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Preface

Yogah karmasu kausalam—Excellence in learning arises through
action.

—Bhagavad Gita 2.50

Mathematics is often perceived as abstract, symbolic, and distant
from tangible experience. Yet, when viewed through the lens of doing,
discovering, and reflecting, it becomes a powerful tool for nurturing
reasoning, creativity, and problem-solving. This book, Discrete
Mathematics: An Experiential Learning Perspective, has been written
with the conviction that learners understand mathematical concepts
best when they engage with them through action, experimentation, and
application.

Mathematics is the language of science and technology and
research. Discrete mathematics forms the backbone of computer
science, artificial intelligence, data analytics, and network design. It
provides the logic, structure, and precision required to design
algorithms, optimize systems, and interpret information. However, the
teaching of discrete mathematics traditionally leans heavily on theory.
This book aims to bridge that gap by introducing an experiential
dimension—learning by doing, reflecting, and connecting theory with
practice. There are two types of project-based learnings. One is to apply
knowledge to deepen the understanding, and the other is to understand
or define the concept or theory. This book follows the “BEIMI”
philosophy or theory to define the concepts. The “BEIMI” stands for
Brainstorming Experiments/Activities (BE), Inferences (I) and
Mathematical Insights (MI). Moreover, the case studies/ projects are
given chapter wise.

Each chapter of the book integrates hands-on activities, visual
explorations, real-world applications, and case studies to promote
deeper engagement. The design emphasizes constructivist pedagogy,
where learners build understanding through inquiry and
experimentation. By embedding experiential learning cycles—Concrete
Experience, Reflective Observation, Abstract Conceptualization, and



Active Experimentation—this text encourages students to move beyond
rote problem-solving toward conceptual mastery and creative
application.

Chapter 1 sets the stage by explaining why discrete mathematics is
essential for engineers and scientists, presenting its novel philosophy
and broad applications. Chapter 2 introduces the idea of experiential
learning itself—how learning occurs through doing, exploring, and
reflecting—and how this pedagogy can transform the study of discrete
mathematics.

Chapters 3-13 cover core topics—Sets, Relations, Functions, Logic,
Counting, Probability, Graphs, Trees, Generating Functions, and
Algebraic Structures—each approached through interactive learning,
visualization, and application-based exercises. Every concept is linked
with case studies, projects, and computational implementations,
enabling learners to experience mathematics as an evolving, applicable
discipline rather than a static body of facts.

The concluding Chap. 14: Conclusion and Future Outlook synthesize
the learning journey, discusses open research directions, and reflects on
how experiential education in discrete mathematics can shape
innovative thinkers and practitioners in science and engineering.

The pedagogical approach of this book aligns with the educational
vision of learning by doing, rooted in both ancient wisdom and modern
learning science. As the Bhagavad Gita teaches, “Yogah karmasu
kausalam”—Excellence is achieved through action. True
mathematical understanding, likewise, is cultivated through purposeful
engagement with problems, not through passive observation.

It is hoped that this book will serve as a guide and inspiration for
teachers, learners, and researchers who wish to experience
mathematics not merely as a subject, but as a living process of
exploration and innovation. By blending conceptual clarity with
experiential learning, this work aspires to nurture a generation of
learners who can think critically, act creatively, and apply mathematics
meaningfully in a rapidly evolving technological world.

Dr. Haribhau R. Bhapkar

Dr. Parikshit N. Mahalle
Tulmulla, India
Pune, India
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Like the crest of a peacock, like the gem on the head of a snake, so
is Mathematics at the head of all knowledge.

Abstract

Mathematics is often perceived as abstract, symbolic, and distant from
tangible experience. Hitherto, when viewed through the lens of doing,
discovering, and reflecting, it has become a powerful tool for nurturing
reasoning, creativity, and problem-solving. This chapter deals with the
novel philosophy and application of Discrete Mathematics. The authors
focus with the conviction that learners understand mathematical
concepts more precise when they engage with them through action,
experimentation, and application. The importance of Discrete
Mathematics and Mathematics is defined as “Like the crest of a peacock,
like the gem on the head of a snake, so is Mathematics at the head of all
knowledge.” The chapter concludes with various applications of
Discrete Mathematics in Science, Technology, Mathematics and real life.
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1.1 Introduction

Performing experiments to gain some experience is a preferred practice
in the social, personal, professional, and technical world. This process
of learning by doing or through some experiences is known as
Experiential Learning (EL) which was initially introduced by John
Deway and Jean Piaget [1, 2]. However, the credit of EL is with David A.
Kolb [3] who has made it more popular and made it accepted to the
technical community. Kolb has introduced the foundational theory of EL
proposing the process of learning through experiences toward
knowledge transformation. As per Kolb, learning happens due to the
creation of knowledge and knowledge is created based on experiences.
The better we transform our experiences, the better the knowledge
created is. In the practical world, there are two types of experiences
which include direct experience and indirect experience and are listed
below

e Direct Experience: Directly gained by an individual, i.e., personal
experience. For example, a kids experience of drinking hot milk and
he feels mouth burn feeling which is experienced with a kid directly.

* Indirect Experience: Gained from recommendation and experiences
of others. For example, somebody is telling a kid to drink milk
carefully as it is hot so that the kid can avoid the experience of mouth
burning. Indirect experience refers to the knowledge or action
initiated by someone’s recommendation or experience.

Both direct and indirect experiences play an important role in
enhancing the learning curve. Particularly for subjects like Discrete
Mathematics (DM), connecting theoretical concepts with the real-world
practical use cases makes this mathematical subject more convincing.
Deeper and comprehensive understanding of DM makes learners more
competent in applied knowledge. EL focuses more on combining direct
experience with the underlined reflection using past knowledge and
experience. Reflection helps learners to understand whether the
outcome of learning is useful or not. EL also enables active involvement



of both learner and mentor and encourages more collaboration and
exchange of ideas as well as perspectives. The key benefits of EL are
listed below:

Critical Thinking: EL enhances critical thinking by analyzing the
positive and negative sides of the situation. It also helps to decide
whether the outcomes are beneficial or not.

Problem Solving: EL also makes problem-solving process easier and
simpler as the underlined situation is deeply analyzed.

Contextual Decision-Making: Situational decision-making skills is
an important outcome of EL.

Ideas and SKills: EL helps to explore more ideas and skills as every
problem has been understood with deeper insights into critical
thinking. This also led to more opportunities.

Reflection: EL helps to develop the ability of reflection making
learner understand the usability of outcomes.

There are various types of EL and are presented in Fig. 1.1.
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Fig. 1.1 Typesof EL

Comparative education helps to compare different types of
education received from experiences. Comparative education also helps
to differentiate between different types of subjects and domains. In
internships, all theoretical learning is practically applicable in the field
for certain duration and more practical insights are gained. All teaching
methods and strategies are taken into consideration by learners in
internships. Practicum is one type of EL where the problem is divided
into smaller tasks and these tasks are designed, developed and
implemented in the laboratory. Service learning is specifically
applicable to the professionals where they learn by explorations.
Previous experiences are also incorporated into the learning in service-
learning type of EL. In research type of EL, we explore better solutions
as compared to the previous by adding some innovation or novelty.



Cooperative learning helps us to work in a team where we collectively
decide which tools and methods to apply for learning.

In EL, the learning process depends on the various factors and does
not always start with the experience. It is the learner’s responsibility to
decide which mode of learning to select based on the underlined
domain and situation. Let’s consider the real-world example of learning
driving.

e Actor: Person
e Objective: Learning to drive car
e Possible modes of learning

— Reflection: Learning car driving by observing other people driving.

- Reading Instruction Book: Some learners might select to learn car
driving by reading the instruction book.

— Driving on Test Course: Some learners might prefer to learn by
seating behind the seat of the car and participating in driving on a
test score.

The above example shows that EL develops the ability to
immediately apply the knowledge to solve the problem, enables access
to real-time feedback, helps to promote teamwork and improve
communication sKkills. EL also helps to develop high order thinking
skills and reflective practice habits.

1.2 Novel Philosophy of Discrete Mathematics

With the increasing demands of users on the internet, today we are in
the era of high-performance computing applications. User experience,
particularly in the form of response time, is increasingly demanding.
Computer science, information technology, and artificial intelligence
and allied topics are playing a crucial role in this era of industry 4.0 and
society 5.0 [4, 5].

The novel philosophy of DM is to apply the fundamental concepts of
solving problems in broader areas of engineering and sciences and is
depicted in Fig. 1.2. Mainly two broad areas which include scientific
problems and societal problems and are discussed below in detail.
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Fig. 1.2 New philosophy of DM

1.
Scientific Problems

DM being a specialized branch of computer science is specifically used
in the algorithms, programming languages and cryptography.
Automated theorem proving, building of software development, design
and development of cryptographic algorithms. Important concepts and
mathematical notations derived from the DM play vital role in the field
of algorithmics and some intensive applications in real world. Emerging
topics like network modeling, design and analysis, computer
optimization problems, network optimization problems, and analysis of
data structures in the algorithmic perspective are heavily dependent on
the graph theory and combinatorial structures. Most of the real
problems are based on graph theory and used to address complex and
practical problems. In addition to applications of DM in engineering
and sciences, interdisciplinary areas like biochemistry, VLSI design,
Agri-tech, fintech also using various tools and techniques of DM and
presenting diverse scientific areas where DM can be used for design
and modeling. Use of DM and allied concepts in modeling biological
systems like genetic computational networks, ecological interactions
are emerging applications in the current paradigm. Use cases like
building simulation platform for species interaction, genes interaction
for translational medical research uses core concepts of DM toward
medical research.

Mathematical modeling of the problem is very important in
research and development. Representing a given computational
problem using tools and language of mathematics for the unambiguous
interpretation of the problem is well received in the research.
Fundamental concepts of mathematics like set theory, relations and



functions are useful in modeling the given problem [6]. With the
emergence of artificial intelligence (Al), data-driven algorithms are
transforming at a faster rate in terms of scale and speed. All these Al
driven algorithms are based on the core concept of DM for analyzing
large datasets. Probability and statistics from DM are the basis for
understanding data tendency, how the data is distributed and its
skewness. All machine-learning classification and clustering algorithms
are based on statistics and are used to perform predictions using the
discrete data points. Consider the example of unsupervised machine-
learning techniques which work on unlabeled data points and the key
operations include association and clustering. Clustering is
fundamentally a data-mining technique which groups unlabeled data
into one group based on some similarities or differences. Association
mining or dimensionality reduction is some of the examples in
unsupervised machine learning. These machine-learning techniques
are more appropriate for raw and unknown data as the labels are not
associated with the data points. Hierarchical clustering, K-means and
neural networks are the most popular algorithms in this category. In
cluster analysis or clustering, unlabeled data is taken as input, and it
groups the set of data points in such a way that data points or objects in
the same group, i.e., cluster are more similar based on some properties
or parameter than the objects in the other group. Pattern recognition,
image analysis and exploration, and information retrieval are some
important applications of unsupervised machine learning. Consider the
emerging use case of autonomous vehicles and it is described below:

Use case:

Autonomous vehicle/Driverless car

Type of Machine Learning:

Unsupervised machine learning

Dataset:

Unlabeled

Operation:

Clustering

Description:

In this case, unsupervised machine-learning algorithms on the fly
learn new road features, and there is very minimal input from a human
or driver during the process. Unsupervised machine-learning algorithm



address the problem of addressing unlabeled data and learning this
data toward classification. Later, the labels are added to the dataset
which becomes easier and more convenient. Like this, this technique is
also useful in identifying patterns in the data which cannot be
addressed using other normal methods.

DM focuses more on structures which are discrete in nature than
continuous structures. Ontological and epistemological implications are
two main factors of DM and are described below:

e Ontological Perspective: Deals with the criteria for any structure to
be discrete and how discreteness is connected to the real-world
problems. There are many emerging areas like quantum machines
and high-performance computing systems which are majorly based
on discrete structures.

» Epistemological Perspective: Deals with the evolution of discrete
structures and the tradeoff between discrete and non-discrete
systems and its impact of the real-world problem solving and
solution.

DM and logic development goes hand in hand. Main components of
DM which include truth tables, predicate and propositional calculus are
based on the foundations of logic. DM with experiential learning needs
to explore the following three important parameters

e Computation: Deals with the role of DM in the design of efficient
computationally intensive processes and algorithms.

e Complexity: Deals with the role and impact of DM in analyzing the
complexity of natural and artificial use cases and systems.

* Logic: Deals with the use of appropriate logic like symbolic logic or
discrete logic and their use to address real-world problems.

In view of this, broad application areas of DM are discussed in the
next section.

1.3 Applications of Discrete Mathematics

DM is used in many broad areas of computer science and spans to
everyday applications. Applications which consist of mainly discrete
systems and discrete structures as key functional components are



potential applications of DM and are depicted in Fig. 1.3 as well as
discussed below.

Cryptography
and

Cyber Security

Network and Combinatorial
Graph Theory Optimization

Computer Science
and Algorithms

Mathematical Engineering
Reasoning and and Natural
Logic Sciences

Everyday
Applications

Fig. 1.3 Applications of discrete mathematics

1.
Computer Science and Algorithms

Core computer science, design, and analysis of algorithms are the core
application areas DM. DM is used in graph theory applications like
network design, modeling, and analysis, Social media design and



analysis, all shortest path algorithms in graphs are some main
applications of DM. Data structures and algorithms and main data
structures like trees, graphs, hash tables, and heaps are based on the
core concepts of DM. Design and analysis of compilers, design and
analysis of finite state machine-like nondeterministic finite automata,
deterministic finite automata are also based on the DM concepts.

2.
Combinatorial Optimization

Combinatorial optimization techniques are used to find the optimal
solution from small and finite problem space. Scheduling problems in
the real production floor where the task is to optimize some operations
is an important application of DM. Scheduling problems using DM are
popular in manufacturing and transportation industries. Optimization
of network resources, routing optimization, efficiency improvements in
communication protocol are based on the core functionalities of DM.
Resource optimization and finding optimal solutions which either
minimize something or maximize something is based on DM.

3.
Cryptography and Cybersecurity

Core concepts of DM like groups and rings are mainly used in designing
cryptographic algorithms and techniques in the crypto world. Key
management techniques like public key cryptography are based on the
number theory and discrete logarithmic problems as well as modular
arithmetic. Hashing techniques are based on the check sum and used to
detect data tampering and used in blockchain platforms. All popular
cryptographic algorithms are based on the concepts of groups and rings
in DM and popular algorithms like RSA and ECC are designed using
discrete structures.

4,
Network and Graph Theory

Life sciences and analysis of biological network structures use DM
concepts for analysis and understanding protein synthesis, sequencing,
etc. Circuit making, design, modeling and analysis of electrical circuits
are also based on the concepts of DM. Social network analysis,



relationship network analysis, influence analysis techniques in social
media are designed using DM concepts.

5.
Mathematical Reasoning and Logic

Soft computing principles are the foundations for artificial intelligence
and these principles are used in forecasting, estimation, and
predictions. Techniques like fuzzy logic, artificial neural networks, and
evolutionary computing are based on the concepts of DM and used in
logical reasoning and decision making. Formal methods based on DM
are used in software engineering, especially for software verification.
Formal reasoning for the proofs is also routed on the concepts of DM.

6.
Engineering and Natural Sciences

Modeling and simulation of discrete systems, navigation of aerospace
objects, their control, DNA synthesis are some emerging applications of
DM.

7.
Everyday Applications

In addition to scientific applications, concepts of DM are also used in
accounting, finance, gaming industry and E-commerce. Mainly DM
concepts are used for recommendation, risk analysis, and design of
learning systems.
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Mathematics is the language with which God has written the
universe. Moreover, a single formula can open a thousand doors in
mathematics—Srinivasa Ramanujan

Abstract

This chapter deals with the concepts of the Experiential Learning,
Learning Pedagogies, and Discrete Mathematics in Engineering
applications. It also explains four pedagogical approaches which
include Behaviorism, Constructivism, Social Constructivism, and
Liberationist. The authors define experiential learning through 10 C
models as Concept, Cognizance, Case, Connect, Critics, Comment, Cross,
Converge, Conclude and Check. Moreover, the chapter describes the
three stages of the “BEIMI” philosophy, that is Brainstorming
Experiment (BE), Inferences (I), Mathematical Insights (MI). The
chapter concludes with the applications of Discrete Mathematics and
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experiential learning for meaningful understanding of mathematical
theory.

Keywords Experiential learning - Learning pedagogy - 10 C model -
BEIMI philosophy - Engineering

2.1 Learning Curve

Teaching, learning and outcome-based education is top priority [1, 2].
National accreditation bodies like National Board of Accreditation [3]
and other similar national and international bodies aim to provide
maximum weightage to the outcome and learning curve is very
important to measure the outcomes. The education industry is
considered as a service industry and main stakeholders of this industry
are students, parents, and employers. A learning curve is an attempt to
visualize how someone’s proficiency is related to the number of skills
or experience they carry. Naturally, it is evident that proficiency is
always on a growing scale with increased skillsets or experience. This
concludes that the learner becomes more productive if the learning
curve is better and there should be more effort on improving the
learning curve.

Cumulative time in the learning curve is important performance
metric and mathematically, this cumulative time T is represented as
below:

T=txN™, (2.1)
where

T Total amount of time required

t Time to perform first operation or task

N Total number of operations or tasks performed
m Slope of underlined learning curve.

A learning curve is always expressed in percentage and there is
always scope for improvement. Although if the percentage of learning



curve is 100%, there is still the scope of improvement in terms of
quality which is completely subjective in nature. There are many
applications where the learning curve cannot be measured. For
example, learning a topic which is more challenging, building riding
skills, singing skills which does not have visual representation or
mathematical expression to represent the progression in learning
curve. The applications where the mathematical representation is
possible to identify the learning progression is referred to as measured
learning curve. Equation (2.1) shows that learning curve is incremental
in nature and the repetition of task or operations always results in
better performance. There are different methods of learning in
literature and are explored in the next section of this chapter. However,
it is important to take note that learning curve is a very important tool
to design and develop more effective learning strategies and techniques
so that learning percentage is more and qualitative in nature. In the
sequel, there should also be a measure of quality. S-curves are mainly
used task tracking and efforts estimation and the relative progress of
the task can be monitored.

S-curve is an important mathematical modeling tool used in the
evaluation of project tracking and efforts estimation in terms of
deadline and progress tracking. Cost monitoring and resource
utilization is also important usage of S-curve. This performance
tracking using S-curve is directly related to the learning curve of an
individual during the process. S-curve is a modeling technique to
enable data-driven decision making to optimize the learning curve. The
S-curve consists of mainly three components which include baseline,
target, and actual. The baseline component shows the expected
outcome, the target S-curve evaluates the actual performance and
actual S-curve provides the actual progress as well as comparison with
baseline and target.

However, it is important to explore strategies to optimize the
learning curve to enhance proficiency. Figure 2.1 depicts these strategic
points for learning curve optimization.
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Fig. 2.1 Strategic points for learning curve optimization

As presented in Fig. 2.1, the selection of appropriate problem
domain and related problem statement, analyzing underlined problem
so that one can decide on the suitable design and algorithmic strategy
to solve the problem, incremental and repeated learning methodology
to incorporate change management, time window with respect to the
deadline, monitoring of the continuous improvement and loopback
mechanism to incorporate the feedback during the process are
important strategic points for optimizing the learning process. There
are two approaches to understand and evaluate the performance of
learning curve which includes qualitative and quantitative approaches.
Mathematical modeling is one of the important and useful approaches
to understand learning curve performance. Mathematical components
and tools play an important role in quantifying the outcome of learning
curve in percentage. The language of mathematics makes this process
more precise and concise resulting in the steeper slope of learning
curve. Algebra and geometry, calculus, trigonometry, and number
system are key mathematical components to understand learning curve
more precisely.



2.2 Learning Pedagogies

Pedagogy is a very useful and popular terminology in the process of
teaching and learning process which talks about methods and
techniques to ensure quality teaching, qualitative and quantitative
learning. Every sector in education adopts a different culture for
teaching and learning process. It is very crucial to understand the
relationship between adopted culture and learning methods. Learning
styles and learning curve matching is an important paradigm to build
skills and attitude. Pedagogy adopts a teacher-centered approach
where the teacher is considered as a key entity at the center in the
process of learning. The learner is always dependent on the teacher and
in the sequel the teaching pedagogy used by the teacher is directly
related to the learning curve. The natural assumption in the process is
that the learner is willing to learn and is in the receptive mode with the
clear motivation of learning. In the knowledge transfer ecosystem, the
set of subjects are generally divides into three categories which
includes fundamentals, conceptual and applied. Pedagogy enables a
teacher-centered approach which is more suited for fundamental
subjects to impart basic knowledge and concepts by using structured
process. Subjects such languages and discrete mathematics (DM),
which is the focus of this book requires more focus on the fundamental
knowledge so that learner can apply these concepts to the real-world
business cases.

In recent years, there has been lot of attention in designing and
developing various national education frameworks to explore and
discuss various teaching and learning pedagogies essentially for higher
education. National Education Policy (NEP) 2020 [4, 5] is being well
received at national level for meeting the needs of outcome and need-
based education essentially in the Indian context. The main aim of NEP
2020 is to extend existing value-based education to match with today’s
technology-driven process. This will help to make education more
experiential, and learner centered. Learner-centric approach and
teacher at central position is the main philosophy of NEP 2020.
Autonomy in pedagogy selection, 360 degree of holistic evaluation
approach, freedom in content designing and delivery are the key



components of NEP 2020.However, the success of NEP implementation
highly depends on the understanding of various pedagogies.

Various pedagogical practices are closely related to the learning
curve and therefore selection of appropriate pedagogy plays important
role in the success of NEP. The key objectives of pedagogical approaches
are presented in Fig. 2.2. There is key four pedagogical approaches
which include Behaviorism, Constructivism, Social Constructivism, and
Liberationist and are shown in Fig. 2.3 and discussed below.

Learning
Needs

Learning

Objectives il Disciplines

Capacity _
Building Evaluation

and
of

Teachers

Assessment

Fig. 2.2 Objectives of various pedagogical approaches
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Fig. 2.3 Categories of pedagogical approaches

1.
Behaviorism

This is one of the most popular teacher-centric leaning pedagogy where
the teacher is the main controller of the class and is responsible for
topic-based learning. A teacher is free to use any of the modes of lesson
which include explanation, teaching, modeling, and simulation, etc. A
behaviorist pedagogical approach is a traditional method of teaching
where the learner and teacher can be at center as per the requirement.

2.
Constructivism

In constructivism pedagogy, the learner is at the center, and it enables
experiential learning methodology. Learning based on the project
activity and inquiry-based learning are some key methods adopted in
constructivism pedagogy. Progressive wat of teaching through
experience is the key principle used in constructivism pedagogy. This
pedagogy is also referred to as invisible pedagogy being the learner at
the center. This pedagogy is further explored in the scope of this book.

3.
Social Constructivism

Social constructivism is based on the cognitive theory of learning which
uses collaborative way of learning. In this pedagogy, the student is at
the center and follows teacher-guided principle. In this collaborative
way of teaching learning process, teacher is free to use mix mode of



lessoning where discussion, modeling, questions can be the mode of
teaching. It uses an integrated approach of social knowledge
construction.

4,
Liberationism

The democratic way of teaching in the classroom is the key principle of
liberationism pedagogy. The subject under consideration is discovered
together by the entire class and the teacher also plays the role of
learner. Review of the state of the art, some game playing activity,
speech, dance are some activities adopted in liberationism pedagogy.
Classroom democratization, thinking at critical level and learner
independence are the founding principles of liberationism pedagogy.

4.1
Experiential Learning

Experiential learning enables learning by doing [6] where learner does
not learn through various traditional pedagogies but learns through
hands-on experiences. Experiential learning uses various tools like
internships programs, research, practical, lab-based, and field-based
experimentations, training, simulated training, etc. Experiential
learning is most suited to learn new concepts in interdisciplinary fields
where the learning curve is more because learners are empowered to
take important decisions, ownership of the underlined problem as well
as outcomes. Accountability on the outcomes by learner is more in
experiential learning due to ownership. The level of ownership is more
in experiential learning due to more critical thinking enabling more
deep learning. Various tools used in experiential learning are depicted
in Fig. 2.4.

Experiential
Learning

[ [ | | |

Fig. 2.4 Various tools used in experiential learning



The key benefits of experiential learning are listed below:

e Personalization: Personalization and personalized learning are the
key benefit of experiential learning. Learning by doing also helps to
create personal connection with the problem helping to improve
learning curve. Personalized retention of knowledge and its
application to solve practical problems through hands is also a main
outcome of experiential learning.

e Enhanced Creativity: Creativity enhancement through hands on and
practical exposure is another key benefit of experiential learning.
This also helps learners to improve their novel and innovative skills.

e Problem-Solving SKkills: Learning by doing helps learner to improve
the problem solving and practical skill which is a prime need of
corporate world. Different skill required for product building can be
explored more effectively through experiential learning.

* Collaborative Approach: Experiential learning primarily helps
learners to build their team work eventually fosters the collaborative
approach of problem solving. This collaborative approach always
helps learners to improve their communication skills and helps to
create a more trusted ambience.

e Research Rigor: Enhanced research component is another
important outcome of experiential learning. Strong mathematical
foundations and critical thinking developed through learning by
doing plays an important role in developing the ability to bring
novelty and innovation in the solution.

Experiential learning always works in the stages. The various stages
of experiential learning are depicted in Fig. 2.5 and described below.
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Fig. 2.5 10 C model for experiential learning

1.

Concept: In experiential learning, the first and important step is
to conceptualize the problem to be solved. In the sequel, it is very
important to identify the valid problem to be solved.

Cognizance: The next step is to acquire detailed knowledge of the
problem and understand every corner of the problem to be
solved.



10.

Case: Considering the use case or business case representing the

underlined problem is the next step in the process of experiential
learning. This sample case can later be explored for the purpose of
systematic assessment.

Connect: Connect with the above-mentioned use case to
understand the set of questions to be posted and deriving the set
of constraints to be associated with the solution.

Critics: Critical evaluation of the problem as well as the solution
is a crucial step in experiential learning. Critical evaluation of the
problem on both positive aspects and negative aspects always
lead to a better solution.

Comment: Commenting the critical evaluation with detailed
analysis helps to improve on the effectiveness of the solution.
These comments can be incorporated and help to improve on the
collaborative feature of experiential leaning.

Cross: The next step is to carry out cross examination of the
solution for both functional and unit testing.

Converge: Converging solution in terms of upward and
downward compatibility as well as interoperability plays a crucial
role in experiential leaning to come up with the effective
solutions.

Conclude: Concluding the process for checking out with some
useful remarks so that it can be further reviewed and followed by
the team as well as peer members is the next step in the
experiential learning process.

Check: Finally checking out the solution for the purpose of
deployment is the last step.

These are some recommended steps in experiential learning.

However, these steps can be refined further for better understanding of
the process and achieving optimal and useful solutions. It is all about



how we learn naturally and apply it to problem solving. To summarize,
in experiential learning learners take initiatives, make certain decisions
and are accountable for the outcomes. IT provides opportunities
toward learner to engage intellectually, creatively, emotionally, socially,
or physically 2020 also put the same philosophy of introducing subject
like robotics, coding, Al from the schooling to provide more hands-on
experience to enable experiential learning in early days of the learner.
This makes learning more relatable to the students and increases the
effectiveness of learning by linking theory to practice. Increase in
learner engagement, memory retention and leads to the development
of skills for lifelong learning. The rest of chapter of this book talks about
experiential learning for DM.

Moreover, every topic of the discrete mathematics will be learned
through three stages

1.
Brainstorming Experiment (BE): The BE may be students’

activities, some experiments, real case studies, etc.

Inferences (I): The readers are advised to find out wonderful
observations of the above experiment and write down in any
language.

Mathematical Insights (MI): Express the above inferences in the
language of Mathematics that leads to a new mathematical theory.

These stages together, are known as the “BEIMI” philosophy or
theory.

2.3 Discrete Mathematics in Engineering
Applications

DM plays key roles in diversified engineering applications particularly
in the design and modeling of the concepts and applications. Before the
reader gets into learning it through experiential learning, it is
important to explore the various tools of DM and their applications in
the field. When we deal with the number, these can be continuous or
discreet in nature. When the numbers are real in nature, it means that



between any two continuous numbers in the series, there also exist
continuous numbers. The example of continuous numbers is real
numbers which satisfies the same property. However, the same
property is not exhibited by discrete numbers. The example of discrete
numbers is integer which do not exhibit the property mentioned above,
i.e., between two integer there is not another integer present. In the
sequel, DM is the study, exploration, and application of various
mathematical objects which are discrete in nature. A few more
examples of discrete objects include propositions in DM which is
always either zero or one/ true or false/yes or no and there are not
half-truth applicable in mathematics. Similarly, membership function
for the set is always discrete, i.e., either an item is present in the set, or
it is not present. There is no membership which is like partially in and
partially out. Similar functionality is also applicable to the relations
which makes it discrete. Graphs are another example of discrete
component in DM where between every pair of vertices, there are no
other vertices present.

Particularly referring to an example of computer science and
engineering being most popular and interdisciplinary branch of
engineering, there are many examples of the objects with discrete
properties. Programming languages and their applications in
multidisciplinary application development is increasing rapidly.
Selectional programming construct in programming languages which
includes if statement, if-else statements, and if-then-else statement are
based on the propositional logic of DM. Digital logic also play a crucial
role in electronic circuit design and is also based on the propositional
logic of DM. Set theory, Boolean algebra is foundational concepts of DM
which includes set creation, set operations and notations, set
operations for building and reasoning of the sets. The set concepts of
DM are heavily used in the hamming codes which is used in error
correction and detection in the data storage as well as transmission.

Predicate logic plays an important role in defining preconditions,
postconditions, spatial application development, formulation of
temporal characteristics of the use case as well as mathematical
modeling of the spatial and temporal systems. The field of security is
becoming an integral part of every internet application where
encryption and decryption are the key operations. For example,



popular algorithm of RSA encryption is based on the DM concepts like
mathematical reasoning, induction, and integer operations as well as
discrete logarithmic problem. Functions and relations play a key role in
the field of relational databases where all table relations and
constraints are defined in the form of relations. Computer system
modeling, their implementations, entity relationships, relational
nomenclature, and specifications of computer-based systems are also
based on the relations and functions concepts of DM.

Data structures like trees and graphs are also the core concepts of
DM which has a wide range of applications in the field of computing [7].
Google maps, graph coloring problem, shortest path problem, spanning
tress for computer, and communication networks, finding optimal
binary search tress for message transmissions are the key applications.
Power networks, data networks, network on the maps, PCB testing are
based on these DM concepts of tress and graphs, and it is very
important to make these concepts clear with practical applications.

Recurrence relations and counting principles are used in design and
analysis of algorithms which is a core subject of computer science. For
deriving the time complexity of any programming construct and
algorithm, deriving recurrence relation, and then solving that
recurrence relation to find the time complexity using asymptotic
notations [8] are the key steps.

There are various applications of DM in computing where we deal
with discrete objects. Consider the example of the entertainment
industry which operates on multiple discrete objects and related
operations on them. The video segment in the entertainment industry
is based on the basic unit called pixels which are discrete objects in the
domain. One segment of the video also consists of frames which are
discreet in time. Color frequency of the video clip is also discretized
into three main colors RGB, i.e., Red, Blue, and Green. The intensity
factor for each color is also discrete in nature and it is 256 bits for every
color.

Consider the real-world problem of academic activities at university
level. In university, there are various courses which are being offered to
the students at graduate and postgraduate level. Each course carries
some credits and assessment of these courses includes in-semester
examination as well as end semester examinations. This needs to assign



some slots for examination to each course and the courses which are
shared by one or more students should be assigned with different
examinations slots. The problem is to decide on the assignment of slots
to the courses and how to optimize the number of slots.

Consider the problem of coloring the nodes in graph with different
colors so that no two adjacent nodes will have the same color. Similarly,
there are other areas of engineering which include clustering and
association mining problem, image analysis, and coloring the nodes or
regions on the graphs with minimum colors so that no two adjacent
regions will have the same colors. Programming languages also use
graph coloring aspects when variables are assigned to the respective
registers during the compilation of computer program, during the
mapping of various functional units of hardware to various operations
etc.

As presented and discussed in [7], there are six radio-frequency
stations under surveillance to ensure that the signals generated by
these radio-frequency stations don’t interfere with each other. There is
a central monitoring authority, i.e., Federal Communication
Commission is responsible for this to assign appropriate frequencies to
all the stations. The objective of this problem is to decide and confirm
the minimum number of various frequency channels for these six
stations so that any two stations can utilize the same frequency channel
if these channels are located at more than a certain x distance.

2.4 Discrete Mathematics and Experiential

Learning

Continuous mathematics and discrete mathematics are two key
branches of mathematics which have their own sets of applications and
boundaries. Quantity measurement is the main objective of continuous
mathematics and finite decision making is key objective of discrete
mathematics. Countable sets and uncountable sets are another two
differentiating parameters between these two branches of mathematics
respectively and the focus of discrete mathematics is always to
determine the count for underlined dataset or set. The category of
problems like optimization problems, counting problems, and existence



problems are the three main problems which discrete mathematics
deal with and are depicted in Fig. 2.6.
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Fig. 2.6 Discrete mathematics problems

In the real-world every problem is an optimization problem where
the objective is to maximize something or minimize something, i.e.,
finding an optimal solution for a given problem. Finding the shortest
path from given source to given destination, maximizing sales of the
goods to maximize the profit are some examples of optimization
problems. Counting problem refers to the problem of utilizing given
items in the space available. For example, how many different names of
the person are possible with given number of characters. The last
category of the problem in discrete mathematics is the existence
problem which mainly deals with the verification of whether the
solution exists or not. For example, in shortest path problems, the
objective would be to first determine whether the path exists or not.

2.5 Applications

This section discusses applications of DM in the above-mentioned three
categories of the problems which includes optimization, counting and
existence problems.

Closure plays an important role in healthcare and engineering
applications [9, 10]. In digitation and automation of healthcare and
engineering applications, concepts of transitive and reflexive closure



are vital. In computer and communication networks, the connectivity
between computers and other computing nodes can be easily
represented with the help of transitive and reflexive closures. Also,
these closures are helpful in indicating the connectivity between two
communication networks and their connectivity to in turn other
computers and computing devices. This connectivity clearance also
enables secure information exchange over the connected nodes. For
example, the transitive and reflexive closure of this connectivity is
mathematically represented as below:

Is_Connection — Access_Grant

This relation is also helpful in achieving two fundamental principles
of access control, i.e., principle of least privilege and selective disclosure
[11]. Similar analogy is also used in healthcare during access control of
electronic health records [12].

DM is very useful tool for design, analysis, and solution formulation
of the problems which are combinatorial in nature. There are special
categories of the problems where an attempt is to convert or have all or
maximum variables in integer form, i.e., in discrete values and this
special branch of DM is known as discrete optimization. Combinatorial
optimization connects multiple disciplines of fundamental mathematics
which includes mathematical and algorithmics complexity, operations
research, linear programming and algorithmics. Routing problem in
computer networks, bin packing problem, graph coloring, and graph
covering problem are some examples of the combinatorial optimization
problems. Various scheduling algorithms in the context of computer
networks and operating systems as well as all sorting algorithms [8]
are also the popular examples of this category. In the real world, there
are many use cases where the solution exists subject to some
constraints and these problems are referred to as constraint problems.
Constraint programming is a useful programming technique to address
and solve constraint programming [13, 14].

In computer science, there are two types of problems. One is a
problem with output which generates some numeric, alpha-numeric or
alphabetical output and another type of problem is a problem where
the output is Boolean, i.e., output is either true or false/yes or no/0 or
1. The second category of the problem is referred to as decision



problems [15]. Combinatorial decision problem [16] is a special type of
decision problem where the objective is to find Boolean solution of the
underlined problem with assurance of there exists optimal solution, i.e.,
finding a feasible solution for given criterion function. Permutation
problems, Graph problems and finding optimal solution from countable
sets are some popular examples of combinatorial optimization
problems.

In the real world, DM plays vital role to solve counting problems
especially in the form of combinatorics [17]. Finding the multiple
possible combinations or arrangement of n numbers is the key
objective of counting problems and DM is a popular tool for solving
these counting problems. The rule of permutation and combination is
used in many real-world use cases. For determining number of
combinations in national id like Aadhaar number in Indian context or
social security numbers for US citizens can be addressed using counting
methods. Like this, there are many use cases where DM plays an
important role in solving counting problems.

DM and existence problem [18] goes hand in hand. Various
programming paradigm and design issues, programming constructs,
software architectures, software design, theory of automata and
cryptography are some examples and applications of DM which are
design and developed using the theory of existence problem. In the
field of computer and communication networks, design of
communication protocols at all the layers as per OSI layers, routing
algorithms, error correction, decoding, and alerting are also examples
which are modeled using existence problem.

The rest of the book is organized as follows. Chapter 3 focuses on
sets and elements, Venn diagrams, Set Operations, Algebra of Sets,
Duality, Classes of Sets, Power Sets, Partitions, Inclusion and Exclusion
of sets, and mathematical induction using experiential learning.
Chapter 4 deals with the learning of relation using experiential
learning. Chapter 5 explores the concepts of function which includes
Functions and Partial Functions, Types of Functions, Infinite Sets and
Countability, Pigeonhole Principle, Discrete Numeric Function and
learning them with experiential Learning Chap. 6 deals with logic and
proofs, Chap. 7 explores the concepts of permutations and
combinations using experiential learning, Chap. 8 deals with discrete



probabilities, Chap. 9 deals with graphs and Chap. 10 deals with trees.
The concept of generating functions and recurrence relation and
learning them using experiential learning is discussed in Chap. 11.
Algebraic Structures with One Binary Operation and two binary
operations using experiential learning is presented and discussed in
Chaps. 12 and 13 respectively. Finally, Chap. 14 concludes the book with
conclusions and future work.

2.6 Summary

For the teaching-learning process, the learning curve is an important
parameter to measure outcome. In the emerging education industry as
a service industry, outcome-based education is a very crucial measure
for the evaluation. Experiential learning is one of the important
learning methodologies to improve learning curve. There are various
learning pedagogies in literature and experiential learning is found to
be the better pedagogy for enhanced outcomes. This chapter mainly
focuses on the different tools used in experiential learning and how DM
can be effectively delivered to the learners. This chapter also discusses
the unique 10C model proposed for experiential learning. The next part
of the chapter discusses how DM is useful in engineering applications
and how experiential learning can be useful in various categories of DM
problems.
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In mathematics, the art of asking questions is more valuable than solving problems
—Georg Cantor

Abstract

In real life, there are numerous situations where we need to collect the objects according
to their characteristics or attributes and study those particular classes. This chapter
deals with the concepts of sets, types of sets, operations, Venn diagram, algebra of sets,
Inclusion-Exclusion Principles and Mathematical Induction. The chapter explains each
concept by using the “BEIMI” philosophy. The example of the library system helps to
enhance the understanding of the concepts of Inclusion and exclusion principles. It also
explains how the cooking of any food is connected to the principle of Mathematical
Induction. The theory is supported by precise real-life examples for meaningful
understanding of the concepts. The chapter concludes with case studies, projects and
exercises aimed at connecting theoretical relational structures to real-world applications
across various disciplines.

Keywords Set - Power set - Inclusion-Exclusion principle - Mathematical induction
principles

3.1 Introduction

In real life, there are numerous situations, where we need to collect the objects according
to their characteristics or attributes and study that particular classes. The basic set
theory developed by great mathematician Cantor and then many mathematicians
contributed as per their necessity of the research [1, 2].
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3.2 Sets, Elements, and Subsets: Experiential Learning
(A)

Brainstorming Experiment-I

Let us consider the situation in the classroom. There are 30 boys and 20 girls in a class,
and a teacher is teaching a subject of Discrete Mathematics. A teacher asked the students
to find the collection of elements associated with the class. The students wrote the
following collections.

1.
The collection of boys in a class.

The collection of girls in a class.

The collection of all people present in a class.
The collection of honest students in a class.
The collection of beautiful girls in a class.

The collection of intelligent students in a class.

(B)
Inferences-I

Let us consider the following notable inferences of the above activity.

1.
In this collection, all boys are present. The collection is precisely defined. [Well

defined collection]

All girl students are present in this collection. It is also defined precisely. [Well
defined collection]

This collection involves a teacher, boys, and girls. It is well-defined collection. [Well
defined collection]

The word “honest” is not defined precisely. So, we can’t decide the collection
precisely. But, we know that some or all boys could be in this collection. [Not well
defined collection]

Similarly, the word “beautiful” is not defined properly. So, we can’t find the
collection. Some or all girls may or may not be in this collection.[Not well defined
collection]

In this collection, some boys and girls are present. But we can’t decide the exact
collection. [Not well defined collection]



(C) Mathematical Insights-I

3.2.1 Sets

The set is the collection of well-defined objects. The objects can be anything, e.g.,
numbers, books, entity, article, etc. An object in the set H is recognized as an element of
the set. In the sets, there are only two possibilities, whether an element is present in the
set or not. So, the repetition of elements is not allowed in the set.

‘c € H’ stands for “an element x is a member of the set H.”
‘c ¢ H’ stands for “an element x is not a member of the set H.”

Examples of Sets:

Alphabets in the “Experiential Learning”

The books having the title “Discrete mathematics”
Passport numbers in the world.

All natural numbers.

All students who opted the course of Discrete Mathematics.

Examples which are not Sets:
The following are the examples which are not sets.

The collection of all clever students in the class

The collection of all beautiful flowers in the garden

The collection of all honest citizens in a particular district.
The collection of good books in the library.

The collection of ethical persons in the society.

The sets are described by three different methods.

