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Chapter 1

Principle of Adaptive Dynamic
Programming

1.1 Dynamic Programming

Optimal control of nonlinear systems has been the focus of con-
trol fields for many decades [5, 26, 38, 57]. Dynamic programming
has been an effective method for solving optimization and optimal
control problems for several decades [18, 19, 42]. In this section,
it aims to present a brief introduction to dynamic programming.
Dynamic programming was developed by R. E. Bellman in 1957 [7].
Dynamic programming is based on Bellman’s principle of optimality:
An optimal policy has the property that no matter what the previ-
ous decision (i.e., controls) have been, the remaining decisions must
constitute an optimal policy with regards to the state resulting from
those previous decisions.

1.1.1 Discrete-time systems

We can use mathematical formula to express the above process. Give
the following discrete-time nonlinear systems

xk+1 = F (xk, uk), (1.1)

where xk ∈ R
n is the system state and uk ∈ R

m is the control input.
Let uk = (uk, uk+1, . . .) denote the control sequence from k to ∞. Let
U(xk, uk) be the utility function. The performance index function is

1
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defined as

J(xk, uk) =

∞
∑

i=k

U(xi, ui). (1.2)

The goal of this section is to find an optimal control scheme which
stabilizes the system (1.1) and simultaneously minimizes the perfor-
mance index function (1.2). For convenience of analysis, results of
this section are based on the following assumptions.

Assumption 1.1. System (1.1) is controllable on a compact set
Ωx ∈ R

n and the function F (xk, uk) is Lipschitz continuous for xk, uk.

Assumption 1.2. The system state xk = 0 is an equilibrium state
of system (1.1) under the control uk = 0, i.e., F (0, 0) = 0.

Assumption 1.3. The feed-back control uk = u(xk) satisfies uk =
u(xk) = 0 for xk = 0.

Assumption 1.4. The utility function U(xk, uk) is a continuous
positive definite function for any xk and uk.

According to the Bellman’s principle, the optimal performance
index function satisfies the following Bellman equation

J∗(xk) = min
uk

{U(xk, uk) + J∗(xk+1)}. (1.3)

Then, the law of optimal single control can be expressed as

u∗(xk) = argmin
uk

{U(xk, uk) + J∗(F (xk, uk))}. (1.4)

Hence, the HJB equation (1.3) can be written as

J∗(xk) = U(xk, u
∗(xk)) + J∗(F (xk, u∗(xk))). (1.5)

Equation (1.3) is the principle of the optimality for discrete-time
systems. Its importance lies in the fact that it allows to optimize
over only one control vector at a time by working backward. From
(1.4) and (1.5), if we want to obtain the optimal control law u∗(xk),
we must obtain the optimal performance index function J∗(xk).
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However, J∗(xk) cannot be obtained before J∗(xk+1) is known. Gen-
erally speaking, J∗(xk) is unknown before all the controls uk ∈ R

m

are considered. If we adopt the traditional dynamic programming
method to obtain the optimal performance index function one by
one time step, then we have to face the “curse of dimensionality”. It
is nearly impossible to obtain J∗(xk) for all xk ∈ Ωx by solving the
Bellman equation directly.

1.1.2 Continuous-time systems

Now consider the following continuous-time systems

ẋ(t) = f(x(t), u(t)), (1.6)

where x(t) ∈ R
n is the system state, u(t) ∈ R

m is the control input.
The performance index function is defined as

J(x(t)) =

∫ ∞

t
L(x(τ), u(τ))dτ, (1.7)

where L(x(t), u(t)) is the utility function. The goal of the optimal
control is to find an optimal control law which minimizes to the per-
formance index function (1.7). Let U [t,∞] denote the control set in
the interval [t,∞). According to the Bellman’s principle, the optimal
performance index function can be expressed as

J∗(x(t)) = min
u(·)∈U [t,τ ]

{∫ τ

t
L(x(s), u(s))ds+ J∗(x(τ))

}

. (1.8)

According to (1.8), we can derive the following Hamilton–Jacobi–
Bellman(HJB) equation.

−∂J
∗(x(t))
∂t

= min
u∈U

{

L(x(t), u(t)) +

(

∂J∗(x(t))
∂x(t)

)T

f(x(t), u(t))

}

= L(x(t), u∗(t)) +
(

∂J∗(x(t))
∂x(t)

)T

f(x(t), u∗(t)). (1.9)

The HJB equation (1.9) provides the solution of the opti-
mal control problem. However, it is generally impossible to solve
the optimal performance index function analytically, especially for
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nonlinear systems. In this situation, numerical methods, such as
adaptive dynamic programming (ADP), are necessary to obtain the
optimal performance index function and the optimal control law
approximately.

1.2 Original Forms of Adaptive Dynamic Programming

Adaptive dynamic programming (ADP), proposed by Werbos [53,
55], is an effective adaptive learning control approach to solve opti-
mal control problems forward-in-time. There are several synonyms
used for ADP including “adaptive critic designs” [2, 34], “adaptive
dynamic programming” [12, 13, 29], “approximate dynamic pro-
gramming” [4, 33, 56], “neural dynamic programming” [10], “neuro-
dynamic programming” [9], and “reinforcement learning” [27, 37, 40].
In Ref. [56], ADP approaches were classified into four main schemes:
Heuristic Dynamic Programming (HDP), Dual Heuristic Program-
ming (DHP), Action Dependent HDP (ADHDP) (also known as
Q-learning [47]), and Action Dependent DHP (ADDHP). In Ref. [34],
two more ADP that are Globalized DHP (GDHP) and ADGDHP
were proposed. In Refs. [31, 32], new ADP structures, which are goal
representation dual heuristic dynamic programming (GrDHP), were
developed to obtain the optimal control in a more effective way. In
recent years, iterative methods are widely used in ADP to obtain the
solution of HJB equation indirectly [1, 24, 29, 48, 51, 52]

There are two main iterative ADP algorithms which are pol-
icy and value iteration algorithms, respectively [16]. Policy iteration
algorithms for optimal control of continuous-time systems with con-
tinuous state and action spaces were given in Ref. [1]. In 2011, Wang
et al. [46] studied finite-horizon optimal control problems for discrete-
time nonlinear systems with unspecified terminal time using policy
iteration algorithms. Value iteration algorithms for optimal control
for discrete-time nonlinear systems were given in Ref. [6]. In Ref. [3],
a value iteration algorithm, which is referred to as greedy HDP iter-
ation algorithm, was proposed for finding the optimal control law
and the convergence of the algorithm was also proven. In Ref. [49],
an iterative θ-ADP algorithm was proposed that permits the ADP
algorithm be implemented both on-line and off-line without the ini-
tial admissible control sequence. Based on policy and value iterations,
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Fig. 1.1. The structure of adaptive dynamic programming.

more improvements in ADP methods have been discussed and have
received lots of attention [11, 28, 39, 43, 50, 58–60, 62].

1.2.1 Principle of adaptive dynamic programming

Adaptive dynamic programming employs approximation structures,
such as neural networks, to approximate the performance index func-
tion in dynamic programming [14, 30], such that the performance
index function satisfies the HJB equation. There are generally three
modules in ADP, which are model, critic and action modules, respec-
tively. Every module can be realized by neural networks. The basic
structure of ADP can be displayed by Fig. 1.1.

In Fig. 1.1, the dynamic system can be modeled by neural net-
work. The action network is employed to approximate the optimal
control law and the critic network is employed to approximate the
optimal performance index function. The action and critic networks
are combined as a agent, which creates a control input to the sys-
tem. Then, a reward/punishing information is generated as the input
of the critic network, which aims to update its weight by the HJB
equation.

1.2.1.1 Heuristic dynamic programming

Heuristic dynamic programming (HDP) is a most basic and popular
ADP method [6, 36, 54, 61]. The structure of HDP is shown in Fig. 1.2
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Action
Network

Model
Network

Critic
Network

Critic
Network

Fig. 1.2. The HDP structure diagram.

In HDP, the action network is used to approximate the control
law. The model network is used to approximate the system dynamics.
The critic network is used to approximate the performance index
function. The performance index function in HDP is expressed as

J(xk) = U(xk, u(xk)) + J(xk+1), (1.10)

where u(xk) is the feedback control law. The performance index func-
tions J(xk) and J(xk+1) are the output of the critic networks. If the
weight of the critic network is defined as w, then the right-hand side
of (1.10) can be written as

d(xk, w) = U(xk, u(xk)) + J(xk+1, w). (1.11)

The weight of the critic network is regulated which aims to satisfy
the following function

w∗ = argmin
w

{|J(xk, w) − d(xk, w)|2}. (1.12)

According to the principle of optimality, the optimal control law
satisfies the following equation

∂J∗(xk)
∂uk

=
∂U (xk, uk)

∂uk
+
∂J∗(xk+1)

∂uk

=
∂U (xk, uk)

∂uk
+
∂J∗(xk+1)

∂xk+1

∂f (xk, uk)

∂uk

= 0. (1.13)
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Action
Network
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Network

Critic
Network

Critic
Network

Fig. 1.3. The DHP structure diagram.

Then, we can obtain the optimal control law

u∗ = argmin
uk

(∣

∣

∣

∣

∂J(xk)

∂uk
− ∂U(xk, uk)

∂uk
− ∂J∗(xk+1)

∂xk+1

∂f(xk, uk)

∂uk

∣

∣

∣

∣

)

,

(1.14)

where
∂J∗(xk+1)
∂xk+1

can be obtained by critic network.

1.2.1.2 Dual heuristic dynamic programming

The structure of dual heuristic dynamic programming (DHP) is
shown in Fig. 1.3. There are also three neural networks in DHP struc-
ture, which are action network, model network, and critic network.
The goal of action network in DHP is the same as the one in HDP.
But the critic network in DHP is to approximate the derivative of

the performance index function, i.e., ∂J(xk)
∂xk

, instead of approximat-

ing the performance index function itself [15, 44, 45]. In DHP, ∂J(xk)∂xk
is also called costate.

In DHP, the weight of the critic network is updated using the
derivation of the performance index function, which is expressed as

∂J(xk)

∂xk
=
∂U(xk, u(xk))

∂xk
+
∂J(xk+1)

∂xk
, (1.15)

where u(xk) is the control law. The costate ∂J(xk)
∂xk

and
∂J(xk+1)
∂xk

are
the output of the critic network. If the weight of the critic is w, the
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right-hand side of (1.15) can be expressed as

e(xk, w) =
∂U(xk, u(xk))

∂xk
+
∂J(xk+1, w)

∂xk
. (1.16)

Regulate the weight of the critic network w, which minimizes the
following error function

w∗ = argmin
w

{

∣

∣

∣

∣

∂J(xk, w)

∂xk
− e(xk, w)

∣

∣

∣

∣

2
}

(1.17)

to obtain the costate. According to the principle of optimality, the
optimal control law satisfies

∂J∗(xk)
∂uk

=
∂U (xk, uk)

∂uk
+
∂J∗(xk+1)

∂uk

=
∂U(xk, uk)

∂uk
+
∂J∗(xk+1)

∂xk+1

∂f(xk, uk)

∂uk
. (1.18)

Then, we can obtain the optimal control law as

u∗(xk) = argmin
uk

(∣

∣

∣

∣

∂J(xk)

∂uk
− ∂U(xk, uk)

∂uk
− ∂J∗(xk+1)

∂xk+1

∂f(xk, uk)

∂uk

∣

∣

∣

∣

)

,

(1.19)

where
∂J∗(xk+1)
∂xk+1

, i.e., the costate satisfies (1.17).

1.2.1.3 Action dependent heuristic dynamic programming

The principle of action dependent heuristic dynamic programming
(ADHDP) is nearly the same as the HDP [22, 23, 37], where the struc-
ture of ADHDP is shown in Fig. 1.4. An obvious different between
the HDP and ADHDP is the input of the critic network. In HDP, the
input of the critic network is the state variable, while in ADHDP, the
input of the critic network contains both the state and the control
variables. In this situation, the output of the critic network is usually
defined as a Q function and the ADHDP is also called as Q-learning
algorithm [25, 41, 47]. The update rules of the weight of the critic
and action networks are similar to the HDP and omitted here.
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Fig. 1.4. The ADHDP structure diagram.

Action
Network

Model
Network

Critic
Network

Critic
Network

Fig. 1.5. The ADDHP structure diagram.

1.2.1.4 Action dependent dual heuristic dynamic programming

The principle of action dependent dual heuristic dynamic program-
ming (ADDHP) is nearly the same as the DHP [34], where the struc-
ture of ADDHP is shown in Fig. 1.5. An obvious difference between
DHP and ADDHP is the input of the critic networks. In DHP, the
input of the critic network is the state variable, while in ADDHP,
the input of the critic network contains both the state and the con-
trol variables. The update rules of the weight of the critic and action
networks are similar to the DHP [34] and omitted here.
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1.3 Iterative Forms of Adaptive Dynamic Programming

Traditional development of ADP focused on the improvement of the
structure, such as HDP, DHP, GDHP, and so on. However, the prop-
erties of the ADP methods, such as the convergence of the iterative
value function and the stability of the system under the control law
which are obtained by the traditional ADP methods were scarcely
analyzed. Iterative methods, which are convenient to analyze the
properties of ADP, become more and more popular in ADP to obtain
the solution of HJB equation indirectly. Value and policy iterations
are two primary iterative ADP algorithms [8, 17, 40].

1.3.1 Value iteration

Value iteration algorithms generally start with an initial value iter-
ation function and implement to obtain the optimal control law for
discrete-time nonlinear systems. In Refs. [4, 20, 35], the iteration
process of the value iteration algorithms were displayed, which is
derived as follows. Starting with the zero initial value function, i.e.,
V0(xk) ≡ 0, ∀xk, solve for the initial iterative control law v0(xk) as

v0(xk) = argmin
uk

{U(xk, uk) + V0(xk+1)}

= argmin
uk

{U(xk, uk) + V0(F (xk, uk))}, (1.20)

where V0(xk+1) = Ψ(xk+1). The value function can be updated as

V1(xk) = U(xk, v0(xk)) + V0(F (xk, v0(xk))). (1.21)

For i = 1, 2, . . . , the iterative ADP algorithm will iterate between

vi(xk) = argmin
uk

{U(xk, uk) + Vi(xk+1)}

= argmin
uk

{U(xk, uk) + Vi(F (xk, uk))}, (1.22)

and

Vi+1(xk) = min
uk

{U(xk, uk) + Vi(xk+1)}

= U(xk, vi(xk)) + Vi(F (xk, vi(xk))). (1.23)

In Refs. [20, 35], it was proven that the iterative value function
Vi(xk) is convergent to the optimal performance index function, as
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i → ∞. In Ref. [4], it was proven that the iterative value function
Vi(xk) is monotonically non-decreasing and convergent to the opti-
mum.

1.3.2 Policy iteration

Policy iteration for discrete-time nonlinear systems was introduced
in Refs. [8, 17, 40]. In the discrete-time policy iteration algorithm,
the iterative value function and control law are updated by iteration,
with the iteration index i increasing from 0 to infinity. Let v0(xk) be
an arbitrary admissible control law. For i = 0, let V0(xk) be the
corresponding iterative value function constructed by v0(xk), which
satisfies the following generalized HJB (GHJB) equation

V0(xk) = U(xk, v0(xk)) + V0(xk+1). (1.24)

Then, the iterative control law is computed by

v1(xk) = argmin
uk

{U(xk, uk) + V0(xk+1)}

= argmin
uk

{U(xk, uk) + V0(F (xk, uk))}. (1.25)

For i = 1, 2, . . . , the iterative value function can be constructed by
vi(xk), which satisfies the following GHJB equation

Vi(xk) = U(xk, vi(xk)) + Vi(F (xk, vi(xk)), (1.26)

and the iterative control law can be updated by

vi+1(xk) = argmin
uk

{U(xk, uk) + Vi(xk+1)}

=argmin
uk

{U(xk, uk) + Vi(F (xk, uk))}. (1.27)

In Ref. [21], the detailed process of discrete-time policy iteration
was displayed and the properties of the iterative control laws and
iterative value function was analyzed. It was proven that the iterative
value function is monotonically non-increasing and convergent to the
optimal performance index function as the iteration index i increases
to the infinity.

For continuous-time systems, policy iteration algorithms are gen-
erally focused on the optimal control of affine nonlinear systems
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with quadratic form utility functions [29]. Consider the following
continuous-time affine nonlinear systems

ẋ = f(x) + g(x)u, (1.28)

where f and g are system functions. The performance index function
is defined as

J(x0, u) =

∫ ∞

0
L(x(τ), u(τ))dτ

=

∫ ∞

0
(xT(τ)Qx(τ) + uT(τ)Ru(τ))dτ, (1.29)

where Q is a positive semi-definite matrix and R is a positive definite
matrix.

The iteration process of the continuous-time policy iteration algo-
rithms is derived as follows. Let v0(x) be an arbitrary admissible
control law. Choose the initial iterative value function satisfies

0 = xTQx+ vT0 (x)Rv0(x) +∇V T
0 (x)(f(x) + g(x)v0(x)), (1.30)

where ∇V0(x) = dV0(x)
dx . Then, for any i = 1, 2, . . . , the iterative

control law is updated by

vi(x) = −1

2
R−1gT(x)∇Vi−1(x) (1.31)

and the iterative value function Vi(x) is updated to satisfy the fol-
lowing equation

0 = xTQx+ vi
T(x)Rvi(x) +∇V T

i (x)(f(x) + g(x)vi(x)). (1.32)

In Ref. [29], it was proven that the iterative value function Vi(x) is
monotonically non-increasing and convergent to the optimal perfor-
mance index function as the iteration index i increases to the infinity.

1.4 About This Book

This book presents the recent results of iterative adaptive dynamic
programming methods. It is composed of 13 chapters which cover
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most of the hot research areas of iterative adaptive dynamic pro-
gramming and are divided into three parts. Part I concerns the sys-
tems with single controller, including four chapters from Chapters 2
to 5. Part II concerns the systems with multiple controllers, including
four chapters from Chapters 6 to 9. Part III concerns applications in
residential energy systems, including four chapters from Chapters 10
to 13.

In Chapter 1, the principle and the history of adaptive dynamic
programming are introduced, including the basic forms of adaptive
dynamic programming. The review begins with the origin of adaptive
dynamic programming and describes the basic structures in detail.

In Chapter 2, a new local iterative adaptive dynamic program-
ming algorithm is developed to solve infinite horizon optimal con-
trol problems for discrete-time nonlinear systems. The developed
local iterative adaptive dynamic programming algorithm permits an
arbitrary positive semi-definite function to initialize the algorithm.
Employing a state-dependent learning rate function, for the first
time, the iterative value function and iterative control law can be
updated by a subset of the state space instead of the whole state
space, which effectively relaxes the computation burden. A new anal-
ysis method of the convergence property is developed to prove that
the iterative value functions will converge to the optimum under
some mild constraints. Monotonicity of the local iterative adap-
tive dynamic programming algorithm is presented, which shows that
under some special conditions of the initial value function and the
learning rate function, the iterative value function can monotoni-
cally converge to the optimum. Finally, three simulation examples
and comparisons are given to illustrate the performance of the devel-
oped algorithm.

In Chapter 3, a novel local iterative adaptive dynamic program-
ming algorithm is presented to solve infinite horizon optimal con-
trol problems for discrete-time nonlinear systems. A state-dependent
learning rate function is introduced into iterative adaptive dynamic
programming algorithms, such that the iterative value functions and
iterative control laws are updated in a given subset of the state
space in each iteration, instead of the whole state space. Admissi-
bility properties of iterative control laws are analyzed for the devel-
oped local iterative adaptive dynamic programming algorithm. New
termination criteria including convergence and admissibility criteria
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are established, which make the iterative local adaptive dynamic
programming algorithm terminated with an admissible approximate
optimal control law. Finally, simulation results are given to illustrate
the performance of the developed algorithm.

In Chapter 4, a new policy iteration adaptive dynamic program-
ming algorithm is developed to solve infinite horizon optimal control
problems for discrete-time nonlinear systems. In each iteration of the
developed discrete-time local policy iteration algorithm, the iterative
value function and iterative control law can be updated in a subset
of the state space, instead of updated in the whole state space. Con-
vergence properties are presented to show that the iterative value
function is monotonically non-increasing and converges to the opti-
mum under some mild constraints. The admissibility of the iterative
control law is proven, which shows that the control system can be
stabilized under any of the iterative control laws, even if the itera-
tive control law is updated in a subset of the state space. Finally,
two simulation examples are given to illustrate the performance of
the developed method.

In Chapter 5, a novel policy iteration algorithm, called “conti-
nuous-time time-varying policy iteration algorithm”, is presented
to obtain the optimal control laws for infinite horizon continuous-
time time-varying nonlinear systems. The adaptive dynamic pro-
gramming technique is utilized to get the iterative control laws for
the optimization of the performance index function. The properties
of the continuous-time time-varying policy iteration algorithm are
analyzed. Monotonicity, convergence, and optimality of the iterative
value function have been analyzed, and the iterative value function
can be proven to monotonically converge to the optimal solution of
the Hamilton–Jacobi–Bellman equation. Furthermore, the iterative
control law is guaranteed to be admissible to stabilize the nonlin-
ear systems. In the implementation of the presented continuous-time
time-varying policy algorithm, the approximate iterative control laws
and iterative value function are obtained by neural networks. Finally,
numerical results are given to verify the effectiveness of the presented
method.

In Chapter 6, a new adaptive dynamic programming algo-
rithm, called “iterative zero-sum adaptive dynamic programming
algorithm,” is developed to solve infinite horizon optimal control
problems for discrete-time two-player zero-sum games of nonlinear
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systems. The present iterative zero-sum adaptive dynamic program-
ming algorithm permits arbitrary positive semi-definite functions to
initialize the upper and lower iterations. A novel convergence anal-
ysis is developed to guarantee that the upper and lower iterative
value functions converge to the upper and lower optimums, respec-
tively. When the saddle-point equilibrium exists, it is emphasized
that both the upper and lower iterative value functions are proven
to converge to the optimal solution of the zero-sum game, where the
existence criteria of the saddle-point equilibrium are not required. If
the saddle-point equilibrium does not exist, the upper and lower opti-
mal performance index functions are obtained, respectively, where
the upper and lower performance index functions are proven not to
be equivalent. Finally, two simulation examples and comparisons are
given to illustrate the performance of the present method.

In Chapter 7, an online adaptive optimal control algorithm based
on adaptive dynamic programming is developed to solve the multi-
player non-zero-sum game for discrete-time unknown nonlinear sys-
tems. First, a model-free coupled globalized dual heuristic dynamic
programming structure is designed to solve the multi-player non-
zero-sum game problem, in which there is no model network or
identifier. Second, in order to relax the requirement of the systems
dynamics, an online adaptive learning algorithm is developed to solve
the Hamilton–Jacobi equation using the system states of two adja-
cent time-steps. Third, a series of critic networks and action networks
are used to approximate the value functions and optimal policies for
all players, respectively. All the neural network weights are updated
online based on real-time system states. Fourth, the uniform ultimate
boundedness analysis of the neural network approximation errors is
proved based on Lyapunov approach. Finally, simulation results are
given to demonstrate the effectiveness of the developed scheme.

In Chapter 8, a novel distributed policy iteration algorithm is
established for the infinite horizon optimal control problems of
continuous-time nonlinear systems. In each iteration of the devel-
oped distributed policy iteration algorithm, only one controller’s
control law is updated and other controllers remain unchanged.
The main contribution of the present algorithm is to improve the
iterative control law one by one, instead of updating all the con-
trol laws in each iteration of the traditional policy iteration algo-
rithms, which effectively releases the computation burden in each
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iteration. The properties of distributed policy iteration algorithm for
continuous-time nonlinear systems are analyzed. Admissibility of the
present methods has also been analyzed. Besides, monotonicity, con-
vergence, and optimality have been discussed, which show that the
iterative value function is non-increasingly convergent to the solution
of the Hamilton–Jacobi–Bellman equation. Finally, numerical simu-
lations are conducted to illustrate the effectiveness of the proposed
method.

In Chapter 9, a novel data-based fault-tolerant control method
is presented for multicontroller linear systems via distributed policy
iteration. Traditional fault-tolerant control methods based on policy
iteration update all the control laws in each iteration, which causes
huge computational burden in the situation of high-dimension con-
trol laws. In order to solve this problem, a novel distributed policy
iteration method is presented, where only one iterative control law
is updated in each iteration, to realize the fault-tolerant control of
multicontroller linear systems. First, the model-based fault-tolerant
control via distributed policy iteration is provided. Based on the
model-based method, a data-based fault-tolerant control method is
presented. Finally, numerical experiments are given to show the per-
formance of the presented method.

In Chapter 10, a novel iterative Q-learning method called “dual
iterative Q-learning algorithm” is developed to solve the optimal
battery management and control problem in smart residential envi-
ronments. The main idea is to use adaptive dynamic programming
technique to obtain the optimal battery management and control
scheme iteratively for residential energy systems. In the developed
dual iterative Q-learning algorithm, two iterations are introduced,
which are respectively global and local iterations, where local iter-
ation minimizes the total cost of power load in each period and
the global iteration makes the iterative Q-function converge to the
optimum. Based on the dual iterative Q-learning algorithm, the con-
vergence property of iterative Q-learning method for the optimal bat-
tery management and control problem is proven for the first time,
which guarantees that both the iterative Q-function and the iterative
control law reach the optimum. Neural networks are introduced
to implement the developed dual iterative Q-learning algorithm.
Finally, numerical results are given to illustrate the performance of
the developed algorithm.
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In Chapter 11, a novel mixed iterative adaptive dynamic pro-
gramming algorithm is developed to solve the optimal battery energy
management and control problem in microgrid systems. Based on the
data of the load and electricity rate, two iterations are constructed,
which are P-iteration and V-iteration, respectively. The V-iteration
is implemented based on value iteration, which aims to obtain the
iterative control law sequence in each period. The P-iteration is
implemented based on policy iteration, which updates the iterative
value function according to the iterative control law sequence. Prop-
erties of the developed mixed iterative adaptive dynamic program-
ming algorithm are analyzed. It is shown that the iterative value
function is monotonically non-increasing and converges to the solu-
tion of the Hamilton–Jacobi–Bellman equation. In each iteration, it
is proven that the performance index function is finite under the
iterative control law sequence. Finally, numerical results and com-
parisons are given to illustrate the performance of the developed
algorithm.

In Chapter 12, a novel error-tolerant iterative adaptive dynamic
programming algorithm is developed to solve optimal battery con-
trol and management problems in smart home environments with
renewable energy. The algorithm can be initialized by an arbitrary
positive semi-definite function. Based on the quasi-periodic data of
the electricity rate, the home load demand, and the renewable energy,
the error-tolerant iterative adaptive dynamic programming algorithm
can be implemented. Considering the differences of the data in differ-
ent periods, the developed error-tolerant iterative adaptive dynamic
programming algorithm can adaptively regulate the discount factor
in each iteration to make the iterative value function converge. A new
analysis method is developed to guarantee the iterative value func-
tion to converge to a finite neighborhood of the optimal performance
index function, in spite of the differences of the electricity rate, the
home load demand, and the renewable energy in different periods.
Numerical results and comparisons are given to illustrate the perfor-
mance of the developed algorithm.

In Chapter 13, a new generalized actor-critic learning optimal con-
trol method is presented. It aims at the optimal energy control and
management for smart home systems, which is expected to minimize
the consumption cost for home users. The main contribution of the
developed method is to establish a common iteration structure for
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both value and policy iterations in adaptive dynamic programming
based on a control law sequence in each iteration for periodic time-
varying systems, instead of a single control law. The monotonicity,
convergence, and optimality of the iterative value function for the
generalized actor-critic learning optimal control method are proven.
Finally, numerical results and comparisons are displayed to show the
superiority of the developed method.
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Chapter 2

Discrete-Time Local Value Iterative
Adaptive Dynamic Programming

2.1 Introduction

Dynamic programming often suffers from the curse of dimension-
ality, which is primarily due to the backward-in-time mechanism.
To avoid the difficulty, based on function approximators, such as
neural networks, adaptive dynamic programming is an effective
brain-like method to solve optimal control problems forward-in-
time [9]. Recently, the study on adaptive dynamic programming and
related fields has gained much attention from various scholars [1, 8,
12, 17, 19]. Iterative methods are widely used in adaptive dynamic
programming to obtain solutions of the Bellman equation indi-
rectly. Policy and value iterations are two primary iterative adaptive
dynamic programming algorithms. Policy iteration algorithms for
optimal control of continuous-time systems with continuous states
and action spaces were first given in Ref. [15]. In Ref. [21], the
optimal control law for multiple actor-critic structures was effec-
tively obtained using shunting inhibitory artificial neural network.
In Ref. [29], the multiagent optimal control was obtained using fuzzy
approximation structures. Value iteration algorithm for optimal con-
trol of discrete-time nonlinear systems was presented in Ref. [4].
In Refs. [2, 10], the value iteration algorithm for deterministic
discrete-time affine nonlinear systems was studied. It was proven
that the iterative value function is nondecreasing and bounded, and
hence converges to the optimum as the iteration index increases to

25
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infinity. Based on the framework of policy and value iteration algo-
rithms, more investigations on iterative ADP algorithms have been
developed [5, 11, 13, 20, 22–25, 27, 28].

Existing global iterative ADP algorithms require updating over
the entire state space in each iteration [2, 3, 7, 9, 16], posing chal-
lenges for real-world control systems that operate within a subset
of the state space during each iteration period.This limitation, com-
pounded by the computational demands of approximation structures
like neural networks, restricts the practical implementation of tradi-
tional global iterative ADP algorithms. To overcome these challenges,
we propose a new approach, termed the “local iterative ADP algo-
rithm”, designed to update within a specified subset of the state
space. This algorithm addresses the shortcomings of global methods
and shows promise for practical applications.

In this chapter, the local iterative ADP algorithm is introduced
to solve infinite horizon optimal control problems for discrete-time
nonlinear systems. The algorithm allows initialization with any posi-
tive semi-definite function, and the use of a state-dependent learning
rate enables updates in a specific state space subset. The convergence
properties of the algorithm are proven, demonstrating its superiority
over traditional global iterative ADP algorithms. Simulation results
show the efficacy of the proposed method.

2.2 Preliminaries and Assumptions

In this chapter, we will study the following discrete-time determinis-
tic nonlinear system

xk+1 = F (xk, uk), k = 0, 1, 2, . . . , (2.1)

where xk ∈ R
n is the state vector and uk ∈ R

m is the control vector.
Let x0 be the initial state and F (xk, uk) be the system function.
For convenience of analysis, results of this chapter are based on the
following assumption.

Assumption 2.1. The system (2.1) is controllable on a compact
set Ωx ⊂ R

n containing the origin, and the function F (xk, uk) is
Lipschitz continuous on Ωx; the system state xk = 0 is an equilibrium
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state of system (2.1) under the control uk = 0, i.e., F (0, 0) = 0; the
feedback control uk = u(xk) satisfies uk = u(xk) = 0 for xk = 0.

Let U denote control space and let u ∈ U be the control law.
Then, the infinite-horizon performance index function for state x0
can be defined as

J(x0, u) =
∞
∑

k=0

U(xk, uk), (2.2)

where the utility function U(xk, uk) is a positive definite function for
xk and uk.

Then, the optimal performance index function can be defined as

J∗(xk) = min
u

{J(xk, u) : u ∈ U} . (2.3)

According to Bellman’s principle of optimality, J∗(xk) satisfies the
discrete-time HJB equation

J∗(xk) = min
uk

{U(xk, uk) + J∗(F (xk, uk))}. (2.4)

Define the law of optimal control as

u∗(xk) = argmin
uk

{U(xk, uk) + J∗(F (xk, uk))} . (2.5)

Generally, the optimal performance index function J∗(xk) is a
non-analytical nonlinear function. It is nearly impossible to obtain
J∗(xk) for all xk ∈ Ωx by solving the HJB equation directly. In this
chapter, a new local iterative ADP algorithm will be developed to
obtain the optimal control law iteratively with new property analysis.

2.3 Discrete-Time Local Iterative ADP Algorithm

In this section, a new discrete-time local iterative ADP algorithm is
developed to obtain the optimal control law for the nonlinear system
(2.1). The convergence, optimality, and monotonicity properties of
the developed local iterative ADP algorithm will be presented. A new
termination criterion for the local iterative ADP algorithm will be
established.
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2.3.1 Derivation of the discrete-time local iterative

ADP algorithm

In the developed discrete-time local iterative ADP algorithm, the
value function and control law are updated by iteration, with the
iteration index i increasing from 0 to infinity. For i = 0, 1, . . . , define
{L i

x} as a sequence of state sets, which satisfies L i
x ⊆ Ωx. Thus, for

i = 0, 1, . . . ,L i
x is a subset of the state space Ωx.

For all xk ∈ Ωx, let the initial function Ψ(xk) be an arbi-
trary positive semi-definite function. Let the initial value function
be expressed by

V0(xk) = Ψ(xk). (2.6)

For all xk ∈ L 0
x , the local iterative control law v0(xk) is computed

as

v0(xk) = argmin
uk

{U(xk, uk) + V0(xk+1)}

= argmin
uk

{U(xk, uk) + Ψ(F (xk, uk))} , (2.7)

and let v0(xk) = 0, for all xk ∈ Ωx\L 0
x . For all xk ∈ L 0

x , the local
iterative value function is updated as

V1(xk) =min
uk

{U(xk, uk) + V0(xk+1)}

=U(xk, v0(xk)) + V0(F (xk, v0(xk))), (2.8)

and let V1(xk) = Ψ(xk), for all xk ∈ Ωx\L 0
x . Define α0(xk) as a state-

dependent learning rate function. For all xk ∈ Ωx, let the learning
rate function α0(xk) be a scalar function, which satisfies

{

0 < α0(xk) ≤ 1, ∀xk ∈ L 0
x ,

α0(xk) = 0, ∀xk ∈ Ωx\L 0
x .

(2.9)

Then, for all xk ∈ Ωx, the global iterative value function is
defined as

V1(xk) = (1− α0(xk))V0(xk) + α0(xk)V1(xk). (2.10)
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For i = 1, 2, . . . , for all xk ∈ L i
x, the iterative control law vi(xk)

can be computed as

vi(xk) = argmin
uk

{U(xk, uk) + Vi(xk+1)}

= argmin
uk

{U(xk, uk) + Vi(F (xk, uk))} , (2.11)

and for all xk ∈ Ωx\L i
x, let vi(xk) = vi−1(xk). For all xk ∈ L i

x, the
local iterative value function can be updated as

Vi+1(xk) = min
uk

{U(xk, uk) + Vi(xk+1)}

= U(xk, vi(xk)) + Vi(F (xk, vi(xk))), (2.12)

and for all xk ∈ Ωx\L i
x, let Vi+1(xk) = Vi(xk). Define {αi(xk)}, i =

1, 2, . . . , as a sequence of learning rate functions. For i = 1, 2, . . . and
∀xk ∈ Ωx, let the learning rate function αi(xk) be a scalar function,
which satisfies

{

0 < αi(xk) ≤ 1, ∀xk ∈ L i
x,

αi(xk) = 0, ∀xk ∈ Ωx\L i
x.

(2.13)

Then, for all xk ∈ Ωx, the global iterative value function is
defined as

Vi+1(xk) = (1− αi(xk))Vi(xk) + αi(xk)Vi+1(xk). (2.14)

Remark 2.1. For the developed local iterative ADP algorithm
(2.6)–(2.14), in each iteration, we can see that the iterative value
function and iterative control law are only updated in the given
state subset L i

x, i = 0, 1, . . . , instead of the whole state space.
We emphasize that this is an inherent difference from the tradi-
tional global iterative ADP algorithms [2, 3, 7, 9, 14, 16], where
the learning rate function in traditional global iterative ADP algo-
rithms is generally chosen as αi(xk) ≡ 1, i = 0, 1, . . . ,∀xk ∈ Ωx. In
global iterative ADP algorithms, the state data for the whole state
space are required to update the iterative value function and iter-
ative control law. If the state data for the whole state space are
not known in a certain iteration, then the traditional global itera-
tive ADP algorithms cannot continue implementing. On the other
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hand, for nonlinear systems, especially high dimensional nonlinear
systems, the neural network implementation of global iterative ADP
algorithms is generally difficult. It lies in the huge data for high
dimensional state space, which makes it difficult to train the neu-
ral networks. For the local iterative ADP algorithm (2.6)–(2.14), as
the iterative value function and iterative control law are updated
within a given state subset, the computation burden of the local
iterative control law can be much relaxed and hence the devel-
oped local iterative ADP algorithm possesses more potential for
applications.

2.3.2 Property analysis

In this subsection, the convergence and optimality properties of the
local iterative ADP algorithm will be discussed.Before the main the-
orem, the following lemmas are necessary.

Lemma 2.1. For i = 0, 1, . . . and for all xk ∈ Ωx, let iterative value
function Vi(xk) and the iterative control law vi(xk) be obtained by
(2.6)–(2.14). We have

(i) for i = 0, 1, . . . , Vi(xk) is positive semi-definite for xk;
(ii) for i = 0, 1, . . . , Vi(xk) is positive definite for xk if Ψ(xk) is

positive definite;
(iii) if Vi(xk), i = 0, 1, . . . , is positive definite for xk, then Vj(xk) is

positive definite for all j ≥ i;
(iv) if 0 < αi(xk) ≤ 1, ∀xk 	= 0, and L i

x = Ωx, then for all j =
0, 1, . . . , which satisfies j > i, Vj(xk) is positive definite for xk.

Proof. For i = 0, V1(xk) can be expressed by (2.10). Let xk = 0.
According to Assumption 2.1, we have v0(xk) = 0 and xk+1 = 0.
As V0(xk) = Ψ(xk) is positive semi-definite for xk and U(xk, uk) is
positive definite for xk, uk, we have V1(xk) = 0 for xk = 0. On the
other hand, for xk 	= 0, we can get V1(xk) ≥ 0, which means V1(xk)
is positive semi-definite. According to mathematical induction, we
can obtain that for all i = 0, 1, . . . , Vi(xk) is positive semi-definite.
Lemma 2.1(i) is proven.

Lemma 2.1 (ii) and (iii) can be easily derived by the proof of
Lemma 2.1(ii).
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According to Lemma 2.1(i), for all i = 0, 1, . . . , Vi(xk) is positive
semi-definite. If for all xk 	= 0, αi(xk) > 0, then according to (2.14),
we have Vi+1(xk) > 0 for xk 	= 0, as U(xk, uk) is positive definite.
According to mathematical induction, we can prove the for all j > i,
Vj(xk) is positive definite, which proves Lemma 2.1(iv). �

Then, we can derive the convergence property of the local iterative
ADP algorithm.

Theorem 2.1. For i = 0, 1, . . . and for all xk ∈ Ωx, let the iterative
control law vi(xk) and iterative value function Vi(xk) be obtained by
(2.6)–(2.14). If for any i = 0, 1, . . . and ∀xk ∈ Ωx, the learning rate
αi(xk) satisfies (2.9), (2.13) and

∞
∑

i=0

αi(xk) = ∞, ∀xk 	= 0, (2.15)

then the iterative value function Vi(xk) converges to the optimal per-
formance index function J∗(xk), as i→ ∞.

Proof. The statement can be proven in three steps.
First, according to Assumption 2.1 and the definition of the opti-

mal performance index function J∗(xk) in (2.3), we have J∗(xk) is a
positive definite function for xk. Let ε be an arbitrary nonnegative
number. Define a new set Ωε as Ωε = {xk|xk ∈ Ωx and ‖xk‖ ≤ ε}.
According to Lemma 2.1, for any i = 0, 1, . . . , Vi(xk) = J∗(xk) = 0
for ε = 0.

Second, for an arbitrary ε > 0 and ∀xk ∈ Ωx\Ωε, let δ, δ, and ψ
be constants, such that 0 ≤ δ ≤ 1 ≤ δ < ∞ and 0 < ψ < ∞, which
make the following inequalities δJ∗(xk) ≤ V0(xk) ≤ δ̄J∗(xk), and
ψU(xk, uk) ≥ J∗(xk+1), hold uniformly. Then, we will prove that for
i = 0, 1, . . . , the iterative value function Vi(xk) satisfies

(

1 +

(

i−1
∏

�=0

(

1− α�(xk)

ψ + 1

)

)

(δ − 1)

)

J∗(xk) ≤ Vi(xk)

≤
(

1 +

(

i−1
∏

�=0

(

1− α�(xk)

ψ + 1

)

)

(δ̄ − 1)

)

J∗(xk), (2.16)

where we define
∏i
j(·) = 1 for j > i.
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Obviously, (2.16) holds for i = 0. For i = 1, we have

V1(xk) = (1− α0(xk))V0(xk) + α0(xk)min
uk

(U(xk, uk) + V0(xk+1))

≤ (1− α0(xk))V0(xk)

+α0(xk)min
uk

((

1 +
ψ(δ̄ − 1)

ψ + 1

)

U(xk, uk)

+

(

δ̄ − (δ̄ − 1)

ψ + 1

)

J∗(xk+1)

)

≤ δ̄(1 − α0(xk))J
∗(xk) + α0(xk)

(

1 +
ψ(δ̄ − 1)

ψ + 1

)

× min
uk

(

U(xk, uk) + J∗(xk+1)
)

=

(

1 + (δ̄ − 1)

(

1− α0(xk)

ψ + 1

))

J∗(xk). (2.17)

Thus, the right side of inequality (2.16) holds for i = 1. On the other
hand, we can get

V1(xk) ≥ (1− α0(xk))V0(xk)

+α0(xk)min
uk

((

1 +
ψ(δ − 1)

ψ + 1

)

U(xk, uk)

+

(

δ − (δ − 1)

ψ + 1

)

J∗(xk+1)

)

=

(

1 + (δ − 1)

(

1− α0(xk)

ψ + 1

))

J∗(xk). (2.18)

Thus, the left side of inequality (2.16) holds for i = 1. According to
mathematical induction, we can get that inequality (2.16) holds for
any i = 0, 1, . . . .

Third, for i = 0, 1, . . . , as the learning rate αi(xk) satisfies (2.9)
and (2.13), we know that

− ln

( ∞
∏

i=0

(

1− αi(xk)

ψ + 1

)

)

= −
∞
∑

i=0

ln

(

1− αi(xk)

ψ + 1

)

, (2.19)
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where − ln
(

1− αi(xk)
ψ+1

)

≥ 0, ∀xk ∈ Ωx\Ωε. Define a new function

F(αi(xk)) as

F(αi(xk)) = − ln

(

1− αi(xk)

ψ + 1

)

− αi(xk)

ψ + 1

= − ln(ψ + 1− αi(xk)) + ln(ψ + 1)− αi(xk)

ψ + 1
. (2.20)

According to (2.20), for 0 ≤ αi(xk) ≤ 1, i = 0, 1, . . . , we have

dF(αi(xk))

dαi(xk)
=

1

ψ + 1− αi(xk)
− 1

ψ + 1
≥ 0. (2.21)

As F(αi(xk)) = 0 for αi(xk) = 0, we can get

F(αi(xk)) ≥ F(0) = 0. (2.22)

Thus, for 0 ≤ αi(xk) ≤ 1, ∀xk ∈ Ωx\Ωε, we have − ln
(

1− αi(xk)
ψ+1

)

≥
αi(xk)
ψ+1 , which means

−
∞
∑

i=0

ln

(

1− αi(xk)

ψ + 1

)

≥
∞
∑

i=0

αi(xk)

ψ + 1
. (2.23)

As αi(xk) satisfies (2.15), letting i→ ∞, for all xk ∈ Ωx\Ωε, we have
∞
∑

i=0

αi(xk)

ψ + 1
=

1

ψ + 1

∞
∑

i=0

αi(xk) → ∞. (2.24)

According to (2.23), we can obtain

∞
∑

i=0

ln

(

1− αi(xk)

ψ + 1

)

→ −∞, (2.25)

which means

∞
∏

i=0

(

1− αi(xk)

ψ + 1

)

= e−∞ = 0. (2.26)

According to (2.16), for all xk ∈ Ωx\Ωε, the iterative value function
Vi(xk) → J∗(xk) as i→ ∞. �
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For convenience of analysis, we define a new state set L̄ i
x as

L̄ i
x = Ωx\L i

x, i = 0, 1, . . . . (2.27)

According to (2.27), for any i = 0, 1, . . . , we have L i
x ∩ L̄ i

x = ∅ and
Ωx = L i

x ∪ L̄ i
x, where ∅ denotes an empty set. Based on the above

preparations, the monotonicity of the iterative value function can be
developed.

Theorem 2.2. For i = 0, 1, . . . and for all xk ∈ Ωx, let the iterative
control law vi(xk) and iterative value function Vi(xk) be obtained by
(2.6)–(2.14). Assume that L 0

x = Ωx and the learning rate function
satisfies

0 < α0(xk) ≤ 1,∀xk ∈ Ωx, (2.28)

and αi(xk) satisfies (2.13) for i = 1, 2, . . . . For all xk ∈ Ωx, if the
iterative value function satisfies

V1(xk) ≤ V0(xk), (2.29)

then the iterative value function Vi(xk) is monotonically non-
increasing and converges to the optimum, i.e.,

Vi+1(xk) ≤ Vi(xk). (2.30)

Proof. For i = 0, 1, . . . and for all xk ∈ Ωx, we define a new itera-
tive value function Γi+1(xk) as

Γi+1(xk) = min
uk

{

U(xk, uk) + Vi(xk+1)
}

. (2.31)

We can see that Γi+1(xk) is a global iterative value function. For
i = 0, 1, . . . , according to the learning rate function αi(xk) in (2.9)
and (2.13), we can get

Vi+1(xk) = (1− αi(xk))Vi(xk) + αi(xk)Vi+1(xk)

= (1− αi(xk))Vi(xk) + αi(xk)Γi+1(xk) (2.32)

holds for all xk ∈ Ωx. Now, we can prove the statement by math-
ematical induction. Let i = 0. We know (2.29) holds. According to
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(2.8), (2.10), and (2.29), for all xk ∈ Ωx, we have

V1(xk) = (1− α0(xk))V0(xk) + α0(xk)V1(xk)

= (1− α0(xk))V0(xk) + α0(xk)Γ1(xk)

≥ (1− α0(xk))V1(xk) + α0(xk)Γ1(xk). (2.33)

According to (2.28), as 0 < α0(xk) ≤ 1 and L 0
x = Ωx, we can get

Γ1(xk) ≤ V1(xk) ≤ V0(xk), ∀xk ∈ Ωx. Let i = 1. For all xk ∈ Ωx, we
have

Γ2(xk) = min
uk

{U(xk, uk) + V1(xk+1)}

≤ min
uk

{U(xk, uk) + V0(xk+1)}

= Γ1(xk)

≤ V1(xk). (2.34)

Then, for the learning rate function α1(xk) that satisfies 0 ≤
α1(xk) ≤ 1 for all xk ∈ Ωx, we can obtain

V2(xk) = (1− α1(xk))V1(xk) + α1(xk)V2(xk)

= (1− α1(xk))V1(xk) + α1(xk)Γ2(xk)

≤ (1− α1(xk))V1(xk) + α1(xk)V1(xk)

= V1(xk). (2.35)

We can prove that the statement (2.30) holds for i = 1.
Assume that the statement (2.30) holds for i = �−1, � = 1, 2, . . . .

For all xk ∈ Ωx, define a new set I(xk) as

I(xk) = {i | 0 < αi(xk) ≤ 1, i = 0, 1, . . . , xk ∈ Ωx}. (2.36)

Let i0, i1, . . . be the elements in I(xk), which satisfies i0 < i1 < · · · .
As 0 < α0(xk) ≤ 1, we have i0 = 0, which means I(xk) 	= ∅, ∀xk ∈
Ωx. For all xk ∈ Ωx, choose a constant i� that satisfies

i� = argmin
ij∈I

{(�− 1)− ij},

s.t. ij < �− 1, j = 0, 1, . . . . (2.37)
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If the inequality (2.30) holds for i = � − 1, � = 1, 2, . . . , then
according to (2.14) and (2.30), we can get

V�(xk) = (1− α�−1(xk))V�−1(xk) + α�−1(xk)V�(xk)
= (1− α�−1(xk))V�−1(xk) + α�−1(xk)Γ�(xk)

≥ (1− α�−1(xk))V�(xk) + α�−1(xk)Γ�(xk). (2.38)

For all xk ∈ L �−1
x , we can get Γ�(xk) ≤ V�(xk) ≤ V�−1(xk). For

i = �, we have

Γ�+1(xk) = min
uk

{U(xk, uk) + V�(xk+1)}

≤ min
uk

{U(xk, uk) + V�−1(xk+1)}

= Γ�(xk)

≤ V�(xk). (2.39)

Thus, for all xk ∈ L �−1
x , we can obtain

V�+1(xk) = (1− α�(xk))V�(xk) + α�(xk)V�+1(xk)

= (1− α�(xk))V�(xk) + α�(xk)Γ�+1(xk)

≤ (1− α�(xk))V�(xk) + α�(xk)V�(xk)

= V�(xk). (2.40)

For all xk ∈ L̄ �−1
x , we have V�(xk) = V�−1(xk). Let i� satisfy

(2.37). Let λ = (� − 1) − i� and we can derive that 0 < λ ≤ � − 1.

Then, for all ĩ ∈ {i�+1, i�+2, . . . , i�+λ−1, �−1}, we have xk ∈ L̄ ĩ
x.

Thus, for all xk ∈ L̄ �−1
x , we can get

V�(xk) = Vi�+λ(xk) = · · · = Vi�+1(xk). (2.41)

As the inequality (2.30) holds for i = �− 1, � = 1, 2, . . . , we have
Vi�+1(xk) ≤ Vi�(xk) and xk ∈ L i�

x . According to (2.14), we have

Vi�+1(xk) = (1− αi�(xk))Vi�(xk) + αi�(xk)Vi�+1(xk)

= (1− αi�(xk))Vi�(xk) + αi�(xk)Γi�+1(xk)

≥ (1− αi�(xk))Vi�+1(xk) + αi�(xk)Γi�+1(xk). (2.42)
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As xk ∈ L i�
x , we can get

Γi�+1(xk) ≤ Vi�+1(xk) ≤ Vi�(xk). (2.43)

According to (2.31), we can obtain

Γi�+2(xk) = min
uk

{U(xk, uk) + Vi�+1(xk+1)}

≤ min
uk

{U(xk, uk) + Vi�(xk+1)}

= Γi�+1(xk)

≤ Vi�+1(xk). (2.44)

For i = �, we can get the following inequality

Γ�+1(xk) = min
uk

{U(xk, uk) + V�(xk+1)}
≤ min

uk
{U(xk, uk) + V�−1(xk+1)}
...

≤ min
uk

{U(xk, uk) + Vi�+1(xk+1)}
= Γi�+2(xk). (2.45)

Hence, for i = � and ∀xk ∈ L̄ �−1
x , according to (2.14), (2.41), (2.44),

and (2.45), we can get

V�+1(xk) = (1− α�(xk))V�(xk) + α�(xk)V�+1(xk)

= (1− α�(xk))V�(xk) + α�(xk)Γ�+1(xk)

≤ (1− α�(xk))Vi�+1(xk) + α�(xk)Γi�+2(xk)

≤ (1− α�(xk))Vi�+1(xk) + α�(xk)Vi�+1(xk)

= Vi�+1(xk)

= V�(xk). (2.46)

According to (2.40) and (2.46), for i = �, we can obtain the inequal-
ity (2.30) holds for all xk ∈ Ωx. The mathematical induction is
complete. �
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Remark 2.2. In Theorem 2.2, the monotonicity of the local iterative
ADP algorithm has been analyzed. To guarantee the monotonicity,
additional constraints are required for the learning rate function,
especially for the learning rate function α0(xk), where the condi-
tion α0(xk) = 0 is not permitted. If α0(xk) = 0 is permitted, the
monotonicity in Theorem 2.2 may not hold. For example, if we let
α0(xk) ≡ 0, ∀xk ∈ Ωx, then we have V1(xk) ≡ V0(xk), which satisfies
(2.29). However, it obviously cannot guarantee the monotonicity in
(2.30) for all i = 0, 1, . . . . On the other hand, in Theorem 2.2, as it
requires L 0

x = Ωx which means the iterative value function and iter-
ative control law are updated for all xk ∈ Ωx for their first iterations.
In the following corollary, the constraints for the initial iteration can
be relaxed.

Corollary 2.1. For i = 0, 1, . . . and for all xk ∈ Ωx, let vi(xk)
and Vi(xk) be obtained by (2.6)–(2.14). Let the learning rate function
αi(xk) satisfies (2.9), (2.13), and (2.15). Let θ = 0, 1, . . . be an arbi-
trary non-negative integer. For a nonnegative integer j that satisfies
0 ≤ j ≤ θ, assume that the state subset L j

x satisfies

L 0
x ∪ L 1

x ∪ · · · ∪ L θ
x =

θ∪
j=0

L j
x = Ωx. (2.47)

If for all xk ∈ L j
x , j = 0, 1, . . . , ϑ, and the iterative value function

Vj(xk) satisfies

Vj+1(xk) ≤ Vj(xk), (2.48)

then for i = 0, 1, . . . , the iterative value function Vi(xk) is monoton-
ically non-increasing and converges to the optimum.

Proof. First, we know that for j = 0, 1, . . . , θ, Vj+1(xk) = Vj(xk)

holds for all xk ∈ L̄ j
x . We can easily derive that for j = 0, 1, . . . , the

inequality (2.48) holds for all xk ∈ Ωx.
Now, we will prove that inequality (2.30) holds for any i =

0, 1, . . . . For i = θ+1, as the state subset L j
x , j = 0, 1, . . . , θ, satisfies

(2.47), for an arbitrary state x̄k ∈ Ωx, it must locate at least in one
state subset. Without loss of generality, we assume

x̄k ∈
{

L j0
x ∩ L j1

x ∩ · · · ∩ L
jθ̄
x

}

, (2.49)
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where 0 ≤ j0 ≤ j1 ≤ · · · ≤ jθ̄ ≤ θ. Then we have Vjθ̄+1(x̄k) =
Vjθ̄+2(x̄k) = · · · = Vθ+1(x̄k). For i = jθ̄, according to (2.48), we have

Vjθ̄+1(x̄k) = (1− αjθ̄(x̄k))Vjθ̄ (x̄k) + αjθ̄(x̄k)Vjθ̄+1(x̄k)

= (1− αjθ̄(x̄k))Vjθ̄ (x̄k) + αjθ̄(x̄k)Γjθ̄+1(x̄k)

≥ (1− αjθ̄(x̄k))Vjθ̄+1(x̄k) + αjθ̄(x̄k)Γjθ̄+1(x̄k), (2.50)

which obtains Γjθ̄+1(x̄k) ≤ Vjθ̄+1(x̄k) for x̄k satisfying (2.49). Accord-
ing to (2.31), we can obtain

Γθ+2(x̄k) = min
uk

{U(x̄k, uk) + Vθ+1(F (x̄k, uk))}

≤ min
uk

{U(x̄k, uk) + Vθ(F (x̄k, uk))}
...

≤ min
uk

{U(x̄k, uk) + Vjθ̄(F (x̄k, uk))}

= Γjθ̄+1(x̄k). (2.51)

Then, for the state x̄k, we can obtain

Vθ+2(x̄k) = (1− αθ(x̄k))Vθ+1(x̄k) + αθ(x̄k)Vθ+2(x̄k)

= (1− αθ(x̄k))Vθ+1(x̄k) + αθ(x̄k)Γθ+2(x̄k)

≤ (1− αθ(x̄k))Vjθ̄+1(x̄k) + αθ(x̄k)Γjθ̄+1(x̄k)

= Vjθ̄+1(x̄k)

= Vθ+1(x̄k). (2.52)

Hence, we have Vθ+2(x̄k) ≤ Vθ+1(x̄k). As x̄k ∈ Ωx is arbitrary,
then we have Vθ+2(xk) ≤ Vθ+1(xk), ∀xk ∈ Ωx. According to mathe-
matical induction, we can prove the conclusion for all i = 0, 1, . . . .
The proof is complete. �

Theorem 2.3. For i = 0, 1, . . . and for all xk ∈ Ωx, let the iterative
value function Vi(xk) and the iterative control law vi(xk) be obtained
by (2.6)–(2.14). For all xk ∈ Ωx, let the learning rate function αi(xk),
i = 0, 1, . . . satisfy (2.13), (2.15) and (2.28). If for all xk ∈ Ωx, the
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iterative value function satisfies

V1(xk) ≥ V0(xk), (2.53)

then the iterative value function Vi(xk) is monotonically non-
decreasing and converges to the optimum, i.e.,

Vi+1(xk) ≥ Vi(xk). (2.54)

Proof. The conclusion can be derived by mathematical induction
according to (2.33) to (2.46) and the detail is omitted here. �

Theorem 2.4. For i = 0, 1, . . . and for all xk ∈ Ωx, let the iterative
control law vi(xk) and iterative value function Vi(xk) be obtained
by (2.6)–(2.14). For all xk ∈ Ωx, let the learning rate function
αi(xk), i = 0, 1, . . . satisfy (2.9), (2.13), (2.15), and (2.28). If for all
xk ∈ Ωx the iterative value function is non-increasing monotonically
convergent, for any i = 0, 1, . . . , then the iterative value function

Vi(xk) ≥ J∗(xk). (2.55)

Proof. According to (2.30), for any i = 0, 1, . . . and for all xk ∈ Ωx,
we have

Vi(xk) ≥ Vi+1(xk) ≥ Vi+2(xk) ≥ · · · . (2.56)

Then, for all l ≥ i, we can get

Vi(xk) ≥ Vl(xk). (2.57)

Let l → ∞, and according to Theorem 2.1, we can obtain

Vi(xk) ≥ lim
l→∞

Vl(xk) = J∗(xk). (2.58)

The proof is complete. �

Corollary 2.2. For i = 0, 1, . . . and for all xk ∈ Ωx, let the iterative
control law vi(xk) and iterative value function Vi+1(xk) be obtained by
(2.6)–(2.14). For all xk ∈ Ωx, let the learning rate αi(xk), i = 0, 1, . . .
satisfy (2.9), (2.15), and (2.28). If for all xk ∈ Ωx, the iterative value
function satisfies (2.29), then for all i = 0, 1, . . . , the iterative value
function

Vi(xk) ≤ J∗(xk). (2.59)
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Remark 2.3. For Theorems 2.1–2.4, the convergence, optimality
and monotonicity properties of the developed local iterative ADP
algorithm are analyzed. We show that the iterative value function
Vi(xk) is proven to be the optimum as the iteration index i → ∞.
For traditional iterative ADP algorithms [2, 3, 7, 16], to guarantee
that the algorithm terminates within finite iterations, the following
convergence criterion

|Vi+1(xk)− Vi(xk)| ≤ ε, (2.60)

is established, where ε is the computation precision. However, the
convergence termination condition (2.60) is not feasible for the devel-
oped local iterative ADP algorithm. For example, if we let αi(xk) ≡ 0,
∀xk ∈ Ωx, then we have Vi+1(xk) = Vi(xk), while it cannot guaran-
tee Vi(xk) → J∗(xk). Hence, a new convergence criterion should be
established for the developed local iterative ADP algorithm.

