is closed in the weak* topology if
and only if F' belongs to the canonical image J(X). (This establishes that
the only weak™® continuous linear functionals on X* are the evaluation
maps generated by elements in X.)

7. The Failure of Completeness. Let X be an infinite-dimensional Banach
space. The dual space X™* is a complete metric space under the strong
(norm) topology. However, when equipped with the weak™ topology, X*
is not complete. Explain why Cauchy nets are required instead of Cauchy
sequences to evaluate completeness in this topology, referring to the
failure of the first countability axiom.

6.4 THE BANACH-ALAOGLU THEOREM

In an infinite-dimensional normed space X, the closed unit ball Bx is never
compact in the norm topology. This lack of compactness poses a severe obstacle
for optimization and existence proofs, as bounded sequences are not guaranteed
to possess convergent subsequences.
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The weak™* topology was constructed specifically to solve this problem. By
coarsening the topology on the dual space X*, we reduce the number of open
sets required to cover a bounded region. Leonidas Alaoglu and Stefan Banach
proved that this topological relaxation is sufficient to render the closed unit
ball of the dual space compact.

Theorem 6.34 The Banach-Alaoglu Theorem

Let X be a normed space. The closed unit ball of the continuous dual
space, defined as

Bx-={feX":|fl <1}
is a compact set in the weak™ topology o(X*, X).

ProOOF: The proof relies upon embedding the unit ball into a Cartesian product
of compact scalar intervals, allowing us to apply Tychonoff’s Theorem.

Embedding in a Product Space For any functional f € Bx+ and any vector
x € X, the definition of the operator norm imposes the bound:

[f @) < el <1 lzl] = ]

It follows that f(x) € D, = {A € K: |\ < |lz|}.

Because D,, is a closed and bounded subset of K, the Heine-Borel theorem
ensures D, is compact. We construct the Cartesian product of these compact
disks for every z € X:

P= H D,

rzeX
By Tychonoff’s Theorem (Theorem 6.26), the infinite product space P is
compact when equipped with the product topology.

Every functional f € By« is uniquely identified by its values on all x € X.
Thus, we can embed Bx+ directly into P via the mapping f — (f(2))zex-
The product topology on P is defined by pointwise convergence. Because the
weak™ topology on By~ is also defined by pointwise convergence on X, the
weak* topology on Bx~ is identical to the subspace topology inherited from P.

Proving the Image Is Closed To prove Bx~ is compact, it suffices to prove that
its embedded image is a closed set in the compact space P. Let (fo)acr be a
net in Bx~ that converges to an element g € P in the product topology. We
must show that g corresponds to a bounded linear functional in Bx-.

Because convergence in P is pointwise, f(2) — g(z) for all z € X. First,
we verify that g is linear. For any vectors x,y € X and scalars a,b € K:

glax 4 by) = ligl falaz + by)
Because each f, is linear, this expands to:
lim [afa(z) + bfa(y)] = alim fo(2z) + blim fo(y) = ag(z) + bg(y)

Thus, g is a linear mapping.
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Second, we verify that ¢ is bounded by 1. For any « € X, the net f,(z) re-
sides in D, meaning | f,(x)| < ||z||. Because the absolute value is a continuous
function, the limit preserves this bound:

|9()] = lim [ fo ()] < [|2]]

This ensures that the operator norm ||g|| is less than or equal to 1, confirming
g < BX* .

Because Byx- contains all its limit points in P, it is a closed subset of
the compact space P. A closed subset of a compact space is always compact.
Therefore, By« is compact in the weak* topology. |

EXERCISES

1. Weak Compactness vs. Weak* Compactness. Let X be an infinite-
dimensional Banach space. The Banach-Alaoglu theorem establishes that
the closed unit ball Bx« is compact in the weak* topology o(X*, X).
Prove that Bx« is compact in the weak topology o(X™*, X**) if and
only if X is a reflexive space. (Hint: Recall that in a reflexive space,
the canonical embedding J(X) equals X**, making the weak and weak*
topologies identical.)

2. Compactness of Annihilators. Let Y be a closed subspace of a Banach
space X. The annihilator of Y is defined as Y+ = {f € X* : f(y) =
0 for all y € Y}.

