


ITERATIVE ADAPTIVE
DYNAMIC PROGRAMMING
FOR SELF-LEARNING
OPTIMAL CONTROL



Series On Deep Learning Neural Networks

Series Editors: Daniel Graupe (University of Illinois at Chicago, USA) &
Derong Liu (University of Illinois at Chicago, USA)

Published

\Vol. 2 Iterative Adaptive Dynamic Programming for Self-Learning
Optimal Control
by Qinglai Wei, Ruizhuo Song & Hongyang Li

Vol. 1 Intelligent Analysis of Fundus Images: Methods and Applications
by Yuanyuan Chen, Yi Zhang & Jie Zhong



Series on Deep Learning Neural Networks — Volume 2

ITERATIVE ADAPTIVE
DYNAMIC PROGRAMMING
FOR SELF-LEARNING
OPTIMAL CONTROL

Qinglai Wei
Chinese Academy of Sciences, China

Ruizhuo Song

University of Science and Technology Beijing, China

Hongyang Li

Chinese Academy of Sciences, China

\\:e World Scientific

NEW JERSEY - LONDON - SINGAPORE - BEIJING - SHANGHAI - HONG KONG - TAIPEI - CHENNAI - TOKYO



Published by

World Scientific Publishing Co. Pte. Ltd.

5 Toh Tuck Link, Singapore 596224

USA office: 27 Warren Street, Suite 401-402, Hackensack, NJ 07601
UK office: 57 Shelton Street, Covent Garden, London WC2H 9HE

Library of Congress Control Number: 2025013920

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library.

Series on Deep Learning Neural Networks — Vol. 2
ITERATIVE ADAPTIVE DYNAMIC PROGRAMMING FOR
SELF-LEARNING OPTIMAL CONTROL

Copyright © 2026 by World Scientific Publishing Co. Pte. Ltd.

All rights reserved. This book, or parts thereof, may not be reproduced in any form or by any means,
electronic or mechanical, including photocopying, recording or any information storage and retrieval
system now known or to be invented, without written permission from the publisher.

For photocopying of material in this volume, please pay a copying fee through the Copyright Clearance
Center, Inc., 222 Rosewood Drive, Danvers, MA 01923, USA. In this case permission to photocopy
is not required from the publisher.

ISBN 978-981-98-1120-5 (hardcover)
ISBN 978-981-98-1121-2 (ebook for institutions)
ISBN 978-981-98-1122-9 (ebook for individuals)

For any available supplementary material, please visit
https://www.worldscientific.com/worldscibooks/10.1142/14258#t=suppl
Desk Editors: Nambirajan Karuppiah/Steven Patt

Typeset by Stallion Press
Email: enquiries@stallionpress.com

Printed in Singapore


https://www.worldscientific.com/worldscibooks/10.1142/14258#t=suppl

Acknowledgments

This work was supported in part by the National Key R&D Program
of China under Grants 2021 YFE0206100, 2024YFB4709100; in part
by the National Natural Science Foundation of China under Grants
62425310, 62273036, 62073321, 62477045; in part by the National
Defense Basic Scientific Research Program JCKY2019203C029; in
part by the Beijing Natural Science Foundation under Grants
4254106, L241007; in part by Science and technology Innova-
tion Project of China Academy of Chinese Medical Sciences
CI2023C005YG; in part by the Science and Technology Devel-
opment Fund, Macau SAR under Grants FDCT-22-009-MISE,
0060/2021/A2, 0015/2020/AMJ; in part by the financial sup-
port from the National Defense Basic Scientific Research Project
JCKY2020130C025.



This page intentionally left blank



About the Authors

Qinglai Wei Ph.D. is a Professor at The
State Key Laboratory of Multimodal Artificial
Intelligence Systems, Institute of Automation,
Chinese Academy of Sciences.

He received his B.S. degree in automation
and Ph.D. degree in control theory and con-
trol engineering from Northeastern University,
Shenyang, China, in 2002 and 2009, respec-
tively. From 2009 to 2011, he was a Post-
Doctoral Fellow with the State Key Labora-

tory of Management and Control for Complex Systems, Institute of
Automation, Chinese Academy of Sciences, Beijing, China. He is cur-
rently a Professor at the institute. He has authored three books and
published over 80 international journal papers. His research interests
include adaptive dynamic programming, neural network-based con-
trol, computational intelligence, optimal control, nonlinear systems,
and their industrial applications.

Prof. Wei was a recipient of the IEEE System, Man, and Cyber-
netics Society Andrew P. Sage Best Transactions Paper Award, the
IEEE Transactions on Neural Networks and Learning Systems Out-
standing Paper Award, the IEEE/CAA Journal of Automatica Sinica
Best Paper Award, the Outstanding Paper Award of Acta Automat-
ica Sinica, and the Zhang Siying Outstanding Paper Award of the
Chinese Control and Decision Conference. He was also a recipient
of the Shuang-Chuang Talents in Jiangsu Province, China, and the

vii



viii Iterative ADP for Self-Learning Optimal Control

Young Researcher Award of the Asia-Pacific Neural Network Society.
He has been the Vice President of the IEEE Computational Intel-
ligence Society’s Beijing Chapter since 2022. He was the General
Co-Chair of the 2023 Symposium of Parallel Intelligence, the Invited
Session Chair of the IEEE 8th Data Driven Control and Learning
Systems Conference, the Special Sessions Chair of the 25th Inter-
national Conference on Neural Information Processing, the Program
Co-Chair of the 24th International Conference on Neural Information
Processing, and the Registration Chair of the 12th World Congress
on Intelligent Control and Automation and the 2014 IEEE World
Congress on Computational Intelligence. He was a Guest Editor for
several international journals. He is an Associate Editor-in-Chief/the
Deputy Editor-in-Chief/Senior Editor of the IEEE/CAA Journal of
Automatica Sinica, IEEE Transactions on Systems, Man, and Cyber-
netics: Systems, Neurocomputing, and Acta Automatica Sinica. He
is also an Associate Editor of IEEFE Transactions on Neural Net-
works and Learning Systems, IEEE Transactions on Automation Sci-
ence and Engineering, IEEE Transactions on Consumer Electronics,
IEEE Transactions on Cognitive and Developmental Systems, and
Optimal Control Applications and Methods.

Ruizhuo Song Ph.D. is a Professor at the
School of Automation and FElectrical Engi-
neering, University of Science and Technology
Beijing.

She received his Ph.D. degree in control the-
ory and control engineering from Northeast-
ern University, Shenyang, China, in 2012. From
2013 to 2014, she was a Visiting Scholar with
the Department of Electrical Engineering, Uni-
versity of Texas at Arlington, Arlington, TX,

USA. From January 2018 to February 2018, she was a Visiting
Scholar with the Department of Electrical, Computer, and Biomed-
ical Engineering, University of Rhode Island, Kingston, RI, USA.
She was a Post-Doctoral Fellow with the University of Science and
Technology Beijing, Beijing, China, where she is currently a Profes-
sor at the School of Automation and Electrical Engineering. She has
authored or co-authored more than 100 journals and conference arti-
cles and coauthored 3 monographs. Her current research interests



About the Authors ix

include intelligent perception and computing, optimal decision-
making, and gaming for virtual/real complex systems, and the results
are applied to human body signal measurement and control, energy
internet, etc.

Hongyang Li Ph.D. is an Assistant Profes-
sor at The State Key Laboratory of Multi-
modal Artificial Intelligence Systems, Institute
of Automation, Chinese Academy of Sciences.

He received his Ph.D. degree in com-
puter application technology from the Univer-
sity of Chinese Academy of Sciences, Beijing,
China, in 2022. His research interests include
adaptive dynamic programming, reinforcement
learning, optimal control, and their industrial
applications.



This page intentionally left blank



Contents

Acknowledgments
About the Authors
List of Symbols

1. Principle of Adaptive Dynamic Programming

1.1 Dynamic Programming . . . . . ... ... ... ..
1.1.1  Discrete-time systems . . . . . . .. ... ..
1.1.2  Continuous-time systems . . . . . . . .. ..

1.2 Original Forms of Adaptive Dynamic
Programming . . . . . . .. ... 0oL

1.2.1  Principle of adaptive dynamic
programming . . . . . ... ... ...

1.3 Tterative Forms of Adaptive Dynamic
Programming . . . . . . .. ... oo,
1.3.1 Valueiteration . . . . .. .. ... ... ...
1.3.2 Policy iteration . . . .. .. ... ... ...
1.4 About This Book . .. . ... ... ... .. ....
References . . . . . . . ... oo

2. Discrete-Time Local Value Iterative
Adaptive Dynamic Programming

2.1 Introduction . .. ... .. ... ... ...
2.2 Preliminaries and Assumptions . . . . . . . . .. ..
2.3 Discrete-Time Local Iterative ADP Algorithm

xi

vii

xvii

10
10
11
12
18

25

25
26
27



xii

Iterative ADP for Self-Learning Optimal Control

2.3.1 Derivation of the discrete-time local
iterative ADP algorithm . . . ... ... ..
2.3.2 Property analysis . . . .. ... ... ....
2.4 Simulation Example . . . . .. ... ..o L.
2.5 Conclusion . . . . ... ... ... .
References . . . . . . . . .. ... ... ...

Discrete-Time Local Value Iterative
Adaptive Dynamic Programming:
Admissibility and Terminations Analysis

3.1 Introduction . ... ... ... ... .........
3.2 Problem Formulations . . . . .. ... ........
3.2.1 System descriptions . . . . .. .. ...
3.2.2  Descriptions of the local iterative ADP
algorithm . . . . . . .. ..o oo
3.3 Property Analysis . . . .. ... ...
3.4 Simulation Example . . . . ... ... ... ... ..
3.5 Conclusion . . .. ... ... ... ... ... .
References . . . . . . . . . . .. ... ... ...

Discrete-Time Local Policy Iteration
Adaptive Dynamic Programming

4.1 Introduction . .. . ... ... ... ... ...
4.2 Problem Formulations . . . . . . ... .. ... ...
4.2.1 System descriptions . . . .. ... ...
4.2.2  Descriptions of the local iterative ADP
algorithm . . . . ... ... ... ... ....
4.3 Properties of the Local Iterative ADP
Algorithm . . . .. .. .. ... ... ... ...
4.4  Simulation Example . . . . .. ... ...
4.5 Conclusion . . .. ... ... 0oL
References . . . . . . . . ... ..

Continuous-Time Time-Varying Policy Iteration

5.1 Introduction . ... .. .. .. ... ... ... ...

5.2 Problem Formulations . . . . . . ... ... ... ..

5.3 Continuous-Time Time-Varying Policy Iteration:
Derivations and Properties . . . . .. . ... .. ..

55

55
o7
o7

58
60
73
7
7

79

79
80
80

81



Contents

5.3.1 Derivations of the CTTV policy iteration
algorithm . . . . . . .. ..o

5.3.2 Property analysis . . . ... ... ... ...

5.4 Neural Networks Implementation of the CTTV
Policy Iteration . . . ... ... ... ... .....

5.4.1 The critic network . . . . . ... ...
5.4.2 The action network . . . . . . ... ... ..

5.4.3  Training phase of the C'T'TV policy iteration
algorithm . . . . ... ... ... ... ...

5.5 Simulation Example . . . . .. ... ... L.
5.6 Conclusion . . . . . . ..
References . . . . . . . ..

Adaptive Dynamic Programming for
Discrete-Time Zero-Sum Games

6.1 Introduction . . . . . . . . .. . ... .. ...
6.2 Problem Formulations . . . . . . .. .. ... ....

6.3 Tterative ADP Algorithm for Discrete-Time
Zero-Sum Games . . . . . . ...

6.3.1 Derivations of the Iterative Zero-Sum ADP
Algorithm . . . . ... ... ... ... ..

6.3.2 Property analysis . . . .. ... ... .. ..
6.4 Simulation Example . . . . .. ... ... L.
6.5 Conclusion . . ... .. .. ... L
References . . . . . . . . .. ...

Model-Free Adaptive Optimal Control for
Unknown Nonlinear Multi-Player Non-
Zero-Sum Game

7.1 Introduction . . . . . . . . .. ... ... ...
7.2 Problem Statement . . . . .. ... ... ... ...

7.3 MF-CGDHP Algorithm for Multi-Player
Non-Zero-Sum Game . . . . .. ... ... .....

7.3.1  Structural design for MF-CGDHP . . . . . .

7.3.2 MF-CGDHP implementation based on
neural networks . . . . . .. ... ... ...

xiii



Xiv

Iterative ADP for Self-Learning Optimal Control

7.4 Stability Analysis of MF-CGDHP Algorithm . . . .
7.5 Simulation Example . . . . .. ... ...
7.6 Conclusion . . . ... ... ... ... .. ... .
References . . . . . . . . .. .. ... .. ... ...

Continuous-Time Distributed Policy
Iteration for Multi-Controller Nonlinear
Systems

8.1 Introduction . ... ... ... ... .........
8.2 Problem Formulations . . . . . .. ... ... ....
8.3 Continuous-Time Distributed Policy Iteration:
Derivations and Properties . . . . .. .. .. .. ..
8.3.1 Derivations of the continuous-time
distributed policy iteration algorithm . . . .
8.3.2 Property analysis . . . .. ... ... .. ..
8.4 Simulation Example . . . . ... ... ... ... ..
85 Conclusion . . .. ... ... ... ... .. ... .
References . . . . . . .. ..

A Novel Data-Based Fault-Tolerant Control
Method for Multicontroller Linear Systems
Via Distributed Policy Iteration

9.1 Introduction . . . . ... ... ... . ... ....
9.2 Problem Formulation . . ... ... .........
9.3 Model-Based Fault-Tolerant Control via
Distributed Policy Iteration . . . . . . .. .. .. ..
9.3.1 Derivations of the distributed policy
iteration method . . . . ... ... ... ..
9.3.2 Fault-tolerant control method . . . ... ..
9.4 Data-Based Fault-Tolerant Control via Distributed
Policy Iteration . . .. .. .. ... .. ... ....
9.4.1 Data-based distributed policy iteration . . .
9.4.2 Data-based fault-tolerant control
method . . . . .. ... ... ...
9.5 Simulation Example . . . . ... ... ... ... ..
9.6 Conclusion . . ... ... ... ... ... ...,
References . . . . . . . . .. .. ... ... ... .



10.

11.

Contents XV

A Novel Dual Iterative ()-Learning Method
for Optimal Battery Management in Smart

Residential Environments 227
10.1 Introduction . . . . ... . ... ... ... .. ... 227
10.2 Problem Formulation . . .. .. .. ... ...... 228
10.2.1 Smart residential energy systems . . . . . . 228
10.2.2 Battery model . . . . .. ..o 229
10.2.3 Optimization objectives . . . . . . . . .. .. 230
10.2.4 The optimality principle . . . . ... .. .. 231
10.3 Dual Iterative Q-Learning Algorithm of ADP . . . . 232
10.3.1 Derivation of the dual iterative @Q-learning
algorithm . . . . .. .. ... 0L, 232
10.3.2 Properties of the dual iterative @Q-learning
algorithm . . . . . ... .. oo 234
10.4 Neural Network Implementation for the Dual
Iterative Q-Learning Algorithm . . . . .. ... .. 240
10.4.1 The action network . . . . . . . ... .. .. 241
10.4.2 The critic network . . . . .. ... ... 241
10.4.3 Training phase . . . . . . .. ... ... ... 242
10.5 Simulation Example . . . . . .. ... ... ... .. 243
10.6 Conclusion . . . . . ... ... . oL 245
References . . . . . . .. .. . 245

Mixed Iterative Adaptive Dynamic
Programming for Optimal Battery Energy

Control in Microgrids 247
11.1 Introduction . . . . . .. ... ... .. ... ... 247
11.2 Problem Formulation . . . ... ... ... ... .. 248
11.2.1 System descriptions . . . . . . . ... .. .. 248
11.2.2 Optimization objectives . . . . . . . . .. .. 249
11.3 Mixed Iterative ADP Algorithm . . . . .. ... .. 251
11.3.1 Derivations . . . . . ... ... ... ... .. 251
11.3.2 Properties . . . . ... .. ... ... ... . 255
11.4 Simulation Example . . . . . . ... ... ... ... 262
11.5 Conclusion . . . . .. .. ... oo 265

References . . . . . . . . ... 266



Xvi

12.

13.

Index

Iterative ADP for Self-Learning Optimal Control

Error-Tolerant Iterative Adaptive Dynamic
Programming for Optimal Renewable
Home Energy Scheduling and Battery
Management

12.1 Introduction . . . . . .. ... ...
12.2 Problem Formulation . . .. .. ... ... .....
12.3 Error-Tolerant Iterative ADP Algorithm . . . . ..
12.3.1 Optimization objectives . . . . . . . . .. ..
12.3.2 Algorithm derivations . . . . . . .. ... ..
12.3.3 Properties of the error-tolerant iterative
ADP algorithm . . .. .. ... ... ....
12.4 Neural Network Implementation for the
Error-Tolerant Iterative ADP Algorithm . . . . ..
12.4.1 The action and critic networks . . . . . . . .
12.4.2 Evaluation of the constants in the
convergence criterion . . ... ... ... ..
12.4.3 Training phase . . . . . . ... ... ... ..
12.5 Simulation Example . . . . . .. ... ...
12.6 Conclusion . . . . . . ... ... ... ... .....
References . . . . . .. ... ...

Generalized Actor-Critic Learning Optimal
Control in Smart Home Energy Management

13.1 Introduction . . . .. .. ... ...
13.2 Preliminaries and Problem Statement . . . .. . ..
13.3 Generalized Actor-Critic Learning Optimal
Control Method . . . . . ... ... .. ... ....
13.3.1 Derivation of the generalized actor-critic
learning optimal control method . . . . . . .
13.3.2 Properties of the generalized actor-critic
learning optimal control method . . . . . . .
13.4 Simulation Example . . . . . .. ... ... ... ..
13.5 Conclusion . . . . .. ... ... ... ... ...
References . . . . . .. ... ...



o
~

I
=

ICQESOQ%NN\]NSZ%M*QQL@|8>}'©%ﬁj® g 8
= = v

List of Symbols

state vector

control vector

iterative control law

system function

real number set

state set

performance index functions

state sequence

control sequences

utility function

set of finite-horizon admissible control sequences
optimal performance index function
law of optimal control

terminal time

iterative performance index function
approximate length of optimal control
set of state vector

array of states

number of hidden layer neurons

weight matrix between the input layer and hidden layer
weight matrix between the hidden layer and output layer

positive definite matrices
learning rate

discount factor

control sequence set

xvii



xviii

AN

&9 X

O

H < =

Iterative ADP for Self-Learning Optimal Control

positive semi-definite function
array of system state data
array of control data
bounded immensurable disturbance
Hamiltonian function

neural network function
activation function

estimation error

squared residual error
Lyapunov function

received signal level



Chapter 1

Principle of Adaptive Dynamic
Programming

1.1 Dynamic Programming

Optimal control of nonlinear systems has been the focus of con-
trol fields for many decades [5, 26, 38, 57]. Dynamic programming
has been an effective method for solving optimization and optimal
control problems for several decades [18, 19, 42]. In this section,
it aims to present a brief introduction to dynamic programming.
Dynamic programming was developed by R. E. Bellman in 1957 [7].
Dynamic programming is based on Bellman’s principle of optimality:
An optimal policy has the property that no matter what the previ-
ous decision (i.e., controls) have been, the remaining decisions must
constitute an optimal policy with regards to the state resulting from
those previous decisions.

1.1.1 Discrete-time systems

We can use mathematical formula to express the above process. Give
the following discrete-time nonlinear systems

Lh+1 = F(mk,uk), (1.1)
where z;, € R" is the system state and u, € R™ is the control input.

Let uj, = (ug, ug41,-..) denote the control sequence from k to co. Let
U(xp,ug) be the utility function. The performance index function is

1
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defined as
T (@) = Y Ulwi,ui). (1.2)
i=k

The goal of this section is to find an optimal control scheme which
stabilizes the system (1.1) and simultaneously minimizes the perfor-
mance index function (1.2). For convenience of analysis, results of
this section are based on the following assumptions.

Assumption 1.1. System (1.1) is controllable on a compact set
2, € R™ and the function F'(xy, u) is Lipschitz continuous for xy,, ug.

Assumption 1.2. The system state x; = 0 is an equilibrium state
of system (1.1) under the control u; =0, i.e., F'(0,0) = 0.

Assumption 1.3. The feed-back control uy = u(xy) satisfies u =
u(zy) = 0 for z, = 0.

Assumption 1.4. The utility function U(xy,uy) is a continuous
positive definite function for any xj, and uy.

According to the Bellman’s principle, the optimal performance
index function satisfies the following Bellman equation

J*(:Ck) = H?BCD{U(xk’ uk) + J*($k+1)}. (1.3)
Then, the law of optimal single control can be expressed as

u*(zx) = arg min{U (e, uk) + J* (F @k, ur))}- (1.4)

Hence, the HIB equation (1.3) can be written as
J(xp) = Ulzg, u*(zg)) + J*(F(ag, u*(zx))). (1.5)

Equation (1.3) is the principle of the optimality for discrete-time
systems. Its importance lies in the fact that it allows to optimize
over only one control vector at a time by working backward. From
(1.4) and (1.5), if we want to obtain the optimal control law u*(xy),
we must obtain the optimal performance index function J*(xy).
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However, J*(xj) cannot be obtained before J*(x41) is known. Gen-
erally speaking, J*(zy) is unknown before all the controls uy € R™
are considered. If we adopt the traditional dynamic programming
method to obtain the optimal performance index function one by
one time step, then we have to face the “curse of dimensionality”. It
is nearly impossible to obtain J*(zy) for all zj € €, by solving the
Bellman equation directly.

1.1.2 Continuous-time systems

Now consider the following continuous-time systems

@(t) = fx(t), ul(t)), (1.6)

where z(t) € R™ is the system state, u(t) € R™ is the control input.
The performance index function is defined as

J(a(t)) = /t " L), u(r))dr, (1.7)

where L(x(t),u(t)) is the utility function. The goal of the optimal
control is to find an optimal control law which minimizes to the per-
formance index function (1.7). Let U[t, cc] denote the control set in
the interval [t, 00). According to the Bellman’s principle, the optimal
performance index function can be expressed as

J(x(t) = min }{ /tTL(m(s),u(s))ds—i—J*(m(T))}. (1.8)

u(-)eU[t,T

According to (1.8), we can derive the following Hamilton—Jacobi—
Bellman(HJB) equation.

*(x * (o T
_w — Zneig {L(x(t),u(t)) + (%) f(x(t),u(t))}

(o T
= L(z(t),u*(t)) + <%(t()t))> flz(t),u*(t)). (1.9)

The HJB equation (1.9) provides the solution of the opti-
mal control problem. However, it is generally impossible to solve
the optimal performance index function analytically, especially for
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nonlinear systems. In this situation, numerical methods, such as
adaptive dynamic programming (ADP), are necessary to obtain the
optimal performance index function and the optimal control law
approximately.

1.2 Original Forms of Adaptive Dynamic Programming

Adaptive dynamic programming (ADP), proposed by Werbos [53,
55], is an effective adaptive learning control approach to solve opti-
mal control problems forward-in-time. There are several synonyms
used for ADP including “adaptive critic designs” [2, 34], “adaptive
dynamic programming” [12, 13, 29|, “approximate dynamic pro-
gramming” [4, 33, 56], “neural dynamic programming” [10], “neuro-
dynamic programming” [9], and “reinforcement learning” [27, 37, 40].
In Ref. [56], ADP approaches were classified into four main schemes:
Heuristic Dynamic Programming (HDP), Dual Heuristic Program-
ming (DHP), Action Dependent HDP (ADHDP) (also known as
Q)-learning [47]), and Action Dependent DHP (ADDHP). In Ref. [34],
two more ADP that are Globalized DHP (GDHP) and ADGDHP
were proposed. In Refs. [31, 32], new ADP structures, which are goal
representation dual heuristic dynamic programming (GrDHP), were
developed to obtain the optimal control in a more effective way. In
recent, years, iterative methods are widely used in ADP to obtain the
solution of HJB equation indirectly [1, 24, 29, 48, 51, 52]

There are two main iterative ADP algorithms which are pol-
icy and value iteration algorithms, respectively [16]. Policy iteration
algorithms for optimal control of continuous-time systems with con-
tinuous state and action spaces were given in Ref. [1]. In 2011, Wang
et al. [46] studied finite-horizon optimal control problems for discrete-
time nonlinear systems with unspecified terminal time using policy
iteration algorithms. Value iteration algorithms for optimal control
for discrete-time nonlinear systems were given in Ref. [6]. In Ref. [3],
a value iteration algorithm, which is referred to as greedy HDP iter-
ation algorithm, was proposed for finding the optimal control law
and the convergence of the algorithm was also proven. In Ref. [49],
an iterative 0-ADP algorithm was proposed that permits the ADP
algorithm be implemented both on-line and off-line without the ini-
tial admissible control sequence. Based on policy and value iterations,
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Fig. 1.1. The structure of adaptive dynamic programming.

more improvements in ADP methods have been discussed and have
received lots of attention [11, 28, 39, 43, 50, 58-60, 62].

1.2.1 Principle of adaptive dynamic programming

Adaptive dynamic programming employs approximation structures,
such as neural networks, to approximate the performance index func-
tion in dynamic programming [14, 30], such that the performance
index function satisfies the HJB equation. There are generally three
modules in ADP, which are model, critic and action modules, respec-
tively. Every module can be realized by neural networks. The basic
structure of ADP can be displayed by Fig. 1.1.

In Fig. 1.1, the dynamic system can be modeled by neural net-
work. The action network is employed to approximate the optimal
control law and the critic network is employed to approximate the
optimal performance index function. The action and critic networks
are combined as a agent, which creates a control input to the sys-
tem. Then, a reward /punishing information is generated as the input
of the critic network, which aims to update its weight by the HJB
equation.

1.2.1.1  Heuristic dynamic programming

Heuristic dynamic programming (HDP) is a most basic and popular
ADP method [6, 36, 54, 61]. The structure of HDP is shown in Fig. 1.2
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| Network
//
y
[
\
\
\\ uk X
X, Action | Mode e+l critic | (%)
| Network Network " | Network
\

Ux,,u,)

Fig. 1.2. The HDP structure diagram.

In HDP, the action network is used to approximate the control
law. The model network is used to approximate the system dynamics.
The critic network is used to approximate the performance index
function. The performance index function in HDP is expressed as

J(zp) = Ulzg, w(zk)) + J(Tr41), (1.10)
where u(xy,) is the feedback control law. The performance index func-
tions J(xy) and J(zky1) are the output of the critic networks. If the
weight of the critic network is defined as w, then the right-hand side
of (1.10) can be written as

d(xg,w) =U(zg,u(zy)) + J(2p41, w). (1.11)
The weight of the critic network is regulated which aims to satisfy
the following function

w* = argrrti)n{]J(mk,w) — d(zp,w)|?*}. (1.12)

According to the principle of optimality, the optimal control law
satisfies the following equation

0J"(zr) _ OU (ak,u) | 0T (xh41)

_ oU (xk,uk) BJ*(mkH) 6f (xk,uk)
= +
ouy, aka Ouy,

=0. (1.13)
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I
/) aJ(x,) |
Gritic
Network
//
y
Y
\
\
\ Y X
X, | | Action Model k1| Critic
" | Network _ | Network " | Network oU (x, ,u,)
\ > | kTR
\
. i 0ox,
\\ |
Fig. 1.3. The DHP structure diagram.
Then, we can obtain the optimal control law
u" = argmin — — ,
Uk 8uk Buk Bmkﬂ 8uk

(1.14)

where %xf:l) can be obtained by critic network.

1.2.1.2  Dual heuristic dynamic programming

The structure of dual heuristic dynamic programming (DHP) is

shown in Fig. 1.3. There are also three neural networks in DHP struc-

ture, which are action network, model network, and critic network.

The goal of action network in DHP is the same as the one in HDP.

But the critic network in DHP is to ap(pr())ximate the derivative of
J(xp,

the performance index function, i.e., aaT’ instead of approximat-

ing the performance index function itself [15, 44, 45]. In DHP, 8‘](30’“)
is also called costate.

In DHP, the weight of the critic network is updated using the
derivation of the performance index function, which is expressed as

0J(xr) _ OU(zk, u(zr)) . OJ (xp+1)
oxy oxy Oxy,

, (1.15)

where u(zy) is the control law. The costate a‘](x’“) and anE’““) are
the output of the critic network. If the weight OF the critic is w, the
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right-hand side of (1.15) can be expressed as

e(ay, w) = aU(xS;Z(mk)) + a‘](z’“g’w). (1.16)

Regulate the weight of the critic network w, which minimizes the
following error function
2
} (1.17)

to obtain the costate. According to the principle of optimality, the
optimal control law satisfies

w" = arg min OJ @k, w) _ e(xg,w)

0J (xy) _ OU (g, ug) n OJ* (xg+1)

BU(xk,uk) 8J*(xk+1) 8f(xk,uk)
= . 1.1
auk + BmkH auk ( 8)

Then, we can obtain the optimal control law as

8J(£Ek) B 8U(xk, Uk) B aJ*(karl) 8f(a:k, uk)
Ouy, Ouy, 8$k+1 ouy,

)

(1.19)

u*(z)) = argmin <‘

U

where %, i.e., the costate satisfies (1.17).
k+1

1.2.1.3 Action dependent heuristic dynamic programming

The principle of action dependent heuristic dynamic programming
(ADHDP) is nearly the same as the HDP [22, 23, 37], where the struc-
ture of ADHDP is shown in Fig. 1.4. An obvious different between
the HDP and ADHDP is the input of the critic network. In HDP, the
input of the critic network is the state variable, while in ADHDP, the
input of the critic network contains both the state and the control
variables. In this situation, the output of the critic network is usually
defined as a @ function and the ADHDP is also called as Q-learning
algorithm [25, 41, 47]. The update rules of the weight of the critic
and action networks are similar to the HDP and omitted here.
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Fig. 1.5. The ADDHP structure diagram.

1.2.1.4  Action dependent dual heuristic dynamic programming

The principle of action dependent dual heuristic dynamic program-
ming (ADDHP) is nearly the same as the DHP [34], where the struc-
ture of ADDHP is shown in Fig. 1.5. An obvious difference between
DHP and ADDHP is the input of the critic networks. In DHP, the
input of the critic network is the state variable, while in ADDHP,
the input of the critic network contains both the state and the con-
trol variables. The update rules of the weight of the critic and action
networks are similar to the DHP [34] and omitted here.
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1.3 Iterative Forms of Adaptive Dynamic Programming

Traditional development of ADP focused on the improvement of the
structure, such as HDP, DHP, GDHP, and so on. However, the prop-
erties of the ADP methods, such as the convergence of the iterative
value function and the stability of the system under the control law
which are obtained by the traditional ADP methods were scarcely
analyzed. Iterative methods, which are convenient to analyze the
properties of ADP, become more and more popular in ADP to obtain
the solution of HJB equation indirectly. Value and policy iterations
are two primary iterative ADP algorithms [8, 17, 40].

1.3.1 Value tteration

Value iteration algorithms generally start with an initial value iter-
ation function and implement to obtain the optimal control law for
discrete-time nonlinear systems. In Refs. [4, 20, 35], the iteration
process of the value iteration algorithms were displayed, which is
derived as follows. Starting with the zero initial value function, i.e.,
Vo(xg) = 0, Vag, solve for the initial iterative control law vg(zy) as

vo(zy) = arg Hluin{U(xk;, uk) + Vo(zrs+1)}

= argmin{U (zy, ug) + Vo(F (zg, ur))}, (1.20)
U,
where Vp(z+1) = U(xg+1). The value function can be updated as
Vl(mk) = U(.%'k,’l)o(.%'k)) —I—V()(F(.%'k,’l)o(.%'k))). (1.21)
For i =1,2,..., the iterative ADP algorithm will iterate between

vizy) = argmin{U (zg, up) + Vi(@e41) }
= argmuin{U(xk,uk) + Vi(F(zk,ur))}, (1.22)
and
Viei(zx) = min{U (zx, ur) + Vi(zr11)}

= Ul(zy, vi(zg)) + Vi(F (zk, vi(zk))) (1.23)

In Refs. [20, 35], it was proven that the iterative value function
Vi(xy) is convergent to the optimal performance index function, as
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i — oo. In Ref. [4], it was proven that the iterative value function
Vi(zy) is monotonically non-decreasing and convergent to the opti-
mum.

1.3.2 Policy iteration

Policy iteration for discrete-time nonlinear systems was introduced
in Refs. [8, 17, 40]. In the discrete-time policy iteration algorithm,
the iterative value function and control law are updated by iteration,
with the iteration index i increasing from 0 to infinity. Let vg(z) be
an arbitrary admissible control law. For ¢ = 0, let Vp(zx) be the
corresponding iterative value function constructed by vg(z), which
satisfies the following generalized HJB (GHJB) equation

Vo(zk) = U, vo(ak)) + Vo(zktr)- (1.24)
Then, the iterative control law is computed by
vi(xg) = arg I?LiD{U(SUk, ug) + Vo(@g+1)}
= argmuin{U(mk,uk) + Vo(F (zg, uk)) }- (1.25)

For i = 1,2,..., the iterative value function can be constructed by
v;(xy), which satisfies the following GHJB equation

Vilwy) = Ul(zk, vi(zr)) + Vi(F (2, vi(zy)), (1.26)
and the iterative control law can be updated by
vit1(z)) =arg muin {U(zk, uk) + Vi(zps1)}

=argmin{U (zx, u) + Vi(F (zx, ur)) }- (1.27)

In Ref. [21], the detailed process of discrete-time policy iteration
was displayed and the properties of the iterative control laws and
iterative value function was analyzed. It was proven that the iterative
value function is monotonically non-increasing and convergent to the
optimal performance index function as the iteration index i increases
to the infinity.

For continuous-time systems, policy iteration algorithms are gen-
erally focused on the optimal control of affine nonlinear systems
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with quadratic form utility functions [29]. Consider the following
continuous-time affine nonlinear systems

&= f(z)+ g(x)u, (1.28)

where f and g are system functions. The performance index function
is defined as

(o, 1) = /O " L), u(r))dr

_ /0 T (1)Qu(r) + uT (P Ru(r))dr, (1.29)

where Q is a positive semi-definite matrix and R is a positive definite
matrix.

The iteration process of the continuous-time policy iteration algo-
rithms is derived as follows. Let vg(x) be an arbitrary admissible
control law. Choose the initial iterative value function satisfies

0=2"Qz + v (x)Rug(2) + VI (2)(f(2) + g()vo(x)),  (1.30)

where VVj(z) = dvdo_éx). Then, for any i = 1,2,..., the iterative
control law is updated by

vi(z) = —%R_lgT(m)VVi_l(m) (1.31)

and the iterative value function V;(z) is updated to satisfy the fol-
lowing equation

0=2"Qx +v;" (z)Rvi(2) + VV;T (2)(f () + g(x)vi(2)).  (1.32)

In Ref. [29], it was proven that the iterative value function V;(x) is
monotonically non-increasing and convergent to the optimal perfor-
mance index function as the iteration index ¢ increases to the infinity.

1.4 About This Book

This book presents the recent results of iterative adaptive dynamic
programming methods. It is composed of 13 chapters which cover
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most of the hot research areas of iterative adaptive dynamic pro-
gramming and are divided into three parts. Part I concerns the sys-
tems with single controller, including four chapters from Chapters 2
to 5. Part II concerns the systems with multiple controllers, including
four chapters from Chapters 6 to 9. Part III concerns applications in
residential energy systems, including four chapters from Chapters 10
to 13.

In Chapter 1, the principle and the history of adaptive dynamic
programming are introduced, including the basic forms of adaptive
dynamic programming. The review begins with the origin of adaptive
dynamic programming and describes the basic structures in detail.

In Chapter 2, a new local iterative adaptive dynamic program-
ming algorithm is developed to solve infinite horizon optimal con-
trol problems for discrete-time nonlinear systems. The developed
local iterative adaptive dynamic programming algorithm permits an
arbitrary positive semi-definite function to initialize the algorithm.
Employing a state-dependent learning rate function, for the first
time, the iterative value function and iterative control law can be
updated by a subset of the state space instead of the whole state
space, which effectively relaxes the computation burden. A new anal-
ysis method of the convergence property is developed to prove that
the iterative value functions will converge to the optimum under
some mild constraints. Monotonicity of the local iterative adap-
tive dynamic programming algorithm is presented, which shows that
under some special conditions of the initial value function and the
learning rate function, the iterative value function can monotoni-
cally converge to the optimum. Finally, three simulation examples
and comparisons are given to illustrate the performance of the devel-
oped algorithm.

In Chapter 3, a novel local iterative adaptive dynamic program-
ming algorithm is presented to solve infinite horizon optimal con-
trol problems for discrete-time nonlinear systems. A state-dependent
learning rate function is introduced into iterative adaptive dynamic
programming algorithms, such that the iterative value functions and
iterative control laws are updated in a given subset of the state
space in each iteration, instead of the whole state space. Admissi-
bility properties of iterative control laws are analyzed for the devel-
oped local iterative adaptive dynamic programming algorithm. New
termination criteria including convergence and admissibility criteria
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are established, which make the iterative local adaptive dynamic
programming algorithm terminated with an admissible approximate
optimal control law. Finally, simulation results are given to illustrate
the performance of the developed algorithm.

In Chapter 4, a new policy iteration adaptive dynamic program-
ming algorithm is developed to solve infinite horizon optimal control
problems for discrete-time nonlinear systems. In each iteration of the
developed discrete-time local policy iteration algorithm, the iterative
value function and iterative control law can be updated in a subset
of the state space, instead of updated in the whole state space. Con-
vergence properties are presented to show that the iterative value
function is monotonically non-increasing and converges to the opti-
mum under some mild constraints. The admissibility of the iterative
control law is proven, which shows that the control system can be
stabilized under any of the iterative control laws, even if the itera-
tive control law is updated in a subset of the state space. Finally,
two simulation examples are given to illustrate the performance of
the developed method.

In Chapter 5, a novel policy iteration algorithm, called “conti-
nuous-time time-varying policy iteration algorithm”, is presented
to obtain the optimal control laws for infinite horizon continuous-
time time-varying nonlinear systems. The adaptive dynamic pro-
gramming technique is utilized to get the iterative control laws for
the optimization of the performance index function. The properties
of the continuous-time time-varying policy iteration algorithm are
analyzed. Monotonicity, convergence, and optimality of the iterative
value function have been analyzed, and the iterative value function
can be proven to monotonically converge to the optimal solution of
the Hamilton—Jacobi-Bellman equation. Furthermore, the iterative
control law is guaranteed to be admissible to stabilize the nonlin-
ear systems. In the implementation of the presented continuous-time
time-varying policy algorithm, the approximate iterative control laws
and iterative value function are obtained by neural networks. Finally,
numerical results are given to verify the effectiveness of the presented
method.

In Chapter 6, a new adaptive dynamic programming algo-
rithm, called “iterative zero-sum adaptive dynamic programming
algorithm,” is developed to solve infinite horizon optimal control
problems for discrete-time two-player zero-sum games of nonlinear
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systems. The present iterative zero-sum adaptive dynamic program-
ming algorithm permits arbitrary positive semi-definite functions to
initialize the upper and lower iterations. A novel convergence anal-
ysis is developed to guarantee that the upper and lower iterative
value functions converge to the upper and lower optimums, respec-
tively. When the saddle-point equilibrium exists, it is emphasized
that both the upper and lower iterative value functions are proven
to converge to the optimal solution of the zero-sum game, where the
existence criteria of the saddle-point equilibrium are not required. If
the saddle-point equilibrium does not exist, the upper and lower opti-
mal performance index functions are obtained, respectively, where
the upper and lower performance index functions are proven not to
be equivalent. Finally, two simulation examples and comparisons are
given to illustrate the performance of the present method.

In Chapter 7, an online adaptive optimal control algorithm based
on adaptive dynamic programming is developed to solve the multi-
player non-zero-sum game for discrete-time unknown nonlinear sys-
tems. First, a model-free coupled globalized dual heuristic dynamic
programming structure is designed to solve the multi-player non-
zero-sum game problem, in which there is no model network or
identifier. Second, in order to relax the requirement of the systems
dynamics, an online adaptive learning algorithm is developed to solve
the Hamilton—Jacobi equation using the system states of two adja-
cent time-steps. Third, a series of critic networks and action networks
are used to approximate the value functions and optimal policies for
all players, respectively. All the neural network weights are updated
online based on real-time system states. Fourth, the uniform ultimate
boundedness analysis of the neural network approximation errors is
proved based on Lyapunov approach. Finally, simulation results are
given to demonstrate the effectiveness of the developed scheme.

In Chapter 8, a novel distributed policy iteration algorithm is
established for the infinite horizon optimal control problems of
continuous-time nonlinear systems. In each iteration of the devel-
oped distributed policy iteration algorithm, only one controller’s
control law is updated and other controllers remain unchanged.
The main contribution of the present algorithm is to improve the
iterative control law one by one, instead of updating all the con-
trol laws in each iteration of the traditional policy iteration algo-
rithms, which effectively releases the computation burden in each
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iteration. The properties of distributed policy iteration algorithm for
continuous-time nonlinear systems are analyzed. Admissibility of the
present methods has also been analyzed. Besides, monotonicity, con-
vergence, and optimality have been discussed, which show that the
iterative value function is non-increasingly convergent to the solution
of the Hamilton—Jacobi—Bellman equation. Finally, numerical simu-
lations are conducted to illustrate the effectiveness of the proposed
method.

In Chapter 9, a novel data-based fault-tolerant control method
is presented for multicontroller linear systems via distributed policy
iteration. Traditional fault-tolerant control methods based on policy
iteration update all the control laws in each iteration, which causes
huge computational burden in the situation of high-dimension con-
trol laws. In order to solve this problem, a novel distributed policy
iteration method is presented, where only one iterative control law
is updated in each iteration, to realize the fault-tolerant control of
multicontroller linear systems. First, the model-based fault-tolerant
control via distributed policy iteration is provided. Based on the
model-based method, a data-based fault-tolerant control method is
presented. Finally, numerical experiments are given to show the per-
formance of the presented method.

In Chapter 10, a novel iterative Q-learning method called “dual
iterative Q-learning algorithm” is developed to solve the optimal
battery management and control problem in smart residential envi-
ronments. The main idea is to use adaptive dynamic programming
technique to obtain the optimal battery management and control
scheme iteratively for residential energy systems. In the developed
dual iterative Q-learning algorithm, two iterations are introduced,
which are respectively global and local iterations, where local iter-
ation minimizes the total cost of power load in each period and
the global iteration makes the iterative Q-function converge to the
optimum. Based on the dual iterative Q-learning algorithm, the con-
vergence property of iterative Q-learning method for the optimal bat-
tery management and control problem is proven for the first time,
which guarantees that both the iterative Q-function and the iterative
control law reach the optimum. Neural networks are introduced
to implement the developed dual iterative Q-learning algorithm.
Finally, numerical results are given to illustrate the performance of
the developed algorithm.
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In Chapter 11, a novel mixed iterative adaptive dynamic pro-
gramming algorithm is developed to solve the optimal battery energy
management and control problem in microgrid systems. Based on the
data of the load and electricity rate, two iterations are constructed,
which are P-iteration and V-iteration, respectively. The V-iteration
is implemented based on value iteration, which aims to obtain the
iterative control law sequence in each period. The P-iteration is
implemented based on policy iteration, which updates the iterative
value function according to the iterative control law sequence. Prop-
erties of the developed mixed iterative adaptive dynamic program-
ming algorithm are analyzed. It is shown that the iterative value
function is monotonically non-increasing and converges to the solu-
tion of the Hamilton—Jacobi-Bellman equation. In each iteration, it
is proven that the performance index function is finite under the
iterative control law sequence. Finally, numerical results and com-
parisons are given to illustrate the performance of the developed
algorithm.

In Chapter 12, a novel error-tolerant iterative adaptive dynamic
programming algorithm is developed to solve optimal battery con-
trol and management problems in smart home environments with
renewable energy. The algorithm can be initialized by an arbitrary
positive semi-definite function. Based on the quasi-periodic data of
the electricity rate, the home load demand, and the renewable energy,
the error-tolerant iterative adaptive dynamic programming algorithm
can be implemented. Considering the differences of the data in differ-
ent periods, the developed error-tolerant iterative adaptive dynamic
programming algorithm can adaptively regulate the discount factor
in each iteration to make the iterative value function converge. A new
analysis method is developed to guarantee the iterative value func-
tion to converge to a finite neighborhood of the optimal performance
index function, in spite of the differences of the electricity rate, the
home load demand, and the renewable energy in different periods.
Numerical results and comparisons are given to illustrate the perfor-
mance of the developed algorithm.

In Chapter 13, a new generalized actor-critic learning optimal con-
trol method is presented. It aims at the optimal energy control and
management for smart home systems, which is expected to minimize
the consumption cost for home users. The main contribution of the
developed method is to establish a common iteration structure for
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both value and policy iterations in adaptive dynamic programming
based on a control law sequence in each iteration for periodic time-
varying systems, instead of a single control law. The monotonicity,
convergence, and optimality of the iterative value function for the
generalized actor-critic learning optimal control method are proven.
Finally, numerical results and comparisons are displayed to show the
superiority of the developed method.
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Chapter 2

Discrete-Time Local Value Iterative
Adaptive Dynamic Programming

2.1 Introduction

Dynamic programming often suffers from the curse of dimension-
ality, which is primarily due to the backward-in-time mechanism.
To avoid the difficulty, based on function approximators, such as
neural networks, adaptive dynamic programming is an effective
brain-like method to solve optimal control problems forward-in-
time [9]. Recently, the study on adaptive dynamic programming and
related fields has gained much attention from various scholars [1, 8,
12, 17, 19]. Tterative methods are widely used in adaptive dynamic
programming to obtain solutions of the Bellman equation indi-
rectly. Policy and value iterations are two primary iterative adaptive
dynamic programming algorithms. Policy iteration algorithms for
optimal control of continuous-time systems with continuous states
and action spaces were first given in Ref. [15]. In Ref. [21], the
optimal control law for multiple actor-critic structures was effec-
tively obtained using shunting inhibitory artificial neural network.
In Ref. [29], the multiagent optimal control was obtained using fuzzy
approximation structures. Value iteration algorithm for optimal con-
trol of discrete-time nonlinear systems was presented in Ref. [4].
In Refs. [2, 10], the value iteration algorithm for deterministic
discrete-time affine nonlinear systems was studied. It was proven
that the iterative value function is nondecreasing and bounded, and
hence converges to the optimum as the iteration index increases to

25
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infinity. Based on the framework of policy and value iteration algo-
rithms, more investigations on iterative ADP algorithms have been
developed [5, 11, 13, 20, 22-25, 27, 28].

Existing global iterative ADP algorithms require updating over
the entire state space in each iteration [2, 3, 7, 9, 16|, posing chal-
lenges for real-world control systems that operate within a subset
of the state space during each iteration period.This limitation, com-
pounded by the computational demands of approximation structures
like neural networks, restricts the practical implementation of tradi-
tional global iterative ADP algorithms. To overcome these challenges,
we propose a new approach, termed the “local iterative ADP algo-
rithm”, designed to update within a specified subset of the state
space. This algorithm addresses the shortcomings of global methods
and shows promise for practical applications.

In this chapter, the local iterative ADP algorithm is introduced
to solve infinite horizon optimal control problems for discrete-time
nonlinear systems. The algorithm allows initialization with any posi-
tive semi-definite function, and the use of a state-dependent learning
rate enables updates in a specific state space subset. The convergence
properties of the algorithm are proven, demonstrating its superiority
over traditional global iterative ADP algorithms. Simulation results
show the efficacy of the proposed method.

2.2 Preliminaries and Assumptions

In this chapter, we will study the following discrete-time determinis-
tic nonlinear system

Th+1 :F(xk,uk), kZO,l,Q,..., (2.1)

where x; € R"” is the state vector and u; € R™ is the control vector.
Let zp be the initial state and F'(zy,uy) be the system function.
For convenience of analysis, results of this chapter are based on the
following assumption.

Assumption 2.1. The system (2.1) is controllable on a compact
set Q, C R™ containing the origin, and the function F(zj,uy) is
Lipschitz continuous on {2,; the system state x; = 0 is an equilibrium
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state of system (2.1) under the control u; = 0, i.e., F'(0,0) = 0; the
feedback control uy = u(zy) satisfies up = u(zy) = 0 for xx = 0.

Let U denote control space and let u € U be the control law.
Then, the infinite-horizon performance index function for state xg
can be defined as

o0
J(o,u) = > Uk, up), (2.2)
k=0

where the utility function U (xy, uy) is a positive definite function for
xy, and uy.
Then, the optimal performance index function can be defined as

J*(zk) :muin{J(xk,u): ueuU}. (2.3)

According to Bellman’s principle of optimality, J*(zy) satisfies the
discrete-time HJB equation

J (xy) = muin{U(xk, ug) + J*(F (g, ug)) }- (2.4)
Define the law of optimal control as

u(xg) = argmuin {U(zg, ug) + J*(F(zk,ur))} - (2.5)

Generally, the optimal performance index function J*(zy) is a
non-analytical nonlinear function. It is nearly impossible to obtain
J*(zy) for all xj € Q, by solving the HIB equation directly. In this
chapter, a new local iterative ADP algorithm will be developed to
obtain the optimal control law iteratively with new property analysis.

2.3 Discrete-Time Local Iterative ADP Algorithm

In this section, a new discrete-time local iterative ADP algorithm is
developed to obtain the optimal control law for the nonlinear system
(2.1). The convergence, optimality, and monotonicity properties of
the developed local iterative ADP algorithm will be presented. A new
termination criterion for the local iterative ADP algorithm will be
established.



28 Iterative ADP for Self-Learning Optimal Control

2.3.1 Derivation of the discrete-time local iterative
ADP algorithm

In the developed discrete-time local iterative ADP algorithm, the
value function and control law are updated by iteration, with the
iteration index ¢ increasing from 0 to infinity. For ¢ = 0,1,. .., define
{£%} as a sequence of state sets, which satisfies £ C Q,. Thus, for
i=0,1,...,.2 is a subset of the state space Q.

For all 2, € €, let the initial function W(xy) be an arbi-
trary positive semi-definite function. Let the initial value function
be expressed by

V()(.%'k) = \I/(mk) (2.6)

For all x), € £, the local iterative control law vg(zy) is computed
as

vo(zk) = argmuin {U(xg,ur) + Vo(zg11)}

= arg mu}cn {U(zg, ur) + V(F (g, u))}, (2.7)

and let vg(zg) = 0, for all 7, € Q,\Z0. For all z;, € £2, the local
iterative value function is updated as

Vi(zg) = f{in{U(%k, ug) + Vo(zrs1)}
= U (wk, vo(r)) + Vo(F (x, vo(wr))), (2.8)
and let Vi () = ¥(xy), for all 2 € Q,\Z0. Define ag(zy) as a state-

dependent learning rate function. For all x; € €, let the learning
rate function og(xy) be a scalar function, which satisfies

0<ap(wy) <1, Vap € £,
{ o(xg) < k (2.9)

ao(mk) =0, Vxie€ Qx\fxo

Then, for all z; € €., the global iterative value function is
defined as

Vi(xr) = (1 — ao(zr)) Volor) + ao(zr) Vi(zy). (2.10)
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For i =1,2,..., for all 7, € £, the iterative control law v;(xy)
can be computed as

vi(wg) = arg Hllin{U(mk, ug) + Vi(p41)}

= argrr&in {U(xg,ur) + Vi(F(zg,uk))}, (2.11)

and for all 2, € Q,\.Z%, let v;(x)) = v;_1(xy). For all 7, € Z2, the
local iterative value function can be updated as

Vigi(zy) = Hllén{U(mkv ug) + Vi(zp41)}
= Ulzk,vi(zg)) + Vi(F (2, vi(7r))), (2.12)

and for all x5, € Q,\.Z%, let Vi 1(xr) = Vi(xy). Define {a;(z)}, i =
1,2,..., as a sequence of learning rate functions. For 1 = 1,2,... and
Vg €y, let the learning rate function «;(xy) be a scalar function,
which satisfies

0 < ay <1, Va,eZ,
{ () < Tk (2.13)

al(xk) =0, Vxie€ Qx\fxz

Then, for all z; € €., the global iterative value function is
defined as

Vita(zk) = (1 — ai(2r)) Vilwg) + ci(zg) Vigr (@r). (2.14)

Remark 2.1. For the developed local iterative ADP algorithm
(2.6)—(2.14), in each iteration, we can see that the iterative value
function and iterative control law are only updated in the given
state subset .Z%, i = 0,1,..., instead of the whole state space.
We emphasize that this is an inherent difference from the tradi-
tional global iterative ADP algorithms [2, 3, 7, 9, 14, 16], where
the learning rate function in traditional global iterative ADP algo-
rithms is generally chosen as a;(zx) = 1,4 =0,1,...,Vo, € Q,. In
global iterative ADP algorithms, the state data for the whole state
space are required to update the iterative value function and iter-
ative control law. If the state data for the whole state space are
not known in a certain iteration, then the traditional global itera-
tive ADP algorithms cannot continue implementing. On the other
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hand, for nonlinear systems, especially high dimensional nonlinear
systems, the neural network implementation of global iterative ADP
algorithms is generally difficult. It lies in the huge data for high
dimensional state space, which makes it difficult to train the neu-
ral networks. For the local iterative ADP algorithm (2.6)—(2.14), as
the iterative value function and iterative control law are updated
within a given state subset, the computation burden of the local
iterative control law can be much relaxed and hence the devel-
oped local iterative ADP algorithm possesses more potential for
applications.