Before the next theorem, the following lemma is necessary.

Lemma 2.2. For i = 0, 1, . . . and for all xk ∈ Ωx, let vi(xk) and
Vi(xk) be obtained by (2.6)–(2.14). Let ϑ = 0, 1, . . . be a non-negative

integer. For any i = 0, 1, . . . , if the state subset L i+j
x , j = 0, 1, . . . , ϑ,

satisfies

L i
x ∪ L i+1

x ∪ · · · ∪ L i+ϑ
x =

ϑ∪
j=0

L i+j
x = Ωx, (2.61)

then the iterative value function V�(xk) is a positive definite function
for all � ≥ i+ ϑ.

Proof. For any i = 0, 1, . . . , we have Vi(xk) is a positive semi-
definite function for xk. Let j = 0. According to (2.12), we have
Vi+1(xk) > 0 for all xk ∈ L i

x and xk 	= 0. According to (2.14), we
can obtain

{

Vi+1(xk) > 0, xk ∈ L i
x,

Vi+1(xk) ≥ 0, xk ∈ L̄ i
x.

(2.62)

For j = 1, the iterative value function can be expressed as

Vi+2(xk) = (1− αi+1(xk))Vi+1(xk) + αi+1(xk)Vi+2(xk). (2.63)
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According to (2.12), we have Vi+2(xk) > 0 for xk ∈ L i+1
x and

xk 	= 0. If xk ∈ L̄ i+1
x , we have αi+1(xk) = 0, which means Vi+2(xk) =

Vi+1(xk). According to (2.62), we have Vi+2(xk) > 0 for all xk ∈ L i
x

and xk 	= 0. Thus, for xk 	= 0, we can obtain

{

Vi+2(xk) > 0, xk ∈ L i
x ∪ L i+1

x ,

Vi+2(xk) ≥ 0, Else.
(2.64)

According to mathematical induction, for 0 ≤ j ≤ ϑ and xk 	= 0, we
can prove

{

Vi+j+1(xk) > 0, xk ∈ L i
x ∪ L i+1

x ∪ · · · ∪ L i+j
x ,

Vi+j+1(xk) ≥ 0, Else.
(2.65)

For j = ϑ, we have ∪ϑj=0 L i+j
x = Ωx, according to (2.61). We know

that Vi+ϑ+1(xk) > 0 for all xk ∈ Ωx and xk 	= 0, which means
Vϑ+1(xk) is positive definite. According to Lemma 2.1(iii), we can
prove that V�(xk) is a positive definite function for all � ≥ i+ϑ. The
proof is complete. �

Remark 2.4. According to the definition of the performance index
function in (2.2), under Assumption 2.1, we can derive that J∗(xk)
is a positive definite function. Hence, it obviously requires approxi-
mating the optimal performance index function using a positive def-
inite iterative value function. If the initial value function Ψ(xk) > 0,
according to Lemma 2.1, we know that Vi(xk) > 0, ∀ i ≥ 0. It means
that we can use Vi(xk), ∀ i ≥ 0 to approximate the optimal perfor-
mance index function. If Ψ(xk) ≥ 0, then the developed algorithm
cannot terminate before it outputs a positive definite function. For
θ = 0, 1, . . . , define a new parameter ρ as

ρ = argmin
θ

{

θ∪
j=0

L j
x = Ωx

}

. (2.66)

Then, for all xk ∈ Ωx, we can define the minimum iteration
condition as

imin =

{

0, if Ψ(xk) > 0,
ρ, if Ψ(xk) ≥ 0.

(2.67)
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Based on above definitions, we can derive the the following con-
vergence criterion theorem.

Theorem 2.5. For i = 0, 1, . . . and for all xk ∈ Ωx, let vi(xk) and
Vi(xk) be obtained by (2.6)–(2.14). Let ε > 0 be a positive constant.
If for j = 0, 1, . . . , ϑ, ∀xk ∈ L i

x, the iteration index i ≥ imin, and the
iterative value function satisfies

|Vi+j+1(xk)− Vi+j(xk)| ≤ αi+j(xk)ε, (2.68)

where imin is defined in (2.67) and L i+j
x satisfies (2.61), then the

iterative value function Vi+ϑ(xk) converges to the optimum. i.e.,
Vi+ϑ(xk) → J∗(xk), as ε→ 0.

Proof. The conclusion can be proven in five steps.
(1) Show that for all xk ∈ Ωx, the iterative value function Vi+ϑ(xk)

satisfies the following HJB function

Vi+ϑ(xk) = min
uk

{U(xk, uk) + Vi+ϑ(xk+1)}. (2.69)

For j = ϑ, according to (2.14), we have

Vi+ϑ+1(xk) = (1− αi+ϑ(xk))Vi+ϑ(xk) + αi+ϑ(xk)Vi+ϑ+1(xk).
(2.70)

According to (2.68), we can get

Vi+ϑ(xk)− αi+ϑ(xk) ε ≤ (1− αi+ϑ(xk))Vi+ϑ(xk)

+ αi+ϑ(xk)Vi+ϑ+1(xk)

≤Vi+ϑ(xk) + αi+ϑ(xk) ε. (2.71)

For all xk ∈ L i+ϑ
x , we have 0 < αi+ϑ ≤ 1. According to (2.12) and

(2.68), for all xk ∈ L i+ϑ
x , we can obtain

Vi+ϑ(xk)− ε ≤ U(xk, vi+ϑ(xk)) + Vi+ϑ(F (xk, vi+ϑ(xk)))

≤ Vi+ϑ(xk) + ε. (2.72)

As vi+ϑ(xk) satisfies (2.11) for i+ϑ, letting ε→ 0, for all xk ∈ L i+ϑ
x ,

we have (2.69) holds for all xk ∈ L i+ϑ
x . Let j = ϑ − 1. For all
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xk ∈ {L i+ϑ−1
x ∩ L̄ i+ϑ

x }, we have

Vi+ϑ(xk) = (1− αi+ϑ−1(xk))Vi+ϑ−1(xk)

+ αi+ϑ−1(xk)
(

U(xk, vi+ϑ−1(xk))

+ Vi+ϑ−1(F (xk, vi+ϑ−1(xk)))
)

, (2.73)

where 0 < αi+ϑ−1(xk) ≤ 1. According to (2.68), for all xk ∈
{L i+ϑ−1

x ∩ L̄ i+ϑ
x }, we can get

Vi+ϑ−1(xk)− ε ≤ U(xk, vi+ϑ−1(xk)) + Vi+ϑ−1(F (xk, vi+ϑ−1(xk)))

≤ Vi+ϑ−1(xk) + ε. (2.74)

As vi+ϑ−1(xk) satisfies (2.11) for i + ϑ − 1, letting ε → 0, we can
obtain

Vi+ϑ−1(xk) = min
uk

{U(xk, uk) + Vi+ϑ−1(xk+1)} (2.75)

holds for all xk ∈ {L i+ϑ−1
x ∩ L̄ i+ϑ

x }. For ε → 0, we can obtain
Vi+ϑ(xk) = Vi+ϑ−1(xk), ∀xk ∈ Ωx. Hence, we can obtain (2.69) for
all xk ∈ {L i+ϑ−1

x ∩ L̄ i+ϑ
x }. According to mathematical induction,

for any j = 0, 1, . . . , ϑ, we can obtain (2.69) for all xk ∈ {L i+j
x ∩

L̄ i+j+1
x ∩ · · · ∩ L̄ i+ϑ−1

x ∩ L̄ i+ϑ
x }. As L i+j

x satisfies (2.61), we can
obtain that (2.69) holds for all xk ∈ Ωx as ε→ 0.

(2) Show that for all xk ∈ Ωx, the iterative control law vi+ϑ(xk)
satisfies

vi+ϑ(xk) = argmin
uk

{U(xk, uk) + Vi+ϑ(xk+1)}. (2.76)

For all xk ∈ L i+ϑ
x , we have (2.76) obviously holds. As ∀xk ∈ Ωx,

Vi+ϑ(xk) = Vi+ϑ−1(xk) holds, when ε → ∞, for all xk ∈ {L i+ϑ−1
x ∩

L̄ i+ϑ
x }, the iterative control law vi+ϑ−1(xk) satisfies

vi+ϑ−1(xk) = argmin
uk

{U(xk, uk) + Vi+ϑ−1(xk+1)}

= argmin
uk

{U(xk, uk) + Vi+ϑ(xk+1)}

= vi+ϑ(xk). (2.77)
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According to mathematical induction, for any j = 0, 1, . . . , ϑ, we
can obtain (2.76) for all xk ∈ {L i+j

x ∩ L̄ i+j+1
x ∩ · · · ∩ L̄ i+ϑ−1

x ∩
L̄ i+ϑ
x }. As L i+j

x satisfies (2.61), we can obtain that (2.76) holds for
all xk ∈ Ωx.

Now, we let μ(xk) be an arbitrary admissible control law, and
define a new value function Pτ (xk), τ = 0, 1, . . . , which satisfies

Pτ+1(xk) = U(xk, μ(xk)) + Pτ (xk+1), (2.78)

where P0(xk) = Vi+θ(xk) and xk+1 = F (xk, μ(xk)). Then, we can
declare the third step of the proof.

(3) Show that for all xk ∈ Ωx and any τ = 0, 1, . . . , the iterative
value function satisfies

Vi+ϑ(xk) ≤ Pτ (xk). (2.79)

The conclusion can be proven by mathematical induction. The
inequality (2.79) obviously holds for τ = 0. For τ = 1, according to
(2.69) and (2.76), for all xk ∈ Ωx, we have

Vi+ϑ(xk) = U(xk, vi+ϑ(xk)) + Vi+ϑ(F (xk, vi+ϑ(xk)))

= min
uk

{U(xk, uk) + Vi+ϑ(xk+1)}

≤ U(xk, μ(xk)) + Vi+ϑ(F (xk, μ(xk)))

= U(xk, μ(xk)) + P0(xk+1)

= P1(xk). (2.80)

Assume (2.79) holds for τ = � − 1, � = 1, 2, . . . and ∀xk ∈ Ωx. For
τ = � and ∀xk ∈ Ωx, we have

Vi+ϑ(xk) = U(xk, vi+ϑ(xk)) + Vi+ϑ(F (xk, vi+ϑ(xk)))

≤ U(xk, μ(xk)) + Vi+ϑ(F (xk, μ(xk)))

≤ U(xk, μ(xk)) + P�−1(F (xk, μ(xk)))

= P�(xk). (2.81)

Thus, we have (2.79) holds for any τ = 0, 1, . . . .
(4) Show that for all xk ∈ Ωx and any admissible control law

μ(xk), the iterative value function Vi+ϑ(xk) satisfies

Vi+ϑ(xk) ≤
∞
∑

τ=0

U(xk+τ , μ(xk+τ )). (2.82)
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According to (2.78), for all xk ∈ Ωx, we can get

Pτ (xk) =
τ−1
∑

�=0

U(xk+�, μ(xk+�)) + P0(xk+τ )

=
τ−1
∑

�=0

U(xk+�, μ(xk+�)) + Vi+ϑ(xk+τ ), (2.83)

where
∑z

y (·) = 0 for y > z. We have limτ→∞
∑τ−1

�=0 U(xk+�,

μ(xk+�)) < ∞ and xk+τ → 0 as τ → ∞. According to Lemma 2.2,
we have Vi+ϑ(xk) is positive definite, which means Vi+ϑ(xk+τ ) → 0
as τ → ∞. Thus, for all xk ∈ Ωx, we have

lim
τ→∞Pτ (xk) = lim

τ→∞

τ−1
∑

�=0

U(xk+�, μ(xk+�)) <∞. (2.84)

According to (2.79), letting τ → ∞, we can obtain (2.82).
(5) Show that the iterative value function Vi+ϑ(xk) equals to the

optimal performance index function J∗(xk).
According to the expression of Vi+ϑ(xk) in (2.69), for all xk ∈ Ωx,

we have

Vi+ϑ(xk) ≥ J∗(xk). (2.85)

On the other hand, for an arbitrary admissible control law μ(xk),
we have (2.82) holds. Let μ(xk) = u∗(xk), where u∗(xk) is an optimal
control law. Then, we can get

Vi+ϑ+1(xk) ≤
∞
∑

τ=0

U(xk+τ , u
∗(xk+τ ))

= min
uk

{ ∞
∑

τ=0

U(xk+τ , uk+τ )

}

= J∗(xk). (2.86)

Hence, we can obtain the conclusion. �
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2.4 Simulation Example

To evaluate the performance of our local iterative ADP algorithm,
the optimal flight control problem for the F-8 Crusader [6] is consid-
ered. The system of F-8 can be expressed by the following non-affine
nonlinear system
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

ẋ1 = −0.877x1 + x3 − 0.088x1x3 + 0.47x21 − 0.019x22
− x21x3 + 3.846x31 − 0.215u + 0.28x21u

+ 0.47x1u
2 + 0.63u3,

ẋ2 = x3,

ẋ3 = −4.208x1 − 0.396x3 − 0.47x21 − 3.564x31−20.967u

+ 6.265x21u+ 46x1u
2 + 61.4u3,

(2.87)

where x1 is the angle of attack (rad), x2 is the pitch angle (rad),
x3 is the pitch rate (rad/s), and u is the control input (manipulated
variable) provided by the tail detection (or elevator) angle (rad).
Discretizing the system function with the sampling interval Δt = 0.1s
leads to
⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

x1(k+1) = 0.9123x1k+0.1x3k−0.0088x1kx3k+0.047x21k
− 0.0019x22k−0.1x21kx3k+0.3846x31k−0.0215uk

+ 0.028x21kuk + 0.047x1ku
2
k + 0.063u3k ,

x2(k+1) = x2k + 0.1x3k,

x3(k+1) = −0.4208x1k + 0.9604x3k − 0.047x21k
− 0.3564x31k − 2.0967uk + 0.6265x21kuk

+ 4.6x1ku
2
k + 6.14u3k .

(2.88)

The utility function is chosen as U(xk, uk) = xTkQxk + uTkRuk,
where Q = I1, R = 2I2 and I1 and I2 denote the identity matri-
ces with suitable dimensions. Define the state space as Ω2

x =
{(x1k, x2k, x3k)| − 1 ≤ x1k ≤ 1,−1 ≤ x2k ≤ 1,−1 ≤ x3k ≤ 1}. We
collect the state data by discretizing the state space. The discretized
state set is expressed as {(x1k, x2k, x3k)} = {(−1 + 0.02
1,−1 +
0.02
2,−1 + 0.02
3)}, 
1, 
2, 
3 = 0, 1, . . . , 100. Thus, we collect
p̄ = 1013 state data to train the neural networks. Choose an ini-
tial value function Ψ̄(xk) = xTk P̄ xk, where P̄ is arbitrarily chosen
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Fig. 2.1. Iterative value function at x0 with ᾱ0
i (xk).

as P̄ =

[

0.1584 −0.1065 0.0054

−0.1065 0.0893 −0.0020

0.0054 −0.0020 0.033

]

. Let the initial state x0 = [0.4, 0, 0]T .

We choose two learning rate function sequences {ᾱζi (xk)}, ζ = 0, 1
and i = 0, 1, . . . . Let ᾱ0

i (xk) ≡ 1, i = 0, 1, . . . . For y ≥ 0 and
z > 0, let fix(y, z) denote the quotient of y/z. Define C̄i as the center
points of the learning rate function ᾱ1

i (xk). Let the coordinates of
C̄i be expressed as C̄i = (−0.75 + 0.5 fix((rem(i, 64))/16),−0.75 +
0.5 fix((rem(i, 64))/4),−0.75 + 0.5 rem((rem(i, 64))/4)). For i =
0, 1, . . . and xk ∈ Ωx, let the learning rate function ᾱ1

i (xk) be
expressed as

ᾱ1
i (xk) = 0.8 e−

(‖xk−C̄i‖)
2

2σ̄2 , (2.89)

where σ̄ = 0.5. For ᾱ0
i (xk), i = 0, 1, . . . , the plot of the iterative

value function at x0, i.e., Vi(x0), is shown in Fig. 2.1. The iterative
state and control trajectories with ᾱ0

i (xk) is shown in Figs. 2.3(a)
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Fig. 2.2. Iterative value function at x0 with ᾱ1
i (xk).

and (b), where “In” means initial iteration and “Lm” means limiting
iteration. The plot of the iterative value function at x0 with ᾱ1

i (xk)
is shown in Fig. 2.2. The iterative state and control trajectories with
ᾱ1
i (xk) are shown in Figs. 2.3(c) and (d).
From Figs. 2.1–2.3, we can see that using the developed local

iterative ADP algorithm, the iterative value function converges to
the optimum. The optimal state and control are shown in Fig. 2.4.
Despite initializing by the same initial value function, we can notice
that the iterative processes are different with the two different learn-
ing rate functions. According to ᾱ0

i (xk) = 1 and Ψ̄(xk), the local
ADP algorithm is transformed into a global one [26]. The plots of
the iterative value functions at x0 is shown in Fig. 2.1. It takes 30
iterations to guarantee the iterative value function to be convergent.
For the local iterative ADP algorithm with ᾱ1

i (xk), the iterative value
function is updated in a subset of the state space. Thus, in Fig. 2.2,
we can see that the iterative value function is not necessarily updated
in each iteration at x0 and it takes 512 iterations to make the iterative
value function converge to the optimum.
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(a)

(c) (d)

(b)

Fig. 2.3. State and control trajectories. (a) States with ᾱ0
i (xk). (b) Controls

with ᾱ0
i (xk). (c) States with ᾱ1

i (xk). (d) Controls with ᾱ1
i (xk).

However, we point out that using the global iterative ADP algo-
rithm in Ref. [26], in each iteration, the iterative value function and
iterative control law are updated using p̄ = 1013 state data. It takes
22901.51 seconds to train the critic and action networks in each iter-
ation. Thus, we say that the computation burden is heavy for the
global iterative ADP algorithm in Ref. [26]. On the other hand, for
ᾱ1
i (xk), there are 64 center points in the 3-dimensional state space,

which separates the into state space into 64 state subsets. In each iter-
ation, iterative value function and iterative control law are updated
in one state subset using about p̄/64 = 16098 state data, which takes
15 seconds to train the neural networks. Hence, comparing with the
global iterative ADP algorithm in Ref. [26], we emphasize that the
computation burden is relaxed using the developed local iterative
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Fig. 2.4. Optimal trajectories. (a) Optimal states. (b) Optimal control.

ADP algorithm and this is a highlighted merit for the developed
algorithm.

2.5 Conclusion

In this chapter, an effective local iterative ADP algorithm is devel-
oped to solve infinite horizon optimal control problems for discrete-
time nonlinear systems. The developed local value iteration algorithm
of ADP permits an arbitrary positive semi-definite function to ini-
tialize the algorithm. It is the first time that the concept of “local
iteration” is introduced into iterative ADP algorithms. Employing
a state-depended learning rate function, the iterative value function
and iterative control law can both be updated in a given subset of
the state space, instead of the whole state space for the traditional
global iterative ADP algorithms. Under some mild convergence cri-
teria, it is proven that the iterative value function is convergent to
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the optimum. Monotonicity and optimality properties of the itera-
tive value function are also presented. Simulation results are given
to illustrate the performance of the developed algorithm.
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Chapter 3

Discrete-Time Local Value Iterative
Adaptive Dynamic Programming:
Admissibility and Terminations

Analysis

3.1 Introduction

In 2008, a value iteration based iterative ADP algorithm [1], which
was inspired by [3, 4], was proposed to solve the optimal control for
a class of discrete-time nonlinear systems. In Ref. [1], considering the
following deterministic discrete-time affine nonlinear system

xk+1 = f(xk) + g(xk)uk, (3.1)

with the performance index function

J(xk) =
∞
∑

j=k

(

xTj Qxj + uTj Ruj

)

, (3.2)

where Q ∈ R
n×n and R ∈ R

m×m are positive definite matrices, a
value iteration algorithm, which was referred to as heuristic dynamic
programming (HDP), was proposed to find the optimal control law.
Starting from V0(xk) ≡ 0, for all xk ∈ R

n, we define
⎧

⎪

⎨

⎪

⎩

ui(xk) = −1

2
R−1g(xk)

T ∂Vi(xk+1)

∂xk+1
,

Vi+1(xk) = xTkQxk + uTi (xk)Rui(xk) + Vi(xk+1),

(3.3)

55
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for i = 0, 1, 2, . . . , where xk+1 = f(xk) + g(xk)ui(xk). It was proven
that Vi(xk) is nondecreasing and bounded, and hence converged to
J∗(xk) as i increases to infinity.

However, in previous iterative ADP algorithms, to guarantee the
convergence and optimality, nearly all the previous iterative ADP
algorithms require that the iterative value functions and iterative
control laws are updated for the whole state space in each itera-
tion [1, 3, 4, 6–8, 10, 15]. These iterative ADP algorithms can be
called “global iterative ADP algorithms”. It is worth mentioning that
global iterative ADP algorithms may not be suitable for real-world
applications. For example, for many real-world control systems, the
system states are generally operated in a subset of the state space in
an iteration period. Thus, we generally collect state data in a subset
of the state space instead of the whole state space. In this situation,
the global iterative ADP algorithms must stop running to wait until
all the data for the whole state space are collected. This makes the
computation efficiency of the global iterative ADP algorithms very
low. On the other hand, previous global iterative ADP algorithms
require the algorithms to implement infinite iterations to reach their
optimums, which are impossible to realize in real-world applications.
We say that the algorithms must be terminated within finite itera-
tions to find an effective iterative control law to control the systems.
Unfortunately, to the best of our knowledge, there are no discussions
on the properties of the iterative control laws after the termination
of the iterative ADP algorithms within finite iterations using local
data. Hence, how to implement the iterative ADP algorithms using
local data in each iteration and how to find an effective control law
to control the systems within finite iterations are key problems for
the developments of ADP algorithms. These motivate our research.

In this chapter, a novel local iterative ADP algorithm is developed
to solve infinite horizon optimal control problems of discrete-time
nonlinear systems. A new state-dependent learning rate function is
employed in the iterative ADP algorithm, where the iterative value
function and iterative control law can both be updated in a given
subset of the state space, instead of updating in the whole state
space. Initialized by an arbitrary positive semi-definite function, it
is shown that the iterative value function converges to the optimum
under some mild constraints. We emphasize that for the first time,
the admissibility properties for the local iterative ADP algorithm
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are developed. New termination criteria are established for the local
iterative ADP algorithm. New convergence criteria are established to
guarantee that the iterative value function is close to the optimum
sufficiently. Admissibility criteria are constructed which guarantee
the admissibility of the iterative control law. It will be shown that the
iterative ADP algorithm can be terminated if the convergence and
admissibility criteria are both satisfied. Finally, simulation results
are given to illustrate the performance of the developed method.

3.2 Problem Formulations

3.2.1 System descriptions

In this chapter, we will study the following deterministic discrete-
time nonlinear system

xk+1 = F (xk, uk), k = 0, 1, 2, . . . , (3.4)

where xk ∈ R
n is the state vector and uk ∈ R

m is the control vector.
Let x0 be the initial state and F (xk, uk) be the system function. Let
uk = (uk, uk+1, . . . ) be an arbitrary sequence of controls from k to
∞. The performance index function for state x0 under the control
sequence u0 = (u0, u1, . . . ) is defined as

J(x0, u0) =

∞
∑

k=0

U(xk, uk), (3.5)

where the utility function U(xk, uk) is a positive definite function for
xk and uk.

For convenience of analysis, results of this chapter are based on
the following assumption.

Assumption 3.1. The system (3.4) is controllable on a compact
set Ωx ⊂ R

n containing the origin, and the function F (xk, uk) is
Lipschitz continuous on Ωx; the system state xk = 0 is an equilibrium
state of system (3.4) under the control uk = 0, i.e., F (0, 0) = 0; the
feedback control uk = u(xk) satisfies uk = u(xk) = 0 for xk = 0.

Define the control sequence set as Uk = {uk : uk = (uk, uk+1, . . .),
∀uk+i ∈ R

m, i = 0, 1, . . .}. Then, for an arbitrary control sequence
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uk ∈ Uk, the optimal performance index function can be defined
as J∗(xk) = minuk{J(xk, uk) : uk ∈ Uk}. According to Bellman’s
principle of optimality, J∗(xk) satisfies the discrete-time HJB equa-
tion J∗(xk) = minuk {U(xk, uk) + J∗(F (xk, uk))} . Define the law of
optimal control as u∗(xk) = argminuk {U(xk, uk) + J∗(F (xk, uk))} .
Hence, the HJB equation can be written as

J∗(xk) = U(xk, u
∗(xk)) + J∗(F (xk, u∗(xk))). (3.6)

Generally, the HJB equation (3.6) is computationally untenable
by traditional dynamic programming, i.e., “curse of dimensionality.”
To overcome this difficulty, a new iterative ADP algorithm will be
developed.

3.2.2 Descriptions of the local iterative ADP

algorithm

In this section, a new local iterative ADP algorithm is developed to
obtain the optimal control law for the nonlinear system (3.4). In the
local iterative ADP algorithm, the value function and control law
are updated by iteration, with the iteration index i increasing from
0 to infinity. For i = 0, 1, . . . , define {L i

x} as a sequence of state sets,
which satisfies L i

x ⊆ Ωx, ∀ i = 0, 1, . . . .
Let the initial function Ψ(xk), ∀xk ∈ Ωx, be an arbitrary pos-

itive semi-definite function and let the initial value function be
expressed by

V0(xk) = Ψ(xk). (3.7)

For all xk ∈ L 0
x , the local iterative control law v0(xk) is computed as

v0(xk) = argmin
uk

{U(xk, uk) + V0(xk+1)}

= argmin
uk

{U(xk, uk) + Ψ(F (xk, uk))}, (3.8)

and let v0(xk) = 0, for all xk ∈ Ωx\L 0
x . For all xk ∈ L 0

x , the local
iterative value function is updated as

V1(xk) = min
uk

{

U(xk, uk) + V0(xk+1)
}

= U(xk, v0(xk)) + V0(F (xk, v0(xk))), (3.9)
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and let V1(xk) = Ψ(xk), for all xk ∈ Ωx\L 0
x . Define α0(xk) as a state-

dependent learning rate function. For all xk ∈ Ωx, let the learning
rate function α0(xk) be a scalar function, which satisfies

{

0 < α0(xk) ≤ 1, ∀xk ∈ L 0
x ,

α0(xk) = 0, ∀xk ∈ Ωx\L 0
x .

(3.10)

Then, for all xk ∈ Ωx, the global iterative value function is defined
as

V1(xk) = (1− α0(xk))V0(xk) + α0(xk)V1(xk). (3.11)

For i = 1, 2, . . . , for all xk ∈ L i
x, the local iterative control law

vi(xk) can be computed as

vi(xk) = argmin
uk

{U(xk, uk) + Vi(xk+1)}

= argmin
uk

{U(xk, uk) + Vi(F (xk, uk))}, (3.12)

and for all xk ∈ Ωx\L i
x, let vi(xk) = vi−1(xk). For all xk ∈ L i

x, the
local iterative value function can be updated as

Vi+1(xk) = min
uk

{

U(xk, uk) + Vi(xk+1)
}

= U(xk, vi(xk)) + Vi(F (xk, vi(xk))), (3.13)

and for all xk ∈ Ωx\L i
x, let Vi+1(xk) = Vi(xk). Define {αi(xk)}, i =

1, 2, . . . , as a sequence of learning rate functions. For i = 1, 2, . . . and
∀xk ∈ Ωx, let the learning rate function αi(xk) be a scalar function,
which satisfies

{

0 < αi(xk) ≤ 1, xk ∈ L i
x,

αi(xk) = 0, ∀xk ∈ Ωx\L i
x.

(3.14)

Then, for all xk ∈ Ωx, the global iterative value function is
defined as

Vi+1(xk) = (1− αi(xk))Vi(xk) + αi(xk)Vi+1(xk). (3.15)

Introducing a state-dependent learning rate function αi(xk), from
(3.7)–(3.15), in each iteration, the iterative value function and iter-
ative control law are only updated in the given state subset L i

x,
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i = 0, 1, . . . , instead of the whole state space. On the other hand, if
the learning rate function αi(xk) satisfies αi(xk) ≡ 1, ∀ i = 0, 1, . . . ,
and V0(xk) ≡ 0, ∀xk ∈ Ωx, then the local iterative ADP algo-
rithm reduces to the traditional value iteration ADP algorithms
[1, 3, 4, 6–8, 10, 15]. Thus, we say that traditional value iteration
ADP algorithms are special cases of the developed local iterative one
and the local iterative ADP algorithm in this chapter possesses more
application potentials.

3.3 Property Analysis

In this section, the properties of the local iterative ADP algorithm
will be discussed. First, we will show that the iterative value iteration
converges to the optimum under some mild constraints. Then, the
main contributions of this paper, that is the admissibility of the iter-
ative control law, will be discussed. New termination criteria of the
local iterative ADP algorithm are derived, where the convergence of
the iterative value function and admissibility of the iterative control
law can both be guaranteed.

To derive the main theoretical results of this chapter, the following
lemma is necessary.

Lemma 3.1. For i = 0, 1, . . . and for all xk ∈ Ωx, let iterative value
function Vi(xk) and the iterative control law vi(xk) be obtained by
(3.7)–(3.15). Then,

(i) for i = 0, 1, . . . , Vi(xk) is positive semi-definite for xk;
(ii) for i = 0, 1, . . . , Vi(xk) is positive definite for xk if Ψ(xk) is

positive definite;
(iii) if Vi(xk), i = 0, 1, . . . , is positive definite for xk, then Vj(xk) is

positive definite for all j ≥ i;
(iv) if for any i = 0, 1, . . . and 0 ≤ j ≤ ϑ, ϑ = 0, 1, . . . , the state set

L i+j
x satisfies

L i
x ∪ L i+1

x ∪ · · · ∪ L ϑ
x =

ϑ∪
j=0

L i+j
x = Ωx, (3.16)

then the iterative value function V�(xk) is a positive definite
function for all � ≥ i+ ϑ.

The convergence property of the local iterative ADP algorithm
can be derived in the following lemma.
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Lemma 3.2. For i = 0, 1, . . . and for all xk ∈ Ωx, let the iterative
control law vi(xk) and iterative value function Vi(xk) be obtained by
(3.7)–(3.15). If for any i = 0, 1, . . . and ∀xk ∈ Ωx, the learning rate
αi(xk) satisfies (3.10), (3.14) and

∞
∑

i=0

αi(xk) = ∞,∀xk �= 0, (3.17)

then the iterative value function Vi(xk) converges to the optimal per-
formance index function J∗(xk), as i→ ∞.

From Lemma 3.2, we know that under the condition (3.17), the
iterative value function converges to J∗(xk), when the iteration index
i increases to the infinity. As J∗(xk) is a positive definite function, the
developed algorithm cannot stop before it outputs a positive definite
function. Define a new parameter ρ as ρ = argminθ{∪θj=0 L j

x = Ωx}.
Letting

imin =

{

0, if Ψ(xk) > 0,

ρ, if Ψ(xk) ≥ 0,
(3.18)

according to Lemma 3.1(iv), we know that for any i = 0, 1, . . . , if i ≥
imin, then the iterative value function Vi(xk) is positive definite. Thus,
imin is called the minimum iteration condition. Before the analysis,
the following definition is necessary.

Definition 3.1. We say a solution is uniformly ultimately bounded
(UUB) [5] if there exists a compact set Ωx ⊂ R

n, such that for all
xk0 = x0 ∈ Ωx, there exists an ε and a number T (ε, x0) such that
‖xk‖ ≤ ε for all k ≥ k0 + T .

Generally, if for j = 0, 1, . . . , ϑ, ∀xk ∈ L i
x, the iteration index

i ≥ imin, and the iterative value function satisfies

|Vi+j+1(xk)− Vi+j(xk)| ≤ αi+j(xk)ε, (3.19)

for a constant ε > 0, where imin is defined in (3.18) and L i+j
x satisfies

(3.16), then the algorithm is terminated and the optimal control
law is regarded to achieve. Inequality (3.19) can be called as the
“convergence criterion” of the local iterative ADP method. In real-
world applications, the computation precision ε cannot be zero. For a
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computation precision ε > 0, we actually obtain an iterative value
function and iterative control law, which approximate their optimal
ones. In this situation, we emphasize that the iterative control law
may not be a stable control law. The following theorem will show
this property.

Theorem 3.1. For i = 0, 1, . . . , let Vi(xk) and vi(xk) be obtained
by (3.7)–(3.15). Let the iteration index i satisfy i ≥ imin, where imin

is defined in (3.18), and let the learning rate function αi(xk) satisfy
(3.14) and (3.17). If for any j = 0, 1, . . . , the iterative value function
Vi+j(xk) satisfies (3.19) then the state of the nonlinear system (3.4)
is uniformly ultimately bounded (UUB) under the iterative control
law vi+ϑ(xk).

Proof. According to the definition of L i+j
x in (3.16), for a system

state xk ∈ Ωx, the state may be in several different state sets, i.e.,

xk ∈ L i+j′
x , 0 ≤ j′ ≤ ϑ, and simultaneously xk ∈ L i+j′′

x , 0 ≤ j′′ ≤ ϑ,
where j′ �= j′′. It means that several iterative value functions, such
as Vi+j′+1(xk) and Vi+j′′+1(xk), may be updated at xk. This leads to

a difficulty in analysis. For convenience of analysis, letting L̄ i+j
x =

Ωx\L i+j
x , i ≥ imin and j = 0, 1, . . . , ϑ, we define a new state set Ii+j

as

I i+jx =

(

ϑ∩
l=j+1

L̄ i+l
x

)

∩ L i+j
x , (3.20)

where we let ∩ϑl=j+1 L̄ i+l
x = Ωx for j = ϑ, i.e., I i+ϑx = L i+ϑ

x .

According to the definition in (3.20), we can see that Ii+j,
j = 0, 1, . . . , ϑ, satisfies the following equation ∪ϑl=j+1 I i+lx = L i+j

x ∪
L i+j+1
x ∪ · · · ∪L i+ϑ

x = ∪ϑl=j L i+l
x , and for j0, j1 = 0, 1, . . . , ϑ, we can

get I i+j0x ∩ I i+j1x = ∅,∀j0 �= j1. If L i+j
x , j = 0, 1, . . . , satisfies (3.16)

then we can derive that ∪ϑj=0 I i+jx = Ωx. According to the definition

of I i+jx in (3.20) and the definition of the iterative control law in
(3.8) and (3.12), for any j = 0, 1, . . . , ϑ, we can get

vi+ϑ(xk) = vi+j(xk), ∀xk ∈ I i+jx . (3.21)

Let �0, �1 = 0, 1, . . . , ϑ be two constants. According to (3.19), for
any xk ∈ Ωx and �0, �1 = 0, 1, . . . , ϑ, there exists a constant λ > 0
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which satisfies |Vi+�0(xk) − Vi+�1(xk)| ≤ λ, where 0 ≤ λ ≤ ϑε. For
any i ≥ ρ, the iterative value function Vi(xk) is a positive definite
function for xk. For any j = 0, 1, . . . , there exist two scalar functions
β(‖xk‖) and β(‖xk‖) which belong to class K and satisfy

0 < β(‖xk‖) ≤ inf
j=0,1,...,ϑ

Vi+j(xk) ≤ Vi+j(xk)

≤ sup
j=0,1,...,ϑ

Vi+j(xk) ≤ β(‖xk‖). (3.22)

Define a new state set Λx as

Λx = {xk |xk ∈ Ωx, U(xk, vi(xk)) ≤ ε+ 2λ,

U(xk, vi+1(xk)) ≤ ε+ 2λ,

. . . , U(xk, vi+ϑ(xk)) ≤ ε+ 2λ}. (3.23)

Let x̃k = arg supxk∈Λx
{‖xk‖}, and we can see that ‖x̃k‖ is finite. Let

Γx = {xk |xk ∈ Ωx, β(xk) ≤ β̄(x̃k)}. Let x̄k = arg supxk∈Γx
{‖xk‖}.

For an arbitrary ε > ‖x̄k‖, there exists a ϕ(ε) > ‖x̃k‖ that satisfies
β(ϕ) ≤ β(ε). According to the definition of the function β(·), there
exits a state xk, such that ‖x̃k‖ ≤ ‖xk‖ ≤ ϕ(ε). For any xk ∈ Ωx,
according to (3.20), the state xk must be located in one state set Ii+j,
j = 0, 1, . . . , ϑ. Without loss of generality, we assume that xk ∈ Ii+j0 ,
j0 = 0, 1, . . . , ϑ.

For xk ∈ Ij0x , we have Vi+j0(xk) ≤ β(ϕ). According to (3.11),
(3.15), and (3.19), we have

Vi+j0+1(xk)− Vi+j0(xk) ≤ αi+j0(xk)ε. (3.24)

If ‖xk‖ ≥ ‖x̃k‖, then according to (3.19) and (3.21), for xk ∈ I i+j0x ,
we have

ΔVi+j0(xk) = Vi+j0(xk+1)− Vi+j0(xk)

= Vi+j0(F (xk, vi+j0(xk))) − Vi+j0(xk)

= Vi+j0(F (xk, vi+ϑ(xk)))− Vi+j0(xk)

= −U(xk, vi+ϑ(xk)) + ε

≤ −2λ ≤ 0. (3.25)
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Assume xk+1 = F (xk, vi+ϑ(xk)) ∈ I i+j1x . If ‖xk+1‖ ≥ ‖x̃k‖, according
to (3.19) and (3.21), for xk+1 ∈ I i+j0x , we can obtain

ΔVi+j1(xk+1) = Vi+j1(xk+2)− Vi+j1(xk+1)

= Vi+j1(F (xk+1, vi+j1(xk+1)))− Vi+j1(xk+1)

= Vi+j1(F (xk+1, vi+ϑ(xk+1))) − Vi+j1(xk+1)

≤ −2λ. (3.26)

For any xk+1 ∈ Ωx, we can get Vi+j1(xk+1) ≤ Vi+j0(xk+1)+λ. Then,
we have

Vi+j1(xk+2) ≤ Vi+j0(xk+1)− λ, (3.27)

where xk+2 = F (xk+1, vi+ϑ(xk+1)). On the other hand, for all xk ∈
Ωx, we can obtain Vi+j1(xk+2) ≥ Vi+j0(xk+2) − λ. Then, for xk+1 ∈
I i+j1x , we can obtain that

Vi+j0(xk+2)− Vi+j0(xk+1) ≤ 0. (3.28)

According to mathematical induction, for any T = 0, 1, . . . , if
‖xk+T ‖ ≥ ‖x̃k‖, there exists jT = 0, 1, . . . , ϑ, such that for any

xk+T ∈ I i+jTx , the iterative value function Vi+j0(xk+T ) satisfies

Vi+j0(xk+T+1)− Vi+j0(xk+T ) ≤ 0. (3.29)

For any ε that satisfies ε ≥ ‖x̄k‖, there exists a positive integer N
that satisfies the following inequality

β(ε) ≥ β̄(ϕ) ≥ Vi+j0(xk) ≥ Vi+j0(xk+1)

≥ · · · ≥ Vi+j0(xk+N ) ≥ β(‖xk+N‖) (3.30)

for ‖xk+N‖ ≥ ‖x̃k‖, which makes ‖xk+N‖ → ‖x̃k‖. According
to the Definition 3.1, we can draw the conclusion. The proof is
complete. �

From Theorem 3.1, we can see that for any constant ε > 0, the
iterative control law vi+ϑ(xk) is UUB, which is not ensured to be an
asymptotically stable control law. For optimal control problems, the
developed control scheme must not only stabilize the control systems,
but also make the performance index function finite, i.e., the control
law must be admissible [1].
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Definition 3.2. A control law u(xk) is defined to be admissible with
respect to (3.5) on Ωx if u(xk) is continuous on Ωx, u(0) = 0, u(xk)
stabilizes (3.4) on Ωx, and ∀x0 ∈ Ωx, J(x0) is finite.

Theorem 3.2. For i = 0, 1, . . . and for all xk ∈ Ωx, let vi(xk) and
Vi(xk) be obtained by (3.7)–(3.15). Let the iteration index i ≥ imin,

where imin is defined in (3.18) and L i+j
x satisfies (3.16). If the iter-

ative value function Vi+j(xk), j = 0, 1, . . . , ϑ, satisfies

(i) for all xk ∈ L i+j
x ,

Vi+j+1(xk)− Vi+j(xk)

< αi+j(xk)pi+j(xk)U(xk, vi+j(xk)), (3.31)

where −∞ < pi+j(xk) < 1,
(ii) for arbitrary iteration indices l, w = 0, 1, . . . ϑ and ∀xk ∈ L i+l

x ,

Vi+l(xk)− Vi+ω(xk) < qi+l(xk)U(xk, vi+l(xk)), (3.32)

where −∞ < qi+l(xk) < 1 and −∞ < pi+l(xk) + qi+l(xk) < 1,

then iterative control law vi+ϑ(xk) is an admissible control law.

Proof. According to (3.20), for an arbitrary state xk ∈ Ωx, the

state xk must locate in one and only one state set I i+jx , j = 0, 1, . . . .
Without loss of generality, we assume xk ∈ I i+j0x , j0 = 0, 1, . . . , ϑ.
According to (3.31), we have

Vi+j0+1(xk)− Vi+j0(xk)

< αi+j0(xk)pi+j0(xk)U(xk, vi+j0(xk)). (3.33)

For any xk ∈ I i+j0x , we have 0 < αi+j0(xk) ≤ 1. According to (3.13)
and (3.21), we can get

Vi+j0(xk+1)− Vi+j0(xk)

< (pi+j0(xk)− 1)U(xk, vi+j0(xk))

= (pi+j0(xk)− 1)U(xk, vi+ϑ(xk)), (3.34)

where vi+j0(xk) = vi+ϑ(xk), ∀xk ∈ I i+j0x , and xk+1 = F (xk,

vi+j0(xk)) = F (xk, vi+ϑ(xk)). Assume xk+1 ∈ I i+j1x , j1 = 0, 1, . . . , ϑ.
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According to (3.32), as l, ω = 0, 1, . . . , ϑ are arbitrary constants, let-

ting l = j1 and ω = j0, for all xk ∈ I i+j1x , we can get

Vi+j1(xk+1)− Vi+j0(xk+1)

< qi+j1(xk+1)U(xk+1, vi+j1(xk+1))

= qi+j1(xk+1)U(xk+1, vi+ϑ(xk+1)). (3.35)

For xk+1 ∈ I i+j1x , according to (3.31), we can obtain

Vi+j1(xk+2)− Vi+j1(xk+1)

< (pi+j1(xk+1)− 1)U(xk+1, vi+j1(xk+1))

= (pi+j1(xk+1)− 1)U(xk+1, vi+ϑ(xk+1)). (3.36)

According to (3.35) and (3.36), for xk+1 ∈ I i+j1x we have

V i+j1(xk+2)− Vi+j0(xk+1)

< (pi+j1(xk+1) + qi+j1(xk+1)− 1)U(xk+1, vi+ϑ(xk+1)), (3.37)

where xk+2 = F (xk+1, vi+j1(xk+1)) = F (xk+1, vi+ϑ(xk+1)).
Using mathematical induction, for any τ = 0, 1, . . . and xk+τ+1 ∈

I i+jτ+1
x , we can obtain

Vi+jτ+1(xk+τ+2)− Vi+jτ (xk+τ+1)

< (pi+jτ+1(xk+τ+1) + qi+jτ+1(xk+τ+1)− 1)

× U(xk+τ+1, vi+jτ+1(xk+τ+1))

= (pi+jτ+1(xk+τ+1) + qi+jτ+1(xk+τ+1)− 1)

× U(xk+τ+1, vi+ϑ(xk+τ+1)), (3.38)

where xk+τ+2 = F (xk+τ+1, vi+jτ+1(xk+τ+1)) = F (xk+τ+1, vi+ϑ
(xk+τ+1)). According to (3.38), for any xk ∈ I i+j0x and any τ =
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0, 1, . . . , we can obtain

Vi+jτ+1(xk+τ+2)− Vi+j0(xk+1)

<
τ
∑

l=0

((pi+jl+1
(xk+l+1) + qi+jl+1

(xk+l+1)− 1)

× U(xk+l+1, vi+jl+1
(xk+l+1)))

=

τ
∑

l=0

((pi+jl+1
(xk+l+1) + qi+jl+1

(xk+l+1)− 1)

× U(xk+l+1, vi+ϑ(xk+l+1))), (3.39)

where xk+l+1 = F (xk+l, vi+jl(xk+l)) = F (xk+l, vi+ϑ(xk+l)), l =
0, 1, . . . , τ + 1. According to (3.34) and (3.39), we can get

Vi+j0(xk) > (1− pi+j0(xk))U(xk, vi+ϑ(xk))

+

τ
∑

l=0

((1− pi+jl+1
(xk+l+1)− qi+jl+1

(xk+l+1))

× U(xk+l+1, vi+ϑ(xk+l+1)))

+ Vi+jτ+1(xk+τ+2). (3.40)

As 0 < qi+j0(xk) < 1 and pi+j0(xk) + qi+j0(xk) < 1, ∀xk ∈ L i+j0
x ,

we have

(1− pi+j0(xk))U(xk, vi+j0(xk))

> (1− pi+j0(xk)− qi+j0(xk))U(xk, vi+j0(xk)). (3.41)

Thus, inequality (3.40) can be expressed as

Vi+j0(xk) >

τ+1
∑

l=0

((1− pi+jl(xk+l)− qi+jl(xk+l))

× U(xk+l, vi+ϑ(xk+l)))

+ Vi+jτ+1(xk+τ+2). (3.42)
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Letting τ → ∞, as Vi+j0(xk) is finite ∀xk ∈ I i+j0x , we have

lim
τ→∞

(

τ+1
∑

l=0

((1− pi+jl(xk+l)− qi+jl(xk+l))

×U(xk+l, vi+ϑ(xk+l)))

)

<∞. (3.43)

According to the definitions of the functions pi+j(xk) and qi+j(xk),
j = 0, 1, . . . , ϑ, in (3.31) and (3.32), for any l = 0, 1, . . . , jl =
0, 1, . . . , ϑ, there exits constants 0 < p < 1 and 0 < q < 1, such that
1−pi+jl(xk+l)−qi+jl(xk+l) > 1−p−q > 0 holds for all xk+l ∈ I i+jlx .
According to (3.43), we have

(1− p− q)

∞
∑

l=0

U(xk+l, vi+ϑ(xk+l))

≤ lim
τ→∞

(

τ+1
∑

l=0

((1 − pi+jl(xk+l)− qi+jl(xk+l)

)

× U(xk+l, vi+ϑ(xk+l))))

<∞, (3.44)

which means
∑∞

l=0 U(xk+l, vi+ϑ(xk+l)) < ∞. On the other hand, as
the utility function U(xk, uk) is positive definite for xk and uk, we can
derive that {U(xk+l, vi+ϑ(xk+l))}, l = 0, 1, . . . , is a positive series.
Then, we have U(xk+l, vi+ϑ(xk+l)) → 0 as l → ∞, which obtains
xk+l → 0, as l → ∞. According to the definition of admissible control
law, we can draw the conclusion. �

Remark 3.1. From Theorem 3.2, we know that if the iterative value
functions satisfy (3.31) and (3.32), then the admissibility of the iter-
ative control laws can be guaranteed. Thus, the inequalities (3.31)
and (3.32) can be called as “admissibility criteria” of the local itera-
tive ADP algorithm. We emphasize that the developed local iterative
ADP algorithm can be terminated if and only if the convergence and
admissibility criteria are both satisfied.

Corollary 3.1. For i = 0, 1, . . . and for all xk ∈ Ωx, let vi(xk) and
Vi(xk) be obtained by (3.7)–(3.15). Let L i

x = Ωx, ∀ i = 0, 1, . . . and
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0 < αi(xk) ≤ 1, ∀xk ∈ Ωx. If the iterative value function Vi(xk),
i = 0, 1, . . . , satisfies

Vi+1(xk)− Vi(xk) < αi(xk)pi(xk)U(xk, vi(xk)), (3.45)

for a given function −∞ < pi(xk) < 1, i = 0, 1, . . . and ∀xk ∈ Ωx,
then iterative control law vi(xk) is an admissible control law.

Remark 3.2. In each iteration, if L i
x = Ωx, ∀ i = 0, 1, . . . and 0 <

αi(xk) ≤ 1, ∀xk ∈ Ωx, then the local iterative ADP algorithm is
reduced into a global one. In this situation, the admissibility criteria
(3.31) and (3.32) are reduced into (3.45). Hence, we say that the
global iterative ADP algorithm is a special case of the developed local
iterative one and the admissibility criterion for the local iterative
ADP algorithm is feasible for the global one [1, 3, 4, 6–8, 10, 15].
On the other hand, from Theorem 3.2, we can see that for the local
iterative ADP algorithm (3.7)–(3.15), it requires at least ϑ iterative
value functions to justify the admissibility of the iterative control law
vi+ϑ(xk). To avoid this difficulty, a new admissibility criterion will
be developed.

Lemma 3.3. For i = 0, 1, . . . and for all xk ∈ Ωx, let vi(xk) and
Vi+1(xk) be obtained by (3.7)–(3.15). Let the iteration index i satisfy
i ≥ imin and the learning rate function αi(xk) satisfies (3.10), (3.14),
and (3.17). Let ε > 0 be a given positive constant. For all xk ∈ Ωx,
define a new iterative value function Vi+j(xk) as

Vi+j+1(xk) = (1− αi+j(xk))Vi(xk) + αi+j(xk)

× (U(xk, vi(xk)) + Vi(F (xk, vi(xk)))). (3.46)

For j = 0, 1, . . . , ϑ, and ∀xk ∈ Ωx, if the iterative value function
Vi+j+1(xk) satisfies

|Vi+j+1(xk)− Vi(xk)| ≤ αi+j(xk) ε, (3.47)

and the state set L i+j
x satisfies (3.16), then for all xk ∈ Ωx, the

iterative value function converges to the optimum. That is, Vi(xk) →
J∗(xk), as ε→ 0.

Theorem 3.3. For i = 0, 1, . . . , let Vi(xk) and vi(xk) be obtained
by (3.7)–(3.15). Let the iteration index i satisfy (3.18), and let the
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learning rate function αi(xk) satisfy (3.10), (3.14), and (3.17). For
i = 0, 1, . . . and j = 0, 1, . . . , ϑ, let {q̂i+j(xk)} be a positive function
sequence, which satisfies −∞ < supj=0,1,...{q̂i+j(xk)} < 1, ∀xk ∈ Ωx.

Let L i+j
x satisfy (3.16). If for all xk ∈ L i+j

x and for any j = 0, 1, . . . ,
the iterative value function Vi+j(xk) satisfy

Vi+j+1(xk)− Vi(xk) ≤ αi+j(xk)q̂i+j(xk)U(xk, vi(xk)), (3.48)

then the iterative control law vi(xk) is an admissible control law.

Proof. According to (3.46) and (3.48), for any j = 0, 1, . . . and for

all xk ∈ L i+j
x , we have

Vi(F (xk, vi(xk))) − Vi(xk) ≤ (q̂i+j(xk)− 1)U(xk, vi(xk)). (3.49)

As supj=0,1,...{q̂i+j(xk)} < 1, there exists a constant −∞ < q̂ < 1
that satisfies supj=0,1,...{q̂i+j(xk)} < q̂, ∀xk ∈ Ωx. On the other hand,

as L i+j
x , j = 0, 1, . . . ϑ, satisfies (3.16), for all xk ∈ Ωx, we can get

Vi(F (xk, vi(xk)))− Vi(xk) < (q̂ − 1)U(xk, vi(xk)). (3.50)

According to (3.50), for N̄ , we can obtain

Vi(xk) > (1− q̂)

N̄
∑

l=0

U(xk+l, vi(xk+l)) + Vi(xk+N̄+1). (3.51)

As Vi(xk) is finite, ∀xk ∈ Ωx and −∞ < q̂ < 1, we can obtain
∑∞

�=0 U(xk+�, vi(xk+�)) is finite and xk+� → 0 as � → ∞, which
shows that the iterative control law vi(xk) is an admissible control
law. �

Theorem 3.4. For i = 0, 1, . . . , let Vi(xk) and vi(xk) be obtained
by (3.7)–(3.15). For any xk ∈ Ωx, if the iterative control law vi(xk)
satisfies

lim
j→∞

U (F (xk+j, vi(xk+j)), vi(F (xk+j , vi(xk+j))))

U (xk+j, vi(xk+j))
< 1, (3.52)

then vi(xk) is an admissible control law.



Discrete-Time Local Value Iterative Adaptive Dynamic Programming 71

Proof. According to (3.52), there exists a positive integer Υ > 0,
such that for all N ≥ Υ,

sup

{

U (F (xk+N , vi(xk+N )), vi(F (xk+N , vi(xk+N ))))

U (xk+N , vi(xk+N ))

}

= q̃ < 1 (3.53)

holds. Using the mathematical induction, for any j = 1, 2, . . . , we
can get

U (xk+Υ+j, vi(xk+Υ+j)) < U(xk+Υ, vi(xk+Υ)) q̃
j . (3.54)

As 0 < q̃ < 1,
∑∞

j=1 q̃
j is finite, which makes

∑∞
j=0 U(xk+Υ+j,

vi(xk+Υ+j)) be finite. As Υ is finite, we have
∑Υ

j=0 U(xk+j, vi(xk+j))

is finite. Then we can conclude
∑∞

j=0 U(xk+j, vi(xk+j)) is finite.

As U(xk+j , vi(xk+j)) > 0 for any j = 0, 1, . . . , we have
limj→∞(U(xk+j , vi(xk+j))) = 0, which means xk+j = 0 as j → ∞.
Thus, the iterative control law vi(xk) is an admissible
control law. The proof is complete. �

Theorem 3.5. For i = 0, 1, . . . , let Vi(xk) and vi(xk) be obtained by
(3.7)–(3.15). If iterative control law vi(xk) satisfies

lim
xk→0

U (F (xk, vi(xk)), vi(F (xk, vi(xk))))

U (xk, vi(xk))
> 1, (3.55)

then vi(xk) is not an admissible control law.

Proof. The statement can be proven by contradiction. Assume
that vi(xk) is admissible which makes (3.55) hold. According to
(3.55), there exists a compact set Ωo around the equilibrium point,
such that for all xk ∈ Ωo, the following inequality

sup
xk∈Ωo

{

U (F (xk, vi(xk)), vi(F (xk, vi(xk))))

U (xk, vi(xk))

}

= p̃ > 1 (3.56)

holds. As vi(xk) is admissible, we have the system (3.4) is stable
under vi(xk). Thus there exits a positive integer Υ̃ > 0, such that for
all Ñ ≥ Υ̃, xk+Ñ ∈ Ωo. According to (3.56), for any l = 0, 1, . . . , we
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can obtain that U
(

xk+Υ̃+l, vi(xk+Υ̃+l)
)

> U(xk+Υ̃, vi(xk+Υ̃)) p̃
l. For

j = 0, 1, . . . , l, we can get

l
∑

j=0

U(xk+Υ̃+j, vi(xk+Υ̃+j)) > U(xk+Υ̃, vi(xk+Υ̃))
l
∑

j=0

p̃ j. (3.57)

As p̃ > 1, we have
∑l

j=0 p̃
j → ∞ as l → ∞, which means

∑∞
j=0 U(xk+Υ̃+j, vi(xk+Υ̃+j)) → ∞. It is a contradiction against the

definition of the admissible control law. Thus, the assumption is
false and the iterative control law vi(xk) is not an admissible control
law. �

Theorem 3.6. For i = 0, 1, . . . , let Vi(xk) and vi(xk) be obtained
by (3.7)–(3.15). For all xk ∈ Ωx, if iterative control law vi−1(xk) is
admissible and satisfies

U(F (xk, vi(xk)), vi(F (xk, vi(xk))))

U(xk, vi(xk))

<
U(F (xk, vi−1(xk)), vi−1(F (xk, vi−1(xk))))

U(xk, vi−1(xk))
, (3.58)

then vi(xk) is an admissible control law.

Proof. Let �i(xk) and �i−1(xk) satisfy

U(F (xk, vi(xk)), vi(F (xk, vi(xk)))) = �i(xk)U(xk, vi(xk)), (3.59)

and

U(F (xk, vi−1(xk)), vi−1(F (xk, vi−1(xk))))

= �i−1(xk)U(xk, vi−1(xk)), (3.60)

respectively. According to (3.58), we have

�i(xk) < �i−1(xk) (3.61)

holds, ∀xk ∈ Ωx. As vi−1(xk), i = 1, 2, . . . , is an admissible control
law, there exists a finite value function Pi−1(xk) that satisfies

Pi−1(xk) =
∞
∑

j=0

U(xk+j, vi−1(xk+j)). (3.62)
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According to (3.59), Pi−1(xk) can be expressed as

Pi−1(xk) =

⎛

⎝

∞
∑

j=0

(

j
∏

l=0

�i−1(xk+l)

)

⎞

⎠U(xk, vi−1(xk)). (3.63)

As the value function Pi−1(xk) is finite, we can get that
∑∞

j=0 (Π
j
l=0 �i−1(xk+l)) is finite. If we let Pi(xk) be the value function

created by vi(xk), i.e.,

Pi(xk) =
∞
∑

j=0

U(xk+j, vi(xk+j)), (3.64)

then according to (3.61), we can obtain

Pi(xk) =

⎛

⎝

∞
∑

j=0

(

j
∏

l=0

�i(xk+l)

)

⎞

⎠U(xk, vi(xk))

≤
⎛

⎝

∞
∑

j=0

(

j
∏

l=0

�i−1(xk+l)

)

⎞

⎠U(xk, vi(xk))

= Pi−1(xk)
U(xk, vi(xk))

U(xk, vi−1(xk))
. (3.65)

For any xk ∈ Ωx and xk �= 0, we have Pi(xk) is finite. For xk = 0,
according to Lemma 3.1, we can derive that Pi(xk) and Pi−1(xk) are
both positive semi-definite functions of xk, which means Pi(xk) =
Pi−1(xk) = 0 for xk = 0. Hence, we have Pi(xk) is finite for all
xk ∈ Ωx. On the other hand, as U(xk, vi(xk)) is positive definite,
according to (3.64), we can get xk → 0 as k → ∞, which means
vi(xk) is an admissible control law. The proof is complete. �

3.4 Simulation Example

To evaluate the performance of the local iterative ADP algorithm,
we choose an example with quadratic utility function for numeri-
cal experiment. Consider the torsional pendulum system [9]. The
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dynamics of the pendulum is given as follows

⎧

⎪

⎨

⎪

⎩

dθ

dt
= ω

J
dω

dt
= u−Mgl sin θ − fd

dθ

dt
,

(3.66)

where M = 1/3kg and l = 2/3m are the mass and length of the
pendulum bar, respectively. Let J = 4/3Ml2 and fd = 0.3 be the
rotary inertia and frictional factor, respectively. Let g = 9.8m/s2 be
the gravitational acceleration. Discretizing the system function with
the sampling interval Δt = 0.1s leads to

[

x1(k+1)

x2(k+1)

]

=

[

0.1x2k + x1k

−0.49 sin(x1k)− 0.1fd × x2k + x2k

]

+

[

0
0.1

]

uk,

(3.67)

where x1k = θk and x2k = ωk. Let the initial state be x0 = [1,−1]T.
The utility function is chosen as U(xk, uk) = xTkQxk+u

T
kRuk, where

Q = I1, R = I2, and I1, I2 are identity matrices with suitable dimen-
sions. Let the state space be expressed as Ωx = {(x1k, x2k)| − 1 ≤
x1k ≤ 1,−1 ≤ x2k ≤ 1}. To illustrate the effectiveness of the algo-
rithm, we choose two different initial value functions with the form

Ψκ(xk) = xTkPκxk, κ = 0, 1. Let P0 = 0 and P1 =
[

6.96 3.54
3.54 15.9

]

. We

choose two learning rate functions αζi (xk), ζ = 0, 1, i = 0, 1, . . . .
Let α0

i (xk) = 0.39 sin(i+1)+0.6 and α1
i (xk) = 0.2 sin(i+1)+0.3.