(a) Prove that Y1 is a closed set in the weak* topology.

(b) Prove that the intersection of Y+ and the closed unit ball Bx- is a
compact set in the weak* topology.

3. Pointwise Boundedness and Weak* Limits. Let (f,) be a net of bounded
linear functionals in X*. Assume that for every vector x € X, the net of
scalars (fo(z)) is bounded in the field K.

(a) Apply the Uniform Boundedness Principle to conclude that the
net (f,) is bounded in the operator norm (there exists a constant
M > 0 such that ||f,| < M for all indices «).

(b) Use the Banach-Alaoglu theorem to prove that this net possesses a
weak* convergent subnet.

4. Weak™ Closure of the Unit Sphere. In finite-dimensional spaces, the unit
sphere Sy« = {f € X* : || f|]| = 1} is a closed set. Let X be an infinite-
dimensional Banach space. Prove that the closure of the unit sphere
Sx+ in the weak™® topology is the entire closed unit ball Bx«. (This fact
demonstrates that the weak™ topology fails to separate the boundary of
the ball from its interior.)
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5. Sequential Compactness in Separable Spaces. Assume X is a separable
Banach space. Let (z,,) be a countable dense subset contained in the
unit ball of X. We define a metric on Bx« by:

A(f.9) = 3 5ol (a) = gln)]

(a) Verify that d(f, g) satisfies the standard metric axioms on Bx=.

(b) Prove that convergence in this metric is equivalent to weak™ con-
vergence on the bounded set Bx«.

(¢) Conclude that every bounded sequence of functionals in a separable
space possesses a weak™ convergent subsequence.

6. Failure of Norm Density. Let X be a non-reflexive Banach space, and
let J: X — X** be the canonical embedding.

(a) Prove that the image J(X) is a closed subspace of X** in the strong
(norm) topology.

(b) Use this fact to explain why the image of the unit ball J(Bx) can
never be dense in Bx~+ under the strong topology.
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Proof: The Sequence Space /P is a Metric Space

For any fixed real number p > 1, we define the distance between two sequences
x = (&) and y = (n;) in 7 as:

1/p
oo

d(z,y) = > 1§ =l

Jj=1

To prove this defines a metric, we verify the four axioms. Non-negativity,
identity of indiscernibles, and symmetry follow directly from the properties of
the absolute value. The triangle inequality is established through the following
structural derivation.

PART (A): YOUNG’S INEQUALITY: Let p > 1 and define ¢ such that %4—% =1.
These are called conjugate exponents. For any positive numbers « and 3, we
have Young’s Inequality:
ap< =+ 2
p q
Geometric Intuition Consider the function u = tP~!. The area under this curve
from 0 to « is foa tr—ldt = 0‘7;). The inverse function is ¢t = u/®=1 = ¢a-1,
The area between this curve and the wu-axis from 0 to [ is fOB ul=tdu = 2.

By comparing these areas to the area of the rectangle with sides a and 3, the
inequality becomes geometrically evident.

PART (B): HOLDER INEQUALITY FOR SuMS: For any sequences x € (P and
y € 09, we have:

oo oo 1/p oo 1/q
> lgmil < (Z |§k|p> (Z |77mq>
j=1 k=1 m=1

Normalization If ||z||, = 0 or ||y||; = 0, the inequality is trivially 0 < 0. Assume
|z], > 0 and |y|l; > 0. We define the normalized terms £; = &5l and

lzllp

=~ nyl
= Tyl
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Summation Applying Young’s Inequality to each term gjﬁj:

5p+nj

§imj < » T

Summing over all j:
Z éjn] >
j=1

Multiplying both sides by the scalar ||z, |y, yields the desired Holder in-
equality.