2.3.2 Property analysis

In this subsection, the convergence and optimality properties of the
local iterative ADP algorithm will be discussed.Before the main the-
orem, the following lemmas are necessary.

Lemma 2.1. Fori=0,1,... and for all x}, € Q,, let iterative value
function Vi(xy) and the iterative control law v;(xy) be obtained by

(2.6)-(2.14). We have

(i) fori=0,1,...,Vi(xg) is positive semi-definite for xy;
(ii) for ¢ = 0,1,...,Vi(zk) is positive definite for xyp if W(xg) is
positive definite;
(ili) if Vi(xg), i =0,1,..., is positive definite for xy, then Vj(xy) is
positive definite for all j > 1;
(iv) if 0 < () < 1, Vo, # 0, and L2 = Q, then for all j =
0,1,..., which satisfies j > i, Vj(xy) is positive definite for xj.

Proof. For i =0, Vi(z)) can be expressed by (2.10). Let x = 0.
According to Assumption 2.1, we have vy(zy) = 0 and x4 = 0.
As Vp(zg) = W(xy) is positive semi-definite for xy and U(zy,uy) is
positive definite for xy, ug, we have Vi (zy) = 0 for 2 = 0. On the
other hand, for zj # 0, we can get Vi(xx) > 0, which means V;(zy)
is positive semi-definite. According to mathematical induction, we
can obtain that for all ¢ = 0,1,...,V;(xy) is positive semi-definite.
Lemma 2.1(i) is proven.

Lemma 2.1 (ii) and (iii) can be easily derived by the proof of
Lemma 2.1(ii).
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According to Lemma 2.1(i), for all i = 0,1,..., V;(xy) is positive
semi-definite. If for all zj # 0, o;(zx) > 0, then according to (2.14),
we have Vjyq(xg) > 0 for xp # 0, as U(xy, ug) is positive definite.
According to mathematical induction, we can prove the for all j > ¢,
Vj(xy) is positive definite, which proves Lemma 2.1(iv). O

Then, we can derive the convergence property of the local iterative
ADP algorithm.

Theorem 2.1. Fori=0,1,... and for all x} € Q,, let the iterative
control law vi(xy) and iterative value function Vi(xy) be obtained by
(2.6)—~(2.14). If for any i = 0,1,... and Vzi € ., the learning rate
a;i(zr) satisfies (2.9), (2.13) and

Zai(xk) =00, Varp#0, (2.15)
=0

then the iterative value function Vi(xy) converges to the optimal per-
formance index function J*(xy), as i — oo.

Proof. The statement can be proven in three steps.

First, according to Assumption 2.1 and the definition of the opti-
mal performance index function J*(z) in (2.3), we have J*(xy) is a
positive definite function for . Let € be an arbitrary nonnegative
number. Define a new set Q¢ as Q. = {zi|zr € Q, and |x|| < €}.
According to Lemma 2.1, for any i = 0,1,..., Vi(zx) = J*(zr) =0
for e = 0.

Second, for an arbitrary € > 0 and Yz € Q,\Q, let §, &, and ¢
be constants, such that 0 < § <1< § < oo and 0 < 1) < oo, which
make the following inequalities §J*(x1) < Vo(xr) < 6J*(zx), and
YU (zg, u) > J*(2k+1), hold uniformly. Then, we will prove that for
i=0,1,..., the iterative value function V;(z}) satisfies

i—1
(1 + (H (1- %)) 6 1)) 7 () < Vi)

=0
i—1
<1+ 1—M )(5-1)) J*(z), (2.16)
( (g( w+1> *

where we define H;() =1 for j > i.
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Obviously, (2.16) holds for ¢ = 0. For ¢ = 1, we have
Vi(zr) = (1 — ao(zi)Volk) + co(zw) min(U (zx, ur) + Vo(wr+1))

< (1 — ao(zk))Vo(zk)

+ ao(w) min <<1 + %

+ (5-C=D) )

5(1 — (k)" (ax) + o) (1 - %)

) Uk, ug)

IN

x min (U(zg, ug) + J* (2k11))

Uk

_ <1 LG-1) <1 _ %ﬁ))) T (22). (2.17)

Thus, the right side of inequality (2.16) holds for i = 1. On the other
hand, we can get

Vi(zy) > (1 — ag(k))Volzr)

+ ao(xk) min <<1 +
Uk

+ (é (i+11)> J*($k+1)>
_ <1 @-1) (1 - M)) Ja).(218)

Thus, the left side of inequality (2.16) holds for ¢ = 1. According to
mathematical induction, we can get that inequality (2.16) holds for
any 1 =0,1,....

Third, for ¢ = 0,1,..., as the learning rate a;(zy) satisfies (2.9)

and (2.13), we know that
“In (ﬁ (1 - O{Zf’“ﬁ)) - iln<1 - O{Z(j:’“l)), (2.19)

=0

M) U (2, ur)
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where —In (1 - aqz(jf’f)) > 0, Vo, € Q2,\Qc. Define a new function
F(ai(zy)) as

Flau(a)) = —In (1 - az‘(wk)) _ afa)

P +1 P +1
=—In(Y+1—ai(zg)) +In(yp + 1) — O{Z(j—vkl)' (2.20)
According to (2.20), for 0 < a;(zx) < 1,i=0,1,..., we have
dF(c(xg)) 1 1
= > 0. 2.21
dag(zy) ¢+l —ai(er) ¢+17 221)
As F(ai(zr)) = 0 for a;(zy) = 0, we can get
Flai(zy)) = F(0) = 0. (2.22)
Thus, for 0 < a;(zx) < 1, Vag € Q,\Qe, we have —In (1 - %) >
aqz(f’f), which means

—Zln(l—w+1> Z¢+1 (2.23)

As a;(xy) satisfies (2.15), letting ¢ — oo, for all zj € .\, we have

a;(zy) 1 i
Z = o (zg) — o0o. (2.24)

RN P

According to (2.23), we can obtain
o mk)

Zl ba1) T (2.25)
which means

M ai(iﬂk)) -

[[(1-=—F ) =e>=0 (2.26)

i=0 < Y+1

According to (2.16), for all z; € Q,\(, the iterative value function
Vi(zg) — J*(z1) as i — oo. O
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For convenience of analysis, we define a new state set %/ as
L= \ZLi=0,1,.... (2.27)

According to (2.27), for any i = 0,1,..., we have £/ N.Z¢ = () and
Q, = LU .2 where () denotes an empty set. Based on the above
preparations, the monotonicity of the iterative value function can be
developed.

Theorem 2.2. Fori=0,1,... and for all x} € Q,, let the iterative
control law v;(zy) and iterative value function Vi(xy) be obtained by
(2.6)-(2.14). Assume that £ = Q, and the learning rate function
satisfies

0 < ap(zg) < 1,Vrg € Q, (2.28)

and o;(zy) satisfies (2.13) for i = 1,2,.... For all z), € Qy, if the
iterative value function satisfies

Vi(zr) < Volzk), (2.29)

then the iterative wvalue function Vi(xyp) is monotonically non-
increasing and converges to the optimum, i.e.,

Viti(zr) < Vi(a). (2.30)

Proof. Fori=0,1,... and for all z; € ., we define a new itera-
tive value function I';y;(xy) as

Lipa(zy) = min {U @k, uk) + Vi(zrga) }- (2.31)

We can see that I';11(zx) is a global iterative value function. For
i=0,1,..., according to the learning rate function «;(zy) in (2.9)
and (2.13), we can get

Vitr(zg) = (1 — a;(2x))Vi(wg) + ci(zg) Vigr (o)
= (1 — a;(wg))Vi(wk) + i) Diga(z)  (2.32)

holds for all x; € Q.. Now, we can prove the statement by math-
ematical induction. Let i« = 0. We know (2.29) holds. According to
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(2.8), (2.10), and (2.29), for all zj € Q;, we have

Vi(zr) = (1 = ao(zi))Vo(zr) + ao(zp) Vi (k)

= (1 — ao(zx))Vo(zk) + ao (k)1 (k)

> (1 — ao(xk))Vi(zk) + ao(zg) 1 (zg). (2.33)
According to (2.28), as 0 < ag(z) < 1 and .Z0 = Q,, we can get

Iy(zk) < Vi(xg) < Vo(zk), Vo € Qg Let @ = 1. For all z € Q,, we

have

Do(zy) = muin{U(xk, ug) + Vi(zpg1)}
< muin{U(xk,uk) + Vo(zrs1)}
= I'1 (@)
< Vi(wg). (2.34)

Then, for the learning rate function aq(zy) that satisfies 0 <
aq(xg) < 1 for all xx € Q,, we can obtain

Va(ar) = (1 — (@) Vi(zk) 4+ oo (@x) Vo (k)
= (1 — al(mk))Vl(xk) + (Jél(.%'k)rg(m'k)
< (1 — Ozl(SCk))Vl(xk) + al(xk)Vl(xk)
= Vl(mk) (2.35)

We can prove that the statement (2.30) holds for ¢ = 1.
Assume that the statement (2.30) holds fori =¢—1,¢0=1,2,....
For all z, € Q,, define a new set Z(zy) as

Z(zk) ={i]0 < aj(zg) < 1,i=0,1,..., 25 € Q. }. (2.36)
Let 49,11, ... be the elements in Z(xy), which satisfies ig < iy < ---.

As 0 < ag(zk) < 1, we have iy = 0, which means Z(zy) # 0, Vxy €
Q.. For all z;, € Q,, choose a constant i; that satisfies

e miad (2 — 1) — i,
in = argmin{ (¢ —1) =i},

st.ij<f—1,5=01,.... (2.37)
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If the inequality (2.30) holds for i = ¢ — 1, ¢ = 1,2,..., then
according to (2.14) and (2.30), we can get
Vi(zg) = (1 — ap—1(xg)) Vi1 (zx) + a1 (zg) Ve(ar)
= (1 — ap—1(2x)) Vi1 (zx) + a1 (zg)Le(zy)
> (1= o1 (zp))Ve(@r) + o () Te(wp).- (2.38)
For all z, € 271, we can get Ty(xy) < Vi(zp) < Vi_q(xy). For
1 = £, we have
Lovr(on) = min{U (2x, ue) + Ve(wr1)}
< H&in{U(xk,uk) + Ve-1(k41)}

=Ty(xp)
< Ve(wg). (2.39)

Thus, for all 73 € .Z~!, we can obtain

Vepr(zg) = (1 — aglp)) Velzg) + ao(@n) Ve (zg)
= (1 — a(@r))Ve(zr) + ap(zr)Topr(zr)
< (1 — ap(r)) Velar) + auxr)Ve(xg)
— Vi), (2.40)
For all ;, € 21, we have Vi(xr) = Vi_i(xx). Let ip satisfy
(2.37). Let A = (£ — 1) — i5 and we can derive that 0 < A < /£ — 1.
Then, for all i € {in+1,in+2,...,i,+A—1,0—1}, we have ), € Zp.
Thus, for all 3 € .Z!, we can get
Vilow) = Vinsa(on) = -+ = Viysa (21, (2.41)
As the inequality (2.30) holds for i =¢—1,£=1,2,..., we have
Vip+1(xr) < Vi, (xr) and x € L. According to (2.14), we have
Viprr(zr) = (1 = o, () Vi (k) + iy (00) Vi1 (21)
= (1 — vy (k) Vi, (z1) + iy ()i 11 ()
> (1= o () Vi1 (@) + iy ()i (i) (242)
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As z € L, we can get
Lipr1(@k) < Vipa (k) < Vi (1) (2.43)
According to (2.31), we can obtain
Liyta(wr) = min{U (@e, up) + Vipsr (211}
< min{U (@, uk) + Vi (Th+1)}

= Fthrl(xk)
< Vg1 (). (2.44)
For i = ¢, we can get the following inequality
Lera(on) = min{U (zg, up) + Ve(@p1)}

< H&iﬂ{U(Cﬂk,Uk;) + Vie1(zrg1) }

< H&}CH{U(S% ug) + Vip+1(rg1) }
= Lipt2(zk). (2.45)

Hence, for i = £ and Vaj, € Z¢71, according to (2.14), (2.41), (2.44),
and (2.45), we can get

Vigr(zr) = (1 — o)) Ve(zr) + ao(@p) Ve (z)
= (1 — ap(wp))Ve(wg) + co(zr)Tosr (o)
< (1= ag(@p)) Vi1 (@k) + u(zp)Lip2(wr)
< (1= () Vi1 (zn) + cel@n) Vi (z)
Vip1(k)
= Vo). (2.46)

According to (2.40) and (2.46), for i = ¢, we can obtain the inequal-

ity (2.30) holds for all z; € €. The mathematical induction is
complete. O
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Remark 2.2. In Theorem 2.2, the monotonicity of the local iterative
ADP algorithm has been analyzed. To guarantee the monotonicity,
additional constraints are required for the learning rate function,
especially for the learning rate function «g(zg), where the condi-
tion ag(zr) = 0 is not permitted. If ag(zy) = 0 is permitted, the
monotonicity in Theorem 2.2 may not hold. For example, if we let
ap(zk) =0, Vo € Q, then we have Vi (xg) = Vp(z), which satisfies
(2.29). However, it obviously cannot guarantee the monotonicity in
(2.30) for all i = 0,1,.... On the other hand, in Theorem 2.2, as it
requires .20 = €, which means the iterative value function and iter-
ative control law are updated for all z;, € Q, for their first iterations.
In the following corollary, the constraints for the initial iteration can
be relaxed.

Corollary 2.1. For i = 0,1,... and for all x € Qy, let v;(xy)
and Vi(zy) be obtained by (2. ) (2.14). Let the learning rate function
a;(zy) satisfies (2.9), (2.13), and (2.15). Let 6 = 0,1,... be an arbi-
trary non-negative integer. For a nonnegative integer j that satisfies
0 < j <0, assume that the state subset £} satisfies

LULU-uL = ,Sozg —Q,. (2.47)
J:

If for all x, € Z,Z, 7 =0,1,...,9, and the iterative value function
Vj(xy) satisfies

Vir(ze) < Vi), (2.48)

then for i =0,1,..., the iterative value function Vi(xy) is monoton-
ically non-increasing and converges to the optimum.

Proof. First, we know that for j = 0,1,...,0, Vj1i(zx) = Vj(ap)
holds for all 2, € .£}. We can easily derive that for j = 0,1,..., the
inequality (2.48) holds for all z, € Q.

Now, we will prove that inequality (2.30) holds for any ¢ =
0,1,....Fori=0+1, as the state subset £, j = 0,1, ..., 0, satisfies
(2.47), for an arbitrary state zj € €1, it must locate at least in one
state subset. Without loss of generality, we assume

Zpe{LPngin... 0Ly, (2.49)
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where 0 < jo < j1 < -+ < jg < 6. Then we have V1 1(Tx) =
Visa2(Tr) = -+ = Vpy1(Zy). For i = jg, according to (2.48), we have

Vig+1(Zr) = (1 — o, (Tk)) Vig (k) + vy (Tk) Vig+1 (k)
) )

> (1 = (@) Vi (@) + gy (@)1 @), (2:50)

which obtains I'j;41(Zx) < Vj,11(Zx) for 7y, satisfying (2.49). Accord-
ing to (2.31), we can obtain

Loro(Tx) = r%in{U(:Ek, ug) + Vo1 (F(Zk, ur)) }

< n&n{U(fk, ug) + Vo(F(Zg, ur))}

< n%in{U(jk’ ug) + Vi (F'(Zx, ug)) }

= Fjé+1(j:k). (251)

Z))Vot1(Zk) + ap(Zk) Vo2 (Zk)
1(Zk) + a0 (Tk)Lo12(Tk)
< (1 — ap(Tk)) Vig+1(Tr) + g (T)L g1 (k)
a+1( Tk

= Vot (7). (2.52)

~—

Hence, we have Vyio(Zr) < Vopi1(ZTk). As T € Q, is arbitrary,
then we have Vyio(xg) < Voii(x), Vg € Q. According to mathe-
matical induction, we can prove the conclusion for all i = 0,1,....
The proof is complete. O

Theorem 2.3. Fori=0,1,... and for all x € Q. let the iterative
value function Vi(xy) and the iterative control law v;(xy) be obtained
by (2.6)—~(2.14). For all xj, € Q, let the learning rate function o;(xy),
i =0,1,... satisfy (2.13), (2.15) and (2.28). If for all x} € §y, the
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iterative value function satisfies
Vi(zy) = Vo(zk), (2.53)

then the iterative wvalue function Vi(xy) is monotonically non-
decreasing and converges to the optimum, i.e.,

Vi1 (zi) = Vi(wg). (2.54)

Proof. The conclusion can be derived by mathematical induction
according to (2.33) to (2.46) and the detail is omitted here. O

Theorem 2.4. Fori=0,1,... and for all x € Q. let the iterative
control law vi(zy) and iterative value function Vi(xy) be obtained
by (2.6)—(2.14). For all z € Q, let the learning rate function
ai(zy), i =0,1,... satisfy (2.9), (2.13), (2.15), and (2.28). If for all
x € Q. the iterative value function is non-increasing monotonically
convergent, for any i = 0,1,..., then the iterative value function

Vi(zg) > J*(wg). (2.55)

Proof. According to (2.30), for any i = 0,1, ... and for all x;, € €,
we have

Vi(wr) = Vigr(wg) = Viga(zg) > -+ (2.56)
Then, for all [ > i, we can get
Vi(zg) > Vi(zg). (2.57)
Let [ — oo, and according to Theorem 2.1, we can obtain
Vilzk) 2 lim Vi(wy) = J" (zx). (2.58)
The proof is complete. O

Corollary 2.2. Fori=0,1,... and for all x} € Q, let the iterative
control law v;(zy) and iterative value function Viyi(xy) be obtained by
(2.6)~(2.14). For all zy, € Qy, let the learning rate o;(xy), i = 0,1, ...
satisfy (2.9), (2.15), and (2.28). If for all z), € Q, the iterative value
function satisfies (2.29), then for all i = 0,1,..., the iterative value
function

Vi(z) < J*(x3). (2.59)
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Remark 2.3. For Theorems 2.1-2.4, the convergence, optimality
and monotonicity properties of the developed local iterative ADP
algorithm are analyzed. We show that the iterative value function
Vi(zy) is proven to be the optimum as the iteration index i — oo.
For traditional iterative ADP algorithms [2, 3, 7, 16], to guarantee
that the algorithm terminates within finite iterations, the following
convergence criterion

Vi1 (zx) — Vi(zg)| < e, (2.60)

is established, where ¢ is the computation precision. However, the
convergence termination condition (2.60) is not feasible for the devel-
oped local iterative ADP algorithm. For example, if we let o;(xy) = 0,
Vay € Q,, then we have V;;(x) = Vi(zg), while it cannot guaran-
tee Vi(zr) — J*(xr). Hence, a new convergence criterion should be
established for the developed local iterative ADP algorithm.

Before the next theorem, the following lemma is necessary.

Lemma 2.2. For i = 0,1,... and for all x}, € Q, let vi(xy) and
Vi(zy) be obtained by (2.6)—(2.14). Let ¥ = 0,1, ... be a non-negative
integer. For anyi=0,1,..., if the state subset £y, j=0,1,...,9,
satisfies

. . . 9 L
Liugtty. gt = ,uozgﬂ = Q,, (2.61)
J:

then the iterative value function Vy(xy) is a positive definite function
forall > i+ 9.

Proof. For any i = 0,1,..., we have Vj(zy) is a positive semi-
definite function for xj. Let j = 0. According to (2.12), we have
Viti(xy) > 0 for all ), € £ and x, # 0. According to (2.14), we
can obtain

Viei(zg) >0, x4 € L8,
{ +1(7k) s (2.62)

Vigr(zk) >0, ap € j:g
For j =1, the iterative value function can be expressed as

Viva(zr) = (1 — ajpr (zp)) Vigr (zg) + qipr (z) Viga (zr). - (2.63)
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According to (2.12), we have Viio(xy) > 0 for z, € £ and
xyp # 0. If xp € 2 we have o 1(x),) = 0, which means Vj o(zy) =
Vis1(xr). According to (2.62), we have Vjyo(xy) > 0 for all z; € £
and xp # 0. Thus, for xp # 0, we can obtain

Vi > 0, e LU 3”1,
{ yo(xg) Ty, » UL, (2.64)

V%JrQ (:Ek) > Oa Else.

According to mathematical induction, for 0 < j < and xj # 0, we
can prove

{V¢+j+1(9€k) >0, mp € LULHU UL, (2.65)

Vitji(zg) 20, Else.

For j = 1, we have U?:o Lt = Q,, according to (2.61). We know
that Viygyi(xg) > 0 for all zp € Q, and zx # 0, which means
Vy+1(zg) is positive definite. According to Lemma 2.1(iii), we can
prove that Vy(xy) is a positive definite function for all ¢ > i+ 9. The
proof is complete. O

Remark 2.4. According to the definition of the performance index
function in (2.2), under Assumption 2.1, we can derive that J*(xy)
is a positive definite function. Hence, it obviously requires approxi-
mating the optimal performance index function using a positive def-
inite iterative value function. If the initial value function ¥(xy) > 0,
according to Lemma 2.1, we know that Vj(zx) > 0, Vi > 0. It means
that we can use V;(xg), Vi > 0 to approximate the optimal perfor-
mance index function. If ¥(zy) > 0, then the developed algorithm
cannot terminate before it outputs a positive definite function. For
0 =0,1,..., define a new parameter p as

0 )
p = arg m@in{ Y L =Qy } (2.66)
j:

Then, for all zp € €., we can define the minimum iteration
condition as

. O, if \I/(mk) > 0,
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Based on above definitions, we can derive the the following con-

vergence criterion theorem.

Theorem 2.5. Fori = 0,1,... and for all x}, € Qg, let vi(zx) and
Vi(zy) be obtained by (2.6)—(2.14). Let € > 0 be a positive constant.
If for j = 0,1,...,9, Vo, € L2, the iteration index i > iy, and the
iterative value function satisfies

Vitja1(zr) = Vigj(zr)] < cigj(@e)e, (2.68)

where iwim is defined in (2.67) and Ly satisfies (2.61), then the
iterative value function Viyy(xy) converges to the optimum. i.e.,
Vivo(zr) — J*(zx), as e — 0.

Proof. The conclusion can be proven in five steps.
(1) Show that for all xy, € Q, the iterative value function Viiy(xy)
satisfies the following HJB function

Vito(en) = min{U(r, uk) + Viso(@r41) }- (2.69)
For j = 9, according to (2.14), we have

Vieot1(xr) = (1 — agpo(zr)) View(@r) + @i (2r) Vigor1 (Tr)-

(2.70)
According to (2.68), we can get
Vigo (@) — ipo (i) € < (1 — aiqo (@) Vi (21)
+ i (zr)Vigo1 (k)
<Vipo(xg) + cipo(xr) €. (2.71)

For all ), € f;*ﬁ, we have 0 < g < 1. According to (2.12) and
(2.68), for all 2, € £, we can obtain

Vivo(zr) — € < U(@p, vigo(2r)) + Vigo (F (g, vigpo (21)))
< Vipo(zn) +&. (2.72)

As vig(zy) satisfies (2.11) for i+, letting e — 0, for all z € LY
we have (2.69) holds for all z;, € Z*Y. Let j = ¢ — 1. For all
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rp € { L1 N ZH0) ) we have

Vio(zr) = (1 — diyo—1(2k)) Vigo—1(z)

+ ipo—1 (k) (U(@p, vigo—1(21))

+ Vigo—1(F (2, vigo—1(x1)))), (2.73)
where 0 < aji9-1(2x) < 1. According to (2.68), for all z; €
{LH0=1 0 LH9 we can get

Vivw—1(xx) — € S U(p, vigo-1(2x)) + Vigo-1(F (Tg, vigo-1(2x)))
< Vigo—1(zx) + & (2.74)

As v;9-_1(z) satisfies (2.11) for i + ¥ — 1, letting ¢ — 0, we can
obtain

Vigo—1(xr) = H&}EH{U(.%']“ ug) + Vigw—1(zrs1)} (2.75)

holds for all @), € {ZH~1 N L+, For ¢ — 0, we can obtain
Vivo(zr) = Vigo—1(xg), Yo € Q.. Hence, we can obtain (2.69) for
all ), € { L1 N LY} According to mathematical induction,
for any j = 0,1,...,1, we can obtain (2.69) for all z;, € {Z ™ N
LT n o0 gl Y As L satisfies (2.61), we can
obtain that (2.69) holds for all x; € Q, as e — 0.

(2) Show that for all xy, € §,, the iterative control law v;iy(xy)
satisfies

viyo (7)) = arg %in{U(xk, ug) + Vigo(zry1)}- (2.76)

For all z;, € .2+, we have (2.76) obviously holds. As Vg € Qy,
Vito(zk) = Vigo—1(zx) holds, when & — oo, for all zj, € {Z*"~1 N
LH9Y the iterative control law v;yg_1(x)) satisfies

Vitg-1(z) = arg muiﬂ{U(Sﬂk, u) + Vigw—1(Tr41)}

= argmuin{U(mk, ug) + Vigo(Tre1)}

= Vit (Tk)- (2.77)
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According to mathematical induction, for any j = 0,1,...,9, we
can obtain (2.76) for all z, € {L N L n...ngitd-1n
L0V As £ satisfies (2.61), we can obtain that (2.76) holds for
all zp € Q.

Now, we let u(xp) be an arbitrary admissible control law, and
define a new value function Py (zy), 7 =0,1,..., which satisfies

Pria(ag) = U, ilxr)) + Pr(2rg), (2.78)

where Py(zi) = Vigo(zr) and xp41 = F(xg, pu(xg)). Then, we can
declare the third step of the proof.

(3) Show that for all xy € Q, and any 7 = 0,1,..., the iterative
value function satisfies

Vivo(zr) < Pr(zy). (2.79)

The conclusion can be proven by mathematical induction. The
inequality (2.79) obviously holds for 7 = 0. For 7 = 1, according to
(2.69) and (2.76), for all zj € Q,, we have

Vivy(zr) = Uk, vipo(@r)) + Vigo (F(2k, vips (1))

= muin{U(xk, ug) + Vigo(Tr+1)}

< U(xg, p(@k)) + Vigo (F(2k, p(2k)))

= Ulwg, p(wg)) + Po(wp41)

= Py (). (2.80)
Assume (2.79) holds for 7 = ¢ —1, £ = 1,2,... and Vx} € Q. For
7 =/{ and VYV € Q,, we have

Vivo () = U@k, vigo (@) + Vigo (F (2, vigo (2r)))

< U(xg, p(@k)) + Vigo (F(2k, p(2k)))

< Ulxg, w(@k)) + P (F(2k, plzr)))

= Py(xy). (2.81)
Thus, we have (2.79) holds for any 7 =0,1,....

(4) Show that for all xp € Qp and any admissible control law

w(xy), the iterative value function Viig(xy) satisfies

oo

Vigo(zr) < Z U(@hgrs W(Thr))- (2.82)
7=0
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According to (2.78), for all zj € €, we can get

|
—_

T

Pr(zk) = ) U(@ptes i(2r10)) + Po(Thr)

(]

A
(|
= o

U(zgte, (Trre)) + Vigo(Trgr), (2.83)

~
o

where Zz() = 0 for y > z. We have lim,_ . Z;:_ol U(Zgte,
p(xpie)) < oo and xpir — 0 as 7 — o0o. According to Lemma 2.2,
we have V; y(xp) is positive definite, which means V; y(xps.) — 0

as 7 — oo. Thus, for all x; € €, we have

7—1
TILIEO P (zy) = TILIQOEZ%U(ka,M(mkH)) < o0. (2.84)

According to (2.79), letting 7 — oo, we can obtain (2.82).

(5) Show that the iterative value function Viig(xy) equals to the
optimal performance index function J*(xy).

According to the expression of Vg (k) in (2.69), for all 23, € Q,,
we have

Vito(zk) = J* (). (2.85)

On the other hand, for an arbitrary admissible control law p(zy),
we have (2.82) holds. Let pu(zy) = u*(zy), where u*(xy) is an optimal
control law. Then, we can get

ViJrﬁJrl(xk) < Z U(karTa u* (xk+7))
7=0

= min {Z U(Zkrtrs uk-l—T)}

u
=k 7=0

= J*(xp). (2.86)

Hence, we can obtain the conclusion. O
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2.4 Simulation Example

To evaluate the performance of our local iterative ADP algorithm,
the optimal flight control problem for the F-8 Crusader [6] is consid-
ered. The system of F-8 can be expressed by the following non-affine
nonlinear system
i1 = —0.877z1 + x3 — 0.08871 73 + 0.4722 — 0.01923
— 2223 + 3.84623 — 0.215u + 0.28z%u
+0.47z1u? + 0.63u3,
Ty = x3,
i3 = —4.208z1 — 0.396x3 — 0.4722 — 3.5647F —20.967u
+ 6.26523u + 46x1u? + 61.4u3,

(2.87)

where z1 is the angle of attack (rad), zo is the pitch angle (rad),
x3 is the pitch rate (rad/s), and w is the control input (manipulated
variable) provided by the tail detection (or elevator) angle (rad).
Discretizing the system function with the sampling interval At = 0.1s
leads to

T(h41) = 0.9123215 +0.Lzs, —0.0088z 1423, +0.04727,

— 0.001923, —0.122, 23, +0.384623, —0.0215u,

+ 0.02822, uy, + 0.047z 1, us + 0.063u3,
.%'2(k+1) = Top + 0.1.%'3k, (2.88)
Ty(kt1) = —0.42082 1, + 0.9604w3), — 0.04727,

— 0.356427%, — 2.0967uy, + 0.62652%, uy,

+ 4.6z1,u; + 6.14u; .

The utility function is chosen as U(zg,ur) = :c-,gQ:Ck + uZRuk,
where Q = I, R = 2l and I; and I» denote the identity matri-
ces with suitable dimensions. Define the state space as Q2 =
{(@ig, zom, w3p)| =1 < wqpy < 1,1 <@g < 1,—-1 < g, < 1} We
collect the state data by discretizing the state space. The discretized
state set is expressed as {(z1x, ok, x3x)} = {(—1 + 0.020;,—1 +
0.0202,—1 + 0.0203)}, 01,02,03 = 0,1,...,100. Thus, we collect
p = 1013 state data to train the neural networks. Choose an ini-
tial value function W(zy) = x] Pxy, where P is arbitrarily chosen
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Fig. 2.1. Tterative value function at xo with a?(zy).
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as P = | —0.1065 0.0893 —0.0020 | . Let the initial state z¢y = [0.4,0, O]T.

0.0054 —0.0020 0.033

We choose two learning rate function sequences {@g(:nk)}, ¢=0,1
and i = 0,1,.... Let &%(xx) = 1, i = 0,1,.... For y > 0 and
z > 0, let fix(y, ) denote the quotient of y/2. Define C' as the center
points of the learning rate function a!(zy). Let the coordinates of
C' be expressed as C' = (—0.75 + 0.5 fix((rem(i, 64))/16), —0.75 +
0.5 fix((rem(z,64))/4),—0.75 + 0.5rem((rem(i,64))/4)). For i =
0,1,... and zp € €, let the learning rate function &} (zx) be
expressed as

REREDS
aj(z) =08e 22 | (2.89)
where & = 0.5. For a¥(zy), i = 0,1,..., the plot of the iterative
value function at xg, i.e., V;(xg), is shown in Fig. 2.1. The iterative
state and control trajectories with af(zy) is shown in Figs. 2.3(a)
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Fig. 2.2. TIterative value function at xo with &} (z).

and (b), where “In” means initial iteration and “Lm” means limiting
iteration. The plot of the iterative value function at ¢ with a; (zy)
is shown in Fig. 2.2. The iterative state and control trajectories with
a}(xy) are shown in Figs. 2.3(c) and (d).

From Figs. 2.1-2.3, we can see that using the developed local
iterative ADP algorithm, the iterative value function converges to
the optimum. The optimal state and control are shown in Fig. 2.4.
Despite initializing by the same initial value function, we can notice
that the iterative processes are different with the two different learn-
ing rate functions. According to a?(xy) = 1 and ¥(zy), the local
ADP algorithm is transformed into a global one [26]. The plots of
the iterative value functions at x( is shown in Fig. 2.1. It takes 30
iterations to guarantee the iterative value function to be convergent.
For the local iterative ADP algorithm with &} (zy), the iterative value
function is updated in a subset of the state space. Thus, in Fig. 2.2,
we can see that the iterative value function is not necessarily updated
in each iteration at xg and it takes 512 iterations to make the iterative
value function converge to the optimum.
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@ (b)

© (d)

Fig. 2.3. State and control trajectories. (a) States with @) (xx). (b) Controls
with @9 (). (c) States with &} (zy). (d) Controls with &; ().

However, we point out that using the global iterative ADP algo-
rithm in Ref. [26], in each iteration, the iterative value function and
iterative control law are updated using p = 101 state data. It takes
22901.51 seconds to train the critic and action networks in each iter-
ation. Thus, we say that the computation burden is heavy for the
global iterative ADP algorithm in Ref. [26]. On the other hand, for
@il (x), there are 64 center points in the 3-dimensional state space,
which separates the into state space into 64 state subsets. In each iter-
ation, iterative value function and iterative control law are updated
in one state subset using about p/64 = 16098 state data, which takes
15 seconds to train the neural networks. Hence, comparing with the
global iterative ADP algorithm in Ref. [26], we emphasize that the
computation burden is relaxed using the developed local iterative
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Fig. 2.4. Optimal trajectories. (a) Optimal states. (b) Optimal control.

ADP algorithm and this is a highlighted merit for the developed
algorithm.

2.5 Conclusion

In this chapter, an effective local iterative ADP algorithm is devel-
oped to solve infinite horizon optimal control problems for discrete-
time nonlinear systems. The developed local value iteration algorithm
of ADP permits an arbitrary positive semi-definite function to ini-
tialize the algorithm. It is the first time that the concept of “local
iteration” is introduced into iterative ADP algorithms. Employing
a state-depended learning rate function, the iterative value function
and iterative control law can both be updated in a given subset of
the state space, instead of the whole state space for the traditional
global iterative ADP algorithms. Under some mild convergence cri-
teria, it is proven that the iterative value function is convergent to
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the optimum. Monotonicity and optimality properties of the itera-
tive value function are also presented. Simulation results are given
to illustrate the performance of the developed algorithm.
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Chapter 3

Discrete-Time Local Value Iterative
Adaptive Dynamic Programming:
Admissibility and Terminations
Analysis

3.1 Introduction

In 2008, a value iteration based iterative ADP algorithm [1], which
was inspired by [3, 4], was proposed to solve the optimal control for
a class of discrete-time nonlinear systems. In Ref. [1], considering the
following deterministic discrete-time affine nonlinear system

Tpg1 = f(or) + g(on)ug, (3.1)

with the performance index function

J(xp) = i (w]TQmj + uJTRuj>, (3.2)

j=k

where Q € R™™™ and R € R™ ™ are positive definite matrices, a
value iteration algorithm, which was referred to as heuristic dynamic
programming (HDP), was proposed to find the optimal control law.
Starting from Vy(xy) = 0, for all z; € R", we define

1 oV;(x
ui(xy) = —§R lg(ﬂﬁk)T#il)v 53)

Vi1 (zr) = 2] Qo + ] (vr) Rui(zg) + Vi(2h11),
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fori =0,1,2,..., where xp11 = f(zx) + g(zx)u;(zy). It was proven
that Vj(zy) is nondecreasing and bounded, and hence converged to
J*(xx) as i increases to infinity.

However, in previous iterative ADP algorithms, to guarantee the
convergence and optimality, nearly all the previous iterative ADP
algorithms require that the iterative value functions and iterative
control laws are updated for the whole state space in each itera-
tion [1, 3, 4, 6-8, 10, 15]. These iterative ADP algorithms can be
called “global iterative ADP algorithms”. It is worth mentioning that
global iterative ADP algorithms may not be suitable for real-world
applications. For example, for many real-world control systems, the
system states are generally operated in a subset of the state space in
an iteration period. Thus, we generally collect state data in a subset
of the state space instead of the whole state space. In this situation,
the global iterative ADP algorithms must stop running to wait until
all the data for the whole state space are collected. This makes the
computation efficiency of the global iterative ADP algorithms very
low. On the other hand, previous global iterative ADP algorithms
require the algorithms to implement infinite iterations to reach their
optimums, which are impossible to realize in real-world applications.
We say that the algorithms must be terminated within finite itera-
tions to find an effective iterative control law to control the systems.
Unfortunately, to the best of our knowledge, there are no discussions
on the properties of the iterative control laws after the termination
of the iterative ADP algorithms within finite iterations using local
data. Hence, how to implement the iterative ADP algorithms using
local data in each iteration and how to find an effective control law
to control the systems within finite iterations are key problems for
the developments of ADP algorithms. These motivate our research.

In this chapter, a novel local iterative ADP algorithm is developed
to solve infinite horizon optimal control problems of discrete-time
nonlinear systems. A new state-dependent learning rate function is
employed in the iterative ADP algorithm, where the iterative value
function and iterative control law can both be updated in a given
subset of the state space, instead of updating in the whole state
space. Initialized by an arbitrary positive semi-definite function, it
is shown that the iterative value function converges to the optimum
under some mild constraints. We emphasize that for the first time,
the admissibility properties for the local iterative ADP algorithm
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are developed. New termination criteria are established for the local
iterative ADP algorithm. New convergence criteria are established to
guarantee that the iterative value function is close to the optimum
sufficiently. Admissibility criteria are constructed which guarantee
the admissibility of the iterative control law. It will be shown that the
iterative ADP algorithm can be terminated if the convergence and
admissibility criteria are both satisfied. Finally, simulation results
are given to illustrate the performance of the developed method.

3.2 Problem Formulations

3.2.1 System descriptions

In this chapter, we will study the following deterministic discrete-
time nonlinear system

Th+1 :F(xk,uk), kZO,l,Q,..., (3.4)

where z;, € R" is the state vector and uy € R is the control vector.
Let xg be the initial state and F'(zg, uy) be the system function. Let
u, = (ug,Ugy1,...) be an arbitrary sequence of controls from £ to
o0o. The performance index function for state xzg under the control
sequence uy = (ug,uy,...) is defined as

o0
J(zo,up) = Y Ulwe, up), (3.5)
k=0

where the utility function U (xy, uy) is a positive definite function for
xy, and uy.

For convenience of analysis, results of this chapter are based on
the following assumption.

Assumption 3.1. The system (3.4) is controllable on a compact
set Q, C R™ containing the origin, and the function F(zj,uy) is
Lipschitz continuous on {2,; the system state x; = 0 is an equilibrium
state of system (3.4) under the control u; = 0, i.e., F'(0,0) = 0; the
feedback control uy = u(xy) satisfies up = u(xg) = 0 for x = 0.

Define the control sequence set as L, = {uy,: u, = (uk, Uk11,--.),
Vugy; € R™ 4 = 0,1,...}. Then, for an arbitrary control sequence
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w, € U, the optimal performance index function can be defined
as J*(x) = ming, {J(zg, 1) u, € Ly} According to Bellman’s
principle of optimality, J*(xy) satisfies the discrete-time HJB equa-
tion J*(zy) = miny, {U(xg, ur) + J*(F(2g, ug))} . Define the law of
optimal control as u*(xy) = argmin,, {U(zk,ur) + J*(F(zk, ug))} -
Hence, the HJB equation can be written as

J*(xg) = Ulzg, u*(zr)) + J(F(zg, u*(xr))). (3.6)

Generally, the HIB equation (3.6) is computationally untenable
by traditional dynamic programming, i.e., “curse of dimensionality.”
To overcome this difficulty, a new iterative ADP algorithm will be
developed.

3.2.2 Descriptions of the local iterative ADP
algorithm

In this section, a new local iterative ADP algorithm is developed to
obtain the optimal control law for the nonlinear system (3.4). In the
local iterative ADP algorithm, the value function and control law
are updated by iteration, with the iteration index i increasing from
0 to infinity. For i = 0,1,..., define {.Z?} as a sequence of state sets,
which satisfies £ C Q,, Vi=0,1,....

Let the initial function ¥(zy), Vzr € Q,, be an arbitrary pos-
itive semi-definite function and let the initial value function be
expressed by

Vo(zg) = (). (3.7)
For all 7, € £, the local iterative control law vg(x},) is computed as
vo(xp) = arg min {U(@r, ur) + Vo(zrs1)}

= argmin {U (zx, ug) + U (F (zx, ur))}, (3.8)

and let vg(zg) = 0, for all 7, € Q,\Z0. For all z;, € £, the local
iterative value function is updated as

Vi(ay) = min {U (g, up) + Vo(wrsa) §

= Uk, vo(xr)) + Vo(F (2k, vo(zr))), (3.9)
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and let Vi (z) = W(xy,), for all 7, € Q,\.Z0. Define ag(r},) as a state-
dependent learning rate function. For all zp € ., let the learning
rate function ag(zx) be a scalar function, which satisfies

0< <1, Va,e L,
{ co(@x) < Tk & <o (3.10)

ao(zy) =0, Vay, € Q,\20.

Then, for all x; € €, the global iterative value function is defined
as

Vl(-%'k) = (1 — Oéo(.%'k))Vo(m'k) + Oéo(m'k)vl(.%'k). (3.11)

For i = 1,2,..., for all 23 € £, the local iterative control law
vi(xg) can be computed as

vi(zg) = argn%in {U(zk, ur) + Vi(xgs1)}
= argmin (U (w,w) + Vi(F (i, m) (3.12)

and for all z € Q,\.Z7, let v;(xy) = vi_1(zy). For all 2, € £, the
local iterative value function can be updated as

Vi1(zk) = min {U(g,up) + Vi(zga) )

= U(xk,vz(xk)) —f—Vi(F(xk,vi(mk))), (3.13)
and for all x5, € Q,\.Z, let Vi 1(xr) = Vi(xy). Define {a;(z)}, i =
1,2,..., as a sequence of learning rate functions. For ¢ = 1,2,... and

Vg €y, let the learning rate function «;(xy) be a scalar function,
which satisfies

0 < <1, € £,
{ cize) <1, (3.14)

ailag) =0, Vg € 0\ 2L

Then, for all z; € €., the global iterative value function is
defined as

Vita(zk) = (1 — ai(2r)) Vilwg) + ci(zg) Vigr (or). (3.15)

Introducing a state-dependent learning rate function «;(zy), from
(3.7)-(3.15), in each iteration, the iterative value function and iter-
ative control law are only updated in the given state subset .Z7,
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1 =0,1,..., instead of the whole state space. On the other hand, if
the learning rate function «;(xy) satisfies o;(xp) =1, Vi =0,1,...,
and Vo(zr) = 0, Vo € ., then the local iterative ADP algo-
rithm reduces to the traditional value iteration ADP algorithms
[1, 3, 4, 6-8, 10, 15]. Thus, we say that traditional value iteration
ADP algorithms are special cases of the developed local iterative one
and the local iterative ADP algorithm in this chapter possesses more
application potentials.

3.3 Property Analysis

In this section, the properties of the local iterative ADP algorithm
will be discussed. First, we will show that the iterative value iteration
converges to the optimum under some mild constraints. Then, the
main contributions of this paper, that is the admissibility of the iter-
ative control law, will be discussed. New termination criteria of the
local iterative ADP algorithm are derived, where the convergence of
the iterative value function and admissibility of the iterative control
law can both be guaranteed.

To derive the main theoretical results of this chapter, the following
lemma is necessary.

Lemma 3.1. Fori=0,1,... and for all x}, € Q, let iterative value
function Vi(xg) and the iterative control law v;(xy) be obtained by
(3.7)=(3.15). Then,

(i) fori=0,1,...,Vi(xy) is positive semi-definite for xy;
(i) for i = 0,1,...,Vi(zx) is positive definite for xy if W(xy) is
positive definite;
(ili) if Vi(xg), 1 =0,1,..., is positive definite for xy, then Vj(xy) is
positive definite for all j > i;
(iv) if for any i =0,1,... and 0 < j <9, 9 =0,1,..., the state set
L satisfies

. . 9 L
Loty Uyl = jgozgﬂ = Q,, (3.16)

then the iterative value function Viy(xy) is a positive definite
function for all £ > 1 + 0.

The convergence property of the local iterative ADP algorithm
can be derived in the following lemma.
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Lemma 3.2. For ¢ = 0,1,... and for all x}. € Q, let the iterative
control law v;(zy) and iterative value function Vi(xy) be obtained by
(3.71)=(3.15). If for any i = 0,1,... and V) € Q,, the learning rate
a;i(zy) satisfies (3.10), (3.14) and

Zai(xk) = 00, Vg # 0, (3.17)

=0

then the iterative value function Vi(xy) converges to the optimal per-
formance index function J*(xy), as i — oo.

From Lemma 3.2, we know that under the condition (3.17), the
iterative value function converges to J*(xy), when the iteration index
i increases to the infinity. As J*(z}) is a positive definite function, the
developed algorithm cannot stop before it outputs a positive definite
function. Define a new parameter p as p = arg ming{ugzo L =Q. ).
Letting

0, if ¥ > 0,
p, if W(ay) >0,
according to Lemma 3.1(iv), we know that for any ¢ = 0,1,...,if ¢ >

imin, then the iterative value function V;(zy) is positive definite. Thus,
Imin 1S called the minimum iteration condition. Before the analysis,
the following definition is necessary.

Definition 3.1. We say a solution is uniformly ultimately bounded
(UUB) [5] if there exists a compact set £, C R™, such that for all
Tg, = To € §), there exists an € and a number 7'(e,z) such that
l|zk|| <eforall k> ko+1T.

Generally, if for j = 0,1,...,9, Vo, € Z2, the iteration index
1 > imin, and the iterative value function satisfies

Vitj1(@r) = Vigj ()| < cigj(@i)e, (3.19)

for a constant & > 0, where iy, is defined in (3.18) and %4 satisfies
(3.16), then the algorithm is terminated and the optimal control
law is regarded to achieve. Inequality (3.19) can be called as the
“convergence criterion” of the local iterative ADP method. In real-
world applications, the computation precision € cannot be zero. For a
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computation precision € > (0, we actually obtain an iterative value
function and iterative control law, which approximate their optimal
ones. In this situation, we emphasize that the iterative control law
may not be a stable control law. The following theorem will show
this property.

Theorem 3.1. For i = 0,1,..., let Vi(x) and v;(xg) be obtained
by (3.7)—(3.15). Let the iteration index i satisfy i > imin, where imin
is defined in (3.18), and let the learning rate function o;(xy) satisfy
(3.14) and (3.17). If for any j = 0,1,..., the iterative value function
Vitj(zr) satisfies (3.19) then the state of the nonlinear system (3.4)
is uniformly ultimately bounded (UUB) under the iterative control

law viy9(xk).

Proof. According to the definition of £/ in (3.16), for a system
state xp € (), the state may be in several different state sets, i.e.,
T € Zgngj/, 0 < 5/ <9, and simultaneously xj, € Zﬁ'ﬂw, 0<45" <9,
where j' # j”. It means that several iterative value functions, such
as Vi joq1(zx) and Vi jvyq(zx), may be updated at xy. This leads to
a difficulty in analysis. For convenience of analysis, letting P =
Qx\féﬂ, @ > imin and j = 0,1,...,79, we define a new state set Z; ;
as
T = <lr;‘%+1 j;“) aRZach (3.20)
where we let N_; | L = Q, for j =9, ie., Tt = L.
According to the definition in (3.20), we can see that Z;,;,
j=0,1,...,9, satisfies the following equation Uf:jﬂ Titl = Zity
R ZaEA U---ygitd = Uf:j L and for jo,j1 = 0,1,...,7, we can
get O NI = 0 Vo #£ 1. IE L =0,1,. .., satisfies (3.16)
then we can derive that U?:g 7 = Q,. According to the definition

of Zb™ in (3.20) and the definition of the iterative control law in
(3.8) and (3.12), for any j = 0,1,...,9, we can get

UiJrﬁ(.%'k) = Ui-{—j(-%'k)’ VY € I;—’_j. (3.21)

Let £y,¢1 = 0,1,...,9 be two constants. According to (3.19), for
any xp € Q, and £y, ¢1 = 0,1,...,¢, there exists a constant A > 0
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which satisfies |Viys, (2k) — Vige, (zx)] < A, where 0 < X < de. For
any i > p, the iterative value function Vj(zy) is a positive definite
function for x;. For any 7 = 0,1, ..., there exist two scalar functions
B(||lzx]]) and B(||z||) which belong to class K and satisfy

0 <B(llall) < _inf  Vigj(zx) < Viej(an)

=U,1,...,

< swp Vigg(a) <Bllal). (3.22)
§=0,1,...,0

Define a new state set A, as

Ay = {xp|zk € Qup, U(xg, vi(zr)) < e+ 2A,
Uzg, vip1(zr)) < e+ 2,
o Urg, vige(xg)) < e+ 2A} (3.23)

Let ), = argsup,, ep, {/|zx]|}, and we can see that || 7| is finite. Let

Iy = {ax|zr € Qo Blax) < B(T)}- Let 2 = argsup,, cr, {|lzll}-
For an arbitrary € > ||Z4|, there exists a p(e) > [|Z1|| that satisfies

B(p) < B(€). According to the definition of the function f(-), there
exits a state xy, such that ||Z4]| < ||zk] < @(€). For any zp € Qg,
according to (3.20), the state x;, must be located in one state set Z; ,
J=0,1,...,9. Without loss of generality, we assume that x € Z;,,
jo=0,1,...,9.

For zy € I2°, we have Viij,(zx) < B(p). According to (3.11),
(3.15), and (3.19), we have

V%JrjoJrl(xk) - V%Jrjo(xk) < Qitjo (zg)e. (3.24)

If ||zy|| > ||Z1]|, then according to (3.19) and (3.21), for zj, € Za°,
we have
AViijo(@k) = Vitjo (@h+1) — Vitjo (k)
= Vijo (F (@, Vit jo (k) — Visjo (k)
= Vijo (F (@, vipo(2k))) — Vigjo (k)
= —U(wg, vig9(Tr)) + €
< —2X<0. (3.25)
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Assume zp1 = F(2k, vitg(xk)) EAI;Jrjl. If |xg+1]] > ||Zk||, according
to (3.19) and (3.21), for 241 € Zs°, we can obtain
AVigji (Th41) = Vi (r12) — Vi (Th41)
= Vit (F (@41, Vi (2r41))) = Vo (Th41)
= Vigji (F (@11, Vigo (@h41))) = Viwji (Th1)
< 2. (3.26)

For any 41 € Q, we can get Viyj (xr41) < Vigjo(2k4+1) + A. Then,
we have

V;Jrjl ($k+2) < V;Jrjo(xk-i—l) — A (3-27)

where z;19 = F (241, 0i+9(Tk+1)). On the other hand, for all z; €
Q,, we can obtain Vi j (xry2) > Viyjo(xr42) — A. Then, for z44 €
T we can obtain that

Vitjo(Trt2) = Vijo (Th41) < 0. (3.28)

According to mathematical induction, for any 7" = 0,1,..., if
lzk+rl] > ||Zkl|, there exists jr = 0,1,...,9, such that for any
Tpyr € ZoH7T | the iterative value function Vijo (Tp41) satisfies

Vitjo Tkt 41) — Vitjo (Trar) < 0. (3.29)

For any e that satisfies € > |7, there exists a positive integer N
that satisfies the following inequality

B(e) = B(¢) = Vigjo(zr) = Vigjy(2r41)
> 2> Vigjo(@pn) = B(llze+n])) (3.30)

for ||zg+nll = ||Zkl|, which makes |zrin| — |Zk||. According
to the Definition 3.1, we can draw the conclusion. The proof is
complete. O

From Theorem 3.1, we can see that for any constant € > 0, the
iterative control law v;1y(xx) is UUB, which is not ensured to be an
asymptotically stable control law. For optimal control problems, the
developed control scheme must not only stabilize the control systems,
but also make the performance index function finite, i.e., the control
law must be admissible [1].
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Definition 3.2. A control law u(xy) is defined to be admissible with
respect to (3.5) on €, if u(xy) is continuous on Q,, u(0) = 0, u(xy)
stabilizes (3.4) on €, and Vo € Q, J(x0) is finite.

Theorem 3.2. For i = 0,1,... and for all z; € Q,, let vi(xy) and
Vi(zy) be obtained by (3.7)—(3.15). Let the iteration index i > imyin,
where iy is defined in (3.18) and L2 satisfies (3.16). If the iter-
ative value function Viyj(xy), j =0,1,...,9, satisfies

(i) for all z), € L,

Vivjr1(zr) = Vigj(ag)
< Qi (T)Pit (@)U (Ths vinej (), (3.31)
where —oo < piyj(xy) < 1,

(ii) for arbitrary iteration indices l,w = 0,1,...9 and Yy € LT,

Viti(@r) = Vigo () < Gii(@p)U @k, vigi (), (3.32)
where —00 < gyi(z) <1 and —00 < piyi(zk) + qipr(zr) < 1,
then iterative control law v;yy9(xy) is an admissible control law.