Roster Method (Listing Method)
In this method, the elements of the set are listed between a pair of brackets/braces.
eg, H=1{1,2,3,4,5}, K = {a,c,e,g,h}.

ii. Statement Form
If the sets are formed by using the statements or common attributes of the
elements, then it is known as the statement form of the set, e.g., the set of all even
integers, the set of all alphabets in English language, the set of all students from a



particular district.
iil.
Set Builder Notation
It is a more compact and concise way of describing the sets.
e.g, H = {h/his an integer and h > 13} [3, 4]

The following are some important sets of the numbers, which helps us to understand
the mathematical theory more precisely.

S.No. [ Name of the set Notation and elements

1 Natural numbers set or positive integers set N ={1,2,3,...}

2 Whole numbers set or non-negative integers set | W = {0, 1,2,3,...}

3 Integers set z=4...,-3,-2,-1,0,1,2,3,...}

4 Rational numbers set Q= {%/h,m € Z,(h,m)=1,m#0}
5 Real numbers set R

6 Complex numbers set C = {h +im/h,m € R,i = \/__1}

7 Non-zero real numbers set Ry=R — {0}

3.2.2 Subsets

A set M is said to be subset of theset Hifx €¢ M = x € H,Vx € M.

Itis denoted by M C H.If M C H then H is known as the superset of M. The null set
¢ or {} is empty set [5].

Depending upon the nature of the elements in the subset, there are two types of
subsets.

1.
Proper Subsets: A subset M is called a proper subset of Hif 3h € Hbut h ¢ M.

2.
Improper Subsets: The subsets ¢ and H are known as the improper subsets of the
set H.

Note:

If the set H is formed with respect to the property P, then it’s all elements must follow
the same property P. But, the other properties may or may not be the same. For
example, suppose H and M are integers set and positive even integers set, respectively.
Now, the set having only positive integers is a subset of H, not M.

Question for Readers: Whether the subsets of the subsets of the set H, are the subsets
of H. Justify it.

3.3 Venn Diagram: Experiential Learning

The pictorial representations of mathematical terms or theory are easy to understand
and apply it to resolve real-life issues. The pictorial representation of sets by using a
particular set of diagrams is used by British Mathematician John Venn. The pictorial



representation of sets which is designed by using the following rules is called as the Venn
diagram [5, 6].

1.
The Universal Set U is represented by a big rectangle/circles.
" The subsets of U are represented by circles or some closed curve.
" If M C H then the circle of M lies inside the circle of H.

If M and H are disjoint sets then their circles do not have common area.

IfMNH # ¢ then the circles of M and H have some common area.

Figure 3.1 depicts the set and subsets.

u u
HcU McHcU
H
U
HMcUand HNM=¢ HMcUand HNM#¢

O D) |

HMNcUand HNMNN=¢
HM=¢, MNN#g,HNN=¢

HM,NcUand HNMNN#¢
HAM#g, MNN#pHNN # ¢

Fig. 3.1 Representation sets and subsets by Venn diagram



3.4 Set Operations: Experiential Learning

We know that in real-number system, new numbers are generated by using four basic
operations. Similarly, the new sets are formed by using the union, intersection,
complement, and difference of sets [1, 7].

3.4.1 Intersection of Two Sets

The intersection of two sets H and M (denoted by H N M) defined as
HNM ={z/xr € Handz € M}. There are two possibilities either

HNM = ¢or HN M # ¢.It's Venn diagram is as follows shown in Fig. 3.2.

;

HNM=¢

HnM=4¢

Fig. 3.2 Representation intersection of two sets

Note: Two sets H and M are said to be disjoints if H N M = ¢.

3.4.2 Union of Two Sets

The union of two sets H and M is defined as
HUM={z/rc€ Horx € Morx € HN M}.
By Venn diagram, the H U M is depicted Fig. 3.3.

HuM

Fig. 3.3 Representation union of two sets

3.4.3 Complement of a Set

The complement of a set H is defined as H = {z/x ¢ H}. By Venn diagram, the H is
represented in Fig. 3.4.



Fig. 3.4 Representation complement of a set

Properties of Complement of a Set

1.
U=d¢andp =U

2.
(H)=H

3.
IUI =UandINI = ¢.

3.4.4 Difference of Two Sets
The difference of H and M is defined as H — M = {h/h € Hand h ¢ M}.Itis also

known as the relative complement of M in H.
By Venn diagram, the H — M is represented as follows, depicted in Fig. 3.5.

s

H-M
Fig. 3.5 Representation of H - M

Properties:
Let H and M be any two sets. Then
1.
H=U-H
2.
I-T=¢andedp—¢=2¢
3.
I-TI=I1]-IT=TandU —¢=2¢
4.
I-¢=1

3.4.5 Symmetric Difference of Two Sets



The symmetric difference of sets H and M is defined as
Hoe M ={a/a€ H— Mora € M — H}.By Venn diagram, the H & M is
represented as follows (Fig. 3.6).

HOM
Fig. 3.6 Representation symmetric difference of two sets
Properties of H & M
Let I and W be any two sets. Then
1.
IoI=¢
2.
=1
3.
IeU=U-1=1
4,
Il =U
5.

ITeW=(IUW)—-(INW)

3.5 Algebra of Sets and Duality: Experiential Learning
3.5.1 Algebra of Sets

The set operations follow the similar rules as that of the rule in number theory. Let us
consider the following algebra of the set of operations [2, 8].

Theorem 3.1 LetI, M, S be any three sets. Then

1.
Commutative Laws with respect to U and N

@QIUM=MUI MINM=MnI
2.
Associative Laws with respect to U and N

@IUMUS)=TuM)uS MINMNS)=INM)NS
3.
Distributive Laws

@IUMNS)=IUM)N{IUS)
MINMUS)=INM)U(INS)



4. Idempotent Laws
@Iul=1 MINI=1I

5. Absorption Laws
@IUINM)=1I MIN(IUM)=1I

De Morgan’s Laws
@UIUM)=INM MINM)=IUM

Double Complement: (I) = 1

Proof These proofs are easy, so readers can prove it. Here, we will prove (3) and (5)
only.
3.

Provethat I U(MNS)=(TUM)N (I US)

Letz c IUMNS) =zclorzeMNS
=zclor(zeM andzecf)
= (zxc€lorze M)and (z € IorzcS)
= (zxelIUM)and (xeclIUDS)
=zc(IUM)N(ITUS)

Therefore, U (M NS) C(IUM)N(IUS).
Similarly, we can prove that I U (M N S) 2 (I U M) N (I US). Hence the proof.

5.
Provethat IU (INM) = 1.

Letz c IU(INM) =axclorze(INM)
=z clor(zelandx e M)
= (x€lorzel)and (x € Torz e M)
= (ze€l)and (x € IUM)
=zcl

Therefore, I U (I N M) C I.Similarly, I C I U (I N M).Hence the proof.

3.5.2 Duality of Sets

The Principle of duality states that “Any proved results/theorems involving sets,

complements and operations of Union and Intersection gives a corresponding dual

results/theorems by replacing U by ¢, U by M and vice versa”.
Thedualof HUH =Uis HN H = ¢.



3.6 Classes of Sets, Power Set, and Partitions: Experiential

Learning

Depending upon some attributes/ properties, there are following main types of sets.

1.
Singleton Set: It has exactly one element, e.g, H = {13}

2.
Finite Set: A set H is called a finite set if the number of elements in H is finite, i.e.,

|H| = finite.
Infinite Set: A set H is an infinite set if | H| = oo.
Power Set: The power set of the set H is defined as

P(H) = {X/X C H}
P(H) =the set of all subsets of the set H.

Set (H) |Power set P(H)

¢ {¢}

{z} {¢,{z}}

{h,p}  |{#{h},{p},{h,p}}

{h,p, 2} |{¢,{h},{p} {2}, {h, P}, {P, 2}, {P, 2}, {R, p, 2}}

Note: If |[H| = n then |P(H)| = 2"and |P(P(H))| = 2%".

3.7 Inclusion and Exclusion of Sets: Experiential Learning
(A)

Brainstorming Experiment-II

Let H and M be the set of students, who like Mathematics and Data Structure,
respectively. We assume that if a student got more than 70% marks in a subject, in the
end-of-semester examination, then the student likes that subject. There are 35 students
in the set H, and 25 students in the set M. Let us consider the following possible cases.

1.
The set H N M is empty.

2.
The set H N M is non-empty.

(B)
Inferences-II

The following are the notable inferences of the above experiment.

1.
As H N M is an empty set, and |H U M| = |H| + | M|



2. Ifthe set H N M is anon-empty, and |H U M| < |H| + | M|

In this case, the main question is how to find the number of elements in H U M,
suppose there are five students in both H and M. So, to find the number of students in
H U M, add the students in H, and the students in M, and to avoid repetition, delete the
students that are in H N M. Therefore, we find the number of students in H U M by
including and excluding the students from the sets. Thus, this method is known as the
method of Inclusion and Exclusion.

(©)

Mathematical Insights-II

Cardinality of a Set:
The cardinality of the set H is | H| = n(H) = Number of elements in H.

Note: The cardinality of the null set is zero, i.e, n(¢) = 0.
Theorem 3.1 IfI and W be two finite sets and I N W = ¢then |I UW| = |I| + |W|.
Proof The proof is easy, so the readers can prove it.
Theorem 2: If I, I», I3, . . ., I, be mutually disjoint finite sets then
\LULUI3U ---UL| = |L|+ | L] + [Is| + - - + | L]
Theorem 3.2 IfSis a finite set and M is any set then |S — M| = |S| — |S N M]|.

Proof By the Venn diagram depicted in Fig. 3.7
S=(S—M)U (SN M).

SNM

Fig. 3.7 Intersection of two sets

The sets (S — M) and (S N M) are disjoint and finite sets. Therefore, by Theorem 1,
S| =|S—M|+|SNM| = |S—M =|S—-|SNM|.

The Principle of Inclusion and Exclusion for Sets

Theorem 3.3 The Principle of Inclusion and Exclusion for two sets:
If S and M be any two finite sets, then |S U M| = |S| + |M| — |S N M]|.



Proof By the Venn diagram, the sets S — M and M are disjoint and finite sets.
Therefore, by Theorem 1,

ISUM|=1|S— M|+ |M|=I|S|—|SNM|+ |M|=|S|+ |M|—-|SNM|.

Theorem 3.4 The Principle of Inclusion and Exclusion for three sets:
If S, M, and P be any three finite sets then

ISUMUP|=|S|+ |M|+|P|—|SONM|—|SNP|—|MNP|+|SNMnNP|.
Proof Let X = M U P.Therefore, H and X are two finite sets, then
ISUX| =S|+ |X|—-|SNX]|.
Therefore,

ISUMUP| =|SUX|=|S+|X|—-|SNX]|
=|S|+|MUP|—|SN (MU P)|
=|S|+|M|+|P|—|MNPl—|(SNM)U (SN P)|
=S|+ |M|+|P|— MNPl —|SNM|—|SNP|+|SNMnNP)|
=S|+ |M|+|P|—-|SNM|—-|SNP|—|MNP|+|SNMnNP)|

Hence the proof.
Similarly, we can apply this result for the finite number of sets.

Example 3.1 In a survey of 100 students from academic institution, it is observed that
32 students study Discrete Mathematics (DM), 20 students study Python language (PL),
45 students study Data Structure (DS), 15 students study Discrete Mathematics and Data
Structure, 07 students study Discrete Mathematics and Python language, 10 students
study Python (PL) and Data Structure, and 30 students do not study any of the three
subjects.
@@ _

Find the number of students studying DM, PL, and DS
(b)

Find the number of students studying exactly one of the 3subjects.
(c)

Find the number of students studying exactly two of the 3 subjects.
(d)

Find the number of students studying exactly DM and PL.

(e)
Find the number of students studying DM but not PL.

Solution LetS, M, P be the set of students studying DM, PL, and DS, respectively.
Therefore,



U| =100, |S| = 32, | M| = 20,|P| = 45,|SN M| =7,
|SNP|=15,|M N P| =10,and |S N M N P| = 30.

S |SNMNP|=100-|SUMUP|
= |SUM U P| =100 — 30 = 70

(a)

The number of students studying all three subjects is obtained as follows.

ISUMUP|=|S|+ |M|+|P|—|SNM|—|SNP|—|MNP|+|SNMnN P|
=70=32+20+45-7—-15—10+|SNMN P|
= |[SNMNP|=70-65=5

Thus, 05 students are studying all three subjects.

(b)

The number of students studying exactly one subject:
The number of students studying only DM is
S| —=|SNM|—|SNP|+|SNMnNP|=15.
The number of students studying only PL is
M| —|MNS|—|MnP|+|SNMnNP|=8.
The number of students studying only DS is

|P|—|PNS|—|PNM|+|SNMnNP|=45—-15—-10+5 = 25.

Therefore, the number of students studying exactly one subjectis=15+8+25=
48.

(c)

The number of students studying exactly two subjects is

ISAM|+|SNP|+|MNP|—|SONMNP|=7+15+10—5 = 27.

(d)

The number of students studying exactly DM and PL is
ISAM|—|SANMNP|=7—5=2.

()

The number of students studying DM but not PL is
1S — M| =|S| - |[nM| =32 — 7 = 25.



3.8 Mathematical Induction: Experiential Learning
(A)

Brainstorming Experiment-III

Let us try to find the answer to the common question, how to check whether the rice is
cooked properly or not. We check 2-5 grains of rice and if these are cooked properly
then, we assume that all the rice is cooked properly.

B)
Inferences-II1

Consider the following significant observations.

1.
All grains of rice have the same property.

2.
If a few grains of the rice change their property, then we assume that all grains of the

rice change their property.

Q)
Mathematical Insights-III

The positive integers set has a special importance in the discrete Mathematics for
proving particular types of results. The set of positive integers and the set of natural
numbers are equal and denotedas N = Z* = {1,2,3,...}.

The Well-Ordering Principle: Let H C N = Z ' and H # ¢ then H has the smallest
element, i.e, ds € H,suchthat s < z,Vx € H [5].

There are two types of the principle of Mathematical Induction.
I

First Principle of Mathematical Induction
il.

Second Principle of Mathematical Induction.

3.8.1 First Principle of Mathematical Induction
Let H(w) be a statement involving a natural number w > wosuch that

1.
Basis of Induction: If H (wy) is true, and

2.
Induction Step: If whenever, H(p) is true then H(p + 1) is also true;

Then, H (w) is true for all w > w,.

Proof Let H(w) be a statement involving a natural numbers w > wj satisfying
conditions 1 and 2. Let M = {x € N/H(z)isfalse}.

Claim: Prove that M = ¢.



Assume that M # ¢. By well-ordering principle, the set M has a least element say s.
As H(wy) is true. Therefore, s # wpand s > wy, so, (s — 1) € N.But (s — 1) ¢ M.We
have H (s — 1) is true. Therefore, by the induction step, H(s — 1 + 1) = H(s) is true.
This contradiction to s € M. Therefore, M = ¢. Hence the proof.

3.8.2 Second Principle of Mathematical Induction
Let H(w) be a statement involving a natural number w > wosuch that
1.

Basis of Induction: If H(wy) is true, and

2.
Induction Step: Assume that H(w) is true for wy < w < p, i.e,

H(wy), H(wo+ 1), H(wo + 2), ..., H(p) are true then H(p + 1) is true;
Then, H(w) is true for all w > wy.

w(w+1)?
4

Example 3.2 Provethat1® 4+ 23 + 334 ... + = where w € N.

Solution Let H(w) be the given statement.

1.
Basis of Induction:

For,n = 1,LHS = 1and RHS = 1 — 1 = LHS = RHS,
Hence, H(1) is true.

2.
Induction Step: Assume that H(p) is true.
9 2
ie,134+234+334+... +p3 = %. Then, we have

2
134284+ 344 pdy (p+1)° = 28I 4 (p 1)

=(p+ 1)2{ (P#f) } _ (1) (p+2)

Therefore, H(p + 1) is true. Thus, H(w) is true, for all w.

Example 3.2 Prove that 8" — 3" is a multiple of 5 for n > 1.

Solution Let H(w) be the given statement, i.e., H(w) : 8 — 3 = 5r,r € N.

1.
Basis of Induction:

For,w = 1,81 — 3! =5 =5 x 1. Hence, H(1) is true.
2. Induction Step: Assume that H(p) is true.
ie, H(p) : 8 — 3? = 5r,r € N. Then, we have



grtl _3ptl — 8k w8 3P x3=8"x(5+3)—3"x3
=8 x54+8x3—-3x3
=8 x5+ (8 —-3°) x3
=8 x5+ (bxr)x3
=(8+rx3)x5

Therefore, H(p + 1) is true. Thus, H(w) is true for all w > 1.

Example 3.3 Prove that w > 14 can be written as the sum of 3’s and/or 8’s.

Solution Let H(w) be the given statement.

1

2

Basis of Induction:
For, w = 14,14 = 8 4 3 + 3. Hence, H(14) is true.

Induction Step: Assume that H(p) is true for 14 < w < p, i.e,
H(14),H(15),H(16),..., H(p) are true.
Now, consider

p+1 =(p—2)+3
= 3a + 8b+ 3; forsomeaandb
=3(a+1)+8b

Therefore, H(p + 1) is true. Thus, H(w) is true for all w > 14.

3.9 Case Studies and Projects
Consider the following case studies/projects.

1.

Suppose there are four main political parties contested a particular election in your
State. Represent the vote distributions of the parties by set theory. Represent the
vote distribution of your district by Venn diagram.

Represent the result analysis of the end semester examination of your class/college
by Venn diagram.

Out of 60 students in a college, 30 take an A course, 16 take M course, 12 take P
course, and 6 students take all courses. Show that 14 or more students take none of
the courses. Use Venn diagram and inclusion exclusion theorem.

Find out the survey of all professors in your college about their liking of sports. Take
three options from each. Do analysis of it by designing your own questions.



Write report on at least five applications of principle of Mathematical Induction.

Exercise

Prove that the empty set is the subset of every set.

Let H, M, P be any three sets. Then
i
Commutative Laws with respect to U and N
ii.
Associative Laws with respect to U and N
iii.
Distributive Laws

iv.

Idempotent Laws
V.

Absorption Laws
VL.

De Morgan’s Laws
vii.
Double Complement:

Prove the following by Venn diagram.

(ﬂfﬂmM@NyqﬂmMMMHmN)

(b)
(H-M)U(H-N)=H

" Consider the set of integers from 1 to 1000. Find

(a)

How many of these integers are divisible by 3 or 5 or 11?

(b)

How many of these integers are divisible by 3 or 5 but not by 11?

(c)

How many of these integers are divisible by 3, but not by 5 or 11?

(d)

How many of these integers are not divisible by 3, and 5, and 117?

. Prove that

(a)
1+243+- +w= "5,

O

4o ot oy 1w




1x2 ' 2x3 ' 3x4 "wx(w+l)  w+l?
1 . w

1 1 1
€ Tstss t5r Tt Goxgorn = 2wt

6.
Show that the sum of the cubes of the three consecutive natural numbers is divisible

by 9.
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Mathematicians investigate relations among objects rather than objects
themselves; they don't care if objects are replaced with other objects as long as
the relationships remain the same. They are just interested in the forms; matter
is unimportant—Henri Poincaré (Mathematician)

Abstract

The chapter 4 provides an inclusive study of the mathematical theory of Relations,
transitioning from the fundamental concepts of set theory to their practical and
abstract applications in Discrete Mathematics. It begins by introducing the Cartesian
Product of sets as the structural foundation for defining relationships between
elements of objects of sets. Through a series of "Experiential Learning" experiments
and brainstorming sessions, ranging from student college admissions to social
dynamics, the text illustrates how complex real-world scenarios are modeled using
mathematical notations. The chapter systematically categorizes various types of
relations, including reflexive, symmetric, transitive, antisymmetric, and compatible
relations, while providing rigorous definitions and proofs for each. Advanced topics
such as composite relations, equivalence classes, set partitions, and Partial Ordering
Relations (POSETS) are also discussed. It also focuses on the closure properties,
offering step-by-step algorithmic approaches like Warshall’s Algorithm and Matrix
Method for determining transitive closures. The chapter concludes with case
studies, projects and exercises designed to bridge the gap between theoretical
relational structures and their multidisciplinary applications.
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4.1 Introduction

In the previous chapter, we dealt with the sets, their types, properties, and examples.
There could be various relationships among elements of the sets with respect to
some desirable parameters or attributes. Actually, the name “Relation” itself
suggests the intended meaning. In the dictionary, the definition is that the relation is
the connection between two or more things with respect to some properties or
characteristics [1].

In general, our Mother, Father, Brother, Sister, Friend, Teacher, and Mentor are
examples of the relationship among you and your family members or others.
Besides these relations, we could compare different cities, villages, buildings, rivers,
books, etc., concerning comparable attributes. Two buildings are identical or
equivalent with respect to their heights.

Two books are identical concerning to their price. But, if we compare the quality
of two books of the different categories by making the survey from the same group
of people, we can find the biased results on quality of books depending upon the
majority. Moreover, if the one book is on “Cooking of Delicious Foods” and the other
is on “Designing Innovative Thinking.” People who are very foodie surely will give
the first preference to the book on food and others will to the book of the Innovative
thinking. These two objects are from the same family, i.e., books, but these two are
not comparable as the word quality is subjective. In this context, we should take two
books from the same subcategory and define the concrete criteria for the quality
aspects. This would help us to decide the ranking of books with respect to desirable
attributes or parameters [2, 3].

4.2 Product of Sets: Experiential Learning
Let’s consider the following brainstorming Experiment-I for understanding the

concept of the product of the sets.

(A)

Brainstorming Experiment-I

There is a group of ten students who have recently passed 12th standard
examination in Science and want to get admission for Bachelor of Technology
program. The students have collectively identified the six best colleges/Institutions
as per their requirements. So, they want to get admission to these institutions only.

Let Sy, Sy, S3, ..., S1o be the name of ten students and Cy, Cy, C5, ..., Cg be the name
of six colleges, respectively. Let us find all possible combinations of the experiment.
Every student has 6 possibilities or options for getting admission for B.Tech.
Program. The following set S denotes the all possible combinations.



(Sla01)7(51702)a(51:03)a(51704)’(51705)a(51706)7 (4'1)
(82, C1), (82, C2), (S2, C3), (S2, Cy), (S2, C5), (S2, Cs)
(83, C1), (S3,C2), (53, C3), (S3, C4), (S3, Cs), (S3, Cs)
(84, C1), (84, Ca2), (84, C3), (S4, C4), (84, Cs), (S4, Cs),
g ) (S5, C1), (S5, C2), (S5, C3), (S5, C4), (S5, C5), (S5, Cs)s
(S6, C1), (86, C2), (S6, C3), (S6, C4), (S6, Cs), (565 C6) 5
(S7,Ch1), (S7,C2), (S7,C3), (S7, Cy), (S7, Cs), (S7, Cs)
(Ss, C1), (S8, C2), (S8, C3), (Sg, C4), (Ss, Cs), (Ss, Cs)
(Sg, C1), (89, C2), (S9, C3), (Se, C4), (Se, C5), (S9, Cs),
(8105 C1)5 (S10, C2), (S105 C3), (S10, C4), (S10, C5)5 (S105 Cs),

(B)
Inferences-I

Here, we have two sets: (1) Set of Students and (2) Set of Colleges/Institutions.
Every set is non-empty set. There are 10 * 6 = 60 elements in the set S that includes
all possibilities. The first element of the order pair is the student and the second is
the College. The set of all possibilities is expressed as follows.

(€)
Mathematical Insights-I

Cartesian Product of Sets
The Cartesian Product (CP) of two sets H and P is defined as

H x P ={(u,w)/u € Handw € P}
For Example: If H = {11,12,13,14} and P = {z, y, w} then

(11, z), (11,y), (11, w),
(12, ), (12,y), (12, w),

HxP=1(13,2),(13,y), (13,w), [

(14, z), (14, y), (14, w)

),
);

PxH ={(z11),(,12),(x,13), (z,14), (y,11), (y,12), (y, 13), (y, 14),
(w,11), (w, 12), (w, 13), (w,14)}

Here, (11, ) # (x,11). Hence, H x P # P x H. The Cartesian product of two
sets is not commutative.



In general, for k sets.
I' xI'g xI'g x--- xI'y = {(bl,bg,b:),,...,bk)/bi e I';foralli = 1,2,3,...,k}

Theorem 4.1 If|H|=mand|P|=kthen|H x P| =|P x H| =m X k.

Proof The proofis trivial.
Theorem 4.2 IfH, P, S are non-empty setsthen H C P= H x SCP x S

Proof Let (h,s)be any elementin H X S, then

= hec HC Pands€ S,= (h,s) € Px S, Hence H x SC P x S.

Example 4.1 Find H x P, P x S, P x H,where H = {111,112,113,114},
P ={u,w}, S ={a,b,c,d}.

Solution We have,

Hx P ={(111,u), (111, w), (112, ), (112, w), (113, uw), (113, w), (114, ),
(114, w)},
= {(w a), (w,b), (v, ¢), (u, d), (w, @), (w, b), (w, ¢), (w, d) },
= {(u,111), (u, 112), (u, 113), (u, 114), (w, 111), (w, 112),
(w,113), (w, 114)},

4.3 Relations: Experiential Learning

Inferences-II
Now, let’s consider the various possibilities of the Experiment-1.

1.
Suppose a student S; want to get admission at any college but the program must

be Computer Science and every college is offering this program.

A student S, wants to get admission in C; or Cs, or Cy colleges, but program
could be anyone that is available in the college. Therefore,

Ao = {(S10,C1), (S10,C5), (S10,C10) }

A student S, and Sg want to get admission in C, or C; colleges only. Therefore,

the corresponding set is As = {(S2, C2), (S2, C3), (Ss, C2), (Ss, C3)}

A student Sg wants to get admission in the IIT Bombay, but IIT Bombay is not in
the set B. So, the corresponding setis Ag = {¢}



All these sets are the subsets of the set S given by 4.1, but their meanings are
different. This leads to the concept of the Relation which is given in the next section.

Relation
Let H and P be two non-empty sets. A relation from H to P is any subset of the
Cartesian Product H x P. Itis denoted by R : H — P.

The above sets 44, A1, A,g and Ag are examples of the relation from 4 to B.

The elements of the relation set are defined as “An order pair (x, y) is in R means
an element x in A is related to an element y in B.” It is also denoted by xRy.
Important Results
(1) . . o
If (h, p) is in R then its meaning is h is related to p or hRp.
(2)
The possible number of relations from H to P is 2™*", if the number of
elements in H is m and P is n.

(3)
RisarelationonthesetHif R: H x H — H

4.4 Pictorial Representatives of Relations: Experiential

Learning

Every relation can be signified pictorially by drawing its graph. Let H be any non-
empty set and R be a relation on H. The relation R can be represented graphically by
the following procedure.
(i) . .
The elements of the set H are represented by small circles or point, i.e., (0) or
these elements are called as vertices or nodes.

(i)

If (h, m) € R or hRm then vertices h and m are joined by a continuous arc with
an arrow from h to m. These arcs are known as edges of the graph, i.e., if hARm
then (Fig. 4.1)

(iii)
If mRm then the vertex m is joined to itself by a loop around m. If mRm then

(Fig. 4.2)
h m m

Fig. 4.1 Digraph of hRm



Fig. 4.2 Digraph of mRm

The graphical representation of the relation is called as digraph or directed
graph of R.
Let us consider the following examples.

(1)
aRa A aRb A bRa a bRb (Fig. 4.3)

b
d
Fig. 4.3 Digraph of example (1)
(2) _
aRb A bRc A aRc A aRa (Fig. 4.4)
b
d
C

Fig. 4.4 Digraph of example (2)

Example 4.3 Let H = {1,2,3,4,5,6} and hRm iff h divides m. Draw digraph of R.

Solution We have

R ={(1,1),(2,2),(

2,2),(3,3),(4,4),(5,5),(6,6),(1,2),(1,3),(1,5), (1, 6),
(2,4),(2,6

Y 37 )?
):(3,6)}



The diagram of R is as follows (Fig. 4.5):

1 2
6 o
5 4
Fig. 4.5 Digraph of the relation R
4.4.1 Matrix Representation
Let H = {a1,a2,as3,...,an}, P = {b1,b2,b3,...,bp}and R C H x P
Then the relation matrix of R is denoted by Mz = [m;j] ..~ and defined by

_ [0 if (ai,;a;) £ Rie. a;Ra;
MIT 1 i (ai,a;) € Rie. a;Ra;

Example 44 Let A = {21,22,23,24} and R = {(h,m)/h < m} then find M,
Solution R = {(21,22) (21, 23) (21,24) (22, 23) (22, 24) (23, 24)}

21 22 23 24
21 |0 1 1 1]
Mp=[Mij],, =22 |00 11
23 {0 00 ‘
24 Lo 00

Example 4.5 1f H ={1,2,3,4,5,6} and hRp iff h divides p for h, p € H. Find
relation matrix.



Solution R = {(1,2)(1,3)(1,4)(1,5) (1,6) (2,4) (2,6) (3,6) (1,1) (2,2) (3,3)
(4,4) (5,5) (6,6)}

Relation Matrix = Mg =

SO W N =
IOOOOO&—\H
O OO O = N
O O O = O = W
S O R O K &
o =, O O O = O
e e e el =)

6x6

4.4.2 Relation Matrix Operations
We know that relation matrix is a Boolean matrix as all entries are either 0 or 1.

(M

Let A = [ay] .., B = [bj] .. betworelation matrices then
A+ B = [ai; + bij] = [cij]

mXxn

where Ci; = 1ifa,~j = ]., or bij =1
= Oifaij = 0, andbij =0

(11)
Let A = [a’ij]mxn,B = [bjk]nxk then A. B = [aij;bjk] = [dzkz]
where, d;; = 1lifa;; =1landby, =1
:0ifaij=0andbjk:0
|111| |111| |111|
e.g.,IfA:lO 1 1J, B:lO 1 1J thenA—i—B:lO 1 1J and
1 10 0 00O 1 10
|1 1 1|
AB=;y0 1 1y.
[1 1 1J

4.5 Composite Relations

Let R: H — Pand S : P — T be two relations. The Composition of R and S is
denoted by Ro Sor RS : H — T and defined as

Ro Sor RS ={(h,t)/(h,p) € Rand (p,t) € Sforh € H,p € Pandt € T}



Note: Let R: H — Pand S : P — T be two relations. The Composition of R
and S is denoted by Ro Sor RS : A — C'then (R o S)O = S%0 R[4, 5].

4.6 Types of Relations: Experiential Learning

A relation from a set H to itself has special significance in many applications. The
H x H has n? elements, if | H| = n. We know that, the set having m number of

elements has 2™ number of subsets. Therefore, there are 2"’ relation are there on
the set H. Let us consider the different types of the relations on the set H [5].

Brainstorming Experiment-III
Suppose, H is the set of 20 students of your class that includes 10 boys and 10 girls.
Let’s define the relation on the set H as follows.

(h,p) € R ifand only if a student h is taking care of student p or h loves p or h
is the best friend of p. Now, discuss with the students and find out all possible
combinations of the cases.

The Cartesian product of H with H, if
H ={s;/s;is astudent andi = 1,2,3,...,20}is

(81’ 81)7 (817 32)a (517 33)7 ) (31’ 320)
(527 31)7 (32) 82)7 (827 83)) ceey (82) 520)
(337 sl)a (337 32)7 (33a 33), ey (337 320)
HxH-=| [
(820) Sl)a (8207 82)a (3207 33)) sy (82(]’ 820)

The following are the list of possible cases.

(1)
The possible cases for an individual student are given below.
(a) . .
Every student loves himself. So, H; = {(s;, s;)/for alli = 1,2,3,...,20}
(b)

No one loves oneself. Therefore,
Hy = {(si,s:)/fornoi =1,2,3,...,20}
(c)
Not all students love themselves. Suppose the first 10 students love

themselves and others are not.
So, Hg = {(8@', Si)/fOI"I: = 1, 2, 3, ceey 10}

(2) The probable cases for a pair of two students are as follows.

(a)



A student s; loves s; if s; loves s;. Hence,
Hy = {(si,8;) € Hs/whenever (s, s;) € Hyfor someiand j}

(b)
A student s; loves s; but s; does not loves s;. Hence,

Hs = {(ss,55) € Hy/(sj,s;) ¢ Hsfor someiand j}

(3)
The possible combinations or cases for three students are as follows.

(a)

A student s; loves s; and s; loves sy then the student s; loves s;. Hence,

Hs = {(si,sr) € H¢/whenever (s;,s;) € Heand (sj,s) € Hg
for some, jand k}

(b)

A student s; loves s; and s; loves s; but then the student s; does not love s;.

Hence,

H7 = {(si,sx) & He/(si,sj) € Hrand (s, si) € Hy for somes, jand k}

Inferences-III
The following are the observed inferences of the above three possible cases.

1.
Every individual student loves himself or doesn’t love himself. {Cases (1): (a),

(b) and (c)}.

If a student x loves y then y loves x or y doesn’t love x. {Cases (2): (a) and (b)}.

If a student x loves y and y loves z then the student x loves z or the student x
doesn’t love student z.

These three inferences help us to define the types of the relations.

Mathematical Insights-III

Now, express the above inferences in terms of the mathematical theory or notations
or symbols. The above three inferences suggest that there are mainly three types of
relations.

1.
Reflexive Relation



2. Symmetric Relations

3.
Transitive Relations

Let’s define one by one by using the above inferences and experiment.

4.6.1 Reflexive Relation

()

A relation R on the set H is said to be Reflexive Relation (RR) if

(h,h) € Ror hRhfor allhin H

The example in the case (1) (a) is reflexive relation on the concerned set H.
ii
) It is not reflexive relation if 3h in H such that (h, h) € R.
The example in the case (1) (c) is not reflexive relation on the concerned
set H.
(iii)
The relation R on the set H is said to be irreflexive if (e,e) ¢ R for all ein H.
The example in the case (1) (b) is irreflexive relation on the set H.

Notes:

The Relation Matrix (Mp) of a reflexive relation is the Identity matrix.
Digraph of the reflexive relation has loop at every vertex or element of the set H.

The relation Matrix of irreflexive relation has all diagonal elements zero. Its
digraph is free from loops.

The number of reflexive relations on His 2 " if |H| = n

Example 4.6  Which of the following are Reflexive or not reflexive or irreflexive of
the set H = {1, 2, 3,4}.

i' Ry ={(1,1),(2,2),(3,3),(4,4)},
Ry ={(1,1),(1,2),(2,2),(2,1),(3,3), (4,4)},

' . R3 = {(4’ 4)’ (27 3)7 (374)7 (47 1)}7

Ry ={(3,5),(4,5)},

1i.



v. Rs;=14{(3,1),(4,2)}.

Solution
i.
There are only four elements in H and every element is related to itself in R;. So,
R, is a reflexive relation on H.
ii.
The relation R, involves R; and some more elements. So, R, is reflexive relation.
iii.
The relation Rj is not reflexive relation as there is an element 2 in H but (2, 2)
does not present in R5.
iv.
R, is not arelation on H as 5 is notin H.

R: is irreflexive relation as there is no element in R that is related to itself.

4.6.2 Symmetric Relation

1)
A relation R on the set H is said to be Symmetric relation if whenever
(h,p) € Rthen (p,h) € Rfor allhandpin H [4]
The example in the case (2) (a) is symmetric relation on the set H.
(ii)
A Relation R is not symmetric relation if 3(h, p) € Rbut (p, h) € R.
The Example in the case (2) (b) is not symmetric relation on the set H.
(iii)
A Relation R is asymmetric relation if whenever (h,p) € Rthen (p,h) ¢ R.

Notes:

1.
The relation matrix of symmetric relation is a symmetric matrix.

2.
A relation is symmetric iff R = R~ L.

3

The total number of symmetric relations on the set H having n elements is
n(n+1)
2

4.6.3 Transitive Relation

@)
A relation R on the set H is said to be Transitive Relation (TR) if whenever
(h,p) € Rand (p,m) € Rthen (h,m) € Rfor allh,pandmin H.



(ii) Arelation R is not transitive relation if J at least one triplet in H such that
(h,p) € Rand (p,m) € Rbut (h,m) ¢ R [4].

Example 4.7 Which of the relations in Example 1 are transitive?

Solution

i
There are only four elements in H and every element is related to itself in R;. So,

R, is a transitive relation on H.
ii.
R, is TR as every transitive triplet is present in the relation.
iii.
The relation R; is not TR as (2, 3) and (3, 4) are in R; but (2, 4) does not present
in R3
v.
R, is not arelation on H as 5 is not in H.

Rc is transitive relation as it satisfies all conditions transitive relation.

4.6.4 Special Types of Relations: Experiential Learning

There are two types of the special relations depending upon the relation defined on
one or two sets.

Special Types of Relations on One Set

Brainstorming Experiment-I1V

Let S = {a, b, c,d, e} be the set of five students of a class. Out of these five students,
student b and c are honest with themselves or taking the desirable care of their
health and family, but g, d, and e are not honest with themselves. Let’s define the
relations R on the set S as: x is related to y if x is honest with y. So,(z, x) € Riffxis
honest with oneself. Therefore, R = {(b,b), (¢, c)} as b and ¢ are honest with
themselves. Hence, the relation R is the Identity relation of the set S.

Inferences-1V
The following are the notable observations of the above experiment.

¢ A set contains elements which are related to itself.
¢ A set contains elements which are related to itself as well as other elements.
¢ A setdoes not contain elements which are related to itself.

Mathematical Insights-1V

1. Identity Relation
A relation R on a set H, is the Identity Relation if



R = {(h,h)/forh € H}

Example 1: If H = {1,2,3,4}and R; = {(1,1),(3,3)}, R2 = {(4,4)},
R; ={(2,2),(2,3)} then R, and R, are Identity relations. But R is not the
Identity relation as (2, 3) is present in Rj.

Brainstorming Experiment-V
Let X = {a,b,c}, and P(X) = H.Let S and M be two subsets of X. So, there are
three possibilities.

Case 1: S and M are disjoint subsets.

Case 2: S and M have some common elements.

Case 3: All elements of S are in M as well as and all elements of M are in S.

Inferences-V
The following are the remarkable and important observations of the above
experiment.
s SNM = ¢,
e SNM # ¢,
e SCMandM C S= S = M.Letus understand this case through
mathematical insights.
Mathematical Insights-V

2.
Antisymmetric Relation

Arelation R on a set H is called antisymmetric relation if whenever (h, p) and (p,
h) are in R then h = p.
A relation is not antisymmetric if 3h, p € H such that h # p but

(h,p) € Rand (p,h) € R

The relation matrix of the antisymmetric matrix never be symmetric matrix.
Examples:
Let H =R (real-numbers set) and define the relation R on H as:

hRpiff h < p.

Now, suppose hRp and pRh then h < p and p < h. This implies h = p. Thus, R is
antisymmetric relation. It is not symmetric relation.

(1) LetH = {1,2,3,4} then
(a)

R, ={(1,1),(3,3)} is a symmetric as well as antisymmetric relations.
(b) Ry ={(1,2),(2,1)} is a symmetric relation but not antisymmetric



relation.

() N . . .
R; ={(1,1),(1,3),(2,2)} is antisymmetric relation but not symmetric
relation.

(d) . . . .
R, =1{(1,1),(2,3)(3,2),(3,4)} is neither symmetric nor antisymmetric
relations.

Compatible Relation
A relation R is said to be Compatible relation, if it is Reflexive and Symmetric
relation.

The Relation Matrix of the compatible relation is a symmetric matrix with
the diagonal elements 1.

Note: If R is a compatible relation on a set Hand |H| = n thenn < |R| < n?

Example:
(1)
Let A = {13,23,33} then
(a) | . .
R, ={(13,13),(23,23), (33, 33) } is a compatible relation.
(b)

R, ={(13,23),(23,13)(33,33)} is a symmetric relation but not
compatible relation.

(c)

R; ={(13,13),(23,23), (33, 33), (23, 33) } is reflexive relation but not
symmetric relation, hence it is not compatible relation.

(2)

Let H = set of all straight lines in the plane. A relation R on H is defined as
R = {(h,p)/his parallel top}
The relation R is a compatible relation.
Special Types of Relations on Two Sets

Brainstorming Experiment-VI
Let H be the set of all people in the “ATHARVA” society. Let h and p be any two
elements in H. h is related to p iff h is a friend of p.



Inferences-VI
The following are the remarkable and significant observations of the above
experiment.

e hisafriend of p and p is also a friend of h.
e his afriend of p but p is not a friend of h.
e There may be a set in which no one is the friend of each other

Let us understand this case through mathematical insights.

Mathematical Insights-VI
This would help us to define the Inverse relation and the Complement of a relation.

1.
Inverse Relation

If R: H — Pisarelation then the Inverse relation R~! : P — H and
R ={(p,h)/(h,p) € Rforallh € Handp € P}.

That is if xRy then yR™x. It is also known as the converse relation and
denoted by R°.

Complement of a Relation
Let R : H — P be arelation. The Complement relation of R is denoted by

RorR': H — P and definedas R = {(h,p)/(h,p) € Rforh € Handp € P}

Notes:

4.7 Closure Properties: Experiential Learning

Brainstorming Experiment-VII
Let H be a set of all students of the S. Y. B.Tech. Class. Define a relation R as hRp iff h
is honest with p, for all h and p in H. Now, ask few questions to students.

1.
How many of you are honest to yourself?

2.
Whether your friend is honest with you or not even though you are honest with
your friend?

If h is honest with p and p is honest with m then whether h is honest with m or
not?

[ think all students would be agreeing with me that for the smooth harmony of
the class or institute, the answers of all above questions must be “YES.” But, if a
particular student is not agreeing with this, then we have to discuss with him and
try to change his opinion. This leads to the adding the missing property to the set.



Inferences-VII
The following are the special observations of the above experiment.