% \h

a7 q

Z_Tf EZ 1(1):1

PART (C): MINKOWSKI INEQUALITY FOR SUMS: The Minkowski inequality
provides the functional backbone for the triangle inequality. For =,y € ¢P:

1/p

00 00 1/p foe) 1/p
D oIg +ml < (Z|€k|p> + (Z |77m|p>
j=1 k=1

m=1

Decomposition For p > 1, let w; = |£; + n;|. Using the triangle inequality for
real numbers, we write:

oo

o0 o0 o0
-1 -1 —1
Dowy =D l& milel T < Il D gl
j=1 j=1

Jj=1 Jj=1

Holder Application We apply Hoélder’s inequality to the sums on the right side.
Note that the conjugate of p is ¢, which implies (p — 1)g = p

1/p - 1/q - 1/q

o0 o0

-1 -1
DT W 1 D@yt =l | D owf
j=1 j=1 j=1

=1

Applying the same logic to the 7; terms and substituting back into the decom-
position:

1/q
o0

o0
Z < (lzllp + llyllp) | > w?
j=1

Assuming the sum is non-zero, dividing by (> wf )1/ and utilizing the exponent
relation 1 — % = % yields [z + yllp < [lz[l, + [[y],-

PART (D): VERIFICATION OF THE TRIANGLE INEQUALITY: Finally, we apply
the Minkowski inequality to the distance function d(z,y).
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Substitution For any x,y,z € ¢P, we observe by adding and subtracting in-
termediate terms that & —n; = (&5 — ¢;) + (¢; —n;). Let a; = §; — ¢; and
bj = G —nj-

Final Result By applying Minkowski’s Inequality to sequences a and b:

1/p 1/p 1/p

dz,y) = [Ylaj+0,7 | < (Dlagl? ]+ DI
j=1 j=1 j=1

Substituting the original sequence terms a; and b; back into the inequality:
1/p 1/p

d(z,y) < | D16 = ¢GIP + (D16 =il
j=1 j=1

d(x,y) < d(z,z) + d(z,y)

This completes the proof that (¢, d) satisfies the metric axioms rigorously.
[ |

The Decomposition Theorem

Let X be a complete Banach space. If X is the algebraic direct sum
of two closed subspaces Y and Z (X =Y @ Z), then the projection
operator P mapping X onto Y along Z is continuous.

PRrROOF: This proof uses the Bounded Inverse Theorem to evaluate the projec-
tion via a product space, a mapping visualized in Figure A.1.

Constructing the Product Space Define the Cartesian product space W =Y x Z.
Define the norm evaluating W as ||(y, 2)|lw = ||lyllx + ||2]|x. Because Y and Z
are closed subspaces in a complete Banach space X, they are complete Banach
spaces. The topological product of complete Banach spaces is complete; thus,
W is a Banach space.

The Summation Mapping Define the summation operator T': W — X by:
T(y,z)=y+=2

Because X =Y @ Z algebraically, every vector x € X possesses a unique
decomposition. Thus, T is a bijection (injective and surjective). Evaluating
continuity via the Triangle Inequality:

IT(y, 2)llx = lly + zllx < llyllx +1zllx = lI(y; 2)lw

This bounding inequality guarantees ||T'|] < 1, confirming T is a bounded
continuous operator.
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The Inverse Mapping Because T acts as a bijective, continuous linear operator
between complete Banach spaces (W and X), the Bounded Inverse Theorem
dictates that the inverse mapping 7! : X — W is bounded and continuous.
Given z = y + z, the inverse evaluates to:

T (z) = (y,2)

The Projection Composition The projection P : X — Y defined by P(z) =y
can be formalized as the composition of the inverse mapping 7' and the
coordinate projection m : W — Y defined by 7 (y, 2) = u:

P=moT™!

The inverse 7' is continuous. The coordinate mapping 7 is continuous
because ||m1(y, 2)|| = ||yl < |lyll + 1121l = (v, 2)||w. Because the composition
of continuous mappings yields a continuous mapping, the projection P is
continuous. |

T—l

y+z/—\(y,z)
T(y,z)=y+=

Space X <= Product Y x Z

~ ,

Sl m(Yy,2) =y

Subspace Y

Y

FIGURE A.1 The Decomposition Theorem. The continuity of the projec-
tion P is proven by factoring the operator through the complete product
space Y x Z.