Proof. According to (3.20), for an arbitrary state zx € €, the

state x;, must locate in one and only one state set If&ﬂ, 7=0,1,....
Without loss of generality, we assume xj € T, jo=0,1,...,0.
According to (3.31), we have

Vitjo+1(@k) = Viejo (x)
< Qg o (T)Pijo (T) U (ks Vigejo (k) (3.33)

For any ), € Z.™7°, we have 0 < aipjo(zr) < 1. According to (3.13)
and (3.21), we can get
Vitjo (Tht1) — Vitjo (k)
< (Pijo(wr) — VU (2, vigjo (1))
= (Pijo(®k) — DU (k, vigy(2)), (3.34)

where viyj (k) = vipg(zr), Vo € 70 and Tpr1 = Flag,
Vitjo(2)) = F(xg, vire(xy)). Assume 251 € Iy 70, j1 = 0,1,..., 9.
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According to (3.32), as l,w =0,1,.. ,19 are arbitrary constants, let-
ting [ = j; and w = jo, for all 2 € Z4™", we can get

Vitji (@r41) = Vipjo (Th+1)
< ity (@41 U (Tht1, Vi jy (Th41))

= it (1)U (Tpp1, Vigo (Thoy1))- (3.35)
For x4 € o', according to (3.31), we can obtain

Vitji (@ry2) = Viej (@r41)
< (Pitji (@rg1) — DU (Tpt1, Vit jy (Thy1))

= (Piji (@pt1) = DU (@41, Vigo (Tr41))- (3.36)
According to (3.35) and (3.36), for x4 € Zo™7" we have

Vieg (@ry2) = Vitjo (Trg1)

< (Pitjs (Tht1) + Gy (Thg1) — DU (Tpg1, vipo(Trp1)),  (3.37)

where xx 10 = F(Tr11, Vigjy (Trs1)) = F(Trr1, vigo(Try1))-
Using mathematical induction, for any 7 = 0,1,... and xx1,11 €
Ii+j7+1
X

, we can obtain
Vitjrr (@kary2) = Virj, (Tryri1)
< (Pitjrir (Thars1) + Gitjrgy (Thgrr1) — 1)
x U(:Ck-i-'r-i-l, Vitjri1 (:C/H-T-i-l))
= (Pitjrir (Thart1) + Gitjrpy (Thgrr1) — 1)

X U(@ktr+15 Vits (Thtr1)), (3.38)

where Tpirio = F(Thiri1s Vitjryq (Thirs1)) = 'F(:Ek—i—T—i—lani—i—ﬁ
(Zrgr41)). According to (3.38), for any z; € Z.™° and any 7 =
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0,1,..., we can obtain

V%+j7+1 ($k+7+2) - ‘/iJrjo (:C/H-l)

T

< Z((pi+jz+1 (Tht41) + Qi (Thri41) — 1)
1=0

X U(Zh1415 Vit jo g (i)

T

= Z((pi+jz+1 (Tht41) + Qi (Thrie1) — 1)

1=0
X U(@p1415 Vit (Thti41))), (3.39)
where xpyip1 = F(Tpqr,Vitj,(Thtt)) = F(@ppts Vipo(@pga)), 1 =

0,1,...,7+ 1. According to (3.34) and (3.39), we can get

Vitjo (k) > (1 = pisjo (xr))U (1, vigy (7))

+Z — Pitjin (Th141) — qi+jz+1(xk+l+l))
1=0

U(Zktis1, Vit (Thai41)))
+ Vitjr (@hgrs2). (3.40)

As 0 < qi+j0(xk) < 1 and pi+jo(1'k) + qi+j0(xk) < 1, ka S fgﬁﬂo,
we have

(1 = pijo (zr)) Uz, vigjo (x))
> (1= pisjo(@r) = Gijo (k) U (Ths Vigjo (Tk))- (3.41)
Thus, inequality (3.40) can be expressed as
741

Vitjo (@) >Z = Piji (Thtt) — Qitjy (Th41))

X U(Zkt1, Vito (Tt1)))
+ ‘/i+j7+1($k+7'+2)~ (3'42)
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Letting 7 — o0, as Vi j, (z) is finite Vay, € ZiH0 we have

T—00
=0

T+1
lim (Z (1 = pitjy(rs1) — Givj,(Ts1))

X U($k+l,v¢+ﬁ($k+l)))> < 00. (3.43)

According to the definitions of the functions p;y;(x) and git;(z),
j = 0,1,...,9, in (3.31) and (3.32), for any | = 0,1,..., j; =
0,1,...,7, there exits constants 0 < p < 1 and 0 < g < 1, such that
1= pisj,(Ths1) — Givj,(The1) > 1—p—q > 0 holds for all x4 € Zo "
According to (3.43), we have

(1=p—=q) Y U@kt vigo(Thi1))

1=0
T+1

< lim (Z((l = Pitjy (Tht1) — ity (Sﬂk+z)>
1=0

X U(Zkti, Vigw (Tr41))))
o (3.44)

which means > ;2 U(Zp41, Vity(@r41)) < 0o. On the other hand, as
the utility function U (xg, ux) is positive definite for zj and uy, we can
derive that {U(zkiy, vivy(zra))}, L = 0,1,..., is a positive series.
Then, we have U(xgyy, virg(xgs)) — 0 as | — oo, which obtains
xgy; — 0, as I — oo. According to the definition of admissible control
law, we can draw the conclusion. O

Remark 3.1. From Theorem 3.2, we know that if the iterative value
functions satisfy (3.31) and (3.32), then the admissibility of the iter-
ative control laws can be guaranteed. Thus, the inequalities (3.31)
and (3.32) can be called as “admissibility criteria” of the local itera-
tive ADP algorithm. We emphasize that the developed local iterative
ADP algorithm can be terminated if and only if the convergence and
admissibility criteria are both satisfied.

Corollary 3.1. For i =0,1,... and for all 7}, € Qy, let vi(zg) and
Vi(zy) be obtained by (3.7)—(3.15). Let L% = Q,, Vi =0,1,... and
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0 < aj(z) < 1, Vag, € Q. If the iterative value function Vi(xy),
1=0,1,..., satisfies

Vit (zr) — Vi(wg) < aizr)pi(ee)U (g, vi(2k)), (3.45)

for a given function —oo < p;i(zp) < 1,4 =0,1,... and Vxp € Qp,
then iterative control law v;(xy) is an admissible control law.

Remark 3.2. In each iteration, if £ = Q,, Vi =0,1,... and 0 <
ai(zr) < 1, Vo € Q, then the local iterative ADP algorithm is
reduced into a global one. In this situation, the admissibility criteria
(3.31) and (3.32) are reduced into (3.45). Hence, we say that the
global iterative ADP algorithm is a special case of the developed local
iterative one and the admissibility criterion for the local iterative
ADP algorithm is feasible for the global one [1, 3, 4, 6-8, 10, 15].
On the other hand, from Theorem 3.2, we can see that for the local
iterative ADP algorithm (3.7)—(3.15), it requires at least ) iterative
value functions to justify the admissibility of the iterative control law
vir9(zk). To avoid this difficulty, a new admissibility criterion will
be developed.

Lemma 3.3. For i = 0,1,... and for all x}, € Q, let v;(x) and
Vit1(zy) be obtained by (3.7)—(3.15). Let the iteration index i satisfy
i > imin and the learning rate function o;(xy) satisfies (3.10), (3.14),
and (3.17). Let € > 0 be a given positive constant. For all xp € €,
define a new iterative value function ¥y ;(xi) as

Vivjr1(xr) = (1 — aipj () Vilwg) + aigj(zr)
X (U(xg,vi(zg)) + Vi(F(zk,vi(zk)))). (3.46)

For j = 0,1,...,0, and Yz € Qg , if the iterative value function
Vitj+1(wk) satisfies

Vi1 (@e) = Vi) < oigj(@e) €, (3.47)

and the state set L2t satisfies (3.16), then for all xp € Q, the
iterative value function converges to the optimum. That is, Vi(xg) —
J*(zg), as e — 0.

Theorem 3.3. For i = 0,1,..., let Vi(x) and v;(xg) be obtained
by (3.7)~(3.15). Let the iteration index i satisfy (3.18), and let the
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learning rate function o;(xy) satisfy (3.10), (3.14), and (3.17). For
i=0,1,... and j = 0,1,...,9, let {Gi+j(zx)} be a positive function
sequence, which satisfies —0o < sup;_g 1, {di+j(@k)} <1, Vag € Q.

Let £ satisfy (3.16). If for all ) € k7l and for anyj =0,1,...,
the iterative value function ¥y j(xy) satisfy

Vivjrr(@g) = Vi) < qigj(2r)dirj(2p)U (g, vi(zy)),  (3.48)
then the iterative control law v;(xy) is an admissible control law.

Proof. According to (3.46) and (3.48), for any j = 0,1,... and for
all 2, € £, we have

Vi(F (g, vi(er))) = Viek) < (Gij (o) = DU (zg, vi(zg)). - (3.49)

As supj_g 1, {Gi+j(zr)} < 1, there exists a constant —oo < ¢ < 1
that satisfies sup;_o 1, {Gi+j(zx)} < ¢, Vox € Q. On the other hand,

as Lt j=0,1,...9, satisfies (3.16), for all x, € Q,, we can get
Vi(F (o, vi(an)) — Viw) < (@ — DUz wian)). (3:50)

According to (3.50), for A/, we can obtain

N
Vi(ar) > (1= 4) > U(kis, vi(@rin) + Vil@giin)- (3.51)
1=0

As Vj(xy) is finite, Vo € Q, and —oco < ¢ < 1, we can obtain
Y veo U(@kte, vi(xpye)) is finite and x4y — 0 as £ — oo, which
shows that the iterative control law v;(zy) is an admissible control
law. O

Theorem 3.4. For i = 0,1,..., let Vi(x) and vi(xy) be obtained
by (3.7)~(3.15). For any xj, € Q, if the iterative control law v;(zy)
satisfies

iy U @hegy vi@h)), 03 (B 2k vi(h14))))
j—ro0 U (Tg4j, vi(Thys))

<1, (3.52)

then vi(xx) is an admissible control law.
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Proof. According to (3.52), there exists a positive integer T > 0,
such that for all N > 7T,

- { U (F(karN,’Uz‘($k+N))’Ui(F(xk+N7'Uz‘(karN))))}
U (2pyn, vi(Tren))

=q<l (3.53)
holds. Using the mathematical induction, for any 7 = 1,2,..., we
can get

U (@sr455 Vi @rirss) < Ulegpr, vilzper)) ¢ (3.54)

As 0 < g <1, 305, ¢ is finite, which makes > 720 U(@ksr4,
Vi (Tr4+1+;)) be finite. As T is finite, we have Z}:o U@kt vi(Trtj))
is finite. Then we can conclude 3 7% U(zy+j,vi(zk;)) is finite.
As U(xpqj,vi(rps;)) > 0 for any j = 0,1,..., we have
im0 (U(2k45, vi(Tr45))) = 0, which means zj,; = 0 as j — oo.
Thus, the iterative control law wv;(z;) is an admissible
control law. The proof is complete. O

Theorem 3.5. Fori=0,1,..., let Vi(z) and vi(xy) be obtained by
(3.7)~(3.15). If iterative control law v;(xy) satisfies

lim U (F(xg,vi(xy)), vi(F(zr, vi(zr))))
2h—0 U (zg,vi(xr))

> 1, (3.55)

then v;(zk) is not an admissible control law.

Proof. The statement can be proven by contradiction. Assume
that v;(xy) is admissible which makes (3.55) hold. According to
(3.55), there exists a compact set €2, around the equilibrium point,
such that for all z € Q,, the following inequality

{U (F(zg, vi(7r)), vi(F(7g, vi(11))))

i U (wr, vi(wr))

$kEQo

}:ﬁ>1 (3.56)

holds. As v;(z) is admissible, we have the system (3.4) is stable
under v;(zy). Thus there exits a positive integer T > 0, such that for
all N> 7T, x5 € Q. According to (3.56), for any [ =0,1,..., we
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can obtain that U (z,_ 4, vi(z,, 5.,,)) > U(:ckJr;f,vi(:nkJrT))ﬁl. For
7=0,1,...,1, we can get

l

!
D Utyyqyyvileg 1) > Ul povila, 1) Y67 (3.57)
Jj=0 j=0

As p > 1, we have Zé:olﬁj — o0 as | — oo, which means
Z;‘iQ ('](:UIHTH, U@'(sﬂkgﬁfﬂ)) — 00. It is a contradiction again§t th.e
definition of the admissible control law. Thus, the assumption is
false and the iterative control law v;(z)) is not an admissible control
law. O

Theorem 3.6. For i = 0,1,..., let Vi(x) and vi(xy) be obtained
by (3.7)—(3.15). For all zy € Q, if iterative control law v;—1 () is
admissible and satisfies

U(F (wg, vi(zg)), vi(F(h, vi(21))))
(:Ck’ Ul(xk))
U(F (g, vie1(2k)), vie1 (F (g, vie1 (7))

) U (g, vie1(2r)) : (3.58)

then vi(zx) is an admissible control law.

Proof. Let g;(zy) and g;—1(z) satisfy
U(F (zy, vi(zr)), vi(F (g, vi(xr))) = 0i(2x)U(2r, vi(er)),  (3.59)

and

U(F(x,vi—1(xk)), vie1(F(ag, vie1(x))))

= 0i-1(zk)U (wk, vi-1(zk)), (3.60)

respectively. According to (3.58), we have
0i(zk) < 0i—1(xg) (3.61)
holds, Vzy € Q.. As vi—1(z), i = 1,2,..., is an admissible control

law, there exists a finite value function P;_;(xy) that satisfies

Piy(wy) ZU Tk Vi1 (Tht))- (3.62)
7=0
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According to (3.59), P,_1(z)) can be expressed as

Py (zx) = Z (H 0i—1(Tky1) ) Uz, vi—1(zk)). (3.63)

As the ~value function P;_j(xg) is finite, we can get that
> im0 (I{_g 0i—1(2x41)) is finite. If we let P;(z)) be the value function
created by v;(z), i.e

ZU Tht s Vi(Thtg)), (3.64)
7=0

then according to (3.61), we can obtain

IN

U(xg,vi(xy))

Pi(xy) = Z HQZ Tht1) ) (zk, vi(T))
7=0
z(n =)

j= =0
.’L'k, vz k))

— Pi_1($k) U(Z'kv 1)2_1( k)) .

(3.65)

For any xp € Q, and xp # 0, we have P;(xy) is finite. For 2} = 0,
according to Lemma 3.1, we can derive that P;(zy) and P,_;(zy) are
both positive semi-definite functions of xj, which means P;(zy) =
Pi_1(zx) = 0 for x = 0. Hence, we have P;(xy) is finite for all
xr € Qp. On the other hand, as U(xg,v;(zx)) is positive definite,
according to (3.64), we can get z — 0 as k — oo, which means
v;(xy) is an admissible control law. The proof is complete. O

3.4 Simulation Example

To evaluate the performance of the local iterative ADP algorithm,
we choose an example with quadratic utility function for numeri-
cal experiment. Consider the torsional pendulum system [9]. The
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dynamics of the pendulum is given as follows

@ _,
d (3.66)
dw . do
J— =u— Mglsint — f—

dt dt’

where M = 1/3kg and | = 2/3m are the mass and length of the
pendulum bar, respectively. Let J = 4/3M[? and f; = 0.3 be the
rotary inertia and frictional factor, respectively. Let g = 9.8m/s? be
the gravitational acceleration. Discretizing the system function with
the sampling interval At = 0.1s leads to

0
* [0.1] Uk

(3.67)

Tihen) | 0.1z + 21k
To(k+1) 1 —0.49 sin(z1) — 0.1f4 X Top + wok

where z1, = 6, and 9, = wy. Let the initial state be zo = [1, —1]T.
The utility function is chosen as U(zy, uy) = x] Qg +u} Ruy, where
Q =11, R =I5, and I, I are identity matrices with suitable dimen-
sions. Let the state space be expressed as Q, = {(z1x,z2x)] — 1 <
1 < 1,—1 < @9, < 1}. To illustrate the effectiveness of the algo-
rithm, we choose two different initial value functions with the form

UH(2y,) = 2] Perg, £ = 0,1. Let Py = 0 and P, = [2;22 f;g] We

choose two learning rate functions ag(mk), (=0,1,i=0,1,....

Let o?(zg) = 0.39sin(i+1) +0.6 and o} (z;) = 0.2sin(i+1)+0.3.
Give four points C*, 7 = 0,1, 2, 3 in state space, where the coordinates
are expressed as C* = (1,1), C! = (-1,1), C* = (-1,—1), and C* =
(1,—1), respectively. Based on the learning rate functions ag(mk),
¢ =0,1,%i = 0,1,..., the local iterative ADP algorithm can be
implemented. The iterative value functions with af(mk), (=0,1,7=
0,1,..., and W/ (xy), j = 0,1, are shown in Figs. 3.1 and 3.2, where
“In” means initial iteration and “Lm” means limiting iteration. Let
the computation precision ¢ = 0.02. After 80 iterations, the iterative
value function V;(xy) is convergent to the optimum. The trajectories
of iterative states and iterative control law are displayed in Figs. 3.3
and 3.4, where we can see that the system is stable.
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Fig. 3.1. Tterative value function V;(x,) with of(z1) and W°(zy).

Fig. 3.2. Tterative value function V;(z)) with o} (z) and ¥*(zy).
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System states

0 10 20 30 40 50 60 70 80 90 100

50 60 70 80 90 100
Time steps

Fig. 3.3. Tterative states and control with af (x) and ¥°(zy).

System states
o

Lm X,

0 10 20 30 40 50 60 70 80 90 100
Time steps

Control

0 10 20 30 40 50 60 70 80 90 100
Time steps

Fig. 3.4. Tterative states and control with of (x3) and ¥'(zy).
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3.5 Conclusion

In this chapter, an effective local iterative ADP algorithm is devel-
oped to solve infinite horizon optimal control problems for discrete-
time nonlinear systems. Introducing a state-dependent learning rate
function, the iterative value function and iterative control law in
each iteration of the algorithms can both be updated using the par-
tial state data in a given subset of the state space, instead of the
whole state space. For many real control systems, such as process
industry systems [11, 12], smart grids [13, 14], and so on, the system
states are generally operated in a subset of the state space. Thus, the
state data in a subset of the state space can be obtained instead of
the whole state space. This makes the local iterative ADP algorithm
more suitable for real applications than the traditional global ones.
New termination criteria, including convergence and admissibility
criteria, are presented to guarantee the effectiveness of the iterative
control law.
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Chapter 4

Discrete-Time Local Policy Iteration
Adaptive Dynamic Programming

4.1 Introduction

In this chapter, a new policy iteration algorithm, called “local policy
iteration algorithm”, is developed to solve optimal control problems
of discrete-time nonlinear systems. In the developed algorithm, for
the first time, the iterative value function and iterative control law
can both be updated in a given subset of the state space, instead of
updated in the whole state space, which relaxes the computation
burden of the traditional global policy iteration algorithms effec-
tively. It is shown that the traditional discrete-time global policy
iteration algorithms [1-5] are special cases of the developed local pol-
icy iteration algorithm. Convergence properties of the developed local
policy iteration algorithm are analyzed, which shows that the itera-
tive value function is monotonically non-increasing and converges to
the optimum as the iteration index increases to infinity under some
mild constraints. On the other hand, the admissibility of the iterative
control law is proven. Although the iterative control law is updated
by a subset of the state space, it is shown that the system can also
be stable under any of the iterative control laws. Finally, simula-
tion results are given to illustrate the performance of the developed
method.

79
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4.2 Problem Formulations

4.2.1 System descriptions

In this chapter, we study the following deterministic discrete-time
nonlinear system:

Thk+1 :F(xk,uk), kZO,l,Q,..., (4.1)

where x; € R"” is the state vector and u; € R™ is the control vector.
Let x be the initial state and F'(z,ux) be the system function. Let
u, = (ug,ugs1,...) be an arbitrary sequence of controls from k to
00. The performance index function for state xy under the control
sequence uy = (ug,u1,...) is defined as

J(zo, ug) = ZU(mk,uk), (4.2)
k=0

where the utility function U (xy, uy) is a positive definite function for
xy, and uy.

The goal of this chapter is to find an optimal control scheme
which stabilizes the system (4.1) and simultaneously minimizes the
performance index function (4.2). For convenience of analysis, results
of this chapter are based on the following assumption.

Assumption 4.1. The system (4.1) is controllable on a compact
set Q, C R™ containing the origin, and the function F(zj,uy) is
Lipschitz continuous on §2,; the system state x; = 0 is an equilibrium
state of system (4.1) under the control u; = 0, i.e., F'(0,0) = 0; the
feedback control uy = u(zy) satisfies up = u(zy) = 0 for xx = 0.

Define the control sequence set as i, = {gk: up =
(Ug, Ugt1y---), YVugr; € R™ i = 0,1,...}. Then, for an arbitrary
control sequence u;, € Y., the optimal performance index function
can be defined as

J (k) = main {J (@, w) -y, € Ly} (4.3)

According to Bellman’s principle of optimality, J*(zy) satisfies the
discrete-time HJB equation

J (@) = min {U (g, up) + J7(F (g, wp))}- (4.4)
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Define the law of optimal control as

u*(xy) = arg mu}cn {U(xg, ug) + J*(F(zg,ug))} (4.5)

Hence, the HIJB equation (4.4) can be written as
J (xp) = Ulzg, u*(zg)) + T (F(ag, u*(zx))). (4.6)

Generally, the HJB equation (4.6) is computational untenable by
traditional dynamic programming due to the curse of dimensionality.
To overcome this difficulty, a new iterative ADP algorithm will be
developed.

4.2.2 Descriptions of the local iterative ADP algorithm

In this section, a local iterative ADP algorithm is developed to obtain
the optimal control law for the nonlinear system (4.1). In the local
iterative ADP algorithm, the value function and control law are
updated by iteration, with the iteration index ¢ increasing from 0
to infinity. For i = 0,1,..., define {Z!} as a sequence of state sets,
which satisfies £ C Q,, Vi.

For all zp € Q, let vo(zx) be an admissible control law. For all
x € Qy, let Vo (zk) be the initial iterative value function that satisfies
the following generalized HJB (GHJB) equation:

Vo(zk) = Uz, vo(2k)) + Vo(@rt), (4.7)

where 211 = F(x1,v0(x1)). Then, for all 7, € £, the local iterative
control law v (z) is computed as

vi(ay) = argmin {U (wg, uk) + Vo(zk+1)} (4.8)

and let vy (xy) = vo(wy), for all zy € Q,\.Z0.
For all zj € g, let Vi(xx) be the iterative value function that
satisfies the following GHJB equation:

Vi(zg) = U(zk, vi(zr)) + Vi(F(2k, v1(21)))- (4.9)
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For ¢ = 1,2,..., let Vj(zx) be the iterative value function that
satisfies the following GHJB equation:

V;(.%'k) = U(Z’k, vz(mk)) + VZ(F(.%'k, vz(mk))) (4.10)

For all x), € Z2, the iterative control law v;11(x)) can be computed
as

vit1(z)) = arg muin {U(zk, uk) + Vi(zps1)}

= argmin {U(wy, ux) + Vi(F (2x, ur))}, (4.11)

and for all zp € Q,\Z%, let vy 1(zx) = vi(wy).

Remark 4.1. In Ref. [2], a discrete-time global policy iteration algo-
rithm was developed to obtain the optimal control law for the nonlin-
ear system (4.1). However, in each iteration of the traditional global
policy iteration algorithm in Ref. [2], it was required that the iter-
ative value functions and iterative control laws were both updated
for the whole state space, which limited its real-world applications.
From the local policy iteration algorithm (4.7)-(4.11), we can see
that for any ¢ = 0,1,..., the iterative control law is updated in
a given subset of the state space, i.e., Zgg C Q,, instead of the
whole state space. Thus, in each iteration, the developed local pol-
icy iteration algorithm can be implemented when the local data of
the state space have been obtained, which avoids waiting for all the
data of the whole state space for the traditional global policy iter-
ation algorithms [1, 2, 4]. Thus, the computation efficiency of the
developed local policy iteration algorithm is high and the compu-
tation burden of local policy iteration algorithm is relaxed. On the
other hand, letting 2! = Q,, Vi =0, 1,. .., the local policy iteration
algorithm is reduced to the traditional global one. Hence, the global
policy iteration algorithm is a special case of the local policy iteration
algorithm.

4.3 Properties of the Local Iterative ADP Algorithm

In this section, the properties of the local policy iteration algorithm
are discussed. First, the monotonicity property of the iterative value
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function is presented and the admissibility of the iterative control law
is discussed. Then, the convergence properties are developed. Under
different constraints, it is shown that the iterative value function will
converge to local and global optimum, with the corresponding local
and global optimality proofs.

Before the main theorems, the following lemma is necessary.

Lemma 4.1. Let p(zy) be an admissible control law. If Assump-
tion 4.1 holds, then there exists an positive definite function P(xy)
that satisfies the following GHJB equation:

Plak) = Ulzr, p(ak)) + P(Tpt1)- (4.12)

Proof. According to the definition of the admissible control law,
we can obtain that

Plak) =Y Ul@rj, plwrs ) < 0o. (4.13)
=0

Letting P(vg+1) = D72 U@k, (Tg+5)), we can obtain (4.12). On
the other hand, according to Assumption 4.1, we have P(zy) = 0 for
xp = 0 and P(zy) > 0 for 25 # 0, which means P(xy) is a positive
definite function. The proof is complete. O

According to Lemma 4.1, for the admissible control law vg(zy), we
know that there exits a positive definite function Vj(zy) that satisfies
(4.7). Thus, the iterative value function Vp(zx) can be defined. Ini-
tialized by an admissible control law vg(zy), the monotonicity of the
iterative value function and the admissibility of the iterative control
law can be developed in the following theorem.

Theorem 4.1. Fori=0,1,..., let Vi(xz) and v;(xy) be obtained by
(4.7)—(4.11). If Assumption 4.1 holds, then we have

(i) for any i=0,1,..., the iterative function V;(xy) can be defined
for all xy € Qy;
(i) for all z) € Q, the iterative value function Vi(xzy) is monoton-

ically non-increasing for any i =0,1,..., i.e.,
Vigr(zk) < Vilze); (4.14)
(i) for anyi=0,1,..., the iterative control law v;(xy) is an admis-

sible control law.



84 Iterative ADP for Self-Learning Optimal Control

Proof. The statement is proven by mathematical induction. First,
we consider ¢ = 0. We know that the iterative control law vg(zy) is
admissible. Let V{(xy), 7 = 0,1,..., be an iterative value function
that satisfies

VIt (@) = Ulag,vizr)) + Vi (@re1), (4.15)

where 71,1 = F(z,v1(zx)) and we let V) (x) = Vo(zx). The iter-
ative control law vi(xy) is obtained by (4.8). From Lemma 4.1, we
know that the iterative value function Vj(x) can be defined for all
xr € Q. Next, we prove that the inequality

Vit (ay) < Volaw) (4.16)

holds for any j =0,1,....
The inequality (4.16) is also proven by mathematical induction.
First, for j = 0 and for all 2, € £, according to (4.8), we can get

Vi (k) = Uz, vi(ag)) + V) (F (g, v1 (21)))
= H&iﬂ{U(Z’k, ug) + Vo(@re1)}

< U(xk, vo(wr)) + Vo(F(zr, vo(zr)))

For j = 0 and for all 2, € Q,\.Z°, we have

Vi(zx) = Ulag, vi(zg)) + V] (F (g, v1(21)))
= Uz, vo(zx)) + Vo(F(zk, vo(z1)))
= Vo(zk). (4.18)
According to (4.17) and (4.18), for all @), € Q,, we have Vi (z;) <
Vo(zg). As Vo(zg) and U(xg,vo(zk)) are both positive definite func-
tions of xy, we have V] (x,) which is a positive definite function of zy.
Assume that (4.16) holds for j =1 —1,1=1,2,..., i.e., Vi(z;) <
Vo(wr), Vap € Q. Then, for j =1 and z; € £, we have
Vit (@x) = Uy, vi(zx)) + VI(F (g, 01 (21))
< Uz, vi(zg)) + Vo(F (zg, v1(zk)))
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= min{U (zx, uk) + Vo(2x+1)}

< U(xr, vo(xr)) + Vo(F(2r, vo(2r)))
= Vola). (4.19)

For z), € Q,\.ZY, we have

Vi (vg) = Ul(ag, vi(zy)) + Vi(F (g, 01 (21)))

( ) (4.20)

Thus, (4.16) holds for any 7 = 0,1,.... The mathematical induction
for (4.16) is complete.
According to (4.15) and (4.16), for any j = 0,1, ..., we can obtain

U@kt 01 (T11)) + VL (Tptj41)

M)~

VI (@) =

IN
S
—~ O

Tk). (4.21)

According to Assumption 4.1, we can derive that for any j =
0,1,... ,V{H(wk) in (4.21) is a positive definite function of xy.
Let j — oo. According to (4.21), for all zj € Q,, we have

J
lim VJH(xk) = lim (ZU :ckH,vl(xk_H)))
j—00 j—00 =0
+ lim Vo(@ktj41)
j—00
< Vo(zg)

< 0. (4.22)

From (4.22), we know that the positive series > %,
U(zgyr,v1(xgy1)) < oo. Thus, for all zp € Q,, we can derive that
Tpy1 — 0 as [ = oo and im0 Vo(2k4j41) = 0, which means that



86 Iterative ADP for Self-Learning Optimal Control

the iterative control law vy (zy) is an admissible control law. Letting

Vi(ay) = lim V7 (), (4.23)
j—o00
we can obtain that
Vio(zy) = U(zg, vi(or)) + V17 (Tr41), (4.24)

where zp+1 = F(xg, vi(xg)). According to the definition of Vi (zy) in
(4.9), we can obtain that

lim V7 () = V9© = Vi(ap). (4.25)

Jj—00

According to (4.21) and (4.25), we can obtain that Vi (zx) < Vo(zk),
Vay € Q. Thus, the iterative value function Vi(xy) in (4.9) can be
defined for all x;, € Q.

Assume the conclusion holds for i = [ — 1,1 = 1,2,..., ie.,
Vi(rg) < Vi—1(zg) and vy(zg) is an admissible control law. For i =,
let V., (xx), j = 0,1,..., be an iterative value function that satisfies

VI ) = Uzw, v (20) + VY, (@), (4.26)

where 241 = F(xp, vi41(z)) and let V7, (z1) = Vi(zy). According
to the idea of the mathematical induction from (4.17)-(4.20), for
j=0,1,... and all z3 € ;, we can obtain that

Yitl

T (@) < Vilan): (4.27)

Letting Vi, (zx) = lim l+1 (xk) we can obtain VY, (zx) < Vi(wy),
Vg € Q. Accordmg to (4.26) and (4.27), for all zj € Q,, we have

J
Vit () = hm <ZU $k+l,vl+1(9€k+l))>
1=0

+ lm Vi(zgij41)
J—00

< Vi(xr)
< 00. (4.28)
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According to (4.22)—(4.24), we can obtain that

Z U(karl’ UlJrl(warl)) < 00 (4.29)
=0
and
Vii(@g) = U(zg, vt (wr)) + Vi (Teg1)- (4.30)

Thus, we can obtain that the iterative control law vy (xy) is admissi-
ble control law, and according to (4.10), we have Vi1 (xx) = V¥, (v)-
Thus, the iterative value function V1 (zx) in (4.10) can be defined
for all 3, € Q, and Viy1(zx) = Vi¥, (zx) < Vi(z). The mathematical
induction is complete. O

In each iteration of the local policy iteration algorithm (4.7)—
(4.11), the iterative control law v;(xy), ¢ = 0,1,..., is updated in a
given subset of the state space, .2 C €2, while the iterative control
law in .27\ (2, is kept unchanged. In this situation, the iterative value
function may also be updated in a subset of the state space. This
property is shown in the following theorem.

Theorem 4.2 (Local iteration property). For i = 0,1,..., let
Vi(zk) and vit1(xg) be obtained by (4.7)—(4.11). For i =0,1,..., let
Gi C Q, be the state set, such that for all x), € G, the system state
satisfies

F(xk,v¢+1(xk)) S ,,%ZZ (4.31)

Then, we have

Vi1 (zr) = Vi(wp), Vo € Q\(ZLLUZL). .

Proof. For i = 0,1,..., define the iterative value function
Vf:ll(xk) as (4.26), j = 0,1,..., where V? ,(z}) = V;(a}) and the
iterative value functions V;(xy) satisfy the GHJB equations (4.7) and
(4.10).

First, for j = 0, we have

Vil-i-l(xk') = U(:Ek, ’UZ'+1($]<;)) + V?_,.l(xk‘-i-l)a (433)
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where v;,1(z) is the iterative control law. If 2 € £, we have
Vi (k) = Uwg, vigr (k) + Vo1 (Te41)
= Ulap, vigr(zr)) + Vi(@pt1)
= H&in{U(u’Ukauk) + Vi(®rt1)}
< Uk, vi(zr) + Vi(@her)

If 2 € Q,\.Z%, according to the definition of v;,1(zy) in (4.11), we
can get

Vi (@e) = Ul@e, vigr (wr) + Vi (@)
= U(wk, vi(zk)) + Vi(Trs1)
(k) (4.35)

Thus, (4.32) holds for j = 0. According to (4.34) and (4.35), we can
obtain Vﬂ(xk) < Vi(xp), Vg € Q. Consider j = 1. For all 2, € Q,,
there are four cases which can be displayed as

Casel: xp € i”; ﬂ%xi;

Case?2: zj, € L' N (Q\D));
Case3: z3 € (Q.\L) NG,
Cased: zp € (2\L) N (Q\ZD).

[
g

Considering Case 1, according to (4.34), we have
)+ Vi ()
< Ulzg, vi1 (k) + Vi(Tptr)
< Vi), (4:36)

Vi+1(.%'k) = U 1‘k,vl+1 Tk

Considering Case 2, we have F(xy,vii1(zg)) € Z%. According to
(4.35), we can get
Vi (zk) = Ular, vis (2r)) + Vi (2a11)
= Uz, vig1 (k) + Vi(@pt1)

i(Tg). (4.37)

IN
<j
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Considering Case 3, according to (4.34), we have

V21 (z) = Uz, visr (zr)) + Vi (The1)

(@r, vi(2r)) + Vi (@r11)

(z, vi(zr)) + Vi(@g11)

i(xg). (4.38)

IA A
~ S S

Considering Case 4, according to (4.35), we can get

V2 (zr) = Uz, visr (zr) + Vi (Th41)

= Ul(ay, vi(ax)) + Vi (2h41)
— Vi(on). (4.39)
According to (4.36)—(4.39), we can get that (4.32) holds for j = 1.
According to mathematical induction, for any j7 = 0,1,..., we
can obtain
(i) Vgrll(xk) < Vi(xy), Vo, € LiNG
(i) VI (@e) < Vi), Van € 200 (Q\Z);
(i) VI (2x) < Vilow), Vo € (\Z) NG5
(iv) VI (er) = Vi(a), Vag € (2\2) N (2\Z).

Thus, we can obtain

i1 7 7
{ I () < Vilaw), Vg € (ZIU9)), (4.40)

VI () = Vi(a), Vo, € Q\(ZUZD).
According to Theorem 4.1, we have Vi1 () = V¥, (21), Vi=0,....
Letting j — 0o, we can obtain (4.32). The proof is complete. O

From Theorem 4.2, the iterative value function V;(zy) is local
updated for any ¢ = 0,1,.... From Theorem 4.1, we know that for
any ¢ = 0, 1,..., the iterative value function V;(zy) is positive definite
for x,, which means V;(xy) is lower bounded for all xj, € Q.. As for
all z, € Q,, the iterative value function Vj(zy) is monotonically
non-increasing as ¢ increases. Hence, the convergence property of the
iterative value function can be analyzed.
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As for i = 0,1,..., the iterative control law is updated in £,
for an state T € Q,, it can be located in several state sets, i.e.,
zpe{Zongrn---}4,€{0,1,...},n=0,1,.... Let

To = {inlzx € L7 iy € {0,1,...},n =0,1,...}. (4.41)
Let m, denote the number of the elements in 7., which is expressed as
e = [Tzl (4.42)

Then, we can derive the following theorem.

Theorem 4.3 (Local optimality property). For i = 0,1,...,
let Vi(xzg) and vit1(xg) be obtained by (4.7)—(4.11). If my in (4.42)
satisfies m, — 00, that is,

ap € ?woozgi”, ip€{0,1,...}, (4.43)
77:

then the iterative value function will converge to a solution of the
HIJB equation (4.4) for all z, that satisfies (4.43).

Proof. According to (4.41), without loss of generality, we assume
that ig < iy < -+ < iy < ---. From (4.42), for m, — oo, we
know that n — oco. According to Theorem 4.1, as the iterative value
function V;(xy) is a non-increasing and lower-bounded sequence, the
limit of the iterative value function V;, () exists as 7 — oo. For all
zy € Q, define the value function V= (z;,) as the limit of the iterative
value function Vj(zy), i.e.,

VE(xp) = Jim Vi, (). (4.44)

For any n = 0,1,... and zy € Q,, according to (4.26), the iterative

. 1 .
value function Vg;rl(xk) is

Vﬁ:j}l(ﬂck) = U(zk, viy+1(2x)) + Vz{,ﬂ(xkﬂ)’ (4.45)

where w11 = F(xp,vi,+1(71)), V%H(xk) = Vi, (wx), and v;, 41 is
defined in (4.11).
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For j = 0, according to (4.34) and (4.35), we can obtain that

Vi (xp) < Vi (21), Vo Efxi”,
21,7+1( k) < Vi, (k) k i (4.46)
Vz‘n-i—l(xk) = Vin (ack), ka S Qx\gx"’
which means
Vi () < Vi, (z), (4.47)
Vrxyp € Q. For j =1, for all z, € Q,, we can get
Vi (k) = Ul vy 1 (21) + Vi (@r41)
< U(ag, vigr1(z) + Vi 1 (@r41)
=V 1 (xp). (4.48)
Using mathematical induction, for all z; € €, and 7 =0,1,..., we
can obtain
VI n) <V (). (4.49)

Letting 7 — o0, according to Theorem 4.1, for any n = 0,1, ... and
Vi € ., we can obtain

Vi (o) 2 Im Vi (o) = Vi (@), (4.50)

According to (4.45) and (4.47), for all z; € LI we have
Vi 1(@r) = Uz, vigra(r) + Vi) (241)
= muin{U(ack, ug) + Vi) 41 (Tri1)}
= H&in{U(.%'k, ug) + V;n (1)}

<V, (zr). (4.51)
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Letting n — oo, we can get that

min{U (zx, ug) + Vi (wri1)} < Vic () (4.52)

holds for all z; € NP2, X;”. On the other hand, according to (4.50),

for z;, € £,", we can obtain

Viln—l—l(xk) = H&}cn{U(xk’ uk) + V;n (:Ek"'l)}

> Vipr1(zp). (4.53)
Letting n — oo, for all z;, € NP2 ﬂ;g”, we can get
min{U (o, ) + VE(i)} > VE() (4.54)

Combining (4.52) and (4.54), we can obtain that for all z, €
=0 ", the limiting iterative value function V£ (xy) is a solution
of the following HJB equation:

Vi (k) = min{U (g, u) + Vi (zkr1)} (4.55)

The proof is complete. O

Theorem 4.4 (Non-global optimal property). For i =0,1,...
and all xy, € Qy, let Vi(zy) and vig1(xy) be obtained by (4.7)—(4.11).
Let w, — oo, which makes the iterative value function converge to
VE (1) for all xy, that satisfies (4.43), where VX (xy,) satisfies (4.55).
Define

T ={ij|lox € Z" i), €{0,1,...},n =0,1,...}, (4.56)
and

. = |T7|. (4.57)

xT
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If there exists a state xy € Q, which makes 7, < oo, then the con-
verged iterative value function Voﬁo(xk) is not guaranteed to converge
to the optimal performance index function for all x; € Q.

Proof. As m, — oo, for all 23, € 2, defining

V5 () = nlggo v, +1(%k), (4.58)
we can get
VE (1) = Ulwg, v5 (x1) + VE(2r41), (4.59)

where x311 = F(xp,v%(21)). According to (4.57), if there exists a
state xp € €, which satisfies 7}, < oo, then there exists a finite
non-negative integer ¢ > 0, such that

9 i/
T, € N L. (4.60)
n=0

Without loss of generality, we assume that i <) <--- <.
Define £20 = ﬂzzo £ Give a state set f;ﬂ“, such that £+ N
22}9 # (). Let Lo+l — P+l A 22}9 and let z;, satisfy z;, € [oiany

Define a new iterative function T'j(zg) = VE(xx), j = 0,1,...,
where To(z1) = VE(x1), Vor € Q. Define a new iterative control
law Xj(zy), 7 = 0,1,..., where A\g(xy) = v5 (x1), Vo, € Q. For

j=1,2,... and for all ), € 2;’”1, we let
Aj1(ex) = argmin {U (wg, ug) + Lj(2r+1)}, (4.61)

and \ji1 (wr) = Aj(wy) for all 2 € Q,\ L. For j = 0,1,... and all
x € Qg, let

Ljpi(ar)(@r) = Ulze, Aj+1(zk)) + Djga (F(@p, Ajra(2k))). (4.62)
Considering j =0, for all z;, € 2, and [ = 0,1, ..., we let

Y1 (@r) = Ulze, Ar(ar)) + T4 (2h11), (4.63)
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where Tht1 = F(zg, M (z1)) and Y9(x,) = (). Let I = 0. For all

i
x € L7 we can get

YTi(zr) = Ulze, A (2r) + Y9 (The1)
= min{U(zy, u) + 1Y (wx11)}

= I%}CH{U(%, ur) + Ve (@ri1)} (4.64)

According to Theorem 4.3, for all z; € Ny=o i”;", the iterative value

function VZ(xy,) satisfies the HIB equation (4.55). For xy, € e,
where 7/, < oo, we know that zj, € S;ﬂ“\(ﬂ%io Z;"). In this situ-

ation, the iterative value function VZ(x;) may not satisfy the HIB

equation (4.55) under the iterative control law v (x). Thus, for all

z), € £, we can obtain
Ti(zk) = Igin{U(xka ug) + VE(zr41)}
< U(zp, v5 (xk)) + Vi (F(zk, 05 (21)))

= VE(zp). (4.65)

For all z;, € QJC\SE?“, as A1(z) = No(xg), we can get

Yi(wr) = Ul Ai(zy)) + T (w41)

= Uz, Ao(2r)) + Y9 (2p41)
= VE(z1). (4.66)
Thus, we have YT{(zy) < VE(z), Vo € Q. According to the idea
(4.15)-(4.25), we can prove lim; o Y7 (24) = 'y (1) and Ty (z;,) <

VE(xp), Vg, According to (4.26)(4.30), for j = 0,1,... and Vay, €
., we can obtain that

Ljpa(@e) < Tj(ag). (4.67)
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Letting j — 0o, we can obtain
L
Poo(ar) < VE(21), (4.68)

which shows that VZ(z}) is not guaranteed to the optimal perfor-
mance index function on €2,. The proof is complete. O

Remark 4.2. From Theorem 4.4, we can see that if there exists
a state z € €, such that the iterative control law v;(xy) is not
updated for infinite times as i — oo, then we say that the iterative
value function cannot converge to the optimal performance index
function. Thus, to guarantee that the iterative value function con-
verges to the optimum, it is required that all the states in 2, should
be chosen infinite times to update the iterative control law. In this
situation, we say the iterative performance index function can con-
verge to the optimal performance index function. The detail analysis
is shown in the following theorem.

Theorem 4.5 (Global optimal property). For i = 0,1,... and
all xp, € Qy, let Vi(zy) and viyi(xy) be obtained by (4.7)—(4.11).
Let Nj, j = 0,1,..., be non-negative integers, which satisfy Ny <
N1 < - Assume that iy, < ing,, Vj = 0,1,.... If for any
j=0,1,..., the state set £, i =0,1,..., satisfies

ZN? 1

U 2 =Q,, (4.69)
I=in,_;+1

where we let in;,_, = —1 for j =0, then the iterative value function
V}NJ_ (x) = J*(xk), Vor € Qp as j — o0.

Proof. The statement can be proven by the following three steps.

First, as in; <in;y,, Vj=0,1,..., we have in; — 0o as j — oo.
According to Theorem 4.1, for all x € ), the limit of the iterative
value function exits as j — oo, i.e.,

J]—00
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According to (4.69), for any x, € €, we can find i,, where

ip;, € {Q,l,...}, iN;_+1 < dp; < ing, j = 0,1,..., which satisfies
2, € L. Letting j — oo, we can get
2p € ?ﬁ”ozgﬁ”f. (4.71)
j:

According to Theorem 4.2, for z; € N2, .f;pj , the limit of the iter-
ative value function V;, (x) satisfies the HJB equation

VOO(xk) - H&}Cn{U(xkv uk) + Voo(karl)}' (4'72)

As zy, is arbitrary in ,, we have (4.72) which holds for all xj, € Q,.
Next, let p(zg) be an arbitrary admissible control law, and define
a new value function P;y;(zy), which satisfies

Piv1(xk) = Ulzk, p(zg)) + Pi(@p+1), (4.73)
where Py(z)) = Voo (zg). For i = 0, we have
Pi(zr) = Ulzk, p(zx)) + Po(F(2k, p(zk)))
> Uk, w(w)) + Voo (F(k, (1))
2 min{U (zx, uk) + Voo (Zk11)}
= Voo(z). (4.74)
Assume
Pi(wr) > Voo(zk) (4.75)
holds fori=1—1,1=1,2,.... For j =1, we have
P (k) = Ulzp, p(w)) + Pu(F (2, plzr)))
= Uy, plar) + Voo (F (@, (k)
2 min{U (wr, uk) + Voo (2k+1)}

= Voo (xp). (4.76)
Thus, for i = 0,1,..., and for all 3 € €, we can derive that
Pit1(zr) > Voo(wp). (4.77)

The mathematical induction is complete.
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Next, according to the definitions of Vj(zx) and J*(xy) in (4.9)
and (4.3), respectively, for Vi = 0,1,..., we have

Vi(zr) > J* (). (4.78)
Let i — o0, and then we can obtain
Vo) > J* (21,). (4.79)
According to (4.77), we have

N

Pisa(wr) = > Ul@rrj i(@rrs)) + Po(@hpni1)
7=0

> Vo (). (4.80)
Letting ¢ — oo, we can obtain
o0
D U@k mlwrrs)) > Voolar) (4.81)
7=0

which holds for an arbitrary control law p(zy). Let p(zy) = u*(xy),
where u*(z},) is an optimal control law. Then, we can get

Voo(wg) < J* (). (4.82)

According to (4.79) and (4.82), we can obtain Vi (zx) = J*(xg),
for all xj € .. The proof is complete. O

4.4 Simulation Example

To evaluate the performance of our local iterative ADP algorithm,
an example is given for numerical experiment to solve the approxi-
mate optimal control problems. We consider the following non-affine
nonlinear system [2]:

T1 = —x1 + T2U,

iy = —x9 + (14 23)u + u. (4.83)
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Discretizing the system with the sampling interval AT = 0.1s leads to
Ti(k+1) = (1 - AT):CM; + AT xopuy,
To(kt1) = (1 — AT)zo, + AT(1 + o3 up + AT, (4.84)

The utility function is chosen as U(xg,ug) = xZka + ugRuk,
where Q = 2I, R = 2[5, and I, Iy are identity matrices with
suitable dimensions. We choose the state space as €2,. Let the ini-
tial state be xg = [1,—1]T. According to Algorithm 1 in Ref. [2],
we can obtain the initial admissible control law by action net-
work, where the initial admissible control law can be expressed as
Vo (wk) = Wa,initialU(Ya,initialxk + ba,initial)- The Weight matrices of the
action network for the admissible control law are obtained as

W initial = [—1.70 —0.18 0.00 —0.93 —0.00
0.02 —0.02 —0.01 0.07 0.03] ,

—0.05 —0.33 —2.44 —0.45 —10.66
0.52 4.32 —-2.73 0.03 —-8.63

a,initial =

—0.17 —3.314.04 029 531 7"
—4.07 —0.19 5.58 —3.41 —0.01]

and
ba,initial = |—0.28 5.12 0.82 0.28 1.51
—0.52 —0.98 4.92 —2.15 4.16] .
For i =0,1,..., we update the iterative value function and iterative

control law for all x; € Z;enl(i’4). According to the initial admissible

control law vg(z), we implement the local policy iteration algorithm
for 30 iterations to reach the computation precision € = 0.01. The
plots of the iterative value function are shown in Fig. 4.1(a). The
corresponding trajectories of the states and controls are shown in
Figs. 4.1(b) and 4.1(c), respectively. From Fig. 4.1(a), we can see that
the iterative value function is monotonically non-increasing and con-
verges to the optimal performance index function. The correspond-
ing states and controls also converge to their optimums. The optimal
trajectories of the states and control are shown in Fig. 4.1(d).
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(c) (d)

Fig. 4.1. Simulation results for local policy iteration algorithm. (a) Iterative
value function. (b) State trajectories. (c) Control trajectories. (d) Optimal state
and control trajectories.

Now, we implement the traditional global policy iteration algo-
rithm [2] for 30 iterations. The plots of the iterative value functions
are shown in Fig. 4.2(a). The iterative state and control trajectories
of the global policy iteration are shown in Figs. 4.2(b) and 4.2(c),
respectively. The optimal states and control by the traditional global
policy iteration algorithm [2] are shown in 4.2(d), which is the same
as the optimal states and control by the developed local policy iter-
ation algorithm in this chapter. From Figs. 4.1 and 4.2, we can see
that both of the local and global can make the iterative value func-
tion converge to the optimum and obtain the optimal control law of
the system, although the convergence processes between the global
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(c) (d)

Fig. 4.2. Simulation results for traditional global policy iteration algorithm [2].
(a) Iterative value function. (b) State trajectories. (c) Control trajectories.
(d) Optimal state and control trajectories.

and local policy iteration algorithms are different. This shows the
effectiveness of the developed algorithm.

Now, we let £ = £%,Vi=0,1,.... Implementing the developed
local policy iteration algorithm for 30 iterations, the iterative value
functions are shown in Fig. 4.3(a). We can see that the iterative value
function V;(zy) is monotonically non-increasing and convergent as i
increases. The convergence trajectories of the iterative states and
controls are shown in Figs. 4.3(b) and 4.3(c), respectively. Although
the convergence of the iterative value function and the corresponding
state and control can be guaranteed for £ = £9 Vi = 0,1,...,
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(c) (d)

Fig. 4.3. Simulation results for local policy iteration algorithm for .Z! = £°.
(a) Iterative value function. (b) State trajectories. (c) Control trajectories.
(d) The converged and optimal performance index functions.

from Fig. 4.3(d), we can see that the iterative value function for
L= £ does not converge to the optimum. The trajectories of the
converged states for .2} = £Y and the optimal states are shown in
Fig. 4.4(a). The trajectories of the converged control for .2 = £
and the optimal control are shown in Fig. 4.4(b). We can see that
the converged states and control for 2! = Z0 are different from the
optimal states and control. Thus, we say that if there exits a state
xp € Qg such that the iterative control law v;(z) is not updated
for infinite times as ¢ — oo, then the optimality of the converged
iterative value function cannot be guaranteed.
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Fig. 4.4. State and control trajectories. (a) The converged and optimal states.
(b) The converged and optimal controls.

4.5 Conclusion

In this chapter, a new local policy iteration ADP algorithm is
developed to solve optimal control problems for infinite horizon
discrete-time nonlinear systems. In each iteration of the developed
discrete-time local policy iteration algorithm, the iterative value
function and iterative control law can be updated in a given subset
of the state space, instead of updated in the whole state space. It has
been shown that the iterative value function is a monotonically non-
increasing and convergent sequence as the iteration index increases.
Under different constraints of the state set £, i = 0,1,..., it has
been proven that the iterative value function may converge to local
or global optimum. The admissibility of the iterative control law is
proven, where the stability of the control system can be guaranteed
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under the iterative control law. Comparisons between the local and
global policy iteration algorithms have been displayed in the sim-
ulation studies and the effectiveness of the developed local policy
iteration algorithm has been justified by the simulation results.
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Chapter 5

Continuous-Time Time-Varying
Policy Iteration

5.1 Introduction

Most existing researches about policy iteration ADP algorithms
focused on time-invariant nonlinear systems [1-6]. The main difficulty
in investigating the policy iteration of time-invariant nonlinear sys-
tems lies in the complexity of solving the Hamilton-Jacobi-Bellman
(HJB) equation. For the time-invariant systems, the performance
index function and optimal control laws can be derived by the states
of systems. In this situation, the HJB equation of time-invariant sys-
tems is an ordinary differential equation, which can approximated
by some time-invariant iterative functions. However, time-varying
systems are ubiquitous in real world. For time-varying systems, the
optimal control law and performance index function are described by
time-varying functions, which are very different from time-invariant
systems. Furthermore, the HJB equation is described by a partial
differential equation in time-varying systems, which is not applica-
ble to approximate by a sequence of time-invariant iterative func-
tions. Hence, the policy iteration and the property analysis for time-
invariant systems may not be available for time-invariant systems.
As far as we know, there are still no results on the policy iteration
algorithms to obtain the infinite horizon optimal control laws for
time-varying nonlinear systems in continuous-time cases.