 [f few students are not honest with themselves then do counseling and make it
happen that all students will be honest with themselves.

e [f xis honest with y but y is not honest with x in particular cases, then counsel y,
so that y would be honest with x.

e [f xis honest with y and y is honest with z then x must be honest with z. All x, y,
and z must honest with each other.

Let us understand this case through mathematical insights.

Mathematical Insights-VII
The above inferences lead to the concepts of the reflexive closure, symmetric
closure, and transitive closure. Let us define each of these concepts individually.

Closure of a Relation
Depending upon the property under consideration, there are three types of the
closures.

4.7.1 Reflexive Closure
The reflexive closure (RC) of the relation S on the set H is

RC=SUA

where A = {(d,d)/Vd € H}
If H = {aa,ba, ca,da} and R is any relation on H then
A = {(aa, aa) (ba,ba) (ca,ca) (da,da)} and R U A is reflexive closure of R [5].

Example 4.8 Let H = {11,12,13} and Ry, R, and R; are relations on set H. Find
the reflexive closures of Ry, R, and R3, where Ry = {(11,11) (12,11)},
Ry = {(11,11) (12,12) (13,13)}, Rs = {(13,11) (11,13) (12,13)}.

Solution We have H = {11,12,13} and A = {(11,11) (12,12) (13,13)}.
Therefore,
(1) _ _
The reflexive closure (RC) of Ry is
R=R;UA ={(11,11)(12,12) (13,13) (12,11)},
(ii)
The RCofRyis R= Ry UA = Ry
(iii)
The RCof R;is R = R3 U A = {(11,11) (12,12) (13,13) (13,11)
(11,13) (12,13)}.



4.7.2 Symmetric Closure
A Symmetric Closure (SC) of a relation R is

SC=RUR"!

Example 4.9 Find the SC of the following, where H = {1, 2, 3}.

Ry ={(1,1)(2,1)},
Ry, = {(1, 2) (2’ 1) (37 2) (27 2)})
R3 = {(171) (2a2) (373)}

Solution Given that, H = {1, 2, 3}.

O o R U Ry ={(1,1)(1,2) (2,1)},
W e RURT = {(1L,2)(2,1) (3,2) (2,3) (2,2)},
(iii)

SC = Rs.

4.7.3 Transitive Closure (TC)

A relation R* is transitive closure of the relation R if R* is the smallest transitive
relation such that R C R* [6, 7].

Theorem 4.4 Let S be a relationon H,S* = SUS2U---US".

4.7.4 Warshall’s Algorithm to Find Transitive Closure

Consider the following steps to find R* of the relation R on a set H [8, 9].
Step 1: We have |H| = n.
Wy, Wy W, ..., W, called as Warshall’s sets.

Wy = Mg

Step 2: To find R*
Compute W, from W, _;.

W Ifwygy =1in W,_;thenin W, wgy; = 1.

(ii)
In column €, wy,, = 1 forp = py,ps,...,p, and inrow Rq, wy, = 1 for
V= 1V1,V9,...,VU,

then put 1’s at the places
(piyq;) =1fori=1,...;aandj=1,...,s



Step 3: Apply the procedure n times to find W,,. Then, write R* from W,
Example 4.10 Find the R* by Warshall’s algorithm.
H=/{1,2,3,4,5,6}and R = {(z,y)/|x — y| = 2}

Solution Consider the following steps.
Step 1: we have |H| = 6

R={(1,3)(3,1)(2,4) (4,2) (4,6) (6,4) (3,5) (5,3)}

Find W, Wy, W5, Wy, Ws, and W,
The first set W, is same as M which is shown below

Step 2: To find W;:

To find W, from W,,, we consider the first column and first row.
In a column Cj, 1 is present at R.

In arow Ry, 1is present at Cs.

Thus, add new entry in W, at (R3, C3) which is given below

N b s W N -

Step 3: To find W5:
To find W, from W, we consider the second column C, and second row R,.
In a column C,, 1 is present at R,.



In arow R,, 1 is present at C,.
Thus, add new entry in W, at (R,, ;) which is given below

1 2 3 45 6

= S N T S

Step 4: To find Ws:

To find W5 from W,, we consider the third column and third row.

In a column C3, 1 is present at Ry, R3, Rs

In arow R3, 1is present at Cy, C3, Cs

Thus add new entry in W3 at (Rq, C;) (Ry, C3) (R, C5) (R3, C1) (R3, C3) (R3, Cx) (R,
C1) (Rs, C3) (Rs, Cs) which is given below

123456
1 1 01 /081 0
2 (00 0(1)0 0
m- 3 (10 1]0]1 0
4 (@1 01]o
5 11 01 1 0
5_00000

Step 5: To find Wy:

To find W, from W3, we consider the fourth column and fourth row.

In a column Cy, 1 is present at Ry, Ry, Ry

In arow Ry, 1is present at C,, Cy, Cg

Thus, add new entry in W, at (Ry, C;) (Ry, C4) (Ry, Cg) (Ry, C3) (Ry C4) (Ry, Cg) (Re,
C;) (Re, C4) (Rg, Cg) which is given below



Ul bk =

W, =

S LA b

Step 6: To find Wr:

To find Ws from W,, we consider the fifth column and fifth row.

In a column Cs, 1 is present at Ry, Ry, R3

Inarow Rg, 1 is present at C3

Thus, add new entry in Ws at (Ry, C3) (R,, C3) (R3, C3) which is given below

1 2 3 45 6

-
th & W bk =

(=}

Step 7: To find Wg;:

To find W from We, we consider the sixth column and sixth row.

In a column C, 1 is present at Ry, Ry, Ry

In arow Rg, 1is present at C,, Cy, Cg

Thus, add new entry in Wy at (Ry, C,) (Ry, C4) (Ry, Cg) (R4, C3) (Ry, C4) (Ry, Cg) (Re,
C;) (R C4) (Rg, Cg) which is given below

We = W5 =W,
Hence, W is the relation matrix of R*

R _ {(1,1)(1,3)(1,5)(2,2)(2,4)(2,6)(3,1)(3, 3)(3,5)}
(4,2)(4,4)(4,6)(5,1)(5,3)(5,5)(6,2)(6,4)(6,6)

Example 4.11 Find R* where
A = {51,52,53,54} defined by



R = {(51,52)(51,53)(51,54)(52, 51)(52, 53) (53, 54)(53, 52) (54, 52) (54, 53)}

Solution By applying all steps of the Warshall’s Algorithm, the transitive closure of
the given relation is given below.

. [(51,51)(51,52)(51,53)(51,54)(52, 51)(52, 52) (52, 53) (52, 54)
{(53, 51)(53,52)(53,53) (53, 54) (54, 51)(54, 52)(54, 53) (54, 54) }

Example 4.12 Find R* where

|1 0 1
MR:lO 1 OJ and H = {10,20,30}.
110

Solution R* = {(10,10)(10, 20)(10, 30)(20, 20)(30, 10)(30, 20)(30, 30)}.

4.7.5 Bhapkar’s Matrix Method (BMM) for Finding the Transitive
Closure

Let us consider the following algorithm for finding the transitive closure of a non-
transitive relation R on the set H.

Step 1: Let H be any set having n elements. Write the matrix representation M(R)
of the relation R. The size of this matrix is n x n.

Step 2: Select the ith row fori =1, 2, 3, ..., n. Find the first position having 1 in
M(R) say (i, j)th position.

Step 3: Put all 1’s of the jth row at the corresponding places of the ith row having
zero elements. Keep all 1’s of the ith row as it is.

Step 4: Apply step 2 and step 3 for all elements of the first row again. If all such
elements are added at the first row.

Step 5: Apply steps 2 to 4 for all i and j.

Step 6: We will get the matrix of the required transitive relation. Write the
transitive relation R* form the matrix.

Example 4.13 Let H = {1,2,3,4} defined by
R ={(1,2),(1,3),(1,4),(2,1),(2,3),(3,4),(3,2), (4,2), (4, 3)}. Find the
Transitive closure of R by BMM Method.

Solution Consider the following steps.
1. The matrix of given relation is given as follows.



=

=

N’

I
—_—

—
—_ = O =
_ O = =
= O
e———

In the first row, the first 1 is at position (1, 2), so write all 1’s of the second row
at corresponding position of the first row of M(R). Similarly, write all 1’s of the
third and fourth rows at the first row and denote the revised matrix by H;

| 1

le

1]
0
1‘
0

In the second row, the first 1 is at the place (2, 1), so write all 1’s of the first row
at the corresponding places of the second row. Now, add all 1’s of the third row
also at the second row. The revised matrix is denoted by H,.

0
0

= O =
—_— O =

|1 1 1 1]
|t 1Ll
0101
0110

Applying the similar process for all remaining rows and 1’s, we get the following
matrices.

|1 1 1 1] |1 1 1 1]
1111 1111

H; = JHy = = M(R*)
1111 1111
0110 1111

H, is the matrix of the transitive closure the given relation. Thus, the required TC
of R is as follows

g - {(LDE,2)(1,3)(1,4)(2,1)(2,2)(2,3)(2,4)
N {(3, 1)(3,2)(3,3)(3,4)(4,1)(4,2)(4,3) (4, 4)}



Note: As compared with all existing method for finding the TC of the relation, the
Bhapkar’s Matrix Method is simple and easy for calculations as well understandings.

4.8 Equivalence Relation: Experiential Learning

Brainstorming Experiment-VIII

In India, there are many political parties working with their philosophy. Let H be the
set of all voters in a particular constituency and suppose four candidates are
contesting the election. Let C;, C,, C3, €4, and Vy, V,, V3, ..., V,, be the candidates and

voters, respectively. Every candidate is also a voter. So there are n + 4 voters. Now,
define the relation as x is related to y iff x and y cast their vote to the same candidate
or party. After the election what would be the possible results.

Inferences-VI
The following are the special observations of the above experiment.

e Every candidate has casted his vote to himself.

e Every candidate has received the good number of votes.

e Every voter must cast his vote to only one candidate.

e Voters x and x cast their vote to the same candidate. Therefore, this relation is
reflexive.

 If voters x and y cast their vote to the candidate C; then y and x also cast their

votes to C; only. So, this relation is Symmetric relation.

e [f voters x and y cast their votes to the same candidate and y and z also cast their
votes to the same candidate. So, x, y, and z cast their votes to the same candidate.
This means, if x is related to y and y is related to z then x is related to z. Hence, this
relation is transitive relation.

e Now, let us divide all voters among parties as per their votes. All Voters of the
candidate C; belong to the group of C; and similarly for other candidates.

Therefore, there are only four disjoint groups. We can call them the party
supporters, or in Mathematics language, it is an equivalence class of the party or
candidate.

e The candidate having maximum number of elements in his equivalence class will
be the winner of the election. Thus, political parties should increase their
equivalence classes to win all types of elections.

Let us understand this case through mathematical insights.

Mathematical Insights-VIII
The above experiment would help us to define an equivalence relation (ER) and
equivalence classes.

Equivalence Relation



A relation R on the set H is an equivalence relation (ER) if it is reflexive, symmetric,
and transitive relation.

In an equivalence relation, hRp = h ~ p.

The experiment-VI give an equivalence relation for the defined relation.

Example 4.18 Let H be all straight lines in a plane. Let R={hRp/h is parallel to p}, S
={hSp/h is perpendicular to p}. Check whether R and S are equivalent relations or
not.

Solution The relation Ris ER, but S is not.

Equivalence Class
Let R be an ER on a set H. The equivalence class of an element x in H is denoted by
[z] ; and defined as [z] , = {y € H/xzRyfor ally € H}.

In experiment-V], the set all voters form an equivalence class with respect to the
equivalence relation defined in the experiment.

Let’s consider the live experiment of your institution/college/department. Let H
bet the set of all students studying in your institution. Define relation R as a student
x is related to student y iff x and y are studying in the same class or division. We
have, student x and x are studying in the same class. If x and y are studying in the
same class then y and x are also studying in the same class. Moreover, if students x
and y are studying in the same class and y and z are studying in the same class then x
and z are also studying in the same class. Therefore, the relation R is reflexive,
symmetric and transitive relations. Hence, the relation R is an equivalence relation.

Let x be any student of the institution. The equivalence class of x is the set of
students studying in his class. If x is studying in the class S. Y. B.Tech. Computer
Engineering, division-B then the set all students studying in the same division is the
equivalence class of the student x. Every students belongs to his own equivalence
class. Every division of the institution is the equivalence class. So, the number of
equivalence classes is equal to the number of divisions in the institution. Every
division must have at least one student. This means, every equivalence class must
have at least one element.

Properties of an Equivalence Class

Every element is a member of its own equivalence class. Thatis, z € [z]p
Every element is present in only one equivalence class.
Every equivalence class has at least one element.

If there are n elements in the set H and R is an equivalence relation on H, then
there are at most n equivalence classes with respect to the relation R.



Partitions of a Set
We shall now discuss the concept of partitions of a set which is similar to
equivalence class of set.
Definition: Let H be any non-empty set. Aset P = {Hy, Hs, Hs, ..., H, } of non-
empty subsets of H is called a partition of set H if
(@) i
H,UH,UH3U---UH, :H:Ui:nHi
(ii)
H; N H; = ¢ fori # j,ie, All sets H; are mutually disjoints.
The partition of a set H is denoted by .
An element of a partition set is called a block. The rank of a partition is called as
the number of blocks of that partitions. It is denoted by r(m).
e.g.,
(1) , _
Let H=Z=set of all integers. Then, H; = set of even integers, H, = set of odd
integers

H;={1,2,3,4..YH,; = {0} Hs = {-1,-2,-3,-4,...}

P, ={H,,Hs} and P, = {Hs, Hy, H5} are different partitions of set H.
(2) .
IfA={1,2,3,4,5,6,7,8,9,10} and it’s subsets

A, ={1,4,9} A,=1{2,6,8,10} A;={3,57}

Product and Sum of Partitions
M .
Let m; and m, be two partitions of a non-empty set H. The product of m; and 7,
is denoted by Let my.m, = m is a partition 7 of H such that
(1) ,
Tt refines both m; and m,
@ -
If ' refines both m; and m, then 7' refines m.
(II) Letm, and m, be the partitions of a non-empty set H. The sum of ; and m, is
denoted by m = 7 + 79 is a partition of A such that

(i)
Both m; and m, refine

(i) ,

If m; and m, refine ' then 7 refines .



4.9 Partial Ordering Relations: Experiential Learning

Brainstorming Experiment-IX
Let H be the set of five types of the businessmen having different gross annual
income as depicted in the following table.

Businessmen (h;) hq hp |h3 |hg |hg

Gross annual income in crore (G;) |50 |100(0.1{0.3 {10

Let h; and h; be any two elements in H and h; is related to h; iff the gross income
of h; is less than or equal to the gross income of h;, i.e., h; Rh; iff G;< G;.

Inferences-1X
The following are the remarkable and significant observations of the above
experiment.
i.
G;< G, foralli.
ii.
If G;<G;
iii.
iv.
If G;< Gjand G;< G then G; < G;< Gy,
Let us understand this case through mathematical insights.

Mathematical Insights-IX

The following are the mathematical insights for the above inferences.

' h;Rh; i.e., R is reflexive relation

. If h;Rh; then hRh; (h; is not related to h).

i If h;Rh; and h;Rh; then h; = h;. Therefore, R is antisymmetric relation.
;. If h;Rh; and h;Rh; then h;Rh;. Hence, R is a transitive relation.

Thus, R is reflexive, antisymmetric, and transitive relation. These types of
properties lead to the concept of the Partially Ordered Set (POSET).

Partially Ordered Set



A relation R on a set H called a Partially Ordered Relation iff R is reflexive,
antisymmetric, and transitive relation.

The set H together with partially ordered relation is called a Partially Ordered

Set or POSET.

1)
2)

)

1)

It is denoted by (H, R) or (H, <), where <is a partially ordered relation [10-12].
Examples:

(R, <) (N, <) are POSETS.
(P(S),<)isaPOSET.

Comparable elements: Let (H, <) be a POSET. Two elements g, b in H are
comparable elements if a< b or b < a. Two elements a and b of a set H are non-
comparable if neither a< b nor b <a.

Totally Ordered Set: Let H be any non-empty set. The set H is called Linearly
Ordered Set or Totally Ordered Setifa<borb<a, foralla, b € H.

4.10 Case Studies and Projects

All readers are instructed to design your own case study/projects of the following

situations.

. Relations in your family/society

. Relations of banks with their costumers

> Relation of social workers and society

* Relation of political leaders and the community
> Relation of teachers and students

> Relation of tree and people

! Relation of students and library

> Relation of friendship among students’ groups
> Relation among all teachers and subjects

10.

Relation among company workers and their incentives.



Exercise

Define the following types and design your own example of each definition.
i.
Equivalence relation
ii.
Transitive closure
ii.
POSET

Construct two examples of the following relations
i.
Reflexive but not symmetric
ii.
Symmetric but not transitive
iil.
Transitive but not reflexive

iv.
Reflexive but not transitive and symmetric
V.
Antisymmetric but not symmetric
Vi.
Symmetric but not antisymmetric
Vil.

Equivalence but not antisymmetric

Find the Transitive closure of the following relations by Bhapkar’s Matrix
Method and Warshall’s Algorithm on the set H = {p, q,r, s}

Ry = {(p7 Q), (Qa 7'), (7’, S)},
R1 = {(p,p), (g,5), (r,p), (s,7)},

. R, = {(pa Q)) (Qa T)) (7" 3)’ (pap)a (Qa q)) (7" 7“), (S, 3)}

ii.

Find the reflexive and symmetric closures of the relations given in Example

(3).
Let H be the set of all lines in the plane. Find the equivalence class of the line x
in H if exists for the following relations.

i.



6.
IfH ={1,2,3,4,5,6,7,8,9} and R={(h, p)/h - p is divisible by 3}. Is R an
equivalence relation? If yes, find the equivalence class of all elements in H and
draw the diagraph of R.
7.
Draw the Hasse Diagram of a poset (P(H), C), where H = {p, q,r, s}.
8.
Explain any two applications of the Hasse Diagram.
9.
Explain any five applications of equivalence relations.
10.
Draw the mind map of this chapter.
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Abstract

This chapter deals with a special type of relations on elements of two sets. A real
relationship of children and mother is used as the brainstorming experiment to
explain the function and types of functions such as one-to-one functions, onto
functions, into functions, and bijective functions. Moreover, the particular examples
support for the better understanding of applied aspects of the functions. It also
focuses on the concepts of floor and ceiling function with examples. By considering
the experiment of writing English words, this chapter explains the definitions of
infinite sets, countable sets and related results with illustrations. The pigeonhole
principle is enlightened by using the real examples of library systems in various
institutions. Moreover, special examples are designed to understand the applications
of this concept. Furthermore, discrete numeric functions are described with
illustrations. This chapter concludes with the case studies, projects, and exercises to
fill up the gap between theoretical concepts and their multifaceted applications.

Keywords Function - Bijective function - Floor and ceiling functions - Pigeonhole
principle - Discrete numeric functions
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Chapter 4 explained about all types of relationships among elements of any two sets,
their types, examples, and applications. The concept of function is associated with a
particular types of relations among elements of two sets. However, the dictionary
meaning of the function is “the purpose or special task or responsibility of things.”
The mathematical meaning of the function is also same as that of the dictionary. But,
as Mathematics itself is a precise language, we express the function in mathematical
notations with the same meaning [1, 2].

The development of the concept of function is similar with other mathematical
concepts or theories. The growth of the function is as follows [3].

Year |Name of the Descriptions

mathematician
1673 | Leibnitz He used the term function first time to explain a quantity related to a curve such as slope or
the coordinates. He also defined the terms Constant, parameter and variable
1694 |Johann He used the term function to describe a quantity formed from constant and indeterminate
Bernoulli quantities

1748 | Leonhard Euler |He defined function as an expression or formula that includes variables and constants

1837 | Peter Gustav He defined function by using the relations
Lejeune
Dirichlet

In this chapter, the function is defined by using relations only. Almost all terms of
the pure Mathematics depend upon the concept of the function. So, it has numerous
applications in every field of science, technology, and engineering [4, 5].

Let us use our “BEIMI” approach to understand the definition of function, types of
functions, countability of sets, pigeonhole principle, and some discrete numeric
functions.

5.2 Functions and Partial Functions: Experiential

Learning
Let’s consider the following brainstorming Experiment-I for understanding the
concept of the Functions and types of Functions.
(4 : :

Brainstorming Experiment-I
Let C be the set of p children in the Atharva Society. Let M be the set of ¢ mothers of
the children from the same society, such that the mother of each child is in the set M.
We know that every child has only one biological mother. In this chapter, the mother
refers to the biological mother of the child. Now, define a relation R from the set C to
the set M as c is related to m, i.e., cRm or (c, m) € R iff cis a child of mother m, i.e., m
is the mother of child c. According to the definition of the relation R, every child c; is

related to unique m;. Therefore, this relation R is the special type of relation. The
following set R denotes the special relation.



S = {(c1,mj1), (c2,mja), ... (cp,mjp)} (5.1)

where mj1, mja,...,mj € M
Let’s consider the following inferences or observations.

(B)
Inferences-I

In Experiment-I, we have observed the following probable special inferences.
1.
Every child c; is associated with the unique mother m;. Therefore, this is the

special type of relation which defines the new concept “FUNCTION.”
2.

In the first set, there may be some children whose mothers are not in the set M.
Therefore, remove such children and define the function for a subset of C. It is
known as the “PARTIAL FUNCTION.

Besides the above observations, there are numerous remarkable observations
which will be explained according to the necessity of mathematical concept.

(©)
Mathematical Insights-I

Functions
Let C and M be two non-empty sets. A relation from C to M is called as a Function if
every element in set C is related to the unique element in M. Thatis, f : C' — M isa

function, if for each ¢; € C there exists a unique m; € M such that f(c;) = m; [6].
The pictorial representation of the function f : C' — M is as follows.

C f(c)=m M

Archana
Harshada
Pushpa
Sharada
Komal
Shital

Atharva

Fig. 5.1 .

If f: C — M is afunction from Cto M and f(c;) = m; then

m; is known as the image of c;.



ii. c¢; is called as the pre-image of m;.
iii.

The sets C and M are called as Domain set and Co-domain set, respectively.
Iv.

The range set of the function is defined as

Range Set = R(f) = {m;/3c; such that f(c;) = m;}

It is also known as the Image set of the function. Moreover, R(f) C M.

Examples

Example 5.1 Determine whether the following are functions or not. If functions, find
the range sets.

i,
Let f : Z — Z such that f(z) = x2, Z=Set of Integers.

ii.

Letg: Z — Z such that g(z) = /z.
1il.

Leth : N — N such that h(z) = 22 + 13, N = Set of Natural Numbers
iv.

Letp : R — Rsuch thatp(xz) = 2z — 16, R =Set of Real Numbers

Solution LetZ N, and R be the set of Integers, Natural Numbers, and Real Numbers,
respectively.
L.
For any integer x, it's square is also an integer and it is unique. Therefore, fis a
function and it’s range set is the set integers which are perfect squares. That is,

R(f) = {z*/Vz € Z}.

ii.
As the square root of 10 is not an integer, so, g is not a function.

iii.
Forany z,y € N = z2,x + y, 2 + 13 are also natural numbers. Therefore, the
relation h : N — N is a function. The smallest natural number is 1. Therefore,
the range is as follows.

R(h) = {z +13/Vz € N} = {14,15,16,...}

iv. Foranyz,y € R = 2z,x — y,2x — 16 € R. Therefore, p is a function and the
range set is given below.

R(n\ = {9+» — 1R/ Yr» = R\ = R
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Partial Functions
Arelation f : C — M is nota function and H C C'suchthat fi: H - M isa
function which is called as the partial function [6].

The pictorial representation of the partial function is as follows (Fig. 5.2).

a C f(c)=m M b HccC fH (C ):m M

Shital Shital

Fig. 5.2 a Not function, b partial function

The above figure depicts the partial function.

Examples

1.

Arelation f : R — R defined as f(z) = 1/ is not a function as v/ is not
defined for z < 0 in the set of real numbers. But, A = R* U {0} C R is the set of
non-negative real numbers and f : A — R is the function called as the partial
function.

Arelationp : Z — Z defined as p(m) = - is not a function as -1

— —— is not defined
form = 0But, A = Z — {0} C Z is the set of non-zero integersandp: A — Z

is the Partial function.

5.3 Types of Functions: Experiential Learning
Consider the following special inferences of Experiment-I.

Inferences-II
In Experiment-I, we have observed the following special inferences.

1.

It is possible that every child is single child of the mother in the set C. That means
in C, there are no any brothers or sisters or brothers and sisters. Furthermore, a
child of every mother of set M is present in C. This concept leads to the “ONE TO
ONE FUNCTION or INJECTIVE FUNCTION.”



2. Ifin the set C, two brothers or two sisters or a brother and a sister are present
then it leads to “NOT INJECTIVE.”

If in this relation R, every mother has a child or children which are present in the
set C then this becomes a particular relation that leads to the definition of “ONTO
FUNCTION.”

There may be a mother in the set M, whose child is not in C. This type motivates
us to define “INTO FUNCTION.”

If the set R satisfies (1) and (3) then R signs to the “BIJECTIVE FUNCTION.”

It is possible that the set C has only 4 children who are brothers or sisters of each
other. So, each child is associated with the same mother. This concept leads to
“CONSTANT FUNCTION” [7].

Mathematical Insights-II

5.3.1 One to One Function (Injective Function)
A function p : C — M is said to be One to One Function if C; # C; = p(C;) # p(C))
ORp(C;) = p(C;) = C; = Cj.Itis also known as the Injective Function.

A function p : C — M is said to be not injective function if there exists at least
two members in € such that p(C;) = p(C;) = C; # C; OR

C; # Cj = p(C;) = p(Cy).

Examples
1.
The first case in the inference-II is the example of the one to one function.

2.
The second case in the inference-II is the example of not injective function.

5.3.2 Onto Function (Surjective Function)
A function p : C — M is said to be Onto Function if for every

M; € M,3C; € Csuch that p(C;) = M;. Thatis, every element of M has pre-
image in C. Alternately, the function is onto iff R(C) = M. Itis also called as

Surjective function.
A function p : C — M is said to be not onto function if R(C') C M or

Jat least one M; € M, such that p(C;) # M;, V. A function which is not onto
function is known as into function.

Examples

1. The Case-3 in the inference-II is the example of onto function.



2.
The Case-4 in the inference-II is the example of not onto (Into) function.

5.3.3 Bijective Function
A function p : C — M is said to be Bijective Function if it is Injective as well as
Surjective function. Thatis, C; # C; = p(C;) # p(C}) and
M, e M, E|Cj € C'such thatp(Cj) = M,;.

A function p : C — M is not bijective function if it is not injective or not
Surjective or not both [8].

Remarks
1.
A function is bijective iff |C| = |M|.
Examples
1.
The Case-5 in the inference-II is the example of onto function.
2

The Case-2 and Case-4 in the inference-II are not bijective functions.

5.3.4 Constant Function
A functionp : C — M is called Constant Function if |[R(C)| = 1 i..

p(C1) = p(Cs) = p(C3) - -+ = p(C|¢|) = Mo.

The constant function has only one element in it’s range set.

Examples

1.
The Case-6 in the inference-II is the example of constant function.

Special Types of Functions

1.
Identity Function: A function p : C' — C'is called the Identity Function if

p(CZ) = CZ for alls.
2. Characteristic Function of a Set: Let U be the Universal set, and C be the subset
of U. The characteristic function ¢¢ : U — {0, 1} defined as

1; if C
Yolz) = {0; ifz Z C}'



Composite Function: Letp : C — M and h : M — G be two functions. The
composite function of p and h are denoted by hop and defined ashop : C — G is
a function such that

hop(c) = hlp(c)]; Vee C

Note: The composite function hop is defined only when the range of p is a
subset of the domain set of h.

Therefore, hop : C — G
hop(c) = h[p(c)] = h[2¢+ 1] = 3(2¢+1); Vee C

hop(1) = h[p(1)] = h[3] = 9, hop(2) = h[p(2)] = h[5] = 15,

hop(3) = h[p(3)] = h7 = 21 and hop(4) = h[p(4)] = h[9] = 27
Note:

i.
The composite function may or may not be bijective.

ii.
The composite function is bijective if both the functions are bijective

Inverse Function: Let p : C — M be a bijective function then the function
p~!: M — Cis called the Inverse function and defined as
p 1(m) = ciff p(c) = m.

[t is also known as Invertible Function.

Note: The inverse function is also bijective function.

Example 5.2 Give examples of the following types of functions by diagrams/pictorial
representations.

(a) Injective (1-1) but not onto



(b)

onto but not 1-1

Neither 1-1 nor onto

(d)

1-1 and onto

Solution
1. Pictorial Representations

(a)

1-1 but not onto

Shital

(b)
Onto but not 1-1

Atharva
Shambu
Omkar

Pratima

Sushama

(c) Neither 1-1 nor onto



Atharva
Shambu
Omkar
Pratima
Sushama

(d)

Onto and 1-1

Archana

Atharva
Shambu
Omkar
Pratima

Harshada

Sushama

2. Mathematical Functions

a.

1-1 but not onto: Let p : N — N be a function on the set of Natural numbers
N such that p(n) = 2n for all n in N. So, the function is 1-1.
Furthermore, the range set of p is R(p) = {2,4,6,8...,2n,...}. The odd

numbers do not have pre-image in the domain set. Therefore, the function p
is injective but not onto.

Onto but not 1-1: Letp : {—2,—1,0,1,2} — {0, 1,4} be a function such that
p(n) = n?for all nin N. The square of 1 and - 1 is 1, thatis 1 and - 1 are
related to 1. Therefore, p is not injective function. But, the function p is

surjective as every element in the codomain set has pre-image in the domain
set. Hence the result.

Neither 1-1 nor onto: Letp : {—2,—1,0,1,2} — {0,1,4,9} be a function
such that p(n) = n? for all n in N. The function p is neither 1-1 nor onto.
Injective and Surjective: Let p : R — R be a function on the set of real

niimhare ciich that /nf/n\ — 21 1 Thic fitnrtinn nic iniartivia ac uaall Aac
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surjective.

1

Theorem 5.1 Ifp: C — M is bijective function then p~ " is unique.

Proof Suppose p~! is not unique, so there are two inverse functions say h and k. Let
C; and C, be any two elements in C then there exists m in M such that

p_l(m) =C1 = h(m) =4 :>p(01) =m
pil(m) =0y = k(m) =0y = p(Cg) =m

= p(C1) = p(C7), but the function p is 1-1 function.
.. Cp=Cy = h(m) = k(m),Ym € M.
Therefore, h = ki.e. h and k are equal functions.

Theorem 5.2 Ifp:C — M and h : M — G are two bijective functions then
hop : C'— G is also a bijective function.

Proof Let(Cy,Cs € C and suppose hop(C;) = hop(Cs)
hlp(C1)] = h[p(Cs)] = p(C1) = p(C2) = C1 = C.

Therefore, hop is 1-1 function?

Let g € G be any element. 3m € M such that h(m) = gand
de € C suchthat p(c) = m.

= g = h(m) = h[p(c)] = hop(c). Therefore, hop is onto function. Hence, hop is
bijective function.

Definition: Floor Function and Ceiling Function
The Floor function of a real number p is denoted by |p| and defined as the largest

integer that is less than or equal to p. The Ceiling function of a real number p is
denoted by [p]| and defined as the smallest integer that is greater than or equal to p

[8].

Forexample, 3| =1,|5] =0,[5"] =0, | 5| = —1,[10] = 10 = [10].

Properties of the Floor and Ceiling Functions are given below. Here n is an integer.

[p] =niffn—1<p<mn,
[p] =niffp<n<p+1,
lp| =niffn<p<n+1,
lp] =niffp—1<n<p,
p—1<[p|<p<[p]<p+1,

[—p] = —[p],



* [-p] = —[p],
* [p+n]=[p]+n
* lp+n]=lp|+n

Example 5.3 Prove or disprove that [z + w]| = [z] + [w] for all real numbers z and
w.

Solution This type statement is true in many cases, but it is false for the ceiling

function. For a counter example, take z = % and w = %.Therefore,

[z] =1, [w] =1,but [z+w|=[1]=1.

Example 5.4 Prove or disprove that |z + w]| = |z] + |w] for all real numbers z
and w.

Solution This resultis not true for all real numbers. Take z = % and w = %

Therefore, |z| =0, lw| =0, but [z +w] = |1| = 1.

Example 5.5 Let C and M be the set of positive real numbers such that
m > 13,Ym € Mandp: C — Mand h: M — C are defined as p(c) = ¢ + 13

and h(m) = v/m — 13. Prove that p is bijective function and h is the inverse of p.

Solution Letp(c;) = ¢;® + 13 and p(cy) = c5® + 13. Suppose p(c;) = p(cs).
=c’+13=c’+13=ci=c = pis 1-1 function.
For any m € M,Jcsuch thatp(c) =m =+ 13=m =c=Vm — 13 € M.
Therefore, p is onto function. Thus, p is bijective function. Moreover,p ! = h = h
is also bijective function.

Example 5.6 Determine whether the function p is bijective or notifp : Z — Z such
that

p(n) = 5; ifwiseven
:“’T_l; if wis odd

where Z is the set of integers.

Solution Letn and m be two integers.
Case 1: If n and m are odd integers.




Case 2: If n and m are even integers.

p(n):p(m)ég: =n=m.

m
2
Case 3: If n is even and m is odd.

m—1
2

n
p(n):p(m):>§: =n=m-1=>n—-m=1=n#m.

Therefore, the function p is not 1-1 function. Thus, p is not bijective function.

Example 5.7 Let p and h be the functions on the set of real numbers such that
p(x) = ax? + band h(z) = cz? + d, where a, b, ¢, d are real numbers. Determine for
which values of constants poh(z) = hop(z).

Solution We have

poh(z) = hop(z) = plh(z)] = h[p(z)]

plcx?® + d] = hlaz? + b)

a(cz? +d)° + b= claz® +b)> +d

a(c?z* + 2cdz? + d?) + b = c(a®z* + 2abz® + b%) +d
Coefficients of z* in LHS = Coefficients of 2% in RHS and
Coefficients of z* in LHS = Coefficients of % in RHS

= ac? = ca® and 2acd = 2abc

=c=aandd =0»

Example 5.8 Show that the functions such that h(z,y) = 4+ y and p(z, y) = zy are
onto but not one-one.

Solution
(1)
Every element of the N can be expressed as the sum and the product of the two
elements of N. Therefore, the functions h and p are onto functions.
(ii)
Let (z1,y1) and (x2,y2) € N x N
h(z1,y1) = h(22,y2) = 1 + Y1 = T2 + Y2 = may bez1 # zzand y1 # Y2
eg,r1 =10,z = 13and y; = 6,y2 = 3.
Therefore, h is not one-one function.
Now, p(z1,y1) = p(z2,y2) = T1y1 = T2y2 = may bez; # z2and y; # yo.
e.g,x; = 10,29 = 20and y; = 6,y2 = 3.
Therefore, p is not one-one function.



5.4 Infinite Sets and Countability: Experiential Learning
(A)

Brainstorming Experiment-III

Let H be the set of all existing words in English language. We can count these words,
but there are many English words. If H; is the possible number of words then in all

circumstances, H; is the proper subset of H as there could be a word which is notin H.
Let’s consider the following inferences.

(B)

Inferences-III

In Experiment-I, we have observed the following probable special inference.

1.
For any H;, it is a subset of H. This concept leads to the definition of Infinite Set.

(€)
Mathematical Insights-III

5.4.1 Infinite Set

A set H is said to be an infinite set if there exists an injective function p : H — H such
that p(H) C H,i.e, p(H) is a proper subset of H. Otherwise, it is finite set [2].
Properties of Infinite Set

1.
If H is an infinite set then H x H and P(H) are infinite sets.

2.
If H # ¢ and K # ¢ and either H or K is an infinite set then H x K is an infinite

set.

If either H or K is an infinite set then H U K is an infinite set.
If H is an infinite set and H C K then K is also an infinite set.
If H and K are infinite sets then H N K may or may not be an infinite set.

A subset of an infinite set may or may not be infinite.

Examples:
Example (1) Letp : N — N such that p(n) = 2n,Vn € N, where N is the set of

natural numbers. The range set p(N) = {2n/n € N} C N. Therefore, N is an infinite
set.

5.4.2 Countable Sets



We know that, the set of natural numbers are used to count the objects. Let’s use the
flavor of set of natural numbers with the function and define the countable sets.

Definition: An infinite set H is said to be countable set, if there exist a bijective
function p : N — H. Therefore, the set H can be written as

p(H) = {p(1),p(2),p(3),---,p(n),...}.

Alternately and more precisely, the definition of countable set is given below.

An infinite set H is said to be countable set if there exist a bijective function
p: N; — H,where, N C N.

Notes

A countably infinite set is known as a denumerable set.
ii.
Every finite set is countable.
iii.
The empty set ¢ is countable.
iv.
If H and K are countable sets then H U K and H N K are countable sets.
The countable union of the countable sets is countable.

Examples
Example 5.9 Prove that the set of integers is countable.
Solution Definep: N — Zas

p(n) =2, ifn=1,3,5,...

:%n, ifn:0,2,4,...

The function p is bijective function. Hence the result.
Example 5.10 Prove that the set of rational numbers is countable.

Solution Let’s define the functionp : Q — Z x N, where Q, Z, and N are the set of
rational numbers, integers, and natural numbers, respectively, as
m

P<—) = (m,n),Vm € Q where, (m,n) =1.
n n

The function p is injective. The Cartesian product of countable sets is countable.
Hence the proof.



Example 5.11 Prove that the set of real numbers in (0, 1) is not countable.

Solution Assume that the set is countable. Any real number in (0, 1) can be written
in a unique decimal without an infinite string of 9’s at the end. i.e., 0.13499999 can be
represented as 0.13400.

Let the infinite countable sequence be given as

1—)h1=0...21311.731221313
2—>h2=O...:1:21:c22:1323
3—>h3=O...$31£U3221333

n—h,=0...Cp1Tp2Tn3 ...

Now, construct a new number in (0, 1) as = 0. by bs b3 by . . . such that

b; # T, Vi

Hence, z # h;, Vi

Therefore, x is not in the list {hy, hy, h3, hy,...,hy,...}. Thus, z € (0,1) but not
in the list {h1, ha, h3, A4, ..., hy,...}. This is contradiction to assumption that the
set is countable. Hence the proof.

Example 5.12 Prove that the set of real numbers R is not countable.

Solution We know thatif H C M and H is not countable then M is also not
countable. We have (0,1) C R and the set of real numbers in (0, 1) is not countable.

Hence, the set of real numbers is not countable.

5.5 Pigeonhole Principle: Experiential Learning
(A)

Brainstorming Experiment-1V

Suppose, there are 10 different books of Discrete Mathematics in the departmental
library and 9 students are studying this course. How could we distribute all these
books (10 books) among 09 students? How could we distribute 10 books among 03
students?

Let’s consider the following inferences.



(B) Inferences-IV

In Experiment-II, we have observed the following special inferences.

1.
There is a student who receives two books of Discrete Mathematics.

There is no one to one relation between Books and Students. That is, the many to
one function which leads to the concept of the Pigeonhole Principle.

In the second case, give 03 books to each student and one book to any one of
them. Therefore, one student receives 04 books and other two students receive
03 books each. This case demonstrates the Generalized or Extended Pigeonhole
Principle.

(©)
Mathematical Insights-1V

Pigeonhole Principle

Statement: If there are p + 1 Pigeons and only p pigeonholes then two pigeons will
share the same hole. Alternately, for any positive integer p, if p + 1 objects are placed
into p boxes then at least one box containing two or more objects.

This principle is also derived from the concept of the function. If there are two sets
Pand H such that |P| > |H|and p : P — H is a function then at least two elements
of the set P have the same image in H. That is, the function p is not one-one function
from Pto H [2, 4].

Example 1: If there are 366 students in the department of Mathematics in 2025
then there must be at least two students having the same birthdate. (There are only
365 different dates in 2025).

The Generalized Pigeonhole Principle: If p objects are placed into h boxes and
p > h then there is at least one box containing at least (%-‘ objects, where [ | is the

ceiling function. OR
If p objects are placed into h boxes and p > h then there is at least one box

containing at least V—;lJ + 1 objects, where | | is the floor function.

Proof Assume that each box contains at least V—;lJ objects. Therefore, the

maximum number of objects in all the boxes = h VT_lJ <h (p—;l) . But,

V—;lJ < (pT_l) So, the maximum number of objects in all boxes is < p — 1, which

is the contradiction as the total number of objects is p.

Example 5.13 shows that if 13 colors are used to paint 100 bicycles, then at least 8
bicycles are of the same color.



Solution By the generalized pigeonhole principle, at least [%W = [%W =38

bicycles will have the same color.

Example 5.14 If there are 13 boys and 15 girls in a class and these students are lined
up in a row then show that at least two girls will be next to each other.

Solution This example is the analogy of placing 15 objects in 13 boxes. Here, the
number of objects are more than the number of boxes. Therefore, by the pigeonhole
principle, there must be at least two girls nest to each other.

Example 5.15 Find the minimum number of students in the class such that 5 of them
are born on the same month.

Solution We have, h=12 and
[2]1=5 = [&]| =5= [p] = 60. This is the maximum value of p. The

minimum valueisp = 12 x 4 4 5 = 53.

Example 5.16 In a class of 64 students, how many of them are born on the same
month?