Give four points Ci, i = 0, 1, 2, 3 in state space, where the coordinates
are expressed as C0 = (1, 1), C1 = (−1, 1), C2 = (−1,−1), and C3 =

(1,−1), respectively. Based on the learning rate functions αζi (xk),
ζ = 0, 1, i = 0, 1, . . . , the local iterative ADP algorithm can be

implemented. The iterative value functions with αζi (xk), ζ = 0, 1, i =
0, 1, . . . , and Ψj(xk), j = 0, 1, are shown in Figs. 3.1 and 3.2, where
“In” means initial iteration and “Lm” means limiting iteration. Let
the computation precision ε = 0.02. After 80 iterations, the iterative
value function Vi(xk) is convergent to the optimum. The trajectories
of iterative states and iterative control law are displayed in Figs. 3.3
and 3.4, where we can see that the system is stable.
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Fig. 3.1. Iterative value function Vi(xk) with α0
i (xk) and Ψ0(xk).

Fig. 3.2. Iterative value function Vi(xk) with α1
i (xk) and Ψ1(xk).
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Fig. 3.3. Iterative states and control with α0
i (xk) and Ψ0(xk).
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Fig. 3.4. Iterative states and control with α1
i (xk) and Ψ1(xk).
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3.5 Conclusion

In this chapter, an effective local iterative ADP algorithm is devel-
oped to solve infinite horizon optimal control problems for discrete-
time nonlinear systems. Introducing a state-dependent learning rate
function, the iterative value function and iterative control law in
each iteration of the algorithms can both be updated using the par-
tial state data in a given subset of the state space, instead of the
whole state space. For many real control systems, such as process
industry systems [11, 12], smart grids [13, 14], and so on, the system
states are generally operated in a subset of the state space. Thus, the
state data in a subset of the state space can be obtained instead of
the whole state space. This makes the local iterative ADP algorithm
more suitable for real applications than the traditional global ones.
New termination criteria, including convergence and admissibility
criteria, are presented to guarantee the effectiveness of the iterative
control law.
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Chapter 4

Discrete-Time Local Policy Iteration
Adaptive Dynamic Programming

4.1 Introduction

In this chapter, a new policy iteration algorithm, called “local policy
iteration algorithm”, is developed to solve optimal control problems
of discrete-time nonlinear systems. In the developed algorithm, for
the first time, the iterative value function and iterative control law
can both be updated in a given subset of the state space, instead of
updated in the whole state space, which relaxes the computation
burden of the traditional global policy iteration algorithms effec-
tively. It is shown that the traditional discrete-time global policy
iteration algorithms [1–5] are special cases of the developed local pol-
icy iteration algorithm. Convergence properties of the developed local
policy iteration algorithm are analyzed, which shows that the itera-
tive value function is monotonically non-increasing and converges to
the optimum as the iteration index increases to infinity under some
mild constraints. On the other hand, the admissibility of the iterative
control law is proven. Although the iterative control law is updated
by a subset of the state space, it is shown that the system can also
be stable under any of the iterative control laws. Finally, simula-
tion results are given to illustrate the performance of the developed
method.

79
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4.2 Problem Formulations

4.2.1 System descriptions

In this chapter, we study the following deterministic discrete-time
nonlinear system:

xk+1 = F (xk, uk), k = 0, 1, 2, . . . , (4.1)

where xk ∈ R
n is the state vector and uk ∈ R

m is the control vector.
Let x0 be the initial state and F (xk, uk) be the system function. Let
uk = (uk, uk+1, . . .) be an arbitrary sequence of controls from k to
∞. The performance index function for state x0 under the control
sequence u0 = (u0, u1, . . .) is defined as

J(x0, u0) =

∞
∑

k=0

U(xk, uk), (4.2)

where the utility function U(xk, uk) is a positive definite function for
xk and uk.

The goal of this chapter is to find an optimal control scheme
which stabilizes the system (4.1) and simultaneously minimizes the
performance index function (4.2). For convenience of analysis, results
of this chapter are based on the following assumption.

Assumption 4.1. The system (4.1) is controllable on a compact
set Ωx ⊂ R

n containing the origin, and the function F (xk, uk) is
Lipschitz continuous on Ωx; the system state xk = 0 is an equilibrium
state of system (4.1) under the control uk = 0, i.e., F (0, 0) = 0; the
feedback control uk = u(xk) satisfies uk = u(xk) = 0 for xk = 0.

Define the control sequence set as Uk =
{

uk : uk =

(uk, uk+1, . . .), ∀uk+i ∈ R
m, i = 0, 1, . . .

}

. Then, for an arbitrary
control sequence uk ∈ Uk, the optimal performance index function
can be defined as

J∗(xk) = min
uk

{J(xk, uk) : uk ∈ Uk}. (4.3)

According to Bellman’s principle of optimality, J∗(xk) satisfies the
discrete-time HJB equation

J∗(xk) = min
uk

{U(xk, uk) + J∗(F (xk, uk))}. (4.4)
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Define the law of optimal control as

u∗(xk) = argmin
uk

{U(xk, uk) + J∗(F (xk, uk))}. (4.5)

Hence, the HJB equation (4.4) can be written as

J∗(xk) = U(xk, u
∗(xk)) + J∗(F (xk, u∗(xk))). (4.6)

Generally, the HJB equation (4.6) is computational untenable by
traditional dynamic programming due to the curse of dimensionality.
To overcome this difficulty, a new iterative ADP algorithm will be
developed.

4.2.2 Descriptions of the local iterative ADP algorithm

In this section, a local iterative ADP algorithm is developed to obtain
the optimal control law for the nonlinear system (4.1). In the local
iterative ADP algorithm, the value function and control law are
updated by iteration, with the iteration index i increasing from 0
to infinity. For i = 0, 1, . . . , define {L i

x} as a sequence of state sets,
which satisfies L i

x ⊆ Ωx, ∀ i.
For all xk ∈ Ωx, let v0(xk) be an admissible control law. For all

xk ∈ Ωx, let V0(xk) be the initial iterative value function that satisfies
the following generalized HJB (GHJB) equation:

V0(xk) = U(xk, v0(xk)) + V0(xk+1), (4.7)

where xk+1 = F (xk, v0(xk)). Then, for all xk ∈ L 0
x , the local iterative

control law v1(xk) is computed as

v1(xk) = argmin
uk

{U(xk, uk) + V0(xk+1)} (4.8)

and let v1(xk) = v0(xk), for all xk ∈ Ωx\L 0
x .

For all xk ∈ Ωx, let V1(xk) be the iterative value function that
satisfies the following GHJB equation:

V1(xk) = U(xk, v1(xk)) + V1(F (xk, v1(xk))). (4.9)
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For i = 1, 2, . . . , let Vi(xk) be the iterative value function that
satisfies the following GHJB equation:

Vi(xk) = U(xk, vi(xk)) + Vi(F (xk, vi(xk))). (4.10)

For all xk ∈ L i
x, the iterative control law vi+1(xk) can be computed

as

vi+1(xk) = argmin
uk

{U(xk, uk) + Vi(xk+1)}

= argmin
uk

{U(xk, uk) + Vi(F (xk, uk))}, (4.11)

and for all xk ∈ Ωx\L i
x, let vi+1(xk) = vi(xk).

Remark 4.1. In Ref. [2], a discrete-time global policy iteration algo-
rithm was developed to obtain the optimal control law for the nonlin-
ear system (4.1). However, in each iteration of the traditional global
policy iteration algorithm in Ref. [2], it was required that the iter-
ative value functions and iterative control laws were both updated
for the whole state space, which limited its real-world applications.
From the local policy iteration algorithm (4.7)–(4.11), we can see
that for any i = 0, 1, . . . , the iterative control law is updated in
a given subset of the state space, i.e., L i

x ⊆ Ωx, instead of the
whole state space. Thus, in each iteration, the developed local pol-
icy iteration algorithm can be implemented when the local data of
the state space have been obtained, which avoids waiting for all the
data of the whole state space for the traditional global policy iter-
ation algorithms [1, 2, 4]. Thus, the computation efficiency of the
developed local policy iteration algorithm is high and the compu-
tation burden of local policy iteration algorithm is relaxed. On the
other hand, letting L i

x ≡ Ωx, ∀ i = 0, 1, . . . , the local policy iteration
algorithm is reduced to the traditional global one. Hence, the global
policy iteration algorithm is a special case of the local policy iteration
algorithm.

4.3 Properties of the Local Iterative ADP Algorithm

In this section, the properties of the local policy iteration algorithm
are discussed. First, the monotonicity property of the iterative value
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function is presented and the admissibility of the iterative control law
is discussed. Then, the convergence properties are developed. Under
different constraints, it is shown that the iterative value function will
converge to local and global optimum, with the corresponding local
and global optimality proofs.

Before the main theorems, the following lemma is necessary.

Lemma 4.1. Let μ(xk) be an admissible control law. If Assump-
tion 4.1 holds, then there exists an positive definite function P(xk)
that satisfies the following GHJB equation:

P(xk) = U(xk, μ(xk)) + P(xk+1). (4.12)

Proof. According to the definition of the admissible control law,
we can obtain that

P(xk) =
∞
∑

j=0

U(xk+j , μ(xk+j)) <∞. (4.13)

Letting P(xk+1) =
∑∞

j=1 U(xk+j, μ(xk+j)), we can obtain (4.12). On

the other hand, according to Assumption 4.1, we have P(xk) = 0 for
xk = 0 and P(xk) > 0 for xk �= 0, which means P(xk) is a positive
definite function. The proof is complete. �

According to Lemma 4.1, for the admissible control law v0(xk), we
know that there exits a positive definite function V0(xk) that satisfies
(4.7). Thus, the iterative value function V0(xk) can be defined. Ini-
tialized by an admissible control law v0(xk), the monotonicity of the
iterative value function and the admissibility of the iterative control
law can be developed in the following theorem.

Theorem 4.1. For i = 0, 1, . . . , let Vi(xk) and vi(xk) be obtained by
(4.7)–(4.11). If Assumption 4.1 holds, then we have

(i) for any i = 0, 1, . . . , the iterative function Vi(xk) can be defined
for all xk ∈ Ωx;

(ii) for all xk ∈ Ωx, the iterative value function Vi(xk) is monoton-
ically non-increasing for any i = 0, 1, . . . , i.e.,

Vi+1(xk) ≤ Vi(xk); (4.14)

(iii) for any i = 0, 1, . . . , the iterative control law vi(xk) is an admis-
sible control law.
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Proof. The statement is proven by mathematical induction. First,
we consider i = 0. We know that the iterative control law v0(xk) is

admissible. Let Vj1(xk), j = 0, 1, . . . , be an iterative value function
that satisfies

Vj+1
1 (xk) = U(xk, v1(xk)) + Vj1(xk+1), (4.15)

where xk+1 = F (xk, v1(xk)) and we let V0
1 (xk) = V0(xk). The iter-

ative control law v1(xk) is obtained by (4.8). From Lemma 4.1, we
know that the iterative value function V0(xk) can be defined for all
xk ∈ Ωx. Next, we prove that the inequality

Vj+1
1 (xk) ≤ V0(xk) (4.16)

holds for any j = 0, 1, . . . .
The inequality (4.16) is also proven by mathematical induction.

First, for j = 0 and for all xk ∈ L 0
x , according to (4.8), we can get

V1
1 (xk) = U(xk, v1(xk)) + V0

1 (F (xk, v1(xk)))

= min
uk

{U(xk, uk) + V0(xk+1)}

≤ U(xk, v0(xk)) + V0(F (xk, v0(xk)))

= V0(xk). (4.17)

For j = 0 and for all xk ∈ Ωx\L 0
x , we have

V1
1 (xk) = U(xk, v1(xk)) + V0

1 (F (xk, v1(xk)))

= U(xk, v0(xk)) + V0(F (xk, v0(xk)))

= V0(xk). (4.18)

According to (4.17) and (4.18), for all xk ∈ Ωx, we have V1
1 (xk) ≤

V0(xk). As V0(xk) and U(xk, v0(xk)) are both positive definite func-
tions of xk, we have V1

1 (xk) which is a positive definite function of xk.
Assume that (4.16) holds for j = l− 1, l = 1, 2, . . . , i.e., V l1(xk) ≤

V0(xk), ∀xk ∈ Ωx. Then, for j = l and xk ∈ L 0
x , we have

V l+1
1 (xk) = U(xk, v1(xk)) + V l1(F (xk, v1(xk)))

≤ U(xk, v1(xk)) + V0(F (xk, v1(xk)))
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= min
uk

{U(xk, uk) + V0(xk+1)}

≤ U(xk, v0(xk)) + V0(F (xk, v0(xk)))

= V0(xk). (4.19)

For xk ∈ Ωx\L 0
x , we have

V l+1
1 (xk) = U(xk, v1(xk)) + V l1(F (xk, v1(xk)))

= U(xk, v0(xk)) + V l1(F (xk, v0(xk)))
≤ U(xk, v0(xk)) + V0(F (xk, v0(xk)))

= V0(xk). (4.20)

Thus, (4.16) holds for any j = 0, 1, . . . . The mathematical induction
for (4.16) is complete.

According to (4.15) and (4.16), for any j = 0, 1, . . . , we can obtain

Vj+1
1 (xk) =

j
∑

l=0

U(xk+l, v1(xk+l)) + V0
1 (xk+j+1)

≤ V0(xk). (4.21)

According to Assumption 4.1, we can derive that for any j =
0, 1, . . . ,Vj+1

1 (xk) in (4.21) is a positive definite function of xk.
Let j → ∞. According to (4.21), for all xk ∈ Ωx, we have

lim
j→∞

Vj+1
1 (xk) = lim

j→∞

(

j
∑

l=0

U(xk+l, v1(xk+l))

)

+ lim
j→∞

V0(xk+j+1)

≤ V0(xk)

<∞. (4.22)

From (4.22), we know that the positive series
∑∞

l=0
U(xk+l, v1(xk+l)) < ∞. Thus, for all xk ∈ Ωx, we can derive that
xk+l → 0 as l → ∞ and limj→∞ V0(xk+j+1) = 0, which means that
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the iterative control law v1(xk) is an admissible control law. Letting

V∞
1 (xk) = lim

j→∞
Vj+1
1 (xk), (4.23)

we can obtain that

V∞
1 (xk) = U(xk, v1(xk)) + V∞

1 (xk+1), (4.24)

where xk+1 = F (xk, v1(xk)). According to the definition of V1(xk) in
(4.9), we can obtain that

lim
j→∞

Vj+1
1 (xk) = V∞

1 = V1(xk). (4.25)

According to (4.21) and (4.25), we can obtain that V1(xk) ≤ V0(xk),
∀xk ∈ Ωx. Thus, the iterative value function V1(xk) in (4.9) can be
defined for all xk ∈ Ωx.

Assume the conclusion holds for i = l − 1, l = 1, 2, . . . , i.e.,
Vl(xk) ≤ Vl−1(xk) and vl(xk) is an admissible control law. For i = l,

let Vjl+1(xk), j = 0, 1, . . . , be an iterative value function that satisfies

Vj+1
l+1 (xk) = U(xk, vl+1(xk)) + Vjl+1(xk+1), (4.26)

where xk+1 = F (xk, vl+1(xk)) and let V0
l+1(xk) = Vl(xk). According

to the idea of the mathematical induction from (4.17)–(4.20), for
j = 0, 1, . . . and all xk ∈ Ωx, we can obtain that

Vj+1
l+1 (xk) ≤ Vl(xk). (4.27)

Letting V∞
l+1(xk) = lim

j→∞
Vj+1
l+1 (xk), we can obtain V∞

l+1(xk) ≤ Vl(xk),

∀xk ∈ Ωx. According to (4.26) and (4.27), for all xk ∈ Ωx, we have

V∞
l+1(xk) = lim

j→∞

(

j
∑

l=0

U(xk+l, vl+1(xk+l))

)

+ lim
j→∞

Vl(xk+j+1)

≤ Vl(xk)

<∞. (4.28)
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According to (4.22)–(4.24), we can obtain that

∞
∑

l=0

U(xk+l, vl+1(xk+l)) <∞ (4.29)

and

V∞
l+1(xk) = U(xk, vl+1(xk)) + V∞

l+1(xk+1). (4.30)

Thus, we can obtain that the iterative control law vl+1(xk) is admissi-
ble control law, and according to (4.10), we have Vl+1(xk) = V∞

l+1(xk).
Thus, the iterative value function Vl+1(xk) in (4.10) can be defined
for all xk ∈ Ωx and Vl+1(xk) = V∞

l+1(xk) ≤ Vl(xk). The mathematical
induction is complete. �

In each iteration of the local policy iteration algorithm (4.7)–
(4.11), the iterative control law vi(xk), i = 0, 1, . . . , is updated in a
given subset of the state space, L i

x ⊆ Ωx, while the iterative control
law in L i

x\Ωx is kept unchanged. In this situation, the iterative value
function may also be updated in a subset of the state space. This
property is shown in the following theorem.

Theorem 4.2 (Local iteration property). For i = 0, 1, . . . , let
Vi(xk) and vi+1(xk) be obtained by (4.7)–(4.11). For i = 0, 1, . . . , let
G i
x ⊆ Ωx be the state set, such that for all xk ∈ G i

x, the system state
satisfies

F (xk, vi+1(xk)) ∈ L i
x. (4.31)

Then, we have
{

Vi+1(xk) ≤ Vi(xk), ∀xk ∈ (L i
x ∪ G i

x),

Vi+1(xk) = Vi(xk), ∀xk ∈ Ωx\(L i
x ∪ G i

x).
(4.32)

Proof. For i = 0, 1, . . . , define the iterative value function
Vj+1
i+1 (xk) as (4.26), j = 0, 1, . . . , where V0

i+1(xk) = Vi(xk) and the
iterative value functions Vi(xk) satisfy the GHJB equations (4.7) and
(4.10).

First, for j = 0, we have

V1
i+1(xk) = U(xk, vi+1(xk)) + V0

i+1(xk+1), (4.33)
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where vi+1(xk) is the iterative control law. If xk ∈ L i
x, we have

V1
i+1(xk) = U(xk, vi+1(xk)) + V0

i+1(xk+1)

= U(xk, vi+1(xk)) + Vi(xk+1)

= min
uk

{U(xk, uk) + Vi(xk+1)}

≤ U(xk, vi(xk)) + Vi(xk+1)

= Vi(xk). (4.34)

If xk ∈ Ωx\L i
x, according to the definition of vi+1(xk) in (4.11), we

can get

V1
i+1(xk) = U(xk, vi+1(xk)) + V0

i+1(xk+1)

= U(xk, vi(xk)) + Vi(xk+1)

= Vi(xk). (4.35)

Thus, (4.32) holds for j = 0. According to (4.34) and (4.35), we can
obtain V1

i+1(xk) ≤ Vi(xk), ∀xk ∈ Ωx. Consider j = 1. For all xk ∈ Ωx,
there are four cases which can be displayed as

Case 1: xk ∈ L i
x ∩ G i

x;

Case 2: xk ∈ L i
x ∩ (Ωx\G i

x);

Case 3: xk ∈ (Ωx\L i
x) ∩ G i

x;

Case 4: xk ∈ (Ωx\L i
x) ∩ (Ωx\G i

x).

Considering Case 1, according to (4.34), we have

V2
i+1(xk) = U(xk, vi+1(xk)) + V1

i+1(xk+1)

≤ U(xk, vi+1(xk)) + Vi(xk+1)

≤ Vi(xk). (4.36)

Considering Case 2, we have F (xk, vi+1(xk)) ∈ L i
x. According to

(4.35), we can get

V2
i+1(xk) = U(xk, vi+1(xk)) + V1

i+1(xk+1)

= U(xk, vi+1(xk)) + Vi(xk+1)

≤ Vi(xk). (4.37)
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Considering Case 3, according to (4.34), we have

V2
i+1(xk) = U(xk, vi+1(xk)) + V1

i+1(xk+1)

= U(xk, vi(xk)) + V1
i+1(xk+1)

≤ U(xk, vi(xk)) + Vi(xk+1)

≤ Vi(xk). (4.38)

Considering Case 4, according to (4.35), we can get

V2
i+1(xk) = U(xk, vi+1(xk)) + V1

i+1(xk+1)

= U(xk, vi(xk)) + V 1
i (xk+1)

= Vi(xk). (4.39)

According to (4.36)–(4.39), we can get that (4.32) holds for j = 1.
According to mathematical induction, for any j = 0, 1, . . . , we

can obtain

(i) Vj+1
i+1 (xk) ≤ Vi(xk), ∀xk ∈ L i

x ∩ G i
x;

(ii) Vj+1
i+1 (xk) ≤ Vi(xk), ∀xk ∈ L i

x ∩ (Ωx\G i
x);

(iii) Vj+1
i+1 (xk) ≤ Vi(xk), ∀xk ∈ (Ωx\L i

x) ∩ G i
x;

(iv) Vj+1
i+1 (xk) = Vi(xk), ∀xk ∈ (Ωx\L i

x) ∩ (Ωx\G i
x).

Thus, we can obtain

{

Vj+1
i+1 (xk) ≤ Vi(xk), ∀xk ∈ (L i

x ∪ G i
x),

Vj+1
i+1 (xk) = Vi(xk), ∀xk ∈ Ωx\(L i

x ∪ G i
x).

(4.40)

According to Theorem 4.1, we have Vi+1(xk) = V∞
i+1(xk), ∀ i = 0, . . . .

Letting j → ∞, we can obtain (4.32). The proof is complete. �

From Theorem 4.2, the iterative value function Vi(xk) is local
updated for any i = 0, 1, . . . . From Theorem 4.1, we know that for
any i = 0, 1, . . . , the iterative value function Vi(xk) is positive definite
for xk, which means Vi(xk) is lower bounded for all xk ∈ Ωx. As for
all xk ∈ Ωx, the iterative value function Vi(xk) is monotonically
non-increasing as i increases. Hence, the convergence property of the
iterative value function can be analyzed.
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As for i = 0, 1, . . . , the iterative control law is updated in L i
x,

for an state xk ∈ Ωx, it can be located in several state sets, i.e.,
xk ∈ {L i0

x ∩ L i1
x ∩ · · · }, iη ∈ {0, 1, . . .}, η = 0, 1, . . . . Let

Tx = {iη |xk ∈ L
iη
x , iη ∈ {0, 1, . . .}, η = 0, 1, . . .}. (4.41)

Let πx denote the number of the elements in Tx, which is expressed as

πx = |Tx|. (4.42)

Then, we can derive the following theorem.

Theorem 4.3 (Local optimality property). For i = 0, 1, . . . ,
let Vi(xk) and vi+1(xk) be obtained by (4.7)–(4.11). If πx in (4.42)
satisfies πx → ∞, that is,

xk ∈
∞∩
η=0

L
iη
x , iη ∈ {0, 1, . . .}, (4.43)

then the iterative value function will converge to a solution of the
HJB equation (4.4) for all xk that satisfies (4.43).

Proof. According to (4.41), without loss of generality, we assume
that i0 ≤ i1 ≤ · · · ≤ iη ≤ · · · . From (4.42), for πx → ∞, we
know that η → ∞. According to Theorem 4.1, as the iterative value
function Vi(xk) is a non-increasing and lower-bounded sequence, the
limit of the iterative value function Viη (xk) exists as η → ∞. For all

xk ∈ Ωx, define the value function V
L∞(xk) as the limit of the iterative

value function Vi(xk), i.e.,

V L
∞(xk) = lim

η→∞Viη(xk). (4.44)

For any η = 0, 1, . . . and xk ∈ Ωx, according to (4.26), the iterative

value function Vj+1
iη+1(xk) is

Vj+1
iη+1(xk) = U(xk, viη+1(xk)) + Vjiη+1(xk+1), (4.45)

where xk+1 = F (xk, viη+1(xk)), V0
iη+1(xk) = Viη (xk), and viη+1 is

defined in (4.11).
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For j = 0, according to (4.34) and (4.35), we can obtain that

{

V1
iη+1(xk) ≤ Viη (xk), ∀xk ∈ L

iη
x ,

V1
iη+1(xk) = Viη (xk), ∀xk ∈ Ωx\L iη

x ,
(4.46)

which means

V1
iη+1(xk) ≤ Viη(xk), (4.47)

∀xk ∈ Ωx. For j = 1, for all xk ∈ Ωx, we can get

V2
iη+1(xk) = U(xk, viη+1(xk)) + V1

iη+1(xk+1)

≤ U(xk, viη+1(xk)) + V0
iη+1(xk+1)

= V1
iη+1(xk). (4.48)

Using mathematical induction, for all xk ∈ Ωx and j = 0, 1, . . . , we
can obtain

Vj+1
iη+1(xk) ≤ Vjiη+1(xk). (4.49)

Letting j → ∞, according to Theorem 4.1, for any η = 0, 1, . . . and
∀xk ∈ Ωx, we can obtain

V1
iη+1(xk) ≥ lim

j→∞
Vjiη+1(xk) = Viη+1(xk). (4.50)

According to (4.45) and (4.47), for all xk ∈ L
iη
x , we have

V1
iη+1(xk) = U(xk, viη+1(xk)) + V0

iη+1(xk+1)

= min
uk

{U(xk, uk) + V0
iη+1(xk+1)}

= min
uk

{U(xk, uk) + Viη(xk+1)}

≤ Viη(xk). (4.51)
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Letting η → ∞, we can get that

min
uk

{U(xk, uk) + V L
∞(xk+1)} ≤ V L

∞(xk) (4.52)

holds for all xk ∈ ∩∞
η=0 L

iη
x . On the other hand, according to (4.50),

for xk ∈ L
iη
x , we can obtain

V1
iη+1(xk) = min

uk
{U(xk, uk) + Viη(xk+1)}

≥ Viη+1(xk). (4.53)

Letting η → ∞, for all xk ∈ ∩∞
η=0 L

iη
x , we can get

min
uk

{U(xk, uk) + V L
∞(xk+1)} ≥ V L

∞(xk). (4.54)

Combining (4.52) and (4.54), we can obtain that for all xk ∈
∩∞
η=0 L

iη
x , the limiting iterative value function V L∞(xk) is a solution

of the following HJB equation:

V L
∞(xk) = min

uk
{U(xk, uk) + V L

∞(xk+1)}. (4.55)

The proof is complete. �

Theorem 4.4 (Non-global optimal property). For i = 0, 1, . . .
and all xk ∈ Ωx, let Vi(xk) and vi+1(xk) be obtained by (4.7)–(4.11).
Let πx → ∞, which makes the iterative value function converge to
VL∞(xk) for all xk that satisfies (4.43), where VL∞(xk) satisfies (4.55).
Define

T ′
x = {i′η |xk ∈ L

i′η
x , i

′
η ∈ {0, 1, . . .}, η = 0, 1, . . .}, (4.56)

and

π′x = |T ′
x|. (4.57)
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If there exists a state xk ∈ Ωx which makes π′x < ∞, then the con-
verged iterative value function V L∞(xk) is not guaranteed to converge
to the optimal performance index function for all xk ∈ Ωx.

Proof. As πx → ∞, for all xk ∈ Ωx, defining

vL∞(xk) = lim
η→∞ viη+1(xk), (4.58)

we can get

V L
∞(xk) = U(xk, v

L
∞(xk)) + V L

∞(xk+1), (4.59)

where xk+1 = F (xk, v
L∞(xk)). According to (4.57), if there exists a

state xk ∈ Ωx which satisfies π′x < ∞, then there exists a finite
non-negative integer ϑ ≥ 0, such that

xk ∈
ϑ∩
η=0

L
i′η
x . (4.60)

Without loss of generality, we assume that i′0 ≤ i′1 ≤ · · · ≤ i′ϑ.

Define L
i′ϑ
x = ∩ϑη=0 L

i′η
x . Give a state set L

i′ϑ+1
x , such that L

i′ϑ+1
x ∩

L
i′ϑ
x �= ∅. Let L

i′ϑ+1
x = L

i′ϑ+1
x ∩ L

i′ϑ
x and let xk satisfy xk ∈ L

i′ϑ+1
x .

Define a new iterative function Γj(xk) = V L∞(xk), j = 0, 1, . . . ,
where Γ0(xk) = V L∞(xk), ∀xk ∈ Ωx. Define a new iterative control
law λj(xk), j = 0, 1, . . . , where λ0(xk) = vL∞(xk), ∀xk ∈ Ωx. For

j = 1, 2, . . . and for all xk ∈ L
i′ϑ+1
x , we let

λj+1(xk) = argmin
uk

{U(xk, uk) + Γj(xk+1)}, (4.61)

and λj+1(xk) = λj(xk) for all xk ∈ Ωx\Li
′
ϑ+1
x . For j = 0, 1, . . . and all

xk ∈ Ωx, let

Γj+1(xk)(xk) = U(xk, λj+1(xk)) + Γj+1(F (xk, λj+1(xk))). (4.62)

Considering j = 0, for all xk ∈ Ωx and l = 0, 1, . . . , we let

Υl+1
1 (xk) = U(xk, λ1(xk)) + Υl

1(xk+1), (4.63)
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where xk+1 = F (xk, λ1(xk)) and Υ0
1(xk) = Γ0(xk). Let l = 0. For all

xk ∈ L
i′ϑ+1
x , we can get

Υ1
1(xk) = U(xk, λ1(xk)) + Υ0

1(xk+1)

= min
uk

{U(xk, uk) + Υ0
1(xk+1)}

= min
uk

{U(xk, uk) + V L
∞(xk+1)}. (4.64)

According to Theorem 4.3, for all xk ∈ ∩∞
η=0 L

iη
x , the iterative value

function V L∞(xk) satisfies the HJB equation (4.55). For xk ∈ L
i′ϑ+1
x ,

where π′x < ∞, we know that xk ∈ L
i′ϑ+1
x \(∩∞

η=0 L
iη
x

)

. In this situ-

ation, the iterative value function V L∞(xk) may not satisfy the HJB
equation (4.55) under the iterative control law vL∞(xk). Thus, for all

xk ∈ L
i′ϑ+1
x , we can obtain

Υ1
1(xk) = min

uk
{U(xk, uk) + V L

∞(xk+1)}

≤ U(xk, v
L
∞(xk)) + V L

∞(F (xk, v
L
∞(xk)))

= V L
∞(xk). (4.65)

For all xk ∈ Ωx\Li
′
ϑ+1
x , as λ1(xk) = λ0(xk), we can get

Υ1
1(xk) = U(xk, λ1(xk)) + Υ0

1(xk+1)

= U(xk, λ0(xk)) + Υ0
1(xk+1)

= V L
∞(xk). (4.66)

Thus, we have Υ1
1(xk) ≤ V L∞(xk), ∀xk ∈ Ωx. According to the idea

(4.15)–(4.25), we can prove liml→∞Υl+1
1 (xk) = Γ1(xk) and Γ1(xk) ≤

V L∞(xk), ∀xk. According to (4.26)–(4.30), for j = 0, 1, . . . and ∀xk ∈
Ωx, we can obtain that

Γj+1(xk) ≤ Γj(xk). (4.67)
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Letting j → ∞, we can obtain

Γ∞(xk) ≤ V L
∞(xk), (4.68)

which shows that V L∞(xk) is not guaranteed to the optimal perfor-
mance index function on Ωx. The proof is complete. �

Remark 4.2. From Theorem 4.4, we can see that if there exists
a state xk ∈ Ωx, such that the iterative control law vi(xk) is not
updated for infinite times as i → ∞, then we say that the iterative
value function cannot converge to the optimal performance index
function. Thus, to guarantee that the iterative value function con-
verges to the optimum, it is required that all the states in Ωx should
be chosen infinite times to update the iterative control law. In this
situation, we say the iterative performance index function can con-
verge to the optimal performance index function. The detail analysis
is shown in the following theorem.

Theorem 4.5 (Global optimal property). For i = 0, 1, . . . and
all xk ∈ Ωx, let Vi(xk) and vi+1(xk) be obtained by (4.7)–(4.11).
Let Nj, j = 0, 1, . . . , be non-negative integers, which satisfy N0 ≤
N1 ≤ · · · . Assume that iNj ≤ iNj+1, ∀j = 0, 1, . . . . If for any

j = 0, 1, . . . , the state set L i
x, i = 0, 1, . . . , satisfies

iNj∪
l=iNj−1

+1
L l
x = Ωx, (4.69)

where we let iNj−1 = −1 for j = 0, then the iterative value function
ViNj

(xk) → J∗(xk), ∀xk ∈ Ωx as j → ∞.

Proof. The statement can be proven by the following three steps.
First, as iNj ≤ iNj+1 , ∀j = 0, 1, . . . , we have iNj → ∞ as j → ∞.

According to Theorem 4.1, for all xk ∈ Ωx, the limit of the iterative
value function exits as j → ∞, i.e.,

V∞(xk) = lim
j→∞

ViNj
(xk). (4.70)
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According to (4.69), for any xk ∈ Ωx, we can find iρj , where
iρj ∈ {0, 1, . . .}, iNj−1+1 ≤ iρj ≤ iNj , j = 0, 1, . . . , which satisfies

xk ∈ L
iρj
x . Letting j → ∞, we can get

xk ∈
∞∩
j=0

L
iρj
x . (4.71)

According to Theorem 4.2, for xk ∈ ∩∞
ρ=0 L

iρj
x , the limit of the iter-

ative value function ViNj
(xk) satisfies the HJB equation

V∞(xk) = min
uk

{U(xk, uk) + V∞(xk+1)}. (4.72)

As xk is arbitrary in Ωx, we have (4.72) which holds for all xk ∈ Ωx.
Next, let μ(xk) be an arbitrary admissible control law, and define

a new value function Pi+1(xk), which satisfies

Pi+1(xk) = U(xk, μ(xk)) + Pi(xk+1), (4.73)

where P0(xk) = V∞(xk). For i = 0, we have

P1(xk) = U(xk, μ(xk)) + P0(F (xk, μ(xk)))

≥ U(xk, μ(xk)) + V∞(F (xk, μ(xk)))

≥ min
uk

{U(xk, uk) + V∞(xk+1)}

= V∞(xk). (4.74)

Assume

Pl(xk) ≥ V∞(xk) (4.75)

holds for i = l − 1, l = 1, 2, . . . . For j = l, we have

Pl+1(xk) = U(xk, μ(xk)) + Pl(F (xk, μ(xk)))
≥ U(xk, μ(xk)) + V∞(F (xk, μ(xk)))

≥ min
uk

{U(xk, uk) + V∞(xk+1)}

= V∞(xk). (4.76)

Thus, for i = 0, 1, . . . , and for all xk ∈ Ωx, we can derive that

Pi+1(xk) ≥ V∞(xk). (4.77)

The mathematical induction is complete.
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Next, according to the definitions of Vi(xk) and J∗(xk) in (4.9)
and (4.3), respectively, for ∀i = 0, 1, . . . , we have

Vi(xk) ≥ J∗(xk). (4.78)

Let i→ ∞, and then we can obtain

V∞(xk) ≥ J∗(xk). (4.79)

According to (4.77), we have

Pi+1(xk) =

N
∑

j=0

U(xk+j, μ(xk+j)) + P0(xk+N+1)

≥ V∞(xk). (4.80)

Letting i→ ∞, we can obtain

∞
∑

j=0

U(xk+j, μ(xk+j)) ≥ V∞(xk) (4.81)

which holds for an arbitrary control law μ(xk). Let μ(xk) = u∗(xk),
where u∗(xk) is an optimal control law. Then, we can get

V∞(xk) ≤ J∗(xk). (4.82)

According to (4.79) and (4.82), we can obtain V∞(xk) = J∗(xk),
for all xk ∈ Ωx. The proof is complete. �

4.4 Simulation Example

To evaluate the performance of our local iterative ADP algorithm,
an example is given for numerical experiment to solve the approxi-
mate optimal control problems. We consider the following non-affine
nonlinear system [2]:

ẋ1 = −x1 + x2u,

ẋ2 = −x2 + (1 + x22)u+ u3. (4.83)
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Discretizing the system with the sampling interval ΔT = 0.1s leads to

x1(k+1) = (1−ΔT )x1k +ΔTx2kuk,

x2(k+1) = (1−ΔT )x2k +ΔT (1 + x21k)uk +ΔTu3k. (4.84)

The utility function is chosen as U(xk, uk) = xTkQxk + uTkRuk,
where Q = 2I1, R = 2I2, and I1, I2 are identity matrices with
suitable dimensions. We choose the state space as Ωx. Let the ini-
tial state be x0 = [1,−1]T. According to Algorithm 1 in Ref. [2],
we can obtain the initial admissible control law by action net-
work, where the initial admissible control law can be expressed as
v0(xk) =Wa,initialσ(Ya,initialxk+ ba,initial). The weight matrices of the
action network for the admissible control law are obtained as

Wa,initial =
[−1.70 −0.18 0.00 −0.93 −0.00

0.02 −0.02 −0.01 0.07 0.03
]

,

Ya,initial =

[−0.05 −0.33 −2.44 −0.45 −10.66

0.52 4.32 −2.73 0.03 −8.63

−0.17 −3.31 4.04 0.29 5.31

−4.07 −0.19 5.58 −3.41 −0.01

]T

,

and

ba,initial =
[−0.28 5.12 0.82 0.28 1.51

−0.52 −0.98 4.92 −2.15 4.16
]T
.

For i = 0, 1, . . . , we update the iterative value function and iterative

control law for all xk ∈ L
rem(i,4)
x . According to the initial admissible

control law v0(xk), we implement the local policy iteration algorithm
for 30 iterations to reach the computation precision ε = 0.01. The
plots of the iterative value function are shown in Fig. 4.1(a). The
corresponding trajectories of the states and controls are shown in
Figs. 4.1(b) and 4.1(c), respectively. From Fig. 4.1(a), we can see that
the iterative value function is monotonically non-increasing and con-
verges to the optimal performance index function. The correspond-
ing states and controls also converge to their optimums. The optimal
trajectories of the states and control are shown in Fig. 4.1(d).



Discrete-Time Local Policy Iteration Adaptive Dynamic Programming 99

(b)(a)

(d)(c)

Fig. 4.1. Simulation results for local policy iteration algorithm. (a) Iterative
value function. (b) State trajectories. (c) Control trajectories. (d) Optimal state
and control trajectories.

Now, we implement the traditional global policy iteration algo-
rithm [2] for 30 iterations. The plots of the iterative value functions
are shown in Fig. 4.2(a). The iterative state and control trajectories
of the global policy iteration are shown in Figs. 4.2(b) and 4.2(c),
respectively. The optimal states and control by the traditional global
policy iteration algorithm [2] are shown in 4.2(d), which is the same
as the optimal states and control by the developed local policy iter-
ation algorithm in this chapter. From Figs. 4.1 and 4.2, we can see
that both of the local and global can make the iterative value func-
tion converge to the optimum and obtain the optimal control law of
the system, although the convergence processes between the global
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(b)(a)

(d)(c)

Fig. 4.2. Simulation results for traditional global policy iteration algorithm [2].
(a) Iterative value function. (b) State trajectories. (c) Control trajectories.
(d) Optimal state and control trajectories.

and local policy iteration algorithms are different. This shows the
effectiveness of the developed algorithm.

Now, we let L i
x ≡ L 0

x , ∀ i = 0, 1, . . . . Implementing the developed
local policy iteration algorithm for 30 iterations, the iterative value
functions are shown in Fig. 4.3(a). We can see that the iterative value
function Vi(xk) is monotonically non-increasing and convergent as i
increases. The convergence trajectories of the iterative states and
controls are shown in Figs. 4.3(b) and 4.3(c), respectively. Although
the convergence of the iterative value function and the corresponding
state and control can be guaranteed for L i

x ≡ L 0
x , ∀ i = 0, 1, . . . ,
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(b)(a)

(d)(c)

Fig. 4.3. Simulation results for local policy iteration algorithm for L i
x ≡ L 0

x .
(a) Iterative value function. (b) State trajectories. (c) Control trajectories.
(d) The converged and optimal performance index functions.

from Fig. 4.3(d), we can see that the iterative value function for
L i
x ≡ L 0

x does not converge to the optimum. The trajectories of the
converged states for L i

x ≡ L 0
x and the optimal states are shown in

Fig. 4.4(a). The trajectories of the converged control for L i
x ≡ L 0

x

and the optimal control are shown in Fig. 4.4(b). We can see that
the converged states and control for L i

x ≡ L 0
x are different from the

optimal states and control. Thus, we say that if there exits a state
xk ∈ Ωx, such that the iterative control law vi(xk) is not updated
for infinite times as i → ∞, then the optimality of the converged
iterative value function cannot be guaranteed.
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Fig. 4.4. State and control trajectories. (a) The converged and optimal states.
(b) The converged and optimal controls.

4.5 Conclusion

In this chapter, a new local policy iteration ADP algorithm is
developed to solve optimal control problems for infinite horizon
discrete-time nonlinear systems. In each iteration of the developed
discrete-time local policy iteration algorithm, the iterative value
function and iterative control law can be updated in a given subset
of the state space, instead of updated in the whole state space. It has
been shown that the iterative value function is a monotonically non-
increasing and convergent sequence as the iteration index increases.
Under different constraints of the state set L i

x, i = 0, 1, . . . , it has
been proven that the iterative value function may converge to local
or global optimum. The admissibility of the iterative control law is
proven, where the stability of the control system can be guaranteed
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under the iterative control law. Comparisons between the local and
global policy iteration algorithms have been displayed in the sim-
ulation studies and the effectiveness of the developed local policy
iteration algorithm has been justified by the simulation results.
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Chapter 5

Continuous-Time Time-Varying
Policy Iteration

5.1 Introduction

Most existing researches about policy iteration ADP algorithms
focused on time-invariant nonlinear systems [1–6]. The main difficulty
in investigating the policy iteration of time-invariant nonlinear sys-
tems lies in the complexity of solving the Hamilton-Jacobi-Bellman
(HJB) equation. For the time-invariant systems, the performance
index function and optimal control laws can be derived by the states
of systems. In this situation, the HJB equation of time-invariant sys-
tems is an ordinary differential equation, which can approximated
by some time-invariant iterative functions. However, time-varying
systems are ubiquitous in real world. For time-varying systems, the
optimal control law and performance index function are described by
time-varying functions, which are very different from time-invariant
systems. Furthermore, the HJB equation is described by a partial
differential equation in time-varying systems, which is not applica-
ble to approximate by a sequence of time-invariant iterative func-
tions. Hence, the policy iteration and the property analysis for time-
invariant systems may not be available for time-invariant systems.
As far as we know, there are still no results on the policy iteration
algorithms to obtain the infinite horizon optimal control laws for
time-varying nonlinear systems in continuous-time cases.

In this chapter, a novel policy iteration algorithm, called
“continuous-time time-varying (CTTV) policy iteration algorithm”,

105
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is presented to obtain the optimal control laws for infinite horizon
continuous-time time-varying nonlinear systems. The ADP technique
is utilized to get the iterative control laws for the optimization of the
performance index function. The properties of the CTTV policy iter-
ation algorithm are analyzed. Monotonicity, convergence, and opti-
mality of the iterative value function have been analyzed, and the
iterative value function can be proven to monotonically converge to
the optimal solution of the HJB equation. Furthermore, the iterative
control law is guaranteed to be admissible to stabilize the nonlin-
ear systems. In the implementation of the presented CTTV policy
algorithm, the approximate iterative control laws and iterative value
function are obtained by neural networks. Finally, numerical results
are given to verify the effectiveness of the presented method.

5.2 Problem Formulations

In this chapter, the following continuous-time time-varying (CTTV)
nonlinear systems are investigated

ẋ = F (x, u, t). (5.1)

Let x = x(t) ∈ R
n denote the system state, and u = u(t) ∈ R

m rep-
resent the control input. Let F (x, u, t) represent the system function.
Let x0 be the initial state. To analyze the dynamics of system (5.1),
the following assumption is given.

Assumption 5.1. System (5.1) is controllable on a compact set
Ω ⊂ R

n including the origin; the system function F (x, u, t) satis-
fies Lipschitz continuous conditions for x and u; equilibrium point
of system (5.1) with the control inputs u = 0 is x = 0, i.e.,
F (0, 0, t) = 0, ∀t ≥ 0; the control law u(x, t) can be continuous
on Ω and u = u(x, t) = 0 is satisfied for x = 0.

To analyze the optimal control laws of system (5.1), the perfor-
mance index function can be regarded as

J(x, t) =

∫ ∞

t
U(x(τ), u(τ), τ)dτ , (5.2)

where U(x, u, t), ∀ t ≥ 0, represents the utility function of the sys-
tem, and it is defined as a positive definite function. The following
definition is exhibited to describe the policy iteration algorithm.
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Definition 5.1. A control law u(x, t) is called an admissible con-
trol law for system (5.1) on Ω, if u(x, t) is continuous on Ω with
u(0, t) = 0, and u(x, t) stabilizes system (5.1), which simultaneously
guarantees J(x, 0) to be finite under u(x, t), ∀x0 ∈ Ω.

Assuming that admissible control laws on Ω are denoted by Ψ(Ω)
and the admissible control input satisfying μ ∈ Ψ(Ω), if the following
value function

V (x, t) =

∫ ∞

t
U(x(τ), μ(τ), τ)dτ (5.3)

is a continuously differentiable function, the nonlinear Lyapunov
function can be derived into the following infinitesimal version

0 = U(x, μ, t) +

(

∂V (x, t)

∂x

)T

F (x, μ, t) +
∂V (x, t)

∂t
, (5.4)

where V (0, t) = 0 holds for all t ≥ 0. Thus, according to principle of
optimality, the optimal performance index function can be considered
as

J∗(x, t) = min
μ∈Ψ(Ω)

{∫ ∞

t
U(x(τ), μ(x(τ), τ), τ)dτ

}

, (5.5)

which satisfies the Hamilton–Jacobi–Bellman (HJB) equation

− ∂J∗(x, t)
∂t

= min
u

{

U(x, u, t) +

(

∂J∗(x, t)
∂x

)T

F (x, u, t)

}

= U(x, u∗(x, t), t) +
(

∂J∗(x, t)
∂x

)T

F (x, u∗(x, t), t), (5.6)

with J∗(0, t) = 0, ∀ t ≥ 0, where u∗(x, t) represents the optimal
control law.

5.3 Continuous-Time Time-Varying Policy Iteration:

Derivations and Properties

The detailed derivations of the developed CTTV policy iteration
algorithm are introduced in this section. The admissibility of the
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proposed iterative method and the corresponding convergence anal-
ysis are also discussed, which aim to show that the iterative value
function converges to the optimum.

5.3.1 Derivations of the CTTV policy iteration

algorithm

In the developed policy iteration methods, it is necessary to update
the value function and control law at every iteration and the iteration
index i increases from 0 to ∞.

The algorithm is initialized by v0(x, t) ∈ Ψ(Ω), ∀x ∈ R
n and

∀t ≥ 0, which denotes an arbitrary initial admissible control law.
The function V0(x, t) is defined as the iterative value function, such
that

U(x, v0(x, t), t) +

(

∂V0(x, t)

∂x

)T

F (x, v0(x, t), t) +
∂V0(x, t)

∂t

= 0. (5.7)

For i = 0, 1, . . . , we can calculate the iterative control law
vi+1(x, t) by

vi+1(x, t) = argmin
u

{

U(x, u, t) +

(

∂Vi(x, t)

∂x

)T

F (x, u, t)

}

. (5.8)

According to vi+1(x, t), i = 0, 1, . . . , the update laws of iterative
value function Vi+1(x, t) is

U(x, vi+1(x, t), t) +

(

∂Vi+1(x, t)

∂x

)T

F (x, vi+1(x, t), t)

+
∂Vi+1(x, t)

∂t
= 0. (5.9)

The iterative laws of the CTTV policy iteration algorithm are
introduced in (5.7)–(5.9), which are different from the traditional
updated laws of policy iteration for time-invariant nonlinear systems.

Remark 5.1. The iterative laws of the CTTV policy iteration algo-
rithm are introduced in (5.7)–(5.9), which are different from the tra-
ditional update laws of policy iteration for time-invariant nonlinear
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systems. First, for the traditional polity iterations, the iterative value
function can be defined as the function of the system state x, which

means that the term dVi(x)
dx is used for the achievement of the iterative

control law. In CTTV policy iteration algorithm (5.7)–(5.9), iterative
value function is related with both the system state x and the time t

such that the term ∂Vi(x,t)
∂x is adopted to derive the iterative control

law. Second, for the traditional polity iterations, the iterative value
function Vi(x) can be calculated by solving the following ordinary
differential equation

U(x, vi(x))+

(

dVi(x)

dx

)T

F (x, vi(x)) = 0. (5.10)

For the developed algorithm (5.7)–(5.9), the iterative value function
Vi(x, t) is obtained by solving a partial differential equation (5.7) or
(5.9), which is more difficult to obtain the solution. When the sys-
tem is time-invariant, the partial differential equation (5.9) is reduced
to (5.10). Hence, the traditional policy iteration algorithms can be
regarded as special case of the proposed CTTV policy iteration algo-
rithm. In addition, considering the parameter t, the traditional prop-
erty analysis methods may be not applicable for the developed CTTV
policy iteration algorithm. Thus, some novel methods for property
analyses are established in the following.

5.3.2 Property analysis

In this subsection, the characteristics of the CTTV policy iteration
algorithm containing admissibility, convergence, and optimality are
analyzed. In Ref. [1], considering the continuous-time time-invariant
affine nonlinear systems, it was proven for the policy iteration algo-
rithm that the iterative value function will monotonically converge
to the optimum. Many subsequent discussions on policy iteration
algorithm followed the proven idea. Different from the results in
Ref. [1] obviously, the control system (5.1), investigated through-
out this paper, is a time-varying system. Furthermore, the control
system (5.1) is not necessary an affine nonlinear system. Thus, the
property analysis in Ref. [1] may be not available for the proposed
CTTV policy iteration algorithm and new analysis method will be
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established. For further discussion, it is necessary to give the follow-
ing lemmas.

Lemma 5.1. For i = 0, 1, . . . , let Vi(x, t) and vi(x, t) be updated
by (5.7)–(5.9). If the iterative control law vi(x, t) is admissible for
system (5.1), there exists an iterative value function Vi(x, t) which
satisfies (5.7) and (5.9).

Proof. If the control law vi(x, t), i = 0, 1, . . . , is admissible control
for system (5.1), we have

∫ ∞

t
U(x(τ), vi(x(τ), τ), τ)dτ <∞. (5.11)

Define

Vi(x, t) =

∫ ∞

t
U(x(τ), vi(x(τ), τ), τ)dτ . (5.12)

For i = 0, 1, . . . , taking the derivative of Vi(x, t) along t, it is easy to
derive

(

∂Vi(x, t)

∂x

)T

F (x, vi(x, t), t) +
∂Vi(x, t)

∂t

= U(x(∞), vi(x(∞),∞),∞) − U(x(t), vi(x(t), t), t), (5.13)

which are (5.7) for i = 0 and (5.9) for i = 1, 2, . . . ,
as U(x(∞), vi(x(∞),∞),∞) = 0 for the admissible control
law vi(x, t). �

Lemma 5.2. Assume that Vi(x, t) and vi(x, t) are updated by (5.7)–
(5.9) for i = 0, 1, . . . . If vi(x, t) is admissible for system (5.1) and
Assumption 5.1 holds, Vi(x, t) is always positive for any i = 0, 1, . . . .

Proof. If vi(x, t) represents the admissible control law, i =
0, 1, . . . , according to Lemma 5.1, Vi(x, t) satisfies (5.12). Accord-
ing to Assumption 5.1, for x = 0, we know vi(x, t) = 0 and
F (x, vi(x, t), t) = 0. For the positive definite utility function
U(x, u, t), it implies Vi(x, t) = 0. For any x �= 0, due to the posi-
tive definite characteristic of U(x, u, t), we have U(x, vi(x, t), t) > 0.
According to (5.12), it shows Vi(x, t) > 0. The proof is complete. �
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First, the relationship between the performance index function
and the iterative value function will be discussed.

Theorem 5.1. Vi(x, t) and vi(x, t) are updated based on (5.7)–(5.9)
for i = 0, 1, . . . If control input vi(x, t) is admissible and there is an
iterative value function Vj(x, t), for j = 0, 1, . . . , satisfying

U(x, vi+1(x), t) +

(

∂Vi(x, t)

∂s

)T

F (x, vi+1(x), t) +
∂Vi(x, t)

∂t

≤ U(x, vj+1(x), t) +

(

∂Vj(x, t)

∂x

)T

F (x, vj+1(x), t) +
∂Vj(x, t)

∂t
(5.14)

then the following conclusion

Vj(x, t) ≤ Vi(x, t) (5.15)

can be obtained.

Proof. Taking derivatives of Vi(x, t) and Vj(x, t) along vi+1(x, t),
we have

dVi(x, t)

dt
− dVj(x, t)

dt
=

(

∂Vi(x, t)

∂x

)T

F (x, vi+1(x, t), t)

−
(

∂Vj(x, t)

∂x

)T

F (x, vi+1(x, t), t)

+
∂Vi(x, t)

∂t
− ∂Vj(x, t)

∂t
. (5.16)

According to (5.8), for j = 0, 1, . . . , we can get

vj+1(x, t) = argmin
u

{

U(x, u, t) +

(

∂Vj(x, t)

∂x

)T

F (x, u, t)

}

. (5.17)
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Then, according to (5.16) and (5.17), we can derive (5.18).

dVj(x, t)

dt
− dVi(x, t)

dt

=

(

∂Vi(x, t)

∂x

)T

F (x, vi+1(x, t), t) +
∂Vi(x, t)

∂t

+U(x, vi+1(x, t), t)

−
(

∂Vj(x, t)

∂x

)T

F (x, vi+1(x, t), t) − ∂Vj(x, t)

∂t

−U(x, vi+1(x, t), t)

= min
u

{

(

∂Vi(x, t)

∂x

)T

F (x, u, t) +
∂Vi(x, t)

∂t
+ U(x, u, t)

}

− min
u

{

(

∂Vj(x, t)

∂x

)T

F (x, u, t) +
∂Vj(x, t)

∂t
+ U(x, u, t)

}

+

(

min
u

{(

∂Vj(x, t)

∂x

)T

F (x, u, t) +
∂Vj(x, t)

∂t
+ U(x, u, t)

}

−
((

∂Vj(x, t)

∂x

)T

F (x, vi+1(x, t), t) +
∂Vj(x, t)

∂t

+U(x, vi+1(x, t), t)

))

. (5.18)

Defining Vi(x,∞) = limt→∞ Vi(x, t), as vi(x, t) is an admissible
control law, according to (5.9), for i = 0, 1, . . . , we can derive

∫ ∞

t

dVi(x, τ)

dτ
dτ = Vi(x,∞)− Vi(x, t)

= −
∫ ∞

t
U(x, vi(x), τ)dτ. (5.19)

Then, we get

Vi(x, t) =

∫ ∞

t
U(x, vi(x), τ)dτ, (5.20)
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and Vi(x,∞) = 0. According to (5.18), we can obtain

∫ ∞

t

dVi(x, τ)

dτ
dτ ≤

∫ ∞

t

dVj(x, t)

dτ
dτ. (5.21)

According to (5.18)–(5.20), it is shown that

Vi(x,∞)− Vi(x, t) ≤ Vj(x,∞)− Vj(x, t), (5.22)

which can obtain (5.15) immediately. The proof is complete. �

Corollary 1. Let vi(x, t) represent the iterative control law in (5.8),
i = 0, 1, . . . . If vi(x, t) in (5.8) is admissible, then the iterative value
function Vi(x, t) satisfies

Vi(x, t) ≥ J∗(x, t). (5.23)

Proof. Let J∗(x, t) denote the optimal performance index function,
which make (5.6) hold. For an admissible control law vi(x, t), the
iterative value function Vi(x, t) always satisfies (5.7) or (5.9). Thus,
we can derive

min
u

{

U(x, u, t) +

(

∂Vi(x, t)

∂x

)T

F (x, u, t)

}

+
∂Vi(x, t)

∂t
≤ 0, (5.24)

According to the HJB equation (5.6) and (5.24), it shows

min
u

{

U(x, u, t) +

(

∂Vi(x, t)

∂x

)T

F (x, u, t)

}

+
∂Vi(x, t)

∂t

≤ min
u

{

U(x, u, t) +

(

∂J∗(x, t)
∂x

)T

F (x, u, t)

}

+
∂J∗(x, t)

∂t
.

(5.25)

The conclusion of this corollary can be drawn based on Theorem 5.1.
�
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Based on Corollary 1, it can include that Vi(x, t) will never be
smaller than the optimal performance index function with the admis-
sible control laws. Hence, the optimal value of performance index
function can be considered as the infimum of the iterative value func-
tion under this situation. This is an important property for CTTV
policy iteration algorithm. According to the above properties of the
iterative value function, the admissibility of the iterative control law
in the CTTV policy iteration algorithm will be analyzed.

Theorem 5.2. For i = 0, 1, . . . , assume that Vi(x, t) and vi(x, t)
are updated by (5.7)–(5.9). If the iterative control law vi(x, t) is
admissible, then vi+1(x, t) is admissible.