In this chapter, a novel policy iteration algorithm, called
“continuous-time time-varying (CTTV) policy iteration algorithm?”,

105
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is presented to obtain the optimal control laws for infinite horizon
continuous-time time-varying nonlinear systems. The ADP technique
is utilized to get the iterative control laws for the optimization of the
performance index function. The properties of the CTTV policy iter-
ation algorithm are analyzed. Monotonicity, convergence, and opti-
mality of the iterative value function have been analyzed, and the
iterative value function can be proven to monotonically converge to
the optimal solution of the HJB equation. Furthermore, the iterative
control law is guaranteed to be admissible to stabilize the nonlin-
ear systems. In the implementation of the presented CTTV policy
algorithm, the approximate iterative control laws and iterative value
function are obtained by neural networks. Finally, numerical results
are given to verify the effectiveness of the presented method.

5.2 Problem Formulations

In this chapter, the following continuous-time time-varying (CTTV)
nonlinear systems are investigated

&= F(x,u,t). (5.1)

Let x = z(t) € R"™ denote the system state, and u = u(t) € R™ rep-
resent the control input. Let F(x,u,t) represent the system function.
Let xy be the initial state. To analyze the dynamics of system (5.1),
the following assumption is given.

Assumption 5.1. System (5.1) is controllable on a compact set
2 C R” including the origin; the system function F(x,u,t) satis-
fies Lipschitz continuous conditions for z and wu; equilibrium point
of system (5.1) with the control inputs v = 0 is = 0, ie.,
F(0,0,t) = 0, Vt > 0; the control law w(z,t) can be continuous
on Q and u = u(x,t) = 0 is satisfied for x = 0.

To analyze the optimal control laws of system (5.1), the perfor-
mance index function can be regarded as

T t) = /t  Ua(r), ulr), 7)dr, (5.2)

where U(x,u,t), Vt > 0, represents the utility function of the sys-
tem, and it is defined as a positive definite function. The following
definition is exhibited to describe the policy iteration algorithm.



Continuous-Time Time-Varying Policy Iteration 107

Definition 5.1. A control law wu(z,t) is called an admissible con-
trol law for system (5.1) on Q, if u(z,t) is continuous on 2 with
u(0,t) = 0, and u(z,t) stabilizes system (5.1), which simultaneously
guarantees J(z,0) to be finite under u(z,t), Vg € Q.

Assuming that admissible control laws on € are denoted by ¥(£2)
and the admissible control input satisfying u € U(Q), if the following
value function

Vi t) = /t T Uw(r), (), 7)dr (5.3)

is a continuously differentiable function, the nonlinear Lyapunov
function can be derived into the following infinitesimal version

-
0=U(z,p,t)+ <%§’t>> F(z,p,t) + %, (5.4)

where V' (0,¢) = 0 holds for all ¢ > 0. Thus, according to principle of
optimality, the optimal performance index function can be considered
as

J*(z,t) = min {/OO U(x(T),,u(ac(T),T),T)dT}, (5.5)
rev () \ J¢
which satisfies the Hamilton-Jacobi-Bellman (HJB) equation
OJ*(x,t)
T

= n%m {U(x, u,t) + (W)TF(@ u, t)}

(o T
=U(x,u"(z,t),t) + (%ﬁ) F(z,u"(z,t),t), (5.6)

with J*(0,¢t) = 0, Vt > 0, where u*(z,t) represents the optimal
control law.

5.3 Continuous-Time Time-Varying Policy Iteration:
Derivations and Properties

The detailed derivations of the developed CTTV policy iteration
algorithm are introduced in this section. The admissibility of the
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proposed iterative method and the corresponding convergence anal-
ysis are also discussed, which aim to show that the iterative value
function converges to the optimum.

5.3.1 Derivations of the CTTV policy iteration
algorithm

In the developed policy iteration methods, it is necessary to update
the value function and control law at every iteration and the iteration
index ¢ increases from 0 to oo.

The algorithm is initialized by vo(z,t) € ¥(£2), Vx € R™ and
Vt > 0, which denotes an arbitrary initial admissible control law.
The function Vj(z,t) is defined as the iterative value function, such
that

Vol )\ Vo(a, )
U t),t — | F t),t —_—
(@nte0,) + (PUED) P (o) + 20
=0. (5.7)
For ¢« = 0,1,..., we can calculate the iterative control law

viy1(z,t) by

vi1(x,t) = arg muin {U(:c,u,t) + (W) F(m,u,t)} . (5.8)

According to v;j41(z,t), i = 0,1,..., the update laws of iterative
value function Viyq(z,t) is

Vi (

.
U(:c,vl-+1(:c,t),t)+< 8;”) P2, 011 (2,1),1)

+ avi-l-l(x ) t)

ot
The iterative laws of the CTTV policy iteration algorithm are
introduced in (5.7)—(5.9), which are different from the traditional
updated laws of policy iteration for time-invariant nonlinear systems.

= 0. (5.9)

Remark 5.1. The iterative laws of the CTTYV policy iteration algo-
rithm are introduced in (5.7)—(5.9), which are different from the tra-
ditional update laws of policy iteration for time-invariant nonlinear
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systems. First, for the traditional polity iterations, the iterative value
function can be defined as the function of the system state x, which
means that the term d‘g;g(f) is used for the achievement of the iterative
control law. In CTTV policy iteration algorithm (5.7)—(5.9), iterative
value function is related with both the system state x and the time ¢
such that the term W is adopted to derive the iterative control
law. Second, for the traditional polity iterations, the iterative value
function Vj(z) can be calculated by solving the following ordinary

differential equation

U(x,vi(x))qL(d‘gi )> F(z,vi(x)) = 0. (5.10)

For the developed algorithm (5.7)—(5.9), the iterative value function
Vi(z,t) is obtained by solving a partial differential equation (5.7) or
(5.9), which is more difficult to obtain the solution. When the sys-
tem is time-invariant, the partial differential equation (5.9) is reduced
to (5.10). Hence, the traditional policy iteration algorithms can be
regarded as special case of the proposed CTTV policy iteration algo-
rithm. In addition, considering the parameter ¢, the traditional prop-
erty analysis methods may be not applicable for the developed CTTV
policy iteration algorithm. Thus, some novel methods for property
analyses are established in the following.

5.3.2 Property analysis

In this subsection, the characteristics of the CTTV policy iteration
algorithm containing admissibility, convergence, and optimality are
analyzed. In Ref. [1], considering the continuous-time time-invariant
affine nonlinear systems, it was proven for the policy iteration algo-
rithm that the iterative value function will monotonically converge
to the optimum. Many subsequent discussions on policy iteration
algorithm followed the proven idea. Different from the results in
Ref. [1] obviously, the control system (5.1), investigated through-
out this paper, is a time-varying system. Furthermore, the control
system (5.1) is not necessary an affine nonlinear system. Thus, the
property analysis in Ref. [1] may be not available for the proposed
CTTV policy iteration algorithm and new analysis method will be
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established. For further discussion, it is necessary to give the follow-
ing lemmas.

Lemma 5.1. For i = 0,1,..., let Vi(x,t) and v;(x,t) be updated
by (5.7)-(5.9). If the iterative control law v;(z,t) is admissible for
system (5.1), there exists an iterative value function Vi(x,t) which

satisfies (5.7) and (5.9).

Proof. If the control law v;(x,t),7 = 0,1,..., is admissible control
for system (5.1), we have

/tOO U(x(7),vi(x(T),T), 7)dT < 00. (5.11)
Define
Viat) = /too Ua(r), vi(a(r), 7),7)dr. (5.12)
For i =0,1,..., taking the derivative of V;(z,t) along ¢, it is easy to
derive
(L/gz’ 7j)>TF(nlc, vi(x,t),t) + Lvig;’ )

= U(z(o0),v;(x(00),00),00) — U(x(t),v;i(x(t),t),t), (5.13)

which are (5.7) for i« = 0 and (59) for ¢ = 1,2,...,
as U(z(o0),vi(x(00),00),00) = 0 for the admissible control
law v;(x,t). O

Lemma 5.2. Assume that V;(x,t) and v;(z,t) are updated by (5.7)—
(5.9) for i = 0,1,.... If vi(x,t) is admissible for system (5.1) and
Assumption 5.1 holds, Vi(z,t) is always positive for any i =0,1,....

Proof. If w;(x,t) represents the admissible control law, i =

0,1,..., according to Lemma 5.1, V;(x,t) satisfies (5.12). Accord-
ing to Assumption 5.1, for z = 0, we know v;(z,t) = 0 and
F(z,vi(xz,t),t) = 0. For the positive definite utility function

U(z,u,t), it implies V;(x,t) = 0. For any « # 0, due to the posi-
tive definite characteristic of U(z,u,t), we have U(z,v;(z,t),t) > 0.
According to (5.12), it shows Vj(z,t) > 0. The proof is complete. O
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First, the relationship between the performance index function
and the iterative value function will be discussed.

Theorem 5.1. Vj(z,t) and vi(x,t) are updated based on (5.7)~(5.9)

for i =0,1,... If control input v;(x,t) is admissible and there is an
iterative value function Vi(x,t), for j =0,1,..., satisfying
oVi(z,t T oVi(z,t
U(z,vit1(z),1) + <%> F(z,vi41(2),1) + %
oVi(x,t T oV;(x,t
< Ulaognnt) + (Z420) Flavpa(onn + 200
(5.14)
then the following conclusion
Vi(z,t) < Vi(z,1) (5.15)

can be obtained.

Proof. Taking derivatives of V;(x,t) and Vj(z,t) along viy1(x,1),
we have

dVi(e,t)  dVj(e,1) _ (avx:c,t)

T
dt dt o > F($,U2‘+1(1’,t),t)

_ (%) F(x,vip1(z,t),1)
. avzé;c,t) B an;faf)' (5.16)

According to (5.8), for j =0,1,..., we can get

vjt1(x, t) = arg muin {U(m,u,t) + <w) F(x,u,t)} . (5.17)
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Then, according to (5.16) and (5.17), we can derive (5.18).

Wile,t) Vi)
dt dt
T .
<8V z,t) F(z,vit1(x,t),t) + ngf’t)

+ U(-T UZJrl(:E’ t

T
(6‘/6(;6 t)) F(z,vip1(z,t),t) — T’

—U(z,vig1(x,t),t)
i\ <L 4 i\T,
:min{ (%ﬁ) F(w,u,t)—f—%tt)—i-(f(x,u,t)}

u

- min{(%) F(z,u,t) +w +U(:U,u,t)}

u

(o (250 Pty 2550 4 )

u

((8‘/6(;6 t)) F(z,vi11(,t),1) +%

+ U(w,viﬂ(x,t),t))). (5.18)

Defining V;(x,00) = limy_,~ Vi(z,t), as v;(z,t) is an admissible
control law, according to (5.9), for ¢ =0, 1,..., we can derive

/ iz, 7) dr = Vi(z,00) — Vi(x,t)
¢ dr

- _ /too U(z,vi(x), 7)dT. (5.19)

Then, we get

Vi(z,t) = /tOO U(z,vi(x), 7)dT, (5.20)
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and Vj(z,00) = 0. According to (5.18), we can obtain

/ 7d‘/i(m’7)d¢§/ dvi@,t) 4. (5.21)
t t

T dr
According to (5.18)—(5.20), it is shown that
Vile, 00) — Vile,1) < Vj(,00) - Vi (a,), (5.22)
which can obtain (5.15) immediately. The proof is complete. O

Corollary 1. Let v;(x,t) represent the iterative control law in (5.8),
i=0,1,.... If vi(z,t) in (5.8) is admissible, then the iterative value
function Vi(x,t) satisfies

Vi(z,t) > J*(z,1). (5.23)

Proof. Let J*(x,t) denote the optimal performance index function,
which make (5.6) hold. For an admissible control law v;(x,t), the
iterative value function V;(x,t) always satisfies (5.7) or (5.9). Thus,
we can derive

min {U(:c, u,t) + (%)T F(z,u, t)}

Vi(,t)
- <0, (5.24)

According to the HJB equation (5.6) and (5.24), it shows

i\ L T i\Z,
m&n{U(:ﬂ,u,t) + <w> F(m,u,t)} + %

. O (z, 1)\ dJ*(x,1)
< _ _—.
< min {U(x,u,t) + ( e > F(m,u,t)} + T

(5.25)

The conclusion of this corollary can be drawn based on Theorem 5.1.
0
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Based on Corollary 1, it can include that Vj(z,t) will never be
smaller than the optimal performance index function with the admis-
sible control laws. Hence, the optimal value of performance index
function can be considered as the infimum of the iterative value func-
tion under this situation. This is an important property for CTTV
policy iteration algorithm. According to the above properties of the
iterative value function, the admissibility of the iterative control law
in the CTTYV policy iteration algorithm will be analyzed.

Theorem 5.2. For i = 0,1,..., assume that Vi(z,t) and v;(x,t)
are updated by (5.7)~(5.9). If the iterative control law v;(xz,t) is
admissible, then viy1(x,t) is admissible.

Proof. If iterative control law v;(z,t) is admissible, the iterative
value function V;(x,t) satisfies (5.12). Defining v;41(z,t) in (5.8), we
have

OVi(xt) [ OVi(z,t)\" |
ot + < o F(xvvl-i-l(xvt)vt)

+ U(z,vi41(z,t),t) <O0. (5.26)

From Lemma 5.2, it is obvious to draw the conclusion that V;(z,t)
is always a positive definite function. Choose V;(x,t) as the Lya-
punov function candidate. Calculating the derivative of V;(z,t) along
viy1(x,t), according to (5.26), we have

Vi, t) _ Vi(wt)  (Vile )\T
dt - ot + ox F($,UZ+1(1’,t),t)

< —U(m,viﬂ(m,t),t). (5.27)

Thus, it is shown that the iterative control law v;y1(z,t) is a stable
control law for system (5.1) and it is easy to get the derivations
limy o0 U (2, 0541 (2, t),t) = 0.

Let W (x,t) stand for a value function, such that

W(x,t) = /tOO U(z,vit1(z, 1), 7)dT. (5.28)

Next, we will give the proof that W(x,t) is finite, Yz € R". By
calculating the derivative of W (x,t), we have
dW (z,t)

= = Uz via(@,0),0). (5.29)
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According to (5.26), we obtain

dV;(z,t) - dW (z,t)
e~ dt

Based on Theorem 5.1, we have

Va € R™. (5.30)

Vi(z,t) > W(x,t), (5.31)

which shows W (x,t) is finite. Hence, we can get the conclusion that
vit1(x,t) is admissible, which completes the proof. O

Then, we analyze characteristics of the proposed CTTV policy
iteration algorithm such as convergence and optimality.

Theorem 5.3. Assume that Vi(x,t) and v;(x,t) are updated by
(5.7)—(5.9). If vo(z,t) is admissible, then the iterative value function
Vi(z,t) is monotonically non-increasing, i.e.,

Viri(w.8) < Vilw,1), Vo € RY, (5.32)
and it will converge to the optimum J*(z,t) as i — oo, i.e.,

lim Vj(z,t) = J*(z,1). (5.33)
1—00
Proof. Consider i = 0. If the initial control law vy (z,t) is admissi-
ble, based on Theorem 5.2, vy (x,t) is also an admissible control law.
Taking the derivative of Vj(x,t) along vy (z,t), according to (5.26),
we have

dVol(w,t)  OVa(w,t) [ OVolz,t)\"
dt 8t + 837 F(CE,’Ul(IE,t),t)

< —Ulz,vi(x,1),1), (5.34)

which obtains

dVo(z,t) _ dVa(z,t)
< R"™. .
TR R Vz € (5.35)

Based on Theorem 5.1, we can draw the conclusion that Vp(z,t) >
Vi(z,t), Vo € R"™. Assume that the inequality (5.32) holds for i =
[l —1,1 = 1,2,.... Then, we consider the situation for i = [. As
vo(z,t) is an admissible control law, according to Theorem 5.2, it can
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derived that the iterative control law v;(x, t) is admissible. According
to Lemma 5.1, there exists an iterative value function V;(z,t), such
that

-
U(z,v(z,t),t) + <%> F(x,v(x,t),t) + % —0.

(5.36)
According to (5.8), we know that

wrtet =g {00+ (2452) o, o

which implies

dVi(a,t)  Vilw,t) | (OVi(z,t)\"
@ o \ o Pz, viga (2, 1), 1)

< —U(J;, ’U1+1(.’IJ, t)7 t)

T
_ a‘/lJrl(x’t) + <a‘/l+1($7t)> F($,Ul+1(1',t),t)

ot ox
d‘/lJrl(x’ t)
= ——" 5.38
7 (5.38)
Then, we can derive
dW(Z’,t) < dWJrl(xvt) N an (539)

e — dt '
which obtains Vi(x,t) > Vj41(z,t). By the mathematical induction,
we can get (5.32) for any ¢ = 0,1,.... From (5.32), it shows that the
iterative value function V;(x,t) is monotonically non-increasing. As
Vi(z,t) is positive definite for =, which means that V;(x,t) is lower
bounded for all z, we can define

lim Vi(z,t) = Vo (z, t). (5.40)

11— 00

According to (5.8) and (5.9), we have

-
rrgn{U(x,u,t) + <8V0275Ux,t)> F(m,u,t)} + Woo(2,1) =0.
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Then, it can be derived as

~0, (5.42)

min {U(m,u,t) + M}

dt

which shows

oo oo d o ,
min {/ U(z,u,T)dr + / MdT} = 0. (5.43)
¢ ¢ dr

u

According to Theorem 5.2, it can be derived that ve(z,t) =
lim; o v;(x,t) is an admissible control law, which implies

/OO WdT = Voo(x,oo) - Voo(x’t) = 7V00($’t)' (5'44)

Substituting (5.44) into (5.43), we can get

Vool(z,t) = min) { /toO U(x(T),,u(x(T),T),T)dT}, (5.45)

pnev(Q

which shows Voo (x,t) = J*(z,t). The proof is complete. O

5.4 Neural Networks Implementation of the CTTV
Policy Iteration

For CTTYV policy algorithms of nonlinear system (5.1), v;(x,t) and
Vi(z,t) are both time-varying functions, which are generally very
hard to obtain by directly solving (5.7) and (5.9). In this section,
we choose neural networks to implement the proposed algorithm,
whose aim is to get the approximate laws of optimal solutions for
the nonlinear system (5.1). Two neural networks are adopted in the
developed CTTYV policy iteration algorithms such as critic and action
networks. Three-layer back-propagation (BP) algorithm is applied
in the neural networks to update the weights. The whole structure
diagram of the developed algorithm is shown in Fig. 5.1, where t; > 0
is the time parameter which will be explained in the latter content.

The parameter ¢ describes the number of hidden layer neurons,
and matrix Y represents the weights between the input and hidden
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Fig. 5.1. The structure diagram of the algorithm.

layers. Similarly, the weight matrix between the hidden and output
layers is reflected by W. Then the output can be represented as

F(S,Y,W)=WTo(YTS +b), (5.46)
where o(Y'TS) € R, [0(2)); = ?;72:2,@ =1,...,¢, denote the acti-

vation functions of neural networks and b is considered as the thresh-
old value.

5.4.1 The critic network

In this subsection, the critic network is introduced, which can approx-
imate the performance index function Vj(z,t), i = 1,2,.... It is
worth pointing out that the neural network approximation for tradi-
tional iterative ADP algorithms of time-invariant systems is invalid
for the approximation of time-varying systems. First, the iterative
value function in traditional ADP algorithm is a time-invariant func-
tion which is only related to x(t), i.e., Vj(x). For the time-varying
policy iteration algorithm, the iterative value function is a function
of not only z(t) but also t, i.e., V;(z,t). This may cause the invalid-
ity of the neural network approximation for traditional iterative ADP
algorithms of time-invariant systems. Second, for traditional iterative
ADP algorithms of time-invariant systems, the iterative control law
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v;(x) and value function Vj(z) can be updated based on the ordinary
differential equation (5.10), which is generally easy to solve. For the
time-varying policy iteration algorithm, however, it is necessary to
solve the partial differential equation (5.9) to get the iterative control
law v;(z,t) and iterative value function V;(z,t), which is very diffi-
cult. This implies that the target function V(x,t) cannot be solved,
even though the iterative control law can be derived. Thus, in this
subsection, neural network approximation must be improved.

If the iterative control law v;(z(t),t), ¢ = 0,1,... is admissible,
the iterative value function V;(x,t) will converge to zero as t — oo,
which has been proven in this paper. So, the iterative value function
Vi(z,t) for 0 <t < oo can be approximated by the function V;(x,t)
for 0 <t < Ty, where T} is a large positive number and we regard
Vi(xz,t) = 0 for all t > T%.

Let M be a positive integer. Let ¢;, j = 0,1,..., M, be time
instants, which satisfy 0 < t; < T%. For an arbitrary time instant
t; > 0, it is declared that the input of the critic network includes
z(t;) and t;. Letting X (¢;) = [#7(¢;),4;]7, j = 0,1,..., M, where
x(tj) € R" and 0 < t; < Ty, for I =0,1,..., the output of the critic
network is given by the following equations

Vi(a(ty), t5) = Wi o (VI X (t5) + bes)- (5.47)

The target functions are Vi(xz(t;),t;), 0 < t; < Ty, which are
expressed in (5.7) and (5.9). However, it is difficult to solve
Vi(x(t;),t;) directly using (5.7) and (5.9). Hence, numerical meth-
ods are employed.

According to (5.7) and (5.9), the iterative value function
Vi(x(t;),t;) satisfies the following conditions for any ¢ = 0,1, ...,

Vi(z(ty), tj) = /OO U(x(7),vi(x(1),T), 7)dT. (5.48)

tj

Because of the admissibility of control input v;(z(t),t), U(z(t),
vi(x(t),t),t) converges to zero as t — oo. Choosing a large time
terminal N > 0, for any t;, we regard U(x(t),v;(z(t),t),t) = 0 for
all t > t; + N. Therefore, V;(x(t;),t;) can be approximated by

ti+N
Vi(z(ty), tj) = / U(z(7),vi(x(T),7),7)dT. (5.49)

tj
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Then, we define the error function in critic network as
eLi(ty) = Vi(a(ty), ;) = Vi(a(ty), 1) (5.50)

The objective function is given in the following, which should be
minimized.
Eli(ty) = 5 (ebi(t))*. (5.51)

The updated rules of the weights in critic network are given as the
following gradient-based form.

DO |

Wcl;r =W+ AW

Wl ., OE(t;) oVl (x(t), ;)
“ oVl (x(ty),t;)  OW,
= Wéz - acelci(tj)U(ZC(tj))v (5.52)

where a, > 0 is regarded as the learning rate. The same training
method is also used to update the weights Y,.; and b, and omitted
here. If the desired goal of training precision can be achieved for all
X(t;), j=0,1,..., M, then we say that critic networks can approx-
imate V;(z(t),t) effectively.

Remark 5.2. For 0 < t; < Ty and j = 0,1,..., M, we arbitrarily
choose the time ¢; and the state x(t;) to construct the vector X (t;).
For any X(t;), we can use (5.49) to get the desired iterative value
function approximately in the critic network. Choosing different ¢;
and x(t;), 7 = 0,1,..., M, we can obtain an array of X(t;). Given
the array of X (t;), the array of the target values of V;(z(¢;),t;) can
be obtained and the critic network can be trained. In this situation, it
is unnecessary to update the iterative value function V;(x,t) by solv-
ing the partial differential equation (5.7) or (5.9). This is a merit of
the critic approximation. Moreover, the input of the critic neural net-
work for the CTTV policy iteration algorithm is X (¢;) = [T (¢;),¢;]7
instead of z(¢;) in the traditional policy iteration algorithms. The
present CTTYV policy iteration algorithm requires to collect the data
both in the state space and time space, which implies that the CTTV
policy iteration algorithm needs more data than the one in traditional
policy iteration algorithms.
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5.4.2 The action network

The action network is adopted to obtain the approximation of the
iterative control law v;(x,t). For 0 < t; < TY, the input of the action
network is expressed as X (t;) = [z (¢;),¢;]T, which includes the state

and the time instant. For [ = 0,1,..., the action network outputs
the following formulation.
’lA)f (1’(tj), tj) - Wclz;ra(Ya-er(tj) + bai)- (553)

For i = 1,2,... and 0 < t; < T, the desired output of the action
network is introduced as

vi(x(t)),t;) = argmin ¢ U(x(t;), u(t;), ;)

u(t;)

A T
" (Tm) F(x(tj), u(ty).t;) ¢, (5.54)

where Vi,l(x(tj), tj) is obtained by the critic network.

Choosing different t; and 4, to construct an array of X (t;), j =
0,1,..., M, we can obtain an array of v;(xy,,t;). For any 0 < t; < T¥,
the errors of the output in the action neural networks are defined as

! N
€qi(ty) = i (@ (t;), t7) — vi(x(t;), t5)- (5.55)
The updated laws of weights in neural networks are designed to
achieve the minimization of the following error performance

BL(17) = 5 eha(t) T (ehi(1))). (5.56)

The updated rules of weights in the action network can be expressed
as the following gradient-based form

Wéjl = Wk + AW
OEL (t;)  0Oel(t;) 00k (x(t)), 1)
del(ty) Ovl(x(ty),t;)  OWL,

= Wai = Ba0(Za(t5)) (ea(t;)) (5.57)
where 5, > 0 represents the learning rate. The same training method
is also used to update the weights Y,; and b,; and omitted here. When
the desired goal of training precision is achieved, the conclusion can
be drawn that v;(z,t) can be approximated by the action network.

= W(ii - /Ba
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5.4.3 Training phase of the CTTYV policy iteration
algorithm

The training of the CTTV policy iteration algorithm by neural net-
works is summarized in Algorithm 5.1.

Algorithm 5.1 The CTTYV policy iteration algorithm
Initialization:

Let M be a large positive integer.
Let T be a large positive number.
Choose randomly an array of X(¢;), 0 < t; <
0,1,..., M, where X(t;) = [z7(¢;),t;]T, 2(t;) € R™;
Choose a neural network training precision &,;
Define the computation precision ¢;
Give the initial control law wg(s,t) which is admissible for the
system;

Iteration:

1: Initialize the iteration index as i = 0;

2: For X(t;),0<t; <Tfand j =0,1,..., M, compute the target
iterative value function Vj(x(t;),t;) by (5.49).

3: Build the critic network by (5.47) and train the critic net-
work according to (5.50)—(5.52) until the training precision &,
is achieved.

4: It [Vi(z(t)), t5) — Viea(z(ty), t5)] < e for all X(t;), 0 < ¢; < Ty
and j =0,1,..., M , where V;_1(-) = 0 for i = 0, then goto Step
8. Otherwise, goto next step.

5 For X(t;),0<t; <Tyandj=0,1,..., M, compute the itera-
tive control law v;(z,t) by (5.54).

6: Build the action network by (5.53) and train the action net-
work according to (5.55)—(5.57) until the training precision &, is
achieved.

7. Let ¢ =i+ 1 and goto Step 2.

8: return v;(z,t) and Vi(z,1).

Remark 5.3. From Algorithm 5.1, we choose an array of X(t;),
0<t; <Tyand j =0,1,..., M to train the weights in the critic
and action networks. According to the approximation by (5.49), it
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is not necessary to derive the iterative value function V;(z(k), k) by
solving the partial differential equation (5.9). It can be considered
as the main advantage of the time-varying policy iteration algo-
rithm. Moreover, for any ¢ = 0,1,..., it requires to search both
the state space and all possible time instants to derive the approx-
imation of the time-varying function v;(x,t) and V;(z,t). Thus, the
computation quantity for the time-varying policy iteration algorithm
is obviously higher than one for the traditional time-invariant policy
iteration algorithms, which is regarded as the disadvantage for the
time-varying policy iteration algorithm. Furthermore, for large T
and M, it is recommended normalizing the time parameter ¢ before
using it to train the neural networks.

5.5 Simulation Example

In this section, a numerical simulation example is conducted to eval-
uate the performance of our developed CTTV policy iteration algo-
rithm. The dynamics of the system are formalized as

& = A(z,t)z + Bu, (5.58)

where A(x,t) = (COS(O'SHI) Sin(o'szl)> and B = (1 O). Let z(0) =

cos(0.4x2) sin(0.4tzs) 01
[1,1]7 be chosen as the initial system states. The performance index
function is defined as

J(x,t) = /tOO (SCT(T)QIE(T) + uT(T)Ru(T))dT, (5.59)

where matrices Q = 0.117, R = 0.115 and the identity matrices with
appropriate dimensions are denoted by I7 and I, respectively.

To implement the developed algorithm, two neural networks with
three-layer structures of 3-8-1 and 3-8-2, respectively, are adopted
to approximate the critic and action networks, respectively. In addi-
tion, BP algorithm is adopted for updating the weights of neural

networks. Let T}z) = 5. For each iteration, we choose My = 50000
data pairs X (¢,), p=1,2,..., Mg, to train the two neural networks,

where —1 < z1(t,) < 1, =1 < 25(t,) < land 0 < ¢, < TJEQ), p =

0,1,..., Ms. The initial control law is given by the action network in
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(5.53) with the expression v(()Q) (x,t) = w @ (Y(Q) X+b? ),

a,initialo- a,initial a,initial
where the weights are given by
[ 1.2924 —3.2481 —0.0378]
—0.1564 —0.3440 0.9568
—1.3969 —2.4661 0.0476
Y(Q) B —1.1021 —-0.5115 0.0068
ainitial = 1954 0.3428  1.0669 |’
0.4877 —0.1813 0.0335
0.5626  —0.0873  0.0087
| 0.0615 0.6226  —0.2972]
@ ~ [—0.6351 —0.0844 0.3953 —1.7069 —0.4272 —9.4428 9.1576 —3.5649
a,initial 7| g 1398 21255 —0.0034 —0.6295 —1.8743 1.2545 —2.0151 0.8724 |’
and
bffi)nitial =[-2.5873 0.0756 0.4082 0.4899 —0.2749 0.4218 0.7759 0.7830]T.

In each iteration, the training error 107> and learning rate o, =
Bq = 0.01 are chosen for the training of neural networks. The algo-
rithm is implemented for ¢ = 50 iterations to approximate the opti-
mal solutions. The trajectory of Vj(z,t) at the initial state z = xg
with 50 iterations is shown in Fig. 5.2, which can prove the character-
istics of monotone and convergence in the proposed policy iteration
algorithm. The varying curve of system states and control laws are
given in Figs. 5.3 and 5.4, respectively. After ¢ = 50 iterations, the
optimal sequences of control laws can be derived, which similarly the
optimal value function is also achieved. It can be seen that system
(5.58) can achieve the stabilization by the presented algorithm, and
the validity of the proposed methods is also proven. The optimum of
the system states and control laws can be illustrated in Fig. 5.5(a)
and (b), respectively.
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Fig. 5.3. State trajectories.
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5.6 Conclusion

To deal with the optimal control problems in continuous-time time-
varying nonlinear systems, a new CTTV policy iteration algorithm
is developed in this chapter. First, the detailed procedure of the
developed algorithm has been introduced. Second, the monotonic-
ity, convergence, and optimality of the iterative value function have
been analyzed. Furthermore, the admissibility of the iterative con-
trol laws can be guaranteed by the proposed methods. Two neural
networks are employed to achieve the approximation of the iterative
value function and control law to implement the action and critic
networks in the developed algorithm. Via the approximation of the
neural networks, it is unnecessary to calculate the iterative value
function by solving the partial differential equation (5.9). Finally, a
simulation experiment is conducted to illustrate the validity of the
present method.
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Chapter 6

Adaptive Dynamic Programming
for Discrete-Time Zero-Sum Games

6.1 Introduction

A large class of real systems are controlled by more than one con-
troller or decision maker with each using an individual strategy.
These controllers often operate in a group with a general perfor-
mance index function as a game [1-5]. Two-player zero-sum games,
capturing two players’ behaviors in which the success of a player
in selecting strategies depends strictly on the choices of the other
player [6], have been widely applied to decision making problems.
In these situations, many control schemes are presented in order to
reach some form of optimality. Traditional approaches to deal with
zero-sum games are to find out the optimal solution or the saddle-
point equilibrium of the games. So many interests are developed to
discuss the existence criteria of the saddle-point equilibrium of the
zero-sum games. In real-world applications, however, the existence
criteria of the saddle-point equilibrium for zero-sum games are so
difficult to satisfy that many applications of the zero-sum games are
limited to linear systems. For many zero-sum games of nonlinear sys-
tems, it is generally assumed that the saddle-point equilibrium exists,
which is guaranteed by the assumption of the Ly gain, and then the
optimal control of the zero-sum games for the nonlinear systems is
obtained. Unfortunately, for real-world zero-sum games, especially
for nonlinear systems, the Lo gain cannot generally be guaranteed,

129
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which means the existence assumption of the saddle-point equilib-
rium for the zero-sum games cannot be realized. Thus, traditional
optimal control for zero-sum games of nonlinear systems is actually
difficult to apply. Therefore, a new method is necessary to obtain the
saddle-point equilibrium of the zero-sum game without the complex
existence criteria.

In this chapter, a new iterative zero-sum ADP algorithm is devel-
oped to solve infinite horizon optimal control problems for discrete-
time two-player zero-sum games of nonlinear systems. Initialized by
arbitrary positive semi-definite functions for the upper and lower
iterations, the upper and lower iterative value functions using the
iterative zero-sum ADP algorithm can reach the upper and lower
optimums of the zero-sum games, which satisfy the upper and lower
Isaacs equations, respectively. A novel convergence analysis method
is developed to show that the upper and lower iterative value func-
tions converge to the upper and lower optimums, respectively. Opti-
mality of the iterative zero-sum ADP algorithm will be presented. If
the saddle-point equilibrium of the zero-sum game exists, we empha-
size that both the upper and lower iterative value functions will
converge to the optimal solution of the zero-sum game, where the
existence criteria of the saddle-point equilibrium in the traditional
zero-sum ADP algorithms are not required. Monotonicity of the
upper and lower iterative value functions by the iterative zero-sum
ADP algorithm is also presented. It is shown that under some mild
constraints of the initial functions, the upper and lower iterative value
functions can be monotonically non-increasing, monotonically non-
decreasing, non-monotonous and converge to their optimums. If the
saddle-point equilibrium does not exist, the upper and lower optimal
performance index function are obtained, respectively, where it is
proven that the converged upper and lower performance index func-
tions cannot be equivalent. Finally, a simulation example is given to
illustrate the performance of the present method.

6.2 Problem Formulations

In this chapter, we will study the following discrete-time nonlinear
system

Tpr1 = F(og,up,wg), k=0,1,2,..., (6.1)
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where zj, € R" is the state vector, u, € R™ and wy, € R! are the con-
trol vectors of Players I and I, respectively. Let x¢ be the initial state
and let F'(xy, ug,wy) be the system function. For convenience of anal-
ysis, results of system (6.1) are based on the following assumption.

Assumption 6.1. System (6.1) is controllable on a compact set
Q, C R" containing the origin; z; = 0 is an equilibrium state of sys-
tem (6.1) under the control uy = 0 and wy, = 0, i.e., F'(0,0,0) = 0; the
feedback controls uy, = u(zy) and wy, = w(zy) satisty uy, = u(zy) =0
and wy, = w(zy) = 0, respectively, for z; = 0.

Let U and W denote policy spaces of Players I and II, respectively.
Let w € U and w € W be the control laws of Players I and II,
respectively. Then, the infinite-horizon performance index function
J: U x W — R for state xy can be defined as

J(zo, u,w) = Uy, ug, wy), (6.2)
k=0

where we let the utility function U(x,ug,wy) be positive definite
for xp and wuy, and negative definite for wy. The triple {J;U, W}
constitutes the normal form of the zero-sum dynamic game (zero-
sum game in brief), in the context of which we can introduce the
notion of a saddle-point equilibrium.

Definition 6.1. Given a zero-sum dynamic game {J;U, W} in a
normal form, a pair of control laws (u*,w*) € U x W constitutes a
saddle-point solution if, for all (u,w) € U x W,

J(xp,u* w) < J*(xg) = J(xp, v, w) < J(zg, u, w"). (6.3)

The quantity J*(xj) is the optimal performance index function of
the game.

Given a zero-sum game {.J;U, W} in a normal form, we define the
upper optimal performance index function as

J () = mi J(xg, u, w), 6.4
(@) = min max J{(xy, u, w) (6.4)

and the lower optimal performance index function can be defined as

J" (@) = max min J(wg, u, w), (6.5)
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with the obvious inequality
T () < T (xp).- (6.6)

If the upper and lower optimal performance index functions are equal,
ie.,

T (wx) = I (21) = J* (), (6.7)
then optimal performance index function J*(xj) for the zero-sum
game is defined.

According to the principle of optimality, the upper optimal per-
formance index function J () satisfies the following discrete-time
Isaacs equation

T () = min HzluakX{U(Sﬂk, we,wy) + I (F(wp, up,wi) ). (6.8)
The lower optimal performance index function J*(xj) satisfies the
following discrete-time Isaacs equation

() = maxmin{U (g, up, wg) + J*(F (2, ug, wy))}. - (6.9)

k k

Generally, the existence of the saddle-point equilibrium of the
zero-sum game {.J;U, W} is difficult to justify, especially for nonlin-
ear systems. Thus, it is nearly impossible to obtain the saddle-point
equilibrium by directly solving the inequality (6.3). In this situation,
obtaining the upper and lower optimal performance index functions
is a necessary method to achieve the saddle-point equilibrium. Unfor-
tunately, the upper and lower optimal performance index functions
J" (1) and J*(z,) are also difficult to obtain, due to the difficulty of
solving the discrete-time Isaacs equations (6.8) and (6.9). To over-

come this difficulty, a new iterative algorithm based on ADP will be
developed.

6.3 Iterative ADP Algorithm for Discrete-Time
Zero-Sum Games

In this section, a new iterative zero-sum ADP algorithm is developed
to solve the discrete-time zero-sum game for system (6.1). New con-
vergence and monotonicity analysis methods will be established in
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this section. Optimality analysis will be presented to show that the
upper and lower iterative value functions will converge to the opti-
mum, if the saddle-point equilibrium of the zero-sum game exists,
where the existence criteria of the saddle-point equilibrium can effec-
tively be avoided.

6.3.1 Derivations of the Iterative Zero-Sum ADP
Algorithm

In the developed iterative zero-sum ADP algorithm, the value func-
tion and control law are updated at every iteration, with the iteration
index 7 increasing from 0 to infinity. For z; € R", let the initial func-
tion W(zx) > 0 be an arbitrary positive semi-definite function. Then,
let the upper initial value function be expressed as

Volax) = (). (6.10)

For i =0,1,..., the iterative control law @w;(zy, uy) for the upper
iterative value function can be computed as

Wi (T, u) = arg max {U(@p, up, wi) + Vi(wps)
= argr%akx {U(mk,uk,wk) —|—V¢(F(9Uk,uk,wk))} , (6.11)
where Vo(zg41) = V(zgy1). Then, the iterative control law ;(zy)
can be obtained by
vi(wg) = argn&in{U(fﬂk,Ukawi(CUkauk))

—f—W(F(xk,uk,wi(xk,uk)))}. (6.12)

Letting w;(xg) = w;(xk,0i(xk)), the upper iterative control pair
(Ui(zk),wi(xg)) can be expressed as

(Ui(x), Wi (zr)) = arg(r%in%akx){[](xkvuk’wk) + Vi(zr1)}
(6.13)

The upper iterative value function can be updated as

Viei(zg) = H&}Cn HzluakX{U(mk’ g, wy) + Vi(F (2, ug, wi))}

= U(xg, i(an), @i(x)) + Vi(F(x, vi(zr), ©i(zr)))-
(6.14)
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For z; € R™, let the initial function ¥(xg) > 0 be an arbitrary
positive semi-definite function. Let the lower initial value function be
expressed as

Vo) = ¥(zg). (6.15)

Fori =0,1,..., the iterative control law v, (zy, wy) for lower iterative
value function can be computed as

v (g, wy) = argn%in {U(zk, ug, w) + Vi(zp41)}
= argmin {U (xy, ug, wy) + V,;(F(x, ug, wi))}, (6.16)
Uk

where V(zkt1) = ¥(zkt1). Then, the iterative control law w;(z)
can be obtained by

w;(ry) = arg %%X{U($k,yi($k, W), W)

+ Vi(F(zk, v; (g, wi), wi)) } (6.17)

Letting v;(xx) = v;(xp,w;(zx)), the lower iterative control pair
(v;(zk),w;(xk)) can be expressed as

(v (@), w; () = arg(maxmin) {U(@x, up, wr) + Vi(wh41) }-
(6.18)

The lower iterative value function can be updated as
Viy(zg) = max H&in{U(xk’ ug, wi) + V, (F (g, ug, wy)) }

= U(zk,v; (), w;(z1)) + V,(F (g, v;(28), w; (2k)))-
(6.19)

From the iterative zero-sum ADP algorithm (6.10)—(6.19), we can
see that the upper iterative value function V;(zy) is used to approx-
imate the upper optimal performance index function 7*(xk) and the
lower iterative value function V,(zy) is used to approximate the
lower optimal performance index function J*(x). Thus, the itera-
tion (6.10)—(6.14) can be called “upper iteration” of the iterative
zero-sum ADP algorithm. The iteration (6.15)—(6.19) can be called
“lower iteration” of the iterative zero-sum ADP algorithm. There-
fore, when i — oo, the developed iterative zero-sum ADP algorithm
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should be convergent which makes V;(z) and V,(z)) converge to
their optimal ones. If the saddle-point equilibrium exists of the zero-
sum game, both the upper and lower iterative value functions are
expected to converge to the saddle-point equilibrium of the zero-sum
game. In the next subsection, we will show such properties of the
developed iterative zero-sum ADP algorithm.

6.3.2 Property analysis

New convergence analysis methods for the value iteration algorithm
are developed in this subsection.

Theorem 6.1. For the zero-sum game {J;U, W} of system (6.1),
the upper and lower optimal performance index functions T (zg) and
J*(xg) in (6.4) and (6.5) are positive definite for xj.

Proof. According to Assumption 6.1, we have

JH(x) =T (z1) =0 (6.20)
for x;, = 0. Letting w, =0, k=0,1,..., we can get
J(x,u,0) ZU Zi, Ui, 0 (6.21)

for all . # 0 and all u € U, as the utility function is positive definite
for x;, and wuy.

According to (6.4), for all x; # 0, the optimal upper performance
index function satisfies

J (1) = mi J
(k) = min max J(x, v, w)

> min J(xg,u,0) > 0. (6.22)
uel

According to (6.5), for all xp # 0, the optimal lower performance
index function satisfies

J*(2x) = maxmin J(zx, u, w)

= qu)]rle%t](xk,u*,w)

> J(zg,u*,0) > 0. (6.23)
The proof is complete. O
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Lemma 6.1. For ¢ = 0,1,..., let the upper and lower iterative
value functions V;(zy) and V. (z) be updated by (6.14) and (6.19),
respectively, where Vo(zg) and V(zy) satisfy (6.10) and (6.15).
Then, for any i =0,1,..., the upper and lower iterative value func-
tions Viy1(zy) and V. 1 (k) are positive definite functions for xy.

Proof. The statement can be proven by mathematical induction.
We first consider the upper iterative value function. For ¢ = 0, accord-
ing to (6.14), we have

Vilay) = HzlL}Cn Irgvakx{U(xk, ug, wy) + Vo(zper)}- (6.24)
According to Assumption 6.1, it is easy to know Vi(zg) = 0 for
x, = 0. For any zp # 0, we have

Vi(ax) = min I?UakX{U($kvukawk) + Vo(zrt1)}
> min{U(xk,uk,O) —I—V()(F(.%'k,uk,()))} > 0. (6.25)
ug

Assume that the statement holds for i = [ — 1,1 = 1,2,..., ie.,
Vi_i(zg) >0, Vo # 0 and V;_1(zy) = 0, for z; = 0.

Then for i = [, according to Assumption 6.1, we have V;,1(zx) =
0 and zp = 0. For all 3 # 0, we can get

Vigi(ar) = min HleakX{U(wk, g, wy) + Vi(zpg)}
> min{U(xk,uk,O) —|—Vl(F(xk,uk,0))} > 0. (6.26)
ug

Thus, we have V;11(x) is positive definite for any i = 0,1, ... Next,
we consider the lower iterative value function. For i = 0, according
to (6.19), we have

Vilzg) = max Irqin{U(xk, g, wi) + Vo (zr11)}- (6.27)
According to Assumption 6.1, it is easy to know V(zx) = 0 for
x = 0. For any x # 0, we have

Vi (zx) Z%akX{U(xk, v1 (g, wg), wg) + Vo (F (2, v1(Tk, i), wi)) b

> U(.%'k,’l)l(.%'k, 0), 0) + ZO(F(.%'k,Ul(m'k,O),O)) > 0. (6.28)

Assume that the statement holds for i = [ — 1,1 = 1,2,..., ie.,
Vi_1(zg) > 0 Vo, # 0. Then for i = [, according to Assumption 6.1,
we have Vi i1(xg) =0 and x, = 0.
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For all z; # 0, we can get
Vi (zg) = max {U (g, vi(zr, wi), wi) + Vo (F (zg, vi(2g, wi), wi)) }

> U(xk,vl(xk,O),O) +ZZ(F(1'k,Ul(Z'k70)7O)) > 0. (6.29)

Thus, we have V;1(xy) is positive definite for any ¢ = 0,1,.... The
mathematical induction is complete. O
Theorem 6.2. For ¢ = 0,1,..., let the upper and lower itera-

tive value functions V;(zy) and V,(zy) be updated by (6.14) and
(6.19), respectively, where Vo(zy) and Vo(zy) satisfy (6.10) and
(6.15), respectively. If for all x) € Qp, V(xy) > Y(xy), then for
any v =20,1,... we have

Vi) < Viag). (6.30)

Proof. First, the conclusion obviously holds for ¢ = 0. For i = 1,
we have

Vi(zy) = muinrrq}vakx{U(xk, Uk, w) + Vo(zri1)}

> max min{U(xk, Uk, wk) + Vo(karl)}
w Uk

> max min{ U (zg, ug, wi) + Vo(zri1)}

The inequality (6.30) holds for ¢ = 1. Using the mathematical
induction, we can derive that the inequality (6.30) holds for any
1=20,1,.... The proof is complete. O

From Theorem 6.1, we know that the upper and lower optimal
performance index functions, i.e., 7*(xk) and J*(zy), are both pos-
itive definite functions for xj, which satisfy (6.8) and (6.9), respec-
tively. On the other hand, according to Lemma 6.1, we can derive
that the upper and lower iterative value functions, i.e., V;1(z3) and
Vii(xr),i=0,1,..., in the iterative ADP algorithm (6.10)-(6.19)
are also positive definite for xj.

Theorem 6.3. For i = 0,1,..., let V;(x}) and (v;(zy),w;(wx)) be
obtained by the upper iteration (6.10)—(6.14). Then, if the optimal
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upper performance index function 7*(xk) can be defined for all x) €
Q, then the upper iterative value function V;(xy) converges to the
upper optimal performance index function J (x1,) in (6.8) for all x;, €
Qu, as i — oo.

Proof. First, if for all x; € ., we choose the control laws pup =
wu(xg) and x(zr) = xk that satisfy U(zg, uk, xx) = 0, then we can see
that the performance index function

T)) = Z U(ws, piy xi) =0 (6.32)

for all zj € Q. According to Theorem 6.1, we know that the upper
optimal performance index function 7*(xk) is positive definite for
xg. Thus, we know that the control law pair (1, x) is not the optimal
control law for the upper performance index function. Then, all the
control law pairs that make U(zy,ug,wi) = 0, Vi € €, are not
considered to be the optimal ones.

On the other hand, we define Q. = {zx |z € Q, ||xk|| < €}.
According to Theorem 6.1 and Lemma 6.1, we have J () =
Vi(zy) = 0 for any 4 = 0,1,..., as € — 0. Hence, the conclusion
is obvious for z; = 0.

Next, for any € > 0, and xp € Q,\Qe, if U(xg, ug, wg) # 0, then
there exist positive constants a and 3, which satisfy

o () < W(ay) < BT (x1), (6.33)

where 0 < o <1 < 8 < oo. If the utility function U (zg, ug, wg) > 0,
then there exists a v > 0 that satisfies

T (F (g, g, wy)) < AU (2h, ug, wh). (6.34)
For i =0,1,..., we will prove the following inequality
a—1 —k - ﬁ —1 —%
1+ ——— | J (z) <Vi(zg) < [ 1+ —— | T (x1)
( (1+ w>l> Z (L4771
(6.35)

holds for all xp € Q,\Qe.
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(1) Prove the left hand side of the inequality (6.35).

Mathematical induction is employed to prove the conclusion.
According to (6.10) and (6.33), the inequality (6.35) obviously holds
for i = 0. Now, let ¢ = 1. We have

Vi(ay) =min max {U (g, up, wi) + Volagsr) }

k w

> min max {U(:ck, Uf, WE) + aj*(xk+1)}

Uk Wi

a—1
>minmax< [ 1+ Ul(xy,up,w
< o ma {( 71+7> (k k k)

= <1 + %) min max {U(xk,uk,wk) + 7*($k+1)}

147 up  wg
a—1 — %
= <1 + m) J (zg). (6.36)

Assume that the conclusion holds for i =1—1,71=1,2,.... Then for
1 =1, we have

Vi(xy) :r%}cn I?Uakx {U(xk, g, wy) + Vo1 (F (2, ug, wk))}
. a—1
> min max U(xk,uk,wk) + 1+ -1
e (17D

—% o — 1
x J (F(xg, ug, wy)) + —
L+7)Q+y-H!

x (VU (2, ug, wi) 7*(F($k,Uk,wk)))}

a—1 .
— 1+m IIQIL}CDHq}UakX Uz, uk, wy,)

+ 7*(F(1'k, Uk, wk))}

a—1 —x
_ (1 N m) T (20). (6.37)
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(2) Prove the right hand side of the inequality (6.35).

We also use mathematical induction to prove the conclusion.
According to (6.10) and (6.33), the inequality (6.35) obviously holds
for i = 0. Let i = 1. We have

Vi(wy) =min max {U (g, up, wy) + Volagsn) }

k w

< minmax {U(ﬂﬁk, U, W) + 57*(9%“)}

UL W
< min max 1—|—)/ L ( )
i a — \Ul(x , Uk, W
= T Wy 1 ’}/ k k k

+ (5 - %)7*(%“)}

B—1 . .
=:<1*(jq—;—75 Igglﬂ5§<{tﬁlm,Uk,U%)g%b7(wk+1)}

f—1 '\
=14+———=J (k). 6.38
(1+ o2 ) T @ (6:89
Assume that the conclusion holds for i =1—1,71=1,2,.... Then for
1 =1, we have

Vi(ay) = %in%%X{U($k,uk,wk) +Via(zrr) )
. B—1
< minmax ¢ U(zg, ug, wg) + [ 1+ ————
e (I+971)

1-5
L+ +~7H)

x T (F (g, ug, wg)) +

x (T (F (g, up, wy)) — VU(wk,Uk,wk))}

—1
= (1 + ﬁ) rrql&nrglﬂakx{U(xk,uk,wk) + J*(x41)}

(14 B=1 N,
_<1+u+71y>J(k) (6.39)
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Now, we consider the situation that the utility function
U(zg, ug, wy) < 0. If J*(F(xk,uk,wk)) < —U(zg, ug, wy), according
to (6.8), we can obtain that

T (x3,) = min max{U (g, ug, wg) + J (F(xk, up, wy))}
up Wk

< min max{U (zg, ug, wy) — U(xk, ugk, w)}
Uk Wk

= 0. (6.40)

According to Theorem 6.1, we know that 7*(3%) is positive defi-
nite for zj, which means that J (z;) > 0 for all z; € Q,\Q..
Thus, we can derive that 7*(F(:ck,uk,wk)) > —U(zk, ug, wy) for
U(zk, uk, wg) < 0. In this situation, there exists a constant 3 > 1
that satisfies

7*(F(xk,uk,wk)) Z —71U(xk,uk,wk). (6.41)
For i =0,1,..., we will prove the following inequality
(=) (=)
(6.42)

holds for all xp € Q,\Qe.
(3) Prove the left hand side of the inequality (6.42).
Mathematical induction is employed to prove the conclusion.
According to (6.10) and (6.33), the inequality (6.42) obviously holds
for i = 0. Now, let « = 1. We have

Vi (zr) = T%in I{}Uakx {U(ﬂﬁk’ ug, wy) + V0(90k+1)}

-1
2minmax{<1+’y1a 1>U(.%'k7uk7’wk)

Ug Wk Y1 —

a—1 . —x
= <1 + m) qut}cnrrqluakx {U(wk,uk,wk) +J ($k+1)}

- <1 4 %) T (). (6.43)
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Assume that the conclusion holds for i =1 —1,1=1,2,.... Then for
1 =1, we have

Vi(zy) :Hluin max {U(@p, up, wi) + Viea (F (g, w, wy))

' a—1
>minmax $ U(zg, ug, wg) + | 1+ S -1

_ a—1
< I (F (g, ug, wy)) + 1

(n—DA ="

X (11U (g, ug, w) +7*(F(9Ckaukvwk)))}

—1
— (1 + ail)) min max {U(xk,ukawk)

Uk Wi

_ (1 + %) T (20). (6.44)

(4) Prove the right hand side of the inequality (6.42).