Solution Here,p=64,h=12,
Therefore, the number of students born on the same month is

S DAt B (L k) Y
| ~ |12 -

5.6 Discrete Numeric Function: Experiential Learning

Discrete Numeric Function
A function whose domain set is countable set and the codomain set is a subset of the
uncountable set is called a discrete numeric function. It is also known as a sequence.
Itis a function p : N U {0} — R. The values of functionp at0, 1, 2, 3, ... are,
respectively, denoted by p(0), p(1), p(2), p(3), ... [4]-

The discrete numeric function p can be written as

p= {p(0)7p(1))p(2))p(3)) .. } = {poap17p2ap3) .. }
Examples
Example 5.17 Let

p, =37 if0<r<4
=r ifd4<r



The discrete numeric function can be written as p = {1, 3,9, 27,81,5,6,7,8...}.
Example 518 Letp, = 0.1 x r;¥r. Therefore, p = {0,0.1,0.2,0.3,...}.

Properties of Discrete Numeric Function
Let p and q be two discrete numeric functions and a and b are constants.

1.
Addition: h = p + qis a discrete numeric function defined as h,, = p, + gq;.

Multiplication: h = p X qis a discrete numeric function defined as h,, = p, X gq;.
Scaling: h = a X pis a discrete numeric function defined as h, = a X p;.
Linearity: h = ap X bq is a discrete numeric function defined as h, = ap, + bq;.

Convolution of Two Functions: h = p * g is a discrete numeric function defined as

r

hr = anCIr—n = poqr + P19r-1 + P2qr—2 + P3qr—3 + -+ - + Drqo.
n=0

Finite Differences of Discrete Numeric Function

Shift Function: The shift function of the discrete numeric function is defined as
E[pr] = DPr+1-
In general, E™[p,] = pr+nand E~"[p,] = Dr_n.

Forward Difference: The forward difference of the discrete numeric function is
defined as

Ap, = Pri1 — Prsr 2 0.
Backward Difference: The backward difference of the discrete numeric function
is defined as

Vp, =p, —pr—1;7 > L.

Examples

Example 5.19 Ifp, = 5";r > 0 then find



(@) E*[p/]

b
©) pop

Solution

(a)
We have E4[p,] = p14 = 5" = 625 x 5"

(b)
We have,

Azpr = A(Apr)
= A(prJrl - pr)
= Apri1 — Apy
= Pri2 — Pri1 — (Pri1 — D7)

A2p7’ = DPr+2 — Dr+1 — (pr—l—l - pr)
= DPr4+2 — 2pr+1 + pr

5.7 Case Studies and Projects

The following case studies/projects are given for improving and developing deep
understanding of the concepts.

1.
Design an examples from daily life that follow the function and its all types.

Election voting system and associated functions.

Applications of countable and uncountable sets. Design your own 10 examples of
countable sets and 10 examples of uncountable sets.

Make a report on applications of Pigeon hole principle in real life (Five
Applications)

Importance of discrete numeric functions and applications.
Exercise

1. Design an examples of the following

i.
Relation but not function



ii. Function but not 1-1 function

iii.
Function but not onto function

iv.
1-1 function and onto function
V.
1-1 function but not onto
Vi.
Onto but not 1-1 function
Vii.

Into function but not 1-1 function

2.
Prove that the composition of bijective functions is a bijective function.
3.
Prove thatf, g: N x N - N as f(x, y) =x +y and g(x, y) = xy are onto functions but
not 1-1 functions.
4.
Prove that all numbers lie on the positive x-axis are uncountable.
5.
The set H={a +ib/ a and b are integers} is countable.
6.
Show that 7 colors are used to paint 50 bicycles, then at least 8 bicycles are of
the same color.
7.
If H={1, 2, 3, ..., 100}, show that any function from H to H which is 1-1 must be
onto, and conversely.
8.
List all possible functions from the set H={p, q, r, s} to the set M ={1, 2, 3}and
specify the types of the function with proof.
0.
Prove that N x N is countable set, where N is the set of natural numbers.
10.
In a group of 100 people, how many of them will have the same birth day.
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“Logic and mathematics are nothing but specialised linguistic
structures”
—Jean Piaget

Abstract

This chapter illustrates how Logic and Mathematics are specialized
specialized linguistic structures. Mathematics is the language of science
and technology. The logic assists us in deciding the validity of the
arguments. The truth and falsity of the arguments are directly validated
by mathematical theory. This chapter explains the concepts of different
types of propositions, truth tables, connectives, inferences, properties,
and quantifiers through the brainstorming activities or experiments.
This chapter explains truth tables and various logical operations such
as Conjunction, Disjunction, Conditional and biconditional statements
through an innovative approach to the operations of set theory. This
analogy enhances the understanding of the concepts and their
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applications in different ways. Furthermore, it elucidates the concepts
of tautology and contradiction with suitable examples. It also helps to
improve the mathematical and logical thinking of the readers through
the concepts of Algebra of Propositions, quantifiers and its applications.
Furthermore, this chapter explores the hypothesis of the concepts of
conditional and biconditional statements. The chapter concludes with
case studies and exercises aimed at connecting theoretical relational
structures to real-world applications across various disciplines.

Keywords Truth table - Logical statements - Algebra of propositions -
Logical equivalence - Quantifiers

6.1 Introduction

Mathematics plays an imperious role in increasing the gray matter of
the brain. The mathematical thinking is more precise and accurate as
compared with others. It aids in fast and more pragmatic decision-
making. The average aptitude of mathematics students is better than
other students. Logical thinking is essential for understanding difficult
concepts and topics. The logic assists us in deciding the validity of the
arguments. The truth and falsity of the arguments are directly validated
by the mathematical theory. This chapter explains the concepts of
different types of propositions, truth tables, connectives, inferences,
properties, and quantifiers [1, 2].

6.2 Propositions and Compound Statements:

Experiential Learning

Let’s consider the following brainstorming Experiment-I for
understanding the concept of the propositions and compound
statements

(A)

Brainstorming Experiment-I

Many students are playing a game of telling the non-related
consecutive sentences. That is, there should not be any relation
between two sentences. Suppose, the first sentence is “Mr. Atharva is a



clever boy.” So, the second sentence must be free from the words
Atharva, clever and boy. The second sentence may be “Delhi is the
capital of India or Today’s weather is glossy.” Moreover, if Mr. Atharva is
a clever boy then Delhi is the capital of India. This sentence has no
meaning in Mathematics. The connected sentences must be logically
significant.
In real life, we come across many situations where the following
statements are used.
i.
Mr. Atharva is a clever boy.
ii.
Mr. OmKkar is honest, and he is very sincere.
iii.
If Atharva is a hardworking boy, then he will get excellent
percentile in the examination.
1v.
Omkar is very sincere in his studies iff he will get a good
percentage in his B. Tech. examination.

Let us understand the inferences in different ways.

(B)

Inferences-I

In Experiment-I, we have observed the following special inferences.

The statement (i) is a single sentence. We call it as a proposition
or statement.

il.
The statement (ii) involves two sentences that are connected by
“and.” This is the compound proposition.

iil.
The statement (iii) is a compound proposition connected by “If...
then....". This is known as the Conditional proposition.

iv.
The statement (iv) is compound statement having “If and only if”
connectives. This is called as Biconditional proposition.

(C) Mathematical Insights-I



Consider the following mathematical insights that are obtained
from Experiment-I.

Propositions or Statements
A declarative sentence which is either true or false but not both, is
called a Proposition or Statement. The truth and the falsity of a
statement is called it’s truth value.

“T” or “1” and “F” or “0” are used to denote the truth value and false
value [3].

Examples

1.
There are 25 days in a month of August.

13+5=18
X+5=17
There are seven days in a week.

There will be rain tomorrow in Pune

Examples (2) and (4) are true sentences and example (1) is false.
So, the sentences given in examples (1), (2), and (4) are statements of
propositions. But, in example (3), the truth value of an equation
depends upon the value of X. If X=12, then the equation is true,
otherwise it is false. Therefore, the sentence (3) is not a statement.

We can'’t predict the rain, but it will be decided by tomorrow and it will
be either true or false. Hence, example (5) is a statement.

In broad spectrum, there are only two laws of the formal logic. The
law of contradiction means the statement cannot be true and false. The
law of omitted middle means there is no any possible stage between
True and False.



Compound Statements: A statement or proposition which is
formed by using two or more primary statements, is called a compound
statement.

The statements given in the experiments (ii), (iii), and (iv) are
compound statements.

6.3 Basic Logical Operations: Experiential

Learning

From Experiment-I, the inferences (ii), (iii), and (iv) are used the logical
connectives for connecting two propositions together.

A statement is called an atomic or primary or primitive statement if
it can’t be further divided into simple sentences. There are many
connectives in languages (i.e.,, NOT, AND, OR, BUT, ...), but these
connectives are flexible in their meanings, and leads to imprecise and
unclear interpretations. However, Mathematics is a language of science
and technology having very precise meaning and interpretations [1, 4].

Let’s consider the following special connectives in mathematics
having the precise meaning depicted in Table 6.1.

Table 6.1 Connectives in mathematics

S.No [ Name of connectives | Symbol or notation
1 Negation —or~

2 And or Meet A

3 Or (Join) V

4 If... then —

5 If and only if >

e.g., let p: Atharva is studying in 10th standard

and g: Atharva is learning basic algebra.

Therefore, the compound statements by using the connectives are
as follows.

e Atharva is studying in 10th standard and Atharva is learning basic
algebra, i.e., p A q.



e Atharva is studying in 10th standard or Atharva is learning basic
algebra, i.e, p V q.

e If Atharva is studying in 10th standard then Atharva is learning basic
algebra, i.e, p — q.

e Atharva is studying in 10th standard iff Atharva is learning basic
algebra, i.e, p < q.

6.4 Propositions and Truth Tables

The truth tables are formed by using the truth value of the statement
formulae. Let’s consider the following truth tables of the various
statements.

6.4.1 Negation

The negation of a statement h is designed by writing “It is false that”
before the statement h or putting the word “not” in the statement at the
proper place. Notation: ~ h. The negation is an unary connective as it
requires only one statement [6].

The truth table of negation is depicted in Table 6.2.

Table 6.2 Truth table of negation

h ~h
T
F T
Example 6.1
Sr. No. [Statement h Statement~h
1. M is the capital of T state | M is not the capital of T state

[t is false that M is the capital of T state

[t is not the case that M is the capital of T state
2. x>10 <10

~ p: Itis false that x > 10

3. p+s=25 p+s#25




6.4.2 Conjunction

A conjunction h A m is designed by joining two primary statements h
and m, by using the connective “AND.” The statement h A m is T if both
h and m are true, otherwise false.

The truth table of A A m is depicted in Table 6.3.

Table 6.3 Truth table of negation

h M hAm
T T T
T F F
F T F
F F F

Examples Example 6.2: Let h: p be an element in B, m: p be an
element in M.

There are the following possibilities for B N M.

1.
Ifpe Bandp € M thenp € BN M.

2.
Ifp e Bandp € M thenp ¢ BN M.

3.
Ifp¢Z Bandp € M thenp ¢ BN M.

4.
IfpZ Bandp € M thenp ¢ BN M.

These four cases are depicted in Fig. 6.1.



Case |

Case 2

Case 3

I

Case 4

Fig. 6.1 Settheory approach for conjunction

Consider the following truth table that represents the rule of
conjunction by using the above properties of the union two sets. In this,
H=set of integers in —oo < & < 10 and K= set of integers in

0<z < ox.

Sr.No. |h m Conjunction statement |h A m
1. zrceH |xr€K |x€Handze K T
True True True
(ie,5) |(e,5 |(ie,5)
2. zrceH |xr€K |x€Handze K F
True False False
(i.e,-13) | (i.e, -13) | (i.e, -13)
3. zrceH |xr€K |x€Handze K F
False True False
(i.e,15) |(ie., 15) |(ie.,15)
4. zrceH |xr€K |x€Handze K F
False False False
(i.e, 2.5) |(ie, 2.5) |(ie.,2.5)




Example 6.3
Sr. |h m Conjunction statement hAm
No.
1. |10>7(T) 7 is a prime 10 >7 and 7 is a prime number T
number (T)
2. |11,025isthesquare |4 isaprime 11,025 isthe square of 105and 4isa |F
of 105 (T) number (F) prime number
3. |[5isasquarerootof |11isaprime 5isasquarerootof 10 and 11isa F
10 (F) number (T) prime number
4. [(3+10=15(F) 15+10=20(F) |[3+10=15and15+10=20 F

6.4.3 Disjunction

A disjunction (h V m) of two primary statements h and m is designed

by using the connective “OR.” The statement h V m is F if both h and m

are false, otherwise it is true [6].
The truth table of A V m is depicted in Table 6.4.

Table 6.4 Truth table of disjunction

h m hVm
T T
T F T
F T T
F F F
Example 6.4
Sr. |h m Disjunction statement hVm
No.
1. [10>7(T) 113 isa prime 10 >7 or 113 is a prime number T
number (T)
2. [11,025isasquare of |4 isaprime 11,025 is the square of 1050r4isa |T
105 (T) number (F) prime number
3. [5isasquarerootof |11isaprime 5isasquarerootof 10 or 11isa T
10 (F) number (T) prime number
4. |3+10=15(F) 15+10=20(F) 3+10=150r15+10=20 F




| Example 6.5 Let h: p be an element in B, m: p be an element in M.

There are the following cases.

(1)
Ifpe Bandp € M thenp € BU M.

(2)
Ifpe Borp ¢ M thenp € BU M.

(3)
Ifp¢ Borpe Mthenp € BU M.

(4)
Ifp& Borp & Mthenp ¢ BU M.

These four cases are depicted in Fig. 6.2.

H K H K
° [+]
p P
Case 1. Case 2.
p
H K H ’ K
(-]
p
Case 3. Case 4.

Fig. 6.2 Set theory approach for disjunction

Consider the following truth table that represents the rule of
disjunctions by using the above properties of the union two sets. In this,




H=set of integers xin —oo < z < 10 and K = set of integers such that
0 <z < o0

Sr.No. | h m Disjunction Statement | AV m
1 xe H xe K xc€ Horx € K T
True True True
(ie, 1) (ie, 1) (ie, 1)
2 xe H xe K xc€ Horx € K T
True False False
(i.e,-100) | (i.e., -100) | (i.e., -100)
3 xe H xe K xe€ Horx € K T
False True False
(i.e, 150) |(i.e, 150) [(i.e., 150)
4 xe H rxe K xe€ Horx € K F
False False False
(i.e, 2.55) |(i.e, 2.55) |(i.e., 2.55)

6.4.4 Conditional Statement (If... then...)

A conditional statement of two simple statements h and m is denoted
by h — m and it is read as “If h then m” or “h only if m” or “h implies
m.” In the statement h — m, the statement h is called the Hypothesis or
antecedent and m is called conclusion or consequent [1].

The truth value of h — m is false if h is true and m is false,
Otherwise it is true.

The truth table of the conditional statement is depicted in Table 6.5

Table 6.5 Truth table of conditional statement

h m h—m
T T T
T F F
F T T
F F T

Note The two logical statements can give the meaningful
interpretations. Otherwise, the conditional statement will become the



irrelevant or meaningless. For example, h = Atharva is a clever student
and m = K is the capital of State. The conditional statement of h and m is
as follows

“If Atharva is a clever student, then K is the capital of India.” There is
no any relation between h and m. That is, h and m are not logical
statements.

Examples Example 6.6: Let H C K C U. The following diagram
depicts the all possible cases of the set and it's subset.

1. True
2. True

3. True

Fig. 6.3 Set theory approach for conditional statements

6.4.5 Biconditional Statement (If and only if or iff)

A Biconditional statement of two simple statements h and m is denoted
by h <+ m and it is read as “h if and only if m” or “h iff m” or “h implies
and implied by m” or “h is necessary and sufficient for m.” The truth
value of h <+ m is true if h and m have the same truth value, i.e., either
both are true or false. Otherwise, it is false [1].



The truth table of the biconditional statement is depicted in Table
6.6.

Table 6.6 Truth table of conditional statement

h m h <+ m
T T T
T F F
F T F
F F T
Examples
1

. Leth:x=5and m: x+13=18.

We have, if x=5thenx+13=5+13=18and ifx+13 =18 thenx =
5.Thus,x=5iff x+ 13 =18.

2.
Find the truth table for “An integer is an even iff it is divisible by

2 .H

Let h: vis an integer divisible by 2 and m: v is an even number.

Consider the following table.

Sr. |h m Biconditional statement h < m
No.
1. |[122isaninteger 122 isaneven |122 isan integer divisible by 2 iff 122 is |T
divisible by 2 (True) number an even number
(True) (True)
2. |12isaninteger divisible |12 isaneven |12 isan integer divisible by 2 iff 12 is F
by 2 (True) number not an even number
(False) (False)
3. |200is aninteger 200 isaneven 200 is not divisible by 2 iff 200 is an F
divisible by 2 (False) number even number
(True) (False)
4. |26isaninteger divisible |26isaneven |26 isan integer notdivisible by 2iff 26 |T
by 2 (False) number is not an even number

(False) (True)




6.4.6 Special Statements
If h — m is a conditional statement then

1.
It's converse statement is m — h.

2.
[t's inverse statement is ~ h — ~ m.

3.
It’s contrapositive statement is ~ m — ~ h.

6.5 Tautology and Contradiction: Experiential

Learning

There are numerous circumstances in which either all statements are
correct or all statements are false. Suppose in university examinations a
particular student gets distinction in all subjects or a particular student
don’t get distinction in any subject.

Such types of similar situations are represented by tautology and
contradiction in Mathematics.

Tautology: A statement formula which is always true, for all
possible values of its propositional variables is called a tautology.

Let’s consider Table 6.7.

Table 6.7 Connectives in mathematics

h |~h |hv~h |h—h |~(hA~h)
T |F |T T T
F|T |T T T

Therefore, the statement formulas h V ~ h, h — h is tautology.

Contradiction: A statement formula is false, for all possible values
of its propositional variables is called a contradiction.

A formula h A ~h is a contradiction.

Contingency: A statement formula that is neither tautology nor
contradiction is called a Contingency.



6.6 Logical Equivalence

In real life, we have observed that there are numerous similar things
with respect to particular attributes. That is, two cars are similar with
respect to their average. Two students are similar with respect to their
height and weight. Likewise, in logic, we can say that two formulas are
similar with respect to their truth values.

Two statements are logically equivalent iff they have the same truth
values, for all possible choices of the truth values of the statements
involved in it. Two formulas are equivalent even if they have different
variables [1, 6].

If P is equivalent to Q then it is represented as P < Q) or P = Q.

The symbol < is not connective. So, < and <+ have different
meanings in the logic theory.

For example, h — (m V p) = (h — m) V (h — p). The readers can
prove this by truth table.

Logical Identities: The following are some logical identities.

Sr. No. | Name of identity Expression of identity

1. Idempotence of V P=pVp

2. Idempotence of A P=PAD

3. Commutativity of hvm=mVh

4, Commutativity of A hAm=mAh

5 Associativity of V pV(hVm)=(pVh)Vm

6. Associativity of A pA(hAmM)=(pAh)Am

7. Distributivity of A over V |[p A (hV m) = (pAh)V (p Am)
8. Distributivity of V over A |[pV (R Am) = (pV h) A (pV m)
9. Double Negation h=~ (~h)

10. |De Morgan’s Laws ~ (hVm)=~hA~m

11.  |[De Morgan’s Laws ~(hAm)=~hV~m

12. Tautology hV ~h=T

13. Contradiction mA~m=F

14.  |Absorption Laws hv (hAm)=h

15.  [Absorption Laws hA(hVm)=h




6.7 Algebra of Propositions

The conjunctions (product) of the variables and their negations is
called an elementary conjunction or fundamental conjunctions. If p and
q are statements then h,~h,m,~m, h A m,~ h Am, hA\ ~ m,

~ hA\ ~ m are called elementary conjunctions.

The disjunctions (or sum) of variables and their negations is called
an elementary disjunction or fundamental disjunctions. The
expressions or formulae h,~h, m,~m, hV m,~ hV m, hV ~ m,
~ hV ~ m are called elementary disjunctions.

A structured representations of logical expressions according to
some rule is called a Normal form.

Generally, there are two types of normal form depending upon the
nature of conjunctions and disjunctions.

6.7.1 Disjunctive Normal Form (DNF)

An expression or formula, which involves of a disjunction of
fundamental conjunctions or elementary products. It is abbreviated as
DNFE.

The expressions (h A m) V m V (hA ~ m) and

(h A7)V (g A h)V (~ m)are examples of Disjunctive normal forms
[1].

A disjunctive normal form of any formula is obtained by using the
following ways.

1.
In the formula, replace —+ and <> by the by expressions using the

logical connectives A, V, ~.We have,h -+ n =~ hV mand
h< m=(~hVm)A(~mVh).

Use formula to eliminate “ ~"” before sums or products. That is,
~(hvm)=~hA~mand~ (hAm)=~hV ~m.

Apply distributive laws continually.

6.7.2 Conjunctive Normal Form (CNF)



An expression or formula that involves of a conjunction of fundamental
disjunctions or elementary sums. It is denoted as CNFE.

The expressions (h V m) A (hV ~ m) and
(~hV7r)A(qV h)A(~rVh)are examples of conjunctive normal
forms.

6.8 Conditional and Biconditional Statements:

Experiential Learning

(1)
Conditional Statement: Profound Insights

Let us identify the situations having the first statement h is the
necessary condition for the second statement m. Moreover, h is the only
necessary condition for m but not sufficient condition for existence of
the statement m. We can write this as h — m.

For example, let h: x is an integer having zero at it’s unit place and
m: x is an even number. Here, h is the necessary but not sufficient
condition for m. If x is an integer having zero at it’s unit place, then x is
an even number. However, the integer 14 has not zero digit at it’s unit
place, but 14 is an even integer. We represent this as h — m.

What will happen if we take m as the sufficient condition. For
example, h: X is divisible by 2 and m: x is an even integer. In the
conditional statement, if h is Fand m is T then h — m is T. But, in this
example, h is false and m is true means x is not divisible by 2 and x is an
even integer. Furthermore, h — m for this case is “if x is not divisible by
2 then x is an even number.” This statement is false. The actual meaning
of h — m is false but by the truth table it is true. Hence, h must be only
necessary condition for the existence of m.

(2)
Biconditional Statement: Profound Insights

The statement h is the necessary and sufficient condition for the
existence of the statement m. Thatis, h — m and m — hiff h <> m.

Moreover, h <> m = (h — m) A (m — h).

Suppose h: an integer x is a multiple of 2 and m: an integer x is an
even. Here, h is the necessary and sufficient condition for the existence



of m. So, if any one of them is false then other is also false.
In the biconditional statements, h must be the necessary and
sufficient condition for the existence of statement m.

6.9 Arguments: Experiential Learning
(A)

Brainstorming Experiment-III

Let us identify the circumstances or situation in which all final
conclusions are true for all possible values of variables. For example,
consider the statements, h: w is a multiple of 4, m: w is a multiple of 2
and p: w is an even integer.

(B)

Inferences-III

1.
Suppose h is true and h — m is also true. Therefore, wis a

multiple of 4 and if w is a multiple of 4 then w is a multiple of
2. This implies w is a multiple of 2. Thus, h and h — m are
true then these together implies that m is true. (Law of
Detachment)

Suppose h — m is true and ~ m is true. So, “if w is a multiple
4 then w is a multiple of 2” is true and w is not multiple of 2 is
true then w is not multiple of 4. Therefore, h — m and ~ m
together implies ~ h. Thatis, (h — m)A ~m — ~ hisa
tautology. (Rule of Contradiction)

Suppose h — m and m — p. Therefore, if w is a multiple 4
then w is a multiple of 2 and if w is a multiple of 2 then w is an
even number. This implies that, if w is a multiple 4 then w is
an even number, i.e., h — p. This rule is known as
Hypothetical Syllogism

(©)
Mathematical Insights-III



Arguments
In the previous sections, we have discussed about the propositions,
truth table and other aspects. Here and now, we will shade some light
on the methods that help us to connect or link the statements to design
a logically valid argument.

A valid argument is a finite sequence of statements
h1, ho, hs, - - -, hy, called as premises or assumptions or hypothesis
together with a statement C, called as the conclusion such that
(hi ANha A hs A --- A hy) — Cis a tautology.

There are several methods for validating the theorem based on the
rules of inferences, that are given below [1, 3].

4,
Law of Detachment (Modus Ponens)

Whenever, the statements h and A — m are true, then the
statement m is also true. This rule can be represented as follows.

h
h—m

m

The assertions above the horizontal line represents premises or
hypothesis and the below line is called as the conclusion.

This rule creates the valid argumentas “h A (h — m) — misa
tautology.”

As the conclusion m is detached from the premise h and h — m, so
itis called as the law of detachment or Modus Ponens.

5.
Law of Contrapositive (Modus Tollen)

Whenever h — m is true and m is false then h is false, is known as
the law of Contrapositive or Modus Tollen. This is represented as
follows.

h—m
~m

.o~ h



This rule constitutes the valid argument as “
(h — m)A ~ m — ~ his a tautology”.

6.
Disjunctive Syllogism

This rule states that “if h \V mis true and h is false then m must be
true” It is represented in the following form as

hVvm
~ h

m

This rule constitutes the valid argument as “(h V m)A ~ h — m/is
a tautology”.

7.
Hypothetical Syllogism

This rule states that “if h — mand m — pare true and h — pis
true” It is represented in the following form as

h—m
m —p
h—p

This rule institutes the valid argument as “
(h — m) A (m — p) — (h — p) is a tautology”.

Example 6.7 Determine the validity of the statement

x: All my friends are musicians
y: John is my friend
z: None of my neighbours are musicians

c: John is not my neighbour

Solution Let,



h: All my friends are musicians

m: John is my friend

p: None of my neighbors are musicians
s: John is my neighbor

Therefore,

As all my friends are musicians and John is my friend = John is a
musician.

.. h A'm = ]John is musician

h A mA ~ p = John is musician and my neighbors are not
musicians

.. h AmA ~ p = John is not my neighbor

ShAmMA ~p — ~ sistrue

Therefore, the given statement is valid.

6.10 Propositional Functions, Quantifiers:
Experiential Learning
(A)

Brainstorming Experiment-1V

Mathematics is a universally accepted language. Every mathematical
symbol has a unique meaning across the globe. Thus, Mathematics is
the only language used in every part of the world. Ask the students to
write all mathematical symbols and their meanings. Identify the
mathematical symbols that are useful in the discrete mathematics.

(B)

Inferences-1V

Two phrases are very important in the discrete mathematics.

i. For all: It is mathematically denoted by V. (Universal Quantifier)



ii.
There exists: It is mathematically denoted by d. (Existential
Quantifier)

(©)
Mathematical Insights-IV

The predicate h involving k variables hi, hs, hs, . . ., hy is called k-
place predicate and it is denoted by h(hy, ho, hs, . . ., hg), where each
variable h; is called as argument.

The word quantifier refers to an amount of quantity in general. But,
in logic it has only two meanings “for all and for some.” [1]

Types of Quantifiers
i

Universal Quantifier

If h(x) is a predicate and x is an argument, then the universal
quantifier is stated as follows.

“For all values of x, h(x) is true.” The phrase “For all” is denoted by V.

vV means for every or for each or for all. Notation:

“Vx h(x) is true”.
ii.

Existential Quantifier

In real life situations, the predicate is right for only some values of
argument. Suppose Va h(x) is false, but there exists x for which h(x) is
true. Then, we say that x is bounded by existential quantification.

The phrase “there exists x” is called an existential quantifier. It is
denoted by d.

dx p(x) is true means there exists x, such that p(x) is true or for at
least one value of x, p(x) is true.

Note In this context, at least one x means there are some values of x
but not all values.



6.11 Negation of Quantified Statements:
Experiential Learning

(A)

(B)

(©)

Brainstorming Experiment-V

Suppose, a teacher is teaching a subject of discrete mathematics
to students of the second year B. Tech. program. The teacher
makes a statement that “All people present in the class are
students of the second year B.Tech. program.” He asked the
students, whether this statement is true or false. A student told
that this statement is not true as you are present in the class but
you are not a student of the B. Tech. program. That is “not all
people present in the class are students of the second year B.Tech.
program.” This means that there is at least one who is not a
student of this program.

Inferences-V

i.
The negation of “all” is “not all” or “there exists at least one
for which the result is not true.”

ii.
The negation of “there exists” is “for all”

Mathematical Insights-V

Consider the statement Vx h(x). Its negation is “It is not the case
that for all x, h(x) is true.” That means for some x =a, h(a) is not
true OR d x, ~ h(x) is true. The following table depicts the
statements and it’s negations [1].

Statement It's negation
Vw [h(w)] 3w, [~ h(w)]
Jw, [~ h(w)] |V [h(w)
Vw [~ h(w)] 3w [h(w)]

S w [(w)] Y [~ h(w)]




Rules of Inferences

Rule I: Universal Instantiation

Vw h(w)
h(k)

where, k belongs to the universal set.

" Rule II: Existential Instantiation
Jw h(w)
h(k)
where, k is in the universal set for which h(k) is true.

. Rule III: Universal Generalization

h(w)
vV w h(w)

. Rule IV: Existential Generalization

h(a)
3 wh(w)

where k is in the universal set.

(0

Quantifiers in two variables

Quantifiers Expressions

Ju Vw [h(u,w)] |3 avalue of u such that for all values of w, h(u, w) is true

Vw Ju [h(u,w)] |For each value of w, 3 a value of u such that h(u, w) is true

Ju Fw [h(u,w)] |3 avalue of u and value of w such that h(u, w) is true

Vu VY w [h(u,w)] |Forall values of u and w, h(u, w) is true




Examples Example 6.8: Let h (w): wis an even (Multiple of 2)
m(w): wis a prime
r(u, w): u+w is an even integer
Using this information rewrite, the following sentences in the
symbolic form.

(i)
(ii)

Every integer is an odd integer

Every integer is either even or prime
(iii)

Addition of any two integers is an odd integer.

Solution

” Y w [~ h(w)
W 0 thw) v m(w)]
(iii)

VuVw [~ r(u,w)].

6.12 Case Study and Projects

Consider the following case study/projects for deepen the
understanding of the concepts.

1.
Write the list of all Mathematical symbols, their meanings, and

when to use the concerned symbol.

How are the concepts logic useful in designing the digital electronic
circuit?

Develop a game that involves the concepts of logic.

Design an experiment by using the concepts of logic and explain
how this theory helps in making the precise inferences and
boosting decision-makings.

5. Importance of basic logical operations for designing the railway



routes.

Exercise

" Define the following and explain at least one example of each.

a.
Proposition

> Conditional statement
Biconditional statement
Conjunction statement
Disjunction statement
Tautology

Contradiction

Negation of quantifiers.

Prove all logical identities given in the Sect. 6.6.

. Rewrite the following statements by using the quantifier variables
and predicate symbols

a.
All animals can fly

b.
No hen can fly
Some animals can fly

Not all animals can fly

There are animals that cannot fly.



Explain the concepts of Conditional and biconditional statements
by using the sets and subsets.

Explain the concepts of DNF and CNF and design your own
examples of these concepts.
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Mathematics is not about numbers, equations, permutations, computations, or
algorithms: it is about understanding.
—William Paul Thurston

Abstract

Mathematics is not about numbers, equations, permutations, computations, or
algorithms: it is about understanding. There was a special arrangement of soldiers used
in the greatest war of the Mahabharata in India. People who didn’t know mathematical
theory have been using the concepts of permutations and combinations to resolve their
day-to-day issues in more pragmatic ways. This chapter deals with the concept of basic
counting principles by using the brainstorming experiment of the selection of class
representatives from the class. The concept of permutation and related results are
explained by using the concepts selection of Mathematicians for four prestigious
awards namely as per ranking, Abel Prize, Field Medal, Chern Medal and Wolf Prize at
international level. Different real-life examples demonstrate the concept of the
combination and concerned types. Moreover, special applications highlight the
importance of the concepts and enhance the understanding of the students. The
chapter accomplishes with case studies and exercises designed to bridge the gap
between theoretical relational structures and their multidisciplinary applications.

Keywords Counting principles — Basic mathematical functions - Permutations -
Combinations

7.1 Introduction

Numerous circumstances that involve the arrangement of objects or the combination of
objects. In ancient times, the combinations of different animals and soldiers were used
during the war. By considering the actual experiences, the various combinations are
used for getting the success in that activity. There was a special arrangement of soldiers
used in the greatest war of the Mahabharata in India. People who didn’t know the
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mathematical theory have been using the logic of permutations and combinations to
resolve their day-to-day issues in more pragmatic ways.

In this chapter, we deal with the concepts of permutations, combinations, their
different cases, and related examples [1-3].

7.2 Basic Counting Principles: Experiential Learning

Let’s consider the following brainstorming Experiment-I for understanding the concept
of the basic counting principles.

(A)

Brainstorming Experiment-I

Suppose there are 64 students in a class of the first year of a particular program. Out
of these students, there are 40 boys and 24 girls. The head of the department wants to
select two students’ representatives from the class. There are two ways to select the
class representatives.

1.
Select any two students from the class.

2.
Select one boy and one girl students from the class.

In how many ways the concerned authorities can select the class representatives.
Let’s consider the following inferences or observations.

(B)
Inferences-I

In Experiment-I, we have observed the following special inferences.

In the first case, there are 64 possible alternatives for selecting the first class
representative and 63 alternatives for the second-class representative. Therefore,
the total number of ways for selecting two class representatives is 64 * 63 =4032.
This philosophy leads to the concept of the “PRODUCT RULE” of the counting
principle.

There are 40 choices for selecting a boy representative of the class and 24 choices
for selecting a girl representative in the case 2. The total number of ways are 40 +
24 = 64.

This concept demonstrates the “SUM RULE” of the counting principle.

()

Mathematical Insights-I

In Mathematics, there are two basic operations, Multiplication and Addition. By the
flavors of these operations, there are two basic counting principles, known as the
product rule and sum rule.



The Product Rule (The Principle of Sequential Counting)
Suppose, a process can be divided into a sequence of two jobs. If the first job can be
performed in h; ways and the second job can be performed in h, ways then there are
h;h, ways to complete the process.

We have, € and H are two non-empty sets with |C| = m and |H| = n then
|C x H| = m x n,where C x H is the Cartesian product of C with H [4].

Examples

Example 7.1 In Experiment-I, the inference (1) is an example of the product rule of the
counting principle.

Example 7.2 How many different number plates of the vehicle are there, if each plate
involves a sequence of four alphabets followed by three digits? (The number must be
non-zero).

Solution There are 26 alphabets and 10 digits. Therefore, the first four alphabets are
selected by 26 x 26 x 26 x 26 ways and the next three digits are selected by

10 x 10 x 9 ways. Hence, the required number of ways are

26 X 26 x 26 x 26 x 10 x 10 x 9 = 411278400 . For example

4 4 Ja 4 Jo fo [1 |

Extended Product Rule

Suppose the procedure is divided into a sequence of n tasks as 11, 15, T3, - - -, T}, If
each task T} can be done in n; ways, fori = 1,2, 3, - - - , m, then there are

N1 - Ny N3 - - - Ny, ways to complete the procedure. Therefore,
Ty X To X T X -+ X Tip| = ng X ng X ng X -+« X Ny

Example 7.3 If f : C — H is a function with |C| = m and |H| = n then prove that
there are n™ functions.

Solution: There are n choices in codomain set H for every element of the domain
set C. Hence, by the product rule, there aren X n X n X - --m times = n function
from the C to H.

Example 7.4 How many one-one functions are there if f : C — H is a function with
|C| = m and |H| = n.

Solution: Casel: If m > n then there is no one-one function from C to H.

Case 2: Letm < n.LetC = {¢,cs,¢3,...,cn}. There are n ways to choose an
image of c;. As the function is one-one, so there are n - 1 ways to choose an image of
cz and n — 2 ways for the image of cs3. Similarly, there are n — (r — 1) ways for the image
of ¢,. This is the sequential procedure for selecting the images of all elements of the
domain set. Therefore, therearen(n —1) (n —3) (n —4) ---(n—m+1) 1-1
functions from C to H.




Example 7.5 In how many ways a student can answer all questions in an examination
involving 13 true or false questions.
Solution: There are two ways of answering each question {7, F'}. By the product rule,

the number of ways in which all questions are answered is
2X2X2X2X2X2X2X2X2X2x2Xx2x2=213

The Sum Rule
Suppose that a procedure is divided into two disjoint tasks. If the first task can be
executed in h; ways and the second task can be executed in h, ways then there are h; +

h, ways to complete the procedure.

Analogically, by using the set theory, if there are two disjoint sets C and H such that
|C| = m and |H| = nthen |CUH| =m+ n|[5].

Example 7.6 In Experiment-I, the inference (2) is an example of the sum rule of the
counting principle.

Example 7.7 How many ways can we get a sum of 5 or 11 when two different dice are
rolled?

Solution Two dice are different, therefore, (p, ) and (g, p) are different when p # q.

Let E; be the set of ordered pairs having sum 5.
E, ={(1,4),(2,3),(3,2),(4,1)}. There are 4 ways to get sum 5.
Let E, be the set of ordered pairs having sum 11.
E; ={(5,6),(6,5)}. There are 2 ways to get the sum 11.
The sets E; and E; are mutually exclusive, i.e., E1 N Ey = ¢.
Therefore, by the sum rule, the number of ways to getsum 5or 11is 4 +2=6.

Example 7.8 How many possible passwords are there for a laptop if password involves
6 to 8 characters long in which each character is capital alphabet or digit and each
password has at least one digit?

Solution Let P be the total number of possible password with given conditions. Let
P, P,, and P; be the possible passwords of length 6, 7, and 8, respectively. Therefore,

PZPl—{—PQ—i—Pg(l)

There are 26 alphabets and 10 digits. Therefore, P, is calculated by finding the number

of passwords of length 6 with alphabets and digits and exclude the number of
passwords having alphabets only. Therefore,

P =(26+ 10)6 — 26% = 2176782336 — 308915776 = 1867866560.

Similarly,



P, = (26 + 10)7 — 26" = 78364164096 — 8031810176 = 70332353920

Py = (26 + 10)8 — 26° = 2821109907456 — 208827064576 = 2612282842880
P =P, + P, + P; = 2684483063360

7.3 Mathematical Functions: Experiential Learning

As every theory needs some basic foundations, the permutations and combinations
require the concept of factorial functions. The factorial of a natural number is the
foundation of the counting theory.

Factorial
Let n be any natural number. The factorial of n is defined as,

n!=mn(m-1)(n-2)(n-3)---(3)(2)(1)
For example:

2l =2x1=2

3! =3x2x1=6

4! =4x3x2x1=24

5! =5 x4x3x2x1=120

And so on.
Notes

1.
Zero factorialis 1,1.e,0! =1

pl=px(@-D'=px(p—-1)x(p—2)
100! = 100 x 99! = 100 x 99 x 98 x 97 x 96!

(pfé)! =pX (p—l) X (p_2)

7.4 Permutations: Experiential Learning
(A)

Brainstorming Experiment-II

In Mathematics, there are mainly four prestigious awards namely as per ranking,
Abel Prize, Field Medal, Chern Medal, and Wolf Prize at international level. Suppose, the
committee wants to offer one award to one Mathematician out of 12 top



Mathematicians at international level. The research work of these 12 Mathematicians
excellent and incomparable. How many ways the committee can choose the
Mathematicians.

(B)

Inferences-II

We have to select 4 out of 12 Mathematicians. The first Mathematician can be
nominated in 12 ways. The second, third, and fourth Mathematicians can be nominated
in 11, 10, and 9 ways, respectively.

Therefore, the number of ways to select awardee is 12 x 11 x 10 x 9 = 11880. This
philosophy leads to the concept of the “PERMUTATIONS”

(9] , _
Mathematical Insights-II

In this chapter, we use mainly two words “Arrangements” and “Selections.” In
arrangements, the order of the objects is important, it is not a set whereas in the
selection, the order of the objects in immaterial, it is a set. Arrangement is associated
with the Permutation and the selection with combinations.

Definition An ordered arrangement of objects/elements of a set of distinct
objects/elements is called a permutation.

Depending upon the nature of arrangements, there are three types of the Permutations.

Type I: Permutations when all elements are distinct
A permutation of h distinct entities taken m at a time is an arrangement of m objects
out of h objects, where h > m. It is denoted by P(h, m) or "P,, [4].

Theorem 7.1 The number of m-permutations on h distinct objects is

h!

P(hym) o "Pp = hx (h 1) x (h=2) x (h=8) x - x (h—m +1) =

Proof Let h be the number of distinct objects in a set say Oy, O3, Os, . . ., Op. The first
element of a permutation can be chosen in h ways. After filling the first position, the
second element can be nominated in h - 1 ways, the third in h — 2 ways and so on. The
m-th position element can be selected in [h = (m - 1)] =h - m + 1 ways.

Hence, by the product rule,

P(hym) =hx(h—-1)x(h—2)x---x(h—m-+1)

Notes:



i P(hh)=glyr=@r=h (rol=1)

il "
P(k,1) = i =k

111. P(u,z): u! P = U X (u—l)
iv. P(w,3) ww! r=w X (w—1) x (w—2)

Examples

Example 7.9 Find P (h,r), h=5 and

1 r=2(ii) r=3 (iii) r=4 (iv) r=5

Solution: Here h = 5.

() 5 5!
P(5,2)="Py = 2% = 20.

) "Py = 5y = 60

i "Py= oy = 120.

(iv) 5p, — (5515)! _ 1920

Example 7.10

i.
How many numbers of the form xyzw can be made with numbers 1,2, 3, 5, 7, 8 if

digit repetitions are not allowed?
il.

How many such numbers are < 50007
iii.

How many in (i) are even?
iv.

How many in (ii) are odd?

How many in (i) are contain both 3 and 5?
Vi.
How many in (i) are divisible by 10?