Proof. If iterative control law vi(x, t) is admissible, the iterative
value function Vi(x, t) satisfies (5.12). Defining vi+1(x, t) in (5.8), we
have

∂Vi(x, t)

∂t
+

(

∂Vi(x, t)

∂x

)T

F (x, vi+1(x, t), t)

+ U(x, vi+1(x, t), t) ≤ 0. (5.26)

From Lemma 5.2, it is obvious to draw the conclusion that Vi(x, t)
is always a positive definite function. Choose Vi(x, t) as the Lya-
punov function candidate. Calculating the derivative of Vi(x, t) along
vi+1(x, t), according to (5.26), we have

dVi(x, t)

dt
=
∂Vi(x, t)

∂t
+

(

∂Vi(x, t)

∂x

)T

F (x, vi+1(x, t), t)

≤ −U(x, vi+1(x, t), t). (5.27)

Thus, it is shown that the iterative control law vi+1(x, t) is a stable
control law for system (5.1) and it is easy to get the derivations
limt→∞ U(x, vi+1(x, t), t) = 0.

Let W (x, t) stand for a value function, such that

W (x, t) =

∫ ∞

t
U(x, vi+1(x, τ), τ)dτ . (5.28)

Next, we will give the proof that W (x, t) is finite, ∀x ∈ R
n. By

calculating the derivative of W (x, t), we have

dW (x, t)

dt
= −U(x, vi+1(x, t), t). (5.29)
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According to (5.26), we obtain

dVi(x, t)

dt
≤ dW (x, t)

dt
, ∀x ∈ R

n. (5.30)

Based on Theorem 5.1, we have

Vi(x, t) ≥W (x, t), (5.31)

which shows W (x, t) is finite. Hence, we can get the conclusion that
vi+1(x, t) is admissible, which completes the proof. �

Then, we analyze characteristics of the proposed CTTV policy
iteration algorithm such as convergence and optimality.

Theorem 5.3. Assume that Vi(x, t) and vi(x, t) are updated by
(5.7)–(5.9). If v0(x, t) is admissible, then the iterative value function
Vi(x, t) is monotonically non-increasing, i.e.,

Vi+1(x, t) ≤ Vi(x, t), ∀x ∈ R
n, (5.32)

and it will converge to the optimum J∗(x, t) as i→ ∞, i.e.,

lim
i→∞

Vi(x, t) = J∗(x, t). (5.33)

Proof. Consider i = 0. If the initial control law v0(x, t) is admissi-
ble, based on Theorem 5.2, v1(x, t) is also an admissible control law.
Taking the derivative of V0(x, t) along v1(x, t), according to (5.26),
we have

dV0(x, t)

dt
=
∂V0(x, t)

∂t
+

(

∂V0(x, t)

∂x

)T

F (x, v1(x, t), t)

≤ −U(x, v1(x, t), t), (5.34)

which obtains

dV0(x, t)

dt
≤ dV1(x, t)

dt
, ∀x ∈ R

n. (5.35)

Based on Theorem 5.1, we can draw the conclusion that V0(x, t) ≥
V1(x, t), ∀x ∈ R

n. Assume that the inequality (5.32) holds for i =
l − 1, l = 1, 2, . . . . Then, we consider the situation for i = l. As
v0(x, t) is an admissible control law, according to Theorem 5.2, it can
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derived that the iterative control law vl(x, t) is admissible. According
to Lemma 5.1, there exists an iterative value function Vl(x, t), such
that

U(x, vl(x, t), t) +

(

∂Vl(x, t)

∂x

)T

F (x, vl(x, t), t) +
∂Vl(x, t)

∂t
= 0.

(5.36)

According to (5.8), we know that

vl+1(x, t) = argmin
u

{

U(x, u, t) +

(

∂Vl(x, t)

∂x

)T

F (x, u, t)

}

, (5.37)

which implies

dVl(x, t)

dt
=
∂Vl(x, t)

∂t
+

(

∂Vl(x, t)

∂x

)T

F (x, vl+1(x, t), t)

≤ −U(x, v1+1(x, t), t)

=
∂Vl+1(x, t)

∂t
+

(

∂Vl+1(x, t)

∂x

)T

F (x, vl+1(x, t), t)

=
dVl+1(x, t)

dt
. (5.38)

Then, we can derive

dVl(x, t)

dt
≤ dVl+1(x, t)

dt
, ∀x ∈ R

n, (5.39)

which obtains Vl(x, t) ≥ Vl+1(x, t). By the mathematical induction,
we can get (5.32) for any i = 0, 1, . . . . From (5.32), it shows that the
iterative value function Vi(x, t) is monotonically non-increasing. As
Vi(x, t) is positive definite for x, which means that Vi(x, t) is lower
bounded for all x, we can define

lim
i→∞

Vi(x, t) = V∞(x, t). (5.40)

According to (5.8) and (5.9), we have

min
u

{

U(x, u, t) +

(

∂V∞(x, t)

∂x

)T

F (x, u, t)

}

+
∂V∞(x, t)

∂t
= 0.

(5.41)
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Then, it can be derived as

min
u

{

U(x, u, t) +
dV∞(x, t)

dt

}

= 0, (5.42)

which shows

min
u

{∫ ∞

t
U(x, u, τ)dτ +

∫ ∞

t

dV∞(x, τ)

dτ
dτ

}

= 0. (5.43)

According to Theorem 5.2, it can be derived that v∞(x, t) =
limi→∞ vi(x, t) is an admissible control law, which implies

∫ ∞

t

dV∞(x, τ)

dτ
dτ = V∞(x,∞)− V∞(x, t) = −V∞(x, t). (5.44)

Substituting (5.44) into (5.43), we can get

V∞(x, t) = min
μ∈Ψ(Ω)

{∫ ∞

t
U(x(τ), μ(x(τ), τ), τ)dτ

}

, (5.45)

which shows V∞(x, t) = J∗(x, t). The proof is complete. �

5.4 Neural Networks Implementation of the CTTV

Policy Iteration

For CTTV policy algorithms of nonlinear system (5.1), vi(x, t) and
Vi(x, t) are both time-varying functions, which are generally very
hard to obtain by directly solving (5.7) and (5.9). In this section,
we choose neural networks to implement the proposed algorithm,
whose aim is to get the approximate laws of optimal solutions for
the nonlinear system (5.1). Two neural networks are adopted in the
developed CTTV policy iteration algorithms such as critic and action
networks. Three-layer back-propagation (BP) algorithm is applied
in the neural networks to update the weights. The whole structure
diagram of the developed algorithm is shown in Fig. 5.1, where tj ≥ 0
is the time parameter which will be explained in the latter content.

The parameter � describes the number of hidden layer neurons,
and matrix Y represents the weights between the input and hidden
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Fig. 5.1. The structure diagram of the algorithm.

layers. Similarly, the weight matrix between the hidden and output
layers is reflected by W . Then the output can be represented as

F̂ (S, Y,W ) =WTσ(Y TS + b), (5.46)

where σ(Y TS) ∈ R
�, [σ(z)]i =

ezi−e−zi

ezi+e−zi
, i = 1, . . . , �, denote the acti-

vation functions of neural networks and b is considered as the thresh-
old value.

5.4.1 The critic network

In this subsection, the critic network is introduced, which can approx-
imate the performance index function Vi(x, t), i = 1, 2, . . . . It is
worth pointing out that the neural network approximation for tradi-
tional iterative ADP algorithms of time-invariant systems is invalid
for the approximation of time-varying systems. First, the iterative
value function in traditional ADP algorithm is a time-invariant func-
tion which is only related to x(t), i.e., Vi(x). For the time-varying
policy iteration algorithm, the iterative value function is a function
of not only x(t) but also t, i.e., Vi(x, t). This may cause the invalid-
ity of the neural network approximation for traditional iterative ADP
algorithms of time-invariant systems. Second, for traditional iterative
ADP algorithms of time-invariant systems, the iterative control law
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vi(x) and value function Vi(x) can be updated based on the ordinary
differential equation (5.10), which is generally easy to solve. For the
time-varying policy iteration algorithm, however, it is necessary to
solve the partial differential equation (5.9) to get the iterative control
law vi(x, t) and iterative value function Vi(x, t), which is very diffi-
cult. This implies that the target function Vi(x, t) cannot be solved,
even though the iterative control law can be derived. Thus, in this
subsection, neural network approximation must be improved.

If the iterative control law vi(x(t), t), i = 0, 1, . . . is admissible,
the iterative value function Vi(x, t) will converge to zero as t → ∞,
which has been proven in this paper. So, the iterative value function
Vi(x, t) for 0 ≤ t < ∞ can be approximated by the function Vi(x, t)
for 0 ≤ t ≤ Tf , where Tf is a large positive number and we regard
Vi(x, t) = 0 for all t > Tf .

Let M be a positive integer. Let tj, j = 0, 1, . . . ,M, be time
instants, which satisfy 0 ≤ tj ≤ Tf . For an arbitrary time instant
tj ≥ 0, it is declared that the input of the critic network includes
x(tj) and tj. Letting X(tj) = [xT(tj), tj ]

T, j = 0, 1, . . . ,M, where
x(tj) ∈ R

n and 0 ≤ tj ≤ Tf , for l = 0, 1, . . . , the output of the critic
network is given by the following equations

V̂ l
i (x(tj), tj) =W lT

ci σ(Y
T
ciX(tj) + bci). (5.47)

The target functions are Vi(x(tj), tj), 0 ≤ tj ≤ Tf , which are
expressed in (5.7) and (5.9). However, it is difficult to solve
Vi(x(tj), tj) directly using (5.7) and (5.9). Hence, numerical meth-
ods are employed.

According to (5.7) and (5.9), the iterative value function
Vi(x(tj), tj) satisfies the following conditions for any i = 0, 1, . . . ,

Vi(x(tj), tj) =

∫ ∞

tj

U(x(τ), vi(x(τ), τ), τ)dτ. (5.48)

Because of the admissibility of control input vi(x(t), t), U(x(t),
vi(x(t), t), t) converges to zero as t → ∞. Choosing a large time
terminal N > 0, for any tj, we regard U(x(t), vi(x(t), t), t) = 0 for
all t > tj +N . Therefore, Vi(x(tj), tj) can be approximated by

Vi(x(tj), tj)
.
=

∫ tj+N

tj

U(x(τ), vi(x(τ), τ), τ)dτ. (5.49)
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Then, we define the error function in critic network as

elci(tj) = V̂ l
i (x(tj), tj)− Vi(x(tj), tj). (5.50)

The objective function is given in the following, which should be
minimized.

Elci(tj) =
1

2
(elci(tj))

2. (5.51)

The updated rules of the weights in critic network are given as the
following gradient-based form.

W l+1
ci =W l

ci +ΔW l
ci

=W l
ci − αc

[

∂Elci(tj)

∂V̂ l
i (x(tj), tj)

∂V̂ l
i (x(tj), tj)

∂W l
ci

]

=W l
ci − αce

l
ci(tj)σ(Zc(tj)), (5.52)

where αc > 0 is regarded as the learning rate. The same training
method is also used to update the weights Yci and bci and omitted
here. If the desired goal of training precision can be achieved for all
X(tj), j = 0, 1, . . . ,M, then we say that critic networks can approx-
imate Vi(x(t), t) effectively.

Remark 5.2. For 0 ≤ tj ≤ Tf and j = 0, 1, . . . ,M, we arbitrarily
choose the time tj and the state x(tj) to construct the vector X(tj).
For any X(tj), we can use (5.49) to get the desired iterative value
function approximately in the critic network. Choosing different tj
and x(tj), j = 0, 1, . . . ,M, we can obtain an array of X(tj). Given
the array of X(tj), the array of the target values of Vi(x(tj), tj) can
be obtained and the critic network can be trained. In this situation, it
is unnecessary to update the iterative value function Vi(x, t) by solv-
ing the partial differential equation (5.7) or (5.9). This is a merit of
the critic approximation. Moreover, the input of the critic neural net-
work for the CTTV policy iteration algorithm is X(tj) = [xT(tj), tj ]

T

instead of x(tj) in the traditional policy iteration algorithms. The
present CTTV policy iteration algorithm requires to collect the data
both in the state space and time space, which implies that the CTTV
policy iteration algorithm needs more data than the one in traditional
policy iteration algorithms.
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5.4.2 The action network

The action network is adopted to obtain the approximation of the
iterative control law vi(x, t). For 0 ≤ tj ≤ Tf , the input of the action
network is expressed asX(tj) = [xT(tj), tj ]

T, which includes the state
and the time instant. For l = 0, 1, . . . , the action network outputs
the following formulation.

v̂li(x(tj), tj) =W lT
ai σ(Y

T
aiX(tj) + bai). (5.53)

For i = 1, 2, . . . and 0 ≤ tj ≤ Tf , the desired output of the action
network is introduced as

vi(x(tj), tj) = argmin
u(tj)

⎧

⎨

⎩

U(x(tj), u(tj), tj)

+

(

∂V̂i−1(x(tj), tj)

∂x(tj)

)T

F (x(tj), u(tj), tj)

⎫

⎬

⎭

, (5.54)

where V̂i−1(x(tj), tj) is obtained by the critic network.
Choosing different tj and xtj to construct an array of X(tj), j =

0, 1, . . . ,M, we can obtain an array of vi(xtj , tj). For any 0 ≤ tj ≤ Tf ,
the errors of the output in the action neural networks are defined as

elai(tj) = v̂li(x(tj), tj)− vi(x(tj), tj). (5.55)

The updated laws of weights in neural networks are designed to
achieve the minimization of the following error performance

Elai(tj) =
1

2
(elai(tj))

T(elai(tj)). (5.56)

The updated rules of weights in the action network can be expressed
as the following gradient-based form

W l+1
ai =W l

ai +ΔW l
ai

=W l
ai − βa

[

∂Elai(tj)

∂elai(tj)

∂elai(tj)

∂v̂li(x(tj), tj)

∂v̂li(x(tj), tj)

∂W l
ai

]

=W l
ai − βaσ(Za(tj))(e

l
ai(tj))

T, (5.57)

where βa > 0 represents the learning rate. The same training method
is also used to update the weights Yai and bai and omitted here. When
the desired goal of training precision is achieved, the conclusion can
be drawn that vi(x, t) can be approximated by the action network.
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5.4.3 Training phase of the CTTV policy iteration

algorithm

The training of the CTTV policy iteration algorithm by neural net-
works is summarized in Algorithm 5.1.

Algorithm 5.1 The CTTV policy iteration algorithm

Initialization:

Let M be a large positive integer.
Let Tf be a large positive number.
Choose randomly an array of X(tj), 0 ≤ tj ≤ Tf and j =
0, 1, . . . ,M, where X(tj) = [xT(tj), tj ]

T, x(tj) ∈ R
n;

Choose a neural network training precision εn;
Define the computation precision ε;
Give the initial control law v0(s, t) which is admissible for the
system;

Iteration:

1: Initialize the iteration index as i = 0;
2: For X(tj), 0 ≤ tj ≤ Tf and j = 0, 1, . . . ,M, compute the target

iterative value function Vi(x(tj), tj) by (5.49).
3: Build the critic network by (5.47) and train the critic net-

work according to (5.50)–(5.52) until the training precision εn
is achieved.

4: If |Vi(x(tj), tj) − Vi−1(x(tj), tj)| ≤ ε for all X(tj), 0 ≤ tj ≤ Tf
and j = 0, 1, . . . ,M , where Vi−1(·) ≡ 0 for i = 0, then goto Step
8. Otherwise, goto next step.

5: For X(tj), 0 ≤ tj ≤ Tf and j = 0, 1, . . . ,M, compute the itera-
tive control law vi(x, t) by (5.54).

6: Build the action network by (5.53) and train the action net-
work according to (5.55)–(5.57) until the training precision εn is
achieved.

7: Let i = i+ 1 and goto Step 2.
8: return vi(x, t) and Vi(x, t).

Remark 5.3. From Algorithm 5.1, we choose an array of X(tj),
0 ≤ tj ≤ Tf and j = 0, 1, . . . ,M to train the weights in the critic
and action networks. According to the approximation by (5.49), it
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is not necessary to derive the iterative value function Vi(x(k), k) by
solving the partial differential equation (5.9). It can be considered
as the main advantage of the time-varying policy iteration algo-
rithm. Moreover, for any i = 0, 1, . . . , it requires to search both
the state space and all possible time instants to derive the approx-
imation of the time-varying function vi(x, t) and Vi(x, t). Thus, the
computation quantity for the time-varying policy iteration algorithm
is obviously higher than one for the traditional time-invariant policy
iteration algorithms, which is regarded as the disadvantage for the
time-varying policy iteration algorithm. Furthermore, for large Tf
and M, it is recommended normalizing the time parameter t before
using it to train the neural networks.

5.5 Simulation Example

In this section, a numerical simulation example is conducted to eval-
uate the performance of our developed CTTV policy iteration algo-
rithm. The dynamics of the system are formalized as

ẋ = A(x, t)x+Bu, (5.58)

where A(x, t) =
(

cos(0.5tx1) sin(0.5x1)

cos(0.4x2
2) sin(0.4tx2)

)

and B =
(

1 0

0 1

)

. Let x(0) =

[1, 1]T be chosen as the initial system states. The performance index
function is defined as

J(x, t) =

∫ ∞

t
(xT(τ)Qx(τ) + uT(τ)Ru(τ))dτ , (5.59)

where matrices Q = 0.1I1, R = 0.1I2 and the identity matrices with
appropriate dimensions are denoted by I1 and I2, respectively.

To implement the developed algorithm, two neural networks with
three-layer structures of 3–8–1 and 3–8–2, respectively, are adopted
to approximate the critic and action networks, respectively. In addi-
tion, BP algorithm is adopted for updating the weights of neural

networks. Let T
(2)
f = 5. For each iteration, we choose M2 = 50000

data pairs X(tp), p = 1, 2, . . . ,M2, to train the two neural networks,

where −1 ≤ x1(tp) ≤ 1, −1 ≤ x2(tp) ≤ 1 and 0 ≤ tp ≤ T
(2)
f , p =

0, 1, . . . ,M2. The initial control law is given by the action network in
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(5.53) with the expression v
(2)
0 (x, t) =W

(2)
a,initialσ(Y

(2)
a,initialX+b

(2)
a,initial),

where the weights are given by

Y
(2)
a,initial =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1.2924 −3.2481 −0.0378

−0.1564 −0.3440 0.9568

−1.3969 −2.4661 0.0476

−1.1021 −0.5115 0.0068

0.1254 0.3428 1.0669

0.4877 −0.1813 0.0335

0.5626 −0.0873 0.0087

0.0615 0.6226 −0.2972

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

W
(2)
a,initial =

[
−0.6351 −0.0844 0.3953 −1.7069 −0.4272 −9.4428 9.1576 −3.5649

0.1328 2.1255 −0.0034 −0.6295 −1.8743 1.2545 −2.0151 0.8724

]
,

and

b
(2)
a,initial =[−2.5873 0.0756 0.4082 0.4899 −0.2749 0.4218 0.7759 0.7830]T.

In each iteration, the training error 10−5 and learning rate αc =
βa = 0.01 are chosen for the training of neural networks. The algo-
rithm is implemented for i = 50 iterations to approximate the opti-
mal solutions. The trajectory of Vi(x, t) at the initial state x = x0
with 50 iterations is shown in Fig. 5.2, which can prove the character-
istics of monotone and convergence in the proposed policy iteration
algorithm. The varying curve of system states and control laws are
given in Figs. 5.3 and 5.4, respectively. After i = 50 iterations, the
optimal sequences of control laws can be derived, which similarly the
optimal value function is also achieved. It can be seen that system
(5.58) can achieve the stabilization by the presented algorithm, and
the validity of the proposed methods is also proven. The optimum of
the system states and control laws can be illustrated in Fig. 5.5(a)
and (b), respectively.
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Fig. 5.2. Iterative value function.
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5.6 Conclusion

To deal with the optimal control problems in continuous-time time-
varying nonlinear systems, a new CTTV policy iteration algorithm
is developed in this chapter. First, the detailed procedure of the
developed algorithm has been introduced. Second, the monotonic-
ity, convergence, and optimality of the iterative value function have
been analyzed. Furthermore, the admissibility of the iterative con-
trol laws can be guaranteed by the proposed methods. Two neural
networks are employed to achieve the approximation of the iterative
value function and control law to implement the action and critic
networks in the developed algorithm. Via the approximation of the
neural networks, it is unnecessary to calculate the iterative value
function by solving the partial differential equation (5.9). Finally, a
simulation experiment is conducted to illustrate the validity of the
present method.
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Chapter 6

Adaptive Dynamic Programming
for Discrete-Time Zero-Sum Games

6.1 Introduction

A large class of real systems are controlled by more than one con-
troller or decision maker with each using an individual strategy.
These controllers often operate in a group with a general perfor-
mance index function as a game [1–5]. Two-player zero-sum games,
capturing two players’ behaviors in which the success of a player
in selecting strategies depends strictly on the choices of the other
player [6], have been widely applied to decision making problems.
In these situations, many control schemes are presented in order to
reach some form of optimality. Traditional approaches to deal with
zero-sum games are to find out the optimal solution or the saddle-
point equilibrium of the games. So many interests are developed to
discuss the existence criteria of the saddle-point equilibrium of the
zero-sum games. In real-world applications, however, the existence
criteria of the saddle-point equilibrium for zero-sum games are so
difficult to satisfy that many applications of the zero-sum games are
limited to linear systems. For many zero-sum games of nonlinear sys-
tems, it is generally assumed that the saddle-point equilibrium exists,
which is guaranteed by the assumption of the L2 gain, and then the
optimal control of the zero-sum games for the nonlinear systems is
obtained. Unfortunately, for real-world zero-sum games, especially
for nonlinear systems, the L2 gain cannot generally be guaranteed,
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which means the existence assumption of the saddle-point equilib-
rium for the zero-sum games cannot be realized. Thus, traditional
optimal control for zero-sum games of nonlinear systems is actually
difficult to apply. Therefore, a new method is necessary to obtain the
saddle-point equilibrium of the zero-sum game without the complex
existence criteria.

In this chapter, a new iterative zero-sum ADP algorithm is devel-
oped to solve infinite horizon optimal control problems for discrete-
time two-player zero-sum games of nonlinear systems. Initialized by
arbitrary positive semi-definite functions for the upper and lower
iterations, the upper and lower iterative value functions using the
iterative zero-sum ADP algorithm can reach the upper and lower
optimums of the zero-sum games, which satisfy the upper and lower
Isaacs equations, respectively. A novel convergence analysis method
is developed to show that the upper and lower iterative value func-
tions converge to the upper and lower optimums, respectively. Opti-
mality of the iterative zero-sum ADP algorithm will be presented. If
the saddle-point equilibrium of the zero-sum game exists, we empha-
size that both the upper and lower iterative value functions will
converge to the optimal solution of the zero-sum game, where the
existence criteria of the saddle-point equilibrium in the traditional
zero-sum ADP algorithms are not required. Monotonicity of the
upper and lower iterative value functions by the iterative zero-sum
ADP algorithm is also presented. It is shown that under some mild
constraints of the initial functions, the upper and lower iterative value
functions can be monotonically non-increasing, monotonically non-
decreasing, non-monotonous and converge to their optimums. If the
saddle-point equilibrium does not exist, the upper and lower optimal
performance index function are obtained, respectively, where it is
proven that the converged upper and lower performance index func-
tions cannot be equivalent. Finally, a simulation example is given to
illustrate the performance of the present method.

6.2 Problem Formulations

In this chapter, we will study the following discrete-time nonlinear
system

xk+1 = F (xk, uk, wk), k = 0, 1, 2, . . . , (6.1)
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where xk ∈ R
n is the state vector, uk ∈ R

m and wk ∈ R
l are the con-

trol vectors of Players I and II, respectively. Let x0 be the initial state
and let F (xk, uk, wk) be the system function. For convenience of anal-
ysis, results of system (6.1) are based on the following assumption.

Assumption 6.1. System (6.1) is controllable on a compact set
Ωx ⊂ R

n containing the origin; xk = 0 is an equilibrium state of sys-
tem (6.1) under the control uk = 0 and wk = 0, i.e., F (0, 0, 0) = 0; the
feedback controls uk = u(xk) and wk = w(xk) satisfy uk = u(xk) = 0
and wk = w(xk) = 0, respectively, for xk = 0.

Let U andW denote policy spaces of Players I and II, respectively.
Let u ∈ U and w ∈ W be the control laws of Players I and II,
respectively. Then, the infinite-horizon performance index function
J : U ×W → R for state x0 can be defined as

J(x0, u, w) =

∞
∑

k=0

U(xk, uk, wk), (6.2)

where we let the utility function U(xk, uk, wk) be positive definite
for xk and uk, and negative definite for wk. The triple {J ;U ,W}
constitutes the normal form of the zero-sum dynamic game (zero-
sum game in brief), in the context of which we can introduce the
notion of a saddle-point equilibrium.

Definition 6.1. Given a zero-sum dynamic game {J ;U ,W} in a
normal form, a pair of control laws (u∗, w∗) ∈ U × W constitutes a
saddle-point solution if, for all (u,w) ∈ U ×W,

J(xk, u
∗, w) ≤ J∗(xk) := J(xk, u

∗, w∗) ≤ J(xk, u, w
∗). (6.3)

The quantity J∗(xk) is the optimal performance index function of
the game.

Given a zero-sum game {J ;U ,W} in a normal form, we define the
upper optimal performance index function as

J
∗
(xk) = min

u∈U
max
w∈W

J(xk, u, w), (6.4)

and the lower optimal performance index function can be defined as

J ∗(xk) = max
w∈W

min
u∈U

J(xk, u, w), (6.5)
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with the obvious inequality

J∗(xk) ≤ J
∗
(xk). (6.6)

If the upper and lower optimal performance index functions are equal,
i.e.,

J
∗
(xk) = J∗(xk) = J∗(xk), (6.7)

then optimal performance index function J∗(xk) for the zero-sum
game is defined.

According to the principle of optimality, the upper optimal per-
formance index function J

∗
(xk) satisfies the following discrete-time

Isaacs equation

J
∗
(xk) = min

uk
max
wk

{U(xk, uk, wk) + J
∗
(F (xk, uk, wk))}. (6.8)

The lower optimal performance index function J∗(xk) satisfies the
following discrete-time Isaacs equation

J∗(xk) = max
wk

min
uk

{U(xk, uk, wk) + J∗(F (xk, uk, wk))}. (6.9)

Generally, the existence of the saddle-point equilibrium of the
zero-sum game {J ;U ,W} is difficult to justify, especially for nonlin-
ear systems. Thus, it is nearly impossible to obtain the saddle-point
equilibrium by directly solving the inequality (6.3). In this situation,
obtaining the upper and lower optimal performance index functions
is a necessary method to achieve the saddle-point equilibrium. Unfor-
tunately, the upper and lower optimal performance index functions
J
∗
(xk) and J

∗(xk) are also difficult to obtain, due to the difficulty of
solving the discrete-time Isaacs equations (6.8) and (6.9). To over-
come this difficulty, a new iterative algorithm based on ADP will be
developed.

6.3 Iterative ADP Algorithm for Discrete-Time

Zero-Sum Games

In this section, a new iterative zero-sum ADP algorithm is developed
to solve the discrete-time zero-sum game for system (6.1). New con-
vergence and monotonicity analysis methods will be established in



Adaptive Dynamic Programming for Discrete-Time Zero-Sum Games 133

this section. Optimality analysis will be presented to show that the
upper and lower iterative value functions will converge to the opti-
mum, if the saddle-point equilibrium of the zero-sum game exists,
where the existence criteria of the saddle-point equilibrium can effec-
tively be avoided.

6.3.1 Derivations of the Iterative Zero-Sum ADP

Algorithm

In the developed iterative zero-sum ADP algorithm, the value func-
tion and control law are updated at every iteration, with the iteration
index i increasing from 0 to infinity. For xk ∈ R

n, let the initial func-
tion Ψ(xk) ≥ 0 be an arbitrary positive semi-definite function. Then,
let the upper initial value function be expressed as

V 0(xk) = Ψ(xk). (6.10)

For i = 0, 1, . . . , the iterative control law ωi(xk, uk) for the upper
iterative value function can be computed as

ωi(xk, uk) = argmax
wk

{

U(xk, uk, wk) + V i(xk+1)
}

= argmax
wk

{

U(xk, uk, wk) + V i(F (xk, uk, wk))
}

, (6.11)

where V 0(xk+1) = Ψ(xk+1). Then, the iterative control law vi(xk)
can be obtained by

vi(xk) = argmin
uk

{U(xk, uk, ωi(xk, uk))

+ Vi(F (xk, uk, ωi(xk, uk)))}. (6.12)

Letting ωi(xk) = ωi(xk, vi(xk)), the upper iterative control pair
(vi(xk), ωi(xk)) can be expressed as

(vi(xk), ωi(xk)) = arg(min
uk

max
wk

)
{

U(xk, uk, wk) + V i(xk+1)
}

.

(6.13)

The upper iterative value function can be updated as

V i+1(xk) = min
uk

max
wk

{U(xk, uk, wk) + V i(F (xk, uk, wk))}
= U(xk, vi(xk), ωi(xk)) + V i(F (xk, vi(xk), ωi(xk))).

(6.14)
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For xk ∈ R
n, let the initial function Ψ(xk) ≥ 0 be an arbitrary

positive semi-definite function. Let the lower initial value function be
expressed as

V 0(xk) = Ψ(xk). (6.15)

For i = 0, 1, . . . , the iterative control law vi(xk, wk) for lower iterative
value function can be computed as

vi(xk, wk) = argmin
uk

{U(xk, uk, wk) + V i(xk+1)}
= argmin

uk
{U(xk, uk, wk) + V i(F (xk, uk, wk))} , (6.16)

where V 0(xk+1) = Ψ(xk+1). Then, the iterative control law ωi(xk)
can be obtained by

ωi(xk) = argmax
uk

{U(xk, vi(xk, wk), wk)

+ Vi(F (xk, vi(xk, wk), wk))}. (6.17)

Letting vi(xk) = vi(xk, ωi(xk)), the lower iterative control pair
(vi(xk), ωi(xk)) can be expressed as

(vi(xk), ωi(xk)) = arg(max
wk

min
uk

)
{

U(xk, uk, wk) + V i(xk+1)
}

.

(6.18)

The lower iterative value function can be updated as

V i+1(xk) = max
wk

min
uk

{U(xk, uk, wk) + V i(F (xk, uk, wk))}
= U(xk, vi(xk), ωi(xk)) + V i(F (xk, vi(xk), ωi(xk))).

(6.19)

From the iterative zero-sum ADP algorithm (6.10)–(6.19), we can
see that the upper iterative value function V i(xk) is used to approx-
imate the upper optimal performance index function J

∗
(xk) and the

lower iterative value function V i(xk) is used to approximate the
lower optimal performance index function J∗(xk). Thus, the itera-
tion (6.10)–(6.14) can be called “upper iteration” of the iterative
zero-sum ADP algorithm. The iteration (6.15)–(6.19) can be called
“lower iteration” of the iterative zero-sum ADP algorithm. There-
fore, when i→ ∞, the developed iterative zero-sum ADP algorithm
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should be convergent which makes V i(xk) and V i(xk) converge to
their optimal ones. If the saddle-point equilibrium exists of the zero-
sum game, both the upper and lower iterative value functions are
expected to converge to the saddle-point equilibrium of the zero-sum
game. In the next subsection, we will show such properties of the
developed iterative zero-sum ADP algorithm.

6.3.2 Property analysis

New convergence analysis methods for the value iteration algorithm
are developed in this subsection.

Theorem 6.1. For the zero-sum game {J ;U ,W} of system (6.1),
the upper and lower optimal performance index functions J

∗
(xk) and

J∗(xk) in (6.4) and (6.5) are positive definite for xk.

Proof. According to Assumption 6.1, we have

J∗(xk) = J
∗
(xk) = 0 (6.20)

for xk = 0. Letting wk ≡ 0, k = 0, 1, . . . , we can get

J(xk, u, 0) =

∞
∑

i=k

U(xi, ui, 0) > 0 (6.21)

for all xk 	= 0 and all u ∈ U , as the utility function is positive definite
for xk and uk.

According to (6.4), for all xk 	= 0, the optimal upper performance
index function satisfies

J
∗
(xk) = min

u∈U
max
w∈W

J(xk, u, w)

≥ min
u∈U

J(xk, u, 0) > 0. (6.22)

According to (6.5), for all xk 	= 0, the optimal lower performance
index function satisfies

J ∗(xk) = max
w∈W

min
u∈U

J(xk, u, w)

= max
w∈W

J(xk, u
∗, w)

≥ J(xk, u
∗, 0) > 0. (6.23)

The proof is complete. �
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Lemma 6.1. For i = 0, 1, . . . , let the upper and lower iterative
value functions V i(xk) and V i(xk) be updated by (6.14) and (6.19),
respectively, where V 0(xk) and V 0(xk) satisfy (6.10) and (6.15).
Then, for any i = 0, 1, . . . , the upper and lower iterative value func-
tions V i+1(xk) and V i+1(xk) are positive definite functions for xk.

Proof. The statement can be proven by mathematical induction.
We first consider the upper iterative value function. For i = 0, accord-
ing to (6.14), we have

V 1(xk) = min
uk

max
wk

{U(xk, uk, wk) + V 0(xk+1)}. (6.24)

According to Assumption 6.1, it is easy to know V1(xk) = 0 for
xk = 0. For any xk 	= 0, we have

V 1(xk) = min
uk

max
wk

{U(xk, uk, wk) + V 0(xk+1)}

≥ min
uk

{U(xk, uk, 0) + V 0(F (xk, uk, 0))} > 0. (6.25)

Assume that the statement holds for i = l − 1, l = 1, 2, . . . , i.e.,
V l−1(xk) > 0, ∀xk 	= 0 and V l−1(xk) = 0, for xk = 0.

Then for i = l, according to Assumption 6.1, we have V l+1(xk) =
0 and xk = 0. For all xk 	= 0, we can get

V l+1(xk) = min
uk

max
wk

{U(xk, uk, wk) + V l(xk+1)}

≥ min
uk

{U(xk, uk, 0) + V l(F (xk, uk, 0))} > 0. (6.26)

Thus, we have V i+1(xk) is positive definite for any i = 0, 1, . . . . Next,
we consider the lower iterative value function. For i = 0, according
to (6.19), we have

V 1(xk) = max
wk

min
uk

{U(xk, uk, wk) + V 0(xk+1)}. (6.27)

According to Assumption 6.1, it is easy to know V 1(xk) = 0 for
xk = 0. For any xk 	= 0, we have

V 1(xk) =max
wk

{U(xk, v1(xk, wk), wk) + V 0(F (xk, v1(xk, wk), wk))}

≥U(xk, v1(xk, 0), 0) + V 0(F (xk, v1(xk, 0), 0)) > 0. (6.28)

Assume that the statement holds for i = l − 1, l = 1, 2, . . . , i.e.,
V l−1(xk) > 0 ∀xk 	= 0. Then for i = l, according to Assumption 6.1,
we have V l+1(xk) = 0 and xk = 0.
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For all xk 	= 0, we can get

V l+1(xk) =max
wk

{

U(xk, vl(xk, wk), wk) + V 0(F (xk, vl(xk, wk), wk))
}

≥U(xk, vl(xk, 0), 0) + V l(F (xk, vl(xk, 0), 0)) > 0. (6.29)

Thus, we have V i+1(xk) is positive definite for any i = 0, 1, . . . . The
mathematical induction is complete. �

Theorem 6.2. For i = 0, 1, . . . , let the upper and lower itera-
tive value functions V i(xk) and V i(xk) be updated by (6.14) and
(6.19), respectively, where V 0(xk) and V 0(xk) satisfy (6.10) and
(6.15), respectively. If for all xk ∈ Ωx, Ψ(xk) ≥ Ψ(xk), then for
any i = 0, 1, . . . we have

V i(xk) ≤ V i(xk). (6.30)

Proof. First, the conclusion obviously holds for i = 0. For i = 1,
we have

V 1(xk) = min
uk

max
wk

{U(xk, uk, wk) + V 0(xk+1)}

≥ max
wk

min
uk

{U(xk, uk, wk) + V 0(xk+1)}

≥ max
wk

min
uk

{U(xk, uk, wk) + V 0(xk+1)}

= V 1(xk). (6.31)

The inequality (6.30) holds for i = 1. Using the mathematical
induction, we can derive that the inequality (6.30) holds for any
i = 0, 1, . . . . The proof is complete. �

From Theorem 6.1, we know that the upper and lower optimal
performance index functions, i.e., J

∗
(xk) and J

∗(xk), are both pos-
itive definite functions for xk, which satisfy (6.8) and (6.9), respec-
tively. On the other hand, according to Lemma 6.1, we can derive
that the upper and lower iterative value functions, i.e., V i+1(xk) and
V i+1(xk), i = 0, 1, . . . , in the iterative ADP algorithm (6.10)–(6.19)
are also positive definite for xk.

Theorem 6.3. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk)) be
obtained by the upper iteration (6.10)–(6.14). Then, if the optimal
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upper performance index function J
∗
(xk) can be defined for all xk ∈

Ωx, then the upper iterative value function V i(xk) converges to the
upper optimal performance index function J

∗
(xk) in (6.8) for all xk ∈

Ωx, as i→ ∞.

Proof. First, if for all xk ∈ Ωx, we choose the control laws μk =
μ(xk) and χ(xk) = χk that satisfy U(xk, μk, χk) = 0, then we can see
that the performance index function

J(xk) =

∞
∑

k=i

U(xi, μi, χi) = 0 (6.32)

for all xk ∈ Ωx. According to Theorem 6.1, we know that the upper
optimal performance index function J

∗
(xk) is positive definite for

xk. Thus, we know that the control law pair (μ, χ) is not the optimal
control law for the upper performance index function. Then, all the
control law pairs that make U(xk, uk, wk) = 0, ∀xk ∈ Ωx are not
considered to be the optimal ones.

On the other hand, we define Ωε = {xk |xk ∈ Ωx, ‖xk‖ < ε}.
According to Theorem 6.1 and Lemma 6.1, we have J

∗
(xk) =

V i(xk) = 0 for any i = 0, 1, . . . , as ε → 0. Hence, the conclusion
is obvious for xk = 0.

Next, for any ε > 0, and xk ∈ Ωx\Ωε, if U(xk, uk, wk) 	= 0, then
there exist positive constants α and β, which satisfy

αJ
∗
(xk) ≤ Ψ(xk) ≤ βJ

∗
(xk), (6.33)

where 0 ≤ α ≤ 1 ≤ β < ∞. If the utility function U(xk, uk, wk) > 0,
then there exists a γ > 0 that satisfies

J
∗
(F (xk, uk, wk)) ≤ γU(xk, uk, wk). (6.34)

For i = 0, 1, . . . , we will prove the following inequality

(

1 +
α− 1

(1 + γ−1)i

)

J
∗
(xk) ≤ V i(xk) ≤

(

1 +
β − 1

(1 + γ−1)i

)

J
∗
(xk)

(6.35)

holds for all xk ∈ Ωx\Ωε.
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(1) Prove the left hand side of the inequality (6.35).
Mathematical induction is employed to prove the conclusion.

According to (6.10) and (6.33), the inequality (6.35) obviously holds
for i = 0. Now, let i = 1. We have

V 1(xk) =min
uk

max
wk

{

U(xk, uk, wk) + V 0(xk+1)
}

≥min
uk

max
wk

{

U(xk, uk, wk) + αJ
∗
(xk+1)

}

≥min
uk

max
wk

{(

1 + γ
α− 1

1 + γ

)

U(xk, uk, wk)

+

(

α− α− 1

1 + γ

)

J
∗
(xk+1)

}

=

(

1 +
α− 1

(1 + γ −1)

)

min
uk

max
wk

{

U(xk, uk, wk) + J
∗
(xk+1)

}

=

(

1 +
α− 1

(1 + γ −1)

)

J
∗
(xk). (6.36)

Assume that the conclusion holds for i = l−1, l = 1, 2, . . . . Then for
i = l, we have

V l(xk) =min
uk

max
wk

{

U(xk, uk, wk) + V l−1(F (xk, uk, wk))
}

≥min
uk

max
wk

{

U(xk, uk, wk) +

(

1 +
α− 1

(1 + γ −1)l−1

)

× J
∗
(F (xk, uk, wk)) +

α− 1

(1 + γ)(1 + γ −1)l−1

× (γU(xk, uk, wk)− J
∗
(F (xk, uk, wk)))

}

=

(

1 +
α− 1

(1 + γ−1)l

)

min
uk

max
wk

{

U(xk, uk, wk)

+ J
∗
(F (xk, uk, wk))

}

=

(

1 +
α− 1

(1 + γ−1)l

)

J
∗
(xk). (6.37)
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(2) Prove the right hand side of the inequality (6.35).
We also use mathematical induction to prove the conclusion.

According to (6.10) and (6.33), the inequality (6.35) obviously holds
for i = 0. Let i = 1. We have

V 1(xk) =min
uk

max
wk

{

U(xk, uk, wk) + V 0(xk+1)
}

≤min
uk

max
wk

{

U(xk, uk, wk) + βJ
∗
(xk+1)

}

≤min
uk

max
wk

{(

1 + γ
β − 1

1 + γ

)

U(xk, uk, wk)

+

(

β − β − 1

1 + γ

)

J
∗
(xk+1)

}

=

(

1 +
β − 1

(1 + γ −1)

)

min
uk

max
wk

{

U(xk, uk, wk) + J
∗
(xk+1)

}

=

(

1 +
β − 1

(1 + γ −1)

)

J
∗
(xk). (6.38)

Assume that the conclusion holds for i = l−1, l = 1, 2, . . . . Then for
i = l, we have

V l(xk) = min
uk

max
wk

{

U(xk, uk, wk) + V l−1(xk+1)
}

≤ min
uk

max
wk

{

U(xk, uk, wk) +

(

1 +
β − 1

(1 + γ−1)l−1

)

× J
∗
(F (xk, uk, wk)) +

1− β

(1 + γ)(1 + γ−1)l−1

× (J
∗
(F (xk, uk, wk))− γU(xk, uk, wk))

}

=

(

1 +
β − 1

(1 + γ−1)l

)

min
uk

max
wk

{U(xk, uk, wk) + J∗(xk+1)}

=

(

1 +
β − 1

(1 + γ−1)l

)

J
∗
(xk). (6.39)
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Now, we consider the situation that the utility function
U(xk, uk, wk) < 0. If J

∗
(F (xk, uk, wk)) ≤ −U(xk, uk, wk), according

to (6.8), we can obtain that

J
∗
(xk) = min

uk
max
wk

{U(xk, uk, wk) + J
∗
(F (xk, uk, wk))}

≤ min
uk

max
wk

{U(xk, uk, wk)− U(xk, uk, wk)}

= 0. (6.40)

According to Theorem 6.1, we know that J
∗
(xk) is positive defi-

nite for xk, which means that J
∗
(xk) > 0 for all xk ∈ Ωx\Ωε.

Thus, we can derive that J
∗
(F (xk, uk, wk)) > −U(xk, uk, wk) for

U(xk, uk, wk) < 0. In this situation, there exists a constant γ1 > 1
that satisfies

J
∗
(F (xk, uk, wk)) ≥ −γ1U(xk, uk, wk). (6.41)

For i = 0, 1, . . . , we will prove the following inequality
(

1 +
α− 1

(1− γ −1
1 )

i

)

J
∗
(xk) ≤ V i(xk) ≤

(

1 +
β − 1

(1− γ−1
1 )

i

)

J
∗
(xk)

(6.42)

holds for all xk ∈ Ωx\Ωε.
(3) Prove the left hand side of the inequality (6.42).
Mathematical induction is employed to prove the conclusion.

According to (6.10) and (6.33), the inequality (6.42) obviously holds
for i = 0. Now, let i = 1. We have

V 1(xk) =min
uk

max
wk

{

U(xk, uk, wk) + V 0(xk+1)
}

≥min
uk

max
wk

{(

1 + γ1
α− 1

γ1 − 1

)

U(xk, uk, wk)

+

(

α+
α− 1

γ1 − 1

)

J
∗
(xk+1)

}

=

(

1 +
α− 1

(1− γ −1
1 )

)

min
uk

max
wk

{

U(xk, uk, wk) + J
∗
(xk+1)

}

=

(

1 +
α− 1

(1− γ −1
1 )

)

J
∗
(xk). (6.43)
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Assume that the conclusion holds for i = l−1, l = 1, 2, . . . . Then for
i = l, we have

V l(xk) =min
uk

max
wk

{

U(xk, uk, wk) + V l−1(F (xk, uk, wk))
}

≥min
uk

max
wk

{

U(xk, uk, wk) +

(

1 +
α− 1

(1− γ −1
1 )

l−1

)

× J
∗
(F (xk, uk, wk)) +

α− 1

(γ1 − 1)(1 − γ −1
1 )

l−1

× (γ1U(xk, uk, wk) + J
∗
(F (xk, uk, wk)))

}

=

(

1 +
α− 1

(1− γ−1
1 )l

)

min
uk

max
wk

{

U(xk, uk, wk)

+ J
∗
(F (xk, uk, wk))

}

=

(

1 +
α− 1

(1− γ−1
1 )l

)

J
∗
(xk). (6.44)

(4) Prove the right hand side of the inequality (6.42).
Mathematical induction is employed to prove the conclusion.

According to (6.10) and (6.33), the inequality (6.42) obviously holds
for i = 0. Now, let i = 1. We have

V 1(xk) =min
uk

max
wk

{

U(xk, uk, wk) + V 0(xk+1)
}

≤min
uk

max
wk

{

U(xk, uk, wk) + βJ
∗
(xk+1)

}

≤min
uk

max
wk

{(

1 + γ1
β − 1

1− γ1

)

U(xk, uk, wk)

+

(

β − β − 1

γ1 − 1

)

J
∗
(xk+1)

}



Adaptive Dynamic Programming for Discrete-Time Zero-Sum Games 143

=

(

1 +
β − 1

(1− γ −1
1 )

)

min
uk

max
wk

{

U(xk, uk, wk) + J
∗
(xk+1)

}

=

(

1 +
β − 1

(1− γ −1
1 )

)

J
∗
(xk). (6.45)

Assume that the conclusion holds for i = l−1, l = 1, 2, . . . . Then for
i = l, we have

V l(xk) =min
uk

max
wk

{

U(xk, uk, wk) + V l−1(xk+1)
}

≤min
uk

max
wk

{

U(xk, uk, wk) +

(

1 +
β − 1

(1− γ−1
1 )

l−1

)

× J
∗
(F (xk, uk, wk)) +

β − 1

(γ1 − 1)(1− γ−1
1 )

l−1

× (J
∗
(F (xk, uk, wk)) + γ1U(xk, uk, wk))

}

=

(

1 +
β − 1

(1− γ−1
1 )l

)

min
uk

max
wk

{

U(xk, uk, wk) + J∗(xk+1)
}

=

(

1 +
β − 1

(1− γ−1
1 )l

)

J
∗
(xk). (6.46)

According to (6.35) and (6.42), we can obtain that lim
i→∞

V i(xk) =

J
∗
(xk) for all xk ∈ Ωx\Ωε. The proof is complete. �

Theorem 6.4. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk)) be
obtained by (6.15)–(6.19). Then, if the lower optimal performance
index function J∗(xk) can be defined for all xk ∈ Ωx, then the lower
iterative value function V i(xk) converges to the lower optimal per-
formance index function J∗(xk) in (6.9), as i→ ∞.

Proof. The theorem can be proven according to the idea of (6.32)–
(6.46) and the detail is omitted here. �
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Theorem 6.5. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk)) be
obtained by (6.10)–(6.14). If for all xk ∈ Ωx, the inequality

V 1(xk) ≤ V 0(xk) (6.47)

holds, then the upper iterative value function V i(xk) is a monotoni-
cally non-increasing sequence for i = 0, 1, . . . , i.e.,

V i+1(xk) ≤ V i(xk). (6.48)

Proof. We prove this by mathematical induction. First, we let
i = 1. According to (6.14) and (6.47), for all xk ∈ Ωx, we have

V 2(xk) = min
uk

max
wk

{

U(xk, uk, wk) + V 1(xk+1)
}

≤ min
uk

max
wk

{

U(xk, uk, wk) + V 0(xk+1)
}

= V 1(xk). (6.49)

Thus, the inequality (6.48) holds for i = 1. Assume that the conclu-
sion holds for i = l − 1, l = 2, 3, . . . . Then for i = l, we have

V l+1(xk) = min
uk

max
wk

{

U(xk, uk, wk) + V l(xk+1)
}

≤ min
uk

max
wk

{

U(xk, uk, wk) + V l−1(xk+1)
}

= V l(xk). (6.50)

Thus, the inequality (6.48) holds for any i = 0, 1, . . . . The proof is
complete. �

Theorem 6.6. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk)) be
obtained by (6.10)–(6.14). If for all xk ∈ Ωx, the inequality

V 1(xk) ≥ V 0(xk) (6.51)

holds, then the upper iterative value function V i(xk) is a monotoni-
cally non-decreasing sequence for i = 0, 1, . . . , i.e.,

V i+1(xk) ≥ V i(xk). (6.52)
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Corollary 6.1. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk)) be
obtained by (6.15)–(6.19). If for all xk ∈ Ωx, the inequality

V 1(xk) ≤ V 0(xk) (6.53)

holds, then the lower iterative value function V i(xk) is a monotoni-
cally non-increasing sequence for i = 0, 1, . . . , i.e.,

V i+1(xk) ≤ V i(xk). (6.54)

Corollary 6.2. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk)) be
obtained by (6.15)–(6.19). If for all xk ∈ Ωx, the inequality

V 1(xk) ≥ V 0(xk) (6.55)

holds, then the lower iterative value function V i(xk) is a monotoni-
cally non-decreasing sequence for i = 0, 1, . . . , i.e.,

V i+1(xk) ≥ V i(xk). (6.56)

Theorem 6.7. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk)) be
obtained by (6.10)–(6.14). If for all xk ∈ Ωx, the inequality (6.47)
holds, then the upper iterative value function V i(xk) satisfies

V i(xk) ≥ J
∗
(xk). (6.57)

If for all xk ∈ Ωx, the inequality (6.51) holds, then the upper iterative
value function V i(xk) satisfies

V i(xk) ≤ J
∗
(xk). (6.58)

Proof. According to Theorem 6.5, for any i = 0, 1, . . . , we have

V i(xk) ≥ V i+1(xk) ≥ V i+2(xk) ≥ · · · . (6.59)

Thus, for any i = 0, 1, . . . , we can obtain

Vi(xk) ≥ lim
l→∞

Vl(xk) = J∗(xk). (6.60)

The proof is complete. �

Corollary 6.3. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk))
be obtained by (6.16)–(6.19). If for all xk ∈ Ωx, the inequality
(6.53) holds, then for i = 0, 1, . . . , the lower iterative value function
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satisfies

V i(xk) ≥ J∗(xk). (6.61)

If for all xk ∈ Ωx, the inequality (6.55) holds, then for i = 0, 1, . . . ,
the lower iterative value function satisfies

V i(xk) ≤ J∗(xk). (6.62)

Remark 6.1. According to Theorems 6.3–6.7, the convergence and
monotonicity properties of the iterative zero-sum ADP algorithm
are analyzed, which guarantee that the upper and lower iterative
value functions are convergent to their optimums. If the saddle-point
equilibrium of the zero-sum exists, then both the upper and lower
iterative value functions are expected to converge to the optimal
solution of the zero-sum game. In the following part, the optimality
of the iterative zero-sum ADP algorithm will be analyzed.

Theorem 6.8. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk))
be obtained by (6.10)–(6.14) and let V i(xk) and (vi(xk), ωi(xk)) be
obtained by (6.15)–(6.19). We can derive:

(i) If the saddle-point equilibrium of the zero-sum game exists, then
the upper and lower iterative value functions will both converge
to the saddle-point equilibrium;

(ii) If the upper and lower iterative value function converge to the
same function, then the converged value function is the saddle-
point equilibrium of the zero-sum game.

Proof. First, if the saddle-point equilibrium of the zero-sum game
exists, according to Theorem 6.1, we can derive that the optimal
performance index function J∗(xk) is positive definite for xk. Second,
according to Theorem 6.3, we can derive that the control law pair
(μ(xk), χ(xk)), which satisfies U(xk, μk, χk) = 0, ∀xk ∈ Ωx, is not
the optimal control law pair. Next, for any ε > 0, and xk ∈ Ωx\Ωε,
if U(xk, uk, wk) 	= 0, then there exist constants α∗, β∗, and γ∗, such
that 0 ≤ α∗ ≤ 1 ≤ β∗ <∞, which satisfy

α∗J∗(xk) ≤ Ψ(xk) ≤ β∗J∗(xk), (6.63)
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where the optimal performance index function J∗(xk) satisfies

J∗(xk) = min
uk

max
wk

{U(xk, uk, wk) + J∗(xk+1)}

= max
wk

min
uk

{U(xk, uk, wk) + J∗(xk+1)}. (6.64)

According to Theorem 6.3, for U(xk, uk, wk) > 0, there exists a
γ∗ > 0, that makes
(

1 +
α∗ − 1

(1 + γ∗−1)i

)

J∗(xk) ≤ V i(xk) ≤
(

1 +
β∗ − 1

(1 + γ∗−1)i

)

J∗(xk)

(6.65)

hold and there exist γ∗1 > 1 that make
(

1 +
α∗ − 1

(1− γ∗−1
1 )

i

)

J∗(xk) ≤ V i(xk) ≤
(

1 +
β∗ − 1

(1− γ∗−1
1 )

i

)

J∗(xk)

(6.66)

hold, for U(xk, uk, wk) < 0. Thus, for all xk ∈ Ωx\Ωε, we have

lim
i→∞

V i(xk) = J∗(xk). (6.67)

According to the idea (6.63)–(6.67), we can also obtain that

lim
i→∞

V i(xk) = J∗(xk). (6.68)

Thus, we have that the upper and lower iterative value functions
both converge to the optimal performance index function.

On the other hand, if the upper and lower performance index
functions converge to the same function, i.e.,

lim
i→∞

V i(xk) = lim
i→∞

V i(xk) = Jo(xk). (6.69)

Thus, we can get

Jo(xk) = min
uk

max
wk

{U(xk, uk, wk) + Jo(xk+1)}

= max
wk

min
uk

{U(xk, uk, wk) + Jo(xk+1)}, (6.70)

which means Jo(xk) = J∗(xk), ∀xk ∈ Ωx. The proof is complete. �
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Corollary 6.4. For i = 0, 1, . . . , let V i(xk) and (vi(xk), ωi(xk))
be obtained by (6.10)–(6.14) and let V i(xk) and (vi(xk), ωi(xk)) be
obtained by (6.15)–(6.19). We can derive the following.

(i) If the saddle-point equilibrium of the zero-sum game does not
exist, then the upper and lower iterative value functions cannot
converge to the same function;

(ii) If the upper and lower iterative value function converge to differ-
ent functions, then the saddle-point equilibrium of the zero-sum
game does not exist.

Remark 6.2. According to Theorem 6.8, if the saddle-point equi-
librium of the zero-sum game exists, it is proven that both the upper
and lower iterative value functions converge to the optimal solution
of the zero-sum game, where the existence criteria of the saddle-
point equilibrium in the traditional zero-sum ADP algorithms are
not required. This is a remarkable advantage of the developed algo-
rithm. On the other hand, if the saddle-point equilibrium does not
exist, according to Corollary 6.4, we can derive that the upper and
lower iterative value function must converge to different functions.
Thus, we say that the existence justification of the saddle-point equi-
librium for the zero-sum games is not necessary for the developed
iterative zero-sum ADP. This is another advantage of the developed
algorithm.

6.4 Simulation Example

To evaluate the performance of our iterative zero-sum ADP algo-
rithm for discrete-time zero-sum games, we choose an example with
quadratic utility function for numerical experiment. The dynamics
of the system is expressed as

xk+1 =

[

1 0.25ΔT

ΔT 1

]

xk +

[

ΔT

0

]

uk +

[

ΔT

0

]

wk, (6.71)

where the sampling interval Δt = 0.1s. Let x0 = [1,−1]T. Let the per-
formance index function be expressed by (6.2). The utility function
is the quadratic form U1(xk, uk, wk) = xTkQ1xk +uTkR1uk +wT

k S1wk,
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(a) (b)

(c) (d)

Fig. 6.1. Convergence plots of the iterative value functions. (a) V i(xk) with

Ψ
0
(xk). (b) V i(xk) with Ψ0(xk). (c) Plots of V i(xk) − V i(xk). (d) Saddle-point

equilibrium.

where Q1 = I1, R1 = I2, S1 = −2I3 and I1, I2, I3 denote the
identity matrices with suitable dimensions. Let the upper initial

value function be chosen as Ψ
0
(xk) = xTkP 0xk, where P 0 =

[

6 2

2 31

]

.

Let the lower initial value function be chosen as Ψ0(xk) = xTkP 0xk,

where P 0 =
[

21 −5

−5 7

]

. Implement the iterative zero-sum ADP algo-

rithm for 20 iterations to reach the computation precision ε = 0.01.
The convergence plots of the upper and lower iterative value func-

tions, i.e., V i(xk) and V i(xk), which are initialized by Ψ
0
(xk) and

Ψ0(xk), respectively, are shown in Figs. 6.1(a) and (b), respectively,
where “In” denotes “initial iteration”, “Lm” denotes “limiting itera-
tion”, and “IVF” denotes “iterative value function”. The differences
between V i(xk) and V i(xk) are shown in Fig. 6.1(c), which con-
verges to zero. Thus, we say that the saddle-point equilibrium of the
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Fig. 6.2. Trajectories of states and controls. (a) States by upper iteration with

Ψ
0
(xk). (b) Control u by upper iteration with Ψ

0
(xk). (c) Control w by upper

iteration with Ψ
0
(xk). (d) States by the lower iteration with Ψ0(xk).

zero-sum game exists. Initialized by arbitrary positive semi-definite
functions, the upper and lower iterative value iterations can both
converge to the saddle-point equilibrium of the zero-sum game. The
plot of saddle-point equilibrium of the zero-sum game for system
(6.71) is shown in Fig. 6.1(d).

The state and control trajectories of the upper iteration with

Ψ
0
(xk) are shown in Figs. 6.2(a)–(c), respectively. The state and

control trajectories of the lower iteration with Ψ0(xk) are shown
in Fig. 6.2(d) and Figs. 6.3(a)–(b), respectively. Initialized by arbi-
trary positive semi-definite functions, the states and controls can
also converge to their optimums of the zero-sum game. The optimal
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Fig. 6.3. Iterative and optimal trajectories. (a) Control u by the lower iteration
with Ψ0(xk). (b) Control w by the lower iteration with Ψ0(xk). (c) Optimal states.
(d) Optimal controls.

trajectories of the state, controls u and w are shown in Figs. 6.3(c)
and (d), respectively.