Mathematical induction is employed to prove the conclusion.
According to (6.10) and (6.33), the inequality (6.42) obviously holds
for ¢ = 0. Now, let ¢ = 1. We have

Vi(zx) =minmax {U (zg, ug, wp) + Vo(zri1) }

U Wk

< minmax {U(ﬂﬁk, U, W) + 57*(9%“)}

Uk Wi

-1
Sminmax{(lJr%ﬁ >U($kaukawk)
U Wk 1 -7

+ <ﬁ - ,i_11>7*(90k+1)}




Adaptive Dynamic Programming for Discrete-Time Zero-Sum Games — 143

= <1 + Li) min max {U(mk,uk,wk) + 7*(xk+1)}

(1= Uk Wk
-1 —x
= <1 + (15_7’711)> J (zg). (6.45)

Assume that the conclusion holds for i =1 —1,1=1,2,.... Then for
1 =1, we have

Vi(ar) = Hlu}cn max {U @k, up, wi) + Vier (z41) }

-1
gminmaX{U(:Ck,uk,wk)+ 1+67l—1
u w, (1—hH

81
(= DA =~"

x (T (F(zp, up, wi)) ‘f”YlU(xkaukawk))}

< T (F(ak, ug, wy)) + 1

= (1 + '87_111> min max {U(mk,uk,wk) + J*(Cﬂk+1)}
)

Uk Wi

_ (1 v %) T (x0). (6.46)

According to (6.35) and (6.42), we can obtain that lim V;(x) =
1—00

T () for all 2, € 2,\Q.. The proof is complete. O

Theorem 6.4. Fori = 0,1,..., let V,(z) and (v;(x),w;(zx)) be
obtained by (6.15)—(6.19). Then, if the lower optimal performance
indez function J*(xy) can be defined for all xj € Q, then the lower
iterative value function V,(xy) converges to the lower optimal per-
formance index function J*(xy) in (6.9), as i — oo.

Proof. The theorem can be proven according to the idea of (6.32)—
(6.46) and the detail is omitted here. O
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Theorem 6.5. For i = 0,1,..., let V;(x) and (v;(zy),w;(wx)) be
obtained by (6.10)—(6.14). If for all xy, € Q,, the inequality

Vl(mk) S Vo(%‘k) (6.47)
holds, then the upper iterative value function V;(xy) is a monotoni-
cally non-increasing sequence for i =0,1,..., i.e.,

Proof. We prove this by mathematical induction. First, we let
i = 1. According to (6.14) and (6.47), for all z; € Q,, we have

Val(xg) = H&inrrzluakx {U(@h, w, wi) + V(1) }

< min max {U(Z’k, Uk , wk) + V0($k+1)}
U Wi

= Vi(zp). (6.49)

Thus, the inequality (6.48) holds for i = 1. Assume that the conclu-
sion holds for ¢ =1 —1,1=2,3,.... Then for ¢ = [, we have

Vig(zy) = Dglin max {U(@p, w, wi) + Vi(zes1) }

< min max {U (@, up, wi) + Vi—1 (2p41) }
k

up W

=Vi(xp). (6.50)
Thus, the inequality (6.48) holds for any i = 0,1,.... The proof is
complete. O
Theorem 6.6. For i = 0,1,..., let V;(x) and (v;(zy),w;(zx)) be

obtained by (6.10)—(6.14). If for all xy, € Q,, the inequality
Vi) > Vo(zk) (6.51)

holds, then the upper iterative value function V;(xy) is a monotoni-
cally non-decreasing sequence fori=0,1,..., i.e.,
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Corollary 6.1. For i =0,1,..., let V,;(x) and (v;(xy),w;(zx)) be
obtained by (6.15)—(6.19). If for all xy, € Q,, the inequality

Vi(zr) < V() (6.53)
holds, then the lower iterative value function V,(xy) is a monotoni-
cally non-increasing sequence for i =0,1,..., i.e.,

Vi () < Vi(a). (6.54)

Corollary 6.2. For i =0,1,..., let V,(x) and (v;(xy),w;(zx)) be
obtained by (6.15)—(6.19). If for all xy, € Q,, the inequality

Vi(wg) > V(o) (6.55)

holds, then the lower iterative value function V,;(xy) is a monotoni-
cally non-decreasing sequence fori=0,1,..., i.e.,

Vi (k) > V(). (6.56)

Theorem 6.7. For i = 0,1,..., let V;(x}) and (v;(zy),w;(wx)) be
obtained by (6.10)—(6.14). If for all z € Q, the inequality (6.47)
holds, then the upper iterative value function V;(xzy) satisfies

Vi(zr) > T (1) (6.57)

If for all zy, € s, the inequality (6.51) holds, then the upper iterative
value function V;(xy) satisfies

Vizr) < T (x1). (6.58)
Proof. According to Theorem 6.5, for any i =0, 1,..., we have
Vilzr) = Vigi(zr) > Vigalzg) > - (6.59)
Thus, for any ¢ = 0,1,..., we can obtain
Vilwy) = lim Vizg) = J* (). (6.60)
The proof is complete. O
Corollary 6.3. For i = 0,1,..., let V,(zr) and (v;(xg),w;(xr))

be obtained by (6.16)—(6.19). If for all x € Q, the inequality
(6.53) holds, then for i = 0,1,..., the lower iterative value function
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satisfies

If for all xj, € Qy, the inequality (6.55) holds, then for i =0,1,...,
the lower iterative value function satisfies

Vi(zg) < J*(x). (6.62)

Remark 6.1. According to Theorems 6.3-6.7, the convergence and
monotonicity properties of the iterative zero-sum ADP algorithm
are analyzed, which guarantee that the upper and lower iterative
value functions are convergent to their optimums. If the saddle-point
equilibrium of the zero-sum exists, then both the upper and lower
iterative value functions are expected to converge to the optimal
solution of the zero-sum game. In the following part, the optimality
of the iterative zero-sum ADP algorithm will be analyzed.

Theorem 6.8. For i = 0,1,..., let Vi(zx) and (v;(zr),w;(z))
be obtained by (6.10)—(6.14) and let V,;(xr) and (v;(zg),w;(zx)) be
obtained by (6.15)—(6.19). We can derive:

(i) If the saddle-point equilibrium of the zero-sum game exists, then
the upper and lower iterative value functions will both converge
to the saddle-point equilibrium;

(ii) If the upper and lower iterative value function converge to the
same function, then the converged value function is the saddle-
point equilibrium of the zero-sum game.

Proof. First, if the saddle-point equilibrium of the zero-sum game
exists, according to Theorem 6.1, we can derive that the optimal
performance index function J*(xy) is positive definite for . Second,
according to Theorem 6.3, we can derive that the control law pair
(u(xg), x(xg)), which satisfies U(xg, ug, xx) = 0, Vo € Q, is not
the optimal control law pair. Next, for any € > 0, and zj € Q,\Q,,
if U(xg,ug,wy) # 0, then there exist constants o*, 5%, and v*, such
that 0 < a* <1 < % < oo, which satisfy

a* S (xy) < W(wg) < BT (), (6.63)



Adaptive Dynamic Programming for Discrete-Time Zero-Sum Games 147

where the optimal performance index function J*(xy) satisfies
J*(z1) = min max{U (g, ug, wg) + J*(vx41)}
U Wg

= max min{U (zg, ug, w) + J*(zr11)}- (6.64)

W Uk

According to Theorem 6.3, for U(zy,ug,wr) > 0, there exists a
~v* > 0, that makes

at —1 * 7. T ﬁ**l *(x
<1+m> J*(zg) < Vi(zg) < <1+7(1+7*1)¢> J* ()
(6.65)

hold and there exist 77 > 1 that make

o — 1 _ B*—1
1 — ) () < Vilaw) < [ 1+ ——— ) J*(an)
( (1—71”)> ' ' ( (1—71”)> '

(6.66)

hold, for U(zy,ug,wy) < 0. Thus, for all zj € 2,\Q,, we have

lim V(zy) = J*(x). (6.67)

1—00

According to the idea (6.63)—(6.67), we can also obtain that
lim V,(zg) = J* (z5). (6.68)
71— 00

Thus, we have that the upper and lower iterative value functions
both converge to the optimal performance index function.

On the other hand, if the upper and lower performance index
functions converge to the same function, i.e.,

lim V,(zx) = lim Vi(zp) = J%(ak). (6.69)
71— 00 71— 00
Thus, we can get
JO(zr) = min max{U (zy, ug, wg) + J°(xp11)}
U W

= maxmin{U (vg, ug, wy) + J(Tp41)}, (6.70)

W Uk

which means J°(zy) = J*(zk), Vo € Q. The proof is complete. O
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Corollary 6.4. For i = 0,1,..., let V;(x) and (v;(zr),w0;(x1))
be obtained by (6.10)—(6.14) and let V,;(xr) and (v;(zk),w;(zk)) be
obtained by (6.15)—(6.19). We can derive the following.

(i) If the saddle-point equilibrium of the zero-sum game does not
exist, then the upper and lower iterative value functions cannot
converge to the same function;

(i) If the upper and lower iterative value function converge to differ-
ent functions, then the saddle-point equilibrium of the zero-sum
game does not exist.

Remark 6.2. According to Theorem 6.8, if the saddle-point equi-
librium of the zero-sum game exists, it is proven that both the upper
and lower iterative value functions converge to the optimal solution
of the zero-sum game, where the existence criteria of the saddle-
point equilibrium in the traditional zero-sum ADP algorithms are
not required. This is a remarkable advantage of the developed algo-
rithm. On the other hand, if the saddle-point equilibrium does not
exist, according to Corollary 6.4, we can derive that the upper and
lower iterative value function must converge to different functions.
Thus, we say that the existence justification of the saddle-point equi-
librium for the zero-sum games is not necessary for the developed
iterative zero-sum ADP. This is another advantage of the developed
algorithm.

6.4 Simulation Example

To evaluate the performance of our iterative zero-sum ADP algo-
rithm for discrete-time zero-sum games, we choose an example with
quadratic utility function for numerical experiment. The dynamics
of the system is expressed as

AT
0

AT
0

1 0.25AT

T +
AT 1 F

Tyl = ug + Wy, (6.71)

where the sampling interval At = 0.1s. Let 29 = [1, —1]T. Let the per-
formance index function be expressed by (6.2). The utility function
is the quadratic form Uy (zg, ug, wy) = xZlek +ugR1uk + wgSlwk,
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(c) (d)
Fig. 6.1. Convergence plots of the iterative value functions. (a) V;(xx) with

Eo(xk). (b) V,(z1) with ¥°(xx). (c) Plots of Vi(zx) — V(). (d) Saddle-point
equilibrium.

where Q1 = I1, Ry = Iy, S1 = —2I3 and I, I, I3 denote the
identity matrices with suitable dimensions. Let the upper initial

value function be chosen as To(mk) = mgﬁoxk, where Py = {6 ° ]

2 31
Let the lower initial value function be chosen as W° (xg) = xgﬂoxk,
where P, = [i _75] Implement the iterative zero-sum ADP algo-

rithm for 20 iterations to reach the computation precision € = 0.01.
The convergence plots of the upper and lower iterative value func-
tions, i.e., V;(xg) and V,(xx), which are initialized by Wo(xk) and
W0(zy,), respectively, are shown in Figs. 6.1(a) and (b), respectively,
where “In” denotes “initial iteration”, “Lm” denotes “limiting itera-
tion”, and “IVE” denotes “iterative value function”. The differences
between V;(xy) and V;(xy) are shown in Fig. 6.1(c), which con-
verges to zero. Thus, we say that the saddle-point equilibrium of the
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Fig. 6.2. Trajectories of states and controls. (a) States by upper iteration with
Eo(mk). (b) Control u by upper iteration with @O(xk). (¢) Control w by upper

iteration with @O(mk). (d) States by the lower iteration with ¥°(xy).

zero-sum game exists. Initialized by arbitrary positive semi-definite
functions, the upper and lower iterative value iterations can both
converge to the saddle-point equilibrium of the zero-sum game. The
plot of saddle-point equilibrium of the zero-sum game for system
(6.71) is shown in Fig. 6.1(d).

The state and control trajectories of the upper iteration with
To(mk) are shown in Figs. 6.2(a)—(c), respectively. The state and
control trajectories of the lower iteration with ¥(x) are shown
in Fig. 6.2(d) and Figs. 6.3(a)—(b), respectively. Initialized by arbi-
trary positive semi-definite functions, the states and controls can
also converge to their optimums of the zero-sum game. The optimal
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Fig. 6.3. Iterative and optimal trajectories. (a) Control u by the lower iteration

with ¥9(z,). (b) Control w by the lower iteration with ¥°(x). (c) Optimal states.
(d) Optimal controls.

trajectories of the state, controls u and w are shown in Figs. 6.3(c)
and (d), respectively.

From Figs. 6.1-6.3, we can see that if the saddle-point equilib-
rium of the zero-sum game exists, then the upper and lower itera-
tive value function will converge to the saddle-point equilibrium and
the corresponding state and controls can also converge to their opti-
mums, where the existence criteria of the saddle-point equilibrium
are unnecessary. Thus the effectiveness of the developed algorithm
can be justified. According to Lemma 3.1 we know that the opti-

mal performance index function J*(zy) satisfies J*(zy) = 2] P*zy,
20.88 14.21

4o 21'09] The optimal control pair

where we can derive P* = [
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(u*(zg), w*(x)) = (Kfxg, K5x)), where K = [-1.85,—1.22] and
K3 = [0.07,0.05]. Hence, the correctness of the developed iterative
zero-sum ADP algorithm can be justified.

Now, we choose the utility function as Us(zp, ug, wy) = xZQka +
UZRQ’UJk + wZSQMk, where Qo = I, Ry = Iy, So = —2I3. Let the
upper initial value function be expressed by ik (xg) = mgﬁl xy, where

P, = [i) ;ﬂ Let the lower initial value function be expressed by

Ul(zy) = mgﬂlxk, where P; = 0.

Implement the iterative zero-sum ADP algorithm for 20 itera-
tions to reach the computation precision € = 0.01. The convergence
plots of the upper and lower iterative value functions, initialized by
Tl(mk) and W'(x}), respectively, are shown in Figs. 6.4(a) and (b),
respectively.

(a) (®)

(c) (d)
Fig. 6.4. Convergence plots of the iterative value functions. (a) V;(xx) with

El(xk) (b) V., (wx) with ¥'(xx). (c) Plots of Vi(zx) — V,(z). (d) Upper and
lower optimal performance index function.
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As Wl(zp) = 0, we have V,(zp) < Vy(xp). According to
Theorem 6.4 and Corollary 6.1, we know that the lower iterative
value function is monotonically non-decreasing and converges to the
lower optimum. From Fig. 6.4(b), the monotonicity of the iterative
zero-sum ADP algorithm can be justified. On the other hand, as
Tl(:ck) > Wl(z,), from Fig. 6.4(c) we can see that V;(xz) > V,;(z1),
Vi=0,1,..., which justifies the correctness of Theorem 6.2. How-
ever, from Fig. 6.4(d), we can see that the saddle-point equilibrium
of the zero-sum game does not exist. The corresponding state and
control trajectories are shown in Figs. 6.5 and 6.6(a)—(b), respec-
tively. The upper and lower state and control trajectories are shown
in Figs. 6.6(c)—(d). We can see that the upper and lower state and
control trajectories are different.

]

g ©
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1 : 80 :
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°
<
o
(@]
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0 50 100 0 50 100
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(c) (d)
Fig. 6.5. Trajectories of states and controls. (a) States by the upper iteration
with ' (zx). (b) Control u by the upper iteration with 7' (zx). (c) Control w by
the upper iteration with T (x1). (d) States by the lower iteration with W' (xy,).
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Fig. 6.6. Iterative and converged trajectories. (a) Control u by the lower iter-
ation with W' (). (b) Control w by the lower iteration with ¥'(xy). (c) Upper
and lower optimal states. (d) Upper and lower optimal controls.

6.5 Conclusion

In this chapter, a new iterative zero-sum ADP algorithm is developed
to solve infinite horizon optimal control problems for zero-sum games
of discrete-time nonlinear systems. In the developed algorithm, the
upper and lower iterations permit arbitrary positive semi-definite
functions to initialize the iterations. It is proven that the upper
and lower iterative value functions can converge to the upper and
lower optimal performance index functions, which satisfy the upper
and lower Isaacs equations, respectively. We emphasize that if the
saddle-point equilibrium of the zero-sum game exists, it is proven
that both the upper and lower iterative value functions converge to
the optimal solution of the zero-sum game, where the existence jus-
tification of the saddle-point equilibrium is not required. By some
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constraints on the initial upper and lower functions, the monotonic-
ity of the upper and lower iterative value functions by the iterative
zero-sum ADP algorithm can be guaranteed. If the upper and lower
iterative value functions do not converge to the same function, it
is proven that the saddle-point equilibrium does not exist. Finally,
a simulation example is given to illustrate the performance of the
present method.
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Chapter 7

Model-Free Adaptive Optimal
Control for Unknown Nonlinear
Multi-Player Non-Zero-Sum Game

7.1 Introduction

In this chapter, an online adaptive optimal control algorithm based
on adaptive dynamic programming is developed to solve the multi-
player non-zero-sum game (MP-NZSG) for discrete-time unknown
nonlinear systems. First, a model-free coupled globalized dual heuris-
tic dynamic programming (GDHP) structure is designed to solve the
MP-NZSG problem, in which there is no model network or identi-
fier. Second, in order to relax the requirement of the systems dynam-
ics, an online adaptive learning algorithm is developed to solve the
Hamilton—Jacobi equation using the system states of two adjacent
time-steps. Third, a series of critic networks and action networks
are used to approximate the value functions and optimal policies for
all players, respectively. All the neural network weights are updated
online based on real-time system states. Fourth, the uniform ultimate
boundedness analysis of the neural network approximation errors is
proved based on Lyapunov approach. Finally, simulation results are
given to demonstrate the effectiveness of the developed scheme.

157
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7.2 Problem Statement

Consider a class of DT nonlinear systems described by

N
Tyl = f(xk) +Zgj,ku]}k’ k= 0,1,2,... R (71)
j=1

where xp € R" is the system state vector with initial state xg, u; =
uj (x) € R™ is the control input vector. f(xy) € R™ and g; =
gj (x) € R™ ™ are system dynamics. N is the number of players.

Assumption 7.1. System (7.1) is controllable on a compact set 2 €
R™ containing the origin. f+ ) gu is Lipschitz continuous for x; and
Uik, j = 1,2,...,N. x3, = 0 is an equilibrium state of system (7.1)
under the control policies u;, =0, j =1,2,...,N.

The performance index function associated with player j is
defined by

(e o]

Jj (w0, uj, u—j) = Z 0‘?%’ (Tp, Wjps U—jip) (7.2)
p=0

where
_ TN Tp. ..
Tj (Tps Wjpy U—jp) = Lp Qjxp + wj 1R ujp

N
.
+ E ui R juip
i=1i#j

(7.3)

is utility function, @Q;, R;; and R;; are positive defi-
nite symmetric matrices with appropriate dimensions, u_j;, =
{u; (zp) :i=1,2,...,N,i# j} denotes the control policy set except
ujp, «; is the discount factor of player j. u; and u_; are the control
policies.

Definition 7.1 (Admissible Control). For j = 1,2,..., N, the
feedback control policy u;j(xy) is defined as admissible with respect
to (7.2) on a set  C R™, denoted by u;(xy) € ¥(Q2), if the following
conditions hold: 1), u;(xy) is continuous on €; 2), u;(0) = 0; 3),
uj(xy) stabilizes (7.1), and (7.2) is finite Vg € Q.



Model-Free Adaptive Optimal Control for Unknown Nonlinear 159

According to Assumption 7.1 and Definition 7.1, the value func-
tion of player j can be defined as

—k
V](:Ek) = Z Oé? Ty (:Epa Ujp, U*J}p)’ (74)
p=k

where Vj(xy) represents Vj(xy,u;jk, u—j). Then the optimal value
function of MP-NZSG is given as

[e.9]

. —k
Vi (xp) = Hqin Z a? 75 (Xp, Ujps U—jip),s (7.5)
p=k

which is the core of this optimal control problem. The following
assumption and definition are needed to solve (7.5).

Definition 7.2 (Nash Equilibrium, [1]). In the MP-NZSG pro-
blem, the control policy set {uj,u’ij} is said to constitute a Nash
equilibrium solution, if the following inequality

JF=Jj (uj,u ;) < Jj(uj,u’y) (7.6)

77 J

holds for player j. Then the set {J7,J3,...,J7,..., Jy} is a Nash
equilibrium outcome of the MP-NZSG.

Assumption 7.2. Suppose that in the optimal control problem of
MP-NZSG there is only one Nash equilibrium if and only if the Nash
condition (7.6) holds.

Review and set forward one step for the definition of the value
function (7.5), which can be provided by

Vi (k) = mindr; (e, ik, u—jik) + Vi (wea)} o (7.7)

According to the optimal principle, the optimal control policy u}‘ i
satisfies the first order necessity condition for the gradient of right
hand side of (7.7). Then, u}, can be expressed as

% Q1 T aV]* (karl).

Uik = 7y g 9ik (78)

OTp41
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Submitting (7.8) and others into (7.7), we can get the DT coupled
HJ equation for player j.

2 * T *
sy Th. o (OV] (Tpi1) 1 1 OV (zks)
Vj (ﬂﬁk) = T Qgﬂﬁk + a1 Tlm 9j.k1Y; gj,k;TkH
N
* \ T * *
+ Y (i) Rijuly 4 o Vi (wrs). (7.9)
i=1,i#j

Observing (7.9), it is difficult to obtain the optimal value function
from the HJ equation (7.9). In the next section, the adaptive dynamic
programming is applied to effectively seek the optimal Nash equilib-
rium solution for this MP-NZSG problem.

7.3 MF-CGDHP Algorithm for Multi-Player
Non-Zero-Sum Game

In this section, to solve the optimal control problem of MP-NZSG,
an adaptive learning method is developed based on neural networks,
which is the MF-CGDHP design. First, GDHP design is expanded to
deal with MP-NZSG. Second, a MF-CGDHP algorithm is proposed
to obtain the optimal control policies.

7.3.1 Structural design for MF-CGDHP

In this subsection, to solve the coupled HJ equation (7.9), a MF-
CGDHP design is proposed as shown in Fig. 7.1.

We firstly employ it to the optimal control problem of MP-NZSG.
Similarly, both the control policy {u;x,u_;} and system state xj
are input into critic network. Then the output of critic network not
only estimates the value function Vj(xy), but also includes the partial
derivatives of Vj(x), which can be described as

OV (z)
N(wg) = =52 7.10
(o) = FE, (7.10)
where X, = [xl,u{k,u{k, .. ,ukk]T is the input of the critic net-

work. This is different from the traditional methods which just con-
tain the system state xy.
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Fig. 7.1. Schematic architecture of the MF-CGDHP design for unknown non-
linear NZSG.

In order to eliminate the requirement for system model informa-
tion, review and set backward one step for the value function (7.7),
we have

a;Vi(zk) — [Vj(@g-1) — rj(zp-1)] = 0, (7.11)

where 7,1 = 7 (-1, U k—1,u_jr—1). Next, take the derivative of
both sides with respect to X ;_1, one has

V() ank _[9Vj(ak—1)  Orjlzp—1)
Y 9X,y 0X OX, 1 90X

where 0X/0X; 1 is a Jacobian matrix. In Fig. 7.1, it is defined
as the DER. According to (7.10), (7.12) can be rewritten as

6Xj k |: 8T'(:Ek_1)

;=" Ni(z) — [ Ni(2p_y) — 2| = 0. 7.13

J an,k;—l ]( ) ]( 1) an,k;—l ( )

From the above analysis, it can be seen that only the system states

at time steps k — 1 and k are needed in equations (7.11) and (7.13),

which avoid the system dynamics f(xy) and gjx, j =1,2,...,N. In

the following statement, we will give a detailed description about the
updating rules of weights for critic networks and action networks.

] =0, (7.12)
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7.3.2 MF-CGDHP implementation based on neural
networks

In this subsection, we implement the ADP algorithm by neural net-
works based on the MF-CGDHP structure for MP-NZSG problem.
The architecture has been shown in Fig. 7.1, which contains N critic
networks and N action networks.

Remark 7.1. Before the statement about the neural networks, we
firstly give a brief description:

1. Three-layer neural networks are utilized in this paper, which are
input layer, hidden layer and output layer.

2. We randomly initialize the weights of input-to-hidden layer and
keep them constant, and make the number of hidden layer neurons
sufficiently large, then the neural network approximation errors
can be small arbitrarily.

3. A sigmoid function defined as

_l—e"

=T

(7.14)
is chose as the activation function.

7.3.2.1 Critic network

Based on the approximate capability of neural network, a critic net-
work is used to approximate the value function and its derivatives.
Then the output of critic network can be formulated as

A ~aT

V. w: c

Aj(xk;) _ [ Aiﬂ]-g 2] qb(ij’de)

Aj(@) Wl (7.15)

T T
= wj,k,c2¢(wj,chj,k)’

in which Xj;; is the input signal; f/j(:ck) and j\j(:ck) denote the
approximate values of Vj(x) and Aj(zy), respectively; ;1 is the
weight vector between input layer and hidden layer, and the weight
vector between hidden layer and output layer is denoted as w; j o =
[12)? o2 12)?7 k, ¢2]- @(-) represents the activation function of the neural
networks in the following statement.
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According to (7.11), the approximate error e;j .1 between ‘A/](xk)
and Vj(x_1) can be defined as

ejher = i Vi(ay) = Vi(wp_r) +rj(xn_1) (7.16)

Similarly, based on (7.13), the approximate error e;j .o between
Xj(mk) and Xj(xk,l) is described as

0Xjk
s — Ok
7.k, c2 J 8Xj,k—1

In order to train the weights of critic network simultaneously, the
objective is to minimize the following global error function:

Ejre=mEjkc +nm2FE;k .2, (7.18)

where 77 and 7o are the scaling factors with 0 < 73 < 1 and 0 <
n2 < 1. Ejic1 and Ejy 0 are as follows:

aT‘j(SCk_l)

N () — A (@p .
J(xk) J(‘Tk 1) + 8Xj,k:—1

(7.17)

1
Ejke1r = 56?,k,c1’ (7.19)
and
L,
Ej,k),CQ — §6j7k702. (7.20)

The gradient-based adaptation rule is used to update the weight
as follows:

W k41,2 = W) ke2 + AWj g c2- (7.21)

Let Awj k.2 be derived as

[ OF;
J,k,c
ij,k,cQ = *,Bj,c B
L wj7k702
[ OEj e OFj .2
=—Bjc My, +7728A
L wj7k762 wj7k762
r T
= —Bjc |Mmaje;kc10k,cN205Pj ke Ix,  Cike2 ;
jvkil

(7.22)

where (3; . is the learning rate of player j, ¢ i . = ¢(ij,chj,k) is the
output of hidden layer.
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Remark 7.2. Equation (7.22) is not easy to understand, following
statements may be helpful. Suppose that there are H. neurons in
the hidden layer of the critic network. According to (7.1) and (7.15),
the dimensions of W) k,c2s Pjk,cs €kl € k,c2s and an,k;/an,k—l are
shown below.

~ Hex(14+n+mi+mao+--+m
Wi k2 cRHe ( 1 2 N),
H:x1
¢j,k,c eR™e )
1x1
€j k1 ER™TT,

Xk cROHmitmatfmy)x (ntmit+mat- +mN)

€j k.2 ER(TLerlerQJr---erN)Xl.

It can be seen that the dimension of (7.22) is reasonable, which is
equal to the design of w; j o in (7.15).

Define w; o to represent the optimal weight vector. We can have
the approximate error w; j o as

W k,c2 = Wj k2 — Wje2- (7.23)
Then according to (7.21) and (7.22), (7.23) can be rewritten as
Wj k41,62 = Wj k1,62 — Wj,e2
= Wjke2 + AWjke2

~ b
= [0S ko2 W k2] — Bic [majqu,k,c

X (i co®je + 75 (Th—1) — B}y c0bjk—1.)
(7.24)

j,k,c

Xk 1 an, Wiikese2

Orj(zg—1 N i
+j7)— ?Tk 1,205, k—1.c .

205 Qj ke <

0Xj k1
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7.3.2.2 Action network

Similar to the structure of critic network, define w; 41 as the constant
weight vector between input layer and hidden layer, w;\ 42 as the
weight vector between hidden layer and output layer. Moreover, in
the training process, we merely update the weight w;  ,o. However,
in the action network, only the system state xj is used as input to
obtain the optimal control as the output of the network. Then the
output can be formulated as

ﬁ’](xk) = wIk,aQ(b(wIalxk)’ (725)

in which ¢(-) is the activation function with the form of (7.14).

As shown in Fig. 7.1, the GDHP design for each player is a combi-
nation of HDP and DHP. According to (7.16)—(7.22), we can see that
GDHP minimizes the error with respect to both ‘7] (x) and its deriva-
tives. Since we already have high quality estimate of af/j(xk) /00 1,
in 5\j (xr), the objective error function of the action network becomes

1
Ejka = 56 ka€ika (7.26)

where e 1., = X](mk)
Using the gradient-based adaptation rule, the weight ;. 42 can
be updated by

Wj k1,02 = W ka2 + AWj ka2, (7.27)

in which Awj, q2 is

A’w ﬂ anJgﬂ 86j7k7a 6)\ ( )Buj 1‘k)
jk,a2 — — Pja <
J J aej,k‘,a a)‘j (xk) 8’UJJ( ) awj k,a2 (728)
R T
= - ﬁj,a(bj,k,a([w?:ll;,CZ(bj,k,C] [w bL oL, k)

where f3; , is learning rate of play j, ¢jx. = gb(wlalmk),

Tie= /[0 =634) - (1 =021 )w] e

mj
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Remark 7.3. The formula of Aw; .o may be quite complicated,

exact derivations of dimensions will be given. Suppose that there are

H, neurons in the hidden layer, the dimension of wj j 42 is RHaxm;

Other dimensions of (7.28) are presented based on Remark 7.2.
¢j,k,a € RH&Xla

,L/[}b—ll; 2¢jkc c {RHCX(n+m1+mg+---+mN)}T % RHch
JsRsC »sfvy

— R(rtmitmat-+mpy)x1

)
2 H:x1
L= @€ RTT,
wj e € R(n+m1+---+m‘7+---+m1\r)><Hc,

m; X H,
Wjelntj € R™I7He

Fj,k; E RHCXm]‘ X {RMjXHc}T _ RHCXWL]',
~bT ) Hex(n+mi+mo+-+mpy)\ T Hexm
WY ol € {R7e T x RHAxms

— R(rtmitmat-tmpy)xm;

From the above analysis, we can see that the dimension of (7.28) are
also reasonable.

Define the ideal weight vector of W, 1 42 as wj 42. Then the approx-
imate error between ;1 42 and w; 42 is defined as

Wj ka2 = Wjk,a2 = Wj,a2- (7.29)
According to (7.27) and (7.28), (7.29) can be rewritten as
W) k41,02 = Wj k41,02 — Wj,a2
= Wj ka2 + Awj ka2

~ bT Tt
= Wjka2 = BjaPika [wj,k,c2¢j7k,c} [wj,k;,c2rj,k} :

(7.30)

From the updating rules (7.21) of critic network and (7.27) of
action network, it is unnecessary to use a neural network or identifier
to identify the unknown nonlinear system for the dynamic informa-
tion f(xy) and gj . Subscripts j, cl, €2, al, a2, a and b are used to



Model-Free Adaptive Optimal Control for Unknown Nonlinear 167

distinguish different parameters, only the system states xj_1 and xp
are needed in the learning process. 3; . and 3;, are the learning rates
of the jth critic network and the jth action network. As we know,
to address the MP-NZSG, we have to solve (7.9) which is a coupled
equation. As shown in Fig. 7.1, the input signal of the jth critic net-
work includes not only the output of the jth action network, but also
the outputs of other action networks. This structure can couple all
critic networks and action networks together. Furthermore, for each
player, the weight of action network is directly trained by the output
of the critic network. For the convenience of analysis later, the sub-
script “2”, which denotes the hidden layer to output layer, is omitted.
According to (7.7)-(7.8), the obtained policy w;j could be optimal
control when the value function Vj(zj41) is optimal. Therefore, the
training process of all neural networks can be summarized as: First,
the 1th, 2th,..., Nth critic networks are trained one by one. After
that, we update the weights w; ., j = 1,2,...,N. Second, the 1th,
2th, ..., Nth action networks are trained also one by one. There-
after, we fix the weights w; ,,j = 1,2,..., N. Third, since all the
weights of neural networks have been trained in this round, accord-
ing to the next system state, we start a new training round, and so
on, until we get the optimal weights of all neural networks. Then the
above training process of the neural network weights is summarized
in Algorithm 7.1.

7.4 Stability Analysis of MF-CGDHP Algorithm

The MF-CGDHP structure shown in Fig. 7.1 is used to implement
the MF-CGDHP algorithm, which is employed to solve the coupled
HJ equation (7.9) and obtain the optimal control policies. In this
section, based on Lyapunov stability construct, it is proved that the
estimation errors of all critic and action networks weights are UUB.
Before the stability analysis, we present the following assumption.

Assumption 7.3. Let w;. and w;, be the optimal weights for the
Jth critic network and action network, respectively and assume they
are bounded by two positive constants, i.e.,

| < wjam, j=1,2,...,N, (7.31)

in which m means “maximum”.

[wjell < wjems  l[w)a



168 Iterative ADP for Self-Learning Optimal Control

Algorithm 7.1 MF-CGDHP for MP-NZSG

Require:
1: Critic network: Vj (zc) < pjc (xc, Wj,c)

Jjig=12...,N;
Vj(zc): the jth value function;
pj,c: the jth critic network;
x.: the input signal of critic network, . = [z}, 4], 4s, ..., Ux]
Wj,.: the estimated weight of critic network;

2: Action network: @; (z4) < pj,a (Ta, Wj,a)
Jr3=12,...,N;
U (zq): the jth action function;
Dj,a: the jth action network;
Tq: the input signal of action network, x, = x;
Wj,q: the estimated weight of action network;

3: Nj. and Nj4: the maximum cycles of the jth critic network and action net-

work, respectively;

4: €j,c and €4 internal training error thresholds for the jth critic network and

action network, respectively;
5: Neye: the maximum cycle of learning;
Ensure:
6: for 1: N¢y. do
7:  Initialize o, Wj,0,e and Wj,0,c with j =1,2,..., N;
Execute the jth action and obtain current state;
T = system (l'k—l, ﬂl,k—l, ﬂg,k_h .. 7ﬁN,k—l);

8: Block of training critic network, j =1,2,..., N .
9:  while (Ej k. > €jc & cyc < Nj,) do
10: ‘/7 (.Tc) < Pjk,c (xa wj.,k,c);
€j k,cl = (7.16), €4 k,c2 = (7.17), Ej,k,c = (7.18);
Update the weight ;. by (7.21) and (7.22);
Wi kt1,c = Wy k,e + AWj ke
11: end while

12: Block of training action network, j =1,2,..., N .
13: while (Ejyk_’a > E€ja & cyc < Ni,a) do
14: 5 (Ta) < Pja(Ta,Wj.a);
Vi (®e) <= Pik,c (Te, Wiik,e);
€j k,a = )\j (.Tk), Ej,k,a = (7.26);
Update the weight w; k.. by (7.27) and (7.28);
Wy ka = W) k,a + AWj ka3
15: end while

16: UA)j,k+1,c :UA)]'_’kyc, ] = 1,2,...,N;
UA)jykJrl’a = lf)j_’kya, 7=12...,N.
17: end for
18: Return wj n.ye,c; Wj,Neye,ar J = 1,2,..., N.
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In order to analyze approximate error (7.24) of critic network con-
veniently, two definitions (7.32) and (7.33) are needed. According to
the definition of critic network (7.15), the output of critic network
not only estimates the value function Vj(xj), but also includes its
derivatives \j(xy). Then, in the approximate error (7.24), there are
two terms in the vector ;11 2. The first one is weight approxima-
tion error of value function, as shown in (7.32). The second one is
weight approximation error of its derivatives, as shown in (7.33).

Cfy = ke = B, b e (DT L Djikc
Frj(@p—1) = 0% Dik-1.)
=[I - O‘?BJ}CUIgbjﬁ,t:‘b}-,k,c]w?,k,c
— B 0k el whe ke

+rj(wpo1) = W 1Bkt (7.32)

0X ), (a, 0X;).

b, =
gk .7 k,c IBJ Cn2aj¢] k,c |:6Xj,k1 J an,kfl

T
_]kC C (9ij7k7 Jk o e

= (I — 2| Al]* B} cn20 etk )T o (7.33)

_ ﬁjvcn2aj¢j,k7c |:A <OZJAU}?:I;¢],]€7C
Orj(xr—1) T T
" m —Wjk1,cPik—1e || -

A= 8Xj7k/8Xj7k,1,
and w?

% . and w . denote the optimal value of w{, .

* k. Tespectively. Then (7.24) can be written as

y . b
Wi ht1,e = Wjhtl,ec— Wie = [ ik O ] (7.34)

Consider the two update rules for approximate errors in (7.24)
and (7.30), and rewrite these learning processes into a more general
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form as

W t1 = Wy g — Pj (W) gy Wj k=1, Pji ke» Pjk—1)- (7.35)
Then the asymptotic behavior of the estimation error of the

weights, w; , is to be analyzed by studying the stability properties
of system (7.35).

Definition 7.3 (Uniformly Ultimately Boundedness). The sol-
ution, w; i, of the discrete-time dynamic system (7.35) is said to be
UUB within a bound € > 0, if for any § > 0 and tg > 0, there exists a
positive number N = N (9, ¢) independent of ¢g, such that ||w; 4] < e
for all t > N +to when |[@;,,| <.

Theorem 7.1. Consider the discrete-time nonlinear system (7.1), let
the N critic and action networks output be given as (7.15) and (7.25),
the N critic and action networks weights update according to (13)
and (16), respectively. Then, the sum of all critic network estimation
errors Zﬁi%k’c, and action network estimation errors ij,k,a are
UUB, respectively, provided the following conditions are met:

1
—<aj<1, j=12,...,N, (7.36)
\/5 J
1
/8]',0 < 9 2
(ajm||¢j,k,c” )
or
1 .
Bie < 77— . J=12...N.  (137)
(a2nall A1l
1 .
6j,a<727 j=12,....N. (7.38)
10).k.all

Proof. Define the Lyapunov function candidate as

N
1 T 1 T
Lsk =) {— tr {ij,k,cwj,k,c} tig {ij,k,awj,k,a}
=1 ﬁj,c ]ﬁj,a
1 2 1 2
+gmllil+ gl (739

N N

=> Lijn+Lja+Lis+Lia=Y Lk
j=1 j=1
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_ 5aT b _ b7
where ¢fy 1 o = WFh 1 Bjk-1er Sjp—1,c = Wjk—1,Pj k-1, Then the
first difference of ALj; in (7.39) will be

ALj,k = ALJ'J + AL.]'72 + ALJ'73 + ALJ'A. (740)
For the convergence of calculation, we analyze each term

separately,

1

~T - T~

ALj,l = —/8 tr {wj7k+17CQUj7k+17C — ka,cwj’k,C}
j,¢

T ~aT -
= —ﬁ tr {Cﬁk ik~ w?,k,cw?,k,c} (7.41)
7,

+Etr{0b Cly— e}

Define the two terms in last row of (7.41) as follows:

1

ALy =5t {Ccs — @ e} (7.42)
j?c
1

AlLjsz =5 tr{Cb Cly — %J?kc} (7.43)

Considering the first term ALj 11, we have

1
o aT ~a ~aT
ALj,ll—ﬁftf{Cj,k ok~ Wi, ch}
J,€
_ 1 — ~aT BTB ~aT e
- /8 r ]kc ]kc jk‘C jk‘C
J,€

~?—I/; CB ﬁj ch &y ¢] k, c (744)

T -
- ﬁj70n1 angbj,k,cBw?,k,c

2 .2 2 T T
+Bj,cmaj0¢j,k,c¢j,k,00 }

in which B = I — o# ﬂj cn1¢j k C(b] ke O‘jw?jc_(bj,k,c —+ Tj(xkfl) —
j,k—l,c¢] k—1,c»

~aT T ~a
jk:cB Bwjk;c jkcwjkc

~aT 2 T
= Wi . [ — 5B, Pjike,cPj ke
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~a

2 T ~a ~aT
X |:I B ajﬁj76n1¢j7k7c¢j7kvc:| wj7k7c B wj7kvcwj7kvc

= *04?5]',0771“%'{;@0”2 - a?ﬁj,eﬁl
x (1= a2Biemlosnel®) s
Substituting (7.45) into (7.44), we get
ALji1 = — 0?771 ngakcHZ + ﬁj,cn%a?||¢j,k,c”2||CH2
— a2 (1= 2B emlldsnel?®) lsinel

— 2ty {maj {I - Oéjzﬁj,cmH%k,cHﬂ C}fk,cCT} :

The last two terms in (7.46) can be rewritten as

2 2
—a?m (1= 2Bl llsiee
— 2tr AT =28 el dinel®| <4 CT
e @55, ¢]7k70 Sik,c
=~ ami (1= oZBemllrecl)
< {Ilseell* + 26 {<iar T} }
=—afm (1 - O‘?ﬁj,cﬁlﬂ%,k,cHQ)

4

Substituting (7.47) into (7.46), we have

a —1 2 —1 2
et i 0 =[]}

ALj11=— Oé?ﬁl‘kﬁk,c”z + 53‘,::77%04?”(75]}1@0“2HCH2
— a2 (1 - a2emilléjnc’)
+ 1 (1= a2Biem gl ) IICI
= — afm||sj |l +mllCI?

— a2 (1 02816 5.l

a —1 2
ke T 0 CH

a -1 2
ke T 05 CH .

(7.45)

(7.46)

(7.47)

(7.48)
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By substituting C' into (7.48) and applying the Cauchy—Schwarz
inequality, we have

ALjun < = a3mlsi® = a2m (1= a2B;mlér.el?)
X ”gﬁk,c + w?,-lc—(bj,k,c

i ry(ana) - o a5k 1 byl

+27]1{

1 1
~aT aT
- ij,k;—l,c@bj,k—l,c - §wj,k—1,c¢j,k—17€

2
} (7.49)

= — a2l = adm (1= a2B.0m 6kl

Wil djpe + ri(Tr-1)

2

1.
+ H 2 ?—II; 1 C¢j7k_1vc

X ||gja,]€,c + w.?jc_qu?kvc
+ o iri(m) = oG 0fh g Bk el

m
+ gl >+ 2

Wit dj ke +ri(@r-1)

1 2

1
aT
2 7 k 1 c¢j k—1,c — 2wj,k717c¢j,kfl,c

N

ALj 2 can be analyzed similarly. According to (7.43),

1 DT b bT b
ALJ,lzzth{C 1G5 — W) g, W jkc}
1 DT D@ T @t
:/8' tr JkC jkc jkc jk‘c
J7C

7.50
B2 B0 (EATYGT, ) (61l AET)) (7.50)

- IBj,CnQQJ((E A) i,k c)(ij k, c)

B0 (%, D) (61 (AET)) |
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2 2 T T
where D = I — o?||A|?Bjcn20jncdl e B = ajAuwdle. +
8Tj($k_1)/8Xj7k_1 — Z@?-I];_l c¢j,k—1,c~ The first two terms of (7.50)
can be rewritten as
~bT T b ~bT  ~b
Wi kD" DWjgo o — Wi Wi e

. 2
=l (1= 021 AIPBemoy ket
20 412 T )b =0T b
X (I —aj||Af ﬁj70n2¢j7kvc¢j,k,c) Wike = WikeWike  (7.51)

2
= —a3Bieml AP [shee| — a2Biem

2
2 2 2(1 b
x (1= a2B;emll APl 65el?) 1A obc

Substituting (7.51) into (7.50), we have

2
2
ALjio = — adml| AP||<2s..

2 2 2
+ B33 | AP |5l B
2 2 2
— a2z (1= 2| APBicne | A |65l
2 (7.52)
2|l b
X AP
= 2tr {may 1 - a2Bieml Al dscl?]

X g]l'),k,c(AET) } 9

in which

2
2 2 2(1 b
— a2 (1= 028, emll A6kl 1A e

| b AET)}

— 2tr {77204j |:1 — a?ﬁj,0n2‘|AH2H¢jvk70
’)

2
+ 2tr {aj_lgjl»’vkﬁ(AET)}}

2
= — 04?772 (1 — a?ﬁj,eﬁQHAH Héf)j,k,c

2
A e




Model-Free Adaptive Optimal Control for Unknown Nonlinear 175
2 2
= —anz (1 - 2Bl Al 95l
2|l b
R{IE

2 2
—1 -1
e ]~ o]}

’ + 2tr {§?7k7C(AET)}

2
= —a2np (1= a2B;.0m )| AIP |65

’)
Tb —1 2
ot o]
(1= a2B5em | AIP 60l 1B (7.53)
Substituting (7.53) into (7.52), we get
2 2 2 2 2 2
+ BBl A6k, | B
2
= afm (1= a3B; el AP 6sucl”) x |[ATS) s+ a5 B

2 (1= 028;ml| APl 65l 1 B

ALjip =— a?772HAHQH%Z'),k,c

2 2
+m2||E|l

2| b
= — a2l A2 |

2
2) X HAngb’k’cha;lEH .

(7.54)

2
—anz (1 - a2l Al

Based on the Cauchy—Schwarz inequality, we have

2
2 2
ALjre = —a2ml AP |hee| + mIE)

2
—aZng (1= a28, el AP 9el”) % || ATk e+ 07 B

2

2(1 b
= —a2ml| AIP||s}c

2
—aZn (1= 2Bl Al 6smel?) x || AT o+ a7
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8Tj($k_1)

bT
o ;AW D)k +
3AW;cPik.c
e 0Xj k-1

+ 12

1 1
AbT bT
- 5 j,k717c¢j,k71,c - §wj,k717c¢j,kfl,c

2
_ 1 =0T b
9 Vik—l.e j,k—1,c

2

IN

2|l b
— a2 A .c

2
—adne (1 - a28,eml| AP 9el®) x || ATk o+ a7 B

+27]2{

1 1
~bT bT
~ 5 Wik-1.Pih—le ~ 5Wjk-1,c2Ph-1c

2
} . (7.55)

Equation (7.55) can be further simplified to

orj(zr-1)
0Xj -1

bT
aj ij7c¢j7kvc +

2

1,
T 5% k-1

2
ALjss < —a2mlA]|s2y.

2 2
—aZn (1= a2l AP 65l
TDb -1 2

aTj (1‘]{,1)

2
+2m2 0X; k1

aj AW ke + (7.56)

lAbT . l bT A ?
B ij,k—l,c2¢J,k—Lc - 2wj,k—1,cz¢],k—1,c

mll » 2
+ o ng,k—l,c
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ALj > can be derived as
_ ~T - T~
ALJ72 - llB tr {wj,k“rl,awjvk“rlva - wj,k,Cijvkva}

iPj.a

1 T

~bT ~bT

= 7y " 2%ka [wj,k,cfj,k] [wj,k,c%k,c}

J

AbT
j k,c .7 k

2
BT
j,k,C]'_‘j7kH >

2
A?L c¢j,k,c ”‘bj,k,aH

- { <H?ch]’“H

~bT
X ij,k,cqu}kvc

+/8j,a

2

~bT
- ij,k,cfj,k%,k,a

2} : (7.57)

in which ¢, = ﬁ’}:k,aﬁbj,k,a' As we know that T'j, = (1/2)
(1 —gb?kc)wj,cl,nﬂ' and —1 < ¢(z) < 1, based on the Cauchy—
Schwarz inequality, (7.57) can be further derived as

1 :
AL2<Z—{—< é’LmH)

2
~bT
X ij,k,c(bj,k,c -

~bT ~bT
+ || 05k Pjke — W) g L' kS ka

~bT
]kc Jk

2

~bT
ij,k,cfj,k%,a

2 2
+4 (ng}wqu,k,c + e > } . (7.58)
According to (7.39), AL;3 and AL;4 can be calculated as

1
ALy = o (sl = sl (75

1 e 2
ALjy = m ngm . (7.60)

Note that the four terms of AL;; have already known, let [;
satisfy

b
- ng,k—l,c

4

(a2 41 = 1/2) me

< lj. (7.61)
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If oj, B and B, satisfy (7.36), (7.37) and (7.38) respectively, sub-
stituting (7.49), (7.56), (7.59), (7.60) and (7.61) into (7.40), we get

ALjp=ALj1+ALjo+ ALj3+ ALjy

1
<-m (0‘? - 5) 55 ell”

2

’)

T —
Sk + WS e Bie + af (1) (7.62)

—aim (1 — a3 Bj.em

2
—~1 2
— Qg

~aT
— Wik hj k-1

<1 B a?ﬁjvcnzHAHQH(bj,k,CHZ) HAng k,c + o 1EH

1 Ay Ay 2
lj ] k,c J k j k,c .7 k
o b T 4. N | L e
Wik Pie|| — || Wikl ikSikal + M
J
in which M? is defined as
4 2
M2 = [0l cdine
J
orj(xg—1)
A BT j
+ 2 || Awg bike + 55— Xopt
2

1

1
bT
5 Wik-1.2Pik—Le = SWik-1,cPik-Le

(7.63)

+ 21 || qywi e ke + 7 (Tp-1)

1 AaT ) 1 aT ) ?
— 5 Wik-1,cPik—Le = GWjk-1,cPik-Le
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Applying the Cauchy—Schwarz inequality to (7.63), we have
2

4
2 bT
M <~ ijmqﬁj,k,c
]

H 6rj(xk,1) 2

] A bT 2
+ 82 H%‘ WPk OX; 0

1 2
BT
+ H§wj,k—1,cg¢j,k—1,c

1
BT
+ H§wj,k—1,c2¢j,k—1,c

)
)

2 2
+ (1)l

aT
8m (H(Jéjwj,c Dj ke

2 1

1
~aT aT
+ §wj,k717c¢j,kfl,c

+ H §wj,k717c¢j,kfl,c

47 4 2
< l_ (wj,c,m¢j,c,m)
J

2 7.64
+ 8/’72 |:<ajAmw?7C,m¢j7cvm) + (TJ,X,W)Q ( )

1 1 2
+<§w?7c7m¢j,c,m> + <§w?7c,m¢j>c7m>

2 2
(ajw_?7c,m¢jvc7m) + (/rjvm)

1 2 2
+ <§w.?7cym¢j>c7m> + <§w?,c,m¢j,c,m>

4 2 2
= <l_ + 4772) (w?,c,m(bj,c,m) + 47]1 (U);C,m(bj,c,m)
J

+ 8771

2
+ 82 [(j At} ¢ bjicm)” + (17,x.m)°]

2
81 ({0 )+ ()] = M,

. . a b
in which w{ ..., wj_ ..,

upper bounds of w§; ., w?kc, Gjkes Tj(xk), Orj(xy)/0X; ), and A,
respectively.

Gjems Tim, Tixm and A, are the
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If conditions (7.36), (7.37) and (7.38) hold, then for any

585l > \/M2 a - —> (7.65)

the first difference AL;; < 0 and then ALgj = Zjvzl AL, <0.
Therefore, according to the Lyapunov extension theorem, this
demonstrates that the errors between the optimal network weights
Wj.e, Wi and their respective estimations w;j ¢, Wy, are UUB. O

Remark 7.4. The activation function ¢(x) with the form of (7.14)
employed by critic and action networks is always bounded within
[—1,1]. According to (7.15) and (7.25), the optimal outputs of critic
and action networks can be derived as

‘/}*(mk) T

=W, g Dj ke 7.66
) | et (760
wi*(2k) = W) 1, o Bjksa (7.67)

If Assumption 7.3 holds, then the estimation errors of the optimal
value function V;*(x)) and control policy u;*(x)) are also UUB.

Remark 7.5. In three-layer neural network, if the activation func-
tion is chose as (7.14) with —1 < ¢(z) < —1, then we can get

16 (2)1* < Ny, (7.68)

where Ny, is the numbers of hidden nodes in the neural network.
Based on the above theory, conditions (7.37) and (7.38) for the critic
and action networks can be further evolved as

Bje <1/(a4Njne), j=12,...N (7.69)
and
Bja <1/Njpa, j=12,...N, (7.70)

in which Njj . and Njj . are the the numbers of hidden nodes in
the critic and action networks. We can see that (7.69) and (7.70) are
simple and intuitive sufficient conditions, which can be used to guide
the selection of learning rates.
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7.5 Simulation Example

Consider the following nonlinear system:

Tpr1 = f(Tr) + 91Uk + 92 5U2 ks (7.71)

where the system state xj, € R?, control policies ujr €R, j=1,2.