Solution i. There are six distinct numbers and out of 6 numbers, 4 digit numbers can

be formed in ®Py = 5% = 360.




ii. The four digit numbers which are less than 5000 are the numbers in which the
first digit 1 or 2 or 3. Therefore, the first digit can be chosen in 3 ways, the second
digit can be chosen in 5 ways, the third and fourth digits can be chosen 4 and 3
ways, respectively. Hence, the required number of 4 digit numbers are
3 x5 x4x3=180.

iii.

The numbers in (i) are even if their last digits are 2 or 8. Hence, the total required
numbersare2 x 5 x 4 x 3 = 120.

Place of digit Thousandth | Hundredth | Tenth | Unit

Number of ways | 3 4 5 2

iv.
Numbers less than 5000 and odd are obtained by selecting the odd digit at the unit
place in (ii). The odd numbers are 1, 3, 5, 7.

Place of digit |Thousandth |Hundredth |Tenth Unit
Possible digits | {1, 2, 3} {1,2,3,5,7,8}|{1,2,3,5,7,8} |{1,3,5, 7}

Therefore, as digit repetitions are not allowed, there are four possible cases.

Digit at unit place | Number of possible ways

Unit | Hundredth {1,2,3} | Tenth | Thousandth | Total numbers
1 2 4 3 24

4 3 24
4 3 36
4 3 36

N (01 (W=

1 2
1 3
1 3

Hence, the required numbers are 24 + 24 + 36 + 36 = 120.

In the four-digit number, any two positions are occupied by 3 and 5 and the
remaining two positions are occupied by 1, 2, 7, 8. The number of ways in which
two positions are occupied by 3 and 5 will be 4 x 3 = 12. Now, the remaining two
positions will be occupied by the remaining digits, i.e., 1, 2, 7, and 8. Out of two
positions, the first position is occupied by 4 ways and the second by 3 different
ways. Hence, the total numbers are 12 x 4 x 3 = 144.

Vi.
We know that the number is divisible by 10 iff zero is present at it’s unit place. But,
there is no zero digit in the given set of numbers. Hence, there is no any such
number.

Example 7.11 There are 10 different books of DM, 5 different books of DS, 3 different
books of EM, and 7 different books of LA. How many different arrangements are possible

if

i. The books of the same course must be together.



ii.
Only DM books must be together.

Solution The total number of books are 25.

i.
The books of DM can be organized among themselves in 10! ways, DS books in 5!
ways, EM books in 3! Ways, and LA books in 7! Ways. Hence, the total number of
arrangements are 10! x 5! x 3! x 7L

ii.
Consider the 10 DM books as a single book. So, there are 16 positions to make
arrangements of books. Therefore, the number of arrangements are 16!. In these
arrangements, the DM books can be arranged themselves in 10! ways. Hence, the
total number of arrangements are 10! x 16!

Example 7.12 There are 2 major papers of Mathematics, 2 papers of minor, 1 paper of
SEC, 2 papers of MDC in the first semester of B.Sc. Honors program, are to be arranged
at an examination. Find the total number of ways if

1.
Mathematics papers are consecutive.

2.
MDC papers are not consecutive.

Solution The total number of papers are 7.

1.
Both Mathematics papers must be consecutive. So, consider two papers as a single

paper. These two Mathematics papers can be organized between themselves in 2!
ways. Therefore, we need to arrange 6 papers in different ways. These 6 papers can
be decided in 6! different ways. Hence, the total number of arrangements

= 2! x 6! ways.

There are 2 MDC papers and 5 other papers (Non-MDC). Two MDC papers M; and
M, are to be arranged among 4 gaps or at two ends as depicted in the following
figure.

MDC Other [MDC Other | MDC Other [MDC
M1 or M3 | Paper M1 or M3 | Paper | M1 or M2 | Paper M1 or My

Therefore, there are 6 places, where MDC papers can be arranged. So, the MDC
papers can be arranged in 8P, = 30 ways. The remaining five papers can be arranged in
5! ways. Hence the total number of arrangements are = 6P, x 5! = 30 x 120 = 3600.



Example 7.13  Find the value of h if.
1.
P(h,2) =20
2.
2P(h, 2) + 98 = P(2h, 2)
Solution
1.
We have

P(h,2) =20

= hx(h—1)=20
=h?—h—-20=0
= (h—5)(h+4)=0
=h=5o0orh=-4

But, h > 0. Therefore, h = 5.

2.
Given that

2P(h,2) + 98 = P(2h,2)
=2xhx(h—1)+98=(2h) x (2h —1)
= 2h% — 2h + 98 = 4h> — 2h

= 98 = 2h?

= h? =49

= h=T7o0orh=-7

But, h > 0. Therefore, h = 7.

Type II: Permutations when all elements are distinct
Let mq, m,, ms,..., m; objects are of the first kind, second kind, third kind,..., k-th kind,

respectively, and my + my + mg + - - - + m;, = h. The number of permutations when
mq, my, Ms,.., My are taken at a time is [6].

h!

P(h;m17m27m3?'..7mk) = ‘ ' ' '
mi. Mo:. Mg - - - M.

Examples
1. P(5;1,2,2) = 2 =30

112121



2.
P(4;1,1,1,1) = ;=24

Example 7.14 Find the number of permutations that can be made by all letters of the
words as follows.

(a) MISSISSIPPI (b) BOOKKEEPER (c) ATTITUDE

Solution (a) There are 11 letters in the given word in which S, [, P, M are distinct
letters.

Letter S I P M

Frequency 4 4 2 1

Therefore, the required number of permutations

11!
= P(11;4,4,2,1) = ——— = 34650.
4! 4! 2! 1!
(b) , _ . . -
There are 10 letters in the given word in which B, O, K, E, P, R are distinct letters.
Letter B |o |[K [E [P |R
Frequency 1 2 2 3 1 1

Therefore, the required number of permutations
= P(10; 1,2,2,3,1,1) = 35950 = 151200

(a)

There are 8 letters in the given word in which AT, I, U, D, E are distinct letters.

Letter A [T |I U D E

Frequency 1 3 1 |1 1

Therefore, the required numt')er of permutations
=P(8;1,3,1,1,1,1) = ey = 6720

Example 7.15 How many 4 digit numbers are formed using the digits from the
birthdate 10/01/5114.

Solution There are 8 digits in the given birthdate in which 1, 0, 5, 4 are distinct digits.

Digits 1 (o |5 |4

Frequency 4 2 1 1




Therefore, the required number of permutations
|
= P(8;4,2,1,1) = g5 = 840
Type III: Permutations with repeated objects
The number of different permutations of h objects/elements taken m at a time, when
every object is allowed to repeat any number of times is given by h™ [7, 8].

Examples

Example 7.16  Prove that the number of rounded (circular) permutations of h
dissimilar things is (h — 1)!.

Solution Let p be the required number of circular permutations on h distinct objects.
If we break the circular permutations at unique position out of h positions, then this
will become the linear permutation. Thus, for p circular permutations, there are p x h
linear permutations. Therefore,

pxh=h! =p= % = (h — 1) |. Hence the proof.

Examples 7.17 In how many ways 9 scientists of the Department Virology, World
Health Organization, including Dr. Atharva and Dr. Omkar can sit in a circular table to
discuss the health issues of people after COVID-19 pandemic such that Dr. Atharva and
Dr. Omkar always sit together?

Solution There are 10 scientists of the Virology department are sitting together for a
meeting at a circular table. Dr. Atharva and Dr. Omkar are always sit together. So, both
become a single unit. Therefore, there is an arrangement of 8 objects.

Thus, the 8 objects can be arranged at round table in (8 — 1)! = 7! = 5040 ways. The
sitting of Dr. Atharva and Dr. OmKkar can be arranged in 2 ! ways.
Therefore, the required number of ways = 2! x 7! = 10080.

7.5 Combinations: Experiential Learning
(A)

Brainstorming Experiment-III

Suppose, there are 14 students in the Department of Mathematics with 8 boys and 6
girl students. The Head of the department wants to constitute students’ committee of 6
members for conducting co-curricular and extra-curricular activities more effectively.
But, the condition is that there must be at least two girls’ representatives and at least
two boys’ representatives. How many ways are there to constitute a committee?

(B)
Inferences-III



We have to select 6 students out of 14 students. According to the conditions, there
are the following three possible combinations of students in the committee.
I.

2 girls and 4 boys
ii.

3 girls and 3 boys
iii.

4 girls and 2 boys

We have to select 2 or 3 or 4 girls and 4 or 3 or 2 boys out of 6 girl representatives
and 8 boy representatives, respectively. This is the selection procedure, so, it leads to
the concept of the “COMBINATIONS”.

Let us try to solve this practical problem by using the mathematical insights.

()

Mathematical Insights-III

In some real life examples, we have to select some objects from independent objects.
In such types of situations, we have to use the concept of Combinations for resolving
the problems.

Definition The combination is the selection of some or all objects from the given set
of objects.
Depending upon the nature of the selection, there two types of Combinations [5, 9].

Type I: Combinations when objects are different
The number of combinations of h different things taken m at a time, where h > m, is

[ 7]

denoted by C(h, m) or "C,, or -\m/- and defined as "C,,, = W
Properties:
We assume that h > m.
" "Cn = m!(z!—m)! = (hhf:ﬁ)!
. "Ch = h!(z!—h)! =1
* "Co = ox(z!—oy =1
"o, = Tt = Gy = e
> "Cy 11(2!—1)' =h, "C = 2!(2!—2)| - h(h2_1)7 Cs = 3!(2!—3)! = h(h_lg(h_z)

Examples



| Example 7.18  Find the value of h if (i) "Cy = 45(ii) ¥Cp_a = 3Chp_1.
Solution (i) We have

hev h! _

= h(h—1) =90

= h?—h—-90=0

= (h—10) (h+9) =0

= h=100or h=—9

But, A > 1, Therefore, h = 10.
(ii)
We have
C) 19 = "0Cop_1
= either h+2=2h—1lorh+2+ (2h—1) =76
= h=3o0orh=25

But, the result is not true for h = 3. Therefore, h = 25.

Example 7.19 How many techniques (ways) can 16 late enrolled students be assigned
to three practical batches P, Q, R if the batch P can accommodate 7 students, the batch Q
can accommodate 5 students and the batch R can accommodate 4 students only.

Solution The batches P, Q, and R can accommodate 7, 5, and 4 students, respectively.

The batch P can be assigned to 7 students in %C; ways.
The batch Q can be assigned to 5 students in °Cy ways.
The batch R can be assigned to 4 students in *Cy ways.
Therefore, the required total number of ways is

=16 x °Cy x *Cy

16! 9!
= Tixor < Bixdl

16!

X 1= 5

Example 7.20 How many authorization number plates can be prepared if each plate
comprises two unlike letters followed by three unlike digits? Explain the problem if the
first digit is non-zero and the first letter is always H.



Solution: There are five positions, two different letters and three different digits, in the
number plate. We know that there are 26 letters and 10 digits.

Positions 1 2 3 4 5
Letter/Digit Letter | Letter | Digit |Digit | Digit
The number of Ways |26C;, [?°C;, [1°C; |°C, |3C,

Therefore, the required number of ways is

=26 x 25 x 10 x 9 x 8 = 468000

If the first digit is non-zero and the first letter is always H then consider the
following table.

Positions 1 2 3 4 5
Letter/Digit Letter | Letter | Digit | Digit | Digit
The number of Ways |1 oy |90 (90, |8,

Therefore, the required number of waysis =1 x 25 X 9 X 9 x 8 = 16200.

Example 7.21 How many lines can be drawn through 12 points on a circle? (Line
passes through exactly two points).

Solution As all points on the circle are not collinear. Therefore, the line passes
through every pair of distinct points.

The total number of lines drawn through 12 points is

12!
_ 124~ _
- 02_2!>< 101 — 96

Type II: Combinations with Repetitions
The number of ways to fill s slots from c categories of objects with repetition is [9, 10].

Clc+s—1,8) =C(c+s—1,c—1).

In this context,
C(c+ s —1,s) = The number of non-negative integer solutions of
wy+ w2+ w3+ -+ wp= 8.
= The number of ways of placing s similar balls in ¢ number of boxes.
=The number of binary c-1 one’s and s zeros.

Examples

Example 7.22 How many 4 combinations of {aa, ba, ca, da, ea, fa} are there with
repetitions?



Solution Here, h=4 and p = 6. The required number of 4 combinations from the given
setisC(p+h—1,h) = C(9,4) = 126.

| Example 7.23 Find the number of techniques of placing 10 similar balls in 5 boxes.

Solution The number of ways of placing h = 10 similar balls in p =5 boxes is
Clp+h—1,h) = C(14,10) = 1001.

Example 7.24 How many integral solutions are there to
1+ X2+ x3+ ---+ 9= 35, where each x; > 27

Solution Lety; = z; 4+ 2,.". y; > 0. Therefore,

ZE1+ZE2+$3+"'+$9:35
= h+2+yp+2+y3+2+---+y+2=35
=Y +Y+ys+---+yy=35—-18 =17

The number of non-negative integral solutions are

Clc+s—1,8)= C(9+17—1, 17) = C(25,17) = 1081575

7.6 Case Studies and Projects

The following are some case studies and projects.

1.
Suppose you want to constitute a committee of 4 boys and 4 girls’ students from

your department for conducting the co-curricular and extra-curricular activities of
your department. How many ways are there for constitution of the committee?
How many ways you can constitute a committee if a particular boy and girl are in
the committee. How many ways are there if 2 members are present in every
committee.

In a Cricket League, suppose different players having special expertise are there.
Assuming the suitable data, form different cricket teams.

Portfolio assignment system in your institute

Selection of students’ representative from every class and constitution of students’
committees.

End-semester examination time table problem

Transportation problems (Selection of routes)



Exercise

Find the number of permutations that can be made all letters of the following
words.
I.
ASSASSINATION
il.
PIONEER
iil.
MATHEMATICS

How many four digits even numbers can be formed by using the 0, 1, 2, 4, 5, 8
when the repetition of digits are allowed?

A bank password involves three alphabets followed by three digits. How many
different passwords are there?

How many different ways can 100 people be seated in a circular table?

Find the number of subsets of each possible size for a set containing 100
elements.

If m fair coins are tossed and the outcomes are recorded, then

(a)

How many sequences are possible?

(b)

How many sequences are there having 5 tails?

(c)

How many sequences are there having at least 100 heads?

(d)

How many sequences are there having at most 4 tails?

A fair six-sided die is tossed 5 times and the numbers appeared are noted in a
sequence. How many different sequences are there?
Find the number of permutations of the of the letters in the following words.
(a)

BOOLEAN
(b)

DISCRETE
(c)

EXPERIENTIAL

(d)
STATISTICS



9.
Find the number of non-negative integer solutions to x +y + z+w = 30.

10.
Write any five real-life applications of permutations and combinations.
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The probability of success is difficult to estimate: but if we never search, the chance of
success is zero.
—Philip Morrison

Abstract

The probability of success is difficult to estimate; but if we never search, the chance of success
is zero. Probability is an independent discipline of applied Mathematics, as it requires very
basic Mathematics and it is developed for resolving numerous real-life problems from ancient
times, as well as designing more pragmatic game strategies for winning the game. This chapter
deals with the concepts of probability, discrete probability distributions and related results
through the “BEIMI” perspective. Innovative and more pragmatic examples of real life define
the concepts of discrete probability distributions. The probability of getting tails in
consecutive 13 times in a cricket game motivates to define the concept of Poisson distribution.
Additionally, innovative applications help readers to excel understanding of the concepts in
meaningful ways. The chapter concludes with case studies and exercises aimed at connecting
theoretical relational structures to real world applications across various disciplines.

Keywords Probability - Conditional probability - Probability distributions - Binomial -
Poisson

8.1 Introduction

The probability is an independent discipline of applied Mathematics, as it requires very basic
Mathematics and it is developed for resolving numerous real-life problems from ancient times,
as well as designing more pragmatic game strategies for winning the game. In ancient times,
people used probability theory without the Mathematical knowledge of it. People have been
using the words “Chance” and “possibility” without knowing the Mathematical aspects. So,
every common man is using the partial logic of probability theory in day-to-day activities. The
following table depicts the development of the probability theory in Mathematical ways [1].

Year Name of Mathematician Development

1654 Blaise Pascal and Pierre Fermat | Solutions for winning the game

1657 Christian Huygens De ratiociniis in ludo aleae

1713 James Bernoulli’s Ars conjectandi, probability into the mathematical theory



https://doi.org/10.1007/978-981-95-7210-6_8

Year Name of Mathematician Development

1805 Adrien Marie Legendre Least squares method

1809-11 | Laplace, Carl Friedrich Gauss | Probabilistic rationales for least squares

1812 Laplace “Théorie analytique des probabilités,” published in 1812

Many mathematicians and philosophers have contributed to the development of
probability in different facets [2, 3].

This chapter deals with the basics of probability, properties, discrete probability
distributions, and related examples.

8.2 Sample Space and Events: Experiential Learning

Let’s consider the following brainstorming Experiment-I for understanding the concept of the
Discrete Probability and related aspects.

(A)

Brainstorming Experiment-I

Suppose there are 50 coins of equal size, shape, and weight. These coins are colored by two
colors White and Black such that 25 coins are of each color. Now, we write odd numbers on the
both sides of black coins and even numbers on the both sides of the white coins. Let H be the
set of coins having labels 1 to 50 given by H = {1, 2, 3, - - -, 50}. Let Ho be the set of coins
having odd labels or black color and Let H g be the set of coins having even labels or white
color. Therefore,

H,={1,3,5,---,49}and Hg = {2, 4, 6, - - -, 50}.

There are 25 numbers in each set. Let Hp and H¢ be the set prime numbers and
composite numbers from 1 to 50. Therefore,

Hp ={2,3,5,7,11,13,17,19,23,29, 31,37,41,43,47} and Hc = H — Hp — {1}.

Hence, |Hp| = 15 and |H¢g| = 34.
Let us consider the following sets.

Sr. No. | The numbers in H divisible by n | Required set H,, |Hp|
1 n=>5 H; = {5, 10, 15, 20, 25, 30, 35, 40, 45, 50} 10
2 n=+4 Hy = {4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, 48} |14
3 n=9 Hy = {9, 18, 27, 36, 45} 5

4 n=16 Hy = {16, 32, 48} 3

5 n=27 Hy=29 0

6 n=6andn=4 Hgga = {12, 24, 36, 48} 4

7 n=10orn=8 Hyors = {8, 10, 16, 20, 24, 30, 36, 40, 48, 50} |10

There are many such combinations which will help us to understand the concepts of
probability.

(B)

Inferences-I



The above experiment helps to define the random experiment, outcome of an experiment,
trials, sample space, events, types of events, equiprobable sample space, etc. [4].

Q)
Mathematical Insights-I

1.
Random Experiment: An experiment in which all results are recognized but uncertain,
is called as a Random Experiment (RE). Getting any one coin from the above experiment,
tossing a coin, rolling a die are the examples of the random experiment [5].

Outcome: The result of an experiment is known as the outcome of the experiment.

Trial: The trial is the performance of the random experiment once. Getting a coin from
the set of 50 coins is a trial or the tossing of a coin each time is the trial.

Sample Space: It is the set of all imaginable results of the RE. It is denoted by H or SS.

In Experiment-I, the sample spaceis H = {1, 2, 3, ---, 50}.

Event: An event or case is any subset of the SS. It may contain the all elements of the
sample space or no element. For example, in Experiment-I, getting a number divisible by
5, is an event. Getting two heads if two coins are tossed simultaneously is also an example
of event.

Exhaustive Events or Cases: It is the set of all possible outcomes of a random
experiment.

Mutually Exclusive Events: Two events P and Q are jointly exclusive events if the
occurrence of one is independent of the occurrence of the other. In Experiment-I, the
occurrence of 5 and 13 are mutually exclusive events. In tossing a coin, the event of
occurrence of H or T are mutually exclusive events.

Equally Likely Events: Two events P and Q are said to be equally likely events if every
element has an equal chance of occurrence. In Experiment-I, getting a number 1, 2, 3, ...,
50 are equally likely events [6].

Independent Events

Two or more events are independent events if the existence of an event does not affect
the occurrence of the remaining events. In Experiment-I, getting 13 in the first trial and
getting 16 in the second trail, are independent events [7].

10.
Discrete Sample Space:

A sample space H is known as discrete if | H| = Countable number. The sample
space in the Experiment-I is discrete.

11.
Equiprobable Sample Space: A sample space H is an equiprobable sample space if

every element of a sample space has an equal chance of occurrence [6, 8].

Examples



Example 8.1 Example given in Experiment-I is random experiment. If getting a number
divisible by 13 is an event then the sample space H = {1,2,3,...,50} and event is

E; = {13,26,39}. The second event is getting a number divisible by 5 then

E, = {5,10, 15,20, 25, 30, 35,40, 45, 50}. These two events are mutually exclusive.

Example 8.2 Statements corresponding to events and the corresponding set notations are
depicted in the following table.

Sr. No. [ Experiment Sample space

1 Occurrence of an event E E

2 Event in which E doesn’t occur E

2 Events Pand M occur PNM

3 At least one of P or M occur PUM

4 Neither I nor W occur INW=({IuUw)
5 Event[occursor Woccursbutnotboth | (TNW)u(INW) =TI W
6 I'and W are mutually exclusive INW=p¢p

7 Events P, N, and M occur PUNUM

8 Event P occurs but not N and M occur PN (N al M)

9 Event P doesn’t occur but Nand M occur | P N (N N M)

8.3 Probability: Experiential Learning
(A)

Brainstorming Experiment-II

Suppose, in the cricket world cup, there is a match between India and Australia. Now,

What is the possibility that India wins the toss?

What is the possibility that Australia wins the match?

3.
What is the possibility of India to win the cricket world cup?

(B)

Inferences-II

The above questions can be solved by the different definitions of the probability. The
question 1 can be resolved by the classical definition of probability and questions 2 and 3 are
solved by axiomatic definition of the probability [1, 9].

(©)
Mathematical Insights-II

The probability can be defined in the following ways.

(D

Mathematical or Classical Definition of Probability:

Let S be an equiprobable finite sample space of a RE (Random Exp.) and E be any event of S,
then the probability of occurrence of an event E is



n(E) Total number of favourable cases

n(S) Total number of cases
Example 8.3 In Experiment-II, what is the possibility that India wins the toss?

Solution If we toss an unbiased coin once then the sample contains two elements H and T.
To win the toss, India should get H outcome in this experiment. Therefore, the probability that

India wins the toss is P(E) = B 1

CosE 2

Note: We can’t apply this definition for finding the answers of questions 2 and 3 as the
corresponding sample space is not equiprobable sample space. The strengths of both the
teams are different [9].

(1)
Axiomatic Definition of Probability: Let S be not an equiprobable sample space (ESS)

of a RE and E be any event of a SS then the probability of occurrence of an event E is a
real number satisfying the following axioms:

0< P(E)< 1, Vi=1,2,...,n
.

P(S)=1=2.y; P(Ei)

Example 84 In a class of 60 students, what would be the probability of a student to secure
the first rank in the End Semester Examination?

Solution The answer of this question is not 1/60 as the intelligence and resources of all
students are different. This is not an ESS. Let P.. be the probability of the c-th student of the

class by considering their previous all records such that.
i.

0<P <1, for i=1,2,3,...,60
ii.

2?21 P;=1

The probability of a clever student may be more than other students.
Theorems on Probability
Theorem 8.1 Show that P(p) = 0.

Proof The events S (Sample space) and ¢ are mutually exclusive. Therefore,

P(SU ) = P(S) + P(y)
= P(S) = P(S) + P(p)
= P(p) =0

1.
For two sets I and W.



P(IUW) = P(I) + P(W) — P(INW).

2.
For three sets H, M, T,

P(HUMUT) = P(H)+ P(M)+ P(T) - P(HN M)
—P(HNT)—-PMNT)+PHNMNT).

Examples

Example 8.5 What is the probability that a year 2028 will contain 53 Mondays?

Solution Required probability = %

Example 8.6 1f 9 persons take seats at random at a circular table, find the probability that 2
particular brigadiers are seated next to each other.

Solution Nine persons can be settled on a round table in (9-1)! = 8! Ways.

If two persons are to be seated together, then we may regard them to have been “tied” up, so
that now the seating can take place in (8-1)! = 7! Ways. But these two persons can also seat
themselves together in 2 ways.

Favourable ways 712 1
4

"~ Total number of ways 8!

Example 8.7 A problem of DM is given to 5 students U, V; W, R, and T. Their probabilities of
solving the problem arel/2,1/3,1/ 4, 1/5, and 1/6, respectively. What is the probability that
problem get solved?

Solution Required Probability = probability that at least one of the student solve it.

PU) =4=>PU)=1-1=1
PV) =+ =pPV)=1-1=2
PW) =t=pPW)=1-1=2
P(R) =+ =>PR)=1-1+=1+
P(T) =t =PT)=1-}t=3



Probability that problem is not solved

= P(U) x P(V) x P(W) x P(R) x P(T)
Probability that problem is solved

=1-P(U) x P(V)x P(W) x P(R) x P(T)

_1_1_5
=1 6 6

8.4 Conditional Probability: Experiential Learning
(A)

Brainstorming Experiment-III

In Experiment-II, there are two main and interesting questions which motivates us to think
the probability concept more innovative ways.

1.

What is the possibility that India wins the game if it is played in India?
2.

What is the probability that India wins the match if it is played in Australia?
(B)

Inferences-1I1

The answers of both the questions are different, as per the previous records of the matches
and the concerned locations. This philosophy leads the concept of “CONDITIONAL
PROBABILITY".

Q)
Mathematical Insights-III

The chance of the presence of the event, when the other event has been already happened,
is called the conditional probability. The probability of an event E given G is denoted as
P(E|G) [1,6].

Theorem 1 For two events E and G
P(E N G) = P(G) P(E|G)

Notes:

1.
If H and M are independent then P(H N M) = P(H) x P(M).

2.
If Hand M are independent events then Hand M, H and M, H and M are independent

events. Thatis P(H N M) = P(H) x P(M).
Theorem 8.2 Theorem on Total Probability

IfHi, Hy, Hs, . .., H,be mutually exclusive events with P(H;) #0, Vi=1,2,3,...,nthen

n
for any event W C | H;, prove that
i=1



1=1

Baye’s Theorem
IfHi, Hy, Hs, . .., H,be mutually exclusive events with P(H;) # 0, Vi=1,2,3,...,nthen

n
for any event W C | J H;, such that P(W') > 0, prove that
i=1

P(H;) x P(W|H;)
>ii P(H;) x P(W|H;)

P(H;|W) =

Examples

Example 8.8 A software company selects marketing professionals on the basis of an aptitude
test. Past experience indicates that only 75% of the candidates were found satisfactory in
actual marketing, 80% had passed the aptitude test. Only 20% of those found unsatisfactory
has passed the test. Given that the candidate passed the test what is the probability that he
would be found satisfactory.

Solution Let H be the event that the candidate passed the aptitude test and M be the event
that he would be found satisfactory. Find P (M/H). Consider M and M

P(H/M)-P(H/M)
P(H/M)-P(M)+P(H/M)P(H/M)

P(M/H) =

P(M) =0.75, P(M)=0.25
)
) =

P(H/M) =0.80, P(H/M)=0.25
0.75x0.8
P(M/H (0.75) (0.8)+(0.25) (0.2) 0.923.

8.5 Probability Distributions: Experiential Learning

In real life, there are numerous situations where it might be difficult and time-consuming task
to find all elements of the sample space or a particular event. There are some patterns in the
experiment or common attributes which could be solved by the theory of different probability
distributions. Let us consider the basic definitions of required for the deepen understanding of

this concept.

1.
Random Variable (RV): It is a function from the set of all feasible results of a random
experiment to the set of real numbers.

Types of the Random Variables: There are three types of RV.
Discrete RV: It takes only finite or countably infinite number of values.

Continuous RV: It takes all possible values in an interval.
c. Mixed RV: It takes discrete and continuous values.



il.

iil.

iv.

7.

Probability Mass Function (PMF): The function P(w = w;) = P(w;) is called a PMF of
the RV, Wif

i.
P(w;) >0, forevery i

"y P(w)

i

Cumulative Distribution Function (CDF): The cumulative distribution function or
distribution function of RV, W is defined as

Fy(w)=P(W <w) = Z P(w;), where P(w;) is the PMF of W.

Properties

0< Flw) <1,

F(00) = 1and F(—o0) = 0,

P(h <w < p) = F(p) — F(h),

P(h <w <p) = F(p) - F(h) = P(w = p),
F(h) < F(m)if h<m.

Mathematical Expectation: The expected value of a random variable W is defined as
E(W) =>"", w; P(w;), provided the series is absolutely convergent.

Properties
I

If ¢ is a constant then E(c) = c.
ii.

E(aW +bU) = aE(W) 4+ bE(U), where W and U are two RV and a, b are constants.
ii.

If Wand U are independent RV then E(WU) = E(W) E(U).

Moments of a random variable: The r-th moment about the origin of a discrete random
variable Wis defined as pu! = E(WT).
The r-th moment about the mean p of a discrete random variable W is defined as
u, = E[(W — )]
Moment Generating Function (MGF): The MGF of a RV, W about the origin is defined as

My (t) = B(e™) =" eV P(w;)



T

where, P(w;) is the pmf of DRV.

8.6 Binomial Distribution: Experiential Learning
(A)

Brainstorming Experiment-I1V

Let us consider the real situation in the cricket history. Recently, Mr. Rohit Sharma, Captain,
Indian Cricket Team, lost 12 consecutive tosses and made a world record. Now, understand the
mathematical perspective of this situation. If a coin is tossed 12 times, then what is the
probability of receiving 12 times consecutive Tails? It is very difficult and a time taking process
to find all the elements of the SS. There are 212 = 4096 possible outcomes. But, in this
experiment, there is a hidden pattern. There are only two possible outcomes for each trial.

(B)

Inferences-1V

The above experiment and the situation motivates us to define a new theory in which there
are only two possible outcomes. That is, there are only two nominees and the finite number of
trials.

This philosophy leads to the concept of “BINOMIAL DISTRIBUTION.”

(©)
Mathematical Insight-IV

If we toss a coin, every time there are two mutually exclusive possible outcomes H and T.
Every trial is independent of the previous trials. Let us perform n trials of this experiment.

Let s = probability of getting success and d = the probability of getting failure or defeat. As
there are only two outcomes, s +d = 1 [2, 9].

The probability of getting k successes in n trials is given as follows.

P(k successes in n trials)
=P[(SXxSx8x X8 piimes(FXFXFX-oxF) o]

= [P(S) x P(S) x P(S) x -+ X P(9)|i times | P(F) x P(F) x P(F) x --- x P(F)]
=[8X8X8§X X 8|pmesld X dXdX - xd

— Skdnfk

n—k times

n—k times

But, the k successes and n-k failures can occur in "C'y, mutually exclusive ways. Therefore,

P(k successes in n trials) = "Cy s*d" % where, k = 0,1,2,3,...,n

Now, substituting the different values of k = 0,1, 2, 3, ..., n, we get the following
formulae.

k 0 1 2 3 -o-ln-1 n
P(k) nCO s0dn—0 nCl gldn—1 n02 g2dn—2 nC3 g3dn—3|... nCn_l gn—1q1 nCn s"d0
=d" = nsd™ 1




Assumptions of Binomial Distribution

The experiment consists of finite number of repeated trials.
ii.

Every trial has exactly two independent outcomes, say Head or Tail, Pass or Fail, etc.
iii.

Repeated trials are independent.

Binomial Distribution

Definition A discrete RV, W is said to follow Binomial distribution if its pmf is defined as
P(k) = "Crs*d" ¥ for,k =0,1,2,3,...,n,

where n is the positive integerand 0 < s < 1,s+d =11, 6].

Alternately, the probability of getting k successes in n independent trial is P(k) = "C}, s*d"*.
Mean and Variance of the Binomial Distribution:

(1)

Mean
P(k) ="Cystd"*
n n
Mean = Y. k- P(k) = > k-"Cys*d"*
k=0 k=0

=0+1-"Cisd™ 1 +2-"Cys%d" 2 +3-"C383d" 3 +---+n-"C,s"d°

s [d”*l b n—1)d s+ (n—lg.in—z) A3 .82 4t (n— l)C’(n,l)s”*]

=ns(d+s)" !
B =ns ass+d=1

Mean of binomial distribution is ns.

(2)

Variance

Q
[\
I
ol
L=
=
[\
)
=
|
=
[\

(k+ k2 — k) - P(k) — p?

I
M=

T
[e=}

I
M=

k- P(k) + kio k(k — 1)P(k) — 12

B
Il
=

)s2[d + s]" 7 — pi?

I
=
+
S
3
|
—_



as s+d=1 and u=ns

Variance o2 = ns+n(n — 1)s*> — n%s?
=ns[l+ (n—1)s — ns|
=ns[l+ns—s—ns| =ns(l —s)

2

Variance 0° = nsd

Therefore, the standard deviation of the binomial distributionis o = + VvV nsd.

Example 8.9 A dice is thrown 5 times. If getting numbers 1 or 3 or 5 is a success, what is the
probability of getting 4 successes.

Solution 0Odd numbersarel, 3,5

Probability of an odd = % = %i. e.p= %
Probability of not anodd =1- 35 = Ji.e. ¢= %
P(k) ="Cpstd"*
1\4/1\54 119,195
P(4) =°Cu(3) (3) +°Cs(3) (3)

Example 8.10 Probability of a soldier striking a goal is1/4. If the soldier fires seven times,
what is the probability of striking the goal at least twice?

Solution Here s = %,d = %,
P(k) ="Ci(s)"(d

p(at least twice) = p(k > 2)
=P(2)+P

n="7
)n—k

(3) + P(4) + P(5) + P(6) + P(7)

As the sum of probability = 1
ie,P0)+P(1)+..+P(7)=1

P(2) + P(3)+P(4)+P(5) +P(6)+P(7)=1—-P (0) — P (1)
e IONONRICIONON

_ 4
= o = 0.555

Example 8.11 1f Mean = 6 and variance = 2, in binomial distribution then.
Find P(k=1)

Solution Mean =ns=6



Variance = nsd = 2

6Xd:2:>d:%ands:1—%:%

As ns:6:>n-%:6:>n:9

Pk>1) =1—{"Cop"-¢" "}
—1-°Co(3)" x (3)°] = 0.9999.

8.7 Poisson Distribution: Experiential Learning
(A)

Brainstorming Experiment-V

During the COVID-19 pandemic, a new type of vaccine came to the market, and many
people were injected with that vaccine. However, that vaccine was not 100% safe. It was
observed that the probability that an individual suffers a bad response from the vaccine is
0.01. The vaccine was given to more than 100 crore people. In our city, fifteen thousand people
got that vaccine. The district collector of the city wanted to know a detailed report about the
people who were suffering from bad reactions.

Now, the main questions are, how many people will be suffering from bad reactions, and
how to determine the probability out of 15,000 people, exactly 200 people will suffer bad
reactions from the vaccine.

(B)

Inferences-V

In this experiment, there are only two possibilities: either people suffer bad reactions from
the vaccine or not. Here, the probability of suffering the bad reactions from the vaccine is a
very less, and the number of people is a very big number for calculations. Therefore, we can’t
apply the Binomial distribution in this case. Thus, we require a new distribution that deals
with two outcomes only and large n.

(©)
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When “s” the probability of success is very small and “n” the number of trials is very large
and ns is finite, we get another distribution called “Poisson Distribution.” It is considered as
limiting case of Binomial distribution with n = oo, s = 0 and ns remains finite.

Consider the Binomial distribution



B(n,s, k) ="Cystd"*
_ n(n=1) (n=2)---(n—k+1) Sk(]. . s)nfk

k!
Letz =ns .. ps= -+
B(’)’L, s k) _ ms (ns—s) (71572]:!) -+(ns—(k—1)s) % Ei-i;k
Taking the lim it asn — oo and ns = z
s—0
Lim B(n,s, k) = zr};ﬂ [Lim(l - %)n = e*Z}.

e %P

The distribution with frequencies given by P(k) = > 7° ) ©* correspondingto 0, 1,2, ...

k, success is called Poisson distribution [3, 5].
Mean and Variance

we have P(k) = e;:!zk
Mean p = Y k-P(k)=> k- <&
k=0 k=0
i k
— e—Z 4
= 0!

Mean =pu =1z =ns
o0
Varience o2 = Y. k’P(k) — p?
k=0

o 1.2 e ik 2
e “z
=Y kg =

k=0

2| 122 22.22 32.23 2
=e [T+ o T T T2

=z-e’z[1+21—zf+32—z!3+---] — 2
=2(142)—22==2
Variance o2 = \ = ns.

Mean = variance = ns.

Recurrence Formula



P(k+1) = 27 P(k)

k=0,1,2,3

Example 8.12 1% of tokens from a certain engine are faulty. What is the probability of (i) No
faulty (ii) One faulty (iii) Two faulty (iv) Two or more faulty in a sample of 1007
Solution Herep=1/100,n=100,np=z=1.

Thus, the Poisson’s distribution takes form Zfio e L. %

Thus, (i) The probability of no faulty = <+ = 0.36791.

0!
(ii) =l
The probability of one faulty = 5y = et = 0.3679
(iii) 4
The probability of two faulty = <+ = 0.1840
(iv)

The probability of two or more faulty

gy hrd e
=t g ) 1]
=e e —2} =0.3679 x 0.7183 = 0.2642

8.8 Case Studies and Projects

Consider the following case studies/projects based on the topics of this chapter.

1.
What is the probability of a particular student of your class/division to stand first in the
end-of-semester examination?

Write a probabilistic model to find the probability of a particular student to passing all
courses of this academic year.

By visiting any industry in the vicinity of your institution and get desirable data, and find
the probability of getting defective articles manufactured by the industry.

Suppose you are appearing for an interview for the post of Junior Scientist. There are 2
vacancies and 10 candidates have appeared for the interview. Assuming the suitable data,
what is the probability of your selection?

Poisson Distribution and its applications.
Binomial Distribution and its applications.

Bayes’ Theorem and its applications

Exercise



What is the probability that at least two students in a class of 30 students have the same
birthday?

2.
A problem of discrete mathematics is given to five students P, Q, R, S, T and their chances of
solving it are 0.5, 0.09, 0.6, 0.55, 0.75, respectively.
i.
What is the probability that the problem is resolved?
ii.
What is the probability that at least two students can solve the problem?
iil.
What is the probability that at most three students can solve the problem?
3.
Find the probability of drawing (i) a card of spades (ii) a king, (iii) a king or queen, (iv)
card having number five on it, from a pack of cards.
4.
Three bags P, Q, R involve 4 white, 6 red and 5 white, 5 red and 3 white, 7 red balls,
respectively. One of the bag is selected at random and a ball is drawn from it. If the ball
drawn is white. What is the probability that it is drawn from the second bag?
5.
A pair of dice is thrown 10 times. If getting a doublet (same numbers) is considered as
success, find the probability of getting
i.
4 successes
ii.
1 successes
iil.
At least 3 successes
iv.
At most 4 successes.
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Graphs stand or fall by their choice of nodes and edges.
—Watts & Strogatz”

Abstract

Graph Theory is an independent discipline of Mathematics that connects many
disciplines of Mathematics together in more pragmatic approaches. The novel work of
graph theory was inspired by unwavering efforts to fathom and resolve day-to-day
problems in a more logical perspective. Graphs stand or fall by their choice of nodes
and edges. This chapter deals with the concepts of Graphs, types of graphs, operations
of graphs, isomorphism of graphs, connectivity of graphs, coloring of graph attributes,
matrix representation of graphs and various algorithms for finding the shortest path.
This chapter follows the concept of the “BEIMI” to define various concepts of graphs
and find out the associated applications. The chapter culminates in case studies,
projects and pedagogical exercises aimed at reconciling theoretical relational
frameworks with their multidisciplinary practical implementations.

Keywords Graphs - Isomorphic graphs — Connectivity — Coloring of graphs - Matrix
representations — Algorithms

9.1 Introduction

The graph theory is an independent discipline of Mathematics that connects many
disciplines of Mathematics together in more pragmatic methods. The novel work of the
graph theory was inspired by unwavering efforts to fathom and resolve day-to-day
problems in a more pragmatic perspective. In 1735, to solve the famous Konigsberg
bridge problem, a great Mathematician, Euler used graphical representations for the
first time to replicate the situation. He solved this problem, and used graphs to solve
numerous problems of different kinds. Euler is the father of the graph theory due to
his significant contributions to the development of the graph theory [1, 2].


https://doi.org/10.1007/978-981-95-7210-6_9

Many great mathematicians namely, Mobius, Gaustar Kirchhoff, De-morgan William
Hamilton, Alfred Kempe, P. K. Tait, Narsing Deo, etc., have contributed many theories,
results, and applications in the development of the graph theory. There are numerous
causes for the acceleration of special curiosity in graph theory because it has
thousands of applications in computer engineering, communication science, electrical
and civil engineering, cryptography, operations research, applied sciences, genetics,
pandemics, and many more. The role of the graph theory is crucial in controlling the
COVID-19 pandemic. The name of the pandemic “COVID-19” is derived from the
Corona product of graphs, the quarantine concept originated from the disconnected
sets of the graph [3-6]. As there are significant and notable applications of graph
theory, it has become an attraction for students and researchers [1].

This chapter deals with the definition of graphs, their types, operations on graphs,
isomorphism of graphs, connectivity, graph coloring, shortest path algorithms, and
case studies in the graph theory.

9.2 Graphs and Multigraphs: Experiential Learning
(A)

Brainstorming Experiment-I

Suppose, there are five main cities in a state that have been contributing
significantly for the development of the state and in the country also. These cities are
well connected with each other as well as with the other cities of the country in all
possible ways. There are many roadways connected to different areas of the city. Let us
denote the city by points or small circles and the roads connecting them by a
continuous arc. Now, observe the possible roadways among these cities and represent
it by graphs.

(B)

Inferences-I

The following are the special observations of the above Experiment-I.