From Figs. 6.1–6.3, we can see that if the saddle-point equilib-
rium of the zero-sum game exists, then the upper and lower itera-
tive value function will converge to the saddle-point equilibrium and
the corresponding state and controls can also converge to their opti-
mums, where the existence criteria of the saddle-point equilibrium
are unnecessary. Thus the effectiveness of the developed algorithm
can be justified. According to Lemma 3.1 we know that the opti-
mal performance index function J∗(xk) satisfies J∗(xk) = xTkP

∗xk,
where we can derive P ∗ =

[

20.88 14.21

14.21 21.09

]

. The optimal control pair
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(u∗(xk), w∗(xk)) = (K∗
1xk,K

∗
2xk), where K

∗
1 = [−1.85,−1.22] and

K∗
2 = [0.07, 0.05]. Hence, the correctness of the developed iterative

zero-sum ADP algorithm can be justified.
Now, we choose the utility function as U2(xk, uk, wk) = xTkQ2xk+

uTkR2uk + wT
k S2wk, where Q2 = I1, R2 = I2, S2 = −2I3. Let the

upper initial value function be expressed by Ψ
1
(xk) = xTkP 1xk, where

P 1 =
[

19 −5

−5 15

]

. Let the lower initial value function be expressed by

Ψ1(xk) = xTkP 1xk, where P 1 = 0.
Implement the iterative zero-sum ADP algorithm for 20 itera-

tions to reach the computation precision ε = 0.01. The convergence
plots of the upper and lower iterative value functions, initialized by

Ψ
1
(xk) and Ψ1(xk), respectively, are shown in Figs. 6.4(a) and (b),

respectively.

(d)

(a) (b)

(c)

Fig. 6.4. Convergence plots of the iterative value functions. (a) V i(xk) with

Ψ
1
(xk). (b) V i(xk) with Ψ1(xk). (c) Plots of V i(xk) − V i(xk). (d) Upper and

lower optimal performance index function.
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As Ψ1(xk) = 0, we have V 1(xk) ≤ V 0(xk). According to
Theorem 6.4 and Corollary 6.1, we know that the lower iterative
value function is monotonically non-decreasing and converges to the
lower optimum. From Fig. 6.4(b), the monotonicity of the iterative
zero-sum ADP algorithm can be justified. On the other hand, as

Ψ
1
(xk) ≥ Ψ1(xk), from Fig. 6.4(c) we can see that V i(xk) ≥ V i(xk),

∀ i = 0, 1, . . . , which justifies the correctness of Theorem 6.2. How-
ever, from Fig. 6.4(d), we can see that the saddle-point equilibrium
of the zero-sum game does not exist. The corresponding state and
control trajectories are shown in Figs. 6.5 and 6.6(a)–(b), respec-
tively. The upper and lower state and control trajectories are shown
in Figs. 6.6(c)–(d). We can see that the upper and lower state and
control trajectories are different.
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Fig. 6.5. Trajectories of states and controls. (a) States by the upper iteration

with Ψ
1
(xk). (b) Control u by the upper iteration with Ψ

1
(xk). (c) Control w by

the upper iteration with Ψ
1
(xk). (d) States by the lower iteration with Ψ1(xk).



154 Iterative ADP for Self-Learning Optimal Control

0 50 100
Time steps

0

0.5

1

1.5

2

C
on

tr
ol

 u

(a)

0 50 100
Time steps

-4

-3

-2

-1

0

C
on

tr
ol

 w

(b)

0 50 100
Time steps

-1

-0.5

0

0.5

1

O
pt

im
al

 s
ta

te

(c)

x
1

x
2

0 20 40 60 80 100
0

0.2

0.4

O
pt

im
al

 u

0 20 40 60 80 100
Time steps

(d)

-1

-0.5

0

O
pt

im
al

 w

In
Lm In

Lm

Fig. 6.6. Iterative and converged trajectories. (a) Control u by the lower iter-
ation with Ψ1(xk). (b) Control w by the lower iteration with Ψ1(xk). (c) Upper
and lower optimal states. (d) Upper and lower optimal controls.

6.5 Conclusion

In this chapter, a new iterative zero-sum ADP algorithm is developed
to solve infinite horizon optimal control problems for zero-sum games
of discrete-time nonlinear systems. In the developed algorithm, the
upper and lower iterations permit arbitrary positive semi-definite
functions to initialize the iterations. It is proven that the upper
and lower iterative value functions can converge to the upper and
lower optimal performance index functions, which satisfy the upper
and lower Isaacs equations, respectively. We emphasize that if the
saddle-point equilibrium of the zero-sum game exists, it is proven
that both the upper and lower iterative value functions converge to
the optimal solution of the zero-sum game, where the existence jus-
tification of the saddle-point equilibrium is not required. By some
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constraints on the initial upper and lower functions, the monotonic-
ity of the upper and lower iterative value functions by the iterative
zero-sum ADP algorithm can be guaranteed. If the upper and lower
iterative value functions do not converge to the same function, it
is proven that the saddle-point equilibrium does not exist. Finally,
a simulation example is given to illustrate the performance of the
present method.
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Chapter 7

Model-Free Adaptive Optimal
Control for Unknown Nonlinear

Multi-Player Non-Zero-Sum Game

7.1 Introduction

In this chapter, an online adaptive optimal control algorithm based
on adaptive dynamic programming is developed to solve the multi-
player non-zero-sum game (MP-NZSG) for discrete-time unknown
nonlinear systems. First, a model-free coupled globalized dual heuris-
tic dynamic programming (GDHP) structure is designed to solve the
MP-NZSG problem, in which there is no model network or identi-
fier. Second, in order to relax the requirement of the systems dynam-
ics, an online adaptive learning algorithm is developed to solve the
Hamilton–Jacobi equation using the system states of two adjacent
time-steps. Third, a series of critic networks and action networks
are used to approximate the value functions and optimal policies for
all players, respectively. All the neural network weights are updated
online based on real-time system states. Fourth, the uniform ultimate
boundedness analysis of the neural network approximation errors is
proved based on Lyapunov approach. Finally, simulation results are
given to demonstrate the effectiveness of the developed scheme.

157
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7.2 Problem Statement

Consider a class of DT nonlinear systems described by

xk+1 = f (xk) +

N
∑

j=1

gj,kuj,k, k = 0, 1, 2, . . . , (7.1)

where xk ∈ R
n is the system state vector with initial state x0, uj,k =

uj (xk) ∈ R
mj is the control input vector. f (xk) ∈ R

n and gj,k =
gj (xk) ∈ R

n×mj are system dynamics. N is the number of players.

Assumption 7.1. System (7.1) is controllable on a compact set Ω ∈
�n containing the origin. f+

∑

gu is Lipschitz continuous for xk and
uj,k, j = 1, 2, . . . , N . xk = 0 is an equilibrium state of system (7.1)
under the control policies uj,k = 0, j = 1, 2, . . . , N .

The performance index function associated with player j is
defined by

Jj (x0, uj , u−j) =

∞
∑

p=0

αp
jrj (xp, uj,p, u−j,p), (7.2)

where

rj (xp, uj,p, u−j,p) = xTpQjxp + uTj,pRj,juj,p

+

N
∑

i=1,i �=j

uTi,pRi,jui,p
(7.3)

is utility function, Qj, Rj,j and Ri,j are positive defi-
nite symmetric matrices with appropriate dimensions, u−j,p =
{ui (xp) : i = 1, 2, . . . , N, i �= j} denotes the control policy set except
uj,p, αj is the discount factor of player j. uj and u−j are the control
policies.

Definition 7.1 (Admissible Control). For j = 1, 2, . . . , N , the
feedback control policy uj(xk) is defined as admissible with respect
to (7.2) on a set Ω ⊂ R

n, denoted by uj(xk) ∈ ψ(Ω), if the following
conditions hold: 1), uj(xk) is continuous on Ω; 2), uj(0) = 0; 3),
uj(xk) stabilizes (7.1), and (7.2) is finite ∀x0 ∈ Ω.
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According to Assumption 7.1 and Definition 7.1, the value func-
tion of player j can be defined as

Vj(xk) =
∞
∑

p=k

αp−k
j rj (xp, uj,p, u−j,p), (7.4)

where Vj(xk) represents Vj(xk, uj,k, u−j,k). Then the optimal value
function of MP-NZSG is given as

V ∗
j (xk) = min

uj

∞
∑

p=k

αp−k
j rj(xp, uj,p, u−j,p), (7.5)

which is the core of this optimal control problem. The following
assumption and definition are needed to solve (7.5).

Definition 7.2 (Nash Equilibrium, [1]). In the MP-NZSG pro-
blem, the control policy set {u∗j , u∗−j} is said to constitute a Nash
equilibrium solution, if the following inequality

J∗
j = Jj

(

u∗j , u
∗
−j

) ≤ Jj(uj , u
∗
−j) (7.6)

holds for player j. Then the set {J∗
1 , J

∗
2 , . . . , J

∗
j , . . . , J

∗
N} is a Nash

equilibrium outcome of the MP-NZSG.

Assumption 7.2. Suppose that in the optimal control problem of
MP-NZSG there is only one Nash equilibrium if and only if the Nash
condition (7.6) holds.

Review and set forward one step for the definition of the value
function (7.5), which can be provided by

V ∗
j (xk) = min

uj

{rj(xk, uj,k, u−j,k) + αjV
∗
j (xk+1)}. (7.7)

According to the optimal principle, the optimal control policy u∗j,k
satisfies the first order necessity condition for the gradient of right
hand side of (7.7). Then, u∗j,k can be expressed as

u∗j,k = −αj

2
R−1

j,j g
T
j,k

∂V ∗
j (xk+1)

∂xk+1
. (7.8)
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Submitting (7.8) and others into (7.7), we can get the DT coupled
HJ equation for player j.

V ∗
j (xk) = xTkQjxk +

α2
j

4

(

∂V ∗
j (xk+1)

∂xk+1

)T

gj,kR
−1
j,j g

T
j,k

∂V ∗
j (xk+1)

∂xk+1

+

N
∑

i=1,i �=j

(u∗i,k)
TRi,ju

∗
i,k + αjV

∗
j (xk+1). (7.9)

Observing (7.9), it is difficult to obtain the optimal value function
from the HJ equation (7.9). In the next section, the adaptive dynamic
programming is applied to effectively seek the optimal Nash equilib-
rium solution for this MP-NZSG problem.

7.3 MF-CGDHP Algorithm for Multi-Player

Non-Zero-Sum Game

In this section, to solve the optimal control problem of MP-NZSG,
an adaptive learning method is developed based on neural networks,
which is the MF-CGDHP design. First, GDHP design is expanded to
deal with MP-NZSG. Second, a MF-CGDHP algorithm is proposed
to obtain the optimal control policies.

7.3.1 Structural design for MF-CGDHP

In this subsection, to solve the coupled HJ equation (7.9), a MF-
CGDHP design is proposed as shown in Fig. 7.1.

We firstly employ it to the optimal control problem of MP-NZSG.
Similarly, both the control policy {uj,k, u−j,k} and system state xk
are input into critic network. Then the output of critic network not
only estimates the value function Vj(xk), but also includes the partial
derivatives of Vj(xk), which can be described as

λj(xk) =
∂Vj(xk)

∂Xj,k
, (7.10)

where Xj,k = [xTk , u
T
1,k, u

T
2,k, . . . , u

T
N,k]

T is the input of the critic net-
work. This is different from the traditional methods which just con-
tain the system state xk.
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Fig. 7.1. Schematic architecture of the MF-CGDHP design for unknown non-
linear NZSG.

In order to eliminate the requirement for system model informa-
tion, review and set backward one step for the value function (7.7),
we have

αjVj(xk)− [Vj(xk−1)− rj(xk−1)] = 0, (7.11)

where rj,k−1 = rj(xk−1, uj,k−1, u−j,k−1). Next, take the derivative of
both sides with respect to Xj,k−1, one has

αj
∂Vj(xk)

∂Xj,k

∂Xj,k

∂Xj,k−1
−
[

∂Vj(xk−1)

∂Xj,k−1
− ∂rj(xk−1)

∂Xj,k−1

]

= 0, (7.12)

where ∂Xj,k/∂Xj,k−1 is a Jacobian matrix. In Fig. 7.1, it is defined
as the DER. According to (7.10), (7.12) can be rewritten as

αj
∂Xj,k

∂Xj,k−1
λj(xk)−

[

λj(xk−1)− ∂rj(xk−1)

∂Xj,k−1

]

= 0. (7.13)

From the above analysis, it can be seen that only the system states
at time steps k − 1 and k are needed in equations (7.11) and (7.13),
which avoid the system dynamics f(xk) and gj,k, j = 1, 2, . . . , N . In
the following statement, we will give a detailed description about the
updating rules of weights for critic networks and action networks.
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7.3.2 MF-CGDHP implementation based on neural

networks

In this subsection, we implement the ADP algorithm by neural net-
works based on the MF-CGDHP structure for MP-NZSG problem.
The architecture has been shown in Fig. 7.1, which contains N critic
networks and N action networks.

Remark 7.1. Before the statement about the neural networks, we
firstly give a brief description:

1. Three-layer neural networks are utilized in this paper, which are
input layer, hidden layer and output layer.

2. We randomly initialize the weights of input-to-hidden layer and
keep them constant, and make the number of hidden layer neurons
sufficiently large, then the neural network approximation errors
can be small arbitrarily.

3. A sigmoid function defined as

S(x) =
1− e−x

1 + e−x
, (7.14)

is chose as the activation function.

7.3.2.1 Critic network

Based on the approximate capability of neural network, a critic net-
work is used to approximate the value function and its derivatives.
Then the output of critic network can be formulated as

[

V̂j(xk)

λ̂j(xk)

]

=

[

ŵaT
j,k,c2

ŵbT
j,k,c2

]

φ(wT
j,c1Xj,k)

= ŵT
j,k,c2φ(w

T
j,c1Xj,k),

(7.15)

in which Xj,k is the input signal; V̂j(xk) and λ̂j(xk) denote the
approximate values of Vj(xk) and λj(xk), respectively; ŵj,c1 is the
weight vector between input layer and hidden layer, and the weight
vector between hidden layer and output layer is denoted as ŵj,k,c2 =
[

ŵa
j,k,c2 ŵ

b
j,k,c2

]

. φ(·) represents the activation function of the neural
networks in the following statement.
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According to (7.11), the approximate error ej,k,c1 between V̂j(xk)

and V̂j(xk−1) can be defined as

ej,k,c1 = αj V̂j(xk)− V̂j(xk−1) + rj(xk−1). (7.16)

Similarly, based on (7.13), the approximate error ej,k,c2 between

λ̂j(xk) and λ̂j(xk−1) is described as

ej,k,c2 = αj
∂Xj,k

∂Xj,k−1
λ̂j(xk)− λ̂j(xk−1) +

∂rj(xk−1)

∂Xj,k−1
. (7.17)

In order to train the weights of critic network simultaneously, the
objective is to minimize the following global error function:

Ej,k,c = η1Ej,k,c1 + η2Ej,k,c2, (7.18)

where η1 and η2 are the scaling factors with 0 < η1 ≤ 1 and 0 <
η2 ≤ 1. Ej,k,c1 and Ej,k,c2 are as follows:

Ej,k,c1 =
1

2
e2j,k,c1, (7.19)

and

Ej,k,c2 =
1

2
e2j,k,c2. (7.20)

The gradient-based adaptation rule is used to update the weight
as follows:

ŵj,k+1,c2 = ŵj,k,c2 +Δwj,k,c2. (7.21)

Let Δwj,k,c2 be derived as

Δwj,k,c2 = −βj,c
[

∂Ej,k,c

∂ŵj,k,c2

]

= −βj,c
[

η1
∂Ej,k,c1

∂ŵj,k,c2
+ η2

∂Ej,k,c2

∂ŵj,k,c2

]

= −βj,c
[

η1αjej,k,c1φj,k,cη2αjφj,k,c

(

∂Xj,k

∂Xj,k−1
ej,k,c2

)T
]

,

(7.22)

where βj,c is the learning rate of player j, φj,k,c = φ(wT
j,c1Xj,k) is the

output of hidden layer.
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Remark 7.2. Equation (7.22) is not easy to understand, following
statements may be helpful. Suppose that there are Hc neurons in
the hidden layer of the critic network. According to (7.1) and (7.15),
the dimensions of ŵj,k,c2, φj,k,c, ej,k,c1, ej,k,c2, and ∂Xj,k/∂Xj,k−1 are
shown below.

ŵj,k,c2 ∈RHc×(1+n+m1+m2+···+mN ),

φj,k,c ∈RHc×1,

ej,k,c1 ∈R1×1,

∂Xj,k

∂Xj,k−1
∈R(n+m1+m2+···+mN )×(n+m1+m2+···+mN ),

ej,k,c2 ∈R(n+m1+m2+···+mN )×1.

It can be seen that the dimension of (7.22) is reasonable, which is
equal to the design of ŵj,k,c2 in (7.15).

Define wj,c2 to represent the optimal weight vector. We can have
the approximate error w̃j,k,c2 as

w̃j,k,c2 = ŵj,k,c2 − wj,c2. (7.23)

Then according to (7.21) and (7.22), (7.23) can be rewritten as

w̃j,k+1,c2 = ŵj,k+1,c2 − wj,c2

= w̃j,k,c2 +Δwj,k,c2

=
[

w̃a
j,k,c2 w̃

b
j,k,c2

]− βj,c

[

η1αjφj,k,c

× (αjŵ
aT
j,k,c2φj,k,c + rj(xk−1)− ŵaT

j,k−1,c2φj,k−1,c)

(7.24)

η2αjφj,k,c

(

∂Xj,k

∂Xj,k−1

(

αj
∂Xj,k

∂Xj,k−1
ŵbT
j,k,c2φj,k,c

+
∂rj(xk−1)

∂Xj,k−1
− ŵbT

j,k−1,c2φj,k−1,c

))T
]

.
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7.3.2.2 Action network

Similar to the structure of critic network, define wj,a1 as the constant
weight vector between input layer and hidden layer, ŵj,k,a2 as the
weight vector between hidden layer and output layer. Moreover, in
the training process, we merely update the weight ŵj,k,a2. However,
in the action network, only the system state xk is used as input to
obtain the optimal control as the output of the network. Then the
output can be formulated as

ûj(xk) = ŵT
j,k,a2φ(w

T
j,a1xk), (7.25)

in which φ(·) is the activation function with the form of (7.14).
As shown in Fig. 7.1, the GDHP design for each player is a combi-

nation of HDP and DHP. According to (7.16)–(7.22), we can see that

GDHP minimizes the error with respect to both V̂j(xk) and its deriva-

tives. Since we already have high quality estimate of ∂V̂j(xk)/∂ûj,k
in λ̂j(xk), the objective error function of the action network becomes

Ej,k,a =
1

2
eTj,k,aej,k,a, (7.26)

where ej,k,a = λ̂j(xk).
Using the gradient-based adaptation rule, the weight ŵj,k,a2 can

be updated by

ŵj,k+1,a2 = ŵj,k,a2 +Δwj,k,a2, (7.27)

in which Δwj,k,a2 is

Δwj,k,a2 =− βj,a
∂Ej,k,a

∂ej,k,a

∂ej,k,a

∂λ̂j (xk)

∂λ̂j(xk)

∂ûj(xk)

∂ûj(xk)

∂ŵj,k,a2

=− βj,aφj,k,a([ŵ
bT
j,k,c2φj,k,c]

T
[ŵbT

j,k,c2Γj,k]),

(7.28)

where βj,a is learning rate of play j, φj,k,a = φ(wT
j,a1xk),

Γj,k = (1/2)[ (1 − φ2j,k,c) . . . (1− φ2j,k,c)
︸ ︷︷ ︸

mj

]wT
j,c1,n+j.
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Remark 7.3. The formula of Δwj,k,a2 may be quite complicated,
exact derivations of dimensions will be given. Suppose that there are
Ha neurons in the hidden layer, the dimension of wj,k,a2 is RHa×mj .
Other dimensions of (7.28) are presented based on Remark 7.2.

φj,k,a ∈ R
Ha×1,

ŵbT
j,k,c2φj,k,c ∈ {RHc×(n+m1+m2+···+mN )}T × R

Hc×1

= R
(n+m1+m2+···+mN )×1,

1− φ2j,k,c ∈ R
Hc×1,

wj,c1 ∈ R
(n+m1+···+mj+···+mN )×Hc ,

wj,c1,n+j ∈ R
mj×Hc ,

Γj,k ∈ R
Hc×mj × {Rmj×Hc}T = R

Hc×mj ,

ŵbT
j,k,c2Γj,k ∈ {RHc×(n+m1+m2+···+mN )}T × R

Hc×mj

= R
(n+m1+m2+···+mN )×mj .

From the above analysis, we can see that the dimension of (7.28) are
also reasonable.

Define the ideal weight vector of ŵj,k,a2 as wj,a2. Then the approx-
imate error between ŵj,k,a2 and wj,a2 is defined as

w̃j,k,a2 = ŵj,k,a2 − wj,a2. (7.29)

According to (7.27) and (7.28), (7.29) can be rewritten as

w̃j,k+1,a2 = ŵj,k+1,a2 − wj,a2

= w̃j,k,a2 +Δwj,k,a2

= w̃j,k,a2 − βj,aφj,k,a

(

[

ŵbT
j,k,c2φj,k,c

]T [

ŵbT
j,k,c2Γj,k

]

)

.

(7.30)

From the updating rules (7.21) of critic network and (7.27) of
action network, it is unnecessary to use a neural network or identifier
to identify the unknown nonlinear system for the dynamic informa-
tion f(xk) and gj,k. Subscripts j, c1, c2, a1, a2, a and b are used to
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distinguish different parameters, only the system states xk−1 and xk
are needed in the learning process. βj,c and βj,a are the learning rates
of the jth critic network and the jth action network. As we know,
to address the MP-NZSG, we have to solve (7.9) which is a coupled
equation. As shown in Fig. 7.1, the input signal of the jth critic net-
work includes not only the output of the jth action network, but also
the outputs of other action networks. This structure can couple all
critic networks and action networks together. Furthermore, for each
player, the weight of action network is directly trained by the output
of the critic network. For the convenience of analysis later, the sub-
script “2”, which denotes the hidden layer to output layer, is omitted.
According to (7.7)–(7.8), the obtained policy uj,k could be optimal
control when the value function Vj(xk+1) is optimal. Therefore, the
training process of all neural networks can be summarized as: First,
the 1th, 2th, . . . , Nth critic networks are trained one by one. After
that, we update the weights ŵj,k,c, j = 1, 2, . . . , N . Second, the 1th,
2th, . . . , Nth action networks are trained also one by one. There-
after, we fix the weights ŵj,k,a, j = 1, 2, . . . , N . Third, since all the
weights of neural networks have been trained in this round, accord-
ing to the next system state, we start a new training round, and so
on, until we get the optimal weights of all neural networks. Then the
above training process of the neural network weights is summarized
in Algorithm 7.1.

7.4 Stability Analysis of MF-CGDHP Algorithm

The MF-CGDHP structure shown in Fig. 7.1 is used to implement
the MF-CGDHP algorithm, which is employed to solve the coupled
HJ equation (7.9) and obtain the optimal control policies. In this
section, based on Lyapunov stability construct, it is proved that the
estimation errors of all critic and action networks weights are UUB.
Before the stability analysis, we present the following assumption.

Assumption 7.3. Let wj,c and wj,a be the optimal weights for the
jth critic network and action network, respectively and assume they
are bounded by two positive constants, i.e.,

‖wj,c‖ < wj,c,m, ‖wj,a‖ < wj,a,m, j = 1, 2, . . . , N, (7.31)

in which m means “maximum”.



168 Iterative ADP for Self-Learning Optimal Control

Algorithm 7.1 MF-CGDHP for MP-NZSG
Require:
1: Critic network: Vj (xc)← pj,c (xc, ŵj,c)

j: j = 1, 2, . . . , N ;
Vj(xc): the jth value function;
pj,c: the jth critic network;
xc: the input signal of critic network, xc = [xT

k , û
T
1 , û

T
2 , . . . , û

T
N ]T;

ŵj,c: the estimated weight of critic network;
2: Action network: ûj (xa)← pj,a (xa, ŵj,a)

j: j = 1, 2, . . . , N ;
ûj (xa): the jth action function;
pj,a: the jth action network;
xa: the input signal of action network, xa = xk;
ŵj,a: the estimated weight of action network;

3: Nj,c and Nj,a: the maximum cycles of the jth critic network and action net-
work, respectively;

4: εj,c and εj,a: internal training error thresholds for the jth critic network and
action network, respectively;

5: Ncyc: the maximum cycle of learning;
Ensure:
6: for 1 : Ncyc do
7: Initialize x0, ŵj,0,a and ŵj,0,c with j = 1, 2, . . . , N ;

Execute the jth action and obtain current state;
xk = system (xk−1, û1,k−1, û2,k−1, . . . , ûN,k−1);

8: Block of training critic network, j = 1, 2, . . . , N .
9: while (Ej,k,c > εj,c & cyc < Nj,c) do
10: Vj (xc)← pj,k,c (xc, ŵj,k,c);

ej,k,c1 = (7.16), ej,k,c2 = (7.17), Ej,k,c = (7.18);
Update the weight ŵj,k,c by (7.21) and (7.22);
ŵj,k+1,c = ŵj,k,c +Δwj,k,c.

11: end while

12: Block of training action network, j = 1, 2, . . . , N .
13: while (Ej,k,a > εj,a & cyc < Nj,a) do
14: ûj (xa)← pj,a (xa, ŵj,a);

Vj (xc)← pj,k,c (xc, ŵj,k,c);
ej,k,a = λ̂j(xk), Ej,k,a = (7.26);
Update the weight ŵj,k,a by (7.27) and (7.28);
ŵj,k,a = ŵj,k,a +Δwj,k,a;

15: end while

16: ŵj,k+1,c = ŵj,k,c, j = 1, 2, . . . , N ;
ŵj,k+1,a = ŵj,k,a, j = 1, 2, . . . , N .

17: end for
18: Return ŵj,Ncyc ,c, ŵj,Ncyc ,a, j = 1, 2, . . . , N .
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In order to analyze approximate error (7.24) of critic network con-
veniently, two definitions (7.32) and (7.33) are needed. According to
the definition of critic network (7.15), the output of critic network
not only estimates the value function Vj(xk), but also includes its
derivatives λj(xk). Then, in the approximate error (7.24), there are
two terms in the vector w̃j,k+1,c2. The first one is weight approxima-
tion error of value function, as shown in (7.32). The second one is
weight approximation error of its derivatives, as shown in (7.33).

Ca
j,k = w̃a

j,k,c − βj,cη1αjφj,k,c(αjŵ
aT
j,k,cφj,k,c

+ rj(xk−1)− ŵaT
j,k−1,cφj,k−1,c)

= [I − α2
jβj,cη1φj,k,cφ

T
j,k,c]w̃

a
j,k,c

−βj,cη1αjφj,k,c[αjw
aT
j,cφj,k,c

+ rj(xk−1)− ŵaT
j,k−1,cφj,k−1,c. (7.32)

Cb
j,k = w̃b

j,k,c − βj,cη2αjφj,k,c

[

∂Xj,k

∂Xj,k−1

(

αj
∂Xj,k

∂Xj,k−1

× ŵbT
j,k,cφj,k,c +

∂rj(xk−1)

∂Xj,k−1
− ŵbT

j,k−1,cφj,k−1,c

)]T

= (I − α2
j‖A‖2βj,cη2φj,k,cφTj,k,c)w̃b

j,k,c

− βj,cη2αjφj,k,c

[

A

(

αjAw
bT
j,cφj,k,c

+
∂rj(xk−1)

∂Xj,k−1
− ŵbT

j,k−1,cφj,k−1,c

)]T

.

(7.33)

A = ∂Xj,k/∂Xj,k−1, w
a
j,c and wb

j,c denote the optimal value of ŵa
j,k,c

and ŵb
j,k,c, respectively. Then (7.24) can be written as

w̃j,k+1,c = ŵj,k+1,c − wj,c =
[

Ca
j,k, C

b
j,k

]

. (7.34)

Consider the two update rules for approximate errors in (7.24)
and (7.30), and rewrite these learning processes into a more general
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form as

w̃j,k+1 = ŵj,k − pj (ŵj,k, ŵj,k−1, φj,k, φj,k−1). (7.35)

Then the asymptotic behavior of the estimation error of the
weights, wj,k, is to be analyzed by studying the stability properties
of system (7.35).

Definition 7.3 (UniformlyUltimatelyBoundedness). The sol-
ution, wj,k, of the discrete-time dynamic system (7.35) is said to be
UUB within a bound ε > 0, if for any δ > 0 and t0 > 0, there exists a
positive number N = N(δ, ε) independent of t0, such that ‖w̃j,k‖ ≤ ε
for all t ≥ N + t0 when ‖w̃j,t0‖ ≤ δ.

Theorem 7.1. Consider the discrete-time nonlinear system (7.1), let
the N critic and action networks output be given as (7.15) and (7.25),
the N critic and action networks weights update according to (13)
and (16), respectively. Then, the sum of all critic network estimation
errors

∑

w̃j,k,c, and action network estimation errors
∑

w̃j,k,a are
UUB, respectively, provided the following conditions are met:

1√
2
< αj < 1, j = 1, 2, . . . , N, (7.36)

βj,c <
1

(

α2
jη1‖φj,k,c‖2

)

or

βj,c <
1

(

α2
jη2‖A‖2‖φj,k,c‖2

) , j = 1, 2, . . . , N, (7.37)

βj,a <
1

‖φj,k,a‖2
, j = 1, 2, . . . , N. (7.38)

Proof. Define the Lyapunov function candidate as

LS,k =

N
∑

j=1

{

1

βj,c
tr
{

w̃T
j,k,cw̃j,k,c

}

+
1

ljβj,a
tr
{

w̃T
j,k,aw̃j,k,a

}

+
1

2
η1
∥

∥ςaj,k−1

∥

∥

2
+

1

2
η2‖ςbj,k−1‖

2
}

=
N
∑

j=1

Lj,1 + Lj,2 + Lj,3 + Lj,4 =
N
∑

j=1

Lj,k,

(7.39)
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where ςaj,k−1,c = w̃aT
j,k−1,cφj,k−1,c, ς

b
j,k−1,c = w̃bT

j,k−1,cφj,k−1,c. Then the

first difference of ΔLj,k in (7.39) will be

ΔLj,k = ΔLj,1 +ΔLj,2 +ΔLj,3 +ΔLj,4. (7.40)

For the convergence of calculation, we analyze each term
separately,

ΔLj,1 =
1

βj,c
tr
{

w̃T
j,k+1,cw̃j,k+1,c − w̃T

j,k,cw̃j,k,c

}

=
1

βj,c
tr
{

CaT
j,kC

a
j,k − w̃aT

j,k,cw̃
a
j,k,c

}

+
1

βj,c
tr
{

CbT
j,kC

b
j,k − w̃bT

j,k,cw̃
b
j,k,c

}

.

(7.41)

Define the two terms in last row of (7.41) as follows:

ΔLj,11 =
1

βj,c
tr
{

CaT
j,kC

a
j,k − w̃aT

j,k,cw̃
a
j,k,c

}

, (7.42)

ΔLj,12 =
1

βj,c
tr
{

CbT
j,kC

b
j,k − w̃bT

j,k,cw̃
b
j,k,c

}

. (7.43)

Considering the first term ΔLj,11, we have

ΔLj,11 =
1

βj,c
tr
{

CaT
j,kC

a
j,k − w̃aT

j,k,cw̃
a
j,k,c

}

=
1

βj,c
tr
{

w̃aT
j,k,cB

TBw̃a
j,k,c − w̃aT

j,k,cw̃
a
j,k,c

− w̃aT
j,k,cB

Tβj,cη1αjφj,k,cC
T (7.44)

−βj,cη1αjCφ
T
j,k,cBw̃

a
j,k,c

+β2j,cη
2
1α

2
jCφ

T
j,k,cφj,k,cC

T
}

,

in which B = I − α2
jβj,cη1φj,k,cφ

T
j,k,c, C = αjw

aT
j,cφj,k,c + rj(xk−1) −

ŵaT
j,k−1,cφj,k−1,c,

w̃aT
j,k,cB

TBw̃a
j,k,c − w̃aT

j,k,cw̃
a
j,k,c

= w̃aT
j,k,c

[

I − α2
jβj,cη1φj,k,cφ

T
j,k,c

]T
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×
[

I − α2
jβj,cη1φj,k,cφ

T
j,k,c

]

w̃a
j,k,c − w̃aT

j,k,cw̃
a
j,k,c

= −α2
jβj,cη1

∥

∥ςaj,k,c
∥

∥

2 − α2
jβj,cη1

×
(

1− α2
jβj,cη1‖φj,k,c‖2

)

∥

∥ςaj,k,c
∥

∥

2
. (7.45)

Substituting (7.45) into (7.44), we get

ΔLj,11 =− α2
jη1

∥

∥ςaj,k,c
∥

∥

2
+ βj,cη

2
1α

2
j‖φj,k,c‖2‖C‖2

− α2
jη1

(

1− α2
jβj,cη1‖φj,k,c‖2

)

∥

∥ςaj,k,c
∥

∥

2

− 2tr
{

η1αj

[

I − α2
jβj,cη1‖φj,k,c‖2

]

ςaj,k,cC
T
}

.

(7.46)

The last two terms in (7.46) can be rewritten as

− α2
jη1

(

1− α2
jβj,cη1‖φj,k,c‖2

)

∥

∥ςaj,k,c
∥

∥

2

− 2tr
{

η1αj

[

I − α2
jβj,cη1‖φj,k,c‖2

]

ςaj,k,cC
T
}

=− α2
jη1

(

1− α2
jβj,cη1‖φj,k,c‖2

)

×
{

∥

∥ςaj,k,c
∥

∥

2
+ 2tr

{

ςaj,kα
−1
j CT

}}

=− α2
jη1

(

1− α2
jβj,cη1‖φj,k,c‖2

)

×
{

∥

∥

∥ςaj,k,c + α−1
j C

∥

∥

∥

2
−
∥

∥

∥α−1
j C

∥

∥

∥

2
}

.

(7.47)

Substituting (7.47) into (7.46), we have

ΔLj,11=− α2
jη1

∥

∥ςaj,k,c
∥

∥

2
+ βj,cη

2
1α

2
j‖φj,k,c‖2‖C‖2

− α2
jη1

(

1− α2
jβj,cη1‖φj,k,c‖2

) ∥

∥

∥ςaj,k,c + α−1
j C

∥

∥

∥

2

+ η1

(

1− α2
jβj,cη1‖φj,k,c‖2

)

‖C‖2

=− α2
jη1

∥

∥ςaj,k,c
∥

∥

2
+ η1‖C‖2

− α2
jη1

(

1− α2
jβj,cη1‖φj,k,c‖2

) ∥

∥

∥ςaj,k,c + α−1
j C

∥

∥

∥

2
.

(7.48)
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By substituting C into (7.48) and applying the Cauchy–Schwarz
inequality, we have

ΔLj,11 ≤− α2
jη1‖ςaj,k,c|2 − α2

jη1

(

1− α2
jβj,cη1‖φj,k,c‖2

)

× ‖ςaj,k,c + waT
j,cφj,k,c

+α−1
j rj(xk−1)− α−1

j ŵaT
j,k−1,cφj,k−1,c‖2

+ 2η1

{∥

∥

∥

∥

αjw
aT
j,cφj,k,c + rj(xk−1)

− 1

2
ŵaT
j,k−1,cφj,k−1,c − 1

2
waT
j,k−1,cφj,k−1,c

∥

∥

∥

∥

2

+

∥

∥

∥

∥

1

2
w̃aT
j,k−1,cφj,k−1,c

∥

∥

∥

∥

2
}

= − α2
jη1‖ςaj,k,c‖2 − α2

jη1

(

1− α2
jβj,cη1‖φj,k,c‖2

)

× ‖ςaj,k,c + waT
j,cφj,k,c

+ α−1
j rj(xk−1)− α−1

j ŵaT
j,k−1,cφj,k−1,c‖2

+
η1
2
‖ςaj,k−1,c‖2 + 2η1

∥

∥

∥

∥

αjw
aT
j,cφj,k,c + rj(xk−1)

− 1

2
ŵaT
j,k−1,cφj,k−1,c − 1

2
waT
j,k−1,cφj,k−1,c

∥

∥

∥

∥

2

.

(7.49)

ΔLj,12 can be analyzed similarly. According to (7.43),

ΔLj,12 =
1

βj,c
tr
{

CbT
j,kC

b
j,k − w̃bT

j,k,cw̃
b
j,k,c

}

=
1

βj,c
tr
{

w̃bT
j,k,cD

TDw̃b
j,k,c − w̃bT

j,k,cw̃
b
j,k,c

+ β2j,cη
2
2α

2
j ((EA

T)φTj,k,c)(φj,k,c(AE
T))

− βj,cη2αj((E
TA)φTj,k,c)(Dw̃

b
j,k,c)

−βj,cη2αj(w̃
bT
j,k,cD

T)(φj,k,c(AE
T))

}

,

(7.50)



174 Iterative ADP for Self-Learning Optimal Control

where D = I − α2
j‖A‖2βj,cη2φj,k,cφTj,k,c, E = αjAw

bT
j,cφj,k,c +

∂rj(xk−1)/∂Xj,k−1 − ŵbT
j,k−1,cφj,k−1,c. The first two terms of (7.50)

can be rewritten as

w̃bT
j,k,cD

TDw̃b
j,k,c − w̃bT

j,k,cw̃
b
j,k,c

= w̃bT
j,k,c

(

I − α2
j‖A‖2βj,cη2φj,k,cφTj,k,c

)

×
(

I − α2
j‖A‖2βj,cη2φj,k,cφTj,k,c

)

w̃b
j,k,c − w̃bT

j,k,cw̃
b
j,k,c

= −α2
jβj,cη2‖A‖2

∥

∥

∥ςbj,k,c

∥

∥

∥

2 − α2
jβj,cη2

×
(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

‖A‖2
∥

∥

∥ςbj,k,c

∥

∥

∥

2
.

(7.51)

Substituting (7.51) into (7.50), we have

ΔLj,12 =− α2
jη2‖A‖2

∥

∥

∥ςbj,k,c

∥

∥

∥

2

+ βj,cη
2
2α

2
j‖A‖2‖φj,k,c‖2‖E‖2

− α2
jη2

(

1− α2
j‖A‖2βj,cη2‖A‖2‖φj,k,c‖2

)

× ‖A‖2
∥

∥

∥ςbj,k,c

∥

∥

∥

2

− 2tr
{

η2αj

[

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

]

× ςbj,k,c(AE
T)
}

,

(7.52)

in which

−α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

‖A‖2
∥

∥

∥ςbj,k,c

∥

∥

∥

2

− 2tr
{

η2αj

[

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

]

ςbj,k,c(AE
T)}

}

= −α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

×
{

‖A‖2
∥

∥

∥ςbj,k,c

∥

∥

∥

2
+ 2tr

{

α−1
j ςbj,k,c(AE

T)
}

}
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= −α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

×
{

‖A‖2
∥

∥

∥ςbj,k,c

∥

∥

∥

2
+ 2tr

{

ςbj,k,c(AE
T)
}

+
∥

∥

∥α−1
j E

∥

∥

∥

2 −
∥

∥

∥α−1
j E

∥

∥

∥

2
}

= −α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

×
∥

∥

∥ATςbj,k,c + α−1
j E

∥

∥

∥

2

+ η2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

‖E‖2. (7.53)

Substituting (7.53) into (7.52), we get

ΔLj,12 =− α2
jη2‖A‖2

∥

∥

∥ςbj,k,c

∥

∥

∥

2
+ βj,cη

2
2α

2
j‖A‖2‖φj,k,c‖2‖E‖2

− α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

×
∥

∥

∥ATςbj,k,c + α−1
j E

∥

∥

∥

2

+ η2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

‖E‖2

=− α2
jη2‖A‖2

∥

∥

∥ςbj,k,c

∥

∥

∥

2
+ η2‖E‖2

− α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

×
∥

∥

∥ATςbj,k,c + α−1
j E

∥

∥

∥

2
.

(7.54)

Based on the Cauchy–Schwarz inequality, we have

ΔLj,12 = −α2
jη2‖A‖2

∥

∥

∥ςbj,k,c

∥

∥

∥

2
+ η2‖E‖2

−α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

×
∥

∥

∥ATςbj,k,c + α−1
j E

∥

∥

∥

2

= −α2
jη2‖A‖2

∥

∥

∥ςbj,k,c

∥

∥

∥

2

−α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

×
∥

∥

∥ATςbj,k,c + α−1
j E

∥

∥

∥

2
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+ η2

∥

∥

∥

∥

αjAw
bT
j,cφj,k,c +

∂rj(xk−1)

∂Xj,k−1

− 1

2
ŵbT
j,k−1,cφj,k−1,c − 1

2
wbT
j,k−1,cφj,k−1,c

− 1

2
w̃bT
j,k−1,cφj,k−1,c

∥

∥

∥

∥

2

≤ −α2
jη2‖A‖2

∥

∥

∥ςbj,k,c

∥

∥

∥

2

−α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

×
∥

∥

∥ATςbj,k,c + α−1
j E

∥

∥

∥

2

+2η2

{∥

∥

∥

∥

αjAw
bT
j,cφj,k,c +

∂rj(xk−1)

∂Xj,k−1

− 1

2
ŵbT
j,k−1,cφj,k−1,c − 1

2
wbT
j,k−1,c2φj,k−1,c

∥

∥

∥

∥

2

+

∥

∥

∥

∥

1

2
ςbj,k−1,c

∥

∥

∥

∥

2
}

. (7.55)

Equation (7.55) can be further simplified to

ΔLj,12 ≤ −α2
jη2‖A‖2

∥

∥

∥ςbj,k,c

∥

∥

∥

2

−α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

)

×
∥

∥

∥ATςbj,k,c + α−1
j E

∥

∥

∥

2

+2η2

∥

∥

∥

∥

αjAw
bT
j,cφj,k,c +

∂rj(xk−1)

∂Xj,k−1
(7.56)

− 1

2
ŵbT
j,k−1,c2φj,k−1,c − 1

2
wbT
j,k−1,c2φj,k−1,c

∥

∥

∥

∥

2

+
η2
2

∥

∥

∥ςbj,k−1,c

∥

∥

∥

2
.
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ΔLj,2 can be derived as

ΔLj,2 =
1

ljβj,a
tr
{

w̃T
j,k+1,aw̃j,k+1,a − w̃T

j,k,aw̃j,k,a

}

=
1

lj
tr

{

−2ςj,k,a

[

ŵbT
j,k,cΓj,k

]T [

ŵbT
j,k,cφj,k,c

]

+βj,a

∥

∥

∥ŵbT
j,k,cφj,k,c

∥

∥

∥

2‖φj,k,a‖2
∥

∥

∥ŵbT
j,k,cΓj,k

∥

∥

∥

2
}

=
1

lj

{

−
(

∥

∥

∥ŵbT
j,k,cΓj,k

∥

∥

∥

2 − βj,a‖φj,k,a‖2
∥

∥

∥ŵbT
j,k,cΓj,k

∥

∥

∥

2
)

×
∥

∥

∥ŵbT
j,k,cφj,k,c

∥

∥

∥

2 −
∥

∥

∥ŵbT
j,k,cΓj,kςj,k,a

∥

∥

∥

2

+
∥

∥

∥ŵbT
j,k,cφj,k,c − ŵbT

j,k,cΓj,kςj,k,a

∥

∥

∥

2
}

, (7.57)

in which ςj,k,a = w̃T
j,k,aφj,k,a. As we know that Γj,k = (1/2)

(1− φ2j,k,c)wj,c1,n+j and −1 ≤ φ(x) ≤ 1, based on the Cauchy–

Schwarz inequality, (7.57) can be further derived as

ΔLj,2 ≤ 1

lj

{

−
(

∥

∥

∥ŵbT
j,k,cΓj,k

∥

∥

∥

2
− βj,a‖φj,k,a‖2

∥

∥

∥ŵbT
j,k,cΓj,k

∥

∥

∥

2
)

×
∥

∥

∥ŵbT
j,k,cφj,k,c

∥

∥

∥

2 −
∥

∥

∥ŵbT
j,k,cΓj,kςj,k,a

∥

∥

∥

2

+4

(

∥

∥

∥wbT
j,k,cφj,k,c

∥

∥

∥

2
+
∥

∥

∥ςbj,k,c

∥

∥

∥

2
)}

. (7.58)

According to (7.39), ΔLj,3 and ΔLj,4 can be calculated as

ΔLj,3 =
1

2
η1

(

∥

∥ςaj,k,c
∥

∥

2 − ∥

∥ςaj,k−1,c

∥

∥

2
)

, (7.59)

ΔLj,4 =
1

2
η2

(

∥

∥

∥ςbj,k,c

∥

∥

∥

2 −
∥

∥

∥ςbj,k−1,c

∥

∥

∥

2
)

. (7.60)

Note that the four terms of ΔLj,k have already known, let lj
satisfy

4
(

α2
j‖A‖2 − 1/2

)

η2
< lj. (7.61)



178 Iterative ADP for Self-Learning Optimal Control

If αj , βj,c and βj,a satisfy (7.36), (7.37) and (7.38) respectively, sub-
stituting (7.49), (7.56), (7.59), (7.60) and (7.61) into (7.40), we get

ΔLj,k =ΔLj,1 +ΔLj,2 +ΔLj,3 +ΔLj,4

≤ − η1

(

α2
j −

1

2

)

∥

∥ςaj,k,c
∥

∥

2

−
(

α2
jη2‖A‖2 −

η2
2

− 4

lj

)

∥

∥

∥ςbj,k,c

∥

∥

∥

2

− α2
jη1

(
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)

×
∥

∥
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−α−1
j ŵaT

j,k−1,cφj,k−1,c

∥

∥

∥

2 − α2
jη2

(

1− α2
jβj,cη2‖A‖2‖φj,k,c‖2

) ∥

∥

∥ATςbj,k,c + α−1
j E

∥

∥

∥

2

− 1

lj

(

∥

∥

∥ŵbT
j,k,cΓj,k

∥

∥

∥

2 − βj,a‖φj,k,a‖2
∥

∥

∥ŵbT
j,k,cΓj,k

∥

∥

∥

2
)

×
∥

∥

∥ŵbT
j,k,cφj,k,c

∥

∥

∥

2 − 1

lj

∥

∥

∥ŵbT
j,k,cΓj,kςj,k,a

∥

∥

∥

2
+M2,

(7.62)

in which M2 is defined as

M2 =
4

lj

∥

∥

∥wbT
j,k,cφj,k,c

∥

∥

∥

2

+ 2η2

∥

∥

∥

∥

αjAw
bT
j,cφj,k,c +

∂rj(xk−1)

∂Xj,k−1

−1

2
ŵbT
j,k−1,c2φj,k−1,c − 1

2
wbT
j,k−1,cφj,k−1,c

∥

∥

∥

∥

2

+ 2η1

∥

∥

∥

∥

αjw
aT
j,cφj,k,c + rj(xk−1)

−1

2
ŵaT
j,k−1,cφj,k−1,c − 1

2
waT
j,k−1,cφj,k−1,c

∥

∥

∥

∥

2

.

(7.63)
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Applying the Cauchy–Schwarz inequality to (7.63), we have

M2 ≤ 4

lj

∥

∥

∥wbT
j,k,cφj,k,c

∥

∥

∥

2

+ 8η2
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∥

∥
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∥

∥

∥
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∥

∥

∥

∥

1

2
ŵbT
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∥

∥

∥

∥

2

+

∥

∥

∥

∥

1

2
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∥

∥

∥

∥

2
)
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(

∥

∥

∥αjw
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∥

∥

∥

2
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∥

∥

∥

∥

1

2
ŵaT
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∥

∥

∥

∥

2

+

∥

∥

∥

∥

1

2
waT
j,k−1,cφj,k−1,c

∥

∥

∥

∥

2
)

≤ 4

lj

(
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)2

+ 8η2

[

(

αjAmw
b
j,c,mφj,c,m

)2
+ (rj,X,m)

2

+

(

1

2
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j,c,mφj,c,m

)2
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(

1

2
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j,c,mφj,c,m
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+ 8η1

[

(

αjw
a
j,c,mφj,c,m

)2
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(

1

2
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j,c,mφj,c,m

)2

+

(

1

2
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j,c,mφj,c,m

)2
]

=

(

4

lj
+ 4η2

)

(

wb
j,c,mφj,c,m

)2
+ 4η1

(

wa
j,c,mφj,c,m

)2

+ 8η2[(αjAmw
b
j,c,mφj,c,m)

2
+ (rj,X,m)2]

+ 8η1

[

(

αjw
a
j,c,mφj,c,m

)2
+ (rj,m)2

]

=M2
m,

(7.64)

in which wa
j,c,m, wb

j,c,m, φj,c,m, rj,m, rj,X,m and Am are the

upper bounds of wa
j,k,c, w

b
j,k,c, φj,k,c, rj(xk), ∂rj(xk)/∂Xj,k and A,

respectively.
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If conditions (7.36), (7.37) and (7.38) hold, then for any

∥

∥ςaj,k,c
∥

∥ >

√

M2
m

/(

α2
j −

1

2

)

, (7.65)

the first difference ΔLj,k ≤ 0 and then ΔLS,k =
∑N

j=1ΔLj,k ≤ 0.
Therefore, according to the Lyapunov extension theorem, this
demonstrates that the errors between the optimal network weights
wj,c, wj,a and their respective estimations ŵj,k,c, ŵj,k,a are UUB. �

Remark 7.4. The activation function φ(x) with the form of (7.14)
employed by critic and action networks is always bounded within
[−1, 1]. According to (7.15) and (7.25), the optimal outputs of critic
and action networks can be derived as

[

Vj
∗(xk)

λj(xk)

]

= wT
j,k,cφj,k,c, (7.66)

uj
∗(xk) = wT

j,k,aφj,k,a. (7.67)

If Assumption 7.3 holds, then the estimation errors of the optimal
value function Vj

∗(xk) and control policy uj
∗(xk) are also UUB.

Remark 7.5. In three-layer neural network, if the activation func-
tion is chose as (7.14) with −1 ≤ φ(x) ≤ −1, then we can get

‖φ (x)‖2 ≤ Nh, (7.68)

where Nh is the numbers of hidden nodes in the neural network.
Based on the above theory, conditions (7.37) and (7.38) for the critic
and action networks can be further evolved as

βj,c < 1
/(

α2
jNj,h,c

)

, j = 1, 2, . . . N (7.69)

and

βj,a < 1/Nj,h,a, j = 1, 2, . . . N, (7.70)

in which Nj,h,c and Nj,h,a are the the numbers of hidden nodes in
the critic and action networks. We can see that (7.69) and (7.70) are
simple and intuitive sufficient conditions, which can be used to guide
the selection of learning rates.
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7.5 Simulation Example

Consider the following nonlinear system:

xk+1 = f(xk) + g1,ku1,k + g2,ku2,k, (7.71)

where the system state xk ∈ R
2, control policies uj,k ∈ R, j = 1, 2.

Define xk = [xk (1), xk (2)]
T. The exact form of f(xk) and gj,k,

j = 1, 2, are defined as

f(xk) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

xk (2)

{−xk (2)− 0.5xk (1)

+ 0.25xk (2) (cos (2xk (1)) + 2)2

+0.25xk (2) (sin (2xk (1)) + 2)2
}

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (7.72)

g1,k =

[

0

cos (2xk (1)) + 2

]

, (7.73)

and

g2,k =

[

0

sin
(

4x2k (1)
)

+ 2

]

, (7.74)

respectively. In this simulation, the performance index function of
each player is defined as (7.2) with Q1 = 2, R11 = 2, R12 = 2, Q2 = 1,
R21 = 1 and R22 = 1. Above matrices are set according to the prac-
tical design purpose of how to balance the state-related utility and
the control-related utility.

In the implementation of MF-CGDHP algorithm, three-layer feed-
forward neural networks are employed. The structures of action and
critic networks are as 2–5–1 (i.e. two neuron in the input layer, five
neurons in the hidden layer and one neuron in the output layer)
and 4–8–5 for each player. The sigmoid function (7.14) is selected
as the activation function for both critic and action networks. In
the learning of the MF-CGDHP algorithm, the initial weights for
all neural networks are chosen randomly within [−0.5, 0.5]. Accord-
ing to Remark 7.1, only the weights between hidden layer and out-
put layer are trained. The weights updating rules of all critic and
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Fig. 7.2. Trajectories of the system state xk.

action networks can be seen in (7.21) and (7.27) with η1 = η2 = 0.5.
Considering the conditions in Theorem 7.1, we choose the value
of discount factor as α1 = α2 = 0.9 ∈ (

1
/√

2, 1
)

. According
to Remark 7.5 and the structures of neural networks, the learn-
ing rates are set as β1,c = β2,c = 0.01 < 1

/(

8× 0.92
) ≈ 0.154,

β1,a = β2,a = 0.01 < 1/5 = 0.2. The numbers of internal cycles
are defined as Nj,c = Nj,a = 100, j = 1, 2, the error threshold is
selected as εj,c = εj,a = 10−6, j = 1, 2. The number of the maximal
training cycle number is set as Ncyc = 200 in the simulation.

The MF-CGDHP method is used in the learning process at the
time step k = 0 with the initial state x0 = [−0.5,−0.5]. In the
learning process of the weights for all critic and action networks,
the MF-CGDHP method takes 0.0753s. After that, we apply the
obtained weights of critic and action networks to the system (7.71).
The MF-CGDHP method takes 0.0031s for the rest simulation. The
trajectories of system state xk are presented in Fig. 7.2. The tra-
jectories of the control laws for two players are shown in Fig. 7.3.



Model-Free Adaptive Optimal Control for Unknown Nonlinear 183

10 20 30 40 50 60 70 80 90 100

Time step k

–0.2

–0.15

–0.1

–0.05

0

0.05

0.1

0.15

0.2
u

1,k

u
2,k

Fig. 7.3. Trajectories of the control input uj,k for player j, j = 1, 2.

Observing Figs. 7.2 and 7.3, one can find that the state trajectories
run to zero under the obtained control policies.

7.6 Conclusion

In this chapter, an online adaptive optimal learning algorithm is
developed to solve the MP-NZSG problem of unknown nonlinear sys-
tems. The MF-CGDHP structure is used to implement the approx-
imate method which does not require any model network. For each
player, a critic network is used to approximate its value function and
partial derivatives. An action network is employed to approximate
its optimal control policy. Based on the updating rules of weights in
the critic and action networks, we have proved that the approxima-
tion errors are UUB for all neural networks when some conditions
are satisfied. To demonstrate the effectiveness of proposed results,
simulation results have been shown.
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Chapter 8

Continuous-Time Distributed Policy
Iteration for Multi-Controller

Nonlinear Systems

8.1 Introduction

In this chapter, a novel distributed policy iteration algorithm is
established for the infinite horizon optimal control problems of
continuous-time nonlinear systems. In each iteration of the devel-
oped distributed policy iteration algorithm, only one controller’s con-
trol law is updated and other controllers remain unchanged. The
main contribution of the present algorithm is to improve the itera-
tive control law one by one, instead of updating all the control laws
in each iteration of the traditional policy iteration algorithms, which
effectively releases the computation burden in each iteration. The
properties of distributed policy iteration algorithm for continuous-
time nonlinear systems are analyzed. Admissibility of the present
methods has also been analyzed. Besides, monotonicity, convergence,
and optimality have been discussed, which show that the iterative
value function is non-increasingly convergent to the solution of the
Hamilton–Jacobi–Bellman equation. Finally, numerical simulations
are conducted to illustrate the effectiveness of the proposed method.

185



186 Iterative ADP for Self-Learning Optimal Control

8.2 Problem Formulations

Consider the following continuous-time multi-controller nonlinear
system

ẋ = F (x, u1, . . . , uN ), (8.1)

where the system state is denoted by x = x(t) ∈ R
n, and ui = ui(t) ∈

R
mi , i = 1, 2, . . . , N , represents the control inputs. F (·) is regarded

as the system function. N stands for the number of the controllers,
which is usually positive integer. Let x0 be the initial condition of
the nonlinear system. Some assumptions are given in the following
for further analysis.

Assumption 8.1. The system (8.1) is controllable, and the system
states all belong to a compact set where the origin is contained;
the system function F (x, u1, . . . , un) is Lipschitz continuous for x
and ui, i = 1, 2, . . . , N ; the equilibrium point of the system (8.1) is
x = 0, when the control inputs satisfy u = 0, i.e., F (0, 0, . . . , 0) = 0;
the multi-control law ui(x), i = 1, 2, . . . , N , is continuous on Ω and
ui = ui(x) = 0 always holds for x = 0.

To analyse the optimal control problem of system (8.1), the per-
formance index function is given with the following definition:

J(x) =

∫ ∞

t
U(x(s), u1(s), . . . , uN (s))ds, (8.2)

where U(x, u1, . . . , uN ) represents the utility function and positive
definite for x and ui, i = 1, 2, . . . , N .

The admissible control laws of multi-controllers can be defined as
μi ∈ Ψ(Ω), i = 1, 2, . . . , N , and Ψ(Ω) can be considered as the set
of admissible controls on Ω. Under the admissible controls, the value
function is given as

V (x) =

∫ ∞

t
U(x(s), μ1(x(s)), μ2(x(s)), . . . , μN (x(s)))ds. (8.3)

If the value function is continuously differentiable respect to t, it
can be transformed into the following form which is called nonlinear



Continuous-Time Distributed Policy Iteration 187

Lyapunov equation

U(x, μ1, . . . , μN ) +

(

∂V (x)

∂x

)T

F (x, μ1, . . . , μN ) = 0. (8.4)

Based on the definition in (8.2), the optimal performance index func-
tion is defined as

J∗(x) = min
μ1,...,μN∈Ψ(Ω)

{∫ ∞

t
U(x(s), μ1(s), . . . , μN (s))ds

}

. (8.5)

which can satisfy the HJB equation with J∗(0) = 0, and the following
equation can be derived as

min
μ1,...,μN

{

U(x, μ1, . . . , μN ) +

(

∂J∗(x)
∂x

)T

F (x, μ1, . . . , μN )

}

= U(x, μ∗1(x), . . . , μ
∗
N (x)) +

(

∂J∗(x)
∂x

)T

× F (x, μ∗1(x), . . . , μ
∗
N (x))

= 0, (8.6)

where μ∗1(x), . . . μ∗N (x) are the optimal control laws. Generally, it is
almost impossible to get J∗(x) by directly solving the HJB equations,
especially for multi-controller nonlinear systems. Hence, developing
a novel distributed policy iteration algorithm to overcome this diffi-
culty is very necessary.