Define z, = [z1 (1), (2)]". The exact form of f(z;) and Gj.kes
j =1,2, are defined as

Tk (2)

{—23, (2) = 0.52 (1)

F@R) = | 4 0.25m (2) (cos (2 (1)) +2)° | (7.72)
+0.25z (2) (sin (27 (1)) + 2)2}
| 0 _ 7.73
Ik = | cos (2zy, 1) +2|’ (773)
and

_| 0 _ 7.74
92k = _sin (4x% (1)) + 2_ ’ (7.74)

respectively. In this simulation, the performance index function of
each player is defined as (7.2) with Q1 = 2, Ry = 2, R12 =2, Q2 = 1,
Ro1 =1 and Ry = 1. Above matrices are set according to the prac-
tical design purpose of how to balance the state-related utility and
the control-related utility.

In the implementation of MF-CGDHP algorithm, three-layer feed-
forward neural networks are employed. The structures of action and
critic networks are as 2-5-1 (i.e. two neuron in the input layer, five
neurons in the hidden layer and one neuron in the output layer)
and 4-8-5 for each player. The sigmoid function (7.14) is selected
as the activation function for both critic and action networks. In
the learning of the MF-CGDHP algorithm, the initial weights for
all neural networks are chosen randomly within [—0.5,0.5]. Accord-
ing to Remark 7.1, only the weights between hidden layer and out-
put layer are trained. The weights updating rules of all critic and
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X ()
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o
[
1
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Time step k

Fig. 7.2. Trajectories of the system state zy.

action networks can be seen in (7.21) and (7.27) with n; =y = 0.5.
Considering the conditions in Theorem 7.1, we choose the value
of discount factor as oy = a9 = 0.9 € (1/\/5,1). According
to Remark 7.5 and the structures of neural networks, the learn-
ing rates are set as 1., = B2, = 0.01 < 1/(8 X 0.92) ~ 0.154,
Bra = B2, = 0.01 < 1/5 = 0.2. The numbers of internal cycles
are defined as N;. = N;, = 100,57 = 1,2, the error threshold is
selected as €. = €j, = 1079, j = 1,2. The number of the maximal
training cycle number is set as Ny, = 200 in the simulation.

The MF-CGDHP method is used in the learning process at the
time step k& = 0 with the initial state o = [-0.5,—0.5]. In the
learning process of the weights for all critic and action networks,
the MF-CGDHP method takes 0.0753s. After that, we apply the
obtained weights of critic and action networks to the system (7.71).
The MF-CGDHP method takes 0.0031s for the rest simulation. The
trajectories of system state x; are presented in Fig. 7.2. The tra-
jectories of the control laws for two players are shown in Fig. 7.3.
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Fig. 7.3. Trajectories of the control input u; for player j,j = 1, 2.

Observing Figs. 7.2 and 7.3, one can find that the state trajectories
run to zero under the obtained control policies.

7.6 Conclusion

In this chapter, an online adaptive optimal learning algorithm is
developed to solve the MP-NZSG problem of unknown nonlinear sys-
tems. The MF-CGDHP structure is used to implement the approx-
imate method which does not require any model network. For each
player, a critic network is used to approximate its value function and
partial derivatives. An action network is employed to approximate
its optimal control policy. Based on the updating rules of weights in
the critic and action networks, we have proved that the approxima-
tion errors are UUB for all neural networks when some conditions
are satisfied. To demonstrate the effectiveness of proposed results,
simulation results have been shown.
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Chapter 8

Continuous-Time Distributed Policy
Iteration for Multi-Controller
Nonlinear Systems

8.1 Introduction

In this chapter, a novel distributed policy iteration algorithm is
established for the infinite horizon optimal control problems of
continuous-time nonlinear systems. In each iteration of the devel-
oped distributed policy iteration algorithm, only one controller’s con-
trol law is updated and other controllers remain unchanged. The
main contribution of the present algorithm is to improve the itera-
tive control law one by one, instead of updating all the control laws
in each iteration of the traditional policy iteration algorithms, which
effectively releases the computation burden in each iteration. The
properties of distributed policy iteration algorithm for continuous-
time nonlinear systems are analyzed. Admissibility of the present
methods has also been analyzed. Besides, monotonicity, convergence,
and optimality have been discussed, which show that the iterative
value function is non-increasingly convergent to the solution of the
Hamilton—Jacobi-Bellman equation. Finally, numerical simulations
are conducted to illustrate the effectiveness of the proposed method.

185
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8.2 Problem Formulations

Consider the following continuous-time multi-controller nonlinear
system

&= F(z,uy,...,un), (8.1)

where the system state is denoted by x = x(t) € R", and u; = u;(t) €
R™i ¢ =1,2,...,N, represents the control inputs. F(-) is regarded
as the system function. N stands for the number of the controllers,
which is usually positive integer. Let xg be the initial condition of
the nonlinear system. Some assumptions are given in the following
for further analysis.

Assumption 8.1. The system (8.1) is controllable, and the system
states all belong to a compact set where the origin is contained;
the system function F(z,u1,...,u,) is Lipschitz continuous for x
and wu;, i = 1,2,..., N; the equilibrium point of the system (8.1) is
x = 0, when the control inputs satisfy u = 0, i.e., F(0,0,...,0) = 0;
the multi-control law u;(x), i = 1,2,..., N, is continuous on ) and
u; = u;(x) = 0 always holds for x = 0.

To analyse the optimal control problem of system (8.1), the per-
formance index function is given with the following definition:

J(z) = /too U(z(s),ui(s),...,un(s))ds, (8.2)

where U(x,uq,...,uy) represents the utility function and positive
definite for x and w;, i =1,2,..., N.

The admissible control laws of multi-controllers can be defined as
wi € U(Q),i=1,2,...,N, and ¥(2) can be considered as the set
of admissible controls on 2. Under the admissible controls, the value
function is given as

Vi) = / T U(s), 1 ((s), pa@ (), v (a(s))ds. (83)

If the value function is continuously differentiable respect to t, it
can be transformed into the following form which is called nonlinear
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Lyapunov equation

-
3V_(x)> F(z,p1,...,un) =0. (8.4)

U
(x’l'tl’ ’:U'N)+ ( o1

Based on the definition in (8.2), the optimal performance index func-
tion is defined as

J@) =  min (Q){/tOOU(x(s),ul(s),...,,uN(s))ds}. (8.5)

HisehNEW

which can satisfy the HJB equation with J*(0) = 0, and the following
equation can be derived as

min {U(x’ﬂla""HN)+<8Jax( )> F(m,,ul,...,,uN)}

M1 N

* (o T
= Ui (@), @) + (229w Pl (@), i (@)
Ox

=0, (8.6)

where pj (), ... py(z) are the optimal control laws. Generally, it is
almost impossible to get J*(z) by directly solving the HJB equations,
especially for multi-controller nonlinear systems. Hence, developing
a novel distributed policy iteration algorithm to overcome this diffi-
culty is very necessary.

8.3 Continuous-Time Distributed Policy Iteration:
Derivations and Properties

In this section, the derivations of the continuous-time distributed
policy iteration algorithm for multi-controller nonlinear systems will
be discussed. Furthermore, some new methods to analyse the con-
vergence and monotonicity will be introduced and the admissibility
of the multi-control laws will also be proven.
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8.3.1 Derivations of the continuous-time distributed
policy iteration algorithm

Let v{(z),...,v%(x), Vo € R™ be arbitrary admissible control laws.
Let VO(z) denote the initial iterative value function, such that
ovVO(x) T
Uz,)(x),..., 0%
(1’,’[)1(1'), 7’UN(1.))+ ( or >
x F(z,0)(z),...,0%(z)) = 0. (8.7)

Let k =1and 7y € N, N = {1,2,...,N}. Let ug) = {u; : j €
N,j # i}. Then, we have U(z,ur,uc)) = U(x,u,...,uy). For
k =1, the control law v}, (x) can be calculated by

o) = i Ut )

Ury
oVO(z)\

(5 Pl 69

Let v; Hx) = (x) for all j € N and j # 7. According to

vi(z),v (x), (x), the corresponding value function V!(z) is

calculated by

1\ T
U(m,v%(m),,v}v(x))_i_ (av(;m( ))

X F(z,vi(x),...,vh(z)) = 0. (8.9)

For k = 1,2,... let 7, € N and U(z,ur,, u(r,)) = Ulz,ur,...,
uy ), the iterative control law v% (z) can be derived by

U,q—k

k=1(, T
+<‘9VT()> Fla,ur, 0 f;)l(x))}. (8.10)

Let v¥(z) = v;.“_l(m), for all j € N and j # 7. Accord-

vfk(x) = arg min {U(m Uz, ?T )1(35))

J
ing to vf(x), vk (x),... vk (z), the iterative value function V*(z) is
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updated by

k(e T
U(x,v’f(m),,vﬁ“v(x))_F (8‘/855( )>

x F(z, 0¥ (x),...,0%(x)) = 0. (8.11)

Then we can obtain distributed policy iteration algorithm as Algo-
rithm 8.1.

Algorithm 8.1 Distributed policy iteration algorithm for multi-
controller nonlinear systems
Require:
Choose randomly an admissible control law v9(x),i = 1,..., N;
Choose a computation precision .
Ensure:
1: Let the iteration index k = 0. Construct an iterative value func-
tion VO(x) to satisfy (8.7);
2: Let k = k + 1, choose 7, € N randomly. Do Policy Improve-
ment

vy, () = argmin {U(ﬂﬂ, uTk‘)Ué{;-;)l(w))

U-,—k

n <W>TF(SC,UW,U?%)1(IE))};

3: Do Policy Evaluation

X F(xz,o¥(z),...,v%(x)) =0;

4: If VF=1(2) — V¥(2) > ¢, goto Step 2.
5 return of(z),..., 0% (z), VF(z).

In this chapter, the function J*(x) denotes the optimal per-
formance index function under the optimal control laws uj(z),
uh(z), ..., uiy(r). For k =0,1,..., the function V*(z) is used in the
iteration process, which denotes the iterative value function under
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the iterative control laws v¥(z),v5(z),..., vk (z). In the following,
the properties of V¥ () will be analyzed and the relationship between
VE(x) and J*(z) will be proven.

8.3.2 Property analysis

In this subsection, the corresponding properties such as convergence
and admissibility of the distributed policy iteration algorithm are
analysed. For traditional policy iteration algorithms [1-6], all the
control laws of the system must be updated in each iteration simulta-
neously to guarantee the convergence of V*(z) and the admissibility
of the control laws. However, for distributed policy iteration algo-
rithm (8.7)—(8.11), only one control input is updated such that the
traditional analysis methods are unavailable for distributed policy
iteration algorithm. Thus, some novel analysis methods will be estab-
lished in this subsection. First, the admissibility of the distributed
iterative control laws will be analyzed and Some lemmas are given
in the following.

Lemma 8.1. Ifvf(z),...,v%(2), k=0,1,..., are admissible control
laws for system (8.1), there exists a value function VF(x) to satisfy

U, o (@), vl (@) + <3V’“(x)>T

Ox
x F(z, 0¥ (x),..., ok () =0. (8.12)

Theorem 8.1. For k =0,1,..., the iterative value function Vk(w)
and the distributed iterative control laws v¥(z),...,v%(x) can be
obtained by (8.7)~(8.11). If control laws v¥(x),... vk are admissi-
ble for nonlinear system (8.1), then vi (), ... o5 are admissible

control laws.

Proof. For £k = 0,1,..., as v’f(m),...,va are admissible con-
trol laws, (8.12) is always satisfied based on Lemma 8.1. Letting
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Tee1 € N, vEF1 () can be obtained by (8.10), which is expressed as

Tk+1
vfk‘:ll (x) =arg umin {U(SE, Uy s U?rk+1)($))
Tk4+1
OVF()\" "
+ < e > F(x,uTkH,v(TkH)(x))}. (8.13)

According to (8.12), it can be derived that

k() T
<a‘i9m( )) F(a, it (2),..., o (@)

+ U(x, 0§ (z), ..., oh T (2) <0, (8.14)

where vf;jrll (x) is obtained by (8.13) and vf“(m) = vf(x), for all
jeN and j # Tyt

According to Assumption 8.1, it can be derived that V*(z) is
always positive due to the characteristics of the utility function.
Then V*(z) is said to be a positive definite function. Choose V*(z)
as the Lyapunov function candidate. Based on (8.14), we have the
following inequality by calculating the derivative of V*(z) along

(¥t (2), ..., o5 (x)), which is expressed as

. k €T T
Vk(m) = <8V8$( )> F(x,vlfﬂ(x),...,vjlvl(m))

< Uz, o (z),. .., vk (2)). (8.15)
Thus, v} (x),..., vk (2) are stable control laws for system (8.1).

)
Then, it can be derived that lim; . U(x, vf“(m), .. ,v]li;rl(m)) =0.
Let Y*+1(z), k =0,1,..., is a value function, such that

T () = /tOO Ulx(s), of T (x(s)), ..., vt (x(s)))ds. (8.16)

Next, we will prove that Tk“(m), Vz € R"”, is finite under the control

laws vf ™ (), ..., 05 (z). Taking the derivative of Y**!(z) along
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time ¢, we have
TEl(z) = —U(z,of T (2), ..., ol (2)). (8.17)

Considering (8.15) and (8.17), we can obtain

VF(z) < TF(2), vz eR™ (8.18)
As of(x),...,v%(x) are admissible control laws, we define

VF(z(00)) = limy_o VF(x(t)) = 0. From (8.16), we know that
TFl(2(00)) = limyyoo YFF(2(t)) = 0. According to (8.12) and
(8.16), we can derive

/°° dV*(x(s))

S

ds = V*(x(00)) — VF(2(t))
> dYM (2(s))
< /t Tds
= T* ! (2(00)) = THH (1))

=— /too U(z(s), v (2(5)), . .., vl (2(s)))ds.
(8.19)

Then, we can get
/t - U(z(s), F T (2(s)), ..., vk (2(s)))ds < VF(z(t),  (8.20)

which shows that the distributed control laws v¥(z),... v (z)

are admissible for the system (8.1). The proof is complete. O

Furthermore, the properties for the iterative value function V*(z)
will be discussed in the following.

Theorem 8.2. For k = 0,1,..., let the iterative value function
V¥(z) and the distributed iterative control laws vF(x),..., vk (x) be
obtained by (8.7)~(8.11). If ¥)(x),...,v%(z) are admissible control
laws, the iterative value function VF(x), k = 0,1,... is monotoni-
cally mon-increasing as k increases, i.e.,

VE(2) < VF(@), VzeR™ (8.21)



Continuous-Time Distributed Policy Iteration 193

Proof. Consider ¥ = 0. For the admissible control laws

W(x),...,v%(z), according to Theorem 8.1, the iterative control laws

vi(x),...,v}(z) are admissible control laws. According to (8.16), it
can be easily derived that V!(z) = T!(x). Considering the derivative

of VO(z) along v} (x),...,vk(z), according to (8.14), we can obtain

Vo(x):< - >TF(x,v%($)’---’Uzlv(m))

—U(x,vi(z),...,v5()), (8.22)

IN

such that
Vo) < Vli(z), VzeR"™ (8.23)

According to Theorem 8.1, as v (z),13(x),..., % (z) are admis-

sible control laws, then v{(x),vd(x), ..., vk (z) are admissible. These
indicate that V°(x(c0)) = 0 and V!(x(cc)) = 0, which imply that
VO(z(t)) > Vi(z(t)), Vo € R™. By the implementation of mathemat-
ical induction, (8.21) can be guaranteed to hold for any £k =0,1,....

The proof is complete. O

According to Theorem 8.2, increasing iterative index k, the iter-
ative value function is monotonically non-increasing. Next, the opti-
mality of the iterative value function will be discussed.

Theorem 8.3. For k =0,1,..., the iterative value function Vk(w)
and the distributed iterative control laws v¥(z),...,v% (z) are derived

by (8.7)~(8.11). Then, V¥(x) converges to a suboptimal performance
index function as k — oo.

Proof. According to Lemma 8.1, we can derive

VFz) = /too U(m(s),vlf(w(s)), . ,vf@(x(s)))ds. (8.24)

As the utility function U(z,u,...,uy) is a positive definite function
for z and w;, i = 1,2,..., N, according to Assumption 1, we know
that V¥(z) = 0 for # = 0 and V*(z) > 0 for all z # 0. Hence, for
k=0,1,..., V¥(z) is a positive definite function for .

For k — oo, there must exist a controller which is improved for
infinite times. Without loss of generality, controller 7°, 7° € N, is
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assumed to improve for infinite times. Let K denote a set of iteration
indices, which is defined as

K={k|k=0,1,...,7, =7°7° € N}. (8.25)
Let v; € K, 7 = 0,1,.... Without loss of generality, let
ko < K1 < --+. According to Theorem 8.2, Vk(m) has been proved

to be non-increasing as £k — oo and have the lower limit, which is
defined as V*°(x) i.e.,

Ve(x) = lim VF(z). (8.26)

k—00

By considering (8.9) and (8.11), for £ = 0,1,... and AT > 0, it
can be derived that

. AT . .
V@) = [ Ulals)od @), oy (a(s)ds
+ VF(x(t + AT)). (8.27)

According to (8.27), for k; € KC, j = 0,1,..., consider a new iterative
value function It as

t+AT
It (z) :/t U(x(s),vfﬁ“(ﬂc(s)),U?Tjo)(ﬂﬁ(s)))ds
+ V¥ (a(t + AT))
t+AT it ot
_ /t U(a(s), v (2()), w2 (2(5))ds

+ VS (a(t + AT)), (8.28)

where vfé“(m) is defined by (8.10) for k¥ = k; and U?T]:gl(m) =
v?jo)(a@). According to Theorem 8.2, the following conclusion can be

drawn

Vet () < TR (). (8.29)
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If k — oo, it is obvious that j — oo and k; — oo. Then, for
k — oo, we have

t+AT
Vo) < [ U @) o o)

+ V(x(t + AT)). (8.30)
Define € as a positive constant, i.e., € > 0. Due to
lim V" (z) = lim V¥(z) = V>®(z), (8.31)
j—o0 k—o0

there must be a positive integer x, < oo, such that
Vir(x) —e < V(x) < Vi (x). (8.32)
Based on (8.27) and (8.32), we have
t+AT
V@) 2 [ U)ot @), o (a(5)ds
t

+ VP (z(t+ AT)) — ¢

t+AT
> [ U)o (o) o (o) s

+ V(2L + AT)) — &

t+AT .
= [ U)o (o) o o) s
VO (z(t+ AT)) — e (8.33)
As ¢ is arbitrary, we have
t+AT .
V)= [ U)o al9). o as)ds
+ VO x(t + AT)). (8.34)
According to (8.10), we define v25 as

ve(x) = arg min {U(UC,UT%U(Oﬁo)(m))

Uro

oo (2)\ T

ox
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According to (8.34) and (8.35), we have

t+AT
Vo(z) > / U(2(5), 035 ((5)), 0% (2(s))) ds
+V(x(t + AT)). (8.36)
Combining (8.30) and (8.36), we can obtain

t+AT
VR = [ Ul v es) 5 (al)ds
+ V(x(t + AT)). (8.37)

As vi(z), vk (x),... . V8 (x), k = 0,1,..., are admissible control
laws, which indicates V*>°(z(k + AT)) = 0 as AT — oo. According
to (8.35), the following equation of optimality can be derived with
AT — o0,

0 =Ul(=,v75(2), v(rey () + <8V(;;;c($)>T

X F(:c,vf?(:c),v?fo)(:c))

=min{U(z, ure, v(%0y (2)) + <M>T

Ur0 837

X F(x,uro, v(70)(2))}- (8.38)

Thus, as k — oo, VF(z) converges to a suboptimal performance index
function. The proof is complete. O

Remark 8.1. It shows in Theorem 8.3 that as k — oo, V°°(z), which
is the limit of the iterative value function and defined as V*°(z) =
lim V¥(z), converges to the solution of the HJB equation in (8.38),

k—o0
not in (8.5). Thus, the suboptimal performance index is actually
achieved as k — oc.

In order to obtain the global convergence analysis, a new criterion
is necessary. Before analyzing the global convergence property, some
denotations should be defined such as 7; = {k|7, = i,i € N} and
7;, which describes how many elements in 7;.

Theorem 8.4. (Global convergence property). For k =
0,1,..., the iterative value function V*(z) and the distributed iter-
ative control laws v§(z),... vk (z) are obtained by (8.7)—(8.11).
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If 1 — 00, Vi € N, as k — oo, VF(x) is convergent to the opti-
mal performance index function, i.e.,
lim V¥(z) = J*(z). (8.39)

k—o0

Proof. The proof is given by the following two steps.
(1) Show that the iterative value function V*(x) will satisfies

lim V¥(z) > J*(2). (8.40)

k—o0
Letting
(@), . vyt (2)) = arg  min {U(“’”’ul’ S+ooUN)

UL, U2, UN
f T
N <8Vax($)> F(m,ul,...,uN)} )
(8.41)

according to (8.7)—(8.11), for any 7, € N, k =0, 1,..., we can derive

UL,UZ,. e UN

N <a‘/;x($)>TF(:C,u1,...,UN)}

min {U(x,uh---qu)

= Uz, (2),... .5 (@)

ki)
+(25) Ptk @)

< min {U(x’ UTpoprs U?Tk-kl)(x))

Urg 4

. <%>TF(;c,u%,u;fw)(x))}

= U(x vkt (x) r (z))

7 Tk ’U(TIH-I)
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oVFk(x T
(252 Pl @it @)

+ <aj(;(f >TF(x,u1, ,uN)}
and
k * 8Vk(x) ! k+1 k+1
Vi) = @) = (P ) PO @) @)

(8.42)
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+ <%:[(;L.)>TF($,U1,...,UN)}

((22E) Pt

+U @), o )))

<0. (8.43)

Taking derivatives of V*(x) and J*(z) along (FT(z),...,
Vit (z)), according to (8.41), we can obtain formula (8.43). Based
on (8.43), we know that [ V*(z(s))ds < [ J*(2(s))ds, which is
derived as V*(z(c0)) — VF(x(t)) < J*(x(c0)) — J*(2(t)). Accord-

ing to Theorem 8.1, the iterative control laws vf(z),...,v5(z) are

admissible for system (8.1), which indicates that V*(z(c0)) = 0. The
optimal control laws uj(x),u5(z),...,uy(x) are admissible, which
indicates that J*(2(c0)) = 0. Thus, we can derive V¥(x) > J*(x),
VE=0,1,.... As k — oo, (8.40) is always satisfied.

(2) Show that the iterative value function V*(x) can satisfy

Jim VF@) < J*(z). (8.44)

For m;, — o0, it shows that k — oo. For £k — oo and m; — o0,
according to Theorem 8.2, define

V¥(z) == lim VF(z). (8.45)
k—o0
As m; — 00, Vi € N, we can derive
v;°(z) = argmin {U(x,ui,v?f; (x))

+ W%;(@F(x,ui,v(of) (m))} (8.46)

According to (8.11) and (8.46), we can derive
V> (x)

ox

Uz, v°(x),..., 0% (x)) + F(z,v7°(x),..., 0% (x))
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= min {U(x,ul,vé’o(m), o o(2))
D) P @), ¥ (@)
— min { min {U(m,ul,UQ,vgo(x), ()
+ W%”U)F(x,ul,uwgo(x), @)

:min{---{min{min{U(:ﬂ,ul,...,uN)

UN u2 ul
V> (x)
+ pe F(x,ul,...,uN)}}}---}
= min {U(x,ul,...,uN)
UL U2,y UN
+ avax(x)F(x')ul’ B ,UN)}
~0. (8.47)

According to (8.47), we have

t+AT
Vo () = / Ua(s), v(@(s)), .., 055 (2(s)))ds
+VR((t + AT)). (8.48)

Let p1(x), ..., pun(x) be admissible control laws for system (8.1).
For £k =0,1,..., we define

1 B t+AT
1) = [ Ula(s)n(a). i (a)ds
+ ®F(x(t + AT)), (8.49)

where ®°(x) = V>°(x). Next, we will prove that

k() > V>®(z), Vk=0,1,.... (8.50)
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For k =0, it is easy to get

t+AT
v = | T Us) (). v e(s)))ds

+V®(2(t + AT))

t+AT
> min {/ U(z(s),ui,...,un)ds
t

UL, U2y, UN
+ VR (a(t+ AT))}

— V> (z). (8.51)

If (8.50) is satisfied for k =1—1,1=1,2,.... When k = [, we can
obtain

11 t+AT
O (2) > / U(a(s), 1 (@(5)), - ., i (a(s)))dls

+ V> (z(t + AT))
>V (x). (8.52)
By using mathematical induction, the above result (8.50) can be

proven.
According to (8.49), we have

t+(k+1)AT
#1() = | Uw(s), i1 (@())s - ., i ((5)))dls
+ @ (z(t + (k + 1)AT)). (8.53)

As py(z),. .., pn(x) be admissible control laws, based on the result
in (8.50), we can obtain

k—00

lim &~ (z) = /too U(z(s), u1(z(s)),...,un(x(s)))ds

> V> (x). (8.54)
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As pi(x),...,un(x) are arbitrary admissible control laws, the fol-
lowing inequality can be derive

s i AU (s

/"le"'v,LLNE\I}

= J*(z3), (8.55)

which proves (8.44). By combining the results in (8.40) and (8.44),
(8.39) can be derived. The proof is complete. O

Remark 8.2. Theorem 8.4 indicates that the optimal control
law can be obtained obtained by the distributed policy iteration
algorithm (8.7)—(8.11). The distributed policy iteration algorithm
(8.7)—(8.11) possesses inherent differences from the traditional pol-
icy iteration algorithms [1-6]. In each iteration of traditional pol-
icy iteration algorithms, all the control laws in the multi-control
nonlinear system have to be updated simultaneously. If the dimen-
sion of the control is large, the computation burden for traditional
policy iteration increases. According to the present distributed pol-
icy iteration algorithm (8.7)—(8.11), there is only one control law
to update in each iteration, which effectively reduces the computa-
tion burden of the policy iteration algorithms. This is an important
advantage of the distributed policy iteration. On the other hand,
for traditional policy iteration algorithms [1-6], it has been proven
that the iterative value function is convergent to the optimal per-
formance index function as the iteration index increases to infinity.
However, it is pointed out that if there exist controllers in the dis-
tributed policy iteration algorithm, the iterative value function is
convergence to a suboptimal performance index function instead of
the global optimal one. It is required all the distributed controllers
have been improved for infinite times to guarantee the global opti-
mal performance index function. In traditional policy iteration algo-
rithms, the iterative value function is sure to converge the global
optimal performance index function, where the sub-optimality will
not happen. This is the disadvantage of the distributed policy itera-
tion algorithm.
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«— b ——>

Fig. 8.1. The structure of two inverted pendulums.

8.4 Simulation Example

In this section, a simulation example is conducted with the proposed
distributed policy iteration algorithm to illustrate the corresponding
performance. The simulation of two inverted pendulums connected
by a spring is investigated, whose structure is shown in Fig. 8.1. The
dynamics of the two inverted pendulum system can be described as
the following equations

x'lzxg

. migr kr2\ . kr
= - — (b
To < 7 4J1> sin(z1) + A ( )

+ Ll + k—TQ sin(z3)
T4, 3
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T3 = T4
. maogr Er?\ . kr
= - —(—b
Ty ( 7, 4J2> sin(z3) + 2J2( )
us  kr? |
LA 8.56
+ 7, + i sin(x1) ( )

where x11 and w21 represent the angular displacements of the pen-
dulums from vertical. The initial conditions of the systems are
zo = [0.3,—0.5,0.2,0.1]T. m; and my denote the masses of the end of
two pendulums, and they are considered as m; = 2 kg and mgy = 2.5
kg in this example. The moments of inertia are denoted by J; and
Jo, which are adopted as J; = 0.5 kg-m? and J, = 0.625 kg-m? here.
The spring constant and natural length of the spring are represented
by k=100 N/m and [ = 0.5 m, respectively. The pendulum height
and the distance between the pendulum are defined as » = 0.5 m and
b=0.4m. g=9.81 m/s? stands for gravitational acceleration.
Define the performance index function as

J1 (Z’) = / (Z’TQZ' +ur Ryug + u2R2u2>ds, (8.57)
t

where @, Ri, and Ry represent identity matrices with suitable
dimensions.

To implement the proposed distributed policy iteration algo-
rithm, one critic network and two action networks are adopted with
BP algorithms, which all have three-layers structure of 4-10-1. Let
the learning rate be o = 0.02 and the training error be 107°. In
this example, the initial control laws are chosen as v{(z) = —Kjx
and vJ(r) = —Kox, where K; = [8.07, 2.13, 10.04, 1.93] and
Ky = [8.63, 1.59, 10.69, 2.73], respectively, which are admissible
control laws for the two inverted pendulum systems. n = 0,1,... rep-
resents a non-negative integer series and let N = {1,2}. Let 7, = 1
for k = 2n and let 7, = 2 for k = 2n + 1. Figure 8.2 shows the tra-
jectory of the iterative value function V*(z) at x = x with 30 iter-
ations by implementing the developed continuous-time distributed
policy iteration algorithm. As shown in Fig. 8.2, the iterative value
function is monotonically non-increasing as iteration index increases
and finally it converges to the optimum, which verifies the validity
of theory analyses.
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Fig. 8.3. The trajectories of the iterative control laws.



206 Iterative ADP for Self-Learning Optimal Control

0.3 T 0.2

Time (sec) Time (sec)

(@) (b)

0.2
In

0.15 0
™ Ol xﬂ‘
0.05 02
0
-0.4 *
0 5 10
Time (sec) Time (sec)

(©) (d)

Fig. 8.4. State trajectories of the two inverted pendulum systems.

The trajectories of the iterative multi-control laws are illustrated
in Fig. 8.3. Although for each iteration, only one of the iterative
control laws is updated for the system and the other control laws
remain unchanged, the system can still be maintained stable by the
distributed iterative control laws. In Fig. 8.4, the states of the two
inverted pendulum system are illustrated. Thus, the correctness of
the theoretical analysis can be verified.

8.5 Conclusion

In this chapter, a novel continuous-time distributed policy iteration
algorithm is proposed to be applied in multi-controller nonlinear sys-
tems for achieving the infinite horizon optimal control. In each itera-
tion of the proposed algorithms, only one of the multi-control laws is
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updated instead of all the control laws, which implies that the control
laws are improved one by one. First, the detailed iterative methods
of the distributed policy iteration are introduced. Second, this paper
also discusses the admissibility of the proposed multi-control laws.
In addition, the iterative value function can converge to optimum,
which is the solution of HJB equations. Finally, numerical simulation
is conducted to verify the effectiveness of the presented methods.
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Chapter 9

A Novel Data-Based Fault-Tolerant
Control Method for Multicontroller
Linear Systems Via Distributed
Policy Iteration

9.1 Introduction

This chapter presents a novel data-based fault-tolerant control
method for multicontroller linear systems via distributed policy iter-
ation. Traditional fault-tolerant control methods based on policy
iteration update all the control laws in each iteration, which causes
huge computational burden in the situation of high-dimension con-
trol laws. In order to solve this problem, a novel distributed policy
iteration method is presented, where only one iterative control law
is updated in each iteration, to realize the fault-tolerant control of
multicontroller linear systems. First, the model-based fault-tolerant
control via distributed policy iteration is provided. Based on the
model-based method, a data-based fault-tolerant control method is
presented. Finally, numerical experiment is given to show the perfor-
mance of the presented method.

209
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9.2 Problem Formulation

Consider the following multicontroller linear system:

N
T = A.%'—FZBZ‘ (’U,Z —fi), (9.1)
=1

where x € R", u; € R™, ¢ = 1,2,..., N represent system state and
control inputs, respectively. f; € R™, ¢ =1,2,..., N denote constant
actuator faults. A and B;,i = 1,2,..., N are the system matrices
with suitable dimensions.

For the system (9.1) with no faults, i.e., f; =0,Vi=1,2,..., N,
we can define performance index function as follows

o N
J(z) = /0 (xTQx + Z uZTRZuZ> dt, (9.2)
i=1

where Q and R;,7 = 1,2,..., N are symmetric positive definite matri-
ces with suitable dimensions. The matrix ) can also be written as
Q = CTC, where C € RP*". We can obtain the optimal control laws
fori=1,2,...,N as

uj = K}z = —R;'B] P*z, (9.3)
where P* is the solution to the following algebraic Riccati equa-
tion (ARE)

N
ATP+PA+Q-) PBiR;'B/P=0. (9.4)
i=1
The following assumption is provided.

Assumption 9.1. The system (9.1) is controllable, and (A,C) is
observable.

Assumption 9.2. The faults f;,i = 1,2,..., N are unknown and
bounded constant actuator faults.

It is hard to obtain u;,i = 1,2,..., N because of the existence
of the actuator faults. Therefore, a fault-tolerant control method via
distributed policy iteration will be introduced to handle this problem.
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9.3 Model-Based Fault-Tolerant Control via Distributed
Policy Iteration

In this section, the distributed fault-tolerant control method will be
discussed with full system information. The distributed policy itera-
tion method will firstly be presented in the fault-free situation, and
then, the fault-tolerant control design will be realized by fault com-
pensation method.

9.3.1 Derivations of the distributed policy iteration
method

Let KZQ,Z' = 1,2,...,N be initial stabilizing state feedback gain
matrices. We can obtain P° by the following Lyapunov equation

N T N
(A - Z BJ(?) P4 po (A - Z BJ(?)
=1

=1
N
+Q+ > (KY) RiK? =0 (9.5)
i=1

For iteration index j = 1, choose 71 € NN = {1,2,..., N} ran-
domly. We can obtain state feedback gain matrix KTl1 by the following
equation

K} =R 'BI P (9.6)

For ¢ = 1,2,...,N and i # 71, let KZ-1 = KZQ. We can obtain P! by
the following Lyapunov equation

N T N
(A — Z BJ(}) P+ p! (A — Z BJ(})
i=1

= (9.7)

N
+Q+ Y (KN "Rk} =0.
i=1

For j =1,2,..., choose 7; € N randomly. We can obtain K%. by

KL =R 'Bl P/, (9.8)

Tj
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For ¢ =1,2,...,N and i # 7}, let KZJ = Kij*l. We can obtain P’ by
the following Lyapunov equation

N AT N }
(A — ZBZ-K2?> Pi 4 pi (A — ZBiK2?>
i=1

=1
N N T .
+Q+> (K) Rik] =0, (9.9)
i=1

The distributed policy iteration algorithm can be shown as
Algorithm 9.1.

Algorithm 9.1 Distributed Policy Iteration Algorithm
Require:
Choose initial stabilizing state feedback gain matrices KZ-O,Z' =
1,2,..., N randomly.
Ensure:
1: Let iteration index j = 0. Solve the Lyapunov equation (9.5).
2: Let iteration index j = j+ 1, choose 7; € N randomly. Calculate
the state feedback gain matrix Kﬁj as

K] =R 'Bl P/ (9.10)

3: Fori=1,2,...,Nand i # 7}, let sz = Kij*l. Solve the following
equation

(A -y BiK3> Pi 4 pI (A -~ ZBiKZJ>
i=1 i=1
+Q+ > (K]) RK] =o0. (9.11)
i=1
4: Repeat Steps 2-3 until convergence.
5 return P/, K!,i=1,2,... N.

*

The properties of Algorithm 9.1 will be analyzed in the following
theorem.
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Theorem 9.1. For j = 0,1,..., the stale feedback gain matrices
Kl i=1,2,...,N and the solution P’ of Lyapunov equation can be
calculated by (9.5)—(9.9). We can obtain the following properties:

LIfA-N, BZKZJ is Hurwitz, then A — YN | BiKZ-jJrl is Hurwitz.

2. Pitl < pi.

3. Define 1I; = {j|r; =i,i € N} and m; as the number of elements
of 1. If mi = 00,0 =1,2,...,N, as j — oo, then KZJ — K1 =
1,2,...,N and P’ — P*.

Proof. (1) If A — Zf\il BZKZJ is Hurwitz, we can obtain P’
from (9.9). Selecting 7j11 € N randomly, we can obtain that

Kitl =R-' Bl pi (9.12)

Tj+1 Tj+177Tj+1

and K!™' = K/ for i =1,2,..., N and i # 7j41. According to (9.9),
it can be derived that

(A -3 BZ-KZ?“) PI 4+ pi (A -3 BiKZ.JH)

i=1 i=1

N
. T .
+Q+ > (K Rk <0, (9.13)
=1

We can construct Lyapunov function as
Lj=x"Plz. (9.14)
Taking the derivative of (9.14) along Kijﬂ,i =1,2,...,N, we have
Lj =i Ploe+a Pl

N T
= (A -3 BiK{“) Pig

i=1

N
+ 2T P (A = BiKgH) T

i=1
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N
< o7 (Q Y (K{Jrl)TRinJrl) .

=1
<0. (9.15)

Therefore, A — YN | B;K7™" is Hurwitz.

(2) Let K?,i = 1,2,...,N be initial stabilizing state feedback
gain matrices. According to the idea from (9.12)—(9.15) and Algo-
rithm 9.1, it can be derived that K}, i = 1,2,..., N are stabilizing
state feedback gain matrices. Construct Lyapunov function as

Lo=a"P (9.16)
and
Ly =2 Pla. (9.17)

Taking the derivative of (9.16) and (9.17) along K},i =1,2,..., N,
according to (9.9) and (9.15), we have

Lo=d"P'% + 2" PO

N
= (Q 2 (Kf)TRZ'K3> '
=1
N T
=27 (A -y BJ(}) Pz
i=1
N
+ 2 P! (A — Z BiK}) T

=1
—i'Pla+2"Pli

= L. (9.18)

Furthermore, lim;_, Ly = lim;_o L1 = 0. Therefore, it can be
derived that L; < Lg, which indi(;ates that P! < PY Based on
mathematical induction, we have P/+! < PJ for j =0,1,....
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(3) As Pj satisfies P7t1 < PJ for j = 0,1,..., we can define that
lim;_, P/ = P°°, which satisfies the ARE

N
ATP® 4+ P®A+Q—> P*B;R;'B] P =0. (9.19)
i=1
Based on Assumption 9.1, it can be derived that the ARE (9.4) has
a unique positive definite solution [1]. Therefore, we have

lim P/ = p>® = p* (9.20)
j*)OO
and
lim K/ = K}, i=1,2,...,N. (9.21)
Jj—o0
The proofs are complete. O

9.3.2 Fault-tolerant control method

The fault-tolerant control method is presented in this subsection.
The fault compensation method is utilized to eliminate the effects of
system faults. For the system (9.1), the control laws can be designed
as

wi=uf+fi, i=1,2,...,N, (9.22)
where fi,i =1,2,..., N are fault compensators which have proper-
ties that

fi=ai(—2"B; +2(u)TR)T, i=1,2,...,N, (9.23)
where «;,7 = 1,2,..., N are arbitrary positive constants. The effec-

tiveness of fault compensation method can be verified by the follow-
ing theorem.

Theorem 9.2. For the system (9.1) with faults, define Amax(-) and
Amin(+) as mazimum eigenvalue and minimum eigenvalue, Tespec-
tiely. If the control laws are designed as (9.22)—(9.23) and the matri-
ces Q and R;,i =1,2,..., N are selected as follows

1
)\min(Q) > )\max (A) + 55
N (9.24)
Nuin (i) > S Amax (BIBi), i =1,2,...,N

then the system (9.1) is asymptotical stable.
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Proof. Construct Lyapunov function as
1 T p* T £
L:§w x+x Pw—i—z ffl (9.25)

where f; = f; — fi. Taking the derivative of (9.25), we can obtain
that

L=z x—l—wTP*x—l—wTP*x—i-Z f f
i=1

N
T (A:c + Y Biuf + fi - ﬁ-))
i=1

N T
+ (A.%' + ZBZ(UZk + f; — fl)> Pz

i=1

N
—i—.%'TP* (Am -+ ZBZ(’U,:( + fz — fz)>

i=1

N

ST (B 2R

i=1

(A:c+ZBu>

i=1
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N
+ 2T P (Am +) Bﬂﬁ)

=1
- i( 2T B; + 2(u)) RZ) 7. (9.26)

According to (9.3), we have
(u})TR; = —x" P*B,;. (9.27)

Based on (9.9) and (9.27), it can be derived that

N N
L=a"Az+2a' Z Biu! — ' Qx — Z (u) T Ryu
i=1 i=1
2
< Amax (4) || H+—|| H+ ZBU
— Amin (@ Hxn Z)‘mm ) [ug H (9.28)

It can be derived that

1| & R
> B zg(zBu) > b
i=1 =1 =1
1 N
i=1,k 1
N
N
<5 D (Bui) By
i=1
N
N *
ggz Mwas (BTB:) i (9.29)
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Therefore, we have

1

< (N ()4 5 = i (@) P

+ Z <g)‘max (BzTBz‘) — Amin (Rz)) luf]® (9.30)

It can be derived that I, < 0 can be guaranteed if the condition (9.24)
is satisfied.
The proof is complete. O

According to Algorithm 9.1 and Theorem 9.2, the full system
information is still required for distributed policy iteration algo-
rithm and the fault compensator design. In the next section, a data-
based method will be presented to solve this problem. The pre-
sented method only requires the information of the system matrices
Bi,i=1,2,...,N.

9.4 Data-Based Fault-Tolerant Control via Distributed
Policy Iteration

In this section, a data-based fault-tolerant control method via dis-
tributed policy iteration is presented. In Ref. [2], a data-based policy
iteration method was proposed which required the partial informa-
tion of control systems. However, the method proposed in Ref. [2]
may cause huge computational burden with high-dimension con-
trol laws, and the effects of faults were not considered in the con-
trol systems. Inspired by Ref. [2]. a data-based fault-tolerant control
method via distributed policy iteration is presented, which can elim-
inate the effects of actuator faults and reduce the computational
burden.

9.4.1 Data-based distributed policy iteration

To derive the data-based distributed policy iteration method, we can
rewrite (9.2) as
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o N
J(x(t)) = /t (mTQm + Z u;rRZuZ> dr

i=1

t+6t N
= / 2T Qx + Z u! Riu; | dr
t i=1
o N
+ / .%'TQ1' + Z uzTRZuZ dr
t+5t =1
145t N
= / xTQx + Z u;rRlul dr
t i=1

+J (x (t+dt)). (9.31)
According to (9.31), we have

t+6t N
2T (1) P (t) = / 7@+ S KTRK | wdr
t i=1 (9.32)
+ ' (t + 6t) Pz (t + ot).
Then, the following lemma can be provided.

Lemma 9.1. If A— ZZ]L BZKZ] is Hurwitz, the solution PJ of equa-
tion (9.11) is equivalent to solving the following equation.

t+6t N T ,
T J — T J ; J d
x (t) Pz (t) /t x <Q+ZZI(KZ) RKZ>.’ET

+ 2T (t+ 0t) Pl (t + 6t).

(9.33)

Proof. For the system (9.1) with no faults, we have

N
i = (A -3 BiKZJ) . (9.34)
i=1
Construct Lyapunov function as

Lj=x"Plz. (9.35)
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It can be derived that

Lij=&"Plx+ 2" Pl

N T
= (A - ZBJ(ﬁ) pi
=1
N .
=Y (A_ZBiKz?)) x
=1
N T .
_ T (Q 3 (KJ) RJQJ) . (9.36)
=1

We have

t+6t . ) )
/ Lidr =2 (t +6t) Pla (t + 6t) — 2" (t)PIx(t)
t

_ / T (Q n i (Kf)TRZ-KZ.j> zdr.  (9.37)
¢ i=1

The proof is complete. O
For (9.33), we have

2T Qi = (wT ® xT) vec (Qj), (9.38)

where Q7 = Q + Y | (K7) R;K. For positive integer [, we define
0z and P, as

Ozz = [ veev (z (1)) — veev (x (tg)) - -

veev (z (1)) — veev (z (1),

t1 t T
@mggz[/ x®md7---/ x®md7] ,
to t—1

where 0 < tg < t1 < -+ < t, and vecv(z) = [2%, 21729,
ey BTy, T2, T3, ,:cn,lxn,:c%]-r. According to (9.37)—(9.38), we
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can obtain that
Oz VeCs (Pj) = 0, (9.39)
where
vecs(PY) [p]ll, 2p]12, ) ,Qp{n,p%2, 2p%3, . aQP{%Ln’sz]T
W =~ vec(Q)).
Based on (9.39), it can be derived that
vees(P?) = ((04) T 00z) ™ (000) T (9.40)

A data-based distributed policy iteration algorithm can be provided
as shown in Algorithm 9.2.

Algorithm 9.2 Data-Based Distributed Policy Iteration Algorithm
Require:

Choose initial stabilizing state feedback gain matrices KZQ ,
i=1,2,..., N randomly.

Choose a computation precision .
Ensure:

1: Let iteration index j = 0. Employ the control laws u =-K Ox +
9i=1,2,...,N to the system (9.1) on the time interval [to,tl]
where §ZQ represents exploration noise. Compute o, ®,, and
solve the equation (9.40).
2: Let iteration index j = j+ 1, choose 7; € N randomly. Calculate
the state feedback gain matrix Kﬁj as

K] =R 'Bl P/~ (9.41)

3: For i = 1,2,...,N and i # 7j, let KZJ = Kijfl. Employ the
control laws uf = —Kij:c + fg,z' =1,2,...,N to the system (9.1)
on the time interval [to, t;], where 5{ represents exploration noise.
Compute 0,,, P, and solve the equation (9.40).

4: Repeat Steps 2-3 until HPj — ijlH <egforj>1.

5 return P7, Klj,z =1,2,...,N.
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9.4.2 Data-based fault-tolerant control method

According to Subsection 9.3.2, the fault compensators (9.22) can be
designed to cope with the system faults. The effectiveness of the fault
compensators (9.22) is demonstrated as follows.

Theorem 9.3. For the system (9.1) with faults, if the control laws
are designed as (9.22) and (9.23) and the matrices @ and R;,i =
1,2,...,N are chosen as (9.24), where P* and u} can be obtained
from Algorithm 9.2, then the system (9.1) is asymptotical stable.

Proof. According to Lemma 9.1, it can be derived that (9.11) is
equivalent to (9.33). Given stabilizing state feedback gain matri-
ces K},i = 1,2,...,N, we can obtain PJ by the Lyapunov equa-
tion (9.11), which also satisfies (9.33). Kijﬂ,i =1,2,...,N can be
determined by (9.10). By (9.40), we can obtain the unique solution
PJ, which satisfies (9.33) for the given matrices K7,i = 1,2,...,N.
Kf“,i =1,2,...,N can be determined by (9.41). Therefore, solv-
ing (9.40)—(9.41) is equal to (9.10)—(9.11). Based on the system
states, we can obtain P* and K,i =1,2,..., N from Algorithm 9.2.
According to Theorems 1 and 2, it can be derived that the sys-
tem (9.1) is asymptotical stable under the condition (9.24) by utiliz-
ing the control laws (9.22) and (9.23).

The proof is complete. O

9.5 Simulation Example

In this section, a simulation experiment is given to testify the correct-
ness of the presented method. The power system with modifications
is provided [3] as follows:

—0.0665 8 0 0
P 0 —3.663 3.663 0 .
—6.86 0 —13.736 —13.736
0.6 0 0 0
0 0
3.736
+ 3.736 (ul - fl) + 0 (UZ - f2)7 (942)
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where fi = —15 and fo = —10 are actuator faults. The matri-
ces , R and Ry are selected to be Q = 1514, Ry = 15
and Ry = 15, respectively. The simulation is performed with

zo = [-1.2 -3 45 05]", K = [05 02 05 02] and
Ky = [0.2 0.1 0.2 0.1]. The simulation results are displayed

in Figs. 9.1-9.4. The convergence of PJ, K{ and K% are shown in
Figs. 9.1-9.2. It can be obtained that the Algorithm 9.2 converges in
15 iterations. We can obtain the matrices P1%, K1° and K% as

5.6807 4.2096 0.4026  6.5997
4.2096 6.2035 1.0859  4.0149
0.4026 1.0859 0.7753  0.0000
6.5997 4.0149 0.0000 36.1602

Ki° = [0.1003 0.2705 0.1931 0.0000]

pls _

K3° = [1.0485 1.5451 0.2705 1.0000] .
By solving ARE (9.4), we can obtain the optimal solutions as

5.6807 4.2096 0.4026  6.5997
P 4.2096 6.2035 1.0859  4.0149
~10.4026  1.0859 0.7753  0.0000

6.5997 4.0149 0.0000 36.1602

K} = [0.1003 0.2705 0.1931 0.0000]
Kj = [1.0485 1.5451 0.2705 1.0000] .
The convergence of Algorithm 9.2 can be verified. The curves of

system states are shown in Figs. 9.3-9.4. The correctness of the pre-
sented method can be demonstrated.
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System states without fault compensation
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Fig. 9.4. System states with fault compensation.
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9.6 Conclusion

A novel data-based fault-tolerant control method based on dis-
tributed policy iteration is presented for multicontroller linear sys-
tems. Comparing with traditional fault-tolerant control method
based on adaptive dynamic programming, the distributed policy iter-
ation method reduces the computational burden by updating only
one control law in each iteration, which is the main advantage of the
presented method. An online fault-tolerant control method is pre-
sented which requires only the partial system information. A simula-
tion example is provided to verify the performance of the presented
method.
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Chapter 10

A Novel Dual Iterative Q-Learning
Method for Optimal
Battery Management in Smart
Residential Environments

10.1 Introduction

With the rising cost, environmental concerns, and reliability issues,
the need to develop optimal control and management systems in
residential environments is continuously increasing. Smart residen-
tial energy systems, composed of power grids, battery systems, and
residential loads which are interconnected over a power management
unit, provide end users with the optimal management of energy usage
to improve the operation efficiency of power systems. On the other
hand, with the rapidly evolving technology of electric storage devices,
energy storage based optimal management has attracted much atten-
tion. Along with the development of smart grids, increasing intelli-
gence is required in the optimal design of residential energy systems.
Hence, the intelligent optimization of battery management becomes
a key tool for saving the power expense in smart residential environ-
ments.

In this chapter, a novel iterative Q-learning method called “dual
iterative Q-learning algorithm” is developed to solve the optimal bat-
tery management and control problem in smart residential environ-
ments. The main idea is to use ADP technique to obtain the optimal
battery management and control scheme iteratively for residential

227



228 Iterative ADP for Self-Learning Optimal Control

energy systems. In the developed dual iterative @Q-learning algorithm,
two iterations are introduced, which are respectively global and local
iterations, where local iteration minimizes the total cost of power load
in each period and the global iteration makes the iterative ) func-
tion converge to the optimum. Based on the dual iterative Q-learning
algorithm, the convergence property of iterative QQ-learning method
for the optimal battery management and control problem is proven
for the first time, which guarantees that both the iterative ) function
and the iterative control law reach the optimum. Neural networks
are introduced to implement the developed dual iterative Q-learning
algorithm. Finally, numerical results are given to illustrate the per-
formance of the developed algorithm.

10.2 Problem Formulation

In this section, smart residential energy systems with batteries
will be described. The optimization objective of our research will
be defined and the corresponding principle of optimality will be
introduced.

10.2.1 Smart residential energy systems

The smart residential energy system described in Ref. [1] is composed
of the power grid, the residential load, the battery system (including
a battery and a sinewave inverter) and the power management unit
(controller). The battery is connected to the power management unit
through an inverter. The schematic diagram of the smart residential
energy system can be described in Fig. 10.1.

In this chapter, the optimal battery management and control
problem is treated as a discrete time problem with the time step
of 1 hour and it is assumed that the residential load varies hourly.
The battery will make decisions to meet the demand of the residential
load and according to the real-time electricity rate. There are three
operational modes for the battery of the residential energy system.
(1) Charging mode: when the residential load is low and the electric-
ity rate is inexpensive, the power grid will supply the residential load
directly and, at the same time, charge the battery. (2) Idle mode: the
power grid will directly supply the residential load at certain hours
while the battery energy remains fixed. (3) Discharging mode: the
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Fig. 10.1. Smart residential energy system.

battery supplies the residential load at hours when the residential
load is high and the electricity rate is expensive.

10.2.2 Battery model

The battery model used in this work is based on [1-3] where bat-
tery efficiency is considered to extend the battery’s lifetime as far
as possible. Let Ey; be the battery energy at time ¢ and let n(-) be
the charging/discharging efficiency of the battery. Then, the battery
model can be expressed as

Eb(t+1) = Ebt — Pbt X ’I](Pbt), (101)

where Py, is the battery power output at time ¢. Let P; > 0 denote
battery discharging. Let P,; < 0 denote battery charging and let
Py = 0 denote that the battery is idle. Let the efficiency of battery
charging/discharging be derived as

n(Py) = 0.898 — 0.173| Pyt |/ Prate, (10.2)

where P,te > 0 is the rated power output of the battery. To extend
the battery’s lifetime, two constraints need to be considered:

1. The storage limit is considered:
EMn < By, < B (10.3)

where E{)nin and E"® are the minimum and maximum storage
energy of the battery, respectively.
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2. The charging and discharging power limits are considered:
P < Py < PR (10.4)

where P and P are the minimum and maximum charg-
ing/discharging powers of the battery, respectively.