Isometry of the Adjoint

The adjoint operator 7™ is bounded, linear, and preserves the norm of
the original operator:
T[] = |7

PROOF: The proof verifies that T* is linear, bounded, and bounded from below
by ||T||, establishing isometry.
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Linearity of the Adjoint Let y;,y5 € Y* be bounded linear functionals, and let
«, B be scalars. For any vector z € X:

(T*(ayi + By3))(x) = (ayy + Bys)(Tx)
= ayy(Tz) + By; (Tx)
= a(T*y7)(x) + B(T"y5)(x)

Because this equality holds for all x € X, the operators are equivalent: T (ay; +
Bys) = oT*y; + BT*y;. Thus, T* is linear.

Expanding the Norm Definition The norm of the operator 7" mapping Y™ to
X* evaluates to the supremum of its action on the unit sphere of Y*:

IT* = sup [[T"y"||x-

[ly*[ly+=1

The internal term, ||T*y*| x~, is the norm of a functional in X*. Expanding
this internal norm using the supremum over the unit sphere of X:

IT*y"||x~ = sup |[(T"y") ()]

xr X:l

Applying the definition of the adjoint, (T*y*)(z) = y*(Tx), formulates the
operator norm as a double supremum:

lly*I=1 \[l=][=1

17| = sup ( sup Iy*(Tx)>
The Upper Bound (||7%|| < ||I7]|) Applying the fundamental inequality for
bounded functionals (| f(w)| < || f]l]|w]]):
ly" (Tx)] < [ly”]
Because T is bounded, ||Tz|y < ||T||||x|x. Substituting this yields:

ly" (Tx)| < ly"|

Y * TLL'HY

v [Tl x
Evaluating this on the unit spheres, where ||y*||y~ = 1 and ||z| x = 1:
" (Tx)| < 1-||T) -1 = [T

Because this upper bound holds for all unit vectors x and all unit functionals
y*, the supremum cannot exceed this bound. Therefore:

1T < |17

This establishes that 7 is bounded.
The Lower Bound (||T*|| > ||T||) Let x € X be a vector satisfying ||z||x = 1.
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Consider its image Tz € Y. If Tx = 0, the lower bound is satisfied. If Tz # 0,
we borrow Corollary 5.12 again to guarantee the existence of a bounded linear
functional y§ € Y* such that:

lyslly« =1 and yg(Tz) = ||Tz|y
Evaluating the norm of the adjoint functional T™y; at x:

IT"yollx- = Sup, (T o) (w)| = [(T"yo) ()]
wl|=

Substituting the definition of the adjoint and the Hahn-Banach functional:

[(T™yo) ()| = lyo (T)| = [Ty

Thus, [T*ygllx- = [Ty

Returning to the evaluation of the operator norm [|T*||, because y; is a
unit functional, the supremum over all unit functionals must be at least the
value achieved by v3:

17 = ap 1Ty l[x 2 1T™yollx- = 1Ty
y*[|=1

Because ||[T*|| > ||Tz||y for any unit vector z, evaluating the supremum over

all x € X yields:
[Tl = sup [[Tx|y = [T

lz=1

Because both ||T*|| < ||T|| and ||T*|| > ||T|| are established, it concludes that
IT=[ = [I1°1]- .

Completeness of the Operator Space

Let X and Y be normed spaces, with X # {0}. The space of all bounded
linear operators B(X,Y") constitutes a complete Banach space if and
only if the codomain Y evaluates as a Banach space.

PrOOF: The proof considers the forward and reverse implications indepen-
dently.

If Y is complete, then B(X,Y") is complete: Assume Y is a Banach space. Let
(T},) represent a Cauchy sequence of bounded linear operators in B(X,Y). For
any vector x € X, the definition of the operator norm establishes the inequality

[To = Tonzlly < |[T0 — Tonlll ]l x

Because (T7,) is a Cauchy sequence, as n,m — oo, |1, — Tllp(x,y) — 0.
Consequently, (T),x) is a Cauchy sequence in Y. Because Y is complete, this
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sequence must converge to a defined limit in Y. The target operator T': X — Y
is defined pointwise by this limit:

Tx = lim T,x
n—oo

Verification of Linearity and Boundedness Because limits preserve linear op-
erations, the operator T is inherently linear. Furthermore, because Cauchy
sequences are bounded, a constant M exists such that the bound ||T,,|| < M
holds for all indices n. Thus, ||[Tz|y < M||z||x and so that T is a bounded
operator (T' € B(X,Y)).