8.3 Continuous-Time Distributed Policy Iteration:

Derivations and Properties

In this section, the derivations of the continuous-time distributed
policy iteration algorithm for multi-controller nonlinear systems will
be discussed. Furthermore, some new methods to analyse the con-
vergence and monotonicity will be introduced and the admissibility
of the multi-control laws will also be proven.
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8.3.1 Derivations of the continuous-time distributed

policy iteration algorithm

Let v01(x), . . . , v
0
N (x), ∀x ∈ R

n be arbitrary admissible control laws.
Let V 0(x) denote the initial iterative value function, such that

U(x, v01(x), . . . , v
0
N (x)) +

(

∂V 0(x)

∂x

)T

× F (x, v01(x), . . . , v
0
N (x)) = 0. (8.7)

Let k = 1 and τ1 ∈ N , N = {1, 2, . . . , N}. Let u(i) = {uj : j ∈
N , j �= i}. Then, we have U(x, uτ1 , u(τ1)) = U(x, u1, . . . , uN ). For

k = 1, the control law v1τ1(x) can be calculated by

v1τ1(x) = argmin
uτ1

{

U(x, uτ1 , v
0
(τ1)

(x))

+

(

∂V 0(x)

∂x

)T

F (x, uτ1 , v
0
(τ1)

(x))

}

. (8.8)

Let v1j (x) = v0j (x), for all j ∈ N and j �= τ1. According to

v11(x), v
1
2(x), . . . , v

1
N (x), the corresponding value function V 1(x) is

calculated by

U(x, v11(x), . . . , v
1
N (x)) +

(

∂V 1(x)

∂x

)T

× F (x, v11(x), . . . , v
1
N (x)) = 0. (8.9)

For k = 1, 2, . . . let τk ∈ N and U(x, uτk , u(τk)) = U(x, u1, . . . ,

uN ), the iterative control law vkτk(x) can be derived by

vkτk(x) = argmin
uτk

{

U(x, uτk , v
k−1
(τk)

(x))

+

(

∂V k−1(x)

∂x

)T

F (x, uτk , v
k−1
(τk)

(x))

}

. (8.10)

Let vkj (x) = vk−1
j (x), for all j ∈ N and j �= τk. Accord-

ing to vk1 (x), v
k
2 (x), . . . , v

k
N (x), the iterative value function V k(x) is
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updated by

U(x, vk1 (x), . . . , v
k
N (x)) +

(

∂V k(x)

∂x

)T

× F (x, vk1 (x), . . . , v
k
N (x)) = 0. (8.11)

Then we can obtain distributed policy iteration algorithm as Algo-
rithm 8.1.

Algorithm 8.1 Distributed policy iteration algorithm for multi-
controller nonlinear systems

Require:
Choose randomly an admissible control law v0i (x), i = 1, . . . , N ;
Choose a computation precision ε.

Ensure:
1: Let the iteration index k = 0. Construct an iterative value func-

tion V 0(x) to satisfy (8.7);
2: Let k = k + 1, choose τk ∈ N randomly. Do Policy Improve-

ment

vkτk(x) = argmin
uτk

{

U
(

x, uτk , v
k−1
(τk)

(x)
)

+

(

∂V k−1(x)

∂x

)T

F
(

x, uτk , v
k−1
(τk)

(x)
)

}

;

3: Do Policy Evaluation

U(x, vk1 (x), . . . , v
k
N (x)) +

(

∂V k(x)

∂x

)T

× F (x, vk1 (x), . . . , v
k
N (x)) = 0;

4: If V k−1(x)− V k(x) > ε, goto Step 2.
5: return vk1 (x), . . . , v

k
N (x), V

k(x).

In this chapter, the function J∗(x) denotes the optimal per-
formance index function under the optimal control laws u∗1(x),
u∗2(x), . . . , u∗N (x). For k = 0, 1, . . . , the function V k(x) is used in the
iteration process, which denotes the iterative value function under
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the iterative control laws νk1 (x), ν
k
2 (x), . . . , ν

k
N (x). In the following,

the properties of V k(x) will be analyzed and the relationship between
V k(x) and J∗(x) will be proven.

8.3.2 Property analysis

In this subsection, the corresponding properties such as convergence
and admissibility of the distributed policy iteration algorithm are
analysed. For traditional policy iteration algorithms [1–6], all the
control laws of the system must be updated in each iteration simulta-
neously to guarantee the convergence of V k(x) and the admissibility
of the control laws. However, for distributed policy iteration algo-
rithm (8.7)–(8.11), only one control input is updated such that the
traditional analysis methods are unavailable for distributed policy
iteration algorithm. Thus, some novel analysis methods will be estab-
lished in this subsection. First, the admissibility of the distributed
iterative control laws will be analyzed and Some lemmas are given
in the following.

Lemma 8.1. If vk1 (x), . . . , v
k
N (x), k = 0, 1, . . . , are admissible control

laws for system (8.1), there exists a value function V k(x) to satisfy

U(x, vk1 (x), . . . , v
k
N (x)) +

(

∂V k(x)

∂x

)T

× F (x, vk1 (x), . . . , v
k
N (x)) = 0. (8.12)

Theorem 8.1. For k = 0, 1, . . . , the iterative value function V k(x)
and the distributed iterative control laws vk1 (x), . . . , v

k
N (x) can be

obtained by (8.7)–(8.11). If control laws vk1 (x), . . . , v
k
N are admissi-

ble for nonlinear system (8.1), then vk+1
1 (x), . . . , vk+1

N are admissible
control laws.

Proof. For k = 0, 1, . . . , as vk1 (x), . . . , v
k
N are admissible con-

trol laws, (8.12) is always satisfied based on Lemma 8.1. Letting
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τk+1 ∈ N , vk+1
τk+1

(x) can be obtained by (8.10), which is expressed as

vk+1
τk+1

(x) = arg min
uτk+1

{

U
(

x, uτk+1
, vk(τk+1)

(x)
)

+

(

∂V k(x)

∂x

)T

F
(

x, uτk+1
, vk(τk+1)

(x)
)

}

. (8.13)

According to (8.12), it can be derived that

(

∂V k(x)

∂x

)T

F (x, vk+1
1 (x), . . . , vk+1

N (x))

+ U(x, vk+1
1 (x), . . . , vk+1

N (x)) ≤ 0, (8.14)

where vk+1
τk+1

(x) is obtained by (8.13) and vk+1
j (x) = vkj (x), for all

j ∈ N and j �= τk+1.
According to Assumption 8.1, it can be derived that V k(x) is

always positive due to the characteristics of the utility function.
Then V k(x) is said to be a positive definite function. Choose V k(x)
as the Lyapunov function candidate. Based on (8.14), we have the
following inequality by calculating the derivative of V k(x) along
(vk+1

1 (x), . . . , vk+1
N (x)), which is expressed as

V̇ k(x) =

(

∂V k(x)

∂x

)T

F (x, vk+1
1 (x), . . . , vk+1

N (x))

≤ −U(x, vk+1
1 (x), . . . , vk+1

N (x)). (8.15)

Thus, vk+1
1 (x), . . . , vk+1

N (x) are stable control laws for system (8.1).

Then, it can be derived that limt→∞ U(x, vk+1
1 (x), . . . , vk+1

N (x)) = 0.
Let Υk+1(x), k = 0, 1, . . . , is a value function, such that

Υk+1(x) =

∫ ∞

t
U(x(s), vk+1

1 (x(s)), . . . , vk+1
N (x(s)))ds. (8.16)

Next, we will prove that Υk+1(x), ∀x ∈ R
n, is finite under the control

laws vk+1
1 (x), . . . , vk+1

N (x). Taking the derivative of Υk+1(x) along
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time t, we have

Υ̇k+1(x) = −U(x, vk+1
1 (x), . . . , vk+1

N (x)). (8.17)

Considering (8.15) and (8.17), we can obtain

V̇ k(x) ≤ Υ̇k+1(x), ∀x ∈ R
n. (8.18)

As vk1 (x), . . . , v
k
N (x) are admissible control laws, we define

V k(x(∞)) = limt→∞ V k(x(t)) = 0. From (8.16), we know that
Υk+1(x(∞)) = limt→∞Υk+1(x(t)) = 0. According to (8.12) and
(8.16), we can derive

∫ ∞

t

dV k(x(s))

ds
ds = V k(x(∞)) − V k(x(t))

≤
∫ ∞

t

dΥk+1(x(s))

ds
ds

= Υk+1(x(∞))−Υk+1(x(t))

= −
∫ ∞

t
U(x(s), vk+1

1 (x(s)), . . . , vk+1
N (x(s)))ds.

(8.19)

Then, we can get
∫ ∞

t
U(x(s), vk+1

1 (x(s)), . . . , vk+1
N (x(s)))ds ≤ V k(x(t)), (8.20)

which shows that the distributed control laws vk+1
1 (x), . . . , vk+1

N (x)
are admissible for the system (8.1). The proof is complete. �

Furthermore, the properties for the iterative value function V k(x)
will be discussed in the following.

Theorem 8.2. For k = 0, 1, . . . , let the iterative value function
V k(x) and the distributed iterative control laws vk1 (x), . . . , v

k
N (x) be

obtained by (8.7)–(8.11). If v01(x), . . . , v
0
N (x) are admissible control

laws, the iterative value function V k(x), k = 0, 1, . . . is monotoni-
cally non-increasing as k increases, i.e.,

V k+1(x) ≤ V k(x), ∀x ∈ R
n. (8.21)
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Proof. Consider k = 0. For the admissible control laws
v01(x), . . . , v

0
N (x), according to Theorem 8.1, the iterative control laws

v11(x), . . . , v
1
N (x) are admissible control laws. According to (8.16), it

can be easily derived that V 1(x) = Υ1(x). Considering the derivative
of V 0(x) along v11(x), . . . , v

1
N (x), according to (8.14), we can obtain

V̇ 0(x) =

(

∂V 0(x)

∂x

)T

F (x, v11(x), . . . , v
1
N (x))

≤ −U(x, v11(x), . . . , v
1
N (x)), (8.22)

such that

V̇ 0(x) ≤ V̇ 1(x), ∀x ∈ R
n. (8.23)

According to Theorem 8.1, as ν01 (x), ν
0
2 (x), . . . , ν

0
N (x) are admis-

sible control laws, then ν11 (x), ν
1
2 (x), . . . , ν

1
N (x) are admissible. These

indicate that V 0(x(∞)) = 0 and V 1(x(∞)) = 0, which imply that
V 0(x(t)) ≥ V 1(x(t)), ∀x ∈ R

n. By the implementation of mathemat-
ical induction, (8.21) can be guaranteed to hold for any k = 0, 1, . . . .
The proof is complete. �

According to Theorem 8.2, increasing iterative index k, the iter-
ative value function is monotonically non-increasing. Next, the opti-
mality of the iterative value function will be discussed.

Theorem 8.3. For k = 0, 1, . . . , the iterative value function V k(x)
and the distributed iterative control laws vk1 (x), . . . , v

k
N (x) are derived

by (8.7)–(8.11). Then, V k(x) converges to a suboptimal performance
index function as k → ∞.

Proof. According to Lemma 8.1, we can derive

V k(x) =

∫ ∞

t
U
(

x(s), vk1 (x(s)), . . . , v
k
N (x(s))

)

ds. (8.24)

As the utility function U(x, u1, . . . , uN ) is a positive definite function
for x and ui, i = 1, 2, . . . , N , according to Assumption 1, we know
that V k(x) = 0 for x = 0 and V k(x) > 0 for all x �= 0. Hence, for
k = 0, 1, . . . , V k(x) is a positive definite function for x.

For k → ∞, there must exist a controller which is improved for
infinite times. Without loss of generality, controller τ o, τ o ∈ N , is
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assumed to improve for infinite times. Let K denote a set of iteration
indices, which is defined as

K = {k | k = 0, 1, . . . , τk = τ o, τ o ∈ N}. (8.25)

Let κj ∈ K, j = 0, 1, . . . . Without loss of generality, let
κ0 < κ1 < · · · . According to Theorem 8.2, V k(x) has been proved
to be non-increasing as k → ∞ and have the lower limit, which is
defined as V∞(x) i.e.,

V∞(x) = lim
k→∞

V k(x). (8.26)

By considering (8.9) and (8.11), for k = 0, 1, . . . and ΔT ≥ 0, it
can be derived that

V k(x) =

∫ t+ΔT

t
U(x(s), vkτk (x(s)), v

k
(τk)

(x(s)))ds

+ V k(x(t+ΔT )). (8.27)

According to (8.27), for κj ∈ K, j = 0, 1, . . . , consider a new iterative
value function Γκj+1 as

Γκj+1(x) =

∫ t+ΔT

t
U(x(s), v

κj+1
τo (x(s)), v

κj
(τo)(x(s)))ds

+ V κj(x(t+ΔT ))

=

∫ t+ΔT

t
U(x(s), v

κj+1
τo (x(s)), v

κj+1

(τo) (x(s)))ds

+ V κj(x(t+ΔT )), (8.28)

where v
κj+1
τo (x) is defined by (8.10) for k = κj and v

κj+1

(τo) (x) =

v
κj
(τo)(x). According to Theorem 8.2, the following conclusion can be

drawn

V κj+1(x) ≤ Γκj+1(x). (8.29)
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If k → ∞, it is obvious that j → ∞ and κj → ∞. Then, for
k → ∞, we have

V∞(x) ≤
∫ t+ΔT

t
U(x(s), v∞τo(x(s)), v

∞
(τo)(x(s)))ds

+ V∞(x(t+ΔT )). (8.30)

Define ε as a positive constant, i.e., ε > 0. Due to

lim
j→∞

V κj (x) = lim
k→∞

V k(x) = V∞(x), (8.31)

there must be a positive integer κρ <∞, such that

V κρ(x)− ε ≤ V∞(x) ≤ V κρ(x). (8.32)

Based on (8.27) and (8.32), we have

V∞(x) ≥
∫ t+ΔT

t
U(x(s), v

κρ
τo (x(s)), v

κρ
(τo)(x(s)))ds

+ V κρ(x(t+ΔT ))− ε

≥
∫ t+ΔT

t
U(x(s), v

κρ
τo (x(s)), v

κρ
(τo)(x(s)))ds

+ V∞(x(t+ΔT ))− ε

=

∫ t+ΔT

t
U(x(s), v

κρ
τo (x(s)), v

∞
(τo)(x(s)))ds

+ V∞(x(t+ΔT ))− ε. (8.33)

As ε is arbitrary, we have

V∞(x) ≥
∫ t+ΔT

t
U(x(s), v

κρ
τo (x(s)), v

∞
(τo)(x(s)))ds

+ V∞(x(t+ΔT )). (8.34)

According to (8.10), we define v∞τo as

v∞τo(x) = argmin
uτo

{

U(x, uτo , v
∞
(τo)(x))

+

(

∂V∞(x)

∂x

)T

F (x, uτo , v
∞
(τo)(x))

}

. (8.35)
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According to (8.34) and (8.35), we have

V∞(x) ≥
∫ t+ΔT

t
U(x(s), v∞τo(x(s)), v

∞
(τo)(x(s)))ds

+ V∞(x(t+ΔT )). (8.36)

Combining (8.30) and (8.36), we can obtain

V∞(x) =

∫ t+ΔT

t
U(x(s), v∞τo(x(s)), v

∞
(τo)(x(s)))ds

+ V∞(x(t+ΔT )). (8.37)

As νk1 (x), ν
k
2 (x), . . . , ν

k
N (x), k = 0, 1, . . . , are admissible control

laws, which indicates V∞(x(k + ΔT )) = 0 as ΔT → ∞. According
to (8.35), the following equation of optimality can be derived with
ΔT → ∞,

0 =U(x, v∞τo(x), v
∞
(τo)(x)) +

(

∂V∞(x)

∂x

)T

× F (x, v∞τo(x), v
∞
(τo)(x))

=min
uτo

{U(x, uτo , v
∞
(τo)(x)) +

(

∂V∞(x)

∂x

)T

× F (x, uτo , v
∞
(τo)(x))}. (8.38)

Thus, as k → ∞, V k(x) converges to a suboptimal performance index
function. The proof is complete. �

Remark 8.1. It shows in Theorem 8.3 that as k → ∞, V∞(x), which
is the limit of the iterative value function and defined as V∞(x) =
lim
k→∞

V k(x), converges to the solution of the HJB equation in (8.38),

not in (8.5). Thus, the suboptimal performance index is actually
achieved as k → ∞.

In order to obtain the global convergence analysis, a new criterion
is necessary. Before analyzing the global convergence property, some
denotations should be defined such as Ti = {k | τk = i, i ∈ N} and
πi, which describes how many elements in Ti.
Theorem 8.4. (Global convergence property). For k =
0, 1, . . . , the iterative value function V k(x) and the distributed iter-
ative control laws vk1 (x), . . . , v

k
N (x) are obtained by (8.7)–(8.11).
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If πi → ∞, ∀ i ∈ N , as k → ∞, V k(x) is convergent to the opti-
mal performance index function, i.e.,

lim
k→∞

V k(x) = J∗(x). (8.39)

Proof. The proof is given by the following two steps.
(1) Show that the iterative value function V k(x) will satisfies

lim
k→∞

V k(x) ≥ J∗(x). (8.40)

Letting

(νk+1
1 (x), . . . , νk+1

N (x)) = arg min
u1,u2,...,uN

{

U(x, u1, . . . , uN )

+

(

∂V k(x)

∂x

)T

F (x, u1, . . . , uN )

}

,

(8.41)

according to (8.7)–(8.11), for any τk ∈ N , k = 0, 1, . . . , we can derive

min
u1,u2,...,uN

{

U(x, u1, . . . , uN )

+

(

∂V k(x)

∂x

)T

F (x, u1, . . . , uN )

}

= U(x, νk+1
1 (x), . . . , νk+1

N (x))

+

(

∂V k(x)

∂x

)T

F (x, νk+1
1 (x), . . . , νk+1

N (x))

≤ min
uτk+1

{

U(x, uτk+1
, uk(τk+1)

(x))

+

(

∂V k(x)

∂x

)T

F (x, uτk+1
, uk(τk+1)

(x))

}

= U(x, vk+1
τk+1

(x), vk(τk+1)
(x))
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+

(

∂V k(x)

∂x

)T

F (x, vk+1
τk+1

(x), vk(τk+1)
(x))

≤ 0

= U(x, u∗1(x), . . . , u
∗
N (x))

+

(

∂J∗(x)
∂x

)T

F (x, u∗1(x), . . . , u
∗
N (x))

= min
u1,u2,...,uN

{

U(x, u1, . . . , uN )

+

(

∂J∗(x)
∂x

)T

F (x, u1, . . . , uN )
}

. (8.42)

and

V̇ k(x)− J̇∗(x) =
(

∂V k(x)

∂x

)T

F (νk+1
1 (x), . . . , νk+1

N (x))

+U(νk+1
1 (x), . . . , νk+1

N (x))

−
(

∂J∗(x)
∂x

)T

F (νk+1
1 (x), . . . , νk+1

N (x))

− U(νk+1
1 (x), . . . , νk+1

N (x))

= min
u1,u2,...,uN

{

U(x, u1, . . . , uN )

+

(

∂V k(x)

∂x

)T

F (x, u1, . . . , uN )

}

− min
u1,u2,...,uN

{

U(x, u1, . . . , uN )

+

(

∂J∗(x)
∂x

)T

F (x, u1, . . . , uN )

}

+ min
u1,u2,...,uN

{

U(x, u1, . . . , uN )
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+

(

∂J∗(x)
∂x

)T

F (x, u1, . . . , uN )

}

−
((

∂J∗(x)
∂x

)T

F (νk+1
1 (x), . . . , νk+1

N (x))

+U(νk+1
1 (x), . . . , νk+1

N (x))

)

≤ 0. (8.43)

Taking derivatives of V k(x) and J∗(x) along (νk+1
1 (x), . . . ,

νk+1
N (x)), according to (8.41), we can obtain formula (8.43). Based

on (8.43), we know that
∫∞
t V̇ k(x(s))ds ≤ ∫∞

t J̇∗(x(s))ds, which is

derived as V k(x(∞)) − V k(x(t)) ≤ J∗(x(∞)) − J∗(x(t)). Accord-
ing to Theorem 8.1, the iterative control laws νk1 (x), . . . , ν

k
N (x) are

admissible for system (8.1), which indicates that V k(x(∞)) = 0. The
optimal control laws u∗1(x), u∗2(x), . . . , u∗N (x) are admissible, which
indicates that J∗(x(∞)) = 0. Thus, we can derive V k(x) ≥ J∗(x),
∀k = 0, 1, . . . . As k → ∞, (8.40) is always satisfied.

(2) Show that the iterative value function V k(x) can satisfy

lim
k→∞

V k(x) ≤ J∗(x). (8.44)

For πi → ∞, it shows that k → ∞. For k → ∞ and πi → ∞,
according to Theorem 8.2, define

V∞(x) := lim
k→∞

V k(x). (8.45)

As πi → ∞, ∀ i ∈ N , we can derive

v∞i (x) = argmin
ui

{

U(x, ui, v
∞
(i)(x))

+
∂V∞(x)

∂x
F (x, ui, v

∞
(i)(x))

}

. (8.46)

According to (8.11) and (8.46), we can derive

U(x, v∞1 (x), . . . , v∞N (x)) +
∂V∞(x)

∂x
F (x, v∞1 (x), . . . , v∞N (x))
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= min
u1

{

U(x, u1, v
∞
2 (x), . . . , v∞N (x))

+
∂V∞(x)

∂x
F (x, u1, v

∞
2 (x), . . . , v∞N (x))

}

= min
u2

{

min
u1

{

U(x, u1, u2, v
∞
3 (x), . . . , v∞N (x))

+
∂V∞(x)

∂x
F (x, u1, u2, v

∞
3 (x), . . . , v∞N (x))

}}

= min
uN

{

· · ·
{

min
u2

{

min
u1

{U(x, u1, . . . , uN )

+
∂V∞(x)

∂x
F (x, u1, . . . , uN )}

}}

· · ·
}

= min
u1,u2,...,uN

{

U(x, u1, . . . , uN )

+
∂V∞(x)

∂x
F (x, u1, . . . , uN )

}

= 0. (8.47)

According to (8.47), we have

V∞(x) =

∫ t+ΔT

t
U(x(s), v∞1 (x(s)), . . . , v∞N (x(s)))ds

+ V∞(x(t+ΔT )). (8.48)

Let μ1(x), . . . , μN (x) be admissible control laws for system (8.1).
For k = 0, 1, . . . , we define

Φk+1(x) =

∫ t+ΔT

t
U(x(s), μ1(x), . . . , μN (x))ds

+Φk(x(t+ΔT )), (8.49)

where Φ0(x) = V∞(x). Next, we will prove that

Φk+1(x) ≥ V∞(x), ∀k = 0, 1, . . . . (8.50)
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For k = 0, it is easy to get

Φ1(x) =

∫ t+ΔT

t
U(x(s), μ1(x(s)), . . . , μN (x(s)))ds

+ V∞(x(t+ΔT ))

≥ min
u1,u2,...,uN

{∫ t+ΔT

t
U(x(s), u1, . . . , uN )ds

+ V∞(x(t+ΔT ))

}

= V∞(x). (8.51)

If (8.50) is satisfied for k = l − 1, l = 1, 2, . . . . When k = l, we can
obtain

Φl+1(x) ≥
∫ t+ΔT

t
U(x(s), μ1(x(s)), . . . , μN (x(s)))ds

+ V∞(x(t+ΔT ))

≥ V∞(x). (8.52)

By using mathematical induction, the above result (8.50) can be
proven.

According to (8.49), we have

Φk+1(x) =

∫ t+(k+1)ΔT

t
U(x(s), μ1(x(s)), . . . , μN (x(s)))ds

+Φ0(x(t+ (k + 1)ΔT )). (8.53)

As μ1(x), . . . , μN (x) be admissible control laws, based on the result
in (8.50), we can obtain

lim
k→∞

Φk+1(x) =

∫ ∞

t
U(x(s), μ1(x(s)), . . . , μN (x(s)))ds

≥ V∞(x). (8.54)
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As μ1(x), . . . , μN (x) are arbitrary admissible control laws, the fol-
lowing inequality can be derive

V∞(x) ≤ min
μ1,...,μN∈Ψ(Ω)

{∫ ∞

t
U(x(s), μ1(s), . . . , μN (s))ds

}

= J∗(xk), (8.55)

which proves (8.44). By combining the results in (8.40) and (8.44),
(8.39) can be derived. The proof is complete. �

Remark 8.2. Theorem 8.4 indicates that the optimal control
law can be obtained obtained by the distributed policy iteration
algorithm (8.7)–(8.11). The distributed policy iteration algorithm
(8.7)–(8.11) possesses inherent differences from the traditional pol-
icy iteration algorithms [1–6]. In each iteration of traditional pol-
icy iteration algorithms, all the control laws in the multi-control
nonlinear system have to be updated simultaneously. If the dimen-
sion of the control is large, the computation burden for traditional
policy iteration increases. According to the present distributed pol-
icy iteration algorithm (8.7)–(8.11), there is only one control law
to update in each iteration, which effectively reduces the computa-
tion burden of the policy iteration algorithms. This is an important
advantage of the distributed policy iteration. On the other hand,
for traditional policy iteration algorithms [1–6], it has been proven
that the iterative value function is convergent to the optimal per-
formance index function as the iteration index increases to infinity.
However, it is pointed out that if there exist controllers in the dis-
tributed policy iteration algorithm, the iterative value function is
convergence to a suboptimal performance index function instead of
the global optimal one. It is required all the distributed controllers
have been improved for infinite times to guarantee the global opti-
mal performance index function. In traditional policy iteration algo-
rithms, the iterative value function is sure to converge the global
optimal performance index function, where the sub-optimality will
not happen. This is the disadvantage of the distributed policy itera-
tion algorithm.
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Fig. 8.1. The structure of two inverted pendulums.

8.4 Simulation Example

In this section, a simulation example is conducted with the proposed
distributed policy iteration algorithm to illustrate the corresponding
performance. The simulation of two inverted pendulums connected
by a spring is investigated, whose structure is shown in Fig. 8.1. The
dynamics of the two inverted pendulum system can be described as
the following equations

ẋ1 = x2

ẋ2 =

(

m1gr

J1
− kr2

4J1

)

sin(x1) +
kr

2J1
(l − b)

+
u1
J1

+
kr2

4J1
sin(x3)
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ẋ3 = x4

ẋ4 =

(

m2gr

J2
− kr2

4J2

)

sin(x3) +
kr

2J2
(l − b)

+
u2
J2

+
kr2

4J2
sin(x1) (8.56)

where x1,1 and x2,1 represent the angular displacements of the pen-
dulums from vertical. The initial conditions of the systems are
x0 = [0.3,−0.5, 0.2, 0.1]T . m1 and m2 denote the masses of the end of
two pendulums, and they are considered as m1 = 2 kg and m2 = 2.5
kg in this example. The moments of inertia are denoted by J1 and
J2, which are adopted as J1 = 0.5 kg·m2 and J2 = 0.625 kg·m2 here.
The spring constant and natural length of the spring are represented
by k = 100 N/m and l = 0.5 m, respectively. The pendulum height
and the distance between the pendulum are defined as r = 0.5 m and
b = 0.4 m. g = 9.81 m/s2 stands for gravitational acceleration.

Define the performance index function as

J1(x) =

∫ ∞

t

(

xTQx+ u1R1u1 + u2R2u2

)

ds, (8.57)

where Q, R1, and R2 represent identity matrices with suitable
dimensions.

To implement the proposed distributed policy iteration algo-
rithm, one critic network and two action networks are adopted with
BP algorithms, which all have three-layers structure of 4-10-1. Let
the learning rate be α = 0.02 and the training error be 10−5. In
this example, the initial control laws are chosen as v01(x) = −K1x
and v02(x) = −K2x, where K1 = [8.07, 2.13, 10.04, 1.93] and
K2 = [8.63, 1.59, 10.69, 2.73], respectively, which are admissible
control laws for the two inverted pendulum systems. η = 0, 1, . . . rep-
resents a non-negative integer series and let N = {1, 2}. Let τk = 1
for k = 2η and let τk = 2 for k = 2η + 1. Figure 8.2 shows the tra-
jectory of the iterative value function V k(x) at x = x0 with 30 iter-
ations by implementing the developed continuous-time distributed
policy iteration algorithm. As shown in Fig. 8.2, the iterative value
function is monotonically non-increasing as iteration index increases
and finally it converges to the optimum, which verifies the validity
of theory analyses.
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Fig. 8.2. Iterative value function with 30 iterations.
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Fig. 8.3. The trajectories of the iterative control laws.
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Fig. 8.4. State trajectories of the two inverted pendulum systems.

The trajectories of the iterative multi-control laws are illustrated
in Fig. 8.3. Although for each iteration, only one of the iterative
control laws is updated for the system and the other control laws
remain unchanged, the system can still be maintained stable by the
distributed iterative control laws. In Fig. 8.4, the states of the two
inverted pendulum system are illustrated. Thus, the correctness of
the theoretical analysis can be verified.

8.5 Conclusion

In this chapter, a novel continuous-time distributed policy iteration
algorithm is proposed to be applied in multi-controller nonlinear sys-
tems for achieving the infinite horizon optimal control. In each itera-
tion of the proposed algorithms, only one of the multi-control laws is
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updated instead of all the control laws, which implies that the control
laws are improved one by one. First, the detailed iterative methods
of the distributed policy iteration are introduced. Second, this paper
also discusses the admissibility of the proposed multi-control laws.
In addition, the iterative value function can converge to optimum,
which is the solution of HJB equations. Finally, numerical simulation
is conducted to verify the effectiveness of the presented methods.
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Chapter 9

A Novel Data-Based Fault-Tolerant
Control Method for Multicontroller
Linear Systems Via Distributed

Policy Iteration

9.1 Introduction

This chapter presents a novel data-based fault-tolerant control
method for multicontroller linear systems via distributed policy iter-
ation. Traditional fault-tolerant control methods based on policy
iteration update all the control laws in each iteration, which causes
huge computational burden in the situation of high-dimension con-
trol laws. In order to solve this problem, a novel distributed policy
iteration method is presented, where only one iterative control law
is updated in each iteration, to realize the fault-tolerant control of
multicontroller linear systems. First, the model-based fault-tolerant
control via distributed policy iteration is provided. Based on the
model-based method, a data-based fault-tolerant control method is
presented. Finally, numerical experiment is given to show the perfor-
mance of the presented method.

209
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9.2 Problem Formulation

Consider the following multicontroller linear system:

ẋ = Ax+
N
∑

i=1

Bi (ui − fi), (9.1)

where x ∈ R
n, ui ∈ R

m, i = 1, 2, . . . , N represent system state and
control inputs, respectively. fi ∈ R

m, i = 1, 2, . . . , N denote constant
actuator faults. A and Bi, i = 1, 2, . . . , N are the system matrices
with suitable dimensions.

For the system (9.1) with no faults, i.e., fi = 0,∀i = 1, 2, . . . , N ,
we can define performance index function as follows

J (x) =

∫ ∞

0

(

xTQx+
N
∑

i=1

uTi Riui

)

dt, (9.2)

whereQ andRi, i = 1, 2, . . . , N are symmetric positive definite matri-
ces with suitable dimensions. The matrix Q can also be written as
Q = CTC, where C ∈ R

p×n. We can obtain the optimal control laws
for i = 1, 2, . . . , N as

u∗i = −K∗
i x = −R−1

i BT
i P

∗x, (9.3)

where P ∗ is the solution to the following algebraic Riccati equa-
tion (ARE)

ATP + PA+Q−
N
∑

i=1

PBiR
−1
i BT

i P = 0. (9.4)

The following assumption is provided.

Assumption 9.1. The system (9.1) is controllable, and (A,C) is
observable.

Assumption 9.2. The faults fi, i = 1, 2, . . . , N are unknown and
bounded constant actuator faults.

It is hard to obtain u∗i , i = 1, 2, . . . , N because of the existence
of the actuator faults. Therefore, a fault-tolerant control method via
distributed policy iteration will be introduced to handle this problem.
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9.3 Model-Based Fault-Tolerant Control via Distributed

Policy Iteration

In this section, the distributed fault-tolerant control method will be
discussed with full system information. The distributed policy itera-
tion method will firstly be presented in the fault-free situation, and
then, the fault-tolerant control design will be realized by fault com-
pensation method.

9.3.1 Derivations of the distributed policy iteration

method

Let K0
i , i = 1, 2, . . . , N be initial stabilizing state feedback gain

matrices. We can obtain P 0 by the following Lyapunov equation

(

A−
N
∑

i=1

BiK
0
i

)T

P 0 + P 0

(

A−
N
∑

i=1

BiK
0
i

)

+Q+

N
∑

i=1

(

K0
i

)T
RiK

0
i = 0. (9.5)

For iteration index j = 1, choose τ1 ∈ N ,N = {1, 2, . . . , N} ran-
domly. We can obtain state feedback gain matrixK1

τ1 by the following
equation

K1
τ1 = R−1

τ1 B
T
τ1P

0. (9.6)

For i = 1, 2, . . . , N and i �= τ1, let K
1
i = K0

i . We can obtain P 1 by
the following Lyapunov equation

(

A−
N
∑

i=1

BiK
1
i

)T

P 1 + P 1

(

A−
N
∑

i=1

BiK
1
i

)

+Q+

N
∑

i=1

(

K1
i

)T
RiK

1
i = 0.

(9.7)

For j = 1, 2, . . . , choose τj ∈ N randomly. We can obtain Kj
τj by

Kj
τj = R−1

τj B
T
τjP

j−1. (9.8)
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For i = 1, 2, . . . , N and i �= τj , let K
j
i = Kj−1

i . We can obtain P j by
the following Lyapunov equation

(

A−
N
∑

i=1

BiK
j
i

)T

P j + P j

(

A−
N
∑

i=1

BiK
j
i

)

+Q+

N
∑

i=1

(

Kj
i

)T
RiK

j
i = 0. (9.9)

The distributed policy iteration algorithm can be shown as
Algorithm 9.1.

Algorithm 9.1 Distributed Policy Iteration Algorithm

Require:
Choose initial stabilizing state feedback gain matrices K0

i , i =
1, 2, . . . , N randomly.

Ensure:
1: Let iteration index j = 0. Solve the Lyapunov equation (9.5).
2: Let iteration index j = j+1, choose τj ∈ N randomly. Calculate

the state feedback gain matrix Kj
τj as

Kj
τj = R−1

τj B
T
τjP

j−1. (9.10)

3: For i = 1, 2, . . . , N and i �= τj , letK
j
i = Kj−1

i . Solve the following
equation

(

A−
N
∑

i=1

BiK
j
i

)T

P j + P j

(

A−
N
∑

i=1

BiK
j
i

)

+Q+
N
∑

i=1

(Kj
i )

T
RiK

j
i = 0. (9.11)

4: Repeat Steps 2–3 until convergence.
5: return P j , Kj

i , i = 1, 2, . . . , N .

The properties of Algorithm 9.1 will be analyzed in the following
theorem.
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Theorem 9.1. For j = 0, 1, . . . , the state feedback gain matrices
Kj
i , i = 1, 2, . . . , N and the solution P j of Lyapunov equation can be

calculated by (9.5)–(9.9). We can obtain the following properties:

1. If A−∑N
i=1BiK

j
i is Hurwitz, then A−∑N

i=1BiK
j+1
i is Hurwitz.

2. P j+1 ≤ P j .
3. Define Πi = {j|τj = i, i ∈ N} and πi as the number of elements

of Πi. If πi → ∞, i = 1, 2, . . . , N, as j → ∞, then Kj
i → K∗

i , i =
1, 2, . . . , N and P j → P ∗.

Proof. (1) If A − ∑N
i=1BiK

j
i is Hurwitz, we can obtain P j

from (9.9). Selecting τj+1 ∈ N randomly, we can obtain that

Kj+1
τj+1

= R−1
τj+1

BT
τj+1

P j (9.12)

and Kj+1
i = Kj

i for i = 1, 2, . . . , N and i �= τj+1. According to (9.9),
it can be derived that

(

A−
N
∑

i=1

BiK
j+1
i

)T

P j + P j

(

A−
N
∑

i=1

BiK
j+1
i

)

+Q+

N
∑

i=1

(

Kj+1
i

)T
RiK

j+1
i ≤ 0. (9.13)

We can construct Lyapunov function as

Lj = xTP jx. (9.14)

Taking the derivative of (9.14) along Kj+1
i , i = 1, 2, . . . , N , we have

L̇j = ẋTP jx+ xTP j ẋ

= xT

(

A−
N
∑

i=1

BiK
j+1
i

)T

P jx

+xTP j

(

A−
N
∑

i=1

BiK
j+1
i

)

x
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≤ −xT
(

Q+

N
∑

i=1

(

Kj+1
i

)T
RiK

j+1
i

)

x

< 0. (9.15)

Therefore, A−∑N
i=1BiK

j+1
i is Hurwitz.

(2) Let K0
i , i = 1, 2, . . . , N be initial stabilizing state feedback

gain matrices. According to the idea from (9.12)–(9.15) and Algo-
rithm 9.1, it can be derived that K1

i , i = 1, 2, . . . , N are stabilizing
state feedback gain matrices. Construct Lyapunov function as

L0 = xTP 0x (9.16)

and

L1 = xTP 1x. (9.17)

Taking the derivative of (9.16) and (9.17) along K1
i , i = 1, 2, . . . , N ,

according to (9.9) and (9.15), we have

L̇0 = ẋTP 0x+ xTP 0ẋ

≤ −xT

(

Q+
N
∑

i=1

(

K1
i

)T
RiK

1
i

)

x

= xT

(

A−
N
∑

i=1

BiK
1
i

)T

P 1x

+xTP 1

(

A−
N
∑

i=1

BiK
1
i

)

x

= ẋTP 1x+ xTP 1ẋ

= L̇1. (9.18)

Furthermore, limt→∞ L0 = limt→∞ L1 = 0. Therefore, it can be
derived that L1 ≤ L0, which indicates that P 1 ≤ P 0. Based on
mathematical induction, we have P j+1 ≤ P j for j = 0, 1, . . ..
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(3) As P j satisfies P j+1 ≤ P j for j = 0, 1, . . . , we can define that
limj→∞ P j = P∞, which satisfies the ARE

ATP∞ + P∞A+Q−
N
∑

i=1

P∞BiR−1
i BT

i P
∞ = 0. (9.19)

Based on Assumption 9.1, it can be derived that the ARE (9.4) has
a unique positive definite solution [1]. Therefore, we have

lim
j→∞

P j = P∞ = P ∗ (9.20)

and

lim
j→∞

Kj
i = K∗

i , i = 1, 2, . . . , N. (9.21)

The proofs are complete. �

9.3.2 Fault-tolerant control method

The fault-tolerant control method is presented in this subsection.
The fault compensation method is utilized to eliminate the effects of
system faults. For the system (9.1), the control laws can be designed
as

ui = u∗i + f̂i, i = 1, 2, . . . , N, (9.22)

where f̂i, i = 1, 2, . . . , N are fault compensators which have proper-
ties that

˙̂
f i = αi(−xTBi + 2(u∗i )

TRi)
T, i = 1, 2, . . . , N, (9.23)

where αi, i = 1, 2, . . . , N are arbitrary positive constants. The effec-
tiveness of fault compensation method can be verified by the follow-
ing theorem.

Theorem 9.2. For the system (9.1) with faults, define λmax(·) and
λmin(·) as maximum eigenvalue and minimum eigenvalue, respec-
tively. If the control laws are designed as (9.22)–(9.23) and the matri-
ces Q and Ri, i = 1, 2, . . . , N are selected as follows

λmin(Q) > λmax (A) +
1

2
,

λmin(Ri) >
N

2
λmax

(

BT
i Bi

)

, i = 1, 2, . . . , N

(9.24)

then the system (9.1) is asymptotical stable.
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Proof. Construct Lyapunov function as

L =
1

2
xTx+ xTP ∗x+

N
∑

i=1

1

2αi
f̃Ti f̃i (9.25)

where f̃i = fi − f̂i. Taking the derivative of (9.25), we can obtain
that

L̇ = xTẋ+ ẋTP ∗x+ xTP ∗ẋ+

N
∑

i=1

1

αi
f̃Ti

˙̃
f i

= xT

(

Ax+
N
∑

i=1

Bi(u
∗
i + f̂i − fi)

)

+

(

Ax+
N
∑

i=1

Bi(u
∗
i + f̂i − fi)

)T

P ∗x

+xTP ∗
(

Ax+

N
∑

i=1

Bi(u
∗
i + f̂i − fi)

)

−
N
∑

i=1

f̃Ti

(

−xTBi + 2(u∗i )
TRi

)T

= xT

(

Ax+

N
∑

i=1

Biu
∗
i

)

−
(

xT + 2xTP ∗
)

N
∑

i=1

Bif̃i

+

(

Ax+

N
∑

i=1

Biu
∗
i

)T

P ∗x
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+xTP ∗
(

Ax+

N
∑

i=1

Biu
∗
i

)

−
N
∑

i=1

(

−xTBi + 2(u∗i )
TRi

)

f̃i. (9.26)

According to (9.3), we have

(u∗i )
TRi = −xTP ∗Bi. (9.27)

Based on (9.9) and (9.27), it can be derived that

L̇ = xTAx+ xT
N
∑

i=1

Biu
∗
i − xTQx−

N
∑

i=1

(u∗i )
TRiu

∗
i

≤ λmax (A) ‖x‖2 + 1

2
‖x‖2 + 1

2

∥

∥

∥

∥

∥

N
∑

i=1

Biu
∗
i

∥

∥

∥

∥

∥

2

−λmin (Q) ‖x‖2 −
N
∑

i=1

λmin (Ri) ‖u∗i ‖2. (9.28)

It can be derived that

1

2

∥

∥

∥

∥

∥

N
∑

i=1

Biu
∗
i

∥

∥

∥

∥

∥

2

=
1

2

(

N
∑

i=1

Biu
∗
i

)T N
∑

i=1

Biu
∗
i

=
1

2

N
∑

i=1,k=1

(Biu
∗
i )

TBku
∗
k

≤ N

2

N
∑

i=1

(Biu
∗
i )

TBiu
∗
i

≤ N

2

N
∑

i=1

λmax

(

BT
i Bi

)

‖u∗i ‖2. (9.29)
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Therefore, we have

L̇ ≤
(

λmax (A) +
1

2
− λmin (Q)

)

‖x‖2

+

N
∑

i=1

(

N

2
λmax

(

BT
i Bi

)

− λmin (Ri)

)

‖u∗i ‖2. (9.30)

It can be derived that L̇ < 0 can be guaranteed if the condition (9.24)
is satisfied.

The proof is complete. �

According to Algorithm 9.1 and Theorem 9.2, the full system
information is still required for distributed policy iteration algo-
rithm and the fault compensator design. In the next section, a data-
based method will be presented to solve this problem. The pre-
sented method only requires the information of the system matrices
Bi, i = 1, 2, . . . , N .

9.4 Data-Based Fault-Tolerant Control via Distributed

Policy Iteration

In this section, a data-based fault-tolerant control method via dis-
tributed policy iteration is presented. In Ref. [2], a data-based policy
iteration method was proposed which required the partial informa-
tion of control systems. However, the method proposed in Ref. [2]
may cause huge computational burden with high-dimension con-
trol laws, and the effects of faults were not considered in the con-
trol systems. Inspired by Ref. [2]. a data-based fault-tolerant control
method via distributed policy iteration is presented, which can elim-
inate the effects of actuator faults and reduce the computational
burden.

9.4.1 Data-based distributed policy iteration

To derive the data-based distributed policy iteration method, we can
rewrite (9.2) as
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J(x(t)) =

∫ ∞

t

(

xTQx+

N
∑

i=1

uTi Riui

)

dτ

=

∫ t+δt

t

(

xTQx+

N
∑

i=1

uTi Riui

)

dτ

+

∫ ∞

t+δt

(

xTQx+

N
∑

i=1

uTi Riui

)

dτ

=

∫ t+δt

t

(

xTQx+
N
∑

i=1

uTi Riui

)

dτ

+ J (x (t+ δt)). (9.31)

According to (9.31), we have

xT (t)Px (t) =

∫ t+δt

t
xT

(

Q+

N
∑

i=1

KT
i RiKi

)

xdτ

+ xT (t+ δt)Px (t+ δt).

(9.32)

Then, the following lemma can be provided.

Lemma 9.1. If A−∑N
i=1BiK

j
i is Hurwitz, the solution P j of equa-

tion (9.11) is equivalent to solving the following equation.

xT (t)P jx (t) =

∫ t+δt

t
xT

(

Q+
N
∑

i=1

(

Kj
i

)T
RiK

j
i

)

xdτ

+ xT (t+ δt)P jx (t+ δt).

(9.33)

Proof. For the system (9.1) with no faults, we have

ẋ =

(

A−
N
∑

i=1

BiK
j
i

)

x. (9.34)

Construct Lyapunov function as

Lj = xTP jx. (9.35)
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It can be derived that

L̇j = ẋTP jx+ xTP jẋ

= xT

⎛

⎝

(

A−
N
∑

i=1

BiK
j
i

)T

P j

+ P j

(

A−
N
∑

i=1

BiK
j
i

))

x

= −xT
(

Q+
N
∑

i=1

(

Kj
i

)T
RiK

j
i

)

x. (9.36)

We have
∫ t+δt

t
L̇jdτ = xT (t+ δt)P jx (t+ δt)− xT(t)P jx(t)

= −
∫ t+δt

t
xT

(

Q+

N
∑

i=1

(

Kj
i

)T
RiK

j
i

)

xdτ . (9.37)

The proof is complete. �

For (9.33), we have

xTQjx =
(

xT ⊗ xT
)

vec
(

Qj
)

, (9.38)

where Qj = Q +
∑N

i=1 (K
j
i )

T
RiK

j
i . For positive integer l, we define

σxx and Φxx as

σxx =
[

vecv (x (t1))− vecv (x (t0)) · · ·

vecv (x (tl))− vecv (x (tl−1))]
T,

Φxx =

[∫ t1

t0

x⊗ xdτ · · ·
∫ tl

tl−1

x⊗ xdτ

]T

,

where 0 ≤ t0 < t1 < · · · < tl, and vecv(x) = [x21, x1x2,
. . . , x1xn, x

2
2, x2x3, . . . , xn−1xn, x

2
n]

T. According to (9.37)–(9.38), we
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can obtain that

σxxvecs
(

P j
)

= Ψj, (9.39)

where

vecs(P j) = [pj11, 2p
j
12, . . . , 2p

j
1n, p

j
22, 2p

j
23, . . . , 2p

j
n−1,n, p

j
nn]

T

Ψj = −Φxxvec(Q
j).

Based on (9.39), it can be derived that

vecs(P j) = ((σxx)
Tσxx)

−1(σxx)
TΨ̃j. (9.40)

A data-based distributed policy iteration algorithm can be provided
as shown in Algorithm 9.2.

Algorithm 9.2 Data-Based Distributed Policy Iteration Algorithm

Require:

Choose initial stabilizing state feedback gain matrices K0
i ,

i = 1, 2, . . . , N randomly.

Choose a computation precision ε.
Ensure:

1: Let iteration index j = 0. Employ the control laws u0i = −K0
i x+

ξ0i , i = 1, 2, . . . , N to the system (9.1) on the time interval [t0, tl],
where ξ0i represents exploration noise. Compute σxx, Φxx and
solve the equation (9.40).

2: Let iteration index j = j+1, choose τj ∈ N randomly. Calculate

the state feedback gain matrix Kj
τj as

Kj
τj = R−1

τj B
T
τjP

j−1. (9.41)

3: For i = 1, 2, . . . , N and i �= τj, let Kj
i = Kj−1

i . Employ the

control laws uji = −Kj
i x+ ξji , i = 1, 2, . . . , N to the system (9.1)

on the time interval [t0, tl], where ξ
j
i represents exploration noise.

Compute σxx, Φxx and solve the equation (9.40).
4: Repeat Steps 2–3 until

∥

∥P j − P j−1
∥

∥ ≤ ε for j ≥ 1.

5: return P j , Kj
i , i = 1, 2, . . . , N .
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9.4.2 Data-based fault-tolerant control method

According to Subsection 9.3.2, the fault compensators (9.22) can be
designed to cope with the system faults. The effectiveness of the fault
compensators (9.22) is demonstrated as follows.

Theorem 9.3. For the system (9.1) with faults, if the control laws
are designed as (9.22) and (9.23) and the matrices Q and Ri, i =
1, 2, . . . , N are chosen as (9.24), where P ∗ and u∗i can be obtained
from Algorithm 9.2, then the system (9.1) is asymptotical stable.

Proof. According to Lemma 9.1, it can be derived that (9.11) is
equivalent to (9.33). Given stabilizing state feedback gain matri-

ces Kj
i , i = 1, 2, . . . , N , we can obtain P j by the Lyapunov equa-

tion (9.11), which also satisfies (9.33). Kj+1
i , i = 1, 2, . . . , N can be

determined by (9.10). By (9.40), we can obtain the unique solution

P j , which satisfies (9.33) for the given matrices Kj
i , i = 1, 2, . . . , N .

Kj+1
i , i = 1, 2, . . . , N can be determined by (9.41). Therefore, solv-

ing (9.40)–(9.41) is equal to (9.10)–(9.11). Based on the system
states, we can obtain P ∗ and K∗

i , i = 1, 2, . . . , N from Algorithm 9.2.
According to Theorems 1 and 2, it can be derived that the sys-
tem (9.1) is asymptotical stable under the condition (9.24) by utiliz-
ing the control laws (9.22) and (9.23).

The proof is complete. �

9.5 Simulation Example

In this section, a simulation experiment is given to testify the correct-
ness of the presented method. The power system with modifications
is provided [3] as follows:

ẋ =

⎡

⎢

⎢

⎣

−0.0665 8 0 0

0 −3.663 3.663 0

−6.86 0 −13.736 −13.736

0.6 0 0 0

⎤

⎥

⎥

⎦

x

+

⎡

⎢

⎢

⎣

0
0

3.736
0

⎤

⎥

⎥

⎦

(u1 − f1) +

⎡

⎢

⎢

⎢

⎣

0
3.736
0

0

⎤

⎥

⎥

⎥

⎦

(u2 − f2), (9.42)
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where f1 = −15 and f2 = −10 are actuator faults. The matri-
ces Q, R1 and R2 are selected to be Q = 15I4, R1 = 15
and R2 = 15, respectively. The simulation is performed with

x0 =
[−1.2 −3 4.5 0.5

]T
, K0

1 =
[

0.5 0.2 0.5 0.2
]

and

K0
2 =

[

0.2 0.1 0.2 0.1
]

. The simulation results are displayed

in Figs. 9.1–9.4. The convergence of P j , Kj
1 and Kj

2 are shown in
Figs. 9.1–9.2. It can be obtained that the Algorithm 9.2 converges in
15 iterations. We can obtain the matrices P 15, K15

1 and K15
2 as

P 15 =

⎡

⎢

⎢

⎢

⎣

5.6807 4.2096 0.4026 6.5997

4.2096 6.2035 1.0859 4.0149

0.4026 1.0859 0.7753 0.0000

6.5997 4.0149 0.0000 36.1602

⎤

⎥

⎥

⎥

⎦

K15
1 =

[

0.1003 0.2705 0.1931 0.0000
]

K15
2 =

[

1.0485 1.5451 0.2705 1.0000
]

.

By solving ARE (9.4), we can obtain the optimal solutions as

P ∗ =

⎡

⎢

⎢

⎢

⎣

5.6807 4.2096 0.4026 6.5997

4.2096 6.2035 1.0859 4.0149

0.4026 1.0859 0.7753 0.0000

6.5997 4.0149 0.0000 36.1602

⎤

⎥

⎥

⎥

⎦

K∗
1 =

[

0.1003 0.2705 0.1931 0.0000
]

K∗
2 =

[

1.0485 1.5451 0.2705 1.0000
]

.

The convergence of Algorithm 9.2 can be verified. The curves of
system states are shown in Figs. 9.3–9.4. The correctness of the pre-
sented method can be demonstrated.
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Fig. 9.1. The convergence of P j .
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Fig. 9.3. System states without fault compensation.
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Fig. 9.4. System states with fault compensation.
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9.6 Conclusion

A novel data-based fault-tolerant control method based on dis-
tributed policy iteration is presented for multicontroller linear sys-
tems. Comparing with traditional fault-tolerant control method
based on adaptive dynamic programming, the distributed policy iter-
ation method reduces the computational burden by updating only
one control law in each iteration, which is the main advantage of the
presented method. An online fault-tolerant control method is pre-
sented which requires only the partial system information. A simula-
tion example is provided to verify the performance of the presented
method.
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Chapter 10

A Novel Dual Iterative Q-Learning
Method for Optimal

Battery Management in Smart
Residential Environments

10.1 Introduction

With the rising cost, environmental concerns, and reliability issues,
the need to develop optimal control and management systems in
residential environments is continuously increasing. Smart residen-
tial energy systems, composed of power grids, battery systems, and
residential loads which are interconnected over a power management
unit, provide end users with the optimal management of energy usage
to improve the operation efficiency of power systems. On the other
hand, with the rapidly evolving technology of electric storage devices,
energy storage based optimal management has attracted much atten-
tion. Along with the development of smart grids, increasing intelli-
gence is required in the optimal design of residential energy systems.
Hence, the intelligent optimization of battery management becomes
a key tool for saving the power expense in smart residential environ-
ments.

In this chapter, a novel iterative Q-learning method called “dual
iterative Q-learning algorithm” is developed to solve the optimal bat-
tery management and control problem in smart residential environ-
ments. The main idea is to use ADP technique to obtain the optimal
battery management and control scheme iteratively for residential

227
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energy systems. In the developed dual iterative Q-learning algorithm,
two iterations are introduced, which are respectively global and local
iterations, where local iteration minimizes the total cost of power load
in each period and the global iteration makes the iterative Q func-
tion converge to the optimum. Based on the dual iterative Q-learning
algorithm, the convergence property of iterative Q-learning method
for the optimal battery management and control problem is proven
for the first time, which guarantees that both the iterative Q function
and the iterative control law reach the optimum. Neural networks
are introduced to implement the developed dual iterative Q-learning
algorithm. Finally, numerical results are given to illustrate the per-
formance of the developed algorithm.

10.2 Problem Formulation

In this section, smart residential energy systems with batteries
will be described. The optimization objective of our research will
be defined and the corresponding principle of optimality will be
introduced.

10.2.1 Smart residential energy systems

The smart residential energy system described in Ref. [1] is composed
of the power grid, the residential load, the battery system (including
a battery and a sinewave inverter) and the power management unit
(controller). The battery is connected to the power management unit
through an inverter. The schematic diagram of the smart residential
energy system can be described in Fig. 10.1.

In this chapter, the optimal battery management and control
problem is treated as a discrete time problem with the time step
of 1 hour and it is assumed that the residential load varies hourly.
The battery will make decisions to meet the demand of the residential
load and according to the real-time electricity rate. There are three
operational modes for the battery of the residential energy system.
(1) Charging mode: when the residential load is low and the electric-
ity rate is inexpensive, the power grid will supply the residential load
directly and, at the same time, charge the battery. (2) Idle mode: the
power grid will directly supply the residential load at certain hours
while the battery energy remains fixed. (3) Discharging mode: the
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Fig. 10.1. Smart residential energy system.

battery supplies the residential load at hours when the residential
load is high and the electricity rate is expensive.

10.2.2 Battery model

The battery model used in this work is based on [1–3] where bat-
tery efficiency is considered to extend the battery’s lifetime as far
as possible. Let Ebt be the battery energy at time t and let η(·) be
the charging/discharging efficiency of the battery. Then, the battery
model can be expressed as

Eb(t+1) = Ebt − Pbt × η(Pbt), (10.1)

where Pbt is the battery power output at time t. Let Pbt > 0 denote
battery discharging. Let Pbt < 0 denote battery charging and let
Pbt = 0 denote that the battery is idle. Let the efficiency of battery
charging/discharging be derived as

η(Pbt) = 0.898 − 0.173|Pbt |/Prate, (10.2)

where Prate > 0 is the rated power output of the battery. To extend
the battery’s lifetime, two constraints need to be considered:

1. The storage limit is considered:

Emin
b ≤ Ebt ≤ Emax

b , (10.3)

where Emin
b and Emax

b are the minimum and maximum storage
energy of the battery, respectively.
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2. The charging and discharging power limits are considered:

Pmin
b ≤ Pbt ≤ Pmax

b , (10.4)

where Pmin
b and Pmax

b are the minimum and maximum charg-
ing/discharging powers of the battery, respectively.

10.2.3 Optimization objectives

Given the residential load and the real-time electricity rate, the
objective of the optimal control is to find the optimal battery charg-
ing/discharging/idle control law at each time step which minimizes
the total expense of the power from the grid while considering the
battery limitations. To find the optimal control law, the load bal-
ance should be considered. Let PTt be the power of the residential
load at time t and let Pgt be the the power from the power grid.
For convenience of analysis, we introduce a delay in Pbt and we have
PTt = Pb(t−1)+Pgt. We denote PL(t−1) = PTt and then we can define
the load balance as

PL(t−1) = Pb(t−1) + Pgt. (10.5)

In this chapter, the power flow from the battery to the grid is not
permitted, i.e., we define Pgt ≥ 0, to guarantee the power quality of
the grid. To extend the lifetime of the battery, according to (10.3),
we desire that the stored energy of the battery is close to the middle
of storage limit Eob , where

Eob =
1

2
(Emin

b + Emax
b ). (10.6)

We also do not expect frequent battery charging/discharging. Thus,
the total performance index function expected to be minimized can
be written as

∞
∑

t=0

(

m1(CtPgt)
2 +m2(Ebt −Eob )

2 + r(Pbt)
2
)

, (10.7)

where m1, m2, and r are given positive constants. Let x1t = Pgt and
x2t = Ebt −Eob be the two system states. Let ut = Pbt be the control
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input. According to (10.1) and (10.5), letting xt = [x1t, x2t]
T, the

equation of the residential energy system can be written as

xt+1 = F (xt, ut, t) =

(

PLt − ut
x2t − utη(ut)

)

. (10.8)

Let ut = (ut, ut+1, . . .) denote the control sequence from t to ∞.

Let Mt =
[

m1C
2
t 0

0 m2

]

. Let x0 be the initial states. Then, the per-

formance index function (10.7) can be written as J(x0, u0, 0) =
∑∞

t=0 U(xt, ut, t), where U(xt, ut, t) = xTt Mtxt+ru
2
t . Generally, func-

tions of the residential load and the real-time electricity rate are
periodic. For convenience of analysis, our discussion is based on the
following assumption.

Assumption 10.1. The residential load PLt and the electricity rate
Ct are periodic functions with the period λ = 24 hours.

10.2.4 The optimality principle

Define the control sequence set as Ut =
{

ut : ut = (ut, ut+1, . . .),

∀ut+i ∈ R
m, i = 0, 1, . . .