10.2.3 Optimization objectives

Given the residential load and the real-time electricity rate, the
objective of the optimal control is to find the optimal battery charg-
ing/discharging/idle control law at each time step which minimizes
the total expense of the power from the grid while considering the
battery limitations. To find the optimal control law, the load bal-
ance should be considered. Let Pp; be the power of the residential
load at time ¢ and let Py be the the power from the power grid.
For convenience of analysis, we introduce a delay in Py and we have
Pr; = Pb(t_l) + P;;. We denote PL(t_l) = Pp; and then we can define
the load balance as

PL(t—l) = Pb(t—l) + Pyt (10.5)

In this chapter, the power flow from the battery to the grid is not
permitted, i.e., we define Py > 0, to guarantee the power quality of
the grid. To extend the lifetime of the battery, according to (10.3),
we desire that the stored energy of the battery is close to the middle
of storage limit E¢, where

1 .
B = S (B + Bp). (10.6)

We also do not expect frequent battery charging/discharging. Thus,
the total performance index function expected to be minimized can
be written as
o0
(m1(CePye)? + ma(Eyy — B9 + r(Py)?), (10.7)
t=0
where my, mo, and r are given positive constants. Let x1; = Py and
x9r = By — B be the two system states. Let u; = Py be the control
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input. According to (10.1) and (10.5), letting 2; = [z1s, 2] 7, the
equation of the residential energy system can be written as

Pry — uy
Tii1 = F(xp, up, t) = . 10.8
t+1 = F(2r, ug, 1) <x2t Zun(u) (10.8)
Let u, = (ug,ues1,...) denote the control sequence from ¢ to oc.

Let M; = [mlocf 0 ] Let xp be the initial states. Then, the per-

m2
formance index function (10.7) can be written as J(zg,uy,0) =
Yoo Uz, ug, t), where U(zy, ug, t) = SC;I-MtCCt+T‘u%. Generally, func-
tions of the residential load and the real-time electricity rate are
periodic. For convenience of analysis, our discussion is based on the
following assumption.

Assumption 10.1. The residential load Pr; and the electricity rate
C; are periodic functions with the period A = 24 hours.

10.2.4 The optimality principle

Define the control sequence set as i, = {gt: w, = (Ug, Ugg1y---)s
Vur,, € R™ e =0,1,... } Then, for an arbitrary control sequence
u, € Y, the optimal performance index function can be defined as

J (g, t) = inf {J(zg, w4, t): uy € Ui} (10.9)
Uy
The optimal @ function satisfies the following equation

Q*(Sﬂt, U, t) = U(Sﬂt, U, t) + énf Q*(CCtJrl, Ut+1,t + ].), (1010)
1

where the optimal performance index function satisfies J*(x,t) =
inf,, Q" (x¢, ut, t). From (10.10), we can define Q*(x¢,us,t) as the
optimal @ function. Generally, the optimal @ function Q*(zy, us,t) is
a highly nonlinear and non-analytic function and it is almost impossi-
ble to obtain the optimal control by directly solving equation (10.10).
In this chapter, a new dual iterative @Q-learning algorithm will be
developed to obtain the optimal solution indirectly.
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10.3 Dual Iterative Q-Learning Algorithm of ADP

In this section, a new dual iterative Q)-learning algorithm is devel-
oped to obtain the optimal control law for residential energy sys-
tems. A novel convergence analysis method will be developed in this
section.

10.3.1 Derivation of the dual iterative Q-learning
algorithm

From (10.10), we can see that the optimal @ function Q*(x¢,uy,t)
is a time-varying function, which means that for different time ¢,
the optimal () function is different. This makes it difficult to obtain
Q*(x¢,us,t). According to Assumption 10.1, for ¢ = 0,1,..., there
exist ¢ = 0,1,... and 0 = 0,1,...,23 that satisfies t = ¢cA + 0. Let
k = ¢A. Then, we have Pr; = Prx19) = Pro and C; = Cg1g = Cy,
respectively. Define Uj, as the control sequence from k to k+ A — 1,
ie., Uy = (Up, Ups1,- - upsr—1). Then, for k € {0, A, 2A, ...}, we can
define a new utility function as

T
L

I (zg, Ux) = U(zpto, ugre,0). (10.11)
0

R
Il

Then, according to (10.11), equation (10.10) can be expressed as

Q" (k, Uye) =L (w, Up) + in Q" (zpx, Upr)- (10.12)

k+A

The optimal control law sequence can be expressed by
U*(zy) = arg r%in {Q" (vg,Ur)} . (10.13)
k

Based on the preparations above, the new dual iterative
@-learning algorithm of ADP can be developed. In the developed
algorithm, two iterations are introduced, which are global and local
iterations, respectively. The objective of local iteration is to obtain
the iterative control law sequence that minimizes the total cost in
each period. The objective of global iteration is to update the itera-
tive performance index function to achieve the optimum.
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Let i = 0,1,... be the global iteration index. Let W(xy, ux) be an
arbitrary positive semi-definite function. Define the initial Q) function
Qo(wk,Uy) as

Qo(wg, Uy) = 11 (g, Ug) + l{fklfi W (Lpgrs Ukgr)- (10.14)

The iterative control law sequence Uy can be computed as follows
Up(zy) = argmin Qo(a, Us). (10.15)

k

The iterative ) function can be updated as

Q1(zp, Up) = 1T (21, Uy ) + min Qo(Thgr, Ut )

k+X
= 1T (zg, Ur) + Qo(ksx, Uo(Tks2))- (10.16)
For ¢ =1,2,..., the global iteration will proceed between
le(xk) = arg HZ/I{in Ql(xk,uk) (10.17)
k

and

Qiv1 (g, Uy) = 11 (2, Uy,) + min Qi(Tr, Uit )

k+X

= U (2, Ur) + Qi(Thrx, Ui(Tk42))- (10.18)

From (10.15)—(10.18), we can see that for i = 0,1,..., if U;(zy)
is obtained, the iterative @ function can be updated. As U;(zy) is
an iterative control law sequence, local iteration is introduced to
obtain U;(xy) iteratively. For i = 0,1,..., let j = 0,1,...,23 be the
local iteration index. For ¢ = 0 and j = 0, let the initial iterative
performance index be

QY (g, up) = (g, ug). (10.19)

Then, for j =0,1,...,23, the local iteration will proceed between

u{)(mk) = argrr&in Q{(wk,uk), (10.20)
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and
1+1 . . 1
QY (ke wk) = Uk, ug, j) + min Q) (i1, Ups1)

= U(xg, uk, J) + Qé($k+1aué($k+l))a (10.21)

PL(,\—l—j) — Uk

Tor — wrn(ug)

2
m1C>\,1,j 0

].Forizl,Q,...,welet
mo

where we let ;1 = < > Let U(xzk, uk, j) = x%M,\,l,j

Tk + Tui, where My_1_; = [

0
Q¥ (xr,up) = Q¥ (xk,ug). For j = 0,1,...,23, the local iteration
will proceed between
ui(:ck) = arg min Qi(wk,uk), (10.22)
U
and
QI (wr,un) = Ulzp, up, §) + min Q) (Thi1, ups1)
= Uk, e, ) + Q) (Ths, uh (Ths1)). (10.23)
Then, for ¢ = 0,1,..., we can obtain the iterative control law
sequence by
Ui(xy) = {ud(zp), ul (xp), ..., u?3(xp)}. (10.24)

From the dual iterative @-learning algorithm (10.15)—(10.24), we
can see that the local iteration (10.19)—(10.24) proceeds for a finite
number of iterations, while the global iteration (10.15)—(10.18) pro-
ceeds for infinite number of iterations. Thus, as i — oo, the algo-
rithm should be convergent which makes both Q;y1(xk,Ux) and
U;(z)) converge to the optimum. In the next subsection, the con-
vergence property of the dual iterative QQ-learning algorithm will be
investigated.

10.3.2 Properties of the dual iterative Q-learning
algorithm

In the above subsection, we have developed the dual iterative
Q-learning algorithm, where the iterative @ function Q;(zk,Ux) is
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used to approximate the optimal @ function Q*(xp,Ux) and the
iterative control law U;(zy) is used to approximate U*(zy). In this
subsection, the convergence property will be developed to guaran-
tee that both the iterative @) function and the iterative control law
converge to the optimum.

Theorem 10.1. Fori=0,1,... andj = 0,1,...,23, let the iterative
Q functions Q;(xk,Uy) and Q) (xk, ur) be obtained by (10.14)—(10.24).
Then, we have

min Qi(wy, Uy) = min Q7 (wk, up)- (10.25)
k Uk

Proof. The statement can be proven by mathematical induction.
First, for ¢ = 0, we have

. 1+1
min Q{)Jr (T, ug)
Ug

= min (U (zk, ug, ) + min Qo(zx11, upt1))
Uk Uk 41

= min <U(5Ek,Uk,j) + min (U(:Ek-i-lauk-‘rlaj - 1) +oee
U Uk+1

+ min (U(2g4j, upyj,0)+ min \I/($k+j+17uk+j+1)))>
Uk +j Uk+j+1

J
= min <Z U(:Ek—i—l, uk-l—laj - l)

(Whe Uk 150Uk 5) =0

Uk+j+1

+ min \I/(xk+j+1,uk+j+1)>. (10.26)
Let j = 23. According to (10.11) and (10.14), we have
min Q3" (xx, up) = min (IT (wg, Uy,) + min U (2, Upyr))
Uk Uy, U4\
= H&in Qo(.%'k,uk) (10.27)
k

The conclusion holds for 7 = 0. Assume that the conclusion holds for
1=1—1, ie.,

min Q71 (zx, Uy) = min Q7L (g, up)- (10.28)
k U
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Then for i = 7, we have
24
min Q7" (xy, uk)
k

= min (U (g, ug, 23) + min QF (wh11, up11))
+1

Uk

= min <U(Z'k, Ul 23) + min (U(.’Ijk+1, Uk+1, 22)

Uk Uk+1

Uk+-23

+ -+ min (U(2g423, kt23,0) + lIerliI; QY (wx, Uk:+)\)))>

= min (H (.%'k,uk) + min Q72.471(1'k+,\, ukJr)\))
U Uk4 A

= HZZH (H (wg, Up) + min QT—1($k+A,Uk+A)>

k+A

= min QT(.%'k,uk) (10.29)
Uy,

The mathematical induction is complete. O

From Theorem 10.1, we can obtain the following corollary.

Corollary 10.1. Let p(xy) be an arbitrary control law. For i =
0,1,... and j = 0,1,...,23, define a new performance index func-
tion as

O (wk, ur) = Ulww, up, ) + Qf (wne, plwisn)),  (10.30)
and define Qg“(:nk,uk) as in (10.23). Fori1=0,1,..., let
Q) (wx, u) = QF (wy, ug). (10.31)
Then, for j =0,1,...,23, we have
Q) (zp, up) < Q) (e, up)- (10.32)

From Theorem 10.1 and Corollary 10.1, for ¢ = 0,1,..., we can
say that the total cost in each period can be minimized by the iter-
ative control law sequence U;(xy) according to the local iteration
(10.19)—(10.24). Next, the convergence property of the global itera-
tion will be developed.
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Theorem 10.2. For i = 0,1,..., let Q;+1(xk,Uy) and U;(xy) be
obtained by the global iteration (10.15)—(10.18). Then, the iterative
Q function Q;(xk,Ux) converges to the optimal Q function, i.e.,

Jim Qi(wr, Uy) = Q" (g, Uy). (10.33)

Proof. For functions Q*(xy,Uy), U(xk,Uy), and Qo(xy, Uy), let 7,
7, 6 and 0 be constants that satisfy

(g, Uy) < min Q" (xpgn, Upyn) < 7 (g, Uy), (10.34)
k+X\
and
0Q™ (wp, Uy) < Qolxy,Uy) < SQ*(wk,Uk), (10.35)

respectively, where 0 < v <5 < oo and 0 < < § < oo. Since
Q*(zy,Uy) is unknown, the values of 7, 7, § and d cannot be obtained
directly. In the following, we will prove that for arbitrary constants
v, 7, 6 and 6, the iterative Q function Q;(zy,U;) will converge to the
optimum and the estimations for the values of these constants can
be omitted. The proof proceeds in four steps. First, we show that if
0<§<6<1,then for i =0,1,..., the iterative performance index
function Q;(zk,U)) satisfies

-1\, |
(1 N m)@ (24, Us) < Qulp, U)

0—1 .
< (1 + m) Q" (wk, Uy,). (10.36)

The inequality (10.36) can be proven by mathematical induction.
Let 4 = 0 and we have

Q1(wr, Uy) =11 (21, Uy,) + Inin {Qo(@rsr, U}
k+X

> 11 (wg, Uy) + 0 min {Q* (zpqx, Usr) }
Uk x



238 Iterative ADP for Self-Learning Optimal Control
0—1
< Ky 7) (zk, U

# (2 21) pin (@ Grn o)}

U2

?_10{11 (2, Z/{k)+gkli11{Q*($k+>u uk+>\)}}
0

= <1 + W) Q*(mk,l/{k) (10.37)

From the idea of (10.37), we can also get Q1(zp,Ux) <

(1 + (1%71_1)) Q*(x,Uy). Thus, (10.36) holds for i = 0. Assume that

(10.36) holds for i =1—1,1=1,2,.... Then for i = [, we have

Qir1(wk, U)
=TI (2, Uy) + min {Qi(vp+r, Upt) }
Uk4x
6—1

> _— i *
- H(xk7u]€)+<1+ (1 +7_1)l—1>g}2}~3\{Q (-%'k+)\,Z/[k+)\)}

(o sy i)

0-1 .
— <1 + m) Q (wk,uk) (10.38)

We can also get
Qry1(zk, Uy,)
=TI (2, Uy) + min {Qi(vp+r, Upt) }
Uk4x

< <1+(1§;1_11)1> {H (:Ck’Uk)+Z{lrkliIi {Q*(wk+A,Uk+A)}}

51 .
= (1 + m) Q (:Ck,uk) (10.39)
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Hence, we obtain that (10.36) holds for i = 0,1,... The mathe-
matical induction is complete. Second, we show that if 0 <¢ <1 <
0 < 00, then the iterative @ function Q;(x,Uy) satisfies

<1+(1i7711)i>62*($k,%) < Qi(wg, Uy)
< (1 + (1?%7711)2) Q" (zy, Uy). (10.40)

The left hand side of (10.40) can be proven according to (10.37).
Now, we prove the right-hand side of (10.40) by mathematical induc-
tion. Let ¢ = 0. We have

Q1(xk, U)
=11 (24, Uy,) + min {Qo(xrsr, Unsr) }
Uk4x

< I (g, Uy) + 0 min {Q (zpqn, Unsr) }
Uk 2

+ (15;7% <7H (T, Up) — foklfi {Q*($k+>\,uk+>\)}>
0—1 .
< (1 + m) Q" (z, Uy). (10.41)

Assume that the conclusion holds for i =1 —1,1=1,2,.... Then for
1 =1l, we have
Quy1(zk, U)
=TI (24, Uy) + min {Qo(Tpsr, Us+r) }
Up4x

6—1
< - 3 *
_H(ﬂﬁkauk)"‘(l (1 __1)l—1>252fi{@ ($k+,\,Uk+A)}

6—1 .
< (1 + m) Q" (wg, U). (10.42)

2|
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Hence, we obtain that (10.40) holds for ¢ = 0,1,... The math-
ematical induction is complete. Third, for the situation 1 < § <
0 < oo, according to (10.37)—(10.39), we can prove that for i =
0,1,..., the iterative performance index function Q;(x,U) satisfies
(10.36).

Finally, considering the three situations above, for arbitrary con-
stants v, 7, d and 9, according to (10.36) and (10.40), we can easily
obtain (10.33), as i — oo. 0

Corollary 10.2. For i = 0,1,..., let Qiy1(zk,Ux) and U;(zy) be
obtained by global iteration (10.15)—(10.18). Then the iterative control
law sequence U;(xy) converges to the optimal control law sequence,
i.e., Umy oo Ui(z1) = U™ (k).

10.4 Neural Network Implementation for the Dual
Iterative Q-Learning Algorithm

In this section, neural networks are introduced to implement the
dual iterative Q-learning algorithm. There are two neural networks,
which are critic and action networks, respectively, in the dual itera-
tive @-learning algorithm. Both neural networks are chosen as three-
layer back-propagation (BP) networks. The whole structure diagram
is shown in Fig. 10.2.

X \ Fert .
. . Lot J
“» Residential | N .. O (X uy1)
u, E ] | Action |, Critic
nerey "1 Network 3| Network
P or L etwor]
L(A-1-j) System \
—_— \
\

Fig. 10.2. The structure diagram of the dual iterative Q-learning algorithm.



A Nowel Dual Iterative Q-Learning Method 241

10.4.1 The action network

For i =0,1,..., the role of the action network is to approximate the
iterative control law sequence U;(xy) defined in (10.17). To obtain
the sequence, the action network should be trained to obtain the
iterative control in local iteration. According to (10.19)—(10.23), the
target of the action network can be defined as (10.20) and (10.22),
where constraints in (10.3) and (10.4) are considered.

The action network can be constructed by 2 input neurons, 10
sigmoidal hidden neurons and 1 linear output neuron. Let [ = 0,1, ...
be the training step. Then, the output of the action network can be
expressed as

' (zx) = Wi (Do(Za()), (10.43)

where Z,(z) = Y. zy and o(-) is a sigmoid function. Let W7.(I) and
Y, be the hidden-output and input-hidden weight matrices, respec-
tively. To enhance the training speed, only the hidden-output weight
WZ.(l) is updated during the neural network training, while the
input-hidden weight is fixed. The action network weight update is
expressed as follows

0L (1)

oW (1)
where B (1) = $(el (1)) and ¢ ,(I) = @l (x) — ul (z1). Let B, > 0

at
be the learning rate of the action network.

Wil +1) = Wi(1) = Ba : (10.44)

10.4.2 The critic network

For i+ = 0,1,... and j = 0,1,...,23, the goal of the critic net-
work is to obtain Q;(zy,Uy) by updating Q7" (x,ug) in (10.23),
iteratively. The critic network can be constructed by 3 input neu-
rons, 15 sigmoidal hidden neurons and 1 linear output neuron. Let
Doty = [x;{, uz]” be the input vector of the critic network. Then, the
output of the critic network can be expressed as

QU M (g, ) = W (Do (Zap), (10.45)

where Z., = YT Zy, and o(-) is a sigmoid function. Let W7 (1) and
Y. be the hidden-output and input-hidden weight matrices, respec-
tively. During the neural network training, the hidden-output weight
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ng(l) is updated, while the input-hidden weight Y, is fixed. The
critic network weight update is expressed as follows

' ' OE(1)

W5 +1) = Wi(1) — ac i (10.46)

c?

where Egl(l) = %(ej (1))? and eii(l) = QA{H’l(xk,uk) - Q{H(xk,uk).

ci
Let a. > 0 be the learning rate of the critic network.

10.4.3 Training phase

In this subsection, the dual iterative Q)-learning algorithm imple-
mented by action and critic networks is explained step by step and
shown in Algorithm 10.1.

Algorithm 10.1 Dual iterative Q-learning algorithm.

Initialization:

1: Collect an array of system data for the residential energy system (10.8).
2: Give a positive semi-definite function ¥(zg,ur).
3: Give the computation precision € > 0.

Iteration:

4: Let ¢ = 0.

5: For j =0, let Q)(xx, ur) = U(zk, u). _

6: For j =0,1,...,23, train the action and critic networks to obtain u(z)) and

IT1 2k, up) that satisfy (10.20) and (10.21), respectively.

7: Let Qo(xw,Ur) = Q34(mk,uk). Obtain Uy (zx) and Q1 (zk,Ux) by (10.15) and
(10.16), respectively.

8: Let i =14+ 1.

9: For j =0,1,...,23, train the action and critic networks to obtain uf (zx) and
QI (zk, ur,) that satisfy (10.22) and (10.23), respectively.

10: Let Q;(zx,Us) = Q7*(x, ux). Obtain U, (zx) and Q41 (xk, Uy ) by (10.17) and
(10.18), respectively.

11: If |Qi(xk,Ur) — Qi—1(zk,Ur)| < e, then goto next step. Otherwise, goto
Step 8.

12: For j = 0,1,...,23, solve u!(zx) by (10.22) and obtain U;(z)) =
(W0(@0), .. u? (2n).

13: return Q;(xw,Ur) and U;(xr).
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10.5 Simulation Example

In this section, the performance of the dual iterative Q)-learning algo-
rithm will be examined by numerical experiments. The profiles of
the residential load demand (kW) and the real-time electricity rate
(cents) for one week (168 hours) are shown in Figs. 10.3(a) and
(c), respectively. We can see that the residential load demand and
the real-time electricity rate are both periodic-like functions with
the period A = 24. The average trajectories of the residential load
demand and the electricity rate are shown in Figs. 10.3(b) and (d).

We assume that the supply from the power grid guarantees the
residential load demand at any time. Define the capacity of the
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Fig. 10.3. Residential load demand and electricity rate. (a) Residential load

demand for 168 hours. (b) Average residential load demand. (c¢) Real-time elec-
tricity rate for 168 hours. (d) Average electricity rate.
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Fig. 10.4. The trajectory of the iterative @ function.
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Fig. 10.5. Optimal control of the battery in one week.
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battery as 100 kWh. Let the upper and lower storage limits of
the battery be E{)nirl = 20 kWh and E;"™* = 80 kWh, respec-
tively. The rated power output of the battery and the maximum
charge/discharge rate is 16 kW. The initial level of the battery is 30
kWh. Let the performance index function be expressed as in (10.7),
where we set m1 = 1, mo = 0.2 and » = 0.1. Let the initial function
(g, up) = [2F, up)Iz], ug)?, where I is the identity matrix with
a suitable dimension. Let the initial state be z = [8,30]7. After nor-
malizing the data of the residential load demand and the electricity
rate, we implement the developed dual iterative QQ-learning algorithm
by neural networks for ¢ = 20 iterations to guarantee the computa-
tion precision e = 1074, The learning rates of the action and critic
networks are 0.01 and the training precisions of the neural networks
are 1076, Let Q’(zo, ) = Irgn Q! (z0,u). The trajectory of Q! (zo,u)
is shown in Fig. 10.4, where we can see that the iterative () func-
tion is convergent to the optimum after i = 20 iterations. According
to the one week’s residential load demand and electricity rate, the
optimal control of the battery is shown in Fig. 10.5.

10.6 Conclusion

In this chapter, a dual iterative Q-learning algorithm is developed
to solve the optimal battery management and control problem in
smart residential environments. Global and local iterations are intro-
duced in the developed algorithm. The convergence property of the
dual iterative Q-learning algorithm is developed for the first time
to guarantee that both the iterative ) function and the iterative
control law sequence reach the optimum. Neural networks are intro-
duced to implement the developed dual iterative Q)-learning algo-
rithm. Finally, numerical results are given to illustrate the superiority
of the developed algorithm.
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Chapter 11

Mixed Iterative Adaptive Dynamic
Programming for Optimal Battery
Energy Control in Microgrids

11.1 Introduction

In this chapter, a novel mixed iterative ADP algorithm is devel-
oped to solve the optimal battery energy management and control
problem in microgrid systems. Based on the data of the load and
electricity rate, two iterations are constructed, which are P-iteration
and V-iteration, respectively. The V-iteration is implemented based
on value iteration, which aims to obtain the iterative control law
sequence in each period. The P-iteration is implemented based on
policy iteration, which updates the iterative value function accord-
ing to the iterative control law sequence. Properties of the devel-
oped mixed iterative ADP algorithm are analyzed. It is shown that
the iterative value function is monotonically non-increasing and con-
verges to the solution of the HJB equation. In each iteration, it is
proven that the performance index function is finite under the iter-
ative control law sequence. Finally, numerical results are given to
illustrate the performance of the developed algorithm.

247
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11.2 Problem Formulation

In this section, the microgrid systems will be described. The perfor-
mance index function will be defined and the optimality principle
will be introduced.

11.2.1 System descriptions

The microgrid system discussed in this paper is described in
Refs. [1, 2], which is composed of the power grid, the load, and the
battery system. It is expected to optimize the energy management of
the microgrid system by suitable designing the charging/discharging
power of the battery. In this chapter, the optimal battery manage-
ment and control problem is treated as a discrete time problem with
the time step of 1 hour and it is assumed that the load of the user
varies hourly. The battery will make decisions to meet the demand
of the residential load and according to the real-time electricity rate.
There are three operational modes for the battery of the microgrid
system.

e Charging mode: when the load is low and the electricity rate is
inexpensive, the power grid will supply the load directly and, at
the same time, charge the battery;

e Idle mode: the power grid will directly supply the load at certain
hours while the battery energy remains fixed;

e Discharging mode: the battery supplies the load at hours when
the load is high and the electricity rate is expensive.

The battery model used in this chapter is based on [1, 2], where
battery efficiency is considered to extend the battery’s lifetime as far
as possible. Let Ey; be the battery energy at time t and let n(-) be
the charging/discharging efficiency of the battery. Then, the battery
model can be expressed as

Eyiq1) = Ept — Pot x n(Pyt), (11.1)

where Py is the battery power output at time ¢. Let P > 0 denote
battery discharging. Let P, < 0 denote battery charging and let
Py = 0 denote that the battery is idle. The efficiency of battery
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charging/discharging is derived by Refs. [1, 2], which is expressed as
1(Pyt) = 0.898 — 0.173| Pyt |/ Prates (11.2)

where Pate > 0 is the rated power output of the battery. To
extend the battery’s lifetime, two constraints need to be considered.
The storage limits satisfy E"™ < Ep < EP where E™™ and
E;"® are the minimum and maximum storage energy of the bat-
tery, respectively. The charging and discharging power limits satisfy
Pbmirl < Py < P, where Pbmirl and P"** are the minimum and
maximum charging/discharging powers of the battery, respectively.

11.2.2 Optimization objectives

First, inspired by Ref. [2], we define the system states and control.
Let x1; = Py and x9; = Ep — B} be the two system states, where Py,
is the power from the power grid and £ is the middle storage limit
of the battery. Let the system control be the charging/discharging
power of the battery, i.e., uy = Py. Letting x; = [x14,22]" be the
system state and letting Pr; be the power of the load, the equation
of the microgrid system is derived as

Ti41 = F(mt,ut,t), (113)

where the system function is expressed as F(xp,u,t) =
Pr, —
TR et u; = (ug,Ust1,...) denote the control sequence
ot — uen(ue)
from ¢ to oco. Let xg be the initial state. Then, the total performance
index function expected to be minimized can be written as

NE

J(xo,uy,0) = At (ml(Ctxlt)Q + mgxgt + ruf), (11.4)

~+
Il
o

where C} is the electricity rate, and mj, mo, r are given positive
constants. Let v denote the discount factor, which satisfies 0 < v < 1.
The physical meaning of the first term of the performance index
function is to minimize the total cost from the grid. The second term
aims to make the stored energy of the battery close to the middle of
storage limit, which avoids fully charging/discharging of the battery.
The third term is to prevent large charging/discharging power of the
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battery. Hence, the second and third terms aim to extend the lifetime

c; 0
of the battery. Let M, = [ml ' ] and let the utility function be

mea
U(zy,ue,t) = xf Myxy + ruf. Then, the performance index function
(11.4) can be expressed as

J($OaQOaO) = Zrth(xt’ut’t)' (11'5)
t=0

Generally, the functions of the load and the electricity rate are peri-
odic. For convenience of analysis, in this chapter, our discussion is
based on the following assumption.

Assumption 11.1. The residential load Pr; and the electricity rate
C} are periodic functions with the period A = 24 hours.

Define the control sequence set as 2, = {gt: wy = (Ug, Ugg1, - - ),
ups €ER, 1 =0,1,.. } Then, for an arbitrary control sequence u, €
2, the optimal performance index function can be defined as

T (x, t) = inf {J (2, uy,t): uy € A} (11.6)
Uy

According to Bellman’s principle of optimality, we can obtain the
following discrete-time Bellman equation

T (@,t) = min {U (x4, ug, t) +7J* (@41, t + 1) }. (11.7)
ut

Generally, the optimal performance index function J*(x4,t) is a
nonlinear non-analytic function and it is almost impossible to obtain
the optimal control by directly solving equation (11.7). In Ref. [2],
a dual iterative Q-learning algorithm was developed to obtain the
optimal solution indirectly, which was proven that the iterative @
function converged to the optimum, as the iteration index increased
to infinity. However, properties of the iterative control laws were not
considered in Ref. [2]. It implied that the dual iterative @Q-learning
algorithm could not stop until infinite iterations to reach the opti-
mum. Hence, the computation efficiency of dual iterative Q)-learning
algorithm is low. To overcome this disadvantage, a new mixed itera-
tive ADP algorithm will be developed.
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11.3 Mixed Iterative ADP Algorithm

In this section, inspired by Ref. [2], a new mixed iterative iterative
ADP algorithm will be developed to obtain the optimal control law
for microgrid systems. New property analysis will also be developed
in this section.

11.3.1 Derivations

As Pr; and Cy are both periodic functions with the period A = 24
hours, for any t = 0,1, ..., thereexist o =0,1,...and 8 = 0,1,...,23
that satisfy ¢ = A + 6. Let k = oA. Then, we have Prs = Pr4) =
Pry and Cy = Cryg = Cp, respectively. Define %4, as the control
sequence from k to k+ A —1, i.e., %, = (ug, Ugs1,- .., Ugrr—1). Then
Vk e {0, 2\,...}, we can define a new utility function as
A—1
I (zk, %) = Y Y 'U(xh10, upso,0)- (11.8)
0=0
Letting J*(z) = J*(xk, k), the Bellman equation (11.7) can be
derived as

T (wx) = min {11 (zg, %) + 7T (2x12) (11.9)
k
where 4 = 4. The optimal control law sequence can be expressed
by
" (wy,) = argmin {11 (zy, %) + 37" (2542) }- (11.10)
k

Let p!(xg), I = 0,1,...,A — 1 be the control law in hour [. Let
Azy) = {p°(xr), u (zx), ..., (k) } be a control law sequence in
a period, which makes the following performance index function

Par) =Y VT (@hprrs Ariar) (11.11)

=0

finite. Let $(xg) be a set of control law sequences, which is
defined as

U(zy) = {A(xk)

Zﬁ/TH(kar)\T,A(Z'kJF)\T)) < OO} (11.12)
7=0
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Based on the above preparations, the new mixed iterative ADP
algorithm, which is referred to HDP, can be developed. There are
two iterations in the developed algorithm, which are V-iteration and
P-iteration, respectively. Let ¢ = 0,1,... be the P-iteration index.
For : = 0. Let

Uo(xr) = {ug(xr), up(er), - up’ (ax) } (11.13)

be an arbitrary control law sequence, which satisfies Uy (1) € U(z).
Let Vy(xp) be the iterative value function constructed by the control
law sequence Uy (zy) that satisfies the following generalized Bellman
equation

Vo(zr) = 1L (21, Up(wk)) + FVo(Trpa)- (11.14)

The iterative control law sequence U (xy) can be computed as

U () = argmin {IT (zg, %) +7Vo(wr12) }- (11.15)
k
For « = 1,2,..., let Vj(zx) be the iterative value function con-

structed by the control law sequence U;(xy) that satisfies the follow-
ing generalized Bellman equation

Vi(xy) = I (wg, Ui (w1)) +FVi(@rgn)- (11.16)
Then, we update the iterative control law sequence U;41(zx) by

Uir1(zy) = arg min {11 (zk, %) + AVi(wria) }- (11.17)
k

Equations (11.13)—(11.17) can be called as the P-iteration. For
any P-iteration index ¢ = 0,1,..., it requires the iterative control
law sequence U;(xy) to construct the iterative value function V;(zy).
However, U;(x) cannot be obtained by solving (11.15) and (11.17)
directly. Thus, the V-iteration is implemented to obtain U;(zy) iter-
atively. For any ¢ = 0,1,...,let 7 =0,1,...,A—1 be the V-iteration
index. For ¢ =0,1,..., and j = 0, let the initial value function be

Vi (ar) = Vi(ay). (11.18)
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Then, for j =0,1,..., A — 1, the iterative control law is solved by
ugﬂ(xk) = argmuin {U(xk,uk, ) + V+1(1']g+1)}

= argmin {U(r, uk, 5) + Wiy (Fag ue, 5))}, - (11.19)

PL(A7173') — Uk
@k — upn(ur)

>’ U(SEk,Uk,]) =

2
m1c)\,1,j 0

where x4 = F(og,ug,j) = <

O mo

fo,\,l,jxk + ruz, and My_1_; = [ ] The iterative

value function is updated by
VI () = min {U (g, g §) + 7V 1 (2141 )

= Ulap,uly (z1), 5) + WV (Fa,uly (zx), ). (11.20)

Then, we construct the iterative control law sequence by

Uit (k) = {uz/\+11(95k)a z)\—i-l (@h)s - uiy (k) ) (11.21)

Remark 11.1. For the microgrid system in this chapter, the load
and electricity rate are different in each hour. Hence, the micro-
grid system (11.3) is a time-variant system. Then, the system con-
trol law for microgrid system is also time-variant, which implies
that the optimal battery control law in each hour is also differ-
ent. On the other hand, in Assumption 11.1, the residential load
and the electricity rate are periodic functions with the period
A = 24 hours. Thus, we can find a periodical control sequence
Uy that satisfies the Bellman equation can be derived as (11.9),
where each control in the control sequence processes different con-
trol law. Thus, there are 24 control laws in the control sequence,
ie., U(xy) = (ul(zg),ul(xr),. .., u*(zy)). For any j = 0,1,...,23,
according to the state x4 ;, we can easily obtain the control input
Ug+; = u! (vx4;). Hence, the mixed iterative ADP algorithm is ini-
tialized by an arbitrary control law sequence (11.13), instead of a
single control law.

Remark 11.2. There are two blocks in the iterative ADP algorithm
(11.13)—(11.21), which are P-iteration and V-iteration, respectively.
The P-iteration (11.13)-(11.17) is implemented based on policy
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iteration, which objective is to update the iterative value function
that satisfies the generalized Bellman equation. This iteration pro-
cedure is called “policy evaluation” procedure [3]. The V-iteration
(11.18)—(11.21) is implemented based on value iteration, which objec-
tive is to obtain the iterative control law sequence that minimizes
the total cost in each period. From V-iteration, we can always use
it to find another control law sequence that is better, or at least no
worse. This iteration procedure is known as “policy improvement”
procedure. As we can see that the developed iterative ADP algorithm
contains both value and policy iterations, and the developed iterative
ADP algorithm can be called mixed iterative ADP algorithm.

On the other hand, the policy evaluation and policy improvement
procedures are different from the procedures in Ref. [3]. For the pol-
icy evaluation procedure in Ref. [3], the iterative value function is
updated for a single control law. In this chapter, the iterative value
function is updated under the iterative control law sequence. In the
policy improvement procedure in Ref. [3], a single iterative control
law is obtained. In the developed mixed iterative value function, we
use (11.18)—(11.21) in the policy improvement procedure to update
a new iterative control law sequence instead of a single control law.
Thus, the policy evaluation and policy improvement procedures are
different from the procedures in Ref. [3].

Remark 11.3. The developed mixed iterative ADP algorithm
(11.13)—(11.21) is different from the dual iterative @-learning algo-
rithm [2]. First, the initial conditions are different. In Ref. [2], the
dual iterative Q-learning algorithm initialized by a positive semi-
definite function, while the mixed iterative ADP algorithm initialized
by a control law sequence. Second, in each iteration of the dual iter-
ative Q-learning algorithm, the iterative control law sequence is used
to improve the iterative () function, while in each P-iteration of the
mixed iterative ADP algorithm, it is required to solve a generalized
Bellman equation by the iterative control law sequence. Thus, the
property analysis in Ref. [2] is not available for the developed mixed
iterative ADP algorithm and new property analysis method will be
constructed.

Remark 11.4. If we have obtained the iterative control law U;(zy),
i = 0,1,..., we can construct an iterative value function V;(xy)
to satisfy generalized Bellman equation (11.14) and (11.16). The
method can be explained as follows. Let [ = 0,1,... be an iteration
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index. Letting V?(zx) = Vi_1(xx), for any [ = 0,1,..., update the
iterative value function by the following equation

VI (@r) = T (g, Us()) + AV (2140 (11.22)

until the iterative value function is convergent, i.e., Vl-l“(xk) =
V(x1). Then, we can obtain Vj(xy) = V}(zy). According to (11.22),
the iterative control law sequence U;(xy) is kept unchanged. Hence,
we say that in each P-iteration of the mixed iterative ADP algo-
rithm, the iterative control law sequence is kept unchanged. However,
in each iteration of the dual @-learning algorithm [2], including
i-iteration and j-iteration, the iterative control law of the system
is updated for any ¢ and j. Thus, we say that the P-iteration of the
mixed iterative ADP algorithm is simpler than the dual Q-learning
algorithm [2].

Remark 11.5. Generally, traditional ADP algorithms are inves-
tigated in the framework of Markov decision process which are
implemented along time £ = 0,1,.... For any time £ = 0,1,...,
the performance index function and control law are updated for
the state xj, where the state x; is a stochastic state in the state
space in the framework of Markov decision process. When the time
increases to infinity, the performance index function and the con-
trol law are desired to satisfy the following HIJB equation (11.7).
Hence, we say that traditional ADP algorithms are implemented in
stochastic process. On the other hand, in this chapter, we focus on
deterministic systems. The developed mixed iterative ADP algorithm
is implemented according to the iteration indices ¢ = 0,1,... and
7 =20,1,...,23, which is not along to the time index k. In each iter-
ation, it is required that the iterative control law and the iterative
value function are updated for the whole state space instead of being
updated for a single state xp. Thus, we say that the developed mixed
iterative ADP algorithm is obviously different from the traditional
ADP algorithms.

11.3.2 Properties

In this subsection, the property of the V-iteration will first be shown.
Then, the properties of the iterative control law sequences and the
iterative value function will be proven.
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Theorem 11.1. Fori=0,1,... and j =0,1,..., A =1, let the iter-
ative value function V} | (xx) and the iterative control law ul, (xy)
be obtained by the V-iteration (11.18)—(11.21). Then, the iterative
control law sequence Uit1(xy) in (11.21) satisfies (11.17) for any
i=01,....

Proof. For any i = 0,1,..., according to (11.20), we can derive
that
VA () = min {U g, ue, A= D)+ V05 @)} (1123)

mi (00)2 0

0 ma

where U(zg,up, A — 1) = xf [ ] T + ruy, and Ty =

Pro — ug

}"(xk,uk,)\—l) = <
we can derive

Vz/‘\+1(95k) = min {U(xk,uk, A —1) +ymin {U(m'kJrl’ukJrlv A—2)
Ug

>. According to (11.20) and (11.23),

Zor — urn(ur)

Uk+1
+ VV?QQ(%H)}}
= min {U(wk,uk, A —1) 4+ ymin {U(Sﬂk+1,uk+1, A—2)
Ul U1

+---+~ min {U($k+,\f1,uk+>\flvo)

Uk+X—1

+ VV?H(%H)} o }}

-
- uz?iiﬁl { Z(:) YU (@h, uk, A —j — 1) + WAV?H(SUHA)}
u =

= min { (i, %) + WVi(zkia) |- (11.24)
k

Thus, we know that the iterative control law sequence U;yi(xy) in

(11.21) satisfies (11.17) for any ¢ = 0,1,.... O

Theorem 11.2. Let the mixed iterative ADP algorithm be imple-
mented according to (11.13)—(11.21). For i =0,1,..., if the iterative
control law sequence U;(xy) satisfies Ui(zy) € U(zy), where U(xy) is
defined in (11.12), then we have

Uir1(xg) € WMxg). (11.25)
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Proof. If U;(xy) € U(zy), then there exists an iterative value
function Vj(zy) that satisfies (11.16). Let Py(xg), £ = 0,1,..., be
expressed as

Pei(ar) = W (xg, Uip1 (zr)) + YPe(Tp42), (11.26)
where Po(zy) = Vi(zk). As Uip1 () satisfies (11.17), we know that
Pi(zr) = (g, Uiv1(2r)) + YPo(Tr4)

= min{ll(zy, %) +FVi(zpe)}
k
< (g, Ui(wr)) +FVil@rrr)
= Vi(zk). (11.27)
Thus, Pi(xy) < Vi(zy). Using mathematical induction, we can derive
Pes1(zr) < Vi(zg) (11.28)

for any ¢ = 0,1,.... According to (11.26), for £ = 0,1,..., we can
derive that

14

Prir(@r) = Y A @k irr U1 (Trgrr))
7=0

+ 7T Vi(@ra@s)- (11.29)

Letting £ — oo, we can derive

> AT @kirrs Ui 1 (zhear)) < Vilaw) < oo (11.30)
7=0
Thus, we have U;y1(xy) € U(xy). The proof is complete. O

Corollary 11.1. Let the mized iterative ADP algorithm be imple-
mented according to (11.13)—(11.21). If the iterative control law
sequence Uy () satisfies Up(zx) € (), where U(zy) is defined in
(11.12), then we have (11.25) holds for any i =0,1,....

In Theorems 11.1-11.2, the properties of the iterative control law
sequence have been derived, i.e., U;(x) € U(zg), i = 0,1,.... In
the following, the convergence of the iterative value function will
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be analyzed in two steps. First, the monotonicity of the iterative
value function is discussed. The iterative value function is proven to
be monotonically non-decreasing as the iteration index ¢ increases.
Second, the optimality of the converged iterative value function will
be presented.

Theorem 11.3. Let the mixed iterative ADP algorithm be imple-

mented according to (11.13)—(11.21). For i = 0,1,..., the iterative
value function V;(xy) is monotonically non-increasing, which satisfies

Visr(zr) < Vi(wg). (11.31)
Proof. For ¢ = 0,1,..., define Pypiq(z) as in (11.26). Then,

Pri1(zr) can be written as (11.29). Letting Poo(zr) = limy oo
Po(zr), we have

¢
Peo(zr) = Jm (Z’?TH(UCk+,\T,U¢+1($k+AT))>

7=0
+ lim (’NYEHW(UCHA(KH)))- (11.32)
{—00

According to Corollary 11.1, we know that Uji1(zg) € U(xg).
Thus, we know that

Z’)f 1‘k+,\7-, Z+1(xk+)\7)) < oQ. (11.33)

Letting

Vigr(xg) Z’Y (Thgrr Uip 1 (Trgrr))s (11.34)

we can derive that the iterative value function Vjii(zy) satisfies
(11.16) for any ¢ = 0,1,.... According to (11.32) and (11.34), we
can obtain

Vit1(wr) < Poo(zp). (11.35)
According to (11.28), letting ¢ — oo, we can get
Peo (k) < Vi(z). (11.36)

According to (11.35) and (11.36), we can obtain (11.31). The proof
is complete. O
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Remark 11.6. From Theorems 11.2-11.3, the advantages of the
developed mixed iterative ADP algorithm can be recognized compar-
ing with the dual iterative Q-learning algorithm [2]. First, from The-
orem 11.2 and Corollary 11.1, we know that the performance index
function cannot increase to infinity under U;(zy), Vi = 0,1,.... In
Ref. [2], however, the properties of the iterative control laws were not
considered. Second, the monotonicity of the iterative value function
by the mixed iterative ADP algorithm is shown in Theorem 11.3,
which means that the performance of the microgrid system in the
present iteration is optimized than the one in previous iteration.
However, in Ref. [2] the monotonicity of the iterative ) function can-
not be guaranteed, which means the performance of the microgrid
system cannot be justified before the @-learning algorithm imple-
mented for infinite iterations. Hence, the developed mixed iterative
ADP algorithm is superior than the dual iterative Q-learning algo-
rithm in Ref. [2].

In Theorem 11.3, we have proven that the iterative value function
is monotonically non-increasing as the iteration index ¢ increases. As
Vi(zy) is a lower bounded sequence, the limit of the iterative value
function V;(zy) exists as i — oo. However, in Theorem 11.3, it can-
not guarantee the iterative value function converge to the optimum.
Hence, in the following theorem, the optimality of the mixed iterative
ADP algorithm will be developed.

Theorem 11.4. Let the mixed iterative ADP algorithm be imple-
mented according to (11.13)—~(11.21). Then, the iterative value func-
tion V;i(x) converges to the optimum as i — oo, i.e.,

lim Vi(ag) = 77 (), (11.37)

which satisfies the Bellman equation (11.9).

Proof. Define the performance index function Vi (zx) as the limit
of the iterative function V;(xy), i.e.,

Voo(zg) = lim Vi(zy). (11.38)
1—>00
For i =0,1,..., define &;;1(xy) as

Piv1(xr) = g, U1 (1)) + FVi(@rga)- (11.39)
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Then, we can derive

Pii1(xr) > W, U1 () + YVig1 (T42)

= Vig1(xp). (11.40)
According to the definition of U1 (k) in (11.17), we know that
Pit1(zx) = min {I(r, %) + AVilzra) }- (11.41)

k

Let i — co. We can obtain
Voo () = lim Vigr(wr) < Viga(og) < Piga(zp)
= min {(r, %) + AVilzrsr) }- (11.42)
Thus, we can obtain
Voo (z1) < T{iﬂ {(ay, %) + Voo (Try1) }- (11.43)
Let e > 0 be an arbitrary positive number. Since V;(xj) is non-
increasing for 7 > 1 and zlgglo Vi(zk) = Vo (), there exists a positive
integer p such that
Vp(xg) — e < Vio(ag) < V(). (11.44)
Hence, we can get
Voo(ar) 2 (g, Up(w)) + FVp(2pir) — €
2 W(wy, Up(w)) + Voo (wr4n) — €
> r%n {W(ay, %) + Voo (Tr4r) } — €. (11.45)

Since € is arbitrary, we have

Voo(:ck) > Ho}/in {H(:Ck, %k;) + ﬁVOO(xk_M)} (11.46)
3

Combining (11.43) and (11.46), we can obtain
Voo(:ck) = Ho}/in{ﬂ(:l?k,%k) +'?Voo($k+)\)}- (11.47)
k
According to the definition of the Bellman equation (11.9), we know
that Voo (zr) = J*(z1) and we can draw the conclusion. O

Now, we summarize the mixed iterative ADP algorithm in Algo-
rithm 11.1.
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Algorithm 11.1 The value iteration ADP algorithm
Initialization:
Choose randomly an array of initial states xq;
Choose a computation precision ¢;
Give a control law sequence Up(zy) € U(zy);
Iteration:
1: Let the iteration index i = 0 and let V;_i(x) = 0;
P-Iteration
2: For ¢ =0,1,..., construct iterative value function by the control
law sequence U;(xy), which expressed as

Vi(zr) = I (og, Ui(xr)) +AVi(@ran);

3: Vg, |Vi(zk) — Vie1(zg)| < e, then goto Step 9; otherwise, goto
Step 5;
4: Construct the iterative control law

Uivi () = {Ufill (zk), u z+1 (wk) . ’u?-',-l(xk;)}

and then let ¢ = i+ 1 and goto Step 2;
V-Iteration
5. Let 7 = 0 and let

VI (2k) = Vi(w);
6: For j =0,1,..., A — 1, compute the
u{+1(:ck) = arg IrllL}Cn {U(mk,uk, ) + Vs +1(xk+1)}
7. Update the iterative value function
Vz+1( k) = muin{U(gﬁk’“kv Jj)+ V+1(95k+1)}
8 If j < A—1, then let j = j + 1 and goto Step 6; otherwise goto

Step 4;
9: return V;(zy) and U;(zy).
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11.4 Simulation Example

In this section, the performance of the mixed iterative ADP algorithm
for microgrid system will be examined by numerical experiments.
Choose the residential load demand and the real-time electricity rate
in Ref. [1], where the home load demand and the electricity rate in a
week (168 hours) are shown in Figs. 11.1(a) and (c), respectively. The
average trajectories of the residential load demand and the electricity
rate are shown in Figs. 11.1(b) and (d) with the period A\ = 24. If
there is no optimization, the original electricity cost in a week is
4124.13 cents.

The upper and lower storage limits of the battery are defined
as E{)“in = 20 kWh and E}"** = 80 kWh, respectively. The rated
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Fig. 11.1. Residential load demand and electricity rate. (a) Residential load
demand in a week. (b) Average residential load demand in a day. (c) Real-time
electricity rate in a week. (d) Average electricity rate in a day.
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power output of the battery and the rated charging/discharging rate
is 16 kW. The initial energy level of the battery is 30 kWh. The per-
formance index function is chosen as in (11.5), with the parameters
m; = 1, mg = 0.2, r = 0.1, and v = 0.97. Let the initial state be
zo = [8,30]T. To implement the mixed iterative ADP algorithm, it
is necessary to choose an initial control law Up(xy) which satisfies
Uo(xy) € U(zk). It can be chosen by the following experiments: The
battery is charging if the load is low and the electricity rate is inex-
pensive and discharging if the load is high and the electricity rate is
expensive. Otherwise, the battery control is arbitrary. Based on the
above experiments, the initial control law is chosen as the one shown
in Fig. 11.2. The electricity costs under Up(z) in a week becomes
4006.39 cents.

Based on the initial control law sequence Uy(xy), we implement
the mixed iterative ADP algorithm (11.13)-(11.21). The iterative

10 T T T T

<
g 5 i
2
[}
o
-10 7
-15 .
20 . Rate Load N Battery control
5 10 15 20

Time (Hours)

Fig. 11.2. The initial control law sequence Uo(zx).
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Fig. 11.3. The plots of the iterative value function.
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Fig. 11.5. Optimal battery energy in a week.

value function is displayed in Fig. 11.3. It takes 6 P-iterations to
guarantee that the iterative value function converges to the compu-
tation precision & = 1072. From Fig. 11.3, we can see that the itera-
tive value function is monotonically non-increasing to the optimum,
which justifies the correctness of Theorem 11.3 in this chapter. The
optimal battery control in a week is shown in Fig. 11.4. The optimal
battery energy is shown in Fig. 11.5. The optimal electricity costs by
mixed iterative ADP algorithm in a week reduces to 2944.72 cents.

11.5 Conclusion

In this chapter, two iterations in the mixed iterative ADP algo-
rithm are employed, which are P-iteration and V-iteration, respec-
tively. Based on value iteration, the V-iteration is implemented to
obtain the iterative control law sequence, which aims to minimizes
the total cost in a period. The iterative value function is improved
by the P-iteration which guarantees that the iterative value function
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is monotonically non-increasing and converges to the optimum. We
emphasize that any of the iterative control law sequence can make
the performance index function finite, which guarantees the finite
electricity cost in each iteration.
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Chapter 12

Error-Tolerant Iterative Adaptive
Dynamic Programming for Optimal
Renewable Home Energy Scheduling

and Battery Management

12.1 Introduction

In this chapter, a novel error-tolerant iterative ADP algorithm is
developed to solve optimal battery control and management prob-
lems in smart home environments with renewable energy. The
algorithm can be initialized by an arbitrary positive semi-definite
function. Based on the quasi-periodic data of the electricity rate,
the home load demand, and the renewable energy, the error-tolerant
iterative ADP algorithm can be implemented. Considering the dif-
ferences of the data in different periods, the developed error-tolerant
iterative ADP algorithm can adaptively regulate the discount fac-
tor in each iteration to make the iterative value function converge.
A new analysis method is developed to guarantee the iterative value
function to converge to a finite neighborhood of the optimal perfor-
mance index function, in spite of the differences of the electricity
rate, the home load demand, and the renewable energy in different
periods. Numerical results are given to illustrate the performance of
the developed algorithm.

267
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12.2 Problem Formulation

The smart home energy system with renewable energy is described
in Ref. [1]. The system is composed of the power grid, the renew-
able energy system, the home load demand, and the energy storage
(battery) system, which is expressed in Fig. 12.1. The optimal bat-
tery control and management problem is treated as a discrete time
problem with the time step of 1 hour and it is assumed that the elec-
tricity rate, the home load demand, and the renewable energy vary
hourly. Regarding solar renewable energy, the estimated total solar
radiation varies from a certain period to another and also depends on
the position of the sun in the sky. A typical solar panel characteristic
is chosen as in Refs. [1, 2]. The renewable energy in a week which is
used in this chapter is shown in Fig. 12.2.

As the renewable energy is cost free, the energy of the renewable
resource, first and foremost, is desired to meet the home load demand
and the rest of the energy is desired to charge the battery. Letting
Pr 1, and Pry be the given power of the home load demand (kW)
and the given power of the renewable resource (kW), respectively,
we can define the new home load demand and renewable energy as

2 Py —Pry, Prr— Prr=>0, (12.1)
Lk — .
0, Py — Pry <0,
Renewable
Energy

Power
Grid

Fig. 12.1. Smart home energy system with renewable energy.
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and
Prir— Prk, Prr— Prir =0,
PRk = ' ' ' ' (12.2)
0, PR,k — Pka < 0.
Then, the home load balance can be rewritten as
Prr=Por+ (Peri — PaBk), (12.3)

where P, is the power supply of the grid (kW), Pgyr, ), is the power
from the battery to the load (kW), and Pgp ) is the power from the
power grid to the battery (kW).

The battery model used in this work is based on Ref. [3], where
the battery efficiency is considered to extend the battery’s lifetime as
far as possible. Let Ep ), be the battery energy (kWh) at time k and
let n(-) be the charging/discharging efficiency of the battery. Then,
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Fig. 12.2. Solar renewable energy.
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the battery model can be expressed as
EBi+1 = Epr — (Prk — (Pri + PaBk))
x n(PpLk — (Prk + PaB k), (12.4)

where Pgrp 1 is the power from the renewable resource to the battery
(kW). Let the efficiency of battery charging/discharging be derived
as n(PBL,k - (PRB,k + PGB,k)) = 0.898 — 0.173’]33L71g — (PRB,k +
P k)|/Pate, where Prage > 0 is the rated power output of the
battery (kW). The storage limit of the battery is considered, i.e.,
Eénin < Epy < B, where Eéni“ and E;"** are the minimum and
maximum storage energy of the battery, respectively.