1.
All vertices many be connected to each other (Graph).
2.
There may be a city X that has only one road with city Y, and no road with other
cities (Pendent Vertex and Pendent Edge).
3.
There may be two different roads joining two cities (Multiple or Parallel Edges).
4,
There may be a one road that joins the city X to itself (Loop).
(©) _ _
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Graphs



A graph H involves two components V(H) and V(E) such that

V(H) = {h1, ho, hs, ..., hy} is the set of elements known as vertices or nodes or
points. The number of vertices n may be finite or infinite.

E(H) is the set of unordered pair of vertices, known as the edge set. The elements
of the edge set are called as edges or arc or branches of H.

The above structure can be represented diagrammatically in the plane, so it is

called as graph.

Itis denoted by H or H (V, E).
In the applications or everyday illustrations, the vertex set could be the collection

of people or cities or states or animals or objects, etc. All edges are symbolized by an
unbroken arc or straight line. The edges may be the relation among objects or routes

among states or cities.
Consider the following graphs shown in Fig. 9.1.

h h hs
hl T T hB 1 T—T 5 h1

h
h» hs : T—o ha /

hs I I ha hs O h, hs

Hl HZ H3
hl el h3
h1 hs
€3 o o
e, €2
ha =
h» h,
Ha !
5

Fig. 9.1 Basic graphs

i. Ifanedgee = {h;, h;}joins vertices h; and h; then we can say that the edge e is

incident at the vertices h; &h;.



ii.

iil.

iv.

(1D

Two vertices h;&h; are said to be adjacent if 3 an edge e = {h;, h;} in the graph
H.In graph H2, the vertex h; is adjacent with the vertices h, and hs.

Two edges e, = {h;, h;}and e, = {hs, h:} are said to be adjacent iff h; = h; or
h; = hs

Two edges are called parallel or multiple edges iff they have the common end
vertices, i.e,, e, = {h;, h;} = e In graph H3, the vertices h; and h, are join by
two edges. These edges are parallel edges.

An edge e, = {hi, h;} is called aloop iff h; = hj. In graph H3, e={hy, hy} isa
loop.

Multigraphs

A graph having multiple edges is called a multigraph. The graph H3 is a
multigraph as it has a multiple edges and the remaining graphs are not
multigraphs [1].

A graph having at least one loop but not multiple edges, is called a Pseudograph.
The graph H2 is a Pseudograph but all remaining graphs are not Pseudographs.

A graph without loops and parallel edges, is called a simple graph. The graphs
H1, H4, and H5 are simple but H, and H; are not simple graphs.

A graph H is called a null graph (N,) if E(H) = . The graph H5 is a null graph
on 3 vertices.

A graph H is called a finite graph iff |[E(H)| & |V(H)| are finite sets.
Otherwise, the graph is infinite.

Directed graph is a graph in which every edge is a directed edge. The directed
edge e from the vertex h; to h; is represented as e = (h;, h;). Here,

(hi, h;) # (hj, h;). The non-directed graphs are called as graphs only.

Order and Size of graph:

Order (H) = |V(H)| and size (H) = |E(H))|

The null graph is N(n, 0). The size of the graph H1 is (6, 5).
Degree of a Vertex

d(w) = {e/ e ={w,m}, Ym € V(H)}|.

That is, d(w) is the number edges incident at vertex w in the graph H. A loop
edoe contribute desree 2 at that vertex.



R = e o T I

The degree of the graph is deflned as

= ) d

YweV(H

Note: Every edge contribute degree 2 in D(H). So, although the number of
vertices are even or odd the D(H) is always even.

In graph H2,d (h,) =d (hy) =d (hg) = 2,d (h,) = 3, and d (h3) = 3. Therefore, D
(Hy)) =12.
Degree sequence of a graph: If V(H) = {hy, ho, hs, ..., h,,} then the degree
sequence of the graph His (dy, d, ds, . . ., d,,), where
d;=d(h;), Vi=1,23,...,n

Two graphs U and V are said to be degree equivalent if their degree
sequences are same.

Theorem 9.1 Handshaking Lemma: Let H (V,E)be any graph then D(H) = 2m, where
m is the size of graph H [2].

Example 9.1 Show thatinagraph K, ifd(h) = odd, V h € S C V(K) then
|S| = even.

Example 9.2 How many nodes are necessary to draw graph with |E(P)| = 30 and
dw;) =3, Yw; € V(P).

Solution We have,

D(P)= Y d(u) =2m = 2(30) = 60

Yu € V(P)
= 3+ 3+ ---ntimes =60
= 3n = 60
=n =20

Example 9.4 Show that the simple graph H of order 20 and size 200 does not exist.

Solution The graph H must have at most n(n;l) = 20(23_1) = 190 edges.

Example 9.5 Show that every cubic graph has even number of vertices.

Solution By the Handshaking lemma,



DP)= > du)=2m
Yu e V(P)

= 3+ 3+ ---n times = even
= 3n = even
= n = even

9.3 Types of Graphs: Experiential Learning
(A)

Brainstorming Experiment-II

In Experiment-], let us explore different possible roads among cities.

(B)

Inferences-II

The special possible inferences are as follows.

Every city may be joined with the same number of roads (Regular Graph).
ii.
There may exist a separate road, between every pair of cities (Complete Graph).
iii.
There might be the road partitions in the cities, i.e., there may not be any road
among the first group of cities P, Q, R. But, there are roads that join the cities of
the first group to the cities of the second group. In the second group of cities S
and T, there is no any road that joins S to T (Bipartite Graph) [1, 2].

(©)
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Regular Graph

A graph H is called a regular graph (RG) iffd(h) = r, V h € V(H), where risa
constant. A RG of degree r is known as r-RG. The zero-RG is called as null graph. The
cubic graph is the 3-RG.

Consider the following examples of regular graphs depicted in Fig. 9.2.



O
0]
o) O——o
Ns: 0-RG 1-RG
2-RG
3-RG
Fig. 9.2 RGraphs
2.
Complete Graph
A graph H is called a complete graph if every pair of vertices in H are adjacent. K,, is
the complete graph with n vertices. The complete graph K, has exactly @ edges.

The K,,is (n - 1) - RG. Let us consider the following examples of complete graphs given
in Fig. 9.3.

L A E s

K K>
! Kz Ks

Fig. 9.3 Complete graphs
3.

Bipartite Graph

A graph H(V, E) is said to be bipartite graph if V = PU Q and PN Q = ¢ such
thatV e € E(H), e = {p;,q;} such that p, € P andg; € Q.

The bipartite graph with |P| = r & |Q| = s is denoted by B, s or B(r, s).
Figure 9.4 shows the examples of bipartite graphs.



P2

P1 P1 T1 T,
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B1,2 BZ,Z 9 3

Bl,l B2 3

Fig. 9.4 Bipartite graphs

4,
Complete Bipartite Graph

A graph H(V, E) is said to be complete bipartite graph (CBG) if V = P U Q and
P N Q = ¢ such that each vertex of P is adjacent with every vertex of Q. The CBG with
|P| =r & |Q| = sis denoted by K, ;or K(r,s).

And K s = Star graph.

Notes:
' The complete graphs K2 is K, ; (complete bipartite graph 1 and 1 vertices).

Consider the examples of graphs depicted in Fig. 9.5.
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Fig. 9.5 Complete bipartite graphs
5.
Cycle Graph

A graph H(V, E) is said to be a circuit or cycle graph with vertex set
V(H) = {h1, ha, hs, - - -, hy,} if the vertex h, is adjacent with the vertices h,,; and h,_;

forr=2,3,..,n -1 and the vertices h; and h,, are adjacent. It is denoted by C,.

The graph C3 is the only graph which complete as well as cycle graph. Every cycle
graph C,, is 2-regular graph.
Notes:

The graph C4 is the only cycle graph which is complete bipartite graph.
ii.

The graph C3 is complete tripartite graph.
iii.

Every cycle graph is either bipartite graph or tripartite graph.

Consider the following examples of complete n-partite graphs shown in Fig. 9.6.



C2 C3 C4
€5
Fig. 9.6 Cycle graphs

6.
New Graphs from Old Graphs

In this topic, we develop some new graphs from the given graphs (old graphs).
L.
Subgraphs: A graph S is said to be a subgraph of a graph H iff
V(S) C V(H) and E(S) C E(H) [2].

The graphs shown in Fig. 9.7 are the examples of graph and it’s subgraphs. Graphs
H1, H2, H3, H4, and H5 are subgraphs of the graph H.
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Fig. 9.7 Graph and subgraphs

" Edge Disjoint Subgraphs: Two subgraphs P and M of a graph H are edge disjoint
subgraphs iff E(P) N E(M) = . It may have common vertices. Subgraphs H,
and Hj are edge disjoint subgraphs. Any null subgraph and subgraph of the graph
are always edge disjoint subgraphs. The subgraphs Hs and H;, Hs and H4, Hs and
H,, Hs and H, are edge disjoint subgraphs.

ii. Vertex Disjoint Subgraphs: Two subgraphs P and M of a graph H are vertex
disjoint subgraphs iff V(P) N V(M) = ¢. All vertex disjoint subgraphs are also
edge disjoint subgraphs. Subgraphs H, and H; are vertex disjoint subgraphs, but
H; and H; are not vertex disjoint subgraphs. All vertex disjoint subgraphs are edge



iil.

iv.

disjoint subgraphs, but the converse is not true. Subgraphs H; and H; are edge
disjoint but not vertex disjoint subgraphs.

Spanning Subgraph: A subgraph P of a graph H is a spanning subgraph of a graph
Hiff V(P) = V(H).Figure 9.8 shows the graph and its spanning subgraphs. The
subgraphs H;, H,, and H; are spanning subgraphs of the graph H. Two spanning

subgraphs may or may not be edge disjoint subgraphs. Furthermore, two
spanning subgraphs never be vertex disjoint subgraphs. The subgraphs H; and H,

are edge disjoint but not vertex disjoint subgraphs.

hz h2
(o]
hs ha hs hs
hy hi o o (@)
(o]
hs hs
H Hi
h

hs
h1

hs

H2 h5 H3

Fig. 9.8 Spanning subgraphs

Complement of a Graph: A graph P is a complement of a graph M iff
V(P)=V(M)and E(P) = {e ={s,t}/e = {s,t} &€ E(M) }.Itis denoted by
P.

Properties:
For any graph, (P) = P.
K, = N,and N,, = K,

The complement of the regular graph is regular.
The complement of a graph with respect to the edges does not exist.



Figure 9.9 depicts the graph and the corresponding complements.
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Fig. 9.9 Graphs and it's complements

9.4 Graph Operations: Experiential Learning

hs

h2

hs



In this section, we define the graph operations analogues to the operations in the set
theory.

1.
Intersection of Two Graphs

The intersection graph H of two graphs Pand Q, H = P N @ is a graph such that
V(H)=V(P)nV(Q)and E(H) = E(P)N E(Q).Itisdenotedby H = PN Q.
Let us consider Fig. 9.10 having graphs and their intersection graph.

el hy e2 h2 h»
es3 €6
e3 €7
h g— =
" - hs 4 . hs hs
8
h5 ea
- Q

VP)={hi, ho,h3,hs} ,E(P)= = {
V(Q)=1{h2,hs,hs,hs} ,E(Q)= ={
)

5 62563 5 45 85)

e
€3, 66;67:68 }

V(P NQ)={h,hs,ha} , E(PNQ)= ={e3}
ha
€3
ha (0]
hs
H=PN ©

Fig. 9.10 Intersection of graphs

2. Union of Two Graphs: The union graph H of two graphs P and M is a graph such
that V(H) = V(P)UV(M)and E(H) = E(P)U E(M).Itis denoted by
H = PU M Fig. 9.11.



H=PuUM

Fig. 9.11 Union of graphs

3.
The Ring Sum of Two Graphs: The ring sum of two graphs P and M is denoted by
H = P ® M suchthat V(H) = V(P) U V(M) and Fig. 9.12
E(H) ={e/e€ E(P)or E(M)bute ¢ E(P)NE(M)}
={E(P)UE(M)} —{E(P) N E(M)}
hi
es ez hz
€s €6
€4 0 hs
hs es
e
8 hs
H=P®Q
Fig. 9.12 Ring sum of gra
4

" Sum of Two Graphs: The sum of two disjoint graphs P and Q is denoted by
H = P+ @suchthat V(H) =V (P)UV(Q)and



E(H) ={e={=z,y}/ec [E(P)UEQ) orzc E(P)
&ye E(Q),Yze V(P)andVyec V(Q)}.

If the graphs P(n{, m;) and Q(n,, m,) then
P+ Q = H(ni + ng, mi + ma + nq * ny).
The sum N, + N, of null graphs is K, ,, Fig. 9.13.

P1 P, P P2
d1 dz ds
O O O
P
Q
qa * *
H=P+Q
(o] (o} o (o] (0]
N3 N2

H=N2+N3=K2,3

Fig. 9.13 Sum of graphs

The ring sum of two regular graphs is again a regular graph.

5.
Product of Two Graphs

The product of two graphs P and M is denoted by H = P x M such that
V(H) =V(P) x V(M) and

E(H) = [{{p1,m1},{p2,m2}}/ [p1 = p2 and {m1, my}
€ E(M)] or [m; = my and {p1,p2} € E(P)]] .Thatis,

{p1,m1} and {ps, m2} are adjacent iff

1.
p1=Dp, and my is adjacent to m, in M or



2. my{=m;and p4 is adjacent to p, in P.

The product of two graphs P and M is depicted in Fig. 9.14. The product of K, with
K, is Cy.

P1 P2 a C r t
o—O0 (e} O O o)
P M
(p1, a) (P2, a)
(p1, €) (P2, c)
(p1, 1) (p2,r)
(p]_, t) (pzl t)
H=PxM

Fig. 9.14 Product of two graphs

6.
Decomposition: A graph H is said to be decomposed into subgraphs P and M iff

H = PUM and PN M = Null graph.
The decomposition of the graph H is depicted in Fig. 9.15

h €2 hs o e h hcz) k2 hs
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H M

Fig. 9.15 Decomposition of graph

9.5 Isomorphism of Graphs: Experiential Learning



In real life, there are many objects which look like equal or same but they are different.
Such concept is also expressed in graph theory. Two graphs are equal with respect to
graph attributes. These similarities are attempted in graph theory by defining the
various types of graph isomorphisms [1, 2].

Definition Two graphs H and M are said to be isomorphic graphs if

1.
J a bijective function ¢ : V(H) — V(M).

2.
d a bijective function ¢ : E(H) — E(M) such that {p,q} € E(H) iff

{¢(p), v(q)} € E(M). Thatis, the function 1) preserves the adjacency and non-
adjacency of vertices.

The functions ¢ and 1) are called an isomorphism of graphs H and M. It is denoted
by H = M.

Suppose H = M then

I.
V(H)| = [V(M)].
ii.
|E(H)| = [E(M).
iil.
H and M have an equal number of vertices of degree r.
iv.
Ifd(h) = rin Hthend [p(h)] = rin M.

If {p,q} € E(H)then {p(p),»(q)} € E(M).

If anyone of the above properties fail, then H and M are not isomorphic.
The necessary conditions for two graphs H and M to be isomorphic are

D v = v
(b)

B(H)| = |E(M).
(c)

H and M have an equal number of vertices of degree r.

These conditions are not sufficient. The following graphs shown in Fig. 9.16,
satisfies the above conditions, but these graphs are not isomorphic as the degree of the
vertex hs is 3 and adjacent with one vertex of degree 1 in H;. The image of h; must be a
vertex of degree 3, i.e., y, in H,. But, the vertex y, is adjacent with two vertices of
degree 1. Thus, the graphs H1 and H2 do not preserve the adjacency of vertices. Hence,
graphs H1 and H2 are not isomorphic.
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Fig. 9.16 Non-isomorphic graphs

Note: The graphs K, , and K, ,,, are isomorphic.

9.6 Connectivity of Graphs: Experiential Learning
Walk: Let H be any graph having V(H) = {hy, ha, hs, ..., h,} and
E(H) = {ej, ey, es,...,en} An alternating sequence of vertices and edges in H, say
S:hi—e;—hy—ex—hs—es—---—h, — e, — hyy1suchthate; = {h;, hi1}
fori=1, 2, 3,..., r,is called a walk. The edge in every walk, is incident at the vertices
immediately preceding it and following it [2].
The end vertices in the walk, h; and h_, are called as terminal vertices and other

vertices are known as the interior vertices. In walk, vertices and edges may be
repeated any number of times. There are many walk between every distinct pair of
vertices. Depending upon the nature of the terminal vertices, there are two types of
walks.

A walk in which first vertex = last vertey, is known as the closed walk. Otherwise it
is open walk. Figure 9.17 depicts the graph and the walks.



ha

Fig. 9.17 Walk graphs

The following are the examples of walks in the graph H.

(1)
Withi-ej-hy-e;-hz-ejg-hi-ejg-hz-e3-hy
(ii)
Wy hi-ei-hy-eg—hs—es—hy
(i)
W3t hy-ej-hy-eg—hg—eg—hy-eqg-h3
(iv)
Wy hy-eqg-hz-eg—hy
v)

Ws:hl—el—eg—h6—eg—h1

Trail: A walk of a graph H having all distinct edges, is called a Trail. The vertices
may be repeated any number of types in the trail. W, is not a trail but W,, W5, W, are

trails and Wy is a closed trail.

Path: A walk of a graph H having all distinct vertices, is called a path. Every path P
is a trail but the converse is not true. In above graph, W; and W; are not paths but W,
and W, are paths.

Cycle or Circuit: A closed path is known as a cycle or circuit. Ws is a closed path.

Connected Graph
A graph H is called a connected graph iff 4 a walk or trail or path between every pair of
vertices of H. Not connected means disconnected graph. The disconnected graph
involves two or more connected parts known as the blocks or components.

In Fig. 9.18, graphs H1 and K, 3 are connected graphs, whereas the graph H2 is

regular but not connected.
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Fig. 9.18 Connected and disconnected graphs

Connectivity of a Graph: The connectivity of graph is associated with the number

of edges or vertices whose elimination from the graph provides more components or
blocks. Depending upon two attributes of the graph (Edges and Vertices), there are
two types of the connectivity of graphs, known as the edge connectivity and the vertex
connectivity [1].

1.

Edge Connectivity: A set of edges D whose deletion from the connected graph H,
disconnects the graph, is called as the disconnecting set. A disconnecting set D is
called a minimal disconnecting if no proper subset of the set D is the disconnecting
set. The minimal disconnecting set is known as the cutset of the graph. The
number of edges in the smallest cutset D (Cardinality of D is minimum), is called

as the edge connectivity of the graph. Notation: A(H).

If a cutset of a graph H contains only one edge, then that edge is called as the

Isthmus or Bridge.

Consider an example of A(H) depicted in the Fig. 9.19.

e

€1

€5
€6
eq
€10 o— 1<)
€sg

ez

Fig. 9.19 Edge connectivity of graphs

Let us consider the following edge sets.

Sr. No. | Edge set Remark

1 D; = {e1,e2,e9} |Minimal disconnecting set

2 Dy = {e1, e10, €9} | Disconnecting set but not minimal as it’s subset {e1, e10} is the disconnecting set
3 D3 = {es} Minimal disconnecting set and e4 is an isthmus or bridge

4 Dy = {es, e3} Minimal disconnecting set

5

D5 = {e1, es,e9} |Minimal disconnecting set




Sr. No. | Edge set Remark

6 D¢ = {e, es,e3} |Disconnecting set but not minimal as it's subset {e2, eg} is the disconnecting set

7 D¢ = {eg,e1,e6} |Notdisconnecting set

In this graph H, the smallest cutset is D3 = {e4}. Therefore, A\(H) = 1.
Note

o The graph H has an isthmus iff A\(H) = 1.
e Vertex Connectivity

The minimum number of vertices/nodes whose deduction or deletion from the
connected graph H, disconnects the graph or gives Kj, is called as the vertex

connectivity [notation: k (H)] of the graph. A graph is said to be r-connected if it’s
k(H)isr.
Avertex h € V(H) is cut vertex iff V(H)—{h} is a disconnected graph or K.
Consider Fig. 9.20 of a connected graph.

ha
h>
hs
hi
hs

h7 he

Fig. 9.20 Vertex connectivity of graphs
Let us consider the following vertex sets.

Sr. No. | Vertex set Remark
1 Dy = {h2, hr} Disconnecting set
2 Dy = {hy, ha, h7} Not disconnecting set
3 D3 = {hs} Disconnecting set and hj3 is a cut vertex
4 Dy = {ha, h3, ha, hs, he} | Not disconnecting set

In this graph H, the smallest cutset is D3 = {h3}. Therefore, k(H) = 1.
Notes:

o If k(H) = 1 then H is called as separable graph. The graph H given in Fig. 9.20 is

separable graph.
e The k(K,) =n — 1, k(K,,) =min {m,n}.



e The vertex connectivity of C,, forn>2, is 2.

Theorem 9.1 In a connected graph H, A\(H) < dp;n, where
dmin =min {d(hl)/ Y h; € V(H)}

Proof Leth be a vertex in the graph h such that d(h) = d ;. The vertex h can be
separated by deleting all edges which are incident at h, that is, d
Hence the proof.

min UMber of edges.

Theorem 9.2 In a connected graph H, k(H) < A(H).

Note: In the complete graph K,, k(K,,) = A(K,) = dmin =n — 1.
In the following graph
kE(H)=1, A\(H) =2, dpin =3 = k(K,) < A(K,) < dmin Fig. 9.21.

h, ha

hs
hs

h7 he

Fig. 9.21 Vertex connectivity and edge connectivity

9.7 Eulerian and Hamiltonian Graphs: Experiential
Learning
(A)

Brainstorming Experiment

In the present era, the roles and responsibility of a postman are different. The
postman should distribute the letters of a particular village /region/area and collect
the money daily from particular members for fixed deposit scheme.

(B)

Inferences

There are two different observations given as follows.

The postman should visit all routes/roads of a particular region. (Eulerian Graph
family)



2. The postman should visit particular members for collecting money. (Hamiltonian
Graph)

Q)
Mathematical Insights

Definitions A trail T in a connected graph H is said to be an Eulerian Trail (ET) if
e € T, Ve € E(H) without repetition. A circuit of H is called an Eulerian circuit or

cycle (EC) if itis an ET and

Starting node = ending node

A graph H is said to be an Eulerian Graph (EG) if it has an Eulerian circuit. If the
graph is Eulerian then the Eulerian trail, Eulerian circuit and the graph must have
the same number of edges. In an Eulerian circuit, the vertices may be repeated any
number of times [1].

Consider the following examples depicted in Fig. 9.22.

e1 e1

hy ha hy g hy
es e2 €4 es
h4 hs hz h3
e3 ha
Hl H2 H3
hs
h, hs ha e
hi o O o——— hi o O hs
€1 e> €3 = & hs €s
€2
hy ©
Ha Hs

Fig. 9.22 Eulerian and non-Eulerian graphs

The graph H1 is Eulerian graph and the Eulerian cycleis hy —-e; - hy —e; - hz —e3 -
h, - e4 - hy. The graphs H2, H3, H4, and H5 are non-Eulerian graphs. In the graph H2,

Eulerian trail exists but not Eulerian cycle.
Notes:



A complete graph K|, is Eulerian iff n is an odd integer.

A r-regular graph H is Eulerian iff H is connected and r is an even integer.
A K,, , is Eulerian graph iff both m and n are even.

Every cycle graph is Eulerian.

The bipartite graph may or may not be Eulerian.

Theorem 9.3 A connected graph H is Eulerian iff d(h;) = even, Y h; € V(H),
i.e..each vertex of H is of even degree.

Theorem 9.4 A connected graph H has Eulerian trail iff odd degree vertices are either
2or0.

Hamiltonian Graph
We know that the Eulerian graphs are associated with the edges and Eulerian trail.
Now, let’s consider the second attribute of the graph, i.e., vertices to define the
Hamiltonian graphs.

A path P, in graph H, is called a Hamiltonian Path (HP), ifu € P, Yu € V(H)

without repetition. C is Hamiltonian circuit/cycle (HC) iff u € C, Vu € V(H) without

repetition and same terminal vertices. A graph having HC, is called as a Hamiltonian
graph (HG) [2].
The Hamiltonian circuit must have distinct edges.

Theorem 9.4 Ore’s Theorem.

If H is a simple graph & n > 2 vertices and d(h) + d(m) > nfor each
e = {h,m} ¢ E(H), then H is a Hamiltonian graph.

Theorem 9.5 Dirac’s Theorem.

IfH is a simple graph with n> 2 vertices and d(h) > %, YV h € V(H) thenHisa
Hamiltonian graph.

Example 9.6 Show that the graph K, (n > 2) is Hamiltonian. What is the length of
Hamiltonian circuit? How many circuits exist in K,,?

Solution The graph K,, has n vertices and degree of each vertex is n - 1. Therefore,
d(h) =n—12> % ;Vh e V(K,).

By Theorem 9.6, K,, has a Hamiltonian circuit and hence, it is Hamiltonian graph.
The Hamiltonian circuit contains all the vertices of K. Therefore, its length is n. But
_ —1)!
there are M edges in the graph K,,. Hence, there are % distinct Hamiltonian

circuits.

Example 9.7 Give two examples of the following graphs



1.
Eulerian (EG) and Hamiltonian (HG)

2.

EG, but not HG
3.

HG, but not EG
4,

Neither EG nor HG
Solution
1.

EG and HG Fig. 9.23

e e, h
2
h1 hz hy (S
e
€ e ey €4 hs
ha h3 €3
es hs e
6  hy

Fig. 9.23 EG and HG
1.

EG, but not HG Fig. 9.24

h
e1 h3 hy 5 3
h1 h2 D €1 €
h2
ez e /€3 e €6 €3
o 0 h €5 (S¥]
he 4
ec h5 €5 he ha

Fig. 9.24 EG but not HG

2. HG, but not EG Fig. 9.25



e1 h2

hy
hi =
e
e 6 €4 hs
€3
ha hs o
es h4
Fig. 9.25 HGbutnotEG
3.
Neither EG nor HG
h1
. o hs € ez es
ey 1 h, © o © O ha
er h2 hs
ha

Fig. 9.26 Neither EG nor HG Fig. 9.26

Example 9.8 Draw at least seven example of connected simple non-isomorphic
graphs on five vertices which are neither Eulerian nor Hamiltonian Fig. 9.27.
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9.8 Weighted Graph: Experiential Learning

A graph H is said to be a weighted graph, if every edge is associated with some numeric
value.

Fig. 9.27 Neither Eulerian nor Hamiltonian and non-isomorphic graphs

Solution:

Weight of Graph = Z w (h)
VheV(H)

Consider Fig. 9.28 of weighted graphs and their weights.



H he 30 hs

Fig. 9.28 Weighted graph

9.9 Planar Graph: Experiential Learning

This section deals with the drawing of graphs without crossing the edges on plane
surface (2-dimensional) and some important results related to such kinds of graphs.

Definition A graph P is a planar graph if H can be drawn on a plane such that no
edges intersect or cross in a point other than their end vertices. Otherwise, it is called
as non-planar graph.

Figure 9.29 depicts the examples of planar and non-planar graphs [6].

[

H1

H 4
Fig. 9.29 Planar and non-planar graphs

The graphs H; and H, are planar graphs but the graph H3 = Kj is non-planar.

Regions: A planar graph H splits the plane into parts (regions). The regions are
also known as faces or windows or meshes. The region is bounded by the set of edges,



which forms its boundary. A region is finite, if its area is finite. Otherwise, it is infinite
or unbounded. Every planar graph has finite regions and an infinite region. Figure 9.30
depicted the regions.

R

hl el h2

e7

hs &  hy

Fig. 9.30 Planar graph with regions
Theorem 9.6 Euler’s Formula/Theorem.

If H is a connected planar graph then

1.
V(H)[ + [R(H)| - [E(H)| = 2

2.
|E(H)| <3[V(H)| -6

3.
|E(H)| < 2|V(H)| — 4if H is triangle free graph.
Notes:

1.
Ifinagraph H, e < 3v — 6 is not true (e > 3v — 6) then H is not a simple connected
planar graph.

2.

Ifin a graph h, e < 2v — 4 is not true (e > 2v — 4) then H is not a simple connected
planar and triangle free graph.

Example 9.9 Prove that K; (complete graph on 5 vertices) is not planar graph.

Solution The graph K; has 5 vertices and 10 edges. Therefore, v="5 and e=10. We
have, 3v - 6 =15-6 =9 and e = 10. So, e > 3v - 6. Thus by Corollary 1, the graph K5 is not
planar.

Example 2 Prove that K3 5 (complete bipartite graph) is not planar graph.

Solution The graph Kj ; has 6 vertices and 9 edges and it is triangle free graph. We
have, 2v - 4=12-4=8 and e=9. So, e > 2v - 4. Thus by corollary 4, the graph Kj 5 is not
planar.



Note: The Graph K is the Kuratowski’s first graph as it is smallest non-planar graph
with respect to the number of vertices. The Graph Kj 5 is called the Kuratowski’s
second graph as it is smallest non-planar graph with respect to the number of edges

Fig. 9.31.

Ks Ks;3

Fig. 9.31 Smallest non-planar graphs

9.10 Graph Coloring: Experiential Learning

The coloring of graph is dealing with the coloring of the graph attributes, i.e., vertices
or edges or regions or vertices and edges or vertices, edges and regions according to
the concerned theory.

There are following different types of coloring of graphs [7Z, 8].

Vertex coloring.

Edge coloring.

Region coloring.

Vertex and edge coloring (Total Coloring).
Vertex, edge, and region coloring.

7 coloring.

Let us consider the coloring types one by one.

Vertex coloring.

Proper vertex coloring (PVC) means the adjacent vertices have different colors, i.e.,
e = {hi,h;} € E(H) = c(h;) # c(h;), V i&j where c(h;) means the color of the
vertex h;.

The chromatic number x(H) = the minimum number of colors in PVC. A graph H is
said to be p-colorable if x(H) < p.



This type of coloring is easy, if there are less number of vertices. But for large
number of vertices, this process becomes challenging.

Let us consider the following examples of the coloring of graphs depicted in
Fig. 9.32.

hl h2 |'}1 h2 h4 hl h2
C
G “ C1 G ’ G G
/ "
C h3 h3
Y b Cs C; G “ h G
6 h
H, Ha H,

Fig. 9.32 Vertex coloring of graphs

Important results:

1.
x(H) = 1iff His a null graph.
2.
X(Kp) =n
3.
X(Kmn) = 2
4,
For cycle graph C,,x(C,) = 2, ifniseven and 3, if n is odd.
5.
The bipartite graph is 2-colorable.
6.
The graph H is n-partite iff x(H) = n .
2.

Edge Coloring: The coloring of all edges of a graph H, such that the adjacent edges
receives the different colors is called the edge coloring of graph, i.e.,

ep = {hi, hj}&eq = {hj, hr} € E(H) = c(ep) # c(eg), Vp&qand i # j#k
where c(e,) means the color of the edge e),.

The edge chromatic number or chromatic Index of the graph H, is x’'(H) =

minimum number of colors such that
e, = {h;, hj}&e, = {h;, by} € E(H) = c(ep) # c(e,), V p&q Fig. 9.33.
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Fig. 9.33 Edge coloring of graphs

3.
Region Coloring: Let H be a planar graph. Two regions R; and R, are adjacent if

B(R;) N B(R3) # ¢ here, B (R;) =set of boundary edges in R; [2].
Non-adjacent regions means B(R;) N B(R2) = ¢.
The coloring of all regions of a graph H such that
i.e, B(R,) N B(Ry) # ¢ = c(R,) # c(Ry), V p&q where c(R,) means the
color of the region R),.

The region chromatic number is x g(H) = minimum number of colors such that
B(R,) N B(R,) # ¢ = c(R,) # c(Ry), V p&q Fig. 9.34.

Hiy

Fig. 9.34 Region coloring of graphs

Important results:
e For Complete graphs, xr(K1) = 1, xr(K2) =1, xr(K3) = 2, xr(K4) = 4, and
Xr(K,) = not defined for > 5 as K, is non-planar graph.
e For cycle graph, xr(C,) = 2
4. Total Coloring: Let H be any graph. The coloring of V(H) and E (H) such that
L.
e = {hl, h]} € E(H) = C(hl) 75 C(hj), W ’L&j
ii.
ep = {hi, hj}&eq = {hj, i} € E(H) = c(ep) # cleg), Vp&gandi#j#k
L h BN BN b L alh N Lol Mo i
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The total chromatic number of H is x7(H) = minimum colors satisfy above
conditions.

Consider the following examples given in Fig. 9.35.

C>
C1 Cs
G
Hi
Ca Ca » (;
C G
3
G
G c, G C
—o o —0
C1 Cs Cs C Cs
H»

Fig. 9.35 Total coloring of graphs

. Perfect Coloring: Let H be a planar graph. The perfect chromatic number or index
of a graph H is denoted by x p(H) and it is the minimum number of colors required
to color the graph H such that

e = {hz, h]} € E(H) = C(hl) 7é C(hj), A 'L&j
ii.

e = (i, h}ee, = {hy, lu} € B(H) = cle;) # cley), ¥ plegand i # j # k
iii.

RyN Ry # ¢ = c(Ry) # c(Ry), V pkgq
iv. The region should have different color than boundary edges and boundary

vertices [8-11].

Consider the following example depicted in Fig. 9.36.



Ci Ce Cs

R1-Cs
H G, R2-Cs Gy

Cs Cs C

Fig. 9.36 Perfect coloring of graphs

Adjacent Vertex wColoring: Let H be a simple graph with n vertices. Let H; be the
set of vertices adjacent to the i-th vertex. Let X={H,, H,, Hs, ..., H,} be the set of

subset of V(H). Let P(C) be the power set of the color set C having s distinct colors.
If there exists a function 7 : X — P(C') such that assign colors to vertices in H
such that 7(H,) # w(H,) for allp # q.

This coloring is known as the adjacent vertex 7r coloring. The smallest value of s is
called as the adjacent vertex 7 chromatic number of a graph H [12].
It is denoted by AV 7r CN(H) or x.(H).

Let us consider the following examples depicted in Fig. 9.37.

¢ 1 2

{1,2,3} {2,1,4}
Cc e ‘

{3,1,4} {4,2,3}
3 4

a H Hi

Fig. 9.37 Adjacent vertex 7 coloring of graphs

Now assign colors to each vertex of H as follows.a-1,b-2,c-3,d-4,e- 3.

As the result, f(Hy) ={1, 2, 3}, f(]H,) ={1, 2, 3, 4}, f({H4) ={2, 3, 4}, and f(H5) ={1, 4,
3}.

Therefore, the AV t CN (H) = 4.

Note: For above graph H, y (H) = 3, which is different from AV 7 CN (H). Therefore,
chromatic number and the AV m CN, are two different concepts.

9.11 Representing Graphs in Computer Memory:
Experiential Learning



We have seen that graphs can be represented either set theoretically or
diagrammatically. But, it is difficult to represent the graphs in computer in either way.
We can store the data of graphs in computer by using matrices. So, it is essential to
concert graphs into matrices and vice versa. The following are main two types of
matrices named as adjacency matrix and incidence matrix [13, 14].

1.
Adjacency Matrix

Let H be any graph without parallel edges and having n vertices. The adjacency
matrix of H is denoted by A(H) = (hy,), . and defined as

nxn

hp, =1;{hy,h,} € E(H)i.e. hyand h, are adjacent in H
=0; {hp, he} ¢ E(H) i.e. hy, and h, are not adjacent in H

Let us consider the following examples depicted in Fig. 9.38.

h2
er hy h;
hs
h1 E‘_o,/>
v e
ha

ha h
Hy
Hq

Fig. 9.38 Graphs for adjacency matrix

The adjacency matrices of the graphs H1 and H2 are as follows.

hi0 1 0 1| h0 1 0 1]
hoy1 0 0 1 hay1l1 0 1 1
A(Hl) = (hpq)4><4 - hg\‘ O O O 1‘ A(H2) = (hPQ)4><4 = hg\\ O 1 1 1‘
hs)1 1 1 0 hy1 1 1 O

Notes:
i
A(H) is a symmetric and binary matrix.
ii.
In A(H), hp, =1 if there is a loop at the p-th vertex.

2.
Incidence Matrix



Let be any graph without loops and having n vertices and m edges. The incidence
matrix of H is defined as I(H) = (hy,). ... and

nxm

(hog) s = 135 eq={hp, hs} € E(H)i.e. e, is incident at the vertex hy, in H
=0;e,={hphs} & E(H) i.e. e;is not incident at the vertex h, in H

The incidence matrix of the graph H1 presented in Fig. 9.38 is as follows.

€1 €2 €3 €4

hil1 1 0 0}
hyyl 0 1 0
A(Hl):(hpq)‘l”:hg{o 00 1}
hat0 1 11

Properties of Incidence Matrix

It is a binary matrix.
il
> vphpg = 2 forallq.
iii.
ZVq hpg = d(vy).
iv.
Two columns are identical iff the corresponding edges are parallel.

A row having all zeros is representing the isolated vertex.
Vi.
A row with single 1 represents a pendent vertex.

9.12 Graph Algorithms: Experiential Learning

In real life, we come across many situations or problems which we need step by step
thinking and solutions to obtain more pragmatic results. The graph algorithm is
associated with solving numerous difficult problems of graph theory by using the
standard procedure. These algorithms help us to resolve the problems in innovative
ways within a minimum time and steps. There are mainly two types of algorithms the
shortest path algorithm and the traveling postman problem. Let’s study these
algorithms one by one [15, 16].

9.13 Shortest Path Algorithms



The name itself suggests that we have to find the shortest path among all existing
paths of a graph. In this method, we express the real problem in the graph and then
apply the shortest path algorithm for finding the optimum solution of it. There are
mainly three algorithms used for finding the shortest path between the vertices
namely Dijkstra’s, Bellman-Ford, Floyd-Warshall Algorithms [17].

Dijkstra’s Algorithm
A .

Dijkshtra’s algorithm

Let H = Weighted Graph & p, q € V(H) and SP= Shortest Path

Suppose, L(x) = label of p which signifies the length of the shortest path. W;; =
weight of an edge e;; = (h;, h))

Consider the following steps:

Step 1: Let S =permanent labels vertices and T = V (H)

SetL(p)=0,and L(x)=:VxeTandx#p

S=¢and T=V(H)

Step 2: Select the vertex g in T having smallest label and send g to S.

Therefore, S = SU {h} and T=T - {h}.

If g = q then L(q)= length of the minimum path from the vertex p to q and stop the
procedure.

Step 3: If g # g, then revise the labels of the vertices of T. The new label is

L(z) =min {old L(z), L(g) + w(g, =)}

where w(g, x) = weight of edge {g, x}. If no edge linking g & x then take w(g, x) =
Step 4: Reiteration of the steps 2 and 3 until q acquires the permanent label.

Example 9.10 Find the shortest path between p-q for the given graph H using
Dijkstra’s algorithm Fig. 9.39.

b 3 e
/ 1 L 2 2
4 2 f7
P C q
2 1 4
d g

Fig. 9.39 Graph for Dijkstra’s algorithm

Solution Step1:SetS =¢, T ={p, b, ¢, d, e, f, g, q}

L{p} =0



L{z} =oo,VzeT,z # p
Step 2: h =p, the permanent label of p is 0

S = {p},T - {b707d7€af7gaQ}

L{b} =min {old L(b), L(p) + w (p,b)}
=min {c0,0+2} =2

L{c} =min { 00,0 + 4} =4
L{d} =min {c0,0+5} =5
Lie} = L{f} = L{g} = L{q} = o0

~ L{b} =2 is the minimum label. The permanent label of b is 2.
Step 3: h=b,

S={p,b},T={c,d, e f, 9, q}

L{c} =min {L(c),L (b)+ w{b, c}}
=min {4,2+1} =3

L{d} =min {5,2+ 00} =5
L{e} =min {o0, 2+ 3} =5
L{f} =min {o0,2 +1} =3
L{e} = L{z} = oo
~ L{c} =L {f} = 3 are the minimum labels.

Step4: h=corf,
h = f, permanent label of fis 3.

S={p b 1T ={c d, e g,q}
L{c} =min {3,3+2} =3
L{d} =min {5,3+1} =4
L{e} =min {5,3+2} =5
L{g} =min {c0,3 + 4} =7



L{q} =min {c0,3+ 7} =10

L{c} = 3 is the minimum label.
Step 5: h =c, the permanent label of c=3

S=1{p, b, f, ¢}, T ={d, e, 9, ¢}
L{d} =min {4,3 + 2} =4
L{e} =min {5,3+ 0} =5
L{g} =min {7,3 + 00} =7

L{g} =min {10,3 + co} = 10

L{d} =4 is the minimum label.
Step 6: v=d, the permanent label of d =4

S={p, b, f,c, d},T ={e, g, ¢}
L{e} =min {5,4 + 0o} = 5
L{g} =min {7,4 +2} =6

L{q} =min {10,4 + oo} = 10

L{e} =5 is the minimum label.
Step 7: h =e, the permanent label of e is 5

S = {p7 ba f7 ¢, d7 e}’T: {g’ q}
L{g} =min {6,5 + co} = 6
L{q} =min {10,5 + 3} =8

L{g} = 6 is the minimum label.
Step 8: h =g, the permanent label of g is 6

S:{p7 b, fa ¢, da €, g}?T:{Q}

L{q} =min {8, 6 + 1} = 7 which is the minimum label.
Step 9: h = g, the permanent label of g is 7.

S:{pa b, f, ¢ d, e g, Q}aT:(I)

Hence the length of shortest path from p to g is 7.
The shortest pathisp - b - f-d-g - q and it is depicted in the Fig. 9.40



Fig. 9.40 Shortest path graph by Dijkstra’s algorithm

9.14 Case Studies and Projects

Let us consider the following case studies/projects for better understanding of the
chapter.