}

. Then, for an arbitrary control sequence
ut ∈ Ut, the optimal performance index function can be defined as

J∗(xt, t) = inf
ut

{J(xt, ut, t) : ut ∈ Ut} . (10.9)

The optimal Q function satisfies the following equation

Q∗(xt, ut, t) = U(xt, ut, t) + inf
ut+1

Q∗(xt+1, ut+1, t+ 1), (10.10)

where the optimal performance index function satisfies J∗(xt, t) =
infut Q

∗(xt, ut, t). From (10.10), we can define Q∗(xt, ut, t) as the
optimal Q function. Generally, the optimal Q function Q∗(xt, ut, t) is
a highly nonlinear and non-analytic function and it is almost impossi-
ble to obtain the optimal control by directly solving equation (10.10).
In this chapter, a new dual iterative Q-learning algorithm will be
developed to obtain the optimal solution indirectly.
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10.3 Dual Iterative Q-Learning Algorithm of ADP

In this section, a new dual iterative Q-learning algorithm is devel-
oped to obtain the optimal control law for residential energy sys-
tems. A novel convergence analysis method will be developed in this
section.

10.3.1 Derivation of the dual iterative Q-learning

algorithm

From (10.10), we can see that the optimal Q function Q∗(xt, ut, t)
is a time-varying function, which means that for different time t,
the optimal Q function is different. This makes it difficult to obtain
Q∗(xt, ut, t). According to Assumption 10.1, for t = 0, 1, . . . , there
exist ς = 0, 1, . . . and θ = 0, 1, . . . , 23 that satisfies t = ςλ + θ. Let
k = ςλ. Then, we have PLt = PL(k+θ) = PLθ and Ct = Ck+θ = Cθ,
respectively. Define Uk as the control sequence from k to k + λ − 1,
i.e., Uk = (uk, uk+1, . . . , uk+λ−1). Then, for k ∈ {0, λ, 2λ, . . .}, we can
define a new utility function as

Π (xk,Uk) =
λ−1
∑

θ=0

U(xk+θ, uk+θ, θ). (10.11)

Then, according to (10.11), equation (10.10) can be expressed as

Q∗(xk,Uk) =Π (xk,Uk) + min
Uk+λ

Q∗(xk+λ,Uk+λ). (10.12)

The optimal control law sequence can be expressed by

U∗(xk) = argmin
Uk

{Q∗(xk,Uk)} . (10.13)

Based on the preparations above, the new dual iterative
Q-learning algorithm of ADP can be developed. In the developed
algorithm, two iterations are introduced, which are global and local
iterations, respectively. The objective of local iteration is to obtain
the iterative control law sequence that minimizes the total cost in
each period. The objective of global iteration is to update the itera-
tive performance index function to achieve the optimum.
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Let i = 0, 1, . . . be the global iteration index. Let Ψ(xk, uk) be an
arbitrary positive semi-definite function. Define the initial Q function
Q0(xk,Uk) as

Q0(xk,Uk) = Π (xk,Uk) + min
uk+λ

Ψ(xk+λ, uk+λ). (10.14)

The iterative control law sequence U0 can be computed as follows

U0(xk) = argmin
Uk

Q0(xk,Uk). (10.15)

The iterative Q function can be updated as

Q1(xk,Uk) = Π (xk,Uk) + min
Uk+λ

Q0(xk+λ,Uk+λ)
= Π (xk,Uk) +Q0(xk+λ,U0(xk+λ)). (10.16)

For i = 1, 2, . . . , the global iteration will proceed between

Ui(xk) = argmin
Uk

Qi(xk,Uk) (10.17)

and

Qi+1(xk,Uk) = Π (xk,Uk) + min
Uk+λ

Qi(xk+λ,Uk+λ)
= Π (xk,Uk) +Qi(xk+λ,Ui(xk+λ)). (10.18)

From (10.15)–(10.18), we can see that for i = 0, 1, . . . , if Ui(xk)
is obtained, the iterative Q function can be updated. As Ui(xk) is
an iterative control law sequence, local iteration is introduced to
obtain Ui(xk) iteratively. For i = 0, 1, . . . , let j = 0, 1, . . . , 23 be the
local iteration index. For i = 0 and j = 0, let the initial iterative
performance index be

Q0
0(xk, uk) = Ψ(xk, uk). (10.19)

Then, for j = 0, 1, . . . , 23, the local iteration will proceed between

uj0(xk) = argmin
uk

Qji (xk, uk), (10.20)
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and

Qj+1
0 (xk, uk) = U(xk, uk, j) + min

uk+1

Qj0(xk+1, uk+1)

= U(xk, uk, j) +Qj0(xk+1, u
j
0(xk+1)), (10.21)

where we let xk+1 =

(

PL(λ−1−j) − uk

x2k − ukη(uk)

)

. Let U(xk, uk, j) = xTkMλ−1−j

xk + ru2k, where Mλ−1−j =
[

m1C
2
λ−1−j 0
0 m2

]

. For i = 1, 2, . . . , we let

Q0
i (xk, uk) = Q24

i−1(xk, uk). For j = 0, 1, . . . , 23, the local iteration
will proceed between

uji (xk) = argmin
uk

Qji (xk, uk), (10.22)

and

Qj+1
i (xk, uk) = U(xk, uk, j) + min

uk+1

Qji (xk+1, uk+1)

= U(xk, uk, j) +Qj0(xk+1, u
j
0(xk+1)). (10.23)

Then, for i = 0, 1, . . . , we can obtain the iterative control law
sequence by

Ui(xk) = {u0i (xk), u1i (xk), . . . , u23i (xk)}. (10.24)

From the dual iterative Q-learning algorithm (10.15)–(10.24), we
can see that the local iteration (10.19)–(10.24) proceeds for a finite
number of iterations, while the global iteration (10.15)–(10.18) pro-
ceeds for infinite number of iterations. Thus, as i → ∞, the algo-
rithm should be convergent which makes both Qi+1(xk,Uk) and
Ui(xk) converge to the optimum. In the next subsection, the con-
vergence property of the dual iterative Q-learning algorithm will be
investigated.

10.3.2 Properties of the dual iterative Q-learning

algorithm

In the above subsection, we have developed the dual iterative
Q-learning algorithm, where the iterative Q function Qi(xk,Uk) is
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used to approximate the optimal Q function Q∗(xk,Uk) and the
iterative control law Ui(xk) is used to approximate U∗(xk). In this
subsection, the convergence property will be developed to guaran-
tee that both the iterative Q function and the iterative control law
converge to the optimum.

Theorem 10.1. For i = 0, 1, . . . and j = 0, 1, . . . , 23, let the iterative
Q functions Qi(xk,Uk) and Qji (xk, uk) be obtained by (10.14)–(10.24).
Then, we have

min
Uk

Qi(xk,Uk) = min
uk

Q24
i (xk, uk). (10.25)

Proof. The statement can be proven by mathematical induction.
First, for i = 0, we have

min
uk

Qj+1
0 (xk, uk)

= min
uk

(

U(xk, uk, j) + min
uk+1

Qj0(xk+1, uk+1)
)

= min
uk

(

U(xk, uk, j) + min
uk+1

(

U(xk+1, uk+1, j − 1) + · · ·

+ min
uk+j

(

U(xk+j , uk+j, 0)+ min
uk+j+1

Ψ(xk+j+1, uk+j+1)
)

)

)

= min
(uk,uk+1,...,uk+j)

( j
∑

l=0

U(xk+l, uk+l, j − l)

+ min
uk+j+1

Ψ
(

xk+j+1, uk+j+1

)

)

. (10.26)

Let j = 23. According to (10.11) and (10.14), we have

min
uk

Q24
0 (xk, uk) = min

Uk

(

Π(xk,Uk) + min
uk+λ

Ψ(xk+λ, uk+λ)
)

= min
Uk

Q0(xk,Uk). (10.27)

The conclusion holds for i = 0. Assume that the conclusion holds for
i = τ − 1, i.e.,

min
Uk

Qτ−1(xk,Uk) = min
uk

Q24
τ−1(xk, uk). (10.28)
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Then for i = τ , we have

min
uk

Q24
τ (xk, uk)

= min
uk

(

U(xk, uk, 23) + min
uk+1

Q23
τ (xk+1, uk+1)

)

= min
uk

(

U(xk, uk, 23) + min
uk+1

(

U(xk+1, uk+1, 22)

+ · · ·+ min
uk+23

(

U(xk+23, uk+23, 0) + min
uk+λ

Q0
τ (xk+λ, uk+λ)

)

)

)

= min
Uk

(

Π(xk,Uk) + min
uk+λ

Q24
τ−1(xk+λ, uk+λ)

)

= min
Uk

(

Π(xk,Uk) + min
Uk+λ

Qτ−1(xk+λ,Uk+λ)
)

= min
Uk

Qτ (xk,Uk). (10.29)

The mathematical induction is complete. �

From Theorem 10.1, we can obtain the following corollary.

Corollary 10.1. Let μ(xk) be an arbitrary control law. For i =
0, 1, . . . and j = 0, 1, . . . , 23, define a new performance index func-
tion as

Qj+1
i (xk, uk) = U(xk, uk, j) +Qj

i (xk+1, μ(xk+1)), (10.30)

and define Qj+1
i (xk, uk) as in (10.23). For i = 0, 1, . . . , let

Q0
i (xk, uk) = Q0

i (xk, uk). (10.31)

Then, for j = 0, 1, . . . , 23, we have

Qji (xk, uk) ≤ Qj
i (xk, uk). (10.32)

From Theorem 10.1 and Corollary 10.1, for i = 0, 1, . . . , we can
say that the total cost in each period can be minimized by the iter-
ative control law sequence Ui(xk) according to the local iteration
(10.19)–(10.24). Next, the convergence property of the global itera-
tion will be developed.
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Theorem 10.2. For i = 0, 1, . . . , let Qi+1(xk,Uk) and Ui(xk) be
obtained by the global iteration (10.15)–(10.18). Then, the iterative
Q function Qi(xk,Uk) converges to the optimal Q function, i.e.,

lim
i→∞

Qi(xk,Uk) = Q∗(xk,Uk). (10.33)

Proof. For functions Q∗(xk,Uk), Π(xk,Uk), and Q0(xk,Uk), let γ,
γ, δ and δ be constants that satisfy

γΠ(xk,Uk) ≤ min
Uk+λ

Q∗(xk+λ,Uk+λ) ≤ γΠ(xk,Uk), (10.34)

and

δQ∗(xk,Uk) ≤ Q0(xk,Uk) ≤ δQ∗(xk,Uk), (10.35)

respectively, where 0 < γ ≤ γ < ∞ and 0 ≤ δ ≤ δ < ∞. Since

Q∗(xk,Uk) is unknown, the values of γ, γ, δ and δ cannot be obtained
directly. In the following, we will prove that for arbitrary constants
γ, γ, δ and δ, the iterative Q function Qi(xk,Uk) will converge to the
optimum and the estimations for the values of these constants can
be omitted. The proof proceeds in four steps. First, we show that if
0 ≤ δ ≤ δ < 1, then for i = 0, 1, . . . , the iterative performance index
function Qi(xk,Uk) satisfies

(

1 +
δ − 1

(1 + γ −1)
i

)

Q∗(xk,Uk) ≤ Qi(xk,Uk)

≤
(

1 +
δ − 1

(1 + γ−1)i

)

Q∗(xk,Uk). (10.36)

The inequality (10.36) can be proven by mathematical induction.
Let i = 0 and we have

Q1(xk,Uk) =Π (xk,Uk) + min
Uk+λ

{

Q0(xk+λ,Uk+λ)
}

≥Π(xk,Uk) + δ min
Uk+λ

{

Q∗(xk+λ,Uk+λ)
}
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≥
(

1 + γ
δ − 1

1 + γ

)

Π(xk,Uk)

+

(

δ − δ − 1

1 + γ

)

min
Uk+λ

{

Q∗(xk+λ,Uk+λ)
}

=

(

1+
δ − 1

(1 + γ −1)

)

{

Π(xk,Uk)+min
Uk+λ

{

Q∗(xk+λ,Uk+λ)
}

}

=

(

1 +
δ − 1

(1 + γ −1)

)

Q∗(xk,Uk). (10.37)

From the idea of (10.37), we can also get Q1(xk,Uk) ≤
(

1 + δ−1
(1+γ −1)

)

Q∗(xk,Uk). Thus, (10.36) holds for i = 0. Assume that

(10.36) holds for i = l − 1, l = 1, 2, . . . . Then for i = l, we have

Ql+1(xk,Uk)
= Π (xk,Uk) + min

Uk+λ

{

Ql(xk+λ,Uk+λ)
}

≥ Π(xk,Uk)+
(

1+
δ − 1

(1 + γ −1)
l−1

)

min
Uk+λ

{

Q∗(xk+λ,Uk+λ)
}

≥
(

1+
δ − 1

(1+γ −1)l

)

{

Π(xk,Uk)+min
Uk+λ

{

Q∗(xk+λ,Uk+λ)
}

}

=

(

1 +
δ − 1

(1 + γ −1)l

)

Q∗(xk,Uk). (10.38)

We can also get

Ql+1(xk,Uk)
= Π (xk,Uk) + min

Uk+λ

{

Ql(xk+λ,Uk+λ)
}

≤
(

1+
δ − 1

(1+γ−1)l

){

Π(xk,Uk)+min
Uk+λ

{

Q∗(xk+λ,Uk+λ)
}

}

=

(

1 +
δ − 1

(1 + γ−1)l

)

Q∗(xk,Uk). (10.39)
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Hence, we obtain that (10.36) holds for i = 0, 1, . . . The mathe-
matical induction is complete. Second, we show that if 0 ≤ δ ≤ 1 ≤
δ <∞, then the iterative Q function Qi(xk,Uk) satisfies

(

1+
δ − 1

(1 + γ −1)
i

)

Q∗(xk,Uk) ≤ Qi(xk,Uk)

≤
(

1 +
δ − 1

(1 + γ−1)
i

)

Q∗(xk,Uk). (10.40)

The left hand side of (10.40) can be proven according to (10.37).
Now, we prove the right-hand side of (10.40) by mathematical induc-
tion. Let i = 0. We have

Q1(xk,Uk)
=Π (xk,Uk) + min

Uk+λ

{

Q0(xk+λ,Uk+λ)
}

≤Π(xk,Uk) + δ min
Uk+λ

{

Q∗(xk+λ,Uk+λ)
}

+
δ − 1

(1 + γ)

(

γΠ(xk,Uk)− min
Uk+λ

{

Q∗(xk+λ,Uk+λ)
}

)

≤
(

1 +
δ − 1

(1 + γ−1)

)

Q∗(xk,Uk). (10.41)

Assume that the conclusion holds for i = l−1, l = 1, 2, . . . . Then for
i = l, we have

Ql+1(xk,Uk)
=Π (xk,Uk) + min

Uk+λ

{

Q0(xk+λ,Uk+λ)
}

≤Π(xk,Uk)+
(

1+
δ − 1

(1+γ −1)
l−1

)

min
Uk+λ

{

Q∗(xk+λ,Uk+λ)
}

≤
(

1 +
δ − 1

(1 + γ −1)l

)

Q∗(xk,Uk). (10.42)
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Hence, we obtain that (10.40) holds for i = 0, 1, . . . The math-
ematical induction is complete. Third, for the situation 1 ≤ δ ≤
δ < ∞, according to (10.37)–(10.39), we can prove that for i =
0, 1, . . . , the iterative performance index function Qi(x,U) satisfies
(10.36).

Finally, considering the three situations above, for arbitrary con-
stants γ, γ, δ and δ, according to (10.36) and (10.40), we can easily
obtain (10.33), as i→ ∞. �

Corollary 10.2. For i = 0, 1, . . . , let Qi+1(xk,Uk) and Ui(xk) be
obtained by global iteration (10.15)–(10.18). Then the iterative control
law sequence Ui(xk) converges to the optimal control law sequence,
i.e., limi→∞ Ui(xk) = U∗(xk).

10.4 Neural Network Implementation for the Dual

Iterative Q-Learning Algorithm

In this section, neural networks are introduced to implement the
dual iterative Q-learning algorithm. There are two neural networks,
which are critic and action networks, respectively, in the dual itera-
tive Q-learning algorithm. Both neural networks are chosen as three-
layer back-propagation (BP) networks. The whole structure diagram
is shown in Fig. 10.2.

Fig. 10.2. The structure diagram of the dual iterative Q-learning algorithm.
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10.4.1 The action network

For i = 0, 1, . . . , the role of the action network is to approximate the
iterative control law sequence Ui(xk) defined in (10.17). To obtain
the sequence, the action network should be trained to obtain the
iterative control in local iteration. According to (10.19)–(10.23), the
target of the action network can be defined as (10.20) and (10.22),
where constraints in (10.3) and (10.4) are considered.

The action network can be constructed by 2 input neurons, 10
sigmoidal hidden neurons and 1 linear output neuron. Let l = 0, 1, . . .
be the training step. Then, the output of the action network can be
expressed as

ûj,li (xk) =W jT
ai (l)σ(Za(xk)), (10.43)

where Za(x) = Y T
a xk and σ(·) is a sigmoid function. Let W j

ai(l) and
Ya be the hidden-output and input-hidden weight matrices, respec-
tively. To enhance the training speed, only the hidden-output weight
W j
ai(l) is updated during the neural network training, while the

input-hidden weight is fixed. The action network weight update is
expressed as follows

W j
ai(l + 1) =W j

ai(l)− βa

[

∂Ejai(l)

∂W j
ai(l)

]

, (10.44)

where Ejai(l) =
1
2 (e

j
ai(l))

2 and ejai(l) = ûj,li (xk) − uji (xk). Let βa > 0
be the learning rate of the action network.

10.4.2 The critic network

For i = 0, 1, . . . and j = 0, 1, . . . , 23, the goal of the critic net-
work is to obtain Qi(xk,Uk) by updating Qj+1

i (xk, uk) in (10.23),
iteratively. The critic network can be constructed by 3 input neu-
rons, 15 sigmoidal hidden neurons and 1 linear output neuron. Let
Zck = [xTk , uk]

T be the input vector of the critic network. Then, the
output of the critic network can be expressed as

Q̂j+1,l
i (xk, uk) =W jT

ci (l)σ(Zck), (10.45)

where Zck = Y T
c Zck and σ(·) is a sigmoid function. Let W j

ci(l) and
Yc be the hidden-output and input-hidden weight matrices, respec-
tively. During the neural network training, the hidden-output weight
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W j
ci(l) is updated, while the input-hidden weight Yc is fixed. The

critic network weight update is expressed as follows

W j
ci(l + 1) =W j

ci(l)− αc

[

∂Ejci(l)

∂W j
ci(l)

]

, (10.46)

where Ejci(l) =
1
2(e

j
ci(l))

2 and ejci(l) = Q̂j+1,l
i (xk, uk) −Qj+1

i (xk, uk).
Let αc > 0 be the learning rate of the critic network.

10.4.3 Training phase

In this subsection, the dual iterative Q-learning algorithm imple-
mented by action and critic networks is explained step by step and
shown in Algorithm 10.1.

Algorithm 10.1 Dual iterative Q-learning algorithm.
Initialization:

1: Collect an array of system data for the residential energy system (10.8).
2: Give a positive semi-definite function Ψ(xk, uk).
3: Give the computation precision ε > 0.
Iteration:

4: Let i = 0.
5: For j = 0, let Q0

0(xk, uk) = Ψ(xk, uk).
6: For j = 0, 1, . . . , 23, train the action and critic networks to obtain uj

0(xk) and
Qj+1

0 (xk, uk) that satisfy (10.20) and (10.21), respectively.
7: Let Q0(xk,Uk) = Q24

0 (xk, uk). Obtain U0(xk) and Q1(xk,Uk) by (10.15) and
(10.16), respectively.

8: Let i = i+ 1.
9: For j = 0, 1, . . . , 23, train the action and critic networks to obtain uj

i (xk) and
Qj+1

i (xk, uk) that satisfy (10.22) and (10.23), respectively.
10: Let Qi(xk,Uk) = Q24

i (xk, uk). Obtain Ui(xk) and Qi+1(xk,Uk) by (10.17) and
(10.18), respectively.

11: If |Qi(xk,Uk) − Qi−1(xk,Uk)| ≤ ε, then goto next step. Otherwise, goto
Step 8.

12: For j = 0, 1, . . . , 23, solve uj
i (xk) by (10.22) and obtain Ui(xk) =

(u0
i (xk), . . . , u

23
i (xk)).

13: return Qi(xk,Uk) and Ui(xk).
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10.5 Simulation Example

In this section, the performance of the dual iterative Q-learning algo-
rithm will be examined by numerical experiments. The profiles of
the residential load demand (kW) and the real-time electricity rate
(cents) for one week (168 hours) are shown in Figs. 10.3(a) and
(c), respectively. We can see that the residential load demand and
the real-time electricity rate are both periodic-like functions with
the period λ = 24. The average trajectories of the residential load
demand and the electricity rate are shown in Figs. 10.3(b) and (d).

We assume that the supply from the power grid guarantees the
residential load demand at any time. Define the capacity of the
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Fig. 10.3. Residential load demand and electricity rate. (a) Residential load
demand for 168 hours. (b) Average residential load demand. (c) Real-time elec-
tricity rate for 168 hours. (d) Average electricity rate.
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Fig. 10.4. The trajectory of the iterative Q function.
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Fig. 10.5. Optimal control of the battery in one week.
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battery as 100 kWh. Let the upper and lower storage limits of
the battery be Emin

b = 20 kWh and Emax
b = 80 kWh, respec-

tively. The rated power output of the battery and the maximum
charge/discharge rate is 16 kW. The initial level of the battery is 30
kWh. Let the performance index function be expressed as in (10.7),
where we set m1 = 1, m2 = 0.2 and r = 0.1. Let the initial function
Ψ(xk, uk) = [xTk , uk]I[x

T
k , uk]

T , where I is the identity matrix with
a suitable dimension. Let the initial state be x0 = [8, 30]T . After nor-
malizing the data of the residential load demand and the electricity
rate, we implement the developed dual iterative Q-learning algorithm
by neural networks for i = 20 iterations to guarantee the computa-
tion precision ε = 10−4. The learning rates of the action and critic
networks are 0.01 and the training precisions of the neural networks
are 10−6. Let Qji (x0, ū) = min

u
Qji (x0, u). The trajectory of Qji (x0, ū)

is shown in Fig. 10.4, where we can see that the iterative Q func-
tion is convergent to the optimum after i = 20 iterations. According
to the one week’s residential load demand and electricity rate, the
optimal control of the battery is shown in Fig. 10.5.

10.6 Conclusion

In this chapter, a dual iterative Q-learning algorithm is developed
to solve the optimal battery management and control problem in
smart residential environments. Global and local iterations are intro-
duced in the developed algorithm. The convergence property of the
dual iterative Q-learning algorithm is developed for the first time
to guarantee that both the iterative Q function and the iterative
control law sequence reach the optimum. Neural networks are intro-
duced to implement the developed dual iterative Q-learning algo-
rithm. Finally, numerical results are given to illustrate the superiority
of the developed algorithm.
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Chapter 11

Mixed Iterative Adaptive Dynamic
Programming for Optimal Battery

Energy Control in Microgrids

11.1 Introduction

In this chapter, a novel mixed iterative ADP algorithm is devel-
oped to solve the optimal battery energy management and control
problem in microgrid systems. Based on the data of the load and
electricity rate, two iterations are constructed, which are P -iteration
and V -iteration, respectively. The V -iteration is implemented based
on value iteration, which aims to obtain the iterative control law
sequence in each period. The P -iteration is implemented based on
policy iteration, which updates the iterative value function accord-
ing to the iterative control law sequence. Properties of the devel-
oped mixed iterative ADP algorithm are analyzed. It is shown that
the iterative value function is monotonically non-increasing and con-
verges to the solution of the HJB equation. In each iteration, it is
proven that the performance index function is finite under the iter-
ative control law sequence. Finally, numerical results are given to
illustrate the performance of the developed algorithm.

247
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11.2 Problem Formulation

In this section, the microgrid systems will be described. The perfor-
mance index function will be defined and the optimality principle
will be introduced.

11.2.1 System descriptions

The microgrid system discussed in this paper is described in
Refs. [1, 2], which is composed of the power grid, the load, and the
battery system. It is expected to optimize the energy management of
the microgrid system by suitable designing the charging/discharging
power of the battery. In this chapter, the optimal battery manage-
ment and control problem is treated as a discrete time problem with
the time step of 1 hour and it is assumed that the load of the user
varies hourly. The battery will make decisions to meet the demand
of the residential load and according to the real-time electricity rate.
There are three operational modes for the battery of the microgrid
system.

• Charging mode: when the load is low and the electricity rate is
inexpensive, the power grid will supply the load directly and, at
the same time, charge the battery;

• Idle mode: the power grid will directly supply the load at certain
hours while the battery energy remains fixed;

• Discharging mode: the battery supplies the load at hours when
the load is high and the electricity rate is expensive.

The battery model used in this chapter is based on [1, 2], where
battery efficiency is considered to extend the battery’s lifetime as far
as possible. Let Ebt be the battery energy at time t and let η(·) be
the charging/discharging efficiency of the battery. Then, the battery
model can be expressed as

Eb(t+1) = Ebt − Pbt × η(Pbt), (11.1)

where Pbt is the battery power output at time t. Let Pbt > 0 denote
battery discharging. Let Pbt < 0 denote battery charging and let
Pbt = 0 denote that the battery is idle. The efficiency of battery
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charging/discharging is derived by Refs. [1, 2], which is expressed as

η(Pbt) = 0.898 − 0.173|Pbt |/Prate, (11.2)

where Prate > 0 is the rated power output of the battery. To
extend the battery’s lifetime, two constraints need to be considered.
The storage limits satisfy Emin

b ≤ Ebt ≤ Emax
b , where Emin

b and
Emax
b are the minimum and maximum storage energy of the bat-

tery, respectively. The charging and discharging power limits satisfy
Pmin
b ≤ Pbt ≤ Pmax

b , where Pmin
b and Pmax

b are the minimum and
maximum charging/discharging powers of the battery, respectively.

11.2.2 Optimization objectives

First, inspired by Ref. [2], we define the system states and control.
Let x1t = Pgt and x2t = Ebt−Eob be the two system states, where Pgt
is the power from the power grid and Eob is the middle storage limit
of the battery. Let the system control be the charging/discharging
power of the battery, i.e., ut = Pbt. Letting xt = [x1t, x2t]

T be the
system state and letting PLt be the power of the load, the equation
of the microgrid system is derived as

xt+1 = F (xt, ut, t), (11.3)

where the system function is expressed as F (xt, ut, t) =
(

PLt − ut

x2t − utη(ut)

)

. Let ut = (ut, ut+1, . . .) denote the control sequence

from t to ∞. Let x0 be the initial state. Then, the total performance
index function expected to be minimized can be written as

J(x0, u0, 0) =

∞
∑

t=0

γt
(

m1(Ctx1t)
2 +m2x

2
2t + ru2t

)

, (11.4)

where Ct is the electricity rate, and m1, m2, r are given positive
constants. Let γ denote the discount factor, which satisfies 0 < γ < 1.
The physical meaning of the first term of the performance index
function is to minimize the total cost from the grid. The second term
aims to make the stored energy of the battery close to the middle of
storage limit, which avoids fully charging/discharging of the battery.
The third term is to prevent large charging/discharging power of the
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battery. Hence, the second and third terms aim to extend the lifetime

of the battery. Let Mt =

[

m1C
2
t 0

0 m2

]

and let the utility function be

U(xt, ut, t) = xTt Mtxt + ru2t . Then, the performance index function
(11.4) can be expressed as

J(x0, u0, 0) =

∞
∑

t=0

γtU(xt, ut, t). (11.5)

Generally, the functions of the load and the electricity rate are peri-
odic. For convenience of analysis, in this chapter, our discussion is
based on the following assumption.

Assumption 11.1. The residential load PLt and the electricity rate
Ct are periodic functions with the period λ = 24 hours.

Define the control sequence set as At =
{

ut : ut = (ut, ut+1, . . .),

ut+i ∈ R, i = 0, 1, . . .
}

. Then, for an arbitrary control sequence ut ∈
At, the optimal performance index function can be defined as

J∗(xt, t) = inf
ut

{J(xt, ut, t) : ut ∈ At} . (11.6)

According to Bellman’s principle of optimality, we can obtain the
following discrete-time Bellman equation

J∗(xt, t) = min
ut

{

U(xt, ut, t) + γJ∗(xt+1, t+ 1)
}

. (11.7)

Generally, the optimal performance index function J∗(xt, t) is a
nonlinear non-analytic function and it is almost impossible to obtain
the optimal control by directly solving equation (11.7). In Ref. [2],
a dual iterative Q-learning algorithm was developed to obtain the
optimal solution indirectly, which was proven that the iterative Q
function converged to the optimum, as the iteration index increased
to infinity. However, properties of the iterative control laws were not
considered in Ref. [2]. It implied that the dual iterative Q-learning
algorithm could not stop until infinite iterations to reach the opti-
mum. Hence, the computation efficiency of dual iterative Q-learning
algorithm is low. To overcome this disadvantage, a new mixed itera-
tive ADP algorithm will be developed.
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11.3 Mixed Iterative ADP Algorithm

In this section, inspired by Ref. [2], a new mixed iterative iterative
ADP algorithm will be developed to obtain the optimal control law
for microgrid systems. New property analysis will also be developed
in this section.

11.3.1 Derivations

As PLt and Ct are both periodic functions with the period λ = 24
hours, for any t = 0, 1, . . . , there exist � = 0, 1, . . . and θ = 0, 1, . . . , 23
that satisfy t = �λ+ θ. Let k = �λ. Then, we have PLt = PL(k+θ) =
PLθ and Ct = Ck+θ = Cθ, respectively. Define Uk as the control
sequence from k to k+λ−1, i.e., Uk = (uk, uk+1, . . . , uk+λ−1). Then
∀ k ∈ {0, λ, 2λ, . . .}, we can define a new utility function as

Π (xk,Uk) =
λ−1
∑

θ=0

γθU(xk+θ, uk+θ, θ). (11.8)

Letting J ∗(xk) = J∗(xk, k), the Bellman equation (11.7) can be
derived as

J ∗(xk) = min
Uk

{

Π(xk,Uk) + γ̃J ∗(xk+λ)
}

, (11.9)

where γ̃ = γλ. The optimal control law sequence can be expressed
by

U ∗(xk) = argmin
Uk

{

Π(xk,Uk) + γ̃J ∗(xk+λ)
}

. (11.10)

Let μl(xk), l = 0, 1, . . . , λ − 1 be the control law in hour l. Let
Λ(xk) = {μ0(xk), μ1(xk), . . . , μλ−1(xk)} be a control law sequence in
a period, which makes the following performance index function

P(xk) =

∞
∑

τ=0

γλτΠ(xk+λτ ,Λ(xk+λτ )) (11.11)

finite. Let U(xk) be a set of control law sequences, which is
defined as

U(xk) =

{

Λ(xk)

∣

∣

∣

∣

∞
∑

τ=0

γ̃τΠ(xk+λτ ,Λ(xk+λτ )) <∞
}

. (11.12)
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Based on the above preparations, the new mixed iterative ADP
algorithm, which is referred to HDP, can be developed. There are
two iterations in the developed algorithm, which are V -iteration and
P -iteration, respectively. Let i = 0, 1, . . . be the P -iteration index.
For i = 0. Let

U0(xk) =
{

u00(xk), u
1
0(xk), . . . , u

23
0 (xk)

}

(11.13)

be an arbitrary control law sequence, which satisfies U0(xk) ∈ U(xk).
Let V0(xk) be the iterative value function constructed by the control
law sequence U0(xk) that satisfies the following generalized Bellman
equation

V0(xk) = Π (xk,U0(xk)) + γ̃V0(xk+λ). (11.14)

The iterative control law sequence U1(xk) can be computed as

U1(xk) = argmin
Uk

{

Π(xk,Uk) + γ̃V0(xk+λ)
}

. (11.15)

For i = 1, 2, . . . , let Vi(xk) be the iterative value function con-
structed by the control law sequence Ui(xk) that satisfies the follow-
ing generalized Bellman equation

Vi(xk) = Π (xk,Ui(xk)) + γ̃Vi(xk+λ). (11.16)

Then, we update the iterative control law sequence Ui+1(xk) by

Ui+1(xk) = argmin
Uk

{

Π(xk,Uk) + γ̃Vi(xk+λ)
}

. (11.17)

Equations (11.13)–(11.17) can be called as the P -iteration. For
any P -iteration index i = 0, 1, . . . , it requires the iterative control
law sequence Ui(xk) to construct the iterative value function Vi(xk).
However, Ui(xk) cannot be obtained by solving (11.15) and (11.17)
directly. Thus, the V -iteration is implemented to obtain Ui(xk) iter-
atively. For any i = 0, 1, . . . , let j = 0, 1, . . . , λ− 1 be the V -iteration
index. For i = 0, 1, . . . , and j = 0, let the initial value function be

V0
i+1(xk) = Vi(xk). (11.18)
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Then, for j = 0, 1, . . . , λ− 1, the iterative control law is solved by

uji+1(xk) = argmin
uk

{

U(xk, uk, j) + γVji+1(xk+1)
}

= argmin
uk

{

U(xk, uk, j) + γVji+1(F(xk, uk, j))
}

, (11.19)

where xk+1 = F(xk, uk, j) =

(

PL(λ−1−j) − uk

x2k − ukη(uk)

)

, U(xk, uk, j) =

xTkMλ−1−jxk + ru2k, and Mλ−1−j =

[

m1C
2
λ−1−j 0

0 m2

]

. The iterative

value function is updated by

Vj+1
i+1 (xk) = min

uk

{

U(xk, uk, j) + γVji+1(xk+1)
}

= U(xk, u
j
i+1(xk), j) + γVji+1(F(xk, u

j
i+1(xk), j)). (11.20)

Then, we construct the iterative control law sequence by

Ui+1(xk) = {uλ−1
i+1 (xk), u

λ−2
i+1 (xk), . . . , u

0
i+1(xk)}. (11.21)

Remark 11.1. For the microgrid system in this chapter, the load
and electricity rate are different in each hour. Hence, the micro-
grid system (11.3) is a time-variant system. Then, the system con-
trol law for microgrid system is also time-variant, which implies
that the optimal battery control law in each hour is also differ-
ent. On the other hand, in Assumption 11.1, the residential load
and the electricity rate are periodic functions with the period
λ = 24 hours. Thus, we can find a periodical control sequence
Uk that satisfies the Bellman equation can be derived as (11.9),
where each control in the control sequence processes different con-
trol law. Thus, there are 24 control laws in the control sequence,
i.e., U(xk) = (u0(xk), u

1(xk), . . . , u
23(xk)). For any j = 0, 1, . . . , 23,

according to the state xk+j, we can easily obtain the control input
uk+j = uj(xk+j). Hence, the mixed iterative ADP algorithm is ini-
tialized by an arbitrary control law sequence (11.13), instead of a
single control law.

Remark 11.2. There are two blocks in the iterative ADP algorithm
(11.13)–(11.21), which are P -iteration and V -iteration, respectively.
The P -iteration (11.13)–(11.17) is implemented based on policy
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iteration, which objective is to update the iterative value function
that satisfies the generalized Bellman equation. This iteration pro-
cedure is called “policy evaluation” procedure [3]. The V -iteration
(11.18)–(11.21) is implemented based on value iteration, which objec-
tive is to obtain the iterative control law sequence that minimizes
the total cost in each period. From V -iteration, we can always use
it to find another control law sequence that is better, or at least no
worse. This iteration procedure is known as “policy improvement”
procedure. As we can see that the developed iterative ADP algorithm
contains both value and policy iterations, and the developed iterative
ADP algorithm can be called mixed iterative ADP algorithm.

On the other hand, the policy evaluation and policy improvement
procedures are different from the procedures in Ref. [3]. For the pol-
icy evaluation procedure in Ref. [3], the iterative value function is
updated for a single control law. In this chapter, the iterative value
function is updated under the iterative control law sequence. In the
policy improvement procedure in Ref. [3], a single iterative control
law is obtained. In the developed mixed iterative value function, we
use (11.18)–(11.21) in the policy improvement procedure to update
a new iterative control law sequence instead of a single control law.
Thus, the policy evaluation and policy improvement procedures are
different from the procedures in Ref. [3].

Remark 11.3. The developed mixed iterative ADP algorithm
(11.13)–(11.21) is different from the dual iterative Q-learning algo-
rithm [2]. First, the initial conditions are different. In Ref. [2], the
dual iterative Q-learning algorithm initialized by a positive semi-
definite function, while the mixed iterative ADP algorithm initialized
by a control law sequence. Second, in each iteration of the dual iter-
ative Q-learning algorithm, the iterative control law sequence is used
to improve the iterative Q function, while in each P -iteration of the
mixed iterative ADP algorithm, it is required to solve a generalized
Bellman equation by the iterative control law sequence. Thus, the
property analysis in Ref. [2] is not available for the developed mixed
iterative ADP algorithm and new property analysis method will be
constructed.

Remark 11.4. If we have obtained the iterative control law Ui(xk),
i = 0, 1, . . . , we can construct an iterative value function Vi(xk)
to satisfy generalized Bellman equation (11.14) and (11.16). The
method can be explained as follows. Let l = 0, 1, . . . be an iteration
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index. Letting V 0
i (xk) = Vi−1(xk), for any l = 0, 1, . . . , update the

iterative value function by the following equation

V l+1
i (xk) = Π(xk,Ui(xk)) + γ̃V l

i (xk+λ) (11.22)

until the iterative value function is convergent, i.e., V l+1
i (xk) =

V l
i (xk). Then, we can obtain Vi(xk) = V l

i (xk). According to (11.22),
the iterative control law sequence Ui(xk) is kept unchanged. Hence,
we say that in each P -iteration of the mixed iterative ADP algo-
rithm, the iterative control law sequence is kept unchanged. However,
in each iteration of the dual Q-learning algorithm [2], including
i-iteration and j-iteration, the iterative control law of the system
is updated for any i and j. Thus, we say that the P -iteration of the
mixed iterative ADP algorithm is simpler than the dual Q-learning
algorithm [2].

Remark 11.5. Generally, traditional ADP algorithms are inves-
tigated in the framework of Markov decision process which are
implemented along time k = 0, 1, . . . . For any time k = 0, 1, . . . ,
the performance index function and control law are updated for
the state xk, where the state xk is a stochastic state in the state
space in the framework of Markov decision process. When the time
increases to infinity, the performance index function and the con-
trol law are desired to satisfy the following HJB equation (11.7).
Hence, we say that traditional ADP algorithms are implemented in
stochastic process. On the other hand, in this chapter, we focus on
deterministic systems. The developed mixed iterative ADP algorithm
is implemented according to the iteration indices i = 0, 1, . . . and
j = 0, 1, . . . , 23, which is not along to the time index k. In each iter-
ation, it is required that the iterative control law and the iterative
value function are updated for the whole state space instead of being
updated for a single state xk. Thus, we say that the developed mixed
iterative ADP algorithm is obviously different from the traditional
ADP algorithms.

11.3.2 Properties

In this subsection, the property of the V -iteration will first be shown.
Then, the properties of the iterative control law sequences and the
iterative value function will be proven.
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Theorem 11.1. For i = 0, 1, . . . and j = 0, 1, . . . , λ− 1, let the iter-
ative value function Vji+1(xk) and the iterative control law uji+1(xk)
be obtained by the V -iteration (11.18)–(11.21). Then, the iterative
control law sequence Ui+1(xk) in (11.21) satisfies (11.17) for any
i = 0, 1, . . . .

Proof. For any i = 0, 1, . . . , according to (11.20), we can derive
that

Vλi+1(xk) = min
uk

{

U(xk, uk, λ− 1) + γVλ−1
i+1 (xk+1)

}

, (11.23)

where U(xk, uk, λ − 1) = xTk

[

m1(C0)
2 0

0 m2

]

xk + ru2k, and xk+1 =

F(xk, uk, λ−1) =

(

PL0 − uk

x2k − ukη(uk)

)

. According to (11.20) and (11.23),

we can derive

Vλi+1(xk) = min
uk

{

U(xk, uk, λ− 1) + γmin
uk+1

{

U(xk+1, uk+1, λ− 2)

+ γVλ−2
i+1 (xk+2)

}}

= min
uk

{

U(xk, uk, λ− 1) + γmin
uk+1

{

U(xk+1, uk+1, λ− 2)

+ · · ·+ γ min
uk+λ−1

{

U(xk+λ−1, uk+λ−1, 0)

+ γV0
i+1(xk+λ)

}

· · ·
}}

= min
uk+λ−1
k

{

λ−1
∑

j=0

γjU(xk, uk, λ− j − 1) + γλV0
i+1(xk+λ)

}

= min
Uk

{

Π(xk,Uk) + γ̃Vi(xk+λ)
}

. (11.24)

Thus, we know that the iterative control law sequence Ui+1(xk) in
(11.21) satisfies (11.17) for any i = 0, 1, . . . . �

Theorem 11.2. Let the mixed iterative ADP algorithm be imple-
mented according to (11.13)–(11.21). For i = 0, 1, . . . , if the iterative
control law sequence Ui(xk) satisfies Ui(xk) ∈ U(xk), where U(xk) is
defined in (11.12), then we have

Ui+1(xk) ∈ U(xk). (11.25)
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Proof. If Ui(xk) ∈ U(xk), then there exists an iterative value
function Vi(xk) that satisfies (11.16). Let P�(xk), � = 0, 1, . . . , be
expressed as

P�+1(xk) = Π (xk,Ui+1(xk)) + γ̃P�(xk+λ), (11.26)

where P0(xk) = Vi(xk). As Ui+1(xk) satisfies (11.17), we know that

P1(xk) = Π (xk,Ui+1(xk)) + γ̃P0(xk+λ)

= min
Uk

{Π(xk,Uk) + γ̃Vi(xk+λ)}

≤ Π(xk,Ui(xk)) + γ̃Vi(xk+λ)

= Vi(xk). (11.27)

Thus, P1(xk) ≤ Vi(xk). Using mathematical induction, we can derive

P�+1(xk) ≤ Vi(xk) (11.28)

for any � = 0, 1, . . . . According to (11.26), for � = 0, 1, . . . , we can
derive that

P�+1(xk) =

�
∑

τ=0

γ̃τΠ(xk+λτ ,Ui+1(xk+λτ ))

+ γ̃�+1Vi(xk+λ(�+1)). (11.29)

Letting �→ ∞, we can derive

∞
∑

τ=0

γ̃τΠ(xk+λτ ,Ui+1(xk+λτ )) ≤ Vi(xk) <∞. (11.30)

Thus, we have Ui+1(xk) ∈ U(xk). The proof is complete. �

Corollary 11.1. Let the mixed iterative ADP algorithm be imple-
mented according to (11.13)–(11.21). If the iterative control law
sequence U0(xk) satisfies U0(xk) ∈ U(xk), where U(xk) is defined in
(11.12), then we have (11.25) holds for any i = 0, 1, . . . .

In Theorems 11.1–11.2, the properties of the iterative control law
sequence have been derived, i.e., Ui(xk) ∈ U(xk), i = 0, 1, . . . . In
the following, the convergence of the iterative value function will
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be analyzed in two steps. First, the monotonicity of the iterative
value function is discussed. The iterative value function is proven to
be monotonically non-decreasing as the iteration index i increases.
Second, the optimality of the converged iterative value function will
be presented.

Theorem 11.3. Let the mixed iterative ADP algorithm be imple-
mented according to (11.13)–(11.21). For i = 0, 1, . . . , the iterative
value function Vi(xk) is monotonically non-increasing, which satisfies

Vi+1(xk) ≤ Vi(xk). (11.31)

Proof. For � = 0, 1, . . . , define P�+1(xk) as in (11.26). Then,
P�+1(xk) can be written as (11.29). Letting P∞(xk) = lim�→∞
P�(xk), we have

P∞(xk) = lim
�→∞

( �
∑

τ=0

γ̃τΠ(xk+λτ ,Ui+1(xk+λτ ))

)

+ lim
�→∞

(

γ̃�+1Vi(xk+λ(�+1))
)

. (11.32)

According to Corollary 11.1, we know that Ui+1(xk) ∈ U(xk).
Thus, we know that

∞
∑

τ=0

γ̃τΠ(xk+λτ ,Ui+1(xk+λτ )) <∞. (11.33)

Letting

Vi+1(xk) =

∞
∑

τ=0

γ̃τΠ(xk+λτ ,Ui+1(xk+λτ )), (11.34)

we can derive that the iterative value function Vi+1(xk) satisfies
(11.16) for any i = 0, 1, . . . . According to (11.32) and (11.34), we
can obtain

Vi+1(xk) ≤ P∞(xk). (11.35)

According to (11.28), letting �→ ∞, we can get

P∞(xk) ≤ Vi(xk). (11.36)

According to (11.35) and (11.36), we can obtain (11.31). The proof
is complete. �
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Remark 11.6. From Theorems 11.2–11.3, the advantages of the
developed mixed iterative ADP algorithm can be recognized compar-
ing with the dual iterative Q-learning algorithm [2]. First, from The-
orem 11.2 and Corollary 11.1, we know that the performance index
function cannot increase to infinity under Ui(xk), ∀ i = 0, 1, . . . . In
Ref. [2], however, the properties of the iterative control laws were not
considered. Second, the monotonicity of the iterative value function
by the mixed iterative ADP algorithm is shown in Theorem 11.3,
which means that the performance of the microgrid system in the
present iteration is optimized than the one in previous iteration.
However, in Ref. [2] the monotonicity of the iterative Q function can-
not be guaranteed, which means the performance of the microgrid
system cannot be justified before the Q-learning algorithm imple-
mented for infinite iterations. Hence, the developed mixed iterative
ADP algorithm is superior than the dual iterative Q-learning algo-
rithm in Ref. [2].

In Theorem 11.3, we have proven that the iterative value function
is monotonically non-increasing as the iteration index i increases. As
Vi(xk) is a lower bounded sequence, the limit of the iterative value
function Vi(xk) exists as i → ∞. However, in Theorem 11.3, it can-
not guarantee the iterative value function converge to the optimum.
Hence, in the following theorem, the optimality of the mixed iterative
ADP algorithm will be developed.

Theorem 11.4. Let the mixed iterative ADP algorithm be imple-
mented according to (11.13)–(11.21). Then, the iterative value func-
tion Vi(xk) converges to the optimum as i→ ∞, i.e.,

lim
i→∞

Vi(xk) = J ∗(xk), (11.37)

which satisfies the Bellman equation (11.9).

Proof. Define the performance index function V∞(xk) as the limit
of the iterative function Vi(xk), i.e.,

V∞(xk) = lim
i→∞

Vi(xk). (11.38)

For i = 0, 1, . . . , define Pi+1(xk) as

Pi+1(xk) = Π(xk,Ui+1(xk)) + γ̃Vi(xk+λ). (11.39)
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Then, we can derive

Pi+1(xk) ≥ Π(xk,Ui+1(xk)) + γ̃Vi+1(xk+λ)

= Vi+1(xk). (11.40)

According to the definition of Ui+1(xk) in (11.17), we know that

Pi+1(xk) = min
Uk

{

Π(xk,Uk) + γ̃Vi(xk+λ)
}

. (11.41)

Let i→ ∞. We can obtain

V∞(xk) = lim
i→∞

Vi+1(xk) ≤ Vi+1(xk) ≤ Pi+1(xk)

= min
uk

{

Π(xk,Uk) + γ̃Vi(xk+1)
}

. (11.42)

Thus, we can obtain

V∞(xk) ≤ min
uk

{

Π(xk,Uk) + γ̃V∞(xk+1)
}

. (11.43)

Let ε > 0 be an arbitrary positive number. Since Vi(xk) is non-
increasing for i ≥ 1 and lim

i→∞
Vi(xk) = V∞(xk), there exists a positive

integer p such that

Vp(xk)− ε ≤ V∞(xk) ≤ Vp(xk). (11.44)

Hence, we can get

V∞(xk) ≥ Π(xk,Up(xk)) + γ̃Vp(xk+λ)− ε

≥ Π(xk,Up(xk)) + γ̃V∞(xk+λ)− ε

≥ min
Uk

{

Π(xk,Uk) + γ̃V∞(xk+λ)
}− ε. (11.45)

Since ε is arbitrary, we have

V∞(xk) ≥ min
Uk

{

Π(xk,Uk) + γ̃V∞(xk+λ)
}

. (11.46)

Combining (11.43) and (11.46), we can obtain

V∞(xk) = min
Uk

{

Π(xk,Uk) + γ̃V∞(xk+λ)
}

. (11.47)

According to the definition of the Bellman equation (11.9), we know
that V∞(xk) = J ∗(xk) and we can draw the conclusion. �

Now, we summarize the mixed iterative ADP algorithm in Algo-
rithm 11.1.



Mixed Iterative Adaptive Dynamic Programming 261

Algorithm 11.1 The value iteration ADP algorithm

Initialization:
Choose randomly an array of initial states x0;
Choose a computation precision ε;
Give a control law sequence U0(xk) ∈ U(xk);

Iteration:
1: Let the iteration index i = 0 and let Vi−1(xk) = 0;
P -Iteration

2: For i = 0, 1, . . . , construct iterative value function by the control
law sequence Ui(xk), which expressed as

Vi(xk) = Π (xk,Ui(xk)) + γ̃Vi(xk+λ);

3: If ∀xk, |Vi(xk)−Vi−1(xk)| ≤ ε, then goto Step 9; otherwise, goto
Step 5;

4: Construct the iterative control law

Ui+1(xk) = {uλ−1
i+1 (xk), u

λ−2
i+1 (xk), . . . , u

0
i+1(xk)}

and then let i = i+ 1 and goto Step 2;
V -Iteration

5: Let j = 0 and let

Vji+1(xk) = Vi(xk);

6: For j = 0, 1, . . . , λ− 1, compute the

uji+1(xk) = argmin
uk

{

U(xk, uk, j) + γVji+1(xk+1)
}

;

7: Update the iterative value function

Vj+1
i+1 (xk) = min

uk

{

U(xk, uk, j) + γVji+1(xk+1)
}

;

8: If j < λ − 1, then let j = j + 1 and goto Step 6; otherwise goto
Step 4;

9: return Vi(xk) and Ui(xk).
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11.4 Simulation Example

In this section, the performance of the mixed iterative ADP algorithm
for microgrid system will be examined by numerical experiments.
Choose the residential load demand and the real-time electricity rate
in Ref. [1], where the home load demand and the electricity rate in a
week (168 hours) are shown in Figs. 11.1(a) and (c), respectively. The
average trajectories of the residential load demand and the electricity
rate are shown in Figs. 11.1(b) and (d) with the period λ = 24. If
there is no optimization, the original electricity cost in a week is
4124.13 cents.

The upper and lower storage limits of the battery are defined
as Emin

b = 20 kWh and Emax
b = 80 kWh, respectively. The rated
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Fig. 11.1. Residential load demand and electricity rate. (a) Residential load
demand in a week. (b) Average residential load demand in a day. (c) Real-time
electricity rate in a week. (d) Average electricity rate in a day.
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power output of the battery and the rated charging/discharging rate
is 16 kW. The initial energy level of the battery is 30 kWh. The per-
formance index function is chosen as in (11.5), with the parameters
m1 = 1, m2 = 0.2, r = 0.1, and γ = 0.97. Let the initial state be
x0 = [8, 30]T. To implement the mixed iterative ADP algorithm, it
is necessary to choose an initial control law U0(xk) which satisfies
U0(xk) ∈ U(xk). It can be chosen by the following experiments: The
battery is charging if the load is low and the electricity rate is inex-
pensive and discharging if the load is high and the electricity rate is
expensive. Otherwise, the battery control is arbitrary. Based on the
above experiments, the initial control law is chosen as the one shown
in Fig. 11.2. The electricity costs under U0(xk) in a week becomes
4006.39 cents.

Based on the initial control law sequence U0(xk), we implement
the mixed iterative ADP algorithm (11.13)–(11.21). The iterative
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Fig. 11.2. The initial control law sequence U0(xk).
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Fig. 11.3. The plots of the iterative value function.
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Fig. 11.4. Optimal control of the battery in a week.
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Fig. 11.5. Optimal battery energy in a week.

value function is displayed in Fig. 11.3. It takes 6 P -iterations to
guarantee that the iterative value function converges to the compu-
tation precision ξ = 10−2. From Fig. 11.3, we can see that the itera-
tive value function is monotonically non-increasing to the optimum,
which justifies the correctness of Theorem 11.3 in this chapter. The
optimal battery control in a week is shown in Fig. 11.4. The optimal
battery energy is shown in Fig. 11.5. The optimal electricity costs by
mixed iterative ADP algorithm in a week reduces to 2944.72 cents.

11.5 Conclusion

In this chapter, two iterations in the mixed iterative ADP algo-
rithm are employed, which are P -iteration and V -iteration, respec-
tively. Based on value iteration, the V -iteration is implemented to
obtain the iterative control law sequence, which aims to minimizes
the total cost in a period. The iterative value function is improved
by the P -iteration which guarantees that the iterative value function
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is monotonically non-increasing and converges to the optimum. We
emphasize that any of the iterative control law sequence can make
the performance index function finite, which guarantees the finite
electricity cost in each iteration.
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Chapter 12

Error-Tolerant Iterative Adaptive
Dynamic Programming for Optimal
Renewable Home Energy Scheduling

and Battery Management

12.1 Introduction

In this chapter, a novel error-tolerant iterative ADP algorithm is
developed to solve optimal battery control and management prob-
lems in smart home environments with renewable energy. The
algorithm can be initialized by an arbitrary positive semi-definite
function. Based on the quasi-periodic data of the electricity rate,
the home load demand, and the renewable energy, the error-tolerant
iterative ADP algorithm can be implemented. Considering the dif-
ferences of the data in different periods, the developed error-tolerant
iterative ADP algorithm can adaptively regulate the discount fac-
tor in each iteration to make the iterative value function converge.
A new analysis method is developed to guarantee the iterative value
function to converge to a finite neighborhood of the optimal perfor-
mance index function, in spite of the differences of the electricity
rate, the home load demand, and the renewable energy in different
periods. Numerical results are given to illustrate the performance of
the developed algorithm.

267
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12.2 Problem Formulation

The smart home energy system with renewable energy is described
in Ref. [1]. The system is composed of the power grid, the renew-
able energy system, the home load demand, and the energy storage
(battery) system, which is expressed in Fig. 12.1. The optimal bat-
tery control and management problem is treated as a discrete time
problem with the time step of 1 hour and it is assumed that the elec-
tricity rate, the home load demand, and the renewable energy vary
hourly. Regarding solar renewable energy, the estimated total solar
radiation varies from a certain period to another and also depends on
the position of the sun in the sky. A typical solar panel characteristic
is chosen as in Refs. [1, 2]. The renewable energy in a week which is
used in this chapter is shown in Fig. 12.2.

As the renewable energy is cost free, the energy of the renewable
resource, first and foremost, is desired to meet the home load demand
and the rest of the energy is desired to charge the battery. Letting
PL,k and PR,k be the given power of the home load demand (kW)
and the given power of the renewable resource (kW), respectively,
we can define the new home load demand and renewable energy as

PL,k =

{

PL,k − PR,k, PL,k − PR,k ≥ 0,

0, PL,k − PR,k < 0,
(12.1)

Fig. 12.1. Smart home energy system with renewable energy.



Error-Tolerant Iterative Adaptive Dynamic Programming 269

and

PR,k =

{

PR,k − PL,k, PR,k − PL,k ≥ 0,

0, PR,k − PL,k < 0.
(12.2)

Then, the home load balance can be rewritten as

PL,k = PG,k + (PBL,k − PGB,k), (12.3)

where PG,k is the power supply of the grid (kW), PBL,k is the power
from the battery to the load (kW), and PGB,k is the power from the
power grid to the battery (kW).

The battery model used in this work is based on Ref. [3], where
the battery efficiency is considered to extend the battery’s lifetime as
far as possible. Let EB,k be the battery energy (kWh) at time k and
let η(·) be the charging/discharging efficiency of the battery. Then,
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Fig. 12.2. Solar renewable energy.
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the battery model can be expressed as

EB,k+1 = EB,k − (PBL,k − (PRB,k + PGB,k))

× η(PBL,k − (PRB,k + PGB,k)), (12.4)

where PRB,k is the power from the renewable resource to the battery
(kW). Let the efficiency of battery charging/discharging be derived
as η(PBL,k − (PRB,k + PGB,k)) = 0.898 − 0.173|PBL,k − (PRB,k +
PGB,k)|/Prate, where Prate > 0 is the rated power output of the
battery (kW). The storage limit of the battery is considered, i.e.,
Emin
b ≤ EB,k ≤ Emax

b , where Emin
b and Emax

b are the minimum and
maximum storage energy of the battery, respectively.

Remark 12.1. We declare that the establishment of the PV panel
and the battery system are not free. In this paper, the cost of the
establishment of the PV panel and the battery system are not con-
sidered. After the smart home is established, the main contribution
of this paper is to design an effective iterative ADP algorithm to find
the optimal control law for the smart homes, which minimizes the
total electricity cost and simultaneously extend the lifetime of the
battery.

12.3 Error-Tolerant Iterative ADP Algorithm

In this section, a new error-tolerant iterative ADP algorithm is devel-
oped to obtain the optimal control law for home energy system with
renewable energy, where a novel convergence analysis method will be
developed in this section.

12.3.1 Optimization objectives

For convenience of analysis, results of this chapter are based on the
following assumptions.

Assumption 12.1. The power flow from the battery to the grid is
not permitted to guarantee the power quality of the grid.

Assumption 12.2. The electricity rate Ck (cents/kWh), the home
load demand PL,k, and the renewable energy PR,k are quasi-periodic
functions with the period λ = 24 hours.
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According to Assumption 12.1, we can get PG,k ≥ 0. The total
cost expected to be minimized can be written as

∞
∑

k=0

γk

(

m1(CkPG,k)
2 +m2

(

EB,k − 1

2
(Emin

b + Emax
b )

)2

+m3

(

PBL,k − (PRB,k + PGB,k)
)2

)

, (12.5)

where the discount factor 0 < γ < 1 andm1,m2, andm3 are positive
constants. The first term of the performance index function aims to
minimize the total cost from the grid. The second term avoids fully
charging/discharging of the battery and the third term is to prevent
large charging/discharging power of the battery. We introduce delays
in PBL,k and PGB,k. Define the load balance as PL,k−1 = PG,k +
PBL,k−1−PGB,k−1. Let x1,k = PG,k and x2,k = EB,k−Eob be the two
system states. From the model of the battery, we know that the power
flows PGB,k, and PBL,k are nonnegative values, i.e., PGB,k ≥ 0 and
PBL,k ≥ 0. As the battery is not permitted to charge and discharge
simultaneously, we know PBL,k = 0, if PGB,k ≥ 0 and PGB,k = 0, if
PBL,k ≥ 0. Then, we can define the control input as uk = PBL,k −
PGB,k. Letting xk = [x1,k, x2,k]

T, the equation of the home energy
system can be written as

xk+1 = F (xk, uk, k)

=

(

PL,k − uk

x2,k − (uk − PR,k)η(uk − PR,k)

)

. (12.6)

Let uk = (uk, uk+1, . . .) denote the control sequence from k to ∞.