Remark 12.1. We declare that the establishment of the PV panel
and the battery system are not free. In this paper, the cost of the
establishment of the PV panel and the battery system are not con-
sidered. After the smart home is established, the main contribution
of this paper is to design an effective iterative ADP algorithm to find
the optimal control law for the smart homes, which minimizes the
total electricity cost and simultaneously extend the lifetime of the
battery.

12.3 Error-Tolerant Iterative ADP Algorithm

In this section, a new error-tolerant iterative ADP algorithm is devel-
oped to obtain the optimal control law for home energy system with
renewable energy, where a novel convergence analysis method will be
developed in this section.

12.3.1 Optimization objectives

For convenience of analysis, results of this chapter are based on the
following assumptions.

Assumption 12.1. The power flow from the battery to the grid is
not permitted to guarantee the power quality of the grid.

Assumption 12.2. The electricity rate Cy (cents/kWh), the home
load demand P, j, and the renewable energy Pgj are quasi-periodic
functions with the period A = 24 hours.
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According to Assumption 12.1, we can get Pgj > 0. The total
cost expected to be minimized can be written as

2
27 (ml C]gPG k) +m2 <EBk — _(Emln + Emax)>

2
+ms3(Ppri — (Pre,k + PaB.k)) >, (12.5)

where the discount factor 0 < v < 1 and m, ms, and mg are positive
constants. The first term of the performance index function aims to
minimize the total cost from the grid. The second term avoids fully
charging/discharging of the battery and the third term is to prevent
large charging/discharging power of the battery. We introduce delays
in Pprj and Pgpy. Define the load balance as &1 11 = Pgp +
Pprp—1—Papj—1- Let 21, = Pgp and 2o = Ep i — Eg be the two
system states. From the model of the battery, we know that the power
flows Pgp, and Ppr . are nonnegative values, i.e., Pgp > 0 and
Ppr i > 0. As the battery is not permitted to charge and discharge
simultaneously, we know Pgr; = 0, if Pgp > 0 and Pgpi = 0, if
Ppr i > 0. Then, we can define the control input as up = P —
Pgp . Letting oy = [14,724]", the equation of the home energy
system can be written as

Tpy1 = F(.’L'k,’u,k,k?)

Pr i —
_ Lk = Uk . (12:6)
zok — (ke — Pri)n(ug — Pri)

Let w;, = (ug,ug+1,...) denote the control sequence from k to oo.
2
Let M}, = mloc’“ W?Q] Let x¢ be the initial state. According to the

definitions of the state and control, the performance index function,
which is expected to be minimized, can be written as

J (g, ug,0 ny (g, ug, k), (12.7)

where the utility function is expressed as U(xp, ug, k) = mngmk +
mgu%. Define the optimal performance index function can be
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defined as
J*(xg, k) = inf {J (g, uy, k) } (12.8)
Uy,

According to Bellman’s principle of optimality, we can obtain
the following discrete-time Bellman equation J*(zy,k) = inf,,
{U(xk,uk,k:)—|—7J*(xk+1,k¢—|—1)}.

12.3.2 Algorithm derivations

In this section, detailed derivations of the error-tolerant iterative
ADP algorithm are presented. In the iterative ADP algorithm, the
value function and control law sequence are both updated at every
iteration.

Let i = 0,1,... be the iteration index. Let Cj = {Ci,C,f;_H,
...,Chin_1} be the collected rate data in the ith iteration. Let
Pi,k = {PIZJ,k’P[Z/,kJrl""7PI€,k+/\71} and P;%,k = {Pﬁ,kvplzz,kﬂv cers
PA k4r—1) be the collected home load demand and renewable energy
data in the ith iteration, respectively. Then, we let

. Py~ Phy Ppyp—Ppy >0,
’ 0, Pi,k — P;%,k <0,
and
) PL, — P! , P,, — P, > 0,
TR (12.10)
’ 0, P;%,k — Pj%,,k < 0.
For i = 0,1,..., and j = 0,1,...,A — 1, we let Uj(zy,
ug, A—1—7) = ﬂngi,l,j%k + mgui and let
Uiy, ug, J) = Ui(wg, ug, A — 1 — 4)
= ag M}, _ o + mauj, (12.11)

ml(Cifkj)Q

where Mi—l—j = [ 0

0,1,...,A—1, we let

0
]. For ¢« = 0,1,..., and j =
ma
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where the function Fj(zg,ug, A — 1 — j) is defined as

Fz(xk‘,uka)\i]-i.])

AN
— 7 AT Z, i . (12.13)
T — (U — 93,/\—1—3’)77(% - '@R,)\—l—j)

Define Uy, = (ug,ugi1,-..,upsr—1) as the control sequence in a
period. For any ¢ = 0,1,... and 57 = 0,1,...,\ — 1, according to
(12.12) and (12.13), the state under the control U}, can be derived as

LTl41 = E(xk')ukv)‘ -1 _.7)7

Trt2 = Fi(Tpy1, w1, X — J),
(12.14)

Than = Fi(Thpr—1, Ukpr—1, 2A — ).

According to (12.14), there exists a function F;(+), such that the state
T4y can be derived as

Now, we define a new iterative discount factor ~;, ¢ = 0,1,...,
where we let ~; is a positive constant which satisfies 0 < 7; < 1.
Let the initial iterative value function W(xy) be an arbitrary positive
semi-definite function. For ¢ =0,1,...,let j =0,1,...,A — 1 be the
local iteration index. For ¢ = 0 and j = 0, the initial value function is
defined as V(z) = ¥(zy). Then, for j = 0,1,...,A—1, the iterative
control law is obtained by

up(xr) = arg f{iﬂ{%o(mk,uk,j) + 90V (@hr1)}
= arg min{%(zx, u, j) + WV (Fo(@rur,5))},  (12.16)

where xp11 = Fo(xk, ug, j) is defined in (12.12) and the utility func-
tion %(zy,uk, j) is defined in (12.11). According to the iterative

control law w),(zy), we can update the iterative value function by

Vi (an) = Uo(an, wh(an), ) +20V5 (Folan, wg(xr), 5)- - (12.17)
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For i = 1,2,..., we let V2(zy) = Vz’ll(xk) Then, for i = 1,2,...,
7=0,1,..., A — 1, the iterative control law is obtained by

ul (o) = argmin{ % (vy, u, ) + % V; (741)}
= arg min{% (zx, ug, j) + vV (Fi(zp, up, )}, (12.18)
Uk

where Z;(zk, uk, j) is defined in (12.12) and the utility function
U;(xk, uk, j) is defined in (12.11). Then, the iterative value function
is updated by

VIt k) = Un, ] (20), 5) + 3V (T wd (1), 5)), - (12.19)

where Vf(:nk) = V| (w) for j = 0. Then, for any ¢ = 0,1,... and
7=0,1,...,2—1, we can construct the periodic iterative control law
sequence by

U () = {Ui (@), wd " (@), - (), ) (),

w2 (), . ,ug“(mk)}. (12.20)

From (12.16)—(12.20), we can see that in each iteration of the
algorithm, the data of the electricity rate, the home load demand,
and the renewable energy are different. In Ref. [4], the convergence
of the iterative value function was presented by the accurate itera-
tive ADP algorithms without considering the renewable energy. With
the renewable energy and errors, convergence analysis for the previ-
ous iterative ADP algorithms [4] is invalid. In this chapter, a new
iterative ADP algorithm (12.16)—(12.20) is established to obtain the
optimal renewable home energy control law with errors. In the next
subsection, new methods will be established to analyze the properties
of the developed iterative ADP algorithm.

12.3.3 Properties of the error-tolerant iterative
ADP algorithm

To analyze the properties of the error-tolerant iterative ADP algo-
rithm (12.16)—(12.20), we first discuss a special case of the algo-
rithm, where the electricity rate, the home load demand, and the
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renewable energy are all accurate periodic functions. Let Cy, PL,k,
and PR r be the expected electricity rate, the expected home load
demand, and the expected renewable energy, respectively, which sat-
isfy Cy = Chqx, Prp = Prjga, and Pry, = Ppjqx. We let

_ Pry—Prr, Prr— Prr>0,
D=2 TR T (12.21)
O’ PL,k*PR,k<O,
and
_ Pry—Pri, Prpr—Pri>0,
D=4 ’ i (12.22)
0, PRk — PLJg <0

According to (12.21)—(12.22), for j = 0,1,...,A—1, we can define
the expected system function F'(-) as

Th41 :F(wkaulﬁ)‘_ 1_.7)

_ ('@“” ok > (12.23)

To g — (U — Prr—1—j)0(ur — PRrA-1—j)

Let j(fﬁk,’dk,j) = F(‘Tkauk’)‘ -1 7.7)
Fori=0,1,...,and j =0,1,...,A\—1, we can define the expected

T ml(C’)\717j)2 0

utility function as % (z,uy,j) = Ty ] T + mgu%.

0 ma

For:=0,1,...and j =0,1,..., A — 1, we let

J
xkauka ZVt xk-’-tauk‘-i-t’j - t)
t=0
A—j—1
+ VU @rhyjin, g A — 1), (12.24)
t=0

where we let Uy, = QI,:J”\_I. According to (12.23), there exists a func-
tion F(+), such that the state z;,) can be derived as
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Then, letting 4 = ~*, the expected iterative value function can be
written as

Vi @e) = min{ Y (wp Up, ) + AV @ren)). (12.26)
k

According to Ref. [4], it can be easily derived that the expected
iterative value function V? (z)) converges to the optimal performance
index function as ¢ — oo (see the proof of Theorem 2 in Ref. [4]).
However, in this chapter, the electricity rate C}%, the home load
demand P, j, and the renewable energy Pg j, generally do not equal
their expected ones. Then, for 7 =0,1,... and j =0,1,...,A—1, the
iterative value function V/(zj) cannot equal the expected one, i.e.,
VY (z) # V7 (zy). Hence, the convergence analysis in Ref. [4] is not

applicable for Vij () and new analysis will be developed.
Now, for ¢ = 0,1,... and 7 = 0,1,..., A — 1, we define a new

iterative utility function as

’Yf%z‘(%kﬂ’ Ugit, ] — t)

[M]-

Yi(wr, Uy, j) =
t

I
> o

—j—1
+ > U kg e gan A — 1), (12.27)
=0
According to (12.16)—(12.19), for ¢ = 0,1,..., and j = 0,1,...,
A — 1, the iterative value function is expressed as

VI () = min {2, up. ) + 3V ()}

= min { % (xk, uk, j) + v min { % (x4, uks1,5 — 1)
U Uk+1

+ 3V (@)}
= min {73 (@x, Up, 3) + 3V (200) | (12.28)
k
where Uy = uf ™1, 4 = 42, and @i\ = F(2g, U, j) is defined in

(12.15).
In this chapter, it is assumed that there exist three constants, ¢;,
oi, and «ay, such that 0 < ¢; < 00, 1 < 0; < o0, and 1 < «; < 0,
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respectively, which satisfy the following inequalities

VI (Filon U, ) < 0V (F(ans U, ), (12:30)
and

Based on the above preparations, we can derive the following main
theorems.

Theorem 12.1. For ¢ = 0,1,... and j = 0,1,..., A — 1, let the
iterative value function Viﬁl(mk) and the iterative control law w] (xy)
be obtained by (12.16)—(12.19). Assume that the constants ¢;, o;, and
g, such that 0 < ¢; < o0, 1 < 0y < 00, and 1 < a; < o0, which
satisfy (12.29)—(12.31), respectively. Then the iterative value function
‘/iJJrl(:Uk) satisfies

i T—1
j Vi Gi—
VI (@) < i (1 + Tzl (E <<0i17l04i11> Gt 1) _f_ 1)>>
X <ai_T%ai_T_1 — 1)) VI (), (12.32)

where we let a; = 1, for i <0, and Hﬁ_() =1 for > 1.
Proof. The theorem can be proven by mathematical induction.

First, let 4 = 0. For any j = 0,1,..., A — 1, according to (12.28)—
(12.31), we can derive

Vi () < min {aoa‘r(mk,um + a0 L oo iV (F (on e )
k
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—eo (15 (F0))

X HLllin {T(wk,uk,j) + ?W+1(ﬁ($kaukaj))}
k

= ap <1 + %‘bi - <%O’o ~ 1>> Vit (), (12.33)

where x4\ = Folzp,Uy,j) and 79 = 77. Hence, the inequality
(12.32) holds for ¢ = 0. Assume that the inequality (12.32) holds
fori=¢—1,¢£=1,2,.... Then, for i = ¢, we have

< min {aeT(mk,Uk,j) + ae%ae’y%jﬂ(f(ﬂﬁkﬂk,j))}

Yo—7—1 il
s (oo rr om0y oy~ 1>> AVITHF (wn, U, 5))
o ﬁ/ -1 /7—1
4 {4 -
+ agp1—op |1+ || <01zz1 ~ azzz)
$e+1 ( v ( =1 <l=1

Gr—1-1 YVe—r—1
X m) (er % Qp_r_2 — 1)) - 1)

X (cbzf(iﬂk,uk,j) - ?WJFI(]E(%,UJC,J')))

l T—1
- (1 3 (lH (o) 525 1))
=1

=1

x <ag_ﬂg—‘7ag_7_1 - 1) ) VI (). (12.34)
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Then, the conclusion holds for ¢ = ¢. Hence, inequality (12.32)
holds for i = 0,1, .... The mathematical induction is complete. [

According to Theorem 12.1, the convergence of the iterative value
function can be derived.

Theorem 12.2. Fori=0,1,... and j =0,1,..., A =1, let the iter-
ative value function V]+ (xk) and the iterative control law u (zy) be
obtained by (12.16) (12 19). Fori=0,1,..., if the iterative discount

factor 7; satisfies
(b 4 1
%; < min {1, M} (12.35)
Q;—10:0;

where aj—1 =1 for i = 0, then the iterative value function Vlj_:l (k)
is convergent to a finite neighborhood of the optimal performance
index function.

Proof. For (12.32) in Theorem 12.1, we let

% ([ (o))

X <a”%;7 Qior1 — 1). (12.36)

For 7 =1,2,...,1, letting

o (R

=1
and

T

l: <<U - 1> (¢Z¢:+ll)> (12.38)

we can obtain ©; = Z;Zl A — Z:—:l Bir. We can see that if
> v_1 Air is finite as i — oo, then we have > 22, B;; is also finite,
which means lim;_, o, ©; is finite. According to (12.37), we can obtain
L ¢i
Ai—1yr

(12.39)

For i = 1,2,..., if we choose the iterative discount factor 4; that

satisfies ; < 7(%:2 , then we can obtain A(A

< 1, which means

i—1)T
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lim; oo Zi:l A;r < 00. As the iterative discount factor 0 < 7; < 1,
i=1,2,..., we know that if we choose 7; that satisfies (12.35), we
can derive that the iterative value function Vlfll(mk) is convergent
to a finite neighborhood of the optimal performance index function.

U

12.4 Neural Network Implementation for the
Error-Tolerant Iterative ADP Algorithm

In this section, neural networks are used to implement the error-
tolerant iterative ADP algorithm. There are two neural networks,
which are critic and action networks, respectively, which are both
chosen as three-layer back-propagation (BP) networks. The whole
structure diagram is shown in Fig. 12.3.

12.4.1 The action and critic networks

For 7 = 0,1,... and j = 0,1,...,A — 1, the role of the action net-
work is to approximate the iterative control law sequence U +1(xk)

/
X | dritic Vi (x,)
™ etwork ()

/ A

xk \ .
-\ =
; N u Home . i
Pra VAction — Ener Xt | Critic Vi (x.0) _
Network - gy Network _:
P \ > System !
R,A-1-j - \ !
|

al \

\
L‘— U, (s, A=1= ),
|

Fig. 12.3. The structure diagram of the error-tolerant iterative ADP algorithm.
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in (12.20). The target of the action network can be defined as (12.16)
and (12.18). The action network can be constructed by 4-15-1. Let
[ = 0,1,... be the training step. The output of the action net-
work can be expressed as ﬁfl(xk) =Wl(o(Z!,,
Y, [xk, 9327/\717j, 9}'%7/\717j] +b, and o(+) is a sigmoid function. Here,

J
), where Z7 =

QZZL A—1—j and L@}é A—1-j are both constants for any ¢ = 0,1, ... and
7 =0,1,...,Ax—1. The action network weight update is expressed as
follows

OB, (1)

J B v 7] _
Wai(l + 1) - Waz(l) 511 8W;Z(l)

: (12.40)

where EY,(1) = (e],(1))?, €l,(1) = @' (x},) — ul(zy), and B, > 0 is
the learning rate of the action network. For 7 = 0,1,... and j =
0,1,...,A—1, the goal of the critic network is to obtain Vﬂ“(:ﬂk).
The critic network can be constructed by 2-10-1. The output of the
critic network can be expressed as V! (z1,) = W2 (1)o(Z.4,), where
Zo = Yoz + be and o(+) is a sigmoid function. The critic network
weight update is expressed as follows

Wi+ 1) = WD) - ac

ct

OE(1)

o] (12.41)

where EZ (1) = $(el.(1))2, €. (1) = V7T (@) = VT (a), and o > 0

ci ct
is the learning rate of the critic network.

12.4.2 Fwvaluation of the constants in the
convergence criterion

In Theorem 12.2, although convergence criterion (12.35) is pre-
sented for designing 4; to guarantee the convergence of the iterative
value function, the constants ¢;, «;, and o; are generally difficult to
achieve directly by solving (12.29)—(12.31). In this section, numerical
method is developed to evaluate the values of the constants, which
is expressed in Algorithm 12.1.
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Algorithm 12.1 Evaluate ¢;, «a;, and o;

Initialization:
Choose randomly an array of system states (:c,(:),x,(f), . ,x,(gp))
for a large integer p.
Collect enough data of Cy, Pr j, and Pg .

Choose randomly control law sequences (Z/{,gl), Igz)’ . ,Z/{,gp )).
Iteration:
Block 1.

1: Obtain the average electricity rate C, the average load PL,k, and
the average renewable energy Pgy.

2: Using Cy, Prk, and Pgy, construct F(xy, Uy, j) and T (xg, U, j),
according to (12 24) and (12.25).

3: For i = 0,1,... and j = 0,1,...,A — 1, solve (12.26) to obtain
the expected iterative value function Vﬂ“(:ck) according to [4]
until 7+ (z) is convergent.

Block 2. ... .

4: Using Cj, sz, and P;%,k’ construct 1;(zy, U, j), according to
(12.27).

5 For ¢ = 0,1,...,7 = 0,1,..., A — 1, obtain the iterative value
function VJ +1 (xg) by Algorithm 12. 2

6: Let £ = 1.

7: According to :c,(f) and Z/{,y), compute ﬁ(x,(f),u,g’z),j), T(:U,(f),
Ul ), Fo@ u® 5), and 129 U 4) by (12.15), (12.25),
(12 24), and (12.27), respectively.

8: Compute

0) ~
¢£ V]+1( $/§7 k 7.7 /T xka k 7.7 (12-42)

o) = VI (F ) [V F e w0 5). (12.49)
and

¢ ¢ N l 0 .

ag) T(m,g),ulg),])/T(x,g),l/l,g),]). (12.44)

9: If £ < p, then go to Step 7; else go to next step.

10: Let ¢; = max{¢§€)}, o; = max{ay)}, and o; = max{az@)}, =
0,1,...,p, and go to next step.

11: return ¢;, «;, and o;.




Error-Tolerant Iterative Adaptive Dynamic Programming 283

12.4.3 Training phase

In this section, the error-tolerant iterative ADP algorithm imple-
mented by action and critic networks is explained step by step and
shown in Algorithm 12.2.

Algorithm 12.2 Error-Tolerant Iterative ADP Algorithm
Initialization:
Choose randomly an array of system states xy.
Choose a semi-positive definite function ¥(xy) > 0.
Choose a convergence precision (.
Choose a positive constant 0 < 6 < 1.
Iteration:
1: Let the iteration index i = 0 and let V) (z) = ¥(zy).
2: Let v =1.
3: For 5 = 0,1,...,A — 1, train the action and critic networks to
obtain v (zx) and V7" (z;) that satisfy (12.16)-(12.19).
4: Take Viﬁl(mk) to Algorithm 12.1 and obtain ¢;, a;, and o;.
5: If ~; satisfies (12.35) then go to next step; else let v; = 0~; and
go to Step 3. A A
6: IV =0,1,..., A—1, [V/ T (a3,) = VZH (24)| < ¢, then construct
Uijﬂ(xk) by (12.20) and go to next step; else let ¢ =i+ 1 and go
to Step 2. ‘
7. return V7! (z) and 49 (x,).

Remark 12.2. For i = 0,1,..., Algorithm 12.2 computes Vf“(mk)
as the input of Algorithm 12.1. Then, Algorithm 12.1 outputs the
evaluation value of ¢;, a;, and o; which guarantees the effective
improvement of the iterative value function. Thus, Algorithms 12.1
and 12.2 are interactive. On the other hand, for real smart home sys-
tems, the system model, especially for the battery efficiency in (12.4),
is varying along with its implementation. This may cause the mod-
eling for the system (12.13) inaccurate. Letting the varying smart
home system be Fj(xy,uy,j), we have Fj(xy, ug,j) # Fy(@p, ug, ),
kE=0,1,... and j = 0,1,...,A — 1. According to (12.14)—(12.15),
we can derive Tpi) = ]:}(xk,uk,j). In this situation, it is desired
to find a constant 6; > 0, which satisfies Vijﬂ(]:}(mk,uk,j)) <
é)ﬂ/;ﬁl(]-_'(:nk,uk,j)), and Theorem 12.1 can be implemented.
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12.5 Simulation Example

In this section, numerical experiments are displayed to show the per-
formance of the error-tolerant iterative ADP algorithm. The trajec-
tories of the electricity rate and the home load demand in 168 hours
(a week) are shown in Figs. 12.4(a) and (b), respectively. The renew-
able energy is shown in Fig. 12.2. We can see that the electricity
rate, the home load demand, and the renewable energy are all quasi-
periodic functions with the period A = 24. If there is no optimization,

[&)]

N

w

Rate (cents/kWh)
N

l 1 1 1 1 1 1 1 1
20 40 60 80 100 120 140 160
Time (Hours)

2 T T T T (a)

Load (kW)
=
ul

05 1 1 1 1 1 1 1 1
20 40 60 80 100 120 140 160
Time (Hours)
(b)

Fig. 12.4. Electricity rate and home load demand. (a) Real-time electricity rate
in 168 hours. (b) Home load demand in 168 hours.
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the original electricity cost, without considering the solar energy in
a week, is 681.55 cents.

Let the upper and lower storage limits of the battery be Egnin =
3 kWh and E;"* = 12 kWh, respectively. The rated power out-
put of the battery and the maximum charging/discharging rate is
3 kW. Let v = 0.98. The initial level of the battery is 9 kWh. Let
the performance index function be expressed as in (12.5), where we
set m; = 1, mo = 0.2 and mg = 0.2. Let the initial function be
U(zy) = x] Pxg, where P = [0.11, —0.47; —0.47, 5.02]. Let the initial
state be xo = [0.7,9]". From Fig. 12.4(b), we can derive 0 < 1 < 2.
According to the constraints of the battery, we have 3 < x5 < 12. We
arbitrarily choose p = 500 states and control sequences. After nor-
malization of the data, we implement Algorithm 12.1 to evaluate ¢;,
«;, and o;, respectively. According to the normalized data of the elec-
tricity rate, the home load demand, and the renewable energy, and
we implement the developed error-tolerant iterative ADP algorithm
in Algorithm 12.2 for ¢ = 20 iterations to guarantee the computation
precision € = 1072. In each iteration, the parameter 7; is obtained
by (12.35). According to 4;, the discount factor ; can be obtained,
where the trajectory of the discount factor ~;, ¢ = 0,1,..., is shown
in Fig. 12.5. We can see that in each iteration, it requires a different
discount factor ~; to guarantee the convergence of the iterative value
function.

Under the renewable energy, the optimal control of the battery
is shown in Fig. 12.6. From Fig. 12.6, we can see that the battery
charges when the load demand and rate are low and the renewable
energy is high. The battery discharges when the load demand and
rate are high and the renewable energy is low. The plot of the optimal
battery energy is shown in Fig. 12.7. The total electricity cost in a
week is reduced to 248.85 cents, which shows the effectiveness of
the developed algorithm. From Figs. 12.4-12.7, we can see that if
we choose an appropriate discount factor in each iteration, then the
iterative value function can be guaranteed to converge.
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Fig. 12.5. The trajectory of ~;.
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Fig. 12.6. Optimal battery control and management policy with renewable
energy.
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Fig. 12.7. Optimal control of the battery in a week.

12.6 Conclusion

In this chapter, an effective error-tolerant iterative ADP algorithm
is developed for optimal battery control and management under the
renewable energy. The present iterative ADP algorithm permits the
electricity rate, the home load demand, and the renewable energy to
be quasi-periodic functions to implement, instead of accurate peri-
odic functions. It is proven that if the discount factor is chosen appro-
priately in each iteration, then the iterative value function converges
to the finite neighborhood of optimum.
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Chapter 13

Generalized Actor-Critic Learning
Optimal Control in Smart Home
Energy Management

13.1 Introduction

This chapter is concerned with a new generalized actor-critic learn-
ing optimal control method. It aims at the optimal energy control
and management for smart home systems, which is expected to min-
imize the consumption cost for home users. In the present general-
ized actor-critic learning optimal control method, it is the first time
that three iteration processes, which are global iteration, local itera-
tion and interior iteration, respectively, are established to obtain the
optimal energy control law. The main contribution of the developed
method is to establish a common iteration structure for both value
and policy iterations in ADP based on a control law sequence in each
iteration for periodic time-varying systems, instead of a single control
law. The monotonicity, convergence, and optimality of the iterative
value function for the generalized actor-critic learning optimal con-
trol method are proven. Finally, numerical results and comparisons
are displayed to show the superiority of the developed method.

289
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Fig. 13.1. Smart home energy system.

13.2 Preliminaries and Problem Statement

The smart home system is composed of the power grid, the load
demand from users, and the energy storage equipment. In this paper,
batteries are employed as the energy storage equipment. The con-
struction of the smart home system is shown in Fig. 13.1, where the
energy storage equipment can be designed as “Charging Mode”, “Idle
Mode”, and “Discharging Mode”, respectively. In this situation, how
to optimize the control law of the energy storage equipment is the
key to save the cost of the smart home system.

For time t = 0,1,..., letting B; and 7; be the energy storage
amount and the power output for the energy storage equipment,
respectively, the model of the energy storage equipment is expressed
as Byr1 = By — T¢ x n(Ty), where we let 7; > 0 and 7; < 0 denote
discharging and charging for the energy storage equipment, respec-
tively. Let 7; = 0 denote that the energy storage equipment is idle.
Let the efficiency of energy storage equipment charging/discharging
be expressed as n(7T;) = 0.898 — 0.173|T;|/ Trate, where Trate > 0 is the
rated power output of the energy storage equipment.
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Inspired by [1], the value function, which is expected to minimize,
is expressed as

Z"}/ (Oél 5{Pt + OéQ(Bt — BO)2 + 0537;2>, (13.1)
t=0

where &; is the real-time electricity rate and P is the total electricity
power from the power grid. Let B° denote the middle energy storage
limit. Let a1, ais, and a3 are positive numbers. Let 0 < v < 1 be the
discount factor.

Let 21 = P; and 22 = B; be the system states. Let u; = T; be
the control of the system. According to the load balance [1] and the
model of the energy storage equipment, the system function can be
written as

Zt — U¢
Tep1 = Flag, up, t) = ( >7 (13.2)

Tot — utn(ut)

where z; = [214, 562715]1- and Z; denotes the load demand of the users.
Letting w, = (u¢, uy1, .. .), the value function can be expressed as

:EO’WO’ Z’V 7_‘ xtauta a (133)

0 (6%)

& 0
where the utility function is defined as H (2, us, t) = =] [al ' ]

7y + azu?. The optimal value function can be defined as

V*(zy,t) = igf {V(z¢,wy, t)}. (13.4)

13.3 Generalized Actor-Critic Learning Optimal
Control Method

In this section, a new generalized actor-critic learning optimal control
method is developed to obtain the optimal control law for smart home
systems with property analysis.
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13.3.1 Derivation of the generalized actor-critic
learning optimal control method

From (13.2) and (13.3), it is shown that the load demand and the
electricity rate are both time-varying parameters, which cause the
optimal value function to be time-varying. For general users, it is
known that the load demand and the electricity rate are periodic
functions.

Assumption 13.1. The load demand Z; and the electricity rate &
are both periodic functions with the periods © = 24 hours.

According to Assumption 13.1, the load demand and the elec-
tricity rate satisty Z; = Z110,& = Ero. Inspired by [2], for k €
{0,0,20,...}, define a new utility function as

0-1

U (g, ) = Y VOH (@hyo, wrro,0). (13.5)
6=0

The optimal Q-type value function in the optimal performance index
function can be written as

T (zg, A) =V (x5, Ag) + 0 min T*(xk+0,Ak+0), (13.6)

Akt

where it is defined as ¥ = v©. The optimal control law sequence can
be expressed by % *(x1) = argming, {J*(zx,Ax)} -

Based on the above preparation, the generalized actor-critic learn-
ing optimal control method can be introduced. First, we define
N = {N1,Na,...} as a set of positive integers, such that for any
i = 1,2,...,N; > 0 is a positive integer. Let ¢ = 0,1,... be the
global iteration index. Let %4(x;) be an initial control law, such
that

Jo(zg, Ar) = U(xg, A) + ITo(zt0, % (TEr0)), (13.7)

where Jy(xg,2x) is the initial value function. For i = 1, the iterative
control law sequence % (zy) can be computed by

U (x) = argng[in Jo(zg, Ag). (13.8)
k
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Employing an local iteration index 7; = 0,1, ..., N7 —1, the iterative
cost function can be updated as

T jr+1(@e, A) = VU (g, Ag) + VT, (Tht0, % (TR10)),  (13.9)

where J1o(z, k) = Jo(zk, Ar), Vg, Ay Define Ji(zk, Ax) = T1n
(%k,mk).
Fori =2 3,..., the iterative control law sequence is computed as

%(xx) = argmin Jp— (g, Ar)- (13.10)
k

Letting %p(:ﬂk,mk) = k%,l(xk,glk), for j; = 0,1,... ,M, M € N,
the iterative cost function is updated by

Tijit1 (T, Ar) = Y (2x, Ak) + 9Ts 5 (210, %i(TH10)),  (13.11)
where we define
Ti(xr, Ar) = Tin; (Tr, Ag). (13.12)

It is declared that the iterative control law sequence %;(xy), i =
0,1,..., is not obtainable by directly solving (13.8) and (13.10), as
U;(x)) is an iterative control law sequence. Thus, a new interior
iteration is introduced to construct the sequence.

Fori=20,1,...,let I; = 0,1,...,0 — 1 be the interior iteration
index. According to (13.3), for [; = 0,1,...,0 — 1, we define a new
system as

Zo_1-1; — Uk
Tp1 = F (g, ug, l;) = - (13.13)
xok — upn(ug)
For [; =0,1,...,0 — 1, we let
U(xg, ug, ;) = xgjf@—l—lixk + agu%, (13.14)
a1(Eo—1-1.)*> 0
where Ho_1_1 = { 1(Eo-1-1,) ]
0 a9
For i = 1,2,..., we define a new interior iterative cost function

as Vll’(xk) For i =1,2,... and [; = 0, we define

VO(xy) = T2 (wk, Ui (), (13.15)
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where for i = 1, we let J2 1(%,%0( k) = Jo(xg, %(xk)), and for
1=2,3,..., we let T2k, U, )) Z—l,M_1—1(9€k, U1 (k).

Then, for i1=1,2,...and lZ = 0 1,...,0—1, the interior iterative
control law is obtained by

vl () = argmln{l/{(a@k,uk,l )+ AV (xri1)}, (13.16)

where zy1 = F(2k, ug, ;) is defined in (13.13) and the utility func-
tion U (xy, ug, ;) is defined in (13.14). Then, the interior iterative cost
function is computed as

VI k) = Ulan, of (), 1) + 9V (F(an, of (a0), 1)) (13.17)

For i = 0,1,..., the iterative control law sequence %;(x) can be
constructed by

Uar) = {007 @r), 022 (wn), .. o) (13.18)

13.3.2 Properties of the generalized actor-critic
learning optimal control method

In this subsection, the properties of the generalized actor-critic learn-
ing optimal control method are analyzed. First, the property of the
interior iteration is presented.

Theorem 13.1. For i = 0,1,..., defining the iterative control law
sequence %;(xy) as in (13.18), where vl (xg), i =0,1,...,0 =1, is
obtained according to (13.15)—(13.17), then U (xy) satzsﬁes (13.8) for
i=1 and (13.10) fori=2,3,....

Proof. Mathematical induction is employed to prove the state-
ment. First, for ¢ = 0,1, ..., we define

©)

—1
Uz, Uizr) =Y AU, vl (), 1) (13.19)
0

o~

i

For i = 1 and I} = 0, we know V2(x1) = Jo(zx, % (7)), where
Uo(x1) is a given control law sequence. Then, we can solve the control
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law v{(z3) by
v(xy) = arg rgin{bl(:vk, ue, 0) + YV (z341)}, (13.20)
where xp1 = F(xg,uk,0). For any [; =0,1,...,0 — 1, we can get
VI (@g) = Ulag, of (21), 1) + AV (@41)
= min{U (zg, up, 1) + Wi (@r11)}
- I{E@n {L{(xk, g, l1)
+ ’V%lﬂ {U(@psr, up g1l — 1)

+ o4 v min {Z/{(Sﬂk+1, Uk+l1,0)

Uk+1q

+ V(@ 1)} - ) (13.21)

Letting l; = © — 1, we have
V2 () = W (x, % (@) + OV (F(an, % (xr)))
= fg[in{‘l/(ﬂﬁk’mk) + VY (2h10)}
k

= Hmlikn{\lf(:ﬂk, Ai) + 0Jo(zkre, %(zKt0))}

= Hmlin Jo(xg, Ag). (13.22)
k
According to (13.22), we can obtain (13.8) for ¢ = 1. Assume that
the conclusion holds fori =7 -1, 7=2,3,..., i.e.,
Ur_1(z1) = argrglin Tr—o(xk, Ak). (13.23)
k

Then, for i = 7, according to (13.15), we have
V2 (x) = Tror (g, U1 (1)) (13.24)
For I, =0,1,...,0 — 1, it can be derived as
Vit (ag) = Uz, vf (2r), 1) + 9V (@h41)

= min{U (g, ug, )
U
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+ vy min{U (41, Upt1,lr — 1)
Uk+1

+ -+ 47 min {u(xk-l-l’uk-i-lﬂlf —-1)

Uk+1r

+ VP (@htt,41)} - 1

I
= min {Z ’ygu(xk‘-i-f, Uk+05 lT - f)
=0

Ul s Uk 4150+ U+ 11

+y' VTO(%HH)} . (13.25)

Letting I, = © — 1, according to (13.24), we can obtain

V2 (xx) = U(aw, % (xx)) + OV F(an, % (xx)))
= HQIGCD{\I/(%]{,QU{)

+ 0T N, 1 —1(Tht0, Ur—1(Tht0))}
= Hmlin Tr—1 (g, Ak). (13.26)
k

For i = 7, according to (13.26), the iterative control law sequence
U-(xy) can be written as

Uy (1) = arg Hmlin Tr—1 (g, Ak). (13.27)
k

Thus, the conclusion holds for ¢ = 7. Hence, %;(x),) satisfies (13.8)
for i = 1 and (13.10) for ¢ = 2,3,.... The mathematical induction is
complete. O

In the following, we will show that for any iteration indices ¢ and
Ji, the monotonicity and convergence of the iterative cost function
in local and global iterations can be guaranteed.

Theorem 13.2. Let %(xx) be an arbitrary admissible control law
which satisfies (13.7). Let N' = {Ny, Na,...} be an sequence, where
N;, > 0,17 = 1,2,..., 1s a positive integer. For ¢ = 0,1,... and
Ji = 1,2,...,N;, let J; 5, (xk, Ax) and %(zy) be updated according
to (13.7)-(13.12). Then, the iterative cost function J; j,(xy,Ax) is
monotonically non-increasing both for i and j;.
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Proof. The statements can be proven by mathematical induction.
Consider i = 1 and j; = 0. According to (13.8), we have

T (g, Q) =V (2, ) +VT10(Tkt0, % (Trt0))
< (2, Ag) + 9 To(2p40, % (2Rr0))
= jl,O(m'k’Qlk)- (13.28)
Assume that the inequality
T (@r, ) < Tnjr—1 (e, Ar) (13.29)
holds for j; = 1,2,..., Ny — 1. Then, for j; 4+ 1, we can obtain
Tt i1 (e, Ag) = U (2, Ag) + VT, (Thr0, % (Trt0))
< U (g, Ak) + 0T j1 -1 (Thr0, % (Thto))

= T (@, Ar), (13.30)
which implies that
T g1 (@, A) < T gy (@, Age) (13.31)
holds for all j; =0,1,..., Ny — 1. Letting
Us(x) = argrglikn T (zg, Ay), (13.32)

according to (13.12), it can be derived that

T21 (1, Ap) = V(wg, Ag) + To0(Thr0, %(Trr0))
< U(xg, Ag) + TN -1 (Tkro, % (Tkt0))
= J1,3 (T, Ag)
= J20(xp, Ag). (13.33)
Assume that the inequality Ja j, (zx, Ax) < Jojo—1(xk, Ax) holds for
jo=1,2,..., Ny — 1. Then for js + 1, we have
T2.go+1(Th, ) = U (2, Ak) + VT35 (Thr0, %2 (T10))
< (2, Ax) + T2 jo—1(Thr0, % (Tr10))
= Ja,jo (T, Ap). (13.34)
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Thus, we have Jo j,+1(2k, Ax) < To (2, Ax) holds for all jo =
0,1,..., Ny — 1.
Fori=¢,¢=0,1,..., we assume that

Tejo (@r, 2Ar) < T jo—1(wx, 2Ap) (13.35)
holds, for j. =1,2,...,j.. Then, we can derive
Tejer1 (@, ) =V (2, Ap) + 9T j (Tht0, % (Trr0))

< (g, W) + 9T jo—1(Tht0, U (Tpro))
= T (@A), (13.36)

which shows
Tsjer1 (@, k) < T jo (Th, Ag) (13.37)

for all jo =0,1,..., N.—1. Considering i = ¢+ 1, the iterative control
law sequence is computed by

Ueir (1) = arg HQl[in T (g, Ap). (13.38)
k

It can be derived as
Ter1,1(xr, Ap) = W (g, k) + ITe11,0(Tkr0, %t1(Trr0))
< W (ag, Ak) + 0Ty —1(Thv0, U(Trr0))
= $+170($k, Q[k) (13.39)

Assume that the inequality

Tt 1jes (@A) < Tt jor—1(wr, Ag) (13.40)

holds for joy1 =1,2,..., Ney1 — 1. Then considering jcy1 + 1, we can
derive
Tt 1. jesa+1(Tr, Ar)
=V (2p, An) + VTcr1jcir (Thr0, s1(Thr0))
< (g, W) + VT 41 josr—1 (@hr0, U1 (Tht0))
= Tot1,jc i1 (Th Ap)- (13.41)
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The mathematical induction is complete. From mathematical induc-
tion process (13.28)-(13.41), for i« = 1,2,...,5 = 0,1,...,N;,
N; € N we can derive ‘_7i7ji+1(xk,9/[k) < t%,ji(xkvglk) and ‘7i+17j(i+1)
(g, Ar) < Tij,(xk, Ap). The proof is complete. O

In the next theorem, the optimality of the converged cost function,
which is a key property to declare the effectiveness of the generalized
actor-critic learning optimal control method, will be analyzed.

Theorem 13.3. Let N = {Ny, Na,...} be a sequence, where N; > 0,
1 = 1,2,..., is a positive integer. For v+ = 0,1,... and j; =
1,2,...,N;, let Jij,(xp,A) and % (zy) be updated according to
(13.7)~(13.12). Initialized by an arbitrary admissible control law
WUy (xr) which satisfies (13.7), the iterative cost function J; ;, (g, Ap)
converges to the optimal value function V*(xy,2), as i — oo, i.e.,

lim 7 j, (25, A) = V7 (2, Ak), (13.42)
1—00

which satisfies the HJB equation (13.6).

Proof. The statement can be proven by four steps.

(1) Show that the limit of the iterative cost function V; j,(x,Ay)
erits as 1 — o0.

First, according to (13.7), giving a positive integer M, we can
derive that

M-1
jO(xk')Qlk) = \I](.’L'k,glk) + Z 19T\IJ(.’I,']€+T@7 %O(k —+ 7‘@))
7=0
+ 9MTo (e Mo % (Trrmo))- (13.43)

As 0 < ¢ < 1, letting M — oo, we can obtain

Jo(wr, W) = O, W) + >0V (wpsr0, Z(k+76)).  (13.44)

7=0

As the utility function U(z,uk, k) is positive definite for xj and
ug, which implies that W(xzy,2y) is positive for zp and 2y, it can
be derived that the initial iterative value function Jy(zg,2Ax) > 0
for all xx # 0 or /A # 0. According to Theorem 13.2, the iterative
cost function J; j, (x, 2y) is a monotonically non-increasing function
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for ¢ and j;. It implies that the function J;(zx, ) is monotonically
non-increasing and lower bounded which shows that the limit of the
iterative cost function J;(x, ) exists, i.e.,

joo(xkvglk) = ZILI& Z(mk,%k) (13.45)

On the other hand, {J;(zx,2k)} is the subsequence of {7
(mk,Qlk)} It implies that the two sequences {J;(xg,%Ar)} and
{.71‘,3‘1- (mk,Qlk)} converge to the same limit, i.e.,

Too(wp, Ap) = Hm Ty j,(ap, Ar). (13.46)

(2) Prove that as i — oo the limit of the iterative cost function
Ji(zk, Ay satisfies the optimality equation (13.6).

According to Theorem 13.2, for i = 0,1, ..., it can be derived as
Ji+1(zr, A) < Ti(xp, Ax), which implies

Jiv1(xr, ) = TiN, (T, Ag)
< U(xg, Ag) + 0Ti—1.0(Tkt0, % (Tpt0))
= \IJ(.%'k,Q[k) + 9 min ‘Z_l(kar@,QlkJr@). (13.47)

Artro

Then, we can get

Too(Tr, Ar) = Zlggo Jit1(xr, Ax) < Tiv1 (e, Ax)

< U(wy, Q[k) + 9 QI[Ilin ~.7z‘—1(-%'k+6)7 QlkJr@). (13.48)

k+0©

Letting ¢ — oo, we can obtain

Too(h, k) < W (wg, Ag) + min Joo (210, Akv0)- (13.49)

Akt

Given an € > 0, there exists an iteration index o > 1, such that

To(xr, Ax) — & < Too(r, Ak). (13.50)



Generalized Actor-Critic Learning Optimal Control 301

Then, we can obtain

Too (T, Ap) > V(ap, Ap) + 9 To (10, Apre) — €
U(xg, Ag) + VT (Tpt0, Apr0) — €
N\

(k. Ap) + 0 min Joo(zp+0, ko) —e. (13.51)
Arto

AVARRAV]

For arbitrary € > 0, we have

Too(@h, Ap) > U(wp, Ap) + 0 min Joo (@10, Apr0).  (13.52)

Apto

Combining (13.49) and (13.52), for all 23 € €, we can obtain

Too (g, Ap) = Wz, Ap) + 9 min Joo(vh10, ko). (13.53)

Artro
(3) Show that the cost function Joo(x,2A) is not larger than the
cost function constructed by any admissible control law sequence.

Define a new iterative cost function Q; j,+1(x,Ay). For i = 0, we
let

Qo(zk, Ak) = Jo(zk, Ak)- (13.54)
For i = 1,2,... and j; = 0,1,...,N; — 1, N; € N, letting

Qio(zk, Ax) = Qi—1(xk, Ay), the iterative cost function Q; j, (z, Ax)
is designed to update by

Qi,jﬂrl(xk’mk) = U(zg, Ag) + ﬁQi,jiJrl(xk;-q-@, Uy (rKr0)), (13.55)
where Q;(zy,A) = Qi N, (zk, Ax). In the following, we will prove
Tiji(wr, Ak) < Qi1 (wg, Ag), (13.56)

fori =1,2,...and j; =0,1,...,N; — 1, N; € N. The statement can
be proven by mathematical induction. For ¢ = 1 and j; = 0, we know
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QL()(.%']Q,Q[]Q) = jl,O(m'k’Qlk)- FOI“ j1 = 1, we have

T (wg, 2A) = V(xg, Ag) + 0T 0(Tkt0, % (2rr0))
= \I!(xk,Qlk) + ﬁg{nin jl,o(ﬂﬁkJr@’QlkJr@)

k+©

< U(zg, Ag) + 991 0(zhtr0, % (xKt0))
= OQ1.1(zrr0, Akt0)- (13.57)

If the inequality J1 j,—1(zk, Ax) < Q1,1(xk, Ay) holds, then consider-
ing j1, we have
Ty (@, 2Ag) = V(g Ag) + 0T 5, -1(Tkro, % (Tr10))
< U(zg, k) + 0T 0(Tkr0, % (Thro))
< (g, Ag) +9Q10(vhr0, % (rh10))
= OQ1.1(zr+0, Akt0), (13.58)

which shows that the inequality Ji j, (xg,Ar) < Q1,1(xk, A) holds
for all j4 =0,1,..., N7 —1. Assume that the inequality (13.55) holds
fori=¢—1,¢=1,2,.... For i =¢ and j. = 1, we know

T (wg, Ay) = W(xg, Ag) + VT 0(Trr0, Z(Tr10))

= U(xy, Ax) + ¥ min T, o(zp+0, Ak+o)
Akt+o

< U (wg, Ag) + 99 0(Tht0, %(Tri0))
= Qc1(Trto,Ar). (13.59)

If the inequality J. j —1(xk, Ar) < Qcjo—1(xk, Ay), then for jc, we
can get
Teje (s i) = Vg, Ap) + VT jo—1(Thv0, % (Trr0))
< Uz, Ak) + 99 0(Trro, %(Trr0))
= Q¢ 1w, Ar), (13.60)
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which shows (13.56) for all i = 1,2,..., and j; = 0,1,..., N;. Math-
ematical induction is complete.

On the other hand, for i =0,1,..., and {Ny, Na,..., N;}, we can
obtain

Qi N, (g, %(xr))

Y4 Ny
s (1 (S (v,

)
_ o= 0 k+)\§ON>\@+Té@
%O(x -1
k+ Z N»\O+71,0
A=0
i
+H19N€J0 r oz . . (13.61)
- k+ > N O+1 k43> N O+1
A=0 A=0

From (13.61), letting i — oo, we can derive that

Qoo (r, Y1) = Y (0" W(wh100, Zo(Th100))), (13.62)
=0

as Hgil 9Ne = 0 and Jo(x, Z(zy)) is finite for all ;. According to
(13.56), we can obtain

lim (g, % (xx)) < > (U (2hpi0, %o(wrie)).  (13.63)
=0

(4) Show that the cost function Jso(xk,Ak) equals the optimal
value function J*(xg,Ag).

According to the definition of J*(z, ) in (13.6), for i = 0,1,. ..
and j; = 1,2,...,N;, we have J,(xp,Ar) > JT*(xg,Ay), which
shows

Too(@r, Ar) > T (zg, Ape). (13.64)
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for i — oco. Let 2, = (Ax, Ag+0,...). According to (13.63), as % (xx)
is an arbitrary control law sequence, we have

Jlim. Ti(an, Ui(xp) <Y (0 (2hi0, % (Tr400)))
=0
< Hgltn (;% (9" (z)1c0, QlkH@)))
=T (wy, %" (x1)), (13.65)

which shows

joo(xkamk) = \IJ(IE]C,QL]C) + ﬁjoo(xk‘-i-@a%oo(xk"'@))
< U(wg, W) + T (2hr0, % (2110))

= j*(mk,ﬂk) (13.66)
Combing (13.64) and (13.66), we can obtain the conclusion (13.42).
The proof is complete. O

13.4 Simulation Example

This section aims to illustrate the performance of the generalized
actor-critic learning optimal control method by a numerical exam-
ple. The real-time load demand and electricity rate for 168 hours
(one week) are shown in Figs. 13.2(a) and (c), respectively. It is shown
that the load demand and the electricity rate are both periodic-like
functions with the period © = 24, where the averages of the load
demand and the electricity rate, which are shown in Figs. 13.2(b)
and (d), respectively, are used as the periodic functions.

The parameters of the energy storage equipment are given as fol-
lows. Set the capacity of the energy storage equipment as 100 kWh,
which means B¢ = 50 kWh. The rated power of the equipment is set
as 16.5 kW. The initial energy of the equipment is set as 60 kWh.
Define the value function as in (13.1), where we set a1 = 1, ag = 0.5
and a3 = 0.2, respectively. The initial state is set as xo = [8,60]T.



Generalized Actor-Critic Learning Optimal Control 305

8 7
m
S 6
@ @57
= g
2 o4t
g4 g
[} 3t
2
2 2
0 50 100 150 0 5 10 15 20
Time (Hours) Time (Hours)
(a) (b)
10 - - 8 - -
=
S
) 6 L
g E
3 o
I ()
S gal
2
<
} ! I 2 I
0 50 100 150 0 5 10 15 20
Time (Hours) Time (Hours)

(c) (d)

Fig. 13.2. Residential load demand and electricity rate. (a) Residential load
demand for 168 hours. (b) Average residential load demand. (c¢) Real-time elec-
tricity rate for 168 hours. (d) Average electricity rate.

An initial control law %(xy) is necessary to implement the gener-
alized actor-critic learning optimal control method. Generally, the
initial control law can be designed by experience. Let the equipment
charge when load demand and the electricity rate are both obviously
low, such as the midnight time. Let the equipment discharge when
load demand and the electricity rate are both obviously high, such
as the dinner time. Other time the charging/discharging type of the
equipment is chosen arbitrarily.

We implement the developed generalized actor-critic learning
optimal control method for i = 20 global iterations to show the
property of the iterative value function J;(zy), where in each local



306 Iterative ADP for Self-Learning Optimal Control

6 .
KPR
. e et
e r;,,"é'-_"'. =4 "? N
2 L GRAV] '
5 1&g

lterative value function

Fig. 13.3. The plot of the iterative value function.

iteration for i = 1,2,..., we design N as an arbitrary positive inte-
ger for local iterations j = 0,1, ..., V;. The plot of the iterative value
function J;(xg, %(xy)) is shown in Fig. 13.3.

From Fig. 13.3, it can be seen that at each hour in a day, the
iterative value function is monotonically non-increasing and finally
converges to the optimum, which verifies the correctness of the theo-
retical results. The optimal control for the smart home system is dis-
played in Fig. 13.4. We can see that the equipment is charging when
the load demand and the electricity rate are low and the equipment
is discharging when load demand and the electricity rate are high.

The optimal energy management for the load demand is shown
in Fig. 13.5. It is shown that when load demand and the electricity
rate are high, the power grid nearly stops supplying the power to the
load and all the power is supplied by the energy storage equipment.
When the load demand and the electricity rate are low, the power
grid bears all the power from the grid to the load. The corresponding
energy in the energy storage equipment is shown in Fig. 13.6.
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Fig. 13.6. Optimal energy storage in one week.

13.5 Conclusion

In this chapter, a novel generalized actor-critic learning optimal con-
trol method is presented. The idea of the developed method is to
find the optimal energy control law for smart home systems by
ADP. Combining the value and policy iteration ADP techniques, the
generalized actor-critic learning optimal control method presents a
common iteration structure to for smart home energy management.
Three iteration processes in the generalized actor-critic learning opti-
mal control method, which are global iteration, local iteration and
interior iteration, have been shown. It has also been proven that the
iterative cost function is monotonically non-increasing and converges
to the optimal value function. Finally, numerical results are displayed
to show the superiority of the developed algorithm.
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battery management, 227

battery model, 229

Bellman equation, 2

Bellman’s principle of optimality, 1
brain-like method, 25

C

Cauchy—Schwarz inequality, 173
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dynamic programming, 1

E

error function, 8

error threshold, 168
error-tolerant iterative adaptive
dynamic programming, 267
exploration noise, 221

F

forward-in-time, 25

G

generalized actor-critic learning
optimal control, 289



312 Iterative ADP for Self-Learning Optimal Control

generalized Bellman equation, 252 N
generalized HJB equation, 11
global convergence property, 196
global iteration, 232
global iterative ADP algorithms, 26
global iterative value function, 28 o)
global optimal, 95
global policy iteration, 79
globalized dual heuristic dynamic
programming, 157
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policy improvement, 189
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Q@ function, 231

infinite horizon optimal control .
Q-learning, 227
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initial admissible control law, 98 reinforcement learning, 4
initial stabilizing state feedback gain
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iteration index, 233
iterative control law, 11
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smart residential energy systems, 228
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programming, 25
Lyapunov equation, 187 v
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value iteration, 10
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