Verification of Operator Norm Convergence It must be demonstrated that T7,, — T
with respect to the operator norm. Because (T3,) is Cauchy, for any € > 0, an
index N exists such that for all n,m > N:

T, — Th| <e€
Applying this specific bound to an arbitrary vector x:
[To = Tonzlly <eflzflx
Fixing the index n and evaluating the limit as m — oo yields:
Tz — Tx|ly <e€|x||x foralln>N

Extracting the supremum over all unit vectors x € X produces the strict
bound ||T,, — T|| < e. Thus, T,, — T strictly in the operator norm, proving
B(X,Y) is complete.

If B(X,Y) is complete, then Y is complete We will need to borrow a result in
Chapter 5 to prove this. Assume B(X,Y’) is a Banach space. Let (y,,) be a
Cauchy sequence in Y. Because X # {0}, a non-zero vector zyp € X can be
selected. By Corollary 5.12 of the Hahn-Banach Theorem, a bounded linear
functional f € X* exists satisfying the condition f(xg) = 1. A specific sequence
of linear operators 7,, : X — Y is defined explicitly by the mapping:

To(x) = f(x)yn

We calculate the operator norm corresponding to the difference:

ITn = Tmllpxy)y = sup [1f(@)(yn = ym)lly = [1Fllx=[1gn = ymlly

lzllx=1

Because (yy,) is a Cauchy sequence in Y, the sequence (T3,) is a Cauchy sequence
in B(X,Y). Because B(X,Y) is complete, (T},) converges to a limit operator
T € B(X,Y). Evaluating this convergence at xg:

Yn = f(x0)yn = Tn(z0) = T'(0)

Thus, (y,) converges to T'(x¢) € Y which proves Y is complete. [ |
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Isometry of the Canonical Embedding

Let X be a normed space and X** be its double dual. The canonical
embedding J : X — X** defined by J,(z*) = z*(z) for all 2* € X* is
an isometry.

PrOOF: To demonstrate that J is an isometry, we must prove that the operator
norm of the functional .J, in the double dual equals the norm of the vector x
in X, establishing ||J, || x+ = |z||x for all z € X.

The Upper Bound (]|.J;|| < ||z]|) By the definition of the operator norm in the
double dual X**:

1ol = sup |Jz(z%)| = sup [a"(x)|
lo* - <1 o=l x- <1

Applying the fundamental inequality for bounded linear functionals, we know
that |2*(z)| < ||z*||x+||z|x. For any functional situated in the closed unit ball
(Jlz*]|x+ < 1), this inequality simplifies to:

[z ()] < Wlzlx = llzlx
Because this bound holds for all such functionals, the supremum cannot exceed
|z|lx - Thus, we establish the upper bound:

el < [l x

The Lower Bound (||J.|| > ||z||) If + = 0, the equality ||J|| = ||z]|x holds
trivially. For any non-zero vector x € X, we rely on Corollary 5.12 of the
Hahn-Banach Theorem. This corollary guarantees the existence of a bounded
linear functional f € X* such that:

[fllx- =1 and f(z) =[x

Evaluating the canonical functional J, at this specific norming functional f
yields:

[T (S)] = [f(2)] = llz] x
Returning to the supremum definition of the norm ||.J,.||, because f is a unit
functional, the supremum over all unit functionals must be at least the specific
value achieved by f:

[Joll = sup |Jo(z)] = [T ()] = |lz[lx
flz* || x« <1
This establishes the lower bound:
[Tzl > llz]lx

Conclusion Because both the upper bound (||.J;|| < ||z|/x) and the lower bound
([ 7z]l = |lz|]|x) are established, it follows that ||.J..|| = ||«||x. This confirms
that the canonical embedding J preserves distances and thus an isometry. H
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Boundedness of the Minkowski Functional

Let X be a normed space and C' C X be an open convex set containing
the origin. The Minkowski functional p : X — R defined by

p(z) =1inf{\ > 0: 2 € \C}

is bounded. There exists a constant M > 0 such that p(z) < M||x| for
all z € X.