Let Mk =

[

m1C
2
k 0

0 m2

]

. Let x0 be the initial state. According to the

definitions of the state and control, the performance index function,
which is expected to be minimized, can be written as

J(x0, u0, 0) =

∞
∑

k=0

γkU(xk, uk, k), (12.7)

where the utility function is expressed as U(xk, uk, k) = xTkMkxk +
m3u

2
k. Define the optimal performance index function can be
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defined as

J∗(xk, k) = inf
uk

{J(xk, uk, k)} . (12.8)

According to Bellman’s principle of optimality, we can obtain
the following discrete-time Bellman equation J∗(xk, k) = infuk{

U(xk, uk, k) + γJ∗(xk+1, k + 1)
}

.

12.3.2 Algorithm derivations

In this section, detailed derivations of the error-tolerant iterative
ADP algorithm are presented. In the iterative ADP algorithm, the
value function and control law sequence are both updated at every
iteration.

Let i = 0, 1, . . . be the iteration index. Let Cik = {Cik, Cik+1,

. . . , Cik+λ−1} be the collected rate data in the ith iteration. Let

Pi
L,k = {P iL,k, P iL,k+1, . . . , P

i
L,k+λ−1} and Pi

R,k = {P iR,k, P iR,k+1, . . . ,

P iR,k+λ−1} be the collected home load demand and renewable energy
data in the ith iteration, respectively. Then, we let

Pi
L,k =

{

P iL,k − P iR,k, P iL,k − P iR,k ≥ 0,

0, P iL,k − P iR,k < 0,
(12.9)

and

Pi
R,k =

{

P iR,k − P iL,k, P iR,k − P iL,k ≥ 0,

0, P iR,k − P iL,k < 0.
(12.10)

For i = 0, 1, . . . , and j = 0, 1, . . . , λ − 1, we let Ui(xk,
uk, λ− 1− j) = xTkM

i
λ−1−jxk +m3u

2
k and let

Ui(xk, uk, j) = Ui(xk, uk, λ− 1− j)

= xTkM
i
λ−1−jxk +m3u

2
k, (12.11)

where M i
λ−1−j =

[

m1(C
i
λ−1−j)

2 0

0 m2

]

. For i = 0, 1, . . . , and j =

0, 1, . . . , λ− 1, we let

Fi(xk, uk, j) = Fi(xk, uk, λ− 1− j), (12.12)
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where the function Fi(xk, uk, λ− 1− j) is defined as

Fi(xk, uk, λ− 1− j)

=

(

Pi
L,λ−1−j − uk

x2,k − (uk − Pi
R,λ−1−j)η(uk − Pi

R,λ−1−j)

)

. (12.13)

Define Uk = (uk, uk+1, . . . , uk+λ−1) as the control sequence in a
period. For any i = 0, 1, . . . and j = 0, 1, . . . , λ − 1, according to
(12.12) and (12.13), the state under the control Uk can be derived as

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

xk+1 = Fi(xk, uk, λ− 1− j),

xk+2 = Fi(xk+1, uk+1, λ− j),

...

xk+λ = Fi(xk+λ−1, uk+λ−1, 2λ− j).

(12.14)

According to (12.14), there exists a function Fi(·), such that the state
xk+λ can be derived as

xk+λ = Fi(xk,Uk, j). (12.15)

Now, we define a new iterative discount factor γi, i = 0, 1, . . . ,
where we let γi is a positive constant which satisfies 0 < γi < 1.
Let the initial iterative value function Ψ(xk) be an arbitrary positive
semi-definite function. For i = 0, 1, . . . , let j = 0, 1, . . . , λ− 1 be the
local iteration index. For i = 0 and j = 0, the initial value function is
defined as V 0

0 (xk) = Ψ(xk). Then, for j = 0, 1, . . . , λ−1, the iterative
control law is obtained by

uj0(xk) = argmin
uk

{U0(xk, uk, j) + γ0V
j
0 (xk+1)}

= argmin
uk

{U0(xk, uk, j) + γ0V
j
i (F0(xk, uk, j))}, (12.16)

where xk+1 = F0(xk, uk, j) is defined in (12.12) and the utility func-
tion U0(xk, uk, j) is defined in (12.11). According to the iterative

control law uj0(xk), we can update the iterative value function by

V j+1
0 (xk) = U0(xk, u

j
0(xk), j) + γ0V

j
0 (F0(xk, u

j
0(xk), j)). (12.17)
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For i = 1, 2, . . . , we let V 0
i (xk) = V λ

i−1(xk). Then, for i = 1, 2, . . . ,
j = 0, 1, . . . , λ− 1, the iterative control law is obtained by

uji (xk) = argmin
uk

{Ui(xk, uk, j) + γiV
j
i (xk+1)},

= argmin
uk

{Ui(xk, uk, j) + γiV
j
i (Fi(xk, uk, j))}, (12.18)

where Fi(xk, uk, j) is defined in (12.12) and the utility function
Ui(xk, uk, j) is defined in (12.11). Then, the iterative value function
is updated by

V j+1
i (xk) = Ui(xk, u

j
i (xk), j) + γiV

j
i (Fi(xk, u

j
i (xk), j)), (12.19)

where V j
i (xk) = V λ

i−1(xk) for j = 0. Then, for any i = 0, 1, . . . and
j = 0, 1, . . . , λ−1, we can construct the periodic iterative control law
sequence by

U j+1
i (xk) =

{

uji (xk), u
j−1
i (xk), . . . , u

0
i (xk), u

λ−1
i (xk),

uλ−2
i (xk), . . . , u

j+1
i (xk)

}

. (12.20)

From (12.16)–(12.20), we can see that in each iteration of the
algorithm, the data of the electricity rate, the home load demand,
and the renewable energy are different. In Ref. [4], the convergence
of the iterative value function was presented by the accurate itera-
tive ADP algorithms without considering the renewable energy. With
the renewable energy and errors, convergence analysis for the previ-
ous iterative ADP algorithms [4] is invalid. In this chapter, a new
iterative ADP algorithm (12.16)–(12.20) is established to obtain the
optimal renewable home energy control law with errors. In the next
subsection, new methods will be established to analyze the properties
of the developed iterative ADP algorithm.

12.3.3 Properties of the error-tolerant iterative

ADP algorithm

To analyze the properties of the error-tolerant iterative ADP algo-
rithm (12.16)–(12.20), we first discuss a special case of the algo-
rithm, where the electricity rate, the home load demand, and the
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renewable energy are all accurate periodic functions. Let C̄k, P̄L,k,
and P̄R,k be the expected electricity rate, the expected home load
demand, and the expected renewable energy, respectively, which sat-
isfy C̄k = C̄k+λ, P̄L,k = P̄L,k+λ, and P̄R,k = P̄R,k+λ. We let

P̄L,k =

{

P̄L,k − P̄R,k, P̄L,k − P̄R,k ≥ 0,

0, P̄L,k − P̄R,k < 0,
(12.21)

and

P̄R,k =

{

P̄R,k − P̄L,k, P̄R,k − P̄L,k ≥ 0,

0, P̄R,k − P̄L,k < 0.
(12.22)

According to (12.21)–(12.22), for j = 0, 1, . . . , λ−1, we can define
the expected system function F̄ (·) as

xk+1 = F̄ (xk, uk, λ− 1− j)

=

(

P̄L,λ−1−j − uk

x2,k − (uk − P̄R,λ−1−j)η(uk − P̄R,λ−1−j)

)

. (12.23)

Let F̄ (xk, uk, j) = F̄ (xk, uk, λ− 1− j).
For i = 0, 1, . . . , and j = 0, 1, . . . , λ−1, we can define the expected

utility function as Ū (xk, uk, j) = xTk

[

m1(C̄λ−1−j)
2 0

0 m2

]

xk + m3u
2
k.

For i = 0, 1, . . . and j = 0, 1, . . . , λ− 1, we let

Ῡ(xk,Uk, j) =
j
∑

t=0

γtŪ (xk+t, uk+t, j − t)

+

λ−j−1
∑

t=0

γt+jŪ (xk+j+t, uk+j+t, λ− t), (12.24)

where we let Uk = uk+λ−1
k . According to (12.23), there exists a func-

tion F̄(·), such that the state xk+λ can be derived as

xk+λ = F̄(xk,Uk, j). (12.25)
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Then, letting γ̃ = γλ, the expected iterative value function can be
written as

V̄ j+1
i+1 (xk) = min

Uk

{Ῡ(xk,Uk, j) + γ̃V̄ j+1
i (xk+λ)}. (12.26)

According to Ref. [4], it can be easily derived that the expected

iterative value function V̄ j
i (xk) converges to the optimal performance

index function as i → ∞ (see the proof of Theorem 2 in Ref. [4]).
However, in this chapter, the electricity rate Ck, the home load
demand PL,k, and the renewable energy PR,k, generally do not equal
their expected ones. Then, for i = 0, 1, . . . and j = 0, 1, . . . , λ−1, the
iterative value function V j

i (xk) cannot equal the expected one, i.e.,

V j
i (xk) �= V̄ j

i (xk). Hence, the convergence analysis in Ref. [4] is not

applicable for V j
i (xk) and new analysis will be developed.

Now, for i = 0, 1, . . . and j = 0, 1, . . . , λ − 1, we define a new
iterative utility function as

Υi(xk,Uk, j) =
j
∑

t=0

γtiUi(xk+t, uk+t, j − t)

+

λ−j−1
∑

t=0

γt+ji Ui(xk+j+t, uk+j+t, λ− t). (12.27)

According to (12.16)–(12.19), for i = 0, 1, . . . , and j = 0, 1, . . . ,
λ− 1, the iterative value function is expressed as

V j+1
i (xk) = min

uk

{

Ui(xk, uk, j) + γiV
j+1
i (xk+1)

}

= min
uk

{

Ui(xk, uk, j) + γimin
uk+1

{

Ui(xk+1, uk+1, j − 1)

+ γiV
j+1
i (xk+1)

}}

= min
Uk

{

Υi(xk,Uk, j) + γ̃iV
j+1
i−1 (xk+λ)

}

, (12.28)

where Uk = uk+λ−1
k , γ̃i = γλi , and xk+λ = Fi(xk,Uk, j) is defined in

(12.15).
In this chapter, it is assumed that there exist three constants, φi,

σi, and αi, such that 0 < φi < ∞, 1 ≤ σi < ∞, and 1 ≤ αi < ∞,
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respectively, which satisfy the following inequalities

γ̃V̄ j+1
i (F̄(xk,Uk, j)) ≤ φiῩ (xk,Uk, j), (12.29)

V j+1
i (Fi(xk,Uk, j)) ≤ σiV

j+1
i (F̄(xk,Uk, j)), (12.30)

and

Υi(xk,Uk, j) ≤ αiῩ(xk,Uk, j). (12.31)

Based on the above preparations, we can derive the following main
theorems.

Theorem 12.1. For i = 0, 1, . . . and j = 0, 1, . . . , λ − 1, let the
iterative value function V j+1

i (xk) and the iterative control law uji (xk)
be obtained by (12.16)–(12.19). Assume that the constants φi, σi, and
αi, such that 0 < φi < ∞, 1 ≤ σi < ∞, and 1 ≤ αi < ∞, which
satisfy (12.29)–(12.31), respectively. Then the iterative value function

V j+1
i (xk) satisfies

V j+1
i+1 (xk) ≤ αi

(

1 +

i
∑

τ=1

(

τ−1
∏

l=1

((

σi−l
γi−l
γ
αi−l−1

)

φi−l
(φi−l + 1)

)

)

×
(

σi−τ
γi−τ
γ

αi−τ−1 − 1

))

V̄ j+1
i+1 (xk), (12.32)

where we let αi = 1, for i < 0, and
∏i
τ (·) = 1 for τ > i.

Proof. The theorem can be proven by mathematical induction.
First, let i = 0. For any j = 0, 1, . . . , λ − 1, according to (12.28)–
(12.31), we can derive

V j+1
1 (xk) ≤ min

Uk

{

α0Ῡ(xk,Uk, j) + α0
γ̃0
γ̃
σ0γ̃V̄

j+1
0 (F̄(xk,Uk, j))

+
α0

1 + φ0

(

γ̃0
γ̃
σ0 − 1

)

(

φ0Ῡ(xk,Uk, j)

− γ̃V j+1
0 (F̄(xk,Uk, j))

)

}
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= α0

(

1 +
φ0

φ0 + 1

(

γ̃0
γ̃
σ0 − 1

))

× min
Uk

{

Ῡ (xk,Uk, j) + γ̃V̄ j+1
0 (F̄(xk,Uk, j))

}

= α0

(

1 +
φ0

φ0 + 1

(

γ̃0
γ̃
σ0 − 1

))

V̄ j+1
1 (xk), (12.33)

where xk+λ = F0(xk,Uk, j) and γ̃0 = γλ0 . Hence, the inequality
(12.32) holds for i = 0. Assume that the inequality (12.32) holds
for i = 
− 1, 
 = 1, 2, . . . . Then, for i = 
, we have

V j+1
�+1 (xk)

= min
Uk

{

Υ�(xk,Uk, j) + γ̃�V
j+1
� (F�(xk,Uk, j))

}

≤ min
Uk

{

α�Ῡ (xk,Uk, j) + α�
γ̃�
γ̃
σ�γ̃V

j+1
� (F̄(xk,Uk, j))

}

≤ min
Uk

{

α�Ῡ (xk,Uk, j) + α�α�−1
γ̃�
γ̃
σ�

×
(

1 +

�−1
∑

τ=1

(

τ−1
∏

l=1

(

σ�−l−1
γ̃�−l−1

γ̃
α�−l−2

)

φ�−l−1

(φ�−l−1 + 1)

)

×
(

σ�−τ−1
γ̃�−τ−1

γ̃
α�−τ−2 − 1

))

γ̃V̄ j+1
� (F̄(xk,Uk, j))

+
α�

φ� + 1

(

α�−1
γ̃�
γ̃
σ�

(

1 +

�−1
∑

τ=1

(

τ−1
∏

l=1

(

σ�−l−1
γ̃�−l−1

γ̃
α�−l−2

)

× φ�−l−1

(φ�−l−1 + 1)

)

(

σ�−τ−1
γ̃�−τ−1

γ̃
α�−τ−2 − 1

)

)

− 1

)

×
(

φ�Ῡ (xk,Uk, j)− γ̃V̄ j+1
� (F̄(xk,Uk, j))

)

= α�

(

1 +

�
∑

τ=1

(

τ−1
∏

l=1

(

σ�−l
γ�−l
γ
α�−l−1

)

φ�−l
(φ�−l + 1)

)

×
(

σ�−τ
γ�−τ
γ

α�−τ−1 − 1

)

)

V̄ j+1
�+1 (xk). (12.34)
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Then, the conclusion holds for i = 
. Hence, inequality (12.32)
holds for i = 0, 1, . . . . The mathematical induction is complete. �

According to Theorem 12.1, the convergence of the iterative value
function can be derived.

Theorem 12.2. For i = 0, 1, . . . and j = 0, 1, . . . , λ− 1, let the iter-
ative value function V j+1

i (xk) and the iterative control law uji (xk) be
obtained by (12.16)–(12.19). For i = 0, 1, . . . , if the iterative discount
factor γ̃i satisfies

γ̃i < min

{

1,
γ̃(φi + 1)

αi−1σiφi

}

, (12.35)

where αi−1 = 1 for i = 0, then the iterative value function V j+1
i+1 (xk)

is convergent to a finite neighborhood of the optimal performance
index function.

Proof. For (12.32) in Theorem 12.1, we let

Θi =

i
∑

τ=1

(

τ−1
∏

l=1

((

σi−l
γ̃i−l
γ̃
αi−l−1

)

φi−l
(φi−l + 1)

)

)

×
(

σi−τ
γ̃i−τ
γ̃

αi−τ−1 − 1

)

. (12.36)

For τ = 1, 2, . . . , i, letting

Aiτ =

τ
∏

l=1

((

σi−l
γ̃i−l
γ̃
αi−l−1

)

φi−l
(φi−l + 1)

)

(12.37)

and

Biτ =
τ−1
∏

l=1

((

σi−l
γ̃i−l
γ̃
αi−l−1

)

φi−l
(φi−l + 1)

)

, (12.38)

we can obtain Θi =
∑i

τ=1Aiτ − ∑i
τ=1Biτ . We can see that if

∑i
τ=1Aiτ is finite as i → ∞, then we have

∑∞
τ=1Biτ is also finite,

which means limi→∞Θi is finite. According to (12.37), we can obtain

Aiτ
A(i−1)τ

= σi
γ̃i
γ̃
αi−1

φi
φi + 1

. (12.39)

For i = 1, 2, . . . , if we choose the iterative discount factor γ̃i that

satisfies γ̃i <
γ̃(φi+1)
αi−1σiφi

, then we can obtain Aiτ
A(i−1)τ

< 1, which means
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limi→∞
∑i

τ=1Aiτ < ∞. As the iterative discount factor 0 < γi < 1,
i = 1, 2, . . . , we know that if we choose γi that satisfies (12.35), we

can derive that the iterative value function V j+1
i+1 (xk) is convergent

to a finite neighborhood of the optimal performance index function.
�

12.4 Neural Network Implementation for the

Error-Tolerant Iterative ADP Algorithm

In this section, neural networks are used to implement the error-
tolerant iterative ADP algorithm. There are two neural networks,
which are critic and action networks, respectively, which are both
chosen as three-layer back-propagation (BP) networks. The whole
structure diagram is shown in Fig. 12.3.

12.4.1 The action and critic networks

For i = 0, 1, . . . and j = 0, 1, . . . , λ − 1, the role of the action net-
work is to approximate the iterative control law sequence U j+1

i (xk)

Fig. 12.3. The structure diagram of the error-tolerant iterative ADP algorithm.
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in (12.20). The target of the action network can be defined as (12.16)
and (12.18). The action network can be constructed by 4–15–1. Let
l = 0, 1, . . . be the training step. The output of the action net-

work can be expressed as ûj,li (xk) = W j
ai(l)σ(Zj

a,i,k), where Zj
a,i,k =

Ya
[

xk,P
i
L,λ−1−j ,P

i
R,λ−1−j

]

+ba and σ(·) is a sigmoid function. Here,

Pi
L,λ−1−j and Pi

R,λ−1−j are both constants for any i = 0, 1, . . . and
j = 0, 1, . . . , λ−1. The action network weight update is expressed as
follows

W j
ai(l + 1) =W j

ai(l)− βa

[

∂Ejai(l)

∂W j
ai(l)

]

, (12.40)

where Ejai(l) = 1
2(e

j
ai(l))

2, ejai(l) = ûj,li (xk) − uji (xk), and βa > 0 is
the learning rate of the action network. For i = 0, 1, . . . and j =
0, 1, . . . , λ − 1, the goal of the critic network is to obtain V j+1

i (xk).
The critic network can be constructed by 2–10–1. The output of the

critic network can be expressed as V̂ j+1,l
i (xk) =W j

ci(l)σ(Zck), where
Zck = Ycxk + bc and σ(·) is a sigmoid function. The critic network
weight update is expressed as follows

W j
ci(l + 1) =W j

ci(l)− αc

[

∂Ejci(l)

∂W j
ci(l)

]

, (12.41)

where Ejci(l) =
1
2 (e

j
ci(l))

2, ejci(l) = V̂ j+1,l
i (xk)−V j+1

i (xk), and αc > 0
is the learning rate of the critic network.

12.4.2 Evaluation of the constants in the

convergence criterion

In Theorem 12.2, although convergence criterion (12.35) is pre-
sented for designing γ̃i to guarantee the convergence of the iterative
value function, the constants φi, αi, and σi are generally difficult to
achieve directly by solving (12.29)–(12.31). In this section, numerical
method is developed to evaluate the values of the constants, which
is expressed in Algorithm 12.1.
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Algorithm 12.1 Evaluate φi, αi, and σi
Initialization:

Choose randomly an array of system states (x
(1)
k , x

(2)
k , . . . , x

(p)
k )

for a large integer p.
Collect enough data of Ck, PL,k, and PR,k.

Choose randomly control law sequences (U (1)
k ,U (2)

k , . . . ,U (p)
k ).

Iteration:
Block 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1: Obtain the average electricity rate C̄k, the average load P̄L,k, and
the average renewable energy P̄R,k.

2: Using C̄k, P̄L,k, and P̄R,k, construct F̄(xk,Uk, j) and Ῡ (xk,Uk, j),
according to (12.24) and (12.25).

3: For i = 0, 1, . . . and j = 0, 1, . . . , λ − 1, solve (12.26) to obtain

the expected iterative value function V̄ j+1
i (xk) according to [4]

until V̄ j+1
i (xk) is convergent.

Block 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4: Using Cik, Pi

L,k, and Pi
R,k, construct Υi(xk,Uk, j), according to

(12.27).
5: For i = 0, 1, . . . , j = 0, 1, . . . , λ − 1, obtain the iterative value

function V j+1
i (xk) by Algorithm 12.2.

6: Let 
 = 1.
7: According to x

(�)
k and U (�)

k , compute F̄(x
(�)
k ,U (�)

k , j), Ῡ (x
(�)
k ,

U (�)
k , j), Fi(x(�)k ,U (�)

k , j), and Υi(x
(�)
k ,U (�)

k , j) by (12.15), (12.25),
(12.24), and (12.27), respectively.

8: Compute

φ
(�)
i = γ̃V̄ j+1

i (F̄(x
(�)
k ,U (�)

k , j))
/

Ῡ (x
(�)
k ,U (�)

k , j), (12.42)

σ
(�)
i = V j+1

i (Fi(x(�)k ,U (�)
k , j))

/

V j+1
i (F̄(x

(�)
k ,U (�)

k , j)), (12.43)

and

α
(�)
i = Υi(x

(�)
k ,U (�)

k , j)
/

Ῡ(x
(�)
k ,U (�)

k , j). (12.44)

9: If 
 < p, then go to Step 7; else go to next step.

10: Let φi = max{φ(�)i }, σi = max{σ(�)i }, and αi = max{α(�)
i }, 
 =

0, 1, . . . , p, and go to next step.
11: return φi, αi, and σi.
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12.4.3 Training phase

In this section, the error-tolerant iterative ADP algorithm imple-
mented by action and critic networks is explained step by step and
shown in Algorithm 12.2.

Algorithm 12.2 Error-Tolerant Iterative ADP Algorithm

Initialization:
Choose randomly an array of system states xk.
Choose a semi-positive definite function Ψ(xk) ≥ 0.
Choose a convergence precision ζ.
Choose a positive constant 0 < θ < 1.

Iteration:
1: Let the iteration index i = 0 and let V 0

0 (xk) = Ψ(xk).
2: Let γi = γ.
3: For j = 0, 1, . . . , λ − 1, train the action and critic networks to

obtain uji (xk) and V
j+1
i (xk) that satisfy (12.16)–(12.19).

4: Take V j+1
i (xk) to Algorithm 12.1 and obtain φi, αi, and σi.

5: If γi satisfies (12.35) then go to next step; else let γi = θγi and
go to Step 3.

6: If ∀j = 0, 1, . . . , λ−1, |V j+1
i (xk)−V j+1

i−1 (xk)| ≤ ζ, then construct

U j+1
i (xk) by (12.20) and go to next step; else let i = i+1 and go

to Step 2.
7: return V j+1

i (xk) and U j+1
i (xk).

Remark 12.2. For i = 0, 1, . . . , Algorithm 12.2 computes V j+1
i (xk)

as the input of Algorithm 12.1. Then, Algorithm 12.1 outputs the
evaluation value of φi, αi, and σi which guarantees the effective
improvement of the iterative value function. Thus, Algorithms 12.1
and 12.2 are interactive. On the other hand, for real smart home sys-
tems, the system model, especially for the battery efficiency in (12.4),
is varying along with its implementation. This may cause the mod-
eling for the system (12.13) inaccurate. Letting the varying smart

home system be F̂i(xk, uk, j), we have F̂i(xk, uk, j) �= Fi(xk, uk, j),
k = 0, 1, . . . and j = 0, 1, . . . , λ − 1. According to (12.14)–(12.15),

we can derive xk+λ = F̂i(xk,Uk, j). In this situation, it is desired

to find a constant σ̂i > 0, which satisfies V j+1
i (F̂i(xk,Uk, j)) ≤

σ̂iV
j+1
i (F̄(xk,Uk, j)), and Theorem 12.1 can be implemented.
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12.5 Simulation Example

In this section, numerical experiments are displayed to show the per-
formance of the error-tolerant iterative ADP algorithm. The trajec-
tories of the electricity rate and the home load demand in 168 hours
(a week) are shown in Figs. 12.4(a) and (b), respectively. The renew-
able energy is shown in Fig. 12.2. We can see that the electricity
rate, the home load demand, and the renewable energy are all quasi-
periodic functions with the period λ = 24. If there is no optimization,
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Fig. 12.4. Electricity rate and home load demand. (a) Real-time electricity rate
in 168 hours. (b) Home load demand in 168 hours.
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the original electricity cost, without considering the solar energy in
a week, is 681.55 cents.

Let the upper and lower storage limits of the battery be Emin
b =

3 kWh and Emax
b = 12 kWh, respectively. The rated power out-

put of the battery and the maximum charging/discharging rate is
3 kW. Let γ = 0.98. The initial level of the battery is 9 kWh. Let
the performance index function be expressed as in (12.5), where we
set m1 = 1, m2 = 0.2 and m3 = 0.2. Let the initial function be
Ψ(xk) = xTkPxk, where P = [0.11, −0.47;−0.47, 5.02]. Let the initial
state be x0 = [0.7, 9]T. From Fig. 12.4(b), we can derive 0 ≤ x1 < 2.
According to the constraints of the battery, we have 3 ≤ x2 ≤ 12. We
arbitrarily choose p = 500 states and control sequences. After nor-
malization of the data, we implement Algorithm 12.1 to evaluate φi,
αi, and σi, respectively. According to the normalized data of the elec-
tricity rate, the home load demand, and the renewable energy, and
we implement the developed error-tolerant iterative ADP algorithm
in Algorithm 12.2 for i = 20 iterations to guarantee the computation
precision ε = 10−2. In each iteration, the parameter γ̃i is obtained
by (12.35). According to γ̃i, the discount factor γi can be obtained,
where the trajectory of the discount factor γi, i = 0, 1, . . . , is shown
in Fig. 12.5. We can see that in each iteration, it requires a different
discount factor γi to guarantee the convergence of the iterative value
function.

Under the renewable energy, the optimal control of the battery
is shown in Fig. 12.6. From Fig. 12.6, we can see that the battery
charges when the load demand and rate are low and the renewable
energy is high. The battery discharges when the load demand and
rate are high and the renewable energy is low. The plot of the optimal
battery energy is shown in Fig. 12.7. The total electricity cost in a
week is reduced to 248.85 cents, which shows the effectiveness of
the developed algorithm. From Figs. 12.4–12.7, we can see that if
we choose an appropriate discount factor in each iteration, then the
iterative value function can be guaranteed to converge.
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Fig. 12.5. The trajectory of γi.
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Fig. 12.6. Optimal battery control and management policy with renewable
energy.
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Fig. 12.7. Optimal control of the battery in a week.

12.6 Conclusion

In this chapter, an effective error-tolerant iterative ADP algorithm
is developed for optimal battery control and management under the
renewable energy. The present iterative ADP algorithm permits the
electricity rate, the home load demand, and the renewable energy to
be quasi-periodic functions to implement, instead of accurate peri-
odic functions. It is proven that if the discount factor is chosen appro-
priately in each iteration, then the iterative value function converges
to the finite neighborhood of optimum.
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Chapter 13

Generalized Actor-Critic Learning
Optimal Control in Smart Home

Energy Management

13.1 Introduction

This chapter is concerned with a new generalized actor-critic learn-
ing optimal control method. It aims at the optimal energy control
and management for smart home systems, which is expected to min-
imize the consumption cost for home users. In the present general-
ized actor-critic learning optimal control method, it is the first time
that three iteration processes, which are global iteration, local itera-
tion and interior iteration, respectively, are established to obtain the
optimal energy control law. The main contribution of the developed
method is to establish a common iteration structure for both value
and policy iterations in ADP based on a control law sequence in each
iteration for periodic time-varying systems, instead of a single control
law. The monotonicity, convergence, and optimality of the iterative
value function for the generalized actor-critic learning optimal con-
trol method are proven. Finally, numerical results and comparisons
are displayed to show the superiority of the developed method.

289
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Fig. 13.1. Smart home energy system.

13.2 Preliminaries and Problem Statement

The smart home system is composed of the power grid, the load
demand from users, and the energy storage equipment. In this paper,
batteries are employed as the energy storage equipment. The con-
struction of the smart home system is shown in Fig. 13.1, where the
energy storage equipment can be designed as “Charging Mode”, “Idle
Mode”, and “Discharging Mode”, respectively. In this situation, how
to optimize the control law of the energy storage equipment is the
key to save the cost of the smart home system.

For time t = 0, 1, . . . , letting Bt and Tt be the energy storage
amount and the power output for the energy storage equipment,
respectively, the model of the energy storage equipment is expressed
as Bt+1 = Bt − Tt × η(Tt), where we let Tt > 0 and Tt < 0 denote
discharging and charging for the energy storage equipment, respec-
tively. Let Tt = 0 denote that the energy storage equipment is idle.
Let the efficiency of energy storage equipment charging/discharging
be expressed as η(Tt) = 0.898−0.173|Tt |/Trate, where Trate > 0 is the
rated power output of the energy storage equipment.
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Inspired by [1], the value function, which is expected to minimize,
is expressed as

∞
∑

t=0

γt
(

α1(EtPt)2 + α2(Bt −Bo)2 + α3T 2
t

)

, (13.1)

where Et is the real-time electricity rate and Pt is the total electricity
power from the power grid. Let Bo denote the middle energy storage
limit. Let α1, α2, and α3 are positive numbers. Let 0 < γ < 1 be the
discount factor.

Let x1,t = Pt and x2,t = Bt be the system states. Let ut = Tt be
the control of the system. According to the load balance [1] and the
model of the energy storage equipment, the system function can be
written as

xt+1 = F(xt, ut, t) =

(

Zt − ut

x2t − utη(ut)

)

, (13.2)

where xt = [x1,t, x2,t]
T and Zt denotes the load demand of the users.

Letting ωt = (ut, ut+1, . . .), the value function can be expressed as

V (x0, ω0, 0) =

∞
∑

t=0

γtH(xt, ut, t), (13.3)

where the utility function is defined as H(xt, ut, t) = xTt

[

α1E2
t 0

0 α2

]

xt + α3u
2
t . The optimal value function can be defined as

V ∗(xt, t) = inf
ωt

{V (xt, ωt, t)} . (13.4)

13.3 Generalized Actor-Critic Learning Optimal

Control Method

In this section, a new generalized actor-critic learning optimal control
method is developed to obtain the optimal control law for smart home
systems with property analysis.
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13.3.1 Derivation of the generalized actor-critic

learning optimal control method

From (13.2) and (13.3), it is shown that the load demand and the
electricity rate are both time-varying parameters, which cause the
optimal value function to be time-varying. For general users, it is
known that the load demand and the electricity rate are periodic
functions.

Assumption 13.1. The load demand Zt and the electricity rate Et
are both periodic functions with the periods Θ = 24 hours.

According to Assumption 13.1, the load demand and the elec-
tricity rate satisfy Zt = Zt+Θ, Et = Et+Θ. Inspired by [2], for k ∈
{0,Θ, 2Θ, . . .}, define a new utility function as

Ψ (xk,Ak) =
Θ−1
∑

θ=0

γΘH(xk+θ, uk+θ, θ). (13.5)

The optimal Q-type value function in the optimal performance index
function can be written as

J ∗(xk,Ak) =Ψ (xk,Ak) + ϑ min
Ak+Θ

J ∗(xk+Θ,Ak+Θ), (13.6)

where it is defined as ϑ = γΘ. The optimal control law sequence can
be expressed by U ∗(xk) = argminAk

{J ∗(xk,Ak)} .
Based on the above preparation, the generalized actor-critic learn-

ing optimal control method can be introduced. First, we define
N = {N1,N2, . . .} as a set of positive integers, such that for any
i = 1, 2, . . . ,Ni > 0 is a positive integer. Let i = 0, 1, . . . be the
global iteration index. Let U0(xk) be an initial control law, such
that

J0(xk,Ak) = Ψ(xk,Ak) + ϑJ0(xk+Θ,U0(xk+Θ)), (13.7)

where J0(xk,Ak) is the initial value function. For i = 1, the iterative
control law sequence U1(xk) can be computed by

U1(xk) = argmin
Ak

J0(xk,Ak). (13.8)
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Employing an local iteration index j1 = 0, 1, . . . ,N1−1, the iterative
cost function can be updated as

J1,j1+1(xk,Ak) = Ψ (xk,Ak) + ϑJ1,j1(xk+Θ,U1(xk+Θ)), (13.9)

where J1,0(xk,Ak) = J0(xk,Ak),∀xk,Ak. Define J1(xk,Ak) = J1,N1

(xk,Ak).
For i = 2, 3, . . . , the iterative control law sequence is computed as

Ui(xk) = argmin
Ak

Ji−1(xk,Ak). (13.10)

Letting Ji,0(xk,Ak) = Ji−1(xk,Ak), for ji = 0, 1, . . . ,Ni, Ni ∈ N ,
the iterative cost function is updated by

Ji,ji+1(xk,Ak) = Ψ (xk,Ak) + ϑJi,ji(xk+Θ,Ui(xk+Θ)), (13.11)

where we define

Ji(xk,Ak) = Ji,Ni(xk,Ak). (13.12)

It is declared that the iterative control law sequence Ui(xk), i =
0, 1, . . . , is not obtainable by directly solving (13.8) and (13.10), as
Ui(xk) is an iterative control law sequence. Thus, a new interior
iteration is introduced to construct the sequence.

For i = 0, 1, . . . , let li = 0, 1, . . . ,Θ − 1 be the interior iteration
index. According to (13.3), for li = 0, 1, . . . ,Θ − 1, we define a new
system as

xk+1 = F (xk, uk, li) =

(

ZΘ−1−li − uk

x2,k − ukη(uk)

)

. (13.13)

For li = 0, 1, . . . ,Θ− 1, we let

U(xk, uk, li) = xTkHΘ−1−lixk + α3u
2
k, (13.14)

where HΘ−1−li =
[

α1(EΘ−1−li)
2 0

0 α2

]

.

For i = 1, 2, . . . , we define a new interior iterative cost function
as V li

i (xk). For i = 1, 2, . . . and li = 0, we define

V 0
i (xk) = J o

i−1(xk,Ui−1(xk)), (13.15)
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where for i = 1, we let J o
i−1(xk,U0(xk)) = J0(xk,U0(xk)), and for

i = 2, 3, . . . , we let J o
i−1(xk,Ui−1(xk)) = Ji−1,Ni−1−1(xk,Ui−1(xk)).

Then, for i = 1, 2, . . . and li = 0, 1, . . . ,Θ−1, the interior iterative
control law is obtained by

vlii (xk) = argmin
uk

{U(xk, uk, li) + γV li
i (xk+1)}, (13.16)

where xk+1 = F(xk, uk, li) is defined in (13.13) and the utility func-
tion U(xk, uk, li) is defined in (13.14). Then, the interior iterative cost
function is computed as

V li+1
i (xk) = U(xk, vlii (xk), li) + γV li

i (F(xk, v
li
i (xk), li)). (13.17)

For i = 0, 1, . . . , the iterative control law sequence Ui(xk) can be
constructed by

Ui(xk) =
{

vΘ−1
i (xk), v

Θ−2
i (xk), . . . , v

0
i (xk)

}

. (13.18)

13.3.2 Properties of the generalized actor-critic

learning optimal control method

In this subsection, the properties of the generalized actor-critic learn-
ing optimal control method are analyzed. First, the property of the
interior iteration is presented.

Theorem 13.1. For i = 0, 1, . . . , defining the iterative control law
sequence Ui(xk) as in (13.18), where vlii (xk), li = 0, 1, . . . ,Θ − 1, is
obtained according to (13.15)–(13.17), then Ui(xk) satisfies (13.8) for
i = 1 and (13.10) for i = 2, 3, . . . .

Proof. Mathematical induction is employed to prove the state-
ment. First, for i = 0, 1, . . . , we define

Ψ(xk,Ui(xk)) =

Θ−1
∑

li=0

γliU(xk, vlii (xk), li). (13.19)

For i = 1 and l1 = 0, we know V 0
1 (xk) = J0(xk,U0(xk)), where

U0(xk) is a given control law sequence. Then, we can solve the control
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law v01(xk) by

v01(xk) = argmin
uk

{U(xk, uk, 0) + γV 0
i (xk+1)}, (13.20)

where xk+1 = F(xk, uk, 0). For any l1 = 0, 1, . . . ,Θ− 1, we can get

V l1+1
1 (xk) = U(xk, vl11 (xk), l1) + γV l1

1 (xk+1)

= min
uk

{U(xk, uk, l1) + γV l1
1 (xk+1)}

= min
uk

{U(xk, uk, l1)

+ γ min
uk+1

{U(xk+1, uk+1, l1 − 1)

+ · · · + γ min
uk+l1

{U(xk+1, uk+l1 , 0)

+ γV 0
1 (xk+l1+1)} · · ·

}}

. (13.21)

Letting l1 = Θ− 1, we have

V Θ
1 (xk) = Ψ(xk,U1(xk)) + ϑV 0

1 (F(xk,U1(xk)))

= min
Ak

{Ψ(xk,Ak) + ϑV 0
1 (xk+Θ)}

= min
Ak

{Ψ(xk,Ak) + ϑJ0(xk+Θ,U0(xk+Θ))}

= min
Ak

J0(xk,Ak). (13.22)

According to (13.22), we can obtain (13.8) for i = 1. Assume that
the conclusion holds for i = τ − 1, τ = 2, 3, . . . , i.e.,

Uτ−1(xk) = argmin
Ak

Jτ−2(xk,Ak). (13.23)

Then, for i = τ , according to (13.15), we have

V 0
τ (xk) = Jτ−1(xk,Uτ−1(xk)). (13.24)

For lτ = 0, 1, . . . ,Θ− 1, it can be derived as

V lτ+1
τ (xk) = U(xk, vlττ (xk), lτ ) + γV lτ

τ (xk+1)

= min
uk

{U(xk, uk, lτ )
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+ γmin
uk+1

{U(xk+1, uk+1, lτ − 1)

+ · · ·+ γ min
uk+lτ

{U(xk+1, uk+lτ , lτ − 1)

+ γV 0
τ (xk+lτ+1)} · · · }}

= min
uk,uk+1,...,uk+lτ

{

lτ
∑

�=0

γ�U(xk+�, uk+�, lτ − 	)

+γlτV 0
τ (xk+�+1)

}

. (13.25)

Letting lτ = Θ− 1, according to (13.24), we can obtain

V Θ
τ (xk) = Ψ(xk,Uτ (xk)) + ϑV 0

τ (F(xk,Uτ (xk)))

= min
Ak

{Ψ(xk,Ak)

+ ϑJτ−1,Nτ−1−1(xk+Θ,Uτ−1(xk+Θ))}
= min

Ak

Jτ−1(xk,Ak). (13.26)

For i = τ , according to (13.26), the iterative control law sequence
Uτ (xk) can be written as

Uτ (xk) = argmin
Ak

Jτ−1(xk,Ak). (13.27)

Thus, the conclusion holds for i = τ . Hence, Ui(xk) satisfies (13.8)
for i = 1 and (13.10) for i = 2, 3, . . . . The mathematical induction is
complete. �

In the following, we will show that for any iteration indices i and
ji, the monotonicity and convergence of the iterative cost function
in local and global iterations can be guaranteed.

Theorem 13.2. Let U0(xk) be an arbitrary admissible control law
which satisfies (13.7). Let N = {N1, N2, . . .} be an sequence, where
Ni > 0, i = 1, 2, . . . , is a positive integer. For i = 0, 1, . . . and
ji = 1, 2, . . . , Ni, let Ji,ji(xk,Ak) and Ui(xk) be updated according
to (13.7)–(13.12). Then, the iterative cost function Ji,ji(xk,Ak) is
monotonically non-increasing both for i and ji.
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Proof. The statements can be proven by mathematical induction.
Consider i = 1 and j1 = 0. According to (13.8), we have

J1,1(xk,Ak) = Ψ (xk,Ak) + ϑJ1,0(xk+Θ,U1(xk+Θ))

≤ Ψ(xk,Ak) + ϑJ0(xk+Θ,U0(xk+Θ))

= J1,0(xk,Ak). (13.28)

Assume that the inequality

J1,j1(xk,Ak) ≤ J1,j1−1(xk,Ak) (13.29)

holds for j1 = 1, 2, . . . , N1 − 1. Then, for j1 + 1, we can obtain

J1,j1+1(xk,Ak) = Ψ (xk,Ak) + ϑJ1,j1(xk+Θ,U1(xk+Θ))

≤ Ψ(xk,Ak) + ϑJ1,j1−1(xk+Θ,U1(xk+Θ))

= J1,j1(xk,Ak), (13.30)

which implies that

J1,j1+1(xk,Ak) ≤ J1,j1(xk,Ak) (13.31)

holds for all j1 = 0, 1, . . . , N1 − 1. Letting

U2(xk) = argmin
Ak

J1(xk,Ak), (13.32)

according to (13.12), it can be derived that

J2,1(xk,Ak) = Ψ(xk,Ak) + J2,0(xk+Θ,U2(xk+Θ))

≤ Ψ(xk,Ak) + J1,N1−1(xk+Θ,U1(xk+Θ))

= J1,N1(xk,Ak)

= J2,0(xk,Ak). (13.33)

Assume that the inequality J2,j2(xk,Ak) ≤ J2,j2−1(xk,Ak) holds for
j2 = 1, 2, . . . , N2 − 1. Then for j2 + 1, we have

J2,j2+1(xk,Ak) = Ψ (xk,Ak) + ϑJ2,j2(xk+Θ,U2(xk+Θ))

≤ Ψ(xk,Ak) + ϑJ2,j2−1(xk+Θ,U2(xk+Θ))

= J2,j2(xk,Ak). (13.34)
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Thus, we have J2,j2+1(xk,Ak) ≤ J2,j2(xk,Ak) holds for all j2 =
0, 1, . . . , N2 − 1.

For i = ς, ς = 0, 1, . . . , we assume that

Jς,jς (xk,Ak) ≤ Jς,jς−1(xk,Ak) (13.35)

holds, for jς = 1, 2, . . . , jς . Then, we can derive

Jς,jς+1(xk,Ak) = Ψ (xk,Ak) + ϑJς,jς (xk+Θ,Uς(xk+Θ))

≤ Ψ(xk,Ak) + ϑJς,jς−1(xk+Θ,Uς(xk+Θ))

= Jς,jς (xk,Ak), (13.36)

which shows

Jς,jς+1(xk,Ak) ≤ Jς,jς (xk,Ak) (13.37)

for all jς = 0, 1, . . . , Nς−1. Considering i = ς+1, the iterative control
law sequence is computed by

Uς+1(xk) = argmin
Ak

Jς(xk,Ak). (13.38)

It can be derived as

Jς+1,1(xk,Ak) = Ψ (xk,Ak) + ϑJς+1,0(xk+Θ,Uς+1(xk+Θ))

≤ Ψ(xk,Ak) + ϑJς,jNς−1(xk+Θ,Uς(xk+Θ))

= Jς+1,0(xk,Ak). (13.39)

Assume that the inequality

Jς+1,jς+1(xk,Ak) ≤ Jς+1,jς+1−1(xk,Ak) (13.40)

holds for jς+1 = 1, 2, . . . , Nς+1−1. Then considering jς+1+1, we can
derive

Jς+1,jς+1+1(xk,Ak)

= Ψ (xk,Ak) + ϑJς+1,jς+1(xk+Θ,Uς+1(xk+Θ))

≤ Ψ(xk,Ak) + ϑJς+1,jς+1−1(xk+Θ,Uς+1(xk+Θ))

= Jς+1,jς+1(xk,Ak). (13.41)
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The mathematical induction is complete. From mathematical induc-
tion process (13.28)–(13.41), for i = 1, 2, . . . , ji = 0, 1, . . . , Ni,
Ni ∈ N we can derive Ji,ji+1(xk,Ak) ≤ Ji,ji(xk,Ak) and Ji+1,j(i+1)

(xk,Ak) ≤ Ji,ji(xk,Ak). The proof is complete. �

In the next theorem, the optimality of the converged cost function,
which is a key property to declare the effectiveness of the generalized
actor-critic learning optimal control method, will be analyzed.

Theorem 13.3. Let N = {N1, N2, . . .} be a sequence, where Ni > 0,
i = 1, 2, . . . , is a positive integer. For i = 0, 1, . . . and ji =
1, 2, . . . , Ni, let Ji,ji(xk,Ak) and Ui(xk) be updated according to
(13.7)–(13.12). Initialized by an arbitrary admissible control law
U0(xk) which satisfies (13.7), the iterative cost function Ji,ji(xk,Ak)
converges to the optimal value function V ∗(xk,Ak), as i→ ∞, i.e.,

lim
i→∞

Ji,ji(xk,Ak) = V ∗(xk,Ak), (13.42)

which satisfies the HJB equation (13.6).

Proof. The statement can be proven by four steps.
(1) Show that the limit of the iterative cost function Vi,ji(xk,Ak)

exits as i→ ∞.
First, according to (13.7), giving a positive integer M, we can

derive that

J0(xk,Ak) = Ψ(xk,Ak) +

M−1
∑

τ=0

ϑτΨ(xk+τΘ,U0(k + τΘ))

+ ϑMJ0(xk+MΘ,U0(xk+MΘ)). (13.43)

As 0 < ϑ < 1, letting M → ∞, we can obtain

J0(xk,Ak) = Ψ(xk,Ak) +

∞
∑

τ=0

ϑτΨ(xk+τΘ,U0(k + τΘ)). (13.44)

As the utility function U(xk, uk, k) is positive definite for xk and
uk, which implies that Ψ(xk,Ak) is positive for xk and Ak, it can
be derived that the initial iterative value function J0(xk,Ak) > 0
for all xk �= 0 or Ak �= 0. According to Theorem 13.2, the iterative
cost function Ji,ji(xk,Ak) is a monotonically non-increasing function
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for i and ji. It implies that the function Ji(xk,Ak) is monotonically
non-increasing and lower bounded which shows that the limit of the
iterative cost function Ji(xk,Ak) exists, i.e.,

J∞(xk,Ak) = lim
i→∞

Ji(xk,Ak). (13.45)

On the other hand, {Ji(xk,Ak)} is the subsequence of
{Ji,ji

(xk,Ak)
}

. It implies that the two sequences {Ji(xk,Ak)} and
{Ji,ji(xk,Ak)

}

converge to the same limit, i.e.,

J∞(xk,Ak) = lim
i→∞

Ji,ji(xk,Ak). (13.46)

(2) Prove that as i → ∞ the limit of the iterative cost function
Ji(xk,Ak) satisfies the optimality equation (13.6).

According to Theorem 13.2, for i = 0, 1, . . . , it can be derived as
Ji+1(xk,Ak) ≤ Ji(xk,Ak), which implies

Ji+1(xk,Ak) = Ji,Ni(xk,Ak)

≤ Ψ(xk,Ak) + ϑJi−1,0(xk+Θ,Ui(xk+Θ))

= Ψ(xk,Ak) + ϑ min
Ak+Θ

Ji−1(xk+Θ,Ak+Θ). (13.47)

Then, we can get

J∞(xk,Ak) = lim
i→∞

Ji+1(xk,Ak) ≤ Ji+1(xk,Ak)

≤ Ψ(xk,Ak) + ϑ min
Ak+Θ

Ji−1(xk+Θ,Ak+Θ). (13.48)

Letting i→ ∞, we can obtain

J∞(xk,Ak) ≤ Ψ(xk,Ak) + min
Ak+Θ

J∞(xk+Θ,Ak+Θ). (13.49)

Given an ε > 0, there exists an iteration index σ > 1, such that

Jσ(xk,Ak)− ε ≤ J∞(xk,Ak). (13.50)
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Then, we can obtain

J∞(xk,Ak) ≥ Ψ(xk,Ak) + ϑJσ(xk+Θ,Ak+Θ)− ε

≥ Ψ(xk,Ak) + ϑJ∞(xk+Θ,Ak+Θ)− ε

≥ Ψ(xk,Ak) + ϑ min
Ak+Θ

J∞(xk+Θ,Ak+Θ)− ε. (13.51)

For arbitrary ε > 0, we have

J∞(xk,Ak) ≥ Ψ(xk,Ak) + ϑ min
Ak+Θ

J∞(xk+Θ,Ak+Θ). (13.52)

Combining (13.49) and (13.52), for all xk ∈ Ωx, we can obtain

J∞(xk,Ak) = Ψ(xk,Ak) + ϑ min
Ak+Θ

J∞(xk+Θ,Ak+Θ). (13.53)

(3) Show that the cost function J∞(xk,Ak) is not larger than the
cost function constructed by any admissible control law sequence.

Define a new iterative cost function Qi,ji+1(xk,Ak). For i = 0, we
let

Q0(xk,Ak) = J0(xk,Ak). (13.54)

For i = 1, 2, . . . and ji = 0, 1, . . . , Ni − 1, Ni ∈ N , letting
Qi,0(xk,Ak) = Qi−1(xk,Ak), the iterative cost function Qi,ji(xk,Ak)
is designed to update by

Qi,ji+1(xk,Ak) = Ψ(xk,Ak) + ϑQi,ji+1(xk+Θ,U0(xk+Θ)), (13.55)

where Qi(xk,Ak) = Qi,Ni(xk,Ak). In the following, we will prove

Ji,ji(xk,Ak) ≤ Qi,1(xk,Ak), (13.56)

for i = 1, 2, . . . and ji = 0, 1, . . . , Ni − 1, Ni ∈ N . The statement can
be proven by mathematical induction. For i = 1 and j1 = 0, we know
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Q1,0(xk,Ak) = J1,0(xk,Ak). For j1 = 1, we have

J1,1(xk,Ak) = Ψ(xk,Ak) + ϑJ1,0(xk+Θ,U1(xk+Θ))

= Ψ(xk,Ak) + ϑ min
Ak+Θ

J1,0(xk+Θ,Ak+Θ)

≤ Ψ(xk,Ak) + ϑQ1,0(xk+Θ,U0(xk+Θ))

= Q1,1(xk+Θ,Ak+Θ). (13.57)

If the inequality J1,j1−1(xk,Ak) ≤ Q1,1(xk,Ak) holds, then consider-
ing j1, we have

J1,j1(xk,Ak) = Ψ(xk,Ak) + ϑJ1,j1−1(xk+Θ,U1(xk+Θ))

≤ Ψ(xk,Ak) + ϑJ1,0(xk+Θ,U1(xk+Θ))

≤ Ψ(xk,Ak) + ϑQ1,0(xk+Θ,U0(xk+Θ))

= Q1,1(xk+Θ,Ak+Θ), (13.58)

which shows that the inequality J1,j1(xk,Ak) ≤ Q1,1(xk,Ak) holds
for all j1 = 0, 1, . . . , N1−1. Assume that the inequality (13.55) holds
for i = ς − 1, ς = 1, 2, . . . . For i = ς and jς = 1, we know

Jς,1(xk,Ak) = Ψ(xk,Ak) + ϑJς,0(xk+Θ,Uς(xk+Θ))

= Ψ(xk,Ak) + ϑ min
Ak+Θ

Jς,0(xk+Θ,Ak+Θ)

≤ Ψ(xk,Ak) + ϑQς,0(xk+Θ,U0(xk+Θ))

= Qς,1(xk+Θ,Ak). (13.59)

If the inequality Jς,jς−1(xk,Ak) ≤ Qς,jς−1(xk,Ak), then for jς , we
can get

Jς,jς (xk,Ak) = Ψ(xk,Ak) + ϑJς,jς−1(xk+Θ,Uς(xk+Θ))

≤ Ψ(xk,Ak) + ϑQς,0(xk+Θ,U0(xk+Θ))

= Qς,1(xk,Ak), (13.60)
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which shows (13.56) for all i = 1, 2, . . . , and ji = 0, 1, . . . , Ni. Math-
ematical induction is complete.

On the other hand, for i = 0, 1, . . . , and {N1, N2, . . . , Ni}, we can
obtain

Qi,Ni(xk,U0(xk))

=

i
∑

�=0

⎛

⎝

�
∏

ξ=1

ϑNξ

⎛

⎝

N�
∑

τ�=0

ϑτ�Ψ

⎛

⎝x
k+

�−1∑
λ=0

NλΘ+τ�Θ
,

U0(x
k+

�−1∑
λ=0

NλΘ+τ�Θ

⎞

⎠

⎞

⎠

⎞

⎠

+

i
∏

ξ=1

ϑNξJ0

⎛

⎝x
k+

i∑
λ=0

NλΘ+1
,U0

⎛

⎝x
k+

i∑
λ=0

NλΘ+1

⎞

⎠

⎞

⎠. (13.61)

From (13.61), letting i→ ∞, we can derive that

Q∞(xk,U0(xk)) =
∞
∑

�=0

(ϑ�Ψ(xk+�Θ,U0(xk+�Θ))), (13.62)

as
∏∞
ξ=1 ϑ

Nξ = 0 and J0(xk,U0(xk)) is finite for all xk. According to

(13.56), we can obtain

lim
i→∞

Ji(xk,Ui(xk)) ≤
∞
∑

�=0

(ϑ�Ψ(xk+�Θ,U0(xk+�Θ))). (13.63)

(4) Show that the cost function J∞(xk,Ak) equals the optimal
value function J ∗(xk,Ak).

According to the definition of J ∗(xk,Ak) in (13.6), for i = 0, 1, . . .
and ji = 1, 2, . . . , Ni, we have Ji,ji(xk,Ak) ≥ J ∗(xk,Ak), which
shows

J∞(xk,Ak) ≥ J ∗(xk,Ak). (13.64)
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for i→ ∞. Let Ak = (Ak,Ak+Θ, . . .). According to (13.63), as U0(xk)
is an arbitrary control law sequence, we have

lim
i→∞

Ji(xk,Ui(xk)) ≤
∞
∑

�=0

(ϑ�Ψ(xk+�Θ,U0(xk+�Θ)))

≤ min
Ak

( ∞
∑

�=0

(ϑ�Ψ(xk+�Θ,Ak+�Θ))

)

= J ∗(xk,U ∗(xk)), (13.65)

which shows

J∞(xk,Ak) = Ψ(xk,Ak) + ϑJ∞(xk+Θ,U∞(xk+Θ))

≤ Ψ(xk,Ak) + J ∗(xk+Θ,U
∗(xk+Θ))

= J ∗(xk,Ak). (13.66)

Combing (13.64) and (13.66), we can obtain the conclusion (13.42).
The proof is complete. �

13.4 Simulation Example

This section aims to illustrate the performance of the generalized
actor-critic learning optimal control method by a numerical exam-
ple. The real-time load demand and electricity rate for 168 hours
(one week) are shown in Figs. 13.2(a) and (c), respectively. It is shown
that the load demand and the electricity rate are both periodic-like
functions with the period Θ = 24, where the averages of the load
demand and the electricity rate, which are shown in Figs. 13.2(b)
and (d), respectively, are used as the periodic functions.

The parameters of the energy storage equipment are given as fol-
lows. Set the capacity of the energy storage equipment as 100 kWh,
which means Bo = 50 kWh. The rated power of the equipment is set
as 16.5 kW. The initial energy of the equipment is set as 60 kWh.
Define the value function as in (13.1), where we set α1 = 1, α2 = 0.5
and α3 = 0.2, respectively. The initial state is set as x0 = [8, 60]T.
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Fig. 13.2. Residential load demand and electricity rate. (a) Residential load
demand for 168 hours. (b) Average residential load demand. (c) Real-time elec-
tricity rate for 168 hours. (d) Average electricity rate.

An initial control law U0(xk) is necessary to implement the gener-
alized actor-critic learning optimal control method. Generally, the
initial control law can be designed by experience. Let the equipment
charge when load demand and the electricity rate are both obviously
low, such as the midnight time. Let the equipment discharge when
load demand and the electricity rate are both obviously high, such
as the dinner time. Other time the charging/discharging type of the
equipment is chosen arbitrarily.

We implement the developed generalized actor-critic learning
optimal control method for i = 20 global iterations to show the
property of the iterative value function Ji(xk), where in each local
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Fig. 13.3. The plot of the iterative value function.

iteration for i = 1, 2, . . . , we design Ni as an arbitrary positive inte-
ger for local iterations j = 0, 1, . . . , Ni. The plot of the iterative value
function Ji(xk,Ui(xk)) is shown in Fig. 13.3.

From Fig. 13.3, it can be seen that at each hour in a day, the
iterative value function is monotonically non-increasing and finally
converges to the optimum, which verifies the correctness of the theo-
retical results. The optimal control for the smart home system is dis-
played in Fig. 13.4. We can see that the equipment is charging when
the load demand and the electricity rate are low and the equipment
is discharging when load demand and the electricity rate are high.

The optimal energy management for the load demand is shown
in Fig. 13.5. It is shown that when load demand and the electricity
rate are high, the power grid nearly stops supplying the power to the
load and all the power is supplied by the energy storage equipment.
When the load demand and the electricity rate are low, the power
grid bears all the power from the grid to the load. The corresponding
energy in the energy storage equipment is shown in Fig. 13.6.
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Fig. 13.4. Optimal control of the battery in one week.

20 40 60 80 100 120 140 160
Time (Hours)

0

1

2

3

4

5

6

7

8

9

10

Lo
ad

 p
ow

er

Total load battery to load grid to load

Fig. 13.5. The optimal energy supply for the load demand.
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Fig. 13.6. Optimal energy storage in one week.

13.5 Conclusion

In this chapter, a novel generalized actor-critic learning optimal con-
trol method is presented. The idea of the developed method is to
find the optimal energy control law for smart home systems by
ADP. Combining the value and policy iteration ADP techniques, the
generalized actor-critic learning optimal control method presents a
common iteration structure to for smart home energy management.
Three iteration processes in the generalized actor-critic learning opti-
mal control method, which are global iteration, local iteration and
interior iteration, have been shown. It has also been proven that the
iterative cost function is monotonically non-increasing and converges
to the optimal value function. Finally, numerical results are displayed
to show the superiority of the developed algorithm.
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