1.

Applications of isomorphism og Graphs for resolving real life problems.

How the concept of the connectivity of graphs and cutset play vital role during the
COVID-19 pandemic?

Draw the map of your country having different states and find the region
chromatic number of that map with suitable assumptions. Explain any two
applications of the pi coloring of graphs.

Coloring of graphs and its applications.
Applications of the shortest path algorithms.

Applications of graph theory in Pandemic or epidemic.

Exercise

How many vertices are there in the graph H if it involves
(1)

(ii)

(iii)

20 edges and degree of each vertex is 2.
35 edges, 5 vertices are of degree 4 and others each of degree 5.

100 edges and degree of each vertex is either 4 or 5.

Construct two examples of each type.

i Comnlete oranh



s v asapavee pavipoas

il
Regular graph
iii.
Bipartite and regular graph
iv.
Regular but not complete
Complete tripartite and regular
Vi.
Regular, complete, and bipartite graph

Explain applications of graph theory in chemistry.

Explain any two examples of non-isomorphic graphs having same degree
sequences.

Take two graphs K5 and K, , having some common vertices and edges and find
their union, intersection, ring sum, and product of graphs.

Show that the Petersen graph is non-planar.

Explain any two examples of the following each case graphs.
i
Graphs having equal maximum degree of a vertex, vertex connectivity, and
edge connectivity.
ii.
Vertex connectivity = edge connectivity
iii.
Edge connectivity = Vertex connectivity + 2

Give any two examples of the following graphs.
' Eulerian and Hamiltonian graphs

i Eulerian but not Hamiltonian graphs

- Hamiltonian but not Eulerian graphs

v Neither Hamiltonian not Eulerian graphs

Find the vertex chramatic niimher edoe chramatic niimher region chroamatic
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9. number, total chromatic number and pi chromatic number of the following
graphs.
i.  Wheel graph on 5 Vertices
il.
Product of C, and P,
iii.
Product of N, and P,
10.
Construct an example of weighted graph having 12 vertices and apply Dijkstra’s
Algorithm to find the shortest path between vertices.
11.
Find the adjacency matrix and incidence matrix of the Product of 5 and P,.
12.
Prove that every planar graph is four colorable.
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A common man cannot see the same trees that a mathematician
can see

Abstract

This chapter deals with one of the important types of graphs which is
derived from nature. We are aware that many concepts of science,
technology, social science, philosophy, etc. originate from the various
activities of the nature. In nature, one of the important entities is the
tree. A common man cannot see the same trees that a mathematician
can see. This chapter demonstrates the concepts of trees, properties of
trees, traversal trees, spanning trees and minimum spanning trees.
Every concept of this chapter is defined by using the BEIMI philosophy.
This chapter provides real-life examples for the better understanding of
the concepts. It is focused on finding the shortest path among vertices
by using various algorithms. The chapter concludes with case studies
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and exercises aimed at connecting theoretical relational structures to
real-world applications across various disciplines.

Keywords Tree - Centre - Spanning tree — Shortest path algorithm

10.1 Introduction and Applications of Trees

This chapter deals with one of the important type of graph which is
derived from nature. We are aware that many concepts of science,
technology, social science, philosophy, etc., are generated from the
various activities of the nature. In nature, one of the important entities
is the tree. A common man can see the trees in natural ways, but
mathematicians can observe trees in mathematical ways [1].

In 1847, Kirchhoff introduced the concept of trees while studying
the various types of electrical networks. Sir Arthur Cayley used the
trees to understand and study isomers of saturated hydrocarbons [3].
The trees have numerous applications in various fields such as
computer science (sorting hierarchical data, database indexing, parsing,
machine learning, artificial intelligence), cryptography, electrical and
electronics engineering, social sciences, mathematical sciences,
physical, and chemical sciences [1, 4, 5].

In this chapter, we will study the concept of trees, various types, and
applications.

10.1.1 Trees: Experiential Learning
Let’s consider the following experiment which is given by the nature.

(A)

Brainstorming Experiment-I

Let us consider the following pictures of the tree and its skeleton.



(B)

Inferences-I

In the skeleton of the tree, put a vertex at the point where two
branches rise. If two points are adjacent, iff there is a wood between
them. Now, observe and understand this tree through mathematical
insights. The following are the important inferences of the tree.

1.
All points or nodes are connected to each other.

2.
There is no circuit or cycle.

(©)
Mathematical Insights-I

The following are the graph theoretic insights of this experiment.

Trees: A connected and acyclic (Circuit free) graph, is called as a
tree. The set of acyclic graphs is called as a forest [1].

It is observed that there are unique trees on one vertex, two
vertices, and three vertices.

In Fig. 10.1, the graphs H,, H,, H3, and H, are trees. But, the graphs

H: and Hg are not trees as H: is not connected and Hg is not circuit free



graph. Moreover, the graph H: is a set of two trees. Therefore, Hc is the
forest.

o
o O——I——I
H]
H, o
o
H3
H4
/0 o
o // (Iigg;
H. H

6

Fig. 10.1 Examples of trees and forest

A leaf of tree is a vertex having d(h) = 1. Other vertices (non-leaf)
are known as a branch vertices or internal vertices or branch nodes.
Let’s consider the following basic properties of a tree.

Theorem 10.2 A graph H on p vertices is a tree iff H is connected and
[E(H)| =p—1.

Theorem 10.4 A tree H with |V (H)| > 2 has at least 2 vertices of
degree 1.

Example 10.1 Draw all non-isomorphic trees (NIT) on 1-6 vertices.

Solution We know that there are unique trees on 1, 2, and 3 vertices.
Let’s consider the following trees (Figs. 10.2, 10.3 and 10.4).



O———O0———o0—°0 y
O

H
2
Hl
Fig. 10.2 NIT on 4 vertices
o)
o O -O0———0O0—0
H, 2
H,
3 (0]

Fig. 10.3 NIT on 5 vertices



o—o—I——o—o o I o—0—0
o
OT—_—O o—o0—o—90
o
o
o%\o

Fig. 10.4 NIT on 6 vertices

Example 10.2 Under what conditions trees are complete bipartite
graphs.

Solution Let H=K,, , be a tree.
= |E(Kmn) =m+n—1and |V(Kny)|=m+n.
Now, as H =K, ,, we have
mn=m+n—-—1 = m=lorn=1

Thatis, m=1and any n or n=1 and any m.
Hence, H=K; , or H=K,, ; are only two complete bipartite graphs.

These graphs are known as the Star graphs. Thus, H is a star graph.



10.1.2 Center of a Tree
We know that, for any b, m € V(H),

d(b, m) =length of the shortest path between b and m.

Eccentricity of a Vertex: Let H be a connected graph (CG) and
h € V(H). The eccentricity of a vertex h is denoted by E(h) or e(h) and
defined as

E(h) = Max{d(h, h;)/Vh; € V(H)}

Center of a Tree
A vertex in a tree having the minimum eccentricity, is called a center of
the tree and its eccentricity is known as the radius of a tree. It is

denoted as r (H) [3].
Let us consider the following tree H depicted in Fig. 10.5.

O O @ O  hs
hs

- L

O

hg
Fig. 10.5 Center of a tree

Here, E(h{) =3, E (hy) =2, E (h3) =2, E(hy) =3, and E(hg) =3,
The minimum eccentricity is 2. So, the tree H has two centers h, and
hs.

Theorem 10.1 Every tree H has 1 or 2 centers.

Proof Let H be atree and E(h) be the eccentricity of the vertex h in H.
But, as H is a tree, its eccentricity is attained at the pendent vertices
only.

Every tree has at least two pendent vertices. Now, delete all pendent
vertices of a tree H and denote a subtree by H;. Moreover, one edge

from each pendent vertex is deleted, so the eccentricity of each vertex
in H; is reduced by 1. Therefore, the center of H and center of H; are



same. Continue this process till we get K, or K;. The tree K, has two
centers and tree K; has one center. Hence the proof.

Cut Vertex of a Tree

A vertex whose deletion from the tree H gives a forest is called a cut
vertex of the tree H. Every tree has pendent vertices and internal
vertices. All internal vertices (non-pendent) are the cut vertices of the
tree. In Fig. 10.5, cut vertices are h, and hs.

A connected, circuit free and directed graph is known as directed
Tree. A rooted tree T has a vertex
d (r)=0and d (i)=1,Vie V(T)—{r} hered: Incoming
degree and d*: Outgoing degree. If d~(r) = 0, then r is the root of T and
for aleaf, d*(v) = 0, otherwise, it is internal vertex.

A vertex h of a rooted tree is said to be at level n if d (h,, h) =n,

where h_. is the root vertex of a tree. The maximum number among

levels of all vertices of a tree is called a height of a tree. If two vertices x
and y are adjacent and level of x is n and the level of yis n — 1, then x is
called a child or son of y and y is called a father or parent of x. Moreover,
if the levels of two vertices are same then these vertices are called as
brothers or sisters of each other.

A rooted tree H in which every interval vertex i has d* (i) < misa
M-ary Tree. A rooted tree H is said to be a binary tree if every internal
node of H has at most two sons. A binary tree H is called a full binary
tree or regular binary tree if each internal node of H has exactly two
Sons or zero son.

Figure 10.6 depicts the binary tree and non-binary tree.



Hi H>

Fig. 10.6 Binary and non-binary trees

In Fig. 10.6, the graph H, is full binary tree and H; is binary tree.
The maximum of |V(T") | in the full binary tree having m levels is

20_|_21_|_221_|_23_}_”._|_2m

10.2 Tree Traversal or Search: Experiential

Learning

The traversing is nothing but visiting or processing all vertices or nodes
of a tree according to some rules. The binary tree traversal is the
visiting each node of a binary tree only once according to some
desirable rules or sequences. There are two types of binary tree
traversals according to the nature of the sequence or rules of visiting
the nodes [2, 3].

1. Depth-First Search (Traversal)
In this method, the processing starts from the root node (RN) or
the most distant descending of the first child. There are two
possible to start this process. Therefore, depending upon the
sequence, there are three types of Depth-first Search.

i. Pre Order Traversal: In this method, the sequence of visiting
the nodes is RN, Left Subtree (LST), and Right Subtree (RST).
Its sequence is RN-LST-RST (Fig. 10.7).



ii.

iil.

/\ The pre order traversal is A-B-C
(>

Fig. 10.7 Example of pre-order traversal

Post-order Traversal: In this method, the sequence of visiting
the nodes is LST, RST, and RN. Its sequence is LST-RN-RST.
Let’s consider the following graph shown in Fig. 10.8.

A
0/\ The post order traversal is B-C-A

Fig. 10.8 Example of post-order traversal

In Order Traversal: In this traversal, the sequence of visiting
the nodes is LST, RN, and RST. Its sequence is LST-RN-RST. Let’s
consider the following graph shown in Fig. 10.9.

A

/'\ In order traversal is B-A-C
B \ C

Fig. 10.9 Example of inorder traversal

Now, let’s consider the following graph depicted in Fig. 10.10.



Fig. 10.10 Graph for BFS

(i)

Pre-order traversal

Thus, pre-order traversalismhdbfktpwyv

(ii)

Post-order traversal




Thus, post-order traversalisbfd khpvwtm

(iii)

Inorder traversal

Thus, Inorder traversalisbdfhkmptvw

2.
Breadth First Search or Traversal (BFS)

In this traversal, the processing starts with the Root node, then level
one nodes, level two nodes, level three nodes, and so on, in left to right
sequence of nodes, in each level. The root node is at zero level, then
children of root node is at level one and so on.

The breadth first traversal of the graph depicted in Fig. 10.10.

Thus, the breadth first searchismhtd kpwb fv

Binary Expression Tree
An algebraic expression can be suitably expressed by using its
expression tree. An expression tree is a binary tree with the following
properties [2].
(i) _
Each leaf node of a tree is an operand
(ii)
The root and all internal nodes are act as operators
(iii)

Subtrees are subexpressions, with the root being an operator.



In this context, we consider only standard arithmetic operations +,

_ %k
ARIVE

Let’s consider the following example depicted in Fig. 10.11.

598,

Fig. 10.11 Binary expression tree
The expression of given binary tree is
[Ax(B+C)]+[D— (E x F)]

(2) The expression of a binary tree is [(B * H) + A] = [R/I] and the
corresponding binary tree is depicted in Fig. 10.12.



Endin
Starting point . +~=—~ ding
point

Fig. 10.12 Expression binary tree

Example 10.3 How many internal vertices does a full binary tree with
h levels have?

Solution The total number of vertices in full binary tree with h levels

— 2h—|—1 -1
Out of which 2" are leaves.
Hence internal vertices = (2h+1 — 1) — oh
=2M2-1)-1
—2h_1

Example 10.4 What is the total number of nodes in a full binary tree
with 20 leaves?

Solution Letn be the number of nodes in a full binary tree.
Then



n =mP+1
m =2
= n =2P+1

where P is the number of branch nodes.

The number of nodes in a tree is the sum of branch nodes and
leaves.

Hence

n=P+20=P =n—20

= n=2n—40+1 =2n-—39
2n—n =39
n =239

Hence, the total number of nodes in a full binary tree with 20 leaves
are 39

Example 10.5 Can there be a ternary tree with exactly 20 nodes?

Solution We have

n =mP+ sl
20 =3P +1
3P =20—-1=19

P = % Which is impossible
Therefore, such tree does not exist

Fundamental Circuits
Let H be a connected graph(CG) and a tree S C H such that
V(S) =V(H).Ife € E(H) then e s called as the branch of H. A non-

branch edge of H, is a chord of a tree.



The branches and chords of a tree depend upon the selection of the

tree of H.

Let S be a spanning tree of a graph H and an edge e in §, is the chord
of S. The graph S + {e} forms a unique circuit, called as a fundamental
circuit of H with respect to tree S. The fundamental circuits depend
upon the nature of the spanning trees. Let’s consider the following

graph and its spanning trees depicted in Fig. 10.13

h1
e7
hs
h1 e 2 e hs
e7 & es
he e k
S1

Fig. 10.13 Graph and its spanning trees for fundamental circuits

e hz es h3
e G Q
€5 €3
\9 O h4
g h5 €4
H
hl h2 e2 h3
o——9
ey €3
0 0 nh,

he

€6 h5 e

S2

The graphs S; and S, are spanning trees of the graph H.

1.
For Spanning Tree S



The branches of S; are e, es, es3, es, er.
The chords of S; are ey, es.

Consider the following table of chords and corresponding
fundamental circuits of graph.

Chords | Corresponding fundamental circuits
€4 {62’ €3, €4, 65}

€6 {e1, es, eq, er}

2

" For Spanning Tree S,

The branches of S, are e, e3, es, eq,er.
The chords of S, are e;, es.

Consider the following table of chords and corresponding
fundamental circuits of graph.

Chords | Corresponding fundamental circuits

€1 {61, €2, €3, €4, €g, 67}

es {e2, es, e4, es}

Fundamental Cutsets
Let S be a spanning tree of a connected graph H. Every edge e € E(S) is
an isthmus or bridge of S. The subgraph S - {e} divides the tree S into
two components say S; and S,, and V(H) = V(S) = V(S51) U V(S»)
An edge set E; C E(H) joins vertices in V(S1) to vertices in V(.55)
is a cutset of H. The cutset obtained in this technique is called a
fundamental cutset of H with respect to S. The number of fundamental
cutsets of a graph is equal to the number of branches of the
corresponding tree.
Let’s consider the following graphs and its trees depicted in
Fig. 10.14. Let H be the graph and S; and S, be spanning trees of H.



h2

es =
hy © hs hs

€8

he e e

S1

Sz

Fig. 10.14 Graph and its trees for fundamental cutsets

(a) _
For Spanning tree Sy
The branches of S; are ey, e5, eg, €3, €.
The chords of S; are e, e3, ey4, er.

Consider the following table of branches and corresponding
fundamental circuits of graph.

Branches | Corresponding fundamental cutsets

€ {62, €3, 67}

€5 {61, €4, 65}




Branches | Corresponding fundamental cutsets
€6 {61, €3, €6, 67}

€g {63, €4, 68}

€9 { 69}

(b)

For Spanning tree S,

The branches of S, are eq, ey, €4, €3, €.
The chords of S, are e3, es5, €4, €r.

Consider the following table of branches and corresponding
fundamental circuits of graph.

Branches | Corresponding fundamental cutsets
€1 {e1, es, eg, er}

€9 {62’ €3, 67}

€4 {es, ey, €5, €, er}

€g {65’ €6y €7, 68}

€9 { eo}

10.3 Spanning Trees: Experiential Learning

Spanning subgraph is a special type of subgraph of a graph. The
spanning subgraph and tree, these two flavors are used together to
define the spanning tree of a graph [6, 7].

A subgraph S of a connected graph H is called a spanning tree of H if
Sisatree and V(S) = V(H). Let’s consider the following examples of

spanning trees depicted in the Fig. 10.15.



hy ha

ha h B, ha
o
h
3 hs hy
h
hs 4 hs h4 hs ha
H
S1 S5
h1 hz hl hz
v h
3
hs
h5 h4 h5 h4
Sz Sa

Fig. 10.15 Graph and it’s spanning trees

The subgraphs S; and S, are connected and circuit free graphs, so S;
and S, are trees. Moreover, S; and S, have five vertices. Therefore, S;
and S, are spanning trees of the graph H. As subgraph S; is cyclicand S,
is not connected, so S; and S, are not spanning subgraphs of the graph

H.
Notes:

For the complete graph K, one of its spanning subgraph is a Star
graph K1, _;.

For the complete bipartite graph K, ,,, one of its spanning subgraph
is a path graph.



10.4 Minimum Spanning Trees: Experiential

Learning

Let H be any connected graph. A spanning tree S of a graph H is called a
minimum spanning tree (MST) if it's weight is minimum among all
existing spanning trees of H. The MST depends upon the minimum
weight of the tree, so there may be two or more trees having an equal
weight. Thus, the MST may or may not be unique [8].

There are various applications of a MST in designing of road
networks, railway lines, electric lines, and many more [9-11].

Therefore, it is very important to find the MST of a connected graph.
Depending upon, how we select the edges, there are three types of
algorithms for constructing the MST.

1.
Prim’s Algorithm

2.
Kruskal Algorithm

3.
Bhapkar’s Algorithm.

Let’s discuss these algorithms one by one.

1.
Prim’s Algorithm

Let be any connected weighted graph. Consider the following steps
for designing the MST

Step 1: Select any vertex in H, say hg € V(H). Let S be a tree having
vertex set V (S) and edge set E (S). We denote it as
§={V($), E(S)}.

Now, initially set S = {ho, ¢}.
Step 2: Find an edge e, = {ho, h,} € E(H) such that it'’s weight is
minimum among all edges whose one end vertex is h,,.

Therefore, set S = {{ho, h,}, {ep}}-
Step 3: Select an edge e, = {hs, h} € E(H) such that h; € V(5)
and h; ¢ V(S) and the weight of e, is minimum among all edges



satisfying this condition. Add the vertex h; and the edge e, to the tree
S

Step 4: Repeat step 3 until S contains all vertices of H. The tree S will
be the MST

Let us consider the following example of Prim’s algorithm.

Example 10.6 Use Prim'’s algorithm to find MST. Take A = starting
vertex (Fig. 10.16).

Fig. 10.16 Graph for Prim’s algorithm

Solution Consider the following steps for the construction of the
minimum spanning tree.

Step 1: Vertex A is starting vertex S = {{4}, ¢} °
A
Step 2:S={{4,C},e1} A I
il
C
Step 3:S={{4, C, B}, {e1, e2}} A 2 b
1
co
Step 4: S={{A, C, B, G}, {e1, e2,e3}} A 2 B
1 2
ce G
Step 5: S={{A, C, B, G, H},{e1, €2, €3, e4}} A a B
4 2
c P
Step 6:5={{A,C,B,G,H,E},{eq,e2,e3,e4,e5}}




The graph obtained is tShe minimum spanning tree of weight=1+2
+2+3+1+2=11

A . B
2
c1 H 1-3 G
1
E
Step 7: S={{A,C,B, G, H,E, F},{e1, €2, e3,e4, €5, ec}} A 2 B
2
Cl I T”_il =
1
o——o0
E 2 F

2.
Kruskal’s Algorithm

Let be any connected weighted graph. Consider the following steps
for finding the minimum spanning tree [11, 12].
Step 1: Select an edge e, = {h,, hs} € E(H) such thatit's weight is
minimum among all edges. Therefore, the tree will be

S = {{hr, hs}, {ep}}-
Step 2: If the edges ey, €3, €3, . . ., e, have been chosen then select an
edge e, such that

L.
eq#e fori=1,2,3,---, m.

ii.
The edges ey, e, €3, - - -, e, and e, do not form a circuit.

iii.
Weight of e, is minimum among all non-covered edges.

Step 3: Repeat step 2 until S contains all vertices of H. The tree S will
be the minimum spanning tree of the graph H [14, 15].

Let us consider the following example of Kruskal’s algorithm.

Example 10.7 Use the Kruskal’s algorithm to find the MST for the
graph shown in Fig. 10.17.



f 10 e
Fig. 10.17 Graph for Kruskal’s algorithm

Solution

Step 1: The minimum weight is 2 associated with two edges. These
edges do not form a circuit. So select these to edges

c

a

Step 2: Minimum weight =4

f

Step 3: maximum weight = 4



f e

Step 4: Minimum weight = 4 associated with {c, e} which forms a
circuit so select next minimum weight=>5

b 5 c

1

f e

The graph is the MST and its total weightis 17.

3.
Bhapkar’s Algorithm

Let H (V, E) be a connected weighted graph on n vertices. Consider
the following steps to find the MST of a graph H.

Step 1: Form a maximal set H{, where H; is the set of non-adjacent

vertices of H. Therefore, Hy C V(H).

Step 2: Let h € H;, then select an edge incident at the vertex h,
having the minimum weight, and do not form a circuit. Find such
edges for every vertex in Hy. Let R; be the set of end vertices of the

selected edges which are not in H;. Therefore, S; = H; U R;.



Step 3: Repeat steps 1 and 2 for all remaining vertices of graph H, till
we get S, = V(G).

Step 4: If we get forest of subtrees say Ty, Ty, T, ..., T, then find the
bridges with minimum weights that do not form circuits. Now,
connect all such subtrees by the bridges. Thus, we will get the
required minimum spanning tree.

The selection of the first set is very important as it is associated
with the number of steps required for finding the minimum spanning
tree. So, select the set having maximum number of vertices [13].

Let H be a graph having 08 vertices and 15 edges depicted in
Fig. 10.18.

Fig. 10.18 Graph for Bhapkar’s algorithm

Consider the following steps of the Bhapkar’s algorithm for finding
MST

Step 1: Select Hy, here the set of maximal non-adjacent vertices is H;.
Hy ={a,g,h}

Step 2: There are three edges that are incident at the vertex “a.” Out
of these edges, the {a, c} has the minimum weight. Therefore, join the
vertex “a” to the vertex c. The weight of an edge {g, b} is minimum at
the vertex g. So, join g and b by an edge. The weight of an edge {e, f} is



minimum at the vertex e. Therefore, join e and f vertices. The
resultant graph is given below.

Sl — {a,c,b,g,f,e}

10

e

Step 3: In the remaining vertices of the graph H, the set of non-
adjacent vertices is H, and

Hy,={d, h}

Step 4: The weight of an edge {d, a} is the minimum which is
adjacent at the vertex d. So, join the vertices d and a. The weight of an
edge {h, f} is minimum, so join the vertices h and f.

Thus, the resultant graph is given below.

10

3 f 12

Therefore, S;1={a,c, b, g, f, e, d, h}



Step 5: We have covered all vertices of the graph H. But, we get three
components of the tree. Now, connect these three components by the
edges having minimum weights. An edge {b, c} has the minimum
weight. So, join vertices b and c. An edge {f, c} has the minimum
weight, so join the vertices fand c.

Therefore, the required minimum spanning tree is as follows.

®
o]

2
3 c 10 | 12

The weight of this spanning treeis W=4+3+2+10+10+8+12=

49,

10.5 Case Studies and Projects

Let us consider the following case studies/projects for better
understanding of the chapter.

1.

Applications of trees in real life.

Select any two trees around you and draw their graphs. Write
degree sequences of the trees. Find center and radius of each tree

Find the fundamental cycles and fundamental cutsets of any two
graphs having 7 vertices and 11 edges.

Binary tree and its applications

Minimum spanning tree algorithms and their applications

Special report on Bhapkar’s algorithm for finding the minimum
Spanning trees.



Exercise

Draw any five trees having at least 5 vertices. Write their degree
sequences and comment on their properties.

Draw all non-isomorphic trees on

i.
Five vertices

11.

Six vertices
iii.

Four vertices
iv.

Seven vertices
V.

Three vertices

Find the fundamental cycles of the following graphs
i.
Complete graph on 5 vertices
ii.
Wheel graph W
iii.
Complete bipartite graph K; 5
1v.
Cycle graph ¢,
Find the fundamental cutsets of the following graphs
i.
K,
ii.
Ws
iii.
K33

i



AV

C7

5.
Find pre-order traversal, post order traversal and in order
traversal of the trees obtained in examples (3), (i), (iii).
6.
Find the breadth first search or traversal of the trees obtained in
the example (4).
7.
Draw weighted graph on 10 vertices and 15 edges and apply
Prim'’s algorithm to find the MST
8.
Apply Kruskal’s algorithm to find the MST of a weighted graph 8
vertices, 12 edges, and weight of each edge is different and more
than 100.
9.
Apply Bhapkar’s algorithm to find the MST of weighted graph K-.
10.
Differentiate Prim’s, Kruskal’s, and Bhapkar’s algorithms. Apply
these algorithms to find the MST of weighted W, graph.
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Abstract

This chapter deals with the concepts of generating functions,
recurrence relations, related theory and applications. The concepts of
this chapter are defined by using examples of computer science.
Enumeration problem is a fundamental category of the problem in DM
and combinatorics and is solved with the help of generating functions
(GF). In other words, GF is a powerful tool to solve various enumeration
problems. For a given problem size n, the main objective of the
enumeration problem is to determine the number of objects which
satisfies certain conditions or definitions of size n. Enumeration
problems are used in various applications of DM like algorithm analysis
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for analyzing the configuration or counting number of inputs in
algorithms, predicting or deciding the number of outputs in
computation using probabilistic models, possible number of in the
encryption process while using encryption and exploring spanning
trees using graphs for the purpose of finding paths, cycles, subtrees, etc.
The chapter concludes with case studies and projects aimed at
connecting theoretical relational structures to real-world applications
across various disciplines.

Keywords Generating functions - Reflective observations -
Recurrence relation

11.1 Introduction

Enumeration problem is fundamental category of the problem in DM
and combinatorics and are solved with the help of generating functions
(GF). In other words, GF are the powerful tool to solve various
enumeration problems. For a given problem size n, the main objective
of enumeration problem is to determine the number of objects which
satisfies certain conditions or definitions of size n. Enumeration
problems deal with the counting the number of different ways for the
purpose of selection, arrangement or design and is related to the
counting theory. [1, 2] Enumeration problems are used in various
applications of DM like algorithm analysis for analyzing the
configuration or counting number of inputs in algorithms, predicting or
deciding the number of outputs in computation using probabilistic
models, possible number of in the encryption process while using
encryption and exploring spanning trees using graphs for the purpose
of finding paths, cycles, subtrees, etc. [3]. There are many examples of
enumeration problems in the real world with the operations of listing
and counting and few are listed and described below:

«_l))

e Example 1: Consider the example where there are “n” number of
students in class represented as

S=1{1,2,3...,n}



From this set, if we would like to know how many permutations are
possible for doing the projects in a group then this problem is an
enumeration problem and the answer is n!

o Example 1: We have data which is represented in the form of 0 and
1 s and represented with the set as

D = {0,1}

If we want to construct the possible codes from the bits of 0 and 1 s,
then the number of binary sequences of length will be 2" [4].

Based on the examples discussed above there are four types of
enumeration problems like permutation, combination, counting with
repetition and special enumeration problems and are presented in
Table 11.1

Table. 11.1 Types of Problems and Examples

Sr. |Type of problem Example
No.
1. Permutation - Permutation on the set {P, Q, R}—PQR, PRQ, QPR, QRP, RPQ, RQP
- Number of permutations on the set of n objects are n!
2. Combination - Combinations of 2 elements from set {P, Q, R} are {P, @}, {Q, R},
and {P, R}
- Total combinations of r objects selected from the set of n objects
is given by
(nCr)=n!/(n-r)*r!
3. |Counting with - Stars and bars theorem is used to solve counting with repetition
repetition problems
- Example—What are different ways of distributing 5 similar
biscuits to 3 different kids
4. |Special enumeration |- Arrangement of objects with some pre-defined constraints
problems - Dealing with graph data structure for counting of labelled or un-
labelled objects

There are three types of GF like ordinary GF where the sequence of
a, is represented as



n=0

Another category of GF is exponential GF where factorial weights
are used for encoding and are represented as below:

GF(z) = f: dnxr

n!

The last category of GF is moment GF where the probability theory
and stochastic principles are used to encode the sequence [5].

In general, there are 4 techniques for solving enumeration problems
which incudes inclusion-exclusion principle, generating functions,
recurrence relations, and combinatorial formulas are depicted in
Fig. 11.1.

—{ Inclusion-Exclusion Principle I

—{ Generating Function I

# Recurrence Relation I

{ Combinatorial Formula

Fig. 11.1 Techniques for solving enumeration problems

1.
Inclusion-Exclusion Principle



In this method, intersections are added and subtracted for finding
number of objects in overlapping sets.

2.
Generating Function

In this method, a systematic approach of designing a GF is employed
for encoding series or sequence for solving enumeration problems.

3.
Recurrence Relations

In this method, a computation formula is design in the form of
recurrence relation to generate set of series which is finite or infinite in
nature. This recurrence relation is then solved iteratively or GFE.

4,
Combinatorial Formulas

In this method, standard formulas of permutations and
combinations are used to find solutions to the simple problems.

In the scope of this chapter, generating functions and recurrence
relations are described in detail using experiential learning.

11.2 Generating Functions—Experiential

Learning

GF is one of the most popular techniques to solve enumeration
problems. Modeling of sequence of numbers can be done more
effectively using GF. For a given enumeration problem of size n, GF
mainly deals with mainly generating sequence of numbers denoted as
a, [3].

Let (a,) where n 2 0 is a sequence of numbers denoted. The GF to
generate this sequence is given by

A(z) = Zn: a"z"

n>0



If we are interested in generating the class of binary sequence
where the length of the sequence is equal to size of sequence. In this
case, GF is given as

Ax) = z": 2" "

n>0

As there are a,, = 2" binary sequences for the problem size of n.

To understand GF using learning by doing philosophy of EL, the
tools like direct experience, real-world applications and reflection are
used. EL involves several hands-on activities and solving the real-world
problems with more efficient solutions. As mentioned in [1], Kolb’s EL

theory states that there are main four stages of EL and are depicted in
Fig. 11.2.

Concrete
Experience

Reflective
Observation

Abstract

Conceptualization

Active
Experimentation

-
=
o)
.E
=
| .
©
o)
—
S
)
c
)
=
©
Q
<
Qi

Fig. 11.2 Stages of EL

1.
Concrete Experience

In this stage, the learner is involved in getting a specialized
experience using direct participation in the activity enabling learning



by doing. The more focus is on real-world business cases and practical
exposure.

Example: A team of faculty or doing some group activity in the
leadership program where there is involvement of every faculty to gain
specialized experience on the development of leadership.

2.
Reflexive Observation

Once the learner gets some experience using learning by doing, the
step back is performed to see what has happened. Various perspectives
are used to get more insights on the observations and experiences.

Example: A team of faculty put more insights into the key
challenges faced during the activity, group cohesion and the main
outcomes.

3.
Abstract Conceptualization

Formulation of topical theory or concept on the reflections received
is earlier stage is carried out by learners in this stage. The mapping of
learners’ experience with either framework or principles is established
in this stage by the learners.

Example: A faculty team envisages the team building principles or
respective strategic decisions that will help to improve future decision-
making processes.

4,
Active Experimentation

In this stage, learner apply recently gained knowledge or insights to
new use cases or business cases. This stage needs planning to apply
acquired knowledge to explore new applications.

Example: Faculty team apply the acquired knowledge at new
leadership positions to witness better outcomes.

Consider an interesting example of explaining and teaching GF to
the group of students.

Objective: Objective of this activity is to use GF to solve category of
combinatorial problem. Consider the scenario where we have some



“w_ )

amount “x” and we are interested to find the various possible ways to
create a change for some amount with the help of coins.

Actors: Students

EL Steps:

Concrete experience: This stage will involve counting the coins for
possible combinations to make a change of “y” amount by students.

Reflective observation: Students will encounter various challenges
in counting the coins manually and will conclude using GF to expedite
and simplify the process.

Abstract conceptualization: The main aim of this stage is to design
GF for the above-mentioned problem of the form as given below:

(l+z+z*+--)(1+z°+2°+--)

Active experimentation: In this stage, the above GF is used to solve
different types of combinatorial problems with varies limits and
constraints.

11.3 Recurrence Relations—Experiential

Learning

Recurrence relation (RR) is a computational rule or equation used to
generate series or set which is finite and/or infinite in nature. RR
defines the sequence of values expressed in terms of collection of the
preceding terms. As the name indicates, RR is represented with the
recursive function where each term is defined in terms of the previous
term. RR plays a crucial role in design and analysis of algorithms. RR
can be designed for every algorithmic strategy and every recursive
algorithm with the problem size of “n” can be modeled with RR to
decide the cost or runtime complexity of the algorithm. Combinatorics
is another area of computer science where RR is used to find out
solutions to counting problems. Examples include different possible
ways to arrange students in the queue or construction of binary trees
given number of “n” nodes, etc. The classical example of RR is to
generate the Fibonacci series where every term is calculated
recursively using the previous two terms [3, 5].

The general form of RR is



a_n= f(a_0,a_1,...,a_{n —1})

There are main three techniques used to solve RR and are described
in Fig. 11.3.

I

= Closed-form Solutions

= Generating Functions

Fig. 11.3 Techniques to solve recurrence relations

o Iteration: There is repeated application of RR to find or generate
next term of series or sequence in iterative way of finding solution to
RR. This repetition is stopped when all the required terms are
generated.

e Closed-form solutions: In this method, the formula is modeled to
find the last term in the sequence without using the preceding terms.

e Generating functions: GF is designed to solve RR.

Integration of EL to deliver RR will help to improve the learning
curve and in turn will also result in productive student engagement.
This integration also helps to improve technology readiness level of the
learner. In view of this, according to Kolb's stages of learning in EL,
teaching RR will work as follows:

» Concrete experience

In this stage, the task is given to students to think of real-world
problems or example which can be solve with an application of RR.



Consider the example of designing RR for divide and conquer
algorithmic strategy.

e Reflective observation

In this stage, there is a exploration on selection of one of the RR
solving techniques to solve RR. This can be done by observing patterns
or association between the terms of the sequence.

e Abstract conceptualization

The school of thought on application of RR to analyze algorithms in
terms of cost and running time complexity is carried out in this stage.
Discussion on how similar philosophy can be used to design RR of
various algorithms in engineering and applied sciences.

e Active experimentation

The actual use of RR on complex problems in engineering and
sciences is carried out in this stage. Analysis of different RR for
respective problems toward varied patterns and behaviors is also the
part of this stage.

11.4 Case Studies and Projects

The following are the case studies/projects of this chapter.

1.
Applications of generating functions in cryptography

2.
Recurrence relation in social sciences

3.
Generating functions and recurrence relations in Engineering
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Abstract

The group theory was developed in the nineteenth century to solve
equations. The groups play an important role in developing various
applications in Mathematics, computer sciences, cryptography, medical
sciences, biology, and many other related fields. For a better
understanding of the groups, an imagination of the learners must be
righteous. This chapter deals with the various operations, groups,
subgroups, cyclic group, normal subgroup, homomorphism,
isomorphism, and group codes with precise examples. The chapter
defines the concepts of group and related theories by using the
experiment of the common family BHAAHA having three members. It
explains how group theory connects with regular family activities.
Moreover, due to the various applications in Artificial Intelligence and
Machine Learning, group theory is in the limelight of scientists of
various fields. The chapter culminates in case studies, projects and


https://doi.org/10.1007/978-981-95-7210-6_12

pedagogical exercises aimed at reconciling theoretical relational
frameworks with their multidisciplinary applications.

Keywords Group - Cyclic group - Isomorphism of groups — Group
codes

12.1 Introduction

The group theory was developed in the nineteenth century to solve
equations. The groups play an important role in developing various
applications in Mathematics, computer sciences, cryptography, medical
sciences, biology, and many other related fields. For a better
understanding of the groups, an imagination of the learners must be
righteous. Due to the various applications in artificial intelligence and
machine learning, group theory is in the limelight of scientists of
various fields [1].

This chapter deals with the various operations, groups, subgroups,
cyclic group, normal subgroup, homomorphism, isomorphism, and
group codes [1, 2].

12.2 Binary Operations and Properties:
Experiential Learning
(A)

Brainstorming Experiment-I

Let us consider the following real story. There is a family named
BHAAHA living together. They lived happily together, having three
members in a family: father, mother, and their son. The family has
narrative, courage, resilience, love, compassion, joy, difficulty, and many
more emotions and reactions. Master Atharva is living with his parents,
Hari and Archana. All family members love each other and enjoy their
lives. Hari and Atharva are working at the university and a software
company, respectively, but Archana is supporting Hari and Atharva.
When she is alone, she enjoys her hobbies, but if she is with Hari and
Atharva, then she helps them in their work. If Hari is alone, then he
works or thinks about the career of Atharva, but if he is with his son,



then they together help in the work of mother. If the son is alone, then
he does work that will help his father. All family members are blessings
for each other and also support systems for one another.

Let, H = {M, F', S} and the operation * defined as h * m = piff h
and m are together then both help in the work of p or both think about
p.

The tabular representation of the above story is as follows.

* M F s
M M F s
F F s M
s s M F
(B)

Inferences-I

The following are the brilliant inferences of Experiment-I

All elements of the above table are in the set H (Binary Operation).

2.
As this table is symmetric, so, commutative.
3.
The operation is associative.
4.
The mother is a very helpful member in the family. So, M is the
identity element.
5.

Father and son are inverses of each other.

(©)
Mathematical Insights-I

The following are some important mathematical insights of this
experiments.

(1)
Binary Operation (BO)



Let H be any non-empty set. A function f : H x H — H iscalled
the binary operation. Moreover, ‘*’ is a binary operation or binary
function onthesetAiff hy x ho € H, YV hi,hy € H and hy * hyis
unique [1].

Ann-aryoperation:Itis f: HxHx.---xH — H

n=1 “Unary Operation”
n=2 “Binary Operation”
n=3 “Ternary Operation”

Let us consider the following table having sets and the binary
operations.

Sets Usual operations
Addition | Subtraction | Multiplication | Division

Complex numbers Yes Yes Yes No
Real numbers Yes Yes Yes No
Non-zero real numbers | Yes Yes Yes Yes
Rational numbers Yes Yes Yes No
Integers Yes Yes Yes No
Natural numbers Yes No Yes No

In the table, “Yes” stands for the binary operation with respect to
the corresponding set and the operation and “No” stands for not binary
operation.

(1D

Properties of binary operations

Let H # ¢ be any set.

1
Commutative property

A binary operation “*’ on H is said to be commutative if

hi* hy = hyx hy;V hl,hQEH.



‘+’ and ‘X’ are commutative binary operations on ‘A.
But ‘_’ is not commutative operations on ‘A.

2
Associative Property

A binary operation *’ on H is associative if
hl * (hz * h3) = (hl * hz) * h3 ;V hl,hg,h;g c H.

e.g., ‘+’ and ‘X’ are associative, but ‘_’ is not associative on ‘A.

3
Existence of the Identity Element

Let “*’ binary operation on the non-empty set H. An elemente € H
is identity element with respectto *ifhxe =exh ;V h € H.

4
Existence of the Inverse Element

Ifh € H and dm € H such that
h * m = m x h = e then m the inverse of h in H with respect to *. It
is denoted by A ! = m.

Example 12.1 For each of the following, determine whether * is a
binary operation. If * is binary then check which are commutative,
associative and find e and h~?

(1)

MR&h*xm = h xm.
(ii)

Z"&hxm = %
(iii)

On Z*,where h *x m = m — 100 — h.
(iv)

On R, where h * m = Min (h, m).
(v)

On ‘R, where h * m = h X |m]|.
(vi)

On Z, where h *xm = h™.



Solution

i

W The operation is binary. It is also commutative and associative. e
=landh™'=+, h#0

(ii)
Not binary, not commutative, not associative, no identity element,
no inverse element.

(iii)
Not binary, not commutative, not associative, no identity element,
no inverse.

(iv)
Binary operation, commutative, associative, no identity element,
no inverse.

(v)
Binary operation, not commutative, not associative, no identity
element, no inverse.

(vi)
Not binary, not commutative, not associative, no identity element,
no inverse.

12.3 Spaces Algebraic Structures: Experiential

Learning

Let us consider the following brainstorming experiment, its inferences
and the mathematical insights.

(A)

Brainstorming Experiment-II

Consider Experiment-I, to find the brilliant inferences associated to
this topic.

(B)

Inferences-II

The notable inferences are as follows.

All elements of the table belong to H, so * is BO on H (Groupoid).
ii. The *is associative on H (Semi Group).



iii.
The identity element is Mother, i.e., M (Monoid).
I\"A
The inverse of M, F, and S are M, S, F, respectively (Group).

V.
The * is commutative as the table is symmetric (Abelian Group).

(©)
Mathematical Insights-II

Now, express the above inferences in terms of the mathematical
theory or notations or symbols. The above three inferences suggest
that, there are mainly five types of an algebraic structures.