PRrROOF: Because C' is an open set containing the origin, there exists a radius
r > 0 such that the open ball B(0;7) is contained in C. For any non-zero vector
x € X, the scaled vector mgc has a norm of r/2. This places the vector in
B(0;r), and therefore in C. By the definition of the Minkowski functional, if a

vector y € C, then p(y) < 1. Applying this to the scaled vector:

( " ><1
Plar 72 ) =
2|||

The Minkowski functional is positively homogeneous. Factoring out the
positive scalar m yields:

.
p(r) <1
2|z

Rearranging the inequality provides the explicit bound for p(x):

2
< —
p(z) < er”

Defining M = 2, the inequality p(z) < M||z|| holds for all non-zero z € X.
For z =0, p(0) = 0 < M||0|| holds trivially. Thus, the functional is bounded
by a constant multiple of the norm. |

Preservation of Convexity

Let X and Y be vector spaces and 7' : X — Y be a linear operator. If
C C X is a convex set, then the image T(C) is a convex set in Y.

ProoF: To establish that T'(C') is convex, it must be shown that any convex
combination of two points in 7'(C') remains in T'(C).

Identify Pre-images Let y1,y2 € T(C). By the definition of the image, there
exist vectors x1,xo € C such that T(x1) = y1 and T(x2) = ya.

Apply Convexity of the Domain Let ¢ € [0, 1] be a scalar. Since C' is a convex
set, the convex combination of x1 and x5 is contained in C":

try +(1 725)502 eC
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Apply Linearity Evaluate the image of this convex combination under the opera-
tor T'. Since T is linear, it preserves vector addition and scalar multiplication:

T(t.’bl + (]. — t)xg) = tT(iCl) + (]. — t)T(.’EQ)
Substituting the established values y; and y, yields:
T(twy + (1 = t)az) =tyr + (1 — t)y2

Since tz1 + (1 —t)z € C, its mapped image ty; + (1 —t)yz lies in T'(C'). Thus,
T(C) is convex. |

Preservation of Symmetry

Let X and Y be vector spaces and 7' : X — Y be a linear operator. If
S C X is a symmetric set with respect to the origin, then the image
T(S) is a symmetric set in Y.

PROOF: To establish that T'(S) is symmetric, it must be shown that for any
point y € T(.S), its negation —y is also in T'(S).

Identify Pre-image Let y € T'(S). By definition, there exists a vector « € S such
that T'(z) = y.

Apply Symmetry of the Domain Because S is a symmetric set, the negation of
any vector in S is also contained in S. Thus, —z € S.

Apply Linearity Evaluate the operator T" applied to this negated vector. Because
T is linear, it preserves scalar multiplication, including multiplication by —1:

Since —x € S, its mapped image —y lies in T'(S). Thus, T(S) is symmetric.
|



Epilogue

The foundational exploration of functional analysis presented within this
text reaches its analytical conclusion. Throughout these chapters, the rigorous
transition from the finite-dimensional structures of classical linear algebra to the
topological complexities of infinite-dimensional spaces has been systematically
established.

The mathematical journey commenced with the formulation of fundamental
metric topologies and culminated in the rigorous proof of the Four Pillars of
functional analysis. The Hahn-Banach Theorem, the Uniform Boundedness
Principle, the Open Mapping Theorem, and the Closed Graph Theorem have
been formalized not merely as abstract analytical properties, but as the indis-
pensable structural laws governing the behavior of continuous linear operators.
Furthermore, the Banach-Alaoglu Theorem provided the necessary topological
machinery to recover mathematical compactness within these vast spaces via
the weak™ topology.

However, this text serves strictly as an introductory foundation. The
analytical landscape of functional analysis extends far beyond these preliminary
bounds. The rigorous study of spectral theory, the analysis of unbounded
operators essential to the formulation of quantum mechanics, the structural
classification of Banach algebras, and the broader generalizations found within
non-linear functional analysis constitute the natural mathematical continuation
of this study. The infinite-dimensional framework established within these
pages provides the exact topological tools required to navigate those advanced
domains.

It is intended that the synthesis of algebraic structure and geometric
intuition developed throughout this text will serve as a permanent, rigorous
analytical foundation for the reader. The structural elegance of functional
analysis demonstrates a profound mathematical unity, where discrete algebraic
operations and continuous topological spaces converge flawlessly.

Paul L. Dayao

Soli Deo Gloria
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