1.
Groupoid.

Semi Group.
Monoid.
Group.

Abelian Group.

Let’s define one by one by using the above inferences and
experiment.

In algebraic structure (H, *), H # ¢ and * is binary operation (BO)
on H.

12.3.1 Groupoid

An algebraic structure (H, *) is called a Groupoid if
h+*mec H, VY h,mec H.

In the above experiment, * is binary operation on H. Therefore, (H,
*) is a Groupoid.

An algebraic structures (2R, +), (R, -),(R, x),(Z, +).(Z, -),(Z, x) are
Groupoid. But (R,+), (Z, =), (N, <), (N, -) are not Groupoid.



12.3.2 Semi Group
An algebraic structure (H, *), is a Semi group if “*” is

1.
Binary operation on H.

2.
Associative on H.

In the above experiment, * is binary operation on H as well as
associative. Therefore, (H, *) is a Semi group.

An algebraic structures (*R, +), (R, x), (£, +), Z, x) are Semi groups.
But (PR, <), (R, -), (Z+), (Z, -), (N, +), (N, =) are not Semi groups.

12.3.3 Monoid

An algebraic structure (H, *), is called a Monoid if “*” is

1.
Binary operation on H.

Associative on H.

Existence of Identity: e € H is the Identity element with respect to
*ifhxe=exh;V heH]|23]

In the above experiment, * is binary operation, associative and the
identity element exists in H. Therefore, (H, *) is a Monoid.

An algebraic structures (®R, +), (R, x), (Z, +), (Z, x) are Monoids. But (
R, =), (R, ), (Z ), (Z-), (N,+), (N, -) are not Monoids.

Let us consider the following examples which differentiate among
Groupoid, Semi group, and Monoid.

Set Operation Binary | Associative |Identity | Remark

N: Natural Number set hxm=h—m|No No No Not
Groupoid
Not Semi
group

Not Monoid




Set Operation Binary | Associative |Identity | Remark
R hxm =h—m|Yes No No Groupoid
Not Semi
group
Not Monoid
R*: Positive real number |h*m = h + m |Yes Yes No Semi group
set but
Not Monoid
R hxm = h+m|Yes Yes Yes Monoid
Notes:
1

Every Monoid is Semi group. But the converse is not true. The Semi
group may or may not be Monoid.

2.
Every Semi group is Groupoid, but converse is not true.

12.4 Groups and Abelian Groups: Experiential

Learning
Consider Experiment-II and the corresponding inferences.

12.4.1 Groups
An algebraic structure (H, *), is called a Group if

1.
Binary operation: “*” is BO on H.

2.
Associativity: “*” is associative on H.

3.
Existence of the Identity in H.

4,
Existence of the Inverse for each h € H in H [4].

12.4.2 Abelian Group
A group (H, *) is called an Abelian group if * is commutative in G [1, 5]



12.4.3 Properties of Group
Property I The Identity element (IE) in a group is unique.

Proof e; is IE = e * ey = es, and
€9 iSIE:>€1*€2:61,i
= e1 * eg = €] = ey, Hence the proof.

Property Il In group, if m and p are inverses of h, then m = p.

Proof Let h be any element in group (H, *). Let e be the identity
element in H. Suppose m and p be two inverses of h in H. Therefore,
hxm=e=m=+*h,andhxp=e=pxh
We have,

m=mxe=m* (hx*p)
m=(mxh)*xp=exp=p
m=7p

Hence the proof.
-1
Property III In group (H, *), ((d)_l) =d,Vde H

Proof We have,
(d) 'xd=e
S (A T x(d ) xd=(dY) Pxe
= (@) (@] rd= (@) e
= exd=(d1)"
=d=(d)"

Hence the proof.



Property IV In group (H,*), (h * m)_1 =m xh L Vh,m¢c H.

Proof Let h~!and h~! be the inverses of h and m, respectively, in H.
Consider, (h*m) x (m™1*h™Y) =hx (mxm™1)xh!

—hsxhl=e¢ (12.1)
Similarly,
(m xR ) x(hxm)x=e (12.2)
From equations (12.1) and (12.2), m ! * A~ ! is the inverse of h * m.
Property V Prove that the cancelation law holds in group.

Proof Let h,m,p € H and e be the identity element in H.

hxm=hxp

= htx(h*m)="h"1%(hx*p)
= e*xm=exDp

=>m=2p

Similarly, m * h = p * h = m = p. Hence the proof.

Property VI In (H,*) group, h * £1 = m and y; * h = m have unique
solutions in H.

Proof Assume there are two solutions of the statement and prove that
the 2 solutions are equal.

12.5 Permutation Groups: Experiential

Learning

In 7th chapter, we have studied the permutations on n elements and
their properties with suitable examples. Let S = {1,2,3,---,n} be



finite set with n distinct elements. Let H be the set of all permutations
on n elements of the set S. Let the operation * is the product of two
permutations in the set H. The product of two permutations is obtained
by procedure of the composition of two mappings. Therefore, the
operation * is binary on the set H.

Identity Element = Identity Function and Inverse Element = Inverse
Function. Therefore, if

[ 21 zp 232y [ v19v293-Yn |
h:-\ylygyg,---yn/-andm:-\zlz2z3---zn/-then

{w1$2$3“'$n \ { Y192Y3- - Yn \
h*m:-\zlzzzg---zn/- and h_lzl\zcla:zzcg---acn/-

Thus, (H,*) is a group, called as the permutation group [1, 6].

Example 12.2 Show that all permutations on S = {3, 6, 8} isa group
with respect to multiplication of permutations.

Solution Let H = {I = dy, do, d3, dy, ds, dfj}, where,

[3 6 8| [3 6 8| [3 6 8|
d1:l\3 6 8/, d2:l\3 8 6/I,d3:l\6 3 8/1,
l3 6 8\ {3 6 8\ {3 6 8\

co

d4:|\6 3/1,d5:l\8 3 6/l,d6:l\8 6 3/1,

Consider the following table having elements of H and binary operation
*

& di ds ds dy ds ds




Closure Property: Each element of the table belongs to H.

From the table, the following are the elements and the

& d1 dz d3 d4 d5 d6
d1 d1 d2 d3 d4 d5 d6
d2 d2 d1 d4 d3 ds d5
d3 d3 d5 d1 d6 d2 d4
d4 d4 d6 d2 d5 dl d3
d5 d5 d3 dﬁ d1 d4 d2
d6 de, d4 d5 dz d3 dl
L.

Therefore, * is BO.
11.

* is associative.
1il.

Identity Element =d; = 1
v.

corresponding inverse.
Element di |dy |ds |ds |ds |dg
Inverse di |dy |ds |ds |ds |dg

Thus, (H, *) is a permutation group.

V.

12.6 Complexes and Subgroups: Experiential

Learning

(a)

This is not commutative as h * m # m * h. Therefore, (H, *) is not
Abelian group. It is the smallest non Abelian group [Z].

Brainstorming Experiment

subsets of the set H, given as

In Experiment-I, find the subsets of the set H. There are eight




Hy= ¢, Hy={M}, H3={F}, Hy={S}, Hs ={M,F},
Hy = {M, S}, Hy = {F,S}, Hy = {M,F.S}

Now, test whether the above subset preserve all properties of the
set or not. That is, test whether the above subsets are groups under the
same operation or not.

(b)

Inferences

The following are the significant inferences.

1.
The subsets H,, H,, and Hg groups, called as subgroups of the
group (H,*).

2.
The remaining subsets are only subsets, but not groups. So, they
are called as Complex of a group.

(©)

Mathematical Insights

Complex of a Group
Any non-empty subset of a group (H, *) is a complex of a group.

For example, The sets H; = {1, 2, 3,4, 5, 6}, Hy = {2,4, 6, -- -},
and Hy = {10 } are complexes of a group (Z, +).

Subgroup (SG)
AsetS # ¢ and S C H is asubgroup of a group (H, *), if (S, *) itself
is a group [8].

Examples

1.
(Z, +) isa SG of (R, +).

2.
(2Z, +) is a SG of (Z, +).

3.
(R,.) is not a SG of (C,.).



Note:

Improper SG: ({e}, *) and (H, *)
Proper SG: It is not Improper SG.
Theorems on Subgroups

Theorem 12.2 The identity elements of the group (H) and subgroup
(S) are same.

Proof Lete; € Handes € S

Lets € S = sxe; =€ %5 =s.
Also, s € S=sc H= sxey—ey*xs—=235
= S*xe1 =S8*key = €1 = e

Theorem 12.3 [f(H, *) and (S, *) are groups and subgroups,
respectively, suchthat S C Handz ! = yinHand x~! = zin S then

Y=z

Theorem 12.4 (S, *)is a subgroup of the group (H, *)iff
hxd e S;VhdcS.

Proof Suppose (S, *) is a subgroup. Therefore,

h,de S = hd'leS =hxdles.

Now, h xd ™! € S;V h,d € S. Claim: To prove that (S, *) isa
subgroup.
i.
Closure Property: Let
hydeS = hym1eS =hx*(d)  =hxdeS.
11.
Associativity: (S, *) is associative.
1ii.
Existence of the Identity Element: Let
heS = hheS =hx(h')=ecS.

iv. Existence of the Inverse Element: Let
e,heS = ex(h)=h1cS, VhcH.



Thus, (S, *) is a subgroup of (H, *).

Theorem 12.5 Intersection of two Subgroups
If (S, *) and (S, *) are subgroups of the group (H, ) then
(81N So, *) is a subgroup.

Theorem 12.6 Union of two Subgroups
If (S1, %) and (S, *) are subgroups of the group (H, ) then
(S1U Sy, x) is a subgroup iff S C S or Sy C Si.

Example 12.4 s union of two subgroups is a subgroup? If not, give an
example of it.

Solution The union of two subgroups is not necessarily a subgroup.

LetS;={--,—4,-2,0,2,4,---} and
So={--,-6,-3,0, 3, 6,---} are subgroups of the group (Z, +).
Now,

SiuSy=4{---6,-4,-3,-2,0,2,3,4,6---}

2,3 51USbut,2+3=5 ¢ S1U Sy
Therefore, S1 U Ss is not closed with respect to +. Hence,
(S1 U Ss, *) is not a subgroup.

12.7 Order of an element: Experiential

Learning
Let (H, ) be a group having identity element e. The smallest positive
integer r is called the order of the element h € H, if h" = e [9].
It is denoted by o (k) = 7. If no such integer exists, then o (h) = 0
oro(h) = oo.
The order of the group is the number of elements in that group.
Notes:

1. Ife € H is the identity element in (H, %), then o (e) = 1.



2.
In group (H, x),0(d) = o (d1); Vd € H.

3.
In group (H, *),0(d) < o(H);Vd € H,

12.8 Cyclic Group: Experiential Learning

A group (H, %) isacyclicgroupifd g € H s.t.

h=g";Vhe H, nec Z", The element gis a generator of (H, *) and
H = (g).

The generators of a group may be more than 1.

Example 12.5 Find the generators of the multiplicative cyclic group on
H=A{1, -1, i, —i}.

Solution .. H = (i) = (—i).
Theorem 12.7 Every cyclic group is an Abelian group.

Proof Considerh*xm =g°Pxgl=¢" 1=¢g1P =¢gixg? =m=x*h
Thus, (H, *) is abelian group.

Theorem 12.8 [n cyclic group, If H = (g) then H = <g_1>.

Proof Wehave, h € H = h = ¢", r is some positive integer.
= h =g = (¢g°') . Thus, g ' is also generator of H.

Theorem 12.9 Lagrange’s Theorem
If S is a subgroup of the finite group (H, ) then o (S) divides o (H).

Theorem 12.10 IfH is any element of the group (H, *) then o (h)
divides o (H).

Proof Use division algorithm to prove this theorem.



Theorem 12.11 [f(H, %) is a finite group of order n and d € H then
d"=e.

Example 12.6 Construct a group that is Abelian but not cyclic.

Proof LetH = {I, A, B,C} where,

r=fp A oa= [0 =y S e [0

H is Abelian w.r.t. matrix multiplication.
The identity element is I. So, o (I) = 1.

0(A)=0(B)=0(C)=2 - A*=1=PB*=C~

As there no element of order 4, so, H is not a cyclic group.

12.9 Normal subgroups
A subgroup N of a group (H, *) is a normal subgroup of H, if for all
h € H and for all

neN hxnxh lcH

Improper Normal SG: ({e}, x) and (H, ).
Simple Group: A group (H, *) is a simple group if it has only two
normal subgroups namely ({e}, *) and (H, *).

Example1 (Z, +) is an Abelian group. (2Z, +), (3Z, +), and
(13Z, +) are normal subgroups.

12.10 Quotient Groups
Let (H, %) is a group and (NN, ) is a normal subgroup of (H, *). Let
H/N is the set all cosets of N in H.

H/N={Nxh/hecH)}



(H/N, %) is called the quotient group or factor group.

12.11 Isomorphism of Groups: Experiential

Learning
Homomorphism of Groups
Let (F, x) and (Z, e) be two groups. A function A : (F, x) — (Z, @) s
a homomorphism if

A(f*t) = A(f) e A(t) forall f,t € F,ie,
fxte F&Af)oA(t) € Z.

A homomorphism ¢ : (F, ) — (F, x) is called an endomorphism
[10].

The pictorial representation of the homomorphism of groups is
depicted in the following figure.

e, h hehy by

A A A N

ey
I
=
ey
*
R

ew  gh)=g(h) ) d(h) o d(h,) = p(h,) o ¢(h,)
= ¢(h,) o d(h)

Theorem 12.12 [fa function ¢ : (H, x) — (K, ®)isa
homomorphism then
L.

¢ (err) = ex where, e &eg are the identity elements in H and K,

respectively.
ii.

¢ (W) =[p(n)"



Proof
i

Consider, ¢(h) - ex = ¢(h) = ¢(h xer) = ¢(h) - d(en).
¢(h) - ex = ¢(h) - p(en) = ex = ¢(en)

il

We have, ex = ¢(eg) = ¢(d * d_l) = ¢(d) - ¢(d_1)

= ¢ (d7Y) = [¢(d)]"

Isomorphism of Groups
Let (H, %) and (K, -) be two groups. A function ¢ : (H, *) — (K, -) is
said to be an isomorphism if

1.
¢: (H,*) — (K,-) ishomomorphism, i.e.,

¢ (hxm) = ¢(h) - g(m).

¢ : (H,*) — (K, -) is bijective mapping, i.e., ¢ is one-one and onto.

2.

Notes:
L.
Ifp: (H,*) — (K,-)is an isomorphism of groups then
(H,*)& (K, -) are called isomorphic groups and denoted by
H ~ K.
11.
An isomorphism ¢ : (F, *x) — (F, %) is called as automorphism of
group H.

Example 12.7 Show that (H,+) = (K, -), where

H={--,-2,-1,0,1,2,---}and

J
K = { ,p 2 p L0, pl p? - -}, where p is any non-zero integer.



Solution Let (H, +) and (K, -) be additive and multiplicative groups.
Let¢: (H, *) — (K, ) isdefinedas ¢ (h) = p";V h € H.

We have, ¢ (b +m) = p"*™ = p" - p™ = ¢(h) - $(m).

Therefore, ¢ is a homomorphism.

Now, ¢(h) = ¢(m) = p" = p™ = h = m, So, ¢ is one-one
function.

Forany p” € K, 3 h € H such that ¢ (h) = p". So, the function ¢

is onto function.
Thus, ¢ : (H,*) — (K, -) is an isomorphism.

12.12 Group Codes

Let H, be the set of all binary words of length n. Let @ be a binary
operation on H, such that for all h, m € H,, where
h = (hi, he, hs, - - - hy) and m = (my, mg, ms, ..., my) and
h ®m = (h1 © my, ho @ ma, h3 ® m3, ... hy ® my) [1, 6]

The binary operation & denotes the addition modulo 2 on {0, 1} and
defined as follows.

0 1
1
1 0

= o | P

The algebraic structure (H,, @) forms a group in which, the identity

elementis 0 = (0,0,0,...,0) and each element is its own inverse. Any code
which is a group under the operation @ is called a group code. The
group code was first coined by Hamming and it plays an important role
in binary encoding techniques.

The weight of any word h in H, is denoted by w (h) and defined as

w(h) = Number of one’s in h

egw(1,1,1,1,1) = 5,w(0,1,0,1,0) = 2,w(1,1,0,0,1) = 3

The Hamming distance between h and m is denoted by d (h, m) and
defined as



d (h, m) = the number coordinates in h and m at which h, and m, are

different.

e.g., Leth=(1,10,0,1,0,1) and m = (0,1,0,1,0,1,0). In h and m, the
coordinates at the positions first, fourth, fifth, sixth and seventh are
different. Therefore,

d(h,m) =5

Moreover, h @ m = (1,0,0,1,1,1,1) and w h & m = 5. Hence,
d(h,m) = w(h & m).

12.13 Case Studies and Projects

The following are case studies/projects of this chapter.

1.
Applications of group theory to design cryptographic algorithms.

2.
Group codes and error correcting codes.

3.
Group theory algorithms to solve rubric cube.

Review on isomorphic groups and their applications

Role of algebraic structure with a binary operation in Applied
Sciences (Physics, Chemistry, Mathematics, Medical)

Exercise
1. Test whether the following are groups or not.
i.
Set of real numbers with respect to addition.
ii.
Set of rational numbers with respect to multiplication.
iil.
Set of integers with respect to subtraction.
1v.
Set of complex numbers with respect to multiplication.



v. Setofall 2 x 2 matrices with real entries and with respect to
usual addition.

Let H be a group and h, m € H. consider the equations mz = h
and ym = h. Show that
L.
max = h has a unique solution for z € H.
1.
ym = h has a unique solution for y € H.
1il.
Find an example of a group such that = # y (i.e., Non-abelian
group)

Prove that a group H is an abelian iff ('mh)2 = m?2h?, for all
h,m e H.

Construct an example of a group H such that (mh)2 £ m?2h?, for
allh,m € H.

List at least five subgroups of the following groups
.

(R, +)
11.

(Z, x)

Show that the following are subgroups:
1.
{1,i} C (C, x), where Cis the set of Complex numbers.
11.
{3%/z € Q} C (R, x), where Ris the set of Real numbers.
1ii

"/ =1Y C (C, %)

Show that if M is a subgroup of H and P is a subgroup of M, then P
is a subgroup of H.



Prove that subgroup of a cyclic group is a cyclic.

9.
Show that the following groups are isomorphic
1.
Z == 27
11.
R~ R"
10.
List all homeomorphisms from Z,, to Z,c.
11.
Write any three applications of group codes.
12.
If M and P are subgroups of group H and P is normal, then show
that P N M is a normal subgroup of M.
13.
Find all normal subgroups of S,.
14.
Show that a subgroup is normal iff it is the kernel of a
homomorphism.
15.
Construct two examples of the cyclic subgroups of a group.
References
1. Smith G, Tabachnikova O (2000) Topics in group theory. Springer Publication. 978-
1852332358
2. Baumslag B, Chandler B (2020) Theory and problems of group theory. Schaum’s Outline Series
McGraw-Hill Book Company. 978-9389691382
3. Davvaz B (2015) A first course in group theory. Springer, Heidelberg. 9789811663642
4. Erciyes K(2021) Discrete mathematics and graph theory. Springer, Cham. https://doi.org/10.
1007/978-3-030-61115-6
5. RosenK, Krithivasan K (2021) Discrete mathematics and its applications, Mc Graw Hill India.

ISBN-978930727353


https://doi.org/10.1007/978-3-030-61115-6

6. Jiri M, Jaroslav N (2011) Invitation to discrete mathematics. 2nd edn. Oxford University Press.
ISBN-9780198570424

7. Peter] (2000) Sets, logic and categories. Springer Publication. ISBN-9781852330569

8. Tremblay JP, Manohar R (2023) Discrete mathematical structures with applications to
computer science. McGraw Hill Education. ISBN-9780074631133

9. BerkovichY,Janko Z (2011) De Gruyter expositions in mathematics 56. Walter de Gruyter
GmbH

10. Gilbert (2003) Rings and fields. Pure and applied mathematics



© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2026

H. R. Bhapkar, P. N. Mahalle, Discrete Mathematics: An Experiential Learning Perspective, Studies in Autonomic, Data-driven
and Industrial Computing

https://doi.org/10.1007/978-981-95-7210-6 13

13. Algebraic Structures with Two Binary
Operations

Haribhau R. Bhapkar! ~ and Parikshit N. Mahalle?

(1) Department of Mathematics, Central University of Kashmir, Tulmulla, Jammu and
Kashmir, India

(2) Department of Artificial Intelligence and Data Science, Vishwakarma Institute of
Technology, Pune, Maharashtra, India

Haribhau R. Bhapkar
Email: drhrbhapkar@cukashmirac.in

Parikshit N. Mahalle (Corresponding author)
Email: parikshit.mahalle@vit.edu
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Abstract

This chapter deals with algebraic structures with two binary operations and bridges
between them. The chapter defines Ring and its types, subring, integral domain, field,
homomorphism of rings and polynomial rings by using the “BEIMI” philosophy. Moreover,
itincludes precise examples and related theories for the better understanding of the
readers. It also includes the similarities and differences among the algebraic structures
connected by two binary operations. The chapter concludes with case studies, projects
and exercises designed to bridge the gap between theoretical algebraic structures and
their multidisciplinary applications.

Keywords Ring - Integral domain - Field - Ring homomorphism

13.1 Introduction

We have studied algebraic structures with one binary operation, such as Semigroup,
Monoid, Group, Abelian group, Subgroup, and their types with suitable illustrations. Now,
what will happen if there is a set with 2 or more binary operations? The similar questions
are resolved in this chapter. This chapter deals with ring and its types, subring, integral
domain, field, homomorphism of rings, and polynomial rings [1, 2].
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13.2 Ring and Commutative Ring: Experiential Learning
(A)

Brainstorming Experiment-I
Let us continue the real story given in the previous chapter. Let H be the set of all
members in the family, H = {M, F', S} and the operation * defined as h x m = piffh

and m are together then both help in the work of p or both think about p.
The tabular representation of the above story is as follows.

“wimix | =

“wim| =
Tlw|m=
m|z|w Y

Now, define the other binary operation on the set Has h o m = p iff hand m are
together then both feel that p is a good cook. When M is with F or S, both feel that M is a
good cook. If Fand S are together,; then they agree that S is a good cook. But when For S
are alone then feels that F is a good cook. The tabular representation of this is as follows.

o M F s
M M M M
F M F S
s M S F
Now, find out the precise inferences.
(B)
Inferences-I
The following are a very special inferences of the above experiment.
1.
An algebraic structure (H, *, o) is an abelian group w.r.t. “*.”
2.
An algebraic structure (H, *, o) is semigroup w.r.t. “o.”
3.
“o” distributes over “x.” Therefore, (H, *, o) is a ring.
4,
An algebraic structure (H, *, o) is semigroup and commutative with respect to “o.”
Therefore, it is a commutative ring.
5.
An algebraic structure (H, %, o) is semigroup and it has the identity element with
respect to “o.” Therefore, it is a ring with unity.
(©)

Mathematical Insights-I

The following are very significant Mathematical insights of the above inferences. [1, 3]



13.2.1 Ring
A non-empty algebraic structure (R, *, o) is called a ring, if it satisfies the following
axioms.

1.
(R, ) is an Abelian group.

2.
(R, o) is Semigroup.

3.
' o " distributes over “* (Second operation distributes over the first operation)

Di. ho(axf)=(hoa)*(hof)
D,. (hxa)of=(hoa)x(hof)

13.3 Types of Rings

In a ring structure there are two binary operations and a set. Moreover, there are only five
properties of an operation such as binary operation, associativity, existence of the identity,
existence of inverse, and commutativity. In a ring, the set follows all these five properties
with respect to the first operation and the first two properties with respect to the second
operation. Moreover, there is a distributive law for connecting two operations together.
However, there is a scope to add remaining three properties w.r.t. the second BO that will
motivate us to define the new types of rings [4].

13.3.1 Commutative Ring
Aring (R, %, o) is called a commutative ring (CR) if hom =moh ;V h,m € R.

13.3.2 Ring with Unity
Aring (R, *, o) is called a ring with unity if VA € R, 3 1 € R such that
hol=10h =h.

The unity is also known as the unit element [5].

Examples:

(Z, 4+, . ) is a CR with unity, here, BO are “+” and *’

(2Z, 4, . ) is a commutative ring without unity, here 2Z = set of even integers.

Properties of a Ring

1. If (R, *, o) is a ring with zero element ey and unity element e; then following are
true for all h,m, z € R.
i
Zero element is unique.
ii. ho(—2)=(—2)om=—(zom).



iii.

(=h)o(—2) =hoz
iv.

Unit element is unique.

These are the basic properties, so the readers can prove it by referring the previous
chapter.
Note: The cancelation laws with respect to o may or may not be true in the ring
(R, *, o) [1].
2.
If (R, %, o) is aring, then
i.
The identity element (Zero element) with respect to * is unique.
ii.
The inverse with respect to * is unique.
iii.
If R has a unity (Identity element with respect to o) then it is unique.
iv.
If R has unity and h is the unit element in R, then the inverse of h with respect to
o is unique.

Example 13.1 LetZ, ={1,2,3,...,(n — 1)}. Let ® and ® denote the BO of “ +”
modulo n and “” modulo n, respectively, defined as follows.

h&m =h+mifh+m<n
—h+m-nifh+m>n

and h ® m =the remainder of h m divided by n. Show that (Z,,, ®, ®) is aring. [6, 7]
Solution: We have, (Z,,, ®) is an Abelian group with 0 as the identity element and
n — pis the inverse of p. Now, prove that (Z,, ®) is a Semigroup.

By the definition, Z,, is closed with respect to ®. Now, prove that & is associative on Z,,.
h ® m =the remainder of A m divided by n.
ie,hm=2xn+a.So,h ® m = a.
(h@m)®p=a®p =basap=yn+b

= (hm —zn)p=yn+b
=hmp=anp+yn+b=(zp+yn+b

Now,



m ® p=the remainder of mp divided by n.
e,mp=2zn+c.SomQ@p=-c
h@(m®p)=h®c =dashc=qn+d

= h(mp —2zn) =qn+d
= hmp=hzn+gn+d= (hz+qn+d

So, b = d and.

Therefore, (Z,, ®) is a Semigroup.

Let us prove that ® distributes over .
Consider, LHS

m®ep =m-+p or mPp=m-+p—n
=h®(m®&p)=h(m+p) mod (n) or h(m-+p—n) mod (n)
= (hm + hp) mod (n) or (hm+ hp— hn) mod (n)
=hm mod (n)+ hp mod (n) or hm mod (n)+ hp mod (n) —n

Consider, RHS

h®m =hm mod (n)=s
h®p =hp mod (n)=r
= (h®@m)® (h®p) = (s+r) mod (n)
=(s+r) or s+r—mn
=hm mod (n)+hp mod (n) or hm mod (n)+hp mod (n)—mn

Hence, LHS = RHS. Thus, (Z,,, ®, ®) is a ring.
13.4 Subrings: Experiential Learning

Let S # ¢ & S C R, Sis a subring of the ring (R, *, o) if (S, *, o) is aring [8].

Theorem 13.1 Aset S # ¢ & S C R, Sis a subring of the ring (R, x, o)iff

1.
fxzeS& fozeS;VfzeS.

2.
—ze S ;Vze S,

| Example 3 (2Z, +, . ) isa subring of the ring (Z, +, . ).



13.5 Integral Domain: Experiential Learning
(A)

Brainstorming Experiment-II

Let’s consider Experiment-I

(B)

Inferences

The following are notable inferences of the above experiment.

1.
An algebraic structure (H, %, o) is a commutative ring.

2.
An algebraic structure (H, %, o) is without zero divisors with respect to “o.”

Thus, (H, %, o) is an integral domain.

(©)

Mathematical Insights

Zero Divisors: Let (R, *, o) be a commutative ring. A non-zero element h € R is
said to be zero divisor if 4, m # 0 € R such that h om = 0[9, 10].

Aring (R, %, o) is said to be without zero divisors if
hom=0=h=0o0rm=0;V h,m € R.Otherwise, the ring is known as the ring
with zero divisors.

Examples
1.

2 is a zero divisorin (Z4, +, -)as2 - 2 = 0.

2.
(Mayx2(R), +, - ) is a ring with zero divisors as

LOPIO O 1001 e both matri
0 0 01 = 00 , but both matrices are non-zero.

Integral Domain
A commutative ring without zero divisors, is called as an integral domain. [11]

Examples

1.
(Z4, 4, -) is not an integral domain.

2.
(M32yx2(R), +, - ) is not an integral domain as

LOPTO O 1001 e both matri
0 0 01 = 00 , but both matrices are non-zero.

3.
(Z, 4+, . ) is an integral domain.




13.6 Field: Experiential Learning
(A)

Brainstorming Experiment-III

Let’s consider Experiment-I

(B)

Inferences

The following are notable inferences of the above experiment.

1.
An algebraic structure (H, %, 0) is a commutative ring.

2.
An algebraic structure (H, %, o) is without zero divisors with respect to “o.”

Thus, (H, *, o) is an integral domain.

3.
Every non-zero element in (H, *, o) has an inverse with respect to “o.” Hence, it is a

Field.

(@
Mathematical Insights

We aware that in the ring (R, *, o), the unity or unit element means the identity

element with respect to the second binary operation and zero element is the identity
element with respect to the first binary operation.

Definition Let (R, %, o) be a commutative ring with unity. (R, *, o) is said to be a
Field if every non-zero element in R has inverse with respect to o in R. [1]

Examples (R, +,-), (Q, +,-),(C, +, -) are fields. But, (Z, +, -) is an Integral
Domain but not a field as multiplicative inverse of an element does not exist in Z.

| Theorem 13.2 If(F, *, o)is a field then it is an integral domain.

Proof Leth,bc F & hob=0.Ifh = 0 then the resultis obvious.If h # 0 then A}
existsin . Thenhob=0 = h™! o(hob) =h 100 = b= 0.Therefore, the field
(F, %, o) is without zero divisors. Thus it is an integral domain.

Theorem 13.3 (Z,,®, Q)is a field iff n is a prime.

Proof Letnbeaprimeand0 < z < n. Then, gcd (x,n) = 1, so there exists two integers
p and g suchthatzp +ng =1 = xp = (—np) + 1. Therefore,

zp=1 mod (n) OR [z|[p] = 1.So, [z] or z isunitin (Z,,®,®). Thus, (Z,, D, ®) is
a field.



Conversely, if n is not a prime, then n = z y, where, 0 < z, y < n.So, [z] # [0] and
[y] # [0], but [z][y] = [zy] = [n] = [0]. Hence, it is not an integral domain. So, it cannot be
a field.

Theorem 13.4 In Z,, [hlis a unit iffgcd (h,n) = 1.

Proof Ifged (h,n) = 1, then by above theorem, it is a field and every element is unit.
Conversely, let [k] € Z,, and [h] ™' = [m)]. Therefore, [hm] = [h] [m] = 1. So,
hm =1 mod (n) = hm =1+ nz, for some z € Z. So,

l1=hm+n(—z) = gcd (h,n) = 1.

Note

1.
We have, h ( mod p) isthe remainder when h is divided by p. So, z = h ( mod p) if
and only if z( mod p) = h( mod p) inZ.

Foranyn > 1 & n € Z*, there are ¢(n) units and n — 1 — ¢(n) proper divisors of
zero in Z,,.

Example 13.2 List all unit elements and proper divisors of zero in the following rings
(1) (Z67 G97 ®)1 (2) (2117 @7 ®)

Solution

(1)

In Z, [5] ® [5] = [1]. Therefore, [1] and [5] are the only unit elements as integers 1
and 5 are relatively prime to 6. There areonlyn — 1 —p(n) =6 —1—-2 =3
proper divisors of zero. So, the proper divisors are [2], [3], [4].

(2)
(ZH, P, ®) is a field, so every non-zero element is unit. Thus,
[1], [2], [3], ---,[10] are units in the given ring. There is no any proper divisors of
this ring [5].

13.7 Ring Homomorphism
Definition: Let (R, *, o) and (H, &, & ) be two rings. A function ¢ : R — H is called a
ring Homomorphism if forall z, y € R,

1.
px*xy) =p(z)®e(y)
2.
p(zoy) =p(z)®p(y)
Note:

1. The ring homomorphic function may or may not be onto.



2.
The set H is the homomorphic image of R if the function ¢ is onto.

3.
The ring homomorphic function may or may not be one to one.

4.
Rl > |H]

Example 13.3 Let function¢ : (Z,4+, ) = (Zs,®, ®) defined as ¢ (h) = [h| = h.
Then test whether ¢ is homomorphism or not.

Now, if ¢ : (Z,+, ) = (Z,+, -) defined as 1(h) = 2h. The function ¥ is ring
homomorphism as

Y(z +y) =2(z +y) =2z + 2y = ¢(z) + ¥(y) and
Y(z-y) =2(z-y) =2z -2y = Y(z) - P(y).

The function % is not onto as odd integers do not have pre-image in the domain set.
But, The function ¥ is one to one.

The following are the significant observations by the above examples.

Ring Isomorphism: A ring homomorphism ¢ : (R, *,0) — (H,®, ®) is called a
ring isomorphism if ¢ is one to one and onto.

Note: The homomorphism deals with the similar structures whereas the isomorphism
refers to the identical or similar structures [7, 8].

Theorem 12.6 IfT : (R,x,0) — (H,®, ®)is a ring homomorphism, then

@ F05) = 01

b

®) I'(—=z)=-T(z).

© F'(noz)=n®TI (z).
(d)

I'(z") = {T (z)}".

h m
h] ; hym € Z} is a ring with respect to usual “+” and

Example 134 LetR = { l
m

m

h

“wn

h
. of matrices. The function ¢ defined as cp{ l ] } = h — m.Show that p is a
m

homomorphism.

Solution We have,



And,

h m L [P g B [hp +mq hqg+ mp
Vlm n q p B 'mp+hg mqg+ hp

= (hp +mq) — (hg +mp) = (h —m) x (p — q)

=o{[n WAl )

Thus, ¢ is homomorphism.

and multiplication is an integral domain but not a field.

Solution The solution is easy, so readers can prove it.

13.8 Polynomial Ring

Let R be an arbitrary ring and x is a variable (an indeterminate). Let

Example 13.5 Show that R = {h +m+3 / h,m € Z} with respect to usual addition

Rlz] = {f(z) = Y ;2yriz"/ ri € R}. The R[] forms a ring w.rt. “ +” and “” of

polynomials, called as the polynomial ring [11]. _
Note: Let f(z) = Y. 2gri ' and g(z) = > .o p; z*, then

flz)=9g(x) & r;=p;;Vie ZTU{0}.
N f(x) +g(x) =32, mx’, wherem; =r; +p;; Vi
111. f(z) x g(x) =32, mx’, wherem,; = EiJrj:n TiDj
Example 13.6 Inaring (Zs,®, ®), find a(z) + m(z) + s(z), a(z) x s(x),
ifa(r) =4+ 3z +22%, m(x) =5z +4z2, p(z) =2+ 5z.

Solution We have,



a(z) + m(z) + s(x) = 4 + 3z + 22> + 5z + 422 + 2 + 5z
= 6z + 13z + 422 + 223 = 6z + bz + 4z? + 223
a(z) x s(x) = (4 + 3z + 223) x (2 + 5z) = 8 + 26z + 15z
+22° + 102" = 2z + 7a® + 2z° 4 22*
m(z) x m(z) = (5z + 42?%) x (5z + 4z?) = 2522 + 4023 + 162* = =2

13.9 Case Studies and Projects

The following are the case studies/projects of this chapter.

1.
Rings and its applications
2.
Applications of finite fields in cryptography.
3.
List all subrings of Z,,.
4.
Differentiate among ring, integral domain, and field.
5.
Design very special examples such that field but not integral domain.
6.
Applications of polynomial rings in coding and decoding the secret codes.
Exercise
1.
Determine whether the following structure are ring, commutative ring, ring with
unity or not.
i.
The set of all 2 x 2 matrices with respect to usual addition and multiplication.
ii.
The set of all 3 x 3 diagonal matrices with respect to usual addition and
multiplication.
iii. _
H = {h +my5 /h,m € Z} with respect to ordinary addition and
multiplication.
iv.
(Z10, @10, ®10)
V.
(Z7, 07, ®7)
2.

Show that the set of all 2 x 2 matrices of the form lO

x
] is a subring of the ring
Y

given in example (1).
3. Find the multiplicative inverse of 55in Zjgg.



Find the multiplicative inverse of 21 in Zss.

5.
Prove that field can’t have any zero divisors.
6.
Prove that Z,, is a field iff p is prime.
7.
Find the solution of each equation in Z7.
i.
> +2x+3=4
ii.
> +4x+1=3
8. . p q]. . o
Show that the set of matrices of the form 0 is a subring of 2 x 2 matrices with
r
integral elements.
9.
Prove that every finite integral domain is a field. Is converse true. Justify it.
10.
Every filed is an integral domain.
11.
Explain any two applications of ring and field in real life.
12.
Explain the role of ring and field in cryptography.
13.
How field play an important role in Al and ML.
14.
Explain ant two applications of polynomial rings in computer and security.
15.
Give an example of a field which is not an integral domain.
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Abstract

The chapter explains the gist of the book, Discrete Mathematics: An
Experiential Learning Perspective, and future outlooks. It enlightens
how to bridge the gap between abstract mathematical concepts and
their real-world applications. Through experiential learning, case
studies, visualizations, and hands-on projects, each chapter
transformed theory into understanding, reflection, and practice.
Moreover, the chapter elucidates a journey from abstraction to
application, from observation to innovation. With experiential learning
as its core, it empowers learners to think logically, solve creatively, and
contribute meaningfully to the ever-growing digital world.

14.1 Summary

This book, Discrete Mathematics: An Experiential Learning Perspective,
was conceptualized to bridge the gap between abstract mathematical
concepts and their real-world applications. Through experiential
learning, case studies, visualizations, and hands-on projects, each
chapter transformed theory into understanding, reflection, and
practice.

Beginning with the foundational question—Why Discrete
Mathematics?—we explored its philosophical depth, necessity in


https://doi.org/10.1007/978-981-95-7210-6_14

modern science and engineering, and wide-reaching applications. The
book then introduced the concept of experiential learning and
pedagogies that emphasize learning by doing, collaboration, reflection,
and innovation.

Chapters 3-13 systematically unfolded the essential topics of
discrete mathematics:

» Sets, Relations, and Functions laid the groundwork for
mathematical structures and logic.

e Logic, Proofs, Counting Principles, and Probability developed
analytical reasoning and decision-making skills.

e Graphs and Trees demonstrated how networks, connectivity, and
hierarchical structures power computer science, communication, and
data organization.

e Generating Functions, Recurrence Relations, and Algebraic
Structures offered powerful tools for algorithm analysis,
cryptography, coding theory, and system modeling.

Each concept was reinforced through experiential learning modules
—Venn diagrams, logic puzzles, graph coloring problems,
combinatorics via real-life case studies, and algebraic structures seen in
encryption, group theory, and modular arithmetic.

By integrating technology, engineering applications, real-case
observations, and project-based learning, the book achieved its goal of
making discrete mathematics not just a subject to study, but an
experience to live.

14.2 Research Openings

Despite the depth of coverage, discrete mathematics continues to
evolve with emerging technologies. The following are potential
research directions inspired by this book:

(A)

Graph Theory and Network Science

Dynamic graph models for social networks, [oT systems, and
cybersecurity.
e  Graph algorithms in Al for knowledge graphs and



(B)

(E)

recommendation systems.
Quantum graph models and their computational complexities.

Algebraic Structures in Cryptography and Blockchain

Advanced group theory, ring structures, and lattice-based
cryptosystems.

Homomorphic encryption and post-quantum cryptography.

Blockchain consensus algorithms using discrete mathematical
frameworks.

Machine Learning and Discrete Mathematics Integration

Optimization of neural networks using combinatorics and graph
theory.

Boolean functions and decision trees in interpretable Al
Tensor networks, group theory, and symmetry-based learning.
Experiential Learning in Mathematics Education

Development of AR/VR-based tools for teaching discrete
structures.

Gamification-based pedagogy for graphs, logic circuits, and
automata.

Comparative studies on skill development using experiential vs.
traditional methods.

Computational Modeling and Simulation

Modeling epidemics using graph theory and probability.
Discrete event simulations in logistics, transportation, and supply



chain.

Automata and cellular systems for intelligent machines and
robotics.

14.3 Future Outlook

Discrete mathematics will remain the backbone of digital innovation.
The future will witness its deeper integration into:

e Education

e Curriculum transformation supported by experiential learning,
project-based assessments, and interdisciplinary teaching
intersecting Al, cybersecurity, and data science.

e Global adoption of virtual labs, remote collaboration platforms, and
Al-based tutors for personalized learning of discrete concepts.

e Technology and Industry

e Discrete structures will drive advancements in Al, robotics, quantum
computing, blockchain, cybersecurity, bioinformatics, and smart
cities.

e Graph neural networks, algebraic topology in data analysis, and
combinatorial optimization will shape intelligent systems.

e Ethics and Human-Centric Innovation

e As algorithms influence society, discrete mathematics will guide
ethical frameworks for decision-making, privacy, and fairness in Al
models.

e Responsible innovation will require mathematical transparency,
verifiability, and reasoning.

e Lifelong Learning Perspective

Students, educators, and researchers are encouraged to see discrete
mathematics not as a subject that ends with examinations, but as a
language of reasoning, creativity, and innovation that evolves with time.

In conclusion, this book has been a journey from abstraction to
application, from observation to innovation. With experiential learning
as its core, it empowers learners to think logically, solve creatively, and
contribute meaningfully to the ever-growing digital world.
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